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Abstract

The necessity of substituting PbZr,Ti;; xOs by lead-free piezoelectric materials in numerous
applications, such as sensors, actuators and ultrasonic transducers, has lead to a large number of
research activities on perovskite solid solutions based on Na,,Bi,, TiO; in recent years.

The present dissertation deals with the characterization of the relaxor ferroelectric Na,;,Bi;, TiO;4
in terms of structure and ferroelectric properties as a function of various parameters such as chem-
ical order/disorder, hydrostatic pressure and alloying with other lead-free perovskites by compu-
tational methods. For this analysis it is necessary to combine ab-initio calculations with Landau
theory and group theoretical tools.

Part | begins in Ch. 1 with the motivation of this work. In Ch. 2, a brief overview of the regulatory
framework, which triggered research activities in the eld of lead-free piezoelectrics, is given and
an example how lead can be substituted by other elements with similar properties. Afterwards the
development concepts for these materials are introduced in Ch. 3. They are borrowed from the
lead-containing perovskite solid solution PbZr,Ti x)Os, i.e. the presence of stereochemically
active cations and solid solution formation with a morphotropic phase boundary. In Ch. 4, rst
relaxor ferroelectrics are introduced and the importance of chemical order/disorder discussed.
Finally, the crystal structures of pure Na,,,Bi,,, TiO; and four selected lead-free solid solutions are
presented. The introduction closes in Ch. 5 with a listing of 13 speci ¢ questions this work aims
to answer.

In Part 11 the methods employed in this work are introduced. We start our investigations on the
atomistic level using quantum mechanics. The atomistic simulations are performed in the Density
Functional Theory (DFT) framework, which will be introduced on a very basic level, in Ch. 6.
Some important remarks on the technique of structure optimization and mechanical boundary
conditions will be given and a new nomenclature characterizing local structures of low symmetry
will be presented, which is very similar to the well-known Glazer notation.

Phase transitions are well described within the phenomenological Landau theory outlined in Ch 7.
Landau theory allows to expand the free energy of a system in terms of its so-called order param-
eters. The application of Landau theory on the order parameters and displacive phase transitions
relevant in Na,,Bi,, TiO; requires also knowledge of some group theoretical tools, which will
be introduced in Ch. 8. These tools are not only necessary for the Landau treatment, they are
also enormously useful in the analysis of calculated crystal structures in an ultimately systematic
way in terms of symmetry-adapted distortion modes. The amplitudes of these (frozen-in) distor-
tion modes can be directly used as order parameters in the Landau potentials. As Landau theory
and group theory both are absolutely concrete but not demonstrative at all, both chapters contain
numerous examples, which are all relevant for the understanding of this work.

After introduction of the methods, the results will be discussed in Part Ill. The results are di-
vided into ve chapters. In Ch. 9 rst the problem of chemical order will be treated in the cubic
perovskite structure, accompanied by the question, whether it is possible to change the ordering



Xiv Abstract

tendency by application of hydrostatic pressure or chemical substitution. Afterwards the com-
plexity of the structures is enhanced by including lattice distortions like polar displacements and
octahedral tilts in Ch. 10. Here also the question of phase stabilities under hydrostatic pressure is
addressed, together with the investigation of possible phase coexistence and formation of chemi-
cally ordered nanoregions.

Afterwards the experimentally relevant phases R3c, Pbnm and P4bm will be compared in two
representative chemical con gurations, in order to investigate the effects of chemical order and
hydrostatic pressure on the presence of different lattice distortions by using the group theoreti-
cal analysis in Ch. 11. This analysis helps us to identify the dominating distortion modes active
in these phases. Landau theory then gives insights into the coupling interactions between these
modes. In Ch. 12 Landau potentials are derived and energies obtained from DFT calculations, un-
der systematic variation of atomic displacements induced by the separate distortion modes, allow
the determination of the coef cients of the Landau potential.

Ch. 13 nally treats the question of the possibility of morphotropic phase boundary predictions in
NBT-based solid solutions. The method of determining pressure-induced phase transitions in pure
NBT from Ch. 10 is extended to solid solutions in order to predict composition-induced phase
transitions.

Part IV starts by answering the initially posed 13 questions based on the ndings of this work and
nalises with a concluding discussion of the results and abilities of atomistic simulations and an
outlook on possible future works.
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1 Motivation

Natural resources are limited. Therefore their use and waste have to be limited to a minimum in
order for our grand children to still nd good living conditions on this planet. As this task cannot
mean a reduction of our standards of living, we have to nd new ways to satisfy our personal
needs and especially those of the people living in the less developed countries of this world. The
idea of global sustainable development was born in 1987, but after 25 years humanity is still far
from having created a world of ecological, economical and social sustainability.

What has materials science, especially computational materials science, to do with that? More
knowledge about the properties of existing materials and the development of new materials, that
are considered harmless for humans and ecosystems and that help to reduce the consumption of
materials and energy resources, are the basis of the technological solution of the multidimensional
sustainable development challenge.

One possible highly sophisticated ansatz to reduce the consumption of materials and energy is
the employment of adaptronic or smart systems, which are able to adapt autonomously to varying
environmental and operating conditions. The aim of the LOEWE-Center "Adaptronik - Research,
Innovation, Application (AdRIA)" in Darmstadt is to establish a leading competence center of
adaptronics focused on structural applications, such as adaptive vibration control, noise reduction
and structure health monitoring.!? Adaptronics is an interdisciplinary eld at the cross-section
between material development, mathematics, and electrical, automatic control and mechanical
engineering. Adaptronic systems are characterized by adaptability and multifunctionality. A max-
imum of application speci ¢ functionalities is combined in a minimum of elements. The sim-
plest adaptronic system consists of a sensor and an actuator, which are regulated by integrated
automatic control. In more complex systems a network of several sensors and actuators has to
be regulated across wide distances e.g. in order to monitor and control the integrity of bridges or
cars, then wireless connections and local energy supply have to be integrated. As it can have severe
consequences if such complex systems destined for safety control fail, their development has to
be accompanied by diligent life cycle engineering and reliability testing. All these disciplines are
covered by different groups collaborating in AdRIA. The development of new functional materials
based on piezoelectrics for actuator and sensor applications by both experimental and simulation
techniques is the objective of the materials scientists involved in the centre.

Other applications of piezoelectrics besides actuators and sensors are ultrasonic transducers and
energy harvesting. According to a market report on piezoelectric ceramic devices from 2008, the
overall world market of piezoelectrics in 2007 had a volume of 10.6 billion US-$ and was ex-
pected to reach 19.5 billion US-$ by 2012.1 In Fig. 1.1 the nine markets are shown, in which
piezoelectrics are utilized. Piezoelectrics can be found almost everywhere. In computers they are
used as actuators for disk drives. Fine positioning devices are needed in highly automatized in-
dustries like semiconductor manufacturing. Sonars are found mainly in military application, but
ultrasonic transducers are also used in medical devices. In cars piezoelectrics nd application as
fuel injectors, igniters and in numerous sensors. It is a mature but still broadening market, as
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Figure 1.1: Market of piezoelectric ceramic devices in 2007.]

continuously new applications are explored and novel devices are brought to market. One of the
sectors with the highest growth expectations is energy harvesting.

The workhorse of the piezoelectric industry are ceramics and thin Ims based on lead zirconate
titanate Pb(Zro.s, Tio.45)O3 (PZT).BI This ferroelectric material has the advantages of a high value
of piezoelectric constant ds3, which is more or less temperature independent between -40 and
150 C. Moreover, it is very robust and versatile. After about 50 years of mass production the de-
gree of manufacturing and processing expertise is enormously high. Both ceramics and thin Ims
are available, only single crystals are problematic. The electromechanical properties can be varied
easily and in a predictable way by doping with acceptors or donors to make the material softer or
harder, as different applications require different material pro les.?!

Though, there arose external conditions in recent years, that require a mind and technology shift.
Since PZT contains 64wt% lead, a chemical element becoming banned worldwide due to its health
and environmental issues, new materials with similar abilities and reliabilities as PZT have to be
developed. ®

Nowadays, two different approaches in the design of compounds and materials, be it drugs, cat-
alysts or functional materials, can be distinguished. The rst one is the rather empirical high-
throughput experimentation with a high degree of parallelization, which helps to reduce costs and
time, with the aim of hitting the target as fast as possible.[’l The second approach is the ancient
rational one-by-one experiment design with the aim to understand the underlying physics and
chemistry in order to choose the best set of parameters based on knowledge and experience. The

rst approach is very often found in industrial research, while the luxury of the second becomes
more and more reserved to academical research. Atomistic computer simulations as used in the
present work can be adapted to both approachest® 1 but their strength is the latter one. Especially
ab-initio calculations are ideal to investigate phase stabilities and structure-property relationships
in ferroelectric materials on a very fundamental and accurate level. 1112
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Figure 1.2: Order parameters present in Na,,,Bi,,TiO; (NBT). Ferroelectric distortions,
octahedral tilting and spontaneous lattice strain characterize the average crystal structure
of the material, while chemical order/disorder and accompanying displacive order/disorder
determine the local structure. Different order parameters can be cooperatively or competi-
tively coupled. If different chemical con gurations favour different average structures, even
competition between different phases arises, which can lead to mixed phase ground states.

A class of materials exhibiting giant piezoelectric coef cients are relaxors. The understanding of
structure-property relationships in relaxors is not comprehensive yet, but chemical order/disorder
plays probably a key role. The material investigated in this work, Na,,,Bi,, TiO; (NBT), is con-
sidered as a model relaxor ferroelectric with a complex perovskite structure having two different
cations (Na* and Bi®*) on the A-site. The material exhibits a complex temperature phase sequence
in addition to the relaxor features (nano-scale local structure and frequency-dependent dielectric
dispersion).[*3 161 However, the pronounced nano-scale local structure is dif cult to access by most
of the experimental techniques. Therefore, atomistic simulation methods can help to gain deeper
understanding of the relationships between chemical order, structure and ferroic properties.
Ab-initio calculations offer the valuable opportunity to investigate the structural variations arising
from chemical order/disorder on different levels of complexity. The structural instabilities present
in NBT are shown schematically in Fig. 1.2. In this material, ferroelectric distortions, octahe-
dral tilts and spontaneous lattice strains coexist, which characterize the average crystal structure
and can be coupled in a cooperative or competitive way. In this cation mixed system they are
accompanied by additional displacive order/disorder resulting from chemical order/disorder, both
determining the local structure. The high complexity renders NBT a challenging problem, but also
a perfect model system to study interactions between these ve degrees of freedom by ab-initio
calculations combined with Landau theory in a systematic way. The aim of this work is to deepen
the understanding of the local and average crystal structure present in this material and of the
arising ferroic properties (polarization and octahedral tilting).
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The ultimate dream of theoreticians is the prediction of new materials. In the eld of perovskite
ferroelectrics, especially a technique to predict morphotropic phase boundaries in solid solutions
is still sought for. We developed a method that is capable to determine the chemical substitution-
induced phase transitions in NBT-based solid solutions, which should be transferable to other
perovskite materials.

There are also some drawbacks of this kind of simulations, these are the limited system size up to
several hundred atoms and the restriction to athermal conditions, which prevents us from the direct
investigation of polar nanoregions, which are believed to be the origin of relaxor behaviour, and
their nucleation, growth and interactions at elevated temperatures. For that purpose other simula-
tion methods such as Monte-Carlo or Molecular Dynamics simulations based on effective Hamil-
tonians have to be employed. However, for building such an effective Hamiltonian fundamental
understanding of all underlying interactions are necessary, which for such a mixed perovskite can
only be provided by ab-initio calculations. Thus, this study can be understood as the rst stair to
climb in order to resolve the relaxor enigma in NBT by means of atomistic simulations.



2 Demand for Lead-Free Piezoelectrics

2.1 Environmental Legislation

The European Union passed January 2003 two directives with the aim to prevent, reuse and recycle
waste from electrical and electronic equipment, thereby contributing to sustainable development.
In the last two years both directives were recast. The goal of the "Directive on Waste Electrical
and Electronic Equipment 2012/19/EU (WEEE)"[*"] is the prevention of waste, moreover it sets
targets for collection, recycling and recovery for all types of electrical and electronic equipment,
while the "Directive on the restriction of the use of certain hazardous substances in electrical and
electronic equipment 2011/65/EU (RoHS)" 28 limits the use of the heavy metals Cd, Pb, Hg, of
hexavalent chromium Cr(V1), and of the ame retardants polybrominated biphenyls (PBB) and
polybrominated diphenyl ethers (PBDE) in electrical and electronic equipment used in house-
holds and industries. These elements/compounds have to be replaced by less harmful substitutes.
Exemptions from the substitution requirement are only permitted if substitution is not possible
from the scienti ¢ and technical point of view. By now, PZT in piezoelectric ceramics devices is
still allowed, as no suitable lead-free substitutes have been found yet.

2.2 Bismuth as an Alternative to Lead

2.2.1 Lone-Pair Effect

Lead is special. Lead-based ferroelectrics and relaxor materials such as PZT or PbMg;-3Nb,-303
(PMN) show superior response properties as compared to most lead-free materials. This is at-
tributed to the stereochemical activity of the so-called inert electron pair of Pb?* with electron
con guration 6s? 6p°. Though there are strong indications that this lone-pair, as it is also very
often called, is by no means inert, but interacts quite strongly with its ligands. According to Walsh
et al. the stereochemical activity of the lone-pair originates from interactions between the cation
s and p orbitals with the anion p orbitals.*® In PbO, for example the O 2p states mediate the
intraatomic 6sp hybridization in Pb, which leads to anti-bonding states with a considerable Pb 6s
character at the top of the valence band. These features were observed in ab-initio calculations of
bismuth oxides and sulphides as well.[?° 22 The hybridization is expected to be stronger the closer
the cation s states are to the anion p states. In Fig. 2.1 the relative positions of the metal 5d, 6s
and 6p states and the valence band dominated by O 2p states is shown, as they can be calculated
in the perovskite compounds PbTiO, and Tl,;,Bi,;, TiO5. The 6s states of thallium are right in the
valence band, which leads to a very strong Tl 6s O 2p interaction. The 6s orbitals of the heavier
elements lie at deeper energies, reducing the 6s contributions to the valence band. Still, the 6s
states of Pb and Bi contribute to the top of the valence band.
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Figure 2.1: Energies of the valence states (gravity centres are given!) of Tl, Pb and Bi
relative to the O 2p states (grey area) in the perovskites PbTiO5 and Tl ,Bi,, TiO3. Although
the majority of the 6s states in Pb and Bi lie well below the valence band, they contribute
also to the valence band maximum.

2.2.2 Toxicology of Thallium, Lead and Bismuth

Thallium and lead are both easily absorbed through the gastrointestinal and respiratory tracts and
can also be taken up through the skin. Thallium and its compounds are extremely toxic (MAK
0.1 mg/m?3). The lethal dose in adults is 10-15 mg/kg.?®! The acute toxicity of thallium is charac-
terized by hair loss (alopecia), abdominal pain and vomiting, damage of the central and peripheral
nervous system, coma and death within 10-12 days. In sublethal poisonings, recovery often re-
quires months and neurological and mental disturbances or blindness can remain. Inorganic lead
compounds are classi ed as probably carcinogenic to humans (Group 2A),? moreover is lead
considered as teratogene and mutagene (Group 3A), as a consequence there exists no MAK. 2]
Chronic low-dose lead exposure leads to neuropsychiatric, reproductive and kidney problems. The
primary symptoms of acute lead poisoning are similar to those of thallium. Depression, coma and
death occur within 1 to 2 days.[?]

Bismuth is regarded as the only non-toxic heavy metal. So far, there is no evidence for carcino-
genicity, teratogenicity or mutagenicity of bismuth compounds. The low solubility of metallic
bismuth and its salts in fat and water results in poor resorption by the human body. Some bis-
muth salts even are used in medical practice e.g. in the treatment of gastrointestinal problems, but
also in cosmetics. Acute poisoning with bismuth may cause kidney damage, encephalopathy and
peripheral neuropathy. Neurotoxicity may also occur after chronic treatment with bismuth salts,
but is reversible if bismuth intake is stopped.?® Soluble bismuth compounds especially organic
compounds like BiMe3, however, can cause severe damages and death. Still, bismuth is the least
toxic heavy metal and accidental poisoning more often results from bismuth medical therapy than
from exposure at the workplace. 2]



3 Perovskite Solid Solutions

The perovskite structure is adopted by numerous compounds with the composition ABX;. Nearly
90% of the metallic elements of the periodic table can be incorporated in the perovskite structure
as A or B. X is in most cases O, but also other elements like N, F or CI are possible.?” This
compositional exibility of the perovskite structure stems from its ability to develop several types
of lattice distortions like polar cation displacements, tilt or Jahn-Teller distortions of the BOg octa-
hedral backbone, spontaneous lattice strain, as well as small systematic displacements induced by
chemical disorder. Atomic displacements associated with these types of lattice distortions are in
the range of few tenth of an . Displacive phase transitions are an important feature of perovskite
materials. [28.2°]

The occurrence of ferroelectricity in ABX; perovskites results from a delicate balance between
long-range Coulomb ionic interaction favouring ferroelectric distortions and short-range elec-
tronic effects preferring the undistorted paraelectric cubic structure. This balance can be tipped
towards ferroelectricity by covalent effects that weaken the short range repulsion (like e.g. hy-
bridization between Ti 3d-orbitals or Pb 6sp-orbitals and O 2p-states) as demonstrated by Co-
hen.3% Furthermore it was shown that Pb-O hybridization in PbTiO, enhances electromechanical
coupling leading to higher c=a-strain in PbTiO; (6%) as compared to BaTiO; (1%).

In the following, we report the structural and physical properties of ordinary ferroelectrics and
relaxor ferroelectrics, which nally leads us to our study of the promising lead-free model relaxor
ferroelectric Na,,Bi;;, TiO;.

3.1 PbZFXTi(l X)Og

The most prominent perovskite solid solution is the already mentioned PbZr,Ti1 O3 (PZT),
which exhibits enhanced piezoelectric, dielectric and elastic properties at x = 0:52.5! For
X < 0:52 arhombohedral R3c (or R3m depending on temperature) crystal structure is found, while
for x > 0:52 it is tetragonal P4mm. The region at x = 0:52 is called morphotropic phase boundary
(MPB); it appears to be almost independent of temperature.
Various opinions exist how the crystal structure evolves in the MPB-region. They range from the
existence of a bridging monoclinic Cc phase (or Cm at higher temperatures),’® a continuous
phase change across the MPB-region®2 to a P4mm/R3m nanodomain coexistence region. 3l
It was also pointed out, that the occurrence of a line boundary in the composition-T phase dia-
gram separating rhombohedral and tetragonal phases contradicts Gibbs phase rule, which requires
a two-phase region.*41 The experimental phase diagram thus should more precisely be called
diffusion-less (non-equilibrium) phase diagram as it does not describe the thermodynamic equi-
librium state.
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3.2 The Concept of the Morphotropic Phase Boundary

The MPB is a key concept in the understanding of the property changes observed in perovskite
solid solutions with variation of composition. IUPAC de nes the morphotropic phase transition as
An abrupt change in the structure of a solid solution with variation in composition .[%* The MPB
is represented as a nearly temperature-independent boundary in the concentration-temperature
phase diagram. The MPB in ferroelectric solid solutions thus indicates the material composition
at which the transition from one ferroelectric structure to another one is facilitated. This fact is
believed to be the origin of the enhanced electromechanical response of materials, that exhibit
morphotropic phase boundaries, and explains why researchers are searching in complex solid
solutions for new piezoelectrics, that are able to outperform the PZT all-round talent.

3.2.1 Flat Energy Surfaces

The enhanced electromechanical response can be understood within the concept of at energy
surfaces. It was introduced by Fu and Cohen, in order to explain the enhancement of piezoelectric
response at electric eld-induced phase transitions in single crystals.[*8 Using ab initio calcu-
lations they showed how large piezoelectric response in BaTiO, can be driven by polarization
rotation induced by an external electric eld. The electric eld can induce a phase transition from
rhombohedral R3m to tetragonal P4mm, which is accompanied by a large change of strain. 6]
Budimir et al.®1 applied Landau-Ginzburg-Devonshire theory to several perovskite materials and
demonstrated the universal applicability of this idea.

The free energy surface can be attened by temperature or composition variation, but also by appli-
cation of hydrostatic pressure or electric eld bias. Under these conditions piezoelectric properties
can be enhanced. 3738 Rossetti applied Landau theory to PZT and found a ferroelectric glass state
at the MPB-composition, in which the anisotropy of polarization vanishes and a so-called adaptive
nanodomain state results. >4 Electric or stress elds induce a recon guration of these adaptive
nanodomains which results in a softening of piezoelectric, dielectric and elastic properties near
the MPB.

Damjanovic demonstrated that polarization rotation is not the only mechanism that leads to large
enhancement of the piezoelectric response, a second mechanism is polarization contraction and
extension. 44

Researchers have been looking for design rules for ferroelectric MPB materials since a long time.
The rst guide lines originated from empirical models and were applicable to PbTiO,-based solid
solutions only. Relationships between the tolerance factor t of the non-PbTiO,; end member and
the Curie temperature T¢ of the solid solution at the MPB-composition[*2 or the mole fraction of
PbTiO, at the MPB 3l were established. Grinberg et al. complemented the empirical models with
data from ab-initio calculations in order to predict Curie temperatures and MPB-compositions in
PbTiO,-based solid solutions more accurately. 4!

More general insights beyond the tolerance factor into phase stabilities and how they originate
from A-O interaction and preferred cation displacements were given by Woodword. 3]
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The at energy surface concept was applied also to ab-initio calculations of solid solutions. Ghita
et al. found that Pb(Zrq.50 Tig:50)O3 exhibits an energy degeneracy of tetragonal and rhombohedral
distorted structures. 6l The authors suggested in addition that morphotropic phase boundaries can
be found between A-site and B-site driven ferroelectrics.

Indeed, in a recent ab-initio study members of our group demonstrated that the morphotropic
phase boundary in the lead-free (Na,,,Bi;, TiO3)1 x)-(BaTiOs)x solid solution coincides with the
composition region where both A- and B-cations are equally active.™*”! Pure Na,,,Bi,, TiO; is
mainly A-site active (with small contributions from the B-site through inter-sublattice coopera-
tion), while pure BaTiO; is solely B-active.

3.2.2 Effect of Hydrostatic Pressure

Samara demonstrated in 1975 that hydrostatic pressure reduces, and even annihilates ferroelec-
tricity for high enough values in uoride A*'B*"'F5 and oxide A*"'B*'VO5 perovskites.[*®! This can
be understood by a simple theory based on the assumption that short-range repulsion increase
more rapidly than long-range attraction as pressure increases, leading to the reduction of ferro-
electricity. The effect of pressure on antiferrodistortive instabilities like oxygen octahedral tilting
is contrary. Antiferrodistortion is dominated by short-range forces and increases with increasing
pressure. Ab initio calculations on BaTiO,, PbTiO, and PbZrO, con rmed this model.[ The in-
crease of pressure leads to octahedral tilting and reduction of ferroelectric distortions.

This general rule was revised only few years ago as perovskites with A- and B-cations both having
a charge of +3 showed phase transitions to cubic phases accompanied by loss of octahedral tilting
under pressure.®® The decisive parameter is the ratio of the compressibilities of the two types of
polyhedra present in the perovskite structure, the cuboctahedron AO;, and the octahedron BOg. In
LaAlO,, for example, it is easier to compress the octahedron (by reducing B O bond length) than
to reduce the size of the cuboctahedron (by tilting). Thus, under pressure tilting vanishes, while
the B O bond lengths are reduced considerably. In case of perovskites with the A-cations having
a lower charge than the B-cations and in halogenides, the opposite is the case and the cubocta-
hedron AO; is easier to compress leading to tilted high-pressure phases as observed by Samara
before. 48]

3.2.3 The ldea of Chemical Pressure

From ab-initio calculations of pure PbTiO, a pressure-induced sequence of phase transitions
P4mm’¥ Cm ¥ R3m>¥ Pm3m with enhancement of piezoelectricity was rst proposed by Wu and
Cohen™ and later modi ed by including tilted phases R3c and R3c at high pressures by other
authors®253, High pressure experiments at 10 K con rmed, that hydrostatic pressure can induce a
morphotropic-like phase sequence P4Amm¥yMc ¥ Mc ¥ R3c in pure PbTiO,.B* The authors pro-
posed that alloying PbTiO; with other perovskites simply shifts the intrinsic transitions of pure
PbTiO; to ambient pressure, and thus suggested that morphotropic phase boundaries can be un-
derstood from the idea of chemical pressure. The idea of chemical pressure can also be found
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in Ref. 55 based on the observation that in the perovskite (Na,;,Bi;;, TiO3)o:80-(BaTiO3)o:11 the

pressure-induced phase transitions occurring in the pure perovskite compound Na,;,Bi;, TiO;, are

shifted to higher pressures, corresponding to a negative (tensile) pressure induced by Ba?*. The

authors proposed that the introduction of 11 mole% BaTiO; leads to a chemical pressure of
P = 2:5GPa.bI
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4 Relaxor Ferroelectrics

4.1 Properties of Relaxors

Relaxor-based materials possess giant piezoelectric constants, which make them technologically
interesting for actuator and ultrasonic transducer applications. 6571 Moreover, they show a strong
frequency-dependent dielectric susceptibility, which exhibits a broad dielectric maximum around
Tm, these features are generally referred to as "relaxor behaviour".[58 891 At the temperature of
dielectric maximum T, no macroscopic phase transition can be observed. Relaxors are generally
described as two component systems, for example as consisting of a glassy matrix and polar
nanoregions, which form below the Burns temperature Tg. Relaxor behaviour is only observed in
mixed perovskites and is suppressed by chemical order.[621 It is assumed that chemical disorder
induces local random elds which are responsible for the existence of polar nanoregions (PNRS).
The presence of these polar nanoregions and correlations among them are believed to be the origin
of relaxor behaviour

The giant responses to relatively weak excitations are attributed to proximity effects, which are
also responsible for colossal magnetoresistance and high-temperature superconductivity. 62631 An
important similarity of all these materials is the competition between several ordered states on the
nanoscale resulting from the presence of compositional disorder, which gives rise to random elds.
In relaxors, the relative stability of those ordered states can be easily shifted by weak disturbances
such as mechanical stress or electric eld leading to the observed strong responses. [36:56.64]

Various materials can be assigned relaxors. There is a smaller group of uniaxial relaxors reported
with tetragonal tungsten bronze structures like SryBa; xNb,Og (SBN),%! while most relaxors
belong to the big family of mixed perovskites. Prominent examples are the lead-containing re-
laxors PbMg,5sNb,;0; (PMN), PbZn,,;Nb,,;0, (PZN) or PbSc,,Nb,,,0; (PSN). In contrast to
PZT, these materials are all compounds with a xed stoichiometry, not solid solutions with ar-
bitrary compositions. In recent years also numerous lead-free relaxors have been discovered, (]
examples are Na,,Bi,, TiO; 1314671 (NBT) or BaZryTi1 x)O3!% 7 (BZT). The latter material
demonstrates, that by no means charge disorder on the perovskite B-site is necessary for relaxor
behaviour to develop, as Zr** and Ti** in BaZr«Tig xOs have identical charges, but differ sig-
ni cantly in size and bonding properties, only.

Two classes of relaxors are distinguished.™ Depending on whether they develop at low tem-
peratures a long-range ferroelectric phase or not, they are named canonical relaxors or relaxor
ferroelectrics, respectively. Moreover, there exist two different types of relaxor states at elevated
temperatures, these are the ergodic and the nonergodic relaxor state. At high temperatures all re-
laxor materials adopt a paraelectric prototypic structure. Then below a critical temperature named
Burns temperature the ergodic state develops. At lower temperatures canonical relaxors enter a
nonergodic state below the so-called freezing temperature, while in relaxor ferroelectrics a fer-
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roelectric state occurs below the Curie temperature. In the following, the transition temperatures
will be introduced in more detail.

4.1.1 Characteristic Temperatures in Relaxors
Burns Temperature Tg

If a relaxor material is cooled down from the paraelectric state, at the Burns temperature nucleation
of polar nanoregions can be observed. Burns himself referred to this characteristic temperature as
depolarization temperature T4.[”®l The nucleation process is not accompanied by a macroscopic
phase transformation. The average crystal structure stays unchanged below Tg, modi cations oc-
cur only on the nanoscale. Polar nanoregions can be understood as large dipoles resulting from
cooperative off-centring of cations in neighbouring unit cells. They are very mobile and can vary in
size and orientation. This state of dynamic, spatially and temporally uctuating polar nanoregions
characterizes the ergodic relaxor state. Ergodicity means, that the state of a system is independent
of its history. Even after application of an electric eld or other perturbations, the system nds a
path back to its ground state.

Tg can be determined from anomalies in the temperature dependence of the refractive index, "]
deviations of the dielectric constant from Curie-Weiss law [ or deviations from the linear temper-
ature dependence of the lattice parameter[®8l or of the thermal expansion, ™ or from anomalies in
the speci ¢ heat.["8! Other indicators are arising diffuse scatteringl’”-"8 or acoustic emissions. [
It exists even the possibility of a direct observation of PNRs by transmission electron microscopy
(TEM).[

Intermediate Temperature T

The intermediate temperature T was introduced rst as a local Curie temperature in PMN by
Viehland, ! later it was reinvestigated by Toulouse and Dkhil in more lead-based relaxors. (8282
Dkhil et al. could demonstrate that T equals 500 30 K in all investigated lead-based relaxor
materials independent of the B-cations. This observation leads to the conclusion that T is re-
lated to the polar shifts of Pb?*, which become correlated (or static) along h0O1li-directions if
T < T , while they are uncorrelated (or dynamic) with a spherical off-centre distribution above
T , which was in agreement with results from effective Hamiltonian Monte-Carlo simulations of
PbSc,,Nb,,,0,.1821 T can be measured by acoustic emission or can be identi ed from character-
istic kinks in the temperature dependence of the lattice parameter. 79821

Temperature of Maximum Permittivity T,

One of the features of relaxor materials is their broad temperature and frequency dependent maxi-
mum of dielectric permittivity "(T; ). The temperatures of the maxima are called T,,(T). At these
temperatures no macroscopic phase transitions can be observed. The broad frequency distribution
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of dielectric response is related to a broad distribution of activation energies below T . The char-
acteristic relaxation times are found to obey the Vogel-Fulcher law, which generally describes the
slowing down of relaxation processes associated with glasses(®!

P ke Tr) @
with the inverse attempt frequency o, the activation energy U and the freezing temperature T¢,
at which  diverges. However, the structure of relaxors is more complex than the one of ordinary
glasses and the polarization mechanisms behind the broad peak in "(T; ) have not been identi ed
yet,[59
Below T,,(f) the relaxation becomes extremely slow. This can be understood as follows. With de-
creasing temperature the PNRs will grow in size and correlations between them will be enhanced.
At some point, they will start to merge leading to larger polarization clusters and nally a per-
colating network will develop. The larger the clusters become, the slower becomes their ability
to vary their polarization directions. As soon as the percolation limit is reached, the reorientation
will be suppressed completely. 4

Freezing Temperature T; and Curie Temperature T¢

The Vogel-Fulcher freezing temperature Tyr or simply freezing temperature T; in canonical re-
laxors shares some analogies with the Curie temperature T in ordinary and relaxor ferroelectrics.
As the name implies, at the freezing temperature the dynamics of the PNRs freeze in, the PNRs
become static. The ergodic relaxor state transforms into a nonergodic relaxor state. A macroscopic
phase transition is still missing, the average structure is still identical to the one of the paraelectric
prototypic phase. Upon cooling in large enough electric elds, however, a transformation into a
ferroelectric state can be induced, which is irreversible due to the nonergodicity of the system
below Ts. It was found that some PNR still persist even in the induced ferroelectric state.®! The
nonergodic relaxor state can only be reached again by heating above Tg.[6%

Relaxor ferroelectrics in contrast show more or less diffuse relaxor-to-ferroelectric phase tran-
sitions at T¢ spontaneously, without application of an electric eld. In these materials a macro-
scopic phase transformation into a polar structure occurs. Many relaxor ferroelectrics, though,
show strong structural disorder below T¢.5

4.1.2 Effect of Hydrostatic Pressure

Pressure can suppress the formation of the ferroelectric phase upon eld cooling in canonical re-
laxors or below T in relaxor ferroelectrics. 981 As pressure in general reduces the stability of po-
lar distortion modes, “® under pressure the local random elds become dominating and favour the
relaxor state. This view was con rmed by molecular dynamics simulations using rst-principles
Hamiltonians of PbSc,,,Nb,,,0,.®]
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4.1.3 Role of Chemically Ordered Nanoregions

It is still a matter of debate, whether chemically ordered and polar nanoregions are correlated or
not. As a source of characteristic local electric elds chemically ordered nanoregions (CNRs) have
to be considered as one of the in uencing factors in the nucleation and growth of polar nanore-
gions, but it is not clear how important their role is. On the other hand it is for sure that long-
range chemical order suppresses relaxor properties, as thermally annealed ordered PbSc,,,Ta,;,04
(PST) behaves like a normal ferroelectric, while disordered PbSc,,,Ta,,O; is a canonical re-
laxor.[Y For Sc-doped PbMg, ;Nb,,;0; with enhanced cation order it was shown by in situ TEM
that chemically ordered regions are rather spectators than actors in the eld-induced relaxor-to-
ferroelectric transition. Inhomogeneous stress effects seem to play a more important role in this
material, as the phase transformations started in the grain boundaries. [ Somewnhat contrary con-
clusions were drawn from molecular dynamics simulations based ona rst-principles Hamiltonian
of PbSc,,,Nb,,0,ina40 40 40 supercell by Burton et al.[® The authors reported on enhanced
polarization and susceptibilities in chemically ordered regions in contrast to the chemically dis-
ordered matrix. Moreover, strongest correlation is found for the interactions between chemically
ordered regions. Their results imply that the characteristic length scale for polar nanoregions is
the same as for chemical short-range order. 9 The simulations, however, suffer from the rela-
tively small size of the simulation box, which has hardly the length of six times the diameter of a
typical PNR.

4.1.4 Models and Theory

Although it is quite commonly accepted that polar nanoregions exist and that their existence is
related to compositional disorder, it is neither clear how they look like nor why they form. 5991
Two contradicting views exist on the nanoscale structure of the ergodic relaxor state. The rst
concept is the random eld scenario, which is in favour of a state of low-symmetry nanodomains
separated by domain walls.® The second one is the spherical dipolar glass model, which ex-
plains the relaxor state arising from the existence of ellipsoid shaped polar nanoregions, which are
embedded into a cubic nonpolar matrix. %]

The random eld scenario can be theoretically described by the random eld Ising model (RFIM)
of Westphal, Kleemann and Glinchuk,® which is based on the work of Imry and Ma.l®® If a
system possesses an order parameter of continuous symmetry, a macroscopic disorder-order tran-
sition can be destroyed by quenched random local elds in favour of a nanodomain state. This
model is quite successful to describe the properties of uniaxial relaxors like SBN.[®4

The dipolar glass scenario can be described by the spherical random-bond-random eld model
(SRBRF) of Pirc and Blinc.® This model predicts two phases in zero eld, a dipolar glass state
and a long-range ferroelectric state, depending on the strength of the random elds. The dipolar
glass state can, however, be transformed into the long-range ferroelectric state by applying a suf -
ciently strong electric eld. Experimental results for perovskites seem to be more in favour of the
latter model, like a recent high-resolution calorimetric study of PbMg, ;Nb,,;0;. 2]
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4.2 Chemical Ordering in Perovskites

As chemical order/disorder is regarded as one of the key factors for the development of relaxor
properties in mixed perovskites, we want to give a brief overview about chemical ordering in per-
ovskites.
For B-site mixed perovskites chemical ordering is generally understood.®® Order, commonly
rock-salt (111)-order, occurs when the charge difference between the cation species occupying the
same crystallographic site is g > 2, while for charge differences q < 2 disorder is found. For
q = 2 disordered, partially ordered and fully ordered examples can be found depending on size
and/or bonding preferences of the different cations. In contrast, A-site ordering is much less com-
mon. There exist only a few examples where A-site order was experimentally found. Knapp and
Woodward reported on (001)-order for (Na,,,La,,,)(Mg,,W,,,)O5 driven by cooperative effects of
both A-site and B-site ordering. "] More examples can be found in a review recently published by
King and Woodward.[®8 They show that A-site order commonly occurs in {001}-layers, but that
charge differences between the cations of g = 2 are not suf cient to cause ordering. System-
atic oxygen vacancies, vacancies in the A-sublattice or B-site ordering are necessary to stabilize
chemical A-site order in mixed perovskites.

4.3 Model-Relaxor Ferroelectric Na,,Bi,, TiO,

Na,,Bi,, TiO; (NBT) is a model relaxor ferroelectric with two different cations (Na* and Bi**) on
the A-site of the perovskite structure. The usual lead-containing relaxors PbMg,,;Nb,;;0; (PMN),
PbZn,;3Nb,,;0; (PZN) or PbSc,,,Nb,,,0; (PSN), in contrast, are mixed on the B-site. Similarly
to PbMg,;Nb,;0; (PMN), PbZn,;;Nb,,;05 (PZN) or PbSc,,,Nb,,,05 (PSN), both relaxor ingre-
dients i.e. off-centreing (Bi®* in NBT and Pb?* in lead-based relaxors) and random cation distri-
bution on the mixed site, are present in Na,,Bi,,, TiO.

NBT-based materials exhibit extraordinarily high strains and are amongst the most promising
candidates for substituting the toxic PZT in piezoelectric applications. Especially, recent results
on (Nay,Biy, TiOz)(1 x yy-(BaTiO3)x-(Ko:sNag.sNbO3), (NBT-BT-KNN) solid solutions revealed
promising piezoelectric properties. [6:99.100

NBT displays a complex phase sequence depending on temperature, it shows typical relaxor fea-
tures (nanoscale local structure and dielectric dispersion) between 200 C and 320 C and is ferro-
electric at lower temperatures, 13 161

Pure NBT is known since a long time, it was discovered by Smolenskii in 1956, 102192 byt un-
derstanding of this material is still not conclusive, especially when it comes to the discrepancies
between local and average structure and the related relaxor properties. Moreover, average and lo-
cal crystal structures, as well as physical properties crucially depend on the thermal, mechanical
and poling history of the samples. [103 107]
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4.3.1 Average Crystal Structure

XRD diffraction studies demonstrated that above 540 C NBT is in its cubic perovskite parent
phase (space group Pm3m).[*1 On cooling two reversible phase transformations are observed.
Between 500 and 540 C a tetragonal structure with space group symmetry P4bm is formed with
in-phase a a ¢* octahedral tilting (in Glazer notation[%l) and anti-parallel displacements of A-
and B-cations along [001]. The tetragonal distortion is rather small (0.14%).[1461 Other authors
re ned the tetragonal phase above 400 C in the centrosymmetric space group P4/mbm based on
electron diffraction experiments, [109.110]

Between 250 and 400 C the second transformation into a rhombohedral R3c structure takes place,
which is characterized by anti-phase a a a octahedral tilting and polar cation displacements
along the [111]-direction of the pseudo-cubic cell with = 89:83 .12 Recently, a peculiarity
of this phase transformation was reported. At about 300 C optical birefringence microscopy re-
vealed an isotropization point, which corresponds structurally to an "untilted cubic structure™ as
a high-resolution X-ray powder diffraction study indicated. 9711 Tetragonality is maximum at
about 400 C and reduces to zero on both cooling and heating.

Regarding the low temperature rhombohedral phase, data from high-resolution single-crystal X-
ray diffraction revealed monoclinic-like deviations from R3c symmetry.**? Similar local devia-
tions from the average structure were already found in an earlier work of Thomas et al.[**%] In the
meantime also for ceramics a monoclinic phase with Cc symmetry was reported.[*4l An ex-situ
diffraction study showed that poled samples rather have R3c symmetry, while unpoled samples are
better described in monoclinic Cc.[% The idea of average Cc symmetry becomes more and more
accepted, though it probably rather re ects the importance of local deviations from the average
R3c symmetry than a "real” monoclinic phase.

4.3.2 Local Structure

In order to obtain information about the local structure in perovskites a wide variety of local probe
techniques was applied successfully on different ferroelectrics, namely total scattering experi-
ments (pair distribution function analysis (PDF)[1%5] or diffuse scattering'®l) and x-ray absorp-
tion spectroscopy (XAFS), electron spin resonance and nuclear magnetic resonance (ESR/NMR)
or optical and Raman spectroscopy.’1 NMR and Raman spectroscopy are reliable ngerprint
methods, which can be used to identify phase transformations, but they cannot provide conclusive
information about the local structure of NBT.[!!8 1221 ESR is only applicable to doped NBT, as it
requires ions with unpaired electrons. Thus, in doped systems ESR provides information about
the local environment of the point defects induced upon doping, but not about the local structure
in general. 1951231241 Optical spectroscopy suffers from a similar problem, since transition metals
with high sensitivity of their optical transitions to the crystal eld environment are not present in
NBT.

Diffuse scattering of electrons, 1031091101251 X _rays 11061261271 ppDF analysis[!?®l and XAFS[2]
were successfully applied to pure NBT or its solid solutions (NBT); »)-(BaTiO;)x (NBT-xBT)
or (NBT)a x)-(Ky,Biy, TiO5)x (NBT-XKBT).
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One of the puzzling ndings for NBT is a diffuse phase transition observed in dielectric mea-
surements at temperatures between 200 and 320 C,[169%1301 which does not correlate with any
macroscopic structural phase transition - a typical feature of a relaxor transition.

TEM and diffuse electron diffraction scattering revealed at temperatures between 280 and 320 C
an additional intermediate orthorhombic phase with Pbnm symmetry and a a c¢™ octahedral tilt-
ing bridging the rhombohedral and tetragonal phase.1%1% Already at 200 C Pbnm-modulation
of the R3c phase starts, which can be understood as formation of tilt twin-planes (stacking faults)
with Pbnm symmetry within the R3c-host. The phase transition from Pbnm to P4/mbm then oc-
curs between 320 and 370 C.[1%91101 Gyo et al. reported similar ndings for the solid solution
(NBT)a x-(BaTiO,)x in the composition range 0:04 < x < 0:08.[3U They found the same disor-
der of octahedral tilt twinning along h001i-directions, which could be increased and even observed
at room temperature by adding BaTiO,. These twin boundaries lead to a different environment for
the A-cations and to local off-centre displacements distinct from the rhombohedral matrix, which
gives rise to a local antiferroelectric-like behaviour. Guo et al. regard compositional modulation
as the origin of the tilt disorder as it can be increased by Bi-excess and/or Na-de ciency.1?°]
Moreover, X-ray diffuse scattering in single crystals with composition (NBT)g.06-(BaTiO3)o.04 in-
dicated tilt disorder present in this NBT-based solid solution. In the R3c phase streaking of the
superstructure re ections characteristic of the anti-phase tilts is observed, which is indicative of
planar defects in the stacking of tilts as it would result from accidental in-phase tilting. These
streaks disappear after application of an electric eld of 4.3 kV/mm, but reappear if the sample is
heated above 400 C.[06]

Similar conclusions were drawn from earlier X-ray diffuse scattering experiments. Kreisel et
al.[*%6] syggested that zones with chemical short-range order lead to segregation planes with corre-
lated cation displacements along h001i (comparable to Guinier-Preston-Zones in metal alloys) re-
sulting in sharp L-shape asymmetric streak patterns in the diffuse scattering, while a second much
broader streak pattern was assigned to chemical short-range order. In addition to these streaks,
Thomas et al.[*?"1 could identify satellite re ections in reciprocal space maps which are thought
to have their origin in a modulated domain structure with modulation length of about 40 (about
ten unit cells).

Structural polar disorder of the Bi-sites is assumed by Shuvaeva et al. for explaining XAFS re-
sults, 2% where statistically disordered Bi-displacements off the [111]-direction lead to few short
Bi O bonds of 2.22 . However, this short bond length never appeared in average crystal struc-
tures deduced from diffraction methods implying that strong local disorder exists in NBT due to
the mixed A-site.

Reverse Monte Carlo simulations of PDFs obtained at different temperatures showed the evolu-
tion of separate off-centre displacements of Bi and Na, which revealed the coexistence of two very
different Bi displacements already at room temperature. 1321 All A-cation displacements lie in the
monoclinic plane between [111] and [001]. Only at very low temperatures (-263 C) displacements
of both Na and Bi are ordered and directed towards [111] direction, as well as in the tetragonal
phase at 493 C, where ordering occurs along [001].

A TEM study just published few months ago investigated the local structure of NBT, taking sev-
eral types of order/disorder on different length scales into consideration. [2°3 The authors conclude
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that there exists signi cant disorder of the octahedral rotations and cation displacements, mani-
fested in rods and sheets of diffuse electron scattering, respectively. They propose a single-phase
continuous tilting model with mesoscale antiphase domains and nanoscale twin domains, which
exhibita a c™ tilts with a very short coherence length of few unit cells. On average the crystal
structure is supposed to look as if ithad a a ¢ tilts, which is consistent with space group Cc.

4.3.3 Evidence for Chemical Order

Many authors reported on chemical order in NBT. Park suggested a low degree of Bi/Na-order
in NBT with a face-centred structure (space group Fm3m) for the high-temperature cubic phase
based on single-crystal XRD measurements.*33 Dorcet and Trolliard proposed the same type
of order based on TEM images and electron diffraction. According to them ordering occurs in
nanometre sized domains embedded in a disordered matrix.['% Rock-salt type order was also
deduced from Raman spectra, which indicated an additional strong lattice disorder.[** Chemical
short range order emerging as segregation planes with correlated cation displacements along h001i
(comparable to Guinier-Preston-Zones in metal alloys) leading to asymmetric streak patterns in
diffuse scattering were suggested by Kreisel et al.[*?6] Despite these few reports on chemical order
in NBT, 1101331341 jt js generally assumed to be disordered on the mixed A-site. 14113114 The TEM
study of Levin and Reaney showed no indications for chemical order, as the typical =2feeog su-
perstructure re ections were missing and high angle annular dark eld (HAADF) scanning trans-
mission electron microscopy (STEM) images revealed no obvious nanoscale Bi/Na order .10
An earlier ab-initio study by Burton et al. treating effects of chemical order in NBT by a cluster
expansion method reported on a monoclinic P m phase within a 40-atom supercell with criss-cross
rows of Bi and Na perpendicular to [001] and octahedral tiltinga a c*.[3%

4.3.4 High-Pressure Phases

The high-pressure phases of NBT have also been investigated by several methods, like neutron
and synchrotron X-ray powder diffraction, ™31 X-ray diffuse scattering (XRDS)*?®! and Raman
spectroscopy. 551221381 |t was found that the rhombohedral phase (R3c) present at ambient pres-
sure transforms into a lower-symmetry structure which can be described by space group Pbnm.
This phase shows a a c¢* octahedral tilts and anti-parallel displacements of the A-cations along
pseudo-cubic h00li-directions, which is assumed to lead to antiferroelectric behaviour. Since
space group Pbnm is not a subgroup of R3c, there should either exist one or more intermediate
phases or a pressure range of coexistence. The latter was reported by Thomas et al. between 2.0
and 3.3 GPa.[*®l Kreisel et al. suggested a two step mechanism for the phase transition based on
their Raman study, where the phase transition occurred between 2.7 GPa and 5.0 GPa.['?2 At the
lower critical pressure A-cation displacements reorient from parallel along [111] to anti-parallel
along [100]/[100]-directions and B-cations return from displacing along the [111]-direction back
to their ideal positions, whereas at the higher critical pressure the octahedral tilts change from pure
anti-phase a a a to mixed in- and anti-phase a a c™. Both states are described as antiferro-
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electric although no dielectric measurements under pressure have been performed to date. Kreisel
et al. also studied the local structure of NBT by X-ray diffuse scattering at high-pressure. 2]
The phase transition rhombohedral-orthorhombic of the average structure in this case occurred
between 1.6 GPa and 2.0 GPa. In their study a second phase transition to a tetragonal phase was
found between 9.9 and 11.1 GPa. In the diffuse scattering the two features described above re-
spond differently to pressure. The characteristic sharp L-shape diffuse streaks lose intensity at
2.8 GPa and vanish at 3.7 GPa, while the broad pattern indicative for chemical short-range order
is not affected by pressure at all. The loss of the XRDS L-shape ngerprint is consistent with a
model where the planar defects and the matrix adopt the same local structure at high-pressure.

4.4 Na Bil,zTiog-Based Solid Solutions

1/2
4.4.1 (Nay,Bi,,TiO)1 x-(CaTiOz)x

The crystal structures within the solid solution system (Na,;,Bi;;, TiO3)1 x)-(CaTiOgz)y were in-
vestigated by Ranjan et al.[*3"138] The authors reported on phase coexistence for 0:05 < x < 0:15
of rhombohedral R3c and orthorhombic Pbnm structures, the latter is identical with the crystal
structure of pure CaTiO, %! and the high-pressure phase of pure NBT. 26! Watanabe et al.[24°]
analysed electrical properties and phase transition temperatures of these materials for x ~ 0:08.
On increasing CaTiO,-content the piezoelectric constant has a small maximum at x = 0:02
(d3zz = 75 pC/N).

4.42 (Nay,Bi,,TiO)q x-(BaTiOy)x

The (Nay;,Biy;, TiOz)1 x)-(BaTiO,) solid solution ceramics are among the most promising candi-
dates for substituting PZT in actuator applications as they show extraordinarily high strains.®! The
phase diagram shows an MPB-region at 0:06 x  0:11 between rhombohedral R3c and tetrag-
onal P4mm structures. The crystal structure within this MPB-region, however, is still a matter
of debate.[**! 1431 Electric elds can easily induce phase transformations[*30.143144] and even shift
or create morphotropic phase boundaries. 451 Within the MPB-region piezoelectric coef cients
are enhanced up to dg; = 170 pC/N at x = 0:07.0143]

4.43 (Na,,Bi ,TiO)1 x)-(Liy,Bi,,TiOL)x

The pure end member Li,;,Bi;, TiO; is not stable at atmospheric pressure but the solid solu-
tion (Nay,Biy, TiO3)1 x)-(Liy,Biy,TiO;), can be synthesized up to Li,,Bi,;, TiOz-contents of
X 0:24. The substitution of Na* by the much smaller Li* leads to a maximum in the piezoelec-
tric constant of dz3 = 108 pC/N at x = 0:16. No change of the crystal structure was found, all
solid solution materials remained in the rhombohedral space group R3c, as it is found for pure
NBT. [146]
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4.4.4 (Nay,Bi,,TiO) 1 x)-(Ky,Bi,TiOs)x

Also (Na,;,Bi;, TiO3)1 x)-(Ky;,Biy, TiO;), solid solutions are very promising candidates for PZT
substitution.[® Moreover, the debate on structure evolution in the solid solution bears some simi-
larities with (Na,;,Bi;, TiO3)1 x)-(BaTiOy)x.

The crystal structures of single crystals within the (Na,;,Bi;, TiO3)1 x)-(Ky,Biy, TiO;)x solid
solution were investigated intensively by neutron powder diffraction by Jones et al.**l The au-
thors proposed a phase sequence R3¢y R3m ¥ P4mm. The rst phase transition R3¢y R3m (loss
of tilts) takes place at 0:4 x  0:5 and the second phase transition R3cm¥ P4mm takes place at
0:6 x 0:8 (both transitions at room temperature). Similarly, an intermediate phase located at
0:5 x 0:8was proposed by Kreisel et al. based on Raman spectroscopy and X-ray diffraction
experiments of single crystals.[*?X Polycrystalline materials behave a bit different, they exhibit, in
contrast, an MPB-region at much lower K,,,Bi;,, TiO5-contents of 0:16 ~ x  0:20 between the
rhombohedral R3¢ and tetragonal P4mm structure. 1281481 The piezoelectric constant has a maxi-
mum value of d33 = 168 pC/N at x = 0:20.1%% As in the (NBT)(1 x)-(BaTiO,)x solid solution,
within the MPB-region at x = 0:20 electric eld-induced phase transitions from R3c to P4mm
were reported. (50
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13 Speci ¢ Questions to be Answered
In this Work

Here is a collection of 13 basic questions, which we will try to answer in this work. The questions
and their answers will be found at the beginning of Part V.

10.

11.

12.

13.

Is there any type of chemical order preferred in Nay,Bi,, TiO3?

What are the driving forces for ordering?

Can ordering occur under synthesis conditions?

Is it possible to enhance chemical ordering at elevated temperatures?
How does chemical order affect the average and local crystal structure?

Which phases are stable under hydrostatic pressure?

. Can in-phase tilts be stable in an anti-phase tilted matrix?

How do chemical order and pressure affect the different lattice instabilities polarization,
octahedral tilting and chemically induced distortions?

How strongly are the different lattice instabilities coupled to each other?
What are the ferroic properties of the phases R3c, Pbnm and P4bm?

Is it possible to predict morphotropic phase boundaries in Na,,Bi,, TiO5-based solid solu-
tions based on determination of pressure-induced phase transformations?

What are the limitations of such a technique?

Can alloying be understood as an analogue to hydrostatic pressure, is chemical pressure
something real and quanti able?
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6 Ab-Initio Calculations

Ab-initio calculations are based on quantum mechanics and allow to investigate the electronic
state of many-body systems such as atoms, molecules or condensed matter without using any
parameters from experiments. In chemistry both Hartree-Fock (HF) and Density Functional The-
ory (DFT) calculations are used equally often, while in physics and materials science Density
Functional Theory is the more common technique. Nowadays, new methods like GW quasi-
particle theory®Y or Time-Dependent Density Functional Theory (TDDFT)%2 allow even the
investigation of excited states. In the last twenty years the availability of parallel computing on
large clusters pushed the development of algorithms for the prediction of the energy and elec-
tronic structure of systems including up to several hundreds or thousands of atoms. Moreover,
the increase of computing capacity allows to study complex solid state con gurations including
defects, thin Ims and nanostructures.

In this chapter a brief introduction into the basics of Density Functional Theory is given. DFT
calculations allow the determination of phase stabilities by comparing total energies of differ-
ent phases, structure optimizations and the investigation of charge densities, electronic band
structures or densities of states.

6.1 Density Functional Theory

Density Functional Theory (DFT) is used to solve the time-independent Schr dinger equation for
a many-body system containing electrons and nucleij 5l

E =H (6.1)

with the Hamilton operator

h? >< 12X ¢
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where mg is the electron mass and r; the position of the ith electron, M, Z; and R, are the mass,
charge and position of the Ith nucleus and h is the reduced Planck constant. The rst and second
terms give the kinetic energy of the electron system and the energy resulting from the interactions
between different electrons, respectively, the third and fourth terms specify the kinetic energy of
the nucleus system and the interaction energies between different nuclei. The last term speci es
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the energy resulting from the interactions between electrons and nuclei. This differential equation
is practically unsolvable due the dependence of the total wave function (rq;ro; ;R Ro; )
on 3N spatial variables (N = iy + l). Therefore several approximations were made to reduce
the complexity of the problem.

The most fundamental one is the Born Oppenheimer approximation. >4 |t states that the move-
ments of the electrons is decoupled from the nuclei. Thus the problem can be split into two. With
the nuclei frozen in  xed positions, the second line of Eq. 6.3 can be skipped and the electron-
nuclei interactions are reduced to the movement of mobile electrons in a static external potential.
The nuclei movements can be solved separately then.

Two self consistent calculation cycles can be distinguished: The (inner) electronic cycle, where
the charge density is calculated, and the (outer) ionic cycle, where the nuclei are displaced.

6.1.1 Hohenberg-Kohn Theorems

Hohenberg and Kohn%®! formulated DFT as an exact theory of multiple objects (here the elec-
trons) in an external potential (here the Coulomb potential of the nuclei), with Eq. 6.3 written in
the reduced form

h? < > 12X 2

|q = ri2 + Vext(ri) + - -
2me i 2 e I Tl

(6.3)

The rst theorem of Hohenberg-Kohn states that for any system of interacting particles in an
external potential Ve, (), the potential Ve (r) is determined uniquely, except for a constant, by
the ground state charge density no(r). Therefore the ground state charge density no(r) provides
all information about the system in a unique way.

The second theorem constitutes that for any given external potential Ve (r), the total energy of the
system can be written as a functional of the charge density E[n(r)] and that the minimum (ground
state) energy E, is uniquely associated with the ground state charge density nq(r). The exact
solution of a system with iy interacting electrons is therefore transferred to the determination of
the functional E[n(r)]. It seems convenient to have reduced the number of variables from 3N to
3, but essentially the problem was shifted only, since the correct functional E[n(r)] is unknown.

6.1.2 Kohn-Sham Equations

Following the theorems of Hohenberg and Kohn, Kohn and Sham!**¢! reformulated Eq. 6.3 in

terms of functionals of the charge density n(r)
z

E[n] =Ts[n]+  drVea(Nn(r) + Enarree[N] + Exc[N] (6.4)

with
Z

1 n(r)n(r’
Enartree[n] = 5 drdr"% (6.5)
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where the Hartree energy Enaree[N] Speci es the self interaction of the charge density. Ts is the
Kinetic energy of these Kohn-Sham orbitals. Ve contains the Coulomb potential of the nuclei
and possibly from external elds. E,. is the exchange and correlation energy. Kohn and Sham
introduced orbitals (wave functions) ks of the electronic states i, which are given by the self-
consistent solution of the Kohn-Sham equations

h2
om. r’+ Vext(N) + Vhartree (N) + Vie(N)  ks;i(N) =" ks;i(1) (6.6)
e
providing also the Kohn-Sham eigenvalues "'j. The Kohn-Sham orbitals are related to the charge
density in the form >
nr) = j ksi(Nj® (6.7)

Thus, the problem of correctly describing a complex system of interacting particles is elegantly
replaced by the problem of nding an auxiliary system of independent particles that generates
the same charge density as the interacting system and putting the missing parts into the exchange
correlation functional. The only blemish of this approach is that exchange correlation energies
to date can not be calculated exactly. Fortunately, their contribution to the total energy in most
systems is small.

The energy eigenvalues of the Kohn-Sham orbitals *'; have little physical meaning, though they are
often treated like real energies of the electron eigenstates and compared with electronic structures
obtained from experiments. This is only justi ed for the occupied states in a qualitative manner.
Strictly speaking, only the eigenvalue of the highest occupied state has a real physical meaning. It
is nearly the unrelaxed ionization energy.*%7]

6.1.3 Exchange and Correlation Functionals

Numerous exchange and correlation functionals were proposed since the formulation of the Kohn-
Sham equation. The most widely used are the Local Density Approximation (LDA) and the Gen-
eralized Gradient Approximation (GGA), which will be described in the following in more de-
tail. Both functionals suffer, however, from the fact that they underestimate bandgaps in semi-
conductors and insulators since they do not provide information on the excited states. Today
more sophisticated functionals are available which improve the description of highly correlated
electron subsystems of d and f-elements, van-der-Waals interactions and electronic structures
of small bandgap semiconductors. These are for example hybrid functionals like HSE [158:159] or
B3LYP, 60161 which include some exact exchange energy from Hartree-Fock theory taking into
account the full Slater determinant, while normal exchange and correlation functionals consider
only the occupied states.
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Local Density Approximation

LDA is the most commonly used functional, because for many solids the homogeneous electron
gas, on which it is based, is a good approximation. This formulation is particularly convenient as it
is local, which means that it only depends on the position r. The exchange and correlation energy
is in that case the integral of the exchange and correlation energy density over the full space as if
it was the energy of a perfect homogeneous electron gas of density n(rg).

This approximation is particularly ef cient for non-strongly interacting systems like non-magnetic
materials and systems, where the charge density does not vary fast (the gradient of the density
should be close to zero). In the program package VAsP used in this work the implementation of
Ceperley and Alder is used. %2 LDA underestimates typically the cell volume caused by overes-
timation of bonding interactions.

Generalized Gradient Approximation

The GGA functional was developed to include the effects of gradients in the charge density. For
3d elements magnetic properties are very sensitive to the occupation of states around the Fermi
level. Near the Fermi level, the charge density gradient can be quite large. Several formulations
of GGA can be found like PBE 81 or PW91.[1%41 GGA both under- and overestimates unit cell
volumes in an unpredictable way.

6.1.4 Basis Sets

Differences between several DFT codes arise from the choice of the single electron basis func-
tions ;. These can be atomic orbital-based functions, like Gaussians or Hankel-Bessel functions,
or plane waves in combination with pseudopotentials, like the Ultrasoft Pseudopotentials of Van-
derbilt (US-PP) 6] or Projector Augmented Plane Waves (PAW).[1%6:1671 Also hybrid techniques
exist, that treat core electrons in an atomic orbital-basis and valence electrons by plane waves,
like Full Potential Linearised Augmented Plane Waves (FLAPW).[168.16% Chemists traditionally
use atomic orbital bases, as implemented in GAUSSIAN,701 or SiESTA, 171172 which are best
suited for the simulation of molecular systems, while for crystals plane wave bases are the best
adapted method, as implemented in VAsp, 173 1761 AgINITIY” 1791 or QUANTUM ESPRESSO. [180]
The most accurate, but also computationally most demanding, technique, however, is FLAPW as
implemented in FLEUR. 18]
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6.2 Application to Crystals

For periodic structures like in crystals the quantum number i in Eq. 6.7 can be replaced by the
band index n, and the allowed k-vector of the reciprocal lattice and it is convenient to expand the
Kohn-Sham orbitals of the valence states in linear combinations of plane waves.

6.2.1 Description of the Brillouin Zone

The most accurate description of the electronic structure of a crystal would be obtained from a
continuous integration over all allowed k-points in the Brillouin zone (BZ). Fortunately, in most
cases it is completely suf cient to include a small selection of high symmetry k-points within the
BZ only. A large number of k-points is required to determine correctly the occupation near the
Fermi level, when occupancy of a state depends on its eigenvalue like in metallic systems. More-
over, several quantities such as the total energy require an integration over the BZ. A commonly
used simple type of k-point mesh was proposed by Monkhorst and Pack. [ VVasp automatically
generates Monkhorst-Pack meshes. One can choose between meshes including or excluding the

-point. The choice depends on the crystal symmetry, as the k-point mesh may not break the
symmetry.

6.2.2 Core and Valence States

The charge density in a crystal exhibits fast oscillations near the nuclei, which are dif cult to cap-
ture by linear combinations of plane waves. For an accurate description of such charge densities
an enormous number of plane waves would be required or in other words huge cutoff energies.
In order to avoid these fast oscillations several techniques can be used: core states can be decom-
posed into local muf n tin orbitals, and valence states into plane waves to create norm conserving
pseudopotentials or the Projector Augmented Waves (PAW). The rst two techniques have the
advantage of conserving the real charge density but are resulting in very slow execution times and
are generally not transferable. In PAW on the other hand, the real charge density is replaced by an
effective charge density. Yet up to now, this is the most ef cient basis set. Another advantage of
this method is the transferability of the potentials, which allows the user to work with the same
pseudopotential at low and high pressures.
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6.2.3 Determination of Forces

Forces acting on the nuclei can be determined via the Hellmann-Feynman theorem. 281 They are
determined as the derivatives of the energy with respect to the atomic positions R.

_ OE
FrR= 4R (6.8)

Using the Hellmann-Feynman theorem these forces can be described by the expectation value

_ oH .
Fr=h r R rI (6.9)
This elegant formulation leads to the difference of the energy for two different values of R:
z
E= dRh r}ViJ RI (6.10)

As the wave function always re ects the symmetry of the system, no symmetry-breaking forces
can be expected.

VAsP offers different settings for the structural optimization. One can choose between relaxation
of atomic positions, cell shape or the unit cell volume and any combinations of the three.
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6.3 Details of the Calculations

Computational Setup

The ab-initio calculations presented in this study were performed using the Vienna Ab-initio Sim-
ulation Package (VASP).[173 1781 Prior to the calculations convergence tests for the k-point meshes
and the energy cutoff of the plane waves were performed, which can be found in App. A.

The Projector Augmented Wave method was applied with the LDA exchange correlation func-
tional. The energy cutoff of the plane waves was chosen at 600 eV. Both -centred and ordinary
8 8 8 Monkhorst-Pack k-point meshes for the primitive cell (one formula unit ABX,) were used
for the Brillouin zone integration, resulting in an overall numerical error of less than 1 meV/atom
for energy differences. Forces were optimized to less than 0.01 eV/ . The valence electron con-

gurations of the PAW datasets are given in Tab. 6.1.
The crystal structures were visualized using the program VESTA. [184]

Table 6.1: PAW datasets used in this work.

Element Valence Electrons

Li 1s22st

o 2s22p*

Na 2p83st

K 3s23p%4st

Ca 3s23p%4523¢0:01
Ti 3s23p®4s23d?
Rb 4s24pb5st

Ag 551410

Cs 5s525p86st

Ba 5525p86s?

Tl 5d106s26pt
Pb 5d106s26p>

Bi 5d1%6s26p3

Ground State Structures and Energies

The determination of ground state structures and energies are standard DFT procedures. These
calculations can be performed under static conditions (without relaxation) or including relax-
ations of atomic positions and/or the unit cell shape. In order to investigate the driving forces for
the stabilization of different chemical orders in cation mixed perovskites, we perform successive
calculations: rst without relaxation, and then relaxation of atomic positions and afterwards of
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atomic positions and cell shape. The energy contributions of the different relaxation processes can
be obtained by subtraction afterwards. 1

In principle it is also possible to optimize the unit cell volume within VVASP, but it is more accurate
to do that externally, by calculating energies at different volumes (variation from the equilibrium
volume of about 10% is recommended) and to t the E(V )-data to the 3rd order Birch-Murnaghan
Equation of State 8]

9VoB v 50 v 32 v 3 ?
E(V)=Eo+—2  — 1 B+ — 1 4 — 11
(V)=Eo+ =2 ot v 6 4 (6.12)
with the bulk modulus op
Bo= V — 6.12
o WV (6.12)
and its pressure derivative
0B
B0 = — : 6.13
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From these data also pressures p and enthalpies H can be calculated by
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and
H(V)=EN)+p(V) V 6242 10 eV °GPa % (6.15)

Bader Analysis

The Bader analysis is a computational method that decomposes the charge density n(r) in so-
called Bader volumes around the nuclei and allows for the calculation of Bader charges inside
these volumes. In chemistry, the concept of separate atoms is very common, while in a crystal it
is less obvious, which parts of the crystal belong to which atom. Fortunately, the charge density
between atoms reaches generally a minimum providing natural borders for the separation of atoms
from each other. The algorithm of Henkelman et al. was used in this work. [186 188]

The Bader volumes and Bader charges depend strongly on the grid (FFT-mesh) of the charge
density, which is set by the variables NGXF, NGYF, NGZF. In App. A the convergence tests for the
Bader charges with respect to the FFT-mesh can be found. A mesh of 300 300 300 was nally
chosen, which limits the accuracy of the Bader charges to 0.005e. Despite the recommendation to
include the density of the core charges in the analysis, we used the valence charge density alone,
because the core charge densities exhibited pronounced artefacts along the unit cell axes, that
caused strong oscillations and prevented the convergence of the Bader charges.

1\e noticed though, that in more complex structures especially in the presence of polarization, it is better to relax
atomic positions and cell shape simultaneously instead of successively, this is due to the strong coupling between
polarization and strain.
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Phase Stabilities under Pressure

We compare the relative stabilities of a representative selection of high-symmetry varieties of the
perovskite structure in2 2 2 supercells, which result from chemical order and well-known
lattice instabilities like in-phase and anti-phase octahedral tilts or polar and antipolar cation dis-
placements at different pressures. The chemical order varieties are called chemical con gurations.
The varieties arising from combinations of lattice instabilities are denoted as structure types, as
they are completely characterized by their tilts and A-cation displacements.

All structural optimizations are carried out under the constraint of symmetry conservation, i.e. in
the starting con gurations certain structure types are imposed together with chemical con gura-
tions, yielding certain space groups, which do not change during the atomic relaxation. Although
these space groups can have considerably lower symmetry than their chemically indifferent coun-
terparts in the same structure type, which would have for example full R3c symmetry, we call
them R3c-like , because the main structural features, in this case anti-phase tilts and polarization
components along all three pseudo-cubic axes directions, are still present after relaxation. Macro-
scopically, a chemically disordered sample would show R3c symmetry on average, but is only
R3c-like on the local scale. The local structure results from the fact that chemical order breaks the
higher (average) symmetry of the polar distorted/tilted structures (e.g. R3c). Accordingly, we nd
a broad variation of tilt angles and local ionic polar distortions within one structure type and even
within one structure.

Nomenclature of Structure Types

In order to have an unambiguous nomenclature for all structure types, but to also to indicate the
deviations from the ideal lattice distortions, we chose a simpli ed modi ed Glazer notation. 108189
The letters Xx; y; z represent the directions along the pseudo-cubic axes [100], [010] and [001], re-
spectively. Superscripts indicate the tilting, + for in-phase and  for anti-phase tilts. We do not
give any information about the magnitude of tilts, for tilt angles are ill-de ned in strongly distorted
octahedra, as they emerge on the local scale. Subscripts represent the kind of A-cation displace-
ments, + for polar displacements and  for anti-polar displacements. For example, Xy, z, de-
scribes a structure with anti-phase tilts around and polar displacements along the [111]-direction
(R3c-like), while x y z; gives a structure with anti-phase tilts along [110], and in-phase tilts
around [001] with anti-polar displacements of the A-cations along [110]- and [1§0]-directions in
the pseudocubic setting (Pbnm-like).

Mechanical Boundary Conditions

For the investigation of phase stabilities we calculate enthalpies for two conditions: isotropic strain
and isotropic stress. In the rst case, we determine total energies at different volumes of the su-
percells allowing for relaxation of the atomic positions with xed pseudo-cubic lattice parameters
(a = b = cand all angles 90 ). In this case deviatoric stress components occur at a given volume
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and the hydrostatic pressure needs to be calculated from the trace of the stress tensor.

In the second set of calculations, the cell shape as well as the atomic positions are fully relaxed at
a xed volume. In this case the relaxed structures are isotropically stressed and the E(V )-data can
be tted to the Birch-Murnaghan equation of state, which is more accurate than the trace of the
stress tensor. The resulting bulk moduli and pressure derivatives were then employed to calculate
the respective H (P )-data analytically.

Phase Coexistence

In order to explore the possibility of coexistence of phases with different structure types we use
larger supercells of the size (2n) 2 2 with n = 1;2; 3, these larger supercells are constructed
and relaxed like the small ones, but allowing for optimization of atomic positions at xed lattice
parameters only. The mixed structure is schematically shown in Fig. 6.1.

Figure 6.1: Schematic structure of the mixed state X, Y,z /X VY zaL with interfacial re-
gions. Displacements of Bi/Na ions are exaggerated. In the X, Y, z, slab both Bi and Na
ions are displaced along [§11]-, while inthe X y zaL slab Bi ions are displaced along [110]-
and Na ions along [110]-direction. Half of the octahedra in the interfacial regions are dis-
torted due to the tilt mis t. The octahedra in the planes below and above the paper plane are
regular across the interfacial regions. The number of unit cells n within the slabs of the pure
phases X,y,z, and X Yy ZSL was varied from one to three while keeping the interfacial
area constant.
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NBT-based Solid Solutions

Four different NBT-based solid solutions with the second end members BaTiO,, CaTiO,, Li;;,Bi;, TiO;4
and K,,,Bi,, TiO; are studied to investigate their phase stabilities under pressure. Based on the ex-
perience from the previous calculations with different mechanical boundary conditions we chose
a mixed procedure, taking lattice strain into account only for the P 4mm structures and neglect-
ing it for the R3c and P bnm structures. Thus, for P4mm structures the cell shape as well as the
atomic positions were fully relaxed at a xed volume. But for R3c and P bnm structures total en-
ergies were determined at different volumes of the supercells allowing for relaxation of the atomic
positions with xed pseudo-cubic lattice parameters (a = b = ¢ and all angles 90 ). Tests on sev-
eral compositions with full relaxation including lattice strain supported this procedure. Pressures
varied by less than 0.3 GPa, which is in the same order of magnitude as the variation resulting
from different A-site con gurations, as given in Tab. 6.2 for (NBT) ¢.50)-(CaTiO3)o:50 for the three
different A-site con gurations.

Table 6.2: Equilibrium cell volumes of R3c-like structures and transition pressures of the
phase transformation R3¢ ¥ P bnm for the three different A-site con gurations in (NBT)g:5-
(CaTiOg3)o:5 given in Fig. 13.1.

Con guration Volume [ 3/f.u.] Trans. Pressure [GPa]

I 55.545 -4.7
I 55.413 -5.1
1 55.474 5.4
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7 Landau Theory of Phase Transitions

The phenomenological Landau theory is based on a group-theoretical description of phase
transformations.™® It was developed to describe the behaviour of crystalline solids in the vicin-
ity of a second order phase transition, but it is also applicable to other types of phase transitions.
The free energy of the system is expanded in a power series of the so-called order parameters.
This macroscopic description requires only a small number of coef cients, which can be deter-
mined from experiments or from ab-initio calculations. Landau theory thus provides insights into
the interactions between order parameters expressed by the coupling terms in the free energy
expansion.

7.1 Order Parameter

The main reasons of the high success of Landau theory are - besides its universality - its simplicity
and ef ciency.

The free energy of a system undergoing a displacive phase transition can be written as a Taylor
expansion of the driving order parameter Q1% 1% |jke

F(Q) = 5aQ° + 7bQ* + 0Q° (1.0

or
F(Q) = aQ*+bQ* +cQ": (7.2)

Order parameters are physical quantities, which are zero in the high-symmetry (disordered) phase
and change to a nite value at the transition temperature, where the ordered phase is formed.
The order parameter in a ferroelectric phase transition for instance is the spontaneous polarization
P, and in a ferroelastic phase transition it is the spontaneous strain . In most cases every order
parameter is associated with a single irreducible representation (irrep). In the following chapter
we will learn what an irrep is.

It is generally assumed, that only the rst coef cient a is temperature dependent

a=ao(T To); (7.3)

and the remaining coef cients are independent of temperature. T, is the temperature, at which
a changes sign. If a > 0 the distortion mode is said to be "hard", the high symmetry phase is
the more stable con guration, whereas if a < 0 the low-symmetry structure becomes favoured.
The distortion mode is said to be "soft" then. In the picture of lattice vibrations the displacive
phase transition is associated with a phonon, that has an imaginary frequency in the harmonic
approximation, also designated as a "soft mode".[?82°] The coef cients a, and ¢ are in general
both positive. [19419]
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The order parameter varies with temperature for T < Ty like

Q (To T): (7.4)

The critical exponent  depends on the order of the phase transition, which can be deduced from
the form of the polynomial. Three cases can be distinguished. [ 1%

1. Second order phase transitions result, ifb >0andc ¥ 0,then = %

2. First order phase transitions are observed, if b < 0and ¢ > 0, but Q possesses a discontinuity

at To.
3. Tricritical transitions can be found, ifb=0and ¢ > 0, then = %
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Figure 7.1: F (Q) curves for second order (a), rst order (b) and tricritical (c) phase transi-
tions, depending on the temperature dependent coef cient a. In (d) the evolution of Q(T)
for all three cases is shown. Qg = Q(T =0)
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In Fig. 7.1 the developments of the F (Q) curves with temperature for all three cases are shown
along with the evolution of the order parameter with temperature.

Introduction of the sixth-order term leads to the formation of a third minimum at Q = 0 at temper-
atures above T¢ in Fig. 7.1 (b). Tc marks the temperature, at which all three minima are degen-
erate, which leads to phase coexistence and thermal hysteresis behaviour, as they are typical for

rst order phase transitions. Just below Tq the third local minimum vanishes. A phase transition
becomes also rst order, if there exist odd order terms in the energy expansion. (19

Essentially, the appropriate polynomial form of the Landau potential and the existence of certain
coupling terms between more than one order parameter depend solely on symmetry considerations
and can be obtained from group theoretical treatment, while the values of the coupling coef cients
are determined by materials chemistry and can strongly depend on volume or other state variables.
The Landau potential can be obtained from the polynomial invariant of all irreps of the parent high-
symmetry structure, which are responsible for the symmetry-lowering during the (hypothetical)
phase transition. Polynomial invariants can be determined with the help of the software package
IsoTRoPY developed by Stokes, Hatch and Campbell. 1971

7.2 Coupling between Order Parameters

Anharmonic interactions between different order parameters can favour or disfavour the simulta-
neous occurrence of the related lattice instabilities. This can cause suppression of formerly soft
modes or induce otherwise hard modes under certain conditions. Similar to the effect of an ex-
ternal eld, coupling of order parameters can change the order of a phase transition and shift the
transition temperature.®®1 A new phenomenon caused by coupling between several lattice insta-
bilities are re-entrant phase transitions. [

The order of the direct coupling between different order parameters is dictated by symmetry.
Biquadratic coupling between two order parameters Q; and Q, of the type b,,Q2Q3 is always
allowed. Bilinear or linear-cubic coupling terms of the type a;1Q1Q>, b31Q3Q, and by3Q;Q3,
in contrast, are only possible in the rare case, where Q; and Q, correspond to the same irrep.
In the following the discussion of coupling between order parameters is divided into two cate-
gories, which is completely arbitrary and due to the limitation of this work to the rst category of
coupling between polarization and octahedral tilts. The second category is the coupling between
polarization and strain. Different types of so-called electromechanical coupling can lead to addi-
tional indirect coupling contributions to the interaction between polarization and octahedral tilts.
It is almost impossible to discern between direct and indirect coupling in an experiment.

7.2.1 Direct Coupling between Polarization and Octahedral Tilts

Different types of anharmonic coupling have been reported in literature. Depending on the low-
est order coupling term in the Landau potential improper ferroelectric phase transitions (trilinear
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coupling Q:Q,Qs or linear-quadratic coupling Q;Q3) and triggered ferroelectric phase transitions
(negative biquadratic coupling Q2Q3) were distinguished. [19920]

Improper Ferroelectricity

If polarization is not the primary order parameter, but just a secondary one, a phase transition is
called improper or extrinsic ferroelectric.%1 In fact, improper ferroelectrics should not possess a
polar soft mode, so that polarization can only be induced via coupling between polarization and
other lattice instabilities.
Improper ferroelectrics were rst reviewed by Levanyuk and Sannikov in 1974.1**°1 The early
prominent examples were rare-earth molybdates like Gd,(MoO,);, where polarization couples to
a shear strain, which is induced by a soft M-point zone boundary mode.[?°* 2%31 |n recent years im-
proper ferroelectrics were also found in perovskites. Bousquet and Ghosez reported on improper
ferroelectric behaviour in arti cial (Pb,Sr)TiO3 superlattices, where in-phase and anti-phase tilts
about the z-axis are coupled to polarization along the [001]-direction via a trilinear coupling term
P,.[2% The resulting space group is P 4bm. Similarly, improper ferroelectricity was found in
hexagonal manganites such as YMnO,, which do not adopt the perovskite structure, but a similar
structure with layers of corner-sharing MnQOs trigonal-bipyramides separated by planes of yttrium
ions. The primary distortion mode is a rotation mode which is coupled to a polar mode via the
two fourth-order terms % P and %P 2.12%! Although the lowest order coupling term is not of
third order, this material ful Is the requirement that the polar mode is solely induced by coupling
to the rotation mode K3. Benedek and Fennie introduced the term hybrid improper ferroelectricity
to describe the fact that polarization can be induced by the combination of two independent rota-
tion modes resulting in a trilinear coupling term 1 ,P,[2%I just as in the example of Bousquet et
al.[2% Very recently, Fukushima et al.[?’ and Rondinelli et al.[?°® demonstrated how in cation-
ordered perovskites ferroelectricity can be induced by two octahedral rotation modes described
by Glazer-notation as a’a’c* and a a c°. The resulting space group of A-site chemically (001)-
ordered perovskites with tilt systema a c¢* is Pmc2; (it is lowered to P 2, if also the B-site is
ordered as in (Nay-;Lai-2)(Mn1-W1-,)032%)) which allows for polar displacements.

Improper ferroelectrics do not possess the classical double-well potential, just a single well exists,
which is shifted from P = 0 to some non-zero values with increasing amplitude of the rotation
modes. Some authors compared this shift with electric- eld induced polarization, just that here
polarization is induced by a geometrical eld .[2052%%1 The third-order coupling term ; P is
somewhat special, as its pure existence is suf cient to imply improper ferroelectric behaviour.
Because it is an odd-order term, there always exist four combinations of ;, , and P, which lead
to a decrease of free energy independent of the sign of the coupling coef cient.[*%] Yet, techni-
cally speaking, the sole existence of the trilinear coupling term is a necessary but not suf cient
condition for the existence of improper ferroelectric behaviour. Also single mode properties and
the pairwise interactions between the modes 1, , and P play an important role.?'% In order to
have polarization induced by a leading trilinear term 1; »; P, the following conditions must be
ful lled: 210
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1. P should be a hard mode at ; = , = 0. Under certain circumstances P can also be a soft
mode. It should be weakly competitive with both tilt modes then, otherwise the biquadratic
coupling terms P2 and 3P 2 would dominate the polarization-tilt interactions, leaving
the trilinear term only a minor contributor.

2. and ; have to be soft modes, but their single mode minima have to be saddle points in
the energy surface E( 1; ). This means the two tilt modes must not be highly competitive
allowing their coexistence at P = 0.

Fennie, Ghosez and Stengel just recently revisited the two supposedly improper ferroelectric ma-
terials they discovered (YMnO, and superlattice (Pb,Sr)TiO3) and analysed the materials’ electri-
cal properties in the framework of the constrained-D ab-initio calculations developed by Stengel
and Vanderbilt.[21%211 |n this article, it was revealed, however, that superlattice (Pb,Sr)TiO3 does
not ful | the conditions for improper ferroelectricity. First, the polar mode is a soft mode, which
couples strongly with the two tilt modes in a cooperative manner. Second, the two tilt modes are
both soft, but highly competitive and cannot coexist on their own. They operate only pairwise by
cooperative coupling to the soft polar mode. Thus, superlattice (Pb,Sr)TiO3 should rather be con-
sidered an ordinary ferroelectric with dominating biquadratic polarization-tilt coupling. YMnO,
on the other hand shows properties as they are expected for an improper ferroelectric, i.e. exis-
tence of two single well potentials with energy minima at P & 0, between which can be switched
by reversing the orientation of the K-mode.[?'% Moreover, Stengel’s calculations demonstrate that
the polarization in YMnOj; is almost constant within the limits of open- and short-circuit electri-
cal boundary conditions, which explains the persisting polarization in free-standing ultrathin Ims
found by earlier ab-initio calculations of this material. [20°]

Triggered Ferroelectricity

Holakovsky?% stated that a ferroelectric phase transition can also be triggered by another lattice
instability and its order parameter Q. The necessary condition for the existence of a triggered
ferroelectric phase transition is that the biquadratic coupling term Q?P? is the lowest order (and
dominating) interaction term in the free energy expansion leading to decreasing energies for simul-
taneous non-zero values of both Q and P, which means that the biquadratic coupling coef cient
needs to be negative and that the terms QP, Q?P and QP2 have to be forbidden by symmetry.
This mixed term was already discussed by Levanyuk and Sannikov and it was shown to give rise to
double hysteresis loops.[**! The symmetry lowering due to triggered ferroelectricity corresponds
to the intersection of symmetry changes due to the onset of Q and P and it is always greater than
the lowering of symmetry connected with one parameter only. Such a triggered ferroelectric phase
transition was reported for BiFeO,; which has space group R3c and where neither tilting leading
to R3c nor polarization leading to R3m are the primary order parameter, both instabilities are
equally important and coexist due to a negative biquadratic coupling coef cient.[??]
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Avalanche Transition

A third type of coupled phase transition was reported by Perez-Mato et al.[?*3] for the Aurivillius
compound Bi,Ti;O,,, which the authors called avalanche transition. This material undergoes a
single phase transition at about 675 , which can be characterized by the simultaneous condensa-
tion of three primary modes corresponding to three different irreps, followed by three additional
secondary modes. A thorough analysis of the energy landscape in terms of the three primary modes
exhibited that neither biquadratic nor trilinear coupling terms can explain the simultaneous con-
densation of the three primary modes in the ground state structure of Bi,Ti;O,,. The biquadratic
coupling coef cients were all positive while the trilinear coupling coef cients were found to be
very small. Based on this study, no explanation was found for the simultaneous condensation of
the three primary modes. 23] Essentially, it stays unclear, which kind of coupling gives rise to the
avalanche transition.

Yet, contributions from higher order coupling terms (e.g. 6th order) or indirect coupling via com-
mon strain components and other secondary modes were not taken into account, which might
provide the missing link.

7.2.2 Electromechanical Coupling

Depending on the symmetry of the crystal structure and on the (electrical and mechanical) bound-
ary conditions different types of electromechanical coupling can occur. Piezoelectricity and elec-
trostriction assume homogeneous boundary conditions, while exoelectricity is related to inho-
mogeneous boundary conditions ( eld gradients).

Piezoelectricity

Piezoelectricity is a property exhibited by any crystal that belongs to a non-centrosymmetric crys-
tal class (except 432). The most widely used piezoelectric material is quartz. The term piezoelec-
tricity literally means “electric charge induced by pressing” (from - to press and 0

- amber). The direct piezoelectric effect characterizes the dielectric displacement D induced by
application of a mechanical stress (like uniaxial compression or tension). The converse piezo-
electric effect describes the strain  exhibited when submitted to an electric eld E. Polarization
of opposite direction is induced by tensile and compressive stresses and, in analogy, the direction
of the applied electric eld determines, whether the material contracts or expands. In both cases
the response is proportional to the force, the proportionality constant is called piezoelectric coef -
cient. Depending on the boundary conditions four different piezoelectric compliances are de ned,
the most commonly used is the piezoelectric coef cient d de ned as™!%I

= @D _ @ j
U0 5 e 0EK
The piezoelectric coef cient djj is actually a third rank tensor describing the relations between the
second rank tensors jj and ;; and the rst rank tensors (vectors) Ey and Dy. Crystals belonging

d (7.5)
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to the crystal class 4mm for example possess three different components of the piezoelectric tensor
ds3, d3; and dis, which relate longitudinal, transverse and shear deformations along and perpen-
dicular to the poling direction. Quartz and ZnO are examples of non-polar piezoelectric materials.
Due to the anisotropy of the piezoelectric effect it is self-evident, that we need single crystals with
de ned orientation in order to make optimal use of the piezoelectric effect. Moreover, non-polar
piezoelectrics have rather small piezoelectric coef cients.

Electrostriction

Electrostriction is a property exhibited by any dielectric.[?4l Electrostriction relates strain to the
square of the electric eld, or strain to the square of polarization. The latter de nition is especially
important in ferroelectrics, which show non-linear dielectric properties,

ij = QijkPkPr: (7.6)

The electrostrictive coef cient Qjji is a fourth rank tensor. Electrostrictive strain has its origin in

the eld induced polarization.

Interestingly, electrostrictive materials exposed to electric eld bias exhibit piezoelectric behaviour.

The piezoelectric coef cient is proportional to the induced polarization, therefore the strain be-

comes proportional to the square of induced polarization.[?42%%] This is the origin of piezoelec-

tricity in perovskite ferroelectrics. The poled ferroelectric ceramic brings so-to-say its own biasing
eld, the spontaneous polarization.

Flexoelectricity

Flexoelectricity, like electrostriction, exists in any dielectric. It relates an induced polarization P,
to a mechanical strain gradient 51,
ijklb'
@x '
There exists also the inverse exoelectric effect, describing the coupling between stress and a
polarization gradient. The exoelectric effect becomes important in nanostructures such as thin
Ims, but also in the vicinity of point defects and dislocations.[?*®] Moreover it was shown to

affect ferroelectric domain walls. [27]

P = (7.7)
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Indirect Coupling between Polarization and Tilt via Common Strain Components

Electromechanical coupling terms between polarization P and strain  give rise to the piezoelec-
tric and the electrostrictive effects, which were discussed above. The free energy contributions due
to the two effects are as follows

F(P; ) = dP (7.8)
F(Pi) = QP? (7.9)

with the piezoelectric tensor d and the electrostrictive tensor Q. In the same manner, strain com-
ponents can couple linearly or quadratically to other order parameters, such as octahedral tilts or
Jahn-Teller distortions. If different modes couple to the same strain component, this can lead to
an indirect coupling contribution to the overall interaction between the two modes. Salje and De-
varajan studied the effect of strain-induced order parameter couplings on phase transitions inves-
tigating bilinear and linear-quadratic couplings between strain and the two order parameters. (2%l
They found that the strain-mediated interactions lead to new bilinear or biquadratic forms of order
parameter coupling. In Ref. 219 the effects of elastic 3D clamping on ferroic phase transitions
were investigated. Besides shifts of the transition temperature and change of the order of phase
transition relative to the stress-free crystal, elastic clamping opens the door to new low-symmetry
phases which do not exist in single crystals. The authors showed theoretically that 3D clamping
for example can stabilize a rhombohedral phase in PbTiOs.
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7.3 Examples of Free Energy Diagrams F (Qq; Q>)

In the following some examples of energy diagrams F (Q1; Q,) resulting from the coexistence
and interaction of two order parameters Q; and Q, are discussed in order to make the reader
familiar with this kind of description and to introduce the most common energy surfaces found
for pairwise order parameter coupling in NBT. We start with a fourth order Landau potential
describing the coexistence of two order parameters, which do not correspond to the same irrep.
Thus, only a biquadratic coupling term exists. This Landau potential was already extensively
investigated before, 1 here we want to focus on the shape of the energy surface E(Q1; Q,) and
how it changes with the relative softness of the two single modes associated with order parameters
Q: and Q; and the strength of the biquadratic coupling by,.

The Landau potential adopts then the form

F(Q1;Q2) = aoni + b4oQA11 + aon% + bO4QA21 + bzfoQ% (7.10)

The stable con gurations are those, which minimize the energy. Thus, the rst derivatives have to
be equal to zero,

OF

00, = (2az0 + 20,,Q5)Q1 + 4bsoQ3 = 0 (7.11a)
F
ng (2202 + 2022Q7)Q; + 4004 Q3 = 0; (7.11b)
while the second derivatives have to be positive
@2
(o8 = (2az0 + 2b22Q5) + 12b4Q% >0 (7.12a)
1
0°F
@Q2 = (2ap, + 2b22Q1) + 12b04Q2 >0 (7.12b)
0°F  _ _
80,00, 4b,Q1Q, > 0: (7.12c)

There exist three types of solutions (Q1; Q) ful lling Egs. (7.11):

1. The trivial solution Q; = Q, = 0 leads to:
- a minimum, if both modes are hard (a; > 0)
- a saddle point, if one of the modes is hard, the other one soft
- a maximum, if both modes are soft (a; < 0)

2. There are four real solutions with

s s
Ap2boo + 2a0b04 Q, = azobz2 + 2a02b40
b3, dbsbos ' b3, 4baobos

Q1= (7.13)

These solutions possess singularities, if b3, = 4bsghoq.
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3. The set of imaginary solutions is given by,
" a
Q=0 Q= i 2 (7.14)
- 2bos

. a
Q= i 0. Q, =0: (7.15)
2ba4g
If the radicand is negative, the imaginary solutions become real numbers. This is always the
case, if Q; and Q, are associated with a soft mode.

The single modes have their minimum positions at Qmin:i = ;‘T' and Fn:i = %z The energy
surface of such a system always has at least a two-fold symmetry. Depending on the relative
softness of the two single modes and the strength of their coupling the energy surface possesses
1, 3, 5,9 or an in nite number of extrema, as we will see now.

Let us start with the most simple case. We assume that both modes are equally soft and that their
single mode energy minimaareat Q; = landatQ, = 1. This gives us the constraints

ap =ap=a <0 (7.16a)
a
bao = Doa = by = ?2 (7.16b)
The trivial solution now represents an energy maximum. The "real™ solutions become (under ex-

clusionof by, = a)

r r
o o
= ; = 7.17
@ by @ Q by @ ( )
and the "imaginary" solutions become
Qi=0Q= 1 (7.18)
Q= 1,Q,=0 (7.19)

All solutions re ect the fourfold symmetry of the system.

Four different types of free energy surfaces can be distinguished, they are depicted in Fig. 7.2.

1. If by, = 0 the real solutions describe four minima at the positions (+1;+1), (+1; 1),
( 1;+1)and ( 1; 1). The imaginary solutions become saddle points, they are identical
to the single mode minimum positions ( 1;0) and (0; 1). The energy surface adopts a
square-shape.

2. If b, = a, the imaginary solutions become positions of minimal energy, but they are
not the only solutions. The real solutions possess a singularity in this case. Essentially, the
energy adopts the form F (Q1; Q,) = a,(Q% + Q3) + b, (Q% + Q3)2. This equation describes
a Mexican hat in 3D. Projected on the (Qq; Q,)-plane it looks more like a attened donut.
The two modes compete strongly with each other.
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3. Ifby, > a, thereal solutions describe saddle points, while the imaginary solutions become
minimaat ( 1;0) and (0; 1). The two modes compete so strongly that they cannot coexist
any more, they exclude each other. The energy surface becomes diamond-shaped.

4. 1f by, < 0 the two modes cooperate and enhance each other, shifting the four minima to
positions jQ1j = jQ2j > 1 and changing the energy surface from square-shaped to a four-
pointed star.
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Figure 7.2: Free energy surface for coexistence of two equally strong single modes with
ap <0andhs; = . Coupling parameters are chosen as follows: (a) by = 0, (b) bpy =
ay, (c) bpp = 2ay and (d) by, < 0.

Now let us investigate the solutions for two modes, that are not equally soft, but their single mode
minima stay at positions 1, which gives us the following constraints:
A <0; agp <0; (7.20a)

dzo doz
bogo= —; b= -—: 7.20b
0= ibu= (7.20b)
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The trivial solution (0; 0) still is a maximum. The four real solutions then become

v v/
boo + 220 boo + 202
— % ao2 ao2 . - % azo a20 .
Ql bz 2 + @! QZ bz 2 4 ﬂ, (721)
ao2 ao2 azo azo
and the four imaginary solutions become
Qi= 1, Q,=0: (7.23)

Again, four different types of free energy surfaces can be distinguished. They are shown in
Fig. 7.3.

1. Inthe decoupled case with by, = 0, four minima at positions of the real solutionsat ( 1; 1)
develop. Depending on the ratio agy=a,o the shape of the free energy landscape varies be-
tween @clairs, sunglasses and the square-shape already described above. At the positions of
the imaginary solutions saddle points can be found.

2. If the two modes are competitively coupled, but not too strong, the energy minima are shifted
to smaller amplitudes, leading to the goggles-shape.

3. If the competitive coupling is stronger than the softness of the weaker mode, the weaker
mode can become completely suppressed. Two energy minima result at positions Q; = 1,
Q. =0, ifayp=ap, > land by > ag, oratpositionsQ; =0,Q, = 1, ifay=apn <1
and by, > ayg. The energy surface becomes kidney-shaped.

4. If the two modes couple cooperatively, pointed sunglasses result (not shown).

In the last scenario, we want to assume that only one of the modes is soft, the other one hard,
which gives us the following constraints:
az > 0; ag2 <0; (7.24a)

bao > 0: bos = %: (7.24b)

The trivial solution (0; 0) now becomes a saddle point. The four real solutions become
s

r
ag2be  agazo azo
= ; = —; 7.25
Ql b%z 4b40b04 Q2 b22 ( )
and only two of the four imaginary solutions give real numbers,
Q=0 Q= 1 (7.26)
Q= i 2.Q,=o0 (7.27)

2bg’
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Figure 7.3: Free energy surfaces for coexistence of a strong and a weak single mode with
ayy = a—gz Coupling parameters are chosen as follows: (a) oo, = 0, (b) (c) by < ayy and

(d) b = ano.

Whatever value the coupling parameter adopts, it is impossible to soften the hard mode, we will

always nd an hourglass-shaped energy surface. The situation is presented in Fig. 7.4 (a).

In order to describe rst order phase transitions or in order to improve the t between calculated
values and the Landau potential sixth order terms can be included

F (Q1; Q2) = a20Q7 +baoQ7 + C60Q% + a02Q3 + boaQ3 + o6 Q3 + b2 QIQ3 + €42,Q7Q3 + 24Q%Q3
(7.28)
The sixth order coupling terms induce asymmetries at large amplitudes of both order parameters.
For example a large ¢4, induces a V-shape as shown in Fig. 7.4 (b). Like the biquadratic coupling
term the quadratic-quartic coupling terms can lead to suppression or enhancement of the two
modes. It is also possible that both types of coupling are working against each other.
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Figure 7.4: Free energy surfaces for coexistence of a strong and a weak single mode.
In (a) the second mode is much weaker than the rst mode: 10 ayy = apgz = 1.0,
10 b40 = bo4 = 0:5and cgg = cgg = O, b22 = b40 = 0:05and cys =C42 =0.1In (b) the
second mode is not a weak soft mode, but a hard mode with a very at curvature around the
origin: 10 ayg =agx = 1.0, 10 b40 = bo4 = 0:5and cgp = Ccgg = O, b22 = b40 = 0:05
and Cy4 = Cqo = 0.

Saddle points can be interpreted as zero- eld switching barriers. These barriers are valid under
the assumption that the order parameters switch direction (i.e. sign) by following a minimum free
energy path in the con guration space of xed directions of the distortion vectors.

In a real switching process also rotations of order parameters can play a major role (this process is
especially assumed to be crucial in MPB-systems), these rotation paths can not be extracted from
this type of free energy diagram.
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8 Analysis of Displacive Phase
Transitions

For the characterization of phase transitions on the basis of Landau theory it is essential to
have some basic knowledge of group theory. In this chapter some new tools will be introduced,
that are essential for the group theoretical description of the transformation of crystal struc-
tures upon displacive phase transitions. These phase transitions can be qualitatively and quan-
titatively described by symmetry-adapted distortion modes characterized by their irreducible
representations, their amplitudes and resulting atomic displacements. After introducing group-
subgroup relations and demonstrating, what we can learn from the description of irreducible
representations, it will be explained how we can distinguish primary from secondary distortion
modes. Finally, this chapter will be completed by two elaborated examples, which are relevant
for this study. The rst example is octahedral tilting, a phenomenon very often encountered in
perovskite structures. The second example is A-site order, that originates from varying site oc-
cupation probabilities for atoms of different elements on the perovskite A-site, and which can
induce atomic displacements onto the parent structure depending on the accompanied symme-
try breaks.

8.1 Symmetry-Mode Description of Distorted Structures

Group-subgroup relations are the adequate tool for analysing displacive phase transitions in a con-
densed and comprehensive way. The symmetry-breaking static distortions underlying these phase
transitions can be understood as distortion modes acting on a (real or hypothetical) structure of
higher symmetry, which is referred to as parent structure. The resulting lower symmetry struc-
tures are called distorted structures. The static frozen distortions present in the distorted structure
can be described by collective atomic displacements, which are identical to the modes known
from thermal vibrations (i.e. dynamic distortions or phonons). Every distorted structure can be de-
convoluted into displacive normal modes (i.e. eigenmodes) with symmetries given by irreducible
representations of the parent space group. A thorough review on the description of distorted struc-
tures by symmetry-adapted modes was given by Perez-Mato et al.[?%°]

Besides the investigation of real phase transitions as they arise for example on changes of temper-
ature or pressure, it can be also instructive to describe low-symmetry structures with respect to a
hypothetical parent structure (also called prototypic phase), as it allows to quantify e.g. polariza-
tion and octahedral tilts and to distinguish between primary and secondary distortion modes.
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8.2 Group-Subgroup Relations

Group-subgroup relations can be illustrated in so-called group-subgroup graphs or, if more de-
tailed information about unit cell transformations and Wyckoff splittings is needed, in B rnighausen
tree diagrams. #2221 Here only group-subgroup graphs will be used, as those are already complex
enough. Details about unit cell transformations and Wyckoff splittings will be provided separately.
Most important for building up diagrams of group-subgroup relations are the maximal (i.e. direct)
subgroups of a given space group, which are listed in the International Tables for Crystallography
Al. [223]

Two different types of maximal subgroups exist.[??3 There are t-subgroups (translationengleiche)
and k-subgroups (klassengleiche). Translationengleiche subgroups H of a space group G possess
the same translation lattice, the volume of the primitive unit cell stays unchanged: Ty = Tg, but
they belong to a crystal class of lower symmetry: Py < Pg. The subgroup H loses rotation type
operations with respect to G. Klassengleiche subgroups H of a space group G, on the other hand,
belong to the same crystal class (point group): Py = Pg, but have lost translations compared to G,
the conventional unit cell is either enlarged or lost centring translations: Ty < Tg. A special type
of klassengleiche subgroups are isomorphic subgroups H, which belong to the same space group
as G. Maximal t- and k-subgroups can be chained to general subgroups H, which lost both crystal-
class symmetries and translations compared to G. However, Hermann’s theorem states, that any
general subgroup H is a klassengleiche subgroup of a uniquely determined translationengleiche
subgroup M of the space group G, suchthat H ™M G.[?%4

The complete group-subgroup chains of a given unit cell transformation (e.g. as a consequence of
a phase transition) can be easily obtained, if one knows the parent space group G, the subgroup H
and the index of the transformation [i], which is given by

i =i ig= =2 — (8.1)

where Zg, Zy are the numbers of formula units per primitive unit cell of the two structures with
space groups G and H, and jPgj and jPyj are the orders of the corresponding point groups of
the space groups. The index is the factor by which the number of symmetry elements has been
reduced.

Another special subgroup type are isotropy subgroups. Isotropy subgroups can be maximal or gen-
eral subgroups of the space group G, their characteristic is that they can be reached by a displacive
transformation associated with a single irrep, a term which will be explained soon. Moreover,
there exists a simple rule for the possible occurrence of second order phase transitions. The sym-
metry of the space group of the distorted structure arising in a second order phase transition must
be an isotropy subgroup of the group of the parent structure. This condition is necessary but not
suf cient for a second order phase transition to occur. In the end, only the experiment can show if
the transition is really of second order. On the other hand, the phase transition must be of rst or-
der, if the distorted structure is not an isotropy subgroup, but e.g. a common subgroup of isotropy
subgroups or not a subgroup at all.

The fundamentals of unit cell transformations are outlined in App. E.
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8.3 Domain Structure

Upon a displacive phase transition from space group G to subgroup H < G a single crystal of
the parent phase splits into many domains, which are homogeneous regions within the new phase
and which all belong to the same space group type. They can be distinguished by their orientation
and their location in space. Every domain is a single crystal. Domains are separated by domain
walls, which are planar entities of reduced symmetry. The number of different domain states that
can evolve upon a speci ¢ phase transition G ¥ H is determined by the space groups and the unit
cell transformation, because it is equal to the transformation index [i] introduced in the previous
section. If H is a translationengleiche subgroup (M = H), [i] different orientational (twin) do-
mains form. If H is a klassengleiche subgroup (M = G), [ix] different antiphase (orientational
twin) domains can develop. In case of a general subgroup (i & 0 and i, & 0) the crystal is split
into both twin and antiphase domains. Let us have a look at some examples. The rst example
is the ferroelectric phase transition of BaTiO; at 403 K from the prototypic Pm3m phase with
lattice vectors a; b; ¢ to the polar PAmm phase with the same lattice vectors, which is thus a trans-
lationengleiche subgroup of the parent space group. The transformation index is [i] = [i¢] = 6.
Upon the ferroelectric phase transition six different twin domains can develop, whose polar axes
are oriented along the six different h00li-directions of the cubic parent structure. They can be
distributed into three groups of domain states oriented along the X, y and z-direction, that have
identical space groups but antiparallel polar axes, as indicated in Fig. 8.1 (a). In a P4mm crystal
two types of domain boundaries can develop, depending on the angle between the two polarization
vectors they are called 90 and 180 domain walls (DW). In a rhombohedral system, where the
vector of spontaneous polarization is oriented along the [111]-direction, three different domain
walls are possible, besides 180 domain walls, there exist also 71 and 109 domain walls.

The second example is an order-disorder transition from an A-site disordered perovskite structure
with space group Pm3m and lattice vectors a; b; c to an A-site 111-ordered perovskite structure
with space group Fm3m and lattice vectors 2a; 2b; 2c, which is a klassengleiche subgroup of the
parent space group, because both space groups belong to the same point group. The transforma-
tion index is [i] = [ik] = 2. Two different translational domain states result. The origin of the
doubled unit cell of the Fm3m phase can coincide with any of the origins of the smaller unit cells
of the parent structure. Thus, the origins of the antiphase domains are shifted by (1) 0; 0; 0 and (1)
1. as shown in Fig. 8 1 (b). Both shifts lead to identical unit cells as the following shifts (I)

2’2’2’
2:2:00r 3;0;2; 0r0; 3; 2 and (I1) $;0;0 or 0; ;0 or 0; 05. Shown is also an antiphase boundary

212 120 1202
(APB) formed on the (100)-plane between the two domaln states.

The last example is a phase transition, that is a combination of the former two. It is from the simple
disordered perovskite structure with space group Pm3m and lattice vectors a; b; ¢ to a simultane-
ously A-site 001-ordered and polar perovskite structure with space group P4mm and lattice vectors
a; b; 2c, which is a general subgroup of the parent space group. Here the transformation index is
given by [i] = [i] [ix] =6 2 = 12.Intotal 12 domain states can be distinguished. In Fig. 8.1 (c)
only those examples with y-orientation are shown. Analogous domains with x and z-orientations
are also possible. The domain states are characterized by their origin shift and their direction of the

polarization vector as indicated in Fig. 8.1 (c). A manifold of different domain boundaries can be
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Figure 8.1: Examples for twin and antiphase domains, that form upon (a) a ferroelectric
transition, (b) an order-disorder transition and (c) a phase transition that combines the for-
mer two. Schematically shown are the different domain states and some (100)-plane domain
boundaries, that can develop between them.

found in such a phase, shown are only two examples, 180 domain walls and an antiphase bound-
ary. But also 90 domain walls and the mixed boundaries 90 DW + APB and 180 DW + APB
are possible.

This group-theoretical treatment is based on the assumption that the lattice parameters do not
change upon the phase transition, which is referred to as the parent-clamping approximation. 2%l
Domain structures in real crystals, however, are determined by a much wider range of factors. Es-
pecially, the spontaneous strains accompanying ferroelectric-ferroelastic phase transitions com-
plicate the situation, because the lattice parameters meeting at non-180 domain walls do not
match any more. Moreover, electrostatic constraints exist, favouring antiparallel or head-to-tail
orientations of the polarization vectors, in contrast to head-to-head and tail-to-tail con gurations,
that lead to charge accumulations within the domain walls. Other long-range forces, electrostatic
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or elastic in nature, originating from charged defects and impurities severely affect the domain
structure as well as higher dimensional defects such as dislocations or voids and cracks.

8.4 Wyckoff Positions

The set of symmetry equivalent sites in a space group is called Wyckoff position, 2%l it is charac-
terized by the coordinates of one representative point (X;y; z) on which the symmetry elements of
the space group are applied to generate the other equivalent points within the unit cell. The coor-
dinates of a Wyckoff position can be all xed to special values, like (%; %; %), or they can contain
free variables, like z in (0; 0; z). In the latter case, there exists an in nity of different orbits, each
having a speci c value z. Wyckoff positions with the same site symmetry form a Wyckoff set.

In any periodic structure every atomic position belongs to a speci ¢ Wyckoff position of the space
group G. Upon a displacive phase transition to the subgroup H these Wyckoff positions can split
into different Wyckoff positions of the subgroup and/or their site symmetries reduce. If atoms on
a speci ¢ Wyckoff position are substituted by atoms of different elements this Wyckoff position
has to split. Additionally, due to the symmetry lowering in the subgroup, distortions can act on

speci ¢ atoms within the structure, displacing them from their ideal positions.

8.5 Irreducible Representations

Irreducible representations (abbreviated as irreps) express the essence of a (point or space) group.
As any integral number can be factorized into multiples of prime numbers, the representation of a
group can be "factorized" into irreducible representations. Irreps and character tables of the point
and space groups can be used to characterize the properties of molecules and crystals in terms of
symmetry. The character table is an abstract of the properties of a group in terms of symmetry
operations. Due to their general character irreps are employed in a wide range of elds like crys-
tallography, vibrational spectroscopy or quantum mechanics. The characterization of any property
depending on electronic or vibrational wave functions, that re ect the inherent symmetries of a
system, will at some point rely on irreps and character tables. Character tables of point groups
play a central role in molecular vibrational spectroscopy in order to characterize the vibrations
by their symmetry. Moreover, character tables can provide information on which transitions are
forbidden and allowed by symmetry.

In this work, the irrep notation of Cracknell et al.[?> will be followed, which is widely used
in perovskite literature, such as by 1SOTROPY ¥ and the tools of the Bilbao Crystallographic
Server.[2%6 2281 |rreps of point groups are associated with the -point k = (0; 0; 0), as translational
symmetry operations are not contained in point groups. In space groups, however, irreps asso-
ciated with high-symmetry points of the whole Brillouin zone can be found. Distortion modes
associated with irreps at the -point lead to translationengleiche isotropy subgroups, while those
associated with irreps at the M (3;0;0), X (3; 3;0) or R-point (3; 3; 3) lead to general isotropy
subgroups, accompanied by unit cell-multiplication or loss of centring symmetry. Spontaneous
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polarization and strain are typically described by modes at the Brillouin zone-center ( ), while
octahedral tilting and antipolar displacements are described by modes at the zone-boundary (M, X
or R), but in special cases they can also be represented by -modes.

Furthermore, irreps provide direct information about the order parameters, which play a central
role in the Landau theory of displacive phase transitions (see Ch. 12). Each irrep has a speci ¢
dimension n, that is equal to the maximal number of degrees of freedom arising with the irrep’s
transformation. Irreps of dimension n > 1 have more than one isotropy subgroup depending on
the direction of the order parameter in the irrep space.

Examples of phase transitions, where only the direction of the distortion changes, but not the ac-
tive irrep itself, can be found in BaTiO, and CeAlO; with the parent structure Pm3m. In BaTiO,
the , distortion with n = 3 is responsible for the spontaneous polarization that changes its
direction upon heating from [111] in the rhombohedral low-temperature phase R3m to [110] in
the orthorhombic Amm2-phase, and nally to [001] in the tetragonal P4mm-phase, before spon-
taneous polarization vanishes completely in the cubic high-temperature phase Pm3m.5! Accord-
ingly changes the direction of the order parameter from (a; a; a) to (a; a; 0), and nally to (0; 0; a),
before it vanishes:

The Rg distortion (also n = 3), that is responsible for anti-phase tilts of the AlOg octahe-
dra, acts very similarly in CeAlO,.??°1 On increasing temperature the tilt system changes from
a%a®a in the low-temperature tetragonal phase I4/mcm to a a a° in the orthorhombic Imma-
phase and nally to a a a in the rhombohedral R3c-phase, before all tilts vanish in the cubic
high-temperature phase Pm3m:

_—  —  ——

Phase transitions can not only result from a direction change of the order parameter within the
same active irrep, but also from the additional condensation of a second mode transforming
according to another irrep. An example is the low-temperature structure of CaTiO; with space
group Pnma. In this structure, in-phase and anti-phase tilts are combined to the mixed tilt system
a a c™. Both types of tilts are described by different irreps. The in-phase tilt distortion trans-
forms according to irrep M3, while the anti-phase tilts are represented by the same irrep Rg as in
CeAlO,.

A comprehensive overview of the isotropy subgroups resulting from single or joint condensation
of polar and tilt distortions in the simple perovskite structure was given by Stokes et al.[®! But
please mind, that in most articles of this kind, the A-centred perovskite unit cell was chosen as
the asymmetric unit with B-atoms on Wyckoff position 1a (0; 0; 0), A-atoms on 1b (3; 3; 3) and
X-atoms on 3d (0; 0; %); in contrast to this work, where the B-centred perovskite unit cell is used
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instead with the A-atoms on 1a (0; 0;0), B-atoms on 1b (3; 1; 1) and X-atoms on 3c (0; 3; 3).
These differences in the asymmetric unit change the active irreps from R, for anti-phase tilts to

Rs and M3 into M3 for in phase-tilts. The polar mode , is unchanged.

Irreps and isotropy subgroups of a certain group-subgroup transformation can be obtained with
CopL, atool of the software package IsoTRorY1®71, or with SYMMODES available on the Bilbao
Crystallographic Server, [2%6 228.230]

8.6 Primary and Secondary Distortion Modes

The distortion that drives a phase transformation, and whose appearance is fully suf cient to ex-
plain the symmetry break in the distorted structure, is referred to as primary mode. Besides the
primary mode also other distortions with different irreps can condense upon the phase transforma-
tion. Any degree of freedom, which is compatible with the space group symmetry of the distorted
structure, can have non-zero values. These induced distortions are named secondary modes. Triv-
ial secondary distortion modes are those that maintain the symmetry of the parent structure. They
transform according to the identity irrep 7.

There are several characteristics that distinguish secondary from primary distortion modes sum-
marized in Tab. 8.1. The irreps associated with primary modes have the same isotropy subgroup
as the space group of the distorted structure H, while secondary distortions can have isotropy sub-
groups which are supergroups of H. Generally secondary modes have much smaller amplitudes
than primary modes. The reason is that they appear solely due to symmetry-allowed anharmonic
coupling of the order parameter Qg With order parameters Qpim Of the primary modes of the
type Qpiim ~ Qsec, as they are intrinsically hard modes with positive stiffness coef cients. Primary
modes are always soft modes with negative stiffness coef cients. Small displacements towards
the direction of the soft mode are suf cient to push the system into a local energy minimum in
con guration space.

A special case are symmetry breaks that violate the Landau postulate of having a single active
irrep only. Although that might sound exceptional, it has been reported quite often. 2*2231 |n these
speci c cases the symmetry of the distorted structure is not an isotropy subgroup of the parent
structure but a common subgroup of two or more isotropy subgroups. This type of phase transi-
tion is allowed under certain conditions (anharmonic coupling of the primary order parameters),
but it will be strongly of rst order.

Table 8.1: Differences between primary and secondary distortions. H is the space group of
the distorted structure.

Property Primary Distortion Secondary Distortion
Isotropy subgroup =H H

Amplitude of the distortion large small

Intrinsic stability soft mode hard mode

Stiffness coef cients negative positive
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8.7 Mode Amplitudes and Atomic Displacements

A displacive distortion can be qualitatively characterized by its irrep and isotropy subgroup, but
it can also be quanti ed by its mode amplitude and by the atomic displacements it causes in the
distorted structure with respect to the parent structure. AMPLIMODES?%?] is a program available
on the Bilbao Crystallographic Server, which can perform such an analysis of the symmetry-
adapted distortion modes. The only input data that have to be provided are the crystal structures of
the distorted and the parent structure in their conventional settings and the unit cell transformation
that relates the two. The program identi es pairs of atoms which correspond to each other in
both structures and calculates the atomic displacements. In order to obtain results independent
of the lattice strain, it is advisable to adapt the reference structures to the unit cell parameters
of the distorted structures. In polar structures it can be necessary to eliminate a global translation,
because the center of inertia can be shifted due to the arbitrary choice of origin along the polar axis.
This can be done by the program, automatically. The atomic displacements are generally given in
terms of a displacement vector u (sometimes also referred to as polar vector), whose dimension
is equal to the number of Wyckoff positions experiencing displacements by the distortion mode.
This displacement vector is given as the normalized displacement vector O in cell relative units,
speci ed in Eq. 8.2. The mode amplitude juj of a distortion is the length of the displacement
vector u. y

0 R (8.2)
The actual atomic displacements are then obtained by multiplying the normalized displacement
vector Ot with the mode amplitude juj and the lattice parameter ayy:

u=juj 0 apg: (8.3

Here the example of the polar vector in the PAmm phase of BaTiO,, structurally optimized at
61.86 ~3/f.u., is given.

0 1 o) 1 o) 1
Uga OBa 0:0655
un & oTiE N g 0:1868§ I
g o E—jUj (% Oor ¢ = 0:0925 +0:0627 3:980 =
u O +0:1269
02 O 021
0:0241
_ g 0:0688 E__
@ +0:0231 '
+0:0467

The distortion mode causing spontaneous polarization along the z-direction is associated with the
irrep , . The barium atoms are situated on Wyckoff positions 1a, titanium atoms on 1b and oxygen
atoms occupy 2c (O1) and 1b (02). Accordingly, the displacement vector has the dimension four.
Cations and anions displace in opposite directions, which is typical for a polar mode. The main
contribution to spontaneous polarization originates from displacements of Ti and O2. Overall, the
atomic displacements are rather small at this volume with a c=a-ratio of only 1.009.
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8.8 Octahedral Tilting

Octahedral tilting is a very common distortion type in perovskites. It reduces the symmetry of the
A-site cation coordination environment and results in a change of A-X bond lengths. However,
there are multiple ways in which the octahedra can tilt, each leading to a different coordination
environment for the A-site cation(s). These changes in the coordination environment have been
studied intensively by Woodward. 4523

A standard notation to describe octahedral tilting distortions in perovskites has been developed
already in 1972 by Glazer.[*%1 This notation describes a tilt system by rotations of BXg octahedra
about the three orthogonal Cartesian axes of the perovskite structure’s cubic unit cell. Both the
magnitude and the phase of the octahedral rotations are speci ed. The letters indicate the magni-
tude of the rotation about a given axis, the letters a, b, and ¢ imply unequal tilts about the x, y, and
z axes. A superscript is used to denote the phase of the octahedral tilting in neighbouring layers.
A positive superscript shows that the neighbouring octahedra tilt in the same sense (in-phase) and
a negative superscript implies the tilts of neighbouring octahedra tilt with the opposite sense (anti-
phase). A superscript of o signi es no tilting about that axis. In the extended Glazer-notation an
additional subscript is used to denote the axes of spontaneous polarization. The R3c structure of
NBT is denoted as a,a.a. in the extended Glazer notation, as it exhibits spontaneous polariza-
tion along the [111]-direction of the pseudocubic unit cell and anti-phase tilts about the same axis.

O &~
#$
% & "$!
simple
aaa a"a’c* atatc atatat a%°*

Figure 8.2: Unit cell transformations (in vector notation plus origin shift) with transformation
indices and splittings of Wyckoff positions that relate tilted perovskite structures to the simple
perovskite unit cell with space group Pm3m.
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Figure 8.3: Structures of the tilted perovskites (a) rhombohedral R3c, (b) orthorhombic
Pnma, (c) tetragonal P42/nmc, (d) cubic Im3 and (e) tetragonal P4/mbm in their conventional
settings. The different Wyckoff positions are given.
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In the following, ve examples will be discussed, which will be relevant in this study. They are
illustrated in Fig. 8.3 in their conventional settings. The BXg-octahedra and the next neighbour
coordinations of the A-atoms are shown. Different colors indicate different Wyckoff positions.
Besides the three-tilted structures R3c (a a a ), Pnma (a a c*), P4,/nmc (a*a*c ) and Im3
(a*a*a™), also the one-tilted structure a°a®c™ (P4/mbm) is included. Only the three-tilted struc-
tures R3c and Pnma and the one-tilted structure P4/mbm provide symmetry equivalent positions
for all A-atoms, while P4,/nmc and Im3 have split Wyckoff positions of different symmetries for
the A-site. The B-site never splits. The X-site is split in Pnma, P4,/nmc and P4/mbm.

In the rhombohedral R3c-structure the X-atoms have three A-atoms as next neighbours in a
trigonal-planar coordination. This structure is adopted e.g. by LaAlO,.[234235]
In the orthorhombic Pnma-structure the A-atoms again have three next neighbours but here in a
trigonal pyramidal coordination. This structure can be found in numerous perovskite materials,
the most prominent is probably the perovskite mineral CaTiO; itselfl*¥ or GdFeO,, the material,
after which this structure type is named. (2%
The tetragonal structure with space group P4,/nmc provides three different Wyckoff positions for
the A-atoms, two having four next neighbours in tetrahedral (2a) and square planar (2b) coordi-
nation and one having two next neighbours in an angular coordination (4d). For this structure, up
to now, only one example is reported in the literature. In Ca,,Fe,, TiO; Ca** occupies both sites
with coordination number four (2a and 2b) and Fe?* occupies the 4d site with two next neighbours
resulting in a columnar order along the 4-four fold axis. [2"]
The pure in-phase tilted cubic Im3-structure provides two different A-sites in the ratio 1:3, the
rst position (2a) is a regular cuboctahedron with all oxygen ions at the same distance and the
second one (6b) has four short bonds in a square planar coordination. It is adopted by com-
pounds with large size differences between the two cations sharing the A-site, as for example
by Ca,, Cu,, TiO,, where the Jahn-Teller cations Cu?* occupy the square planar 6b-site. 2381

In Fig. 8.2 the complete data necessary to obtain information about group-subgroup relations
and distortion modes, such as unit cell transformations and transformation indices are given. It is
completed by the splitting of Wyckoff positions upon the transformations. The unit cells of the
structures P4,/nmc and Im3 are octuplicated with respect to the simple perovskite unit cell. R3c
is six times larger, Pnma is quadrupled and P4/mbm is doubled. Except for Im3, all transformed
unit cells are shifted in such a way that the B-atom is moved to the origin. The modes responsible
for the octahedral tilts, but also accompanying secondary modes for all tilted structures are sum-
marized in Tab. 8.2. The higher the index [ix] the higher is the number of active modes. In this
table only modes are given, which act on the occupied Wyckoff positions in the parent structure
1a, 1b and 3c. Generally, there exist additional -modes, like the trivial secondary eigenmode 7,
which does not break the symmetry of the parent space group. However, these -modes act on
unoccupied Wyckoff positions only and are not relevant for the distortions within the structures,
that is why they are skipped here. Besides the irreps and isotropy subgroups, also the directions of
the order parameter in the irrep spaces are given. All irreps in Tab. 8.2 have dimension n = 3 or
n = 6.

In Im3, R3¢ and P4/mbm, primary distortion modes can be easily identi ed, they are M and R; ,
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Table 8.2: Symmetry-adapted distortion modes in tilted perovskite structures. Only modes
acting on the occupied Wyckoff positions are given.

Tilt sytem Space group k-Point Irrep Direction Isotropy subgroup  Wyckoff
aaa R3c (=2;1=2;1=2) Ry ( aja; a) R3c 3c
aact Pnma (0; 1=2; 0) X (0;0; a;0;0;0) Cmcm 3c, la
(1=2;1=2;0) M; (a;0;0) P4/mbm 3c
(1=2;1=2;0) M3 (8 0;0) P4/mbm 3c
(=2;1=2;=2) R, (0;a;a) Imma 3c, la
(=2;1=2;1=2) Ry (0;a; a) Imma 3c
ata‘*c P4,/nmc (0; 1=2; 0) X (0;0;a;a;a; a) P4/nmm 3c, 1a
(1=2;1=2;0) M; (& abh) 14/mmm 3c
(1=2;1=2;0) M; (& a&0) 14/mmm 3c
(=2;1=2;1=2) Ry (0;0;a) [4/mcm 3c
atatat Im3 (=2;1=2;0) M; ( a aa) Im3m 3c
(1=2;1=2;0) M; (a3 a) Im3 3c
ala’ct P4/mbm (I=2;1=2;0) M; (a;0;0) P4/mbm 3c

the in-phase and anti-phase tilt modes. In R3c and P4/mbm no secondary modes exist beside the
primary ones. In Im3 M7 acts as a secondary induced mode, it leads to size differences between
the cuboctahedra A(2a)O1, and A(6b)O4,. Its isotropy subgroup Im3m is a supergroup of Im3.
The two mixed tilted structures Pnma and P4,/nmc cannot be achieved by one primary distortion
only. At least two primary order parameters must exist in these structures. Both structures possess
distortion modes with irreps at all the zone-boundary points X, M and R. They have in common
the modes X , M5 and R . The latter two modes are the aforementioned in-phase and anti-phase
tilts, respectively. X we do not know yet. In P4,/nmc the M; -mode, we encountered already in
Im3, is active again. In Pnma, there exist two additional new modes. The rst is M3, which leads
to the same isotropy subgroup P4/mbm as the in-phase tilts M3, and the second mode is R, , which
has the same isotropy subgroup Imma as the anti-phase tilts R; . All ve modes are prospective
primary modes. The method to identify the actual hierarchy of these modes will explained next.
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Symmetry-Adapted Distortion Mode Analysis of the Pnma-Structure

The Pnma-structure was chosen to be discussed in more detail. The rst information needed is the
unit cell transformation that relates the simple cubic Pm3m unit cell to the distorted orthorhombic
Pnma unit cell. The mathematical background of unit cell transformations, in general, can be
found in App. E, where also all transformation matrices and their inverses, used in this work, are
speci ed. Here we just want to give in Egs. 8.4 the vector description, that transforms the basis
vectors of the cubic unit cell (ac; b; c;) into those of the orthorhombic unit cell spanned by the
basis vectors (a,; bo; Co).

a=b.+c.+= (8.4a)
b =2a, + = (8.4b)
cc=b, c.+= (8.4c)

The initially B-cation centred cubic unit cell transforms into an orthorhombic unit cell with the B-
cation at the origin, as indicated by the origin shift of p = (1=2; %=2; :=2). Moreover, the transformed
cell is doubled along the y-axis, and rotated by 45 about the same axis. As a consequence the
unit cell volume quadruples upon this unit cell transformation. With this information the group-
subgroup tree for the transformation Pm3m ¥ Pnma (G = 221, H = 62 and [i] = 24) can be
obtained, it is given in Fig. 8.4. All isotropy subgroups are highlighted and the corresponding ac-
tive irreps are given. There are two different kinds of isotropy subgroups in this graph highlighted
in blue and red. The blue isotropy subgroups are all associated with -distortions, which in this
special case do not have any impact on the occupied Wyckoff positions 1a, 1b and 3c of the parent
structure Pm3m. Only the red isotropy subgroups with irreps at M, X and R induce displacements
of the atoms on 3c, some of them even on 1a, as can be seen in Tab. 8.2. From the group-subgroup
graph we can learn already, that M3 and M3 are not the two primary modes, as their simultaneous
condensation leads to subgroup Pbam, which is a supergroup of Pnma. However, any other com-
bination of two irreps is suf cient to reduce the symmetry to Pnma.

More information we can only obtain by investigating a speci c crystal structure. But rst, let us
understand to which atomic displacement patterns these distortion modes lead. All ve symmetry-
adapted distortion modes are visualized in Fig. 8.5 with displacement vectors of arbitrary lengths
in the orthorhombic unit cell of the Pnma-structure. The Rg -mode in (a) corresponds to the anti-
phase tilts leading to the tilt system a b°a , the two modes R, in (b) and X; in (c) can be de-
scribed as shear deformations of the BXg-octahedra accompanied by different antipolar displace-
ment patterns of the A-atoms in the ac-planes. The M3 mode in (d) is the in-phase tilt a°h*a° and
M3 in (e) is characterized by Jahn-Teller distortions of the BXs-octahedra leading to two shorter
and two longer B X bonds in the ac-plane. This Jahn-Teller distortion is of the M, -type in simple
perovskites as described by Carpenter and Howard.[?*° Two B X bonds lengthen/contract while
two other bonds within the same BXg octahedron contract/lengthen, respectively, the remaining
two B X bonds stay unchanged. Jahn-Teller distortions in adjacent layers along the b-axis are
in-phase, as can be seen in (e).

Now we are ready to investigate mode amplitudes and atomic displacements associated with a
certain distortion mode. Let us take the optimized equilibrium structure of CaTiO, as our speci ¢
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Figure 8.4: Group-Subgroup relations for the transformation Pm3m ¥ Pnma. Isotropy sub-
groups with their associated irreps are highlighted. The -point distortions are highlighted
in blue, because they act only on unoccupied Wyckoff sites, thus they are irrelevant for the
studied transition. The relevant irreps and isotropy subgroups are highlighted in red.

example. In Tab. 8.3 the ve distortion modes are given with their directions in irrep space, their
isotropy subgroups and mode amplitudes. We see that the two tilt modes M5 and R; have the
highest amplitudes with values 0.8745 and 1.2631, respectively. The amplitudes of the remaining
modes are signi cantly smaller. Especially, the amplitudes of the Jahn-Teller mode M3 and of the
R, antipolar mode are negligibly small. Only the X -mode with 0.4941 has an amplitude of the
same order of magnitude as the tilt modes. From the mode amplitudes we can infer, that the two
tilt modes together act as primary distortion modes. X can be ruled out as third primary mode,

rst because three primary modes are very rare and second because M5 and R are fully suf cient
to reduce the symmetry to Pnma.

Table 8.3: Analysis of the symmetry-adapted distortion modes in structurally optimized
CaTiO; at Vo = 53:834. —3/f.u.

Irrep Direction Isotropy subgroup Mode Amplitude Dimension Distortion type

Xs (0;0;a;0;0;0) Cmcm 0.4941 2 BXg-shear, antipolar
My (& 0;0) P4/mbm 0.8745 1 alalc™ tilt

M;  (a;0;0) P4/mbm 0.0015 1 Jahn-Teller

R, (0;a;a) Imma 0.0963 2 BXg-shear, antipolar
Rs (0;a; a) Imma 1.2631 1 a a cOtilt
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Figure 8.5: Visualization of the symmetry-adapted distortion modes which are active within
the orthorhombic Pnma-structure: (a) Imma Ry anti-phase tita a c°, (b) Imma Rg shear-
deformation of octahedra and chequerboard antipolar displacements of A, (c) Cmcm Xg
shear-deformation of octahedra and planar antipolar displacements of A, (d) P4/mbm M’z'
in-phase tilt a°a°c* and (e) P4/mbm M§ Jahn-Teller distortion of octahedra.
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