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0.2 Outline

The long time asymptotics for nonlinear wave equations have been the subject of intensive research,
starting with the pioneering papers by Segal [Seg63a, Seg63b], Strauss [Str68], and Morawetz and Strauss
[MS72], where the nonlinear scattering and local attraction to zero were considered. Global attraction
(for large initial data) to zero may not hold if there are quasistationary solitary wave solutions of the
form
P(x,t) = p(x)e” ", with w e R, ‘ llim o(z) = 0. (0.1)
xTr|—0o0
We will call such solutions solitary waves. Other appropriate names are nonlinear eigenfunctions and
quantum stationary states (the solution (0.1) is not exactly stationary, but certain observable quantities,
such as the charge and current densities, are time-independent indeed).

Existence of such solitary waves was addressed by Strauss in [Str77], and then the orbital stability
of solitary waves in a general case has been considered in [GSS87]. The asymptotic stability of solitary
waves has been obtained by Soffer and Weinstein [SW90, SW92], Buslaev and Perelman [BP93, BP95],
and then by others.

The existing results suggest that the set of orbitally stable solitary waves typically forms a local
attractor, that is, attracts any finite energy solutions that were initially close to it. Moreover, a natural
hypothesis is that the set of all solitary waves forms a global attractor of all finite energy solutions. This
question is addressed in this paper. We develop required techniques and prove global attraction to solitary
waves in several models.

More precisely, for several U(1)-invariant Hamiltonian systems based on the Klein-Gordon equation,
we prove that under certain generic assumptions the global attractor of all finite energy solutions is
finite-dimensional and coincides with the set of all solitary waves. We prove the convergence to the global
attractor in the metric which is just slightly weaker than the convergence in the local energy seminorms.

0.3 Plan of the monograph

We sketch the development of the subject of long-time solitary wave asymptotics for U(1)-invariant
Hamiltonian systems and its relation to the Quantum Theory in Chapter 1. The definitions and results
on global attraction to solitary waves from the recent papers [KK07a, KK07b, KK08] are presented in
Chapter 2. We also give there a very brief sketch of the proof.

In Chapter 3, we formulate the definitions of the attractor and the trajectory attractor in terms of
omega-limit points and omega-limit trajectories. The proofs of the attraction to solitary waves in the
models we study are given in Chapters 4, 5, and 6. The examples of multifrequency solitary waves are
given in Chapter 7.

The existence of solitary waves is addressed in Appendix A. The global well-posedness in the energy
space is proved in Appendix B. In Appendix C we briefly derive the local energy decay for the linear
Klein-Gordon equation. The relevant results on quasimeasures are given in Appendix D. Finally, in
Appendix E, we give a proof of the Titchmarsh Convolution Theoreom.



Chapter 1

History of solitary asymptotics for
dispersive systems

1.1 Quantum theory

Bohr’s stationary orbits as solitary waves

Let us focus on the behavior of the electron in the Hydrogen atom. According to Bohr’s postulates
[Boh13], an unperturbed electron runs forever along certain stationary orbit, which we denote |F) and
call quantum stationary state. Once in such a state, the electron has a fixed value of energy E, with
the energy not being lost via emitted radiation. Under a perturbation, the electron can jump from one

quantum stationary state to another,
[E-) — |E1), (1.1)

emitting or absorbing a quantum of light with the energy equal to the difference of the energies F, and
E_. The old quantum theory was based on the quantization condition

j{p~dq:27rhn, n € N. (1.2)
This condition leads to the values
me?
En:*W, n €N, (1.3)

for the energy levels in Hydrogen, in a good agreement with the experiment. In the above formula, m > 0
is the mass of the electron, e < 0 is its charge, / is Planck’s constant, and we assume that the units are
chosen so that the speed of light is equal to 1.

Apparently, the quantization condition (1.2) did not explain the perpetual circular motion of the
electron. According to the classical Electrodynamics, such a motion would be accompanied by the loss
of energy via radiation.

In terms of the wavelength A = % of de Broglie’s phase waves [Bro24], the condition (1.2) states
that the length of the classical orbit of the electron is the integer multiple of . Following de Broglie’s
ideas, Schrodinger identified Bohr’s stationary orbits, or quantum stationary states |E), with the wave
functions that have the form

Y(x,t) = ¢ (x)e” ", w=E/h, (1.4)

where h is Planck’s constant. Physically, the charge and current densities
— . e — —
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6 Andrey Komech

which correspond to the (quasi)stationary states of the form 1 (x,t) = ¢, (x)e~** do not depend on time,
and therefore the generated electromagnetic field is also stationary and does not carry the energy away
from the system, allowing the electron cloud to flow forever around the nucleus.

Bohr’s transitions as global attraction to solitary waves

Bohr’s second postulate states that the electrons can jump from one quantum stationary state (Bohr’s
stationary orbit) to another. This postulate suggests the dynamical interpretation of Bohr’s transitions
as long-time attraction

U(t) — |Ey), t — 400 (1.6)

for any trajectory W(t¢) of the corresponding dynamical system, where the limiting states |Ey) depend
on the trajectory. Then the quantum stationary states, denote them &, should be viewed as points of the
global attractor, which we denote 2.

Figure 1.1: & is the set of quantum stationary states |E,,) = ¢n(x)e*i%t, represented by dashed circles.
Under a perturbation, the electron wave function W(t) leaves the initial state |E3) and approaches the
final state |E;) as t — +oo. The outgoing photon of the energy hv = E3 — Fj is not pictured.

The attraction (1.6) takes the form of the long-time asymptotics
Y(@,t) ~ oy (z)eWE t — oo, (1.7)

which holds for each finite energy solution. See Figure 1.1. However, because of the superposition
principle, the asymptotics of type (1.7) are generally impossible for the linear autonomous equation, be

it the Schrodinger equation
h? e?
A -y (L8)

ihdpp = — X

2m
or relativistic Schrodinger or Dirac equation in the Coulomb field. An adequate description of this process
requires to consider the equation for the electron wave function (Schrodinger or Dirac equation) coupled
to the Maxwell system which governs the time evolution of the four-potential A(x,t) = (¢(x,t), A(x,t)):

{ (ihdy — ep)?t = (cBV — eA)?y + m?c'y,

Oy = 4me(yr) — §(x)), 0A = 47reww27_ivlz'¢. (1.9)

Consideration of such a system seems inevitable, because, again by Bohr’s postulates, the transitions
(1.1) are followed by electromagnetic radiation responsible for the atomic spectra which we observe in
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the experiment. Moreover, the Lamb shift (a relatively small difference between 25, /; and 2P, /, energy
levels) can not be explained in terms of the linear Dirac equation in the external Coulomb field. Its
theoretical explanation within the Quantum Electrodynamics is based on taking into account the higher
order interaction of the electron wave function with the electromagnetic field.

The coupled Maxwell-Schrodinger system was initially introduced in [Sch26]. It is a U(1)-invariant
nonlinear Hamiltonian system. Its global well-posedness was considered in [GNS95]. One might expect
the following generalization of asymptotics (1.7) for solutions to the coupled Maxwell-Schrodinger (or
Maxwell-Dirac) equations:

(W, 1), A, 8)) ~ (Gus (@)e 5t Au, (1), ¢ — oc. (1.10)
The asymptotics (1.10) would mean that the set of all solitary waves
{(¢we_i‘”t, Aw) tw e R}

forms a global attractor for the coupled system. The asymptotics of this form are not available yet in
the context of coupled systems. Let us mention that the existence of the solitary waves for the coupled
Maxwell-Dirac equations was established in [EGS96].

1.2 Solitary waves as global attractors for dispersive systems

Convergence to a global attractor is well known for dissipative systems, like Navier-Stokes equations (see
[BV92, Hen81, Tem97]). For such systems, the global attractor is formed by the static, stationary states,
and the corresponding asymptotics (1.7) only hold for ¢ — +o0.

We would like to know whether dispersive Hamiltonian systems could, in the same spirit, possess finite
dimensional global attractors, and whether such attractors are formed by the solitary waves. Although
there is no dissipation per se, we expect that the attraction is caused by certain friction via the dispersion
mechanism (local energy decay). Because of the difficulties posed by the system of interacting Maxwell
and Dirac (or Schrodinger) fields (and, in particular, absence of the a priori estimates for such systems),
we will work with simpler models which share certain key properties of the coupled Maxwell-Dirac or
Maxwell-Schrédinger systems. Let us try to single out these key features:

(1) The system is U(1)-invariant.
This invariance leads to the existence of solitary wave solutions ¢, (z)e™**.

(2) The linear part of the system has a dispersive character.
This property provides certain dissipative features in a Hamiltonian system, due to local energy
decay via the dispersion mechanism.

(3) The system is nonlinear.

The nonlinearity is needed for the convergence to a single state of the form ¢, (x)e~**. Bohr type
transitions to pure eigenstates of the energy operator are impossible in a linear system because of
the superposition principle.

We suggest that these are the very features responsible for the global attraction, such as (1.7) or (1.10),
to “quantum stationary states”.

Remark 1.1. The global attraction (1.7) or (1.10) for U(1)-invariant equations suggests the corresponding
extension to general G-invariant equations (G being the Lie group):

Y(x,t) ~pi(z,t) = oy (x),  t — oo, (1.11)
where Q4 belong to the corresponding Lie algebra and ef?*? are the one-parameter subgroups. Respec-
tively, the global attractor would consist of the solitary waves (1.11). In particular, for the unitary group
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G = SU(3), the asymptotics (1.11) relate the “quantum stationary states” to the structure of the corre-
sponding Lie algebra su(3). On a seemingly related note, let us mention that according to Gell-Mann —
Ne'eman theory [GMNG4] there is a correspondence between the Lie algebras and the classification of the
elementary particles which are the “quantum stationary states”. The correspondence has been confirmed
experimentally by the discovery of the Omega-Minus Hyperon.

Besides Maxwell-Dirac system, naturally, there are various nonlinear systems under consideration in
the Quantum Physics. One of the simpler nonlinear models is the nonlinear Klein-Gordon equation which
takes its origin from the articles by Schiff [Sch51a, Sch51b], in his research on the classical nonlinear meson
theory of nuclear forces. The mathematical analysis of this equation has been started by Jorgens and
Segal [Jor61, Seg63a], who studied its global well-posedness in the energy space. Since then, this equation
(alongside with the nonlinear Schrédinger equation) has been the main playground for developing tools to
handle more general nonlinear Hamiltonian systems. The nonlinear Klein-Gordon equation is a natural
candidate for having solitary asymptotics (1.7).

Now let us describe the existing results on attractors in the context of dispersive Hamiltonian systems.

Local and global attraction to zero

The asymptotics of type (1.7) were discovered first with )1 = 0 in the scattering theory. Namely,
Segal, Morawetz, and Strauss studied the (nonlinear) scattering for solutions of nonlinear Klein-Gordon
equation in R3 [Seg66, Str68, MS72]. We may interpret these results as local (referring to small initial
data) attraction to zero:

Y(x,t) ~1pr =0, t — Foo. (1.12)

The asymptotics (1.12) hold on an arbitrary compact set and mean well-known local (in space) energy
decay. These results were further extended in [GS79, Kla82, GV85, Hor91]. Apparently, there could be
no global attraction to zero (global referring to arbitrary initial data) if there are solitary wave solutions

Gulw)e .

Existence of solitary waves

The existence of solitary wave solutions of the form
VYo (2,1) = d(x)e” ™ weR, ¢, H(RY), (1.13)

to the nonlinear Klein-Gordon equation (and nonlinear Schrodinger equation) in R™, in a rather generic
situation, was established in [Str77] (a more general result was obtained in [BL83a, BL83b]). Typically,
such solutions exist for w from an interval or a collection of intervals of the real line. We denote the set
of all solitary waves by &.

The factor-space &/U(1) in a generic situation is isomorphic to a finite union of intervals. Let
us mention that there are numerous results on the existence of solitary wave solutions to nonlinear
Hamiltonian systems with U(1) symmetry. See e.g. [BL84, CV86, ES95].

While all localized stationary solutions to the nonlinear wave equations in spatial dimensions n > 3
turn out to be unstable [Der64] (the result known as “Derrick’s Theorem”), quasistationary solitary waves
can be orbitally stable. Stability of solitary waves takes its origin from [VK73] and has been extensively
studied by Strauss and his school in [Sha83, SS85, Sha85, GSS87].

Local attraction to solitary waves

First results on the asymptotics of type (1.7) with wy # 0 were obtained for the nonlinear U(1)-invariant
Schrodinger equation in the context of asymptotic stability. This establishes asymptotics of type (1.7)
but only for solutions close to the solitary waves, proving the existence of a local attractor. This was first
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done by Soffer and Weinstein and by Buslaev and Perelman in [SW90, BP93, SW92, BP95], and then
developed in [PW97, SW99, CucOla, Cuc0O1lb, BS03, Cuc03] and other papers.

Global attraction to solitary waves

The global attraction of type (1.7) with ¥4 # 0 and wy = 0 was established in [Kom91, Kom95, KV96,
KSK97, Kom99, KS00] for a number of nonlinear wave problems. There the attractor is the set of all
static stationary states. Let us mention that this set could be infinite and contain continuous components.

In [Kom03] and [KKO07al, the attraction to the set of solitary waves (see Figure 1.2) is proved for the
Klein-Gordon field coupled to a nonlinear oscillator. In [KK07b], this result has been generalized for the
Klein-Gordon field coupled to several oscillators. In [KKO08], this result is extended to higher-dimensional
setting for a model with the nonlinear self-interaction of the mean field type. In this monograph, we
unify the approach to these models and present their analogues in higher dimensions.

\Il|t~>700

Figure 1.2: For t — +o00, a finite energy solution W(¢) approaches the global attractor 20 which coincides
with the set of all solitary waves &.

We are aware of but one recent advance [Tao07] in the field of nontrivial (nonzero) global attractors
for Hamiltonian PDEs. In that paper, existence of the global attractor for the nonlinear Schrodinger
equation in dimensions n > 5 was considered. The dispersive (outgoing) wave was explicitly specified
using the rapid local energy decay in higher dimensions. The global attractor was proved to be compact,
but it was neither identified with the set of solitary waves nor was proved to be finite-dimensional [Tao07,
Remark 1.18].



10

Andrey Komech



Chapter 2

Description of models and results

2.1 Klein-Gordon with one oscillator

Model

We start with the simplest model, which is the Klein-Gordon equation with the nonlinearity located at
a point:

Y(x,t) =" (2, 1) — m*P(x,t) + 5(z)F(1(0,1)), reR, teR. (2.1)

Above, m > 0 and F' is a nonlinear function describing a nonlinear oscillator at the point x = 0. The dots
stand for the derivatives in ¢, and the primes for the derivatives in . All derivatives and the equation are
understood in the sense of distributions. We assume that equation (2.1) is U(1)-invariant, where U(1)
stands for the unitary group ¢, § € R mod 27. That is, we assume that

F(e'y) =ePF(), HecR, ¢eC. (2.2)

This symmetry leads to the charge conservation and to the existence of the solitary wave solutions, which
are finite energy solutions of the following form:

wu(x,t) = st(l')eiiu)ty weR, ¢, € Hl(R)' (2'3)

Above, H!(R) is the Sobolev space.

If we identify a complex number ¢ = u + iv € C with the two-dimensional vector (u,v) € R?, then,
physically, equation (2.1) describes small crosswise oscillations of the infinite string in three-dimensional
space (z,u,v) stretched along the z-axis. The string is subject to the action of an “elastic force”
—m?(x,t) and coupled to a nonlinear oscillator of the force F (1)) attached at the point x = 0.

Remark 2.1. In the context of this model, the assumption (2.2) means that the potential U(1)) is rotation-
invariant with respect to the z-axis.

Solitary waves

Definition 2.2. (1) The solitary wave solutions (or, briefly, solitary waves) of (2.1) are finite energy
solutions to (2.1) of the form

P(x,t) = o (x)e™ ™t where weR, ¢, € H'(R). (2.4)

(2) The set of all solitary wave solutions is denoted by &:
S ={yY € OR,H'(R)): ¢(,t) = (x)e ™, weR, ¢, H (R)}. (2.5)

11



12 Andrey Komech

(3) The solitary manifold is the set of corresponding initial data:
S = {(¢u, —iweo): pu(r)e™™" € &}. (2.6)

Remark 2.3. Since we only consider U(1)-invariant equations, the set S is invariant under multiplication
by ¥, 6 € R.

The solitary waves for equation (2.1) are constructed in Appendix A.1. According to Remark A.3,
there are numerous nonlinearities leading to the existence of solitary waves.

Hamiltonian structure

We set U(t) = (¢(x,t), m(x,t)) € C? and rewrite equation (2.1) in the vector form:

b0 =[5 e o |1O+50 | pn | 1)

where x € R and t € R. We assume that the nonlinearity F’ admits a real-valued U(1)-invariant potential,
U(y) = w(|y|?), for some w € C%(R):

F(y) = =VU(y) = =20 (|¢$]*)),
where the gradient is taken with respect to (Re, Im)):
VU(Y) =0,U +i0,U, ¢ =u+iv, u,veR

Then equation (2.7) can formally be written as a Hamiltonian system,

. 1
W) = TH(Y), T = [ ol } (2.8)
where H’ is the variational derivative of the Hamilton functional
1
e = 5 [ (o + 0P+ o) dor Uwo), v =] U, (29)

R

taken with respect to (Ret,Im) and (Rew,Imm).
Since (2.7) is U(1)-invariant, the Nother theorem formally implies that the charge functional

O, m) = ; / (Y —7TY) da (2.10)
is (formally) conserv ution — P(,1)
) conserved for solutions W(t) (2. 1) to (2.7).

The phase space
Denote by || - ||z2 the norm in L?(R"). Let H*(R"), s € R, be the Sobolev space with the norm

[l = [[(m® = A)*/24] 2. (2.11)

For s € R and R > 0, denote by Hj(B%) the space of distributions from H*(R"™) supported in B%
(the ball of radius R in R™). We denote by || - ||+, g the norm in the space H*(B';) which is defined as
the dual to H; *(Bg).

Definition 2.4. Let n > 1.
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(1) 2 = HY(R™) x L*(R") is the Hilbert space of states ¥ = (1, 7), with the norm
121% = lI7llLz + IV lZe +m?[GlIZ: = lIxlZ: + 1]F-
or € > 0, introduce the Banach spaces Tt = - X H™ with the norm
2) F 0, 1i d he B h 2 ¢ = H'75(R") x H~¢(R") with th

1% - = [[(m® = A)~2 % = ||mll5—- + [9]F-
(3) Define the seminorms

11%— p =75 p + 1lFncpy  B>0,

and denote by % ~¢ the Banach space with the norm

oo
1Wllg—< =Y 27 F|¥]| 2= r < cc. (2.12)
R=1

Lemma 2.5. For any € > 0, the embedding &~ C % ~¢ is compact.

Proof. Let ¥; € 2, j € N be a sequence such that
[Pjler <C <00, jeEN (2.13)

It suffices to specify a Cauchy subsequence in ¥; considered in the space % ~¢.

Since 2" is a Hilbert space, we can choose a subsequence of ¥; which is weakly convergent in 2 to
some WUy € 2. Since for any s > s’ and R > 0 the inclusion H§(B%) ¢ H* (R") is compact (with B
being a ball of radius R in R™), we can choose a smaller subsequence of ¥; which converges in the metric
|| - || 2--<,r- By the diagonalization process, we can choose a yet smaller subsequence of W;, which we
denote ¥, , r € N, which converges in the metric || - || 4~ g, for any R > 0.

Let us show that ¥, , r € N, is a Cauchy sequence in 2 ~¢. Pick 6 > 0. Choose Ry € N large enough
so that 2770 < §/4, where C is from (2.13). Since U} is convergent in || - || o-—< g for any fixed R > 0,
there is 7o € N such that ||U; — VU, || g -< g, < /2 for all r, v’ > ro. Then, for all r, r' > 7,

oo
195, =5, lla-e = > 27 F)10y, =¥ ll2< r
R=1

R() o0

<D 27, — et Y, 2789, -0y |l
R=1 R=Ro+1
_R 6 0
§||\Iljr_\11jr/||%’ivRo+2 02C<§+§:5
This finishes the proof. O

Equation (2.7) is formally a Hamiltonian system with the phase space 2" defined in Definition 2.4 (1)
(with n = 1) and the Hamilton functional H. Both H and Q are continuous functionals on %2 .

Theorem 2.6 (Global attraction for Klein-Gordon equation with one oscillator).
Assume that F (i) = —VU (), where

P
U(y) = Zul|w|2l, weR, wu,>0, and p>2. (2.14)
=1
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For any (Yo, m0) € 2, the solution ¥(t) to (2.1) with (¢,4)|,_, = (Yo, m0) converges to the solitary
manifold S in the space % ¢, for any e > 0:

Jimdist g ((v,9)],,8) =0, (2.15)

where S is introduced in (2.6) and dist - (¥, S) := 1I€1f9 |U — s||g—-, with || - ||o-- introduced in (2.12).

Remark 2.7. (1) The existence of a global solution ¥(t) for any finite energy initial data (g, 7o) €
H' x L? is proved in Appendix B.

(2) By (2.14), the nonlinearity is of polynomial character and is strictly nonlinear. This condition is
crucial in our argument: It will allow us to apply the Titchmarsh convolution theorem.

(3) Tt suffices to prove Theorem 2.6 for ¢t — +o0.

(4) For the real initial data, we obtain a real-valued solution #(t) to (2.1). Therefore, the convergence

(2.15) of (¢(t),1(t)) to the set of pairs (¢u, —iwd,) with w € R implies that v (t) locally converges
to zero or a static solution.

(5) As the matter of fact, the convergence (2.15) also holds in the local energy seminorms, and, in
particular, in % ~¢ with € = 0. The proof based on the technique of quasimeasures is presented in
[KKO07a].

2.2 Klein-Gordon with several oscillators

Let us consider the Klein-Gordon equation with N nonlinear oscillators located at the points X7 < X5 <
v XN:

N
Ga,t) =" (,t) = m*p(x,t) + Y 6(z — X)Fr(¥(X1,t)), z€R, teR. (2.16)
I=1

Above, m > 0 and F are nonlinear functions describing nonlinear oscillators at the points X;. The dots
stand for the derivatives in ¢, and the primes for the derivatives in x. All derivatives and the equation
are understood in the sense of distributions. We assume that equation (2.16) is U(1)-invariant; that is,
each Fy(v), 1 <1 < N, satisfies (2.2):

Fr(e) =eFi(¢), 60eR, $eC, 1<I<N.
We denote by X the set of all the locations of oscillators:
X ={X1, Xo, ..., Xn} (2.17)
We will assume that the oscillator forces F; admit real-valued U(1)-invariant potentials:

Fi(y) = -VUr(¥),  Ur@®) =ur([¢l*),  ur € C*(R), (2.18)

where u; are real-valued. The gradient is taken with respect to (Re, Im ).
Equation (2.16) can formally be written as a Hamiltonian system, with the Hamiltonian

1

N
) = 5 [ (1o W+ P o) do + S Uro(X)). (219)

R I=1

Since (2.16) is U(1)-invariant, the Nother theorem formally implies that the values of the charge functional
Q(1),1)) defined in (2.10) are conserved for solutions t(t) to (2.16). Both H and Q are continuous
functionals on the space 2" defined in Definition 2.4 (1).
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Theorem 2.8 (Global attraction for Klein-Gordon equation with N oscillators).
Assume that for all 1 < I < N, one has F;(v) = =VU;(¢¥), where

pr
U[(w) = ZU1,1|1/J|ZZ, ury € R, ur,, >0, and pr > 2. (2.20)
=1

If N > 2, assume that the intervals [ X1, X141], 1 <I < N —1, are so small that A := | Jmax | X741 —
X71| satisfies o

2 1 N
™ 2
(% +m2)" >m]]en -0, (2.21)
=1
where pr are exponentials from (2.20). Then for any (Yo, m0) € 2~ the solution (t) to (2.16) with the
ingtial data (¥, ¢)|,_, = (¥, ™) converges to the solitary manifold S in the space % ¢, for any e > 0:
Jimdist g ((1,4)],,8) =0, (2.22)

where dist g (¥, 8) := infg |V — s|la--.
EIS

Remark 2.9. The existence of solitary waves for equation (2.16) is addressed in Appendix A.1.

Remark 2.10. In Section 7.1, we construct counterexamples to the convergence (2.22) in the case when
some of Fj are linear (in (2.20), some of p; are equal to 1) or when (2.21) is not satisfied.

2.3 Klein-Gordon with mean field interaction

To consider the higher dimensional analog of the above results, we substitute the -function coupling by
the one based on the mean field mechanism. This has to be done because the finite energy solutions to
the Klein-Gordon equation in higher dimensions are not necessarily continuous and can not be considered
at a particular point.

We consider the complex Klein-Gordon equation with the mean field self-interaction at N points:

N
P, t) = Ag(x, t) — m>p(x, t) + Zp;(x)F1(<p1,¢(-,t)>), zeR", teR, (2.23)

I=1
where

orv,t) = [ prlo)te. 0 da.

We assume that pr(x) = p(x — Xr), where X; € R™ and p is a smooth real-valued function from the
Schwartz class: p € Z(R™), p # 0.

We will assume that the dimension is n > 3.

We assume that (2.23) is U(1)-invariant:

Fr(e®2)=¢e®Fr(z), 2€C, #eR, 1<I<N.
We also assume that Fy admit real-valued U(1)-invariant potentials:
Fi(z) = =VUr(2),  Ui(z) =us(|z*),  ur € C*(R),

where u; are real-valued.
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Solitary waves

The set & of solitary wave solutions to (2.23) is defined similarly to Definition 2.2 as the set of all finite
energy solutions of the form 9 (z,t) = ¢, (z)e ! with ¢, € H!(R"):

G ={y € C'R,H'R")): ¥(z,t) = ¢po(x)e™ ™, weR, ¢, € H (R™)}. (2.24)
The solitary manifold is the set of the corresponding initial data:
S = {(¢n, —iwpy): doe ™t € &G} (2.25)

Equation (2.23) can formally be written as a Hamiltonian system with the phase space 2~ defined in
Definition 2.4 (1) and the Hamiltonian

N
M) =5 [ (B VO + o) e Y U(pr ). (2.26)
I=1

Due to U(1)-invariance of (2.23), the functional Q(¢, ) (defined in (2.10)) is conserved (formally) for
the solutions of (2.23). Both H and Q are continuous functionals on 2.

Let
Z, = {w € R\[-m,m]: p(¢€) =0 for all £ € R"™ such that m? + £ = w?}. (2.27)

Above, £2 = |¢|%.
Define

pr(§)

, w e CTU(-m,m), (2.28)

where CT = {w € C: Imw > 0}. Note that Y/(-,w) is an analytic function of w € C* with the values
in .7 (R"). Since |Y/(z,w)| < const|Imw|™! for w € C*, we can extend for any z € R™ the function
Yr(z,w) to the entire real line w € R as a boundary trace:

Yr(x,w) = eli%1+ Yr(z,w + ide), w e R, (2.29)

where the limit holds in the sense of tempered distributions.

Definition 2.11. For 1 < T < N, 1< J < N, define

! XL
2m)" /Rn &2+ m? — (w+10)? d"¢. (2.30)

O']J(W) = <PIaEJ('7W)> = (

Let
N_ [ . —
zZ) = {w. lgg?]t]SNU[J(W) = O}.

More generally, for N’ < N, define

zN = {w: 37,7 c{l,....N}, [I|=|J] = N,

Ieg?]tej o1s(w) = 0}'

Denote ,
Zr= u zZN. (2.31)

1<N/<N

Assumption 2.12. Z} is a discrete set of points, and Z: N ([-m,m]U Z,) = 0.
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Above, Z, is defined in (2.27) and Z} is defined in (2.31).
Remark 2.13. Assume that £, and X, 1 < I < N, are such that the matrix

Sy = et€o (X1—Xy)

is non-degenerate and all its N’ x N’ minors, 1 < N’ < N, are also non-zero. Then, if p is such that
p # 0 and p(€) is concentrated in a sufficiently small neighborhood of £ = &y, one has

ZxN[-m,m]=0.

Therefore, Z* N ([-m,m|U Z,) =0 (Z, = 0 since p # 0).

Remark 2.14. The local well-posedness of (2.23) in the energy space, Theorem B.16, is similar to Theo-
rem B.1, but easier to prove. The local well-posedness of (2.23) is immediate since the nonlinearity in the
right-hand side in (2.23) belongs to H!(R™). The global well-posedness follows from the a priori bound
on ||(1,4)|| 2 which is a consequence of the energy conservation and the bound inf,cc U(z) > —oc.

Theorem 2.15 (Global attraction for Klein-Gordon with mean field interaction).
Assume that for all 1 < I < N, one has Fr(z) = =VU;(2), where

P
Ui(z) = Zu19l|z|2l, urg €R, wurp, >0, and pr>2. (2.32)
=1

Assume that the coupling function p(x) and the points Xy, 1 < I < N, are such that Assumption 2.12 is
satisfied.

Then for any (Yo, m0) € X the solution ¥(t) to equation (2.23) with the initial data (¥, v)|,_, =
(10, m0) converges to the solitary manifold S in the space % ¢, for any € > 0:

Jimdist g ((v,9)],,8) =0, (2.33)
where dist g -- (U, S) 1= ing 19 — s||g—-, with || - || -- introduced in (2.12).
se

Remark 2.16. We assume that n > 3. In this case, X'1(z,w) defined in (2.29) is smooth near w = £m,
and hence is a multiplicator in .%’(R).

Remark 2.17. We do not know whether the % ~¢-convergence with £ > 0 stated in this theorem could be
improved to the % °-convergence.
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Chapter 3

Attractors

The consideration in this section applies to models (2.16) and (2.23). We assume that the equations are
written in the Hamiltonian form such as (2.8):

U(t) = TH' (D). (3.1)
We will follow the notations of the general theory of attractors [CV02].
Assumption 3.1. We assume that (3.1) satisfies the following properties:
(1) For any ¥y € 2, there is a unique solution ¥ € C'(R, Z") to (3.1) with ¥|,_, = Uy.

(2) For each Wy € 27, there is a constant C'y, < oo such that sup ||¥],||2 < Cy,.
teR

(8) There is 9 > 0 such that for any T' > 0, any € € (0,&0), and any ¥; € C(R, Z'), j € N, which are
solutions to (3.1) satisfying

—e

SUp U1, |2 <00 and Wl —— Xo€ 2,
JjE

J—00

there is the convergence
Cy([=T, T, &)

g ——— X,
J—00

where X € C'(R, 2) is the solution to (3.1) with X|,_, = Xo.
(4) For any £ > 0, the embedding 2~ C # ¢ is compact.

The space Cy([—T,T), % ~¢) appearing above is equipped with the the sup-norm

1oy (—7,77,2 <) = sup ]H‘I’|t||@/—e~

)

Remark 3.2. The solutions to (2.16) and (2.23) satisfy the conditions (1), (2), and (3) of Assumption 3.1
due to Theorem B.1 and Theorem B.16 (see Appendix B). In the case of (2.16), one can take g9 = 1/2;

for (2.23), one can take any 9 > 0.
The condition (/) is satisfied for 2", % ~¢ defined in Definition 2.4 due to Lemma 2.5.

Let S, be the time shift operator acting on C'(R,.7"):

S W(t) = U(r +1). (3.2)

19
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3.1 Omega-limit points and omega-limit trajectories

Definition 3.3 (Omega-limit point of a trajectory). Let ¥ € C(R, Z") be a solution to (3.1). We will
say that Xo € 2 is the omega-limit point of ¥, Xy € w(¥), if there is a sequence t; — +oc such that

’

vl

— Xo.

ts )
Jj—o0

J
This definition could be reformulated as follows:
w@) = [Jve)|,
>0 | s>t
where [ : ] denotes the closure of the set in the topology of ..
Lemma 3.4. Let ¥ € Cy(R, 27). For any sequence {t;: j € N} and any e > 0,

y/ g*s
V|, —— Xo ifand only if V|, —— X,.
7 j—oo 7 j—oo

In either case, Xg € Z .

Due to the a priori bounds in 2" for solutions to (3.1) (Assumption 3.1 (2)), this lemma shows that
the .’-convergence in Definition 3.3 could be substituted by the % ~¢-convergence.

Proof.  Since %~ C ./, it suffices to prove that the convergence \If|tj —— Xy as j — oo implies

&
the convergence \Il|tj —— Xy, j — o0, for any € > 0.
Since the set \I'|tj is bounded in the Hilbert space 27, it contains a weakly convergent (in 2")

subsequence. On the other hand, any such subsequence would have to converge (weakly) to Xo. It
follows that Xy € 2" and ‘Il\tj weakly converges to Xj.

Assume that the sequence \Il|tj does not converge to X in the metric ||-||g--. Then there is § > 0 and
a subsequence \I/\ti , 7 € N, such that ||‘I"a7~ — Xo|lz-- > 0 for all » € N. On the other hand, due to the
compactness of the inclusion 2" C # ¢ (Assumption 3.1 (4)), a sequence ‘I"tj,, would have to contain a

subsequence V| y 1 SE N, convergent in % ~¢, whose limit would have to coincide with Xg € 2~ C & ~¢.
O

Definition 3.5 (Omega-limit set). The w-limit set of a set B C 2 is defined by
w(B)={Xp: W e CR,2), ¥ =TH(V), ¥|,_,€B, Xocw(®)}= |] wW@.
U \Il\t=068

This definition could be restated as

wB) = [UJW()B|,

t>0 | s>t

where W (t) is the dynamical group of equation (3.1) and | - | denotes the closure of the set in the
topology of ..

Definition 3.6 (Omega-limit trajectory). Let ¥ € C(R, Z") be a solution to (3.1). We call X € C(R, Z)
the omega-limit trajectory of W if there is a sequence t; — +o0o such that

/

7
S, ¥ ——— X.

Jj—o
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In this definition, the convergence is in the topology of the space of tempered distributions over space-
time. The following lemma shows that this convergence could be substituted by the Cy([-T,T], % ~¢)-
convergence.

Lemma 3.7. Let U € C(R, 2") be a solution to either (2.16) or (2.23) written in the form (3.1). For
any sequence {t;: j € N} and any ¢ > 0,

! X . Cb([fT’T]»g_e)
StV —— X if and only if S;,V ———— X, VI >0.

Jj—o Jj—00
In either case, X € C(R, Z").

A Co([=T,T], %)
Proof. Tt suffices to prove that the convergence Sy, ¥ — X implies the convergence Sy, ¥ ——————

X, for all T' > 0; the converse statement is trivial.
Thus, we assume that

S0 2L X, jo . (3.3)

Assume that, contrary to the statement of the lemma, there is T > 0, ¢ > 0, and a subsequence t;_,
r € N, such that Sy, W does not converge to X in the topology of Cy ([T, T],% ~¢). It means that there
is § > 0 such that
sup [|(S:, ¥ — X)|,||lor-= > 9, r €N, (3.4)
[t|<T
By Assumption 3.1 (2), sup,cp [|¥|,||2= < oo. Therefore, we can choose a subsequence of \I/|tjr weakly

convergent to some Yy € 2°. By Assumption 3.1 (4), we can choose a smaller subsequence, denoted
¥[,, , m €N, which converges to Yo in the norm || lor-<. Let Y € C(R, Z") be a solution to equation

(3.1)mwith the initial data Y|,_, = Yy, which exists due to Assumption 3.1 (1). Due to the continuous
dependence on the initial data (Assumption 3.1 (3)),

Co([-T,T),% %)
Si,,, ¥ ————— Y. (3.5)

The convergence (3.3) implies that X = Y for |[¢| < T, and we see that (3.5) contradicts (3.4). This
contradiction finishes the proof. O

Now let us prove the existence of omega-limit trajectories.

Proposition 3.8 (Existence of omega-limit trajectories). Let ¥ € C(R,.2") be a solution to equation
(3.1) with the initial data ¥|,_, = ¥ € 2.

(1) Let e € (0,&0). For any sequence t; — +oo there exists a subsequence t;, , v € N, such that, for any
T >0,
Cy([-T,T],% %)
rT—00

)

for some X € C(R, 7).

(2) X(t) satisfies (3.1): .
X = JH'(X),
which is understood in the sense of distributions.

(3) There is the bound
sup |1 X1, [l < oc.
teR
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Remark 3.9. According to Definition 3.6, the function X appearing as a limit in Part (1) is called
omega-limit trajectory.

Proof.  First, let us note that for any ¥y € 27, Assumption 3.1 (1) provides a solution ¥ € C(R, Z") to
equation (3.1) with the initial data ¥|,_, = .

Let t; > 0, j € N be a sequence such that ¢; — co. Fix € € (0,¢¢), with ¢y from Assumption 3.1 (3).
Since \Il|tj are bounded in 2" (Assumption 3.1 (2)) and the embedding 2% C # ¢ is compact by

Assumption 3.1 (4), we can pick a subsequence ¢; ., r € N, of {¢;: j € N} such that

@—E
b ——— Xo, (3.6)

Ir o r—oo

vl

for some Xy € Z°. By Assumption 3.1 (1), there is a solution X € C(R, Z") to equation (3.1) with the
initial data X|,_, = Xo € 2.

Let S; be the time shift operators on C(R,.%’), introduced in (3.2). By (3.6) and the continuous
dependence of solutions on initial data (Assumption 3.1 (3)), for any T' > 0, there is the convergence

Cy([-T,T,% %)
Si, ¥ ——— 5 X, (3.7)
This finishes the proof of Part (1).
The limit (3.7), combined with equation (3.1), proves Part (2).
Part (3) of the Proposition follows from X|,_, = X, € 2" and Assumption 3.1 (2). O

3.2 Global attractor and trajectory attractor

Definition 3.10 (Global attractor). The attractor A C 2 is the set of the initial data of all omega-limit
trajectories:

A=w(Z)= U w(¥).

()= oLy W)
Definition 3.11 (Trajectory attractor). The trajectory attractor (or path attractor) 2 of equation (3.1)
is the set of all omega-limit trajectories of all finite energy solutions:

A= {X € OR,2): 3V € O(R, 2), ¥ = TH (), 3t; — 0, Sp,¥ ——— X},

Jj—00
Lemma 3.12. There is the following relation between A and 2A:

A={T|,_,: e},
A={VcCR, Z): V=JH(V), ¥|,_ A

Proof.  Assume that X, € A. By Definition 3.10, this means that there is ¥ € C'(R, 2Z") which is a
solution to (3.1) and a sequence t; — +o00 such that

!
U, —— Xo.
J Jj—00

By Lemma 3.4,
ay—¢
. —— Xoe Z.

J j—o00

vl



Global Attraction to Solitary Waves 23

Let X € C(R, %) be a solution to (3.1) with the initial data X|,_, = X(. Then, due to the continuous
dependence on the initial data (Assumption 3.1 (3)), for any 7' > 0 and € > 0,

Cy([-T,T],%~°)
St b .
j—00
By Definition 3.11, X € 2.
Now, conversely, assume that X € 2. Then there is ¥ € C(R,.2") and a sequence t; — 400 such

!

that S;, W ——— X, and, by Lemma 3.7, for any 7" > 0 and € > 0,

Cy([-T,T],% ~°)
Stj d :
j—o0

In particular,

aqy—¢€

v
(Stjqj)|t:o = \Il|tj P—W> Xl
By Definition 3.10, X|,_, € A. O

Lemma 3.13. Let ¥ € C(R, 2) be a solution to ¥ = JH'(¥). Then, for any e > 0,

ay—€
U(t) —— A
t—o0
Proof.  Assume that, on the contrary, there are § > 0, a solution ¥ € C'(R, Z") to (3.1), and a sequence
t; — oo such that

dist g—s(\ll|tj,./4) > 0. (3.8)
Since \Il\tj are bounded in 2, there is a subsequence \I/\tj , 7 € N, which converges in the topology of
% ¢ to some Xg. By Definition 3.10, X, € A, contradicting (3.8). O
Lemma 3.14. If the set A of all omega-limit trajectories coincides with the set & of all solitary waves,

then, for any finite energy solution V(t) € C(R, Z") and any € > 0, one has

ay—=
— S
t—o0

vl

t
Proof.  Since all omega-limit trajectories are solitary waves, Lemma 3.12 implies that
A={X(0): X eA} =S.

Now the proof follows from Lemma 3.13. a
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Chapter 4

Klein-Gordon with one oscillator

In this chapter, we give the proof of the global attraction to solitary waves for equation (2.1),

Pz, t) =" (x,t) — m*P(z,t) + 6(x) F((0,1)), zeR, tekR, (4.1)

which describes the Klein-Gordon string interacting with a nonlinear oscillator located at the origin
(Theorem 2.6).

We present the argument from [Kom03] and [KKO07a, slightly shortened since we prove the convergence
to the attractor in the 2 ~¢-norm with & > 0 (as opposed to the convergence in the local energy norm %°
proved in [Kom03] and [KKO07a]). This argument illustrates the main common points of the arguments
for other models considered in this monograph.

Pick the initial data
(to,m0) € H'(R) x L*(R). (4.2)

According to Theorem B.1 (1) there exists a global solution to (4.1), which we denote ¥(z,t), with the
initial data

(%, 9)|,—o = (th0,70)- (4.3)

By Theorem B.1 (), .
(1.%) € C(R, 2). (44)

4.1 Compactness and omega-limit trajectories

We fix ¢ € (0,1/2). According to Proposition 3.8 applied to the model (4.1) (see Remark 3.2), for any
sequence t; — 400 there exists a subsequence t;_, r € N, such that, for any 7" > 0,

Co([-T, 1,2 °)

Stjr (¢a¢) 4’(6a 6)) (45)

r—00

for some 3 € C(R, H'(R)) with § € C(R, L*(R)). Recall that the space % ~¢ is introduced in Defini-
tion 2.4 (8) and S; is the time shift operator (3.2) defined on C(R,.7").
The function G(x,t) satisfies the equation

B(x,t) = B"(x,t) — m?B(x,t) + 6(x)F(B(x, 1)), reR, teR, (4.6)
which is understood in the sense of distributions. There is the bound

sup [[(8, 0)], |l < oe. (4.7)
teR
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By Lemma 3.14, to conclude the proof of Theorem 2.6, it suffices to check that every omega-limit
trajectory [(x,t) belongs to the set of solitary waves.

Let x be the solution to the linear Klein-Gordon equation with the initial data (4.2):

)2(33,75) = X//(x7t) - mQX(x7t)’ (X?X)h:o = (¢0($),W0($)). (48)

Lemma 4.1 (Local energy decay of the dispersive component). There is a local energy decay for x:
Jim 06Ol g =0, ve>o0. (4.9)

See Corollary C.2 in Appendix C.

Remark 4.2. Lemma 4.1 means that the dispersive component xy does not give any contribution to the
omega-limit trajectories (see Definition 3.6).

4.2 Absolute continuity for large frequencies

Define
e ={ Yy s 150 (410)
Then ¢(z,t) solves the following Cauchy problem:
Plx,t) = ¢ (2,1) =mp(z,8) + 8(2) (1), (9,@)],<o = (0,0), (4.11)
where
f(t) :=0)F((0,t)), t e R, (4.12)

where O(t) is the Heaviside step function. Recall that (1, 7) € Cy(R, Z°) by (4.4). On the other hand,
since x(z,t) is a finite energy solution to the free Klein-Gordon equation, we also have (x, x) € Cy(R, Z).
It follows that p(z,t) = ©(t)(¢(x,t) — x(x,t)) is finite in the energy norm:

(p, ) € (R, Z), teR. (4.13)
Let k(w) be the analytic function with the domain D := C\((—o0, —m] U [m, +00)) such that
k(w) = Vw? —m2, Im k(w) > 0, we D. (4.14)
Let us also denote its limit values at the real axis by
ki (w) = k(w £ 10), weR. (4.15)
As illustrated on Figure 4.1 (where all square roots take positive values), we have:

k_(w)=ky(w) for —m<w<m,
k_(w) = —kt(w) for weR\(—m,m), (4.16)
wky(w) >0 for w € R\[-m,m)].

Let us consider the Fourier transform

oz, w) = Froulp(z, t)] = /000 e“lo(x,t)dt, (z,w) € R% (4.17)
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k(w+i0)=—vw?—m?2 —-m 0 m k(w+1i0)=4+Vw?—m?

................. e N P e e e e e S e e
k(w—i0)=++vw2—m?2 k(w—i0)=—Vw2—m?

k(wiiO):ﬁiv m?2—w?

Figure 4.1: Domain D and the boundary values ki (w) := k(w £i0), w € R.

This is a continuous function of € R with values in tempered distributions of w € R, which satisfies the
following equation (Cf. (4.11)):

—w?@(x,w) = 02@(x,w) — m2P(z,w) + 0(z) f(w), (z,w) € R? (4.18)
where -
fo) = FimdlfOlw) = [ et wer (4.19)
Proposition 4.3 (Spectral representation). There is the following relation:
etk (W)]z]
o(x,w) = —mf(w), reR, weR\{£fm}. (4.20)

Proof.  According to (4.10), ¢|,_, = 0, hence the formula (4.17) could be extended to
weCt:={z€C: Imz >0},

defining complex Fourier transform of p(z,t):
Pz w) = / e“to(x,t)dt, x€eR, Imw>0. (4.21)
0
Similarly, since f|,_, = 0, the formula (4.19) could be extended to w € C™:

flw) = /00 et f(t) dt, Imw > 0. (4.22)

0
Due to (4.13), §(-,w) is an H'-valued analytic function of w € CT, and, by (4.11), it satisfies
—?@(z,w) = 8@z, w) — m2G(x,w) + 0(z) f(w), Imw >0. (4.23)
For w € CT, the solution @(z,w), could be written as a linear combination of the fundamental solutions
eik(@)le]
Gi(x,w):m, r€e€R, weD,
with k(w) defined in (4.14) and D plotted on Figure 4.1. These fundamental solutions satisfy
G (z,w) + (W — m*)Gy(z,w) = §(2), reR, weD.

We use the standard “limiting absorption principle” for the selection of the appropriate fundamental
solution. We proved that, for w € C*, $(-,w) € H'; on the other hand, for w € C*, only the function
G (-,w) is in H' due to the definition (4.14), while G_(-,w) is not. This proves that

~ cik@lal _
o(r,w) = —Gy(z,w)f(w) = —Wf(w), weCt. (4.24)
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Lemma 4.4. (1)

flw) = Tim flw+ie), weR, (4.25)
with the convergence in 7' (R).
(2)
oz, w) = lir&r oz, w + i€), weR, (4.26)

with the convergence in ' (R, H*(R)).

Proof. By (4.4), the function (-, ¢) is bounded in H'(R), uniformly in ¢ € R. By the Sobolev
embedding, (0, ) € Cp(R), hence the function f(t) = O(t)F(¢(0,¢)) is bounded:

f() € Cy(R). (4.27)

Since f|,., =0, one has:

f(t) = lim f(t)e™,

e—0+

where the convergence is in C,(R). The convergence (4.25) takes place by the continuity of the Fourier
transform in the space of tempered distributions.

Now we need to consider ¢(z,w) for w € R. Since ¢ € Cy(R, H'(R)) by (4.13) and ¢|,_, = 0, we have
olx,t) = li%1+ o(z,t)e, (4.28)

where the convergence holds in e.g. .#’(R, H'(R)), which is the space of H'-valued tempered distribu-
tions. The Fourier transform @(x,w) = F,_,[p(z,t)] is defined as a tempered H!-valued distribution of
w € R. As it follows from (4.28) and the continuity of the Fourier transform in ./(R), for each z € R,
the function ¢(x,w) of w € R can be considered as the boundary value of the analytic function @(z,w),
w € C*. This proves (4.26). O

Now we can extend the relation (4.24) to w € R. We use Lemma 4.4 (1) and (2) to take the limit
Imw — 0+ in both sides of the relation (4.24), and keep in mind that k(w) is smooth for w € CTUR\{+m}
and hence is a multiplicator in the space of distributions. O

Remark 4.5. One can use the fact that for each = € R, the distribution ¢(x,w) is a quasimeasure (see
Remark 4.6), while the factor in (4.24) is a multiplicator in the space of quasimeasures for all w € CT UR.
Then the formula (4.20) follows for w € R.

Remark 4.6. A tempered distribution p(w) € ./ (R) is called a quasimeasure if
(1) = Foliluw)] € Cy(R).
For more details on quasimeasures and multiplicators in the space of quasimeasures, see Appendix D.

Proposition 4.7 (Absolute continuity of spectrum). The distribution f(w) is absolutely continuous for

w € R\[—=m,m], and moreover
z dw
fw)]?——— < oo, 4.29
Lo PG (1.29)

where wky(w) > 0 for w € R\[—m,m| by (4.16).

Proof.  We use the Paley-Wiener arguments. Namely, the Parseval identity and (4.13) imply that

o0
const

/||¢(~,w+ie)||2L2 dwzzn/e*%tn@(.,t)niz at < 2 e 0. (4.30)
R 0




Global Attraction to Solitary Waves 29

On the other hand, we can calculate the term in the left-hand side of (4.30) exactly. According to (4.24),
eik(w+ie)|a:| N

QO(SU,W + ZE) = 7mf(w -+ ZG),
hence (4.30) results in
”eik(w-&-ie)\w\ 12, |f( P dw < . - (4.31)
——————|f(w + i€)|* dw < const, e > 0. .
R |k(w+ie)l? -
Here is a crucial observation about the norm of e**(w+ilzl,
Lemma 4.8. (1) For w € R\(—m,m),
' Hez‘k(w+ie)|x\ ||2L2 1
1 = . 4.32
ot wk(w + i whi() (4:32)
(2) For any § > 0 there exists 5 > 0 such that for w € R\[-m — d,m + ] and € € (0,¢5),
ik(w+ie)|z]]|2 1
||€ ”L2 (433)

lwk(w +1i€)|2 — 2wk, (w)’

Remark 4.9. The asymptotic behavior of the L?-norm of e+ stated in the lemma is easy to un-
derstand: for w € R\[—m,m], this norm is finite for € > 0 due to the small positive imaginary part of
k(w + i€), but it becomes unboundedly large when ¢ — 0+. Let us also mention that the expression in
the left-hand side of (4.32) is easy to evaluate in the momentum space. Since

gik(wtio)a] 1 1
Foe [ka(w + ze)} B &2+ m? — (w +ie)? - &2 — K2
where k1 = k(w + ie) € CT, we have:
ez, 1 s
P or Tl R Al I ey

Closing the contour of integration at { — +ioco and using the Cauchy Residue Theorem (note that
k1 € C* and —k; € CT), one gets:

Heik(w-ﬁ-ie)mH%z B i 1 N 1
Ylwk(w +i€)|2 2k —k3) \k1 k1 /)’
The relation (4.32) follows after we note that k% — k? = (w + i€)? — (w — i€)? = diwe.
Substituting (4.33) into (4.31), we get:

~ dw
ie)|]?——— < 2 4.34
/|w|>m+6|f(w+ze) S0 <e<e (4.34)

with the same C' as in (4.31). We conclude that for each 6 > 0 the set of functions

flw + ie)

9575(&]):W7 0<€<€5,

defined for w € (25, is bounded in L?*(R\[—m — &, m + 4]), and hence is weakly compact. The convergence
of the distributions (4.26) implies the following weak convergence in L?(R\[—m — &, m + §]):
95, —7 95, € — 0+7

where the limit function gs(w) coincides with the distribution f(w)|wk (w)|~1/2 restricted onto R\[—m —
d,m + 0]. It remains to note that, by (4.34), the norms of all functions gs, 6 > 0, are bounded in
L?(R\[—m — §, m + d]) by a constant independent on §, hence (4.29) follows. ad
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4.3 Spectral analysis of omega-limit trajectories

By Lemma 4.1, as t — oo, the dispersive component x(-,t) converges to zero in # ¢, for any ¢ > 0.
On the other hand, according to (4.5), the functions ¢ (x,t;, + t) converge to 3(x,t) as r — oo, in the
topology of Cy([-T,T],%# ~¢), for any T > 0 and 0 < ¢ < 1/2. Hence, the functions ¢(z,t;, +1t) =
O(tj, +t)(Y(z,t;, +1t) — x(z,t;, +1)) also converge to 3(x,t):

Cb([fT)T]f@_E)

oz, tj, +1) — Bz, t), (4.35)
for any T'> 0 and 0 < e < 1/2.
For brevity, we denote
B(t) == B(0,1), (4.36)
g(t) := F(B(0,1)). (4.37)

By (4.6), the function B(m,w), which is the Fourier transform of §(x,t), satisfies the equation
—?f(z,w) = B (z,w) - m?*B(z,w) + 6(z)j(w),  (z,w) € R?, (4.38)

valid in the sense of tempered distributions of (z,w) € R2. Above, j(w) is the Fourier transform of g(¢).

According to (4.7), f(z,w) is a continuous function of € R with values in tempered distributions of
w e R.

Lemma 4.10. Let u € ./ (R) and {t;: j € N} be such that lim;_. t; = co. If

etin 2y e S (R) (4.39)

and u|, € L}, (Z) for some open set T C R, then v|, = 0.

loc

Proof.  Pick any ¢ € C§°(R) with supp( C Z. Then, due to the convergence (4.39), (¢, e!“liru) —
(¢,v). On the other hand, (¢,e'“ru) = F,_;[¢(w)u(w)](t;,) — 0, as the Fourier transform of the L'-
function Cu. It follows that (,v) = 0. Since ¢ is an arbitrary smooth function with support in Z, we are
done. O

Lemma 4.11 (Compactness of spectrum).
supp p C [—m,m].

Proof. By (4.35), for any « € R, we have:

ozt +1) 2o B(x,t), teR (4.40)

Since ¢(z,t; +t) = 5= [ e”“le™ ™4 G(x, w) dw, the relation (4.40) implies that, for any = € R,

e Whir 3(z, w) Z, B(z,w), r — 00. (4.41)

By Proposition 4.7, $(0,w) is locally L? for w € R\[-m,m]. Therefore, the convergence (4.41) and
Lemma 4.10 show that (w) := 3(0,w) vanishes for w € R\[—m,m]. O

Lemma 4.12 (Spectral representation for 3). The distribution B(m,w) admits the following representa-
tion:
- ekt (@)lx]

Bz, w) = —mg(w), x€R, weR\{tm}. (4.42)
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Proof. Due to (4.5), we also have

f(t, +1) = P (0,15, +1)) <> F(B(0,1)) = (),

hence, due to the continuity of the Fourier transform in ./,

et fw) 25 §(w), weR. (4.43)

Now the statement of the lemma can be proved by starting with the relation (4.20) proved in Proposi-

tion 4.3 and applying the limits (4.41) and (4.43). When taking the limits, we use the fact that k(w) is

smooth for w € R\{£m} and hence the expression %7 w € R\{*m}, is a multiplicator in .’ away

from w = +m. O

Lemma 4.13. The points w = £m can not be isolated points of the support of g(w).

Proof. Let us assume that, on the contrary, wy = m or —m is an isolated point of the support of g. Pick
an open neighborhood U of wy such that U Nsupp § = {wo}. Pick ¢ € C§°(R) such that supp(g C U,
((wp) = 1. Then

((W)g(w) = Mé(w—m), M e C\{0}, (4.44)

where the derivatives of 6(w —m) do not appear since ¢ * g(t) is bounded. By (4.42), we have, for any
x € R, UnNsupp f(z,-) C {wo}, hence

C(W)B(x,w) = 0(w —wo)b(z),  be HY(R). (4.45)

Again, the terms with the derivatives of §(w — wp) are prohibited since (a, ¢ % 3(-,t)) are bounded for any
o € C3°(R). The inclusion b(z) € H'(R) is due to 3 € .7/ (R, H'(R)).

Multiplying (4.38) by ¢(w) and taking into account (4.44), (4.45), and the relation wi = m?, we see
that the distribution b(z) satisfies the equation

0="0"(z) + M(x).
M # 0 would lead to b ¢ H(R), contradicting the inclusion § € .&/(R, H'(R)). This contradiction
shows that w = +m can not be isolated points of the support of g, finishing the proof. O
Lemma 4.14. supp j(-) C supp f.

Proof. By Lemma 4.12,
supp g(-) C supp p U {£m}.

Now the statement of the lemma follows from Lemma 4.13. O

Lemma 4.15 (Reduction to point spectrum). Either supp p = {w,} for some w, € [-m,m] or p = 0.

Proof. By (2.20), the Fourier transform §(w) of g(t) := F(3(0,t)) is given by

= - Huf B)x ... x(BxB)+p. (4.46)

-1

Now we will use the Titchmarsh Convolution Theorem [Tit26] which could be stated as follows:

For any u, v € &'(R), supsupp(u *v) = Sup supp u + Sup supp v.
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Above, &'(R) is the space of compactly supported distributions. For more details and a proof, see
Appendix E.

Applying the Titchmarsh Convolution Theorem to the convolutions in (4.46), we obtain the following
equality: ~ ~ R

supsupp g > supsupp 3 + (p — 1)(sup supp f — inf supp p). (4.47)
We used the relation ~
supsupp B = — inf supp B

We wrote “>” in (4.47) because of possible cancellations in the summation in the right-hand side of
(4.46). Note that the Titchmarsh Theorem is applicable to each summand in the right-hand side of
(4.46) since by Lemma 4.11 the function B is compactly supported (supp f C [—m,m]).

Comparing (4.47) with the statement of Lemma 4.14, we conclude that

(p — 1)(supsupp p — inf supp ) = 0. (4.48)
Since p > 2 by (2.20) (which means that the oscillator at = 0 is nonlinear), we conclude that supp p
consists of at most a single point w, C [—m,m]. O

Lemma 4.16. [(z,t) is a solitary wave:
Blx,t) = p(x)e™ ™",
where w, € (—m,m) and ¢ € H'(R) satisfies
—wid(z) = ¢"(x) —m*p(z) + 8(2)F(4(0)),  z€R. (4.49)
Proof. By Lemma 4.15, supp f C {w,}, with w, € [~m,m)]. Therefore,
B(w) = a16(w — wy), with some a; € C. (4.50)

Note that the derivatives 6%)(w — w,), k > 1 do not enter the expression for B(w) since p(t) = ( ,t)
is a bounded continuous function of ¢ due to the bound (4.7). The relation (4.50), together with (4.46),
yield that

J(w) = g10(w — wy), with some ¢; € C. (4.51)

Now Lemma 4.12 implies that the omega-limit trajectory §(z,t) is a solitary wave:
Blz,t) = p(a)e "
Since 3(z,w) solves (4.38), ¢(z) satisfies (4.49).

Remark 4.17. By Lemma 4.13, w, = £m could only correspond to the zero solution.

According to Lemma 3.14, Lemma 4.16 completes the proof of (2.15).



Chapter 5

Klein-Gordon with several oscillators

In this Chapter, we are going to prove Theorem 2.8, which states the global attraction to the set of
solitary waves for all finite energy solutions to the equation
N
P, t) = " (@, t) = mP(x,t) + Y 6z — X)Fi($(Xp,t), z€R, teR, (5.1)
I=1

which describes the Klein-Gordon field interacting with oscillators F;, 1 < I < N, located at the points
XreR.
Pick
(¢0,m) € H'(R) x L*(R). (52)
According to Theorem B.1 (1) there exists a global solution to (5.1), which we denote #(x,t), with the
initial data

(%, ¥)],—o = (th0,70)- (5.3)
By Theorem B.1 (4), '
(¥, ¥) € Cp(R, 2). (5.4)

5.1 Compactness

Fix ¢ € (0,1/2). Proposition 3.8, applied to the model (5.1), states that for any sequence t; — 400 there
exists a subsequence ¢;, , r € N, such that, for all T > 0,

. Cy([-T, 1), %) .
Stjr (djadj) - (ﬂ7 ﬂ)a (55)

for some € C(R, H'(R)) with § € C(R, L?(R)). The function 3(x,t) satisfies the equation (5.1),

N

Bz, t) = 3" (x,t) — m?*B(x,t) + Z(S(n; - X1)Fi(B(x,t)), zeR, tekR, (5.6)
=1

which is understood in the sense of distributions, and obeys the bound

sup [[(8, 0)], |2 < oe. (5.7)
teR

By Lemma 3.14, to conclude the proof of Theorem 2.8, it suffices to check that every omega-limit
trajectory [(x,t) belongs to the set of solitary waves.

33
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Let x(z,t) be the solution to the following Cauchy problem:

X(z,t) = XH - m2X7 (X?X)|t:0 = (1#0(%)’”0(55))7 (5'8)

where (¢o(z), mo(z)) is the initial data from (5.2).
Let us denote

fr(t) == O) Fr(¢(Xy,1)), teR. (5.9)
Since (Y(x,t),(z,t)) € Cy(R, 2) by (5.4), one has (X,-) € Cy(R) for 1 < I < N by the Sobolev
embedding, and hence f;(t) € Cp(R).

Define
0, t < 0;

e ={ Yy s, 150
Then ¢(x,t) satisfies

N

Qé(xat) = ag@(xat) - m290(xat) + Zé(x - Xf)fl(t)a t >0, (510)

with (¢, ¢)[,., = (0,0). With both (1, ¥) and (x,x) € Cy(R, 2, one also has the same inclusion for
o, t) = O, 1) — X, 1)

(p(z,1), (1)) € Cp(R, Z),  teR. (5.11)

5.2 Spectral representation

Proposition 5.1. There is the following representation for ¢ in terms of fr, 1 <1 < N:

i N giky(@)|e—Xr| _ . -
@(xaw)——gwfl(w)v w e K. (5.12)

The function ky(w) is defined in (4.16).

Proof. Let us analyze the complex Fourier transforms of ¢(x, t):
P(z,w) = Fiwlp(z, )] = / e“lo(x,t)dt, weCt, (5.13)
0

where C* := {2z € C: Imz > 0}. Due to (5.11), @(-,w) are H'-valued analytic functions of w € CT.
Equation (5.10) implies that ¢ satisfies

N
~wP(z,w) = B2p(x,w) - m*@(z,w) + Y o — X)) frw), weCh. (5.14)
I=1
The fund 1 solutions G I st
e fundamental solutions G4 (z,w) = ST satisfy

Gl (7,w) + (w? —m?)Gx(z,w) = 6(x), weCt.

The solution @(z,w) could be written as a linear combination of these fundamental solutions. Arguing
as before (4.24), we see that, as the matter of fact, ¢(x,w) is expressed in terms of G only:

N eik(“")lm_XI‘ ~

_ZG-&-(Qj_XIaW)JEI(W):_ZT(W)JCI(“))? weCt. (5.15)
=1

I=1
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Lemma 5.2. (1) ) )
frlw) = lir61+f1(w+ie), weR, 1<T<N,

with the convergence in 7' (R).

(2)

Pz, w) = 11%1+ o(x, w + i€), w e R,

with the convergence in . (R, H'(R)).

The proof repeats the proof of Lemma 4.4.
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The formula (5.12) follows from taking the limit Imw — 0+ in both the left- and right-hand sides of

the relation (5.15) and using Lemma 5.2. Note that the exponential factors e*(<+0)lz=X1

| are not smooth

as functions of w, and therefore are not multipliers in the space of tempered distributions. To take the
limit Imw — 0+ in (5.15), we take into account that ¢(Xr,w) and fr(w) are quasimeasures, while the
exponential factors are multiplicators in the space of quasimeasures. For more details, see Appendix D,

Lemma D.6.

Denote
(p[(t) = QD(X[,t), 1§I§N

Lemma 5.3. For z < Xy and x > Xy, one has:

e WX G (W),  x< Xy,
¢z, w) = aer

etk+ @ @=XN) @ v (w), T > Xy,
Proof. For x < X7, Proposition 5.1 yields

N o—ik(w)(z—X1) N o—ik(w)(X1—X1) _

. _ F (o) = k(@) (a—X1)
Plz,w) = 2 2ik(w) fiw) = —em e ; 2ikw) )

hence _
Gz, w) = e FWIEXIG(X) W), z<X;, weR

Similarly, for © > Xy, the relation (5.12) yields

(,5(3?70)) = eik(W)(Ii)(N)(ﬁ(XNaw)v Tz XN7 weR.

Lemma 5.4. Forany I, 1 <I <N —1,

(k(w) (X141 — X1)) -

- ; N . sin
Pri1(w) = e—z(XHl—Xz)k(w)(pI(w) _ ;eZk(w)(XI_XJ) ) fr(w),
where w € R.
Proof. We have: .
Pr(w) = @(Xpw) == . frw), wEeR,

O

(5.16)
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zk(w)\Xprl XJ|

N
Or+1(w) == @(Xr41,w) Z 2ik(w — frw), weR.

Therefore, there is the following relation:

@ri1(w) — e "X XORD G ()

N k(W) X1 =X | _ pik(@)| X1=X | g=i( X141 —X1)k(w) _
== . fr(w)

2ik(w)
J=1
eik(w)(X1+1—XJ) _ eik(w)(QXI—XI+1—XJ) -

- 2ik(w) fow)

J<I

) in (k Xro1—X1)) -

[ Z elk(“")(XI*X,I) Si ( (CL))( I+1 I)) fj(w), w e R (517)

k(w)

<
IN

I

Let us note that the terms with J > I disappeared from the summation due to the ordering X; < X5 <
< XN O

5.3 Absolute continuity for large frequencies

Lemma 5.5. The distributions @1(w), @n(w) are absolutely continuous for w € R\[—m,m], and more-
over

/ (61 + 165 @] - o < oo, (5.18)
weR\[—m,m] w
where ki (w)/w > 0 for w € R\[-m,m] by (4.16).

The bound for each of @1(w), @n(w) is obtained by applying the proof of Proposition 4.7 and using
the representation for @(z,w) for x < X; and > Xy from Lemma 5.3.

5.4 Spectral analysis of omega-limit trajectories

The Fourier transform of 3 in time, ﬁ(:z:,w), is a continuous function of x € R with values in tempered
distributions of w € R. By (5.6), it satisfies the equation

N

—w?B(z,w) = B (z,w) — m?B(z,w) + Zé(m - X1)gr(w), (z,w) € R?, (5.19)
=1

valid in the sense of tempered distributions of (z,w) € R?, where §;(w) are the Fourier transforms of the
functions
g1(t) := Fr(B(X1,1)), 1<T<N. (5.20)

We also denote R
Br(t) :== B(X1,t), 3y :=supp Py, 1<I<N. (5.21)

Lemma 5.6. There is the following relation:

Brin(e) = e X0k () 3 xS EQDX = X))

= k(w)

where w € R.
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Proof. The convergence (5.5) implies that for all 1 < T < N,

Frlty, +1) = Fp(X1,t;, +1) 2o F(B(X1,8) = g1(t), 1 — o0,

and hence )
et fr(w) AN J1(w), r — 00. (5.22)

. . . Cb([_TvT]a'@/is) .
Corollary C.2 implies that, for any 7" > 0, S;(x,X) ———— (0,0) as j — oo, hence the
convergence (5.5) leads to
L Gu(-T T2 .
i, (9:$) ————— (.5).

— 00

This, together with the continuity of the projection
II:%° - Cy([—X, X)), IT: (¢, m) — 1, vX >0
(see Lemma B.7 in Appendix B), implies that, for any = € R, there is the convergence

Co([-T,T1)
Lp(xatjr +t) ﬁ(xvt)a r— 00,
for any 7" > 0, hence
e Whir 32, w) Z, B(z,w), r — 00. (5.23)
To finish the proof, we apply (5.22) and (5.23) to the representation from Lemma 5.4. Note that the

sin (k(w)(X141—X
factor gm( (w)]i(w[; 1= X1) is a smooth function of w and defines a multiplicator in the space of tempered

distributions. The factors e« (X1=X1) are not smooth at w = +m; still, since @y, fl belong to the
space of quasimeasures and e**(“)(X1=XJ) are multiplicators in this space (see Appendix D, Lemma D.6),
the proof follows. O
Lemma 5.7. For I =1 and I = N, one has ¥ := supp B; C [—m,m].

Proof.  This follows from Lemma 4.10, applied to the convergence (5.23), and using the fact that ¢,
and @y are locally L? for w € R\[—m,m] (see Lemma 5.5). O
Proposition 5.8. Any omega-limit trajectory B(x,t) is a solitary wave, i.e. B(x,t) = ¢(x)e” "+t with
ws € [-m,m] and ¢(x) € H'(R).

Proof.  The proof is based on the following lemmas.

Lemma 5.9. If ¥ =0, then 3(z,t) = 0.

Proof.  The condition ¥; = () is equivalent to $1(¢) = 0. This implies that g;(t) := F1(B1(t)) = 0. By
Lemma 5.6, B2(¢) = 0. By induction, f;(w) =0, gr(w) =0for 1 <I < N.
O

Now we consider the case Xq # ().
Lemma 5.10. If X1 # 0, then X1 = {w,} for some w, € [—m,m].

Proof. By Lemma 5.7, we know that ¥; C [—m, m]. To show that 3, consists of a single point, we assume
that, on the contrary, inf £; < sup ¥;. By (2.20), the Fourier transform g;(w) of g1(t) := F1(8(X1,t)) is
given by

== 2y (BrxBy) k..o (BrxBy) oo (5.24)
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Applying the Titchmarsh Convolution Theorem (see Appendix E) to the convolutions in (5.24), we obtain
the following equalities:

infsuppgi = infsupp By + (p1 — 1) inf supp(B1 * B;)
inf 31 4+ (p1 — 1)(inf 1 — sup ), (5.25)
supsupp§i = supsupp 1 + (p1 — 1) supsupp(B1 * B;)
= supXi + (p1 — 1)(sup Xy —inf Xy), (5.26)

where we used the relations

inf supp B; = —supsupp p1,  supsupp p; = — inf supp B1.

Note that the Titchmarsh Theorem is applicable since suppél is compact (suppél C [-m,m] by
Lemma 5.7). Note that, because of inf ¥; > —m and sup ¥; < m, one has

supp g1 C [—(2p1 — 1)m, (2p1 — 1)m)]. (5.27)

Since we assumed that inf ¥ < sup ¥, (5.25) and (5.26) imply that inf supp g; < inf Xy, supsupp g1 >
sup £;. The ratio sin(k4 (w)(X2 — X1))/k+(w) could only vanish at the points w = £w ,,, where

m2n2
Win =4 4m?, 1<I<N-1, neN
" \/XI+1_XI|2

Using the condition (2.21) and the inclusion (5.27), we conclude that suppg; N {fwi ,: n € N} = (.
Therefore, sin(ky(w)(X2 — X1))/ky(w) does not vanish on supp g, and Lemma 5.6 with I = 1 implies
that

inf ¥y := inf supp B2 = inf supp §1 < inf X1,

sup Yo 1= sup supp BQ = supsupp g > sup .
We proceed by induction, proving that
inf 37 > inf 39 > -+ > inf Xy, sup X1 < supg < --- < SUp L. (528)

It then follows that inf Xy < sup X . Starting from I = N and going to the left, we could as well prove
the opposite inequalities:

inf ¥ <inf ¥g < --- < inf Xy, sup X1 > sup Xg > --- > SUp L. (5.29)

The contradiction of (5.28) and (5.29) shows that our assumption that inf ¥; < sup ¥; was false, hence
%1 C {wy} for some wy € [—m,m]. O
Thus, supp 31 (w) = %1 C {ws}, with w, € [—=m, m]. Therefore,
Bi(w) = a16(w — w,), with some a; € C. (5.30)
Note that the derivatives §*)(w —w,), k > 1 do not enter the expression for 3; (w) = F;_,[8(X1,t)] since
B(z,t) is a bounded continuous function of (x,t) € R? due to the bound (5.7).
Lemma 5.11. 3(z,w) = 2r¢(x)d(w — w,), where ¢ € H'(R).

Proof. Tt suffices to notice that if supp p; = {w,}, then also supp g1 C {ws}, and by the induction
argument applied to Lemma 5.6 one has the inclusions supp 37 C {w,} forall 1 < T < N. O

Now we can finish the proof of Proposition 5.8. Lemma 5.11 implies that 3(z,t) = ¢(x)e~ "+, where
¢ € HY(R) by (5.7). This finishes the proof of Proposition 5.8. Note that w = 4+m could only correspond
to the zero solution (see Remark A.2). a

According to Lemma 3.14, Proposition 5.8 completes the proof of Theorem 2.8.



Chapter 6

Klein-Gordon with mean field
interaction

In this chapter, we are going to prove Theorem 2.15, which states the convergence to the set of solitary
waves for all finite energy solutions to the complex Klein-Gordon field ¢ (x,¢) with the mean field self-
interaction at N € N points:

N
ll}(x7t) :Aw(%t) —me(l‘,t)+Zp1(l‘)F[(<p[,1/}(~7t)>), reR", telR (6'1)

I=1

Above, pr(z) = p(z — X;), with X; € R*, 1 < I < N, and p a smooth coupling function from the
Schwartz class: p € Z(R™), p # 0.
We assume that the dimension is n > 3.
Pick
(1o, m0) € H(R™) x L*(R™). (6.2)
According to Theorem B.16 (1) there exists a global solution to (6.1), which we denote v (z,t), with the
initial data

(wv /lb)‘t:() = (¢07 7TO)~ (63)
By Theorem B.1 (4), .
(1, ¥) € Cp(R, 2). (6.4)

6.1 Compactness
Fix any € > 0. Proposition 3.8 applied to equation (6.1) (see Remark 3.2) states that, for any sequence
t; — +o00, there exists a subsequence t; , r € N, such that, for any 7' > 0,
. Cy(-T T2 %) .
St,, (1, 1)) T(ﬂ, B), (6.5)
for some 3 € C(R, H'(R™)) such that § € C(R, L*>(R")). The function §(z,t) satisfies equation (6.1),

N

Bz, t) = AB(x,t) — m?B(z,t) + Zpl(x)FI((pI,@), z €R", teR, (6.6)
=1

which is understood in the sense of distributions, and obeys the following bound:

sup [[(8, 0)], |l < oe. (6.7)
teR

39
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By Lemma 3.14, the proof of Theorem 2.15 will follow if we check that every omega-limit trajectory
B(z,t) belongs to the set of solitary waves:
B(x,t) = ¢, (x)e” ", reR", teR, (6.8)
with some w, € R.

Define x(z,t) as the solution to the following Cauchy problem:

)'é(l‘,t) = AX(SE,t) - mZX(‘Tat)v (X:X)‘z:o = (’l/)Oaﬂ'O)v (69)

where (g, mo) is the initial data from (6.2). Define ¢(z,t) by

0, t <0,
p(z,t) = { Waat) — x(@t), >0, (6.10)
Then ¢(x,t) satisfies
N
Bla,t) = Dp(a,t) —mPp(z,0) + Y pr(@)fr(t),  (,¢)lze = (0,0), (6.11)
=1
where
fr(t) == O@) Fr({pr, ¥ (-, 1))
Note that {(pr,¥(-,t)) belongs to Cp(R) by (6.4). Hence,
fi() € Gy(R). (6.12)
On the other hand, since x(t) is a finite energy solution to the free Klein-Gordon equation, we also have
(X, X) € Cp(R, 2). (6.13)
Hence, the function ¢(t) = ©(t)(¢(t) — x(t)) also satisfies
(p, ) € Cb(R, Z), teR. (6.14)
6.2 Spectral representation
Let us consider the complex Fourier transform of ¢(x,t):
Pz, w) = Frwle(z, )] := / e“to(x,t)dt, weCh, xcR", (6.15)
0

where C* := {z € C: Imz > 0}. Due to (6.14), ¢(-,w) is an H'-valued analytic function of w € C*.
Equation (6.11) for ¢ implies that

N
—w?@(r,w) = Ap(z,w) — m*@(x,w) + ZpI(x)fI(w), weCt zeR”,
=1

where

fr(w) = /OOO eCtf(t)dt, weCH, (6.16)

is the complex Fourier transform of f7(¢). The solution ¢(z,w) is analytic for w € CT and can be
represented by

oz, w) = ZE;(m,w)fﬂwL weCT. (6.17)
I=1
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Lemma 6.1. (1) . .
frw) = 1i151+ fr(w + ie), weR, 1<I<N, (6.18)

with the convergence in /' (R).

(2)

Pz, w) = 111%1+ Pz, w + i€), weR, (6.19)
with the convergence in &' (R, H*(R™)).

The proof repeats the proof of Lemma 4.4 and is based on the convergence

e ! e S (R,H' (R™))
e fit) —— f1(t), e “o(r,t) ——— @(z,1)
e—0+ e—0+

which follows from f;|,_, =0, ¢|,., =0, and the bounds (6.12) and (6.14).

Now we can justify the representation (6.17) for w € R, if the multiplication in (6.17) is understood
in the sense of distributions.

Proposition 6.2. There is the following identity, understood in the sense of distributions:

N
oz, w) = Z Yr(z,w) fr(w), weR. (6.20)
I=1

Proof.  Since we assume that n > 3, for each x € R™,

1 ¢TI 5(¢) de
(2m)" /R € +m? — (1w +1i0)?

Yi(z,w) = (6.21)

is a smooth function of w € R, and hence is a multiplicator in the space of tempered distributions in the
variable w. The rest of the proof is based on the relation (6.17) and the convergence stated in Lemma 6.1.
O

6.3 Absolute continuity for large frequencies

Let k(w) denote the branch of vw? —m? such that Imvw? —m? > 0 for w € C*; see (4.14). The
function k(w) is analytic for w € C*. We extend it to w € C* by continuity.
We write the Fourier transform of (6.20) as follows:

N N
95(§7w) = Z 21(57(“}).];[((“}) = ZA‘(&UJ) Ze_ig'XI.fI(w% weR, (622)
I=1 I=1

where
_ p(§)
24+ m?— (w+i0)2

2, w) (6.23)
Proposition 6.3. For any finite open interval W such that W N ([—m,m]U Z,) = 0 there is a constant

Cw > 0 such that
2

dQg dw < Cw . (6.24)

N

Lo

I=1

e—ik(w)O'XI f] (w)
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Remark 6.4. By (6.18), fr(w) = f1(w + i0).
Proof. The Parseval identity applied to

Pz, w +ie) = / o, t)et =< dt, e>0 (6.25)
0
leads to

> o0
/ I16(,w + ie)||72 dw = 2”/ (-, t)||7 2672 dt.
> 0

Since sup; g [[¢( )|l < oo by (6.14), we may bound the right-hand side by C1 /e, with some C; > 0.
Taking into account (6.17), we arrive at the key inequality

o N i o
/ I3 Srw i) folw + 03 do < (6.26)

=1

Noting that 27 (£, w + i€) = e X1 (€, w 4 i€), with 3(&, w + ie) from (6.23), we rewrite (6.26) as
2

N
/e > i wtie) fr(w +ie)|  dw
R I=1 L2
N 2 e
_ 3 - N2 —i&- X1 F .
_AHXR6|E(§,w+ze)| Ze fr(w+ ie) o) dw < C1. (6.27)
=1

Fix a finite open interval W such that W N ([—m, m]U Z,) = (). Denote

We={(§w):weW,|w—+E+m? <e} CR" xR, (6.28)
as on Fig. 6.1. Due to the inequality (6.27), the following weaker inequality also takes place:

N 2 n
Z e X1 (W + de) % dw < (4. (6.29)

I=1

/ (5(E w + ie)
WE

Figure 6.1: Domain W€ and intervals W and k(W).

Lemma 6.5. There exists a constant Cy > 0 such that for any e € (0,1) there is the inequality
N 2

Ze—m(w)eg-xl fr(w =+ ie) $ dw < Oy, (6.30)

. d
by je)|? Py
| dSew+iol > )

where 6¢ = I%I
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Proof. For brevity, denote f; = f; (w+i€). We are done if we can prove that the difference between the
left-hand sides of (6.29) and (6.30) is bounded by a constant which depends on W but not on € € (0, 1).
By the triangle inequality,

—ie X —ik(w)Be - X d"g
e|X(E, w4+ ie))? SAIfy ulw)CeXrfy dw
(2m)"
WE
—i&-X ik(w)Be- X d§
< e|2§,w—|—ze fy — Ze e AIfy o ) dw
Wﬁ
N 2d”£
w)0¢- X zkw97§»X
/G|E§,w+ze IZ & X1 (k)8 =€) ’fl)flwdw. (6.31)
we =

According to (6.4), [fr(t)| = [Fr({pr, (- ,t)>)| is bounded uniformly in time. By (6.16), we know that
It7] = |f1(w + i€)| < Ce~t. We also have |¢/(F(©)0:=)X1 _ 1| < C¢ for (¢,w) € W, with some C' € R
independent on € € (0, 1). Therefore, (6.31) is bounded by

. L, d7E H(€)]2 dre Zare
/ 5 €| 2(&, w + de)|? @) dw < /WE €|4pn(12)e|2 ) dw < /Rn €|477(12)e|2 o) 2e < const, (6.32)

where const depends on W but not on €. Above, we used the expression b (&, w+ie) =
(see (6.23)) and the bound

A(&)
£24m?—(w+ie)?
1€2 +m? — (w+i€)? > > |Tm (&% + m? — (w +ie)?)[* > 4m?é?, (& ,w) e We.

The integration in w contributed 2e¢, which is the thickness of W€ in the w-direction (see Fig. 6.1).
Tt follows that the right-hand side in (6.31) is bounded by a constant independent on € € (0,1). This
finishes the proof. O

Lemma 6.6. There exist eyy € (0,1) and C3 > 0 such that

/ €|2(& w+ie))? 5 d"é > Cs, wel, 0<e<ep.
Wen(R? x {w}) (2m)"

Proof.  First, we note that k(W) is a finite open interval bounded away from 0; see Fig. 6.1. Since the

function
1

- ~ 2 -1
el G

is smooth and strictly positive for i € (W), there exist ey > 0 and ¢y > 0 such that h(n) > ey for all
1 such that ({,w) € W€ for || =, € € (0, ew). Hence, using (6.23),

/ 5w+ i1t
Wen(R? x {w}) (2m)™

h(n) ==

2

. ) p(&) a¢
- Wen(Rn x {w}) 52 +m? — (w + ZE) (2’/T)n
edn
> .
T == e (653

n>0, Jw—y/n2+m?|<e

where we took into account the definition (6.28). Pick oy < |k(W)|/2; then, for ny € k(W), either
[0 — dw,mo] C k(W), or [no,m0 +dw] C k(W), or both. Therefore, the integration in 7 is over an interval
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of length at least § min v [k’ (w)|. Moreover, for |w—+/n? +m?| < ¢, the magnitude of the denominator
is bounded from above:

1% +m? — (w+i€)?]> = (1 + m? — w? + €)? + 4w’e?
< (V1?2 4+ m2 —w)2(v/n? + m2 + w)? 4 conste? < conste?,
where the constant in the right-hand side depends on W but not on e. O

Combining Lemmas 6.5 and 6.6, we get:
2
eTHRWIOXL £ (w4 ie)| dQedw < Co/Cs, 0<e<ew.

N

JA—>

I=1

We conclude that the set of functions

N
gw,e(0,w) = Z eiik(w)e'xlf](w + ie), 0<e<ew,
I=1

defined for @ € S*71, w € W, is bounded in the Hilbert space L?(S"~! x W), and hence is weakly
compact. The convergence of the distributions (6.18) implies the weak convergence g, — gw in the
e—0+

Hilbert space L*(S"~! x W). The limit function gy € L*(S"~! x W). coincides with the distribution
Z?f:l e kR(@)O X1 £1(w), on S~ x W. This proves the bound (6.24). O

Proposition 6.7. The distributions fi(w +i0), 1 < I < N, are locally L* for w € R\([=m,m] U Z,,).
Proof.  'We split the proof into four lemmas.

Lemma 6.8. Let k > 0. Assume that the vectors X; € R", 1 < J < N, are pairwise different. Then
there exist vectors @ € S*™1, 1 < I < N, such that
det e 01X £,
1<I,J<N
Proof.  Let us choose a (two-dimensional) plane A through the origin in R™ such that the orthogonal
projections of X; onto A, which we denote by Y; = Pa(X ), are pairwise different. It suffices to show
that we can choose 8; € S*~!1 N A such that
det e ™M0rYs £ 6.34
1§I,.e]§N ¢ a ( )
It is enough to consider the case when all Y; are pairwise linearly independent and have different lengths.

Indeed, since Y, are pairwise different, there exists Yy € A such that Yy + Y, are pairwise linearly
independent and have different lengths; at the same time,

N

det e*ikol'(YOJrYJ) _ (H efikGI-Yg) det 671'1691'1/.17
1<I,J<N e 1<I,J<N

with the factor [, e~*01Yo different from zero.
We will prove (6.34) by induction in N, assuming that the vertices X ; are numbered so that

The claim is true for N = 1 since e~**01Y1 £ ( for any 6; € S*"! N A. Assume that the statement is
true for some M > 1, M < N: there exist vectors ; € S"" ' N A, 1 < I < M, such that

—ik6;-Y;
1S§1-StSM e # 0. (6.36)
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Then we need to check that the statement is also true for M + 1. That is, we need to show that there
exists @711 € S"1 N A such that
det —ik61-Yy . 37
12158 © 70 (6.37)
According to (6.36), there is a unique set of numbers a; € C, 1 < J < M, such that

o—ik01-Y o~ k01 Yar i1

M
> ay : + : =0. (6.38)
J=1

e—ik:9M~YJ e—ikeMAYMH

To prove (6.37), we need to show that the relation

M
Z aje_ikg.YJ + e—ikG-YM+1 =0 (639)
J=1

can not be valid for all @ € S*~! N A; this, in turn, will imply that there exists 83,41 € S*~' N A such
e~ 1k01-Y

that the columns : , 1 < J < M +1, are linearly independent, leading to (6.37).
e~ kOn 1Yy

We parametrize @ € S*"1 N A = S! by the angle ¥ € [0,27). Let ;7 € [0,27), 1 < J < M + 1,
be the angles corresponding to the directions Y;/|Y;| € S'. Note that since Y; are pairwise linearly
independent, all the angles ~y; are different. The relation (6.39) takes the form

f0) =0, (6.40)
where
M
f('l9) _ Z aJefilc\Yﬂcos(ﬂf'yJ) + e~ kI af cos(9—yar41) (64]_)

J=1

For ¢ € C, the formula (6.41) defines an entire function; let us show that f is not identically zero. Let
¥ = u + iv, where u, v € R. Since

cos(¥ — ) = cos(u + v — ) = cos(u — ) coshv — isin(u — ) sinh v, v eR,
the definition (6.41) takes the form

M
f(’lg) — § aJe—k|YJ\(i cos(u—=.) cosh v+sin(u—=y) sinh v)
J=1
_~_e—k|YM+1 | (i cos(u—~yar+1) cosh v+sin(u—~ar41) sinh v). (642)

Taking into account (6.35), we derive the following asymptotics along the line Re? = ypr41 — 5 (which
means that u =y 41 — 5 and v € R):

f('YMJrl _ g +iv) ~ ek\YM+1\sinhv’ v — +00. (643)

It follows that f(¢) is an entire function which is not identically equal to zero. Therefore, (6.40) can hold
at no more than finitely many values ¥ € [0,27). We pick @p;41 so that the corresponding angle ¥ is
not a root of (6.40). With this particular value of @y, (6.37) is satisfied. This finishes the induction
argument. O
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Lemma 6.9. For any w € R\[—m,m], there is an open neighborhood W C R\[—m,m] such that there is

a family of vectors Or(w,T) € S*~1, 1 < I < N, smoothly parametrized by w € W and T € B"~1 Cc R"1,
with B! a unit ball in R™1, so that

det e—ik(w)GI(w,f)~XJ ;é 0
1<I,J<N

forallw e W, T € B"!, and so that for each 1 <I < N and w € W the map
T 01w, T), TEB" (6.44)
is a diffeomorphism.

Proof.  The proof immediately follows from Lemma 6.8. O

Fix w € R\([-m,m]U Z,), and let W be an open neighborhood of w as in Lemma 6.9. We assume
that W is small enough, so that

W N ([—m,m]UZ,) = 0. (6.45)

Let the matrix
R]J(w,'r), wGW, T GBnil,
be the inverse to Ay j(w, ) = e~ *©)0r(w ™)X Pick a function ¢ € C§°(B" 1) such that [y, , <(7)dr =

1. Denote
N

Ri(w,0) = /WH

where dg, (0) is a delta-function on S"~1 supported at 8y € S*~1.

RIJ(('L)7T)§0J(LJ7T) (0) C(T) dTa (646)
J=1

Lemma 6.10. For each 1 <1 < N, the operator
Ry u(w, ) — Zru(w) = /Rl(wﬁ)u(w,@) dQye

acts continuously from L*(W x S"=1) to L2(W).

Proof. For a given value w € W, let 77(w, @) be the inverse function to 0;(w, ) which exists for
0 € {0;(w,7): 7 € B"1}. Tt suffices to notice that the function R;(w, @) defined in (6.46) is smooth,
since

501((0,7')(0) G(T) = o - TI(W, 0))

= s(1).
00 (w,T)

Lemma 6.11. For any functions f; € L? (R), 1 <I <N, there is the identity

(s

K=1 ’W

= fI|W'
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Proof.

N N
1( Z e*ik(w)G'XKfK(wD = Z Rl(eaw)eiik(w)e'XKfK(W) dQe

K—1 K—178"""

N
/Sn,71 /B; Z RI‘] (w’ 7)5(0 - OJ (w7 T)) g(T)eiik(w)e.XK ]Z:K (CA)) dr ng

N

I
M-

n—1 J=1

Br—1

N
3 Riglw, ) s(r)e K01 X fr (1) dr
1 J=1

/B b s(n) el dr = fr(w)

M= 1=

=
I

1

By Proposition 6.3 and (6.45),

2

D e @Ok fi(w) € LAW x S™T1).
K=1

Since # is continuous from L2 (W xS"~1) to L?(W) by Lemma 6.10, Lemma 6.11 proves that f; € L2(W).
This finishes the proof of Proposition 6.7. m]

6.4 Spectral analysis of omega-limit trajectories

For a particular omega-limit trajectory B(zx,t) which appears in (6.5), we denote

Bi(t) = (pr, B, 1)), g1(t) = Fi({pr, B(,1))). (6.47)
According to the convergence (6.5), for any 7> 0 and any 1 <1 < N,

Co([-T,T7)
fi(ty, +8) = Fi({pr, ¥ (- 4, +1))) ——— Fi({pr, 6(-,1))) = g1(1). (6.48)

T—00
Also, by (6.5) and Corollary C.2,

G (-T T2 9) .
St;, (¢ 9) ————— (6. /). (6.49)

— 00

Using (6.20), (6.48), (6.49), and taking into account that Xj(x,w) is smooth (hence a multiplicator in
"), we obtain the following relation which holds in the sense of distributions:

N
B(z,w) = ZZI(x,w)gf(w), x € R", weR. (6.50)
=1

Proposition 6.12. supp §; C [—m,m| U Z,, where Z, is defined in (2.27).
Proof. By (6.48) and the continuity of the Fourier transform in the space of tempered distributions,

- . 7’
frw)e @hr ——— Gr(w), 1<I<N.

T—00
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Since fi(w) is locally L? for w € R\ ([—m,m] UZ,) by Proposition 6.7, the proof follows from Lemma 4.10.
O

From (6.50), we deduce that
) N
Brlw) = Z ory(w)gs(w), weR. (6.51)
J=1

Proposition 6.13. There exists w, € Z, U [—m,m] such that supp B C {wi}, 1 <T<N.

Proof.  Denote
+

wo = mIin{inf suppBr}, wt= mlax{sup supp Br}. (6.52)
We claim that the assumption w™ < w™ leads to a contradiction.
Lemma 6.14. supp B; C [—m, m] U Z,, wtel-mmluZ,.

Proof.  This follows from Proposition 6.12, the relation (6.51), and the definition (6.52). ad

Lemma 6.15. Forall1 <1 <N,
supsupp B; + (p — 1)(supsupp B, — inf supp p) < w™,

inf supp B — (p — 1)(supsupp p; — inf supp B) > w™.
Remark 6.16. In particular, Lemma 6.15 states that if supsupp BI = w?t, then supp BI = {wt}; if
inf supp f; = w™, then supp f; = {w™}.
Proof. Let us assume that, on the contrary, there is I, 1 < I < N, such that

supsupp Br + (p — 1)(supsupp p; — inf supp pr) > w™. (6.53)
By the Titchmarsh Convolution Theorem applied to (2.32), we have:

supsupp gy = supsupp s + (p — 1)(supsupp p; — inf supp B;). (6.54)
By (6.53) and (6.54), supsuppg; > w™. Then the right-hand side of (6.54) is strictly greater than

sup supp P, hence there exists

+ . R
w>w' = 121}]a<){N(sup supp ) (6.55)

such that w € supp g;. By Proposition 6.12 and (6.51),
supp Br C Zy U [—m,m], supp gr C Z, U [-m,m)].
By Assumption 2.12, 1<§ieJt<N orj(w) # 0 for w € Uysupp gr, hence (6.51) implies that w € Uy supp Br,

contradicting (6.55). Thus, our assumption (6.53) can not be true. O

Lemma 6.17. The points w = w™ and w = wT are isolated points of the supports of Bl(w) and gr(w).

Proof.  For the support of B, the statement of the lemma follows from Lemma 6.15 (either w* ¢ supp Br
or supp B C {w®}). Now one can make the desired conclusion on the support of §; using (6.51) and the
property that 1<§1eJt<N o17(w) vanishes at w € ZY, which is a discrete set of points by Assumption 2.12.
o <I,J<

By Lemma 6.17, there exist open neighborhoods O~ and O of w = w™ and w = w™, respectively, so
that for any 1 < T < N,

O* Nsupp Br C {wF}, OF nsuppgr C {w*}.
Let ¢* € Cg°(R) be such that supp ¢+ C OF.
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Lemma 6.18. There exist Bli, G% eC,1<I<N, such that

(F(w)Br(w) = 2rBEo(w —wh),  (F(W)g1(w) = 21GFo(w —wF), 1<T<N.

Proof.  One uses the inclusions supp (¥p; C {w*}, supp (*§; € {w*}, and argues that the expressions
for (¥ (w)Br(w) and (F(w)gr(w) in terms of §(w — w*) and its derivatives can not contain terms with
6®) (w — wF), k > 1, due to the boundedness of ((* * B7)(t) and (CF * gr)(t), where (*(t) is the inverse
Fourier transform of (*. This boundedness takes place in view of the definition (6.47) and the bound
(6.7). O

Now let us finish the proof of Proposition 6.13. Introduce the sets
I~ ={I: suppPr={w }} cN, I ={I: suppp;={wt}} CN. (6.56)

Let us assume that [Z7| < |Z7| (the other case is treated similarly). Multiplying (6.51) by ¢~ (w) (and
factoring out §(w — w™)), we obtain the following relations:

N
B; = ZO‘IJ(W_)G;. (657)
J=1
For I € ZT, one has supp 7 = {w'}, supp g; C {w'}, hence B; =G = 0. Therefore, (6.57) yields

N
B, = ZO’]J(wi)G; = Z orr(w™ )G . (6.58)
= Je{L, .. NW\T+

Since |Z7| < |Z7|, we can pick Z; C {1, ..., N} such that Z; NZ~ = 0 and |Z;| = N — |Z7F|. Therefore,
considering the relations (6.58) with I € Z; (when B; = 0 due to Zy NZ~ = (), we conclude that

0=B; = > oW )Gy,  TeTy. (6.59)
Je{l, .., N\I+

We know from (6.57) that not all G;, I € {1, ..., N}\ZT, are equal to zero; hence, (6.59) implies that

det orj(w™) =0. (6.60)

I€Z,,Je{l,..., N}\Z+
According to Definition 2.11, w~ € ZZ. On the other hand, by Lemma 6.14, w~ € [-m,m] N Z,,
contradicting Assumption 2.12.

The case |Z~| > |Z7] is treated similarly; in that case, the conclusion is that wt € Z*, again leading
to a contradiction with Assumption 2.12.

It follows that there exists w, such that Specf; C {w,} for 1 < J < N, finishing the proof of
Proposition 6.13. O

By Proposition 6.13, 3(z,t) is a solitary wave. According to Lemma 3.14, this finishes the proof of
Theorem 2.15.
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Chapter 7

Multifrequency solitary waves

We will show that when the assumptions of Theorem 2.8 are not satisfied, then the attractor could be
more complicated because the equation admits multifrequency solitary wave solutions.

7.1 Klein-Gordon with several oscillators

7.1.1 Linear degeneration

Let us consider equation (2.16) with N = 2, when some of F; are linear, satisfying F;(¢) = ¢ 1, with
cy €R, ¢y #0 (in (2.20), some of p; are equal to 1).

Proposition 7.1. If the condition p; > 2 in (2.20) is violated, so that F;(¢) = ¢ for some J, with a
constant ¢ € R, ¢ # 0, then the conclusion of Theorem 2.8 may no longer be correct.

Proof. 'We are going to construct the multifrequency solitary waves. Consider the equation

=" —mP 4 6(2)Fy () + 8(a — L)Fa(v), (7.1)

where
F1(¢) :a¢+ﬁ|w|2¢a F2(7/J) :wav «, ﬁa ’YER (72)

Note that the function Fj is linear, failing to satisfy (2.20) (where one now has p, = 1).
We denote
k(w) = —iky (W), wER, (7.3)

where k4 (w) was introduced in (4.15). We then have Re k(w) > 0, and also

Elw)=vVw2—=m2>0 for —m<w<m.

The function

(A+ B)e”(‘“)’” sin wt, r <0,
o(x,t) = (Ae_"(“’)‘” + Be“(“)m) sin wt + C'sinh(k(3w)x) sin 3wt, x €10, L],
(Ae—n(w) + Bem(w)(QL—w))Sinwt_’_ 067252;2:(;z;zi?3wt7 x> L,

where w € (0,m/3), will be a solution if the jump conditions are satisfied at z = 0 and at = = L:
—'(0+,1) + ¢/ (0—,t) = arp(0,t) + BY>(0, 1), (7.4)
—¢' (L, 1) + (L=, 1) = o) (L, ) + B* (L, 1). (7.5)
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Using the identity
1
sin® 6 = % sinf — 1 sin 30, (7.6)

we see that

a(A + B)sinwt + B((A + B) sinwt)?

M) sinwt — 3

3
M sin 3wt.

=(a(A+B)+,B

Collecting the terms at sinwt and at sin3wt, we write the condition (7.4) as the following system of
equations:

24(w)A = (a(A+B) + ﬂ@), (7.7)
—k(3w)C = — @ (7.8)
Similarly, the condition (7.5) is equivalent to the following two equations:
2Bk(w)e" L = y(Ae™ WL | per@)L) (7.9)
mﬁﬁ,i% + #(3w)C cosh(k(3w)L) = 7O sinh(r(3w)L). (7.10)

Equations (7.7), (7.8), (7.9), and (7.10) could be satisfied for arbitrary L > 0. Namely, for any w €
(0,m/3), one uses (7.10) to determine ~. For any [ # 0, there is always a solution (A, B) to the
nonlinear system (7.7), (7.9). Finally, C' is obtained from (7.8). O

7.1.2 Wide gaps
Let us consider equation (2.16) with N = 2 when (2.20) is satisfied.

Proposition 7.2. If the inequality (2.21) is violated, then the conclusion of Theorem 2.8 may no longer
be correct.

Proof. ~ We will show that if L := X5 — X is sufficiently large, then one can take Fj(v) and F5(¢)
satisfying (2.20) such that the trajectory attractor 2 of the equation contains the multifrequency solutions
which are not in the set & of solitary waves defined in (2.5). For our convenience, we assume that X; = 0,
X2 = L. We consider the model (2.16) with

Fi(y) = FB@)=F@), whee F(y)=ayp+plYy, o BeR (7.11)

In terms of the condition (2.20), p; = p2 = 2. We take L to be large enough:

™

Consider the function
O(x,t) = A(e @l 4 gmr(@le=Lly gin ot 4 Bxo,z)(x) sin(k(3w)z) sin 3wt, (7.13)
where A, B € C. Then ¢ (z,t) solves (2.16) for 2 away from the points X ;. We require that

k(3w) = (7.14)

)

1=
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so that ¥ (z,t) is continuous in x € R and symmetric with respect to = L/2:

Yot =y —nt),  zeR

We need |w| < m to have k(w) > 0, and 3w € R\[—m, m] to have k(3w) € R. We take w > 0, and thus
m < 3w < 3m. By (7.14), this means that we need

2
m < ﬁ+m2<3m.

The second inequality is satisfied by (7.12).
Due to the symmetry of ¢(x,t) with respect to x = L/2, the jump conditions both at = X; = 0
and at © = Xy = L take the following identical form:

2Ak(w) sinwt — Bk(3w) sin 3wt = F(A(1 + e @l sinwt). (7.15)
We use the following relation which follows from (7.6):
F(A(l + e rWl) sinwt)
3
= (aA(l + e WLy 4 Zﬂ|A|2A(1 + e_“(“)L)S) sinwt
1
—ZB|A|2A(1 + e " @IL)3 gin 3wt (7.16)

Collecting in (7.15) the terms at sinwt and at sin 3wt, we obtain the following system:

2Ak(w) = aA(1 + e #@E) 4 %6\A|2A(1 + e RWL)3,
1 2 —r(w)L)3 (717)
Bk(3w) = 38|A[FA(1 +e )°.
Assuming that A # 0, we divide the first equation by A:
2k(w) = a1l 4 e L) ¢ 2@|A\2(1 e (7.18)
The condition for the existence of a solution A # 0 is
2k(w)

Once we found A, the second equation in (7.17) can be used to express B in terms of A.

Remark 7.3. Condition (7.19) shows that we can choose 8 < 0 taking large « > 0. The corresponding
potential U(¢) = —ai|?/2 — B|w|*/4 satisfies (2.20).
O

7.2 Klein-Gordon with mean field interaction

Now we consider the model (2.23) in the situation when Assumption 2.12 is violated. We will only consider
(2.23) with N = 1. In this case, we show that there could exist multifrequency solutions, indicating that
the set of all (one-frequency) solitary waves is only a subset of the global attractor.

Fix wy € (m,3m). Set wy = w1 /3 and pick p € .7 (R™) such that the following conditions are satisfied:

p\‘ls‘:\/ﬁ = 07 (720)
1 PP dme
o(wy) == R /R pm?— (7.21)

These two equalities imply that o(w) vanishes at a certain point of Z,, violating Assumption 2.12.
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Lemma 7.4. There exist a € R, b < 0 so that equation (2.23) with the nonlinearity
F(2) = az +b|z|z, z €C,

admits multifrequency solutions v € C(R, H') of the form

W(x,t) = ¢o(x) sinwot + ¢1(x) sinwi t, wo = %, b0, ¢1 € HY(R™),

with both ¢g and ¢1 nonzero.

Proof. To make sure that the nonlinearity does not produce higher frequencies, we assume that

(p, 1) = 0. (7.22)

Due to this assumption,

33 sinwgt — sin 3wt

F((p,v)) = F({p, o) sinwot) = a(p, do) sinwot + b{p, ¢o) 1

Collecting the terms with the factors of sinwgt and sinwit = sin3wgt, we rewrite the equation 1/1 =
A —m*p + pF((p, 1)) as two following equalities:

3b(p, do)3
—whoo = Ado — mao + p(x) (alp, o) + %), (7.23)
b{p, do)?
o = Dy — my — pla) WL (7.24)
We define ¢o(x) by ¢o(&) = %. Since m? — w3 > 0, there is the inclusion ¢; € H'(R™). Moreover,
1 P> d"¢
(p; ¢o0) = (2m)" /Rn £2| —ﬁr)n|2 iy = o(wp) > 0,

due to strict positivity of o(w) for |w| < m (see (2.30)). Hence, for any b (we take b < 0 so that the
potential satisfies inf U > —oo, complying with (2.32)), we may pick a such that (7.23) is satisfied. We
then use (7.24) to define the function ¢ (x) by

le(f) _ 7b<p7¢0>3 /6(5) _ ba(w0)3 ﬁ(g)

4 e2+m2-wi 4 24+m?—wi
Due to (7.20), ¢1 € HY(R™). We are left to check that ¢q satisfies the assumption (7.22). Indeed, due to
(7.21),

<pv¢1> = = 0.

bo(wo)® 1 / () d"¢
4 27" Jpn 4+ m2 — Wi



Appendix A

Existence of solitary waves

A.1 Solitary waves for Klein-Gordon with N oscillators

The following proposition provides a concise description of all solitary waves.

Proposition A.1. Assume that F;(¢), 1 < J < N, satisfy (2.2). Then the set of all solitary wave
solutions (2.5) of equation (2.16) consists of solutions (z,t) = ¢ (x)e ™! with

N
b (z) = Z C e @a=Xsl kw) = vVm? —w?, (A1)
J=1
where w € [—=m, m] and C; € C, 1 < J < N, satisfy the following relations:

N
20(w)Cy = Fy (Y Cre@IXo=Xu), (A.2)
K=1
Remark A.2. By (A.1), w = £+m can only correspond to zero solution.

Remark A.3. In the case N = 1, the conditions of Proposition A.1 for the existence of a nonzero solitary
wave with some w € (—m,m) only require having C' # 0 such that 2C'vm? — w? = F(C). Therefore, we
can state the following necessary and sufficient condition for having nonzero solitary waves:

3C € C\0 so that 0<%g)§m.

The case F(C)/(2C) = m corresponds to the solitary wave with w = 0, which is a stationary solution to
(2.1) given by (z,t) = Ce~ ™Il

Proof.  We will only prove this Proposition A.1 for the case N = 1.
Substituting ¢, (x)e~ ™ into (2.1), we get the equation

—w2¢5w(x)e_m = ¢L’,(m)e‘i‘”t — m2gz5w(;v)e_i“’t + 5(m)F(e_i“’t¢w(0)), (A.3)

where (z,t) € R x R. We can assume that ¢,(0) # 0. Indeed, if ¢,(0) = 0, then (A.3) turns into a
homogeneous second-order linear differential equation, which together with the inclusion ¢, € H'(R)
results in @, (z) = 0.

The relation (A.3) turns into the following eigenvalue problem:

—w?p,(x) = ¢!'(x) — m?¢,(z) + 6(x)F(po(z)), =€R. (A.4)
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The phase factor e=! can be canceled out due to (2.2). Equation (A.4) implies that away from the

origin we have

$l(x) = (m* = w’)gu(a),  x#£0,
hence ¢, (x) = Cre "7l for +2 > 0, where s satisfy k2 = m? —w?. Since ¢, (x) € H', it is imperative
that k+ > 0; we conclude that |w| < m and that k+ = vm? —w? > 0. Moreover, since the function
¢ (x) is continuous, C_ = C = C # 0 (since we are looking for nonzero solitary waves). We see that

bu(x) = Ce™"lol, C#0, k=vm?—w?>0. (A.5)
Equation (A.4) implies the following gluing condition at « = 0:
0= ¢,(0+) — ¢,(0-) + F(¢u,(0)). (A.6)

This condition and (A.5) lead to the equation 2C' = F(C) which is equivalent to (A.2) with N =1. O

A.2 Solitary waves for Klein-Gordon with mean field interaction

Proposition A.4. Let p € /(R"™), p# 0. Assume that detr jors(w) # 0 for w € [-m,m|U Z,. There
may only be nonzero solitary wave solutions to (2.23) for w € [-m,m|UZ,, where Z, is defined in (2.27).
The profiles of solitary waves are given by

3u(6) = Zi=LCaps(6) (A7)

2+ m2— w2’

where Cy € C, 1 < J < N, satisfy

FJ( EN: UJK(W)CK) =Cy, (A.8)
K=1

with ory(w) from (2.30). The existence of such solutions {Cy: 1 < J < N} is a necessary condition for
(A.7) to represent a solitary wave.

The condition (A.8) is also sufficient for (A.7) to represent a (finite energy) solitary wave in the case
n > 5, and also in the case |w| £ m, n > 2.

For |w| =m, n <4, the following additional condition is needed for (A.7) to represent a finite energy

solitary wave:
/n |p<f O e < oo w9

Proof.  Substituting the ansatz ¢, (x)e~ ™" into (2.23), we get the following equation on ¢,
~wy(z) = Ady(x) — m* ¢ () + Zm VEs((pssdu)), xR
Therefore, all solitary waves satisfy the relation
N
(€ +m? —w? Z EF1({ps, du))- (A.10)

For w € R\([-m,m] U Z,) the relation (A.10) leads to ¢, ¢ L*(R") (unless ¢,, = 0). We conclude that
there are no nonzero solitary waves for w € R\([-m,m]U Z,).
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Let us consider the case w € [-m,m|U Z,. From (A.10), we see that

N .

; Z (&)

w - F yPuw) ). A1l

¢ (5) ot 62 T m2 — 2 J(<pJ ¢ >) ( )

Using the functions X j(z,w) defined in (2.28), we can write ¢, (x) = Zf]vzl CrX(z,w), with Cy € C.
Substituting this ansatz into (A.11), we can write the condition on C; in the following form:

N N N
ZO’[J((U)FJ( Z UJK(CU)CK) = Z O’[J(w)CJ, (A12)
J=1 K=1 J=1

where o77(w) is defined in (2.30). Since o7;(w) is nondegenerate for w € [—m,m]U Z,, we can rewrite
(A.12) in the form (A.8).
For n < 4, the finiteness of the energy of solitons corresponding to w = +m is guaranteed by the

condition (A.9). O
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Appendix B

Global well-posedness

B.1 Klein-Gordon with one oscillator

Here we state and prove the well-posedness result for the equation

N

Pa,t) =" (@,t) —m*P(a,t) + 36z — X)) Fs(p(Xs,1), z€R, teR, (B.1)
J=1

which describes the Klein-Gordon field interacting with oscillators Fy, 1 < J < N, located at the points
Xj;eR.
We formulate the result for IV oscillators, but only give a detailed proof for the case of one oscillator,
N =1 (this corresponds to equation (2.1)). The proof for the case N > 1 requires minor modifications.
Global well-posedness
Theorem B.1. Assume that Fj(y) = —=VU;(¢), 1 < J < N, where
Us@) =us(9f),  us() € C*(R).
Assume that
inf U > —00, 1< J<N. B.2
inf Us() > —o0 <J< (B.2)
Then:
(1) For every (o, m) € Z the Cauchy problem
{ B, t) = 9" (@, t) = mP(a,t) + 01, 0z — X)) Fr(9(Xs,t), = €R,
(W, ¥)—o = (Yo, mo),
where m > 0, has unique solution (t), t € R, such that (1,1) € C(R, Z').
(2) The map W (t) : (Yo, m0) — (¥(t),1(t)) is continuous in X for each t € R.

(3) The values of the energy and charge functionals are conserved along the trajectory:
H(0), b(t) = const,  Q((1), (t) = const, e R,
(4) The following a priori bound holds:

(0 (0): 9 @)l 2 < Clvo,m),  tER. (B.3)
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(5) For any 0 <e<1/2, E€R, and T >0, the map
W(t): 2 — 2e,  W(t): (Yo, m0) — (¥(1),$(1)),
is continuous in the topology of % ¢, uniformly int € [=T,T]. Above, ZF is defined by

Zp={U €2 HD) < E). (B.4)

Remark B.2. In Theorem B.1 (5), we need € < 1/2 to have the embedding H'~¢(R) C C(R).
Remark B.3. The condition (B.2) is satisfied if the assumption (2.20) of Theorem 2.8 holds.

Preparation

To simplify formulas, we will only prove Theorem B.1 for N = 1, assuming that the oscillator is at the
origin (X7 = 0); the corresponding equation is (2.1). The case N > 1 requires minor modifications.
Without loss of generality, the condition (B.2) could be substituted by

Us() >0, $eC, 1<J<N. (B.5)

The condition (B.5) is satisfied by U from (2.20).
We first need to adjust the nonlinearity F' so that it becomes bounded, together with its derivatives.
Define
H (%o, mo)

A= ——= B.
0 m ) ( 6)

where the Hamiltonian H(¥) is defined in (2.9) and (v, m) € £ is the initial data from Theorem B.1.
We may pick a modified potential function U € C?(C,R), U(¢)) = U(|1)]), so that

U() =U(¥) for [¢[ < Ao, (B.7)

U(y) >0, ¢ eC, (B.8)
and so that |U ()|, |U'(¥)|, and |U” ()| are bounded for all 1) > 0. We define
F(y)=-VU(y), ¢€C, (B.9)

where V stands for the gradient with respect to Ret, Im1; Then ﬁ(eisgb) = eisﬁ(w) for any ¢ € C,
s eR.
We consider the Cauchy problem for equation (2.1) with the modified nonlinearity,

¢($,t) = W(% t) - m2¢($,t) + 5(£)ﬁ(¢(0,t))’ zeR, teR,
{ (7/% )‘t:o = (1/)0,71'0), (BlO)

£8)

which we rewrite in the vector form in terms of ¥ = { (ot

U= 29 ) 1 U+ 5(z) . , T|,_, =Ty, (B.11)
% o ]2 ey |

where g = (¢g(z), mo(z)). Equation (B.10) can formally be written as the following Hamiltonian system

(CE. (2.8)):

V() =TH' (W), J= [ 31 (1) } : (B.12)
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where H’ is the variational derivative of the Hamilton functional

W) = [ (i + [V +m2lof?) do+ T(w(0.0), @ = [

R

;f(x) } ex (B.13)

with respect to (Ret,Imv) and (Rew,Im7). Note that H(W) is Fréchet differentiable in the space
2 = H! x L?. By the Sobolev embedding theorem, H*(R) C L*(R), and there is the following
inequality:

1 1
113 < o (1 1+ m1132) < 11 (B.14)

Taking into account (B.8) and (B.13), we obtain the inequality
1W(1% = 2H(¥) — 20 (4(0)) < 2H(T), (B.15)
for any ¥ € 2.

Lemma B.4. (1) There is the identity H(Vo) = H(T).

m(z)
Proof.  According to (B.15), the Sobolev embedding (B.14), and the choice of A\g in (B.6),

(2) If ¥ = [ V(@) ] € X satisfies H(W) < H(Vy), then U(yp(x)) = U(¢(x)) for any = € R.

H(Vo)

1
Iooll3~ < gl ol < AT 2 (B.16)
Thus, by (B.7), U(tho(z)) = U(to(x)) for all z € R. This proves (i).
By (B.14), the relation (B.15), the condition H(¥) < H(¥q), and part (i) of the Lemma, we have:
H(Wo) _ H(Po)

< - _ X
m m

1 H(D)
2 < —|w|E <
I3~ < 51913 < =

Now the statement (74) follows by (B.7). O

If U(t) solves (B.12), then, by the energy conservation, one has H(¥(t)) = H(¥,). By Lemma B.4 (2),

U((x,t)) = U((z,t)) for all z € R, t € R. Hence, one also has F(ip(z,t)) = F(¢(z,t)) for all z € R,
t > 0, allowing us to conclude that 1 (t) solves (2.1) as well as (B.10).

B.1.1 Local well-posedness

The solution to the Cauchy problem

is represented by

L = =) | ) LR

where G(z,t) is the forward fundamental solution to the Klein-Gordon equation,

Glayt) = %@(t 2o (mVE — 22, (B.19)
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with O(t) the Heaviside step function and .J; the Bessel function (see e.g. [Kom94]). Then the solution
to the Cauchy problem (B.11) can be represented by

W, t) = Wo(t) W + Z[6(0, )] (1), (B.20)

where

t 0
20,90 = [ W9 | 5 50 | -

Lemma B.5. For any nonnegative integers j and k there is a constant Cjj > 0 such that
0208 Jo(m\/12 — 22)| < Cj (1 4 t)7HF, |lz| < t. (B.21)

Proof. The proof immediately follows from the observation that all the derivatives of the Bessel function
Jo(2) are bounded for z € R, and that Jo(z) can be expanded into an absolutely converging Taylor series
in even powers of z. Hence, all derivatives of the function Jo(1/7) in r are bounded for r > 0. ad

The next lemma establishes the contraction principle for the integral equation (B.20).

Lemma B.6. There exists a constant C < oo such that for any two functions

(1) = { Vi) } cc(0,1,2), j=1,2

7T.7'('7t)
we have:
1Z[41(0,)](t) = Z[ha(0, )](8)]| 2 < C#'/? sup, [W1(;8) = Wal,8)l[ 2, (B.22)
seg|0,
for0 <t <1.
Moreover, for any 0 < e < 1/2, there is C. < 00 such that
1Z[41(0,)]() = Z[w2(0,))(1) ]| 2 < Cct/? sup. W1 (s 8) = Yol 8) @, (B.23)
sg|0,

for0 <t <1.

Proof.  According to (B.18) and (B.20),

200,10 - 220,10 = | 4100 |- (B24)

where
I(z,1) ::/O Gzt — s) (ﬁ(wl(o,s))—ﬁ(¢2(o,s))) ds.

First we derive the L? estimate for I(x,t):

¢
6l < const | [ 00— ) F(01(0.5) - Fva(0.9) as
0 L2
B t
< constsup |[VF(z)| H/ Ot —s— |x|)ds sup |11(0,s) —12(0, s)]
zeC 0 L2 sG[O,t]
< constt¥2 sup [ur(0,5) — (0, 5), (B.25)
s€[0,t]

where we took into account that |V F(z)| is bounded due to the choice of U.
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Similarly, we derive the L? estimate for the derivative 9;1(x,t). We first analyze
1 1
Gz, t —s) = 5@(25 — s — |x])0rJo(mr/(t — $)? — 22) + 3 5t —s— |x|).

By Lemma B.5, we have |0;Jo(m+/(t — 5)? — x2)| < 2Cy; for || < |t — s| < 1. We conclude that

[C{OnIP
t — f— ~ ~
<|[[ [2nsote s =to + TR ] sun [P0, - Feva(0.0)
0 L2 s€[0,t]
G C 00 | P (0,6) = F((0,1)
< const [O(t — [z} 2 sup [1(0,5) = (0, 5)
s€[0,t]
< const t/2 sup [11(0,5) — 12(0, 5)|. (B.26)

s€[0,t]

Note that, by (B.19), [|G(-,0+)]| ;> = 0.
The norm |[|0,I(-,t)| 2 is estimated similarly, with the same result:

|0 1(-,t)||L2 < const /2 s%p} [1)1(0, 8) — 12(0, 8)|.
s€|0,t

Using the estimates ||I(-,t)| 12, ||0I(-,t)||L2, and || I(-,t)|| 2 in (B.24), one arrives at

1 Z[1(0,)](t) = Z[th2(0,)](1) ]| 2 < comstt'/? Zt[lopt] 11(0,8) = ¢2(0,5)|, 0<t<1 (B.27)

Finally, to get (B.22), one uses the estimate
[¥1(0,5) = 12(0, 5)| < const|[eh1(+; s) — 2(-,8) || 1 < const|| ¥y (:,5) — Wa(, )| (B.28)
Let us obtain the refinement (B.23).
Lemma B.7. Let 0 <e < 1/2. For any X > 0, the projection
IL: (¢, m) = ¢

is continuous as a map from % = to Cy([—X, X]). That is, there exists C < oo (which depends on e and
X ) such that for any f € H'7¢(R),

@I <CY 2 fllyen ol <X

ReN

Proof.  Recall that the norms in L%(B%) and in H§(B?%) are defined by duality with L3(B%) and
H;*(B%), where B}, C R™ is the ball of radius R.
Denote
s=1-—e¢.

Pick Ry € N such that Ry > X. Fix p € C§°(—Ry, Ry), with p(z) = 1 for |z| < X. By the Sobolev
embedding, there is C' > 0 so that

[f(@)] = |p(x)f(@)] < Cllpfllas = Cloflla,, |zl < X. (B.29)
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Essentially, the desired bound follows from H*(R) being an algebra for s > 1/2; anyways, let us give a
detailed proof. Due to the definition of || - [|; by duality, we have:

loflmy, = sup (a,pf) < sup ool sz-1.f | ez, - (B.30)
QGCSO(fRo,Ro) aecgo(fRo,Ro)
llell gy —s =1 lleell gy —s=1

We claim that a — ap is continuous in H*(R); it then would follow that H'Of”Hf%o < const||f||H;%O.

Alternatively, we may prove that the map & — p % & is continuous in H/*Sﬁ%), which is isometric to
L2(R, (1 + [£])72%d€). Thus, we need to prove that the integral operator with the Schwartz kernel
K(&mn) =1+ |E)7*p(€ —n)(1 + |n|)* is continuous in L?(R). This continuity, in turn, follows from the
bound [p(&)| < On/(1+ |€])N for some Cn < oo, applying Peetre’s inequality, which gives

1+ || ) ’ Cn < Cn

L+[E]) (A4 [€=nDN = (L+[§—n)N—’

and then using the Schur test, which applies since both

s / K(&n)ldy. s / K (¢,m)] de

K ()] < (

are finite when N is sufficiently large. Combining (B.29), (B.30), and the continuity of & — ap in
H~*(R), we conclude that there is C" < oo such that

o0

[f@)] < Clipfllmg, < C'Iflmy, <C2% Y 27| fllug, |2l < X.
R=1

We are done. O

Lemma B.7 and Definition 2.4 (3) of the norm || - ||z -- show that for each 0 < ¢ < 1/2 there exists
C' < oo such that

[11(0, 5) = ¥2(0, 5)| < C[| W1 (-, 5) = Wa(-, 5) g, (B.31)
for all Uy = (1/11,7,/11) e CR,Z), ¥y = (1/)2,1[}2) € C(R,Z"). Using this bound in (B.27), we arrive at
(B.23). a

For E > 0, define £ C £ as the set of states of energy not larger than E (see (B.4)).

Corollary B.8. (1) For any E > 0 there exists T = 7(E) > 0 such that for any Vo € 2 there is
a unique solution ¥(z,t) € C([0,7], Z") to the Cauchy problem (B.11) with the initial condition
U(0) = 0.

(2) The map W(t): Uy U(t), t € [0,7] is a continuous map from Zg to X .

B.1.2 Smoothness of the solution
In this section, we will study the smoothness of the solution
U(z,t) = (Y(z,t),7(z,t)) € C([0,7], Z)

constructed in Corollary B.8 (1) assuming that ¢g(x), mo(x) € C5°(R). According to the integral repre-
sentation (B.20), ¢(x,t), t € [0, 7], can be represented as

Y(a,t) = /(3tG(x =y, t)tho(y) + Gz —y, t)mo(y)) dy + / G, t — 5)F((0,5)) ds. (B.32)
0

R

First, let us prove the smoothness of the function (0, t).
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Lemma B.9. ¢(0,t) € C*([0,7]).
Proof.  The integral representation (B.32) implies that, for ¢ € [0, 7],
t

b(0,8) = / (B (y, tYboly) + Gy, Hymo(y)) dy + = / Jo(m(t — ) F((0, 5)) ds. (B.33)
R 0

The first integral is a smooth function. Further, from ||¢(-,t)||g1 < C < oo, t € [0,7], we conclude
that |¢(0,¢)| is bounded. Hence, (B.33) implies that (0, ) C([0,7]), and then by induction that
¥(0,-) € C*°([0, 7]) since the Bessel function is smooth. O

Now, from (B.32), we conclude that ¢ (z,t) is smooth away from the singularities of G(z,1).

Proposition B.10. The solution ¥ (x,t) is piecewise smooth inside each of the four regions of [0,7] X R
cut off by the lines x =0 and x = =+t.

Proof.  The first integral in the right-hand side of (B.32) is infinitely smooth in x and ¢ for all z € R,
t > 0. Now let us consider the second integral in the right-hand side of (B.32), which could be written
as follows:

gy el
@(t2||)/0 Jo(m/(t = 8)2 — 22)F((0, 5)) ds. (B.34)

Here the function F(1(0,s)) is smooth in s € [0,7] by Lemma B.9. By Lemma B.5, all the partial
derivatives of Jo(my/(t — s)?2 — 2?) in x and t are continuous and uniformly bounded for |z| < t — s,
t < 7. Therefore, (B.34) is smooth, with all the derivatives uniformly bounded, in each of the regions
0<xz<t —t <z <0.In the regions |z| > t, (B.34) is identically equal to zero. |

Lemma B.11. For 0 <t <, ) '
lir(r)l Pz, t) = lir(r)1+1p(x,t). (B.35)

Proof. We have to analyze only the contribution from the second term in the right-hand side of (B.32),
that is,

8t/G ((0, ) ds = G, 04) F((0, ) /at 2.t — $)F((0, 5)) ds.

The first term in the right-hand side is equal to zero for x # 0. The second term is continuous since the
Green function G(x,t — s) is smooth at x = 0 for ¢t — s > 0. a

Lemma B.12. For0 <t <,
(1) ¥(x,t) 4+ ' (x,t) is continuous across the characteristic x = t.

(2) (x,t) — ) (x,t) is continuous across the characteristic x = —t.

Proof. The proofs for both statements of the Lemma are identical; we will only prove the first statement
with 2 > 0. We have to study only the contribution from the second term in the right-hand side of (B.32),
i.e.

(0, +0,) /G - s)F (,s))ds:/(&g—&-&c) (2,1 — $)F(1b(0, 5)) ds. (B.36)
0 0

Here we took into account that, as above, G(x,0+)F(1(0,)) = 0 for  # 0. Next key observation is
that, for = > 0, the derivative 9; + 9, applied to G(z,t), does not produce a delta-function:
1
(00 + 0)G(w,1) = 5 {O(t = 2)(0 + 02)To(m/1? =)}

Hence, the integral (B.36) is continuous in x and ¢ across the line x = ¢, 0 < ¢ < 7 by Lemma B.5. O
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B.1.3 Energy conservation and global well-posedness
Lemma B.13. For the solution to the Cauchy problem (B.11) with the initial data o € 2, the energy
is conserved: H(¥(t)) = const, t € [0, 7].
Proof. ~ We follow [Kom95]. First, we prove that the energy is conserved for the smooth initial data
with compact support: ¥ = { 1763 }, with g, mo € C5°(R). Consider the norm || - || 2= introduced in
Definition 2.4 (1), .

N = [ 1R+ W +mloPlde,  te o, (B.37)

We split this integral into four pieces: The integration over (—oo,—t), (—t,0), (0,¢), and (¢,00). By
Proposition B.10, on the support of each of these integrals ¢ (x,t) for ¢ € [0, 7] is a smooth function of x
and t. Then, differentiating, we may express 9;||¥(t)||%- as

r=—t+0
o

DTN = [0 + 1|2 + m2 |y ] (B.38)

—t—0
P12 /2 2 2] "0 o 1 2,
(108 o) T 2 [ e mtedl e, te (0.7
T=1— —o0
The terms m?[t|? could be discarded due to continuity of ¢ across the characteristics = +t. Integrating

by parts the terms 1)’ 1/}’ and using the cancellations of the integrals due to equation (B.10) away from
r =0, we get:

OO = (IO 1o/~ 20]
[ e 2w o]
x=t—0 z=0~—

r=—1t+ =0+

] N2 0 ] N2 z=t+0 /7

=[@—v? [ —@+e?] T 2w

According to Lemma B.12, the first two terms in (B.39) do not give any contribution. Let us compute
the contribution of the last term. According to Lemma B.11, ¥(0£,¢) = ¢(0,¢) for ¢ € [0, 7], therefore

=04+ ~ . d

W] = T 0,0 = —F@0,0)%(0.8) =

r=0— 7

(B.39)

r=—t— :czof.

U((0,1)).

In the second equality, we computed the jump of ¥’ using equation (B.10) and the piecewise smoothness
of the solution. We conclude that

d (1 ~
— 3 w®)|1% +U(0,t) p =0
i {51vOR + Twon} o
and hence the value of the functional H defined in (B.13) is conserved.

Since we proved the energy conservation for the initial data that constitute a dense set in 2~ and since
the dynamical group is continuous in 2" by Corollary B.8 (2), we conclude that the energy is conserved
for arbitrary initial data from 2 . O

Corollary B.14. (1) The solution ¥ to the Cauchy problem (B.11) with the initial data U|,_, = ¥y €
2 exists globally: U e Cp(R, Z).
(2) The energy is conserved: H(U(t)) = H(Po), t>0.

Proof.  Corollary B.8 (1) yields a solution ¥ € L*°([0, 7], Z") with a positive 7 = 7(E). However, the
value of H(¥(t)) is conserved for ¢ < 7 by Lemma B.13. Corollary B.8 (1) allows us to extend ¥ to the
interval [, 27], and eventually to all ¢ > 0. In the same way we extend the solution ¥(¢) for all ¢ < 0. O
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B.1.4 Conclusion of the proof of global well-posedness

m(x,t)
Lemma B.4 (1) imply the energy and charge conservation. Then, by Lemma B.4 (2), U((0,t)) =
U(1(0,t)), for all ¢ € R. This tells us that 1(z,t) is a solution to (2.1). The a priori bound (B.3) follows
from (B.15) and the conservation of H(¥(¢)).
This finishes the proof of Parts (1), (2), (3), and (4) of Theorem B.1.

The trajectory ¥ = [ ¥(@,?) ] € C(R,Z") is a solution to (B.11). Corollary B.14 (2) together with

B.1.5 Continuous dependence on the initial data in % ¢

Let us prove the continuous dependence on the initial data stated in Theorem B.1 (5).
For any Uy, ¥y € C(R, Z"), we have:

[W1(t) = Wa(t)lg— < [Wo(t)(¥1(0) — W2(0))llz—= + || Z[W1](£) — Z[¥2) () (|2~

The first term in the right-hand side is bounded by C||¥;(0) — U3(0)|/z--, due to the continuity of Wy
in 2 ¢ and the finite speed of propagation.
The second term is bounded due to the bound (B.23) from Lemma B.6, which yields

1Z[@1] (1) = Z[Ca] (1)l < Cet'? sup [[W1(s) = Ua(s)|lo (B.40)

s€0,t]

for 0 <t < 1.

Remark B.15. At this point, we utilize the fact that ¥;, Uy € C(R, Z"), since the bound (B.23) was
derived under the assumption of finite energy initial data (so that F', F’ could be assumed bounded).

As it follows from (B.40), there is C' > 1 and ¢y > 0 such that for 0 < ¢ < t; one has
[ (t) — Wa(t) |- < C[|W1(0) — T2(0)]| 5.
Applying this bound recursively, we prove that
1tl
11 (t) = Ua(t)[lg—e < CF 00 [ T1(0) — U3(0)]| -,  tER.

This proves the continuity stated in Theorem B.1 (), finishing the proof of Theorem B.1.

B.2 Klein-Gordon with mean field interaction

B.2.1 Global well-posedness

Now we consider the global well-posedness for the Klein-Gordon field with the mean field interaction at
N regions, which is described by equation (2.23):

N
&(xat) = AZ/J(%t) - mzw(l‘at) + Z pJ(I)FJ(<pJ7'¢)('7t)>)ﬂ S Rn7 teR. (B41)
J=1

We assume that p;(z) = p(z — X;), p € S (R™).
Theorem B.16. Let p € (R™), n > 1, and let Fj(z) = —VU;(z), 1 < J < N, where
Ujs(2) = uy(|z]?), uy € C*(R).

Assume that
iné Uj(z) > —o0, 1<J<N. (B.42)
ze

Then:
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(1) For every $o = (o, m9) € 2, the Cauchy problem

ﬁ(m,t) = Ay —m%*Y) + vazl () Er({ps,0(- 1)), zeR”,
{ (%b,z/})ltzo = (to, m0), ’ (B.43)

where m > 0, has a unique global solution ¥(t), t € R, such that (¢,¢) eC(R, Z).
(2) The map W (t) : (1o, m0) — (p(t),9(t)) is continuous in X for each t € R.

(3) The values of the energy and charge functionals are conserved along the trajectory:
H(1b(t), ¥ (t)) = const, Q(1)(t),1h(t)) = const, t € R.
(4) The following a priori bound holds:
(1), % ()| 2 < C(vo,m0) < oo,  tER. (B.44)
(5) For anye >0, E€R, and T > 0, the map
W(t): 25 — Zk, W(t): (o, m0) — ((1),%(t)),

is continuous in the topology of % ¢, uniformly in t € [=T,T]. Above, Zr C Z is the subset of
states of energy not larger than E (see (B.4)).

Proof.  The proof of this theorem is much simpler than that of Theorem B.1, due to the function p in
the right-hand side being of Schwartz type. We will only give a sketch.

The local existence stated in Theorem B.1 is obtained by standard arguments from the contraction
mapping principle. To achieve this, we use the integral representation for the solutions to the Cauchy
problem (B.43) for ¢ > 0:

W (t) = Wo(t)Wo + Z[¥](1),

where ¥ = (1, ¢) and
N t
Z[W](t) := Z/ Wo(t —s) {pJ FJ((P?:¢(‘75)>)j| ds.
J=1"0

Above, Wy(t) is the dynamical group for the linear Klein-Gordon equation which is a unitary operator
in the space £ ~¢ for any € > 0. For any € > 0, there exists C. < oo such that there is a bound

12[W1](t) = Z[Wa](t)]| 2= < C[t . [W1(s) = Wa(s)llo—e, [t <1, (B.45)

which holds for any two functions ¥;, ¥o € C(R,Z"). This bound shows that Z[¢] is a contraction
operator in Cy([0,t], 2" 7°), € > 0, if t > 0 is sufficiently small.

The contraction mapping theorem based on the bound (B.45) on the nonlinear term allows us to
prove the existence and uniqueness of a local solution in 2", as well as the continuity of the map W (t)
(continuity with respect to the initial data). The continuity of W(t) in % ~¢ follows from its continuity
in 2 ¢ and the finite speed of propagation.

Now let us discuss the a priori bound stated in Part (/) of the Theorem. Adding to U;(z),1 < J < N,
constants if necessary (this does not change equation (2.23)), we can substitute the condition (B.42) by

i > 0. .
;gé Uj(z) >0 (B.46)

The conservation of the values of the energy and charge functionals, H and Q, is obtained by approx-
imating the initial data in 2~ with smooth initial data and using the continuity of W (¢) in Z". The a
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priori bound (B.44) follows from bounding ||¥|| 2 in terms of the value of the Hamiltonian (2.26), with
the aid of (B.46):

)% <2(H(¥), Ve (B.47)
This bound allows us to extend the existence results for all times, proving the global well-posedness of

(B.43) in the energy space.
Finally, the continuity of W (¢) in 2 ¢ and # ¢, e > 0 (Part (5) of Theorem B.16) follows from the

contraction mapping theorem (based on the bound (B.45)) and the finite speed of propagation. O



70

Andrey Komech



Appendix C

Local energy decay

Proposition C.1 (Local energy decay). For anyn € N and m > 0, if x solves
X=Ax-m’y, z€R" (x,X)| = (Yo,m0) € H'(R") x L*(R"),

then, for any p € (R™),
Jim ([pC)x Gt + p(XC 1) 22) = 0.

Proposition C.1 immediately yields the decay of the norm of (x, x) in the space 2 ~¢ introduced in
Definition 2.4 (3):

Corollary C.2. For anye >0,
Tim (60l = 0.
Proof.  For the Fourier transform of x(z,t) in x, we have:

sin(w

X(&,t) = Do (&) cos(w(&)t) + o (&)

)

(©)1)
§)

w(

where w(§) = /m? + &2

We will only prove that
i {lpC)x G D)l = 0;

the limit lims o ||o()x (-, t)|| 22 = 0 is computed similarly.
Pick € > 0. We split the initial data ¥y and my into Y9 = uy + us, 79 = v1 + va, so that

il + [lv1][z2 < €/2 (C.1)

and
tg, U € S (R™), suppip Usuppdz C {§ € R™: [{] > A}, (C.2)

for some A > 0. Let x1 and 2 be the solutions to the linear Klein-Gordon equation with the initial data

(X17X1)|t:0 - (U1,’U1), (XQ?XQ)"L:O = (u27’02)'

Due to (C.1) and the energy conservation, ||x1(t)|| g1 < €/2 for t € R. Tt suffices to show that
A {[p()x2 (- )l 1 = 0 (C.3)

We have:
lox2 (0172 < llollzellxz( t)llz2lloxa (-, 6l e (C4)
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The first two factors in the right-hand side of (C.4) are bounded uniformly in time. For the last factor
in the right-hand side of (C.4), we have:

sinb(:;'()-)t)>

Lemma C.3. Let f, g € S (R"), and 0 ¢ suppg. Then, for any N € N, there is Cy > 0 so that

o2l Dl < Hp (a2<->cos<w<->t> T b5() (C5)

Ll

I+ (g()e“O) | <Oy +]t)™N,  teRr

Proof. Since 0 ¢ suppg, |Vyw(n)| is bounded away from zero on the support of g. Therefore, the
expression

1 (4= o = [ ’ [ rte =gt an) ae (C.6)

decays faster than any negative power of ¢ due to the stationary phase method. Namely, one can place
the operator L = anw -V, in front of the exponential factor e (Mt ynder the inner integral in
the right-hand side of (C.6), and then integrate by parts in 7. This gives a factor of 1. The procedure
could be repeated arbitrarily many times. O

Lemma C.3, applied to the right-hand side of (C.5), shows that tlim llox2(-, t)|| L~ = 0. This, together
with (C.4), yields

Jim el =0. (1)
Similarly, one proves that
T [V (pxa(- )3 = 0. (C.9)

Each of the terms in the right-hand side of (C.4) could accommodate a derivative in z: ||Vp|| 2 is bounded,
[IVx (-, 8)||z2 is bounded uniformly in time, while |V (px2(-,))||z= is bounded by the expression similar
to the right-hand side of (C.6), which is dealt with by Lemma C.3.

Using (C.7) and (C.8), we obtain:

Jim [lo()xa(0)] 1 = 0.

As we mentioned before, the convergence tlim lo(-)x2(-,t)||L2 = 0 is proved similarly.
— 00
This finishes the proof. O
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Quasimeasures and multiplicators

Here we give the details on quasimeasures from [Kom03] and [KK07a].

D.1 Quasimeasures
Let us denote by ¢ the inverse Fourier transform of a tempered distribution g:
9(t) = FoLilg(w)].
Definition D.1. A tempered distribution p(w) is a quasimeasure if i € Cp(R).
For example, any function from L!(R) is a quasimeasure, and so is any finite Borel measure on R.

Lemma D.2. Let p(w) be a quasimeasure and o(w) be a test function from the Schwartz space .7 (R).
Then

(), ()| < Clle@)lLr @) (D.1)

The lemma is a trivial consequence of the Parseval identity:

(W), p(w))] = 2] (i(t), p(£))] < 27|t oo ) 1P (E) | 22 () - (D-2)
Definition D.3. Cj p(R) is the vector space of bounded functions f(t) € Cy(R) endowed with the
following convergence: f¢(t) =, f(t), e = 0+ if and only if

(1) VT >0, |fe(t) = f(Dllc=r,7) — 0, € — 0+;

(2) sup ||fe(®)llc,®) < oo
eG(OA,l]

This type of convergence coincides with the convergence stated in the Ascoli-Arzela theorem. Next
we introduce the dual class of the “Ascoli-Arzela quasimeasures”.

Definition D.4. 2(R) is the linear space of all quasimeasures p(w) endowed with the following conver-
gence:

2 Cv,r
e (w) P p(w) if and only if  fic(t) ot fi(t)-
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D.2 Multiplicators

Now let us give a simple characterization of multiplicators in Z2(R). Let us consider a continuous function
M(w) € C(R). We also denote by M the corresponding operator of multiplication:

M p(w) = M),  pw) € CF(R).

Lemma D.5. (1) Let M(t) € L (R). Then the operator M extends to a linear continuous operator in

the space of quasimeasures:
M: 2(R) — 2(R).

1

2 . .
(2) Let pe(w) —— p(w) and M(t) . M(t) as € — 0+. Then

M. (@)pe(w) —— M(@)p(w),  €—0+. (D.3)

Proof.  First we define M (w)p(w) := Fr—o[(M 1) (t)](w) that agrees with the case p € C§°(R). Then
() follows from (i2) with M, = M and p. € C§°(R). To prove (i1), we need to show that

Co, 7

FolilM()pe(w)] = (Me* fie) (t) —— (M * 1)(1). (D-4)

We have to check both conditions (4) and (4) of Definition D.3 for the functions

fe(t) == f;it[Mé(w)ﬂe(w)] = (Me * ﬂe)(t)v
ft) = FoL M (w)pw)] = (M * f1)(t).
We have:
Fult) = £(8) = (Ve » i) (8) — (VT 5 ) (8) = (VT — B1) % i) (8) + (AT = (i — ) 0).

The first term in the right-hand side converges to zero uniformly in ¢ € R since M, — M — 0 in L' while
fte € Cp(R) and is bounded uniformly for € € (0,1). Let us analyze the second term,

/R N(r)fielt —7) — flt — 7)) dr. (D.5)

Since M € L', for any § > 0 there exists a finite R > 0 so that fIT\>R |M(7)| dr < 6. On the other hand,
for any T > 0, the difference fi.(t — 7) — fa(t — 7) is uniformly small for [¢t| < T, |7| < R and small e.
Therefore, the integral (D.5) converges to zero uniformly in || < T as e — 0+4. Hence, the convergence
(7) of Definition D.3 follows.

Finally, the uniform bound (i) of Definition D.3 for the functions f.(t) is obvious. The convergence
(D.4) is proved. a

Bounds for multiplicators

Let us justify the properties of the multiplicators which we used in Section 5.1. Recall that we use the

notation _ _
M, (w) = e*tOlel(w),  zeR, >0,

where ((w) € C§°(R) is a fixed cutoff function, and also the notation
N, (w) = (ik(w) sgn z)’ e* 1 (—iw)F ¢ (w), z €R,

where j, k are fixed nonnegative integers.
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Lemma D.6. For any fized x € R we have:

(1) M, (t) € L*(R) for any e > 0.
. L .
(2) My (t) —— My o(t), €—0.
(8) N, € L*(R), and for any R > 0 there exists Cj g > 0 so that

sup ||Nx||L1(R) < Cj kR (D.6)

lz|<R

Proof. For any fixed z € R, the Puiseux expansion holds:
o0
ethlwtiolel 1 4 CF (z)(w + ie F m)?/? w+ i€ — +m e > 0. D.7
Vi ) )
+ j=1

Therefore, the function M, (t) is smooth and decays at least like |t|73/2 when t — co. This finishes the
proof of the first statement of the lemma.

The second statement of the lemma follows from (D.7).

The last statement of the lemma follows by the same arguments from the Puiseux expansion for N, (w)

similar to expansion (D.7) with ¢ = 0. a

D.3 Examples of quasimeasures

Let us consider the function

1 s
= —ewv. D.8
f@)= e (03)
Lemma D.7. (1) f(w)dw is not a finite measure.
(2) |F(t)] < const(1 + |t|~/4), hence f € 2(R).
Proof.  Consider the intervals
1 1
I, = [ , } . D.
" Dm0 20m — 1 el (D-9)
Let xn(w) = Zﬁf:l X1, (w). Then
N o pnr-)7 1 dw N 2wl ds N 9cos1
Re/f(w)XN(w)dw: / cos — — = / coss — >
R ; (2nm+1)-1 w w ; 2nm—1 s ; 2nm + 1

could be arbitrarily large when N goes to infinity. This shows that f(w) is not a finite measure.
Assume that ¢ > 0, and consider

dw

5 (D.10)

F(t) = /ezwt-i-;ﬁ = Qi/Sin(wt—i—w_l)fw .y / sin(wt+w_1)
w w

R 0 -

[N

For w > t~1/2 the function ¢(w) = wt + w™! satisfies ¢'(w) > 0, ¢"(w) > 0. By Lemma D.11, the limit

Q
d
lim sin(wt + w22 (D.11)
w

Q—o0 1—1/2
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exists and is bounded by

w’ /o 4—1/2
/ dﬁguztl/Qw’,L
t—1/2 W t_l/Q

where w’ > t~1/2 is such that ¢(w') = ¢(t~/?) + 7
/ 1 1/2

hence

, 224w+ JRUP )24ty | m+ VAR 4 72
v 21 A 21 '

We conclude that
Q
dw|  ~ATr a2
lim / sin(wt +w_1)—w L YA
f w

Q—o0 Ji—1/2 - t1/2

Let us show that (D.11) is also bounded for 0 < ¢t < 1. We split the integration into

00 2mt 1 00
d d
/sin(thrw*l)—g /sin(wt+w71)—w+ / sin(wt+w*1)—w. (D.12)
w w

t—1/2 t—1/2 27t 1

As long as ¢ < 1, the absolute value of the first integral in (D.12) could be bounded by

27t 1 d 2mt 1 d
<| sin(w™")| + |sin(wt + w™") — sin(w™)| ) & <C / (w4 wt)—w < const.
w w
+—1/2 +—1/2

The absolute value of the second integral in (D.12) is bounded with the aid of Lemma D.11:

< L dw W —w
sin(wt +w™ ) — < ———,
omt—1 w 2t~

where w’ > 27t~ 1 satisfies ¢(w') = ¢(2nt 1)+, with ¢(w) = wt+w™!. Estimating w’'—w by 7/¢’ (2nt 1),

we get
/Oo in(wt + _1)dw - ™ ™
sin(wt +w™ ") — =
- w Tt — (£)?)  2m— &

This proves the desired bound on (D.12).
The lemma is proved. |

Remark D.8. We have heard from Stas Molchanov, UNC—-Charlotte, that a similar example must have
been considered by O.S. Ivashov-Musatov.

Remark D.9. We have also heard from Stas Molchanov about the following related result proved by
Wiener:
Let o(t) = [, e“'u(dw). Assume that the measure i is of finite variation and that

Then pp =3 0;d(w — wj) + Ha.c., with C' =3, o 2.
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Remark D.10. Tt is possible to have f, g € 2(R) such that supp f C R, supp f * ¢ C RT, while
suppg ¢ RT. Here is an example:

i

ot
T t44 o

t—1

Ctdi t—id

F(t) , G(t):GO(t)+F(t)_t—i+t+i'

Go(t)

Then
f(w) =6(w) +O(w)e ™, go(w) = d(w) + O(—w)e”,

9(w) = go(w) + f(w) = 26(w) + eI,
frg=fxgo+f*f=0w)+f*f,
with the support in RT. Recall that ©(w) is the Heaviside step function.

D.4 Conditionally convergent oscillatory integrals

Let us make precise the elementary observation that the oscillatory integral is approximated by the
integral over a half-wave.

Lemma D.11. Consider

Assume that
lim g(s) =0, (D.13)

and that
P'(s) >0,  ¢"(s)=0;  g(s)>0, ¢'(s)<0

for s >t. Then the limit Alirn I(A) exists, and moreover
—00

lim I(A)’ < /tt' (s) ds,

A—oo

where t' >t is such that ¢(t') = ¢(t) + 7.

Proof.  Since ¢ is monotonically increasing for s > ¢, there exist ¢;, j € N, so that ¢(¢;) = w(n + j).
Define

ap = /t 1 sin(¢(s))g(s) ds, a; = / " sin(¢(s))g(s)ds, j€N.

tj
Due to the assumptions on ¢ and g, |a1] > |az| > ..., lim a; = 0, hence the sign-alternating series
J]—00

Z;O:O a; is conditionally convergent, proving that Alim I(A) exists. Finally,
— 00

o0 t/
— |3 4] < max(lacl, Jax ) < / g(s) ds,
t

J=0

/t " sin(6(s))g(s) ds

where ¢/ > ¢ is such that ¢(t') = ¢(t) + 7. O
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Appendix E

The Titchmarsh Convolution
Theorem

E.1 Statement of the theorem

The Titchmarsh Convolution Theorem has been originally formulated as follows [Tit26]:

x

If ¢(t) and ¥ (t) are integrable functions, such that / o) (x —t)dt =0 almost every-

0
where in the interval 0 < x < K, then ¢(t) = 0 almost everywhere in (0,\), and ¥(t) =0
almost everywhere in (0, p), where X+ p > K.

The Titchmarsh Convolution Theorem could be restated as the equality

SUp sSupp ¢ * ¥ = sup supp ¢ + sup supp 1, (E.1)

which is satisfied if the quantity in its right-hand side is finite. Above, ¢ *1) is the convolution ¢ *(z) =
Jg @(x —1t)1p(t) dt. The equality similar to (E.1) takes place for inf supp ¢+ . These equalities imply that
the obvious inclusion supp ¢ * ¢ C supp ¢ + supp ¢ is sharp at the boundary if both supp ¢ and supp
are compact. The Titchmarsh Convolution Theorem was originally proved in [Tit26] for functions from
L', but the statement is easily generalized for compactly supported distributions. The generalization of
the Titchmarsh Theorem to higher dimensions can be stated in terms of the convex hulls of the supports
[Lio51]:

Theorem E.1 (Titchmarsh Convolution Theorem). For f,g € &' (R"™),
c.h.supp f *x g = c.h.supp f + c¢.h.supp g. (E.2)

Above, &' (R) is the space of distributions with compact support (dual to the space & (R) which is
C*(R) with the seminorms sup,, |f*)(w)]). c.h. denotes the convex hull of the set.
Let us also note that we use the following conventions:

For X, Y CR", X+Y={z+y, ze€X,yeY} (E.3)
For X CR", keR, kX ={kz, z€ X} (E.4)
Different proofs of the Titchmarsh Convolution Theorem are contained in [H6r90, Theorem 4.3.3] (Har-
monic Analysis style), [Yos80, Chapter VI] (Real Analysis style), and [Lev96, Lecture 16, Theorem 5]

(Complex Analysis style).
Some related results are studied in [H6r63], [Dos67], [BD73, BD75], [H6r79].
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E.2 Elementary proof via Paley-Wiener Theorem

We will give an elementary proof based on the Paley-Wiener Theorem. We will consider the one dimension
only. Higher dimensional case is proved in the same way, with the higher dimensional version of the Paley-
Wiener Theorem and utilizing the concept of the supporting function as in [H6r90].

Titchmarsh Convolution Theorem for f x f

Let us first show how to prove of the Titchmarsh Convolution Theorem for f * f using the Paley-Wiener
Theorem (see [Yos80, Chapter VI] or [H6r90, Theorem 7.3.1]) which relates the size of the support a
distribution f with the growth properties of its Fourier transform,

F(O) = Furc[f() = / ¢ f(w) d. (E5)

Namely, the Paley-Wiener Theorem states that f € 2(R), supp f C [-A, A], A > 0 if and only if F(C)
is an entire function, and for any N € N there exists C'y > 0 such that

IF(Q)] < Cn(1+[¢)) NeAllmel - ¢ec. (E.6)

The Paley-Wiener Theorem for distributions states that f € &'(R), supp f C [—A, A] if an only if F({)
is an entire function and there exist C' > 0 and m € R so that F(() satisfies

IFQI < C+[¢ymetitmel, cec. (B.7)
Lemma E.2 (Titchmarsh Convolution Theorem for f x f). For any f € §'(R),

inf supp(f * f) = 2inf supp f, sup supp(f * f) = 2supsupp f.
We will show that Lemma E.2 is a consequence of the following Lemma.
Lemma E.3.
max (Sup supp(f * f), — inf supp(f * f)) = 2max(sup supp f, — inf supp f).
Proof.  Denote
a = max(sup supp f, — inf supp f). (E.8)

Assume that
supp(f * f) C [—2a +€,2a — €] for some € > 0. (E.9)

Then, by the Paley-Wiener Theorem, there are m > 0 and C' > 0 such that
[F(OP = 1Fumclf + IO < CA+ [¢meemalimel - Cec. (E.10)

It follows that
IF(Q)=|F(¢)?z < Cz(1+[¢])ZeleDImcl ¢ e, (E.11)

By the Paley-Wiener Theorem, supp f C [~a + §, a — §], € > 0, contradicting the assumption of the
lemma. Therefore, the inclusion (E.9) is impossible. We are done. O

Proof. [Proof of Lemma E.2] We can shift f so that inf supp f > 0 and apply Lemma E.3 to the shifted
distribution. It follows that sup supp(f * f) = 2supsupp f. Similarly for inf. a
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Titchmarsh Convolution Theorem for f x g
Lemma E.4. Let f, g € & (R). Then, for any polynomials o, 3,
inf supp(af) * (Bg) > infsupp f * g, supsupp(af) x (8g) < supsupp f * g.

Proof. It suffices to prove the second inequality, and only for the polynomials a(w) = w, B(w) = 1.
Denote

faw) =w"f(w),  ga(w)=w"g(w),  Amn :=supsupp fin * gn. (E.12)
Let us assume that, contrary to the statement of the Lemma,

supsupp f1 *x g > supsupp f * g. (E.13)

This inequality can be rewritten as
Aig — Ago > 0. (E14)

Due to the relation w(f * g)(w) = (f1 * g)(w) + (f * g1)(w), we have:
supsupp(f1 * g + f * g1) = supsuppw(f * g)(w) < supsupp f * g = Aoo. (E.15)
It follows that
supsupp(f1 * g * f1* g + fix g f*g1) < supsupp f1 * g + supsupp(f1 * g+ [ * g1) < Ao + Aoo.

If we had sup supp f1*g* f1*g # supsupp f1*g* f*g1, then both these quantities would be smaller than or
equal to A1p+ Ago. By Lemma E.2 and (E.14), this would lead to sup supp f1 xg < (A10+ Aoo)/2 < Ao,
contradicting (E.12). Thus, supsupp f1 * g * f1 * g = supsupp f1 x g * f * g1, leading to

supsupp f1 * g * f1 * g = supsupp f1 * g * f x g1 < supsupp f * g + supsupp f1 * g1. (E.16)

If we take into account that supsupp f1 * g * f1 * ¢ = 2supsupp f1 * g by Lemma E.2, then (E.16) could
be rewritten as

2supsupp f1 * g < supsupp f * g + supsupp f1 * g1. (E.17)

This gives
A11 — A10 > AlO — AQQ > 0. (E18)

In the last inequality, we took into account (E.14). The inequalities (E.18) imply that
sup supp f1 * g1 > supsupp fi * g. (E.19)
Just as we derived (E.17) from (E.13), we could use (E.19) to derive
2supsupp f1 * g1 < supsupp f1 * g + supsupp fa2 * g1. (E.20)
The inequality (E.20) could be written as Aoy — Ay > A1 — Ajo, and, together with (E.18), this yields
Aoy — Ay > Ay — Ao > Ao — Ago > 0.
Proceeding by induction, we prove that
Azg — Aga > Agg — Ag1 > Az — A > Ay — Aro > Ao — Ago > 0,

hence
Apn > Ago + 2n(A1g — Ago)- (E.21)
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At the same time, since sup supp f, < supsupp f, supsupp g, < supsupp g, we know that

Sup supp fn * gn < supsupp f, + supsupp gn < supsupp f + sup supp g.

This would be in contradiction with (E.21). Hence, (E.13) is not true. This finishes the proof of the
lemma. a

Let us show how to complete the proof of the Titchmarsh theorem for f*g. Assume that inf supp f > 0,

inf supp g > 0, and that
f*g(t)=0, 0<t<k. (E.22)

This implies that
t
/ f(t—19)g(s)ds =0, 0<t<k. (E.23)
0

We may assume that both f and ¢ are continuous. (If not, we consider their antiderivatives F(t) =
ffoo f(s)ds, G(t) = ffoo g(s) ds, which also satisfy infsupp F' > 0, infsupp G > 0; integrating (E.23)
twice, we obtain F x G(t) = 0, 0 <t < k. We may repeat this process until we get functions continuous
on [0, k].) By Lemma E.4, (E.23) leads to

t
/ ft—s)g(s)s"ds =0, n €N, (E.24)
0
valid for all 0 <t < k. Since f and g are continuous, Lerch’s lemma implies that
ft—9)g(s) =0, 0<s<t. (E.25)

This in turn implies that there exists A > 0 such that f(s) =0for 0 < s < Aand g(s) =0for 0 < s <t—A\.
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