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Abstract

In theory, recent results in nonparametric regression show that neural network estimates
are able to achieve good rates of convergence provided suitable assumptions on the
structure of the regression function are imposed. However, these theoretical analyses
cannot explain the practical success of neural networks since the theoretically studied
estimates are defined by minimizing the empirical L, risk over a class of neural networks
and in practice, solving this kind of minimization problem is not feasible. Consequently,
the neural networks examined in theory cannot be implemented as they are defined.
This means that neural network in applications differ from the ones that are analyzed
theoretically.

In this thesis we narrow the gap between theory and practice. We deal with neural network
regression estimates for (p, C')—smooth regression functions m that satisfy a projection
pursuit model. We construct three implementable neural network estimates and show that
each of them achieve up to a logarithmic factor the optimal univariate rate of convergence.
Firstly, for univariate regression functions with p € [—1, 1] we construct a neural network
estimate with one hidden layer where the weights are learned via gradient descent. The
starting weights are randomly chosen from an interval independently of the data. The
interval is large enough to guarantee that the estimate is close to a piecewise constant
approximation.

Secondly, for multivariate regression functions with p € (0, 1] we construct a neural
network estimate with one hidden layer where the weights are learned via gradient
descent. The initial weights are chosen from specific intervals dependently on the data and
the projection directions. This choice guarantees that the estimate is close to a piecewise
constant approximation. The projection directions are repeatedly chosen randomly.
Lastly, for multivariate regression functions with p > 0 we construct a multilayer neural
network estimate. The value of the inner weights are prescribed dependently on the
projection directions by a new approximation result for a projection pursuit model by
piecewise polynomials. The outer weights are chosen by solving a linear equation system.
The projection directions are repeatedly chosen randomly.

Since we are able to show a rate of convergence that is independent of the dimension of
the data our second and third estimates are able to circumvent the curse of dimensionality.







Zusammenfassung

Theoretische Resultate in der Nichtparametrischen Regressionsschdtzung zeigen, dass
unter geeigneten Annahmen an die Regressionsfunktion neuronale Netze Schétzer gute
Konvergenzraten erreichen. Jedoch werden die dort untersuchten neuronalen Netze durch
ein nicht praktikables Minimierungsproblem des empirischen Lo Risikos iiber einer Klasse
von neuronalen Netzen definiert. Folglich konnen diese theoretisch untersuchten neurona-
len Netze nicht so implementiert werden, wie sie definiert werden. Also unterscheiden
sich die in der Praxis verwendeten neuronalen Netze von den in der Theorie behandelten.
In dieser Thesis verringern wir diese Kluft zwischen praktisch angewandten und theoretisch
untersuchten neuronalen Netzen. Wir befassen uns mit neuronale Netze Schitzern fiir
(p, C)—glatte Regressionsfunktionen m, die das Projection Pursuit Modell erfiillen. Wir
konstruieren drei implementierbare neuronale Netze Schétzer und zeigen, dass diese bis
auf einen logarithmischen Faktor die optimale univariate Konvergenzrate erreichen.
Zuerst konstruieren wir fiir univariate Regressionsfunktionen mit p € [—3, 1] einen neu-
ronalen Netze Schitzer mit einer verdeckten Schicht, in dem die Gewichte durch das
Gradientenabstiegsverfahren gelernt werden. Die Startgewichte werden zufallig aus einem
Intervall gewdhlt, das grold genug ist, um zu garantieren, dass unser Schatzer nahe an
einer stiickweisen konstanten Approximation ist.

Danach konstruieren wir fiir multivariate Regressionsfunktionen mit p € (0, 1] einen
neuronalen Netze Schitzer mit einer verdeckten Schicht, in dem die Gewichte durch das
Gradientenabstiegsverfahren gelernt werden. Die Startgewichte werden aus speziellen
Intervallen, abhédngig von den Daten und der Projektionsrichtungen gewéhlt. Diese Wahl
garantiert, dass unser Schétzer nahe an einer stiickweisen konstanten Approximation ist.
Die Projektionrichtungen werden wiederholt zufallig gewahlt.

Zuletzt konstruieren wir fiir multivariate Regressionsfunktionen mit p > 0 einen neurona-
len Netze Schéitzer mit vielen verdeckten Schichten. Die inneren Gewichte werden durch
ein neues Approximationsresultat fiir das Projection Pursuit Modell durch stiickweise
Polynome vorgegeben. Die dul3eren Gewichte werden durch Losen eines linearen Glei-
chungssystems bestimmt. Die Projektionrichtungen werden wiederholt zufillig gewahlt.
Da wir eine von der Dimension der Daten unabhédngige Konvergenzrate zeigen, kénnen
unser zweiter und unser dritter Schétzer den Fluch der Dimensionalitdt umgehen.
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Notation

In the following we provide a short summary of the notation we are going to use in this
thesis.

Sets

N the set of natural numbers

No the set of natural numbers including zero
Z the set of integer numbers

R4 the set of non-negative real numbers

R the set of real numbers

Operations on z € R

[2]
2]
1A ({13)

zy = max{z,0}
TIB'Z - max{min{z7 5}7 _B}

the smallest integer number greater than
or equal to z

the greatest integer number smaller than
or equal to z

the indicator function of z onaset A C R
z, if z is greater than zero, 0 otherwise
the truncation of z by 5 > 0

Balls around x € R¢

Se(x)
S ()

89S\ (z)

the 1—dimensional closed ball around x €
R with radius e > 0

the d—dimensional closed ball around x €
R? with radius € > 0

the (d — 1)—dimensional surface of the
d—dimensional ball around = € R? with
radius € > 0

Norms for z = (z(1), ... z(®) ¢ RY




[zl = Z?:l ’x(i)| the Manhatten or 1-Norm of =
)l = [l = /X0, }:E(i)‘z the Euclidean norm of x
2] e = max;_1, _q |z the supremum norm of z

Norms for a function f : R? — R
| flloo = supgepra | f(2)] the supremum norm of f
|| flloo,a = supgea | f(2)] the supremum norm of f on a set A C R?
1
1fllz,0) = ([1f(z)Pv(dz))» the L,—norm of f for 1 < p < oo with
respect to a probabilty measure v on R?

Operations on a class F of functions f : R — R
TsF ={Tsf: f € F} the class of functions containing all func-
tions in F truncated by

Complexity of a class F of functions f : R? — R

N (e, F - e, 0) the e—covering number of F with respect ( ®)
to || ||, ) fore>0

N, (e, F, xl) the L, — e—covering number of ¥ on z} for ( @)
e>0

M (&, F |l lr,0) the e—packing number of F with respect ( ®)
to |-z, fore>0

M, (e, F, z) the L, — e—packing number of 7 on z} for ( @)
€e>0

Complexity of a class A of sets A C R?
S(A,n) the n—th shatter coefficient of A (®)
V4 the Vapnik-Chervonenkis dimension of A ( ®)

For a d—dimensional random variable X with distribution P x
supp(X) or supp(Px) the support of X with respect to Px (®)

( @) : For a definiton see Supplement Section A.1.




1. Introduction and Overview of the Results

Ever since McCulloch and Pitts (1943) introduced their model of a neuron in the 1940’s
the advance of neural networks has been unstoppable. The notion of learning in a neural
network was not part of the structure initially and came along later on, see e.g. Rummelhart
et al. (1986). In particular, technical progress that led to the improvement of capacity
and computing power in computers supported the development of neural networks. For
a detailed overview of the history of neural networks see, e.g. Schmidhuber (2015).
Today, neural networks are studied in numerous areas, for example the field of image
classification (e.g. Krizhevsky, Sutskever and Hinton (2012)), the field of text classification
(e.g. Kim (2014)), the field of machine translation(e.g. Wu et al. (2016)), the field of
gaming (e.g. Silver et al. (2017), Tesauro (2012) and Yannakakis et al. (2004)), the field
of virtual reality (e.g. Yang et al. (2018) and Weissmann and Salomon (2002)), the field
of face reconstruction (e.g. Dou et al. (2017) and Richardson et al. (2017)), the field
of autonomous driving (e.g. Tian et al. (2018)), the field of car plate recognition (e.g.
Parisi et al. (2002)), the field of food production (e.g. Cotrim et al. (2020), Lamrini et
al. (2012) and Sablani et al. (2002)), and in the medical field, such as the detection and
classification of different types of cancer cells (e.g. Nasser and Abu-Naser (2019), Azar
and El-Said (2012), Joshi et al. (2010)) or the detection of COVID-19 (e.g. Khan et al.
(2020)). Naturally, this huge success in practical applications has motivated an increasing
interest in the analysis of the theoretical background.

Formally, neural networks are functions of a specific structure. The smallest unit in a
neural network is a neuron.

Definition 1.0.1. A neuron is a function f : R — R defined as

d
fla)=0 <sz -z +w0> 5
i=1
where wq, w1, ..., wq are called the weights and

c:R—=R

is called the activation function.




In this thesis we focus on the so-called sigmoid logistic squashing function or logistic
squasher

o(x) =

as the activation function. A bigger neural network is created by switching neurons
together. This can be done in two ways: summing up neurons or concatenation of neurons.
By the latter we create new layers in the network. Each concatenation corresponds to a
new layer. By the former more neurons are added to a layer. Each summand corresponds
to a new neuron. In visual representations we portray neurons by nodes and weights
connecting the neurons by edges. Layers of the neural network are arranged horizontally.
and neurons in the same layer are placed one below the other in a column. The input z is
represented by d nodes (one for each component) and is called the input layer. The final
output of the function is called the output layer. The layers between the input layer and
the output layer are called hidden layers.

o (@ER) (1.1)

Definition 1.0.2. Let o0 : R — R be an activation function. Let L € Nandk = (k1,...,k1) €
NZ. A multilayer feedforward neural network with L hidden layers and k, neurons in the
r—th hidden layer (r = 1,..., L) is a function f : R% — R which is recursively defined as

kr
2) =3t (P () 4 oY (1.2)
with output weights céL), ch), - ,c,(i) € R, and with hidden layers r = 2,...,L
kr 1
fO@ =0 [ e @) + el Y (1.3)
j=1
with inner weights c(r 1), 01(3—1)’ e ,cgrk:i)l € R and lastly, with first hidden layer r = 1
f(l) =0 Zcz] ])—FC 0) (14)
for inner weights 50) 5 ) ..,cgoj eR.

)

For a better understanding, a visualization is shown in Figure 1.1.




First Second Third
Input Layer Hidden Hidden Hidden Output Layer
Layer Layer Layer

Figure 1.1.: Visualisation of a neural network. The function has a 3-dimensional input
(black node) and a 1-dimensional output (red node). There are three hidden
layers, the first consisting of 4 neurons, the second consisting of 2 neurons
and the third consisting of 3 neurons (blue nodes).

We study neural networks in the context of nonparametric regression with random
design. In this setting (X,Y") is an R? x R—valued random vector satisfying

E{Y?} < cc.

The objective is to analyse the dependency of the so-called outcome variable Y on the
so-called predictor variable X. For that we are given a sample set

D, ={(X1,Y1),...,(Xn,Yn)}

of (X,Y) where (X,Y),(X1,Y1),...,(X,,Y,) are independent and identically distributed
(in the following i.i.d.) random variables. The regression function m : R¢ — R is defined
by

m(z) =E{Y | X =z} (zeR%).

The goal is to construct an estimate
mn(-) = mp(-, D) : RT = R

which, based on the given data set D,,, approximates the regression function m such that
the Lo—errror

/ () — () PP x (da)

is “small” (see, e.g., Gyorfi et al. (2002) for a systematic introduction to nonparametric
regression and a motivation for the Lo error).




Neural networks are considered to be one of the best approaches in nonparametric
statistics, especially in multivariate statistical applications like pattern recognition and
nonparametric regression, see, e.g., Hertz, Krogh and Palmer (1991), Devroye, Gyorfi
and Lugosi (1996), Anthony and Bartlett (1999), Gyorfi et al. (2002), Haykin (2008)
and Ripley (2008). In recent years, deep learning, where multilayer feedforward neural
networks with many hidden layers are fitted to observed data, has also shifted into focus
in applications, see, e.g., Schmidhuber (2015) and the literature cited therein.

By the so called slow-rate convergence result we know that in order to be able to derive
non-trivial convergence rate results we need smoothness assumptions on the regression
function (cf., e.g., Theorem 7.2 and Problem 7.2 in Devroye, Gyorfi and Lugosi (1996) and
Section 3 in Devroye and Wagner (1980)). In this thesis we assume that the regression
function m is (p, C')—smooth according to the following definition.

Definition 1.0.3. Let p = ¢ + s for some ¢ € Ng and 0 < s < 1, where Ny is the
set of nonnegative integers. A function f : R? — R is called (p, C)-smooth, if for every
q

a = (ag,...,aq) € Ng with Z?Zl a; = q the partial derivative 3T o exists and
o10a
satisfies
0f of

_ <Oy — oIS
833(111...8533‘1(1‘) 8;10?1...8;1:3‘1(2) <Cllz =2

for all z, z € R%

It has been shown by Stone (1982) that the optimal minimax rate of convergence in
nonparametric regression for (p, C')-smooth functions is

__2p
n 2vtd,

We see that with higher dimension d compared to the smoothness parameter p of the
regression function this rate of convergence becomes increasingly slow. This is referred to

as the so-called curse of dimensionality.

The natural questions to ask are:

Do the neural network regression estimates achieve the optimal rate of con-
vergence?

Is it possible to circumvent the curse of dimensionality with the neural network
regression estimates?




In order to circumvent the curse of dimensionality, a number of possible constraints can
be imposed onto the structure of the regression function. For example, Stone (1985),
assumed that the regression function is additive, meaning m : R — R satisfies

m(zV, . D) =my (M) + -+ me(@D) @M, 2D eR)

for some (p, C')—smooth univariate functions mj,...,mg : R — R. He showed that, in
this case, suitably defined spline estimates achieve a one-dimensional rate of convergence.
Stone (1994) extended this result to interaction models. There, the regression function
is assumed to be a sum of functions applied to at most d* < d components of . In this
case, he showed that suitably defined spline estimates achieve the d*~dimensional rate of
convergence.

Other constraints include the class of single index models, where

m(z) = g(a"z) (¢ € RY

for some a € R? and g : R — R see, e.g., Hirdle and Stoker (1989), Hirdle, Hall and
Ichimura (1993), Yu and Ruppert (2002), Kong and Xia (2007) and Lepski and Serdyukova
(2014) and, as we use it, the class projection pursuit models, where

m(x) = ng(aSTa:) (z € RY)
s=1

for some r € N, a, € R?, and (p, C)-smooth functions g; : R — R (s = 1,...,r), see,
e.g., Friedman and Stuetzle (1981) and Huber (1985). It has been shown that in this

context that if the regression function is (p, C')-smooth then suitably defined (nonlinear)
2p

least squares estimates achieve the univariate rate of convergence n~ @r+1 up to some
logarithmic factor, see Section 22.3 in Gyorfi et al. (2002).

Horowitz and Mammen (2007) dealt with a generalization of projection pursuit, where
the regression function satisfies

Ly Lo L,
m(l') =9 Z 9 Z iy la | - Z giy,.. 0, (.’L’ll""’lT) ,

li=1 lo=1 lr=1
where g,¢9,,...,4,,..,, are (p,C)-smooth univariate functions and zholr are single
components of z € R? (not necessarily different for two different indices (I, .., 0)).

They showed that a penalized least squares achieves the univariate rate of convergence
2

___“4Pp
n @p+1)




The estimates considered in Section 22.3 in Gyorfi et al. (2002) for the projection pursuit
model and in Horowitz and Mammen (2007) for its generalization are both nonlinear
(penalized) least squares estimates. In practice it is unclear how these can be computed
exactly. Friedman and Stuetzle (1981) described easily implementable estimates for
projection pursuit, but in their definition a great deal of heuristic simplifications were
used, which consequently makes it unclear whether it is possible to show any rate of
convergence for their estimates or not.

With respect to the Lo error of a neural network with one hidden layer Barron (1993,
1994) proved a rate of convergence n"z (up to some logarithmic factor) which is inde-
pendent of the dimension, under the assumption that the Fourier transform has a finite
first moment. Simply put, this requires that the function becomes smoother the higher
the dimension d of X. McCaffrey and Gallant (1994) dealt with a certain cosine squasher

. . . __2p
as the activation function and showed a rate of convergence n~ 2+d+5 ' for the L, error
of suitably defined neural network estimates with one hidden layer.

Various theoretical results are based on the derivation of new approximation results
for piecewise polynomials by neural networks. In these works circumventing the curse
of dimensionality is achieved by exploiting compository assumptions on the structure of
the regression function through the network structure. Kohler and Krzyzak (2017) were
the first to show that neural networks can achieve dimensionality reduction under the
restriction that the regression function is a composition of (sums of) functions, where each
of the function is a function of at most d* < d variables. There, it was shown that suitably
defined multilayer neural networks achieve the rate of convergence n—2/(2»+4") (up to
some logarithmic factor) for p < 1. Bauer and Kohler (2019) extended this result top > 1,
provided the squashing function is suitably chosen. Kohler and Langer (2019) showed
that these results also apply to very simply constructed fully connected feedforward
neural networks. Schmidt-Hieber (2019) worked with ReLU activation function and
obtained similar results as Bauer and Kohler (2019). For regression functions with low
local dimensionality Kohler, Krzyzak and Langer (2020) showed that neural networks are
able to circumvent the curse of dimensionality. Imaizumi and Fukamizu (2019) derived
results concerning the estimation of piecewise polynomials with partitions with rather
general smooth boundaries as regression functions.

The above results show that least squares neural network regression estimates are able
to circumvent the curse of dimensionality under much more general assumptions than the
projection pursuit model that will be assumed in this thesis. However, the key issue in all
of the articles above is that they share the same definition of the neural network regression
estimate as a nonlinear least squares estimate. Such an estimate is, for example, defined




as the miminum of the empirical L, risk

mn()—argmln—ZW f(X

fEFn M 4

over a nonlinear class F,, of neural networks. Finding the global minimum of the empir-
ical Lo risk over a class of neural networks is practically impossible. Hence, the above
mentioned estimates cannot be computed in practice. In practice, it is usually tried to find
a local minimum instead using, for example, the gradient descent algorithm (so—called
backpropagation).

Gradient descent is a topic of interest in many studies, see Poggio, Banburski and Liao
(2020) for an overview and Karimi, Nutini and Schmidt (2018) and the literature cited
therein. A standard reference is the monograph Luenberger and Ye (2016). As an early
paper, Poljak (1981) should not go unmentioned where additionally, the case of noise
corrupted function values was also considered. This case is also dealt with in stochastic
approximation, see, e.g., the monograph Kushner and Yin (2003), where in a classic
situation the constant factor at the gradient was replaced by a decreasing factor at a
vector of divided differences (multidimensional Kiefer-Wolfowitz method). White (1989)
and Fabian (1994) brought the two fields of stochastic approximation and neural network
models together. In Dippon and Fabian (1994) and Dippon (1998) it is explained how
gradient descent in stochastic approximation can be combined with a slowly convergent
global optimizer in order to find not only a local but even a global minimum of a general
function. The main difficulty of using such results to derive rate of convergence results for
neural network regression estimates lies in the fact that for neural network regression
estimates the networks adapts to the sample size and consists of more neurons the bigger
the size. As a consequence, it is not sufficient to analyze gradient descent applied to a
fixed function where the number of steps is tending to infinity. Instead the function is
changing for increasing number of steps. Basically, this requires the ability to analyze the
behaviour of gradient descent for a finite number of steps. As far as we know such results
do not exist in the literature for general functions like the empirical L, risk of a neural
network (which is not convex and has neither a global minimum nor an easily analysable
Hessian matrix considered as a real-valued function of the weight vector).

There are a number of papers in computer science concerning the theoretical properties
of neural network estimates learned by backpropagation. The most popular approach
in this context is the so—called landscape approach. Choromanska et al. (2015) used
random matrix theory to derive a heuristic argument showing that the risk of most of
the local minima of the empirical L risk is not much larger than the risk of the global
minimum. It was possible to confirm this claim for neural networks with special activation




function, see, e.g., Arora et al. (2018), Kawaguchi (2016), and Du and Lee (2018), who
have analyzed gradient descent for neural networks with linear or quadratic activation
function. However, no good approximation results exist for such neural networks, making
it impossible to derive rates of convergence results for these networks that are comparable
to the ones above for the least squares neural network regression estimates.

Du et al. (2018) analyzed neural networks with one hidden layer learned by gradient
descent in a setting where the input suffices a Gaussian distribution. They used the
expected gradient instead of the gradient in their gradient descent routine. For that reason
it is not possible to derive from their result a rate of convergence result for neural networks
learned by gradient descent that is similar to the results for the least squares neural
network estimates cited above. Liang et al. (2018) applied gradient descent to a modified
loss function in classification, where it is assumed that the data can be interpolated by a
neural network. Here, the last assumption is not satisfied in nonparametric regression and
it is unclear whether the main idea (of simplifying the estimation by a modification of the
loss function) can also be used in a regression setting. Several recent results including,
e.g., Allen-Zhu, Li and Song (2019), Kawaguchi and Huang (2019) and the literature
cited therein, showed that application of gradient descent to over-parameterized neural
networks leads to small empirical L, risks. Here, it is also not possible to derive from their
result a rate of convergence result for neural networks learned by gradient descent that
is similar to the ones cited above for least squares neural network regression estimates,
since it is not clear what the L risk of the estimate is and exactly this term is critical
in the derivation of such results. In particular, due to the fact that the networks are
over-parameterized, a bound on the empirical L, risk might not be useful for bounding
the L, risk. Kawaguchi and Huang (2019) presented a bound for the L, risk but they
required that the weights in the network are small and it is not clear whether or not this
condition can be guaranteed in an over-parameterized neural network learned by the
gradient descent.

More results that analyse gradient descent in over-parameterized neural networks and
show that for suitably chosen networks a global minimum of the empirical L» risk can
be found include Allen-Zhu, Li and Liang (2019), Arora et al. (2019a, 2019b), Li and
Liang (2018) and Zou et al. (2018). However, Kohler and Krzyzak (2019) presented a
counterexample demonstrating that over-parameterized neural networks, which basically
interpolate the training data, in general do not generalize well. In this counterexample the
regression function is constant zero and hence satisfies the assumption on the regression
function imposed in this thesis. In particular, this shows that results similar to the ones
we will present in this thesis cannot be concluded from the papers cited above. Also, note
the estimates considered in this thesis are not over-parameterized since the number of
data-dependently chosen weights are much smaller than the sample size.

10



The generalization of neural networks can also be analyzed within the classical Vapnik
Chervonenkis theory (cf., e.g., Gyorfi et al. (2002)). Here, the complexity of the underlying
spaces of functions is measured by covering numbers, which can be bounded using the
so—called Vapnik-Chervonenkis dimension (cf., e.g., Bartlett et al. (2019)). However, the
resulting upper bounds on the generalization error might be too rough because during
the gradient descent the neural network estimate does not attend all functions from
the underlying function space. A similiar approach is to describe the complexity of the
function space in which the estimate is contained during the gradient descent by the
so—called Rademacher complexity (cf., Koltchinski (2004)). For neural networks with
quadratic activation function this was already done successfully in Du and Lee (2018),
but, unfortunately, such neural networks do not have good approximation properties and
consequently it is not possible to derive any results that compare to those in this thesis.

We observe that, although theoretrical analyses of neural network learning show good
results, the networks considered are not feasible and far away from those used in practice.
Thus, the great perfomance of neural networks used in practice is a complete mystery from
a theoretical point of view. Clearly, there is a gap between theoretical and practical results.
In this thesis we narrow the gap between theoretical but unpractical and practical but
theoretically foggy analysis of neural networks by constructing neural network regression
estimates that are implementable and analyzing their rate of convergence theoretically.
We present the following three results.

We start with a neural network estimate where the weights are chosen from a braod
interval. For this we restrict our analysis to 1—dimensional regression functions with
smoothness factor p € [1, 1]. The neural network regression estimate is inspired by ap-

proximation results for (p, C')—smooth functions with piecewise constant functions. We
are able to analyze gradient descent in this network.

Result1. We assume that the regression function
m:R—R

is (p, C)—smooth and univariate. Consider networks with one hidden layer and K, hidden
neurons defined by

Ky
Fretow(@) = Y wil) - 0w @+ wif) +wl
j=1

1



Ky
=) aj-o(Bj-z+7)+a (2.1)
j=1
where K,, € N, ag, o, 8i,7 € R (i = 1,..., K,), the activation function is the logistic
squasher
1
= € R).
o)== @eR)
and l
W = (w‘;jl)g)‘%k,l = (OZ?ﬁv’Y) = (Oé(), a, ... ,OéKn,,Bb s 76Kn7717 s ?’YKn)

is the vector of weights. An example is shown in Figure 1.2. The construction procedure

Input Layer Hidden Layer Output Layer

ol
—
=

1) _

wm)*/i w® =, Wy = w «
5,1 = Pi 5,0 = Vi 15 = 15 = @0

Figure 1.2.: Visualisation of an example of network estimate with parameter K,, = 6. The
function has a 1-dimensional input (black node) as well as a 1-dimensional
output (red node). There is one hidden layer consisting of 6 neurons (blue
node).

for our neural network estimate has three steps:

1. Randomly choose our initial weights: Set
w(0)=v (2.2)
where the initial weight vector

vV = (a(0)718(0)7,)/(0)) = (a(()0)7a50)7 AR 7a(lgi7/8§0)7 ctt 752),’)177250)7 AR 7’7§?))

n

is chosen randomly such that

ol < % (k=1,...,K,)

n

12



and 650), ey gg}l , %0), . ,fyﬁg)l are independently uniformly distributed on the set

[— By, By]. A choice of B, is given in Theorem 2.2.1.

2. Apply gradient descent fort = 0,1, ..., ¢, —1: Learn the weights by gradient descent.
More precisely, we minimize the regularized least squares criterion

1< e En
F(w) = =3 Vi = freew (X0 + o5 >, 2.3)
i=1 n k=0

where ¢; > 0 is an arbitrary constant by defining w(¢ + 1) recursively by
w(t+1) =w(t) — Ap - VwF(w(t)) 2.4)
fort=0,1,...,t, — 1. We write

w(t) = (a®, 89,70y = (@, a{,...,al g1 ... 80 A0 40

n

fort = 0,1,...,t,. Here, \, > 0 denotes the stepsize and ¢, € N denotes the
number of steps we perform in the gradient descent algorithm. A choice of \,, and
of t,, is given in Theorem 2.2.1. Note, that minimization of (2.3) with respect to w
is a nonlinear least squares problem.

3. Set
mn() = fnet,w(tn)(') (2.5)
and choose our estimate to be the by
Bn = cs3-logn
truncated version
mp(z) = Tp,mn(T). (2.6)

For our neural network estimate we have the following up to a logarithmic factor optimal
minimax rate of convergence.

Theorem 2.2.1. Let (X,Y) be an [0, 1] x R-valued random vector such that
E {eclO’YQ} < 00 2.7)

hold for some constant ciy > 0 and assume that the corresponding regression function
m(z) = E{Y|X = z} is (p, C)-smooth for some p € [3,1] and C > 0. Let (X,Y), (X1,Y1),
..+, (Xn,Yy) be independent and identically distributed. Set

K, = [CE) . nﬁ—‘ , Bp,=16-K,- (logKn)2 1,

13



1
Ln = C6 - (log TL)7 ' Kgp+17 )\n = -
Ly,
and
o = [K2 - (logn)? - Ly]

and define the estimate m., of m as described above. Then we have for n sufficiently large
B [ frun(e) = m(a)Pox(d) < cr - log )X} 0/ o)

for some constant c; > 0 which does not depend on n.

Next, we analyze a neural network estimate for d-dimensional regression functions
satisfying a projection pursuit model. Again, the unknown projection directions are chosen
randomly and hence repeated initialization of the weights is needed. In contrast to the
network presented in Result 1 the choice of the inital weights is more restricted. The
inital outer weights are set to zero and the initial inner weights are chosen carefully from
specific intervals dependent on X, ..., X,, and on the projection directions. This means
we are allowed less freedom in the choice of our weights but we trade it for analysis of high
dimensional regression functions with p € (0, 1]. Similarly to the network in Result 1, the
neural network regression estimate is inspired by approximation results for (p, C')—smooth
functions with piecewise constant functions. We are able to analyze gradient descent
in this neural network. We show that our neural network estimate achieves the up to a
logarithmic factor optimal univariate rate of convergence. Since this rate of convergence is
independent of the dimension of the data, our second estimate can circumvent the curse
of dimensionality.

Result 2. We deal with neural network regression in a projection pursuit model. This
means, we assume that the regression function satisfies

m(z) = gi(clz) (zeRY
s=1

for some r € N, ¢s € R, where |lcs| =1 (s = 1,...,7), and (p,C)-smooth functions
gs : R— R (s=1,...,r). We approximate m by networks with one hidden layer and
K - r neurons in this hidden layer defined by

K-r d
ret,(ap)(®) = Zak‘ "o Z bi,j - 29 + by | + ao, (3.1)
k=1 j=1

14



where ¢ : R — R is the activation function and
ar € R (k:O,...,K-r) and bk,j eR (k=1,...,K-T,j:0,...,d)
are the weights. An example of the network is shown in Figure 1.3. The construction

Input Layer Hidden Layer Output Layer

’4»‘4‘?«$$$\
Wi\

)
oy
o

%
{

approximation of gs

Figure 1.3.: Visualisation of an example of network estimate with parameters d = 3,
K = 4 and r = 3. The function has a 3-dimensional input (black node) and
a 1-dimensional output (red node). There is one hidden layer consisting of
12 neurons (blue node). The neurons in the turquoise box are neurons in the
hidden layer of the example of the network approximation of g3 (see Figure
3.2).

procedure for our neural network estimate has seven steps:

1. Randomly choose values
ci,...,ciel-1,14

15



as an independent sample from a uniform distribution on [—1, 1]? and set

= S
Cs = (s=1,...,7).
el
These values approximate the direction of projection cy,...,c, in our projection
pursuit model.
Note, that for s =1,...,r
P{c: =0} =0,

which means we can assume w.l.o.g. ||c%|| # 0.

. Prepare the definition of the initial inner weights b(,_y). g1 ; (s = 1,...,7, k =
,K,j=0,...,d) according to ¢, and to X17 ..., Xy 1 Foreachs € {1,...,r}
choose b571, .. bs k € R such that bs 1 < by 2 <--<bsk and
4-4/d-A

5571§—A‘\/g and EsyKZA'\f— K_1 '

\/&~A ~ ~ 4'\/8-A
< - < Y7 &

(k=1,....,K —1)

and

Vd- A
(n+1)-(K—-1)
Such a choice is always possible. For example, a viable way to do this is to set
bsy = —Vd-A—2-vd-A/(n+1)- (K —1)). Then, regarding b,y (k =2,..., K),
subdivide the interval

min

_T 7
c.X;,—b >
il mk=1, K| ST USR] =

2-Vd- A 2-Vd-A
VA At (k=2) T VA At (k= 1) S
into (n + 1) subintervals of equal length 2 - Vd-A/((K —1)-(n+1)) and choose
bs . as the midpoint of one of those intervals which does not contain any of the n
values ¢! X;. Such an interval must always exist due to the impossibility of n + 1
disjoint intervals containing at least one of the above n points each.

3. Define our initial inner weights

b(s—1)-K 41,05+ > O(s—1)-K+1,d>- -+ 0s:K,05 - - - s sk d

16



for s € {1,...,r} such that we have

b(s_l).K_Hﬂ,j '33(j) + b(5—1)~K+k,0 = Pn: (EZ.CL' - Bs,k) forall z € Rd,

d
=1

J
for some p,, > 0. In other words, set
b(s—l)-K+k,j =pPn- Egj) and b(s—l)-K-i—k,O = —Pn- Es,k

(s=1,....,r,k=1,...,K,j=1,...,d) for some p, > 0. A choice of p, is given in
Theorem 3.2.1.

4. Define the initial output weights by

ap=0 forall 1e{0,...,K r}.

5. Apply gradient descent for¢ = 0, 1,...,t, —1: Learn the weights by gradient descent.
More precisely, we minimize the penalized empirical Lo risk

n K-r
1 c
F(a,b) =~ D et o) (Xi) = Yi” + gl Y ai, (3.2)
i=1 k=0

where ¢, > 0 is a constant by defining (a**1) b(+1)) recursively by

a(tﬂ) a(t)
<b(t+1)> ) <b<t>) —An (Viap F)(@®,b") 3.3)

for some )\, > 0and ¢t =0,1,...,t, — 1. Here, \,, > 0 denotes the step size and
t, € N denotes the number of steps we perform in the gradient descent algorithm.
A choice of \,, and of ¢, is given in Theorem 3.2.1. Note, that minimization of (3.2)
with respect to (a, b) is a nonlinear least squares problem.

Repeat steps 1. — 5. [,, times. A choice of [, is given in Theorem 3.2.1.

6. Choose the directions and the corresponding network which achieves the smallest
penalized empirical Ls error (3.2) among all the I,, networks as our neural network
estimate 1m,.

17



7. Set
’ﬁ’Ln() - fnet,w(tn)(') (3.4)

and choose our estimate to be the by
Bn = c3-logn

truncated version
mp(x) = Tp, mn(x). (3.5)

For our neural network estimate we have the following up to a logarithmic factor optimal
univariate rate of convergence.

Theorem 3.2.1. Letn > 2, let A> landlet (X,Y), (X1,Y1), ..., (Xn,Y,) be independent
and identically distributed random variables with values in [—-A, A]* x R. Set m(z) =
E{Y|X = z} and assume that (X,Y’) satisfies

E (602'”"2) < 0 (3.6)

for some constant cy > 0, and that m satisfies
T
m(x) = ng(czaj) (z € RY)
s=1

for some r € N, ¢, € [~1,1]% where ||cs|| =1, and gs : R — R (s = 1,...,7). Assume
that gs is (p, C)-smooth for s € {1,...,r}, where p € (0,1] and C' > 0 are fixed. Define the
regression estimate m,, as described above with

1
o) = e
with parameter r as in the above projection pursuit model, and with the other parameters
chosen by
1
n 2p+1
K=K,=||——
" K(logn)?’) w ’
pn=n>K,, X - tn =K, -n- (logn)?
n nsy n 3 . Kn . r? n n I
and

r-(d—1)

n 2p+1
I, =
<(log n)?’)

18



Then m,, satisfies

2p

/‘m” —m(z)]*Px(dz) < ey - ((lt)gn)?’>2p+1

n
for some constant ¢4 > 0 which does not depend on n.

Next, as in Result 2, we analyze a neural network estimate for d-dimensional regression
functions satisfying a projection pursuit model. The unknown projection directions are
chosen randomly and hence repeated initialization of the weights is needed. Our third
estimate is different from the previously presented neural network estimates in several
ways. This neural network regression estimate consists of many hidden layers where
the structure and the value of the inner weights are prescribed by a new approximation
result for a projection pursuit model by piecewise polynomials. The outer weights are
determined by solving a linear equation system. This means there is no freedom in the
choice of the weights but we trade it for analysis of high dimensional regression functions
with p > 0 and analysis of multilayer neural networks. We show that our neural network
estimate achieves the up to a logarithmic factor optimal univariate rate of convergence.
Since this rate of convergence is independent of the dimension of the data, our third
estimate can circumvent the curse of dimensionality.

Result 3. As in Result 2, we deal with neural network regression in a projection pursuit
model. This means, we assume that the regression function satisfies

Zgz( I—1)-d+1° $(1)+-~-+al.d-m(d)) @V, 2D e R)

for some r € N, a; = (ag_1).411,---,@.a)” € R? where |laf| = 1 (1 = 1,...,r), and
(p, C)-smooth functions gs : R - R (s =1,...,r). Let A>1, M € N, set

uiz—\/&-Aﬂ'-w (i=0,...,M)
M
and set {i1,...,ip41} = {0,..., M}. Denote by gl( 7 the j—th derivativeof g; (I = 1,...,7).

We show that we can approx1rnate m by a convex combination of Taylor polynom1als of
total degree ¢ of the form

r M+1 q

. (b . M
Z Z ZM.((al—bl)Tlﬁ)j -<1—-|b7~%‘—wkl>
I=1 k=1 \j=0 I 2:d-4 "
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where p; ;;, is the Taylor polynomial of gl(j ) of degree ¢ — j around u;,. Hence, the

approximation function is contained in a class of functions defined by

r M1 | |
{Z Z Z @iy g1 iaby (x(l))]l ,,,,, (:v(d))ﬂd

=1 k=1 j17-v<-,jd€{0 77777 a},

(1—- ——— bfz -y :
( 2.vd- A ’ l Kk ’>+
aik’jlr"zjd7bl S R}'

The key notion for the construction is to use smaller neural networks as building blocks to
define a neural network fyc; j, .. j..ix.b, Which approximates the functions

.....

- : M
(1)yd1 (d)\ja T .
pos P @O (12 T e )

and to choose the network architecture such that neural networks of the form

r M+1

Z Z Z Qi g1 seenja,bi ’fnet,j17~--,jd,ik,bl (x) (aik7j17-~~7jd,bl € R)
=1 k=1 j1,...,54€{0,....q}
Jit+ji<q
are contained in it. In order to do this, we introduce the following four neural networks.
Choose R > 1. A choice of R is given in Theorem 4.2.1.
First, we approximate the function

flz) ==
by the neural network .
fualz) =4R -0 (E) —2R. (4.2)
Second, we approximate the function
flay)=z-y

by the neural network

fm(x,y):R?_M.<a<w+y>+1>_2,a<x;y+l>

4 e 2—¢e! R
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Third, we approximate the function

f(@) =zy
by the neural network

fReLu(x) = fmult(fid(x)a U(R : x)) (44)

Fourth, we approximate for fixed y € R the function

f(w)z(l—z\]/\f—l_/l'\fﬂ—ylh

by the neural network

fhaty(®) = freLU <2dA (r—y)+ 1> =2 fReLU <2\]/\/IZZA (2 — y))
+ freLU (2\]/\214 (r—y)— 1) . (4.5)

The construction procedure for our neural network estimate has four steps:

1. Randomly choose values
1., bre[-1,1)¢

as an independent sample from a uniform distribution on [—1,1]¢ and set

b*
b=— (I=1,...,7).
b7l
These values approximate the direction of projection by, ..., b, in our projection

pursuit model.

Note, thatfor I =1,...,r
P{b; =0} =0,

which means we can assume w.l.o.g. ||b;|| # 0.
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2. We recursively define the neural network fpcs j, ... j..ix,b, Which approximates

. . M
(1)1 (d)\ja = T, _ ..
v P @Oy (12 T e )

with the building block networks. We choose N > ¢, set s = [logy(N + 1)] and
define forl € {1,...,7}, j1,...,ja €4{0,1,...,N}tand k € {1,..., M + 1}

Tnet,juojasinby (T) = fl(o) (), 4.7)
where X 1
t t t
10@) = fnate (£550 @), 57 @) (4.8)
forke {1,2,...,2'}and t € {0,...,5s — 1}, and
f,,(f) (z) = fia(fia(zV)) (4.9)
forji1+jo+ 41 +1<k<ji+jo+---+jandt=1,...,d,
f;fzrj2+~--+jd+1(33) = fhat,uik (szl‘% (4.10)
and
£ @) =1 (4.11)

fork=j14+jo+ +jq+2,j1+j2+---+ja+3,...,2° An example of the network
is visualized in Figure 1.4.

. We choose the output weights. The coefficients a;, ;, . ;, b, are chosen by minimizing

r M+1

1 n ~ 2 C3 2
- > Y — (X)) + o > > > Qi iy omdarbr (4.16)
=1 =1 k=1 j17-~-7jd€{07~~~7N}
hECTa<N

for some constant ¢35 > 0. This regularized linear least squares estimate can be
computed by solving the linear equation system

1 1
(BTB L8 1> a=-BTY (4.17)
n n n

where
B = (Bj(Xi))i<i<ni<j<s and Y = (Yi)i=1,.n
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Input First Second Third Forth Fith
p Hidden Hidden Hidden Hidden Hidden
Layer
Layer Layer Layer Layer Layer

1
>4
1]——1
4
1]—1 >
>4

Output
Layer

Figure 1.4.: Visualisation of an example of the neural network f,.c: j, . i, i..b, With param-
etersd = 3,71 = 1,j2 = 2,j3 = 1, N = 5 and s = 3. For readability, nodes that
belong to the same building block network within a hidden layer are summa-
rized into one node. The number inside the node indicates how many nodes
it represents. An edge pointing to or leaving a node summarizes all the edges
entering or leaving each node contained. The function has a 3-dimensional
input (black node) and a 1-dimensional output (red node). There are five
hidden layers. Nodes in the first and second hidden layer are produced by
fiq (rose nodes), fratz;, (k=1,... ,d) (yellow nodes) and constant function
1 (brown nodes). Nodes in the third, forth and fith layer are produced by f,,.i¢
(blue nodes).

with

J:r-(M+1)-<N+d>

d

and

(B :j=1,...,J}
= {fretjr,juinb (@) 1 <TI<r, 1<kE<M+1land0<ji+---+jg < N}.

Repeat steps 1. — 3. [,, times. A choice of [, is given in Theorem 4.2.1.
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4. Choose the directions and the corresponding network which achieves the smallest
penalized empirical Ly error (4.16) among all the I,, networks as our neural network
estimate m,,.

For our neural network estimate we have the following up to a logarithmic factor optimal
univariate rate of convergence.

Theorem 4.2.1. Assume that the distribution of (X,Y") satisfies
E (1) < o (4.19)

for some constant ¢4 > 0 and that the distribution of X has bounded support supp(X), and
let m(x) = E{Y|X = x} be the corresponding regression function. Let r € N, p > 0 and
C > 0, and assume that the regression function satisfies

m(x) = Zgl(alTx) (z € RY)
=1

for some (p, C')-smooth functions g; : R — R and some a; € R with ||lay|| =1 (I =1,...,7).
Define the estimate ., as descriebed above, where o is the logistic squasher
1
o(z) = l1+e 2

and the parameters are chosen as

r-(d—1)
n 2p+1
L= |(——
" <(logn)2> ’

N>p, M=M,= [cm-nzﬁ], R=R,=n?

and .
A=A, = (logn)s®+d,

Set 3, = cg - log(n) for some suitably large constant cg > 0 and define m,, by
mp(x) = T, Mn(x).
Then m,, satisfies for n suffciently large

2p

E / () — m(@) 2P x (d2) < enr - (logn)? -0~ 527,

where c¢11 > 0 does not depend on n.
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Comparing our results we see that from our first result to our second result to our third
result the choice of the weights becomes more and more restricted. However, at the same
time we can consider more and more general regression functions m in the sense that
we go from one-dimensional functions with p € [%, 1] in our first result to d—dimensional
functions in our second and third result with p € (0, 1] and p > 0, respectively. Regarding
the running time we see that in our first result we need one initialization and

S 5p+1
tn < cio1 - (logn)® - n2+l < cip1-n

24-€
many gradient descent steps for any € > 0 for a starting vector of size
1
3.K,+1=3- [05-71%] +1,

while in our second result we need repeated initialization and so
I, -t, < p2tr=1

many gradient descent steps for a starting vector of size

3.K, +1 3 n_ @ 1
',".(. n+)_r. . m + ,

and in our third result we also need repeated initialization but we only have to solve a
linear equation system with a quadratic M,, x M, matrix which results in a computation
time proportional to
9 r-(d—1)+2
In -M nn 2p+1
Clearly, our neural network estimate in result 3 is the most feasible which will also be
reflected in our simulation.

The outline of this thesis is as follows: We present our first result in Chapter 2. We
present our second result in Chapter 3 and we present our third result in Chapter 4. The
sections can be read independently from each other.

These results are published in Braun, Kohler and Krzyzak (2019), Braun, Kohler and Walk
(2019) and form the basis for Braun et al. (2021).
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2. Neural Network Regression Estimates
Learned by Gradient Descent Inspired by
Approximation Results with Indicator
Functions for Univariate Regression
Functions

We assume that the regression function

m:R— R

is (p, C')—smooth and univariate. We consider neural network regression estimates with
one hidden layer where the weights are learned via gradient descent. The initial values for

the inner weights B§O), R ﬁ}?i , 7&0), ... 77(07)1 are chosen independently of each other and
of (X1,Y1),(X2,Y2),...,(X,,Y,) from a uniform distribution on an interval [—B,,, By]
and the initial values for the outer weights aéo), a§0>, ce ag) are chosen from a smaller

interval [—22, 22]. We will see that the values in each st%p of the gradient descent
algorithm do not leave some prespecified ball around the starting values of the parameters.
We will see further that the choice of the value for B,, will guarantee with high probability
that from the K,, inner weight vectors (3,~) we can pick out K,, many “good places”
where our neural network estimate is close to a piecewise constant approximation of m.
As a consequence, a single random initialization of the starting weights will be sufficient
to find a “good” neural network estimate.

We define our neural network regression estimates in Section 2.1 and show the correspond-
ing univariate rate of convergence result in Section 2.2. The finite sample size performance
of our newly proposed estimate is illustrated in Section 2.3 by applying it to simulated
data.
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2.1. Constructing the Neural Network

Consider neural networks with one hidden layer and K, hidden neurons defined by

K
1 0 0 1
fnet,w(w) = Z wgd) : J(’LU.;I) ST+ w](,O)) + w§,3
7j=1
K,
B ORI o
j=1

where K,, € N, ag, o, 8i,7 € R (i = 1,..., K,,), the activation function is the logistic
squasher

1
o) = @eR)
and l
w = (w;',])g)j,k,l = (04,5,")/) = (O[(],O[l,...,CkKn,IBI,. "76Kn7’717"'7’yKn)

is the vector of weights. An example is shown in Figure 1.2.
The construction procedure for our neural network estimate has three steps:

1. Randomly choose our initial weights: Set
w(0)=v 2.2)
where the initial weight vector

vV = (a(0)7/8(0)7,)/(0)) = (a80)7a50)7 AR 7a(lgi7/8§0)7 ctt 752),’)177:50)7 AR 7’7§?))

n

is chosen randomly such that

C2

0

(k=1,...,Kp)

and B;O) e ﬁﬁ?}l , 7%0), e ,’ygg) are independently uniformly distributed on the set

n

[— B, By]. A choice of B, is given in Theorem 2.2.1.

2. Apply gradient descent for¢t = 0, 1,...,t, —1: Learn the weights by gradient descent.
More precisely, we minimize the regularized least squares criterion

1 " c K
F(w) == Vi~ fueew (X0 + o5 > 2.3)
=1 n k=0
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where ¢; > 0 is an arbitrary constant by defining w(¢ + 1) recursively by
w(t+1) =w(t) — Ap - VwF(w(t)) 2.4)
fort=0,1,...,t, — 1. We write

w(t) = (@, 80, 70) = (i, o, ald B0 a0 A A
fort = 0,1,...,t,. Here, A\, > 0 denotes the stepsize and t,, € N denotes the
number of steps we perform in the gradient descent algorithm. A choice of \,, and
of t,, is given in Theorem 2.2.1. Note, that minimization of (2.3) with respect to w
is a nonlinear least squares problem.

3. Set
’I’hn() = fnet,w(tn)(') (25)
and choose our estimate to be the by
Bn = c3-logn
truncated version
mp(x) = T, mn(x). (2.6)

2.2. Rate of Convergence

For our neural network estimate we have the following up to a logarithmic factor optimal
minimax rate of convergence.

Theorem 2.2.1. Let (X,Y) be an [0, 1] x R-valued random vector such that
E {ech?} < 00 2.7)
holds for some constant ¢y > 0 and assume that the corresponding regression function
m(z) = E{Y|X = 2} is (p, C)-smooth for some p € [3,1] and C > 0. Let (X,Y), (X1, Y1),
..+, (Xn,Yn) be independent and identically distributed. Set
K, = [65 . nﬁ—‘ , B,=16-K, - (logKn)2 -n,

1
L, =cg- (logn)6 ' K?Lerlv An = f
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and
tn = [K2 - (logn)? - Ly]

and define the estimate m,, of m as in Section 2.1. Then we have for n sufficiently large
B [ frun(e) = m(a) P (@) < cr - log )X} /o)

for some constant c¢; > 0 which does not depend on n.
Remark 2.2.2. The computation of the estimate in Theorem 2.2.1 requires one initialization
of the starting weights and

8 5p+1
tn < cio1 - (logn)® - n2e+1 < cip1-n

2+e€

gradient descent steps for any € > 0.

Remark 2.2.3. The parameter K, of the above algorithm is chosen data-dependently using
the splitting of the sample technique as explained in Section 2.3.

Remark 2.2.4. It is possible to broaden the class of functions from which we choose our neural
network estimate while maintaining the optimal rate of convergence up to a logratihmic factor
by choosing all of the inital weights from the same broader interval [—B,,, B,,] instead of
choosing the outer weights from a smaller interval [— 2, £=]. The reason why this is possible
in our context, is that Lemma 2.2.11 only the requires the inner weights to be containted in
the interval |- B,,, B,,|. However, we pay for this broadness by an increase of computation

time as the number of repititions of gradient descent steps increases significantly and is rather

huge.
More precisely, it is possible to choose the starting values for the gradient descent algorithm
randomly such that ago)’ .. ,aggi, BEO), cel 61(72’ 7§0), . ,71(;?3 are independently uniformly

distributed on the set [— By,, By,]. The function to be minimized is the regularized least squares
criterion

n K,
1 C1 ~
F(w)= 1Y = freaw (X0 + 73 of
=1 k=1

where c¢; > 0 is an arbitrary constant. In this setting, we can show in a completely analogous
fashion, that under the same assumptions as in Theorem 2.2.1 and with the same parameter
choice except for L, = n? - (logn)® - K!°- BT and t,, = [n - (logn)? - L, ] we have for n
sufficiently large

E/ Im, () — m(x)|*Px (dz) < ¢ - (logn)? . n=22/(2p+1),
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In this setting the computation of the estimate requires one initialization of the starting
weights and
tn < (logn)® - n'®

many gradient descent steps.
Since that huge computation time is not feasible, we focus on the smaller interval for the
choice of the smaller interval for our inital output weights.

2.2.1. A Localization Lemma for Gradient Descent

We start with our key observation on gradient descent. Lemma 2.2.6 shows that, under
suitable assumptions on the regularized least squares criterion function F' and on the
number of gradient descent steps t¢,, the values in each step of the gradient descent
algorithm do not leave some prespecified ball around the starting values of the parameters.

Lemma 2.2.5. Let I : R — R be a differentiable function . Lett € N, L > 0, a € R¥ and
set

1
A= 7 (2.8)
and
a=a—\-(VaF)(a). (2.9)
If
[(VaF)(a) = (VaF)(b)|| < L-[la—bl| (2.10)
holds for all

be{a+s-(a—a):sel0,1]}

then we have

F(a) - F(a) <

<57 I(VaP)(@)".

Proof. Lemma 2.2.5 follows from well-known bounds in the literature, see, e.g., Karimi,
Nutini and Schmidt (2018). For the sake of completeness a complete proof is given here.
For s € [0, 1] set
H(s)=F(a+s-(a—a)).

Then the fundamental theorem of calculus, the chain rule and assumption (2.10) imply
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1
= /H’(s)ds

0

1
= /0(VaF)(a+s-(a—a))-(a—a)ds

1
- /o (VaF)(a+s-(a—a)) - (VaF)(a)) - (a—a)ds
1
—l—/o (VaF)(a)-(a—a)ds

IN

1

/0 L-|ls-(@—a)|-[a-— al ds
(VaF)(a)  (a—a)

— Lla-ar+ (Var)a)-(a-a).

Using (2.9) and (2.8) we get

@)~ F(a) < %N [(VaF)(@)|” A | (VaF)(@)?

1
= —5 7 IVaP)@IP.

O]

Lemma 2.2.6. Let F : R — R be a nonnegative differentiable function. Let t € N, L > 0,

ap € RE and set .
A=
L

and
apt1 =a, — A (VaF)(ay) (k€{0,1,...,t—1}).

Assume

|(VaF)(a)|| < v/2-t- L-max{F(ag),1} (2.11)
for all a € RE with |la—ao|| < /2t - max{F(ap),1}/L and

[(VaF)(a) = (VaF)(b)|| < L - [la—b] (2.12)

for dll a,b € R¥ satisfying

la—ao| < \/8-z-max{p(ao),1} and ||b—ao| < \/8-z~max{F(a0),1}. 2.13)
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Then we have

llag — ao| < \/2 : % (F(ag) — F(ag)) fordlke{1,...,t},

s—1

2
Dl —anl® < 7 - (Flao) = Fla,) foralls € {1,...,t}
k=0

and
F(ay) < F(ag_y) foralke{1,... t}.

Proof. We show

s—1
2
Dl — ] < 7 (Flao) = F(ay)) 2.14)
k=0
and
F(ay) < F(aj—1) forallke {1,...,s} (2.15)
forall s € {0,...,¢} via induction on s.

Start of the induction: Trivially, (2.14) and (2.15) hold for s = 0.
Induction hypothesis: Assume now that

s—1
S llawis —anl? < 7 - (Fao) — Flay))
k=0

and
F(ay) < F(ag_y) forallke{1,...,s}

hold for some s € {0,1,...,t— 1}.
Induction step: We want to use (2.12) fora = ay and b € {ax + v (ag+1 —ax) : 7 €
[0, 1]} For that, we check (2.13) for those values. We verify (2.13) by (2.11). So, by the
triangle inequality and the Cauchy-Schwarz inequality we can conclude from the induction
hypothesis that for & € {0,1,...,s}

N

-1

llaj+1 — ay|

k-1 2
= D 1 llaje —ay]
=0

IN

lay — ao|

<.
I
o

33



k-1 k-1
< W01 lage —ay)?
\J =0 Jj=0
k—1
< \3 Z“aj-f—l — ay|?
j=

< f’s (F(a) — Fl(ay))

< \/ -max{F(ap), 1}. (2.16)
Hence, with (2.16) we conclude for k € {0,1,...,s — 1} and for any v € [0, 1]

lak + 7 - (ak+1 — ax) — ao|
= |lar—7v-ar+v-app — ((L—7)+7) - ao
= [[(1=7)-ar—(1—7) ap+7 a1 —7-ao
< (1=7)-llax —aol + 7 lag+1 — ao|

(I1—7)- \/2;f -max{F(ag),1} + - \/2; -max{F(ap), 1}

IN

- \/QLt -max{F(ag), 1}.

Further, we conclude with (2.16) and with (2.11)

1

lasy1 —as]| = —-|[[VaF(ay)]|

IN

\/2 t- L-max{F(ap), 1}

= \/ -max{F(ag), 1}
and consequently, for k = s and for any v € [0, 1]

las +7 - (as+1 — as) — ao|
< las —ag|l + - [lasy1 — as|

< \/2; -max{F(ag), 1} + 7\/2; -max{F(ap), 1}

34



< \/8; - max{F(ap), 1}.

Now, we can conlcude by (2.12) (with a = a; and b = a; + v - (ax+1 — ag) ) for any
k€ {0,1,...,s} and for any ~y € [0, 1] that

[(VaF)(a) = (VaF)(b)[| < L -[la—b].

Next, we conclude by Lemma 2.2.5 that for k£ € {0,1,...,s}

Flags1) — Flag) < ——— - [[(VaF) (ag) |2

2-L
This implies
F(ay) < F(ag_y) forallke{l,...,s+1}
and
Do llape —a? = > A [(VaF) ()|
k=0 k=0

o N(VaF) )P

I
WE
SIS

i
[e)

(F(a) — F(ag+1))

IA
Mm
1o

0

-(F(ao) — Fast1)) -

I

\V)

This concludes the induction. Finally, by (2.14) we get

s—1
las —aoll < D llarts —axl
k=0

s—1
< s Ak —agl?

0

B
Il

IN

Vo () - o)

which concludes the proof. O
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2.2.2. Auxiliary Lemmas

We introduce Lemma 2.2.9 and 2.2.10 that will help us to verify the conditions in Lemma
2.2.6 in our setting. We will make use of them in the proof of Theorem 2.2.1. For the proof
of these lemmas we need the auxiliary Lemma 2.2.7 and Lemma 2.2.8, which we present
first.

The next lemma gives us a statement close to Lipschitz continuity with respect to the
weights and 1—norm for neural networks with one hidden layer and Lipschitz continuous
activation function.

Lemma 2.2.7. Let o : R? — [0, 1] be Lipschitz continuous with Lipschitz constant Cr;, > 1
and let w,w € R3%n+1 Define

Kn
1 0 0

Fretw(@) = D wi] - o(wy -+ wig) +wiy

j=1

and
Kn
_(1 _ (0 _(0 _(1

fretw(@) =Y i) - o(@®) -2+ @'F) + @},

j=1

Then we have for any x € R

|fnet,w(33) - fnet,v‘v(x”

< Cyp-maxfa], 1} - max max{|al})], 1}

e idn

Ky Kn
1 _ (1) (0) _ —(0) 0) _ (0
| 2 ey -l > (|wk,0 — Wyl + Wiy — By
j=0 k=1
Proof. By the Lipschitz continuity of o we have

’fnet,w (x) - fnet,v’v (33) ’

Kn
1 0 0 1 _(1 0 _(0 _(1
|l o) ol Yol ol a0l - )
j=1 j=1
&) (0) O <A (1) 0) (0) (1) [CONRe))
1 0 0 _(1 _ (0 _ (0 _(1 1 _(1
< [Dwiyrolwyi xtwig) = Y Wy -o(wy) -z @) — Dyl + ‘ 10~ “’1,0)
j=1 j=1
K, n
< (Sl ot n )= Yol el
j=1 Jj=1
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K Kn
(1 0 0 _(1 0 _ (0
oty oty e+ wf) = wi ol o+ afy)
7=1 7=1
)
ol - o)
IS 0 0
< 20| (wi) — ) ol o+ wl)
j=1
Kn
(1 0 0 _ (0 _ (0
3 N Tt e
j=1
IS
R
Ky Knp
o _( 0 0 _(0 _ (0
< Z |w§]) - w§])| + , max {|wg,)€|, 1}- Z ‘J(w](-,l) T +wj(8) - a(w;l) x + wgg)‘
i=0 et j=1
K Kn
G _a 0 0 (0 _(0
< Y hwp) — ol + max (@20 Cup- 3 Jufl) o+ uf —af) - x - ol
]:O EARES) n J:l
Ky
o _Q
< Doy - @iy
=0
Ky
(1 0 - 0 (0
+ max {[@{)] 1} Oy | D[l = @l fal + [wlf - @l
PARAS] n j:l
< CLip'max{|x|,1}-k_max max{|ﬂ)§1,)€|,1}

— e in

—

0
,())’ + |wy — W}

>

(W) )R )
1 _(1 0 _
D et - “’g,j‘ + (’wl(c,o —w
j=0 k=1
O

Our next lemma gives us a statement close to Lipschitz continuity with respect to the
weights for the gradient of our neural networks.

Lemma 2.2.8. For a weight vector w define the network fyetw by (2.1). Let

1

olz) = 14+e*
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be the logistic squasher. Let ,, > 1 and assume

_(1
@) <

for j €{1,...,K,}. Then we have for any = € [0, 1]:

2

0 0 _
S @) = 2 @) <3072 — ],
k,j,l 8wk 3wk,]

Proof. By definition we have for a weight vector w

Kn
Jret,w (z) = Z w;?lz : U(wl(c(,)i "X+ wl(c,())) + wgg’

where the logistic squasher o satisfies
o (x) =0o(z) (1 —o(x)). (2.17)

Obviously, this implies |0/(x)| < 1 and consequently we know that o is Lipschitz continuous
with Lipschitz constant 1. Hence, we get the partial derivatives for the outer weights

0
)fnetw(x) = U(UJ,SO% T+ w(o))
1,k
fork=1,..., K, and
0
7fnet,w(x) =1
1)
w0

for k£ = 0. By the chain rule and by (2.17) we get the partial derivatives for the inner
weights

0 1 0 0 0
anet,w(x) = w;;z ) (0) O—(wl(g i z+ wl(c ()))
Owy, Owy 1
= wllo! (ulld o) o
1 0 0
= wg,lz o (le(c,i x + é%) <1 — 0 (U)]E;,i X+ w](§7()]>> - T
and
G, 1y 0 0 0
anet,W(x) = wg,li ’ (0) (wl(c % T+ w( ))
k.0 Qwy g

38



1 0 0
= ol o (u e ull)

1 0 0
= o (ol s uil)

fork=1,...,K,. Now, we look at
2
0 0
Z l) fnetw(x) - ﬁfnet,v’v(‘r)
kgl | QW 8wk’j
2
K
= 0 0
= Z )fnet w(x) - ﬁfnet,v’v(l')
k=0 aw 1k 8'[017]{:
2
K 1
- 0 0
+ZZ ( fnetw(w) - mfnet,v’v(x)
k=1 j=0 k k.j

We bound the two terms on the right-hand side separately and we start with the first one.
Since z € [0, 1] we get

2
K
n o 9
anet,W(fU) - 1) fnet w(.%')
k=0 | W1 j; wy
2
K. 2
= Z anet,w(ﬂf)_ PN fnetw( ) + wfnet,ww)_wfnet,w(ﬁ)
k=1 |OWq ) owy ;. wy owl 'y
Kn
= 3 Jew o+l - o) o+l -1
k=1
2
< Zl ‘w(o) ) —ay) x+ﬂ)§%‘
& (0) _ - (0) © )2
< Z ‘wk,l_ﬂ)k,l‘ ‘$|+‘w ﬂ)m‘)
k=1

IN
M=
P
”.M“
£
.
C
N~ —
(Y]
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Next, we look at the second term on the right-hand side. Since |o(x)| < 1 and thus also
|1 —o(x)| < 1we can conclude for = € [0, 1] in the same manner as in the proof of Lemma
2.2.7thatfork=1,..., K,

0 0
anet,w(fb) ( fnet w(x)
awm ow wy

= |w§1,i o (w,(coz -z + w,ﬁ%) (1 -0 (wl(coz T+ w(O))) r

S%-a(@,(gi'x—}—w,(co%) (1 O'(’U}](g} x+w(0)>>-m|

< w0 (w o+ ul) (1-o (wf) e+ uf)) o
~o{) o (wkl x4 ,ig) (1 —0 (wkl z+ (0))> |
o (8w ®) (1o (w4 0i%)) =
) o (80024 80) - (1 o (w0 + i) o
) o (o) v+ wiy) - (1-o (wi] o +wl)) -2
o) o () -+ a%)  (1-0 ()= +20)) -
= ol = ol Jo (v e +wll) - (1o (0] -2+ wi)) -1l
i) o (w -z +u) — ol o (@] o +a))) |
(1o (wl] o+ w)) |- o]
(o (@) @+ @) |
(1= (0o +ul) - (1-0 () -2+ @3))) |- o]
< i) - o)

+|ﬂ)(1) lo <w,(coi x + w,%) -0 <ﬂ)

g |
ol | —o (w2 +wly) +o (o) o +w})
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n @ _ _(© 0 _(
< o) = a2 @] 1 maxdlal, 1} (lly - @) + o) - @)
< | 1 wg1}1|+2 o Z’w(o) @0

and analogously
0 0
o (0) fnet w( ) )] net,W(x)
W0 Wk.0
1 0 0 0 0
= ol () (1 (w2 i)
(1 _(© _(©0 _(© _(©
—wgyll -0 (wéi cx+ wg%) . (1 —0c (w,i} ST+ wéé)) |
1
< |w() w1k|+2 Vi ¢ Z|wkl — Wy
This implies
Kn 1 2
- 0 0
Z Z anet,w(x) - wfnet,v’v(x)
k=1 j=0 awk,j W 4
Kn 1 2
1 (1 0 0
< SN ) — a4 2 Z!w”
k=1 j=0
Ky, 1 2
< oo (- allp 402 (Dw,ii? =)
k=1 =0
Kn 1
IDIN¢)) 0  _(0
< 43wl - ol et ( Z|w,i,2 w,i,2|2))
k=1 =0
Ky
< 4. |w§; w k|2+32 A2 |w(0)
k=1 k=11=0
Together, this gives us
2
0 0
Z 7fnet w(x) - anet,v’v(gj)
ke 8wk] Wy
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K, 1 K, 1
0 1 0
< 223 > ) w2 44 erlk )2 +32.92- 3% o) — @
k=1 j=0 k=1 k=1 1=0
- 0)
1 _(1 _ (0
< 347, i ”|2+ZZ|wm I
k=1 k=1 j5=0

= 34y |w—w
O

The following two lemmas will help us to verify the conditions in Lemma 2.2.6 in our
setting.

Lemma 2.2.9. Assume supp(X) C [0,1], v, > 1, 2-t,, > Ly, ¢2 < K, and
1) 9 _ 2ty
wipl < (B=1,...,Kp) and [w—v|*< T -max{F(v),1}. (2.18)
n

Then we have with probability one

(FwF) )] < 25092 Koy 2 max{ F(v), 1)

Proof. Since
o' () =0o(z) (1 -0o(x)) €0,1]
we know that ¢ is Lipschitz continuous with Lipschitz constant 1. Moreover, we have

2

lw—vl|i = Z|w3k—”]k
7.kl
< @K, +1)- Y fuj) — )P
j?k7l
= (BKp+1)-||w-— VH2
2t

n

By the Cauchy-Schwarz inequality and by Lemma 2.2.7 we get

I(VwF(w)]*
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IN

IN

IN

IN

IN

(]

2
n 0 o (o Lo
=3 (Vi = Fretl(X3)) - iy (X0 + <K1 : Z(w%?ﬁ))

dikil i=1 Wik w](l)c 1=0
2
2 — 0
Z E Z Y fnetw z)) : l) fnet W(XZ)
gik,l i=1 ow; ik
2
9 €1 (1)y2
2.2 (a 0 (K'Z( 1)
Gkl W,k " 1=0
2
8 s 1 )
Z — Z(sz - fnet W(X’L)) E Z (aw(l)fnet,w(Xi)>
7.kl i=1 i=1 7.k
Kn,
+ Z 9. [ o.M
P Kn 1,1
2
1< )
Z Z Y fnetw )) . E Z (8 (l) fnet W(XZ)>
gkl i=1 i=1 gk

S S e (K00) - (e (X0) = e (X0)))?
=1

()

16 - <,,11 Z(YVZ - fnet,v(Xi))Q + %Z(fnet,v(Xi) - fnet,w(Xi))2>

o

o
—to
o

ZZ( j7kf'netw X)) + K?L :

i=1 j,k,l

i:i 6 i:12 -
1 3. . )
nzz (amfnet,w(Xi)) + Kgl > (w?)
=1 j,k,l 5.k —o
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+K% (Kn+1)
2, 1 @& 0
< 16 (F(v) +42 - 4K, T maX{F(v),l})-nZZ( )fnetw
n i=1 j,k,l ow Jk
2
+16 - E'Kn"yn

AN
—
=
=
=
\
B
Q
il
“ij
—

—
\
A

; C
-
PR
=
=
[\

G
16~ 42,
+ X, Tn

We bound the right-hand side further. We have for any i € {1,...,n}

2
( z))

2
0
D) fnet,w(Xi)>
gk, 7,k
Ky 9 2 K, 1 9 2
= fne,w(Xz) + 7fne,w( )
N ) kzl?%(awg?,z t )
2 2
5l o LN Sl o
= fne ,W(X’L) + 7fne ,W(X') +
= o)™ ) kl( W) " ) ; (&wii
LG 2
= 14> (o (v xi+ (0))) 3 (wil) o (v X+ wl) 1)
k=1 =1
S (0) ) 2
+ (wl,k o’ (wkyl-Xi—f—ka) Xl)
k=1
© S (W) 3 (w)]
>~ w w
k=0 k=1 b k=1 b
< (Kn+1) Kn"YZ"‘Kn Tn
< 490K,
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Together this gives us

(Vv Fa) (V) ]1?

" 2
< 14442 Ky omax{F(v),1} 492 K, + 16 <1 .42
L, K,
t
< 592 K2 L—n -max{F(v),1} - 72,
n
which implies the assertion. O

Lemma 2.2.10. Assume supp(X) C [0,1], v, > 1, t,, > Ly, and

max {|(wa) 1 [0} <0 =1, Ka) and wa—v]? <87 max{F(v), 1}

(2.19)

In
Ly,
Then we have with probability one

[(VwE)(w1) = (VwF)(w2)]|

<165 - max{y/F(v), 1} -max{ 1,1} 92 Ky ,/%" w — wa.
Proof. We have by the Cauchy-Schwarz inequality
[(VwE)(W1) = (VwF)(w2)|?

= Z(Z Z(Y fnetwl(X )) 0 f”etwl(X)

7.k, i=1

+-2 8 C1

) 7
jk‘

S -

N Z 0

’T'LEWQ neWQX
> (%: — foet ))awlfm)

) o \:
c1 (1)\2
0 \ = Z(( )1 N ) )
3w](~,2c (Kn 1=0
2 — 9
< 3. Z — Z(Y; — fnet,W1 (XZ)) . anet,w1 (X'L)
gkl s 8wj,k

2
2 < o)
0 Z(Yz = Jnet,ws (X)) - anet,wl (Xz)>
i=1

gk
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2 0
+3- Z (n Z(YZ — Jnet,wa (X)) - ﬁfnd’wl (Xi)

4.k, i=1 ’w](;)C

2 9 ’
- Z(}/z - fnet,wz (Xz)) : anet,wz (Xz)

n i=1 aka

Kn 2
c1 1 c1 1
LD (K 2wy = g2 <W2>§,3)

2
= 12 ( (fnet W2 (X ) fnet W1 (X )) : a(l)fnet,wl(Xi))
3.k, i=1 9

Wik

2
1 o) 0
+12 - (n Z Y fnet W2 )) (a(l)fnet,wl (Xz) — 8(7l’)€fnet7w2 (Xz))>

Jskl =1 W; & w;
2 Kn 2
Cl 1
#1253 w) ) = (o))
no1=0

2

1 IR

< 12 ﬁ Z(fnet,wl (X ) fnet W2 2 Z ﬁ Z ( D) fnet ;W1 (X ))
i=1 7.kl =1 j k

+12 % Y (Yi = faet,wa (X0))?

1=1

2
Z Z ( D) f'rLet w1 (X ) - ﬂfnet,wz (Xz))

jk)l i=1 ik Jk
3 & 1 1
+12 K—12 Z (Wl)g,l) (W2)§l)

We bound the three terms separately. Using Lemma 2.2.7 and the proof of Lemma 2.2.9
we get regarding the first term

2
n n 9
% Z(fnet,wl (Xz) - fnet,WQ (Xz))2 : % Z (anet,wl (Xz))

i=1 Skl =1

< 119 wi—wof 497 Ky
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’7721'4'Kn'||W1_W2||2’4‘%%,'Kn

<
< 1609y - K2 - |lwy — wal%.

Again by Lemma 2.2.7 we get for the second term

1 n
E ;(YE - fnet,wz (Xl))z

2 O 2 O
S E Zl(}/z - fnet,v(Xi))2 + E 2(fn€t,w2 (Xz) - fnet,v()(i))2
1= 1=
< 2 F(v)+2- 1197 f[wa = v}
< 2 -max{F(v),1} +2-72-4- K, - |wy — v|?
t
< 2-maX{F(V),1}+8-72-Kn-8-L—n-maX{F(v),l}
n
t
< 66-42- K, - L—n -max{F(v),1}

n

and by Lemma 2.2.8 we get

1< o) 0
Z E Z 7fnet,w1 (Xz) - mfnet,WQ (Xz)

U]
ikt s\ Owgg j.k

<3490 - [[wi — walf”.
Summarizing the above results we get

[(VwE)(w1) = (VwF)(w2)]|?
< 12-16-42 K2 ||wy — wol?

t
+12-66 - 42 - K, - L—n -max{F(v),1}-34 -2 - ||w; — wa||?

2 Ky 2
c 1 1
12 g D (w0 = (w)iy

mo1=0

" 2
< 27132 44 K2 max{F(v),1} - max{~L 1} - ||wi — w22,
L, K?2
which implies the assertion. O
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The following Lemma 2.2.11 guarantees the existence of “the right places” where our
neural network estimate is close to a piecewise constant function approximation. We will
use this in the proof of Theorem 2.2.1.

Lemma 2.2.11. Let K € N, K € {1,..., K — 1} and set

I, = [?,?{) for ke {0,...,K}.

Let z1,...,z, € [0,1] and let 51, 71, .., Bk, Vi be independent and identically distributed
random variables which are uniformly distributed on [—B,,, B,,|, where

B, >16-K - (log K)? - n.

Then with probability at least 1 — (K + 1) - exp(—K/(32 - K)) there exist iq, i1,...,iz €
{1,..., K} such that

B D
2’ Bix
holds for every k € {0,...,K}.

Biy 2 €I, and  min |Biy, - i+ i, | > 2 (log K)?
i=1,...,n

Proof. We prove the assertion by computing the counter-probability. We have
P{Hl €{0,...,K}Vke{l,...,K}:

B K
B < 5" _%géll or min B+ k| <2 (log )2}
A i=1,...,n

B
plo=2 Zen and  mm wk-xﬁmzz(logfff}).
i=1,...,n

In case 85 > 0 we have that —g—: €l (forl €{0,1,..., f(}) is equivalent to

(liﬂ)f{
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Hence, in case 3, > 0 we have that —g—i € I; holds true if ; is contained in a subinterval
of length
B

K
of [-B,, By|. Furthermore, min;—y,__, |8 - ;i + x| > 2 - (log K)? holds if v, is not
contained in a union of n intervals of length 4 - (log K)2. As a result, we know that in case
that g > B,,/2 we have that ~;, satisfies

—%EIl and  min [Bg -2+ > 2- (log K)?
B i=1,..n

if vy is contained in a subset of [—B,,, B, of Lebesgue measure at least
Bn g ogr)2> Bn By Bn Bu  2Bn  Bn | Bn
2K 2K 4K — 2K 4K 4K 4K 4K

where the first inequality holds since by definition of B,
B,>4-K-(4-n-(logK)?).

This implies that the probability above is bounded from above by

- N 1 B./A-K)\ - 1\
(K+1)-Ig<1—4-m> = (K+1)-<1—32.k>

IN
=

+
=

@}

¥

e
—
| =
~
N———

The following Lemma 2.2.12 will help us to analyze the development of the outer
weights during gradient descent when only the outer weights are learned by gradient
descent.

Lemma 2.2.12. Let F' be defined by
1 n K
F(a) = SO ak- Br(zi) — yil> + 7 - |af?
=1 k=1
where a = (a1,...,ax)T € RE, By(z) : R — Rand 7, € R, 75, > 0. Choose a, such that

F(agp) = a@ﬁ% F(a).

Then for any a € R¥ we have

I(VaF)(@)|* > 4 7, - (F(a) = F(acp))-
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Proof. Set

1
B = (Bj(®i)i<icni<jex and A =Bl -B+7 -1,

where 1 is the unit matrix. Clearly, the matrix A is symmetric and positive definite and
hence regular. As a consequence, we can write

F(a) = (B-a-y)'-B-a—y)+7,-a’-a

Sl 3|-

1
(y'y —2y"Ba) +a” (nBTB + 7 - 1> a

1 1
= a’Aa—2y"=Ba+ —yly
n n

T
= <a — 1A—lBTy> A <a — 1A—lBTy> + lyTy — i?yTBA—lBTy.
n n n n

We observe that the last two terms are independent of a and hence the right-hand side is
minimal for
a- “A'BTY —0.
n
Thus,

F(aOPt) =

S|

This gives us
alor 7 alar
Fla)=(a— A 5B y) Ala— A EB y) + F(agp).

Since A is symmetric and positive definite we know by the Spectral theorem that A is
diagonalizable with
A =Q'DQ

where the orthogonal matrix Q has as column vectors the eigenvectors of A and the
diagonal matrix D has on its diagonal the non-negative eigenvalues of A. We denote by
D!/2 the diagonal matrix where we take the square root of each entry of D and we denote
by

A1/2 — QTD1/2Q
the unique positive definite matrix satisfying

A1/2 i A1/2 — A.
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Using
b’Ab > 17, -b’b

and AT = A we conclude
F(a) - F(aOPt)
41 .1
_ ((A1/2)T<a _A IEBTy))TAl/Q(a _A IEBTy)

1 1 1
<= (AYHT(a— AT =BTy))TAA?(a— A7 =BTy)
Tn n n
1 1 1
= — . ((A T . A_lfBT TA . A_I*BT
. ((A)" (a - y)) Ala - y)
_ 1 aa- BTy (Aa— 1B7
=—-(Aa y)' (Aa y)
Tn n n
1 2 2
= -(2Aa— =BTy)T(2Aa — =BT
o (2Aa - —B'y) (2Aa- —B'y)
1
=1 I(VaF) (@),

where the last equality follows from
1 1 2
(VaF)(a) = Va (aTAa — 2y’ ~Ba+ yTy> =2Aa - —Bly.
n n n

O

The following Lemma 2.2.13 will help us to show that our neural network is close to a
piecewise constant approximation.

Lemma 2.2.13. Let o be the logistic squasher.

a) For any = € R we have
||

|0(x) = Lj,00) ()| < €7
b) Foranyb € R, ¢ > 0 and x € R we have

(e - (& = b)) = Lp o) (x)| < e,

Proof. a) For x > 0 we have
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And for x < 0 we get

1

— < e = ¢l
14e@ '

|o(2) = Ljo,00) (@)

b) From ¢ > 0 and a) we get
o+ (@=8)) = Ly (2)] = [0 e+ (0= 8) = gy - (= B))| < 710 = e=lol,

O]

2.2.3. Auxiliary Lemmas from Empirical Process Theory

The next lemma is an auxiliary result from empirical process theory. We will need it again
in in Section 3.2.3 and Section 4.2.1, where the idea will be adapted according to our
needs.

Lemma 2.2.14. Let
* [Bn = c3 - log(n) for some suitably large constant cs > 0
e F, be aset of functions f : R* - R
* A, be an arbitrary event.
Assume
* the distribution of (X,Y’) satisfies (2.7) for some constant cigp > 0
* the regression function m is bounded in absolute value

* the estimate m,, satisfies
my = Tg, My,

where on the event A,,

M (-) = mp(-, (X1, Y1),...,(Xn,Yn)) € Fu.

Then m,, satisfies

E(( [ mata) = m) PP
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1o, Lo
—2. (n D 1in(Xa) = Yil* - gy, 1<, (et} — - > m(X;) - yi|2>> : 1An>
=1 =1

cr - (logn)? - (log (supx? M (ﬁ,]:n,x@) + 1)

n

<

for n > 1 and some constant c¢; > 0, which does not depend on n, (3, or the parameters of
the estimate.

Proof. This lemma follows in a straightforward way from the proof of Theorem 1 in Bagirov,
Clausen and Kohler (2009). Since we have the characteristic function as a new term that
needs to be carried through the proof, for the sake of completeness, a complete version of
the proof is given in the Supplement in Section A.2. O

In order to bound the covering number A (ﬁ, Fu, x’f) we will use the following

lemma. This lemma is embedded into our setting and close to the second auxiliary result
in Section 4.2.1. Here, we consider a neural network with one hidden layer. Note that in
this class of functions the inner weights do not necessarily need to be bounded.

Lemma 2.2.15. Let max{ K, 3,,V,} < n and define F by

K d
F = {f:RdﬁR:f(x):Zakﬁ > bpyoaW 4| (zeRY
k=0 j=1

K
for some ay, by, ; € R satisfying Z ai < %}.
k=0

Then we have for any =7} € (R%)":
1
log <N1 <,.7:,a:?>> <cg-logn- K.
Proof. Let

d
G={g: RIS R:gx)=0 ij-x(j)—i—bg (z € RY)
j=1

for some by, b1,...,bg € R. and let

K+1 K
F o= { Z wi - fi (w1, ..., wks1) € RFT satisfying E lwi| < /- (K +1)
i=1

=1

53



andfiegforizl,...,K—kl}.

Let
K d ‘
k=0 j=1

Then by the Cauchy-Schwarz inequality and by assumption of the lemma we have

K K 2 K K
S ol = <EJ%MQ <J§j%ﬂd§jﬁ<wmw%+1
k=0 k=0 k=0 k=0

Hence, it also holds that f € 7’ and consequently F C F'. Thus,

N1< an$1></\f1< 571 .7:/ n)

We continue by finding an upper bound for the covering number of F’. For that, we
apply Lemma 16 6 in Gyérﬁ et al. (2002) with G, = Gforalli =1,...,K, B =1,

b=/ (K+1),n+0= 5 andn=4= -3 >0 and receive

M(m 'Q

K+1
(\/ (K+1) 7n+2 1 nB”) +

K+1 1.%
Nl( 2 nBn 7g’“x1>
- I Ve s
K+1
e-( (K+1)%+ﬁ) -1 K+1
= 1 . Nl L 1 ,g l‘l

K+1
1 n
B (”( <K*‘*W'”””+@'Na(¢Gr+n%fzm%+z‘ﬁﬁ)) '

By Lemma 9.2 in Gyorfi et al. (2002) we know that we can bound the covering number
by the packing number, i.e.

l-e-

IN

N, 1 g,z | <M ! g, xt
NVE D208 +2 ) ST B+ Dy 2nBa v 27700 )
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In order to bound the packing number on the right-hand side we will need a bound for
the Vapnik-Chervonenkis dimension of the set of all subgraphs of functions of G defined as

g*:{{(z,t)eRdXR:tgg(z)}:gEQ}-

For that, let

d
”H{ij-x(j)—l—bo:xeRdandbo,...,bdeR}.
j=1

Then we write
G={ooh:heHt}

and since the logistic squasher o is a non-decreasing function we know by Lemma 16.3 in
Gyorfi et al. (2002) that
Vo+r < Vgt

Further, since
WY = {(z,t)eRde:tgh(z)};heH}

{(2,) €R! xR (1)t + h(z) > 0} - h € H}

I
—~ N

{(z,t)eRde:a-t+h(z)20}:h€’H,a€R}

I
'S

we have
Vo < Vg

We bound V4 by Theorem 9.5 in Gyorfi et al. (2002). For that we notice that
{a-t+h(z):heH,acR}

is an (d + 2)—dimensional vector space of real functions on R? as  is a linear vector
space of dimension (d + 1). Consequently,

Va<d+2.

Now, we bound the packing number by Theorem 9.4 in in Gyorfi et al. (2002) with B =1,
p=1lande=1/(y/(K + 1), - 2np, + 2) which gives us

Ml(ﬁ, gu 1;711)
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Ve

2.e-1% log 3.e-11

= 1 1
1
<\/(K+1)'yn 2nﬁn+2) (\/ K+1)7n- 2n6n+2>

- ( (Jm 2nﬁn+2) log( (VK + 1) - 2nﬁn+2>> Yo
3'(2‘6‘(\/m 2nﬁn+2) log( (V(K +1)7, - 2nﬂn+2)>>d+2

Summarizing the above results we get

IN

log <N1( = fx1)>
< log<<e-(\/m-2nﬁn+2)-3
.<2.€.(\/m.2ngn+2>
s -T2 2) ) )

IN

(K +1) log( (Vines+ 1) nes -2 0% 42) -3
( e'(\/m-%-nchﬂ)

d+2

-log<3e-( (n08+1)-nc8-2n-n‘38+2))) >

< K-cg-logn

for n large enough.

2.2.4. Proof of Theorem 2.2.1

The proof of Theorem 2.2.1 is quite long and technical. For a better understanding we
present a brief and highly simplified outline of the proof before going into detail. The
proof has ten steps.

Step 1: Preparations.
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* W.lo.g. we assume ||m|loc < G-
e Set K,, = [K,/(log K,,)?].
¢ Define A,, to be the event where
1. Y| < B, holdsforalli =1,...,n,
2. there exist i, i1, ...,ig € {1,..., K,} such that

B
Bi, > 7”, ;Z'“ €l and minn Bi,, - Xi +7i,| > 2 (log K,)?

ik =

holds for every k € {1,...,K,}.

Step 2: Starting the proof. By adding zeros we can rewrite the left-hand side as the sum of
three terms. We have

/|mn m(@)2PPx(dr) = ® + @ + ®
where
(( [ o) = m() PP
( Z!mn i) = Yil* - 1y <6, Ge(rn})

nzl = Yi'2>) '“")

is of the form of our auxiliary lemma from empirical process theory which is applicable
due to bounds on the weights during gradient descent,

@ (< Z|mn Z - 1{|Y‘<67L ]6{17 5T })}
- LS n(x) — Y;P) -1An>,
=1

for which we will show that “at the right places” our estimate is close to a piecewise
constant function approximation and that there gradient descent changes the inner weights
only slightly and finally,

® = 467 -P(4)
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which is bounded by the choice of our weights.
Step 3: Bounding the first summand. We show that

3.
D < oy 1087 Kn

Step 4: Bounding the third summand. We show that

C.
® < 2
n

Step 5: Looking at the second summand. We break down @ into four terms by adding zeros.
For that we need to introduce new functions. We define on [0, 1] a piecewise constant
approximation of m by

Kn
fl@)y=> oa; -1 Lo (@) +ag
=R
1k
where
0)
* L 71:0
a; =m (—Bi((?)>
and
X0 o
of =m | ——L | —m | —— (G=1,...,K,).
] 5y B
We set )
)= a; o8 -z +) +aj,.

k=1

For g(z) = S0 ay, - o(By - « + i) we define

Kn
c1
pen(g) = 2 Zaz
Ky k=1

We get
@< &+ &1LV ¢
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where
§:E<(F(a(t"),/3" (in)) ZIY (X —pen(f*)>-1An>,
o ~s{(2 o) 1)
~5(( > S - ;g () - ¥iP) 14, )
and

= E(pen(f*) : 1An>'

Step 6: Bounding the first summand of Step 5. We bound # in several steps. First, we show
that on A,, we have forany ¢t € {1,...,t, — 1}

F(a(t-i-l) 7 IB(t-i-l H—l) Z ’Y f pen(f*)

2-c t *
< <1_LK12p>( (a®, ——Zw X —pen(f)>

2 ¢ .<F(a*,5(0),’>’( ) = F(a*, 80,4 ))-

+
Ln : K'rZLp

Second, we show that

2
F(a*’ﬁ(0)77(0)) _ F(a*,ﬂ(t) ’Y( <2. ﬁQ (Z ’/Bz(z IBz(,?)I + ’%k ,},Zk))

Third, we show that

k=1

i 2
- 1
(Z 18 = 851+ i) = %(,?)) <5

Together, we get
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Step 7: Bounding the second summand of Step 5. We show

(log Kn)2> '

L3 Sexp(— 1

Step 8: Bounding the third summand of Step 5. We show

(logn)*

¥ <cgo-
K2

Step 9: Bounding the fourth summand of Step 5. We show

(log n)*»

¢ <cgo-
K>

Step 10: Finishing the proof. Taking the previous steps together yields

E / () — ()| PP (d)

logn)? - K logn)? - K log n)*P c
< 30.(g)”+0100.<(g) n_|_(g2) >+43
n n K;P n
S 07 . (log n)ma‘x{374p} . n_ 255’»1 .

Now we give the detailed proof.

Proof. Step 1: Preparations. Since by assumption X is an [0, 1]—valued random variable
and m is (p, C')—smooth we can assume w.l.0.g. that m is bounded in absolute value. So,
we assume

[mlloc < Bn.
Further, set
~ K
S
" (log K,)?
Moreover, let A, be the event such that

1. |Yi| < pBpholdsforalli=1,...,n,
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2. there exist ig, i1, . .. g, € {1,..., K, } such that
> Do o and i X > 2. (log K)?
/Bik = 9 ’ ,8 S an i*nl’llnn |ﬂlk t Ay + ’Y’lk‘ = & ( og n)
T ey

holds for every k € {1,..., K,} .

Step 2: Starting the proof. We have
E [ fma(a) ~ m(a) PP (do)

_ ( / () — () PP (d) - 14, ) LB ( / () — m(@)|P x (da) - uﬁ)

< B( [Ima) - m@)PPx(dn) 14,
v / 2+ (o) + 2+ (e P x(d) L )
< B( [ lma(0) - m)PPx() 10, ) +482- Pl

- E(( [ o) = m()PPc(a

1
-2 ( Z [ (Xi) = Yil? - 1y, 1<, Ge{1,n))}

n-

1,
= E((n D lin(Xi) = Yil® - Ly, <5, Geqr,np)
i=1

m(X;) - Y#) -1An)

=1
+46; - P(A7)
= Tl,n =+ TQ,n + TB,n-

In the following we bound each of the terms 7; ,,(i = 1,2, 3) separately.
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Step 3: Bounding the first summand. We notice that T} ,, is of the same form as the
left-hand side in Lemma 2.2.14 where A,, is the event defined in Step 1. The only re-
maining condition we need to check in order to apply Lemma 2.2.14 is that on the event
Ap

Mp () = mn(-, (X1, Y1), ..., (Xn, Ya)) € Fn
for some function class F,, we need to specify. For this we use Lemma 2.2.6. Consequently,

we must first verify conditions (2.11) and (2.12) of Lemma 2.2.6. First, we check (2.11),
ie.

I(VwE)(W)|l < V2 tn - Ly - max{F(w(0)), 1}

for all w € R3%Knt1 with

I = wlO)] < /2 7 max{F(w(0)). 1}

We verify this condition by Lemma 2.2.9 where v = w(0). For this, we notice that on A4,

K?2P

n K,
1 1, (0
FW(0)) = =3 1Y~ frer @50 40y (X0) [+ 55 >~ (e
i=1 " k=0

1 @ o Enooo
s Z (2 Y+ 2 ‘fnet,(a(o)ﬂ(o)ﬁ(o))(Xi)|2> + 5 z:(agC ))2
"in Kn' 150
K 2
< 2.5§+2.ifﬂaxn Zago),a(ﬁjgo) -X@-+7](-0)) +a(()0)
T le
c Kn
1 0
oz 2 ()’
Kn k=0

IA
[\&)
=,
+
[\
=
=
IM:
Q
=3
N———
[\>)
+
= o
Do —
=
~3
e

" k=0
Kn c Kn
0 1 0
< 2 B2 K Y (00 + o ()
k=0 n k=0
2
2 C2 C1 C2
2 2 C% 1-2 C%
< 2-80+4- K- —=+2-¢,- K, —=
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VANVA

and

So, obviously,

and

2- 82 4+4-c2+2-¢1-¢3

By (2.20) and (2.21) we have

|w

Then,

31 - (log ”)2 (220
2p 2,
t_n [Kn (IOg ’I’L) Ln—| > K2, (log n)2 (2.21)
L, Ly
tp, >2-Ly,
c% < K,,.
1
W< 109+ [lw — w(0)
< 2 2 Fw(0), 1)
< Fn + \/2 2K (logn)? - c31 - (logn)?
< c3p- K- (logn). (2.22)

Y = c32 - KP - (logn)? > 1.

Hence, Lemma 2.2.9 gives us

I(VwE) (W)

< 25 (e K2 Qogm? Ky 22 ma{F(w(0),1)
- VR L 2 max{Pw(0)). 1}

< \/2 2. z_ max{F(w(0)), 1}

= /2 L, -t, max{F(w(0)),1}

for all w € R3%Kn+1 with

Iw — w(O)? < - max{ F(w(0),1}.

n
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Second, we check (2.12), i.e.
[(VwE)(w1) = (VwE)(Wa)[| < Ln - [w1 — w2l

for all wy, wo € R3%7+1 satisfying

fwi = O < \f8 7 max{F(w(0)) 1}
and
fwe = (O <[5 7 max{Fw(0), 1}

We verify this condition by Lemma 2.2.10. By (2.22) we have for k = 1, ..., K,, and for
i=1,2

max {|(wi) {21, [w(0) ()1}

IN

max {032 - KP . (logn)?, 62}
Ky

< c33- KB - (logn)?

Tn-

Hence, Lemma 2.2.10 with (2.20) and (2.21) gives us

[(VwE)(w1) = (VwF) (w2
< 165 - max{\/F(w(0)),1} - max{%, 1}

tn

(e32- K2 - (logn)?)? - K, - 7

wi = waf

IN

165 - \/c31 - logn - max{;{—l, 1}

2y K? - (logn)* - K, - \/2 K22 (logn)? - |[wi — wa|
ce - (logn)® - K3PHL . ||lwy — wo|
= Ln . ||W1 — WQH (223)

IN

for all w; € R3»+1 (j = 1,2) satisfying

Iwi — w(O)J? < 8 7 -max{F(w(0)),1}.

n
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By application of Lemma 2.2.6 together with (2.20) and (2.21) we can now conlude that
on A,

Z%”' Bz ) e F

where the function class F is defined as in Lemma 2.2.15 (as we can write my,(z) =

Zﬁl a;tn) . J(Bj(tn) cr 4 '7](tn)) +92. Oé( n)a.(o ST+ 0) ) with

Ky
> (™)
k=0
K, Kn
n 0 0 n 0 n 0
< Z(a,(f )—a£)+a§€))2+2. ( ( ](Ct ) _ l(g))Q"‘(%(f )_,Y]i))Q)
k=0 k=1
Kn
k=1
Kn K, X,
tn 0 tn 0 tn 0 0
= 2. <Z(a§€ )_al(c))2+ <Z( l(€ ) l(c))2+(71(c )_71(6))2)) +2'Z(al(c))2
k=0 k=1 k=0
Ky
0
= 2 |w(tn) = w(O)> +2- Y (o)’
k=0

INA
[\
N
&
[\
s
™
g
=
|
E
\_/
¥
M“
§

k=
t En e
n 2 \2
< 2 2‘L7n F(w(0)) +2 Z(fn)
k=0
2
c
< 2-2-2-K721p'(10gn)2-031-(logn)2+2-(Kn+1)K—22

< 8-¢31-K? - (logn)t +4- Ic(—
< e3q- K22 - (logn)?.

As a result, application of Lemma 2.2.15 yields

log <N1< R , F, x1>> <cg-logn- K,
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and consequently by Lemma 2.2.14

cr - (logn)? - (log (supx? M (ﬁ,fn,az?)) + 1)

Tl,n S
n
cr - (logn)? - (cg -logn - K,, + 1)
o n
3.
< gy 0BT Kn

n

Step 4: Bounding the third summand. By Lemma 2.2.11, by Markov’s inequality and by
(2.7) we get

IN

IN

IN

IN

IN

VAN

TS,n
462 - (P{Hle{O,...,f(}Vke {1,...,K}:

B,

k .
-, —%ééfz or izl?lnn|5k-$i+7k|<2'(10gK)2}

Br < 5

+P {|Yi| > B, for some i € {1,...,n}}>

462 . ((.f(n +1)-exp (— 3;(% ) +n P {exp(cio - Y?) > exp(cig - 5721)}>

) 1o 2 ~ e B K, . E{exp(clo.YQ)}
4-(c3-logn) ((Kn+1) Xp< 32'I~{n>+n exp(clo-(03-logn)2))

K (log K;)? €40
2 2 n n 2 2
463(10gn) 4mex <_64 +4C3(10gn) ’I’Lm
K 1 c
2 2 n 2 2 40
16 - c5 - (logn) '(042-10gn)2' e, + 4¢3 (logn) T e logn
KTL 64
1
C43 * —.
n

Step 5: Looking at the second summand. We break down 75, into a sum of four terms.
For that we need to introduce new functions. Let ig,71,...,% i, be the indices as in the
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definition of the event A,, and define on [0, 1] a piecewise constant approximation of m by

Ky
fla)=> a; -1 O () + o
]{?:1 (0)7
ik
where
(0)
ol =m _Jio
io - 5-(0)
20
and (0) (0)
Vi Vi~ ~
o, =m ( (Jo)) —-m ( (70)1) (j=1,...,Ky,).
Bi, Bi,—1
We set )
Kn
*(z) = Zaik -O‘(Bi(k) T ~I—%-(k)) + o .
k=1

For g(z) = Zsz’Ll ay - 0Bk - x + i) we define

Kn

pen(g) = a Zaz.

2
Knp k=1

We have
T2 n

Z — Y 1y, 1<, Geft,m }—*Zlm Yi!?) -1An>
i=1 =1

n Ky

S n(0) Vi D) S () Vi) -1,

k=1

IN
A
A~

3\)—‘

) E(<F<a“n>, §0),4(000) = 37 1Y; — £7(X0) P = pen(J*) + pen(/*)

=1

1 I
= O = DT (X
J%Z\Yi — (X)) - %Z\m(Xi) —E-|2> .1An)

=1 i=1
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= B( (P, 50,50 - ;Z Yo £ OOR - pen()) -1, )
+n( (5 o0m - e - 1fj|n—f<xi>|2>-un)

(S ar) )

E(pen(f*) - 1An)

= T5,n + T6,n + T?,n + TS,n-
In the remaining steps of the proof we will bound the terms 7; ,,(i = 5,6, 7, 8) separately.

Step 6: Bounding the first summand of Step 5. All of the following considerations happen
on A,.

We bound 75, in several steps. First, we will derive a recursive formula consisting
of two terms where the first term will be the recursive term. Second, we reduce the
second term to a difference of the inner weights at indices g, i1, ..., o Third, analysis
of gradient descent will show that at those indices gradient descent affects these inner
weights only slighty.

Let o* € RE»*1 with entries

of for ke{0,1,...,K,}

ik
and
OéZ:OfOI' k%{io,il,...,ikn}.
Then
Tsn =B ( (F(a““), BEHD A — F(a*, 5, 7“”)) : 1An) :
By (2.23) we can apply Lemma 2.2.5 which gives us

F(al, 0D, 40) < F(a®, 50, 40) — 1|V (a5 F)(a®, 80,70 2.

Since

Hv(a,ﬁ,'y)F(a(t)7 B(t)a ’V(t)) ||2
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we get

F(altth, gD A+ < (o), g1, 41)

v

I N R N AN &
9 pia® g0 N OO
;8% (', B A1) +;8,8k (', B A1)
20w a0 o]
9 pia® g0
+y 5y £, 89,91)
k=1
Ky 9 2
Z _F(a(t)alﬁ(t)7fy(t))
1 Oak

[(VaF)(@®, 50,402

1

- 51 N(VaF)(@®, 80,1 O)2

we apply Lemma 2.2.12 (with 7,, = ¢; /K27) which yields

Hence,

IN

v

v

1
57— I(VaF)(@, 80,4
1 4 - c1

. C(F(a®, 30 A0y _ ()_~(1)
oL, K (F(a™, 5%,97) = min | F(a, f7,77))

i . ‘;{%Cpl (Fa® 5040 _ F(a®, 040
Lj .. ;;gp (F(a®, 50, 40) — F(a*, 50, 40)
LF(ar, 5O A0) _ F(ar, 5O, O
ﬁ C(F(a®, 80 40y — F(a*, B0 ~0))
Lj \ 2,2;3 (F(a*, 89,70y — F(ar, 0,4 D)),

F(altD), gD A1)y _ p(a*, g0) 4(0)

1 *
F(a® g0 A0y T [(VaF) (B, 80 ~O))12 — F(a*, 3O, 4(0)

2 - C *
F(a,89,90) = = (F(al, 60,99 — F(a*, 50,7
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2‘01
L, KZ¥
_F(a*a /6(0)77(0))

2-c N
= (1- 205 (7@, 59,90) - Fla”,69.40)

(F(a, B0, 4Oy — F(ar, 81, 41))

L, K
L (Pl 80.49) = Fla”, 6 4)

= (1 — ijclﬁp) C(F(a®, 0 40y — rlzlz:; Y; — (X)) — pen(f*))
ot (Fla”,8%40) = Fla”, 6 4)

We observe that the first term on the right-hand side is the same term we started out
with (up to a factor smaller than one) but one t—step down. Next, we have by the
Cauchy-Schwarz inequality

F(a*,ﬁ(t)’fy(t)) _ F(a*’ﬂ(0)7,y(0))
1 — o &
I Z (’fnet,(a*ﬁ(t)ﬁ(t))(.%'Z) yz|2 4+ = Z(az)2
=1 o
C1 K
—|Frnet (o 50 00 (@) — yil* = o Z(a,’;)2>
k=0

1 n
= 3 (uetars00) @) = Uil = et a0 oy (@) = i)
=1

1 n
= ;(fnet,(a*,ﬂ(t),»y(t))(:Ei) — Yi + (fret (a,50 ) (Ti) = 3i))
.(fnet7(a*7ﬁ(t)7fy(t))(Ii) - y’L - (fnet}(a*7ﬁ(o);y(0>)(xi) - yl))

1 n
= 2D renan 300 29+ F 10,000 (@) — 200

=1
(fret,(ar 50 A (Ti) = Fret (ar 50 1) (@3))
1 n
T n > @ et (o 5 40 (@) = 205) * (Fret (o 50 40 (@) = Fret, (@ 50 4©) ()
=1
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n

1
e D U050, @8) = Fre 10,0 )

=1

1 n
2 a0 0 (53) 232

=1

IN

M=

1
o 2 Fnet (07,50 4©)(20) = Fret (a7 50 40) (21))?

1

i

+= D (et (0,80 40 (@) = Fret (a0 40) (#1))?

1
n
=1

n

(Fret,(a 80 4®) (@) = Fret (ar 50 40 (i)

1
n
=1

< 2.4/F(a*,80,70).

1 n
D et 0,200 ) = 10,00 (20
=1

We bound the term

n

1
E Z(fnet,(a*’ﬁu)"y(t)) (xl) - fnet,(a*,ﬁ(0)77(0)) (‘CC’L))Z

=1

further. For that we notice that by definition of the outer weights o* both neural networks
in the term are, in fact, neural networks with K,, many hidden neurons. Applying Lemma
2.2.7 (with K,) with Lipschitz continuity of o (with Lipschitz constant 1) yields

1 n
S et 10,10 @) = Frca a3 50 @3)
=1

IN

<1 1. max  max{|aj |, 1}
k=1,...Kn

K K, . . 2
* * t t
(Z‘%_O‘ik|+2‘5i(k)_51‘(:@)‘“%&)_ z(k)|)>
7=0 k=1

Ky
= max max{foj, %1} [ Y18 - 801+ 0 -4l
k=1,..,K, 1
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We will bound

i 2
(Z 18Y — B9+ |y — ’Vf,?))
k=1

further. For that, we will show that application of gradient descent to (o), 3(0) ~(0))
changes the inner weights (0, ~(0) only slightly. In order to do so, we set
On
- =2 (log Kn)2
2
and we show the following claim consisting of two inequalities by induction on s
K s 0 s 0 tn
LS8 = B4 R =) < s oep(-6a/2)  (224)
. S S 511
2. min,_y g0 K rBz'(k) - X + %'(k) > b} (2.25)
for some constant ¢z > 0 and for all s € {0,...,%,}.
Start of the induction. For s = 0 we have:
1. For the first inequality; it trivially holds that
Kn '
0) 0 0 0 n
D85 = 81+ ) =) =0 < 5o 7 exp(—6n/2).
k=1
2. For the second inequality
min |80 X440 20,2 2
zzl,...,n,k:O,...,f( k k 2
holds by definition of A,,.
N I

Induction hypothesis. Assume that (2.24) and (2.25) hold for some s € {1

Induction step. We have:
1. Firstly, we observe that by the induction hypothesis

<|/3 R R Y e )

|MW

(s)

(!/3 R R oY e S 0 )

Yis,

Il
|MW’
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s) (0) (s) (
P 5% | + |%‘,€ ~ Vi

IN

Kn
> (18
k=1

tn
< Ss-cg3- L— exp

n

Secondly, we look at

Ky

Z (s+1

For that, we set

(8,9) = (B,7) —

Using

|0’ (2)] = |o(z) - (1 = o(x))] < min{|o(z)],[1 - ()]} < |o(z) -

(where the first inequality holds due to o(z) €

that

5n/2) +Z (185D — 5| 4 et

K

0 s+1 s s 1

N+ 3085 — B2 4 Y 0
k=1

). (226)

B 4 |y — 5,
An vﬁ'y (( 57))

1(0,00) ()]

[0, 1]) we can conclude from Lemma 2.2.13

max o' (B, - Xi+ ;)| £ max exp (=B, - Xi+ )
i=1,...,n i=1,...,n
= exp (—i:r{linn{\ﬁik - X+ fyzk|}> . (2.27)
We start with )
As a consequence from (2.27), we get by the Cauchy-Schwarz inequality for k € {1,...,K,}
oF
5 @0.)
86’Lk

n

AN
b
5
L

Z ’fnet o,f, ’Y) )

QZUM iy (X0) — V) - i,

o (B, - Xi +i) - Xi

Vil 1Xi| - |o" (Biy - Xi + i)

IN

J Z‘fnet ,B’y ) Y‘2 ( ) 'aik'\lizal(ﬂik‘Xi+'Yik)2
=1
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AN

1 n
2-VF(a,B,7) - max {|Xi|}|ag |-, |~ > 10" (B, - Xi + i) 2
i=1

< 2Vl B e (160 exp (= min {185, X+, 1).

Hence, we have shown

OF
= | S

- exp <— izr?inn {1Bi), - Xi + 'sz‘}> (2.28)
for any k € {1,..., K}. Next, we consider
Analogously to our previous consideration, we get by (2.27) and by the Cauchy-Schwarz
inequality for k € {1,..., K}

oF

’M(a’ 5’7)‘

2 — ,

- Z(fnet,(a,,b’,’y) (Xl) - Yl) cQGy, 0 (/B’Lk - Xi + ’Y’ik) -1

n -
=1

1
’ |azk| ’ ﬁ Z |fnet,(a,5,'y)(Xi) - Y;| ’ |OJ (5% - X+ ’sz)l
1=1

IN
N

IA
N

1< 1<
E Z ’fnet,(a,ﬁ,'y)(Xi) - szP ’ ’azkl ’ ﬁ Z |0-/(Bik - Xi+ %k)|2
i=1 =1

IN

1 n
2-F(a,B,7) - |ai,| - J EZ lo"(Biy - Xi + i) |?
i1

IN

2 /Pl 87l ex (= min {165, X+ 5}
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Hence, we have shown

oF
= M- a, B, ’
’ 87%( 7)

< A2 V@) 1o e (< min (18, X+ ) ) . 229

forany k € {1,...,K}. Using (2.28) and (2.29) and the induction hypothesis we get

Kn
k=1
Kn
<y (An 2 JF((0), 56),5)) - max {|Xi} [l

k=1

-exp (— min {‘5 VX, +%(8) })

Fhn 2 \F((@®), 56), ) -1+ |l

e (e f]4) (5)

ex ( i:nf}?,n{ Xt D)

(s) B(s) ~l(s) — X, i
< 24 An \/F (als), Bls) ys))) - ’a |exp< Hll,ln,n{ ik Xi+
< 24 An \/F ols) ,B(S) ,ys))) ’a( )‘ exp <—52>
= h B, 50 5 o e ()

Since

1 & o Ea
- n Z Y - fnet,(aw),ﬁ(om(o))(Xi)]Q + ek Z(O‘é ))2
i=1 o

1 " C1 En 0
D2 R 2 e 00,50 ) (X))’
i=1 k=0

IN

(s)

1k

)
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< (0) P & (0)
2 0 1 0)\2
< 2-,6n+2-(zak> —l—ﬁ'Z(ak)
k=0 n k=0
Kn c e \?
< 2842 (Kat 1)) () + ép‘<Kn+1>-(2>
prd K; K,

Co 2 c1 Co 2
< 2-(c3-1 242 (Kp+1)2 (= (Kp+1)- | =
< 2 (e tonl +2- (00 (1) + e (Ko ) (52)

2 2
2 2 & a G
2 2 2 Cl'cg
S 2~C3-(10gn) +802+2W
< 665-(logn)2 (2.30)

we conclude by Lemma 2.2.6

F(a®, 89 ) < F(a©®, 30 10 < ¢4 - (logn)?

and
sl
< VK, +1-]a9
< VEp+1-([a® = o + @)
< VE,+1-((a® =@, 56 — 5O A6 0y 1 ]a@)
= VE,+1-([(®,85 4)) — (), 3O 5O 4 1a@])
< VK,+1- <\/2 - Li (F(a®,50) ~0) — F(als), B(5) 4())) + IIa(O)II)
< VR AT ((f2 1 @0, 50.90) + o))
E &, (0)
< VEKn,+1- \/2 c = F(a©, B0, 400) + 13 ()2
Ln k=0
< VK,+1- 2. 2. - (logn)? 4+ 4/ (K +1)-é
< n . Ces * (logn n KTQL

= \/4-Kn-LS-065-(logn)2+ 4-c3
n
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/ t
S Ce4 * Kn-L—n'log’rL.
n

As a result, we get

K

STUBEY = B+ et %-(,f)!)
k=1

On
A - Vs - (logn)? - cey - \/ K - — -logn - exp <——>

1 dn,
= 4../ce5Cea — - (logn) A Kpoy— exp| ——
L, Ln 2
< 4. PSRN Bt L et =S
< VG5 - Coat t L, ex

t 0
< 063-L—n-1-exp<—§>.
n

Hence, with (2.26) we have

IN

K,

U8 = B+ et =42
k=1
tn tn on
< g L
< 5-cg3 I exp(—9,/2) + ce3 - Ln -1 exp< 2>
tn
= (s+1)-063-L—-eXp(—5n/2). (2.31)

n

2. From the induction hypothesis (s = 0) and from (2.31) we conclude

min ) B(s+1) X; + (s+1)‘
=1, 0,k=0,... K
= min |8 -89 X+ 82 X+ (Y -4 440
=1, k=0,...,K
> min |B X; 44

i=1,...,n,k=0,...,. KK

— max (180 = 01 1G]+ b =)
i=1,....n,k=0,....K k k

77



> = omax (BT =0+ RS —a))) max(l, max {|Xi[})
i=1,...,n,k=0,....K i=1,...,n
n
> 5n —tp €63 * L_ - €Xp (_571/2)
On
> —.
-2

This concludes the proof of the claim. From (2.24) we immediately get

& 0 0 2 3 2
t t n

SUY 01+ <01 < (b 7 oxn(-0u/2)

k=1 n

12 2
= <063 . L—” - exp(—(log Kn)2)>
< 1
S 5

This yields together with the definition of o*

1 n
- D Frettor 50 40y (@) = Frer (o 50 0y ()
i=1

1
* |2
< k:II’l??inmaXﬂ%J 1} o
1
2
= 2-.¢3-(logn)? !
- 3 g ng
< 1
Since
1 <1
né —
we have
1 S 1
né = nb’

Moreover, we have by definition of o*

F(a*, B0, 4O
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1 n Cl *\2
= D 1Y = Fret (e 50 4 (X P + e > (o)
i=1 " k=0

IN

1 & .
n 2(2 Vi +2- ‘fnet,(a*,ﬂ(o),fy(o))(X'i)|2) +—5 Z(ak)z
=1

Kn 2 o K
1
2 stve (Yai) + i S
k=0 no k=0

2 -
Ky

Kn
C1
SN EEH O oA I
k=0

2
Knp k=0
C1
K2P

IN

< 2542 (Kat )P4 B+ - (Kn+1) 40 B
8-01 ~
KQP'K”)

n

~ 2
= B2.(2+32-K, +

9
= ¢ B2 K,
(logn)? - K3

(logn)?
= Cg7 KEL

= Cg7 -

Hence, plugging in yields

F(a*, 89,40 — F(a*, 30, 4O)

1 n
< 2 \/F(Oé*, B0, 4©) . - D (Fret.(ar 50 40 (@) = Frer (o 5O o) (24))2
=1

1 n
=D (Fnet, (0,80 ) (30) = Fret, 27,50 5000 (7))
=1

1 1
2. 067'K,%' _6+_6

<
B n n
s /1 1
< 2-+\/cer- K5 $+ 6
K
< g g
n
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Putting together our results above gives us

F(atD), gD A1)y _ p(a*, g0) 4(0)

n

2‘C 1 * *
n fn =1
2-01 Kn

By applying this relation recursively, we get with (2.30)

F(aD), gD A1)y _ p(ox, g0 (0)

2-¢; \™ 1 — i .
< (1-205) T F@O,5050) - LY - P — pents)
Ly - Kn i—1
2-61 n
+tn'm'%8'ﬁ
2-a )t" ©) 50 -0 + 50 0
= - | (F(a, 8%, — F(a”, 8%,
(1-T25) (P04 = (o 5.4 0)
+t 2'61 c )
> )t" (0) 3(0) ~(0) 2-c Ky
< (1- 29 ) RO, 80 40y 4y, 2D B
< Ln-Kﬁp ( )+t Ln'KTQLp 68" 3
21 > 0 50) ~(0) 2 Kn
< exp|—— -t |- Fla\V, B\, + (logm)* - ¢y - cg8 - —5
P<thKr2Lpn ( 7) + (logn) 17668 "3
< exp|——5tn ] -ce5- (logn)+c1-ceg- —
<Ln-Kpr n ) - ces - (logn) 1 Cos
2'61 K,
< exp (_Ln-Kﬁp 'Krglp ) (logn)2 : Ln) 1 C65 * (logn)2 +c1-¢e8 Tn
ces - (logn)? K,
= 7n2-c1vlogn + Cl - Cg8 7
K,
< cgpr—.
n

Hence, we have

K
Tsn < cg - —-.
n
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Step 7: Bounding the second summand of Step 5. We have

T6n
1 1 < )
= gZW PP == Y= F(X)P ) gy <80 Geqony - 1A
=1 =1
I .
< B (1 £ — R PY 000 = #7001 L e Lo )
1 « .
) Z ( P& - (2B + Ko - c10) - 1y, 1< 8, ({1} - 1An>-

Then, by assumption of the event A,, Lemma 2.2.13 b) we get
| f*( i) — f(X5)]

0
= rZalk B X +4) + af) Za@k o <Xz~>—a;-';|

Kn (0) Kn

= rZaik-a(ﬁ;?)-(Xi—<—B(’g)>>>—§jaik-1 o (X))
k=1 ik k=1 [_W’w)
3
Kn 7(0)
* 0 A
< Yolaql-lo (8- (i - (- G -1 o (X))
k=1 ik [_6(7())700)
K
& (0) n
< Dlaj ] exp (—@-k | - <—ng)>\>
k=1 ik
Ky,
* 0 0
= > lai ) exp (<185 - Xo+9i)1)
k=1
Ky
< Z |oz;"k] - exp (—2 - (log Kn)Q)
k=1
< K, -cm-exp (—2 - (log Kn)Q)
< exp (—(log K,)?).
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Hence, we have

- log K;y)?
Ton < exp (—(log Kp)?) - (260 + cro - Kn) < exp <_(Og4)> .

Step 8: Boundmg the third summand of Step 5. Let A,, be the event that there exists
Q0,51 €{1l,..., K} such that

B
Bi, > 7”, g”“ e I, and Z nlun |Biy - X + Vi > 2- (log K,)*
i =
holds for every k € {0, ... ,.f(n}. Set

0 0
O _ (g0 50 00

which is independent of D,,. By the Cauchy-Schwarz inequality we get

T7,n

= E ;Z\Yi—f(Xi)IQ—;ZIm( - Yi]?

(s )

- E Emef(X@-)F—;Zm( k
(0 ) >
+E(< ;\Y (X ——Z|m — ;| ) (1a, — 13 ))

B((; Z\Y Fx ——Z|m m?)‘l,an)

J (( ZrY flx ——Zrm Y\)) VE((a, =15 )

We bound the terms on the right-hand side separately. We start with
1< 1«
B( (L3 Wi- 0P - £ 3 i - viP) -1y,
=1 =1
1 ¢ 1 ¢
B(B( (52 1% SR - 23 ) - vl ) 15, W)
i=1 i=1

1, 1;1”))

IN
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IN
=

1 n
- E(’m(Xi) —fX)P1 o )
i=1 {—ﬁe[k (ke{1,...K.})}
ik

3

23

_ E< E(ym<xi>—f(xi>|2|W,(§j>'l Lo
i=1
< {—%ezk(keu .....
B
ik
= E(/Im(m)f(w)FPx(dﬂﬁ)-l NO >
{,sz eI, (ke{l,.. K. })}

(0)
ik

< E( sup |m(z) — f(x)]?- 1 © >7
z€[0,1] {—[;(’3) €Iy, (ke{l,...Kn})}
ke

where the fourth equality holds since

E(((YZ —m(X;)) - (m(X;) — f(Xi)) - 15 | WI((OZ)

= E(E((Yz —m(X;)) - (m(X;) — f(X3)) - 15 [ {X1,..., Xn}U ng) | W}(gz)

(et (he 1 f<n}>}>

[ mie) = 1@PPx (o) 1o )
Kn})}
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_ E<(m(xi) — f(X3) 14 E(Y —m(X;) [{X1,..., Xp} U Wz(f)) | Wf?)
<Yz’ —m(X;) | Xi) | W;?D

E
— E((m(Xi) - [(Xi) 15 - (E(Yi | Xi) = m(Xi)> | W(~02>
0

(0) ~ ()
On the event {—% el (ke{l,... ,Kn})} we have for x € [0, 1] in case that —;Z(lo) <

i i

© _
x < —% (leA{o0,...,K, —1}) by (p,C)—smoothness of m

i+1
Kn
m(z) = f*()]> = |m(x) =) af, -1 (O (x) — o [*
k=1 /3(70)00

2

O (AN (A,
e ()5 () ()
(0)
= m(x)—m(—%)
O\
ot

C2 - gy - 220 <~L)2p
K

n

log K,
02 + C81 - ( o8 2”)
K:P

c?.

IA

IN

IN
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0)

and in case that ——g* < 2 < 1 we get analogously

Kn
Kn
m(z) — f*(@))> = |m(x) =Y af -1 O (x) — af |?
k=1 _ﬁTIS)7OO
‘K
0 2
o
= |m(z)—m _5(0)
an
© \ |7
< 2 _ "kan
< C*-]1 ﬂ.(o)
Zf(n
2 (1OgKn)4p
< C .CSI.K—%”'

Hence, we get

n

1 1< (log K,,)*
B (2 JO0R LS (X ¥R 15, ) < € BRI

i=1 n

Next, since
cio- [Y* < exp(ero - [Y?)

implies by (2.7)
1
E(JY[*) < o E(exp(cio - [Y]?))
and consequently

E(Y[H) = B(Y] Y]

1 1
< E <— cexp(co - |Y?) - 0 exp(c1o - |Y|2))

C10
1 2
= — E(exp(2-cio-|Y]))
€10
< g2

we conclude

E( (%Z Yi— SR = 2 m(Xo) - mz) )

i=1
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A
=

n 2
= E(;2 (Z(ln = FX)P = [m(X) — Yf)) )
( (1Yi = F(X)* = [m(Xs) — Y;-!Q)?>

4B+ £GP + [m(X) 2+ [Yi%)?)

IA

IN

16 B(|¥" + [FXD* + m(X)1* + i)

32 (cs2+ By)
cg - (logn)™.

INIA

Finally, as in Step 4 we have

E{(14, —1; )’}

2
< E{(Ly,55, for some icf1...n}) )

1\Yi|>[3n for some ie{l,...,n}}
= P{|Yi| > 5, forsomei e {1,...,n}}
< €40
— ’ nC41-logn
< 1
J— n3 .
Taking the above together yields
(log Kn) 7 /1
Trn < C-cg1- K2 + /g3 - (logn)*- 3
log K,,)* logn)?
n n2
(log Kp)*
€80 D)
K;F

Step 9: Bounding the fourth summand of Step 5. The (p, C)-smoothness of m implies for

jed{l,....K,}
(0) (0)
Vi ij—1
=m|——G | ™| <C-
( Bi(a)) ( 5"(;)1)

0 0) |P

(0) (0
ﬁij 5¢j—1

*
o |
]
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(0) (0)
On A,, we know that —% and —ﬂ%—;l are contained in two adjacent intervals of length
ij ij—1

1/K,,. Using the assumption p € 2, 1] we get

Ky
c1
pen(f*)-1a, = TP'Z(aik)z
Kn' 15
< 4 2 LK, C? 2
S xw [ml|5e + Kn - 'f{ip
< Cl'cg.(logn)2+i.f( .@.ﬁ
Py n ~
KELP K,%p Kip
o los? 1 K, (ogK)®
- K2P K2 (log Kp)? K2P
log K, )*P
< g0 (log 2;)
Ky
So,
log K,,)*P
Ts;n < CQO'MKTQLZ)-

Step 10: Finishing the proof. We put together the results from the previous steps. This
gives us

E / () — () PPx (da)

3

n
K, (log K,,)? (log K,,)*P (log K, )P
+062‘7+e p<—4 +680'T72Lp Cgo'Tyzlp

S|

This concludes the proof.
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2.3. Application to Simulated Data

We illustrate the finite sample size performance of our newly proposed estimate by applying
it to simulated data using the software MATLAB.

For our simulation we choose the simulated data as follows: We choose X uniformly
distributed on [0, 1], e standard normal and independent of X, and we define Y by

Y=mj(X)+0-Aj-¢

where m; : [-1,1]¢ — R is described below, \; > 0 is a scaling value defined below and o
is chosen from {0.01,0.05,0.10,0.20} (j € {1,2}). As regression functions we use

my(z) = sin((—0.6z)?) + log <(051$)2 + 1>

and
B 1
1+ exp(—0.8317x

ma(x) ] +/(22)? + 1.
A;j is chosen approximately as IQR of a sample of size 100 of m(X), and we use the values
A1 = 0.0293 and A2 = 0.5167.

From this distribution we generate a sample of size n = 100 and apply our newly
proposed neural network regression estimate and compare our results to that of six
alternative regression estimates on the same data. Then we compute the Lo errors of
these estimates approximately by using the empirical Ly error ¢, 5(-) on an independent
sample of X of size N = 10,000. Since this error strongly depends on the behavior of
the true function m;, we set it in relation to the error of the simplest estimate for m; we
can think of, a completely constant function. The constant function estimate describes
the average of the observed data according to the least squares approach. Thus, the
scaled error measure we use for evaluation of the estimates is e, y(mn.i)/2, x(avg),
where £/, y(avg) is the median of 50 independent realizations of the value obtained if the
average of n observations is plugged into €, y(-). To a certain extent, this quotient can be
interpreted as the relative part of the error of the constant estimate that is still contained
in the more sophisticated approaches. Of course, the resulting scaled errors depend on
the random sample of (X,Y) and in order to still be able to compare these values we
repeat the whole computation 50 times and report the median and the interquartile range
of the 50 scaled errors for each of our estimates.

We choose the parameters for each of the estimates by splitting of the sample. Here we
split our sample into a learning sample of size n; = 0.8 - n and into a testing sample of size
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ny = 0.2 - n. We compute the estimate for all parameter values from the sets described
below using the learning sample. Then, we compute the corresponding empirical Lo
risk on the testing sample and choose the parameter value which leads to the minimal
empirical Lo risk on the testing sample.

Our first three estimates are built-in fully connected neural network estimates where
the number of layers is fixed and the number of neurons per layer is chosen adaptively.
The estimate fc-neural-1 has one hidden layer, estimate fc-neural-3 has three hidden layers,
estimate fc-neural-6 has six hidden layers and the number of neurons per layer is chosen
from the set {5, 10, 25, 50,75}, {3,6,9,12,15}, {2, 4,6, 8,10}, respectively.

Our fourth estimate kernel is the Nadaraya-Watson kernel estimate with so-called naive
kernel where the bandwith is chosen from the set {2* : k € {5, —4,...,5}}.

Our fifth estimate neighbor is a nearest neighbor estimate where the number of nearest
neighbors is chosen from the set {1,2,3} U {4,8,12,16,...,4- |7 ]}.

Our sixth estimate RBF is the interpoland with radial basis functions where the radial
basis functions ®(r) = (1 — )% - (35 - 72 4+ 18 - r + 3) is used and the scaling radius is
chosen adaptively.

Our seventh estimate neural-1 is our newly proposed neural network estimate presented
in this chapter. Here, the parameter K of the estimate is chosen from the set {5, 25,50}
and we set the number of gradient descent steps to ¢,, = 175000.

The results are summarized in Table 2.1 and in Table 2.2. As we can see from the
reported scaled errors, our newly proposed neural network estimate does not perform as
well as the built-in fully connected neural networks. This is can be explained by the small
set from which we choose the parameters of the network and the few number of performed
gradient descent steps. Unfortunately, we do not have the capacities to run the network
with greater parameter set and a greater number of gradient descent steps. While the
built-in neural network estimates may show better performances than our neural network
estimate, we would like to emphasize that the former have no theoretical background.
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my
noise 1% 5% 10% 20%
L, v(avg) 0.0015 0.0015 0.0015 0.0015
approach median (IQR) median (IQR) median (IQR) median (IQR)
fc-neural-1 | 0.0011 (0.001) | 0.0006 (0.001) | 0.0019 (0.001) 0.014 (0.001)
fc-neural-3 | 0.0005 (0.002) | 0.0011 (0.001) | 0.0012 (0.002) | 0.0023 (0.001)
fc-neural-6 | 0.0046 (0.002) | 0.0048 (0.001) | 0.0023 (0.001) | 0.0079 (0.002)
kernel 0.0102 (0.012) | 0.0104 (0.011) | 0.0112 (0.011) 0.0141 (0.0D)
neighbor | 0.0020 (0.001) | 0.0034 (0.001) | 0.0055 (0.002) | 0.0156 (0.016)
RBF 0.0094 (0.005) | 0.247 (0.0121) | 0.9279 (0.052) | 3.6372 (0.222)
neural-1 0.0752 (0.078) | 0.0751 (0.079) | 0.0751 (0.081) | 0.0752 (0.084)

Table 2.1.: Median and IQR of the scaled empirical L, error of estimates for m; for sample
size n = 100. The smallest error values in each column is highlighted by bold

letters.
mo
noise 1% 5% 10% 20%

?:LQ,N(avg) 0.1954 0.1955 0.1956 0.1962
approach median (IQR) median (IQR) median (IQR) median (IQR)
fc-neural-1 | 0.0001 (0.001) | 0.0006 (0.004) | 0.0013 (0.004) | 0.0036 (0.002)
fc-neural-3 | 0.0007 (0.002) | 0.0021 (0.001) | 0.0025 (0.001) | 0.0037 (0.001)
fc-neural-6 | 0.0001 (0.001) | 0.0005 (0.001) | 0.0013 (0.002) | 0.0032 (0.001)
kernel 0.0374 (0.069) 0.038 (0.068) 0.0409 (0.065) | 0.0487 (0.006)
neighbor | 0.0015 (0.001) | 0.0035 (0.002) | 0.0095 (0.010) | 0.0118 (0.002)
RBF 0.0156 (0.015) | 0.5344 (0.055) 2.528 (0.35) 8.4734 (0.844)
neural-1 0.0632 (0.002) | 0.0632 (0.004) | 0.0634 (0.006) | 0.0643 (0.011)

Table 2.2.: Median and IQR of the scaled empirical L error of estimates for mo for sample
size n = 100. The smallest error values in each column is highlighted by bold
letters.
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3. Neural Network Regression Estimates
Learned by Gradient Descent Inspired by
Approximation Results with Indicator
Functions for Projection Pursuit

We deal with neural network regression in a projection pursuit model. This means, we
assume that the regression function satisfies

m(z) = gi(clz) (zeRY
s=1

for some r € N, ¢, € R?, where |jcs|| = 1s € {1,...,7}, and (p,C)-smooth functions
gs : R = R (s = 1,...,7). The constraint imposed upon the regression function has
the effect that the d—dimensional input is reduced to a 1—dimensional input for the
functions g5 that make up m. The natural question to ask is whether we can now achieve
a univariate rate of convergence. In this chapter we present an implementable neural
network regression estimate with one hidden layer that achieves up to a logarithmic
factor the univariate rate of convergence. We draw the inspiration for our neural network
estimate from the observation that for large values of ¢ € R the logistic squasher
o(pz) = [ (z € R)

is close to an indicator function. For graphic understanding, a visualization is shown in
Figure 3.1. The idea is that we can build a neural network that is close to a piecewise
constant approximation of m. We learn the weights of the network by gradient descent.
In contrast to the network presented in Chapter 2, the choice of the inital weights is
more restricted. The inital outer weights are set to zero and the initial inner weights are
chosen carefully from specific intervals dependent on X1, ..., X,, and on the projection
directions. This guarantees a good approximation of m and we will show that gradient
descent changes the inner weights only slightly and finds the optimal outer weights. Since
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Figure 3.1.: Visualisation of the sigmoid logistic squashing function o(px) for o = 1 (blue
graph) and for ¢ = 10 (brown graph) and of the indicator function 1}y ()

(pink graph).

the projection directions are unknown, we will guess them repeatedly. This results in
repeated initialization of the neural network from which we choose the one with minimal
error. In comparison with the neural network regression esimates presented in in Chapter
2, we see that on the one hand there is less freedom in the choice of the weights as the
intervals from which they are chosen is smaller but on the other hand we are able to
analyze neural network estimates for multi-variate (p, C')—smooth functions where the
smoothness factor p € (0, 1] is less restricted.

We construct our neural network regression estimate in Section 3.1 and show the cor-
responding univariate rate of convergence result in Section 3.2. The finite sample size
performance of our newly proposed estimate is illustrated in Section 3.3 by applying it to
simulated data.

3.1. Constructing the Neural Network

Let A > 1 and assume that the support of X is contained in the cube [—A, A]¢. The
construction of our neural network regression estimate is motivated by an approximation
in two steps:

1. Approximate each g, : R — R by a piecewise constant function of the form

K

U — Zas’l . 1[bl,oo) + as0-
=1
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2. Approximate the pieceweise constant approximation by a neural network with
logistic squasher of the form

K
u Z asy - o(pn - (u—"0))+asp,
=1

where p,, > 0 is a large constant. The error of this approximation will be small at
all those points, where p,, - |u — b;| is large. An example of the network is shown in
Figure 3.2.

We will deal with this concept in Lemma 3.2.6. By replacing u with ¢! x we see that we

Input Layer Hidden Layer Output Layer
+pnb1

Figure 3.2.: Visualisation of an example of network estimate of g, with parameters
K = 4. The function has a 1-dimensional input (black node) as well as a
1-dimensional output (red node). There is one hidden layer consisting of 4
neurons (blue node).

can approximate m by networks with one hidden layer and K - » neurons in this hidden
layer defined by

K-r d
Fretap) (@) =D ap-o | Y brj-zP +beo | + ao, (3.1)
k=1 j=1

where o : R — R is the activation function and
ap€R (k=0,....,K-r) and b ;€R (k=1,....,K-r,j=0,...,d)

are the weights. An example of the network is shown in Figure 1.3. We learn the weights
(a, b) by gradient descent. The above condition that p,, - |u — ;| is large in order to achieve
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a small error at point u of the above neural network approximation of the piecewise
constant function is replaced by the assumption that

d
i b - X9 b
Jpin 12 by X7+ bro
j:

is large, which will enable us to show that our approximation is good at all z-values of
the data points. This condition will be ensured by a proper choice of the initial weights
(al®, b(0) described below. We choose the projection directions by repeated random
guessing.

In detail, the construction procedure for our neural network estimate has seven steps:

1. Randomly choose values
cl,...,cie[-1,14

as an independent sample from a uniform distribution on [—1, 1]? and set

*

= S
Cs=—- (s=1,...,7).
el Y
These values approximate the direction of projection cy,...,c, in our projection
pursuit model.
Note, thatfors =1,...,r
P{c* =0} =0,

which means we can assume w.l.o.g. ||c%|| # 0.

2. Prepare the definition of the initial inner weights b,_1).x44; (s = 1,...,7, k =
L,...,K,j=0,...,d) according to ¢; and to Xi,..., X,, : Foreach s € {1,...,r}
choose b, 1,...,bs k € Rsuchthatb,; <bso <--- < bs g and

- - 4.vd- A
i < —AVd and o> A-va- LYEA
I I K_l
Vd- A . - 4-vd- A
< bggrt —bsp| < —2— 2 (k=1,...,K -1

and

) 7 N Vd- A
X, — bog| > ,
z:lgllgll( Cs A7 Osk| = (n+1)-(K—1)
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Such a choice is always possible. For example, a viable way to do this is to set
bsy = —Vd-A—2-vd-A/((n+1)- (K —1)). Then, regarding b ;. (k = 2,...,K),
subdivide the interval

2-vVd- A

—\/&-A+(k—2)-ﬁ,—\/3-A+(k—1)

2.4d- A
K—1

into (n + 1) subintervals of equal length 2-v/d - A/((K — 1) - (n + 1)) and choose
Es,k as the midpoint of one of those intervals which does not contain any of the n
values ¢! X;. Such an interval must always exist due to the impossibility of n + 1
disjoint intervals containing at least one of the above n points each.

3. Define our initial inner weights

b(s—1)~K+1,07 sy b(s—1)~K+1,d7 cee 7bs~K,07 ey bs~K,d

for s € {1,...,r} such that we have
d . ~
Z b(sfl).K+k’j : .%'(]) + b(sfl).K+k,0 = Pn (éSTa: - bs,k) forall z € Rd,
j=1

for some p,, > 0. In other words, set

D(s—1) k4 = Pn - €9 and  bs_1)xik0 = —Pn - Dsk

(s=1,....,r,k=1,...,K,j=1,...,d) for some p, > 0. A choice of p, is given in
Theorem 3.2.1.

4. Define the initial output weights by
ap=0 forall 1e{0,...,K r}.

5. Apply gradient descent for¢t = 0,1, ...,t,—1: Learn the weights by gradient descent.
More precisely, we minimize the penalized empirical Lo risk

n K-r
1 c1
F(a,b) = n E |fnet,(a,b)(Xi) - Y;|2 + Y : E ai, (3.2)
=1 k=0

where ¢; > 0 is a constant by defining (a**!), b(:+1)) recursively by

a(t+1) a(t)
(b(t+1)> B <b(t)) ~ A (Viap F)(@®,p0) (3.3)

95



for some A\, > 0and ¢t =0,1,...,t, — 1. Here, \,, > 0 denotes the step size and
t, € N denotes the number of steps we perform in the gradient descent algorithm.
A choice of \,, and of ¢, is given in Theorem 3.2.1. Note, that minimization of (3.2)
with respect to (a, b) is a nonlinear least squares problem.

Repeat steps 1. — 5. I,, times. A choice of I, is given in Theorem 3.2.1.

6. Choose the directions and the corresponding network which achieves the smallest
penalized empirical L, error (3.2) among all the I,, networks as our neural network
estimate m,,.

7. Set
Thn() = fnet,w(tn)(') (3.4)
and choose our estimate to be the by
Bn = c3-logn
truncated version
mp(x) = T, mn(x). (3.5)

3.2. Rate of Convergence

Theorem 3.2.1 states that our neural network regression estimate constructed in Section
3.1 achieves up to a logarithmic factor the univariate rate of convergence.

Theorem 3.2.1. Letn > 2, let A > 1and let (X,Y), (X1,Y1), ..., (Xn, Yn) be independent
and identically distributed random variables with values in [—A, A]? x R. Set m(z) =
E{Y|X = x} and assume that (X,Y) satisfies

E (ecz'lYP) < 0 (3.6)

for some constant cy > 0, and that m satisfies
T
m(x) = ng(ch) (z e RY)
s=1

for some r € N, ¢, € [~1,1]% where ||cs|| =1, and gs : R — R (s = 1,...,7). Assume
that g, is (p, C)-smooth for s € {1,...,r}, where p € (0,1] and C > 0 are fixed. Define the
regression estimate m.,, as in Section 3.1 with

1

o) = e
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with parameter r as in the above projection pursuit model, and with the other parameters

chosen by
n 2p+1
K=K,=||+"=3 3
[((bg n)3> w
pn=n%Kn, M= ! th =K, -n (logn)2

’ 3-K,-r’ ’

and
r-(d—1)

Then m,, satisfies

(logn)? 2T
=)

E/ [ (x) = m(z)"Px (dz) < ey (

for some constant ¢4 > 0 which does not depend on n.

Remark 3.2.2. Since the rate of convergence presented in Theorem 3.2.1 is independent of
the dimension d of X, this means that our proposed computable neural network regression
estimate for a regression function that satisfies the regression pursuit model is able to circum-
vent the curse of dimensionality. However, we can see that the dependence on the dimenion d
has shifted into the necessary number of repititions I,, of the initial random choices of the
directions cs. As a consequence, we get with

tn§n2

a repitition number of
I, t, < p2tr-1

which is rather huge.

Remark 3.2.3. The parameters r and K,, and also I, of the above algorithm depend on
the projection pursuit model and are hence unknown in any application. Using the splitting
of the sample technique as explained in Section 3.3 it is possible to choose these parameters
data-dependently.
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3.2.1. Learning of Linear Penalized Least Squares Estimates by Gradient
Descent

We start with the consideration of a neural network where the inner weights are fixed and
only the output weights are learned by mimization of F'(a,b) as in (3.2) but with fixed b
with respect to a by gradient descent. Essentially, this boils down to a linear least squares
problem which is solved by gradient descent. We will need this observation in the proof
of Lemma 3.2.10.

So, let (z1,91), ..., (Zn,yn) ERY xR, let K € N, let By, ...,Bg : R? — R and let ¢; > 0.
We consider the problem to minimize

n K
1 c
Fla)= - 1> - Bylw:) —uil* + [l (3.7)
i=1 k=1
where a = (ay,...,ax)?, by gradient descent. To do this, we choose a® ¢ RX and set
alth) —a® _ ) . (V.F)(a®) (3.8)

for some properly chosen \,, >0and ¢t =0,...,t, — 1.

Lemma 3.2.4. Let F : RX — R be a differentiable function and define a**!) by (3.8),
where

Ap = I (3.9)
for some Ly, > 0. Let ayy; € RX be arbitrary.
If
[(VaF)(a1) — (VaF)(a2)|| < Ly - a1 —azf| (a1, a2 € RY) (3.10)
and, in addition,
I(VaF)(@)[* > pn - (F(a) = F(ag)) (a€R") (3.11)

hold for some p,, > 0, then we have

F(@"™) — F(agy) < (1 2 pz ) - (F(a) = F(ag))-

Proof. By (3.10) we can apply Lemma 2.2.5 and with (3.11) we get

F(a**V) — F(ag)
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< F(a) = Flag) - 5= - [ (VaP)@")
< F(a) = Fla) = 5= - pn- (F(a) = Flaom)
— (1= 5% ) - (F@) = Flag)

O]

The following lemma concerns the verification of the condition (3.10) of Lemma 3.2.4.
Verification of the condition (3.11) of Lemma 3.2.4 will be done by Lemma 2.2.12. We will
use this in the proof of Lemma 3.2.10.

Lemma 3.2.5. Let F be defined by (3.7). Then we have for any a;,as € RE

n

K
[(VaF)(a) - (VaF)(a2)] < (2 >3 B +2;fl)-||a1—azu.

k=1 i=1

Proof. We have

Fla)=-(B-a-y) (B-a-y)+% .l a

n
where
B = (Bj(xi)hgign,lgjg]( and y = (y1,... ,yn)T-
Consequently,
(VaF)(a) = o (B'Ba—B'y) +
and

2-61

[(VaF)(a1) = (VaF)(a2)| < II% ‘BB (a1 —ag)| + llar — aal|.

By applying twice the Cauchy-Schwarz inequality we get

5 2 K (K 5 n 2
. BBa = Z(Z ZBAxi)-Bk(xi))-ak)
j=1 \k=1 i=1
K K 9 n
< ZZRZBJ 2i) - By(:)) - [lal|”
j=1 k=1
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K K 1 n 1 n
< A S B Y Bl
7j=1k=1 =1 i=1
K 1 n 2
- (2 > BkW) a2,
k=1 i=1

which implies the assertion.

3.2.2. Learning of Neural Networks Estimates with One Hidden Layer by
Gradient Descent

We move on to the consideration of the scenario presented in Section 3.1 where both the
inner and the outer weights of a neural network with one hidden layer are learned by
gradient descent. We study neural networks with one hidden layer, which are defined by

K d
Fretab) (@) =Y ag-o | Y b 2P +beg | +ao (3.12)
k=1 j=1

(compare (3.1)), where K € N is the number of neurons, the logistic squasher

o(x) (x € R)

- 1+e®

is the activation function and where the weights
a (k}:O,...,K) and bk,j eR (k: 1,...,K,j:0,...,d)

are learned by gradient descent. More precisely, we minimize
1 & ¢ -
1
Fab) =~ |fuet(ap) (@) —uil* + > af (3.13)
=1 k=0

(compare (3.2)) by choosing an appropriate starting value (a(?), b(®)) and by setting

alt+D) al®
<b(t+1) =y |~ VanH)E@?.b") (3.14)

for some \,, > 0 chosen below.
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As described in Section 3.1, the concept for the construction of our neural network
estimate is built on the observation that for appropriate inner weigths b, ; the neural
network f,cs (ab) in (3.12) is close to a linear combination of indicator functions. We deal
with this in Lemma 3.2.6. More precisely, we study the approximation of Holder continuous
functions by neural networks of the above form in the case of univariate functions and
networks. To do this, we will need the auxiliary Lemma 2.2.13.

Further, we make the first key observation for our analysis, namely that in this scenario
application of gradient descent affects the inner weights b, ; only slightly. We concern
ourselves with this in Lemma 3.2.8 and in Lemma 3.2.9.

Finally, for the second key observation, we conclude from the above and from our
results for linear least squares estimates in Section 3.2.1, that in this scenario application
of gradient descent leads to a neural network estimate with optimally chosen outer weights
ay,. We show this in Lemma 3.2.10.

Lemma 3.2.6. Let o be the logistic squasher. Let ¢ € [—1,1]% with ||c|| = 1 and let
g : R — R be (p,C)-smooth for some p € (0,1] and C > 0. Let p,, > 0, K € N and choose
b1,ba,...,bg € Rsuch that by < by < --- < b where

blg—A-\/ﬁ and bKZA\[—M
K -1
and
A-Vd 4-A-Vd
< — < — =1,... —1).
Let
4-A-Vd
bo=b1 -
and set

ag = g(bo) and ap = g(bk) — g(bk—l) (k = 1, e ,K).

Then we have for x € [— A, A]¢

K
sup ao+ Y ag - o(pn - (€' —by)) — g(c"z)
r€[—A,A]d 1
3:(4-4Vdp:© L (A
< K~ 1) YO (4-A-VAP (K - 1) P e miD R
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Proof. Since for z € [~ A, A]? it holds that

2
d d
etz = (Z c(j)z(j)) < Jd CA2. Z(@(j))2 —Vd-A- le|| = Vd- A

j=1 j=1

we have
clee[-Vd-AVd- A

Further, we have

K
ao+ Y ag-o(pn- €z — b)) — g(e”)
k=1
K
Zak o(pn - cx—bk Zak b, 00) ca:)
k=1
K
+ |ag + Z ay - l[bkyoo)(éTﬂc) —g(c'2)|.
k=1

We bound the terms on the right-hand side separately. We start with the first term. In
case that b; < €Tz < b1 (j € {1,..., K — 1}) we conclude from the definition of a; and
from the (p, C')-smoothness of g that

K

ap + Z ay, - 1[bk,oo)(5T$) —g(c’z)
k=1

J
agp + Z ar, — g(c’x)
k=1

l9(b;) — g(c" )|

C-bj — clzP

C - |bjy1 = byf?

C-(4-A- \/g)p
(K—-1p

VANVAN

In case that bx < &z < v/d - A we have by assumption
4-A-d 4-A-/d
> - b < Y
br A- f K 1 = A \/> b K _1
and hence, analogously to the previous case, we have

K
ap + Zak . 1[bk,oo)(éTx) —g@&x)| < C-log—Vd- AP
k=1
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< C-|Vd-A—bgl
- C-(4-A- \/3)19
- (K—-1)p
So, we have shown
sup |ao + ia 1 (cTz) —g(cTz)| < C-(4-A Vdy
0 k- 00 = .
re[-A, A — o) (K —1)p

Next, we consider the second term. Since
|o(pn - (€72 = by)) = 1y, 00y (€ 2)| € [0,1]

we have in case that b; < ¢lz < b, (€ {1,...,K —1})

K
Zak O'pn'CCC—bk Zak 1, 00) c:v)
k=1
7j—1
< > aw] - |o(pn - (€7 = br)) = 1, 00) (€7 )| + |aj] + |aj41]
k=1
+ Z lag| - | (€ = b)) = 1y 00) (€7 2)]
k=j+2
<
< Jpax lal
A2+ (K-2)- max |J(pn c(elz —by)) — 1p OO)(éTac)|
k€{1,2,..§—1,j+2,+3,.... K} w

and in case that by < c¢lz <+Vd- A

=1,...

K
Zak a,on-ca;—bk Zak 1ip,.00) ca:)
k=
K-
< Z ]ak] pn- CTx—bk))—l[bk oo) C xr |+|aK]
k=1
< knllaxK|ak|. <1+(K—1)- max lo(pn - (c T:E—bk))—l[bkm)(ch)‘)

ke{1,2,.. . K—1}
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_T =T
< ool (24002 o (@ 00) = 1@

By definition of a;, and by the (p, C')-smoothness of g we have for k =1,..., K

(4-A-Vady

— _ N <. b 4P <.
lax] = lg(by) = g(br-1)] < C - fbe = by < C- =m— g

Additionally, we know that in case that b; < e’z < bj41 (j € {1,..., K —1})

4.-A-d

et bl > TR D

forke{1,2,...,j—1,j+2,j+3,...,K} and in case that by < c'z <d A

4-A-d
(n+1)- (K —-1)

<" — by >

fork € {1,2,..., K —1}. Together with Lemma 2.2.13 this implies in case that b; < ¢’z <
bj+1 (j € {1,..., K — 1}) it holds that

K
Zak o(pn - (€lz — b)) Zak 1jp,.00)(C Ty)
k=1
(4-A-\dyw 16T o—b
< - =YY (94 (K—9)- pn:|C z—by|
- (K —1)p (2+( ) ke{172,.4.,j—r{1,?-}:2,j+3,...,1(}6 )
2.(4.A.\/3)p.0 ) 1-p pn-(A-vd)
. . . . — T (D) (K-1)
< & 1) +C-(4-A-Vady - (K—-1)17P.¢
and in case that by < ¢l < Vd- A
K
Zak o(pn - (€lz — b)) Zak 11p,.,00) (cTx)
k=1
(4-A-Vady o eT e
< -2 VY (94 (K —2)- pn:|C" z—by]
- (K —1)p (2+( ) ke{fﬁ?ﬁ_ue )
2.(4-A- p. n-(AVd)
< ((K @ C_|_c.(4.A.\/g)p.(K_ HiP.e D K-D) |
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So, we have shown that for the second term

K K
Z ag - O’(pn . ((ZT.Z' — bk)) — Z ag - 1[bk7oo)(éT.%')
k=1

sup
ve[-AAl |,
2-(4-A-Vdp-C /i Ly o)
>~ (K—l)p +C(4A d) (K_l) e (D) (K-1)
Hence, we get
K
a0+ Y ai-o(pn - (€72 — b)) — (")
k=1
< C-(4-A-\ay
- (K —1)p
. LA . )
: (4<;? {?) C b O (AP (K — 1)1 T
3-(4-A-Vadyp-C Jap Ly o)
= (K_l)P +C(4A d) (K_l) e (nFD)(K-1)

which concludes the proof.
O

Remark 3.2.7. Note, that by in Lemma 3.2.6 has nothing to do with our chosen grid points
b1, b, ..., bx but is needed for the defintion of ag, a1, .. .,ax. This does not pose a problem
in our anaylsis later on, since we will show in Lemma 3.2.10 that the output weights are
chosen optimally. We will use Lemma 3.2.6 in the proof of Theorem 3.2.1 to provide an upper
bound. Naturally, min, F(a,b(®)) < F(a*,b(") for any a* € RX*1, in particular, for the
values in Lemma 3.2.6.

In the next lemma we take a look at what happens to the inner weights b, ; (K =
1,...,K,7=0,1,...,d) after one gradient descent step applied to F'(a,b).

Lemma 3.2.8. Let o be the logistic squasher. Define F' by (3.13) and set
b=b -\, (VpF)(a,b)

for some A\, > 0, where

a=(ap,al,...,ax)’ € RET!

105



and
b = (1)170, b171, e bl,d, R ,b[go, bK71 e b[gd)T € RK.(d—H).

Then we have for any k € {1,...,K} and any j € {0,...,d}

by = begl < An -2 y/Flab) - max{1 max{la}} - axl
- exp (erl17m, { Zb;w x, )—I-bko }) .
7j=1
Proof. Using

o' ()| = |o(z) - (1 = ()| < min{|o(2)],[1 = o(x)[} < [o(z) — 1j,00)(@)]

(where the first inequality holds due to o(z) € [0, 1]) we can conclude from Lemma 2.2.13
that

d d
() ()
zznll,ax,n d (Z bk’j . xij + bk,O) - z:Hll,aX,n eXP ( Z bk,j ' $i] + bk,O )

J=1 Jj=1

d
j:

As a consequence, we get for k € {1,...,K} and j € {1,...,d} by the Cauchy-Schwarz
inequality

N

oF
b
‘abkj @ )‘
2 d . .
~n Z(fnet,(a,b) (i) — i) - ap, - o’ Z br,j - 95/5]) + br,0 '1}(])
i=1 j=1

IN

2'|ak| Z|fnet a,b) xl)_yz| |33 (Zbk] IIZ(])—I-bk())

7j=1

IN

1
2'\lnz.fnet,(a,b)(xi)yi|2'( (] \ak\ J E ’0‘ E ka .’E +bk0)‘
=1
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IN

n d
0} 1 0) 9
2. JF . U, A / et
(a,b) H;,&}X{\ffz |} - fa \ln} |<f(§_ b - @ + bro)l

IN

2-/F(a,b)- mz%x{\x )‘} lag| - exp ( mm {Zblw w —|—ka })

)

Hence, we have shown

bk, — b1
OF
An - b
Doy )‘
< -2-4/F(a,b) max{|ac |} lag| - exp ( mm {Zbkﬂ z;’ —i—bko })
) ?n
forany k€ {1,...,K}and any j € {1,...,d}.
In case that £ € {1,..., K} and j = 0 we get in a similar fashion
OF
b
i)
2 d ~
= nz;fnetab) Ti) —Yi) - ag -0 ;bk,j'xgj)‘f‘bk,o -1
i= j=
1 n
< 2“ak"n;|fnet,(a,b)(xz Yil (Zbk] x; +bk0>
1 n 1 n d )
< 2 [ et am (@) = wil2 12wl | =710/ (Y by -7+ bio)?
i=1 =1 Jj=1
< 2'\/F(aab)‘1'ak‘J Z|0' Zbkl 2 + by)?
=1
<

2-v/F(a,b) -1 |ag|-exp ( Hll,ln7 { Zlbk,j ) 4 by })
]:
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and thus

_ OF

bro—b = - b

e~ brol b (ab)
d .

< A\ -2-y/F(a,b)-1-]ag|-exp -, min Zbk:j'$§]’+bk,0 ’

j=1

which implies the assertion. O

Next, we conclude from the previous lemma that if for the initially chosen inner weights

min b,(coj) (l) + b( )

=1, k=1,...,K |4
7j=1
is large, the inner weights b, ; (k=1,...,K,j =0,1,...,d) change only slightly in every
gradient descent step.

Lemma 3.2.9. Define F by (3.13) and define (al¥), b)) by (3.14). Assume that (a¥), b("))
satisfy for t € {0,...,t, — 1}

F(a(t)jb(t)) < ¢5n < 00, (3.15)
1a®]? < cg - < o0, (3.16)
1:1,...,%21, K Zb(o) ot b,(f?) >0p, >0 (3.17)

and
On,
(d+1) tn A -2 /G50 max{l, ma}x{ug”ﬁ}} Ve exp(=0,/2) < T (3.18)
Then we have for every k € {1,...,K}, any j € {0,...,d} andany t € {1,...,t,}

by — bl 1< M- 2+ e max{Lmax{la”[}} - /g T - exp (<0,/2).  (3.19)

108



Proof. We show (3.19) by induction on ¢.
Start of the induction. For t = 1 we apply Lemma 3.2.8 together with (3.15)-(3.17). This
yields for k € {1,..., K} and for j € {0,...,d}

b =)L < An- 20/ Fa® bO) - max(1, max{la[}} o}

- exp ( mln {Zbk] (0) })

< At 2-/Csp - max{l,m&lxxﬂmi )\}} “\/Cm -1 -€exp (—0,/2).
Induction hypothesis. We assume that inequality (3.19) holds for all ¢ € {1, ..., s}, where
se{l,...,t, — 1}
Induction step. Application of Lemma 3.2.8 together with (3.15) and (3.16) gives us

b =B < A2/ F@®), b)) - max{1, max{le{[}} - o}
d .
-exp | — ._nilin Z b,(:; . :1:1(] ) 4 b,(:,())
i=1,...n =
< A2 \/Csp - max{l,max{]a:z(»l)]}} “\/Com - 0
}) e

d
-exp( mln {st —}—bs)

7j=1
We need to bound the sum in the exponential term. For this, we observe that with the
induction hypothesis it holds that

by = bl < 05 = 5T = B ) = )
< bty A2 \/Csg max{l,mz}x{]xgl I}} - /Con m-exp(—0,/2).

From this, together with the inverse triangle inequality and with assumption (3.17), we
conclude that

min
i=1,...,n,k=1,....K

d
34 o))

Jj=1
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= min
i=1,....m,k=1,.... K -
j=1 j=1
d
(s v |
j=1
: (s) . ,.(4) (s) ’ 0) () (0)
i ) gl s 0 (i 0
2 =1, .,72{111;21, K Z k,j'xz‘ +bk70 Zbk’j x +bk,0 ‘
Jj=1 j=1
S POERELET
j=1
- 0) () (0)
0 J 0
= i=1, ,n,kr_ll, K( Z;b’w‘ "L +bk,0
]:

Y
z
=)

(s) (0) (4) (s) (0)
_izl,...,]%l,%iil,...,K (Z |bk7j - bk,j| |+ |bk,0 - bk,o|)

d
(s) _ 10 @
> Oon— hax (Z ’bk,j - bk,j’ 'max{l,n;%x{]xi }})

> O0p— (d + 1) tp o Ap -2 VA% R maX{lam%X{"xz('l)’Q}} /€6 - T €XP (_5n/2)
> (3.21)

where the last inequality is implied by inequality (3.18). So, by (3.20) and by (3.21) we
get

|bl(j;‘L1) - b;(j;-| < A2 \/Csp - maX{l,nﬁx{lxz(-l)H} /o M- exp(—6,/2) .

This concludes the proof. O
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Finally, we conclude that if for the initially chosen inner weights

d
: 0) () (0)
min b, i x +b
=Lmb=1, K | kg i k,0
]:

is large and F(a(®, b)) is bounded, the neural network learned by gradient descent finds
the optimal output weights.

Lemma 3.2.10. Define F by (3.13), set

1
A= oo
3.

and define (a®, b®) by (3.14). Assume that (a(®), b(")) is chosen such that
F@ b)) < ¢, < oo (3.22)
and

>0, > 1 (3.23)

(0) J (0)
L Zb ko

hold. Let t,, € N and assume 2 - c¢; < (K — 2) - n,

,2} Ao (d+1)% - n? max{1, max|a: |4}
0]

4
2

1 = 2 42 — 2) <1 2

( +C5,n+n§ yl> s -exp (—0,/2) < (3.24)

i=1

and
3ty -exp(—=d,/4) < 1. (3.25)

Then for any t € {0,1,...,t, — 1} we have

F(a®b pl+D) _ min F(a,b®)
a

) t+1
< (1 ~3 2K01 > . (F(a(o),b(o)) — min F'(a, b(o))> + (2y/csn + 1) -exp (—9,/4)
. ‘n a

3-K-n
2-c1

-3-exp(—0,/4).
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The proof of Lemma 3.2.10 is quite long and technical. For a better understanding we
present a brief and highly simplified outline of the proof before going into detail. The
proof has five steps.

Step 1: Starting the proof. By adding zeros we can rewrite the left-hand side as the
sum of three terms. We have

F@") b)) —min F(a,b@) = @ + @ + ®

a
with

@ = F(aY b®) — min F(a,b®)

a

where the terms differ only in the a component and with

D = F(a(t+1),b(t+1)) _ F(a(t—i-l)’ b(t))
® = minF(a,b®)— minF(a,b®).

Step 2: Looking at the second summand. In @ we are looking at the components a(*t1) and
b(®) which we can interpret as making one gradient descent step only in the a component
(outer weights) and leaving the b component (inner weights) untouched. This allows us
to apply our results in Section 3.2.1 which gives us

4-c
t+1) p®Y _ mj My < (1= L. ® b®) — mi ®)
F@"™ b") m;nF(a,b ) < (1 6-K-n) <F(a ,b'") m;nF(a,b ))

Step 3: Bounding the third summand. In @ we choose a such that
F(a,b®) = min F(a,b®)
which allows us to reduce the term to the difference of the b components. We get

’ (t) ©)y W F VS
m;nF(a,b ) — mlnFab >+

with

Z net, ab(t)) l'z _fnet7(5’b(0))(xi))2
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K d
max{1, rnax|ac(] 1’} (d+1) ZZ ]b,(ct)j — b,(coj) 2

k=1 k=1 j=0

bﬂw

We bound this difference further by Lemma 3.2.9 which yields
> <exp(—6,/2).

This gives us

® < (2-\/C5n+1)-exp(—0n/4) =

Step 4: Showing that Lemma 3.2.9 is applicable in Step 3 (Bounding the first summand). We
verify the conditions of Lemma 3.2.9. For that we show by induction on ¢ the following
claim consisting of two inequalities:

1. F@™*) b®) —min F(a,b®) <5, + ! Zy? +3-(t+1)-exp(—6dn/4)
n

2 i=1
1 n
2. F(at) b)) —min F(a,b®) < ¢s, + - > YR +3-(t+1) - exp(—n/4)
a
i=1
While showing the second inequality we derive a bound on @ in the process. We get
1 n
F(a®b pt+D) — min F(a,b®) < @ + Csm + — Z y? + 3t - exp(—6,/4)
a n
i=1

and
® <3-exp(—6,/4) =

Step 5: Finishing the proof. For simplicity we introduce the following notation

2.
3-K-n

Y= <F(a(t), b®)) — min F(a, b(o))> and a«a=

a

We apply the previous steps yielding

F(@®™D b)) —min F(a,b®) < (1—a) v +a-B1+ b

(1-a) o+ B+ 2.

IN

Now we give the detailed proof.
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Proof. We prove the assertion in five steps.
Step 1: Starting the proof. We have for any ¢t € {0,1,...,t, — 1}
F(a®™b b+)) — min F(a, b®)
a
_ (t+1) 1 (E+1)y (t4+1) 1,(¢) #E41) 1O s (t)
(F(a b)) _ patt) p )) n (F(a b)) — min F(a,b ))

+ (min F(a,b®) — min F(a, b(o))) .
Step 2: Looking at the second summand. We take a look at the second summand on the

right-hand side of Step 1. We show that

4-cy
6-K-n

F@® b®) — min F(a, b®) < (1 _ ) (Fa®,b) — min F(a,b)).

The trick is that the extension in Step 1 results in a term where we look at components
a1 and b(®). We can interpret this as going from (a¥, b®) to (a**!) b)) meaning
we make one gradient descent step in the a component (outer weights) while leaving the
b component (inner weights) untouched. This allows us to apply our results in Section
3.2.1. We bound the second summand by Lemma 3.2.4. In order to do so, we need to
verify the conditions of Lemma 3.2.4. First, we check (3.10), i.e.

[(VaF)(a1) = (VaF)(a2)|| < Ly - la; —ag|| (a1, 2y € RFF).

For this, we apply Lemma 3.2.5 (with shifted index) with
1 & cl K

F(a7 b) = ﬁ Z ‘fnet,(a,b)(xi) - yi‘Q + g ' Zai
i=1 k=0

1 n K d c K

j 1

S S0) SYNEY b SN PO
i=1 k=1 j=1 k=0

1 & c
1
= DI ek Bilw) —ul* + - af”

i=1 k=0

where
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andfork=1,... K

d
Bk(xZ) =0 (Z bk,j ’ xgj) +bk,0) <1 (Z =1,... 7”)

Jj=1

which yields for a;,a; € RE+!

|(VaF)(@1,6) = (VaF) (a2 b)|

IN

IN

IA

IN

Second, we check (3.11), i.e.
I(VaF)(@)|* = pn - (F(a) = Flage)) (a€RFH).
For this, we apply Lemma 2.2.12 (with 7,, = ¢; /n) which yields for a € RE+!

|(VaF)(@)2 > 2%

(F(a)— min F(a)).

acRE+1

So, application of Lemma 3.2.4 gives us

F(a®™b b®) —min F(a,b®)
a

4-cy
< o n ). ®) WY @
- (1 2.(3_}()) (F(a , b)) Hla}nF(a,b ))
= (1o e, ® b®Y — mi ®
- <1 6'K_n> (P@®,b®) - min F(a, b)) (3.26)

Step 3: Bounding the third summand. We want to derive an upper bound 3, on the third
summand on the right-hand side of Step 1. We show that

min F(a,b®) — min F(a,b®) < (2 /5, 4+ 1) - exp (—5,/4) =: f1.

a
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For that, we choose a such that
F(a,b®) = min F(a,b®).

Then, by assumption we get

K K n
c1 _ 1 _
- s Z aj, + - Z | fret.ap©) (@) — 4il* = F(a, b©®) < F@®,b0) <¢5,
k=0 k=0 i=1
and hence,

K
Z < S (3.27)
k=

We have by the Cauchy-Schwarz inequahty
min F(a,b®) — min F(a, b®)
= minF(a,b®) — F(a,b®)
< F(a,b") - F(a,b")
1 ¢ 24 A 2_ A = =2
= - > <|fnet,(a,b(t))(ﬂ?z —uil" + Zak Fret () (i) = yil " = —= Zak)
i=1 k=0
1 n
= - Z (|fnet a,b(t) .7}@) - y2|2 - |fnet,(5,b(0))(xi) - y@‘Q)
1—1

1 n
= - Z net,(a,b®) (Z1) = Ui + (frer a,p©) (@) — ¥i))
(fret,ap®) (@) = Yi = (fret (a,p) (Ti) — ¥i))

1 n

= - Z(fnet @b®) (i) + frer, a,p©) (Ti) = 24i) - (frer,@p®)(@i) = frer @ p©) (i)
=1
n

= Z 2fnet ab(o) xl) 2y’L) : (fnet7(57b(t))($’i) - fnet7(é’b(0))(xi))

3

+g Z(f net. (ab®) (1) = Frer.apo) (i)
=1

:M—‘

Z 2 fnet ab(o))(xl) -2 yl \l Z net, ab(t)) xl - fnet,(é,b(o))(xi))2
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n

1
+E Z(fnet,(é,b(t>)($i) - fnet,(é,b(o))(ﬂfi))2
i=1
N 1
< 2-4/F(a,b0)- \l n Z(fnet,(a,b(t))(ﬂfi) - fnet7(5,b(0>)($i))2
i=1

1 n
+ﬁ Z(fnet,(é,b(t))(xi) - fnet,(é,b(o))($i))2-
i=1

We bound the term
1 n
= (Fretap® (@) = Frer (@p0) (i)

n -
1=1

further. Applying the Cauchy-Schwarz inequality a second time and Lipschitz continuity
of o (with Lipschitz constant 1) yield

1 n
n Z(fnet,(é,b(t))(xi) - fnet,(a‘l,bw))(ﬂci))2
i=1

1o~ (v L0 00 L0 0 L0 2
_ t t

= EZ dap|o Zb,@ v+ | —o Zb,w 2+ by

i=1 \ k=1 J=1 7j=1

AL K d ‘ d ‘ 2
< - Sa S o [ D06 a? ol | - o [ D62 + o)

i=1 \ k=1 k=1 j=1 j=1

1 n K K 0 o 2

_ t 1 t |

< Sy a > | o oy - b - - b

i=1 \ k=1 k=1 \j=1

K

17



1 (&, & t) _ 40 2
t
< - Z Z Z 1y, — by ;| - max{1, max\a: |}
i=1 \k=1 k=1 \j=
2
K K 2 d
) j t 0
= Zai . Z <max{1, max |x£3)|}> : Z \b,ﬁ)J - bl(c])|
k=1 k=1 7 7=0
K K d
< ) ap- ) maxfl, max\x 2} (d+1) - > Ib;(fg - bl(c(,); ’
k=1 k=1 7=0
X K d
= Za% max{1, max|ajj)\ bo(d+1)- ZZ| by —
k=1 k=1 57=0

Now, we consider

B = b0 < b0 — b oY — oD e ) — 0]

and we apply to each term Lemma 3.2.9 with

2 n
F(a® b®) <1+ c5, + - 2%2

and
1
M2 < |1 il
[a™]]* < ( +csnt+ — ;%) o ‘n
fort € {0,...,t, — 1}. We will show in Step 4 that Lemma 3.2.9 is, in fact, applicable
here. This gives us

0
5 = )

< tedp-2- J1+C5n+ Zyz max{1, max{|x 1}

=1

=1

2~ ,) 1
J (1—1—057”—!-”2%).Cl.n.exp(—én/2)

=1

<ty 2- Jl—l—%n—i— Zyl max{1, max{\m \}}
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2 — 1
1+c5,n+nz;yi2. /a.\/ﬁ.exp(—5n/2)
1=

2 n
< tedg -2 (1 + o5+ nz;f) -max{l,rrﬁx{|x§l)|}}

-max{1, i} -v/n-exp (—0,/2) .
€1
From this we conclude with (3.27), with

1
KN =K —— \<\
" 3-K -
by definition of \,, and with
0< F@@a® b)) <e¢s,

by definiton of c5 ,, that

1 n
D e 60) (@) = Frer (a0 (@)
=1

K

< Y@ max{l,max|z{) 2} - (d+1) K- (d+1)
k=1 I
t-2- 1+¢ +2i2 max{1 1}
(t-2.0, n 42572 ) maxfl, &
" ni:ly €1
2
max{1, max{|a{"[}} - vV - exp (%/2))
< S pmax{lmax oV} (d+ 1) K
C1 ]
2 — ? 1
2 2 2
e 4N <1+65’n+n;yi> -max{l,é}
max{1, max{|a;*}} -0 - oxp (~0,)
<

4
n
4-t2 - max{1, Cln}-max{l,g}- <1+C5,n+nzyi> n
=1
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max{L,maxa '} - (d+ 1) Ay -exp (~6)
< exp(—0n/2) :
where the last inequality holds by (3.24). Since
exp (—0n/2) <1

we have
\/ €xp (—0,,/2) > exp (—6n/2) .

Hence, plugging in yields

min F(a,b®) — min F(a,b®)

< 2 F(é? b((])) ’ \J %Z(fnet,(é,b(t))(xi) - fnet,(é,b(o))(xi))z
i=1
1 n
+g Z(fnet,(é,b(t>)(Ii) - fnet,(é,b<0))(xi))2
=1

< 2 \V F(éa b(O)) ©V €Xp (_5n/2) +exp (_571/2)
< 2.4/F(a,b©) - \/oxp(—0,/2) + /oxp (~0n/2)
< (2-4y/F(@®,bO®)+1) - \/exp(—6,/2)
< (2 1) exp (~6/4)

fr.

Step 4: Showing that Lemma 3.2.9 is applicable in Step 3 (Bounding the first summand). We
show that the application of Lemma 3.2.9 in Step 3 is justified. In the process we derive
an upper bound f3; for the first summand on the right-hand side of Step 1. We show that

F(@) b)) — F@™) b)) < 3. exp (—6,/4) =: Ba.

To avoid confusion and for readability we will denote by

¢sn.Leo the constant ¢, from Lemma 3.2.9
c6n,Le9 the constant cg ,, from Lemma 3.2.9 .
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We verify the four conditions of Lemma 3.2.9 for

2 n
Csm,Le9 = 1+ C5n + n ny < 0

i=1
and

2 o 1
C6,n,Le9 = <1+C5:n+nzyi2) o < 0.

i=1
First, condition (3.17), i.e.
d .
min Z b](foj. . .Il(]) + b,(co()) >0p >0

i=1,...n,k=1,... .K |4
Jj=1

is met by assumption (3.23). Second, we check condition (3.18), i.e.
On,
(d+1) -ty -Ap-2-\/C5n Leo - max{l,mz}x{|z§l)|2}} “\/ConLeo -1 €xp (—d,/2) < 5

This is true since 0 < F(a®,b(®)) < ¢5,, by definition of ¢5,, and hence,

(d+1) -t An -2+ /s zeg - max{ L max{|a”"}} - /e Lo 71 - exp (=30/2)

2 n
< @417 N 2 T4t = > y2 - max{l, max{o|'}}
n i,
ton+ 23 02 ) - L onexp (<62
Cl — < . — N - ex —
2 — !
< <d+1>2.t3%.2.(1+c&n+Zyz> -max{1, max{|z{[1}}
n— 1,1
1)\? c
maxil, () b n? - exp (—6,/2) - max{1, 2"}
c1 C1
1
< —
- 2
< 0
- 2
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where the second to last inequality holds by (3.24) and the last inequality holds since
dn > 1 by assumption. There are two conditions remaining, namely (3.15) and (3.16), i.e.

F(a(t)vb(t)) < C5.n,Le9

and

1a®1? < c6,n,e0

fort € {0,...,t, — 1}. For these we show the following claim for all s € {0,1,...,¢, — 1}

max {F(a(s+1), b)), F(al+h), b(SH))} — min F(a, b(®)

a

1<
< n+,§ 21 3.(s+1)- —6,/4). 3.28
< s P yi +3-(s+1)-exp(—0,/4) (3.28)

In other words, we need to show two inequalities

1. F@®t) bl) —min, F(a,b®) <5, + ! E y? +3-(s+1) - exp(—6,/4)
n
i=1

2. F(atth bl+)) —min, F(a,b®) <5, + 1 E Y2 +3-(s+1) - exp(—d,/4),
n
i=1

which we do by induction on s.
Start of the induction. For s = 0 we have:
1. For the first inequality of the claim we have by (3.26) and (3.22)

F(a® b)) — min F(a,b®)

a

4-cy .
< _ : 0) By _ (0)
< (1 6-K~n> (F(a , b)) m;nF(a,b ))

1- (F(a(o), b)) + min F(a, b(O))>
a

IN

IN

s+ F(0,b0)

1 n
csn + - Z y,? (3.29)
i=1

2. For the second inequality of the claim we have

F(a® bM) — min F(a, b®)

a
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= (F(a(l),b(l)) — F(a(l),b(ﬂ))) + <F(a(1),b(0)) _ minF(a,b(O))) .

The second term on the right-hand side is bounded by (3.29). It remains to bound the
first term on the right-hand side. We have by the Cauchy-Schwarz inequality

FaV,bV) - F(a®, bO)

n K
1 1 1
= 5 Z | fret,(a) by (zi) — yil> + " (a;(C ))2
i—1 k=0
oK
1 1
—| et (a0 oy (i) — wil® = o Z(GIE; )2
k=0
1 n
= D et (a® b)) (@) = ¥i + (Fret, (a by (1) — i)
=1
'(fnet,(a(l),b(l))(xi) —Yi — (fnet,(a(l),b(o))($i) - yl))
1 n
= - D et a® b0 () + Fret, @ po) (i) — 20i)
=1
(fret,@) b)) (@i) = fret (a) @) (Ti)
1 n
= - D 2ot (a0 5 (@) = 205) * (frer, (a0 b)) (Ti) = Frer (a) b)) (@)
=1
1 )
+ D (Fret, (e 50) (i) = Frer,(a w0 (i)
i—1

=1

1
= \J E 2(2 ’ fnet,(a(l),b(o))(ﬂfi) — 2. y2)2

n

J n z;(fnet,(a(l)7b(1))($i) - fnet’(a(l)yb(o))($i))2

n

1
+E Z(fnet,(a(l)b(l))(mi) - fnet,(a(l),b(o))(l}))Q
i=1

1 n
< 2-4/F(al),b®). J - > (Fretaw b)) (@) = Frer. @ po))(@i))?
=1
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n

1
+ D (Fret, (e p0) (i) = Frer,(a w0 (T:)).

i=1
We bound the term

- D Fret(a® b0 (@) = Fret (a pory (@)
=1

further. Applying the Cauchy-Schwarz inequality a second time and Lipschitz continuity
of o (with Lipschitz constant 1) yield

1 n
- D Fnet(a® b0 (@) = Fret, (a pory (@)
=1

K d
Za,(ﬂl) . (Z b(l) l( 2 + b,(cl())) + a(()l)
k=1

A
3=
3
M=
VN
:57_7
N
'l\?
™=
Q
P

RN - )2 = : (1) J (1) ©0) () 0) ’
< =YX (@) X Z 29 40 40 0 40
=1 \k=1 k=1 \j=1
LN~ (50 (a0)2 s ) _ 40 0) 2
< a2 > (a )Z Z\b P IRE L A
i=1 \k=1 k=1
LSS (30 () S 9 G 2
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)

|b](€1) _ b(o) |2

K K
= al! : max{l,max|x. |b b(o
k i i
k= k=1 ’

M2+ )
(ak ) -3 max{1, macla!) ) - (d+1)

d
Z »J k,j
1 k=1 Jj=0
K K d
= Z <a,(€1)> -max{1, max]a:(J 1} (d+1) ZZ \b,(cl |2.
k=1 k=1 j=0

K
c 2 1
El Z al(€1)> + n Z ’fnet,(a(l),b(o))($i) - yi‘Q

<
k=0 =1
< F(a®, p)
: (0) L5~ 2
< malnF(a,b )+ csn+ nyz
i=1
n
< FODO) tesp+ =Y o
i=1
2 n
< lteatsd oyl

and hence,
i(a(l))2< 1—1—C5n—|—giy2 ln (3.30)
‘ a oD ') oa
Now we consider , o
|bl(c,j) - bk,j|a

to which we apply Lemma 3.2.9. This means we need to check (3.15) and (3.16) in this
particular case of the start of the induction. We have

2 n
F@",b®) <espn <1t esn+ 2> 1 Y = Cm,Led
1=
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and
C1 K (0) 2 c1 K ) 2 1 n ,
n ; (ak ) < o kzl (ak ) + - ; |fnet,(a(0)7b(0))(xi)|
= F(@2,p")
2 n
S 1 + C5n + E Z y?
i=1
and hence,

012 _ N (02 2¢~ 2} 1
a1 =3 (a”) < | 1tesnt D0 |- oo =conre

k=1

So, Lemma 3.2.9 gives us

1 0
b)) — by)]

IN

2 ¢ )
Ana-JucwEgyz-max{l,rggx{xi h
1=

2 — 1
. 1 n+ = 2. .n. —6,,/2
J( tos +n§jyl) oo exp(=0a/2)

i=1

2 ¢ 0
= e Tt 2 Syt max(tmae(al )
1=

2 1
1+C5,n+ﬁ;yi2. ‘/E \/n-exp (—6,/2)
1=

2 ¢~ o o)
< .9 _E 2] . \
— An 2 (1+05,n+n‘ yz) IIlaX{l,H%,E}X{’ﬂ?Z ’}}
=1
1
—— v/ -exp(—6,/2).
Vi exp (=5,/2)

From this we conclude with (3.30), with

1
K-)\EL:K-&—K-Ang)\n
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by definition of \,, and with
0< Fl(a (0) b(O)) < csm

by definiton of cs ,, that

1 n
- D (Fret(a® b0 (@) = Fret, (a po)y (@)
=1

IA

k=1

2 — 1
d2.MN - [1+¢ _|_7§ 2.
( ! ( o ni=1y1> Ver

2
max {1, ma{[}" [} /- exp <—6n/2>>

K
Z(a,g”) - max{1, maxyx D2V (d+1) K- (d+1)

2~ o 1 ()2 2
< (1+c5,n+n2yi>~Cl-n-max{1,n1;3x|mi]|}-(d+1) K

i=1

2
2 2 - 2 1
AN Lot 3 wE ) -

i=1

max{1, max{[z{’*}} -n - exp (~3,)

< 442

i=1

-max{1, max |a:z(j)|4} (d+1)* Ay - exp (—6y)
i

2 - 5 , 1
. (1 +cs5 + - ;yz) - min {1, 7F(a(1),b(0)) }
. 1
< exp(—0,/2) - min {1, F(a(l)b(o))} )
where the last inequality holds by (3.24). Since

. 1
mln{l,F(a(l)’b(o))} eXp(—5n/2) S 1

1 2 - 5
ax{l,g}- (1—1—057”—1—”2%

3
) ‘n2
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we have

: 1 : 1
\/mln{l,ﬁw,}:)(o))} - exp (—(Sn/Q) Z mln{l,w} - exp <—5n/2) .

Hence, plugging in yields
F(a® bM) — min F(a®b®)
a

n

2-/F(al),b0). J = (Fnet.(a® @) (1) = Frer (a p©) ()

IN

n -
=1

1 n
E Z net,(a(l) b(l) ) - fnet J(aD)] b(O))( l))2

“\/F \/mln (1) B0 ))} -exp (—6,/2)

—i—mln{l @i(l),b())} exp (—0,/2)
2-1-+v/exp(—6n/2)+1-+/exp(—9,/2)

3-exp (—0,/4).

IN

<

<

Thus, we have
1 n

M MY _ mi (0) . _ - 2

F(a'’,b'") m;nF(a,b ) < 3-exp( 5n/4)+c5’n+n,§_:y"

This concludes the start of the induction.
Induction hypothesis. Assume that (3.28) holds fors =¢ —1for¢t € {1,...,t, — 1}.
Induction step. We have:

1. For the first inequality of the claim we have by (3.26) and by the induction hypothesis

F(a®™b b®) —min F(a, b®)
a

- (F(a<t+1>,b<t>) - minF(a,b(t))) n (minF(a,b(t)) — min F(a, b<0>))

a a

< — . —
<1 : n) (F(a ,b'"”) —min F(a,b ))

+ min F(a,b®) — min F(a, b®)
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_ (1A N pa® p®y _4a i ®)
= <1 6-K-n> F(a',b'") 1 ko +1 m;nF(a,b )

. B 4'61 4'61 . (0)
(<1 6-K-n)+6-K-n> malnF(a,b )

_ _4a ® BOY _ i 0)
- (1 5t) ()
4. . ®\ (0)
i ()~ g )
4-¢y 1~
< () (e Bt e o)
4 -
- Kcl . (min F(a,b®) — min F(a,b(o)))
. n a a
4.01 1 n 9 4-01
< <1_6 K?’L) C5,n+ﬁzyz‘+3‘t‘eXP(_6n/4) +6.K.n'F(Oab(t))
=1
4-c 1 — 4.c 1 —
_ <1_6.K1 ).<c5,n+n2y3+3-t-exp(—5n/4)>+6.K?n-n2y3
i=1 =1
1<,
< espt— . t- —5,/4). 3.31
< Gt Dot 3o (-0u/ (33D

2. For the second inequality of the claim we have proceed in the same fashion as in
the start of the induction. We have

F@® b)) — min F(a,b©)
= (F(a(t+1)’b(t+1)) _ F(a(t+1),b(t))) + (F(a(tJrl)?b(t)) _ minF(a,b(O))> .

The second term on the right-hand side is bounded by (3.31). It remains to bound the
first term on the right-hand side. We note that this remaining term is equal to the first
summand on the right-hand side of Step 1. By the Cauchy-Schwarz inequality we get

F(a(t+1)7 b(t+1)) o }71(a(t+1)7 b(t))

1 n
= n Z |fnet,(a(t+1>,b(t+1))(Jl'i) - yi|2 - |fnet,(a<t+1>,b<t>)(33i) - Z/z”z
i=1

1 n
= - D et a0 pe+0) (T0) + Frer (@t poy (1) = 295)
i=1
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(fret, (a1 b1y (Ti) = Frer (att+1) po)) (i)

1 n
= D fper(arn ) (@) = 203) - (frer a0 p0+0) () = Freg, @t b (7))
=1

1 n
T D et a0 pe+10) (23) = Frer (@t poy ()
=1

1 n
< J o 2(2 * et a1 p0) (%) — 2 yi)?
=1
1 n
= 2 (et at+0 b1 (Zi) = Fret, a0 b0y (1))
=1
1 n
‘1‘; (fret,(att+1) pe+0y (@i) — fnet,(a(t+1),b(t))($i))2
i=1
n
(t+1) p(®) 1 2
< 2.y F@@Y, W) -, |~ > (Fret, a0 b0y (1) = Frer (@) p) (i)
=1
1 n
+g Z(fnety(a(tﬂ),b(wl))(xi) - fnet,(a(tﬂ),b(t))(xz‘))z-

1

.
I

We bound the term

1 n
- D Fret a4 p+0) (i) = Frer a0 ) (@)
=1

further. Applying the Cauchy-Schwarz inequality a second time and Lipschitz continuity
of o (with Lipschitz constant 1) yield

1 n
- D et (at+0 w0y (T3) = Fret, (a0 pioy ()

i=1
AL d d 2

= IS (S (o [ a0 ) o (00 a9 )

i=1 \ k=1 j=1 j=1

1”K(1)2K d(l) () | p(t+1)
t+ t+ j t+
i=1 \k=1 k=1 Jj=
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IA

IN

IN

: (W o))

1 & K (t+1) - d pHD) (t+1) () o) (t) 2
nz;( );2 oo b b

=1 1 1 \j=1
1 n K . 9 K ) « . 2
L (30 (o) 32 (D =) et e o)
2 K 2
a(t+1) Z (max{l, max |x ) Z |b t+1) b](ctj
1/7.]

=

d

-max{1, max]a:o 1} (d+1) ZZ\th

k=1 k=1 j=0

>
)

1 « 5
+ ” Z | fret,(att+1) )y (Ti) — ¥il

IA
9]
AR
[~
Y
S
Lol
+
=
— N—

k=0 i=1

< Pt pO)
1 n

: (0) il 2 . —

< mamF(a,b )+C5’n+n;yi+3 t-exp(—d,/4)
1 n

< F(0,b® nt = Y2 +3-t-exp(—d,/4
< F(0,b") +c5 +n;yl+3 exp (~0n/4)
<

9
2

+*E 4+ 1
C5n niilyl

and hence,

K n
Z( t+1> < <05,n+22y5+1).011.n_ (3.32)

k=0 =1
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Now we consider

t+1 t
’bgc,j ) - bgc,_)j”

to which we apply Lemma 3.2.9. This means we need to check (3.15) and (3.16), which we
do in the same way as in the start of the induction. We have by the induction hypothesis

and by (3.25)

F(a® b®)

1o ,
csn + - Elyg +3-t-exp(—d,/4) —|—m;nF(a,b(0))
1=

1<
nt=> y+1+F0,bY
Cs, + n 2 Y; +1+ (0, )

IN

2 -
< c _ % 1
> 5,n n Z Y; +
=1
= Cs,n,Le9

from which we conclude that

and hence,

I al®)

C1
n

A

®)? ()2, ] 2
(%) < =X ak) = D [ fer, (a0 o) (1)

k=1 k=1 =1

3

IN
—_
+
&
3
+
S
g
<
ST

2 - 0% 2 ¢ 2 1
“ :Z<ak) S 1+C5,H+E2yi 'C—1~n:c@;7n7Leg-n.

k=1 =1

So, Lemma 3.2.9 gives us

(t+1) b(t

)
b5

k,j’

IA

2 ¢ 0
a2 [1 st 202 {1, mas{lof"})

=1

2 — 1
<1+C5,n+ n2y3> o ‘n-exp (—d,/2)

i=1
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2 — 1)
< M-2-01 nt = 2. 1 (
< ( + c5. +n§ y) max{ ,HﬁX{IwZ }}

=1

‘max{1, Cll} - exp (=5,/2)

From this we conclude with (3.32), with

1

by definition of \,, and with
0< F@ ) <cs,

by definiton of c5,, that

1 n
n D (Fret (a0 w0y (1) = Frer (ate+10 poy ()
=1

IN

K
2 .

Z (a](€t+1)) .max{l,rlzli}x |x§J)|2} (d+1)-K-(d+1)

k=1 ’

2 o 1
-(Z-An- <1+C5,n+n2y3> -max{l,a}

=1

2
max{1, mac{a7”}} - v - exp <—<sn/2>>

2 O 1 :
< <1+C5,n+n2yi2>-01-n-max{l,rrlygxkz;l(.])]Q}-(d+1)2-K

i=1
P ? 1

4 N2 <1+C5,n+n2yi2> -max{l,c—Q}

i=1 1

-max{1, m%x{‘xz(l)‘z}} -n - exp (—dp)

3
1 P
< 4-t%'max{1,02’”}.max{1,(:2}-<1+c57n+n2yi2> .2
! 1 i=1

-max{1, max [z [*} - (d+ 1)%- A, - exp (—6,)
]
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2 = 5 . 1
'(1“5’””21”)'““{1’W}

) 1
< eXp(—(Sn/Q)‘mln{l,FW)’})(t))},

where the last inequality holds by (3.24). Since

. 1
mln{l, W} - exp (_511,/2) S 1

we have

. 1 . 1
\/mln{l,}w)’l)(t))} exp(—5n/2) > mln{l,}w),t)(t))} - eXp (_571,/2) .

Hence, plugging in yields
F(at*h plt+h) — palt+h) p®)

n

1
2./ F(altth) b®) - J = (et (a1 p+0) () = Fret (at+0) o) (20)?

IN

n -
=1

1
+7 Z net (at+1) b<t+1))(xi) - fnet J(att+1) b(t))(xi))2

1
-y F(att+h) \/mln Fat 0 bt ))} -exp (—0,/2)

—|—m1n{1 ((t—i-l)b())} exp (—d,/2)
< 2-1-+/exp(—0,/2)+1-+/exp(—d,/2)
< 3-exp(=dn/4)

52-

Thus, we have

F(a®™b p+D) — min F(a, b®)
a

1 n
< 3-exp(—06n/4) + 5+ gZyiQ +3-t-exp(—0,/4)
=1
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1 n
= g a3 ) e (/).

This concludes the proof of the claim. With the claim we check the remaining two
conditions (3.15) and (3.16) in the same manner as during the induction in order to apply
Lemma 3.2.9. We conclude with the claim that for s € {0,...,¢, — 1}

F(a® b))

IN

1 n
Csm T — Zy? +3-(s+1)-exp(—0,/4) + min F(a, b(o))
n i—1 a

IN

1 n
Gt — Yy + 1+ F(0,b)

i=1

1 & 1 —
= 057n+ﬁ2y3+1+52y3
i=1 i=1

9
2

_ - E 2 1

= OCsn n — Y;

= C5n,Le9

which verifies (3.15) and

K
W~ " (a
a2 = 2 <n2

n 2 -
S cl'<65,n+nzyi+1>
= C6,n,Le9 " M

which verifies (3.16). Thus, all conditions of Lemma 3.2.9 are met.
Step 5: Finishing the proof. We put together the results from the previous steps. For
simplicity, we introduce the following notation

= (F(a(t),b(t)) _ m;nF(a, b(O))> and a= T Ko
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As a consequence,

Yi+1
F@™ pt)) — @) b®) 4 (1 —a) - (F(@®,b®) — min F(a, b®))

a

IN

+min F(a, b®)) — min F(a, b(®)

= F(a®b ptD) - p@™) pb®) + (1 —a)- (F(a®,b®) — m;np(&b(())))
+a - (min F(a, b®) — min F(a, b))

= (1-q) 7 +a- (minF(a,b®) — min F(a,b®))
FF(at), b<t+1;; _ F(alt), b<t>a)

< (I-a)mta-Bi+pb. (3.33)

Applying the relation in (3.33) recursively we can bound the term by a geometric series
and we get

t t
Yir1 < (1—a)ttt -70+Z(1—a)k-a-51+2(1—a)k-52
k=0 k=0

IN

(l_a)t-i-l ".YO—I_Z(l_O‘)k'a.'Bl—i_Z(l_OZ)k'B?
k=0 k=0

1 tHL a- P Ba
= (-7 Ry Gy S ——

1
= (1-a)t Yo+ Bt~ B
Plugging the values back in yields

F(a®b pt+D) — min F(a, b®)
a

. t+1
< (1 —3 2 Kcl ) : (F(a<0>, b®) — min F(a, b<0>)) +(2-\/Com + 1) -exp (—06,/4)
. n a

3-K-n

+ 2-01

3 exp (—6,/4),

which concludes the proof. O
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3.2.3. Auxiliary Lemmas from Empirical Process Theory

For the proof of Theorem 3.2.1 we will need the following auxiliary results from empirical
process theory.

Lemma 3.2.11. Let
* Bn = c3 - log(n) for some suitably large constant cs > 0,
o F, be a set of functions f : R* — R.
Assume
* the distribution of (X,Y') satisfies (3.6) for some constant cy > 0,
* the regression function m is bounded in absolute value,

* the estimate m,, satisfies
my, = Tg,my,
with
mn() :mn('v(Xlayl)a---v(Xnvyn)) Efn (334)

* the estimate m,, satisfies
1 n
- 2
L2 Y= (XOP Ly <o for all ieq,. oy
i=1

(1
< uin (n ; |Y; — gna(X0) P + penn(gn,) + En,l> (3.35)

for
— some nonempty set ©,, of parameters,

— some random functions g, ; : R? — R, that only depend on the set

Dy ={X1,..., Xp,eV, e el ey

Ty

where

_(1 =(In) ~(I
e e, el el

are random variables independent of

(Xl)Yl)) sy (Xn7YTL)7
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— some deterministic penalty terms pen,(gn;) > 0,
— some additional deterministic term €, ; > 0.

Then m., satisfies

gy o - oo 0 o) )
E [ fna(a) — m(o) PP (dr) < n
+2-E <lrenénn2|gnl i)|2+penn(gn,l) +€n,l>

for n > 1 and some constant c¢; > 0, which does not depend on n, 3, or the parameters of
the estimate.

Proof. Compared to Lemma 2.2.14, we see that (3.34) is assumed independently from any
event A,, and (3.35) is an additional bound.

We apply Lemma 2.2.14 where the event A,, is the underlying set of our probability space.
This gives us

( / () — () PP (dz)

( Zlmn i) = Yil* - 1y <6, gequ.. ,n})}—*zlm Yi|2>>

i=1
cr - (logn)? - (log (supx? M (ﬁ,fn,x’f)) + 1)

n

<

which is equivalent to

( / mn( >|2Px<dx>>

cr - (logn)? - <log (supzrf M <ﬁ,fn,x?)) + 1)

n

1 n
+2'E< Z|mn ) =Y Ly i< e, )}—nZIm(Xi)—EF)-
i=1

We use (3.35) and bound the expected value on the right-hand side further by

1=, 1 «
2-E (n D 1ma(Xa) = Yil? - Ly, <6, Gty - > m(X;) - Yi!2>

i=1 i=1
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1 n
< 2-E (mln — Z 90,1 (X5) = Yi|? + penn(gng) + €y — - Z Im(X;) — YZ|2> .

=1

Since peny(gn,) and €, ; are deterministic terms and and since g,,; are independent of Y7,
., Y, given D,, . we get that

n
(fé%n n Z |9n,1(X3) = Yil? + penn(gni) + €ni — % ; Im(Xi) — Yi|2>
Lo
= ( (;génannl Yi|2—n;|m(Xi)—Yil2
+penn(gn,i) + €ny | Dnﬂ’))
Lo
(llgénE< Z\gnz Yi|2_n;|m(Xi)_Yi|2’Dn,r>

<>>

1 n
o AR AN EIE W TN

=1

IN

+peny, (gn,) + 6n,l>
= (;génE< ZI (9na(X3) = m(X)) + (m(X;) = Ya) | | Dn,r>
( Z [m(X) = Vil | Dnr) + penn(gn) + en,z>
- ( min B ( Z 900(X0) = M) D) +E (; Z} (X))~ Vil D)
( Z m(X ? | Dm«> + penn(gna) + en,z)

= < min — Z |gn1(Xi) — m(X)|* + penn(gng) + 6n,l>

€O, N
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where the fourth equality holds since the mixed term is

E (711 Z(gn,l(Xi) —m(X;)) - (m(X;) = Y;) | an)

= S )~ m(X0) B (m(X) ~ YD) | Do)
=1

1 n
= D (gni(Xi) = m(Xy)) - E((m(X;) = Y7) | X))
i=1
= 0.
This concludes the proof. O

We can bound the covering number N (ﬁ, Fns x’f) in Lemma 3.2.11 by Lemma 2.2.15.
We will make use of this in the proof of Thereom 3.2.4.

3.2.4. Proof of Theorem 3.2.1
We give a proof for the rate of convergence presented in Theorem 3.2.1.

Proof. Since by assumption supp(X) is bounded and m is (p, C')— smooth we can assume
w.l.o.g. that m is bounded in absolute value. So, we assume

Moo < Bn.

Let B,, be the event where
Y| < B, (i=1,...,n).

We get
E/WM@—m@WPﬂm)

- " /|mn($)—m($)|2PX(d$)'(1Bn+1Bz)>

(z) — m(x)|*Px(dz) - an> + E(/ |mn(z) — m(2)|*Px (dx) - 132)

IN

AN
=
N N N
—
3
S

E /|mn(x) — m(x)|2PX(dx) . an>

140



+E(/2 mp(@)]? + 2 - |m(z) PP x (dx) - 13%)

IN

E</|mn(x) —m(z)]*Px(dz) - an> +E</2-5§+2-ﬁgpx(d:¢) : 1Bﬁ>

= E</|mn(x) —m(x)|2PX(da;).1Bn> +4-p82-P{B°}.

We bound the summands on the right-hand side separately. We start with the second
term. Since we have by Markov’s inequality and by (3.6)

P{B,} = P{|Y; > g, forsomeic {1,...,n}}

< n-P{exp(ca-Y?) > exp(cs- 2)}
E (exp(02 . Y2))
exp (co - (c3 - logn)?)
csg
< n-
— ncz9~10gn
1
< 30—
n
we can conclude
1 1 2
452 P{BS} <4-(logn)® ez~ < ey - LB (3.36)
n n

Next, we bound the first summand further by Lemma 3.2.11. For that we consider an
extension

_ mp =Tg,my, if By,
mp = .
0 if Be
that coincides with m,, on the event B,, and has value 0 outside of the event. Then we
have

E(/ [ () — m(x)*Px (do) - 1Bn>

E(/!mn(w) —m(z)"Px(dz) - 1Bn>

E( / () —m(x)PPX(dx)).

We apply Lemma 3.2.11 to the right-hand side of the above inequality. In order to apply
Lemma 3.2.11 we need to check the conditions (3.34) and (3.35) for m,, on B,, since

IN
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obviously, the condtions (3.34) and (3.35) hold for 0. We do that with Lemma 3.2.10. In
order to do that we first need to verify the conditions of Lemma 3.2.10. Condition (3.22)
is satisfied since

F@@® b®) = F0,b®)

1 = ¢ K-r

1
- E Z ’fnet,(Qb)(Xi) — Y;’2 + g . 202
=1 k=0

1 n
= =~ WP
=1

< (c3-logn)?
= Cs5n- (337)
Set

(n+1)-(K-1)

In particular, this means that

n?. K
(n+1)-(K—-1)

Op > cC12 - >ci3-n> 1

Then condition (3.23) is satisfied since we have by construction of our network estimate
forse{1,...,r}

d

: (4)

min g bis—_1). e X 4 b 1.

=1 k=1, K |4 . (s—1)-K+k,j i (s—1)-K+k,0
j:

. _T P
= min (et X; =0 ‘
i=1,...n k=1, K pr (€5 Xi = bak)
. _T >
= . min c:X;—b
P e, k=1, g | 8T sk
Vd- A
> Pn-

n+1)- (K -1)
= Op.

Next, trivially we have
2.0 <(K-2)-n.
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Condition (3.24) is satisfied since we have with (3.37)

C5,n

4. 1
max{1, o

1 .
}-max{1l, 5} A (d+1)* - n* - max{1, max \Xi(J)|4}
] ,j

n 4
2
A Ltesn+ =) V2| 12 exp(—0,/2
(1eont 2302) omia
1
< c14- (logn)?- X n?. (1+ (logn)? +2 - (c3- logn)2)4

K - (logn)? - exp (—?)

IN

C15 -

< 1

(logn)? - n?
e

n
2

Finally, condition (3.25) is satisfied since

3ty - exp (—6:) = 3-K-n-(logn)*-exp (—5:)

2p+2
n2p+1 . log n

IA

C16 -

< 1.

a3

e

Hence, we can apply Lemma 3.2.10 to check conditions (3.34) and (3.35). First, we
verify (3.34). In the proof of Lemma 3.2.10 in (3.32) we have already shown that for any
te{0,...  ty,—1}

2 — 1
a2 < <1+C5,n+nzyz‘2)'cl'”

=1

IN

1
(1+ (logn)? 42 - (03-1ogn)2) o
1

< ecy7- (log n)2 - n.

As a consequence, we know that on B,

K-r d
() = ay™ o [ S0l 2@ oy | e F
k=0 j=1
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where the function class F is defined as in Lemma 2.2.15 (as we can write m,(z) =
el o (S 29 4 b)) 420l 0(0- 2+ 0)) with
Yn = c17 - (logn)? - n.

Second, we verify (3.35). For the following consideration we make use of the construction of
our neural network regression estimate. Denote for [ € {1,...,I,} and for t € {0, ... ,¢,}
by

((@a®)® (p1)®)

the weight vector in the [—th initialization after the ¢t—gradient descent step. We use that
we initialize the weights I,, times and after applying gradient descent ¢,, times we choose
among those I,, possible weight vectors the vector (a*»), b(*»)) that has the smallest value
in F,i.e.
F(a®) bty = min F((a®)t) Oty
(2%, b) = min F((a)T, (b))

Since the outer weights are always initialized as zero, we have
@)@ = a® =
foralll € {1,...,I,} and consequently the bound in (3.37) for ¢t € {0,...,t,}
F((a®)©, (b)) = F@®, (b®)®) = F(0,(b®)®) < (c3 - log n)?

holds for all l € {1,...,1I,}. Application of Lemma 3.2.10 gives us by construction of our
neural network estimate

1« N 5
n Z Yi = ma(Xi)[" - 1y <5, for all ieq1,...n}}
=1

- Kor
: 7112; [¥i = (X5) Livii<s. for all ief1,..n3 T % Z(a(t"))i
: 1 i | Ko o
R a <n ; [Yi = (X0 11y, 1<5, for all ieq1,..npy + " kz:o((a(l))]fC ) )
- z:rlr,l.i.].[,lfn (F((a(l))(t")v (b(l))(tn)))
<  min < <1 — 2‘01>tn+1 : (F(a(o)’ (b)) — min F(a, (b(l))(o))>
I=1,...In 3. K-r-n i
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—|—(2-\/C57+1)-exp<—6£>—I—M-?)-exp(—(if)

2'61

+min F(a, (b<l>)<0>)>
a
‘ 9. c1 tn+1 ) 671
< S . . . Ca - . _n
< mmn<<1 3-K-r-n> (cs -logn)* + (2 c3 - logn + 1) - exp | —

I=1,....I
—i—m -3 - exp <—5£> + min F(a,b(o)))
a

2-c
C1
- aERK‘Hl}nl ( Z ‘Y fnet (b)) (0) | + — Z ay + €n>
where
2. tnt+l 5
= <13[(C;n> '(03'10gn)2+(2-63-logn+1).exp<:)

+3-K-T-n 3.6 _(i”
2 P\T )

This verifies (3.35). Now, we can bound the first summand by Lemma 3.2.11 and Lemma
2.2.15 which yields

E [ mafe) - m(x) P (da)
cr - (logn)? - (co - (logn) - K - 1)

K-r
a1
+2.E ( min = E | frnet (o b0y (Xi) — m(X3)[* + gzai +€n>
=1

acRE ™1 =1, . I, N —

(log )3\ 241
< C10'< )

n

‘ C
+2-E < . min 7Z‘fnet (a,(b® (0))( ) ’2 1 Zak>
i=1

acRE T+l [=1 .1, T

+2- €.

We bound the second and the third summand on the right-hand side further. For the third
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summand we have

IA
¢

»

o

€n

2o d-A-
<_ T (logn)2> (e -logn)” + (2- ¢3 - logn +1) - exp 6%)

2- C1 8
1 2
< ast oy . (cs - logn)
n 3r
1
< —
- n
Now, we look at
1 n c K-r
i — A A2 S 2
aeRK'TEl,]lnzl,“.,In n ; |fnet,(a,(b(”)(°>)(xl) m(z;)|” + o kzzoak
for z; € [-A, A]? (i =1,...,n). We have
c K-r
1
|fnet,(a,(b(l>)<0>)($i> - m(CEz)|2 + Y Z ai
k=0
c K-r
¢ 1
|fnet J(a,(b(1))(0)) xl ng l a:z —|— ng [L‘Z m($1)|2 + E Z CL%
k=0
c K-r
1
< 2 ng Tay) — fnet,(a,(b(l))<0))($i)\2 + o Z ai
k=0
ng ")
Hence,
1 n
acRK: Tﬂll e ﬁ ; |fnet7(a7(b(l))(0))(xi) - IIZ’Z Z ay,

4 K-r
i i cHT 2, G 5
S 2 l:rlr,ur,lln (ae$é§'+1 (’ Szlgs((cg )) xl) - fnet,(a(b(l))(O))(.Ti)‘ =+ ; Z ak>

k=0
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+|m xz ng >

We start with the first term on the right-hand side which we bound with Lemma 3.2.6. The
conditions of Lemma 3.2.6 are satisfied by construction of our neural network estimate.
We bound the term from above by plugging in specific values for a. More precisely, we

take the values for the outer weights from Lemma 3.2.6 for each ¢g; (s = 1,...,r). In order
todo thisletfor s =1,...,r
- - 4.-A-d
bso =bs1 — ————
K-1
and

as,() = gs(l;s,O) and ds,k = gs(i)s,k) - gs(i)s,k—l) (k = 17 cee >K)
Denote by
a=(ag,a,...,ax.r)

with

ag = Z&s,o and  a(s_1). x4k = Gsik

fork=1...,Kand s =1,...,r. By Lemma 3.2.6 this gives us

T K-r

i cONT ..y _ N2 L& 2
aegl}§+1|;gs((cs ey fnet,(a,(b(l))(O))(fL’z)| + n kgoak
T c K-r
= 1 -
< | ng((cgl))vai) - jcnem(zq\,(b(z))(0))(Zvi)|2 + " Z ai
s=1 k=0
= [ gs((@) ) -
s=1
SbS : (4) (0)
ZZ (s—1)K+k " O Z b(l )-K4k,j ‘Ti] +(b(l))(s—1)~K+k,0) — agl?
s=1 k=1 7=1
c K-r
1 ~2
_’_E Clk
k=0
r K 2
_ - _ ~(1
< (Z!gs((cg”)%) =Yoo (o (@72 = BV),0) —a30\>
s=1 k=1
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+%-(K-r+1)-ﬁ2

4-A-Vd)P AV
< 7“-3-0-M—FT-C-(4-A-\/g)p‘(K—1)1_p-e D) (K1)
(K —1)?
1
1 n2p+1
+C19 Ce T3 (log 'n)2
" (logn)z+
< 1 4 logn
<20 75, T C21
K2p n2§il
Next, we deal with the second term on the right-hand side. For i = 1, ..., n we have by

p, C')—smoothness of m and by the Cauchy-Schwarz inequalit
y y q y
m(z:) = > ga((€) ;)|
s=1
= Y gslclm) =Y gs((@) i) ?
s=1 s=1

r 2
(Z |98(Cz$i) - 95((C(sl))Txi)|>
s=1

IN

AN AN

QU

[~]-
R
M- ©
— I
~— w»
£y &

\ |
M)/ﬂ \_/%
= &

8 S
= N———

= )

~_
[\

IN
Q

r 2
‘ (lecs — (M- ||fﬂi||"’>
s=1

® max e, — el (A- VA

IN
Q

=1,...

= ¢ max e, — el
s=1,...,r
So, together we get for z; € [~ A, Al (i =1,...,n)
K-r
C1

. 1 —
min I E Z ’fnet,(a’(b(l))(o))(l'z') — m(xz)P + g Z a%
sin i=1

REK-r+1 1=1...
ae J=1, e

148



logn ()12
< 2 l:II’l.ll? . <C20 o + c21 E +c31 - Sinlfl.?ir les — Cg)H P
1 3 _2p
2p+1
< 93~ <( ogn) ) + oo+ min  max |cs — égl)|]2p.
n =Ledn s=1,..
and hence,
E/|mn(aj) — m(x)|*Px(dz)
(10g TL)3 2;% (10g n)'?’ %
< cuo ( ) +co3 - < )
+co0 - E {l min max lcs — cgl)HQP}
=1,...,.I,, s=1,...,
1 3 _2p
2p+1
= Co4- ((@in)> +co9-E {l—min _max llcs — cgl)||2p} . (3.38)

So, it remains to bound

E{ min  max ||cs—c(l)H2p}.

I=1,... I, s=1,..,7 §

By the random choice of the vectors e (s=1,...,r) we know for any u € (0, 2]
In
i —c® — _ —c®
{ i, oo fe el uf =TT (1P { e e, <u})
T In
- (1 ~TIP {lles — V) < u}> .
s=1
By construction we choose the direction vector égl) (s =1,...,r) by choosing a vector
()M (s € {1,...,r}) from the d—dimensional unit cube and projecting it onto the
surface of the d—dimensional Eucledian unit ball with center 0. Note that for s =1,...,r
P{c; =0} =0,

which means we can assume w.l.o.g. ||c%|| # 0. So, ¢\ is chosen if and only if (c*)() lies

on the line segment that starts in 0, passes through ¢!" and continues until it hits the
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boundary of the unit cube. Accordingly, the chosen direction lies in a neighborhood of

c\” if and only if (c*)™) lies in the cone that has apex 0, extends to the boundary of the

unit cube and intersects the surface of the unit ball at exactly the neighborhood. This

means that ¢\ is randomly distributed on 85@(0), the (d — 1)—dimensional surface of

the d—dimensional unit ball. Let \; be the Lebesgue measure on the o—algebra of Borel
sets in R? and let )\’ be the (d — 1)—dimensional Lebesgue measure on the o —algebra of

Borel sets in 85@ (0). We want to show that for any B in the c—algebra of Borel sets in
959 (0) it holds that
Cog * )\/(B) S Pé(l)(B) S Cor7 - )\/(B) (339)
for some constants csg, co7 > 0. For that let
A1 be the cone inside S@(O) with apex 0 that intersects 85@(0) in B,
As  be the cone inside the unit cube with apex 0 that intersects and) (0) in B and
As  be the cone inside S\(}%(O) with apex 0 that intersects 8S£d)(0) in B.

For a better understanding, a visualisation for the case d = 2 is given in Figure 3.3. By

Figure 3.3.: Visualisation of the sets B (green), A; (blue area), A, (blue and orange area)
and Aj (blue, orange and brown area) for d = 2. The inner circle represents

SF) (0) and the outer circle represents SE;%(O).
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monotonicity of \; we have

Aa(A1) < Ag(A2) < Ag(A3)

and hence
iy (A1) 20 Ng(A3) 2¢ _
MB = Aa(S17(0)) = o, Aa(S9(0) A5 (0)) Fen(B)
and
/ (V) Ng(A1) Ai(A3) 29 X4(A2) 2¢
MN(B) = — > = -P_1 B).
B t 2sP0) 2D 7t Do) aas Doy

This proves (3.39). Note that (3.39) implies that P_q, is absolutely continous with respect

to \" and by the Radon-Nikodym theorem we can conclude that ¢tV has a density f with

respect \' on the o—algebra of Borel sets in ngd) (0) which is bounded away from zero.

For d = 1 we have 521) € {—1,1}. So, trivially, it holds that for 0 < u < 2

1
P {lle. — V| <u} >3

Next, we consider d > 1. By (3.39) we know that
P{lle, ~ el <u} = P ({weas{?): e, — wi < u})
> g N ({w € 05(0) : ||cs — w| < u}) .
By the rotational symmetry of \’ we can assume w.l.o.g. that
cs=(0,...,0,1)T.

In case that u > /2 the set {w € 85@ 0) : [/(0,...,0,1)T —w| < u} contains the surface

of the “upper hemisphere” {w € 98\Y(0) : w@ > 0}. So, trivially, it holds that for u > /2

N ({w € 08 D00): [(0,...,0,1)" — w]|| < u}) > N ({w € 059(0) : w® > o})
1

> .
-2
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Hence, it suffices to consider 0 < u < v/2. We bound
N ({w € 08 D0): [(0,...,0,1)7 — w]|| < u})

by exploiting monotonicity of \’. We define a subset of {w € 85( )( 0):/(0,...,0,)T —w| < u}
for which the Lebesgue measure is easy to compute. For that, let

T
v = (v(l), . ,v(d)) € 8S§d)(0)

where u
1 @) (d-Dy| < 2
v ”U ) ) —
I i<
and
v @ >0
Since it must hold that ||v|| = 1 we get
1= |IvIP
d-1
- Z(v(j))2+(v(d))2
j=1
= @W, 0@, oY) 4 (D)2
u? (d)\2
< 2% + (')

meaning

2 2
@ < \/jN_U
v 2= 2d

where the last inequality holds because 1 — % < 1. Next, since
10 0,7 = V]2 < (=0, —o®, ., —ol@D), (1 - @)
2 2
- v _ @
2d " (1 v )
u? AN
s (- (-5)
2 u?

2d

IN

IN
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<
where the second to last inequality holds because % < 1, we know
ve {w € 08 D0): [(0,...,0,1)" — w]|| < u}
Hence,
N ({w e 959(0) : [/(0,...,0,1)" — w| < u})

By construction, the volume of the cone in the unit ball with apex 0 that intersects the
unit ball at exactly

€ 95D (0) - (M @ pldy < Y (d>>0}
{veasio: o oot <

is greater than the volume of the cone in the unit ball with apex 0 that has “flat” base

veR v <“}
{ ¥l < =

[ u? | (v2)?2 [ 1
h= 1_ﬁ2 1-— 2d > l—g.

For the volume of the latter cone we get

1 (d-1) 1 u \ (d-1) d—1
- Ad— u h==-(— “Ad— ~h > cog - .
7 M- (SM (0)) g <m> d—1 (Sl (0)) > o5 - U

Hence,

and height

P {Jlc, — V)| < u}
Ca6 - N ({w € 95D(0) : [lcs — w| < u})

X <{V € 8{0(0) < o, o, o) < S0 > OD

AV

A\
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> ¢ cas - ul!
= 26 ° T DN
M (S17(0))
. (3.40)

Thus,

E{ min  max |lc; — el Hzp}
I=1,...In s=1,...,r

22p
P{ min max ||c5—cl)||>t2p}dt

7,715_77

|
J

22;0 d—1\T I
< ( mp)) "
0
22p In
< [T
0
[e.e]
< = '/e min gy 1, D
(c*)j r(d—1) J
1 2p 2p e
— . Tt ).r
(C*)% r(d—1) <r(d—1)> "
__2p
— C25[n r(d—1)
< (logn)? %1
=~ C25° n )

where the third inequality follows by substitution

r(d—1) v r(d-1)
= t 2 I _—_ :t:
Pl e <<c*>r-1n> #)

and

2,
. rl)r(dfl) -1

dp 1 pwam. 2%
dv (o d—1)
v (er)aa r(

and where last equality follows since the the Gamma function I" satisfies

"(watp) <
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Taking the above results together yields
E [ ma(e) — m(x)*Px(da)

2p
logn)3Y 2741 logn)3\ 2pt1

n

This concludes the proof. O

3.3. Application to Simulated Data

We illustrate the finite sample size performance of our newly proposed estimate by applying
it to simulated data using the software MATLAB.

For our simulation we choose the simulated data as follows: We choose X uniformly
distributed on [—1, 1]¢, where d is the dimension of the input, ¢ standard normal and
independent of X, and we define Y by

Y=mj(X)+0o-Aj- ¢

where m; : [-1,1]? — R is described below, A; > 0 is a scaling value defined below and o
is chosen from {0.01,0.05,0.10,0.20} (j € {1,2}). As regression functions we use

ma (2D, 2@ @)
1
1+ exp(—(0.83172(M) — 0.02772®) + 0.554520))

+\/(—O.6461:L"(1) —0.14122(3) +0.75012(3))2 + 1
and

ma(z®, z®,23) 2@ )
1
1+ exp(—(—0.486321) + 0.59762(2) — 0.02092(3) + 0.59492(4) — 0.22812(5))

1
1 :
208 <(—O.6236x(1) +0.12442(2) 4 0.473523) + 0.19142*) — 0.57862(5))2 4 2>
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A; is chosen approximately as IQR of a sample of size 100 of m (X ), and we use the values
A1 = 0.2444 and s = 0.2515.

From this distribution we generate a sample of size n = 100 and apply our newly
proposed neural network regression estimate and compare our results to that of six
alternative regression estimates on the same data. Then we compute the Ls errors of
these estimates approximately by using the empirical Ly error ¢, 5 (-) on an independent
sample of X of size N = 10,000. Since this error strongly depends on the behavior of
the true function m;, we set it in relation to the error of the simplest estimate for m; we
can think of, a completely constant function. The constant function estimate describes
the average of the observed data according to the least squares approach. Thus, the
scaled error measure we use for evaluation of the estimates is ¢, y(mn,i)/2, 5 (avg),
where £/, y(avg) is the median of 50 independent realizations of the value obtained if the
average of n observations is plugged into €, x(-). To a certain extent, this quotient can be
interpreted as the relative part of the error of the constant estimate that is still contained
in the more sophisticated approaches. Of course, the resulting scaled errors depend on
the random sample of (X,Y) and in order to still be able to compare these values we
repeat the whole computation 50 times and report the median and the interquartile range
of the 50 scaled errors for each of our estimates.

We choose the parameters for each of the estimates by splitting of the sample. Here we
split our sample into a learning sample of size n; = 0.8 - n and into a testing sample of size
ny = 0.2 - n. We compute the estimate for all parameter values from the sets described
below using the learning sample. Then, we compute the corresponding empirical Lo
risk on the testing sample and choose the parameter value which leads to the minimal
empirical Lo risk on the testing sample.

Our first three estimates are built-in fully connected neural network estimates where
the number of layers is fixed and the number of neurons per layer is chosen adaptively.
The estimate fc-neural-1 has one hidden layer, estimate fc-neural-3 has three hidden layers,
estimate fc-neural-6 has six hidden layers and the number of neurons per layer is chosen
from the set {5, 10, 25, 50,75}, {3,6,9,12,15}, {2, 4,6, 8,10}, respectively.

Our fourth estimate kernel is the Nadaraya-Watson kernel estimate with so-called naive
kernel where the bandwith is chosen from the set {2¥ : k € {5, —4,...,5}}.

Our fifth estimate neighbor is a nearest neighbor estimate where the number of nearest
neighbors is chosen from the set {1,2,3} U {4,8,12,16,...,4- |7 ]}.

Our sixth estimate RBF is the interpoland with radial basis functions where the radial
basis functions ®(r) = (1 — )% - (35 - 7% 4+ 18 - r + 3) is used and the scaling radius is
chosen adaptively.

Our last estimate neural-2 is our newly proposed neural network estimate presented in
this chapter. Here, the following parameters of the estimate are fixed: N is set to 2, A
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is set to 1, and R is set to 10%, and r chosen from the set {2,3,4}. The parameter K of
the estimate is chosen from the set {5, 10}. In order to accelerate the computation of this
estimate we use only I,, = 50 random choices for the vectors of directions and ¢,, = 1000
gradient descent steps.

The results are summarized in Table 3.1 and in Table 3.2. As we can see from the
reported scaled errors, our newly proposed neural network estimate does not perform
as well as the built-in fully connected neural networks. This is can be explained by the
small set from which we choose the parameters of the network and the few number of
performed gradient descent steps. Unfortunately, we do not have the capacities to run the
network with greater parameter set and a greater number of gradient descent steps. Still,
our newly proposed neural network estimate even outperforms the other estimates in the
case of 20% noise factor for my. While the built-in neural network estimates may show
better performances than our neural network estimate, we would like to emphasize that
the former have no theoretical background.

myp
noise 1% 5% 10% 20%
ELQ’N(avg) 0.0065 0.0065 0.0065 0.0066

approach median (IQR) median (IQR) median (IQR) median (IQR)
fc-neural-1 | 0.0358 (0.001) | 0.0708 (0.001) | 0.0581 (0.001) | 0.1106 (0.001)
fc-neural-3 | 0.0105 (0.002) | 0.0470 (0.002) | 0.0414 (0.001) | 0.1003 (0.002)
fc-neural-6 | 0.0209 (0.001) | 0.0361 (0.001) | 0.0497 (0.001) | 0.0867 (0.001)
kernel 0.2478 (0.052) 0.2451 (0.067) | 0.2436 (0.086) 0.246 (0.127)
neighbor | 0.1168 (0.035) | 0.1226 (0.046) | 0.1815 (0.145) | 0.2165 (0.121)
RBF 0.0117 (0.001) 0.2929 (0.012) | 1.1759 (0.074) 5.9945 (3.003)
neural-2 0.1363 (0.116) | 0.1421 (0.129) | 0.1426 (0.121) | 0.1665 (0.122)

Table 3.1.: Median and IQR of the scaled empirical L, error of estimates for m; for sample
size n = 100. The smallest error values in each column is highlighted by bold

letters.
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mo
noise 1% 5% 10% 20%
ELQW(avg) 0.0073 0.0075 0.007 0.0073

approach median (IQR) median (IQR) median (IQR) median (IQR)
fc-neural-1 | 0.0278 (0.001) | 0.0531 (0.004) 0.2241 (0.01) 0.5805 (0.006)
fc-neural-3 | 0.0567 (0.001) | 0.0726 (0.001) | 0.0967 (0.002) | 1.2439 (0.005)
fc-neural-6 | 0.048 (0.002) | 0.5121 (0.002) | 0.4656 (0.002) | 0.576 (0.005)
kernel 1.1081 (0.022) | 1.1174 (0.013) | 1.1386 (0.002) | 1.2119 (0.040)
neighbor | 0.3749 (0.158) | 0.3978 (0.168) | 0.4536 (0.195) | 0.5734 (0.018)
RBF 0.0038 (0.001) | 0.0512 (0.013) | 0.1939 (0.039) | 0.7595 (0.131)
neural-2 0.1624 (0.074) | 0.1627 (0.083) | 0.2618 (0.069) | 0.0561 (0.101)

Table 3.2.: Median and IQR of the scaled empirical L, error of estimates for m, for sample
size n = 100. The smallest error values in each column is highlighted by bold
letters.
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4. Neural Network Regression Estimates
Inspired by Approximation Results with
Piecewise Polynomials for Projection
Pursuit

As in Chapter 3, we deal with neural network regression in a projection pursuit model.
This means, we assume that the regression function satisfies

m(z) = Zgz (a(l—1)~d+1 Wt tagg x(d)) (@, 2D eR)
=1

for some r € N, a; = (ag_1).q+1,- - -, ara)’ € R where [lay|| =1 (I =1,...,7),and (p,C)-
smooth functions gs : R — R (s = 1,...,r). The constraint imposed upon the regression
function has the effect that the d—dimensional input is reduced to a 1—dimensional input
for the functions g, that make up m. The natural question to ask is whether we can now
achieve a univariate rate of convergence. In this chapter we present an implementable
multilayer neural network regression estimate that achieves up to a logarithmic factor the
univariate rate of convergence. We draw the inspiration for our neural network estimate
from approximation of m by piecewise polynomials. Here, we present a new approximation
result for a projection pursuit model by piecewise polynomials that is loosely related to
an approximation result for (p, C')—smooth functions by a convex combination of Taylor
polynomials by Schmidt-Hieber (2020). The idea is that we construct our neural network
estimate by recreating this piecewise polynomial approximation using smaller neural
networks with known approximation results as building blocks. In contrast to the neural
network estimates presented in Chapter 2 and in Chapter 3, the inner weights are exactly
prescribed and are thus chosen completely independently from the data set. The outer
weights are chosen according to a regularized least squares criterion and we will show that
they can be determined by solving a linear equation system. Since the projection directions
are unknown, we will guess them repeatedly. This results in repeated initialization of
the neural network from which we choose the one with minimal error. In comparison
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with the neural network regression esimates presented in in Chapter 2 and in Chapter 3,
we see that on the one hand there is no freedom in the choice of the weights but on the
other hand we are able to analyze multilayer neural network estimates for multivariate
(p, C)—smooth functions where the smoothness factor p has no restrictions.

We construct our neural network regression estimate in Section 4.1 and show the cor-
responding univariate rate of convergence result in Section 4.2. The finite sample size
performance of our newly proposed estimate is illustrated in Section 4.3 by applying it to
simulated data.

4.1. Constructing the Neural Network

The construction of our neural network estimate is motivated by an approximation in two
steps:

1. Approximate the (p, C')—smooth regression function m in the projection pursuit
model by a sum of convex combinations of polynomials.

2. Approximate the piecewise polynomials by neural networks.

In the following we will first present our approximation result for a projection pursuit
model by piecewise polynomials in Section 4.1.1 that will set the underlying structure of
our neural network regression estimate. We will then introduce the neural networks that
we use to build our neural network estimate in Section 4.1.2. After that we will present
the structure of our neural network estimate in Section 4.1.3 and we will choose the outer
weights in Section 4.1.4. Lastly, we will explain the procedure of guessing the projection
direction vectors which will also summarize the algorithm for the construction of our
neural network estimate in Section 4.1.5.

4.1.1. Approximating a Projection Pursuit Model by Piecewise Polynomials

Let A > 1. We draw our inspiration for our neural network estimate from the approxima-
tion result of a (p, C)—smooth function m : R? — R for z € [~ A, A]¢ by a local convex
combination of polynomials. The following lemma gives an approximation result for a
(p, C')—smooth function m : R? — R in the projection pursuit model

m(zx) = Zgl(af:r) (x € RY)
=1

with r € N, (p,C)-smooth functions ¢; : R — R (I = 1,...,r) and with projection
directions a; € R? (I = 1,...,7).
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Lemma 4.1.1. Let p = g + s forsome g € Ngpand s € (0,1]. Let C >0, r€N, g;: R— R
(p, C)-smooth functions (I =1,...,r)and a; € R? (I = 1,...,7). Set

= Zgl(alTa:) (x € ]Rd).
=1

Forbj e R (I=1,...,7) set
r q T
b T )
S ) (s
=1 j=0

where g(J ) denotes the j—th derivative of g;. Then we have for any = € R¢

r-db-C
im(z) — g(z)| < g 111 - [laz = by[|,.

Proof. By the proof of Lemma 11.1 in Gyorfi et al. (2002) we have for any z € R

q
, 1
Zg (u—z) §—'-C-|u—z|p (u € R).
= ! q!
Applying this with v = al' z and 2z = b z we get by the Cauchy-Schwarz inequality
[m(z) — g(z)]
r q T
b x)
< Y|l Zgl L= (af'z — bl z)
=1
~ 1
< Z ; -C-|alx — bl zP
=1
r-d?-C
S a0 /1% - llar — byl

O]

Next, the following lemma gives an approximation result for the approximation in
Lemma 4.1.1 by piecewise polynomials. For that we choose grid points from the interval
[—V/d- A,/d- A] since we have for 2 € [-A, A]*and for I = 1,...,r

=1

2
d d
| = (Z al(”xw) < Jd A2 (a2 =V A ay| = V- A,
j=1

161



Lemma 4.1.2. Let p = q + s for some ¢ € Ngand s € (0,1]. Let C > 0, r € N,
g : R = R (p,C)-smooth functions (I = 1,...,r) and a;,b; € R? with ||a|| = 1 and
b =1(=1,...,r). Let A>1, M €N, set

\/&-AH-W (i=0,...,M)

and set {i1,...,ip+1} = {0, ..., M}. Denote by g(]) the j—th derivativeof g; (I =1,...,7).
Then there exist polynomials p;, ; : R? — R of total degree q, which depend on a; and b; and
where all coefficients are bounded in absolute value by

3p
+1)3H2.9P . g2 . AP max max{ max |la;—b;|%,,1
(p ) l€{17"'7r}7‘j€{07"'7d} ”g Hw { 6{17 7r} H l l”w }

such that we have for all x € [—-A, A]?

roq (5 bT

SOS I Ty

=1 j=0
r M+1

M
33 pa@) - (1- = bz —
b l() < 2\/&14 ‘l ‘>+

=1 k=1

=1,...

1 p
e RN R (" T M

Proof. Let
(3+7) (ui,)
JL TS

N
plmjﬂ'k - Z 7_'

7=0

be the Taylor polynomial of gl( D of degree ¢ — j around u;, . Since g; is (p, C')—smooth

we know that g(j )i
(2002) we have that

’ (blTaj - uik)T

is (p — j, C')—smooth. So, by the proof of Lemma 11.1 in Gyorfi et al.

1
(g —5)!

From this we can conclude with the Cauchy-Schwarz inequality for » € [ A, A]?

|9 (0 @) = pri, (b )| < O [bf g, 7).

g7 (b]'z)

bl ,
7 ((ay —by)Tz)? — Plyin D1 ) ,(bl ) ((ag —by)Tz)

4!
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1 : .
= |0t O0w) = pra (0 ) |- L@ = bo) Tl
1 1 T (p—4) i
< ﬁ'm'c'|bl$*“ik| (law = by[ - [|z])
1 iy A . . .
< =) - C ol —uy, |77 - (V) - [lay — by, - (V) - |||,
q—7)!
1 o
< — . C-d - AT (max { bz — ui ], |ay — byl })” (4.1)
(g —7)!
By definition, in case that u;, < bfz < w41 for 6 € {1,...,M + 1} we have for
€ [-A A
M M
—— bl — | = ——— - (bl x —uj,),
2\/&A|l 9| 2\/&A<l 9)
M M
— bl —u =——— (uj41 —blz
2\/&14|l e+1| 2-\/&-A(9+1 l)
and for iy, #ip, i # (ip+1), ke {l,..., M+ 1}
M M 2-vVd-A
———— bz — ;| > : vd =1.
2-Vd- A 2-Vd- A M

Hence, for u;, < bl z < u;,11 for6 € {1,..., M + 1} and for z € [ A4, A]¢

M+1
k=1 2-Vd- A +
M
= (1 “yvi A (bl z — Uze)) + <1 oA (Wig41 — bf:l;))
M

= 1

In case that b] z = u;, for 6 € {1,..., M + 1} we have for z € [ A, A]¢

M M
2\/EA ‘l‘/E u9| 2\/&14 (lm ue)
and for iy, #ip, k € {1,...,M + 1}
N F ey 2VaA
2-d- A 2.vd-A M
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Hence, for bz = u;, for 6 € {1,...,M + 1} and for = € [ A, A

M+1
M
S (1l wl) =1
2-Vd- A n

k=1

As a consequence, with (4.1) and with ¢ < p we can conclude for z € [ A, A]¢

q T
b 4
Zgl & a; —by)"x)!
q M+1
plyjlk bl x (
_ZZ 1— |bla: ulk|>
=0 k=1 2R \f % +
q (J)(bTx) MA1 M
= |2 (o b Tap Y (1— 67—
1 1 Lk
=0 ] =1 2. \/g A +
. Pia(be) - bl u!)
7=0 k=1 2 \/a 4 +
q M+1 T T
b x , i (b7 x
< Z gl l ) —bl)T )] pldvk(' l )'((al—bl)T.’E)]
§=0 k=1 J:
M
41— — - bTa;—ui
( s bl )
q G (WT T
g b X . p7'72’ b €T .
< Z max L'Z)'((al—bl)Tl')]—%'l)'((al—b[)jﬁl’)j
i, €{0,..., M}, j ]
I=0 ol amu;, |<2-vaA/M
p
2-vd-A
< (¢+1)-C-d?- AT <maX{\AZ,IIaz—blHoo}>
1 p
< oy o a4y (mac{ - vl )
3p 2 1 b
= (p+1)-C-d¥ 2 4% (max{ e bile )
With

4 bl ,
pia(a) = 3 PaPLT) o Ty

= 7

164



we get the assertion. It remains to show the bounds on the coefficients. We have

pzk,l(l')
q 9—j (j+7)
i 1 .
= e e ) (e — by
—0 T J
J_

j=07=0 5=0
1 J
il > <V) ~(ay —by)” - 2"
vEN?
lvl=j
q q9=Jj (3+7) T
g (u;,) T T—90 / _
- Xy ey () X (7,0) e
7j=071=0 6=0 v eNd
V' |=1-8
1 J
23 (0) @b
vEN?
[vl=3

We look at the term separately. We start with

: T—0 T 19 T—0 v v/
% ZNd = <5>uzk< v >‘bl.x
=0 e

V'|=1—-6

and we see that, since ||b;|| = 1 implies bl(i) <lforalli=1,...,d,

e () ot () w

Next, we look at

<1-27-(Vd-A)° a7 1.

and we see that

gl(JJrT) (ulk) ) 1
7! 4!
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Thus, we can conclude that the coefficients are bounded by

1D2.¢%.929. (vVd- A . d9- Dy - b2
(¢+1)%q (Vd- A) e max g oo - max lay — by||%,
< 142 .9 . 42 . AP @ —bllP 1Y
< (p+1) e, A g, max{le?llffr} |la; — by|[%, 1}

This concludes the proof.
O

From the approximation results in Lemma 4.1.1 and in Lemma 4.1.2 we know that we
can approximate m by a convex combination of polynomials of total degree ¢ of the form

r M+1 q

j ik bl z J M
Z Z ZM ((ay =) z) | - <1 Ty ViA b/ = —uik|>

il
I=1 k=1 \j=0 J: +

where p; ;;, is the Taylor polynomial of gl(j ) of degree ¢ — j around u;,. Hence, the

approximation function is contained in a class of functions defined by

r M+41 | |
{Z Z Z aik,jl,...,jd,bl . (1'(1))']1 ..... (ZU(d))']d

=1 k=1 j1,--,3q€{0,...,q},
J1++ig<a

( 2.vd- A ’ l 23 ’>+
aﬂikmjl?"':jd:bl S R}'

Note, b, is our choice for the direction vector.

4.1.2. Building Blocks

The key concept for the construction is to use smaller neural networks as building blocks
to define a neural network fy,¢¢ j, . i, .. b, Which approximates

) ) M
(1)1 (d)\ja o T, _ ..
pos P @Oy (12 T e )
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and to choose the network architecture such that neural networks of the form
r M+1

Z Z Z Qig,j1,0.0Ga,b1 'fnet,jh--wjd,ik,bz (z) (aik7j1,---,jd7bl €R)

=1 k=1 jl?:"vjde{ov"'vq}
Jittjasq

are contained in it. In order to do this, we introduce four neural networks. For the
corresponding approximation results we need the following definition concerning the
activation function of the neural network.

Definition 4.1.3. Let N € Ny. A function o : R — [0, 1] is called N-admissible, if it is
nondecreasing and Lipschitz continuous and if, in addition, the following three conditions are
satisfied:

() The function o is N + 1 times continuously differentiable with bounded derivatives.
(i) A point t, € R exists, where all derivatives up to order N of o are nonzero.
(ii)) If y > 0, the relation |o(y) — 1| < ; holds. If y < 0, the relation |o(y)| < 1, holds.

Remark 4.1.4. It is easy to see that the logistic squasher

o(x) = e (x € R)
is N—-admissible for any N € N. A proof can be found in Bauer and Kohler (2019).
Choose R > 1.
First, we approximate the function
fl@) ==
by the neural network
X
fu(z) =4R - o <§> — 2R (4.2)

which is depicted in Figure 4.1. We use the following approximation results for f;4.

Lemma 4.1.5. Let 0 : R — R be a function, let R,a > 0. Assume that o is two times
continuously differentiable and let t, ;4 € R be such that o'(t,q4) # 0. Then

R x
fia(x) = m : (U <§ + ta,id) - U(tcr,id)>
satisfies for any = € [—a,al:

0"l - @® 1

| fia(z) — 2| < m ‘R
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Input Layer Hidden Layer Output Layer

O O

Figure 4.1.: Visualisation of the neural network f;;. The function has a 1-dimensional
input (black node) as well as a 1-dimensional output (red node). There is one
hidden layer consisting of 1 neuron (blue node).

Proof. The result follows in a straightforward way from the proof of Theorem 2 in Scarselli
and Tsoi (1998), cf. Lemma 1 in Kohler, Krzyzak and Langer (2019). O

Remark 4.1.6. Since the logistic squasher o is 2—admissible we apply Lemma 4.1.5 with
toid = 0: With
o'(2) = o(2) - (1 - o)) (x€R)

we get

and so the approximation results holds for
fia(z) = % : (a (%w) —a(o)> —4R. <a (%) - ;) :4R-U<%) ~ 2R
1
which is (4.2).
Second, we approximate the function
flz,y)=z-y

by the neural network

fomley) = W.M_<U<2w+y>+l>_2_a<x;y+l>

4 e 2_¢e1 R

—a<2@};y)+1>+2~a<x};y+1>),(4.3)

which is depicted in Figure 4.2. We use the following approximation results for f,,-
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Input Layer Hidden Layer Output Layer

Figure 4.2.: Visualisation of the neural network f,,.;:- The function has a 2-dimensional
input (black node) as well as a 1-dimensional output (red node). There is one
hidden layer consisting of 4 neurons (blue node).

Lemma 4.1.7. Let 0 : R — [0, 1] be 2-admissible according to Definition 4.1.3. Then for
any R > 0 and any a > 0 the neural network

2 A -
fmult(%?J) = 4.;?/(750)'(0<2(P;—y)+t”)_2"7( ]—;y—l-tg)

(B ) e () )

20 - 0" ||oc - a® 1
-2 Y < -
|\ fnue (2, y) — - y| < 3-l0"(t;)] R

satisfies for any x € [—a,al:

Proof. See Lemma 2 in Kohler, Krzyzak and Langer (2019). O

Remark 4.1.8. Since the logistic squasher o is 2—admissible we apply Lemma 4.1.7 with
te = 1. With
o'(2) = o(2) - (1 o)) (v €R)

and
o'(x) = o(z) - (1 —o(2))* = o(x)* - (1 — o(x))

we get
0 1 . 1 \? 1 \? . 1 e 2—e!
g = — _— — _— . — e —
1+e! l1+e ! 1+e! l1+e ! (14e1)3
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and so the approximation results holds for

St (2, y) = 7 <a <2'(a;y)+1> —2-a<$;y+1>

6_2—6_1
4 e

which is (4.3).
Third, we approximate the function
fla) =y
by the neural network
freru(®) = frmurt(fia(x), o(R - z)) (4.4)

which is depicted in Figure 4.3 We use the following approximation results for frcr.,.

First Second

Input Layer Hidden Layer Hidden Layer

Output Layer

Figure 4.3.: Visualisation of the neural network fz.r... The function has a 1-dimensional
input (black node) as well as a 1-dimensional output (red node). There are
two hidden layer consisting of 2 neurons and 4 neurons, respectively (blue
nodes).

Lemma 4.1.9. Let 0 : R — [0, 1] be 2-admissible according to Definition 4.1.3. Let f,,.;+ be
the neural network from Lemma 4.1.7 and let f;4 be the network from Lemma 4.1.5. Assume

0" ]loo - @

a>1 and R> ————.
- — 2-[0"(toid)|

Then the neural network

Jrerv(x) = frunt (fia(z), 0 (R-x))
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i=1

4 2
= de o (Zbkvi co(a;-x+ts) +byz-o(as-x) —i—tg)
k=1

satisfies

max {|o”[| o, [|0"[loc, 1} 3 1
— 0} <56- P
’fReLU(x) max{x’ }| N min {2 ' ‘O—I(tdfid)‘? ‘0’”(750)” 1} “ R

forall x € [—a,al.

Proof. See Lemma 3 in Kohler, Krzyzak and Langer (2019). O

Remark 4.1.10. The approximation results in Lemma 4.1.9 hold for fr.r. defined in (4.4)
by Remark 4.1.6 and Remark 4.1.8.

Fourth, we approximate for fixed y € R the function

Fa) = (1= 5=l =)

by the neural network

Jhaty() JReLU (2\]/\214 (r—y)+ 1) — 2 fReLU <2\]/\§A (- y))

+fReLU (2\]/\2‘4 : (x - y) - 1) (4.5)

which is depicted in Figure 4.4. We use the following approximation results for fy,q; ().

Lemma 4.1.11. Let M € Nand let o : R — [0, 1] be 2-admissible according to Definition
4.1.3. Let

" .
a>0 and R> lo ”"O,(M“),
2. |U (ta.id)‘
let y € [—a,a] and let fr.ru be the neural network of Lemma 4.1.9. Then the network

fhaty(®) = freLU (JQZ (z—y)+ 1) =2+ fReLU (M (- y))

2a
M
+ fReLU <2'(l‘—y)—1> (4.6)
a
satisfies

M max {[|0” || oo, |0" ||, 1} 3 1
(@) — (1= 22 |z — <1792 — a8 L
fraaale) (1= I y‘>+ S 2 o e ol D MR

forall x € [—a,al.
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First Second

Hidden Layer Hidden Layer Output Layer

Input Layer

Figure 4.4.: Visualisation of the neural network f;,,  (z). The function has a 1-
dimensional input (black node) as well as a 1-dimensional output (red node).
There are two hidden layers consisting of 6 neurons and 12 nodes, respec-
tively (blue nodes). For readability, edges of weight 0 are omitted entirely.

Proof. Since

M M M M
(1—% Jz))+ —max{% ':1:+1,0}—2~max{%~:c,0}+max{%-x—l,O} (r €R)

and o
sy lrad = (5o o=yl +1) € HOL+ DM +1]

we can apply Lemma 4.1.9 to each of the terms of f,;, with M + 1 instead of a. Together
with the triangle inequality we get

M
“ —(1== =
o)~ (1= 1 b y\)+

fReLu <]2\§($—y)+1> —max{ﬁi(x—y)%—l,O}‘

JReLu (]2\2[ : (Jf—y)) —max{é\i : (:U—y),()}‘

<

+2-
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_l’_

fReru (;\z-(x—y)—1> —maX{ZQ\i-(w—y)—LO}

max {[|0"]|oo, [|0" [0, 1}
min {|o”(t5)],2 - |0"(to,ia)|; 1}

1
R

< (14+2+1)-56- (M +1)3.

" " 1 1

< 224 .maX /{/HU oo HO-/ lloos 1} . (2M)3 -

min {|o”(t5)],2 - |0"(toia)|, 1} R
By (I P NS TR
min {[0”(t5)|, 2 - |0’ (toa)|, 1} R

O
Remark 4.1.12. The approximation results in Lemma 4.1.11 hold for fy,q () defined in
(4.5) by application of that lemma with a = /d - A > 0 together with Remark 4.1.10.
4.1.3. The Network Architecture and the Inner Weights

With the building block networks presented Section 4.1.2 we will now recursively define
the neural network f.es j,,....j,.ir,b, Which approximates

. A M
(1)yd1 (d)\ja T )
x = (') (') < 3 Vi |b; = uk\>+

First we give the definition of the neural network. We choose NV > ¢, set s = [logy(N +1)]
and define for i € {1,...,r}, j1,...,54 € {0,1,...,N}and k € {1,..., M + 1}

fnet7j17“'7jdaik7bl (:'U) = ffO) ($)’ (4'7)
where
1 1
10@) = Foie (£ (@) 15 @) (48)
fork e {1,2,...,2"}and t € {0,...,s — 1}, and
F(@) = fual fia(2®)) 4.9)
forji+jo+--+i1+1<k<ji+jo+---+jandt=1,...,d,
£ irtsinan (@) = Frata,, (b] ), (4.10)
and
() =1 (4.11)
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fork=ji+jo+ - +ja+2,71+j2+ -+ ja+3,...,2°. An example of the network is
visualized in Figure 1.4.
It is easy to see that fyek j,.... j, b, i @ neural network with s + 2 hidden layers and at
most

6-25,12-25,2.25 25 ... 84

neurons in the layers 1,2,. .., s + 2, respectively. Consequently, this network is contained
in the class of all fully connected neural networks with s + 2 hidden layers and 24 - (N + 1)
neurons in each hidden layer. Furthermore, it is easy to see that all weights are bounded

in absolute value by
M
Cg - max {1, 1 R2}
for some constant cg > 0.
Second, we use the following approximation results for fres j,... juixbi-

Lemma 4.1.13. Let M € N. Let 0 : R — [0, 1] be 2-admissible according to Definition
4.1.3. Let A > 1, b € R? with ||b|| = 1. Let N € N and let j1,...,j54 € Ng such that
Ji+ -+ ja < N. Set s = [logg(N +d)]. Let

oo o L0 (41 90" A% 200" ey
- 20 trid] 10 toia)] 310 o) |

max {[|0"||oo, 0" flo0s 1}
min {2 - |o'(toia), 0" (to)], 1}

1792 - Sd3? . M3} (4.12)

and let y € [—A, A]. Let fiq, fmur and frq . (Where y = z in (4.5) for z € R) be the neural
networks defined in Section 4.1.2. Define the network fret j ... j,.y.b DY

Fnetgo,gayp(@) = [ (),
where fl(o) is defined by backward recursion as follows:
1) = frae (£33, 157 @)
for ke {1,2,...,2"Yand 1 € {0,...,5s — 1}, and

FO (@) = fal fua(=z®))
forji+jo+ 41 +1<k<ji+jo+---+jandl=1,...,d,

fjgf-)i—j2+-~~+jd+1(x) = fhat,y(bTx),
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and
(@) =1
fork = ji+jot+---+jg+2,51+jo+---+jg+3,...,25 Then we have for any = € [—A, A%

) ) M
fnet7j1,---,jd,y7b($) - (95(1))]1 T (ﬂf(d))jd (11— m : |bT»T —yl)+
s .98 1
§C37'33.3 _A32 M3§

Proof. We define by backward recursion a function g%o) that has the same structure as our

neural network. Each node of g§0) is assigned the function that the corresponding node in

our neural network is supposed to approximate. SO,
(0) — My ... (d)yia . 1———.1b —

x x x .

g1 (@) = (&)t (@) ( > Vi A Ib"z —y)+

S

More precisely, we define
g (@) = gy (@) - gl (@)
fork € {1,2,...,2'Yand I € {0,...,s — 1}, and
g (@) = 2

forjy +jo+ - +ji1+1<k<ji+jo+---+jandl=1,...,d,

(s) _ M T
Ijrtia+tia+1 () = (1 o vaa b y|>+ )

and
g (z) =1

fork=ji+jo+ - +jat2,+je+ - +ja+3,...,2°
We claim that we have for any x € [ A, A]¢

190 ()] < 477 (4.13)

We show (4.13) by induction on the layers of the network g, (0).
Start of the induction. For layer s we have for j; +jo+-- -+ i1 +1 < k < j1+jo+ -+
andl=1,...,d

987 (@) = a0 < A = A1 = A7
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and trivially

(s) _ M T _ 42
191+ o+t (2] = <1 T ViA b x_y|>+ <1<A=4
and fork =j1 +ja+ - +jat 2,1 +Jj2+ - +ja+3,...,2°
g (@) =1< A< A

Induction hypothesis. Assume (4.13) holds for the [—th layer where [ € {0,1,...,s}.
Induction step. We consider the (I — 1)—th layer. For k € {1,2,...,2""}and (I — 1) €
{0,...,s — 1} we have by the induction hypothesis
1—1 l l s—1 s—1 9s—1 s—(l—1)
gt @) = g1 @) gy < AT AT a2 g
This concludes the proof of the claim (4.13). Next, we show that for k € {1,...,2!} and
1 €{0,...,s} it holds that
1P (@) <33 A2 (4.14)

We show (4.14) by induction on the layers of the network fl(o).
Start of the induction. For layer s we have by (4.12) for j1 +jo+ -+ ji-1+1 < k <
ji+je+---+jandl=1,...,dwe get by Lemma 4.1.5 and

@) = il fiae))]
= |fia(fia(@D)) = fia(@D) + fia(z®) — 2 4 20
< fia(fia(zD)) = fia@D)] + | fia(@®) — 20| + 2]
B 1 S SO O Ll PSR S
= 2-l0'(teia)] R 2-|0'(tsid)| R
1 1

< Z4-44
< gt

< 3-A
_ 330-A20

and by Lemma 4.1.11

|f](f‘)|‘j2+"'+jd+1 (l’) ’
= | fraty (b )|
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M M
< o bTCL‘—<1— -le‘—> +<1— .
max {0 oo, 10" locr 1}~ 5 1
< 1792 MBS 4
= min {2 - [0 (tg.a)], [0" ()], 1} R
< 1+1
< 2.4
S 3O-A20

andfork=ji+jo+---+ja+2,51+je+--+ja+3,...,2°

@) =1< 4 <3 A%

Induction hypothesis. Assume (4.14) holds for the [—th layer where [ € {0,1,...,s}.
Induction step. We consider the (I — 1)—th layer. By the induction hypothesis we know that

l 1 s—1 s—1 s—1 s—1
FO (@), f0 (@) e =¥ A2 g 42

and so for k € {1,2,...,2"'Vand (I — 1) € {0,...,s — 1} we have by Lemma 4.1.7 and

)+ 3 (@)

by (4.12)
-1)
‘ ( ’ = ‘fmult(gk 1()f2k( ))‘

()

< e (£ @), £50@)) = £ @) - 1@+ |15

20 HOJ//H 333S : A32S : 1 35— l 25— l 3s— l 95— !

< — 43 -A -3 <A

- 3-lo"(to)] o

< 1432370 g2

S 33571 ) 32.357l . A2.2571

33357t g22°7!

3337(171) A287(l71)

This concludes the proof of the claim (4.13). Now, we prove the assertion of the lemma by

showing
1

50@) = @) < exr 39T AT
fork e {1,...,2'}and ! € {0,...,s}, where

20 - [|0"]loo 9 - [l0"[loq

(4.15)

C37 = max y
{ 3-10"(to)] " 10" (to,ia)

il ) )
min {2 - |0’ (t.iq)|, 0" (t5)], 1}
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by induction on the layers.
Start of the induction. For layer s we have for j; +jo+-- -+ 71 +1 < k < j1+jo+ -+
and/ =1,...,d by Lemma 4.1.5

@) =00 @) = [fulfia@®)) — 20
= | fia(fia(@D)) = fia(zD) + fia(z®) — 2O
< fa(fia@D) = fia(@)| + | fia(a®) — 2O
B e W O NSV S
2 |o'(toia)l R 2 |o'(teia)l R
1 , 1
< R . .
< 2 5 c37- A 7
1
< 037.33.A3.M3.E
) . 1
and by Lemma 4.1.11 fork =ji +jo+ -+ ja+ 1
(s) (s) T M T
z) — )| = ayb'z)—(1——F—— b 2—
16 =@ = oy (675) = (1= 77— W=l
n 1
min {|o”(ty)],2 - |0/ (tsia)], 1} R
1
< 23343 M3 =
< e37-3 7
1
< 303 '3O-A3'20-M3-E

and trivially for k = ji +jo +--- 4+ ja+ 2,1 +jo+ - +ja +3,...,2°

S S . . 1
@) =g @) =1 =1 =0 < eyr - 37 ¥ AP 0P
Induction hypothesis. Assume (4.15) holds for the [—th layer where [ € {0,1,...,s}.
Induction step. We consider the (I — 1)—th layer. By Lemma 4.1.7, by (4.13), (4.14) and by
the induction hypothesis we get for k € {1,2,...,2""1} and (I — 1) € {0,...,s — 1}

A >—g“‘”<x>|
= e (51 @), £ @) = 98) 1 (@) - 98 (@)
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= | (f§§31 e ) (@) 3 @)+ S @) - f) @)
—g4) (@) 1) (@) + o8] <> S3(@) = g5) 1 () - g5) ()]
< mae (£301 @), F0@)) = 15 @), S5 @)
s (@) - 3 () - g% (@) Fi ()]
)~
(

A

+|92k 1( z) - fgk(w ggk 1( ) - ggk( )|
Fonate (1@, £50 @) = 01 @), S50 @)+ 15 @) 1511 (@) = g8 @)

l

g1 (@) - 113 @) - g5 (@)]

20 - [|0"|| oo - 333°7h . g327t ¢

- 3 |o"(ts)] R
N L - R CE A VL 8 %
95—l 3.35—1 3.95—1 3 1
+A c37+ 3 <A - M- R
s— s— 1 s— s— 1
< cgp 333432 Z-E—I—037-34'3 boarrt ~M3-§

+c37 - 33370442 3 %

s—1 s—1
< By 3233 g2 3

1

R
.3s—(-1) .gs—(-1)

< cyr 333 . A32 V3.

o

This concludes the proof. O
Remark 4.1.14. The approximation results in Lemma 4.1.13 hold with

y =, € [-Vd-A,Vd- A
for the neural network fpet j, .. j..i.b, defined in (4.7) — (4.11) by Remark 4.1.5, Remark
4.1.11 and Remark 4.1.7.
4.1.4. Definition of the Output Weights

Now, we choose the output weights for given directions b; (I = 1,...,r). By construction
of our neural network estimate in Section 4.1.3 the network is contained in the class of
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functions

r M+1

: : : : : : G/ik,jl,...,jd,bl ’ fnet:j17"'ajd7ik7bl (x) . aikvjl:"'7jd7bl S R

I=1 k=1 j1,....,ja€{0,...,N}
JifjasN

For given directions b; (I = 1,...,r) we define our neural network estimate 7, (z) by

M+1

mn(a)) = Z Z Z aik)vjl:"'vjd7bl ’ antvjla"'zjdvikzbl (x)7

I=1,...r k=1 ji,....j4€{0,....N}
jttja<N

where the coefficients a;, j, . j, b, are chosen by minimizing

r M+1

n
%Z ‘E - m”(Xl)P + % ’ Z Z Z aleJl,w,jd,bz (4.16)
=1

=1 k=1 j17...,jd€{0,...,N}
b tia<N

for some constant c¢3 > 0. This regularized linear least squares estimate can be computed
by solving a linear equation system. To see this, set

N +d
J:r-(M+1)-< + )
d

let

{Bj : ]Zl,,]}

= {frnetji,juizpy - LIS 1<k<M+1land0<ji+---+jg < N}
and set

B = (Bj(Xi))i<icni<j<s and Y = (Yi)iz1,.n-

Then

J
i (z) = Y ag - By().
k=1

Additionally, set
1

" n

A BB+ 3 .1,
n
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Clearly, the matrix A is symmetric and positive definite and hence regular. As a conse-
quence, we can write (4.16) as

(Y- Ba)T(Y - Ba) + Bala
n

1
(Y'Y — 2Y'Ba) + a” <BTB + 8. 1) a
n n

SI— 33

(Y'Y — 2Y"Ba) + a’Aa

1 g 1 1 1
A—lBTY) A <a - A—lBTY> +-Y'Y- S Y'BAT'BY.
n n n n

Il
N
¥
\

We observe that the last two terms are independent of a and hence the right-hand side is
minimal for ) )
a--A"'B'Y=0 < Aa=-B'Y
n n

So, the weight vector of our neural network estimate is the unique solution of the linear
equation system
1 1
<BTB + 2. 1> a=-BTY. (4.17)
n n n

Since a minimizes (4.16), obviously, the value of this minimization problem will be also
less than or equal to the value we get when we set all coefficients to zero. Hence, we have

1 1

1 c c
~(Y —Ba)T(Y —Ba) + — -aTa< —(Y - B0)"(Y - B0) + — - 070 = - Y'Y
n n n n n
and so
T L7 n
a'a<-Y'Y. — (4.18)
n C3

which will allow us to derive a bound on the maximal absolute value of our coefficients.

4.1.5. Choosing the Directions

In essence, we choose the projection directions by repeated random initialization of
direction vectors. We then pick the neural network estimate with the smallest error. More
precisely, the algorithm works as follows:

1. Randomly choose values
T...,bre[-1,1)¢
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as an independent sample from a uniform distribution on [—1, 1]? and set

b*
b=t (I=1,...,7).
b7 |
These values approximate the direction of projection by, ..., b, in our projection
pursuit model.
Note, thatfor i =1,...,r
P{b} =0} =0,

which means we can assume w.l.o.g. ||b;|| # 0.

2. For these vectors b; (I = 1,...,r) construct a neural network estimate as described
in Section 4.1.3 and choose the outer weights as in Section 4.1.4.

Repeat steps 1. and 2. I,, times. A choice of I, is given in Theorem 4.2.1.

3. Choose the directions and the corresponding network which achieves the smallest
penalized empirical Lo error (4.16) among all the I,, networks as our neural network
estimate 1m,.

4.2. Rate of Convergence

Theorem 4.2.1 states that our neural network regression estimate constructed in Section
4.1 achieves the univariate rate of convergence up to a logarithmic factor.

Theorem 4.2.1. Assume that the distribution of (X,Y) satisfies
E (1) < o (4.19)

for some constant ¢4 > 0 and that the distribution of X has bounded support supp(X), and
let m(x) = E{Y|X = x} be the corresponding regression function. Let r € N, p > 0 and
C > 0, and assume that the regression function satisfies

m(zx) = Zgl(alTa:) (z € RY)
1=1

for some (p, C')—smooth functions g; : R — R and some a; € R with ||ay|| =1 (1 = 1,...,7).
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Define the estimate m,, as in Section 4.1, where o is the logistic squasher

1
7= e
and where the parameters are chosen as
no O\ e
=) |

N|©

N >p, M:Mn:{cm.nﬁ], R=R,=n

and .
A=A, = (logn)sO+d,

Set B, = cg - log(n) for some suitably large constant c¢g > 0 and define m,, by
mn(z) = T, mn(z).

Then m,, satisfies for n suffciently large
2 3 -k
E [ Imy(z) — m(x)|*Px(dz) < c11 - (logn)® - n~ 2+1,

where c¢11 > 0 does not depend on n.

Remark 4.2.2. The rate of convergence in Theorem 4.2.1 is stated specifically for the logistic
squasher. Nonetheless, the statement is equally true for all squashing functions that are
Lipschitz continuous and 2—admissible according to Definition 4.1.3 with f;; as in Lemma
4.1.5, frue as in Lemma 4.1.7, and fgrery as in Lemma 4.1.9.

Remark 4.2.3. Since the rate of convergence presented in Theorem 4.2.1 is independent of
the dimension d of X, this means that our proposed neural network regression estimate for a
regression function that satisfies the regression pursuit model is able to circumvent the curse
of dimensionality. However, we can see that the dependence on the dimenion d has shifted
into the necessary number of repitions I,, of the initial random choices of the directions b;.
Concerning the computation of our estimate, we need to solve a linear equation system with
a quadratic M,, x M, matrix I,, times. The computation time for this is proportional to

9 r-(d—1)+2
I, - M2 ~n 2

183



Hence in case
r-(d—1)<4-p

the computation time is O(n?). This means that if the number r of terms in the projection
pursuit model and the dimension d of X are not too large our estimate can be computed in
O(n?) time.

Remark 4.2.4. The parameters N, r and M, and also I,, of the above algorithm depend on
the projection pursuit model and are hence unknown in any application. Using the splitting
of the sample technique as explained in Section 4.3 it is possible to choose these parameters
data-dependently.

4.2.1. Auxiliary Lemmas from Empirical Process Theory

For the proof of Theorem 4.2.1 we will need the following auxiliary results from empirical
process theory.

Lemma 4.2.5. Let
* Bn = cg - log(n) for some suitably large constant cg > 0,
e F, be a set of functions f : R* — R.
Assume
* the distribution of (X,Y') satisfies (4.19) for some constant ¢, > 0,
* the regression function m is bounded in absolute value,

* the estimate m,, satisfies
my = Tg, My

with
Mp(-) = My (-, (X1, Y1),..., (X, Yo)) € Fa, (4.20)

* the estimate m,, satisfies

—Z]Y M (X;) <m1n< Z\Y gni(X |2+penn(gn,l)> (4.21)

le®

for

— some nonempty set ©,, of parameters,

184



— some random functions g, ; : R? — R, that only depend on the set

Bnr={b" . b0 b by

»
where

bgl),. . .,b,g.l),...7bgln)’.”’b(l’n)

.
are random variables independent of

(X1, Y1),...,(Xn, Ya),

- some deterministic penalty terms peny,(gn1) > 0.
Then m,, satisfies

/ () — () PP (dz)

§ c13 - (logn)? - (log <supx?€(supp(x))n M (ﬁ,fn,x?» + 1)

n

+2.E (lIél(l)IrlL / |gni(z) — m(x)*Px (dz) +p6nn(gn,l)>

for n > 1 and some constant c¢13 > 0, which does not depend on n.

Proof. Compared to Lemma 2.2.14, we see that (4.20) is assumed independently from any
event A, and (4.21) is an additional bound.

As in the proof of Lemma 3.2.11 we apply Lemma 2.2.14 where the event A, is the
underlying set of our probability space. This gives us

( [ mato) - >\2PX<dx>>

cr - (logn)? - (log (supxrll N <ﬁ,}—n,$?)> + 1)

n

1 1o
+2- E<n D lin(Xi) = Yil® - Ly, 1<6, Geft,mp)y — - > Im(Xi) - Yi|2>-

=1

We use (4.21) and, since X; is independent of bV b ,ng"), . 7b7(f") for i =

1 2= ¥Mr >
1,...,n, we bound the expected value on the right-hand side further by

< Z = Yil® - ;1260 Gett,m) }—*Z\m Yi|2>

=1
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INA
o
&=

1 N 1 <
3 ) - L) it
: =1

. 1
min % |gn,1(Xi) = Yil® + penn(gng) = — > Im(X;) - Yz-|2>
i=1 =1

IN
O
&=

1
, (Xl) - Y;‘Q +penn(gn,l) - E Z |m(Xz) - Yz’2

Bn”") )
=1

1
min — E(’gn,l(Xi) - Yz‘Q —[m(X;) — Yz|2 Bn,r) +Penn(gn,l)>

Bn,r) + peny (gn,l)>

min 1 Z / |gn.1(z) — m(x)|*Px, (dx) +P6nn(9n71)>

(VAN
)
=
mnE
P
=
VR
S|
(]
=y
3

— 92.E (min / |gn.1(z) —m(x)PPX(dx)+penn(gn,z)>

where the second equality holds since

E (:L Z(gn,l(Xi) —m(X;)) - (m(X;) = Y3) | Bn,r)
i=1
= E (E (; Z(gn,l(Xi) —m(Xy)) - (m(Xy) = Y5) [{X1,.... Xp} U Bn,r) ‘ Bnﬂ“)
i=1
= E (711 Y (gna(Xi) = m(Xq)) - E((m(X;) = Yi) [ { X1, Xa} UByy) | Bn,r>
i=1
= E (:L Y (9n1(Xi) = m(X0) - E((m(X,) = Vi) | Xi) | Bn,r>
i=1
= E (:L D (gni(Xi) = m(Xy)) - (m(X:) —E(Y; | X5)) | Bn,r)
i=1
= 0.
This concludes the proof. O

In order to bound the covering number N (ﬁ, Fus m’f) we will use the following lemma.
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Lemma 4.2.6. Let a > 0 and let d, N, J,, € N be such that J, < n°“ and set 3, = cg - log n.
Let o be 2—admissible according to Definition 4.1.3. Let F be the set of all functions defined
by (1.2), (1.3) and (1.4) where k1 = ko = --- = ki, = 24 - (N + d) and the weights are
bounded in absolute value by cy5 - n°6. Set

JIn JIn
]:(J"){Zaj-fj:fje]: and Za§<cl7-n‘318}.

j=1 j=1
Then we have for n > 1

1 n
log <3Uppx?e[—a,a]d<n-/\/'l (M,}—(Jn)a%)) < cig -logn - Jp

for some constant c19 which depends only on L, N, a and d.

Proof. The proof of this lemma has been thoroughly developed within the work of the
author’s Master Thesis. For that reason only a short sketch of the proof is given here. Since
the networks in F(/») are linear combinations of .J,, fully connected neural networks with
L hidden layers, a bounded number of neurons in each hidden layers and all weights
bounded by a polynomial in n, the result follows by combining Lemma 16.6 in Gyorfi et
al. (2002) with Lemma 7 in the Supplement of Bauer et al. (2019). O
4.2.2. Proof of Theorem 4.2.1

We give a proof for the rate of convergence presented in Theorem 4.2.1.

Proof. Since by assumption supp(X) is bounded and m is (p, C')— smooth we can assume
w.l.o.g. that m is bounded in absolute value. So, we assume

Mmoo < Ba.

Let B,, be the event where

Yi|<vn (i=1,...,n).

E / () — m(2)[2P x (da)

B E(/ mn(2) — m(z)"Px (dx) - (1, + 1Bz)>
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< E(/ |, () — m(:c)|2PX(d$) . 13n> + E(/ |mp(z) — m(x)]QPX(dx) . 1351)

< E(/ |m (z) — m(x)|*Px (dz) - an>
+E</2 mp ()2 + 2 - |m(z) PP x (dx) - 135)
< E(/ [mn () — m(x)|*Px (dr) - 13n> + E(/Q B2 42 B2Px(dx) - 13;)

= E</|mn(x) —m(a;)|2PX(d;1:)~an> + 4-B2.P{B¢}.

We bound the summands on the right-hand side separately. We start with the second
term. Since we have by Markov’s inequality and by (4.19)

P{B;} = P{|Yi|>/nforsomeic{l,...,n}}
n - P {exp(cy - Y?) > exp(cy - (\/5)2)}
_ E (exp((:4 : Y2))

IN

exp (¢4 - 1)
< ' C21
N exp (1 n)

1
< o3¢ oy

we can conclude

1 (logn)?

4B P{BL} <4+ (cologn)? cas — <en (4.22)

Next, we bound the first summand further by Lemma 4.2.5. For that we define for given
directions b; (I = 1,...,r) a neural network m,, by

Mp+1

T (7) = Z Z Z Qig g1 ,easbr * Sret,gi e jasin.br (2),

I=1,..;0 k=1 ji,....j4€{0,...N}
Jit+ja<N
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where the coefficients ay, ;, ;. b, are chosen from the set

. 2 2
(akdhm,jd,bz)k,jhm,jdl : Z Ak j1,....ja b <corn
k7j17"'9jd7l
with
1 N+d
027:max{,2-r-< d ).(q+1).gp.d3p/2}
C3

by minimizing

1 n c r K
~ 2 3 2
o Z Y5 — 1y (X5) |7 + e Z Z Z Ok j1seria by
=1 =1 k=0 j17...,jd6{0,...,N}
Jit-tjas<N
for some constant c3 > 0 and we let

My = T,Bn Moy,

be the by f,, truncated version of 1n,,. By (4.18) we know that the output weights of our
neural network estimate m,, satisfy on B,

1 & n
2 2
Z A j1,..rjasl = EZY; g
=1

k?jla"':de
1
< —n-(V? L
n C3
< car ot

Thus, m, coincides with m,, on the event B,, and we can write

B my, =Tg,m, if B,
mp = R .
Tg, M, if BS.

So, we have

E(/ |mp(z) — m($)\2PX(d:C) . an> = E(/ | () — m(m)|2PX(da:) . an)

/ 7n() — m<x>|2Px<dx>> |

IN

E
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We apply Lemma 4.2.5 to the right-hand side of the above inequality. In order to apply
Lemma 4.2.5 we need to check the conditions (4.20) and (4.21) for m,,. By the definitions
above, it suffices to consider m,, under the additional assumption that

2 2
Z kg1 ,....jasl < co7 -t (4.23)

Kot yeeosiasl
Let F be the set of neural networks defined by (1.2), (1.3) and (1.4) with s + 2 layers, i.e.
L=s+2=logy(N+d)]+2,
with 24 - (N + d) nodes in each layer, i.e.
ki =ky=---=kr=24-(N+4d)
and where the weights are bounded in absolute value by n°. Let
Jp=1-(Mp+1)-{(j1,---,5d) : j1s--->3a €{0,..., N}, j1+ - +jg < N}

Then

Jn:r-(Mn+1)<N+d).

d
Set

In In
Fn) — Zaj-fj:fje}' and Za?SCW'HQ

Jj=1 J=1

the function space defined in Lemma 4.2.6 with

1 N+d
627—max{,2-7“-< C—; )'(q+1)'2p-d32p}.

c3
By construction and by 4.23, we immediately know that
i (2) € FUn)

which verifies (4.20).
By Lemma 4.1.2 we know that for each i € {1,...,I,} there exist coefficients

(9) P P
Uy, jas € [TC28 - An, c2s - A
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which depend on a; and on b(i), but which are independent of (X1,Y7), ..., (X,,Y,),
such that we have for all z € [~ A4, A,]¢

"L g (b))
4!

r Mp+1

- Z Z Z az(i),jl,...,jd,l (D) (@ @)

=1 k=1 j1,...,54€{0,....,N}
Jit+jasN

M, (T >
(1 — YT —
< 2 a, (Bl )

< (r.Qp.(p_f_l).C.d?’Qp.Aip

L RN
- [ max E’l:nll?,}.{,rnal_bl Iloo . (4.24)

From the definition of our estimate as the solution of a minimization problem we can
conclude that for these coefficients it holds that

1 n
” Z |Y; — i (X5)[?

((ag = b z)!

1=1 j=0

2

r Mp+1 )

t 2
< E: )ID DD DAL ‘
—_ mln |Y alk,jl,...,]d,l fnet,jl,...,jd,ik,bl(t) (XZ)’

=1 k=1 ]17 7]de{07 7N}
Jit+jasSN
c r Mny+1
3 (t) 2
+;Z > > ()
=1 k=1 ji1,..,j2€{0,...,N}
Jit+-- +Jd<N
1 n r Mp+1 ()

. t 2
< — P — E : ]
= tzlll,l.l.?ln n E |Y; E : zk]h sl fnet,jlv---a]‘d,ik,bl(t)(XZ)’

i=1 I=1 k=1 ji,..j4€{0,..,.N}
Jit+jas<N

1 N+d
n d

which verfies (4.21). Now, we can bound the first summand by Lemma 4.2.5 and Lemma
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4.2.6 together with

M _2p n2ptl log n)é» logn
A% = < (logn)SVFD -2 ¢y - <2-co ( ggp) <2-cp gzp
n n2p+1 n2p+1

which yields

E / () — () PP (dz)
~(log n)3 - M,

r Mnp+1

n
: (t)
an( i [[53F i @

I=1 k=1 ji,..ja€{0,....N}
Jit+ia<N

2
—m(x)( PX(dx))

__2p_
+c31 - (logn) - n™ 2e+1,

Now, we look at

r Mpy+1

(t 2
/ ‘ Z Z Z aik):jlw-»jdyl ’ fnet,jl,...,jd,ik,bgt) (x) o m(x) PX(d:U)

I=1 k=1 ji,...ja€{0,...,N}
Jittja<N

Since (a + b+ c)? < 3a® + 3b% + 3¢2 (a, b, c € R) we have

r Mp+1

JIX Y 5 s fusssuipio @)~ ml@) PP (o)

=1 k=1 jl,...,jde{O,...,N}

it tia<N
r Mp+1
<3 f

0) _
Z Z Z it seeeriasl fnet7j1,.,.,jd,ik,bl(t) ()

=1 k=1 ji1,...,34€{0,...,N}
Jit+ja<N

r Mp+1

t . .
o Z Z Z al(k),j1,~~~7jd,l ’ (a:(l))ﬁ e (x(d))“

=1 k=1 j1,...,54€{0,....,N}
Jit+ga<N
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2

Mn t
(1=, e ) | Pt

(t) (1)yd1 (d)\ja
Z ST TR (‘T ) o (x )
=1 k=1 j1,....54€{0,....,N}
Jite+ja<N

(15 RICRE um)+

+
r Mp+1

w [

2.
r 4 () @ON\T 2
ZZ((b)),((al_bl(t))T@j Py (dz)
r Mp+1 J bl 2
=1 k=

We bound the three summands on the right-hand side separately. Since

1 2 3(N+d) 3 9
max { n2+1 (logn)6N+d)  (logn)sV+d) n2»+1 & <n2 = R,

holds, (4.12) is satisfied and for the first summand we have by Lemma 4.1.13 for all
€ [ Ay, An)¢

T

M,
(t)

ZZ Z Ukt sl fnet,k,jl,...,jd,bl(t)(x)

=1

k= 0.717 7.7d€{07 7N}
]1+ “+Jja<N

o Z Z Z a’(;)jlw:jd,l ’ (x(l))jl T (x(d))jd

1=1 j=0 ji,....j4€{0,...N}
it tia<N

My, (T )
1 —2 b _
( 2ova.a ()

r My
(XX ¥ W

=1 k=0 j17...,jd€{0,...,N}
It tia<N

. . M. 2
. (2 Oyi L p@Dyda (1 T,
st s ean® (B) = (@07 (@) < 2 Vi A (b )" 2 — uy] +|
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s s 1
< 0 (M + 1) (N +d)* g - AT 3% (V- An)2 - M- o
n
2p 6(N+d) s 1
S 628 . (log n) 6(N+d) . (log n) 6(N+d) . 2 . 010 - m2p+l . 79
n
2
< e3¢ (logn) .
n

The second summand is bounded by (4.24).
For the third summand application of Lemma 4.1.1 gives us for all 2 € [~ A,,, A,,]?

~ g (b)) )

2.2

((ag = b)) 2) —m(z)* < cz3- AP max |[la; — bl(t)Hgg.

i
== g! I=1,...
Hence,
E [ mafe) - m(x)Px(da)
3.
< ex (logn)” - My,
n
1 2
+2 E( min_ cso (logn) —i—(?"-?p (p+1)-C d% AZP
=L.udn n
o\ 2
(t)
max , max ||a; — b, [|oo
=17
tegg - A+ max |y b§“||?£>

In case that

1
- _pW _ 1
max{ X inaxm lay ) Hoo} M,
we have
E/ |, () — m(a:)|2PX(da:)
log n)3 - M, log n)? 1

194



E . _AQp . _ b(t) 2p
+ (trlnlnln €33 Ay lg?fr||al i [

__2p_
+c31 - (logn) - n™ 2+t

lo 3 lo 2 _2p
S Cc40 * ( g;:) + Cc39 * ﬂ + C49 - (log n) 6(NI<)|>d) . T
n2p+1 n n2p+1

2
+c43 - (logn) D . K ( min  max ||a; — bl(t)Hg]g)
T

t=1,...In I=1,...,

__2p_
+c31 - (logn) - n~ 2+t

3 _2p __2p . (t) 2p
< ca - (logn)” - n i + ez (logn) @0 -E( min - max fla; — b5
=1,...,In I=1,...,r
and in case that

=1,...,

1
max {Mv lf%?.).(,r la; — bl(t)“oo} _ lil%axr llay — bl(t)”oo

we have
E / () — m()?Px (dx)
I 3. M 1 2
oy om e (ogn)

=1,...,

—|—E< min_ g5 A% - max |la; — b{”|[% + ¢g5 - A - max Ha,—bl(t)y\gg)
t=1,....In =1 I=1,..r

'
+ca1 - (logn) - n~ 2p+1

. 3., —52ky . 61311 . : _b®2p
< ceg6 - (logn)? - n” 2041 4+ ¢y7 - (logn)6(V+d) . E | min lmax lla; — b, " ||3E ) .

t=1,....In I=1,...,r

So, it remains to bound

E {t min  max llay — b}””iﬁ} .

=1,..,Ipl=1,.r
By the random choice of the vectors bl s € {1,...,r},i €{1,...,I,} we know for any
u e (0,2]
In
i () _ = — (i) _
i {m e 1057 = aulloo > } 1 (1 P {J%%?ir b = aslloe < })
1=
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_ <1 - ﬁp {”bgw ~ayle < u}>1n

s=1

Further, by (3.40) we know that for any u € (0, 2]
p {||bgi> ~aya < u} > P {||bg") —ay| < u} > ¢l

Thus,

{ min  max ||b{’ —as||g§}
i=1,...,In s=1,...,r

E
2p L
:/ P{mln max bl —a5|]oo>t2p}dt
0

’” 7I’n s=1 seeesT

2 1TIn
s/ (1— ct2p)) dt

0

2% *tT TIn
<[

0
< 2P

00 2 4 __2p
. . —Uoyr(d—1) d’U . I r(d-1)
2p d— 1) / e v n
(C*)—,l r( 0

1 2p ( 2p ) _r(jgn
— . T(——) 1,
(c*)% r(d—1) r(d—1)

2p
r(d—1)

S

= cag-In

1 9 _2p
2p+1
< eus (<Oin>> ’

where the third inequality follows by substitution

r(d—1) v r(d—1)
= t 2p I < —_— = t =
v ( ) ((C*)r In> SO(U)

and .
de . 1 ‘I;r(dﬂ) ] 2p v%—l

dv ()5 r(d—1)

and where last equality follows since the the Gamma function I" satisfies

"(watp) <
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Taking the above results together yields

E / (&) — m(2) 2P x (dz)

2p

— 5 - 1 2\ 2p+1
< a9 - (log n)3 n %41 + ¢c50 - (logn) SN 48 - (( ) >
n
1\ 2k
P
< e - (logn)®- () .
n
This concludes the proof. .

4.3. Application to Simulated Data

We illustrate the finite sample size performance of our newly proposed estimate by applying
it to simulated data using the software MATLAB.

For our simulation we choose the simulated data as follows: We choose X uniformly
distributed on [1, 1], where d is the dimension of the input, ¢ standard normal and
independent of X, and we define Y by

Y =mi(X)+o0-Aj-¢

where m; : [-1,1]% — R is described below, \; > 0 is a scaling value defined below
and o is chosen from {0.01, 0.05,0.10,0.20} (j € {1,2}). For comparability, we choose as
regression functions the same ones as in Chapter 3:

mi(z®, z®, 2())
1
1+ exp(—(0.83172(1)) — 0.02772(2) + 0.55452(3))

+\/ (—0.64612(1) —0.14122(2) + 0.75012(3))2 + 1
and

ma(z®, z®,23) 2@ )
1
1+ exp(—(—0.486321) + 0.59762(2) — 0.02092(3) + 0.59492(4) — 0.22812(5))

1
1 :
208 <(—O.6236x(1) +0.12442(2) 4 0.473523) + 0.19142*) — 0.57862(5))2 4 2>
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A; is chosen approximately as IQR of a sample of size 100 of m (X ), and we use the values
A1 = 0.2444 and s = 0.2515.

From this distribution we generate a sample of size n = 100 and apply our newly
proposed neural network regression estimate and compare our results to that of six
alternative regression estimates on the same data. Then we compute the Ls errors of
these estimates approximately by using the empirical Ly error ¢, 5 (-) on an independent
sample of X of size N = 10,000. Since this error strongly depends on the behavior of
the true function m;, we set it in relation to the error of the simplest estimate for m; we
can think of, a completely constant function. The constant function estimate describes
the average of the observed data according to the least squares approach. Thus, the
scaled error measure we use for evaluation of the estimates is ¢, y(mn,i)/2, 5 (avg),
where £/, y(avg) is the median of 50 independent realizations of the value obtained if the
average of n observations is plugged into €, x(-). To a certain extent, this quotient can be
interpreted as the relative part of the error of the constant estimate that is still contained
in the more sophisticated approaches. Of course, the resulting scaled errors depend on
the random sample of (X,Y) and in order to still be able to compare these values we
repeat the whole computation 50 times and report the median and the interquartile range
of the 50 scaled errors for each of our estimates.

We choose the parameters for each of the estimates by splitting of the sample. Here we
split our sample into a learning sample of size n; = 0.8 - n and into a testing sample of size
ny = 0.2 - n. We compute the estimate for all parameter values from the sets described
below using the learning sample. Then, we compute the corresponding empirical Lo
risk on the testing sample and choose the parameter value which leads to the minimal
empirical Lo risk on the testing sample.

Our first three estimates are built-in fully connected neural network estimates where
the number of layers is fixed and the number of neurons per layer is chosen adaptively.
The estimate fc-neural-1 has one hidden layer, estimate fc-neural-3 has three hidden layers,
estimate fc-neural-6 has six hidden layers and the number of neurons per layer is chosen
from the set {5, 10, 25, 50,75}, {3,6,9,12,15}, {2, 4,6, 8,10}, respectively.

Our fourth estimate kernel is the Nadaraya-Watson kernel estimate with so-called naive
kernel where the bandwith is chosen from the set {2¥ : k € {5, —4,...,5}}.

Our fifth estimate neighbor is a nearest neighbor estimate where the number of nearest
neighbors is chosen from the set {1,2,3} U {4,8,12,16,...,4- |7 ]}.

Our sixth estimate RBF is the interpoland with radial basis functions where the radial
basis functions ®(r) = (1 — )% - (35 - 7% 4+ 18 - r + 3) is used and the scaling radius is
chosen adaptively.

Our last estimate neural-3 is our newly proposed neural network estimate presented in
this chapter. Here, the following parameters of the estimate are fixed: N is set to 2, A is
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set to 1, and R is set to 10°, and r is set to 4. The parameter M of the estimate is chosen
from the set {2,3,4}. In order to accelerate the computation of this estimate we use only
I,, = 50 random choices for the vectors of directions.

The results are summarized in Table 4.1 and in Table 4.2. As we can see from the
reported scaled errors, our newly proposed neural network estimate outperforms all other
estimates in five out of eight cases. In the other settings our proposed neural network
can easily compete with the other estimates, in the sense that the values of the former lie
within a small range of the best error value.

my
noise 1% 5% 10% 20%
L, v(avg) 0.0065 0.0065 0.0065 0.0066
approach median (IQR) median (IQR) median (IQR) median (IQR)
fc-neural-1 | 0.0358 (0.001) 0.0708 (0.001) 0.0581 (0.001) | 0.1106 (0.001)
fc-neural-3 | 0.0105 (0.002) | 0.0470 (0.002) | 0.0414 (0.001) | 0.1003 (0.002)
fc-neural-6 | 0.0209 (0.001) 0.0361 (0.001) 0.0497 (0.001) | 0.0867 (0.001)
kernel 0.2478 (0.052) | 0.2451 (0.067) | 0.2436 (0.086) | 0.246 (0.127)
neighbor | 0.1168 (0.035) | 0.1226 (0.046) | 0.1815 (0.145) | 0.2165 (0.121)
RBF 0.0117 (0.001) | 0.2929 (0.012) | 1.1759 (0.074) | 5.9945 (3.003)
neural-3 0.0139 (0.016) | 0.0187 (0.007) | 0.0284 (0.011) | 0.1636 (0.071)

Table 4.1.: Median and IQR of the scaled empirical L, error of estimates for m; for sample
size n = 100. The smallest error values in each column is highlighted by bold

letters.
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mo
noise 1% 5% 10% 20%
€L, v(avg) 0.0073 0.0075 0.007 0.0073
approach median (IQR) median (IQR) median (IQR) median (IQR)
fc-neural-1 | 0.0278 (0.001) 0.0531 (0.004) 0.2241 (0.01) 0.5805 (0.006)

fc-neural-3

0.0567 (0.001)

0.0726 (0.001)

0.0967 (0.002)

1.2439 (0.005)

fc-neural-6 | 0.048 (0.002) 0.5121 (0.002) 0.4656 (0.002) | 0.576 (0.005)
kernel 1.1081 (0.022) 1.1174 (0.013) 1.1386 (0.002) | 1.2119 (0.040)
neighbor | 0.3749 (0.158) 0.3978 (0.168) 0.4536 (0.195) | 0.5734 (0.018)
RBF 0.0038 (0.001) 0.0512 (0.013) 0.1939 (0.039) | 0.7595 (0.131)
neural-3 | 0.0035 (0.001) | 0.024483 (0.010) | 0.1041 (0.007) | 0.2068 (0.029)

Table 4.2.: Median and IQR of the scaled empirical L, error of estimates for m, for sample

size n = 100. The smallest error values in each column is highlighted by bold
letters.
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A. Supplement

A.1. Definitions

Definition A.1.1. Let ¢ > 0 and let 1 < p < oc. Let F be a set of functions f : R? — R. Let
v be a probability measure on R%. For a function f : R — R set

Iz, = \f(w)\”l/(dw)y

a) An e—cover of F with respect to || - ||, ,) is a collection of functions gi,...,gn :
R? — R with N < oo such that for every f € F

J:I{HHN 1f = gillL,w) <e€

b) An e—covering number of F with respect to | - ||, is the size N of the smallest
e—cover of F . We denote the e—covering number of F with respect to || - ||, by

N(&, F - lp,0)) -
If no finite e—cover exists, we set N (e,f, Il - ||Lp(y)) = 0.

¢) Let x1,...,z, € R be fixed and let xt = (z1,...,x,). Let v, be the corresponding
empirical measure, i.e.,

va(A) =23 La(w) (ACRY),
i=1

Then the L, — e—covering number of F on x7 is the minimal number N € Ny so that

there exists a collection of functions g1, ..., gy : R? — R, such that for every f € F it
holds that
1 n 1/p
jmin (n ; | (1) - gj(xi)\”> <e
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We denote L, — e—covering number of F on z} by

N, (e, F,z7) .

Definition A.1.2. Let € > 0 and let 1 < p < oc. Let F be a set of functions f : R? — R. Let
v be a probability measure on R%. For a function f : R — R set

Iz, = If(w)lpV(d:v));

a) An e—packing of F with respect to || - ||, is a collection of functions g1, ..., gn :
R? — R with N < oo such that for every f € F

J:f{llnN If = gillL,w) =€

b) An e—packing number of F with respect to | - ||, is the size N of the largest
e—packing of F . We denote the e—packing number of G with respect to || - ||,y by

M(67 g, H ’ ||Lp(1/))‘
If there exists an e—packing of size N for every N € N, we set M(¢,G, || - ||, ) = .

¢) Let x1,...,x, € R? be fixed and let b = (z1,...,x,). Let v, be the corresponding
empirical measure, i.e.,

vn(A) = %Z La(z:) (ACRY.
=1

Then the L, — e—packing number of G on x} is the maximal number N € Ny so that

there exists a collection of functions g1, ...,gn : R* = Rwith g1, ..., gn € G with
1 n 1/p
(n > lgili) — 9k(%‘)|p> > €
i=1

foralll < j <k < N. We denote L, — e—packing number of G on x} by

MP (67 g? :L‘?) .

Definition A.1.3. Let A be a class of subsets of R? and let n € N.
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a) For zi,...,z, € R? define

s(A {21, ) = {AN 21, ..., 20} - A€ A}

b) Let G be a subset of R of size n. We say that A shatters G if s(A,G) = 2". This
means that each subset of G can be represented in the form AN G for some A € A.

¢) The n—th shatter coefficient of A is

S(A,n) = max  s(A,{z1,...,2n}).

{z1,.,2n }CRE

In other words, the shatter coefficient is the maximal number of different subsets of n
points that can be picked out by sets of A.

Definition A.1.4. Let A be a class of subsets of R% with A # (. The VC dimension (or
Vapnik-Chervonenkis dimension) V4 of A is defined by

Vai=sup{n e N: S(A,n)=2"}.

In other words, the VC dimension is the largest integer n such that there exists a set of n
points in R which can be shattered by A.

Definition A.1.5. The support of a d-dimensional random variable X is given by
supp(Px) = {z € R : Px(S(x)) > 0 for all € > 0}.

The support is the smallest closed set with probabilty one according to P x.

A.2. Proof of Lemma 2.2.14

In the proof we use the following error decomposition:

(( [ 1mata) = m(@)PPc(a)

1o~
-2 ( Z 170 (X3) = Yil? - L1y, 1<6. (e {tm)))

) )
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- [E{\mn(X) - Y|2\Dn} - E{ym(X) - Y|2}

— (E{Imn(X) = T, YIDw } — E{ Im, (X) = T, Y P}) | - 14,

| B{ [ (X) = T3, Y D0 } = B{ I, (X) — T, Y[*}
1 n
=2 =37 (Imal(X0) = T, Yil? = Img, (X) = T5, Yil?) | -1
n; [mn(Xi) — T, Yil™ — [mg, (Xi) — T, Yil An
R 1 o
2D ma(X) = Ta i =2+ S g, (X) = T, Vif?
=1 =1
1 o 1
-|2-- n(Xi) =Y -2~ X)) =Yl )| -1
(2 43ty -2 LSy i)
1« s 1 5
123 Ima(X) Vil = = 3 (X - Vi
=1 =1

’1An

1=, 1«
2 (n D n(Xi) = Yil* - 1y 1<p, Geftmn})} — - > Im(Xi) - Yz‘\2>
i=1

=1
4
= Zﬂ,n . 1Anv
=1

where T, Y is the truncated version of Y and mg, is the regression function of 73,Y, i.e.,
mg, (z) = E{TBHY|X = x}
We start with bounding 7 ,, - 14, . By using a® — b? = (a — b)(a + b) we get
Ty, = E{\mn(X) Y g (X) — Tﬁnyﬂpn}
~E{m(X) — Y~ |mg, (X) - T, Y I*}

- E{(Tﬁny V) (2ma(X) Y — Tﬁny)‘pn}

“E{(m(X) = mg, (X)) + (T5,Y = V) (m(X) +mp, (X) =Y = T,Y) }
= T5n + Ton.
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With the Cauchy-Schwarz inequality and

; _ oxp(ea/2-|Y]?)
=0} = "exp(ea/2- 52)

we conclude

Tnl < E{T5Y — Y} \JE{2m,(X) — Y — T3, Y[2|D,}
VELYE - Tysgg ) - EL2 - [2ma(X) — Tp, Y2 +2- [Y2[D,)
exp(ca/2 - [Y?)
JE{” explca/2 - 52) }
E{2 - [2m,(X) — T, Y[2[ Do} + 2E{|Y |2}

R 1 ) BVCCEN e (s

With 2 < exp(z) for z € R we get

IN

IN

2
Y2< 2 - exp (%4 : |Y|2> (A.1)
C4

and hence \/E{|Y|2 -exple/2 - |Y|2)} is bounded by

2 2
E <c4 - exp (04/2 . |Y|2) ~exp(cy/2 - |Y|2)> <E <c4 - exp (C4 . |Y]2)> < c3g

which is less than infinity by the assumptions of the lemma. Furthermore, in the same
way the third term is bounded by /1832 + c39 because

E([Y|?) < E(2/cs - exp(es - |Y]?)) < €39 < 0. (A.2)

With 3,, = ¢3 - log(n) we have for some constants ¢4, c¢41 > 0 that

log(n
|T5.,| < C38 * €Xp (—040 . log(n)2) . \/(18 ez - log(n)? 4 c39) < ¢y - & )

From the Cauchy-Schwarz inequality we get

Tonl < Jz-E{m(X) —mg, (X))2} +2- B{|(Tp,Y - Y)P}
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E{ ‘m(X) +mg, (X) - Y — TgnY\Q},

where we can bound the second factor on the right-hand side in the above inequality
in the same way we have bounded the second factor from 75 ,,, because by assumption
||m|| is bounded and furthermore mg, is bounded by 3,,. Thus, we get for some constant
c49 >0

2
E{ }m(X) +mg, (X)—Y — Tﬁny‘ } < g2 - log(n).
Next, we consider the first term. With Jensen’s inequality we get that

E{|m(X) - mﬁn(X)F} < E {E(|Y - TﬂnY|2‘X>} - E{|Y - TﬂnY|2}.

Hence, we get

Tonl < 4 E{Y = T3, Y2} sz log(n)

and therefore with the calculations from 75 ,, we have that T ,, < c43 - log(n)/n for some
constant c¢43 > 0. Altogether we get

log(n
Tl,n : 1An < |T5,n| + |T6,n| < cyq- g( )

for some constant c4s > 0.
Next, we consider T5 ,, - 14, and conclude for ¢ > 0

P{Tgﬂ . ]‘An > t}

X) Ts Y| X) TsY|?
SP{afeTﬁmsupp(X)J:n:E<f(ﬂn)_ ﬁﬁn )_EOWEi ) %n )
_}Z”: )f(Xi) Y|P ’mﬁn(xi) T Y[
ni= Bn Bn Bn Bn
1t X)) TY|H Wmm_%JQ
>2<ﬁ72‘+E<‘ Bn Bn ) E( Bn Bn ’
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where T oupp(x)Fn is defined as {Tﬂn I Louppixy : f € ]-"n}. Theorem 11.4 in Gyorfi et al.

(2002) and the relation A/ (5, {/Bing 1g € g} o ||oo,supp(X)) SN (6 Bns o Il oo, supp(x))
for an arbitrary function space G and ¢ > 0 lead to

t

n
P{T2,n . 1An > t} < 14 N (80'/871,]:”7 H : HOO,S’upp(X)) + €Xp <_51361872L . t> .

Since the covering number and the exponential factor are decreasing in ¢, we can conclude
fore, > %

E(Tyy - 14,)

o
<en +/ P{Ts, 14, > t}hdt
En

. n 5136 - 32
<eg,+14-N <w,fn, Il - ||ooysum9(X)> " exXp <_51365% ‘ 5n> on
Choosing
5136 - 32 1
en =" log <14 N (wfn I ”oo,supp(X)>>

(which satisfies the necessary condition ¢, > 8—7? if the constant c; in the definition of 3,, is
not too small) minimizes the right-hand side and implies

cr - log(n)? - log (./\f (ﬁ:f’m |- ”oo,supp(X)>>

n

E(T3, - 14,) <

n

By bounding 7%, - 14, similarly to 71 ,, - 14, we get

—_
Q

—~
S

~—

E(T3,-14,) < cu5-

for some large enough constant ¢;5 > 0 and hence we get in total

C46 - log(n)2 -log (N (ﬁ:fm - ”oqsupp(X)))

3
1=

for some sufficient large constant c4s > 0.
We finish the proof by bounding 7} ,, - 14,,. We have

IN

1 n
— D Ima(Xa) — Y
[t
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1 n
< Z Imn(Xs) = Yil* - 1y, <8, (e{1,.nh)}
=1

1 & )
+ﬁ 2‘: I Xe) = Xl 1{\Yj|>6n for some je{1,...n}}
1=

n

1<
< =3 1ma(Xa) = Yil? - Ly <, Geqt,nd)

n -
=1

1 ¢ 5
+ﬁ ; [mn(Xi) = Yil”- 1{\Yj|>5n for some je{1,...n}}
where we have used that |73z — y| < |z — y| holds for |y| < 3. Consequently, we have
E{Tyn-14,}
<gll Y X;) - Y2
= n Z [ (Xi) = Vil Ly, 16, for some jef1,...n})
i=1

_ 2
=E {‘m”(Xl) -n 1{\Yj|>6n for some je{l,...,n}}}

< VE{Jma(X1) = YT} - \/P{|¥;| > B, for some j € {1,...,n}}
1

<cin- B2~
n

where the last inequality holds since by Markov’s inequality

P{|Y;| > By forsomei € {1,...,n}} = n P {exp(cio-Y?) > exp(cio-57)}
~ E{exp(cio-Y?)}
exp (c10 - (c2 - logn)?)

C40
< 4-c¢2 - (logn)?-n-
n041-10gn

1
< cl03° —
n

and (2.7) and (A.1), which imply

B{lma(X) -} < 16- 31+ B ) <16- (814 3 Blow (00 1)}
€4

< c105- /be-
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In combination with the other considerations in the proof this implies the assertion of
Lemma 2.2.14. ([
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