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Abstract

Regulations of zero emission passenger cars appear on the horizon, andditery electric vehicles
(BEV) are the main solution from the current market. It has been a focus of both academia and
industry to extend their range. One of the main approaches is to reduce their energy consumption.
Recent studies have shown that the twadrive topology and the multi -speed topology help to do
so. Itis natural to combine both concepts and to design a twodrive multi -speed topology for BEVs.
Due to its more than one degree of freedom, anonline energy management strategy(EMS) con-
trolling torque set points of both electric motors and target gear positions is necessary to exploit
its potential for reducing total energy consumption in real-world applications. There are numerous
studies on EMSs forBEVsand hybrid electric vehicles. The overwhelming majority of them shared
the same assumption: shift processes are neglectable. Based on the shift duration statisticthe
shiftprocessy md r fc kmgr amkkml rp_lgkggggmlg gl
an EMS with an operation frequency of at least 1 Hz.How to develop an EMS that considers shift
processes?Suppose that an EMS is developed. It controls the powertrainin favour of low energy
consumption, and the parts and the components are loaded accordingly. Some parts might fatigue
and fail much faster than others, not because of poor construction dimensioning, but because of
excessiveuse. What can an EMS do to preventsuch an extreme scenariodurthermore, is there a
general way to design EMSs for multidrive BEVs?

This thesis is initiated by developing an online EMS for a two-drive multi -speed BEVcalled
§ Qn c c,larl @pds to address the questions raised earlierA predictive EMS in a Model Predic-
tive Control framework is developed A hybrid system considering the shift processess proposed.
Based on itand the Hybrid Minimum Principle , a solver and its algorithms are developed. The
Principle is chosen for itsaccuracy and low time complexity, the two most important attributes of
an online EMS. Minimizing t he instantaneous Hamiltonian in the Principle is mathematically ana-
lysed. Several Lemmasthat reduce the time complexity considerably are produced. Compared to
an EMS that minimizes instantaneousenergy consumption and ignores shift processes, the predic-
tive EMS reducesthe energy consumptionin the Worldwide Harmonized Light Vehicles TestCycle
(WLTC) by 0.26 % and the shift count by 63.41 %. The hybrid system the predictive EMS and the
mathematical analysis are as far as the author knows, first of their kinds. A novel multi -criteria
operation strategy (MCOS) considering powertrain service life is proposed. Thanks to the hybrid
system, the influence of the shft processes on fatigue is included. The MCOSextends the power-
train service life by several times but sacrifices the energy consumption. A general multi-drive (at
least two) multi -speed electric powertrain is proposed. Its hybrid g/stem is formulated. The Prin-
ciple is applied to produce the optimality condition. It is showcased, how to modify certain sets
and sample space in the formulation to have the general model and problem represent certain
electric powertrains. A unified framework to design EMS for the general multi-drive electric power-
train is proposed, where the algorithms developed for the predictive EMS can be applied.
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1 Introduction

Within the scope of§ Rf ¢ Cs p mn c _ | [1] Bl Eordpead Gnion (EU) strives to be the
first climate -neutral® continent with out net emissions of greenhouse gases by 205Electric vehi-
cles (EV) are the key technology to decarbonise road transport, a sector that accounts for 186 of
global emissions[3] . The worldwide EV market, including Battery Electric Vehicles (BEV) and
Plug-in Hybrid Electric Vehicles (PHEV), has withessed an exponential growth, as their sales ex-
ceeded 10million in 2022, while the share of EV in the total vehicle sales has tripled from 4% in

2020 to 14 % in 2022 [4] . Figure 1.1(a) illustrates the annual sales of EVfrom 2016 to 2023 in

the world. The EV Sales in Europe have grown steadily to 2.7 million in 2022, and are estimated
to reach 3.4 million in 2023 2.
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Figure 1.1: EV sales volumeg[4]. (a) EV worldwide sales from 2016 to 20233, (b) BEV and PHEV
salesin EUfrom 2018 to 2022.

A more progressive regulation, the revised rules on COZemission performance standards([5] ,
entered into force under the agreement of EU member states in March, 2023. Under the new reg-
ulation, from 2035, all new cars and vans registered in the EU are set to be zero emissionin the
current market, BEVs are theone of the main solutions to the regulation. Figure 1.1(b) illustrates
the BEV sales inthe EU, which has risen steadily from 0.1 million in 2018 to 1.4 million in 2022.
BEVs took up more than 10% of total vehicle sales in 2022. If the regulation stays in force and

1 Climate neutrality refers to the idea of achieving net zero greenhouse gas emissions by balancing those emis-
ggml g gm rfcw _pc cos_j &mp jcgq rf_I" rfc ckggggmlqg
(2.

2 At the time of writing, the EV sales in 2023 are not yet available from the International Energy Association.

3 2023 sales are estimated based on market trends through the first quarter of 2023
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major breakthroughs in other technologies are absent, BEV sales will soar in the near future.

Range of BEVs was considered one of the main drawbacks that keep consumerdrom choosing
BEVs, claimed a study conducted in 2015 [6] . Though further developed since then?, range of
BE\Vs still fall s short of conventional vehicles. It is essential tofurther extend range of BEVs so that
they can replaceconventional vehiclesas main cars and vans newly registered in the EUWnder the
new regulation from 2035.

1.1 M otivation

Additional to increasing battery capacity, reducing energy consumption helps to increase range of
BE\Vs. It was reported in multiple works [7-10] that powertrains with multi -speed transmissiors
can reduce energy consumption of BEVs It was shown in recent studies[11-13] that, under the
same requirements of dynamic performance two-drive powertrains, i.e. powertrains consisting of
two electric motors (EM), consume considerable less energy ir'Worldwide Harmonized Light Ve-
hicles TestCycle (WLTC) than their single-drive counterparts. Powertrains with either concept
gain an extra degree of freedom (DoF), thanks to which operating points of components in power-
trains can vary in favour of a lower total energy consumption, either through changing gear posi-
tion or through splitting total output power differently between both EMs .

Necessity of energy management strategies

To combine the benefits of both concepts, twodrive multi -speed powertrains are proposed for
BEVs. A control strategy is essential for such powertrains with more than one DoF to fulfil basic
requirements, e.g. requested acceleration, comfort, and most importantly to achieve minimal en-
ergy consumption. Such a control strategy is called arEnergy Management Strateg§EMS)°. Figure
1.2 shows a typical control scheme of a BEV powertrain, in which the EMS functions as a high
level control that determines control set points for low -level controls, i.e. the EM torque (77q) for
the MCU and the target gear position (Garget) for the TCU, based on the driver requested power
(Req), the vehicle speed 0 ), the EM rotational velocity (1 ), the current gear position ( Gurrent)
and the state of charge (SOQ. In general, low -level controls regulate the components in a power-
train based on the set points provided by a high-level control.

4 For instance, the Worldwide Harmonized Light Vehicles Test Procedurerange of BMW i3 has increased from
235 km (model year 2018) to 308 km (model year 2022), largely thanks to the battery capacity increasing
from 94 Ah (model year 2018) to 120 Ah (model year 2022).

51tis also referred to as supervisory control strategy n the literature, e.g. [14] and [15] .
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Figure 1.2: EMS ashigh-level control in a typical BEV powertrain control scheme
Observations of relevant energy management strategies in the literature

To design an EMSthat minimizes energy consumption is to answer the question: given a mathe-
matical model of a powertrain and a vehicle as well as constraints of componentshow cantheir
speed, torque and gear position be controlled so thainimal energy cosumption and other addi-
tional performancecriteria can be achieve?lSuch a problem falls into the category of Optimal Con-
trol Problem (OCP), which is to determine the control function that causes a process to satisfy the
physical constraints and at the sane time minimize (or maximize) some performance criteri a [16,
p. 3]. More specifically, due to the presence of Gaget and Gurent, @ discrete control and a discrete
state, a two-drive multi -speed powertrain is naturally a Hybrid Systen?, a system that has contin-
uous controls, e.g. EM torques but at the same time makes discrete decisions, e.g. target gears,
instead of apure continuous system Consequently,the OCPin question is aHybrid Optimal Control
Problem(HOCP)’ [19, 20] .

There are numerous studies on EMSs that consider powertrains with more than one power

source® and multi-speed transmissions. However, such powertrains were mostly not explicitly

6 A continuous system that can switch between different subsystems, i.e. differential equations describing the

time derivative of continuous states, can also be modelled as a hybrid system, e.gA bouncing ballin Section
2.1.1.

" In the optimization community, it is more commonly referred to as mixed -logic dynamic optimization [17] or
mixed-integer optimal control problem [18] . Such terminologies highlight the mixed-integer optimization
characteristic in the problem.

8 Machines designed to convert other types of energy, e.g. chemical energy and electric energy, to mechanical
energy.

1 Introduction 3



modelled as hybrid systems inthe literature, for example [14, 21-23] to name but a few. The
resulting EMSs were often treated with solution methods for continuous OCPs. Such treatment
does not necessarily indicateflawed results. For instance, results principally derived from the dis-
crete Dynamic Programming(DP), e.g. [24], [25] and [21], hold, since the method is inherently
able to deal with systems involving discrete variables. Nevertheless proper system formulation
and problem solution are desirable.

For the goal of real-world application s, it is necessary to designan EMS thatdoes not consider
speed profiles a priori. Such an EMS is called an online EMSFurthermore, due to the limited
computational resourcesin real-world applications, it is essentialto design an EMS achievinghigh
performance, i.e. the controlled vehicle consumes as little as possible energyn evaluations, and

requiring short computational time®.

As far as the author knows, other than[26] , EMSs of powertrains with multi -speedtransmissions
were developedin the literature with an assumption: &hift processsare ignoredpy The most com-
mon transmissiontypesin r mb _marketare automatic transmissions(AT), dual clutch transmis-
sions (DCT) and automated manual transmissions (AMT). Shift duration s'° of some examples
from these types of transmission are0.8 s- 1.6 s[27, 28], 0.4 s- 0.7s[29,30],and 0.7s- 1.3 s
[31, 32] , respectively. Though not covering all models from the mentioned transmission types, the
statistics show that shift duration s of ATs and AMTs can exceed1 s, while shift duration s of DCTs
are smaller than but not distant from 1 s. It might not be most rigorous to develop EMSs with a
frequency of at least 1 Hzignoring shift processes for powertrains with above mentioned transmis-
sion typesin [24, 25, 33-35], to name but a few. Though the EMS developed in[26] considered
shift processes, it was based ora predefined shift sequence ina time span of ca.6 s for a single-
drive BEV, whose results lacked association toenergy consumption. An EMS with proper consid-
eration of shift processesis valuable but absent

Rmb_w%q CT k_picr f _ gdrivedBEVs b glso threddnwe BEWY, ¢.gither
Tesla Model S plaid, the Tesla Cybertruck Cyberbeast and the Lucid Air, and foudrive BEVSs, e.g.
the Zeekr 001 FR.In the future, vehiclesC not necessarily passenger cars but ground vehicles,
heavy-duty vehicles, water vehicles etcC might be equipped with electric powertrains with even
more EMs for their specific purposes.Is there a general way to design their EMS® If so, how? The
questions are ambitious. It might be a good idea to start with the EMS of a two-drive BEV and try
to extend the results to a general multi-drive multi -speed BEV. Specificallythe general multi-drive
powertrain has M EMs and transmissionsparallelly coupled, -  ¢,- N =.

9 Evaluation of computational time will be more technically discussed in Section 2.4.4.

10 ghift duration is a period between the moment when a shift is signalled and the synchronization of transmis-
sion input speed into its new value according to target gears.
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Supposethat an EMS is designed.Under its control, the parts and the components in a power-
train are loadedC some more than others'lC in favour of lower total energy consumption. One
can imagine, thesemore loaded parts, e.g. gears,would reach their service lives earlier than other
same kind of parts, if they would be designed to reachthe same service lifeunder the same loads
Such an outcomelimits the service life of the powertrain, since the reliability and the service life
of a powertrain is dependent on those of its parts and components[36, p. 251] . Though this is
often addressed in design processs[36, p. 279] , it is beneficial to design an EMS considers service
life aspect, dnce it is the EMS that controls a powertrain on a high-level and determines loadsof
its parts to an extent. It is noteworthy that such an attempt isunseenin the literature other than
in the previous work of the author [37] .

1.2 Goals and Contributions

Firstly, a proper mathematical model is to be formulated for a two-drive multi -speedBEVin such
a way that captures its continuous and discrete dynamics,and the shift processes are properly
considered.

Secondly, an online EMSiis to be designed.A proper accurate solution method is to be imple-
mented, whose algorithm operates with lower time complexity compared to its peers. The algo-
rithms of the EMS are to be presented.

Thirdly, the solution of the HOCP and the developed algorithm are studied from a mathematical
point of view with the goal of reducing time complexity .

As far as the author knows, a hybrid system formulation of a two -drive multi -speed powertrain
is missing in the literature. Furthermore, an EMS that considers shift processesand incorporate
proper numerical methods was not reported in the literature . More importantly, reducing the time
complexity of a solution method through mathematical analysis provides great value and can be
transferred to other problems with a similar setting .

The system formulation and the solution of the HOCP shall be able to beextended to accommo-
date multi-drive multi -speed electric powertrains. For this purpose, a general multi-drive multi -
speed electric powertrain is proposedwith t he general hybrid system and the general HOCPThe
solution method and the algorithm for the onl ine EMS are developed in such a way that can be
applied to the general HOCP. As a whole,a unified framework to design an EMS for the general
multi -drive multi -speed BEYV is to be obtainedwhich is unseen in the literature.

Lastly, a multi -criteria operation strategy considering both energy consumption and service life

11 See sectim 8.1 for a more systematic discussion of loads.

1 Introduction 5



of a powertrain is to be developed. Such a concept is only seen irthe previous work of the author
[37] . This thesisaddresses tlis topic in a more systematic way, thanks to the consideration of shift
processes and a more inclusiveservice life model.

1.3 Structure of the Content

This thesis is organized as follows:

In Chapter 2, background knowledge is provided. Hybrid systems are introduced with a simple
example. Formulation of a HOCP is shown, sothatr f ¢ kc _I1 gl e md &gmjtgle
Thereafter, solution methods for HOCFs are reviewed in Section 2.4 regarding their main princi-
ples, which will be supplemented with simple examples. Solution methods are compared agairst
each other w.r.t. relevant properties to online EMS.

EMSs developed in the literature will be reviewed in Chapter 3, where, among other aspects,
the treatment of continuous and discrete variables will be discussed.A proper solution method for
the online EMS is to be identified after the review.

In Chapter 4, a two-drive multi -speed powertrainis modelled as a hybrid system which provides
a specific model for the formulation of the HOCP in this chapter and the EMS in the later chapters.

Based on the mathematical model, an online EMS is developed in Chapteb. The algorithms
including the numerical methods are presented. The optimal control problem is evaluated. The
time complexities of the developed algorithms are analysed.

In Chapter 6, the online EMS is evaluatedfrom two perspectives: 1) individual solution pro-
ces®esand 2) driving cycle simulations.

A general multi-drive multi -speed powertrain is presented in Chapter7. It is showcased, how to
modify several small parts of the general hybrid system to achievedifferent operation complexity.
The general HOCP is presented and analysed. A unified framework to design an EMS is presented.

In Chapter 8, the online EMS is systematically further developed to incorporate the view point
of powertrain service life, whose results are reported.

Conclusion and outlooks are presened in Chapter 9.

1.4 Acronyms and Abbreviations

There are plenty of acronyms and abbreviations in this thesis.To avoid confusion, this subsection
clarifies, how they are categorized and treated in the writing.

§CKpu* 8CKQu* cra, _pc amthgdgfimite pricle arglthgrmplgral forog k g, F
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clb wugrf _|I S§qu, Gl gmkc a_gcqg* rfcw _pc gl bcvectk

A powertraindevc | mncb gl _ npmhcar a_jjcb 8Qnccb2Cp ug
considered an acronymand, therefore, does not takethe definite article.

In Chapter 8, the bearings and gears in Speed4E powertrain ardabelled. For instance, a bearing
ggqg j_"cjjcb 8@ ,/,/p* _Ib gr gq amlggbcpchb _I E
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2 Background Knowledge

This chapter provides thenecessarybackground knowledge about hybrid systemsand HOCPs The
first part of this chapter provides the definition of hybrid systems. The second partformulates
HOCFs. Discretization and integration schemes are discussed in the third part, which are funda-
mental for numerical solutions. The fourth part reviews the mathematical principles that are used
to solve HOCR with abstract but illustrative examples. Their properties are outlined to provide
arguments for selecting one of them to be implemented in this work.

2.1 Hybrid Systems and Regularity Conditions

The first subsection gives the definition of hybrid systemswith a simple example. A hybrid system
must fulfil certain conditions, so that an optimal control for a HOCP regarding the hybrid system
exists. These conditions are called regularity conditions.They are provided with little discussion
in the second subsection. The readers that are interested in the existence and uniqueness of optimal
controls can refer to [38-40].

2.1.1  Hybrid Systems

A hybrid system consists of both continuous and discrete stateslt is formally defined by:
Definition 2.1 Hybrid System[41, p. 14] : a general hybrid system is a 3tuple

oh NWHMARARA Ap8 (2.1)

N denotes a finite set of discrete states. The discrete state of the hybrid system ¥ X represents a
subsystem of the hybrid systemo.Vh Y P s < is a collection of continuous-valued state

spaces, where e is a U,-dimensional continuous-valued state vector, Gr %q a _j j c binaml r g
this thesis. 1 h 1 P a ° is a collection of continuous-valued control spaces for each discrete

state. ¢ is a 0,-dimensional continuous-valued control vector, Gr %q a_jjcb samlrgl
this thesis. For eachn N X, one vector field I gy 19 1V isdefined.  denotes an indexed collec-

tion of them _ h Jav 10 vsAvx.' h & ; snM v XM 1 is a set of statejump

functions. di X | O Xis a discrete transition function. p h i sAN N is a collection of

discrete sets’ P X, in which admissible discrete controls edges” N " are defined.! h
O  sAM v XM A denotes a set of timedependent switching manifolds, which determines

autonomous switching. ris a collection of constraint functions. It includes mixed control -state
constraints, pure state constraints and pure control constraints.
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A hybrid system can be interpreted as a collection ofl, number of subsystems which are in-
dexed by the discrete state and whose dynamics are determined by the respective vector field.
There are a continuous state spacel O *and a continuous control space’ Osa ¢ for each
subsystem In this thesis, the dimension of the continuous state space and that of thecontinuous
control space areassumedconstant. The continuous states and the continuous controls are con-
strained by the constraints from g, which forms an admissible continuous state spacen and an
admissible continuous control spaced . They are discree state dependent, i.e.eN N ando N D |
NN X, if the constraints are discrete state dependent.

The dynamics of the hybrid system are switched among the subsystemsn the time interval
oM , where® and 6 denote the initial and final times . In this thesis, they are considered fixed
and finite. There are in total T 0 Hbnumber of switching happened in the time interval,
which form a discrete controffunction” 2 " H BH BH . The time instances that the
switching happen form a strictly increasing sequenced oMM N o . Based
on the discrete control, the discrete state, and the continuous states &a time instance, the discrete
transition function  determines the coming discrete state

fo e Mo i h 2.2)

where the minus and the plus signs in the superscripts of the time instances refer to the right before
and right after the time instances. Four types of switching can happen: autonomous switching
autonomous jumps controlled switching and controlled jumps[42] .

? rp_1I| qggr g mbwitdiggu | g # ¢ bjiinm fufction © c ; does not exist or it pro-

duces a zero when the transitionin (2.2) happens  Mr f c pjumpghappens, which causes the
continuous statesto exhibit discontinuity at the time instance of the transition . 8Autonomoustin-
dicatesthat the discrete stateat 0 changes in a predefined waythat is determined by the transition
function , when the continuous states meet a switching manifold0 . Itis called internally

forced switching in [43] . &ontrolledy, on the other hand, indicates that the discrete control is
consciously chosen It is called externally forced switching in [43] . From the point of view from
control, autonomous switching and jumps are completely described by thetransition function
whereas controlled switching and jumps need the discrete control” to initiate th e transition.

Most of the real systems operate with physical constraints on the continuous controls and the
continuous states. The setrin o by Definition 2.1 may possess different types of constraints:

Definition 2.2 Mixed constraints, State constraints, and Control constraint’he mixed constraints
depend on both e and ¢ at the same time,
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where "Ondexes the constraints andd is the total number of the constraints. For compactness,
(2.3) is rewritten as

+ eofomo hedonvyhavXh 1oy o h (2.4

whered=  ¢i NO s produces ad -dimensional vector and s a & -dimensional zero vector.

Rfc gl cows _dogrot 8§ s_rch cjckclrugqec,

State constraints The state constraintsdepend on e, i.e.,

L
s

e0Mo heonNYhav Nh 1o ofd 8 (2.5)
Control constraints The control constraintsdepend on 9, i.e.,
&+ oomoe m ooNTh AN KA O oD 8 (2.6)

3

Under the constraints from the set , @ and ¢ of the systemo by Definition 2.1 are restricted in
certain spaces, which are calledadmissible state setand admissible control sets

Definition 2.3 Admissible State Sets and Admissible Control Setse admissible state sets that de-
pend on the constraints given by(2.4) and (2.5) are defined by

noomo h eonvsk eofomo R eomo  h. (27)
The admissible control setsdepending on the constraints (2.4) and (2.6) are defined by

beoMo h oontslhk eof oMo R oomo K. (28

In this thesis, Zeno-behaviours, i.e. infinite switching in finite time, are excluded.

It is necessary to elaborate how a hybrid system evolves, so that thelefinition above is under-
standable. Imagine a dimensionless small ball released at the height of 'Q and it bounces at the
floor, as shown in Figure 2.1. The continuous states of the ball are its height and the velocity e
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"(HQ . To have the modelling process simplified, the contact between theball and the floor is
considered instant, at which a constant proportion p ¢ of the kinetic energy is lost.

Fall Bounce back
7O
|
o L
@,

Figure 2.1: A bouncing ball

The bouncing ball can be modelled as a hybrid system withk i ¢ & Ad' T &1 AA , APAAAE ¢
a , 1 h n.The vector fields of both discrete states are determined by the gravity acceleration "Q
0 .
0 h (2.9)

Q

o Biciaxr AAAGS (2.10)

The discrete control” 6 & i O1ABABBig€chosen whenthebggapcrc qr _rc ggq
manifold 0 "Q mis hit. The discrete transition function determines the system toswitch to
O 1 OTABRAA E

no oMo H o O i OTABAE (2.12)

where 0 denotes the time point, when a switch takes place.At the instant of the transition from

8§D _jju r m Staswmtbjany fuhctiom io Y1 determines the continuous states at the right
side of the time point based onthe energylossaf _p_arcpgxcb ~w 8amcddgagc
. o o m .
*0 0 o Ai AxxefA%R1 o (2.12)

The transition is categorized as an autonomous jump.

Likewise, the discrete control” 0 @ Adiisichosen, whenr f ¢ bggapcrc qr_rc g
and the manifold © "Q Tis hit. The discrete transition function  determines the system to

2 Background Knowledge 11



switch to @& A3l |
Ho Mo H o @& Adh | (2.13)

where 0 is used to differ from 0. The statejump function 60 is an identity matrix of size 2. The

transition is categorized as an autonomous switching.

The continuous states can be constrainedy the discrete-state-dependent linear inequalities as

n h es PrTl TR
) TP T (2.14)
n h es P T o T
T p T
which form the collection Fh N M . The rest of the collections in Definition 2.1 are
i A R . ph TR & AR T OTARAKE h

& AR T OTABABR Bnd® h O M . Though identical, the discrete sets'  and !

are explicitly defined for clarity. The hybrid system can beillustrated as a hybrid automaton, as
shown in Figure 2.2, in which the autonomous transitions, either switching or jumps, are marked
with red arrowed curves Controlled transitions, either switching or jumps, are marked with blue
arrowed curves in the hybrid automata in this work.

Mrg

Bounce back

fBonnccback

Apr

Figure 2.2: Hybrid automat on of a bouncing ball

Since the vector fields of both discrete states are identical and the statgump function 6 is an
identity matrix, the hybrid system can bereduced to a systemof one discrete statewith modifica-
tion of the above defined hybrid system with two discrete states.

What is of particular interest for this work are hybrid systems that exhibit no statejump at
switching. Such systemscan be obtained from Definition 2.1 by setting the set of statejump func-
tion ' in Definition 2.1 empty. The definition of a hybrid system without state -jump is obtained
as follows:

12 2 Background Knowledge



Definition 2.4 Hybrid Systemwithout State-Jump: a hybrid system without state -jump consists of
an 8-tuple

o h xMMHHARR Re. (2.15)

2.1.2 Regularity Conditions

A prerequisite for the existence of an optimal control is the uniqueness of the trajectories of hybrid
systems i.e. the trajectory pair e Of O , seeDefinition 2.5 and Definition 2.7, is unique on the
time interval o Fo for every choice of the initial continuous and discrete states @ 0 ] 0 as
well as every admissible continuous and discrete control functions ¢ Of' O . This subsection

firstly lays out the relevant concepts and secondly provide the assumptionsbasedon which the
uniqueness holds.

Definition 2.5 Continuous statetrajectory: The continuous statese on the time interval o o
forms a Continuous statetrajectory e O, which can be considereda function from o to V. Itis
also called asolution in other literatures. The continuous statesare bounded by the contraints from
the set f, which forms an admissible function spacen ¢ OM O for the continuous state trajec-
tory e O.

3

Definition 2.6 Continuouscontrol function: The continuous controls ¢ on the time interval 6 o
forms a continuous control function ¢ O, which can be considereda function from 6 fd to 1. The
continuous controls are bounded by the contraints from the set g, which forms an admissible func-
tion space® e Of O for the continuous control function ¢ 2.

3

Definition 2.7 Discrete controlfunction and discrete state trajectory A hybrid time trajectory is a

strictly increasing sequenced oMM MMM  with oy 6 ando o, where 1
0 Hb denotes the amount of switching in the time interval. T he discrete control " on the time
interval o f> forms discrete controlfunctions” O " H MBH BH with piecewise

functions” d,0f  © X. The discrete staterj on the time interval 6 o forms a discrete control
trajectoryn O nMmMMBMMBM with piecewise functionsf d,6fd © X. The discrete
control is bounded by the discrete sett depending onrj, which imposes an admissible function
space' , on the discrete control function " 2. The admissible function space of the discrete state
trajectory 1 DisN .
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3

The assumptions of the hybrid systemo to ensure the uniqueness are listed as following which
are considered to hold in the rest of the work.

Assumption 2.1: All continuous control spaces 1 are compad sets, i.e. they are closed and

bounded2. The continuous control function ¢ 3d,60 I © 1 is measurable'3,

Assumption 2.2: All vector fields l dy 19 1 are at least once continuously differentiable w.r.t.

the continuous statese and the continuous control ¢. They fulfil a uniform Lipschitzcondition®4.

Assumption 2.3: For fixed time ¢, switching manifolds do not interest,i.e. 0 y 6, 0 y o 1
with 5 A for QAN X.

2.2 Formulation of Hybrid Optimal Control Problems

Rfc q_wgle 8?2 npm jck ucjj nsr ggq _ npm jck
importance of problem formulation. Three elements are required to formulate an OCPas well as
a HOCP: 1) a mathematical description of the system to be controlled, 2) a set of constraints of

the system, 3) a measure to evaluate the performance.

A hybrid systemo is formulated in the previous subsectionto provide the mathematical descrip-
tion. At the same time, the collection fprovides the constraints for the HOCP.In what follows,
performance measures and boundary conditions are discussed.The HOCPs are formuated.

2.2.1 Performance Measures for Hybrid Optimal Control Problems

The performance measure is selected by théwybrid optimal control designer based on the goal to
be reached, e.g. to move an object to a given position with least time. In the case 0EMSs, the goal
is often to have the least energy consumedwhile following a given speed profileC the continuous
statesare normally related to it C over a given time interval . With the dependency on the time in
mind, the performance of a hybrid systemo can be measured in the form

12 o nonempty set £is said to be bounded, if it fulfils The Completeness Axiofd4, p. 9] The definition of Closed
Set can be found iff44, pp. 1617]

13 Let & and & be two measurable sets equipped with respective, -algebrat andt . A function "@d O & is said
to be measurable, ifforall'ON + ,"Q 'O h @™ O QO N O N+ .

14 The function "Gis said to be Lipschitz continuous on a set£ if thereisa 0 mfor which £Q® QoA 00
mo  oxfor all whoN 'O[44, p. 25).

14 2 Background Knowledge
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(2.16)

where 0 and & are the initial and final time. &, dand & are scalar functions which are called

endpoint function instantaneouscostand switching costrespectively. The endpoint function assigns
a real value to the continuous states at the final time. The instantaneous costis a function that

assigns a real alue to a point e 6 0 0 M 0 i © . The switching cost is a function that assigns
areal valuetoapoint e 6 iy 6 i 6 ,where ¢ is the time instance of a switching, indicating

the cost caused by an autonomous or controlled switch In [45] , the endpoint function is also called

as anendpoint functional or Mayer functional The integral of the instantaneous cost is called an
integral functional. A functional consisting of both functionals is called a Bolza functional

It is necessary to review briefly the definition of a function , so that the concept of functionals is
easier to be undersbod.

Definition 2.8 function [46] : Let ™ and ™Y, be two sets.A function "Qfrom ™Y to "X, i.e. ‘@Y O "X,
is arelation between them that foreach i N ™, there is one and only one associated N "X. The
set"y is called the domain of the function, which is written as "Hi . The set™t is called its
range

3

A scalar function assigns a real number toeach point or vector in its domain. The definition of
a functional parallels that of a function.

Definition 2.9 functional [16] : Let & be a class of functions and"Ybe a set of real number. A func-
tional 0from &to "Yis a relation between them that for each function "' &, there is one and only
one associatedi N "Y The class&is called the domain of the function al. The set"Yis called itsrange

3
Loosely speaking, onemaya ml gqgbcp _ sdataifumctionofl__ jd s | a& gml p,

With the idea in mind, that a functional measures function, the arguments of 0in (2.16) are
complemented with the Boundary conditionsand the functions defined in Definition 2.7 as
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which says that the Bolza functional 0 assigns a performance measure to thejuadruple consisting
of the initial continuous states, the initial discrete state, the continuous control function, and the
discrete control function. Often, the initial discrete state and the continuous states are omitted in
the argument of the functional and supplied in boundary conditions.

In the rest of the work, a functional measuring the performance is called a cost functional re-
gardless of its composition and type.

2.2.2 Boundary Conditions

Boundary conditions define initial and / or final values of the desired trajectories. For a system of
ordinary differential equations, it is usually necessary to predefine one boundary condition per
differential equation. For a HOCP, up to 26, number of boundary conditions can be predefined,
due to the necessary coulitions provided by the Hybrid Minimum Principle described later. Bound-
ary conditions can be defined as

Definition 2.10 Boundary Conditions The boundary conditions| O imposest equality con-
straints on the initial continuous states e 0 , while the boundary conditions [ O imposes

0 equality constraints on the final continuous statese 0 as

[ ed R (2.19)

[ ed 8 (2.19)

[ e Mo R (2.20)

if both the initial and the final continuous states are constrained by equality constraints.

In the context of the EMS problem, the boundary conditions are most often linear and can be
stated as
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ed eh (2.21)

e o8 (2.22)

2.2.3 Problem Formulation

For a hybrid optimal control problem, the goal is to find the continuous control function ¢ O~
5 e O O and the discrete control function j O~ ¥, such that 1) all constraints from the set
F are met; 2) the boundary conditions are satisfied; 3) the cost functional is minimized.

The optimal control problem for a hybrid system can be stated as follows:
Definition 2.11 Hybrid Optimal Control Problem[41, p. 14] : Given a hybrid systemo by Definition
2.1, an optimal control problem stated with a cost functional (2.17) as
0oF O * O [ ET  a e0
0Ny OhN 4

deof oMol o Qo

(2.23)
a eOMO R o
subject to o0 | eomo hov ol (2.24)
no oMo i 6 hovod (2.25
® 0 e 0 0 P e 0 (2.26)
e (2.27)
o e (2.28)
R ONNWONN RO8 (2:29)
3

For hybrid systems without state-jumps, the HOCP is stated as follows:

Definition 2.12 Hybrid Optimal Control Problem without StateJumps: Given a hybrid systemo
by Definition 2.4, an optimal control problem stated with a cost functional (2.17) as
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0oO* O D i EHT 4 o0 de 0> oMol o Qo (2.30)

subject to
o0 | eo o hovom (2.31)
o Mo i o honvd (2:32)
e 0 . (2.33)
® 0 ° (2.34)
nON XK OYN RO8 (2.35)

The switching cost functions are omitted, due to the absence of statgumps. The cost caused by
switching is considered in the integral functional.
3
This work focuses onthe solution and the applications related to HOCPswithout state -jumps,

since it is the class of HOCB relevant to the hybrid system in this work.

For the hybrid optimal control problem with state -jumps, more regularity conditions need to be
considered to ensure the existence and uniqueness of the dation [47] .

2.3 Discretization and Integration Schemes

If the ordinary differential equations(ODE) (2.31) describing the system dynamics cannot be
solved analytically, the initial value problems(IVP) has to be formed on discrete-time and its nu-
merical solution is fundamental to the solution of H OCP.

The time din the time interval 6 f can be discretizedinto & steps, as

6 o 000 h Q mipkkf8 A K (2.36)
Q mh

M o o hQ o

(2.37)
(2.38)

<

&
>

where Qis the time index and 'Q is the steplength. The squared bracketsstress that the integer
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in-between indexesa point on a discretization grid, may it be time or continuous states. As a re-
sult, a discretization grid :

o b B (2.39)

is obtained. A discretization scheme approximates the exact solutione 0 e on the dis-
cretization grid. For the ODE(2.31) with given initial condition e , the simplest discretization

scheme, namely Euler method, approximatesthe exact solution e 0 by
. . 2.40
Lo . B oo Qb (240
. e 0O J e hQ mpRMH ph (2.42)
. e0 8 (2.42)

Runge-Kutta (RK) methods [48] are often used to approximate the integral in (2.40). RK meth-
ods with different orders are widely discussedin the context of optimal control problems [49-
51]. One property that attracts the attention is the adjoint consistency of RK methods[52] : RK

methods provide a discretization grid whose discrete adjoint!® is a consistent approximation of
the infinite 16 dimensional adjoint function . Based on this advantage, RK methodsire applied as

integration scheme in this work. The fourth order RK integration scheme (RK4) [53, pp. 15-37]
follows the following steps:

. . Q Jge M B AQ A Q mpkfB R ph
° % o)} ci cl T h (2.43)
i | e R R (2.44)
N m'c—m i (2.45)
N rﬂc—m : (248)
i B s wm K (247

15 An efficient numerical way to compute the gradient for optimal control.

16 A continuous time interval leads to an infinite dimensional vector of time.
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where fjg denotes an operator that uses RK method to approximate the integral of functionlin
(2.40). k denotes the estimation of the function lin the interior of the time interval 6 f . Fig-
ure 2.3 illustrates an example of using RK4 method to estimate & for a one-dimensional
(1-D) dynamic system kj-k4 are sequentially calculated. o from (2.43) for this example is
1.9754, whose relative error is 6.90 x 10°, compared to the analytical result.

x(t)

1
i
=

Figure 2.3: RK4 integration scheme performed on a 1-D system, whose dynamic is
8 e 8 .Analticalsolutionis e « g® < 8 with p ,<4 and] 8.

2.4 State of the Art Solution Methods

After the hybrid systems defined with necessary prereuisites in Section 2.1 and the HOCP stated
in Section 2.2, this section gives an overview of the solution methods, followed by a general com-
parison of their properties. The methods are categorized in three main types: dynamic program-
ming (DP), direct methods (DM), and indirect methods (IM) . They are discussed with a focus on
the hybrid systemo by Definition 2.4.

2.4.1  Dynamic Programming

The DP was formulated for continuous nonlinear systems by Bellman!’ in 1960s based on Bell-
k _1 %9 mnr gk _j gr w n pAg opangainpplicy*hasuhie graperty that whaewer the

initial state and initial decision are, the remaining decisions must constitute an optimal policy with

regard to the state resulting from the first decisionu[54, pp. 81-86]. It is extended to HOCPswith

autonomous and controlled switching in [56] . Optimal control law for hybrid systems with con-

trolled switching is approximated based on DP in [57] and [58] .

17 Original work of Bellman see[54] . There are excellent textbooks on DP, for instance, Bertsekafs5] and Kirk
[16].
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The dscreteDP, i.e.the BN ugrf _ qwqrck mncp_rgle ml bgqgapc!

in the literature, since it is the natural implementation on a digital computer [16, p. 86] . Its core
is called Bellman equation whose variation for hybrid systems can be stated as following recur-
rence relation

w . m . I:)Eﬁlni s (98,% ) 19 m H (2.48)
© e M h
. . Chge M R HOAK (2.49)
noon " h (2.50)
where @ o m denotes the value function of the hybrid state e m at time 0

A value function is the smallest possible value of the performance measure of the subproblem that
initiate with e m starting with time 0 . If the performance measure represents a cost
that is to be minimized, which is true for this work, a value function is also referred as costto-go
function [59] . Once the value function at each time point is determined, the corresponding con-
trols represent the optimal control.

In order to have (2.48)-(2.50) solved, the continuous states are discretized on the discretization
grid :,°. Together with the discrete state and the discretized time, a discretization grid
1" N : isgenerated. At the same time, the continuous controls are discretized, and together
with the admissible discrete control set, a discretization grid : ,°  is geneated. Figure 2.4
illustrates a discretization grid of a hybrid system, on which the value function is calculated based
on the Bellman equation. At each time point, the 1-D continuous states and the discrete state form
adiscretization grid : X, Xh 1 M M /M , on which the hybrid state is a pair @ i 18 with
“Qndexing the points on : and Tndexing the elements out of X. In conjuncture with the discreti-
zation of time, apair @ ; M indicates any point on the discretization grid of the hybrid sys-
tem. To have the value function (2.48) of the hybrid state & M attime 6 determined, the
state transitions, i.e. (2.49) and (2.50), from "Q p to "Q are calculated based on the discretiza-
tion grid of controls : ,° 1 (notshown in the figure), which are marked as red and blue arrows.
At the same time, the cost function dof each state transition is calculated by inserting the hybrid
state and the controls intoe ; R s My H 5 inwhich & and ¢ index the dis-
cretization grid of controls. The value functions on the discretization grid : X at time "Q are
already known from last step of recursion. The Bellman equation to determine the value function

18 1 does not contain square brackets, sincélndexes the element out of X.
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attime Q p is completed.

In Figure 2.4, the continuous states attime "Q calculated by (2.49) are marked as crosses, which
are not necessarily at the discretization grid: X at time Q. The value function of them is ap-
proximated with nearestneighbouror interpolation of the value function on the discretization grid

N at time "Q. The accuracy of the approximation, naturally, is dependent on the fineness of
the discretization. The calculated continuous states can fall out d the admissible continuous state
spacen. A penalty is in practice assigned to(2.48), which requires delicate attention to ensure
accuracy, if the value function has big gradient at the boundary of the admissible spacg59] .

Figure 2.4: An example of discrete Bellman equation on a discretization gri d3, ~ 21 A
transition to discrete state A or A is not admissible, which is defined by the admissible dis-
crete control set p , .

TheContinuousDP, i.e.the DP with a system operating on continuous time, transfers the original
optimal control problem to a nonlinear partial differential equation system [16, p. 86] . Since it is
less relevant to most modern applications on digital computers, the discussion of it is omitted. See
[16, pp. 86-100] for more information.

2.4.2 Indirect Methods

Indirect methods root in Calculus of Variations which traces back toH mf _ | | @cpl msj

his challenge to his peers of the Brachystochrone Problent® at the end of 17" century (see [61]

19 70 find a curve lying on the plane between a point A and a lower point B that is not directly below A in such
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for a survey d the historical perspectivesof optimal control ). In 1950s, though considered a minor
addition to calculus of variations and not highly regarded at the time, the Pontryagin Minimum
Principle? was developed inthe Soviet Union [62, pp. 9-69]. Conventional wisdom holds it to be
the birth of optimal control, since it is the first that addresses constrained states and controls,
which are major concerns of control problems. Instead of minimizing a functional that integrates
cost function over time, a continuous OCPis solved by finding the continuous control function and
the continuous state trajectory that satisfy the optimality conditions. The optimality conditions

lead to a Two-Point or Multi -Point Boundary Value Problem(TPBVP or MPBVP3L, which includes
differential equations of continuous states and costate$?, algebraic equations of continuous con-

trol' s, boundary conditions of continuous states, transversality conditior?® and time..

Remark costates are introduced for mathematical purpose, which have no physical meanind16,
pp. 161-166]. In a continuous OCP, a functional ofG, U, functions, i.e. ¢ JDand e J, is to be
minimized. However, only ¢ O is independent. Costates are necessary to provide further optimal-
ity conditions for indirect methods , so that Boundary Value Problems are solvable They can be
interpreted as Lagrange multiplier that are introduced in optimization problems to include con-
straints into cost function [63, pp. 215-232]. When the OCP is solved, the corresponding costates
have strong correlation with the gradient of the value function in continuous DP [62, pp. 69-75].

The Minimum Principle for hybrid caseswere derived by Sussmanrfor a general class of systems
[20] . HOCP of Hybrid systems that share similar definition with Definition 2.1 were studied in
[64, 65] . For hybrid systems with strictly continuous states that are similar to hybrid systemso
defined by Definition 2.4, Shaikh [66] and Xu [67] have derived optimality conditions and con-
ceptual algorithms. It was shown in [68] that Hybrid Minimum Principle is an extension of
Pontryagin Minimum Principle . More detailed review on HMP can be found in [69, pp. 159-163].

The Theorem of the Hybrid Minimum Principle (HMP) [68] : consider a hybrid systemo by
Definition 2.4 and define the family of indexed Hamiltonians for HOCP(2.30)

a way that a bead slides from A to B under gravity without friction within shortest time [60] . Giants such

_q Lcurml* Jcg lgx* j%Fmngr _j _Ilb H_im @cplmsjjg n_rg
ey Nml rpw_egl %qgq mpgegl _j umpi * rfc rfecmpck u_q qr_rch
Minimum Principle, since to minimize a function or functional is merely to maximize a function or functional
that is formed by putting a negative sign in front of the one that is to be minimized.

21 10 solve (mostly) first order differential equations with boundary conditions specified at two or more distinct
points.

22 costates are also called adjoint statesn some literature [41, p. 32] .

23 Transversality condition is the boudnary condition of states and costates.
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= ely a e ¢ J e, (2.52)

wheref N a ¢ areindexed costates and T denotes transpose operation. The solution ttlOCP
(2.30) satisfies following conditions:

The continuous state trajectory corresponding the optimal control ®* O and the costatesf® O
follow

o 0 o O of )
Y ¥ (2.52)
B: “oroh
o TTz. o 0RO o h (2.53)
foron ofd AQ mipfB A3 with the boundary conditions ¢ 6 e ande” 6 e .
The Hamiltonian minimum condition ,
RN ) AOCI EI el h
SAR A " (2554)
holds for o8 o AQ mip8 A)
At the final time ¢, the transversality condition,
)4 0 na o0 h (2.55)
holds.
At the time 0, the discrete state switches. The following conditions are satisfied
)4 0 )4 o h (2.56)
. e0 O o = eo ol o 8 (257
3
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(b)
Figure 2.5: An example of a solution with HMP to a HOCP with a 1 -D continuous state. (a)
shows continuous state trajectory. (b) shows costate trajectory.

Figure 2.5 shows an example of1-D continuous state and costate trajectories of a solution de-
termined by HMP on a discretized time grid : with 0 steps.1-D continuous control is not shown
in the figure. Unlike discretize DP, continuous states and continuous controls are not discretized.
The time derivatives wand _ at any time point are determined by differential equations (2.52) and
(2.53), in which " * and 6" are obtained by minimizing the Hamiltonian = at the time point
(2.54). By doing so, both trajectories evolve from 6 to 0 .Aslongas” ° isnot zero, ij switches
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to a new value determined by " * , as the system changes fromj (red curve) tof; (blue curve)
andr ton (green curve) at different time points in Figure 2.5. (2.52) and (2.53) are indexed,
which says that the dynamics of the system depend om. State-jumps happen, when 1} switches
from 13 to n} , which exemplifies the situation that state-jump function s defined in a hybrid system
are not empty. As long as a solution is obtained, the boundary conditions ofwato andd are

fulfiled and_ato  finds the transversality condition2* defined by (2.55). Importantly, _ is un-

known. Therefore, to obtain a solution with HMP is to solve a TPBVP off O and e O, whose time
derivatives follow (2.52) and (2.53) with boundary conditions of

e 0 ° e h (2.58)
.6 . oh (2.59)
7o a «0 1a. (2.60)

Te Te

The Shooting methodis often applied to solve a BVP[69, p. 218] . In principle, it proposesitera-
tively initial value s, starting with which the time derivatives are integrated from the i nitial time
point to the final time point, until the value at the final time point converges to the terminal con-
dition. Formally, a guessy is proposed to form the initial value of the extended state vector« h

ol e
* - (2.61)
in such a way that the nonlinear equations?>,
«0 Td o0 h (2.62)
Te
are solved. Figure 2.6 schematically exemplifies the shooting method which acquires different

@O and_ o0 with different _. After four iterations modifying _, (2.62) is solved. To have the
illustration easy to comprehend, discrete stateremains constantand is omitted in Figure 2.6. In

24 should a cost functional not include an endpoint function &, _ would have to end with 0.

250 in the equation is a ¢0,-dimensional zero vector.
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most cases, sequence of discrete state changes at different iterations, which furthecomplicates
the process to solve(2.62), as the function of time derivatives (2.52) and (2.53) changes,due to
the change ofdiscrete state.

7

= 1st iteration 3rd iteration
------ 2nd iteration == - 4th iteration

f(] ff
(b)
Figure 2.6: Schematic of shooting method to solve a TPBVP transformed from a HOCPof 1-D

continuous state by HMP. (a) continuous state trajectories in different iterations. (b) costate
trajectories in different iterations.

In HMP, the minimization (2.54) is often not solved analytically. A numerical minimization of
the instantaneous Hamiltonian is necessary to determine®® with appropriate methods, e.g. Se-
quential Quadratic Programming (SQP)28, after which " * can be determined [69, p. 229] . The
numerical minimization is non -trivial for the solution of the HOCP, since 1) their precisions are

strongly connectec?’, and 2) their computational complexities are strongly connected?®. However,

26 SQP is a class of algorithms for solving nonlinear programming (NLP) problems by iteratively solving a se-
quence of optimization subproblems. Seg[70, pp. 529-562] for more information of it.
271 = has multiple local minim a, the minimization can be hard to converge.
28 [69, p. 229] suggests evaluating= on a grid and using the smallest value to initiate SQP, so that the precision
of the minimization can be improved. This, on the other hand, increases the computational complexity.
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the minimization is rarely investigated, either in theoretical studiesC which is understandable,
since they focus onoptimal control but not optimization ¢ or in application studies.

Roots of (2.62) can be particularly difficult to find , since costates offer generally no physical
interpretation, which makes even the order of magnitude of f hard to be approximated. For the
most simple cases where 1-D state or 1-D costate can be removed from(2.62), regula falsimeth-
ods, e.g. bisection scentand Pegasug71] , are recommendedfor the resulting 1-D TPBVP[69, p.
230]. For (2.62) with higher dimension, Newton typemethods are classical methods to consider
[69, p. 219] . QuasiNewton methods avoid computations of Jacobian and Hessian, which makes it
generally operates with higher efficiency than Newton type methods for root finding problems [72,
pp. 49-56]. Similar to the minimization of instantaneous Hamiltonian few works mentioned the
method applied to find the root of (2.62): Passenbergapplied Newton method in [41, 72; 79] ;
Boehme applied regula falsi methodsin [73] . Furthermore, the initialization of ¥ is non-trivial but
lacks investigation. Passenberg proposed two initialization concepts: 1) use the results of Direct
Method to generatef [41, pp. 80-81]; 2) use the results ofMin-H method, a gradient method that
finds local minima, to generate f in [41, pp. 87-110] and [74] . Both concepts have HOCP solved
with optimization methods to ensure the solution of (2.62). A simpler initialization method is
necessary, ifthe efficiency of the solution with HMP is desired, especially for an online EMS

2.4.3 Direct Methods

With direct methods, the HOCP is treated asa Mixed-Integer Nonlinear Programming (MINLP)2°
problem, which optimizes the cost functional directly, as the name of the methods indicate. The
continuous parts in the original HOCP, i.e. time, continuous controls and continuous states®, are

discretized. The problem is transformed to afinite -dimensional MINLP.

Figure 2.7 exemplifies the discretization through single direct shooting3! of a hybrid system
defined by Definition 2.4 with 1-D continuous state and 1-D continuous control on the time grid
. Itis assumed that the discrete control directly changes discrete state, as

no " 08 (2.63)

29 tis obviously a Mixed-Integer Linear Programming, if its prerequisites are fulfilled. However, what concerns
this work is nonlinear cost function. Only MINLP is discussed.

30 ¢ shooting methods are used, only continuous controls are discretized. If collocation is used, both continuous
states and continuous controls are discretized75, pp. 123-134].

31 See[18, pp. 36-41] for general formulation of direct methods: single direct shooting, multiple direct shooting
and collocation. Details regarding constraints are omitted in this example to simplify the formulation, so
that a stronger intuitive idea of direct methods can be achieved.
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By doing so, discrete control is omitted in the optimization.

T T T T T T T T T T

= 1-D continuous state
= Discrete state

o fny tp tiw,)

@

=+

| = Piecewise constant control

to) fll' f> T T | tiw,)
(b)
Figure 2.7: Schematic of direct shooting method to a HOCPwith 1 -D continuous state to MIP.
(a) 1-D continuous state and discrete state. (b) Piecewise control out of discretized continuous
control grid 1,.

The continuous control spaceis discretized to form the grid : , and the continuous control func-
tion 6 Jis approximated with piecewise constant controlé O, whose value isselected out of:
ie.,

66 : n hovoem hQmMBH ph (2.64)

nov: hon plgf . A (2.65)

where R} indexes thepointon : , and 0. denotes the amount of elementin: . The vector0 h

n oM Bm encodesd O. The vectordh @ o B o represents the continuous

state on: , in which each value is obtained through numerical integration, e.g. RK4 in subsection
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2.3. Avector of integer represents discrete stated 11 1 B M . The HOCP(2.30) is trans-

formed to the following problem?32

I'ﬁEﬁ D A (2.66)
subject to NoTA h (2.67)
WO 8 (2.69)

The objective function B &M is calculated based on the vectors on the discretization grid and
represents thecost functional (2.17). The equality and inequality constraints "O0 and "O O are the
transformations of the constraints in the original HOCP (2.31)-(2.35).

To have the MINLP problem (2.66)-(2.68) solved, it often involves fixing the sequencel and
solving the remaining problem, which has an obvious drawback, as the sequence is typically un-
known in advance. A naive approach is to enumerate all possible combination of0 [78, pp. 31-
60]. To reduce the enumeration domain, tree search methods such as Branchnd-Bound [79] are
applied. See[80] for more advanced methods for same purposés. See[18, pp. 86-124] for appli-
cations of MINLP in HOCP.

In practice, one searches for avaible and proper solvers and formulates a MINLP based on the
HOCP and the requirements ofthe solver. See[76] for areview of solvers for convex MINLP.

2.4.4 Comparison among Dynamic Programming, Indirect Method and
Direct Method

The advantages and disadvantages of DP, IM and DNor HOCP are discussed.The comparisonis
conducted regarding four questions: 1) How long does it take to find the solution? 2) What is the
property of the solution in theory and how accurate is the solution in practice? 3) How much
mathematical knowledge is required? 4) How difficult is the co nvergence and the initialization ?
The following outlines the answers to these questions based or{4 1, pp. 26-30] and [18, pp. 23-
50] . Please be aware that this subsection ienly a generalized comparison which might not reflect
all properties of a specific method.

32 Formulation of the MINLP transformed from a HOCP is not unified in the literature [18, pp. 85-107, 69, pp.
250-257, 76, 77]. The formulation (2.66)-(2.68) is not necessarily most suitable for problem solving but for
conveying a clearer idea of direct methods.

33 The methods in [80] work on small discretization grids.
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1 Time complexity3*

The time complexity is the total amount of stepstaken by an algorithm to execute, as a func-

tion of the length of input data [81, pp. 31-67]. As shown in (2.48), the time complexity of

DP increases only linearly with the length of time horizon, i.e. 0 in (2.39), and linearly with

the number of discrete states with autonomous and controlled switchings 0y, i.e. the size of

the discrete setN in Definition 2.1 and Definition 2.4. The complexity is not directly corre-

lated to the number of switching 6 in the time horizon (see Section2.1.1). To have higher
accuracy achieved, continuous state space and continuous control space can be discretized

finer, which results in larger 6., and §. . DP has a polynomial complexity in0. and 0. .
Famously, DP has an exponential complexity in the dimension of continuous state and con-

tinuous control, i.e. 6,and0,* uf gaf gg a_jjcb 8aspgc md bgkec

In contrast, DM has atime complexity growing exponentially with § for controlled switch-
ing, since every discrete state ata time point has to be evaluated An exception is the algo-
rithm for binary control problem with convexification in  [18, pp. 67-84], which has a poly-
nomial complexity. The complexity of DM increasesin the form of polynomial s with 0,,. DM
has a combinatorial complexity in the number of autonomous switchings in the time horizon,
while its complexity is not directly correlated to the number of controlled switchings. With
increasing accuracy, the time complexity growswith 0., and 0., with low polynomial order .
It only grows with 0, and U, in the form of polynomial s.

A longer time horizon increases the time complexity of IM in the form of moderate polyno-
mials. The complexity grows linearly with the number of discrete states with controlled
switchings but is not directly correlated to the number of controlled switchings . It grows in
the form of polynomial s with the number of discrete states with autonomous switchings
while IM has a combinatorial complexity in the number of autonomous switchings. The time
complexity grows with G, and 0, in the form of polynomials .

In summary, IM has the lowest time complexity among the three.
1  Optimality property in theory and accuracyin practice

A solution found by DP is global optimal, since the Bellman%q mnr gk _j gr w I b
Jacobian Bellman equation provide sufficient optimality conditions, which is a major strength
of DP. The accuracy of the solution of DP is strongly dependent on the fineness of the grid.
Due to sampling, its accurag is relatively low compared to DM and IM, in the case of small

34 The worst case d time complexity is discussed, i.e. bigO notation [81, pp. 31- 67] Linear complexity implies
that time complexity increases linearly with the variable &, if OEitA . Polynomlal complexity:
OEig¢A ¢ .Exponential complexity OE i¢A ¢ . Combinatorial complexity: O E iEA  GEA
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6., and 0. [21] . Additionally, the time complexity of DP grows rather fast, when higher
accuracy is desired.

A solution found by DMs is local optimal. DM often provides solution with acceptable accu-
racy.

A solution found by IMsis local optimal. A major advantage of IMsis its high accuracy. It was
reported in [21] that an EMS with IMs achieved same, if not lower, energy consumption
compared to an EMS with DP, even whenits continuous state space and continuows control
space are fine discretized.

1  Convergence and nitialization

DP algorithms are globally convergent on the discretization grid with an easy initialization
with zeros.

DMs have larger convergent domains, compared to IMs. Their initialization is also easier than
IMs.

IMs have the smallest convergent domairs. Due to the non-intuitiveness of costates[16, pp.
161-166], the initialization of IM sis difficult. Difficulty of convergence and initialization is a
major drawback of IMs.

1 Required mathematical knowledge
Applying DP requires a lot of mathematical knowledge of optimal control theory.

It is a major advantage of DMs that their applications require the least mathematical
knowledge, since ther applicatiosn mostly focus on finding an appropriate solver and direct
transcription, i.e. to transform a HOCP to a MINLP, asit is exemplified in Section2.4.3.

Applying IMs requires expertise knowledge in optimal control theory and also numerical
methods to develop algorithms that find the solution stably. This is a disadvantage of IVs.

2.5 Summary

In this chapter, hybrid systemsand HOCPsare introduced. The solution methods for HOCPs,
namely DP, IM and DM, are reviewed Their applications to HOCPs without state-jumps are dis-
cussedat length with the goal of helping the reader to develop an idea of the process of their
solutions in practice. The solution methods are compared among one another regarding four as-
pects that are relevant to an online EMS: 1) time complexity, 2) accuracy, 3) convergence and
initialization and 4) required mathematical knowledge. Basedon their properties and the review
of EMS in the next chapter, a solution method will be chosen for the online EMS.
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3 State of the Art

As mentioned in Section 1.1, an EMS provides the setpoints for the controllers of the power
sources® and the transmission(s) in an electric vehicle in such a way that achievesthe minimal

energy consumption and some other performance criteriaof the vehicle. Often, it operates with a
low frequency as low as 1 Hz [82] , and considers only longitudinal dynamics [83 - 85].

Two-drive multi -speed powertrains and their EMSs are relative recent. It is necessary to broaden
the horizon of the literature research. EMSs of HEVs and PHEVs are of the mosinterest for inspi-
ration, since they operate with at least two power sourcesand are often equipped with multi -speed
transmissions This chapter discusses EMSof BEVs, HEVs and PHEVs with focieson: 1) how the
continuous and the discrete dynamics were aldressed, 2 how the EMS were designed,3) how are
they related to online EMSs for two -drive multi -speed powertrains. The discussion determines the
method to be adopted in the online EMS in this thesis. Since a second aspect is to be considered
in this wor k, multi -criteria operation strategies (MCOS) arereviewed. The terminology is intro-
duced to differentiate MCOS and EMS.

Vehicles and Buses are not differentiated.If not explicitly mentioned, the referenced works in
this chapter did not consider shift processesThe powertrains mentioned in this chapter include at
least one EM. To design an EMS that minimizes energy consumptionor fuel consumption is re-
ferred to as the problem

3.1 Topology and Optimal Control Problem

Before diving into the review of EMSs, it is necessary toshortly discusstopologies of powertrains
from an EMS perspective since they determine DoFs of powertrain power flows and, therefore,
number of controls of EMSs. Furthermore, the differences of OCPE see Section2.2.3 for an ex-
ampleC for BEVs, HEVs and PHEVs need to bgointed out so that it can be clear, how EMSs of
HEVs and PHEVs discussed in the later subsections are connected to those of BE¥specially two-
drive multi -speed BE\é.

3.1.1 Topology

Typical powertrain topologies of BEVs are presented inFigure 3.1 [10, 86] , where the transmis-
sions and the sub-transmissions (ST) can be multispeed transmissions.A BEV with in-wheel mo-
tors requires an EMS with 2 controls, i.e. the torques in the front-wheel EMs and those in the rear-
wheel EMs. The OCPIis continuous. A BEV with M-drive and N multi -speed transmissions requires

35 Machines that convert other types of energy to mechanical energy, e.gengines and electric motors.
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an EMS with- . controls. The problemcontains a discrete part, i.e. gear selection problem, and
isaHOCRif . TS5,
See[10, 86] for the analysis of the topologies and a list of series prodiction BEVs with above

mentioned topologies. With extra EMs and STs parallelly added into the system, twodrive power-
trains can be further extended to multi -drive powertrains.

Wheel Wheel Wheel Wheel Wheel Wheel Wheel Wheel

el d 00

Wheel Wheel Wheel Wheel Wheel Wheel Wheel Wheel
@) (b) (©) (d)
Figure 3.1. Typical powertrain topologies of BEVs . (a): BEV with in.wheel motors. (b) Single -
drive BEV. (c):Centralized two -drive BEV. (d): Separated two -drive BEV T: Transmission. ST:
Subtransmission. FD: Final Drive.

There are three main topologies for HEVs and RHEVSs: series hybrid, parallel hybrid and series
parallel3” hybrid [83, 88] . Detailed explanation of these topologies can be found in the justmen-
tioned references. The examples of the vehicles in series production are listed if83] and [89] . In
the series topology, an EM propels the vehicle alone. An engine is used to charge the battery
through a generator. The problemis continuous, if the EM is connected to a singlespeed transmis-
sion [24] . In the parallel topology, an EM and an engine can propel the vehicle together38. A multi -
speed transmission is necessary for the engine to achieve higher fuel efficiencyA parallel topology
as shown in[91] requirestwo continuous controls and one discrete control. The problemis a HOCP
In the series-parallel topology3?, an engine andtwo EMs are connected tothe sun gear, the carrier

and the ring gear in a planetary gearbox, whose schematic is shown inFigure 3.2, according to the

36 Continuous variable transmission is not considered, due to its disadvantage in efficiency[87] .
37 Also called power-slit hybrid.

38 Depending on different relative positions of the EM in the powertrain, there are different configurations under
the parallel topology. See[90] for detailed description and analysis.

% Depending on how the engine and the EMs are configured w.r.t. the planetary gearbox(es) and the output
shaft, there are different configurations under the series-parallel topology. See[83] for detailed description.
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specific powertrain design [92] . Thanks to the speed coupling mechanism of the planetary gear-
box, the seriesparallel topology allows the engine speedbeing varied in favour of higher fuel
efficiency without a multi -speed transmission[93] . A seriesparallel topology as shown in [94]
requires three controls in the EMS and the problemis continuous with the preliminar ies: 1) The
engine speed is regulated instantly andthe transient characteristics of the engine is ignored; 2)
The planetary gearbox is controlled through its brakes instantly; 3) The rotational inertia of the
powertrain does not change. Other works such as[94 - 96] shared the preliminar ies.

Remark The controls mentioned in the above paragraphs are those that are necessary to determine
the powertrain power flows. During the formulation of an OCP, the equality constraints w.r.t the
total output torque and the vehicle speedbring certain correlations among the controls, because
of which the number of controls in the literature can be one lessthan described in this subsection.

Ring gear

o~
Planetary gear
8 <

Carrier

Sun gear

—

ﬂl—' I—Hl-\-ll/
|

Figure 3.2: Schematic of a planetary gearbox

3.1.2 Optimal Control Problem

In EMSsof HEVs and PHEVsminimizing fuel consumption is the primary goal. T he SOC is con-
sidered a stte. Its boundary conditions*C are to be fulfilled . Rigidly speaking, the vehicle speed
should also be part ofthe statesso that the status of a vehicle can be determined. Ifshift processes
are ignored and acceleration does not interrupt, the vehicle speedwithin a time step can be seen
as predefined and removedfrom the states. An EMS assigngpowers for the EM(s) as well as the
engine. It also involves gear positions, if a multi -speed transmission exists

For BEVs, the SOC does not have to be includeéh the EMS, if its goal is to minimize battery
depletion. Minimizing battery depletion is equivalent to minimizing electric energy consumption
and, therefore, only electric power needs to be evaluated For an EMS of a two-drive multi -speed

40 Eor instance, under the chargesustaining mode, SOC may fluctuate but ought to maintain a certain level over
a period of drive. In the most research on HEV EMS, the terminal SOC equals the initial SOC.
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BEV that consicers shift processes, the angular velocities of both EMs are necessary in the contin-
uous states, while the gear positions are necessary in the discrete states, so that the status of the
vehicle can be determined. The boundary conditions of the angular velocities are to be fulfilled.
The EMSassigns torques for both EMs and decides the gear positionto propel the vehicle following
the speed profile. Due to the potential acceleration changes during the shift processes,hie vehicle
speedwithin a time step is not predefined.

3.2 Energy Management Strategies

According to review articles, such as[83 - 85], EMSs can be divided into two basic categories: rule
based EMS and optimization -based EMS. Rule-based EMS are identified as those EMS that

operate basedon rules and criteria that has been defined by the system, so that certain perfor-
mance goals can be achieved. The rules were obtained throughheuristics and/or mathematical

models. Rule-based EMS often cost higher energy consumption, compared to optimization -based
EMS,for lack of optimization over the whole system considering driving conditions. As the primary
goal of the EMS in this thesis is to minimize energy consumption, rule-based EMS are ruled out

from further discussion

Optimization -based EMSs are those thagenerate controls through minimizing a cost functional
or a cost function. The optimization-based EMSs thatrequire the information of driving cycles as
a priori are referred to as offline EMSs, while those that do notare referred to as mline EMSs*L.
Importantly, they are not isolated from each other. The solution methods that have been discussed
in length in Section 2.4 all require the information of driving cycles to complete the formulation
of the HOCP.The EMS that apply them directly are offline. On the other hand, a group of online
EMSs are developed by embeddingthese solution methodsin a Model Predictive Control (MPC)
framework, which will be elaborated in Section 3.2.2.1. Another group of online EMSs, Equivalent
Consumption Minimization Strategy (ECMS) and its alike, are developed by the simplification of
IMs, which will be discussedin Section 3.2.2.2.

Stochastic optimization-based EMSsinvolve stochastic optimal control. More specifically, in
[97-101], stochastic dynamic programming (SDPf2 was applied for HEVs and PHEVsThey re-
quire too high time complexity (see[103]) to be considered for online EMSsin this thesis.

41 Online and offline EMSs are also referred to as noncausal and causal EMS$83] .

42 Speed profiles and corresponding variables, such as requested power, are modelled as Markov process, whose
decision problem is solved by Bellman equation. The expected discounted cost functional in infinite time
horizon is minimized [102, pp. 125-132]. It is called the expected total discounted reward in the literature
on SDP and markov dicision problems.
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EMSs for HEVs and PHEVs will be reviewedon-exhaustively under different categories of optimi-
zation-based EMSto provide a general overview of the EMS researchand inspirations for EMSs
for BEVs After that, EMSs for BEVs will be reviewed.

3.2.1 Offline Energy Management Strateg ies

3.2.1.1 Dynamic Programming

Given a speed profile,the DP can find the global optimal control functions for an EMS. The discrete
DP was used in[24] , one of the earliest studies,to tackle the problemof a seriesHEV. To have the
boundary condition of the state satisfied, apenalty term that requires parameterization was intro-
duced. The Hamiltonian-Jacobi-Bellman equation*3 was applied in [91] to develop an EMSfor a
two-speed parallel HEV. It provided the first order and the second order optimality conditions to
reduce the complexity of calculus Theproblemincluded gear selectionbut ignored shift processes.
The boundary conditions of the SOC was incorporated in the cost functional with the help of a
Lagrangian multiplier.

The DP was adopted in[104] for a seriesparallel PHEV that was modelled as a hybrid system,
in which different operating modes were considered discrete states: 1) pure electric propelling, 2)
pure electric regenerating, 3) hybrid propelling and 4) electric propelling with battery charging.
Worth mentioning, the dynamics in all discrete states were the same and theswitching was instant,
i.e. shift processes were ignored

Remark Though the studies on DRbased EMS for HEVs and PHEVs have not fully incorporated
the goals of this thesis reasoned in Sectionl.2, the DP can be used in the EMS in this thesisas
long as the hybrid system can be modelled tomeet the goals of this thesis.

3.2.1.2 Indirect Method

Both the DP and the PMP were applied in a comparative study[21] for a parallel HEV with an

AMT. The gear selection problem was considered, whilethe shift processesignored. The fuel con-
sumption of the HEV controlled by both EMSs were close to each other, while the computation
duration of the PMP was less than one fourth of that ofthe DP. How the TPBVP and the initializa-
tion problem were solved was not disclosed. Worth mentioning, the gear position and the shift
command, though being discrete, were included in the states and the controlsin the formulation

of the PMPC a solution method for continuous OCPs Though not rigorous, the study could still be
valid under the assumption that shift processes are neglectable. After all, theHMP is an extension
of the PMP (see Section 2.4.2). For a series PHEV in35] , the DP and the PMP were applied to

43 Continuous counterpart of Bellman equation. See[16, pp. 86-90] for details.
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generate two offline EMSs. The one based on thePMP outperformed the one based on theDP**

w.r.t. the cost evaluated in driving cycle simulations by 0.5 % and the computation duration by
several folds.

Under the simplification same as the one for the ECMS (see Sectior8.2.2.2), the HMP was
adopted in [73] for a parallel HEV that is modelled as a hybrid system.The algorithm was evalu-
ated on several driving cycles which provided evidence to show that the time complexity of IM s
is far less than DMs. The operating modes and the gear positions formed the discrete state. It is
noteworthy that, with the simplification, the TPBVP was reduced to 1D. Shift processes were not
considered. The initialization of the problem was not disclosed.

Remark The above-mentioned references provide the evidence for the advantages of I men-
tioned in Section 2.4.4. Applying IM's, more specifically the HMP, for an EMS of a two-drive multi -
speed BEVstill facesfollowing challenges 1) A mathematical model including the shift processes
needs to be solvable for the HMP; 2) Amulti dimensional TPBVPneeds to be solved whose solution
and initialization in the context of EMSs were not discussed inthe literature.

3.2.1.3 Direct method

The EMS ofa series HEV was studied in[105] systematically. Under several simplifications®®, the
convex optimization problem in continuous time was formulated, which was further approximated
to be aLinear Programming (LP) problem in discrete time. lts equivalent standard LP problem was
identified and solved * w &8 NAv u* _ pc _ b g JTheoffine EMSjwas used to pyjomder
the minimum fuel consumption given the specification of a vehicle and a speed profile.

Designing EMSs for parallel HEVs and PHEVs requires solving HOCR3ne way of simplification
to apply NLP is to use a rule-based strategy to deal with the gear selection problem so that it is
separatedfrom the HOCP, for instance in [106] and [107] . The former ignored the engine on/off
scenario and applied convex optimization to solve the residual continuous OCP, while the latter
considered the engine on/off scenario and applied LP sequentially and iteratively to solve the re-
sidual HOCP.

Approaching the HOCPsin the EMSs without separating the gear selection problem was re-
ported. [108-110] proposed to reform the HOCPs to large scale NLP that can be solved by readily
available solvers.[77] proposed to solve the HOCPs with certain decompositiortechniques, so that
readily available solvers for Mixed Integer Linear Programming can be applied. These studies have

44 The fineness of the grid was not disclosed.

45 1) The voltage on the electric bus remains constant; 2) The engine transient performances ignored; 3)The
battery storage efficiency is constant.
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pointed out that the challenging aspect of applying DMs is the high time complexity of solving
MINLP.

Remark Additional to the drawback in time complexity, DMs require readily available solvers that
are applicable both in a simulation environment and in a control unit, if an EMS is eventual ly
implemented in a hardware. The latter implementation is nontrivial in practice.

3.2.2 Online Energy Management Strateg ies

3.2.2.1 Model Predictive Control

An online EMS does not consider speed profilesa priori. One natural way to develop it is to use

the methods applied in the offline EMSs to solve the OCP on a predicted speed profile in the future
based onthe current and the history information . It is, more concisely speaking, to embed a solu-
tion method in an MPC framework. The EMSs with such a conceptare called predictive EMSs in
this thesis. Please refer tothe book [111] for the theory and the studies of MPCitself.

Figure 3.3 shows the general idea ofa predictive EMS. At the current time point Qthe b p gt ¢ p %q
request in the prediction horizon, i.e. ®Q 0 , is predicted based on the currentand the past
information , so that a predicted trajectory (the red curve with circles) is generated. A solution
method is applied to solve the OCP with the predicted trajectory, which results in the control
function in the predicted horizon (the light blue stairs). The control fun ction in the control horizon,
i.e."'QQ 0 , is provided by the EMS to the powertrain.

=6~ Past trajectory = Past control
-©- Predicted trajectory Control in predicted horizon
Past 1 __Future

1 Prediction Horizon '
1 Control Horizen 1
1 1

Figure 3.3: Schematic of MPC

Figure 3.4 illustrates the typical components of a predictive EMS for continuous OCPs The
dp gt c p %q »,pnayat becacceleraion, power or torques, in the prediction horizon is predicted
in the predictor basedonr f ¢ asppcl r bp the auplsopf the pawsricam ( «)._Theb
model calculates the outputs in the predicted horizon and the solver determines the optimal con-
trol (¢7). Note that the controls at 'Q G p forms the states at’Q ( . Often, the control horizon
is one, which can be seen inthe references mentioned later.
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Figure 3.4. Typical components of a predictive EMS for continuous OCPs.

For a series PHEV a predictive EMS embedded with the PMP was reported in[35] . The pure
continuous OCP in the prediction horizon was transformed into a 1-D TPBVPthat was solved with
the secant method The driving cycle simulation showed that the predictive EMS with the PMP
reduces casiderable computation duration but caused 1% higher cost, compared to the offline
EMSbased onthe DP.

For a parallel HEV, a predictive EMS with a direct method was reported in [112] . The gear
selection was separated as mentioned in Section3.2.1.3, so that the OCP is continuous.SQPfrom
the optimization toolbox in Matlab/Simulink was used to perfor m the optimization. Interestingly,
it considered the transient characteristics of the enginein the form of look -up tables.

To develop a predictor is nontrivial. Several predictive EMSs with different predictors were de-
veloped for a seriesparallel HEV and their simulation results were compared against each other
in [113] . It was reported that the one with the least prediction er ror scored the least fuel consump-
tion. The conclusion indicates the importance of a high-performance predictor.

3.2.2.2 Equivalent consumption minimization strategy

The ECMSwas originally reported in [22] as an EMS for a parallel HEV. lIts relationship to the
PMP was analysed inf23] and [114] . By assuming that the dynamics ofthe SOC is not dependent
on the SOC tself, the PMP is simplified and an EMS that only requires the optimization of an
instantaneous cost function consisting of the fuel consumption rate and the battery electric power
is generated. The equivalent factor in the cost function needs to be parameerized. Adaptive ECMSs
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were proposed in [115-117]. They used different variables, such as the SOC and the predictive
driving condition, to modify the equivalent factor in a closed -loop.

Remark Since only the electric energy in the battery concerns an EMS for BEVs, the ECMSs is not
in particular interest of this thesis.

3.2.3 Energy management strategies for BEVs

For single-drive multi -speed BEVs, simple EMSs are sufficient, if shift processes are neglected. In
[118] and [119], rule-based shift strategies were developedby minimizing instantaneous energy
consumption. Offsets based on requested torques were introduced to avoid frequent shifting.For

a single-drive two-speed BEV, a predictive EMS with enumeration was developedn [120] .

For a two-drive multi -speed BEVan EMS thatminimizes the instantaneous energy consumption
was developed in[121] . Gear postions and torques are variables.Under the assumption that shift
processes are ignored, the EMS scored indeed the minimum energy consumption. Realistically, the
energy consumption might not be optimal, if the EMS is evaluated with a vehicle model that con-
siders shift processes

An EMS that considers shift processes was developed if26] for a single-drive two-speed BEV
with an automated transmission with planetary gearsets developed in[122] and [123] . The HMP
was applied to solve the HOCPs with predefined shift sequencesThe solution of the TPBVPand
the initialization of the problem were not disclosed.

Remark Determining the controls through minimizing instantaneous energy consumption is insuf-
ficient for this thesis, since it does notincorporate shift processes.The HMP from [26] provides
inspiration but cannot be taken over, due to its requirement of predefined shift sequences Fur-
thermore, the algorithms for the solution process were not disclosed in the literature. It is im-
portant to analyseand reduce the time complexity of the algorithms for an online EMS.

3.3 Multi -Criteria Operation Strateg ies

A MCOSconsidersenergy or fuel consumption and other aspects The often-considered secondary
aspects arediscussedin the following paragraph with non -exhaustive examples.The realization of
a MCOSis later discussed

Many MCOSs for HEVs and PHEVs considered the pollutant emission, e.d15] and [124] . Some
considered the noise of engines, e.g[125] and [126] . Some considered the aging of battery, e.g.
[127] and [128] . Some works tried to reduce the shift count by adding a penalty, so that the
drivability was not compromised too much, e.g. [25] and [33] .

The main approach to realize aMCOSis to formulate the OCP with a multi -criteria cost function
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athat is defined as

¢

a « e (3.1)
where? is aweighting factor. The arguments of the cost functions are omitted for simplicity. Some
secondary aspects are considered in the EMS by introducing extra constraints on states and con-
trols. For instance the noise constraints was introduced in[125] and [129, pp. 115-122], because
of the masking effect (see the references for more information). Another way to include a second-
ary aspect is to consider it as an endpoint functianal in the cost functional as

0 a a Qb (32)

where U is the multi -criteria functional and & is the endpoint functional that evaluates the
continuous states andthe discrete state atthe final time point. The arguments of the cost function
and the functionals are omitted for simplicity.

34 Summary and Other Aspects
Summary

The online EMS in this thesis is constructed inan MPC framework. The research of the EMSs for
HEVsand PHEVs have provided the evidence for the theoretical comparison of the solution meth-
ods in Section2.4.4 from an application point of view. The HMP isto be embeddedin the predictive
EMS for its advantages in time complexity and closeto-optimum solution. This thesis needs to
overcome its disadvantages regarding convergence and initializatiorby adopting a proper numer-
ical method and developing an initializati on strategy. Importantly, the method developed in this
thesis shall cast no constraint on the shift sequencesAfter the review of EMSs for HEVs, PHEVs
and BEVs, the EMS to bedeveloped in this thesis is unseen in the literature. Additionally, this
thesisis to provide the algorithms of the HMP solution method, which has not been properly dis-
closed in the literature.

For the reasonsprovided in Section 2.4.2, the minimization of the instantaneous Hamiltonian
at (2.54) isimportant for the HMP in terms of accuracy and time complexity, but was not discussed
in the literature . Other than the algorithm of the online EMS, this thesis will provide mathematical
analysis of the instantaneous Hamiltonian with the goal of reducing time complexity.

A two-drive multi -speed BEV can be seen as an example of multirive multi -speed BEVsin
which more EMs and STs are coupled in the twedrive BEVs in Figure 3.1. It is worth studying,
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how the developed EMS can be transferred to multidrive multi -speed BEVsSuch an attempt is
unseen.

A MCOS considering the service life of the powertrain is to be developed. The multi-criteria
HOCP is to be formulated in such a way that the algorithms in the predictive EMS require little to
none change The service life is to be modelled and evaluated, so that the multi-criteria cost func-
tional can be formulated accordingly.

Other aspects

The importance of a predictor for a predictive EMS has been stressed in Sectio3.2.2.1. Different
applications of speed prediction with various input information have been reviewed in [130] .
Speed prediction is principally time series prediction, which may have been a dreamof human
since the dawn of time. Nowadays, the time series prediction is attempted mainly through machine
learning and statistics. Books on this topic include [131] and [132] . A large range of methods were
compared against each otherusing the M3-competition data in [133, 134] w.r.t. their accuracy,
necessary preprocessig methods, computational requirements etc. This thesis chooseso use the
Markov Chain model, a widely used statistical modelling method with proper accuracy and fairly
few parameters*®, but not to invest a large amount of time into adopting and developing a neural
network (NN) with a complicated architecture. The reasors are: 1) Advanced NNs under the cat-
cempw 8 b c c, aspgciallytieltransfanper model [136] , have emerged in recent yearsand
have led to the breakthrough in application in 2023, which makes it difficult to identify a state -of-
the-art NN for time -series prediction; 2) On the other hand, the motivations and goals of this thesis
_pc k_gljw pcjct_Ilr rm  rfc amknmlclrq 8§8Kk~HRdue]j
3.4, which makesa state-of-the-art prediction model not a prerequisite. However, the influence of
the prediction model is not neglected. Section 6.3.4 investigates the influences of the accuracy of
the prediction.

One may ask, if machine learning methodscan replace theEMSsthat are based on mathematical
solution methods. According to Andrew Ng, for generating optimal control function, current ma-
chine learning methods still fall short of the performance of the mathematical solution methods
[137] . Even if the situation would change one day, training machine learning methods might still
require reference values generated by the EMS developed by mathematical solution methods

46 The statement is based on the comparative study[135], in which several methods chosen from[133, 134]
are adopted to perform the acceleration and speed prediction with the driving data collected from a test
vehicle of the Institute of Mechatronic Systems at the Technical University Darmstadt.
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4  Hybrid System and Problem Formulation

In this chapter, a two-drive multi -speed powertraina _ j j ¢ b  §iQmodeildd 2sGhybrid sys-
tem with proper consideration of its shift processes. Thereafter, a HOCP with a cost functional of
energy consumption is formulated.

4.1 Speed4E Powertrain

Institute of Mechatronic System (IMS) is part of the research project Speed4E that desires to de-
velop a high-speed two-drive multi -speed powertrain (see Section4.1 for its topology). Beside
combining the advantages of two-drive and multi speed powertrains, high-speed BVis can improve
the energy density of the powertrain. Figure 4.1 qualitatively shows the benefit of the application
of high-speed EM w.r.t. weight. Speed4Epowertrain, consisting of EMs with a maximum speed of
50.000 rpm, is anticipated to reduce half of the mass compared to a Reference Design fronf138]
and to reduce 10% of the mass of the Speed2E powertrairf*” developed in the proceeding project.
The downsize makes Speed4E powertrain possible to be fit into the engine compartment of
BMW i3s, a front-wheel drive test vehicle provided by Speed4Eproject parther BMW group.

Reference Design

100% +

66%

Weight of active components

10,000 30,000 50,000
Maximum Drive Speed in min™!

Figure 4.1: Advantages of high -speed edrives w.t.r. weight of active components [139].

As shown in Figure 4.2, Speed4Epowertrain consists of two EMs propelling the vehicle through
two respective subtransmissions (ST). The ST1 is a planetary gear transmission with a fixed ring
gear. The ST2 is a threestage two-speed spur gear transmission that enables thregear positions
(3: the 1%, the 2™ and the neutral gear position. Their overall gear ratios can be calculated by
sequential multiplications as

N QI I0h (4.1)

47 The project Speed2E developed a powertrain consisting of EMs with maximum speed of 30.000 rpm that was
successfully validated on the testbench.
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where "Q; denotes the gear ratio of the planetary gear and’®, the gear ratio between the final
drive and the carrier; "Q denotes the gear ratio of the final drive; "Q;, "@; and "Q; denote the gear
ratios of the first, the second and the third stage of the spur gear pairs respectively;Q, and "Q;
denote the gear ratios of the second stage in 1 and 2" gear positions, respectively; when both
gear positions are disengaged, namelyO o, the ST2 is in the neutral position. Please note that
its gear ratio is set to zero for a computational purpose, i.e the output torque of the ST2 with "O

o is simply zero. The reduced rotational inertia of the vehicle about the rotational axis of the wheels
("0 ) is dependent on "O SeeAppendix A for its calculation and necessary parameters.

An innovative dual coil permanent excited linear actuator (LA) is developed to perform fast
shifting between these gear positions [140] . The shift sleeve (SS) is moved by the LA to engage or
disengage the dog clutches (DC) according to the requestedjear position.

5T2

EM2 ,
IIILI
[PPRL f222
ol T
Wheel ToL $in Wheel
bci Ss b2
I EFD I
T i sT1
? | T Lz
EM1 1 I
X

Figure 4.2: Topology of Speed4E powertrain [141]

4.2 Longitudinal Dynamics

The output torque of the powertrain overcomes the driving resistances and provides acceleration,
Y noLR @@ 0D O L BOIAQ MAT DD ih (4.4)

‘0 O,
ai i’ G oi i i h (4.5)
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where Y s the total output torque on the wheels that is determined by a function fj with pa-

rameters the gear position "Q the vehicle speed0 and the acceleration 0. The vehicle is considered
driving on an even ground so that slope resistance is omitted. In the context of EMS, the function

N can be used to determine the requested total torque”Y ; based onthe requested acceleration
U .4 @i iisthe equivalent mass, which considersid @ i, the vehicle mass and 'O . The rolling

resistance is calculated according to the coefficiento  and the gravity force normal to the ground .

The aerodynamic resistance is calculated according to the coefficientd, the air density” , the
frontal aero 0 and . i is the dynamic radius of the wheel. SeeAppendix A for their values.

If the total output torque is given, the acceleration can be determined by

T 6 b WG IO D D
0 &OORY BT 8 (4.6)

The total output torque is provided by both EMs

Y Y 0Q Y JQ'Oh (4.7)
Y %] RY Y %h (4.8)
W, 00 51 RY . s
"y %or 1 FY Y ] h E® p¢ ich
mh E'@® oh (4.9

where "Y denotes the effective torque of a ST, i.e. the input torque having the torque loss de-
ducted, which is described by the function%gsi © a.] and "Ydenote the angular velocity and
the torque of an EM. "Qs the gear ratio, which is gear position dependent in the case of the ST2.
Power losses) Uare modelled as look-up tables (see Appendix B) based on the simulation results
from the project partners (see Appendix B). By performing interpolation, the function %a © s

that determines the input torque based on the effective torque can be numerically acquired, as

"Y %1 RY h (4.10)
Y %1 RY 8 (4.11)
The function %ois formally examined in Appendix D.

The total electric power includes the mechanical powers and the power lossesd 0 o thatsum
up those of EMs and PEs that are modelled as look-up tables (seeAppendix B),
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4.3 Shift Processes

The angular position control (APC) is the core of the shift processes. The main idea is to use the
EM2 to regulate the relative angular position between the DC and the SS, so that a) the friction
between the teeth of the SS and those of theDC during the DC disengagement does not occur, and
b) teeth-to-teeth situations during the DC engagement do not occur[141] .This subsection de-
scribes the shift processes modelled for the use of the EMS based on the experiment and simulation
results that was presented in[142] .

Figure 4.3 shows a shift process used in the EMS fronthe 15 to the 2" gear position with an
initial speed of 50 km/h and an acceleration of 3.6 m/s 2. Before the APC takes place}Y ramps
up to take over all propelling torque, while Y p _knqgq bmul rmu_pbg xcpm gl
in which the total output torque on the wheels remains constant. In this specific example,”Y
reaches its maximum before”Y  reaches zero, after which”Y  remains at its maximum through-
out the whole shift processand”Y dsprfcp p_kng bmul rm xcpm gl §I
output torque on the wheels and the vehicle acceleration (blue curve) decrease. As soon a%y s

— Tem [IDecrease [ _]Balance
Temz [1synchronize []Increase
- TEM1,max [ IDisengage = Acceleration
Temzmax [ Synchronize
[]Balance []Engage
4.5 N&
E sol—— i -1t ——| &
Zz %0 ——— = 4 E
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P 3.5
S o 2
<3 3 5
O °
038 1 1.2 14 16 18
» Time ins
S 2000
E — WEM2
£
Z 1500 —T" I
o
©
>
% 1000} L____
=
(=]
c | |
< 08 1 1.2 1.4 16 1.8
Timeins

Figure 4.3: Shift process from 1st to 2nd gear position in the EMS
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xcpm* ?NA qr _prq ugrf rfc dgpyrisedlaédbdtweenlOfimc p nf
and 0.05 Nm in the real-world application [142] to minimize the friction between the SS and the

DC. In the model for EMS,”Y s simplified to be zero in this phase. Thereafter, the SS is disen-
e_ecb dpmk rfc BA/* ufgaf qgfgdrg rfc QRO glrm g
phase; is firstly decelerated towards the new value in the 2™ gear position, i.e.] 0ji o

Q"0 . The angular position of the EM2 is then regulated, through Y  with small value [142] ,

to ensure no teethto-teeth situation il rfc 8Cle_ecpu nf _qclY @lfirstiyf ¢ kn
its minimum during deceleration then simplified to be zero during APC (green solid curve). After

the APC finishes, i.e. the ST2 being shifted into the 29 gear position,”Y and“Y ramp to their

Il cu amlrpmj t_jscqg bcrcpkglcb “w rfc CKQ wugrf rf
kgppmp k_Illcp rm  rfc dgpqr 8@_j_lacp _I b 8Bcapc._
acceleration can be noticed, since the change of gar position causes the change of rotational in-

ertia of the powertrain and therefore the equivalent mass &

Figure 4.4(a) and (b) show a shift process from 1 to neutral gear position and a shift process
from neutral to 15t gear position with respective speed and acceleration conditions. Shifting into
or out of the neutral position can be consideredr f ¢ dgpqr f _jd* | _kcjw dpmk
rm rfc 8§8Bgqcle_ecpy nf_qgc* mp rfc gcamlb f _jd*x |
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Figure 4.4: Shift process in the EMS.(a): from 1st to neutral gear position. (b): from neutral
to 1st gear position.
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of the shift process between F and 2™ gear position. The differences is that the EM2 decelerates
to standstill or accelerates from standstill without further synchronization or previous
synchronization, respectively.

Table 4.1. Durations of different phases in a shift process

Phase Duration

Dgpgr 8Qwl af|01ls

Qcaml b 8§ Qwl a| velocity and shift process dependent lookup table

§Bggcl e_ecp |002s

§Cle_ecyp 0.02s

The simplifications of the shift processes used in the EMS are: 1) The change of torque is con-
ggbcpcb jglc_p, 0' Bspgle qwlafpmlgx_rgml* rfc r
value close to zero to regulate the angular position. 3) Whenthe angular velocity of EM2 is accel-
erated or decelerated, the torque jumps to its maximum or minimum without ramps. 4) The dura-
rgmlg md rfc 8Bggqcle_ecp* 8Cle_ecp _Ib rfc 8Qwl
based on the experiments from[141] (seeTable4.1' * ufgjc rfc bsp_r gml md
Il gxcp nf_qgc* gl aj sAPQ,lisenodelledhas gvehiple spegedahd shift plocess de-
pendent look-up table based on the simulation results[142] .

4.4 Hybrid System Formulation

Speed4EVehicle describedso far is modelled as a hybrid systemo according to Definition

2.4. The continuous states consist of the angular velocities of EM1 and EM»h 1 h . The
torques of both EM are the continuous controls¢ h 6 o "YRY . Figure 4.5 shows the hy-
brid automaton of o with the discrete statesry i} AT @ represent the 1%, 2" and neutral
gear positions, andr] i} /8 I represent the shift processes among diférent gear positions.

The admissible discrete controls fory ] AT #\ are summarized in Table 4.2. They causecon-
trolled switchings, which are marked with blue color in Figure 4.5. It is considered equivalent to
write § M MM andn  plgfB Ry respectively. Each row represents a discrete sef , from
which an admissible discrete control” is chosen. For instance, when the current discrete state is
1 , the discrete control can command the system to remainr} or to enter either 1} (shift from the
1%t to the 2" gear position) or 1 (shift from the 1%t to the neutral gear position), i.e. Tk

i M M . A shift processis divided into several phases They are called substatesfor differentia-
tion from the discrete states 1 i} /8 i} . When a discrete state representinga shift processis
selected, the discrete control switches among the corresponding substatessequentially according

4 Hybrid System and Problem Formulation 49



Figure 4.5: Hybrid automat on of Speed4Epowertrain

to the corresponding switching manifolds 0 (marked red) . Table 4.3 lists the autonomous admis-

sible discrete controls Note that the possible discrete control is singular at any discrete state or
sub-state. It is considered equivalent to write " 4 M M and”  phefo, respectively. The dis-
crete set ofo includes discrete states and sukstatesNh A M B MM B M BM; .

The discrete transition function is simply defined as

no " 08 (4.13)

Table 4.2. Admissible discrete control set p, controlled switching

1] Admissible discrete control (i )
1 1 4 6
2 2 5 7
3 3 8 9
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Table 4.3. Admissible discrete control set p, autonomous switching

i i i i i

n n n n n n
4 4a |5 5a ] 6 6,a |7 7a ] 8 8c |9 9,c

4a |4b ) 5a|5b])6a|6b]7a|7b]8c |8d]9c|9d

4b | 4c | 5b [ 5¢c | 6b |6c |7b |7c]8d |1 9d | 2

4c |4d | 5¢c | 5d]6¢c [6d]|7c |7d]- - - -

4d | 2 5d |1 6,d | 3 7d | 3 - - B, B}

The following elaborates the dynamics of the hybrid system.

4.4.1 Discrete States A ha and a

The ST2 stays in the ®, 2™ or neutral position, respectively. The indexed system dynamics can be
derived from (4.6) as

° I ofiY
Q"ALRY QL m (4.14)
——Oqyph I on opfdy R
Y %1 AY JQ %1 HY JQ"Oh (4.15)
] -
0 5:1h (4.16)
O nh (4.17)
©wor  wgh (4.18)

where 0, and 0 denote the start and end time of fj; the initial state wy is given. Sincen
MM andf pltfo are defined equivalent, there is, for instance,”0 3 p.

4.4.2 Discrete States a ha 8 ha

Table 4.4 shows the representation of each substate in a SP.fy andfj represent the shift pro-
cesses from the # to 2™ gear position and its reversed order, in which all four sub-states take
place.ny andn represent the shift processes from the ¥ and 2" gear position to the neutral po-
sition, respectively. AsFigure 4.4 shows, they consist of substates®and x| and fj represent the
shift processes from the neutral position to the 15t and 2" gear position, respectively. As Figure
4.4(b) shows, they consist of substatescand ‘Q Regardless of substates, the continuous control
during a shift process is predefined Therefore, the dynamics ofe MjN N, f M) M are autono-
mous.8 4 gl bga_rcq 8cvajsbecy,
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Table 4.4. States in ashift process

Sub-states Phases in a shift process

Nk §@ j |l acp _I b 8Bc

Nk Dgpqgr 8§Qwl afpml gxcp

Nk Qcamlb 8Qwl lalh p#Clge c

N §Gl apc_qcp _Ib gca
Shift processes can be divided into four categories that are the combinations of two conditions:1)
positive or negative output torque on the wheels, i.e.”Y morie."Y mand 2) upshift or
downshift, i.e.7 1 orl j 1 . The following subsections (from 4.4.2.2 to 4.4.2.4)

describe the mathematical model of each substate in the case of a upshift with positive output
torque, i.e.”Y mand] j 1 . The changes required for the shift processesin the rest

three categories are shown in4.4.3.

44217 Bal anced and i Decreased phases

As discussed in Sectiod.3* r fc bsp_r gml md rfc 8@_j _ | acp nf _
duration for "Y to reach its maximum (1 ; ) and the duration for "Y to reach zero (t ; ). They

are determined by

Yi 1 Yoy JQ.
. 4.19
th Y h (4.19)
. Yo JQnoy . (4.20)
R Y
t [ Efty Ay R (4.22)
where”™YY bcl mrcgqg rfc p_rc md rfc af _l ec md msrnsr r

0 the time point when discrete state entersr .

? 8Bcapc_qcp nfYgachesitsimaxgnum hefora™¥ reacteesizero.The duration
ofrfc 8Bcapc_gcp nf _gc ggq

Yor t Q1o
t Y

¢

T
it Th
Tt t h (4.23)

(4.22)

¢

52 4 Hybrid System and Problem Formulatiol



where”™YY bcl mrcqg rfc gjmnc md rfc af _l ec md msrnsr
nf _gc, Gd rfc bsp_rgml meg *r frcf 8 @G Bcdme uqg o _mfc_ o
place, which meanst  equals zero. The duration of the substateny ; (1) is the sum of the du-

p_rgml md rfc 8§@_j _I| acp _ Iskate, 8B wragye variaplesiin¢ rark deg ¢ q ,
termined by

Ny 5 5 3
Y 0p TO(‘J op v oxdyr T h

o (4.24)
i1 Py oop f By toh
I Y %o 1 Ry JQ “. Lo >
v %o 1 h — oy orr Tt h
N Qnoj (4.25)
re VY . . .
Y ot ——00 05 T MY o t My Th
o Qnoy

where "Y fades to its maximum with a slope dependent on”YY , while Y fades to zero firstly com-
pensating the change of"Y and secondly dependent on"YY , if necessary.Since the DC is not
disengaged,(4.15) holds with

0 fog koo opfdr T . (4.26)

An autonomous transition from state ] ; to fj 5 happens, when the time-dependent switching
manifold 0 0 T which is defined as

0 o o o ft. (4.27)

4422 First TSynchronized and i Di sengaged?d

nns* rfc dgpgr 8Qwl afpmlgxcpy nf_gqc r_icgqg nj_ac*
are assumed to last for constant time, as discussed in Sectiod.3. The duration of this sub-state
(1) and the torques are

4 Hybrid System and Problem Formulation 53



t ot ot (4.28)
Y nog %or1 ] ﬁTO'Qﬁbﬁ

Y ..Qh hov o hi 19) e T h (4.29)

Yoo oov ofpfdRs TR (4.30)

where EM1 propels the vehicle alone, also compensating the drag torque of ST20 j;; is the time
point when the sub-stater  is activated. Since the DC is not disengaged(4.14)-(4.18)hold with

O oy h oy OprORR T . (4.31)

An autonomous transition from sub-state ] ; to fj  happens, when the time-dependent switching
manifold 0 & T which is defined as

0 o o opy T. (4.32)

4423 Second 1T Synchronized and T Engaged p

nns* rfc qgcamlb 8Qwl af pmlfgxccpyui oaff _nmjc_agt fdmj pmpcb.
phase with constant duration, as discussed in Sectior.3. T depends on thevehicle speedand
the shift processr) . It includes a) the duration for EM2 to accelerate t , negative acceleration in

this case, and b) the duration of the APCT . The duration of this sub-state ( ) and the torques
are

Tt t t t 0 f h
(4.33)
. oL . Y OO .o .
Y T EIYy 1 Mo hT h ov OpzOrs T h (4.34)
Y T[F] ON (‘)ﬁﬁFbﬁﬁ t h (4.35)
O oh on Oprrr T h (4.36)
where the gear position is neutral, since the DC is disengagedThe dynamics follow
L] l [ ]

‘ ® OUf‘%o? RY 3Q %0 (4.37)

& Loy R 1o opfdy h

& 0 & o]
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0 5 ah (4.38)
oy i N Opgfdis R (4.39)
o orp T Pgs T h
T@UQ "% 1 O O
t v A (4.40)

where 'O is the rotational inertia around the EM2 rotor axis including the rotor, the first and
the second stags of the ST2. Forp v A MM ,"
(seeTable 4.3).

. is equivalent to the target gear position

An autonomous transition from the sub-state i to 1 ; happens, when the time-dependent
switching manifold 0 6 1, which is defined as

0 o o o T. (4.41)

44247 1 ncreased and second i1 Bal anceod

In i, both torques fade to"Y; and"Y; , respectively, which are determined by the EMS for
the new gear position. Similar to the sub-statefz* “~mrf 8 @_j _l acpu _1I b
take place. Their durations are determined by

T “Y O i Y :)’QF] (4.42)
h VY
“Yh Yops JQ" P (4.43)
T h
Yy
t [ Effy Ay R (4.49)
Y;, Yopy T Jj L .
T Y o tsoh (4.45)
Tt ty R
t ot t h (4.46)
where” . is equivalent to the target gear (see Table 4.3). In this sub-state, "Y is determined by
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Y (4.47)
Yh Fb" ORR T FD hh T h
o Y %1 AY JQ . N
p %o, 1 h - h ov Opprs T h
N Q" (4.48)
re 7y ~ B
Y opp T —00 omn T MY Opy T PO T8
Vg Qo
Since the DC of the new gear position is engagd, (4.14)-(4.18) hold with
0 " L hoov OpgPORs T (4.49)

Since” MM and” pltfoare defined equivalent, there is, for instance,"O 1/ p. An au-
tonomous transition from the sub-state } ; to the next discrete state” . happens, when the time-

dependent switching manifold 0 0 T, which is defined as

0 0 0 O0pz T8 (4.50)

4.4.3  Shift Process in Other Categories

In the case of"Y m, replace”Y;  with "Y; in (4.19), (4.24) and (4.34). In the case of
T 1 ,replace”Y; with Yy in (4.39).

4.5 Hybrid Optimal Control Problem of Minimal Energy
Consumption

On a given time interval 6 b , Speed4Evehicle is controlled by an EMS to minimize its energy
consumption. The torques are the continuous controls, i.e. ¢ oM "YRY , of the system
o modelled in Section 4.4. The problem is formulated as a HOCP defined byDefinition 2.12 as

"t Ot D AOCIi Ebn Ohe O O h
oni oregoN‘ 2 " (4.51)
0O O O & eo0j dGe o 0 QB (4.52)
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(4.53)
a e0 I e0 e N
o (4.54)
U o e~ r a Pl
. ,173 hQ n o h (4.55)

where the cost function (4.53) determines the electric power based on(4.12), which is not indexed
(discrete state dependen), since the calculation of electric power based on the variables of the
EMSs does not require gear position.A2E calculates the Euclidean distance of a vectorThe endpoint
functional & imposes the endpoint constraint to the optimization, i.e. the angular velocities of both
EM should correspond the speedrom the driving cycle (0 ) and the gear position.T is a coef-
ficient in the endpoint functional , whose valuein the EMS is discussed inSection 5.2.1. The opti-
mization subject to the hybrid system dynamics elaborated in Section4.4 and the admissible dis-
crete control set’  of the hybrid system o . Additionally , following constraints need to be met,

ho nh (4.56)
ed eh (4.57)
e0 eh (4.58)
6N Yy 1 AY; 1 R (4.59)
O N Yy ] w1 h (4.60)

T %1 % hog oA (4.61)
T %1 5 A A (4.62)
nN N8 (4.63)

ufcpc gs gapilgnglgb ga ur éinblplgdrcg njmglirh Qs  mexip gnlrgg 8 |
cate lower and upper bounds.

Please be aware thatd and “Yare used interchangeably in the rest of the thesis.

4.6 Summary

In this chapter, hybrid system formulation in the context of HOCPs and EMSfor a two-drive multi -
speed powertrain is presented. The discussion focuses on a specific example, Speed4E powertrain
whose shift processes are represented in the hybrid system formulation by the corresponding dis-
crete states.With the goal of reducing computational intensity, certain simplifications are intro-
duced in such a way that the shift processes are primarily time dependent instead of solelycontin-
uous statesdependent The latter approach requires a small time step and a small convegence
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tolerance, which are luxuries for algorithms developed for online operations. The duration param-
eters in the time dependent model are based on the simulation and experiment data from[141]

and [142] . The HOCP for Speed4E powertrain is formulatedbased on the mathematical model of
Speed4E powertrain
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5 Development of Energy Management Strategy

The hybrid model o has been developed in Chapter. This Chapter develops the predictive
EMS embedded with the HMP solution method, whose structure is shown inFigure 5.1. There are
rum k_gl amknmlclrgqg 8Qnccb npcbgarmpp _I b 8FKN
Driver's regyest EMS Conirols Powertrain Olgpgts
Ureq, ") el
_-*" OnlineEMSin - wf}'] bl
i a MPC framework .
e 120l I
_ Speed
Ureq predictor
93] [Vpred.[j) ™ Upred,[j+Ny ]
Hybrid system|
Cost H
functional |
HMP solution
Contraints

@) ~ wi?mp—ulufjﬂufﬂ ~ UGN, ]

Figure 5.1: Basic dructure of the predictive EMS embedded with the HMP solution method .
In the above illustrated control loop, t he outputs of the powertrain are identical to the states
(e). Atthe time 0 , the driver requested acceleration 0 ) and the current continuous states e

are the inputs of the speed predictor to generate the predicted speed in the prediction horizon
(O fxUv ). Given the predicted speed the current discrete state (; ) and the hybrid

system o , the HMP solution method determines the optimal continuous control function
@ Fx0  ; ) and the optimal discrete control sequence (" X" A ). See

Section3.2.2.1d mp  u Their valuesin the first time step are provided to the powertrain.

5.1 Vehicle Speed Prediction

C

A Markov chain (MC) model predicts the speed in the prediction horizonv , Gr %q _ | gkn

method to model stochastic processes on discrete time[102, pp. 587-601]. Let & @& k¢
Tipigf8  be an infinite sequence in a discretefinite state space.lt is a MC if the probability of
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moving to the next state depends only on the current state. A Transition Probability Matrix (TPM)
can define the probability between MC states by

0PI 060Q p GadaOQ aah (5.1)

where O P | denotes thei-th row and j-th column in the TPM and "Qthe discrete time index. i and

j index the MC states.

- -
o (]
=] =]

s
o

Vehicle velocity in km/h

0 500 1000 1500 2000

Time in s
Figure 5.2: WLTC speed profile

Given a speed profile such as WLTC irFigure 5.2, a two-dimensional grid is generated by dis-
cretizing speed (0 to 36.5 m/s, interval 0.75 m/s) and acceleration U (-1.6 to 1.6 m/s?, interval
0.032 m/s?). The speed and acceleration at eab second are assigned to a point on the grid by
nearestneighbour method. A point on the grid is denoted by indexed MC stated ¢y which repre-
sents a pair U, 0). The TPM can be estimated as

.. AT 6&®Q p adsEOQ A
o i 5.2
ODPIi T 555 h (5.2

ufcpc ®amamslrg rfc maasppclacqg md rfc ctclr gl
prediction horizon that is discretized into 0 time steps are sequentially

Qi A®PIhawQ adh (5.3
aOQ p GadhQ npB 8 (5.4
The speed at each time point can be calculated according to the grid assignmentln what fol-

lows, the procedure to generate predicted speed with the MC model is referredto as predMC with
the current states, the requested acceleration and the length of prediction horizon as its inputs
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5.2 Hybrid Minimum Principle Solution Method

In this subsection, the general HOCP in Section4.5 in the prediction horizon is formulated, after
which the specific formulation of the optimality conditions derived from HMP discuss ed in Section
2.4.1is given. The TPBVP that is transformed from the HOCP is providedwhich is followed by its
numerical solution method. All algorithms are presented.

5.2.1 Hybrid Optimal Control Problem in the Prediction Horizon

The torques are the continuous controls, i.e.0 0 O "YRY , of the systemo . The
HOCP(4.51) is solved in the prediction horizon o , which is formulated as
"o D AOCI Edr Ohw O O h (5.5)

o LRI ko UhEe)

h

0RO O O & e0f de 0f 0 Qb (5.6)
R
Gef6 e ® OO0 1 R 00 1 f K (6.7
a4 e0f I eo0p e, h (5.8)
0 O; N y
., ——ogionos (5.9
subject to nog nih (5.10)
e0; eih (5.12)
® 0 e .h (5.12)
6N Y, 1 HY; 1 h (5.13)
oN Y, 1 RY; 1 h (5.14)
1T N1 s R R (5.15)
1T %1 Aoy A (5.16)
NN N8 (5.17)

The algorithm predictiveEMS describes the predictiveEMS The function solveHMP solves the
HOCP with the HMP that is elaborated in the following sections. The square brackets at the sub-
scripts convey the idea that the numerical calculations are performed in discrete time. [0] indicates
the current time point. Based on e and the requested accelerationb , predMC provides the

unconstrained predicted speed profile  h 0z b ; BB ;  and the predicted accel-

eraonth 0 ;R

E(

1)) 7 .1 in(5.8) is parameterized to make sure thate 0
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from the solution correspond to the predicted speed which is discussed in Section6.3.1. It is nec-

essary to have the solution process less sensitive #®5.8), so that the minimal of ; Ge 0l 0 Qo
can be stably found. Therefore, 1+ and 4 are constrained in vehConstraints considering the max-

imum and minimum output torque of the powertrain given vehicle speed The constrained pre-
dicted speed profle Th 0 R B g and  acceleration h

0 s MR ; serve as theinput for calculation of the requested torque in (4.4).

The constrained predicted speed is referred to as predicted speed invhat follows .

predictiveEMS

input: e ,0 ., ,0 ,0

-n—ﬁ"— h 'I nI "H"H'E .N’l) Fl’j
T AOTTHE AT T R T
"EOmT O h 1T HERRE M

Return " * Dand ¢* O

5.2.2 Conditions of the Hybrid Optimal Control Problem
To apply the HMP to the problem (5.5) with the constraints (5.10)-(5.17) specifically, the indexed

costatesf h _zh ; areintroduced to formulate the indexed Hamiltonians

= effy defo f C. o h

vheld ; O"Q"O h EfR X, As0 Q wh

" HOY (5.18)
re ~ i x . -

I,Pc‘xom {0 & h Eff ngsoc Q wh

Vg 9 n

where the gear position "Ois determined by the discrete states and sukstates by (4.17), (4.26),
(4.31), (4.36) and (4.49). Function ¢ from (4.6) calculates the vehicle acceleration.The backlash
means exclude. The second andition is activated, only when the sub-statej sfo Q ohis acti-
vated (see Section4.4.2.3). The dynamics of the indexed costates that defined in HMP(2.53) are

—a

Te

IOy h (5.19)
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— Y e o =5T—"01‘)H"Y h (5.20)
—h
. 100 - To. - = . . -
v I 1 —fi ovhY h EfE X, rso Q wh
rr 100 - (5-21)
h Eff fis0 Q w8
o T-‘ ﬂ@ NkS

— and — are fully expressedin (C.6) in Appendix C. Use an extended statee h o [f  to

keep the notation compact, whose dynamics follow

] « P 1= 8 (5.22)

The hybrid controls " * 6 f* 6 from (2.55) are determined by firstly

o .

subject to the constraints (5.13) and (5.14). Secondly, the discrete control is determined by

"t AOCEEBD R R (5.24)

07 0.8 (5.25)
The transversality condition (2.55) of the problem (5.5) is
)4 O d e0; e h (5.26)
which is evaluated by its error

f 0 na oo 8 (5.27)
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5.2.3 Algorithm for Solving the Hybrid Optimal Control Problem

The function shootHMP determines a candidate solution of HMP, which produces a pair of con-
tinuous control function and discrete state sequence on the discrete time ='f0" , given a pre-
sumed initial costate _ and the initial state, discrete state and control (¢ ,13 and¢ ). The
dynamics from (5.22) are calculated by explicit fourth-order Runge-Kutta integration scheme
(RK4) described in Section 2.3. Its algorithm is omitted . The candidate is considered a solution,
when the norm & 4is smaller than the convergence limit-, which is evaluated in the function
solveHMP.

Figure 5.3 shows the flowchart of shootHMP. The timestep size of the discrete state sequence
('Qis 1 s. At every timestep,” is enumerated in the set’ listed in Table 4.2. When the power-

rp_gl qgr_wg gl rfc APDCHKIE pecar sp*l gr femrdis Iradrcg elg I &g k s k

T'w,h —hsp - Nsp)

*
w )

3
=]
2
N
el
— ~
2.2
5 G5B
S>3 3
I
EE*B*B
zz%"
<] |55
= B &>
>R
{0}
= B
%%
> &
A
&

Foreachw € 'Bq[k]
true

Yo, [k+1]
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z

Hamiltonian = * and the corresponding control ¢ (marked margenta), which is used to calculate
the dynamics for the indexed extended states at next timestepe ; . During a shift process, i.e.
" 0, the state trajectory is calculated with a time step ("Q ) of 0.01 s. The controls is predefined
by the shift process in4.4.2 and the dynamics of the state are therefore autonomous 0 is the
time index, when the autonomous switching manifold (4.50) is met, i.e. a shift process finishes.
i is the gear position at which the shift process ends It is defined by ' in Table 4.3. 0" is
determined by minimizing the Hamiltonian in the target gear, which gives the "Y; and”Y; in
Subsection4.4.2.4, ? 8ufgjcu jmmn gqg n©°pandihk stdte (6 I;r §j rfoc
converge, which is evaluated by the relative change of their Riclidean norm (&£29. The dynamics
are calculated in the rest of the time ('Q "Q J) )to determine « ; .= “is approximated by
the values during the shift process and the Hamiltonian in ther)y  together (marked margenta).
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z

After the enumeration of " , " “ is chosen by finding the smallest indexed Hamiltonian.¢* , 1i° ,

z

n and « are determined accordingly.

Broyden method [143] , a quasiNewton method, is used to find the root of . The initial costates
are updated iteratively according to

! o f v Lo nh (5.28)
Ww o L ¥ . y

Lo 2R - Y g 5.29

W oL > Y oL h (529

W v s f s R (2:30)

y h (5.31)

where £ is the iteration index. L, the pseudoinverse[144] of the finite -differ ence approximated
Jacobian matrix L, can be iteratively obtained without updating the Jacobian matrix. Lis initial-
izedwitha ¢ ¢ identity matrix L. See[143] for detailed explanation. The pseudoinverse is used
to replace the inverse in the original algorithm, so that the Broyden method can be executed, even
when the matrix L is non inversible. The Broyden method is implemented in solveHMP, whose
flowchart is shown in Figure 5.4, where broydenJacobian calculates!. based on (5.29)-(5.31).
The convergence criteron depends on the initial guesses , which are generated by the function
genlnitialCostate described in Subsection5.2.4.

5.2.4 Initialization Inspired by Bang-Bang Control s

The guesses are initialized based on bandpang controls, i.e. the control switches between upper
and lower bounds [145] . For the problem in question, it can be interpreted as that either EM
provides the total output torque on the wheels alone.

Figure 5.5 shows the flowchart of the function genlnitialCostate . The Broyden method requires
two initial guesses, which eliminates 1} , with which only one candidate with EM1 propelling the
vehicle is available. If the system starts withr] , the discrete staterj that is used in genlnitialC-
ostate is eitherr) or ), chosen by the smaller cost function at the initial time point. The state
trajectory over the prediction horizon =Fh e fe B he  is determined by the predicted speed
without calculating the dynamics. The output torque on the wheels over the prediction horizon
4 ., similarly defined as <, is determined by (4.4)-(4.6). An example of=and4|  are shown
in Figure 5.6(a) . Based on it, the torques of the EM1 and the EM2 providing the total output torque
on the wheels alone, 4 andd  are calculated and are used to form the control functions
-+ and , respectively. The power losses in STs are neglected. Should the total output
torque on the wheels be not reached in either case, it is complemented by the otler EM.
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Ao.1- A2 := genTnitialCostates(V, V., 2o}, (o), ) @

J’ N — aremin (YL . (5 . T
U1.Q1. Y1, @, := shoot HMP (20, A1 (o). qj0]) ‘4-— 3?{';1;;’( - (i,72(9) " wio) ’41 = flm‘
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v
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1
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Figure 5.4: Flowchart of solveHMP

~ Ap-1,u, = RK4(@ iy, Ay w,) " g, v, Toy —h)

a T
~ Ap1,u, = REA((@fy, Ay p,) T w00 Doy —h)

Figure 5.5: Flowchart of genlinitialCostate

The control function for the first guess s is formed by choosing the controls from = and
T+ when they cause a smaller cost definedy (5.7). W denotes the set of the time indexes
ufcl rfc amlbgrgml g § dAg | bdanotesdhe sesdf thegtimé indexes

that are not included in W . Switch the sets and form the control function == for the second

guess.Figure 5.6(b) shows an example ofs T and the deviation of cost function along
the prediction horizon, a<he adhe .= is , when the deviation is smaller
than or equal to zero, and , when the deviation is positive. = is the opposite order. An

example is shown inFigure 5.6(c) . The initial values of costates are calculated backwards by{5.19)
with explicit Euler method , whose example is shown in Figure 5.6(d) .
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Figure 5.6: An example of the initialization for a predicted speed profile with constant accel-
eration and the system is in A . (a): predicted £ and 4| 1 + (R): approximated = y; 1 aag

T i 1 1G@mpare the cost function over the prediction horiz on. (c): form = and = . (d) esti-
mate { g 54 % by backwards integration.

5.2.5 Minimization of the Hamiltonian

Given (5.18) and a determined 1}, the minimization of the Hamiltonian (5.23) is expressed as

o . @ "Gufm "G 0
A )
(BT oo iy [ Elaefd ¢ O ,l S
O e ok A - (5.32)
i Elaefd {0 i dugy

which tells that the task is to minimize the cost function (5.7) over the control ¢ (torques of EM1

and EM2) for a given discrete stater.

In Section 5.3, the minimization of the cost function is studied.
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5.3 Minimization of the Cost Function

The minimization of the cost function is formulated as

i Edefo R (5.33)
defd e » 00 1 M 00 1 M K (5.7)
subject to 6N Yy 1 AY; 1 R (5.8)
6N Yy 1 AYs 1 h (5.9)
o B iy (4.14)
@ RARY 0 .
’ 4.15
T 2qn " (4.15)
Y %1 B 3Q %1 B 0Qn (4.16)
AN pit B *

where in (*) only 1 andnj are considered, since the torques are determined by(4.7)-(4.9) in
neutral gear position and the continuous controls are predefined during a shift process (N
X, 1 i i ). The minimization is subject to the inequality constraints (5.8) and (5.9) as well as
the equality constraint (4.16). (5.15) and (5.16) are not considered, sincee and 1} are given. Due
to the nonlinearity of the power losses functions in the cost function, the bestcase scenario is to
have the problem solved with efficient algorithms for convex optimization problems (see discus-
sion in Section 5.5). Convex optimization problems refer to optimizing convex functions on convex
sets[63, pp. 136-137]. The cost function and the constraints of the problem (5.33) is shown in
Figure 5.7(a). The axes are the torques of both EM.The black square sketches the contour of the

— Dot = D1y, 1) - iy + ¢alws, uz) - d2(g)
= = Supporting line for linearity

[— Tt = Tors i1 + Torz - ia()|

x10%
60 60
40 40
o 20 g 20 =
Z z f
g 0 =0 )
T 3 3
& 20 =20 s
-40 -40
-60 -60
60 -40 -20 0 20 40 60 60 -40 -20 0 20 40 60
T; in Nm TsT1 in Nm
@ (b)
Figure 5.7: The constraints of the minimization problem with following parameters : o
km/h, { T HI Nm, o 4. (a) problem (5.33); (b) equivalent problem.
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cartesian product "Yy 1 AY; 1 "Y; 1 HAY; 1  from (5.8) and (5.9), which is
a convex set. Theblue solid curve represents the equality constraint(4.16), while the dotted line

represents a line segment connecting both ends of the curve. Evidentlythe optimization domain

that is constructed by (5.8), (5.9) and (4.16) is not a convex set(see its definition in [63, pp. 21-
26]). The problem (5.33) is not a convex optimization problem. An NLP problem needs to be
solved at each time step inshootHMP.

The minimization (5.33) can be proved to be equivalent to a convex optimization problem in
standard form, i.e. minimizing a convex function subject to convex inequality constraints and af-
fine equality constraints [63, pp. 136-137], which makes the use of efficient and broadly available
mnrgkgx_rgml _jempgr f[éEogp. 525-531)] and irtedar -pdinatethdd ¢146f mb
pp. 412-415] possible Furthermore, additional inequality constraints can be found to make the
optimization domain smaller. The proofs are elaborated in Appendix D. The following subsections
provide the results of the proofs and the main idea of the proofs for better understanding.

5.3.1 Equivalent Convex Optimization

Lemma 1: the problem (5.33) is equivalent to a convex optimization problem in  a standard
form.

Proof:SeeProof of Lemmal in Appendix D.

Main idea of the proof change the variables tothe effective torques of both ST, i.e.

iﬁET & %or Y Meop 5 Y h (5.34)

&n %or Y Whop ;Y

1 Dor Y 1 oy g Y (5.35)

00 1 Mo Y 00 71 Mor Y B
subject to YN % 5 YSWO ; h (5.36)
Y N % f YSWDO 5 A (5.37)
o B efiv (5.38)

wARhY Q B

— 1 2aj (5:39)
Y'Y JQ Y Jenh @7)
AN pit h *)

where e and 1] are subscripted in (5.34) and (5.35) to avoid confusion, since the cost function is
optimized w.r.t. torques. The function %gsi © 5 in (4.16) is more rigidly defined as
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" RY 5
v g fy oy SO 1AY U]T v o1 h (5:40)

31 "YWasY Y'Y 1 8 (5.41)
Since the angular velocity] is given, the function is rewritten as % dg © 1
00 1RY, .
Yo%y vy 2T U]] v 5 R (542)
> 'Was'y ] Y 'Y 1 h (5.43)

where the domain 2> is bounded by the maximum and the minimum torque of the EM depending
on1 . %o is the inverse function of %o . Its existence and properties are discussed iMAppendix D.

Figure 5.7(b) shows the cost function on the axes of the effective torques of both STs. Thélue
line represents the equality constraint (4.7), which is affine. The optimization domain constructed
by (5.36), (5.37) and (4.7) is convex By definition of convexity and the examination of %. , the
function to be minimized in (5.34) can be proved to be convex (5.34) is a convex optimization
problem in standard form. The equivalency is shown in Appendix D.

5.3.2 Upper and Lower Bounds of the Torques

[Tz
Tiotal = Toere |A] Tiotal = Tinf max
Zone 1l Zone I
. Tiotal < Thero Tiotal = Tinf,max
. T[T =0 T, =0

) //////_

// Z

Zone IH / Zone IV
Tiotal < Therc Tiotal 2 Tinf,max
T|\Tz <0 TT5 <0

///////

Figure 5.8: Torque range divided into several zones
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The domain of the optimization problem (5.33) and (5.34) are studied and reduced, so that the
optimization can be faster. According to (5.13) and (5.14), ¢“ falls into the cartesian product of
the space "Y; 1 HAY; 1 Yqi 1 AY; 1 withgivene 1 A andfj. To re-
duce the domain is to prove that ¢* only falls into a subset of the cartesian product of the space.
Furthermore, with the equality constraint (4.16) in mind, Y  also needs to be considered. Intu-
itively, if “Y is a large positive real number, both 6 and ¢ are likely to be positive, and vice
versa. Therefore, instead of 6 /6, twovectors Y R and "Y [  are examined.

For a given e and 1 o , the cartesian product of the space
Y i 1 h AY 5 1A Yy 1 HAY; 1  ismarked with a black square in Fig-
ure 58 with Y as xaxis. For simple display, Y and Y share v
axis. Y 5 1 h RY 5 1A i 1 AY; 1 with a black square. By equality

constraint (4.16), there is

<
o
—
f=

% 1 AY; 1 JQ %o 1 AY; 1 Jan h (5.44)

<
=
—
=

% 1 AYs 7 JQ %op 1 RAY; 7 Jon 8 (5.45)

The torque of an EM minimizing the power loss of an EM or a ST individually is expressed as

i 5 AOEDO 71 AYH (5.46)
Yi 5 AOGOEDOO 71 AYh (5.47)
i r AOGEDO 1 AYh (5.48)
Yi r AOCEDO ;1 AYh (5.49)
Y, T AOY 5 RYy Yy i h (5.50)
Yo A% 5 AY: & Vi g B (5.51)

ufcpc rfc gs > qgapgnr §8gl dpu"VY;b g Idenotes thg tordug bfEMI thaD mp
minimizes the power loss of EM1.Examine the power losses of both ST&nd both EMs (see Figure
D.1), T "Y; & Yi 5 andm Yy i “Yr & ,whichgives(5.50) and (5.51). The out-

put torques that is solely provided by either of the EM with the torques in (5.50) and (5.51) are

Y ohR % 5 Yi JQ %y 5 mTOQRQH (5.52)
Y ohR % r TIQ % 5 5 Yy JQARh (5.53)
Y R I Aor sr RY s R (5.54)

where”Y is the bigger one of the two output torques. Additionally, define the output
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torque on the wheels that both EM output zero torque according to (4.16) as

Y % n TMIQ % i 5 I8 (5.55)

The lines”Y Y and”Y "Y are marked red in Figure 5.8. The cartesian product of
the spaces are then divided into several zones. It is firstly proved follemma2, that Y F* and
("Y P fallinto certain Zones, when "Y Y o oor"Y “Y & ,whichgives additional
constraints for the problems (5.33) and (5.34)."Y Y “Y & Is later addressed in
Lemma 3, since the domain of the optimization problem in this zone is different from the rest.

. o S . i
Lemma2: Suppose q|; Rl 5 7 solves(5.34)and 0" A < whp s B oaan Aan IS
the equivalent solution to  (5.33). Following inequality holds

LotN Y, 1 h . .
. =Y Y pr b
o'N MYy ] h
So'N Y 1 Bih, o (5.56)
e R Y h
wo'N Yy, 1 hmh
v Y N % o TR 5 Y 7 h .
I'pe o . Y Y ohs o h
Y N % p o Tt 5 n YR ] h
TPy N 9% Ao Yq Beo ; 1 R
'y . Y Y 8
eY N % non Yeo1 oo 5 n ™ h (5.57)
— Thoeal = P1lwi, 1) - 41 + Pa(wa, us) - inlq) \ <105
15
4
]
2 05 .
E 0 Uy, Uz ) o E:
o uy + duy, up — dug) j,
2 0.5
-1
-4

36 38 40 42 44
Ty in Nm

Figure 5.9: lllustration for Proof of Lemma 2.
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Proof: SeeProof of Lemma2 in Appendix D.
Main idea of the proof Consider”Y "Y i ,atleast one of Y [ and ('Y R fall in
§ X ml .dDueGqithe equality constraint (4.16), they cannot fall in § X mIVjgtog&her. It can be
proved by contradiction that they fallin 8 X ml.c Gp

Assumed® T g, c, S§Xmlmt Gut, _BNEml ¢ NGOl in suli awvangtat
0 Tcan be determined by (4.16). Apoint 6 16Mm 16 hé6 mHo 8, fulfils
(4.16) and locates between 6 I©  and 6°fv* . These three points are marked inFigure 5.9,
an enlarged view of Figure 5.7(a) without the supporting line.
16 and 0P to Y AY , Y

%  and% ; rmap 6 , 6 106
mand] Y 1. They fulfil the

1Y AY 1Y and "Y RY ,respectively, where] "Y
affine equality constraint (4.7). Since (5.34) is a convex function,

&r %or Y Mhop ;Y af %or Y 1Y Reor Y 1Y (5.58)
However, (5.58) is shown to be false in Proof of LemmaZ2. Ergo, the assumption does not hold.

The above process is repated with modification for the case of 6° ™ g, ¢ VU 8 Xdl b

™ g, clu,8Xmlc
Therefore, "Y * and ('Y O cannotfallin § Xml ¢ Gpu _ | depar@tymWWhen GT
Y Y ,both 'Y B and(Y B d_jj gl. §Xmlc Gpu

The same is done forthe case that™Y Y

For the range that"Y Y “Y & ® ,thefollowing constraints can be found:
Lemma 3: Suppose | Rll; 5 7 solves (5.34) and 0" 0" A o g B w dis isthe
equivalent solution to (5.33). Following inequality holds

Y %or, 5 Yy Jon .
6N %o B by g

0¢

“ . Y Y Y B o h  (5.59)
N o Y %or, "Yi R JQ Y
o oof, R o h R
Qn

3¢

48 SeeProof of Lemmaz2 for rigid definition.
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Y %or, 1 Yi p Jon .

v ow hoh "Qh h n Moo “Ye g R
Y %or  "Yi JQ. . .
oL Mo 7 "Ya & h

Y'Y Y s 8 (5.60)
w

“Yv n and”Y;  denote the torque of the EM1 and the EM2 providing a total output torque
of Y { r ,which are

Y Rk %op 5 T JQR .
Y & %o, i .Z;h i n R (5.61)
. Y R %o, T JQ
Yi f %oF o 8 (5.62)

Proof:SeeProof of Lemma 3 in Appendix D.
Main idea of the proof Lemma 3 can be proved by contradiction.

Assume 6 “Y; y . By doing so, (4.16) determinesd® T (torque of the EM2). Choose a
small increment] 6  Tin such a way thaté 106 "Y; 5 . The equality constraint (4.16)
determines the new torque of EM2 corresponding tod” | 6 andisdenotedasdé® 160 ho
which satisfies6” 16 T By optimality,

Qpn 6 16M 10 ap o'l h (5.63)

which can be shown false in Proof of Lemma3. Therefore, &°  “Y;

=

Similarly, it can be shown that 6°  %of; RRGA

5.4 Time Complexity of the Predictive EMS

The variables that influence the time complexity of the algorithm solveHMP are listed in Table
5.1. As discussed in Section5.2.3, 0 is dependent on the shift durations. Since the worst-case

time complexity, i.e. big-O notation?, is discussed, it is assumed that a shift process takes up a

time step "Q An integration scheme of 0 order is applied to calculate the dynamics.

49 ¢ state that the time complexity considering ¢ as its variable isb "Q¢ means that there exists a constanty
and 6 JQ¢ is an upper bound of the time complexity [81, pp. 34-37].
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Table 5.1: Variables influencing the time complexity of solveHMP

Variable Description
0 Number of the iterations to solve the TPBVP
0 Length of the prediction horizon
Gi Size of the admissible discrete control set
5 _Q Number of the time steps with a length of
Q "Q that a shift process takes
0 T Order of the RK integration scheme
0. Number of the intervals of the time discretization grid for a time step in

the RK integration scheme

0 Number of the iterations for the § u f g j cip FigursBihto converge
0, Dimension of the continuous controls
0, Dimension of the continuous states
0, Dimension of the extended states consisting ofe and ¢

The time complexity of solveHMP is the summary of five parts that are listed in Table 5.2.
OEl AandOE T A are the time complexity of the minimization of the cost function and of the
Hamiltonian, respectively. They will be elaborated in the next paragraph. It is assumed tha the
time complexity of all mathematical operations and logic operations cost the samecomplexity. In
shootHMP, the admissible discrete control set is enumerated(5.65) estimates the time complexity
of determining the trajectories of e and ¥ as well as¢® through | E=l for" o, i.e. the gear po-
sition does not change.(5.66) estimates the time complexity of the same procedure but for" g,
g, c, rfc ec_p nmggr gml af _lecqgq, ?drcp c_af
= out of a vector of i elements.

0 ), . B calculates the complexity of the RK schemed denotes a constant, which is
used to summarize the number of the computation steps in a process that are independent on the
variables in Table 5.1. The subscripts ofd indicate the process within which the operations are
summarized. For instance,6 is the constant for the RK integration scheme, whose value is esti-
mated to be 36 for calculating e and f at each step in the RK integration scheme The time com-
plexity of searching in a look-up table grows linearly with the number of the points in its discreti-
zation grid, which is includedin 6 ,6 ando
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Table 5.2: Time complexity of each part in solveHMP

Initialization: OEI A (6, B 6 00 2,7, D (5.64)

"o i} 2 00EIA o0 X, D 6 (5.65)

0 D 26 p D
shootHMP | " @ A , v e . (5.66)
20Ei A 0 200 2,3 B s

Evaluate: 0 2 J0i 6 (5.67)

Broyden method: 0 p o0, 0, B (5.68)

The values of OE i Aand OE i A depend on what kind of problems they are and how they
are solved. Without Lemma 1, both problems are treated as NLPproblems, due to the nonlinear
equality constraints. A broadly available solution method in commercial software, e.g. Matlab, is
SQP A SQP method was examired in [147], which showed that it takes no worse than 0 T
iterations to solve a constrained nonlinear problem tof accuracy, wheref ¥ Tip is the accuracy
of the first-order necessary conditionsfor optimality [148] . Given the complexity of quadratic pro-
gramming at each iteration to solve a quadratic subproblemis 6 € , the complexity of the whole
solution is approximately O € T, where € is the number of the inputs. Please be aware, this is
not a strict evaluation, since the approximation of the constraints has not been discussed With
Lemmal, both problems are treated as convex optimization problemsin a standard form, which
can be solved by the interior-point method, an efficient method to solve convex optimization prob-
lems (see[63, pp. 561-620] for more information of the method ). It was reported in [149] that
the complexity of using it to solve aconvex optimization problem to] accuracyis G & 81 T gff
The default value of { in Matlab is 1x10 € [150] . Given the small number of inputs of the optimi-
zation problem analysed in this Chapter,Lemma 1 reduces the complexity. Lemma2 and Lemma
3 modify the inequality constraints so that the feasible set of the inequality constraints becomes

smaller, through which the interior -points method requires less iterations'® [63, pp. 592-594]. The

50 Assume that the feasible set of the inequalities is contained in a Euclidean ball of radiusY. The complexity is
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reductionof OE | AandOE I A through Lemma2 and Lemma3 is lesssignificant than Lemma

1.

The first two most dominant parts in Table 5.2 are those involving the minimization and the RK
integration scheme. In big-O notation, their time complexities®! are 6 D i D 0
T and0 0 D i D 2 2, J). , respectively. With Lemma 1, the former is re-
ducedto §) 0 QD 283 1

0 depends on the algorithm applied to solve the TPBVP and the initialization strategy. They
are the Broyden method and the Bang-Bang controls inspired strategy. A theoretical analysis is
difficult to perform. Their effects will be evaluated in a numerical si mulation in Section 6.3.1.

5.5 Summary

This chapter has adopted the HMP and has developed a predictive EMS embedded with the HMP
solution method. The developed predictive EMS is schematically illustrated in Figure 5.10, in

which the major components for the algorithm are presented. The Broyden method has been a@-

plied for the first time for the solution of the HMP in the context of EMSs. The shooting process is
innovatively initialized by a strategy inspired by Bang-Bang controls. Importantly, the instantane-

ous Hamiltonian has been mathematically analysed, whichproduces Lemma 1, 2 and 3. The be-
haviour of the predictive EMS is to be evaluated in Chapter6.

It should be pointed out that the algorithms in the predictive EMS are suitable to multidimen-
sional problems. On the other side, the works that used IMs that concern 1D problems which are
in most cases in the literature, as mentionedin Section 2.4.2 and Section 3.2.1.2C are difficult, if
not impossible, to be extended to higher dimensional problems.

The HMP solution method involves the minimization of the instantaneous Hamiltonian, a non-
linear function, at e ach time step. The foremost advantage of showing the minimization is a convex
optimization problem is that the problem can be solved reliably and efficiently with the interior -
point method or other special methods for convex optimization [63, preface]. Furthermore, most
of these efficientand available algorithms require a standard formulation. Unfortunately, the prob-
lem (5.33) turns out not to be a convex optimization problem, let along one in a standard form.
Lemma 1 resolves the difficult situation with the pre requisite: the power losses of both EMs and
both STs are convex in the direction of torque. The power losses in this thesis are the simulation
data provided by the project partners. They fulfil the prerequisite (see Proof of Lemma1).

dependentoni 'Y

51 Big-O notations ignore constants and lower order terms.
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i [@) ~ w[j+Np—11l”f3]|“fﬂ ~ UGN, 1]

Figure 5.10: Structure of the predictive EMS embedded with the HMP solution method , supple-
mented by Lemmal, 2 and 3. TPBVP solved bythe Broyden method with the Bang-Bang con-
trol s inspired initialization.

The convexity of the power lossesmight not hold if , among other possibilities, measured power
losses are used, due to measure errorstc. It can happen when either angular velocity or tor que is
close to zero. One possible way to use the Lemmas would be separating the optimization domain.

The time complexity of the algorithm of the predictive EMS is analysed It is noticed that Lemma
1, 2 and 3 have reduced theworst-casecomplexity of the algorithm . They can be transformed to
the proofs and the treatments for the optimization problems with similar settings in other applica-
tions and studies, even thosethat are not relevant to EMSs.
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6 Simulation Resultsof the Predictive Energy
Management Strategy

A predictive EMS embedded with the HMP solution method is developed in Chapter5. The time
step "Qis setto 1 s and the time stepduring shift processes™Q is setto 0.01 s.This chapter discusses
the simulation results of the developed EMS

The first part introduces two reference EMS: (a) EMS naive optimal, an EMS that minimizes
instantaneous energy consumption but ignores shift processeand (b) EMS global optimal, a global
optimal provided by the DP, given the speed profile a priori. The EMS global optimal determines
the theoretical optimum for the HOCP, for which the predictive EMS strives. Note that both refer-
ence EMSs are identicalif the shift processes are neglectedn evaluation, which is used in [13] .

The second part investigates the solution process ofthe predictive EMS. In particular, it sheds
light on the process of solving HOCP through minimizingthe instantaneous Hamiltonian. To show-
case the advantages othe HMP in the context of EMS, its solutions at several representative driv-
ing conditions are compared to those of EMS naive optimal. Furthermore, the iteration process is
presented. The convergence behaviour ofsolveHMP with the Broyden method is compared to a
commonly available QuasiNewton method that requires little effort to implement.

The third part shows the result of driving cycle simulation. The WLTC is chosen as the speed
profile for the simulation, which is widely used as a standard driving cycle for evaluating EMSs.
The predictive EMSis compared tothe reference EMSsAdditionally , the predictive EMSis studied
w.r.t. accuracy of predicted speedand length of the prediction horizon.

6.1 Reference Energy Management Strategies

Both reference EMSs are presented in the following subsections.

6.1.1 EMSNaive Optimal

A reference EMS minimizes the instantaneous costunction (5.7) subject to the constraintson the
EM torques and the angular velocities (5.13)-(5.17), the equality constraint on the total output
torque (4.16) and the dynamics of the continuous states(4.14)-(4.18). It assumes that a shift
process takes place instantly without energy consumption or recuperation, which limits the dis-
cretestatetofn ¥ A M M . With this setting, the EMS naive optimal hastwo DoFsand two inputs:
the vehicle speedand the total output torque . Optimization is performed over the whole input
space to obtainthe look-up tables of the target gear positions and the EM torques. Figure 6.1 shows
the look-up table of the target gear positions.
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Figure 6.1: Target gear position look-up table

6.1.2 EMSGlobal Optimal

For a given driving cycle, the forward discrete DP°2 is implemented to solve the HOCP (4.51)
under the constraints (4.56)-(4.63). The length of time step is set to be 1 s.At each time stepo
the discrete control”  is enumerated in the admissible discrete control space' (see Table
4.2). For the discrete control representing the fixed gear positions, 6 ; represents theEM1 torque
at 0 . For the discrete control representing the shift processesp ; represents the EM1 torque
after the shift processin the new gear position, i.e.”Y;; in (4.42). The torques during the shift
processes are predefined, as shown in Sectiod.4.2. The admissiblecontinuous space of6 j , i.e.
Y, 1 5 RY; 1 ;5  isdiscretizedto generateagrid: of 1000 points, so that the incre-
ment on the grid is smaller than 0.1 Nm. 6 ;; is enumerated on the discretization grid: .0 j
can be determined according to6 ;; , the gear position "Oand the constraint (4.16).

6.2 Solution Processof the Predictive EMS

Given a combination of current speed and acceleration, the predicted speedorofile in the predic-
tion horizon, 0 p Tin this subsection, are generated by predMC starting from 6 TS, as de-
scribed in Section 5.1. Several examples of representative driving conditions are presented in Fig-
ure 6.2, in which (a) and (b) are the vehicle operating points from WLTC to representlaunch with
small acceleration and deceleration at low speel, respectively. A speed profile of constant high
accelerationis formed in Figure 6.2(c). They are chosen to demonstrate theproperties of the HMP

52 10 solve an OCP with the discrete DP is to solve the Bellman equatior(2.48)-(2.50). Due to its recursive
nature, it is natural to perform the calculation in backwards time direction, i.e. in the orderof 0 , 0
0 . As aresult, states are calculated with backwards integration. In the case of free terminal conditions b
fixed initial conditions, e.g. the gear position is unknown at 6 but known at 0 , it is tricky to assign
reasonable values for states ab  to obtain the global optimal. To avoid such inconveniency, the HOCP in
question is solved in forward time direction, which is equivalent to using backward discrete DP to solve the
HOCP with reversed speed profile and switched boundary conditions. Since its equivalency, the Bellman
equation for the forward DP is omitted.
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solution process that reaches different solutiors compared to the EMS naive optimal.
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Figure 6.2: Predicted speed of individual solution s. (a) « sin the WLTC. p) « sin

the WLTC.(c) high speed and moderate acceleration.

Given the predicted speedyrh 0 0 5 B ;5 , solveHMP, shown in Figure 5.4,
solves the TPBVP transformedrom the HOCPiteratively. At an iteration, shootHMP, shown in
Figure 5.3, determines the discretecontrol sequenceand the continuous control functions by min-
imizing the instantaneous Hamiltonian through the prediction horizon. The following subsections
discuss this process.

6.2.1 Minimizing the Instantaneous Hamiltonian

This subsection discusses the difference between mimizing the instantaneous Hamiltonian and
minimizing the instantaneous cost with the examples from Figure 6.2, and does minimizing the
instantaneous Hamiltonian minimize the cost functional in the whole time interval.

Launch with small acceleration

Figure 6.3 presentssuch a process atthe 1% second of an intermediate iteration of solveHMP
solving the HOCP giventhe predicted speed profile in Figure 6.2(a) . Starting with the neutral gear
position, i.e. | 0 1 , the powertrain can stay in the neutral or shift to the 1% or the 2" gear
position, i.e. the admissible discrete control set’ i M i . Figure 6.3(a) shows the angular
velocities of both EMs for each admissiblediscrete control. Since the ST1 is singlespeed, the dis-
crete control does not change] .1 evolves differently according to the different discrete con-
trols. Due to low vehicle speed the shift durationsinr) andfj at this instance are short. Thereaf-

ter, 0° "Y;{Y; are determined through minimizing = and are presented in Figure 6.3(b).
As shown in Section5.2.5, it is equivalent to minimizing the instantaneous cost with a fixed n.
(5.19) determines the costates which are illustrated in Figure 6.3(c). Though] evolves the same
regardless of the discrete control,_ evolves differently, due to the different torques. The cost
function and the Hamiltonian as well as their cumulated values are presented inFigure 6.3(d) and
(e). The shift processes of) and | consume energy and,therefore, & and & as well as their
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cumulated values are higher than those of fj in the first 0.2 second. However, the system con-
sumes less energy in the 1 and the 2" gear position for the rest of the time, so that the cumulated
cost ofr) at the end of 1% second is the highest among the three. An EMS that minimizesthe
instantaneous cost, i.e. the electric power, may it consider shift processes or not, chooss) . Inter-
estingly, under the HMP, the predictive EMS chooses , sincethe resulting Hamiltonian of j , i.e.
= a f :l (see(5.18) in Section 5.2.2), is averagely and cumulatively the lowest.
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Figure 6.3: The instantaneous Hamiltonian in the 1% second: (a) angular velocities, (b) tor-
ques, (c) costates, (d) cost function and (e) Hamiltonian.
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One might ask: is minimizing the instantaneous Hamiltonian beneficial? Figure 6.4 compares
the solution of minimizing th e instantaneous cost to the one generated bythe HMP over the whole
prediction horizon . Figure 6.4(a) shows the continuous statesof the former solution. To achieve
the lowest cost at each time stepthe system remains inrj , after it shifts from the neutral to the 1
gear position, i.e. ] at the beginning of the time interval . The corresponding controls are pre-
sented in Figure 6.4(b) . On the other hand, under the HMP, the system remains inr} over the time
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interval, as the discrete control sequence inFigure 6.4(d) shows. The state and the costate trajec-
tories are presented in Figure 6.4(d) . solveHMP finds a solution, as the costates inFigure 6.4(c)
evolve to zero and fulfil the transversality condition. Figure 6.4(e) compares the cumulated cost
over the time interval. The blue curve represents the value of minimizing the instantaneous cost
and the brown curve shows the deviation betweenboth solutions. A negativedeviation atd p 18
means that the solution by the HMP reduces cumulated costover the whole time interval. The
HMP manages to minimize the integral, though the cost during the time interval are not always
the minimal, which is indicated by a positive deviation in Figure 6.4(e).

It is worth mentioning that ¥ plays animportant role during the process Only when ¢* O fol-
lows its dynamics in (2.53) and meets the transversality condition in (2.55), the HMP locates a
minimal for the HOCP®3. Figure 6.5 shows the Hamiltonian in the 1%t second with negative
_ 0 mand_ 0 T values which are randomly initialized instead of using the initialization
inspired by Bang-Bang control developed in 5.2.4.¢ 3,0 Jandda O are the same asFigure
6.3(a), (b) and (d). At this iteration, shootHMP choosesr for the 1% second since= is the
smallest, which leads to the same controls asFigure 6.4(b). Section 6.2.2 will present the results
of the iteration process of solveHMP, through which ¢* s found.
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Figure 6.5: Hamiltonian given different costates in 1st second. (a) costates. (b) Hamiltonian.

Deceleration at low speed

For the predicted speed profile in Figure 6.2(c), the solutions generated bythe EMSnaive optimal
and by the predicted EMSare presented inFigure 6.6. The system starts withthe 1% gear position.
Figure 6.6(b) shows that the EMS naive optimal requested 2 shifts, the 1% to the neutral gear
position (1] ) and the neutral to the 1% gear position (1] ). On the other hand, the predicted EMS
requestsa constant gear positionduring the time interval , asFigure 6.6(d) shows.lt has the vehicle
consume 326 J less energy(3.5 %).

53 See[16, pp. 184-189] and [16, pp. 228-236], if the reader wishes to understand the mathematical role of
costates and Hamiltonian.
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Figure 6.6: Comparison of the solution by minimizing instantaneous cost , (a) and (b), to the
one by minimizing instantaneous Hamiltonian , (c) and (d). (a) and (c): states and costates. (b)

Moderate acceleration at high speed

and (d): continuous and discrete controls . (e) Deviation of cumulated cost .

Therequested acceleration in theabove mentionedtwo predicted speed profilesis within the range
of the admissible output torque of the powertrain. The example shown inFigure 6.2(c) includes a

combination of speed and accelerationoutside that range.

Starting with the 1 gear position, under the EMS naive optimal, the system shifts to the 2™

gear position (N

in the first second, as shown inFigure 6.7(a) and (b) , for the combination
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of speed and output torque enters the § © gear positiony _ p ¢ _lookydp tablé in Figure 6.1.
During the shift process, "Y is limited by its upper bound that lowers as] increases(see Figure B.
1), and cannot compensate the change of Y to accelerate the vehicle as requested. Consequently,
controlled by the EMS naive optimal, the vehicle speed (blue curve inFigure 6.7(c)) lags after the
shift process in the first second In order to restore the vehicle speed, the acceleration is modified
to a higher level, and the combination of speed and output torque moves upwards in the look-up
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table in Figure 6.1. The 1%tgear position is selectedas the target gear Sameto the first shift process,
the second shift process causea speed lag.The EM1 continuous to provide torque until 1 reaches
its upper bound (5.15). On the other hand, under the predictive EMS, the system stays im) , as
shown in Figure 6.7(d) and Figure 6.7(e). The HMP generates a solution with a higher vehicle
speed that is closer to the reference speed. Itonsumes more energy, as shown irFigure 6.7(f) .

The EMSnaive optimal does not consider the information of the system dynamics, which can
cause consecutive shif between two gear positionsand worsen the drivability of the vehicle.

6.2.2 Convergence of the Solution

The algorithm solveHMP initializes the solution, evaluates the outputs of shootHMP iteratively
through the Broyden method and determines the optimal control.

For the solution process of the speed profile inFigure 6.2(a), Figure 6.8(a) shows the iterations
of the error of the transversality condition on a logarithmic s cale, in which the subscript denotes
the index of elements in a vector. The absolute values3 sand §3 sshrinkto 2& t© p ™ and
™ o p 11 with 7 iterations, respectively. The convergence behaviour for this solution is com-
parable to a fast 1-D method called § N ¢ e _repsrigduin [71] that finds the rootof @ p T
with an error of p T magnitude with 9 iterations. Figure 6.8(b) shows the indexed iterations
with the initial costates on the x - and y-axis. The zaxis shows the Euclidean norm of the error£ £
on a logarithmic scale. The first two guesses, marked green, are generated bgenlnitialCostate
(see Section5.2.4), and the rest is updated bythe Broyden method in solveHMP. The norm of the
error at the final iteration, marked red, reaches a magnitude of p 1t
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Figure 6.8: Convergence behaviour for the speed profile in Figure 6.2(a). (a) The error of the
transersality condition at each iteration . (b) The initial costates vs. the Euclidean norm of er-
rors at each iteration

The error does not necessarilyhave to converge to a magnitude of p 1 . As described in
solveHMP in Figure 5.4, the limit for c onvergence is positively correlated to the norm off  and

{ ., i.e. the first two proposed costates. Figure 6.9 shows the iteration of errors of the solution

88 6 Simulation Results of the Predictive Energy Management Stratec



process for the speed profile inFigure 6.2(b). The error reaches a magnitude ofp T at the 10"
iteration. Since the 6" iteration, the discrete and continuous control functions presented in Figure
6.6(d) is found. At the 8™ iteration, the error meets the convergence limit, i.e. £ £ -. Figure
6.10 shows the iteration of errors of the solution process for the speed profile in Figure 6.2(c).
£ Areaches a magnitude ofp 1 at the 6'" iteration.
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Figure 6.9:s sand s sof the solution process for the speed profile in Figure 6.2(b).
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Figure 6.10:s sand s sof the solution process for the speed profile in Figure 6.2(c).

6.2.3 Convergence Behaviour Compared to SQP

As mentioned in Section 2.4.1, QuasiNewton methods are suitable for the TPBVP. SQP, one of
QuasiNewton methods, isavailable in various software, e.g. Matlab and Python.lIt is implemented
in an EMSin Matlab with its standard optimization toolbox >4, Figure 6.11 presents the structure
of the EMS, in which the only difference is thaty in solveHMP (see Figure 5.4) is iteratively
proposed by SQP instead othe Broyden method. The convergence behaviour ofsolveHMP with

54 Solving the TPBVP is considered minimizing the error of the transversality condition (5.27), It E4 & with

the SQP activeset algorithm proposed in [151, 152] . The minimization is initialized with point T and
executed with default setting in Matlab.
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SQP is compared to the one developed in Chapteb, i.e. solveHMP with the Broyden method.

Driver's request

Controls

EMS

Ureq

.
.
.

i a MPC framework

Online EMS in

N
~
~

Urj)

~
~
~

Powertrain

Outputs

T[4]

4 12 I
MC Speed
Ureq predictor

1vprcd,[j] ~ Upred,[j+N,]

Hybrid system|

Performance H Convex H
functional | Lemma 1
HMP solution
Contraints
Lemma 2 & 3 SQP

k l“[jﬂum ~ “[j+ij

Figure 6.11: Structure of the predictive EMS embedded with HMP solution method, whose
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Figure 6.12: Comparison of the iteration s of error

For the same predicted speed profile as inFigure 6.2(a), convergence ofthe solution can be
reached through solveHMP with SQP. Figure 6.12 comparesthe iterations of error of both algo-
rithms. The error of the transversality condition of the solutions proposed by solveHMP with SQP
shrinks gradually and steadily. It meets the conwergence limit, i.e. £ £ -, in 25 iterations, which
is slower and less accurate thansolveHMP with the Broyden method.
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6.3 Driving Cycle Simulation

Driving cycle simulationswith the WLTC (seeFigure 5.2) are performed. The vehicle model follows
the dynamics of the hybrid system described in Section4.4. Its EMS is called once every 1 s. The
length of the prediction horizon is 10 s and that of control horizon is 1 s.

6.3.1 Ilteration Statistics

At each time point in the WLTC, predictiveEMS developed in Section5 is carried out. Figure 6.13
summarizes the iteration number, i.e. 0 in Section 5.4, that each solution from solveHMP
takes to converge. Thesolutions at standstill are discarded. With the Broyden method and the
initialization developed in Section 5, 1429 out of 1575 solutions (90.6 %) require less than or
equal to 7 iterations. The convergence behaviour in the WLTC remains unchanged with different
value of coefficientf in (5.8), since the speed calculated in thesolveHMP is close to the con-
strained predicted speed!  pis chosen for the simulation study in the rest of this work. On the
other hand, with SQP, the predictive EMS in Figure 6.11 requires at least 20 iterations to convemge.
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4 5 6 7 8 9 10111213 14 1516 17 20 25 30 35 40 45 50

Iteration number Iteration number
@) (b)

Figure 6.13: Iteration numbers for solutions to converge. (a): solveHMP with the Broyden
method. (b): solveHMP with the SQP.

6.3.2 Comparison to EMSNaive Optimal

This subsection compares thepredictive EMS to the EMS naive optimal The comparison focuses
on the energy consumption and the shift count in the driving cycle.

Overall evaluation

Figure 6.14 compares the discrete state sequences of the EM&aive optimal, upper half, and the
predictive EMS, lower half. Each discrete state is marked with acolour listed in the legends. In the
WLTC, the reference EMS request in total 123 shifts, while the predictive MPCrequests in total
45 shifts. The energy consumption of the EMSnaive optimal in the WLTC driving cycle simulation
is 11.55 kWh/100 km, while the value of the predictive EMSis 11.53 kWh/100 km. The predictive
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EMSreduces0.26 % energy consumption and 63.41 % shift count.
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Figure 6.14: Discrete state sequencesof the EMS naive optimal and the predictive EMS

Although the predictive EMS has reduced a large number of shiftssuccessfullycompared to the
EMS naive optimal, 10 unnecessary shifting instances happen, at which the ST2 shifts between
two gear positions within 2 seconds. They are caused by the change of th sign of requested accel-
eration, which is not reflected by the predicted speed profile. Figure 6.15 shows two examples.
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Figure 6.15: Predicted speed vs. real speed at (a) 663 s and (b) 797 s.
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Figure 6.16: Gear distribution of (a) the EMS naive optimal and (b) the predictive EMS.
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Gear distribution and EM operating points

Figure 6.16 compares the gear distribution of both EMSs in the WLTC. Based onFigure 6.14 and
Figure 6.16, it is easy to notice thatthe ST2 primarily staysin the neutral gear position, when it is
controlled by the predictive EMS. It only shifts to the 1% gear position under negative acceleration.

The vehicle, under the control of the EMS naive optimal, shifts to the 2" gear position at high
speed and positive acceleration.Figure 6.17 shows the control and the resulting energy consump-
tion of both EMSs between 1560 s and 1580 s of WLTG during which the ST2 appears in the 2"
gear position. Energy is consumed and is recuperated, when the ST2 shifts téhe 2" gear position
and back to the neutral gear position in Figure 6.17(c), respectively. It consumes more energy
compared to the predictive EMS, which is shown by a negative deviation inFigure 6.17(b).

Figure 6.16(a) shows that, under the EMS naive optimal, the ST2 shifts to the 1% gear position,
when either the absolute value of acceleration is higrer than or equal to 1 m/s? or the speed is
close tozero. The predictive EMS on the other hand, requests the same when the acceleration is
lower than or equal to -1 m/s? or the speed is close tozero. Figure 6.18 summarizesthe operating
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Figure 6.17: Control and energy consumption between 1560 s and 1580 s. (a) Speed and ac-
celeration. (b) Energy consumption and its deviation. (c) Torques and gear position s of the
EMS naive optimal. (d) Torque and gear position s of the predictive EMS.

6 Simulation Results of the Predictive Energy Management Strategy 93



duration of both EMs at different operating points. On the X and Y axes, the power losses of EMs
are illustrated. It can be noticed that, with the EMS naive optimal, the EM2 operates at the oper-
ating points with 20 Nm and -20 Nm longer than the case with the predictive EMS which corre-
spond to the areas of 15 gear position above 1 m/s? and below -1 m/s? in Figure 6.16(a).
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Figure 6.18: Operating durration of both EMs. (a) and (b): the EM1 and the EM2 of the EMS na-
ive optimal . (c) and (d): the EM1 and the EM2 of the predictive EMS

Figure 6.19 shows the control and the resulting energy consumption of both EMS between 255
s and 295 s of WLTG during which the ST2 appears in the 1% gear position. With the EMS naive
optimal, The ST2 shifts back and forth between the neutral andthe 1% gear positions, as shown in
Figure 6.19(c). The energy saved in the F' gear position and the recuperated energy does not
compensate the energy consumed for shifting.

6.3.3 Comparison to the EMS Global Optimal
This subsection compares tle predictive EMS to the EMS naive optimal

Overall evaluation

Figure 6.20 compares the discrete state sequences of the EM@obal optimal, upper half, and the
predictive EMS lower half. The sequences of both EMSlargely coincide with each other. Thanks
to the information of the speed profile as a priori and the hybrid formulation including the shift
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processesthe EMS global optimal only requests in total 27 shifts in WLTC, which is lower than
that of the predictive EMS. The total energy consumption of the EMSglobal optimal in the WLTC
driving cycle simulation is 11.51 kWh/100 km, while the value of the predictive EMS is
11.52 kWh/100 km. The predictive EMS falls short by 0.018 kWh/100 km (0.18 %) compared to

the global optimal.
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Figure 6.19: Control and energy consumption between 255 s and 295 s. (a) Speed and accel-
eration. (b) Energy consumption and its deviation. (c) Torques and gear position s of the
EMS naive optimal. (d) Torque and gear position s of the predictive EMS.
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Figure 6.20: Discrete state sequencesof the EMS global optimal and the predictive EMS.
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Gear distribution

After comparing the gear distribution of the EMS global optimal in Figure 6.21 and that of the
predictive EMS in Figure 6.16(b), it can be noticed that the EMS global optimal requests the F*
gear position with acceleration larger than 1 m/s?, e.g. near 765s, 960s and 1160s in Figure 6.20.

o 2
E % 1st Gear
E= % 2nd Gear
2 1 X Neutral
i

0 50 100 150

Vehiele speed in km/h
Figure 6.21: Gear distribution of the EMSglobal optimal.

Figure 6.22 shows the control and the resulting energy consumption of both EMS between
1150 s and 1170 s of the WLTC. With the EMS global optimal, the ST2 appears in the 1% gear
position for ca. 8 s, as shown inFigure 6.22(c). The deviation in Figure 6.22(b) between 1153 s
and 1161 s declines, which indicates that the velicle consumes more energy inthe 1 gear position
(controlled by the EMS global optimal) than in the neutral gear position (controlled by the predic-
tive EMS). However, with the control shown in Figure 6.22(c), the EM2 recuperates much more
energy at the shift from the 1 to the neutral gear position than it consumes at the shift from the
neutral to the 1 gear position, since the former shift process has a larger angular velocity differ-
ence. The energy consumed and recuperated during both shift processesre compared against
each other in Figure 6.23. As a result, the predictive EMS consumes more energy between 1150 s
and 1170 s. The predictive EMS falls short in this case, due to its less accurate speed predictian
At 1153 s when the EMS global optimal requests an upshift based on he WLTC asa priori, a
predicted speed profile below the real speed profile in the prediction horizon is generated for the
predictive EMS, which is shown in Figure 6.24. The same situation happens at 765 s and 960 s.
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Figure 6.22: Control and energy consumption between 1150 s and 1170 s. (a) Speed and ac-
celeration. (b) Energy consumption and its deviation. (c) Torques and gear position s of the
EMS naive optimal. (d) Torque and gear position s of the predictive EMS.
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6.3.4 Influence of the Prediction Accuracy

Sections6.3.2 and 6.3.3 have shown the negative influence of inaccurate prediction on the control
with examples. To investigate the influence of the accuracy of the predicted speed profile, this

6 Simulation Results of the Predictive Energy Management Strategy 97



subsectionreplaces the MC predictor in the predictive EMS in Figure 5.10 with a zero-error pre-
diction model, as shownin Figure 6.25. At 0 , the speed from the driving cycle are considered the

predicted speed in the prediction horizon, as

O R 5 B v gl 5 B 8
Driver's request EMS C(;ilt%rols Powertrain Ol;tngts
/Ureq’ R [4] [4]
,/’ Online EMS in \\\
- a MPC framework  *+
4 R I
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HMP solution
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K lum\“m ~ ’u[j+Np—y

Figure 6.25: Structure of the predictive EMS with zero -error prediction.

(6.1)

The discrete state sequences ofhe EMS global optimal and the predictive EMS with the zero-
error prediction are compared in Figure 6.26. The unnecessary shifting insances between 600 s
and 1000 s that are noticed in the lower part of Figure 6.14 and Figure 6.20 are absent. At 767 s
and 1153 s, both EMSs request the same gear position, which was not the casdor the predictive
EMS as discussed in Sectior6.3.3. With zero-error prediction, the predictive EMS reduces energy
consumption in WLTC compared to the one with the MC predictor. It falls short by 0.01 kWh/100

km (0.10 %) compared to the EMSglobal optimal.

98 6 Simulation Results of the Predictive Energy Management Stratec



S
(=]

h~]
(=]

Speed
profile

[=4
o O

0

=]

Vehicle speed in km/h

[~]
(=]

(=]

=1

200 400 600 800 1000 1200 1400 1600 1800
Time in s

Figure 6.26: Discrete state sequencesof the EMS global optimal and the predictive EMS with
zero-error prediction

6.3.5 Influence of the Length of the Prediction Horizon

As mentioned in Chapter 3, the length of the prediction horizon 0 influences the performance of
a predictive EMS[37] . Figure 6.27 showsthe WLTC simulation results of the predictive EMS with
0 growing from 1 till 30. The energy consumption decreases from 11.50 kwh/100 km to
11.528 kWh/100 km, as the( increases from1 to 10. At the same time, the shift count is reduced
from 101 to 45. Rising 0 further reduces the energy consumption andthe shift count until they

saturate at the level of 11.525 kWh/100 km and 39, respectively. The predictive EMS with 0 p
is equivalent to minimizing the instantaneous energy consumption including the shift processes.
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Figure 6.27: Energy consumptions and shift counts of the predictive EMS with different pre-
diction horizon.

Figure 6.28 summarizes the elapsed timeof the driving cycle simulations of the predictive EMS
with different 0 . 0 p is not included, since it requires no iteration. Asanalysedin Section 5.4,
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the time complexity of solveHMP grows primarily linearly with the iteration number (0 ) and
U . The elapsed time grows almost linearly between( ¢and 0 p qn Figure 6.28, sincetheir
iteration number s of each solution change little. Their average values arepresentedin Figure 6.29.
Between 0 ¢and( p ¢ the average iteration numbers are close to 6.As( continues to
increase, the elapsed time grows faster thanlinearly, since the average iteration number grows
with 0 in the form of polynomials, as Figure 6.29 shows Figure 6.30 summarizes the iteration
number that each solution from solveHMP with o ttakesto converge. Averagely 10.2 itera-
tions are required, which is marked by a red line. 917 solutions require 5 iterations to converge,
while there are 1429 solutions in the case ofthe predictive EMS with 0 p Ttwhose results are
presented in Figure 6.13.
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Figure 6.28: WLTCSimulation elapsed time 55 of the predictive EMS with different prediction

horizon.
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Figure 6.29: Average iteration numbers of the predictive EMS with different prediction hori-
zon.

55 The simulations are performed on a computer with Intel i5-8600K CPUwith 3.60 GHz.
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Figure 6.30: Iteration numbers for solutions in the predictive EMS to converge. 4 _

With the saturation of the predictive EMS with 0 p ¥ o 1in Figure 6.27 in mind, it is only
necessary to consider @ smaller than 14. For a realworld applicatio n that requires the predictive
EMS to response at a fast pacel is limited by the computational capacity of hardware.

6.4 Summary

In this chapter, the predictive EMS developed in Chapter5 is investigated in a simulation environ-
ment from two perspectives: the solution process and the performance inthe driving cycle simu-
lation.

The solution processes for several representativelriving conditions show how minimizing the
instantaneous Hamiltonian leads to minimizing the cost functional. It also prevents consecutive
gf gdrgleq “cruccl rum ec_p nmqgagr gabhigh vehitle speedi mp g c |
The Broyden method with the Bang-Bang inspired initialization in solveHMP shows comparable
convergence behaviour tothe Pegasus method for a 1D root finding example. It also shows obvi-
ous advantages, compared to applying the optimization tool box in Matlab to solve the 2 -D TPBVP.

The energy consumption and shift count in the WLTC simulation of the predictive EMS is com-
pared to those of the EMS naive optimal and the EMS global optimal, which are summarized in
Figure 6.31. It is worth mentioning that the EMS naive optimal isa global optimal if shift processes
of the vehicle model for evaluation are neglected, i.e. shifts happen instantly and shift processes
consume or recuperate no energy.The metrics of the predictive EMS fall between the EMS naive
optimal and the EMS global optimal. As the prediction horizon elongates, the performanceof the
predictive EMS approactes that of the EMS global optimal, until it meets a limit. Although not
realistic, the limit can be exceededby replacing the speed predictor to a zercerror predictor. Its
performance representsthe limit of pursuing a more accurate vehicle speed predictor for the pur-
pose of predictive EMS.
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Figure 6.31: Energy consumptions and shift counts of all mentioned driving cycle simulation.

The elapsed time for simulation is analysed. Figure 6.32 presents its relationship to the multi-
plication of O and 0 , the average iteration number of all solutions in a simulation. A sup-
porting dashed lineis generated by linear regression It shows that the computation duration grows
almost linearly with § 2 , which provides evidence for the complexity analysis in Section
5.4. The nonlinearity is caused by he less dominant parts in the algorithm analysedin Section 5.4
as well as the different discrete state sequencedn the simulations.

60001 X
P
»
w ”
L= X
- 40001
g X
= %
=t X \
A x
22000+ X Linear regression
2 x
= xx
2 )

0 . . . . )
0 50 100 150 200 250 300 350

Ny NTPBVP
Figure 6.32: WLTCSimulation elapsed time of the predictive EMS.

Itis observed that the EM1 propels primarily the vehicle through the WLTC. Furthermore, under
the control of the predictive EMS, the ST2 stays away fom the 2" gear position. One reason is
that Speed4E vehicle rarely drives with high speed and high acceleration under the WLTCFigure
6.33 presents the discrete stée sequences of the predictive EMS and the EMS naive optimal ira
driving cycle simulation whose speed profile comes fromthe real-world driving data collected on
a test vehicle of the IMS. The speed predictor is based on a Radials Function Neural Network
chosen out of the comparative study[135] . Figure 6.32 compares their gear distributions. With
high speed and high accekration, both positive and negative, the predictive EMS requests the
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vehicle to shift into the 2™ gear position. The predictive EMS reduces 84% of the shift count (from
126, under the EMS naive optimal, to 20) in the driving cycle simulation. The energy consumption
is reduced by 0.55% (from 16.64 kWh/100 km to 16.55 kWh/100 km). However, it is still the EM1
that primarily propels the vehicle the ST2 in the neutral gear position. This information can be

used to optimize the powertrain (selecting EMs and gear ratios).
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Figure 6.33: Discrete state sequencesof the predictive EMS and the EMS naive optimal.

% 1st Gear  » Neutral
% 2nd Gear

2 % lst Gear
XX x 2nd Gear

> Nentral

Requested acceleration in m/s”
Requested acceleration in m/s”

-2
* X Xy . . X .
0 50 100 150 0 50 100 150
Vehicle speed in km/h Vehicle speed in km/h
(a) (b)

Figure 6.34: Gear distribution of (a) the EMS naive optimal and (b) the predictive EMS.
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7 General Multi -Drive Multi -Speed Electric Vehicle

This chapter extends the results from Chapter4 and Chapter 5 to propose a unified framework for
designing EMSs fora general multi-drive multi -speed BEVwith M EMs that each connect with a
ST,- ¢,- N w. It can be imagined as the two-drive electric powertrain shown in Figure 3.1
with more EMs and STsparallelly coupled. However, as mentioned in Section 1.1, the general
multi -drive multi -speed electric powertrain is meant for vehicles in a general sense, but not neces-
sarily passenger cars.The continuous states of the system are the angular velocities e h

1 h A . The continuous controls are the EM torques® h  "YWYM RY .

7.1 Hybrid System Formulation

The general multi-drive multi -speed BEV is modelled in this partwith the assumption that all STs
are either single-speed or share topology with the ST2 in Speed4E powertrain Different classes of
multi -drive electric powertrains can be achieved with different complexity. In the first two follow-
ing subsections all STsare multi-speed. Under such a setting, two different complexity levels can
be realized through two assumptions. The first assumption for the lowest complexity: one ST shifts
at a time. The second assumption for the highest complexity:As many as possibl&Ts shift at the
same time The third subsection extends the model with the highest complexity. It is assumed that
the number of multi -speed STs is smaller than N the class that Speed4E powertrainbelongs

7.1.1 One ST Shifts at a Time

Itis assumed thatone STshifts at a time. Based ono in Section 4.4, the M-drive multi -speed
powertrain can be represented by the hybrid automaton in Figure 7.1, in which M sub-automata
help to model M EMs with their respective STs. Each sukautomaton takes over the model from
Figure 4.5, whose switching conditions and sub-states are omitted for simplicity.

Importantly, the discrete state of the whole hybrid system is determined by a combination of
the discrete states of all subautomata, i.e.

Zh nM My h (7.2)
A NRhENLA (7.2)
th HBh h (7.3)
N Ao gh B M M R M RR 8 M sr 8 (7.4)

n is the discrete state of¢-th sub-automaton, which is determined by " , the discrete control in
the €-th sub-automaton. The discrete setX includes the discrete states and the sukstates of the
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sub-automaton that are defined in the same way as in Section4.4. The discrete set of the whole
hybrid system isk i X fiX /8 ix . For compactness, the discrete states and the subtates rep-
resenting the shift processes form a selk . For the £-th sub-automaton, there is a setX
Roman numbers are usedfor indexing to differentiate ; and r} in the hybrid system of Speed4E
powertrain. They are also used for indexing entries in vectors.

<3 M€ OM shift

a1 <3 qu € Qi shifs gt <3 gm € QM

q1 € Qrsnitt qir < 3 qir € Qrrshire g < 3

q1 € Qrshife o <3

Figure 7.1: Hybrid automat on of a M-drive multi speed powertrain with the first assumption .

Table 7.1: Admissible discrete control set, controlled switching.

n Admissible discrete control (i )
1 1 4 6
2 2 5 7
3 3 8 9

g1, O o

Suppose that theé-th ST performs shifts,f} changes to a discrete state representing shift pro-
cessesGiven the assumption that one ST shifts at a time, the rest] ~ remains at their last values.
The prerequisite is that all sub-automata are at their discrete states representing fixed gear posi-
tions. More specifically, at a time point 0, a controlled switching can happen, if and only if | & N
1,4 0 o. For intuitive understanding, a controlled switching can be seen aghe activation of
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a sub-automaton. If the last activated sub-automaton is at a discrete state representing a fixed gear
position (the red conditions outside the sub-automata in Figure 7.1), a controlled switching can
activate a new sub-automaton (the blue arrows outside the sub-automata in Figure 7.1). Table 7.1
defines the admissible control set for controlled switching of the &-th sub-automaton including the
prerequisite for” o N A M M M 5 in the red cell. The subscripté is for differentiation
from ¢ in the table. Together with the admissible control set for autonomous switching from Table
4.3, the admissible discrete control set'  is formulated for the £-th sub-automaton. Note that |
evaluates the @mbination Z for the prerequisite of the controlled switching.

At this stage, there can be multiple STs shifting at a time. To exclude this possibility, the sample
space ofZ isdefined asm h nm MR ADOI OO~y RERNvih h )ABHR . The
discrete control " is determined by Z through i . The discrete dynamics of the system is con-
strained by' H ' andm. The discrete transition function of the &-th sub-automaton is

o " 08 (7.5)

The dynamics of the hybrid system can be modelled similarly as in Sectiod.4. The mathemat-
ical model is presented in Appendix C. The major difference is that the change of”Y during a shift
process is compensated by the torques of all EMs excluding the-th EM. The value of each torque
remains to be determined by the EMS, which can be considered an optimization problem. Addi-
tionally, the reduced inertia of the powertrain dep ends on the discrete states of all subautomata.

Similar to the HOCP in Section4.5, the HOCP for the multi-drive multi -speed powertrain is

"EOR O Ot O ~AOGI ET 0Z Ohe O O h (7.6)
zo h ot g 0

0Z O OMH D & eof de 0f 6 QB 77

Gefb e 00 1 B h (7.8)

§ 7.9

4 e0 I e0 ° h (7:9)

0 o} . o .
e 2 %5006 Hano Al o n (1O

) n o ngrhévh (7.11)
subject to N

o0 eoh (7.12)

e 0 o N (7.13)
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¢V Lh (7.14

O N Yy 1 RY; 1 heé&vh (7.15)
1 N1 5 R g RheEnh (7.16)
nNNhAEN LR (7.17)
Zh nmMmmBnR 8 (7.18)

The cost functional is optimized over M number of discrete state sequences and a continuous
control function. At a time point when the prerequisite of controlled switching is fulfilled, in total
of o- discrete instances can happen considering ¥ 1 and” N |

7.1.2 As Many as Possible STs Shift at the Same Time

The previous assumption can be loosened so that a Mirive multi -speed powertrain possesses more
DoFs. It is assumed thatat most-  p STs can shift at the same timeAt least one EM propels the
systemduring shift processes.

Figure 7.2: Hybrid automat on of a multi -drive multi -speed powertrain with the second assump-
tion.

Figure 7.2 shows the hybrid automaton with the just-mentioned assumption. Activation and
prerequisite conditions are no longer clear enough to be illustrated. All variables and conditions
of Section 7.1.1 are taken over but the sample space All sub-automata activate according to their
admissible control sets' H ' and a new sample spacar . The admissible control sets pre-
vent any ST enters a shift process when other STs are shifting. To make sure that at most p

STs shift at a time, the sample space ofZ is defined asm h M By ADAADOA
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N Np ENth A AR

At a time point 0, the indexes of the subautomata in shift processes form a sett . Those
remain in their fixed gear positions form a sett , which can not be an empty set according
to m . The change of the torques in the subautomata from t is compensated by the torques in
the sub-automata from t . The dynamics and the predefined control modelled for the system
in Section 7.1.1 can be taken over The necessary modification is presented inAppendix C.

The HOCP in Section7.1.1 is taken over with the change of the sample space fromm to m,

" EOf O om0 “AOCI' ET L')ZC)FDQF() 08 (7.19)
zow h o' 0O .

In total of - 3o discrete instances can happen at a time point,when the prerequisite of con-
trolled switching is fulfilled.

7.1.3 There are N multispeed STs and N is smaller than M

Under this assumption, there are MEMsand N STs-  ¢,p . - ,- h N s, The hybrid sys-
tem is formulated based on the one in Section7.1.2. In total of N STs are allowed to shift at the
same time, for there is at least one EM connectd with a single-speed STpropelling the vehicle.
Figure 7.3 shows the hybrid automaton with the just-mentioned assumption.

Figure 7.3: Hybrid automat on of a multi -drive multi -speed powertrain with the third assump-
tion.

Since. -, the combination Z needs to bechanged Z defines the discrete state of the whole
system under the third assumption. It is defined as
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z h nmmBy h (7.20)

AwNAEnL R (7.21)
t h ABH R (7.22)
t h )AMBh h (7.23)
N h oM g8 MM G5 M R 8 M jr 8 (7.24)

The STs indexed by N-I ~M are single -speed.All variables of Section 7.1.2 are taken over but the
sample space Replacel in Table 7.1 byt and take over Table 4.3 to obtain the admissible dis-
crete control sets. All sub-automata activate according to their admissible control sets’ A 8
and a new sanple spacen . The admissible control sets prevent any ST enters a shift process when
other STs are shifting. At most. STs shift at a time, the sample space ofZ is defined asm h

A B

At a time point 0, the indexes of the subautomata in shift processes form a set ; . Those
remain in their fixed gear positions form asett 1 y , which can not be an empty set since

- . The change of the torques in the subautomata from v ;  is compensatel by the torques

inthe sub-automatafromt L y . Take over the dynamics and the predefined control modelled
for the system in Section7.1.2 but replace andt L witht 5 andu L y ,respec-
tively, to obtain the dynamics and the predefined control for the hybrid model with the third as-
sumption.

Similar to the HOCP in Section 7.1.1 the general HOCP with the third assumption is

" Off TOM" oMt D ~ Aoci Ed 0Z Ohe O O A  (7.25)
z o h ' Joon Ohw
, S i . N 7.2
0Z OO DO & eo0y Ge O 0 Q& (7:26)
. . L 7.2
o ehd o vo 1 M h (7.27)
) ) (7.28)
G 0 1 e0 . h

0 . . . (7.29)

. 20Qn 6 QR 6 MBhQ R 6 hQ MBHQ h
)i 1rh &8 L R 7.30
subject to f f]rl (7:30)
0 eh (7.30)
ed eh (7.32)
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gv LR (7.33)

ON Yy 1 RAY; 1 he&nu h (7.34)
1 "1 5 h sy RhEvwunh (7.35)
nNNhEnv LR (7.36)
z h qmmBny 8 (7.37)

Note the fixed gear ratios of the STs indexed byN+l ~M in (7.29). The additional difference to
the HOCPs(7.6) and (7.19) is that the discrete set in(7.25) ist and in everywhere else ist

In total of . 3o discrete instances can happen at a time pointwhen the prerequisite of controlled
switching is fulfilled.

Set N to 1 and M to 2, the hybrid system represents Speed4powertrain .

7.2 Hybrid Optimal Control of the General Multi -Drive Multi -
Speed Electric Vehicle

The HOCP of Speed4E BEV is studied and a predictive EMiSased on the HMPis developed for it.
This subsetion applies the HMP to the HOCPs of the general multidrive multi -speed BEVunder
different assumptions whose hybrid systems formulated in Section7.1. The HOCPscan be solved
by the algorithms developed in Section 5.2 with optimality conditions produced in what follows .

7.2.1 One ST Shifts at a Time

In this subsection, all variables are defined according to Section7.1.1.

As mentioned in Section 7.1.1, a combination Z A A B 13 describes the discrete state of
the whole system.m is the sample space ofZ.1 , & N L, denotes the discrete state of a sukau-
tomaton that represents an EM and a ST, and there are in total M STs. For the HOCR7.6), a
costates vectory N a [ h _h_ M h_ s introduced to formulate the Hamiltonians. The dis-
crete controls” i " change within their admissible sets' H BT | respectively, andzZ
changes within m) . This causes The Hamiltonians, the costates, the continuous states and the con-
tinuous controls indexed by Z. The indexed Hamiltonians are defined as

=z 'ZFQZFYZ (‘xoZR)Z 1z Cl OZFOZ 8 (7.38)

Based on the hybrid model in Section 7.1.1 and Appendix C, The &-th entry of || 0, is
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. o - 3O EfENK  NEpso Q wh
G oz ) T n . N ARS (7.39)
z'Vz .
OZh e < 7
———h EFEN NppS0 Q w8

077 denotes the £-th entry of 0. The dynamics of the indexed costates in(7.38) are

s T=Z P (7.40)
fz0 e o707, h
whose ¢-th entry is
—zh

b oo OV Gy s CGUAY B OEWEN K Aso @ wh

Zh I (*Z:hT ih —=Zh 55 o N ARS (7.41)
e , Too e ., , 5
b Oz o Gy Moz h EFEN NS0 Q w38

— is fully expressed in(C.6).
Use an extended stater ; h ozlﬁlZ to keep the notation compact, whose dynamics follow

Iz o, f07

7 rpaz i
Te %zl

(7.42)

The hybrid controls consist of the combination " *f' M " * and ¢*. Similar to (5.23), (5.24)
and (5.25), they are determined by

0% AOS'C = E® 0,0, 8 (7.43)

"I OB ? AC)C| E:TZ .ZFOZZFI’Z h (7_44)
P T T

0% 0% s gy 8 (7.45)

The transversality condition is
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)4 0 ¢ eo0j .. 8 (7.46)

The HOCP(7.6) can be solved by the algorithm developed in Section5.2 with the conditions
(7.38)-(7.46) provided by the HMP.

7.2.2 As Many as Possible STs Shift at the Same Time

For the HOCP(7.19), the HMP provides the same conditions as in Sectior7.2.1 but replace (7.44)
with

"R RC AOCIi Ed, o,M5fY, h
2 20C 1 B esl02lY; (7.47)

where the sample space is changed fromm to m .

7.2.3 There are N multispeed STs and N is smaller than M

The optimality conditions by the HMP for the HOCP (7.25) is largely same to those in Sections
7.2.1 and 7.2.2. The necessary modification focuses on the discrete sets andt . A costates
vectorf v a ¥ h _h MR isintroduced to formulate the Hamiltonians. The discrete con-
trols " i " change within their admissible sets’ H 7 , respectively, andZ changes
within m . This causes The Hamiltonians, the costates, the continuous states and the continuous
controls indexed by Z . The indexed Hamiltonians are defined as

=, oM, ae;f0; t; J e, P, 8 (7.48)
Based on the hybrid model in Section7.1.3, Theé-thentry of | o, 0, &% 1 ,is
Qi ez
- QLR "Guky ) . 5
i 30K EWENK . Aarso Q wh (7.49)
()Z h e z s ; k7

—=——nh EfEN Nprso Q w8

w 9
07 » denotes the &-th entry of ¢, . Theé-thentryof | e, 0, &% 1 U ,isthe same tothe

one with the conditon 4 ¥ N | § ;S0 Q ® in (7.49).

The dynamics of the indexed costatesn (7.48) are
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— is fully expressed in (C.6). Theé-thentry of f, ,€ N 1 L , is the same tothe one with the

condition §j N X . A prSO Q w in (7.51).

Use an extended stater ; h o, 14 z  tokeep the notation compact, whose dynamics follow

la o, I,
T=4 8 (7.52)

o 0z 1Yy

Te

The hybrid controls consist of the combination " *f" *B i * and ¢*. Similar to (5.23), (5.24)
and (5.25), they are determined by

7 AO?N,Q = E Wm0, 8 (7.53)
A O I AOCI EE, o 03, h (7.54)
zZN h o~ An
0" 0% g gy 8 (7.55)
The transversality condition is
)4 o] ¢ e 0j LI h (7.56)

The HOCP(7.6) can be solved by the algorithm developed in Section5.2 with the conditions
(7.48)-(7.56) provided by the HMP.

Set Nto 1 and M to 2, the optimality conditions from this subsection is identical to those of
Speed4E powertrain in Section5.2.2.
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7.3 Summary

A general multi-drive multi -speed electric powertrain is proposed.lts hybrid system formulation is
presented. In the formulation, each EM is connected to a ST thatis either single-speed orshares
the same topology with the ST2 in Speed4E powertrain. By doing so, the methodology to model
the shift processes is taken over. The mathematical models of te multi-drive multi -speed power-
train under two assumptions are separately presented. It is noticed that they share the majority of
their hybrid system formulation. The lowest and the highest complexity caused by the different
assumptions is expressed throgh the admissible discrete control sets and the sample space of the
combination that defines the discrete state of the whole system. In the same way, the general
multi -drive multi -speed electric powertrain with other complexity can be modelled. The HOCPs
for the multi -drive multi -speed powertrain are presented. They are in nature under the same cat-
egory as the HOCP for Speed4E powertrain.

The multi-drive multi -speed powertrain in Section 7.1 does not cover the powertrains that con-
sist of STs with different topologies to the ST2 of Speed4E powertrain. Though the difference is
seemingly giant, the powertrains that are not explicitly included in Section 7.1 can be modelled in
the same way as in Section?.1, as long asthe shift processes are modelled with the same method-
ology as in4.4.2, i.e. simplifying the shift processes to be primarily time dependent. On the level
of hybrid automata, the sub-automata in Figure 7.1 and Figure 7.2 are to be modified, but the
switching conditions among sub-automata remain. The HOCPs in Section7.1 remain.

Lemmal, 2 and 3 from Section 5.3 can be extended to higher dimensional problemsobtained
in Section 7.2. The corresponding problem is formulated as

iOZE&.FoZ h (7.57)

defd, e B, 66 1 B A (7.58)

subject to ., 17:) Qn o hQnR 6 MhQ R o h (7.59)
Y %1 M QA h (7.60)

th AR A (7.61)

ON Yy 1 AYy 1 heéwth (7.62)

1 N1 5 h gy henth (7.63)

Zh nmmwn/ h (7.64)

nnw pF( F] EN 18 (*)
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The HMP is applied to the HOCPs of the general multidrive multi -speed BEV from Section7.1.
The difference between the optimality conditions of both HOCPs is the sample space of the com-
bination. A unified framework for modelling and optimal control o f the general multi -drive multi -
speed electric powertrain takes shape based on the hybrid system formulation and the HOCP for-
mulation in Section 7.1 as well as the optimality conditions from the HMP in Section 7.2.

The predictive EMS developed in Chapter5 and both reference EMSs in Chapter6 can be ap-
plied. Compared to the EMS naive optimal, it can beexpected that the predictive EMS reduces the
shift count and the energy consumption of a multi-drive multi -speed BEV, since the advantages of
the predictive EMS over the EMS naive optimal is not Speed4E powertrain specific.

Due to the lack of data, the HOCP of the general multi-drive multi -speed BEV is not numerically
studied.
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8 Multi Criteria Operation Strategy Considering
Service Life

As Figure 6.18 shows, the vehicle is propelled mostly by the EM1 through the ST1 in the WLTC,

may it be controlled by the predictive EMS, the EMS naive optimal or the EMS global optimal. One
can imagine that the EM1 and the ST1would reach their service lives earlier than the EM2 and

the ST2, if they would be designed to reach the same service life underthe WLTC. Such a hypo-
thetical case leads to two possible outcomes: 1) if certainparts in the EM1 or the ST1 that reach

their service livesare not independently repairable or replaceable,the EM1 or the ST1 is discarded;
2) if they are independently repaired or replaced, maintenance and re-calibration costs occur. Both
outcomes are undesirable which are addressedoften during design processes[36, p. 279] . This

chapter proposesa solution to avoid such a hypothetical case from anoperation strategy point of

view. With such a goal in mind, this chapter does not pursue innovative or comprehensive methods
but conventional and proved in practice methods to characterize service life

Firstly, the relevantd s | b _kclr _jg gsppmslbgle rfc amlacnr
discussed, which leals to a quantitative service life estimation model of Speed4Epowertrain. Sec-
ondly, with the help of the service life estimation, the goal of avoiding the hypothetical case in the
previous paragraph is translated to mathematical language and amulti -criteria operation strategy
(MCOS is formed. Thereafter, the influence of the controls on the service life is investigated.
Lastly, the driving cycle simulation results of the developed MCOSare discussed.

8.1 Service Life Estimation

8.1.1 Introduction

Service lifeds more preciselydefined as6 -service lifewhich indicates a service life 6, within which
wb of the products of a production batch fail [36, p. 59] . It may have a unit of duration, e.g. the
service life of an electric motor in hour, or a unit of distance, e.g. the service life of a transmission
in km. In some literatures, they are called lifetime and 6 -lifetime, respectively [153] . 6 -service
life describes the failure and reliability characteristics of a product. Two core ideas are: Reliability
is the probability that a product does not fail during a defined period of time under given functional
and surrounding conditions [153, p. 21] ; Failure rate is the complement of the reliability.

Figure 8.1 qualitatively illustrates a typical bathtub curve of failure rate s along service life. The
bathtub curve can be divided into three regions: region 1 of early failures, region 2 of random
failures and region 3 of wearout failures. In Region 1, the failure rate decreases, as the service life
increases Early failures are mostly caused by errors in assembly, production, materias or by design
flaws. The failure rate remains constant in Region 2. Often, incorrect operation, maintenance and
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dirt particles are the main causes forrandom failures. They are difficult to predict and happen with
a low probability. The failure rate increases rapidly, as the service life increases and enterRegion
3. Asmechanical parts fatigue and decayable materials age, a wearout failure takes placavith an
increasing probability.

The actions takento reduce failure rates of early failures and random failures must be taken
into consideration in design proces®es From a system design perspective, thte improvements in
Region 3 take place at the stage of construction dimensioning[36, p. 35] . Wearout failures are
most interesting for design and reliability analysis, for 6 -servicelife is largely determined by their
failure rates. They can be reduced substantially by taking special account of possible causes and
designing the parts and the systems accorthgly, which leads to service life calculation [153, p.
635].

Wearout Failures
(Region 3)
e.g. fatigue failures,
aging, pittings

Random Failures
(Region 2)
e.g. caused by
operational failures,
dirt particles,
maintenance failures

A Early Failures
(Region 1)

e.g. faulty assembly,

production failures,

wrong material,

clear design flaws

Failure rate

\ Service life

Actions

Actions

Actions
-~

correct operation
and maintenance, calculations,
correct use and test-rig trails
application

test-rig trails, pilot
series, production
and quality control

Figure 8.1: The bathtub curve

The service life of aproduct depends on the service lvesof its individual parts and their collab-
oration. For instance, a passenger car with a5-speed transmissiondrives on a given driving cycle,
during which different gears are engagedfor different time . Figure 8.2 shows the proportion of
time of all gears. To calculate the service life of the transmission in the example isa combined
consideration of the service lives of the parts corresponding the power flow of each gearposition.

Other than time, load s and, hence, stresses on a partis also crucial to the service lifecalculation.
They depend on its functionals and the surrounding conditions. For the transmission in the exam-
ple, the loads and stresss on each part depend on the driving cycle. Considered over time, indi-
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vidually variable load curves of all parts are obtained. They are mmpared againstr f ¢

me-pr g%

sistance toloads and stresesto obtain accumulated fatigue and service lives[36, p. 251] .

40%

w
=]
B

10%

Proportion of time
N
o
B

0%

1st  2nd
Gear position

3rd 4th 5th

Figure 8.2: Proportion of time that different gears are engaged, when the vehicle drives with
an example driving cycle.

8.1.2

Parts Selection for Service Life Estimation

For electric powertrains, EMs and transmissions are prone to wearout failures. In order narrow
down the subjects for service life estimation, their parts are analysed and divided into three cate-
gories, as shown inTable 8.1. A-parts are defined as critical to reliability and their service livescan
be calculated corresponding reality . B-parts are defined as critical to reliability , but the service life
is hard to be calculated with confidence. Often, these parts are loaded by friction, abrasion (syn-
chronizers and brushes), dirt and corrosion (seals). Gparts are neutral to risk and not considered
in further discussion. Service life estimation focuses on Aparts.

Table 8.1 Preselection of parts for fatigue estimation

A-parts

Prone to risk

6 -service life calcula-
tion possible

B-parts

Prone to risk

0 - service life calcula-
tion impossible or does
not reflect reality

C-parts

Neutral to risk

Mostly

early failures

random and

Electric motor

Winding insulation

Brush (if exists)

[154] , [155] Bearing Rotor and end ring
(asynchronous mo-
tors)
Transmission Shaft Synchronizer Housing
[153, p. 99], | Gear Seal
[36, p. 647] Bearing

In the a _ r c eAmpartap, W8nding insulation is different from the rest for its main purpose. It
protects winding from electrically shorting, contamination, mechanical and thermal stress [156,
pp. 7-12]. The electrical endurance of insulation materials is affected by temperature and time in
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such a way that obeys Arrhenius chemical rate equation,i.e. the thermal servicelife®® of insulation

is halved for each increase of 10 °€ in the exposure temperature [158, 159] . It is natural and

essential, in the case of aiy electric powertrain, to take the cooling system of the electric motor

into the consideration. The mathematical modelling of the complex thermal management system
developed for Speed4Epowertrain is, unfortunately, beyond the scopeof online MCOSin this

work. However, another work of the author [160] showed that a goal-oriented thermal manage-
ment control can not only reduce the energy consunption but also extend the thermal service lives
of both EMsin Speed4Epowertrain.

The rest of the A-parts are designed eitherfor operational fatigue strength or for endurance
strength [36, pp. 294 -296]. To design a part for operational fatigue strength is to have it designed
to endure an expected load profile for a certain time of use [36, p. 250] . To design a part for
endurance strength is to base the design on the maximum anticipated load36, p. 279] .

Shafts are oftenconservatively designed for endurance strength for the typical shaft configura-
tion of vehicle transmissions is particularly unfavourable from the point of view of strength . The
long distance between bearings causes large bending moments, and the contacting parts such as
shoulders, grooves, collars, bearing seats etc. cause notch§36, p. 280] . As a result of conservative
designs, shafts in transmissiors are often found fatigue resistant, i.e. infinite service life, in service
life estimation for normal expected load profile, as shown in a typical example in Table 8.2. There-
fore, shafts are notconsidered in the service life estimation in this work.

Table 8.2. An typical example of calculated | and || service life of A-parts in a transmis-
sion [153, p. 102]

Components Estimated service life
Input shaft Fatigue resistant
Output shaft Fatigue resistant

Gear tooth failure: first stage gearset | 6 service life: 70,000 to 120,000 cycles

Gear tooth pitting: first stage gearset | ¢ service life: 500,000 cycles

Rolling bearing 6 service life: 1,500,000 cyclesto fatigue resistant

The 6 service livesof the first stage gearsetfor tooth failure and pitting are listed in  Table 8.2.

56 | the literature [157], thermal service life is called thermal life and thermal lifetime.

57 n actual testing, the increment often deviates from 10°C.
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There are different types of failures for a part, and their failure rates and 6 -servicelives are dif-
ferent. Rolling bearings, depending on the configuration, can operate with ad service life vary-
ing from 1,500,000 cyclesto an infinite service life. Typical service livesof gearsand bearingsthat
are reasonably designed for a sgtem arenot decidedly separated, which suggests that bothtypes
of parts are necessary to be considered in service life estimation.

In summary, gears and bearings are selected as the subjesbf the service life estimation. During
operation, the fatigue of these parts accumulates, as they withstandloads. The following elabo-
rates, how the fatigue and its accumulation are modelled.

8.1.3 Mechanical Fatigue Calculation and Its Accumulation

Gears and bearings are exposed to different types of failures, among whictsome are caused by
fatigue and under the category of wearout failures, while others are not.

8.1.3.1 Main Damages of Gears and Rolling Bearings

Gear

The service life of agear isbasically limited by four types of damages[36, pp. 239-243]: 1) tooth
failure, 2) macropitting and micropitting, 3) hot scuffing and 4) cold scuffing. Both tooth failure
and macropitting can lead to gear failure. Micropitting is surface pitting in a microscopic scale. It
does not lead to gear failure but can increase noise emissionHot scuffing and cold scuffing are
related to lubrication condition and seldom occur in vehicle transmissions They do not cause gear
failure. For their seriousness and relevang, tooth failure and macropitting are necessary to be
considered in the service Ife estimation. Read [36, pp. 239-243] for more information.

Figure 8.3: Typical damage examples. (left) Macropitting. (right) Tooth root breakage 1 tooth
failure [161]

Tooth failure is that the whole tooth or part of a tooth breaks off, which leads to gear failure.
Figure 8.3 (right) shows an example of tooth root breakage, which will cause the whole tooth to
break off. The tooth operates under pulsating load and the maximum bending stress occurs at the
tooth root, which suggests that the fatigue at thetooth root, i.e. tooth root breakage, needs to be
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modelled to represent tooth failure [36, p. 242].

Damage to the tooth flank by pitting is indicated by the appearance of pin holes and extended
tooth flank spalling, which is a symptom of material fatigue at the tooth flanks . See Figure 8.3
(left) for an example. It is considered mostly caused by the stresss between the flanks of the
pinion and the wheel during meshing. The fatigue on the tooth flanks is to be modelled.

Rolling Bearing

Loads on bearings in transmissions result primarily from the meshing forces of the gearsmounted
on the same shafts and preload forces with adjusted bearing arrangements36, p. 423] . Rolling
bearing damages can be divided into following categories: adhesive wear, abrasive wear, fatigue,
corrosion, and further failure s (electric erosion, plastic deformation etc.) [162] . Only fatigue is
considered in the service life estimation, sinceadhesive wear, abrasive wear and corrosionare
mainly caused byfalse installation, operation, and maintenance; methods to estimate the failures
caused by electric erosion, plastic deformation etc. are out of the scope of the service life estimation
for online MCOSs [163] .

Figure 8.4: Spalling on the inner ring of a rolling bearing [167].

Fatigue occurs at surfaces of rolling elements and rings, due to cyclic stresses from rolling and
sliding between rolling elements and rings. They cause microstructural alterations and lead to
pitting and spalling on surfaces [164] . Figure 8.4 shows an example of he spalling on the inner
ring caused by fatigue.

Fatigue to be modelled in the service life estimation

So far, tooth root breakage and macropitting (g r g q pitting pin whht foBows ) are selected
as thefailures considered in the service life estimation for gears. It was stated in [36, p. 239] that
gears for vehicle transmissions are now almost without exception designed softihaiih root breakage
is eliminated, for it causesserious andimmediate gear failure.It will be evaluated in Section 8.1.4
to decide, if tooth root breakage remains in the service life estimation. Bearing fatigue is selected
asthe failure considered in the service life estimation for bearings. In a vehicle, gears andbearings
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withstand loads caused byboth positive and negative torques generated by its power source(s).
For conventional vehicles,[165] and [166, pp. 110-111] suggested that loads and fatigue caused
by negative torquesare low enough to be neglectablein the service life estimation. Such a practice,
however, loses its prerequisite in the case oBE\Vs, sincethey primarily use their EM(s) to recuper-
ate their kinetic energy while decelerating. In this case loads and fatigue causedby positive and
negative torquesare comparable, which is verified later in Section 8.1.4. It is necessary todiscuss
the available methods to model fatigue causedby both positive and negative torques.

1 Tooth root breakage

Bending stressis considered the only stress that is critical for modelling tooth root breakage
[36, p. 243] . Bending stress ona tooth root is schematically illustrated in Figure 8.5. The
bending stress caused by the normal forceon the right flank ("0 ) is marked blue and the
bending stress caused byOy; is marked red, both of which contribute to the tooth r oot
breakage. It was suggested in[161] to consider the alternating loads on both flanks and the
residual stresses in the tooth core to model the fatigue of te tooth root breakage. Addition-
ally, DIN 3990C part 6 suggesed four methods:

1
1
1
1
1
|
1
|
1
1
1
1
1
|
|
[

Bending stress M

Figure 8.5: Schematic of the bending stress on the tooth roo t.

A Method FA the fatigue is estimated with a damage characteristic curve, i.e. a SN
curve discussed in next subsection, based on calculation or experiment that con-
siders the frequency of thealternating loads.

A Method FB the fatigue is estimated with a S-N curve that is modified considering
the frequency of the alternating loads.

A Method FC the loads caused by negativetorques are added to the loads caused by
positive torques with a factor of 0.7. The combined loads are used to estimate the
total fatigue based on a SN curve.
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A Method FD the loads caused by negative torquesare multiplied with 0.7 and the
resulting loads are used to estimate a partial fatigue based on a SN curve. The
partial fatigue is added to the fatigue that is estimated with the loads caused by
negative torquesbased on a SN curve.

The method from [161] and the methods FAand FB arenot applicable, since the complexity
exceeds the scope of the service life estimation foMCOSs. The methods FC and FDwere
mostly applied to conventional vehicles, which decelerates majorly through brakes, while
gears in transmissiors only transmit small negative torques generated by engines. In this case,
there is a decided distinction between the loads caused by the positive and the negative tor-
ques which is not the case for BEVs. For the purpose of conservative estimation, the method
FC is adopted butwith a conservative factor of 1.0 for the loads caused by negative torques.

1  Tooth flank pitting

Pitting is caused by slip/roll stresses on flank surfaces and incipient cracks due to high shear
stresses in the area below surface[36, p. 239] . The schematic of the stresses on the surface
is shown in Figure 8.6. It is assumed none interference between the slip/roll stresses on both
flanks, as well as between the shear stresses below both flanks. The loads caused by positive
torques and negative torques are, therefore, separtely calculated and the resulting fatigues
are separately accumulated.

Figure 8.6: Schematic of the Hertzian stress on the tooth flanks
1 Bearing fatigue failure

The theory for assessing material deformation in rolling bearings is adopted from [167] ,
which assumes that cracls are caused by the maximum orthogonal skear stresses initiated in
the risk volume illustrated in Figure 8.7. Under the assumption from [167] , for a standard
bearing configuration, i.e. two bearings mounted on a shaft, the assessment of stress risk
volume and resulting fatigue is simplified to be free from the directions of torques. The loads
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caused bypositive and negative torques are linearly accumulated.

Lundberg-Palmgren
stressed volume e

v~azZol2are)

Figure 8.7: Risk volume of rolling bearing fatigue suggested by [113]. Figure taken from [114].

After analysis, tooth flank pitting and rolling bearing fatigue are chosen to be the subjects of the
service life estimation. The fatigues caused by positive and negative torques on the former are
separately accumulated and those on the latter are linearly accumulated.

8.1.3.2 Fatigue Estimation

To estimate the fatigue resulting in a certain kind of failure is to compare the load causing the
fatigue to the resistance of the load, i.e. load capacity It is standard to be modelled as a SN curve,
i.e. a StressLife Cycle curve It is a stresscontrolled Wohler curve, which describes the load capac-
ity of a component. It is attained through experiments®8 to reflect the relationship between the
cyclic stress amplitude and the permissiblecycle number under the cyclic stress[168, pp. 21-25].
Figure 8.8 showsthe typical shape of SN curves on double logarithmic scales. The curves of dif-
ferent failure rates are marked with different colours, among which the one of & -service life is

Short-time Fatigue

5 " ) — U\(l
o strength strength — By
; = By
h=1

|

g o Endurance
- strength
0m

Q

=

-]

571

N
n T . -
! 7 Number of cycles N

Figure 8.8: SN curves of different || .-service life of an example part for a certain failure. Figure
modified from the one from [32, p. 254].
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mostly used for gears and bearings. The permissible cycle numbeb of & -service life can be read

from a curve for a given stress amplitude,, . Three zones can be identified:

|l

Short-time strength permissible cyclesup to ca.p 1 p Ttcycles: also caled low cycle fatigue
domain. Fatigue in this zone is caused by irreversible plastic deformations in materiak due
to high stress[153, p. 321, 169] .

Fatigue strength permissible cycles up to the cycle number at fatigue limit0 pTEpPTT
also calledhigh cycle fatiguedomain. In this zone, the S-N curve can be simplified as a straight
line in double logarithmic coordinates, as

6 6 2% h (8.1)

where , is the fatigue limit str ess amplitudeand Qis the gradient of the straight line in dou-
ble logarithmic coordinates [36, p. 254] .

Endurancestrength the stress amplitude is smaller than,, : no failure is expected in this zone
for a wide range of materials, e.g. ferritic steels. Some materials, e.g. austenitic steels, do not
show a distinct endurance strength[153, p. 321] .

A part is ideally designed in such a way that the expected operatonal stresses do not fall into

the short-time strength zone and avoid the endurance strength zone,avoiding short expected ser-

vice life and over dimensional design, respectively S-N curves are often simplified to be horizontal

on double logarithmic scalesin the short-time strength and the endurance strength zones.

1

Tooth root breakage

DIN 3990C part 3 provides the standard method to calculate SN curves of 6  service life
of tooth root breakage. See[36, pp. 243-245] for a detailed explanation. SeeAppendix E for
the calculated SN curvesin this thesis.

The effective bending stress, characterizes the local stress of a tooth root.According to
DIN 3990, , can be determined by considering™O , the tangential component of the normal
force, and various parameters,

" Z):ﬁ—ilx):loilofh)fl)fl):)):))h (8.2)

where the parameters are defined inTable 8.3.
Tooth flank pitting

DIN 3990¢C part 2 provides the standard method to calculate SN curves of 6  service life
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off tooth flank pitting . See[36, pp. 245-246] for a detailed explanation. See Appendix E for
the calculated SN curves in this thesis.

Hertzian stress,, characterizes slip/roll stresses on flank surfaces According to DIN 3990,
it can be determined by considering the nominal force on the tooth flank "O and various pa-
rameters,
Sy b W AW AW O 2Py B DR
o7 T B (8.3)

where the parameters are defined inTable 8.3.

Table 8.3. Parametersto calculate G;

Parameter Meaning Source

Dy pinion/wheel contact factor DIN 3990C Part 2, Pages3

(i) zone factor DIN 3990C Part 2, Page6

@ elasticity factor DIN 3990C Part 2, Page8

(W) contact ratio DIN 3990C Part 3 for , and Part 2 for
@ helical overlap DIN 3990C Part 3 for,, and Part 2 for
Q Pitch circle diameter of the pinion gearset design

@ contact face width gearset design

a standard module gearset design

Q gear ratio gearset design

0 application factor DIN 3990C Part 1, Page55

0 dynamic factor DIN 3990C Part 1, Page16-17

0 transverse factor DIN 3990C Part 1, Page45

0 longitudinal load distribution fac- DIN 3990C Part 1, Page19

tor for surface stress
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1  Bearing fatigue failure

DIN ISO 281 provides the standard method to calculate® service livesof rolling bearings
directly. 0, the permissible cycle number under an equivalent dynamic loadd, is

0 9 h (8.4)
0
0 ®O0 @20 h (8.5)
where the variables and the parameters are defined inTable 8.4.
Table 8.4. Parametersto calculate 4!
Parameter Meaning Source
o} basic dynamic load rating in N Bearing catalogues
0 equivalent dynamic load in N calculation
ko) service life exponent DIN ISO 281. Bearing type dependent
@ radial factor DIN ISO 281. "Oand "O dependent
O radial load in N calculation
@ axial factor DIN ISO 281. "Oand "O dependent
O axial load in N calculation

8.1.3.3 Fatigue Accumulation

The fatigue accumulation hypothesis describes, how the fatigues caused by cyclic stresses inte-
grate, whose foundationisK g | ¢ p %dg0] pltsagsumes that the absorbed work during operation
causes fatigue and the proportion of the already absorbed work 0 out of the permissible work to
absorb @ measures the fatigue Its proportion is equal to the one of the cycle number of a cyclic
stresses with constant amplitude¢ to the permissible cycle number’. Under such an assump-

tion59, every load cycle causes a constant fatigue, which accumulates linearly. Furthermore, the

59 Methods with the assumption of nonlinear accumulation showed high accuracy (see the review
article [171] ). However, they were targeted at specific use cases and demand high computation
resources[166, p. 26], which makes them unfavourable for the service life estimation in MCOSs.

8 Multi Criteria Operation Strategy Consilering Service Life 127



accumulated fatigue 'O caused by cyclic stresses witfiCamount of stress amplitudes, i.e. a load
profile, can be summed up as
E

0 (8.6)

C:l m-
= x3

6 & & L &
o S S E S
w 0 0 0

el
e

where "Ondexes the stressamplitude. The part in Figure 8.8 has operated under, and, for ¢
and ¢ cycles, respectively.Ois the sum of the fractions of the areas with the width of ¢ and ¢
out of the areas with the width of 6 and G . In continuous time, ‘O can be determined by

€0

0O —
o, 0

[o]:] (8.7)

A failure is expected when Oreaches 1[170, 172]. In reality, a failure often occurs with a
calculated fatigue smaller than 1. In order to use (8.6) to perform an accurate prediction, the
knowledge of the total fatigue, when an actual failure happens, is necessary[36, p. 258] .

With a simplified S-N curve that is horizontal in endurance strength zone, the fatigues caused
by the stresses under the fatigue limit stress can be ignored, since an infinite service lé would be
expected. However, itcontradicts the results reported in [173, 174] , which stated that, in a mixed
load profile, stresses under the fatigue limit stresscause fatigue Therefore, Kg | ¢ p %q psj
with a simplified S-N curve, is yet incomplete for the service life estimation.

Several hypotheses were developed to address this issue, , e , Kudel withp @b @ndurance
strength [168, p. 285], Kgl cp%q psjc kmbgdgcb ~w F_g[l75kf
Kgl cp%g psjc kmbgd@g@h Theycary avar the lindar a¥canulatorpassump-
tion, but use a modified SN curve (see[153, pp. 327 -329] for a review).

Miner Haibach hypothesis considers the slope of SN curve on double logarithmic scales in the
endurance strength zone to bec’Q p. It is adoptedfor the fatigue accumulation in this work, since
it is supported by the experiments, especially in the automotive industry [36, p. 260, 153, p. 328] .

8.1.4 Speed4EPowertrain Service Life Estimation

Gl rfc pcgr md rfgqg Af _nr dp *as gk apahtfoatoosejredate cop *

6 service life.

The bearing and the gearset configuration are schematically illustrated in Figure 8.9. All bear-
ings are labelled in Figure 8.9(a) and their types are listed in Table E.2 in Appendix E. All gears
are labelled in Figure 8.9(b) and their meaning are listed in Table 8.5.
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Figure 8.9: Bearing and gearset configuration of Speed4E powertrain.

Table 8.5: The Gears in Speed4E powertrain

G2.52.1p G2.52.2P | "
T
= T G.FD.W (G2.53.W)

Gear label Description Gear label Description
G1.S1.SG ST1 sun gear G2.S52.1P ST2 stage 2 T gear pinion
G1.S1.PG ST1 planet gear G2.52.1W ST2 stage 2 F wheel
G1.S1.RG ST1 ring gear G2.52.2P ST2 stage 2 29 gear pinion
G1.S2.P ST1 stage 2 pinion G2.S2.2wW ST2 stage 2 29 wheel
G1.S2.wW ST1 stage 2 wheel G2.S3.P ST2 stage 3 pinion
G2.S1.P ST2 stage 1pinion G2.S3.wW ST2 stage 3 wheel
G2.S1.W ST2 stage 1 wheel

B1.1.1 and B1.1.2 support the shaft of the EM1 on which G1.S1.SG is mounted. Three planet
gears (G1.S1.PG) on three needle bearings (B1.2.1~3) are mounted on the planetary carrier. The
ring gear (G1.S1.RQG) is fixed on the housing. The planetary carrier and the pinion are supported
by B1.3.1 and B13.2. B2.1.1 and B2.1.2 support the shaft of the EM2, which is connected to the
input shaft of ST2 with a shaft coupling. B2.1.3 and B2.1.4 support the input shaft of the ST2 on
which G2.S1.P is mounted. The shaft coupling is considered a torque transferrig part. Therefore,
B2.1.3 and B2.1.4 are assumed towithstand all loads on the input shaft ofthe ST2 G2.S1.W,
G2.S2.1P and G2.S2.2P are mounted on the counter shaft that is supported by B2.2.1 and B2.2.2.
G2.S2.1W, G2.52.2W and G2.S3.P are mounted on theutput shaft that is supported by B2.3.1
and B2.3.2. G.FD.W is the wheel that is coupled with G1.S2.P and G2.S3.P that are supported by
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B3.1.1 and B3.1.2, respectively. They are part of the final drive and differential. The parameters
of the gears and thebearings are listed in Appendix E.

Based onthe Miner Haibach hypothesis described in Subsectior8.1.3.3, the modified S-N curves
of G1.51.SG and B1.1.1 are determined and shown irFigure 8.10.

o 10° = 10 s 10t
3z 104 2 "l‘ﬁ 2
Sz 58 . £E
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@ (b) (©

Figure 8.10: Madified S-N Curves of (a) B1.1.1 (b) G1.S1.SGpitting and (c) G1.S1.SGooth
root breakage .

For agear,, and, arecalculated based on(8.2) and (8.3), respectively, in which the normal
force "O and its tangential component 'O are determined by analysing the meshing force that is
schematically illustrated in Figure 8.11(a). With the geometry of the gear, namely helix angle| ,
pressure anglg and pitch diameter, "O can be decomposed into the transverse forcéQ, the radial
force "Oand the axial force "O(see Figure 8.11(b)). "Ois obtained through the torque "Y and the
pitch diameter, which tells that "O® "Y and 'O © "Y. Express'O as a function of "Y and combine
all parameters from (8.2) and the geometry of the gear (seeTable E.3) to obtain a coefficient .
the relationship between, and Y is

®JY8 (8.8)

(a) (b)
Figure 8.11: Schematic of meshing force

Express’Oas a function of “Y and combine all parameters from (8.3) and the geometry of the
gear (seeTable E. 3) to obtain a coefficient ¢ . The relationship between, and"Y is
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OO 7Ys8 (8.9)

Forces and torques on bearings need to balance meshing forces dhe gears. An example is
schematically illustrated in Figure 8.12. The resulting "Oon a bearing is its axial load and the com-
position of the resulting "Oand "Ois its radial load in (8.4). Express‘Oand "Oas two functions of
“Y and combine all parametersof the gears on the shaft supported by the bearings in question and
the spatial locations of all parts (see Table E. 3 and Table E. 4) to obtain a coefficient ¢, the
relationship betweenthe equivalent dynamic load 0 and "Y is

0 QOJY8 (8.10)
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Figure 8.12: An example of forces on bearings

With the service life model presented so far, Figure 8.13 summarizes the accumulated fatigue
(blue bars) and the corresponding service lives (orange squares) of the bearings and the gears in
Speed4E powertrainon a logarithmic scale. The vehicle drives in the WLTCunder the control of
the predictive EMS. Figure 8.13(a), (b) and (c) present the values of bearing fatigue, tooth root
breakage and tooth flank pitting, respectively. In Figure 8.13(b)* &nmgpu _ I b 8l cepn ¢
tooth flank that transmit positive and negative torques, respectively.

In Figure 8.13(a), the accumulated fatigue of B1.1.1 is negligible, since the radial forces on the
teeth of G1.S1.SG the sun gear inthe ST1, are balanced and B1.1.2, a fixed bearing, undertakes
axial load (see Table E. 2 and Table 8.5 for information of the bearings and the gears). In Figure
8.13(b), the accumulated fatigue of several gears is so small that their service lies exceed the
range of the diagram. The values of G2.52.2P are absent irFigure 8.13(b) and (c), since the ST2
has not engaged in the 29 gear position in the driving cycle. After comparing Figure 8.13(b) and
(c), it can be noticed that the gear service livesw.r.t tooth root breakage are multiple orders of
magnitude larger than those w.r.t tooth flank pitting . The simulation result matches the gear de-
sign practice mentioned in Section8.1.3.1 that tooth root breakage is almost eliminated in modern
gear design, and it isthe tooth flank pitting that is critical to gear service life Tooth root breakage
is not further discussed in this chapteiOn the other hand, it can be noticed that the service lives of
the bearingsare multiple orders of magnitude smaller than those of the gearson the same shafts
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The service lives of the bearings limit the powertrain service life of Speed4E powertrain.

B1.1.2 and B2.1.3 have the lowest service life among the bearings in the sulpowertrain 1
(SPT1) and the sub-powertrain 2 (SPT2), respectively. A SPT consists of its corresponding EM and
ST. G1.S1.SG and G2.S1.P have the lowest service life among the gearsthe SPT1 andthe SPT2,
respectively. The load spectra of both bearings and the stress spectraof both gears are shown in
Figure 8.14 orange bars, while their modified S-N curves are shown as the blue curves.
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Figure 8.13: Accumulated fatigue after a WLTCand corresponding service lives of the bear-
ings and gears in Speed4E powertrain. (a): Bearing fatigue. (b): Tooth root breakage. (c)
Tooth flank pitting.
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