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Abstract I 

 

Abstract  

Regulations of zero emission passenger cars appear on the horizon, and battery electric vehicles 

(BEV) are the main solution from the current market . It has been a focus of both academia and 

industry to extend their ra nge. One of the main approaches is to reduce their energy consumption. 

Recent studies have shown that the two-drive topology and the multi -speed topology help to do 

so. It is natural to combine both concepts and to design a two-drive multi -speed topology for BEVs. 

Due to its more than one degree of freedom, an online energy management strategy (EMS) con-

trolling torque set points of both electric motors and target gear positions is necessary to exploit 

its potential  for reducing total energy consumption in real-world  applications. There are numerous 

studies on EMSs for BEVs and hybrid electric vehicles. The overwhelming majority of them shared 

the same assumption: shift processes are neglectable. Based on the shift duration statistics, the 

shift processeq md rfc kmqr amkkml rp_lqkgqqgmlq gl rmb_w%q k_picr _pc rmm jmle rm `c gelmpcb dmp

an EMS with an operation frequency of at least 1 Hz. How to develop an EMS that considers shift 

processes? Suppose that an EMS is developed. It controls the powertrain in favour of low energy 

consumption, and the parts and the components are loaded accordingly. Some parts might fatigue 

and fail much faster than others, not because of poor construction dimensioning, but because of 

excessive use. What can an EMS do to prevent such an extreme scenario? Furthermore, is there a 

general way to design EMSs for multi-drive BEVs? 

This thesis is initiated by developing an online EMS for a two-drive multi -speed BEV called 

§Qnccb2Cµ, and tends to address the questions raised earlier. A predictive EMS in a Model Predic-

tive Control framework is developed. A hybrid system considering the shift processes is proposed. 

Based on it and the Hybrid Minimum Principle , a solver and its algorithms are developed. The 

Principle is chosen for its accuracy and low time complexity, the two most important attributes of 

an online EMS. Minimizing t he instantaneous Hamiltonian in the Principle is mathematically ana-

lysed. Several Lemmas that reduce the time complexity considerably are produced. Compared to 

an EMS that minimizes instantaneous energy consumption and ignores shift processes, the predic-

tive EMS reduces the energy consumption in the Worldwide Harmonized Light Vehicles Test Cycle 

(WLTC) by 0.26 % and the shift count by 63.41 %. The hybrid system, the predictive EMS and the 

mathematical analysis are, as far as the author knows, first of their kinds. A novel multi -criteria 

operation strategy (MCOS) considering powertrain service life is proposed. Thanks to the hybrid 

system, the influence of the shift processes on fatigue is included. The MCOS extends the power-

train service life by several times but sacrifices the energy consumption. A general multi-drive (at 

least two) multi -speed electric powertrain is proposed. Its hybrid system is formulated. The Prin-

ciple is applied to produce the optimality condition. It is showcased, how to modify certain sets 

and sample space in the formulation to have the general model and problem represent certain 

electric powertrains. A unified framework to design EMS for the general multi -drive electric power-

train is proposed, where the algorithms developed for the predictive EMS can be applied. 
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1 Introduction  

With in the scope of §Rfc Cspmnc_l Epccl Bc_jµ[1] , the European Union (EU) strives to be the 

first climate -neutral1 continent with out net emissions of greenhouse gases by 2050. Electric vehi-

cles (EV) are the key technology to decarbonise road transport, a sector that accounts for 16 % of 

global emissions [3] . The worldwide EV market, including Battery Electric Vehicles (BEV) and 

Plug-in Hybrid Electric Vehicles (PHEV), has witnessed an exponential growth, as their sales ex-

ceeded 10 million in 2022, while the share of EV in the total vehicle sales has tripled from 4 % in 

2020 to 14 % in 2022 [4] . Figure 1.1(a)  illustrates the annual sales of EV from 2016 to 2023  in 

the world.  The EV Sales in Europe have grown steadily to 2.7 million in 2022, and are estimated 

to reach 3.4 million in 2023 2.  

 

(a)  

 

(b)  

Figure 1.1: EV sales volumes [4] . (a) EV worldwide sales from 2016 to 20233. (b) BEV and PHEV 

sales in EU from 2018 to 2022. 

A more progressive regulation, the revised rules on CO2-emission performance standards [5] , 

entered into force under the agreement of EU member states in March, 2023. Under the new reg-

ulation,  from 2035, all new cars and vans registered in the EU are set to be zero emission. In the 

current market, BEVs are the one of the main solutions to the regulation. Figure 1.1(b) illustrates 

the BEV sales in the EU, which has risen steadily from 0.1 million in 2018 to 1.4 million in 2022. 

BEVs took up more than 10 % of total vehicle sales in 2022. If the regulation stays in force and 

                                                                 

1 Climate neutrality refers to the idea of achieving net zero greenhouse gas emissions by balancing those emis-

qgmlq qm rfcw _pc cos_j &mp jcqq rf_l' rfc ckgqqgmlq rf_r ecr pckmtcb rfpmsef rfc nj_lcr%q l_rsp_j _`qmpnrgml 

[2] . 

2 At the time of writing, the EV sales in 2023 are not yet available from the International Energy Association. 

3 2023 sales are estimated based on market trends through the first quarter of 2023. 
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major breakthroughs in other technologies are absent, BEV sales will soar in the near future. 

Range of BEVs was considered one of the main drawbacks that keep consumers from choosing 

BEVs, claimed a study conducted in 2015 [6] . Though further developed since then4, range of 

BEVs still fall s short of conventional vehicles. It is essential to further extend range of BEVs so that 

they can replace conventional vehicles as main cars and vans newly registered in the EU under the 

new regulation from 2035. 

1.1 Motivation  

Additional to  increasing battery capacity, reducing energy consumption helps to increase range of 

BEVs. It was reported in multiple works [7­10]  that powertrain s with multi -speed transmissions 

can reduce energy consumption of BEVs. It was shown in recent studies [11­13]  that, under the 

same requirements of dynamic performance, two-drive powertrains, i.e. powertrains consisting of 

two electric motors (EM), consume considerable less energy in Worldwide Harmonized Light Ve-

hicles Test Cycle (WLTC) than their single-drive counterparts. Powertrains with either concept 

gain an extra degree of freedom (DoF), thanks to which operating points of components in power-

trains can vary in favour of a lower total energy consumption, either through  changing gear posi-

tion  or through splitting total output power differently between both EMs . 

Necessity of energy management strategies  

To combine the benefits of both concepts, two-drive multi -speed powertrains are proposed for 

BEVs. A control strategy is essential for such powertrains with more than one DoF to fulfil basic 

requirements, e.g. requested acceleration, comfort, and most importantly to achieve minimal en-

ergy consumption. Such a control strategy is called an Energy Management Strategy (EMS)5. Figure 

1.2 shows a typical control scheme of a BEV powertrain, in which the EMS functions as a high-

level control that determines control set points for low -level controls, i.e. the EM torque (Trq) for 

the MCU and the target gear position (Gtarget) for  the TCU, based on the driver requested power 

(Preq), the vehicle speed (ὺ ), the EM rotational velocity (‫ ), the current gear position ( Gcurrent) 

and the state of charge (SOC). In general, low -level controls regulate the components in a power-

train based on the set points provided by a high-level control. 

 

                                                                 

4 For instance, the Worldwide Harmonized Light Vehicles Test Procedure range of BMW i3 has increased from 

235 km (model year 2018) to 308 km (model year 2022), largely thanks to the battery capacity increasing 

from 94 Ah (model year 2018) to 120 Ah (model year 2022).  

5 It is also referred to as supervisory control strategy in the literature, e.g. [14]  and [15] . 
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Figure 1.2: EMS as high-level control  in a typical BEV powertrain control scheme  

Observations of relevant energy management strategies in the literature  

To design an EMS that minimizes energy consumption is to answer the question: given a mathe-

matical model of a powertrain and a vehicle as well as constraints of components, how can their 

speed, torque and gear position be controlled so that minimal  energy consumption and other addi-

tional performance criteria can be achieved? Such a problem falls into the category of Optimal Con-

trol Problem (OCP), which is to determine the control function that causes a process to satisfy the 

physical constraints and at the same time minimize (or maximize) some performance criteri a [16, 

p. 3] . More specifically, due to the presence of Gtarget and Gcurrent, a discrete control and a discrete 

state, a two-drive multi -speed powertrain is naturally  a Hybrid System6, a system that has contin-

uous controls, e.g. EM torques, but at the same time makes discrete decisions, e.g. target gears, 

instead of a pure continuous system. Consequently, the OCP in question is a Hybrid Optimal Control 

Problem (HOCP)7 [19, 20] .  

There are numerous studies on EMSs that consider powertrains with more than one power 

source8 and multi -speed transmissions. However, such powertrains were mostly not explicitly 

                                                                 

6 A continuous system that can switch between different subsystems, i.e. differential equations describing the 

time derivative of continuous states, can also be modelled as a hybrid system, e.g. A bouncing ball in Section 

2.1.1. 

7 In the optimization community, it is more commonly referred to as mixed -logic dynamic optimization [17]  or 

mixed-integer optimal control problem [18] . Such terminologies highlight the mixed-integer optimization 

characteristic in the problem. 

8 Machines designed to convert other types of energy, e.g. chemical energy and electric energy, to mechanical 

energy. 
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modelled as hybrid systems in the literature , for example [14, 21­23]  to name but a few. The 

resulting EMSs were often treated with solution methods for continuous OCPs. Such treatment 

does not necessarily indicate flawed results. For instance, results principally derived from the dis-

crete Dynamic Programming (DP), e.g. [24] , [25]  and [21] , hold, since the method is inherently  

able to deal with systems involving discrete variables. Nevertheless, proper system formulation 

and problem solution are desirable. 

For the goal of real-world application s, it is necessary to design an EMS that does not consider 

speed profiles a priori . Such an EMS is called an online EMS. Furthermore, due to the limited 

computational resources in real-world applications, it is essential to design an EMS achieving high 

performance, i.e. the controlled vehicle consumes as little as possible energy in evaluations, and 

requiring short  computational time9. 

As far as the author knows, other than [26] , EMSs of powertrains with multi -speed transmissions 

were developed in the literature with an assumption: §shift processes are ignoredµ. The most com-

mon transmission types in rmb_w%q market are automatic transmissions (AT) , dual clutch transmis-

sions (DCT) and automated manual transmissions (AMT) . Shift duration s10 of some examples 

from these types of transmission are 0.8 s ­ 1.6 s [27, 28] , 0.4 s ­ 0.7 s [29, 30] , and 0.7 s ­ 1.3 s 

[31, 32] , respectively. Though not covering all models from the mentioned transmission types, the 

statistics show that shift duration s of ATs and AMTs can exceed 1 s, while shift duration s of DCTs 

are smaller than but not distant from 1 s. It might not be most rigorous to develop EMSs with a 

frequency of at least 1 Hz ignoring shift processes for powertrains with above mentioned transmis-

sion types in [24, 25, 33­35] , to name but a few. Though the EMS developed in [26]  considered 

shift processes, it was based on a predefined shift sequence in a time span of ca. 6 s for a single-

drive BEV, whose results lacked association to energy consumption. An EMS with proper consid-

eration of shift processes is valuable but absent. 

Rmb_w%q CT k_picr f_q ugrlcqqcb lmr mljw rum-drive BEVs but also three-drive BEVs, e.g. the 

Tesla Model S plaid, the Tesla Cybertruck Cyberbeast and the Lucid Air, and four-drive BEVs, e.g. 

the Zeekr 001 FR. In the future , vehiclesÇnot necessarily passenger cars but ground vehicles, 

heavy-duty vehicles, water vehicles etc.Çmight be equipped with electric powertrains with even 

more EMs for their specific purposes. Is there a general way to design their EMSs? If so, how? The 

questions are ambitious. It might be a good idea to start with the EMS of a two-drive BEV and try 

to extend the results to a general multi -drive multi -speed BEV. Specifically, the general multi -drive 

powertrain has M EMs and transmissions parallelly coupled, - ς, -ᶰᴓ. 

                                                                 

9 Evaluation of computational time will be more technically discussed in Section 2.4.4. 

10 Shift duration is a period between the moment when a shift is signalled and the synchronization of transmis-

sion input speed into its new value according to target gears. 
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Suppose that an EMS is designed. Under its control, the parts and the components in a power-

train are loadedÇsome more than others11Çin favour of lower total energy consumption. One 

can imagine, these more loaded parts, e.g. gears, would reach their service lives earlier than other 

same kind of parts, if they would be designed to reach the same service life under the same loads. 

Such an outcome limits the service life of the powertrain, since the reliability and the service life 

of a powertrain is dependent on those of its parts and components [36, p. 251] . Though this is 

often addressed in design processes [36, p. 279] , it is beneficial to design an EMS considers service 

life aspect, since it is the EMS that controls a powertrain on a high -level and determines loads of 

its parts to an extent. It is noteworthy that  such an attempt is unseen in the literature  other than 

in the previous work of the author [37] . 

1.2 Goals and Contributions  

Firstly, a proper mathematical model is to be formulated for  a two-drive multi -speed BEV in such 

a way that captures its continuous and discrete dynamics, and the shift processes are properly 

considered. 

Secondly, an online EMS is to be designed. A proper accurate solution method is to be imple-

mented, whose algorithm operates with lower time complexity compared to its peers. The algo-

rithms of the EMS are to be presented. 

Thirdly, the solution of the HOCP and the developed algorithm are studied from a mathematical 

point of view with the goal of reducing time complexity . 

As far as the author knows, a hybrid system formulation of a two-drive multi -speed powertrain 

is missing in the literature. Furthermore, an EMS that considers shift processes and incorporate 

proper numerical methods was not reported in the literature . More importantly, reducing the time 

complexity of a solution method through mathematical analysis provides great value and can be 

transferred to other problems with a similar setting . 

The system formulation and the solution of the HOCP shall be able to be extended to accommo-

date multi -drive multi -speed electric powertrains. For this purpose, a general multi -drive multi -

speed electric powertrain is proposed with t he general hybrid system and the general HOCP. The 

solution method and the algorithm for the onl ine EMS are developed in such a way that can be 

applied to the general HOCP. As a whole, a unified framework to design an EMS for the general 

multi -drive multi -speed BEV is to be obtained, which is unseen in the literature. 

Lastly, a multi -criteria operati on strategy considering both energy consumption and service life 

                                                                 

11 See Section 8.1 for a more systematic discussion of loads. 
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of a powertrain is to be developed. Such a concept is only seen in the previous work of the author 

[37] . This thesis addresses this topic in a more systematic way, thanks to the consideration of shift 

processes and a more inclusive service life model. 

1.3 Structure of the Content  

This thesis is organized as follows: 

In Chapter 2, background knowledge is provided. Hybrid systems are introduced with a simple 

example. Formulation of a HOCP is shown, so that rfc kc_lgle md §qmjtgle _ FMANµ gq ajc_p,

Thereafter, solution methods for HOCPs are reviewed in Section 2.4 regarding their main princi-

ples, which will be supplemented with simple examples. Solution methods are compared against 

each other w.r.t. relevant properties to online EMS. 

EMSs developed in the literature will be reviewed in Chapter 3, where, among other aspects, 

the treatment of continuous and discrete variables will be discussed. A proper solution method for 

the online EMS is to be identified after the review. 

In Chapter 4, a two-drive multi -speed powertrain is modelled as a hybrid system, which provides 

a specific model for the formulation of the HOCP in this chapter and the EMS in the later chapters.  

Based on the mathematical model, an online EMS is developed in Chapter 5. The algorithms 

including the numerical methods are presented. The optimal control problem is evaluated. The 

time complexities of the developed algorithms are analysed. 

In Chapter 6, the online EMS is evaluated from two perspectives: 1) individual solution pro-

cesses and 2) driving cycle simulation s. 

A general multi -drive multi -speed powertrain is presented in Chapter 7. It is showcased, how to 

modify several small parts of the general hybrid system to achieve different operation complexity. 

The general HOCP is presented and analysed. A unified framework to design an EMS is presented. 

In Chapter 8, the online EMS is systematically further developed to incorporate the view point 

of powertrain service life, whose results are reported. 

Conclusion and outlooks are presented in Chapter 9. 

1.4 Acronyms and Abbreviations  

There are plenty of acronyms and abbreviations in this thesis. To avoid confusion, this subsection 

clarifies, how they are categorized and treated in the writing. 

§CKµ* §CKQµ* cra, _pc amlqgbcpcb glgrg_jgqkq, Rfcw r_icthe definite article  and their plural forms 



 

 

1 Introduction  7 

 

clb ugrf _l §qµ, Gl qmkc a_qcq* rfcw _pc glbcvcb* c,e, §CK/µ* `sr qrgjj amlqgbcpcb glgrg_jgqkq, 

A powertrain devcjmncb gl _ npmhcar a_jjcb §Qnccb2Cµ ugjj `c kclrgmlcb pcnc_rcbjw, Qnccb2C gq

considered an acronym and, therefore, does not take the definite article.  

In Chapter 8, the bearings and gears in Speed4E powertrain are labelled. For instance, a bearing 

gq j_`cjjcb §@/,/,/µ* _lb gr gq amlqgbcpcb _l _apmlwk, 
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2 Background Knowledge  

This chapter provides the necessary background knowledge about hybrid systems and HOCPs. The 

first part of this chapter provides the definition of hybrid systems. The second part formulates 

HOCPs. Discretization and integration schemes are discussed in the third part, which are funda-

mental for numerical solutions. The fourth  part reviews the mathematical principles that are used 

to solve HOCPs with abstract but illustrative examples. Their properties are outlined to provide 

arguments for selecting one of them to be implemented in this work. 

2.1 Hybrid Systems and Regularity Conditions  

The first subsection gives the definition of hybrid systems with a simple example. A hybrid system 

must fulfil certain conditions, so that an optimal control for a HOCP regarding the hybrid system 

exists. These conditions are called regularity conditions. They are provided with little discussion 

in the second subsection. The readers that are interested in the existence and uniqueness of optimal 

controls can refer to [38­40] . 

2.1.1 Hybrid Systems 

A hybrid system consists of both continuous and discrete states. It is formally defined by:  

Definition 2.1 Hybrid System [41, p. 14] : a general hybrid system is a 9-tuple 

 ᴏḧ ꜝȟוȟȟȟֹא ȟꜞȟ ȟִיȟ╒Ȣ (2.1) 

 represents a אdenotes a finite set of discrete states. The discrete state of the hybrid system ήᶰ א

subsystem of the hybrid system ᴏ. ḧ Ṗᴙ ●  is a collection of continuous-valued state 

spaces, where ● is a ὔ●-dimensional continuous-valued state vector, Gr%q a_jjcb amlrglsmsq qr_rcs in 

this thesis. ḧ Ṗᴙ ◊  is a collection of continuous-valued control spaces for each discrete 

state. ◊ is a ὔ◊-dimensional continuous-valued control vector, Gr%q a_jjcb amlrglsmsq amlrpmjs in 

this thesis. For each ήɴ one vector field █ȡ ᴼ ,א  is defined. ꞈ  denotes an indexed collec-

tion of them ꞈḧ █ȡ ᴼ ȿ ήɴ א . ꜝḧ ὃ ȟ ȿ ήȟήᶰאȟή ή  is a set of state-jump 

functions.  ȡ א ɩ ᴼא is a discrete transition function. ּקḧ ꜞ ȿ ήɴ  is a collection of א

discrete sets ꜞ Ṗא, in which admissible discrete controls edges ″ ᶰꜞ  are defined. ִי ḧ

ὓ ȟ ȿ ήȟήᶰאȟή ή  denotes a set of time-dependent switching manifolds, which determines 

autonomous switching. ╒ is a collection of constraint functions. It includes mixed control -state 

constraints, pure state constraints and pure control constraints. 

ɝ 
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A hybrid system can be interpreted as a collection of ὔא number of subsystems, which are in-

dexed by the discrete state and whose dynamics are determined by the respective vector field. 

There are a continuous state space Ṓᴙ ● and a continuous control space Ṓᴙ ◊ for each 

subsystem. In this thesis, the dimension of the continuous state space and that of the continuous 

control space are assumed constant. The continuous states and the continuous controls are con-

strained by the constraints from ╒, which forms an admissible continuous state space ת and an 

admissible continuous control space ל. They are discrete state dependent, i.e. ●ᶰת  and ◊ᶰל , 

ήɴ  .if the constraints are discrete state dependent ,א

The dynamics of the hybrid system are switched among the subsystems on the time interval 

ὸȟὸ , where ὸ and ὸ denote the initial and final times . In this thesis, they are considered fixed 

and finite.  There are in total π ὔ Њ number of switching happened in the time interval, 

which form a discrete control function ″Ͻ ″ȟ″ȟȣȟ″ȟȣȟ″ . The time instances that the 

switching happen form a strictly increasing sequence ּכ ὸȟὸȟȣȟὸȟȣȟὸ ȟὸᶰὸȟὸ . Based 

on the discrete control, the discrete state, and the continuous states at a time instance, the discrete 

transition function   determines the coming discrete state, 

 ήὸ  ●ὸ ȟήὸ ȟ″ ȟ (2.2) 

where the minus and the plus signs in the superscripts of the time instances refer to the right before 

and right after the time instances. Four types of switching can happen: autonomous switching, 

autonomous jumps, controlled switching, and controlled jumps [42] . 

? rp_lqgrgml gq l_kcb _ §switchingµ gd rfc qr_rc-jump function ὃ ȟ  does not exist or it pro-

duces a zero when the transition in (2.2) happens, Mrfcpugqc* _ §jumpµ happens, which causes the 

continuous states to exhibit discontinuity at the time instance of the transition . §Autonomousµin-

dicates that the discrete state at ὸ changes in a predefined way that is determined by the transition 

function  , when the continuous states meet a switching manifold ὓ ȟ . It is called internally 

forced switching in [43] . §Controlledµ, on the other hand, indicates that the discrete control is 

consciously chosen. It is called externally forced switching in [43] . From the point of view from 

control, autonomous switching and jumps are completely described by the transition function  , 

whereas controlled switching and jumps need the discrete control ″ to initiate th e transition. 

Most of the real systems operate with physical constraints on the continuous controls and the 

continuous states. The set ╒ in ᴏ by Definition 2.1 may possess different types of constraints: 

Definition 2.2 Mixed constraints, State constraints, and Control constraints: The mixed constraints 

depend on both ● and ◊ at the same time, 



 

 

10 2 Background Knowledge 

 

ὧ ȟ●ὸȟ◊ὸȟήὸ πȟὭ ρȟȣȟάȟ●ὸᶰ ȟ◊ὸᶰ ȟήᶰאȟ ὸᶅɴ ὸȟὸȟ (2.3) 

where Ὥ indexes the constraints and ά is the total number of the constraints. For compactness, 

(2.3) is rewritten as 

 ╬ ●ὸȟ◊ὸȟήὸ ȟ●ὸᶰ ȟήɴ ȟא ὸᶅɴ ὸȟὸȟ (2.4) 

where ╬ ȡ ᴼᴙא  produces a ά-dimensional vector and  is a ά-dimensional zero vector. 

Rfc glcos_jgrw §µ gq ct_js_rcb cjckclrugqc, 

State constraints: The state constraints depend on ●, i.e., 

 ╬ ●ὸȟήὸ ȟ●ὸᶰ ȟήᶰאȟ ὸᶅɴ ὸȟὸȢ (2.5) 

Control constraints: The control constraints depend on ◊, i.e., 

 ╬ ◊ὸȟήὸ π ◊ὸᶰ ȟήᶰאȟ ὸᶅɴ ὸȟὸȢ (2.6) 

ɝ 

Under the constraints from the set ╒, ● and ◊ of the system ᴏ by Definition 2.1 are restricted in 

certain spaces, which are called admissible state sets and admissible control sets. 

Definition 2.3 Admissible State Sets and Admissible Control Sets: the admissible state sets that de-

pend on the constraints given by (2.4) and (2.5) are defined by 

ὸȟήὸ◊ת ḧ ●ὸᶰ  ȿ ╬ ●ὸȟ◊ὸȟήὸ ȟ╬ ●ὸȟήὸ ȟ. (2.7) 

The admissible control sets depending on the constraints (2.4) and (2.6) are defined by 

ὸȟήὸ●ל ḧ ◊ὸᶰ  ȿ ╬ ●ὸȟ◊ὸȟήὸ ȟ╬ ◊ὸȟήὸ ȟ. (2.8) 

ɝ 

In this thesis, Zeno-behaviours, i.e. infinite switching in finite time, are excluded.  

It is necessary to elaborate how a hybrid system evolves, so that the definition above is under-

standable. Imagine a dimensionless small ball released at the height of Ὤ and it bounces at the 

floor, as shown in Figure 2.1. The continuous states of the ball are its height and the velocity ●
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ὬȟὬ . To have the modelling process simplified, the contact between the ball and the floor  is 

considered instant, at which a constant proportion ρ ς‎ of the kinetic energy is lost. 

 

Figure 2.1: A bouncing ball  

The bouncing ball can be modelled as a hybrid system with אḧ ͼ&ÁÌÌͼȟͼ"ÏÕÎÃÅ ÂÁÃËͼ, ḧ

ᴙ , ḧ .ɲ The vector fields of both discrete states are determined by the gravity acceleration Ὣ 

 
● █

Ὤ
Ὣ
ȟ 

● █"ÏÕÎÃÅ ÂÁÃË
Ὤ
Ὣ
Ȣ 

(2.9) 

(2.10) 

The discrete control ″ὸ Ȱ"ÏÕÎÃÅ ÂÁÃËȱ is chosen, when the bgqapcrc qr_rc gq §D_jjµ _lb rfc 

manifold ὓ Ὤ π is hit.  The discrete transition function   determines the system to switch to 

Ȱ"ÏÕÎÃÅ ÂÁÃËȱ 

 ήὸ   ●ȟήὸ ȟ″ὸ Ȱ"ÏÕÎÃÅ ÂÁÃËȱȟ (2.11) 

where ὸ denotes the time point, when a switch takes place. At the instant of the transition  from 

§D_jjµ rm §@mslac `_aiµ* the state-jump function ὃ  determines the continuous states at the right 

side of the time point based on the energy loss af_p_arcpgxcb `w §amcddgagclrµ 

 ●ὸ ὃ
ρ π
ρ ÃÏÅÆÆÉÃÉÅÎÔ

Ͻ●ὸ Ȣ (2.12) 

The transition is categorized as an autonomous jump. 

Likewise, the discrete control ″ὸ Ȱ&ÁÌÌȱ is chosen, when rfc bgqapcrc qr_rc gq §@mslac `_aiµ

and the manifold ὓ Ὤ π is hit. The discrete transition function   determines the system to 
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switch to Ȱ&ÁÌÌȱ 

 ήὸ   ●ȟήὸ ȟ″ὸ Ȱ&ÁÌÌȱȟ (2.13) 

where ὸ is used to differ from ὸ. The state-jump function ὃ  is an identity matrix  of size 2. The 

transition is categorized as an autonomous switching. 

The continuous states can be constrained by the discrete-state-dependent linear inequalities as 

ת  ḧ ●ȿ
ρ π
π ρ

 Ͻ●
π
π
ȟ 

ת  ḧ ●ȿ
ρ π
π ρ

 Ͻ●
π
π
ȟ 

(2.14) 

which form the collection ╒ḧ ת ȟת  . The rest of the collections in Definition 2.1 are 

ḧוֹ █ ȟ█  , ꜝḧ ὃ ȟὃ ḧקּ , ꜞ ḧ &ÁÌÌȟ"ÏÕÎÃÅ ÂÁÃËȟꜞ  ḧ

&ÁÌÌȟ"ÏÕÎÃÅ ÂÁÃË and ִי ḧ ὓ ȟὓ . Though identical, the discrete sets ꜞ  and ꜞ   

are explicitly defined for clarity.  The hybrid system can be illustrated as a hybrid automaton, as 

shown in Figure 2.2, in which the autonomous transitions, either switching or jumps, are marked 

with red arrowed curves. Controlled transition s, either switching or jumps, are marked with blue 

arrowed curves in the hybrid automata in this work.  

 

Figure 2.2: Hybrid automat on of a bouncing ball  

Since the vector fields of both discrete states are identical and the state-jump function ὃ  is an 

identi ty matrix, the hybrid system can be reduced to a system of one discrete state with modifica-

tion of the above defined hybrid system with two discrete states. 

What is of particular interest for this work are hybrid systems that exhibit no state-jump at 

switching. Such systems can be obtained from Definition 2.1 by setting the set of state-jump func-

tion  ꜝin Definition 2.1 empty. The definition of a hybrid system without state -jump is obtained 

as follows: 
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Definition 2.4 Hybrid System without State-Jump: a hybrid system without state -jump consists of 

an 8-tuple 

 ᴏ ḧ  ȟ╒. (2.15)יȟꜞȟ ȟִוȟȟȟֹא

ɝ 

2.1.2 Regularity Conditions  

A prerequisite for the existence of an optimal control is the uniqueness of the trajectories of hybrid 

systems, i.e. the trajectory pair ●ϽȟήϽ , see Definition 2.5 and Definition 2.7, is unique on the 

time interval ὸȟὸ  for every choice of the initial continuous  and discrete states ●ὸȟήὸ  as 

well as every admissible continuous and discrete control functions ◊Ͻȟ″Ͻ . This subsection 

firstly lays out the relevant concepts and secondly provide the assumptions, based on which the 

uniqueness holds. 

Definition 2.5 Continuous state trajectory: The continuous states ● on the time interval ὸȟὸ  

forms a Continuous state trajectory ●Ͻ, which can be considered a function from ὸȟὸ  to . It is 

also called a solution in other literatures.  The continuous states are bounded by the contraints from 

the set ╒, which forms an admissible function space ת◊ϽȟήϽ  for the continuous state trajec-

tory ●Ͻ. 

ɝ 

Definition 2.6 Continuous control function: The continuous controls ◊ on the time interval ὸȟὸ  

forms a continuous control function ◊Ͻ, which can be considered a function from ὸȟὸ  to . The 

continuous controls are bounded by the contraints from the set ╒, which forms an admissible func-

tion space ל●ϽȟήϽ  for the continuous control function ◊Ͻ. 

ɝ 

Definition 2.7 Discrete control function and discrete state trajectory: A hybrid time trajectory is a 

strictly increasing sequence ּכ ὸȟὸȟȣȟὸȟȣȟὸ  with ὸᶰὸȟὸ  and ὸ ὸ, where π

ὔ Њ denotes the amount of switching in the time interval. T he discrete control  ″ on the time 

interval ὸȟὸ  forms discrete control functions ″Ͻ ″ȟ″ȟȣȟ″ȟȣȟ″  with piecewise 

functions ″ȡὸȟὸ ᴼא. The discrete state ή on the time interval ὸȟὸ  forms a discrete control 

trajectory ήϽ ήȟήȟȣȟήȟȣȟή  with piecewise functions ήȡὸȟὸ ᴼא. The discrete 

control is bounded by the discrete set ɩ depending on ή, which imposes an admissible function 

space ꜞ Ͻ on the discrete control function ″Ͻ. The admissible function space of the discrete state 

trajectory ήϽ is אϽ. 



 

 

14 2 Background Knowledge 

 

ɝ 

The assumptions of the hybrid system ᴏ to ensure the uniqueness are listed as following, which 

are considered to hold in the rest of the work. 

Assumption 2.1: All  continuous control spaces  are compact sets, i.e. they are closed and 

bounded12. The continuous control function ◊Ͻȡὸȟὸ ᴼ  is measurable13. 

Assumption 2.2: All vector fields █ȡ ᴼ  are at least once continuously differentiable w.r.t. 

the continuous states ● and the continuous control ◊. They fulfil a uniform  Lipschitz condition14. 

Assumption 2.3: For fixed time t, switching manifolds do not interest, i.e. ὓ ȟ ὸ᷊ὓ ȟ ὸ  ɲ

with ή ή for ὭȟὮȟὯᶰא. 

2.2 Formulation of Hybrid Optimal Control Problems 

Rfc q_wgle §? npm`jck ucjj nsr gq _ npm`jck f_jd qmjtcbµ k_w `c _l cv_eecp_rgml* `sr gr qfmuq rfc

importance of problem formulation.  Three elements are required to formulate an OCP as well as 

a HOCP: 1) a mathematical description of the system to be controlled, 2) a set of constraints of 

the system, 3) a measure to evaluate the performance. 

A hybrid system ᴏ is formulated in the previous subsection to provide the mathematical descrip-

tion. At the same time, the collection ╒ provides the constraints for the HOCP. In what follows , 

performance measures and boundary conditions are discussed. The HOCPs are formulated. 

2.2.1 Performance Measures for Hybrid Optimal Control Problems  

The performance measure is selected by the hybrid optimal control designer based on the goal to 

be reached, e.g. to move an object to a given position with least time. In the case of EMSs, the goal 

is often to have the least energy consumed while  follow ing a given speed profileÇthe continuous 

states are normally related to itÇover a given time interval . With the dependency on the time in 

mind, the performance of a hybrid system ᴏ can be measured in the form 

                                                                 

12 A nonempty set E is said to be bounded, if it fulfils The Completeness Axiom [44, p. 9] The definition of Closed 

Set can be found in [44, pp. 16-17]  

13 Let ὢ and ὣ be two measurable sets equipped with respective „-algebra ɫ and ɫ. A function Ὢȡὢᴼὣ is said 

to be measurable, if for all Ὁᶰɫ, Ὢ Ὁ ḧ ὼᶰὢ ȿ ὪὼᶰὉ ᶰɫ. 

14 The function Ὢ is said to be Lipschitz continuous on a set E, if there is a ὒ π for which ᴁὪὼ Ὢὼᴁ ὒϽ

ᴁὼ ὼᴁ for all ὼȟὼɴ Ὁ [44, p. 25].  
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ὐ ά ●ὸ ὰ●ὸȟ◊ὸȟήὸȟ″ὸὨὸ

ὰ ●ὸȟήὸȟ″ὸ ȟ 

(2.16) 

where ὸ and ὸ are the initial and final time. ά, ὰ and ὰ  are scalar functions, which are called 

endpoint function, instantaneous cost and switching cost respectively. The endpoint function assigns 

a real value to the continuous states at the final time. The instantaneous cost is a function that  

assigns a real value to a point ●ὸȟ◊ὸȟήὸȟ″ὸ . The switching cost is a function that assigns 

a real value to a point ●ὸȟήὸȟ″ὸ , where ὸ is the time instance of a switching, indicating 

the cost caused by an autonomous or controlled switch. In [45] , the endpoint function is also called 

as an endpoint functional or Mayer functional. The integral of the instantaneous cost is called an 

integral functional. A functional consisting of both functionals  is called a Bolza functional. 

It is necessary to review briefly the definition of a function , so that the concept of functionals is 

easier to be understood. 

Definition 2.8 function [46] : Let Ὓρ and Ὓς be two sets. A function Ὢ from Ὓρ to Ὓς, i.e. Ὢȡ ὛρO Ὓς, 

is a relation between them that for each ίᶰὛρ, there is one and only one associated ίᶰὛς. The 

set Ὓρ is called the domain of the function, which is written as ἬἷἵὛρ. The set Ὓς is called its 

range. 

ɝ 

A scalar function assigns a real number to each point or vector in its domain. The definition of 

a functional parallels that of a function.  

Definition 2.9 functional [16] : Let & be a class of functions and Ὓ be a set of real number. A func-

tional ὐ from & to Ὓ is a relation between them that for each function  Ὢᶰ&, there is one and only 

one associated ίɴ Ὓ. The class & is called the domain of the function al. The set Ὓ is called its range. 

ɝ 

Loosely speaking, one may amlqgbcp _ dslargml_j _ §scalar function of  _ dslargmlµ, 

With the idea in mind, that a functional measures function , the arguments of ὐ in (2.16) are 

complemented with the Boundary conditions and the functions defined in Definition 2.7 as 
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 ὐ●ὸȟ◊Ͻȟήὸȟ″Ͻ

ά ●ὸ ὰ●ὸȟ◊ὸȟήὸȟ″ὸὨὸ

ὰ ●ὸȟήὸȟ″ὸ ȟ 

(2.17) 

which says that the Bolza functional ὐ assigns a performance measure to the quadruple consisting 

of the initial continuous states, the initial discrete state, the continuous control function , and the 

discrete control function.  Often, the initial discrete state and the continuous states are omitted in 

the argument of the functional  and supplied in boundary conditions. 

In the rest of the work, a functional measuring the performance is called a cost functional, re-

gardless of its composition and type. 

2.2.2 Boundary Conditions  

Boundary conditions define initial and / or final values of the   desired trajectories. For a system of 

ordinary differential equations, it is usually necessary to predefine one boundary condition per 

differential equation. For a HOCP, up to 2ὔ● number of boundary conditions can be predefined, 

due to the necessary conditions provided by the Hybrid Minimum Principle described later. Bound-

ary conditions can be defined as 

Definition 2.10 Boundary Conditions: The boundary conditions ‪ Ͻ imposes ὔ  equality con-

straints on the initial continuous states ●ὸ , while the boundary conditions ‪ Ͻ imposes 

ὔ  equality constraints on the final continuous states ●ὸ  as 

 ‪  ●ὸ ȟ 

‪  ●ὸ Ȣ 

(2.18) 

(2.19) 
 

A coupled boundary conditions is defined as 

 ‪  ●ὸȟ●ὸ ȟ (2.20)  
 

if both the initial and the final continuous states are constrained by equality constraints. 

In the context of the EMS problem, the boundary conditions are most often linear and can be 

stated as 
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  ●ὸ ●ȟ 

●ὸ ●Ȣ 

(2.21) 

(2.22) 
 

2.2.3 Problem Formulation  

For a hybrid optimal control problem, the goal is to find the continuous control function ◊Ͻᶰ

ϽȟήϽ●ל  and the discrete control function ήϽᶰꜞ Ͻ, such that 1) all constraints from the set 

╒ are met; 2)  the boundary conditions are satisfied; 3) the cost functional is minimized. 

The optimal control problem for a hybrid system can be stated as follows: 

Definition 2.11 Hybrid Optimal Control Problem [41, p. 14] : Given a hybrid system ᴏ by Definition 

2.1, an optimal control problem stated with a cost functional (2.17) as 

 ὐ◊ᶻϽȟ″ᶻϽ ÍÉÎ
◊Ͻɴ ל Ͻȟᶰꜞ Ͻ 

ά ●ὸ

ὰ●ὸȟ◊ὸȟήὸȟ″ὸὨὸ

ὰ ●ὸȟήὸȟ″ὸ  

(2.23) 

subject to ●ὸ █ ●ὸȟ◊ὸȟὸɴ ὸȟὸ  

ήὸ   ●ȟήὸ ȟ″ὸ ȟὸᶰּכ 

●ὸ ●ὸ ὃ
ȟ

●ὸ  

●ὸ ● 

●ὸ ● 

ήϽᶰאȟ●Ͻᶰת ήϽȢ 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

(2.28) 

(2.29) 

ɝ 

For hybrid systems without state-jumps, the HOCP is stated as follows: 

Definition 2.12 Hybrid Optimal Control Problem without State-Jumps : Given a hybrid system ᴏ  

by Definition 2.4, an optimal control problem stated with a cost functional (2.17) as 
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ὐ◊ᶻϽȟ″ᶻϽ ÍÉÎ

◊Ͻɴ ל Ͻȟᶰ Ͻ 
ά ●ὸ ὰ●ὸȟ◊ὸȟήὸȟ″ὸὨὸ (2.30) 

subject to 

 ●ὸ █ ●ὸȟ◊ὸȟὸɴ ὸȟὸ  

ήὸ   ●ȟήὸ ȟ″ὸ ȟὸᶰּכ 

●ὸ ● 

●ὸ ● 

ήϽᶰאȟ●Ͻᶰת ήϽȢ 

(2.31) 

(2.32) 

(2.33) 

(2.34) 

(2.35) 

The switching cost functions are omitted, due to the absence of state-jumps. The cost caused by 

switching is considered in the integral functional.  

ɝ 

This work focuses on the solution and the applications related to HOCPs without state -jumps, 

since it is the class of HOCPs relevant to the hybrid system in this work.  

For the hybrid optimal control problem with state -jumps, more regularity conditions need to be 

considered to ensure the existence and uniqueness of the solution  [47] . 

2.3 Discretization and Integration Schemes  

If the ordinary differential equations (ODE) (2.31) describing the system dynamics cannot be 

solved analytically, the initial value problems (IVP) has to be formed on discrete-time and its nu-

merical solution is fundamental to the solution of H OCP. 

The time ὸ in the time interval ὸȟὸ  can be discretized into ὔ steps, as 

 ὸ ὸ ὯϽὬ ȟὯ πȟρȟςȟȣȟὔȟ 

Ὤ πȟ 

Ὤ ὸ ὸ ȟὯ ρȟȣȟὔȟ 

(2.36) 

(2.37) 

(2.38) 

where Ὧ is the time index and Ὤ is the step-length. The squared brackets stress that the integer 



 

 

2 Background Knowledge 19 

 

in-between indexes a point on a discretization grid, may it be time or continuous states. As a re-

sult, a discretization grid  ꞉

 ꞉ ὸȟὸ ȟὸȟȣȟὸ  (2.39) 

is obtained. A discretization scheme approximates the exact solution ●ὸ ●  on the dis-

cretization grid. For the ODE (2.31) with given initial condition ● , the simplest discretization 

scheme, namely Euler method, approximates the exact solution ●ὸ  by 

 
●ὸ ● █ ●ὸȟ◊ὸὨὸȟ 

● ● Ὤ Ͻ█ ● ȟ◊ ȟὯ πȟρȟςȟȣȟὔ ρȟ 

● ●ὸ Ȣ 

 (2.40) 

 

 (2.41) 

 (2.42) 

Runge-Kutta (RK) methods [48]  are often used to approximate the integral in (2.40). RK meth-

ods with different orders  are widely discussed in the context of optimal control problems [49­

51] . One property that attracts the attention is the adjoint consistency of RK methods [52] : RK 

methods provide a discretization grid whose discrete adjoint15 is a consistent approximation of 

the infinite 16 dimensional adjoint function . Based on this advantage, RK methods are applied as 

integration scheme in this work. The fourth order RK integration scheme (RK4) [53, pp. 15 -37]  

follows the following steps: 

 ● ● Ὤ Ͻɧ█● ȟή ȟ◊ ȟὬ ȟὯ πȟρȟςȟȣȟὔ ρȟ 

●
Ὤ

φ
Ͻἳ ςἳ ςἳ ἳ ȟ 

ἳ █ ● ȟ◊ ȟ 

ἳ █ ● ὬϽ
ἳ

ς
ȟ◊ ȟ 

ἳ █ ● ὬϽ
ἳ

ς
ȟ◊ ȟ 

ἳ █ ● ὬϽἳȟ◊ ȟ 

  

 (2.43) 

(2.44) 

(2.45) 

(2.46) 

(2.47) 

                                                                 

15 An efficient numerical way to compute the gradient for optimal control.  

16 A continuous time interval leads to an infinite dimensional vector of time.  
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where ɧ█ denotes an operator that uses RK method to approximate the integral of function █ in 

(2.40). k denotes the estimation of the function █ in the interior of the time interval ὸȟὸ . Fig-

ure 2.3 illustrates an example of using RK4 method to estimate ὼ  for a one-dimensional 

(1-D) dynamic system. k1-k4 are sequentially calculated. ὼ  from (2.43) for this example is 

1.9754, whose relative error is 6.90 ×  10-5, compared to the analytical result. 

 

Figure 2.3: RK4 integration scheme performed on a 1 -D system, whose dynamic is ●

Ȣ ● Ȣ. Analytical solution is  ●◄ ▄Ȣ◄╒ Ȣ  with ╒ , ◄▓  and ▐ Ȣ. 

2.4 State of the Art Solution Methods  

After the hybrid systems defined with necessary prerequisites in Section 2.1 and the HOCP stated 

in Section 2.2, this section gives an overview of the solution methods, followed by a general com-

parison of their properties. The methods are categorized in three main types: dynamic program-

ming (DP), direct methods (DM) , and indirect methods (IM) . They are discussed with a focus on 

the hybrid system ᴏ  by Definition 2.4. 

2.4.1 Dynamic Programming  

The DP was formulated for continuous nonlinear systems by Bellman17 in 1960s based on Bell-

k_l%q mnrgk_jgrw npglagnjc* ufgaf qr_rcq §An optimal policy has the property that whatever the 

initial state and initial decision are, the remaining decisions must constitute an optimal policy with 

regard to the state resulting from the first decisionµ [54, pp. 81 -86] . It is extended to HOCPs with 

autonomous and controlled switching in [56] . Optimal control law for hybrid systems with con-

trolled switching is approximated based on DP in [57]  and [58] . 

                                                                 

17 Original work of Bellman  see [54] . There are excellent textbooks on DP, for instance, Bertsekas [55]  and Kirk 

[16].  
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The discrete DP, i.e. the BN ugrf _ qwqrck mncp_rgle ml bgqapcrc rgkc* gq mdrcl pcdcppcb rm _q §BNµ

in the literature, since it is the natural implementation on a digital computer [16, p. 86] . Its core 

is called Bellman equation, whose variation for hybrid systems can be stated as following recur-

rence relation 

 ὠ ● ȟή ÍÉÎ
◊Ͻɴ ל Ͻȟᶰꜞ Ͻ 

ὬϽὰ● ȟ◊ ȟή ȟ″

ὠ ● ȟή ȟ 

● ● ὬϽɧ█● ȟή ȟ◊ ȟὬȟ 

ή ή ″ ȟ 

(2.48) 

 

(2.49) 

(2.50) 
 

where ὠ● ȟή  denotes the value function of the hybrid state ● ȟή  at time ὸ . 

A value function is the smallest possible value of the performance measure of the subproblem that 

initiate with ● ȟή  starting with time ὸ . If the performance measure represents a cost 

that is to be minimized, which is true for this work, a value function is also referred as cost-to-go 

function [59] . Once the value function at each time point is determined, the corresponding con-

trols represent the optimal control.  

In order to have (2.48)-(2.50) solved, the continuous states are discretized on the discretization 

grid ●꞉
●. Together with the discrete state and the discretized time, a discretization grid 

●꞉
● א  ꞉is generated. At the same time, the continuous controls are discretized, and together 

with the admissible discrete control set, a discretization grid ◊꞉
◊ ɩ  is generated. Figure 2.4 

illustrates a discretization grid of a hybrid system, on which the value function is calculated based 

on the Bellman equation. At each time point, the 1-D continuous states and the discrete state form 

a discretization grid ꞉ ḧא ,א ήȟήȟήȟή , on which the hybrid state is a pair ὼ ȟή 18 with 

Ὥ indexing the points on ꞉ and Ὦ indexing the elements out of א. In conjuncture with the discreti-

zation of time, a pair ὼ ȟ ȟήȟ  indicates any point on the discretization grid of the hybrid sys-

tem. To have the value function (2.48) of the hybrid state ὼ ȟή  at time ὸ  determined, the 

state transitions, i.e. (2.49) and (2.50), from Ὧ ρ to Ὧ are calculated based on the discretiza-

tion grid of controls ◊꞉
◊ ɩ  (not shown in the figure), which are marked as red and blue arrows. 

At the same time, the cost function ὰ of each state transition is calculated by inserting the hybrid 

state and the controls into ὰ● ȟ ȟ◊ ȟ ȟήȟ ȟ″ ȟ , in which ά and ὲ index the dis-

cretization grid of controls. The value functions on the discretization grid ꞉  at time Ὧ are א

already known from last step of recursion. The Bellman equation to determine the value function 

                                                                 

18 ή does not contain square brackets, since Ὦ indexes the element out of א. 
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at time Ὧ ρ is completed. 

In Figure 2.4, the continuous states at time Ὧ calculated by (2.49) are marked as crosses, which 

are not necessarily at the discretization grid ꞉ -at time Ὧ. The value function of them is ap א

proximated with nearest-neighbour or interpolation of the value function on the discretization grid 

꞉  at time Ὧ. The accuracy of the approximation, naturally, is dependent on the fineness of א

the discretization. The calculated continuous states can fall out of the admissible continuous state 

space ת. A penalty is in practice assigned to (2.48), which requires delicate attention to ensure 

accuracy, if the value function has big gradient at the boundary of the admissible space [59] . 

 

Figure 2.4: An example of d iscrete Bellman equation on a discretization gri d ֿב●  A .◄בֿ

transition to discrete state  ▲ or ▲ is not admissible, which is defined by the admissible dis-

crete control set ּק▲ . 

The Continuous DP, i.e. the DP with a system operating on continuous time, transfers the original 

optimal control  problem to a nonlinear partial differential equation system  [16, p. 86] . Since it is 

less relevant to most modern applications on digital computers, the discussion of it is omitted. See 

[16, pp. 86-100] for more information . 

2.4.2 Indirect Methods  

Indirect methods root in Calculus of Variations, which traces back to Hmf_ll @cplmsjjg%q qmjsrgml rm

his challenge to his peers of the Brachystochrone Problem19 at the end of 17th century (see [61]  

                                                                 

19 To find a curve lying on the plane between a point A and a lower point B that is not direct ly below A in such 
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for a survey of the historical perspectives of optimal control ). In 1950s, though considered a minor 

addition to calculus of variations and not highly regarded at the time, the Pontryagin Minimum 

Principle20 was developed in the Soviet Union [62, pp. 9 -69] . Conventional wisdom holds it to be 

the birth of  optimal control, since it is the first that addresses constrained states and controls, 

which are major concerns of control problems. Instead of minimizing a functional that integrates 

cost function over time, a continuous OCP is solved by finding the continuous control function and 

the continuous state trajectory that satisfy the optimality conditions. The optimality conditions 

lead to a Two-Point or Multi -Point Boundary Value Problem (TPBVP or MPBVP)21, which includes 

differential equations of continuous states and costates22, algebraic equations of continuous con-

trol s, boundary conditions of continuous states, transversality condition23 and time. 

Remark: costates are introduced for mathematical purpose, which have no physical meaning [16, 

pp. 161-166] . In a continuous OCP, a functional of ὔ◊ ὔ● functions, i.e. ◊Ͻ and ●Ͻ, is to be 

minimized. However, only ◊Ͻ is independent. Costates are necessary to provide further optimal-

ity conditions for indirect methods , so that Boundary Value Problems are solvable. They can be 

interpreted as Lagrange multiplier that are introduced in optimization problems to include con-

straints into cost function [63, pp. 215 -232] . When the OCP is solved, the corresponding costates 

have strong correlation with  the gradient of the value function in continuous DP [62, pp. 69 -75] . 

The Minimum Principle  for hybrid cases were derived by Sussmann for a general class of systems 

[20] . HOCP of Hybrid systems that share similar definition with Definition 2.1 were studied in 

[64, 65] . For hybrid systems with strictly continuous states that are similar to hybrid systems ᴏ  

defined by Definition 2.4, Shaikh [66]  and Xu [67]  have derived optimality conditions and con-

ceptual algorithms. It was shown in [68]  that Hybrid Minimum Principle is an extension of 

Pontryagin Minimum Principle . More detailed review on HMP can be found in [69, pp. 159 -163] . 

The Theorem of the Hybrid Minimum Principle (HMP) [68] : consider a hybrid system ᴏ  by 

Definition 2.4 and define the family of indexed Hamiltonians for HOCP (2.30) 

                                                                 
a way that a bead slides from A to B under gravity without friction within shortest time [60] . Giants such 

_q Lcurml* Jcg`lgx* j%Fmngr_j _lb H_im` @cplmsjjg n_prgagn_rcb rfc af_jjclec _lb ns`jgqfcb rfcgp qmjsrgmlq, 

20 Gl Nmlrpw_egl%q mpgegl_j umpi* rfc rfcmpck u_q qr_rcb _q rfc K_vgksk Npglagnjc, Rfcw _pc cosgt_jclr rm rfc

Minimum Principle, since to minimize a function or functional is merely to maximize a function or functional 

that is formed by putting a negative sign in front of the one that is to be minimized.  

21 To solve (mostly) first order differential equations with boundary conditions specified at two or more distinct 

points. 

22 Costates are also called adjoint states in some literature [41, p. 32] . 

23 Transversality condition is the boudnary condition of states and costates. 
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 ꞊ ●ȟ◊ȟⱦ ὰ●ȟ◊ ⱦϽ█ ●ȟ◊, (2.51) 

where ⱦ ᶰᴙ ● are indexed costates and T denotes transpose operation. The solution to HOCP 

(2.30)  satisfies following conditions: 

The continuous state trajectory corresponding the optimal control ●ᶻϽ and the costates ⱦᶻ Ͻ 

follow  

 
●ᶻὸ 

‬꞊

‬ⱦ
●ᶻὸȟ◊ᶻὸȟⱦ ὸ  

█ᶻ ●ᶻὸȟ◊ᶻὸȟ 

ⱦᶻ ὸ 
‬꞊

‬●
●ᶻὸȟ◊ᶻὸȟⱦᶻ ὸ ȟ 

(2.52) 

 

 (2.53) 

for ὸɴ ὸȟὸ ȟὮ πȟρȟȣȟὔ  with the boundary conditions ●ᶻὸ ● and ●ᶻὸ ●. 

The Hamiltonian minimum condition , 

 ″ᶻὸȟ◊ᶻὸ ÁÒÇÍÉÎ
Ͻɴ ꜞ Ͻȟ◊ɴ

꞊ ●ȟ◊ȟⱦ ȟ 
(2.54) 

holds for ὸɴ ὸȟὸ ȟὮ πȟρȟȣȟὔ . 

At the final time ὸ, the transversality condition , 

 
ⱦ ὸ ●ɳά ●ᶻὸ ȟ (2.55) 

holds. 

At the time ὸ, the discrete state switches. The following conditions are satisfied 

 ⱦ ὸ ⱦ ὸ ȟ 

꞊ ●ὸ ȟ◊ὸ ȟⱦ ὸ ꞊ ●ὸ ȟ◊ὸ ȟⱦ ὸ Ȣ 

(2.56) 

 (2.57) 

 ɝ 
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(a)  

 
(b)  

Figure 2.5: An example of a solution with HMP to a HOCP with a 1 -D continuous state. (a) 

shows continuous state trajectory. (b) shows costate trajectory.  

Figure 2.5 shows an example of 1-D continuous state and costate trajectories of a solution de-

termined by HMP on a discretized time grid  ꞉with ὔ steps. 1-D continuous control is not shown 

in the f igure. Unlike discretize DP, continuous states and continuous controls are not discretized. 

The time derivatives ὼ and ‗ at any time point are determined by differential equations (2.52) and 

(2.53), in which ″ᶻ and όᶻ are obtained by minimizing the Hamiltonian  ꞊  at the time point  

(2.54). By doing so, both trajectories evolve from ὸ  to ὸ . As long as ″ᶻ  is not zero, ή switches 
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to a new value determined by ″ᶻ , as the system changes from ή (red curve) to ή (blue curve) 

and ή to ή (green curve) at different time points in Figure 2.5. (2.52) and (2.53) are indexed, 

which says that the dynamics of the system depend on ή. State-jumps happen, when ή switches 

from ή to ή, which exemplif ies the situation that state-jump function s defined in a hybrid system 

are not empty. As long as a solution is obtained, the boundary conditions of ὼ at ὸ  and ὸ  are 

fulfilled  and ‗ at ὸ  finds the transversality condition24 defined by (2.55). Importantly, ‗  is un-

known. Therefore, to obtain a solution with HMP is to solve a TPBVP of ⱦϽ and ●Ͻ, whose time 

derivatives follow (2.52) and (2.53) with boundary conditions of  

 ●ὸ ● ●ȟ 

●ὸ ● ●ȟ 

ⱦὸ ⱦ
‬ά ●ὸ

‬●

‬ά●

‬●
Ȣ 

(2.58) 

(2.59) 

 

(2.60) 

The Shooting method is often applied to solve a BVP [69, p. 218] . In principle , it proposes itera-

tively initial value s, starting with which the time derivatives are integrated from the i nitial time 

point to the final  time point , until the value at the final  time point converges to the terminal con-

dition.  Formally, a guess ⱦ is proposed to form the initial value of  the extended state vector ◐ḧ

●ȟⱦ , i.e.  

 ◐ὸ
●

ⱦ
ȟ (2.61) 

 

in such a way that the nonlinear equations25, 

 

◐ὸ

●

‬ά ●ὸ

‬●

ȟ (2.62) 
 

are solved. Figure 2.6 schematically exemplifies the shooting method, which acquires different 

ὼὸ  and ‗ὸ  with different ‗. After four iterations modifying ‗, (2.62) is solved. To have the 

illustration easy to comprehend, discrete state remains constant and is omitted in Figure 2.6. In 

                                                                 

24 Should a cost functional not include an endpoint function ά, ‗ would have to end with 0.  

25 0 in the equation is a ςὔ●-dimensional zero vector. 
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most cases, sequence of discrete state changes at different iterations, which further complicates 

the process to solve (2.62), as the function of time derivatives (2.52) and (2.53) changes, due to 

the change of discrete state. 

 
(a)  

 
(b)  

Figure 2.6: Schematic of shooting method to solve a TPBVP transformed from a HOCP of 1-D 

continuous state by  HMP. (a) continuous state trajectories in different iterations. (b) costate 

trajectories in different iterations.  

In HMP, the minimization (2.54) is often not solved analytically. A numerical minimization of 

the instantaneous Hamiltonian is necessary to determine ◊ᶻ with appropriate methods, e.g. Se-

quential Quadratic Programming (SQP)26, after which  ″ᶻ can be determined [69, p. 229] . The 

numerical minimization is non -trivial  for the solution of the HOCP, since 1) their  precisions are 

strongly connected27, and 2) their  computational complexit ies are strongly connected28. However, 

                                                                 

26 SQP is a class of algorithms for solving nonlinear programming (NLP) problems by iteratively solving a se-

quence of optimization subproblems. See [70, pp. 529 -562]  for more information of it.  

27 If ꞊ has multiple local minim a, the minimization can be hard to converge. 

28 [69, p. 229]  suggests evaluating ꞊  on a grid and using the smallest value to initiate SQP, so that the precision 

of the minimization ca n be improved. This, on the other hand, increases the computational complexity. 
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the minimization is rarely  investigated, either in theoretical studiesÇwhich is understandable, 

since they focus on optimal control but not optimizationÇor in application studies. 

Roots of (2.62) can be particularly difficult to find , since costates offer generally no physical 

interpretation, which makes even the order of magnitude of ⱦ hard to be approximated. For the 

most simple cases, where 1-D state or 1-D costate can be removed from (2.62), regula falsi meth-

ods, e.g. bisection, scent and Pegasus [71] , are recommended for the resulting 1 -D TPBVP [69, p. 

230] . For (2.62) with higher dimension, Newton type methods are classical methods to consider 

[69, p. 219] . Quasi-Newton methods avoid computations of Jacobian and Hessian, which makes it 

generally operates with higher efficiency than Newton type methods for root finding problems  [72, 

pp. 49-56] . Similar to the minimization of instantaneous Hamiltonian, few works mentioned the 

method applied to find the root  of (2.62): Passenberg applied Newton method in [41, 72; 79] ; 

Boehme applied regula falsi methods in [73] . Furthermore, the initialization of ⱦ is non-trivial but 

lacks investigation. Passenberg proposed two initialization concepts: 1) use the results of Direct 

Method to generate ⱦ [41, pp. 80 -81] ; 2)  use the results of Min-H method, a gradient method that 

finds local minima, to generate ⱦ in [41, pp. 87 -110]  and [74] . Both concepts have HOCP solved 

with optimization methods to ensure the solution of (2.62). A simpler initialization method is 

necessary, if the efficiency of the solution with HMP  is desired, especially for an online EMS. 

2.4.3 Direct Methods  

With direct methods, the HOCP is treated as a Mixed-Integer Nonlinear Programming (MINLP)29 

problem, which optimizes the cost functional directly, as the name of the methods indicate. The 

continuous parts in the original HOCP, i.e. time, continuous controls and continuous states30, are 

discretized. The problem is transformed to a finite -dimensional MINLP. 

Figure 2.7 exemplifies the discretization through single direct shooting31 of a hybrid system 

defined by Definition 2.4 with 1 -D continuous state and 1-D continuous control on the time grid  

.꞉ It is assumed that the discrete control directly changes discrete state, as 

 ήὸ ″ὸȢ (2.63) 
 

                                                                 

29 It is obviously a Mixed-Integer Linear Programming, if its prerequisites are fulfilled. However, what concerns 

this work is nonlinear cost function. Only MINLP is discussed. 

30 If shooting methods are used, only continuous controls are discretized. If collocation is used, both continuous 

states and continuous controls are discretized [75, pp. 123 -134] . 

31 See [18, pp. 36 -41]  for general formulation of direct methods: single direct shooting, multiple direct shooting 

and collocation. Details regarding constraints are omitted in this example to simplify the formulation, so 

that a stronger intuitive idea of direct methods can be achieved. 
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By doing so, discrete control is omitted in the optimization.  

 
(a)  

 
(b)  

Figure 2.7: Schematic of direct shooting method  to a HOCP with 1 -D continuous state to MIP. 

(a) 1-D continuous state and discrete state. (b) Piecewise control out of discretized continuous 

control grid ֿב◊. 

The continuous control space is discretized to form the grid ꞉, and the continuous control func-

tion όϽ is approximated with piecewise constant control όϽ, whose value is selected out of ꞉ , 

i.e., 

 όὸ ꞉ ὴ ȟὸɴ ὸȟὸ ȟὮ πȟρȟȣȟὔ ρȟ 

꞉ ὴ ᶰ꞉ȟὴ ρȟςȟȣȟὔ꞉ ȟ 

(2.64) 

(2.65) 
 

where ὴ  indexes the point on ꞉, and ὔ꞉  denotes the amount of element in ꞉ . The vector ὖḧ

ὴ ȟὴ ȟȣȟὴ  encodes όϽ. The vector ὢḧ ὼ ȟὼ ȟȣȟὼ  represents the continuous 

state on ꞉ , in which each value is obtained through numerical integration, e.g. RK4 in subsection 
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2.3. A vector of integer represents discrete state ὗ ή ȟή ȟȣȟή . The HOCP (2.30) is trans-

formed to the following problem32 

 ÍÉÎ
ȟ 
ɮὢȟὖȟὗȟ  (2.66) 

 

subject to Ὃὢȟὖȟὗ ȟ 

Ὄὢȟὖȟὗ Ȣ 

(2.67) 

(2.68) 

The objective function ɮὢȟὖȟὗ  is calculated based on the vectors on the discretization grid and 

represents the cost functional (2.17). The equality and inequality constraints ὋϽ and ὌϽ are the 

transformations of the constraints in the original HOCP (2.31)-(2.35). 

To have the MINLP problem (2.66)-(2.68) solved, it often involves fixing the sequence ὗ and 

solving the remaining problem, which has an obvious drawback, as the sequence is typically un-

known in advance. A naive approach is to enumerate all possible combination of ὗ [78, pp. 31 -

60] . To reduce the enumeration domain, tree search methods such as Branch-and-Bound [79]  are 

applied. See [80]  for more advanced methods for same purpose33. See [18, pp. 86 -124]  for appli-

cations of MINLP in HOCP. 

In practice, one searches for available and proper solvers and formulates a MINLP based on the 

HOCP and the requirements of the solver. See [76]  for a review of solvers for convex MINLP. 

2.4.4 Comparison among Dynamic Programming, Indirect Method and 
Direct Method  

The advantages and disadvantages of DP, IM and DM for HOCP are discussed. The comparison is 

conducted regarding four questions: 1) How long does it take to find the solution?  2) What is the 

property of the solution  in theory and how accurate is the solution in practice? 3) How much 

mathematical knowledge is required? 4) How difficult is the co nvergence and the initialization ? 

The following outlines the answers to these questions based on [4 1, pp. 26-30]  and [18, pp. 23 -

50]  . Please be aware that this subsection is only a generalized comparison, which might not reflect 

all properties of a specific method. 

                                                                 

32 Formulation of the MINLP transformed from a HOCP is not unified in the literature [18, pp. 85 -107, 69, pp. 

250-257, 76, 77] . The formulation (2.66)-(2.68) is not necessarily most suitable for problem solving but for 

conveying a clearer idea of direct methods. 

33 The methods in [80]  work on small discretization grids.  



 

 

2 Background Knowledge 31 

 

¶ Time complexity34 

The time complexity is the total amount of steps taken by an algorithm to execute, as a func-

tion of the length of input data  [81, pp. 31 -67] . As shown in (2.48), the time complexity of 

DP increases only linearly with the length of time horizon, i.e. ὔ in (2.39), and linearly  with 

the number of discrete states with  autonomous and controlled switchings ὔא, i.e. the size of 

the discrete set א in Definition 2.1 and Definition 2.4. The complexity is not directly corre-

lated to the number of switching ὔ  in the time horizon  (see Section 2.1.1). To have higher 

accuracy achieved, continuous state space and continuous control space can be discretized 

finer , which results in larger ὔ꞉
●
 and ὔ꞉

◊
. DP has a polynomial complexity in ὔ꞉

●
 and ὔ꞉

◊
. 

Famously, DP has an exponential complexity in the dimension of continuous state and con-

tinuous control, i.e.  ὔ● and ὔ◊* ufgaf gq a_jjcb §aspqc md bgkclqgml_jgrwµ, 

In contrast, DM has a time complexity growing exponentially with ὔ for controlled switch-

ing, since every discrete state at a time point has to be evaluated. An exception is the algo-

rithm for binary control problem with convexification in [18, pp. 67-84] , which has a poly-

nomial complexity . The complexity of DM increases in the form of polynomial s with ὔא. DM 

has a combinatorial complexity in the number of autonomous switchings in the time horizon, 

while its complexity is not directly correlated to the number of controlled switchings. With 

increasing accuracy, the time complexity grows with ὔ꞉
●
 and ὔ꞉

◊
 with low polynomial order . 

It only grows with ὔ● and ὔ◊ in the form of polynomial s. 

A longer time horizon increases the time complexity of IM in the form of moderate polyno-

mials. The complexity grows linearly with the number of discrete states with controlled 

switchings but is not directly correlated to the number of controlled switchings . It grows in 

the form of polynomial s with the number of discrete states with autonomous switchings, 

while IM has a combinatorial complexity in the number of autonomous switchings. The time 

complexity grows with ὔ● and ὔ◊ in the form of polynomials . 

In summary, IM has the lowest time complexity among the three. 

¶ Optimality property  in theory and accuracy in practice 

A solution found by DP is global optimal, since the Bellman%q mnrgk_jgrw _lb F_kgjrmlg_l

Jacobian Bellman equation provide sufficient optimality conditions , which is a major strength 

of DP. The accuracy of the solution of DP is strongly dependent on the fineness of the grid. 

Due to sampling, its accuracy is relatively low  compared to DM and IM, in the case of small 

                                                                 

34 The worst case of time complexity  is discussed, i.e. big-O notation [81, pp. 31 -67] . Linear complexity implies 

that time complexity increases linearly with the variable ὲ, if ÔÉÍÅὲ ὧϽὲ. Polynomial complexity: 

ÔÉÍÅὲ ὲ. Exponential complexity ÔÉÍÅὲ ὧ. Combinatorial complexity: ÔÉÍÅὲ ὧϽὲȦ. 
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ὔ꞉
●
 and ὔ꞉

◊
 [21] . Additionally , the time complexity of DP grows rather fast, when higher 

accuracy is desired. 

A solution found by DMs is local optimal. DM often provides solution with acceptable accu-

racy. 

A solution found by IMs is local optimal. A major advantage of IMs is its high accuracy. It was 

reported in [21]  that an EMS with IMs achieved same, if not lower, energy consumption 

compared to an EMS with DP, even when its continuous state space and continuous control 

space are fine discretized. 

¶ Convergence and initialization  

DP algorithms are globally convergent on the discretization grid with an easy initialization 

with zeros. 

DMs have larger convergent domains, compared to IMs. Their initialization is also easier than 

IMs. 

IMs have the smallest convergent domains. Due to the non-intuitiveness of costates [16, pp. 

161-166] , the initialization of IM s is difficult.  Difficulty of convergence and initialization is a 

major drawback of IMs. 

¶ Required mathematical knowledge 

Applying DP requires a lot of mathematical knowledge of optimal control theory.  

It is a major advantage of DMs that their  applications require the least mathematical 

knowledge, since their  applicatiosn mostly focus on finding an appropriate solver and direct 

transcription, i.e. to transform a HOCP to a MINLP, as it is exemplified in  Section 2.4.3. 

Applying IMs requires expertise knowledge in optimal control theory and also numerical 

methods to develop algorithms that find the solution stably. This is a disadvantage of IMs. 

2.5 Summary 

In this chapter, hybrid systems and HOCPs are introduced. The solution methods for HOCPs, 

namely DP, IM and DM, are reviewed. Their applications to HOCPs without state-jumps are dis-

cussed at length with the goal of helping the reader to develop an idea of the process of their 

solutions in practice. The solution methods are compared among one another regarding four as-

pects that are relevant to an online EMS: 1) time complexity, 2) accuracy, 3) convergence and 

initialization  and 4) required mathematical knowledge. Based on their properties and the review 

of EMS in the next chapter, a solution method will be chosen for the online EMS. 
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3 State of the Art  

As mentioned in Section 1.1, an EMS provides the set-points for the controllers of the power 

sources35 and the transmission(s) in an electric vehicle in such a way that achieves the minimal 

energy consumption and some other performance criteria of the vehicle. Often, it operates with a 

low frequency as low as 1 Hz [82] , and considers only longitudinal dynamics [83­85] . 

Two-drive multi -speed powertrains and their EMSs are relative recent. It is necessary to broaden 

the horizon of the literature research. EMSs of HEVs and PHEVs are of the most interest for inspi-

ration , since they operate with at least two power sources and are often equipped with multi -speed 

transmissions. This chapter discusses EMSs of BEVs, HEVs and PHEVs with focuses on: 1) how the 

continuous and the discrete dynamics were addressed, 2) how the EMS were designed, 3) how are 

they related to online EMSs for two -drive multi -speed powertrains. The discussion determines the 

method to be adopted in the online EMS in this thesis. Since a second aspect is to be considered 

in this wor k, multi -criteria operation strategies (MCOS) are reviewed. The terminology is intro-

duced to differentiate MCOS and EMS. 

Vehicles and Buses are not differentiated. If not explicitly mentioned, the referenced works in 

this chapter did not consider shift processes. The powertrains mentioned in this chapter include at 

least one EM. To design an EMS that minimizes energy consumption or fuel consumption is re-

ferred to as the problem. 

3.1 Topology and Optimal Control Problem 

Before diving into the review of EMSs, it is necessary to shortly discuss topologies of powertrains 

from an EMS perspective, since they determine DoFs of powertrain  power flows and, therefore, 

number of controls of EMSs. Furthermore, the differences of OCPsÇsee Section 2.2.3 for an ex-

ampleÇfor BEVs, HEVs and PHEVs need to be pointed out so that it can be clear, how EMSs of 

HEVs and PHEVs discussed in the later subsections are connected to those of BEVs, especially two-

drive multi -speed BEVs. 

3.1.1 Topology  

Typical powertrain topologies of BEVs are presented in Figure 3.1 [10, 86] , where the transmis-

sions and the sub-transmissions (ST) can be multi-speed transmissions. A BEV with in-wheel mo-

tors requires an EMS with 2 controls, i.e. the torques in the front -wheel EMs and those in the rear-

wheel EMs. The OCP is continuous. A BEV with M-drive and N multi -speed transmissions requires 

                                                                 

35 Machines that convert other types of energy to mechanical energy, e.g. engines and electric motors. 
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an EMS with - . controls. The problem contains a discrete part, i.e. gear selection problem, and 

is a HOCP, if . π36. 

See [10, 86]  for the analysis of the topologies and a list of series production BEVs with above 

mentioned topologies. With extra EMs and STs parallelly added into the system, two-drive power-

trains can be further extended to multi -drive powertrains. 

 
(a)  (b)  (c)  (d)  

Figure 3.1. Typical powertrain topologies of BEVs . (a): BEV with in-wheel motors. (b) Single -

drive BEV. (c): Centralized two -drive BEV. (d): Separated two -drive BEV T: Transmission. ST: 

Sub-transmission. FD: Final Drive. 

There are three main topologies for HEVs and PHEVs: series hybrid, parallel hybrid and series-

parallel37 hybrid [83, 88] . Detailed explanation of these topologies can be found in the just-men-

tioned references. The examples of the vehicles in series production are listed in [83]  and [89] . In 

the series topology, an EM propels the vehicle alone. An engine is used to charge the battery 

through a generator. The problem is continuous, if the EM is connected to a single-speed transmis-

sion [24] . In the parallel topology, an EM and an engine can propel the vehicle together38. A multi -

speed transmission is necessary for the engine to achieve higher fuel efficiency. A parallel topology 

as shown in [91]  requires two continuous controls and one discrete control. The problem is a HOCP. 

In the series-parallel topology39, an engine and two EMs are connected to the sun gear, the carrier 

and the ring gear in a planetary gearbox, whose schematic is shown in Figure 3.2, according to the 

                                                                 

36 Continuous variable transmission is not considered, due to its disadvantage in efficiency [87] . 

37 Also called power-slit hybrid.  

38 Depending on different relative positions of the EM in the powertrain, there are different configurations under 

the parallel topology. See [90]  for detailed description and analysis. 

39 Depending on how the engine and the EMs are configured w.r.t. the planetary gearbox(es) and the output 

shaft, there are different configurations under the series-parallel topology. See [83]  for detailed description.  
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specific powertrain design [92] . Thanks to the speed coupling mechanism of the planetary gear-

box, the series-parallel topology allows the engine speed being varied in favour of higher fuel 

efficiency without a multi -speed transmission [93] . A series-parallel topology as shown in [94]  

requires three controls in the EMS and the problem is continuous with the preliminar ies: 1) The 

engine speed is regulated instantly and the transient characteristics of the engine is ignored; 2) 

The planetary gearbox is controlled through its brakes instantly; 3) The rotational inertia of the 

powertrain does not change. Other works such as [94­96]  shared the preliminar ies. 

Remark: The controls mentioned in the above paragraphs are those that are necessary to determine 

the powertrain power flows. During the formulation of an OCP, the equality constraints w.r.t the 

total output torque and the vehicle speed bring certain correlations among the controls, because 

of which the number of controls in the literature can be one less than described in this subsection. 

 

Figure 3.2: Schematic of a planetary gearbox 

3.1.2 Optimal Control Problem  

In EMSs of HEVs and PHEVs, minimizing fuel consumption is the primary goal. T he SOC is con-

sidered a state. Its boundary conditions40 are to be fulfilled . Rigidly speaking, the vehicle speed 

should also be part of the states so that the status of a vehicle can be determined. If shift processes 

are ignored and acceleration does not interrupt, the vehicle speed within a time step can be seen 

as predefined and removed from the states. An EMS assigns powers for the EM(s) as well as the 

engine. It also involves gear positions, if a multi -speed transmission exists. 

For BEVs, the SOC does not have to be included in the EMS, if its goal is to minimize battery 

depletion. Minimizing battery depletion is equivalent to minimizing electric energy consumption 

and, therefore, only electric power needs to be evaluated. For an EMS of a two-drive multi -speed 

                                                                 

40 For instance, under the charge-sustaining mode, SOC may fluctuate but ought to maintain a certain level over 

a period of drive. In the most research on HEV EMS, the terminal SOC equals the initial SOC. 
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BEV that considers shift processes, the angular velocities of both EMs are necessary in the contin-

uous states, while the gear positions are necessary in the discrete states, so that the status of the 

vehicle can be determined. The boundary conditions of the angular velocities are to be fulfilled.  

The EMS assigns torques for both EMs and decides the gear position to propel the vehicle following 

the speed profile. Due to the potential acceleration changes during the shift processes, the vehicle 

speed within a time step  is not predefined. 

3.2 Energy Management Strategies  

According to review articles, such as [83­85] , EMSs can be divided into two basic categories: rule-

based EMSs and optimization -based EMSs. Rule-based EMSs are identified as those EMSs that 

operate based on rules and criteria that has been defined by the system, so that certain perfor-

mance goals can be achieved. The rules were obtained through heuristics and/or mathematical 

models. Rule-based EMSs often cost higher energy consumption, compared to optimization -based 

EMS, for lack of optimization over the whole system considering driving conditions. As the primary 

goal of the EMS in this thesis is to minimize energy consumption, rule-based EMSs are ruled out 

from further discussion. 

Optimization -based EMSs are those that generate controls through minimizing a cost functional 

or a cost function. The optimization -based EMSs that require the information of driving cycles as 

a priori  are referred to as offline EMSs, while those that do not are referred to as online EMSs41. 

Importantly, they are not isolated from each other. The solution methods that have been discussed 

in length in  Section 2.4 all require the information of driving cycles  to complete the formulation 

of the HOCP. The EMS that apply them directly are offline. On the other hand, a group of online 

EMSs are developed by embedding these solution methods in a Model Predictive Control (MPC) 

framework, which will be elaborated in Section 3.2.2.1. Another group of online EMSs, Equivalent 

Consumption Minimization Strategy (ECMS) and its alike, are developed by the simplification of 

IMs, which will be discussed in Section 3.2.2.2. 

Stochastic optimization-based EMSs involve stochastic optimal control . More specifically, in 

[97­101] , stochastic dynamic programming (SDP)42 was applied for HEVs and PHEVs. They re-

quire too high time complexity (see [103] ) to be considered for online EMSs in this thesis. 

                                                                 

41 Online and offline EMSs are also referred to as non-causal and causal EMSs [83] . 

42 Speed profiles and corresponding variables, such as requested power, are modelled as Markov process, whose 

decision problem is solved by Bellman equation. The expected discounted cost functional in infinite time 

horizon is minimized [102, pp. 125 -132] . It is called the expected total discounted reward in the literature 

on SDP and markov dicision problems. 
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EMSs for HEVs and PHEVs will be reviewed non-exhaustively under different categories of optimi-

zation-based EMS to provide a general overview of the EMS research and inspirations for EMSs 

for BEVs. After that, EMSs for BEVs will be reviewed. 

3.2.1 Offline Energy Management Strateg ies 

3.2.1.1 Dynamic Programming  

Given a speed profile, the DP can find the global optimal control functions for an EMS. The discrete 

DP was used in [24] , one of the earliest studies, to tackle the problem of a series HEV. To have the 

boundary condition of the state satisfied, a penalty term that requires parameterization was intro-

duced. The Hamiltonian-Jacobi-Bellman equation43 was applied in [91]  to develop an EMS for a 

two-speed parallel HEV. It provided the first order and the second order optimality  conditions to 

reduce the complexity of calculus. The problem included gear selection but ignored shift processes. 

The boundary conditions of the SOC was incorporated in the cost functional with the help of a 

Lagrangian multiplier.  

The DP was adopted in [104]  for a series-parallel PHEV that was modelled as a hybrid system, 

in which different operating modes were considered discrete states: 1) pure electric propelling, 2) 

pure electric regenerating, 3) hybrid propelling and 4) electric propelling with  battery charging. 

Worth mentioning, the dynamics in all discrete states were the same and the switching was instant, 

i.e. shift processes were ignored. 

Remark: Though the studies on DP-based EMSs for HEVs and PHEVs have not fully incorporated 

the goals of this thesis reasoned in Section 1.2, the DP can be used in the EMS in this thesis, as 

long as the hybrid system can be modelled to meet the goals of this thesis. 

3.2.1.2 Indirect Method  

Both the DP and the PMP were applied in a comparative study [21]  for a parallel HEV with an 

AMT. The gear selection problem was considered, while the shift processes ignored. The fuel con-

sumption of the HEV controlled by both EMSs were close to each other, while the computation 

duration of  the PMP was less than one fourth of that of the DP. How the TPBVP and the initializa-

tion problem were solved was not disclosed. Worth mentioning, the gear position and the shift 

command, though being discrete, were included in the states and the controls in the formulation 

of the PMPÇa solution method for continuous OCPs. Though not rigorous, the study could still be 

valid under the assumption that shift processes are neglectable. After all, the HMP is an extension 

of the PMP (see Section 2.4.2). For a series PHEV in [35] , the DP and the PMP were applied to 

                                                                 

43 Continuous counterpart of Bellman equation. See [16, pp. 86 -90]  for details. 
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generate two offline EMSs. The one based on the PMP outperformed the one based on the DP44 

w.r.t. the cost evaluated in driving cycle simulations by 0.5 % and the computation duration by 

several folds. 

Under the simplification same as the one for the ECMS (see Section 3.2.2.2), t he HMP was 

adopted in [73]  for a parallel HEV that is modelled as a hybrid system. The algorithm was evalu-

ated on several driving cycles, which provided evidence to show that the time complexity of IM s 

is far less than DMs. The operating modes and the gear positions formed the discrete state. It is 

noteworthy that,  with the simplification, the TPBVP was reduced to 1D. Shift processes were not 

considered. The initialization of the problem was not disclosed. 

Remark: The above-mentioned references provide the evidence for the advantages of IMs men-

tioned in Section 2.4.4. Applying IM s, more specifically the HMP, for an EMS of a two-drive multi -

speed BEV still faces following challenges: 1) A mathematical model including the shift processes 

needs to be solvable for the HMP; 2) A multi dimensional TPBVP needs to be solved, whose solution 

and initialization in the context of EMSs were not discussed in the literature.  

3.2.1.3 Direct method  

The EMS of a series HEV was studied in [105]  systematically. Under several simplifications45, the 

convex optimization problem in continuous time was formulated, which was further approximated 

to be a Linear Programming (LP) problem in discrete time. Its equivalent standard LP problem was 

identified and solved `w §NAvµ* _ pc_bgjw _t_gj_`jc qmdru_pc. The offline EMS was used to provide 

the minimum fuel consumption given the specification of a vehicle and a speed profile. 

Designing EMSs for parallel HEVs and PHEVs requires solving HOCPs. One way of simplification 

to apply NLP is to use a rule-based strategy to deal with the gear selection problem, so that it is 

separated from the HOCP, for instance in [106]  and [107] . The former ignored the engine on/off 

scenario and applied convex optimization to solve the residual continuous OCP, while the latter 

considered the engine on/off scenario and applied LP sequentially and iteratively to solve the re-

sidual HOCP. 

Approaching the HOCPs in the EMSs without separating the gear selection problem was re-

ported. [108­110]  proposed to reform the HOCPs to large scale NLP that can be solved by readily 

available solvers. [77]  proposed to solve the HOCPs with certain decomposition techniques, so that 

readily available solvers for Mixed Integer Linear Programming can be applied. These studies have 

                                                                 

44 The fineness of the grid was not disclosed. 

45 1) The voltage on the electric bus remains constant; 2) The engine transient performances ignored; 3) The 

battery storage efficiency is constant. 
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pointed out that the challenging aspect of applying DMs is the high time complexity of solving 

MINLP. 

Remark: Additional to  the drawback in time complexity,  DMs require readily available solvers that 

are applicable both in a simulation environment and in a control unit, if an EMS is eventual ly 

implemented in a hardware. The latter implementation is nontrivial in practice. 

3.2.2 Online Energy Management Strateg ies 

3.2.2.1 Model Predictive Control  

An online EMS does not consider speed profiles a priori . One natural way to develop it is to use 

the methods applied in the offline EMSs to solve the OCP on a predicted speed profile in the future 

based on the current and the history information . It is, more concisely speaking, to embed a solu-

tion method in an MPC framework. The EMSs with such a concept are called predictive EMSs in 

this thesis. Please refer to the book [111]  for the theory and the studies of MPC itself. 

Figure 3.3 shows the general idea of a predictive EMS. At the current time point  Ὦ, the bpgtcp%q

request in the prediction horizon,  i.e. ὮͯὮ ὔ , is predicted based on the current and the past 

information , so that a predicted trajectory (the red curve with circles) is generated. A solution 

method is applied to solve the OCP with the predicted trajectory, which results in the control 

function in the predicted horizon (the light blue stairs). The control fun ction in the control horizon,  

i.e. ὮͯὮ ὔ, is provided by the EMS to the powertrain. 

 

Figure 3.3: Schematic of MPC 

Figure 3.4 illustrates the typical components of a predictive EMS for continuous OCPs. The 

dpgtcp%q pcoscqr &►), may it be acceleration, power or torques, in the prediction horizon is predicted 

in the predictor based on rfc asppclr bpgtcp%q pcoscqr _lbthe outputs of the powertrain (◐). The 

model calculates the outputs in the predicted horizon and the solver determines the optimal con-

trol  (◊ᶻ) . Note that the controls at Ὦ ὔ ρ forms the states at Ὦ ὔ. Often, the control horizon 

is one, which can be seen in the references mentioned later. 
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Figure 3.4. Typical components of a predictive EMS for continuous OCPs. 

For a series PHEV, a predictive EMS embedded with the PMP was reported in [35] . The pure 

continuous OCP in the prediction horizon was transformed into a 1-D TPBVP that was solved with 

the secant method. The driving cycle simulation showed that the predictive EMS with the PMP 

reduces considerable computation duration but caused 1 % higher cost, compared to the offline 

EMS based on the DP. 

For a parallel HEV, a predictive EMS with a direct method was reported in [112] . The gear 

selection was separated, as mentioned in Section 3.2.1.3, so that the OCP is continuous. SQP from 

the optimization toolbox in Matlab/Simulink was used to perfor m the optimization. Interestingly, 

it considered the transient characteristics of the engine in the form of look -up tables. 

To develop a predictor is nontrivial. Several predictive EMSs with different predictors were de-

veloped for a series-parallel HEV and their simulation results were compared against each other 

in [113] . It was reported that the one with the least prediction er ror scored the least fuel consump-

tion. The conclusion indicates the importance of a high-performance predictor. 

3.2.2.2 Equivalent consumption minimization strategy  

The ECMS was originally reported in  [22]  as an EMS for a parallel HEV. Its relationship to the 

PMP was analysed in [23]  and [114] . By assuming that the dynamics of the SOC is not dependent 

on the SOC itself, the PMP is simplified and an EMS that only requires the optimization of an 

instantaneous cost function consisting of the fuel consumption rate and the battery electric power 

is generated. The equivalent factor in the cost function needs to be parameterized. Adaptive ECMSs 
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were proposed in [115­117] . They used different variables, such as the SOC and the predictive 

driving condition, to modify the equivalent factor in a closed -loop. 

Remark: Since only the electric energy in the battery concerns an EMS for BEVs, the ECMSs is not 

in particular interest of this thesis.  

3.2.3 Energy management strategies for BEVs 

For single-drive multi -speed BEVs, simple EMSs are sufficient, if shift processes are neglected. In 

[118]  and [119] , rule-based shift strategies were developed by minimizing instantaneous energy 

consumption. Offsets based on requested torques were introduced to avoid frequent shifting. For 

a single-drive two-speed BEV, a predictive EMS with enumeration was developed In [120] . 

For a two-drive multi -speed BEV, an EMS that minimizes the instantaneous energy consumption 

was developed in [121] . Gear positions and torques are variables. Under the assumption that shift 

processes are ignored, the EMS scored indeed the minimum energy consumption. Realistically, the 

energy consumption might not be optimal, if the EMS is evaluated with a vehicle model that con-

siders shift processes. 

An EMS that considers shift processes was developed in [26]  for a single-drive two-speed BEV 

with an  automated transmission with planetary gearsets developed in [122]  and [123] . The HMP 

was applied to solve the HOCPs with predefined shift sequences. The solution of the TPBVP and 

the initialization of the problem were not disclosed. 

Remark: Determining the controls through minimizing instantaneous energy consumption is insuf-

ficient for this thesis, since it does not incorporate shift processes. The HMP from [26]  provides 

inspiration but cannot be taken over, due to its requirement of predefined shift sequences. Fur-

thermore, the algorithms for the solution process were not disclosed in the literature. It is im-

portant to analyse and reduce the time complexity of the algorithms for an online EMS. 

3.3 Multi -Criteria Operation  Strateg ies 

A MCOS considers energy or fuel consumption and other aspects. The often-considered secondary 

aspects are discussed in the following  paragraph with non -exhaustive examples. The realization of 

a MCOS is later discussed. 

Many MCOSs for HEVs and PHEVs considered the pollutant emission, e.g. [15]  and [124] . Some 

considered the noise of engines, e.g. [125]  and [126] . Some considered the aging of battery, e.g. 

[127]  and [128] . Some works tried to reduce the shift count by adding a penalty, so that the 

drivability was not compromised too much, e.g. [25]  and [33] . 

The main approach to realize a MCOS is to formulate the OCP with a multi -criteria cost function 
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ὰ that is defined as  

 ὰ ὰ ‍Ͻὰ  ȟ (3.1) 

where ‍ is a weighting factor. The arguments of the cost functions are omitted for simplicity. Some 

secondary aspects are considered in the EMS by introducing extra constraints on states and con-

trols. For instance the noise constraints was introduced in [125]  and [129, pp. 115 -122] , because 

of the masking effect (see the references for more information). Another way to include a second-

ary aspect is to consider it as an endpoint functional in the cost functional as 

 
ὐ ά  ὰ Ὠὸȟ (3.2) 

where ὐ is the multi -criteria functional and ά   is the endpoint functional that evaluates the 

continuous states and the discrete state at the final  time point. The arguments of the cost function 

and the functionals are omitted for simplicity.  

3.4 Summary and Other Aspects 

Summary  

The online EMS in this thesis is constructed in an MPC framework. The research of the EMSs for 

HEVs and PHEVs have provided the evidence for the theoretical comparison of the solution meth-

ods in Section 2.4.4 from an application point of view.  The HMP is to be embedded in the predictive 

EMS for its advantages in time complexity and close-to-optimum solution.  This thesis needs to 

overcome its disadvantages regarding convergence and initialization by adopting a proper numer-

ical method and developing an initializati on strategy. Importantly, the method developed in this 

thesis shall cast no constraint on the shift sequences. After the review of EMSs for HEVs, PHEVs 

and BEVs, the EMS to be developed in this thesis is unseen in the literature. Additionally , this 

thesis is to provide the algorithms of the HMP solution method, which has not been properly dis-

closed in the literature. 

For the reasons provided in Section 2.4.2, the minimization of  the instantaneous Hamiltonian 

at (2.54) is important for  the HMP in terms of accuracy and time complexity, but was not discussed 

in the literature . Other than the algorithm of the online EMS, this thesis will provide mathematical 

analysis of the instantaneous Hamiltonian with the goal of reducing time complexity.  

A two-drive multi -speed BEV can be seen as an example of multi-drive multi -speed BEVs, in 

which more EMs and STs are coupled in the two-drive BEVs in Figure 3.1. It is worth studying, 
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how the developed EMS can be transferred to multi-drive multi -speed BEVs. Such an attempt is 

unseen. 

A MCOS considering the service life of the powertrain is to be developed. The multi -criteria 

HOCP is to be formulated in such a way that the algorithms in the predictive EMS require little to 

none change. The service life is to be modelled and evaluated, so that the multi-criteria cost func-

tional can be formulated accordingly. 

Other aspects  

The importance of a predictor for a predictive EMS has been stressed in Section 3.2.2.1. Different 

applications of speed prediction with various input information have been reviewed in [130] . 

Speed prediction is principally  time series prediction, which may have been a dream of human 

since the dawn of time. Nowadays, the time series prediction is attempted mainly through machine 

learning and statistics. Books on this topic include [131]  and [132] . A large range of methods were 

compared against each other using the M3-competition data in [133, 134]  w.r.t. their accuracy, 

necessary preprocessing methods, computational requirements etc. This thesis chooses to use the 

Markov Chain model, a widely used statistical modelling method with proper accuracy and fairly 

few parameters46, but not to invest a large amount of time into adopting and developing a neural 

network (NN)  with a complicated architecture. The reasons are: 1) Advanced NNs under the cat-

cempw §bccn jc_plgleµ, especially the transformer model [136] , have emerged in recent years and 

have led to the breakthrough in application in 2023, which makes it difficult to identify a state -of-

the-art NN for time -series prediction; 2) On the other hand, the motivations and goals of this thesis 

_pc k_gljw pcjct_lr rm rfc amknmlclrq §kmbcjµ _lb §qmjtcpµ gl rfc npcbgargtc CKQ qfmul glFigure 

3.4, which makes a state-of-the-art prediction model not a prerequisite. However, the influence of 

the prediction model is not neglected. Section 6.3.4 investigates the influences of the accuracy of 

the prediction. 

One may ask, if machine learning methods can replace the EMSs that are based on mathematical 

solution methods. According to Andrew Ng, for generating optimal control function, current ma-

chine learning methods still fall short of the performance of the mathematical solution methods 

[137] . Even if the situation would change one day, training  machine learning methods might still 

require reference values generated by the EMS developed by mathematical solution methods. 

 

                                                                 

46 The statement is based on the comparative study [135] , in which several methods chosen from [133, 134]  

are adopted to perform the acceleration and speed prediction with the driving data collected from a test 

vehicle of the Institute of Mechatronic Systems at the Technical University Darmstadt. 
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4 Hybrid System and Problem Formulation  

In this chapter, a two-drive multi -speed powertrain a_jjcb §Qnccb2Cµ is modelled as a hybrid sys-

tem with proper consideration of its shift processes. Thereafter, a HOCP with a cost functional of 

energy consumption is formulated. 

4.1 Speed4E Powertrain 

Institute of Mechatronic System (IMS) is part of the research project Speed4E that desires to de-

velop a high-speed two-drive multi -speed powertrain (see Section 4.1 for its topology). Beside 

combining the advantages of two-drive and multi speed powertrains, high-speed EMs can improve 

the energy density of the powertrain. Figure 4.1 qualitatively shows the benefit of the application 

of high-speed EM w.r.t. weight. Speed4E powertrain, consisting of EMs with a maximum speed of 

50.000 rpm, is anticipated to reduce half of the mass compared to a Reference Design from [138]  

and to reduce 10 % of the mass of the Speed2E powertrain47 developed in the proceeding project. 

The downsize makes Speed4E powertrain possible to be fit into the engine compartment of 

BMW i3s, a front-wheel drive test vehicle provided by Speed4E project partner BMW group. 

 

Figure 4.1: Advantages of high -speed e-drives w.t.r.  weight of active components  [139] . 

As shown in Figure 4.2, Speed4E powertrain consists of two EMs propelling the vehicle through 

two respective sub-transmissions (ST). The ST1 is a planetary gear transmission with a fixed ring 

gear. The ST2 is a three-stage two-speed spur gear transmission that enables three gear positions 

(G): the 1st, the 2nd and the neutral gear position. Their overall gear ratios can be calculated by 

sequential multiplications as  

 Ὥ ὭȟϽὭȟϽὭȟ  
(4.1) 

                                                                 

47 The project Speed2E developed a powertrain consisting of EMs with maximum speed of 30.000 rpm that was 

successfully validated on the testbench. 
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ὭȟϽὭȟ ϽὭȟϽὭȟὋ ρȟ

ὭȟϽὭȟ ϽὭȟϽὭȟὋ ςȟ

πȟ Ὃ σȟ

 

Ὃᶰρȟςȟσȟ 

(4.2) 

(4.3) 

where Ὥȟ denotes the gear ratio of the planetary gear and Ὥȟ the gear ratio between the final 

drive and the carrier; Ὥ  denotes the gear ratio of the final drive; Ὥȟ, Ὥȟ and Ὥȟ denote the gear 

ratios of the first, the second and the third stage of the spur gear pairs respectively; Ὥȟͅ  and Ὥȟͅ  

denote the gear ratios of the second stage in 1st and 2nd gear positions, respectively; when both 

gear positions are disengaged, namely Ὃ σ, the ST2 is in the neutral position.  Please note that 

its gear ratio is set to zero for a computational purpose, i.e. the output torque of the ST2 with Ὃ

σ is simply zero. The reduced rotational inertia of the vehicle about the rotational axis of the wheels 

(Ὅ ) is dependent on Ὃ. See Appendix A for its calculation and necessary parameters. 

An innovative dual coil permanent excited linear actuator (LA) is developed to perform fast 

shifting between these gear positions [140] . The shift sleeve (SS) is moved by the LA to engage or 

disengage the dog clutches (DC) according to the requested gear position. 

 

Figure 4.2: Topology of Speed4E powertrain [141]  

4.2 Longitudinal Dynamics  

The output torque of the powertrain overcomes the driving resistances and provides acceleration, 

Ὕ ὴὋȟὺȟὺ άὥίίὋϽὺ ὧ ὺϽάὥίίϽὫ πȢυϽὧϽ” ϽὃϽὺ ὶȟ 

άὥίί' άὥίί
Ὅ Ὃ

ὶ
ȟ 

(4.4) 

(4.5) 
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where Ὕ  is the total output torque on the wheels that is determined by a function ὴ with pa-

rameters the gear position Ὃ, the vehicle speed ὺ and the acceleration ὺ. The vehicle is considered 

driving on an even ground so that slope resistance is omitted. In the context of EMSs, the function 

ὴ can be used to determine the requested total torque Ὕ ȟ  based on the requested acceleration 

ὺ . άὥίί is the equivalent mass, which considers άὥίί, the vehicle mass, and Ὅ . The rolling 

resistance is calculated according to the coefficient ὧ  and the gravity force normal to the ground . 

The aerodynamic resistance is calculated according to the coefficient ὧ, the air density ” , the 

frontal aero ὃ and ὺ. ὶ is the dynamic radius of the wheel. See Appendix A for their values. 

If the total output torque is given, the acceleration can be determined by 

 

ὺ ὦὋȟὺȟὝ

Ὕ
ὶ

ὧ ὺϽάὥίίϽὫ πȢυϽὧϽ” ϽὃϽὺ

άὥίί'
Ȣ (4.6) 

The total output torque is provided by both EMs 

 Ὕ Ὕ ϽὭ Ὕ ϽὭὋȟ 

Ὕ ‰ ‫ȟὝ Ὕ
ὖὒ ‫ȟὝ

‫
ȟ 

Ὕ ‰ȟ ‫ȟὝ
Ὕ

ὖὒ ȟ ‫ȟὝ

‫
ȟÉÆ Ὃ ρ έὶ ςȟ

πȟ ÉÆ Ὃ σȟ

 

 (4.7)  

(4.8) 

 

 (4.9) 
 

where Ὕ  denotes the effective torque of a ST, i.e. the input torque having the torque loss de-

ducted, which is described by the function ‰ȡᴙ  O  ᴙ. and Ὕ denote the angular velocity and ‫ 

the torque of an EM. Ὥ is the gear ratio, which is gear position dependent in the case of the ST2. 

Power losses ὖὒ are modelled as look-up tables (see Appendix B) based on the simulation results 

from the project partners (see Appendix B). By performing interpolation, the function ‰ᴂȡᴙ  O  ᴙ 

that determines the input torque based on the effective torque can be numerically acquired, as 

 Ὕ ‰ ‫ȟὝ ȟ 

Ὕ ‰ȟ ‫ȟὝ Ȣ 

(4.10) 

(4.11) 

The function ‰ is formally examined in Appendix D. 

The total electric power includes the mechanical powers and the power losses ὖὒ Ǫ  that sum 

up those of EMs and PEs that are modelled as look-up tables (see Appendix B), 
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 ὖ ‫ ϽὝ ὖὒ Ǫ ‫ȟὝ ‫ ϽὝ ὖὒ Ǫ ‫ȟὝ  Ȣ (4.12) 

4.3 Shift Processes 

The angular position control (APC) is the core of the shift processes. The main idea is to use the 

EM2 to regulate the relative angular position between the DC and the SS, so that a) the friction 

between the teeth of the SS and those of the DC during the DC disengagement does not occur, and 

b) teeth-to-teeth situations during the DC engagement do not occur [141] .This subsection de-

scribes the shift processes modelled for the use of the EMS based on the experiment and simulation 

results that was presented in [142] . 

Figure 4.3 shows a shift process used in the EMS from the 1st to the 2nd gear position with an 

initial speed of 50 km/h and an acceleration of 3.6 m/s 2. Before the APC takes place, Ὕ  ramps 

up to take over all propelling torque, while Ὕ  p_knq bmul rmu_pbq xcpm gl rfc §@_j_lacµ nf_qc*

in which the total output torque on the wheels remains constant. In this specific example, Ὕ  

reaches its maximum before Ὕ  reaches zero, after which Ὕ  remains at its maximum through-

out the whole shift process and Ὕ  dsprfcp p_knq bmul rm xcpm gl §Bcapc_qcµ nf_qc* _q rfc rmr_j

output torque on the wheels and the vehicle acceleration (blue curve) decrease. As soon as Ὕ  is 

Figure 4.3: Shift process from 1st to 2nd gear position in the EMS  
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xcpm* ?NA qr_prq ugrf rfc dgpqr §Qwlafpmlgxcµ nf_qc* bspgle ufgafὝ  is regulated between 0 Nm 

and 0.05 Nm in the real-world application [142 ]  to minimize the friction between the SS and the 

DC. In the model for EMS, Ὕ  is simplified to be zero in this phase. Thereafter, the SS is disen-

e_ecb dpmk rfc BA/* ufgaf qfgdrq rfc QR0 glrm grq lcsrp_j nmqgrgml, Gl rfc qcamlb §Qwlafpmlgxcµ

phase, ‫  is firstly decelerated towards the new value in the 2nd gear position, i.e. ‫ȟ ὺὶϳϽ

ὭὋ . The angular position of the EM2 is then regulated, through Ὕ  with small value [142] , 

to ensure no teeth-to-teeth situation il rfc §Cle_ecµ nf_qc, Gl rfc kmbcj dmp CKQ*Ὕ  is firstly 

its minimum during deceleration then simplified to be zero during APC (green solid curve). After 

the APC finishes, i.e. the ST2 being shifted into the 2nd gear position, Ὕ  and Ὕ  ramp to their 

lcu amlrpmj t_jscq bcrcpkglcb `w rfc CKQ ugrf rfc qcamlb §@_j_lacµ _lb §Glapc_qcµ nf_qcq gl _

kgppmp k_llcp rm rfc dgpqr §@_j_lacµ _lb §Bcapc_qcµ nf_qcq, Bspgle rfc ?NA* kglmp af_lecq md rfc

acceleration can be noticed, since the change of gear position causes the change of rotational in-

ertia of the powertrain and therefore the equivalent mass ά . 

Figure 4.4(a) and (b) show a shift process from 1st to neutral gear position and a shift process 

from neutral to 1 st gear position with respective speed and acceleration conditions. Shifting into 

or out of the neutral position can be considered rfc dgpqr f_jd* l_kcjw dpmk rfc dgpqr §@_j_lacµ nf_qc

rm rfc §Bgqcle_ecµ nf_qc* mp rfc qcamlb f_jd* l_kcjw rfc qcamlb §Qwlafpmlgxcµ nf_qc rm rfc clb*

 
(a)  

 
(b)  

Figure 4.4: Shift process in the EMS. (a): from 1st to neutral gear position. (b):  from neutral 

to 1st gear position.  
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of the shift process between 1st and 2nd gear position. The differences is that the EM2 decelerates 

to standstill or accelerates from standstill without further synchronization or previous 

synchronization, respectively. 

Table 4.1. Durations of different phases in a shift process 

Phase Duration  

Dgpqr §Qwlafpmlgxcµ 0.1 s 

Qcamlb §Qwlafpmlgxcµ velocity and shift process dependent look-up table 

§Bgqcle_ecµ 0.02 s 

§Cle_ecµ 0.02 s 

The simplifications of the shift processes used in the EMS are: 1) The change of torque is con-

qgbcpcb jglc_p, 0' Bspgle qwlafpmlgx_rgml* rfc rmposc md CK0 gq amlqgbcpcb xcpm* rfmsef gr%q _ kglmp

value close to zero to regulate the angular position. 3) When the angular velocity of EM2 is accel-

erated or decelerated, the torque jumps to its maximum or minimum without ramps. 4) The dura-

rgmlq md rfc §Bgqcle_ecµ* §Cle_ecµ _lb rfc §Qwlafpmlgxcµ nf_qcq _pc qgknjgdgcb rm `c amlqr_lr

based on the experiments from [141]  (see Table 4.1'* ufgjc rfc bsp_rgml md rfc qcamlb §Qwlafpm+

lgxcµ nf_qc* glajsbgle bcacjcp_rgml _lbAPC, is modelled as a vehicle speed and shift process de-

pendent look-up table based on the simulation results [142] . 

4.4 Hybrid System Formulation  

Speed4E Vehicle described so far is modelled as a hybrid system ᴏ  according to Definition 

2.4. The continuous states consist of the angular velocities of EM1 and EM2 ●ḧ ‫ȟ‫ . The 

torques of both EM are the continuous controls ◊ḧ όȟό ὝȟὝ . Figure 4.5 shows the hy-

brid automaton of ᴏ  with the discrete states ήȟή ÁÎÄ ή represent the 1st, 2nd and neutral 

gear positions, and ήȟήȟȣȟή represent the shift processes among different gear positions. 

The admissible discrete controls for ήȟή ÁÎÄ ή are summarized in Table 4.2. They cause con-

trolled switchings, which are marked with blue color in Figure 4.5. It is considered equivalent to 

write ή ήȟήȟȣȟή and ή ρȟςȟȣȟω, respectively. Each row represents a discrete set ꜞ , from 

which an admissible discrete control ″  is chosen. For instance, when the current discrete state is 

ή, the discrete control can command the system to remain ή or to enter either ή (shift from the 

1st to the 2nd gear position) or ή (shift from the 1st to the neutral gear position), i.e.  ꜞ ḧ

ήȟήȟή . A shift process is divided into several phases. They are called sub-states for differentia-

tion from the discrete states ήȟήȟȣȟή . When a discrete state representing a shift process is 

selected, the discrete control switches among the corresponding sub-states sequentially according 
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to the corresponding switching manifolds ὓ (marked red) . Table 4.3 lists the autonomous admis-

sible discrete controls. Note that the possible discrete control is singular at any discrete state or 

sub-state. It is considered equivalent to write ″ ήȟήȟή and ″ ρȟςȟσ, respectively. The dis-

crete set of ᴏ  includes discrete states and sub-states אḧ ήȟήȟȣȟήȟήȟȟȣȟήȟȟȣȟήȟ . 

The discrete transition function is simply defined as 

 ήὸ ″ὸȢ (4.13) 

Table 4.2. Admissible discrete control set ּק, controlled switching  

ή Admissible discrete control (ꜞ )  

1 1 4 6 

2 2 5 7 

3 3 8 9 

Figure 4.5: Hybrid automat on of Speed4E powertrain  
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Table 4.3. Admissible discrete control set ּק, autonomous switching  

ή ꜞ  ή ꜞ  ή ꜞ  ή ꜞ  ή ꜞ  ή ꜞ  

4 4,a 5 5,a 6 6,a 7 7,a 8 8,c 9 9,c 

4,a 4,b 5,a 5,b 6,a 6,b 7,a 7,b 8,c 8,d 9,c 9,d 

4,b 4,c 5,b 5,c 6,b 6,c 7,b 7,c 8,d 1 9,d 2 

4,c 4,d 5,c 5,d 6,c 6,d 7,c 7,d - - - - 

4,d 2 5,d 1 6,d 3 7,d 3 - - - - 

The following elaborates the dynamics of the hybrid system. 

4.4.1 Discrete States ▲ȟ▲ and ▲ 

The ST2 stays in the 1st, 2nd or neutral position, respectively. The indexed system dynamics can be 

derived from (4.6) as 

 ● █ ●ȟὝ  

ὦὋȟὺȟὝ

ὶ
Ͻ
Ὥ
ὭὋ

ȟ  ᶅὸɴ ὸȟȟὸȟȟ 

Ὕ ‰ ‫ȟὝ ϽὭ ‰ȟ ‫ȟὝ ϽὭὋȟ 

ὺ
‫

Ὥ
Ͻὶȟ 

Ὃ ήȟ 

ὼὸȟ ὼȟȟ 

(4.14) 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

where ὸȟ and ὸȟ denote the start and end time of ή; the initial state ὼȟ is given. Since ή

ήȟήȟή and ή ρȟςȟσ are defined equivalent, there is, for instance, Ὃ ή ρ. 

4.4.2 Discrete States ▲ȟ▲ȟȣȟ▲ 

Table 4.4 shows the representation of each sub-state in a SP. ή and ή represent the shift pro-

cesses from the 1st to 2nd gear position and its reversed order, in which all four sub-states take 

place. ή and ή represent the shift processes from the 1st and 2nd gear position to the neutral po-

sition, respectively. As Figure 4.4 shows, they consist of sub-states ὥ and ὦ. ή and ή represent the 

shift processes from the neutral position to the 1st and 2nd gear position, respectively. As Figure 

4.4(b) shows, they consist of sub-states ὧ and Ὠ. Regardless of sub-states, the continuous control 

during a shift process is predefined. Therefore, the dynamics of ●ȟήᶰ͵א ήȟήȟή  are autono-

mous. §\µ glbga_rcq §cvajsbcµ, 
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Table 4.4. States in a shift process 

Sub-states Phases in a shift process  

ήȟ §@_j_lacµ _lb §Bcapc_qcµ 

ήȟ Dgpqr §Qwlafpmlgxcµ _lb §Bgqcle_ecµ 

ήȟ Qcamlb §Qwlafpmlgxcµ_lb §Cle_ecµ 

ήȟ §Glapc_qcµ _lb qcamlb §@_j_lacµ 

Shift processes can be divided into four categories that are the combinations of two conditions: 1) 

positive or negative output torque on the wheels, i.e. Ὕ π or i.e. Ὕ π and 2) upshift or 

downshift, i.e. ‫ȟ ‫  or ‫ȟ ‫ . The following subsections (from 4.4.2.2 to 4.4.2.4) 

describe the mathematical model of each sub-state in the case of a upshift with positive output 

torque, i.e. Ὕ π and ‫ȟ ‫ . The changes required for the shift processes in the rest 

three categories are shown in 4.4.3. 

4.4.2.1 ïBalanceð and ïDecreaseð phases 

As discussed in Section 4.3* rfc bsp_rgml md rfc §@_j_lacµ nf_qc gq rfc qk_jjcp mlc `cruccl rfc

duration for Ὕ to reach its maximum (†ȟ ) and the duration for Ὕ to reach zero (†ȟ ). They 

are determined by 

 
†ȟ

Ὕȟ ‫ Ὕ ὸȟ ϽὭ

ὝὛ
ȟ 

†ȟ
Ὕ ὸȟ ϽὭ ήὸȟ

ὝὛ
ȟ 

† ÍÉÎ†ȟ ȟ†ȟ ȟ 

(4.19) 

(4.20) 

(4.21) 

where ὝὛ  bclmrcq rfc p_rc md rfc af_lec md msrnsr rmposc ml rfc ufccjq gl rfc §@_j_lacµ nf_qc9

ὸȟ the time point when discrete state enters ή. 

? §Bcapc_qcµ nf_qc r_icq nj_ac* gdὝ reaches its maximum before Ὕ reaches zero. The duration 

of rfc §Bcapc_qcµ nf_qc gq 

 

†

Ὕ ὸȟ † ϽὭ ήὸȟ

ὝὛ
ȟ† †ȟ ȟ

πȟ† †ȟ ȟ

 

† † † ȟ 

 

(4.22) 

(4.23)  
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where ὝὛ  bclmrcq rfc qjmnc md rfc af_lec md msrnsr rmposc ml rfc ufccjq gl rfc §Bcapc_qcµ

nf_qc, Gd rfc bsp_rgml md rfc §@_j_lacµ nf_qc cos_jq†ȟ * rfc §Bcapc_qcµ nf_qc bmcq lmr r_ic

place, which means †  equals zero. The duration of the sub-state ήȟ (†) is the sum of the du-

p_rgml md rfc §@_j_lacµ _lb §Bcapc_qcµ nf_qcq, Gl rfgq qs`-state, the torque variables in ◊ are de-

termined by 

 

Ὕ
Ὕ ὸȟ

ὝὛ

Ὥ
Ͻὸ ὸȟȟὸɴ ὸȟȟὸȟ † ȟ

Ὕȟ ‫ ȟὸɴ ὸȟ † ȟὸȟ † ȟ

 (4.24) 

Ὕ

ừ
Ử
Ừ

Ử
ứ

‰ȟ ‫ȟ
Ὕ ‰ ‫ȟὝ ϽὭ

Ὥ ήὸȟ

ȟὸɴ ὸȟȟὸȟ † ȟ

Ὕ ὸȟ †
ὝὛ

Ὥ ήὸȟ

Ͻὸ ὸȟ † ȟὸɴ ὸȟ † ȟὸȟ †ȟ

 (4.25)  

where Ὕ fades to its maximum with a slope dependent on ὝὛ , while Ὕ fades to zero firstly com-

pensating the change of Ὕ and secondly dependent on ὝὛ , if necessary. Since the DC is not 

disengaged, (4.15) holds with  

 Ὃ ήὸȟȟὸɴ ὸȟȟὸȟ † . (4.26)  

An autonomous transition from state ήȟ to ήȟ happens, when the time-dependent switching 

manifold ὓ ὸ π, which is defined as 

 ὓ ὸ ὸ ὸȟ †. (4.27)  

4.4.2.2 First ïSynchronizeð and ïDisengageð phases 

In ήȟ* rfc dgpqr §Qwlafpmlgxcµ nf_qc r_icq nj_ac* dmjjmucb `w rfc §Bgqcle_ecµ nf_qc, @mrf nf_qcq

are assumed to last for constant time, as discussed in Section 4.3. The duration of this sub-state 

(†) and the torques are 
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 † † †  

Ὕ
Ὕ ήὸȟ ‰

ȟ ȟ
‫ȟπϽὭ ήὸȟ

Ὥ
ȟὸɴ ὸȟȟȟὸȟȟ †ȟ 

Ὕ πȟὸɴ ὸȟȟȟὸȟȟ †ȟ 

(4.28) 

(4.29) 

(4.30) 

where EM1 propels the vehicle alone, also compensating the drag torque of ST2. ὸȟȟ is the time 

point when the sub-state ήȟ is activated. Since the DC is not disengaged, (4.14)-(4.18)hold with  

 Ὃ ήὸȟȟὸɴ ὸȟȟȟὸȟȟ † . (4.31)  

An autonomous transition from sub-state ήȟ to ήȟ happens, when the time-dependent switching 

manifold ὓ ὸ π, which is defined as 

 ὓ ὸ ὸ ὸȟȟ †. (4.32)  

4.4.2.3 Second ïSynchronizeð and ïEngageð phases 

In ήȟ* rfc qcamlb §Qwlafpmlgxcµ nf_qc ugrf _ bsp_rgml†  r_icq nj_ac* dmjjmucb `w rfc §Cle_ecµ

phase with constant duration, as discussed in Section 4.3. †  depends on the vehicle speed and 

the shift process ή. It  includes a) the duration for EM2 to accelerate † , negative acceleration in 

this case, and b) the duration of the APC † . The duration of this sub-state (†) and the torques 

are 

 
† † † † † ȟ ὺ † ȟ 

Ὕ ÍÉÎὝȟ ‫ ȟ‰ ‫ȟ
Ὕ Ὃ

Ὥ
ȟὸɴ ὸȟȟȟὸȟȟ †ȟ 

Ὕ πȟὸɴ ὸȟȟȟὸȟȟ †ȟ 

Ὃ σȟὸɴ ὸȟȟȟὸȟȟ †ȟ 

(4.33) 

(4.34) 

(4.35) 

(4.36) 

where the gear position is neutral, since the DC is disengaged. The dynamics follow 

 ● █ ● 

ở

ờ

ὦὋȟὺȟ‰ ‫ȟὝ ϽὭ

ὶ
ϽὭ

Ὕ

Ὅ ȟ Ợ

Ỡȟ  ᶅὸɴ ὸȟȟὸȟȟ 

 

(4.37) 
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 ὺ
‫

Ὥ
Ͻὶȟ 

Ὕ
Ὕȟ ȟὸɴ ὸȟȟȟὸȟȟ † ȟ

πȟὸɴ ὸȟȟ † ȟὸȟȟ †ȟ
 

†

‫
Ὥ
ϽὭ ″

ȟ
‫ ὸȟȟ Ὅ ȟ

Ὕ
ȟ 

(4.38) 

(4.39) 

 

(4.40) 

where Ὅ ȟ  is the rotational inertia around the EM2 rotor axis including the rotor, the first and  

the second stages of the ST2. For ήᶰήȟήȟȣȟή , ″
ȟ
 is equivalent to the target gear position 

(see Table 4.3). 

An autonomous transition from the sub-state ήȟ to ήȟ  happens, when the time-dependent 

switching manifold ὓ ὸ π, which is defined as 

 ὓ ὸ ὸ ὸȟȟ †. (4.41)  

4.4.2.4 ïIncreaseð and second ïBalanceð phases 

In ήȟ, both torques fade to Ὕȟ  and Ὕȟ , respectively, which are determined by the EMS for 

the new gear position. Similar to the sub-state ήȟ* `mrf §@_j_lacµ _lb §Glapc_qcµ nf_qcq kgefr

take place. Their durations are determined by 

 
†ȟ

Ὕ ὸȟȟ Ὕȟ ϽὭ

ὝὛ
ȟ 

†ȟ
Ὕȟ Ὕ ὸȟȟ ϽὭ ″

ȟ

ὝὛ
ȟ 

† ÍÉÎ†ȟ ȟ†ȟ ȟ 

†

Ὕȟ Ὕ ὸȟȟ † ϽὭ ″
ȟ

ὝὛ
ȟ† †ȟ ȟ

πȟ† †ȟ ȟ

 

† † † ȟ 

(4.42) 

 

(4.43) 

 

(4.44) 

(4.45) 

(4.46) 

where ″
ȟ
 is equivalent to the target gear (see Table 4.3). In this sub-state, Ὕ is determined by 
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Ὕ
Ὕ ὸȟȟ

ὝὛ

Ὥ
Ͻὸ ὸȟȟ ȟὸɴ ὸȟȟȟὸȟȟ † ȟ

Ὕȟ ȟὸɴ ὸȟȟ † ȟὸȟȟ † ȟ

 (4.47) 

Ὕ

ừ
Ử
Ừ

Ử
ứ

‰ȟ ‫ȟ
Ὕ ‰ ‫ȟὝ ϽὭ

Ὥ ″
ȟ

ȟ ὸɴ ὸȟȟȟὸȟȟ † ȟ

Ὕ ὸȟȟ †
ὝὛ

Ὥ ″
ȟ

Ͻὸ ὸȟȟ † ȟὸɴ ὸȟȟ † ȟὸȟȟ † Ȣ

 (4.48) 

Since the DC of the new gear position is engaged, (4.14)-(4.18) hold with  

 Ὃ ″
ȟ
ȟὸɴ ὸȟȟȟὸȟȟ † . (4.49)  

Since ″ ήȟήȟή and ″ ρȟςȟσ are defined equivalent, there is, for instance, Ὃ ή ρ. An au-

tonomous transition from the sub-state ήȟ to the next discrete state ″
ȟ

 happens, when the time-

dependent switching manifold ὓ ὸ π, which is defined as 

 ὓ ὸ ὸ ὸȟȟ †Ȣ (4.50)  

4.4.3 Shift Process in Other Categories 

In the case of Ὕ π, replace Ὕȟ  with  Ὕȟ  in (4.19), (4.24) and (4.34). In the case of 

‫ȟ ‫ , replace Ὕȟ  with  Ὕȟ  in (4.39). 

4.5 Hybrid Optimal Control Problem  of Minimal Energy 
Consumption  

On a given time interval ὸȟὸ , Speed4E vehicle is controlled by an EMS to minimize its energy 

consumption. The torques are the continuous controls, i.e. ◊ όȟό ὝȟὝ , of the system 

ᴏ modelled in Section 4.4. The problem is formulated as a HOCP defined by Definition 2.12 as 

 ″ᶻϽȟ◊ᶻϽ ÁÒÇÍÉÎ
Ͻɴ ꜞ Ͻȟ◊Ͻɴ Ͻ

ὐήϽȟ●Ͻȟ◊Ͻȟ 

ὐήϽȟ●Ͻȟ◊Ͻ ά ●ὸȟ ὰ●ὸȟ◊ὸὨὸȟ 

(4.51) 

(4.52) 
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ὰ●ȟ◊ ●Ͻ◊ ὖὒ ‫ȟό ὖὒ ‫ȟό ȟ 

ά ●ὸ ‍ ●ὸ ● ȟ 

●
ὺ ὸ

ὶ
ϽὭȟὭ ήὸ ȟ 

(4.53) 

(4.54) 

(4.55) 

where the cost function (4.53) determines the electric power based on (4.12), which is not indexed 

(discrete state dependent), since the calculation of electric power based on the variables of the 

EMs does not require gear position. ᴁϽᴁ calculates the Euclidean distance of a vector. The endpoint 

functional ά imposes the endpoint constraint to the optimization, i.e. the angular velocities of both 

EM should correspond the speed from the driving cycle (ὺ ) and the gear position. ‍ is a coef-

ficient in the endpoint functional , whose value in the EMS is discussed in Section 5.2.1. The opti-

mization subject to the hybrid system dynamics elaborated in Section 4.4 and the admissible dis-

crete control set ꜞ  of the hybrid system ᴏ. Additionally , following constraints need to be met, 

 
ήὸ ήȟ 

●ὸ ●ȟ 

●ὸ ● ȟ 

 όᶰὝȟ ‫ ȟὝȟ ‫ ȟ 

όᶰὝȟ ‫ ȟὝȟ ‫ ȟ 

‫ ᶰ‫ȟ ȟ‫ȟ ȟ 

‫ ᶰ‫ȟ ȟ‫ȟ ȟ 

ήɴ  Ȣא

(4.56) 

(4.57) 

(4.58) 

(4.59) 

(4.60) 

(4.61) 

(4.62) 

(4.63) 

ufcpc qs`qapgnrq §.µ _lb §fµ glbga_rc glgrg_j _lbfinal  rgkc nmglr, Qs`qapgnrq §kglµ _lb §maxµ glbg+

cate lower and upper bounds. 

Please be aware that ό and Ὕ are used interchangeably in the rest of the thesis. 

4.6 Summary 

In this chapter, hybrid system formulation in the context of HOCPs and EMSs for a two-drive multi -

speed powertrain is presented. The discussion focuses on a specific example, Speed4E powertrain, 

whose shift processes are represented in the hybrid system formulation by the corresponding dis-

crete states. With the goal of reducing computational intensity , certain simplifications are intro-

duced in such a way that the shift processes are primarily time dependent instead of solely contin-

uous states dependent. The latter approach requires a small time step and a small convergence 
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tolerance, which are luxuries for algorithms developed for online operations. The duration param-

eters in the time dependent model are based on the simulation and experiment data from [141]  

and [142] . The HOCP for Speed4E powertrain is formulated based on the mathematical model of 

Speed4E powertrain. 
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5 Development of Energy Management Strategy  

The hybrid model ᴏ  has been developed in Chapter 4. This Chapter develops the predictive 

EMS embedded with the HMP solution method, whose structure is shown in Figure 5.1. There are 

rum k_gl amknmlclrq §Qnccb npcbgarmpµ _lb §FKN qmjsrgmlµ rm `c bctcjmncb, 

 

Figure 5.1: Basic structure of the predictive EMS embedded with the HMP solution method . 

In the above illustrated control loop, t he outputs of the powertrain  are identical to the states 

(●). At the time ὸ , the driver requested acceleration (ὺ ) and the current continuous states ●  

are the inputs of the speed predictor to generate the predicted speed in the prediction horizon 

(ὺ ȟ ὺͯ ȟ ). Given the predicted speed, the current discrete state (ή ) and the hybrid 

system ᴏ, the HMP solution method determines the optimal continuous control function 

(◊ ȟ ◊ͯ ȟ ) and the optimal discrete control sequence (″ ȟ ″ͯ ȟ ). See 

Section 3.2.2.1 dmp §ὔ ρµ, Their values in the first time step are provided to the powertrain.  

5.1 Vehicle Speed Prediction  

A Markov chain (MC) model predicts the speed in the prediction horizon ὺ , Gr%q _l gknmpr_lr

method to model stochastic processes on discrete time [102, pp. 587 -601] . Let άὧὲȟὲ

πȟρȟςȟȣ  be an infinite sequence in a discrete finite  state space. It is a MC if the probability of 
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moving to the next state depends only on the current state. A Transition Probability Matrix (TPM) 

can define the probability between MC states by 

 ÔÐÍ 0άὧὯ ρ άὧȿ άὧὯ άὧȟ (5.1) 

where ÔÐÍ denotes the i-th row and j-th column in the TPM and Ὧ the discrete time index. i and 

j index the MC states. 

 

Figure 5.2: WLTC speed profile 

Given a speed profile such as WLTC in Figure 5.2, a two-dimensional grid is generated by dis-

cretizing speed ὺ (0 to 36.5 m/s, interval 0.75 m/s) and acceleration ὺ (-1.6 to 1.6 m/s 2, interval 

0.032 m/s 2). The speed and acceleration at each second are assigned to a point on the grid by 

nearest-neighbour method. A point on the grid is denoted by indexed MC state άὧ, which repre-

sents a pair ὺ, ὺ). The TPM can be estimated as 

 
ÔÐÍ

ÃÏÕÎÔάὧὯ ρ άὧȿ άὧὯ άὧ

ÃÏÕÎÔάὧ
ȟ (5.2) 

ufcpc §amslrϽµ amslrq rfc maasppclacq md rfc ctclr gl rfc _peskclr, Rfc KA qr_rcq mtcp rfc

prediction horizon that is discretized into ὔ time steps are sequentially 

 Ὦ ÍÁØÔÐÍȟάὧὯ άὧȟ 

άὧὯ ρ άὧȟὯ πȟρȟȣȟὔȢ 

(5.3) 

(5.4) 

The speed at each time point can be calculated according to the grid assignment. In what fol-

lows, the procedure to generate predicted speed with the MC model is referred to as predMC with  

the current states, the requested acceleration and the length of prediction horizon as its inputs. 
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5.2 Hybrid Minimum Principle Solution Method  

In this subsection, the general HOCP in Section 4.5 in the prediction horizon is formulated, after 

which the specific formulation of the optimality conditions derived from HMP discussed in Section 

2.4.1 is given. The TPBVP that is transformed from the HOCP is provided, which is followed by its 

numerical solution method. All algorithms are presented. 

5.2.1 Hybrid Optimal Control Problem in the Prediction Horizon  

The torques are the continuous controls, i.e. ◊ όȟό ὝȟὝ , of the system ᴏ . The 

HOCP (4.51) is solved in the prediction horizon ὸȟȟὸȟ , which is formulated as 

 ″ᶻϽȟ◊ᶻϽ ÁÒÇÍÉÎ
Ͻɴ ꜞ Ͻȟ◊Ͻɴ Ͻ

ὐήϽȟ●Ͻȟ◊Ͻȟ (5.5) 

 ὐήϽȟ●Ͻȟ◊Ͻ ά ●ὸȟ ὰ●ὸȟ◊ὸὨὸ
ȟ

ȟ

ȟ 

ὰ●ȟ◊ ●Ͻ◊ ὖὒ ‫ȟό ὖὒ ‫ȟό ȟ 

ά ●ὸȟ ‍ ●ὸȟ ●
ȟ
ȟ 

●
ȟ

ὺ ὸȟ

ὶ
ϽὭȟὭ ήὸȟ ȟ 

 (5.6) 

 (5.7) 

(5.8) 

(5.9) 

subject to ήὸȟ ήȟȟ 

●ὸȟ ●ȟȟ 

●ὸȟ ●
ȟ
ȟ 

 όᶰὝȟ ‫ ȟὝȟ ‫ ȟ 

όᶰὝȟ ‫ ȟὝȟ ‫ ȟ 

‫ ᶰ‫ȟ ȟ‫ȟ ȟ 

‫ ᶰ‫ȟ ȟ‫ȟ ȟ 

ήɴ  Ȣא

(5.10) 

(5.11) 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

(5.16) 

(5.17) 

The algorithm predictiveEMS  describes the predictive EMS. The function solveHMP solves the 

HOCP with the HMP that is elaborated in the following sections. The square brackets at the sub-

scripts convey the idea that the numerical calculations are performed in discrete time. [0] indicates 

the current time point. Based on ●  and the requested acceleration ὺ , predMC provides the 

unconstrained predicted speed profile ╥ḧ ὺ ȟ ȟὺ ȟ ȟȣȟὺ ȟ  and the predicted accel-

eration ╥ḧ ὺ ȟ ȟὺ ȟ ȟȣȟὺ ȟ . ‍ in (5.8) is parameterized to make sure that ●ὸȟ  
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from the solution correspond to the predicted speed, which is discussed in Section 6.3.1. It is nec-

essary to have the solution process less sensitive to (5.8), so that the minimal of ᷿ ὰ●ὸȟ◊ὸὨὸȟ

ȟ
 

can be stably found.  Therefore, ╥ and ╥ are constrained in vehConstraints  considering the max-

imum and minimum output torque of the powertrain given vehicle speed. The constrained pre-

dicted speed profile ╥ḧ ὺ ȟ ȟὺ ȟ ȟȣȟὺ ȟ  and acceleration ╥ḧ

ὺ ȟ ȟὺ ȟ ȟȣȟὺ ȟ  serve as the input  for calculation of the requested torque in (4.4). 

The constrained predicted speed is referred to as predicted speed in what follows . 

predictiveEMS 

input:  ● , ◊ , ή , ὺ , ὔ  

╥ȟ╥ ḧἸἺἭἬἙἍ● ȟὺ ȟὔ  

╥ȟ╥ ḧἾἭἰἍἷἶἻἼἺἩἱἶἼἻ╥ȟ╥  

″ᶻϽȟ◊ᶻϽ ḧἻἷἴἾἭἒἙἜ╥ȟ╥ȟ◊ ȟή  

Return ″ᶻϽ and ◊ᶻϽ 

5.2.2 Conditions of the Hybrid Optimal Control Problem  

To apply the HMP to the problem (5.5) with the constraints (5.10)-(5.17) specifically, the indexed 

costates ⱦḧ ‗ȟȟ‗ȟ  are introduced to formulate the indexed Hamiltonians  

 ꞊ ●ȟ◊ȟⱦ ὰ●ȟ◊ ⱦϽ█ ●ȟ◊ȟ 

ừ
ỬỬ
Ừ

ỬỬ
ứὰ●ȟ◊ ⱦϽ

ὦὋȟὺȟὝ

ὶ
Ͻ
Ὥ

ὭὋ
ȟÉÆ ήɴ א͵ ήȟȿ σ Ὦ ωȟ

ὰ●ȟ◊ ⱦϽ

ὦὋȟὺȟὝ

ὶ
ϽὭ

ό

ɡ ȟ

ȟ ÉÆ ήɴ ήȟȿ σ Ὦ ωȟ

 
(5.18) 

where the gear position Ὃ is determined by the discrete states and sub-states by (4.17), (4.26), 

(4.31), (4.36) and (4.49). Function ὦ from (4.6) calculates the vehicle acceleration. The backlash 

means exclude. The second condition is activated, only when the sub-state ήȟȟσ Ὦ ωȟ is acti-

vated (see Section 4.4.2.3). The dynamics of the indexed costates that defined in HMP (2.53) are 

 
ⱦ ὸ 

‬꞊

‬●
●ᶻȟ◊ᶻȟⱦ ȟ (5.19) 
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‗ȟ Ὕ

‬ὖὒ

‬‫
‫ȟό ‗ȟ

‬ὦ

‬‫
ὋȟὺȟὝ ȟ 

‗ȟ

ừ
Ừ

ứ Ὕ
‬ὖὒ

‬‫
‫ȟό ‗ȟ

‬ὦ

‬‫
ὋȟὺȟὝ ȟÉÆ ήɴ א͵ ήȟȿ σ Ὦ ωȟ

Ὕ
‬ὖὒ

‬‫
‫ȟό ȟ ÉÆ ήɴ ήȟȿ σ Ὦ ωȢ

 

(5.20) 

(5.21) 

 and  are fully expressed in (C.6) in Appendix C. Use an extended state ◐ ḧ ●ȟⱦ  to 

keep the notation compact, whose dynamics follow 

 

◐ ◐ȟ◊ᶻ
█ ●ȟ◊ᶻ

‬꞊

‬●
●ᶻȟ◊ᶻȟⱦ

Ȣ (5.22)  

The hybrid controls ″ᶻὸȟ◊ᶻὸ  from (2.55) are determined by firstly 

 ◊ᶻ ÁÒÇÍÉÎ
◊ᶰ

꞊ ●ȟ◊ȟⱦ ȟ (5.23)  

subject to the constraints (5.13) and (5.14). Secondly, the discrete control is determined by 

 ″ᶻ ÁÒÇÍÉÎ
ᶰ

꞊ ●ȟ◊ᶻȟⱦ ȟ 

◊ᶻ ◊ ᶻ
ᶻȢ 

(5.24) 

(5.25) 

The transversality condition (2.55) of the problem (5.5) is  

 ⱦ ὸ ς‍●ὸȟ ●
ȟ

ȟ (5.26)  

which is evaluated by its error 

 ⱦ ὸ ●ɳά ●
ᶻὸ Ȣ (5.27)  
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5.2.3 Algorithm for Solving the Hybrid Optimal Control Problem  

The function shootHMP  determines a candidate solution of HMP, which produces a pair of con-

tinuous control function and discrete state sequence on the discrete time ╤ᶻȟὗᶻ , given a pre-

sumed initial costate ‗  and the initial state, discrete state and control (● , ή  and ◊ ). The 

dynamics from (5.22) are calculated by explicit fourth -order Runge-Kutta integration scheme 

(RK4) described in Section 2.3. Its algorithm is omitted . The candidate is considered a solution, 

when the norm ᴁ ᴁ is smaller than the convergence limit ‐, which is evaluated in the function 

solveHMP.  

Figure 5.3 shows the flowchart of shootHMP . The timestep size of the discrete state sequence 

(Ὤ) is 1 s. At every timestep, ″ is enumerated in the set ꜞ  listed in Table 4.2. When the power-

rp_gl qr_wq gl rfc q_kc ec_p* rfc dslargml §ÁÒÇÍÉÎµ pcrsplq `mrf rfc kglgksk t_jsc md rfc glbcvcb
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Hamiltonian ꞊ᶻ and the corresponding control ◊ᶻ (marked margenta), which is used to calculate 

the dynamics for the indexed extended states at next timestep ◐ ȟ . During a shift process, i.e. 

″ σ, the state trajectory is calculated with a time step (Ὤ ) of 0.01 s. The controls is predefined 

by the shift process in 4.4.2 and the dynamics of the state are therefore autonomous. ὔ  is the 

time index, when the autonomous switching manifold (4.50) is met, i.e. a shift process finishes. 

ή  is the gear position at which the shift process ends. It  is defined by ꜞ ȟ in Table 4.3. ◊ᶻ is 

determined by minimizing the Hamiltonian in the target gear, which gives the Ὕȟ  and Ὕȟ  in 

Subsection 4.4.2.4, ? §ufgjcµ jmmn gq ncpdmpkcb slrgj rfc amlrpmj &◊ᶻ) and the state (◐ ȟ ) 

converge, which is evaluated by the relative change of their Euclidean norm (ᴁϽᴁ).  The dynamics 

are calculated in the rest of the time (Ὤ Ὤ Ͻὔ ) to determine ◐ ȟ . ꞊ᶻis approximated by 

the values during the shift process and the Hamiltonian in the ή  together (marked margenta). 
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After the enumeration of ″, ″ᶻ is chosen by finding the smallest indexed Hamiltonian. ◊ᶻ , ήᶻ , 

ήᶻ  and ◐  are determined accordingly. 

Broyden method [143] , a quasi-Newton method, is used to find the root of . The initial costates 

are updated iteratively according to 

where ὲ is the iteration index. ╙, the pseudoinverse [144]  of the finite -differ ence approximated 

Jacobian matrix ╙, can be iteratively obtained without updating the Jacobian matrix. ╙ is initial-

ized with a ς ς identity matrix  ╘. See [143]  for detailed explanation. The pseudoinverse is used 

to replace the inverse in the original algorithm, so that the Broyden method can be executed, even 

when the matrix ╙ is non inversible. The Broyden method is implemented in solveHMP, whose 

flowchart is shown in Figure 5.4, where broydenJacobian calculates ╙ based on (5.29)-(5.31). 

The convergence criterion depends on the initial guesses ⱦ , which are generated by the function 

genInitialCostate  described in Subsection 5.2.4. 

5.2.4 Initialization Inspired by Bang-Bang Control s 

The guesses are initialized based on bang-bang controls, i.e. the control switches between upper 

and lower bounds [145] . For the problem in question, it can be interpreted as that either EM 

provides the total output torque  on the wheels alone. 

Figure 5.5 shows the flowchart of the function genInitialCostate . The Broyden method requires 

two initial guesses, which eliminates ή, with which only one candidate with EM1 propelling the 

vehicle is available. If the system starts with ή, the discrete state ή that is used in genInitialC-

ostate is either ή or ή, chosen by the smaller cost function at the initial time point.  The state 

trajectory over the prediction horizon ╧ḧ ● ȟ● ȟȣȟ●  is determined by the predicted speed 

without calculating the dynamics. The output torque  on the wheels over the prediction horizon 

╣ , similarly defined as ╧, is determined by (4.4)-(4.6). An example of ╧ and ╣  are shown 

in Figure 5.6(a) . Based on it, the torques of the EM1 and the EM2 providing the total output torque 

on the wheels alone, ╣  and ╣ are calculated and are used to form the control functions 

╤  and ╤ , respectively. The power losses in STs are neglected. Should the total output 

torque on the wheels be not reached in either case, it is complemented by the other EM.  

 ⱦ ȟ ⱦ ȟ ╙Ͻ ȟ 

╙ ╙
Ўⱦ ȟ ╙ ϽЎ

Ўⱦ ȟϽ╙ ϽЎ
Ўⱦ ȟϽ╙ ȟ 

Ўⱦ ȟ ⱦ ȟ ⱦ ȟ ȟ 

Ў ȟ 

(5.28) 

(5.29) 

(5.30) 

(5.31)  
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Figure 5.4: Flowchart of solveHMP 

 

Figure 5.5: Flowchart of genInitialCostate  

The control function for the first guess ╤  is formed by choosing the controls from ╤  and 

╤  when they cause a smaller cost defined by (5.7). Ⱳ  denotes the set of the time indexes 

ufcl rfc amlbgrgml gl §dglbµ gq dsjdgjjcb,πȟρȟȣȟὔ Ⱳ  denotes the set of the time indexes 

that are not included in  Ⱳ . Switch the sets and form the control function ╤  for the second 

guess. Figure 5.6(b)  shows an example of ╤ , ╤  and the deviation of cost function along 

the prediction horizon, ὰ╧ȟ╤ ὰ╧ȟ╤ . ╤  is ╤ , when the deviation is smaller 

than or equal to zero, and ╤ , when the deviation is positive. ╤  is the opposite order. An 

example is shown in Figure 5.6(c) . The initial values of costates are calculated backwards by (5.19) 

with explicit Euler method , whose example is shown in Figure 5.6(d) . 
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(a)  

 
(b)  

 
(c)  

 
(d)  

Figure 5.6: An example of the initialization for a predicted speed profile with constant accel-

eration and the system is in ▲. (a): predicted ╧ and ╣ἼἷἼἩἴ. (b): approximated ╤ἩἴἷἶἭ and 

╤ἩἴἷἶἭ. Compare the cost function over the prediction horiz on. (c): form ╤  and ╤ . (d) esti-

mate ⱦ ȟ╤ȟⱦ ȟ╤  by backwards integration.  

5.2.5 Minimization of the Hamiltonian  

Given (5.18) and a determined ή, the minimization  of the Hamiltonian (5.23) is expressed as 

 

ÍÉÎ
◊
꞊ ●ȟ◊ȟⱦ ÍÉÎ

◊
ὰ●ȟ◊ ⱦϽ

ὦὋȟὺȟὴὋȟὺȟὺ

ὶ
Ͻ
Ὥ

Ὥή
 

ÍÉÎ
◊
ὰ●ȟ◊ ⱦϽ

ὦὋȟὺȟὴὋȟὺȟὺ

ὶ
Ͻ
Ὥ

Ὥή
ȟ (5.32) 

which tells that the task is to minimize the cost function (5.7) over the control ◊  (torques of EM1 

and EM2) for a given discrete state ή. 

In Section 5.3, the minimization of the cost function  is studied. 



 

 

5 Development of Energy Management Strategy 69 

 

5.3 Minimization  of the Cost Function  

The minimization of the cost function is formulated as 

 ÍÉÎ
◊
ὰ●ȟ◊ ȟ 

ὰ●ȟ◊ ●Ͻ◊ ὖὒ ‫ȟό ὖὒ ‫ȟό ȟ 

(5.33) 

(5.7) 

subject to όᶰὝȟ ‫ ȟὝȟ ‫ ȟ 

όᶰὝȟ ‫ ȟὝȟ ‫ ȟ 

● █ ●ȟὝ  

ὦήȟὺȟὝ

ὶ
Ͻ
Ὥ
Ὥή

ȟ 

Ὕ ‰ ‫ȟό ϽὭ ‰ȟ ‫ȟό ϽὭή 

ήɴ ρȟςȟ 

(5.8) 

(5.9) 

(4.14) 

(4.15) 

(4.16) 

 (*)  

where in (*) only ή and ή are considered, since the torques are determined by (4.7)-(4.9) in 

neutral gear position and the continuous controls are predefined during a shift process (ήɴ

א͵ ήȟήȟή ). The minimization is subject to the inequality constraints  (5.8) and (5.9) as well as 

the equality constraint (4.16). (5.15) and (5.16) are not considered, since ● and ή are given. Due 

to the nonlinear ity of the power losses functions in the cost function, the best-case scenario is to 

have the problem solved with efficient algorithms for convex optimization problems (see discus-

sion in Section 5.5). Convex optimization problems refer to optimizing convex functions on convex 

sets [63, pp. 136 -137] . The cost function and the constraints of the problem (5.33) is shown in 

Figure 5.7(a). The axes are the torques of both EM. The black square sketches the contour of the 

 
(a)  

 
(b)  

Figure 5.7: The constraints of the minimization problem with following parameters : ○  

km/h , ╣ἼἷἼἩἴ  Nm, ▲  ▲. (a) problem (5.33); (b) equivalent problem.  
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cartesian product Ὕȟ ‫ ȟὝȟ ‫ Ὕȟ ‫ ȟὝȟ ‫  from (5.8) and (5.9), which is 

a convex set. The blue solid curve represents the equality constraint (4.16), while the dotted line 

represents a line segment connecting both ends of the curve. Evidently, the optimization domain 

that is constructed by (5.8), (5.9) and (4.16) is not a convex set (see its definition in [63, pp. 21 -

26] ). The problem (5.33) is not a convex optimization problem. An NLP problem needs to be 

solved at each time step in shootHMP . 

The minimization (5.33) can be proved to be equivalent to a convex optimization problem in 

standard form, i.e. minimizing a convex function subject to convex inequality constraints and af-

fine equality constraints [63, pp. 136-137] , which makes the use of efficient and broadly available 

mnrgkgx_rgml _jempgrfkq* c,e, lcurml%q kcrfmb[63, pp. 525 -531]  and interior -point method [146, 

pp. 412-415]  possible. Furthermore, additional inequality constraints can be found to make the 

optimization domain smaller.  The proofs are elaborated in Appendix D. The following subsections 

provide the results of the proofs and the main idea of the proofs for better understanding. 

5.3.1 Equivalent Convex Optimization  

Lemma 1: the problem (5.33) is equivalent to a convex optimization problem in a standard 

form.  

Proof: See Proof of Lemma 1 in Appendix D. 

Main idea of the proof: change the variables to the effective torques of both STs, i.e. 

 ÍÉÎ
ȟ

ὰ●ȟ ‰ȟ Ὕ ȟ‰ȟ ȟ Ὕ ȟ (5.34) 

 ὰ●ȟ ‰ȟ Ὕ ȟ‰ȟ ȟ Ὕ

‫ Ͻ‰ȟ Ὕ ‫ Ͻ‰ȟ ȟ Ὕ

ὖὒ ‫ȟ‰ȟ Ὕ ὖὒ ‫ȟ‰ȟ ȟ Ὕ ȟ 

(5.35) 

subject to Ὕ ᶰ‰ ȟ Ὕ ȿ Ὕᶰכ ȟ ȟ 

Ὕ ᶰ‰ ȟ Ὕ ȿ Ὕᶰכ ȟ ȟ 

● █ ●ȟὝ  

ὦήȟὺȟὝ

ὶ
Ͻ
Ὥ
Ὥή

ȟ 

Ὕ Ὕ ϽὭ Ὕ ϽὭήȟ 

ήᶰρȟςȟ 

(5.36) 

 (5.37) 

(5.38)  

(5.39) 

(4.7) 

 (*)  

where ● and ή are subscripted in (5.34) and (5.35) to avoid confusion, since the cost function is 

optimized w.r.t. torques. The function ‰ȡᴙ  O  ᴙ in (4.16) is more rigidly defined as 
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Ὕ ‰‫ȟὝ Ὕ

ὖὒ ‫ȟὝ

‫
ȟὝᶰ‫ȟכ 

‫כ Ὕᶰᴙ ȿ Ὕ ‫ Ὕ Ὕ ‫ Ȣ 

(5.40) 

(5.41) 

Since the angular velocity is given, the function is rewritten as ‰ȡᴙ O ‫  ᴙ 

 
Ὕ ‰ Ὕ Ὕ

ὖὒ ‫ȟὝ

‫
ȟὝᶰכȟ 

כ Ὕᶰᴙ ȿ Ὕ ‫ Ὕ Ὕ ‫ ȟ 

(5.42) 

(5.43) 

where the domain כ is bounded by the maximum and the minimum torque of the EM depending 

on ‰ .‫  is the inverse function of ‰ . Its existence and properties are discussed in Appendix D. 

Figure 5.7(b)  shows the cost function on the axes of the effective torques of both STs. The blue 

line represents the equality constraint (4.7), which is affine. The optimization domain constructed 

by (5.36), (5.37) and (4.7) is convex. By definition of convexity and the examination of ‰ , the 

function to be minimized in (5.34) can be proved to be convex. (5.34) is a convex optimization 

problem in standard form. The equivalency is shown in Appendix D. 

5.3.2 Upper and Lower Bounds of the Torques 

 

Figure 5.8: Torque range divided into several zones  
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The domain of the optimization problem (5.33) and (5.34) are studied and reduced, so that the 

optimization can be faster. According to (5.13) and (5.14), ◊ᶻ falls into the  cartesian product of 

the space Ὕȟ ‫ ȟὝȟ ‫ Ὕȟ ‫ ȟὝȟ ‫  with given ● ‫ȟ‫  and ή. To re-

duce the domain is to prove that ◊ᶻ only falls into a subset of the cartesian product of the space. 

Furthermore, with the equality constraint (4.16) in mind, Ὕ  also needs to be considered. Intu-

itively, if Ὕ  is a large positive real number, both ό and ό are likely to be positive, and vice 

versa. Therefore, instead of όȟό , two vectors Ὕ ȟό  and Ὕ ȟό  are examined. 

For a given ●  and ή σ , the cartesian product of the space 

Ὕ ȟ ‫ȟ‫ ȟὝ ȟ ‫ȟ‫ Ὕȟ ‫ ȟὝȟ ‫  is marked with a black square in Fig-

ure 5.8 with Ὕ  as x-axis. For simple display, Ὕ  and Ὕ  share y-

axis. Ὕ ȟ ‫ȟ‫ ȟὝ ȟ ‫ȟ‫ Ὕȟ ‫ ȟὝȟ ‫  with a black square. By equality 

constraint (4.16), there is 

 Ὕ ȟ ‫ȟ‫ ‰ ‫ȟὝȟ ‫ ϽὭ ‰ȟ ‫ȟὝȟ ‫ ϽὭήȟ 

Ὕ ȟ ‫ȟ‫ ‰ ‫ȟὝȟ ‫ ϽὭ ‰ȟ ‫ȟὝȟ ‫ ϽὭήȢ 

(5.44) 

(5.45) 
 

 The torque of an EM minimizing the power loss of an EM or a ST individually is expressed as 

 Ὕȟ ȟ ÁÒÇÍÉÎὖὒ ‫ȟὝ ȟ 

Ὕȟ ȟ ÁÒÇÍÉÎὖὒ ‫ȟὝ ȟ 

Ὕȟ ȟ ÁÒÇÍÉÎὖὒ ‫ȟὝ ȟ 

Ὕȟ ȟ ÁÒÇÍÉÎὖὒ ȟ ‫ȟὝ ȟ 

Ὕȟ ÍÁØὝȟ ȟ ȟὝȟ ȟ Ὕȟ ȟ ȟ 

Ὕȟ ÍÁØὝȟ ȟ ȟὝȟ ȟ Ὕȟ ȟ ȟ 

(5.46) 

(5.47) 

(5.48) 

(5.49) 

(5.50) 

(5.51)   

ufcpc rfc qs`qapgnr §gldµ bclmrc gldgksk, Dmp glqr_lac*Ὕȟ ȟ  denotes the torque of EM1 that 

minimizes the power loss of EM1. Examine the power losses of both STs and both EMs (see Figure 

D. 1), π Ὕȟ ȟ Ὕȟ ȟ  and π Ὕȟ ȟ Ὕȟ ȟ , which gives (5.50) and (5.51). The out-

put torques that is solely provided by either of the EM with the torques in (5.50) and (5.51) are 

 Ὕ ȟȟ ‰ ȟ Ὕȟ ϽὭ ‰ ȟ ȟ πϽὭήȟ 

Ὕ ȟȟ ‰ ȟ πϽὭ ‰ ȟ ȟ Ὕȟ ϽὭήȟ 

Ὕ ȟ ȟ ÍÁØὝ ȟȟ ȟὝ ȟȟ ȟ 

(5.52) 

(5.53) 

(5.54) 

where Ὕ ȟ ȟ  is the bigger one of the two output torques. Additionally , define the output 
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torque on the wheels that both EM output zero torque according to (4.16) as 

 Ὕ ‰ ȟ πϽὭ ‰ ȟ ȟ πϽὭήȢ (5.55) 
 

The lines Ὕ Ὕ ȟ  and Ὕ Ὕ  are marked red in Figure 5.8. The cartesian product of 

the spaces are then divided into several zones. It is firstly proved for Lemma 2, that Ὕ ȟόᶻ  and 

( Ὕ ȟόᶻ  fall into certain Zones, when Ὕ Ὕ  or Ὕ Ὕ ȟ ȟ , which gives additional 

constraints for the problems (5.33) and (5.34). Ὕ Ὕ Ὕ ȟ ȟ  is later addressed in 

Lemma 3, since the domain of the optimization problem in this zone is different from the rest.  

Lemma 2: Suppose ╣ἡἢ
ᶻ ȟ╣ἡἢ

ᶻ ἢ solves (5.34) and ◊ᶻȟ◊ᶻἢ ἡꜚἢȟⱷ ╣ἡἢ
ᶻ ȟꜚἡἢȟⱷ ╣ἡἢ

ᶻ
ἢ

is 

the equivalent solution to (5.33). Following inequality holds  

 

ừ
Ử
Ừ

Ử
ứ
όᶻᶰπȟὝȟ ‫ ȟ

όᶻᶰπȟὝȟ ‫ ȟ
 Ὕ Ὕ ȟ ȟ ȟ

όᶻᶰὝȟ ‫ ȟπȟ

όᶻᶰὝȟ ‫ ȟπȟ
 Ὕ Ὕ ȟ

 

ừ
ỬỬ
Ừ

ỬỬ
ứ Ὕ

ᶻ ᶰ‰ ȟ πȟ‰ ȟ Ὕȟ ‫ ȟ

Ὕᶻ ᶰ‰ ȟ ȟ πȟ‰ ȟ ȟ Ὕȟ ‫ ȟ
 Ὕ Ὕ ȟ ȟ ȟ

Ὕᶻ ᶰ‰ ȟ Ὕȟ ‫ ȟ‰ ȟ π ȟ

Ὕᶻ ᶰ‰ ȟ ȟ Ὕȟ ‫ ȟ‰ ȟ ȟ π ȟ
 Ὕ Ὕ Ȣ

 

 

(5.56) 

 

 

 

(5.57) 
 

 

Figure 5.9: Illustration for Proof of Lemma 2. 



 

 

74 5 Development of Energy Management Strategy 

 

 Proof:  See Proof of Lemma 2 in Appendix D. 

Main idea of the proof: Consider Ὕ Ὕ ȟ , at least one of Ὕ ȟόᶻ  and (Ὕ ȟόᶻ  fall in 

§Xmlc Gµ. Due to the equality constraint (4.16), they cannot fall in §Xmlc GVµ together. It can be 

proved by contradiction that they fall in §Xmlc Gµ. 

Assume όᶻ π* g,c, §Xmlc Gµ* _lbόᶻ π* g,c, §Xmlc GTµ, Afmmqc _όᶰπȟόᶻ  in such a way that 

ό π can be determined by (4.16). A point ό όȟό‏ ό‏ ȟ‏ό πȟ‏ό π48 , fulfils  

(4.16) and locates between όȟό  and όᶻȟόᶻ . These three points are marked in Figure 5.9, 

an enlarged view of Figure 5.7(a)  without the supporting line.  

‰ ȟ  and ‰ ȟ ȟ map όȟό , ό όȟό‏ ό‏  and όᶻȟόᶻ  to Ὕ ȟὝ ,  Ὕ

Ὕ‏ ȟὝ Ὕ‏  and Ὕᶻ ȟὝᶻ , respectively, where ‏Ὕ π and ‏Ὕ π. They fulfil the 

affine equality constraint (4.7). Since (5.34) is a convex function, 

ὰ●ȟ ‰ȟ Ὕ ȟ‰ȟ ȟ Ὕ  ὰ●ȟ ‰ȟ Ὕ Ὕ‏ ȟ‰ȟ ȟ Ὕ Ὕ‏  . (5.58) 

However, (5.58) is shown to be false in Proof of Lemma 2. Ergo, the assumption does not hold. 

The above process is repeated with modification for the case of όᶻ π* g,c, §XmlcIVµ* _lbόᶻ

π* g,c, §XmlcIµ, 

Therefore, Ὕ ȟόᶻ  and (Ὕ ȟόᶻ  cannot fall in §Xmlc Gµ _lb §Xmlc GTµ separately. When 

Ὕ Ὕ ȟ , both Ὕ ȟόᶻ  and (Ὕ ȟόᶻ  d_jj gl §Xmlc Gµ. 

The same is done for the case that Ὕ Ὕ . 

For the range that Ὕ Ὕ Ὕ ȟ ȟ , the following constraints can be found: 

Lemma 3: Suppose ╣ἡἢ
ᶻ ȟ╣ἡἢ

ᶻ ἢ solves (5.34) and ◊ᶻȟ◊ᶻἢ ꜚȟⱷ ╣ἡἢ
ᶻ ȟꜚ ȟⱷ ╣ἡἢ

ᶻ
ἢ

is the 

equivalent solution to (5.33). Following inequality holds  

όᶻᶰ‰ȟ
Ὕ ‰ȟ ȟ Ὕȟ ȟ ϽὭή

Ὥ
ȟὝȟ ȟ ȟ

όᶻᶰ‰ȟ ȟ

Ὕ ‰ȟ Ὕȟ ȟ ϽὭ

Ὥή
ȟὝȟ ȟ ȟ

Ὕ Ὕ Ὕ ȟ ȟ ȟ 

 

(5.59) 

 

 

                                                                 

48 See Proof of Lemma 2 for rigid definition.  
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Ὕᶻ ᶰ
Ὕ ‰ȟ ȟ Ὕȟ ȟ ϽὭή

Ὥ
ȟ‰ȟ Ὕȟ ȟ ȟ

Ὕᶻ ᶰ
Ὕ ‰ȟ Ὕȟ ȟ ϽὭ

Ὥή
ȟ‰ȟ ȟ Ὕȟ ȟ ȟ

Ὕ Ὕ Ὕ ȟ ȟ Ȣ 

 

(5.60) 

Ὕȟ ȟ  and Ὕȟ ȟ  denote the torque of the EM1 and the EM2 providing a total output torque 

of Ὕ ȟ ȟ , which are 

 
Ὕȟ ȟ ‰ȟ

Ὕ ȟ ȟ ‰ȟ ȟ πϽὭή

Ὥ
ȟ 

Ὕȟ ȟ ‰ȟ ȟ

Ὕ ȟ ȟ ‰ȟ πϽὭ

Ὥή
Ȣ 

(5.61) 

 

(5.62) 

Proof: See Proof of Lemma 3 in Appendix D. 

Main idea of the proof: Lemma 3 can be proved by contradiction. 

Assume όᶻ Ὕȟ ȟ . By doing so, (4.16) determines όᶻ π (torque of the EM2). Choose a 

small increment ‏ό π in such a way that όᶻ ό‏ Ὕȟ ȟ . The equality constraint (4.16) 

determines the new torque of EM2 corresponding to όᶻ ό and is denoted as όᶻ‏ ό‏όȟ‏ π, 

which satisfies όᶻ ό‏ π. By optimality,  

 ὰ●ȟ ό όȟό‏ ό‏  ὰ●ȟ όᶻȟόᶻ ȟ (5.63) 

which can be shown false in Proof of Lemma 3. Therefore, όᶻ Ὕȟ ȟ . 

Similarly, it can be shown that όᶻ ‰ȟ
ȟ ȟ ȟ ȟ Ͻ

. 

5.4 Time Complexity of the Predictive EMS 

The variables that influence the time complexity of the algorithm  solveHMP are listed in Table 

5.1. As discussed in Section 5.2.3, ὔ  is dependent on the shift durations. Since the worst-case 

time complexity, i.e. big-O notation49, is discussed, it is assumed that a shift process takes up a 

time step Ὤ. An integration scheme of ὔ  order is applied to calculate the dynamics. 

                                                                 

49 To state that the time complexity considering ὲ as its variable is ὕὫὲ  means that there exists a constant ὅ 

and ὅϽὫὲ is an upper bound of the time complexity [81, pp. 34 -37] . 
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Table 5.1: Variables influencing the time complexity of solveHMP 

Variable  Description  

ὔ  Number of the iterations to solve the TPBVP 

ὔ  Length of the prediction horizon  

ὔꜞ  Size of the admissible discrete control set 

ὔ
Ὤ

Ὤ
 

Number of the time steps with a length of  

Ὤ  that a shift process takes 

ὔ τ Order of the RK integration scheme 

ὔ꞉  Number of the intervals of the time discretization grid for a time step in 

the RK integration scheme 

ὔ  Number of the iterations for  the §ufgjcµ jmmnin Figure 5.3 to converge 

ὔ◊ Dimension of the continuous controls 

ὔ● Dimension of the continuous states 

ὔ◐ Dimension of the extended states consisting of ● and ⱦ 

 

 

 

The time complexity of solveHMP is the summary of five parts that are listed in Table 5.2. 

ÔÉÍÅ and ÔÉÍÅ꞊ are the time complexity of the minimization of the cost function and of the 

Hamiltonian, respectively. They will be elaborated in the next paragraph. It is assumed that the 

time complexity of all mathematical operations and logic operations cost the same complexity. In 

shootHMP , the admissible discrete control set is enumerated. (5.65) estimates the time complexity 

of determining the trajectories of ● and ⱦ as well as ◊ᶻ through ÍÉÎ꞊ for ″ σ, i.e. the gear po-

sition does not change. (5.66) estimates the time complexity of the same procedure but for ″ σ, 

g,c, rfc ec_p nmqgrgml af_lecq, ?drcp c_af rgkc qrcn* §Ct_js_rcµ r_icq nj_acq, Gr dglbq rfc qk_jjcqr

꞊ out of a vector of ὔꜞ  elements. 

ὔ Ͻὔ◐Ͻὔ꞉ Ͻὅ  calculates the complexity of the RK scheme. ὅ denotes a constant, which is 

used to summarize the number of the computation steps in a process that are independent on the 

variables in Table 5.1. The subscripts of ὅ indicate the process within which the operations are 

summarized. For instance, ὅ  is the constant for the RK integration scheme, whose value is esti-

mated to be 36 for calculating ● and ⱦ at each step in the RK integration scheme. The time com-

plexity of searching in a look-up table grows linearly with the number of the points in its discreti-

zation grid, which is included in ὅ , ὅ  and ὅ .  
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Table 5.2: Time complexity of each part in solveHMP 

Initialization:  ÔÉÍÅ ὔ◊Ͻὔ Ͻὅ ὔ Ͻὔ Ͻὔ◐Ͻὔ꞉ Ͻὅ  (5.64) 

shootHMP 

″ σ: ὔ Ͻὔ ϽÔÉÍÅ꞊ ὔ Ͻὔ◐Ͻὔ꞉ Ͻὅ ὅ  (5.65) 

″ σ: 
ὔ Ͻὔ Ͻὔꜞ ρϽὔ  

ϽÔÉÍÅ꞊ ὔ Ͻ ὔ Ͻὔ◐Ͻὔ꞉ Ͻὅ ὅ  
(5.66) 

Evaluate: ὔ Ͻὔ Ͻὔꜞ ὅ  (5.67) 

Broyden method: ὔ ρϽὔ● ὔ● Ͻὅ  (5.68) 

   

The values of ÔÉÍÅ and ÔÉÍÅ꞊ depend on what kind of problems they are and how they 

are solved. Without Lemma 1, both problems are treated as NLP problems, due to the nonlinear 

equality constraints. A broadly available solution method in commercial software, e.g. Matlab, is 

SQP. A SQP method was examined in [147] , which showed that it takes no worse than ὕ‭  

iterations to solve a constrained nonlinear problem to ‭ accuracy, where ‭ɴ πȟρ is the accuracy 

of the first -order necessary conditions for optimality  [148] . Given the complexity of quadratic pro-

gramming at each iteration to solve a quadratic subproblem is ὕὲ , the complexity of the whole 

solution is approximately ὕὲ‭ , where ὲ is the number of the inputs. Please be aware, this is 

not a strict evaluation, since the approximation of the constraints has not been discussed. With 

Lemma 1, both problems are treated as convex optimization problems in a standard form, which 

can be solved by the interior-point method, an efficient method to solve convex optimization prob-

lems (see [63, pp. 561 -620]  for more information of the method ). It was reported in [149]  that 

the complexity of using it  to solve a convex optimization problem to ‭ accuracy is ὕὲȢÌÏÇρ‭ϳ . 

The default value of ‭ in Matlab is 1×10 -6 [150] . Given the small number of inputs of the optimi-

zation problem analysed in this Chapter, Lemma 1 reduces the complexity. Lemma 2 and Lemma 

3 modify the inequality constraints so that  the feasible set of the inequality constraints becomes 

smaller, through which the interior -points method requires less iterations50 [63, pp. 592 -594] . The 

                                                                 

50 Assume that the feasible set of the inequalities is contained in a Euclidean ball of radius Ὑ. The complexity is 
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reduction of ÔÉÍÅ and ÔÉÍÅ꞊ through Lemma 2 and Lemma 3 is less significant than Lemma 

1. 

The first two most dominant parts in Table 5.2 are those involving the minimization and the  RK 

integration scheme. In big-O notation, their time complexities51 are ὕὔ Ͻὔ Ͻὔꜞ Ͻὔ ϽὲϽ

‭  and ὕὔ Ͻὔ Ͻὔꜞ Ͻὔ Ͻὔ Ͻὔ◐Ͻὔ꞉ , respectively. With Lemma 1, the former is re-

duced to ὕὔ Ͻὔ Ͻὔꜞ Ͻὔ ϽὲȢϽÌÏÇρ‭ϳ . 

ὔ  depends on the algorithm applied to solve the TPBVP and the initialization strategy. They 

are the Broyden method and the Bang-Bang controls inspired strategy. A theoretical analysis is 

difficult to perform. Their effects will be evaluated in a numerical si mulation in Section 6.3.1. 

5.5 Summary 

This chapter has adopted the HMP and has developed a predictive EMS embedded with the HMP 

solution method. The developed predictive EMS is schematically illustrated in Figure 5.10, in 

which the major components for the algorithm are presented. The Broyden method has been ap-

plied for the first time for the solution of the HMP in the context of EMSs. The shooting process is 

innovatively initialized by a strategy inspired by Bang-Bang controls. Importantly, the instantane-

ous Hamiltonian has been mathematically analysed, which produces Lemma 1, 2 and 3. The be-

haviour of the predictive EMS is to be evaluated in Chapter 6. 

It should be pointed out that  the algorithms in the predictive EMS are suitable to multidimen-

sional problems. On the other side, the works that used IMs that concern 1D problemsÇwhich are 

in most cases in the literature, as mentioned in Section 2.4.2 and Section 3.2.1.2Çare difficult, if 

not impossible, to be extended to higher dimensional problems. 

The HMP solution method involves the minimization of the instantaneous Hamiltonian, a non-

linear function, at each time step. The foremost advantage of showing the minimization is a convex 

optimization problem is that the problem can be solved reliably and efficiently with the interior -

point method or other special methods for convex optimization [63, preface] . Furthermore, most 

of these efficient and available algorithms require a standard formulation. Unfortunately, the prob-

lem (5.33) turns out not to be a convex optimization problem, let along one in a standard form. 

Lemma 1 resolves the difficult situation with the pre requisite: the power losses of both EMs and 

both STs are convex in the direction of torque. The power losses in this thesis are the simulation 

data provided by the project partners. They fulfil the prerequisite (see Proof of Lemma 1). 

                                                                 
dependent on ÌÏÇὙ. 

51 Big-O notations ignore constants and lower order terms. 
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Figure 5.10: Structure of the predictive EMS embedded with  the HMP solution method , supple-

mented by Lemma1, 2 and 3. TPBVP solved by the Broyden method with the Bang-Bang con-

trol s inspired initialization.  

The convexity of the power losses might not hold if , among other possibilities, measured power 

losses are used, due to measure errors etc. It can happen when either angular velocity or tor que is 

close to zero. One possible way to use the Lemmas would be separating the optimization domain. 

The time complexity of the algorithm of the predictive EMS is analysed. It is noticed that Lemma 

1, 2 and 3 have reduced the worst-case complexity of the algorithm . They can be transformed to 

the proofs and the treatments for the optimization problems with similar settings in other applica-

tions and studies, even those that are not relevant to EMSs. 
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6 Simulation Results of the Predictive Energy 
Management Strategy  

A predictive EMS embedded with the HMP solution method is developed in Chapter 5. The time 

step Ὤ is set to 1 s and the time step during shift processes Ὤ  is set to 0.01 s. This chapter discusses 

the simulation results of the developed EMS. 

The first part introduces two reference EMSs: (a) EMS naive optimal, an EMS that minimizes 

instantaneous energy consumption but ignores shift processes and (b) EMS global optimal, a global 

optimal provided by the DP, given the speed profile a priori . The EMS global optimal determines 

the theoretical optimum for the HOCP, for which the predictive EMS strives. Note that both refer-

ence EMSs are identical, if the shift processes are neglected in evaluation, which is used in [13] .  

The second part investigates the solution process of the predictive EMS. In particular, it sheds 

light on the process of solving HOCP through minimizing the instantaneous Hamiltonian. To show-

case the advantages of the HMP in the context of EMS, its solutions at several representative driv-

ing conditions are compared to those of EMS naive optimal.  Furthermore, the iteration process is 

presented. The convergence behaviour of solveHMP with the Broyden method is compared to a 

commonly available Quasi-Newton method that requires little effort to implement.  

The third  part shows the result of driving cycle simulation. The WLTC is chosen as the speed 

profile for the simulation, which is widely used as a standard driving cycle for evaluating EMSs. 

The predictive EMS is compared to the reference EMSs. Additionally , the predictive EMS is studied 

w.r.t. accuracy of predicted speed and length of the prediction horizon . 

6.1 Reference Energy Management Strategies  

Both reference EMSs are presented in the following subsections. 

6.1.1 EMS Naive Optimal  

A reference EMS minimizes the instantaneous cost function  (5.7) subject to the constraints on the 

EM torques and the angular velocities (5.13)-(5.17), the equality constraint on the total output 

torque (4.16) and the dynamics of the continuous states (4.14)-(4.18). It assumes that a shift 

process takes place instantly without energy consumption or recuperation, which limits the dis-

crete state to ήᶰήȟήȟή . With this setting,  the EMS naive optimal has two DoFs and two inputs: 

the vehicle speed and the total output torque . Optimization is performed over the whole input 

space to obtain the look-up tables of the target gear positions and the EM torques. Figure 6.1 shows 

the look-up table of the target gear positions. 
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Figure 6.1: Target gear position look-up table  

6.1.2 EMS Global Optim al 

For a given driving cycle, the forward discrete DP52 is implemented to solve the HOCP (4.51) 

under the constraints (4.56)-(4.63). The length of time step is set to be 1 s. At each time step ὸ , 

the discrete control ″  is enumerated in the admissible discrete control space ꜞ  (see Table 

4.2). For the discrete control representing the fixed gear positions, όȟ  represents the EM1 torque 

at ὸ . For the discrete control representing the shift processes, όȟ  represents the EM1 torque 

after the shift process in the new gear position, i.e.Ὕȟ  in (4.42). The torques during the shift 

processes are predefined, as shown in Section 4.4.2. The admissible continuous space of όȟ , i.e. 

Ὕȟ ‫ȟ ȟὝȟ ‫ȟ , is discretized to generate a grid ꞉  of 1000 points, so that the incre-

ment on the grid is smaller than 0.1 Nm. όȟ  is enumerated on the discretization grid ꞉ ȟ . όȟ  

can be determined according to όȟ , the gear position Ὃ and the constraint (4.16). 

6.2 Solution Process of the Predictive EMS 

Given a combination of current speed and acceleration, the predicted speed profile in the predic-

tion horizon , ὔ ρπ in this subsection, are generated by predMC starting from  ὸ π s, as de-

scribed in Section 5.1. Several examples of representative driving  conditions are presented in Fig-

ure 6.2, in which  (a)  and (b) are the vehicle operating points from WLTC to represent launch with 

small acceleration and deceleration at low speed, respectively. A speed profile of constant high 

acceleration is formed in Figure 6.2(c) . They are chosen to demonstrate the properties of the HMP 

                                                                 

52 To solve an OCP with the discrete DP is to solve the Bellman equation (2.48)-(2.50). Due to its recursive 

nature, it is natural to perform the calculation in backwards time direction, i.e. in the order of ὸ , ὸ ·

ὸ . As a result, states are calculated with backwards integration. In the case of free terminal conditions but 

fixed initial conditions, e.g. the gear position is unknown at ὸ  but known at ὸ , it is tricky to assign 

reasonable values for states at ὸ  to obtain the global optimal. To avoid such inconveniency, the HOCP in 

question is solved in forward time direction, which is equivalent to using backward discrete DP to solve the 

HOCP with reversed speed profile and switched boundary conditions. Since its equivalency, the Bellman 

equation for the forward DP is omitted.  
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solution process that reaches different solutions compared to the EMS naive optimal . 

 
(a)  

 
(b)  

 
(c)  

Figure 6.2: Predicted speed of individual solution s. (a) ◄  s in the WLTC. (b) ◄  s in 

the WLTC. (c) high speed and moderate acceleration. 

Given the predicted speed ╥ḧ ὺ ȟ ȟὺ ȟ ȟȣȟὺ ȟ  , solveHMP, shown in Figure 5.4, 

solves the TPBVP transformed from the HOCP iteratively.  At an iteration, shootHMP , shown in 

Figure 5.3, determines the discrete control sequence and the continuous control functions by min-

imizing the instantaneous Hamiltonian through the prediction horizon. The following subsections 

discuss this process. 

6.2.1 Mini mizing the Instantaneous Hamiltonian  

This subsection discusses the difference between minimizing the instantaneous Hamiltonian and 

minimizing the instantaneous cost with the examples from Figure 6.2, and does minimizing the 

instantaneous Hamiltonian minimize the cost functional in the whole time interval.  

Launch with small acceleration  

Figure 6.3 presents such a process at the 1st second of an intermediate iteration of solveHMP 

solving the HOCP given the predicted speed profile in Figure 6.2(a) . Starting with the neutral gear 

position, i.e. ήὸȟ ή, the powertrain can stay in the neutral or shift to  the 1st or the 2nd gear 

position, i.e. the admissible discrete control set ꜞ ήȟήȟή . Figure 6.3(a) shows the angular 

velocities of both EMs for each admissible discrete control . Since the ST1 is single-speed, the dis-

crete control does not change ‫ . ‫  evolves differently according to the different discrete con-

trols. Due to low vehicle speed, the shift duration s in ή and ή at this instance are short. Thereaf-

ter, ◊ᶻ Ὕȟ
ᶻȟὝȟ

ᶻ  are determined through minimizing ꞊  and are presented in Figure 6.3(b).  

As shown in Section 5.2.5, it is equivalent to minimizing the instantaneous cost with a fixed ή. 

(5.19) determines the costates, which are illustrated in Figure 6.3(c).  Though ‫  evolves the same 

regardless of the discrete control, ‗ evolves differently, due to the different torques. The cost 

function and the Hamiltonian as well as their cumulated values are presented in Figure 6.3(d)  and 

(e) . The shift processes of ή and ή consume energy and, therefore, ὰ  and ὰ  as well as their 
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cumulated values are higher than those of ή in the first 0.2 second. However, the system con-

sumes less energy in the 1st and the 2nd gear position for the rest of the time, so that the cumulated 

cost of ή at the end of 1st second is the highest among the three. An EMS that minimizes the 

instantaneous cost, i.e. the electric power, may it consider shift processes or not, chooses ή. Inter-

estingly, under the HMP, the predictive EMS chooses ή, since the resulting Hamiltonian of ή, i.e. 

꞊ ὰ ⱦ Ͻ█  (see (5.18) in Section 5.2.2), is averagely and cumulatively the lowest. 

 
(a)  

 
(d)  

 
(b)  

 
(e) 

 
(c)  

 

Figure 6.3: The instantaneous Hamiltonian  in the 1st second: (a) angular velocities, (b) tor-

ques, (c) costates, (d) cost function and (e) Hamiltonian.  
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(a)  

 
(c)  

 
(b)  

 
(d)  

 

 

 
(e) 

Figure 6.4: Comparison of the solution by minimizing the instantaneous cost, (a) and (b), to 

the one by minimizing the instantaneous Hamiltonian, (c) and (d).  (a) and (c): states and 

costates. (b) and (d): continuou s and discrete controls. (e) Deviation of cumulated cost . 

One might ask: is minimizing the instantaneous Hamiltonian beneficial? Figure 6.4 compares 

the solution of minimizing th e instantaneous cost to the one generated by the HMP over the whole 

prediction horizon . Figure 6.4(a)  shows the continuous states of the former solution. To achieve 

the lowest cost at each time step the system remains in ή, after it shifts  from the neutral to the 1st 

gear position, i.e. ή at the beginning of the time interval . The corresponding controls are pre-

sented in Figure 6.4(b) . On the other hand, under the HMP, the system remains in ή over the time 
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interval, as the discrete control sequence in Figure 6.4(d)  shows. The state and the costate trajec-

tories are presented in Figure 6.4(d) . solveHMP finds a solution, as the costates in Figure 6.4(c)  

evolve to zero and fulfil  the transversality condition. Figure 6.4(e)  compares the cumulated cost 

over the time interval.  The blue curve represents the value of minimizing the instantaneous cost 

and the brown curve shows the deviation between both solutions. A negative deviation at ὸ ρπ s 

means that the solution by the HMP reduces cumulated cost over the whole time interval . The 

HMP manages to minimize the integral, though the cost during the time interval are not always 

the minimal , which is indicated by a positive deviation in Figure 6.4(e) . 

It is worth mentioning that  ⱦ plays an important role during the  process. Only when ⱦᶻϽ fol-

lows its dynamics in (2.53) and meets the transversality condition in  (2.55), the HMP locates a 

minimal  for the HOCP53. Figure 6.5 shows the Hamiltonian in the 1st second with negative 

‗ ὸ π and ‗ ὸ π values, which are randomly initialized instead of using the i nitialization 

inspired by Bang-Bang control developed in 5.2.4. ● Ͻ, ◊ Ͻ and ὰϽ are the same as Figure 

6.3(a) , (b) and (d). At this iteration,  shootHMP  chooses ή for the 1st second, since ꞊  is the 

smallest, which leads to the same controls as Figure 6.4(b) . Section 6.2.2 will present the results 

of the iteration process of solveHMP, through which ⱦᶻϽ is found. 

 
(a)  

 
(b)  

Figure 6.5: Hamiltonian given different costates in 1st second. (a) costates. (b) Hamiltonian.  

Deceleration at low speed  

For the predicted speed profile in Figure 6.2(c) , the solutions generated by the EMS naive optimal  

and by the predicted EMS are presented in Figure 6.6. The system starts with the 1st gear position. 

Figure 6.6(b)  shows that the EMS naive optimal requested 2 shifts, the 1st to the neutral gear 

position (ή) and the neutral to the 1st gear position (ή). On the other hand, the predicted EMS 

requests a constant gear position during the time interval , as Figure 6.6(d)  shows. It has the vehicle 

consume 326 J less energy (3.5 %). 

                                                                 

53 See [16, pp. 184 -189]  and [16, pp. 228 -236] , if the reader wishes to understand the mathematical role of 

costates and Hamiltonian. 
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(a)  

 
(c)  

 
(b)  

 
(d)  

 

 
(e) 

Figure 6.6: Comparison of the solution by minimizing instantaneous cost , (a) and (b), to the 

one by minimizing instantaneous Hamiltonian , (c) and (d). (a) and (c): states and costates. (b) 

and (d): continuous and discrete controls . (e) Deviation of cumulated cost . 

Moderate acceleration at high speed  

The requested acceleration in the above mentioned two predicted speed profiles is within the range 

of the admissible output torque of the powertrain.  The example shown in Figure 6.2(c)  includes a 

combination of speed and acceleration outside that range. 

Starting with  the 1st gear position, under the EMS naive optimal, the system shifts to the 2nd 

gear position (ή  in the first second, as shown in Figure 6.7(a) and (b) , for the combination  
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of speed and output torque enters the §0nd gear positionµ _pc_ md rfclook-up table in Figure 6.1. 

During the shift process, Ὕ is limited by  its upper bound that lowers as ‫  increases (see Figure B. 

1), and cannot compensate the change of Ὕ to accelerate the vehicle as requested. Consequently, 

controlled by the EMS naive optimal, the vehicle speed (blue curve in Figure 6.7(c)) lags after the 

shift process in the first second. In order to restore the vehicle speed, the acceleration is modified 

to a higher level, and the combination of speed and output torque moves upwards in the look-up 

 
(a)  

 
(d)  

 
(b)  

 
(e) 

 
(c)  

 
(f)  

Figure 6.7: Compare the solution by minimizing instantaneous cost, (a) and (b), to the one 

by minimizing instantaneous Hamiltonian, (d) and (e).  (a) and (d): states and costates. (b) 

and (e): continuous and discrete controls . (c) deviation of vehicle speed . (f) deviation of cu-

mulated cost . 
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table in Figure 6.1. The 1st gear position is selected as the target gear. Same to the first shift process, 

the second shift process causes a speed lag. The EM1 continuous to provide torque until ‫  reaches 

its upper bound (5.15). On the other hand, under the predictive EMS, the system stays in ή, as 

shown in Figure 6.7(d)  and Figure 6.7(e) . The HMP generates a solution with a higher vehicle 

speed that is closer to the reference speed. It consumes more energy, as shown in Figure 6.7(f) . 

The EMS naive optimal does not consider the information of the system dynamics, which can 

cause consecutive shifts between two gear positions and worsen the drivability  of the vehicle. 

6.2.2 Convergence of the Solution  

The algorithm solveHMP initializes the solution , evaluates the outputs of shootHMP  iteratively 

through the Broyden method and determines the optimal control.  

For the solution process of the speed profile in Figure 6.2(a),  Figure 6.8(a)  shows the iterations 

of the error of the transversality condition on a logarithmic s cale, in which the subscript denotes 

the index of elements in a vector. The absolute values ȿɮȿ and ȿɮȿ shrink to 2Ȣττ ρπ  and 

πȢφσ ρπ  with 7 iterations, respectively. The convergence behaviour for this solution is com-

parable to a fast 1-D method called §Nce_qsqµreported in [71]  that finds the root of ὼ ρ π 

with an error of ρπ  magnitude with 9 iterations. Figure 6.8(b)  shows the indexed iterations 

with the initial costates on the x - and y-axis. The z-axis shows the Euclidean norm of the error ᴁ ᴁ 

on a logarithmic scale. The first two guesses, marked green, are generated by genInitialCostate  

(see Section 5.2.4), and the rest is updated by the Broyden method in solveHMP. The norm of the 

error at the final iteration, marked red, reaches a magnitude of ρπ . 

 
(a)  

 
(b)  

Figure 6.8: Convergence behaviour  for the speed profile in Figure 6.2(a). (a) The error of  the 

transersality condition at each iteration . (b) The initial costates vs. the Euclidean norm of er-

rors at each iteration  

The error does not necessarily have to converge to a magnitude of ρπ . As described in 

solveHMP in Figure 5.4, the limit for c onvergence is positively correlated to the norm of ⱦ ȟ and 

ⱦ ȟ, i.e. the first two proposed costates. Figure 6.9 shows the iteration of errors of the solution 
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process for the speed profile in Figure 6.2(b) . The error reaches a magnitude of ρπ  at the 10th 

iteration. Since the 6th iteration, the discrete and continuous control functions presented in Figure 

6.6(d)  is found. At the 8th iteration, the error meets the convergence limit, i.e. ᴁ ᴁ ‐. Figure 

6.10 shows the iteration of errors of the solution process for the speed profile in Figure 6.2(c) . 

ᴁ ᴁ reaches a magnitude of ρπ  at the 6th iteration.  

 

Figure 6.9: ȿ ȿ and ȿ ȿ of the solution process for the speed profile in Figure 6.2(b). 

 

Figure 6.10: ȿ ȿ and ȿ ȿ of the solution process for the speed profile in Figure 6.2(c). 

6.2.3 Convergence Behaviour Compared to SQP 

As mentioned in Section 2.4.1, Quasi-Newton methods are suitable for the TPBVP. SQP, one of 

Quasi-Newton methods, is available in various software, e.g. Matlab and Python. It is implemented 

in an EMS in Matlab with its standard optimization toolbox 54. Figure 6.11 presents the structure 

of the EMS, in which the only difference is that ⱦ  in solveHMP (see Figure 5.4) is iteratively 

proposed by SQP instead of the Broyden method. The convergence behaviour of solveHMP with 

                                                                 

54 Solving the TPBVP is considered minimizing the error of the transversality condition (5.27), ÍÉÎ
ⱦ
ᴁ ᴁ, with 

the SQP active-set algorithm proposed in [151, 152] . The minimization is initialized with point πȟπ  and 

executed with default setting in Matlab.  
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SQP is compared to the one developed in Chapter 5, i.e. solveHMP with the Broyden method. 

 

Figure 6.11: Structure of the predictive EMS embedded with HMP solution method, whose 

TPBVP solved by SQP. 

 

Figure 6.12: Comparison of the i teration s of error  

For the same predicted speed profile as in Figure 6.2(a) , convergence of the solution can be 

reached through solveHMP with SQP. Figure 6.12 compares the iterations of error of both algo-

rithms. The error of the transversality condition of the solutions proposed by solveHMP with SQP 

shrinks gradually and steadily. It meets the convergence limit, i.e. ᴁ ᴁ ‐, in 25 iterations, which 

is slower and less accurate than solveHMP with the Broyden method. 
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6.3 Driving Cycle Simulation  

Driving cycle simulations with  the WLTC (see Figure 5.2) are performed. The vehicle model follows 

the dynamics of the hybrid system described in Section 4.4. Its EMS is called once every 1 s. The 

length of the prediction horizon is 10 s and that of control horizon is 1 s. 

6.3.1 Iteration Statistics  

At each time point in the WLTC, predictiveEMS  developed in Section 5 is carried out. Figure 6.13 

summarizes the iteration number, i.e. ὔ  in Section 5.4, that each solution from solveHMP 

takes to converge. The solutions at standstill are discarded. With the Broyden method and the 

initialization developed in Section 5, 1429 out of 1575 solutions (90.6 %) require less than or 

equal to 7 iterations. The convergence behaviour in the WLTC remains unchanged with different 

value of coefficient ‍ in (5.8), since the speed calculated in the solveHMP is close to the con-

strained predicted speed. ‍ ρ is chosen for the simulation study in the rest of this work. On the 

other hand, with SQP, the predictive EMS in Figure 6.11 requires at least 20 iterations to converge. 

 
(a)  

 
(b)  

Figure 6.13: Iteration numbers for solutions  to converge. (a): solveHMP with the Broyden 

method. (b): solveHMP with the SQP. 

6.3.2 Comparison to EMS Naive Optimal  

This subsection compares the predictive EMS to the EMS naive optimal. The comparison focuses 

on the energy consumption and the shift count in the driving cycle. 

Overall evaluation  

Figure 6.14 compares the discrete state sequences of the EMS naive optimal, upper half, and the 

predictive EMS, lower half. Each discrete state is marked with a colour listed in the legends. In the 

WLTC, the reference EMS requests in total 123 shifts, while the predictive MPC requests in total 

45 shifts. The energy consumption of the EMS naive optimal in the WLTC driving cycle simulation 

is 11.55 kWh/100  km, while the value of the predictive EMS is 11.53 kWh/100  km. The predictive 
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EMS reduces 0.26 % energy consumption and 63.41 % shift count. 

Although the predictive EMS has reduced a large number of shifts successfully compared to the 

EMS naive optimal, 10 unnecessary shifting instances happen, at which the ST2 shifts between 

two gear positions within 2 seconds. They are caused by the change of the sign of requested accel-

eration, which is not reflected by the predicted speed profile. Figure 6.15 shows two examples. 

 
(a)  

 
(b)  

Figure 6.15: Predicted speed vs. real speed at (a) 663 s and (b) 797 s. 

 

Figure 6.14: Discrete state sequences of the EMS naive optimal  and the predictive EMS 

 
(a)  

 
(b)  

Figure 6.16: Gear distribution of (a) the EMS naive optimal and (b)  the predictive EMS. 
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Gear distribution  and EM operating points  

Figure 6.16 compares the gear distribution of both EMSs in the WLTC. Based on Figure 6.14 and 

Figure 6.16, it is easy to notice that the ST2 primarily stays in the neutral gear position, when it is 

controlled by the predictive EMS. It only shifts to  the 1st gear position under negative acceleration. 

The vehicle, under the control of the EMS naive optimal, shifts to the 2nd gear position at high 

speed and positive acceleration. Figure 6.17 shows the control and the resulting energy consump-

tion of both EMSs between 1560 s and 1580 s of WLTC, during which the ST2 appears in the 2nd 

gear position. Energy is consumed and is recuperated, when the ST2 shifts to the 2nd gear position 

and back to the neutral gear position in Figure 6.17(c) , respectively. It consumes more energy 

compared to the predictive EMS, which is shown by a negative deviation in Figure 6.17(b) . 

Figure 6.16(a)  shows that, under the EMS naive optimal, the ST2 shifts to the 1st gear position, 

when either the absolute value of acceleration is higher than or equal to 1 m/s 2 or the speed is 

close to zero. The predictive EMS, on the other hand, requests the same, when the acceleration is 

lower than or equal to -1 m/s 2 or the speed is close to zero. Figure 6.18 summarizes the operating 

 
(a)  

 
(c)  

 
(b)  

 
(d)  

Figure 6.17: Control and energy consumption between 1560 s and 1580 s. (a) Speed and ac-

celeration. (b)  Energy consumption and its deviation. (c)  Torques and gear position s of the 

EMS naive optimal. (d) Torque and gear position s of the predictive EMS. 
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duration of both EMs at different operating points. On the X and Y axes, the power losses of EMs 

are illustrated. It can be noticed that, with the EMS naive optimal, the EM2 operates at the oper-

ating points with 20 Nm and -20 Nm longer than the case with the predictive EMS, which corre-

spond to the areas of 1st gear position above 1 m/s2 and below -1 m/s2 in Figure 6.16(a) . 

 
(a)  

 
(c)  

 
(b)  

 
(d)  

Figure 6.18: Operating durration  of both EMs. (a) and (b): the EM1 and the EM2 of the EMS na-

ive optimal . (c) and (d): the EM1 and the EM2 of the predictive EMS. 

Figure 6.19 shows the control and the resulting energy consumption of both EMSs between 255 

s and 295 s of WLTC, during which the ST2 appears in the 1st gear position. With the EMS naive 

optimal, The ST2 shifts back and forth between the neutral and the 1st gear positions, as shown in 

Figure 6.19(c). The energy saved in the 1st gear position and the recuperated energy does not 

compensate the energy consumed for shifting. 

6.3.3 Comparison to the EMS Global Optimal  

This subsection compares the predictive EMS to the EMS naive optimal. 

Overall evaluation  

Figure 6.20 compares the discrete state sequences of the EMS global optimal , upper half, and the 

predictive EMS, lower half. The sequences of both EMSs largely coincide with each other. Thanks 

to the inf ormation of the speed profile as a priori  and the hybrid formulation including the shift 
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processes, the EMS global optimal  only requests in total 27 shifts in WLTC, which is lower than 

that of the predictive EMS. The total energy consumption of the EMS global optimal  in the WLTC 

driv ing cycle simulation is 11.51 kWh/100  km, while the value of the predictive EMS is 

11.52 kWh/100  km. The predictive EMS falls short by 0.018 kWh/100 km (0.18  %) compared to 

the global optimal.  

 
(a)  

 
(c)  

 
(b)  

 
(d)  

Figure 6.19: Control and energy consumption between 255 s and 295 s. (a) Speed and accel-

eration. (b)  Energy consumption and its deviation. (c)  Torques and gear position s of the 

EMS naive optimal. (d) Torque and gear position s of the predictive EMS. 

 

Figure 6.20: Discrete state sequences of the EMS global optimal  and the predictive EMS. 
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Gear distribution  

After comparing the gear distribution of the EMS global optimal in Figure 6.21 and that of the 

predictive EMS in Figure 6.16(b) , it can be noticed that the EMS global optimal requests the 1st 

gear position with acceleration larger than 1 m/s 2, e.g. near 765 s, 960 s and 1160 s in Figure 6.20. 

 

Figure 6.21: Gear distribution of the EMS global  optimal.  

Figure 6.22 shows the control and the resulting energy consumption of both EMSs between 

1150 s and 1170 s of the WLTC. With the EMS global optimal, the ST2 appears in the 1st gear 

position for ca. 8 s, as shown in Figure 6.22(c). The deviation in Figure 6.22(b)  between 1153 s 

and 1161 s declines, which indicates that the vehicle consumes more energy in the 1st gear position 

(controlled by the EMS global optimal) than in the neutral gear position (controlled by the predic-

tive EMS). However, with the control shown in Figure 6.22(c) , the EM2 recuperates much more 

energy at the shift from the 1 st to the neutral gear position than it consumes at the shift from the 

neutral to the 1 st gear position, since the former shift process has a larger angular velocity differ-

ence. The energy consumed and recuperated during both shift processes are compared against 

each other in Figure 6.23. As a result, the predictive EMS consumes more energy between 1150 s 

and 1170 s. The predictive EMS falls short in this case, due to its less accurate speed prediction. 

At 1153 s when the EMS global optimal requests an upshift based on the WLTC as a priori , a 

predicted speed profile below the real speed profile in the prediction horizon is generated for the 

predictive EMS, which is shown in Figure 6.24. The same situation happens at 765 s and 960 s. 
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6.3.4 Influence of the Prediction Accuracy  

Sections 6.3.2 and 6.3.3 have shown the negative influence of inaccurate prediction on the control 

with examples. To investigate the influence of the accuracy of the predicted speed profile, this 

 
(a)  

 
(c)  

 
(b)  

 
(d)  

Figure 6.22: Control and energy consumption between 1150 s and 1170 s. (a) Speed and ac-

celeration. (b)  Energy consumption and its deviation. (c)  Torques and gear position s of the 

EMS naive optimal. (d) Torque and gear position s of the predictive EMS. 

 

Figure 6.23: Energy consumed and recuper-

ated during shifts between 1150 s and 

1170 s. 

 

Figure 6.24: Predicted speed vs. real speed 

between  1153 s (0 s in the figure)  and 1163 

s (10 s in the figure) . 
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subsection replaces the MC predictor in the predictive EMS in Figure 5.10 with a  zero-error pre-

diction  model, as shown in Figure 6.25. At ὸ , the speed from the driving cycle are considered the 

predicted speed in the prediction horizon, as 

 ὺ ȟ ȟὺ ȟ ȟȣȟὺ ȟ ὺ ȟ ȟὺ ȟ ȟȣȟὺ ȟ Ȣ (6.1) 

 

Figure 6.25: Structure of the predictive EMS with zero -error prediction.  

The discrete state sequences of the EMS global optimal and the predictive EMS with the  zero-

error prediction are compared in Figure 6.26. The unnecessary shifting instances between 600 s 

and 1000 s that are noticed in the lower part of  Figure 6.14 and Figure 6.20 are absent. At 767 s 

and 1153 s, both EMSs request the same gear position, which was not the case for the predictive 

EMS, as discussed in Section 6.3.3. With zero-error prediction, the predictive EMS reduces energy 

consumption in WLTC compared to the one with the MC predictor. It falls short by 0.01 kWh/100 

km (0.10 %) compared to the EMS global optimal . 
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Figure 6.26: Discrete state sequences of the EMS global optimal and the predictive EMS with 

zero-error prediction  

6.3.5 Influence of the Length of the Prediction Horizon  

As mentioned in Chapter 3, the length of the prediction horizon  ὔ  influences the performance of 

a predictive EMS [37] . Figure 6.27 shows the WLTC simulation results of the predictive EMS with 

ὔ  growing from 1 till 30.  The energy consumption decreases from 11.540 kWh/100  km to 

11.528 kWh/100  km, as the ὔ  increases from 1 to 10. At the same time, the shift count is reduced 

from 101 to 45. Rising ὔ  further reduces the energy consumption and the shift count until they  

saturate at the level of 11.525 kWh/100  km and 39, respectively. The predictive EMS with ὔ ρ 

is equivalent to minimizing the instantaneous energy consumption including the shift processes. 

 

Figure 6.27: Energy consumptions and shift counts of the predictive EMS with different pre-

diction horizon.  

Figure 6.28 summarizes the elapsed time of the driving cycle simulations of the predictive EMS 

with different ὔ . ὔ ρ is not included, since it requires no iteration. As analysed in Section 5.4, 
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the time complexity of solveHMP grows primarily linearly with the iteration number  (ὔ ) and 

ὔ . The elapsed time grows almost linearly between ὔ ς and ὔ ρς in Figure 6.28, since their  

iteration number s of each solution change little. Their average values are presented in Figure 6.29. 

Between ὔ ς and ὔ ρς, the average iteration numbers are close to 6. As ὔ  continues to 

increase, the elapsed time grows faster than linearly, since the average iteration number grows 

with  ὔ  in the form of polynomials , as Figure 6.29 shows. Figure 6.30 summarizes the iteration 

number that each solution from solveHMP with ὔ σπ takes to converge. Averagely 10.2 itera-

tions are required, which is marked by a red line. 917 solutions require 5 iterations to converge, 

while there are 1429 solutions in the case of the predictive EMS with ὔ ρπ, whose results are 

presented in Figure 6.13. 

 

Figure 6.28: WLTC Simulation elapsed time 55 of the predictive EMS with different prediction 

horizon.  

 

Figure 6.29: Average iteration numbers of the predictive EMS with different prediction hori-

zon. 

 

                                                                 

55 The simulations are performed on a computer with Intel i5 -8600K CPU with 3.60 GHz. 
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Figure 6.30: Iteration numbers for solutions in the predictive EMS to converge. ╝▬ .  

With the saturation of the predictive EMS with ὔ ρςͯσπ in Figure 6.27 in mind, it is only 

necessary to consider a ὔ  smaller than 14. For a real-world applicatio n that requires the predictive 

EMS to response at a fast pace, ὔ  is limited by the computational capacity of hardware.  

6.4 Summary  

In this chapter, the predictive EMS developed in Chapter 5 is investigated in a simulation environ-

ment from two perspectives: the solution process and the performance in the driving cycle simu-

lation.  

The solution processes for several representative driving conditions show how minimizing the 

instantaneous Hamiltonian leads to minimizing the cost functional. It also prevents consecutive 

qfgdrgleq `cruccl rum ec_p nmqgrgmlq rf_r umpqcl rfc tcfgajc%q _aacjcp_rgml at high vehicle speed. 

The Broyden method with the Bang-Bang inspired initialization in solveHMP shows comparable 

convergence behaviour to the Pegasus method for a 1-D root finding example. It also shows obvi-

ous advantages, compared to applying the optimization tool box in Matlab to solve the 2 -D TPBVP. 

The energy consumption and shift count in the WLTC simulation of the predictive EMS is com-

pared to those of the EMS naive optimal and the EMS global optimal, which are summarized in 

Figure 6.31. It is worth mentioning that  the EMS naive optimal is a global optimal if shift processes 

of the vehicle model for evaluation are neglected, i.e. shifts happen instantly and shift processes 

consume or recuperate no energy. The metrics of the predictive EMS fall between the EMS naive 

optimal and the EMS global optimal. As the prediction horizon elongates, the performance of the 

predictive EMS approaches that of the EMS global optimal, until it meets a limit. Although not 

realistic, the limit  can be exceeded by replacing the speed predictor to a zero-error predictor.  Its 

performance represents the limit of pursuing a more accurate vehicle speed predictor for the pur-

pose of predictive EMS. 
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Figure 6.31: Energy consumptions and shift counts of all mentioned driving cycle simulation.  

The elapsed time for simulation is analysed. Figure 6.32 presents its relationship to the multi-

plication of ὔ  and ὔ , the average iteration number of all solutions in a simulation.  A sup-

porting dashed line is generated by linear regression. It shows that the computation duration grows 

almost linearly with ὔ Ͻὔ , which provides evidence for the complexity analysis in Section 

5.4. The nonlinearity is caused by the less dominant parts in the algorithm  analysed in Section 5.4 

as well as the different discrete state sequences in the simulations. 

 

Figure 6.32: WLTC Simulation elapsed time of the predictive EMS.  

It is observed that the EM1 propels primarily the vehicle through the WLTC. Furthermore, under 

the control of the predictive EMS, the ST2 stays away from the 2nd gear position. One reason is 

that Speed4E vehicle rarely drives with high speed and high acceleration under the WLTC. Figure 

6.33 presents the discrete state sequences of the predictive EMS and the EMS naive optimal in a 

driving cycle simulation  whose speed profile comes from the real-world driving data collected on 

a test vehicle of the IMS. The speed predictor is based on a Radials Function Neural Network 

chosen out of the comparative study [135] . Figure 6.32 compares their gear distributions. With 

high speed and high acceleration, both positive and negative, the predictive EMS requests the 
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vehicle to shift into the 2 nd gear position. The predictive EMS reduces 84 % of the shift count (from 

126, under the EMS naive optimal, to 20) in the driving cycle simulation. The energy consumption 

is reduced by 0.55 % (from 16.64  kWh/100  km to 16.55 kWh/100  km). However, it is still the EM1 

that primarily propels the vehicle the ST2 in the neutral gear position. This information can be 

used to optimize the powertrain (selecting EMs and gear ratios). 

 

Figure 6.33: Discrete state sequences of the predictive EMS and the EMS naive optimal.  

 
(a)  

 
(b)  

Figure 6.34: Gear distribution of (a) the EMS naive optimal and (b) the predictive EMS. 
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7 General Multi -Drive Multi -Speed Electric Vehicle 

This chapter extends the results from Chapter 4 and Chapter 5 to propose a unified framework for 

designing EMSs for a general multi -drive multi -speed BEV with  M EMs that each connect with a 

ST, - ς, -ᶰᴓ. It can be imagined as the two-drive electric powertrain shown in Figure 3.1 

with more EMs and STs parallelly coupled. However, as mentioned in Section 1.1, the general 

multi -drive multi -speed electric powertrain is meant for vehicles in a general sense, but not neces-

sarily passenger cars. The continuous states of the system are the angular velocities ●ḧ

‫ȟ‫ȟȣȟ‫ . The continuous controls are the EM torques ◊ḧ ὝȟὝȟȣȟὝ . 

7.1 Hybrid System Formulation  

The general multi-drive multi -speed BEV is modelled in this part with the assumption that all STs 

are either single-speed or share topology with the ST2 in Speed4E powertrain. Different classes of 

multi -drive electric powertrains can be achieved with different complexity. In the first two follow-

ing subsections, all STs are multi -speed. Under such a setting, two different complexity levels can 

be realized through two assumptions. The first assumption for the lowest complexity: one ST shifts 

at a time. The second assumption for the highest complexity: As many as possible STs shift at the 

same time. The third subsection extends the model with the highest complexity. It is assumed that 

the number of multi -speed STs is smaller than MÇthe class that Speed4E powertrain belongs. 

7.1.1 One ST Shifts at a Time 

It is assumed that one ST shifts at a time. Based on ᴏ  in Section 4.4, the M-drive multi -speed 

powertrain can be represented by the hybrid automaton in Figure 7.1, in which M sub-automata 

help to model M EMs with their respective STs. Each sub-automaton takes over the model from 

Figure 4.5, whose switching conditions and sub-states are omitted for simplicity. 

Importantly, the discrete state of the whole hybrid system is determined by a combination of 

the discrete states of all sub-automata, i.e. 

 Ⱬḧ ήȟήȟȣή ȟ 

ήᶰאȟὲᶰɩȟ 

ɩḧ )ȟ))ȟȣȟ-ȟ 

א ḧ ήȟȟήȟȟȣȟήȟȟήȟȟȟήȟȟȣȟήȟȟ Ȣ 

(7.1) 

(7.2) 

(7.3) 

(7.4) 

ή is the discrete state of ὲ-th sub-automaton, which is determined by ″ , the discrete control in 

the ὲ-th sub-automaton. The discrete set א  includes the discrete states and the sub-states of the 
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sub-automaton that are defined in the same way as in Section 4.4. The discrete set of the whole 

hybrid system is אḧ אȟȣȟאȟא . For compactness, the discrete states and the sub-states rep-

resenting the shift processes form a set א . For the ὲ-th sub-automaton, there is a set אȟ . 

Roman numbers are used for indexing to differentiate ή and ή in the hybrid system of Speed4E 

powertrain.  They are also used for indexing entries in vectors. 

 

Figure 7.1: Hybrid automat on of a M-drive multi -speed powertrain  with the first assumption . 

Table 7.1: Admissible discrete control set, controlled switching.  

ή Admissible discrete control (ꜞ )  

1 1 4 6 

2 2 5 7 

3 3 8 9 

   ᶅὲᴂɴ ɩ, ή ὸ σ 

Suppose that the ὲ-th ST performs shifts, ή changes to a discrete state representing shift pro-

cesses. Given the assumption that one ST shifts at a time, the rest ή ͵  remains at their last values. 

The prerequisite is that all sub-automata are at their discrete states representing fixed gear posi-

tions. More specifically, at a time point ὸ, a controlled switching can happen, if and only if  ᶅὲᶰ

ɩ, ή ὸ σ. For intuitive understanding, a controlled switching can be seen as the activation of 
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a sub-automaton. If  the last activated sub-automaton is at a discrete state representing a fixed gear 

position (the red conditions outside the sub-automata in Figure 7.1), a controlled switching can 

activate a new sub-automaton (the blue arrows outside the sub-automata in Figure 7.1). Table 7.1 

defines the admissible control set for controlled switching of the ὲ-th sub-automaton including the 

prerequisite for ″ ὸᶰήȟȟήȟȟȣȟήȟ  in the red cell. The subscript ὲ is for differentiation 

from ὲ in the table. Together with the admissible control set for autonomous switching from Table 

4.3, the admissible discrete control set ꜞ  is formulated for the ὲ-th sub-automaton. Note that ꜞ  

evaluates the combination Ⱬ for the prerequisite of the controlled switching.  

At this stage, there can be multiple STs shifting at a time. To exclude this possibility, the sample 

space of Ⱬ is defined as ɱ ḧ ήȟήȟȣή ȿÁÔ ÍÏÓÔ ÏÎÅ ήᶰאȟ ȟὲᶰɩȟɩḧ )ȟ))ȟȣȟ- . The 

discrete control ″  is determined by Ⱬ through ꜞ . The discrete dynamics of the system is con-

strained by ꜞ ȟꜞ ȟȣꜞ  and ɱ . The discrete transition function of the ὲ-th sub-automaton is 

 ή ὸ ″ ὸȢ (7.5) 

The dynamics of the hybrid system can be modelled similarly as in Section 4.4. The mathemat-

ical model is presented in Appendix C. The major difference is that the change of Ὕ during a shift 

process is compensated by the torques of all EMs excluding the ὲ-th EM. The value of each torque 

remains to be determined by the EMS, which can be considered an optimization problem. Addi-

tionally, the reduced inertia of the powertrain dep ends on the discrete states of all sub-automata. 

Similar to the HOCP in Section 4.5, the HOCP for the multi-drive multi -speed powertrain is 

″ᶻϽȟ″ ᶻϽȟȣ″ ᶻϽȟ◊ᶻϽ ÁÒÇÍÉÎ
ⱫϽɴ ȟ Ͻɴ ꜞ Ͻȟ◊Ͻɴ Ͻ

ὐⱫϽȟ●Ͻȟ◊Ͻȟ 

ὐⱫϽȟ●Ͻȟ◊Ͻ ά ●ὸȟ ὰ●ὸȟ◊ὸὨὸȢ 

ὰ●ȟ◊ ●Ͻ◊ ὖὒ ‫ȟό

 ɴ

ȟ 

ά ●ὸ ‍ ●ὸ ● ȟ 

●
ὺ ὸ

ὶ
ϽὭήὸ ȟὭ ή ὸ ȟȣȟὭ ή ὸ ȟ 

(7.6) 

(7.7) 

(7.8) 

(7.9) 

(7.10) 

subject to 
ή ὸ ήȟȟὲᶰ ɩȟ 

●ὸ ●ȟ 

●ὸ ● ȟ 

(7.11) 

(7.12) 

(7.13)  
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ὲᶰ ɩȟ 

 ό ᶰὝȟ ‫ ȟὝȟ ‫ ȟὲᶰ ɩȟ 

‫ ᶰ‫ȟ ȟ‫ȟ ȟὲᶰ ɩȟ 

ήᶰאȟὲᶰ ɩȟ 

Ⱬḧ ήȟήȟȣή Ȣ 

  

(7.14) 

(7.15) 

(7.16) 

 (7.17) 

(7.18) 

 

The cost functional is optimized over M number of discrete state sequences and a continuous 

control function. At a time point when the prerequisite of controlled switching is fulfilled, in total 

of σ- discrete instances can happen considering ὲᶰ ɩ and ″ ᶰꜞ . 

7.1.2 As Many as Possible STs Shift at the Same Time 

The previous assumption can be loosened so that a M-drive multi -speed powertrain possesses more 

DoFs. It is assumed that at most - ρ STs can shift at the same time. At least one EM propels the 

system during shift processes. 

 

Figure 7.2: Hybrid automat on of a multi -drive multi -speed powertrain  with the second assump-

tion . 

Figure 7.2 shows the hybrid automaton with the just -mentioned assumption. Activation and 

prerequisite conditions are no longer clear enough to be illustrated. All variables and conditions 

of Section 7.1.1 are taken over but the sample space. All sub-automata activate according to their 

admissible control sets ꜞ ȟꜞ ȟȣꜞ  and a new sample space ɱ . The admissible control sets pre-

vent any ST enters a shift process when other STs are shifting. To make sure that at most - ρ 

STs shift at a time, the sample space of Ⱬ is defined as ɱ ḧ ήȟήȟȣή ȿÁÔ ÌÅÁÓÔ ÏÎÅ ήᶰ
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א ȟא͵ ȟὲᶰɩȟɩḧ )ȟ))ȟȣȟ- . 

At a time point ὸ, the indexes of the sub-automata in shift processes form a set ɩ . Those 

remain in their fixed gear positions form a set ɩ͵ɩ , which can not be an empty set according 

to ɱ . The change of the torques in the sub-automata from ɩ  is compensated by the torques in 

the sub-automata from ɩ͵ɩ . The dynamics and the predefined control modelled for the system 

in Section 7.1.1 can be taken over. The necessary modification is presented in Appendix C. 

The HOCP in Section 7.1.1 is taken over with the change of the sample space from ɱ  to ɱ , 

 ″ᶻϽȟ″ ᶻϽȟȣ″ ᶻϽȟ◊ᶻϽ ÁÒÇÍÉÎ
ⱫϽɴ ȟ Ͻɴ ꜞ Ͻȟ◊Ͻɴ Ͻ

ὐⱫϽȟ●Ͻȟ◊ϽȢ (7.19) 

In total of -Ͻσ  discrete instances can happen at a time point, when the prerequisite of con-

trolled switching is fulfilled.  

7.1.3 There are N multi-speed STs and N is smaller than M 

Under this assumption, there are M EMs and N STs, - ς, ρ . -, -ȟ.ᶰᴓ. The hybrid sys-

tem is formulated based on the one in Section 7.1.2. In total of N STs are allowed to shift at the 

same time, for there is at least one EM connected with a single-speed ST propelling the vehicle. 

Figure 7.3 shows the hybrid automaton with the just -mentioned assumption. 

 

Figure 7.3: Hybrid automat on of a multi -drive multi -speed powertrain  with the third assump-

tion . 

Since . -, the combination Ⱬ needs to be changed. Ⱬ  defines the discrete state of the whole 

system under the third assumption. It is defined as 
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 Ⱬ ḧ ήȟήȟȣή ȟ 

ήᶰאȟὲᶰɩȟ 

ɩ ḧ )ȟ))ȟȣȟ-ȟ 

ɩ ḧ )ȟ))ȟȣȟ.ȟ 

א ḧ ήȟȟήȟȟȣȟήȟȟήȟȟȟήȟȟȣȟήȟȟ Ȣ 

(7.20) 

(7.21) 

(7.22) 

(7.23) 

(7.24) 

The STs indexed by N+I ~M are single -speed. All variables of Section 7.1.2 are taken over but the 

sample space. Replace ɩ in Table 7.1 by ɩ  and take over Table 4.3 to obtain t he admissible dis-

crete control sets. All sub-automata activate according to their admissible control sets ꜞ ȟꜞ ȟȣꜞ  

and a new sample space ɱ . The admissible control sets prevent any ST enters a shift process when 

other STs are shifting. At most . STs shift at a time, the sample space of Ⱬ  is defined as ɱ ḧ

ήȟήȟȣή . 

At a time point ὸ, the indexes of the sub-automata in shift processes form a set ɩȟ . Those 

remain in their fixed gear positions form a set ɩ ɩ͵ȟ , which can not be an empty set, since 

. -. The change of the torques in the sub-automata from ɩȟ  is compensated by the torques 

in the sub-automata from ɩ ɩ͵ȟ . Take over the dynamics and the predefined control modelled 

for the system in Section 7.1.2 but replace ɩ  and ɩ͵ɩ  with ɩȟ  and ɩ ɩ͵ȟ , respec-

tively, to obtain the dynamics and the predefined control for the hybrid model with the third as-

sumption. 

Similar to the HOCP in Section 7.1.1 the general HOCP with the third assumption is 

″ᶻϽȟ″ ᶻϽȟȣ″ ᶻϽȟ◊ᶻϽ ÁÒÇÍÉÎ
Ⱬ Ͻɴ ȟ Ͻɴ ꜞ Ͻȟ◊Ͻɴ Ͻȟ  ɴ

ὐⱫ Ͻȟ●Ͻȟ◊Ͻȟ 

ὐⱫϽȟ●Ͻȟ◊Ͻ ά ●ὸȟ ὰ●ὸȟ◊ὸὨὸȢ 

ὰ●ȟ◊ ●Ͻ◊ ὖὒ ‫ȟό

 ɴ

ȟ 

ά ●ὸ ‍ ●ὸ ● ȟ 

●
ὺ ὸ

ὶ
ϽὭήὸ ȟὭ ή ὸ ȟȣȟὭ ή ὸ ȟὭ ȟȣȟὭ ȟ 

(7.25) 

(7.26) 

(7.27) 

(7.28) 

(7.29) 

subject to 
ή ὸ ήȟȟὲ  ɴɩ ȟ 

●ὸ ●ȟ 

●ὸ ● ȟ 

(7.30) 

(7.31) 

(7.32)  
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ὲ  ɴɩ ȟ 

 ό ᶰὝȟ ‫ ȟὝȟ ‫ ȟὲ  ɴɩ ȟ 

‫ ᶰ‫ȟ ȟ‫ȟ ȟὲ  ɴɩ ȟ 

ήᶰאȟὲ  ɴɩ ȟ 

Ⱬ ḧ ήȟήȟȣή Ȣ 

 (7.33) 

(7.34) 

(7.35) 

(7.36) 

(7.37) 

Note the fixed gear ratios of the STs indexed by N+I ~M  in (7.29). The additional difference to 

the HOCPs (7.6) and (7.19) is that the discrete set in (7.25) is ɩ  and in everywhere else is ɩ . 

In total of .Ͻσ  discrete instances can happen at a time point, when the prerequisite of controlled 

switching is fulfilled.  

Set N to 1 and M to 2, the hybrid system represents Speed4E powertrain . 

7.2 Hybrid Optimal Control of the General Multi -Drive Multi -
Speed Electric Vehicle 

The HOCP of Speed4E BEV is studied and a predictive EMS based on the HMP is developed for it. 

This subsection applies the HMP to the HOCPs of the general multi-drive multi -speed BEV under 

different assumptions whose hybrid systems formulated in Section 7.1. The HOCPs can be solved 

by the algorithms developed in Section 5.2 with optimality conditions produced in what follows . 

7.2.1 One ST Shifts at a Time 

In this subsection, all variables are defined according to Section 7.1.1. 

As mentioned in Section 7.1.1, a combination Ⱬḧ ήȟήȟȣή  describes the discrete state of 

the whole system. ɱ  is the sample space of Ⱬ. ή, ὲᶰɩ, denotes the discrete state of a sub-au-

tomaton that represents an EM and a ST, and there are in total M STs. For the HOCP (7.6), a 

costates vector ⱦɴ ᴙ ȟⱦḧ ‗ȟ‗ȟȣȟ‗  is introduced to formulate the Hamiltonians. The dis-

crete controls ″ȟ″ ȟȣ″  change within their admissible sets ꜞȟꜞ ȟȣꜞ , respectively, and Ⱬ 

changes within ɱ . This causes The Hamiltonians, the costates, the continuous states and the con-

tinuous controls indexed by Ⱬ. The indexed Hamiltonians are defined as 

 Ⱬ꞊●Ⱬȟ◊ⱫȟⱦⱫ ὰ●Ⱬȟ◊Ⱬ ⱦⱫ Ͻ█Ⱬ●Ⱬȟ◊ⱫȢ (7.38) 

Based on the hybrid model in Section 7.1.1 and Appendix C, The ὲ-th entry of █Ⱬ●Ⱬȟ◊Ⱬ  is 
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ὪⱫȟ ●Ⱬȟ◊Ⱬ

ừ
Ử
Ừ

Ử
ứὦὋȟὺȟὴὋȟὺȟὺ

ὶ
ϽὭή ÉÆ ήᶰא͵ήȟȟȿ σ Ὦ ωȟ

όⱫȟ
ɡ ȟ

ȟ ÉÆ ήᶰήȟȟȿ σ Ὦ ωȢ

 (7.39) 

όⱫȟ denotes the ὲ-th entry of ◊Ⱬ. The dynamics of the indexed costates in (7.38) are 

 
ⱦⱫὸ 

‬꞊ Ⱬ

‬●
●Ⱬ
ᶻȟ◊Ⱬ

ᶻȟⱦⱫȟ 
(7.40) 

whose ὲ-th entry is 

 

‗Ⱬȟ

ừ
Ừ

ứ όⱫȟ
‬ὖὒ

‬‫
ὼⱫȟȟόⱫȟ ‗Ⱬȟ

‬ὦ

‬‫
ὋȟὺȟὝ ȟÉÆ ήᶰא͵ήȟȟȿ σ Ὦ ωȟ

όⱫȟ
‬ὖὒ

‬‫
ὼⱫȟȟόⱫȟ ȟ ÉÆ ήᶰήȟȟȿ σ Ὦ ωȢ

 

 
(7.41) 

 is fully expressed in (C.6). 

Use an extended state ◐Ⱬḧ ●ⱫȟⱦⱫ  to keep the notation compact, whose dynamics follow 

 

◐Ⱬ Ⱬ◐Ⱬȟ◊Ⱬ
ᶻ

█Ⱬ●Ⱬȟ◊Ⱬ
‬꞊ Ⱬ

‬●
●Ⱬ
ᶻȟ◊Ⱬ

ᶻȟⱦⱫ
Ȣ (7.42)  

The hybrid controls consist of the combination ″ᶻȟ″ ᶻȟȣȟ″ ᶻ and ◊ᶻ. Similar to (5.23), (5.24) 

and (5.25), they are determined by 

 ◊Ⱬ
ᶻ ÁÒÇÍÉÎ

◊Ⱬɴ
Ⱬ꞊●Ⱬȟ◊ⱫȟⱦⱫ Ȣ 

″ᶻȟ″ ᶻȟȣȟ″ ᶻ ÁÒÇÍÉÎ
Ⱬɴ ȟ ᶰꜞ ȟɴ

Ⱬ꞊●Ⱬȟ◊Ⱬ
ᶻȟⱦⱫ ȟ 

◊ᶻ ◊ ȟz ȟzȣȟ  z
ᶻ Ȣ 

(7.43)  

(7.44) 

(7.45) 
 

The transversality condition is  
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 ⱦ ὸ ς‍●ὸȟ ●
ȟ

Ȣ (7.46)  

The HOCP (7.6) can be solved by the algorithm developed in Section 5.2 with the conditions 

(7.38)-(7.46) provided by the HMP. 

7.2.2 As Many as Possible STs Shift at the Same Time 

For the HOCP (7.19), the HMP provides the same conditions as in Section 7.2.1 but replace (7.44) 

with  

 ″ᶻȟ″ ᶻȟȣȟ″ ᶻ ÁÒÇÍÉÎ
Ⱬɴ ȟ ᶰꜞ ȟɴ

Ⱬ꞊●Ⱬȟ◊Ⱬ
ᶻȟⱦⱫȟ (7.47)  

where the sample space is changed from ɱ  to ɱ . 

7.2.3 There are N multi-speed STs and N is smaller than M 

The optimality conditions by the HMP for the HOCP (7.25) is largely same to those in Sections 

7.2.1 and 7.2.2. The necessary modification focuses on the discrete sets ɩ  and ɩ . A costates 

vector ⱦɴ ᴙ ȟⱦḧ ‗ȟ‗ȟȣȟ‗  is introduced to formulate the Hamiltonians. The discrete con-

trols ″ȟ″ ȟȣ″  change within their admissible sets ꜞ ȟꜞ ȟȣꜞ , respectively, and Ⱬ  changes 

within  ɱ . This causes The Hamiltonians, the costates, the continuous states and the continuous 

controls indexed by Ⱬ . The indexed Hamiltonians are defined as 

 Ⱬ꞊ ●Ⱬȟ◊ⱫȟⱦⱫ ὰ●Ⱬȟ◊Ⱬ ⱦⱫ Ͻ█Ⱬ ●Ⱬȟ◊Ⱬ Ȣ (7.48) 

Based on the hybrid model in Section 7.1.3, The ὲ-th entry of █Ⱬ ●Ⱬȟ◊Ⱬ , ὲ  ɴɩ , is 

 ὪⱫȟ ●Ⱬȟ◊Ⱬ

ừ
Ử
Ừ

Ử
ứὦὋȟὺȟὴὋȟὺȟὺ

ὶ
ϽὭή ÉÆ ήᶰא͵ήȟȟȿ σ Ὦ ωȟ

όⱫȟ

ɡ ȟ

ȟ ÉÆ ήᶰήȟȟȿ σ Ὦ ωȢ

 
(7.49) 

όⱫȟ denotes the ὲ-th entry of ◊Ⱬ . The ὲ-th entry of █Ⱬ ●Ⱬȟ◊Ⱬ , ὲᶰɩ ɩ͵ , is the same to the 

one with the condition ήᶰא͵ήȟȟȿ σ Ὦ ω in (7.49). 

The dynamics of the indexed costates in (7.48) are 
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ⱦⱫ ὸ 

‬꞊ Ⱬ

‬●
●Ⱬ
ᶻȟ◊Ⱬ

ᶻȟⱦⱫ ȟ (7.50) 

whose “-th entry, ὲ  ɴɩ , ‗Ⱬȟ equals 

ừ
Ừ

ứ όⱫȟ
‬ὖὒ

‬‫
ὼⱫȟȟόⱫȟ ‗Ⱬȟ

‬ὦ

‬‫
ὋȟὺȟὝ ȟÉÆ ήᶰא͵ήȟȟȿ σ Ὦ ωȟ

όⱫȟ
‬ὖὒ

‬‫
ὼⱫȟȟόⱫȟ ȟ ÉÆ ήᶰήȟȟȿ σ Ὦ ωȢ

 

 
(7.51) 

 is fully expressed in (C.6). The ὲ-th entry of ⱦⱫ , ὲᶰɩ ɩ͵ , is the same to the one with the 

condition ήᶰא͵ήȟȟȿ σ Ὦ ω in (7.51). 

Use an extended state ◐Ⱬ ḧ ●ⱫȟⱦⱫ  to keep the notation compact, whose dynamics follow 

 

◐Ⱬ Ⱬ ◐Ⱬȟ◊Ⱬ
ᶻ

█Ⱬ ●Ⱬȟ◊Ⱬ
‬꞊ Ⱬ

‬●
●Ⱬ
ᶻȟ◊Ⱬ

ᶻȟⱦⱫ
Ȣ (7.52)  

The hybrid controls consist of the combination ″ᶻȟ″ ᶻȟȣȟ″ ᶻ and ◊ᶻ. Similar to (5.23), (5.24) 

and (5.25), they are determined by 

 ◊Ⱬ
ᶻ ÁÒÇÍÉÎ

◊Ⱬɴ
Ⱬ꞊●Ⱬȟ◊ⱫȟⱦⱫ Ȣ 

″ᶻȟ″ ᶻȟȣȟ″ ᶻ ÁÒÇÍÉÎ
Ⱬɴ ȟ ᶰꜞ ȟɴ

Ⱬ꞊●Ⱬȟ◊Ⱬ
ᶻȟⱦⱫ ȟ 

◊ᶻ ◊ ȟz ȟzȣȟ  z
ᶻ Ȣ 

(7.53)  

(7.54) 

(7.55) 
 

The transversality condition is  

 ⱦ ὸ ς‍●ὸȟ ●
ȟ

ȟ (7.56)  

The HOCP (7.6) can be solved by the algorithm developed in Section 5.2 with the cond itions 

(7.48)-(7.56) provided by the HMP. 

Set N to 1 and M to 2, the optimality conditions from this subsection is i dentical to those of 

Speed4E powertrain in Section 5.2.2. 
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7.3 Summary 

A general multi-drive multi -speed electric powertrain is proposed. Its hybrid system formulation i s 

presented. In the formulation, each  EM is connected to a ST that is either single-speed or shares 

the same topology with the ST2 in Speed4E powertrain. By doing so, the methodology to model 

the shift processes is taken over. The mathematical models of the multi -drive multi -speed power-

train under two assumptions are separately presented. It is noticed that they share the majority of 

their hybrid system formulation. The lowest and the highest complexity caused by the different 

assumptions is expressed through the admissible discrete control sets and the sample space of the 

combination that defines the discrete state of the whole system. In the same way, the general 

multi -drive multi -speed electric powertrain with other complexity can be modelled. The HOCPs 

for the multi -drive multi -speed powertrain are presented. They are in nature under the same cat-

egory as the HOCP for Speed4E powertrain. 

The multi -drive multi -speed powertrain in Section 7.1 does not cover the powertrains that con-

sist of STs with different topologies to the ST2 of Speed4E powertrain. Though the difference is 

seemingly giant, the powertrains that are not explicitly included in Section 7.1 can be modelled in 

the same way as in Section 7.1, as long as the shift processes are modelled with the same method-

ology as in 4.4.2, i.e. simplifying the shift processes to be primarily time dependent. On the level 

of hybrid automata, the sub-automata in Figure 7.1 and Figure 7.2 are to be modified, but the 

switching conditions among sub-automata remain. The HOCPs in Section 7.1 remain. 

Lemma 1, 2 and 3 from Section 5.3 can be extended to higher dimensional problems obtained 

in Section 7.2. The corresponding problem is formulated as 

ÍÉÎ
◊Ⱬ
ὰ●ȟ◊Ⱬ ȟ 

ὰ●ȟ◊Ⱬ ●Ͻ◊Ⱬ ὖὒ ‫ȟό

 ɴ

ȟ 

(7.57) 

(7.58) 

subject to ●Ⱬ
ὦήȟὺȟὝ

ὶ
ϽὭήὸ ȟὭ ή ὸ ȟȣȟὭ ή ὸ ȟ 

Ὕ ‰ ‫ȟό

 ɴ

ϽὭή ȟ 

ɩḧ )ȟ))ȟȣȟ-ȟ 

 ό ᶰὝȟ ‫ ȟὝȟ ‫ ȟὲᶰ ɩȟ 

‫ ᶰ‫ȟ ȟ‫ȟ ȟὲᶰ ɩȟ 

Ⱬḧ ήȟήȟȣή ȟ 

ήᶰρȟςȟὲᶰ ɩȢ 

 (7.59) 

(7.60) 

(7.61) 

 (7.62) 

(7.63) 

(7.64) 

(*)  
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The HMP is applied to the HOCPs of the general multi-drive multi -speed BEV from Section 7.1. 

The difference between the optimality conditions of both HOCPs is the sample space of the com-

bination . A unified framework for modelling and optimal control o f the general multi -drive multi -

speed electric powertrain takes shape based on the hybrid system formulation and the HOCP for-

mulation in Section 7.1 as well as the optimality conditions from the HMP in Section 7.2. 

The predictive EMS developed in Chapter 5 and both reference EMSs in Chapter 6 can be ap-

plied. Compared to the EMS naive optimal, it can be expected that the predictive EMS reduces the 

shift count and the energy consumption of a multi -drive multi -speed BEV, since the advantages of 

the predictive EMS over the EMS naive optimal is not Speed4E powertrain specific. 

Due to the lack of data, the HOCP of the general multi-drive multi -speed BEV is not numerically 

studied. 
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8 Multi -Criteria  Operation  Strategy  Considering 
Service Life 

As Figure 6.18 shows, the vehicle is propelled mostly by the EM1 through the ST1 in the WLTC, 

may it be controlled by the predictive EMS, the EMS naive optimal or the EMS global optimal. One 

can imagine that the EM1 and the ST1 would reach their service lives earlier than the EM2 and 

the ST2, if they would be designed to reach the same service life under the WLTC. Such a hypo-

thetical case leads to two possible outcomes: 1) if certain parts in the EM1 or the ST1 that reach 

their  service lives are not independently repairable or replaceable, the EM1 or the ST1 is discarded; 

2) if they are independently repaired or replaced, maintenance and re-calibration costs occur. Both 

outcomes are undesirable, which are addressed often during design processes [36, p. 279] . This 

chapter proposes a solution to avoid such a hypothetical case from an operation strategy point of 

view. With such a goal in mind, this chapter does not pursue innovative or comprehensive methods 

but conventional and proved in practice methods to characterize service life. 

Firstly, the relevant dslb_kclr_jq qsppmslbgle rfc amlacnr §qcptgac jgdcµ _pc glrpmbsacb _lb

discussed, which leads to a quantitative service life estimation model of Speed4E powertrain.  Sec-

ondly, with the help of the service life estimation, the goal of avoiding the hypothetical case in the 

previous paragraph is translated to mathematical language and a multi -criter ia operation strategy 

(MCOS) is formed. Thereafter, the influence of the controls on the service life is investigated. 

Lastly, the driving cycle simulation results of the developed MCOS are discussed. 

8.1 Service Life Estimation  

8.1.1 Introduction  

Service life is more precisely defined as ὄ-service life, which indicates a service life ὄ, within which 

ὼ Ϸ of the products of a production batch fail  [36, p. 59] . It may have a unit of duration, e.g. the 

service life of an electric motor in hour, or a unit of distance, e.g. the service life of a transmission 

in km. In some literatures, they are called lifetime and ὄ-lifetime, respectively [153] . ὄ-service 

life describes the failure and reliability characteristics of a product. Two core ideas are: Reliability  

is the probability that a product does not fail during a defined period of time under given functional 

and surrounding conditions [153, p. 21] ; Failure rate is the complement of the reliability.   

Figure 8.1 qualitatively illustrates a typical bathtub curve of failure rates along service life. The 

bathtub curve can be divided into three regions: region 1 of early failures, region 2 of random 

failures and region 3 of wearout failures. In Region 1, the failure rate decreases, as the service life 

increases. Early failures are mostly caused by errors in assembly, production, materials or by design 

flaws. The failure rate remains constant in Region 2. Often, incorrect operation, maintenance and 
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dirt particles are the main causes for random failures. They are difficult to predict and happen with 

a low probability. The failure rate increases rapidly, as the service life increases and enters Region 

3. As mechanical parts fatigue and decayable materials age, a wearout failure takes place with an 

increasing probability. 

The actions taken to reduce failure rates of early failures and random failures must be taken 

into consideration in design processes. From a system design perspective, the improvements in 

Region 3 take place at the stage of construction dimensioning [36, p. 35] . Wearout failures are 

most interesting for design and reliability analysis, for ὄ-service life is largely determined by their 

failure rates. They can be reduced substantially by taking special account of possible causes and 

designing the parts and the systems accordingly, which leads to service life calculation [153, p. 

635] . 

 

Figure 8.1: The bathtub curve  

The service life of a product depends on the service lives of its individual parts and their collab-

oration.  For instance, a passenger car with a 5-speed transmission drives on a given driving cycle, 

during which  different gears are engaged for different time . Figure 8.2 shows the proportion of 

time of all gears. To calculate the service life of the transmission in the example is a combined 

consideration of the service lives of the parts corresponding the power flow of each gear position. 

Other than time, loads and, hence, stresses on a part is also crucial to the service life calculation. 

They depend on its functionals and the surrounding conditions. For the transmission in the exam-

ple, the loads and stresses on each part depend on the driving cycle. Considered over time, indi-
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vidually variable load curves of all parts are obtained. They are compared against rfc n_prq% re-

sistance to loads and stresses to obtain accumulated fatigue and service lives [36, p. 251] . 

 

Figure 8.2: Proportion of time that different gears are engaged, when the vehicle drives with 

an example driving cycle.  

8.1.2 Parts Selection for  Service Life Estimation  

For electric powertrains, EMs and transmissions are prone to wearout failures. In order narrow 

down the subjects for service life estimation, their  parts are analysed and divided into three cate-

gories, as shown in Table 8.1. A-parts are defined as critical to reliability and their service lives can 

be calculated corresponding reality . B-parts are defined as critical to reliability , but the service life 

is hard to be calculated with confidence. Often, these parts are loaded by friction, abrasion (syn-

chronizers and brushes), dirt and corrosion (seals). C-parts are neutral to risk and not considered 

in further discussion. Service life estimation focuses on A-parts. 

Table 8.1 Preselection of parts for fatigue estimation  

 A-parts  B-parts  C-parts  

 Prone to risk Prone to risk Neutral to risk  

 ὄ-service life calcula-

tion possible 

ὄ- service life calcula-

tion impossible or does 

not reflect reality  

Mostly random and 

early failures 

Electric motor 

[154] , [155]  

Winding insulation  

Bearing 

Brush (if exists) 

Rotor and end ring 

(asynchronous mo-

tors) 

 

Transmission 

[153, p. 99] , 

[36, p. 647]  

Shaft 

Gear 

Bearing 

Synchronizer 

Seal 

Housing 

In the a_rcempw §A-partsµ, winding insulation  is different from the rest for its main purpose . It  

protects winding from electrically shorting, contamination, mechanical and thermal stress [156, 

pp. 7-12] . The electrical endurance of insulation materials is affected by temperature and time in 
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such a way that obeys Arrhenius chemical rate equation, i.e. the thermal service life56 of insulation 

is halved for each increase of 10 °C57 in the exposure temperature [158, 159] . It is natural and 

essential, in the case of any electric powertrain, to take the cooling system of the electric motor 

into the consideration. The mathematical modelling of the complex thermal management system 

developed for Speed4E powertrain  is, unfortunately,  beyond the scope of online MCOS in this 

work. However, another work of the author  [160]  showed that a goal-oriented thermal manage-

ment control can not only reduce the energy consumption but also extend the thermal service lives 

of both EMs in Speed4E powertrain. 

The rest of the A-parts are designed either for operational fatigue strength  or for endurance 

strength [36, pp. 294 -296] . To design a part for operational fatigue strength is to have it designed 

to endure an expected load profile  for a certain time of use [36, p. 250] . To design a part for 

endurance strength is to base the design on the maximum anticipated load [36, p. 279] . 

Shafts are often conservatively designed for endurance strength, for the typical shaft configura-

tion of vehicle transmissions is particularly unfavourable from the point of view of strength . The 

long distance between bearings causes large bending moments, and the contacting parts such as 

shoulders, grooves, collars, bearing seats etc. cause notches [36, p. 280] . As a result of conservative 

designs, shafts in transmissions are often found fatigue resistant, i.e. infinite service life, in service 

life estimation fo r normal expected load profile, as shown in a typical example in Table 8.2. There-

fore, shafts are not considered in the service life estimation in this work. 

The ὄ service lives of the first stage gearset for tooth failure and pitting are listed in Table 8.2. 

                                                                 

56 In the literature [157] , thermal service life is called thermal life and thermal lifetime.  

57 In actual testing, the increment often deviates from 10°C. 

Table 8.2. An typical  example of calculated ║  and ║  service life of A-parts in a transmis-

sion [153, p. 102] 

Components  Estimated service life  

Input shaft Fatigue resistant 

Output shaft Fatigue resistant 

Gear tooth failure: first stage gearset ὄ service life: 70,000 to 120,000 cycles 

Gear tooth pitting: first stage gearset ὄ service life: 500,000 cycles 

Rolling bearing ὄ  service life: 1,500,000 cycles to fatigue resistant 
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There are different types of failures for a part, and their failure rates and ὄ-service lives are dif-

ferent. Rolling bearings, depending on the configuration, can operate with a ὄ  service life vary-

ing from 1,500,000 cycles to an infinite service life. Typical service lives of gears and bearings that 

are reasonably designed for a system are not decidedly separated, which suggests that both types 

of parts are necessary to be considered in service life estimation. 

In summary, gears and bearings are selected as the subjects of the service life estimation. During 

operation, the fatigue of these parts accumulates, as they withstand loads. The following elabo-

rates, how the fatigue and its accumulation are modelled. 

8.1.3 Mechanical Fatigue Calculation and Its Accumulation  

Gears and bearings are exposed to different types of failures, among which some are caused by 

fatigue and under the category of wearout failures, while others are not. 

8.1.3.1 Main Damages of Gears and Rolling Bearings 

Gear 

The service life of a gear is basically limited by four types of damages [36, pp. 239 -243] : 1) tooth 

failure, 2) macropitting and micropitting, 3) hot scuffing and 4) cold scuffing.  Both tooth failure 

and macropitting can lead to gear failure. Micropitting is surface pitting in a microscopic scale. It 

does not lead to gear failure but can increase noise emission. Hot scuffing and cold scuffing are 

related to lubrication condition  and seldom occur in vehicle transmissions. They do not cause gear 

failure.  For their seriousness and relevancy, tooth failure and macropitting are necessary to be 

considered in the service life estimation. Read [36, pp. 239 -243]  for more information.  

 

Figure 8.3: Typical damage examples. (left) Macropitting. (right) Tooth root breakage îtooth 

failure  [161]  

Tooth failure is that the whole tooth or part of a tooth breaks off , which leads to gear failure. 

Figure 8.3 (right) shows an example of tooth root breakage, which will cause the whole tooth to 

break off. The tooth operates under pulsating load and the maximum bending stress occurs at the 

tooth root , which suggests that the fatigue at the tooth root , i.e. tooth root breakage, needs to be 
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modelled to represent tooth failure [36,  p. 242] . 

Damage to the tooth flank by pitting  is indicated by the appearance of pin holes and extended 

tooth flank spalling , which is a symptom of material fatigue at the tooth flanks . See Figure 8.3 

(left)  for an example. It is considered mostly caused by the stresses between the flanks of the 

pinion and the wheel during meshing. The fatigue on the tooth flanks is to be modelled. 

Rolling  Bearing  

Loads on bearings in transmissions result primarily  from the meshing forces of the gears mounted 

on the same shafts and preload forces with adjusted bearing arrangements [36, p. 423] . Rolling 

bearing damages can be divided into following categories: adhesive wear, abrasive wear, fatigue, 

corrosion, and further failure s (electric erosion, plastic deformation etc.) [162] . Only fatigue is 

considered in the service life estimation, since adhesive wear, abrasive wear and corrosion are 

mainly caused by false installation, operation, and maintenance; methods to estimate the failures 

caused by electric erosion, plastic deformation etc. are out of the scope of the service life estimation 

for online MCOSs [163] . 

 

Fatigue occurs at surfaces of rolling elements and rings, due to cyclic stresses from rolling and 

sliding between rolling elements and rings. They cause microstructural alterations and lead to 

pitting and spalling on surfaces [164] . Figure 8.4 shows an example of the spalling on the inner 

ring caused by fatigue. 

Fatigue to be modelled in the service life estimation  

So far, tooth root breakage and macropitting (gr gq a_jjcb §pittingµ in what follows ) are selected 

as the failures considered in the service life estimation for gears. It was stated in [36, p. 239]  that 

gears for vehicle transmissions are now almost without exception designed so that tooth root breakage 

is eliminated, for it causes serious and immediate gear failure. It will be evaluated in Section 8.1.4 

to decide, if tooth root breakage remains in the service life estimation. Bearing fatigue is selected 

as the failure considered in the service life estimation for bearings. In a vehicle, gears and bearings 

Figure 8.4: Spalling on the inner ring of a rolling bearing  [167] . 
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withstand loads caused by both positive and negative torques generated by its power source(s). 

For conventional vehicles, [165]  and [166, pp. 110 -111]  suggested that loads and fatigue caused 

by negative torques are low enough to be neglectable in the service life estimation. Such a practice, 

however, loses its prerequisite in the case of BEVs, since they primarily use their  EM(s) to recuper-

ate their  kinetic energy while decelerating. In this case, loads and fatigue caused by positive and 

negative torques are comparable, which is verified later in Section 8.1.4. It is necessary to discuss 

the available methods to model fatigue caused by both positive and negative torques. 

¶ Tooth root breakage 

Bending stress is considered the only stress that is critical for modelling tooth root breakage 

[36, p. 243] . Bending stress on a tooth root  is schematically illustrated in Figure 8.5. The 

bending stress caused by the normal force on the right flank (Ὂȟ ) is marked blue and the 

bending stress caused by Ὂȟ  is marked red, both of which contribute to the tooth r oot 

breakage. It was suggested in [161]  to consider the alternating loads on both flanks and the 

residual stresses in the tooth core to model the fatigue of the tooth root breakage. Addition-

ally, DIN 3990Çpart 6 suggested four methods: 

 

Á Method FA: the fatigue is estimated with a damage characteristic curve, i.e. a S-N 

curve discussed in next subsection, based on calculation or experiment that con-

siders the frequency of the alternating loads. 

Á Method FB: the fatigue is estimated with a S-N curve that is modified considering 

the frequency of the alternating loads. 

Á Method FC: the loads caused by negative torques are added to the loads caused by 

positive torques with a factor of 0.7. The combined loads are used to estimate the 

total fatigue based on a S-N curve. 

Figure 8.5: Schematic of the bending stress on the tooth roo t. 
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Á Method FD: the loads caused by negative torques are multiplied with 0.7 and the 

resulting loads are used to estimate a partial fatigue based on a S-N curve. The 

partial fatigue is added to the fatigue that is estimated with the loads caused by 

negative torques based on a S-N curve. 

The method from [161]  and the methods FA and FB are not applicable, since the complexity 

exceeds the scope of the service life estimation for MCOSs. The methods FC and FD were 

mostly applied to conventional vehicles, which decelerates majorly through brakes, while 

gears in transmissions only transmit small negative torques generated by engines. In this case, 

there is a decided distinction between the loads caused by the positive and the negative tor-

ques, which is not the case for BEVs. For the purpose of conservative estimation, the method 

FC is adopted but with a conservative factor of 1.0 for the loads caused by negative torques. 

¶ Tooth flank pitting  

Pitting is caused by slip/roll stresses on flank surfaces and incipient cracks due to high shear 

stresses in the area below surfaces [36, p. 239] . The schematic of the stresses on the surface 

is shown in Figure 8.6. It is assumed none interference between the slip/roll stresses on both 

flanks, as well as between the shear stresses below both flanks. The loads caused by positive 

torques and negative torques are, therefore, separately calculated and the resulting fatigues 

are separately accumulated. 

 

Figure 8.6: Schematic of the Hertzian stress on the tooth flanks  

¶ Bearing fatigue failure 

The theory for assessing material deformation in rolling bearings is adopted from [167] , 

which assumes that cracks are caused by the maximum orthogonal shear stresses initiated in 

the risk volume illustrated in Figure 8.7. Under the assumption from [167] , for a standard 

bearing configuration, i.e. two bearings mounted on a shaft, the assessment of stresses, risk 

volume and resulting fatigue is simplified to be free from the directions of torques. The loads 
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caused by positive and negative torques are linearly accumulated. 

After analysis, tooth flank pitting and rolling bearing fatigue are chosen to be the subjects of the 

service life estimation. The fatigues caused by positive and negative torques on the former are 

separately accumulated and those on the latter are linearly accumulated. 

8.1.3.2 Fatigue Estimation  

To estimate the fatigue resulting in a certain kind of  failure is to compare the load causing the 

fatigue to the resistance of the load, i.e. load capacity. It is standard to be modelled as a S-N curve, 

i.e. a Stress-Life Cycle curve. It is a stress-controlled Wöhler curve, which describes the load capac-

ity of a component. It is attained through experiments58 to reflect the relationship between the 

cyclic stress amplitude and the permissible cycle number under the cyclic stress [168, pp. 21 -25] . 

Figure 8.8 shows the typical shape of S-N curves on double logarithmic scales. The curves of dif-

ferent failure rates are marked with different colours, among which the one of ὄ -service life is 

                                                                 

58 A S-N curve is determined through a single-stage test under the specifications defined by DIN 50100. 
Figure 8.8: S-N curves of different ║●-service life of an example part  for a certain failure. Figure 

modified from the one from [32, p. 254]. 

Figure 8.7: Risk volume of rolling bearing fatigue suggested by [113] . Figure taken from [114] . 
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mostly used for gears and bearings. The permissible cycle number ὔ of ὄ-service life can be read 

from a curve for a given stress amplitude „. Three zones can be identified: 

¶ Short-time strength, permissible cycles up to ca. ρπͯρπ cycles: also called low cycle fatigue 

domain. Fatigue in this zone is caused by irreversible plastic deformations in materials due 

to high stress [153, p. 321, 169] . 

¶ Fatigue strength, permissible cycles up to the cycle number at fatigue limit ὔ ρπͯρπ: 

also called high cycle fatigue domain. In this zone, the S-N curve can be simplified as a straight 

line in double logarithmic coordinates, as 

 
ὔ ὔ Ͻ

„

„
ȟ (8.1) 

where „ is the fatigue limit str ess amplitude and Ὧ is the gradient of the straight line in dou-

ble logarithmic coordinates [36, p. 254] .  

¶ Endurance strength, the stress amplitude is smaller than „: no failure is expected in this zone 

for a wide range of materials, e.g. ferritic steels. Some materials, e.g. austenitic steels, do not 

show a distinct endurance strength [153, p. 321] . 

A part is ideally designed in such a way that the expected operational stresses do not fall into 

the short-time strength zone and avoid the endurance strength zone, avoiding short expected ser-

vice life and over dimensional design, respectively. S-N curves are often simplified to be horizontal 

on double logarithmic scales in the short-time strength and the endurance strength zones.  

¶ Tooth root breakage 

DIN 3990Çpart 3 provides the standard method to calculate S-N curves of ὄ  service life 

of tooth root breakage. See [36, pp. 243 -245]  for a detailed explanation. See Appendix E for 

the calculated S-N curves in this thesis. 

The effective bending stress „ characterizes the local stress of a tooth root. According to 

DIN 3990, „ can be determined by considering Ὂ , the tangential component of the normal 

force, and various parameters, 

 
„

Ὂ

ὦϽά
Ͻὤ Ͻὤ ϽὤϽὤϽὑ Ͻὑ Ͻὑ Ͻὑȟ (8.2) 

where the parameters are defined in Table 8.3. 

¶ Tooth flank pitting  

DIN 3990Çpart 2 provides the standard method to calculate S-N curves of ὄ  service life 
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off tooth flank pitting . See [36, pp. 245 -246]  for a detailed explanation. See Appendix E for 

the calculated S-N curves in this thesis. 

 

Hertzian stress „ characterizes slip/roll stresses on flank surfaces According to DIN 3990, 

it can be determined by considering the nominal force on the tooth flank Ὂ and various pa-

rameters, 

 

„ ὤȾ Ͻὤ ϽὤϽὤϽὤϽ
Ὂ Ὥ ρ

ὨϽὦϽὭ
Ͻὑ Ͻὑ Ͻὑ Ͻὑȟ (8.3) 

where the parameters are defined in Table 8.3. 

Table 8.3. Parameters to calculate Ɑἒ 

Parameter  Meaning  Source 

ὤȾ  pinion/wheel contact  factor DIN 3990ÇPart 2, Pages 8 

ὤ  zone factor DIN 3990ÇPart 2, Page 6 

ὤ elasticity factor DIN 3990ÇPart 2, Page 8 

ὤ contact ratio DIN 3990ÇPart 3 for „ and Part 2 for 

„ 

ὤ helical overlap DIN 3990Ç Part 3 for „ and Part 2 for 

„ 

Ὠ Pitch circle diameter of the pinion gearset design 

ὦ contact face width gearset design 

ά  standard module gearset design 

Ὥ gear ratio gearset design 

ὑ  application factor DIN 3990ÇPart 1, Page 55 

ὑ  dynamic factor DIN 3990ÇPart 1, Page 16-17 

ὑ  transverse factor DIN 3990ÇPart 1, Page 45 

ὑ  longitudinal load distribution fac-

tor for surface stress 

DIN 3990ÇPart 1, Page 19 
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¶ Bearing fatigue failure 

DIN ISO 281 provides the standard method to calculate ὄ  service lives of rolling bearings 

directly . ὔ, the permissible cycle number under an equivalent dynamic load ὒ, is 

 
ὔ

ὅ

ὒ
ȟ 

ὒ ὢϽὊ ὣϽὊ ȟ 

(8.4) 

(8.5) 

where the variables and the parameters are defined in Table 8.4. 

Table 8.4. Parameters to calculate ╝ 

Parameter  Meaning  Source 

ὅ basic dynamic load rating in N Bearing catalogues 

ὒ equivalent dynamic load in N calculation 

Ὧ service life exponent DIN ISO 281. Bearing type dependent 

ὢ radial factor DIN ISO 281. Ὂ and Ὂ dependent 

Ὂ  radial load in N  calculation 

ὣ axial factor DIN ISO 281. Ὂ and Ὂ dependent 

Ὂ  axial load in N calculation 

   

8.1.3.3 Fatigue Accumulation  

The fatigue accumulation hypothesis describes, how the fatigues caused by cyclic stresses inte-

grate, whose foundation is Kglcp%q psjc[170] . It assumes that the absorbed work during operation 

causes fatigue and the proportion of the already absorbed work ύ out of the permissible work to 

absorb ὡ measures the fatigue. Its proportion is equal to the one of the cycle number of a cyclic 

stresses with constant amplitude ὲ to the permissible cycle number ὔ. Under such an assump-

tion59, every load cycle causes a constant fatigue, which accumulates linearly. Furthermore, the 

                                                                 

59 Methods with the assumption of nonlinear accumulation showed high accuracy (see the review 

article [171] ). However, they were targeted at specific use cases and demand high computation 

resources [166, p . 26] , which makes them unfavourable for the service life estimation in MCOSs. 
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accumulated fatigue Ὀ caused by cyclic stresses with Ὦ amount of stress amplitudes, i.e. a load 

profile, can be summed up as 

 

Ὀ
ύ

ὡ

ύ

ὡ
Ễ
ύ

ὡ

ὲ

ὔ

ὲ

ὔ
Ễ

ὲ

ὔ

ὲ

ὔ
ȟ (8.6) 

where Ὥ indexes the stress amplitude. The part in Figure 8.8 has operated under „ and „ for ὲ 

and ὲ cycles, respectively. Ὀ is the sum of the fractions of the areas with the width of ὲ and ὲ 

out of the areas with the width  of ὔ and ὔ. In continuous time, Ὀ can be determined by 

 
Ὀ

ὲὸ

ὔ„ὸ
ὨὸȢ (8.7) 

A failure is expected, when Ὀ reaches 1 [170, 172] . In reality, a failure often occurs with a 

calculated fatigue smaller than 1. In order to use (8.6) to perform an accurate prediction, the 

knowledge of the total fatigue, when an actual failure happens, is necessary [36, p. 258] . 

With a simplified S-N curve that is horizontal in endurance strength zone, the fatigues caused 

by the stresses under the fatigue limit stress can be ignored, since an infinite service life would be 

expected. However, it contradicts the results reported in [173, 174] , which stated that, in a mixed 

load profile , stresses under the fatigue limit stress cause fatigue. Therefore, Kglcp%q psjc* rmecrfcp

with a simplified S -N curve, is yet incomplete for the service life estimation. 

Several hypotheses were developed to address this issue, c,e, Kglcp%qrule without  endurance 

strength [168, p. 285] , Kglcp%q psjc kmbgdgcb `w F_g`_af &Kglcp F_g`_af fwnmrfcqgq'[175] , 

Kglcp%q psjc kmbgdgcb `w Jgs _lb Xcllcp[176] . They carry over the linear accumulation assump-

tion, but use a modified S-N curve (see [153, pp. 327 -329]  for a review).  

Miner Haibach hypothesis considers the slope of S-N curve on double logarithmic scales in the 

endurance strength zone to be ςὯ ρ. It  is adopted for the fatigue accumulation in this work, since 

it is supported by the experiments, especially in the automotive industry [36, p. 260, 153, p. 328] . 

8.1.4 Speed4E Powertrain Service Life Estimation  

Gl rfc pcqr md rfgq Af_nrcp* §qcptgac jgdcµ* §d_rgescµ _lb §Q-L asptcµ are meant for those relate to 

ὄ  service life. 

The bearing and the gearset configuration are schematically illustrated in Figure 8.9. All bear-

ings are labelled in Figure 8.9(a)  and their types are listed in Table E. 2 in Appendix E. All gears 

are labelled in Figure 8.9(b)  and their meaning are listed in Table 8.5. 
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Table 8.5: The Gears in Speed4E powertrain 

Gear label  Description  Gear label  Description  

G1.S1.SG ST1 sun gear G2.S2.1P ST2 stage 2 1st gear pinion 

G1.S1.PG ST1 planet gear G2.S2.1W ST2 stage 2 1st wheel 

G1.S1.RG ST1 ring gear G2.S2.2P ST2 stage 2 2nd gear pinion 

G1.S2.P ST1 stage 2 pinion G2.S2.2W ST2 stage 2 2nd wheel 

G1.S2.W ST1 stage 2 wheel G2.S3. P ST2 stage 3 pinion 

G2.S1.P ST2 stage 1 pinion  G2.S3.W ST2 stage 3 wheel 

G2.S1.W ST2 stage 1 wheel   

 

 

   

B1.1.1 and B1.1.2 support the shaft of the EM1 on which G1.S1.SG is mounted. Three planet 

gears (G1.S1.PG) on three needle bearings (B1.2.1~3) are mounted on the planetary carrier. The 

ring gear (G1.S1.RG) is fixed on the housing. The planetary carrier and the pinion are supported 

by B1.3.1 and B1.3.2. B2.1.1 and B2.1.2 support the shaft of the EM2, which is connected to the 

input shaft of ST2 with a shaft coupling. B2.1.3 and B2.1.4 support the input shaft of the ST2 on 

which G2.S1.P is mounted. The shaft coupling is considered a torque transferring part. Therefore, 

B2.1.3 and B2.1.4 are assumed to withstand all loads on the input shaft of the ST2. G2.S1.W, 

G2.S2.1P and G2.S2.2P are mounted on the counter shaft that is supported by B2.2.1 and B2.2.2. 

G2.S2.1W, G2.S2.2W and G2.S3.P are mounted on the output shaft that is supported by B2.3.1 

and B2.3.2. G.FD.W is the wheel that is coupled with G1.S2.P and G2.S3.P that are supported by 

Figure 8.9: Bearing and gearset configuration of Speed4E powertrain.  
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B3.1.1 and B3.1.2, respectively. They are part of the final drive and differential. The parameters 

of the gears and the bearings are listed in Appendix E. 

Based on the Miner Haibach hypothesis described in Subsection 8.1.3.3, the modified S-N curves 

of G1.S1.SG and B1.1.1 are determined and shown in Figure 8.10. 

 
(a)  

 
(b)  

 
(c)  

Figure 8.10: Modified S-N Curves of (a) B1.1.1, (b) G1.S1.SG pitting and (c) G1.S1.SG tooth 

root breakage . 

For a gear, „ and „ are calculated based on (8.2) and (8.3), respectively, in which the normal 

force Ὂ and its tangential component Ὂ  are determined by analysing the meshing force that is 

schematically illustrated in Figure 8.11(a) . With the geometry of the gear, namely helix angle ‌, 

pressure angle ‍ and pitch diameter, Ὂ can be decomposed into the transverse force Ὂ, the radial 

force Ὂ and the axial force Ὂ (see Figure 8.11(b) ). Ὂ is obtained through the torque Ὕ  and the 

pitch diameter, which tells that ὊᶿὝ  and Ὂ ᶿὝ . Express Ὂ  as a function of Ὕ  and combine 

all parameters from (8.2) and the geometry of the gear (see Table E. 3) to obtain a coefficient ὧ. 

the relationship between „ and Ὕ  is 

 „ ὧϽὝȢ (8.8) 

Express Ὂ as a function of Ὕ  and combine all parameters from (8.3) and the geometry of the 

gear (see Table E. 3) to obtain a coefficient ὧ. The relationship between „ and Ὕ  is 

 

Figure 8.11: Schematic of meshing force 
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 „ ὧϽὝȢ  (8.9) 

Forces and torques on bearings need to balance meshing forces of the gears. An example is 

schematically illustrated in Figure 8.12. The resulting Ὂ on a bearing is its axial load and the com-

position of the resulting Ὂ and Ὂ is its radial load in (8.4). Express Ὂ and Ὂ as two functions of 

Ὕ  and combine all parameters of the gears on the shaft supported by the bearings in question and 

the spatial locations of all parts (see Table E. 3 and Table E. 4) to obtain a coefficient ὧ, the 

relationship between the equivalent dynamic load ὒ and Ὕ  is 

 ὒ ὧϽὝȢ (8.10) 

With the service life model presented so far, Figure 8.13 summarizes the accumulated fatigue 

(blue bars) and the corresponding service lives (orange squares) of the bearings and the gears in 

Speed4E powertrain on a logarithmic scale. The vehicle drives in the WLTC under the control of  

the predictive EMS. Figure 8.13(a) , (b) and (c) present t he values of bearing fatigue, tooth root 

breakage and tooth flank pittin g, respectively. In Figure 8.13(b)* §nmqµ _lb §lceµ pcnpcqclr rfc

tooth flank that transmit positive and negative torques, respectively. 

In Figure 8.13(a) , the accumulated fatigue of B1.1.1 is negligible, since the radial forces on the 

teeth of G1.S1.SG, the sun gear in the ST1, are balanced and B1.1.2, a fixed bearing, undertakes 

axial load (see Table E. 2 and Table 8.5 for information of the bearings and the gears). In Figure 

8.13(b) , the accumulated fatigue of several gears is so small that their service lives exceed the 

range of the diagram. The values of G2.S2.2P are absent in Figure 8.13(b)  and (c), since the ST2 

has not engaged in the 2nd gear position in the driving cycle. After comparing Figure 8.13(b)  and 

(c), it can be noticed that the gear service lives w.r.t tooth root breakage are multiple  orders of 

magnitude larger than those w.r.t tooth flank pitting . The simulation result matches the gear de-

sign practice mentioned in Section 8.1.3.1 that tooth root breakage is almost eliminated in modern 

gear design, and it is the tooth flank pitting that is critical to gear service life. Tooth root breakage 

is not further discussed in this chapter. On the other hand, it can be noticed that the service lives of 

the bearings are multiple orders  of magnitude smaller than those of the gears on the same shafts. 

 

 Figure 8.12: An example of forces on bearings  



 

 

132 8 Multi -Criteria Operation Strategy Considering Service Life 

 

The service lives of the bearings limit the powertrain service life of Speed4E powertrain. 

B1.1.2 and B2.1.3 have the lowest service life among the bearings in the sub-powertrain 1 

(SPT1) and the sub-powertrain 2 (SPT2), respectively. A SPT consists of its corresponding EM and 

ST. G1.S1.SG and G2.S1.P have the lowest service life among the gears in the SPT1 and the SPT2, 

respectively. The load spectra of both bearings and the stress spectra of both gears are shown in 

Figure 8.14 orange bars, while their modified S-N curves are shown as the blue curves. 

 
(a)  

 
(b)  

 
(b)  

Figure 8.13: Accumulated fatigue  after a WLTC and corresponding service lives of the bear-

ings and gears in Speed4E powertrain. (a): Bearing fatigue. (b): Tooth root breakage. (c) 

Tooth flank pitting.  

 














































































































































































