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Deutsche Zusammenfassung

Gegenstand dieser Arbeit sind die so genannten primitive equations auf dem zylin-
drischen Gebiet Q = G x (—h,0) mit horizontalem Querschnitt G = (0,1)? und ver-
tikalem Hohenparameter h > 0. Dabei handelt es sich um ein System partieller Differ-
entialgleichungen in der Form

v —Av+ (u-V)v+Vgr = [ inQx(0,7),
o = 0 inQx(0,7),
divu = 0 inQx(0,7),
v(0) = a inQ,

mit den Randbedingungen

O.v=0o0derv=0, w=0 aufGx{0}x(0,7),
O.v=0o0derv=0, w=0 aufGx{-h}x(0,7),
v, w, ™ periodisch auf 0G x (—h,0) x (0,T).

Dabei ist a: Q — R? ein gegebener Anfangszustand und T' € (0, oo eine beliebige Zeit.
Die unbekannten dieses Systems sind die Geschwindigkeit des Fluids

u=(v,w): A x (0,T) - R* xR

und der Oberflaichendruck 7m: G — R. Dabei ist die vertikale Geschwindigkeit w durch
die horizontale Geschwindigkeit v vollstandig bestimmt.

Das Symbol Vg = (9,,8,)" bezeichnet den Gradienten in den horizontalen Vari-
ablen (z,y) € G und 0, die partielle Ableitung in der vertikalen Variable z € (—h,0),
wohingegen A = 9% + 35 + 02 den Laplace-Operator, V = (9,,9,,0,)" den Gradienten
und divf = 0, f1 + 0y f2 + 0. f3 die Divergenz in drei Raumdimensionen bezeichnen.

Diese Gleichungen beschreiben ein System der Geophysik wie den Ozean oder die At-
mosphare und approximieren die Navier-Stokes-Gleichungen fiir das Stromungsverhalten
inkompressibler Fluide unter der Annahme eines hydrostatischen Gleichgewichts.

Die Linearisierung dieses Problems wird hydrostatische Stokes-Gleichungen genannt.
Diese sind durch das System von partiellen Differentialgleichungen

owv—Av = Pf inQx(0,7),
divgs = 0 inQx (0,7),
v(0) = a inQ

gegeben. Dabei werden A := PA der hydrostatische Stokes-Operator und P die hydro-
statische Helmholtz-Projektion genannt. Weiterhin bezeichnet divy f = 0, f1 + 0, f> die



Divergenz in den horizontalen Variablen und

?:%/0 f('vz)dz

—h

den vertikalen Mittelwert.

Wir betrachten die primitive equations und die hydrostatischen Stokes-Gleichungen im
Rahmen von LP-Raumen. Dabei liegt unser Interesse auf ihrer globalen Wohlgestelltheit
fiir moglichst grofle Klassen von Anfangswerten.

Fiir p,q € (1, 00) zeigen wir in Abschnitt dass das linearisierte Problem die Eigen-
schaft der maximalen L9-LP-Regularitat besitzt und beweisen damit in Abschnitt
die Existenz einer eindeutigen, globalen, starken Losung fiir Anfangswerte der Klasse
a € Bf,,/qp mit 1/p+1/q < 1. Dabei ist es nicht notig anzunehmen, dass der Anfangswert
a klein ist.

Diese Ergebnisse basieren auf der Erkenntnis, dass sich der hydrostatische Stokes-
Operator vom Laplace-Operator A nur um einen Term niedrigerer Ordnung unterschei-
det. Dabei ist die Storung explizit gegeben durch

1
Av=Av+ Bv, Bv= E(l - Q) (ELU’GX{O} — 8ZU‘GX{_h}> , divygt =0,

wobei () die Helmholtz-Projektion auf dem zwei-dimensionalen Torus bezeichnet.

Wir entwickeln auflerdem eine Theorie in Raumen vom L*-Typ. Aufgrund der
anisotropen Struktur des nichtlinearen Terms (u - V)v = (v - Vg)v + wd,v verwen-
den wir dazu anisotrope L*>-LP-Raume von Funktionen welche sich in den horizontalen
Variablen wie L*°-Funktionen und in der vertikalen Variable wie LP-Funktionen verhal-
ten. Dabei unterscheiden wir verschiedene Randbedingungen fiir v. In Abschnitt
und setzen wir den Fall von reinen Neumann-Randbegingungen auf dem oberen und
unteren Rand voraus, d.h.,

8ZU|G><{O} = 8ZU‘G’><{—h} =0.
Dies hat zur Konsequenz, dass der Storterm Bv verschwindet und A = A lediglich die
Einschrankung des Laplace-Operators ist. Dies vereinfacht das Problem stark und er-

laubt es uns die Wohlgestelltheit der primitive equations im Fall f = 0 fiir Anfangswerte
der Klasse

a € BUC(G; LP(—h,0)), pe€ [l,00],
zu beweisen. In Abschnitt 4.3 und [5.3] gehen wir dann von den Randbedingungen

azv‘cx{o} - U‘Gx{fh} =0

aus. Daher miissen wir uns den Schwierigkeiten stellen die durch die Unbeschranktheit
der Projektionen () und P auf L*°-Raumen entstehen. Trotz dieser Komplikationen



beweisen wir die Existenz einer eindeutigen, globalen, starken Losung der primitive
equations fir Anfangsdaten der Klasse

a € BUC(G; LP(—h,0)), p€ (3,00).

Diese Arbeit ist wie folgt strukturiert. Nachdem wir in Kapitel [2| die mathematischen
Grundlagen einfithren welche zum Verstandnis der darauffolgenden Kapitel notwendig
sind, prasentieren wir in Kapitel |3| eine Reihe von Eigenschaften des Laplace-Operators
und von Wirmeleitungshalbgruppen. In Kapitel ] wenden wir diese dann auf das lin-
earisierte Problem an, sowohl in LP-Raumen fiir p € (1,00) in Abschnitt , als auch
in anisotropen L°°-LP-Raumen in Abschnitt und [£.3] SchlieBlich wenden wir diese
Ergebnisse in Kapitel [5| auf das nichtlineare Problem an.

Die hier vorgestellten Ergebnisse sind das Resultat einer Zusammenarbeit mit Yoshikazu
Giga, Matthias Hieber, Amru Hussein und Takahito Kashiwabara. Sie wurden in [38}41]
veroffentlicht, bzw. zur Veroffentlichung eingereicht.






1 Introduction

The primitive equations for the ocean and atmosphere are a model for the movement of
a viscous fluid in a large scale three-dimensional setting where the underlying domain is
much wider than it is high. The equations describing this model are derived from the
Navier-Stokes equations using the assumption of a hydrostatic balance. This assumption
can be rigorously justified by a scaling argument, see [66].

The study of these equations through analytical means was commenced by Lions,
Temam, and Wang in their series of papers [68-70], where they introduced the equations
describing models for the ocean and atmosphere.

In this work we consider the model under the assumptions that physical quantities
like temperature are constant, which reduces the model to the equations describing the
conservation of momentum and mass of the fluid, explicitly given by the system of partial
differential equations

ov—Av+ (u-Vo+Vyr = 0 in Q x (0,00),
J.m = 0 in Q x (0,00),
divu = 0 in Q x (0,00),

v(0) = a in .

The setting is that of a cylindrical domain Q := G x (—h,0) with G := (0,1)? and
height parameter h > 0. The unknown quantities are the vector field describing the
velocity of the fluid u = (v, w) with horizontal and vertical components v = (vy,v9) and
w, respectively, as well as the surface pressure 7, which is related to the full pressure
P via the relation 7 = P + 27, where z € (—h,0) denotes the vertical variable and 7
the constant temperature. The initial data a for the horizontal velocity is a given vector
field. Denoting the horizontal variables by (z,y) € G, the symbol A = 92 + 9} + 02
denotes the three-dimensional Laplace operator and

V = (04, 0y, 2.)", divu = 0, + Oyva + O, w

are the gradient and divergence, whereas Vg = (9,,9,)" denotes the gradient in hor-
izontal variables only. Dividing the boundary of €) into the top, bottom, and lateral

parts
I,:={0} xG, Ty:={-h}xG, T,:=[-h0] x9G,

we will consider the boundary conditions

dwv=0o0orv=0, w=0 onl, x(0,00),
O.v=00rv=0, w=0 onl}x(0,00),
v, w, T periodic on I'; x (0, 00).

11



1 Introduction

Our notion of periodicity on the boundary is made precise in Section [2.4.5

The first established results for the well-posedness of the primitive equations concerned
L2-type spaces. Lions, Temam, and Wang proved in [68-70] that, given initial data
a € L?, there exists a global weak solution. The question of the uniqueness for L2-
data in three dimensions remains unanswered until today, see [59,65,76, 88| for recent
developments. For the two-dimensional problem, the uniqueness of weak solutions was
proven for continuous initial data in [59] and for initial data a € L? also satisfying
d,a € L? in [15], whereas the existence of global strong solutions was established in [76].

In [9294], Ziane began the investigation of the three-dimensional linearized problem,
establishing H2-regularity for the solution of the resolvent problem.

The first result concerning the existence of strong solutions to the three-dimensional
primitive equations was established by Guillén-Gonzalez, Masmoudi, and Rodriguez-
Bellido in [46], who utilized the result of Ziane to prove the existence of a local strong
solution for initial data a € H!.

This result was improved significantly in [19] by Cao and Titi who were able to prove
the existence of a unique, global strong solution without requiring a smallness condition
for the initial data a € H'. Note that for the three-dimensional Navier-Stokes equations,
this remains a famous open question. In their approach, they decomposed the horizontal
velocity v into its vertical average and the remainder, i.e.,

1 0
vV=T+47, @::—/ v(-,2)dz, U:=v-—T1, (1.0.1)

and established L>-L5%-estimates for the remainder term # in order to obtain an a priori
H'-estimate for the solution.

There are also a number of papers investigating the primitive equations for partial vis-
cosity and diffusion, establishing global well-posedness for initial data a € H?, see [20]
by Cao and Titi as well as [16-18] by Cao, Li, and Titi. Other recent results can be
found in the survey article [67].

A more general LP-theory was established in [49] by Hieber and Kashiwabara. Under
the assumption that Neumann and Dirichlet boundary conditions are imposed on I',
and [y, respectively, they proved the LP-well-posedness of the linearized problem for
p € (1, 00) and the existence of a unique, global strong solution to the primitive equations
for p € [6/5, 00).

For the linearized problem, they introduced the hydrostatic Helmholtz projection, de-
noted by P, which annihilates the horizontal pressure gradient and is bounded on LP(2)?
for p € (1,00). They then introduced the hydrostatic Stokes operator A, := PA and
proved that —A,, is a sectorial operator of spectral angle 0 with bounded inverse and that
A, generates an exponentially decaying analytic semigroup. This operator is analogous
to the Stokes operator in structure and role for the Navier-Stokes equations. The same
relation holds between the projection P and the Helmholtz projection.

For the full nonlinear problem they adapted the approach of Fujita and Kato for the
Navier-Stokes equations, see [29,30], and constructed a unique, local, strong solution

12



to the primitive equations by means of an iteration scheme. They considered arbi-
trarily large initial data a belonging to a closed subspace of the Bessel-potential space
H?PP(Q)? for p € (1,00), characterized as a complex interpolation space. Using the
smoothing effect of the analytic semigroup, they showed that the local solution satisfies
v € C((0,T*]); D(4,)) for some time T* > 0 and established an a priori H*-estimate.
Using the embeddings D(A,) — H*(Q)* — H'(Q)? for p € [6/5,00), they then ob-
tained the existence of a unique, global strong solution.

This work goes beyond the results of [49] in several ways. The primary interest of our
investigation lies in proving the strong, global well-posedness of the primitive equations
for a large class of initial values. For this purpose, we establish new properties for the
linearized problem in the LP-setting for p € (1, 00), allowing us to approach the nonlinear
problem in the LP-setting with new and powerful tools. We also consider function spaces
of L>- and L'-type, both for the linearized problem in Chapter 4 and the full nonlinear
problem in Chapter [5]

We begin by extending the previously established LP-theory for p € (1,00). For the
linear problem, we rewrite the hydrostatic Stokes operator as a perturbation of the
Laplace operator of the form

1
Ay =Av+ Bv, Bv= E(l - Q) (@v‘ru — &Zv‘rb) , Pv=nw, (1.0.2)

where () denotes the Helmholtz projection on the two-dimensional torus.

Observe that this representation yields that if Neumann boundary conditions are
imposed on both the top and bottom part of the boundary I', U I}, then we have
A, = A, i.e., the Laplace operator A and hydrostatic Stokes projection P commute and
the hydrostatic Stokes operator is simply the restriction of the Laplace operator onto
the range of P.

This choice of pure Neumann boundary conditions on I', U T', was considered in [19)
by Cao and Titi, as well as [16H18}22,59], whereas the mixed Neumann and Dirichlet
boundary conditions

(‘Lv}ru = U|rb =0

considered by Hieber and Kashiwabara were also chosen by Kukavica and Ziane in
[60,/61] where they proved the strong, global well-posedness of the primitive equations
for arbitrarily large initial data belonging to H' for this choice of boundary conditions.

We show in Section that the negative hydrostatic Stokes operator —A, admits a
bounded H*°-calculus of angle 0. This allows for a variety of further corollaries, such
as the property of maximal L?-LP-regularity for all p,q € (1,00), the characterization of
domains of fractional powers, as well as LP-L?-smoothing estimates for the semigroup
generated by A,. In this context, we will distinguish between pure Neumann and (mixed)
Dirichlet boundary conditions only in order to deal with the fact that 0 is an eigenvalue
of the hydrostatic Stokes operator in the former case.

For the Stokes operator, maximal LP-LP-regularity was first obtained in [85] by Solon-
nikov. For maximal L?-LP-regularity, see [35,36] by Giga as well as [42,43] by Giga

13



1 Introduction

and Sohr. More details can be found in the survey article [50]. Note that the property
of maximal regularity also has many applications to nonlinear problems. For example,
it has been applied to problems on domains whose boundaries are not constant over
time, see, e.g., [80] for the free boundary value problem of the Navier-Stokes equations
or [32,52] for the case of a fluid interacting with a rigid structure.

We similarly apply the property of maximal L?-LP-regularity for the hydrostatic Stokes
operator to the full nonlinear problem. In Section [5.1] we develop a new proof of strong,
global well-posedness for the primitive equations for initial data belonging to a suitable
closed subspace of the Besov-space Bg,((f_l/‘” for p,q € (1,00) with 1/p+1/q¢ < pu <1,
which arises from real interpolation. This is achieved by proving the existence of a local
solution via a fixed-point argument in spaces of maximal regularity with time-weights,
the relevant theory for which has been developed by Priiss and Simonett in [79].

Observe that the critical choice of p = 1/p+1/q corresponds to the minimal degree of
differentiability 2(u — 1/q) = 2/p, which is the same degree of differentiability required
for the result of Hieber and Kashiwabara in [49]. However, these spaces require a lower
degree of integrability since the choice ¢ > max{2,p} yields that H*?? C Bi/qp and thus
we obtain a larger class of admissible initial data. Furthermore, we explicitly note that
we do not require the norm of our data to be small.

We even consider the case of non-vanishing external forces and prove that, for t > 0,
the solution becomes infinitely continuously differentiable, and even real analytic, if the
given external force has this property as well.

We also prove well-posedness for initial data without requiring any differentiability.
Since we have global, strong well-posedness in the LP-setting for p € (1,00) and the
required degree of differentiability of 2/p vanishes in the limit p — oo, we turn to spaces
of L>®-type as a natural next step. In Sections and [4.3] we establish a theory for the
linearized problem in spaces of this type. Motivated by the anisotropic nature of the
nonlinear term

(U ’ V)U = ('U : VH)U + wazv7 W($,y,2> = - /z diVHU(xvyaf) dga
—h

we consider anisotropic spaces of functions belonging to L* with respect to the hori-
zontal variables z,y, and to L” with respect to the vertical variable z. These spaces are
denoted by Ly L? and introduced in Section We prove a number of semigroup
estimates involving derivatives of the hydrostatic Stokes semigroup in the anisotropic
L*>-LP-spaces. In Section we also consider fractional horizontal and vertical deriva-
tives.

The primary difference between these sections is the choice of boundary conditions.
Since imposing Neumann boundary conditions on both the top and bottom part of
the boundary reduces the hydrostatic Stokes operator to a restriction of the Laplace
operator onto an invariant subspace without a perturbation term, we are able to develop
an L*°-LP-theory in Section by applying the properties of heat semigroups that we
present in Chapter [3] For this purpose, we need to take special care of the fact that the
Riesz transform is unbounded on L* by utilizing the smoothing properties of the heat

14



semigroup. In Section [4.2| we also consider the case where the horizontal domain G is
replaced by the whole space R2. Since horizontal periodicity is preserved, the case of
periodic boundary conditions on G is obtained as a corollary.

In Section 4.3] we then assume that Dirichlet boundary conditions are imposed. As
a consequence, we need to deal with the fact that the hydrostatic Stokes operator is
a proper perturbation of the Laplace operator. This complicates the analysis of the
problem, as can be seen in the difference between the arguments we utilize in these two
sections.

Denoting the semigroup generated by A, by S, the presence of the perturbation term
B in significantly complicates the proof of the parabolic decay estimates of the

type

t2)10:S (P f o1 < Ce| fll o e,
tl/QHS(t)PaifHL‘;{OLQ < CewaHL%oLg, (1.0.3)
t|0:S ()P0, fllpgpre < OetBHfHL?nga

for 0;,0; € {0,, 0y, 0.}, and particularly for the case of the vertical derivative 0,. This is
due to the fact that both the hydrostatic Stokes projection P and the two-dimensional
Helmholtz projection @) fail to be bounded with respect to the L*-norm. This problem
also arises when dealing with the Stokes semigroup in L*-type spaces, compare [1}2].
As a result, the methods we apply are only sufficient to prove the estimates in (1.0.3]) for
the range p € (3,00), whereas in the case of Neumann boundary conditions on I', UT'}, we
obtain these estimates for the whole range p € [1,00|. Note that in the case of LP(Q)?
for p € (1,00), the boundedness of P prevents such complications when establishing
analogous estimates.

In Sections and we then apply these results to the full primitive equations. Like
Hieber and Kashiwabara, we construct a unique local solution via an iteration scheme
in the vein of the classical approach to the Navier-Stokes problem by Fujita and Kato.
We also take notes from the later approaches by Kato [56] and Giga [37].

In the case where Neumann boundary conditions are imposed on I, UI',, this method
is successful for initial data of the form a = a; + as, where

ay € BUC(R? LP(=h,0)), as € L*(R? LP(~h,0)), lasllpgprr < C(1+ ||a1||L§§L’;)_17

for arbitrary p € [1, 00]. Here, BUC denotes the space of bounded, uniformly continuous
functions and C' > 0 is an absolute constant independent of a. We then obtain global,
strong well-posedness under the assumption that a is horizontally periodic as in [49].
Since the vertical interval (—h,0) has finite measure, we have the chain of embeddings

L(Q) < L®(G; LY(—h,0)) = L=(G; LP(—h,0)) < L=(G; L' (~h,0))

whenever 1 < p < ¢ < oo. In particular, we obtain well-posedness for the critical
case p = 1 corresponding to the least amount of regularity on the scale of LP-spaces.
This means that we obtain global, strong well-posedness for the primitive equations
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1 Introduction

without requiring the initial data to possess differentiability in any of the spatial variables
(x,y,z) € Q, or boundedness in the vertical variable z € (—h,0). Observe that these
L°-L'-spaces are invariant under the rescaling

oa(t, z,y, 2) == (N, Az, Ay, Az), A >0,

i.e., that one has v € L*(R?* L'(—h,0)) if and only if vy € L>°(R?; L'(—hA™1,0)) with
equal norms. It further holds that v is a solution to the primitive equations if and only
if vy is a solution to the rescaled primitive equations. This feature is shared with the
Navier-Stokes equations, compare [12,34,64].

The smallness assumption on as is due to the discontinuity of the semigroup S on
L3 LP, which we remedy via the parabolic estimate

lim sup t'2(|VS(t)az| g 1z < Cllasll g2,
t—

whereas the additional assumption of uniform continuity in the horizontal variables yields
that the left-hand side vanishes for a; instead of as. Thus, no assumption of smallness
is required for a; or the sum a = a; + a,. A similar, but not directly comparable, result
was established by Li and Titi in [65] under the assumption that a; is continuous or
belongs to {a € L®: d.a € L*}, with an upper bound for a, depending on the L*-norm
of aj.

In the presence of Dirichlet boundary conditions, we obtain analogous results for the
range p € (3,00) only. This is due to the important role played by the semigroup esti-
mates in (|1.0.3]) which we likewise establish for these values of p only. However, the upper
bound for the norm of the discontinuous part as is an absolute constant not depending
on ay. This is obtained by taking a reference solution v, to the primitive equations, the
initial value of which is a smooth approximation of a;, and then performing the iteration
procedure for the auxiliary function v — vys.

This work is structured as follows. We begin by introducing relevant concepts from
functional analysis in Chapter [2J In Chapter [3] we then present a number of properties
of the Laplace operator and heat semigroups that we will apply to the linearized prob-
lem. We will present comprehensive proofs of these properties for the sake of staying
self-contained. In Chapter |4 we then cover the hydrostatic Stokes operator in LP for
p € (1,00), before turning to the L3y LP-theory of the hydrostatic Stokes semigroup with
pure Neumann boundary conditions on the layer domain R? x (—h,0) and with mixed
Neumann and Dirichlet boundary conditions on €2, respectively. Finally, in Chapter
we then apply these results to the primitive equations in these respective settings.

Note that the results presented here have been obtained in joint work with Yoshikazu

Giga, Matthias Hieber, Amru Hussein, and Takahito Kashiwabara. They were published,
or submitted for publication, in [38-41].
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2 Preliminaries

This chapter provides an overview over basic notation as well as concepts from functional
analysis which we will encounter during the later chapters of this work.

2.1 Basic notation

We denote the set of natural numbers {0, 1,2, ...} by N| the set of integers by Z, the real
numbers by R, and the complex numbers by C. Given z € C? we denote its Euclidean

norm by
J 1/2
e (Lot
k=1

where * denotes complex conjugation.

Given a normed vector space X, its norm is denoted by ||-|| x and the space of bounded
linear mappings L: X — X is denoted by £(X).

If (Q,%, p) is a measure space and f is a measurable function, we do not distinguish
between f and the equivalence class of functions that agree with f almost everywhere,
i.e., everywhere except for at most a set A € ¥ such that u(A) = 0. If we write that such
f satisfies an equation on A, we mean that f satisfies the equation almost everywhere.

Spaces of functions f: U — X for some set U will be denoted in the form E(U; X),
where the symbol E' is a placeholder. In the scalar-valued case we will simply write

EBE(U) = E(U;K), K e {R,C).

For example, the space of continuous functions f: U — X is denoted by C(U;X).
The subspaces of bounded continuous and bounded uniformly continuous functions are
denoted by Cy(U; X) and BUC(U; X), respectively.

2.2 Fréchet derivatives and analytic functions

Definition 2.2.1. Let X and Y be Banach spaces and U C X be an open subset with
To € U.

1. A function f: U — Y is called Fréchet differentiable in xq if there exists a bounded
linear operator A: X — Y such that

G+ w) — fl@) = Aullx

u—0 ]| x

=0.

17



2 Preliminaries

In this case the operator (Df)(zg) := A is called the Fréchet derivative of f at
xo. If it exists for all z € U, then the mapping « — D f(z) is called the Fréchet
derivative of f. Higher-order derivatives are denoted by D" f := D(D"f), n € N.

. Let n € N. A mapping

m: X" 3 (x1,...,2,) = m(z1,...,2,) €Y

is called multilinear if it is linear in each variable zp, 1 < k < n. A multilinear
mapping is called symmetric if it satisfies

m(x1, ..., 2n) = M(Tp1ys - - - Tp(n))
for all permutations p of the set {1,...,n}, and bounded if
|m|| = sup{||m(z1,...,2)|ly : (x1,...,2n) € X", ||l2i||x <1forall 1l <k <n}

is finite. The set of bounded multilinear mappings m: X" — Y is denoted by
BM(X™Y). For x,xy € X we further use the notation

my(x — z9)" := my(x — zo,..., 7T — x0).

. A function f: U — Y is called analytic in x, if there exists a neighborhood

V C U of xy and a sequence of symmetric, bounded multilinear mappings (1, )nen
satisfying m,, € BM(X",Y) for all n € N such that

flz) = Zmn(:v — )"

for all x € V and
sup{r"||m,| : n € N} < o0

for some r > 0. If this holds for all x5 € U, then f is called analytic on U.

2.3 Interpolation

In the following, we give a brief overview of the theory of interpolation spaces provided
in [13}/72,90].

Definition 2.3.1.
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1. Let (X, |||lx) be a complex Banach space and (Z,7) be a complex Hausdorff

topological vector space. Then the space X embeds into Z if the identity mapping is
a well-defined continuous linear operator from X into Z. This property is denoted
by X — Z.



2.3 Interpolation

2. Let (Xo,||"[lx,) and (X1, | ||x,) be complex Banach spaces. Then the couple
(X0, X1) is called compatible if there exists a Hausdorff topological vector space
(Z,7) such that X, and X; both embed into Z.

3. Let (Xo, X7) be a compatible couple. A Hausdorff topological vector space X is
called an intermediate space between Xy and X, if

XoﬂXl ‘-)X‘—)X()"‘Xl,
where the intersection and sum of X, and X; are equipped with the norms

21l xonx, = max{{[z{|x, [[]x, },

2] x04x, = inf{|[zollx, + |71]lx, 1 @ = 2o + 21,20 € Xo, 21 € X1}

4. Let (Xo, X7) and (Y, Y;) be compatible couples with intermediate Banach spaces
X and Y, respectively. Then (X,Y) is called an interpolation pair if every linear
operator A: Xy + X; — Y5+ Y7 which continuously maps both X into Yy and X,
into Y; also continuously maps X into Y. If in addition there exists 6 € (0,1) and
a constant C' > 0 such that

1Allexy) < CHANE R v 1A 26w

for all such A, then (X,Y) is of exponent 6. If it further holds that C' = 1, it is
called ezact. Here

[Allecx.y) = sup{[[Az[ly : [z]|x <1,z € X}
denotes the operator norm.

The functions spaces between which we will interpolate will be related to Lebesgue and
Sobolev spaces. One of the most famous results for interpolation spaces is the following
theorem.

Theorem 2.3.2 (Riesz-Thorin theorem, see, e.g., [13]). Let (2, 2o, po) and (Qq, X1, p11)
be o-finite measure spaces. Then, given parameters po, p1,qo, 1 € [1,00] and 6 € (0,1),
the couple

(LPG (907 E07 :U’O)v L (Qlu E17 ,Uq))7

with auxiliary parameters

1 1-6 6 1 _1-6 0

Do Po P Qo o ¢

)

s an exact interpolation pair for

(L (0, o, o), L (Q0, Lo, pt0))  and (L' (Q, X1, pa1), L9 (0, X1, 1))
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2 Preliminaries

Remark 2.3.3. Let (2, %, ) be a measure space, po,p1 € [1,00], and 6 € (0,1). Given
pg as above, it follows from Holder’s inequality that

”fHL” @5 = Hf“i;og(Q,E,H)HfH%pl (Q,2,1)

for all f € LPo(Q, %, p)NLPY(Q, X, 1) This inequality states the logarithmic convexity of
LP-norms and is a key element of the proof of the Riesz-Thorin theorem. In fact, given a
compatible couple (X, X) and a Banach space Xy such that (C, Xy) is an interpolation

pair of exponent 6 € (0, 1) for (C,C) and (Xo, X;), it holds that
lzllx, < Cllalli’ =i, (2.3.1)

for some constant C' > 0 and all z € Xy N X;. To verify this we adapt the proof
of [90, Theorem 1.3.3 (g)] by considering the operator

A, Co A= dr e Xy + X

The claim then follows from ||A.|lcc.x;,) = [|z[/x, for j € {0,6,1}. For this reason,
estimates of the form ([2.3.1)) are also called interpolation inequalities.

Interpolation couples for compatible couples of Banach spaces can be constructed in
a number of ways. The two most well-known methods are those of real and complex
interpolation. Following [90], we introduce them as follows.

Definition 2.3.4. Let (Xg, X;) be a compatible couple, § € (0,1), and g € [1,00]. Then
the mapping

K(t,l‘) = inf{||x0||XO +t||l‘1||X1 X =9+ T1,T9 € X(),ZL‘l € Xl}, t>0,z € Xo +X1,
is called the K-functional and the space
(Xo,Xl)g’q = {Q? € X() +X1 . ||x||(X0,X1)9,q < OO},

with norm

- { (K K@) )™, ge o),

x =
leleoxios = a0 (t,2) - 1 € 10,000}, 4= o0,
is called the real interpolation space between Xy and X; with parameters 6 and q.

Definition 2.3.5. Let (Xo, X;) be a compatible couple, 6 € (0,1), and v € R. Further,
let S:={z¢€ C:0<Rez <1} and denote by F(Xo, X1,7) the space of all functions
f: S — Xo+ X such that

(i) f is continuous on S and analytic on S,

(ii) the mapping S 3 z + e PI™Zf(2) € X, + X, is bounded,
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2.4 Function spaces

(iii) the mappings
Ratw f(it)e Xo and Rt~ f(1+1it) € Xy
are well-defined and continuous.
Then the space
[ Xo, X1]g :={z € Xo+ X; : f(8) =« for some f € F(Xy, X1,7)},

is called the complex interpolation space with parameter € and its norm is given by

o . — t . .
Ielloxins = oy i, o, aEsRe NG+ 0,
z=f(0)

Remark 2.3.6. By [90, Theorem 1.9.2], any choice of the parameter v € R leads
to the same space with equivalent norms. The symbol ||-||(x,,x,], thus simply denotes
one of many equivalent norms, unless the interpolation space is identified with a space
possessing a canonical norm.

Proposition 2.3.7. Given two compatible couples (Xo, X1) and (Yy,Y1) and setting
X = (XOaXl)G,qv Y= (Y(),Y1)9,q7

for 8 € (0,1) and arbitrary q € [1,00], one has that (X,Y) is an interpolation pair of
exponent 0. The same is true using complex interpolation.

For a detailed look into the theory of interpolation spaces, see [90].

2.4 Function spaces

Throughout this chapter, let (2,3, ) be a measure space and X a Banach space over
K € {R,C}. When dealing with measurable functions f: 2 — X, we will always assume
that X is equipped with the Borel-o-Algebra B(X) and treat it interchangeably with
the measurable space (X, B(X)). Many types of function spaces commonly encountered
in functional analysis can be treated both in the cases of scalar, as well as vector-valued
functions. In this section we present an overview of the spaces we will be working with
during the later chapters.

2.4.1 The Bochner integral

Here, we provide an introduction to the theory of Lebesgue-Bochner integrals as in [11]
Chapter I, Section 1.1] and [91, Chapter V.4-5].

Definition 2.4.1. A function s: Q — X is called simple if

(i) s is measurable, i.e., if for all A € B(X) one has that s7'(A) € 3,
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2 Preliminaries

(ii) s only takes finitely many values,
(iii) for any 0 # x € X, one has p(s™*({z})) < oo

Given a simple function s, there exist n € N as well as A; € ¥ and x; € X for
1 <i < mnsuchthat A;,NA; =0 fori# jand s = X" ;x;x4,. Here x4 denotes the
characteristic function of the set A, i.e.,

() 1, weA,
W) =
x4 0, w¢A.

For such a function, the expression

sd,u::/ WAz, € X
forane= [srinter =3

is well-defined. This definition can then be extended in the following way.

Definition 2.4.2. A function f: Q@ — X is called Bochner integrable (w.r.t. p), if there
exists a sequence of simple functions (f,,)neny With f,,: © — X for all n € N such that

Jim / 1) — F@)x dpa(e) = 0.

In this case, for any A € X, the limit

/fdu = lim /XAfnd,u eX

A n— o0 Q

exists, does not depend on the approximating sequence ( f, )nen, and is called the Bochner
integral of f over A.

Remark 2.4.3. Note that we will primarily be dealing with the case where Q C R? is
equipped with the Lebesgue-Borel-measure on the trace o-Algebra

Y={ANnQ:AcBRY}.

In this case we will write [, f(z)dx = [, f(z) du(z) and treat (Q, %, 1) as interchange-
able with €.

For the purpose of applications, the approximation condition of this definition is some-
what unwieldy to verify. This can be relieved in the following way.

Definition 2.4.4. A function f: Q2 — X is called

(i) strongly measurable (w.r.t. 1), if there exists a sequence of simple functions ( f,, )nen
such that for p-almost all w € €2 one has

f(w) = nh_{gO fn(w)>

Le., if limy, oo || fn(w) — f(w)||lx = 0 for all w € Q\ N for some set N € X such that
u(N) =0,
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2.4 Function spaces

(ii) weakly measurable, if the composition ¢ o f: 2 — K is measurable for any contin-
uous linear functional ¢: X — K,

(iii) almost separably-valued (w.r.t. p), if the set {f(w) : w € 2\ N} is separable for
some set N € ¥ such that u(N) = 0.

Remark 2.4.5. It is straightforward to see the following.
e If f is Bochner integrable, then f is strongly measurable.
e If f is (strongly) measurable, then it is weakly measurable.

e If there exists a sequence of compact sets (K, )nen such that Q = U,enK,, and
f:Q — X is a continuous function, then its range {f(w) : w € Q} is separable.

We further have the following equivalences.
Proposition 2.4.6.

1. A function f: Q — X is strongly measurable if and only if it is weakly measurable
and almost separably-valued, see [77].

2. A strongly measurable function f: Q2 — X is Bochner integrable if and only if the
mapping 2 > w — || f(w)]|x € [0,00) is integrable, see [14]. In this case one has

H/Qfdu < JALES

The vector-valued LP-spaces are then defined as follows.

Definition 2.4.7. Let p € [1,00]. The space of X-valued LP-functions on (2,3, i) is
given by

LP(Q, %, p; X) == {f: Q= X : f strongly measurable , || f||zr0,nux) < 00}
with the norm

inf{C >0: p{w e Q:||f(w)]|lx >C}) >0}, p=o0,

1@z ==
' (LI ), pel,o0).

We will write LP(2; X) whenever Q@ C R? is equipped with the Lebesgue-Borel-
measure. Note that since X is a Banach space, so is LP(§2, %, u; X).
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2 Preliminaries

2.4.2 Anisotropic L4-[P-spaces

Consider two nonempty measurable sets U; C R%, U, C R% and their product
U:=U; x Uy CR" x R®.
Definition 2.4.8. Given p,q € [1, 00| the anisotropic LI-LP-space is given by
LU (Uy; LP(Uz)) :=={f: U — C measurable : || f|| s r2w) < 0o},
equipped with the norm

1/q
<fU1||f LP (U2) dl’l) S [L OO),

| fll Laszrwa)) =
ess SUPx/eU1||f( L Mlerws), q= o0

Then L9(Uy; LP(Us)) is a Banach space for all p,q € [1,00]. Since we are interested
specifically in cylindrical domains U C R? of the form U = U’ x U3 C R? x R, we will
also write

Ly LE(U) = LY(U"; LP(Us)).

In many ways these spaces behave as one would expect from the isotropic case p = q.
In the following we give some examples of properties which we will utilize.

Given a domain U, let C2°(U) denote the space of smooth functions f: U — C with
compact support and Cp(R?) the space of continuous functions f: R? — C vanishing at
infinity. Then C2°(R?) is dense in L%, L2(R?) whenever p, q € [1,00) as well as

CSO(RB)“HL%OLg — CQ(R2,LP(R)), O'EO(R?))””L%LQO — Lq(R2,Oo<R)), (241)

via a vector-valued version of the Stone-Weierstrass theorem, see [58, Theorem 1]. As-
suming ¢, > ¢ and that U’ C R? has finite measure, then one has

Ly L2(U) — Ly LX(U).
Similarly, if p; > ps and Us C R has finite measure, then one has
Ly L2 (U) — Ly L2 (U).

More details are presented in [49, Section 5.

Two important estimates in these types of spaces are the anisotropic versions of the
Hoélder and Young’s inequality. Recall that given f,g: RY — C, their convolution is
given by

(f*9)(a /fx— dy—Ag(x—y)f(y)dy, r e R

Then we have the following.

Lemma 2.4.9.
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2.4 Function spaces

1. Let p,p1,p2,q,q1, G2 € [1,00] with 1/py + 1/ps =1/p and 1/q1 + 1/q2 = 1/q. Then
for all f € LY LYY (U) and g € LELP2(U) it holds that fg € LY, LP(U) with

||f9||L§{L§’(U) < HfHL‘;}L’;l(U)||9||L‘;I2L§2(U)-
2. For any p,q € [1,00| one has
lg * fllrg, ey < llgllr @)l f1og, zoee)

for all f € LYLL2(R3) and g € L'(R3).

The first estimate is obtained by applying the Holder inequality separably in horizontal
and vertical variables, respectively. For the second estimate see [45, Theorem 3.1].

2.4.3 Vector-valued tempered distributions

We now introduce tempered distributions and the Fourier transform for the vector-valued
case as in |4, Chapter 3, Section II1.4.1 and 111.4.2].

Recall that the space of Schwartz functions is given by

S(RY) := {p € C®(R%LK) : sup (1 + |z]?)¥?|0%(z)| < oo for all s € R, a € N}

zeRd
where 0% = 9g1 ... 9g¢ for a multi-index a = (ay, ..., ag).
Definition 2.4.10.
1. The space of X -valued tempered distributions is then defined as
§'(R% X) = {T: §(R?) — X : T is linear and continuous}

where T is continuous if and only if for any sequence (¢, ),eny and ¢ in §(R?)
satisfying the condition

lim sup (1 + [2[*)*2]0%n (2) — 0%p(2)| = 0

n—0o0 z€R4

for all s € R and a € N, it holds that lim,,_,[|T, — T¢||x = 0.

2. An X-valued tempered distribution T is called reqular if there exists a strongly
measurable function f: RY — X such that for all ¢ € §(R?) one has

Ty = g f(x)p(z) dz.

In this case one also writes 7' = [f] or even T = f.
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3. The derivative of a tempered distribution (w.r.t. a multi-index o € N%) is defined
via

(0°T)p = (1)

and one writes 0%f = g whenever 0%[f] = [g]. In this case g is called the weak
derivative of f (w.r.t. the multi-index «).

4. The Fourier transform on 8'(R%; X) is defined via (FT)y := T(Fp), where Fyp is
the scalar-valued Fourier transform of ¢ given by

(F)(©) 1= (2m) /2 / i€ (1) o

Rd

5. Let m € C*(R%K) be such that the mapping ¢ — myp leaves §(RY) invariant.
Then the multiplication of m and T' € 8'(R%; X) is defined by (mT)(y) := T'(mep).

Remark 2.4.11. Many properties known from the scalar-valued case carry over to the
vector-valued case. For example, the notation in point 2 is justified, since [f] = [g]
implies that f = g almost everywhere. For point 3, it is straightforward to verify that
whenever the partial derivative exists in the classical sense, it also exists in the weak
sense and the two agree (up to a set of measure zero). In point 4, the mapping T — T
is an isomorphism of 8'(R%; X), see [4, Section I11.4.2].

2.4.4 Sobolev, Bessel potential, Besov and Triebel-Lizorkin spaces

Like the Lesbesgue-spaces LP(€), ¥, 1), the Sobolev spaces W*P(Q, ¥ 11) can likewise be
generalized to the vector valued case. Here we also introduce the vector-valued Sobolev-
Slobodeckij, Besov, and Triebel-Lizorkin spaces as in [89].

Due to their prominence in functional analysis, we cannot hope to present a full
picture of their properties. For this purpose we refer to [89,90]. Of particular interest
are the embedding and interpolation properties, see, e.g., [89, Section 2.3.2, 2.7.1, 3.3.1]
and [89, Section 2.4 and 3.3.6], respectively.

Definition 2.4.12.

1. For k € N and p € [1,00], the Sobolev space of k-times weakly differentiable,
X-valued, LP-integrable functions on R? is defined via,

WEP(RY: X) = {f € 8 (R, X) : 0°f € LP(R%: X) for all a € N?: 0 < |a| < k}
and its norm is given by

”f”W’“’P(Rd;X) = Z H@afHLP(Rd;X)-

aeN4:
0<[a|<k
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2. Forp € [1,00) aswell as s = k460 with k € Nand 6 € (0, 1), the Sobolev-Slobodeckij
space is defined via

WHP(RE: X) == {f € WFP(RY X) 1 [0%f]g, < 0o for all @ € N% 0 < |a| <k},

p
Rd JRd |«'E - y|9p+d

I lwer@x) = 1 lwrsoy + D 0% flow

aEN®:
0<|c|<k

where

and its norm is given by

Definition 2.4.13. Let p € [1,00) as well as s € R and my(z) := (1 + |z|?)*/%2. Then
the X-valued Bessel potential space is defined via

HP(R: X) :={f € 8 R%: X) : FH(m,Tf) € LP(RY; X)}
and its norm is given by

/]

In the case p = 2 one also writes H*(R%; X) instead of H*P(R%; X).

HsP(R4;X) = ||5t_1(m83:f)||LP(Rd;X)'

Remark 2.4.14. The spaces W*P(R%; X)), W*P(R% X) and H*P(R% X) are Banach
spaces and one has H®P(R?) = WHP(RY) whenever k € N. However, the identity
H#P(R?) = W*P(R?) does not hold for general s > 0, see [89, Section 2.2.2, Remark 1].

Following [89] we introduce Besov and Triebel-Lizorkin spaces as follows.

Definition 2.4.15. Let ¢ = (¢, )nen be a sequence of functions belonging to §(R?) such
that

(i) the supports of these functions satisfy

supp o C {z € R : |z] < 2},
supp o, C {z € R : 271 < |z| < 2""1), n > 1,

(ii) for every multi-index o € N there exists a constant C,, > 0 such that

2lalnH3a90nHLoo(Rd) <(C, forallnéeN,

(iii) for every z € R? one has > > jpn(z) = 1.
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Then, given parameters s € R and p, ¢ € [1,00], the X-valued Besov space is defined as
By (R% X) := {f € 8' (R, X) : (21T 0nT fll o) Jnen € 11(N)}
and its norm is given by

1flBs. wexy = 12" 1 F onF fll Lo ey Jnenllis )

IJ(I‘P

Furthermore, the X-valued Triebel-Lizorkin space is defined as
Fy REX) = {f € 8'(RLX) 20 2(|(F 0T f) (@) lqvx) € LP(R)}
and its norm is given by

[nalre

P(I‘P

(Rd;X) = |z 25””(?ﬂ%rff)(%)\’lq(N;X)HLP(Rd)-

Remark 2.4.16. In this definition, for any two such sequences o™ and ¢ the induced
0 ,) (RY;X) AT€ equivalent for ' € {B, F'} and so the space

does not depend on the ch01ce of @, see [89 Section 2.3.2]. Since there is no canonical
choice of ¢, the notations ||-|| B ,(rd) and Il Fs  (4), When used, only refer to equivalence
classes of norms. However, a canonical equivalent norm can be found in a number of
cases. In the case p € (1,00) and g = 2 one has by [89, Section 2.3.5] that

Fpo(RY) = H(RY), s >0,

whereas for p = ¢ € (1,00) it holds by [89, Section 2.2.2, Remark 3, Section 2.3.2
Proposition 2.(iii) and Section 2.3.5] that

B (RY) = F5 (RY) = W*P(R?), s€[0,00)\N,
and in the case p = ¢ = oo one has by [89, Section 2.3.5] that
Bl (R = C'(RY) = {f € C(RY) : || fllcomey < o0}, 6 € (0,1),

where the latter denotes the X-valued Holder space, i.e., the space of bounded Holder
continuous functions of exponent 6 € (0, 1), equipped with the norm

I‘ J—
I flloo@ay = || flloo + sup 1/ () f(g)llx.
z,ycR? |z -yl
7y

One can even characterize the whole range of Bgo’m(Rd) for s > 0 using Zygmund spaces,
see [89, Theorem 2.5.7]. In all of these cases the norms of the left-hand and right-hand
side spaces are equivalent and so the norm of the latter can be taken as a canonical
representative.
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Remark 2.4.17. By varying the parameters s and k, and thus the corresponding spaces,
one obtains spaces that serve as scales of differentiability in the following sense.
It is obvious from the definitions that the Sobolev and Sobolev-Slobodeckij spaces
that the mapping
Fer D N0 fllwerogesy, 0<k<s,

a€eNe:

|a|<k
defines an equivalent norm on W*P(R%). Seeing how these spaces are included in the
Besov and Triebel-Lizorkin scales, it is reasonable to ask whether or not the norms
of these spaces behave similarly w.r.t. derivatives. The answer to this is affirmative,
see [89, Theorem 2.3.8]. In particular one has that the mapping f — 0“f for |a| = k
maps B (RY) and F; (R?) into BS *(R?) and F *(R), respectively.

We now turn to the issue of functions spaces on domains Q C R

Definition 2.4.18. For a domain Q C R? and E € {Wkr WP HsP, By, sz,q}, where
s >0,k € N, and p,q € [1, 00|, the corresponding space of functions f:  — X is given
via

B X) = {f|,: f € BR%:X)},
and equipped with the norm

HfHE(Q;X) = inf{HgHE(Rd;X) HYONS E(Rd;X),f = Q‘Q}

A detailed study of these spaces can be found in [89, Chapter 3]. In particular, they
are again Banach spaces.

Remark 2.4.19. The definition above is not the only possible way of defining these
spaces. Given a domain Q C R? consider a function f € LP(Q) such that for any
a € N? such that 0 < |a| < k there exists g, € LP(Q) satisfying

/Q F(@)0"p(a) dx = (1) / ga(@)p(z) du

for all ¢ € C°(Q), i.e., for all smooth functions such that the support of ¢ is a compact
subset of €. It is reasonable to ask whether or not this is sufficient or necessary for
f € Wkr(Q) with 9°f = g,. Whereas one easily observes that this is a necessary
condition, it is, however, not sufficient. As an example, consider the case of a slit circle
domain

Q= {z = (z1,72) €ER*: |2] < 1} \ {(21,0) e R* : 2, € [0,1)}

and a smooth function f: Q — R such that for all x = (z1,z5) € Q with z; > 1/2 one
has
1, a9>0

0, x5<0.

f(x17$2) = {

If f were an element of W1P(Q), there would exist a function g € W?(R?) such that
g‘g = f. However, by [89, Section 2.7.1], any such g would be a continuous function on
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R? for p € (2,00) and f clearly does not have a continuous extension onto the open unit
disc.

As this example illustrates, we could identify the spaces W?(Q) and WP (B;(0))
with each other since the external definition via restrictions implies good behavior at
the boundary of the underlying domain, whereas a definition that only takes into account
functions supported in €2 does not require such a thing.

However, this problem can be avoided by only considering domains with sufficiently
regular boundary. In particular, if € is a bounded Lipschitz domain, then any such f does
admit an extension belonging to W17 (R?) and thus belongs to W'?(Q), see [86, Chapter
VI, Theorem 5].

While the fact that W*P(R?) = Bs (R?) = F; (RY) for s € (0,00) \ N allows for a
similar descriptions of function f € W#P(Q), there generally is no simple description
for the space F; (€2) when p # ¢ that only uses the properties on §2. However, this is
different for By (€2), see [89, Theorem 2.5.7].

2.4.5 Periodic spaces

Let G :=(0,1) and © := G x (—h,0) for some h > 0. Following [49] and [41], we define
spaces of functions that are periodic in the variables pertaining to G.

Given m € N, a function f: 2 — C is periodic of order m on I'; if for all k € N with
0<k<m,aswell as z,y € (0,1) and z € (—h,0) it holds that
ok f

(x,0,2) = a—yk(x, 1,2).

O f

dak

o'f
oyF

ok f
(07 Y, Z) = %(17 Y, Z) and

For a function f: G — C, periodicity of order m on OG is defined analogously. Given
the spaces

C2 (Q) :={f € C>(Q) : f is periodic on T for any order m € N},

per

C(G) :={f € C*(G) : f is periodic on OG for any order m € N},

per

the periodic Besov and Bessel potential spaces for s > 0 and p, ¢ € (1, 00) are defined as

B Q) = O e ey — o) T (242)

p,q,per per per per

while B (G) and H%P(G) are defined analogously.

p,g,per per

2.5 Operator semigroups and generators

Let X be a Banach space over C, D(A) C X a subspace, and A: D(A) — X a linear
operator. We will introduce the notions of semigroups and generators with an interest
in applications to initial values problems of the form

Owu(t) — Au(t) =0, t>0, u(0)=rz, (2.5.1)
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2.5 Operator semigroups and generators

where € X is a given initial value and wu: [0,00) — X is an unknown solution. Note
that it is not uncommon to find discussions of these problems where the term —Au(t)
is instead written as Au(t), resulting in different conventions for some of the classes of
operators we will introduce. Here, we primarily followed [26], but also refer to |[11}[71,91]
for more details.

2.5.1 Semigroups
Definition 2.5.1.

1. An operator semigroup is a family of operators (S(t));>o C £(X) or parametriza-
tion S: [0,00) — L£(X) such that

S(ty +ta) = S(t1)S(t2), ti,t>0, S(0)=1.
Here 1 denotes the identity mapping on X.

2. A semigroup is called bounded if (S(t));>0 is uniformly bounded in £(X), and
exponentially stable if there exist constants C, 8 > 0 such that the estimate

1S(t)z|x < Ce |z x
holds for all t > 0 and = € X.

3. A semigroup is called strongly continuous if the mapping S: [0,00) — £(X) is
strongly continuous, i.e., if the orbit mappings [0,00) > t — S(t)x € X are
continuous for all z € X.

4. Given a semigroup S, its generator is given by the mapping

A: D(A) —» X, Ax:= 11{‘%25_1(5(75% —x),

defined on the domain

D(A) :={z e X : 11\](% t1(S(t)x — ) exists}.

Given a semigroup S on X with generator A, the mapping [0,00) 3 ¢t — S(t)r € X
is continuous if and only if = belongs to the closure of D(A) in X. In particular, a
semigroup is strongly continuous if and only if A is densely defined, i.e., if D(A) is dense
in X, see |71, Proposition 2.1.4]. One further has that A is bounded if and only if
D(A) = X.

The class of operators that generate strongly continuous semigroups is well-understood
and characterized by the Hille-Yosida theorem. One further has that a semigroup is
uniquely determined by its generator.

For 6 € (0, ) we denote the sector in the complex plane with opening angle 6 by

Yo :={A e C\ {0} : |arg(N)| < 0}.
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While from a philosophical perspective it may seem that semigroups defined on [0, o)
are sufficient as the solution operators to problems of the form as one would be
primarily interested in the behavior of solutions in real time, the question of whether or
not such solution operators may be extended onto such a complex sector is of interest
in the mathematical analysis of such problems.

Definition 2.5.2. Let § € (0,7/2]. A family of operators (S(7))-es,u0y C £(X) or
parametrization S: 3y U {0} — £(X) is called an analytic semigroup of angle 6 if one
has

S(m1+ 1) =8S(11)S(r), 71,7 € ZgU{0}, S(0)=1, (2.5.2)

and the mapping S: 3y — L£(X) is analytic. It is called bounded analytic if the family
{S(7) : 7 € £y} is uniformly bounded in £(X) for all ¢ € [0, 6).

2.5.2 Sectorial operators

Given a mapping A: D(A) — X, we take D(A) to be equipped with the graph norm
given by
[z]la = [lzllx + [[Azlx, =€ D(A).

We denote by
p(A) :={ e C: A= A: D(A) — X has continuous inverse}

the resolvent set of A and its resolvent by (A — A)™': X — D(A) for A € p(A). Note
that due to the embedding D(A) < X one also has that (A — A)™! € £(X) whenever
A € p(A) and that A is closed whenever p(A) # 0.

Definition 2.5.3. An operator A is called a sectorial operator, if D(A) and R(A) are
both dense in X and there exists an angle ¢ € (0, 7) such that ¥,_4, C p(—A) and the
family of operators

DO+A) T Aex )

is uniformly bounded in £(X). The spectral angle of A, denoted by ¢4, is defined as the
infimum of all ¢ € (0, 7) for which this holds. We also write 8(.X) for the set of sectorial
operators on X.

For more details on sectorial operators, see [26, Chapter 1] or |71, Chapter 2|. In
particular, any A € 8§(X) is injective, see [26, Proposition 1.2].

2.5.3 Dunford Calculus

Definition 2.5.4. Let A be a sectorial operator and ¢4 < v < ¢ < w. Further let
f: 324 — C be a suitable bounded holomorphic function. Then the mapping

f e f(A) = =

2w

FO)N+ AN, Ty = (00,0]e™ U[0,00)e ", (2.5.3)

is called the Dunford calculus of A.
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2.5 Operator semigroups and generators

Remark 2.5.5.

1. Since the mapping p(—=A4) 3 A — (A + A)~! € L(X) is analytic, any choice of
angles ¢ and ¢ in the definitions above yields the same right-hand sides.

2. Given a sectorial operator A, it is not straightforward to see for which class of
bounded holomorphic functions f the definition of f(A) yields a bounded linear
operator, compare Definition [2.6.1] However, it is known that for general sectorial
operators A, one has that f(A) defines a bounded linear operator on X whenever
f exhibits suitable behavior at z = 0 and as z goes to infinity, compare, e.g., [26],
Chapter 1.4 and 2.4|, particularly the definition of the space Hg(3,).

Proposition 2.5.6.

1. In the case ¢4 < w/2 one may define

1
Sa(t) := o e+ AN, >0, (2.5.4)
P,

for auziliary parameters ¥ € (¢pa,7/2), € > 0, and
Ty = (00,ele™ Uee™ ¥ U [, 00)e™™.

Then the mapping (0,00) 3t +— Sa(t) € L(X) has an analytic extension onto the
sector Xy jo_g,. Further setting S(0) = 1 it holds that S is an analytic semigroup
of angle w/2 — ¢4 generated by —A.

2. By (71, Proposition 2.1.1] it holds that the semigroup is uniformly bounded on
[0,00). If there instead exists v € R such that v+ A is sectorial, then — A generates
the semigroup giwven by Sa(z) := €'*S,14(2) and it holds that || Sa(t)|lcx) < Ce”
for all t > 0 and some constant C' > 0.

3. Conwersely, one may characterize the resolvent of A as the Laplace transform of
its generated semigroup, i.e., one has

(A+A)—1=/ e MS,(t) dt,
0

see, e.g., (71, Lemma 2.1.6].

4. The representation (2.5.4) further allows us to translate resolvent estimates into
semigroup estimates in the following way. Let B and C' be operators such that

{MN*BA+A)IC N e X, 4}

is a uniformly bounded family of well-defined operators on X for some ¢ € (¢, 7/2)
and a € (0,1). Then an elementary calculation yields that the mapping

(0,00) Dt t'"*BS,(t)C € L(X)

is uniformly bounded as well.
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2.6 Bounded and R-bounded H*°-calculus

Given ¢ € (0, 7), consider the space
H>(Ey) :=={f: Xy = C: f bounded and holomorphic}.

As previously mentioned in Remark the integral formula of the Dunford calculus
does not necessarily yield a bounded operator for arbitrary functions f € H*>(3,)
and the space of functions such that f(A) € £(X) typically does not admit an explicit
characterization. This motivates the following definition.

Definition 2.6.1. Let A be a sectorial operator on a Banach space X with spectral
angle ¢4. Then A admits a bounded H>®-calculus if there exists ¢ € (¢4, ) such that
the Dunford calculus (2.5.3) admits an extension to a bounded linear mapping

H®(Ey) 2 f— f(A) € L(X).

The infimum of all such angles ¢ > ¢4 is denoted by ¢% and called the H*-angle of A.
The set of sectorial operators admitting a bounded H>-calculus on X is in turn denoted

by H>(X).

Remark 2.6.2. For practical purposes, the class of operators H>(X) admits the fol-
lowing useful characterization. A sectorial operator A € S(X) admits a bounded H>-
calculus of H>*-angle ¢ on X if and only if for all ¢ € (¢, 7) there exists a constant
Cy > 0 such that

LF (D lecxy < Collfllzee (s,
for all f € H5°(Xy). For the definition of the space H°(X,) see [26, Chapter 2.4].

Given a family of bounded operators on some Banach space X, the property of uni-
form boundedness is obviously of significance from the perspective of functional analysis.
However, on general Banach spaces X, it turns out that uniform boundedness is often
not sufficient to derive properties that one can indeed derive on spaces such as R¢ and
C9, compare, e.g., |26, Theorem 4.4]. It turns out that for these purposes, one requires an
even stronger property, namely that of R-boundedness. Due to its particularly technical
nature, we omit a definition here and simply refer to the literature, see, e.g., [26, Defi-
nition 3.1J.

Definition 2.6.3. Let A € H>*(X). If there exists ¢ > ¢ such that the set

{F(A) - f € H=(0), [[fllzoo(my) <13

is R-bounded in L(X), then A admits an R-bounded H>-calculus. The infimum of all
such angles ¢ > ¢% is called the RH>*-angle of A and denoted by ¢%*. The set of
operators A € H*(X) admitting an R-bounded H>-calculus is in turn denoted by
RH>(X).
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Due to its complicated definition, one would typically like to try to avoid having to
verify the R-boundedness of a family of operators. Fortunately, there are classes of
Banach spaces where this difficulty is alleviated. In particular, whenever the Banach
space X satisfies the property (a), one has H*(X) = RH>(X) and ¢5 = ¢%* for
all A € H(X), see, e.g., |55, Theorem 5.3.1]. For the definition of the property («)
see [62, Property 4.9]. When X is a Hilbert space one even has that any uniformly
bounded set of operators is also R-bounded, but this is not generally the case, even
when X has property ().

2.6.1 Bounded imaginary powers

Consider a sectorial operator A and let A* for suitable z € C be defined via the extended
functional calculus presented in [26, Chapter 2] with domain D(A?).

Definition 2.6.4. An operator A € 8(X) has bounded imaginary powers if it holds that
A € L(X) for all s € R and the family of operators

{A" . s € [-1,1]}

is uniformly bounded in £(X). The set of operators on X with bounded imaginary
powers is denoted by BIP(X).

This property is useful as it allows one to characterize domains of fractional powers.
Given A € BIP(X) and taking 9 € (0, 1) and equipping D(A?) with the norm

lzllo = llzllx + 14" x

one has that
D(A”) = [X,D(A)]y, ¥ €(0,1)

with equivalent norms, see [26, Theorem 2.5].

2.7 Maximal regularity

2.7.1 Definition and basic properties

Definition 2.7.1. Let X be a Banach space, A: D(A) — X a closed operator, and
p € [1,00]. Then A has mazimal LP-reqularity if for all f € LP(R,; X), Ry := (0,00),
the Cauchy problem

Owu—Au= fonRy, u(0)=0, (2.7.1)

has a unique solution u € H'?(R,; X) such that u(t) € D(A) for almost all £ > 0 and
Au € LP(Ry; X). The set of operators with maximal LP-regularity on X is denoted by
M, (X).

Remark 2.7.2.
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1. Given p,q € (1,00) one has
MI(X) - MP(X) = MQ(X))

i.e., if A has maximal LP-regularity for some p € [1, 00|, then A also has maximal
Li-regularity for all ¢ € (1, 00), see [84].

2. If A has maximal LP-regularity on X, then it generates a strongly continuous,
bounded analytic semigroup on X, see, e.g., [81, Section 10], and if X is a Hilbert
apace, then the reverse holds true as well, see [24].

3. It holds that if every operator that generates a strongly continuous bounded ana-
lytic semigroup on X has maximal LP-regularity on X, then X is isomorphic to a
Hilbert space. Abstract examples of operators that generate a strongly continuous,
bounded analytic semigroup on a non-Hilbert space X but do not have maximal
LP-regularity on X have also been constructed, see [54]. Whether or not there are
differential operators of this type remains an open question.

4. Given A € M,(X) one may also consider the problem with inhomogeneous
initial data
u(0) = ug € (X, D(A))1-1/pp,
where (-, )y, denotes the real interpolation functor, and by the closed graph the-
orem there exists a constant C' > 0 such that

|‘UHH17P(R+;X) + HAU|’LP(R+;X) S C <HfHLp(R+§X + HUOH(XvD(A))l—I/p,p> )
see, e.g., [6] or [27].

5. If A— X\ has maximal regularity for some A > 0, then A has the property of maximal
regularity when only finite intervals (0,7") for T' € (0, 00) are considered instead
of R, and in these instances we will still say that A has maximal regularity.

The property of maximal regularity is related to that of R-boundedness, see |26
Theorem 4.4]. On one hand, whenever A has maximal LP-regularity for some p € (1, 00),
then one has iR C p(A) and the family of operators

{A(is — A)' s € R}

is R-bounded in £(X). In particular, it holds that 0 € p(A). If in addition X is a
so-called UMD space and —A is sectorial with spectral angle ¢_4 < 7/2, then A has
maximal LP-regularity for all p € (1, 00) if and only if the set

{AN-A)1:he s, 4}

is R-bounded in £(X) for some 0 € (0,7/2). For a definition of the class of UMD spaces,
see |3, Section 4.4]. In particular, if —A € RH(X) satisfies ¢*% < 7/2, then one has
A € M,(X) whenever X is a UMD space. If in addition X also has property («), then
one even has A € M,(X) for all p € (1,00) whenever —A € H>*(X) with ¢, < 7/2.
By |55, Theorem 5.3] it even holds that —A € H*>°(A) implies that the resolvent set
{AN—A)' X e Xy} is R-bounded in £(X) for all § > ¢>, whenever X is a UMD
space.
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2.7 Maximal regularity

2.7.2 Time-weights
Consider the spaces
Eo(R4) :==LP(Ry; X),
Ei(R,) —H"(R,; X) N L(R.; D(4)), (2.7.2)
Xoyp =X, D(A))1-1/pp-
Then A has maximal LP-regularity if and only if the mapping
Ei(Ry) 3> u— (Ou — Au,u(0)) € Eo(Ry) x X, 5,

is an isomorphism between Banach spaces. This perspective also allows us to consider
the Cauchy-Problem (2.7.1) in spaces with time-weights. In the following, we give a
short introduction to the theory developed in [79].

Let p € (1,00), € [0,1], and k € N. For an interval I C [0,00), we denote the space
of all functions f: I — X such that f € L'(K; X) for all compact subsets K C I by
LL (I; X).

loc
Then the time-weighted LP-space and the corresponding Bessel-potential spaces are

given by
LA X) :={f € Li,(I; X) : [t =t f()] € LP([; X)},
HYP(I;X) = {f € LE(I; X) N Hy. (I; X) : 0,f € LE(I; X)}, (2.7.3)

HEPYP (1 X) o= {f € LX) N Hgt (1 X) 2 0,f € Hy?(1: X))},

loc

These spaces are Banach spaces when equipped with the respective norms

1/p k
sz = ( 1650 at) " Uflagong = 10z
=0

Analogously to (2.7.2)), one further defines
Eo,(I) = LA(1;X), E,():= Hﬁ’p(l; X) N LL(I; D(A)). (2.7.4)
This then leads to the following definition.

Definition 2.7.3. Let p € (1,00) and p € [0,1]. An operator A has mawimal L% -
reqularity if for all f € Eq (R, ) the problem (2.7.1]) has a unique solution u € E; ,(R).
The set of operators possessing maximal Lf-regularity is denoted by M, ,.(X).

Remark 2.7.4.

1. Obviously the choice ;# = 1 means that no time-weights are considered and so one
trivially has M, ;(X) = M,(X). Moreover, by [79, Theorem 2.4] it even holds that

MP#(X) = Mp(X)

whenever 1/p < p < 1.
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2. The more general framework of time-weighted LP-spaces for parameters p € [0,1)
allow us to consider the problem ([2.7.1]) for data with non-integrable singularities
at t = 0. A useful property of these time-weights is the smoothing effect when we

consider the functions away from the potential singularity ¢ = 0, since for all § > 0
it holds that

H};P(o, T;X)NLE(0,T; D(A)) — HY(5,T; X) N LP(5,T; D(A)).

3. As for the unweighted case, one can even consider initial data u(0) = ug belonging

to the space
Xy pp = (X, D(A))y—1/pp

whenever 1/p < u <1 by [79, Theorem 3.2]. In this case it even holds that
E1u = BUC([0,00); Xy,1) N C((0,00); X )

by (79, Theorem 3.1]. In particular, it holds that E; — BUC([0,00); X, ;).



3 The Laplace operator in L and
LY-1.P-spaces

Recall that given a function u:  — C for some domain Q C R¢, d > 1, the Laplace

operator is given by
d

o” <

As the prototypical second order elliptic differential operator, there is a wide variety of
literature and applicable results for its realizations in various partial differential equa-
tions, see, e.g., [318,26} 28,44} [74,75,89], as well as the references therein. The corre-
sponding parabolic initial value problem

Owu(t,x) — Au(t,z) =0, u(0,2) = up(z),

is called a heat equation. Whenever the problem admits unique solution for a particular
class of initial values, the corresponding family of solution operators

up = S(t)ug == u(t,-), t>0

is called a heat semigroup.

The intention of this chapter is to present a foundation on which we may build during
the following chapter, which is devoted to the study of the hydrostatic Stokes oper-
ator and semigroup. For this purpose, we will discuss the Laplace operator and its
corresponding heat semigroup in various settings. Some of the results we establish are
well-known, but we nevertheless include them here for the sake of staying self-contained.
In Section we will consider the heat semigroup on the whole space and show a com-
bination of pointwise and norm estimates for various types of derivatives. Section
is devoted to the study of the resolvent problem for the Laplace operator on the whole
space in anisotropic Li-LP-spaces. Concerning the issue of bounded domains, Section [3.3]
covers the case where the underlying domain is an interval. We establish estimates in
LP-spaces for the case of periodic, as well as a combination of Neumann and Dirichlet
boundary conditions. In Sections|3.4/and [3.5|we consider the case of a cylindrical domain
with mixed Neumann, Dirichlet and periodic boundary conditions in LP and anisotropic
Li-LP-spaces, respectively.

These results have previously been published in [41, Section 3 and 4], |40, Section 3
and 4], |38, Section 4], and [39, Section 5].
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3 The Laplace operator in LP and L?-LP-spaces

3.1 Pointwise and L’-estimates for the heat semigroup
on the whole space

Probably the most famous parabolic partial differential equation is the heat equation on
the whole space R? for some dimension d > 1, i.e., the problem

Owu(t, ) — Au(t,z) = 0, x €RY t >0,
u(0,2) = wup(x), z€RL

The heat semigroup corresponding to this problem is explicitly given by
S(tyug = e®ug := Gy xug, Gy(x) = (4nt) " exp (—|z[?/4t), z€eR? t>0,

and the functions Gy for t > 0 are called Gaussian kernels. We begin by providing a
pointwise estimate for their derivatives.

Lemma 3.1.1. Let d > 1 and o € N%. Then there ezists a constant C = Cao > 0 such
that for all t > 0 it holds that

10°Gy| < Ct12@,,,

Proof. Let t > 0 and o € R? as well as 1 <i < d. Then we have that

OiGi(w) = 1 2(4mt)y 2 (= 20 ) exp (= |of?/41)

2t1/2
and since
2|;1le exp (—|z[?/8t) < Cp :=sup{aexp (—a*/2) : a > 0} < oo,
we obtain
0;Gy| < 292Ct~12 Gy,
Estimates for higher order terms are obtained analogously. n

Remark 3.1.2. Our approaches to the cases of the whole space R? and bounded domains
Q C R? are very different. While pointwise estimates for kernels are a very powerful
tool, we will only be using them for the case of the whole space where the study of
these kernels is most straightforward. While a theory of kernels for heat semigroups on
domains exists, compare [75, Chapter 6], it is not needed for our purposes. For more
details concerning the case of the whole space we refer to [23].

The fractional powers of the negative Laplace operator (—A)®/2 for a > 0 can be
defined via the extended functional calculus for sectorial operators presented in [26,
Chapter 2], but they are also subject to a variety of equivalent definitions that allow the
operator to be represented through a number different formulas, see, e.g., [63].
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3.1 Pointwise and LP-estimates for the heat semigroup on the whole space

On the range of (—A)®/2, the inverse mapping can in turn be given via the formula

1

A =)

/ s NGy x f)ds, a >0, (3.1.1)
0

where I'(z) = [7 e *s" ! ds is the Gamma function, see, e.g., [4, Chapter III, Theorem
4.6.6].

We now establish estimates for the heat semigroup on the whole space R? for a general
dimension d > 1 involving fractional powers of the Laplace operator as well as the
Riesz transform. We denote the Riesz transform in the i-th direction, 1 < ¢ < d, by
R; == 0;(—A)~Y2.

Lemma 3.1.3. Let d > 1, a € [0,2], and 3 € (0,2]. Then there exist families of
uniformly integrable functions HY, Hf, H;: R4 — (0,00), t > 0 such that

1912] N (—A)2f| < HE x| f], (1)
t92e A R Ry (A2 f| < HY + | f), (2)
22| AR. R0 f| < H, * |f), (3)

forallt >0,1<4,jk<d, and f € LP(R?) for some p € [1,00]. In particular, there
exist constants Cy o, Cap,Cq > 0 such that

t2)| e (= A)* f|l Loy < Caall fll Lo @ay, (a)
92| R Rj(— A2 f| oqray < Cagll fll oo mays (b)
21" Ri R0 f | omay < Call fll oo gy (c)

for allt >0 and p € [1,00].

Remark 3.1.4. Note that although the Riesz transform is unbounded on L*(R%) and
L>*(R%), due to the smoothing effect of the heat semigroup, the compositions of operators
etARiRj(—A)O‘/ 2 and 8ketARiRj nevertheless define bounded operators for ¢t > 0.

Proof of Lemma[3.1.3 For (1), using the smoothing effect of ' for ¢ > 0 we have
6tA(_A)a/2f — (_A)—(l—a/2)<_A)6tAf
and so via the representation (3.1.1)) we obtain

1 oo

NN T / —a/2(_ _
e (=A)YEf Ti—a/2) /, s H(—=AGssy) * fds
Via Lemma [3.1.1] it thus follows that

« O ~ -« o
AT S gy T O G 11

C e _
:m/o (tu) =" (tu + ) Gagure * | ft du

¢ —a * —a —
= mt /2A u /2(U + 1) IGQt(u+1) * |f| du.
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3 The Laplace operator in L and L9-LP-spaces

We set

C 00
HY -— —a/2 1 -1
t —F(l — &/2) /(; u (U + ) GQt(u_H) du

and observe that
C [e.o]

H|y = = ~P(u+ 1) du = C} 0,2).
17 = ey | e ) = Cl< oo a € (02)
For o € {0,2} we set Hy := G, and H? := Gy and apply Lemma [3.1.1] This yields
estimate (1). In order to prove estimate (2) we observe that

CERR(—A)Pf = (—A) U990 f, 1< <d.
The case 8 = 2 then follows from Lemma by setting H? := G, whereas for
B € (0,2) we have

1 <
ERR; (AP f = m/o sP12(0,0;Gsyy) % f ds

and thus the same argument used to derive (1) applies. For (3) we write
etARiRj(‘?kf = (—A)_lﬁié?j@kemf = / &ﬁj@kGSH * f ds
0

and since by Lemma we have |0,0;00Gsi| < C(s + t)73/2Gysyy for s,t > 0 we
may set

[:‘[f/ = / ('LL + 1)73/2G2t(u+1) du
0

which satisfies || H,||; < Jo (u+1)732du = C' < oo, yielding the estimate (3). Estimates
(a)-(c) then follow from estimates (1)-(3) and Young’s inequality. This completes the
proof. O]

We will also require that estimate (c¢) from Lemma holds when we consider
the complex extension of the heat semigroup. For this purpose we utilize the theory
of Fourier multipliers. Note that we could have also proven Lemma (3.1.3| via similar
methods, but chose not since the restriction onto the real half-life [0, 00) allows us to
proceed with simpler arguments.

Lemma 3.1.5. Let d > 1, p € [1,00] and 6 € (0,7/2). Then there exists a constant
C = Cyq > 0 such that for all 1 <i,j,k <d, 7 € Xy, and f € LP(R?) it holds that

|T’1/2|’akeTARiijHLP(Rd) < O f ] o rey-

Proof. Observe that for 1 < 4,5,k < d, the operator |7|'/20ye™  R;R; is the Fourier
multiplier corresponding to the symbol

|7M26:;60IE1 2 exp (—T1€]?), € € R?\ {0},

mT,i,j,k(g) = { 0 5 —0.

42



3.1 Pointwise and LP-estimates for the heat semigroup on the whole space

It is well known that Fourier multiplier properties are invariant under rescaling of sym-
bols. By replacing ¢ with |7|~1/2¢ we may assume without loss of generality that |7| = 1.

We will show that each such symbol m = m., ;. satisfies m = g where g € L'(R?)
satisfies ||g||1r2)y < Cp, which then implies our estimate via Young’s inequality. For
this purpose we take a smooth cut-off function ¢ € C*(R?) satisfying ¢(¢) = 1 for
€] < 2 and consider the decomposition m = (1 — p)m + ¢pm. We then respectively
apply [11, Proposition 8.2.3 and Lemma 8.2.4] to these terms, yielding the desired result.
First, observe that

m € C(R*)NC>(R?\ {0})

for each of the symbols above. We now verify the condition

max sup |£[*H)DYm ()| < C < oo, (3.1.2)
\a|<J£€R2\{0

for J := min{k € N: k > [d/2]} and some 6 € (0,1). For this purpose, we split the
symbol m into the factors
m (&) == &&1E17% ma(é) == &exp (—7I¢%) ,

and observe that the factor m; is homogeneous of order 0 and thus an elementary
calculation yields

sup [§]* [D%ma (§)] < Ca < 00,
geRr?\{0}

for every multi-index v € N? and a constant C,, > 0. By |r| = 1 we obtain
| D6 exp (=71¢[*)| < [Pa(&)] exp (= cos(i)[€[) < [Pa(é)]exp (—cos()[¢[) ,
where P, is a polynomial and ¢ = arg(7), yielding

sup  [€]*T | DMy (€)] < Cupp < 00
E€R2\{0}

for any § € (0,1). Thus (3.1.2)) is satisfied and so we may apply |11, Proposition 8.2.3]
to the term (1 — ¢)m. We now show that we further have

€D m ()] < Calel,  [€] < 1,€ #0. (3.1.3)
For this purpose we again divide the symbol m into the factors
ms(€) == §&&1E17%, ma(€) := exp (—7¢?) .
Again using homogeneity we have
§i8kE;
¢ |ot] SI5RS)
P e
for any a € N?, whereas proceeding as above we obtain
| D% exp (—7[€*)| < |Pa(&)] exp (= cos()[€]*) < |Palé)]exp (—cos(0)[E]?) ,
and thus

Da

< Golel, €] <1,6#0

€11 [ D exp (=7[¢*)] < Cup, € € R

It follows that condition (3.1.3)) is satisfied and so applying [11, Lemma 8.2.4] to the
term pm yields the desired result. O
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3 The Laplace operator in L and L9-LP-spaces

3.2 Li-LP-estimates on the whole space

3.2.1 The resolvent problem

We now turn to the resolvent problem for the three-dimensional Laplacian on the whole
space, given by

M — Av = f on R®. (3.2.1)

We will also be considering the case where the right-hand side is given as a derivative,
i.e., when the problem is of the form

2w — Aw = 0;f on R? (3.2.2)
for 0; € {0., 0y, 0,}. It is well-known that the Green function of problem (3.2.1)) is given

by
1 e‘Al/Q‘x‘

K)\([L') .

T Ar ||

i.e., one has (A — A)K), = &y, where §p(¢) := ¢(0) for ¢ € C>(R?), and thus

()\_A)(K,\*f)zfso*f:f, (A—A)(aiK,\*f):8i(5o*f):8if7

v € R%\ {0},

in the sense of distributions whenever f is bounded with compact support. The following
lemma establishes an estimate in the anisotropic L?-LP-spaces from Definition [2.4.8]

Lemma 3.2.1. Let A € 3y for some 0 € (0,7) and assume that either
(i) q,p € [1,00) and f € L%, L2(R3?),

(ii)) ¢ = oo, p € [1,00) and f € LLP(R3) has compact support in the horizontal
directions,

(iii) q € [1,00), p = oo and f € LY LX(R?) has compact support in the vertical direc-
tion,

(iv) ¢ =p=o0 and f € L™(R3) has compact support.

Then the functions
vi=Kyxf, w:=0,K,xf,

are the unique solutions to the problems (3.2.1) and (3.2.2)), respectively. There further
exists a constant C' = Cy > 0 such that

R\E ||U||L‘;,L€(R3) + |)\|1/2||VU||L‘;{L€(R3) + ||AU||L§,L§(R3) < C||f||LqHL§(R3) (3.2.3)
and

P\’UQHWHLC;ILQ(RB) < Ol fllzs, L2 es)- (3.2.4)
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3.2 Li-LP-estimates on the whole space

Proof. We may assume without loss of generality that f is bounded with compact sup-
port, since in the case ¢, p € [1,00) we have that C°(R3?) is dense in L% L2(R?), whereas
in the cases (ii), (iii) or (iv) the additional assumption on the support of f yields the same
result. It thus suffices to prove the estimates and (3.2.4)), which we will do via
uniform estimates for K and 9; K, in L'(R?). For this purpose let ¢ := arg()\) € (-6, 6).
Using spherical coordinates and the fact that K is radially symmetric we obtain

1 A2 cos(/2) 2l o
/|K,\(x)|da::— € duz :/ oAV eos(w/2)r .
R3 Am Jrs || 0

whereas for its derivatives we have

1 14 |\/2 — AV || 00 ™
/ |0; Ky ()| de < — L+ A zle dr = / (1+ |A|1/2T)e—lkl /2 cos(¥/2)r g
R3 0

AT Jrs | |2

The formulas

then yield
N Il ey = cos(8/2) 2, Y2V I rges) < cos(w/2) " + cos(w/2) 2,
and since cos(1)/2)7! < cos(0/2)7! < oo we find that the estimates hold for
Cyp:=1+cos(0/2)"" +2cos(0/2)?

via the anisotropic version of Young’s inequality for convolutions stated in Lemma 2.
O

Remark 3.2.2. Observe that since continuity is preserved, the statement of the lemma
remains true if the space L% LP(R3) for p,q = oo is replaced by C.(R?* LP(R)) or
LY(R? C,.(R)).

3.2.2 An interpolation inequality for fractional powers

We now consider a cylindrical domain of the form R¢ x U for some domain U C R™, as
well as the Laplace operator in the first d, i.e., the differential operator

d
82
Ay = —_—.
d — 0x?

Further setting V4 := (04, ..., 04), the following lemma establishes an interpolation in-
equality for this operator’s negative fractional powers on anisotropic L?-LP-spaces.

Lemma 3.2.3. Let d > 1 and o € (0,1] as well as q,p € [1,00]. Then there exists a
constant C' = Cy,, > 0 such that for all f € LY(R% LP(U)) with Vaf € LR, LP(U)) it
holds that

HVd(—Ad)f(lia)ﬂfHLq(Rd;Lp(U)) < CHJCHlL;(OfRd;Lp(U))HvaH%tz(Rd;LP(U))'
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3 The Laplace operator in L and L9-LP-spaces

Remark 3.2.4. Given «a € (0, 1], the isotropic estimate
I9(=8) 02 £ 1y < CnallF 1 19 1y

is well-known to hold for all p € [1,00]. The case @ = 0 is well-known to hold for
all p € (1,00) but not for p € {1,00} since the Riesz transform fails to be bounded
on L'(R?) and L*(RY). For the purpose of this work, the case d = 2 and ¢ = oo
is of particular interest since we will eventually apply it to obtain an estimate for the
primitive equations in L*°-LP-spaces on a layer domain.

Proof of Lemma[3.2.3 The case a = 1 is trivial. Given f: R? x U — R we use the fact
that the negative fractional powers of —Ay, are given by

-
P((1—a)/2)

compare (3.1.1)). Here G; denotes the Gaussian kernel on R? and *,4 denotes convolution
in the variables (z1, ..., 74) € R Using

()02 f = / U2 ey fyds, o€ (0,1),
0

Vai(Gs *a f) = (VaGs) *q [ = G5 xa Vaf

it holds for arbitrary p € (0, 00) that
n oo

|Va(—Ag)~U=92f1 < C, ( / s G wg Vaf | ds + / s~/ (V,G,) *q f] ds> .
0 1z

Observe that for f = 0 or V4f = 0 we thus have V4(—A4)~0~%/2f = 0 and the estimate
is trivial. Otherwise we set

H= ”f”iq(Rd;Lp(U))”VHfHEqQ(Rd;Lp(U)) = (07 OO) (3'2'5)

Denoting the first d variables by x := (1, ..., 24), we apply the Minkowski inequality to
obtain

I
I(Va(=A0) "2 f) (@, )| oy < Ca/ s~ IRN(Gy xa Vaf) (@, )lzow) ds
0

+Co [ S (VG ), .
m
Another application of the Minkowski inequality together with Lemma [3.1.1] yields

[(Gs *a Vaf) (@, )||wr@) < / Gs(x = YIVaf(y, ey dy,

R4

I(VaGs *a f)(2, M) < 051/2/ Gas(z = Yy, )llerw) dy,
R4
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3.3 LP-estimates for heat semigroups on intervals

and by applying it a third time we obtain

Iz 1/q
1Va(=20) 72 fll ooy < Ca ( / d [ / TG (z —y) ds} 1Vaf (W, oy dy,>
R 0

- 1/q
+ Cy </d {/ s~HDGy (x —y) ds] 1£(y, )l e dy,) .
RY L/
Using the formulas

/ Y omGa)2 gy e / ¥ —ta/2) gy _ o
0 (1—a)/2 " /2

Young’s inequality for convolutions yields

Iu(lfa)/Q

IVa(=8a)""2 fll Lo oy < Ca—(l — a)/ZHvdeLq(Rd;LP(U))

Iu—a 2
C,—— a(RE:Lp (D) -
+ /2 | f Il La(ra; o0y

and so plugging in the value of u as in (3.2.5)) then yields the desired result. O

3.3 LP-estimates for heat semigroups on intervals

3.3.1 Existence, contractivity, derivatives and analyticity

We now consider various heat equations on a one-dimensional interval, beginning with
the case of periodic boundary conditions on a nonempty interval (a,b), i.e.,

du(t, z) — O*u(t,z) =0 t € (0,00), z € (a,b),

u(t,a) =u(t,b), te(0,00), (3.3.1)

uw(0,2) =wup(z) 2z € (a,b).
Note that we chose to denote the spatial variable by z and write 0, f := df /dz since
we will eventually apply these results to the issue of vertical estimates involving the
primitive equations.

Denoting the solution mappings ug — u(t, ) for t > 0 by Spe: (), the following lemma

establishes that these operators are well-defined and admit suitable LP-estimates as well
as an analytic extension.

Lemma 3.3.1.

(i) Let p € [1,00]. Then for all ug € LP(a,b) the problem (3.3.1]) has a unique solution
u € C((0,00); LP(a,b)). There further exists an absolute constant C' > 0 such that

u(t, o < NuollLeap), (3.3.2)
20| 0.u(t, )| ogas) < Cllttol| Lo an), (3.3.3)

for allt >0 and p € [1,00].
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3 The Laplace operator in L and L9-LP-spaces
(it) The mapping Spey: [0,00) > t — u(t, ) € LP(a,b) defines an operator semigroup
that is strongly continuous for p € [1,00).
(111) The semigroup Spe, admits a bounded analytic extension of angle /2.

(iv) There further exists a constant C' > 0 such that
t1/2||SpeT(t>f||L°°(a,b) S C(Hf”Ll(a,b)
for all f € L'(a,b) with fab f(2)dz=0.

Proof. Let G; denote the one-dimensional Gaussian kernel for ¢ > 0. Given uy € LP(a, b),
we further denote its periodic extension of period b—a onto R by Epeug. Since C2°(a,b)
is dense in LP(a,b) for p € [1,00) we may assume without loss of generality that uy €
L*>(a,b). Then the dominated convergence theorem and an elementary calculation yield
that

(Gt * Eperttg)(2) = / Ki(z — s)up(s)ds, t>0,z¢€ (a,b) (3.3.4)

with the periodic kernel
Ki(2) := Z Gi(z+k(b—a)), z€(a,b).
k=—o00

Since G, is positive we further have that K; is positive as well and satisfies

/ab Ki(2) dz = /: Gy(2)dz = 1.

Now consider the one-dimensional torus T := R/(b — a)Z. Since E,qug and K; are
periodic functions of period b — a, we may identify them with functions on the torus via

1z + (b= a)Z) := f(2),

and identify the right-hand side of (3.3.4)) with the convolution on the torus, which we
denote by [K] T [ug]. Applying Young’s inequality for convolutions on T then yields
that the function given by

ult, ) 1= Sper(B)o = ([Ki] #2 [Eportio]) (2), > 0,2 €T,
satisfies the estimate
u(-, O)llzeery < 1Kl @pll fllzeap = [1fllzr@p), > 0.

By (3.3.4) we also have E,qu(-,t) = G * Eyeug, 1., Epeu solves the heat equation
on the the whole space R with initial data Ep,euo and so w is the solution to (3.3.1).
Furthermore, any solution to (3.3.1) can be periodically extended this way and by the
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3.3 LP-estimates for heat semigroups on intervals

uniqueness of solutions on the whole space we have that u is unique as well. We now
turn to derivatives of the solution. Using Lemma |3.1.1] we obtain

b
|0u(t, 2)| = [0,(G * Eperti)(2)] < C’t_l/z/ Ko (z — s)up(s) ds

so an analogous argument yields the estimate

102, Ollocry < CE2 S| ooy

This concludes the proof of (i).

For (ii), we observe that the semigroup property follows from the uniqueness of so-
lutions and that the strong continuity follows from the strong continuity of the heat
semigroup on R.

In order to prove (iii), we note that the analytic extension of the heat semigroup on
R is given by €™ f = G, * f, where the complex Gaussian kernel is in turn given by

G, R — (0,00), G,(z)=(4r7)2exp (—2?/47), Rer >0.
An elementary calculation then shows that

G| = cos() V2G)r cos(w)s W = arg(7),

yielding ||G,||rir) = cos(¥) ™2 < cos(d)"/? < oo whenever T € Xy for § € (0,7/2).
For the estimate in (iv), we observe that [L[f](z)dz = 0 yields

Ky xr [f] = (K¢ — ko) *7 [f]

foE" all constants kg € C. Furthermore, by writing K; as a Fourier series with coefficients
(Ky(k))rez, a straightforward calculation yields that ||K; — K;(0)||pec(r) < Ct~/2 for all
t > 0 and an absolute constant C' > 0. This yields the desired result. O]

We now consider the heat equation

Owu—0* =0 on (—h,
{ . (3.3.5)

uw(0) =wuy on (—h,
for the boundary conditions
(N)  0,u=0 on{0}x(0,00), d.u=0o0n {—h} x (0,00),
(ND) d.u=0 on{0}x(0,00), wu=0on {—h}x(0,00),
(D) u=0 on{0}x(0,00), wu=0on {—h}x(0,00),

Denoting the corresponding heat semigroups by Sy, Svp, and Sp, we then have the
following.

Lemma 3.3.2. Let p € [1,00] and S, € {Sy,Snp,Sp}. Then we have the following.
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3 The Laplace operator in L and L9-LP-spaces

(i) The family of operators (S.(t))i>o is a well-defined contraction semigroup on LP(—h,0),
i.e., it holds that

[S:(8) fllze=n0) < N fll2o(=n0):
for allt >0 and f € LP(—h,0).
(i1) There exists a constant C > 0 such that
t172010.5.(8) fll zo-n0) < Cllf Lo (-no),
for allt >0 and f € LP(—h,0).
(111) If p € [1,00), then S, is strongly continuous on LP(—h,0).
(iv) These semigroup S, admits a bounded analytic extension of angle /2.

(v) There exists a constant C' > 0 such that the semigroup Sy admits the L'-LP-
smoothing estimate

V2 Sy () fll zo o) < ClLFIEr—ho)

for all f € LP(—h,0) with fi)h f(2)dz = 0. The same estimate holds for Syp and
Sp for all f € L'(—h,0).

(vi) Every constant function f is a fized point of Sn(t) for allt > 0.

Proof. We begin with (i) and (ii) and first consider the case S, = Sy. For this purpose
we take f € LP(—h,0) and construct an extension onto (—h,3h) by applying an even
reflection at z = 0 and then again at z = h. Denoting this extension by Feenf we may

then apply the estimates (3.3.2) and (3.3.3)) for a = —h and b = 3h to obtain

||Sper(t)Eevenf||Lp(T) < ||Eevenf||Lp(fh,3h) = 41/p||f||Lp(fh,0)a
Z51/2Hazsper(t)laevenfHLI’('[F) S OHEeveanLp(fh,iBh) = C41/p”f||LP(fh,0)-

Using elementary methods one further verifies that by identifying Sper(t) Eevenf With a
function on (—h,3h), one obtains a function that is even w.r.t. z = h. Furthermore,
its restriction to (—h, h) is again even w.r.t. z = 0. This yields that the restriction of
Sper(t) Eevenf onto (—h,0) is a solution to the problem and thus

Sn(t)f = Sper(t) Beven |-
We further have

AP SN () Fll -0y = | Sper () Beven Fl| o(=nzny < | Beven fllo(=nany = 4P| fll o (-1.0);

and analogously

42110, () fll o (-noy < 4PCE 2| fll ooy
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3.3 LP-estimates for heat semigroups on intervals

This yields the desired estimates for Sy. The cases S, = Syp and S, = Sp are obtained
analogously if one extends f onto (—h,3h) by applying odd reflections at the boundary
where Dirichlet boundary conditions are imposed, instead of even ones. This yields
(i) and (ii). Point (iii) follows from the strong continuity of S,e by Lemma [3.3.1](iii).
Estimate (iv) follows using the same arguments as (i) via Lemma [3.3.1}(ii). For (v) we
use that ff)h f(z) dz = 0 implies that fE’Z(Eevenf)(z) dz = 0 and so by Lemma [3.3.1] (iv)
it follows that

1SN (&) fllzoe -0y < C 2| fll Lt =m0y
whereas for S, € {Syp, Sp}, we apply the Poincaré inequality to obtain
152 () fll oo (—noy < CNOS(t) fllr—noy < CY2 fll1a oy

and so the interpolation-inequality

I lescan = ([ 116 wz) !
< ([ )" (1)

1 1—1
< I o

yields
1 1-1 (-
15O fllonoy < IS F I o) 1S F Iy < CE P2 fll i o)

for S, € {Sn, Sn D, S D} Point (vi) follows from the fact that if uy € C is a constant, then
u(t) = ugp solves with boundary conditions (N). This completes the proof. O

3.3.2 Fractional derivatives

We now consider fractional derivatives. For this purpose we introduce the following
concepts and notations, compare [51, Chapter 10].

Definition 3.3.3. Let « > 0. Then the Riemann-Liouwville integral of a locally inte-
grable function f: (—h,0) — C is given by

(I°F) () = —— / (2= )"\ f(s)ds, z€[=h0], a>0, (3.3.6)
I'(a) Jon
where I'(z) = [~ e s~ ! ds is the Gamma function, and I f := f.
Remark 3.3.4.
1. The Riemann-Liouville integral can be written in the convolution form
rr=3 g,

[(a)

where zg and fj respectively denote the extensions by zero of the identity mapping
on (0,h) and f on (—h,0) onto R.
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3 The Laplace operator in L and L9-LP-spaces

2. It is straightforward to verify that whenever o € N, then ¢ is the a-times integra-
tion of f and one has the semigroup property 11 1% f = J*1%°2 f for all oy, ay > 0.

Definition 3.3.5. Given a function f € W'?(—h,0) and a € (0,1), the Caputo deriva-
tive of order « of f is defined via

0% f 1= I'~*(0.f). (3.3.7)

The following lemma establishes that this operator is well-defined and admits a suit-
able interpolation inequality.

Lemma 3.3.6. Let p € [1,00], a € (0,1), and p € (0,h]. Then for every function
f e Whp(—h,0), it holds that

-«

102 fll o (=h,—htw) < mﬂ@f 1 Lr (bt ) - (i)

If in addition it holds that f(—h) =0, one further has

102 £l ooy < T I oy 19:F 120 o) (i)

F( a)

Proof. In order to prove the inequality (i), we take p € (0, h] and consider the auxiliary
functions

-

z

91(2) = mX(O,m(Z), 92(2) = (D)X (-n—him (2), 2 ER,

where y 4 denotes the characteristic function of A C R. Then one has ¢; * go = 0%f on
(—h,—h + p), yielding

105 fll 2o (=h—hpy < 1191 * g2llze@) < l|gr o)l g2l e w)

1 o
< rima ([ 7t 1ol

= ——|0. fllp(—n— ,
F(2—a)” Fllze(—n,—n+p)

where we respectively used Young’s inequality in the second, as well as

14 Ml—oa
“Ydz = I'x)=T 1
/0 Fhdz= (x) (x+1)

in the third step. Concerning the interpolation inequality (ii), observe that by the
assumption f(—h) = 0 the Poincaré inequality yields

1Al e —n0y < 2Ol Lo (—n0)
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3.3 LP-estimates for heat semigroups on intervals

and thus we may assume without loss of generality that neither factor on the right-hand
side is zero. We may further define the auxiliary parameter

= || fll e (=n0)/ I10=f || e (=n,0)

and assume that it satisfies y € (0, h]. Due to (i), it remains to estimate ||0F f|| Lr(—h41,0)-
For this purpose we observe that integration by parts yields

@D = [ G a0 i s [ = ase)ds
o o —a-1 p”
i e s s
1 z —o

where we used f(—h) = 0. Introducing further auxiliary functions

a —a—1

93(2) = T Xwe) (2), 94(2) = [(2)X(no)(2),
95(2) = rama 2 Xow(2),  96(2) = 0:f (2)X(—n0)(2),

we observe that for z € (—h + p,0) we have

—Q

(O21)(2) = (93 ) (2) + /2 = 1) + (95 %.00)(2)

and so by Young’s inequality we then have

—Q

o p
192 Fll ooy < sl gall oy + g1 lomnms + gslloce ol
@ —a -«
= i 1 — ) P(— o N0 fllLr(—n)-
_.F<1__&>HfHL( hD)+’F(1__a>HfHL( hD)+‘F(2__a)H fHL( h,0)

Combining this estimate with (i) and using I'(2—«) < T'(1 —«) for a € (0, 1), we obtain

2M—a 2u1—a

07 fllee(=no) < p(— —
19 o < g =gy M n0 + g =y

_— O, fllLe(—no)-
(2 _ Oé) H fHL ( h,O)

Plugging in the value o = || f||zr(~1,0)/]|0: f || Lo (~n,0) then yields the desired estimate. [
We now derive a semigroup estimate involving fractional derivatives.

Lemma 3.3.7. Let o € [0,1] and S, € {Sn,Snp,Sp}. Then there exists a constant
C = C, > 0 such that for all f € LP(—h,0) for some p € [1,00] satisfying (I*f)(0) =0
one has that

8001 F 1oy < OO sy 0.

For a € {0,1} the estimate even holds true for all f € LP(—h,0).
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3 The Laplace operator in L and L9-LP-spaces

Proof. In the case a = 1 we have 0,I'f = f, so the desired estimate was already
obtained in Lemma and is even valid without the assumption (I'f)(0) = 0. We
now consider the case a € (0,1). By a duality argument we have

15:()0:1° fl|Lo(—n0) = sup{[(S: (1) 01" f, )| - 0 € CZ (=, 0), [lollg = 1}
where we used the notation (f, g) f f(2)g(z)dz and 1/p+ 1/q = 1. We write
(S()0 I f, o) = (D I%f, Si(t)p) = —(I%f,0,5:(t)p)

where in the second step we used (I®f)(0) = 0 by assumption and (I*f)(—h) = 0 by
definition. The validity of the first step follows from the structure of the heat semigroups
detailed in the proof of Lemma [3.3.1] and [3.3.2] as well as

/T (K, %0 1) (2) falz) dz = / F1(2) (K, % f2)(2) dz

By further setting
o 1 0
(T9)(2) = m/ (s — 2)°Yg(s)ds, =€ [h,0],ac(0,1),

an elementary calculation then shows that (I°f,g) = (f,1"g) for all functions f, g and
thus we obtain

(S ()01 f, ) = —(f, T 0.5.(t)).
Due to the structural similarities between I° and I¢, the proof of Lemma can be
modified to obtain the analogous estimate

I7°0:9ll, < Callgllgllo:glly™, o€ (0,1)

for all g € W'P(—h,0) such that 9,9(0) = 0. Since we have (9,5,(t)¢)(0) = 0 due to
our choice of boundary conditions, we obtain

[72,0-5.(D)¢l|, < CalI1S.(8)elly 10:5-(8)elly~
o _ 11—«
< Callells (Ct2)1elly)
= C,C o2y 5,

where we used Lemma [3.3.2 and ||¢||, = 1. This then ylelds the desired estimate. The
case a = 0 follows analogously using I°f = f and setting 7 f=r. m
3.4 [P-theory on cylindrical domains

We now consider the cylindrical domain

Q=G x (—=h,0), G:=(0,1)° h>0. (3.4.1)
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3.4 LP-theory on cylindrical domains

In the following, we denote horizontal variables by (z,y) € G and vertical ones by
z € (—h,0). We decompose the boundary of € into the upper, lateral and bottom parts

r,:=Gx{0}, T,:=0G x(=h,0), Ty:=Gx{-=h}, (3.4.2)
and consider the mixed boundary conditions

v periodic  on I'; x (0, 00),
v=0 onTlpx(0,00), (3.4.3)
0.v=0 on Dy x(0,00).

Here
FD € {@7 Fu7 Fb7 Fu U Fb}> 1—‘]\f = (Fu U Fb) \ FD (344)

denote the parts of the boundary on which we impose homogeneous Dirichlet and Neu-
mann boundary conditions, respectively.

Recall the definition of periodic Bessel potential spaces from . In this section
we consider the LP-realization of the Laplace operator on {2 with boundary conditions
(3-4.3). For this purpose we define A, on LP((2) via

o e 2, . _ —
Apv:=Av,  D(A,) = {ve HpP(Q) : 0], = 0,v[. =0}, (3.4.5)
This is an example of an elliptic operator on a cylindrical domain with mixed boundary
conditions. An in-depth study of this kind of operators was provided in |74, Section 6 -
8], which, in particular, established the following result.

Lemma 3.4.1. Let p € (1,00) and po > 0. Then the operator —A, + p admits an R-
bounded H>®-calculus on LP () of angle gbjffﬁu =0. If T'p # 0 this also holds true for
=0 and A, has a bounded inverse.

Proof. We first consider the Laplacian on the three-dimensional torus, corresponding
to periodic boundary conditions in all variables. For this purpose let H*P(T?) denote
the space of periodic functions belonging to H*?((0,27)3) with periodic derivatives and
define A, 13 on LP(T?) via

Appsu = Au, D(A, )= H*P(T?).

Classically, the formal symbol of —A is given by [£|* for £ € R3. This is a parameter
elliptic symbol of ellipticity angle zero according to |74, Definition 6.4]. Going from the
whole space R3 to the torus T? the dual group R? is replaced by Z?* and so, taking the
restriction of the classical symbol onto Z3, compare [74, Definition 7.4], one has that
—A, 13 has the discrete symbol P(k) = |k|?, k € Z*. Given pu > 0 it is clear that
(P(k) + )™t exists for all k£ € Z* and that the set {P(k)(P(k) + p)™' : k € Z3} is
bounded in C. It thus follows from |74, Definition 7.13] and [74, Theorem 7.15] that the
operator —A, 13 + p for © > 0 is a closed operator on LP(T?) with bounded inverse.
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3 The Laplace operator in L and L9-LP-spaces

Since LP(T?) has property (a) it further follows from |74, Proposition 7.25] that
—A, s + 1 has an R-bounded H>-calculus of angle (bjjfﬂs < ¢p=0.

Replacing T? with Q* := G x (—2h, 2h) where periodicity holds with periods 1 and
4h in horizontal and vertical variables, respectively, a similar argument yields the same
result for the analogous operator Ag«,. Denote by E the operator extending from
(—=h,0) to (—2h,2h) by applying odd and even reflections at I'p and 'y, respectively.
Then E maps LP(Q2) into LP(2*) and D(A,) into D(Ag«,). One also has for f € LP(Q)
and A € p(Ag«,) that

vi= (A= Do) ESf|,

belongs to D(A,) and satisfies (A — A,)v = f, compare the proof of |74, Proposition
7.16]. As a result, A, inherits the properties of Ag-, with p(Ag«,) C p(4A,) and so one
has —A, + p € RH¥(LP(Q)) with ¢*X |, = 0 for 1 > 0.

The case of mixed Dirichlet-Neumann type boundary conditions on cube domains
for even operators was also considered, see |74, (7.5)] and the following discussion of
boundary conditions. The corresponding results concerning an R-bounded H*°-calculus
was given in |74, Proposition 7.26], yielding —A, + p € RH>(LP(Q2)) with ¢gf‘§pw =0
whenever ¢ > 0 and if one even has I'p # ) then this also holds true for 4 = 0. The
claim 0 € p(A,) is obtained via 74, Proposition 7.23]. Note that although our case of
mixed periodic-Dirichlet-Neumann boundary conditions is not explicitly considered, it
can be incorporated into the framework via the extension above and restriction argu-

ment, compare the proof of |74, Proposition 7.16]. ]

It follows from Lemma [3.4.1]that the domains of the fractional powers of the Laplacian
can be characterized using complex interpolation spaces. While exact characterizations
are known for Besov and Triebel-Lizorkin spaces on the whole space R?, see [89, Sec-
tion 2.4.2], the issue is more difficult on domains when one considers spaces subject
to boundary conditions. In [48, Section 4] an argument of Amann, based on retracts
between spaces on the whole space R?® and spaces on domains with boundary condi-
tions, together with a localization procedure, was used to establish the interpolation
result |3, Theorem 5.2]. The same principle may also be applied here, yielding the
following result.

Lemma 3.4.2. Let 1 <p < oo, u> 0, and ¥ € [0,1] with 9 ¢ {1/2p,1/2+1/2p}. Then
it holds that
{ve H¥?r(Q): QzU‘FN =0, U}FD =0}, 14+1/p<29<2

per

D((p—A,)") =< {v e H2Pr(Q) : v|FD =0}, 1/p<29<1+1/p,

per

H2»(Q), 0<29<1/p.

per

If T'p # O this also holds true even for u = 0.

Corollary 3.4.3. Let I'p # 0. Then 0;(—=A,)"Y% and (—A,)~Y20; are bounded on
LP(Q) for p € (1,00) and 0; € {0y, 0,,0.}. In particular, for 8 € (0,7) there exists a
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3.4 LP-theory on cylindrical domains

constant C = Cq g, > 0 such that for all X € Xy it holds that

AZ10;(0 = A0) 7 fllzviey < Ol oo,
I = A0) 70 oy < ClF oo, (3.4.6)
10,00 = 2)7'0:f Loty < Cll o).

Proof. The operator (—A,)~Y/2 maps LP(Q) into H'P(Q2) by Lemma and thus
9;(—A,) /2 defines a bounded linear operator on LP((2). Elementary calculations show
that the adjoint of A, is given by A, where 1/p + 1/q = 1 and thus (—A,)~29; is the
adjoint of 9;(—A,)~'/2 and bounded as well. Since —A, admits a bounded H>®-calculus
of of angle ¢ , =0, the families of operators

{|>"1/2(_Ap)1/2()‘ - Ap)_l A€ Yp}, {(_Ap)()‘ - Ap)_l A€ g},

are uniformly bounded on LP(Q2) for all 8 € (0, 7). The resolvent estimates then follow
from

A20i (A = Ap) 71 = 0i(=2,) EINVE(=A,) R = A
A2 = 8p) 710 = A2 (=8) 20 = A8,) 71 (=4,) 720,
0\ = ) 7105 = 0(=0,) T (=) (A = Ay)TH(=A,) 20,

This concludes the proof. O

We further establish higher-order smoothing properties for the resolvent of the Laplace
operator in this setting.

Lemma 3.4.4. Let p € (1,00) and s,; > 0. Then (n — Ap)~" maps H3E(Q) into
HZFs?(Q) and there exists a constant C' = C,,,, s > 0 such that

per

1 = Ap) " fllrzseniey < CIIS|

for all f € HEP(Q). If Tp # 0 then this even holds for yu = 0.

per

Ho ()

Proof. First suppose that I'p = @ and p > 0. Since H3%(2) — LP(Q), the function
vi=(u—A,)"'f € D(A,) exists. Denote by E,, the operator extending periodically
from G = (0,1)% onto G’ = (—1,2)? and observe that it maps H*?()) into H*?(Q') with
V' = G'x(—h,0). We now decompose v into an upper and bottom part. For this purpose
we consider horizontal and vertical cut-off functions ¢ € C>°(R?) and ¢ € C°°([—h,0])
satisfying

¢ =1on[-1/2,3/2]?, suppo C G,

Y =1on [-h/3,0], supp ¢ C [—h/2,0].

We then set x,(z,y, 2) = é(z,y)¥(2), xo(z,y, 2) := ¢(x,y)(1 —1(z)) and consider the
functions

Uy = XuEperU7 UVp = XbEperU
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3 The Laplace operator in LP and L?-LP-spaces

on R?x (—00,0) and R?x (—h, o). Clearly v, + Ub‘ﬂ = v. Observe that they respectively
satisfy

(p—Aw,=F, on R?x(-00,0), (u—Aw=F on R?*x(—h,oc0),
with right-hand sides
Fi = Xibperf — 2V Xi » V(Eperv) — (AXi) Eperv, 4 € {u, b},
and boundary conditions
d,v, = 0 on R? x {0}, 0.vy =0 on R? x {—h}.

By applying a translation and rotation, we may assume that these equations hold on
the half-space domain R3 := R? X (0,00). It then follows from the well-known results
for elliptic regularity of the Laplace operator with Neumann or Dirichlet boundary con-
ditions on R3, see, e.g., [89, Section 4.2], that F; € H"P(R3) implies v; € H*"P(R3)
for all » > 0. Since v € H?*?(Q) we have for i € {u,b} that v; € H*’(R]) and
thus F; € H™P(R%) with ro := min{s,1}. By iteration this argument, we obtain
v; € H*™P(RY) and F; € H™?(R%) with

Tne1 = min{s, 1 +r,}.

Since this sequence either terminates for r, = s or increases by 1, we obtain v; €
H*"sP(R?%) and thus v € H*™5P(Q). Since u—A, is a bounded mapping from H*"*?(Q)N
D(A,) into H*P(Q2) the resolvent estimate follows from the bounded inverse theorem.
In the case where I'y = (), we may argue as above, merely replacing the boundary
conditions for v, and vy,. If we instead have both I'p # () and I'y # @), we apply an even
reflection at I'y and argue as in the case I'y = () on the new vertical interval (—h, h). O

3.5 Li¢-[P-estimates for the resolvent on cylindrical
domains

In this section, building on the results of Lemma and Corollary [3.4.3], we establish
estimates for the Laplace operator in anisotropic L?-LP-spaces in the case I'p # ). For
this purpose we investigate the resolvent problems

Av— Av = f on (Q,
Aw — Aw = 0;f on §,

for 0; € {0,,0,, 0.}, where on the boundary we assume one of

J.v=0onTI,, wperiodiconIy, v=0onTY}, (ND)
v=0onTI,, wvperiodiconI;, v=0onT},. (DD)

The following lemma establishes a resolvent estimate in L% L?(€2). Its proof employs
scaling arguments also utilized in the Masuda-Stewart method, compare, e.g., [87].
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3.5 Li-LP-estimates for the resolvent on cylindrical domains

Lemma 3.5.1. Let A € Xy for some 0 € (0,7) as well as f € LL,LE(Q) for q € [1, ]
and p € [1,00). Then there exist constants C = Cqg > 0 and Ao > 0 such that for
|A| > Ao the problems (3.5.1)) and (3.5.2)) with boundary conditions (ND) or (DD) have

unique solutions v,w € LLLP(Q), respectively, which further satisfy the estimates
Al ||U||LQHL§(Q) + |)\|1/2||VU||L‘;IL§(Q) + ||AU||L‘;,L§(Q) < C”fHL%,LQ(Q): (3.5.3)
A2 wllze, 2@y < ClF s 2oy (3.5.4)
In the case ¢ = oo and p € (2,00) one can chose A\g = 0 with a constant C' = Cy,, > 0.

Remark 3.5.2. The constraint p > 2 for ¢ = oo is due to fact that the proof makes use
of the embedding W'?(G) < L>(G).

Proof of Lemma |3.5.1. We begin with an approximation argument. Observe that

(i) in the case 1 < ¢, p < 0o we have that C22.([0,1]*; C2°(—h,0)) is a dense subspace
of LY 12(5),

(ii) L>(G;C2(—h,0)) is dense in Ly LE(2) since C2°(—h,0) is dense in LP(—h,0).

In either case we may assume without loss of generality that f = 0 on I', U T}, and
f e L>*(Q). Since L®(Q) — LYQ), we now apply the fact that —A, is sectorial of
angle 0 by Lemma [3.4.1as well the estimate (3.4.6|) to obtain solutions to the problems

(3.5.1)) and (3.5.2)), respectively belonging to the spaces
v € WHQ) — Wh=(Q), we W' Q) — L=(Q).

It thus remains to prove the estimates (3.5.3) and (3.5.4)). For this purpose we utilize
the extension operator
E = Eeven,odd o Eper
-z H -

Here EY" denotes the periodic extension operator from G to R? in horizontal direction
and E¢°n°dd denotes the operator extending from (—h,0) to (—2h,h) by applying an
odd reflection at z = —h and an even reflection at z = 0 in the case of (ND) or an odd
reflection in the case of (DD). Further consider a family of cut-off functions y, € C°(R?)
for r € (0,00) given via

Xr (2,9, 2) = @o(2, )0 (2),  or € CO(R?), ¢, € CX(R),

such that the horizontal and vertical parts satisfy

o, =1 on[-1/4,5/42 ¢, =0 on ((—oo,—r —1/4U[5/4+4r 0))*,
Y. =1 on[=bh/4,h/4], . =0 on (—oco,—r —>5h/4U[h/4+ 1, 00),

as well as

lerllos + 1Wrlloo + 7 (VP oo + 10200 llo0) + 72 (1 APl + 107000 ]|0) < M
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3 The Laplace operator in LP and Li-LP-spaces

for a constant M > 0 and all r > 0. We may now extend v from €2 to the whole space
R? by setting
u(z,y, 2) == x(x,y, 2)(Ev)(z,y, z)

where r > 0 will be chosen later on. Since £ commutes with derivatives of v, it follows

that if v is a solution to (3.5.1]), then u is a solution to
Mo—Au=FonR? F:=x.Ef—2Vx,) E(Vv) - (Ax,)Ev.

By f € L>®(R2) and v € Wh*°(Q) we also that F' € L*(R?) and that F has compact
support. By Lemma we may apply the estimate (3.2.3)) to obtain

Al NJullz regsy + (A2 Vull o regsy < Coll Fllps o es)-
H H H

Assume that 0 < 4r < 3min{1,h}. Then Y, is supported on (—1,2)% x (—2h,h) and
X = 1 on 2, yielding the estimate

IXrEfllLe, r2ms) < 27M2”f||L‘}{L§(Q)>
(V%) - B(V0) g peqes) < 2700 [Vl 120
H H
(A% Bl egesy < 230l 20
H H

We now set 7 = n|A\|~'/2 for some 1 > 0 to obtain

| F Nl ze, e sy < 27M? (Hf“L‘}{L’;(Q) + 277_1|>\’1/2HVU”L‘;,L§(Q) S ”UHL‘;ILQ(Q)>
and 1 > 0 so large that
54CoM*n~t < 1/2, 27CoM?*n™2 < 1/2
and \g > 0 so large that 4n\, 2 < 3min{l, h}. Since u is an extension of v this yields
Al ollze o) + |)\\1/2HVUHL§{L§(Q) < 54CGM2HfHLqHL§(Q)7 Al > Ao

and this conclude the proof of estimate (3.5.3). We further have that if 9; € {9, 9,},
then 0;v solves the problem and thus the estimate follows from (3.5.3).
In order to prove for the case 0; = 0., we observe that if w is a solution to the
problem , then the extension u, constructed as above for w instead of v, solves
the problem

M—Au=GonR? G:=x.E0.f)—2(Vx,)  E(Vw) — (Ax,)Ew.
We rewrite the right-hand side terms as
=2(Vx;) - E(Vw) = (Ax,) Bw = =2div(Vx, Ew) + (Ax,) Ew,
and since f =0 on I', UT', we also have

XrE(0.f) = 0.(x»sEf) — (0.xr)SEf
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3.5 Li-LP-estimates for the resolvent on cylindrical domains

where
1, ze€(-2h,0),

5(2) = {—1, z € (0,h),

for the boundary conditions (ND) and s = 1 for the boundary conditions (DD). This
yields
\u— Au=0,G, +divgGy+ G5 on R?,

with right-hand sides
Gi1:=xsEf, Gy:=-=2(Vx,)Ew, G3:=—(0.x,)sEf+ (Ax,)Ew.

As above we have that these terms are bounded with compact support so by Lemma/(3.2.1
we have

|)‘|1/2||u||L§{L§(R3) < Cpy <||G1||L‘1HL§’(R3) + ||G2||L‘;IL€(R3) + |>\|_1/2||G3||L§,L§(R3)> .
We may estimate the right-hand sides in the same way we did previously, yielding

G l|Ls, o ey < 27TM2||fll13, 20
1G2llLe, Lo sy < 54M277_1|>‘|1/2||wHL§§L§(Q)7
1G5l Lo 2 ma) < 27M277_1|)\‘1/2||f||L;IOL§(Q) +2TM?n 2|\ - Jwl| Lo 20
and given our assumptions on 77 and Ay we obtain estimate .
We now show that the results are valid for the entire range of A\ € ¥, if we have

q =00 and p € (2,00). For this purpose we take A € ¥y with 0 < |A| < A\g and consider

the auxiliary parameter \; := ﬁ/\. For the first problem, we utilize the embedding

f e LRLE(Q) — LP(Q)) which together with the fact that —A, is sectorial of angle 0

and estimate (3.4.6)) yields
AL [0l o) + A2V 0l o) + [A0] o) < Copll fllo(e):
Since || = A\¢p we may rewrite the problem into A\jv — Av = f + (A; — A)v and apply
estimate (3.5.3)), yielding
Al Nvllzss e + |>\1|1/2|VU|L;,°L§(Q) + |Av| e r2() < Coyp <||f + (A1 — A)”HLC;;LQ(Q)) :

We further estimate the right-hand side via [A\; — A| < Ag as well as

||U||L§L’;(Q) < Cp”“”w};%ﬁ(m
< Gyllvlwze o)
< Gyl Av| ey
< Cpll fllr(en
< Cp||f||L;;L’;(Q)7
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3 The Laplace operator in L and L9-LP-spaces

where in the second step we also used the Sobolev embedding W?2?(Q) < L>°(Q) for
p € (3/2,00) and in the third step we used the fact that A,: D(A,) — LP(Q) is
invertible and bounded when D(A,) is equipped with the W2P-norm. The fact that
|A| < Ao = |A1] then implies that estimate is valid for the full range A\ € ¥y with
a constant C' = Cp, > 0.

For the second problem we analogously obtain

A2 Nwll oy + IVl o) < Copll fll ooy
via estimate (3.4.6)) together with
MY wll e 2y + 1V L r20y < Co (||f||L§;L§(Q) + AT = A ||w||L§;L§(Q)> :
Here we can estimate |\ |~1/2|A; — A| < Ay/? as well as

Hw||L;§L§(Q) < CprHW}ng(Q)
< Cpllwl[wrr(ey
< CpllVw|| e
< Gyl fllLr(y
< Cp||f||L§;L’;(Q)a

where we used the Sobolev embedding W'?(G) < L*(G) for p € (2,00) in the second
step and the Poincaré inequality

||w||Lp(Q) < Cp||azw||Lp(Q) < OpHVwHLp(Q), w|Fb =0,

in the third step. The claim then follows as above. O
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4 The hydrostatic Stokes operator

We now move on from the theory of Laplace operators and heat equations to our primary
interest. We continue to consider the cylindrical domain

Q=G x(=h,0), G=(0,1)2 h>0.

Recall that the primitive equations, as given in [68-70], assuming temperature and
salinity are constant, are formulated in the form

ov—Av+ (u-Vv+Vyr = f inQx(0,00),
J.m = 0 inQ x (0,00),
divu = 0 inQ x (0,00), (40.1)
v(0) = a in

Recall that Vi f := (9..f,0,f)" denotes the gradient in horizontal variables only,
A=09%+ 85 + 0% is the full Laplace operator, 7: G — R denotes the surface pressure,
v and w respectively denote the horizontal and vertical parts of the full velocity vector
field

u=(v,w): Qx (0,00) = R* x R,

whereas f and a are given external force and initial horizontal velocity, respectively. As

in Section [3.4 compare (3.4.2) through (3.4.4), we decompose the boundary of €2 into
I,:=Gx{0}, T,:=0G x(=h,0), T,:=G x{-=h},
and consider the boundary conditions
v, periodic  on I'; x (0, c0),
v=w=0 onlpx(0,00),
d.v=w=0 only x(0,00),
where

I'pe{d, T, T, ,UlW}, Ty=([T,Uly)\Ip.

Observe that the condition divu = 0 together with the fact that w vanishes on I';, implies
that w is determined by v via the relation

'lU(l’,y, Z) = _/ZdlvHU(xayag) df
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4 The hydrostatic Stokes operator

Since w also vanishes on I, this further yields the condition
div Hﬁ =0

where o
o
Fimy [ JG2)de divaf = 0.+ 0,
—h

respectively denote the vertical average and divergence in horizontal variables only.
The focus of this chapter is on the linearized version of the primitive equations (4.0.1]),
called the hydrostatic Stokes equations, given by

Ov—Av+Vgr=f, divgo=0, v(0)=a (4.0.2)

with boundary conditions for v and 7, compare |[49]. The choice of the name
hydrostatic Stokes equations is due to the assumption of a hydrostatic balance when
deriving the full primitive equations from the Navier-Stokes equations, compare, e.g.,
[68-70].

As with the Stokes equation, one can eliminate the pressure gradient term via the use
of a projection, called the hydrostatic Helmholtz projection, given by the mapping

Pf = f — VH7T
where Vi is given as the weak solution of the problem
Apm =divgf on G,  periodic on 9G, (4.0.3)

compare [49, Proposition 4.2 f.]. As the fact that this problem is given on the two-
dimensional domain G with periodic boundary conditions suggests, the hydrostatic
Helmholtz projection P is closely related to the two-dimensional Helmholtz projection
with periodic boundary conditions, denoted by (), via the relation

1-P)f=(1-Q),

where the operator 1—( is the solution operator f — Vg for the weak problem .
It can be formally understood as —Vy(—Apy) " divy, where Ay = 97 4 02 denotes the
Laplace operator on the two-dimensional torus with periodic boundary conditions, which
is justified by the fact that it is the closure of the latter operator in LP(G)? for p € (1, 00).
By applying this projection to , one obtains the equivalent Cauchy problem

oww—Av=Pf, v(0) =aq, (4.0.4)

where the operator A := PA is called the hydrostatic Stokes operator.

An LP-theory for this operator was established by Hieber and Kashiwabara in [49)
for p € (1,00) by splitting (4.0.2)) into a three-dimensional heat equation and a two-
dimensional Stokes equation. Denoting the range of the hydrostatic Helmholtz projection
by

LE(Q) :=PLP(Q)*, pe (1,00),
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which takes an analogous role as the solenoidal LP-vector fields L? for the Stokes and
Navier-Stokes equations, and the LZ(Q)-realization of the hydrostatic Stokes operator
by

Apv i =PAv, D(A,) = {ve H22(Q)?: divgv = 0,0, = 0 on T',,v = 0 on [},

per

where the periodic function space H2P(Q) is as defined in (2.4.2), one then has the
following.

Proposition 4.0.1. [/9, Proposition 4.2-4.4] Let p € (1,00). Then the following holds.

1. The mapping P defines a continuous projection on LP(Q)* with

I 1 2

g( ) {UE per(ﬁ) d“)HU_O}
") =(1-Q)LM(G )—{VHWZWGH“’(G)}

(1 — ) per
2. The hydrostatic Stokes operator A, generates a strongly continuous, exponentially
stable, bounded analytic semigroup of angle /2 on LZ(2).

Note that in particular, one also has that @ is bounded on LP(G)? with
(1-P)LP(Q)* = (1 — Q)LP(G)*.

The semigroup generated by A, is called the hydrostatic Stokes semigroup and henceforth
simply denoted by
S(r) =€ =™ Rer >0.

This chapter is devoted to extending this result and in large part rests on the following
observation. By solving the problem for v, it is possible to recover the pressure
gradient in the following way. Applying the vertical average and horizontal divergence
to yields the weak problem

- 1 1
Agm =divy (f + E&Zv‘ru — Eﬁzv}rb) ,  periodic on 0G (4.0.5)
and by solving this problem for V7 one obtains the representation
— 1 1
Vur=(1-Q)f — Bv, Buv:= 5(1 ~Q)0.v|, — E<1 — Q)| . (4.0.6)

Plugging this representation back into (4.0.2)) then yields the equivalent problem
v —(A+ B =Pf, divgv=0, v(0)=a (4.0.7)

with boundary conditions for v. The representation A = A + B then allows us
to study the hydrostatic Stokes operator using perturbation methods. We will denote
the LP(Q2)?-realization of A + B by A, to distinguish it from its restriction onto LZ(2),
the hydrostatic Stokes operator A,.
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4 The hydrostatic Stokes operator

This chapter is structured as follows. In Section we will first extend the results
on LP-spaces for p € (1,00) and also give new proofs of previously established results,
excluding the invertibility of A,. Using perturbation arguments we will prove that,
for p € (1,00), the operator A, possesses an R-bounded H>*-calculus and thus bounded
imaginary powers as well as maximal L9-regularity for ¢ € (1, 00). We will also prove that
the hydrostatic Stokes semigroup S has LP-L-smoothing properties for 1 < p < g < oo,
as well as higher-order smoothing properties for the resolvent mapping.

In Sections 4.2{and we will turn to the case p = co. For this purpose, we will make
use of anisotropic LP-spaces which we will define in Section [4.3] Since the representation
A = A+ B with B as in (4.0.6) makes it clear that imposing Neumann boundary
conditions on both I', and I'y leads to the special case A = A, we will consider this case
separately in Section [£.2] and the case where Dirichlet conditions are imposed in[4.3} The
focus of these sections is on smoothing properties of the hydrostatic Stokes semigroup
in the anisotropic L°°-LP-spaces.

Throughout this chapter, we will repeatedly utilize the results of Chapter [3, which
we have established to serve as a foundation for this study of the hydrostatic Stokes
operator and semigroup.
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4.1 LP-theory using perturbation arguments

4.1 LP-theory using perturbation arguments

While the LP-theory for the hydrostatic Stokes operator developed in [49] assumes that
the boundary conditions

d,v=0onT,, wvperiodiconI;, v=0onT} (4.1.1)
are imposed, we will instead consider the more general case

Ay :=PAv, D(A,) :={ve H}2(Q)?:divgv =0,0,v =0onI'y,v=0o0nTp}.
Here I'y and I'p are as described in (3.4.4)), meaning that one either has only Neumann
boundary conditions on both the top and bottom part of the boundary, or only Dirichlet
boundary conditions, or that Neumann boundary conditions are imposed on one of ',
or I', with Dirichlet boundary conditions on the other. In this section there is little need
to distinguish between these cases, with the only relevant factor being whether or not
one Dirichlet conditions are imposed, i.e., whether or not one has I'p # 0 or I'p = 0.
In the former case, the result of [49] that —A, is invertible and sectorial with spectral
angle ¢_4, = 0 continues to hold true. However, in the latter case it holds that P and
A commute, compare (4.0.6)), and thus one has that A,v = Av for all v € D(4,). This
implies that 0 is an eigenvalue of A, and thus —A, is not injective and not sectorial.
This can be alleviated by considering the operator —A, + p, it > 0, instead. The results
of this section were previously published in [38] and [41].

As previously stated, the following is based on the observation that whenever it holds
that divyo = 0, the hydrostatic Stokes operator A = PA can be written as

1 1
Av=Av+ Bv, Bv:= ﬁ(l — Q)azvlrb — E(l — Q)@ZU‘FU.

Since the operator 1 — ) can be understood as VA~ 'divy, the perturbation term B
is of lower order.

4.1.1 Main results and corollaries

The main result of this section is the following.

Theorem 4.1.1. Let p € (1,00) and 1 > 0. Then the operator —A, + i has a bounded
H®-caleulus on Ly(S) with angle ¢4 ., = 0. In the case I'p # 0 this result is true
even for p = 0.

To illustrate the strength of this result, we give a number of corollaries. The first
invokes the notion of R-boundedness. Since LP-spaces with values in a Hilbert space
have the property («), the subspace LZ(2) C LP(Q2)? has it as well, see [62, Remark
4.10]. This yields the following.
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4 The hydrostatic Stokes operator

Corollary 4.1.2. Let p € (1,00) and o > 0. Then the operator —A, + p has an R-
bounded H>-calculus on LE(QY) with angle Jfojpw = 0. In the case T'p # O this result
is true even for p = 0.

Since LZ(R2) is also a UMD space, see [4, Theorem 4.5.2], this allows for a further
corollary, namely that of maximal regularity.

Corollary 4.1.3. Let p,q € (1,00) and p > 0. Then the operator A, — i has mazimal
Li-regularity. In the case T'p # 0 this result is true even for u = 0.

Note that even in the event where I'p = ), A, still has the maximal regularity prop-
erty if one considers this problem on a finite time interval (0,7") with 7" € (0, o) instead
of R,.

The property of LI-maximal regularity allows one to consider the Cauchy problem
oww—Ayw=Ff, v0)=uv (4.1.2)
with f € LY(Ry; L2(Q)) and initial data
Xypa = (L5(2), D(Ap))1-1/4q) P q € (1,00). (4.1.3)

For the purpose of applications, it is natural to investigate an exact characterization of
these spaces. The same method as for Lemma yields the following result, compare
also |6, Section 4] for real interpolation spaces.

Corollary 4.1.4. Let p,q € (1,00) and ¥ € [0,1]\ {1/2p,1/2 4+ 1/2p}. Then, in the
respective cases

())1+1/p<20<2, (i) 1/p<20<1+1/p, (i11)0<29<1/p,

the space (L%(2), D(Ap))s,q is given by

{veB . (*NLLQ) : 0.0 |ry=0,v |r,= 0}, (i)
{veB . (*NLLQ) v |p,=0}, (i)
B2 (2)? N LE(Q). (iii)

Since the existence of a bounded H>°-calculus implies that the operator has bounded
imaginary powers, we are also able to use complex interpolation in order to characterize
domains of fractional powers, see [26, Theorem 2.5], yielding

D((—4,)") = [L(9), D(Ap)]s 9 € [0,1].

These complex interpolation spaces were previously featured in |49, Lemma 4.6 (a)]
where they played the role of admissible initial values for the primitive equations .
While an exact characterization was provided for ¢ = 1/2, for general ¥ € [0, 1] they were
only treated as closed subspaces of H?%?(Q2)2. The same argument as for Lemma m
and Corollary allows us to characterize the general case.
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4.1 LP-theory using perturbation arguments

Corollary 4.1.5. Let p € (1, oo) and 9 € [0,1)\ {1/2p,1/2 +1/2p} as well as T'p # 0.
L

Then the space D((—A,)?) = [LZ(Q), D(A,)]s is given by
{v €Hp0?(Q)* N LQ) : 0:v |ry= 0, |r,= 0}, (i)
{v €M (Q* N LEQ) v |r,= 0}, (i)
H22(0)? A 12(9), (i)

with cases (i)-(iii) as in Corollary|4.1.4. In the case T'p = () the same result holds with
—Ap + o with p > 0 instead of —A,.

The conditions for 9 as well as p and ¢ in the previous two corollaries are closely tied
to mapping properties of the trace operator. Denote the degree of differentiability of
the right-hand side space, i.e., 2 — 2/q in Corollary or 2¢ in Corollary , by s.
In the case where s < 1/p, the mapping v +— v’m fails to be bounded from H*P? into
L? and so boundary conditions cannot be meaningfully defined or expected. However,
in the case s > 1/p the mapping is bounded and so is v — @v!m for s > 1+ 1/p, so
boundary conditions for v its derivatives can be defined and expected. The cases where
s=1/por s =14 1/p remain open questions.

If one considers the case ¥ = 1/2, one can define a hydrostatic analogue to the Riesz
transformation and obtain their LP-boundedness, compare Corollary

Corollary 4.1.6. Let p € (1,00) and I'p # (). Then the operators
8i(—Ap)’1/2]P’, (—Ap)ilﬂ]?&i, 0; € {(936, 8y, 82},

are well-defined and bounded on LP(Q)2. In particular, for all p € (1,00) and 6 € (0,7)
there exzists a constant C' = Cqg, > 0 such that for all X € 3y and f € LP(Q)? as well
as 0;,0; € {0, 0y, 0.} it holds that

IA2118:(A = Ap) TP fllirie) < Cllf o),
A2 = Ap) PO fll o) < Ol f oo
10:(A = Ap)~"PO; 1oy < Cllfl| 2o
We also show that the hydrostatic Stokes semigroup S has LP-L-smoothing properties

and that the resolvent mapping has higher-order smoothing properties. Both of these
results are typical for elliptic second order differential operators.

Theorem 4.1.7. Let 1 < p < q < oo and I'p # (. Then there exists a constant
C =Cqpq > 0 such that

31y

ISOPf|lLay < Ct 232 4| f]l Lo,
311y 1

0 (B llecey < O 2 570) 2 £,
3111
2\pa) 2| fl (o)

1S ()P0 f| o) < Ct-
where 0; € {0y, 0,,0.}, for allt >0 and f € LP(Q)%.
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4 The hydrostatic Stokes operator

Lemma 4.1.8. Let p € (1,00) and s > 0. Then

p(p— Ayt HEP(Q)? N L2(Q) — HESP(Q) N L2(Q), p >0,

per per

is a well-defined family of uniformly bounded linear operators, i.e., (u — A,)~" maps
HP(Q)? N LE(Q) into HZ*P(Q) N LE(Q) for all p > 0 and there exists a constant

per per

C = C,s >0 such that

pll(p = Ap) " fllazesr@) < Cllfllasne

for all f € H3? N LE(Q). If in addition we have T'p # 0, then this also holds for AJ'.

per
In particular, the spectrum of A, does not depend on p € (1,00), consists of countably

many negative eigenvalues of finite multiplicity, and all eigenvectors belong to C°(Q)2.

Remark 4.1.9. Our proof of Theorem utilizes the fact that —A, is sectorial of
angle 0 with 0 € p(A,) for I'p # 0, which was established in [49]. However, we are
also able to derive this property from the intermediate result and the mapping
properties of the resolvent. This allows us to stay self-contained.

4.1.2 Proof of main results

Before we turn to prove our main Theorem [£.1.1 we prove a lemma that establishes
results in the case of our cylindrical domain €2, that are well-known in the case of full
and half space domains.

Lemma 4.1.10.
1. There exists a continuous and linear extension operator
E: [P(Q) — LF(R?)

that also continuously maps H*P(Q) into H*?(R?) for all p € (1,00) and s > 0.
In particular, one has [LP(Q), H*?(Q)]y = H**P(Q), for all ¥ € [0,1].

2. Let T' € {T',,Tv}. Then the trace operator H*"/PP(Q) 5 v — v|. € Bs (G) is
bounded for all p € (1,00) and s > 0.

Proof.
1. Given a function f: Q@ — C, we decompose it into an odd and even part with
respect to the vertical variable at z = —h/2 and then extend these parts by
applying odd and even reflections at z = 0 and z = —h, respectively, yielding a

function on (0,1)? x R. Repeating the same procedure in the horizontal variables
with respect to x,y = 1/2 then yields a function on R3. We then multiply with a
smooth cut-off function ¢ € C°(R?) such that ¢ = 1 on a neighborhood of Q and
define the newly obtained function as F f. The mapping properties of the mapping
f + Ef then follow via [74, Theorem 2.14].
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4.1 LP-theory using perturbation arguments

Since the restriction operator given by
R: [P(R?) — LP(), Rv:= U‘Q
defines a retraction for E, the interpolation result follows via [90, Theorem 1.2.4].

2. The fact that the trace operator is a bounded mapping from H*T'/PP into By,
for s > 0 is established in [89, Theorem 2.7.2] for the case where the underlying
domain is a half space. Given f € H**'/PP(Q)), one can then simply consider the
restrictions of Ef € H*+1/PP(R3) onto R?x (—00,0) and R?x (—h, o0), respectively,
and apply the result on the half space to obtain the desired result. O

We are now able to prove the main result of this section.

Proof of Theorem[{.1.1. We take

Bu = 1(1- Q0] = (1= Qo

h
as in and consider the operators B,: D(B,) — LP(Q2)? given by
Byv:= Bv, D(B,):=H"YP*sr(Q)2 5 (0,1—1/p), (4.1.4)
as well as A,: D(A,) — LP(Q)? defined via
A, =47, + B,, D(A,) :=D(A,), (4.1.5)

where A, is the LP(Q)2-realization of the operator defined in (3.4.5)). We first observe
that B,: D(B,) — LF(2)? is bounded. In detail, one has that the mappings

D(B,) 3 v 0.0 € H'/PTP(Q)?,
HYPHP(Q)? 5 0,0 0 .0, , 0.0, € By (G)?,

are bounded, see Lemma [4.1.10] for the trace term. Since it further holds that
s 2~ IS, 2 2
B, (G)" = W*P(G)” — LP(G)7,

where W#P((G) denotes the Sobolev-Slobodeckij space on G of order s, and the projection
Q is bounded on LP(G)?, the claim follows.

Observe that by through , we have that A, is an extension of A,. It
further holds that, whenever A\ € p(A,), we have that v = (A — A,)"'Pf is the unique
solution to the problem

MW—Av+Vygr=f 0.r=0, divgv=0,

with boundary conditions ([3.4.3). In particular it holds that (A — A,)~! maps LL(Q)
into itself as well as p(A,) C p(4,).
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4 The hydrostatic Stokes operator

Perturbations of operators possessing a bounded H>-calculus have been studied by
many others, compare, e.g., [8,25,126,/53,62,[81]. Here we will utilize the results of [62,
Proposition 13.1] and [53, Proposition 6.10].

Note that we have —A,, € H>(LP(Q2)?) with ¢, = 0 as well as 0 € p(A,) whenever
I'p # 0 by Lemma [3.4.1] For v € D(A,) C D(B,) we also have

Bl o) < Cllvllmarimrsnay < Cll(=2p) 0] o (e,

where s € (0,1 — 1/p) is arbitrary and § € (0, 1) is chosen in such a way that we have
20+s < 1—1/p. Here we used the boundedness of B, in the first step, and Lemma
as well as 0 € p(A,) in the second step.

It now follows from [62, Proposition 13.1] that for an arbitrarily small angle ¢ € (0, 7)
there exists sufficiently large j1 = 15 > 0 such that the translated perturbation —A, + p
satisfies

— A, +p e HZ(LP(Q)?), ¢% 4, < ¢. (4.1.6)
This property is retained under the restriction on the invariant subspace LZ(£2), yielding
_Ap + M € %M(L{;(Q))v ¢30Ap+u S (b (417)

We now show that —A, —¢ is sectorial with spectral angle 0 whenever € > 0 is sufficiently
small. Since it was established in |49} Section 3 and 4] that the operator —A, is invertible
and sectorial with spectral angle ¢_,, = 0 whenever I'p # 0, it follows that o(—A,) is
contained in the interval (§, c0) for some § > 0. Taking € > 0 such that 2¢ < § we thus
have for all ¢ € (0,7) that X, C p(A, + ¢) as well as

AMA—e—A) " =XMA-A4) " (1+eA—e—A)"), AeT,y

by an elementary calculation. Since the family of operators {A\(A — A,)™' : A € 3, 4}
is uniformly bounded on LZ(f2) by the sectoriality of —A,, it remains to show that
{eh—e—A,)"': X € X, 4} is uniformly bounded. Consider arbitrary f € LZ(Q) and
A € ¥,_,. Taking an angle ¢ € (0,7) such that

{A—e: e X, s} CErypy UBy(0) C p(4,),

we distinguish between the two following cases.

(1) If we have |\ —e| < 2e, we use the fact that the resolvent mapping A — (A —A4,)~!

is analytic on p(A,) and thus bounded on Bs.(0), yielding
le(A — & = Ap) " fllzoey < Cllf o,

where C' > 0 is a constant only depending on € > 0 and p € (1, 00).

(i) If we have |\ — | > 2¢, then it holds that

_ € 1
le(A =& = A) " fllire) < CmefHLP(Q) < 5Cullfllr)-
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4.1 LP-theory using perturbation arguments

It follows that —A, — ¢ is sectorial with spectral angle 0 and so by (4.1.7) and [53,
Proposition 6.10] we conclude that

—Ap € HX(LF(Q),  ¢%4, =0.

In the case I'p = () we have that Bv = 0 for all v € D(A,) and thus A, = A,, so
the property (4.1.6) was already obtained in Lemma for arbitrary u > 0 which is
inherited by —A, + p via the same restriction argument. O

The arguments through which corollaries through are obtained are all
straightforward as previously stated. We now turn to derivatives of the resolvent.

Proof of Corollary[4.1.6. By Corollary the operator 81-(—141,)*1/2 is bounded from
L2(Q) into LP(Q)? for 0; € {0,,0,,0.} and thus 0;(—A,)~*/?P is bounded on LP(£2)? for
p € (1,00). Now suppose that 0; € {0,,0,} is a horizontal derivative. Since it commutes
with both the horizontal divergence divy and the vertical average -, the space LZ(Q)
is left invariant under 9;(—A4,)~Y2 for 9; € {0,,d,}. By [49, Remark 4.5], the adjoint
operator of A, is given by A, where 1/p + 1/q = 1 and so it follows that (—A4,)~%/29,
is likewise bounded on LZ(Q) for p € (1,00) for 8; € {9,,0,} and so (—A,)/29,P is
bounded on LP()%. Since §; also commutes with P, we obtain the LP-boundedness of
(—=A,)~Y2Po; for 9; € {0,,0,}.

In the case 9; = 0, we have that 0.(—A)~Y/2 maps LZ(Q) into LP(2)? and thus
(—A,)"Y20, is a bounded mapping from LP(2)? into LL(€)). Since smooth functions
with compact support are dense in LP(£2)?, we may assume without loss of generality
that

@:f‘pu_fhﬂb 207 fELp(Q)27

and thus it follows that PO, f = 0.f and (—A4,)"?*PJ. = (—A,)"/20, is bounded on
L*(©2)%. The resolvent estimates then follow from the fact that the families of operators

{2 (=A4) 2N = AT s d e Xo}, {(=4) (A= 4,) 7" A € B},
are uniformly bounded on LZ(Q) for all # € (0, 7), together with
INV20i(N = Ap) P = 0i(—Ay) PN (= Ap) (A — A,) TP,
A2 = Ay) PO = A2 (= A,) (A = Ay) (= 4y) "1 PPO;,
BN — A,) "B, = B(~A,) (= A)(A - A,) M (—A,)2Pa,
This concludes the proof. O
We now prove the LP-LI-smoothing properties for the hydrostatic Stokes semigroup.

Proof of Theorem[{.1.7. Using the result of Lemma [£.1.10] we may proceed analogously
to the proof of [33, Proposition 3.1] for n = 3. Since S is bounded analytic on LZ(2)
there exists a constant C' = Cq, > 0 such that

ISRl r() + I ASOP o) < Cllfllzr,
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4 The hydrostatic Stokes operator

for all ¢ > 0, and since A, has a bounded inverse we have ||v||g2r) < C||Apv||1r(q) for
all v € D(A,). Lemma [4.1.10| then yields the estimate

ISP fll 20000y < C7 | fllzoey, 9 € [0,1],

Setting « := 3(1/p — 1/q) we have the embedding H*?(Q) < L9(2). Assume now that
a < 2. Then the first inequality follows from

||S(t)Pf||Lq(Q)2 S OHS(t)PfHHmP(m
< Ct|| fll ooy
= Ctig(%ﬁ)HfHLp(Q), t>0.

In the case a > 2 we have p < 2 < ¢ and so the estimate follows via

3 3(1_1

ISP | oy < Ot 2 G0 | S(/2)Pf]| 2y < CE2 G173 63| £l oy,

The remaining inequalities are obtained analogously using Corollary and by
writing

9; = ai<_Ap)71/2(_Ap)1/27 PO; = (_Ap)l/Q(_Ap)il/z]P)ai
as well as S(t)P = PS(¢)P, compare the proof of Corollary above. O

It remains to prove the elliptic regularity of the hydrostatic Stokes operator. For this
purpose we also require the following lemma.

Lemma 4.1.11. Let p € (1,00] and s > 0. Then the two-dimensional Helmholtz pro-

jection with periodic boundary conditions () is bounded on B;p’per(G)Q.

Proof. Recall that the operator 1 — () is given by f +— Vgm where
Agm =divygf, = periodic on 0G.

We identify G with periodic boundary conditions with the two-dimensional torus TZ.
Then 1 — ) agrees with the Fourier multiplier with the discrete symbol

m(k) = k@ kl|k|™2, ke Z*\ {0},

where we used the notation x ® x := (z;2,)1<; ;<2 for z € C2. On the whole-space R?,
the Fourier multiplier with the symbol

m(€) =E®EEIT?, e R?\ {0},
is bounded on B;,p(R2)2 by the theory of Fourier multipliers on Besov spaces, see, e.g., [5,

Theorem 6.2], including the case p = oo for s > 0. These arguments can then be adapted
to the case of the torus, compare, e.g., [47, Proposition 4.5]. O]
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4.1 LP-theory using perturbation arguments

Proof of Lemma[{.1.8. As in the proof of Theorem we have that

S 1 1 S—1— —€&
B, H3P(Q)? 30— (1 - Q)d.0l, — (1 - Q)d:v,. € Hi ' m/r==(Q)?
defines a bounded linear operator for all s > 14 1/p+ ¢ and € > 0. In detail, we have
that the mappings
s, 2 s—1, 2
HYP(Q)" 3 v 0.0 € Hy P(Q)7
Hy MP(Q)? 3 0.0 = 80|, 00, € By oo P(G)?
are bounded, whereas 1 — @ is bounded on Bipme/”?(G)? by Lemma [4.1.11] The
embedding
Bs—l—l/p,p(G)Q SN stlfl/l’*&p(G)Q — Hs—l—l/p—s,p(G)Q

p,p,per p,2,per per
then yields the boundedness. We set v := (u — A,)"'f € D(A,). Then it holds that
(0 —Ap)v = f + B,yv and so by Lemma we have for all 7 > 0 that v € H*"P(Q)
if f+ Byv € H™P(Q). Since v € H22(Q)? we have f + Byv € H%P(2)? where

per per
ro =min{s, 0}, d=1-1/p—¢e, €€ (0,1—1/p).

Iterating this argument yields v € H25™P(Q)* and f + By € HJnP(Q)? for a recursive
sequence (7, )nen given by
Tpt1 := min{s,r, + d}.

Since this sequence either increases by 0 > 0 or terminates at r, = s, we thus obtain
v € H 5P(G) after finitely many steps.

Due to the compactness of the embedding H*P(Q) < LP(), see [89, Section 4.3.2,
Remark 1], we have that D(4,) < LZ(2) is compact as well and thus (A — A,)"! is a
compact mapping for all A € p(A,), see [57, Chapter III, Theorem 6.29]. We further
have p(A,) # 0 by (4.1.7). This implies that o(4,) consists of only a discrete sequence
of eigenvalues of finite multiplicity.

If v € D(A,) is an eigenvector with eigenvalue A, we then have A,v = v € HZE(Q)?
and thus v € H*?(Q)? for all n € N by induction. Sobolev embedding theory then
implies that v € C>(Q)2.

Now observe that divg® = 0 implies that [, Vg7 - v*dp = 0 for all 7 € W2(G).
Since Av = Av+ Bv and the perturbation term is of the form Bv = Vg7 for some such

m € WIP(@G), it follows that

per
/Av-v*du:/Av-v*d,u:—/|Vv|2d,u§0,
Q Q Q

and thus Av = X\v for v # 0 implies that A < 0. If in addition it holds that I'p # 0,
then we further have A # 0. This completes the proof. m

Remark 4.1.12. We deliberately chose to present a proof based on bootstrapping argu-
ments to highlight the close ties between the hydrostatic Stokes operator and the Laplace
operator, as well as the applicability of the theory of elliptic operators. A different proof
of this result can be performed using the concept of Banach scales, see [4, Chapter V.1].
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4 The hydrostatic Stokes operator

4.2 [*°-LP-theory for Neumann boundary conditions

In this section, we will deviate from in several ways. On the one hand, we will
consider the unbounded layer domain . = R? x (—h, 0) without boundary conditions in
the horizontal variables. On the other hand, we will impose pure Neumann boundary
conditions on JL, meaning that here we will consider the hydrostatic Stokes equations

(4.0.2)) in the form
ov—Av+Vgr = f inLx(0,7),

divg = 0 inLx (0,T),
J,v = 0 ondLx(0,7), (4.2.1)
v(0) = a inL.

Finally, we will be moving from LP-spaces for p € (1,00) to spaces with a norm resem-
bling that of L> and L!. For this purpose we will be making use of the anisotropic
LP-spaces defined in Section [2.4.2] The results of this sections have been previously
published in [40, Section 2-5].

Let p € [1,00] and consider the space LLP(L) = L>®(R?; LP(—h,0)) as defined in
Section [2.4.2] as well as its closed subspace

g

OP(L) = {v € L LP(L) : / Ve dr =0 for all p € VV\“(RQ)} . (4.2.2)
RQ

Here Wl’l(]RQ) = {p € L} (R?) : Vyp € L'(R?)} is a homogeneous Sobolev space,
meaning that L27(L) is the space of all v € L3y L2(1L)? such that divgv = 0 in the sense
of distributions.

In this setting, there is again a hydrostatic Helmholtz projection, again denoted by P,

given by the mapping
Pf:= f —Vyn, Apgm=divyf on R?

compare (4.0.3). Observing that the solution operator of the weak problem above is
related to the Riesz transform, we find that

I[Df = f + (R ® R)T, R ® R = (RiRj>1§i,j§27 (423)

where R; = 0;(—Apy)~Y/? for i = 1,2 denotes the two-dimensional Riesz transforms in
the horizontal variables. Note that since the Riesz transforms fail to be bounded on
LP(R?) for p = 1, 00, the projection IP is likewise unbounded.

By applying P to the problem (4.2.1) one again obtains a Cauchy problem for v,
compare . However, since Neumann boundary conditions are imposed on both
the top and bottom part of the boundary in , the new problem is simply given by

ov—Av = Pf inLx(0,7),
divgs = 0 inL x (0,7),
d,v = 0 on JL x (0,7,
v(0) = a inL,

(4.2.4)
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4.2 L*>-LP-theory for Neumann boundary conditions

since we have Av = PAv = Awv, compare (4.0.6). In particular, the heat semigroup
generated by A with Neumann boundary conditions on L leaves the space L>*(L)

invariant and the hydrostatic Stokes semigroup is simply given by the restriction of the
heat semigroup. Given f = 0, the solution to (4.2.4)) is given via

o(t) = (Su(t) @ Sx(t) a = Su(t)Sx(ta, >0,

where Sy denotes the heat semigroup on R? given by the convolution with the two-
dimensional Gaussian kernel G; and Sy is the vertical heat semigroup on (—h,0) from
Lemma |3.3.2 The tensor notation means that the operators are applied successively,
commute, and preserve product structures, i.e., if we have

a(z,y,z) = (ag ® a.)(z,y, 2) = an(z, y)a:(2) (4.2.5)
for functions a;: R? — C?, a.: (—h,0) — C, then
(SH(t) ® SN(t)) a = SH(t)(lH X SN(t)az.

We will not be distinguishing between the heat semigroup on L3 LP(L) and the hydro-
static Stokes semigroup on L>"*(L) and simply denote both via

S(t) = SH(t) & SN(t) = SH(t)SN(t), t Z 0. (426)

Since these semigroups operate in different variables, the tensor product is simply the
composition of these operators, applied first in the vertical variable and then in the
horizontal one, yielding the representation

(SO ).y, 2) = /RQ Gz — ',y =y ) (Sn() )=y, 2) d(z', ¢/) (4.2.7)

for all (z,y,2) € L. Since Sy and Sy are contraction semigroups on L*>°(R?) and
LP(—h,0), respectively, see Lemma , it follows that S is a contraction semigroup
LY L2(L). However, since the two-dimensional heat semigroup fails to be strongly con-
tinuous on L*(R?), S is not strongly continuous on L>F(LL). However, it is strongly
continuous, and even bounded analytic, on the space BUC(R?*; LP(—h,0))?, as well as
its invariant subspace

X2P(L) := BUC(R?*; LP(—h,0))* N LZP(L). p € [1,00). (4.2.8)

g

The results of this sections are similar to Theorem for the case p = q. Here we
will consider more general estimates, namely ones involving fractional derivatives. Due
to the tensor structure of the semigroup, we distinguish between those in horizontal
and vertical direction, using fractional powers of the horizontal Laplace operator —Ag,
compare , as well as Caputo derivatives defined in .

Due to the fact that the hydrostatic Stokes semigroup is merely the restriction of the
heat semigroup and allows for the representation , the proof of the following the-
orem only requires estimates for the heat-semigroups Sy and Sy. Using the shorthand
notation [|*[|ecp := ||*[| e 2wy, We have the following.
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4 The hydrostatic Stokes operator

Theorem 4.2.1. Let p € [1,00| and o € (0,1). Then the following holds.

(a) The hydrostatic Stokes semigroup S is a contraction semigroup on L3 L2(IL)* with
invariant subspaces L (L) and X °P(IL). If p € [1,00), it is strongly continuous
on BUC(R?; LP(—h,0))?.

(b) The operator S(t) maps LY LL(IL)? into L LE(IL)? for all t > 0 and there erists a
constant C' > 0 such that for all f € LSYLL(IL)? and t > 0 it holds that

1S(t) flloop < C (14 CP2) || fllcr

for allt > 0.
(c) There exists a constant C = C,, > 0, such that for all f € L33 L2(L)? and t > 0 it
holds that
IVS®) fllsey < Ot fllocp, (i)
ISV - flloey < CEY2 flloc s (i)
1510 fllowy < CE2 1 fllooips (ii)
|SOPC-2m)2f]., < O fllcs (v
ISPV - flly < CE 2 flloops (v)
as well as
1S 1 flly < O] fllocyy (vi)

whenever (1*f)(0) = 0.
(d) If p € [1,00), then for any f € BUC(R?; L?(—h,0))? it holds that
12 _
T €2 95(0)f ey = 0.
Proof. In the following we use the notation |||, := ||||zr(—n,0) for simplicity. For (a),
the contraction property follows from the fact that Sy is a contraction semigroup on

LP(—h,0) by Lemma and the fact that G; > 0 and ||Gy||p1g2) = 1 for all ¢ > 0,
yielding

|’<S(t)f>(l', Y, ~)HLP(—h,0) = H(SH(t)SN(t)f)(x/7 y/’ ‘)Hp
/]R;Q Gt(x — 3;” Y — ?/)(SN(t)f)(:L'/, y/’ ) d(l‘l, y/)

p

< | Gile =2y =) 1SNy, da',y)

]R2
S/CMw—%y—yWﬂﬂyﬁdewﬁ
R2

< |Gl @2y || £ oo
= || flloosp
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4.2 L*>-LP-theory for Neumann boundary conditions

for all (z,y) € R? and thus ||S(t) f]lecp < [|flleop for all ¢ > 0. Here we also used the
Minkowski inequality in the third step.

The strong continuity for p € [1, 00) follows from the fact that Sy and Sy are strongly
continuous on BUC(R?)? and LP(—h,0), respectively, and thus S is strongly continuous
on the set

{f®g:feBUCR?*? g LP(—h,0)},

the linear hull of which is dense in BUC(R?; L?(—h, 0))?. Here we used the notation from
(4.2.5). The space BUC(R?; LP(—h,0))? is invariant since Sy preserves continuity and
L=P(IL) is invariant since Lemma .(vi) implies that S(t)f = Sy f and Sy commutes
with divy. Thus, X>7P(L) is invariant as well. For (b), we similarly have

S@t)f = Su(t)Sn(t)f = Su(t)I'f,

where I'f = fi)h f(+,2)dz denotes the vertical integral. Since Sy is contractive on
L>(R?) it follows that

IS fllsop < I fllzee@ey < [1fllooa-
We now set g := f — I'f and recall from the proof of (a) that

1(S()g)(@,y, e (—no) < /R Gi(z — 2",y —y) [|(Sn(t)g) (@', v, I, d(@’,y)

< Ct‘“‘”p)/z/ Gz — 2",y —y) lg(", 9/, )l d(=',y)
]R2
< Ct*(lfl/p)/2”g”w71’

where we used the L!-LP-smoothing of Sy from Lemma [3.3.2}(v) in the second step.
The estimate then follows from ||g]loci < O f]lc1- Estimate (i) in (c) follows from
|G¢]l1 =1 for all t > 0 and

I0.56) ). )y = 19a(0.5x (1),
— ‘ /R2 Gt(l’ — x,7y — y/)(azSN(t)f)(fL‘/,y/, ) d(az’, y/>

< [ Gile—a'sy = @.SxONE A ')

p

< Ctm/ Gz — 2",y =) IIf @y )@, y),
R2
< C2) fllosp

where we again used the Minkowski inequality in the third and Lemma [3.3.2](ii) in the
fourth step, as well as

105 @) ) (@, 5, ) lp = 110:5u (1) Sn (8) f (2, y, )l
<CP | Gulr =’y =)@y )l y)

R2
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4 The hydrostatic Stokes operator

for 0; € {0,, 0,} via Lemma and the contraction property for the vertical semigroup.
Estimate (ii) follows from (i) via S(t)0;f = 0;5(t)f, whereas estimates (iii) and (vi)
follow from Lemma [3.3.7 via

IS f) (@, ) lp < /RQ Gz — ',y —y)(Sn ()01 f) (@, ¢/, )l d(2', y)

<O [ Gl = oy = dla' )
< Ot £l oo
In order to obtain estimate (iv) we use to write
SOP(=An)™?f = St)(=An)**f + SH)(R® R)(~An)*2f

and by the contraction property of the vertical semigroup and estimate (1) and (2) from

Lemma we have using S(t) = S (t)Sn(t) = Sn(t)Su(t) that
ISO(=2m)*2 fa,y, My < 1Su @) (=Lm)* 2 f (2,9, )l

H @ —ahy = y)lf (2 y )l d(2' y)
R

<o Hz—ahy =) Iy, dlasy)
R

< Cat™ || flloc.p:

S t—a/Z

p

as well as
IS()(R @ R)(=Am)**F(z, 9]l < 1Su(t)(R @ R)(=Au)**f(z,y)ll,
= n?|Su(t)(R® R)(~An)**f(z,y)]
< WP (H vy f)(2,y).
The estimate then follows from |[H?||y + ||H®|, < C, for all t > 0. Estimate (v) is
obtained analogously via estimates (i) and (3) from Lemma [3.1.3] Finally, for (d), we
take € > 0 and use the fact that C°(—h,0) is dense in LP(—h,0) and that functions

belonging to BUC(R?) can be uniformly approximated by smooth functions. This allows
us to approximate f € BUC(R?; L?(—h,0))? by

o0 o €
g9 € C=R5CE(=h0)% Nf =glloer < 55 1Vglloop <00,
where C' > 0 is as in estimate (i). This yields
£
FRIVS® flloen < 5 + 121V E)gll0-

Since V commutes with the two-dimensional heat semigroup Sy as well as the vertical
semigroup Sy, we have Vg S(t)g = S(t)Vyg and due to 0.Sn(t) = Sp(t)0, for Sp as
in Lemma we further have 0,5(t)g = Sy (t)Sp(t)0.g. This yields

VS (@)l < 1VGlloop:
which implies the desired result. O
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4.3 L*>-LP-theory for Dirichlet boundary conditions

4.3 L°°-LP-theory for Dirichlet boundary conditions

In this section we will again turn to the setting considered in Sections [3.4] and [4.1],
i.e., that of a cylindrical domain Q = G x (—h,0) with G = (0,1)? and h > 0 and
boundary conditions

v, periodic  on I'; x (0, c0),
v=0 onlIpx(0,00),
0.v=0 on 'y x(0,00),

with T'p # (). Here we choose the case considered in [49], i.e.,
O,v=0onTI,, wvperiodiconI;, v=0onTY,. (4.3.1)

Whereas in Section [4.1| we discussed a more general case, the proofs presented in
this section are tailored specifically to this choice of boundary conditions and while the
arguments involved can be adapted to cover the cases I'p = 1", or I'p = T', U, we
chose to omit these details for the sake of brevity. The results of this section have been
previously published in |39, Section 6 and 7].

As a result of imposing homogeneous Dirichlet boundary conditions, it follows from

(4.0.6) that one generally has
Av =PAv = Av+ Bv # Av, divyo = 0.

This has the consequence that the arguments of this sections are closer to those of
Section [4.1] and [49] than to those of Section [£.2]

The primary focus of this section is the investigation of resolvent estimates similar to
the ones stated in Corollary in spaces equipped with the norm of L35 L2(€2) for the
range 3 < p < oo which then translate into semigroup estimates analogous to the ones
stated in Theorem [4.2.1] Recall the operator A, defined in for p € (1,00) as

Apv = Av+ Bv, D(A,):={ve H(Q)": &ﬂ)‘ru = 0,v|rb =0}.

per
In order to deal with L3 LP-type spaces, we make the following observation.

Lemma 4.3.1. Let p € (1,00) and X € p(A,). Then LFLE(Q)? and L L2(Q) N LE(Q)
are invariant under the resolvent mapping (A — A,) L.

Proof. Given f € LELP(Q)* < LP(Q)? and X € p(A,) we have

(A= A) 7 f € D(A,) = HyR(Q)? = HR(G; LP(=h,0))* — LFLE(Q)?, p € (1,00),

per per

where we used the Sobolev embedding H*P(G) < L*°(G) in the second step. Thus
LRILP(Q)? is an invariant subspace of (A — A,)~'. Further recall from the proof of
Theorem that LE(2) is also an invariant subspace of (A — A,)~!. Thus, the claim
follows. [

81



4 The hydrostatic Stokes operator

This allows us to define the L3 LP(Q)* realization of A via
Asopv = Av+ Bv, D(As,) = {v € D(A,) : Av € LFLP(Q)*}. (4.3.2)
Using the notation
LEP(Q) = LELP(Q)° N LE(Q) (4.3.3)
we define the L7 (Q)-realization of A via
Asopv = Av+ Bv, D(Axyp) :i= D(Ax,p) N LE(Q). (4.3.4)
Since p € (3, 00) yields that
D(A,) = H*P(Q) — CH1727(Q),

see, e.g., |28, Chapter 5.6, Theorem 4 and 5|, the operators Ay, and Ay, are not
densely defined. However, we will show that the L%OLQ(Q)Q—Closures of their domains are
given by the spaces Cpe, ([0, 1]%; LP(—h, 0))? and

X2P() =Can[0, 1% L (=1, 0))? 11 L), (4.3.5)

respectively. Observe that, due to the smoothing properties of the resolvent of and
semigroup generated by A,, these are invariant subspaces of these mapping and thus
the same holds true for A, and Ay .

The main result of this section is the following.
Theorem 4.3.2. Let p € (3,00).

(a) The operator A, generates an analytic semigroup S that is strongly continuous
on Cper([0,1]%; LP(—1,0))2. In particular, there exist constants C' > 0, 3 € R such
that

1S(#) fllserr) < CeﬁtHfHL?;L’z’(ﬂ) (i)
holds for all t > 0 and f € L LP(Q)°.
(b) For 0;,0; € {0y, 0,,0.} it further holds that

t1/2|’ais<t)fHL%°L§(Q) < Ce|| flliss 1209 (i)
t2)10;S (P S|l g roiey < Ce™ [ fllise 126 (iii)
t1/2HS(t)PaijL<§L§(Q) < Ce'|| flliss 1209 (iv)
t0:S ()P, fll s r2() < Ce™ | fll ez (v)

for allt >0 and f € LZL2(Q)°.
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4.3 L*>-LP-theory for Dirichlet boundary conditions

(¢) The restriction of S to L=""(Q) is an exponentially stable, bounded analytic semi-
group of angle w/2 generated by A, and strongly continuous on X227 (€2).

(d) For all v € Cp,([0,1]% LP(—h,0))* we have

1) —
Jim £V S0l ) = O-

Remark 4.3.3. The condition 3 < p < oo arises due to a number of factors, compare
Remark [£.3.15] Whereas in the proof of Theorem we estimated the perturbation
term Bv = (1 — Q)@Zv|rb in LP(Q)? by using the fact that the Helmholtz projection @
with periodic boundary conditions defines a bounded mapping on L?(G)? for p € (1, 00),
we make up for the fact that @ fails to be bounded on L*>(G)? by using the Sobolev
embedding

H>P(Q) — CH173/P(Q)

for p > 3 and the fact that @) is bounded on spaces of Holder continuous functions
Co([0,17)* = C%*(T?)* = BS ,(T?)? for @ > 0 by Lemma {4.1.8, The restriction

p < oo arises out of constraints for local L>-LP estimates for (), compare Remark [4.3.13|

We will divide Theorem into several smaller pieces that we individually prove over
the course of this section, see Lemma and its corollaries, as well as Lemma [£.3.9]
14.3.14] and [4.3.20, Rather than proving the semigroup estimates directly, we will estab-
lish a number of resolvent estimates for A, and A ,. These then imply the semigroup
estimates using the Dunford functional calculus, see Proposition [2.5.6,

This section is structured as follows. First, we provide estimates for the terms
(A — Aooﬁp)_l and V(A — Aooﬁp)_l

on L%?L’Z’(Q)2 by again treating the term B as a perturbation of lower order in L%?L?;(Q)2
and utilizing the LY L2(Q)-estimates for the resolvent of the Laplace operator established
in Section 3.5l These results are sufficient to establish the claims of Theorem [£.3.2] that
do not involve the hydrostatic Helmholtz projection P.

In the second step, we turn to the term V(A — Ay ,) 'P and prove an analogous
estimate using the LP-theory for the heat semigroups on the whole space R? and vertical
interval (—h, 0) established in Sections [3.1] and [3.3]

Third and fourth, we respectively consider the terms
0.(A—Awp) P and (N — A,) 'PO..

This is the most technically involved part of this section. Our primary tools are scal-
ing arguments as in the Masuda-Stewart method we previously utilized in the proof
of Lemma [3.5.1, However, the problems considered in these steps are notably more
complicated.
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4 The hydrostatic Stokes operator

4.3.1 First resolvent estimates in L°°-LP-spaces

With the results of Chapter [3 and the LP-theory established in [49] and Section [4.1], we
are already in a position to prove a number of mapping properties for the hydrostatic
Stokes operator on L% LP-type spaces.

Lemma 4.3.4. Let p € (3,00) and 6 € (0, 7). Then there exists i = pp > 0 such that

2g U{0} C p(Ascp — 1)

and a constant C' = Cqyg, > 0 such that for all X € Ly and f € LFLE(Q)? the unique
solution to the problem (A4 p)v — Axpv = f satisfies

AL N0l g 22y + Y2 IVl g 200y + IMoeptllngrzi) < ClLFllig zc0)-
The operator A, admits the same estimates for =0 and all f € LZP(Q).

Proof. Let ¢ = m — 6 and recall that in the proof of Theorem {4.1.1| we established the
auxiliary result that there exists 1 = pg > 0 such that —A, + p admits a bounded
H>-calculus on LP(Q)? for p € (1,00) of angle Zaptn S @ by (4.1.6). In particular, we
have that —A, + p is sectorial of angle ¢_, 4, < O < ¢. In particular, we have
that

vi=A+pu—A) N, ANEX, feLPN)?

exists and satisfies the estimate
Al Nvllze@) + [[(Ap — w)vll ey < Cappll fllze@), (4.3.6)

for some constant Cy, > 0. We may further take > 0 to be sufficiently large to obtain
0 € p(A, —p). Given f € L¥L(Q)* — L”(Q)? we have

v € D(A,) — H*(Q) < L®(Q)? — LFLE(Q)*,

where we used p € (3/2,00) for the Sobolev embedding in the second step, and thus
we also have A,v = (A + p)v — f € LELP(Q)? which means that (A + u — A,)~" maps
LRIP(Q)” into D(Ax,). By D(Aw,) C D(A,) we also have that A + g — A, is
injective whenever A € p(A, — p). This yields

Yo C p(Ap — 1) C p(Ascp — 1)
In order to prove the resolvent estimates, we make use of the equivalence
A+ pv—Aw=f <= Iv—Apw=f+ Byu— pw. (4.3.7)
We may estimate the right-hand side terms in L35 LP(Q2) via

||BU||L§§L§(Q) = hl/pHBU”Lm(G)
< Copl|Bu|coe (o)
< Copll 0]y, loow (o)
< CQ,pHUHclva(ﬁ),
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4.3 L*>-LP-theory for Dirichlet boundary conditions

where in the third step we used the fact that @ is continuous on C%% ([0, 1]?) for « € (0, 1),

per

compare Remark . The condition p € (3, 00) then yields the embedding
H?P(Q) — CH173/P(Q),

and by estimate and the fact that A, — i has a bounded inverse we obtain

[ Bvl| e rz) < Capllvllmze@) < Copll(Ap—1)vllzr@) < Coopllfllr@) < Caopll fllzs iz

as well as
vl L ey < vClvllcra-sm@) < Copll fllLseL2(0)-
Applying Lemma to the second problem in (4.3.7)) then yields the estimate

Al - ||U||L§;L§(Q) + |)\|1/2||VU||L;,°L§(Q) + ||AU||L§;L?;(Q) < Cy||f + Bv— MUHL;,OL%;(Q)
S C@,p

Fllizss e

which together with

||Aoo,pv||L;;>L§(Q) < ||AU||L;;L§(Q) + ||BU||L§;L£(Q) < CG@HfHL?jLﬁ(Q)

yields the desired estimate. The estimate for A, for 1 = 0 is obtained analogously
since we have 0 € p(4,) as well as —A, € H*(LE(Q)) with ¢, = 0. O

From this we now obtain our first result about the hydrostatic Stokes semigroup in
LELP ().
Corollary 4.3.5. Let p € (3,00). Then the following holds.

(i) The operator As., generates an analytic semigroup S on L LP () that is strongly

continuous on Cpe,([0,1]%; LP(—h,0))* and there exist constants C' = Cq,, > 0 and
B € R such that

2V S fllzzrz) < CP Iz (4.3.8)

forallt >0 and f € LLP(Q)°.

(i1) The restriction of S onto L=""(Q) defines an exponentially stable, bounded analytic
semigroup of angle /2 that is strongly continuous on X2>"(2) and generated by
Ao p. In particular, the estimate (4.3.8) even holds for < 0 whenever f €
L=P(Q).

Proof. The resolvent estimates established in Lemma imply that p — A is sec-
torial. Thus A, — p generates a bounded analytic semigroup and A, generates the
semigroup

S(z2) = eteMer=t) 5 e Ny

The semigroup estimate follows via the Dunford calculus. Since A, ), is the restriction
of A, onto LZP(Q) and the latter is an invariant subspace under the resolvent, the
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4 The hydrostatic Stokes operator

restriction of S onto L=""(§2) is generated by A ,. Since —A, is sectorial of angle 0
with 0 € p(A4,) C p(Axyp), the semigroup generated by A, can be extended onto the
sector ¥/, and since p(As ;) is an open subset of C, it follows that its spectral bound

B :=sup{Re(\) : A € 0(Ax,)}

is negative and thus S is exponentially stable on L"().
It remains to show that D(Aw,) and D(Aw,) are dense in Cpe ([0, 1]%; LP(—h, 0))?
and X277(Q), respectively. For this purpose, we note that the space

Che ([07 1]2; Cso(_h7 0))2

per

is contained in D(Aw,) and dense in Cpe([0,1]% LP(—h,0))? since C22.([0,1]*) and

per
C°(—h,0) are dense in C°(—h,0) and LP(—h,0), respectively, compare [58]. Thus the

semigroup generated by A, is strongly continuous on Cle ([0, 1]%; LP(—h,0))?. Since

it leaves LZ(Q) invariant, the restriction of S onto Cye ([0, 1]%; LP(—h,0))* N LE(Q) =
X2P(Q) is also strongly continuous and D(A« ) is dense in X277(Q) as well. O

We also obtain another property that is typical for strongly continuous analytic semi-
groups.

Corollary 4.3.6. Let p € (3,00). Then for allv € Cp,.(]0, 1]%; LP(—h, 0))* we have that

) —
tl_l)%}’_t IVS(t)vll Les ey = 0.

Proof. Let € > 0 and v € Cper([0,1]% LP(—h,0))?. Since D(As ) contains the dense
subspace O, ([0, 1]%; C2°(—h, 0))?, we may take v’ € D(Aq ) such that [[v—v'|| L 120 <

per

e/2C, where C' > 0 is the constant from estimate (4.3.8). We then have
t1/2||vs(t)v||L§;L§(Q) < % + t1/2||vs(t)vl||LgI°L§(Q)
where we may estimate the right-hand side via
IVS@) |l ey < ClUSOV lor@) < ClS OV Ipea,) < Cll(Ap = 1) SOV || e (@)
where in the last step we used that A, — p is invertible. This yields
VS ()0 || g5 20y < CEPS()(Ap — V| rey < 2 |[(A, — )0 | 1oy
and since v € D(Axyp) C D(Ap) we have |[(A, — p)v'||r) < o0 and so the claim

follows. L
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4.3 L*>-LP-theory for Dirichlet boundary conditions

4.3.2 The estimate for V(A — A)~'P

We now turn to the issue of the hydrostatic Stokes projection P. Since it fails to be
bounded with respect to the norm of LL2(2), estimates involving it require us to
adapt our approach in nontrivial ways. We begin with the issue of horizontal derivatives.

While the choice of boundary conditions implies that the hydrostatic Stokes
semigroup is not just the restriction of a heat semigroup, we may nevertheless use the
tensor structure of the heat semigroup on the cylindrical domain Q = G x (—h,0) to
obtain information about the hydrostatic Stokes semigroup. Analogously to the repre-
sentation , we have that the heat semigroup generated by the Laplace operator
equipped with the boundary conditions (4.1.1)) satisfies

e (f & g) = (S (t)f) @ (Snp(t)g), f:G—R* g:(—h,0) =R, (4.3.9)

where (f ® g)(x,y,2) := f(x,y)g(z) is an elementary tensor, Stz is the heat semigroup
corresponding to the horizontal Laplace operator Ay = 0% + 85 on GG with periodic
boundary conditions and Syp is the one-dimensional heat semigroup from Lemma (3.3.2
with mixed Neumann and Dirichlet boundary conditions at z = 0 and z = —h, respec-
tively. For the horizontal semigroup, recall that @) is the Helmholtz projection on G
with periodic boundary conditions and given by QQf = f — Vgm where 7 is the weak
solution to the problem

Aym =divyf on G, w periodic on 0G.

We now provide an estimate for the composition of ) and the heat semigroup on the
two-dimensional torus.

Lemma 4.3.7. Let 0 € (0,7/2). Then there exists a constant Cy > 0 such that for all
T € Xg and p € [1,00] it holds that

72V Sp(r) (1 = Q) f vy < CollFllimicrs f € IO,

Remark 4.3.8. While the two-dimensional Helmholtz projector with periodic boundary
conditions is unbounded on L*(G), the composition VySt2(7)Q, however, defines a
bounded operator for Re T > 0, compare Remark [3.1.4]

Proof of Lemma[[.5.7 Let Qs be the Helmholtz projection on R? E¥" the periodic
extension operator from G onto R? and (e'2#)g.,~o be the heat semigroup on R2. Then
an elementary calculation yields that

Ey(1-Q)f =1-Q)EY"f, f:G—R
as well as
By PV Sa(T)(1 = Q) f = |r|'*Vre™ EF (1 - Q) f
= |72V e (1~ Qo) B} .

Since EYf" is isometric w.r.t. the norm |||« and (1 — Q2) = (R;R;)1<ij<2, the claim
then follows from Lemma B.T.5 for d = 2. O
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4 The hydrostatic Stokes operator

From this, we now obtain an estimate for horizontal derivatives of the hydrostatic
Stokes semigroup composed with the hydrostatic Stokes projection.

Lemma 4.3.9. Let p € (3,00), 6 € (0,7), and 0; € {0,,0,}. Then there ezists a
constant C = Cq g, > 0 such that

A2 10\ — Ao p) Pl L 120y + A2 = Aop) PO fll L 2y < Cllfllzes 120

forall A € Xy and f € L%OLQ(Q)Q. In particular, there exist constants C' = C, > 0 and
B < 0 such that

t1/2||ai5<t)]Pf||L;;L§(Q)+tl/2||S(t)Paif||L;;>L§(Q)§ Ceﬁt”fHL?{oLé’(Q)
for allt >0 and f € LLP(Q)*.
Proof. Tt suffices to show the resolvent estimate since the semigroup estimate follows via
the Dunford integral calculus. Since an elementary calculation shows that 0; € {0,,0,}
commutes with both A and P and therefore also commutes with (A—A)~! and S, yielding

0;S(t)Pf = S(t)P0; f and thus it further suffices to show the first estimate.
For this purpose let f € L¥LP(Q)? < LP(Q)2. Then Pf € L2(Q) implies that

vi= (A= A)'Pf € D(A,) — LZP(Q)

exists and belongs to D(Axp) since Ao v = Av — f € LP(2). In order to obtain the
estimate

|>\|1/2HVHU||L§;LZ(Q) < C9,PHf”L§{°L§(Q)7 (4-3-10)

we observe that the hydrostatic Stokes projection P is given by
- - 1[0
Pf=f-(1-QF T=y [ .2
Proceeding analogously as for (4.3.7) we obtain

M — Ay =Pf <= - Apw=f+Bov—(1-Q)f.

Since we already provided an estimate for (A — A,)7'(f + B,v) as part of the proof of
Lemma and the vertical average satisfies

Ifllze@ < h I fllzs o < Collfllrsrzce)s

it suffices to show an estimate of the form

A2V = 8) ' QF s 2y < Copll Tl
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4.3 L*>-LP-theory for Dirichlet boundary conditions

For this purpose, observe that since (1 — Q)? does not depend on the vertical variable
z, we may take A € ¥/, and use |71, Lemma 2.1.6] to write

VA —A) (1 -Q)f = /OOO e MV et (1 — Q) f dt
_ / T e (VS (t)(1— Q)F) @ (Swp(6)1) dt.

0

compare ({4.3.9). By Lemma [4.3.7 and |3.3.2| we have for ¢ := arg(7) < 7/2 that

IV i Sr2(T)(1 = Q) fll oy < Coul |21 Fll 2= ()
1SN (T)U|Lo(—n0) < Cy.

Now let ¢ := arg(A) and assume |¢| < 7/2 — €. Then we obtain

A2V = 8) " QF |z ey < CIAIM2 ( / el 1/2 dt) 17l
0

N
=L |Fli~
e (S
NG

cos(m/2 —¢)

17|z (c)-

The case A € ¥y for 6 € [r/2,7) is obtained analogously if we replace the operators
Aper and Ayp with e A, and ¥ Axp for o = 6 — /2 € [0,7/2). This completes the
proof. O

4.3.3 The estimate for 0. (A — A)"'P

In this section we establish that the first part of Lemma [4.3.9|is also valid for the case of
the vertical derivative 0,. However, whereas the arguments used in 4.3.1] and [4.3.2] can
be modified to include the case p = oo, here this is no longer possible and we are truly
restricted to 3 < p < o0.

We begin by establishing two auxiliary local estimates subject to scaling in the hori-
zontal component. For this purpose, we employ the notations

(2',2) = (2,9,2), B(xy;r):={2' eR*: |2’ — )| <r} (4.3.11)

for points belonging to R? x R and the two-dimensional ball of radius r > 0 centered
around z, respectively. The first takes the form of an anisotropic interpolation quality.

Lemma 4.3.10. Let p € (2,00) and q € [1,00). Then there exists a constant C' =
Capq > 0 such that for all functions v € HP(B(zf;r); LY(—h,0)) and all v > 0,
zy € R? it holds that

[Vl oo (BapirysLa(—n0)) < Cr=2/v (1ol Lo (BysrysLa =m0y + IV 5Ol Lo By m):L(-R0))) -
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4 The hydrostatic Stokes operator

Remark 4.3.11. It was proven in |71, Lemma 3.1.4] that the claim of this lemma holds
if we replace the vertical space L9(—h,0) with the one-dimensional space C. In the
following proof we derive the vector-valued case from the scalar-valued one.

Proof of Lemma[{.3.10. Consider the auxiliary function
w(@') = [lo(@’, )| Lo-no), 3" € Blagir)
and observe that
lwllzee sy = IVl BEgmiracroy  wll@an = [0llw@ar)L-no:

It further holds that w is weakly differentiable with dw(z’) = 0 for 9, € {0,,0,}
whenever w(z') = 0 and

dw (") = (/0 ]v(x’,z)]qdz) " /0 lv(a’, 2)|97 (O (2, 2) - v(a, 2)) dz

—h —h

otherwise. We estimate the right-hand side via

0 1/¢=1 Lo
10w ()] < (/ |v(x',z)|qdz) / lv(a’, 2)|7 O (2, 2)| dz
~h —h

0 1/q
< (/ |8iv(x',z)|qdz) :
—h

where we used Holder’s inequality for the second integral. This yields

IV aw| ey < NV aV||Lr(B@gm);La(—h0)-

Since the interpolation inequality holds for the scalar-valued function w by [71, Lemma
3.1.4], it holds that

HwHL‘X’(B(m{);T)) < Cr2/r (Hw”LP(B(acE);r)) + rHvaHLP(B(zé;r))) ) (4.3.12)
which implies the desired estimate. O

The next lemma allows us to overcome a problem arising from the fact that the
operator 1 — @ fails to be bounded on L*(G)? by establishing a local L>-LP-estimate.
Here we utilize scaling arguments similar to the Masuda-Stewart argument used in the
proof of Lemma [3.5.1}

Lemma 4.3.12. Let p € (1,00) and x, € G. Then there ezist constants ro > 0 and
C = Cgp > 0 such the weak solution of

Aym =divgf in G, 7 periodic on OG, / 7(z") da’ =0, (4.3.13)
G

satisfies the estimate
IV a7 | oo Baym < Cr*P(1+ [log )| fllze(c)
for all f € L*(G)? and 0 <1 < ry.
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4.3 L*>-LP-theory for Dirichlet boundary conditions

Proof. Note that since f € L®(G)? < LP(G)?, the problem is well-posed. We extend
both 7 and f periodically and consider the problem on the enlarged square-domain
G’ = (—2,3)%. Furthermore, we take 0 < rq < 1/8 to ensure the inclusion

B(xy;4r9) C (=1/2,3/2)* C & (4.3.14)
and consider a cut-off function w € C°(R?) such that

w=1on[-1,2]?, supp(w)C G, and |Viw|iems <C (4.3.15)

for some constant C' > 0 and k € {0,1,2}. Since 7 is the unique solution to (4.3.13)), it
follows that

Ag(wr) = —(Vgw) - f — (Agw)m +divg (2(Vgw)T +wf)  on RZ

Recalling that (2, y') := 5= log(|2’ — ¢/]) is a Green’s function for the operator Ay on
R2, it follows from integration by parts that

wm)a) = = [ W@ [(Tm) S+ (Aw)r] ) df
- [ @) (2 + )0

Given =’ € B(zj;r) C (—1/2,3/2)% for 0 < r < ro by (#.3.14), the fact that w = 1 on
[—1,2]? yields the representation

Vir(e') = = [ (T /) (Vi) - £ + (Ba)e] ()
=2 [ (Va9 0@ (Tl () (1.3.16)
- [ (T )
We now estimate the terms on the right-hand side terms as follows. For the first term
Li(2') = /R2(Vm/\ll)(x’,y’) [(Vaw) - [+ (Agw)w](y') dy
we utilize that the derivative of ¥ admits the estimate

Vo ¥(2,y)| < Cla’ —y/| ™, o'y € R,

together with the fact that derivatives of w are supported on [—2,3]* \ [-1,2]* and
bounded, yielding

VU (2, )] <2C, o' €(-1/2,3/2)*, o €[-2,3*\[-1,2]~
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4 The hydrostatic Stokes operator

Using Young’s inequality we obtain the estimate
11l 2o By < 2C11 o By (L 1) + 7 llLi@))-

For the terms on the right-hand side we further have ||1||LP(B(:;:6;7~)) — Or2/? a5 well as
”fHLl(G) < ”fHLoo(G) and

I7llrey < ClIVarloie < ClIVarlze < Clflleze < Cllifllrew),

where we used the Poincaré inequality for the case [, 7(z')dz’ = 0 and the fact that
the solution mapping f — Vg7 of problem (4.3.13)) is bounded on L?(G)2. Combining
these estimates yields

11 Loy < CTP| flloe(c-

For the term
L(a) =2 / (Vo ¥y 0) () (V)] (o) dyf
RQ

we proceed analogously, noting that second order derivatives of ¥ admit the estimate
VoV, U (o) < Cla’ — |2, 2,y € R? (4.3.17)

yielding
12 (2| zoBagiry < Cr¥Plmllizie) < Cr¥P|| £l =(c)-

The integrals we estimated so far have shown good behavior at » = 0. However, the
remaining term leads to the divergent, and thus problematic, logarithmic term. In order
to estimate the remaining terms, we consider a family of cut-off functions y, € C>°(R?)
for 0 < r < rg, satisfying

xr = 1 on B(x;2r), supp (x») C B(xy;4r), [|Xr|lzem@ey < C, (4.3.18)

for some constant C' > 0 and all 0 < r < ryg. Note that, in particular, we have wy, = x.
by (4.3.15). We now further decompose

— [ I WD) = = [ (T 0 )6

RQ

- /Rz (vv’v’vy’\y)(m/7 y/)[w(l - Xr)f](y/) dy,'

Since the term

B@) = = [ (VT )N i

satisfies I3 = Vgu where u solves Agu = —divy (x,f) on R? the Calderén—Zygmund
inequality and (4.3.18)) yield the estimate

13| o2y < Clixefllzome) < Clixellor sy 1 fllze @y < Cr7P|| fllzc)-
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4.3 L*>-LP-theory for Dirichlet boundary conditions

For the last remaining term

we observe that
supp (w(1 — x;)) = supp (w — x») C supp(w) \ B(xg; 2r) C {r < |2' —¢/| < 4}
by (4.3.15) and (4.3.18)) for 2’ € B(xp;r). Using estimate (4.3.17)), we thus obtain

allze By < 1oy =y dy —xr) Fll ()
[ 14l <]l sup o 4C|$ Y[ dy | [Jw(l —x)Fl
r<la’—y/|<

' €B(x(;r)

< Cr*?(1 + |log 7)) || F|| 1= (c)-

Combining the estimates for [;, 1 < i < 4, with the representation (4.3.16|) yields the
desired estimate. O

Remark 4.3.13. Observe that the Calderén—Zygmund inequality used to establish the
estimate for I3 is only valid in L for p € (1,00). Since the solution operator f — Vym
fails to be bounded on L>*(G)?, the estimate fails for p = oc.

We are now able to prove the following estimate. As with the two previous lemmas,
the proof is reliant on scaling-arguments involving families of cut-off functions.

Lemma 4.3.14. Let p € (3,00) and 6 € (0,7). Then there exists a constant C' =
Copp > 0 such that for all A € Xy and f € L LP(Q)? it holds that

210 (0 = Acep) Pl 1200y < Cllf Il 120
In particular, there exists a constant C' = Cq, > 0 such that for allt > 0 it holds that
2108 ()P fll g 200 < Cllf Il 120

Remark 4.3.15. The requirement 3 < p < oo is due to the fact that Lemma and
4.3.12| were not proven for the cases 1 < p < 3 and p = oo, respectively.

Proof of Lemma [[.3.14 Since f € LEFL2(Q)* < LP(Q)? and ¥y C p(A,), it follows that
vi= (A= Awyp) 'Pf= (A= A,)'Pf € D(A,)

for all A € ¥y. We will now decompose v into a part for which estimates already exists
and a remainder we will treat with Lemma |4.3.10[and [4.3.12, For this purpose, we recall
the equivalence

MW —Av=Pf <= v —-Av+ Vyr = f,
with 7 as in (4.0.5)). Using (4.0.6) and Lemma in L LP(Q)* we further have that

the auxiliary function
vy = (A—A)'(f + Bv)
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4 The hydrostatic Stokes operator

exists and satisfies Av; — Avy + Vym = f where the pressure is determined by
A . 1 1 .
gm = divy E82v|ru — E8Z11|Fb , m periodic on 0G.
By (4.0.5), the function v, := v — vy thus solves the problem

Mg — Avy + Vgme =0, Apmy =divyf, 7 periodic on 9G. (4.3.19)

From Lemma [4.3.9] and [3.5.1] it follows that

A1V vl e < Caonllflligsezcen.

o (4.3.20)
IALEIV ]| Lo o) < Coapllf + Bollpes i) < Coopll fllzss o),

for all A € 3y, 6 € (0, 7). Here we used that the term Bv can be estimated in L L?(Q)?
via

1Bl rr() < Capllvllazee)
by the arguments as in the proof of Lemma for p € (3,00). We further have

[vl[z20(0) < CoppllApvllLe@) < CoppllPfllre@) < Coppll fllr9), (4.3.21)

where we used that 0 € p(A,) in the first, the sectoriality of A, in the second, and the
LP-boundedness of IP in the third step. Combining the estimates in (4.3.20]) then yields

NIV rroa | ez < Copll Il rzo)- (4.3.22)

In order to estimate 0,v9, we proceed as follows. First we apply a periodic extension
to v, me, and f. By denoting their periodic extensions with the same symbols, we
may assume that the equation holds on the larger domains Q' = G’ x (—h,0),
G' = (—2,3)3 with boundary conditions

d,vs=0o0nT’, wvy periodiconT), wvy,=0o0nT}, m periodic on IG,

with I}, := G’ x {0}, I'} :== 0G" x [—h,0], and I'} := G x {—h}. Following the proof of
Lemma [3.5.1], we take 7 > 1 to be a sufficiently large parameter to be decided later on
and take Ay > 0 such that

ro i =nAy "> < min{1/8,h/4}, (4.3.23)

and the condition for Lemma is satisfied. Given A € %y for some 6 € (0,7), we will
first consider the case where |\| > A\ and then extend this result to the full range A € 3y
by a similar argument as in the proof of Lemma |3.5.1l For this purpose we consider
the scaling-parameter r := n|A\|='/2 € (0,79) and utilize two vertical cut-off functions

a=a,, [ =p € C®(—h,0]), such that

a=0on[—h,—h+7], a=1lon[-h+2r0], [[0%|peno <Cr*,

B=1on|[—h,—h+2r], 8=0on[—h+3r,0], [|058]Leno <Cr*, (4.3.24)
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4.3 L*>-LP-theory for Dirichlet boundary conditions

for an absolute constant C' > 0 and all k& € {0,1,2}, 0 < r < rg. Since
[—h,—h+2r]U[—h+ 2r,0] = [-h,0],
we have

||8zv2||L;I°L§(Q) < ||3z(04v2)||L;fL€(Q) + ||aZ(6U2)||L?§L§(Q)- (4.3.25)

This allows us to separate the Neumann boundary condition at I, from the Dirichlet
boundary condition at I'j from one another by individually estimating the upper part
avy and the lower part Svs. Observe that

[ £l Lo () = S}é%”fHLOO(B(z{J,R);L’Z’)? 0 < R <. (4.3.26)
Zo

Given an arbitrary point zf, € G, we further utilize a horizontal cut-off function x =
Xray, € C°(R?) satisfying

x = 1in B(xg; [A\[71/2), suppx C B(ag;7),  [[Vixlle@e) < Cr7F, (4.3.27)

for k = 0,1,2, with an absolute constant C' > 0 not depending on xj, or r. We now
estimate the right-hand sides of (4.3.25) in the following way.
Step 1: We begin by establishing an estimate for 0,(awv,). Consider the cylinder

Clap; NTY2) i= B(af; |A|7?) x (—h,0).

Then we have C(zg; [A|7/?) € @ by ([#3.23) and it follows from Lemma |4.3.10 with
radius r = n|A| 72 > 0 and ¢ = p as well as (1£.3.26)) that

’)\|1/2||az(av2)”L;;L§(Q) < C'Q,yp|/\|1/p Sulé<\)\|l/2”az(0“12)||Lp(e(x6;|x|1/2))
zH€

(4.3.28)
HIVE0:(av2)| Lo eayyn-1/2y) |-

Since we have y = 1 on B(x); |A|71/2) and (#.3.23) yields C(xz};|A\|~"/?) c €, it follows
that

||6Z(av)||LP(@(936;|>\|*1/2)) < ||5Z(XCW2)||LP(Q'),

(4.3.29)
Hvaz(av2)||L1‘(C(zg;|/\|—1/2)) < ||V[X3z(0wz)]||m(ﬂ’)‘

Observe that yawvs satisfies
Axavs) — A(xave) = —xaVymy — 2V (xa) - Vug — (A(xa))vy on
with boundary conditions

9-(xava)|r,ury =0,  xawvy periodic on I
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4 The hydrostatic Stokes operator

We further differentiate with respect to z to obtain
A(Xaz(@UQ)) - A(Xaz(aUQ)) =F + azF2 on Qla
with right-hand sides

Fy o= =x(0:0)(Vame) — (Apx)(9:0)v2 — (A x)a(d:v2),
Fy = —2(Vgx)a - (Vgvy) — 2x(0.a)(0.v2) — x(02a)vy,

and boundary conditions

X0-(aws) =0, x0.(avy) periodic on I.

I/,ury,
Lemma on € for the case (DD) and g = p then yields the estimate

A2 (1x0- (w2 || pogery + 1V [xO:(@va)] | oy < Carg (X2 Fu |l ogery + |1 Falloger)).
(4.3.30)

We further employ the notations

llze, o= ey, -z == l-lzr-n0)-

By (4.3.24)) and (4.3.27) we have that the cut-off functions satisfy the estimates
Il < Cyr®/?, IVaxlz, < Cyr?/r=t, 1AmXIs, < C, /2

as well as
10:all e < Cpr'/PY, [|02a|pr < Cpr'/P72,

Via the anisotropic Holder inequality from Lemma [2.4.9, we now provide estimates for
the right-hand side terms of (4.3.30)), beginning with Fj. Since m, satisfies

Apmy =divyf, m periodic on G, / o =0,

we may estimate Vymy via Lemma [4.3.12] yielding

X (=) (V)| ey < Xl Lo ) 100l 2 [V Em2 |12, |
< Corpr®P (1 [Tog )| £l s 20

By applying the vertical Poincaré inequality

[ fllzoeGrie(—h—ntwy) < plO:fllLssrey, 0<u<h, f = 0, (4.3.31)

we further have

I(Amx)(=)val Loy < |Amxllzy, [[0-allcollvalle(@ricr(—n—nt2r)

< CPTQ/p_2”aZU2||L§I°L’Z’(Q)a
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4.3 L*>-LP-theory for Dirichlet boundary conditions

and the remaining term in F} is estimated via
[(Aux)a(0:02) || e @) < [1AmXI1g, ol Lo (n0)|0z02] g 120
< OZJT2/p_2||8zU2||L;I°L§(Q)7

where we used that 0,v, is periodic as well. For the first term in F5, we note that the
horizontal periodicity of V yvs together with estimate (4.3.22) implies that

I(VEx)a(Vav2) ey < IVaxley, llallzenollVavellzg e
< Coppr® AT fl s 22
The second term is estimated via
Ix(0-0)(D:v2) | ey < ey, NOsrl| Loe(—n,0) 0z 02| 55 £2(02)
< Cpr2/pilHazv2HL%°Lg(Q)a

whereas for the last term we employ the vertical Poincaré inequality (4.3.31)), yielding
the estimate

IxX(2a)valleey < iy, 1020 —noyllvall g ey
< Cpr? P02 | s 120

We now estimate 0,(awvq) as follows. By combining (4.3.28), (4.3.29), (4.3.30), the
estimates for F| and Fj, and plugging in the value r = n|A\|~!/2, we obtain

IAY2(10- ()| g oy < Carop (17772 + 2P 2N T2 4 P 2 log (r)]) 1| £l 23 220
+ Corpp(n*P~' + 772/p_2)|)\|1/2||8zv2||L;§L§(Q)
< Cor "7 (177 Tog 7)1 f 1| s 200
+ Cor g (P + 772/p_2)|)\|1/2||5zv2||L;§L€(Q)-

(4.3.32)

Step 2: We now establish an estimate for 0,(fvy). While the arguments we employ
here are very similar to those used in the previous step, we nevertheless present them
in detail for the sake of completeness. Applying Lemma [4.3.10] as in Step 1 yields the
estimate

A210:(Bva) gz 200y < ColAIM sup (210 (802l oqegeg a2y
zo€G (4333)

+ IV #0.(Bv2) ||LP(€(x/0;|)\\*1/2))) :

Using the same horizontal cut-off function y as before, the same argument used to derive

(4.3.29)) yields
10 (Bv2) | o egapn-172) < IV (xBv2)llzoe),
IV 10 (Bv2)l| o(eqeyn-12) < 1V HO=(xBv2) oy
< IxBv2|| m2e oy
< Car | A(xBv2) | 1ocerys

(4.3.34)
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4 The hydrostatic Stokes operator

where we used the invertibility of the Laplace operator for I'p # (). We further have
that x[v, satisfies

A(xBuz) — A(xBvg) = F3  on (Y,
with right-hand side
Fy = —xB(Vama) = 2(Vax)B - (Vavs) — 2x(0:6)(0:v2) — (Anx)Bva — 2x(925)va,
and boundary conditions
0. (xfBv2)|rr =0, Xﬁvﬂr,b =0, xBuvy periodic on I'}.
We apply Lemma for the case (ND) and ¢ = p, yielding the estimate
A2V (xBoa)[| oy + 1A BV2) o) < Cov gl Fall oogery- (4.3.35)

In order to estimate F3 we first observe that implies the estimates

18]z < Cor'’®, 110:Bllz < Cur ™™, (1828l < Cpr/P ™,
Again applying Lemma then yields

IXB(V am2) ey < Xl @) 181l IV |y,
< Corgr®?(1+ | log )| fll 55 1209

For the second term in Fj, we use estimate (4.3.22)) to obtain

I(Vax)B - (Vava)lley, < IVaxlcs, 18]l nolVavells )
< C'Q',o,pTQ/p_l|)\|_1/2||f||L<;;L§(Q)’

whereas for the third term we have

IX(0:8)(0zv2)l oy < NIxlg, 11061 Loe(~n0) |0=02l L35 220

< CPTQ/piluaZUZHL%OL’;(Q)-
Using the vertical Poincaré inequality (4.3.31]), we estimate the fourth term via

1(Ax)Buall ey < 1 Amxer, Bl -nollvallLe(@ir(-n—n+3m)

< CPT2/p_1||aZU2HL§{°L§(Q)7

and the fifth via

1x(928) vall ooy < lIxlzr, 02 Bl oo (—noy 02l Lo (6o (~h,-ntar)

< Cpr2/p_1||a2”2||L;§L§(Q)-
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4.3 L*>-LP-theory for Dirichlet boundary conditions

By combining these estimates with (4.3.33)), (4.3.34)), and (4.3.35)), and further plugging
in the value 7 = n|\|7*/2, we obtain

20802 s 2y < Cor o (nZ/p—l A1 |log<n|A|-1/2>|>) T,

+ CQ/,e,pﬁQ/pfl |)\\1/2 [0-v2 ’|L§L’2(Q)'
(4.3.36)

Step 3: The estimate for d,v,. By combining (4.3.25) with (4.3.32)) and (4.3.36)), as well

as taking the parameter n > 1 to be sufficiently large, compare the proof of Lemma/3.5.1],
we obtain the estimate

AZ10-va g 20y < Coprg <?72/”_1(1 +r'/?|log(r)|)
PPN (L |10g(M|)|)> 1f[Lgp220)-

Since for any 79, A\g > 0 and p € (1,00) it holds that

sup r'/*[log(r)| = C, < 00,  sup [A|7V*(1 4 [log(|A])]) = Cpa, < o0,
0<r<rg [AI> Ao

we obtain
A2 10:v2 ]l s 2 (@) < Cappmollfllzsrzw, 1A= Xo,

and combining this with estimate (4.3.20) yields

2100/ s 1200) < Cappinolfllzzrz@y, 1A= Ao

In order to prove this estimate for the full range A € >y, we observe that we have
vi=(A—Ax,) 'Pf € D(A,) since Pf € LE(Q2) and therefore

||U||L§;L§(Q) < Cp“UHH?»P(Q) < Cp||f||L§(ﬂ) < Cp||f||L;I°L§(Q);

compare (4.3.21]). Proceeding as in the proof of Lemma |3.5.1| by setting A\; := ﬁ)\ for
A € Xy such that 0 < |\| < A\ and using the equivalence

A — A pv =Pf <= Mo — Ao v = Pf + (A1 — M),
as well as |A1| = Ao and |[A; — A| < Ao, we then obtain
1/2
A2 10:00 5oy < 2 10-0] 3y 2o
< Coap (Il 2200 + 1A = Al - lolligsrzcon )
< Capp(l+ Cp)‘O)HfHLgIOLQ(Q)

for all A € ¥y with 0 < |[A| < Ag. This completes the proof. O
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4 The hydrostatic Stokes operator

4.3.4 The estimate for (A — A)7'Po,

In this section we complete the proof of Theorem by establishing an estimate for
S(t)P0,. For this purpose, we consider the resolvent problem

A — Av=P0,f on , (4.3.37)

with boundary conditions (4.3.1). By Corollary we know that this problem is
well-posed in LP. In order to establish a suitable estimate in L3YLP(2), we utilize a
horizontal cut-off function 6 € C°(R?) supported in G’ = (—2, 3)?. Using the notation
for horizontal variables and open balls from , we set

1 /
0c(2') == ;(5 (%) y e (@) i=0c(0" —ag), >0, 25€G,

and employ the decomposition

jo(a, 2)| = / (o', 2)P — [0(s 2)P)6oy (o) dyf
/ (4.3.38)
+ lu(y/, Z)|p6€,x6 (y") dy'.
G/

Here we identified v with its periodic extension onto G’ x (—h,0). Our approach to
estimating these right-hand side terms is also used to obtain L*-error estimates for the
finite element method, compare, e.g., [83]. The following lemma establishes an estimate
for the first term.

Lemma 4.3.16. Let 6 € (0,7) and A € Xy with |\ > 1, as well as p € (2,00) and
f e LRL2(Q)?. Further let § € C°(R?) be a smooth non-negative function satisfying
supp (6) € B(0;1), / o(z")dx' =1,
R2

and let ¢ > 0 be such that e'=/P = |\|7/2. Then there exists a constant C = Cqy, > 0
such that the function
vi= (A= A) PO, f

satisfies the estimate

’/_i / (ol 2P = oy, 2)) b (o) dy'd

< CINY2 1 fllag ez 01175 o e

for all z{, € G and 2’ € B(x(;¢).

Proof. The condition |A| > 1 yields € € (0,1) and thus B(xj;e) C G’ for all z;, € G.
Since the rescaled cut-off function o, satisfies

/R 2 Ocay (') dy' =1, suppd. . C B(ag;e),

100



4.3 L*>-LP-theory for Dirichlet boundary conditions

it follows from Young’s inequality for convolutions that for all 2’ € B(z(;¢e) we have

0 0
[ e ol = ) s iz < s [ et - ot P a

y'eB(z(ie) J —h

Observe that given a,b > 0, one has the inequality
la? — b < pmax{a, b}’ |a —b| < pla+ b a—b] < p2P2(a? "t + P |a — b,
where we used the fact that p € (2, 00) implies that the function
0,1] 32— (22)P' + (2(1 — z))P!
has its minimum at x = 1/2. This yields the estimate
o', ) = lo(y', 2)P| < Cyllule, )P + ol AP ol 2) — v(y, 2)

for all o',y € B(xy;¢). By applying Holder’s inequality in the vertical variable z we
thus obtain

0
-1 _
/ ot 2 = lety/, 2P d= < Gy (Nt " + o' ") ot ) = o', e
for o',y € B(x{;¢€), where we used the shorthand notation ||-||zz := ||| zr(=h,0). The first
factor on this right-hand side can be estimated via
—1 -1 -1
ol " + o N < 2ol ey @' € Gy € Blalio),

where we used the horizontal periodicity of v. To estimate the second factor we observe
that

[vllm100) < CapllVollree)
= Cﬂ,puv()‘ - Ap)ilpaszL”(Q)
< Coppl fllLr@)
< CQ,G,prHLg;LQ(Q)

(4.3.39)

where we used the vertical Poincaré inequality ||v||rr(0) < Ca,pl|0:v]|zr in the first, the
definition of v in the second, Corollary in the third, and the embedding Lg7 LL(€2) —
LP(2) in the last step. Applying the Sobolev embedding H'?(G) < C=%/P(G), see,
e.g., [28, Chapter 5.6, Theorem 5|, then yields that
[vllc1-2/0 @10 (—n0)) < Copllvllmae),
and so, using (4.3.39) and z’,y’ € B(x);¢) with e'=2/7 = |\|71/2, we obtain
lo(a’, ) = vy, M < |2" = '[P 0l cr-2rn@in(-no)
< Co,lt’ — y,|1_2/p||'U||H17P(Q)
< Copplt’ = 1" f Lo

< Cagpl N2 f g o)

The claim then follows via the combination of these estimates. O
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4 The hydrostatic Stokes operator

In order to estimate the second right-hand side term of (4.3.38]), we observe that

0

/ lu(y', 2)[Pdc 4 () dy' = (v, 56’m6|v|p_21}*>, (4.3.40)
-nJa

where (-, -) denotes the standard inner product of L*(Q') with domain ' = G’ x (—h,0)

for G’ = (—2,3)? and v* denotes the complex conjugate of v. We will establish an

estimate for this right-hand side using a duality argument. For this purpose, we begin

by providing the following anisotropic estimate.

Lemma 4.3.17. Let p,q € (1,00) satisfy 1/p+1/qg =1 and 1 < s < q. Then there
exists a constant C = Cq 45 > 0 such that

1

||5€,m6|v|p_2v*”Ls(Q’) < O||56,:c{)|U|p_2v*||L§{LZ(Q’) < 052/8_2”5 LS(RQ)HUHIz;IoLg(Qf)v

for all 6 € C*(R?) and v € LELP(QV)? as well as e € (0,1), x}, € G.

Proof. The first estimate is due to LY(—h,0) < L°(—h,0) for s < q. For the second
estimate, we observe that |d. . [v[P|7 = 07 %\v|p. Since § does not depend on the vertical
variable z, applying Holder’s inequality in the horizontal variable 2’ € G’ yields

[ 0 s/q
a0 gz = | [ ([ e’ = aplote’ pa:) dm']
r \J=h

1/s

_ / 5.(2' — a)* (/_i (@, 2)P? dz> o dx’]

1/s
S < , 55(.T/ _ xg)s dq;/) HUHi/?;LQ(Q’)

—1
Ls(R2) HU“i?jLé’(Q’)'

1/s

< e 0]

Thus, the claim follows. m

We now provide a dual estimate for an auxiliary problem. The proof is similar to that
of Lemma as they both utilize a pair of vertical cut-off functions. However, we
do not need to introduce a horizontal cut-off function in this instance, which simplifies
the proof.

Lemma 4.3.18. Let p € (2,00) and 1/p+1/q =1 as well as 0 € (0,7). Then there
exists \g > 0 such that for all X\ € Sy with |A\| > X, v € LELP(Y)?, § € C*(R?),
e €(0,1), and x, € G, the problem

Nw—Aw+ VIl = 0.4 0[P~ on €,
0,11 0 on
divgw = 0 on G,
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4.3 L*>-LP-theory for Dirichlet boundary conditions

with boundary conditions
dw=0onT,, w,Il periodic on T}, w =0 onT},

has a unique pair of solutions (w,II) € H>4(QY') x HY(G") with [, I(z")dz’ = 0, and
there exists a constant C = Cqy 455 > 0 such that

A0l pacery < € (L IT272) ol g,

for all s € (1,q], € € (0,1) and X € Xy with |A\| > Xo.

Remark 4.3.19. Since we only seek to establish an L}, Li-estimate for the solution w
and Lemma[1.3.17] states that the right-hand side belongs to L, L%(Y) for all 1 < s < g,
the factor we obtain on the right-hand side can be scaled differently depending on our
choice of the auxiliary parameter s.

Proof of Lemma[{.3.18. Observe that the problem is equivalent to
Nw — Aw = P65,16|v|p_21)*,

compare the discussion concerning ([4.0.7)). Since the right-hand side belongs to L9(€')?
by Lemma [1.3.17, the Li-theory for the hydrostatic Stokes operator on the extended
domain €2 yields that the problem is well-posed. It remains to prove the estimate for
0,w. For this purpose we take an auxiliary parameter 7 > 1 which will be chosen later
and let A\g > 0 be so large that n)\; Y2 < 1 and the requirement of Lemma are
satisfied. Setting r := n|A|7Y/2 for A € ¥y with |A| > )\g, we then consider two vertical
cut-off functions o = ., 8 = B, € C*([—h, 0]) satisfying

a=0on[—h,—h+7], a=1on[-h+2r0], [[0%|Lieno <Cr*,
f=1on|[—h,—h+2r], B=0on[-h+3r0] [0%3|Leno <Cr*,

for an absolute constant C' > 0 and k € {0, 1,2}, compare (4.3.24). Analogously as for
(4.3.25)), the fact that [—h, —h + 2r] U [=h + 2r,0] = [—h, 0] yields the estimate

HaZw”L}{Lg(Q’) < ’laZ(aw)HL}{LZ(Q’) + HaZ(Bw)HL}{LE(Q/)' (4.3.41)

We now estimate the right-hand side terms individually.

Step 1: In order to estimate 0,(aw), we observe that aw satisfies the equation
Noaw — Alow) = abe g [v]P 0" — (VD) — 2(8.a)(0.w) — (07a)w  on €,
with boundary conditions
d.(cw)=0on T UT},, aw periodic on T.
By differentiating with respect to the vertical variable z, we obtain the equation

A0, (aw) — A(D,(aw)) = 0, F) + F5 on
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4 The hydrostatic Stokes operator

with right-hand sides
Fy o= ad. g [P 720" — 2(0,0) (0.w) — (2w,  Fy := —(0.0)(Vgll),
and boundary conditions
J.(cw)=0on T, UT},, 0.(aw) periodic on T7.

It follows from Lemma in L}, L9(QY) for the case (DD) that
|)\|1/2||8Z(0zw)||L},Lg(n') <Co g (HFIHL;ILZ(Q') + \)\]fl/2||p2||L}{Lg(Q/)) , (4.3.42)

for all A € ¥y with |A| > Ag. We now estimate the terms on the right-hand side as
follows. For the first term in Fj, we apply Lemma [£.3.17] for s = 1 to obtain

HO‘5€,1‘6|U|p72v*”L}1L§(Q’) < ’|05|’L°°(—h,0)||5a,x{)‘v|p72“*”L}{LZ(QI)
-1
S CQ,q,(S ||U||IZ/%0L§(Q/)7
whereas the second term is simply estimated via
H(aza)(azw)HL}HLZ(Q’) < CT_IHaZwHL}HLZ(Q’)-
For the third term we apply the vertical Poincaré inequality (4.3.31)), yielding
”(aza)wHL}HLZ(Q’) < CT_Q||w||L1(G’;Lq(—h,—h+2r))

< CT?lHaszL}ILZ(Q’)-

In order to estimate F5, we observe that the horizontal pressure gradient admits the

representation
Vyll = (1 - QG/)557J;6|U‘7’_2U* — Bgrw,

where ()¢ is the Helmholtz projection with periodic boundary conditions associated
with G’ = (—2,3)? as opposed to G, and Bg is the operator defined in (4.0.6) with Q¢
instead of (). This yields

IV I

roany < (1 = Qar)dea [v[P~20* || Lo (ary + || Barw]| s (ary-
0

We estimate the first term via
(1 = Qar)de.a|v[P~20%|

where we used that Q¢ is bounded on L*(G’) in the first and the L*-boundedness of
the vertical average in the second step. For the second term, the same arguments used
to derive (4.3.21)) yield

Oc,a |v[P~2v*|

o) < Carsl|0c ap [0[P20*] [ Ls (o) < Car s Ls()

||BGVU)|

v < Carsllwl pzs@y < Caro,sl|0e [0 20" | Loy,
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4.3 L*>-LP-theory for Dirichlet boundary conditions

so, using the embedding L*(G’) < L'(G’) and Lemma [4.3.17, we obtain

HF2HL}_IL2(Q/) = H((?ZOJ)<VHH>HL}_IL2(Q,)
S C(SHaZaHLq(fh,O)||VHH||L.9(G/)
< Cy Q5 srl/q—l ”(5 \U\p_%*HLs(Q/)

< Coygaor/7 1" 2||U||L<><>L”(ﬂ')

By combining the estimates for F} and F, together with (4.3.42)) and using r = n|\|7%/2,
it follows that

|)\|1/2H8Z(Oéw)HL}{LZ(Q/) < C’TAH(? wHLl LY(SY)
—|—C( + |)\‘ 1/2)1/q4-1.2/s— 2) HU|LOOLP(Q')
= O(L+ Mot ATV222) o
+ Cn 20w s ey

(4.3.43)

for a constant C' = Coy 9456 > 0.

Step 2: In order to provide an estimate for 0, (Sw), we observe that Sw satisfies the
equation

N Bw — A(Bw) = F3 on €,

with right-hand side

Fy 1= 0. o1 0[P "*v" — BV 1l = 2(9: ) (0:w) — (92B)w
and boundary conditions

J.(fw)=0onT,, Pw periodic on T}, pw =0 onT}.
It follows from Lemma in L, L9(Q) for the case (ND) that

A210:(Bw)ll s, oy < CorgllFally, oy, A € Sy [Al > Ao
We estimate F3 via the same arguments used in Step 1, yielding
||F3||L1 iy < Cr™ 110, w||L1 iy +C(1+ rt/1g2/s= 2)||U||LooLp(Q/)7

for a constant C' = Cqy 455 > 0. Since r = n|A\|7¥/2, it thus follows that

IAIM2)|0. (5w)||L1 12 < Corgg,s,6(1 + AN TR e 2)||U||L°°Lp

e (4.3.44)
+ Covp,q56m |A N 0wl 1, s
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4 The hydrostatic Stokes operator

Step 3: The estimate for 0,w. By combining (4.3.41]) with (| and m, and

taking the parameter n > 1 to be sufficiently large we obtam the estlmate

’)\|1/2||8 IUHLI < CQ’@qs§ (1+ [nl/q_'__'_nl/q 1”)\' 1/29.2/s— 2) ||U‘L<>OLP
+n CQ’Gq55|)‘|1/2”8 w”Ll Ll

(D)

77777 ||L°°Lp )

- §|Ay”2néazunLng.

This implies the desired result. O
We are now able to prove the last component of Theorem {4.3.2]

Lemma 4.3.20. Let p € (3,00) and § € (0,7). Then there exists a constant C' =
Coapp > 0 such that for all X € Xy and f € LR L2(Q)? it holds that

A2 = Asep) PO fll Lz 12(2) < Clfllgs 220
In particular, there exists a constant C' = Cqj > 0 such that for all t > 0 it holds that

t1/2||5(t)P3zf||L;;L€(Q) < Ol fllzss e

Proof. Let v := (A — Awp) 'PO.f. Since v is periodic in the horizontal variables, we
have
0
HUHLOOLP(Q) = sup sup / lv(2',2)|Pdz, 0<e<l, (4.3.45)
z,€G x'eB(x(;e) J —h

as well as
0 0
[ waards= [ [ (o ap - P sy
+ <v7 5a,$6‘v|p72v*>

for some fixed ¢ as in Lemma |4.3.16, compare (4.3.38)) and (4.3.40). By Lemma |4.3.16

we directly have

‘/ / (@, 2)I” = oy, 2)I7) ey () dy'dz| <

(4 3.47)

for all 2, € G and 2’ € B(x);¢) with '72/7 = |\|71/2. To estimate the second term, we
write

(U, 0er [0]P20%) = (v, N'w — Aw + VyII)
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4.3 L*>-LP-theory for Dirichlet boundary conditions

where w and IT are as in Lemma [£.3.18 Integration by parts yields
(v, N'w — Aw + VyII) = (A — Av + Vym,w) = (0. f,w) = —(f, 0,w),
where we used in the first step that divgv = divgw = 0 and 0,7 = 9,11 = 0 yield
(v, Vgll) = (Vym,w) =0,
as well as the equivalence
A —Av=P0.f <= W —Av+ Vg =0.f, divgv =0,

for a suitable horizontal pressure gradient Vg7 in the second step, compare (|4.0.5)
through (4.0.7). We also identified f with its periodic extension onto ' = G’ x (—h,0)
for G’ = (—2,3)% In the last step we further used that we may assume without loss of
generality that f = 0 on I, UT, since C°(—h,0) is dense in LP(—h,0) for 1 < p < co.
Using the anisotropic Holder inequality and Lemma we then obtain
(v, 0y [0 720"} | = [(f, D))
< [[fllzse e 10:wl| L1, Ly
< Coyp,g,56 (1+ [A[TH29%/572) |/\|_1/2||f||L§;LP yllv

[
(4.3.48)

for all A € ¥y with [A| > Ao, € € (0,1), and zf, € G. As for the first term, we now chose
e > 0 such that e!=2/7 = |\|7Y/2 for A\ € ¥y with |A\| > \g > 1 and further set

4p
= mi , > 1, € (2,00).
s mln{3p+2 q} p € (2,00)

Then we have

yielding

It follows that 1 + |A\|~1/29¢%/=2 < 2 for |A\| > 1 and so combining estimates ([4.3.45))
through (4.3.48) we obtain

< 09797P,8,5|>‘|_1/2Hf”L?;L” yllv A€ g, |A] > Ao,

[v

[ [,
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4 The hydrostatic Stokes operator
where we used the dependence of " and ¢ on Q and p, respectively. In order to obtain
the full range \ € ¥y, we proceed as in the proof of Lemma by setting

A = —
Y

A, ANE X, 0< A < Ao,

and using the equivalence
M — Av =PO,f <= Mv—Av =P, f + (A — Mv.

Then 0 < |A] < Xg = |A\] yields
~1/2
20l 200y < Aollvlleg ez < Canp (I llzrrz + A0 7210 = Al lollizsrzcon )
We estimate the right-hand side via )\0_1/2|)\1 - < /\(1)/2 as well as

Iz e < Casllvlims.ernon.
< Capllvllar)
< Capl| V| e
= Ca,llVN = A)7'PI. || 1o
< Cappllfllzr
< Coappll fllLserr)s

where we used the embedding H'?(G) < L>(G) for p € (2,00) in the first step, the
vertical Poincaré inequality

]| zr@) < Capll0:0||r) < Capll VU e, U‘Fb =0,

in the third, the definition of v in the fourth, Corollary in the fifth, and the
embedding LY LP(2) — LP(2) in the sixth step. This yields

|)\|1/2||U||L;I°L§(Q) < Cﬂﬁ,pr”L%oLg(Q)

for all A € ¥y, thus completing the proof. O
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5 Well-posedness of the primitive
equations

Recall from the discussion in the beginning of Chapter |4| that the primitive equations
can be equivalently formulated as

Oov—Av+ (v-Vg)v+wd,v+Vgr = f in Q x (0, 00),
0.m 0 in 2 x (0, 00),
divgm = 0 in G x (0, 00),
v(0) = a in €, (5.0.1)
v, periodic  on I'; x (0, 00),
v =0 on I'p x (0, 00),
dv = 0 on I'y x (0, 00),

where the vertical velocity w is determined by v via the relation

’LU(J?, Y, Z) == / diVH’U(ZL’, Y, 6) df? (502)

—h

and U = fi)h v(+, z) dz denotes the vertical average.

Our starting point for the study of the well-posedness of the problem ([5.0.1)) is the
main result of Hieber and Kashiwabara in [49]. Following their terminology, a solution
to the primitive equations (v, ) is called strong, if

v € CH(0,00; LP(R2))2 N C((0, 00); H*P(Q)?,
7 € CA(0,50); H'7(G) 1 L§(G) 509
where L{(G) := {r € L?(G) : [,mdp = 0}. Considering the boundary conditions,

d.,v=0onTI,, wv,wperiodic onI;, v=0onTYy, (5.0.4)
they proved the following.

Theorem 5.0.1. [49, Theorem 6.1] Let f = 0, p € [6/5,00), and a € D((—A,)'/?).
Then there exists a unique, strong global solution (v, ) to the primitive equations (5.0.1])
with boundary conditions (5.0.4]). Moreover, the solution (v, ) decays exponentially, i.e.,
there exist constants C, «, 8 > 0 such that

10w ()| r0y + [0 [ r200) + 70 | mmey < CE %™, ¢ >0, (5.0.5)
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5 Well-posedness of the primitive equations

In this chapter, we apply the theory for the linear problem established in Chapter [4 to
extend this result in a number of ways. The results presented here have been previously
published in [38-40].

In Section 5.1} we utilize the property of maximal L?-LP-regularity for the hydrostatic
Stokes operator in time-weighted spaces, compare Section and [79]. We obtain the
existence of a unique global solution v for initial data

a € (LH(Q), D(Ap))u-1/4q C Bylyper ()7 N LE(Q),

p,q.per

for parameters p, ¢ € (1,00) and p € (0, 1] with 1/p+1/g < p < 1. Recall that these real
interpolation spaces were characterized in Corollary We are even able to consider
a given external force f where

Pf e LI(0,T; LE(S)).

The solution we obtain belongs to the natural solution space for maximal L?-LP-regularity,
i.e., we have that

v e H'(0,T; L5(Q)) N L(0,T5 D(A,)).

However, under the assumption of additional regularity in time and space variables for
Pf we also prove additional regularity for the solution. We even show that v is real
analytic on Q x (0,7) for T > 0 if Pf is real analytic as well, so in particular for the
case f = 0. As in Section [3.4] we consider the general boundary conditions

I'pe{d,T, T ,Uly}, Ty=([T,Ul}y)\Ip.

In Section [5.2] we consider the case I'y = T', UT, and f = 0. Given p € [1, 00, we show
well-posedness for L3 LP-initial data of the form

a:a1+a2,

where a; is continuous in the horizontal variables and as is a small perturbation. In
Section we instead consider the boundary conditions and the range p €
(3,00).

Our approach in these two sections is based on the classical approach for the Navier-
Stokes equations of Fujita and Kato, as well as Kato and Giga. First, we use an iteration
scheme to construct a local mild solution, i.e., a function v satistying

v(t) = S(t)a — /0 S(t—s)P((v(s) - Va)v(s) + w(s)d.v(s)) ds, (5.0.6)

for some T" € (0,00] and all t € (0,7). Here, S denotes the hydrostatic Stokes semigroup
from Theorem or [£.3.2) depending on the choice of boundary conditions. The
semigroup estimates obtained in these theorems are the key element of this procedure.
While in Section [5.2] we construct v directly, in Section [5.3] we instead decompose the
initial data into a = aw + ag, where a,s is smooth and ag is small. Introducing an
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auxiliary reference solution vy to the primitive equations with initial data v,er(0) = ayef,
we then obtain the desired solution v by constructing the difference V := v — v,s. The
smallness condition for the perturbation part as arises since we require the left-hand
side of the inequality

lim sup t2|VS()as|| g2 < Cllas||rgs 12
t—

to be small, compare estimate (i) and (i) in Theorem [4.2.1] and [4.3.2] respectively,
whereas we have that the left-hand side vanishes for the horizontally continuous part a;
instead of ay by point (d) of these theorems.

We then show that the solution regularizes for t > 0. This allows us to consider the
new, more regular initial data v(ty) for arbitrary t; > 0 and obtain a global, strong
solution on (g, 00) using well-posedness in LP-spaces for horizontally periodic data. By
proving the uniqueness of mild solutions, we then obtain that v is strong for ¢ € (0, c0).
The surface pressure 7 can then be reconstructed from v by solving the problem

Apm = —divg((v- Vg)v + wo,v) (5.0.7)

on R? and G = (0, 1)? with periodic boundary conditions, respectively.
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5 Well-posedness of the primitive equations

5.1 The maximal Li-regularity approach

In this section, we consider the primitive equations (5.0.1) in the presence of a given
external force f: Q x (0,7) for some T > 0, i.e.,

ov—Av+ (v-Vy)v+wd,v+Vyr = f in Q x (0,7),
o.m = 0 in Q% (0,7),
divgv = 0 in G x (0,7,
v(0) = a in Q, (5.1.1)
v, T periodic  on I'; x (0, c0),
v =0 on I'p x (0, 00),
d.v = 0 on I'y x (0, 00).

One of the big draws of the maximal-regularity approach is that it allows us to include
such right-hand sides, assuming they belong to a suitable regularity class. The results
of this section have been previously published in [38].

5.1.1 Main results

Recall that in Corollary we explicitly characterized the real interpolation spaces
(LE(Q), D(Ap)).q, as well as the definition of the spaces L?(I; X) and Hj?(I; X) from
(2.7.3). The first main result of this section is that of global well-posedness of the
primitive equations

Theorem 5.1.1. Let T > 0, p,q € (1,00) with 1/p+1/q < 1, and p € [1/p + 1/q,1].
Then for every a € (L2(Q), D(Ap))u—1/qq and f: Q x (0,T) — C? such that

Pf € H,"(0,T; Ly(Q)) N H"(5,T; L))
for sufficiently small 6 € (0,T), there exists a unique solution
v € H,7(0,T; L(Q)) N L0, T5 D(A4,))
to the primitive equations (5.1.1]).

Recall that, in [49], Hieber and Kashiwabara established well-posedness for initial
data belonging to a closed subspace of HoP"(Q)? and observe that the choice of the
critical time-weight p := 1/p + 1/q < 1 yields well-posedness for initial data belonging
to a closed subspace of Bg/qszer<9)2. Taking ¢ > max{2,p}, we then have the chain of
inclusions

HAPP(Q)2 = F2P ()2 < F2P Q)% < BYP(Q)?,

per — Up2per p,g,per pg;per
where we used [89, Section 2.3.2, Proposition 2]. This means that the maximal L%-
regularity approach allows us to improve upon their result for LP-spaces by not only
dealing with the existence of external forces, but we are also able to consider a larger
set of initial data.
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5.1 The maximal Li-regularity approach

The case p = ¢ = 2 with u = 1 is also of particular interest, since it corresponds to
initial data
a € (LX), D(A2)1/22 C Bygper(V)? = Hpe(2)?,

2,2, per per
which is the same regularity class of initial data considered in [19,46]. We are further able
to expand the L?-theory by the following result for the time derivative. Asin [49], we will
use the global existence in the L2-setting to prove the global existence in Theorem [5.1.1]

Lemma 5.1.2. Let T € (0,00). Then for every a € {H,,(Q)*: U‘FD =0} N LE(Q) and
[: Q% (0,T) — C? such that Pf € L*(0,T; L%(2)), there exists a unique solution

v e HY(0,T; L) N L*(0,T; D(Ay))

to the primitive equations (5.1.1)). If in addition it holds that t - O,Pf € L*(0,T; L%(Q)),
then it further holds that
t-0w € HY(0,T; L2(Q)) N L*(0,T; D(Ay)).
Remark 5.1.3. The space
(L9 o

per I

_ =01 L3(Q) = D((=A45)"?) = (L3(2), D(A2))1 /2,9
has been explicitly characterized via form methods in [49, Proposition 4.7].

It turns out that the solution even admits additional regularity under the assumption
that f does so as well. For this purpose, let C denote the set of real analytic functions.
Then we have the following.

Theorem 5.1.4. Let T' > 0, p,q € (1,00) with 1/p+1/q <1, and p € [1/p+1/q,1].
Further let
v € H,9(0,T; L)) N LE(0, T5 D(A,))

be a solution to the primitive equations (5.1.1) with data
@ € (L2, DA 1jaqr Pf € L0, T; IE(Q)).
Then the following holds.
(a) IfPf € H(0,T; LE(Q)) for some k € N, then v satisfies
v € Hyyt M0, T5 LE(2)) N Hygl (0,5 D(A,)) N CH(0,T); (L5(€2), D(Ap))1-1/4,)

as well as .
Poju € Hy(0. T L5(2)) N LL(0, T D(4,))

forall1<j<kandT € (0,7T).
(b) If Pf € C=((0,T); LE(2)) or Pf € C¥((0,T); LE(2)), then v satisfies
v e C=((0,T); D(4,)), v eC((0,T);D(A)),

respectively.
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5 Well-posedness of the primitive equations

(¢c) IfPf € C=((0,T;C

per

()2 or Pf € C¥((0,T);C%,(Q))?, then v satisfies

v e C®((0,T); Coc ()%, v e C(0,T); Cy, ()%,

respectively.

Let us shed some light on the assumption on the regularity of f in Theorem In
order to obtain local well-posedness, we only require the weaker condition

Pf e Li(0,T; L)),

see Lemma [5.1.12, However, in order to extend the solution onto the entire time interval
(0,T), we require the additional regularity of the external force in order to use the results
of Lemma and Theorem to obtain the global existence and regularity of the

solution.

Remark 5.1.5. Hieber and Kashiwabara also proved maximal Holder regularity for local
solutions to the primitive equations, see [49, Remark 5.7, Proposition 5.8]. However,
unlike Theorem [5.1.4] terms of higher order are not considered.

5.1.2 Maximal regularity theory for semilinear evolution equations

Before we are able to prove our main results, we give a brief overview on the maximal
regularity approach to quasilinear evolution equations developed in [82].

Throughout this section, let Xy and X; be complex Banach spaces such that X3
continuously embeds into and is dense in Xj. Given a bounded linear operator A and a
function F' from X into X, we consider the semilinear Cauchy problem

Oy —Av=F(v)+ fon (0,7), u(0)=a, (5.1.2)
for given a and f: (0,7) — X,. For brevity we use the notations
Eo,(0,T) := L0, T; Xo), Eq,(0,T) := H-(0,T; Xo) N L4(0, T; Xy),
as well as
Xy = (X0, X1)p-1/q p€1/q,1], Xy:=[Xo,Xqly, ¥€][0,1].

The following result is a special case of [82, Theorem 1.2] by Priiss and Wilke concerning
the existence of local solutions for the case f = 0. However, the proof can be modified
to include general right-hand sides, compare the proof of Lemma [5.1.13]

Theorem 5.1.6. Assume that for ¢ € (1,00) and p € (1/q, 1] it holds that

(H1) the operator A has mazximal L-reqularity;
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5.1 The maximal Li-regularity approach

(H2) there exists 9 € [0,1] such that 29 — (n — 1/q) < 1 and the mapping F: Xy — Xo
is continuous and satisfies the local Lipschitz-estimate

[ (01) = F(va)llxy < Co ([[onllx, + [vallx,) [or = vallx,
for all vi,vy € Xy;
(S) Xo is a UMD space and it holds that
HY(R; Xo) N LI(R; X1) «— H7"(R; Xy)
for all ¥ € (0,1).

Then for all a € X,,,, and f € Ey,(0,T) there exists a time T" = T"(a, f) € (0,T] such
that the problem (5.1.2)) has a unique solution v € E, ,(0,T7).

The existence of global solutions has been proven by Priiss and Simonett in [80] under
the assumption of of suitable a priori bounds. While they did not consider the issue of
time-weights, the result nevertheless remains valid in this setting and the proof is the
same.

Theorem 5.1.7. [80, Theorem 5.7.1] Under the assumptions of Theorem[5.1.6} let
T :=sup{T" > 0 : the problem (5.1.2)) has a solution v € E, ,(0,7")}.

Then, if there exists i € (u, 1] such that the embedding X,z — X, is compact and
there exists 6 € (0,T) such that v € Cy([0,T*); X, ), then the solution extends onto
(0,7), i.e., there exists a global solution.

Finally, concerning the issue of additional regularity of the solution for sufficiently
regular right-hand sides, the proof of Theorem is based on the implicit function
theorem, compare |7, Chapter VIL.8] for a perspective on the vector-valued case.

This method originated with an argument of Masuda, who in |73 proved the analyt-
icity of solutions to the Navier-Stokes equations in the spatial variables by introducing
additional parameters. A general theory for quasilinear evolution equations was estab-
lished by Angenent, see [9,/10]. Here, we take the approach of Priiss and Simonett, who
included maximal regularity into this method, compare, e.g., [80, Section 9.4]. In order
to include the time-dependent external force f, we make use of the following version
of |21, Theorem 9.1], adapted to the setting of time-weighted spaces.

Theorem 5.1.8. Given q € (1,00), p € (1/¢,1], k € N, let F: X; — X, be continuously
differentiable and
F: El,u((), T) — EO,M(O, T), 97(1}) =Fow

be k-times continuously differentiable. Further suppose that v € E;,(0,T) and f €
H(0,T; Xo) satisfy
Oww~+F(v) = f on (0,7)
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5 Well-posedness of the primitive equations

and that for every T" € (0,T) and g € Ey,(0,T) the problem
Ou+ 0,F(v)u=g, u(0)=0,
has a unique solution u € Ey ,(0,T). Then it holds that
ve HiM0, T Xo) M HP0,T; X)) as well as [t — #20]v(t)] € E1,(0,T)

for all 1 < 5 < k. If it additionally holds that F and f belong to C*> or C¥, then it
respectively holds that v € C*((0,7T); X1) and v € C¥((0,T); X1).

Remark 5.1.9. If we were to restrict ourselves to the case f = 0 then the result
of [78, Theorem 5.1] would be sufficient for our applications. However, in order to cover
the case of non-vanishing external forces we need the weaker assumptions of |21, Theorem
9.1].

5.1.3 Local well-posedness
From now on we use the notations X, := L2(Q), X := D(A,), as well as
X3 1= [L2(Q), D(A)]o, X2 = (L2 DA )1/
and further set
E{2(0,T) = L1(0, T3 LA(Q)), EIL(0,T) = H(0,T; L2(2)) N LL(0, T; D(A,).
We now consider the bilinear mapping
F(Ul, UQ) =P ((Ul . VH)UQ + wlaZU2> s

where w; = w(v;) as in (5.0.2), and further set F(v) = F(v,v). These mappings are
subject to the following estimates.

Lemma 5.1.10. /49, Lemma 5.1] Let p € (1,00). Then the following holds:
1. There exists a constant C' = C (2, p) > 0 such that
1P (0n, 02) vy < Clloallevmmayllezll sy
for all vy, vy € HFYPP(Q)2,

2. Let ¥ = £(1+1/p). Then there exists a constant C = C (2, p) > 0 such that
I @) = Fa)llize < C (lorllxg + sl ) lor = vallxs.

Remark 5.1.11. One can even show that F' defines a continuous mapping
F: HPHPr ()2 5 gst1HPP(Q)2 5 H5P(Q)2, s> 0,

and utilize the resolvent mapping property from Lemma to obtain an alternative
proof of additional regularity for solutions to the primitive equations, see |38, Lemma
6.1 and Remark 6.5] for details.
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5.1 The maximal Li-regularity approach

We are now able to prove local well-posedness of the primitive equations using maximal
regularity.

Lemma 5.1.12. Let T > 0, p,q € (1,00) with 1/p+1/qg <1, and p € [1/p + 1/q, 1].
Then for all
a€ X and PfeE§(0,7T)

there exists T" = T'(a, f) € (0,T] such that the primitive equations (5.1.1) have a unique
solution v € EY? (0,71").

Proof. 1t suffices to verify the conditions of Theorem [5.1.6] Condition (H1) holds for
A, on (0,T) for T € (0,00) by Corollary 4.1.3| whereas (H2) for X} = [L2(2), D(A4,)]s
follows from Lemma [5.1.10] and Corollary. Following [82, Remark 1.1], we observe
that (S) holds, even for general intervals I C R, for X, = L2(Q2) and X; = D(A,) since
closed subspaces or LP(Q2) are UMD spaces and the embedding is valid since A — A, for
A > 0 has a bounded H*-calculus of angle ¢, = 0. ]

5.1.4 Additional regularity

Lemma 5.1.13. Let T > 0, p,q € (1,00) with 1/p+1/q <1, and pn € [1/p + 1/q,1].
Then the following holds.

1. For every T > 0, the mapping
F:E(0,T) — EGr(0,T), Jv:= A+ F(v)
1s infinitely continuously differentiable and analytic with

0 F()u = Ayu+ F(v,u) + F(u,v).

2. For allv € E{7(0,T) and g € Eg},(0,T) the problem
Ou — 0, F(v)u =g, u(0)=0,
has a unique solution u € EY%(0,T) satisfying

||U||]E‘11§j(o,T) < B(v,9).

Proof.

In order to prove the first point, we observe that since F(-,-) is bilinear, we have that
Fo+u)—F(h) =Au+ F(v,u) + F(u,v) + F(u,u)
for all v,u € E{?(0,T). We now show that

| F'(u, U)H]Eg;{;(o,T)

— 0. (5.1.3)

1m
lullsgp 0.1y=0  [lullegr o)

117



5 Well-posedness of the primitive equations

Following [82], we decompose u = @ + u* into the auxiliary functions
u*(t) == S(t)u(0), a(t):=u(t) —u*(t), t>0,

where S denotes the hydrostatic Stokes semigroup on LZ(€), which satisfy the initial
conditions u*(0) = w(0) and @(0) = 0. By [80, Proposition 3.4.2] we then have u*, @ €
ET(0,T) with

||U*||E§’jﬂ(0,T) < Oq,uHu(O)HX%;ﬂ < Oq,M,THUHE‘{:z(O,T)u (5-1-4)
and thus
[@llwg s 0,y < lu (w2 0,r) + l[ullzzz0,r) < Coprllullzs o). (5.1.5)

We further consider the auxiliary parameters
D= (L4 p—1/g)/2€ (0,1), o:=(1+p)/2¢€ (0,1]

Then it holds that ¥ — 140 —1/2¢ = u—1/¢ > 0 and so by [80, Proposition 3.4.3] and
X5 =D((—A,)?) we obtain u* € L2(0,T; X}) with

||U*||L?,‘1(0,T;X§) < Cq,uHU(O)HX;J;ﬁ < Oq7M7T||u||IE'{:z(O,T)7 (5.1.6)
whereas for @ we utilize the embeddings

{u € EP(0,T) : v(0) =0} — {u € H.™"%0,T; X5) : v(0) = 0}
— {u € H)"7122(0,T; XP) : v(0) = 0} (5.1.7)
— L29(0,T; X}),

compare the proof of [82, Theorem 1.2], where the fractional time-weighted spaces are
defined via complex interpolation as

Hy(0,T; X5) == [L5(0,T; X5), H,9(0,T; X5)] , s€(0,1),
compare [80, Chapter 3, Section 4.5] for more details. It follows from ({5.1.5]) that
||ﬁ”L?,‘1(0,T;X§) < Cq,u,T”aHEfjﬁ(o,T) < Cq,u,T|’UHE§’jZ(O,T)- (5~1~8)
Since Holder’s inequality yields

1fv - folloaoy < Ifillpzeom L foll n2e 0.7y

we obtain from Lemma [B.1.10] that

T - q 1/q
P alggon < C ([ [ 1001, 0l @) o

< CHU1HL[2,'Z(O,T;X§)HUQHL?,"(O,T;XS)’
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5.1 The maximal Li-regularity approach

where we used that p > 1/p+ 1/q implies ¥ > 1/2 + 1/2p and thus X} — Xf/2+1/2p'
This yields
HF(u’U)HEg:ﬁ(O,T) < ||F(a’a)||E8:ﬁ(0,T) + || F (@, U*)HJES;‘;(O,T) + || F(u, ﬂ)HEg;Z(O,T)
+ ||F(U*7U*)||Eg;ﬁ(o,T)
< C”ﬂHigq(QT;Xg) + 2C”aHL§q(O,T;X§)HU*HL?,‘?(O,T;XS)
T C”u*Hiﬁq(o,T;Xf;)

< Cq,H,THuHI%:‘{:Z(O,T)‘

where we used that F' is bilinear in the first step, as well as (5.1.6) and (5.1.8)) in the
third step. This yields (5.1.3]) and thus

0,F(v) = Ay, + F(v,-) + F(-,v)

exists, is linear, and, by the same arguments as above, continuous. In particular, we
have that JF is infinitely continuously differentiable as well as polynomial and therefore
analytic.

In order to prove the second point, we now consider the problem
Ou — 0, F(v)u=gon (0,7), u(0) = up, (5.1.10)

ior given v € E{7(0,T), g € E§¥(0,T) and up € X?P. We again introduce an auxiliary
unction

Uy (t) .= S(t)ug + /tS(t —s)g(s)ds, t>0.

Note that we consider general initial data wg # 0 since the solution is constructed
iteratively. By the maximal L?-regularity of A, we have Uj € E?ZZ(O,T) and by the

embedding (5.1.7) and estimate ([5.1.6]), respectively applied to Uj(t)—S(t)ug and S(t)uy,
we further have Uj € L?(0,T; Xy). Now consider the mapping

Tuo: B(uo, Ug, R, T) — EL2(0,T),  Tyou = w,
where w is the unique solution to the problem
Ow — Ayw =g — F(v,u) — F(u,v) on (0,7), w(0) = uy,
on the domain
B(uo, Uy, R, T) := {u € E{7.(0,T) : u(0) = uo, [|u — USHE?Z(O,T) <R}, R>0.

We now show that Ty, leaves B(ug, Uj, R, T') invariant and is contractive for a suitable
choice of parameters R, T > 0. In order to verify the invariance, we observe that the
solution w satisfies
O(w—-U}) — Ay(w = Uj) = —F(v,u) — F(u,v) on (0,7),
(w—Ug)(0) =0,
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5 Well-posedness of the primitive equations

and since A, has maximal L%regularity we obtain for v € B(ug, U, R,T) that

| Tuout — USHE?;ﬁ(o,T) < Cypur <HF<Ua U)HEg;fj(o,T) + HF(U?U)HEg;z(o,T)) )
< Copnr vl 20y (10 = Ul izeorcy + 106 |z )
< Cq7p,u,T||U||L§q(o,T;Xﬂ) (”“ - UJH]E‘{:ﬁ(O,T) + ||U0*||qu(0,T;X19)>

< Copnarllollzoricy (B+ 10820y )

where we used the maximal regularity property on (0,7) in the first, the estimate for F'

from (5.1.9) in the second, and the embeddings (5.1.7)) in the third step.
In order to verify the contractivity, we observe that for uy,us € B(ug, U, R,T) we

further have that w; := T, u;, @ € {1,2}, satisfy

O(wy —wq) — Ap(wy —we) = —F(v,u; —ug) — F(uy — ug,v) on (0,7),
(ur — up)(0) = 0,

and so we analogously obtain

[Tuottr = Tugtizll g0y < Copur <||F("U>U1 — u2)|lggrom) + [ F/(ur — ug, U)HEg;g(o,T)>

< CQ7P7M7THUHL?,‘Z(O,T;Xﬁ)Hul — Uy L29(0,T:X)
< CQ;PHU,T”UHL?,Q(O,T;Xﬂ)Hul - U2HE§:Z(0,T)~
We now utilize the fact that the solution mappings

E§H(0, T') x XA > (f,uo) — u € ELP(0, )

for the problem
Ou — Ayu= fon (0,77), u(0) = uy,

are uniformly bounded for 7" € (0, T, whereas the embedding constants of (5.1.7) are
independent of 7' > 0, whereas for (5.1.4)) they are not, compare [82]. This yields

| Tupre — US“EE;ﬁ(O,T’) < Cq,p,uﬂT||UHL?,‘1(0,T';X19) <R + ||U5<||L§‘1(0,T';Xﬂ)) )
[ Tuoua — Tuou2“E§;Z(0,T’) < Oq,p#,T||U||L§‘1(o,T/;X19)||U1 - U2||E§12(0,T')

for all 7" € (0, T]. Since the dominated convergence theorem implies that

tl_i%}’_HfHqu(to,to—&-t;Xg) =0
for all t, € [0,T) and f € L29(0,T; Xy), we obtain a finite sequence

O0=Ty<Ti<Ilhy<..<Iy=T
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5.1 The maximal Li-regularity approach

such that .

C‘LP,M,THU|’L§Q(TH,Tn+1;Xﬁ) < 1
for 0 < n < N —1 and further take Ry > [[Ug|l 2007, x,)- This implies that Ty, is
a strict contraction on B(ug, UJ, Ry,T1) and leaves the set invariant. By the Banach
fixed-point theorem we obtain that T,, has a unique fixed-point u € B(ug, U, Ry, T1).
In particular, the problem (/5.1.10) has a unique solution on (0,7}), since any solution
U € ET?(0,T) satisfies
O(u—-U)—-Ay(u—U)=—-F(v,u—U— F(u—a,v) on (0,7),
(u=1)(0) =0,

and so by the same argument as above we have

1
lu=Ullgzrom) < Copurllvllzzeomxlv = Ullezeom) < ZHU — Ullggz0,1)
yielding v = U on (0,77). Since it holds that
H‘LlL’q(t(], t1; Lg(Q)) N LZ(to, t1; D(Ap)) — C([to, tl], Xz’ﬁ), ty < t1,
the linearity of the problem allows us to iterate this argument for the new initial data
u(Ty) € X7 by taking a new radius
Ry > ||U;’:||qu(0,Tn+1—Tn;X19)7

where U} is given by

Ur(t) := St)u(T,) + /Ot S(t—s)g(T, +1t)ds.

Piecing together the solutions on [1},,T},4+1] for 0 < n < N — 1 then yields a solution
u € EP7(0,7). O

We are now in the position to prove our main result concerning the additional regu-
larity of solutions to the primitive equations.

Proof of Theorem[5.1.] Point (a) and (b) follow from Theorem [5.1.8| via Lemmal5.1.13]
In order to obtain the additional regularity in the spatial variables (z,y, z) € 2, we make
use of the fact that the periodic boundary conditions effectively smoothen 0f2, allowing us
to proceed as in the setting of a layer domain and treat the horizontal spatial variables
(z,y) € [0,1]* together with the time variable ¢ € (0,7'). For this purpose we take
parameters A € (0,00) and n € R?® and introduce the coordinate transformation

Dy, (0,00) X R? — (0,00) x R, @y, (¢, ) := (M, T + tn),

where we denoted the spatial variables by ¥ = (x,y,2). Since the functions we are
considering are periodic in the horizontal variables, we identify Qe = Q U I with
St x S x (—=h,0), where S* = R/Z denotes the one-dimensional torus. Taking

ne = Nz, ny,0) € St x St xR,

it then holds that @) ,, is an isomorphism of (0, 00) X Qe
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5 Well-posedness of the primitive equations

Now let e € (0,1). For u € E{}(0,T), we define uy ,,, := uo®, ,, as well as the mapping

H:(1—¢,1+4¢)x (—¢e,e)* x E{2(0,T) — EIL(0,T/(1 +¢)) x X2P

Nz 0,p Yo

via
H(\ ng,u) = (atu,\ﬂm —AF (W) +Pf)y,, — - Vi, v(0) — a) )

where F is as in Lemma [5.1.13] Since the chain rule yields that

8tu,\7,7H = (/\Gtu —+ Ne - VU) e} (I))\ﬂ?H7 8iu,\,,7H = (&v) o) (I))\,nH, 81 S {ar, 8y, 82},

~~

we obtain that A,uy ., = (Apu)ay,, and F(u)y,, = F(uy,ny) and thus v is a solution to
the primitive equations ({5.1.1)) if and only if H(1,0,v) = (0,0). Using similar arguments
as in the proof of Lemma [5.1.13] since H is a second-order polynomial in v, we obtain
that the operator 9,H (1,0, v), given by

~—

O, H (1,0, v)u = (Oyu — 0,F (v)u, u(0)),

is an isomorphism between E{” (0,T') and Eg7(0,T) x X9P. Following [78, Section 5] we
then obtain that the mapping (A, ny) — v(At,Z + tny) is analytic on a neighborhood
of (1,0) by the implicit function theorem and thus v is analytic in ¢ and (z,y). The
regularity for the pressure can then be obtained using . Since w = w(v) vanishes

on I', UT, it holds that

wo,v = (—0,w)v = (divygv)v

and thus the pressure is given via

Apm = —divg((v- Vg)v + (divgv)v), 7 periodic on 0G.

The analyticity in (¢,z,y) € (0,T) x G for v then yields analyticity for the pressure. In
order to obtain analyticity for v in the vertical variable z € (—h,0) we need to distinguish
between the cases I'p =0 and I'p # 0. If 'y = T', UT}, we may apply even extensions
at both I, and I', to obtain a function that is periodic in all spatial variables. Since the
surface pressure m does not depend on z and both w and 0,v vanish at the boundary,
applying this extension operator retains the structure of the primitive equations and
thus an analogous argument yields the analyticity in z. The case I'p # 0 is treated via a
localization procedure as in [80}, Section 9.4]. For this purpose, one rewrites the problem
as

ov—Av+ (v-Vyg)v+wd,v=f—Vgr

and since the right-hand side f — Vg7 is analytic and the term (v - Vg)v + wd,v is
bilinear, one may proceed analogously. [

We now establish a lemma concerning additional regularity for time derivative of
solutions, which we will use to prove Lemma [5.1.2]
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5.1 The maximal Li-regularity approach

Lemma 5.1.14. Under the assumptions of Lemma if it further holds that
t-oPf € EFY(0,T),
then the solution v also satisfies t - O € ET%(0,T) and it holds that

||t ' 8t,U||IE‘17:Z(O,T) < B(qvpa Hs T: v, f)

Proof. We take auxiliary parameters 7" € (0,7) and 0 < € < T;;F and consider the
map

G: (—e,e) x E?iﬂ(O,T’) — ES:Z(O,T’) x X,
defined via

G()‘7 u) = (atu - (1 + >‘>?(u) - (1 + A)(]P)f)M U(O) - a) )
where ¥ is as in Lemma and g, (t,-) = g((1 + A)t,-). Observe that we then have
(0.G) (N, u)w = (Opw — (1 + XN)0,F(u)w, w(0)),

Proceeding as in |21, Section 9.2|, the implicit function theorem yields the existence of
a function

g: (=€) = ETP(0,7") such that  G(X,g(\) =(0,0), e (=€,¢)

for some 0 < ¢’ < e. By the uniqueness of solutions to the primitive equations in
E7(0,7") from Lemma [5.1.12] we then obtain that g(A) = vy on (0,7") for all A €
(—¢’,€"). Taking the implicit derivative with respect to the parameter A, we obtain that

0Agx(0) =t - dw = —(9,G)(0,v) ™ (G)(0, v)
= —[w s (w — 0,F(V)w, w(0)] " (=F(v) = Pf —t-OPf,0),

where we used that

AL+ N(Pf)r|,_,=Pf +1t-OPf

by the product and chain rule. This means that the function u := ¢ - 0,v is the unique
solution to the problem

Ou— 0,F(v)u= A+ Fv)+Pf+t-0,Pf on (0,77), u(0)=0,

and since the right-hand side belongs to E§” (0,7") we obtain that ¢ - 0,v € E{7(0,7")
by Lemma [5.1.13] By further estimating

|Apv + F(v) + Pf +1- 3tPf||Eg;5(o,T) < Copur (HUHE‘{;’;(O,T) + ||U||]?E§;Z(0,T)

S llwg o) + 112 @:Pf”ﬂzg;g(om),
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5 Well-posedness of the primitive equations

where we treated F'(v) as in the proof of Lemma [5.1.13] we obtain

[t atUHIE‘f:Z(O,T’) < Capuw (HUHE‘{;Z(O,T) + |’UHL2E§1§(0,T) + Hf”IEgjf;(O,T) + It 5tPfHE8;Z(0,T)>
= Blq,p. i, T, v, f).

Here we used that the family of constants {C,, .. > 0 : 1" € (0,7)} is uniformly
bounded. This implies that the left-hand side is uniformly bounded for 7" € (0,T) and
so by the dominated convergence theorem the bound is also valid for 7/ = T and we
have t - 9,v € EJ7(0,T). O

5.1.5 Global existence

A priori estimates for solutions are a key tool in establishing global well-posedness,
compare Theorem [5.1.7, For the case I'p = I', and f = 0, Hieber and Kashiwabara
established in [49] an L>-H?-estimate of the form

|v(t)|| 2y < B(L, [lallg2@)), t>0.

Analogous estimates for the more general case I'p # () are obtained via similar argu-
ments. They can also be adapted to cover the general case f # 0, see [31|48] for details.
For the maximal-regularity approach, however, we only require a priori estimates of the
H'-L? and L*-H? types. In the case I'p = (), the proof of such estimates is very similar
to the ones given in [48,49|, so we chose to omit it here and simply refer to |38, Theorem
6.9] for details. In either case, one obtains the following.

Theorem 5.1.15. There erists a function B: [0,00)% — (0, 00) increasing in each vari-
able such that for all'T > 0 and

v € HY(0,T; L)) N L*(0,T; D(As)),
satisfying the primitive equations (5.1.1)) for data
a € {H;er(Q)2 : v|

b = 0NIAQ), Pfe L20,T; LA9)),

it holds that
“UHHl(O,T;L%(Q)) + ||U||L2(0,T;D(A2)) < B(||a||H1(Q), ||Pf||L2(o,T);L§(Q)>T)-

We now turn to the issue of global well-posedness. As in [49], we first consider the
case p = ¢ = 2. We then utilize this result to obtain the general case.

Proof of Lemmal[5.1.3 Tt suffices to show that the solution is global since the additional
regularity for ¢ - ;v was already proven in Lemma [5.1.14, We thus set

T* :=sup{T" € (0,T] : there exists a solution v € ]E%f(o, )}

124



5.1 The maximal Li-regularity approach

and by Lemma [5.1.12] it holds that 7 > 0. First, we show the existence of a unique
solution v € Eff(o, T*). For this purpose, assume that vy, ve € ]E%:?(O, T") are solutions
to the primitive equations (5.1.1)) for some 7" € (0, 7*] and set

t* = sup{t > 0 : [[vi(s) — va(s)]| y22 for all s € [0,¢].}
v.1

By the uniqueness of solutions for initial data a from Lemma [5.1.12] we have t* > 0.
Now assume that t* < 7. Due to the embedding

Er1(0,T) = C([0,T1; X71), T € (0,00), (5.1.11)

we then have a* := vy (t*) = vo(t*) and so applying the uniqueness of solutions for the
new initial data a* yields that v; = vy on [0,¢* 4 ¢'] for some t' € (1" — t*) and this
contradicts the definition of t*. It follows that ¢* = 7" and thus solutions are unique in
]Efﬁ(O, T") for all 7" € (0,7*). In particular, we obtain the existence of a unique solution
von (0,7%).

We now show that 7* = T'. For this purpose we take 7" € (0,7™) and apply Theo-
rem [5.1.15/ to obtain that v € Efﬁ((), T") satisfies the estimate
HUH]E?Q((),T/) < B(llallm (o), H]PfH]Eaf(o,T)aT*)'

,1

and thus we have v € Eff(O,T*) by the dominated convergence theorem. By the

embedding (5.1.11)) we may further take v(7*) € Xif as new initial data and so by
Lemma [5.1.12] we may extend the solution onto (0,7* + ) for some ¢ € (0,7 — T*).
Since this contradicts the definition of 7* we obtain that 7* = T and thus the L?-solution
is global. O

We are now able to prove the main result of this section by combining the local L%-LP-
theory with the global L2-theory, yielding a suitable a priori bound via the additional
L4-LP and L*-regularity for Pf.

Proof of Theorem [5.1.1 In order to prove that the local solution v from Lemma [5.1.12
is global we show that the assumptions of Theorem [5.1.7] are satisfied. For this purpose,
we apply Theorem and the additional regularity of Pf, yielding

v € H,(0,T" D(Ay)) — H™(8,T": D(A,)) = C([6,T]; D(4,))

for all 6 € (0,7"). We now proceed as in [48] Section 3.2] to obtain that v(ty) € X,?f for
to > 0. Since it holds that
D(A,) C H*P(Q)? — HY™"(Q)?

whenever r € (1,00) and p € (3r/(2r + 1), 00), we have D(A,) — Xi’f for p € [6/5, 00),

whereas for p € (1,6/5) we obtain an increasing sequence po, p1, . . . , py recursively given
by
Poi=D, Pustim —n
0 - 9 n+1 - 3 _ zpn
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5 Well-posedness of the primitive equations

and terminating for py > 6/5. Since solutions v with initial data v(0) € B2F(Q) become
smooth with v(t) € D(A,) for t > 0, we then obtain 0 < Ty <17 < ... < Tn_1 <ty
with

v(T,,) € D(4,,) < B2/pn+1(Q)

Pn+1,9

for 0 < n < N —1 and thus v(Ty) € D(A,,) — X . Since we further have Pf €
HY2(6,T; L2(R2)), where we take § € (0, T*/2) with T as in Theorem [5.1.7] obtain that
v is a global L?-solution on (4, T) by Lemma and even satisfies

v € H'(0,T; D(Az)) = C([0, T]; D(Ay)).
We now set 119 := 1/p+ 1/q and choose Ti, € (uo, 1] such that

27y — o) < 1/2+ 1/p.

Then the embeddings D(Az) < X77 — XIP, yield that v € C([6,T]; X;",) and since
they are compact by [89, Section 13 2 Remark 1], it follows from Theorem [5.1.7] that

v € EP? (0, T), which also yields

v e EP(20,T) — Ei7.(25,T).

Since we have 20 < T* as well as v € E{7(0,7") for all 7" € (0,7*) we obtain v €
E*(0,T) and thus the L7-LP-solution is global This completes the proof. ]
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5.2 The case of Neumann boundary conditions

5.2 The case of Neumann boundary conditions

In this section, we consider the primitive equations in the form

ov—Av+ (v-Vyg)v+wdv+Vyr = 0 inLx(0,7),
dr = 0 inLx(0,7),
divgs = 0 inR2x (0,7), (5.2.1)
v(0) = a inL,
d,v = 0 ondLx(0,7),

where the layer domain L = R? x (—h, 0) is as in Section 4.2land T' € (0, oc]. The results
presented here have been previously published in [40] Sections 2 and 6].

Recall the definition of the spaces L2P(L)* and X2°P(L) from (4.2.2) and (4.2.8).
Throughout this section, we will use the notations

[llcp = Wllzprewy,  Mvlhoop = Vllzgrew) + IVl Loy

The main result of this section consists of two parts: The first is that of the local well-
posedness for initial data belonging to X2>° ’I(L) with small, discontinuous perturbations.

Theorem 5.2.1. There exists a constant Cy > 0 such that for any initial data of the
form a = ay + ay with a; € X2 (L) and ay € L' (L) such that

max{||azlloc,1; [|alloc1 - [|a2]loc1} < Co,

there exists T € (0, 00] such that the primitive equations (5.2.1) with initial data a have
a unique, local mild solution v satisfying

v e G((0,T); X2 (L)), 2V e L™(0,T; L LL(L)),
as well as

lim sup /2| Vo (t) | so1 < Claz]|oon
t—0

for an absolute constant C > 0. In the case ay = 0 one even has v € Cy([0, T); X2 (IL)).

The second part is that of strong, global well-posedness for horizontally periodic initial
data. Following Hieber and Kashiwabara’s definition (5.0.3)), we say that v is strong if

, € CH((0,00); LP(£2))* N C((0, 00); H*P())?,

v‘QX(O,oo

where Q = G x (—h,0), and G = (0,1)?>. Note that we may assume without loss of
generality that the period is 1. Since global well-posedness results are known for the
case of Q = G x (—h,0) for G = (0,1)? with periodic boundary conditions on the lateral
part of 2, we further obtain the following.
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5 Well-posedness of the primitive equations

Theorem 5.2.2. Assume that a in Theorem 1 horizontally periodic. Then v has
an extension to a global, strong solution to the primitive equations (5.2.1)) onto L x (0, c0)
that is even real analytic.

Remark 5.2.3. Note that since the perturbation term as fails to be continuous with
respect to the horizontal variables, it holds that the mapping Sas : t — S(t)ay satisfies

Say € Gy((0,00); X357 (L)),
but fails to be continuous at t = 0. However, it holds that v — Say € Cy([0, T); X2 (IL)).

Since the hydrostatic Stokes semigroup admits L!- LP-smoothing for the vertical regu-
larity, see Theorem we also show additional regularity for the local solution under
the assumption that the initial data belongs to L3 LP(IL)? for some p € (1,00]. This
additional regularity also plays an important role in obtaining a global extension.

Lemma 5.2.4. Let p € (1,00] and assume that a in Theoremfurther satisfies
(i) a € L3 LP(L)?, (i) a € X2°P(L), or  (iii)) a € BUC(R? x [~h,0])%
Then the solution v has the additional reqularity
(i) tA=YP)/2 $1=Y @7y € L0, T; L LP(L))?,
(ii) tI=1P)/2y € O([0,T); X2P(L)) and '~V Vv € L>(0,T; LR LE(L))?,
(iii) t'/%v € C([0,T); BUC(R? x [—h,0]))? and tVv € L>(0,T; L=(L))?
forall0 <T < 0.

Observe that, since u = (v, w) satisfies divu = 0, the nonlinear term of the primitive
equations can be written as

(v-Vy)v+wiv=(u-V)o=V-(u®wv).

The key components to our proof of the existence of local mild solutions are the following
estimates for the hydrostatic Stokes semigroup applied to this nonlinear term.

Lemma 5.2.5. Let a € [0,1). Then there exists a constant C' = C, > 0 such that for
all vy, vy € LN (L) with Vv, Vo, € LY LY(IL)? it holds that

ISPV - (w1 @ v3)| oy < CE UG (01, 09),

where

—Q (e

Ga(v1,v2) = ([vrllneellva oot + loalliso 1 lloe,) ™ (ol oo V2]l c0,)

and u; = (v;, w;) with w; = w;(v;) as in (5.0.2)) for i € {1,2}.
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5.2 The case of Neumann boundary conditions
Proof. Using the notation |[|-||ec,cc := ||-||zw), We apply the Poincaré inequality for
average-free functions in the vertical direction to obtain, for i € {1,2}, that
||Ui - U_z”oo,oo S CHazviHoo,la ||U_z||oo,oo S ||Ui||oo,1a

which implies
”viHoo,oo S ||Uz - U_zHoo,oo + ||U_z||oo,oo S C||vi||1,00,1'

The anisotropic Holder inequality then yields

V(01 @ v2)|l o1 < [[VO1l] 001 102]l00,00 + (101 lo0,00 [ VU2 l00,1

< C|lv1]l1,00.1 21,0015

(5.2.2)
[v1 ® V2loe1 < [[V1loo,1][V2lloo,00 + [101]] 00,00l V2lo0,1
<C (||U1||1,oo,1HU2||oo,1 + Hv1||oo,1||vz||1,oo,1).
We further have
[willoo,c0 < Cll0:wil| 1 < ClIVaYI 1 < Cllvilli00a
and therefore
||az(w1U2)||00,1 < Hazleoo,le?Hoo,oo + leHoo,oonézU?Hoo,l
< Cllv v
< Cllor oozl o, .
[w1va]lco1 < [l oo 00l|V2lloo1
< ||v111,00,1 | V2] 00,1 -

Recall from (4.2.3)) that Pf = f + (R® R)f where R® R = (R;R;)1<i <2 and f denotes
the vertical average. By rewriting the bilinear term as

V. (u @ va) = Vg - (v1 ® vg) + 0. (wyv9)
and using the fact that w; vanishes for z = 0 and z = —h, we obtain

PV - (u1 ® v3) =PV - (1 @ v3) + 0, (w1vs) + (RiRj)1<i,j<20:(w1v2)
=PVy - (11 ® vg) + 0,(wyvg).

The case a = 0 then follows from Theorem [4.2.1] (v) and (vi), as well as (5.2.2) and
(5.2.3). For the case a € (0,1) we observe that the horizontal operators (—Ag)1=%)/2,
(—=Ay)~1=9/2 and Vy commute and therefore it holds that

S(HPVy - (11 @ vg) = SHP(—=Ax) 12V - (=Ag) 1792 (1) @ vy).

By Theorem [4.2.1] (iv), Lemma [3.2.3] and the estimates (5.2.2)), we thus obtain

ISPV - (11 @ ) ||oon < CtID 2|V - (—Ap) "2 (0 @ 09|01
< Ot 2oy @ v | STV (v1 @ v2) 1%
S Cti(lia)mGa(Ul, 'Ug).
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5 Well-posedness of the primitive equations

For the remaining term, we observe that the fact that w; vanishes for z = —h, 0 implies
that

S(t)az(wﬂ)g) = S(t)azjlaz<w1?)2) = S(t)@zlo‘ll_aﬁz(wlvg) = S(t)@zlaag‘(wlvg),

compare Definition [3.3.5] and so, by Theorem [4.2.1](vi) and the estimates (5.2.3), we
thus have

1S ()0 (w1v2) ]| soq < Ot =2 T (w13) |1
< Ot 02wy || 15 110: (wiv2) |2 4
< Ct_(l_o‘)/zGa(vl, vg),

where in the last step we used that the interpolation inequality (ii) in Lemma is
also valid in L LP(L) by an obvious modification. This completes the proof. O

Before we proceed to apply these estimates to the primitive equations, we also re-
quire the following lemma concerning the boundedness of sequences subject to suitable
recursive inequalities.

Lemma 5.2.6. Let ¢y, cq,co > 0 be constant coefficients and let v,6 > 0 be such that
1800037 <1 and ©6cyo <1.

Then there exists € > 0 such that any two sequences (i )nen and (B)nen of positive real
numbers satisfying ag < co, Po < €, as well as the recursive growth bounds

Qnt1 < Co+ 1B, Bapr < €+ a0 2B + 5 B,
are bounded with o, < 2cq and B, <~ for all n € N.

Proof. We prove the estimates in two steps via induction. Let € > 0 be so small that
pe(7) = & + c2(2c0)/%2%? + x/3 has fixed points zy = 7¢(¢) and x; = x(¢) with
0 < xg < x1. Since lim.,gz9(e) = 0, we further take ¢ > 0 to be so small that
xo < 1/2¢;. Then we have

by < e < pe(w0) = 19 < 1/2¢¢

and if it holds that «a, < 2¢g and (3, < x( for some n € N, then the recursive growth
bounds imply that

1
Qpy1 < Co + 01200% < 2c0,  Bu1 < pe(Bn) < pe(w0) = 10 < 1/204,
1

so by induction it follows that «,, < 2¢p and 3, < xg < 1/2¢; for all n € N. Now take
e > 0 to be so small that 3¢ <. Then we have 5y < v and the recursive growth bound
for (B,)nen yields that if it holds that 3, < v for some n € N, then we also have

Buir < €+ cav/2¢07** + 62coy

1 1
< <§+C2 200W+§>7

<7,

which implies the estimate for (5, ),en. ]
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5.2 The case of Neumann boundary conditions

Furthermore, we utilize the following Lemma concerning the continuity of convolution
integrals.

Lemma 5.2.7. Let v € Cy((0,00); Xo2' (L)) be a function such that
t2V0 € Gy((0,T); L LL(L))?
and a € LZP(IL). Then the function given by
t
V(t) == S(t)a— / S(t— $)PV - (u@ v)(s) ds
0

satisfies V,VV € C((0,T); Ly LL(IL))%.
Proof. Let t,6 > 0. Then we have for the first term V;(¢) := S(t)a

S(t+6)a= S(9)S(t)a,
VuS(t+d)a=S0)VyS(t)a,
0.5(t+6)a = S (6)Sp()0.S(t)a.

Here we used the fact that Vg commutes with S(t) = Sg(t)Sn(t), that 0, com-
mutes with Sy (t), as well as the elementary relation 0,Sn(t) = Sp(t)0, with Sp from
Lemma|3.3.2] Since S acts on the horizontal component via convolution with the Gaus-
sian kernel we have S(t)a, VS(t)a € BUC(R?; L'(—h,0))? for t > 0 and thus the conti-
nuity V3 and VV; follows from Theorem and Lemma [3.3.2]

For the convolution term V5(t) := fot S(t— s)PV - (u(s) @ v(s)) ds we have

Vo(t +6) — Va(t) = Li(t, §) + Lx(t,6),

with auxiliary terms
)
L(t.6) = [ (46— 9PV - (we)(s)ds,
t

and

Iy(t,9) ::/0 S(S)PV - [(u®@v)(t+d—s) — (u®v)(t —s)] ds.

For I, we have by Lemma [5.2.5] with a = 0 that

t+4
111, 0)[[oca < C/ (t+6 =) 2 [[u(s) o0 l[v(5) oo, ds.
t

Setting
K(t) := sup s?[[(s) 1000, H(t) = sup [[v(s)]loo,1,

0<s<t 0<s<t

we then have

t+5
[11(t,6) |00,y < CK(t+6)H(t +6) / (t+6 —s) V25712 g5,
t
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5 Well-posedness of the primitive equations

Replacing 6 > 0 with 0 > 0, the latter integral can be further estimated via

t+t-8 146
/ (t +5— 8)_1/28_1/2 ds = / (1 45— u)—l/Qu—l/Q du
t 1

146
S/ (140 —u)"?du
1

5
= / 2 de
0

= 20"/,

where we used the substitutions u = ¢-s and z = 1 4+ § — u. This yields I, (¢,t) — 0 for
0 — 0.

For V1, we write VS(t) = VS(¢/2)S(t/2) and apply Theorem[1.2.1](i) and Lemma [5.2.5]
with v = 1/2 to obtain

t+td
1ot 16)||wor < CE(t + t8)2H (t + t5)1/2 / (b4 10— 5)"¥/45=3/4 g
t

Using the same substitutions yields

t+to 1+6
/ (t+1t6 — )43/ ds :t_l/z/ (140 —u) 03 du
t 1

146
§t1/2/ (146 —u)**du
1

5
—t_l/z/ 3 dx
0

— 12504
and therefore VI (t,t6) — 0 for 6 — 0 and ¢ > 0.
For the term I5(t,0) we likewise apply Lemma with a = 0, yielding

t
[12(2,0)lloo,1 < C/ s uw@v)(t+0—5) = (u@v)(t = 5)|, ds.
0

Here we further have

(uV)(t+0—5)—(uv)(t—3s)=ult+d—3)—ult—s)] vt +J—s)
+ut—s)@vt+d—s)—v(t—s),

yielding

l(u@v)(t+0 =) = (u@V)({t = 8)lloo1
< Ollo(t+8—s) = vt — )1 llo(t +6 = )]|oo,
+ Ot = 8) o0 [[v(t +0 = 5) = v(t = 5)[|oo,1,
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5.2 The case of Neumann boundary conditions
compare the proof of Lemma We now utilize the estimate
t
/ sVt 46 —s) —v(t — $) 1ot llv(t+0 = 5)||oo,1 ds
0
t
< K(t+9) / 3_1/2(15 — s)_1/2(t — 3)1/2||v(t +0—5)—v(t — 5)|[1.00.1 ds.
0

By our assumption on v, the term (t — s)Y/2||v(t + 6 — 5) — v(t — 8)||1,001 vanishes for
d — 0 for almost all s € (0,¢) and is uniformly bounded for s € (0,t), § € (0,1). Since
the value of the integral

t 1
/ 8_1/2(15—3)_1/2 :/ u2(1 —u)_l/2 du
0

0

is finite, it follows that the right-hand side vanishes for 6 — 0 by the dominated conver-
gence theorem. The remaining term

t
|50t = ) lallo +5 = 5) = (e = 5) s ds
0

is treated analogously. This yields VIy(t,d) — 0 for 6 — 0. The remaining term VI5(t, §)
is treated similarly via the same arguments we used for VI;(¢,6). This concludes the
proof. O

We are now able to prove our first main result.

Proof of Theorem[5.2.1. We construct the solution v as the limit of the sequence (v, )nen,
recursively defined by vy (t) := S(t)a and

t
Upt1(t) = S(t)a — / S(t—s)PV - (u, ®v,)(s)ds, mneN.

0

For this purpose we consider the space

S(T) := {v € Cy((0,T); X2 (L)) : Y2V € L=(0,T; L LL(L))?}
endowed with the norm
ol = masc{ s, o) s, 721700}

0<t<T 0<t<T

The fact that this sequence belongs to 8§(T") for suitable 7' > 0 follows from Lemma [5.2.7]
together with the uniform estimates established in the next step.

Step 1: Uniform boundedness. We begin by establishing recursive inequalities for the
quantities

H,(t) := sup [|[vn(8)]loc1, Kn(t):= sup 81/2”1)71(8)”1’00’1.

0<s<t 0<s<t
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5 Well-posedness of the primitive equations

By Theorem it holds for all ¢ > 0 that

sup [[00(5)[loct < llalloo1,  sup 72| Vug(s)]loes < Cllalloos-
0<s<t 0<s<t

Let n € N and ¢ > 0 be arbitrary. We apply Lemma for a = 0, yielding

t
[on41(8)lloor < [[S()alloo + 0/0 (t = )" on(8) 00,1 [0a(8) o ds
< [lalloon + CLHA () K (1)

(5.2.4)

for a constant C; > 0, where we used that S is contractive and that the value of the
integral

t 1
/ (t —s) V2572 s = / (1—s)"Y2%57Y2ds < 00
0 0

does not depend on ¢ > 0. This yields the estimate
Hy i1 (1) < [lalloo,r + CLH (8) Kn (1), (5.2.5)
and by multiplying both sides in the first line of ([5.2.4)) we obtain

sup 81/2||vn+1(s)||0071 < sup 81/2||S(s)a||0071 + Cltl/ZHn(t)Kn(t). (5.2.6)
0<s<t 0<s<t

For the gradient estimate, we split the derivative of the semigroup into

ca-ws(55(5)

and so using the estimates (i) in Theorem as well as Lemma for a = 1/2
yields

t
V011 (8)loon < VS (#)af|aos + C / (t — )3 on ()32 1 lon ()17 ds.

By multiplying both sides of this inequality by ¢'/2, it follows that

sup 52| V,41(5)[loon < sup 2| VS(s)allco1 + CoH,(t) V2K, ()% (5.2.7)
0<s<t

0<s<t

since the value of the integral
t 1
t1/2/ (t —s) 34573/ ds = / (1—5)"2*s34ds < o0
0 0

likewise does not depend on ¢t > 0. We now add estimates (5.2.6) and ([5.2.7) together
to obtain

K1 (t) < Ko(t) + CoHy(0)YV2 K, ()32 4 Cst' 2 H,, (1) K, (t). (5.2.8)
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5.2 The case of Neumann boundary conditions

We now apply Lemma to the sequences (H,(t))neny and (K, (t))nen. For this pur-
pose, we note that

Hioft) = sup [15(s)alocs < llalocs

since S is contractive, as well as

Ko(t) = Oiugtsl/zlls(t)alll,oo,l

< t2]alloca + sup s2[VSE)ar]wcn + sup sV2(VS(t)azloca
0<s<t 0<s<t
< t'2[|alloor + sup s"*[VS(#)ar]lcer + Callaslloo1,
0<s<t
where Cy > 0 is from estimate (i) in Theorem [4.2.1] By Theorem [1.2.1]4 and the

continuity of aq, the first and second right-hand side terms converge to 0 for t — 0.
Therefore, we may take Ty = To(||al|oo1, @1) > 0 to be so small that

Ty *llalloos + sup "IV S(t)arfloc < Cullazloc,

0<s<Typ

and this implies that K(t) < 2C4|az||«,1 for all ¢ € (0,7). We now choose the param-
eters
Co :—= HaHoo,l, C1 = Cl, Co 1= CQ.

Due to the assumption
[allosc - llazllocx < Co,

we may set v := 3C}||as]|~.1 and take Cp, 6 = §(||al/c0,1) > 0 to be so small that
18cocsy = 54C5 ||alloo1 - [[az]|con < 54CoC; < 1, 690 = 65|afloos < 1.
We further take Cy, Ty > 0 to be so small that
Ko(t) < 2C4||az]|ocn < 2C4Ch < e = g(co, €1, 02,7, 9),

as well as C3T} /2 < 6. Then, by the recursive estimates (5.2.5) and ([5.2.8)), the assump-

tions of Lemma [5.2.6] are satisfied and we obtain
H,(t) <2||a)lco1, Kn(t) < 3C4||laz|con (5.2.9)

for all t € (0,75) and n € N. In particular, we have that (v,)nen is a bounded sequence

in 8(7).
Step 2: Convergence. Consider the auxiliary sequence (V,,),en defined by

Vo i =Upi1 —vp, neN,
as well as

Ho(t) == sup [|Vi(s)]|ooa, Kn(t) := sup sl/2||\7n(s)||1’oo’1.

0<s<t 0<s<t
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5 Well-posedness of the primitive equations

We use the representation
t
vn—l—l(t) = / S(t - S)PV ) (un(s) ® Un(s) + un(s) & vn(s)) d87
0

where U,, = (V,,, W,,) and W,, is determined by V, via the relation (5.0.2), and apply
Lemma for « = 1/2 to obtain

Vi1 (8)|loo1 < 20/0 (t = 5)"*G1j2(vn(s), Vu(s)) ds.
Since we have
G1/2(vn(s), Vi(s)) < 5754 (K (8)Hu (1) + Ho (1)K (1)) Ko (8)/2K,0 ()12

for all 0 < s <t < T and the value of the integral

/Ot(t —5) Wi s = /01(1 —5) Vs34 s < o0
does not depend on ¢t > 0, it follows that
Hpar (1) < Cs (Kn(£)Hn(t) + Ho(0)K ()2 K, (8) V25K, (8) V2.
Proceeding analogously for t1/2||'V,,()||cc.1 and t/2||V'V,,(t)]|ee.1 then yields
K1 (t) < Cs(1 + t2) (Ko (£)Ha () + Ha(£) K (8)) 2 K, (£)/25 (6)2
Setting N,,(¢) := max{FH,(t), K, (t)}, we obtain the recursive estimate
N1 (1) < C5(1 4+ Tp"%) (Ha(t) + Ko ()2 Ko (£) 2N, (2)

for all t € (0,75). Due to (5.2.9), we may take Cy, Ty > 0 to be so small that

N1 (t) < SNa(?)

for all t € (0,75) and n € N. This implies that (v, ),en is a Cauchy sequence in 8(7p). A
similar approach shows that (v, — Say)nen is a Cauchy sequence in C/([0, Tp]; X2 (IL)).

Denoting the limit of (v,)nen by v, it is clear that v is a mild solution to the primitive
equations, i.e., that it satisfies the integral equation ([5.0.6). The gradient estimate

lim sup t'/2(| Vo (t) oo < Cllazco
t—0

follows from ([5.2.9).
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5.2 The case of Neumann boundary conditions

Step 3: Uniqueness. Let © be another such solution on [0, 7p] and consider the auxiliary
quantities

H(t) = supgyel[v(s) = 0($)lloc,1, K (E) 1= supoe ey 572 V(5) = Vi (5)]|oc1,
H(t) := supgesce|[V(s) o K (t) = supg,c; 52| V0 (8) |1,
H(t) := suposc[[0(s)[loo.1, K (t) = supg,<; 52|V (s)||oc,1-

Then the same arguments as in the previous step yield the estimates
T(t) < Co(H(EK(E) + K()I(0) 2K (1) 2K (1)
+ Cs(H (1)K (1) + K (1) H () 2K (8) 2K (1)

and

K(t) < Cs(1+t2)(H®)K(t) + K () FH (1) V2K ()2 K (t)'/?

+ Cs(1+ 2 (H)K(t) + K () FH () 2K () 2K ()2,
Setting N(t) := max {H(t), K ()}, this yields

N(t) < Ca(1+ T/2) (H(0) + K(8) K (02 + (H (1) + K1) 2R (8)"2) N(@).
(5.2.10)

By our assumption on the solutions v and v we have

‘ < im K (t) <
%L{%K(t) < Csllazl|oo,1; ll_f)%K(t) < Csllaz][oo,1-

The same argument used to derive ((5.2.5)) then yields

lim H(t) < |lalleos + CLHE)K (1)

t—0

and thus

H(t) < 2||alloy,  H(t) < 2[|allocn

for all t € (0,77) if T > 0 is sufficiently small, where we also used ([5.2.9)). Applying
these estimates to ((5.2.10)) yields

N(t) < Co(1+T1"%) (|af|oon + [|azlloonr) [Jas]|L2N(?) (5.2.11)

for t € (0,T1), so by taking Ty > 0 and the upper bound Cy > 0 to be sufficiently small
we obtain N(¢) < iN(¢) for all ¢ € (0,Tp] and this yields v(t) = 9(¢) for all ¢ € [0, Ty).
Now let

t* :=sup{t € (0,75) : v(s) = 0(s) forall 0 < s <t}

and assume that t* < Ty. By the argument above we have t* > T} > 0 and thus

a* =v(t") =o(t")
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5 Well-posedness of the primitive equations

by the continuity of solutions on (0,7p). We now repeat the argument for the new initial
value a*. Since tY/2V, t1/2V5 € L=((0,Ty); L3 LL(LL))? yields

Vo, Vi € Lo((t*, Ty): Ly LL(L))?,
we obtain

lim sup t/2|| Vo (t* 4 t)||oen = hmsuptl/QHVv(t + 1) |loa =0

t—0

as well as

lim sup||o(t* 4+ t)[|oo1 < 2[]a oo, lmsupl|O(t* + ) |lco1 < 2||a*||co1-
t—0 t—0

It follows that estimate (5.2.11]) also holds for all t € (¢t*,T5) with t* < T, < Tj. Taking
Co > 0 to be sufficiently small we thus obtain v = © on (0,73) which contradicts the
definition of ¢* and thus we have v = © on (0,75). This completes the proof. O

We now prove the additional regularity of the solution for initial data belonging to
L LE(L)*.

Proof of Proposition[5.2.4, We write S(t ) S( /2)S(t/2) and use the vertical L'-LP-
smoothing estimate for S from Theorem [4.2.1(b), the fact that S is contractive as well
as Lemma [5.2.5 for @ = 0 to obtain

[o(®)lsop < llall + ( J N e R [ ds) K1) H(1)

with K(t) := supgcse;||v(s)]]1,00,1 and H(t) := supgcse;||v(s)]|00,1. Since the values of the
integrals

t t
/ (t . S)_1/2S_1/2 dS, t(l—l/p)/2/ (t . S)_(l_l/p)/2(t . S)_1/28_1/2 ds
0 0

do not depend on t > 0, the estimate for t=1/P)/2y follows. For the gradient estimate we
write VS(¢) = S(/3)S(t/3)S(¢/3) and use Theorem [4.2.1](i), the L3¥LL(L)-L3L?(L)-
smoothing estimate and Lemma for a € (1 —1/p, 1) to obtain

Vo) llocp < IVS(E)allocp
+ C/ (171/p)/2] (t . S)f(lfa/2)87(1+a)/2 dsK(t)lJraH(t)lf
Since the values of the integrals

t t
tl/2/ (t — 8)7(1704/2)87(1+a)/2 ds, Z511/2;9/ (t — 8)7(171/p)/27(17a/2)87(1+a)/2 ds
0 0

likewise do not depend on ¢ > 0 and are finite for « € (1 — 1/p, 1), the estimate for
17127y follows as well. In the cases (ii) and (iii) the continuity at t = 0 follows from
the strong continuity of S, and in the case (iii) the continuity in the variables (z,y, z) € L
follows from the fact that both Sy and Sy preserve continuity. O
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5.2 The case of Neumann boundary conditions

With Proposition and our result for local existence, we are now able to derive
our second main result concerning global, strong well-posedness.

Proof of Theorem[5.2.3 Let a be horizontally periodic. Since Sy and P and the nonlin-
ear term (u - V)v preserve horizontal periodicity, the way we constructed the solution v
in the proof of Theorem yields that v is also horizontally periodic. We may assume
without loss of generality that the period is 1. Since we have v(t), Vo(t) € L3y L(IL)?
for all £ > 0, the embeddings

Wt (—=h,0) C LP(=h,0) and L>(G) — LP(Q)
for G = (0,1)? and all p € (1, 00) imply that
v(t)], € HP(Q)?

for all t > 0 and Q = G x (—=h,0). Due to the global, strong well-posedness of the
primitive equations with Neumann boundary conditions on I', UT", as in (3.4.2)), we take
v(ty) for ty > 0 as the initial data and obtain a strong extension onto € x (ty,00) that
is even real analytic by Theorem [5.1.4. Due to the uniqueness of mild solutions and
horizontal periodicity, we obtain global, strong well-posedness on L x (0, 00). O]
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5 Well-posedness of the primitive equations

5.3 The case of Dirichlet boundary conditions

In this section, we consider the primitive equations ([5.0.1]) for the case f = 0 and the
boundary conditions (5.0.4)) as in [49]. The results presented here have been previously
published in [39, Sections 3 and 8]. For p € (1, 00), recall the spaces

LEP(Q) = LFLE(Q)° 1 LA(9),
XEP(Q) = Cher([0, 1% L7 (1, 0))? 1 LE(2),

from (4.3.3) and (4.3.5), respectively. Then, using the notation [|-[|ccp := [|*[| 5 £2(2), the
main result of this section is the following.

Theorem 5.3.1. Let f = 0 and p € (3,00). Then there exists a constant Cy =
Co(Q,p) > 0 such that for any initial data of the form a = a; + as with

a; € X7P(Q)  and  ag € LTP(Q)

such that
||a2||oo,p S CO:

there exists a unique, global strong solution (v, ) to the primitive equations (5.0.1) with
boundary conditions (5.0.4)) satisfying

v € Cy((0,00); X22P(Q)) N Cy([0, 00); LE(Q)),  tY2°Vv € L=(0, 00; L LP(Q))?,

as well as
hmsuPtl/QHVU(t)Hoo,p < Chflazfoop
t—0+
for a constant Cy = Co(£2,p) > 0. The solution decays exponentially as in (5.0.5) and is
real analytic on Q x (0,00). If ag = 0, then it even holds that v € C([0,00); X2°"(£2)).

As in Section [5.2] we utilize a number of Lg LE-estimates for the hydrostatic Stokes
semigroup S applied to the nonlinear term (u - V)v.

Lemma 5.3.2. Let p € (3,00). Then there exists a constant C' > 0 such that for all
t >0 and vi,vy € LP(Q) with Vo, Vo, € LRLA(Q)?, as well as Ul‘rb = Ul‘rb =0t
holds that

1P (w1 - V)ozlloop < O 2 Vor ]| pllvaloc.p, (i)
IVe P (s - V)oz ooy < O 2| V01 |oc pl Vsl s (i)
IVe Pur - V)vzlloop < O Vorlloc,plvzllsop, (ii)

and for {i,j} = {1,2} it holds that
4P (s - V)ealloop < C (2 IV 0l lsopltslloop + V01 e Folleg) . (i)

where uy, = (vg, wy) with w, = wy(vg) as in (5.0.2) for k € {1,2}.
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5.3 The case of Dirichlet boundary conditions

Proof. Let t > 0. The embeddings
WP(Q) — L>®(Q) — LY LF(Q) — LP(Q), p € (3,00),

as well as the vertical Poincaré inequality for k € {1,2} imply the estimates
okl zoe@) < Cllvllwrr@) < CliVUkl o) < CllVUE[loop

and
[willoo < CllO:w0k]|00p < Cldivavk|lcop < ClIVV|oo p-

Using the anisotropic Holder inequality then yields

[01 @ valloop < VWil oo [0 ]l oo
< Clvillsopllvilloop, {537 = {1,2},
[wiv2]|oop < Cllwi|[zoe(e) [[v2]loop
< COVurfoopllvz]loo,p-

(5.3.1)

We now obtain estimates (i) and (iii) by using divuy = 0 for k € {1,2} to rewrite the
bilinear term as

(u1 . V)Uz =V. (u1 & Ug) = VH . (Ul & UQ) + 8Z(w1v2) (532)
and applying Theorem 4.3.2,(ii) and (iv), yielding

ISP (ur - V)valloop < ISPV - (01 @ v2)[locp + 1S ()P (w102) [l oo
< Ot o1 ® V3| + O [[0r0s]|oc
< Ct V2|V [l so pllv2]loo s

IVSE)P(us - V)ualoop < CEV2S(E/2)P(us - V)oa oy
< Ot VL] oo pllv2]l oo -

For the estimate (ii), we use that

[(u1 - V)valoop < [[(v1 - Vir)valleop + [[w10:02] 0o p
< ||Ul||L°°(Q)||VHvz||oo,p + ||w1||L°°(Q)||5zUQ||oo7p
< Ol VUrloop VU2 llo p,

so the claim follows from Theorem [4.3.2] (iii). For estimate (iv), we apply the hydrostatic
Stokes projection P to (5.3.2)) to obtain

P(Ul . V)Ug = PVH . (Ul X UQ) + P@Z(wlvg)
= ]P)VH . (’01 (%9 UQ) + 8Z(w1v2),
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5 Well-posedness of the primitive equations

where we used that wy; = 0 on I', UT} as well as Pf = f + (1 — Q)f where f is the
vertical average. Since it holds that 0,(wyv,) = — (divgvy) ve + w10, v9 with

= (divgvr) vallsop < 1divavL[|oopllv2]l L)
< Ol Vorloop V2o p,

[w10:v2][00p < (Wil oo @) |02 0200 p
< C“VUIHOO@HVWHOQW

we thus obtain the estimate

[S()P(u1 - V)vallsop < ISPV E - (V1 @ V2)|cp + [|S(£)0: (w1v2)]] 00,
< Ot 2|y ® o] oop + CJ0:(w102)]| oo
< C (2 Villoop 105l s0,p + [ V010 V2l c0)

for {i,j} = {1,2}, where we used (5.3.1) again. This completes the proof. O

We further make use of the following result concerning the existence of smooth solu-
tions for smooth data, obtained from the maximal regularity approach to the primitive
equations in Section [5.1. Recall the trace space

Xopa = (LQ(Q% D(Ap))lfl/q,q - Bz,;Q/(M(Q)Q N LQ(Q), D,q € (17 OO)
Then, by Theorem and Remark [2.7.413, the following holds.

Lemma 5.3.3. Let f =0, p,q € (1,00) with 1/p+1/q¢ <1, and a € X, ,,. Then there
exists a unique, global strong solution v to the primitive equations ((5.0.1)) with boundary

conditions (5.0.4), satisfying
ve C([0,00); X p.q)-

Due to this result, we deviate from the approach in Section [5.2] in the following way.
After decomposing the initial data a = a.ef+ a¢ into a smooth part a..s and a small part
ag, we consider the corresponding reference solution v, to the primitive equations with
initial data vy(0) = aref and then construct V' := v — v, by an iteration scheme for the
small initial data V' (0) = ag. For this purpose we also utilize the following result.

Lemma 5.3.4. Let co,c; > 0 and ¢y € (0,1) be coefficients satisfying
dege; < (1 — 02)2.

Further let (a,)nen be a sequence of positive real numbers satisfying oy < co as well as
the recursive growth bound

1 < o+ clai + oy, foralln € N.

Then (c,)nen s uniformly bounded with

o, < co forallm e N.

1—62
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5.3 The case of Dirichlet boundary conditions

Proof. The assumptions on the coefficients imply that the polynomial
p(x) = o+ c12° + cox

has fixed points 0 < xg < x; with

Co-
1— Co

We further have

(1 — Cg) -+ \/(1 — 62)2 —4cicg < 2(1 — 02) < 2,

which yields

(1 — 62) + \/(1 — 02)2 — 401001:
461

Since p is an increasing function on [0, 00), we therefore obtain that

ag < g = 2¢ 0 < Zg.

2
1—C2

(o) < p(xg) = 29 < Co

and since we also have «a, ;1 < p(a,), the claim follows by induction. O

We are now able to prove our main result. The following proof uses many of the same
arguments we have previously used to establish Theorem [5.2.1] with some modifications
arising due to our different approach to the initial data.

Proof of Theorem [5.5.1].

Step 1: Decomposition of data and solution. Since S is strongly continuous on X 2*"(2)
by Theorem [£.3.2] D(A ) is dense in X27P(Q). Given a = a; + as with a; € X77(Q),
we may thus take a,er € D(Awp) and assume the remainder

Ao 1= — Gret = (A1 — Ayef) + Q2

to be sufficiently small. Due to p € (3, 00), we can take ¢ € (1, 00) such that 2/¢+3/p < 1
and apply Lemma to obtain a solution v, to the primitive equations with initial
data ver(0) = arer. The condition on p and ¢ further yields the embedding

Xypa C B2 Q) — C1(Q)?
by [89, Section 3.3.1], and therefore the auxiliary quantity

R(T) := sup ||Vuret(t)]|cop < 00
te[0,7)
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5 Well-posedness of the primitive equations

is finite for all 7" € (0, 00). For T' € (0, oc] we now consider the space
8(T) = {V € Gy((0,00); X37"()) : "/2VV € L=(0, T; L LE(2))}

endowed with the norm
IV lsr) = maX{ sup ||V (¢)|loop, sup Zfl/zIIVV(lt)lloo,p}
o<t<T o<t<T

and further set F'(vy,vg) := —P(uy - V)ve as in Lemma We will construct a time
T € (0,00] and a function V' € §(T) satisfying

V(t) = S(t)ag + /0 St —3s) (F(V,V)(s) + F(V,vef)(8) + F(vrer, V) (5)) ds

for all t € (0,T). Then v := V 4 v, is a local mild solution to the primitive equations.
For this purpose we consider the recursively defined sequence (V},),en given by

Vo(t) = S(t)ao, Vaya(t) = S(t)ao + /t S(t— s)F,(s)ds,

where we further set F,, := F(V,,,V,,) + F(Vy, Vyet) + F(Vret, Vin)-

The fact that this sequence belongs to §(T") follows from the uniform boundedness we
establish in the next step, which also implies their continuity for ¢ > 0 by adapting the
following arguments to the setting of Lemma [5.2.7]

Step 2: Uniform boundedness. It follows from Theorem that
WValscr) = max{ sup [[9(8)alloops sUD t”?nw(t)aouoo,p} < Clagley  (533)
o<t<T o<t<T

for all T' € (0, 00]. In order to estimate V1 with n € N, we set

Hy(t) := sup [Va($) ooy Kn(t) := sup s"2(|VVi(s)l|oc,s

0<s<t 0<s<t

and begin by establishing estimates for the gradient term. For this purpose, we take
t € (0,T) for arbitrary T' € (0, 00) and use Lemma [5.3.2](iii) and (ii) to obtain

t/2 t/2
/0 VS(t— )F(V, Vo) (s)ds|| < C / (t = ) VVa(3) oo V) oo s

< Ct7Y2K, () H, (1),

as well as

t VSt — $)F(Vy, Vi) (s)ds

t/2

t
<C [ (15 P VVils)l, ds

t/2
< Ct7 V2K, ()%

Oo?p
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5.3 The case of Dirichlet boundary conditions

Here we used that the values of the integrals

t/2 1/2
tl/g/ (t—s) s ds = / (1—2s)"ts72ds < oo,
0 0

n 1
o [ = [ e s < o
t/2 1/2

do not depend on ¢t > 0. Applying Lemma m(n) to the remaining terms yields
t
| Vst - rw v <o / )V FViet(5) o | VVa(5) o
0 00,p
< CR(T)K,(t),

/ t VS(t — 8)F(Vier, V) (s)ds|| < CR(T)K,(t),

Oo7p

where we used that the value of the integral

t 1
/ (t —s) V25712 s = / (1—5)"Y25712ds < o0 (5.3.4)
0 0
likewise does not depend on ¢ > 0. By combining these estimates we obtain
Kn—i—l(t) <Gy (HaOHOO,p + Kn(t)Hn(t) + KN(t>2 + tl/ZR(T)Kn(t)) ) (5~3~5)

where C) = C1(£2,p) > 0 is a constant. We now turn to estimates without the gradient.
For the first term, Lemma (i) yields

where we used (5.3.4) again. By applying Lemma[5.3.2](iv), it further follows that

/Ot S(t—s)F(V,, V) (s)ds

t
<c / (t = 5) 2TVl oIV () oo s
00,p

= CK,(t)H,(t),

/Ot S(t — $)F(Vy, Vietr)(s) ds

t
< C/O (t = 8) 2V 0ret(5) oo p | Via (5) [l oo, dis
00,p

e / 1V 01(5) oo | V0 (5) o p s
< CHPR(T) (Hu(t) + K, (1)),

/t St — 8)F (Vier, Vi) () ds < Ct'2R(T) (H,(t) + K (t)) .

Oo?p

Here we used that

¢ 1 1 t
/(t—s)l/st—tl/Q/ (1—5)1/2ds—t1/2/ 31/2ds—/ s7V2ds < o0
0 0 0 0
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5 Well-posedness of the primitive equations
for t > 0. Combining these estimates yields
Hy(t) <Gy (Haoum,p + K, () H,(t) + 2 R(T) H, (t) + tl/QR(T)Kn(t)) (5.3.6)
We now chose ||ag||oop and Ty > 0 to be so small that
8C?aglloep < (1 —1/4)%, 8CIT)"*Ry <1, Ry:= R(Tp),
and combine and to obtain
Wasalls < Callaolles + 2CuVinlliy + 1 WVonlst

for all t € (0,75). Lemma then yields the estimate

8
Vallsw < §O1||a0||oo,p (5.3.7)
for all t € (0,75). We now set L,, := limsup,_,o, K,(t). Then we have

Lo = limsup t'/2|| VVp||cop < limsup t1/2||V.S(t)az]lcop < Cilla2]loop,
t—0 t—0
where we used Theorem [4.3.2](d). By using this estimate instead of (5.3.3) we obtain

L1 < Cillaz]loop + Ch <1im sup Hn(t)) L,+C L2+ C <lim sup t1/2> RyL,
t—0

t—0

8
< Cillasllocp + 3CF Naolloep L + C1 L

via the same arguments used to derive estimate (5.3.5). We also estimated H, via
(5.3.7). We now take ||agl/oop and ||as||ccp to be so small that

8 1

1
gclHQOHw,p <3

ACH|az]lcp < 5.

It follows that if L,, < 2C||az||«p, then it also holds that

8
Lo < (14 5Cillnley + 4l ) Cillaly < 2ol

and so by induction we obtain the estimate
Ln S 201“@2“00711 (538)

for all n € N.

146



5.3 The case of Dirichlet boundary conditions

Step 3: Convergence. We now consider the sequence
Vn = 7L+1_Vn7 nEN

In order to estimate it, we make use of the representations

t
Vo(t) = / S(t— 8) (Fy— Foy) (s) ds
0
and
Fn - Fn—l = F(vn—lv Vn) + F(Vn—h Vn—l) + F(vn—la Uref) + F(Urefu Vn—l)-
Setting

Ha(t) 1= sup [[Va() sy, Knlt) = sup sZ([VV(t)]ocp:

0<s<t 0<s<t

we use the same arguments as in Step 2 to obtain the recursive inequalities
Kn(t) < Cr (Ho(t) + Kn(t) + K1 () + 2612 Ro) Koi (8) + C1E o1 (6)Hi (2)
and
H,(t) < Oy (Hy + 2Rot"?) Kppoi () + C1 (Koot + 2RotY?) 3,1 (1).

By combining them with estimate ([5.3.7) and taking ||ao||~p, and 7p > 0 to be sufficiently
small, we thus obtain

1Va(®)lsey < 2C1 (IValls) + IVa-1llsey + 2Rot"?) | Va-1llseo

8
< 201 (25Cllalley + 280 Vi

(VAN
N | —

[Vi-1lls)

for all ¢ € (0,Tp). Since we have V41 = Vo+ > 1_, Vi, it follows that (V;,),en converges
in 8(7p). We denote its limit by V' and set v := V' + v,er. Then v is a local mild solution
to the primitive equations. The smoothness of v, then yields that v € 8(7p) and the

estimate (5.3.8) and

lim sup t1/2|| Vret (t)| oo, < Rlimsup t/2 = 0, (5.3.9)
t—0

t—0

yield that

lim sup t1/2||Vv(t)Hoo,p < lim sup t1/2||VV(t)||Oo,p < 204 || a2l sop-
t—0 t—0
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5 Well-posedness of the primitive equations

Step 4: Uniqueness of mild solutions. We now show that v is unique among such local
mild solutions. For this purpose we assume that © is another such solution on (0, Tp)
and set V := 0 — v,.s. We then have the representation

v—@:V—f/:/tS(t—s) <F(V—X7,V)+F(V,V—X7)> (s) ds.

We set
H(t) = suPgescr [V(E) = V(E)loops K(E) = supgeyci[VV(E) = VV ()| o,
H(t) := supgesei [V ()] o0,p: K (t) := supg st [[VV () |0 s (5.3.10)
H(t) := supg st |V () [l oo, K(1) := supge st [VV ()] 05

and proceed as in the previous steps to obtain the estimates
K(t) < Cy <H(t) YKt + f(@)) K(t) + CLE (H)FH(L),
H(t) < CLH(H)K(t) + CLK (1)F(t),
which combined yield
v — s < Cy (H(t) YK + Qf((t)) v — #|sc0- (5.3.11)
By our assumption on the regularity of v and v as well as , it follows that

lim /¢ (¢) + 2 lim K(t) < 3Cs||az|scp,
—

t—0

whereas same argument used to derive yields

IV ) loep < Cr (laolloey + K@VH(E) + E2RH(E) + 12 RoK (1))
and thus we obtain
fim H(£) = im sup|[V (1) |y < il + Co (tim K (1)) lim H (1)

t—0 t—0

< Cillaollocp + C1Csl|as ] oo,p limn H (2).
We now take ||as||p to be so small that C1Csl|az|le,p, < 1/2, yielding
i <
11_1)13 H(t) < 2C | aol|cop- (5.3.12)

By applying this to (5.3.11) and taking ||ag||ec, and ||az||le, to be sufficiently small, we
obtain

lo = llsy < 2C1 (2Ch [|aolloop + 3Cs]lasllocp) [0 = olls(r)
1

S 5"1}_6”5(15)7 te (OaTl)a
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5.3 The case of Dirichlet boundary conditions

and thus v = 0 on (0,7}) whenever 77 > 0 is sufficiently small. We now set
t* :=sup{t € [0,Tp) : v(s) = 0(s) for all 0 < s < t}.

By the argument above we have t* > 0. Now assume that ¢* < Tj. Then the continuity
of v and © on (0,7}) yield that

a* =o(t") =o(t").

Decomposing this new data as in Step 1, we write a* = aj; + a; and consider a new
reference solution v} to the primitive equations with v/;(0) = a’,;. Replacing V' and 1%
by

VEt) = o(t" 1) —oy(t), V() =0t 4+ t) —viy(t), te0,Ty—t")

and repeating the argument yields
IV = V¥llsgy < Co () + K (8) + 2K (1)) [V* = Vo (5.3.13)
for all 0 < ¢ < min{7y, Ty — t*} and

H*(t) = sup [[V*(8)l|oc.p,

0<s<t

K*(t) := sup sl/QHVV*(s)HOO,p,
0<s<t

f(*(t) = sup 51/2HVV*(3)HOO,p.
0<s<t

Due to the fact that
V2V, 12V € L=((0,Ty); LS L2(Q))?,
we have Vv, Vo € L®((t*,Ty); LY LP(Q))?. By combining this with (5.3.9) we obtain
}tl_r}éK (t) = }SI—I}(%K (t)=0.

The same estimate used to derive (5.3.12) then yields lim; o H*(¢) < Ci||laf||ocp. By
taking ||ag||cop and Ty > 0 to be sufficiently small, it follows from (5.3.13)) that

* 7k 1 * 7k
V" =7l < 5V = s

for all t € (0,T5). We therefore have v—o =V —V = 0 on (0,t*+T5), which contradicts
the definition of ¢*. This implies that t* = T and v = 0.

Step 5: Global extension and smoothing. Due to the embedding L3y LE(S2) — LP(2),
we may employ the semigroup smoothing estimates

t‘?HS(t)PfHD((_A)vw) < CIfllp=ay?oy, 21 SOPOf || ey < CllS e @)
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5 Well-posedness of the primitive equations

for t > 0, ¥y,0 € [0,1] with Jg + 9 < 1 and 0; € {0,,0,,0.} by [49, Lemma 4.6] and
Theorem {.1.7), respectively. This and D((—A,)°) = LE(Q) yield

t
o (Ollp-apvn < Cllalliee + Ctl/p/ (t =)~ VP u(s) @ v(s) | oy ds
0
t
< Cllallzr@) + Ctl/p/ (t = )" WP 2u(s) @ v(s)[loop ds
0

<s<t

< Cllallsey + € sup 219006 ey ) ( 510 06

< 00

for all t € (0,75). Here we used (5.3.1) and the fact that the value of the integral
t 1
tl/p/ (t — 3)*(1/1’“/2)5*1/2 ds = / (1- 55)*(1/1[%1/2)3’1/2 ds <00, pé€E(2,00),
0 0

does not depend on ¢t > 0. By Theorem we may take v(tg) € D((—A,)"/?) for
arbitrary to > 0 as new initial data to obtain a global extension for v that is strong on
(to, 00). By the uniqueness of mild solutions it follows that v is strong on (0, 00). In par-
ticular, v is real analytic by Theorem and decays exponentially by Theorem [5.0.1
This completes the proof. O
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