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Preface

In his seminal work [12], Auscher investigated the LP-theory of second-order
divergence form operators

L = —div(AV-) on R%

Here, A is a matrix-valued function with bounded, measurable, and complex
entries that satisfies the ellipticity condition

Ag(A) = ANA) = esg{i@f |I§|11:I} Re(A(z)¢- &) > 0.

Using formal integration by parts, the operator L is realized as an m-accretive
operator in L?(R?) via the sesquilinear form

a:VxV = C, a(u,v):/ AVu - Vo daz,
R4

where the form domain V is the Sobolev space Wh2?(R%). We denote by
(e7'1) =0 the contraction semigroup associated with L.

Auscher observed that ‘four critical numbers rule the LP behavior’ (see
[12, p. 14]). More precisely, the main interest lies in determining the maxi-
mal intervals for which the heat semigroup (e*t2L)t>0 and its gradient family
(tV e_tQL)DO extrapolate to uniformly bounded operator families in LP(R?).
To this end, he defined the four critical numbers p4 (L) and g+ (L) as the left
and right endpoints of the intervals:

J(L) = {p € [1,00]: () is L”—bounded}7

N(L) = {p € [1,00]: (tV e ) is Lp—bounded}.
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Preface

The study of these intervals is intimately related to LP-bounds for the L-
adapted Riesz transform VL~"/2, the existence of a bounded H*-calculus for
L in the Lebesgue and Sobolev scales, and LP-estimates for vertical and conical
square functions. These relations reveal deep connections between the theory
of elliptic boundary value problems in the upper half space Rfd and the
underlying harmonic analysis of L. For this reason, the critical numbers serve
as a leitmotif.

The outline is as follows. First, we provide an overview of the most impor-
tant concepts: functional calculus, L” —L%-estimates, p-ellipticity, and relevant
results from geometric measure theory. Second, we delve into the first topic
and establish explicit improvements for the critical numbers depending on
ellipticity and dimension. Third, we examine the relation between the crit-
ical numbers, local elliptic regularity of second-order equations, and elliptic
boundary value problems with a non-block structure. Fourth, we explore the
extended Lebesgue scale when L is realized on an open set O C R¢ under
mized boundary conditions. This ultimately leads to the study of Gaussian
estimates and real-variable methods in the spirit of De Giorgi-Nash—Moser
(exponents ‘beyond oc’), as well as (geometric) Hardy spaces (exponents ‘be-
low 1’). Last but not least, we analyze the LP-functional calculus when L
models so-called dynamical boundary conditions in a general geometric frame-
work.

Let us provide a brief overview of each topic. For a more detailed exposition,
we refer to the corresponding chapters and the references therein.

Explicit improvements for the critical numbers

Throughout this chapter, we assume d > 3. Since the critical numbers play
a key role in the study of elliptic boundary value problems, elliptic regularity
theory, and the harmonic analysis of L, it is of independent interest to derive
explicit improvements for them. The equality p_(L) = ¢_(L) reduces the
degree of freedom by one. Moreover, the duality relation p_(L) = p,(L*)
allows us to focus on lower bounds for p, (L) and ¢, (L). These two quantities
are related by 2d/(d—2) = 2* < ¢, (L)* < py(L). Furthermore, it is shown
in [113] that, for any € > 0, one can construct a divergence form operator
L such that p, (L) < 2* 4+ . In particular, ¢,(L) is typically not much
larger than 2, provided no additional structural information is available. The
construction is based on Frehse’s irregular solution to complex, scalar-valued
elliptic equations [93]. An inspection of the coefficient matrix entails that the
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ellipticity constant degenerates as € tends to 0. Consequently, we expect that
pi(L) > 2* 4 ¢, where ¢ > 0 depends on ellipticity and dimension. Results of
this type have been established by Egert [80] and independently by ter—Elst,
Haller, Rehberg, and Tolksdorf in [85]. Both approaches rely on the concept
of p-ellipticity, which originates from the work of Cialdea and Maz'ya [61]:

Ay (A) = eES]iR%f Irflllg Re (A(x)§ : <§ +(1 - 2/p)§)> > 0.
This algebraic property of A bridges the class of complex elliptic matrices
and real-valued ones. The precise notion was introduced by Carbonaro and
Dragicevi¢ in the context of bilinear embeddings and generalized convexity of
power functions [52] and independently by Dindos and Pipher in the study of
elliptic boundary value problems [69]. This concept plays a fundamental role
throughout this thesis and should be kept in mind.

We choose a different path and measure ellipticity via a scale invariant
distance to the identity matrix: They persist as long as

d(A) = rtn>1(r)1 ||1(Cd — tAHLoo(Rd;Cdxd) < 1.

This perspective originates from Koshelev’s work [121] on local qualitative
elliptic regularity theory. Based on a result by Auscher and Tchamitchian [29]
(which we shall revisit later), we reinterpret their local results quantitatively
as a global one and prove a perturbation theorem for Gaussian estimates of
the heat kernel associated with the semigroup (e™*);~¢:

d(A) < 5(d) = (1 + (Ci[f;)_; .

This furnishes a criterion ensuring that py (L) = co. A classical counterexam-
ple of De Giorgi [103] for real elliptic systems demonstrates that our result is
sharp in the class of elliptic matrices.

With this result in hand, our idea is to embed A into an analytic family
{A.}. of elliptic matrices, defined on the closed strip {z € C: 0 < Re(z) <
1}, and then to invoke Stein-interpolation. For Re(z) = 0, we use only the
information that py(L,) > 2*, while for Re(z) = 1, we adjust the operator
family such that d(A,) < 6(d). Notably, both results extend to elliptic systems
and to bounded domains with C'-boundary, where L is subject to Dirichlet
boundary conditions.

The second main contribution is a d-independent improvement for ¢, (L),
which will later be used in the context of a priori estimates for solutions of
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elliptic boundary value problems, see Chapter 3. The argument relies on
an equivalent characterization of ¢, (L) from [12] and d-independent upper
bounds for the LP-norm of the classical Riesz transform V(—A)~"2 estab-
lished by Volberg and Dragicevié in [76].

These results have been published in a joint article with Egert [46].

Next, we develop equivalent characterizations of the critical numbers in
virtue of local elliptic regularity of second-order equations and LP-estimates
for the associated first-order theory.

Meyers meets Dirac

The Meyers exponent m, (L) associated to the elliptic operator L is defined
as the largest exponent p > 2 for which the gradient of any weak solution
Lu = 0 in a ball B C R? is p-integrable in %B, with quantitative L2-norm
control. Phrased differently, the gradient of locally L-harmonic functions
fulfills a weak reverse Holder estimate with exponent p. Therefore, m, (L)
serves as a measure for local elliptic regularity. Using ideas from Shen [145]
and an equivalent characterization of ¢, (L), we establish the identity

m (L) = q.(L).

As a second step, we bridge the second-order theory of the critical numbers to
the first-order theory of perturbed Dirac operators. Let A be a t-independent
elliptic copy of A in 1 4 d dimensions. More precisely, we consider an elliptic
matrix-valued function

a b
(0.1) A= :RY = £(C x C%
c A

with bounded and measurable entries. From this, we define the bounded
multiplication operator

N S 1 0| fa b
c A0 1
The first-order differential operator
0 div,]
—V, 0 |
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acts in the distributional sense. The DB-formalism plays a fundamental role
in the study of elliptic boundary value problems, which we explore further in
Chapter 4. Notably, the operator DB admits a robust L2-theory. The expo-
nents of interest are those p € (1,00) in the maximal open interval around
p = 2, where the LP-realization of DB is bisectorial. Within this range, a
bounded functional calculus and a DB-adapted kernel range splitting are avail-
able, see [27]. Auscher and Stahlhut introduced the notation I(DB) for this
interval, with endpoints denoted by pi(DB). This interval is important to
extend the range of exponents for which a priori estimates for solutions of
elliptic boundary value problems are available, see Chapter 4.
The main result of this chapter establishes the identity

I(DB) = (¢4+(L")', q4(L)) = (my (L"), my. (L)),

where L = —div; ,(AV,,-) is the homogeneous ‘parent’ of L = —div,(AV,")
in 1+ d dimensions. While the second equality follows directly from ¢, (L) =
m4 (L), the first requires a more intricate argument.

By duality, it suffices to argue for p, (DB). To outline the proof, we apply
the Fourier transform in the time variable, relating the homogeneous gradient
V.2 to the inhomogeneous, 7-dependent gradient

S, = [ir, V] ".

With this in mind, the homogeneous operator L in 1 + d dimensions can
be associated with the inhomogeneous family (L;);ecr = (SFAS;),er in one
fewer dimension. For this one parameter family, we define a Meyers exponent
my((L;),) and the critical number ¢, ((L,),), both uniform in 7. The proof
of p,(DB) = ¢4 (L) follows from the following chain of equalities:

p+(DB) = ¢ ((Lr)-) = my((Lr)7) = ¢4 (L) = m(L).

The first equality follows from an algebraic relation between the resolvent of
DB and the second-order Hodge operators S,L1S* which we further exploit
in Chapter 4. The second equality follows from refined proofs of the identity
q+(L) = my(L). Last but not least, to lift LP-estimates for (L,),ecr in d
dimensions to L in 1 + d dimensions, we interpret L?(R1*4) = L2(R; L*(R%))
as a vector-valued L2-space. This perspective enables us to apply a celebrated
theorem of Weis [161] for vector-valued multipliers.

These results are based on [18], in collaboration with Auscher and Egert.

To conclude Chapter 3, we provide an alternative characterization of p, (L).
Specifically, we show that p, (L) is the largest exponent p > 2 for which
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a uniform, quantitative weak reverse Holder estimate holds for local weak
solutions to (L + s)u = 0, for all s > 0.

The next chapter shifts focus to the first-order Dirac operator and its ap-
plications to elliptic boundary value problems.

Elliptic boundary value problems with non-block
structure

In this chapter, we investigate the range of exponents p € (1,,00) for which
a priori estimates for solutions of the elliptic boundary value problem

(BVP) —div; . (A(2)V,U(t,z)) =0 (t > 0,7 € RY),

U(0,-) = feHr(RY),
are accessible. Here, HP(R?) is the real Hardy space for p < 1 and HP(R?) =
LP(R9) for p > 1. Different to the previous chapter, A, as defined in (0.1),
does not satisfy a pointwise ellipticity condition, but rather the inequality

f f
Re / A . dz | = A(IFIZ+ | Vaul2)
RV u V.u

for some A > 0, each f € L2(R%) and all u € W"*(R?). If A has block-
structure, meaning that b and ¢ vanish, then (BVP) simplifies significantly to
02U — a ' LU = 0, which admits a Poisson extension solution ansatz:

Ut ) = (V'L f)(x),

Using this second-order approach, Auscher and Egert unified in [20] the theory
of (BVP) in the block-structure case and established its deep connection to
the critical numbers of L.

However, in the non-block case, the problem becomes significantly more
sophisticated. The foundation for an extensive L?-theory of (BVP) was laid
in the breakthrough work of Axelsson, Keith, and McIntosh [32]. Building
on their results, Auscher, Axelsson, and McIntosh invented in a series of
papers [14-16] the so-called first-order approach. The key idea is a one-to-
one correspondence between weak solutions U = U(t, z) of (BVP) and their
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conormal gradient F' = AV, ,U. Crucially, F solves the first-order (evolution)
equation of Cauchy-Riemann type:

(FO) F'(t)+ DBF(t) =0 (t > 0).

The main result from [32], namely that DB admits a bounded functional
calculus on ran(D), allows to generate a semigroup solution to (FO), which
ultimately yields a priori estimates for solutions of (BVP) when p = 2.

The key tool for extending results beyond p = 2 is the study of DB-adapted
Hardy spaces HBg. These function spaces are tailored to the operator such
that its functional calculus behaves optimally. The ultimate goal is to identify
HPg with the classical function space Hp = HP(R?)'*¢ N ran(D). This leads
to the identification interval

H(DB) = {p € (1,,00): Hpg = HB |,

where hy (DB) denote its left and right endpoints. In the block-structure case,
it was shown in [20] that h_(DB) = p_(L) and h, (DB) = ¢, (L). This already
indicates a fundamental dichotomy between h_(DB) and A, (DB). On the one
hand, we cannot expect h,(DB) to be much larger than 2. On the other hand,
it is shown in [28] that h_(DB) < p_(DB). < 2, = 2d/(4+2). Moreover, when
A is real, it holds h_(DB) < 1.

Our first main result establishes that, for all M € N, it holds

h-(DB) = inf {p € (1.,2]: (1 +itDB) ™), is HE-bounded}.

This provides a quantitative criterion for determining h_(DB) based on re-
solvent bounds. The proof builds on abstract interpolation principles and a
refined version of an extrapolation argument for conical square functions, see
[20, 28, 94].

Our second contribution leverages the algebraic relation between the resol-
vent of DB and the inhomogeneous Hodge operators S,L-1S* from Chapter 3.
This rephrases the HE-boundedness of ((1 + itDB)™ 1), directly connecting
h_(DB) with the critical numbers. Using this, we ‘interpolate’ between the
general estimate h_(DB) < 2, and the improved result h_(DB) < 1 when A
is real. More precisely, if ¢ is divergence-free in the distributional sense and
A is p-elliptic for some p € (2,00), we establish the refined bound

h-(DB) < p, = (12'/2).

Building on molecular Hardy space theory, we provide a new, shorter proof
of the fact that h_(DB) < 1 when A is real.
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The characterization of h_(DB) in this chapter is unpublished work by the
author, while the remaining results are joint work with Auscher and Egert.

The next topics bring other exciting areas into play, namely geometric mea-
sure theory, real-variable methods for partial differential equations and real
Hardy spaces on open sets.

Gaussian estimates vs. elliptic regularity on open
sets

In this chapter, we study regularity properties of (local) L-harmonic functions
and their connection to (global) pointwise Gaussian estimates and the Holder
continuity of the heat kernel of (e7'%);~o. Let d > 2. We consider L on
an open set O C R? and incorporate mixed boundary conditions into L via
the form domain: let V = W;?(0O) be the W'2(O)-closure of test functions
whose support avoids the Dirichlet part D. Here, D C 0O is closed and we
call N = 00 \ D the Neumann part.

The primary goal is to establish the equivalence of the following three quan-
titative properties:

(D) Growth control of the Dirichlet energy of L- and L*-harmonic functions.

(G) Pointwise Gaussian estimates and Holder continuity of the heat kernel
of (e7);-0.

(H) Local Holder continuity of L- and L*-harmonic functions, with quanti-
tative L?-control.

In light of property (G), these conditions can be interpreted as expressing
that p, (L) extends ‘beyond p = o0’.

A key observation is that a localization technique allows us to derive (H)
from (G) without imposing geometric constraints on O. However, obtaining
the global property (G) from local conditions requires additional geometric
assumptions. Specifically, we introduce two complementary conditions:

(Fat) O° is locally 2-fat away from N.

(LU) O is locally uniform near N.
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Assumption (Fat) imposes a lower bound on the relative 2-capacity of O¢ away
from N at small scales. Near N, it replaces O°¢ with D(C O°), strengthening
the requirement as points approach N.

On the other hand, condition (LU) serves as a local, quantitative connect-
edness condition near N. It also ensures that ‘pure Neumann’ connected
components maintain a uniformly positive diameter. This notion originates
from Jones’ definition of uniform domains [117] and was introduced by Bech-
tel, Egert, and Haller in [40].

The combination of (Fat) and (LU) yields the key tool for the proof of the
main result: a weak 2-Poincaré inequality for boundary balls that correctly
scales in the radius and respects the boundary conditions. We denote this key
condition as (P).

The proof of (P) relies on two main ingredients: the extension operator con-
structed by Bechtel, Brown, Haller, and Tolksdorf in [39], along with Maz’ya’s
capacitary Poincaré inequality [122]. Notably, we show that under the sole
assumption of (LU), condition (Fat) is equivalent to (P). This suggests that
our geometric framework is nearly optimal.

Our equivalence theorem builds upon prior work by Auscher [11] and Auscher
and Tchamitchian [29] on R?, as well as their work for pure Dirichlet/Neumann
boundary conditions on special Lipschitz domains [30]. Our contributions
include the treatment of mixed Dirichlet/Neumann boundary conditions, a
unified and streamlined approach, and an extension of admissible geometries.
In particular, we do not only recover the known results for pure Dirichlet and
Neumann boundary conditions.

We then investigate whether any of the properties (D), (G), or (H) hold
in general. To approach this question systematically, we adopt an axiomatic
framework and establish the following key results:

In dimension d > 3, property (H) always holds when A is real. This follows
from a combination of De Giorgi’s classical regularity results [67,97] and the
non-linear techniques of DiBenedetto [72,73]. A crucial step in our argument
leverages the fact that (Fat) is an open ended condition, as established by
Lewis [128] and Mikkonen [134]. Notably, we use a non-linear technique for a
linear operator, which is surprising in itself.

When d = 2, we prove that every elliptic operator L satisfies (G). The
proof is based on an extrapolation technique ‘a la éneiberg’. To achieve this,
we slightly strengthen (Fat) by requiring that D is a (d — 1)-set.

These results appeared in [45], a joint work with Ciani and Egert.

Building on the geometric and operator theoretic setting developed in this
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chapter, we now turn to an important application: the study of Hardy spaces.

Hardy spaces adapted to elliptic operators on
open sets

The real Hardy spaces HP(R?) play a central role in modern harmonic analysis,
providing a natural extension of the Lebesgue scale. In particular, the HP-
boundedness of (e7),~ for some p € (0,1) expresses that p_(L) is ‘below
p = 1. Auscher and Egert observed in [20] that the condition p_(L) < 1 is
equivalent to L satisfying property (G).

From now on, we focus on the case p = 1. The Hardy space H*(R?) serves
as the natural substitute for L*(R?) in various contexts, including singular
integral operators, elliptic boundary value problems, and interpolation the-
ory. Many characterizations of H!(R?) have been established, such as atomic,
maximal, and square function characterizations. They already foreshadow
that H!(R?) bridges the harmonic analysis of second-order elliptic operators
(prototypically the Laplacian) and the underlying geometry.

The goal of this chapter is to strengthen this connection by providing a ge-
ometric description of the L-adapted (square function) Hardy space H:(O).
Specifically, assuming that L satisfies a variant of property (G), we charac-
terize H} (O) in terms of D-adapted atoms as the building blocks:

H}(0) = Hp(0).

To complement the geometric framework introduced in the previous chapter,
we append two assumptions to (Fat) and (LU):

(UITC) O is uniformly interior thick.
(UP) D is uniformly porous.

The first condition ensures the uniform comparability |O N B| ~ |B| for all
balls centered in O with radii up to the diameter of O. In particular, O is a
space of homogeneous type. The second condition guarantees the existence
of corkscrew points near D.

Our main theorem is based on earlier results by Auscher and Russ [26],
Coifman and Weiss [63], and Miyachi [136]. As in the previous chapter, our
contributions include the treatment of mixed boundary conditions, unified
proofs, and an expanded class of admissible geometries. We further refine this
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theory by studying the Laplacian in more detail. Indeed, leveraging results
from Bui, Duong and Ly [48], as well as from Hofmann, Lu, Mitrea, Mitrea and
Yan [112], we show that the square and maximal function characterizations
of H! 5 (O) all coincide with the geometric (atomic) Hardy space Hp,(O).

This chapter is based on joint work with Bechtel [38].

Leaving behind the realm of Gaussian estimates and Hardy spaces but re-
taining the setting of mixed boundary conditions and non-smooth geometries,
we now turn to the final part of this thesis.

Bounded functional calculus for dynamical
boundary conditions

Dynamical boundary conditions naturally arise in various scientific contexts
[70,71,154], governing the time evolution of a physical state on a lower di-
mensional surface ¥ C O, say of Hausdorff dimension ¢ € (d —2,d). To build
intuition, let us consider the following parabolic problem as an example:

O — div(AVu) = flows in (0,7) x (O\ %),
du+v - AVu = flznao on (0,7) x (XN 00),
Ou+ vsro - AVu = flsno on (0,7) x (XN 0O),
u=20 on (0,7) x D,

v-AVu =0 on (0,7) x 00 \ (D UX),

u(0) = ug inOUZ.

Here, vsno represents a jump in the outer unit normal v. Keeping in mind
that X is a Lebesgue null-set, we interpret these equations as an abstract
Cauchy problem

u(t) + Lult) = f(t)  (t€(0,T]),
u(0) = uyg,

in the Hilbert space
L? =LA (0O U, dz @ dH") 2 L0, dr) @ L*(X, dH).

Unlike in the ‘static’ setting, the operator . is associated to a pair (a, 7). As
before, the form a, defined on V = W3;*(0), accounts for the mixed boundary
conditions, while the identification operator j: V — L% j(u) = ulo & Tr(u)
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captures the dynamics on ¥. To define this framework rigorously, we require
a bounded trace operator Tr: V — L2(2, dH*) satisfying the natural identity
Tr(u) = ulyg for u € V N C(O). Remarkably, we show that merely assuming
(LU) and that ¥ is an upper (-set for some ¢ € (d — 2,d) suffices. To reach
this goal, we opt for an axiomatic approach that maximizes flexibility while
isolating the key issues: pointwise existence of a trace (capacity theory) and
boundedness of the trace operator (geometric measure theory). Our main
tools include the extension operator from [39] and classical trace results of

Jonsson and Wallin [118].

Beyond these geometric considerations, we investigate whether . admits a
bounded functional calculus in IL?. This property is crucial, as it guarantees
maximal regularity for the abstract Cauchy problem. While this is known
for p = 2 due to the m-accretivity of .Z [9], results for p # 2 remain scarce.
So far, only the case of real coefficients has been studied, using a positivity
criterion [84].

We close this gap by employing the heat flow method, a powerful tool most
recently popularized by Carbonaro and Dragicevi¢ [52,53,55,56]. This ap-
proach allows us to establish a bilinear estimate for the gradient of the heat
semigroup associated to .Z, provided that A is p-elliptic.

As a first step, we show that (e™*%),so extends to a bounded analytic
semigroup in IL”; thereby generalizing Nittka’s invariance criterion for closed
and convex sets [137]. Next, we address the role of j. A crucial challenge in
applying the heat flow method is verifying that the identification operator j
commutes with ‘V-preserving’ non-linear maps. This step plays a fundamental
role in ensuring that the method can be applied in our setting. With this
bilinear estimate at our disposal, we follow a standard approach to deduce
weak quadratic estimates for .. By a classical result of Cowling, Doust,
McIntosh, and Yagi [64], this immediately implies that . has a bounded
H®°-calculus in 7.

We complement this chapter by studying regularity results for dynamical
elliptic problems in a variational setup. Our approach stems from mapping
properties of the form a and a ‘transference principle’ for £ ~!. This allows
us to incorporate deep results from the static theory, such as heat kernel
bounds (see Chapter 5) or Kato square root estimates [40]. These results are
particularly valuable in applications to semilinear parabolic problems, see,
e.g., [86].

This chapter is based on [47], a joint work with Egert and Rehberg.
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Zusammenfassung in Deutscher Sprache

Diese Arbeit befasst sich mit der LP-Theorie elliptischer Operatoren in Diver-
genzform L = — div(AV-). Hierbei ist A eine elliptische, Matrix-wertige Funk-
tion mit beschrankten, messbaren und komplexen Koeffizienten. Das Ziel die-
ser Thesis ist es, diese Theorie in verschiedener Art und Weise zu bereichern.
Wir zeigen neue Resultate auf dem Ganzraum R?, verallgemeinern Aussagen
im Kontext nicht glatter Geometrien, wenn L gemischte Randbedingungen de-
kodiert, und beweisen neue Resultate, falls L dynamische Randbedingungen
modelliert.

Im ersten Kapitel bieten wir eine Ubersicht iiber alle relevanten techni-
schen Werkzeuge dieser Arbeit: Funktionenraume, Kapazitdtstheorie, geome-
trische Maftheorie, L? — L?-Abschétzungen fiir Operatorfamilien, der H®°-
Funktionalkalkiil und die wichtigsten bekannten Resultate beziiglich der LP-
Theorie von L.

Im zweiten Kapitel beschaftigen wir uns mit expliziten Verbesserungen
der kritischen Zahlen py(L) und ¢+ (L) in Abhéngigkeit von Elliptizitat und
Raumdimension. Die kritischen Zahlen charakterisieren die Exponenten p €
[1, 00] fiir welche die Warmeleitungshalbgruppe (e7""L),50 und die assoziierte
Gradientenfamilie (tV e L )i>0 gleichméBig LP-beschrankt sind. In diesem Zu-
sammenhang beweisen wir auch ein optimales Storungsresultat fiir die Eigen-
schaft, dass der Warmeleitungskern von (e_tgL)bo durch eine Holder stetige
Funktion gegeben ist, die aulerdem punktweise Gauflabschatzungen erfiillt.

Im dritten und vierten Kapitel studieren wir a priori Abschdtzungen fir Lo-
sungen elliptischer Randwertprobleme der Form LU = —div,, A(z)V,,U =0
im oberen Halbraum Rfd. Dazu benutzen wir den ersten Ordnungs Ansatz
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Zusammenfassung in deutscher Sprache

und reformulieren die Gleichung LU = 0 als Evolutionsgleichung F'(t) +
DBF(t) = 0 fiir den konormalen Gradienten von U. Hierbei ist D ein Diffe-
rentialoperator erster Ordnung, auch Dirac Operator genannt, und B = A ist
ein beschrankter Multiplikationsoperator, der durch eine algebraische Trans-
formation aus A entsteht. Das Problem a priori Abschatzungen fiir Losungen
zu LU = 0 zu finden, reduziert sich dann darauf, DB-adaptierte Hardy-Raume
mit klassischen Funktionenrdumen in der Lebesgue- und Hardy-Raum Skala
zu identifizieren.

In Kapitel drei finden wir dquivalente Charakterisierungen des Auscher—
Stahlhut-Intervalls 1(DB) mittels des Operators L von zweiter Ordnung. Hier-
bei ist I(DB) das maximale offene Intervall um p = 2, in dem DB in L? bi-
sektoriell ist. Dieses Intervall ist von Bedeutung, um explizite Verbesserungen
fir das Identifizierungsintervall H(DB) der DB-adaptierten Hardy-Réume zu
finden. Wir beschreiben /(DB) auf zwei Arten: Einerseits ist /(DB) das ma-
ximale offene Intervall um p = 2, in welchem der Lax—Milgram Operator
L: WHP(RY4) — W~IP(R"*4) ein Isomorphismus ist. Andererseits konnen
wir [(DB) durch das groite p > 2 charakterisieren, sodass der Gradient lokal
L-harmonischer Funktionen eine umgekehrte schwache Holder-Abschatzung
mit Exponent p erfiillt.

Im vierten Kapitel charakterisieren wir den linken Endpunkt von H(DB),
welchen wir mit h_(DB) bezeichnen, mittels der Beschréanktheit von DB-
Resolventen. Danach beweisen wir unter der Annahme, dass A obere Dreiecks-
gestalt hat und A p-elliptisch ist, die Abschétzung h_(DB) < (»4/d—2)". Diese
Verbesserung interpoliert zwischen der allgemeinen Abschiatzung h_(DB) <
2d/(44+2) und h_(DB) < 1, wenn A reell ist.

Fiir den Rest der Arbeit verlassen wir den Ganzraum-Fall und konzentrieren
uns auf die Situation, dass L gemischte Dirichlet /Neumann Randbedingungen
auf einer irreguliren offenen Menge O C R? modelliert.

Im fiinften Kapitel beschaftigen wir uns erneut mit der Eigenschaft, dass
der Kern der Halbgruppe (e_t2L)t>g durch eine Holder stetige Funktion ge-
geben ist, die punktweise GauBabschéitzungen erfillt (Eigenschaft (G)). Das
erste Hauptresultat ist, Eigenschaft (G) durch quantitative Regularitétsei-
genschaften lokal L-harmonischer Funktionen auszudriicken. Unsere geome-
trischen Annahmen sind hierbei so allgemein wie moglich gewéhlt. Im zweiten
Abschnitt dieses Kapitels beweisen wir dann unter denselben geometrischen
Annahmen, dass eine der lokalen Eigenschaften (und damit auch die andere)
stets erfullt ist, falls A reelle Eintrage besitzt.

Das Hauptresultat des sechsten Kapitels ist eine geometrische Charakteri-
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sierung des L-adaptierten Hardy-Raums H}(O). Dazu fithren wir einen ato-
maren Hardy-Raum H}(O) ein, der die Dirichlet/Neumann Randbedingun-
gen respektiert und zeigen die Gleichheit H}(O) = H}(O) unter minimalen
geometrischen Annahmen und der Zusatzbedingung, dass L eine Variante von
Eigenschaft (G) erfiillt. Es folgen Anwendungen fiir den Laplace Operator und
weitere dquivalente Charakterisierungen von H} (O) mittels Maximalfunktio-
nen.

Zu guter Letzt untersuchen wir L im Kontext dynamischer Randbedin-
gungen. Wir zeigen unter minimalen geometrischen Anforderungen und der
algebraischen Annahme der p-Elliptizitdat an A, dass L einen beschrankten
H*°-Funktionalkalkiil in einem hybriden LP-Raum besitzt. Das Resultat im-
pliziert maximale parabolische Regularitdt. Im letzten Abschnitt des Kapitels
studieren wir Regularitdtsaussagen von semilinearen parabolischen Gleichun-
gen im Kontext dynamischer Randbedingungen.
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CHAPTER 1

Function spaces, geometric and analytical tools

1.1 Function spaces

In this section, we introduce all relevant function spaces.

1.1.1 Function spaces on R¢
Let us begin with the classical smoothness spaces.

Definition 1.1.1. For p € [1,00), we define the homogeneous Sobolev
space
W= {u € L, [|ullyis = [|Vul, < 00}/C,

loc *

and denote its anti-dual space by
Wflyp/ — (Wl,p)*'

Definition 1.1.2. The space Z consists of all Schwartz functions f with

(8 £)(0) = 0 for all @ € N2. We denote by Z’ its topological dual space.
Lemma 1.1.3 (Universal approximation technique, [157, Sec. 5.1.5]). For
every f € Z' there is a sequence (f,)n € Z such that f, — f in each 1P and
WP which f belongs to.

Next, we introduce the real Hardy spaces H? and we refer to [152, Chap. III]
for more.
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Definition 1.1.4. Let p € (1, 1], a: R? — C™ be a measurable function and
B = B(x,r) C R be a ball. We say that a is an L?>-atom for H? associated
with B if
supp(a) C B, |lallz < |B|%_% & adr =0.
R4
We refer to these conditions as localization, size and cancellation condi-
tion.

Definition 1.1.5. Let p € (1,,1]. The real Hardy space H? consists of
those f € &' for which there is a sequence (\,),, € 7 and L*-atoms a,, for H?
such that the atomic decomposition f =3, A,a, holds in §’. We endow
this space with the (quasi-)norm

[ f [t = f [[(An)nler,

where the infimum is taken over all atomic decompositions of f.

Remark 1.1.6. For p = 1, the space H! can be viewed as a subspace of
L! with continuous inclusion. In particular, every element of H! is a proper
function.

1.1.2 Function spaces adapted to mixed boundary
conditions
The aim of this subsection is to introduce all relevant function spaces that

involve boundary conditions. To this end, we work with

Assumption 1.1.7. Let d > 1, O C R? be open and = C R? be non-empty.
The Dirichlet part D C 00 NZ is closed. We call its complement N =
00 \ D the Neumann part.

Definition 1.1.8. Let C°(O) be the space of smooth and compactly sup-
ported functions on O. We set

CH(E) = {plz: v € CZR"\ D)}.

Definition 1.1.9. For p € [1, 00), we define Wi7(O) as the closure of C5(0O)
with respect to the W*(O)-norm

1
-l = (- 15+ 11V - 5)

For p = 2, we put
V= Wg'(0),

and call V the form domain.
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Remark 1.1.10. In general, W5*(O) is a proper subspace of WH2(0O) and
models so-called good Neumann boundary conditions. However, if we have a
bounded Sobolev extension operator £: WH2(0) — WH2(R?) at our disposal,
then equality holds, because C°(R?) is dense in Wh2(IR%).

The Sobolev spaces W5P(O; R) are closed under truncation in the following
sense.

Lemma 1.1.11 ([87, Lem. 2.2 (a)]). Let p € (1,00), u € Wi¥(O;R) and
k> 0. Then (u—k)* and u Ak are contained in Wi (O;R).

Next, we introduce a terminology that turns out to be useful in this thesis.
Definition 1.1.12. Let d > 3. We say that V has the

« inhomogeneous embedding property if there is C'r > 0 such that

|ull2- < Crllul1,2 (weV).

« homogeneous embedding property if there is Cr > 0 such that

[uller < Cel[Vullz  (ue V).

Finally, we need Holder spaces adapted to boundary conditions.

Definition 1.1.13. Let px € (0,1]. The

« homogeneous Holder space Ci)(E) consists of all functions u: = —
C whose continuous extension to = vanishes in D and for which the

seminorm

= sup M is finite.

T,YE= Y |x - y|“

=
[1 g

« Holder space C/,(E) consists of all functions u: = — C whose con-
tinuous extension to = vanishes in D and for which the norm

||u||C#(E) = ||U||Loo(5) + [u](E“) is finite.

If D =@, we also write C%(Z) = C*(Z) and Cls(Z) = C*(2).
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1.1.3 Morrey and Campanato spaces

The L2-adapted Morrey and Campanato spaces play a key role in the theory
of elliptic regularity. We refer to [50] or [96, Chap. 3] for more information.

Definition 1.1.14. Let x € [0,d), * € = and r > 0. We define the local
Morrey space

M (2) = {u € L23): [fullag 2 = sup p ¢ |ulliaczen) < oo}.

p€(0,r]
In addition, the global Morrey space consists of all u € L*(Z) for which
the norm

[ullpmn(z) = _ sup HM’M;AE) is finite.

zeZ,r<diam(Z)

Definition 1.1.15. Let x € [0,d +2), z € Z and r > 0. We define the local
Campanato space

L, (5) = {u € LX(2): [uley =) = Sl(tp]p_%llu — Wz lL2E@e) < OO}~
pe(U,r

In addition, the global Campanato space consists of all u € L2(Z) for
which the seminorm

[u]m (®) = sup [u]gg ~(2) is finite.
z€E,r<diam(E) ,

The following results furnish the main properties that we use in this thesis.

Lemma 1.1.16 ([87, Lem. 3.1]). Let v € (0,1), r € (0,1], k € [0,d + 2) and
x,y € = with |Z(z, p)| A |Z(y, p)| > 7| B(z, p)| for all p € (0,7]. The following
properties hold true with implicit constants depending only on [d,~, k|:

(i) If k < d, then M} (Z) = L (Z) with estimate

d
2

[Wles,. @) < lullms, @ S r 2 llullie@en) + lule, @) (u e Mj ,(2)).

(ii) If Kk > d and u € L (Z), then u(z) = lim,\ o(u)=(,p) exists and

w—d _
u(@)| S 777 [ules =) + N ullu @@




1.2 Capacity theory

(iil) If k > d, [v —y| <7/2 and v € L] () N LY (Z), then

rk—d
u(z) = u()| S ([ules @) + [uleg,@)lr -yl =
In particular, if x # y, then we have

Jua) — u(y)| _

|z — y|<n7d>/2 ~ [u]ﬁz,r(E) + [U]Eg,r(E)

_k=d__
+r77 " ||uller gy + ulliEe))-

1.2 Capacity theory

In this section, we introduce the notion of relative or variational capacities.
This concept serves as an important tool in Chapters 5, 6 and 7. We refer to
[2] for general background on capacities. Throughout this section, we assume
that d > 2.

1.2.1 Relative capacities

Definition 1.2.1. Let p € (1,d], U C R? be open and K C U be compact.
We define the p-capacity of the condenser (K,U) as

cap,(K;U) = inf {HVuH{,,(U): u € CX(U;R) with u > 1 pointwise on K} :

Definition 1.2.2. Let F C R be closed, F C F and p € (1,d]. We call F
locally p-fat in F' if there is C' > 0 such that

(1.1) Cri—r < cap,(B(x,r) N F; B(x,2r)) (z € F,r e (0,1)).
If F = F, then we say that F is locally p-fat.

For the reader’s convenience, we include some results related to capacities
that we could not find in the literature.

Lemma 1.2.3. We can make the following replacements in (1.1).
(i) For all k > 1, we can exchange B(x,2r) by B(x,kr).
(ii) For each ro > 0, we can replace r € (0,1] by r € (0, ro].

(iii) We can replace the requirement w > 1 on B(z,r) N F by u =1 in an

open neighborhood of B(z,7) N F and 0 < u < 1 everywhere.
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Proof of (i). We set B = B(xz,r). The interesting direction is when fatness
is formulated with kB and we want to switch to 2B. We pick u € C*(2B)
such that u > 1 on BN F. Now, we pick n € C*(kB) with values in [0, 1],
n=1on B and |Vn|jr~ <, r~!. Poincaré’s inequality yields

cap, (BN F;6B) < [V (un)llfs sy Sxdo IVUlliees):

and thus
cap,(BN F;kB) < cap,(BN F;2B).

Proof of (ii). This follows from (i) and the monotonicity of capacities in the
first argument.

Proof of (iii). For the interesting direction we pick v € C°(2B;R) with
u>1on BNF. Wefixe € (0,1) and put v. = ((1 —¢) 'u A1) V0. Then v,
is continuous with

1 (u>1-—¢),
ve =S (1—¢)'u 0<u<1-—e¢),
0 (u<0).

In particular, as B N F is compact and u is continuous, there is some § > 0
such that v. = 1 on (BN F)s. We set v, == n, * v. for all n € N, where
nn(z) = nn(nz) is a standard mollifier. Then v, is smooth, [0, 1]-valued and
there is some N € N with v, =1 on (BN F )s/» and v, has compact support
in 2B for all n > N. Next, using Young’s inequality for convolutions and
Ve = (1 — ) M jp<y<i—a Vu, we get

van”Lp 2B) = HVUEHLP 2B) = <(- 5)7p||vu‘|€p(23)'
Hence, we derive
1nf ||vw||LP(QB <(l-e¢) p”v“HLp 2B)
where the infimum is taken over all [0, 1}-valued w € C(2B) that are 1 in an

open neighborhood of B N F. We conclude by sending ¢ — 0. [

1.2.2 Riesz capacities

Lewis’ celebrated result on the self-improvement property of p-fatness [128]
will be crucial in Section 5.6. However, the notion of Riesz capacities is used
in the main result. We use the opportunity to include a proof that gives rise
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to an equivalent notion of p-fatness when p € (1,d). Let us mention that this
does not cover Lewis’ result in the case p = 2 = d and we refer to [134] for a
proof using variational capacities.

We denote by I1(x) == |z|'7¢ the Riesz potential of order 1. Given f € L?
with f > 0 a.e., the convolution

(s 1)@ = [l sl ) dy

is defined for all z € R? as a real number in [0, 0o]. Using classical results for
the Riesz transform [150, Chap. II1.1], we obtain for all non-negative f € C°
that

(1.2) IV Plle Sap [[F]]ee-

Definition 1.2.4. Let p € (1,d) and F' C R? be closed. We define the Riesz
capacity of F' by

Ryy(F) = inf {||f|?,: f € L7 with f > 0 a.e. and I + f > 1 on F}.

Let us explicitly prove that the Riesz and variational capacity give rise to
the same notion of p-fatness when p € (1,d).

Lemma 1.2.5. Let p € (1,d) and F C R? be closed. Then F is locally p-fat
if and only if there is C' > 0 such that

(1.3) Cr* < Ry ,(B(z,r)N F) (x € F,r € (0,1]).

Proof. First, we assume that F' is locally p-fat with lower bound C' > 0 and
abbreviate B := B(z,r). We fix f € L? with f > 0 ae. and u =1, % f > 1
on BNF. For e € (0,1) we set f. = (1 —¢)~'f. We define for n € N the
non-negative functions f, == (150, f2) * 7, € C°, where 1, (z) = n'n(nz) is
again a standard mollifier. We put u,, := I * f,, and claim that there is some
N € N such that u, > 1on BN F for alln > N.

Indeed, let us assume that this is not the case. Then there is a strictly
increasing sequence (n;); € N and a sequence (z;); € B N F such that
un,(z;) < 1forall j € N. Since BN F is compact, there is some z € BN F
such that z; — z along a subsequence. Using Fatou’s lemma and passing to a
further subsequence to guarantee f,, — f. a.e., we get (I * f.)(z) < 1. Thus,
u(z) <1—e < 1, which is a contradiction to our assumption.

From now on, we let n > N.
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IfC T% < ||tun||rr 2By, then we obtain by Hélder’s inequality and a Sobolev
embedding that

d_ -
r S uallees) S luallee S 1Vl

Now, we consider the case ||uy||Lr2p) < C”’%. We let ¢ € C(2B) be [0, 1]-
valued with ¢ =1 on B and ||V¢||L~ < 2/r. Using that F is locally p-fat, we
estimate

d_
Cro™" < ||V (unp) |[Lr(28)
< ||VunllLr@s) + 20 Hunl|Lr2s)

d_q

C
< IVl + 575

and subtract the second summand on the right to obtain the same lower bound
for [|[Vu,||L» as before.
Using the very definition of u, and (1.2), the upshot is that in either case

we have
r P S Vunllle S Ifallfe < (1 —2) 7P f1Ts

Thus, (1.3) follows as € — 0.
Now, we suppose that (1.3) holds true. To prove that F' is locally p-fat, we
pick u € C°(2B;R) with w > 1 on BN F. By [150, p. 125] we find f € L?
such that u = I % f and || f||» < [[Vu|lre. In particular, I;  f* > 1 on BNF.

Hence, (1.3) yields
rP SR < 1FIE <

~

IVullty = [IVullisop): =

1.3 Geometric measure theory

In this Section we introduce all relevant notions from geometric measure the-
ory. We refer to [163] for background information.

Definition 1.3.1. Let s € [0, 00). We define the

e s-dimensional Hausdorff measure H? as

I
=
=
=
—N—
=[]
~
S ®
(1]
N
=
%
&
3
<
N
=
3
M
I
<
S
A\
(o9
——
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o s-dimensional Hausdorff content H._ as

H:(Z) = inf {Z rs: 2 CJB(wn, ), @, € E} .

Definition 1.3.2. Let s € (0,d] and =/ C =. We say that = is an

o upper s-set in Z' if there is C' > 0 such that

He(Z(z, 7)) < Cr? (x € 2 r € (0,1]).

o s-set in Z' if there are C, ¢ > 0 such that

cr® <H (E(z, 7)) < Cr? (x e Zre(0,1]).

If 7 = =, we say that = is an (upper) s-set. Furthermore, if the condi-
tion r € (0, 1] is replaced by r € (0,diam(Z)), then we speak of uniformly
(upper) s-sets.

The following result compares p-fatness with the s-set property. We fre-
quently use this fact in Chapter 5.

Lemma 1.3.3. Letd >2,6 >0, p € (1,d] and s € (d—p,d]. Let F CR? be
closed and F C RY. If F satisfies

H(F(x,r)) ~7r° (x € F N Ey,re(0,4]),
then F' is locally p-fat in F N Fy.

Proof. In view of [131, Thm. 3.1] applied with h(r) = r*, it suffices to prove
the lower bound

(1.4) r* SH(F(z,1)) (x € FN Ey,re(0,0]).

We adapt the argument in [17, Lem. 6.6] to our needs.
Let us fix x € FNFs, r € (0,0] and a covering {B,}, = {B(xn,rn)}n of
F(z,r) with open balls centered in F(z,7). The assumption yields

o < H(Fa,r)) = H° (F(x, e UBn) < S H(Fz,) N By).

If r,, > 6, then we use the other part of the assumption in the form

H(F(x,r) N By) < H (F(z,r)) Srf <.




1 Function spaces, geometric and analytical tools

If 7, < 4, then we note that F(x,7) N B, C F(z,,r,) and x, € F N Fyy in
order to deduce the same bound H*(F(z,r) N B,) Srs.

S S
SN
n

In total, we obtain

By definition, HZ (F(z,r)) is the infimum over all expressions as on the right-
hand side and (1.4) follows. O

1.4 1P — L9-estimates

The goal of this section in to provide a brief summary of L? — L mapping
principles for operator families that are initially defined on L2. We refer to
[12,20,37,79] for detailed proofs and further background information.
Throughout this section, we assume that = C R? is measurable, m;, ma, ms €
N and U C C\ {0}. In addition, we suppose that T = (T(z)).ey and

—_
—

S = (S(2)).ep are families of bounded linear operators from L*(Z)™ into
L%(Z2)™2 and L*(Z)™ into L?(Z)™s, respectively.

Definition 1.4.1. Let 1 < p < g < oo and p € (0,1]. We say that T is
(i) L? — L9-bounded if there is C' > 0 such that
d_d oy
IT()fllg < Clels 2 llfll, (2 €U, f € IPNALAE)™).
If p = q, then we say that 7 is LP-bounded.

(ii) L? — C*-bounded if there is C' > 0 such that

[T < Clel 77 fll, (€U fe@nL)E)™).

The next definition provides a notion of averaged kernel bounds.

Definition 1.4.2. Let 1 < p < ¢ < co. We say that 7T satisfies LP — L9
off-diagonal estimates if there are C, ¢ > 0 such that

d_d _cd(E,F)
(1.5) 11rT(2)1pfllq < Clzfs v e F [[1pf],

for all z € U, f € (I? N L*)(Z)™ and measurable sets £, C Z. If p = ¢,
then we say that 7 satisfies L? off-diagonal estimates.

10



1.4 1P — L4-estimates

Convention 1.4.3. If T = (e_tQL)t>0, then we replace the exponential term
LALE.F) d(B,F)\?

e "¢ by the Gaussian e~ (5F7) on the right-hand side of (1.5).

The main tools that we frequently use in this thesis are the following to
lemmas.

Lemma 1.4.4 ([20, Lem. 4.3, 4.6]). Let 1 <p < g <r < c0.

(i) T is LP —Li-bounded if and only if T* = (T'(2)*).cv is LY —L¥ -bounded.

(ii) If T is LP — L9-bounded and S is L? — L"-bounded, then (S(z)T(2)).cu
is LP — L"-bounded.

The same assertions hold true when we replace LP —L9-boundedness by LP — L4
off-diagonal estimates.

Lemma 1.4.5 ([20, Lem. 4.7, Lem. 4.14]). Let 1 < p < q < oo with (p,q) #
(2,2), assume that T is LP? — L?-bounded with constant C,, > 0 and satisfies
L? off-diagonal estimates with implicit constants C,c > 0.

(i) If p > 2, then T satisfies L" — L* off-diagonal estimates for all 2 < r <
5<q.

(i) If p < 2 < q, then T satisfies L — L*® off-diagonal estimates for all
p<r<s<uq.

(iii) If ¢ <2, then T satisfies L™ — L® off-diagonal estimates for all p < r <
s < 2.

Implicit constants depend only on d,p,q,Cp4,C,c.

Proof. We only treat the first item. The other ones can be deduced anal-
ogously. We use the results in [20, Chap. 4]. Lemma 4.14 asserts that 7
satisfies LI2Ple — 1124 off-diagonal estimates for all § € [0,1). Remark 4.8
implies that 7 satisfies L off-diagonal estimates for all ¢ € [2,¢). Finally,
we interpolate the L! off-diagonal estimates with the L? — Li-boundedness
(Lemma 4.14) to deduce the claim. O

11
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1.5 H®°-calculus

Throughout this section, we let X be a reflexive Banach space and T a sec-
torial operator in X of angle w € [0, 7): it holds ¢(T") C S,,, where

Se ={z€C:|arg(z)| <w} ifw>0and Sy:=(0,00),
and for each p € (w, ) there is C' > 0 such that
lz2(z=T)7<C (2 €C\S,).

We follow the book [105] to define the functional calculus of 7" and start with
some basic properties.

Proposition 1.5.1 ([105, Prop. 2.1.1 & Rem. 2.1.2]). The following asser-
tions hold true.

(i) T is densely defined.

(ii) T induces the topological kernel-range splitting

X = ker(T) @ ran(T)

with corresponding projection P: X — ran(T)).

(iii) The injective part TP = TN (ran(T") xran(T")) is an injective sectorial
operator of angle w(T') in ran(T).

Let us fix
W<y < pu< .

Definition 1.5.2. The Dunford-Riesz class Hg°(S,,) consists of all holo-
morphic functions f: S, — C such that |f(2)] < C(|z|° A |2|7%) for some
C,s>0andall z€85,.

Definition 1.5.3. The extended Dunford-Riesz class £(S,) consists
of all holomorphic functions g: S, — C for which there are a,b € C and
feHF(S,) withg=f+a(l+2)"'+0.

Following [105, Sec. 2.3], we define

o(T) = 21m [ HEE- T a1 D) b e £(X),

12



1.6 L2-theory of elliptic operators in divergence form

This gives rise to an algebra homomorphism
(9= 9(T)): E(Su) = LX),
which is consistent with P in the sense that
g(T)YP =Py(T) = g(TP) (g9 € &(Sy).

For T'P we can extend this definition to the class H>*(S,) of bounded holo-
morphic functions on S, by regularization: we let e := z(142) 2. The op-
erator e(TP) = TP(1+TP) 2 is injective and ef € E(S,,) for all f € H®(S,).
We define

f(TP) =e(TP) " (ef)(TP)

as a closed operator in ran(7T).

Definition 1.5.4. We say that T" admits a bounded H*-calculus of angle
p € [w, ) if for all v € (u, m) there is some C' > 0 such that

IFTPI < Cllfllees,y  (F € HE(S)-

Remark 1.5.5. Owing to the convergence lemma [105, Sec. 5.1], T" admits a
bounded H*-calculus of angle u € [w, ) if and only if for all v € (p, 7) there
is some C' > 0 such that

A < Clif I,y (F € H(S0))-

Remark 1.5.6. The same constructions can be made for a bisectorial op-
erator 7" there is w € (0,7/2) such that o(7T") C S, where

Sw =S, U =S,
and for each p € (w,™/2) there is C' > 0 such that
|2z =T) | <C  (:€C\S,).

We refer to [78, Chap. 3] for a comprehensive exposition.

1.6 L2-theory of elliptic operators in divergence
form

In this section, we define a proper L?(O)-notion of divergence form operators
with bounded, measurable and complex coefficients.

13



1 Function spaces, geometric and analytical tools

Assumption 1.6.1. Let O C R? be open. The function

a b
c A

L O — L(C™ x (C™)%)

has bounded and measurable coefficients. We set

A(A) = || Al 0:c(cmx (cmydy)-

We associate to A the sesquilinear form

a(u,v) = /OA

There are three types of ellipticity conditions that we use in this work.

dz (u,v e V).

Vu| Vv
Definition 1.6.2. We say that A is
(i) elliptic if
A(A) = essinf min Re(A(x)¢ - ) > 0.

€0 |¢|=1

(ii) Garding elliptic if there is some A > 0 such that

Rea(u,u) > \|Vul3 (ueV).

(iii) strongly Garding elliptic if there is some A > 0 such that

Rea(u,u) = A([[ull; + IVully) — (uweV).

In the case of (ii) or (iii), we also say that a satisfies a (strong) Garding
inequality.

Definition 1.6.3. Let A be Garding elliptic. We define
Lu = — div(AVu + cu) + bVu + au
in L?(0)™ as an unbounded linear operator with domain

dom(L) == {u ceV:3lue L) (O)"Vv e V: (Lulv) = a(u,v)}.

We encode boundary conditions into L via the form domain V = Wp5*(O)™.

14



1.6 L2-theory of elliptic operators in divergence form

The following notation allows us to treat the homogeneous and inhomoge-
neous theory simultaneously.

Convention 1.6.4. If a,b, c vanish, then we write a = a and L = L.
From now on we make the following

Assumption 1.6.5. We assume that A is strongly Garding elliptic. We re-
place this assumption by Garding ellipticity of A if a, b and ¢ vanish.

Since

> _ AA)
[ Ima(u, u)] < AA)||ulli, < m Re a(u, u) (ueV),

it follows that a(u,u) belongs for all u € V to the closed sector S, where
tan(w) = AA)/xa). We write

w(A) == inf {w €[0,2): a(u,u) €S, for all u € V}

for the accretivity angle of A. By Kato’s form method [119, Chap. 6],
Definition 1.6.3 gives rise to an m-w(A)-accretive realization of L in L?(0)™:

o(L) CSuay & [[(z=L)7' <d(z,Sum)" (2 €C\Syn)-

The Lumer—Phillips theorem implies that —L generates a strongly continuous
contraction semigroup (e~');5q of angle 7/2 — w(A) in L2(0)™. The starting
point for a rich LP-theory of L are the following results.

Proposition 1.6.6 (Crouzeix—Delyon, [105, Thm. 7.1.16]). The operator L
admits a bounded H®-calculus in L2(O)™ of angle w(A) with universal esti-
mate

IFOI < 4 sy (w e (w(A),7), f e HX(S,)).

Proposition 1.6.7 ([37, Prop. 3.2], [79, Prop. 4.2]). Let ¢ € [0,%(A)/2 — 7/4).
The operator families (¢™*'").es,, (2V e *Y).cs, and (22Le™*V).cs, satisfy
L? off-diagonal estimates with implicit constants depending only on A\(A), A(A)
and .

15
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1.7 LP-theory of elliptic operators in divergence
form

Based on [12, 20, 37, 79], we introduce all relevant tools to investigate the
LP-theory of L. For the rest of this section we work under

Assumption 1.7.1. Throughout this section, we work with Assumption 1.6.5
and suppose that V has the inhomogeneous embedding property, see Defini-
tion 1.1.12. Moreover, if L = L we use the stronger homogeneous embedding

property.

1.7.1 The critical numbers

For the purpose of this thesis, we work for the rest of this subsection on
O = R? This allows us to avoid several case distinctions and simplifies
the arguments. We refer to [37,79] for all necessary modifications. Let us
mention that the homogeneous Sobolev space W' has to be replaced by its
inhomogeneous version W? when passing from L to L.

The main objects of interest are the following two sets:

J(L) = {p € [1,00]: () is Lp—bounded},
N(L) = {p € [1,00]: (tV e h)ng is Lp—bounded}.

In view of Proposition 1.6.7 both contain p = 2 and complex interpolation
ensures that both are intervals. We denote the left and right endpoints of
J(L) and N (L) by ps(L) and q.(L), respectively. Let us collect some basic
facts, see [12, Chap. 3] and [20, Chap. 6].

Proposition 1.7.2. The following assertions hold true.
(i) We have p_(L) = q-(L) and p,(L) = ¢+(L)".
(ii) In dimension d = 1,

J(L)=N(L) =[1,00].

(iii) In dimension d > 2, there is € > 0 depending on dimensions and ellip-
ticity such that

p-(L)<2,—¢ & qu(L)>2+e.

16



1.7 LP-theory of elliptic operators in divergence form

The first main result that emphasizes the importance of J(L) is

Theorem 1.7.3 ([12, Thm. 5.1]). Let p € (p—(L),p+(L)). Then L admits a
bounded H*®-calculus in 1P of angle wy: for all p € (wr,m) there is C' > 0
such that

1f(Lyully < Cllflleeollull, — (f € HF(S,),u € LPNL2).

In order to state the second main result, we need the resolution of Kato’s
conjecture, see [21,31,40,81] for more.

Theorem 1.7.4. We have dom(v/L) = W2 with homogeneous estimate
IVLulls = [[Vullz — (ue W),

Since W2 is dense in W'? and /L has dense range, it follows from the
previous result that v/L extends to an isomorphism from W'? onto L2. We
denote this square root isomorphism by the same symbol. In particular,
we can define the second-order Riesz transform

VI 212 12,
which enjoys the two-sided estimate

IVL 2 fla=[Ifl.  (f €L,

One main observation is that AN(L) consists of exactly those p € [1,]
for which the square root extends to a p-isomorphism. In particular, the
LP-boundedness of the operator family (¢tV e*tQL)DO can be reduced to L*-
estimates of one single operator and vice versa.

Theorem 1.7.5 ([20, Thm. 11.1]). We have p € (q_(L), q+(L)) if and only if
the square root /L: WY N W12 — LP N L2 eatends to an isomorphism from
WP onto LP and its inverse agrees with L= on LP N L2,

The next result characterizes the range for which p € (1,00) the Lax—
Milgram isomorphism

L=—divAV: Wh? - W12
extends to a p-isomorphism with compatible inverse.

Theorem 1.7.6 (|20, Lem. 13.4, Thm. 13.12]). Let p € (1,00). Then p €
(g (LY, qu (L)) if and only if L extends by density from WP N W2 to an
isomorphism L,: W — W™ whose inverse agrees with L~ on WP N

W2,

17
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1.7.2 p-ellipticity of A

Let O C R? be open and A: O — L(C?) be elliptic. The notion of p-
ellipticity refers to an algebraic condition on the coefficients that originates
from Cialdea—Maz’ya [61].

Definition 1.7.7. Let p € (1,00). We call A p-elliptic if

(16)  Ay(4) = essigf minRe (A(:U)g e (o 2/p)g)) > 0.

This notion was introduced by Carbonaro—Dragicevi¢ [52] and indepen-
dently by Dindos-Pipher [69]. It bridges between the class of elliptic complex
matrices (p = 2) and the class of real matrices (p = c0). An important fact is
that every elliptic A is p-elliptic in a range of p’s that depends on A(A), A(A),
see [80, Cor. 3]. The following elementary properties will be useful throughout
this thesis.

Lemma 1.7.8 ([52, Sec. 1.2 & Sec. 5.3].). The following hold true.

(i) Ag(A) = A(A).
(i) Ap(A%) = Ap(A) B/ A/pf).
(ili) AL (A) = Ay (A).

(iv) A is real-valued if and only if A,(A) > 0 for all p € (1,00).
(v

(vi) The map 6 — A, (e A) is continuous in (—7/2,7/2).

) A
) A
) A
)
) The map p — A,(A) is decreasing and Lipschitz continuous in [2,00).
)

A key observation is that imposing a p-ellipticity assumption on A delivers
a lower bound for p, (L) (and an upper bound for p_(L)). This has been
proven in [80, Thm. 1] and independently in [85, Thm. 3.1] via a different

method. For the purpose of uniform estimates for a family of second-order
operators, see Section 4.4, we take care of implicit constants and define

<p> = [p’ d? )‘(A)v A(A)v AP(A)7 AO(A)’ CE]

The key observation is that (p) is invariant under the transformation A —
A(t-) for all t € R*. We set

O p * ¢}
pP=520 & po= (),

18



1.7 LP-theory of elliptic operators in divergence form

Theorem 1.7.9 ([80, Prop. 18]). Let d > 3, p € (2,00) and A be p-elliptic.
Then (e71)sq is Li-bounded for all q € [po,p°] with bound depending only
on (p).

Let us extend this result to the inhomogeneous elliptic operator L. We
start with an LP? — LP"-estimate and bootstrap LP-estimates for the semigroup
afterwards.

Lemma 1.7.10. Let d > 3, p € (2,00) and A be p-elliptic. Then there is
some € = £(p, Ae(A)) € (0,1) and C > 0 depending only on A(A), A,(A), p
and Cg such that for all ¢ € [2,p+¢) and u € LI(O)Ndom(L) with Lu € LI(O)
it holds

1 1-1
¢ < ClILullg l[ullg * + llully)-

I

Proof. By Lemma 1.7.8 (v) we find ¢ = £(p, As(A)) € (0,1) with A,,.(A) >
Ap(4)/2. We pick g € [2,p + ¢), fix n € N and define the truncated functions

ve=(ulF ' An)u & w=(Ju|T? An?)u.
We also abbreviate
X = Lureznzy & Xe = Ljjujo2<n2)-
First, [80, Prop. 11] yields the estimate

Ap(4)
p+1

Vo2 < mqq“‘)

IVl

< Re(AVu|Vuw)
= Re(Lu | w) — Re(au | w) — Re(Vu | b*w) — Re(cu | Vw)
= (I) + (II) + (III) + (IV).

Estimate for (I) and (II). Holder’s inequality yields

(D + (D] < [[Lullgllwlly + lallsollulqlw]ly

< [[Lullglull™ + llalloollul3-
Estimate for (III). This term is more involved. First, we write

(Vu | b*w) = (Vu | b*(xn*u + Xc|u|q_2u))
= ((ny + Xc|u|%_1)Vu | b v).
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At this point, we use [80, p. 714, Equ. (10)] joint with the last equality on the
same page to continue with

= (Vv — x.(1 - %) sgn(v) Vvl | b*v).

Since V|v| = Re(sgn(v)Vv) by [140, Prop. 4.4] we get by Holder’s and Young’s
inequality that

[ ||oo 16 IIOo
()] < 2[[b]l o l[Vl2f[vll2 < 6[IVoll5 + lollz < d1Volls + lellg-

Estimate for (IV). We start by proving the auxiliary estimate
(1.7) V| < 2Jul2~! V.
If u # 0, then we get by [80, Lem. 10] that

V| < nx| Vol + xelul> (2 = 2)| V|
< xJulF Vo] + xelul? (2 = 2)[ Vo
< 2|u|2~Y Vol
On the other hand, if u = 0, then Vw = 0 by [80, p. 714, Equ. (11)] and

(1.7) follows immediately. Now, we use Holder’s inequality, (1.7) and Young’s
inequality to obtain

g e ||oo
(V)] < llellollullg[Vewlly < 2llelleollulld [[Volle < 0lIVollz + [l

The result of the last four estimates is
Ap(A)

16113 +||cH2 )
p+1

IVol3 < Lullgllullg™ + 260 Voll5 + (llalle + [l

We choose ¢ = 2r(4)/4(p+1) to absorb the second term on the right and get

2(p+1) Ap( )

Hence, we find C' > 1, depending only on A(A), A,(A) and p, with

Vol < ILullgllully™ + (lalles +4(p + P

o3 + [IVll3 < CUILullglulld™ + Tull))-

Finally, we make use of the inhomogeneous embedding property on the left-
hand side, take ¢g-th roots on both sides and apply monotone convergence to
conclude. O
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1.7 LP-theory of elliptic operators in divergence form

Theorem 1.7.11. Let d > 3, p € (2,00) and A be p-elliptic. Then (e_tQL)t>0
is Li-bounded for all q € [po, p°| with bound depending only on (p).

Proof. We pick ¢ € (0,1) as in Lemma 1.7.10, ¢ € [2,p+¢) and assume that
T = (e*tQL)DO is L%-bounded with implicit constants depending only on (p).
Let us mention that this is the case for ¢ = 2. We pick § € (0, A #/(a-2)),
which also implies ¢° — 0 > ¢q. Now, we show that 7 is L°-bounded for
all s € [2,¢° — 6] with implicit constants depending only on (p). According
to the L%-boundedness of 7 and Lemma 1.7.10, we have for all ¢ > 0 and
f € (LYNL*)(0) the estimate

2L < |IL —t2L % —t2L l_é —t2L
[e™  fllge SHILe™™ " fllalle™ flla “ + e fllq

) 1 1—1
SLe™™ gl flla ™+ 11

Next, we infer by Theorem 1.7.3 that the angle of holomorphy of the semi-
group is p-independent. Hence, we have with r = ¢sin(arctan(A(A)/x)))) the
representation

1 esz f

—Lettf= 5

2w oB(tr) (2 — 1)
and we obtain for all ¢ € (0,1), ¢ > 0 and f € (LN L?)(O) the estimate

42
le "t f

Lemma 1.4.5 implies that (cﬁ e ??(et1)), ¢ is L*-bounded for all s € [2,¢°)
with implicit constants depending only on (p). Now, complex interpolation
with the L2-bound

dz

_2 12 0
e SE T+ DSy S e e™ | flg:

42 A2
e ™ flla <e 27 |1 fl2

and choosing ¢ sufficiently small depending on (p) and 0, implies that 7 is
L*-bounded for all s € [2,¢° — 0] and the implicit constant depends only on
(p) and 0.

Now, we can iterate the above argument and choose § < €4/(a-2) (so that
(p+¢)°—3d > p°) to conclude that T is L*-bounded for all s € [2,p°] with
implicit constant depending only on (p).

Finally, we repeat the argument with L* instead of L. Since L* is of
the same type as L, see also Lemma 1.7.8 (ii), we conclude by duality (see
Lemma 1.4.4 (i)) that 7 is L*-bounded for all s € [p,, p°]. O

Corollary 1.7.12. Letd > 3, p € (2,00) and A be p-elliptic. Then the gradi-
ent family (tV e "L s is Li-bounded for all q € [po, 2] with bound depending
only on (p).

21
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Proof. Throughout this proof, implicit constants depend only on (p). By
Lemma 1.7.8 (v), there is ¢ = e(p, As(A4)) € (0,1) such that A, 5. (4) >
Ap(4)/a. Theorem 1.7.11 joint with Lemma 1.4.5 implies that (e ™*’1)yq is
L+ — [2-bounded. Thus, by the L2-boundedness of (tV e*tzL)Do, the
semigroup law and composition, we conclude that (tV e_tQL)t>o is L(P+e)o 1.2
bounded. Lemma 1.4.5 completes the proof. O
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CHAPTER 2

Explicit improvements for the critical numbers

In dimension d > 3, we consider elliptic systems on R¢ of m > 1 equations in
divergence form

d m
(Lu)® = —(div(AVW)* = — 3 32040, (a=1,....m)

i,j=1 =1

with bounded, measurable and complex coefficients, see Definition 1.6.2. Sur-
prisingly little is known about explicit LP-estimates for (e_tgL)bo when no
further regularity on the coefficients is imposed. For systems with minimally
smooth coefficients we refer e.g. to [75]. More precisely, we consider the inter-
val J (L) from Subsection 1.7.1 and its left and right endpoints p,(L). All of
our results will be stable under taking adjoints. Since p_(L) = (p4(L*))’, we
shall concentrate on the upper endpoint py (L). It is known that p, (L) > 2*
and that the improvement p, (L) — 2* can be arbitrarily small even when
m = 1 [113, Sec. 2.2]. What seems to be missing though, are explicit lower
bounds for p, (L) in terms of the data of L, such as ellipticity constants and di-
mensions, in particular when the improvement is expected to be large or even
covers py (L) = oo. Indeed, all results for systems (that we are aware of) are
perturbative from the general L2-theory and provide small, non-quantifiable
improvements [11,12,155]. In contrast, we proceed by interpolation from the
L*>-theory for special systems described further below. Our results are new
also for elliptic equations (m = 1).
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2 Explicit improvements for the critical numbers

The number p, (L) is related to the optimal ranges of various LP-estimates
for L, such as Riesz transforms, boundary value problems and functional
calculus, see the introduction of [20] for a comprehensive account on the lit-
erature. Thus, improving lower bounds for p, (L), as we shall do here, leads
to automatic improvements in all these topics.

All of our results are perturbative from the diagonal Laplacian system cor-
responding to A = L(gmya = (5a755i7j)zf but not necessarily on a small scale.
This is in the nature of things, because every elliptic A is an L*°-perturbation
of 1(gmya of size smaller than 1 up to normalization:

(21) d(A) = Itn>lgl H]_((Cm)d — tA“Loo(Rd;ﬁ((Cm)d)) < 1.

The ‘distance’ d(A) is a well-known measure of ellipticity [121]. It can be
bounded from above and below in terms of the usual ellipticity constants and
when A = A*, there is an easy formula (Lemma 2.1.1). The dimensional

will play an important role in this paper. Our main result is as follows.

constant

Theorem 2.0.1. The following three statements hold.
(i) If d(A) > 6(d), then (with 2"/o :== o)
2*

p+(L) 2 Ty
In(o()

(ii) If d(A) < d(d), then p(L) = occ.

(iii) The result in (ii) is optimal in the sense that for each € > 0 there is
some A, with d(A.) < 0(d) + ¢ and p;(L.) < oc.

The dimensional constants in Theorem 2.0.1 are quite large in small dimen-
sions and we collect some values in Figure 1.

Part (ii) is proven in Section 2.2 by combining results of Koshelev [121], see
also [127], with a characterization of Gaussian estimates and Hélder regularity
of the kernel associated with e~ due to AuscherTchamitchian [29]. In fact,
in Theorem 2.2.3 we shall not only prove that d(A) < §(d) implies p; (L) = oo,
but that e L has a Holder regular integral kernel with Gaussian decay. Since
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0(d) | —In(o(d))™" | o(A)
0.8165 |  4.9326 | 0.1010

A~ W |

0.6547 2.3604 0.2087

ot

0.5547 1.6968 0.2864
6 | 0.4880 1.3936 0.3441

Figure 1: Approximate constants in Theorem 2.0.1 in small dimensions. The
third column contains the ellipticity ratio o(A) = AMA)/aa) € (0,1]
that is sufficient for having d(A) = 0(d) in the special case A = A*,
see Lemma 2.1.1.

d(d) > 1/vd, this disproves the conjecture in [29, Chap. 1, Sec. 1.4.6] that the
best possible perturbation result would be d(A) € O(d™'). The optimality
statement in (iii) is almost classical, see Proposition 2.2.5.

Part (i) is proved in Section 2.3. The idea is to rewrite d(4) < 1 as
A = 7(Lcmye — B), where ||Bl|oc = d(A) and 7 > 0. We embed A as A; into
an analytic family of elliptic matrices given by

Az = T(].((Cm)d — ZB)7

where 7 < |z] < R with 0 < r < 1 < R. Then, in the spirit of Stein

. . . _42 _ 42
interpolation, we estimate e t't = e=t11

by using the generic information
p+(L.) > 2* on the outer circle |z| = R and p4(L.) = oo on the inner circle
|z| = r provided r is small. This gives a lower bound for p, (L;) that becomes
the larger, the closer z = 1 is to the inner circle and the farther away it
is from the outer one. Thus, the best bound is achieved when r, R are the
largest possible and the optimal choice for r comes from (ii). We believe that
this simple analytic perturbation argument is of independent interest and
has multiple applications to other types of LP-estimates for divergence form
operators.

Writing Theorem 2.0.1 (i) as 1/2* — 1/p,(r) > W(d(A)/2*m(s(a)) =: e(d, d(A)),
we see that £(d,d(A)) — 0 as d — oo. Inspired by Stein’s result [151] on
dimensionless bounds for the Riesz transform, we ask whether an improve-
ment can be given independently of d. To this end, it will be advantageous
to consider NV(L) instead of J(L) and its left and right endpoints ¢ (L),
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2 Explicit improvements for the critical numbers

see Subsection 1.7.1. Since ¢_(L) = p_(L) and p4(L) > ¢+ (L)* by Proposi-
tion 1.7.2, it follows that the improvement ¢4 (L) — 2 can be arbitrarily small.
In the next result, proven in Section 2.5, we improve ¢4 (L) in terms of d(A)
alone. Writing the conclusion as 1/2—1/¢,.(£) > ¢(d(A)) gives the dimensionless
improvement /2« — 1/p, () > e(d(A)).

Theorem 2.0.2. It holds

2 i 1

gu (L) > { o ma if sy < d(A),
+ = H ' 1

aam T if d(A) < g5

where o = 5.69061 is the unique real solution to

oo —2)

In(20 —2) = Ao =1)

For curiosity, let us mention that the first bound in Theorem 2.0.2 produces
a larger improvement for p, (L) compared to Theorem 2.0.1 (i) in dimension
d > 922100.

It would be interesting to know to what extent our results can be extended
to more general domains and boundary conditions. In case of Theorem 2.0.1
we provide an extension to bounded C!-domains with Dirichlet boundary
conditions in Section 2.4.

In view of the results in Chapter 3, it is worth mentioning that both im-
provements provide information about local elliptic regularity.

2.1 Elliptic systems

We reader may recall the distance function d(A) from (2.1). By compactness,
the minimum is attained in some t* > 0. Let us verify that ¢t* > 0 and
that d(A) is an appropriate quantity to measure ellipticity. To this end, we
introduce the ellipticity quotient of A:

Lemma 2.1.1. It holds

Tr ol SAA) < 1- oA

Furthermore, if A = A*, then the first inequality becomes an equality.
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2.1 Elliptic systems

Proof. We have for all t > 0, each normalized ¢ € (C™)? and almost every
z € R? that

€ — tA(x)E]* =1 — 2t Re(A(z)€ | €) + t?|A(x)E]* <1 —2tA(A) + 2A(A)>

We choose t = AMA)/a(4)2 to get the upper bound for d(A).
Now, we fix t* > 0 such that |[1¢gmys — t*Al[oc = d(A). Then

Re(t"A(z)¢|€) =1 — Re((1(cmya — " A(2))€ | §) = 1 — d(A).

Hence, t*A\(A) > 1 — d(A) > 0 and by the triangle inequality t*A(A) <
1+ d(A). Rearranging gives the lower bound for d(A).

For the second claim we take ¢ := 2/(A(4)+r4)). Then 1gmye — tA(z) is a
self-adjoint matrix for almost every x € R? with eigenvalues contained in

— A(A)=MA) AA)=MA | 1=0(A) 1=0(A)
[1 —tA(A), 1 - tA(4)] = {_ A(A)+A(4)” A(A)+>\(A)} o {_ 1+§(A)’ 1+g(A)}’

and thus

by the spectral radius formula. O

The next smoothing of the coefficients lemma will be important in Sec-
tion 2.2 and Section 2.4 to absorb terms, which are a priori not finite for
non-smooth coefficients. We include the simple proof for convenience. To
this end, we let n € C°(B(0,1)) be non-negative with [,,ndz = 1 and put
nn(z) = nin(nz) for n € N and z € R%. We define the smoothed coefficients
A, = Axn,.

Lemma 2.1.2. Let O C R? be open and bounded, u € WH2(O)™ be a weak
solution to Lu = 0 in O and for all n € N let u,, € WH?(O)™ be the unique
weak solution to

—div(4,Vu,) =0 inO & u—u, € Wy*(O)™.
Then the following assertions are satisfied.

(i) For all n € N it holds N(A,) > AA), A(A,) < A(A), d(4,) < d(A4)
and u, is smooth in O.

(ii) Along a subsequence u, — u in L*(O)™ and pointwise a.e. on O.
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2 Explicit improvements for the critical numbers

Proof of (i). As A, is smooth, so is u,, by elliptic regularity theory, see e.g.
[88, Sec. 6.3.1, Thm. 3] adapted to systems. The rest of (i) follows from

A@E-C= [ mAe =Ty (€Ce (@),

For instance, to prove the estimate d(A,) < d(A), we let t > 0 be such that
|1(cmye — tA||oe = d(A) and use [p, 7. (y) dy = 1 twice in order to get for all
¢ € (C™)4 that

|[(Liemye — tAn(2))E] =

[ mlie = eatz = o) dy

< d(4) / () dy
R4
=d(A).
Proof of (ii). Let us show in a first step that (vy,), == (U, — ), € W52(0)™
is bounded. Indeed, since
—div(A4,Vv,) =div(4,Vu) in O,

this follows from the Lax—Milgram lemma and (i). Thus, we can find a subse-
quence (vg)g, and some v € Wy (0)™ such that v, — v weakly in W§*(0)™.
By compactness, we can additionally assume v;, — v strongly in L2(O)™ and
a.e. on 0. We put w := v + u. In particular, u;, — w in L?(O)™ and a.e. on
O, and Vu;, — Vw weakly in L?(O)9™. We claim that w = u. To this end,
we fix some ¢ € C(0)™. Then

0:/AkVuk~V<pdx
o
= / Vuy - AiVpdr — / Vw - A*Vodr = / AVw - Vpdz,
o o o
using also strong L2-convergence A;Vy — A*V, which follows from domi-
nated convergence. This proves that w solves
Lw=0 in0 & w—uecWy*O0)m,
hence w = wu. O

Remark 2.1.3. If A would be only defined on O, then we can extend it
to R? without changing the ‘distance’: Indeed, we let t* > 0 be such that
|1 (cmya — t*Al|L(0) = d(A) and extend A to R? by (¢*)'1(cmya. Hence, we
can always assume that A is defined on R<.
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2.2 New thoughts on old results of Koshelev

2.2 New thoughts on old results of Koshelev

In a series of articles, culminating in the monograph [121], Koshelev studied
qualitative (Holder) regularity of weak solutions to elliptic systems. In this
section we explain how they lead us to an optimal perturbation result for
Gaussian estimates for heat semigroups, when reinterpreted appropriately as
quantitative statements.

Definition 2.2.1. Let O C R be open. We call a function u € Wh2(0)™
L-harmonic in O, if we have for all ¢ € C°(O)™ that

/AVngoda: = 0.
o)

The appropriate setting to study regularity of L-harmonic functions turns
out to be the following weighted Morrey spaces H,(O)™, o € R, which
are defined as the spaces of all u € W»2(0)™ modulo C™ for which the norm®

1
2
o0 = 51 .0 = sup ( [ [Fulle o ae)
z0€O zo€O @)

is finite. For av > d — 2 sufficiently close to d — 2 and € > 0 small enough we
have

(2.2) cla,de) = (1 + O‘Eld__lz) + a)é (1 - O‘<O‘2(_d(ill_)2>> - 5) T

This quantity will play an important role. In fact, ¢(a,d,e) — §(d)™" in the
limit as @ — d — 2 and € — 0. From now on we shall assume d(A4) < 6(d).

We begin by looking at L-harmonic functions on the unit ball B. Let us fix
t > 0. Guided by the perturbation principle in Lemma 2.1.1, it begins with
writing the equation Lu = 0 in B in the weak sense as

—Au = —div(F) with F = (1gmy —tA)Vu.

Due to technical reasons we replace A by A, and u by u, as defined in
Lemma 2.1.2 and call the term on the right-hand side —div(F,). In addi-
tion, we choose ¢ > 0 such that d(A,) = [[1cmyt — tAy||cc-

'Let us mention that Koshelev defines H, ,(O) as H_, ,(O). We use this definition in
order to be consistent with the notation for Morrey spaces.
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2 Explicit improvements for the critical numbers

Temporarily, we fix zy € iB . In order to derive optimal Morrey estimates
for the solutions u,,, Koshelev considers two variational integrals

X'y, vn) = / Vu, - Vv, dz,
iB

Y’ (vy) :—ﬁ |V, | — 0|* dz,
1B

4

where o > d — 2 is as above and v,, is an ingeniously chosen test function for
the equation on %B that they constructs from w, using spherical harmonics
[121, Equ. (2.3.2)]. The precise formula for v,, is not needed here — it suffices
to use the estimates below “off-the-shelf”. In fact, this specific v,, dates back
to Giaquinta and Necas [98]. Koshelev goes on by proving in [121, Cor. 2.3.1]
the bounds

ala

, ~(d-2) ,
Xtunein) 2 (1= 2O
- O<a7 d, 5) ||VUTZH%P(%B)7

(d—2)x
Y, (vn) < <1+d—1+€ ||Un||12{a,zo(§3) + C(a, d, 5)||Vun||i2(i3)‘

Since v, is a test function for the equation for w, in %B , we have

X' (U, v,) = / (Lcmya — tA,)Vu, - Vo, dz
ip

4

and the Cauchy-Schwarz inequality along with the bound d(A,) < d(A) in
Lemma 2.1.2 (i) yields

[ X" (tn, vn)| < d(A)Junlli, 25 Y o (0n)?.

1
1

Combining the previous three estimates and recalling the definition of ¢(«, d, €)
leads to

luall, 0

5 < A(A) [l .. 25 (clede)unllu, .. 15
+ Ol d, &) Vunllzap) + Cler d. &) [ Viunla s -

where C'(a,d, ) varies from line to line. The smoothing of the coefficients
guarantees that the first summand on the right-hand side is finite and this is
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2.2 New thoughts on old results of Koshelev

the very reason why we have to include this argument. By Young’s inequality,
it follows that

htall, 1y < (elordie) + ) d(A)ully, 15y + Clond.2) [VugZas 5

Since d(A) < §(d), we can fix ¢ small and « close to d — 2 depending only
on dimension and d(A) such that the first term on the right can be absorbed.
This is the key point and the result is

||un||Ha7mO(i )Ndd ||VUnHL2( B)"

After taking the supremum over all zy € ZB we arrive at

HunHHa(iB) Sdd(a) HvunHLQ(iB)'

Then, Koshelev proves in [121, Thm. 2.1.1] that the left-hand side controls
the Holder seminorm of order p = (e=d+2)/3 on iB . Applying Caccioppoli’s
inequality on the right-hand side eventually leads to

() «

[un] 1 Sada) luallizs)

1
1

Finally, we invoke Lemma 2.1.2 (ii) in order to deduce

[u]

This estimate holds for any L-harmonic function on the unit ball. Since we
have

—~

)
B =

< lim sup [un](”E); Sad) lullezs)

1
n—oo 4

=

d(A)=d(A") & d(A)=d(A(xo+7r"))

for each 7o € R? and r > 0, a scaling argument shows that the outcome of
revisiting Koshelev’s results is the following

Proposition 2.2.2. Suppose d(A) < 6(d). There are pp € (0,1] and C > 0,
both depending only on d and d(A), such that we have for all balls B =
B(x,r) C R? and every L- or L*-harmonic u in B that

r[u]f) < Cr2lulluas)

This quantitative Holder estimate appeared much later in a different con-
text. Namely, Auscher and Tchamitchian [11,29] called it property (H) and
proved that it implies that e~ has a kernel with pointwise Gaussian bounds.
If we combine their Theorem 10 in [29, Chap. 1, Sec. 1.4.1] with Proposi-
tion 2.2.2 above, then we obtain the following result for Gaussian estimates.
It can be seen as a perturbation result from the Laplacian.
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2 Explicit improvements for the critical numbers

Theorem 2.2.3. Suppose d(A) < §(d). The kernel of (e 7°F)yq is repre-

sented by a Holder reqular function (K;)iso, which admits pointwise Gaussian
estimates: there are C,c > 0 and p € (0,1] such that

Ky (2, )] < Ot~ eme(57)
|Ki(z,y) — Ky (2, )| < Ct* o — 2| + ly — )"

for all x,2',y,y € R and t > 0. The constants C,c and p depend only on
d,d(A),\(A) and A(A).

From Young’s inequality for convolutions, we obtain
Corollary 2.2.4. Ifd(A) < d(d), then p4(L) = 0.

We shall see next that the “radius” r = §(d) is optimal for the conclusion
in Corollary 2.2.4 and hence also for the one in Theorem 2.2.3. Again this is
implicit in Koshelev’s work and relies on a counterexample due to De Giorgi.

Let us fix ¢ > 0 and C' > (+1)/(4-2)c. We define for x € R?\ {0} the elliptic
system with coefficients

@%a@ﬁf:(@fuf”ﬂ<ww+c%“> (ij, 0, 8=1,...,d)

|z [? |z

Then u(z) = /2> with

Cd (@ dd-1)eC+(d-DCN\F
b_2_<4_ 1+ (c+0)2 ) € L9

is a weak solution to —div(ApgVu) = 0 in B(0,1), see [121, Sec. 2.5] or
[103]. Let us mention that b = 1 if and only if C' = (¢*+1)/(d—2)c. Koshelev
continues in [121, Sec. 2.5] by showing that for this choice of C' they can pick
¢ = ¢(d) > 0 such that d(Apg) = §(d). Since d(Apg) depends continuously
on C' and ¢, we can pick these parameters for any given € > 0 in such a way
that

(2.3) b>1 & d(Apg) < 8(d) +e.

Now we use a localization argument from [29, Chap. 1, Sec. 1.3] to prove

Proposition 2.2.5. For any € > 0 there is A such that d(A) < §(d) + ¢ and
p+(L) < o0.
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2.3 The interpolation argument

Proof. We pick A = Apg as in (2.3) and set u(z) = #/j«)>. Let us fix some
¢ € CF with 1,1, < ¢ < 1p(,1). Then v := ¢u € dom(L) can be seen as
follows: using the equation for u, we deduce

Lv = —div(A(Vop @ u)) — div(pAVu) = —div(A(Vo @ u)) — Vo © (AVu).

The only thing that matters is that V¢ vanishes near the origin and hence
Lv € (C¥)™. If we had py(L) = oo, then according to [12, Prop. 5.3] we
would get v € (L9)™ for every ¢ € (2*,00). However, |v(z)| = |z|'™" in a
neighborhood of 0 can not belong to (L?)™ for g > 4/(—1). O

2.3 The interpolation argument

We come to the proof of Theorem 2.0.1 for the case d(A) > d(d). We will use
basic properties of semigroups and vector-valued holomorphic functions. For
further background we refer to [5].

We begin with a Stein-type interpolation principle tailored to our needs. In
particular, we take care of implicit constants. For § > 0 we write

SP={2€C:-5<Re(z)<1+06} & S:=8"

Proposition 2.3.1. Let § > 0 and suppose that {A.},cgs C (L°)4m>dm gre
elliptic such that:

(i) There are 0 < X < A with M(A,) > X and A(A,) < A for all z € S.
(ii) We have ¢ == sup,cp d(Air) < d(d).
(iii) For all u,v € (WH3)™ the map z — aa.(u,v) is holomorphic in S°.
Then for 0 € [0, 1] we have py (L4?) > 27/s.

Proof. By (i) and (ii) implicit constants in this proof depend only on d, ¢, A
and A. We fix t > 0, 6 € [0,1] and define ®(z) = e **L" for z € $°. As an
L((L?)™)-valued map, ® is bounded by 1, holomorphic on S° and in particular
continuous on S. This follows from (iii), see [160]. Now, we estimate ® on the
boundary of S. We fix f € (L?)™ and write f{** = e LM f,

(A) Estimate on the left boundary. We fix z € S with Re(z) = 0.
Due to (ii) and Theorem 2.2.3 we have Gaussian estimates for the kernel of
(e’tQLAZ )i=0 at our disposal. Young’s inequality for convolutions yields

_d
1 e S 7211112
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2 Explicit improvements for the critical numbers

(B) Estimate on the right boundary. We fix z € S with Re(z) = 1.
By holomorphy of the semigroup it follows that f** € (W'“2)™. Thus, by a
Sobolev embedding, (i) and Holder’s inequality, we get

1/

The semigroup is contractive on (L?)™ in the sector S, where tan(p) = A/x.
In particular, ||f*]ls < ||f|l2. With r = tsin(¢), Cauchy’s formula for the
complex derivative gives

3* 5 vatAzng 5 |aAz( tAzaftAz) - |(LAZ tAZ |ftAz)| < ||LAZ tAZHQHft Z||2-

1 emwl? f
N Ly et PH T
17 e 271 Jop(ey (W —1)? Oy 71k

Altogether, we obtain
£l S e

Combining (A) and (B), Stein’s interpolation theorem [149, Thm. 1] implies
that
1

Hence, (e7*L%),0¢ is L2 — L*#*-bounded and Lemma 1.4.5 yields the claim.
]

d__d
e S0 2 2

Proof of Theorem 2.0.1 (i). We let A be elliptic with d(A) € [0(d), 1) and
choose t* > 0 with ||1(gmya —t*Al|oc = d(A). We abbreviate B = 1¢mye —t* A,
which means A = (t*)"'(1(cmy — B). As sketched in the introduction of this
chapter, we perturb B by multiplication with complex numbers from a suitable
annulus. However, it will be convenient to parameterize these numbers via an
entire function F'.

Let us pick 0 <7 <1< R and § > 0 to be chosen. We embed A into the
analytic family

A, = (t")"'(Lemy — F(2)B), where F(z)=r""R* = ey

We notice that F is entire with |F(z)| = 7(F/-)R=) and maps S onto the
annulus {z € C:r < |z| < R}. It follows

Sup A oo < ()11 + r(Bf)' 0 d(A)),
ze
sup d(Ay) < sup [|F(it) B[ = r d(A),
teR teR
supd(A,) < T’(R/r)1+6 d(A).

2€89
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2.4 Extension to bounded C'-domains

We fix € € (0,1 — d(A)). In view of Proposition 2.3.1 we choose

d(d) 1
=——— & R=——
d(A) +¢ d(A) +¢
and pick 0 sufficiently small in order to guarantee that
d(4) 5
d(A4; od) & d(A,) = ———6(d 1.
sup d(Ay) < o(d) fgsg( ) d(A)Jrg() <

Now we pick # € (0,1) such that 1 = 71" R?. Then L = L* and Proposi-
tion 2.3.1 implies that p, (L) > 2"/e. Finally, we notice that
1
Cm(R) ()
In(#/r) n(4(d))
Remark 2.3.2. In Proposition 2.3.1 we assume that z — a4, (u,v) is holo-

. . . o Ci2rAs
morphic in a larger strip for convenience to get continuity of z — e~*'X"* up

=1

(e = 0). O

to S. If this holds true for any other reason, it is enough to suppose that
2+ aa_(u,v) is holomorphic in S.

Remark 2.3.3. The proof of Theorem 2.0.1 reveals that the same results
hold for divergence form operators with form domain V' on open sets O C R¢
if the following conditions are satisfied:

e Theorem 2.2.3 holds true with implicit constants depending only on
geometry, ellipticity and dimension.

e We have the homogeneous embedding property, see Definition 1.1.12.
This was used in (B) above.

2.4 Extension to bounded C!-domains

Let us extend Theorem 2.0.1 and Theorem 2.2.3 to bounded C!'-domains with
Dirichlet boundary conditions. The divergence form operator L with elliptic
A € L®(Q; L((C™)4)) is now realized in L2(Q)™ with form domain V =
W% (Q)™. We fix our geometric setup.

Assumption 2.4.1. Throughout this section Q C R? d > 3, is a bounded
domain with Ct-boundary. This means that there is some M > 0 such that for
each xo € ON) there is an open neighborhood U of xy and a C'-diffeomorphism
¢: U — B(0,1), ¢(x) = (a/,9(2") — xq) such that $(U N Q) = B(0,1) NREL
and | DY||ee < M.
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2 Explicit improvements for the critical numbers

We can ensure that M is arbitrarily small by choosing the neighborhoods
small enough. This is exactly the reason, why we assume that the boundary
is C! and not just Lipschitz.

Theorem 2.4.2. In the setting above suppose that d(A) < 6(d). Then the
kernel of (e*t2L)t>0 is represented by a measurable function (K)o for which
there are C,c > 0 and p € (0, 1] such that

\x—y|)2

|Ki(z,)] < O te (57
|Ki(z,y) — Ki(2/ )| < Ot (| — 2| + |y — /)"

for all x,2',y,y € Q and t > 0. The constants C,c and u depend only on d,
d(A), AM(A), A(A) and geometry.

Proof. The proof is very similar to the one of Theorem 2.2.3. We use again
elliptic estimates for L-harmonic functions due to Koshelev, this time also in
the half space after localization and transformation. The kernel estimates will
then follow from [30, Thm. 12] provided we can check what they call property
(D)? for L and L*. By the easy argument in [29, p. 37] it suffices to show a
property similar to Proposition 2.2.2 and formulated as follows:

There are C' > 0 and v € (0,1) such that for all zy € Q, r € (0, o] and
u € Wy (Q)™ with Lu = 0 or L*u = 0 in Q(zo,r) it holds
(24) ’I“M[U]gl()zoﬁr) S Cr_%HuHL?(Q(J:o,r))-

Here, py € (0, 1] is chosen small as explained in [30, p. 20].

Since d(A) = d(A*), we stick to the case of L-harmonic functions. When
xog € Q and B(zg,r) C €, this estimate has already been obtained in Sec-
tion 2.2 with v = 1/4. By a case distinction (whether or not B(z,7/2) inter-
sects 012) it suffices to treat in addition the case zq € OS.

So, we let 7 € (0,p0], v € Wy (Q)™ with Lu = 0 in Q(x,7) and pick
p =~y 7 small enough such that ¢~'(B(0,p)) C B(x,7). We put B, =
(R1)(0,1) and write ug, = (uo ¢ ')(p-). A change of coordinates implies
that u,, € WH2(B,)™ is a weak solution of

—div ((ch)qb,pf%,p(ch);,pv(%,p)) =0 in By

2We stress that the bounded C!-domain (2 falls into class (II) in [30]. In this case, and
since we consider Dirichlet boundary conditions, the properties (D) and (Djoc) in [30]
coincide by definition.
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that vanishes on ORL N OB, .

Next, we use a smoothing procedure as in Section 2.2. We let A,, and u,, be
defined as in Lemma 2.1.2 with A replaced by (D¢)y A (Do), , (see also
Remark 2.1.3). Then the same lemma assures that u,, — g, in L*(B4)™ and

a.e. along a subsequence. In addition, we have u, € C"O(%BJF)’“ by elliptic
regularity [88, Sec. 6.3.1, Thm. 5]. Asin Section 2.2, we write — div(A4,Vu,) =
0 as

—Au, = —div(F,) with F, = (1cmye —tA,)Vu,

and ¢ > 0 is chosen such that |[1(gmye —tA, || = d(Ay). We note that
(25) |1y — tAnlloe < A((D)opApn(Do)g,) < M? + (1+ M)*d(A),

where the first inequality is due to Lemma 2.1.2 (i) and the second one follows
by definition of ¢. Koshelev proves in [121, (2.4.13)] for each xy € %B+ that

lunlln. ey < el d N Eale — 202 uaomy
+ C(a, d,¢) (HVUHHLQ&BJF) + HFHHLQ(iBJr))v

provided that the right-hand side is finite, and wu, and f, are sufficiently
smooth, which is the case thanks to our smoothing procedure. Here, ¢(«, d, €)
is as in (2.2), where @ > d — 2 and € > 0 are chosen such that c(«,d,¢) is
positive and finite. By definition of F,, and (2.5), we derive the estimate

[tnlliy o2y < ((1+ M)2A(A) + M) (e(a,d, €) +€) .., 254

+ C(Oé, da &, M) ”vun"LQ(iB+)'

As d(A) < d(d), we can pick € > 0, « > d — 2 and M > 0 depending only on
d and d(A) such that the first term on the right can be absorbed in order to
obtain

||UnHHa(§B+) Sdd(a) HVUHHLQ(iBJr)‘
As in Section 2.2 we deduce with the choice p = (a=d+2)/5 that

s V5, Saaca) sz s.).

Transforming back gives (2.4) for some v = (M) € (0,1). O

At this point we are in the same situation as on R? and we can derive
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2 Explicit improvements for the critical numbers

Corollary 2.4.3. In the setup of this section the following assertions hold
true.

(i) If d(A) > 6(d), then
2*
p+(L) > T Im(d(A)

L - In(6(d)

— |z

(ii) Ifd(A) < d(d), then p(L) = oo.

(iii) Part (ii) is sharp in the sense that for all bounded C'-domains Q C R?
and for each € > 0 there is some A. with d(A.) < 6(d)+¢ and p;(L.) <
00.

Proof. The estimates for p, (L) follow as before, see also Remark 2.3.3. As
for the sharpness of the radius d(A) = 0(d) we can, after translation, assume
0 € Q). We take the same coefficients A = Apg as in the proof of Proposi-
tion 2.2.5 and localize u to a ball contained in €2. As before, this produces
some v € dom(L) with v ¢ LI(Q)™ for ¢ large but Lv € C(Q)™. Arriving
at a contradiction with p, (L) = oo requires a different (and in fact simpler)
argument compared to the case 2 = RY.

By ellipticity and Poincaré’s inequality, there is some #5 > 0 such that L—6,
is still m-accretive. Hence, L is invertible in L?(Q)™ and the semigroup enjoys
the exponential bound || e™* f|l; < e7%!||f||» for all ¢ > 0 and f € L?(Q)™.
By interpolation with the uniform bound on LP(Q2)™ for some p > ¢, we get
| e L £, < e bt || f]|, with some 6, > 0. But then the formula

L7'f = / e L fdt,
0

valid in (L4 N L2)(2)™ by the exponential estimate, implies that L~ maps
(L1 N L2 (Q)™ into itself, in contradiction with the properties of v. O

2.5 Dimensionless improvements

Here, we prove Theorem 2.0.2. Given p € (1, 00), we consider £, == — div AV
as a bounded operator from (W!?)™ into (W=1#)". We denote by ¢(p) the
operator norm of the Riesz transform R := V(—A)~"2, which we define via a
Fourier multiplication operator with symbol —ilg—l ®1cm from (LP)™ to (LP)4m.
By Plancherel’s theorem we have ¢(2) = 1.

Proposition 2.5.1. Let p > 2. Then c¢(p) < 1/\/da) implies g+ (L) > p.
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2.5 Dimensionless improvements

Proof. By Theorem 1.7.6 it suffices to prove for p > 2 with ¢(p) < 1/ /d(4)
that £, is invertible such that (£,)~! = (£y)~! on (W1 0 W12,

We borrow an idea from [12, Lem. 3.4]. Let us fix t* > 0 such that d(A) =
[1(cmye — t* Al and put B = 1(gmya — t*A. Then we can factorize

—divAV = (t)H(=A) + (t*) " div BV
= (t")"Y(=A)2 (1 + R*BR) (=A)=.

Since

IR*BRf, < c(p)*d(A)[I £,
for f € (LP NL*)™, it suffices that c(p) < 1/\/a(a) to invert

(1+R*BR)™' => (—R*'BR)",
n=0
in (L?)™. The inverse is compatible since the same Neumann series converges
also in (L?)™ owing to ¢(2) = 1. Finally, since (—A)Y2: (WSP)™ — (Ws=1P)m
is an isomorphism for s = 0,1 and all p € (1, 00), it follows that £, is invertible
with compatible inverse, too. O]

The constant ¢(p) has a long history and that ¢(p) is controlled from above
by a dimensionless constant goes back to Stein [151]. Its exact value remains
unknown to date. The best known estimates can be used to determine an
improvement for ¢, (L) — 2 explicitly. Dragicevi¢ and Volberg have shown in
[76, Cor. 0.2] that

(2.6) cp) <20p—-1) (p=2).

Let us mention that their short argument applies word-by-word to C™-valued
functions. However, this does not give ¢(2) = 1, suggesting that their bound
can be improved by interpolation for p > 2 not too far away from 2. In fact,
this is the case we are most interested in and we include the proof of the
following elementary lemma. A similar argument for the Ahlfors—Beurling
transform is found in [34].

Lemma 2.5.2. If 0 =~ 5.69061 is the unique real solution to

In(20 — 2) = g((;f:f;,
and p € [2,0], then
(2.7) o(p) < <e) <2p—1).
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2 Explicit improvements for the critical numbers

Proof. We fix ¢ > p. Riesz—Thorin interpolation and the fact that ¢(2) = 1
yields

B =

|
B =
7N
@
<
| ‘g
[V
—
=]
—~
)
Q
|
V)
=
\/
[N

Since 1/2 — 1/p > 0, we have to minimize the expression q{—qzln(Qq — 2) over
g > p. A straightforward calculation shows that the minimum over ¢ > 2 is
attained in ¢ = o. Since p < ¢, this must also be the global minimum over
q > p and the first estimate in (2.7) follows. The second estimate in (2.7)
follows simply because ¢ = p cannot give a better bound. O

Proof of Theorem 2.0.2. We define
2

e T

Y

and notice that ® is continuous, bijective and c(p) < ®(p) for all p > 2, see
(2.6) and (2.7). Hence, Proposition 2.5.1 yields

0+ (L) 2 sup {p > 2 @(p) < I/\/aH} = &' (/).

Inverting ® leads to

2 , .
gi (L) > | 1o ) it ot < d(A),
T : i 1
2\/@ o if d<A) < 4(o—1)2>

which proves the theorem. O
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CHAPTER 3

Meyers meets Dirac

Let d > 1. In this chapter, we investigate the elliptic operator
(3.1) LU = —div,, AV, U,

where the ¢t-independent coefficient function

a b
A= R — £(C x C%
c A

has bounded, measurable entries and is elliptic in the sense of Definition 1.6.2.
Historically, such operators arise as pullbacks of the Laplacian from the do-
main above a Lipschitz graph. Since the pioneering work of Dahlberg [66], har-
monic analysts have been particularly interested in a priori estimates, unique-
ness, and solvability of boundary value problems for the equation LU = 0 in
the upper half-space led with prescribed data of Dirichlet- and Neumann-
type in LP-spaces.

When the coefficients of A are real, such questions can be efficiently stud-
ied through the properties of elliptic measure and layer potentials [110,111].
These tools are unavailable for complex coefficients since they rely on the
maximum principle and pointwise estimates of weak solutions in the style of
the celebrated DeGiorgi-Nash—Moser theorem.

In [15], Auscher, Axelsson, and McIntosh introduced the so-called first-order
approach. They observed that the equation LU = 0 can be reformulated as
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3 Meyers meets Dirac

an evolution equation for its conormal gradient F = KVMU :
(3.2) F'(t) + DBF(t) =0 (t >0).

Here, D is a first-order differential operator (Dirac operator), and B is a
bounded multiplication operator that corresponds to A via a self-inverse alge-
braic transformation, see Section 3.3. The problem of generating solutions to
(3.2) that yield appropriate estimates for (3.1) then reduces to the following
questions:

o What is the correct space of initial data h for which the semigroup
ansatz F(t) = e P8 I solves (3.2)?

e Does the semigroup solution admit additional properties such as bound-
edness and analyticity?

It turns out that the right functional analytic tool to answer these ques-
tions is the theory of DB-adapted function spaces [4,28], which we thoroughly
examine in Chapter 4. In a nutshell, these function spaces are tailored to DB
in such a way that it admits a bounded H*°-calculus. The main task then lies
in determining the range of exponents for which these spaces coincide with
classical function spaces in the Hardy, Lebesgue, and Sobolev scale. From
now on, we restrict our attention to the Hardy—Lebesgue scale and denote the
identification interval by H(DB), with hy (DB) as its left and right endpoints.

The starting point is the well-developed L?-theory for DB. In the break-
through paper [32], it was shown that DB is a bisectorial operator in L2(R¢)*4
and admits a bounded H*-calculus. In particular, 2 € H(DB). This obser-
vation paved the wave for further research in this direction, culminating in a
series of papers [4,22,24,25 27, 28].

In the light of [27,28], the main object of interest for extrapolating the
L2-theory of DB—including, for example, a bounded H*-calculus in L? and
a topological kernel-range splitting—is the Auscher—Stahlhut interval I(DB).
This is the maximal open interval around p = 2 for which DB is LP-bisectorial.
We denote its left and right endpoints by p.(DB). By the results in [28,
Chap. 5], the intervals /(DB) and H(DB) are related via

h-(DB) <p_(DB). & p,(DB) < h,(DB).

Since no competing method exists to reproduce the aforementioned results,
the question remains whether the interval I(DB) is merely an artifact of
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the first-order approach or whether it can also be characterized through the
second-order operator L.

The main goal of this chapter is to provide an affirmative answer to this
question.

Let us begin with the block case, where b and ¢ vanish. In this case, the
equation LU = 0 reduces to Q?U + o tdiv, AV, U = 0. This allows for a

solution ansatz via the Poisson extension U(t,z) = (e=*V e 'Lo £)(z), where
Lo = —div, AV,. Using this second-order approach, a priori estimates for
solutions of (3.1) have been extensively studied in [20]. In particular, it has
been shown that I(DB) coincides with the maximal open interval around
p = 2 in which the Lax Milgram operator Lo: W'P(RY) — WLP(R?) is
an isomorphism. We denote this interval by P(Lg) and its left and right
endpoints by P+(Lg). Our goal is to extend this identity to the non-block
case by showing that I(DB) = P(L).

To achieve this, we take a different perspective and interpret the global
estimate for L in the homogeneous Sobolev scale in terms of local elliptic
regularity of L-harmonic functions. The Meyers exponent m(L) of L is
defined as the largest p > 2 for which the gradient of any weak solution LU =
0 in an axis-parallel cube Q C R'*? is p-integrable in %Q with quantitative
L%norm control, see [133]. Phrased differently, the gradient of locally L-
harmonic functions satisfies a weak reverse Holder estimate with exponent p.
In this sense, m, (L) serves as a measure for local elliptic regularity. Our
main result is

Theorem 3.0.1. [t holds
I(DB) = (m4(L")',m+(L)) = P(L) = (¢+(L")", ¢4+ (L)).
Moreover, if d = 1, then all intervals coincide with (1, 00).

In view of Theorem 2.0.2, we have explicit improvements for ¢, (L), which
depend solely on A(A) and A(A). In particular, we can record

Corollary 3.0.2. Let d > 2. Then there is some € > 0 depending only on
A(A) and A(A) such that

(2—¢,2+¢) C I(DB).

Let us now explain the proof of Theorem 3.0.1. Since the final equality is
a well-known result from [20, Thm. 13.12], we focus on establishing the first
and second equality.
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3 Meyers meets Dirac

We begin with a simple observation: Applying the Fourier transform in
the time variable to the homogeneous gradient V,, creates a family S, =
[it, V] of 7-dependent inhomogenous gradients in R¢. Therefore, the ho-
mogeneous operator L = —div,, AV, can be associated with the family
(L;)rer = (SEAS;),er of inhomogeneous second-order operators but one di-
mension lower. For this family, we can define a uniform Meyers exponent
m4((L;),) and the maximal open interval P((L,),) around p = 2 in which the
operators L, : WLP(RY) — W-1P(R?) are isomorphisms uniformly in 7. Here,
WLP(RY) is a 7-adapted Sobolev space, which we introduce in Section 3.1.
The proof of Theorem 3.0.1 follows from the following chain of equalities:

I(DB) = P((L-);) = (m+((L7)7)",me((Lr)-)) = (ma (L"), my (L)) = P(L).

To derive the first equality, we link the I”-boundedness of the inhomogeneous
Hodge projector S.L-1S* to the compatible invertibilty of L,: WLP(R?Y) —
W-LP(RY). Our argument generalizes and unifies the approach given in [20,
Chap. 13] for the homogeneous case 7 = 0, see Section 3.2.

Next, we exploit an algebraic relation between the resolvent of DB and the
second-order Hodge operators S,;L-1S* which was first observed in [28], see
Section 3.3. Since P_(L) = P, (L*)", we focus on the upper endpoint from
now on.

The second and last equality follow from a refined argument of Shen [145],
see also [116]. Indeed, we derive the inequality m(L,) < P, (L,) by a par-
ticular application of Shen’s extrapolation theorem, while the reverse bound
follows from localization and bootstrapping local elliptic regularity, see Sec-
tion 3.4.

We are left with the third equality m. ((L;),) = my(L): On the one hand,
the inequality “>” turns out to be a simple consequence of specifying U in
the equation LU = 0 as U(t,z) = €™ u(x) for L,-harmonic functions u, see
Section 3.5. On the other hand, the reverse estimate requires more effort and
its proof is the content of Section 3.6.

We use the well-known characterization ¢, (L) = P, (L) from [20, Chap. 13].
To lift LP-estimates for resolvents of (LT)TGR\{O} in d dimensions to estimates
for L but one dimension higher, we view L?(R!*9) = LP(R; L?(R%)) as a vector-
valued LP-space. Using Weis’ multiplier theorem [161] and an equivalent char-
acterization of ¢, (L) via higher-order resolvents [20, Lem. 6.5], we reduce the
problem to proving square function estimates for (sS;(1 + s2L.) ™) er\ o} in
LP(R?) for sufficiently large N € N.
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To this end, we develop the necessary L?-theory and bootstrap LP — L-
estimates for specific operator families associated to L, up to the exponent
m4((L;)7). Once in place, we combine a pointwise domination technique by
the Hardy—Littlewood maximal operator with the vector-valued Fefferman—
Stein inequality (see [41] for a similar argument) to conclude.

This being said, Theorem 3.0.1 follows from

Theorem 3.0.3. It holds
I(DB) = P((L)-) = (my((L)7),my((Ls)7)) = (my (L"), my (L)) = P(L).

Let us mention that the proof for d = 1 requires a different (and much sim-
pler) argumentation at some points that we elaborate in Section 3.7. Figure 2
comprises the structure of the proof of our main result.

Meyers for easy Meyers for
L in R+ Prop. 3.5.1 L in R
globalize||Prop. 3.4.3 globalizcﬂProp 3.4.3

Bounds for L™t

: Hodge projector Hodge family algebra
in homogeneous Prop. 3.2 Vo L dive, S,L71s: Prop. 3.3, 1(DB)

Sobolev spaces

Prop. 3.6.2||[20] Prop. 3.6.21

Resolvents Weis’ theorem R_(l;iltli}(l)l:lnf;)n_
V. (14 20)N). [ — r !
(sVia(1+5°L)™")sn0 T = 59 (1+s%L)~N

Figure 2: Roadmap to Theorem 3.0.3. Equivalent characterizations of the
Auscher—Stahlhut interval I(DB).

Last but not least, we complement this chapter by providing an equivalent
characterization of p, (L) using quantitative weak reverse Holder estimates for
local weak solutions of L-harmonic functions. Here, L is the full divergence
form operator introduced in Section 1.6.

Notation. We abbreviate R* := R\ {0}. Furthermore, we identify an
operator T: X — Y with its graph T'C X x Y. We write T'|; :=TN(Z x Z)
for the part of T"in Z. In particular, it holds

dom(T'|z) ={u € dom(T)NZ: Tu € Z}.

For Z = L?, we write T}, := T|r» and dom,(7T) := dom(7,). We use the same
notation for the range ran(7") and kernel ker(7T').
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3 Meyers meets Dirac

3.1 L2-theory of (7-dependent) elliptic operators

In this section, we define the L2-realization of
L, = S*AS,: WH(RY) — WL2(RY),

where

S, =[ir,V.]T & SF=[—ir,—div,].

We construct this realization via Kato’s form method [119, Chap. 6]. To this
end, we introduce a family of 7-dependent function spaces.

Definition 3.1.1. For 7 € R* and p € (1, 00), we define Wh?(R9) as W1P(R?)
endowed with the norm

3=

[ullwir = (l7ullp + [[Vaul5)F.
We define the dual space W-1P(R?) :== W' (RY)*.

Remark 3.1.2. For consistency in proofs, the space WLP(R?) should be un-
derstood as WH?(R?) when 7 = 0, see Definition 1.1.1.

For 7 € R, the (boundedly invertible) operator L, acts in the distributional
sense and is associated with the form

a,(u,v) ::/ AS,u-Swdr  (u,v € WH(RY)).
Rd

With a slight abuse of notation, we denote its part in L?(R%) by the same
symbol. Its L2-domain is

domy(L,) = {u c L2(RY): ILu € L2Vv e W (Lyu|v) = aT(u,v)}.
By ellipticity of A, we have for all u € W1?(R?) that
lar(u,u)] < AA)ullfre & Rear(u,u) > A(A)|Jullg.

This implies that L, is m-accretive in L?(R?), ensuring that —L, generates a
holomorphic Cy-semigroup of contractions in L?(R?).
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3.2 Inhomogeneous Hodge theory

3.2 Inhomogeneous Hodge theory

In this section, we investigate the extrapolation property of the Lax—Milgram
isomorphism L,: Wh? — W-12 in the Wl — W1 scale. To this end, we
introduce the following

Definition 3.2.1. We define P(L,) as the set of all p € (1, 00) for which there
is C' > 0 such that for all v € W1 N W12 it holds

L ullyso < Clullygzar

We denote by P(L,) the lower and upper endpoints of P(L,).

We also write p € P((L;),) if p € P(L,) for all 7 € R* and the implicit
constants do not depend on 7. We denote the left and right endpoints of this
set by P:l:((LT)T)

Remark 3.2.2. The Lax-Milgram lemma implies that P(L,) contains p = 2.
Using the same argument as in the proof of Lemma 3.3.6, we conclude that
P(L,) is the maximal open interval around p = 2 for which L,: Wi? — W_1»
is an isomorphism such that its inverse is compatible with the inverse on

-1,2
WL,

The main goal of this section is to characterize P(L,) via the LP-boundedness
of the Hodge projector

) i —irL-tdiv,
S L0SE =
—irv,L-t =V, L div,
To be more precise, we demonstrate
Proposition 3.2.3. For all 7 € R, it holds
P(L,) = {p € (1,00): S;L; 'S is L"-bounded}.
In addition, we have

P((Ly),) = {p € (1,00): (S;L71S¥) g+ is Lp-bounded}.

In order to prove this result, we generalize the homogeneous theory in [20,
Chap. 13]. We start by investigating the projection

P, =S (1 — A,)"'s7,

which is initially defined on Z’, see Definition 1.1.2.
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3 Meyers meets Dirac

Lemma 3.2.4. Let 7 € R and p € (1,00). Then P, restricts to an LP-bounded
projection and the operator norm is independent of T.

Proof. Clearly, P, satisfies the identity P2 = P, on Z’. The symbol of P, is
given by
m.(€) = €€ ®E) (€= (1,6 e R\ {0}).

As m is homogeneous of degree 0, that is m(s§) = m(€) for all s > 0 and
€ € R\ {0}, it follows that for all @ € NJ™ there is C' = C(a,d) > 0 such
that

97 m(€)] < Clg[7*T (& e R\ {0}).
Thus, by restricting to o € N¢ and noting that || < €], we obtain
[Ogm-(€)] < ClgI™ (r e R,.€ € R\ {0}).

As a consequence, Mihlin’s theorem [102, Thm. 6.2.7] yields that P, restricts
to a bounded projection on L? and its operator norm is independent of 7. [

Lemma 3.2.5. For all 7 € R and p € (1,00), there is a topological splitting
(3.3) LP (R = ker,(S7) @ ran,(S,)

and the projection onto ran,(S;) is given by P.. In particular, norm estimates
do not depend on T.

Proof. According to Lemma 3.2.4, the L”-bounded projection P induces the
topological direct splitting

LP(RY)™ = ran, (1 — P,;) @ ran,(P,).

By definition of P;, we have ran,(1—P,) C ker,(S¥) and ran,(P,) C ran,(S;).
Thus, it suffices to prove that ker,(S¥) Nran,(S;) = {0} to conclude. We pick
f = S,g with g € WL? in this intersection. Then 0 = S*f = (7> — A,)g in
Z" and hence g = 0, which also implies that f = 0. ]

In view of the splitting in (3.3), we can record

Corollary 3.2.6. Let 7 € R and p € (1,00). Then the operators

S, : WEP A W2 — ran,(S,) Nrany(S,),
S*:ran,(S,;) Nrany(S,) — WP n W12

are bijective and bounded from above and below for the p-norms. All implicit
constants do not depend on 7.
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3.3 The first-order Dirac operator DB

Proof. The assertion for S; is clear. Next, Lemma 3.2.5 implies injectivity
and a two-sided bound for S?: for all f € ran,(S;) Nrany(S;), we have

152 Fllw-re = sup {|(f | S-9)|: g € WE' N W22, || S, gl < 1}
~ sup {|(F | n)|: h e L7 A L2, A, < 1)
= I/1l,

Finally, surjectivity holds because S, (72 — A,)~! is an explicit right inverse
for SZ. O

-1

Proof of Proposition 3.2.3. The second assertion follows once we have
shown the first one. In view of Lemma 3.2.5, the operator S L 1S¥ is L?-
bounded if and only if

S L7NS*: ran,(S,) Nrany(S,) — ran,(S,) Nrany(S,)

is bounded for the p-norms. By Corollary 3.2.6, the latter is equivalent to
saying that
Lot WP w2 — Wi n W2

is bounded for the p-norms. This means exactly that p € P(L,). O

3.3 The first-order Dirac operator DB

Armed with the inhomogeneous Hodge theory, we can understand LP-resolvent
estimates of first-order Dirac operators in terms of LP-boundedness of second-
order operators. Let us begin with the precise definitions.

Definition 3.3.1. We define

10 _ a b 1
A= A= & B:=AA
c A 01

Remark 3.3.2. The ellipticity assumption on A implies that A is boundedly
invertible in L>°(R%; £(C'*9)). Hence, the same holds true for B. In particular,
B is an isomorphism on any L? space.

Definition 3.3.3. We define the Dirac operator

0 div,
D= CLL (RHT o D'RH (Duly) = / u- Dpda.
-V, 0 R4
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3 Meyers meets Dirac

For p € (1,00), we denote by
D, = DN (L7 x L?)

its part in L?(R%)**4. Similarly, we define the LP-realization of the perturbed
Dirac operator

DB: L. (RH)'™ — D'(RH)™H (DBu| ) ::/ Bu - Dyda,
Rd

as

(DB), :=DB N (L* x L”) = D,B.
We drop the subscript p when p = 2.

Remark 3.3.4. Let us collect important facts about these LP-realizations.

(i) For all p,q € (1,00), they are consistent in the sense that

(DB), N (DB), = DB N ((L? N L7) x (LP N LY)).

(ii) For all p € (1,00), the operator (DB), = D,B is closed. Indeed, D, is
closed and B is bounded on L?.

(ili) Invertibility of B in L entails that B satisfies p-lower bounds on ran, (D)
for all p € (1,00), that is ||BDu||, 2 ||Dul|, for all u € dom, (D).

It is shown in [32, Prop. 2.5] that DB is a bisectorial operator in L2 see
also Remark 1.5.6. In particular, ((1+ itDB)™!);cg+ is L%-bounded. We now
determine for which p € (1, 00) the resolvent family remains LP-bounded.

Definition 3.3.5. We define the Auscher—Stahlhut interval /(DB) as the
maximal open interval of exponents p € (1, 00) around p = 2 for which (DB),
is bisectorial in I”. We denote the lower and upper endpoints of 1(DB) by

Let us provide equivalent characterizations of this interval.

Lemma 3.3.6. Let p € (1,00). Then the following assertions are equivalent.

(i) The operator family ((1 + itDB)™1);er+ is LP-bounded.

(ii) It holds p € I(DB).
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3.3 The first-order Dirac operator DB

(iii) It holds p € I(DB) and the resolvent of (DB), is compatible with the
resolvent of (DB)s,.

Proof. Only the implication from (iii) to (i) is obvious.

(i) = (ii). For all ¢ € R*, we denote by R,(t) the unique continuous
extension of (1 4 itDB)~! to LP. Clearly, we have |R,(t)f|, < || f|l, for all
f € LP. Let us show that 1+ it(DB), is bijective and (1+it(DB),)~! = R,(¢),
which ultimately yields the bisectoriality of (DB),. Notably, observing that
condition (i) holds true for p = 2 and interpolates with respect to p, and using
[28, Thm. 3.6], this already implies that p € I(DB).

To prove that 1 + it(DB), is surjective, we take f € LP and show that
R,(t)f € dom,(DB) with (1 +1it(DB),)R,(t)f = f. To achieve this, we take a
sequence (f,), € L? NL? with f, — f in L?. Then u, = (1 +itDB)"'f, —
R,(t)f in L? and (u,), € L? N domy(DB) with itDBu,, = f, — u, € LP. We
conclude that (u,), C dom,(DB) with (1+it(DB),)u, = f, — f in L?. Since
1+it(DB), is closed by Remark 3.3.4 (ii), we deduce that R,(t)f € dom,(DB)
along with (1 +it(DB),)R,(t)f = f.

To establish injectivity of 1 4 i¢(DB),, we assume that u € dom,(DB) sat-
isfies (1 + it(DB),)u = 0. To show that u = 0, we take ¢ € C° and calculate

0= (R0]¢)
= ((1+itDB) ' (u + it(DB),u) | ¢).

As (1 + itDB)™! is LP-bounded, we deduce by duality that (1 — itB*D)~!
is L”-bounded. It follows that v := (1 — itB*D) 'y € L* N domy(D) with
—itB*Dv = ¢ — v € L”. Thus, we have v € dom,, (D) N domy(D). Now, we
approximate v by v, = 1, * (¥nv), where n,(x) = nin(nz) is a standard
mollifier and ¢, (x) == (/) is a bump function with 1z 1) < ¥ < 1p2)-
The crucial point is that v, € C°* with v, — v in dom, (D). Consequently,
we get

0= (u+1it(DB),u|v)
= lim (u +it(DB)yu | v,,)
= nlgng(j(u | (1 —itB*D)v,,)
= (u]| (1 —itB*D)v)
= (uly).

We conclude that v = 0.
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3 Meyers meets Dirac

In summary, 1+it(DB), is bijective and we have R,(t)f = (1+it(DB),)"'f
for all f € LP.

(i) == (iii). Let us denote by M C I(DB) the set of exponents for
which compatibility with the L2-resolvent of DB holds. As 2 € M, M is non-
empty. In addition, Sneiberg’s theorem [78,146] implies that M is open in
I(DB). In order to see that M is also closed in I(DB), we take a sequence
(Pn)n € M with p, — p € I(DB). Again Sneiberg’s theorem yields that
(1+it(DB),)~' f = (1+it(DB),,) "' f = (1+itDB)~! f for all f € LPNLP»NL2
and large enough n € N. Since L? N LP» N L? is dense in L? N L2, we conclude
that p € M. Therefore, M = I(DB). ]

To gain further insight into the interval I(DB), we now characterize it in
terms of the Hodge projectors S,L 1Sz

Proposition 3.3.7. Let p € (1,00). Then ((1 + itDB)™!)ycgr« is LP-bounded
if and only if (S;L71S?),er+ is LP-bounded. In particular, it holds I(DB) =
PL),).

Proof. The algebraic key identity is given by [28, Lem. 13.4]: for all 7 € R*
and f = [fL, fj]" € L? N L? it holds

. . _ . b 1 —b
(1—-ir7'DB)" f =AS, L' SINf + ,  where N = .
T 0 —A
Hence, the estimate
I(1+itDB) " fll, S Ifll, ~ (t€R" feLlrNL?)
is valid if and only if

IS-LSINfll S 1l (T €RY feLPNLE).

As A is elliptic, it follows that N is invertible on LP. Thus, the latter estimate
is equivalent to the LP-boundedness of the Hodge projectors (S,L-1S*), cr-.
The last assertion follows from Proposition 3.2.3 and Lemma 3.3.6. O

3.4 The Meyers exponent of elliptic operators

In this part, we identify the exponent P, (L,) by means of local elliptic regu-
larity. We write

Qz,r) ={y e R |z —yloo <71} (x € R r > 0).
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3.4 The Meyers exponent of elliptic operators

Definition 3.4.1. Let Q = Q(z,r) C R% and u € W*(Q). We say that u is
L,-harmonic in Q and write u € H_ o = Hi, 2, if Lyu = 0 in @, that is

/ASTu~Sf<pdx:O (p € CX(Q)).
Q

Definition 3.4.2. We define the Meyers exponent m,(L;) of L, as the
supremum of all p € [2, 00) for which the following holds true: There is C' > 0
such that for all open axis-parallel cubes @ C R and every u € Hi_oq it

holds ) )
(7[ | Srul? dx) ’ <C <][ ]STuIde> :
Q 2Q

We also write my((L;),) = inf,cg+ m,(L;) with the additional assumption
that the implicit constants are independent of 7.

The main goal of this section is to prove

Proposition 3.4.3. Let d > 2. For all T € R it holds m(L;) = P, (L;) and
additionally we have my((L;),) = P((L,),).

To this end, we rely on the equivalent characterization of P, (L,) from
Proposition 3.2.3. The proof will be a refinement of the argument in [145].

Proof. The proof will show that the implicit constants governing the Meyers
exponent remain independent of 7 precisely when those in the Hodge theory
do. Hence, the second assertion is an immediate consequence of the first one.

my (L) < Py(L;). We pick p € (2,m,(L,)), an open axis-parallel cube
Q CRYand f = [fi,f]" € C= with flig = 0. We set u, = L7*S7f and
observe that L,u, = S*f =0 in 2Q). Hence, the choice of p gives

(7[ |STuT|pdx>p S <f |STuT|2dx> .
Q 2Q

As S.L71S* is L2-bounded with norm at most A(A)~!, Shen’s extrapolation
theorem [145, Thm. 3.1] implies that S,L-S* is L¢-bounded for all g € (2, p).
Thus, p < P, (L,;) by Proposition 3.2.3.

Po(L;) < my(L;). Welet p € (2,P4(L,)), take @ = Q(z,r) C R? and
u € Hy, 2¢. In addition, we pick v € (1,2) and ¢ € C° with 19 < ¢ < 1,9
and ||[V.¢|lso S 77t Then v = p(u — k) € WH? with k = (u),q is a global
weak solution to

LTU = fl +Tf2 - dlvx(F)7
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3 Meyers meets Dirac

where

fi+7fo = [—AV,u - Vo —itke - Vo] — 7li(u — 6)(b+ ")V + Tray],
F = (u— R)dV . — iTkpcC.
The inhomogeneous scaling in 7 necessitates a different approach compared to
the homogeneous setting. Specifically, we use the assumption 2 < p < P, (L)

along with the embeddings L? C |7|W_-'? and L?* C W_'*. Notably, the
constraints d > 2 and p > 2 imply that p, > 1. We obtain

[ollwe S I fillw-re + 7l follw=rr + 1| dive Flly -1
S e + 2l + [1E,
1 _ _
S IR + 7 Hu = &) + I Vatllie ()

p)r« and apply Poincaré’s inequality to the

Next, we use |75 < (f [Tu
second term to get

<lql} (][Q fru

In total, we have shown that

1
Px
2 dx) Vsl )

1
1S-ulle@) < |7&l|Q17 +[1S-vll,

<1ql (][Q fru

and dividing both sides by |Q|"” reveals the estimate

<][ |STu|pdx>p < <][ | S|P dx) "
Q Q

If p € [2,2"], then we are done by applying Holder’s inequality on the right-

hand side. For p > 2%, we define an iterative sequence (pLj] ); via pLI] ="

and pg] = (pLj 71])* for j > 2. We select the smallest integer jo € N such that
PP e [2,2*] and repeat the above argument (jo — 1)-times, adjusting ¢ and

~ accordingly. O

1

Dx
Px d:E) +r_1||Vmu||Lp*(7Q),

Having characterized I(DB) via families of second-order operators in R¢:

I(DB) = P((L-);) = (m4((L7)7)", ms ((Lr)-)),
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3.5 From L to (L;),

we now seek to express it in terms of a single higher-dimensional operator.
This leads us to consider

L = —div;; AV, : WAR™) —» W (R,

the homogeneous counterpart of Ly = — div, AV, but one dimension higher.
As before, we denote its part in L2(R!'*9) by the same symbol. Let us record
an immediate consequence of Proposition 3.4.3.

Corollary 3.4.4. It holds P.(L) = my(L).
The next two sections are devoted to establish the identity
my (L) = ma((L),).

Passing from L to (L, ), follows naturally by choosing an appropriate function
U satistying LU = 0. However, the converse direction is more delicate, which
we thoroughly discuss in Section 3.6.

3.5 From L to (L,)-

Proposition 3.5.1. It holds m, (L) < m((L,),).

Proof. We fix p € (2,m (L)), 7 € R, Q = Q(z,7) C R% and u € Hi_ 2.
Then U(t, z) = ' u(z) € W2(R x 2Q) solves LU = 0 in (0,47) x 2Q. The

assumption yields a constant C' > 0 independent of 7 such that

2r % 4ar %
(7[ ][|vt,xU|pdxdt> go(f ][ |vt,xU|2dxdt> :
0 Q 0 2Q

As |V, U| = |S;ul, this estimate is equivalent to

f

\STU\de>p <c (7[ ]STu|2dx> ,
Q 2Q
L

and hence p < m_((L,);). O

3.6 From (L) to L

In view of the identities my (L) = P4 (L) and m4+((L;),;) = P+((L;);) from
Section 3.4, the main goal of this section is to prove
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3 Meyers meets Dirac

Proposition 3.6.1. Let d > 2. We have P, ((L,),) < P, (L).
To this end, we take advantage of a characterization of P, (L) via resolvents.

Proposition 3.6.2 ([20, Thm. 13.12]). It holds

P+(L) = q+(L).

Therefore, we aim to prove that the gradient family (sV;.(1 4+ s?L)™!)ss0
is LP-bounded, provided that 2 < p < P, ((L;);). Our main observation to
bridge the homogeneous theory in R'*? with the inhomogeneous one in R?
is to reinterpret sV;,(1 + s2L)~! as an operator in L*(R;L2(R%)) with an
L2(R%)-valued symbol. To this end, we define the one-dimensional Fourier
transform as

(Fof)(r) = \/127 /R fBe T dt (f € S(R), € R).

Lemma 3.6.3. Let s > 0. Then (1+ s*L)~! is an L(L*(R?))-valued Fourier
multiplier with symbol
T (14 82,7

that is
(1+s°L)™ = FH(1+ 8°L,) 7 F

Proof. We let f € L?2(R'*?) and set g == (1 + s?L)"'f € domy(L). In
particular, we have g € L?(R; W'?(R%)) N Wh2(R; L?(R?)). Then

f=g+s'Lyg
= g+ s°(—div,(dV,g) — div,(cdig) — 9;(bV.g) — ad}g).

We take h € S(R'?) = S(R;S(RY)) and calculate by means of Fubini’s
theorem

(F11) = (g1 h) + (A9 Tuh) = (cg |0,7,0) + (W.og | Oh) = (ag | 02h) ).
Now, we invoke Plancherel’s theorem in the time variable to get
(Fef | Fih) = (Fig | Fih)
+ (A, Fg | VaFil) + (i7eFig | V. Fil)
~ (irb9.Fig| Fub) + (ar*Fug | Foh) )

= ((1 + s*(—div, dV, — it div, ¢ — itbV, + a7?)) Fig | Fih)
= ((1 + s°L,) Fig | Fih).
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3.6 From (L.), to L

From this calculation, we conclude that (Fig)(7,-) € domsy(L,) for all 7 € R,
satisfying

(Fef)(r,) = (14 8°Ly) (Feg)(7, )
Hence, we obtain

(1+8*L) ' f=g=F'(1+5L) Ff O

A sufficient condition to prove an LP-extrapolation result for vector-valued
multipliers is furnished by the celebrated theorem of Weis [161]. To state this
result, we need

Definition 3.6.4. Let p € [1,00) and U C C\ {0}. We say that (7(z)).cv C
L(L?) satisfies square function estimates on L?, if there is C' > 0 such

that . )
[(Zrennk)| <e|(Z1mp)?

Jj<n Jj<n
foralln €N, z1,...,2, € U and fy,..., f, € LPN L2

sc'
P

p

Remark 3.6.5. The latter definition means that (the LP-extension of) the
operator family (7'(z)).cy is R-bounded in L?, see [125, Rem. 2.9]. As we do
not need this notion in depth, we decided to use this reformulation.

Theorem 3.6.6 (Weis, [161, Thm. 3.4]). Assume that p € (1,00) and that
m € CYR*; L(LP)) is such that (m(7)),;er and (7m'(7)),er+ satisfy square
function estimates on LP. Then, for all ¢ € (1,00), the operator

Tf=F"'mFf (f€SRL))

extends to a bounded operator from L9(R; LP) into itself. The implicit constant
depends on m only through the square function bound in LP.

In view of Lemma 3.6.3 and Theorem 3.6.6, the proof of Proposition 3.6.1
boils down to checking smoothness and square function estimates in L” for
the symbol associated to sV, ,(1 + s?L)~'. Using a pointwise domination
technique via the Hardy—-Littlewood maximal operator and the vector-valued
Fefferman—Stein inequality, the claim follows once we find P_((L,),) < r <
2 < p<q< Ps((L;);) such that this symbol satisfies L” — L? off-diagonal
estimates. We learned this argument from [41]. However, as the gain of
integrability of one resolvent is limited, we decided to work with powers of
resolvents. According to Lemma 3.6.3, we can record
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3 Meyers meets Dirac

Corollary 3.6.7. Let s > 0 and N € N. The symbol of sV, (1 + s?L)™" is
given by

me(T) | isT(1+ s%L,)~ N
(3.4) ms(T) = ) = 1+ )
ms(T))| sV (14 s°L,)™N

In view of the outline above, the rest of this section is dedicated to estab-
lishing L? — L9 mapping properties of mg(7), where N will be specified later
on. We begin by developing the L2-theory of particular operator families as-
sociated to L, and pass afterwards to the study of LP — L%-estimates. The
families of interest are the following.

Definition 3.6.8. Let s > 0 and 7 € R*. We introduce the operator families

“Rioo(s,7) = (s7)*(1+ L))" (a€{0,1,2}),
Ruo)(s,7) = (s7)*sV(1 + s’L,) 7" (o € {0,1}),
“Ro1)(s,7) = (s7)*(1 + s’L,) 'sdiv, (o € {0,1}),
“Raay(s,7) = (s7)*sV,(1+ s’L,) s div, (= 0).

For a = 0, we omit this index.

3.6.1 L2-theory for the auxiliary operators

Our first goal is to prove that the families “Rg(-, 7) satisfy L? off-diagonal es-
timates with implicit constants depending only on A(A) and A(A). To achieve
this, we employ a scaling argument. Using the notation

(6:f)(@) = f(tz)  (t€R"zeR)

the transformation rule yields

i
7201l = 61 | i~ div, | A o~
71V,

= STA(Tﬁl‘)Sl = I—A(‘r—l-)-
The ellipticity assumption on A implies that Lai-1. is a divergence form

operator associated with a form that has A(A) as a lower bound and A(A) as
an upper bound. Thus, [37, Prop. 3.2] yields
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3.6 From (L.), to L

Lemma 3.6.9. There are C,c > 0 depending only on A\(A) and A(A) such
that

I o5 'Lac) £l V. e 5 LA <C _ABEE
L2(r) + [[sVze fllezry < Ce™ s | fllL2m)

for all s >0, 7 € R*, measurable sets E,FF C R% and f € L3(E).
By duality and composition, we can record

Corollary 3.6.10. There are C,c > 0 depending only on A(A) and A(A) such
that

| e~ s div, fllezey + IsVe et 5 div, flleacr

—cd(E’F)2 —cs?
<Ce " 2 | fllLz(m)

for all s >0, 7 € R*, measurable sets E, FF C R? and f € L*(E).

In a next step, we transform these estimates to resolvents. For technical
reasons, we begin with the L?-boundedness of R 1)(, 7).

Lemma 3.6.11. For all s >0, 7 € R* and f € L?, we have
IRy (s,7) Fll2 < AA) | flo-

Proof. We fix s > 0, 7 € R* and v € W12, By the Lax-Milgram lemma and
the estimate

AA)s[[ullfyre < Re((1+ s°Lo)u|u) < [[(1+ s"Lr)ullyy-re [[ullye,

we obtain that 1+ s%L,: W2? — W~12 is boundedly invertible and its inverse
has norm at most A(A)~ts™2. Hence, we get for all f € L? that

18V, (1+ L) s div, fll2 < s%||(1 + s°L,) " div, f||w1,z
< AA) v, fllgors
< AA) T F - O

Lemma 3.6.12. Let 8 € {0,1}?, a € {0,...,2 — |B|} and 7 € R*. Then
the operator family ®Rg(-,T) satisfies L? off-diagonal estimates with implicit
constants depending only on A(A) and A(A).
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3 Meyers meets Dirac

Proof. We fix s > 0, 7 € R*, measurable sets E,FF C RY, f € L?(E) and
normalize || f||r2(z) = 1. In view of Lemma 3.6.11, we can additionally assume
that d(&.F)/s > 1if = (1,1). Let us write
o A ’T_l'
RET (s, 1)
for the operator “Rs(s,1) with A replaced by A(r7!.). By the Laplace-
transform joint with Lemma 3.6.9 and Corollary 3.6.10, we get

o HAGF—L o [T _i—as_caEn? dt
1B s D sy S o e

0oy 2 [t dEF? A(E,F)?
o —5—cts —(§+c BY) )—c 2152 dt
= S (&

0

thelz”

Applying the AM-GM inequality and using that d&.)/s > 1 for f = (1,1),
we proceed as follows:

S 2
_d(B,F) 1 2y, _ BR8]
<e Sa/ e z(test o= =5 ¢t

0

d(E,F)

—c e * -1 cS 7@
Se 3 S /0v e 2(1+ Q)t(]'“ﬁ|<2]t 2 —|—1[|m:2})dt

«

d(E,F) S
< e—C s _—
~ (1 + cs2) 117172
< _Cd(E,F)
~ € s

Now, we finish the proof by scaling. By similarity, it holds
sgn(r)* P RET (sl 1) = 6,4 “Ra(s, 7).

Hence, the first part of the proof reveals the estimate

d(tE,TF)
|

Hd,.—l aRﬁ(S,T)fHLQ(TF) < Ce “ =nl ”57_1fHL2(TE)

for all s > 0, 7 € R*, measurable sets £, ' C R? and f € L*(E). Finally, we
use d(7E,7F) = |7|d(E, F) and the transformation z — 7z to conclude. [

3.6.2 LP-theory for the auxiliary operators

We start with the following Sobolev embeddings related to the resolvent.
The qualitative result is not new but once again 7-independence of constants
matters.
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3.6 From (L.), to L

Lemma 3.6.13. If 1V P_((L;);). <p < P+((Lr)-)*, then (R0 (5, T))s>0 18
LP-bounded with implicit constant independent of T € R*.

Proof. We use a bootstrapping argument to increase p step-by-step.

Base case 2, < p < 2*. We first consider exponents p > 2. By the
Gagliardo-Nirenberg inequality and the L2-estimates from Lemma 3.6.12, we
find for all s > 0 and f € L? that

2L VLA < gp 8 2 y-1p)2 20 \—1 5
1A+ s"L) " fllp S s 2 sVa(L+s7L) 7 fllz "1+ 57Lo) 7 flla

d_d
SETI VP2

This means that (Ro,0)(s,T))s>o0 is L? — LP-bounded. Since the restriction on
p is open-ended, L’-boundedness follows from Lemma 1.4.5.

So far, we have only used L2-theory for L,. Hence, the same conclusion
is valid for the adjoint L}, which is an operator in the same class as L.. By
duality, (R,0)(s,7))s=0 is L” — L2-bounded and L”-bounded. This covers all
exponents in (2,,2).

Inductive case. The next case to consider is 2* < p < (2*)* AP, ((L,),)*.
(We do not have to consider p = 2* explicitly since all assumptions on p
are open-ended). This scenario can only appear in dimension d > 3 since
2* = oo when d < 2. Since (pi)« > 2., we know from the base case that
(R0.0)(8,7))s>0 is LP)*-bounded. Given f € L) NL2, Sobolev embeddings
yields

11+ 52L) 7 fll, S s 2 VLl (L= (14 82L) ) fl
<L = (L4 82L) T fllre

Since 2 < p. < P4 ((L;);), the LP*-boundedness of the Hodge projectors in its
equivalent form in Proposition 3.2.3 and another Sobolev embedding lead to

Sl (1+ S2LT)_1>f||w;1vP*
< 21— (14 2L,) ]

This means that (R,0)(s, 7))sso is L#)* —LP-bounded and Lemma 1.4.5 yields
the desired LP-boundedness as before. All implicit constants in this argument

are independent of 7.
Iterating the procedure covers the full range 2* < p < P, ((L,),)* in a finite
number of steps and we conclude by duality. O

Our proof in the base case revealed an additional result that we record for
later.
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3 Meyers meets Dirac

Corollary 3.6.14. If1V2, < p < 2, then (R0 (s, T))s>0 is L? — L*-bounded
with implicit constant independent of T € R*.

We turn to the other operator families.

Lemma 3.6.15. Letd > 2, p € P((L;);), |B] <1 and o =1 when = (0,1).
Then (“Rg(s,T))ss0 s LP-bounded with implicit constant independent of T €
R*.

Proof. For R, this is Lemma 3.6.13. The other families can be classified
into three groups.

The family “Ro,0) with o € {1,2}. Since |s7| < 14 |s7/?, it suffices to
treat QR((LO). However, we have

(37)2(1 + $2LT)_1 = TQLT_l(l — (14 sQLT)_l),

and the claim follows by combining Proposition 3.2.3 and Lemma 3.6.13.
The families IR(LO) and 1R(0,1). We write

(s7)sVu(1 + 8°L,) ' = 7V, L N1 — (14 8°L,) ),
(s7)(1 + s%L,) tsdiv, = (1 — (1 + s°L,) " Y)7L  div,

and conclude once again by Proposition 3.2.3 and Lemma 3.6.13.
The family R;,). Our assumption d > 2 enables us to fix ¢ € P((L)-)N
(1*,00). As before, we write

sVo(1+52L,) = s'V,L (1 — (1+ s°L,) 7).

Proposition 3.2.3, the Sobolev embedding L¥* C W% and Lemma 3.6.13
yield for all f € L% N L? the bound

IsVa(1+ L) " fllg < s7HILHL = (14 57Le) ™) fllyee
S5 = (14 5"Le) ) fllyzrs
S s = (1477 S
SsTUIS

qx

qx*

This means that (R(10)(s,7))s>0 is L — L9-bounded with 7-independent
bound. Open-endedness in ¢ and Lemma 1.4.5 yield the claim. O
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3.6 From (L.), to L

3.6.3 LP-theory for the symbol

In this section, we assemble estimates for the auxiliary functions in order to
derive smoothness and L? — L9-type bounds for the symbol m4(7) from (3.4).

Lemma 3.6.16. Let s > 0, N € N and p € P((L;);). Then the map T
(1+ s%L,)™N is of class CL(R*; L(LP, WYP)) with derivative

d N
1 —(1+5%L,)” Z (1+5°L,) *(idivy c +ibV, — 27a)(1 + s°L, )~ V1R,
T —

In particular, we have m, € CH(R*; L(LP)).

Proof. We begin with the assertion about the resolvent. By the product rule
and induction, it suffices to do the case N = 1. For ¢ # 7, we have

(14 sL) " — (14 5%L,) 7"
= s*(1+s°L;) MLy — L) (14 5%L,) !
= s*(1 + s°L,) " Hi(7 — o) divy c +i(T — 0)bV, — (72 — 6%)a) (1 + s*L,) !
= (1 —0)s*(1 + s°L,) " H(idiv, c + bV, — (7 + 0)a)(1 + s’L,) "
= (1 —o)r(o,7).

Thanks to Lemma 3.6.15, the remainder r(o,7) is bounded in £(L?)-norm,
uniformly in o and 7 in compact subsets of R*. Hence, 7 — (1 + s?L,)"! is
continuous in R* with values in £(LP).

The same type of argument can be used to prove continuity in R* with
values in L(LP) for 7 — V(1 + s’°L,)"' and 7 — (1 + s°L,)"'div,. In
this calculation, the operator s*V,(1+ s?L,)~! div, appears, which cannot be
handled via Lemma 3.6.15. However, we can write

§*V, (1 + s°L,) ' div, = VL div, =V, L 1 (1 + sL,) ! div,,

as a composition of operators that either fall in the scope of Lemma 3.6.15 or
are controlled through the Hodge projector.

Altogether, the remainder function 7 +— r(o,7) is continuous with values
in L(LP, W'?). Thus, o — (1 + s?L,)~! is of class C'(R*; £(L?, W'?)) with
derivative

d
5(1 + 8°L,) "t = (0, 0).

Continuous differentiability of m, follows immediately by the product rule
since we have my(7) = is7(1+ s?L,)™" and my(7)| = sV, (1 + s’L,)~N. O

63



3 Meyers meets Dirac

We have reached the point in the argument, where we choose N large.

Lemma 3.6.17. Given P_((L;),) < r < 2 < q < PL((L;);), there exists
N € N, divisible by 4, such that (1 + s?L,)"*)ssq is L' — Li-bounded with
implicit constant independent of T € R*.

Proof. We consider the resolvent family ((1 + s?L,)"!),s0 and the following
boundedness properties with implicit constant independent of 7 € R*. By
Lemma 3.6.13, we have L¢-bounds for all p € (¢q,¢*) and by Corollary 3.6.14
we have L7 — L2-bounds for all ¢ € (1V 2,,2). By interpolation, we get an
L7 — L9 bound for some o € (1V 2,,q). Again by Lemma 3.6.13 we also have
the L?- and the L9-bound. Now, the argument in [20, Lem. 4.4] yields the
claim. [l

The proof of the next result clarifies why this choice is appropriate for our
purpose.

Lemma 3.6.18. Let P_((L;),) <7 <2 < q¢ < P+((L;);) and N be as in
Lemma 3.6.17. Then (my(7))ss0 and (Tm(7))ss0 are L™ — Li-bounded with
implicit constants independent of T € R*.

Proof. The bound for m(7) follows by composition from Lemma 3.6.17 and
the L%-bounds for IR(QO) and R(j) in Lemma 3.6.15. Let us come to the
estimates for 7m/ (7).

The scalar component. We compute

d
(7)1 = me(T)L + iSTQd—(l + 82N
T

and still need to handle the second term on the right. To this end, we write
the formula in Lemma 3.6.16 in the following form:

N

d
(8:5) is7? —(1+5°L) ™ = 3 (14 5"L,) " 7IT(s, 7)(1 + 5°L) "7,
k=1
where
T(s,7) =is*7*(1 + s’L,) ' (idiv, c + bV, — 27a)(1 + s°L,)"
=— <(57-)(1 + s°L,) 7 's diV:E) (C(ST)(l + 52LT)1>
(3.6)

_ ((37-)2<1 + 32LT)—1> (bsvm(l 4 SQLT)_1>
- 21((87)(1 + SQLT)”) (a(87)2(1 + sQLT)_1>
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3.6 From (L.), to L

is a composition of operators “Rs(s, 7) with |f] < 1and a =1 for 5 = (0,1).
Thus, Lemma 3.6.15 yields that (7'(s, 7))ss0o is L"- and L%bounded, indepen-
dently of 7. The upshot is that for each summand in (3.5) the exponents sum
up to (k— 1)+ (N — k) = N —1 > N/2 and hence one exponent is at least
N/s. By the choice of N, the entire expression, as a family indexed in s > 0,
is L” — L%-bounded. This concludes the treatment of the scalar component.

The vectorial component. Since V,: W'? — (LP)? is bounded, we
obtain from Lemma 3.6.16 and with 7T'(s,7) as in (3.6) that

d
! — — 1 2LT —N
(1)) = stV dT( +s°L,)
N

= Z sV, (14 s2L) " D(ist) ™ T(s, 7)(1 + s°L,) "M

= (svx isT) T (s T)>(1 + 521, )~V

#3 (590 2L 04 ) ()70

(1+ s2L,)~ W=k,

Let us first handle the terms in & = 2,...,N. It follows from (3.6) that
((is7)™'T(s,7))s>0 is a composition of the same type as (T'(s,T))ss0. Hence,
this family is L"- and L¢-bounded, independently of 7. By Lemma 3.6.15, the
same is true for (sV,(1 + s2L,;)™')ss0 appearing on the left. The sum of the
exponents still satisfies (k —2) + (N — k) = N —2 > N/2, so we obtain the
required " — L?-bound as before.

For the final term, we already know that ((1 4 s2L,)~"V=1) 4 is L™ — L9-
bounded with implicit constants independent of 7 € R*. Thus, it suffices to
prove L?-boundedness, uniformly in 7, for

sV (is7) T (s,7) =i(svx<1 + 32L7>—13dm) (cm)(l + sm—l)
(3.7) + i((ST)st(l + sQLT)l) (bsvxu + 52LT)1)

- 2<va(1 + SQLT)_I) (a(s7’)2(1 + szLT)_1>.

The second and third term on the right are L?-bounded by Lemma 3.6.15 but
this lemma does not cover the family R(; ;) that appears in the first term.
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3 Meyers meets Dirac

However, writing
sV (1 + s°L;) tsdiv, = VL 1s’L, (1 + s°L,) ~*div,
= VL div, —sV,(1 + s°L,) " *7L Hdiv,(s7) 77,

we see that the first of the three terms on the right in (3.7) can also be
decomposed into

i(VmLT1 divx> (c(ST)(l + 52L7)1>
— i(svx(l + 52L7)1> (7’LT1 divx) (c(l + 52LT)1).
Now, the L?-bound follows from Proposition 3.2.3 and Lemma 3.6.15. O

The latter proof also demonstrates that m4(7) and 7m/(7) can be written
as a sum and composition of the families “Rg(s, 7). Hence, Lemma 3.6.12
implies that (m(7))ss0 and (7m,(7)) >0 satisfy L? off-diagonal estimates with
implicit constants independent of 7 and Lemma 1.4.5 furnishes

Corollary 3.6.19. For all P_((L,),;) <r <2< q < P((L;),), there is some
N € N such that for every T € R* the families (ms(T))s>0 and (Tm/(7))s>0
satisfy L™ — LY off-diagonal estimates with constants independent of 7.

Before we come to the proof of Proposition 3.6.1, we need a pointwise
domination of L%-averages by the Hardy—Littlewood maximal operator M.
Here, Corollary 3.6.19 enables us to apply [41, Lem. 5.3].

Lemma 3.6.20. Let P_((L;);) < r < 2 < ¢ < P+((L;).). Then there is
C > 0 such that

(f o+ rTm;<r>f\de)q < M) ()t

foralls >0, 7€ R*, v € R? and f € L" N L2,

Proposition 3.6.21. Let 2 < p < Py((L;),). Then there is some N € N
such that for all s > 0 the families (mgs(7))rer+ and (Tmi(T)) er+ satisfy
square function estimates in LP with bounds independent of s.

Proof. We only prove the square function estimates for (mgs(7));cg+. The
argument for (7m/(7)),egr+ is the same. We fix P_((L;),;) <r<2<p<g<
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3.6 From (L.), to L

P.((L;);) and choose N € N as in Corollary 3.6.19. We pick finitely many
f; € LPNL? and 7; € R*. By [125, Prop. 8.13], we have

r . H(%] (7{3(-,3) |m5(7ﬂ‘)fa‘|qd$> q ?)?

Now, we apply Lemma 3.6.20 to get

S| (Zmasne)|

- |z s,

(S

J

p

Hence, as 2/r A?/r > 1, the Fefferman—Stein inequality [92, Thm. 1] implies

S =

S H(Zj:\ij)E )
=|(ie)

]

p

Remark 3.6.22. The previous proof is a variant of [41, Prop. 5.8]. The main
difference lies in the application of [125, Prop. 8.13] with radii s > 0 instead
of (7;); for this allows us to use the off-diagonal decay in s > 0.

Finally, we are able to give the

Proof of Proposition 3.6.1. We fix 2 < p < P,((L;);) and N € N as in
Proposition 3.6.21. By Lemma 3.6.16, it follows that m, € C*(R*; L(L?)) for
all s > 0. Next, we combine Proposition 3.6.21 with Theorem 3.6.6 to con-
clude that (sV;,(1+ s?L) ™), is LP-bounded. Hence, [20, Lem. 6.5] yields
that (sV;.(1 + s*L) )40 is LP-bounded and we infer by Proposition 3.6.2
that p < P, (L). Consequently, P, ((L,),) < P.(L). O

Let us finally collect all results that we have established so far in order to
provide the

Proof of Theorem 3.0.3. First, we assume that d > 2. The first equality
has been shown in Proposition 3.3.7, while the second and last equality follow
from Proposition 3.4.3 and the duality relation P_(L,) = P, (L%)". Last but
not least, the third one is a consequence of Proposition 3.5.1 and Proposi-
tion 3.6.1.
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3 Meyers meets Dirac

If d = 1, then [28, Prop. 3.11] implies I(DB) = (1,00). Since we have
used the restriction d > 2 only in the proofs of the inequalities P, ((L,),) <
m4((L;)r) and P ((L;);) < Py (L) (see Proposition 3.4.3 and Lemma 3.6.15),
P.((L;);) = p+(DB) = oo by Proposition 3.3.7 and

P-i—(L) = m+(L) < m+((LT)T)>

we are left to prove that m, (L) = oo. We present a new and concise argument
in Proposition 3.7.1, see also [29, App. B] for an alternative proof. ]

3.7 The Meyers exponent in dimension d = 1

Proposition 3.7.1. Let d = 1. There is C > 0 that only depends on A\(A)
and A(A), such that for all azis-parallel cubes Q@ C R? and every U € Hrp g

we have )
3

||vt,acU||L°°(Q) S C (][ |vt,xU|2 d(t, l’))
2Q

Proof. For any fixed zy € R and r > 0, the transformed coefficients A(xo+7-)
are of the same class as A with the same ellipticity bounds. Thus, it suffices
to treat the case @ = Q(0,1). We split vectors f € C'™ as f = [f, fj] " and,
as in Section 3.3, we write

1 0
c A

1 0
—Ale AT

A= , so that Al =

Since A is elliptic, it follows that A is invertible with [|A7!|,c < A71(A). We
introduce V := AV, ,U and aim for the bound

(3.8) VLo < CliViaUllLe2q)-

This yields the claim because |Q| = 1 and we have the pointwise comparability
V| ~ |V, .U| with implicit constants depending only on A\(A) and A(A).

The function U is qualitatively smooth in ¢ since A is t-independent (see
[29, App. B, Lem. 1]). Within 2¢Q), we compute

A (AV,.U))
&E(AVMU)H

(AVt,mﬁtU)H
—(AV,.0,U)1

Vt,a:‘/H = vt,z(Avt,xU)H =

b
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3.8 Remarks on the block case

where we have used the equation LU = 0 in the final step. We also have
ViV = V:,0,U, which altogether leads to the pointwise control |V, V| <
|V:.0U|. Since we are working in dimension 1 + d = 2, Sobolev embeddings
yield for any p > 2 a bound

VLo S IV e + VeV e
S ViUl + Ve 0U ||Lrq)-

We pick p > 2 such that we have the classical Meyers estimate [133] for L-
harmonic functions at our disposal. Since 9,U is L-harmonic by t-independence
of the coefficients, Meyers estimate applies to U and 9,U, allowing us to con-
tinue by

S Hvt,xUHLQ(gQ) + Hvt,xatU”LZ'(gQ)-

Now, (3.8) follows from the Caccioppoli inequality for 9,U. ]

3.8 Remarks on the block case

We conclude this part of the chapter with a discussion of the block case. In
this setting, we consider the operators

L =—div, AV, —ad} & L,=—div, AV, + T a.

As established in [20, Chap. 15], we have ¢, (a™'Ly) = q,(Lo) = p+(DB) and
hence q4(Lo) = g4+ (L). In other words, the critical number for the gradient
family of the resolvent is invariant under lifting the homogeneous operator
one dimension higher via the (one-dimensional) Laplacian. It is possible to
prove this equality directly.

3.9 A characterization of p, (L) via local elliptic
regularity

In this last section of this chapter, we highlight the importance of the critical
number p, (L) in local regularity results for elliptic equations. Here, L was
introduced in Definition 1.6.3. In order to simplify the exposition and to keep
the focus on the critical numbers, we work on O = R? and refer to Chapter 5
for broader geometric considerations and mixed boundary conditions. At this
point, the reader should replace L, by L in Definition 3.4.1. Our main result
reads as follows.
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3 Meyers meets Dirac

Theorem 3.9.1. The exponent py(L) is the supremum over all p > 2 for
which there is C > 0 such that for all cubes Q(x,7) C R, s > 0 and u €
Hitswor it holds

d_d
[ullLe@) < Crr™2|[ul|L22q)-

For the proof, we require an inhomogeneous version of Caccioppoli’s in-
equality.

Lemma 3.9.2 (Caccioppoli). There is C' > 0, depending only on d, \(A) and
16]]0o V l|€lloo V [|Alloos such that for all cubes Q(x,r) C RY, every u € Hi ,r
and ¢ € (0,1) it holds

C
ulli2eq) + I Vullizeq) < WHUHL%Q)-

In the homogeneous setting, the same estimate holds true without the first
term on the left-hand side.

Proof. We focus on the inhomogeneous case, as the homogeneous one is even
simpler. We pick ¢ € C° such that 1.9 < ¢ < 1g and ||Vy|le < €/(1-c)r for
some dimensional constant C' > 0. Then g02u € Wé’Z(Q)m is an admissible
test function for the equation Lu = 0 in ) and hence
0= / AVu - V(92u) + cu - V(92u) + bVu - 0*u + a|pul?
]Rd
= a(pu, pu)
+/ pcu - (Vo @u) —eb(Vou) -u+ A(Ve®@u) - (Ve @)
Rd
— AV ®u)-V(pu) — AV (pu) - (Ve @7).

Thus, using the strong Garding ellipticity of a, the boundedness of A and
Young’s inequality, we obtain the estimate

A®) [ lul + 90

< C’/ 2|V @ ul|pu| + 2|Ve @ ul|[V(pu)| + [V @ ul?
Rd

)‘<A) 2 2 402 2
<23 [ (loul + 1VGeR) + (355 +€) [ Ve ol
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3.9 A characterization of p, (L) via local elliptic regularity

where C' == ||b]|oo V |l¢]|oc V ||A]|co- Finally, we absorb the first term on the
right-hand side and use the properties of ¢ to obtain

[ 1 < / foul? + ¥ (pu)l

S A)JrA

< |u\2 O
(1— 0)27"2 /Q

Now we are able to start the proof of Theorem 3.9.1. In order to derive a

weak reverse Holder estimate from the LP-boundedness of the semigroup, we
adapt the argument in [29, Chap. 1]. We shall come back to that in Section 5.4
when we study Gaussian estimates on open sets.

Proposition 3.9.3. If p € [2,p.(L)), then there is C > 0 such that for all
cubes Q(z,7) CRY, s >0 and u € Hiys o it holds

_d _d
rr|Julle) < COr7 2 ||ullieeq)-

Proof. We prove the result for the inhomogeneous operator and highlight the
necessary modifications for the homogeneous case. We let s > 0, Q(z,r) C R?
and v € Hiqsz2-. We pick ¢ € C®(Q) with ||¢||,, = 1 and x € C* with
13 < x < 1zg and [[Vx|w S 7" It suffices to prove that

d_d
(3.9) (@)l = [(xul )| S 7o 2 lulliee)-

Using the notation f, = ¢ 'L f and = e’ f, the fundamental theorem
of calculus and Holder’s inequality give

Ocul o)l = [e "l +2 [ Gl (L + s)ep)ee
0
S|(XU|<P$)|+2/ (xu| (L7 + )0t
0
< ulluaaoy il + 2 / | (L + s)o)|t .

Since p € [2, p4 (L)), duality and Lemma 1.4.5 imply that (e '), is L —L-
bounded. Hence, we can continue the latter estimate by

d_d " * *
St Hulhoge + [ 10l L+ s)er
0
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3 Meyers meets Dirac

Let us focus on the integrand in the second term. We write

|(xu | (L™ + s)¢p)]
[(V(xw) [A"Ver) + (V(xu) [b0;) + (xu| c"Vp) + (xu| (@ + s)pr)|
[(AV (xu) | Vp) + (cu | xVey) + 0V (xu) | ¢f) + ((a + s)u | x¢p)]

and use that u € H 420 along with xp; € Wé’2(2Q)m to get

=|(A(Vx ®@u) |Ve;) — (AVu|[Vx @ ¢f) — (cu| VX @ ¢])
+ ((Vx @u) | o7)].

Thus, we can estimate
t(Oxu ] (L7 + 5)¢7)]
S T_1||u|‘L2(2Q)”tVSOIHH((%Q)C) + tT_IHUHwL?(gQ)H@HLZ((gQ)c),

where the implicit constant is independent of s. At this point, we stress that
the W12-norm of u can be replaced by the L?-norm of Vu in the homogeneous
case. By duality and Lemma 1.4.5, it follows that (e_tQL*)bo satisfies L? — 1.2
off-diagonal estimates. As (tV e_tQL*)DO satisfies L? off-diagonal estimates, we
conclude by composition that this operator family has L — L2 off-diagonal
estimates as well. Since ¢ has support in (), we obtain

T 2 T 2
S 7172 ) ulliag) + 7 e ) lullyiagg)

Applying the inhomogeneous version of Caccioppoli’s inequality to the second
term leads to the final bound

r 2
< 155 ome(§) (1 + /) |ull20).
In total, we get
’ « x 1 "4 _a ()
[Oxu | (L + s)pp)[tdt S lulleeg) [ tr2e V) (144r)dt
0 0
— rZ-‘éHUHLQ(QQ)/ (g-d-2 (1 4+ 1) dt
d_d '
S e 2 ullieeg)-

Hence, (3.9) follows. O

The converse direction is an immediate consequence of Shen’s extrapolation
theorem [145, Thm. 3.1], compare with Proposition 3.4.3.
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Proposition 3.9.4. Let p € (2,00). If there is C' > 0 such that we have for
all cubes Q(x,r) CRY, s >0 and u € Hiysro- that

4_a
ulle@) < Cre™2||ulli2e0),

then py(L) > p.

Proof. We fix s > 0, @ C R? and f € C® with flyg = 0. Then u =
s(s+L)71f € Wh2(2Q) solves (L + s)u = 0 in 2Q and the assumption yields
the estimate

(7[ |s(s + L) P dx) ’ <C <][ |s(s + L)_lf\zdx>2 :
Q 2Q

As (s(s+L)7!) >0 is L2-bounded, Shen’s extrapolation theorem [145, Thm. 3.1]
implies that (s(s+L)™!)s0 is Le-bounded for all g € (2, p). We conclude that

p+(L) = p. u
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CHAPTER 4

Elliptic boundary value problems with non-block structure

This chapter aims to further develop the theory of elliptic boundary value
problems in the upper half space using the DB-formalism. In particular, it
serves as a complementary part to the previous chapter. Our main object of
interest is the elliptic problem

LU = —div,, A(x)V;,U =0  (in RI*).

Unlike in Chapter 3, we impose the following weaker accretivity assumption
on A: there is A > 0 such that

f S
Ay Re| [ AT L] 2 AGSIE IVl
Uu u

for each f € L2(R%) and all uw € W"?(R%). Identifying the boundary of R4
with R?, we formally impose the boundary condition U(0,-) € X(R%), where
X (RY) is for example a Hardy, Lebesgue or Sobolev space. In the classical the-
ory of elliptic boundary value problems, this condition is usually understood
in terms of the existence of the limit lim,,_,o U(t,, z,) (in a suitable topology)
for sequences ((t,, 7,,))n, € RY™ approaching the boundary in a non-tangential
manner. For the Laplacian L = —A,,, it is classical (see, e.g., [120]) that
the appropriate boundary spaces ensuring well-posedness are the real Hardy
spaces HP(RY) for p < 1 and the Lebesgue spaces LP(R?) for p > 1. In par-
ticular, equivalent —A,,-adapted characterizations of Hardy and Lebesgue
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4 FElliptic boundary value problems with non-block structure

spaces are available, which motivates the notation H” 5, | (R?) = HP(RY). For
further details, we refer to [20] and the references therein.

However, when L differs from the Laplace operator, the study of elliptic
boundary value problems is significantly more involved. In a series of papers
[14-16], Auscher, Axelsson, and McIntosh developed the so-called first-order
approach. The key observation is that the elliptic equation for U can be
rewritten as a first-order evolution equation for its conormal gradient F' =
AV, .U:

F'(t)+ DBF(t) =0 (t>0).

To generate a semigroup solution to this equation, a bounded functional cal-
culus for DB is required. In the L?-setting, this deep result was established
by Axelsson, Keith, and McIntosh [32], whereas for p # 2, analogous re-
sults remain rare. The theory of DB-adapted function spaces Hpg provides
the appropriate framework, as these spaces are constructed to ensure that
DB admits optimal functional analytic properties, notably a bounded func-
tional calculus. A key consequence is that a priori estimates for solutions
to LU = 0 with boundary data in the HP-scale (where H? = L? for p > 1)
follow from the identification of DB-adapted function spaces with classical
Hardy and Lebesgue spaces. Moreover, the conormal gradient of every rea-
sonable solution to LU = 0 can be represented via a DB-type semigroup,
see [28, Chap. 12] and the references therein. Thus, this chapter primarily
investigates the identification interval

H(DB) = {p € (1,,00): Hyg = H’ N ran(D)},
where we adopt the
Convention 4.0.1. For p > 1, we identify HP with LP.

We write hy (DB) for the left and right endpoints of #(DB). The remainder
of this chapter focuses on the lower endpoint.

Notably, the inequality h_(DB) < p_(DB), was established in [28, Thm. 5.1],
where p_(DB) is the left endpoint of the Auscher—Stahlhut interval from Def-
inition 3.3.5. In particular, we have h_(DB) = 1, for d = 1, so we restrict our
analysis to the case d > 2. The first main theorem explores this exponent in
greater depth, see Section 4.3.

Theorem 4.0.2. Letd > 2 and M € N. Then

h_(DB) = inf {p € (1.,2: (1 +itDB) ™), is H” Nran(D)-bounded }.

76



4.1 L2-theory of Dirac operators

This theorem implies that DB admits a bounded H*-calculus on L?Nran(D)
provided that one resolvent power is uniformly bounded on this space. To
prove the key inequality

h_(DB) < inf {p € (1.,2): (1 +itDB) "), is H” N ran(D)-bounded |,

we proceed as follows. First, assuming that ((1+itDB)~™);., is H? Nran(D)-
bounded for some p € (1,,2), we invoke abstract interpolation methods to find
some K > M such that for all ¢ € (p, 2], the operator family ((1+itDB)~%)~¢
maps H? N ran(D) boundedly into L? with additional off-diagonal decay. In
a second step, we utilize these mapping properties to adapt an extrapolation
technique for conical square functions, previously used in [20,28,94].

In light of Chapter 2, the second main result provides explicit upper bounds
for h_(DB) in terms of ellipticity and dimension, see Section 4.4.

Theorem 4.0.3. Letd >3, m =1, p € (2,00), A be p-elliptic and div(c) =0
in the distributional sense. Then
!/
h_(DB) < p, = (12’2*> .

In the spirit of the p-ellipticity condition on A, this estimate interpolates
between the general bound h_(DB) < 2, and the improvement h_(DB) < 1
when A is real [28]. Building on Theorem 4.0.2, we establish this explicit
estimate for h_(DB) using second-order methods. The key ingredient is the
algebraic relation between the DB-resolvent and the inhomogeneous Hodge
operators, which we previously exploited in Section 3.3. A natural question
remains open:

Conjecture 4.0.4. The divergence-free condition on ¢ in Theorem 4.0.3 is
not necessary and can be removed.

To resolve this question, it seems plausible that yet a deeper algebraic
understanding of the DB-formalism is required.

Finally, in Section 4.5, we revisit the known result that ~_(DB) < 1 when
A is real-valued and present a new, more concise proof. Our approach relies
on deriving a molecular estimate for the DB-resolvent acting on D-adapted
atoms. By Theorem 4.0.2, this suffices to conclude.

4.1 L2-theory of Dirac operators

In this section, we briefly discuss the L2-theory of the Dirac operator DB
under assumption (4.1). We begin by considering the unperturbed case.
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4 FElliptic boundary value problems with non-block structure

4.1.1 The Dirac operator D

The L2-realization of the Dirac operator D (see Section 3.3) is self-adjoint,
leading to an orthogonal decomposition

L2(R% (C™)'*?) = L2 = ker(D) @ ran(D)

with corresponding orthogonal projection
Pp: L? — ran(D).

By [20, Sec. 8.5], the operator Pp coincides with (—=A)~™*D? on Z’, which can
be seen as a Fourier multiplier operator with symbol

1cm 0
mp(§) = -

0 3% ®lem

Since mp is homogeneous of degree 0, a generalized version of Mihlin’s theorem
[157, Thm. 5.2.2] implies that the restriction of Pp to H? N L? extends to a
bounded operator on H? for all p € (1., 00). We denote this extension again by
Pp. Moreover, the structure of mp implies that Pp admits the representation
1 0
(4.2) Pp = ,
0 IP)curl

where P.,1 = VA~!div projects onto the space of curl-free vector fields.

4.1.2 The perturbed Dirac operator DB

In view of (4.2), the condition (4.1) states precisely that A is strictly accretive

on ran(D):

Re(ADF|DF) > M|DF|?  (F € dom(D)).
Hence, A is strongly Garding elliptic, a is elliptic and A is Garding elliptic
with A(A) A A(A) A A(a) > A, see Definition 1.6.2. In particular, the bounded
multiplication operator B = AA ~ (see Definition 3.3.1) is also strictly accre-
tive on ran(D), satisfying

Re(BDF'|DF) > A[A[JDF|; (£ € dom(D)),

as shown in [78, Lem. 6.1.8]. This estimate is already sufficient to establish a
well-behaved L2-theory. Indeed, combining [20, Prop. 3.11] with [32, Prop. 2.5
& Thm. 2.7], we obtain
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4.2 Operator-adapted spaces

Theorem 4.1.1. The operator DB is bisectorial in L? and has a bounded
H*-calculus on ran(DB) = ran(D). In addition, ((1 + itDB)™1);cr- satisfies
L2 off-diagonal estimates.

4.2 Operator-adapted spaces

In this section, we introduce relevant notions related to operator-adapted
function spaces. We let T € {D,DB}. For x € R? we define the cone with
vertexr T as

D(x) = {(t,y) € RE: [o — y| < 1},

Given a measurable function F': Rfd — C™, we define its square function as

st = (| IR )é (v € RY)

To define T-adapted spaces, we use an auxiliary function that is holomor-

phic on a suitable bisector and exhibits controlled growth at both the origin
and infinity.

Definition 4.2.1. Let 0,7 € R and p € [0,7/2). The class V7 (S,) consists of
all holomorphic functions 1: S, — C satisfying [¢)(2)] < C(|2]” A |2]77) for
some C' > 0 and all z € S,,. In addition, we write 1) € W2(S,,) if for all o > 0
there is C' > 0 with [¢)(2)] < C(]2|7 A |2|77) for all z € S,,.

Definition 4.2.2. Let p € (1,,00), p € (wr,™/2), 0 AT > |4/p — /2| and
Y € VI (S,) be non-degenerate, meaning that 1) does not vanish on S, or
—S,. We define the pre-Hardy space of integrability p adapted to T'

HY, = {h € ran(D): Syr(h) = S(W(tT)h) € L7},

We endow this space with the (quasi-)norm
1Pl = (1S (Al

Remark 4.2.3. By [4, Prop. 4.4], the constraint on v ensures that Hf. is
independent of the choice of .

The first key result is that HE can be characterized in terms of Pp and
classical function spaces. To state this result, we also need a notion of D-
adapted atoms, compare with Definition 1.1.4.
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4 FElliptic boundary value problems with non-block structure

Definition 4.2.4. Let p € (1,,1] and B = B(x,r) C RY We say that
a € (L?)'* is an Hp-atom associated with B, if supp(a) C B, [yadz =0
and there is b € dom(D) with Db = a and

d_d
2 p,

r bl + flalla <

The atomic D-adapted Hardy space Hp ,; consists of those h € ran(D),
for which there is a sequence of HR-atoms (a,), and a sequence (\,), € (P

such that
h = Z A,
converges in L2, We endow this space with the (quasi-)norm

1Plleg ,, = W [[(An)nller,

D,at
where the infimum is taken over all D-adapted atomic decompositions of h.
Proposition 4.2.5 ([28, Thm. 4.16 & Lem. 5.12]). Let p € (1.,00). Then
HE = Pp(H? N L?) = H? Nran(D).
Moreover, if p < 1, then we have
Hp = Hp,,
and, if p > 1, then the following assertions are equivalent:
(i) It holds h € HY.

(i) There exists F € W' "W'2 such that h = DF and ||h|, ~ |V F||,, as
well as ||h||2 = [V F||2.

(iii) There are f € LP N L2 and g € W W' W2 such that h = [f, Vg]".

4.3 Equivalent characterization of h_(DB)

In this section, we prove Theorem 4.0.2. To establish this theorem, we intro-
duce an appropriate notion of D-adapted HP — H%-estimates.

Definition 4.3.1. Let 1, < p < ¢ < 00, T € {D,DB}, u € (wp,™/2), ¥ €

H>(S,) and U C R*. We say that (¢(tT))er is HY — H-bounded if there
is C' > 0 such that

[T e < Cle[s 5 |hllwe (£ € U, b € HB).

For p = ¢, this is simply referred to as Hj-boundedness.
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4.3 Equivalent characterization of h_(DB)

With this notion at hand, Theorem 4.0.2 will follow from

Theorem 4.3.2. Let d > 2 and p € (14,2]. Then the following assertions
hold true.

(i) IfHEg = HB, then ((1 + itDB)™M),cg+ is HR-bounded for all M € N.

(i) If (1 + itDB)™),~¢ is HB-bounded for some M € N, then for each
q € (p,2), there exists K > M such that ((1+itDB)™%), is HY — H3-
bounded.

(iii) If ((1 +itDB)~5),oq is HE — H3-bounded for some K € N, then Hg =
HY for all ¢ € (p,2].

Proof of (i). The first claim follows from the bounded H*-calculus of DBPp
on HRjg, see [4, Thm. 4.14].

Proof of (ii). To prove the second assertion, we start by showing that
((14itDB)™M),»¢ is Hp — H3-bounded. We fix t > 0, h € H and treat the
cases d > 3 and d = 2 separately.

(1) d > 3. According to Proposition 4.2.5, we find F € Wh* 0 W2 C
dom(D) with h = DF and ||hl|s, ~ ||VF||2,. Using the intertwining relation
of DB [20, Lem. 3.7] along with the strict accretivity of B on ran(D) and the
L2-boundedness of ((1 + itBD)™!),cr~ (see [32, Prop. 2.5]), we get

(14 itDB)"Mh||, = |D(1 + itBD) "M F||,
~ ¢~|tBD(1 + itBD) ™ F ||,
St
StHVE
~t A

2

2+

(2) d = 2. In this case, we have 2, = 1. By Proposition 4.2.5, we find a
sequence of Hj-atoms (a,), and a sequence (\,), € ¢! such that h =¥, \,a,
converges in L? and ||(A\y)nlla < 2||k||m. By the very definition of an H}-
atom, we can write a, = Db, for some b, € dom(D). Since d = 2 and
p = 1, we have ||b,]l2 < 1 for all n. Using again the intertwining relation
along with the strict accretivity of B on ran(D) and the L*-boundedness of
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4 FElliptic boundary value problems with non-block structure

(1 +itBD)™!)ser+, we obtain the estimate
11 +itDB)™hlls < 3 [Aulll(1 + itDB) "yl
= tilz IAnl||tD(1 4 itBD)Mb,||,
~ t_li A l|[tBD(1 4 itBD) b, ||

S alllball2

<t H)ulle
< 2t71HhHH1.

Next, since the spaces {PpHP}pc(1, o) form a complex interpolation scale, see
[35, Cor. 1.1.3] and [65], we can apply the argument in [20, Lem. 4.4] with
0 = 2,. As a result, for each ¢ € (p,2) there is some K > M such that
((1+itDB)™)sq is HY) — H3-bounded.

Proof of (iii). Our approach is based on a square function extrapolation
technique from [20,28,94]. The main difference to earlier approaches is that
we avoid DB-adapted Hodge decompositions and Sobolev embeddings but
instead invoke HE — H3-estimates for higher-order resolvents of DB. We fix
q € (p,2). Since Hig C HE by [28, Prop. 4.17], it remains to prove that
HE C Hig. We let M € N with M > |4/, — d/2| vV K and define

¥ = (iz)"(1 +1i2) M € W}

By Remark 4.2.3, v is admissible for defining Hgg for any s € [p,2] and
our assumption yields that the family (1)(tDB));¢ is HE — H3-bounded. We
investigate the cases p > 1 and p < 1 individually.

(1) p > 1. Proposition 4.2.5 implies that for any h € H} there is F' €
W N W2 with h = DF and |Allmg = [V ||y Hence, we have to prove that

(4.3) 15%,08(DF)[lg S IV Elg.

Given r € (p,q), we claim that it is enough to show the weak type bound
(44)  |{Spps(DF) >a}| Sa"|VE|L  (a>0,F e W nwh?),
Indeed, we consider the positive sublinear operator

T:Z 1% TF :=S,ps(D(-~A)"2F),
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4.3 Equivalent characterization of h_(DB)

recall from Lemma 1.1.3 that Z is dense in L* for every s € (1, 00) and notice
that (—A)~"2 is invertible on Z with ||(=A)Y2F||, ~ ||VF||,. The square
function estimates of DB in L? (see Theorem 4.1.1) guarantee that T is of
strong type (2,2). Moreover, (4.4) means that T is also of weak type (r,7).
Hence, the Marcinkiewicz interpolation theorem reveals that T' is of strong
type (¢, q), so (4.3) holds true for all F' € Z. By the universal approximation
property of Z, (4.3) extends to all F € W 0 W2, see [20, Prop. 9.12] for
this argument.

To prove (4.4), we apply the Calderén—Zygmund decomposition for Sobolev
functions to F' at height «, as given in [12, Lem. 4.12]. For a correction of
an inaccuracy in the original proof, see [13], and for a careful verification
of additional properties, see [20, Lem. 9.10]. More precisely, there exists a
countable collection of cubes (Q););e; and measurable functions g and (b;);cs
satisfying

F:g—l—ij =g+b
jed
pointwise a.e. in R? and:

(1) Vgl < e

~Y

(ii) For all j € J, we have b; € Wy"(Q;) "Wo(Q;) with ||V, < a|Q;]",
and ;¢ ; b; converges unconditionally in W A W2,

(iil) Yjes Qs S "IV
(iv) Xjesle, S 1.
V) 1 Zjes Vosll- + IVgll: S IVE],-
All implicit constants depend only on r, m and d. We start with the estimate
{Su.08(DF) > a}| < [{Sy.08(Dg) > 23| + [{Su.08(Db) > 2}

Estimate for the good part. We apply Markov’s inequality, use square
function estimates of DB in L2, and interpolate (i) and (v) to get

[{Su08(Dg) > §} < a7*||Sy0e(Dg)llz < @ *[[Vyllz < a "V FI|S.

Estimate for the bad part. For n € N, we put J,, .= JN{l,...,n}. Since
b converges in W'? by (ii) and D: W"? — L? is bounded, we have

Db=>"Dbj = > Db+ 3 Db; = (Db)™ + (Db)

= j€In jeJe
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4 FElliptic boundary value problems with non-block structure

with convergence in L2. Markov’s inequality joint with the square function
estimates in L? entails

[{S4,08(Db) > §} < [{Sy,08((D0)™) > §H + [{Sy.08((Db)em)) > G}
< [{Sy,08((D0)™) > §}| + 16a~2(|Sy.08((Db)() 13
< {Su0e((DB)™) > G} + a”?(|(Db) 13-

Since Y ,c; Db; converges in L?, the second term vanishes as n — oo. It
therefore suffices to show that

[{Sp.08((DB)™) > $} < o[ VFIl;

with an implicit constant independent of n. To this end, we introduce a
regularizing function

o) = (1= @i = 3 (M) o e

m=0 m

Indeed, the function 1 — ¢ serves as an approximation of the identity. Next,
we write ¢; == ¢(Q);), decompose

(D)™ = 3" (1 — ¢(¢;DB))Db; + > ¢(¢,DB)Db;

jEJn ]EJn

= (D)™ + (Db){,
and estimate

[{Sy,08((Db)™) > 2} < |{Sy,pe((Db)) > 2} + |{Syps((Db)SY) > 21].

It remains to control each term by a generic multiple of o~ " ||V F||I.
Estimate for the regularized bad part. We use Markov’s inequality
and the square function estimates in L? in order to get

1{S4.08((DB)) > 2}| < a2||Syos((D))[2 < a2 (Db)™ 3.
To estimate ||(Db){" ||, we fix h € L2 with ||h]|> < 1 and obtain

(D) [R)] < 37 37 1((1 = ¢(¢;,DB))Db; | 1o, (0,)h)]

J€JIn k>0

< Y YL = @(€;D0B))Db; (120, 1L er @) P2

J€Jn k>0
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4.3 Equivalent characterization of h_(DB)

Since 1 — ¢(¢;DB) is a linear combination of resolvents of DB with at least
order K, our assumption implies that this operator is Hf — H3-bounded.
In addition, this operator satisfies L? off-diagonal estimates. Now, since b; €
W, (Q;) and the spaces (Wq*(Q;))se(1,00) interpolate by the complex method
with implicit constants independent of @); (see [94, Sec. 2.3] for a similar
argument), we obtain with the help of (ii) that

1

1_1 9k 1 ok
11 = (¢;DB))Db; Iz (@ S Q1277 ™ [ Vb, S al@yl2 e
As for the second factor, we use the maximal operator to find
1, 1 kd _1 1
ILey@nhllz S 127Q;)2 Jnf (M(JPP)2 (z) < 271Qy] 2 /Q (M([R]*))? da.
J j
By (iv), we obtain

(DB 1)) < a3 3 2% e / (M)} da

jeJ k>0 Qj
<a / (M(RP))} da.
jEJQj

At this point, we use Kolmogorov’s lemma and the normalization of h in L2
to bound further

o 2[(OB) WP S U QIR < D 1@l

jeJ jeJ
This estimate and (iii) imply that
[£S4.08((DD)i") > ¢} S @ [(DV)”[3 S a " | VE;.
Estimate for the non-regular bad part. Next, we estimate
[{Su.08((DD)s”) > §}1.

In view of (iii), it suffices to bound the measure of

E = {Syp8((Db)s”) > 51\ U 4Q;.

JjeJ

We apply Markov’s inequality and use Fubini’s theorem to get

E|<a” / 1,.08((DB)) (@) da
E

<™ J[L..| X (o(08(DB)D0, )

J€JIn

‘2 ’B(yvt) \ UjeJ 4Qj| dt dy
td t
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4 FElliptic boundary value problems with non-block structure

Since B(y,t) \ Ujes4Q; is empty provided that y € 2Q; and t € (0,¢;] for
some j € J, we can split the integrand into a local and a global part

foe(t,y) = 3 T2g, () L(t;.00) (£) (#(¢;DB)¥(tDB)DY) (y),
faaon(t,9) = 3 Lq;)¢(y) (2(;DB)¥(tDB)DY) (y):

So far, we have shown that

,dtd
Bl [, Lol + it <

and it remains to bound the integral on the right-hand side by a generic
multiple of o®~"||VF||.

Bound for the local part. We pick a normalized h € L*(
denote the corresponding inner product by (-|-). We abbreviate

T | L dydr)?
L= (7 tettoBpeoson ) 4
and

(49 ) = ([ e ‘f)

The Cauchy—-Schwarz inequality implies

\(flocyh)yg];[jg/ ‘thdy>
<[ <y>12dy>2

J

< S 1|2Q2 Jnf (M(H?)(x )2

J€J

R1+d dtdz d.r ) and

To estimate I;, we use the L2-boundedness of ¢(¢;DB) along with the Hf, —H3-
boundedness of (¢)(tDB));~0, and (ii) to get

Vb1l S at? 7 |Qy] .

d_d
T

(46)  [lp(,DB)(1DB)Db 12 < 1

1 2a dt 1
saol ([T YY) maio

J

Since r < 2, we infer
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4.3 Equivalent characterization of h_(DB)

and hence

[(fioc | D) S @3 1@y inf (M(H?)(2))% < a M(H?)3 da.
jeJ 2, Uje, Qj

We use again Kolmogorov’s inequality, the normalization of H and (iii) to
find

A7) (el WP S0 U Q[IHh < 0?32 1Q5] S o* |V

jeJ jeJ

This shows the estimate
dt dy - ,
It S @9
Ri‘l’d t

Bound for the global part. We use the same duality argument as for the
local part. We decompose (2Q;)¢ = Up>1 Cr(Q;), define H as in (4.5) and put

0 dydt\ ?
L, = DB DB)Db,(y)|> —=— | .
wie (7] eoeeoBonE )

We obtain the estimate

(48) [Faon | )] < 3037 2@ inf (M(H?) ()7,

jeJ k>1

At this stage, we apply the argument in [20, Lem. 4.16] with p = ¢ = 2,
o=17=M, E=Q;, F=CyQ;) and first-order scaling: the first item yields
the bound

lio(¢;DB)%(tDB)D; (i@ < 27 (16)™ V0]
while item (ii) entails for ¢; <t the improved estimate
lo(¢;DB)(tDB)Db;li2(cyiq,) < 27 Vb2
Thus, we obtain
Ii#(¢;DB)¥(tDB)Dbs (e, S 27 (/)™ A 1)l

Now, we fix 6 € (0, 1) such that r = [p, 2], and interpolate the latter bound
with (4.6) (with p instead of r and arbitrary n € C2°(Q);) instead of b;) to find

d_d__
i2(€;DB) e (1DB)Db; iy S 12727 FM (1/6)™ A1) |V,
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4 FElliptic boundary value problems with non-block structure

We split the time integral in [;; at t = ¢; and use the last estimate to derive

4; ) % oS ) 1
I, < 2 ROM | p—0M pd—>2+2M0 @ + pd—2 % ’ Vbl
P ! 0 t ) t ’

J

We pick M > 4/rg — d/20 to ensure that the first integral is finite and obtain
by (ii) that
1
Ing SJ 042_k0M|Qj|§.

Inserting this bound into (4.8), choosing M > 4/26 and using (iv), we infer
1
3

|(faob | )| S @337 25275, inf (M(H?)(x))

jeJ k>1

5a/U (M(H2))} da.

jeJ Qj

inf
x€Q);

From now on we proceed as in (4.7) for the local part.

(2) p < 1. By complex interpolation (see [4, Thm. 4.28]), it suffices to
consider ¢ € (p,1). In addition, according to the atomic decomposition of H
(see Proposition 4.2.5) and the argument in the proof of [20, Thm. 8.17], it is
sufficient to show for every Hj-atom a that

(4.9) [Sy,p8(a)lly S 1.

We pick such an atom a with associated ball B = B(x,r). Our argument is
similar to the proof of [20, Lem. 8.21].

Local estimate. By Holder’s inequality along with the square function
estimates of DB in L? and the size estimate for a, we have

i_1 1_1
15%.08(@) [lLaqeny < [16B]a2|Sy,pe(a)ll2 S [Bl7 2 lal2 S 1.

Global estimate. We decompose (16B)¢ = U,>, C;(B) and estimate

Cd_d
1Sy,08(a)llLac; By S (277) e 2(|Sy,p8(a)||lL2(c;(B))-

Thus, if we can find C,a > 0 such that

d_
2

d
q

I = 1Su.p8(a)lliz(c;m) < C27(2'7) (7= 4),

then (4.9) follows after summation in j. To achieve this, we start by invoking
Fubini’s theorem to write

td dy

21Bl.0) 0 05(B) dt>5
il

= ([ [ Iweosaw
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4.4 The improvement h_(DB) < p,

We introduce the notation D;(B) := 2/72B\ 27'B and notice that the set
B(y,t) N C;(B) is empty, provided that y € D;(B) and t < 7 := 20U~y
where 6 € (0,1) will be chosen later. This observation entails the estimate

- d\? ([ dr\?
< ([ 1e0Biattn e )+ ([ weoma )

T

For the first term, we use the L? off-diagonal estimates of (¢)(tDB))s~o (with
N € N to be chosen at our disposal), while for the second term we apply the
HE — H3-boundedness. This gives

1 1
- T de? o0 g 2a dt\?
s ([ o) e (e ) o
0 T

~ (2r) NN allo + 75 [la] .
Since a is an L2-atom for HY, we can continue with

< ()N (00D NpE 4 (20005

< (2700 | 90D )) i) 11,
Now, we pick 6 = 0(p,q) € (0,1) such that 6(¢/p — 4/2) — (¢/q — d/2) > 0 and
then choose N = N(d,p,q) € N such that N(1 — 0) 4+ 4/2 — d/¢ > 0 to obtain
for some o = «a(d, p, q) that

d_d

S279(2r)2 O

4.4 The improvement h_(DB) < p,

This section is devoted to the proof of Theorem 4.0.3. In the previous section,
we observed that h_(DB) can be characterized via resolvent bounds of DB.
As we have already seen in Section 3.3, the algebraic structure of the DB-
resolvent provides the link to the second-order Hodge operators S,;L-157*, see
Section 3.1 for the notation. The proof of Proposition 3.3.7 further implies
the following

Proposition 4.4.1. Let p € (1,2]. Then ((1+itDB)™1);cr- is HR-bounded if
and only if

(4.10) IS:-L7 rfll, S I fll,  (r €R f€LPNL?)
and
(4.11) |S.L-  div AVA|, < |VR], (T € R, h € WP W2).
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4 FElliptic boundary value problems with non-block structure

Proof of Theorem 4.0.3. By Theorem 4.0.2 and Proposition 4.4.1, it suf-
fices to show (4.10) and (4.11) for p,. To this end, we set La := S7AS;. The
transformation formula yields for all 7 € R* the identity

S Lt = r—léTle;(lT_ll)éfl.
Hence, (4.10) and (4.11) are equivalent to
(4.12) Iiky flpe S Uflp  (FER', [ e ALY
and
(4.13)  |Lag div A(E)VA]1p, S VA, (E€R R e W A W),

Next, we notice that A(t-) is p-elliptic with A,(A(t:)) = A,(A), A(t-) satis-
fies (4.1) with lower bound A > 0 and A(A(t-)) = A(A). Thus, (Law))icre
forms a family of invertible elliptic operators within the same class. Applying
Lemma 1.7.8 (v) and Theorem 1.7.11, we find some £ = &(p, A,(A)) > 0 such
that (e *"ta@) o is LP>~=-bounded with bound independent of . Hence,
interpolation with the L2:-boundedness of (e‘s2(LA(t'>_A/ 2))4s0 furnishes some
0 = 0(p,d, )\, A(A)) > 0 such that (e=5""ae)=9) o is Lre-bounded. Using
Corollary 1.7.12, the same argument applies to the gradient family. Hence,
the formula

Lagyf = /0 e*hhe) fds  (t€R* f el nL?)

is valid in W7 by the exponential decay and implies (4.12).

To show (4.13), we write L. for the L*-realization of the perturbed op-
erator —a(t-)"1 div A(t-)V. We observe that L. is again a sectorial op-
erator in L? that admits the same critical numbers (defined via resolvents)
as Laqy = —div A(t)V, see [20, Chap. 6] for all details. For the rest of
this proof, we drop the dependence on t and ensure that all estimates are t-
independent. First, we combine Theorems 1.7.3 and 1.7.5 with Theorem 1.7.9
to obtain the following facts:

(i) L, has a bounded H*-calculus on L°.

(i) The square root v/L,: WP N W2 — Lo N ran(y/I,) is bijective and
extends to a p.-isomorphism whose inverse agrees with L, 72 on LPe N

ran(y/L,).
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4.5 The identification h_(DB) =1 for real A

The implicit constants are t-independent, see [20, Chap. 6-12]. By (ii), it
follows that (4.13) is equivalent to the estimate

ILat div AVL 2 flip, S I fllp. (f € L7 Nran(y/La)).

Next, [20, Lem. 7.2] asserts that LP> Ndom(L,)Nran(y/L,) is dense in LP> NL2,

For f in this intersection, we have

—divAVL; " f = aL,L;"f = ay/Luf = (a + L)(1 + La) "/ Laf.

Hence, by density, it suffices to show

L (a+ L)1+ La) " VEafllipe S I flpe  (f € LP*Ndom(La) Nran(y/Ly))

Indeed, if (f,,), € LP>Ndom(L,)Nran(y/L,) converges to f € LP° Nran(y/L,)

in LP> NL2, then (g,), = (div AVL;"2f,), converges to g := div AVL; "2 f in

W12 Thus, (Ly'g,), converges to Ly'g in W2, In summary, the estimate

LA gll1p0 < |I£lpe follows by Fatou’s lemma and the LPe-convergence f, — f.
At this point, we use that div(c) = 0 to write

La'(a+ L) =1 +il ' (bV + dive) = 1 +iL ' (bV + ¢+ V).

Since Ly': LP> N L2 — WhPe N W2 is bounded for the p,-norms, it amounts
to show that

[0+ L) VLaf g S IFlp (f € L Ndom(Ly) Nran(y/Ly)).

To this end, we use (i) and (ii) from above to get

(14 La) " Laflhpe 2 11+ La) ™y Laf o, + IV + La) ™
S llpe + Ea(l+ La) ™ fllne

S A .- 0

4.5 The identification h_(DB) = 1 for real A

In this section, we provide an alternative proof of [28, Cor. 13.3].

Theorem 4.5.1. If m =1 and A is real-valued, then h_(DB) < 1.
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4 FElliptic boundary value problems with non-block structure

Our strategy is as follows. First, by Theorem 4.0.2, we reduce the problem
to showing the HP-boundedness of higher-order resolvents of DB for some
p € (1,,1). Next, we prove this boundedness by deriving a ‘molecular’ es-
timate when the resolvent is applied to D-adapted atoms. To obtain this
estimate, we invoke the algebraic relation to the second-order theory fur-
nished by Proposition 4.4.1. Finally, we bootstrap local elliptic regularity in
Morrey and Campanato spaces. At this stage, we use the assumption that A
is real, which yields a local growth property for the classical Dirichlet energy
of L*-harmonic functions, called property (D) for L*.

There are py € (0, 1] and C' > 0 such that we have for all balls B(z, R) C R?,
u € Hppr and r € (0, R] that

vardz<co(2) Vul?d
|Vul*de < 7 |Vul|® dz.
B(z,r) B(z,R)

Here, 119 and C' depend only on d, A(A), A(A), see Section 5.6. In particular,
L* has property (D) if and only if the scaled operator L = —div A*(t-)V
does so for all t > 0 with the same implicit constants.

We will revisit this in detail in Chapter 5 and this section serves as a primer.
For the rest of this section, we advice having copies of [20] and [28] on hand.

4.5.1 Bootstrapping elliptic regularity in Morrey and
Campanato spaces

The reader may recall the definitions of Morrey and Campanato spaces from
Subsection 1.1.3. We introduce the operator

1 0 .
T := (L2 x W L2 x (L)Y
0 iV
Using the notation L = S*;AS_; (see Section 3.1), we set
(a+ibV)L™! —a+ (a +ibV)L™ ! (a +idive)
L L~ (a +idivc)

viewed as a bounded operator on L? x L2 Its adjoint is given by
(L) Ha* +idivd*) (L)t
—a* + (a* +ic*V)(L*) Y a* +idivd*) (a* +ic*V)(L*)7!

(4.14) R* =
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4.5 The identification h_(DB) =1 for real A

As shown in [28, Chap. 13.1], we have
(1+iDB)™'T =TR on L2 x W'?,

and hence

(1+iDB)™MT =TR™ (M €N).

Remark 4.5.2. For the rest of this section, implicit constants depend on A
and A only through A(A), A(A) and A(A), A(A). Especially, all results remain
valid if we replace B with B(t-) for any ¢ > 0, with the same implicit constants.

Lemma 4.5.3 (28, Lem. 13.6]). Let u € (0, o). There is M € N such that

(RML L2 x L2 — L2 x M2 s bounded.

4.5.2 Molecular decay

The key reduction argument is contained in the next

Lemma 4.5.4. Let p € (Y(d+po), 1]. If there are C,e > 0 and M € N such
that

NRY-M iS4 5—ej
(415) ||(1 + lDB) aHLQ(Cj(B)) < 0(2]7‘)2 P27
holds true for all balls B = B(z,r) C R%, HE-atoms a associated with B and
7 >0, then

h_(DB) < d :

d =+ fto
Proof. The conservation property for DB [20, Prop. 5.3] implies that the func-
tion (1 +iDB)~ga has vanishing integral. Applying [20, Lem. 4.10] together
with the identification HE = HP Nran(D) furnished by Proposition 4.2.5, we
obtain some C’ > 0 depending only on d, C, e such that

(14 1iDB) Ma|lm < C".

Now, we pick f € HR. By Proposition 4.2.5, there is a sequence of Hp-atoms
(a,), and a sequence (\,), € 7 such that f = 3, \,a, converges in L? and
l(An)nller < 2| f]lme. Following the argument in [20, p. 97], we obtain

1(1+iDB) ™™ fllue < 2C"|| f|o-
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4 FElliptic boundary value problems with non-block structure

By Remark 4.5.2, the same bound holds with B(¢-) instead of B for all ¢ > 0.
A scaling argument delivers the bound

d . -
11 +itDB) ™ fll» = t2 | (1 +iDB(t-)) "8 f v
da
S QCltp HatfHHp
= 20" f |-
Finally, we use Theorem 4.3.2 (iii) to conclude. O

Proof of Theorem 4.5.1. We fix p € (4/(d+u0), 1) and choose u € (0, o)
such that 4/(a+u) < p. By Lemma 4.5.4, it suffices to prove (4.15). To this
end, we let a be an HR-atom associated with B = B(x,r) and pick M € N as
in Lemma 4.5.3. We set R := (1 4+ iDB)~!. The L? off-diagonal estimates for
RM joint with the localization and size condition for a yield

] 474 —C '_ T .
IR allaic;my S e @ D lall, < r27p el (4 >0).

This shows the estimate for j = 0. Now, we let j € N and ¢ € L?(C;(B)). As
a is an HB-atom, we find b € dom(D) such that a = Db = [f,iVh|" = T[f, h]".
We set U := (R*)MT*p (with R* as in (4.14)) and calculate

(RYa|p) = (RYT[f.h]" | ¢)
= (TRY[f,h]" 1)
= (£, 1] [ (R)MT™p)
= (f1UL) + (h]T)).

Since a is an Hi-atom, it follows that f has vanishing integral and we have
the size estimates || f|la < r¥2=%" and ||h|y < r'+¥2=%». This delivers

(RYalo)| < [IfllUL = (UL) sz + 1R]2lU)l2es)
d_d Lpd_d
<727 ||UL = (UL)sllezm +7r 2 2 |UyllLzs)-

Since R*T*: (L2)**? — L2 x 12 is bounded, composition and Lemma 4.5.3
imply the boundedness of (R*)MT*: (L2)1*4 — £421 x M3=2F21 Hence, we
can continue the latter estimate by

STl
Notably, d + i — 4/p > 0 by our choice of u. Altogether, we have shown

d_d _ ojp _d .
HRMaHLQ(C’j(B)) S r2 re z & HRMGHLQ(C]-(B)) 5 T‘d—HL p (] c N)
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4.5 The identification h_(DB) =1 for real A

Finally, we pick 6 = 0(d, p, u) € (0,1) such that

5::(1—0)<Z—Z>+9<d+u—g>>0

and interpolate the previous two estimates to find

d
2

IRMalli2(cmy S 1¥e™ " = (207)p 51 @=¥'r(20) 575975 < (20y)

This completes the proof. n
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CHAPTER b

Gaussian estimates vs. elliptic regularity on open sets

Let m > 1,d > 2, O C R be open, A be Garding elliptic and assume that
L is subject to mixed boundary conditions with form domain V' = W}f(O)m,
see Section 1.6. To give a first idea of our results, let us consider the simplest
case of pure Dirichlet boundary conditions, that is D = d0. We show that

the following three properties are equivalent:

(D) De Giorgi estimates for L and L*-harmonic functions: there exist C' > 0
and p € (0, 1] such that for all 2 € O, R € (0,1] and u € Wy*(O)™ that
are L or L*-harmonic in O(z, R) it holds

d—242p
/ Vu?dy < C (;) / Vul2dy  (r € (0, R)).
O(z,r) O(z,R)

(G) Holder continuity and pointwise Gaussian estimates for the kernel of the

semigroup (e™);q.

(H) Local Holder regularity of L and L*-harmonic functions with L%-norm
control: there exist C' > 0 and p € (0,1] such that for all z € O,
r € (0,1] and v € Wy*(O)™ that are L or L*harmonic in O(z,r) it
holds
_d
[ullLeo@,5)) + T“[U](o‘?x,g) < Or2 Jullezo@,m)-

Our main interest lies in property (G) and we consider the other two properties
as a means of getting there. This opens the door for developing for the
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5 Gaussian estimates vs. elliptic regularity on open sets

first time harmonic analysis, and in particular a theory of geometric Hardy
spaces for L as in [26,48,77,147] on open sets far beyond Lipschitz domains.
This link is explored in Chapter 6. Let us stress that positivity methods via
the Beurling-Deny criterion as in [7] are not suitable for getting (G) — this
approach can give the pointwise Gaussian bound, but it misses the Holder
continuity of the kernel that is key to treating the semigroup via methods
from singular integral operators.

The geometric framework

In order to prove this equivalence, we only assume that O¢ is locally 2-fat. It
is shown in [124, Thm. 3.3], see also Proposition 5.1.12, that this is equivalent
to the following weak Poincaré inequality at the boundary: there are ¢, 79 > 0
and ¢; > 1 such that

(Pp) lullizo@r) < corl|Vullizow,er))

for all z € 90, r € (0,70] and v € Wy*(0)™. This condition seems indis-
pensable, for example to control the growth of the Dirichlet energy in the
derivation of (D) from (H), making it reasonable to conjecture that our geo-
metric assumptions are in the realm of the best possible.

Now, we pass to the case of pure Neumann boundary conditions for L. The
Poincaré inequality that we need (for the same reason as above) is that for
the same balls as before and u € Wh?(0O)™ we have

(Pwn) lu = (w)o@n 2@ < corl| Vullizowen)-

However, in the Neumann case we need different geometric properties of O,
because, roughly speaking, extending functions in the form domain WH2(0)™
by 0 is not meaningful anymore. The most general and appropriate geomet-
ric framework that we are aware of is the class of locally uniform domains
with a positive radius condition. This should be thought of as a quantitative
connectedness condition of O, see [39,117].

Our methods are flexible enough to treat mixed Dirichlet/Neumann bound-
ary conditions with hardly any additional effort. Then (D), (G) and (H) are
understood in this context (see Section 5.2).

Remarkably, and in contrast to several earlier results [87,148], we can work
without an interface condition between D and N, which is where typically
the main difficulties lie. Our geometric assumptions “interpolate” between
the two extremal cases. Namely, we need:
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(Fat) O¢ is locally 2-fat away from N,
(LU) O is locally uniform near N,

see Section 5.1.1 for precise definitions. In this setting we are able to unite
(Pp) and (Py) to the single property

(P) |t = Ligeny - (W)o@n 2o < corllVulltzo@er),

for all balls as before and v € V.

We introduce all relevant geometric concepts in Section 5.1. The rest of the
chapter is divided into three parts.

The equivalence of (D), (G) and (H)

In Sections 5.2 to 5.5 we prove the equivalence of (D), (G) and (H) for mixed
boundary conditions. This is the main result and illustrated in Figure 3.

Theorem 5.0.1. Let m > 1, d > 2, O C R? be locally uniform near N, O°

locally 2-fat away from N and ug € (0,1]. Then the following assertions are
equivalent.

(i) L and L* have property D(u) for all p € (0, o).
(ii) L has property G(u) for all pu € (0, uo).

(iii) L and L* have property H(p) for all p € (0, po).

(Fat) & (LU)

G(p)

D(p)

(Fat) & (LU)

H(p)

Figure 3: The geometric assumptions needed in Theorem 5.0.1. More pre-

cisely, D(uo) implies G(u), G(uo) implies H(p) for all u € (0, po)
and D(po) is equivalent to H(u).

Theorem 5.0.1 originates from results of Auscher and Tchamitchian on O =
R? see [11, Chap. 4] and [29, Chap. 1]. They have been extended to special
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5 Gaussian estimates vs. elliptic regularity on open sets

Lipschitz domains with pure Dirichlet or Neumann boundary conditions using
localization techniques [30]. We highlight that we do not only recover the
known statements of [30], but we generalize the geometric setting to a far
larger class of admissible geometries.

The proof of Theorem 5.0.1 is inspired by the monograph [29] and the
work of ter Elst and Rehberg [87], who studied property (G) for real-valued
coefficients, when O has a weakly Lipschitz boundary around the Neumann
part, satisfies an exterior thickness condition around the Dirichlet part and an
interface condition in between. Concerning the geometric setup, the present
work also extends their result, see the discussion in Subsection 5.1.2.

It remains the question whether some operator L that satisfies one or equiv-
alently all three of these properties exists. This leads us to the second part.

Real-valued coefficients

In Sections 5.6 and 5.7 we study real-valued A and show

Theorem 5.0.2. Let m =1, d > 2, O C R? be locally uniform near N, O°
locally 2-fat away from N and let A be real-valued. Then L has property (H).

To this end, we combine De Giorgi’s classical approach [67,97] with a
method of DiBenedetto for non-linear operators of p-growth [72,73]. The
simple underlying idea is that a Poincaré inequality, with a lower exponent
than the 2-growth of the operator, implies an estimate for the growth of the
level sets as in the case of the isoperimetric inequality. Here, we use the deep
fact that p-fatness is an open ended condition in p [128,134]. Furthermore,
we prove local boundedness and Hoélder continuity up to the boundary for
functions lying in a wider function class than the mere solutions to the equa-
tion (Definition 5.6.2). In fact, we can also be slightly more general on the
geometric side by replacing (Fat) and (LU) by a p-adapted version of (P)
for some p € (1,2) joint with the embedding V C L2 (O) for d > 3 or an
interpolation type inequality when d = 2.

Theorem 5.0.2 is already known in the pure Dirichlet case provided that
O satisfies an exterior thickness condition [123, Chap. II, App. C & D]. In
several papers [59,108,109,129,148| the Holder regularity of solutions to non-
homogeneous elliptic problems was studied for the case of mixed boundary
conditions. However, all aforementioned papers use either Lipschitz coordi-
nate charts around the Neumann part, stronger assumptions on D and an
interface condition between D and N, or their geometric setup is almost im-
possible to check [148]. We refer to [87] for further references and applications.
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5.1 The geometric setup

Perturbations and d = 2

Following an argument in [11], we prove in Section 5.7 (in the setup of The-
orem 5.0.1) that property (D), and thus also (G) and (H), are stable under
small complex perturbations of the coefficients. Property (G) has been ob-
tained in [85] for small perturbations of real-valued A via a different method.
Moreover, when d = 2, only a slightly stronger geometric assumption on D —
the (d—1)-set property — is needed to deduce that every elliptic system L has
property (G) and hence also (D) and (H). This is the content of Section 5.8.

5.1 The geometric setup

5.1.1 Assumptions (Fat) and (LU)

We introduce the geometric setup and explain its consequences. The reader
may recall the notion of relative capacities from Section 1.2.

Definition 5.1.1 (Assumption (Fat),). Let p € (1,d]. We say that O°¢ is
locally p-fat away from N, if there is some ¢ > 0 such that:

(i) D is locally p-fat in D N Ny,
(ii) O° is locally p-fat in D.

For p = 2, we write (Fat) instead of (Fat)s to mean that O°¢ is locally 2-fat
away from N.

This terminology is motivated by the fact that (Fat) is a fatness assumption
on O°(D D) but as points get closer to N (point x instead of y in Figure 4),
the lower bound on the capacity already has to come from the complementary
boundary part D(C O°¢). In Section 5.6 we will need a self-improvement
property of (Fat)p with respect to p in the spirit of Lewis’ result [128]. To this
end, the equivalent formulation of (Fat), below will be useful. In the rest of
this chapter, we shall exclusively work with (Fat) and set p = 2.

Given § > 0, we let ¥ C R? be a grid of closed, axis-parallel cubes of
diameter ¢/ and define

Ny = (U{Qes: QNN £ 2})

The set NP is a regularized version of Njs such that N5 C N(;E C Nosss. In
particular, as a union of cubes of the same size, (N3)¢ is locally p-fat for

(e}
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5 Gaussian estimates vs. elliptic regularity on open sets

Figure 4: The parts of the balls around x and y for which we require a lower
bound on the 2-capacity are in blue. The full picture of assump-
tion (Fat) is obtained by letting x, y and the size of the balls vary.

any p € (1,d] by Poincaré’s inequality, see also Subsection 5.1.2; which is not
necessarily true for (Ny)°.

Lemma 5.1.2. Let p € (1,d]. The following assertions are equivalent.
(i) DU (0O°\ N¥) is locally p-fat for some § > 0.
(ii) O° is locally p-fat away from N.

In addition, if one of the conditions holds true with & > 0, then the other one
holds true with /2.

Proof. (ii) = (i): We fix § > 0 as in Definition 5.1.1 and show that
U = D U(O°\ Ny},) is locally p-fat. To this end, we let z € U, r € (0,%/4]
and make the following case distinction:

(1) B(x,7/2) N (D N Ns) # . We pick z € B(x,7/2) N (D N Ns) and get

B(z,72)N' D C B(x,r) NU. Hence, the local p-fatness of D in D N Nj yields
the claim.

(2) B(z,7/2) N (DN Ns) = . In this case we have z € O\ N, 5/2 and we
consider two subcases.

(2.1) B(x,7/2)ND # &. We pick z € B(x,7/2)N(D\ N;) and since r < 9/4
we get B(z,7/2) N O° C B(x,r) N U. We conclude from the local p-fatness of
O°in D.

(2.2) B(x,7/2) N D = @. It follows that B(x,7/2) C O°. Thus, we have

B(x,7/2) N ( 5/2) C B(z,r)NU and deduce the claim from the local p-fatness
of (N§2)
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5.1 The geometric setup

(i) = (ii): We set U :== DU (0°\ NF) and show that D is locally p-fat
in D N Nsj, and that O° is locally p-fat in D. The second assertion follows,
since U € O° and D C U. For the first assertion, we let + € D N Nsj, and

r € (0,9/4]. Then B(xz,7)N D = B(xz,r) N U and we conclude again from the
local p-fatness of U. O

We will see in Proposition 5.1.9 that (Fat) is substantial for having a bound-
ary Poincaré inequality on V' without average. There are essentially two ways
to get this inequality: either the extension of u to the whole ball B vanishes
on a set that has measure comparable to B or u vanishes on a portion of D
that is “nice enough” in this capacitary sense. The fatness assumption treats
both cases simultaneously.

While (Fat) describes O away from N in our main result, we use the fol-
lowing quantitative connectedness condition near N, see also Figure 5.

Definition 5.1.3 (Assumption (LU)). Let ¢ € (0, 1] and § € (0, 00]. We call
O locally an (g,6d)-domain near N, if the following properties hold:

(i) All points x,y € O N Ny with 0 < |z — y| < § can be joined in O by an
g-cigar with respect to 90 N Ny, that is to say, a rectifiable curve
v C O of length ¢(v) < lz=4l/c such that we have for all z € tr(v) that

(5.1) d(z,00 N Ng) >

(ii) O has positive radius near N: there is C' > 0 such that all connected
components O" of O with 00’ N N # @ satisfy diam(0O’) > C0.

If the values C, e, need not be specified, then O is called locally uniform
near N.

Definition 5.1.4. Let C' > 0. We say that

(i) C depends on the geometry if C' depends only on dimensions and the
parameters in the definitions of (Fat) and (LU).

(ii) C depends on ellipticity if C' depends on A = A(A) and A = A(A).

Assumption (LU) has been introduced in [40], to which we refer for a de-
tailed discussion. It is slightly stronger than the related condition in [39], see
[40, Prop. 2.5 (ii)].

Let us observe that (Fat) and (LU) become weaker as § decreases. Hence,
we will work from now on under
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5 Gaussian estimates vs. elliptic regularity on open sets

O

Figure 5: An illustration of an e-cigar between z and y. In view of (5.1), the
cigar is contained in O. In order to understand the nature of the
cigar shape, we use the length condition ¢(vy) < le=vl/c to obtain
from (5.1) that

elz —zf|z — 9
|z —y|
Hence, (5.1) means essentially that every point z on tr(vy) keeps distance to

00 N Ns that is at least the minimum of its distance to x and y. We refer to
[104,159] for more information.

€
Sz —afAle—yl) = <lz—alAlz =yl

Assumption 5.1.5. From now on we assume that 6 € (0,1] with the same
choice of § in (Fat) and (LU).

Now, we draw important consequences from (Fat) and (LU). The first one
is the existence of an extension operator that will be useful at several places
of this thesis.

Definition 5.1.6. An extension operator £ is a linear map from L{. (O)™
into the space of C™-valued measurable functions on R? such that (€f)|o = f
for all f € L. (O)™.

Theorem 5.1.7 ([39, Thm. 10.2], (£)). Assume (LU). There are K € [1,00),
A € (0,Y2] and an extension operator € such that for all p € [1,00) we have:

o & restricts to a bounded operator from WP (0)™ to W (R4)™.

o & is local and homogeneous, that is

(5.2) IV EullLr(Bery) S IV ul|Leo@,Kxr)
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5.1 The geometric setup

holds true for all x € 9O, r € (0, Ad], u € W5 (O)™ and ¢ € {0,1}.
The implicit constant depends only on the parameters in (LU), m, d and p.
The second key implication of (LU) is that O has no exterior cusps near N.

Proposition 5.1.8 (|40, Prop. 2.9]). Assume (LU). We have an interior
corkscrew condition for O near N:

(ICCy;) Ja>0VzeONN;sre(0,1]32€0:  B(z,ar) S O(z,r).

The last one is a weak Poincaré inequality with correct scaling. In the
formulation, £, A, § and K are as in Theorem 5.1.7. In the proof, we frequently
use the fact that

(i:Iequ; |u—cllurey < [Ju— (W)ellweE) < 2,@2{: |u — c|lr(m)

whenever p € [1,00), E C R? has positive and finite measure, and u €
LP(E)™.

Proposition 5.1.9 (Weak Poincaré inequality). Let p € (1,d] and let us
assume (Fat), and (LU). There is cog > 0 depending on the geometry and p
such that

(P), v = Liap @) - (Wo@mllLr©o@n) < corl|Vullwro@skr)
for all z € 90, r € (0,4/2] and u € W' (O)™.

Proof. By density, we can assume u € C¥(O)™. First, we note that if
B(z,r) C O, then dp(z) > r and O(z,r) = B(z,r), and (P), follows from
the standard Poincaré inequality (with subtraction of the average) on the
ball B(x,r). Hence, we assume from now on that B(z,r) N 00 # @. We
distinguish two cases.

(1) dp(x) < r. In this case there exists zp € B(x,r) N D.

(1.1) zp € D N Ns. We estimate

lullr 0@y < llulliro@p.2r)
< [[Eullue(B@p,2r)-
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Since u € C%(0O)™ and & is local and homogeneous, we have for all y € D and
sufficiently small r > 0 that ||Eullirsyry) S [Jullirow,kr) = 0. From this
we conclude that £u vanishes almost everywhere on an open neighborhood
of D. Hence, in view of (Fat)p, we can apply Mazya’s Poincaré inequality
[122, Lem. 3.1] and (5.2) to continue by

S rIVEullw e 2n)
S rlIVullur op.2rr)
< 7[Vullr 0@ 3Kr)-
(1.2) zp € D\ N;. Since 2r < 9/2, we know that uy € W'"?(B(zp, 2r))™,
and of course ug vanishes on O°. Hence, the same argument as in case (1.1)
applies with ug replacing Eu.
(2) » < dp(). In this case there exists xy € B(x, )N N. Using the stan-
dard Poincaré inequality on B(zy,2r) and (5.2), we get the desired estimate

[ = (Won lLro@n) < 2l = (Eu)py.2nllLr0@.r)
< 2[Eu — (E)Bay.2r) LBy 2r)
S rlIVEuUllLrB(ay 2r)
S Vullieo@y 2k
< 7l Vulluro@,3kr)- -

As with (Fat), we simply write (P) instead of (P)z. From now on we set
p = 2 and use the fixed constants

(c1) g =3K >3
and

)
(7”0) T == (A AN C)E

Incorporating C' > 0 from Definition 5.1.3 in the definition of the radius ry
will be useful at later occurrences.

Remark 5.1.10. As we have seen in the last proof, working with weak
Poincaré inequalities bears the advantage that the ball can be centered at the
boundary. Because of this, (P)p could equivalently be required with € 0O
instead of x € O. Moreover, we get the Poincaré inequality with average

| = (W) o@nltro@) S 7lIVullwower)

for all € O, r € (0,70] and u € WP (O)™,
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5.1 The geometric setup

5.1.2 Comparison of the geometric setup

Now, we provide a short comparison of our chosen geometry with the one in
[70,87]. We believe that it is instructive to see how their assumptions are
built into our general framework.

To show (G) for real-valued A, the following geometric setup is used, com-
pare with [87, Thm. 7.5]:

(I) Uniform Lipschitz charts around N: There is K > 1 such that
for all z € N there is an open neighborhood U, of x and a bi-Lipschitz
map ®,: U, — B(0,1) with bi-Lipschitz constant at most K and the
properties ®,(z) = 0 and ®,(U, N O) = (RL)(0,1).

(II) O is exterior thick in D: There is C' > 0 such that

Cr® < (0% (x,r)| (x € D,r € (0,1]).

(III) Interface condition between D and IN: There are C,c¢ > 0 with
Crt < HTH(RT x {0}) N [da, (vew) (1) > er])(y,7),
forallz € DNN,y€ ®,(DNNNU,) and r € (0, 1].

Lemma 5.1.11. If O, D and N satisfy (1), (II) and (I11), then they also
fulfill (Fat) and (LU).

Proof. It is classical that (I) implies (LU), see [40, p. 9] and references therein.
The full details have been written out in [78, Lem. 2.2.20].
To see that (II) implies that O° is locally 2-fat in D, we let x € D, r € (0, 1]

and v € CX(B(z,2r)) with u = 1 on B(z,r) N O°. Then (II) joint with
Poincaré’s inequality yields

ri=? e (0% (z,r)| < 7‘_2||UH32(B($,27«)) S ||VU||32(B(1,27~))7

and hence
rd=2 < capy(B(z,r) NO% B(x, 2r)).

Finally, let us explain why D is locally 2-fat in D N Ns for some 6 > 0. In
fact, (I), (III), and [87, Lem. 5.4] show that there is some 0 € (0, 1] such that
D is a (d — 1)-set in D N N5, compare also with [87, p. 304]. It seems to be
folklore that this implies the local 2-fatness of D in D N N;. For convenience,
we included the details in Lemma 1.3.3. Altogether, we have concluded (Fat)
from (I), (II) and (III). O
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5 Gaussian estimates vs. elliptic regularity on open sets

To construct explicitly a set O that fulfills (LU) and (Fat), but not the
geometric setup from above, we consider

R\ {(z,9) ER*: 2> 0& 0 < y < 2°}

and add a part of the von Koch snowflake, see Figure 6. We put Neumann
boundary conditions on the “fractal part” coming from the snowflake and
Dirichlet boundary conditions on its complement. Let us sketch that O is an
admissible example.

(i) As [(0°9)(0,r)| < [; #*daz = */3 for small enough r > 0, it follows that
O is not exterior thick at the origin.

(ii) The boundary of the von Koch snowflake is not rectifiable, so there are
no Lipschitz coordinate charts around N.

(iii) By inspection, D is a (d — 1)-set. Hence, Lemma 1.3.3 reveals that D
is locally 2-fat (in itself). As D C O°, also (Fat) is satisfied.

(iv) By [104, Prop. 6.30] the von Koch snowflake is an (g, co)-domain. Hence,
one can verify that O is an (¢, 00)-domain as well.

We close this section by showing that (under the background assump-
tion (LU)) having (Fat) is just as good as having the abstract assumption (P).
Let us recall that (LU) is void in the case of Dirichlet boundary conditions.

Proposition 5.1.12. Let m > 1, d > 2 and assume (LU). Then (Fat) is
equivalent to (P).

Proof. That (Fat) and (LU) imply (P) has been shown in Proposition 5.1.9.
For the converse statement, we borrow ideas from [124, Thm. 3.3]. To
show (Fat), we fix z € D and r € (0,79]. We consider two cases.

(1) * € D\ Ns. We pick u € C*(B(x,2r)) with u = 1 on B(z,r) N O°

and assume first that
1 2
1|B<xar/?c‘1)| < ullt2 (B 20
Then Poincaré’s inequality applied on B(z,2r) implies

ri? g HVUHi%B(mr))-
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5.1 The geometric setup

Y
OC
D
N
(1,0) (2,0)
O

Figure 6: A geometric constellation in R? that satisfies (Fat) and (LU), but
not the geometric setup introduced in this subsection. Here, N can
be constructed by the following algorithm: divide the line segment
between (1,0) and (2,0) into three parts of equal length, remove
the middle one, and build an equilateral triangle over this segment.
Then apply this procedure to each of the four remaining segments
and iterate.

Now, we assume the converse estimate. Then
1 2 2
§|B(957T/201)| <|1- u||L2(B(x,T/2c1)) + ||U||L2(B(x,r/zcl))

1
<|1- uHi?(B(a:,T'/ch)) + Z|B($ar/201)|

and hence

rf St - uHiQ(B(x,T/hl))'
We choose ¢ € C(B(z,r)) with ¢ = 1 on B(z,7/2), put v := ¢(1 — u) and
note that v € C®(R?) with v = 0 on D. Hence, v € V by [2, Thm. 9.1.3]
and (P) yields

rt < / 11 —uf* = / lv]? < 7“2/ Vol = 7’2/ |Vul?.
B(z,r/2¢1) O(z,/2¢1) O(z,r/2) B(z,r/2)

This shows that O°¢ is locally 2-fat in D\ Nj.

(2) € DN Nj. To prove that D is locally 2-fat in D N Nj, we systemati-
cally replace O° by D and B(z,7/2¢1) by O(x,7/2¢:) in (1) and apply the same
argument. The key points are that we now have v € Wy?(R%\ D) and hence
v|o € V, and |O(x,7/2e1)| = 7 due to (ICC, ). O
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5 Gaussian estimates vs. elliptic regularity on open sets

5.2 Properties (D), (G) and (H)

The property that we are mostly interested in is the Gaussian estimate for the
kernel of the semigroup (e ™*);>o. Let us introduce this property in detail:

Definition 5.2.1. Let p € (0,1]. We say that L has property G(u) if the
following holds:

(G1) For any t > 0 there is a measurable function K;: O x O — C such that

tQLf /Ktiﬁy

for all f € L?(0O)™ and almost every z € O.

(G2) There are C,¢,w > 0 such that

Ky(w,y)| < Ce e () (1> 0),

(G3) There are C,w > 0 such that
K2, y) = Koo' y)| < Ce t (|l — /| + ly — /)"
for all z,2',y,y € O and t > 0.

Furthermore, we say that L has property (G) if L has property G(u) for
some p € (0, 1].

Remark 5.2.2. The following facts will be useful:

(i) Property G(u) is stable under taking adjoints since the kernel of the
adjoint semigroup is given by K/ (z,y) = Ki(y, z).

(ii) Logarithmic convex combinations of (G2) and (G3) yield for all v €
(0, p) constants C, ¢, w > 0 such that

|Kt<x7y + h) - Kt(xvy)|

> (IR o la=uly?
<Cet d(") <1[0,2|h|)(|$—y|)+1[2|h|,oo)(|$—y|)e (% )>,

t

for each z,y € O, h € R? with y + h € O and t > 0. A similar estimate
holds true in the z-variable.
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5.2 Properties (D), (G) and (H)

The (eventually equivalent) properties (D) and (H) quantify the regularity
of weak solutions in subsets of O. For Dirichlet boundary conditions they
have appeared in the introduction, but their adaptation to general bound-
ary conditions requires some care. Following [87], we do that by looking at
solutions to — div AVu = 0 in O(z,r) that are compatible with the “global”
boundary conditions (Dirichlet on D, Neumann on N). More precisely, we use
test functions with Dirichlet boundary conditions only on 0O(z,r) \ N(x,r):

1,2 m
Var = Wab@mnn (0@, )™
The precise variational formulation is as follows:

Definition 5.2.3. Let z € O and r > 0.

(i) Let w € WY2(O(z,r))™, f € L2 O(z,r))™ and F € L2(O(x,7))™™. We
write Lpu = f —div F in O(z,r) if

| oAveVe= [ jprFVe o (pei)
O(z,r) O(z,r)

In addition, we write w € Hp z, if Lpu =0 in O(z, 7).

(ii) Let w € V, f € L2(O)™ and F € L2(0)%™. We write Lpu = f — div F’
in O if
[avu Vo= [ ;o4 PV e
0 e

In addition, we write uw € Hp if Lpu =0 in O.

This definition of Lpu = f — div F' is natural for our purpose, because
V., is canonically embedded into V: If u € V satisfies a global equation
Lpu = f —div F, then also Lpu = f — div F' in all local sets O(z,r) due to
part (i) of the following lemma applied with U = B(z, ).

Lemma 5.2.4. Let U C R? be open and p € [1,00).

(i) The set NNU is open in O(O NU) and the 0-extension

&o: Wé’(pOmU)\(NmU)(O NU)™ — WP (O)™ s isometric.

(ii) Ify € C(U), then multiplication by« maps the space WP (0)™ bound-
edly into W(la’(I?OmU)\(NmU)(O nu)™.
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5 Gaussian estimates vs. elliptic regularity on open sets

Proof. For (i) we refer to [87, Lem. 6.3]. For (i) we pick u € W;(0O)™
By definition this means that there is a sequence (¢,), € C®(R?\ D)™ with
©Ynlo — uin WHP(O)™. Then g, € C®(R%)™ and to see that supp(¢p,) N
[P(ONU)\ (NNU)] =@, we notice that supp(p,) C U \ D and

(U\D)N@ONU)\(NNU)) C@QONU)\(DU(NNU)) =2g.

We have shown that ¢, € C3ionmvar) (RY)™ and the claim follows by
passing to the limit in n. O]

Now, we introduce the local properties (D) and (H).

Definition 5.2.5. Let u € (0,1]. We say that L has property D(p) if there
is ep() > 0 such that for all 2z € O, R € (0,1] and v € V N H, g we have

r d—2+2p
/ Vul® < eng () / Va2 (re(0,R)).
O(a,r) R O(=,R)

In addition, we say that L has property (D) if L has property D(u) for some
p e (0,1].

Remark 5.2.6. The interest in property (D) lies in radii that are not compa-
rable by absolute constants. Otherwise the estimate holds by monotonicity of
the integral with any choice of u. In particular, we can replace the condition
0 < r < R <1 by the more flexible condition 0 < ¢r < R < R, for any fixed
Ry >0and ¢ > 1.

Definition 5.2.7. Let u € (0,1]. We say that L has property H(u) if there
is cp(y) > 0 such that for all x € O,re(0,1]andueV NHr .z we have that
u has a continuous representative in O(z,7/2) that satisfies

_4d
(53) T“[u](ou()%%) S CH(u)T 2 ||u||L2(O($77”))'

In addition, we say that L has property (H) if L has property H(u) for some
p e (0,1].

Let us mention that this definition is different from the one given in the
introduction, but with some work it turns out to be equivalent as we will see in
Lemma 5.2.9 below. In the setting of (H) the function u extends continuously

to O(x,7/2) and the Dirichlet condition gets a pointwise meaning:

Lemma 5.2.8. Assume (Fat) and (LU). Letx € O, r >0 andu € V. Ifu

has a continuous representative in O(z,r), then u(y) =0 for ally € D(x,r).
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5.2 Properties (D), (G) and (H)

Proof. By continuity, and since y and r are arbitrary, it suffices to prove
u(y) = 0 when y € D. We can assume that u is real-valued, since otherwise we
consider real and imaginary parts separately. For the sake of a contradiction,
we suppose that |u(y)| # 0. By continuity, we pick p € (0,79 A 7] and ¢ > 0
such that |u| > ¢ on O(y, p). Repeated application of the truncation property
in Lemma 1.1.11 gives |u|Ac € V. But on O(y, p) this function is the constant
¢ and the Poincaré inequality in Proposition 5.1.9 yields the contradiction
c=0. [

A further consequence of our geometric setup is that property (H) yields a
posteriori local boundedness of L-harmonic functions.

Lemma 5.2.9. Assume (Fat) and (LU) and let L have property (H). Then
there is C' > 0 such that for allx € O, r € (0,1] and u € VN Hy ., we have
that w has a continuous representative in O(x,7/2) that satisfies

_d
[ullLeo@@,z)) < Cr™ 2 ||ulltzo@,m)-

Proof. We distinguish the following cases:
(1) * € Nsj, or B(x,7/4) C O. By H(u) we have for all y, z € O(x,7/2)
that

_d
[u()] < S, o + [u(2)] S 772 fullizon) + 1)l

Now, we average with respect to z on O(x,7/2) and use |O(z,7/2)| ~ r¢ (either

by (ICCy,) or B(z,7/a) C O) to infer

_a 1 _d
lu(y)| < (r72 + |02, 7/2)]72) ||ull2oe) ST 2 ulliow)-

(2) * € (INs2)¢ and (00)(x,"/4) # B. We consider two subcases.
(2.1) D(x,7/4) # @&. Wepicky € D(z,7/4). Lemma 5.2.8 implies u(y) = 0
and we get for all z € O(z,7/2) that
d
[u(2)] = fu(2) = u(y)] < [l g) S 7% ulliz0w -

’2

(2.2) D(z,7/4) = &. Pick w € N(x,7/4). Then O(w,"/4) C O(x,7/2) and we
have for all y € O(z,7/2) and z € O(w,"/4) that

u(y)] < r[u)$l, . + Ju(2)].

r
2

Now, we average with respect to z on O(w,7/4) and conclude as in the first
case. Here, we have used (ICCy ) at w € N. O
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5 Gaussian estimates vs. elliptic regularity on open sets

An inspection of the previous proof reveals the following

Corollary 5.2.10. Assume (Fat) and (LU) and let p € (0,1]. Then there is
C > 0 depending only on d and the constants in (LU) such that

|ul|Le (0 (2,r)) < QT”[U](O%,T) + Cr™|ullu o)

forallz € O, r € (0,1] and u € VN CHO(z,r))™.

Remark 5.2.11. Using Lemma 5.2.9, the following modifications can be
made in Definition 5.2.7 and Lemma 5.2.9.

(i) It is possible to replace the condition r € (0,1] by r € (0, R] for any
R > 0. Indeed, it suffices to consider R > 1 and r € (1, R). The L>-
part is clear, as it is a pointwise estimate for all y € O(z,7/2). To bound
the Holder seminorm, we pick y, z € O(z,7/2). If |y — z| > 1/8, then we
can use the L>®-bound. If |y — z| < 1/s, then we can apply the estimate

in O(x,1/4).

(ii) By the same type of argument, the radius /2 on the left-hand side of
(5.3) can be replaced by yr for any v € (0,1).

Next, we discuss the solvability of the local problem Lpu = f — div F in
O(z, R) with an a priori bound that has the correct scaling in R. To see that
this does not come for free, we consider a simple counterexample.

We fix r € (0,1] and put O, = B(0,7) U B(4ey,1) as the union of two
disjoint balls. We impose Neumann boundary conditions on 0B(0,r) and
Dirichlet boundary conditions on 9B(4e;,1). Now we take some f € L2(0,)
that is not average free over B(0,7) and set R = 2 to see that the local
problem Lpu = f in O,(0, R) = B(0,r) cannot have a solution. Indeed, we
can take the constant 1-function as a test function.

However, changing the radius from R = 2 to p = 7/2 yields a pure Dirichlet
problem Lpu = f in O,(0,p) = B(0, p), which admits a unique solution by
the Lax—Milgram lemma. The correct scaling in p in the a priori estimate
comes from the classical Poincaré inequality on balls. Now, the key obser-
vation is that our geometric setup does not allow that r shrinks to 0 (see
Definition 5.1.3). This ensures that the ratio #/r is bounded from below. We
will need this fact in Section 5.3.

Getting the correct scaling in R can be more difficult. Here, the geometry
has to ensure that the local Dirichlet part 0O(x, R) \ N(z, R) is large enough
in a suitable sense.
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5.2 Properties (D), (G) and (H)

The key point in the next lemma is the following: even when we cannot
solve every local problem with an a priori bound that has the correct scaling
in R, we can use our geometric setup to do it for some smaller radius p still
comparable to R.

Lemma 5.2.12. Assume (Fat) and (LU). Let x € O, r € (0,r0), f €
L2(O(z,r))™ and F € L*(O(x,r))™. There is some p € [7/a,r] such that
the problem

Lpv=f—divF inO(z,p)

has a unique weak solution v € V,, , that satisfies
(5.4) MIVollizo@e) < Collflltzowe) + I1FLz0@m),
where C' > 0 depends only on the geometry.

Proof. The main issue, as seen from the example above, is the coercivity
of the form on V, ,. If B(z,r) C O, then O(z,r) = B(z,r) and we have
Poincaré’s inequality on V,, = Wy*(B(x,7))™ at our disposal. Hence, the

result for p = r follows from the Lax—Milgram lemma. We assume from now
on that B(xz,r) N 00 # .
If dp(x) < r, then Lemma 5.2.4 (i) joint with (P) implies

el o) STIVeollzo@earn) = TIVellLzo@r) (9 € Var)

and we conclude as in the first case.

Finally, we come to the most technical part dy(z) < r < dp(x). Here, we
need to consider two subcases:

(1) 8B(xz,7) N O = @. Since z € O, this means that O splits into two
components O = Oy, U(O\ Ooc ), where Oy, is open and contained in B(z, 7).
Asr < dp(z), the boundary of all connected components of Oy, intersects 0O
in N. Hence, O has a connected component with diameter less than 2r < C9
that intersects N in contradiction with (LU). Thus, this case can never occur.

(2) 8B(xz,7)NO # @. Asfor dp(x) < r, it suffices to find some p € [/4,7]
with

(5.5) lellzo@e) S oIVl owe) (0 € Vay).

The argument in (1) implies that there is some y € 0B(x,7/2)NO C N5, NO.
Now, we find a radius p comparable to r such that 0O(x, p) carries a large

portion of Dirichlet boundary conditions not necessarily coming from D. For
this, we find a ball B(z,r/4) that lies inside O with center z € 0B(x, p).
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5 Gaussian estimates vs. elliptic regularity on open sets

Figure 7: Geometric configuration, where 0O(z, p) \ N(z, p) is large enough.

By (ICCy,), there is some z with B(z, /1) C O(y,"/1). We set p == |z —
so that p € [7/4,37/4]. Then z € 0B(z, p) and B(z,2¢/4) C O, which is exactly
what we need (see Figure 7).

Now, we pick ¢ € CZ, )\ N (O, p))™. By Lemma 5.2.4 (i), the 0-
extension of ¢ belongs to V' and hence we get

lellz0@n = I€pollizB,p)-
Since Epg € WH2(B(z, p))™ vanishes on 0B(z, p) N B(z,2r/4), we have

S PIVEoll2Ba,p))-

Indeed, if x =0, p = 1 and z is the north pole of B(z, p), then this Poincaré
inequality follows by compactness. The general case follows from scaling and
a rigid motion. Finally, we use that £ is local and homogeneous in order to
derive

S PlIVeollLzo@.ein)
= plIVellL2(0(,0))-

This proves (5.5) and completes the proof. ]

116



5.3 From (D) to (G)

We will show Theorem 5.0.1 by proving the implications (i) = (ii), (ii)
= (iii), and (iii) == (i) in this order as in [29]. This is the content of the
following three sections.

5.3 From (D) to (G)

In this section, we prove the implication (i) = (ii) of Theorem 5.0.1. Through-
out the entire section, we make the geometric assumptions (Fat) and (LU),
see Definitions 5.1.1 and 5.1.3, and our goal is thus to show

Theorem 5.3.1. Let L and L* have property D(uo) and fix p € (0, uo).
Then L has property G(u) with implicit constants depending on the geometry,
ellipticity, p, po and cpy)-

Let us fix t > 0 and f € L?*(O)™. The key idea is to consider the elliptic
problem
Lpe ™t f=Le ™ f=¢ inO.

Property D(po) allows us to bootstrap regularity of V f; = V e L f in Morrey
and Campanato spaces, see Subsection 1.1.3 for the definition of these spaces.
This enables us to find for all 1 € (0, z19) some w > 0 such that (e~ (F9)),
and (e (7 +%)),_ o are L2 — C*-bounded. Once in place, existence of the kernel
with estimates follow from the Dunford—Pettis theorem, see Theorem 5.3.9
and Lemma 5.3.10. Compared to [29,87], we replace Davies’ perturbation
method by the usage of off-diagonal estimates. This provides a much shorter
and streamlined argument, since it does not produce lower order perturbations
for the divergence form operator.

We begin with gradient estimates for global weak solutions in Morrey
spaces. Later, we apply these estimates iteratively to V f;.

Convention 5.3.2. We drop the dependence on O when using Morrey and
Campanato (semi)norms whenever the context is clear.

Proposition 5.3.3. Let i € (0, 1] and assume that L has property D(u). Let
k € [0,d), o € (0,2] with k +0 < d—2+2u, x € O, Ry € (0,r9] and
f € M (0O)™. Then we have for all w € V' with Lpu = f in O(z, Ry) and
e € (0,1] the estimate

1-Z kto

HVUHM;E} S Ry 252_0Hf\|M;,R0 + Ry 7 e " VullLa o, ko)),

where the implicit constant depends only on A, cp(y, i, k + o and geometry.
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5 Gaussian estimates vs. elliptic regularity on open sets

Before we start the proof, we recall the classical Campanato lemma.

Lemma 5.3.4 ([96, Chap. 3, Lem. 2.1]). Let ¢: R — [0,00) be increasing,
and let Cy,Cy, Ry, e > 0 as well as 0 < 5 < . If we have

¢(7") <y R

(’”)V . E]Qs(R) LR (0<r<R<R).

then there exist C,eq > 0 depending only on Cy, v and 8 such that if € < &g,
then

r

g
o(r) < CKR> P(R) + CQTB] (0<r<R<Ry).

Proof of Proposition 5.3.3. We let 0 < » < R < Rye? and define the
function
o(r) = [Vulrzo@r)-
By Lemma 5.2.12 there are p € [£/4,R] and v € V,, such that Lpv = f in
O(z, p), and v satisfies the a priori bound (5.4). This implies
rto

rt2 29 £2o
(5.6) AIVUllzo@p)) < CR ™ ||f||/vr;R < C(Roe®) 2 ||f||M;””,ROR 2

where C' > 0 depends only on the geometry. By Lemma 5.2.4 (i) we know
that vo € V. Hence, w = u — vy € V N'H,, and, provided that r < p, we
can use property D(u) to get

1 T
< ey <p) IVwllzo@.,n + 1Vllo@)
d_q
< 1/2 T\ i 1/2
(57) < CD(u) ; ¢(p) + (CD(u) + 1)HVUHL2(O(UE,p))'

Inserting (5.6) into (5.7) and using £/4 < p < R delivers

K+o

(R0€2)1_%||f||M;,RUR 7.

r )gH# (R + C(Cg?m +1)

d Y2
¢(T) S 2 cD(p,) <R Y

If r > p, then 7/r > 1/4 and the same estimate follows by monotonicity of ¢,
even without the second summand. Lemma 5.3.4 improves this bound to

)5 (55) T R+ (Roe)'F e, 5
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with an implicit constant depending only on A, ¢p(), i, £ + 0 and geometry.
Hence, we get for all » and R as above that

_ kto K+o

r o(r) SR |Vl o,k + (Rog®)' 2 || fll e

x,Rq :

In particular, if we pick R := Rye?, then we get for 0 < r < Rye? the estimate

ktao _a
_ktao 5

- —(k+o 1 —0o
Tz () SRy ?oe Ut )||VU||L2(O(z,R0))+Ro e’ £l v

z,R( :

As before, this estimate remains valid for Rye? < r < Ry by monotonicity of
¢. Taking the supremum in r € (0, Ry| yields the claim. O

Lemma 5.3.5. Let k € [0,d) and o € (0,2]. There is C > 0 depending only
on k and the geometry such that

g K+o

[u] grtr < P32Vl gy, 7775 e fufl iz o)

z,cqr

for allz € O, r € (0,ro), € € (0,1] and uw € V. Moreover, if x ¢ Ns,, then
the same estimate holds for uy on B(z, ).

Proof. If p € (0,£%r], then we have by Remark 5.1.10 that

_hto _o _k
P2 |Ju— (Wogp 120w < cop' 2 p~ 2 | Vullt2o@,epm)

< coc? P15 || Ve

z,cqr’

In the other case, we get

_ k+to _ kto
P~ 2 |lu— (Woep Lz owe < P72 |[ullizo,)
Kt+o

ST 2 £ (HJFU)HUHLQ(O(LT)).

Finally, if © ¢ Nsp, then ug € W'2(B(z,7))™ since we have 1y < 9/2 by
definition. Hence, we can use the standard Poincaré inequality on balls in the
first case. O

Now, we increase the regularity of V f; for f € L2(O)™ in Morrey spaces up
to the critical exponent d — 2 4 2 and eventually pass to an estimate for the
Campanato seminorm of f; with exponent d + 2.

Convention 5.3.6. For the rest of this section, implicit constants depend
only on the geometry, ellipticity and the premises in the statement.
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Lemma 5.3.7. Let L have property D(ug) and let p € (0, ). There are
C,w >0 and v € (0,1] such that

wt? j—p—g
(58)  Taenylfil otz o) + Tognyal ol ot oy < €t £l

forallz € O, t >0 and f € L*(O)™.

Proof. We treat only the case x € Ns,. The other one can be discussed
analogously, replacing (P) by the standard Poincaré inequality on balls.
For k € [0,d —2+2p) and r € (0,79] we consider the following statement:
P(k,r). There are C,w > 0 such that

Ifellaas, + 1V fillaes, < Ce" 5| fls (2> 0, f € L2(O)™).

Here, P(0,79) holds true by the L?-theory of L. We fix o € (0,2] with k+0 <
d — 2+ 2 and claim that

P(k,ro) = P(k + 0,70/c).

This will yield (5.8) with v = 1/¢"0*? where mg is the largest integer with
2mgy < d — 2 + 2y, by iterating (mg + 1)-times and a final application of the
Poincaré inequality in Remark 5.1.10.

Let us assume that P(k,r) is valid. We define ¢ .= v/fe " € (0,1] and
prove P(k + 0,70/c;) in two steps. We abbreviate 1 = m0/c,.

Non-gradient bound. Since z € N;;, we have (ICCy ) at hand. We
apply Lemma 1.1.16 (i) and then Lemma 5.3.5 to get

[fellaeste S Uit + W fell2
S (\/Zeitz)2io.vatHMg7T0 + (\/%eft2)f(n+a)HftH2'

Using P(k, 7o) and the L2-contractivity of the semigroup gives us

Kt+o

+ 2
<t— 2 ETo  dt
~

wt? —
e flla + 7= e I

YD £

K+o

<1

2

Gradient bound. Proposition 5.3.3 with right-hand side Lf, = e~ zL L Jive
reveals the bound

5, F (Ve D) v £l

x,r

—2\2—0 —L
16V fill pagse S (Ve e QLLf%HM

K+

o 2 <
St—ille—%L(tsz%)HMg,n +72 etV £y
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5.3 From (D) to (G)

Next, we use P(k,ro) joint with the bound [[t2Lfy.zll2 < || f]l2 for analytic
semigroups for the first summand and the L2-estimate ||tV f;||2 < || f]]2 for the
second one to deduce

S BV s, 0
Finally, we can prove

Proposition 5.3.8. Assume that L has property D(po) and fiz pn € (0, po)-
Then there is w > 0 such that (7))o is L2 — C*-bounded.

Proof. We fix 2,y € O with x # y, t > 0 and f € L2(0)™. It suffices to
assume that ,y € O N Nsp,. Indeed, if x € O\ Ns, or y € O \ Nsy,, then we
replace f; and O by (f;)o and R?. This being said, we fix 7 as in Lemma 5.3.7,
apply Lemma 1.1.16 (iii) with » = yrg and then Holder’s inequality to get

|fi(z) = fi(y)] <

==y [fel paan &[] pavau 4[| fello-

Now, we invoke Lemma 5.3.7 joint with the estimates ||f;][2 < | f|l2 and
2 < @t in order to find

< &R f o 0

We come to the main result, Theorem 5.3.1. For this we need a criterion to
decide when a linear operator is given by a measurable kernel, known as the
Dunford—Pettis theorem.

Theorem 5.3.9 ([6, Thm. 1.3]). Let p € [1,00). The map

L¥(0: L7 (0)™)™ — LIP(O)" L(0)"), K v (f - [ K dy)

is an isometric isomorphism.
Armed with this result, we are going to use the L2 — C*-estimate as follows:
Lemma 5.3.10. Consider the following two statements:

(i) There are p € (p—(L) ANp_(L*),2], p € (0,1] and w > 0 such that
(e7PIT49)), o and (e ")), o are LP — CH-bounded.

(ii) L has property G(u).
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5 Gaussian estimates vs. elliptic regularity on open sets

Then (i) implies (ii) and conversely, (ii) implies (i) for every p € [1,2] and any
v € (0, 1) in place of . Furthermore, both statements imply that (e=* Z+<)), ¢
and (e_tQ(L+w))t>0 satisfy LP — L7 off-diagonal estimates for some w > 0 and
all1 <p<q<oo.

The result is not particularly deep, but we believe that the precise formu-
lation and the flexibility coming from the exponent p will also be useful for
other applications.

Proof. (i) == (ii): We set T, = (e ¥ %),y and T = Tg. Let us prove
in a first step that 7, and 7T satisfy L? — L*> off-diagonal estimates for a
different choice of w. Since L and L* are of the same type it suffices to argue
for L. We let E, F' C O be measurable, x € F, t > 0 and f € (L? N L?)(E)™
Let us also fix ¢ > 0 to be chosen. We set

2 o (A

2
T = "yrote ) < v1yp.

Corollary 5.2.10 joint with Holder’s inequality implies that
_d
i@ S0+ Il ot
Next, we use the L? — C*-estimate for 7, and the definition of r to find

wit? _4d _d
S () T | i) + e [ fellueo

2 _d _ .
<etTre e (25

~

d(B,F)\2
) 1 £l ol

Since p € (p—(L),2], Lemma 1.4.5 implies that 7 satisfies L? off-diagonal
estimates. It follows that there is ¢’ > 0 such that

2 2 z,r 2
< el (e () 4 ebe () = B

2 E
)||f||Lp Lot %e%C( :

In particular, for d(E, F') < 2t the claim follows. Now, we let d(E, F') > 2t >
2r. Then d(E,O(x,r)) > dEF)/2 and therefore

d

| illimm < €YD 175 0 (%) e

for some ¢ > 0 provided that ¢ < »¢"/4d.

With this result at our disposal, Lemma 1.4.5 implies that 7, and 7 satisty
L2 — L™ off-diagonal estimates and are L2 — C*-bounded. By duality and
composition, see Lemma 1.4.4, it follows that T3, and T, satisfy L' — L*>®
off-diagonal estimates and are L' — C*-bounded. Hence, Theorem 5.3.9 and
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5.3 From (D) to (G)

Remark 5.2.2 (i) imply that e % can be represented by integration against a
pu-Holder continuous function K; and there are C,c > 0 such that

lz—y|

2
Ky, y)| < C et mteme(7)
Ky(2,y) — K2, y)| < Ce® t7 (| — o | + |y — y/|)",

for all z,2',y,y € O and t > 0.

(ii) = (i): By Remark 5.2.2 (i) it suffices to prove that 7, is L? — CH-
bounded. We let z € O, h € R4\ {0} with x +h € O, t > 0 and f €
(L? N L%)(0)™. Hoélder’s inequality gives

e+ ) — fi(o)] < / Koz + hy) — Kl )| 1) dy

L
7

< ( [Vt )~ Kol dy>” £l
O

Let us fix v € (0, ). By Remark 5.2.2 (ii) we can continue with
SR LI

where

—ep! |z— 2 ﬁ
1= ( | @oame = o) + Lo = o) = (5 >>dy) .
R

We calculate I using polar coordinates and get

2|h| 00 P
I~ (/ rddr—k/ ¥ (5)" d7">
0 r 2|h| r

d d
<SR 4t
In total, we infer
iy 4
[fu(x + ) = fulw)] S et 7w R (14 (k)7 )| £,

Hence, if |h| < t, then we are done. For |h| > ¢, we invoke the triangle
inequality, (G1) and Hélder’s inequality to deduce

|[filx + ) = fe(@)] < |fe(x + h)| + | fe(2)]
< 206 ( [ ey dy)” 1£1,

< e8| £l
<e

2 4,
e R

=
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5 Gaussian estimates vs. elliptic regularity on open sets

Let us come to the proof of the last assertion. We have already seen in the
proof from (i) to (ii) that (i) yields L' — L*> off-diagonal estimates for 7;, and
T.r. Thus, the claim follows from (the proof of) Lemma 1.4.5. O

Proof of Theorem 5.3.1. We apply Proposition 5.3.8 to L and L* and
eventually use Lemma 5.3.10 with p = 2. O]

5.4 From (G) to (H)

We highlight that this implication does not depend on the geometry at all,
which is a fundamental difference compared to the other parts of the equiva-
lence. Heuristically, this is due to the fact that (G) is a global property and
(D) and (H) are local ones.

Theorem 5.4.1. Assume that L has property G(ug) and let pn € (0, o). Then
L and L* have property H(u).

The idea of the proof dates back to [29]. However, using the equivalent
formulation of G(x) from Lemma 5.3.10, we provide a shorter argument even
when O = R Before we start with the proof, let us recall Caccioppoli’s
inequality for mixed boundary conditions. The proof is identical to the stan-
dard argument in e.g. [20, Lem. 16.6] since the test function classes V,, are
invariant under multiplication with functions in C°(R?).

Lemma 5.4.2 (Caccioppoli inequality). There is C' > 0 depending only on
ellipticity such that for allz € O, r >0, ¢ € (0,1) and u € VN Hy ., it holds

(1 =o)r[[VullLeo@er) < Cllu = Lap @)y - (Wo@r lL2o@,)-

Proof of Theorem 5.4.1. We are going to use G(f) through Lemma 5.3.10.
Since G(uyo) is stable under taking adjoints, it suffices to show H(u) for L.

Let us fix z € O, r € (0,1] and u € VN Hp,,. Welet y € O(x,7/2)
and h € R? be such that y + h € O(x,7/2). Finally, we pick ¢ > 0 with
B(y,e) U B(y + h,e) C O(x,7/2) and define 7, f = f(- + h). We abbreviate
B = B(x,r).

First, we claim that there are C, ¢ > 0 depending on the constants in G(u),
ellipticity, 4 and pg such that

427 % _ 427 %
1L zmy e (o = Uf s + L2tV e (- = D

(59) _u—g 7c(£)2
< ClhM 72 e || fllisy.e)
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5.4 From (G) to (H)

for all ¢t € (0,1] and f € (L' NL?)(B(y,&))™.
To see the claim, we fix v € (u, pg). Property G(po) implies that (e’tQL)te(oJ]
is L? — C”-bounded, so that

—t2 vy—v—4g m
(7 = 1) €™ flli=(aen S AT flla (t€(0,1], f € L2(O)™).
By duality, we get
—t2L* vy—v—2
(5.10) le™ (ron = Df 2 S IR 2 flesey

for all t € (0,1] and f € (L' N L?)(B(y,e))™. By the semigroup law and
the L2-boundedness of (tV e*t2L*)t>0 the same estimate holds true when we
replace e L by tV e " on the left-hand side.

Now, (5.9) follows from interpolation between (5.10) and the L' — L2 off-
diagonal estimates of (¢ 7% 50 and (tV e L"), with interpolation param-
eter 6 = 1/v.

With the claim at hand, we prove H(i). By duality, it suffices to show for
all p € C(B(y,e))™ normalized to ||¢||1 = 1 that

—u—d
(= Dul@)| = [(u] (7w = D) S 772 [ullez 0 [P,

with an implicit constant not depending on €.

We normalize ||u[/i2(0(,)) = 1, abbreviate ¢ = (7_; — 1)p and pick x €
C>(R?) with Lip < x <1lspand [[Vylle S r~!. The fundamental theorem
of calculus and Hoélder’s inequality deliver

)] = [olvn) +2 [l o
< il +2 / (u | Z97)] £ dt.
0

Now, we invoke (5.10) to continue with
St [ Lapeds
0
= [ AV G | Fup) e
= 3 | pe 4 (D).
Next, Lemma 5.2.4 (ii) implies that xi; € V,,. Hence, as u € Hp, ., we get

(AV(xu) [VY]) = (A(VXx @ u) [ Vi) + (AVu [ X Vi)
= (A(Vx @ u) | Vi) = (AVu | Vx @ ¢7).
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5 Gaussian estimates vs. elliptic regularity on open sets

Thus, using the properties of y and Hoélder’s inequality, we obtain

<I>§/0 r<A<vX®u>\tw:>rdt+/o (AV| Vx @ o)) ¢ dt

—1 * —1 *
S [ Mgt D0t dt+ Vlison g | 11avilatat
At this point we invoke (5.9) joint with Caccioppoli’s inequality to get

Srl\hl“/ e‘c<?)2tﬂé‘dt+r2\h\“/ ee(5) gt gy
0 0
T T 2 d
:7’_1|h|“/ e(F) =15 (1 4 ¢/ dt
0
_r—“—é‘th/ e I (1 447 dt
1

~ r_“_%\h|“. u

5.5 From (H) to (D)

In this section, we close the circle of implications by proving

Theorem 5.5.1. Let (Fat) and (LU) be satisfied and let pn € (0,1]. If L has
property H(u), then L has property D(u).

Proof. By Remark 5.2.6 it suffices to control the growth of the Dirichlet
integral when x € O, 0 < 4c;r < R<rgand u € V N Hr o R

(1) B/ey < dp(x). We fix p € CH(RY) with ¢ = 1 on B(z,R/e,). Tt
follows that v = p(u — (W)o(a,r/e)) € V N Hiare, and H(p) implies that v
has a continuous representative in O(x, £/2¢,) 2 O(x,2r). We start with the
Caccioppoli inequality

R
O(z,r) O(z,r)
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5.5 From (H) to (D)

Now, we can bring H(u) into play and then apply (P) in order to get

< p2RTAT (/ |z — y|* dy> / v]?
O(x,2r) O(z,B/cy)
— p 2 R4 < / |z —y|* dy) / [u = (w)o(,r/e)
O(z,2r) O(z,B/cy)
d—2+42pu
< e
R O(,R)

(2) dp(x) < B/e,. We consider two subcases.

(2.1) dp(x) < 2r. We pick p € D with dp(z) = |z — zp|. The most
important observation is that (the continuous representative of) u vanishes in
xp by Lemma 5.2.8. The Caccioppoli inequality yields

[owapse [ e
O(z,r) O(x,2r)

By property H(u) on O(z, B/2¢;) 2 O(x,2r) and (P), we obtain

2

<2 / uly) — u(@)P dy + r*fu(z) — u(ep)?
O(x,2r)

d—242p
< (;) / V2.
O(z,R)

(2.2) 2r < dp(x). In this case we can replace u by u — u(z) when we
apply the Caccioppoli inequality in case (2.1). Then zp is not needed and we
conclude by the same chain of estimates. O]

Remark 5.5.2. An inspection of the proof above reveals that the result is
even local: if L has property H(u) in # € O, then L has property D(u) in z.

Let us complete the first part of this chapter with a bonus.

Theorem 5.5.3. Let (Fat) and (LU) be satisfied and let v € (0,1]. If L has
property D(u), then L has property H(p).

Proof. Let usfixx € O, 7 € (0,70] and u € VNHz,. Since u € VNH Ly
for all y € O(x,7/2), property D(p) implies

_d+2p _,,—4a
e plVulliz 0w S 77772 Vullrzog, )
p<r/4
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5 Gaussian estimates vs. elliptic regularity on open sets

Applying Caccioppoli’s inequality on the right and (P) on the left delivers

_d+42p _,—d
(U] parzn = sup p~ 2 [lu— (Wogp 20w ST 2 ullLz 0.2
y,"/4cqy pS""/élel

. d
< r P72 lul| o) -

Hence, Lemma 1.1.16 (iii) reveals that u has a u-Holder continuous represen-
tative in O(x,7/16¢,) with estimate

L _d
7t [“]g()z,r-/lscl) S ||u||L2(O(z,r))~

Remark 5.2.11 implies that L has property H(u). O

5.6 Property (H) for divergence form operators
with real coefficients

Our goal in this section is to show Theorem 5.0.2. As mentioned in the
introduction, we can go one step further and relax (Fat) and (LU) to the
following axiomatic framework, where p € (1,2).

(E) Embedding property for V. There are 6 € [0,1) and Cr > 0 such
that with /g := /2 — (1=0)/q it holds

(5.11) lully < Cellullis’llully — (we V).
(P), Weak p-Poincaré inequality. There are co, 7o > 0 and ¢; > 1 with
HU, - l[dD(;t)>r] ) (U)O(I,T)“LP(O(:EJ‘)) < COTHVUHLP(O(LCM))
for all z € O, r € (0,ro) and u € W5P(O).

The implicit constants in (P), might be different from the ones chosen in
and after Proposition 5.1.9 but they serve the exact same purpose. It is only
that in this section we postulate (P)
assumptions.

, instead of deriving it from geometric
Let us explain why these properties follow from our concrete geometric
assumptions in the previous sections.

Lemma 5.6.1. Assumption (LU) implies (E) and assumptions (Fat) and (LU)
imply (P),, for some p € (1,2). In particular, (E) holds true in the pure
Dirichlet case on any open set O.
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5.6 Property (H) for divergence form operators with real coefficients

Proof. Let us first show that (LU) implies (E). For d > 3, (E) with § =0
follows from (£) and the embedding W'? C L?". By [138, Lec. 2, Thm.] we
can use for d =2 all § € (0, 1), since we have the interpolation inequality

1—2 2
ulle S VUl “llullfe (uwe WH?).
To show (P) e borrow a deep result from capacity theory:

Let d > 2 and F' be closed. If F' is locally 2-fat, then F'is locally
p-fat for some p € (1,2).

This is called ‘self-improvement of p-fatness’, a phenomenon that is attributed
to Lewis [128, Thm. 1] but for a slightly different version of capacities. With
our definition, the proof can be found in [134, Thm. 8.2]. At least when
d > 3, one can rely directly on Lewis’ result because the two versions of local
2-fatness coincide, see Subsection 1.2.2.

We apply this result to the auxiliary set D U (O¢\ N§) in Lemma 5.1.2 to
see that (Fat) self-improves to (Fat), for some p € (1,2). Hence, (P), follows
from Proposition 5.1.9. O

To prove Theorem 5.0.2, we show in a first step that any L-harmonic func-

tion w is locally bounded. For this we adapt the proof of [97, Prop. 8.15] to
derive a decay condition on the super-level sets of u. Here, we only need the
embedding (E).
In a second step, we follow a classical approach [67,97] and use the local
boundedness of u to obtain estimates for its oscillation, which eventually re-
sults in local Holder continuity. At this point, (P), is crucial, as it allows us
to get a quantitative decay in the super-level sets of u. This uses ideas from
non-linear methods [72, 73].

5.6.1 Local boundedness of functions in the De Giorgi class

The central point of this subsection is that the local boundedness of a function
is a consequence of lying in a function class rather than solving an equation.
However, the latter is needed to obtain uniform control on the implicit con-
stants, which is essential for Theorem 5.0.2.

Definition 5.6.2. Let z € O and R > 0. We define DGp ;. z(O) as the set of
all u € W;*(O;R) for which there is C' > 0 such that for all » € (0, R) and
k € [0,00) it holds

C
5.12 / qu:kﬂg/ uF k)E2.
(5.12) OW)| ( ) (R=1) O(M)I( )
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5 Gaussian estimates vs. elliptic regularity on open sets

In addition, if R < dp(x), then we require both estimates for all k € R.

Remark 5.6.3. Let us mention that u € DGp, g(O) if and only if —u €
DGp . r(0O) due to (—u— k)t = (u+k)” and (—u+ k)™ = (u—k)*.

To state the main result of this section, we define

d 1 1 2

where 6 € [0,1) is chosen as in (5.11).

Theorem 5.6.4. Assume (E). Let x € O, Ry > 0 and u € DGp, g, (O).
There is C > 0 such that we have for all k > 0 and R € (0, Ro] the estimate

esssup u’ < k+C <R‘d/ [ k)+|2> (R[{u > k}(z, R)|) .
Oz, %) O(«,R)

In addition, if R < dp(x), then we can allow for all k € R in the estimate.
Furthermore, if A is real-valued and u € WB2(O; R)NHL 2R, then C depends
only on d, ellipticity, Ry and (E).

Before we come to the proof of Theorem 5.6.4, let us show that DGp , zr(O)
is the natural energy class associated to the equation Lpu = 0 in O(z, R).

Lemma 5.6.5. Let A be real-valued, = € O, R > 0 and u € W5 (O;R) N
Hi.r Then u € DGp . r(O) with an implicit constant depending only on
ellipticity.

Proof. Owing to Remark 5.6.3 we only have to show the estimate for (u—k)*.
First, we assume that dp(z) < R and k > 0.

We let r € (0,R) and ¢ € CX®(B(z, R)) be [0,1]-valued with ¢ = 1 on
B(z,r) and ||V¢l||re < 2/(R-r).

We put w = (u— k)Tp and v == (u— k)T p?. They are contained in V and
test functions for the equation for u, see Lemma 1.1.11 and Lemma 5.2.4 (ii).
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5.6 Property (H) for divergence form operators with real coefficients

By the product rule and ellipticity, we have

A
5 [ 9=k P < [ [Vl (- k) TP
O O
S/AVw-Vw+>\|(u—k)+Vap|2
o

_ / AVu - oV + Alu— )"V - Vu
O+ M (u— k)T Vl|?

= / —AVu - wVe+ A(u— k) Ve - Vw
O+ N(u— &)Vl

where we have used the equation for u with test function v. By definition of
w we can continue by

< /O—A¢V(u — k)T (u—k)TVp

+ Alu—k)*Vo - oV(u—k)*
+ Alu—k)*Vo - (u—k)"Vp
+ Al(u — k)T Vel

At this point, we can use the boundedness of A and Young’s inequality to
absorb all terms with ¢V (u — k)" on the right. We are left with

[ va-wrpe <c [ ju- ke
@] (@]

where C' > 0 depends on ellipticity, and (5.12) follows by the choice of ¢.
Finally, if R < dp(x), then v,w € V for all £ € R and the same argument
applies. O]

Proof of Theorem 5.6.4. We begin with the case dp(z) < R.

We fix r € (0,R), £ > 0 and let n € CX(B(x,+R)/2)) be [0, 1]-valued
with 7 = 1 on B(z,r) and |[|[Vn|lLe < 4/(&-r). Then n(u — k)* € V by
Lemmas 1.1.11 and 5.2.4 (ii). We deduce from (5.12) that

IV (n(u— kﬁ)”L?(O(x,#)) < [l(u— k)JrV??”L?(O(x,#))
+ NV (u — k’ﬁ”L?(O@,%))
1

(5.14) S 7w =R leowr)-
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5 Gaussian estimates vs. elliptic regularity on open sets

By Lemma 5.6.5 the implicit constant depends only on ellipticity in the case
that Lpu = 0 in O(x, R). We abbreviate

Apr ={u > k}(z, R).
Using (E) and (5.14), we get

lu = Flluacag,) < lln(e = F) "l
S.J ||77(u - k)+| i;;la,z(o(x’#))”n(u - k)+||i2(o(x7%1?))

1+ R\’
S(T22) = klheean

Holder’s inequality yields

1-6
lu = Ellza,,) < [Are| @ [[u = EllLoca,,)

(5.15) |AkR|7
N (R ) || k”LQ(Ak,R)'

Let us recall the definitions of § and ¢ from (5.13) and define
O(k,7) = |lu— kI3, | Akl

We raise (5.15) to the §5-th power and multiply by |Ay .| to get for all h < k
the estimate

1
(k,7) S WMk R Aplllu = kI,
< meﬁmmuu Ik
~ (R )dﬂ L2(An R)
1
S An gl llu— RITES .

T (R=r) (k- h)

Using that 3 is the positive solution to % — 3 — 2/s = 0, we have proven so
far that there is some ¢ > 0 such that we have for all 0 < r < R, k£ > 0 and
h < k the estimate

c 1
(R —r)® (k — h)?

Ok, r) < ®(h, R)".

At this point, we set up an iteration scheme to conclude. To this end, we fix
¢ >0, set k, :=k+(—¢2 and r, = B/2 + B/on+1] so that

o(n+1)(df+2)

R O(kp, )’

(I)(knJrla TnJrl) S Czdﬁ
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5.6 Property (H) for divergence form operators with real coefficients

We set p := (d8+2)/(3—1) > 0 and put 1, := 2*"®(k,,r,). Then
2B8(u+d)
Unt1 < CRTCQ@%-

We choose ¢ > 0 such that
—p 9B(u+d)
0 =C RdBCQ )
that is,

1 _Butd) __dB st
¢ =c22 E R™> Hu_kHLQ(Ak,R)|Ak:R‘ ’

_d - 1
= R % |Ju — klli2(a, ) (R Akrl) =

Our choice of ¢ and induction yields ¥, < 1y for all n € Ny. This eventually
implies

O (k + ¢, B/2) < limsup ®(k,,r,) = limsup2~#"1,, = 0.
n—oo n—oo
Thus, ®(k + ¢, %/2) = 0 and hence |Aj ¢ rp| =0 or u=k+ ¢ on Apicrp. In
both cases we conclude that

esssup v < k + ¢,

O(z, %)

as claimed.

The restriction £ > 0 was only used in order to apply (5.12) and to guar-
antee that n(u — k)* € V. But when R < dp(x), this is true for all k € R
simply by the support of  and the same argument applies. O

5.6.2 Property (H) for L

So far, we have worked under assumption (E) alone. Now, we will add (P),
in order to upgrade local boundedness to local Holder continuity.

Theorem 5.6.6. Assume (E) and (P),. Let x € O, R € (0,7] and u €
DGp . r(O). Then u is locally Holder continuous in O(x, B/4) with

_d
Rl 5y € B2 lullizogm)-

[

The implicit constant and p depend only on d, (P),, (E) and the constant in
(5.12).
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5 Gaussian estimates vs. elliptic regularity on open sets

This result implies Theorem 5.0.2.

Proof of Theorem 5.0.2 from Theorem 5.6.6. Let us fix x € O, r €
(0,1] and v € V. NHp,,. By Remark 5.2.11 we can assume r < ry and it
suffices to prove (5.3) with O(z,7/4) on the left-hand side.

Since A is real-valued, Re(u), Im(u) € W5*(O; R) solve the same equation
as u. According to Lemma 5.6.5 they belong to DGp ,,(O). As the geometric
assumptions (Fat) and (LU) imply (E) and (P), by Lemma 5.6.1, we can apply
Theorem 5.6.6 to Re(u) and Im(u) to complete the proof. O

In order to prove Theorem 5.6.6, we still need two short lemmas. The slight
asymmetry in the scaling of the radius between (i) and (ii) is unavoidable and
the reader might want to think of ¢; = 1 on a first reading.

Lemma 5.6.7. Assume (P),, let v € O, v € (0,79] and u € W5 (O;R).
(i) If r < dp(x), then it holds for all h < k that
(k= h)P{u = k}(x,7/fer)|

(5.16) . |0(z,7/e1)] )p ul?
<% (HU < h}(x,7/e)] /{hgugk}(z,r) [Vl

(ii) If dp(z) <, then it holds for all 0 < h < k that

(5.17) (k—h)P{u > k}(z,r)| < cgrp/ |VulP.
{h<u<k}(z,cir)
Proof of (i). We pick ¢ € C¥(R?) with ¢ = 1 on B(z,r), set w = ¢o((u —
h)" — (u—k)*) and estimate

(k= h){u > h}(z,/e)
(W)oG/er) < 0. 7o) <k—h

Asw =k —hon {u>k}(x,7/e), we can use this bound and (P), to get

> By

O, /o)

(k= W) B e)
i O /er)

“)‘) {u > Ky, 7fer)

p

(k — h)? (1

/{u>k}<x,r/c1)
< / [w — (W)og,r/en "
O(J?,T/cl)

< [ (vl
O(z,r)
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5.6 Property (H) for divergence form operators with real coefficients

Since Vw = 1{p<y<kyVu in O(z,7), we are done.
Proof of (ii). Lemma 1.1.11 yields w :== (u—h)" — (u— k)" € V and (P),
implies

(k— hP|{u > B} (e.7)] = / < / VP,
{u>k}(z,r) O(z,c1r)

and we conclude as before. O]

Definition 5.6.8. Let u: O — R be a measurable function, z € O and r > 0.
We define

(1) Myu(r) = esssup u.
O(x,r)

i) . () = essinf .
(ii) My () essinf u

(ili) 08Cyu(r) = Myu(r) — mgu(r).

Here, the third expression is only defined when at least one of the summands
is finite or both are infinite with a different sign.

Lemma 5.6.9 (Shrinking Lemma). Assume (E) and (P),. Let x € O, r €
(0,4c1m9], u € DGp 4, (O) with oscy,(7/2) > 0 and define v(p) =1 —p/2 €
(0,1).

(1) If 7/ser < dp(x) and
Hu > M, (7/2) — %oscx,u(*ﬁ)} (z,7/42)

then there is some ¢ > 0 depending only on (P)p and the implicit con-
stant in (5.12) for u such that for each n € N the super-level sets of u
shrink by the law

Hu > M, (7/2) — 2’(”“)080%#(7“/2)} (m,7/4c2)

< %|O($,T/4C%)|,

< c|O(z,7/1e,)| - 7).

(ii) If dp(z) < 7/ae: and
M, (7/2) — 308¢s0(7/2) > 0,

then there is some ¢ > 0 depending only on (P)p and the implicit con-
stant in (5.12) for uw such that for each n € N the super-level sets of u
shrink by the law

Hu > M, (7/2) — 27("“)050%”(7“/2)} (2,7/1e:)| < €|O(z,7/a)] - n 7P,
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5 Gaussian estimates vs. elliptic regularity on open sets

Proof. Theorem 5.6.4 implies osc, ,(7/2) < co. We define for i = 0,...,n the
numbers

ki = ki(u) == Myu(/2) — 2_(i+1)OSCx,u(T/Q)7

(5.18) Ay ={u>ki}(z,r).

Proof of (i). Using that A;, is decreasing in i joint with the assumption
1
H{u < ko}(z,7/1ct)] = 51Oz, 7/44)],
we derive from (5.16) that

< pP

~Y

(5.19) Kiv1 — KilP[Aiyrae2

/ |VulP.
{ki<u<kiy1 }(z,7/4c1)

Now, we use Holder’s inequality and u € DGp . ,.(O) to infer

1-2

g
kit — ki|p|Ai+1,r/4C§ <P </O( . |V (u — k;i)+|2> |Ai,r/4c1 \Ai+1,r/4c1
x,T/4cq

P
2
_Dp
5( / |<u—k:z->+|2) A \ Assrsyon 5,
O(z,r/2)

Now, we use that (u—k;)T < 27 Vosc, ,(7/2) = 2(kiy1 — k;) on O(z,7/2) and
that |O(z,7)| < rd to conclude the bound

S ki — kil P| A e, \Ai+1,r/4c1’7(p)-

ki1 = il [ Ai1, a2

Finally, we cancel the term |k;, 1 — k;|P, raise both sides to the 1/4(p)-th power,
@) ip

sum from ¢ = 1 to n and bound the left from below by n]AnH,r/“%
order to get
T S0, e

n’A’I’L+1,T/4c§
Proof of (ii). We perform the same proof as in (i), using (5.17) instead of
(5.16) in (5.19). Here, we also use the assumption ko(u) > 0. O

Finally, we come to the

Proof of Theorem 5.6.6. We can assume that osc, ,(#/2) > 0, since other-
wise u is equal to a constant almost everywhere and there is nothing to prove.
For osc;, ., (#/2) we divide the proof into two parts.
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5.6 Property (H) for divergence form operators with real coefficients

(1) B/ac; < dp(zx). We define k, = k,(u) as in (5.18) with r = R and
write
Ol 1ct) 2 {u > kolu)} (@, #fae2) U {—u > ko(—u)}(z, B/,

At least one of the disjoint sets on the right has measure at most $|O(x, R/ac2)],
say the first one, because otherwise we work with —u. Theorem 5.6.4 implies
that

Rd
with £ as in (5.13). Since [{u > ko(u)}(z, B/a2)| < 5|O(z, B/ac2)|, Lemma 5.6.9
(i) yields that there is some n € N depending only on (E), (P),, and the implicit
constant in (5.12) for u such that

(5.20) . (\{u > kn}@,a/%%),)%l <

Man(1sd) < b el (1) — ) (L2 B0

DN | —

Rd
This implies that
M, (Bfsez) < M, . (Bf2) — 2*(””)05%#(3/2).

We set 0 == 1 — 272 subtract m,,(F/sc2) and use my (#/2) < my . (F/se)
to obtain

08Cy o (B/8:2) < gosc, ., (F/2).
Now, we let 0 < r < p < B/2 and fix k € N with r € ((4¢3)*p, (4c3) " 1p)].
The latter estimate delivers with p = —n(9)/in4e2) € (0, 1) that

w
(5.21) 08cy4(r) < oscm7u((4cf)_k+1p) < ak_loscx,u(p) <¢g! <T> 05Cy u(P),
P

where we have used that o* = ((4c2)~F)* < (7/p)".
Finally, we fix y, 2z € O(x, B/4). If |y — z| > B/s, then Theorem 5.6.4 with
k = 0 yields

uly) —w(z)| _ 2Mypu(¥4) _ s
= weye ~ o).

If |y — z| < B/s, then O(y, £/8) C O(z, £/2) and (5.21) gives

[uy) = u(2)] < oscyully — =)

< (157 oseun

() s
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5 Gaussian estimates vs. elliptic regularity on open sets

We conclude by Theorem 5.6.4 as before.

(2) dp(x) < B/ac,. Since ko(—u) = —ko(u) we can assume that ko(u) > 0.
Now, we argue as before, using Lemma 5.6.9 (ii) instead of (i) in (5.20) and
consequently replacing ¢? by ¢; everywhere. O]

5.7 Property (D) for complex perturbations

Property (D) is stable under small complex perturbations. This observation
is due to Auscher when O = R? [11, Thm. 4.4] and one of the main reasons
to study Gaussian bounds through property (D). Indeed, the former is much
harder to perturb.

Theorem 5.7.1. Letm > 1, d > 2, assume (Fat) and (LU) and let pn € (0, 1].
Let Ay € L>®(O; L((C™)4)) be Gdrding elliptic with ellipticity constant X > 0
and suppose that Ly == — div(AgV-) has property D(u). Then for allv € (0, p)

there is some € > 0, depending only on d, X\, cp(, i and v, such that if
|A — Ayl < &, then L has property D(v).

In view of Theorems 5.0.1 and 5.0.2 we record
Corollary 5.7.2. Letm = 1. Under the geometric assumptions (Fat) and (LU)
there is some € > 0 depending only on geometry and ellipticity such that if

| Im(A)||eo < €, then L has properties (D), (G) and (H).

Proof. We adapt the argument in [11, Thm. 4.4]. To this end, we let z € O,
0<r<R/s<rfs, uweVNHL,r and define the function

o(r) = | VullLzo@r)-
By Lemma 5.2.12 we find p € [F/4, R] and v € V; , such that
Lo pv = —div(AyVu) = —div((Ag — A)Vu) in O(z, p),
with estimate
(522 AVl < (A — A)Valizomm < 14 — Aoll<6(R).

Lemma 5.2.4 (i) implies that vy € V. Hence, w :=u — vy € VN H, 0, and
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5.8 Property (G) in dimension d = 2

since Lo has property D(u), we get

(1) < [[VwllL2 0@ + VUL 0@y

) , d_1+p
1/2
< o ( p> IVwllL2 0@,y + IVOllL206@.m)

4 _14pu
1 r\ 2 1
< il <R> 6(R) + (L2, + DIIVoliz00p)-

Now, we insert (5.22) in order to find

4144 —
d 1/2 T 2 ||A AOHOO 71/2
S 2 CD(u) ((R) + T(l —+ CD(M)) (b(R)

Finally, Lemma 5.3.4 yields for all v € (0, u) some C’, g5 > 0 depending only
on d, cpy, p and v such that if ||A — Ag|lee < 2°A0/(14¢ /), then

D(w)

r

o< (5) o) rewr) =

5.8 Property (G) in dimension d = 2

In this section, we prove that in dimension d = 2 every elliptic system L has
property (G). On O = R¢, this is due to [23]. In doing so, we need to assume
that D is a (d — 1)-set. By Lemma 1.3.3 this implies that D is locally 2-fat.
Hence, as D C O° also (Fat) is satisfied. We need this enhanced version
of (Fat) to apply an extrapolation result from [37].

Theorem 5.8.1. Let m > 1, d = 2, assume (LU) and that D is a (d—1)-set.
Then L has property (G) with implicit constants depending on geometry and
ellipticity.

Proof. We are going to use the following two properties of the operator L
from [37]. First, the extrapolation result from [37, Prop. 7.1] with p = 2
furnishes some ¢ € (2, 00) such that the restriction of the Lax—Milgram iso-
morphism 1 + £: V — V* to W54(0)™ NV extends to an isomorphism
from W3Z(0)™ to W5"?(O)™ with inverse that coincides with (1 + £)~" on
W5 (0)™ N V*. Second, [37, Cor. 3.5 & Prop. 3.6] implies the estimate

|t(1+ L) e tU+D) f e (t>0fe@LenL?)O)m).

qx 5 Hf
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5 Gaussian estimates vs. elliptic regularity on open sets

Now, we can start the actual proof. We set p =1 —d/q € (0,1). Due to (£)
we have the Sobolev embeddings WE!(O)™ C C*(O)™ and Wh? (O)™ C
L)' (0)™. By duality, the second embedding entails L% (0)™ C W5"(O)™.
Using these embeddings and the fact that (1 4+ £)~' maps W5"4(0)™ N V*
boundedly into W54(O)™ for the g-norms, we conclude that

A+ A Sl (f €@ nLH(O)™).
We take t > 0, f € (L& NL?*)(O0)™ and use that (1+ L)] 20y = 14 L to get
A =10+ L)+ L) e D 1)

Sef (14 L)e 0
Sef | f
Hence, (e (41, o is L — C*-bounded. Replacing L by L*, we obtain the

same result for (e=”*(F"+1), 0. Since d = 2, it follows from [79, Thm. 1.6] that
p—(L) =p_(L*) = 1. We conclude by Lemma 5.3.10. O

qx

qx*
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CHAPTER 6

Hardy spaces adapted to elliptic operators on open sets

6.1 Introduction

Let us start with the classical Hardy space H*(R?). There are many equivalent
descriptions for it, including atomic, maximal and square function character-
izations. All these perspectives are valuable and prove their merit in various
applications. For instance, both the maximal and square function charac-
terizations are essential tools in the treatment of harmonic boundary value
problems on the half-space: the maximal characterization allows a better un-
derstanding in which sense boundary values can actually be attained, whereas
the square function characterization gives rise to solutions of boundary value
problems using techniques from evolution equations. The atomic characteri-
zation makes cancellation properties of the Hardy space visible and accessible
in the treatment of general singular integrals.

The space H!(R?) can be seen as a space adapted to the negative Laplacian
—A on the Euclidean space RY. Consequently, if one is interested in study-
ing boundary value problems with respect to other elliptic operators than
the Laplacian [20], or maybe even boundary value problems in cylindrical
domains [19], it seems logical to study Hardy spaces that are adapted to a
different elliptic operator than the Laplacian.

Let d > 2, O C R? be open and A € L>(0; L(C?%)) be Garding elliptic.
We consider the elliptic operator L = — div(AV-) subject to mixed boundary
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6 Hardy spaces adapted to elliptic operators on open sets

conditions (see Definition 1.6.3). For the moment, the reader can keep a
bounded domain subject to pure Dirichlet or Neumann boundary conditions
in mind. Nevertheless, we mention already here that the interplay between
different boundary conditions and components of O leads to interesting effects
that we are going to discuss in a minute. For the precise geometric setup, we
refer to Section 6.2. We consider the operator-adapted Hardy space H} (O)
that consists of all f € L'(O) such that the square function

60 G- ([ f e iora ) weo

is again in L*(0O). We are going to omit the underlying set O in the notation
of function spaces from now on.

In the application to boundary value problems, adapted Hardy spaces de-
scribe the space of admissible boundary data. Therefore, it is desirable to have
a description of H} which is independent of the concrete operator L. Atomic
spaces can provide such a description. Examples of atomic Hardy spaces on
open sets include the space Hgyy studied by Coifman-Weiss [63] and Hjy; of
Miyachi [136]. Tt turns out, see [26, 48], that the space Hgy, corresponds
to pure Neumann and Hj; to pure Dirichlet boundary conditions. In other
words, under suitable assumptions, Hyy, coincides with H} if L is subject to
pure Neumann boundary conditions and Hj;; coincides with H} if L is subject
to pure Dirichlet boundary conditions. We are going to review Hardy spaces
on open sets in more depth in Section 6.3. To the best of our knowledge,
if the matrix A is not self-adjoint then only the results from Auscher and
Russ [26] relate square function based spaces with (L-independent) atomic
spaces. Their main geometric assumption is that O is connected with Lips-
chitz boundary. The purpose of this paper is a generalization of [26] in the
following two directions:

(i) Can we work with a rough and unconnected open set O far below the
Lipschitz class?

(ii) Can we replace pure Dirichlet and Neumann boundary conditions by
mixed boundary conditions?

Let us start with an example that highlights that some geometric conditions
are necessary.

Example 6.1.1. Consider the punctured plane O = R?\ {0} with bound-
ary 90 = {0}. Then W,*(0O) = W'2(R?). Hence, the negative Dirichlet
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6.1 Introduction

Laplacian —Ayp on O coincides with the usual negative Laplacian —A on
R?. Consequently, H' , = H'(R?) by [26]. But Hyy; contains functions that
are not mean value free, therefore H! \  # Hy;. This show that a fatness
condition for O cannot be avoided.

Pushing this example further, if D C R? is of Hausdorff dimension less
than d — 2, then an application of Netrusov’s theorem [2, Ch. 10] gives a
counterexample to H! 5 # Hyy for O = R?\ D. On the other hand, if the
boundary has dimension larger than d — 2, our theory gives an answer to the
affirmative.

As a first gentle step into mixed boundary conditions, we consider an open
and bounded set O = O;UQO, that consists of two separated connected compo-
nents. Then we let L be an operator on O subject to pure Dirichlet boundary
conditions on Oy, and pure Neumann boundary conditions on O,. A natural
candidate for a D-adapted atomic Hardy space H},(O) is

(6.2) Hp(0) = Hy;(01) @ Hew(O2).

Taking a look at the square function (6.1), such a decoupling is not to be
expected as the square function always integrates over both components for
t large enough. Nevertheless, (6.2) is the correct guess and with its help we
eventually even find

Hp(0) = H(0) = Hy, (O1) @ Hy,(02),

where L, and Ly are restrictions of the elliptic operator L to the components
O, and O,. Going one step further, we want to study the situation where
D C 00 is a non-trivial subset of the boundary of an, say connected, open set
O. We have indicated in Example 6.1.1 that Dirichlet boundary conditions
can lead to a lack of cancellation for atoms near the boundary in the sense
that they are not mean value free anymore, in contrast to the case of classical
atoms in the sense of Coifman—Weiss. The correct definition for an atomic
space H}, therefore has to “interpolate” the definitions for Hiy, and Hjy in
a non-trivial way. We comment in Remark 6.3.8 on the upcoming challenges
in this quest. Eventually, we come up with a suitable notion of H}-atoms
in Definition 6.4.3. The abstract main result of this chapter is the following
theorem. The exact assumptions on geometry and the elliptic operator will
be introduced in Section 6.2 and we give a precise formulation of the result
in Theorem 6.5.6.
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6 Hardy spaces adapted to elliptic operators on open sets

Theorem 6.1.2. Let O C R? be open and D C 90 be closed. Assume that
O is uniformly interior thick and locally uniform near N = 0O \ D, that D
is porous and that O° is locally 2-fat away from N. Suppose that L satisfies
Hélder-type Gaussian estimates. Then

1l
HL _— HD-
We give some sufficient conditions for our geometric framework.

Example 6.1.3. Uniform interior thickness ensures that O is at least a space
of homogeneous type. Being a locally uniform domain near N is a generaliza-
tion of Jones’ notion of an (g, d)-domain [117]. All open sets whose boundary
is represented by a sufficiently regular graph are admissible, but also fractals
like the von Koch snowflake, see Figure 8. The condition for D means that
the Dirichlet part is not of the same dimension as O and is essentially always
fulfilled. It is in particular the case when D is Ahlfors-David regular, in which
case also the local 2-fatness of O¢ away from N follows. Also exterior thick
sets (see Proposition 6.3.10) satisfy the fatness condition.

Our definition also unifies the cases of pure Dirichlet and Neumann bound-
ary conditions, see Proposition 6.4.7 for the precise assumptions.

Theorem 6.1.4. Under minimal geometric conditions it holds
Hy=Hew & Hyp=Hy;:

An essential tool to prove Theorem 6.5.6 is a full duality theory for HL. We
are going to introduce D-adapted spaces VMOp and BMOp. A key feature
of our approach is the fact that the BMO-seminorm is defined by bounded
means and not bounded mean oscillation near the Dirichlet boundary part.
The following theorem recaptures the duality theory for H},. Precise versions
are given in Theorems 6.4.12 and 6.4.15.

Theorem 6.1.5. Under minimal geometric assumptions it holds
(VMOp)*=H, &  (Hp)* =BMOp.

We have seen in Example 6.1.3 that our geometric framework comprises
many relevant situations. So far, we have not discussed the Holder-type Gaus-
sian estimates (see Definition 6.2.10) that are imposed on L in our main result.
In Lipschitz domains they were pioneered in [30] and for mixed boundary con-
ditions they were discussed in Chapter 5 of this thesis. As a combination of
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6.2 Geometric framework and the elliptic operator

our main result, the Gaussian estimates from Chapter 5 and the recent ar-
ticle [48] in a self-adjoint setting, we give a full picture (including maximal
characterizations) for —A subject to mixed boundary conditions on a bounded
open set. The following theorem contains the special case where O is con-
nected and D is non-trivial. The precise formulation in the general case can
be found in Theorem 6.6.5. The special cases of pure Dirichlet or Neumann
boundary conditions are presented in Corollaries 6.6.7 and 6.6.8.

Theorem 6.1.6. Let O C R be a bounded domain that is interior thick
and let D C 00 be non-trivial, closed and porous. Suppose that O is locally
uniform near N and that O° is locally 2-fat away from N. Then

{fell: S a,(f) el =H,=H =HlA, rads

—Ap,max

where —Ap is the negative Laplacian subject to mized boundary conditions.
The spaces H' \ .. and H' \ . are non-tangential and radial mazimal
spaces.

In the preceding result we can always replace the Laplacian by an elliptic
operator with a real and self-adjoint coefficient matrix. In dimension d = 2
the first identity stays true if all restrictions but ellipticity on the coefficients
are dropped [45, Thm. 10.1].

Let us emphasize that all assumptions of the last theorem as well as the
space H}, appearing in its conclusion are purely geometrical.

Notation specific in this chapter

We abbreviate X := X(0) and d(O) = diam(O).

6.2 Geometric framework and the elliptic
operator

6.2.1 The geometric setup
We start with a list of geometric concepts.

Assumption 6.2.1. Throughout this chapter, we make use of the following
assumptions.

(UITC) O is uniformly interior thick: There is ¢ > 0 such that for all
z €O and r € (0,d(0)) it holds |O(x,r)| > cr?.

145



6 Hardy spaces adapted to elliptic operators on open sets

(Fat) O°€ is locally 2-fat away from N, see Definition 5.1.1.
(LU) O is locally uniform near N, see Definition 5.1.3.

(UP) D is uniformly porous: There is k € (0, 1] such that for all x € D
and r € (0,d(0)) there is some y € R? with B(y, kr) C B(z,r)\ 00.

Remark 6.2.2. There is a common variation of (UITC) in which only radii
r € (0,1] are considered. We refer to it as (ITC). It turns out that the
constraint r € (0,1] in (ITC) can be changed to r € (0,7¢] for any 79 > 0
up to a change of the implied constant c¢. Therefore, (UITC) implies (ITC).
The converse is false in general, but holds if O is bounded. We are going to
write (ITC) instead of (UITC) whenever we want to make explicit that O is
bounded. Let us observe that due to (UITC), O is bounded if and only if O
has finite measure.

We work with a concept of mean value free and locally constant functions
that is adapted to D. This terminology and notation is non-standard, but
turns out to be very natural and convenient for our setting.

Definition 6.2.3. We enumerate the bounded connected components O’ of
O that satisfy 00’ N D = @& by {O,,}., and write I for the countable index
set. Let p € [1,00).

(i) The space L} consists of f € LP such that me fdx = 0 for every
m € I.

(ii) We say that f € L? is locally constant if f restricted to O,, is constant
for every m € [ and is zero otherwise.

Remark 6.2.4. (i) In view of (LU) we can identify the space of locally
constant LP-functions with ¢7(7).

(ii) In the situation of Definition 6.2.3 we put
ON = U Om & OD :O\ON
mel
We elaborate on the preceding definition by introducing a notion of “com-

ponents”.

Definition 6.2.5. The elements of 3 := {Op,Oy,...,0,,} are called com-
ponents of O. Let us mention that we have the disjoint decomposition
O = Uprex; O’ by construction.
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6.2 Geometric framework and the elliptic operator

Remark 6.2.6. Some remarks are in order.

(i)

(i)

We stress that components need not be connected components. This is
only ensured for the pure Neumann components O,, and may fail for
the component Op. The components reflect a decoupling of the elliptic
operator L that stems from the presence of boundary conditions. We
will see in Proposition 6.2.9 why it is natural to have such a decoupling.
In this sense, locally constant functions in the sense of Definition 6.2.3
are functions that are constant on decoupled parts of the operator L
and that respect the Dirichlet boundary conditions in D.

Let us consider for instance the case where Op consists of two connected
components, both equipped with Dirichlet boundary conditions. Large
parts of our theory work if we consider the two connected components of
Op as components of O. The notable exception is Lemma 6.2.7 below.
It is of course possible that Op satisfies (ITC) whereas this is false
for all its connected components. To make our theory robust for such
generalizations, we often write D N d0’, even though this intersection is
always D or @ with the choice of components from Definition 6.2.5.

In the next result we derive some geometric properties from assumption
(LU) that will be beneficial for the rest of this chapter.

Lemma 6.2.7. Assume (LU), let § > 0 be as in Definition 5.1.3 and let O; be
a connected component of O with 00;ND = &. Then the following assertions
hold true.

(i)

(ii)
(iii)

(iv)

It holds d(O;,O \ O;) > §. In particular, the components of O have at
least distance & to each other.

If O; is unbounded, then O; has infinite measure.

If O is bounded and satisfies (ITC), then each component satisfies (ITC)
as well.

If O s bounded, then I is finite.

Proof of (i). Let us suppose to the contrary that d(O;,0 \ O;) < 6. Then
there are v € O; N Ny and y € (O \ O;) N N5 with |z —y| < § and (LU) yields
a path v C O that connects x with y. As O; is connected we conclude that

y € O;, which cannot be the case.
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Proof of (ii). Since O; is unbounded, we can find (z,), € O; such that
the balls B(x,,0) are pairwise disjoint. By item (i) and Proposition 5.1.8 we
find C' > 0 such that

10,1 > 3710i(20, )| = 3 |0(20,0)| > O3 6% = 0.

Proof of (iii). Since O is bounded, it suffices to check (ITC) for balls with
radius 7 € (0,0]. We let O’ be a component of O. Balls centered in O’ cannot
hit other components of O according to item (i). Therefore, (ITC) can be
transferred from O to O'.

Proof of (iv). Since O is bounded, so is Os, and according to the first
assertion the sets (Oy,)s, for m € I are pairwise disjoint. Since each (O, )s.
contains a ball of radius 9/2, we find some C' > 0 with |(Oy,)s.| > C for all
m € I. It follows

Ol < X 1(On)s] < 105,

which yields that [ is finite. m

Lemma 6.2.8. Assume (UP). Then there are ¢ > 0 and n € (0,1) such that
{z € O(zo,7) : dp(z) < s}| < es"r?™"
holds true for all xy € O, r € (0,d(0)) and s > 0.

Proof. If r < s, then we can take ¢ = |B(0,1)] and any n > 0. Now, we
assume that s < r. Since y — 2V is decreasing on (0,00) for z € (0, 1],
we can ensure that n € (0,1) as soon as we have found some 7 > 0. Using
that D is uniformly porous, we can mimic the argument in [35, Lem. 5.4.2 &
Lem. A.1.8] to prove the claim. O

6.2.2 Characterization of ker(L)

In general, the elliptic operator L = — div(AV-) (see Definition 1.6.3) is not
injective. We characterize its kernel in the following proposition. A similar
observation was indicated in [54, p. 5]. We write

ker(Vp) == {u € W5*: Vu = 0}.
Proposition 6.2.9. The following assertions hold true:

(i) It holds ker(L) = ker(Vp) and L* = ran(L) @ ker(Vp) as an orthogonal
decomposition.
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6.2 Geometric framework and the elliptic operator

(i) If (Fat) and (LU) are satisfied, then ker(Vp) = ¢*(I) and ran(L) = L2.
In particular, L? = 12 & (*(I) as an orthogonal decomposition.

If D = 00, then L is injective and the second statement holds true without
the geometric assumptions.

Proof of (i). We have for all u € dom(L) and v € W} that
(Lulv) = / AVu-Vuvdz & Re(Lu|u) > N|Vull3.
)

Hence, ker(L) = ker(Vp). Since the same holds true for L* replaced by
L, we have ran(L) = ker(L*)t = ker(Vp)t and the orthogonal splitting
L? = ran(L) & ker(Vp) follows.

Proof of (ii). First, we notice that u € ker(Vp) if and only if u € Wj’ is
constant on each connected component of O. If D = 00, then we can extend
any u € ker(Vp) € Wi? by 0 to ug € WH2(R%) and obtain Vug = (Vu)y =
It follows ug = 0 and hence u = wy|o = 0. Now, we assume that D is not
the full boundary. In this case we have ¢*(I) C ker(Vp) by Lemma 6.2.7 (i).
Conversely, if u € ker(Vp), then u is constant on each bounded connected
Neumann component (00; N D = &) and vanishes by Lemma 6.2.7 (ii) on
each unbounded connected Neumann component. We are left to show that u
vanishes on each connected component O; of O with 00, N D # &. To this
end, we pick any x € 00; N D. According to Proposition 5.1.12, there are

c,r > 0 depending on the geometry such that

/ lu? dz < / |Vul?dz = 0.
O;(z,r) O(z,cr)

Therefore, u = 0 on Op and hence u € ¢2(I). Finally, we notice that

ran(L) = ker(Vp)* = 2(1)* = L§. O

6.2.3 Property (Go)

We continue with the precise notion of kernel bounds that we employ to prove
our main result, Theorem 6.5.6, see also Section 5.2 for the related global

property (G).

Definition 6.2.10. We say that L has property (Go) if the following holds:
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6 Hardy spaces adapted to elliptic operators on open sets

(G1) For any ¢ > 0 there is a measurable function K;: O x O — C such that
7t2Lf / Ki(z,y)f(y)dy (f €L? ae 2 €0).

(G2) There are C, ¢ > 0 such that for each t € (0,d(O)) and z,y € O it holds
eyl \2
K (z,y)| < Ctde(5F)

(G3) There are C' > 0 and u € (0, 1] such that for all ¢ € (0,d(O)) and every
x, 2, y,y" € O it holds

|Ky(2,y) — Ky(2 )| < Ct47H(|o — 2| + |y — o)™

Remark 6.2.11. The difference to Definition 5.2.1 is that we require (G2)
and (G3) with w = 0 and for all ¢ € (0,d(O)) instead of some w > 0 and every
t>0.

Keeping Remark 5.2.2 (i) and (ii) (with obvious modifications) in mind, we
add

Remark 6.2.12. For any z,y € O the function z — K,(x,y) defines an
analytic map in the open sector S./,_., s, where wy, € [0,7/2) is the angle of
sectoriality of L. Then a straightforward calculation shows that %tath is the
kernel associated with —t2L e~*’L and satisfies the same kernel bounds as K
owing to Cauchy’s theorem.

The following lemma relates (Go) with ker(Vp).

Lemma 6.2.13. Assume that O is unbounded and that there is some elliptic
operator L that satisfies (Go). Then ker(Vp) is trivial.

Proof. Let us fix u € ker(Vp) = ker(L). Then e~*L'y = u for all ¢ > 0 by the
functional calculus of L. Therefore, as d(O) = oo, (Gp) joint with Young’s
convolution inequality gives

_tLu||OONt 4||u||2 —0 (t = ).

[ulloo = [l @
We conclude that ©w = 0 as claimed. O

Surprisingly, (Go) also imposes the following crucial geometrical constraint
in the case of mixed boundary conditions.
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Corollary 6.2.14. Assume (Fat) and (LU) and suppose that there is some
elliptic operator L that satisfies (Go). If O is unbounded, then Oy = @.

Proof. According to Proposition 6.2.9 (ii) joint with Lemma 6.2.13, we have
(*(I) = ker(Vp) = {0}, which yields the claim. O

The following fact was also stated in [26]. We present a proof based on
the previous two results. Another more direct proof could be given with the
conservation property.

Corollary 6.2.15. Assume that W5* = W52 and that there is some elliptic

operator L that satisfies (G2) and (G3) in (Go) for all t > 0. Then O is
unbounded.

Proof. Let us assume to the contrary that O is bounded. Then every constant
function belongs to ker(Vp), but on the other hand Lemma 6.2.13 yields
ker(Vp) = {0}. O

As L is m-accretive, L admits an m-accretive square root /L which gener-
ates the Poisson semigroup

(Pizo = (¢7VF)iz0.

To prove polynomial decay and Hoélder continuity of the Poisson kernel, we
use a subordination technique that we cite for the reader’s convenience.

Lemma 6.2.16 ({90, p. 169]). For allt > 0 and f € L?, it holds
2 2 42
e_t‘/zf = / e e 12t fds.
VT Jo

With this representation at our disposal, we can record

Lemma 6.2.17. Assume that L satisfies (Go). Then, for all t € (0,d(0)),
the kernel p; of the Poisson semigroup is given by

(63) na) = = [T Ky s

In addition, there is C > 0 such that

z—y[\ T
(6.0 I (R I
and
(6.5) ez, y) — pel )| S CEH(|o — 2|+ |y — o )"

forallt € (0,d(0)) and z, 2", y,y € O.
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6 Hardy spaces adapted to elliptic operators on open sets

Remark 6.2.18. Similar observations as in Remarks 5.2.2 and 6.2.12 for the
heat semigroup can be made for the Poisson semigroup, too.

Lemma 6.2.19. Assume (Go), let t € (0,d(0)) and ¢ € {\/ze™V? ze *}.
Then there is a continuous kernel q;: O x O — C such that for all p € [1, 00]
the operator

@ = [ altn)iw)dy
)
is bounded on 1P and agrees with p(t*L) on LP N12.

Proof. We start with p(z) = ze*. Then @(t>L) = t*L e "’F and its kernel is
given by —1t9,K;, which satisfies the bound (G2) from Definition 6.2.10, see
Remark 6.2.12. Hence, the LP-bound for @); follows from Young’s inequality
and consistency follows by construction, compare also with (G1).

The argument for ¢(z) = y/z e~V is similar. Indeed, the kernel bounds can
be obtained in the same way, see Lemma 6.2.17 and Remark 6.2.18. Let us
mention that ¢, satisfies only the Poisson bound (6.4) in this case, which is
nevertheless sufficient to derive LP-boundedness. O

Lemma 6.2.20. Assume (Fat), (LU), (Go) and let ¢ € {\/ze V? ze *}.
Then q;(x,y) =0 for allt € (0,d(0)), z € D andy € O.

Proof. As before, we consider first ¢(z) = ze™ and fix f € L2. On the one
hand, Lemma 5.3.10 yields ¢(t*L)f € C*. On the other hand, ¢(t*L)f €
dom(L) € W5, Hence, o(t?L)f € C* N W}* and Lemma 5.2.8 implies that

L%@ﬂﬁ@ﬂgzwaﬂ@ZO (€ D).

Since q;(z, -) is continuous we infer ¢;(x,y) = 0 for all y € O.
Now if ¢(z) = y/ze V%, then the claim follows from the first case in con-
junction with (6.3) and Remark 6.2.18. O

The conclusions of Lemmas 6.2.19 and 6.2.20 are the central properties of
the operators ¢(t*L). Thus, we can usually ignore the precise choice of ¢,
which we manifest in the following

Definition 6.2.21. In both cases p(2) = y/ze v or ¢(z) = ze * we simply
write ¢; for the kernel of the operator Q; = ¢(t*L).
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6.3 Review of Hardy spaces on open sets

There appear different notions of Hardy spaces on an open set O in the lit-
erature. On the one hand, several atomic descriptions exist, notably those
by Coifman—Weiss [63] and Miyachi [136]. On the other hand, there are also
“global” constructions in which H!(R¢) is the point of departure to define new
spaces as subspaces or quotient spaces [58].

It turns out that all these spaces can be sorted into two categories: spaces
that are associated with an operator subject to either pure Dirichlet or pure
Neumann boundary conditions.

To find a reasonable definition for the case of mixed boundary conditions,
it is essential to gain a deeper understanding of these constructions. Further-
more, our general geometric framework allows us to sharpen results on the
pure Dirichlet and Neumann cases found in the literature.

6.3.1 Atomic spaces on an open set

All atomic H'-spaces consist of functions f € L! that can be represented by
an atomic representation f = 3, \ja;, where ();); € ¢! and the a; are
“atoms”. The decisive question is how to define an atom. We begin with the
space Hiyy introduced by Coifman and Weiss [63].

Definition 6.3.1. A function a: O — C is called Coifman—Weiss atom if
there is a ball B C R? centered in O such that

(i) supp(a) € O N B (localization condition),
(i) |lalleo < |O N B|™* (size condition) and
(iii) [, a dz =0 (cancellation condition).

The Coifmann—Weiss Hardy space Hgyy consists of those f € L! for
which there are Coifmann-Weiss atoms (a;); and a sequence (A;); € ¢! such
that f = 3, Aja; holds pointwise almost everywhere. We endow this space
with the norm

[/ llz,, = mf [[(2);]ler,

where the infimum is taken over all atomic decompositions of f.
Moreover, if O has finite measure, we require that constant functions also
belong to Hiyy. In other words, Hiy, has to be replaced by Hiy @ C.
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6 Hardy spaces adapted to elliptic operators on open sets

Remark 6.3.2. For brevity, we also call a an atom if the size condition is
only satisfied up to multiplication with an absolute constant.

Remark 6.3.3. For O = R? we recover Hiy, (R?) = H(R?), where H'(R?)
is the classical Hardy space from Definition 1.1.5.

For the space Hj; by Miyachi [136], the notion of an atom is relaxed.

Definition 6.3.4. A measurable function a: O — C is called Miyachi atom
if there is a ball B C R centered in O such that supp(a) € O N B and one of
the following two conditions is satisfied.

(i) There is a classical L®-atom A for H'(R%) associated with B such that
A|O = Q.

(ii) It holds 2B C O but 5BNO° # & and ||a|l« < |B|™!

The Miyachi Hardy space Hy; consists of those f € L! for which there are
Miyachi atoms (a;); and a sequence (A;); € €' such that f = >, Aja; holds
pointwise almost everywhere. We endow this space with the norm

£y, = inf [[(Ag);ller,
where the infimum is taken over all atomic decompositions of f.

Remark 6.3.5. In view of Definition 6.3.4 (i), all Coifman—Weiss atoms are
also Miyachi atoms under (UITC).

There appears another variation of Miyachi atoms in the literature, em-
ployed for instance in [48, Def. 4.3] and implicitly used in [26].

Definition 6.3.6. A function a: O — C associated with a ball B C R? is
called Miyachi atom if 2B C O, supp(a) € B and |a|. < |B|™!, and
foadx:() if4B C O.

Let us demonstrate that both spaces coincide.

Proposition 6.3.7. The Miyachi space in the sense of Definition 6.5.4 coin-
cides with the one in the sense of Definition 6.3.6.

Proof. Up to a change of implied constants, it is negligible that one definition
is with respect to 4B and the other one with respect to 5B. In particular, the
Miyachi space in the sense of Definition 6.3.6 embeds into the space in the
sense of Definition 6.3.4.
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For the converse inclusion, we let a be a Miyachi atom in the sense of
Definition 6.3.4 associated with a ball B. If 5B C O, then a is of type (i)
and therefore an atom in the sense of Definition 6.3.6. Now, we assume that
5BNO° # @.

If 2B C O, then a is clearly an atom in the sense of Definition 6.3.6. Hence,
we are left with the case that 2B N O° # @. Then a = Alp is of type (i) and
we decompose a into a sum of atoms without cancellation. We start with the
trivial covering

B C | J B(z,d90@)/10)
zeB
and invoke Vitali’s covering lemma to get a countable subcollection of balls
{B;}; = {B(x;,do0@)/2)}; with B C U; B; and 1 B; N +B; = & for i # j. By
construction, they satisfy 2B; C O as well as 4B, N 00 # &. Now, we write

: 1B, 1 1p,a
a:%:)\jaj with A ::ﬁ and a; ::)\jlzilBi.

Then we have supp(a;) C B; and ||a;]| < |B;|™'. Hence, every a; is an atom
without cancellation and thus

_ 5¢ 5¢
lallmy, <32 = [BI7 X2 1Byl = @Z%Bﬂ = 18] UsB;
J J J J

Finally, since dgo(z;) < r(B) + dao(c(B)) < 3r(B) for every j, we conclude
that U; £ B; C 2B and hence lallm < 107, O

The following remark explains why neither of the two definitions is right
away suitable to define spaces adapted to mixed boundary conditions.

Remark 6.3.8. The Miyachi space, in the sense of Definition 6.3.6, has a
priori a better localization of atoms. This is needed in the identification of
L-adapted spaces, as becomes apparent from the references given in the proof.
A naive approach to treating mixed boundary conditions might be to simply
replace the distance function dyo(-) by dp(-) in the proof of the previous
proposition. Unfortunately, this does not work. The reason is that balls
defined with respect to JO are either entirely contained within O or entirely
outside of O. Thus, balls that are completely outside of O can be “thrown
away”. However, this property no longer holds in the case of mixed boundary
conditions.

The definition that we are going to give in Section 6.4 is a third alterna-
tive way to define the Miyachi space Hy,; as becomes apparent from Proposi-
tion 6.4.7.
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6.3.2 Constructions based on the Euclidean Hardy space

Now, we reformulate the intrinsic definitions of Hardy spaces via atoms in
terms of a global perspective. The first construction is by means of restriction
of functions in the classical Hardy space H*(RY).

Definition 6.3.9. The restriction Hardy space H? is defined by
H = {f: f=Flo, FEH'®RY}, || flluz = nf | Fl[sp:rey,
where the infimum is taken over all F € H'(R?Y) with f = F|o.

Under suitable geometric assumptions, H! corresponds to the Miyachi Hardy
space. For instance, using that O is uniform in a certain sense, H} = Hj; fol-
lows from [136, Sec. 6]. Another approach uses thickness of O°. The main
argument was already employed in [58, p.304], even though the formulation
was less general.

Proposition 6.3.10. Assume that O is uniformly exterior thick, that is to
say, there is ¢ > 0 such that for any ball B centered in 0O it holds |O°N B| >
c|B|. Then H! = Hi..

Proof. The inclusion H! C Hjyy; is explained in [58, Proof of Thm. 2.7] without
imposing any geometric assumptions. We mention that this inclusion reuses
the argument presented in the proof of Proposition 6.3.7.

For the converse inclusion, we only have to consider Miyachi atoms a sup-
ported in a ball B such that 2B C O but 5B N O°¢ # @, because the other

atoms are by definition restrictions of atoms for H!(R?). We take x € 5BNJ0,
set 7 = r(B) and define A = a — clpec(y,) With

),
= — adzx.
|0<(, )| /g

Then Alp = a, supp(A) € 6B and [, Adz = 0. In addition, the size
condition for ¢ and the uniform exterior thickness condition for O entails

- |B| -1
[Alloo < llalloo + le| < |BI7" + lalloo S 16B],
|0<(, )|

which shows the size condition for A. Hence, a is a restriction of an L*®-atom

for H(RY). O
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Figure 8: Sketch of a von Koch snowflake.

The previous proposition already appeared on Lipschitz domains as a side-
product in [26]. The following example shows that we can go even below the
class of Lipschitz regular domains.

Example 6.3.11. Let % C R? denote the interior of the von Koch snowflake
depicted in Figure 8. Then it holds

H, (%) = Hy;(%).
Indeed, the assumptions of Proposition 6.3.10 are satisfied, see [135, p. 349].

The second construction is based on extension by zero. We write &, for the
zero extension operator.

Definition 6.3.12. The zero extension Hardy space H} is defined by

HL = {f eLY0): &f e RN}, [ fllm = €S I (za)-
Let us prove the following fact.

Lemma 6.3.13. Assume (UITC) and that O has infinite measure. Then it
holds Hy C HL.

Proof. First, we prove a uniform bound for Hi,y-atoms a associated with a
ball B. Since O has infinite measure, we know that a is non-constant. In
addition, we have supp(&a) € B, [ &adr = adr = 0 and (UITC)
implies

Jors

I€0alle = llall < [ONBI™" S IBI7

Hence, &ya is an L>-atom for H!(R?) and thus,

lalla: = l|Eoallu mey S 1.

157
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Now, we take f € Hgy with atomic decomposition f = 37; Aja; as well as
[(Aj)jller = (| fllm,, - Then we have & f = 37; A;(€oa;) and hence

1l < D> Illlaglla S T lle = 1 f 1, - O
j

The converse inclusion is less trivial. Using operator-adapted spaces, H! =
Hiw was shown in [26]. We are going to sharpen this result in our less
restrictive geometric framework.

Theorem 6.3.14. Suppose that O C RY is open, unbounded, D = &, that
(UITC) and (LU) are satisfied, and that some elliptic operator L has property
(Go). Then it holds H. = Hiy.

We postpone the proof to Subsection 6.5.5.

6.3.3 Dirichlet vs Neumann Hardy spaces

We write —Ayo and —Ag for the Dirichlet and Neumann Laplacians on O. If
O is a Lipschitz domain, then the following classification was derived in [26]:

Dirichlet Neumann
Hl A, H 5,
B, Hiny
H! H!

Our main result, Theorem 6.5.6, can be interpreted as adding a third column
that corresponds to mixed boundary conditions to this classification. The
third line, a global characterization, has yet to remain empty in the case of
mixed boundary conditions, but gives rise to subsequent research.

6.4 Duality theory for D-adapted spaces

We introduce atomic Hardy spaces H}, subject to a cancellation condition in D
and provide duality relations with corresponding spaces VMOp and BMOp.
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6.4.1 Philosophy behind our atoms

So far we have seen that classical atoms in the sense of Coifman—Weiss cor-
respond to Neumann boundary conditions and atoms in the sense of Miyachi
to Dirichlet boundary conditions. While classical atoms have a cancellation
condition up to the boundary, for Miyachi atoms this is not the case anymore.
Instead, the boundary conditions are supposed to compensate for a lack of
cancellation of the atoms. Indeed, Lemma 6.2.20 applied to the pure Dirich-
let case gives that the kernel of the operator (L) vanishes in dO. These
operators will be the starting point to define operator-adapted spaces in Sec-
tion 6.5 and we will see, for instance in the proof of the central Lemma 6.5.7,
that the cancellation of atoms can often be replaced by a vanishing kernel in
a straightforward way.

In the realm of mixed boundary conditions, Lemma 6.2.20 shows that the
kernel of ¢(t*L) vanishes in D. Consequently, atoms for a space H}, should
have the cancellation condition provided they are not close to D. We have
already discussed in Remark 6.3.8 that it is not sufficient to simply replace
00 in the definition of a Miyachi atom by D. Instead, we provide another
variation of Miyachi’s definition that works in the situation of mixed bound-
ary conditions and at the same time allows to treat the pure Dirichlet and
Neumann cases in a unified way.

6.4.2 Precise definitions

Definition 6.4.1. If B is a ball centered in a component O’ as in Defini-
tion 6.2.3, then we write
Bo =0"NB.

Definition 6.4.2. Any ball B C R? centered in O is called usual. If B is
centered in O’ for O' € 3 and 2B N (D N J0’") # &, then we say that B is
near D.

Definition 6.4.3. Let B be a usual ball centered in O' € ¥ and a: O — C
be measurable. We call a an Hh-atom if it satisfies one of the following
conditions.

(i) We call a a usual Hp-atom, if

supp(a) CO'N B, |alls < |Bo|™2 & /adx:().
0
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(ii) We call @ an H},-atom near D, if B is also near D,

supp(a) CO'NB & |lalls < |Bo| 2.

Definition 6.4.4. The atomic Hardy space H}, consists of all functions
f: O — C for which there is a sequence (\;); € ¢! and a sequence of Hj-
atoms (a;); such that f = >, Aja; pointwise almost everywhere. We equip
this space with the norm

[l = i [[(Az);ller,

where the infimum is taken over all atomic decompositions of f.
In addition, we denote by HlD’a the subspace of all finite linear combi-
nations of H}-atoms. This space is by construction dense in H},.

Remark 6.4.5. Let us mention that every atomic decomposition also con-
verges in L' and || f|ly < || flmy, for all f € Hp. This means that the inclusion
map HL C L! is a contraction.

Remark 6.4.6. Let us emphasize that we impose a weaker L2-size condition
on H}-atoms. This choice appears more natural in our context, as we are
working with an operator defined on L2, and it also simplifies the arguments
involved in the H}, — BMOp duality. Nevertheless, under (UITC), (Fat),
(LU) and (Go) (see also Lemma 6.2.7 and Corollary 6.2.14), the proof of [63,
Thm. A, p. 626-631] shows that H}, can equivalently be defined using atoms
that satisfy an L*°-size condition. The only substantive difference is that a,
qualifies as an Hh-atom near D as long as b is near D, see [63, p. 628-629)
for details.

The following proposition shows that Definition 6.4.3 indeed extends and
unifies the pure Dirichlet and Neumann cases in our geometric setting.

Proposition 6.4.7. Suppose (UITC), (Fat), (LU) and that there exists an
operator L satisfying (Go).

(i) In the Neumann case D = &, it holds HL, & (*(I) = Hiyy-
(ii) In the Dirichlet case D = 0O, we recover Hy, = Hi;.

Proof. According to Remark 6.4.6, we can assume that H}-atoms are defined
with an L°°-size condition.
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Proof of (i). The main difference between H. and Hiy is the concept of
components in the definition of HL. We distinguish the following cases.

(1) O is unbounded. In this case, O has infinite measure by Remark 6.2.2,
I = @ by Corollary 6.2.14 and all H.-atoms are usual and coincide with the
Coifman—Weiss atoms. Therefore, H, & (' (I) = H., = H

(2) O is bounded. Then constants are added to Héyy and I # & is finite
by Lemma 6.2.7 (iv). Throughout this proof, all implicit constants depend
only on the geometry.

H,®LY(I) C Hgw. We take f = g+, cmlo,, = i A+, emlo,, €
H, @ ('(I) such that ||g[lgL = [|(A;),]|e and every a; is an Hi-atom associated
with a ball B(z;, ;). Using Lemma 6.2.7 and a case distinction whether r; < ¢
or not (with 0 > 0 as in (LU)), we conclude that every a; is also a constant
multiple of a Coifman—Weiss atom. Hence, we get

lgllz,, < ZIA il < A5l < gl -

Next, we write 3., ¢mlo, = h + ¢, where ¢ == |O|7' Y, ¢m|Om|. Then we
have

[ rde =0, Wl S107 S el & el S X lenl

In particular, [|(¢;n)m {7 is a constant multiple of a Coifman-Weiss atom
associated with a ball of radius d(O). In total, we obtain

1fllay, = llg+h+clluy, < lglluy,, + 1l + el
S ||9||H,1a +) lem| = ||f||H}g@zl(1)

Hiw C Hj @ £1(I). Now, we take f = g + ¢ with g = 3; A\ja;, ¢ € C and
[ f ke, = 1(Aj)jller + [c|. Here, every a; is a Coifman-Weiss atom associated
with a ball B(xj,r;). Again Lemma 6.2.7 implies that a; is an Hj-atom
provided that r; < 4. On the other hand, if r; > 0, then we decompose

Z 1Om a’] Om + Z 1Om a] m Z a] m + Z ]'OmC] m:-

Clearly, every a;, is now a constant multiple of an H}-atom associated with
a ball centered in O,, of radius d(O). With these observations in hand, we
write

(S Sama] s St £ )

jiri<é jir;>6 m Jirj>o
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6 Hardy spaces adapted to elliptic operators on open sets

In the light of Lemma 6.2.7, we infer from this decomposition the estimate

Iy ooy S NG ller 4 fel = [l -

Proof of (ii). First, we observe that we could equivalently define Hj,-atoms
near JO by the condition 5B N 00 # &. We use this throughout this proof.
Let us recall from Definition 6.3.4 that the space Hjy; consists of two types of
atoms. Either a = A|p is the restriction of an H!(R%)-atom associated with
a ball B centered in O or a is associated with a ball B that satisfies 2B C O,
5B NO° # @ and a satisfies the localization and size conditions.

Hy; € H}p. First, we let a be of type (i). Then either 2B C O, in which
case a is a usual atom for H},, or 2B N0 # &, in which case a is an H},-
atom near dO. Next, we let a be an atom of type (ii). Then a is automatically
an H),-atom near 9O.

H}, C Hyg- We let a be an Hjp-atom associated with B. If a is a usual
H},-atom, then we extend a from Bp to B by zero and write A for this
function on B. By (UITC), A is an H!(R%)-atom, so a = Al is of type (i).
Otherwise, if a is an atom near 00, we employ the localization argument used
in the proof of Proposition 6.3.7 to conclude. O

2

ioc in the following definition consists of all measurable functions

The space L
that are square integrable on any bounded subset of O.

Definition 6.4.8. The space of bounded mean oscillation BMOp con-

sists of all f € LZ_ for which the (semi-)norm

1
2 2
1fllBMop = sup <][ If—(f)Bo\Qdiv> V. sup <][ !f!2d$>
B usual Bo Bnear D Bo
is finite.

The definition of BMOp already indicates the natural Hi, — BMO-duality.
The key observation is the following

Lemma 6.4.9. It holds

(6.6) ‘ /O fgdz

Proof. We let f = >>; Aja; be an atomic decomposition of f € HL. Since
g € L* and the series converges in L! we obtain

/fgdx:Z)\j/ a;gdz.
o J (Bj)o

J

< Ifllss, lglleso,  (f € Hp,g € L%).
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6.4 Duality theory for D-adapted spaces

If a; is near D, then we directly apply Holder’s inequality on [ (B;)o %9 dx. In
the other case we exploit the moment condition of a; on (B;)o, which allows
us to subtract (g)s,), from g. Afterwards, we apply Hélder’s inequality.
Hence, using the size condition for the atoms and the very definition of the

BMOp-norm, we get
/ fgdx
o

We conclude by taking the infimum over all atomic decompositions of f. [

< [(A5)jller lgllByos, -

Remark 6.4.10. The localization property of Hh-atoms and its counterpart
in the BMOp-norm give rise to the topological splittings

Hp = P Hproo (0') & BMOp = € BMOprao (O').
o'ex o'ex
As a consequence of the preceding remark we are going to impose the fol-
lowing assumption in order to ease the arguments.

Assumption 6.4.11. We suppose that O satisfies (UITC) and consists of
only one component.

It follows from Remark 6.4.10 that all results from this section stay true
if O consists of multiple components that all satisfy (UITC). According to
Lemma 6.2.7 and Corollary 6.2.14, this is a consequence of (Go) in conjunction
with (Fat) and (LU), so we can safely use all results developed in this section
in the setting of Theorem 6.5.6.

6.4.3 HY, — BMO p-duality

In this part we extend the classical H' — BMO-duality of Fefferman [91]. This
comprises also the pure Neumann case established by Coifman and Weiss [63]
and we stress that no geometric assumptions are used.

Theorem 6.4.12. If O satisfies (UITC) and consists of only one component,
then the space BMOp is the dual space of HY in the following sense:

(i) Each g € BMOp extends to a bounded linear functional on H}, via

ly(f) = fo gf dx for each [ € Hba and HEQH(HB)* < c||gllsmo, for some
generic constant c.
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6 Hardy spaces adapted to elliptic operators on open sets

(ii) For any ¢ € (Hp)* there is a unique g € BMOp such that { = {, and
lgllemop < cl|€]| )~ for some generic constant c.

Proof of (i). With (6.6) at our disposal, the argument in [63, p. 632] applies
verbatim.

Proof of (ii). We take ¢ € (H})*. If D is empty, then the argument is
classical, see [63, p.632-634]. Otherwise, we have to put in some extra effort
to improve the classical estimate on balls near D. That being said, we pick a
reference ball B’ near D, which is possible in the current case. By definition,
B’ also qualifies as a usual ball.

Following the classical proof in the case D = @& (see [152, Chap. IV,
Sec. 1.2]), there exists for any usual ball B a mean value free function Fp €
L?(Bo) such that ||[Fglla < |Bol"*|[l|my)-- We set fz = Fp — (Fp)p,. As
in the classical case, the function f(z) := fg(z), whenever x € Bp is a usual
ball, is well-defined. We claim that there is a constant ¢ depending on ¢ and
B’ such that g = f + ¢ € BMOp and ¢, = /.

First, it follows readily that

1 1
(][ |f+<FB>Bb|2dx) =(f |FB|2dx) < el
Bo Bo

Therefore, the BMOp-norm of f is under control on usual balls. The same is
true if we add a constant to f later on.

Second, to improve the bound on balls B near D we construct an auxiliary
function. For any such B there is a unique function hg € Lz(éo) that rep-
resents / restricted to L?(Bo) and fulfills the bound |[hz» < ‘§0|1/2||£||(Hb)*'

Now we can define a function h by h(z) = hz(r) whenever x € Bp is a
ball near D. The difference to the classical construction is that hz is unique
without the necessity to perform a normalization with respect to a reference
ball. Testing h — f with the mean value free functions of L?(Bp) shows that
h — f is constant on Bp. Since f is mean value free over the reference ball
By, averaging h — f over By, shows that this constant is (h) B, independent

of the ball B. Exhausting O by such balls B yields h = f + (h) B, Therefore,

(. 1+ @mPac) = (£ Pas) < -
Bo Bo

Thus, with ¢ = (h)p, we have g = f +c¢ € BMOp with [|g|lsmo, < c[[€]|m1)-
as claimed. N
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6.4 Duality theory for D-adapted spaces

6.4.4 Predual of the atomic Hardy space

The main goal of this subsection is to determine a predual of H},. To this end,
we introduce a D-adapted version of the space of vanishing mean oscillation
in the spirit of Coifman and Weiss.

Definition 6.4.13. The space of vanishing mean oscillation VMOp, is
the closure of C. with respect to || - [|Bmo, -

Let us mention that VMOp is separable as C. contains a || - ||o-dense
countable subset.

Remark 6.4.14. There is some flexibility in the definition of VMOp. Indeed,
it is possible to take the closure of a suitable space of regular functions that
vanish only in D. We will not pursue this direction in this thesis.

The following theorem is the main result of this section.

Theorem 6.4.15. Under (UITC) the dual space of VMOp is HY up to equiv-
alent norms.

This result naturally extends [63, Thm. 4.1] and we will need it in Sec-
tion 6.5.4 to show the inclusion H} C HL. For its proof, we adapt the argu-
ments in [63]. We are going to use a trick to circumvent the a priori norming
property of C. for H; used in [63], which we learned from [164, p. 85].

The inclusion H}, C (VMOp)*. This one is rather easy to see. Indeed,
the proof of Lemma 6.4.9 reveals that this inclusion map is a contraction.
Moreover, injectivity follows from the fact that C. separates the points of
HL C L.

The inclusion (VMOp)* C H},. By the closed graph theorem, it suffices
to show the inclusion in the set theoretic sense. The proof consists of two
parts. The first one is a purely functional analytic reduction argument and
the second one is a particular D-adapted modification of the argument in [63].

We write Bx for the closed unit ball in a Banach space X.

Step 1. We pick ¢ € (VMOp)* and assume without loss of generality that
¢ # 0. After normalization we can assume that [[{||vmop)s < 1. We let
(e (BMOp)* be a Hahn-Banach extension of . By Theorem 6.4.12 there is
a universal constant ¢ > 0 such that ¢ € cB(H}J y««. Now, Goldstine’s theorem
[162, Thm. 8.3.17] implies that cByy is w*-dense in ¢By ). Using this along
with the separability of VMOp, we find a sequence (f,), C cByy such that
fn — € in the w*-topology of (VMOp)*.
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6 Hardy spaces adapted to elliptic operators on open sets

Step 2. The upshot of the previous discussion is that the proof of the
inclusion (VMOp)* C H}, boils down to proving that any bounded sequence
in H}, admits a subsequence which converges to some f € HL in the w*-
topology of (VMOp)*.

The first auxiliary result is in the spirit of [63, Lem. 4.4]. When D = &, our
proof gives a technically less involved version of their result in the Euclidean
setting. For non-trivial D an additional argument is needed.

Lemma 6.4.16. Under Assumption 6.4.11 any f € H}, admits an atomic
decomposition

f= > i with | fllay = [[(Aei)rlle

(kyi)EZXZ2

In addition, it holds:

(i) If ax; is associated with the ball By, then r(By;) ~ 2F.

(ii) For fized k € N, only finitely many balls of {By.;}icza can intersect the
same compact set in O.

Proof. We take an atomic decomposition f = >°; A\ja; with A; € (0,00)
satisfying 33; A; < 2[[f[lm and let a; be associated with B; := B(x;,r;). For
each j € N there is a unique k € Z such that 2"7! < r; < 2. Now we let
Q1 be the unique cube in the standard half open dyadic grid of cubes with
side length 2! that contains x;. We express this relation by the notation
j=(k,i) € Z x 7%

We put Jy; = {j: j = (k,i)} and let j € Jx;. We denote by By, a
ball centered in Q;; N O of smallest radius such that 2¢Q);, is contained. By
construction, its radius is comparable to 2%, so (i) is satisfied. Also, since
for fixed k € Z cubes from the dyadic grid {Qy;};cza are disjoint, a counting
argument yields (ii).

To define a new atomic decomposition of f, we put

S Y
ki = Z A& oag = ZJG‘;:: Ay

JE€Jk,i )

We check that ag; is an HhL-atom. First, since by construction B; C2Qy; C
By for j € Jy4, ax; is supported in O N By;. Second, for j € Ji; it follows
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6.4 Duality theory for D-adapted spaces

from r(B;) ~ 2% ~ r(By;) and (UITC) that |(B;)o| > ¢ 2|(Bki)o| for an
absolute constant ¢ > 0. Hence,

l\J\»—\

lailla < Q)™ D Illlagllz < k)™ X2 INII(Byol# < el(Bra)ol™

J€Jk,i J€Jk i

Third, it By, is not near D, then every B, for j € J;; is not near D. Hence,
since J; is finite, a;,; has mean value zero. In summary, a;; is a constant
multiple of an Hh-atom and we deduce the atomic decomposition

f = Z(c)\k,i)(cflak,i) with ZC)\k,i S 2C”fHH}3 ]

i
The second key lemma is an extension of [63, Lem. 4.2].

Lemma 6.4.17. Under Assumption 6.4.11 any bounded sequence (f,), C H},
has a subsequence which converges to some f € HY in the w*-topology of
(VMOp)*. Moreover, it holds || f|lm < sup, [ fallm -

Proof. After normalization we can assume that sup, || fallgy = 1. Then
Lemma 6.4.16 furnishes for all n € N a decomposition f, = > ; Ai(n)ar:(n)
with Ay ;(n) € (0,00) and sup,, >y ; Axi(n) S 1. After passing to an appropri-
ate subsequence, the Bolzano-Weierstrass theorem joint with a diagonaliza-
tion argument allows us to assume that \,; = lim,_ o, A\ ;(n) exists for all
(k,i) and Y5, Ak S 1, see also [63, Lem. 4.3]. Since (agi(n))n € L*((Bri)o)
is bounded, there is some ay; € L?*((Bg)o) such that ax;(n) — ay,; weakly in
L?((By.i)o) along a subsequence. A diagonalization argument ensures that we
can choose the same subsequence for all (k,i). The weak convergence implies
that ay; inherits the size and (potentially) moment conditions from the atoms
(agi(n)),. Thus, each ay; is an H}-atom associated with By,;. We define the
candidate
f= Z )\kﬂ'akﬂ' S HlD
ki

By construction, |[f[lm < sup, [[fallu. It remains to show that f is the
appropriate limit of (f,),. By a 2ec-argument it suffices to show (f,|¢) —
(f|¢) for all p € C.. We let K € N to be chosen and split

(X + T+ 3)Sntn [ atmods

k<—K |kI<K k>K i

{(fnl®)

(I) + (II) + (III).
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6 Hardy spaces adapted to elliptic operators on open sets

Compared to the argument in [63], the major change lies in the treatment of
the small cubes (I) as we have to consider atoms near D. Let us fix ¢ > 0.
We claim that K can be chosen independently of (k,) such that

(D] + [N 5 e

The same argument will also entail a similar estimate for the decomposition
of f.

Estimate for (I). We denote by xy; the center of By ;. Since ¢ is uniformly
continuous, there is some K € N such that |¢(z)—¢(y)| < eforall z,y € 2By,
where i € Z¢ and k < —K. If By ; is usual, then ag;(n) is average free over
(Br.i)o- Hence, with the size condition for atoms, we infer

[ lllo - ool ar < -
(Bk,i)o

Now, we let By,; be near D. Since ¢ vanishes in D, we can apply uniform
continuity with y € D N 2By, to give |¢(z)| < e for all x € By, i € Z% and
k < —K. Consequently,

[ lallolde 5=
(Bk,i)o
Combining the last two estimates, we obtain

k<—-K 1
Estimate for (IIT). By the size condition for atoms joint with (UITC) and
Lemma 6.4.16 (i), we get

1 1 d
(D) < [loll2 D D Mi(m(Bri)ol ™2 < [Bril "2 ll6ll2 D Awi(n) S 27522
E>K i ki
The right-hand side can be made smaller than ¢ provided that K is large
enough.

Next, by Lemma 6.4.16 (ii) and the compact support of ¢, we get

(II) — > Aniar¢da (n — 00).
O |k|<K,i

Combining the estimates for (I) and (III) with the convergence for (II) we
finally obtain

liglsogp|<f—fn\¢>!§8~ O
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6.5 Identification of operator-adapted and atomic Hardy spaces

6.5 lIdentification of operator-adapted and atomic
Hardy spaces

We introduce the operator-adapted spaces H} and state and prove our main
result, Theorem 6.5.6. The proof heavily relies on the duality theory for
atomic spaces developed in the last section. Throughout, we assume (Go),
(UITC), (Fat) and (LU). Also (UP) is used, but only once. We will make its
usage explicit.

6.5.1 Relevant definitions

Definition 6.5.1. Let € O. For a measurable function f: (0,00) x O — C,
we define its local square function by

(5 )z (/ © 7€<m )P dydt)

For either ¢(z) = \/ze VZ or p(z) = ze % and f € L', we set

Spi(f)(@) = S (L) f) ().

Analogously, S and S8°P are defined by the same expression as S'°¢ but with
(0,d(0)) replaced by (0, 00) or (d(O), o) in the t-integral, respectively. These
square functions lead to the L-adapted square functions S, ;, and SglOb

Remark 6.5.2. Due to (UITC), the local square function can equivalently
be expressed via

o= ([ renr2)) eeo

This is not possible for S8°b.

As already hinted at in (6.1), we have the following

Definition 6.5.3. The operator-adapted Hardy space H} consists of all
f € Ly for which S)25.(f) € L', where ¢ € {Vze VZ ze *}. We endow H}
with the norm

11l = 1555 (Al + Liacoy<o 11l
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6 Hardy spaces adapted to elliptic operators on open sets

Remark 6.5.4 (dependence on ¢). At this stage, the definition of H} using
¢ € {\/ze V% ze *} is a slight abuse of notation. We will of course treat
both of them in all proofs. As a consequence of Theorem 6.5.6 it will turn
out that the definition of H} is indeed independent of the choice of ¢ up to
equivalent norms.

Remark 6.5.5. Assume (Fat) and (LU).

(i) Let us suppose that f € H} NL2 Then in particular f € L2. According

to Proposition 6.2.9 this gives f € ran(L). A practical consequence is
that if ) € H*™ on a suitable sector, then ¢(L)f € ran(L) = L3.

(ii) If L satisfies (Go), then (Py)e(0,a(0)) and (Qr)ie(o,a(0)) map L into L' N
ran(L). Indeed, let us fix f € L} and ¢ € (0,d(0)). We demonstrate the
argument only for P;. Then P, f € L' NL? by property (Go) and we are
left to show that P, f € ran(L). To this end, we invoke Proposition 6.2.9.
We take u =3, ¢mlo,, € ker(L*) = ¢*(I) and calculate

(P10 = (e 0 = (flu) = Sem [ fde=0
m Om

It follows P, f € ker(L*)* = ran(L).

(iii) If L satisfies (Go), then for each f € L' the sequence (Py, f), converges
to f in L' and the sequence (Q1y, f), converges to 0 in L'. Indeed, for
f € L' NL? with compact support, say in a ball B = B(z,r), it follows
by the strong continuity in L? and the kernel estimates that

[Py f = flls < N[ Pyuf = fll212B[2 + | Py fllLrov2s)
S 1Py f = Fllal2BJ + 01+ rm) =D £l
tends to 0 as n — oo. Since (Py,), C L(L') is uniformly bounded,

the desired convergence follows by a 2ec-argument. The assertion for
(Ql/n f)n can be deduced by the same reasoning.

6.5.2 Precise result and strategy of the proof

Finally, we are able to state the main result of this chapter.

Theorem 6.5.6. Let O C R? be open and D C 9O be closed. Suppose the
geometric conditions (UITC), (Fat), (LU) and (UP). Moreover, suppose that
L satisfies (Gop). Then

HL(0) = Hp(0).
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6.5 Identification of operator-adapted and atomic Hardy spaces

To prove it, we show both inclusions separately. The proof for H C HL
builds on the ideas in [26, Sec. 3.4]. For the converse inclusion, we choose a
different route: the aforementioned work takes a detour through a maximal
function characterization, which relies on the Lipschitz property of the do-
main. Taking a direct approach is one of the reasons why we can drastically
lower the geometric requirements in our main result. In the self-adjoint case,
we obtain nevertheless a maximal function characterization in Section 6.6.
The strategy for the individual inclusions is as follows.

Hj, C H}. Taking Remark 6.4.5 into account, this inclusion can be rein-
terpreted as proving boundedness of

S5 Hp — L.

Using the atomic decomposition for H},, it turns out that this follows from
the uniform control on H},-atoms

1525 (a)ll < 1.

Let us assume that a is associated with B. To prove the above bound, we
split the Ll-integral into a local and a global part, O N4B and O \ 4B. The
local part can be purely treated by the L2-theory of the operator. To control
the global part, we split the t-integral in (S (a))(z) into several parts that
let us exploit decay properties of the kernel stemming from (Go) combined
with either the cancellation condition of a or the vanishing of the kernel of
©(t?L) in D (obtained in Lemma 6.2.20), depending on whether the atom is
usual or near D.

H; C Hp. We explain the case of unbounded O first. The main tool to
show this inclusion is Theorem 6.4.15. To make it applicable, we reproduce
f € H} in the functional calculus for L. After combining the reproducing
formula with a duality estimate in tent spaces, it remains to prove that the
(local) Carleson functional

C(p(t*L*)-): VMOp — L™,

that we are going to introduce in (6.18), is bounded. To this aim, we fix a
ball B centered in O and decompose the test function ¢ € C, as

¢ =(¢)Bo + (¢ — (#)Bo)L2Bo + (¢ — (¢)B5)Lo\2Bo-

As in the proof of H}, C H}, the local part C'°°(¢(t*L*)(¢ — (¢) B, )128,,) can
be controlled by the L2-theory of L, while the decay properties of the kernel
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6 Hardy spaces adapted to elliptic operators on open sets

g provide good control of the global part C¢(o(t*L*)(¢ — (¢)B,)1o\es, )-
The main innovation lies in controlling C'°°(p(t2L*)(¢)p,). There are three
ingredients.

First, we derive in Lemma 6.5.8 a D-adapted conservation property for the
operator ¢(t2L).

Second, uniform porosity of D is used to estimate the size of boundary
strips close to D. Notably, this is the first and last time in this thesis that we
need property (UP).

Third, our definition of H},-atoms lets us treat certain large balls as bound-
ary terms of a telescopic sum. At this point, we stress that this change of
definition also leads to a simplified argument in the case of pure Dirichlet
boundary conditions compared to [26, Lem. 15].

If O is bounded, more technical challenges appear, notably a reduction to
small scales in the reproducing formula and a localization of B to multiple
components. In each component, a different constant is subtracted in the
decomposition of ¢.

The rest of this section is devoted to filling in the details.

6.5.3 The inclusion H}, C H}

For this part we need (UITC), (Fat), (LU) and (Go). The following lemma
is central. We recall the kernel ¢; from Definition 6.2.21.

Lemma 6.5.7. Assume (Fat), (LU) and (Go) with exponent p € (0,1]. Let
0 € [0,1] and a be an Hs-atom associated with B = B(z,r). Then it holds

< ¢ (7")9” (1 4 dBo(y)>(dH)(19)
~ t

t

/B iy, 2)a(2)a:

for allt € (0,d(0)) and y € O.

Proof. By the kernel estimate for ¢, and the size condition of a, we obtain

—(d+1)
d
S e

—(d+1
<td<1+dB<y>> (H.

/ q:(y, z)a(z) dz
(6.7) Bo

t
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Next, if a is usual, then a satisfies the moment condition. Hence, the version
of (6.5) for ¢; delivers

/BO @y, z)a(z) dz /Bo(qt(y,z) — gy, 7))a(z) dz
o < (5l

I
<t <T> .
= t

Otherwise, if a is near D, then in particular B is near D. We fix zp € 2BND.
Lemma 6.2.20 applied to L* gives ¢;(y,xp) = 0. Then a similar calculation as

before in which ¢;(y, zp) takes the role of ¢, (y, x) gives (6.8) in this situation.
We conclude by taking logarithmic convex combinations between the esti-

mates (6.7) and (6.8). O

Proof of the inclusion Hj, C Hj. Since H}, C L! is a contraction, it suf-
fices to prove that

1SSL (O < 1 N, -

We tacitly use Remark 6.5.2 in this proof. Let us assume for the moment that
there is some C' > 0 such that

(6.9) ISz (@)l < C

holds true for any Hh-atom a. Now, we take f € H}, and fix an atomic de-
composition f = 37; Aja; with [[(Aj);lle < 2| f[lm . As f =32 Aja; converges
in L, property (Go) implies for all fixed ¢ € (0,d(O)) that

Qtf = Z /\ng(tQL)(lj
J
converges in L2, This yields for every 2 € O the estimate
2
19uf s otean < (S Wl s lhaion )

which (together with monotone convergence) entails that

d(0) d
s = ([ 10 oy tlfd)

' d(0) n 2 dt
th_%lo /0 <Z|)\H|<ptLaJHL2(Ozt)) 1+d
7j=1
<3 IN1SE5 (ag) ().
J

[N
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Next, we take L'-norms on both sides, apply monotone convergence and
use (6.9) to get

1595 (1)l < C 3 I\l < 20 F
J

Proof of (6.9). We let a be an Hh-atom associated with B = B(zg,r). The
proof is divided into two parts.

Local part. By Holder’s inequality and the L*-boundedness of S, j,, we
get

oc 1 oc 1
1555 (@) Lt (O (o.am) < 10(x0,47)|2[1S2% (a)[|2 < [O(xo, 4r) |2 [ al]2-

Now, (UITC) for O and all its components along with the size condition of a
provide the uniform bound

1525 (@)l 0 @oar)) S 1-

Global part. We fix 2 € O \ 4B and note that r < ds(@)/2. To find upper
bounds for

Sei(a)(z) = (/Od(O) /O(z,t)

we split the time integral into the three parts

1
> dydt)’
t1+d ’

/B @z y)alz) dz

0<t<r, r<t<d@) & ds@/jh<t<d(O).

We denote the corresponding integrals by (I), (II) and (III), respectively.
Hence,

Spi(a)(w) < (T) + (IT) + (I10).
Before we start estimating the right-hand side, we observe that if ¢ < ds(2)/2
and y € O(z,t), then

(6.10) 45(s) 2 dp(@) ~ |z — o] > dy(a) — 1> 27,

Estimate for (I). Lemma 6.5.7 with § = 0 joint with (6.10) gives

1
! _ _ 2 dydt)? _
1) < (/0 /O(x , (t ddB(x) (d+1)td+1> tHd) < rdg(z) (d+1)
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6.5 Identification of operator-adapted and atomic Hardy spaces

Estimate for (II). With p € (0,1] as in (Go), we fix 6 € (1/(d+1+n), 1/(d+1)).
This gives d + 0u > (d+ 1)(1 — 0) > d. We use this 0 in Lemma 6.5.7 along
with (6.10) to obtain

1

E r\ 2 dydt)’
) < / / = <> D=0 p ()~ (@HDA-0) %
r O(z,t) t e

dp(z)
< ] ()~ DO-0) ( P a(d bt —(d1)(1-0) dt)

t
< PHDA=0—dq ()= (@+1)(1-0)

Estimate for (IIT). Lemma 6.5.7 with 6 = 1 gives

2 dydt
Yy
(I11) ( /1 e / ) t1+d)
O(x,t)
<t (/ ¢ 2(d+p) dt)
2 !

~ ridp(z) @,

We denote 71 =1, 79 := (d+ 1)(1 — 0) — d, 73 := p and recall that v, > 0.
Combining all three bounds and integrating over O \ 4B yields

3 3 o)
d
||S:§,(},(a)||L1(O\4B) <D 7’””/ dp(z)~@) dg < Zr%/ s
i=1 o 4

\4B i=1 r S

This completes the proof. O

6.5.4 The inclusion H} C Hj,

In this part we explicitly make use of (UITC), (UP) and (Gop), even though
the other assumptions from Theorem 6.5.6 are implicitly used in some geo-
metric reductions. We start with the D-adapted conservation property that
we alluded to in Subsection 6.5.2.

Lemma 6.5.8 (D-adapted conservation property). Assume (LU), (Go) and
let O" be a component of O. It holds

//CIt(%Z/) dx

(6.11)

< (1 + W) (t € (0,d(0)),y € O).
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6 Hardy spaces adapted to elliptic operators on open sets

If DNOO" = @ it holds | [, q:(x,y) dz| = 0. With the convention dg(y) = oo,
this is consistent with the formula given above.

Proof. The case DNOO’' = & follows from the classical conservation property
in the case of pure Neumann boundary conditions, see [35, Prop. 6.5.6]. Hence,
we assume that 0O’ hits D. We fix y € O" and set r := dprgor(y), as well as
B = B(y,r).

(1) The case ¢p(z) = ze *. We show in a first step that there are C, ¢ > 0
such that

(6.12) <ce(®) (1€ (0,d(0))).

/ t0 Ky (z,y) do

In particular, this implies (6.11) when ¢(2) = ze™*. We let f € L' N L? with
supp(f) € Bo(y,7/s) and || f||; = 1. It suffices to prove that there are C,c¢ > 0
such that

(6.13) <ce i) (te(0,d(0)).

/ 2L e_tQLfdx

Indeed, assuming (6.13) and taking into account that %t@th is the kernel
associated with —t2L e " (see Remark 6.2.12), we get

/ / L0 Ky (z,2) f(2) dzdx
" JB(y.g)

Now, we pick a non-negative g € C*(B(y,1)) with [;,gdz = 1, we put
gn(z) == ng(nx) for all n € N and choose N € N such that /v < 7/s and
B(y,?/n) C O'. For n > N, we calculate

(6.14) <ce i)

(6.15) // t@th(ac,z)gn(z)dzdx—/ t0 Ky (z,y) dz
" J By, ) o’

S// [tO K (z, 2) — t0 K, y)|gn(2) dz da.
" JB(y,%)

By construction, (6.14) can be applied with f = g, for all n > N. There-
fore, (6.12) follows if the right-hand side of (6.15) goes to 0 as n — oo. To
this end, we split its z-integral into the two parts B(y,?2/n) and O"\ B(y, /n).
We denote the corresponding integrals by Ij,. and Ig,p, respectively.
Estimate for I,,.. We use the Holder estimate (G3) for t0,K; to get

loe S td“/ / ly — 2| gn(2) dz dx
B(y,2) JB(y,1)

StdmkpTrmd (n — 00).
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6.5 Identification of operator-adapted and atomic Hardy spaces

Estimate for Igon. We let v € (0,p) and 2z € O'\ B(y,?/n). Consequently,
ly — 2| < Yn < le=vl/2 for all z € B(y,Y/n) and © € O"\ B(y,?/n). Re-
mark 5.2.2 (ii) delivers for all such x and z the estimate

z—y|\2 1 z—y|\2
0, K, (x,y) — t0, K, (2, 2)| <ty — 2 e~ () <, — eme(5FY)

N
Hence, we obtain that

lz—yl

2
Iglob St n—u—d/ eic< t ) dz
O'\B(y,2)

o0 2 o, d
< n_”_d/ ee(i) 45 0 (n — 00).
0 r

Therefore, it only remains to show (6.13). To this end, we choose 1) € C>°(R?)
such that 1p(,.m) < ¢ < 1py. and |V S 771 We decompose

Y

<|(PLe™™ fl100)| + [(PLe™™ f| (1o = 1ow)]

= (I) + (II).

/ £2Le L fdx

Estimate for (I). Since O’ = Op, we conclude by Lemma 6.2.7 (i) and our
choice of ¢ that 1o € W}f and V(1p¢) = 1o, V1. Hence, we can bound

2 _ 42
(PLe™ " fl109)| = |(AVe™ " f |10/ V)|
42
SE1on15Ve ™ ol VY2
< r%—1t||1o,\%3tve—t% Flla-

~Y

A particular consequence of (Go) are L' — L? off-diagonal estimates for the
family (e_t2L)t€(07d(o)). By composition, also (tV e_tQL)te(O,d(O)) satisfies L' —12
off-diagonal estimates and hence

Lt f11ou) 5 ()" e @ el

Estimate for (II). Since (Go) implies that (2L e *'F);c.a(0)) satisfies L
off-diagonal estimates, it follows

r 2
(L™ 101 = )] < [TonpgmtiLe™ " fl S ™).
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6 Hardy spaces adapted to elliptic operators on open sets

(2) The case p(z) = /ze V7. We differentiate the subordination for-
mula (6.3) to get

2 oo
Om(a) = —= [ L0 (@) ds
0
2 [ ok d
_ﬁ/o e 5 (0K) L (x,y)ds

s

2 /°° o,
+ — e ¥ (0 K) 1 (x,y)ds.
ﬁ t/2d(0) 251 o

Now, we use Fubini’s theorem, [26, Lem. A.1] for the first integral and (6.12)
for the second one in order to deduce

t/2d4(0) oo
5/ e ds +/ e_(1+c(§)2)52 ds
0 0

r —1
S t1iq0)<o0] + (1 + )

t
T_l
<1)
<),

where the implicit constant depends on d(O) if O is bounded. O

/ tOpy(z,y) dz

Proof of the inclusion H} C H},. We start with an approximation argu-

ment. We take f € H} C Lj and denote f, = Py, f. Then f, € L' Nran(L)
by Remark 6.5.5 (ii). We fix 0 < € < b < d(O) and obtain from an integration
by parts

b
Psfn + QQafn - ben + szfn + 4/ Q?fn it

By Remark 6.5.5 (iii), we can take the L'-limit n — oo and afterwards the
Li-limit € — 0 to get

b
= (Bf+Quh v [ QT = h+ b

Now, we claim that

’ * dt loc
616) (R0 =4 [ (@11Qi0) F| SISELOolovo, (€ Co)

where the implicit constant is independent of b. Assuming (6.16) for the
moment, we can conclude as follows.
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6.5 Identification of operator-adapted and atomic Hardy spaces

(1) O is bounded. In this case, we send b — d(O) and deduce from (6.16)
that f, € (VMOp)*. Now, Theorem 6.4.15 yields [|fol[m < 1525 ()l
Next, we show that f; is a finite linear combination of Hh-atoms. We write
fi=>0ex Lo fi. First, we deduce with (Gp) the bound

(6.17) 1fll2 = | Pacorf + Qoaior fll2 < AO) 2|11

As O' = O'N B(z,d(0)) for any z € O" and keeping in mind that all com-
ponents satisfy (ITC) by Lemma 6.2.7, we get d(0)? ~ |Bo(x,d(0))|. It
follows that 1o/ f satisfies the localization and size condltlons of an Hj-atom
associated with the ball B(z,d(0)). Moreover, Paq(0) + Q2q(0) maps L(l) into
ran(L) = L2 by Remark 6.5.5 (ii). Therefore, in the case that O' = O,, is
a Neumann component, the cancellation condition is fulfilled as well. Hence,
we infer fi € Hb and ||fillas S ],

(2) O is unbounded. Arguing as in (6.17), we deduce the estimate
I(f1] )] < b 2||f|1]|#]|2, which vanishes as b — oo. Since (6.16) holds for
all b > 0, we infer |(f]¢)] < 1525 (f)Il1l¢llsmo,- This allows to conclude
using Theorem 6.4.15 right away:.

It only remains to prove (6.16). To do so, we rely on a duality estimate
in tent spaces. This duality estimate involves the so-called local Carleson
functional defined for a measurable function g: (0,d(0)) x O — C by

(6.18) Cc*(g)(x) = %1;};) (/ meB (t,y)|* dy dt) (x € 0).

Here, the supremum is taken over all Kuclidean balls centered in O that
contain z and are of radius r(B) < d(O). The duality estimate reads then as
follows.

Lemma 6.5.9 ([3, Lem. 3.16 & Cor. 3.17]). Assume (UITC). Then there is
C' > 0 such that we have for all measurable functions f,g: (0,d(0)] x O — C
satisfying S'¢(f) € Lt and C°°(g) € L>° and for allb € (0,d(O)] the estimate

b d
[ fstea)ae | < IS LIC=@)

Now, we let b € (0,d(O)] and ¢ € C.. For convenience, we assume that ¢
is normalized in BMOp. We invoke Lemma 6.5.9 to infer

(Qtf’@t ) S ISELNNICT Qi) -
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6 Hardy spaces adapted to elliptic operators on open sets

To bound [|C"¢(Q; )]s, We fix z € O and take a ball B centered in x5 €
O that contains z with r = r(B) < d(O). At this point, we recall from
Corollary 6.2.14 that Oy is empty provided that O is unbounded and, in the
case that O is bounded, from Lemma 6.2.7 (iii) that O and all components
satisfy (ITC). We pick O" € ¥ with 2 € O”. For each component O’ € ¥
with O" # O” and O’ N B # @, we fix some z € O' N B. It follows

ONBC BoU (UBO(Z,QT)>>
Ol

where the union is taken over all such components O'. We write

p= > olo= Y ¢o.

o'ex o'ex

We fix one component O’ and put either B = B if O/ = 0" or B = B(z,2r),
where z € O’ N B from the above decomposition. We split

(6.19) vor = (9)5, 1o + (¢ — (?)5,)1,5, + (¢ — (¢)§o)10/\2§'

First, we focus on the case that O" = Op and explain the necessary changes for
the pure Neumann components O' = O,, afterwards. Let us write ¢; == ¢; o/
for the three terms on the right-hand side of (6.19). It suffices to bound

57 . dy dt
> [ 1@l B < 1)+ (W + (D S 1
i=1J0 JONB t

Estimate for (II), .. McIntosh’s theorem and (UITC) yield

(Do < 10 0 B H 2l = [2Bo| |63 = ][~ |6 = (#)5,"dz S 1.

2Bo

Estimate for (II) We write

glob*

¢3 = Z ]'O’OCJ-(E)<¢ - (¢>§o) = Z¢i(’>j)

j>1 j>1
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6.5 Identification of operator-adapted and atomic Hardy spaces

and invoke (Gp) as well as (UITC) to get

(I1) oy, = /][ |(QF ¢3)(y I2dy*
ONB

<[ OmB(zr@t% W)y <

j>1
| . at
<[ Ay ) ay
ONnB J>1

= [Ctar- (S@n 6’

§>1
~ (@) )
j>1
S(Z27f 10 - 005, 102)"
j>1 J+1

where we have used in the second estimate that |z —y| ~ 2/r for ally € ONB
and z € O' N C;(B). Next, using (UITC), we estimate

F . 196 (@15,

<F 1)~ Oy [+ 3 @, — G
2J+1BO

k=0
5 1+ Z - <¢)2k+1j3'0| dz
2kBO
J
ST+ 166) ~ @, |02
k=0 281 Bo
< ]

In total, we get (IT),,, < ()51 J27)?2 < 1.
Estimate for (I). In view of Lemma 6.5.8 applied with O" we have

DS (/][ (HW> dy“f) @),/

We write x5 for the center of B. To bound the integral on the right, we
distinguish two cases.
(1) dprso’(zz) < 2r. By assumption B is near D. We set

h(y) = (1 + W)Z weB)

181



6 Hardy spaces adapted to elliptic operators on open sets

and note that for all a € (0, 1) it holds
hy) >a <= dproo(y) < t(a’% —1)=s.

The layer cake formula joint with the substitution s = t(a~"? — 1), that is

3 .
ds = —La72 da, gives

/T / (1 +dma(y))‘2 0y &
o JonB t t

r 1 dt
I//HyEOﬂB:h(y)>a}|dat
o Jo
22// |{Z/€OﬂBidDmaO'(?J)<S}|(1—|—t> ds 5.
o Jo

At this point we use assumption (UP). Thus, Lemma 6.2.8 furnishes some
n € (0,1) such that

Hy € ON B :dproo(y) < s} < shpd=n,

Hence, using the substitution s +— ts, the fact that n < 2 and (UITC) we get
the upper estimate

2

" / - dt " o -3 dt
/][ <1+(WO(y)> dy§r_"/ (/ Sn(1+8> ds>2
o JonB t t 0o \Jo t t

In summary, we have (I) < |(q§)§o|2. But since B is near D, [(¢)5,] < 1Dy
Holder’s inequality and the very definition of the BMOp-norm. Therefore,
(I) £ 1 and we are done with this case. Let us stress that the localization of
¢ to the components of O is used in a crucial way here, for the BMO p-norm
only gives control on Bo = O’ N B and not on the full O N B.

(2) 2r < dpngor(z3). In the current case it holds dpnoor (73) ~ dpnao’ ()
for all y € B and hence

2

" d / B dt "o, dt
/ ][ (1 + DO (y)> dy — < dproor (ifg)_z/ t*—
o Jons t t o t
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6.5 Identification of operator-adapted and atomic Hardy spaces

Now we treat |(¢)z |- To this end, we pick the smallest k& > 1 with 2M1BN
(DNOO") # &. Such k exists since O’ # O,, by assumption and it follows
that 2% B is a ball near D. Using that 25r ~ dproor (z 5), we get by a telescope
sum and (UITC) that

BO| < Z (¢ 2JBO )2j+1§o| + |(¢)2k§0| Sk~In (

Since supys; N/ is finite, we derive (I) < 1 from the last two estimates as
desired.

Finally, if O" = O, then the terms (II),,, and (II),, are handled in the
same way. The treatment of (I) is even easier: this term vanishes right away in

dDmaO'@)) _

r

virtue of the conservation property on O,,, see Lemma 6.5.8. This completes
the proof. O

Let us show a posteriori that H: can be equipped with several equivalent
norms. In the sequel, we are going to use this fact freely.

Proposition 6.5.10. Assume (UITC), (Fat), (LU) and (UP), and that L
satisfies (Go). Then H} can be equipped with the equivalent norms

||f||H}3 ~ (S, ()l = 1S, (Nl + [ F 1l =~ ||5322(f)||1 + 1/l

Proof. We argue only for the Poisson case for the other one can be treated
similarly. Let us begin with the case that O is unbounded. Then Theo-
rem 6.5.6 yields the first norm equivalence. As the inclusion H} C L! is a con-
traction, the second equivalence follows and we are done, because S}P‘”CL = S,.L-

Now, we assume that O is bounded. We start with the last equivalence. It
suffices to prove HSglOb( Dl S Iflli- To this end, we use Holder’s inequality,
the averaging trick, the substitution ¢ — t+4(0)/2, the square function estimate
in L? and (Go) to obtain

ISEL (I < 1012 ISEL (f)l2

— (/d(o)/wfe - de@f( )|2dydt>2

(/i(o)/y\/fetfpd (y)\zdydt)z

< O] 1S4, (Pacr )2
S 1012 ]| Paor £z
S Uf
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6 Hardy spaces adapted to elliptic operators on open sets

Next, Theorem 6.5.6 joint with the first part of this proof reveals

1 e, 2= IS (Ml + 1l = 1S, ()l + [1F 1]

In order to show that the L'-norm can be dropped, we invoke the molecular
theory that we will discuss in Section 6.6. Since any f € Hba belongs to
L2 = ran(L) (see Proposition 6.2.9) it follows from Lemma 6.6.18 that

£ ey, = IS (Ol + 1Al 2= 1S ()l + £ 2= 1S (Hll-

Since Hp, , is by definition dense in H, = H} and the first as well as the second
norm equivalence holds for all f € H}, the claim follows by density. m

6.5.5 The equality H! = HL,

Let us close this section by giving the proof of Theorem 6.3.14. On recalling
the definition of H from Definition 6.3.12, we can record

Corollary 6.5.11. If O is unbounded, D = @ and L satisfies (Go), then
H! C HL.

Proof. Using a trick from [26, Sec. 3.2], the conclusion follows from the same
calculation as in the proof of the inclusion H}, C Hj in Subsection 6.5.3. The
argument is as follows. The kernel ¢; on O can be extended to a kernel ¢
on RY still satisfying (6.4) and (6.5). We need that O is unbounded since
otherwise the kernel bounds for ¢ are only valid for finite times ¢t and not up
to diam(R?) = co. Now we take f € HL. Its zero extension F from O to R? is
in H'(R?). Tt is classical that F* admits an atomic decomposition F' = 3; A;a;
into usual HL (R%)-atoms. We observe that

[ aree= [ aeypee

o R4

by the support property of f. Therefore, all arguments from the proof of
the inclusion H5, C H} in Subsection 6.5.3 apply verbatim when the operator
@(t2L) is replaced by the operator on R? associated with the kernel . ]

Proof of Theorem 6.3.14. By Corollary 6.5.11, Theorem 6.5.6 and Propo-
sition 6.4.7, it holds H! C H} = H} = H{y. The converse inclusion follows
from Lemma 6.3.13. [l
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6.6 Maximal characterization for hermitian coefficients

6.6 Maximal characterization for hermitian
coefficients

Throughout this section, we assume that L satisfies (Go) and is self-adjoint.
The goal is to enrich the result derived in Theorem 6.5.6 by a maximal function
characterization. This extends the results given in [48, Sec. 4] on the pure
Dirichlet and Neumann cases to mixed boundary conditions. For the negative
Laplacian subject to mixed boundary conditions on a bounded domain, our
very mild geometric assumptions let us recover the full picture of classical
Hardy space theory in this way, see Theorem 6.6.5.

Definition 6.6.1. For f € L? we define the non-tangential maximal func-
tion adapted to L by

fi(x) ==sup sup |e_tL f()| (x € 0),
t>0 yeO(x,t)

and the radial maximal function adapted to L by

fi(z) =sup|e™™ f(z)]  (z€O0).

t>0

Remark 6.6.2. As a consequence of (Go), the pointwise evaluation of e~ f
is well-defined.

This enables us to define L-adapted Hardy spaces using a maximal function
characterization.

Definition 6.6.3. The non-tangential and radial maximal pre-Hardy
spaces H}:,max and H}:’rad are defined as

HY o = {f €L fr €LY Nl = lfil,
and
Hia={f €L’ ff €} fl =1L
The non-tangential and radial maximal Hardy spaces H}:,max and H}:,rad

are defined as the completions of Hj .. and HJ 4, respectively.

The abstract main result of this section is the following.
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6 Hardy spaces adapted to elliptic operators on open sets

Theorem 6.6.4. Assume that L is self-adjoint and satisfies (Go). Suppose
that the geometric requirements (UITC), (Fat), (LU) and (UP) are fulfilled.
Then it holds

Hl

L,max

= Hi,rad = H}/ D 61(1) = HlD D €1(1>
The framework developed in Chapter 5 lets us conclude a powerful appli-
cation for the negative Laplacian —Ap on a bounded open set.
Theorem 6.6.5. Let O C RY be open and bounded, and assume (ITC), (Fat),
(LU) and (UP). Then we have the identities
{f S Ll: S_AD(f) € Ll} = HlD ®£1(I) = Hl—AD,max = Hl—AD,rad7
where the space on the left-hand side is equipped with the norm

IFIF= 111+ [15=ap (-

Remark 6.6.6. (i) We wish to emphasize that both the space HL, @ ¢1(1)
and the assumptions of Theorem 6.6.5 are purely geometrical and inde-
pendent of any operator.

(ii) Theorem 6.6.5 is formulated for the negative Laplacian for convenience,
but it is true for any elliptic operator with real and self-adjoint coefficient
matrix.

(ili) We assume that O is bounded in Theorem 6.6.5 to ensure that —Ap
has property (Gp), see Theorems 5.0.1 and 5.0.2 and compare with
Remark 6.2.11.

We summarize as corollaries the pure Dirichlet and Neumann cases. This
takes Proposition 6.4.7 into account.

Corollary 6.6.7 (pure Dirichlet case). Let O C R? be open and bounded, and
assume (ITC), (Fat), and that 0O is porous. Then we have the identities

{f € Ll: S*Aao<f) € Ll} = Hll\/h = Hl—Aao,max = Hl—Aao,rad7
where the space on the left-hand side carries the norm || f|| = |1S—a,o (f)]l1-

Corollary 6.6.8 (pure Neumann case). Let O C R? be open and bounded,
and assume (LU). Then we have the identities

{f € Ll: S—Ag(f) S Ll} = HéW = Hl—Az,max = HI—A@,TEd’

where the space on the left-hand side is equipped with the norm

A= 1Al + 11520 (P
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6.6 Maximal characterization for hermitian coefficients

6.6.1 Bridging the theories using pre-adapted spaces

We introduce a pre-adapted version H} of our space H:. Such spaces can
be defined and studied assuming only that the operator L has a decent L?
theory, which is notably weaker than our requirement (Go).

For the rest of this section, we suppose at least that L is self-adjoint and
that the set O satisfies (UITC). Then O is a space of homogeneous type and
(e7"L),oq satisfies L2 off-diagonal estimates. Hence, our constellation falls
into the scope of [112].

Definition 6.6.9. The pre-adapted Hardy space Hj is defined by
Hy = {f eran(L): Su(f) € L'}, [Iflle = 1S(F)lh-

Remark 6.6.10. The square function Sp(f) can either denote the heat or
Poisson version. The respective spaces in [112] are denoted by H} ¢ and
H} g, It turns out that they coincide [112, Thm. 2.5], so we do not bother
to distinguish them and simply write H} and Sy.

Remark 6.6.11. In virtue of Proposition 6.5.10, the spaces H} and H} are
precisely the functions f such that Sp(f) € L! equipped with the same norm,

where in the first case f is quantified over ran(L) = L2 and in the second case
over Lj.

In a nutshell, the line of reasoning to obtain Theorem 6.6.4 is as follows.

(i) The space Hj is complete and its intersection with ran(L) is a dense
subspace. It follows that H} is a completion of H} .

(ii) We show that Hj @ ¢'(I) = Hj . = Hj ,.4. Therefore, taking comple-
tions gives

H}J D 61 (I) = Hi,max = Hi,rad'
The next proposition takes care of the first item.

Proposition 6.6.12. Assume that L satisfies (Go) and that O fulfills the
geometric assumptions (UITC), (Fat), (LU) and (UP). Then the space HL is
complete and contains H: as a dense subspace. Phrased differently, H: is a
completion of the pre-adapted space H} .
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6 Hardy spaces adapted to elliptic operators on open sets

Proof. Many functional analytic properties of H} are not evident from its
very definition. Instead, we use the atomic viewpoint developed in Theo-
rem 6.5.6.

Indeed, H}, is the dual space of VMOp by Theorem 6.4.15 and therefore
complete. In addition, HlD,a, the space of finite linear combinations of Hk-
atoms, is dense in HY = H}. The second claim follows if we can show the
chain of inclusions

1 1 1
Hp, CH; C H,.

The second inclusion follows readily from Remark 6.6.11 and Lemma 6.6.18.
For the first inclusion we note that atoms are by definition elements of L3 =
ran(L) (see Proposition 6.2.9) and satisfy Sy (a) € L' by Theorem 6.5.6. [

Remark 6.6.13. This observation could have been drawn already in [26] but
was not explicitly stated.

In both [112] and [48] the authors derive an L-adapted atomic decomposi-
1

L,max"*

tion, in the first case coming from H} , in the second case coming from H
In [112, Def. 2.1 & 2.2], they give the following

Definition 6.6.14. Let M € N. A function a € L? is called a (1,2, M)-
atom associated to L if there exists b € dom(LM) and a ball B of radius
r > 0 centered in O such that a = L™b and for all K = 0,..., M it holds

supp(LFb) CONB & |(r2L)*b||, < r*M|O N B| 2.

The atomic pre-Hardy space H} ,, ,, consists of all f € L* that admit a
(1,2, M)-atomic representation f = 3, Aja;, where (\;); € £', each a; is a
(1,2, M)-atom, and the sum converges in L?. The space HlL’at? v is equipped
with the quotient norm

1 ez

L,at,M

= nf [|(A;);ler,
where the infimum is taken over all (1,2, M)-atomic decompositions Y-; A;a;
of f.

Remark 6.6.15. We remark that Hj ,, ,, C ran(L), in accordance with the
definition of H .

Remark 6.6.16 (comparison with [48]). Definition 6.6.14 coincides with the
definition given in [48, Def. 1.1 & 1.2] up to two remarks.
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6.6 Maximal characterization for hermitian coefficients

(i) The definition in [48] is formulated with (1, co, M)-atoms, in which the
size condition is formulated in L>°. However, the results of [48] are true
for (1,q, M)-atoms if ¢ € (1,00]. Indeed, having a (1,00, M)-atomic
representation is stronger than having a (1, ¢, M )-atomic representation

and the inclusion ]I-]IlL,am v C HE was already formulated for more

L,max
general q.

(ii) If O has finite measure, then Hj ,, 5, is replaced" by HJ ,; », @ ker(L)
in [48]. In our case, ker(L) = ¢*(I). We will have to take this into
account by a case distinction later on.

The following is one of the main results of [112], see [112, Prop. 4.16].

Proposition 6.6.17 (L-atomic characterization of H}). Assume (Go) and
that L is self-adjoint. For M > d/4 it holds

1 _ il
HL,at,M = Hj,.

The inclusion HlL,at, 2y € H} is the simpler one and similar to the arguments
in Section 6.5.3. For the converse inclusion, the authors first derive a so-called
molecular decomposition. Molecules are a generalization of (1,2, M)-atoms
in which the function a is not supported in O N B anymore, but has rapid
decay over annuli around B. This does not yet require self-adjointness of
L but a bounded H*-calculus on ran(L) is sufficient. This is always the
case for L by the Crouzeix—Delyon theorem, see Theorem 1.6.6. Later, they
decompose L-molecules into L-atoms. Only this latter part relies heavily on
self-adjointness.

We record a lemma that was already mentioned and used in Section 6.5.

Lemma 6.6.18. We have the estimate
IF Il SUSe(Hlle (f € Hy).
In other words, H} C L' with continuous inclusion.

The argument is well-known to the experts and has been mentioned in [112,
p. 75].

In the published version, ker(L) is replaced by C. This is true in their applications but
has to be changed in the abstract formulation.
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6 Hardy spaces adapted to elliptic operators on open sets

Proof. We take & = M in the definition of a (1,2, M)-atom associated to
L to find |jally < |O N B|~"* for all such atoms a. Thus, Hj, ,, € L'
follows with the same argument as for traditional atomic Hardy spaces. The
argument using a molecular decomposition works the same up to an additional
summation over the annuli. Therefore, the result is true without assuming
that L is self-adjoint. O]

To conclude the second claim from the outline we use [48, Cor. 1.5]. If O
has finite measure, this is their main result [48, Thm. 1.4]. The case of infinite
measure was already known in the literature, see their references. Here, we
recall also the second part from Remark 6.6.16.

Proposition 6.6.19 (maximal characterization). Assume that L is self-adjoint
and satisfies (Go) as well as the geometric assumptions (UITC), (Fat), (LU)
and (UP) and let M € N. We have the identities

Hi,at,M ¥ El (]) = Hi,max = H},,rad'

Let us record the following corollary, which is the second claim from the
outline.

Corollary 6.6.20. [t holds

HE @ 1) = H}

L,max

= Hi,rad‘
From Proposition 6.6.12 and Corollary 6.6.20 we conclude Theorem 6.6.4.

Proof of Theorem 6.6.4. We perform the argument sketched in the out-
line. Corollary 6.6.20 yields for instance
(6.20) H; @ ¢4(1) = Hj

L,max*

We take the completion of both sides of (6.20). Then, according to Propo-
sition 6.6.12, H} is a completion of H}. Since we can take the completion
componentwise, HL @ ¢1(I) is a completion of the left-hand side of (6.20).
But, by definition, Hj .. is a completion of the right-hand side of (6.20), so
H! @ (1(I) = H}

I max follows. The argument for Hj ., is the same. O

6.6.2 Application to the negative Laplacian

We apply Theorem 6.6.4 to —Ap defined on a bounded and open set O sat-
isfying our geometric assumptions (ITC), (Fat), (LU) and (UP) to give the
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6.6 Maximal characterization for hermitian coefficients

Proof of Theorem 6.6.5. We appeal to Theorem 6.6.4. The geometric re-
quirements are all fulfilled by assumption and —Ap is self-adjoint. To invoke
the theorem, it remains to check (Gp). Since the coefficients of —Ap, are real
and O is bounded, this follows from Theorems 5.0.1 and 5.0.2. Therefore,
Theorem 6.6.4 can be applied and yields all identities except

{fel': S_a,(f)eL'}y=H, @)

Since S°%  (¢) = 0 for all ¢ € £'(I) by the conservation property on Oy, see
Lemma 6.5.8, it follows that the mapping

= (f ) 1om<f>om) & (Fow)n

is an isomorphism between both spaces. Here, we also used Proposition 6.5.10
and that [ is finite by Lemma 6.2.7 (iv). O
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CHAPTER [/

Bounded functional calculus for divergence form operators
with dynamical boundary conditions

This chapter is dedicated to elliptic operators in divergence form along with
their associated parabolic problems, which are commonly encountered in sci-
ence. These scenarios frequently pose challenges due to discontinuous coeffi-
cient functions and singular objects on the right-hand side, which reside on
sets with Hausdorff dimension smaller than the spatial dimension. It is widely
recognized, e.g. in the theory of electricity (see the monograph of the Nobel
prize winner I. Tamm [154, Chap. 1.4]) that (spatial) jumps in the coeflicient
function are intimately connected to the presence of surface densities on the
right-hand side.

The parabolic equation

First, let us give a formal description of the linear parabolic problem with
dynamical boundary conditions that we have in mind. An excellent exposition
for the derivation of such equations in sciences can be found in [100]. In
dimension d > 2 we let O C R? be open, D C 90, ¥ C O\ D, T € (0, ]
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and consider the system

Ou — div(AVu) = flovs in (0,7) x (O\ %),

Ou+v - AVu = flsnaeo on (0,7) x (XN 00),

(7.1) O+ vsno - AVu = flsno on (0,7) x (XN O),
u=>0 on (0,7) x D,

v-AVu=0 on (0,7) x 00\ (DUY),

u(0) = ug inOUZX.

Here, A € L>®(O; L(C%)) is elliptic in the sense of Definition 1.6.2, the vector v
is the outer unit normal, vs~o denotes a ‘jump’ in the normal derivative on >N
O, and f, ug are functions defined on O U>.. Hence, the underlying set for the
dynamics is O U %, where the ‘volume’ O is equipped with the d-dimensional
Lebesgue measure, but the ‘surface’ ¥ is a Lebesgue null set and carries a
different Radon measure m. In science, ¥ would typically be a Lipschitz
surface with (d — 1)-dimensional Hausdorff measure, but our mathematical
treatment allows it to be as wild as the von Koch snowflake with its natural
measure of fractal dimension, or of Hausdorff co-dimension larger than 1.

The variational setting

Following [10,71,84,137], we model (7.1) as an abstract Cauchy problem

u'(t)+ LM(t) = f(t)  (te(0,T)),
u(0) = wy,

in the natural L%-space L? := L2(OUY, dz®dm) that takes the two dynamical
parts into account. This can efficiently be done by an application of the form
method due to Arendt and ter Elst [9], see Section 7.2 for details. In this
construction, .Z4 is associated with the usual sesquilinear form for divergence
form operators,

(7.2) a:VxV —C, a(u,v):/AVu-Vvdx,
o

where V = W}5?(0) models the homogeneous Dirichlet condition on D in the
fourth line of (7.1). However, V is not considered as a subspace of L%(O)
but of L? through the identification operator j(u) = u|o @ Tr(u) in order to
account for the dynamics on X, compare with [84, Sec. 1]. To this end, we
need minimal geometric assumptions that we describe next.
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Assumption 7.0.1. Throughout the entire chapter, d > 2 and:
(i) The set O C R? is open and non-empty.
(ii) The Dirichlet part D C 9O is closed and possibly empty.

(iii) The dynamical part ¥ C O\ D is a non-empty Borel set with Lebesgue
measure zero that is equipped with a Radon measure m.

(iv) The trace to X, defined for u € VN C(O) by pointwise restriction
Tr(u) = uly,
extends by density to a bounded linear operator from V into L2(Z, dm).

Remark 7.0.2. We denote the extension of Tr in Assumption 7.0.1 (iv) by
the same symbol. As usual, a Radon measure is a Borel measure that is finite
on (relative) compact sets, outer regular on Borel sets, and inner regular on
(relative) open sets.

Assumption 7.0.1 (iv) is always satisfied when m is the zero measure but
in applications m is not free to choose — it belongs to the geometric data
of the problem just as O, D and . Proving the boundedness of the trace
onto geometrically intricate objects with their ‘natural’ measure m can be a
challenging task and in Section 7.1 we propose a unified approach that covers
a variety of examples, including fractal sets . For the rest of the paper it is
conceptually simpler to stick to the general assumption above.

Main results

Abstract theory of sectorial forms tells us that £ generates a holomorphic
contraction semigroup in L2. Thus, .4 has a bounded H*-calculus in L2
and notably exhibits maximal parabolic regularity, serving as a powerful tool
for handling non-linear versions of (7.1) via fixed-point methods, and even
stochastic maximal regularity [158].

The primary focus of this work is to elaborate whether these properties
extend to IL? := LP(O U X,dx & dm) for p # 2. For operators with real
coefficients this problem and related ones are extensively investigated in the
full Lebesgue scale, see e.g. [71,84,101,114]. Their techniques do not carry
over to the complex case, which, to the best of our knowledge, has been an
open problem. We settle the question in our main result by using the notion
of p-ellipticity, see Subsection 1.7.2:
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Theorem 7.0.3. Let p € (1,00) and suppose that A is p-elliptic. The semi-
group (e’t“gA)tzo extends to an analytic contraction semigroup on ILP of angle
0, € (0,7/2) defined in (7.3) and its generator £ has a bounded H*-calculus
of angle 7/2 — 0,,. In particular, ,%A has maximal parabolic reqularity.

Every uniformly strongly elliptic A is p-elliptic in a range of p’s that depends
on A(A),A(A) [80, Cor. 3]. Therefore, Theorem 7.0.3 always applies in an A-
dependent range of p’s. The angle above is

(7.3) 6, = sup {9 € [0,7/2): e A is p—elliptic}

and we address the problem of finding lower bounds for 6, in terms of the
‘data’ of A in Section 7.7.

Compared to many LP-extrapolation results related to elliptic operators
[12,37,43,44,46,80,85,145], there is no clear dimensional scaling on the spatial
domain of our operator due to the presence of . This seems to forbid any
use of (generalized) kernel estimates on objects related to #“. In proving
Theorem 7.0.3, we had to watch out for methods that predominantly work
on the level of the sesquilinear form a in (7.2) and not on the associated
operator .Z4, because the former one does not involve ¥. We found a suitable
approach in the non-linear heat flow technique of Carbonaro and Dragicevié¢
[51-53, 55, 56]. Largely inspired by their results, we first prove a bilinear
embedding in Section 7.4:

Theorem 7.0.4. Let p € (1,00) and A, B be p-elliptic. Then there is a
constant C' > 0 that depends only on p, AN(A, B), A(A, B) and A,(A, B) such
that

/0 /O V(™" Dol - [V(e™” g)lo| dzdt < ClIf Il llg

for all f,g e LPNLY.

Theorem 7.0.4 implies Theorem 7.0.3 by standard quadratic estimates due
to Cowling, Doust, McIntosh and Yagi [64], see Section 7.5. However, this
isn’t the whole story, as the boundedness of the semigroup in IL” is needed in
the proof of Theorem 7.0.4. We will address this prerequisite beforehand in
Section 7.3 by providing a generalization of Nittka’s invariance criterion [137]
tailored to our needs.

In both, the bilinear embedding and Nittka'’s criterion, the main novelty is
the presence of the identification operator j. It poses new technical challenges
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that we resolve in this work. We make essential use of the particular choice

1

of 7, or more precisely, that it is injective and that 7 as well as j~' commute

with certain non-linear maps.

Discussion of the LP-setting

Let us provide further motivation for considering the elliptic/parabolic oper-
ators in the particular spaces IL”.

In the realm of mathematical semiconductor modeling, a widely studied
model is the Van Roosbroeck system [130, 132,144]. This system comprises
a set of non-linear drift-diffusion equations with surface charge densities on
the right-hand sides. Mathematically, they are understood as measures con-
centrated on surfaces. In an advanced writing of the system [95], dynamical
boundary conditions emerge on parts of the boundary. Solving the system
numerically is a nontrivial task and the only known successful algorithm, due
to Gummel and Scharfetter, bases on two essentials. First, if the system is
studied in some function space, then its dual has to contain indicator func-
tions of subsets, such as boxes or tetrahedra, as ‘test functions’ This is true
in L? and false in the more general distribution spaces used e.g. in [132]. Sec-
ond, once having tested the system with indicator functions on a partition of
subdomains, a point balance across all subdomains needs to be established.
Usually, this conversion involves transforming local volume integrals into sur-
face integrals utilizing Gaufl’ theorem. While this method is effective when
the flux’s divergence is a measure, it fails when it is only a distribution.

Further applications to non-linear problems and elliptic
regularity

Already when dealing with semilinear parabolic equations, a standard ap-
proach to handling right-hand sides R that depend nonlinearly on the solu-
tion, is based on the fact that R is (locally) Lipschitz continuous with respect
to the solution. This holds when the solution space is equipped with the
topology of an interpolation space between the underlying Banach space and
the domain of the elliptic operator [141, Chap. 6]. For parabolic equations
on O it typically suffices to know that domains of fractional powers of the
linear elliptic operator embed into L in order to catch the nonlinearities [86]
but in the case of the IL? spaces involving two different measures, a pointwise
uniform control is needed.
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We address this issue in Section 7.6, where for large p we establish embed-
dings of fractional power domains of Q%A into spaces of Holder continuous
functions on O U ¥ in various settings. These embeddings generalize results
in [70,71,84,107,115] for parabolic equations on O and open the door for
proving Holder regularity for solutions of the parabolic equations simultane-
ously in space and time, which can be very useful in applications, see e.g.
[42,57] and references therein. The proof relies on delicate yet known map-
ping properties of the sesquilinear form (7.2), which are independent of the
dynamical boundary conditions, and a ‘transference formula’ for the inverse
of 4, which might be of independent interest.

7.1 Geometry

This section contains prerequisites on function spaces and a unified treat-
ment of Sobolev traces, leading to a variety of geometric configurations that
match with our background assumption (Assumption 7.0.1), see also Subsec-
tion 1.1.2.

By uniform continuity, all functions in C%(O) extend continuously to O.
Hence, V' N C(O) is dense in V and Assumption 7.0.1 (iv) makes sense. Let
us stress that we use W,lg’Q(O) when the Dirichlet part is empty, which should
be thought of as a regularized version of the usual Sobolev space W'%(O)

that contains enough functions with a well-defined trace, compare with [140,
Chap. 4] and [8,10,143].

7.1.1 The identification map j

To define dynamical boundary conditions rigorously via the form method, we
use an embedding of V' into an L%-space on O U X.

Definition 7.1.1. Let p € [1, 00]. We denote by LP(O) = LP(O, dx) the usual
Lebesgue space of p-integrable functions, put du = dax & dm and write

LP = LP(0UY,du) = LP(0) & L7 (%).

We refer to this space as the LP-space over the hybrid measure space
(OUX,du). The identification operator is given by

§: V=1 ju)=ulo® Tr(u).
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7.1 Geometry

The terminology ‘hybrid’ highlights the fact that parts of such functions
‘live’ on the volume (O,dz), whereas another part ‘lives’ on the typically
lower dimensional set (2, dm). We could have also used O \ ¥ for the volume
part in order to have ‘restrictions’ to two disjoint sets. However, there’s
no confusion here as ¥ is assumed to be a Lebesgue null set according to
Assumption 7.0.1 (iii).

Lemma 7.1.2. The space C35(X) is dense in L2(X). In particular, j(V) is
dense in L2

Proof. Density of C%(3) in L?(X) follows by combining three density results.
First, by dominated convergence, L?(3)-functions with support in a compact
set ¥ C ¥ with d(X/, D) > 0 are dense in L?(X). Second, ¥ carries the
Radon measure m|s/, so C(¥') is dense in L?(X/,dm), see for instance [163,
Thm. 19.38]. Third, ¥’ keeps a positive distance to D, so the restrictions
CE(X') form a unital x-algebra that separates the points of C(X') and the
Stone—Weierstrass theorem yields that C¥(X') is || - ||o-dense in C(¥).

In order to see that the above implies that j has dense range in L2, we
suppose that u € j(V)*. Then, we have

0= (ulo|vlo) + (uls]vls)  (veEj(V) L.

The second term on the right vanishes if v € C°(O) vanishes on XN O. Since
¥ is a Lebesgue null set, such functions are dense in L?(O) and we conclude
that ul|o = 0. Now, we can use the density result from the first part to
conclude uly, = 0 and thus u = 0. O

For the LLP-theory, we shall need to commute j and its inverse with certain
non-linear maps. While this is clear for j~!, because applying ;! means
restricting functions in j(V) from O U X to O, the argument for j is more

involved.

Lemma 7.1.3. Letk,l € N, ®: C* — C! be Lipschitz continuous with ®(0) =
0 and let U = (u)F_; € V*. Then ®(U) € V' and

Proof. We follow the argument in [80, Lem. 4] and pick a sequence (U,,), =
(ui)r_ ), € CF(O)* such that U, — U in V¥ as n — oco. Since @ is
Lipschitz continuous with ®(0) = 0, it follows that (®(U,,)), € V' is bounded.
Hence, we find some v € V! such that ®(U,) — v weakly in V! along a
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subsequence. On the other hand, ®(U,) — ®(U) in L?(O)" and we conclude
that ®(U) = v € VL. This proves the first assertion.

To show the second one, we use the first part and that j: V — L2 is contin-
uous to conclude that (j(®(U,)'),...,5(®(U,)Y)) — (G(@(U)Y),...,5(®(U)))

weakly in (L?)! along a subsequence. Since all ®(U,)" are continuous on O,

the map Tr acts as an honest pointwise restriction and we can commute

(@)Y, 5(@(UL)) = @i (up), .-, 5 (up)-

The right-hand side tends to ®(j(u'),...,j(u*)) in L? and the proof is com-
plete. ]

7.1.2 Lebesgue points and traces

For a globally defined function f € LL _(R?) we say that z € R? is a Lebesgue
point of f if there exists z € C such that

lim |f(y) — z[dy = 0.
r—0 B(z,r)
In this case, we also have
z = lim f(y)dy.
r—0 B(z,r)

Lebesgue points allow us to assign pointwise values to equivalence classes of
functions, sometimes called ‘precise’ or ‘refined’ representative.

Definition 7.1.4. Let f € Li_(R?) and F' C R% The global trace of f to
F is defined as

Trgion,7(f)(x) = lim f(y)dy,

r—0 B(a,r)
for all x € F for which the limit exists.

If the set I happens to be a subset of O, we can also define a trace for
functions defined only on O as follows.

Definition 7.1.5. Let f be integrable on bounded subsets of O and F C O.
The interior trace of f to F'is defined as

Trinr(f)(@) = lim £ f(y)dy,

r—0 O(ar)

for all x € F for which the limit exists.
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Whether global and interior traces exist in a suitable sense has been in-
vestigated extensively [10, 82,118,143, 153]. Here, our focus lies on making
‘soft” assumptions on V' that are commonly used in heat kernel theory on
domains [140, Sec. 6.3] rather than relying on geometric measure theory. The
reader should be reminiscent of the embedding property (E) from (5.11).

Definition 7.1.6. We say that V' has the extension property if there is
a bounded extension operator £: V — WL2(R?), which should satisfy the
additional L?-bound ||Eully < Cgllulls for some Cr > 0 and all u € V if we
work in dimension d = 2.

Remark 7.1.7. In Section 7.1.4 we come back to the extension property in
concrete settings. The extension property implies (E). Indeed, if d > 3, then
we can take ¢ = 2d/(d—2) and 0 = 0, and use the commutative diagram

W2(RY) ——=—— LY(RY)

(7.4) % llo

1% = L1(0)

where the first line is the Sobolev embedding on R%. If d = 2, then we can
take any 6 € (0, 1) and transfer the respective Gagliardo—Nirenberg inequality
from R? to O in the same manner. This is where the additional L2-bound for
£ is needed.

Assumption (E) ensures that O is thick enough in points away from D.
Indeed, the next result is a generalization of [106, Thm. 1], see also [36].
Unlike the original result, it also applies in the critical case d = 2 without any
connectivity assumption on O, compare with the proof of [106, Lem. 13].

Proposition 7.1.8. Assume (E). Then there is C > 0 depending only on d, 0
and Cg such that

Cr? < |O(, )]
forallz € O\ D andr € (0,1 Adp(z)).

Proof. As in [106], we consider a ‘halving radius’ 7 € (0, ) such that

0,7)] = 5106, )]
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We fix ¢ € C(R?) such that 1pen < ¢ < 1p@ey and [[Volle < ¢/e-7) with
a dimensional constant ¢ > 1. Then p|p € V' with estimates

lellz < |O(z,7)|2,
llha < 2¢(r — 7)HO(x, 7)2,

1 (1-96)

]_ 2 d
lelle > (510 1) 7,

where for the Sobolev norm we have used that » —7 < 1. We plug this bound
into the embedding property (E) in order to obtain

&M—‘

r—7r < 2c(2 1/qC'E)(l D|O(x,r)|d.

Now, we iterate: r; == r and 7,41 == 7,. Since |O(x,r,)| = 27"|O(zx,r)| tends
to 0 as n — oo, we find r, — 0. A telescoping series yields the claim

r=> (rn—Tn+1)
n=1
S 1/qC(E Z JZ Tn %
n=1
_20( 1/‘1CE (Z Z) ﬁ

20(2/4C) T 1
= 21/d _ 1 ’O(:U 7ﬁ)|d D

With the previous result at hand, we can prove that our various notions of
traces coincide on X.

Corollary 7.1.9. Suppose (E), let f be integrable on bounded subsets of O
and let w € V N C(O0).

(i) If £f € LL.(RY) is any extension of f, then at every Lebesgue point
x e X of Ef we have

Traiob s (Ef)(2) = Tring n(f)(2).

(ii) For every x € ¥ we have

Tr(u)(z) = Trines(u) ().
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Proof of (i). We set z = Tryobn(Ef)(x). For r € (0,1 Adp(z)) we obtain
from Proposition 7.1.8 that

][ fdy ==
O(zx,r)

The right-hand side converges to 0 as r — 0 since x is a Lebesgue point of
Ef. Hence, Tri x(f)(x) exists and equals z.
Proof of (ii). This follows since u is continuous at x. O

Ly < 1BOD) .
<f i —Ha< EER L enw - slay

7.1.3 Continuity of the trace

In order to get a continuous trace map into L?(X) as required in Assump-
tion 7.0.1, we need to guarantee that Sobolev functions have sufficiently many
Lebesgue points on ¥ and that the so-obtained trace is controlled in norm.
For this part only, we switch to a more concrete setup inspired by Jonsson
and Wallin [118].

We work with the Hausdorff measure H* of dimension ¢ € (d — 2,d) on
R?, see Section 1.3. In particular, sets with finite H-measure are Lebesgue
null, and if ¥ C R? is a Borel set with H*(F) < oo, then the restriction of
H! to F is a Radon measure. The restriction on the dimension stems from a
fundamental result in potential theory [2, Thm. 6.2.1 & Thm. 5.1.13]: every
u € WH2(RY) has Lebesgue points H-almost everywhere.

If ¥ is an upper f-set, then we take m = H’|x as the measure on . Here
is the main result of the section:

Theorem 7.1.10. Assume that V' has the extension property (with extension
operator £) and that 3 is an upper (-set for some £ € (d —2,d). Then

Treion s (Eu) = Trine s (u) = Tr(u) (ueV)

and all three linear operators are bounded from V into L*(X). Furthermore,
if 3 is bounded, then they are compact.

Proof. Since Eu has Lebesgue points H'-a.e. on R?, we conclude from Corol-
lary 7.1.9 (i) that Trgop s (Eu) = Trin x(u) holds H'-a.e. on R?. Since ¢ > d—2,
we obtain from [118, Chap. VI, Thm. 1 & Rem. 1] that Trgep s: WH?(RY) —
L2(X) is bounded. Hence, also Trgopx o€: V — L*(X) is bounded. If in addi-
tion u € C(O), then by Corollary 7.1.9 (ii) we have Tr(u) = Triy = (u) and we
have already seen that the interior trace is bounded and everywhere defined

on V. Thus, Triy x is the continuous extension of Tr to V.
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It remains to prove that Trgpp y of is compact if ¥ is bounded. To this
end, we fix an open ball B D ¥ and a function n € C®(B) with n = 1
on ¥, so that Tryof = Tryo(n€). The key point is that [118, Chap. VI,
Thm. 1] even gives continuity of Tryenx: B2 (R?) — L2(X) on Besov spaces
for sufficiently small ¢ > 0. Similar to (7.4), Try o€ factorizes through the
embedding W5z (B) C BY?.(R?), which is compact [33, Cor. 2.96]. O

Corollary 7.1.11. In the setting of Theorem 7.1.10 suppose that O is bounded.
Then j: V — L% is compact.

Proof. We already know that Tr: V — L2(X) is compact. It remains to see
that the inclusion V' C L?*(O) is compact. But this follows by taking an open
ball B 2 O and a function n € C(B) with n = 1 on O and factorizing the
inclusion through the same compact embedding as before. O]

7.1.4 Concrete geometric setups

We already know from Theorem 5.1.7 that the extension property for V' holds
if O is locally uniform near N. Theorem 7.1.10 implies the following concrete
version of Assumption 7.0.1. In Figure 9 we illustrate a geometric configura-
tion that goes far beyond the Lipschitz class.

Corollary 7.1.12. Suppose that D is closed, ¥ is an upper (-set for some
¢ e (d—2,d) and O is locally uniform near N. Then Assumption 7.0.1 is
satisfied.

We close this section by extrapolating Theorem 7.1.10 to an admissible
range of LP-spaces in the geometric setting from above. This will be important
for regularity theory, see Section 7.6.

Theorem 7.1.13. Let ¢ € (d—2,d), assume that O is locally uniform near N,
Y2 is an upper (-set and let £ be the extension operator from Theorem 5.1.7.
Then the following hold true for all p € ((d —¢€)V 1,d) and q € [p,*?/(d-p)):

(i) We have
Traiobn(Eu) = Trine x(u) = Tr(u) (u € WBP(O) nv)

and all three operators admit bounded extensions from WpP(O) into

Li(x).

(ii) If ¥ is bounded, then the operators in (i) are compact.
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Figure 9: A geometric constellation in R? that matches with Corollary 7.1.12
and hence satisfies Assumption 7.0.1. The set ¥ N 0O is a part of
the von Koch snowflake, which is an upper ¢-set for ¢ = logs(4) > 1,
see [89, Sec. 2.3], and we take m = H* on this dynamical boundary
part. A proof of local uniformity of O near N can be found in
[104, Prop. 6.30]. The proof of Theorem 7.1.10 shows that ¥ could
be the union of multiple disjoint upper ¢-sets with different values
of / and we can add a jump condition over the line segment > N O,
which is a 1-set.

(iit) If O is bounded, then j has a compact extension from WP (O) into 19

We follow the proof of Theorem 7.1.10 and explain all necessary changes.

Proof of (i). We set s .= 1 — (4/p — 4/q), that is 1 — 4/p = s — d/q. Our choice
of p and ¢ implies that s € ((d=0/q, 1]. By Theorem 5.1.7, [33, Prop. 2.71] and
[118, Chap. VI, Thm. 1 & Rem. 1], we have the chain of continuous operators

W (0) -5 Wh(R?) C B1(RY) "E5” La(x),

Thus, Tryeps 0 : W5(O) — L4() is bounded.

Proof of (ii). We only need to observe that [118, Chap. VI, Thm. 1] also
gives continuity of Trge,s: BLL(R?) — L4(X) for sufficiently small ¢ > 0.
Using [33, Cor. 2.96], we conclude that Try, of factorizes through the compact
embedding Wy5(B) C BZ9.(RY).

Proof of (iii). This is the same argument as in the proof of Corollary 7.1.11
with (V,L?(0)) replaced by (W5P(O),LI(0)). O
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7.2 L2-theory

This section contains all relevant definitions and proofs for p = 2.

7.2.1 The extended form method

We let A be elliptic, see Definition 1.6.2 and consider the bounded sesquilinear
form

a:VxV—=C, aluwv)= / AVu - Vo de.
o)
Ellipticity implies that a is j-elliptic in the sense of [9], because
Rea(u,u) + Aj(@)[3 = Mully:  (we V).

Moreover, a is sectorial and

0 < w(A) := esssup sup |arg(A(z)¢ - €)| < arccos (%) <37,

2€0  |¢|=1
see also [83]. The associated operator in L. is defined as follows. We say
u € dom(Z4) if and only if there are Z4u € L2 and w € V such that
j(w) = u and
(L] j(v) = a(w,v) (veV).

We notice that .Z“4u is unique since j has dense range by Lemma 7.1.2. Ab-
stract theory of sectorial forms [9, Thm. 2.1 (ii)] implies that —%“ generates
a strongly continuous semigroup (e™*¢ A)tzo that extends to an analytic con-
traction semigroup of angle /2 — w(A). Hence, e=*%¢" is defined for z € Su
with u € [0,7/2 — w(A)). Let us also remark that .4 admits compact resol-
vents if j: V — IL? is compact [9, Lem. 2.7]. This happens in the setting of
Theorem 7.1.10 when O is bounded, compare with Corollary 7.1.11.

7.2.2 A formula for ¥4

The ‘Lax—Milgram’ operator associated with the form a is defined as
LV =V (Lulv)=a(u,v) (u,v e V).

Just as a, this operator is independent of the boundary dynamics and it is
natural to ask for a formula relating .Z4 and £. If £ is invertible, then j
and its adjoint provide the link between £7! and (£4)~! as in the following
lemma. It has nothing to do with the concrete choices of a, V' and j, and is
valid in the general j-elliptic framework of [9].
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Lemma 7.2.1. Suppose that L is invertible. Then, so is L4 and
(D%A)—l — ]E_lj*

Proof. To prove that £ is injective, we let u € dom(£4) with Z4u = 0.
Then u = j(w) for some w € V and

0=a(w,v) = (Lw|v) (veV).

Hence, Lw = 0 and as L is injective, we conclude that w = 0. Consequently,
u=j(w)=0.

As for surjectivity, we take any f € 2. Since L is surjective, we find w € V
such that Lw = j*(f), that is

(f1i(v) = G () v) = (Lw]|v) = a(w,v)  (veV).

This means that j(w) € dom(Z4) with £4j(w) = f. In total, £4 is
invertible with inverse (Z4)~1f = j(w) = jL 5% f. O

Remark 7.2.2. By standard form theory, £ is invertible if a is strongly
Garding elliptic or, equivalently, if V' admits the global Poincaré inequality
llu|l2 < C||Vul|z for some C' > 0 and all w € V. If O is a bounded domain and
V' has the extension property, then Poincaré’s inequality always holds unless
V = W5*(0) models good Neumann boundary conditions [80, Lem. 6].

Lemma 7.2.1 allows us to transfer mapping properties from the ‘non-dyna-
mical’ operator £ to the ‘dynamical operator’ (£4)~1. We shall give a
striking application in Section 7.6. Let us stress that for the functional cal-
culus of £ no such simple transference can be used (and hence the results
in this paper are non-trivial). Indeed, already for resolvents we do not have
the formula

t+ 2 =i+ L) (>0,

because the form corresponding to the left-hand side is a(-,-) + ¢(5(-) | 7(*))L2
and not just a(-,-) + (- | )20
7.2.3 The bilinear embedding for p = 2

We find it instructive to give an elementary proof of Theorem 7.0.4 in the
case p = 2 first. We fix f, g € L? and for ¢ > 0 we abbreviate

_t+ pA _ 1B
fr=ef & gf=e'"y
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We consider the power function

Q(C,n) =1IC+In>  (¢,neC)

and define the corresponding heat flow as

E(t) = QUL gy dp = IIF2N5 + 1197’ 1
oux

—tgA —tgB

Since (e )i>0 and (e )i>o are bounded analytic Co-semigroups in L2,
we obtain & € C[0,00) N C'(0, 00) and

—5'(15):2Re/ gAftA~F—|—$BgtB-fdu.
ous

Analyticity of the semigroups also entails that f € dom(Z“) and g? €
dom (7). In particular, f, g € j(V)) with f* = j(f{|o) and g7 = j(¢]|o)-
Hence, ellipticity and the elementary inequality 2XY < X? 4+ Y? yield the
lower bound

_&(t) = 2Re / AV(f10) - Y (FAlo) + BY(4P10) - V(gPlo) da

>2(AB) [ [Vl + V(e lo)] ds

> UN(A, B) / V(o) - [V (9 o) da

Integration in ¢ € [0, 7] leads us to the estimate

/ / ‘V ft ’O gt ’o)’dxdt < @@( ) éa(T) < 5}(0)

Sending 1" — oo, we obtain

D@B) [ [ [910) - [V(alo)] dede < 60 = 1715 + ol

Finally, we replace the pair (f, g) by (sf, s 1g) for s > 0 and optimize in s to
deduce the bilinear estimate

Aa.8) [ [ [9010)|- [V(alo)] e < 20 gl

The main obstacle in generalizing this argument to p # 2 lies in finding
the correct p-adapted version of ) and getting p-adapted estimates of the
semigroups from above and below. Here, the p-ellipticity assumption on A
and B plays a key role.
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7.3 p-ellipticity and 1P-contractivity of the semigroup

7.3 p-ellipticity and LP-contractivity of the
semigroup

Let us recall that A is p-elliptic if (1.6) holds true. The elementary properties
summarized in Lemma 1.7.8 will be useful.

7.3.1 Nittka’s invariance criterion for j-elliptic forms
We denote by P, the projection from L? onto the closed and convex set
B, = {uecLNL?: ||jull, < 1}.

The following invariance criterion of closed and convex sets is due to Ouhabaz
[139]. It continuous to hold in the j-elliptic setting [9, Prop. 2.9 (i), (ii)], see
also [137, Rem. 4.2]. For our injective j, it takes the following, simpler form.

Proposition 7.3.1. Let ¢ € [1,00]. The following assertions are equivalent.

(")

(i) The semigroup >0 is Li-contractive, that is

_ A
[ flly < IIfllg — (¢>0,f €LINL?).

(ii) The set j(V) is invariant under P, and Re a(j~*(P,u), j *(u—Pyu)) > 0
for allw € j(V).

First, we use Proposition 7.3.1 to get the invariance of j(V') under P, for
all ¢ € [1,00] by complex interpolation and the fact that (e74"),5, is Lo°-
contractive when A = 1 is the identity. To this end, we need the precise form
of 7.

ol
t.i”)

Lemma 7.3.2. The semigroup (e >0 45 L>°-contractive. In particular,

J(V') is invariant under P, for all ¢ € [1, c0].

Proof. As explained above, we only need the L*°-contractivity. The projec-
tion from L2 onto B, is given by

Pou= (Ju| A1) sgn(u) = ®(u),

where sgn(z) = 2/|z|1y.20y and ®(2) = (|z| A1) sgn(z) is Lipschitz continuous
with ®(0) = 0. Hence, Lemma 7.1.3 asserts that j(V) is invariant under Pe.
Let us fix u € j(V). Since 57! is the pointwise restriction to O, we deduce

I (Pxu) = @(ulo) & j7H(u— Pxu) = ulo — ®(ulo).
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We set w = u|p. Since A = 1, we have

Rea(j~! (Pau), i~ (1 — Pau)) = Re /O Vo (w) - (Vi = V(o) de.

By [140, Prop. 4.11], the weak gradient of ®(w) is given by
Im(sgn(w)Vw)
jw

= 1{|w|>1}i\11(w) + Ljjw<y V.

Vo (w) = 1fju>13isgn(w)

+ Ljju<i3 Vw

Inserting this identity, we obtain

Rea(j ' (Pxu),j *(u — Pxu)) = Re/ iV(w) - (Vw — iV (w)) dz

{lw[>1}

:/ |Im(sgn(@)Vw)] _ |\I/(w)|2dzv
{lwl>1} |w

- / W (w)Pleo] — |9 (w)]? dz > 0.
{lw|>1}

Proposition 7.3.1 yields the claim. O

One of Nittka’s contributions in [137] is an equivalent formulation of Propo-
sition 7.3.1 (ii) that is more practical in applications. He observed the follow-
ing fact.

Lemma 7.3.3 ([137, Prop. 2.4 & Lem. 3.1]). Let q € [2,00) and f € L2,
There are unique u € B, and t > 0 such that f = u + t|u|?"?u. Moreover,
u=F,f.

Armed with this result, we obtain the following version of Nittka’s invari-
ance criterion [137, Thm. 4.1] for our specific setting of V' and j.

Proposition 7.3.4. Let q € [2,00). The following assertions are equivalent.
(i) The semigroup (e™4");sq is Li-contractive.
(ii) We have Re a(ulo, (Ju|9u)|o) > 0 for allu € j(V') with |u|9?u € (V).

Proof. First, we assume that (ii) is valid. To show part (ii) of Proposi-
tion 7.3.1, we fix f € j(V). Lemma 7.3.2 yields v = P,f € j(V). By
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7.3 p-ellipticity and 1P-contractivity of the semigroup

Lemma 7.3.3 we find ¢ > 0 such that f = u + t|u|?>u. Hence, f —u =
tlu|"?u € j(V) and

Rea(j~" (Puf), i (f = Puf)) = tRea(ulo, (Ju|"*u)|o) = 0.

Now, we assume that Proposition 7.3.1 (ii) holds true and pick u € j(V') with
|u|9"?u € j(V). We note that u € L. If u = 0 there is nothing to prove. So
we assume that u # 0 and put o := [[ul| ;! > 0. Then f = au+|ul'*u € j(V)
and Lemma 7.3.3 implies that F,f = au. Consequently,

Re a(ulo, ([u|*u)lo) = a™ Rea(j =" (Pyf), i (f = Puf)) 2 0. =

Corollary 7.3.5. Let p € (1,00) and A be p-elliptic. Then (e_tgA)tZO is
IL?-contractive.

Proof. By duality and items (ii) and (iii) of Lemma 1.7.8 we can assume that
p > 2. In view of Proposition 7.3.4 we have to show for all u € j(V) with
|u|P~2u € j(V) that

Rea(w, |[w[P~?w) > 0,

where w = u|p. Since w, |w[P~2w € V, this is the crucial estimate that follows
from p-ellipticity of A, see for instance [80, Cor. 12]. O

7.3.2 Generators in LP

Let us prove the first assertion of Theorem 7.0.3, namely that (e™*% A)tzo
extrapolates to an analytic Cy-semigroup of contractions in IL?.

Proof of Theorem 7.0.3, part 1. First, Lemma 1.7.8 (vi) yields 6, > 0

and part (v) of the same lemma implies 7/2 — 6, > 7/2— 0y > w(A). Let us fix
. i0

0 € (=0,,6,). Since e ¢’ <" = o=tZ"" for all t > 0, Corollary 7.3.5 entails

le " fll, < Ifll, (2 €Se, U{O}, f € LPNL2).

A . .
*Z" extends to a contractive linear operator T,(z) on

By density, each e~
L?. In view of Lemma 1.7.8 (v), the interval of exponents p, in which this
conclusion holds, is open. Hence, we conclude by [140, Prop. 3.12] that T}, ==

(Tp(z))zesepu{o} defines an analytic Cy-semigroup of contractions in IL?. O
The above result gives rise to a proper notion of an LP-realization of ..

Definition 7.3.6. Let —DZ;A be the generator of the semigroup 7,,. We call
%A the LP-realization of .Z4.
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Letting .Z“|L» be the part of £ in L, we have the following, more concrete
description for the LLP-realization.

Lemma 7.3.7 ([74, Lem. 3.1]). Let p € (1,00) and A be p-elliptic. The
operator XPA is the closure of £A|L» in ILP. In particular, if p € (2,00) and
p is bounded, then £ = L 4|1

Clearly, D%A is sectorial of angle at most 7/2 — 6, in IL”. For convenience of
the reader, we collect elementary properties of XPA.

Lemma 7.3.8. Let p € (1,00) and A be p-elliptic.

(i) We have (z — ZMN7'f = (2 = L)' f for all z € C\ Sejg, and
felrnl.

(i) We have Zu = L4 for all u € dom(Z*) N dom(24).
(ili) If L4 is injective, then so is Z; .

(iv) If a is strongly Garding elliptic, then QiﬂpA is invertible and (i) holds for
z=0.

Proof. Parts (i) and (ii) are already in [74, Lem. 3.1]. Let us prove (iii). For
any f € LP NL? we have lim; o, T),(¢) f = limy_ To(¢) f = 0 strongly in L2
Since T}, is uniformly bounded on L? and I”? N IL? is dense in L?, the same
convergence holds weakly in IL? for every f € LP. Now, if f € ker(.i”pA), then
T,(t)f = f forall t > 0 and f = 0 follows.

To prove (iv), we note that the strong Garding estimate for a implies that T5
is exponentially stable. Since A is p-elliptic, we can combine Lemma 1.7.8 (v)
and part 1 of Theorem 7.0.3 to find g € (1, 00) such that p lies between 2 and
q, and Ty is contractive. By complex interpolation, 7}, is exponentially stable.
Hence, épr is invertible and consistency of the inverse on IL? NIL? follows from

consistency of the semigroups by taking the Laplace transform at A =0. [

7.4 Bilinear embedding

In this section, we prove the bilinear embedding, Theorem 7.0.4, for p # 2.
By symmetry of the assumptions we suppose from now on that p > 2 and
that A is p-elliptic. We fix t > 0, f,g € LP NL¥ and let Q: C x C — [0, 00)
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be a continuously (real) differentiable function. We are interested in the
monotonicity behaviour of the adapted heat flow

et)= [ QU gl du.
oux

The fundamental theorem of calculus yields

_ /Ooo &'(t)dt < £(0) = Q(f,9)du,

Ooux

and as in Subsection 7.2.3 we need an upper bound for () and a uniform
lower bound for —&”(t). The difficulty is to find the correct Q. As in [52,53],
we use the ingenious Nazarov—Treil Bellmann function and we refer to these
references for historical background.

Definition 7.4.1. Let 6 € (0,1] and ¢,n € C. The Nazarov—Treil Bell-
mann function is defined as

(2 l*7, (ISP < Inl?"),

@“m:KW”W”w{QW+u—9w% (17 > Inp).

Here, ¢ is a degree of freedom that will be chosen small at a later point.
We note that

(7.5) Q¢,m) <2(¢P+ ) (¢,meC),

and for p = 2 we recover (up to a multiplicative constant) the energy from
Subsection 7.2.3. We write

1 .
0. = 5(0, —19,)

for the (Wirtinger) derivative with respect to the complex variable z = = +
iy. Since for any ¢ € (1,00) the power function z + |z|? is continuously
differentiable with derivative

0el" = 0.(z- 2 = Lo 10, 3) = Lz,

the very definition of @) implies that Q € C*(C?). As a matter of fact, we need
to re-tell some of the results found by Carbonaro and Dragicevi¢ in [52, 53].
To simplify the exposition, we shall follow their outline in [55].

213



7 Bounded functional calculus for divergence form operators with
dynamical boundary conditions

The first part of Theorem 7.0.3 implies that (e7**");5o and (e ¢"),50
are bounded analytic semigroups in L? and L”, respectively. Hence, & €
C[0,00) N CY(0, 00) with derivative

—&'(t)=2Re | L0 Q) 90) + L0977 - (0,Q)(f,97) dn
Ooux

(7.6) =2Re [ 2%j(f{']o) - (9:Q)(i(f'l0): 5 (g7 ]0))

Oux

+ 2598 10) - (8,Q)(5(f o). (9 10)) di,

see [53, App. C, Prop. C1]. We would like to use the definition of £ and .#?
to get rid of the hybrid measure space, but this is not immediately possible,
because (0.Q,0,Q) lacks in regularity and, among other things, we cannot
use Lemma 7.1.3 to commute (0,Q,0,()) with j. A similar issue has also
occurred in [53] when transforming the heat flow method from R? [52] to
arbitrary open sets. It has been resolved by approximating ) with smooth
functions R,,, and we will see that the approximations also fit into the setting
of Lemma 7.1.3. To this end, we need:

« a radial function ¢ € CZ°(R*) with 0 < ¢ < 1) and [, pdz =1,
« aradial function ¢ € CZ(R*) with 143 < ¥ < Lpa)-
Forn € N, v € (0,1] and w € R* we set
pu(w) =) & Yn(w) = P(/n).
We identify C? explicitly with R* via
Wy: C* = R Wa(z1,20) = (Re(z1), Im(21), Re(22), Im(23))

and define the convolution of () with ¢, at z € C? by
(Q* @) (z) = . Qz = Wy (w)) (W) dw.
Definition 7.4.2. Let n € N and v € (0,1]. We define

Rn,l/ = ¢n(@ * QOV) + Pn,l/-

Here, P, , is a cleverly chosen correction term that makes the generalized
Hessian of R, , (A, B)-convex, see Definition 7.4.4 below. Its precise form is
not needed and we refer to [53, Sec. 5.2]. Let us collect useful properties of
R, .. We write D = (9, 0,) and denote by D?R,,,, the Hessian of R, in the
variables ¢ and 7.
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Lemma 7.4.3 ([53, Lem. 14 & Thm. 16]). Let n € N and v € (0,1]. Then
R, € C>(C?) has the following additional properties:

(Q1) We have D?*R,,, € L>°(C?; C**?).
(Q2) We have (DR,,,)(0) = 0.

(Q3) We have

lim ((DRy.)(2), (D*Ray)(2)) = (D(Q * ¢,))(2), (D*(Q * ¢,))(2))

n—oo

or all z € C? and
f

lim lim ((DR,,)(2), (D*R,)(2)) = ((DQ)(2), (D*Q)(2))

v—0 n—0o0

for almost every z € C2.

(Q4) We have [(DRyp)(2)| + |D(Q x ) (2)] < C(|2P~" + [2["7") for some
C =C(6,p) >0 and all z € C*.

Let us continue in (7.6). Using (Q3), (Q4) and the boundedness of the
semigroup on L? and L¥’ (part 1 of Theorem 7.0.3), we can apply dominated
convergence twice and get

—;éo’(t) = lim lim Re( : zZAj(fﬁO) (R )(3(f0), 3 (9 10))

v—0 n—0oo
LT GE10) - (O Fn) G 0)s (67 10)) du)-

Owing to (Q1) and (Q2), DR, falls into the scope of Lemma 7.1.3. Thus,
we can commute j as desired and obtain

50 = i T [ Re (AV(f0) - V(0 Bus) (0. 6710))
(7.7) +Re (BV(9]0) - V(9yRuw) ([0, 9 10)) da.

At this point, j has disappeared and we are exactly in the setting of [53].
Let us focus on the first term in the integral. By the chain rule, ap-

plying V to 0¢R,, at the point (z1,20) = (f|o,9Plo) € C?* produces

second-order derivatives of R, , that are multiplied with the gradient pair
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(X1, X2) = (V(f0), V(gflo)) € (C%)? and we obtain (O Rn,)(z1, z2) X1 +
(040cRn,) (21, 22) Xo. Thus, the first term in the integral is

Re (AXl . (8§Rn’y)(21, ZQ)Xl + AXl . (8,78@-Rn71,)(21, ZQ)XQ)

and we have a similar formula for the second one. Their sum is the following
object for F' = R, .

Definition 7.4.4. Let F: C2 — R be twice (real) differentiable, z € O,
21,29 € C and X, Xy € C?. We define the generalized Hessian of ' with
respect to A and B as

A(%)Xl Xl

HEPOBE (4 20): (X, Xo)] = Re ( (D*F)(21, 22)

B((L’)Xg XQ

where we identify each entry of the Hessian (D?*F)(z1,2) € C**? with a
multiplication operator in C*.

In this terminology, (7.7) becomes

(18) —56 1) =lim m [ HEP [0, 0l0); (V(flo), V(6Plo))] dr.

v—0n—oo

The beautiful insight of Carbonaro and Dragicevi¢ in [52] was to establish
the link between p-ellipticity of A and B and pointwise lower bounds for
certain generalized Hessians, which they call (A, B)-convexity.

Proposition 7.4.5 ([52, Cor. 5.5] & [53, Thm. 16]). Let v € (0,1]. There is
some ¢ € (0,1), depending only on A(A, B), A(A, B) and Ay(A, B), such that
for almost every x € O, all 21,20 € C and every X1, Xo € C? we have:

(i) The generalized Hessian of R,,, is non-negative.

(ii) The generalized Hessian of Q * @, satisfies the explicit lower bound

A, (A, B) MA,B)
5  A(A B)

HG, 5 (21,205 (X0, X)) > [ X1 X].

Since the generalized Hessian of R, , is non-negative almost everywhere,
we can use (Q3) and Fatou’s lemma in (7.8) in order to obtain

—26(0) > iy / Hé;i£> (#2106, 9210); (V(f10), ¥ (6P10))] de

A,(AB)
>
= 5

/lv FIo) 9 (6Pl0)| dz.
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Now, integration with respect to ¢ € [0, T] gives

A,(A,B) AA
(5 . / /\v 7210)| - [V (9P1o)| da dt < £(0) — £(T) < £(0)
and from (7.5) and letting 7" — oo we obtain
A,(A,B
2B / [ [90)|- [9talo)] det < 21715 + o))

Finally, we replace (f, g) by (sf,s 'g) for s > 0 and optimize in s to conclude
the proof of Theorem 7.0.4.

7.5 Bounded H®°-calculus in L? and maximal
regularity

In this section, we complete the proof of Theorem 7.0.3. We refer to [68,105]
and Section 1.5 for background on functional calculus and maximal parabolic
regularity.

To prove the second assertion of Theorem 7.0.3, we follow [53] and first
prove the following weak quadratic estimates in the spirit of [64]. Since
LPNLY C L2, we can avoid ILP-realizations at this stage.

Proposition 7.5.1. Let p € (1,00), A be p-elliptic and 6 € (—0,,0,). Then
there exists C' > 0 such that we have

/ (et 2t )| < Clflloly (FgelrnlF),

0

Proof. We abbreviate A(f) := ¢ A. Thanks to Lemma 1.7.8 (ii), we can
apply Theorem 7.0.4 to the pair (A(#), A(f)*) and get

/0 - ‘(t (pAl) -2 LA f‘ g> it
= [l o

:/ i AO)V(, #NNo - V(6o dx

< A(A / /\v Y Nlo| - |V(a")o|du dt

< CAA)[fllpllgll- =

dt
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Proof of Theorem 7.0.3, part 2. We fix u € (7/2—60,, 7). A classical the-
orem on quadratic estimates [64, Thm. 4.6 & Ex. 4.8] states that the estimate
in Proposition 7.5.1 implies that there is C' > 0 such that

||90($A)f||p < C||90||L°°(Su)||f||p (90 € HSO(SN), felrn Lp,)'

Indeed, we apply the results in [64] to the dual pair (L? NIL2, L” N1L?). They
require that .#4 has dense range only for the convergence lemma [64, p.69].
If ¢ € HF(S,), then the latter holds without this extra assumption. Since
o( LN f = (L) f for all f € L? NL? by Lemma 7.3.8 (i), we can conclude
by density. O]

Finally, we establish maximal regularity for gpA.

Definition 7.5.2. Let T’ € (0, 00). We say that .£," has maximal parabolic
regularity if for some ¢ € (1,00) (or equivalently all ¢ € (1,00)) and all
f € L0, T;1L?) the mild solution

w: [0,T) = L7, w(t) = /t e 94" f(5)ds
0

to the abstract Cauchy problem
U () + Llult) = f(t) (e (0,T)),
u(0) =0,

is (Fréchet-)differentiable a.e., takes its values in dom(Z;*) a.e. and v, £, u
belong to L4(0,T; 7).

Proof of Theorem 7.0.3, part 3. This is just the Dore—Venni theorem [105,
Cor. 9.3.12] applied to the invertible operator 1 + XPA. Indeed, the property
of maximal regularity is invariant under shifting the operator and 1 + .,%A
has a bounded H*>-calculus of angle 7/2 —§,,. Therefore, 1 —|—.§pr has bounded
imaginary powers [105, p. 88]. O

7.6 Elliptic regularity for dynamical boundary
conditions

In this section, we illustrate how to prove Holder estimates for elements in
the domain of (fractional powers of) .Z* for large p. In order to avoid further
technicalities, we work in the concrete geometric setting of Section 7.1.4 and
more specifically assume the following.
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Assumption 7.6.1. Throughout this section, we suppose that
(i) O is a bounded domain and V # Wg*(O).

(ii) O° is locally 2-fat away from N, O is locally uniform near N and there
is 0 € (d—2,d) such that ¥ is an upper (-set.

Boundedness of O implies that W;"(0) € V* and L» C L? for all
p,q € [2,00). By Remark 7.2.2, the Lax-Milgram operator £: V — V* is
invertible. Hence, Lemma, 7.2.1 implies that also .Z4 is invertible. Moreover,
Theorem 7.1.13 yields that j*: L? — W;"%(O) is bounded provided that

(7.9) ge2,((d-0V1)) & pe((7%) a2

Our first result concerns global Hélder regularity to a variational problem
with dynamical boundary conditions.

Theorem 7.6.2. Let o € (0,1] and p,q as in (7.9). If L' Wp(0) —
CH(O) is bounded, then for every f € ILP the unique solution u to the varia-
tional problem £“u = f belongs to C%(0O).

Proof. The assumption joint with Lemma 7.2.1 and Theorem 7.1.13 entail
that
ui= (LY f =45L75 f € CHO) Ndom(L4).

Thanks to Lemma 5.2.8 we can conclude that the continuous extension of u
to O vanishes in D. m

Remark 7.6.3. The assumption on £7! in Theorem 7.6.2 is known in a
variety of settings, compare with [17,37,79,108]. Interestingly, these references
rely on results from harmonic analysis, such as Hélderian Gaussian estimates
(see Chapter 5) and the solution of the Kato problem in the ‘non-dynamical
setting’ [40]. We do not know whether these results themselves also hold in
our ‘dynamical setting’.

Theorem 7.6.2 is the starting point for investigating operator theoretic reg-
ularity, that is, embeddings of domains of LLP-realizations into Holder spaces.
The following result is new even for small complex perturbations of real coef-
ficients, so for p-elliptic A with very large p.

Corollary 7.6.4. Let p € (0,1], p,q as in (7.9) and let A be p-elliptic. If
L1 Wp(0) — CH(O) is bounded, then dom(Z*) € CH(0) with continu-
ous inclusion.
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Proof. Since O is bounded, D%A is the part of 4 in P, compare with
Lemma 7.3.7. Hence, if u € dom(.Z;}), then u = (L)~ f = jL7'j*f with
[ =% u e LP. The claim follows from Theorem 7.6.2 and continuity of the
respective linear operators. O

As pointed out in the introduction, applications to semilinear equations [71]
require similar embedding results already for domains of fractional powers
(£ with o € (0,1). Fractional powers are defined by functional calculus,
see e.g. [105, Chap. 3], and all relevant knowledge appears in the proof below.
The same goes with interpolation theory and we refer to [156] for background
information.

Theorem 7.6.5. Let p € (0,1], p,q as in (7.9) and A be p-elliptic. If
L7 W5"(0) — CH(O) is bounded, then

dom((Z)7) € CH(0)
for all k € (0,1) and o € (5 V ((1 - /{)p;ﬁ + k), 1].

For the proof, we modify an argument in [108, Sec. 3]. We also need a new
interpolation inequality and a compatibility property for domains of fractional
powers, the proofs of which we postpone until the end of the section.

Lemma 7.6.6. Let p € [1,00], p € (0,1] and 0 = 4/ (pu+d). Then there is
C > 0 depending on d,p and geometry such that

lullL= (o) < Cllullizioylulltnoy — (uw € LP(O) N CH(0)).

In addition, we have for all u € (0,1] and 0 € [0,1] that

[ullcon oy < Bllulli=io)lulléno (u € C*(0O)).
Lemma 7.6.7. If o > 1/2, then dom((£4)°) C j(V).
Proof of Theorem 7.6.5. We obtain from [156, Thm. 1.15.2] that

Ao A
dom(Z)°) € (L2, dom(Z) oo

Since o > (1 — Ii)p;ﬁ + K, [156, Thm. 1.3.3 (b) & (e)] entails

C (Lp’ dom(gpA))(l—m)L-l-n,l'

pp+d
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By the reiteration theorem [156, Thm. 1.10.2] the latter coincides with

= ((I”, dom(Z")) _a_ 1, dom(ZL;H)) 1.

P pptd
Now, we apply the bounded operator | on both sides and use Corollary 7.6.4
in order to get

dom((.£;)7)lo € ((L7(0), dom(Z)[o)_a_ 1, dom(Z")[o)x

p+d?

€ (17(0), Cp(0)) _a_ 1, Cp(O)) 1.

In the language of [156, Lem. 1.10.1 (a)], the first statement of Lemma 7.6.6
means that L>(0) is of class J(%/(pu+d)) between LP(O) and C,(O) and hence
contains (L?(0), C5(O))a/qura1 With continuous inclusion. A similar refor-
mulation applies to the second statement of the lemma. We deduce

dom((Z)7)]o € (L*(0),Ch(0))n1 € CH(O).

Now, we let u € dom((Z;)?). We already know that ulo € CJ'(0). To
prove that the same is true for w itself, we let u € C7'(O) be the unique
continuous extension of uo. We have dom((.£)7) C dom((.£*)?), see [105,
Prop. 2.6.5 b)], and therefore Lemma 7.6.7 yields u € j(V'). We conclude that
uly = Tr(ulp) = 4|y and hence v = u € C3'(O). O

Proof of Lemma 7.6.6. The second assertion is [108, Lem. 3.5]. Let us turn
to the first part. To this end, we fix § € (0,1] as in the definition of (LU). If
ullLeo) > (2)7%7||ul|cu(o), then we simply estimate

_ d(1-0) B
[ulles o) = llulliioy el < (3) % llulltsio)lwlEno):

Hence, we assume from now on that |[uf|is0) < (2)7%|ul|cro) and set

_ op
r = ([[ulluro)llullceo) ™ € (0,3).

We fix x € O and consider two cases.
(1) B(z,r) N D # @. In this case there is xp € B(xz,r) N D and since u
vanishes in D we get

[u(@)] = |u(z) — u(zp)] < r*|lullowo) < lullizio)lulltu o).

(2) B(x,7)ND = @&. Then B(z,r) C O or B(z,7) NN # & and we obtain
for all y € O(xz,r) that

u(2)] < Ju(z) = u)] + |u(y)] < r*llulloso) + luly)]-
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We average the latter with respect to y € O(z,r) and use Holder’s inequality,
which leads us to

1
u(@)] < r*|lullono) + 10z, r)[ "7 [[ullLr o)

If B(x,r) C O, then |O(x,r)| = |B(0,1)|r?. In the other case, dy(z) < r <
(9/2 A 1). It follows from Proposition 5.1.8 that there is C' > 0 depending on
d and geometry such that |O(xz,r)| > Cr?. We conclude that

_1 —_
lullimco) < (14 C77)llull ooy lullen o)- =

Proof of Lemma 7.6.7. By [105, Prop. 3.1.9 a)] we have dom((.£4)?) =
dom((1 + £4)). Since 1+ £4 is invertible, so are its fractional powers
[105, Prop. 3.1.1 e)]. We let u € dom((1 + £4)?) and put f = (1 + .£4)u.
We have the following formula [105, Cor. 3.3.6]:

_ A\—o _L Ooa—t A%_L Ooa—t‘ A %
w= (2 = s e g e s [ et T

where in the last step we have used that f# € dom(Z4) C j(V). Since
j: V — L% is bounded, the assertion follows once we have checked that
< dt
| e
0 t
converges absolutely in V. Due to the exponential decay and the assumption
o > 1/2, it suffices to show that there is C' > 0 such that ||fA|o|ly < Ct=7?

for all t > 0. In order to see this, we use the strong Garding estimate for a
and the Cauchy-Schwarz inequality to get

Cllfolly < Realfi'lo, fi'lo) = Re(Lf| 1) < 1L I £

Since (e7*¥ A)QO is a bounded analytic semigroup in L2, the right-hand side

is bounded from above by Ct~!||f||3. This completes the proof. O

7.7 Explicit angle

We close this chapter by elaborating a quantitative lower bound for 6, de-
pending on p and the data A(A), A(A) and w(A). Under additional symmetry
assumptions on A, results of this type already exist, see Remark 7.7.3. For
p € (1,00) we set

o =2

PR
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and note that o, = 0,,. We will use the fact that (quantitative) smallness of
|| Im(A)|| implies p-ellipticity of A.

Lemma 7.7.1 ([85, Lem. 2.16]). Let p € (2,00) and assume that
apl[ Tm(A)[|oc < A(A).
Then A is p-elliptic.

Hence, our goal is to find the largest possible  such that e*? A satisfies
this smallness assumption. The method cannot be optimal, because the same
sesquilinear form a may be represented by a variety of matrices A with differ-
ent size of || Im(A)||, see [61, Ex. 1]. On the other hand, it does not require
any symmetry for A.

Proposition 7.7.2. Let p € (1,00) and assume that o,| Im(A)|l < A(A).
Then

) A(4) = 0, | Im(A)]oc
10 (%) 2 XY tan(w(A) + ol Re(A)

Proof. By symmetry and Lemma 1.7.8 (iii) we can assume p > 2. We fix
0 € (0,7/2 — w(A)). We need to prove A,(e*® A) > 0 provided that

MA) — oy Im(A)flc
A(A) tan(w(A)) + op[| Re(A) |0

(7.10) tan(f) <

Lemma 7.7.1 says that A,(e!? A) > 0 if
op|| Tm (e A) ||l < A(e? A).
We have the rough estimate

| Im (e A)|| = | sin(8) Re(A) + cos(8) Im(A)]|
< sin(0)[| Re(A) o + cos(8) (| Tm(A)[|oo

and, by rotating the set {z € C: |arg(z)| < w(A) & Re(z) > A} and finding
the point with smallest real part, we get

cos(w(A) + )

A A) > A\(A) cos(w(A))

= A(A)( cos(6) — sin(0) tan(w(A))).

So, a sufficient criterion for A, (e A) > 0 is

oy (sin(0) ]| Re(A)|o + cos(8)]| Tm(A)loo ) < A(A)( cos(6) — sin(f) tan(w(A))).
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We divide both sides by cos(6) > 0 and rearrange terms to get
tan(6) (A(A) tan(w(A)) + o] Re(A) ) < A(A) = 0| Tm(A) e,

which is equivalent to (7.10).

Since the right-hand side in (7.10) stays the same when replacing A by
A*, the restriction on 6 in (7.10) also implies A,(e! A*) > 0 and hence
A,(e7? A) > 0, see Lemma 1.7.8 (ii). This completes the proof. O

Remark 7.7.3. The following results are known from the literature.

(i) For real-valued A, [60, Thm. 3.4] gives an upper bound for the angle of
the numerical range of ‘,?;A. This leads to the better bound

1

tan(6,) > - :
\/ag o tan(w(A))?

The proof uses the fact that the coefficients are real and there is no
simple adaptation in the complex case.

(ii) Cialdea and Maz'ya characterize in [62, Thm. 9] the optimal angle of
the LP-dissipativity under Dirichlet boundary conditions by an implicit
formula. For symmetric A (that is A = A’ in their terminology) the
expression simplifies, see [62, Thm. 1].

(iii) If Im(A) is symmetric and |1 — 2/p| < cos(w(A)), Do found in [74,
Thm. 1.1] a lower bound for 6, in terms of w(A) and p:

6, > arccos(|1 — 2/p|) — w(A) (Re(A) symmetric),
tan(d,) > 1 —tan(w(A))o,

B % tan(w(A)) + o,

(Re(A) not symmetric).

This bound does not recover the bound in (i) when A is real.
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0=(z, 1) short notation for O(Z(x,r)) ..o
Q=Q(z,r) the open axis-parallel cube {y € R?: |z —y|o <7} ....
UQ) side length of the cube @ ........ .. .. .. .. ... .. ...
d(E, F) Euclidean semi-distance inf{|z —y|: x € E,y € F'} ....
d=(x) abbreviation for d({z},Z) ...... ...
d(2) = diam(2) diameter of Z: sup{|lz —y|l: x,y €=} ...
Es open d-neighborhood of Z: {z € R%: d=(x) <} .......
Exponents

P Holder conjugate of p € [1, o0]: Z% =1- % .............
Ds lower Sobolev conjugate of p € (0, oc: p% = % +2 .
p* upper Sobolev conjugate of p € (0,d): z% = 1% — é ......
[po, P1le interpolation index of pg, p1 € (0, 00]: m = 1]3;09 + pe
p° the exponent 52 forp>2 ............ ...
Do the exponent (p°) ... .o
Function spaces

Xm abbreviation for X(R%; C™) & X(R%)™ with X! =X ....

HP real Hardy space with p € (0,1] ........................

243



List of notations

~

space of Schwartz functions f with (0“f)(0) = 0 for all
@ € N

homogeneous Sobolev space of u € I with Vu € (L?)?
Sobolev space of u € LP(O) with Vu € LP(O)? .........
smooth and in O compactly supported functions .......
the space CP(RI\ D) ....ooiiiiii i
the space C(RY) |z ..ot
closure of C%(0) in the W'?(O)-norm, p € (1,00) .....
the form domain W5*(O) .................... ..

the space Wé’é(w)\N( WO, )™

z,r

space of pu-Holder continuous functions on O that vanish
N D

L2-adapted, weighted Morrey space with exponent @ € R
of u € WH(0)/C with Vu € L*(O, |z — x|~ *dz) .....

L2-adapted, global weighted Morrey space with exponent

L2-adapted, global Campanato space with exponent » .

L%adapted Campanato space localized to =(x,r) with
EXPONENL K ..o

L2-adapted, global Morrey space with exponent » ......

L?-adapted Morrey space localized to Z(x,7) with expo-
NENT K ot e e

space of bounded and holomorphic functions on some
(D1)SECEOT ..\t

space of holomorphic functions ¢ on some (bi)sector with
decay [(2)| < |2]° A |z|7F for some s > 0 and all =z .....

space of holomorphic functions on some bisector with
W) S |zl7 Az T forall z oo

244



List of notations

H7(0)

HT g
HL(0)
Hp(0)
L6(0)
(1)

Lp

loc

(0)

pre-Hardy space adapted to T of w € ran(7T) with
Sy,r(u) € LP(O) for an admissible choice of ¢ ..........

T-adapted atomic Hardy space ........................
L-adapted Hardy space as a subspace of L}(O) ........
D-adapted atomic Hardy space ........................
space of f € LP(O) with [, fdz =0 forall O, € Oy .

identification with the space of f € LP(O) that vanish on
Op and are constant on each O,, € Oy ................

space of measurable functions f: O — C with f € L?(FE)
for every bounded set E C O ..........................

the space LP(OU X, de@®dm) ...,

Geometric measure theory, mixed and dynamical boundary conditions

H'(E)
Heo(E)
D

N

On

Op

Operator theory

dom(T), ker(T"), ran(T")
a(T)

(-dimensional Hausdorff measure of = ..................
{-dimensional Hausdorff content of = ..................
the Dirichlet part D C 00 ........ ... .. ... ... ... ....
the Neumann part N =00\ D ........................

collection of all bounded connected components O,,, of O
with 00, "D =@ ... .

the set O\ ON oot

the set {Op} U{O, }m in the context of Hardy spaces on
open sets or the dynamical boundary part ¥ C O\ D in
the context of dynamical boundary conditions .........

domain, kernel and range of the operator T" ............

spectrum of the operator 1" ............................
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List of notations

wr (bi)sectoriality angle of the (bi)sectorial operator T' ....
L(X,Y) space of bounded linear operators from X toY ........
L(X) short notation for £(X, X) ...,
X* topological anti-dual space of X .......................
(-] duality pairing ...
(])m inner product in the Hilbert space H ..................
Sets
N, R, C, Ny natural, real and complex numbers as well as natural
numbers with zero ....... ... .. ..
K* the set K\ {0} for Ke {R,C} ...,
= general subset of R ... ... ... ... . ... ... .........
=° interior of = .. ...
= closure of = ...

= boundary of = ... ... ..
O open subset of RY .. ... .. .. ...
Sy the open sector {z € C: |arg(z)| < pu} ...,
Su the bisector S, U —S, ...

Specific functions and operators

sgn the function sgn(z) = i for 2 # 0 and sgn(0) =0 ......
U the tensor (W @ v);j = (WiV;)ij «ovvveeveniiiiaan..
u®u shorthand for 3¢, uv;, where v € C? and v € (C™)? ..
Oy the dilation operator d;f = f(t) ...l
T the translation operator 7, f = f(y+-) ................
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List of notations

1=(2) = ez indicator function of the set Z CR? ...................
(g = f, fda shorthand for ‘—]}3' Jofde oo
F the Fourier transform ......... ... ... ... ... ...
Fi the one-dimensional Fourier transform .................
M Hardy—Littlewood maximal operator ...................
& eXteNSION OPErator . .........uutiiii i,
&o the 0-extension operator &y f = fo ..ot
S(f)(x) conical square function (fooo Town 11t y)Pdy %)% .....
Stee(£)(x) local square function (fod(o) JCO(a;,t) |f(t,y)|Pdy %)% .....
Selb(f)(z) global square function (fdoio) fown |1 (& y)[Pdy %)é e
Sy.r(u) the function S(¢(¢T)u) if T is bisectorial and S(¢(£*T)u)

if T issectorial ...
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