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Zusammenfassung

In dieser Doktorarbeit werden (nicht-)holomorphe orthogonale Eisensteinreihen mithilfe

von Borcherds additiven Thetalift untersucht.

Dazu werden zunichst die Randkomponenten der orthogonalen Halbebene und ihrer
Quotienten nach Kongruenzuntergruppen untersucht. Insbesondere der Fall von Prim-

zahlstufe und quadratfreier Stufe wird behandelt.

AnschlieBend wird der additive Thetalift von nicht-holomorphen vektorwertigen Eisen-
steinreihen zur Weil-Darstellung eines Gitters der Signatur (b*,b~) betrachtet. Es wird
die meromorphe Fortsetzung und Funktionalgleichung der Thetalifts gefolgert. AuBer-

dem wird die Fourierentwicklung berechnet.

Im letzten Teil wird sich auf den Fall der Signatur (2, 1) spezialisiert und gezeigt, dass die
additiven Thetalifts von nicht-holomorphen vektorwertigen Eisensteinreihen selbst nicht-
holomorphe orthogonale Eisensteinreihen sind. Fiir diese ergibt sich damit ein neuer Be-
weis der meromorphen Fortsetzung und der Funktionalgleichung. Auflerdem wird der
Thetalift auf Injektivitdt und Surjektivitit untersucht. Anschliefend werden die holo-
morphen Eisensteinreihen betrachtet, indem die nicht-holomorphen Eisensteinreihen an
speziellen Werten ausgewertet werden. Auch hier wird der Thetalift auf Injektivitit und
Surjektivitdt untersucht und letztendlich gezeigt, dass wenn das Gitter zwei hyperbolische
Ebenen abspaltet, alle holomorphen Modulformen singuliren Gewichts x = é -1, welche
auf dem Rand linearkombinationen von Eisensteinreihen sind, als Thetalift geschrieben

werden konnen.






Abstract

In this thesis we investigate (non-)holomorphic orthogonal Eisenstein series by using
Borcherds’ additive theta lift.

Therefore we start by looking at the boundary components of the orthogonal upper half-
plane and its quotients by congruence subgroups. In particular we investigate the case of

prime level and square-free level.

Afterwards we consider the additive theta lift of non-holomorphic vector-valued Eisen-
stein series with respect to the Weil representation of a lattice of signature (b*,b~). We
will derive the meromorphic continuation and functional equation of the theta lifts. More-

over, we will calculate their Fourier expansion.

In the last part we will specialise to signature (2,1) and show, that additive theta lifts of
non-holomorphic vector-valued Eisenstein series are non-holomorphic orthogonal Eisen-
stein series. This yields a new proof of their meromorphic continuation and functional
equation. Moreover, we will investigate if the theta lift is injective or surjective. After-
wards we consider the holomorphic Eisenstein series by evaluating the non-holomorphic
Eisenstein series at special values. Again, we investigate, if the theta lift is injective or

surjective and show, that if the lattice splits two hyperbolic planes, then all holomorphic

L_
2

series on the boundary, can be written as theta lifts.

modular forms of singular weight x = 1, that are linear combinations of Eisenstein






Acknowledgment

First of all, I would like to thank my advisor Jan Hendrik Bruinier for this interesting
topic and all the helpful discussions we had. This thesis would not have been possible

without the ideas and hints he gave me when I was stuck.

I would like to thank the algebra group at the TU Darmstadt for being such a nice working
group.

In particular, I would like to thank my former colleague Timo Henkel for all the nice
evenings we had in the Hobbit and for giving me the opportunity to see David Hasselhoff
at the ZDF Fernsehgarten. Further, I thank Johannes Buck (with whom I share an office)

for the interesting and often funny discussions we had.

Moreover, 1 would like to thank Patrick Trinter for the past few years (in particular when

we were eating sushi) and Laura Knecht for all the hiking trips.
Lastly, I would like to thank Timo Henkel and Can Yaylali for proofreading this thesis.

The author was supported by the LOEWE-Schwerpunkt USAG.






Contents

2.6 Siegel Theta Function| . . . . ... .. ... ... ... ... ... ...,

3 Orthogonal Upper Half Plane|

[3.1 ~ Orthogonal Upper Halt Plane|. . . . .. ... ... ... ... .. ....

[3.2  Orthogonal Modular Forms| . . . . .. ... ... ... ... ..........

(3.3 Hermitian Geometry for Signature (2,0)[ . .. ... ... ... .......

[3.4  Siegel Domains and Growth Estimates| . . ... ... ... ... ......

4 Boundary of the Orthogonal Upper Half Plane|

/4.1 Boundary and Siegel Operator] . . . .. ... ... ... .. ... ......

11

17

17

20

22

24

30

37

41

51

54



4.2 Parabolic Subgroups|

4.3 Boundary Components|

[5 Lifting Vector-Valued Eisenstein Series|

[5.1 Regularized Theta Lift]

5.2 Unfolding Against Ej, 5(7, s)|

[5.3 Unfolding Against O(7, v, p)|

[6 Orthogonal Eisenstein Series as Theta Lifts|

[6.1 Orthogonal Eisenstein Series|

[6.3  Orthogonal Eisenstein Series as Theta Lifts|

4 Theta Lifi Harmonic Points| . . . . . ... ... ... ... ... .
[6.5 Lifting Holomorphic Orthogonal Modular Forms| . . . .. ... ... ...
[A_Formulas
[References

10

67

67

69

72

78

81

81

84

91

96

104

110

115



Chapter 1

Introduction

Let L be an even lattice of signature (2,1). There is an index 2 subgroup of the corre-
sponding orthogonal group O*(2,1) ¢ O(2,1) acting on the orthogonal upper half-plane
H;. Similar to the case of elliptic modular forms, it is possible to define orthogonal mod-
ular forms, which can be seen to be global sections of a hermitian line bundle. For [ = 1
we obtain the classical case of elliptic modular forms and for [ = 2 we obtain Hilbert

modular forms for real quadratic number fields.

An important problem is the construction of such modular forms, in particular for low
weight. It turns out that there is a minimal positive weight in which non-zero holomor-
phic modular forms exist, which is given by x = é —1for [ > 2, see [BunO1]. The weight
K = % — 1 1is called the singular weight, and modular forms of singular weight have many
vanishing Fourier coefficients. In particular, there are no cusp forms of singular weight
(for an analogous theory in the Siegel case see [Fre83l], [Fre91l], where it is shown that
all holomorphic modular forms of singular weight are linear combinations of theta func-
tions). In contrast to the symplectic case, there are no holomorphic theta functions for
the orthogonal group (except for the exceptional isomorphisms between the orthogonal
and symplectic group in low dimensions). Moreover, the usual constructions of holomor-
phic modular forms do not work immediately for low weight. For example the Eisenstein
series and Poincaré series do not converge. On the other hand, using the celebrated mul-
tiplicative Borcherds lift of [Bor98, Theorem 13.3], examples of holomorphic modular
forms of singular weight can be constructed. For results in this direction see [DHS13],
[OS19]], [[Sch17]. Another method is to use the additive Borcherds lift of [Bor98|, Theo-
rem 14.3] using holomorphic modular forms of weight 0, i.e. invariant vectors, as input

functions.
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Our aim is to investigate Eisenstein series &, »(Z) of low weight, in particular of singular
weight k = %— 1. Since for low weights these Eisenstein series do not converge, we have to
consider non-holomorphic Eisenstein series & (7, s), get a meromorphic continuation
to all s € C and hope that they yield holomorphic modular forms for special values of
s. This will be done using the machinery of the additive Borcherds lift to obtain the
Fourier expansion, the meromorphic continuation, a functional equation and to evaluate
the Eisenstein series at special values of the spectral parameter s. The case of maximal

lattices and weight > é + 1 was already considered by [Hir98|] using another method.

We give a brief overview on the structure of this thesis. In the second chapter we will give
the necessary preliminaries on lattices and vector-valued holomorphic modular forms. In
particular, we will define the vector-valued non-holomorphic Eisenstein series and the

Siegel theta function which are needed for the additive Borcherds lift.

In the third chapter we will introduce the orthogonal upper half-plane and holomorphic
modular forms for the orthogonal group. Next we will introduce the hermitian structure
and the weight x Laplace operator. Moreover, we will recall certain growth estimates on

Siegel domains which will be needed later.

In the fourth chapter we introduce the Baily-Borel boundary of the orthogonal upper
half-plane and consider its geometry. In particular, we will calculate the corresponding
parabolic subgroups in certain cases and introduce the Siegel operator which allows us to

define boundary values of holomorphic modular forms.

In the fifth chapter we will consider the regularized theta lift of a general non-holomor-
phic vector-valued Eisenstein series and calculate its Fourier expansions. As a direct
consequence we obtain a functional equation of the lift and we can study its poles. We

finish the discussion by considering the case of Lorentzian lattices.

In the sixth and last chapter we specialize to the case of signature (2,/) and show that
the regularized theta lift of non-holomorphic vector-valued Eisenstein series are in fact
non-holomorphic Eisenstein series for the orthogonal group. Together with the previous
chapter this shows that they have a meromorphic continuation and a functional equation.
Further one obtains their Fourier expansion. We will investigate the image and kernel
of the regularized theta lift and show that it is surjective under certain assumptions (for
example if the lattice splits two hyperbolic planes). Afterwards we will specialize to the
harmonic points and study holomorphic Eisenstein series for the orthogonal group. In

particular, we will construct holomorphic Eisenstein series of singular weight and show
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that under certain conditions all of them can be constructed using the regularized theta
lift.

We will now go into more detail. Recall the metaplectic cover Mp,(Z) of SLy(Z). For an
even lattice L there is a unitary representation p;, of Mp,(Z) on C[L’/L] which factors
through a finite quotient. If L has signature (2,1) with [ = 0 mod 2, writing Iso(L’/L) for
the set of isotropic elements of L’/L, we can consider the non-holomorphic Eisenstein
series of weight k for 5 € Iso(L'/L)

1
Ek?ﬁ(T’ 3) = 5 Z y8|k7LM7
MeT o\ Mpy(Z)
where |, 1, is the Petersson slash operator of weight £ with respect to p;, and T, is the
stabilizer of co. One easily sees that Ej,_g = (-1)*E} g, where k = £ — 1+ k. As in the
classical theory, they can be seen to be eigenfunctions of the weight £ Laplace operator,

have a functional equation and we can calculate their Fourier expansion (see [BKO1l],
[BKO3, Section 3], [DSOS, Chapter 4], [KY10]).

Let Isog(L) be the set of primitive isotropic vectors in L. For z € Isog(L) and a vector

2" e L' with (z,2") = 1, consider the lattice K = L nz*+ nz't. Let
Hf ={X+iY e K®C|q(Y)>0}

and denote by H; ¢ Hy one of its connected components. For an element Z € Hf we

write Zp = Z — (q(Z) + q(2'))z + 2'. This defines a biholomorphic map
Hy - K ={[Z.] e P(V(C)) | (Z1,Z1) = 0,(Z1, Z1) > 0},

where P(V(C)) is the projective space of V(C) = L ® C. The connected component of
IC corresponding to H is denoted by K+ and we write O" (V' (R)) for the subgroup of
O(V(R)) which preserves the components. For an appropriate subgroup I' € O* (V) :=
O(V)nO"(V(R)) and a primitive isotropic vector A € Isog(L"), let Ty be the stabilizer
of X and N, be the order of A in L’/ L. Then the orthogonal Eisenstein series of weight x
corresponding to the cusp A is defined by

EH,A(Zy S) = Z Q(Y)S|HU>\07
O'EF)\\F
where 0 € O"(V') with o\ Ny = z and one easily sees again that £, _s = (-1)*&, 5. Of
course, if x is large enough (i.e. x > [), the series converges absolutely for s = 0 and we

obtain a holomorphic modular form of weight . But for smaller weight, in particular

L_

for singular weight x = 3

1, we can not expect to obtain a holomorphic function at
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s = 0. Nevertheless it turns out that these Eisenstein series are again Eigenfunctions of

the weight x Laplace operator and for s = 0 they are even harmonic.

The quotient space I'\H, is usually not compact, but can be compactified using the the-
ory of Baily-Borel by adding boundary components to H; and extending the action of
O™ (V(Q)) (see [BB66I, [BJOO]). These boundary components are given by points cor-
responding to isotropic lines in L and by 1-dimensional boundary components isomor-
phic to the usual upper half-planes H corresponding to isotropic planes / € L. For such
a 1-dimensional boundary component / and a holomorphic modular form F' : H; — C,
one can consider its boundary value F|; : H — C, which turns out to be a holomorphic
modular form of the same weight with respect to an appropriate congruence subgroup of
SLo(Q). We will be interested in the holomorphic modular forms F': H; — C, such that
for all 1-dimensional boundary components 7, the restriction to the boundary F|; : H - C
is a linear combination of Eisenstein series. In particular, for s large enough, the Eisen-
stein series £, \(Z) = £, (Z,0) are linear combinations of Eisenstein series if restricted
to the boundary. If a holomorphic modular form vanishes on the boundary, we call it a
cusp form. For singular weight x = % — 1, a holomorphic modular form is already fully

determined by its boundary values and there are no cusp forms.

Now consider the natural map O*(L) - O(L’/L) and denote by I'(L) its kernel. For \ €
Isog( L") we consider its image in L’/ L. This yields a map I'(L)\ Isog (L") — Iso(L'/L),

which we will denote by 7.

For an easier exposition we will assume throughout the introduction that L splits two
hyperbolic planes over Z so that 7, is bijective. For ¢ € L’/ L isotropic, we can consider

the orthogonal Eisenstein series
Grs(Z,8) = gn,wil(6)(Z> s).

As in the vector-valued case we want to obtain a meromorphic continuation to all s € C
and a functional equation. We will do this by writing the orthogonal non-holomorphic
Eisenstein series as a Borcherds lift of vector-valued non-holomorphic Eisenstein series.

For the general theory of Eisenstein series see for example [Lan76].

Therefore, consider the Siegel theta function O (7, 7) of weight k (see Section
and define, following [Bor98]], [Bru02], the additive Borcherds lift of the vector-valued

Eisenstein series Ej, 3(7, s) by the regularized integral

reg dudv
®4(Z, ) = f By s(7,5),0,(r, )k Y
5(Z,s) MPQ(Z)\H( ks(7,5),OL(T, Z) v —3

14



Then we have the following

Theorem 1.0.1 (see Theorem and Theorem . Let k = % — 1+ k. We have

['(s+k) 3
(=2mi)rms delso(L' /L)
B=ksgd

O4(Z,s) = N2 88 (25 4 k)G 5( 2, 9),

where Cf‘m are modified Riemann zeta functions and Ns is the order of . Moreover,
taking suitable linear combinations (with meromorphic functions in s as coefficients) one
can construct every orthogonal Eisenstein series G, 5(Z,s) for 6 € Iso(L'[L), i.e. the
theta lift is bijective.

This yields, in particular, a meromorphic continuation and the functional equation of the
orthogonal Eisenstein series. Moreover, using the methods of [Bor98], one can calculate

the Fourier expansion of orthogonal Eisenstein series.

Afterwards we specialize to the case s = 0 to obtain holomorphic Eisenstein series. For

k > 2 this works immediately and we obtain

Theorem 1.0.2 (see Theorem [0.4.8). For k > 2 the lift ©3(Z) = ®5(Z,0) is a holomor-
phic modular form which is a linear combination of Eisenstein series on the boundary.
In particular, the Eisenstein series &, 5(Z,0),9 € Iso(L'/L) are holomorphic modular
forms whose value in a 0-dimensional cusp A € T'(L)\Isog(L') is 1+ (=1)" if mp(\) = £
and vanishes otherwise. Moreover, up to addition of cusp forms, they span the space
of holomorphic modular forms that are linear combinations of Eisenstein series on the

boundary.

For k£ = 0 it turns out that ®5(Z,s) is usually not holomorphic at s = 0. Using the
functional equation relating the values at s with the values at 1 — s we can investigate the

behaviour at s = 1 instead, where ®5(Z, s) has a simple pole. We obtain

Theorem 1.0.3 (see Theorem . For k =0 and thus k = % — 1, the residue at s = 1 of
®43(Z, s) is a holomorphic modular form of singular weight. Moreover, every invariant
vector for the Weil representation yields a linear combination ®, such that ®,(2) is a
holomorphic modular form. Again, they are linear combinations of Eisenstein series on

the boundary.

In fact, we will show that res,.; ®5(Z,s) = ®(Z,ress-1 Eop(7,s)). In contrast to k > 2,

1e. K 2> % + 1, we do not have a surjectivity result at this point for k£ = 0,k = % - 1.

15



Therefore, let now F': H; — C be a modular form and consider the adjoint theta lift

dxdy
qg(Y)t

We will show that if /' is harmonic and square-integrable, its lift *(7, F) is also har-

¥(rf)= [ (O DY)

monic (see Lemmal6.5.2). As a main theorem we obtain

Theorem 1.0.4 (see Theorem [6.5.3). If ' : H; - C is a holomorphic modular form of

singular weight, then its theta lift ©*(1, f) is an invariant vector and we have

. I'(1/2) ks
(7, f) = er%:/L&;LNé (1 - k)aps(0)C(d)e,,

q(7)=0 q(8)=0
v=kgsd

where C(0) is a certain positive constant and ar 5(0) is the constant Fourier coefficient

of F'in the 0-dimensional cusp corresponding to ).

As a corollary one obtains

Corollary 1.0.5 (see Corollary [6.5.8). Ler F': H; - C be a holomorphic modular form
of singular weight k. Then its theta lift ®*(1, F') vanishes if and only if F vanishes
in every 0-dimensional cusp. In particular, using that ®* is adjoint to ® one obtains
an isomorphism between holomorphic modular forms that are linear combinations of

Eisenstein series on the boundary and invariant vectors of the Weil representation.

If L is a maximal lattice, then the space of invariant vectors is either 1-dimensional (if L
is unimodular) or O-dimensional (if L is not unimodular). Since maximal lattices of Witt

rank 2 always split two hyperbolic planes over Z, we obtain

Corollary 1.0.6 (see Corollary . Let k = % — 1 be the singular weight. If L is a
maximal lattice of Witt rank 2, then the space M?™*(T'(L)) is either 1-dimensional (if L is
unimodular) or 0-dimensional (if L is not unimodular). Moreover, if k = 2,4,6,8,10, 14,
ie. 1 =6,10,14,18,22,30, then we have M, (I'(L)) = M?¥(I'(L)) and the space of
holomorphic modular forms of singular weight is either 0 or 1-dimensional depending

on L being unimodular or not.

If L does not split two hyperbolic planes over Z, then we can still fully determine the
image of the theta lift  (see Corollary [6.5.7).
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Chapter 2

Preliminaries

2.1 Lattices

Throughout this section let R be a principal ideal domain, K its field of fractions and M

a finitely generated free R-module.

Definition 2.1.1. A quadratic form on M is a map ¢ : M — K which satisfies

(i) q(rz) =r2q(z) forallre R,x e M.

(ii) The map (z,y) = q(z +y) — q(z) — q(y) is a symmetric bilinear form.
We say that g is non-degenerate, if for all x € M \ {0} there is y € M with (z,y) # 0. A
non-zero vector z € M is called isotropic if q(z) = 0 and anisotropic otherwise.
Remark 2.1.2. Setting = = y in (ii) yields 2¢(z) = (x,x). In particular, if 2 € R, then
(i1) implies (i).
The pair (M, q) is called a quadratic module over R. If R is a field, we call it quadratic
space. We say that x,y € M are orthogonal if (x,y) = 0.

Example 2.1.3. Let b*,0~ ¢ N and n = b* + b~. Then the map
(T1ye ) > T+ A T T~ = T

makes R” into a quadratic space which we denote by R,

17



Definition 2.1.4. Let (M, q),(M’,q") be quadratic modules over R. An R-linear map
o : M — M'is called isometry, if it is injective and satisfies ¢’(o(z)) = ¢(x) for all
x € M. The orthogonal group of M is defined by

O(M) :={o € Aut(M) | o isometry}.

We have the following well-known theorem

Theorem 2.1.5. Let (V,q) be a quadratic space over R of dimension n. Then there
are uniquely determined numbers b*, b~ with b* + b~ = n such that (V,q) is isometric to
RO, je. there exists an isometry o : (V,q) — RO The tuple (b*,b7) is called
signature of (V, q).

For a rational quadratic space (V, ¢) we define its signature to be the signature of V' (R) :=
V ®g R. We define the Witt-rank (or Q-rank) to be the dimension of a maximal isotropic
subspace of V.

Definition 2.1.6. A Z-lattice (or just lattice) L is a finitely generated free Z-module with
a quadratic form with values in Q. The signature of L is defined as the signature of
V(R) = L ®; R. We say that L is integral, if the bilinear form corresponding to the
quadratic form only takes values in Z. We say that L is even, if the quadratic form only

takes values in Z.

Example 2.1.7. Let U = Z & Z with basis eq, e5 such that g(ae; + bes) = ab. Then U is

an even lattice called hyperbolic plane.

For a lattice L and a natural number N € N we define the scaled lattice L(V) to be the
same Z-module with quadratic form N -q. We call x € L ~ {0} primitive, if Qz n L = 2Z.
We write Isog(L) for the set of primitive isotropic elements. The dual lattice is defined
by

L'={zeV=0LoQ|(z,y)eZforallyeL}.

For an integral lattice L we have L € L’ and call L’/ L the discriminant group. It is a finite

abelian group.

From now on we will assume that L is an even lattice. The level of L is the smallest
natural number N € N such that Nq(x) € Z for all 2 € L’. Moreover, we define the level
of z € L as the unique positive integer N, with (z, L) = N,Z (then ~; € L' is primitive

as an element of L’). We have the following

18



Lemma 2.1.8. Let L be an even lattice of level N and z € L primitive of level N,. Then
N, |N.

The quadratic form ¢ induces a quadratic form L'/l — Q/Z, which we also denote
by q. Write O (V' (R)) for the identity component of O(V(R)) and define O (L) :=
O(L) nO"(V(R)). Since O(L) also acts on L', we obtain a map O" (L) — O(L'/L).
We write I'(L) for the kernel of this map. If M ¢ L is a sublattice, then I'(AM) c T'(L).
A subgroup I' € T'(L) is called congruence subgroup if it contains some I'(N L) for a
natural number N € N. We call v € L'/L isotropic, if q(v) = 0 € Q/Z and we write
Iso(L'/L) for the set of isotropic elements in L'/ L.

Lemma 2.1.9. Let L be an even lattice, z,( € Isoy(L) of level N, = N with (2,() = N..
Then the scaled hyperbolic plane U (N,) spanned by z, C splits orthogonally from L.

Proof. This is essentially [O°’M63, 82:15]. Let W be the orthogonal complement of
U(N,) ® Q. Then we have

LeQ=U(N,)®eQaWW.

We obviously have
WnLeU(N,)c L.

We now show the converse inclusion. Therefore, let x € L and write z =a + b, a € W, b €
U(N.) ® Q as a decomposition in L ® Q. For all h € U(NN,) we have

(z,h) =(a+0b,h)=(a,h)+(b,h)=(bh)
and thus
(b,U(N,)) = (x,U(N,)) c(x,2)Z+ (x,{)Z < N,Z+ N,Z = N,Z.

Writing b = by z + bo( yields

b b
blz(&OeZ and bgz(&Z)EZ

z z

and thus be U(N,). Weobtaina =z —-be L,ie.ae Wn L. N

Corollary 2.1.10 ([Brul4, Lemma 5.1]). Let L be an even lattice of level N and z €
Isog(L) of level N, = N or N, = 1. Then L splits a scaled hyperbolic plane U(N.). In
particular, if L is a lattice of prime level, then every primitive isotropic vector splits a

scaled hyperbolic plane.
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Proof. If N, = 1let 2/ € L with (2,2’) = 1. If N, = N let 2/ ¢ L' with (z,2") = 1.
Now define 2’ = 2’ — N,q(z2')z/N,. Then ( = N,Z’ € L is isotropic of level N, and
(z,() = N.. O

We have a natural map

7 D(L)\Isog (L") = Iso(L'/L).
Lemma 2.1.11. The map 7, is surjective if and only if L splits a hyperbolic plane.
Proof. 1If 7, is surjective, then there is some primitive isotropic element in L of level 1,
which yields a splitting of a hyperbolic plane. Conversely, assume

L=U@® L =e1Z®esZ+ Ly,

and let 0 € L'/L = L|/L; be an isotropic element. Consider a preimage A € L}. Then
e1 —q(N)es + A € L' is isotropic with image 0 € L'/ L. O
The following lemma goes back to Eichler and is called Eichler criterion.
Lemma 2.1.12 ([FHOO, Lemma 4.4]). If L splits two hyperbolic planes, then 7, is bijec-
tive.

A useful theorem to decide if hyperbolic planes split is

Theorem 2.1.13 ([Nik79, Cor. 1.15.5]). Let L be an even lattice of signature (m,n) with
m,n>1 Ifm+n>3+I(L'[L), then L splits a hyperbolic plane. Here [(L'|L) denotes

the minimal number of generators for L' L.

2.2 Genus of a Lattice

Denote by 7Z, the ring of p-adic integers.

Definition 2.2.1. Let L be an even lattice and p a prime. Then we obtain a Z,-lattice
L, =L ® Z,. We say that two lattices L, L are in the same genus, if they have the same

signature and L,, ~ ip for all primes p.
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Obviously, isomorphic lattices are in the same genus. The converse is not necessarily
true. In every genus there are only finitely many isomorphisms classes. For indefinite

lattices the number of isomorphism classes is often 1 as can be seen from the following

Theorem 2.2.2 ([[CS99, 9.7, Theorem 21, p. 395]). Let L be an indefinite lattice of

dimension n and level N such that gen(L) contains more then one class. Then
k() | 4Lzl vm

for some non-square k = 0,1 mod 4.

This yields for square-free level

Corollary 2.2.3. Let L be indefinite with square-free level N and dimension n > 4. Then

gen(L) contains only one class.

Proof. Letk =0,1mod 4 and 2 # p | k. Since (g) > n for n > 4 the divisibility property
can’t hold for k (here we used that N is square free). If 2 | k, then we already have 4 | £,
since k = 0,1 mod 4. Since k is a non-square, there’s either another prime p # 2 dividing

k (see the first case) or 8 | k. Since for n > 3 we have

B(n)>2n22[EJ+n
2 2

the divisibility property can’t hold for 2 | k too (we used again that N is square-free). [

Another useful theorem is

Theorem 2.2.4 ([Nik79, Theorem 1.14.2]). Let L be an even indefinite lattice satisfying
rank(L) > I(L;/L,) + 2 for all primes p, then gen(L) contains only one class and the

homomorphism p : O(L) - O(L'[L) is surjective. Here [(L},/L,) denotes the minimal
number of generators of L,,[ L,

Since the assumption is always true if L splits a hyperbolic plane, we obtain

Corollary 2.2.5. Let L be an even indefinite lattice splitting a hyperbolic plane. Then
gen(L) contains only one class and the homomorphism p : O(L) — O(L'/L) is surjec-

tive.

For Z,-lattices we have the following
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Theorem 2.2.6 ([O’M63, Thm. 92:3, Thm. 93:14]). Let L, M, N be Z,-lattices with
LeM~LeN.Ifp+2, then M ~N. If p=2and L is a scaled hyperbolic plane, then
M ~ N.

As a corollary we obtain
Corollary 2.2.7. Let L ~U(N)® L, ~ U(N)@® Ly be a lattice. Then gen(Ly) = gen(Ly).

Theorem 2.2.8. Let L be a lattice of square-free level N and let z € L be isotropic of
level N,. Then L splits a scaled hyperbolic plane U(N,) spanned by z and N, z' for some

isotropic z' € L.

Proof. According to [Ditl8, Proposition 2.73] there exists an isotropic z’ € L’ such that
N.z’ e Land (2,2')=1. Let K =zt nz*nL. Then U(N,) ® K ¢ L, where U(N,) is
the hyperbolic plane spanned by z, V,z’. According to [Bru02, Proposition 2.2] we have
equality. O

2.3 Scalar-Valued Eisenstein Series

Let H := {7 = u+iv € C | v > 0} be the usual upper half-plane. For z ¢ C we write

e(z) := €2 and consider the usual action of SLy(RR) on H given by

a b ar+b
T= .
c d cT+d

For N ¢ N define the principal congruence subgroup

['(N) := ker(SLs(Z) - SLo(Z/NZ))

and, more generally, for N1, Ny € N) N = lem( Ny, N2) we will also need the congruence

subgroups
b
T(Ny, Ny) = {(a d) ¢ SLy(Z) |a=d=1mod N,c=0mod Ny,b =0 mod Nz}
C

and '(N) = I'(V,N),I'1(N) = T'(N,1). Following [DS05, Section 4.2] we define
scalar-valued Eisenstein series for I'(NV). Therefore, let v = (¢,,d,) € (Z/N7Z)? and

k € Z,k > 3. Define the non-normalized Eisenstein series

G = 3 !

(¢,d)=v mod N (CT + d)k ’
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where Z' means that we sum over non-zero pairs. Recall the modified zeta function

SIOED edmod v n and define the divisor sum

ol(n):= Z sgn(m)m’e (dva) ,

mln
=c, mod N
m

where the sum is over positive and negative divisors. We have

Theorem 2.3.1 ([DS0S, Theorem 4.2.3]). The Eisenstein series G are holomorphic
modular forms of weight k with respect to I'(N), i.e. they are holomorphic, satisfy

GY(MT) = (e +d) G (1)

forall M = (%) e '(N) and the Fourier expansion of the Eisenstein series are given by

G = () e i (o0 ()

More generally, we will see Eisenstein series for v = (¢,,d,) € Z/N1Z x 7] NoZ with

Fourier expansion

Gir) =80 (1) + 1o k(e ()

where

ol(n):= > sgn(m)me (djvvzn)

m|n
n _
=Cy mod N1

is a divisor sum over positive and negative divisors. We shortly show that they are in fact
Eisenstein series of the previous type for N = lem(Ny, Ny). Therefore, let N; N/ = N.

Then we have

1
¢ (k) = Z' —
n=d, mod N n
1
le !
n=d, %;)d Ny (Ngn)*
1 /
=N = N (R,
n=N}d, mod N

Moreover, a short calculation shows a(c” () = (Nlcl i d”)(an’) (here, N{c, is meant

to be mod V). Using that J(Nlc” oy )(n) vanishes 1f Nl’ + n we have

G(7) = 00, 0C% (K) + 1—\(]25]2\)7; 2 k- 1(n)€( )
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_ 1k Nldy (_2’7-[-Z)]c — (N{CmNédv) / (TLN{T)
=N; (5%,0( 2@ (k) + T(k)N* &4 Ok-1 (nINy)e N

_ NékG’(CN{cv,Nédv) (7_)
and we define G} (7) = G,(CN{CU’Néd”)(T) = NyRGR(7).

Remark 2.3.2. For k£ = 1,2 one can still use the Fourier expansion as the definition of the
corresponding Eisenstein series GG}, but usually they will not be modular anymore and

one needs a correction term to obtain modularity, see [DS05, Sections 4.6, 4.8].

2.4 Vector-Valued Modular Forms

We will now introduce the Weil representation and vector-valued modular forms.

Definition 2.4.1. We denote by Mp,(RR) the metaplectic cover of SLy(R). It is realized
as pairs (M, ¢), where M € SLy(R) and ¢ : H — C is a holomorphic square root of
T+ cT + d. The product for (M, ¢1), (M, ¢2) € Mp,(R) is given by

(M, ¢1(7))(Ma, ¢a(7)) := (My My, 1 (Ma7)do(T)).

By Mp,(Z) we denote the inverse image of SLy(Z) under the covering map. It is gener-

ated by
11 0 -1

We have the relation S? = (ST')3 = Z, where Z = ((+ %), ) is the standard generator
of the center of Mp,(Z). The assigment

o) (2 ) )

defines a locally isomorphic embedding of SLy(R) into Mp,(R). Furthermore, we will
write Do, := {(17) | n € Z} € SLy(Z) and T == {(($ %), 1) | n € Z} € Mpy(Z). For an
even non-degenerate lattice L of signature (b*, b~) consider the group ring C[L’/L] with
standard basis (¢, ) ezr/r. Forv =¥ 1/ 0 e, € C[L'/L] we write v* := 31/ 0 e,
Moreover, we write (-,-) for the standard inner product on C[L’/L] which is anti-linear
in the second variable. We denote the subspace of vectors that are supported on isotropic

elements by Iso(C[L’/L]) and we introduce the notation e, (7) := e(7)e, = €2™7e.,.
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Definition 2.4.2. The Weil representation is the unitary representation p;, of Mp,(Z) on
C[L'/L] defined by

\/Eb’—b*
/L//L 5€LZ’/L 25(_(77 5))

The Weil representation factors through a finite quotient of Mp,(Z). Write Inv(C[L//L])

PL(T)e'y = e’y(‘]('}/)) and pL(S)ey =

for the subspace of vectors in C[L’/L] that are invariant under the Weil representation
(see [Bie2ll], [Zem21] for results on the space of invariants and [ES17]] for an algorithm

to calculate this space).

Remark 2.4.3. If we take —q as the quadratic form of L instead of ¢, the corresponding

Weil representation is called dual Weil representation, which we denote by p7 .

A short calculation using orthogonality of characters shows pr(Z)e, = i* "¢_,. For
B,v € L'| L we define the coefficients

pﬂ:V(M> ¢) = (pL(Mv ¢)677 eﬁ) and p;a,l'y(Mv ¢) = </)i1(M, (b)e'ya 65>.
Theorem 2.4.4 (Shintani’s Formula, [Shi75, Proposition 1.6]). For M € SLy(Z) the
coefficient pz. (M) is given by

(b (1-sn(@))
Vi T 5 ane(aba(B))

if c =0 and by

-(b~-b*) sgn(c)
Vi s e(a(ﬁ+r,ﬁ+r)—2(%ﬁ+r)+d(%7))
el 2\ /[ [ L] veier 2c

if c+0.

The sum in Shintani’s formula can be calculated, see [Sch09]], [Str13, Theorem 1].

For a vector-valued function f : H — C[L’/L] we write f., : H — C for its components,
ie. f=% e frey. Forke 17 we define the Petersson slash operator f ~ fli.1(M, )
by

(fleL(M,0))(T) = d(T)**pr} (M, ¢) f(MT).
If f:H — C[L'/L] is smooth and invariant under the action of 7', i.e. f|. .7 = f, then
we have f.,(7+1) = e(q(7))f,(7) and thus e(—q()7) f,(7) is a 1-periodic function with

a Fourier expansion

(gL ) = Y b g)e(na).
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This yields a Fourier expansion

f(T) = Z Z C(’Yanay)e’y(nu)‘
~veL!|L neZ+q(v)
Definition 2.4.5. A function f : H — C[L’/L] is said to be a modular form of weight
k with respect to the Weil representation if f|, (M, ¢) = f for all (M, p) € Mp,(Z).
We call a modular form f a holomorphic modular form if f is holomorphic with Fourier

expansion

f(r)y= 2 2 clrn)e(nr).
yel![L ne%;%(v)

Obviously, non-trivial modular forms only exist for weights with 2k + b~ — b* = 0 mod 2.
Hence, if the dimension of L is even, there are only integral weights and the group SLy(Z)
instead of Mp,(Z) suffices. The space of modular forms of weight 0 is given by the
invariant vectors Inv(C[L'/L]).

We denote the hyperbolic Laplace operator of weight k by

02 02 0 0
_ 2 _. .
B =v (8u2+8112) Zkv(8u+zav)'

It acts on smooth functions f : H — C[L’/L] component-wise and commutes with the

action of Mp,(Z) in the sense that

Ap(fleL(M,0)) = (Arf)le.c(M, ¢)

for f smooth, (M, ¢) € Mp,(Z) and analogously for the dual Weil representation. It has
a self-adjoint extension to the space of square-integrable modular forms of weight k& with

respect to the Petersson inner product

, dudv

V2

(Fov= [ ATE

for vector-valued square-integrable modular forms f, g of weight k. We will introduce
two further differential operators, the weight changing operators. We define the Maass

raising operator and the Maass lowering operator as

Ry = 22'2 +kv' and L= —22'@22_.
or oT

The raising operator maps smooth modular forms of weight k£ to smooth modular forms

of weight £ + 2. Similarly, the lowering operator maps smooth modular forms of weight
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k to smooth modular forms of weight £ — 2. Moreover, they commute with the slash

operator in the sense that

Re(fle(M,0)) = (Ref)lkror(M,¢) and  Li(fleo(M,¢)) = (Lif)|k-2,.(M, 9).

The Laplace operator can be expressed in terms of Ry and Lj by

Ak = LkJrQRk +k= Rk,ng.

Next we will discuss vector-valued modular forms for certain sublattices. Following
[Bor98|, let z € Isog(L) and 2’ € L’ with (z,2’) = 1. Denote by N, the level of z and
consider the sublattice

K=Lnz'nz".

Then K has signature (b*—1,b~—1). For a vector A € V(R) we write A for its orthogonal
projection to K ® R, which is given by

A = A= (N 2)2" + (N 2")(2,2")2 = (N, 2))z.
Let ¢ € L with (z,() = N,. Then we have
L=Ke&Z{+Z-z.
Consider the sublattice
Ly={ el |(\z)=0mod N,} c L'

and the projection

(A, 2)
Nz

i Li—>K', A m(N) =g+ (-

This projection induces a surjective map Lj/L — K'/K which we also denote by 7 and
we have
Ly/L={ e L'|L|()\ z)=0mod N,}.

We have the following connection between the Weil representations py, and pg-.

Lemma 2.4.6. Let v € K'/K. Then

pr(M) > ey (—ﬂ]g):(pK(M)ew) > e%_mz/(_aanrq(Z,)aan)_

meZ[N.Z meZ/N.Z NZ

27



Proof. Write A\ = v + 22, We first consider the case M = (2Y) with ¢ = 0. Then by

Shintani’s formula

-(b™-b")(1-sgn(d))
pr(M)ey =i > danes(abg(B))
Bel/L

ear(abg(aX))
-((b=1)=(b*-1))(1-sgn(d))
=i ¢ay(abq(ay))eams = (pr (M)ey)eam:.

Multiplying by e (—7]’\1,—’:) and summing over m € Z/N,Z yields the result. Now let ¢ # 0.

b~ =b")(1-sgn(d
:\/E( )(1-sgn(d))

Again, Shintani’s formula yields

pr(M)ex=Cr(c) > > ¢

BeL'/LreL/cL

B(a(ﬁ+r,ﬁ+r)—22(c)\,ﬁ+r)+d()\,)\))7

where

b~ -b")sgn(c b~ —1)-(b*-1)sgn(c
() \/-( )sgn(c) \/‘.(( 1)-(b*-1)sgn(c) 1 CK(C)
L = bt T(bt—
S VITTE o2 R Ve N

Since L = K & Z({ & Zz we can instead sum over r + k¢ + k'z,r € K[cK,k, k' € Z|cZ to

obtain

p(Mer=Cr(e) ¥ % e(“(ﬁ”’ﬁ”)-2(%k<>+d<w>)

BeLl'|LreK [cK 2c
keZ/cZ
e (2a(5+7“ kC) +a(kG k'Q) = 2(7, kQ) - 2(FE, B+ kC))
2c
y 2a(B,k'z) + 2a(k(, k'C)
k’eZ/cZe( 2c )eﬁ
_ CL(C) Z Z e (a(ﬂ + 7, 6 + T) _220(77 kC) + d(ﬁ}/?’y))
BeLl!|LreK/[cK
keZ/cZ
(2a(5+7’ kC) +a(kC k'Q) = 2(7, kQ) - 2(FF ,ﬁ+kC))
2c
,a(B+ k(K 2)
N (LRSI

k'€Z]cZ
Now the last sum vanishes by orthogonality of characters unless

(B+kC 2) = (B,2) + kN, =0mod ¢,

in which case it sums to c. This yields

a(B+r,B8+1)=2(7,kC) +d(7,7)
Z 6( 2c )

pL(M)eA = CL(C)C Z
BeL'|L reK[cK
keZ/cZ

clkNz+(8,2)

28



€(2a(5+7“,k0 +a(kC, K'C) _Q(V,kC)_Q(%75+kC))e
* 2c B

We now multiply this by e (—%) and sum over m € Z/N,Z to obtain

pr(M) > ew;’;j(—m”)

meZ|N.Z N.
+r,8+1)=2(7,kC) +d(r,
= Cr(e)e Z Z e(a(ﬁ r,B3+7) 2(7 () (77))
BeL'|L reK]cK ¢

keZ/cZ.

clkN.+(B,2)
o (2RO +aliC ) -20,k0)

2c

2 B+ k(+nc!
g [ G
meZ|N.Z ¢

The latter sum again vanishes unless
(z,8+k(+ncz') = (z,8+ncz’)+ kN, =0mod cN,,

in which case it is equal to V,. In particular, we have (z, 5 + ncz’) =0 mod N, and thus
B+ncz’ € Ly/L. Butevery element in Lg/L can be written as a + 37 for some v € K'/K
and m € Z/N,Z, which shows that (8 + ncz’, ) = 0. But this implies k¥ = 0 mod c.

Hence we obtain

o 3o (5)

meZ/N.Z

“Ck(e) Y% eﬂ(a(ﬁﬂ”,ﬁﬂ“)—?(%ﬁﬂ“)+d(%7))

BeK'|K reK [cK 2c

amn

/ 2

x oy e’]&j—ncﬂ(_ N +q(2")acn )
meLIN. 7 z

~ (D) 3 e (< + a(ac?)
meZ/N.Z N.

which shows the claim. L]

Now let f : H - C[L’/L] be a vector-valued function. Define
fK(T7T7t> = Z f5(777n7t)677
veK'|K

where

fE(mrt)= Y P (m)e(=r(A2") +rtg(2)),
XeL)/L
m(A)=vy
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hence

fK(Ta T’,t) = Z fA+tz’(7—)e7r(>\)(_T(>‘7 Z/) + TtQ('z/))'
XeL/L
Then

Lemma 2.4.7 ([Bor98| Theorem 5.3]). Assume f is modular of weight k with respect to
the Weil representation. Then for (M, ¢) € Mp,(Z) with M = (2 ) we have

(Mt ar + bt cr +dt) = (1) prc (M, @) f5 (7,7,1).

Moreover, we have the following

Lemma 2.4.8. For vector-valued functions f :H — C[L'/L],g:H — C[K'/ K] we have

(FEo(r) 3 exe (=50 = (£ =n.0). (7).

meZ/NZ N

Proof. This is a straight forward calculation. We have

(o) 3 en (5= ¥ Fam (05, (0e a0+ 55, 21)

meZ[/NZ veK'|K
meZ/NZ
= Z 6(”(}\,2,))f)\(T)§7T()\)(T)
XeLj)/L
which shows the result. O]

2.5 Vector-Valued Eisenstein Series

Let L be an even lattice of signature (b*,b~). Assume that b* — b~ is even and let k € Z.
Moreover, set k = %Hs. Let 5 € Iso( L’/ L) and define similar to [BKO3] (they consider
Eisenstein series with respect to the dual Weil representation p; ) the vector-valued non-

holomorphic Eisenstein series of weight k by

1
Eyp(r.5) =5 >, (Im()%ep)lk (M, 9).
(M)l Mpy (2)

For 3 € Iso(L’/L) of order N and a character x : (Z/NsZ)* - C* we define

BErpx(1,8):= > x(n)Epns(r,s)
ne(Z/NsZ)"
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More generally, for v € Iso(C[L’/L]) we define

Bo(n9)=5 % (m(D)w)ku(M.0)

(M,§)el oo\ Mpy (Z)

= Z UﬁEkﬁg(T,S).
Belso(L'/L)

We have Ej o+ = (—1)"Ej .
Lemma 2.5.1. The Eisenstein series Ej g converges normally on H for Re(s) > 1 - g

and defines a Mp,(Z)-invariant real analytic function, which is an Eigenfunction of the

hyperbolic Laplace operator of weight k with Eigenvalue s(s + k - 1).

Proof. Since the Weil representation is unitary, we have the majorant
3 Tm(M7)Re)*5
(M, §)el oo\ Mpy (Z)

The convergence now follows from the classical case. Moreover, a straight forward cal-
culation yields
Apv® =s(s+k—-1)v°

and since the Laplace operator commutes with the action of Mp,(Z) we obtain
Ak:Ek,B(T, 8) = S(S + k- 1)AkEk”3(T, S).
The Mp,(Z)-invariance is obvious. ]

Remark 2.5.2. Since the Weil representation is trivial on I'(/V), where N is the level
of L, the Eisenstein series Ej, s is a linear combination of Mp,(Z)/I'(V)-translates of
scalar-valued Eisenstein series for I'(/V). In particular, we obtain a meromorphic contin-

uation of Ej, 5(7,s) toall s € C.

Next we will calculate the Fourier expansion. Therefore, we have to introduce certain

special functions. Recall the Whittaker differential equation

d?w 1 v -3
—+-=+ == =0.
dz? ( 4 z 22

One solution is given by the Whittaker function W, ,, see [EMOT381, 6.9], [OLBCI0,
13.14]. As z — 0 we have

I'(2 1
Wia(2) ~ (21) e,
’ I(p-v+3)
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for 41 > 5 and real y — oo we have

Wou(y) = e 2y"(1+O0(y™)).

As an abbreviation we define for s € C,y e R~ {0}

_k
Ws(y) = |y| 2ngn(y)%,s—%(|y|)

and the previous asymptotics yield

[yl

Way) = lyl 2= @2e72 (1+ 0y ™))
for y € R,y - oco. Moreover, for s = 0 we have

L 1L ify >0,
2

Woly) = e .
(1=, lyD), ify <0,
where I'(a,z) = [~ e7*t*~1d¢ is the incomplete Gamma function as in [OLBCI10), 8.2].

Theorem 2.5.3 (|[BKO3l])). The Eisenstein series has the Fourier expansion

Erp(r,8)= > > cep(yn,s,0)e,(nu),

~veL!|L neZ+q(7)

where the coefficients cy s(7y,n,s,v) are given by

(8p +0_g, 0% + 2mul-hs LU2 s [2e[ R 25 HL(8,0,7,0), ifn =0,

I'(k+s)T'(s)
k7r5+k,ns+k—1 —k—2s .
2 F(S|+]|{)) Ws(47TTL’U) Z,cgz|20|l k=2 HC(ﬁaoaﬁ)/an)a tfn > 0,
kﬂ_s+k ns+k71 L ]
2 F(IS_; W, (4mnw) Z'CEZ|QC|1 k=251 (5,0,7,n), ifn <0,

where H.([3,m,~,n) denotes the generalized Kloosterman sum

emisen(e); a b ma + nd
Hc y 1Ly = E : P ( ) .
(B,m,7,m) |c| i@ pm(c d)e c

(9 8)era\SLa(2)/T e

Remark 2.5.4. In [BKO3]] and [Wil19] they consider the Eisenstein series with respect
to the dual Weil representation. The calculation is analogous except that one obtains a
generalized Kloosterman sum with respect to the dual Weil representation. In [BKOII,
[Sch06], [Sch18]] the Fourier expansion is calculated for holomorphic Eisenstein series,
i.e. for s = 0 and k£ > 2. In particular, [Sch18|] shows that the Fourier coefficients of the

holomorphic Eisenstein series are in a certain cyclotomic field Q((y(;))-
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Proof. Let~y e L'/L and n € Z + q(y). The Fourier coefficients are given by
1 rt
astrms)=3 [0 ¥ () el (M.6). e, (nu))du
(M,$)el'o0\ Mpy(Z)

Splitting the sum into the sum over id, Z, Z2, Z3 € I'.,\Mp,(Z) and the sum over the
elements ((25),¢) € T'w\Mp,(Z) with ¢ # 0 and using the invariance of Tm(7)%eg

under the action of Z? yields for the coefficient ¢y (v, n, s,v)

c+0

. fa b e(—nu)
S0 (0,7 +0-5)0° + v D Py d) (cr +d)F(cT + d)sdu
(g Z)er\SLQ(Z)

) . fa b f“ e(-nu)
- 50,71(56,“/ + 5—Bﬁ)v tv ;} pﬁ“/( d) oo (cT +d)Fs(cT + d)sdu
(fcZ fl)er,x,\SLg(Z)/Foo

Using Vet +d = sgn(c)\/cy/7 + ¢ we obtain

o e(-nu) k2 f f°° e(—nu)
du = s d
./:oo (er + d)**s(cT + d)® u=ld sgn(c) coo (7 + DYkrs(F 4 d)s u
| k-2s p (nd < e(-nu)
= |C| sgn(c) e (7) [oo mdu

and thus the Fourier coefficient is given by d¢ (05 + 6_5,,)v® plus

vsfmwdu Z Péi(a b)|c|_k_255gn(c)ke(%i)

oo Tk+s7- por c d
(g b)eFm\SLg(Z)/Foo

ZUS[ 6( nu)d Z |C|1 k- QSSgD(C)k ﬂzsgn(c) H (B? ’,)/7”)

k+s—S
ceZ

= Usfw elomu) du Z’|C|1_k_25HC(B,O,%n).

k+s7S
—oo T T el

For n # 0 the integral can be calculated using [EMOTS54, 3.2(12)] and correcting the sign
as pointed out in [BKO3]] and is given by

foo e(—nu) —k f —27Tznu du
—oo THHSTS (v —du)**s(v +iu)®

— Qkﬂ_erkifk‘n‘vakfl,UfsWS (47TnU)

L(k+s)t, ifn>0,
I'(s)t, ifn<0.
For n = 0 we have according to [OLBC10, 5.12.8], [Fre90, Chapter III, Lemma 4.4]

o1 L D(k+2s-1)
du = 22—k—25 1-k- 25
[m B ™ F(k+s)F(s)U

This shows the assertion. L]
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Remark 2.5.5. Since p;, factors through a finite group, the coefficients pg . are uni-
versally bounded and there exists C' > 0 with H.(/3,0,v,n) < C forall v € L'/L,n €
Z + q(7y),c € Z~ {0}. Thus the L-functions occurring in the Fourier expansion converge

absolutely for Re(s) > 1 - &.

We will frequently use the notation

Ckﬁ(’Yﬂ 07 S, U) = (5577 + 5‘677)1}8 + Ck,ﬁ(’y, 07 S)Ul—k—s7

cks(y,m, s,v) = cp g(y,n, s)Ws(dmnv).

The coefficients have the following asymptotics.

Lemma 2.5.6. We have

ckp(y,m,s,v) = O(e‘Z’T'”')

forv>1asn — +oo.

Proof. The previous remark implies that the sum is bounded by a constant multiple of
((2s+ k —1). Thus the asymptotics for the Whittaker function yields

k k k ~
Ck:,ﬁ(’ya n, S,U) < C|n|s+§(1+sgn(n))—lv—§+sgn(n)§6—27r|n|v < 06_271-‘”‘-

This shows the assertion. O]

The Fourier expansion shows that the Eisenstein series £}, 3 span a space of dimension
[Iso(L'/L)/{+1}| if x is even. If x is odd, the Eisenstein series for § € Iso(L’/L) with
B = —[( vanish identically. Next we want to investigate the Eisenstein series at s = 0.

Therefore, we set Ej, 5(7) := By, 5(7,0) and ¢ g(7,n) = ¢k 5(7,n,0).

Proposition 2.5.7. Let k > 2. Then Ej, 5(7) exists and is a vector-valued holomorphic

modular form. The Fourier expansion is of the form

eg+ (mD)"e g+ > > crp(y.b)e,(nT).
~veL!|L neZ+q(7)
n>0

Proof. For k > 2 the defining series converges at s = 0. This implies all the assertions.
It also follows from the fact that the vector-valued Eisenstein series are Mp,(Z)/I'(N)-

translates of the scalar valued ones. O]
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Proposition 2.5.8. Let k = 2. Then there exists an invariant vector vo € Inv(C[L'/L])
such that
Erg(t)=rov " +eg+(-1)%eg+ > > crp(y.b)e,(n7)

yeL!'|L neZ+q(7)
n>0

Proof. By [Miy06, Theorem 7.2.12], [DS05, Section 4.6], [Will9, Section 6] the Fourier
expansion is given by
Eyo(m)=1ov ™ +eg+ (-1)%e s+ Y ) ca(y,n)ey(n7)
~veL!/L neZ-Ha('y)
n>!

for some vector tv € C[L//L]. Applying the lowering operator L; to Es 5(7) yields tv,

which therefore is an invariant vector. O]

Proposition 2.5.9. Let k = 1. Then there exists a vector vo € C[ L'[L] such that

Erp(t) =w+es+(-1)% 5+ > > crp(v,b)e,(n7)
veL!|L neZ+q(7)
n>0

Proof. Again, see [Miy06, Theorem 7.2.13], [DS0S, Section 4.8], [Will9, Section 4].
l

Proposition 2.5.10. Let k = 0. Then the residue at s = 1 of the Eisenstein series Ej, 5(7,s)

is an invariant vector. If v € Inv(C[L'/L]) is an invariant vector, then v = Ej, ,(T).

Proof. The first assertion follows from the corresponding result in the scalar-valued case,
see [Iwa93l]. For the second assertion observe that (for arbitrary weight k) for the suitable

normalized scalar-valued Eisenstein series E (7, s) we have

1
Ei(7,8)0 = 3 Z Im(7)*%|x. Mo
(M,¢)eT's0\ Mpy(Z)
1 — S —
5 X e P Im(Mr) e (M o)
(M,¢)eT oo\ Mpy (Z)
1
=3 > (Im(7)°0)[r,.(M, @) = Ej(7,5).
(M,)eT's\ Mpy(Z)
Now the left-hand-side evaluates to v at s = 0. ]

According to [Hej83) Page 372] we have the functional equation
1
Epo(1,8) == Z Cho(,0,8)Eyo(1,1 -k —5).

2 aelso(L'/L)
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Next we will investigate the behaviour with respect to certain sublattices. As above, let
z €Isog(L) and 2’ € L’ with (z, z’) = 1. Recall that

E,fﬂ(T,s,r,t) = ) Z (Erp(T,5), exsrzr ey (—1(N, 2") + 1tq(2")).

veK'/K AeL} /L
m(A)=y
Lemma 2.5.11. If 5 ¢ L{/L we have E,fB(T,s,O,O) = 0 and if B € L{/L we have

Elfﬁ(T, S, O, 0) = Elwr(ﬁ) (7', 8).

Proof. A straight forward calculation yields

E]f]g(T,S,O,O) = Z Z (Ek,ﬁ(T,S),e))Q»Y

~veK'|K XeL{ /L
m(A)=y
= >, O(r)Im(MT)* > D {pn(M)Teg en)e,
(M,¢)el oo\ Mpy (Z) veK'|K Ae(i{))/L
T(A)=y

= 2. O(T) Im(M7)* 37 (ep,p(M) ) eyemz)e,.

(M, )€l oo\ Mpy (Z) veK'|K meZ|N.7,

Now apply Lemma [2.4.6]to obtain

> o(r) (M) > (es, (px(M)ey) 3, emz)ey

(M, )€l o\ Mpy (Z) veK'|K meZ/N,Z
and Lemma[2.4.§|to get
> O(T) F Im(M7)* 37 (e, prc(M)e, e,
(M,¢)el'o0\ Mpy(Z) VeK'|K

Now eg =0if 3¢ L}/L and eé( = eq(p) if § € L}/ L. Hence we obtain in the latter case

>, (1) Im(MT)* Y (en(s), P (M)ey)e,

(M,§)eloo\ Mpy (Z) VeK'/K
= > S(T) (M) Y (px(M) en(p), es)e,
(M,)el'\ Mpy(2) VeK'[K
= Z P(T) 2 Im(MT)*p (M) ey = Ern(p)(T, ).
(M, )€l oo\ Mpy(Z)
This shows the assertion for Re(s) > 0 and by analytic continuation everywhere. [

Remark 2.5.12. There is also a more abstract proof. In the first case one observes that
Ey 5(7,5,0,0) is a square-integrable function with Eigenvalue s(s+%—1). But the eigen-
values of A, on square-integrable functions can only be in a certain subset of the real
numbers, see [Hej76|]. This implies that it must vanish everywhere by analytic continua-

tion. In the second case one considers the difference of both sides and argues analogously.
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2.6 Siegel Theta Function

Let p be a polynomial on R(®"Y") which is homogeneous of degree x* in the positive
definite variables and homogeneous of degree - in the negative definite variables. For
an isometry v : L ®; R — R(®"0") we write v* and v~ for the inverse image of R(":0)
and R(*7), For an element \ € L ®; R we write A+ for the projection of A onto v*. The
positive definite majorant associated to v is then given by ¢,(\) = ¢(A,+) — ¢(\,-). For
v e L'/L,7 ¢ H and an isometry v : L ®; R - R(®"b7) we define the Siegel theta function

(e B =0T Y e S) e H)

Aey+L 8mv
xe(Tq((A+B)u) +Tq((A+ B)y-) = (A + 5/2,a)),

where A is the usual Laplace operator on R¥"**" and a, 3 € L ® R. Moreover, we define

@L(T,OZ76,I/,p) = Z 67(T7Q7B7V7p)27

veL'/L

=5 Y en () )00+ 9)

el

xex(Tg((A+8)u) +Ta((A + B)u-) = (A + B/2,0)).

For a = 5 = 0 we write

0.(7,v,p) = o Z exp (—%) (P)(v(A))ex(Tqg(Au+) +Tq(A-))

Aey+L

0 Y e (- ) @O () - w()

Aey+L 8mu

and

G)L(T)Vyp) = Z QW(TJ/?p)eW

NeL!|L

V5 S e (<) WO e(raOu) + 7o)

AeLl’

VTS exp (<) D))l () + g (V).

AeLl’

This is the theta function in [Bor98|] multiplied with vEH Using Poisson summation

one obtains
Theorem 2.6.1 ([Bor98, Theorem 4.1]). For (M, ¢) € Mpo(Z), M = (%) we have
@L(MTa ao + bﬁu cQx + d/67 V7p) = ¢(T)b++25+_bi_2H7pL(M) ¢)@L(T, «, /87 Vap)'

In particular, for o = 8 = 0, the theta function © (7,v,p) has weight % + Kt - % - K.
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Example 2.6.2. Let p be a polynomial that is invariant under O(b*) x O(b~). Then
exp (%) (p)(v(\+ 3)) only depends on v+ (respectively v~). Hence the theta function

can be seen to be a function on the Grassmannian
Gr'(LezR):={vc Loz R|dim(v)=b*,q|, > 0}.

Example 2.6.3. A particularly nice example is, if p is harmonic with respect to A, i.e. if

Ap = 0. Then the theta function is given by

Or(r,v,p) = v Z p(v(N))ex(ivg, (N) +ug(N)).

el

Borcherds shows in [Bor98|] that the theta function can be written as a Poincaré series. We
will indicate the construction here. Therefore, let z € Isog(L) and 2’ € L’ with (z,2") = 1.
Recall the notation from above. For an isometry v : L ® R - R("07) we write w* for the

orthogonal complement of z,+ in v*. This yields a decomposition
LeR=w"eRz,+ ®w ®Rz,-

and for A € L ® R we write )\« for the corresponding projections of A\ onto w*. Addition-
ally the map
w: LR - RO N p(Ar + Ay-)

can be seen to be an isometry K ® R — R(®"-10"-1) by restriction. For a homogeneous
polynomial p of degree (x*, x~) on R(":t") we now define the homogeneous polynomials

Puw.n+n- Of degree (k% — h*, k™ — h™) by

p(r(N)) = 35 (A z)" (A 2)" ponea- (w(N).

h*,h-

We have the following

Theorem 2.6.4 ([Bor98, Theorem 5.2]). Let p1= 2" + ZZZ“; + 22“2’_ e LR. Then
h
1 A(22)" R+ (b
. a0
Y L( ) 223+ c,%G:Z h,hZ*,:h (—QZ)h +h h h
¢=(v,z) mod N,

y (cT+d)" (e + d)h_‘h6 (_ leT + dJ?

ph*-h

e
X 9K+7r('y—cz’) (7_7 d,uKa —ClUK,W, pw,h*,h’)a

where we used the notation 2%, = (z,+, z,+).
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We will now rewrite this more explicitly as a Poincaré series.
Theorem 2.6.5. We have

1 2

h
2o+

© TP = h'( V) © T,W, Pw,h,h ¢mz

L( ) /223+ zh: A1 K( h, )meZZ/J:VZZ %

p (=)'
1 (_#) h+ h-\ & .
Z Z W( )( ) ph+h=2h

\/223+ MeT oo\ h,h™ h- (—22) h h) &

y (et + d)%m_‘%"€+ . n?
X _—_
Im(M7y P\ T 2Tm(Mr)22.

_l’_

mn
X pL(M)71 (@K(MTa Nk, 07W7Pw,h+,h-) Z 2% (_W)) .
meZ/NZ

Proof. We have

2)h

RS HE S ’“(i(ff)(h)
L V222, cdez. NeDJL hbTihe (=20)""+"\h J\ R

c=(~,z) mod N,

y (cT+d)"(cT+d) ( ler + d)?
el -

pht-h

X 0K+7r('yfcz’) (7-7 d/'LKa —CUK, W, Pw,h* h~ )QW'

We make the change v — 7 + ¢z’ and sum over coprime ¢, d to see that O (7,v,p) is

given by
5 \h
h! (——)

1 T
- Ok in (Tuwapw,h,h)e
VRN S R !

Ly/L

, \h
! (——)
1 i (h+)(h_) o Rt +h-—2h
+ — n
\ 223+ (c%—l h,hz,h_ (_27’)h h h h n=1

G d)"h(er + d)h_*he (_n2|c7- - d|2)

pht=h divz2,

x Z Okcsn(y) (o dpiic, =NCLE W, Pos bt b ) @ymes (—(’y, 2" )nd - q(z')nQCd) .
~veL{/L

The elements «y € Lg/L are represented by v + 5% for v € K'/K,m € Z/N,Z. Hence we
obtain using the transformation formula for the theta function

Z Ok sm() (T N ft g, =NCLLE W, Py o+ - ) Cymes? (—(7, 2" )nd - q(z’)nQCd)
~yelLy/L
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mnd
= Z 9K+'y(7_7 nduK,—ncuK,w,pwﬁﬂh-)ev Z e%ﬂwzr (— —q(z’)n2cd)
~eK'|K meZ/N.Z N.
mnd
= @K(7—7 nd,uKa —NCl K, W, pw,h*,h’) Z e’;—zzﬁ—ncz’ (_ N - Q(Z,)nQCd)
meZ|/N.7Z z

B N R s DS
Z(CT+d) 5 n+h+2+n h

mnd ,
x (P;(M)@K(MT, npK, O7W,pw,h+,h—)) Z emz ey (— -q(z )nZCd)

N
meZIN.Z N,

_b+—1_ +,p+, b -1 - -
Z(CT+d) ) /‘c+h+—2 +Kk~—h

mn
X PL(M)—l (@K(MT, Nk, 0, W, Dy p h-) Z N (_ N )) 7
meZ[/N .7 z

where M = (%) € SLy(Z). This yields

h
1 22,
Or(t,v,p) = M === Ok(T,w,pun, emz
i ) \/223+Zh: ( 4”) x( hh)meZZ/:NzZ N

5 \h
B! (__) ]
1 T (h*)(h ) %) e eheah
\/ﬁ Me;o\l“ h,hZ*;h (=20)h*+h=\ b J\ h n;

(eT + d)%“’(—%_’£+ n?
X —
Tm(M7y" "\ &iTm(M7)z2,

mn
XpL(M)_l (@K(MT,n,UK,O,W,pw’th,h) Z e% (_N ))
mGZ/NzZ #
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Chapter 3

Orthogonal Upper Half Plane

3.1 Orthogonal Upper Half Plane

Let L be an even lattice of signature (b*,b7). Let V = L ®, Q,V(R) = V ®g R. Then
G:=0(V(R)) ~O(b*,b) and K = O(b*) x O(b~) is a maximal compact subgroup. The

Riemannian symmetric space
G/K ~0O(b*,b7)/ O(b*) x O(b™) ~SO™(b*,b7)/SO(b*) x SO(b7),

where SO (b*,b~) denotes the identity component of the special orthogonal group, is
hermitian if and only if b* = 2 or b~ = 2 (since this is equivalent to K containing SO(2) in
its centralizer). We will be mainly interested in this case. We will give different models

of the symmetric space G/ K.

Grassmannian Model

We consider the Grassmannian of b*-dimensional subspaces of V' (R) on which the quad-

ratic form is positive definite, i.e.
Gr'(V(R)) :={v c V(R) | dim(v) = b*, ¢, > 0}.

We have an obvious action of G on Gr™ (V' (R)) and if we fix some v € Gr™ (V' (R)), then
its stabilizer K is isomorphic to O(b*) xO(b~). By Witt’s theorem the action of G is tran-

sitive and hence we have Gr*(V(R)) ~ G/K. This description is called Grassmannian

41



model. The disadvantage is that we do not see the complex structure in signature (2,1).
We want to mention that the assignment v — ¢,,, where ¢, is the majorant associated to v,
defines an isomorphism from Gr*(V(R)) to the space of Hermite’s minimal majorants

of q.

Projective Model

Assume now that (b*,67) = (2,1). Consider the projective space P(V(C)), where
V(C) :=V(R) ®g C. This is a complex manifold of dimension [ + 1. Let

N:={[Z] e P(V(C)) [ (%, Z) = 0}

and

K:={[Z]eN|(Z, 2Z) > 0}.

Observe that the relations in A and K are in fact independend of the choice of repre-
sentative and hence N and K are well defined. Moreover, N is a closed submanifold of
P(V(C)) of dimension [ and K is an open subset of A/ It has two connected components
interchanged by Z ~ Z, one of which we denote by K*. Let O*(V(R)) ¢ O(V(R))
fixing IC*. We have the following

Lemma 3.1.1 ((BGHZ08, Lemma 2.17]). The assignment [Z] = [X +iY ] » RX + RY
defines a real analytic isomorphism K+ — Gr* (V(R)). In particular, the Grassmannian

Gr*(V(R)) has a complex structure.

Proof. A short calculation shows that for Z = X +iY € V(C) with [Z] € K we have

(Z2,72)=(X,X) - (Y,Y)+2i(X,Y) =0,
(2,2) = (X, X)+(Y,Y) >0,

which is equivalent to X 1 Y and (X, X) = (YY) > 0, i.e. X,Y span a 2-dimensional
positive definite plane and hence RX + RY € Gr* (V). Conversely, let v € Gr* (V') and
choose a basis X,Y with X L Y, (X, X) = (Y,Y). Then Z = X +iY € K and by taking
a suitable orientation of X,Y we obtain Z = X +:Y € . [

The complex manifold K* is called the projective model. Write K+ for the preimage of
KC* under the projection V(C) — P(V(C)).
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Tube Domain Model

Again assume that L has signature (2,[) and let z € V' be isotropic, 2’ € V with (z, 2') = 1.
Let Z=2"—q(2)z and K = L n zt nz'*. Define

HE :={Z=X+iY e K&, C|q(Y)>0}.

For Z € H] define
Zp=7-q(Z)z+2,

hence
Xp=X+(q(Y)-q(X)z+3, Y=Y -(X,Y)z

Then we have
Lemma 3.1.2 ([BGHZ0S8|, Lemma 2.18]). The assignment

vHF > K, Zw[Z]
defines a biholomorphic map.
Proof. One easily checks that X; 1 Y7 and (X, X;) = (Y2,Y1), hence [Z.] € K.
Conversely let [Z;] = [X, + Y] € K. Then X,Y] span a 2-dimensional positive
definite subspace. Hence we have (Z;,z) # 0 and we can choose a representative of

[Z1] of the form Z;, = Z + bz + Z. The assumption ¢(Z;) = 0 implies b = —¢(Z) and
(Z1,Z1) > 0 implies ¢(Y') > 0. O

The component of ;" that is mapped to K is denoted by H; and we call it orthogonal
upper half-plane.

Remark 3.1.3. By setting iC = H; ni(K ®; R) we see that H; = K ®7 R + iC is a tube

domain and C is a connected component of

C*:={Y e K®zR|q(Y) > 0}.

The biholomorphic map v : H; — K* now induces an action of O (V(R)) on H;. The
action is given in the following way. Let Z € H; and o € O (V(R)). Then

o(Zy)=27"-az+bz

for some a,b e Rand Z' € K @ Rand thus 0 Z = b~1Z" with b = (0(Z,), 2).
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Definition 3.1.4. The function
7O (V(R)) xHy - C*,  j(0,2):=(0(ZL),2)
is called factor of automorphy.

Remark 3.1.5. We have
j(o, Z2)(0Z)L=0(ZL)

and the cocycle relation
j(o103,Z) = j(01,022)j(02,2).

_ _Im(7)
i (M)

The following lemma is a generalisation of the classical formula Im(M )
Lemma 3.1.6 ([Bru02, Lemma 3.20]). For Z € H; and 0 € O"(V(R)) we have

_am(2))
el

Proof. Using 4q(Im(Z2)) = (Z1,, Z1,) we have

(I (072)) = (0 2,57)

:1( o(Zr) o(Zr) )
1\ (0(21),2) (0(Zy), )

_ 1 q(Im(Z))
4lj(o, Z)P? i(o, 2)P

(Z1,Z1) =

3.2 Orthogonal Modular Forms

As above let L be an even lattice of signature (2,1),V = L ®7 Q,V(R) = V ®g R and

[ ¢ I'(L) a congruence subgroup.

Definition 3.2.1. A function F : K* — C is called modular form of weight r € Z with

respect to I if it satisfies

() F(tZ)=t+=F(Z)forall t € C*.
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(i) F(cZ)=F(Z)foralloel.

Again, let z € Isog(L), 2" € L', (z,2") = 1. Then we have
Lemma 3.2.2. For a modular form F : K* — C of weight € Z with respect to T define
F,-H,-C, F(Z)=F(Z)=F(Z-q(Z)z+2).

Then F, satisfies
F.(0Z) = j(0, Z2)"F.(Z)

for all o € I' and we have a bijective correspondence between modular forms and func-

tions with this transformation property.

Proof. We have
F.(02)=F((0Z)1) = F(j(0,2)"0(Z1)) = j(0,2)"F(Z1) = j(0, Z)"F.(Z).

Conversely, let F), : H; — C be a function with the above transformation property. Every

element in K+ can be uniquely written as ¢Z;, for some ¢ € C*, Z € H,. Now
F(tZy) =t"F.(Z)

defines a modular form of weight x € Z with respect to I'. [

For F, : H; - C and 0 € O" (V') we define the weight « slash operator F|,.o by
(F.|l0)(Z):=4(0,Z) " F.(cZ).

Then the modular forms of weight x on H; are exactly the functions that are invariant
under the slash operator |0 forall o € T".

Definition 3.2.3. Let u € V' (IR) be an isotropic vector and v € V' (R) orthogonal to u. The

Eichler transformation is defined by
E((u,0)(A) = A= (A w)v+ (A v)u—q(v) (A u)u

for A € V(R). It is an element of O"(V(R)) and if u,v € L it is contained in the

discriminant kernel T'(L).
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Remark 3.2.4. We have
E(u,v1)E(u,v9) = E(u, vy +v3)
and if we write K = Lnztnzt W = K ®Q, then forv e W, Z € H; we have
E(z,-v)Z =7 +wv.

In particular, the translations by elements in K are in the discriminant kernel I'(L).

If F, is a modular form that is holomorphic on H; with respect to I'(L), it is invariant
under translations of K and thus has a Fourier expansion of the form

F(Z)= ) a:(Me(X 2),

AeK'’

where e(\, Z) = e((\, Z)) = €27 (M2, For general congruence subgroups I one has to

consider appropriate sublattices K C K.

Definition 3.2.5. We say that a modular form F' is a holomorphic modular form if F is
holomorphic and for all choices of z, 2’ we have that a.()\) # 0 implies A € C. We write
M, (T") for the space of holomorphic modular forms. We call a holomorphic modular
form F of weight x for some congruence subgroup I" a cusp form if a,(\) # 0 implies
A € C for all choices of z,z’. We write S, (I") for the space of cusp forms. We call a
holomorphic modular form F' singular, if for all choices of z, 2z’ we have that a,(\) # 0

implies ¢(\) = 0.
It turns out that every modular form that is holomorphic on Hj is already a holomorphic

modular form if [ > 3.

Proposition 3.2.6 (Koecher Principle, [Bru02, Proposition 4.15]). Letl > 3 and F' : H; —
C be a holomorphic function satisfying
(i) F(Z+k)=F(Z)forkekK,

(ii) F(cZ)=F(Z) for o e '(K), where I'(K) is considered as a subgroup of I'(L).

Then F' has a Fourier expansion of the form
Y a(Ne(X Z2).
XeK'nC
In particular, if F is a modular form that is holomorphic on H, then it is already a

holomorphic modular form.
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Remark 3.2.7. In fact it suffices that [ is larger then the Witt-rank of L (which is auto-
matically fulfilled for [ > 3).

We want to mention another result that plays an important role for us.

Theorem 3.2.8 (Singular Weights, [BunO1, Satz 3.1.19]). Assume that L has Witt-rank
2 (which is automatically true for | > 5). Let F' : H; - C be a holomorphic modular
form of weight k € Z with respect to T'(L). Then r > £ — 1. If f has weight k = £ - 1,
so called singular weight, then f is a singular. In particular, there are no cusp forms
of singular weight, i.e. S,.(I'(L)) = {0}. Moreover, every singular modular form has

singular weight.

3.3 Hermitian Geometry for Signature (2, /)

As mentioned earlier, the complex manifold Hj carries the structure of a hermitian sym-
metric space. We will make this more precise now. Again, let z € Isog(L) and 2’ € L’
with (z,2) = 1. Write W = 2ztnz* ¢ LeQand let by, ..., b, be a basis of W(R) = We®R
such that

qQnby + ... +yb) =vyi-v3i— ... —yi.

If Z =216y +...+ 26, e W(C), we write Z = (z1,...,2) and similarly for X,Y ¢ W(R).
The connected component of H* can be chosen such that H; = W (RR) +4C with

C={Y e W(R)|q(Y)> 0,5 >0}

The (1, 1)-form .
17—
w =—500log(q(Y)))
is invariant under O (V(R)) by Lemma Write

w = =5 00l0g(g(Y))) = 5 3 iy (V)dzi A d3;,
0,

where h(Z) = h(Y') = (hij(Y))1<i j« is the associated hermitian form given by

Y: o -y —iYs o iy -1
1 -y1Y2  Ya Yal3 - Yol ) 1
hY)=—— |-y 1y Y3 g N
q(Y)2 193 2Y3 3 . : QQ(Y)
: : ' Yi-1Y1
“Ny YU T Y1l y? 1
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and its inverse is given by

Vo wiys o v ) (-1
VY2 Y3 Yol YaYi 1
WAY) =4 yys woys 3 - P +2(Y)
: : ) Yi-1Y1
wy Yy o Yy yp 1

We show that the hermitian form is positive definite. Since O"(V'(R)) acts transitively,

it is sufficient to check this on the special point (i,0,...,0). In this case we have

1

h(Y) = ,

1

which is obviously positive definite. Since w is obviously closed, it defines an O" (V(R))-

invariant Kihler metric on Hj. The determinant of A(Y") is given by det(h) = 2lq(y)l =

and hence the volume form of the underlying Riemannian metric g is given by

1
WQZWdZI/\dzl/\.../\dZZ/\dzl
1
:ﬁdxl/\dyl/\.../\dxl/\dyl.

We write

dzi=d21/\d21/\.../\dzz-_1/\dEi/\.../\dzl/\dEl

(i.e. the dz; term is missing) and similarly for dz;. Then we have
dz; A dz; = (4ig(Y))w,,  dZiAdz; = —(4ig(Y)) w,.
The Hodge-*-operator is defined by the equality
anx6 = (a, Blwy,

and thus we have 1

_ 1 hﬂ(Y) =
d i = =
=5 2 gy

Now let I" be a torsion-free congruence subgroup. Then the quotient I'\Hj is a hermitian

manifold, where the metric comes from the hermitian metric of H;. Modular forms of
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weight k are the global sections of a hermitian line bundle £,, on I'\H];, where the her-
mitian metric is given by the Petersson metric F(Z)G(Z)q(Y ). If U < T'\H, is open,
the sections L, (U) are the holomorphic functions F' : 771(U) — C satisfying the trans-
formation law of modular forms of weight . Here 7 : H; — T'\Hj is the projection. The
dual bundle £} of L, can be identified using the hermitian metric with the line bundle
L_,. of modular forms of weight —« and the mapping F(Z) ~ ¢(Y)*F(Z) defines an

anti-linear bundle isomorphism. This yields a Hodge-*-operator
* t APUT\H,, L) » AP I(T\HG, Loy), *u(0@ F) = (3¢) @ (¢(Y)"F(Z)).

The weight « Laplace operator is then defined by

Theorem 3.3.1. For a modular form F' of weight k the weight x Laplace operator is

given by
Q.F(Z) = q(Y)Méi ](hﬂ(Y) (Y)“agf))
B B (i gm0 o
Proof. We have
% 0F(Z) = Zl; Y)kaF(zZ)_d_
gy p P O GO,

Applying ¥_,.0 yields

O F(Z) = - 2(4“22 » (hﬂ(y (Y)ﬂlag(zz)@)
I 1 N
) 2(42)121:1 L (hﬂ(Y) (Y)™ laF(iZ))dszdzj

- @ZZ‘ aij (h”<Y>q<Y>H 8Fa@>)w
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q(Y o

zz = (a2 D),

14 O2F ( Z) ( )l k1
- - R (Y)
A short calculation yields

dq(Y) dq(Y) o on(Y)
=2y, =2y, j>1, = 4y;.

s o) OF(2)
(azﬁ () 2,

Thus, for 2 = 1 we have

X g0

iy w1 0PI (Y) ij n-1-199(Y)
5 (o P ey 20

j=1

; l
=3 (4q(Y)” 'y +2(k = DY)~ ((4’y% =2¢(Y))yr — 4 Zy?))

=2
; l
-3 (4q(Y)"’"’ly1 +2y1 (k= DY)~ (4@/% ~2q(Y)+4) %2))
=2
= ~2irq(Y)"y:

and similarly fors > 1

i S

=-Z (461(Y)” 'Ty; + 2(k = gV )" (4yzy1 4y, Zy] -2q Y)yz))
7j=2
= ~2irq(Y )"y,

and hence
1L O2F(Z) L OF(Z)
QO (Z)== h
(2) =5 2 2 W) ik Ly
Ll ®F(Z) 2P(Z) LOPF(Z)) | aF(Z)
232121% 02;0%: (8z1821 2 < 02,07 Zl z

O]

Remark 3.3.2. There is an ad hoc definition of the weight (m, n) Laplace operator given
by [Zeml7|] which coincides with 4€2,, for m = k,n = 0. The weight x Laplace operator

commutes with the weight « slash operator and satisfies

Qeq(Y)* = s(s+r-1/2)q(Y)".
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There are also weight raising and weight lowering operators in [Zem17]] defined by
3 zl: 92 Z(/<J+1—— ZI: k(k+1-1%)
fiw = aZl 077 () 570 2q(Y)
Lo a0 oy = aV) Y (1) (1) L
k=4 az% q 1282 q yza_

They commute with the slash operators in the sense that

(RHF)|R+2U = RH(F|K‘7)
(L/@F)|li—2<7 = LK(F|/€U)

for every twice differentiable function F' : H; — C and every o € O" (V). Moreover, a

short calculation shows
[
Rea(V) = (5 +8) (5 1= 5)a(¥)*,
[
L.q(Y)’ =s (5 -1- 8) q(Y)L.

Proposition 3.3.3 ([Che73l Section 3, Example (B)]). Let M be a complete connected
hermitian manifold and let E be an hermitian vector bundle with corresponding Laplace
operator A = %g-0% 0. If u,v are smooth square integrable sections of E such that

Agu, Agv are also square integrable. Then we have
(AEU7 U) = (u7 AEa U)‘

Remark 3.3.4. The hermitian inner product for global sections F, G of L, is now given
by
— dXdYy
F(Z)G(Z)q(Y ) ——,
Joow, FOT@D0)
if the integral exists. We will see in the next section that this is for example the case if
K= % —1 and F), GG are holomorphic modular forms or for arbitrary weight if one of them

is a cusp form. By Proposition [3.3.3| we have

o dXdY e Dy Y
ﬁ\Hl QLF(2)G(2)q(Y) LY _/;\Hl F(Z2)Q.G(Z)q(Y) q(Y)!

if F, G are square-integrable global sections of L,..

3.4 Siegel Domains and Growth Estimates

We will now derive certain growth conditions for square-integrability of modular form.
Therefore, let z € Isog(L), 2" € L', (z,2") = 1,K =z nz"" n L and d € Isog(K),d" € K’
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with (d,d’) = 1. We write D = K nd*nd'*. Moreover, we choose the component Hj; such
that we have (Y, d) > 0 for X +:1Y € H. For Z = X +iY € H, we write Z = z1d+z2d+ZD,
where d = d’ — q(d')d.

Definition 3.4.1. For ¢ > 0 we define the Siegel domain S; as the set of Z = X +1Y € H
satisfying

x3 + 23 +]q(Xp)| < 17,
l/t <1,
yi <t*q(Y),
la(Yp)| < t*yi.

The set of Y, q(Y") >0, (Y, d) > 0 satisfying the last three inequalities is denoted by R;.

We have the following

Proposition 3.4.2 ([Bru02, Proposition 4.10]). Let I' ¢ T'(L) be a subgroup of finite

index.

(i) Foranyt >0 andany g € O (V') the set
{cel|0gS5nS; + @}
is finite.
(ii) There exists at > 0 and finitely many g1, .. ., g, € O" (V') such that for
S=¢:5U...Ug,S

we have I'S = H,.

The invariant volume element on H is given by

dxdy
q(Y)!~

The previous proposition means, in particular, that for a I'-invariant measurable function
F :H; - C we have F € LP(H,/T) if and only if fS|F(Z)\P‘%§)¥ < oo. This again is the
case if for every choice of z,2’,d,d’ and t > 0 the integral [g |F'(Z)[ ‘;ﬁf)lf

[Bru02, Lemma 4.16-4.18]). We will need the following estimates.

is finite (see
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Lemma 3.4.3 ([Bru02, Lemma 4.13]). Let t > 0. Then there exists € > 0 such that for all
A= (A, A, Ap) € K" and Y € Ry we have

A Y)?
O 00 2 A2 4 42302+ oV )oY
Using the inequality
q(Y) <419
this yields
A Y)?
O T 00 > i+ fnXe + a(A0)).

Lemma 3.4.4. Suppose 2p < 1. Then

,dxdy
fstq(Y) ) < oo

Together with the Koecher principle this shows

Corollary 3.4.5. If F' is a holomorphic modular form of singular weight r = é -1, then
F'is a square-integrable section of the corresponding line bundle L. Moreover, every

cusp form is square-integrable.
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Chapter 4

Boundary of the Orthogonal Upper
Half Plane

4.1 Boundary and Siegel Operator

Consider the projective model K* ¢ K € /. Then we can compactify K naively by taking

its closure inside V, i.e. the boundary is
K ={[Z] e N | (Z,?) =0}.

This means that for [Z] € OK we have (X, X) = (Y,Y) = 0. Hence X,Y span an
isotropic subspace of V' (IR), which can be either 1-dimensional or 2-dimensional. Con-
versely, let (z) € V(R) be an isotropic line with generator z. Take two sequences x,,, ,, €
V(R) with positive norm which are orthogonal and converge to z. Then [z,, + iy, ] € K*
with limit [(1 +i)z] = [2] € OK* for n —» oco. Hence every isotropic line in V' (R)

represents a boundary point of £+ in NV.

Definition 4.1.1. A boundary point of K+ of the form [2] € A which is represented
by a real isotropic line is called special boundary point. A set consisting of one special
boundary point is called zero-dimensional boundary component. A non-special boundary

point is called generic boundary point.

Now let 7 € V' (IR) be an isotropic plane and consider the set of all boundary points which

can be represented by elements of / ® C.
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Definition 4.1.2. For an isotropic plane / <€ V' (IR) the set of all generic boundary points
which can be represented by an element of / ® C is called one-dimensional boundary
component attached to I. By a boundary component we mean a zero-dimensional or a

one-dimensional boundary component.

Lemma 4.1.3 ([BFO1, Remark and Definition 2.1]). The one-dimensional boundary com-
ponents are isomorphic to usual upper half-planes. Moreover, there is a bijective corre-

spondence between boundary components and non-zero isotropic subspaces of V (R).

Proof. Let I ¢ V(R) be an isotropic plane. Take a basis z,d of I and consider z.d
isotropic such that (z,%) = (d,d) = 1 and all other products vanish. We will use the
shorthand notation (z1, 2o, 23, 24) for 212 + 202 + z3a~l + z4d. Then the elements of [ have
the form (0, 22,0, z4). Assume that this is not the multiple of a real point, i.e. it is not a
special boundary points. Then 2, # 0 # z4 and we can normalize it such that z, = 1, i.e.
we have a point of the form (0, 7,0, 1) for some 7 € C \ R. making suitable choices of

the basis and K we can assume that (1, 1,4,7) € *. Then we have an embedding
HxH - K" (11,72)~ (1,-1172, 71, T2).
In the projective space we have

1
lim[1, -7it, 7,it] = lim [,—,—7’, ,I, 1] =[0,-7,0,1].
t—o00 t—oo | 9t it

Thus the point [0, -7, 0, 1] is in the boundary of K* if and only if v = Im(7) > 0. The set
of all boundary points represented by elements in / ® C can be identified with HUR U co.

In particular, if we let 7 = iv with v — oo, we obtain the special boundary point [z]. [

In particular, this means that every boundary component is a hermitian symmetric domain

of lower dimension.

Definition 4.1.4. A boundary component is called rational boundary component if the
corresponding isotropic subspace is defined over Q. Write H for the union of H; =~

IC* together with all rational boundary components. Then the rational orthogonal group
O™ (V) =0"(V(R)) nO(V) acts on H.

By the theory of Baily-Borel (see [BB66], [BJO6]), there is a topology on H such that
for congruence subgroups I' ¢ O*(V') the quotients X1 = Hj/I" are normal compact
complex analytic spaces. In fact, using holomorphic modular forms of suitably high

weight one can show that X can be embedded into projective space, which gives it,
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using Chow’s theorem, the structure of a normal projective algebraic variety. The next
theorem describes the topology on H. Therefore, let S, be the closure of S, € H with

respect to the topology induced by the usual topology of .

Theorem 4.1.5 ([BB66, Section 4]). There exists a unique topology, called the Satake
topology, on Hy which has the following properties:

1. The set H; is open in H and the induced topology is the usual one.

2. The induced topology on S, coming from the Satake topology and from the usual
topology on N agree.

3. The rational orthogonal group O (V') acts as a group of topological automor-

phisms on H.

4. LetT c O (V') be a subgroup which is commensurable with O (L) for some lattice
L c V. Then every a € H admits a fundamental system of neighbourhoods U

which are invariant under the stabilizer I, and such that
U/l, - H; /T

is an open embedding.

Let I = (z) € V be an isotropic line and z € Isoy(L), 2’ € L',(z,2") = 1. Consider the

corresponding orthogonal upper half-plane H;. Then we have

lim[(tZ).] = }Lri},[tz -t2¢(Z)z+ 2] = [z] e OK*

t—o00

and hence for a modular form F' : K* — C of weight x with respect to I" we define the

value in the cusp z as
F(z):= tlim F.(tZ) = tlim F((tZ)r)

if it exists. If we multiply 2z by a non-zero constant ¢ € QQ, then the value is multiplied by

t®. Assume that F), has a Fourier expansion of the form

F(Z)= Y a.()e(\2).

AeKjnC

Then the value in the cusp exists and we have

F(z) =a,(0).
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We will usually normalize this value by assuming z € L is primitive isotropic so that the
value in the cusp I = (z) is well-defined up to multiplication by (-1)*. A straight forward

calculation shows that

lim F,1.(t2) = lim F[ 07 (t2).

Let I ¢ V be an isotropic plane and, as above, z € Isog(L),z" € L', (z,2') = 1, K =
ztnztnL,delsog(K),d € K',(d,d") =1with [ =(z,d). Let D =d*nd* n K and let
ds,...,d; be abasis of D ®7 Q. Recall the orthogonal upper half-plane

H=K&,R+iC={Z=X+iY e K®;C|q(Y)>0,(Y,d) >0}

and we write Z = 2,d + 2od + Zp, where d = d’ — q(d")d. For 7 € Hand t € R,y we
have 7d + itd € H;, which corresponds to [Z — itz + 7d + itd] € K*. For a modular form
F : K* > C we define the Siegel operator corresponding to the boundary component [
as (if it exists)

Fl;:H->C, 7o F|/(7):= }L%FZ(TJ+itd).

This depends of course on the choice of the basis. For A = (A, A2, A\yy) e W(R) = K@z R
we have
(N, 7d +itd) = it + TXo.

Assume that F, has a Fourier expansion of the form
F(Z2)= Y a.(Ve(\2).
AeKjnC
Then the Siegel operator exists and we have

Fli(r) = lim 3 (A1, A, Ap)e(Ad + Aod + Ap, 7d' + itd)

(A1, 22,Ap)eK{nC

= lim > a, (A1, A2, Ap) exp(=27t\y)e(AaT)

t—o00

(A1, 22,Ap)eK{nC

= > ax(0,X9,0)e(Ne7).
(0,)\2,0)€K6
A22>0

Now let
P(R)={ceO"(V(R))|ol =1}

be the stabilizer of I and consider the normal subgroup

Zi(R)={c e O (V(R)) | oz =x forall z € I}.
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Then P;(R) is a parabolic subgroup of O (V(R)). The quotient P;(R)/Z;(R) acts on
the boundary component / and can in fact be identified with its automorphism group
SLy(R)/{+id} (see [AMRTI10, Theorem 3.10] for the general case, we will calculate
this stabilizer in the next section). The image of I" in SLo(Q)/{+id}, is an arithmetic
subgroup and F|; is then a modular form of weight x with respect to this arithmetic

subgroup.

Remark 4.1.6. A modular form F : K+ — C that is holomorphic is a holomorphic
modular form if and only if F'|; exists for every boundary component. It is a cusp form if

and only if it vanishes at every boundary component.

Definition 4.1.7. We say that a holomorphic modular form F' is a linear combination of
Eisenstein series on the boundary if F|; is a linear combination of Eisenstein series for all
1-dimensional boundary components I. We write M?™*(T") for the space of holomorphic
modular forms that are linear combinations of Eisenstein series on the boundary. In
particular, we have S, (I') € M2™5(I).

Remark 4.1.8. If a holomorphic modular form £ is a linear combination of Eisenstein
series on the boundary, then its restrictions to the boundary are fully determined by the
values in the O-dimensional cusps, 1.e. the constant Fourier coefficients. If F'is a holo-
morphic modular form of singular weight, then it is fully determined by its restrictions to

the boundary.
Definition 4.1.9. For I" = T'(L) recall the map
7r, s D(L)\Isog(L") = Iso(L'/L)

and that every element in I'( L)\ Isoy (') corresponds to a O-dimensional cusp of I'( L) \H.
We write M7 (I'(L)) for the subspace of M?™*(I'(L)) that consists of holomorphic mod-
ular forms whose values in the 0-dimensional cusps only depend on their image in L’/ L.
In particular, if 6 = =0 € L’/ L, the value in the cusps corresponding to 0 vanish if  is odd.
We have S,.(I'(L)) € M™(I'(L)) and if 7 is injective we have M™(I'(L)) = M2¥S(I'(L)).

4.2 Parabolic Subgroups

We will now calculate the parabolic subgroups P;(R) and their intersections with O* (L)
and I"(L). First assume that [ is a line and choose a basis ey, 5, d, . .. d,, of V such that

I = (e1) and the bilinear form has matrix representation

B=(,')1B.
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Write K = Ln{dy,...,d,). Then according to [AD15], Section 3.3] the connected com-
ponent of the parabolic subgroup has the decomposition

PF(R) = (Ryg- O (K @2 R)) x K @, R,

where we have the identifications

t
t_l
R.o =~ O(V(R)), tr 1
1
1 —q(l’) —($,d1) _(:C7dn)
1
KesR—-OV(R)), zw| | ,
T, 1 )

where z = ¥/ x;d;. Let Hj be the tube domain realization corresponding to e, e;. We
shortly calculate the action of P} (R) on H;. We obviously have j(o,Z) = 1 for all
o € P} (R), Z € H,. Moreover, O" (W (R)) and R, act by multiplication and W (R) acts

by translation.

Write
P (O"(L)) =P}/ (R)nO*(L) and P/ (T'(L)):=P;(R)nT(L).
Assume that L has a decomposition
L=UM)eK=e&Mey0K.

Let M e P}(O"(L)) with decomposition corresponding to ¢ € R,o,z € W(R), M’ €
O"(W(R)). Then M acts on ey, Mres and \ € K as

Mieg v —tMq(x)ey +t 7 Mreg + My M'z, X —(x,\)e; + M/

This shows ¢ = 1, M’ € O"(K) and (z,)\) € Z for all A € K, i.e. x € K'. Moreover, one
sees Mjx € K and M;q(x) € Z, which yields
1
M e PF(O'(L)) = 0" (K) x (K’ . —K) .
M;
Similarly, if M € P/ (I'(L)) we have M’ e I'(K') and x € K, hence

PH(D(L)) = D(K) x K.
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Now let I € V' be an isotropic plane. We choose a basis ey, ..., e4,dq,...,d,_2 of V such

that I = (ey, e2) and the bilinear form has matrix representation

11 !
()or
1

We write again D = K n(dy,...,d, ). Then again following [AD15| Section 3.3], the

connected component of the parabolic subgroup has the decomposition

B

Pi(R) = (SLa(R) -Rog - O(D @, R)) x (D @z R x D @z R x R),

where we have the identifications

a -b
-c d
a b
a b
SLy(R) = O(V(R)), ( )l—> c d )
c d
1
1
t
t
t—l
R.o = O(V(R)), t~ t1 ,
1
1
D®ZRXD®ZR—>O(V(R)),
L —(zy) —qy) -(y,d1) ... —(y,dn-2)
1 —q(x) 0  —(x,dy) ... —(x,dp-2)
1
(2,y) = 1 ,
T Y1 1
Tn-2 Yn-2 1
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R - O(V(R)), 2~ 1

1)
n—-2

where =z = Yi xd;,y = Z;L;f y;jd;. We will calculate the action on the boundary
component corresponding to / and the factor of automorphy. In the previous notation
we have e; = z,e4 = 2/,e5 = d,e3 = d’. Recall that the boundary is given by points

limy . (Te3 + ites ), for 7 € H. The image in the projective model is
(Tes +ites)p = eq — Titey + Tes + itey

and SL,(R) is the only part of P;(R) that acts non-trivially on the boundary component

via
a b _ . .
( d) (Tes +ites)r = —(at + b)ite; + it(cT + d)es + (aT + b)es + (cT + d)ey.
c

Hence we have j(o,7es +ites) = (c7 +d), if o = (2%) with the above embedding into
P} (R) and in H; we have

a b ) )
(Te3 +itesy) =ites + oTes,
c d

where o7 is the usual action on H.

Now assume that L has an orthogonal decomposition
L:U(M])@U(N])@D:€16N164@62®M163@D.

Again, let M e P}(O"(L)) with decomposition corresponding to (¢ %) e SLy(R),¢ €
Rt z,ye D®zR,z€eR and M’ € O(D ®z R). Calculating the action yields for A € D

e —ate; — cteg, €9 — —btey + dtes
Mjes — —t(a(Mpz + My (z,y)) - bMq(z))e;
+t(e(Mpz+ Mi(z,y)) —dMpq(x))es
+at ' Mes +ct ' Me, + M M'z
Nrey = —t(aNiq(y) + bN;z)ey + t(ecNiq(y) + dN;pz)es
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+ bt_lN]€3 + dt_lNI€4 + N]M,y,
A= —t(ay — bz, N)ey +t(cy — dx, N)es + M.

The action of M ¢ P;(O*(L)) on ey, ez shows that ¢ (¢5) is an integral matrix with

a DLy
determinant 2 € Z. Similarly, the action on M;jes, Nye, shows that ¢! ( arp, "Z is
Ny €
an integral matrix with determinant ¢=2 € Z. This shows that ¢ = 1 and M’ N Ve b €2,

in particular, (25) € FO (VI, E’) ¢ SLy(Z), where T’y ( Syrar o) con31sts of matrlces
abye SLQ(Z) w1th ¢, ]]V\;’ b € Z. The action of M on X\ € D shows that M’ € O(D)

and ay — bx,cy — dx € D’. But this implies z,y € D’. Now the action on Mjes, Nyey
shows that M;xz € D, N;y € D. The action on M es yields

a(Mpz+ (Mrz,y)) = bMiq(x),c(Mz + (Mrz,y)) - dM;q(z) € Z,

hence Mz + (Mx,y), Mrq(x) € Z and since Mz € D and y € D’ we obtain M;z € Z.
Similar, using the action on Nye, we obtain Nz € Z and thus P; (O"(L)) is given by

(55500 (70 52) < (72 52) )

where Ty ( L ]I\ZI ) consists of matrices as above. The only part of P;(O"(L)) that acts
non-trivially on the boundary component corresponding to [ is given by Iy ( L %II )

For the discriminant kernel we directly see that M’ e I'(D), z,y € D and z € Z.
P (L(L)) = (T(M;, Np) - D(D)) x (D x D x Z).

Since I'(M;, N;) is the only part of P;/(I'(L)) that acts non-trivially on the boundary

component corresponding to I, the boundary component of I'( )\H] corresponding to /
is isomorphic to I'( M, N;)\H.

4.3 Boundary Components

In this section we will examine the boundary and obtain generalizations of the results in

[AD15]] to non-maximal lattices.

Lemma 4.3.1. Let V' be a rational quadratic space with Witt-rank at least 2, i.e. the
dimension of a (and by Witt’s theorem any) maximal isotropic subspace is at least 2.
Moreover, let e1,e5 € V \ {0} be isotropic vectors. Then there are two isotropic planes

1, Iy with non-trivial intersection and eq € I, e € Is.
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Proof. Since the Witt-rank is greater or equal to 2 there is an isotropic plane I; ¢ V
containing e;. Assume e; ¢ I; (otherwise we take /; = I5). Then dim(e3) = dim(V') -1
and thus the intersection [; N e3 is non-empty and I = (/; N e3, e2) is an isotropic plane

containing es. 0
From now on we assume that L is an even lattice of signature (2,/) and V = L ® Q.
Corollary 4.3.2. Assume that V' has Witt-rank 2. Then the boundary of the corresponding

orthogonal upper half-plane is connected.

Proof. The boundary corresponds to rational isotropic subspaces and for two boundary
components I, I’ we have I ¢ I’ if and only if the corresponding isotropic subspace of
I is a subspace of I’. Since these isotropic subspaces are non-trivially connected by the

previous lemma we obtain the result. [

Let I ¢ L an isotropic plane such that we have an orthogonal splitting
L=UM;)®U(N;)® D; = (Zey, ®Zes) & (Zes ® Zey) ® Dy
with [ = Ze, & Zes.
Lemma 4.3.3. Assume for an isotropic plane I we have two orthogonal splittings
L=UM;)eU(N))eD;=U(M;)eU(N;)® D;

as above. Then Dy ~ D7

Proof. Let e; and f; be the corresponding basis vectors of the scaled hyperbolic planes.

The identity map on L induces an isomorphism on /+
¢IZ€1€BZ€3@D1 —>Zf1 @ng@D}.

Since [ is isotropic, the projection 7 : Z f1 ® Z f3 ® D, — D/, preserves the quadratic form
and so does
7TO¢3Z€1@Z63@D1—>D;.

Then 7 o ¢ is surjective with kernel [ = Ze; & Zes, since D; is definite. Therefore, the

restriction to D; is an isomorphism. 0
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Using
U(M;) @ U(Ny) ~U(ged(My, Ny)) @ U(lem(M;p, Ny))

we immediately obtain

Corollary 4.3.4. Let I, 1’ be isotropic planes with splittings as above. Then I’ lies in the
O"(L)-orbit of I if and only if D; ~ Dy and

U(M[) ® U(N]) ~ U(M[/) @ U(N[/)
or equivalently if gcd(M;, Ny) = ged(Mp, Np) and lem( M, Ny) = lem(Mp, Np»).
This classifies all O*(L)-orbits of isotropic planes whenever every isotropic plane yields

a splitting as above. So we assume now that every isotropic plane / ¢ L comes with a
tuple (M;, Ny, Dy) with a negative definite lattice D; and M; | Ny such that

L=U(M;)eU(N;)@® Dy.
For D € gen(D;) we obviously have
L=U(M;)®U(N;)® D egen(L).
We have the following converse of this observation
Theorem 4.3.5. Assume that we have a splitting
L=UM)eU(N)e®D.

Then
L=UM)®U(N)®D egen(L)

if and only if D € gen(D).

Proof. For the converse direction assume
L=UM)®U(N)®D egen(L).
Then by definition
(UM)eU(N)eD)®Z,=(U(M)eU(N)eD)®Z,

for all primes p. Since we can cancel scaled hyperbolic planes by Theorem [2.2.6] we
obtain D ® Z, = D& Z,, for all primes p and thus De gen(D). [l
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As a corollary we obtain

Corollary 4.3.6. Assume that gen(L) contains only one class and let I < L be an

isotropic plane with corresponding tuple (D, M, Ny) such that
L=U(M;)eU(N;)® Dj.

Then
L=UM;)eU(N;)® D

if and only if D € gen(Dy).

This essentially completes the analysis for O"(L). The number of I'(L)-orbits in an

O™ (L)-orbit of an isotropic plane is now given by

[O°(D):T(L)]  __ p(O'(L))

[Pr(O7(L)): Pr(I'(L))]  p(Pr(O7(L)))’
where p is the map O*(L) — O(L//L). Recall that according to Theorem [2.2.4] this map

is surjective if [ > [(L; /L, ) for all primes p, which is, in particular, satisfied if L splits a

hyperbolic plane. More general results for the surjectivity can be found in [MM, Chapter
8, Section 5, 7]. For M; = N; = 1 we have |p(P;(O"(L)))| = [p(O(Dy))|, see [ADI5,
Corollary 5.2.7]. More generally, [AD15, Theorem 5.4.2] calculates these numbers if L

is a scaled maximal lattice.

Next we consider the O-dimensional cusps.

Lemma 4.3.7. Let eq,e5 € L' be primitive isotropic of order N in L'|L such that we have

corresponding splittings
L=U(N)+L1 =U(N)+L2.
Then gen(Ly) = gen(Ls). In particular, if gen(Ly) consists only of one class, the cusps

corresponding to e, and es are O (L)-equivalent.

Observe that if the level of L is square-free, Corollary yields

Corollary 4.3.8. Assume that L has square-free level N. Then two cusps corresponding
to primitive isotropic vectors ey, es € L are O" (L)-equivalent if and only if they have the

same level.

Moreover, by Eichler’s criterion, see Lemma |2.1.12] we have
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Corollary 4.3.9. Assume that L splits two hyperbolic planes. Then the number of 0-
dimensional cusps with respect to I'(L) is given by |Iso(L'/L) [{=1}|.

Example 4.3.10. Assume that L has prime level p. Then every isotropic vector z € L has
either level 1 or level p and yields a splitting of a scaled hyperbolic plane. Hence there
are only three possible cases that can occur for an isotropic plane /. The correspond-
ing tuples are (1,1, D(11y),(1,p, D1 py), (P, 0, Dppy). Using the decomposition of the
parabolic subgroup of the last section can be used to calculate the number of boundary
components. So the boundary consists of points (corresponding to the orbits of primitive
isotropic vectors) and they are connected by 1-dimensional boundary components iso-
morphic to SLo(Z)\H, I'; (p)\H and I'(p)\H. If we assume that L splits two hyperbolic
planes, then there is exactly one level 1 cusp and |Isog(L’/L)/{£1}| — 1 cusps of level p.
At the level 1 cusp there is a bunch of projective lines intersecting exactly at the level 1
cusp. Moreover, there are 1-dimensional boundary components isomorphic to I'; (p)\H
connecting the level 1 and level p cusps and there are 1-dimensional boundary compo-
nents isomorphic to I'(p)\H connecting the level p cusps. The number of 1-dimensional

boundary components can be calculated using the structure of the parabolics.

For square-free level we see analogously that the boundary components with respect to
['(L) are isomorphic to I'(M;, N;)\H for M, | N; | N and one can calculate the number

of boundary components similar to the prime level case.
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Chapter 5

Lifting Vector-Valued Eisenstein Series

5.1 Regularized Theta Lift

Let L be an even lattice of signature (b*,b~) and p a polynomial on R(®"¢") which is
homogeneous of degree ~* in the first b* variables and homogeneous of degree - in
the last b~ variables. Denote by ©(7,v,p) the corresponding theta series. Let k =
Y+t - % — k. Write x = k* — k~ and assume b* - b~ = 0 mod 2. For 3 € Iso(L//L)
recall the vector-valued non-holomorphic Eisenstein series Ej, 5(7, s) of weight k for the
Weil representation. Then
(Eis(7,5), O1(7, v,p) )"
is invariant under Mp,(Z) in 7. Hence we define

i _dudv
s(v:p,5,1) :7113}0_/? (Ers(1,5), OL(T, v, p))0* t—zﬂ :
T

where
Fr={r=u+iweF|v<T}
and set
(I)ﬁ(V,p,S) = CTt=O (I)B(Vapasat)a

where CT;_y denotes the constant term in the Laurent expansion at ¢ = 0 (of the mero-
morphic continuation). For v € Iso(C[L’/L]) we define ®, analogously. By linearity of
the theta lift, it often suffices to only consider @ for /5 € Iso(L’/L).

Theorem 5.1.1. For an isometry v : L ® R — RV the regularized theta integral con-
verges and defines a holomorphic function for Re(t) > Re(s) > 1 which has a meromor-

phic continuation in t tot = 0 and to all s € C. The possible poles come from the poles
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of Ey (7, s) except for finitely many poles at s = 1 - LA 2 - 7,7 € Nyo, which do not
occur if p is harmonic of positive degree. Moreover, the functional equation of Ey, 5(T,s)

yields a functional equation for the lift ®5(v, p, s).

Proof. We have

. _,dudv
(I)B(Vapasat) :%EEOL <Ek76(7-7$)a@L(7-7 V’p)>Uk ! 02
T

_,dudv
:ffl(Ek,ﬁ(ﬂS),@L(T,Vm))vk tT

o rl dudv
+/_1 f_O(Ekﬁ(TaS%@L(T, v, )t —

Since F; is compact and the integrand is holomorphic in s and ¢, the first integral con-

verges and defines a holomorphic function for all s, ¢ € C, where E}, 3 has no pole. There-

fore, it is sufficient to consider the second summand, i.e.

j—t dudv dudv

o5 0= [ [ (Beatrs) Outrvp

Inserting the Fourier coefficients of £}, g and O, yields

cwpan= [Tf5 5 asnsnen (-2 ) @O0

Z+q(N)

x exp(—2mvg,(A))e ((n—-q(N))u) v*w* tdztziv

- [T E Sestina) s en (- ) ®OO)

0 \eL! nez

x exp(-2mvq,(N\))e (nu)viﬁ+ th(;.U.
v
Carrying out the integration over u yields
A dv
[7 % a0y exp (- | ) O exp(-2rug, ())o']
v=1 ey
A dv
- [T as(0.0. 5.0 e (- ) @O0
dv
TS a0 50 e (- ) @) exp(-2reg, ()0
v=1 XeL/~{0} v
q(A)=0
A —+n td,U
[T i) s e (<) D) exp(-2rg, ()e' L
v=1 AeL’~{0} 8 v
q(N\)#0
Inserting

c5(0,0,5,v) = 205,0y° + cx,5(0,0, s)yl‘s‘k
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yields for (v, p, s,1)

255,0[ cr,5(0,0,s,v) exp (_SA) (p)(O)UTM +s=2-t .
=1 v

+ Ck,,B(Oa 07 5) eXp (—A) (]—3)(0)1}7+n+—s—k_1_tdv

= 8mv
A v
f exp (——) (]_?)(V()\)) exp(—Qﬂqu()\))v%ﬂ: +S_2_tdv
v=1 /\61,8+L\{0} 8TV
q(A)=0
f Z Ck ﬁ()\ 0, S) exp (—A) (p)(l/()\))exp( 27‘(1)(],,(/\))1} "kt —s—k-1- “tdw
v=1 \eL’<{0} 8
4(M)=0
A D bkt
f Z k(A q(A), s,v) exp( ) (@) (v(\)) exp(-2mvq, (N))v 2 dv.
v=1 xeL’N{0} 8mv
q(N)=#0

The first integral converges for Re(s) < 1 - & + Re(t) and is equal to

i:: AIp(0)

(-8m)i(t-s-5% +1+j)j!

Similarly, the second integral converges for Re(s) > & - Re(t) and is equal to
i A7p(0)
§=0 (—87T)j(8 - b% +1 +j)]' '

Both are finite sums and define meromorphic functions in s and ¢. The possible poles

match the poles described in the theorem. The sum in the third integral is a subseries of a
theta function attached to the positive definite majorant ¢, and thus the integral converges

for all s,t € C. The convergence of the last two integrals follows from the asymptotics
crp(y,m,s,0) = O(e72m)

forv>1asn — +oo. ]

5.2 Unfolding Against Ej, 5(7, s)

We will now calculate the theta lift ®5(v, p, s) by unfolding against the Eisenstein series.
Theorem 5.2.1. The theta lift ist given by

= AIp(v(\ F(s+£+/{+—1—j)
Bi(vps)=2 3 5PN F 02 12))
regir im0 (F8m) 5L (27, (N))sHiE+nt -1
q(;\)gﬂ
+
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The series converges for Re(s) > 0. We can rewrite this to

r +—+ t_1-3
Dp(v,ps) =2 3 (V2sb - 2)ZAW e
Xelsog (L) j=0 8’/‘()]] (27Tq ()\))s+—+n 15’

where for \ € Isog(L') we let kyg € Z|N)\Z with kg €  + L and the summands with
B+ LNZ)\ =@ are meant to be zero.

Proof. Using the theta transformation formula we have that ®5(v, p, s,t) is given by

dud
tim [ (Bis(r,5), 00(r,mp)ot 150
T—o0 fT v
1 dudv
=3 5 A . > ((epv®) [k (M, 9),OL(T, V,p))vk_t7
T (M,)€l'o0\ Mpy (Z)
L. _ _ s _,dudv
= §T1HT°10 . > (O(T) oL (M, ) egIm(MT)*, O (7, v,p) 0" tT
T (M,$)€l" o0\ Mp,(Z)
LY s _ _ dudv
=5 4m . > (eg Im(M7)*, pr.(M,¢)OL(7, v, p))d(T) *0" tT
T (M,¢)el o0\ Mp,(Z)
dud
= lim Z (e, 0L (MT,v,p)) Im(M7)*+sp~ uzv
T=00 JFr per oo\ SLa(Z) v
: NG VTS s, - dudv
= lim > Os(M,v,p) Im(MT)" v~ ——
T=00 JFr prer oo\ SLa(Z) v
— dudv
=921 0 k+s—t
iy . s(T,v,p)v 2
- NGV k+s —thdU
+ lim > Os(MT,v,p) Im(M)
T=oo JFp ab v?
M=(% b)ele\SL(2)
c+0
By the growth of the theta function, the integral
dudv

[95(7 v p)v’“s

where .
g:{T:u+iveH||u|£§,|T|S1},

converges absolutely for Re(s) > 0. Thus we can set ¢ = 0, take the limit 7 - oo and

unfold the second summand to obtain for the constant term at ¢ = 0
dudv

Tlim > Os(MT,v,p) Im(MT)k*sp~ 5
s Fr M=(% b)ele\SL(2) v
c+0
= Z f 0s(MT,v,p) Im(MT)**sy 7tdu;iv
M:(Zg)eFm\SLQ(Z) 7
c+0

v

70



—2/95(7 v,s) "”SdUdU

v2

In the first summand we cut off 77 and add it to the second integral to obtain

o rl— dudv el ———  dudov
20T [ [ Balrmspte e [ [ syt S
=0 v=1 Ju=0 B(T g S)U 02 v=0 Ju=0 B(T g S)U 02

Now we insert the Fourier expansion of

() =05 % exp (- ) (D)) exp(-2rea,O)e(a(N)0)

AeB+L

which leads, by evaluating the integral over u and using ¢(f3) € Z, to

2CT, [U:f fuzlo AE;L exp (_8;%) @) (v(N))

dudov
exp(~2m0g,())e(—g(Nu)er U

o[ [ ;xp(g) (v ()

exp(=2mug, (\))e(—g(\u)p 5 LY
)
Oo A s+—+m tdv
=20Te [ ¥ e (- ) @) (r0) exp(-2m0a, () ;
v=1 XefS+L 8mv v
q(N)=0
1 A +dv
2 o = )\ 2 L A 5+f+f€
w2 [ 5 en(-g ) Eones2m ()T
q(M)=0
Observe that for the A = 0 term we have
A dudv
20T, f (——) 0)v+iz
t=0 ) exp 87 (p)( ) 02

=2 [ e (- ) @O d

and the rest of the terms converge for ¢ = 0. Hence we obtain

2 +dv

o) =2 ¥ [ o< ) RO exp(-2rug,())er
AeS+L 0 8 v

q(M)=0

A#0

;dv

1)2

Ly AEEO)

rgir = (=8m)7j!
q(\)=0
A+0

eXp( 2, (X))ot T

Ly i Aj@(y(g‘)') I(s+% + mb: 1 —j).
g0 (S8T)GL (2mq, ()T m 1
q(M)=0

71



For \ € Isog(L') let kyp € Z] N Z with kg € 8 + L. Then we have

oo Aip(v(nN)) F(s+—+/€ -1-7)

Ps(v,p,s) =2 Z Z Z

Aelsog (L) n 1 j=0 ( 87T)]]' (27Tqu(n)\))s+7+n+—1_j
n=kxg

-2 T 3%

Aelsog (L) T_L

AB(v(\) (s + % vkt —1-79) 1
( 871')]]' (27Tq ()\)) +i+,€+ 1-j p2s+bt+KT—Kk™=2

J IR 28 +_1—4
=2 ) (25 + b + ki — Q)ZAp(V )‘)') (s+5+r J)
Xelsog (L") §=0 87‘()]] (27Tq (A))S+—+/~;+ 1-5°

where the summands with 5 + L nZ\ = @ are meant to be zero.

5.3 Unfolding Against O(7,v,p)
Next we calculate the Fourier expansion of the theta lift by unfolding against the theta
series.

Theorem 5.3.1 ([Bor98| Theorem 7.1]). The function ®5(v,p, s) is equal to the constant
termatt=0of

1 ih!(zg+)h¢§(w,pw,h,h,8)+\/5 5 @(m)(h)

V2|z+] 150 4m A e 1) LA AN

i( 2P o ) X) Z W2 (O, i) + (6, 2)))

NeK' §eLh/L j=0 (8m)7;!
w(0)=A+K
oo 2 4 . o
f exp (—;n2 —27wqw()\))ck,g(é,q()\),s,v)vb25+’i th=h"=h"=j=tqy,
v=0 UZV+

where CIDK (W, Pw b py S) denotes the constant term at t = 0 of the regularized theta integral

for E 6(7', 5,0,0)

dxdv

U2

lim /}_ (EkB(T,S,O 0), Ok (T, W, Pwpn))v LS S

T—o0

which by Lemma2.5.11|vanishes for B ¢ L{| L and is given by the theta lift of Ey, »(5)(T,s)
for Be Li/L.
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Proof. One uses the expansion of Theorem 2.6.5|and unfolds with respect to this Poincaré

series. This yields

oy dudv

1 00 22, h .
Zh'(4l;r) lim [H<Ek’5(7—’S)’@K(T7W7Pw,h,h) Z QK}JW

\/§|Zy+|h:0 . T=eo meZ/N,Z v?

1z "
1 e (‘T) W\ (h
\/§|z,,+| hh* b (20)h+ h/J\h
oo . — d)*k 7T7’L2
I f hesn-—on (€T + B
L S IO (M) P\ " 2Tm(M7) 22,

MeToo\I' n=1
1 mn ey dudv
X <Ek,ﬁ(7—7$)7pL(M) GK(MTa nuKa()?w?pw,h*,h’) Z 9% _W )U T o
meZ|NZ v

Applying Lemma now shows that the first summand has the correct form. For

the second summand one uses the transformation formula of Ej, (7, s), together with
Lemma 2.4.8]to obtain

1z "
sl ()(,)
V2|2 | i (F20)"h N R\ R
2

. o htho—2h m
x lim Z Z n eXpl-—sv—F7
T—o0 ]_—T MEFm\Fnzl 21H1(M7‘)ZV+

)Im(MT)k_h++h

_,dudv

V2

X (EgB(MT7 §,—n, 0)7 @K(MTJ Nk, 07 w7pw,h+,h*)>v

The usual unfolding trick now leads to

5 \h
h'(_%) + - 1 oo 0 2
V2 ,_+(h )(h ) [ [ S - 22
Zy+ T - \—&l u=0 Jv=0 ,, = V2,
20| - (Z20)"" VR AR o} vz}

ot dudv

X (Elgfﬁ(TJ87_n70)7@K(T7n/’LK7O7w7pw7h+’h_)>U Uz

It is justified by the polynomial growth of the Eisenstein series at every cusp. We will

only consider the integral now. We plug in the Fourier expansion

Elfﬁ(,r’s’_n’o) = Z Z Z Ckﬂ((sv T,S,U)QW(TU—H(& Z,))
veK'|K 6eL{ /L reZ+q(J)
m(d)=y

and

91{(7, n,quw7pw,h+,h*)

=p T Y exp ( 8% ) (Puer=) (wN)er @V + v (X) = n(A, 1))
AeK'’
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and carry out the integration over u to obtain

R e

=0 XeK’ SeL}/L n=1
w(8)=A+K

x ¢ 3(0,q(N), s,v)e(ivg,(N) +n(6,2") + n(A, MK))UT+“ —h+—h-+h_ti_?2)

AJ + w(A .
R e W UL RTE WIS}
)\EK,WSE)L:;CI—/K] - ‘

x foockﬁ(é,q()\),s,v)exp (— sl
v=0 2022

This shows the result.

2

g d
_27TUqw()\)) —+n —h h+h]tv_12}.

V+

The integral can be calculated in certain cases.

Lemma 5.3.2 ([Bor98, Lemma 7.3]). For A = 0 the integral is equal to

2

)s+b b =3kt +h—ht—h~—j-t

(0 + (-1)" 555)(

xF(—S—b 2_3—/-@+—h+h++h‘+j+t)

mn2

T1+H++h ht—h~—j—k-s—t
+¢.p(0,0 s)(2 5 )

bt -1 .
xF(— 5 -k*-h+h"+h +j+k+s+t).

Moreover, the term with X\ = is then given by

pt

N (_A)j(]_gw,hth*)(()) T Y8kt vh-ht—h™—j-t
2z

§=0 (87)75!
+ s
> e(ﬁ)(l“(—s—b 3—m+—h+h++h‘+j+t)( 7r2)
b,ceZ/N.Z N, 2 22,

) (%’1% " (_1)’.667,8,}’72)&(—28 —bt+3-26T+hT+hT +25+2t)

bt — 1 ) . T 1-k-s
+F(— -k"—=h+h™+h +j+k:+s+t)
2 222,

b
X Ck 3 (FZ,O,S) C(=b*+1-2k"+h"+h™ +2j + 2k +2s+ 2t)).

Proof. Inserting the Fourier coefficients yields

2 t + + -
(554 (-1)"6.55) [ eXp( Gl ) NES TS

=0 Q022 it
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2
+ck5(605)[ exp( m:

Using the integral for the gamma function
a) vdv = o (- - 1)

I
v=0 v

) b 2_3 +kt+h—h*-h~ —j—k—s—tdv )

2 .
T we obtain

for Re(a) > 0 and Re(8) < -1 with o = 75
2 s+20 2 +kT+h-ht—h"—j—t
(dp,6 + (=1)" 5—56)( )
br - + + -
—/-a -h+h"+h™+j+t

XF(— -

™n?

+ Ckﬁ((s, 0, 8) (223+
bt -1 .

xP(— 5 -K'—h+h™+h +j+k+s+t]).

This yields for the summand with A = 0

A) (Pw Jht h- )(0)

seLh/L =0 (87)75!
w(6)=0+K

)2+n++h h*-h™—j-k-s-t

z h*+h~ 2h€(n(5z))

=3 it +h—h*t—h~—j—t

2 S+b
X ((6[375 + (—1)55_5,5) (2 B )
b _3—/<¢+—h+h++h‘+j+t)

x I (— -
Bl et b he bt —h —j—k—s—t

+¢.5(0,0 5)(7m2)2

b _1—/-€+—h+h++h_+j+k+s+t)).

x I (—
Using that a set of representatives for ¢ € L{,/L with p(6) = 0+ K is given by - where b

runs through a set of representatives modulo /V, yields
bt —
3—/-4;*—h+h++h‘+j+1€)

= <—A>J’<ﬁw,h+,h><o>r(_8_

=0 (87) 5!
s+ U8t thh* —h™—j—t
T
_ K
(=) S (age + (1% 0)
vt beZ/N.Z
(oo}
nb .
% Z e (_) n2s+b+—3+2/i+—h+—h -2j-2t
n=1 NZ
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2 (=AY (P 5-)(0)

2

P(—b 2_1—/{+—h+h++h‘+j+k:+s+t)

=0 (8m)/ !
- L N e .
" (2z§+ ) beZ%:VZZ o (F/ 0 S)
% i e (;L[_b) b —1+2K —ht —hT-2j-2k-25-2t
n=1 z
This shows the result. L]

Lemma 5.3.3 ([Bor98, Lemma 7.2]). For \ # 0 with q(\) = 0 the integral is equal to

D8yt th-h* —h™—j—t

n S+
s+ 0050 35

A+
x Ks+ D=3 oty hoht—hm—j—t (27‘(71

2 |le+|

n

Vbt h=h* —h™ —j—k—s—t
2|)\V+||Zl,+| )

+ 20]@5(5, 0, S) (

[Ave|
X KZ#T71+H++h_h+_h*—j—k—s—t (27’(’71 ’

|Z,,+ |

where K, (2) is the K-Bessel function as in [OLBCI0, 10.25], [EMOTS8I, 6.9.1]. In par-
ticular, by the fast decay of the K -Bessel function, the sum over n defines a meromorphic

function in s, where the poles come from the coefficients cj, (9,0, s).

Proof. Again we insert the Fourier coefficients to obtain

2

(5575 + (-1)’%5_575) [ exp (_27TTL2 _ ZWUQw()\)) US+ b+2_5 +f;++h—h+_h’—j—tdv
v=0 (4

vt

+

=) 71—77,2
+¢,.5(9,0,5) fu:o exp (_21)23
We use the formula [EMOTS54, p. 313, 6.3(17)]

—/;oo exp (—ow - g) vdo =2 (g)é(WH) K, (2y/ap)

=0

for Re(a), Re(f8) > 0 with a = 27q,,(\), f = Z2-. This yields

n2 %(s+b+2’3+n++h—h+—h‘—j—t)
2(0ps+ (-1)"0_ S
(s D 5’5)(4%@)2&)
Qw()‘)
' Ks+b+T73+n++h—h+—h‘—j—t (27m 7)

76



n

) Lkt th-h* —h™ —j—k-s—t)
2
4qu(N) 22, )

+ QCkﬁ(é, 0, S) (

2o

Gw(N) ) ‘

: K—b*;l +h*+h—h*—h=—j—k—s—t (2”” 2

Using ¢,,(A) = A2, if ¢(\) = 0 we can rewrite this to

n s+b+T‘3+n++h—h+—h‘—j—t
2(5675 + (—1)’{(5_,375) (W)

|>‘w+ |
X Ks+b+T‘3+n++h—h+—h*—j—t (27”

|2+

n
+ 2Ck”3((5, 07 S) (W

Aw+
X Kb+71 (27T7’L| |) .

YLy gt th—ht—h~—j—k-st BN

)b;l+n++h—h+—h —j—k-s—t

Lemma 5.3.4. For q(\) > 0 and s = 0 we have

” : to + + -
/ oXp (_ 7TTL2 B 27rvqw()\))CkWB((Sa(J()‘)aOaU)UstH{ Hhhm=h _J_tdl}

=0 2uz7,

i Y3 |t bt —h—j—t A |
= 2¢,,5(9,9(X),0) (W) K”T‘i’wwhfhbh‘*j*t (27m |2,+] )

Proof. We have

1 ifv>0,
['(1-k,-v) ifv<0.

wle

Wo(?}) =e

Since
e 5(0,q(N), s,v) = cx (6, q(N), s )Wy (dmg(N)v)

we have to evaluate

o0 7Tn2 Y5t p -
f exp | —=—5 - 2moAZ. v 2 TR I gy,
v=0 2vz4,

14

We use again the formula [EMOTS54!, p. 313, 6.3(17)]

Jgjexp(—av—f»lndv:2(§)§WH)Agﬂ(2yﬁﬁ)
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witha:27r)\fv+,ﬂ=;ZL;,W:HT‘5+/§*+h—h+—h*—j—ttoobtain

=0 2

o0 7Tn2 VY5t -
f exp (—2 =22, v TR i gy
v V2,
1%
Y8 gt bt —h” -t
Y p— Ky o]
= PYEETI =3 et h_ht—h——i— .
2|Aw+||zy+| R +h—h*—h=—j-t |z]/+|

]

For g(\) < 0 one obtains the special function V.(+,-) defined in [Bru02, Equation 3.25],

but we will not need this here.

5.4 Lorentzian Lattices

We shortly investigate the theta lift for lattices of signature (1,7 — 1),/ > 2. We assume
that p(z1) = af with k = k* = k+ % -1,k = 0. Let d € Isog(L). The set of vectors

v1 € V(R) with norm 1 has two components, one given by
Vi={v e V(R) |vi=1,(d,1n) > 0}.

Via the mapping v; — Ru;, we can identify V] with the Grassmannian Gr* (V' (R)),
the set of positive definite 1-dimensional subspaces. For an element v, € Vi, the map
avy + a defines an isometry Ry, — R(1:0) and by abuse of notation we will identify v,
with every isometry which is equal to this isometry on Ruy. For A € V(R) we write \,,
and \,: for the projection onto Ry, and (Ry;)*. The quadratic form then decomposes
into () = (A, ) +q(A,1) and we write q,,, (A) = (A, ) —q(A,:) for the positive definite

majorant. We now have

dV1 = (d7V1)V17

|dl/1|: (d,y1)7
o (d,Vl)l/l _ d- (d, l/l)Vl _ %41 T d
2(d> V1)2 2(d7 Vl)2 B (d> Vl) 2(d>y1)2

and since the polynomial p only depends on the positive definite variable we can consider

©r(1,v1) and ®g(14, s) as a function on V5. We now have

Corollary 5.4.1. The Fourier expansion of ®3(v1,s) is given by

\/§ Nt nﬁe n ()\7 l/l) + ! ))
G dm) 2 aby & ( ((d,m (5:4)
7(§)=A+K
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) 2
X [vo exp (—#ﬁluly + 2m)q(}\)) cr5(8,q(N), s, 0)v™ .

Proof. We have p,, »+ - = 0 except for p,, .o = 1. In particular, p,, 5, = 0, since k > 0,
and therefore the first summand in Theorem [5.3.1] vanishes. Since K is negative definite,
we have ¢(\) = —¢,()\) for A € K'. Now using Theorem with the observation that

(A )
()\;,UK) = (d,Vl)

for A € K’ we obtain the result. L]

Corollary 5.4.2. The constant Fourier coefficient in the Fourier expansion of ®5(v1, s)

is equal to
b 2 d7 2y 1-s ) )
b,cezz/:zvdze(ﬁcd) (F(l_s)(%) (557% +(-1) 5—67%)@(2(1—8)—%)
k+s
+F(k+s)(M) ck,g(]bv—ci,o,s)gﬁ(Q(k+s)—/4;)),

Corollary 5.4.3. We have ®5(vy) = ®5(11,0) = 0 for k > 0,k > 2, except if k = 2 and
K= 3.

Proof. Since k > 0 we have ¢ 3(d,n,0) = 0 for n < 0 and since K is negative definite

only the constant Fourier coefficient does not vanish. Hence we have

Bsn)= Y e(bc)(w(ég,]@+(—1)56_5,1@><i<2—/~e)

b,ceZ|NyZ Ny
2(d, )2 \" bd
ooy () ck,a(—,O,O)Ci(2k—f<o))-
s Nd

The first summand can now be rewritten to
2(d, 1/1)2 ( bc )
— el — (05 6a +(-1)%6_5 2a )C5(2 - k).
- MZZ/:W N, ) O, (21)70 5 24 )CH(2 = k)
Since
2= r)+ (-1)"C(2- /) =0,
the first summand vanishes. For the second summand observe that c; 3(0,0,0) vanishes

except for k = 1,2. For k = 1 we again have 2k — x < 0 and using ¢, 3(-6,0,0) =
(=1)%ck,3(0,0,0) we see the vanishing of the sum. For k£ = 2 we have 2k — x < 0 except

for kK = 3. L]
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Of course, this reproduces the result of [Bor98| Theorem 10.3] with E), 3(7) as the input

function.

Lemma 5.44. Letk =0,k = é -1>1, i.e. I >4. Then we have ress.; Ps(v1,s) = 0. For

k=1, 1e l=4, itisa constant.

Proof. One first observes that the non-zero Fourier coefficients are holomorphic in s = 1.
Then one sees analogously to the previous proof that the constant Fourier coefficients are
also holomorphic in s = 1 for k > 1. For x = 1 the second summand which is independend

of v; has a simple pole at s = 1 coming from ¢y, s (f{,—i, 0, s). [

Again, this reproduces the result of [Bor98, Theorem 10.3] with res,_; Ep (7, s) as input

function.
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Chapter 6

Orthogonal Eisenstein Series as Theta
Lifts

6.1 Orthogonal Eisenstein Series

Let L be an even lattice of signature (2,/) and let k € Z. Let A € Isoy(L') and recall the
tube domain representation H; corresponding to a fixed cusp z. Denote by I'(L), € T'(L)
the stabilizer of X in T'(L), write N, for the order of \ in L’/L and write o, € O" (V') for
an element satisfying o, Ny\ = z. Then ¢(Y)*|.0, has weight x with respect to I'(L).

Hence we define the non-holomorphic Eisenstein series

En(Z,s) = Y q(Y)¥|oro
o (L)MI(L)
. . Y ’
= j(oro, Z) (L)Z)
sl (L)N(L) lj(ora, Z)

q(Y) )

(NaX,0(ZL))™" (|(N/\>‘= o (Zo)]?

oel(L)X\I(L)

for Z € H; and Re(s) > 0. The Eisenstein series does not depend on the choice of 0.
We have I'(L)_, =T'(L)x and &, A (Z,s) = (-1)*Exn(Z, ).

Lemma 6.1.1. The Eisenstein series £, ,(Z,s) converges for Re(s) > 5% and defines a

modular form of weight k with respect to T'(L). In particular, for k > I, the Eisenstein

series Ex \(Z) = ExA(Z,0) is a holomorphic modular form.
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Proof. We have

— q(Y)Re(s) Z |(0.—1(N>\)\)7ZL)|—2R6(S)—N

O'EF)\\F

< q(y)Re(s) Z |(/\7 ZL)|—2R6(S)—H‘
Aelso(L)

1 ( q(Y) )
(NAA, 0 (Z1))" \[(NaA, o (Z1))[?

oel (L) \\I'(L)

Using
_ _ _(AXE)2+ (Y2 [N 2)P
2qZ(>\) —4q(Az) —2()\2,)\2) = q(Y) = q(Y)

for ¢(\) = 0, we obtain

g(Y)& 57 (N Z)PRe =27 mg(Y) T Y qp(N) TR
Aelso(L) Aelso(L)

For varying Z in a compact subset there is a positive definite quadratic form ¢ with
G(\) < qz(X) for all X € L. By the next lemma the Eisenstein series converges uniformly

on compact subsets of H; for Re(s) > &~. O

Lemma 6.1.2. Let L be an even lattice of signature (b*,b™), b~ € 27 with quadratic form
q and let § be a positive definite quadratic form on the underlying module of L. Then the

series

>, aN)”

Aelso(L)

bt +b”
converges for Re(s) > =5 - 1.

Proof. By going to appropriate finite index sublattices, we can assume L = L* & L~ for

some positive definite and negative definite lattices L*, L~ of rank b*,b~. Now let
qr+r-(A) = q(A") —q(X\7)

be the positive definite majorant corresponding to the above decomposition. Since all

norms on R™ are equivalent, there is a constant C' > 0 with
Cqr+ -(A) <G(A).

Now we have

>, dNT< > (a(W)-a(A)

Aelso(L) Atel*
q(A")==q(A7)

=27 3, q(\W) A € L [ —g(X7) = (X))}

AteLl*
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Since 7
A €L [=g(A) = g(A)} < g(A) = !

for even b~ (using theta functions), we obtain

A< Y g

Aelso(L) Atel*

Now the last series is just the Epstein zeta function attached to L* which converges for
Re(s) > ”%b_ - 1. O
Lemma 6.1.3. The Eisenstein series £, \(Z, s) is orthogonal to cusp forms, i.e. we have

LdXdy
\ﬁgmmansﬂw a5 =0

for all cusp forms F and Re(s) > 0.

Proof. The integral exists for Re(s) > 0 since £, \(Z, s) is bounded by ¢(Y")* on every
Siegel domain for Re(s) > 0 and cusp forms decay exponentially. Assume now without
loss of generality that N A = z. We have

dXdY

Jreoy, G2 VD0 )

i o . q(Y) KdXdY
‘ﬁmgimwﬁﬂmm(’(Z”)(Kaa@z»P)Fuﬁ(Y) )

- dxdy
- F(Z)q(Y)*** .
AL)z\Hz (Z)a(Y) q(Y)!

Now plug in the Fourier expansion of f to obtain

— dXdYy
a, (A e(\, Z)q(Y )"
gg (A) A, e(\, 2)q(Y) ok

Now the inner integral vanishes since A # 0 and

dxdy
e )\ Y S+K
/F(L»\Hl (A, 2)q(Y) q(Y)!

Lo SO EG XD 2 (B, X) 2))

dXdY
q(Im(E(z, Xo)2))"

— —— dXdY
— X, 7 Y)str
6()\, 0) \/F(L)Z\Hl 6(/\, )q( ) q(Y)l

for all Xy € W(R). O
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Recall the map
7 s D(L)\Isog (L") = Iso(L'/L).
For § € Iso(L//L) we let
Gesi= Y. Enn

Aem;1(6)
in particular, G, 5 = 0 if the preimage is empty and if 6 = -9 for odd x. More generally,
for to € Iso(C[L'/L]) we let

gﬁ,m = Z m§gﬁ,§-
delso(L'/L)
For § € Iso(L'/L) of order Ns and y a Dirichlet character of modulus N5 we define
gm,&,x = Z X(m)gn,m&

me(Z/NsZ)*

By orthogonality of characters, the space generated by G, s and the space generated by

Gy 5, coincide. We have
Q&un(Z,s)=s (s + K- %) En(Z,s),
i.e. the harmonic points of &, ) are s =0 and s = % — k. Moreover, we have
R.&xn(Z,s) = (s+K) (é -1-Kk- s) Enran(Z,s-1),

L.é\(Z,s)=s (% -1- s) Enan(Z,s+1).

6.2 Theta Functions

As before, let L be an even lattice of signature (2,) and let x € Z. Consider the poly-
nomial p(z1,xs) = (21 +ix2)"* on R(2H and recall the identification £* - Gr*(V(R)),
[Z]=[X +iY]~RX +RY. For Z = X +iY € K* consider the isometry

vy i RX +RY - RED 0X +0Y o [Y| (Z) .
By abuse of notation we will also write v, for any isometry which equals v, on RX +
RY. For A € V(R) we write Az and Az. for the projection of A onto RX + RY and its

orthogonal complement. The corresponding positive definite majorant is denoted by ¢ .

The map
(A, 2)"

AHp(VZ()‘)): |Y|K
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is then well-defined although v is only well-defined on RX + RY’, since p only depends

on the positive definite variables. Hence we define

i ~ U% ()\,Z)” —
O vz,p) = 2(=20)" A;, g(Y )" ex(T7¢(Az) +Tq(Az:))

which is modular of weight k = 1—%+/<; in7 = u+iv € Hand weight s in Z = X +iY € K*.
Let z € Isog(L) of level N, and 2’ € L’ with (z,2') = 1 write K = L nz*n z't. Further, let
d € Isog(K) of level N, and d’ € K’ with (d,d’) =1 and D = K nd* nd'*. Moreover, we
let Z = 2/ — q(2')z,d = d’' - q(d")d. Recall the corresponding upper half-plane model H]
so that we can view O, as a modular form on H;,. For Z € H; we use the obvious notion
for vz, Az, ... etc. and we write Z;, for the corresponding element in K*. We then have
for 7 = X +iY € H,.

Zr=2+2-q(2)z
Xp=X+2+(q(Y)-q(X))?
Y=Y - (X,Y)z

(ZaXL) (zaYL) 1
Zg = XL + YL = _XL
X7 Y7 V7
22] = =
2zl = =
Y]
pr =X
w"=RY
(\Y) ,
At = v Y forheK
(A V)]
| A | = )
Y]

We will use these frequently. For A ¢ K ® R we have

(X +iY)\"
p(VZ()‘)) _( |Y| )

R\ k- -K K—
= SO (PN Yy
h
K - -K K—
= S0 () O,
h
hence

Pea@(N) = punal(N) = (5 )Y PO Y ),
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i.e. pon(re) = ( )z“ MYz~ and py p+ - = 0 otherwise and we will write py, instead
of p,,.n. We expand O, (7, Z) with respect to z, z’, K to obtain
1
——— Ok (1, Y/|Y], pv)0) Cmzz
2\/§Z’€|Y|K_1 ng;]\[z Nz

1 Al (c7'+d)“1 " q(Y)n2m
T W T i )

Xle(M) (@K(MT’HX’O’Y”YLZ)YJL) Z ¢ maz (_mzn))7

N,
m.€eZ/N.Z N.

where we have used the identification of Section Next we expand O (7,Y, pyp) in

the first summand with respect to d, d’, D to obtain

Y
@L(T,Z) :5n,0q§y )@D( ) Z emdd myz
1

maeZ|NyZ Nd TN

m€Z|N.7
q(Y) = (et +d)sios . ( q(Y)mn? )
[V |#2r+ 1y, MR nel Im(MT)* Im(MT)y?

% pr (M) | ©Op(M7,nYp/([Y]41),0) Y emua, ( M)

maeZ|NgZ Nd TN Ny
m2€Z/N. 7

i koo (er+d)sTion q(Y)nn
VI i R (Y oo )

xle(M)(@K(MT,TLX7O,Y/|Y|7pY7h) Z emzz(_mzn)).

N,
m.€Z/N.Z N

We want to get bounds for © (7, Z) and ;0 .(7, Z), where ), is the weight x Laplace
operator in Z. According to [Zem15, Proposition 2.5] we have

QHQL(Ta Z) = Ak@L(Tv Z)J

where Ay is the weight k = k — é + 1 Laplace operator in 7. Let

Vq(Y)mn Xp( (Y)7m2
G

1

F(r.Zom) = )@Dv Yo/ 1y1).0)

and
Y n?n
gn(T,Z,n) := |Y|1‘”v_h exp (—%) O (T,nX,0,Y/|Y], pyn)
so that O (7, Z) is given by

5. 0cz(Y)

@D( ) Z edeJrM
ma€eZ|NyZ Na = Nz
m.€Z/N.Z
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|Y|1 " > i 1 man
_ TLK f(7-7 Z7/n,) Z Cm d Lmzz ( _) M
2K+1\/_ MeI‘oo\Fn=1 deZ/NdZ Ncii Nz Nd k,L
m,€Z[N.Z
" & m.n
Z Z gn(7,Z,n) Z emzz (— ) M.
2\/_ MEFOQ\F h=0n=1 ( 2Z)h ( mzeZ/NzZ N= NZ k,L

Since the Laplace operator commutes with the slash operator, we only have to find suffi-

cient bounds for f, Ay f and g5, Argn. We will need the following elementary lemma.

Lemma 6.2.1. Leta > 0,b,c>0,n € N.

|3

(i) The function x™ exp(—ax?) has a maximum given by (ﬁ) :
(ii) The function x™ exp(—ax) has a maximum on x > 0 given by (i)n

(iii) The function bx + < has a minimum on x > 0 given by 2v/be

We start with a bound for

YN (A0
vty 2

1

F(r.Zm) - )@D(r, nY /(1Y ]3).0).

Observe that the absolute value of f and Ay f can be bounded by finite sums of the form
PV yn)®
v (yn)’ exp (—%) > a(N) exp(-2mvg(N)).
AeD’

We have

Lemma 6.2.2. Let
i - 3(yn)?
fusa(o.m) = my e (<225 5 g0 exp(-2mua (1),
XeD!
Assume that v € R.g,y > C' >0 and n > 1. Then we have the bound
202
3v ) 7

Jiga(v,y,n) < v™ exp (—

where the implied constant is independent of v,y,n. In particular, we obtain with y* =
q(;’%ﬁr’ 02 = z
™n?
T,4,n) <L vtexp|-——=
I ) P ( 3ut? )

and

2
A f(1,Z,n) < v* exp( ;Zz)

for some 51,59 € R.
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Proof. We split up the exponential term and use Lemma [6.2.1] to obtain
2 2 2 2
v 3v 3v

3v
< v/ exp (— (yn)” ) exp (—0—2) .

3v 3v
This yields
fi,j,l(v7 Y, TL)
2 2
< v exp (_(yBLv)) AEZ[:)’ q(\)'exp (—27rvq()\) —~ g_v)
2 2
< v ™ exp (—M) Z q(\) exp (—20\/27rq(/\)) < exp (—m)
v ]Gy 3v
where we have used Lemma|6.2.T] again. O

Next consider

YV )n2
gn(T,Z,n) = |Y|1_"‘v_h exp (—M) Ok (m,nX,0,Y/|Y|,pynr).
v

The theta function is given by v'7 times

¥ e (—%) (py) @y (\))ex (uq()\) iv (% _ q()\)) _ ()\,nX))
= g}:{, exp (_8;%) (py,n)(wy (A))ex (ug(X) = (A, nX))exp (—27rv ( ()\;};)2 - q(A))) )
The terms

exp (—%) (py.p)(wy (M)

are given by a finite sum of constants times terms of the form
YO YY)

Again, we see that the absolute value of g, and Axg; can be bounded by a finite sum of

terms of the form

Y|P~ exp (—M) > (M)J q(M\)'exp (—27w (% - q()\))) :

2
v e Y

Lemma 6.2.3. Let gy, ; ;,(v,Y, n) denote the function

e H0) 2 (O st e (G2 a0

AeK! Y2
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forveR.y,Y eRyandn > 1. Then

q(Y)n%r))

h .-
Gniji(v,Y,n) <v2""7exp (— 3
v

where the implied constant is independent of v, Y, n. In particular, we have

Y )n2
9rn(T,Z,n) < v exp (—M)
4v
and -
Argn(7, Z,n) < v*2 exp (_€I(4ﬂ)
v

for some sy, s9 € R independent of v, Y, n, h.

Proof. We have

((AQ;)?)J < (yaJyn A2 + 41 o2 + q(Ap) )

and by Lemma 3.4.3] the exponential term can be bounded by
exp (=2mev (y2/ 11 AT + 31 /1225 + a(Ap)))

on R;, which yields the bound

Ghigl (’U, Y, n)

< Y]~ exp

( q(Y)n 7T) > q()\)lexp( — e (yQ/yl)\%+yl/y2>\g+Q(>\D)))

AeK’

x (yo/yr AT + yl/yQA% +q(Ap))’ exp (—mev (y2/ 1 A? + y1/y223 + ¢(Ap))) -

Again we split up the exponential term Lemma to obtain

Y exp (- S0V <y (- AT o (- 2T)

4v 4v
Y )n2
« vh exp (_M) |
4v
We obtain
gh,i,j,l(vv Y7 TL)

KU —i— J+§ exp( M)

> g(N) exp (—mev (yo/y1 A + 31 /223 + a(Ap)))

AeK’

where we have used Lemma again. Now use y; > t71 yo/y1 > t72,q(Y) > L2 and

1+t4
q(Y) > t=* on every Siegel domain S; to obtain

Gniji(v, Y, n)
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2
< pTiTts exp (_—q(Y)n 7T)
4v

22 Y )n2 A2 Y )n2
Z q(\) exp (—71'81)(& +q()\D)) - M _omep V2 _ a(Y)n 7T)
Y1

NeIe! 4v Yo 4v
- Y)n2n

< oi-irh (_Q( )

<wv exp 10

AT @ Y13 Y1YoT
Meexp|—mev | 2L+ g(Ap) | - —— -2 2 _
2,40 eXp( m’(t? +l D)) at Ty T (1)

o q(Y)nQW) . ( ( V22| ))
K v "2 ex (—— MNrexp |l -mvel M|+t Ap| +
p m AEZI;IQ( Yeexp [ -mv/E [ [M] +t{Ap) =

o)

. . R
<K v "I 2 exp (—
O

Proposition 6.2.4. Let C' € R.. The theta function © (1, 7Z) is bounded by a constant

times

Y
V|V | (1 + 6,€70u)
Y

1

forall Z € S; and T € H with Im(7) > C and some s € R. The constant only depends on
the constant C. Similarly, the function Q.01 = A;O, is bounded by

Us'y'lfn
forall Z € S; and T € H with Im(7) > C and some s € R.
Proof. This is now a direct consequence of the previous two Lemmas together with the
fact that the Laplace operator A, commutes with the slash operator | .. 0
Corollary 6.2.5. Both, the theta function ©, and Q,,0;, are square-integrable for | > 3

andm:é—1+k>0.

Proof. The square is bounded by
g(Y)'"

and hence we have to show that

dxdy
fSt Q(Y)—q(y)l <00

By Lemma this is the case if [ > 3. O
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6.3 Orthogonal Eisenstein Series as Theta Lifts

Write $s(Z, s) = %Qﬁ(uz,p, s). Then ®3(Z, s) and more generally ®,(Z, s) is mod-
ular with respect to I'(L). The functional equation for Ej ,(7,s) yields a functional

equation for the lift ®,(Z, s). To be precise, we have
1
Do(Z,s) == > Cho(,0,8)Pu (1,1 -k - s).
aelso(L'/L)
Theorem 6.3.1. The theta lift is equal to
r
Tls+r) > Nf“"‘{f*ﬁ(% + 1) (Z, )

(=24)" T 3 er (L3 Ts00 (L)

3 M Z N§8+”§f55(2s +5)Grs(Z, ),

(=2mi)rms Selso(L'/L)

q)g(Z, S) =

where ksz € ] NsZ with 8 = kszd (and the corresponding summands vanish if such a ks
does not exist), Ny is the level of \ and Njs is the order of 6.

Proof. By Theorem [5.2.1| we have

['(s+k) k (N, Zp)" 1
ds(Z,s) = , G (25 + k) ,
R T Y, oY) Craz ()
where the summands with 5+ L n Z\ = @ are meant to be zero. For ¢(\) = 0 we have
(A, ZL)P
2qz(N) =4q(\z) = ———
and thus
k/\B S
@B(st) — F(S—’—K) C+ (2S+I€) ( Q(Y) 2)
(_27-‘-2)/&7-‘-8 AeIsoo (L) ()\,ZL)N |()\7ZL)|
RENCETO g s ( a(Y) )
(—271_2-)’{77_5 )\EF(L)\ISO()(L') UEF(L))\\F(L) (U(A)aZL)K |(O—()\)7ZL)|2 ‘

Since we have k(x5 = kyg and o(8 + L) = B + L for o € I'(L), this yields for ®5(Z, s)

[(s+k) kg 1 ( q(Y) )S
—_— P25+ K
(—2mi)nms ,\eF(L)\zI:soo(L')C (25 + ) aeF(L%\F(L) (0(A), Zp)" \|(a(N), ZL)?

_ I'(s+k)

= : S NERC (25 + K)Een(Z, 8)
(_271-2)’{7?8 Xel'(L)\Isoo (L) :

r
= M S ONEC (28 + K)Grs(Z, )
(_271-2) n delso(L'/L)
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In particular, we obtain a map from Iso(C[L’/L]) to the space of non-holomorphic Eisen-
stein series sending v € Iso(C[L’/L]) to ®,,.

Theorem 6.3.2. The theta lifts 3(Z, s) generate the space of G, 5, and hence the space
of all Eisenstein series G, 5 for I'(L). In particular, if 7y, is injective, then the theta lift is
surjective onto non-holomorphic Eisenstein series and if 7y, is surjective, the theta lift is

injective on non-holomorphic Eisenstein series.

Proof. We first resort the sum. Instead of summing over § € L//L with ¢(J§) = 0 and
B = kszd, we sum over all cyclic isotropic subgroups containing 3 and then the generators

of the subgroup. This yields

[(s+k)

_ StK k
D23 e X X N Qs 00042,
BeH  (6)=H
H isotropic
[(s+r) wn b
= oty oy 2 )Gl Z9)
BeH=(3) ne(Z|NsZ)*
H isotropic
[(s+k) e nE
e =D R D MG CRD A CA)
BeH=(J) ne(Z|/NsZ)*
H isotropic

where n*n = 1 mod Njs. Let x be a Dirichlet character of modulus Ng and recall

Erpx= >, x(m)Eyms.

me(Z/N3Z)"
Then the corresponding lift ®5, (7, s) is given by

[(s+k)
(=2mi) s e

St+K n k m
> o x(m) > Ng > (28 + K)Grns(Z, 5).
Z|NgZ)* mpBeH=(d) ne(Z/NsZ)*
H isotropic

Now for m € (Z/NgZ)* we have mf € H if and only if § € H. Moreover, we have
N ksmp = ksn=mp and thus @5, (Z, s) is equal to

['(s+k)

S+K n*ksm,
ol NS Gus(Z) Y m) s
IfeH;(&) ne(Z/NsZ)* me(Z/NgZ)*
isotropic
F(S + H) 25+K kémB
( 271_2)&7_(_ Z N Z X(n)gﬁ,nts(za 5) Z X(m)CJr (28 + ’%)
[56 h ne(Z/NsZ)* me(Z/NgZ)*
iso roplc
F(S + K’) 2s+K ksmp
= (_27T'L.)K7TS Z N Z X(m)C-F (28+"<‘:)gli,5,x(Z78)'
I—/;)elgtrop?c me(ZINp2)"
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Observe that if () is a maximal cyclic isotropic subgroup, then

By (Z) = T )25 4 R)Gesn(Z5)
px\4,8) =~/ xX(m)¢(2s + k)G (4, s
X (-2mi)rm me(ZTN 5Ty + X
I’(s+m)N§S+”L ) g
- (_27-‘-2')/171-8 ( S+’{7X)gﬁ75,X( 78)'
And inductive argument now shows the result. o

An immediate consequence is

Corollary 6.3.3. The non-holomorphic Eisenstein series G, 5(Z,s) for § € Iso(L'/L)
have functional equations coming from the functional equations of Ej (7, s) for [ €

Iso(L'/L).

The results of Section[5.3]yield the Fourier expansion

Theorem 6.3.4. Let z € Isog(L) of level N, and let =z’ € L' with (z,2") = 1. The theta lift

®3(Z, s) has the Fourier expansion in the cusp z given by

" Y
— K (—,s) + Y bg(\, Y, 8)e(N, X),
2V/2|Y |1 A\l AEZI:(’ ’

where

cpK(Y ) 0 if (B,2) #+ 0mod N,
Y|’ <I>K(/8)(|§|,(ix2)”,s) if (B,2) =0mod N,,

and the Fourier coefficients are given by

.- 3 (I, s

beZ/N.Z (=2mi)rms
[(1-5s—k+rK)N22s2k+n
+ ;
(=2mi)rml-s-k

g(Y)5 ¢, 4 (]li[—z, 0, s) ¢b(2-25 -2k + /1)),
for q(\) =0, X # 0 the coefficient bg(\,Y, s) is given by

2/(\, V)2 a(V) [ (MO
ST (|<A,Y>|se(‘ N, )

beZ/N.Z

nb
% 23 1+f€((518 A_NO bz +( ]_)'%5 5,2 _Q0, bz )6(—)

n nNz N n nNz NZ

A
Shs (-1)/ kY (k-h) [ (\WY) "
Xf;nz) (47T|()\7Y)|)jj!(h)(/<a—h—2j)! (|(A,y)|) Ko 1o 2l (AY)])
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g(Y)=* (_<A,<>) 125 2ken (A_(A,o bz )(nb)
MTEW = W PO Py il K b

o & (-1 (r\ (k-Rh) [ (AY)\T"
o§(4WI(A Y)|)JJ'( )(/ﬁ—h—2j)!(|()\,Y)|) K%—s—k+n—h—j(2ﬂ|(A’Y)|))
and for q(\) # 0 the coefficient bg(\, Y, s) is given by

1 oo . ( 1) it (K (/’i—h)' X ()\,Y) Kk—h-2j
A 2.0 Eeba (%)

( (A, O)Z 2j—r+2h (nb)c ﬁ()‘ Merb_z CI()\)7S)

N. n|A N, nN, Nz, n?
) 2
X f exp| — Wn2 - 2104w (V) Wi (47T—q()\)v) vaHhidy,
0 227, n? n2

Proof. The terms for h # 0 # h~ in Theorem do not exist. Hence we write h instead

of h* and py, j = Puw i, to obtain

2\/§ @g(w,pwo,s)+ \/5 Z(Qz)h
oo _A i(rn h w )\ o
<y oy S ERRIW) S ax) - 6.)
XeK' $eLy/L j=0 (87T) J: n=1
m(8)=A\+K

oo 2
x [ exp (—M - QWUQw()\)) cr5(0,q(N), s, v)v‘%“‘h‘j‘tdv.
v v

=0
We have

Loy - [ X +iY) :
o) = (B2

= SO ()
— Z(}\ ZI/* ( ),Ln h|Y|2h /@()\ Y)/-e h

hence

Poa () = ()i YO Y YD)

and

The term for A = 0 is now given by

MY e 1 & CAY Pun)(0)
NG Z (2Z)h Z (87)75! (

mq(Y))" "

94



B AR

x (6/371% + (—1)”5_/371%)@(—25 +1-2K+h+2j)

+I’(—% -Kk+h+j+k+ s) (mq(Y)) ™
bz . _
X C,3 (F’O’S) Ci(-1-2k+h+2j+2k+ 23)).

Obviously
(=) (P -2;)(0) = ( j)(zj)qyp 2j

and (-A)/(p,,,)(0) = 0 for k - 2j # h. Hence we can rewrite this to

20 () Sy

B () (PG ) e+ 1 )25

beeziN.z NV 2
1 . 1-k-s bz
+T S—§—j+k3 (mq(Y)) Ck.j3 F’O’S CC(2s-1-rK+2k)|
Using the duplication formula

2)! T@+3)
450 /7w

and Lemma[A.]] we obtain

Z e(—) (MALS Sq(Y)S(éﬁll%+(_1)H(5—6,%)Ci(1—25—/€)

b,ceZ/N.Z r'(1 )
['(2s+2k-1-k) bz
415k 1-s-k Yl—s—k (_ ) c(9 ok 1~ .
T(s+k—r) (V)™ s | 008 G (2s )
Applying Lemma[A.5]yields
N2 (s + k) s . .
D e S

N22s72k+6(1 - s -k + K)
(=2mi)rmrl-sk

q(Y)'=5Fey, (g—z 0 s)g(z 23—2k+/€))

z

Now, the terms for g(A\) = 0, A # 0 are given by

Y 1 S CAYE@O) &
Ry Z A ot g 06D
w(6)=A+K
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< f e (‘M - 2%%0)) ch5(8:q(N), 5,0)07 2T dw
v )

=0

and the integral is

TLq(Y) s—%-%—n—h—j—t
2(0p,5+ (=1)"0_5,) (|()\ Y)|) K 1pnjot 2mn|(XY)))
L k—h—j-k-s-t
nq(Y) \?
+2¢k,5(6,0, 5) (|()\(—Y;|) K h kst (27n|(A,Y)]) .

Now plug in the definition of (-A)7(p,, ,)(w(A)) and reorder the sum as a divisor sum

to obtain fort =0

e (-1 kY (k=R [ (\Y) " e ,
’ ZZ(47T|()\7Y)|)jj!(h)(/f—h)!(|(>\,Y)|) 2 2, e((AWX)+ (nd )

h =0 n|A  SeL{/L
7T(6)=%+K
-1+K s s
x (2(55,5 + (=170 ) (N Y) (V) K ey (27| (A Y)])

#20,5(8,0,8)n " HHOY) S (V)R @al(Y)) )

Now § € Lj/L with 7(§) = 2 + K are given by 2 — (A0) > 1 b > where b runs through

n N, c TN
Z|N,Z. This shows the result. O
Write
z ['(1-s—k+r)N22s72k+x bz b
¥s (_73) = e 1_s_ Ck.3 (—,O,S)C (2—25—2/€+Ii)
N, (=2mi)rmrl-sk bl N2 N, "

for the Fourier coefficient of q(Y)l"‘f‘S. Then, as we would expect, the functional equa-

tion has the form

1
Ps(Z,s)== > s(,8)Gual(Z,1-k-3s).
aelso(L'/L)

6.4 Theta Lifts at Harmonic Points

We will now consider the Theta lifts at their harmonic points, i.e. s = 0 (and for £ = 0
at s = 1). We set ®3(2) = ©3(Z,0) and bs(\,Y) = bs(\,Y,0). We can calculate the

Fourier coefficient for g(\) > 0.
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Lemma 6.4.1. For q(\) > 0 and s = 0 the coefficient bg(\,Y") is given by

> e(_%)xn“‘le(%)ck,g(%—%z ]bvzz’qi/\) )()\ iY),

beZ/N.Z nfA

if (\,Y)>0andbg(N\,Y,0) =0if (\,Y) <0. For g(\) =0, X # 0 the coefficient bg(\,Y)
is given by

> (e(_()]‘\}f))zna 1 (N )(%A 00 b +(-1)" 5/6” 00, e )e(/\ iY)

beZ/N.Z nA Nz

DI () g (8- B ) ()

- K\ (k-=h)! Y)Y\
hz(‘);) (4x|(N, Y)|)Jj'( )(H—h—?j)! (|()\,Y)|) K1 pnne J(QW(A,Y)))

if (\,Y) >0 and by

L g (A0
20, V) (3
(A Y)[HF beZ/Z]VzZ N,
_ A (NG bz ) (nb)
1-2k+k - ) _ -
x%n Ck’ﬁ(n nNZz+NZ,O,O e N

oo o (~1)J kY (=R [ OLY) )"
S wrm e (6] B

if (\,Y) <0.

Proof. Recall that for ¢(\) > 0 the coefficient bz(\, Y, s) is given by

(-1)7i" (K (k- h)! (Y k—h-2j
beZ%:VZ (\/_|Y| Z( i) Z(SW)U,( )(K_h_2j)!|y|( % )

(5P E e () (- R )

oo 2
X / exp| - WLQ - 2mvgu(A) W, (47T—q(>\) v) vatRh=i e ).
0 2uzs, n? n?

We now plug in s = 0. We have
% 2q(Y)  27mvqy A -
[ exp(_m 1) 20000y (17800, ety

v n?

9 +Fi h—j
oY) Ko
R3] N

@2r|(AY)))-

97



This yields for bz(\,Y")

oo o (-1)7 kY (k=R [ (\Y) )T
2 T ) - (|<w>|) Hogorony GRIADD.

Now use Lemma The case g(A\) = 0, A # 0 is exactly the same, see also [Bor98,
Theorem 14.3]. ]

Definition 6.4.2. Define the holomorphic part of the theta lift 3(Z) to be

F(K)Nf Z 5571?72(:1)(%)

(=2m0)" iz N

b ¢
+ n:‘i—le(n )((5 A (N0 be T (_1) A0 () bz )e(()\’Z__))
)\ez[:(, beZ%:V an):\ N, B wNs N, BN At NG N,

q(A)=0
(\Y)>0

[ nb A_(AQ) bz gy ¢
+ n 16(—)Ck75(— , ,O)e((A,Z——))
)(%:{,0 beZ%:V Zg N, n  n, NZ n? N,
q(M\)>

(\Y)>0

and the non-holomorphic part ®3(Z) = ®5(Z) - (), which is given by

s () B, w0

AeK’

a(X)<0
D(1-Fk+K)N22k+n - bz ,
+ ) s q(Y) e, (—,0,0)§+(2—2k+n)
pein.z  (—2mi)smi AN,
q(Y)!* (A, Q)
+ 3 2\ Y)E (_ )
& BT
pyy
q(1)=0
nb) 1-2k+k ()‘ ()\ C) )
X e\~ n crg|l— —.0,0
beZ%:VZ (Nz % n nNZ Nz

(~1)J Ry (k=) [ (\Y) "
S5 aovya e (o)
X K1 gy (2| (A Y)])e(A, X)),

Remark 6.4.3. Assume that Ej, ,(7) := Ej (7, 0) is holomorphic. Then ®;(Z) vanishes
identically and hence ®,(7) = ®;(Z) is a holomorphic modular form. See also [Bor98,
Theorem 14.3]. Write M®(I"(L)) for the space of holomorphic modular forms of weight
K that are given as a theta lift &,(Z) for some v € Iso(C[L//L]).
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Definition 6.4.4. Define the holomorphic boundary part of the theta lift ®9*(Z) to be

I'(k)NE

POINE s~ 5 o)

(—271'2) bEZ/NZ N»

+ nt- 1 (_) (5 A_QQ) bz +(_1)’f(5 A (N0 L bz )e()\’Z_i)'
)\GZI:(’ bez%:vzzr% N, o A B2y b2 N
q(X)=0
(A\Y)>0

Theorem 6.4.5. We have

@2*(2)_5(5)]2\;5 > 00 C(r)

beZ/N,7Z N

+

(AY)>0 ceZ/Ny\Z

m()‘7 Z - C_K)
2 2 05 ex_c00) Qb Z o (m)e TNZ ‘
Aelsog(K) beZ/N,Z — Na Na 3

In particular, for an isotropic plane I ¢ L ® Q with I = (z,d), we have, writing [ =
cgd  cg(d,()z bgz
Na T NaN. t

, (if such a decomposition exists it is unique and if it does not exist then
q)g* |; vanishes ldentlcally )

K c m\T — d,%{
B () = et () + 32 (( : )))

Na
which is (the holomorphic part of) an Eisenstein series on the boundary component 1

Observe that the constant term only depends on the image of 5 in L' [L

Proof. For \ € K primitive let V) be its level. Then we can rewrite the second summand
as

> vae(S)
/\eK’ beZ/N .7 n|\ N
q(A)=0

(A\Y)>0

x (0 A (A() s +(_1)55_67A_(A§)Z+§Z)G(A,Z—Ni)
_ Z Z 3 Zn"‘le(n—b)

Aelsog (K) m=1beZ/N,.Z n|m

N,
(\Y)>0
K m()\’ Z - §V_K)
(5,8 mA (mA, C) £ +(_].) 6 ﬁ mA (mX,¢) Ly bz )6 - -
7nN>\ nNANZ NZ ’nNA nNANZ NZ N)\
- 5 c c 2 + _1 ’{5 c
(O 000t + (F1)0 5 0 c00.,0:)
Aelsog(K) beZ/N . Z AT z A NyN: z
(AY)>0 ceZ/N\Z
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Summing over positive and negative divisors in the divisor sum we can rewrite this as

DRNE - 5~ 55,2 C"(K)

( 2mi)” beZJN.Z = *

+ Z Z 6,6’i c(A ¢

Aelsog(K) beZ/N,Z — "a NANZ ok
(AY)>0 ceZ/N\Z

¥3°(2) =

= m(\, Z - %)
Z m)e(T).

Now let I € L ® Q be an isotropic plane with I = (z,d), d € Isoy(K') and consider the

Siegel operator corresponding to this plane. Then (132+| 1(7) is given by

T'(k)N& °° (- £9)
(=2mi)" iz N beZ/N.Z N NN - Ny
ceZ/NyZ

Writing 3 = %j - ijv(j]’é)z bﬂz (if such a decomposition exists it is unique and if it does

not exist then @?ﬂ 7 vanishes 1dentlcally), we obtain

['(k)NE N cgib m(7 - (d, CK))
o0+ - z bg B 8
P14 (r) = e () + 2 oY (m)e ( T
L(K)NE (csbs) ( ( Ck ))
=———= K ’ - da NT )
C2ri)< T\ N,
which shows the result ]

Theorem 6.4.6. Assume that the map 7y, is surjective. Then the theta lift is injective.

Proof. Assume that there is some v € Iso(C[L’/L]) with ®,(Z) = 0. Then, in particular,
O+ (Z) = 0 for every cusp z, i.e.
Z v bz Cb(/f) O

beZ/N.Z
for all cusps z. We want to show that E}, ,(7,0) = 0, which is equivalent to v + (-1)~b* =
0. Therefore, assume there is some § € Iso(L’/L) with vs + —(-1)*v_s. By surjectivity
of 7, there is a cusp z corresponding to 9. Choose such ¢ with minimal order. Then by
assumption the value in the cusp z is

Z Dbgcb(/i) =0.

be(Z/N.Z)*
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But of course this is also true for the cusps corresponding to ¢d for c € (Z/N,Z)*, i.e. we
have

> ooesCP(k) = Y. 0 (k) = 0.

be(Z/N.Z)* be(Z/N.Z)*

Rewrite this using %" (k) = (%" (k) + (=1)#(;%" (k) to obtain

Do (ves + (=1)"0_45)¢0 (k) = 0.

be(Z/N.Z.)*

For a character y : (Z/N,Z)* - C* consider

0= Y  x(© > (vss+ (1)) (k)

ce(Z/N.Z) be(Z/N.Z.)%
= > x)(os+ (Do) > x(e)¢E (k)
be(Z/N-Z)* ce(Z/N,Z)*
=L(GR) Y x(B)(vps + (=1)"045).

be(Z/ N, Z)

Now L(X, k) # 0 and thus

Y x(0)(vps + (—1)"045) = 0

be(Z/N.Z)*

for all Dirichlet characters x. But that means vps + (—=1)*v_4s = 0 for all b € (Z/N,Z)*

contradicting the assumption vs # —(-1)"b_s. O

Theorem 6.4.7. For k even and every § € L'[ L isotropic there is a theta lift D, for some
v € Iso(C[L//L]) such that the holomorphic part vanishes in all cusps except for the
cusps corresponding to £0. For k odd this is true if § + —0.

Proof. This is essentially Theorem If  generates a maximal cyclic isotropic sub-
group, then the holomorphic part of ®.s, c € (Z/NsZ)* vanishes in every cusp except for
the cusps corresponding to the generators of (). In the cusps corresponding to bd for
b e (Z]/NsZ)* the value is given by
L(k)NE -
mC (),
where b*b = 1 € (Z/NsZ)*. Now consider the linear combination
(—2mi)~ 1
AL(ING & TOCH) s

X ce(Z|NsZ)*

X(C)q)057
whose value in the cusp b0 for b € (Z/NsZ)* is given by

ST T O ()

L(x, k) ce(Z| N5Z)*
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> (x(0) + (=1)"x(-b)),

X

N | —

1 x(b)
5% > X)) =
2% L(x; k) ce(Z/NsZ)*

i.e. the value in the cusps vanishes except for the cusps corresponding to ¢, where the
value is 1. Now do induction over the maximal length of chains of cyclic isotropic sub-

groups containing 0. O

This means, in particular, that for /' ¢ M7 (I'(L)) there is a theta lift ®, for some
v € Iso(C[L'/L]) whose holomorphic boundary part is given by the boundary part of
F (observe that for x odd the values in cusps corresponding to § € Iso(L’/L) with § = -§
must be zero). We will show that in this case @, is already holomorphic and the difference
®, — F is a cusp form, i.e. we have M7 (T'(L)) = S,.(T'(L)) + M®(T'(L)).

Theorem 6.4.8. Let k > 2 and thus k> L +1> 1. Then ®4(Z) = ®%(Z) is a holomorphic
modular form of weight k which is an Eisenstein series on the boundary. In particular,

we have M (T'(L)) = S,.(T'(L)) + M®(T'(L)) in this case.

Proof. Using that the coefficients ¢ 3(y,n,0) vanish for n < 0 one obtains the result
using Theorem [6.3.4]and Lemma Of course, this reproduces the result of [Bor98|
Theorem 14.3]. []

Using Theorem we obtain the Fourier expansion of the Eisenstein series G, ,(Z) for
an invariant vector v € Iso(C[L’/L]) and that the Eisenstein series G, ,(Z) = G, ,(Z,0)
for v € Iso(C[L’/L]) are holomorphic if > L + 1. Moreover, if

7 s T(L)\Isog(L") - Iso(L'/L)

is injective, then we obtain all holomorphic orthogonal Eisenstein series as a lift of vector-

valued Eisenstein series.

If £ = 0, the Eisenstein series Ej,(7) = Ej,(7,0) are usually not holomorphic in 7.
Hence we can not expect that G, ,(Z) = G, ,(Z,0) is holomorphic. Since res,_y Ej (7, s)
is always an invariant vector we would expect res;.; G, ,(Z, s) to be a holomorphic mod-
ular form. In fact, this is true by the following theorem, which was proven in my master

thesis.

Theorem 6.4.9. Let k =0,k = % —1>1,ie [>4. Inthe cusp z we have the expansion

resse1 Pp(Z,s) = ®(Z,resse1 Eo (-, 8))
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['(k)NF bz
beZ/N.Z z
\ b A (A b
5 40,55 e - 5 o
AeK' z / beZ/N.Z n|A z z z
Ao

In particular, every invariant vector yields a holomorphic modular form of singular

weight which is a linear combination of Eisenstein series on the boundary. For k =1, i.e.
o . i K(Y

[ =4, it is the same expression plus the constant 35 [C8s=1 Dy (m, s).

Proof. One observes that the terms with g(\) # 0 are holomorphic in s = 1 and hence

their residue vanishes (this follows from the corresponding result for vector-valued Eisen-

stein series). The calculation for the other Fourier coefficients is analogous to the case
for s = 0. See also [Bor98, Theorem 14.3]. OJ

The question if this yields all holomorphic modular forms of singular weight which are
linear combinations of Eisenstein series on the boundary will be answered later. We want

to mention that we can also construct these in a different way. For an invariant vector
v e Inv(C[L’/L]) we have

Ex(T,8)0 = Z v3Eg 5(T, 8),
Belso(L'[L)
where (7, s) is the usual suitably normalized scalar-valued Eisenstein series for SLy(Z).
Now the left-hand-side is holomorphic in s = 0 and equal to a multiple of v and the lift of
Ex (7, s)v is holomorphic in s = 0 and yields a holomorphic modular form for s = 0 as in
the case k > 2.

Recall the definition of MT(I'(L)) in Definition and M?(T'(L)) in Remark
For k = 2,1 > 2, we have

Theorem 6.4.10. We have M7 (I'(L)) = S,.(I'(L)) + M2(I'(L)).

Proof. For F' € MZ(I'(L)) consider the corresponding linear combination of theta lifts
such that the holomorphic boundary part of G(Z) = F(Z) — ®(Z) vanishes. Now one
sees that G(Z) is bounded by ¢(Y)~! and hence is square-integrable and harmonic.
Therefore, it must be holomorphic and since the boundary part vanishes it is a cusp
form. ]
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6.5 Lifting Holomorphic Orthogonal Modular Forms

Let L be an even lattice of signature (2,1). For z € Isog(L) and 2z’ € L' with (z,2) = 1
write K, = LNzt nz't. Let by,...,b be abasis of K, ® R with by 1 (by,...,b;) and
q(b1) > 0. If Z = 211 + 29by + 2z3b3 + ... + z1b; € K, ® C, we write Z = (z1,...,2) and
similarly X = (z1,...,27),Y = (y1,...,y) if Z = X +iY with X|Y € K, ® R. Denote
by H; = K, ® R +¢C the corresponding tube domain model, where

C={Y:(y1,...,yl)EKZ®R|y1>0,Q(Y)>O}.

For A € Isog(L’) let Ny be the order of \ in L'/L and let o, € O"(V') with o\ N\\ = z

and set \' = 0,'2’. Define
Ky=MnMNnL=Lno'(K®R).
Then
O')\F(L)/\O'Xl = F(O’)\L)Z 2 (O./\KO-XIZ X F(O’AKUXIZ ,

where o) K. o315 ACtS via translation and I' (o) K 0;12) via multiplication on H; = K,®R+:C.
A fundamental domain is given by F = F; + iF5, where F; is a fundamental domain of
the action o) K o512 ON K, ® R and F; is a fundamental domain of the action I'(o K U;lz)

on C. Moreover, recall the map

7r, s D(L)\Isog (L") = Iso(L'/L).

Let F': H; — C be a modular form of weight . We define its theta lift to be (if it exists)

dXdY
g(Y)
Proposition and Lemma [3.4.4] show that if F' is a holomorphic modular form of

singular weight x = é — 1 then the theta lift exists (in fact, the lift exists for x < -1 and

v (rF)= [ FZ)0un 2y )

even for arbitrary weight if F'is a cusp form).

Lemma 6.5.1. Let F' : H; - C be a holomorphic modular form of singular weight

k=% -1andv e Inv(C[L'/L)]) an invariant vector. Then
(cb*(TvF)vU) = <F><I>(Z>D)>7

where the left hand side denotes the Petersson inner product on invariant vectors and the
right hand side denotes the Petersson inner product on holomorphic modular forms of

singular weight. In particular, the theta lifts are adjoint to eachother.
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Proof. We have

@0 [ T o OO D00 o

(D)\H;

[ F@) > 0, ()0 (. 2) g a(y )

Mpg(Z)\HWELr/L Q(Y)l

LdXxdY
_ fr - F(2)®(Z,0)q(Y) ol

= (F,®(Z,v)).

One of our main tools will be

Lemma 6.5.2. Letl >4,k = 5 —1. If F and (). F" are square-integrable, then the theta lift
exists and we have ®* (T, QHF) = Ag®@*(7, F). In particular, if F is holomorphic, then

O+ (7, F) exists and is harmonic.

Proof. LetT' € T'(L) be a finite index torsion-free subgroup. Then I'\H; is a complete
connected hermitian manifold. By Corollary O, and 9,0, are square-integrable
and using the assumption on F' and Q,F we can apply Proposition [3.3.3] to square-
integrable sections of the hermitian line bundle of modular forms of weight «. This
yields, using 0.0, =A0;,

AXdy
Agd* (1. F) = A f F(2)0, (1. Z)a(Y)"
0 (T7 ) 0 P(L)\H, ( ) L(Ta )Q( ) (](Y)l

_dXxdy
_dXdy
- [T(L):T] fF\Hl F(Z)(AaOw(r. 2)a(Y ) 5
dxdy
q(Y)!
Adxdy
q(Y)!

= &*(1,Q,.F).

- [(0():T) [ )08 2y

= [0() 1] [ (QF(2)0u(r.2)a(Y)

AXdy
q(Y)!

The other assertions follow immediately. 0

:[F(L)\Hl(QHF(Z))@L(Ta Z)q(Y )"

Theorem 6.5.3. Let I' be a holomorphic modular form of singular weight = % -1>0,
i.e. | > 2. Then its theta lift

v F)= [ P28 2
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is an invariant vector given by

I'(1/2) "
(22 > Ny U-R) Y ara(0)C(N)e,,
(2m) ~elso(L'/L) delso(L' /L) Aer=1(5)

vy=kgsd

where C'(\) > 0 are positive constants depending on \.

Proof. First observe that the integral converges since holomorphic modular forms of sin-

gular weight are square integrable by Corollary [3.4.5] We have

S D)

T(L)\H, & ay)s

W\ Z) exp(—QWUQZ()\))%\(UC]()‘))Q(Y)H%

l
v2 dXdY
=— F(Z)\, Zp)" -2 A A
3 2 S FOIO 20y ep(-2mea,(0) T e(ua(h)
and remark that the lift grows polynomially by Proposition [6.2.4 Moreover, by Lemma
[6.5.2] it is harmonic of weight 0 and thus its growth comes from the constant Fourier
coefficient (this follows from its Fourier expansion, see for example [Iwa95, Proposition

1.5]). The constant Fourier coefficients are then given by (the A = 0 term vanishes since
k> 0)

l
ve dXdY
- F(Z)(\, Z1,)" exp(—2mvqz (A
T iy PO 20 s
a(\)=0
)
v S dxdy
=5 m" F(Z)(\, ZL)"e><1o(—27rvm2qZL(A))T
AeT'(L)\ Isop (L) m=1 (L) A\H, q(Y)

As above let o) € O (V') such that 0y, Ny\ = z, where N, is the order of \ in L//L, and
write A’ = 0y (2"). Then we can rewrite the integral to (observe that (z,Z;) = 1 and
qz(2) = 1/q(Y))
dXdY
N‘”[ Fl.o)(Z) exp(=2mv(m/Ny)?/q(V)) ——-.
TS (Pl (2 esp (2 N0 10V ) S

and hence, using the Fourier expansion of F|,.o)

NE Y ama(d) f (5, Z) exp(=2rv(m/Ny) /q(Y))d)((;l)f

Seor k), I(oaL)=\H;

NSF[D(L)a: KxxT(K))] )Y, apa(0)

6ECT)\K;\

(6, Z) exp(~2mo(m| N2 g (¥)) TxdL

X
/UAKMF(U,\KA)\HZ (Y)l
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= N*[D(L)y: KaxD(K))] Y apa(d)

(560'>\K;\
<[ (5, X)X e(5,1Y) exp(~2mv(m /Ny )2/q (V) —oe
oAKA\K:@R DA KE\C q(Y)!
= ap(0) vol(K)) Ny [T (L)x : Ky x T'(K))]
dxdy

" /F(cumz\c eXp(_zm(m/NA)2/q(Y))m.

Consider the diffeomorphism

2 [0,00) XRFl _>C7 (ray%--'ayl) e \/77(\/1—Q(an%'--73/1)7312,--'791)

with inverse

e :C > [0,00) xR Y e (¢(Y), 42/Va(Y),...,u/va(Y)).

Then we have for integrable f : C - C
Lrnay = [T [ e u)ldet(@ () ldpe . dyidr

© dr
= [ [ e 30) et (¢ (L, ) ldge -y

Here f(Y) = g(q(Y)) for g(r) = exp(2wv(m/Ny)?/r)r~ and thus

fle(rya, - u) = g(r) = exp(2mv(m/Ny)? fr)r.
Hence we obtain

CLFV)\(O) VOI(K/\)N;H[F(L)/\ : K/\ X F(K)\)]
vdr

" exp(-2mo(m/ Ny [ det(¢' (1, o, .. 10)ldya, ..
<) expamom/ Ny eyt et (e (L))l

= apA(0)C(N)(2mv) 2m NEFT(1/2).

Hence the constant Fourier coefficient is given by

I'(1/2) >
2(2m)2 3 p (L Toon (L)

I'(l/2) i
= saaE o NTr-m) Y am(0)C(Ve
( 7T) velso(L! /L) 6EISO(L;/L) Aer1(5)
v=ks

arp(0)CA)NL™ ) m e
m=1

In particular, this is a constant and independent of v. Hence ®*(7, F') is bounded and

since it is harmonic of weight 0 it is an invariant vector. U

Remark 6.5.4. Observe that ®*(7, F') only depends on the values in the 0-dimensional

cusps. In particular, it vanishes on functions that are zero in every 0-dimensional cusp.
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Remark 6.5.5. If the weight « is not the singular weight and ' is a cusp form, then
&= (7, F') still exists and as in the previous proof one can show that it is harmonic. More-
over, the constant Fourier coefficient can be calculated as above and vanishes. Hence,
&+ (1, F') decays exponentially and is thus a harmonic and square-integrable of weight .
But this implies that /' must be a holomorphic cusp form. This reproduces the result of
[Oda78].

Corollary 6.5.6. For § € Iso(L'/L) let ar5(0) := ¥yer1(5) ara(0)C(N). Then &*(7, F)
vanishes if and only if aps(0) vanishes for all 6 € Iso(L'/L). In particular, if 7y, is
injective, then the theta lift ®* (1, F') vanishes if and only if F' vanishes in every cusp.

Proof. If ®*(7, F') vanishes, then the coefficient of ¢., given by

> NP (- K)ars(0),
delso(L'/L)
v=kso

vanishes for all v € Iso(L’/L). In particular, if v € Iso(L’/L) has maximal order such
that ar(0) # 0, then for k" € (Z/N,Z)* the coefficient of e,

Né_ﬁ Z <+*(l - ’{)aﬂkk’v(o) = Né_n Z f’k*(l - ’i)aFJw(O)
ke(Z/ N Z)" ke(Z/N,Z)"

vanishes. Thus, for all Dirichlet characters x : (Z/N,Z)* - C*, the sum

> x(K) > (- R)apk(0)

k'e(Z/N,Z)* ke(Z/ N~ Z)*

= Y xE)EFU-r) Y x(k)apk(0)

k'e(Z/N,Z)* ke(Z/ N Z)*

=L(l-r,x) Y,  x(k)arky(0)

ke(Z/ N~ Z)*

vanishes. Now L(/ — x, x) # 0 and hence

> x(k)ar(0) =0

ke(Z/ N Z)*

for all Dirichlet characters . But then we must have ag . (0) = 0 for all £, since Dirichlet

characters form an orthogonal basis of (Z/N,Z)*. O

Corollary 6.5.7. The theta lift ® surjects onto the space of holomorphic modular forms
of singular weight which are linear combinations of Eisenstein series on the boundary

and whose value in a cusp only depends on its image in L' L, i.e. we have M®(T'(L)) =
ME(T(L)).
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Proof. Let F' : H; - C be a holomorphic modular form which is a linear combination
of Eisenstein series on the boundary whose value in a cusp only depends on its image
in L//L. Since ® and ®* are adjoint to each other by Lemma we can write [’ =
®(Z,v) + G for an invariant vector v and a holomorphic modular form G : H; — C
of singular weight with ®*(7,G) = 0. By Corollary we have ag 5(0) = 0 for all
0 € Iso(L'/L). Moreover, the value of G = F'— ®(Z,v) in a cusp only depends on its

image in L//L. Hence we have

0=acs(0)= % aaa(0)C(N) =ag5(0) 3 C(N)

)\67ri1(5) Aer;1(6)

for some A € 7;'(5). But then ag5(0) = 0 and hence G vanishes in every cusp and
thus it is a cusp form on the boundary. But since F' and ®(Z, v) are linear combinations
of Eisenstein series on the boundary, G = F' — ®(Z,v) must vanish on the boundary
and hence G is a cusp form. Since we are in singular weight, G' must vanish and thus
F=o(Zv). ]

Corollary 6.5.8. If 7y, is injective, then the theta lift ® surjects onto the space of holo-
morphic modular forms of singular weight which are linear combinations of Eisenstein
series on the boundary, i.e. we have M®(T'(L)) = M2Es(T'(L)).

Proof. Since 7, is injective we have M7 (T'(L)) = M2¥s(T'(L)). O

Corollary 6.5.9. If L is a maximal lattice of Witt rank 2, then the space M2™*(T'(L))
is either 1-dimensional (if L is unimodular) or 0-dimensional (if L is not unimodular).
Moreover, if k = 2,4,6,8,10,14, i.e. | = 6,10,14,18,22, 30, then we have M,,(I'(L)) =
MOES(D(L)). In the other cases there could be additional holomorphic modular forms

that are cusp forms on the boundary.

Proof. Let L be maximal of signature (2,1),l > 6. Then L splits two hyperbolic planes
over Z and hence the map 7, is bijective. Thus the space of holomorphic modular forms
of singular weight which are linear combinations of Eisenstein series on the bound-
ary has the same dimension as the space of invariant vectors in C[L//L]. The latter
is either O-dimensional (if L is not unimodular) or 1-dimensional (if L is unimodu-
lar). Since we are in singular weight, there are no cusp forms. Since the 1-dimensional
boundary components of I'(L)\H; are given by SLy(Z)\H and since there are no cusp
forms of weight 2,4,6,8,10,14 for SLy(Z), we obtain M, (I'(L) =) MZ=(T(L)) if
[=6,10,14, 18,22, 30. O
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Appendix A

Formulas

Lemma A.1. For k € Z,k > 0 we have

l%J S—K

1)3( )F(1/2+j)F(1/2+5_ ) = 228 %

P(3+s-5)(1+s-%)
M(l1+s-k) '

j:O

NG

Proof. Similar formulas are shown in [[O’S18]]. We first assume that s > « is an integer.
Then

LZJ 1y, ) (1124 P12+ (- )

m' 5] 1 (2))! (25 - 25)!
O ) T TR T P

_ % ji;—l)f(sf JGY)

-2 ['(2s-k+1)
- = = T
22571 (s - k)| [(s-k+1)
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This shows the identity for integers s > « (in fact this also shows the identity for integers
K > s > | k/2] since then both sides vanish). Now observe using I'(z + 1) = 2I'(2) and the

duplication formula that

2H—QS

P(1+2s-r)  T(a+s-5I(1+s-3%)
F(1+s-k) =V I(1+s-k)

=T'(1/2+s-k)p(s)

for some polynomial p. Similarly, the left hand side is given by

15 ]

D ( )m/z FDD(1/245—7) =T(1/2 +5 - 5)q(s)
for some polynomial g. Now we have seen that p(s) = ¢(s) for infinitely many integers
and thus p(s) = ¢(s) for all s € C. O

Lemma A.2 ([Bor98| Corollary 14.2]). If C' and k—h are integers such that 0 < C' < k—h,
then

pete JMr—h-2j)ml
Lemma A.3. We have

S (1) Ry (=it () .
ZZ(4W|?/|)jj!(h)(/i—h—2j)!(|y|) K 1oy (27ly)

h=03=0

= oK~ 1y756727ry

if y > 0 and the left hand side vanishes for y < 0.

Proof. This is done in [Bor98, Theorem 14.3]. We use the formula

Koy(2) =\foe ¥ (22

= m!(n-m)!

(n+m)!

to obtain that the sum over 7 is given by (ignoring the terms indepenend of 7)

i (=1)ie2l S (dalyl) (k=h+m-j-1)!
=0 (47ly|) ]j'(li h—25)\/4]y| o<m (k=h=-j-m=-1)lm!
eyl (4rly])—© 5 (-1)(k-=h+m-j-1)!

VAl &5 (k=h=C=Dl 0 gl —h=25)lml
and observe that the terms with m # 0, 7 # 0 cancel out according to the previous lemma.
Hence we obtain

s (0 (e (y)
ZZ( ( )(KJ B — 2])|(‘ ’) K—%+n—h—j(2ﬂ-|y|)
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SO e

Now the sum over h vanishes for y < 0 and is equal to 2% for y > 0, which shows the
result. 0

Definition A.4. Let N € N and ¢ € Z/NZZ. Define the modified zeta functions

1 1
Gls)= > = ()= )
nzcmcidNn n=cmod N TV

n>

They both have a meromorphic continuation to all s € C. For a Dirichlet character y :
(Z|NZ)* — C* define

[ee]

= Y x(e)¢s(s).

n=1 ceZ/NZ

L(x,s):=

We have (¢(s) = N=5((s,¢/N) for 0 < ¢ < N, where ((s, x) is the Hurwitz zeta function.
It is related to the Bernoulli polynomials B, (z) by

(o) = - Zetl)

K+1

for integral x > 0, which implies (using B,,1(1 —x) = (-1)*B.,1(z), see [OLBCI10,
24.4.3]) (¢(-k) + (-1)"C;¢(-k) = 0. Further we have

¢°(s) = CE(s) + 7™ ¢%(s)

For integers « this yields

¢“(r) = CE(r) + (-1)"¢“(R)
and (~¢(r) = (-1)"¢¢(k). Now let g = gcd(c, N),c = gc’, N = gN'. Then we have

1 1

)= > —== > —==9° ) — =g (s)
nzemod N T n=gc’ mod gN’ n n=c’ mod N' 1
n>0 n>0 n>0

and similarly (¢(s) = =3¢ (s).

Lemma A.5. For 5 € Z| N7 we have

['(1-2s-K) ., s be ) )
im0 () na s (10501250

—w 525+ k) + (-1)"¢P (25 +
= iy (@50 (G (254 0))
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Proof. One first shows the formula

b (2 N28+I€ )
Y e (NC) CC(1-2s-k) = ((—;TJ@'F;EQW)% €™ (Y (2s + k)

ceZ|/NZ

which follows from the functional equation of the Hurwitz zeta function [OLBCI10,

25.11.16]. Now use the duplication formula of the Gamma function to show

'1-2s-xr)['(2s+k)
I'(1-s-k)

sin(rs)  I'(s+k)

~L(s+r) sin(27s)  2cos(ms)’
Combined with
P25+ k) + (=1)"C (25 + k) = 2cos(ms)e ™ (025 + k) + (=1)"(0(25 + K))

this shows the result. O]
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