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1 Introduction

Paper is a material usually composed of natural fibres. Depending on the
paper grade different amounts of filler and chemical additives are used.
Paper is a porous material where the pore structure in most paper grades is
a continuous three-dimensional network of voids. In the same manner the
solid material, fibres and fillers, also form a continuous three-dimensional
network. [38]

Today, a large variety of paper grades exists: woodfree, wood containing,
rag containing, uncoated, single-side and two-side coated grades are avail-
able. The paper production process remains still the process developed by
the chinese but with highly efficient and automated paper machines. A
suspension of fibres at about 1% consistency is evenly distributed over a
sieve and then dewatered by gravity and vacuum to a consistency of about
20% forming a paper web. The moister is further removed by a pressing
section reaching a moisture level of about 50%. The remaining water is
then removed by the means of thermal energy and the final paper reaches
a moisture level of 10-5% before being reeled up.[35]

Depending on the paper grade, a coating process can be added during the
paper production. During the coating process an aqueous blend of pigments,
binder and additives is applied onto the surface. The coating is then metered
off and dried.

In Figure 1.1 an example of a single-side coated paper sample is shown.
The fibres in this picture are white and form a network. The voids formed
by the network are filled with air.

In most of the coating processes an excess of coating colour is applied onto
the base-paper and then metered off. Modern paper machines have produc-
tion speeds of up to 2000 m/min. Depending on the coating aggregate the
distance between application of the coating colour and the metering can be
up to 1 m. The time between application and metering is then of the order
of 0.03 s. During this period the liquid phase can penetrate into the base-
paper. The liquid can interact with the fibres and this has implications for
the strength and roughness of the paper.

Printing is a second big area where liquid-paper-interactions are important.
Almost all of today’s printing techniques are based on interactions between

1



1 Introduction

Figure 1.1: Picture of a cross-section of a board sample [39].

liquid and solid materials. Elftonson and Ström [10] define and categorize
different mechanisms for the interaction between liquid and solid materials.
The interactions may be divided into

• wetting, i.e. the contact of liquid with a solid surface,

• spreading, which refers to transport of liquid on a surface, and

• penetration or absorption, which occurs when a liquid is transported
into a porous structure.

These processes are either spontaneous or forced. In certain printing nips,
as the letterpress or the lithographic offset printing, the ink is forced to wet
the solid and penetrate into its pore structure, while in others, for example
gravure, liquid is sucked into the paper by capillary pressure. During inkjet
printing ink droplets are first forced to penetrate the paper but spontaneous
absorption soon becomes the major driving force. Offset printing involves
a number of fairly complicated liquid-solid-interactions. In this process
films of emulsions and fountain-solutions are transferred between different
surfaces before the ink is forced into the paper structure. Not only the ink
but also the fountain-solution wets the paper. The film of the fountain-
solution remaining on the paper when it exits the printing nip may cause
problems such as ink refusal and mottling in multicolor printing.

Preston et al. [34] investigate how the absorption of the ink vehicle into
the coating layer influences print gloss and print evenness. Current models
describing liquid penetration into paper are based on the Lucas-Washburn-
Equation. Accordingly Preston [33] develops a model for paper as a series of
capillaries of different sizes. She finds that the size of surface pores as well as
the number of pores play an important role in print-gloss and print-density
during the setting of offset inks.

Penetration into capillaries can be described using the Lucas-Washburn-
Equation [23, 41] which in a gravity-free situation is obtained by balanc-
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ing the liquid’s viscous friction with the capillary suction. The velocity of
change in capillary rise is a function of the height h of capillary rise, the
surface tension γ of the liquid, the contact angle θ with the material of the
capillary, the viscosity η of the liquid and the hydrostatic pressure Ph and
is given below in Equation (1.1)

dh

dt
=

2 · γ · cos Θ · R + Ph · R2

8 · η · h(t)
(1.1).

Matthews [24] develops the Por-Cor computer model to calculate fluid per-
meation in porous structures. In the Por-Cor model the porous material
is modelled by capillaries of varying diameters which intersect in cubic
voids. The dynamic liquid penetration into this network is described by
the Bosanquet-Equation:

8 · η · h(t)

R2

dh

dt
+ ρ · d

dt

(

h(t) · dh

dt

)

=
2 · γ cos (Θ)

R
+ Ph (1.2).

This equation was first developed by Bosanquet [5] and takes into account
the change in inertial energy when a liquid penetrates into a capillary. The
capillary suction is opposed by the change in inertial energy and a pressure
loss due to viscous friction as given by the Hagen-Poiseuille-Law. The den-
sity ρ of the liquid is needed in addition to the variables introduced above.
All these models assume that the influence of air can be neglected in the pe-
netration process. However according to Baird and Irubesky [2] only 1.6 %
of the pores in paper are in contact with both sides of the paper surface.
This poses the question of what happens to the air when liquid penetrates
into the surface of the paper sheet. Salminen [37] suggests that a part of the
air will be compressed and another part will be expelled perpendicularly to
the liquid penetrating into pores.

To verify the theory methods of measuring liquid penetration into a sub-
strate are needed. Only very few of the current measurement devices can
measure water penetration over short periods. Two of these measurements
are the Drop-Absorption-Test and the Bristow-Test. The Drop-Absorption-
Test records pictures of a drop whilst it is being placed onto a substrate.
With image analysis techniques the base of the drop as well as its height is
recorded as a function of the time. With these values the absorption rate of
the liquid into the substrate can be calculated. It allows quite an efficient
time resolution but changes in the paper’s surface due to fibre swelling re-
duce its suitability. The Bristow-Test is specified in an American Standard
Test Method [1]. A certain volume of liquid is brought into contact with a
paper surface through a slit whilst the slit is moving at a constant speed.
The length of the wet area is measured and evaluated. A fairly good time

3



1 Introduction

resolution is achieved but the roughness of the paper as well as its surface
chemistry influence the result.

A quite recent device is the Mutec Penetration Dynamics Analyser. An Ul-
trasonic Attenuation Measurement is used to characterize liquid penetration
into a porous substrate. To be precise, the Mutec Penetration Dynamics

Analyser measures the attenuation of ultrasound due to air entrained in the
paper when a liquid penetrates into the paper sheet, and it is consequently
an indirect measurement for the liquid penetration. For the measurement
a specimen is brought into contact with water and the attenuation of ul-
trasound passing through the sample is measured. As the liquid penetrates
into the specimen air enclosures are formed which scatter the ultrasound.
In the Mutec Penetration Dynamics Analyser the attenuation of ultrasound
as a function of time is recorded. The first measurement is available after
8 · 10−3 s.

It has to be pointed out here that there are alternative measurement devices
basing on the same principle available on the market as eg the emcoDPM

[3].

In this thesis an attempt is made to find a theory allowing to interpret
and predict results of measurements obtained with the Mutec Penetration

Dynamics Analyser.

4



2 State of the science

2.1 Ultrasound

Sound which can be heard by the human ear has frequencies from about
16 Hz to 20 kHz. Ultrasound cannot be heard by the human ear and starts
at about 20 kHz and goes up to 10 GHz. The Mutec Penetration Dynamics

Analyser, which is a subject of this thesis, uses ultrasound with a frequency
of either 1 MHz or 2 MHz.

In general the use of ultrasound can be divided into high and low intensity
applications. In low intensity applications the properties of the medium
through which the sound is propagated are unchanged as amplitudes are
small. These applications are used for non-destructive testing. In the case of
high intensity ultrasound, changes in material properties can occur [11]. The
Mutec Penetration Dynamics Analyser uses ultrasound with a maximum
intensity of 10 W/m2. Under certain circumstances, as discussed in section
3.1.4 on page 49, the Mutec Penetration Dynamics Analyser can be regarded
as a low intensity application.

Ultrasound propagates through media by compressional waves, transverse
waves or surface waves. A compressional wave is also called longitudinal and
is shown in Figure 2.1; the transverse wave is also known as shear wave and
is shown in Figure 2.2. Longitudinal waves propagate through successive
compressions and expansions along the direction of the propagation of the
wave. In liquids and gases energy is manly transported by longitudinal
waves. Transverse waves are only transmitted over very short distances
in the order of micrometres. Shear waves transmit ultrasound through a
displacement of particles orthogonally to the direction of the propagation
of the wave. In solids all three forms of ultrasonic waves are observed.

A plane ultrasound wave can be described using the following equation of
motion

∂2ξ

∂t2
−
(

ω

k

)2 ∂2ξ

∂x2
= 0 (2.1)

with the time t, the distance x, the particle displacement ξ, the angular
frequency ω = 2 ·π ·f with the frequency f , the wave number k = ω/c− ı ·α
with the speed of sound c and the imaginary number ı =

√
−1, and the
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2 State of the science

direction of propagation

start of period

1/8th period

1/4th period

3/8th period

1/2th period

5/8th period

3/4th period

7/8th period

end of period

particle displacement due to vibration
particle displacement due to speed of sound
super imposed particle displacement

Figure 2.1: A longitudinal or compressional wave is transmitted through successive
compressions and expansions in the direction of the spread of the wave.
Sound is an example for a longitudinal wave. Areas of high and low pres-
sure are indicated by the density of the dots.

Figure 2.2: Transverse or shear waves are transmitted through displacement of parti-
cles orthogonally to the direction of spread. This is possible in an elastic
medium. Hence transversal waves mainly occur in solid media and not in
fluids. A vibrating string or light are examples of a transverse wave.

6



2.1 Ultrasound

attenuation coefficient α. For a sinusoidal wave a solution to this equation
is:

ξ = ξ0 · eı·(ω·t−k·x), (2.2)

where ξ0 is the initial amplitude of the particle displacement. The connec-
tion between the properties of the ultrasonic wave and the material through
which it is propagated is given in textbooks e.g. Blitz [4]:

∂2ξ

∂t2
=

(

E

ρ

)2
∂2ξ

∂x2
(2.3)

with the elasticity modulus E and the material density ρ. Combining Equa-
tions (2.1) and (2.3) leads to an equation which connects properties of the
wave with properties of the medium it is propagating through [4]:

(

ω

k

)2

=
E

ρ
(2.4).

In highly attenuating materials the particle velocity and particle displace-
ment are out of phase. The elasticity modulus and density are then complex
and frequency dependant as is the wave number in Equation (2.1). But for
many materials the attenuation coefficient is small (α ≪ ω/c) and the ve-
locity and the attenuation are in phase. Equation (2.4) can then be written
as

c2 =
E

ρ
(2.5).

For liquids and gases which transport shear-forces only over very short dis-
tances the main wave form is the longitudinal wave. Then the elasticity
modulus E is equal to the bulk modulus K = 1/κ with κ being the adia-
batic compression. When a transverse wave is transmitted in a bulk solid
the elasticity modulus is different because shear forces also operate. For
bulk solids it becomes E = K + 4 · G/3, with the shear modulus G.

The different properties of the sound-field, displacement ξ, velocity ξ̇, accel-
eration ξ̈ and acoustic pressure p can be converted into each other using the
angular frequency ω of the sound-field and the material properties speed
of sound c and density ρ. This is given in Table 2.1 The intensity I of a
sound-field can be expressed as a function of the acoustic pressure or the
acoustic velocity:

I =
ξ̇2
0

2
· ρ · c =

p2
0

2
· 1

ρ · c (2.6)

2.1.1 Generating and detecting ultrasound with a

piezoelectric ceramic

The transducer in the Mutec Penetration Dynamics Analyser is made from
a piezoelectric ceramic. A piezoelectric ceramic converts an applied voltage

7



2 State of the science

ξ0 ξ̇0 ξ̈0
p0

ξ0 ξ0
ξ̇0
ω

ξ̈0
ω2

p0

ω·ρ·c

ξ̇0 ω · ξ0 ξ̇0
ξ̈0
ω

p0

ρ·c

ξ̈0 ω2 · ξ0 ω · ξ̇0 ξ̈0
ω·p0

ρ·c

p0 ρ · c · ω · ξ0 ρ · c · ξ̇0
ρ·c·ξ̈0

ω
p0

Table 2.1: Conversion of different properties of a sound-field according to Sutilov [40].

The variables are the displacement ξ0, the acoustic velocity ξ̇0 the accelera-
tion ξ̈0 and the acoustic pressure p0.

into a volume change of the ceramic. A commonly used ceramic is barium ti-
tanate (BaTiO3). A sketch of barium titanate is provided in Figure 2.3(a)
and Figure 2.3(b). The crystal is a dipol due to the fact that the ions
are not positioned symmetrically. When an external voltage is applied the
crystal responds with a volume change.

The change of volume caused by an electric voltage USender is a material
property of the piezoelectric ceramic. The thickness change ∆x of a piezo-
electric ceramic is a linear function of the piezoelectric modulus d33 when
the voltage is applied over the surface of the ceramic:

∆x = d33 · USender (2.7).

At the Receiver the opposite effect is achieved. A volume change due to the
received pressure pulse generates a voltage UReceiver. This voltage is pro-
portional to the electric deformation constant h33 which connects the vol-
ume change with the generated voltage. Alternatively the pressure change
∆p can be connected with the piezoelectric pressure constant g33 and the
thickness of the piezoelectric material hReceiver, which converts the applied
pressure directly into a generated voltage:

UReceiver = h33 · ∆x = ∆p · hReceiver · g33 (2.8).

This equation is valid for a Sender/ Receiver operating in thickness mode.
This means that only geometric changes of the thickness occur. Combining
the piezoelectric modulus and the piezoelectric deformation constant gives
the electro-mechanic coupling constant

UReceiver

USender

= k2
33 = d33 · h33 (2.9).

8



2.1 Ultrasound

(a) 3D view of the structure of barium titanate. (b) 2D view of the struc-
ture of barium titanate.

Figure 2.3: Structure of barium titanate from [19]. The structure of the crystal is not
symmetrical as the Ti4+-ion is slightly offset from the centre line of the
crystal. This creates a dipol which will change its volume when an external
voltage is applied.

This constant basically gives the effectiveness of a piezo Sender/ Receiver
set-up when all volume change is transferred from Sender to Receiver with-
out any losses. If instead a thin plate is used to produce and receive the
sound the coupling constant is smaller as volume changes and distortion ef-
fects become more important. This coupling constant kt is therefore smaller
than k33.

To generate a pulse in the ceramic an initial electric pulse is applied across
its surface. This leads to an initial pulse in the form of a volume or pressure
change at opposite surfaces of the ceramic. At the surface a part of the
pulse is emitted into the medium and a part travels into the ceramic. The
fraction of the pulse travelling through the ceramic respectively the medium
is dependent upon the acoustic impedance Z of the ceramic and the sur-
rounding medium. The generation of a pulse is shown in Figure 2.4 where
the ultrasonic transducer has its left surface exposed to air, which leads to
the entire impulse at this side of the transducer being reflected within the
ceramic. This approximation can be made when the acoustic impedance
Zair of the air is much smaller than the acoustic impedance ZSender of the
Sender. In the next cycle a part of the pulse travelling through the ceramic
is emitted into the medium and the remaining part is reflected at the phase
boundary between ceramic and medium. This leads to a reduction of the
pulses amplitude during each subsequent cycle.

The frequency of the generated sound-field depends on the thickness of the
Sender whereas the radiated acoustic pressure depends also on the proper-
ties of the medium into which the sound-field is radiated. The frequency f
itself depends upon thickness of the Sender and is connected via

hSender =
λ

2
=

c · f
2

(2.10)

9



2 State of the science

Figure 2.4: Applying an electric pulse between boundaries 1 and 2 generates a pres-
sure pulse at the interface, which travels through both the ceramic and the
surrounding medium. Depending upon the impedance of the different ma-
terials, a part of the pulse is reflected at the interface and a part of it is
transmitted. The height of the bar represents the amplitude of the pulse.
The hatching helps to differentiate between the two pulses. With each
additional oscillation between the boundaries 1 and 2 the pulse strength
decreases. [19]

10



2.1 Ultrasound

with the speed of sound c in the Sender and the wavelength λ of the sound-
field in the ceramic.

The emitted acoustic pressure depends on the physical properties of the
Sender and the surrounding medium. One initial pulse p̂ is generated in
the Sender. Due to internal reflection and transmission into the medium,
the pulse declines with time. With each cycle i a pulse is emitted from the
Sender into the medium. For i ∈ N+ the value of this pulse is

p(i) = p̂ · TP, T/M · Ri
P, T/M (2.11)

with the transmission coefficient T and the reflection coefficient R. The
index P expresses that the coefficient is valid for acoustic pressure and
the index T/M stands for the transmission from the transducer into the
medium. The transmission coefficient T gives the part of the pulse which is
emitted into the medium, and the reflection coefficient R is proportional to
the part of the pulse remaining in the Sender. Equations to calculate these
coefficients are given in Table 2.2.

Sender and Receiver in the Mutec Penetration Dynamics Analyser are made
from the same material and have the same geometric size and shape. Sender
and Receiver are a dynamic system. In order to describe the Receiver
response, the pulse leaving the Sender has to be known. A mathematical
description of the pulse generated in the Sender is given by Equation (2.11).
This pulse travels to the Receiver and a part crosses the phase boundary
(2) as shown in Figure 2.5. This part is called I(i) and is obtained by
multiplying Equation (2.11) with the Transmission coefficient TP,M/T :

I(i) = TP,T/M · TP,M/T · Ri
P,T/M = k · Ri

P,T/M (2.12).

The remaining pulse is reflected and no longer available for detection. Hence
the energy S(i) stored in the Receiver is increased by I(i). At the same
time, when the pulse I(i) arrives at the Receiver and enters, a part of the
stored energy S(i − 1) is transmitted across the phase boundary (2) into
the medium. This part is called O(i) and depends on the energy S(i − 1)
stored in the Receiver before the new pulse enters and on the transmission
coefficient TP,T/M :

O(i) = TP,T/M · S(i − 1) (2.13).

The pulse remaining in the Receiver is therefore

(1 − TP,T/M) · S(i − 1) = RP,T/M · S(i − 1) (2.14).

The mechanism for the pulse generation is described in [19]. It assumes that
the entire pulse leaving the Sender arrives at the Receiver, with no losses
between Sender and Receiver.
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2 State of the science

Figure 2.5: Simple model for a piezoelectric ceramic used as a Receiver. The pulse
which has to be detected is generated in a Sender of the same properties
as the Receiver. As a result of this the incoming pulse is in phase with the
resonance frequency of the Receiver and its amplitude declines. Initially
no energy is stored in the Receiver. Part of the first pulse crosses the
phase boundary (2). The remaining part is reflected (rows 1 to 3). In the
next cycle (rows 4 to 6), the next pulse arrives. Part of it is transmitted
across the phase boundary and the remaining part of it is reflected. The
transmitted part is added to the pulse in the ceramic. Part of the pulse in
the ceramic is transmitted through the phase boundary (2) and the major
part is reflected. A pulse is built up like this until the incoming part of the
pulse is smaller than the part leaving the ceramic.

12



2.1 Ultrasound

2.1.2 Sound-field generated by a piston transducer

The sound-field generated by a transducer behaving like a piston can be
described using Huygens’s principle of superimposing point-sources. Char-
acteristic of a piston transducer is the fact that the entire surface of the
transducer vibrates at the same maximum speed and also in phase. To
calculate the sound-field emitted by a piston transducer point-sources are
assumed to be spread over the entire surface of the Sender. These point-
sources emit sound waves which at any arbitrary point outside the Sender
interfere with each other. This leads to an area outside the Sender where
interference occurs which is called the near-field. At a certain distance from
the Sender the sound-field becomes similar to a spherical wave. This area is
called the far-field. The near-field and the far-field for a piston transducer
can be seen in Figure 2.8 in which the envelope of the emitted pressure
of a piston transducer is plotted. The near-field is characterized by a mul-
titude of minima and maxima. The area of the near-field is described by
−0.005 m < ro < 0.005 m and 0 < zo < 0.03 m. The far-field is in the area
described by −0.005 m < ro < 0.005 m and 0.03 m < zo.

The sound-field generated by a piston transducer can be calculated using
an equation first given by Rayleigh [36]. The radiating surface S can be
described as a complex function of the angular frequency ω, the density ρ
of the medium, the time t, the wave number k = 2π/λ with the wavelength
λ = 2πc/ω, the maximum velocity vmax(t) of the radiating surface, the speed
of sound c in the medium and the distance d from the source.

p(d) =
ı · ω · ρ
2 · π · e i·ω·t

2·π ·
∫

S

vmax(t) ·
e−ı·k·d

d
dS (2.15)

The pressure on the centre-line perpendicular to the surface of the Sender
according to Equation (2.15) can be evaluated analytically assuming a con-
stant maximum velocity vmax(t) = vmax of the surface and a circular shape
of the transducer. The circular source has a diameter D. The z-axis is
perpendicular to the surface of the source and has its origin in the cen-
ter of the Sender. The pressure pz(zo) is calculated for an observer at a
distance d = zo from the Sender on the z-axis. The resulting solution to
Equation (2.15) is then [19]

pz(zo, t) = 2·c·ρ·vmax·









cos
[

t · ω
2 · π − zo · ω

c

]

− cos









t · ω
2 · π −

√

(

D
2

)2
+ z2

o · ω
c

















(2.16)
with the envelope

|pz(zo)| =

∣

∣

∣

∣

∣

∣

2 · ρ · c · vmax · sin




π

λ





√

(

D

2

)2

+ z2
o − zo









∣

∣

∣

∣

∣

∣

(2.17).
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The dimension of Equation (2.17) can be eliminated by building the ratio
of p(zo) and po using po = ρ · c · vmax:

p∗z(zo) =

∣

∣

∣

∣

∣

p(zo)

po

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

2 · sin




π

λ





√

(

D

2

)2

+ z2
o − zo









∣

∣

∣

∣

∣

∣

(2.18).

Equation (2.18) is plotted in Figure 2.6. Due to interference, points where
the maximum pressure is zero exist in the near-field. Interference also causes
the maximum pressure in the sound-field to be twice the maximum pressure
on the surface of the emitter. For points at large distances zo from the
transducer, Equation (2.17) can be approximated. The argument of the
sinus function can be approximated for D

2
≪ zo by:

π

λ





√

(

D

2

)2

+ z2
o − zo



 ≈ π

λ







(

D
2

)2

2 · zo





 (2.19).

This approximation becomes very small for large zo and the sinus function
can be approximated by its argument. This approximates Equation (2.17)
to become

|pz(zo)| ≈

∣

∣

∣

∣

∣

∣

∣

ρ · c · vmax ·
π

λ
·
(

D
2

)2

zo

∣

∣

∣

∣

∣

∣

∣

(2.20)

as given in Krautkrämer and Krautkrämer [19]. Equation (2.20) is the
solution to the pressure distribution of a spherical wave as it is radiated by
a point-source.

The near-field finishes after the last maximum of the envelope (2.17). From
this point on the sound-field is called the far-field. The distance N from the
Sender to the last maximum can be calculated as

N =
D2 − λ2

4λ
(2.21)

and is called the near-field distance. For the same wavelength the near-field
distance becomes larger, the larger the diameter of the transducer gets. This
is shown in Figure 2.7. Goldstein et al. [15] measure the axial pressure
distribution of circular Senders. As the applied receiver has a certain extent,
i.e. cannot be regarded as a point, the results in the near-field are distorted,
as an average pressure is measured. The results for the far-field give similar
values to those predicted by the theory.

The sound pressure in locations different from the centre-line of the Sender
can no longer be calculated analytically. Equation (2.15) and its envelope
have to be evaluated numerically. The accuracy of the numeric values is
checked for a calculation of the pressure on the centre line and the result is
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Figure 2.6: Envelope of the absolute of the pressure of sound. The near-field ends
after the last maximum. From this point onwards the pressure distri-
bution is monotone and declines. In the calculation the wavelength is
λ = 1.5 · 10−3 m and the diameter of the Sender is D = 0.01 m
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Figure 2.7: The near-field distance is a function of the diameter D of the ultrasonic
Sender. The larger the Sender the higher the near-field distance. The
wavelength used to calculate this graph is λ = 1.5 · 10−3 m, a value typical
of ultrasound with the frequency 1 MHz in water.
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Figure 2.8: Plot of the envelope of the relative pressure distribution P/P0 with the max-
imum pressure P0 at the surface of the Sender. Equations (2.15) and (A.31)
are evaluated in order to obtain the envelope. The acoustic pressure is gen-
erated by a circular Sender with the diameter 0.01 m. The medium is water
with the speed of sound c = 1500 m/s. The frequency of the ultrasound is
2 MHz. Similar graphs can be found in [19].

given in Figure A.4. The result of a two dimensional numerical calculation
of the envelope of a sound-field is plotted in Figure 2.8.

The near-field is at the bottom of the graph, just in front of the Sender.
The far-field is further up. It can be seen that the beam spreads once it has
reached the far-field. This spread is called geometric spread. A profile of
the pressure distribution parallel to the Sender can be obtained by cutting
the beam at any distance zo in the far-field, as shown in Figure 2.9.

In order to obtain Figure 2.9 a two-dimensional integration has to be evalu-
ated numerically. To calculate the average pressure at the Receiver a second
two-dimensional integration over its surface has to be evaluated. The wave-
length is small compared to the dimension of the Sender/Receiver and the
integrand contains an oscillating function. This implies a fine resolution for
the numerical integration and consequently a time-consuming evaluation.
With the help of the first order Bessel function J1 this calculation can be
simplified. The beam profile at any point in the far-field is approximated
by

p(zo) = 2 · |pz(zo)| ·
J1(X)

X
(2.22)

with

X = π · D

λ
· sin φ (2.23)

as given in [19, p. 76]. In this Equation the pressure p(zo) is from Equa-
tion (2.17), the diameter D of the Sender, the wavelength λ of the ultrasound
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Figure 2.9: Pressure profile of a beam generated with a piston transducer. The pis-
ton transducer has the diameter 10−2 m and the distance zo is 9 · 10−2 m.
The medium in which the ultrasound propagates is water with a density
of ρ = 103 kg/m3 and a speed of sound c = 1500 m/s The symbols rep-
resent the numerical evaluation of Equation (2.17). The lines represent
the approximation of Equation (2.17) with Equation (2.22). The x-axis is
normalised to the radius of the Sender. Until the first local minimum of
Equation (2.17) the approximation by Equation (2.22) is very good. For
the 1 MHz Sender this represents about 3 times the radius of the Sender
and for the 2 MHz Sender it is about 1.5 times the radius of the Sender.
Within one radius, which also represents the Receiver, the approximation
is good for both frequencies.
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and the angle φ between the perpendicular of the centre-line of the Sender
and the point of observation. Equation (2.22) can of course be rearranged
to give a relative pressure:

p∗ = 2 · p∗z(zo) ·
J1(X)

X
(2.24)

In Figure 2.9 the numerical evaluation of Equation (2.18) and its approx-
imation by Equation (2.24) are plotted. The distance zo is 9 · 10−2 m. It
is evident that the approximation becomes worse as the distance from the
centre-line increases, but within one radius of the Sender the approximation
is very good.

2.1.3 Pressure detected by a Sender-Receiver set-up

Equation (2.15) describes the pressure at a single point of the sound-field.
Medium and Receiver have a different acoustic impedance. This means that
only a part of the pressure in the medium is transmitted across the phase
boundary between medium and Receiver. The part-pressure transmitted
across the phase boundary can be calculated with the transmission coeffi-
cient TP, M/R taken from Table 2.2. The pressure pr in the Receiver can then
be described with:

pr(~rr, t) = TP · p(d, t) (2.25).

The pressure in the medium at the boundary between medium and Receiver
is p(d, t). The detected pressure, which is translated into a voltage by the
Receiver, is pr(~rr, t). This leads to an equation for the Sender-Receiver-set-
up. The pressure which is detected by a Receiver of the same dimension as
the Sender is

p =
ρ · v · ω
2 · π · 4

πD2
·

D/2
∫

0

2π
∫

0

D/2
∫

0

2π
∫

0

rs · ro sin ω
2

(

tmax

π
− 2·d

c

)

d
dϕs drs dϕo dro

(2.26)
with the distance

d =
√

r2
o + r2

s + z2
o − 2 · zo · zs + z2

s − 2 · ro · rs · cos (ϕo − ϕs) (2.27)

between an element of the Sender (rs, ϕs, zs) and the position (ro, ϕo, zo) of
an observer and the time tmax for the maximum pressure now being

tmax = −2 π

ω
· arctan













D/2
∫

0

2π
∫

0

D/2
∫

0

2π
∫

0

rs cos (ω·d
c )

d
dϕs drs dϕo dro

D/2
∫

0

2π
∫

0

D/2
∫

0

2π
∫

0

rs sin (ω·d
c )

d
dϕs drs dϕo dro













(2.28).
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Figure 2.10: Pressure distribution along the centre line for a Sender-Receiver set-up.
The values used are for the diameter D = 10 mm, frequency of the sound-
field f = 1 MHz, density of the medium ρ = 1000 kg/m3 and the velocity
of sound c = 1500 m/s, maximum velocity of Sender surface vmax = 1 m/s.

Equations (2.26) and (2.28) are evaluated in Figure 2.10.

Comparing Figure 2.10 with Figure 2.6 it can be seen that the variation in
pressure evens out and the curve is smoother. The maximum also shifts to
larger distances from the Sender.

2.1.4 Attenuation of ultrasound

In the following subsections an overview of different attenuation mechanisms
is given. The paper of Mc Clements [25] gives a good summary of ultra-
sound used in different systems. Mechanisms applying to non-scattering
and scattering systems are reviewed.

As the sound wave travels through a medium its intensity decreases due to
a range of mechanisms. Losses resulting from viscous friction and reflection
at surfaces can occur. The attenuation of ultrasound can be described with
the help of an attenuation coefficient. The general attenuation coefficient α
of a medium is defined by

A = A0 · e−α·x (2.29)

with the initial peak amplitude A0 and the amplitude A after the peak has
travelled the distance x. It contains all sorts of losses. The attenuation
coefficient can be specified for different mechanisms of loss. Viscous losses,
reflection at phase boundaries and scattering are the most commonly oc-
curring mechanisms. The unit of the attenuation coefficient is Nepers per
metre ( Np/m).
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Viscous friction losses

The attenuation coefficient αv for losses due to viscous friction in a Newto-
nian fluid is

αv =
8 · π · f 2 · η

3 · ρ · c3
(2.30)

with the frequency f , the viscosity η, the speed of sound c in the medium
and the density ρ of the medium [40]. The viscous loss in water over a
distance x = 9 cm, typical for the Mutec Penetration Dynamics Analyser,
is only 0.0989% for a frequency of 2 MHz. The attenuation coefficients for
a solution of different salts and liquids for frequencies between 5 MHz and
100 MHz can be found in Dunkhin and Goetz [9]. A range of attenuation
coefficients which are measured at a frequency of 1.5 MHz for binary mix-
tures of methanol, ethanol and n-propanol can be found in Petong et al.
[31].

Attenuation of ultrasound due to difference in acoustic impedance

Attenuation due to reflection takes place if there is an impedance difference
between the two media. The greater the difference, the more reflection
will occur and the less transmission will happen (compare Equations (2.34)
and (2.35)). The impedance Zi is defined as the ratio of acoustic pressure
p and particle velocity ξ̇:

Zi =
p

ξ̇
=

ω · ρ
k

(2.31).

In general Zi is complex and can be written as

Zi = Rz,i + ı · Xz,i, (2.32)

where Rz,i is called the resistive component and Xz,i the reactive component.
If α ≪ ω/c the wave number k is dominated by the real part and Zi becomes

Zi ≈ Rz,i = ρi · ci, (2.33)

and is called the characteristic impedance. The characteristic impedance is
a function of the density ρi of a medium i and its speed of sound ci. The
transmission and reflection at a boundary between medium 1 and 2 can be
described with the help of the transmission coefficient and the reflection
coefficient. It is always important to use the transmission and reflection
coefficients with regard to the property of the sound-field i.e. displace-
ment, velocity or acceleration. The transmission coefficient Tξ, 1/2 and the
reflection coefficient Rξ, 1/2 for the particle displacement for perpendicular
incidence of the beam are

Tξ, 1/2 =
2 · Z1

Z1 + Z2

, (2.34)
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2.1 Ultrasound

Reflection Transmission

Acoustic velocity Rξ̇, 1/2 = Z1 cos θi−Z2 cos θt

Z2 cos θi+Z1 cos θt
Tξ̇, 1/2 = 2·Z2 cos θi

Z2 cos θi+Z1 cos θt

Pressure Rp, 1/2 = Z2 cos θi−Z1 cos θt

Z2 cos θi+Z1 cos θt
Tp, 1/2 = 2·Z1 cos θt

Z2 cos θi+Z1 cos θt

Intensity RI, 1/2 =
(

Z2 cos θi−Z1 cos θt

Z2 cos θi+Z1 cos θt

)2
TI, 1/2 = 4·Z1·Z2·cos θi·cos θt

(Z2 cos θi+Z1 cos θt)
2

Table 2.2: Overview of the equations for the determination of the reflection coefficient
R and transmission coefficient T of ultrasound at a phase boundary between
medium 1 and 2 with regard to acoustic velocity (index ξ̇), pressure (index
p) and intensity (index I) as a function of the acoustic impedances in media
(1) and (2) as defined in Figure 2.11 [40].

and

Rξ, 1/2 =
Z1 − Z2

Z1 + Z2

(2.35).

If the difference in impedance of the two media is very large, reflection will
be large as well. In the case of a wave propagating at an angle to the
perpendicular θi > 0 as shown in Figure 2.11, Equations (2.34) and (2.35)
have to be modified using Snell’s law. The incident beam and the reflected
beam have the same angle towards the normal of the surface. The incident
angle θi and the transmission angle θt are connected via Snell’s law, as a
function of the wavelengths (λ1, λ2) in medium 1 and 2 and the acoustic
velocity (c1, c2) in the two media:

sin(θi)

sin(θt)
=

λ1

λ2

=
c1

c2

(2.36).

The determination of the reflection and transmission coefficient is explained
in [40, pp. 144]. The transmission and reflection can be determined by a
balance at the interface between liquid (1) and solid (2). At the interface
the normal components of the stress have to be equal on both sides of the
phase boundary. The normal components of the acoustic velocity have to
be equal as well. These balances can be used to obtain the reflection and
transmission coefficients with regard to the acoustic velocity, pressure and
intensity of ultrasound. The results are listed in Table 2.2. Rearranging
Equation (2.36) gives for the cosine of the angle of the transmitted beam

cos θt =

√

√

√

√1 −
(

c2 · sin θi

c1

)2

, (2.37)
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which can be included in the reflection and transmission coefficients. The
transmitted intensity It is

It = (1 − RI) · I0 = TI · I0, (2.38)

It = I0 ·


1 −
(

Z2 cos(θi) − Z1 cos(θt)

Z2 cos(θi) + Z1 cos(θt)

)2


 (2.39)

or

It = I0 ·
(

4 · Z1 · Z2 cos(θi) cos(θt)

(Z2 cos(θi) + Z1 cos(θt))
2

)

(2.40).

Inserting Equation (2.36) into Equation (2.40) gives

It = I0 ·







4 · Z1 · Z2 cos(θi) ·
√

1 − sin(θi)
(

Z2 cos(θi) + Z1 ·
√

1 − sin(θi)
)2





 (2.41).

In Equation (2.41) the term in brackets is the transmission coefficient TI for
ultrasonic intensity.

When a longitudinal wave crosses a boundary between a liquid and a solid
the form of the wave can change into a transversal wave and a longitudinal
wave as shown in Figure 2.11. The change of one form of ultrasonic wave
into another form of ultrasound is called mode change. In the above case
the mode change occurs due to the fact that in a solid shear stress can be
propagated. In a solid the speed of sound cS2 of the transverse wave differs
from the speed of sound c2 of the longitudinal wave, which leads according
to Equation (2.36) to two different transmission angles. The derivation of
this case and other cases is discussed in [40, pp 216].

For completeness, a third form of ultrasound can occur additionally to this,
namely the surface or Lamb wave. It travels on the surface of solids.

With the help of Equation (2.36) a transmission coefficient for a plane plate
can be derived [40, pp 173]. In his derivation of an expression for the trans-
mission coefficient Sutilov [40] neglects mode change from a longitudinal to
a transverse wave and obtains an estimate for the transmission coefficient.
A short reproduction of this way follows now, as the general case is modified
later.

The plate has the thickness d, the acoustic impedance Z2 and the wave num-
ber k2. The surrounding liquid has the acoustic impedance Z1. Stating and
solving a pressure balance and the equality of acoustic velocity and pressure
at the two interfaces of the plate at (x ∈ {0; d}) gives four equations. The
incoming wave is called φ1. The reflected part of this wave is φ′

1 and the
transmitted part is φ2. Part of the transmitted wave is then reflected at the
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Figure 2.11: A connection between the physical properties of two media separated by
a phase boundary and the angle of the incident and transmitted beam is
given by Snell’s law. When a longitudinal wave propagating in a liquid
encounters a phase boundary of a solid, a part of the incident wave is
reflected and another part is transmitted across the phase boundary. The
transmitted part of the wave is split up into a longitudinal wave and a
transverse wave due to the ability of the solid to transmit shear waves.
The longitudinal wave and the transverse wave have different speeds c2

and cS,2. Sketch taken from [40, p. 221].

second boundary. This part is called φ′
2 and the transmitted part is called

φ3. The angle of the incident beam is θ1 and the angle of the diffracted
beam θ2, the wave numbers in the media are k1 and k2 and the densities are
ρ1 and ρ2. A more detailed derivation of the expression for the reflection
coefficient for a plate is shown in the appendix on page 143 pp.

The wave equations in cartesian coordinates (x, y) are

φ1 = φ1, max · exp {ı[ω · t − k1 · (x · cos (θ1) + y · sin (θ1)]}, (2.42)

φ′
1 = φ′

1, max · exp {ı[ω · t + k1 · (x · cos (θ1) − y · sin (θ1)]}, (2.43)

φ2 = φ2, max · exp {ı[ω · t − k2 · (x · cos (θ1) + y · sin (θ2)]}, (2.44)

φ′
2 = φ′

2, max · exp {ı[ω · t + k2 · (x · cos (θ1) − y · sin (θ2)]}, (2.45)

φ3 = φ3, max · exp {ı[ω · t − k1 · (x · cos (θ1) + y · sin (θ1)]} (2.46).

The balance for x = 0 is then

ρ1 · (φ1 + φ′
1) = ρ2 · (φ2 + φ′

2), (2.47)

k1,x · (φ1 − φ′
1) = k2,x · (φ2 − φ′

2) (2.48)

and for x = d

ρ2 · (φ2 + φ′
2) = ρ1 · φ3, (2.49)

k2,x · (φ2 − φ′
2) = k1,x · φ3 (2.50)
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with the k1,x = k1 · cos θ1 and k1,x = k2 · cos θ2.

The reflection coefficient Rp, plate of the plate with regard to the acoustic
pressure is then

Rp, plate = Real

(

φ′
1

φ1

)

= Real

(

exp {ı · 2 · k2 · d · cos (θ2)} · A + B

exp {ı · 2 · k2 · d · cos (θ2)} · C + D

)

(2.51)

with

A =

(

ρ1

ρ2

+
k1,x

k2,x

)

·
(

ρ2

ρ1

− k2,x

k1,x

)

, (2.52)

B =

(

ρ1

ρ2

− k1,x

k2,x

)

·
(

ρ2

ρ1

+
k2,x

k1,x

)

, (2.53)

C =

(

ρ1

ρ2

+
k1,x

k2,x

)

·
(

ρ2

ρ1

+
k2,x

k1,x

)

, (2.54)

D =

(

ρ1

ρ2

− k1,x

k2,x

)

·
(

ρ2

ρ1

− k2,x

k1,x

)

(2.55).

Hence the transmission coefficient is

Tp, plate = 1 − Rp, plate (2.56).

An evaluation of Equation (2.56) is shown in Figure 2.12 for a plate made
of polycarbonate as a function of the thickness of the plate. The trans-
mission coefficient depends on the thickness of the plate as well as the
wavelength of the ultrasound within the plate.

Attenuation due to scattering

The intensity of ultrasound can also decrease through scattering. Depending
on the nature of the scatterers, different forms of scattering can occur. If the
scattering centres are small enough – k ·R ≪ 1 – Rayleigh scattering occurs.
Here k = 2·π

λ
is the wave number, R is the radius of the scattering centres

and λ is the wave length. The scattering of particles can be characterised
using the scattering cross-section σs of a particle. It is defined as the ratio
of the total scattered power Ds and the intensity of the incident beam I0

[40]:

σs =
Ds

I0

(2.57).

The total scattered power Ds can be obtained integrating the scattered
intensity Is in each direction θ over the surface of a sphere [20, 40]

Ds =

π
∫

0

Is · 2 · π · d2 · sin θ dθ (2.58)
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Figure 2.12: Plot of the transmission of ultrasound through a plate made from poly-
carbonate in the surrounding liquid water as a function of the thickness of
the plate according to Equation (2.56). The angle of the incident beam is
9.5 ◦. The generation of a shear wave in the plate is neglected here. The
transmission depends on the thickness and the wavelength.

with the distance d between scatterer and observer. For the scattering of
a small incompressible stationary sphere with the radius R the scattered
intensity Is at large distances d is

Is = I0 ·
k4 · R6

9 · d2
·
(

1 +
3

2
· cos θ

)2

(2.59)

which leads to an expression for the total scattered intensity

Ds =
7

9
· π · d2 · k4 · R4 · I0 (2.60)

or the effective scattering area of a particle

σs =
7

9
· π · R2 · (k · R)4 (2.61).

Rayleigh also solved the problem of a small compressible particle with the
compressibility Ks and the density ρs in a medium with the compressibility
Km and the density ρm, obtaining for the scattered intensity

Is = I0 ·
k4 · R6

9 · d2

(

Ks − Km

Ks

+ 3 · ρs − ρm

2 · ρs + ρm

· cos θ

)2

(2.62).

With Equation (2.58) this leads to the effective scattering area for Rayleigh
scattering of

σs =
4

9
· π · R2 · (k · R)4 ·





(

Ks − Km

Ks

)2

+ 3 ·
(

ρs − ρm

2 · ρs + ρm

)2


 (2.63).
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Minnaert [28] concludes that this equation does not describe the behaviour
of gas bubbles in a liquid. By solving the energy balance of the displaced
water and the compressed air when a bubble is pulsating, he obtains the
resonance frequency fr

fr =
1

2 · π · R ·
√

3 · κ · P
ρ

, (2.64)

which is a function of the adiabatic compressibility of the gas κ = Cp/Cv,
the ratio of heat capacity at constant pressure and constant volume. It
is also a function of the ambient pressure P . The bubble then radiates a
sound-field which leads to a scattering cross-section which, for air in water,
is larger than found in Equation (2.63). For air in water with κ = 1.4,
the pressure P = 105 Pa, the density of water 1000 kg/m3 the resonance
frequency can be calculated as

fr =
3.26

R
Hz (2.65).

A bubble which has been subject to an initial pulse will follow a harmonic
oscillation with resonance frequency if no dissipative energy losses occur.
Leighton [21] develops Minnaert’s solution in a slightly different way which
also enables him to calculate the scattering cross-section of a bubble. As
it is of importance later on, a brief survey of the derivation is given now.
A differential equation describing the bubble-wall movement ξ is solved. In
the case of the free oscillating bubble the equation is

m · ξ̈ + k · ξ = 0 (2.66)

with the mass m of the displaced liquid and the spring constant k due to
the elasticity of the bubble. The solution to this is

ξ = Ξ1 · eı·ω·t + Ξ2 · e−ı·ω·t (2.67)

with the angular resonance frequency of the oscillation

ω0 =
√

k/m (2.68)

and the constant Ξ1 and Ξ2, which may be complex. With appropriate
calculations [21] it is found that ω0 = 2 ·π ·fr, with fr from Equation (2.68).
This situation is then developed further to the situation of the bubble in a
sound-field, being a coupled system consisting of the bubble and the sound-
field. This is described by a differential equation for the bubble with an
external force F0 which oscillates at the frequency ω:

m · ξ̈ + k · ξ = F0 · eı·ω·t (2.69).

26



2.1 Ultrasound

The solution to this equation is

ξ = Ξ1 · eı·ω0·t + Ξ2 · e−ı·ω0·t + A · eı·ω·t (2.70)

with the angular resonance frequency ω0 = 2 · π · fr of the bubble and
the angular frequency ω of the sound-field. For the steady state of this
oscillation the dominant part of the equation is A·eıω·t. Inserting ξ = A·eıω·t

and ξ̈ = A · ω2 · eiω·t into Equation (2.69) gives an expression for A:

A =
F0

m · ω2 ·
(

(

ω0

ω

)2 − 1
) (2.71).

Hence the displacement of the liquid air interface due to the external oscil-
lating force F0 is

ξ = ξ0 · eı·ω·t =
F0

m · ω2 ·
(

(

ω0

ω

)2 − 1
) · eı·ω·t (2.72).

Equation (2.72) is the answer of the bubble-wall displacement to the exter-
nal stimulation. The stimulation is the force introduced into the system,
which is the right hand side of Equation (2.69). With this the scattering
cross-section σs can be determined as a function of the surface S of the
scatterer [40, p 168]:

σs =
Ds

I0

=
Is · S

I0

(2.73).

The scattered intensity Is and the incident intensity I0 have to be known.
The scattered intensity can be calculated using Equation (2.72) and the
expression for the conversion of acoustic velocity into intensity as given by
Equation (2.6):

Is =
ρ · c · ξ̇0

2
(2.74)

=
ρ · c · ω2 · ξ2

0

2
(2.75)

=
ρ · c · F 2

0

2 · ω2 · m2
· 1
(

(

ω0

ω

)2 − 1
)2 (2.76).

The intensity of incoming ultrasound is I0 and can be calculated with the
help of the right hand side of Equation (2.69) which describes the oscillating
force with the amplitude F0 = m · ξ̈0 where ξ̈0 is the maximum acceleration.
Using the equations given in Table 2.1 the acceleration can be expressed as
a function of the velocity ξ̇0. ∂ξ̇0/∂t = ξ̈0 results in ξ̇0 = ξ̈0/ω and with
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F0 = m · ξ̈0 ⇔ ξ̈0 = F0/m from Equation (2.69) one obtains

I0 =
ρ · c · ξ̇2

0

2
(2.77)

=
ρ · c · ξ̈2

0

2 · ω2
(2.78)

=
F 2

0 · ρ · c
2 · ω2 · m2

(2.79).

This leads to the scattering cross-section σs = Is · S/I0 as a function of the
surface area S:

σs =
S

(

(

ω0

ω

)2 − 1
)2 (2.80).

By adjusting the Surface area to different geometries the scattering cross-
section for a bubble or gas trapped in a pore can be calculated. The scat-
tering cross-section σs,bubble of a bubble with the radius R is then

σs, bubble =
4 · π · R2

(

(

ω0,bubble

ω

)2 − 1
)2 (2.81)

and for a circular pore with the radius R and the length h it is

σs,pore =
2π · R2 + 2 · π · R · h
(

(

ω0,pore

ω

)2 − 1
)2 (2.82).

The resonance frequencies ω0, bubble = 2 · π · fr for a bubble taken from
Equation (2.64) and ω0,pore for a pore are different. In Section 3.5 the
resonance frequency for a pore is derived.

In a situation where losses due to dissipation occur, the above calculations
have to be modified. A dissipative term b · ξ̇ with the dampening constant
b is included in Equation (2.66) to give

m · ξ̈ + b · ξ̇ + k · ξ = 0 (2.83).

The resonance frequency ωd of the damped system is

ωd =

√

k

m
− b2

4 · m2
=
√

ω2
0 − β2 (2.84)

with the resonance frequency ω0 of the undamped system as given by Equa-
tion (2.68) and β = b/(2 ·m). The scattering cross-section can be calculated
in almost the same way as in the undamped case, and the intermediate re-
sults become

|A| =
F0/m

√

(ω2
0 − ω2)2 + (2 · β · ω)2

(2.85)
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and following the same steps as before, the scattering cross-section becomes

σs =
S

(

(

ωd

ω

)2 − 1
)2

+
(

2·β
ω

)2
(2.86).

The different results for the scattering cross-section are plotted in Fig-
ure 2.13. The physical data for the calculation are air and water. It can
be seen that the difference in compressible and noncompressible scattering
is small for ultrasound of the same frequency. When resonance is taken into
account the scattering cross-section is much larger.
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Figure 2.13: Scattering cross-section σs in relation to the particle’s geometric surface S
as a function of the particle diameter for a solid stationary sphere (Equa-
tion (2.61)), a compressible sphere (Equation (2.63)) and a sphere with res-
onance scattering (Equation (2.86)) for two different frequencies (1 MHz
and 2 MHz). The density of the liquid is ρ = 1000 kg/m3. The scatter-
ing cross-section of a bubble with a diameter larger than 1 − 2 µm is in
the case of a non-dissipative system, larger than its geometric surface by
several magnitudes.

Using the derivation of the resonance frequency Miller and Nyborg [27]
give different terms for the dissipation of sound in cylindrical pores, i.e.
losses due to scattering and viscous friction as well as losses occurring in
the boundary layer. The results are validated using nucleopore membranes.
The membranes consist of polycarbonate and have cylindrical pores within
a very close diameter range. When in contact with a liquid, the pores will fill
with the liquid depending on the contact angle. Miller and Nyborg assume
equilibrium conditions at the air-liquid interface and hence no mass transfer
between the two phases. They then derive several formulae for the resonance
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Figure 2.14: Illustration of the three situations considered in Miller [26]:
(a) circular gas-liquid interface at a hole in a rigid baffle,
(b) a straight-through cylindrical pore in a solid sheet of the thickness h,
(c) a cylindrical cavity of the depth H in a solid which is partly filled with
gas to a depth h0.

frequency of nucleopore membranes. The model for the contact line of
liquid, gas and membrane varies from clamped to free moving. The clamped
contact line results in a drumlike behaviour of the interface. Partly filled
pores are considered as well. These situations are shown in Figure 2.14.

The result for the resonance frequency fr, clamped with respect to the clamped
contact line as shown in Figure 2.14 (a) is

fr, clamped =
1

2 · π

√

15 · π · γ
4 · ρ · R3

(2.87).

The power loss W dissipated during one oscillation is given as

W = dr · ¯̇ξ
2

(2.88)

with the velocity ¯̇ξ averaged over the surface and the radiation resistance
dr. For situation (a) the radiation resistance is

dr =
π · ω · k · R3

3
, (2.89)

where k is the wave number. The resistance dv due to viscous flow of a
liquid in a capillary is

dv = 2 · π · η · R (2.90)

as a function of the viscosity η. Losses occurring in the boundary layer of
the flowing liquid are captured by the resistance db:

db =
π · ρ · ω · l · R2

16
(2.91)
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with the density ρ of the liquid and the boundary layer thickness l =
√

2 · η/(ρ · ω). For cases (b) and (c) in Figure 2.14 two variations are cal-
culated: a so-called clamped contact line model and a model with a free
moving contact line where the interface does not change its shape. Case (b)
is an extension to case (a) and the resonance frequency is

fr, clamped =
1

2 · π

√

120 · π · γ · H + 15 · π · κ · P0 · R2

23 · ρ · R3 · H (2.92)

being a function of the polytropic exponent κ, the surface tension γ, and
the ambient pressure P0. If the contact line moves freely, the resonance
frequency fr, p, free becomes

fr, p, free =
1

2 · π ·
√

3 · π · κ · P0

8 · ρ · H · R (2.93).

The partly filled pore or cavity with a clamped contact line has the resonance
frequency fr, p, clamped

fr, p, clamped =
1

2 · π

√

√

√

√

120 · π · γ · b + 15 · π · κ · P0 · R2

32 · ρ · R3 · h0 + 15 · ρ · R2 · b(H − h0)(1 + l/R)

(2.94).
In addition to the earlier defined variables the length h0 of the gas volume
in the pore is used as shown in Figure 2.14 (c).

The resistance dp is given by

dp =
1

2
· π · l · R · (H − h0) · ρ · ω, (2.95)

which is a function of the density ρ of the liquid. The main conclusion
of Miller is that the results obtained by measurements of hydrophobic
porous membranes is between the results obtained by the two models for
the clamped contact line and the free moving contact line, as is discussed in
the papers by Miller [26], Miller and Nyborg [27]. However scattering cross-
sections for the pores in the membranes are neither derived nor measured.

Regimes of scatterers

In systems with small amounts of scattering centres, the scatterers do not
influence each other. The loss in intensity can be calculated as a function
of the attenuation coefficient αs for scattering

I(x) = I0e
−αs·x (2.96)
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as a function of the incident intensity I0 and the distance x. The attenuation
coefficient for scattering (αs) is a function of the scattering cross-section (σs)
and the number of scatterers (Ns)

αs = Ns · σs (2.97).

The scattering of micro-bubbles has become increasingly important for med-
ical ultrasonic application. The micro-bubbles are usually encapsulated in
a shell which separates the air from the surrounding medium. de Jong
et al. [8] include this shell in a modified term for the resonance frequency
fr, microbubble of the micro-bubble. Equation (2.68) becomes

f 2
r, micro-bubbles =

(

f 2
r +

2 · SP

m · π

)

(2.98)

with the shell elasticity factor SP and the effective mass of the bubble m.
The elasticity factor SP is a property of the material used to generate the
micro-bubbles. The attenuation coefficient αs of a regime of micro-bubbles
with different radii r can be calculated with

αs =

∞
∫

0

σs · n(r)dr (2.99).

where n(r) is the number of scatterers.

Pietikäinen [32] uses an ultrasonic transmission technique to measure the
air content at different positions in a paper machine. He uses an extinction
scattering cross-section σe which contains all mechanisms of loss of ultra-
sonic intensity to calculate a loss in signal. The loss in signal is the change
in sound pressure level ∆SPL. The bubbles are assumed to be of constant
size. The loss in signal ∆SPL is then

∆SPL = 20 · log

(

P (d)

P (0)

)

= −10 · σe · Ns · d · log e (2.100)

where Ns is the number of bubbles per unit volume and P (0) is the pressure
amplitude of the incident beam and P (d) is the pressure amplitude of the
transmitted and attenuated beam. He also finds that bubbles attached to
a solid (i.e. fibre) give a larger scattering cross-section than expected from
Equation (2.81).

2.2 Liquid penetration into capillaries

One model substrate used in this thesis to validate the mathematical model
for the Mutec is a nucleopore membrane, made of polycarbonate. The
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pores of the membrane are cylindrical and of a very close size distribution.
When these membranes are mounted onto the sample-holder, one end of
the capillaries is sealed. This leads to a build-up of pressure when a liquid
penetrates into the capillary. This pressure works against the capillary
suction.

The dynamics of liquid penetration into capillaries is fairly complex. The
liquid is sucked into the capillary depending on the contact angle. The
interface between air and liquid is curved. During the process of liquid pe-
netration into the capillary its shape changes. It is not yet fully understood
how the contact line moves during the penetration process, in particular
when a sound-field is superimposed, as pointed out by Miller and Nyborg
[27].

When a liquid penetrates into a capillary which is sealed at one side, differ-
ent physical processes take place. The liquid penetrates into the capillary
due to the capillary suction and replaces the air which occupied the capil-
lary before the process started. As the capillary is sealed, no gas can escape
from the system, hence the pressure in the gas increases as it is compressed.

Due to the increase in pressure the equilibrium between the gas in the gas
phase and the gas dissolved in the liquid is disturbed, and a mass transfer
from the gas phase into the liquid takes place.

The compression of air can take place via different changes of condition.
An infinitely slow penetration process does not change the temperature of
the gas, as it would be in equilibrium with the surroundings. An adiabatic
change of condition occurs when no heat transfer between the gas and the
surroundings takes place, implying an increased temperature in the gas.

For the description of the penetration dynamics the velocity profile of the
penetrating liquid is of importance as it influences the frictional losses oc-
curring during the penetration. Frictional losses due to the liquid flowing
into the capillary are opposed to the capillary suction. In the case of small
penetration velocities, the flow profile is laminar otherwise it can be turbu-
lent.

The dynamics of liquid penetration into capillaries can be formally divided
into three different regions as shown in Figure 2.15.

In the first region the velocity profile changes from a plug flow profile with
a uniform velocity across the air-liquid interface to a laminar or parabolic
velocity profile. In Figure 2.15 the first region is located at the left side of
the air-liquid interface. During this region a boundary layer is formed at the
surface of the capillary. Once it has the dimension of the capillary radius,
the second region starts. It is the region of the laminar flow, where the
velocity profile is still laminar. The third region is the entrance flow where
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Figure 2.15: Dynamics of liquid penetration into a sealed capillary. From right to
left: It is assumed that the air-liquid interface is moving with uniform
speed. Depending on the speed a laminar velocity profile develops in
the capillary. A laminar velocity profile is characterized by a parabolic
shape. The laminar velocity profile exists after a transition distance along
the centre-line of the capillary. At the entrance of the capillary liquid is
flowing from the bulk into the capillary. The velocity in the bulk is zero.
Again, after a transition distance the laminar profile is developed. From
Levic [22] but adapted to the situation of a pore in the membrane.

the fluid entering the capillary forms a boundary layer on the capillary wall.
The third region lasts as long as the boundary layer thickness is smaller
than the radius of the capillary. Whether a laminar profile is developed
depends on the volume flow of liquid into the capillary and its dimensions.
The Reynolds number Re puts the inertial force in relation to the frictional
force. For a capillary the Reynolds number is:

Re =
D · v · ρ

η
(2.101)

with the density ρ of the liquid, its viscosity η, the velocity v and the
diameter D of the capillary. Values smaller than 2500 indicate laminar
flow. The distance x, until the boundary layer thickness is the same as the
radius of a capillary, can be approximated according to Levic [22] by:

x ≈ 0.1 · R · Re (2.102).

Dynamic penetration processes into capillaries were first described by Lu-
cas [23] and Washburn [41] in 1918 and 1921. The situation in Figure 2.15
is simplified by neglecting the transition regions and only taking viscous
laminar friction and capillary suction into account. The Lucas-Washburn-
Equation (1.1) can be solved by direct integration with the boundary con-
dition h(0) = 0. For a gravity-free situation, as is the case for horizontal
capillaries the result for the penetration length h(t) is

h(t) =
√

2 · A · t (2.103)

with

A =
R2 · ρ
8 · η (2.104).
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A further development of the Lucas-Washburn-Equation (1.1) is the Bosanquet-
Equation (1.2), which takes the inertia of the moving liquid into account.
Substituting h(t) · ḣ(t) with z(t) the form becomes

ż(t) + A · z(t) = B (2.105)

with

B =
P · R2

8 · η , (2.106)

P = PLaplace + P0 =
2 · γ cos (Θ)

R
+ P0 (2.107)

and A from Equation (2.104). The solution to Equation (2.105) with the
starting condition z(0) = 0 gives

z(t) =
B · e−A·t ·

(

e−A·t − 1
)

A
(2.108).

In Equation (2.108) the substitution z(t) = h(t) · ḣ(t) is performed and the
solution with regard to the start condition h(0) = 0 is then

h(t) = ±
√

2 ·
√

− B

A2
+

B · e−A·t

A2
+

B · t
A

(2.109).

The solutions of Equations (2.103) and (2.109) are plotted in Figure 2.16(a)
for two different capillaries. As the capillary diameter becomes smaller, the
difference between the two solutions decreases.

The main difference between Equations (1.1) and (1.2) consists in the fact
that the initial velocity ḣ(t → 0) is finite for the Bosanquet-Equation
whereas it is infinite for the Lucas-Washburn-Equation. This is also shown
in Figure 2.16(b), which is obtained by calculating the derivatives of Equa-
tions (2.109) and (2.103). The derivation with regard to the time is

ḣ(t) =
A√

2 · A · t
(2.110)

for Equation (2.103) and

ḣ(t) =
A − A · e− t

B

√
2
√

−A · B + A · B · e− t
B + A · t

(2.111)

for Equation (2.109) with the above-defined variables A and B. The limit of
the velocity is infinite for the Lucas-Washburn-Equation (2.110) as the time

approaches zero. For the Bosanquet-Equation (2.111) the limit is
√

A/B,
as derived in section A.4.
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ameters reduce the difference between the two solutions.
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(b) Evaluation of Equations (2.111) and (2.110). The initial
velocity of the liquid for the Lucas-Washburn-Equation is
infinite. The initial velocity calculated with the help of the
Bosanquet-Equation is finite. This is due to the inertia of
the liquid, which is taken into account.

Figure 2.16: Plot of the penetration length into a capillary and penetration velocity as
a function of time. The capillary diameter is indicated in the legend. The
liquid is water with the density ρ = 103 kg/m3, the viscosity η = 10−3 Pa s
and the contact angle with the material of the capillary is Θ = 80 ◦
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2.3 Influence of Solubility and Diffusion of gas

in water

In section 2.2 liquid penetration into a sealed capillary is described. Due
to capillary suction, the pressure in the capillary rises. The equilibrium
between air in the gas phase and air dissolved in the liquid changes. This
equilibrium can be described for dilute systems with the law found by Henry.
The partial pressure pi of any component i in the air is in an equilibrium
with its mole fraction Xi in the water according to the Henry’s law constant
Hei:

pi = Hei · xi (2.112).

The higher the partial pressure of a component, the more of it is dissolved
in the liquid. The solubilities of gases in water are tabulated and sum-
marised by Wilhelm et al. [42]. The solubility at a pressure of 1 atm ≈
105 Pa of nitrogen in water is xN2 = 0.1695 · 10−4 mol/mol and for oxygen
xO2 = 0.3459 · 10−4 mol/mol. This is of importance when describing the
penetration of a liquid into a pore. Due to the curved liquid-air interface
the pressure is increased. This leads to a changed equilibrium and more
gas being dissolved, and hence a higher concentration at the surface of the
interface compared to the bulk of the liquid in the pore. Diffusion of the gas
into the liquid-bulk will reduce the difference. Diffusion can be described
using Fick’s 2nd law. The change in concentration ci with time t depends
on the second derivative of the concentration with regard to the distance h
and the diffusion coefficient Di:

∂ci

∂t
= Di ·

∂2ci

∂h2
(2.113).

Using Equation (2.113) the situation of a semi-infinite capillary can be de-
scribed by choosing the start and boundary conditions.

ci(h, t = 0) = ci,∞ (2.114)

ci(h = 0, t > 0) = ci,0 (2.115)

ci(h = ∞, t > 0) = ci,∞ (2.116)

The solution to Equation (2.113) with ζ = h2

4·Di·t
is then

ci(h, t) = ci,0 − (ci,∞ − ci,0) ·
ζ
∫

0

e−t2 dt (2.117).

The diffusion flux per unit area ji = −D ∂ci

∂t
at an arbitrary point h is

ji =

√

Di

π · t · e
− h2

4·Di·t · (ci,∞ − ci,0) (2.118).
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Figure 2.17: Plot of Equation (2.120). For the evaluation the diffusion coefficient of
nitrogen is used. For small distances the diffusion can be regarded as
quasi-stationary if the time is larger than the time given in the plotted
graph.

The dimensionless term
h2

4 · D · t > 1 (2.119)

indicates that the diffusion process is starting or

h2

4 · D · t < 1 (2.120)

that a quasi-stationary situation has developed. The length of a capillary
in the model membrane is of the order of 10−5 m. For this dimension Equa-
tion (2.120) is evaluated and plotted in Figure 2.17 using nitrogen as the
diffusing component. The time-scale for quasi-stationary diffusion is then
in the order of several milliseconds.

The mole flux at the interface is of interest as it can be used to describe the
mass transfer from the gas phase into the liquid phase in a capillary. It is
obtained from Equation (2.118) by setting h equal to zero:

ji(h = 0) =

√

Di

π · t · (ci,∞ − ci,0) (2.121).

The total amount n of the component i diffused through the cross-section
at h = 0 is

ni(t, h = 0) = π · R2 ·
t
∫

0

ji(t
′) dt′ (2.122)

= π · R2 ·
√

4 · Di · t
π

· (ci,∞ − ci,0) (2.123)

38



2.3 Influence of Solubility and Diffusion of gas in water

The total amount diffused from the gas phase into the liquid can be con-
verted into a volume with Boyle’s gas law. The volume of gas diffused into
the liquid is replaced by the liquid penetrating into the capillary. Together
with the cylindrical geometry of the capillary, the penetration depth h′(t)
can be calculated:

h′(t) =
n(t) · Rg · T

(Po + PL) · π · R2
(2.124).

Substituting h′′ for h in Equation (2.113) gives

∂ci

∂t
= Di ·

∂2ci

∂h′′2
(2.125).

The double prime indicates the coordinate system as introduced in Fig-
ure 2.18 on page 41. The double prime coordinate system has its origin at
the gas-liquid interface in the capillary and points to the liquid phase. In
the same Figure the situation of a pore partly filled with liquid is shown,
the liquid having an interface with air. Assuming a quasi-steady state the
left-hand side of Equation (2.125) is zero:

0 = Di ·
∂2ci

∂h′′2
(2.126).

At the interface the concentration of the dissolved component is c0 whilst
at the exit of the capillary after a distance H ′′ the concentration is assumed
to be c∞. The resulting concentration profile is then

ci(h
′′) = c0 −

c0 − c∞
H ′′

· h′′ (2.127).

The resulting mole flux ṅi also depends on the radius R of the cross-section
through which the molecules are diffusing and is

ṅi(h
′′) = −Di ·

∂ci

∂h′′
· π · R2 (2.128).

With Equation (2.127) one obtains

ṅi(h
′′) = Di ·

c0 − c∞
H ′′

· h′′ · π · R2 (2.129).

Now the situation of a pore in a membrane can be evaluated. The pore has
a diameter of 5 µm and the radius is R. The penetration depth due to the
capillary suction is H ′′ = PL

P0+PL
·H and the total length of a capillary in the

membrane is H = 10 µm. The volume V0 of the gas in the pore before pene-
tration takes place is V0 = π ·R2 ·H. The number ni of molecules at the tem-
perature T = 298 K in an ideal gas is then ni = P0·V0

R·T = 7.925 · 10−15 mol.
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The pressure in the capillary is Ph0 = Po + PL. It can be calculated using
the Laplace-Equation:

PL = 2 · γ cos (Θ)/R (2.130)

which connects the capillary suction pressure PL with the contact angle Θ,
the radius of the capillary R, and the surface tension γ of the liquid which
is penetrating into the capillary. The ambient pressure P0 has to be added
as the capillary is subject to the ambient pressure before penetration takes
place, and it is sealed at one side so no gas can escape there:

Ph0 = PL + P0 =
2 · γ · cos (Θ)

R
+ P0 (2.131).

The concentration in the bulk of the liquid can be calculated with the help
of Equation (2.112), assuming a saturated liquid:

c∞ =
ni

Vi + VH20

≈ ni

VH2O

= x∞,i ·
ρH2O

MH2O

=
P0

Hei

· ρH2O

MH2O

(2.132).

In analogy the concentration c0 at the interface is

c0 ≈
P0 + PL

Hei

· ρH2O

MH2O

(2.133).

The flux out of the capillary can be calculated with Equation (2.129). The
values for the calculation are

• the ambient pressure P0 = 105 Pa,

• the radius of the capillary R = 2.5 µm,

• the contact angle Θ = 85 ◦,

• the surface tension γ = 72 · 10−3 N/m,

• the density of water ρH20 = 1000 kg/m3,

• the molar mass of water MH20 = 18 kg/kmol,

• the Henry constant for Nitrogen HeN2 = 5.899 · 109 Pa,

• the diffusion coefficient of Nitrogen in water DN2 = 2.34 · 10−9 m2/s,

• the gas constant Rg = 8.31441 J/K/mol.

The results are

• the Laplace pressure PL = 5 · 103 Pa,

• the pressure in the capillary Ph0 = 1.05 · 105 Pa,

• the concentration of nitrogen in the water at ambient pressure c∞,N2 =
9.417 · 10−7 mol/m3,

• the concentration of nitrogen at the interface in the capillary c0,N2 =
1.413 · 10−6 mol/m3,
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2.3 Influence of Solubility and Diffusion of gas in water

Figure 2.18: Situation of a pore in a membrane. Due to capillary suction liquid pene-
trates into a capillary. This leads to higher pressure in the capillary. The
increased pressure leads to a concentration difference of gas in the liquid
phase between the bulk of the liquid and the phase boundary with the
gas in the capillary. Due to Henry’s law the concentration at the phase
boundary is increased. Consequently a flux of gas from the interface into
the bulk liquid occurs. In steady conditions the concentration profile be-
tween the gas-liquid interface and the exit of the capillary is linear, as
shown at the bottom of the plot.
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• the molar flux of nitrogen due to the concentration difference over a
distance H = 10 µm being ṅN2 = 1.102 · 10−10 mol/s/m2.

This means that in the capillary a flux of gas moves from the gas-liquid
interface into the liquid bulk. When the gas in the capillary is dissolved as
shown in Figure 2.18 the phase boundary moves. This leads to a slightly
different differential equation. The equation for the diffusion due to the
concentration difference in the bulk of the liquid and at the gas-liquid in-
terface in the capillary can be described as before using Fick’s law. The
result is a concentration gradient which is linear for the steady state. In
order to obtain the molar flux, Crank [6] introduces a moving coordinate
system on the liquid gas interface, as shown in Figure 2.18. According to
this coordinate system the mole flux ṅ is

ṅ(h′) = −ṅ(h′′) = Di ·
co − c∞

h′′
· πR2 (2.134).

Steady state for the mole flux in the liquid phase in the capillary means that
the mole flux at the exit of the capillary is the same as the mole flux leaving
the gas phase. All changes in the gas are assumed to be isothermal. With
Boyle’s law the mole flux leaving the gas can be translated into a volume
change V̇ of the gas phase.

ṅ(h′) =
P · V̇
Rg · T

=
P · πR2 · ḣ

Rg · T
=

P · πR2 · ˙(H − h′(t))

Rg · T
= −P · πR2 · ḣ′(t)

Rg · T
(2.135).

The further connection between liquid and gas is Henry’s law

xi =
Pi

Hei

(2.136).

The mole concentration ci has to be converted into the mole fraction xi.
This can be achieved with the help of Equation (2.132). The resulting
differential equation is of the form

ḣ′ = A · 1

h′(t)
(2.137)

with the boundary condition h′(t = 0) = H ′′ = PL

PL+P0
· H, which accounts

for the initial compression and penetration by the capillary suction. The
variables are

A =
Di · PL · ρH2O · Rg · T
(P0 + PL) · Hei · MH2O

, (2.138)

B =
PL

PL + P0

· H (2.139).

A solution to this differential equation is

h′(t) =
√

B2 + 2 · A · t (2.140)

which it is plotted in Figure 2.19.
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Figure 2.19: Penetration curve of a water into a membrane when the gas phase is
pure nitrogen. The length of the capillary is 11 µm and the diameter is
indicated in the legend.

2.4 Mutec Penetration Dynamics Analyser

The work of Gabriel [13] is mainly of an experimental nature. Through
variation of different parameters the Mutec Penetration Dynamics Analyser

is evaluated. Four main areas are explored. The measurement set-up, the
liquids for the measurement, and the paper properties are varied. The fourth
area is a correlation of the results obtained with the Mutec Penetration

Dynamics Analyser with current measurement methods.

The variation of the set-up includes the frequency, the measurement diam-
eter, the steel insert and the ambient temperature as well as sample prepa-
ration. With increasing temperature the intensity detected at the Receiver
drops from 100% at 23 ◦C to 50% at 68 ◦C. This behaviour is explained by
different ultrasonic absorption of water in this temperature range.

The conditioning of the paper and the way it is mounted is investigated. It
is found that water penetrating into the sides of the sample has a relevant
influence on measurements with board but not with paper.

Different liquids including isopropanol, water, mineral oil, silicon oil, ink-jet
inks, and acetone are measured. It is apparent that in particular the mea-
surements with acetone and isopropanol contain dissolved air which degasses
during the measurements. Water is evaluated also in terms of pH-value and
ion concentration. Measurements of cellulose paper in water with increasing
concentration of sodium chloride show a retarded decrease in transmitted
intensity compared to water. It is suggested that these differences are due
to a reduction in vapour pressure with increased concentrations of sodium
chloride. The penetration of the vapour phase into the paper is slowed down
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and the detected signal changes accordingly.

The paper properties sizing, pore-size, calendering level and filling level are
varied. The influence of refining, density, roughness, air permeability, water
retention and wet expansion are also evaluated.

Gabriel’s thesis is of lesser importance for this work as it is mainly a col-
lection of data for measurements with the Mutec Penetration Dynamics

Analyser. However, apart from the manual, it is the only published work
at hand.
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Penetration Dynamics Analyser

In general only measurements using physical properties are of scientific value
and a model should be based on physical grounds. For the formulation of a
model three basic rules can be set up according to Kanzamár [18]:

• The measurement result has to be a physical property, in this case the
attenuation of ultrasound or intensity of ultrasound.

• The processes taking place during a measurement have to be modelled
using physical relationships.

• Each part of the model has to be verified.

The first rule poses some difficulty for measurements with the Mutec Pene-

tration Dynamics Analyser, as its implementation does not directly deliver
a physical property. This is why some effort has to be made concerning the
development of a model for the sound generation and attenuation within
the device.

A structure for the model can be given in accordance to the rules: firstly
the generation and detection of ultrasound at the Sender and the Receiver
using piezoelectric ceramics; secondly the physical processes taking place
between Sender and Receiver have to be defined. These processes depend
upon the set-up of the Mutec Penetration Dynamics Analyser and can be
divided into different parts:

• The geometry of the device as well as the size of the Sender and
Receiver and the wavelength of ultrasound used;

• Losses of ultrasound in the medium between Sender and Receiver;

• Transmission of ultrasound through the sample-holder;

• Transmission of ultrasound through the steel insert;

• Influence of a model-sample onto the ultrasound.

Finally the applicability of the model to measurements with paper is inves-
tigated.
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3 Model for the Mutec

3.1 General description of the Mutec

Penetration Dynamics Analyser

Before a model is developed which takes the different aspects of the Mutec

Penetration Dynamics Analyser into account, the geometry, the general
functioning, and the technical background of the Mutec Penetration Dy-

namics Analyser have to be described, as far as they are known. In addi-
tion appropriate assumptions for the unknown parts of the device have to
be made.

3.1.1 Geometry of the Mutec Penetration Dynamics

Analyser

The Mutec Penetration Dynamics Analyser, referred to simply as Mutec, is
controlled by a separate control box which stores and transmits the data to
a computer with a software program which allows parameters to be set.

A sketch of the Mutec device is shown in Figure 3.1(a). It consists of a
sample chamber (1), on one side of which there is the piezoelectric ultrasonic
Sender (2), on the opposite side the ultrasonic Receiver (3). The sample
chamber is filled with water up to a level where the Sender and Receiver
are fully covered with water. A steel insert (4) with two plastic windows (5)
can be used for test-liquids different from water. The sample (8) is attached
to the sample-holder (6) with two-sided sticky tape (7). The sample-holder
is then connected to the stepper motor (9), which pushes the sample into
the test-liquid within a certain time.

A detailed sketch of the measurement chamber is shown in Figure 3.1(b).
The measurement chamber consists of a metal block containing Sender and
Receiver. There are two sets of Sender and Receiver, for a measurement
frequency of 1 MHz and 2 MHz respectively. Each Sender and Receiver
has the two concentric measurement areas of 0.035 m diameter and 0.01 m
diameter. The steel insert, as well as the sample-holder, is not parallel to
the Sender and Receiver but at an angle of about 9.5o. The steel insert has
two plastic windows to allow ultrasound to be transmitted.

3.1.2 Functioning of the Mutec Penetration Dynamics

Analyser

In order to calibrate the instrument the attenuation of the ultrasonic in-
tensity must be determined. Based on this calibration measurement, a cell
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(a) Diagram of the Mutec device (b) Sketch of the measurement chamber

Figure 3.1: The Mutec measurement set-up: measurement chamber (1) filled with wa-
ter, ultrasonic Sender (2), ultrasonic Receiver (3), the steel insert (4) filled
with the test-liquid, two plastic windows (5) for transmission of ultrasound,
the sample-holder (6), two-sided sticky tape (7), paper sample (8), and the
stepper motor (9). the Sender (2) and Receiver (3) have a large (0.035 m)
and a small (0.01 m) measurement area. The steel insert (4) and the sample-
holder (6) are tilted.
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constant is calculated. The cell constant allows results to be given as a
pseudo-attenuation value α(t). By setting the input voltage of the Sender
and the amplification of the Receiver to the values used during the calibra-
tion, similar measuring conditions are created and a direct comparison of
the results, in terms of pseudo-attenuation values (αMutec), is possible. The
manufacturer of the device points out that this is not an absolute value of
the attenuation, as all the measurements are still relative measurements. If
the device is used to measure a sample attached to the sample-holder, the
initial calibration must be done using the sample-holder and the two-sided
sticky tape.

There are two ways of using the Mutec. The first is an automated mea-
surement and the second a diagnostic mode, which allows direct control of
parameters.

The automated method works as follows. To undertake a measurement, the
parameters are set in the computer software. These parameters contain the
duration of the measurement, the Transducer selected, the level of the liquid
in the measurement device, and a sample identification. The parameters are
transmitted to the control box which adjusts the input voltage of the Sender
and the amplification of the Receiver according to the liquid in the sample
chamber. The detected intensity at the Receiver is subsequently controlled
to remain in a certain range. A measurement is started by pressing the
release button and the sample-holder is pushed into the test-liquid. If the
initial values of ultrasound intensity detected at the Receiver are too small or
too large, the amplification or the input voltage is automatically adjusted.
The attenuation of ultrasound between Sender and Receiver is measured
and the first value is available after 8 ms if the smaller measurement area is
selected and 31 ms if it is the larger measurement area. The change of the
intensity of ultrasound measured at the Receiver is monitored and displayed
online. When the measurement is finished, the data are transmitted from
the control box to the computer and the attenuation of ultrasound as a
function of time is calculated. The attenuation is always normalized, based
on either the first value, the maximum, or the last value.

In the diagnostic mode the internal parameters such as the input voltage or
the amplification are displayed. It is also possible to adjust these parameters
and to force the Mutec device to use these values. If the diagnostic mode
is used, the measurement is displayed as an intensity change with time.

3.1.3 Operation of the Mutec Penetration Dynamics

Analyser

To perform a measurement, the measurement chamber is filled with wa-
ter which has been treated in an ultrasonic bath to remove any dissolved

48



3.1 General description of the Mutec

gases. The liquid level is adjusted so that the Sender and Receiver are cov-
ered with water. The sample-holder is prepared by fixing a sample onto
the sample-holder. Measurement parameters such as Transducer diameter,
measurement time, and liquid level in the measurement chamber are set in
the software. The measurement is started by pressing the release button
which is located on the device. The sample-holder is then pushed into the
liquid at constant speed. As soon as the sample-holder is in measurement
position, the ultrasonic attenuation is measured and recorded. When the
measurement is finished, the sample-holder is moved into its starting posi-
tion by pressing the release button again. The measurement data are then
transferred to the computer and saved.

The speed of the immersion of the sample-holder into the liquid is constant.
Consequently the time for the exposition of the sample to the liquid in the
measurement chamber before a first value is recorded depends on the level of
liquid in the measurement chamber. Since the Transducer with the smaller
diameter allows lower levels of liquid in the measurement chamber, the first
measurement value is already available after 8 ms. For the larger diameter
the first value is recorded after 31 ms.

3.1.4 Technical details for the Mutec Penetration

Dynamics Analyser

According to the manufacturer, the ultrasonic wave has a frequency f of
1 MHz or 2 MHz. The length of the initial pulse in the Sender is approx-
imately 1 µs, and the applied voltage is up to 70 kV. At the Receiver the
ultrasonic pulse builds up over 7 oscillations and declines over 7 oscillations
[16]. According to Krautkrämer and Krautkrämer [19], no difference with
regard to the interference between a pulse and a continuous wave is seen in
practice if more than about 6 oscillations are in the pulse.

The maximum intensity generated in the Sender is Imax, Sender = 10 W/m2

[17]. Assuming the liquid in the Mutec to be water with an acoustic
impedance of Z2 = 1.5 · 106 kg/s/m2, its intensity has a maximum pres-
sure in the Sender of

Pmax, Sender =
√

2 · ZSender · Imax, Sender (3.1)

= 2.5 · 104 Pa.

With the appropriate equation for the transmission coefficient for acoustic
intensity Ti from Table 2.2 and using θ = 0, the maximum acoustic pressure
transmitted into the liquid in the Mutec is

Pmax, liquid = Tp · Pmax, Sender (3.2)

= 2.3 · 103 Pa.

49



3 Model for the Mutec

As has been pointed out in Equation (2.17) on page 13, the maximum
pressure in the sound-field is twice as great as on the surface of the emitter.
With this information the absolute minimum pressure p in the liquid can
be calculated:

p = p0 − 2 · Pmax, liquid (3.3)

≈ 105 Pa − 2 · 2.3 · 103 Pa = 0.954 · 105 Pa.

This eliminates the possibility of cavitation in the liquid. It emphasizes the
need to degas the liquid, as degassing already occurs at much smaller pres-
sure differences than those needed for cavitation. As bubbles in the mea-
surement chamber of the Mutec Penetration Dynamics Analyser ruin the
measurement, the liquids used for the measurements have to be degassed
in an ultrasonic bath. This also means that, in this model, the assumption
of Miller and Nyborg [27], namely equilibrium conditions at the gas-liquid
interface in a capillary, cannot be applied to the Mutec Penetration Dynam-

ics Analyser . However the Mutec only uses the maximum intensity of the
ultrasound in highly attenuating media, and cavitation is not observed or
measured during measurements with water.

3.2 Model for measurements of liquids

The model for measurements of liquids consists of three parts:

• the generation of the ultrasonic pulse in the Sender and its detection
in the Receiver depending on the material properties of Sender and
Receiver as well as their geometry and the liquid in the measurement
chamber;

• the geometric spread of the sound-field in the measurement chamber
as a function of the geometry of the Sender and the medium in the
measurement chamber;

• the attenuation of sound in the measurement chamber depending on
the material properties of the medium in the measurement chamber.

In the following sections these parts will be described.

3.2.1 Model for the pulse generation of a circular piston

transducer

The transducer in the Mutec is made from a piezoelectric ceramic. A piezo-
electric ceramic converts an applied voltage into a volume change in the
ceramic.
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It is assumed that the ceramic behaves similarly to the commonly used
barium titanate (BaTiO3), but no details are available from Mutec. Barium
titanate has a density of 5850 kg/m3, and the speed of sound within the
ceramic is 5200 m/s. The resulting acoustic impedance is

ZSender = 5850 kg/m3 · 5200 m/s

= 30.42 · 106 kg/m2/s.

Its piezoelectric modulus is [19]

d33 = 125 · 10−12 m/V (3.4).

The change of volume caused by an electric voltage USender is a material
property of the piezoelectric ceramic. The thickness change ∆x of barium
titanate is a function of the piezoelectric modulus d33:

∆x = d33 · USender (3.5).

The Mutec uses up to 70 kV. For barium titanate this leads to an approxi-
mated thickness change in the ceramic of

∆x = 125 · 10−12 · 70 = 8.75 · 10−6 m (3.6)

for the first cycle. In the subsequent cycles the thickness change is reduced.
The voltage is applied during a short period of time ∆t = 1 µs. The maxi-
mum velocity of the surface of the ceramic can be approximated by

vmax, 1 ≈
∆x

∆t
=

8.75 · 10−6 m

1 · 10−6 s
= 8.75 m/s (3.7).

The maximum pressure inside the ceramic as a function of its density ρ is
then

Pmax, Sender = ρ · ∆x

∆t
≈ 50000 Pa (3.8).

Converting the maximum pressure Pmax, Sender into intensity Imax, Sender gives

Imax, Sender =
P 2

max

2 · ρ · c ≈ 50000 Pa

2 · 5850 kg/m3 · 5200 m/s
≈ 42 W/m2 (3.9).

The intensity which crosses the phase boundary between Sender and medium,
in this case water, is

Imax, medium = TI,(T/M) · Imax, Sender ≈ 0.18 · 42 W/m2 = 7.56 W/m2 (3.10).

This value is of the same order as given by the supplier of the device. The
difference is probably due to slight differences in material properties as well
as non-linearities in the process.
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The conversion of intensity into pressure gives

Pmax, medium =
√

2 · Zmedium · Imax, medium ≈ 4760 Pa (3.11).

The maximum pressure Pmax, medium in the medium is below the evaporation
pressure of the liquids used. This means that cavitation will not occur.
However Pmax, medium is strong enough to degas dissolved air from certain
liquids. This became obvious during some measurement but degassing the
liquid with the help of an ultrasonic bath overcomes this problem.

The generation of a pulse as described in section 2.1.1 is now applied to
the Mutec. If an electric pulse is applied across the surface of the ceramic,
a volume change/ pressure pulse is originated at the two surfaces. These
pulses start to travel through the ceramic and the surrounding medium.
The fraction of the pulse travelling through the ceramic with regard to
the medium is dependent upon the impedance Z of the ceramic and the
surrounding medium.

It is assumed that the ultrasonic transducer has one surface in air (see
Figure 2.4), and the entire impulse at this side of the transducer is reflected.
This is shown in Figure 2.4, where Zair = 0.44 · 106 kg/m2/s ≪ ZSender =
30.42 · 106 kg/m2/s.

Equations (2.12), (2.13) and (2.14) can be developed to describe the pulse
generation in the Mutec. The variable S(i) is the energy stored in the
Receiver in the cycle i. In each cycle a part of the stored pulse leaves the
Receiver and a part I(i) enters from the sound-field.

S(0) = I(0)

S(1) = RP, R/M · S(0) + I(1) = RP, R/M · I(0) + I(1)

S(2) = RP, R/M · S(1) + I(2) = R2
P, R/M · I(0) + RP, R/M · I(1) + I(2)

...

S(i) = RP, R/M · S(i − 1) + I(i)

= Ri
P, R/M · I(0) + Ri−1

P, R/M · I(1) + Ri−2
P, R/M · I(2) + ... (3.12)

... + RP, R/M · I(i − 1) + I(i)

Inserting Equation (2.12) into Equation (3.12) gives

S(i) = Ri
P, R/M · k · R0

P, S/M + Ri−1
P, R/M · k · R1

P, S/M + (3.13)

+Ri−2
P, R/M · k · R2

P, S/M + ... + RP, R/M · k · Ri−1
P, S/M + ·k · Ri

P, S/M.

This is the sum of a geometric series and can be solved to give an explicit
solution

S(i) = k ·
Ri+1

P, S/M − Ri+1
P, R/M

RP, S/M − RP, R/M

(3.14).
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3.2 Model for measurements of liquids

Equation (3.14) is still discrete. Formally introducing a continuous variable
x gives

S(x) = k ·
Rx+1

P, S/M − Rx+1
P, R/M

RP, S/M − RP, R/M

(3.15)

and enables the calculation of the maximum of S(x). This is of interest
as the Mutec Penetration Dynamics Analyser only records the maximum
of the detected pulse. If the reflection coefficient R for the pressure (index
P) between Sender (index S) and the medium (index M) is different from
the reflection coefficient of the Receiver (index R), RP ,S/M 6= RP, R/M, the
maximum is

S(xmax) =
k

RP, S/M − RP, R/M

·

















R

ln

(

ln (RP, R/M)

ln (RP, S/M)

)

ln

(

RP, S/M
RP, R/M

)

P, S/M − R

ln

(

ln (RP, R/M)

ln (RP, S/M)

)

ln

(

RP, S/M
RP, R/M

)

P, R/M

















(3.16).

If the reflection coefficients in Sender and Receiver are equal – RP, S/M =
RP, R/M =: RP, T/M – one obtains:

S(xmax) = k · R
− 1

ln (RP, T/M)

P, T/M ·
(

1

ln (RP, T/M)

)

(3.17).

Equations (3.16) and (3.17) are time-independent. They only depend on the
material properties of the ceramic used in the Sender and Receiver and the
properties of the medium between Sender and Receiver. This is assumed to
be the case of the Mutec Penetration Dynamics Analyser, as is indicated by
the supplier of the device.

In Equations (2.12), (3.12), (2.13) and (2.14) i is replaced by a continuous
variable. The resulting graphs are plotted in Figure 3.2.

The frequency f of the generated pulse relates to the thickness hSender of
the ceramic and the velocity of sound c in the ceramic. The thickness of
the ceramic is just half a wavelength λ, so pulses will be emitted with a
separation distance of 1 wavelength. Equation (2.10) gives a thickness of

hSender =
λ

2
=

c

2 · f =
5200 m/s

2 · 1 MHz
= 2.6 mm (3.18)

and

hSender =
5200 m/s

2 · 2 MHz
= 1.3 mm (3.19)

for the 1 MHz-Sender, made from barium titanate, and the 2 MHz-Sender
respectively. The geometry of the ultrasonic transducer is shown in Fig-
ure 3.3.
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Figure 3.2: Illustration of the dynamics of the pulse generation in the Mutec. The dy-
namics of the pulse generation is calculated with the help of Equation (2.11)
for the part of the pulse which leaves the Sender, Equation (2.12) for the
part which enters the Receiver, Equation (2.13) for the part which leaves
the Receiver and Equation (3.12) for the strength of the pulse stored in
the Receiver. With each oscillation the pulse leaving the Sender is re-
duced and consequently the pulse entering the Receiver is reduced as well.
This leads to a build-up of the energy stored in the Receiver. The pulse
leaving the Receiver increases with the pulse stored in the Receiver. Con-
sequently the part of the signal leaving the Receiver increases up to the
point where the pulse entering the Receiver is smaller than the part of
the pulse leaving the Receiver. Then the pulse in the Receiver decreases
again. The result is a curve which goes through a maximum before declin-
ing again. The values for the calculation are RP, S/M = RP, R/M = 0.8 and
TP, S/M = TP, M/S = TP, R/M = 0.2.

Figure 3.3: Exploded drawing of the ultrasonic Sender: two concentric piezoelectric
ceramics are mounted in the wall of the measurement chamber. They are
covered by a PTFE membrane with a thickness of 0.1 mm. The diameter
of the smaller piezo 1 is roughly 10 mm and the diameter of the larger piezo
2 is approximately 35 mm.
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3.2 Model for measurements of liquids

It is mounted in the wall of the measurement chamber and protected from
the medium in the chamber by a thin PTFE film. The PTFE film is bonded
to the ceramic, and it can be assumed that the ceramic is connected to the
membrane over the entire surface. The transducer will therefore behave as
a circular piston Sender.

As the PTFE film is connected to the Sender, a transversal wave can be
transmitted. The liquid in the measurement chamber will not transmit a
transverse wave but only a longitudinal wave.

The construction of the Sender and the Receiver is basically the same with
the difference at the Receiver being a pressure pulse converted into an elec-
trical pulse which is amplified and may be displayed. The maximum value
stored in the Receiver will be recorded. As information about the ampli-
fication method and possible nonlinearities is not available, the model for
the Receiver cannot be adapted further.

The coupling constant for the Sender-Receiver set-up can be calculated with
the help of Equation (2.9). For barium titanate BaTiO3 it is

UReceiver

USender

= k2
33 = d33 · h33 = 0.19 (3.20).

The coupling constant for a thin plate made from barium titanate is

k2
t = 0.11 (3.21).

This value coincides with the value of the efficiency of the Sender/Receiver
given by the supplier.

3.2.2 Sound-field in the Mutec Penetration Dynamics

Analyser

A simplified model for the distribution of the sound-field in the Mutec can
be obtained using Huygens’s principle of superimposing point sources. The
geometry of the Sender and the observer at an arbitrary position ~ro on
the surface of the Receiver is shown in Figure 3.4. the Sender itself is
modelled using Huygens’s principle of superimposing point sources. For this
model, these point sources are just on the surface of the Sender within the
medium. The strength of the point sources can be calculated with the help
of Equation (3.7) and the transmission coefficient Tξ̇, 1/2 from Table 2.2.
As the Mutec varies the pulse strength according to the attenuation in
the measurement chamber without displaying the value, it is impossible to
determine the maximum velocity vmax of the Sender surface.

An intensity distribution supplied by the manufacturer and based on a
continuous wave shows a variation of the beam within the measurement
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3 Model for the Mutec

Figure 3.4: Geometry of a source/Sender and an observer/Receiver in cylindrical coor-
dinates with the radius r, the angle ϕ and the distance along the centre-line
z. The index s stands for an element on the Sender and the index o for
an observer at an arbitrary position. In this particular case the observer’s
position is on the Receiver.

chamber of about 10 % [29]. Sutilov [40, pp. 203] states that in a set-up
of Sender and Receiver with the same radiation/ detecting area the local
pressure varies 10 − 15 % from the ideal plane wave.

the Sender emits ultrasound on the entire surface S. The consequent pres-
sure at an arbitrary point can therefore be calculated with Equation (2.15).
The distance d between a point of the Sender ~rs and an observer at ~ro with

~rs =







rs

ϕs

zs





 and ~ro =







ro

ϕo

zo





 (3.22)

is

d =
√

r2
o + r2

s + z2
o − 2 · zo · zs + z2

s − 2 · ro · rs · cos (ϕo − ϕs) (3.23).

The variables are also pointed out in Figure 3.4. The earlier introduced
Equation (2.15) describing the pressure distribution in the Mutec is taken
up again:

p(d) =
i · ω · ρ
2 · π · e i·ω·t

2·π ·
∫

s

vmax(t) ·
e−ik·d

d
ds (3.24).

The maximum velocity vmax(t) has to be adapted for the situation in the
Mutec. The ultrasound used in the Mutec is pulsed. This means that the
maximum velocity vmax(t) of the pulsating surface is time-dependent. The
time depending behaviour of vmax(t) can be described using Equation (2.11).
The discrete value of the cycle i in Equation (2.11) is substituted by i =
ω·(t−d/c)

2·π to calculate the pressure at any point in time and space:

vmax(t) = TP, T/M · R
ω·(t−d/c)

2·π

P, T/M · p̂ (3.25).

The reflection coefficient RP, T/M can be calculated with the equations found
in Table 2.2. The pressure pulse is applied at time zero, having limited
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3.2 Model for measurements of liquids

speed c of spreading. After the time t, the pulse has travelled the distance
d. Beyond this distance the pressure pulse has no influence and the value
is therefore zero. Within the distance d the influence of the pressure pulse
can be described using Equation (2.15). Equation (2.15) has to be modified
by these conditions to give:

p(d) =







i·ω·ρ
2·π · e i·ω·t

2·π · ∫
S

vmax(t) · e−ik·d

d
dS if t > 0 ∧ d < c · t

0 else
(3.26).

Equation (3.26) can be divided into a time-dependent term and a second
term depending on the position which describes the diffraction. The diffrac-
tive part of Equation (3.26) is plotted in Figure 3.5(a) and Figure 3.5(b)
for two different times. The dimensions are taken from the Mutec: radius
of the Sender 0.005 m and distance between Sender and Receiver 0.09 m.
Evaluating Equation (3.26) for different diameters of the Sender shows that
the sound-field in the Mutec only reaches far-field conditions for the smaller
diameter of 0.01 m as is seen in Figures 3.5(a) and 3.5(b). the Sender with
the larger diameter generates a sound-field which, within the dimensions of
the Mutec, is still in the near-field. Therefore all the following measure-
ments and evaluations will be done using the Sender with 0.01 m diameter.
A stable sound-field without diffraction develops within the first 0.03 m.
This is well before the sound beam encounters the sample-holder, which is
at a distance of 0.045 m from the Sender surface.

The time t required by the sound-field to develop fully, i.e. when all wavelets
on the Sender interfere with each other on the surface of the Receiver,
depends upon the size of the Sender and Receiver, their distance z = zs−zo

and the speed of sound c. The distance between two wavelets at opposite
points on the circumference of the Sender is the Sender’s diameter D. In
order to interfere at a point perpendicular to the first wavelet on the surface
of the Receiver, the wave generated at the second wavelet has to travel a
longer distance

√
D2 + z2. The time difference between the arrival of the

first wave at the Receiver at a point perpendicular to its origin and the
second wave reaching the same point is then:

t =

√

D2 + z2

c2
− z

c
= 0.37 µs (3.27).

This means, once the first wave front generated at the Sender arrives at the
Receiver, it will take an additional 0.37 µs for the sound-field to develop
fully on the entire surface of the Receiver. This is less than one cycle of the
ultrasound if the frequency is 1 MHz.

From a numeric point of view the initial time of 0.37 µs means additional
evaluations. The integration has to be split up into various smaller sections
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(a) Sound-field in front of the Sender in the Mutec at t =
2 · 10−5 s. It can be seen that at short distances behind the Sender
interference phenomena occur. These are present up to a distance
of about 2 − 3 cm from the Sender. After this distance the pres-
sure field only contains one local extremum. By the time the
pulse reaches the sample-holder at a distance of 4.5 cm from the
Sender, the field is developed fully, hence the incident beam can
be described using geometric methods.
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(b) Sound-field in front of the Sender in the Mutec at t =
6 · 10−5 s. The front of the pulse has reached about 8.5 cm and at
this distance the pressure field contains one local extremum.

Figure 3.5: Evaluation of Equation (3.26). The values for the evaluation are: frequency
f = 1 MHz, time of observation after generation of pulse t = 2 · 10−5 s,
Radius of Sender and Receiver R = 10 mm, speed of sound in the Sender
and Receiver ct = 5200 m/s, density of the Sender and Receiver ρT =
5850 kg/m3. The liquid in the measurement chamber is water with a speed
of sound cm = 1450 m/s and the density ρm = 1000 kg/m3.
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3.2 Model for measurements of liquids

in order to account for regions on the Receiver’s surface where only a part
of the Sender area interferes. In the two-dimensional case, when only the
pressure in one point has to be determined, this means changing the inte-
gration boundaries, as shown in Figure 3.6. The circle with the diameter
R in Figure 3.6 (a)-(e) specifies the area of the Receiver. The variables
ro and ϕo define a position of an observer. In Figure 3.6 (a) and (b) the
coloured circles describe an area on the Sender which has an influence on
the detected pressure at (ro, ϕo) on the Receiver’s surface. The radius is in
direct relation to the time after the generation of the pulse. The larger the
radius, the longer the time since the generation of the pulse. Depending on
the position of the observer and the time, the area of the Sender generating
the pressure detected at the observer varies. The time after the generation
of the pressure pulse defines the radius rc. rc can be calculated as a func-
tion of the speed of sound c and the distance between Sender and observer
zo − zs:

rc =
√

(c · t)2 − (zo − zs)2 (3.28).

In Figure 3.6 (b) - (d) rc is constant. If for the same time an observer is
located at different positions, the radial position, for example, increases, the
circle describing the Receiver and the circle described by Equation (3.28)
intersect. In order to calculate the pressure at the observer in case (b) one
integral, in case (c) two integrals and in case (d) three integrals have to be
evaluated. Once the time has exceeded a certain value, only one integral
has to be evaluated (e). For the evaluation of the pressure over the entire
Receiver area the pressure distribution at the Receiver’s surface has to be
calculated by means of an integration. As a two-dimensional integration of
a two-dimensional integral has to be calculated, the number of sections and
numerical integrals to be evaluated becomes very extensive, as is shown in
Figures A.1, A.2 and A.3 in appendix A.5.

The model for measurements of a medium in the measurement chamber is
based on the following assumptions for Sender, Receiver and the sound-field.

• The dynamics of Sender and Receiver are described in section 3.2.1.
As Sender and Receiver have the same physical and geometrical prop-
erties and the medium in the measurement chamber is in contact with
Sender and Receiver, Equation (3.17) is used to describe the dynamics
of Sender and Receiver.

• For measurements with liquids similar to water and the Sender and
Receiver with 1 cm diameter, far-field conditions are applicable in the
Mutec Penetration Dynamics Analyser.

• The geometric spread is approximated by Equations (2.17), (2.22)
and (2.23).

• The dissipation of ultrasound is taken into account by the appropriate
attenuation coefficient according to Equation (2.29).
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3 Model for the Mutec

(a) 0 < rc < R/2 ∧ rc < R − ro
ϕ4
∫

ϕ1

r2
∫

r1

f(rs, ϕs) drs dϕs

(b) R/2 < rc < R − ro ∧
rc < R − ro
2π
∫

0

r2
∫

r1

f(rs, ϕs) drs dϕs

(c) ro < rc < R + ro ∧
R − ro < rc
ϕ2
∫

0

r2
∫

r1

f(rs, ϕs) drs dϕs+

ϕ3
∫

ϕ2

R
∫

r1

f(rs, ϕs) drs dϕs+

2π
∫

ϕ4

r2
∫

r1

f(rs, ϕs) drs dϕs

(d) R−ro < rc < ro ∧ R−ro < rc
ϕ2
∫

ϕ1

r2
∫

r1

f(rs, ϕs) drs dϕs+

ϕ3
∫

ϕ2

R
∫

r1

f(rs, ϕs) drs dϕs+

ϕ4
∫

ϕ3

r2
∫

r1

f(rs, ϕs) drs dϕs

(e) R + ro < rc
2π
∫

0

R
∫

0

f(rs, ϕs) drs dϕs

A = r2
c − r2

o + r2
o cos2(ϕs − ϕo)

B =
√

r2
o − r2

c/ro)

C =
√

R2 + r2
o − r2

c

r1 = ro cos(ϕs − ϕo) −
√

A

r2 = ro cos(ϕs − ϕo) +
√

A)

ϕ1 = ϕo − arccos(B/ro)
ϕ4 = ϕo + arccos(B/ro)
ϕ2 = ϕo − arccos(C/(2 R ro)
ϕ3 = ϕo + arccos(C/(2 R ro)

Figure 3.6: Evaluation of the pressure observed at a single point observer at different
times.
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3.2 Model for measurements of liquids

This leads to an equation for the pressure detected at the Receiver:

pReceiver =
∫∫

Receiver

pSender,0 · S(xmax) · 2 · pz(zo) ·
J1(X)

X
· e−α·x (3.29).

Two variables are unknown in Equation (3.29), the strength pSender,0 of the
initial pulse in the Sender and the attenuation coefficient α of the liquid. But
if the device is calibrated using a standard liquid, i.e. water, the strength
of the initial pulse is kept constant and the pseudo-attenuation coefficient
αMutec measured by the Mutec Penetration Dynamics Analyser gives at least
a relative measurement result. The pseudo-attenuation coefficient αmodel for
the Mutec predicted by the model is then:

αmodel =
pReceiver, test-liquid

pReceiver, calibration liquid

(3.30).
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3 Model for the Mutec

3.3 Model for the sample-holder

The model for the sample-holder accounts for the loss of the detected ultra-
sonic intensity due to reflection at the sample-holder’s surface. These losses
depend on the thickness of the sample-holder, its material properties, and
the surrounding liquid.

For measurements with the sample-holder the device is calibrated using de-
gassed water in the measurement chamber. This gives the pressure
pwithout sample-holder detected at the receiver. Unfortunately this pressure is
not readily available in the Mutec Penetration Dynamics Analyser, but the
calibration will put all subsequent measurements in relation to the calibra-
tion, thus allowing the formulation of a model for the pseudo-attenuation
coefficient αmodel of the Mutec Penetration Dynamics Analyser.

The situation of the 10 mm Sender and Receiver with the sample-holder is
sketched in Figure 3.7. The sample-holder is at an angle α with regard
to the centre-line of the Sender-Receiver set-up. This angle is αsh = 9.5o.
Hence the pressure field on the surface is not symmetrical. The projected
area of the beam on the sample-holder has to be calculated in order to
determine the pressure on the sample-holder. The position vector of the
sample-holder is ~rsh, and its coordinates denoted by the index sh are:

~rsh =







rsh

ϕsh

zsh,0 + rsh · tan αsh · cos(ϕsh)





 (3.31).

In the sample-holder’s position vector ~rsh, the position of the sample-holder
on the centre-line between Sender and Receiver is zsh,0. In Equation (2.15) zo

can be replaced by zsh,0+rsh ·tan(αsh)·cos(ϕsh) from Equation (3.31) to give
the z-component of the sample-holder. The distance between an element of
the Sender and an element on the sample-holder is then a function of (~rs,
~rsh):

d(rs, ϕs, zs, rsh, ϕsh, zsh) =| ~rsh − ~rs |=

Figure 3.7: Situation of the 10 mm Sender and Receiver with the sample-holder. ~Nsh is
the normal vector of the sample-holder. α is the angle between the centre
line of the Sender and the sample-holder.
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Figure 3.8: Acoustic pressure distribution on the sample-holder using Equation (3.33).
The values used are for the diameter D = 10 mm, the frequency of the
sound-field f = 1 MHz, the density of the medium ρ = 1000 kg/m3, and
the velocity of sound c = 1500 m/s, the maximum velocity of Sender surface
vmax = 1 m/s. An arbitrary value of 1 m/s is used for the maximum velocity
of the Sender. The calculation is performed using a 101 × 101 grid.

√

r2
sh + r2

s + (zsh,0 + rsh · tan(α) · cos(ϕsh)2 − ... (3.32)

... 2 · (zsh,0 + rsh · tan(α) · cos(ϕsh) · zs + z2
s − 2 · rsh · rs · cos (ϕsh − ϕs).

The distance is introduced into Equation (2.15)

p =
ρ · v · ω
2 · π

D/2
∫

0

2π
∫

0

rs sin ω
2

(

tmax

π
− 2·d(rs,ϕs,zs,rsh,ϕsh,zsh)

c

)

d(rs, ϕs, zs, rsh, ϕsh, zsh)
dϕs drs (3.33).

An evaluation of Equation (3.33) for the 10 mm Sender shows that far-field
conditions are established. It is also evident that the pressure distribution
is no longer rotationally symmetric, but has an axial symmetry with regard
to the x-axis. The result is plotted in Figure 3.8.

Figure 3.8 implies also that for the 0.01 m-diameter-Sender far-field con-
ditions are reached at the position of the sample-holder. Due to this the
Sender can be regarded as a point source, and interference need not be taken
into account when calculating the transmission of ultrasound through the
sample-holder.

The sample-holder is a thin plate consisting of polycarbonate. It can be
treated as a thin plate in the path of the ultrasonic beam as shown in
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3 Model for the Mutec

Figure 3.9: Magnified sketch of the sample-holder. The incident longitudinal wave orig-
inating at the Sender travels through a liquid and reaches the phase bound-
ary between liquid (1) and sample-holder (2). Part of the wave is reflected,
the other part is transmitted. The transmitted part is split into a lon-
gitudinal wave (blue) and a shear wave (red). At the boundary between
sample-holder (2) and liquid (3), the shear wave is completely reflected
whereas one part of the longitudinal wave is transmitted and the other part
is reflected. The liquids (1) and (3) have the same physical properties.
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3.3 Model for the sample-holder

Figure 3.9. At the boundary between liquid and sample-holder (1/2) a
part of the ultrasonic beam is reflected and a part of it is transmitted.
The incident wave is a longitudinal wave, as it is propagated through a
liquid. At the boundary (1/2) the transmitted part of the wave is partly
converted into a transverse wave. The transverse wave is partly reflected
at the second boundary (2/3) and partly transmitted and converted into a
longitudinal wave, as liquid cannot propagate shear waves [40, pp217]. The
longitudinal wave which is transmitted into the sample-holder at (1/2) is
partly transmitted through the phase boundary (2/3) into the medium. It
is parallel to the incident wave, as the physical properties in 1 and 3 are
the same. This allows Equations (2.51) to (2.56) to be used to calculate
the transmission through the sample-holder. The pressure detected at the
Receiver is

pwith sample-holder = pwithout sample-holder · Tp,plate (3.34)

or as a relative pressure p∗with sample-holder:

p∗with sample-holder = Tp,plate (3.35)

The pseudo-attenuation coefficient for the model is then

αmodel =
pwith sample-holder

pwithout sample-holder

= Tp,plate (3.36)

The part of the wave transmitted through a plate is calculated and plotted
in Figure 2.12 on page 25. The thickness of the sample-holder is about
2.12 · 10−3 m. This leads to different degrees of attenuation for the sample-
holder, depending on the frequency. The influence of the material properties
for a plate made from different plastics is shown in Figure 3.10.
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Figure 3.10: Evaluation of the transmission coefficient according to Equation (3.36)
regarding the density of and speed of sound in different materials. The
medium surrounding the plate is water and the angle of the incident beam
is 9.5 ◦. Different materials are included in the plot. The material proper-
ties of polycarbonate (PC), low density polyethylene (LD-PE), polyvinyl
chlorine (PVC) and polypropylene are from Folds [12]. The material prop-
erties of polytetrafluoroethylene (PTFE) and Plexiglas (PMMA) are from
Krautkrämer and Krautkrämer [19].
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3.4 Model for the steel insert

3.4 Model for the steel insert

As described above, the steel insert in the Mutec Penetration Dynamics

Analyser is used to measure liquids different from water. The model for the
steel insert consists of several parts all depending on the properties of the
material within the steel insert:

• The geometric spread of the beam changes the detected signal.

• The ultrasonic beam is refracted and has an offset from the centre
line of Sender and Receiver. This leads to a reduction of the detected
signal at the Receiver.

• Attenuation reduces the intensity of the ultrasonic beam.

• The loss of intensity due to reflection at the phase boundaries results
in a transmission coefficient for the steel insert.

These mechanisms occur inside and outside of the steel insert. Calibrat-
ing the Mutec Penetration Dynamics Analyser allows compensation for the
losses in intensity outside the steel insert. These losses then remain con-
stant for measurements. This means that the model only needs to take into
account the change in ultrasonic intensity inside the steel insert.

The challenge when determining the influence of the geometric spread is the
fact that the ultrasound travels through different media before reaching the
Receiver. The ultrasound travels 3 cm through water, then 3 cm through the
test-liquid in the steel insert, and finally 3 cm through water. The precise
geometric size of the steel insert is shown in Figure 3.1(b) on page 47.

The reflection at the phase boundaries is neglected for the moment and
only the geometric spread is determined. The sound-field in the Mutec

Penetration Dynamics Analyser is sufficiently described with the help of
the near-field distance N . In Figure 3.11 Figure 2.6 is supplemented by the
geometry of the Mutec Penetration Dynamics Analyser. The location on
the centre line of the Sender of the first plastic window, the second plastic
window and Receiver are shown. The different symbols indicate a different
liquid in the steel insert. The circles indicate water, which is also used for
calibration, the triangles stand for ethanol with a concentration of 96% by
weight and the squares stand for ethanol with a concentration of 25% by
weight. The near-field distance of 96%-ethanol is smaller than the near-field
distance of water. This means for 96%-ethanol that within the steel insert
the development of the sound-field is less advanced than for water. The near-
field distance of 25%-ethanol is larger than the near-field distance of water.
This means that within the distance of the steel insert the development of
the sound-field is more advanced than with water. The distance zo for the
evaluation of the geometric spread according to Equation (2.20) therefore
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expanded when different materials are in the steel insert. This is shown
for different liquids being indicated by different symbols. The triangle
stands for an ethanol-water mixture of 25% by weight and the square for
an ethanol-water mixture of 96% by weight.

depends on the medium in the steel insert as a function of the near-field
distance Nwater in water and of the near-field distance Nliquid in the test-
liquid:

zo = 2.13 cm + 3 cm · Nwater

Nliquid

+ 3.87 cm (3.37).

zo can as well be used for Equations (2.22) and (2.23) to describe the radial
distribution of pressure.

For geometric reasons the sinus in Equation (2.23), which again is used to
calculate Equation (2.24), is in cartesian coordinates

sin φ =

√
x2 + y2

zo

(3.38).

The pressure in the plane of the Receiver is then

p∗geometric(zo) =
1

π · R2
·

R
∫

−R

√
R2−x2
∫

−
√

R2−x2

2 · p∗(zo) ·
J1(X)

X
dy dx (3.39).

The pseudo-attenuation coefficient αmodel, geometric for the geometric spread
in the model is therefore

αmodel, geometric =
p∗geometric(zo)

p∗geometric(9 cm)
(3.40).
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3.4 Model for the steel insert

Figure 3.12: Sketch of the path of the ultrasound when the steel insert is used. The
medium between the plastic windows is different from the medium on
either side of the plastic windows. The angles θ1 to θ5 result from Equa-
tion (2.36) and are the angles between the path of the beam and the
normal of the plastic window.

The volume between the two windows is filled with a liquid which has physi-
cal properties different from those of the liquid surrounding the steel insert.
Refraction becomes important, as the distance between the two windows
cannot be neglected. This leads to an offset between the centre line of the
Sender and the Receiver and the centre line of the beam, which means that
the cross-section of the beam will only partially cover the area of the Re-
ceiver once it has arrived there. The angles θ1 to θ5 of the ultrasonic beam
with the normal of the plastic window of the steel insert are sketched in
Figure 3.12 and can be calculated as a function of the physical properties
of the media using Equation (2.36).

Equation (3.39) is modified to account for the change of the direction of
the ultrasonic beam and the resulting offset. The offset of the beam to the
centre-line of the Sender and Receiver leads to a reduction in the detected
intensity. The offset of the centre-line of the beam towards the centre line
of the Sender and Receiver is to a minor extent a function of the material
of the window and to a major extent a function of the distance and the
material between the two windows. Neglecting the thickness of the plastic
windows, the offset of the ultrasonic beam can be calculated. The distance
between the two windows is 3 cm and the offset xoffset is then a function of
the angle θ3 and θ1 as defined above:

xoffset = 3 cm · sin (θ3 − θ1)

cos (θ3)
(3.41).

Equation (3.41) is plotted in Figure 3.13. The offset according to Equa-
tion (3.41) results in the fact that the centre of the ultrasonic beam does
not coincide with the centre of the Receiver. This means that due to these
geometric reasons the detected signal at the Receiver will be weaker than
for the case where the centre-line of beam and Receiver coincide. The
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Figure 3.13: Offset of the ultrasonic beam as a function of the medium in the steel
insert. The medium in the steel insert is ethanol-water with varying con-
centrations of ethanol. According to Equation (3.41) the centre line of the
ultrasonic beam differs from the centre line of the Sender and Receiver.
It is obvious that the diffraction in the steel insert has an impact on the
measured result in the Mutec Penetration Dynamics Analyser.

pressure at the surface of the Receiver can be calculated with the help of
Equation (2.15) or approximated by Equation (2.22). The average relative
pressure p∗offset at the surface of the Receiver with regard to its surface area
and the offset xoffset is:

p∗offset(zo) =
1

π · R2
·

R+xoffset
∫

−R+xoffset

√
R2−x2
∫

−
√

R2−x2

2 · p∗(zo) ·
J1(X)

X
dy dx (3.42).

This gives the pseudo-attenuation coefficient αmodel, geometric + offset for the
model accounting for the geometric spread and the offset:

αmodel, geometric + offset =
p∗offset(zo)

p∗geometric(9 cm)
(3.43)

When the insert is used, the ultrasonic beam has additional phase bound-
aries to cross, as is shown in Figure 3.14. These phase boundaries are
the windows in the steel insert. The steel itself reflects almost all the ul-
trasound and is therefore regarded as impermeable for the ultrasonic beam.
The windows are made out of polycarbonate transmitting ultrasound. They
can be described by a transmission coefficient in the same manner as the
sample-holder. The main difference to the sample-holder consists in the fact
that there are different liquids on either side of the plate. The transmission
coefficient is derived in the appendix.

The physical properties of the two media (index 1 and 2) in Equations (2.51),
(2.52), (2.53), (2.54), (2.55) and (2.56) are not the same. Due to the fact
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3.4 Model for the steel insert

Figure 3.14: Sketch of the steel insert. The steel insert is used for measurements of
liquids different from water. On its way from the Sender to the Receiver,
the ultrasonic beam has to cross several interfaces. The material properties
of the media are different and the propagation of the ultrasonic beam is not
perpendicular to the surface of the plastic windows. As a result diffraction
occurs and leads to an offset of the centre line of the beam (− · ·) to the
centre line of the Sender and Receiver (−−). Consequently the maximum
of the beam does not coincide with the centre of the Receiver.

that the chamber is tilted at a certain angle, refraction becomes important,
as the distance between the two windows cannot be neglected.

The angles θ1 to θ5 are shown in Figure 3.12. These angles are needed to
calculate the transmission coefficient of the steel insert. The variables A, B,
C and D from Equation (2.51) depend upon ki,x = ki ·cos (θi) with i ∈ [1..5].
For the situation at the first window A, B, C and D have to be redefined
which accounts for the different media on either side of the plastic window.
The modifications of A, B, C and D are derived in Appendix A7.

A =

(

ρ3

ρ2

+
k3,x

k2,x

)

·
(

ρ2

ρ1

− k2,x

k1,x

)

, (3.44)

B =

(

ρ3

ρ2

− k3,x

k2,x

)

·
(

ρ2

ρ1

+
k2,x

k1,x

)

, (3.45)

C =

(

ρ3

ρ2

+
k3,x

k2,x

)

·
(

ρ2

ρ1

+
k2,x

k1,x

)

, (3.46)

D =

(

ρ3

ρ2

− k3,x

k2,x

)

·
(

ρ2

ρ1

− k2,x

k1,x

)

(3.47).

The variables for the calculation of the transmission of the second window
are A′, B′, C ′ and D′ and they are defined as:

A′ =

(

ρ1

ρ2

+
k1,x

k2,x

)

·
(

ρ2

ρ3

− k2,x

k3,x

)

, (3.48)

B′ =

(

ρ1

ρ2

− k1,x

k2,x

)

·
(

ρ2

ρ3

+
k2,x

k3,x

)

, (3.49)
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C ′ =

(

ρ1

ρ2

+
k1,x

k2,x

)

·
(

ρ2

ρ3

+
k2,x

k3,x

)

, (3.50)

D′ =

(

ρ1

ρ2

− k1,x

k2,x

)

·
(

ρ2

ρ3

− k2,x

k3,x

)

(3.51).

The transmission coefficient for the first window is

Tp, window 1 = 1 − Real

(

exp {ı · 2 · k2 · d · cos (θ2)} · A + B

exp {ı · 2 · k2 · d · cos (θ2)} · C + D

)

(3.52)

and for the second window

Tp, window 2 = 1 − Real

(

exp {ı · 2 · k2 · d · cos (θ2)} · A′ + B′

exp {ı · 2 · k2 · d · cos (θ2)} · C ′ + D′

)

(3.53).

The transmission coefficient for the entire steel insert, including the medium
but neglecting the geometric spread of the beam, is then

Tp, steel insert = Tp, window 1 · Tp, window 2 (3.54).

Like the pseudo-attenuation coefficient for the sample-holder, the pseudo-
attenuation coefficient αmodel, transmission for the reflection occurring at the
steel insert is:

αmodel, transmission =
Tp, steel insert, liquid

Tp, steel insert, water

(3.55)

as a function of the transmission coefficient Tp, steel insert, water of the steel
insert filled with water and the transmission coefficient Tp, steel insert, liquid of
the steel insert filled with test-liquid.

Equation (3.54) is plotted in Figure 3.15 for the steel insert filled with
water-ethanol blends of different concentrations.

The pressure loss due to attenuation is accounted for by Equation (2.29):

p∗attenuation = e−α·x (3.56)

It has to be noted here that the attenuation coefficient α is the real atten-
uation coefficient.

For the model the pseudo-attenuation coefficient αmodel, attenuation is

αmodel, attenuation =
e−αwater·5.13 cm−αwater·3.0 cm

e−αwater·9 cm
= e(−αliquid+αwater)·3 cm (3.57)

as a function of the attenuation coefficient αwater of water and the attenua-
tion coefficient αliquid of the liquid in the steel insert.

Equations (3.43), (3.55) and (3.57) are plotted in Figure 3.16. These
equations can be applied to Equations (3.16) and (3.17) in order to complete
the model.
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Figure 3.15: Transmission coefficient of the steel insert. The transmission coefficient of
the steel insert depends on the liquid inside the steel insert, the properties
of the plastic windows, their thickness, and the distance between the two
windows. For this calculation polycarbonate Z = 2.69 · 106 kg/m2/s with
a thickness of 1.22 · 10−3 m is used. The distance between the windows is
0.03 m and the frequency of ultrasound is 2 MHz.
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Figure 3.16: Plot of evaluation of Equation (3.42), series (1), Equation (3.54), series (2),
Equation (3.56), series (3) and the combination Equation (3.57), series (4)
for different blends of water with ethanol relative to the pressure detected
at the Receiver when the steel insert is filled with water. This relation is
the pseudo-attenuation coefficient αmodel for the Mutec Penetration Dy-

namics Analyser. The relative pressure at the Receiver due to the offset of
the centre line of the beam is curve 1, the relative pressure resulting from
transmission losses in the steel insert is 2 and the combination of both is
3.
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3 Model for the Mutec

Equations (3.16) and (3.17) describe the maximum pressure detected in
the Receiver. The pressure detected in the Receiver is also a result of
the dynamics of Sender and Receiver. As the transmission coefficient for
the steel insert is independent of the ultrasonic intensity of the beam and
constant for a given set-up i.e. liquid in the steel insert, Equation (3.16)
respective Equation (3.17) are proportional to the transmission coefficient.

The pseudo-attenuation coefficient puts all measurements in relation to a
calibration measurement. If this calibration measurement is a measure-
ment with a water-filled steel insert, all the following measurements will be
normalised to this measurement and αmodel is

αmodel = αgeometric + offset · αtransmission · αattenuation (3.58).

3.5 Model for the membrane

The model for the membrane results in a qualitative description of the
processes occurring during a measurement. The result is a scattering cross-
section of a membrane which corresponds to an attenuation coefficient.

The membrane consists of polycarbonate with straight and cylindrical pores
as shown in Figure 3.17. The pores are filled with air. When the membrane
is exposed to a liquid the pores are filled depending on the contact angle
between liquid and membrane. This leads to enclosures of air. Due to
the difference in acoustic impedance of air and water scattering occurs. A
calculation following Minnaert [28] is performed to obtain the resonance
frequency of a partly filled membrane pore. The situation of an empty pore
(a), a partly filled pore (b) and a partly filled pore with a superimposed
displacement of the liquid air interface (c) is shown in Figure 3.18.

Ultrasound propagating through the liquid-membrane system causes the
interface between liquid and air to move. The interface in the pore of the

Figure 3.17: SEM picture of the cross-section of a membrane embedded in Woods-
Metal. It can be seen that the pores are relatively straight. The centre
line of the pores is not orthogonal to the surface of the membrane.
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3.5 Model for the membrane

(a) Sketch of a pore without pe-
netration. The ambient pres-
sure in the pore is po.

(b) Sketch of a pore after pene-
tration has taken place. Due to
the penetration the pressure ph

in the pore has increased.

(c) Sketch of a sealed pore af-
ter penetration has taken place.
The interface of the pore is dis-
placed by ∆h. The pressure in
the gas has increased to pg =
ph+∆h

Figure 3.18: Sketch of a pore. The pore is initially filled with air at the ambient pres-
sure. The liquid penetrates and the pressure in the pore increases. The
interface of liquid and air is then displaced by a short distance and a
further pressure change takes place.
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3 Model for the Mutec

membrane is initially displaced by a maximum of ξ0 and then follows a
harmonic undamped wave equation

m · ξ̈ + k · ξ = 0 (3.59)

with the solution
ξ = ξ0 · ei·ω0·t (3.60)

and with ω0 =
√

k
m

.

Minnaert’s way of treating a bubble can be adopted for a pore. The result
is a resonance frequency of a pore. The pore has the depth H and is partly
filled with water. The remaining gas volume in the pore is Vh = π · R2 · h0

as a function of the radius R of the pore. The penetrated liquid volume
is Vl = π · R2 · (H − h0). The equation is regarded as stationary without
penetration due to capillary suction, the penetration depth being H − h0.
Minnaert balances the kinetic energy Ekin of the liquid with the energy Epot

stored in the elastic compression of the air. The kinetic energy of the gas is
neglected, as is the compression of the liquid. This is justified, as the density
ρair of air is much lower than the density ρl of the liquid, hence the kinetic
energy is much lower. The liquid is almost incompressible compared to the
air and therefore the potential energy stored in the elastic deformation of
the liquid is much lower than that of the air.

The surface of the air-liquid interface can be expressed using a differential
equation (2.66), described in further details below. The velocity of the
movement is ξ̇ and its maximum is ξ̇0 = ξ0 · ω with the initial displacement
ξ0 and the angular frequency ω. The kinetic energy of the water slug moving
in the pore is at its maximum when the velocity is at its maximum:

Ekin = Vl · ρl ·
ξ̇2
0

2
= π · R2 · (H − h0) · ρl ·

ω2
0,pore · ξ2

0

2
(3.61).

The energy stored in the compression due to the displacement can be cal-
culated for a polytropic gas. According to the spring-and-bob analogy, the
energy stored in the volume change is called potential energy:

Epot =
∫ Vmin

Vh

(Ph − Ph0) dV (3.62).

In this equation Ph is the pressure of the gas phase in the pore at any given
penetration depth h. The volume can be substituted for the penetration
depth with Vmin = π · R2 · (h0 − ξ0), Vh = π · R2 · h and dV = π · R2 · dh.
The pressure difference can be calculated with the help of

V κ
h0

· Ph0 = Ph · V κ
h (3.63)

hence
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Ph =

(

π · R2 · h0

π · R2 · h

)κ

· Ph0 : (3.64)

Ph − Ph0 = Ph0 ·
(

h

h0

)−κ

− Ph0 (3.65)

=





(

h

h0

)−κ

− 1



 · Ph0 (3.66)

under the assumption of a polytropic gas with the polytropic exponent κ.
The knack is now formally to introduce hξ = h − h0 and afterwards to
perform a development of a binomial series using the linear term





(

h0 + hξ

h0

)−κ

− 1



 =





(

1 +
hξ

h0

)−κ

− 1



 (3.67).

For small displacements hξ the binomial series for the term in parentheses
is

(

1 +
hξ

h0

)−κ

≈ 1 − κ
hξ

h0

(3.68).

Reintroducing the original variables gives a linearised form of the equation
for the energy stored in the compression.

Epot ≈
∫ h0−ξ0

h0

κ · h − h0

h0

· Ph0 · πR2 dh (3.69)

= κ · π · R2 · Ph ·
−h0 · h + h2/2

h0

∣

∣

∣

∣

∣

h0−ξ0

h0

(3.70)

=
ξ2
0 · κ

2 · h0

· P0 ·
(

H

h0

)κ

· π · R2 (3.71)

Now the maximum kinetic energy and the maximum energy stored in the
compression have to be equal:

ξ2
0 · κ

2 · h0

· P0 ·
(

H

h0

)κ

· π · R2 = π · R2 · (H − h0) · ρl ·
ω2

0,pore · ξ2
0

2
(3.72).

This leads directly to a term for the resonance frequency ω0,pore for a pore:

ω0,pore =

√

κ · P0

(H − h0) · h0 · ρl

·
(

H

h0

)κ

(3.73)

with the ambient pressure P0. The resonance frequency depends on the
total pore length H as well as on the length h0 of the gas volume. The
penetration depth can be calculated by H − h0.

On comparing Equation (3.73) for a pore with Equation (2.68) for a bubble
it becomes clear that the level of liquid penetrated into the pore and the

77



3 Model for the Mutec

 100000

 1e+006

 1e+007

 1e+008

 1e+009

 0  2e-006  4e-006  6e-006  8e-006  1e-005

02e-64e-66e-68e-610e-6

R
es

on
an

ce
 F

re
qu

en
cy

 [H
z]

Penetration depth [m]

Bubble Radius [m]

pore
bubble

Figure 3.19: Comparison of the resonance frequency of a bubble and a pore. Bubbles
with small radii have a resonance frequency similar to a pore filled with
gas where liquid has displaced the gas partly. When only little water
has penetrated the pore, the shape of the curve describing the resonance
frequency of a pore differs from that of a bubble.

pore depth are now the influencing parameters and not the radius of the
pore. This is plotted in Figure 3.19.

The scattering cross-sections (Equations (2.81) and (2.82)) still depend on
the radius R of the pore. This changes when viscous losses are taken into
account as described earlier. The difference between the scattering cross-
section of a bubble and a pore of 5 µm is plotted in Figure 3.20.

The above calculations are valid only when there are no losses. They can
be translated into a formal differential equation of the form as given in
Equation (3.59):

m · ξ̈ + k · ξ = 0 (3.74)

with the mass m = π ·R2 ·ρl · (H−h0) and the spring constant k = κ·P0·πR2

h0
·

(

H
h0

)κ
. Equation (2.69) can be modified to accommodate a dissipative term

b · ξ̇:
m · ξ̈ + b · ξ̇ + k · ξ = F0 · ei·ω·t (3.75)

with the damping constant b. Under the assumption that all viscous losses
occur in the liquid phase the Hagen-Poiseuille-Law for viscous loss in a
tube can be applied to calculate the viscous loss. The dampening constant
b becomes

b = 8 · π · η · (H − h0) (3.76).

The solution is still of the same form as without damping. For the steady
state only the driving frequency is important and the solution is purely the
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Figure 3.20: Comparison of the scattering cross-section of an oscillating bubble without
dissipation with a pore filled with gas where the interface is oscillating.
Equation (2.81), which is valid for a bubble, is infinite for one radius only.
Equation (2.82) is valid for a pore and has two penetration depths where
it becomes infinite.
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particular part of Equation (2.70). Introducing βtot = b/(2 · m) the result
of the resonance frequency ωd,pore in the damped system becomes

ωd,pore =
√

ω2
0 − β2

tot (3.77).

The scattering cross-section can be calculated in the same way as in Equa-
tion (2.82). The result is:

σs =
Spore

(

(

ωd,pore

ω

)2 − 1
)2

+
(

2·βtot

ω

)2
, (3.78)

with the surface Spore of the air in the pore and the angular frequency ω of
the sound-field. The resulting graphs are plotted in Figure 3.21.

A membrane fixed to the sample-holder of the Mutec can be regarded as
sealed on one side. The liquid penetration into the capillaries of the mem-
brane uses two different processes, as described in Section 2.2. The first
and faster process is the penetration into the capillary due to capillary suc-
tion. As a result of the increased pressure in the capillary, air is transferred
across the phase boundary in accordance with Henry’s law. The number
of gas molecules in the gas volume decreases and the pressure drops. Con-
sequently liquid penetrates into the capillary. This is the second process.
In both cases the capillary suction is opposed by the force due to viscous
friction and the pressure built up in the sealed capillary. Gravity is not
important as the pores are horizontal. The hydrostatic pressure becomes
unimportant as the immersion depth of the capillary into the liquid is low.
Instead the counterpressure becomes important due to the compression of
the gas as its volume is reduced by the penetrating liquid. The situation
of a capillary in a membrane mounted onto the sample-holder in the Mutec

Penetration Dynamics Analyser is shown in Figure 3.22.

The gas volume V (t) as a function of the volume V0 of a capillary with the
radius R and the penetration depth h′(t) in the prime coordinate system is

V (t) = V0−π ·R2 ·h′(t) = π ·R2 ·H−π ·R2 ·h′(t) = π ·R2 ·(H−h′(t)) (3.79)

hence:
V (t) = π · R2 · h(t) (3.80).

The pressure change due to the decreased volume as the liquid replaces the
gas can be described by Boyle’s law. The pressure P of a gas at two different
respective times (0 and t) depends on the gas temperature T and volume
V at the according time:

P (0) · V (0)

T (0)
=

P (t) · V (t)

T (t)
. (3.81)
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Figure 3.21: Evaluation of Equation (3.78) describing the scattering cross-section of a
pore. Dissipation due to viscous friction is taken into account. Compared
to Equation (2.82) the peaks of the function for the scattering cross-section
are broader. It can also be observed that the peak on the right side of the
graph at higher penetration depths is broader than the peak on the left.
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3 Model for the Mutec

(a) Before the penetration takes place
the capillary is filled with gas at the
ambient pressure P0. The volume oc-
cupied by the gas is V0 = π · R2 · H.

(b) The membrane is in contact with
water at the time t = 0. After the time
t penetration has taken place, which
leads to gas being compressed and its
volume being replaced by liquid. The
compressed gas has the pressure P (t)
and the volume of the gas is now V (t) =
π · R2 · h(t)

Figure 3.22: Situation of a pore in the membrane when the membrane is mounted on
the sample-holder. The capillary is sealed at one side. At the time t = 0
the membrane is brought into contact with water and after the time t some
penetration has taken place. There are two coordinate systems h and h′.
The h-system has its origin at the entrance of the capillary and describes
the penetrated liquid, whereas the h′-system has its origin at the closed
end of the capillary and describes the gas phase. The transformation
between h and h′ is h′ = H − h.

Equations (3.81) and (3.80) give an expression for the pressure of an ideal
gas in the capillary of a membrane due to the change in volume with regard
to the penetration depth h′(t) as introduced in Figure 3.22 (b):

P (t) =
P0 · V0 · Tt

(V0 − πr2 · h′(t)) · T0

=
H

H − h′(t)
· T (t)

T0

· P0. (3.82)

The modified Lucas-Washburn-Equation (1.1) is

dh′

dt
=

2·γ·cos(Θ)
R

− P0·H·T (t)
(H−h′(t))·T0

+ P0 + Ph

8 · η · h(t)
· R2 (3.83)

with the hydrostatic pressure Ph at the entrance of the capillary. This
equation can be rearranged to give an equation of the form

dt =
A · h′(t)

−C · h(t) + D
− B · h′(t)2

−C · h′(t) + D
(3.84)

with

A = 8 · η · T0 · H (3.85)

B = 8 · η · T0 (3.86)
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3.5 Model for the membrane

C = 2 · γ · R · T0 · cos (Θ) + P0 · R2 · T0 + Ph · R2 · T0 (3.87)

D =
(

2 · γ · R · T0 · cos (Θ) + P0 · R2 · T0+ (3.88)

+Ph · R2 · T0 − Po · T (t) · R2
)

· H.

Hence the solution can be obtained with the help of

∫

A · x

−C · x + D
= A ·

(

− x

C
− D · ln (D − C · x)

C2

)

(3.89)

and

−
∫

B · x2

−C · x + D
= −B ·

(

−D · x
C2

− x2

2 · C − D2 · ln (D − C · x)

C3

)

(3.90).

The maximum penetration depth hmax due to the capillary suction can
be calculated by applying equilibrium conditions to Equation (3.82). The
equilibrium is characterized by T (t) = T0 and P (t) = P0 + PL obtaining

P0 + PL =
H

H − hmax

· P0, (3.91)

leading to

hmax =
PL

P0 + PL

· H (3.92).

An evaluation of Equation (3.92) is plotted in Figure 3.23 as a function of
the capillary radius. Inserting the pressure PL for capillary suction Equa-
tion (3.92) becomes

hmax =
2·γ·cosΘ

R

P0 + 2·γ·cos Θ
R

· H (3.93).

As the contact angle becomes smaller the maximum penetration depth be-
comes larger and is at its maximum at a contact angle of zero. This leads
to an approximation for the maximum penetration depth of a liquid into a
capillary:

hmax =
2·γ
R

P0 + 2·γ
R

· H (3.94).

Equations (3.89) and (3.90) are evaluated with the start and boundary con-
dition h(t = 0) = 0 and plotted in a dimensionless way in Figure 3.24. It
is obvious that the penetration process is very quick and that the maximum
penetration depth is reached quickly. If the contact angle becomes smaller,
the order of magnitude of the penetration dynamics does not change. This is
due to the fact that both the maximum penetration depth and the capillary
suction decline.
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Figure 3.23: Plot of the maximum relative penetration depth hmax/H as a function of
the capillary radius. Maximum penetration depth calculated with Equa-
tion (3.92) (Θ = 85 ◦) and Equation (3.94) (Θ = 0 ◦). A capillary with
smaller radius and smaller contact angle leads to an increased penetration
depth.
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Figure 3.24: Logarithmic plot of the penetration dynamics. The relative penetration
depth is calculated by dividing the penetration depth h′(t) by hmax. A
value of 1 means the penetration due to capillary suction is completed.
This still leaves a volume of air remaining in the capillary. The length of
the capillary is H = 10 µm, contact angle Θ = 85 ◦, surface tension of
the liquid γ = 72 · 10−3 N/m, ambient pressure P0 = 105 Pa, hydrostatic
pressure Ph = 0 Pa, and isothermal conditions T0 = T (t).
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Figure 3.25: Evaluation of the dimensionless term (2.120) for nitrogen diffusing in wa-

ter. The contour lines in the plot are lines of constant value for x2

4·D·t .
The distance h for diffusion is approximated for a capillary in a membrane
by Equation (3.94), which is a function of the capillary radius R. It can be
seen that the dimensionless term is smaller than 1 for larger capillary radii
and longer times. The first measurement of the Mutec is taken after 8 ms.
Within this time-scale the concentration profile becomes quasi-stationary
for almost all capillary radii evaluated here. The capillary length for the
evaluation is 10 µm.

Due to the increased pressure at the gas-liquid interface gas will be dissolved
in the liquid. The subsequent concentration gradient leads to diffusion of
gas molecules through the capillary into the bulk of the liquid. The concen-
tration profile which is developed can be described with Equation (2.117),
and Equation (2.120) indicates if the process is quasi-stationary or not.
Evaluating the dimensionless term

h2

4 · Di · t
(3.95)

for nitrogen in water and the maximum penetration depth according to
Equation (3.94) gives Figure 3.25.

The evaluation of Equation (2.120) produces times at which a quasi-stationary
concentration profile is developed. The first measurement value for a mea-
surement with the Mutec is available after 8 ms. Within this time-scale all
evaluated capillaries can be regarded as quasi-stationary.

The time-scale for the liquid penetration due to capillary suction can be
obtained from Figure 3.24 where Equation (3.84) is evaluated for certain
membranes.

The dynamic water penetration into cylindrical pores of a membrane and
the scattering cross-section of the partly filled pores can now be calculated
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3 Model for the Mutec

using Equations (2.140), (2.84) and (2.86). This set of equations describes
the penetration of a liquid into a gas-filled, sealed pore under the following
assumptions:

• The penetration due to the capillary suction as described by the mod-
ified Lucas-Washburn-Equation (3.84) is very quick and has taken
place in a very short time-scale. This means the capillary suction has
no influence on the dynamics.

• The capillary suction increases the pressure of the gas in the pore
leading to a concentration difference at the gas-liquid interface. Due
to this concentration difference diffusion takes place.

• The main mechanism of reducing the volume of the gas phase is due
to diffusion.

• The dampening of the ultrasound is through scattering and viscous
friction of the liquid slug in the pore.

The resulting graphs of the evaluation for water and different membranes
are plotted in Figure 3.26.
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Figure 3.26: Scattering cross-section for a membrane with cylindrical pores. The mem-
brane is in contact with water. At t = 0 the penetration into the membrane
due to capillary suction stops and diffusion starts. The gas volume in the
pore is replaced by liquid. This leads to a change in resonance frequency
and scattering cross-section.
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4 Validation of the model

The model for the Mutec Penetration Dynamics Analyser is verified by sev-
eral experiments. The simplest set-up is the measurement chamber filled
with liquids having different properties. Measurements of the ultrasonic
attenuation give information about the model for the Sender and the Re-
ceiver. The validation of the model is undertaken with the help of solutions
of manganese-sulfate.

The model for the steel insert is validated by measurements with ethanol-
water mixtures. Geometric spread, transmission through the steel insert
and diffraction are taken into account.

The model for the sample-holder is verified by measuring the attenuation
without the sample-holder and comparing it to measurements with the
sample-holder. In conjunction with the geometric and material properties
of the sampleholder information about the model is obtained.

The dynamic of penetration is brought into the verification of the model by
measuring the liquid penetration into cylindrical pores of a membrane.

4.1 Measurements with liquids

This section deals with attenuation measurements of different liquids in the
Mutec. The device is calibrated with distilled and degassed water. The
degassing is achieved by treatment of the water in an ultrasonic bath and
is stopped once the water stops producing bubbles. Two set-ups for the
Mutec Penetration Dynamics Analyser are possible for measurements with
water. The first measurement set-up is the bare measurement chamber and
the second is the measurement chamber using the steel insert. In order to
verify the first set-up measurements solutions of manganese-sulfate are used.
Manganese-sulfate is characterised by the fact that its acoustic properties,
particularly the speed of sound and the attenuation, vary largely with the
concentration.
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Figure 4.1: Attenuation coefficient for a solution of 1 mol/l manganese-sulfate. The
data are measured at 100 MHz and are taken from Dunkhin and Goetz
[9]. A linear interpolation of the data for frequencies below 6 MHz gives
f(x) = a · log (x) + b with a = 0.2305 ± 0.0078 and b = 0.1045 ± 0.0111.

4.1.1 Measurements with manganese-sulfate

The attenuation of manganese-sulfate is plotted in Figure 4.1 for a fre-
quency of up to 100 MHz. The unit of the attenuation coefficient is dB/cm/MHz.
A linear interpolation of the attenuation coefficient for frequencies below
6 MHz gives:

f(x) = a · log (x) + b (4.1)

where x is the frequency in MHz, a = 0.2305 ± 0.0078 and b = 0.1045 ±
0.0111. The values for the attenuation have to be converted in order to use
them in the model:

αMnSO4 =
102

8.8687
· f · α Np/m, (4.2)

where α is the attenuation coefficient taken from the graph and f is the
frequency of ultrasound in MHz. For a frequency of 2 MHz the attenuation
coefficient according to Figure 4.1 and Equation (4.1) is αMnSO4 = 0.56.
In order to obtain the attenuation coefficient at the concentrations used in
the measurements, a linear interpolation between the value for a 1 mol/l
MnSO4-solution and water is used. The attenuation value for water is
αwater = 0.001 leading to an expression for the attenuation coefficient for
solutions of manganese-sulfate of:

αMnSO4(cMnSO4) = (0.56 − 0.001) · cMnSO4 + 0.001 (4.3).
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Figure 4.2: Comparison of measurements with the Mutec Penetration Dynamics Ana-

lyser and results obtained from the model. A linear regression f(x) = a · x
of calculated against measured results gives a = 1.111 ± 0.035. The ideal
correlation between model and measurements is a = 1 which appears in the
plot as the dotted line.

In order to verify Equation (3.30) describing the pseudo-attenuation coef-
ficient as measured with the Mutec Penetration Dynamics Analyser, mea-
surements with solutions of manganese-sulfate are evaluated. The device is
calibrated using pure water in the measurement chamber. After the calibra-
tion solutions of manganese-sulfate are measured, ensuring that the initial
pulse in the Sender remains of the same strength throughout the measure-
ment series. The results of the measurements and the model are plotted
in Figure 4.2. The calculation of the results obtained by the model is
according to Equation (3.30).

4.1.2 Measurements with ethanol-water mixtures in the

steel insert

The ethanol-water mixtures are degassed with the help of an ultrasonic
bath. A range of different concentrations of ethanol-water mixtures is
tested. When ethanol is mixed with water the physical properties of the
mixtures change in a non-linear way with regard to the concentration as
shown in Figure 4.3(a) and Figure 4.3(b). The theoretic attenuation for
the ethanol-water mixture is calculated using data for the density provided
by Petong et al. [31] and the speed of sound provided by Parke and Birch
[30]. The data are plotted in Figure 4.3. Viscosity and speed of sound
pass through an extremum as the concentration increases, whilst the density
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Figure 4.4: Attenuation data for ethanol-water mixtures, provided by Petong et al. [31].
The data points are copied from [31] and the curve is added.

declines. The attenuation of different ethanol-water mixtures can be found
in D’Arrigo and Paparelli [7] or Petong et al. [31]. The frequency used to
measure the attenuation in Petong et al. [31] is closer to that used in the
Mutec Penetration Dynamics Analyser and hence these data are used. The
attenuation data are plotted in Figure 4.4.

The evaluation of the different ethanol-water blends with the Mutec Pene-

tration Dynamics Analyser result in a curve which varies around a constant
value for the attenuation, depending on the concentration. For Figure 4.5
these values are averaged and plotted. The standard deviation for each
measurement is plotted as error bars.

The resulting graph for the pseudo-attenuation coefficient (Equation (3.57))
obtained by the model is plotted in Figure 4.6. The shape of the curves
obtained is similar. The pseudo-attenuation coefficient is largest for water.
It declines with increasing concentration of ethanol before it increases to
pass through a plateau or local maximum and finally declines.

Figures 4.5 and 4.6 can be combined. Plotting the measured result against
the predicted results gives Figure 4.7. A relation between model and
measurement can be observed.

The differences can be explained with some of the earlier assumptions and
limitations of the device. According to Figure 3.11 far-field conditions are
not developed fully by the time the sound-field reaches the first window of
the steel insert. This means that the pressure still varies locally. Gener-
ally the importance of the reflection of the liquid within the steel insert is
important and has a major influence on the results.
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Figure 4.7: Comparison of measured data with results obtained from the model. The
linear regression f(x) = a · x gives a = 1.064 ± 0.014.

A linear regression f(x) = a · x for results obtained by the model against
results measured with the Mutec Penetration Dynamics Analyser delivers
a = 1.064 ± 0.014. As the model is rather complex, the uncertainties in-
crease. Nevertheless the correlation shows the right trend. As the material
properties of ethanol-water mixtures are taken from different sources, their
accuracy and coherency are difficult to assess, and consequently the in-
fluence on the obtained values is difficult to predict. The rather diffuse
scattering of measurements and predicted values for lower concentrations
of the ethanol-water mixtures can be explained by the influence of geomet-
ric spread, the transmission through the steel insert and the attenuation
coefficient. The geometric spread is a function of the speed of sound in
the medium and the transmission depends on the density as well as on the
speed of sound. Attenuation and speed of sound of water-ethanol mixtures
pass through a local extremum at concentrations between 20 wt-% and 30
wt-%. For larger concentrations the attenuation is constant, and only the
speed of sound as well as the density decline, leading to the prediction of
smaller values.

This means that the model overestimates the attenuation and underesti-
mates the influence of the geometric spread.
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4.2 Measurements with the sample-holder

Measurements with the sample-holder are carried out to validate Equa-
tion (3.36). This equation describes the pseudo-attenuation coefficient of
the Mutec Penetration Dynamics Analyser when the sample-holder is used.
Physical properties of the plate and the medium as well as the frequency
of the ultrasound are needed to calculate the transmission. The physical
properties of the different materials employed are listed in Table 4.1. Two
sample-holders being supplied with the Mutec Penetration Dynamics Ana-

lyser are evaluated as well as a sheet of polycarbonate. The sample-holders
are labelled 1.C1 and 1.C4. The polycarbonate is labelled PC-3mm. The
sample-holder 1.C1 consists of polycarbonate and the sample-holder 1.C4
consists of polypropylene. The properties of the surrounding liquid are
those of water with an acoustic impedance Zmedium = 1.46 · 106 kg/m2/s, the
speed of sound cmedium = 1470 m/s and the density ρmedium = 996 kg/m3.

As shown in Figure 2.12 on page 25 a polycarbonate plate with a thickness
of 2.12 · 10−3 m gives a value for the transmission coefficient of 0.74 for a
frequency of 1 MHz and 0.48 for a frequency of 2 MHz. To evaluate these
results measurements with the Mutec Penetration Dynamics Analyser are
carried out. The device is calibrated using water in the measurement cham-
ber without the sample-holder. This means that the pseudo-attenuation
coefficient αmodel for a measurement with water and without the sample-
holder gives a value of αMutec = 1. The measurement with the Mutec Pe-

netration Dynamics Analyser shows that the resulting pseudo-attenuation
coefficient is αMutec = 0.998. Then measurements are carried out using the
sample-holder only. The resulting curves are shown in Figure 4.8(a).

The value for the measured pseudo-attenuation coefficient is αMutec = 0.51+
/−0.006 for the 2 MHz ultrasound and it is αMutec = 0.86+/−0.005 for the
1 MHz ultrasound. It can be seen that the curve measured with the Mutec

Penetration Dynamics Analyser does not change with time. The variation
in the curve is due to measurement inaccuracy.

Further measurements with an additional sample-holder as supplied with

unit 1.C1 1.C4 PC-3mm

thickness [ 10−3 m ] 2.12 2.55 3.00
ρplate [ kg/m3 ] 1190 900 1190
cplate [ m/s ] 2280 2792 2280
Zmedium [ 106 kg/m2/s ] 2.71 2.51 2.71

Table 4.1: Physical properties of the sample-holders supplied with the Mutec Penetra-

tion Dynamics Analyser. Sample-holder 1.C1 consist of polycarbonate (PC)
and sample-holder 1.C4 consists of polypropylene
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the Mutec Penetration Dynamics Analyser and a polycarbonate plate of
3 mm thickness are subjected to the same measurement procedure. The re-
sults are shown in Figure 4.8(b). The variation of the results for the same
sample-holder is due to the reproducibility of the measurement. Accuracy
and reproducibility for this measurement set-up are good.

In order to compare results obtained by the model with measurements using
the Mutec Penetration Dynamics Analyser αmodel is plotted against αMutec.
These results are shown for one sample-holder measured with different fre-
quencies of ultrasound in Figure 4.9(a) and for measurements with one
frequency but different materials in Figure 4.9(b).

The results show a fairly good correlation. A linear regression f(x) = a·x for
measurements with different frequencies gives a value of a = 0.969± 0.035.
This is very close to the ideal value of a = 1.

A similar result is obtained for the evaluation of different materials. The
linear regression delivers a = 1.044 ± 0.034 which is again very close to
a = 1.

The factor influencing these results is to a large extent the accuracy of the
determination of the thickness of the sample-holder. The variation in the
transmission coefficient differs with the thickness of the plate, as can be
seen in Figure 2.12. The material properties influence the result as well,
but to a minor extent. As the material properties are taken from literature
and are not verified by measurements, some uncertainty can arise here as
well. Keeping this in mind, the results of the measurements fit the predicted
results very well.
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Figure 4.9: Evaluation of measurement results with values predicted by the model for
measurements with the sample-holder.
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4.3 Measurements with membranes

4.3.1 Characterisation of membranes

To validate the model for the Mutec nucleopore membranes are used. Nucle-
opore membranes have a very close pore size distribution as can be seen in
Figure 4.10 (a)-(d) All results for the evaluation are shown in Table 4.2.

(a) Nominal pore diameter 3 µm (b) Nominal pore diameter 1 µm

(c) Nominal pore diameter 0.4 µm (d) Nominal pore diameter 0.2 µm

Figure 4.10: SEM pictures of the membranes used to evaluate the Mutec.

Four membranes with the nominal pore diameter of 0.2 µm, 0.4 µm, 1 µm
and 3 µm are characterised. The results of measurements of the contact-
angle of liquid drops on the surface of the membrane are given in Table 4.3.
The liquids are water, 5%-ethanol and 10%-ethanol.

A special technique of embedding the membranes in Woods-metal and
preparing cross-sections is applied to characterize the pores of the mem-
brane. An example of a cross-section of an embedded membrane is given in
Figure 3.17 on page 74. The surface of the pores in the membrane is smooth
and the pores are straight. The centre line of the pores is usually different
from the perpendicular of the surface of the membrane. This implies that
the cross-section of a pore perpendicular to the path of the ultrasound varies
across the surface of the membrane.
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4.3 Measurements with membranes

nominal pore diameter of membrane
0.2 µm 0.4 µm 1 µm 3 µm

SEM pore diameter µm 0.23 0.35 1.03 2.49

SEM pore density 1012 1/m2 2.8 0.8 0.16 0.03

Table 4.2: The membranes used are evaluated with SEM techniques. The SEM pictures
are shown for one resolution in Figure 4.10. For the SEM pore diameter
only single holes are evaluated. This accounts for the slightly smaller pore
diameters obtained by the SEM technique compared to the value given by
the supplier. For the density all holes within a certain area are counted and
divided by the area.

nominal pore diameter of membrane
ethanol concentration 0.2 µm 0.4 µm 1 µm 3 µm

0 % 87 ◦ 75 ◦ 85 ◦ 80 ◦

5 % 71 ◦ 62 ◦ 76 ◦ 64 ◦

10 % 65 ◦ 63 ◦ 63 ◦ 62 ◦

Table 4.3: Results of the contact-angle measurements with different membranes and
different water-ethanol mixtures The contact-angle of the 0.2 µm- and 1 µm-
membrane is consistent. The contact-angle for the 3 µm- and 0.4 µm-
membranes is decreasing for water and 5%-ethanol.
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4 Validation of the model

frequency diameter of bubble
of ultrasound 0.2 µm 1 µm 3 µm 4 µm

1 MHz 1.11 · 10−19 1.82 · 10−15 2.04 · 10−12 1.83 · 10−11

2 MHz 1.79 · 10−18 3.39 · 10−14 8.65 · 10−10 4.46 · 10−10

Table 4.4: Evaluation of the scattering cross-section (
[

m2
]

) due to resonance oscilla-

tion of the bubble. The resonance frequency is fr = 3.26
D/2

according to Equa-

tion (2.65) and is evaluated for air in water. With the resonance frequency
the scattering cross-section according to Equation (2.81) can be calculated
as a function of the frequency f .

frequency diameter of sphere
of ultrasound 0.2 µm 1 µm 3 µm 4 µm

1 MHz 3.17 · 10−27 4.96 · 10−23 3.62 · 10−20 2.03 · 10−19

2 MHz 5.08 · 10−26 7.94 · 10−22 5.79 · 10−19 3.25 · 10−18

Table 4.5: The scattering cross-section of a solid stationary sphere is calculated with the
help of Equation (2.61). The resulting values are several magnitudes smaller
than the results for the scattering cross-section of the bubble in resonance.

The scattering cross-section as a function of the particle size of different
scatterers is evaluated and plotted in Figure 2.13 on page 29. The re-
sults for a spherical bubble scattering sound due to resonance scattering
according to Equation (2.81), a spherical compressible sphere according to
Equation (2.63), and a solid stationary sphere according to Equation (2.61)
are compared. The physical properties of the bubble and the spheres are
those of air, and the surrounding medium is water. It is obvious from this
evaluation that the scattering due to resonance is the dominant mechanism
for scattering.

A comparison of the results for the scattering cross-section obtained for
air-bubbles in water and a solid sphere in water is listed in Table 4.4 and
Table 4.5. The diameters of the bubbles respectively the solid sphere are
chosen to be equal to the different diameters of the pores in the membranes.
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4.3 Measurements with membranes

4.3.2 Measurements of membranes with the Mutec

Penetration Dynamics Analyser

The Mutec Penetration Dynamics Analyser measures the change of ultra-
sonic intensity in relation to a calibration measurement. The measurements
in this section are carried out after calibrating the device with the test-liquid
and the sample-holder including the two-sided sticky tape. The attenuation
value measured is therefore only an indication for the influence of the differ-
ent membranes on the detected signal. Membranes with 3 µm, 1 µm, 0.4 µm
and 0.2 µm pore-diameter are evaluated. The contact-angle measurements
for the test-liquids on the membrane’s surface result in values smaller than
90 ◦. This means that capillary suction occurs. The process of capillary suc-
tion described by the modified Lucas-Washburn-Equation (3.84) is too fast
to be detected by the Mutec Penetration Dynamics Analyser. The liquid
penetrates into the pores of the membrane and the pressure in the remain-
ing gas volume is increased. This leads to gas molecules being transferred
across the phase boundary and transported via diffusion into the bulk of
the liquid. Consequently the gas volume will change and due to this the
scattering cross-section of the gas in the pore will change as well. This
is described by Equations (2.140), (2.84) and (2.86) and is plotted in Fig-
ure 3.26 on page 87. Larger scattering cross-sections will give smaller values
for αMutec as less ultrasound is detected at the Receiver.

Results of measurements using 3 µm-, 1 µm-, 0.4 µm- and 0.2 µm-membranes
with different test-liquids are shown in Figure 4.11, Figure 4.12 and
Figure 4.13. The test-liquids used are water, 5%- and 10%-ethanol-water
blends.

A logarithmic scale is chosen for the plots to be able to evaluate small time-
scales. In most of the cases the curve remains constant or slightly inclining
before the slope becomes steeper, and eventually the value levels out to
one. In all cases the curve for the 0.2 µm-membrane is constant. It can also
be observed that the point where the slope of the curve increases occurs
sooner for pores of smaller diameter. The change in the scattering cross-
section of the 0.4 µm-membrane is closer to the change in the scattering
cross-section of the 1 µm-membrane as it is for 1 µm-membrane compared
to the 3 µm-membrane. All curves eventually level out at a value of one.

The results are now put into the context of the earlier calculations. Starting
with the simplest curves obtained for the 0.2 µm-membrane. The diameter
of the pores is obviously too small for scattering due to resonance. This
can be seen in Figure 3.21 on page 81. Taking this scattering cross-section
and putting it into relation to the diameter of the pore it becomes obvious
that the scattering ability of the 0.2 µm-membrane is about 1600 times
smaller compared to the 5 µm. In addition to this, the smaller diameter
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Figure 4.11: Measurements with water. The value measured is the pseudo-attenuation
coefficient as it is given by the Mutec. The pseudo-attenuation coeffi-
cient αMutec is a function of the settings of the Mutec during calibration
and the settings of the device as well as the detected pressure during the
measurement.
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Figure 4.12: Measurements with 5 wt-% ethanol. The value measured is the pseudo-
attenuation coefficient as it is given by the Mutec. The pseudo-attenuation
coefficient αMutec is a function of the settings of the Mutec during calibra-
tion and the settings of the device as well as the detected pressure during
the measurement.
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Figure 4.13: Measurements with 10 wt-% ethanol. The value measured is the pseudo-
attenuation coefficient as it is given by the Mutec. The pseudo-attenuation
coefficient αMutec is a function of the settings of the Mutec during calibra-
tion and the settings of the device as well as the detected pressure during
the measurement.
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4.3 Measurements with membranes

leads to an increased pressure in the pore due to the curved surface. This
leads to a larger imbalance of the air solved in the water and the partial
pressure in the gas phase resulting in an increased flux of gas molecules
into the liquid phase. Contrary to this the initial penetration depth of
the liquid as given by the modified Lucas-Washburn-Equation (2.103) is
smaller compared to the other membranes. This fact is outweighed by the
small scattering cross-section and the increased diffusion. As a result the
Mutec Penetration Dynamics Analyser can neither detect the pores nor the
dynamic changes in the pores of the membrane.

The shape of the curves obtained by the measurement of the remaining
membranes can again be explained with the help of Figure 3.21. A small
αMutec-value means that only little ultrasonic intensity is detected at the re-
ceiver. A large value for the scattering cross-section means that the ability
of the pore to scatter ultrasonic intensity is large. Hence if the scattering
cross-section is large the αMutec-value will be low. The graph for the scat-
tering cross-section can roughly divided into two areas. One area where the
scattering cross-section remains on a more or less constant level especially
for short times and a second area where the scattering cross-section declines.
A simplified evaluation is shown in Figure 4.14(a).

A similar evaluation of the curves to determine the point where the slope
changes is undertaken and exemplified in Figure 4.14(b) for the 3 µm-
membrane. Two linear interpolations using only a part of the data of the
graph are undertaken. The time displayed on the abscissa at the intersection
of the two lines is taken.
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Figure 4.14: Simple determination of the point where the slope of the scattering cross-
section and the αMutec-value changes.

The results of the evaluation of the time when the slope of the scattering
cross-section respective the αMutec-value changes is shown for the different
membranes in Table 4.6. It can be seen that the model predicts these times
fairly well. The larger the pore size becomes the larger is the transition
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4 Validation of the model

pore size model measurement

0.4 µm 2.0 s 2 s
1 µm 3.5 s 3 s
3 µm 9.0 s 8 s

Table 4.6: Comparison of the time when the slope of the scattering cross-section changes
for the calculation of the model with the time when the αMutec-value of the
measurement changes. Membranes with different pore sizes are evaluated.

region between the two slopes. This feature is found in the values measured
as well as in the values calculated from the model. The broad transition
region complicates the determination of the exact time for the change of the
slope.
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5 Future Prospects

The use of ultrasound to measure the dynamic penetration of liquids into
pores is described in the previous sections. For materials with well defined
properties and simple geometries the theory is able to predict measurement
results. However, most materials used in industrial processes where in-
teraction of porous materials with liquids is of particular interest are more
complicated. Paper, for example, is a composition of different materials, i.e.
fibres, fillers, starch, retention aid, forming a porous network with convex
and concave surfaces having regions of varying surface energies. If only the
sizes of the pores are taken into consideration, one would assume that an
approximation for the results is a superposition of curves for the occurring
pore-sizes.

Some measurements with coated and uncoated papers of different qualities
are shown in Figure 5.1, Figure 5.2, Figure 5.3 and Figure 5.4.

Obviously the shapes of the curves measured show that this assumption is
not valid. For the curves decrease with increasing time. Although they level
out to form a plateau, the value measured is by far smaller than the value
for the membrane. A closer look shows that the values eventually rise but
only after a long time. If the measurements are continued beyond the time
of 100 s, it is possible that the curves level out at a constant value close to
that of the sample-holder.

For the copy paper in Figures 5.3(a) and 5.3(b) there is no levelling out,
instead the curves continuously decrease during the observed time-frame.

The hypothesis for the explanation of the curves in Figure 5.1, Figure 5.2
and Figure 5.3 is the assumption that after the initial contact with water,
areas of enclosed air are generated due to capillary suction. These areas act
as scattering centres reducing the attenuation coefficient. The porous struc-
ture of the paper is rather complex as fibres form a network of intersecting
pores. Areas of convex and concave surfaces as well as areas of different
wettability influence the capillary suction. In contrast to the pores of the
membrane the network is not sealed. This leads to a potential opportunity
for the air to escape from the paper structure. This may also lead to an
increased time for the pressure build-up within the gas phase. If the pres-
sure build-up is slower, the imbalance between the pressure of the gas and
the concentration of the gas in the liquid and subsequently the diffusion
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Figure 5.1: Measurements of the pseudo-attenuation coefficient of an uncoated wood-
free paper in water.
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Figure 5.2: Measurements of the pseudo-attenuation coefficient of a mechanical base-
paper in water.
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Figure 5.3: Measurements of the pseudo-attenuation coefficient of copy paper in water.

112



 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0.001  0.01  0.1  1  10  100  1000

α m
ut

ec

t [s]

1 MHz

Sampleholder
Sampleholder and tape

Base
V1
V2
V3
V4
V5
V8

(a) 1 MHz

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0.001  0.01  0.1  1  10  100  1000

α m
ut

ec

t [s]

2 MHz

Sampleholder
Sampleholder and tape

Base
V1
V2
V3
V4
V5
V8

(b) 2 MHz

Figure 5.4: Measurements of different papers. The paper consists of the same base
paper and is coated with different coating colour formulations using a high
speed pilot coater. The pore structure of the coated paper is different due to
differences in the pigments used in the coating colour. The main difference
observed is the difference between base sheet and coated sheet. Within the
set of coated papers mercury-porosimetry measurements show that V1 has
the largest number of small pores.
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Figure 5.5: Paper is a complex structure and the interaction with aqueous liquids also
leads to dynamic changes of this structure. For the validation of models
it is necessary to undertake measurements with model substances. The
complexity of model substrates can vary significantly.

change. In addition to this, processes of swelling fibres change the fibre
network. New scattering centres occur and the size of the scattering centres
changes, leading to a variation in the scattering cross-section of the paper
sample.

Although for mono-sized capillaries the theory predicts the results mea-
sured, further efforts are necessary to describe the penetration into complex
structures.

For the further research Figure 5.5 might be a guide. In this thesis mem-
branes with mono-sized pores are evaluated. The next step could be done
by evaluating a mixture of pores, where the number of pores as well as
their sizes are varied. A quite simple set-up for this procedure is shown
in Figure 5.6. As the measurement conditions are radially symmetric the
circular measurement area of the sample-holder could be divided into seg-
ments of various sizes, each segment having different pore sizes and different
numbers of pores. The resulting measurement curves might be interpreted
as a superimposition of the individual curves belonging to the membranes
with the sizes of the segments being a weighting for the final curve. One
could eventually try to draw conclusions from the resulting curve to the
pore-size-distribution of the sample. One way to reduce the results shown
in Figures 4.11, 4.12 and 4.13 could be by concentrating the curve at the
starting level, the point where the curve starts rising as well as its slope and
at its final level, and assessing how these values are influenced by the cor-
responding values of the curves for the respective membranes, and if curves
for paper are measured, to judge the quality of paper.

Another step to gain more complexity could consist in trying to replace the
cylindrical capillaries by bottle-necked cavities as shown in Figure 5.7(a).
This might be of interest as Figure 1.1 indicates that the cavities are of
much larger extent compared to the pores of the surface leading to these
cavities. Doing so the calculation of the dynamic penetration has to be
modified so that methods used for cylindrical capillaries are adapted to this
situation. This is possible for the theory but a validation is more difficult
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Figure 5.6: For the evaluation of different pore-size-distribution the sample-holder could
be prepared with different membranes.

as model substrates have to be found. By etching the surface of a sample-
holder cavities could be generated and covered by membranes as shown in
Figure 5.7(b).

Increasing the complexity of the model intersections of pores could be im-
plemented but a suitable material for validation has still to be found.

Another approach could consist in reducing the complexity of paper as a
substrate by using glass-fibre-filters in combination with appropriate liquids.
In contrast to paper-water-interaction where swelling occurs, these filters
have the advantage of avoiding dynamic changes of the structure during the
penetration process.

Of course the complexity of papers can be varied from uncoated papers to
single or multiple coated papers. The technique using Woods metal as e.g.
used in Figure 3.17 on page 74 for membranes could be developed to obtain
more information about the paper structure.

It has to be emphasised here again that better ways of calibrating the mea-

(a) Sketch of a cavity with a
small bottleneck like entrance.
The bottle-necked cavity can be
describe in analogy to a sealed
capillary.

(b) Cross-section of a specially
prepared sample-holder for the
evaluation of bottle-necked cav-
ities.

Figure 5.7: For the evaluation bottle-necked cavities the model as well as the sample-
holder need adaptation.

115



5 Future Prospects

surement device as well as improving the way results are reported are an
absolute necessity for a scientific use of this device (see Section 3.1).

Lately a modification of the measurement device has been presented (PDA
C.02 Module PEA [14]). The Receiver is moved onto the sample-holder and
it is split into an array of small Receivers which might allow to judge the
homogeneity of the material measured with the device. Due to the position
of the Receiver on the sample-holder it is more difficult to calculate the
model. For the Receiver is now situated closer to the near-field-distance.
Therefore it is located in a region of the sound-field where it is more difficult
to calculate properties of the sound-field. It has to be verified whether the
model developed in this thesis can be adjusted to the new measurement
set-up.

In this thesis only solutions and pure liquids are used. In order to find a
model for technical fluid containing particles it could be useful to extent the
research to dispersions and suspensions. The particles in the dispersions and
suspensions act as scattering centres. Model substances for this development
could be medical ultra-sound contrast agents of well defined particles. The
result could be a model for technical liquids as they are used for paper
coating. This enables to evaluate results obtained by the measurement
device when paper is measured using a coating colour as test-liquid.

To summarise further research should focus on

• the integration into the model of a pore-size-distribution, the pore
shape, the interconnectivity of the pores and the change of the fibres
during wetting,

• developing a model of the modified measurement device with a higher
resolution of the Receiver,

• the adaptation of dispersions and suspensions into the model.
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6 Summary

The dynamics of liquid penetration into porous networks is important for
many processes during the production and printing of paper. One com-
mercially available device to measure liquid penetration indirectly uses the
change of ultrasonic attenuation when a specimen is brought into contact
with liquid.

In order to interpret results obtained by this device the generation and
detection of ultra-sound are modelled as functions of the Sender and the
Receiver, their material properties, their diameters and the geometry of the
measurement chamber. In addition, the use of a sample-holder and of a
special steel insert for measurements are covered. The efforts are mainly
focussed on the spread, attenuation, reflection and scattering of ultra-sound.

Further a model for the ultrasonic attenuation of pores partly filled with
liquid and partly filled with gas is derived. The penetration dynamics into
pores is then developed as a function of their size and shape, the material,
and the solid-liquid interaction. Both aspects are combined to describe the
time-dependent change in ultrasonic attenuation when liquid penetration
takes place.

Results predicted by the model are validated by several measurements, in-
cluding the validation of the measurement chamber with different solutions
of manganese-sulfate, the sample-holder with different plastics, and the
steel-insert using ethanol-water blends. A nucleopore membrane, charac-
terized by fairly cylindrical pores of well defined sizes, is used to validate
the penetration dynamics.

The measurements with liquids show a good correlation of measurements
with the values predicted by the model. The correlation of the concentra-
tion of manganese-sulfate and its ultrasonic attenuation is confirmed by the
model. The physical properties of ethanol-water blends vary largely with
the concentration. This can also be seen in the measurement results.

The results with the sample-holder fit well and indicate a considerable in-
fluence of the sample-holder’s thickness on the results.

In the measurements with the membranes it becomes obvious that the cap-
illary suction, as described by the Lucas-Washburn- or Bosanquet-equation,
is important for the initial penetration into the pores. However this process
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6 Summary

is too fast to be measured directly, as the device can record values only after
an initial delay of 8 ms.

As a consequence of the capillary suction and due to the fact that the pores
are sealed at one side, the pressure in the pores increases, which leads to
an imbalance between the gas-pressure and the concentration of the gas
dissolved in the liquid. Consequently, gas is transferred from the gas-phase
into the liquid, and the gas volume is reduced. Hence the pores are filled
with liquid.

Additional measurements with paper show that they can be interpreted on
the basis of the model. But for a quantitative description there is still a
lack of precise information about the paper structure, the distribution of
convex and concave surfaces, and the local distribution of the wettability.
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A Mathematical derivations

A.1 Derivation of the pressure along the centre

line

Start point is the Rayleigh formula, Equation (2.15)

p(d, t) =
i · ω · ρ
2 · π · e i·ω·t

2·π

∫

S

vmax,0 ·
e−i·k·d

d
(A.1).

The distance d between an observer (index o) and a point on the Sender
(index s)

d =
√

r2
o + r2

s + z2
o − 2 · zo · zs + z2

s − 2 · ro · rs · cos (ϕo − ϕs) (A.2)

can be reduced for an observer on the centre line, as the radius of the
observer ro is then always zero. If the Sender is at zs = 0, the result for the
distance d is

d =
√

r2
s + z2

o (A.3).

The use of cylindrical coordinates for the Rayleigh formula requires the
inclusion of the jacobian determinant. The wave number k can be replaced
by k = 2 · π/λ with the wavelength λ = c/f , a function of the velocity of
sound, and the frequency f = ω/(2 · π). The integral over the area S can
then be written as:

p(zo, t) =
i · ω · ρ
2 · π · e i·ω·t

2·π

R
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2π
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0
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e−i·k·
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o

dϕs d rs (A.4).

Taking just the real part gives:

Re (p(zo)) =

R
∫

0

2π
∫

0

−
rs v ρ ω sin

(

ω
2

(

t
π
− 2

√
r2
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c
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2 π
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o

dϕs d rs (A.5).

The pressure is now independent of ϕs and integration gives

p(zo, t) = c ·v ·ρ ·


cos
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

t ω

2 π
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4
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


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 (A.6)
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This is almost Equation (2.16), except for the factor 2 which arises from
the fact that the source radiates only into one half room. This equation is
still dependent on the time t. In order to find the maximum pressure which
may occur at any time, the envelope function of Equation (2.16) has to be
determined with regard to the time t, as shown in the next section.

A.2 Derivation of the envelope function

p(zo, t) = v · c · ρ ·


cos
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t · ω
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o · ω
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4
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







(A.7)
The maxima and minima with regard to the time t needs to be determined,
hence the derivation is calculated,

∂p(zo, t)
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(A.8)
set to 0,

∂p(zo, t)

∂t
= 0 (A.9)

divided by v·c·ρ·ω
2·π > 0,

sin





1

2





t · ω
π

−
√

D2

4
+ z2

o · ω
c







 = sin





1

2





t · ω
π

−
√

z2
o · ω
c







 (A.10)

simplified using trigonometric functions,

cos(x ± y) = sin(x) cos(y) ± cos(x) sin(y) (A.11)

to get
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The Equation is rearranged,
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2·c





(A.14)
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simplified using more trigonometric functions and rearranged

tan
[

t · ω
2 · π

]

= − cot





ω · (2 ·
√

z2
o +

√

D2

+
4 · z2

o)

4 · c



 (A.15)

tan
[

t · ω
2 · π

]

+ cot





ω · (2 ·
√

z2
o +

√

D2

+
4 · z2

o)

4 · c



 = 0 (A.16).

Expanding gives

cos
[
√

z2
o ·ω

2·c

]

· cos
[
√

D2+4·z2
o ·ω

2·c

]

− sin
[
√

z2
o ·ω

2·c

]

· sin
[
√

D2+4·z2
o ·ω

2·c

]

+
... (A.17)

...
sin

[
√

z2
o ·ω

2·c

]

· cos
[
√

D2+4·z2
o ·ωω

2·c

]

· tan
[

t·ω
2·π

]

+

cos
[
√

D2+4·z2
o ·ω

2·c

]

· sin
[
√

z2
o ·ω

2·c

]

+ sin
[
√

D2+4·z2
o ·ω

2·c

]

· cos
[
√

z2
o ·ω

2·c

] ... (A.18)

cos
[
√

z2
o ·ω

2·c

]

· sin
[
√

D2+4·z2
o ·ω

2·c

]

· tan
[

t·ω
2·π

]

= 0

(A.19)

Multiplying by the denominator gives

cos





(−2 · c · t + π(2 · zo +
√

D2 + 4 · z2
o)) · ω

4 · c · π



 · sec




√

D2 + 4 · z2
o · ω

2 · π



 = 0

(A.20)
If

sec





√

D2 + 4 · z2
o · ω

2 · π



 6= 0 (A.21)

the only solution to this equation is

cos





(−2 · c · t + π(2 · zo +
√

D2 + 4 · z2
o)) · ω

4 · c · π



 = 0 (A.22).

This can be achieved by

(−2 · c · t + π(2 · zo +
√

D2 + 4 · z2
o)) · ω

4 · c · π = n · π +
π

2
(A.23)

with n being a whole number. With these assumptions and n = 0 an
expression for t can be obtained

t = −
2 · π

(

π
2
− (2

√
z2
o+
√

D2+4z2
o)·ω

4·c

)

ω
(A.24)
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The expression for t can be inserted into Equation (2.16) to give Equa-
tion (2.17).

|p(zo)| =

∣

∣

∣

∣

∣

∣

·ρ · c · vmax · sin




π

λ





√

(

D

2

)2

+ z2
o − zo









∣

∣

∣

∣

∣

∣

(A.25)

A.3 Derivation of the pressure at an arbitrary

position

The method of calculating the pressure at an arbitrary position is essentially
the same as on the center line. From Equations (2.15) and (3.23) follows
by using only the real part of Equation (2.15)

p(~rs, ~rs, t) = −rs v ρ ω

2 π

R
∫

0

2π
∫

0

sin
(

ω
2

(

t
π
− 2

√
r2
o+r2

s+z2
o−2 zo zs+z2

s−2 ro rs cos(ϕo−ϕs)

c

))

√

r2
o + r2

s + z2
o − 2 zo zs + z2

s − 2 ro rs cos(ϕo − ϕs)
dϕs d rs

(A.26)
To eliminate the time dependency and to find the maximum pressure for a
location the derivative with respect to t has to be calculated

d p(~rs, ~rs, t)

d t
= −rs v ρ ω2

4 π2

R
∫

0

2π
∫

0

cos
(

ω
2

(

t
π
− 2

√
r2
o+r2

s+z2
o−2 zo zs+z2

s−2 ro rs cos(ϕo−ϕs)

c

))

√

r2
o + r2

s + z2
o − 2 zo zs + z2

s − 2 ro rs cos(ϕo − ϕs)
dϕs d rs

(A.27)
and has to be zero, which is achieved by having the integral of the cosine
zero which leads to

R
∫

0

2π
∫

0

cos





ω

2





t

π
−

2
√

r2
o + r2

s + z2
o − 2 zo zs + z2

s − 2 ro rs cos(ϕo − ϕs)

c







 dϕs d rs = 0

(A.28)
Using trigonometric functions the cosine of this equation can be separated
into a time-dependent part and a position-dependent part.

cos
(

t ω

2 π

)

· cos





ω
√

r2
o + r2

s + z2
o − 2 zo zs + z2

s − 2 ro rs cos(ϕo − ϕs)

c





+ sin
(

t ω

2 π

)

· sin




ω
√

r2
o + r2

s + z2
o − 2 zo zs + z2

s − 2 ro rs cos(ϕo − ϕs)

c





(A.29)
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and

tan
(

t ω

2 π

)

=

R
∫

0

2π
∫

0

cos

(

ω

√
r2
o+r2

s+z2
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s−2 ro rs cos(ϕo−ϕs)

c

)

√
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0
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sin
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ω

√
r2
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c

)

√
r2
o+r2

s+z2
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s−2 ro rs cos(ϕo−ϕs)
dϕs d rs

(A.30)

Applying the inverse tangent this gives Equation (A.31):

tmax = −2 π

ω
·arctan


















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∫

0

rs sin

(

ω·

√
r2
o+r2

s+z2
o−2·zo·zs+z2

s−2·ro·rs·cos (ϕo−ϕs)

c

)

√
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

















(A.31).

A.4 Limit of the Bosanquet-Equation

In this section the limit of Equation (2.111) for t → 0 is derived. Equa-
tion (2.111) is:

ḣ(t) =
A − A · e− t

B

√
2
√

−A · B + A · B · e− t
B + A · t

(A.32).

For t → 0 both nominator and denominator are zero. An approximation for
the natural exponential function ex is obtained by a Taylor-Series expansion,
stopping after the 2nd order term:

ex =
∞
∑

i=0

(

xi

i!

)

≈ 1 + x +
x2

2
(A.33).

This is inserted into Equation (2.111) to give

ḣ(t) ≈
√

A

2 · B ·
t
B
− t2

2·B
√

t2

2·B2 − t
B

+ t
B

(A.34)

=

√

A

2 · B ·
√

2
(

1 − t

2 · B

)

(A.35)

=

√

A

B
(A.36)
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A.5 Integration Boundaries

In this section of the appendix the integration boundaries are given for the
evaluation of the integration of Equation (3.26) which is only valid for t > 0
and d < c · t. The integration boundaries take this condition into account.
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(a)
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(d) This is a special case of (c)

Figure A.1: 0 < rc < R/2
Sketch of the boundaries of integration in magenta. The hatched area is a
function of time and shows the region for the center point of an observer for
whom the integration boundaries are valid. The radius of the transducer
is R, rc =

√

c · t − (zo − zs)2 is a function of the time t, speed of sound in
the medium c, the distance (zo − zs), and describes the radius of an area
which can interfere at the point of observation.
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Figure A.2: R/2 < rc < R
Sketch of the boundaries of integration in magenta. The hatched area is a
function of time and shows the region for the center point of an observer for
whom the integration boundaries are valid. The radius of the transducer
is R, rc =

√

c · t − (zo − zs)2 is a function of the time t, speed of sound in
the medium c, the distance (zo − zs), and describes the radius of an area
which can interfere at the point of observation.
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Figure A.3: R < rc < 2R
Sketch of the boundaries of integration in magenta. The hatched area is a
function of time and shows the region for the center point of an observer for
whom the integration boundaries are valid. The radius of the transducer
is R, rc =

√

c · t − (zo − zs)2 is a function of the time t, speed of sound in
the medium c, the distance (zo − zs), and describes the radius of an area
which can interfere at the point of observation.
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A.6 Validation of the numeric calculation with

the example of the pressure on the centre

line

At large enough distances interference is not an issue as the Sender be-
haves like a point source. The calculation of the acoustic field according to
Equation (3.26) can be simplified by using

p(d) =
i · ω · ρ
2 · π · R ω·t

2·π · e i·ω·t
2·π ·

∫

s

R− ω·d
2π·c

d
ds (A.37)

This removes an oscillating integrand from the equation, speeding up the
time for the calculation significantly.

The calculation of the sound-pressure on the centre line perpendicular to
the surface is used to verify the numeric calculations. Equation (2.15) has
been evaluated numerically and plotted, as well as its analytical solution
given in Equation (2.17) . The results are plotted in Figure A.4
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Figure A.4: Comparison of the evaluation of the pressure on the centre line using an
analytic and a numeric method. The two solutions are almost identical.
The numeric calculations can be used to approximate the analytic solution.
The values for the calculation of this graph are the Sender diameter D =
0.01 m, the density ρ = 1000 kg/m3 of the medium through which the
sound propagates, the frequency of ultrasound f = 1 MHz and the speed
of sound c = 1500 m/s in the medium.
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A.7 Transmission coefficient of a plate subject

to different media on each side

In this section the transmission coefficient for plate which separates two
liquids is derived. The two liquids may have different physical properties.
The ultrasonic wave is generated somewhere in medium 1 and propagates
towards the surface of the plate. The angle between the direction of prop-
agation and the perpendicular of the surface of the plate is θ1. The liquid
has the density ρ1. The speed of sound within medium 1 is c1. The ultra-
sonic wave has an angular frequency ω and a wave number k1. The part
of the wave number in the direction of the perpendicular of the surface of
the plate is k1,x = k1 · cos (θ1). A part of the wave φ1 is reflected and is
called φ′

1. The transmitted part is φ2. Any shear waves generated at the
interface are neglected. The wave φ2 has an angle θ2 with the perpendic-
ular of the surface of the plate. The density of the plate is ρ2 and the
speed of sound in the plate is c2. The wave number of φ2 is k2 and again
the part in the direction of the perpendicular of the surface of the plate is
k2,x = k2 · cos (θ2). At the second surface the wave φ2 is partly reflected and
partly transmitted. The reflected part is called φ′

2. The transmitted part is
called φ3. The transmitted wave forms an angle θ3 with the perpendicular
of the surface of the plate. Its wave number is k3 and the part of the wave
number in the direction of the perpendicular of the surface of the plate is
k3,x = k3 · cos (θ3). The aim is to determine the Reflection coefficient of the
plate:

RPlate = Real

(

φ′
1(0)

φ1(0)

)

(A.38)

A Sketch of the situation at the plate is shown in Figure A.5.

The wave equations in cartesian coordinates (x, y) are

φ1 = φ1, max · exp {ı[ω · t − k1 · (x · cos (θ1) + y · sin (θ1)]} (A.39)

φ′
1 = φ′

1, max · exp {ı[ω · t + k1 · (x · cos (θ1) − y · sin (θ1)]} (A.40)

φ2 = φ2, max · exp {ı[ω · t − k2 · (x · cos (θ1) + y · sin (θ2)]} (A.41)

φ′
2 = φ′

2, max · exp {ı[ω · t + k2 · (x · cos (θ1) − y · sin (θ2)]} (A.42)

φ3 = φ3, max · exp {ı[ω · t − k3 · (x · cos (θ3) + y · sin (θ3)]} (A.43)

In order to calculate the transmission coefficient of the plate a pressure
and velocity balance at the two surfaces is evaluated. For this evaluation
cartesian coordinates are chosen. The variable x is in the direction of the
perpendicular of the surface of the plate. The pressure balance and velocity
balance are formulated for the x-component of the forces only. The balance
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Figure A.5: Sketch of a plate with an incoming wave φ1 which is reflected to φ′

1 and
transmitted to φ2. The transmitted wave is reflected to φ′

2 and transmitted
to φ3. The plate has a thickness of d and an acoustic impedance of Z2. One
side of the plate is in contact with a liquid 1 with the acoustic impedance
Z1 the other side is in contact with a liquid 2 with the acoustic impedance
Z3.

for x = 0 is then

ρ1 · (φ1 + φ′
1) = ρ2 · (φ2 + φ′

2) (A.44)

k1,x · (φ1 − φ′
1) = k2,x · (φ2 − φ′

2) (A.45)

and for x = d is

ρ2 · (φ2 + φ′
2) = ρ3 · φ3 (A.46)

k2,x · (φ2 − φ′
2) = k3,x · φ3 (A.47)

Rewriting Equations (A.39), (A.40), (A.41), (A.42) and (A.43) for x = 0
gives

φ1(0) = φ1, max · exp {ı[ω · t − k1 · (y · sin (θ1)]} (A.48)

φ′
1(0) = φ′

1, max · exp {ı[ω · t − k1 · (y · sin (θ1)]} (A.49)

φ2(0) = φ2, max · exp {ı[ω · t − k2 · (y · sin (θ2)]} (A.50)

φ′
2(0) = φ′

2, max · exp {ı[ω · t − k2 · (y · sin (θ2)]} (A.51)

Inserting Equations (A.48), (A.49), (A.50) and (A.51) into Equations (A.44)
and (A.45) gives

ρ1 · (φ1, max + φ′
1, max) · exp {ı[ω · t − k1 · (y · sin (θ1)]} =

ρ2 · (φ2, max + φ′
2, max) · exp {ı[ω · t − k2 · (y · sin (θ2)]}, (A.52)

k1,x · (φ1, max + φ′
1, max) · exp {ı[ω · t − k1 · (y · sin (θ1)]} =

k2,x · (φ2, max + φ′
2, max) · exp {ı[ω · t − k2 · (y · sin (θ2)]} (A.53).
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The wave equations at the second interface at x = d are:

φ2(d) = φ2, max · exp {ı[ω · t − k2 · (d · cos (θ2) + y · sin (θ2)]},(A.54)

φ′
2(d) = φ′

2, max · exp {ı[ω · t + k2 · (d · cos (θ2) − y · sin (θ2)]},(A.55)

φ3(d) = φ3, max · exp {ı[ω · t − k3 · (d · cos (θ3) + y · sin (θ3)]}(A.56).

Equations (A.54) and (A.55) can be simplified:

φ2(d) = φ2(0) · exp {−k2 · d · cos (θ2)}, (A.57)

φ′
2(d) = φ′

2(0) · exp {k2 · d · cos (θ2)} (A.58).

Equations (A.54), (A.55) and (A.56) are then:

ρ2 · (φ2(d) + φ′
2(d)) = ρ3 · φ3(d), (A.59)

k2,x · (φ2(d) − φ′
2(d)) = k3,x · φ3(d) (A.60).

Adding Equation (A.59) to Equation (A.60) gives an expression for φ2:

φ2(d) =
1

2
·
(

ρ3

ρ2

+
kx,3

kx,2

)

· φ3(d) (A.61).

Subtracting Equation (A.59) from Equation (A.60) gives an expression for
φ′

2:

φ′
2(d) =

1

2
·
(

ρ3

ρ2

− kx,3

kx,2

)

· φ3(d) (A.62).

Performing the same steps for Equations (A.52) and (A.53) gives:

2 · φ1(0) =
ρ2

ρ1

· (φ2(0) + φ′(0)) +
kx,2

kx,1

· (φ2(0) + φ′(0)) (A.63)

2 · φ′
1(0) =

ρ2

ρ1

· (φ2(0) + φ′(0)) − kx,2

kx,1

· (φ2(0) + φ′(0)) (A.64)

Inserting Equations (A.61) and (A.62) into Equations (A.63) and (A.64)
gives:

2 · φ1(0) =
ρ2

ρ1

·




1
2
·
(

ρ3

ρ2
+ kx,3

kx,2

)

· φ3(d)

exp {−ı · k2 · d · cos (θ2)}
+

1
2
·
(

ρ3

ρ2
− kx,3

kx,2

)

· φ3(d)

exp {ık2 · d · cos (θ2)}



+

kx,2

kx,1

·




1
2
·
(

ρ3

ρ2
+ kx,3

kx,2

)

· φ3(d)

exp {−ı · k2 · d · cos (θ2)}
−

1
2
·
(

ρ3

ρ2
− kx,3

kx,2

)

· φ3(d)

exp {ı · k2 · d · cos (θ2)}





(A.65)

and

2 · φ′
1(0) =

ρ2

ρ1

·




1
2
·
(

ρ3

ρ2
+ kx,3

kx,2

)

· φ3(d)

exp {−ı · k2 · d · cos (θ2)}
+

1
2
·
(

ρ3

ρ2
− kx,3

kx,2

)

· φ3(d)

exp {ık2 · d · cos (θ2)}



−

kx,2

kx,1

·




1
2
·
(

ρ3

ρ2
+ kx,3

kx,2

)

· φ3(d)

exp {−ı · k2 · d · cos (θ2)}
−

1
2
·
(

ρ3

ρ2
− kx,3

kx,2

)

· φ3(d)

exp {ı · k2 · d · cos (θ2)}





(A.66)
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The reflection RPlate =
φ′

1(0)

φ1(0)
coefficient is then:

RPlate = Real

(

exp {2 · ı · k2 · d · cos (θ2)} · A + B

exp {2 · ı · k2 · d · cos (θ2)} · C + D

)

(A.67)

with

A =

(

ρ3

ρ2

+
k3,x

k2,x

)

·
(

ρ2

ρ1

− k2,x

k1,x

)

, (A.68)

B =

(

ρ3

ρ2

− k3,x

k2,x

)

·
(

ρ2

ρ1

+
k2,x

k1,x

)

, (A.69)

C =

(

ρ3

ρ2

+
k3,x

k2,x

)

·
(

ρ2

ρ1

+
k2,x

k1,x

)

, (A.70)

D =

(

ρ3

ρ2

− k3,x

k2,x

)

·
(

ρ2

ρ1

− k3,x

k1,x

)

(A.71).
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