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Cerro de la Estrella

Aqui los antiguos recibian al fuego

Aqui el fuego creaba al mundo

Al mediodia las piedras se abren como frutos

El agua abre los pdrpados

La luz resbala por la piel del dia

Gota inmensa donde el tiempo se refleja y se sacia [...]

Octavio Paz, "Libertad Bajo Palabra”
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Chapter 1

Introduction and Motivation

Although it is a theory of the utmost accuracy and success, the Standard Model (SM) of
elementary particle physics cannot describe Nature up to arbitrarily high energy scales
and therefore is not the last answer on our way in uncovering Nature’s secrets. Today
we look upon the SM as merely an effective field theory which is described by a local,
causal quantum field theory up to an energy scale yet unknown, but assumed to lie at
about 10'% GeV. Though all experimental data available today are in perfect agreement
with the description of Nature by the Standard Model, there are some loose ends in
the framework of the SM from which we mention just one, the so called naturalness or
hierarchy problem. If the breaking of the electroweak gauge symmetry is provided by
an elementary scalar getting a vacuum expectation value, the mass of that scalar, the
Higgs boson, should be of the order of the electroweak breaking scale. Typically, the
radiative corrections to the mass square of a scalar are proportional to the square of
the energy scale at which its quantum field theory is embedded in a more fundamental
theory, candidates for which being the Planck scale, a GUT or a string scale of the order
given above or higher. This is not the case for fermions which receive only logarithmic
corrections. An immense fine tuning for the bare mass of the Higgs scalar at the scale of
the more fundamental theory is therefore necessary to cancel the quadratic contributions
from the renormalization group flow. If we did not have these cancellations, the “natural”
mass square of the Higgs scalar at the electroweak breaking scale would be of the order
of the square of the high scale; this is called the naturalness problem. The hierarchy
problem means the sheer existence of the vast differences between the two energy scales.

A possible solution of the naturalness problem serves as the strongest motivation for
supersymmetry. Supersymmetry is a symmetry which interchanges bosons and fermions
and could therefore naturally explain the existence of light scalars. In the supersymmet-
ric limit each fermion loop contributing to the quadratically divergent Higgs self-energy
is accompanied by a scalar loop with the opposite sign. Furthermore the coupling
constants are required to be equal by supersymmetry, hence the quadratic divergence
cancels out and only the logarithmic survives. As a second motivation we may mention
gauge coupling unification which is compatible with current data only in supersym-
metric extensions of the Standard Model but not in the SM itself. Hence, in spite of
technicolour models — theories where the Higgs is a composite object — and models with
extra dimensions (whether “large” or not) as competitors, supersymmetric extensions of
the SM are the most widely accepted of the hypothesized models beyond the Standard
Model.

After the first supersymmetric models had been established in the early 1970s



2 CHAPTER 1. INTRODUCTION AND MOTIVATION

[1], phenomenology started and supersymmetric extensions of the SM have been con-
structed, e.g. see the reviews given in [2], [3]. The simplest of these extensions is called
the Minimal Supersymmetric Standard Model (MSSM), where the predicate “minimal”
stands for minimal field content: Each SM field is embedded into a superfield where the
SM fermions are accompanied by scalars, the gauge bosons by fermions, called gauginos,
and the Higgs bosons also by fermionic superpartners. Moreover, the constraint of being
supersymmetric forces the existence of at least two Higgs superfields, one with hyper-
charge +1 and one with hypercharge —1, to give mass to the up- as well as down-type
fermions; the appearance of two Higgs doublets is necessary also to avoid anomalies.

Therefore the prediction of supersymmetry is the existence of superpartners for all
yet known SM particles. Since they are constrained by SUSY to have the same masses
as the SM particles but have not been observed yet, supersymmetry has to be broken.
Until today the mechanism of supersymmetry breaking is unknown, so we parameterize
our ignorance by the most general explicit breaking of supersymmetry, the so called
soft breaking terms. They are motivated by the fact that SUSY has to be broken by a
whatsoever mechanism at a high scale, producing these explicit breaking terms by the
renormalization group evolution of all relevant operators compatible with all symme-
tries. Though SUSY is a very simple concept and an enormously powerful symmetry,
in addition to the huge number of particles, these soft breaking terms make the MSSM
tremendously complicated as all particles which are by their quantum numbers allowed
to mix really do mix. Also the pure number of free parameters in the MSSM becomes
one order of magnitude higher as in the SM, namely 124 [4], or even, in a more general
version, 178 [3], [5].

Another issue is the incredible number of vertices considering all Feynman rules of
the MSSM (cf. tables B.3, B.4, B.5, B.6) and the sometimes very complex structure
of the coupling constants, [0], [7], and [5]. There are some simplifying assumptions for
the structure of the coefficients of the soft breaking terms (e.g. flavour alignment or
universality) which are motivated by supergravity embeddings of the MSSM, but need
not be fulfilled. One can steer a middle course as a compromise for the model: as general
as possible, but as simple as necessary. We choose coefficients which are diagonal in
generation space (actually, the generation mixings must be very small not to contradict
the experimental thresholds for violation of the separate lepton numbers L., L,, L)
but the diagonal elements need not be equal in contrast to the prejudice given by the
universality constraint. The number of vertices in tables B.3, B.4, B.5 and B.6 has
been estimated under this assumption, but even as this is not the most complex of the
“minimal” MSSMs, it has a discouraging number of more than four thousand vertices.

Today’s generation of running and planned colliders (Tevatron, LHC, and TESLA)
will bring the decision which way Nature has chosen for electroweak symmetry breaking
(cf. e.g. [3]). But even if a Higgs boson is detected at one of the world’s huge colliders
in the next years, it will not be easy to determine whether it is a “standard”, a minimal
supersymmetric, a next to minimal supersymmetric one [9], [10], [L1], or something
else. For this, extensive knowledge about the alternatives to the SM must be available,
and besides the ubiquitous radiative corrections (within the SM, the MSSM and other
models), it is indispensable to calculate tree level processes with up to eight particles in
the final state, as in highly energetic processes (10? — 10% GeV for the colliders above)
the final states are very complex. (The interest in eight final particles comes from the
desire to study WW — WW scattering, the inclusion of the WW W W -vertex in eight-
fermion production processes, production of tt-pairs and their decays as well as the
production of superpartners and SUSY cascade decays.) Of course, such calculations



with 10* — 108 participating Feynman diagrams have to be done automatically by matrix
element generators like O’Mega [12]. Alternative models to the SM have therefore to be
incorporated into such matrix element generators as the SM was. The goal for the next
years will be to compare possibly found experimental deviations from the SM predictions
with the theoretical results from alternative models like the MSSM.

As it soon becomes clear, the work is not done by simply writing a model file for
the MSSM to incorporate it in an matrix element generator like O’Mega. Since the
complexity of the model grows immensely from the SM to the MSSM (compare tables
B.1-B.2 with tables B.3-B.6) it is inevitable to check the consistency of such models
like the MSSM. This is necessary for making sure that all parameters (masses, coupling
constants, widths, etc.) are compatible with each other, to debug computer programs
(model files, numerical function library, etc.), and not to forget, to have the numerical
stability under control. Symmetry principles which have always been strong concepts
in physical theories provide such tests for consistency checks here. The MSSM like the
SM has its SU(3)c x SU(2)r x U(1)y gauge symmetry as a powerful tool for those
checks; what is often used is the independence of all physical results from the gauge
parameter £ in general R¢ gauges. Our aim is to make use of the Ward, or better,
the Slavnov-Taylor identities of the gauge symmetry [13], [14], [15], [16]. Both kinds of
identities originate from the quantum generalization of the symmetry principle of the
classical field theory, the first expressing current conservation and being only valuable
in the case of global symmetries, the latter stemming from the BRST symmetry left
over after gauge fixing.

In supersymmetric field theories we can, of course, use supersymmetry as the under-
lying symmetry, and there, as long as we are not concerned with local supersymmetry
(supergravity), we are able to employ Ward identities. As we will see for supersymmet-
ric gauge theories it is indispensable — even at tree level — to use the Slavnov-Taylor
identities. The stringency of the consistency checks is also a drawback: the relations
mentioned as vehicles for those tests are quite complicated and involve a number of
sophisticated techniques. As a first and fundamental step, extensive knowledge about

Process # %gi/frfsa # Propagators | # Diagrams
etem — 9% 24 8 8
ete™ — éfél_ 27 9 9
ete™ — Ul ul 346 41 660
efe™ — efe 1% 610 60 1,552
efe™ — I0xexY 782 66 2,208
ete™ — éf ey mutu s 4,002 153 141,486
ete™ —eTe ™ x9%Y 4,389 172 239,518
efe™ — ete x99y 11,870 280 1,056,810
ete™ — XIIRONONIXe 17,075 322 2,191,845
efe™ — efe utpuuuxdxd 23,272 434 50,285,616
ete™ — IR IXINY 273,950 1,370 | 470,267,024

Table 1.1: Juxtaposition of the number of Feynman diagrams and of O’'Mega fusions
for some MSSM processes at a linear collider. By fusions we mean the fundamental
calculational steps for constructing the amplitudes in O’Mega.
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how Ward- and Slavnov-Taylor identities for supersymmetric (gauge) field theories work
analytically (in perturbation theory) has to be gained to use such identities for numer-
ical checks. This will be the concern for the major part of this thesis; first of all, the
investigation of the applicability (on-shell and/or off-shell, what kind of method for
which model) of the several kinds of methods to be presented here, furthermore — and
even more important — to understand the way the cancellations happen in these iden-
tities. The latter point is inevitable in deciding which expressions to use in numerical
checks: expressions adjusted to the technical nature of cancellations are likely to be
numerically more stable than those which are not. A third and last issue then is to
transfer these analytical expressions to the matrix element generator and perform nu-
merical checks. Since it is not possible to produce reliable theoretical predictions for
future experiments without having powerful consistency checks at hand, and since such
consistency checks cannot be under (numerical) control without a deeper understanding
of how they work analytically, the original intention of this work has changed: from a
purely phenomenological issue at the beginning — to implement realistic supersymmetric
models as alternatives to the Standard Model into the matrix element generator O’Mega
— to a more theoretical one — to develop stringent tests as consistency checks for these
models and to understand their fine points in detail. We hope to have convinced the
reader that the latter is the sine qua non for the first. Thus the main part of this thesis
is concerned with analytical perturbative calculations of three different kinds of iden-
tities within several models, to our knowledge never been done before. Let us briefly
summarize the content of this thesis.

1.1 Structure and Content

After a short introduction to supersymmetry transformations, the main text is divided
into four parts, the first showing a method to gain on-shell Ward identities for super-
symmetric field theories originally invented in the late 1970s by Grisaru, Pendleton and
van Nieuwenhuizen but as far as we know this method has never been used diagram-
matically. We investigate that kind of Supersymmetric Ward Identities (SWI) for the
Wess-Zumino model and a more complex toy model to uncover some new effects. As
this formalism relies on the annihilation of the vacuum by the supercharge, it does
not work for spontaneously broken supersymmetry. We provide an example within the
framework of the O’Raifeartaigh model.

The second part is concerned with SWI constructed from Green functions with one
current insertion and contracted with the momentum brought into the Green function
by the current. At tree level these identities are fulfilled on-shell and off-shell. For the
latter the SWI are more complicated due to the contributions of several “contact terms”
and provide more stringent tests than the on-shell identities. Examples are calculated
for the Wess-Zumino model, the toy model from part one and for the O’Raifeartaigh
model, as the supersymmetric current is still conserved for spontaneously broken SUSY.
It will be shown that this method does not work for supersymmetric gauge theories.
The explanation of this phenomenon then blends over to the next part.

There we introduce the BRST formalism for supersymmetric theories where super-
symmetry as a global symmetry is quantized with the help of constant ghosts, [17],
[18]. In order not to cloud the intricacies by a huge amount of fields and diagrams,
we construct the simplest possible supersymmetric Abelian toy model. We summarize
the BRST transformations with inclusion of supersymmetry and translations and show
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several examples of supersymmetric Slavnov-Taylor identities in that toy model and also
in supersymmetric QCD.

In the last part we discuss the problems concerned with the implementation of su-
persymmetric models and the consistency checks mentioned above. Connected with
supersymmetric field theories is the appearence of Majorana fermions — real fermions —
which are their own antiparticles. The solution of how to let the matrix element gen-
erator evaluate the signs coming from Fermi statistics without expanding the Feynman
diagrams is presented based on ideas in [19]. Furthermore it is presented there how
one- and two-point vertices arising together with the BRST formalism can be handled
within O’Mega, though their topologies are not compatible with the way the amplitudes
are built by O’Mega. It is demonstrated that Slavnov-Taylor identities for gauge sym-
metries and supersymmetry can be done within the same framework. Finally we will
give an outlook of what remains to be done in that field, possible generalizations and
improvements.
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Chapter 2

SUSY Transformations

2.1 Classical transformations

First of all, we want to summarize the supersymmetry transformations of classical fields;
as a general reference for the basics of supersymmetry we mention the book of Julius
Wess and Jonathan Bagger, Supersymmetry and Supergravity [1]. By contraction with
a fermionic (i.e. Grassmann odd) spinor transformation parameter we make the super-
charges bosonic

Q(§) =€Q +£€Q (2.1)

The component fields of a chiral multiplet, the scalar field ¢, the Weyl-spinor field ¢ and
the scalar auxiliary field F' with dimension two undergo the following transformations
generated by the supercharge Q(§) (cf. the appendix as well)

Sedp = V261
S¢tp = —1V201€0,6 + V2AF (22)
6 F = —iv26619,9

Compared to the book of Wess/Bagger the relative signs in the last two transformations
have their origin in the different convention for the metric used by Wess/Bagger. This
causes differences in the definition of the 4-vector of the Pauli matrices.

Because Q(¢) is real (Hermitean as a generator for quantum fields), the transfor-
mation properties of a field imply the properties of the complex conjugated field. One
simply has to define:

(6e0)" = 6.0% (2.3)

This is the natural choice for a real generator. The relation will still be fulfilled in the
quantized calculus.

Better suited for our aim — application of SUSY transformations in a phenomeno-
logical particle physics context — will be a formulation of the transformation rules with
bispinors. Therefore we reformulate the transformations given above in this formalism.
We also split the lowest and the highest components of the superfields into their scalar
and pseudoscalar parts, called “chiral”. This will prove useful later.

1 _ 1 .
0= 5(A+iB),  F=—5(F-iG). (2.4)
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The resulting transformations are:

deA =y,

5eB = i&°,

Setp = —i@ (A+17°B) £+ (F+17°G) &, (2.5)
SeF = —1EQY,

5eG = —EPY°Y.

In this list all spinors are understood as bispinors. For the translation of the “funda-
mental” component fields to the “chiral” fields we refer to section 2.3.

2.2 SUSY transformations in Hilbert space

The following discussion should prevent the confusion with factors i and signs when
talking about SUSY transformations on the classical level and in the context of quantum
field theory. Classically we review the results of the last section:

Sep = (€Q+EQ), (EQ+EQ) =¢Q+¢€Q

o 2.6
Sed* — (366)" — (€Q+ Q) o* (26)

wherein ¢ could be a field of any geometrical character and any Grassmann parity.

In the quantum theory the transformation is represented by a unitary operator,
which is created by exponentiation of the supercharge — now a Hermitean generator —
multiplied with i:

(1Q(), 8] = d¢ (2.7)

Again ¢ is a field (operator) of arbitrary geometrical character and Grassmann parity.
Moreover, d¢¢ is the transformation of the classical fields incorporated into Hilbert
space, i.e. the classical term, in which the fields have been replaced by operators acting
in the Hilbert space. For the Hermitean adjoint one finds:

[1Q(€),¢)" = [iQ(€), o]
= (0¢9)’ o
= | [iQ(¢), ¢'] = (0c0)" = 5¢o'

There is no subtlety in dealing with fermionic fields here because the rule for reversing
the order of Grassmann odd parameters classically is translated to the rule for reversing
the order of field operators when Hermitean adjoined — no matter whether they are
fermionic or bosonic. But one still has to take into account that Grassmann odd clas-
sical parameters like £ and fermionic field operators have to be reversed in order when
Hermitean adjoined.

Finally there is a simple rule for the embedding of the classical transformations
into the quantum theory: Replace left multiplication with Q(§) by application of the
commutator with iQ(£).
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2.3 General problems with auxiliary fields in super-
symmetric field theories

As we will see, there is a possibility to implement SUSY Ward identities for theories
with exact supersymmetry and an S-matrix invariant under SUSY transformations, by
examining the transformation properties of the creation and annihilation operators of
in and out states. For the extraction of the relations between amplitudes provided by
supersymmetry, (in this ansatz) asymptotic fields (cf., for example, Kugo, [13]) have
to be taken into account. The only important parts of the asymptotic fields are the
one-particle poles, so we only have to keep those terms in the equations of motion of
the auxiliary fields F' and D which stem from the bilinear parts of the superpotential.
For example in the Wess-Zumino model we have:

F = —mg* — X&)’

- _% (A—iB) — 2 (A—iB)? (2.9)
L1l r g

V2

Out of this we obtain the equations of motion for the auxiliary fields:

(2.10)

Off-shell there is no distinction possible between fields and auxiliary fields. The
auxiliary fields are necessary to preserve the lemma stating that the number of bosonic
and fermionic degrees of freedom has to be equal. For physical processes (with fields
on the mass shell) one has to insert the equations of motion for the auxiliary fields.
For the derivation of the S-matrix via the LSZ reduction formula all one-particle poles
have to be accounted for. This implies further that in the equations of motion only
the one-particle poles have to be kept. In the MSSM these poles exclusively appear in
the mass terms (soft SUSY breaking terms) and the bilinear Higgs term, the latter also
generating masses.

2.4 SUSY transformations of quantum fields

Finally, we are able to write down the SUSY transformations in Hilbert space for the
chiral superfield:

[(IQ(E), A] = &y,

[iQ(¢), B = i&y*y,

[(Q(€),¥] = —i@ (A+iv°B) £ + (F +14°G) &, (2.11)
[iQ(&), F] = —i&@y,

[iQ(€), 6] = —Ep°v
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Taking into account only the one-particle poles, e.g. in the Wess-Zumino model,
yields:

[(Q(¢), A] = v,
[iQ(€), B] = i&7°, (2.12)
[[Q(€),¥] = — (ip +m) (A +17°B) ¢




Part 1

SUSY Ward identities for
asymptotic states

11






Chapter 3

SUSY Ward Identities [SWI]
for asymptotic fields

3.1 Consequences of SUSY for S-matrix elements

In supersymmetric field theories supersymmetry is a symmetry of the theory, meaning
that the S-operator commutes with the supercharges: [@,S] = 0. Later on we will
see that in supersymmetric gauge theories the gauge fixing required for quantization
breaks supersymmetry, with the result that the supercharge no longer commutes with
the S-operator on the complete Hilbert space but only with the S-operator on the
cohomology of the supercharge [18]. The S-operator maps the Hilbert space basis of
asymptotic in states onto the one of the asymptotic out states. Therefore we immediately
conclude that the in and out creation and annihilation operators have the same algebra,
i.e. commutation relations with the supercharge (). Remember that we are dealing
at the moment with exact supersymmetry, so the vacuum is invariant under SUSY
transformations and must be annihilated by the supercharge:

Q10) = 0. (3.1)

At this point we mention some common grounds and some differences of supersym-
metry and BRST symmetry. Both have in common that they are fermionic generators of
global symmetries of the theory (we do not treat supergravity and local supersymmetry
here) so there are some similarities between them. BRST transformations leave many
more states of Hilbert space invariant (namely all physical states) than supersymme-
try under which only the vacuum (and perhaps soliton solutions) are invariant. So for
constructing relations between amplitudes of different processes we are (in case of super-
symmetry) left with on-shell relations between S-matrix amplitudes whereas in BRST
identities different off-shell Green functions can be compared. Later on we will bring
SUSY and BRST together and derive the most general identities for supersymmetric
gauge theories.

For the derivation of SWIs the following relation is the basic ingredient to start with:

0= <O‘ [Q,a‘f“t La%tal™ .a;fnin} O>

- Z<O‘a‘1’“t..-[ ;a9 ""O>+Z<O

(3.2)

a™ ... {Q,ajin} ‘0>

13
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It follows, of course, from the invariance of the vacuum under SUSY transformations. So
starting with a string of creation operators differing in spin by half a unit from the spin
of the annihilation operators we get a sum of amplitudes for different processes where
all incoming and outgoing particles are SUSY transformed successively. The creation
and annihilation operators needed in the SWI of that kind have to be extracted from
the field operators. An explanation for the way this is done will be given in the next
section.

3.2 Projecting out creation and annihilation opera-
tors
In this section we only summarize the inverse Fourier transformations by which the

creation and annihilation operators of excitations of a scalar or fermionic quantum field
can be projected out with, following these prescriptions:

a(k) = i / BT kT g, ¢(x)

bk, o) / &7 Tk, o)1 (@)t (3.3)

d'(k,o) = /d3f T(k, ) Y0 (x)e F*

In the first line we made use of the famous abbreviation:
(a Bu b) = a(9,b) — (Oua)b.

In the case of Majorana spinor fields, which are important in supersymmetric field
theories, the last two equations are identical. The verification of (3.3) can be found in
appendix C.1.

3.3 Transformations of creation and annihilation op-
erators

As was discussed in the first section of this chapter for the derivation of the SWIs we
need the SUSY transformation properties of the creation and annihilation operators. To
derive them we go back to the so called “chiral” fields, ¢ and ¢*, which are now called
¢_ and ¢,. We write down their definitions again:

1
V2

At this point, there is a difference in the choice of sign compared to the work of Grisaru,
Pendleton and van Nieuwenhuizen [20].

Now we are — by the use of the SUSY transformations of the quantum fields and
projecting the creation and annihilation operators out of the field operators — able to get
the SUSY transformations of the ladder operators. First we discuss the transformations

by = (A - iB) (3.4)
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of creation and annihilation operators of the “chiral” scalar fields ¢, for which the
notation a((k,0),0 = £ is:

(Q(©). alk, 0)] =i / BE 50 [Q(€), bo ()

= =5 [t Gy (€4 o)

- \%E(l +oy° Z:b ke, m)u(k, 7) (3.5)
We find the transformation law
Q). alk,0)] = fu +07°) Z bk, T)ulk,7) (3.6)

Consider a massless theory, where the spinors u(k,7) und v(k, 7) are eigenstates of
the matrix v5. We end up with the concise result:

[Q(€), a(k, 0)] = V2i Eu(k, o) bk, o) (3.7)

Now we derive the transformation properties for the fermionic annihilation operators:
QbR = [ ETalkon’ Q). v(w)

= —iu(k,0) (aa(k) +iy’ap(k)) &, (3.8)

where we have used the spinor u’s equation of motion:

(p, ) (§ —m) = 0. (3.9)

When using the chiral fields instead of the scalar and pseudoscalar ones, it follows:

[Q(€),b(k,0)] = Z o) (1-1°)€) alk,7) (3.10)

In the massless case the bispinor is again an eigenstate of the chiral projectors, so we
find:

[Q(€),b(k,0)] = —V2iT(k,0)éa(k, o). (3.11)

We will derive the latter result in a more general context following the discussion of
Grisaru and Pendleton [20] in section 3.5.

3.4 Anticommutativity, Grassmann numbers and
Generators

There is a subtlety which may easily be overlooked, but without it, it is not possible to
derive the SUSY transformations of the asymptotic creation operators.

For the quantization of field theories including fermions, Grassmann fields are be-
ing used, i.e. spinor fields whose components are Grassmann odd. This is necessary
to fulfill the demands of the fermions having Fermi-Dirac statistics. Consider SUSY
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transformations which contain Grassmann odd constant spinors (as ¢ above). Those
parameters must anticommute with the Fermi fields. Consequently, spinor products
normally being skew become symmetric between Fermi fields or between a Fermi field
and such a Grassmann odd parameter (There are two signs when interchanging the
two spinors in the product, one which causes the skewness of the product, namely the
contraction direction of the spinor indices, but also another one from anticommuting
the Grassmann numbers (cf. the appendix and [5])). In quantizing such a theory, the
anticommutativity must be maintained when going from the classical Fermi fields to the
field operators. Because — with the exception of the creation and annihilation operators
(about which one could be tempted to assume that they only are responsible for the
anticommutativity of fermions on Hilbert space) — there are only commuting terms in
the field operators, we have to deduce that the creation and annihilation operators for
fermions remain Grassmann odd with respect to “classical” Grassmann numbers. This
means

{57 b(k’ 0)} = {§7bT(k’ 0')} = {57 d(ka U)} = {gvdT(k’ U)} =0, (3'12)

which has noteworthy technical consequences.
What happens after taking the Hermitean adjoint of an equation like (3.6)? The left
hand side yields:

(10(©).alk.0)]) = - [Q(€). ! (k. 0] (313)
Again we used the Hermiticity of Q(§):

QO = (@ +£Q) =@ + e =) (314)

On the right hand side of (3.6) it has been taken into account that a Hermitean
adjoint for operators includes complex conjugation of ordinary numbers and Grassmann
numbers. The order of Grassmann numbers has to be reversed in complex conjugation:

(192.--9n)" =g ... 9597 ¢; Grassmann odd (3.15)

One therefore gets:

i _ f i
<\/§5 (1+075)Zu(k77)b(k77)> = — ﬁz;b*(k,r)u*(k,f) (1+07°) 7%

T

- %ﬁ > bt (k,r)a(k,7) (1 09°) €

+ % Z:U(kn') (1 — 075) £ bT(k‘,T)

(3.16)
In the last line we used (3.12). This finally produces the relation:
i |4
[@©)a'(k,0)] = —== > ak,7) (1= 07) €8 (h,7) | - (3.17)

Altogether there are three signs: One due to the Hermitean adjoint of the commuta-
tor, one by complex conjugation of the explicit factor i and a third one due to the
anticommutativity of Fermi field operators and Grassmann numbers.

Another important difficulty about signs, related to the anticommutativity of Fermi
field operators and Grassmann numbers, will be discussed in chapter 5.
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3.5 General derivation of the transformations

When translating the identities of that kind introduced in the first section of this chap-
ter into the graphical language of Feynman diagrams, we discover several subtleties
concerning signs (a trade mark of supersymmetry), which seem to be confusing at the
first sight. We discuss these specialties using an example with two incoming and two
outgoing particles. Here we have two in creation operators and two out annihilation
operators. With the abbreviation ¢, (k;) instead of ¢(k;, o) for ¢ = a, b this SWI reads:

0= (0] [Q(e), a2 (ks )b (ea)al ™ (ki >a*_i“<k2>} 0)
= (0][@(), a2 (ka)] b2 (Rs)al ™ (r)al ™ (k)0

(0] (ks) [Q(€), b3 (k)] T”‘(kﬂ Fka)|0)
(
(

0

a™ (k)b (ki) [Q(€). a! ™ (k1) a! " (k) 0)
a™ (k)b (ka)a' ™ (k1) |Q(E), o " (k)| 0) (3.18)

With the help of the relations (3.6), (3.10) and (3.17) this can be transformed into:

+ o+ o+

0

= IZ< \ EPru(ks, ) bﬁut(kg)b‘jr“t(k4)af_in(k1)af_i“(l§2)‘0>

‘%@ 0 (Is) @k, +)P2€) a3 (ka)al ™ ()l ™ (k2)0)
B %@\af“(kg) ((ks, +)PrE) a2 (ka)al ™ ()l ™ (k) [0 )

a2 (kg )W (k) (ke ) Pr€) b (k™ (k) |0)
-~ Ly <o\afut(ks)biut(m)aii“(kl) (t(ka, 0)PRE) b1 (k) \o> (3.19)

The sum in (3.10) has been split up so that there are five terms now. To separate the
spinor bilinears produced by the SUSY transformations from the S-matrix elements,
we bring all these factors to the utmost left. Be aware of picking up a sign in the
last two lines by anticommuting the Grassmann odd spinor bilinear and the fermionic
annihilator. One ends up with

0= % Z (EPLu(ks, o)) <o

Out(k3)aiut(k4)a1in(k1)aiin(k2) ‘0>

b (k)b (k! ™ (ko ™ (k) 0)

= (@ka, +)Pr) (0

-&\

—ﬁ (ka, +)Pr€) (0] (ks)a®™ (ka)a! ™ (kr)at " (k2) o)
Z (1, 0)Prg) (0

+ 5 Z (>, 0)Pr€) (0

out(k, )bout(k4)bT1n(k1) 1n(k2)‘0>

a2 (kg )5 (g )al ™ (k)65 ™ (12) 0) (3.20)
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There is yet another source for producing signs, but it can only arise in the context
of Dirac fermions — i.e. charged fermions. Anticommutation of fermionic annihilators
and/or creators due to the Wick theorem is the origin of these additional sign factors; we
will go into the details in chapter 5, which deals with a model in which Dirac fermions
appear.

Now we want to revisit part of a general derivation of the SWIs in the formalism
originally written down by M.T. Grisaru and H.N. Pendleton used to derive helicity
selection rules in gravitino—graviton scattering [21]. Because the supercharges commute
with the momentum operator and change the particles’ spin by half a unit, we can derive
the following relations for the in annihilators of particles with spin j and chirality ¢ in
a supersymmetric theory:

[Q(f)v aj(kv U)] = Aj (57 k, 0) a1 (kja 0)7
(3.21)
Q) ;-3 (k. 0)] = A,y (& k) - a5k, 0).

The momentum operator has the form:

pr— Z/di%ﬁplt (a;f.(p,a')a]‘ (p,o) + a}_ (p, U)) . (3.22)

From the fact that the supercharge and the momentum operator commute, an equation
for the two unknown functions Aj;, A j—1on the right hand side can be deduced

Q)P = 3 [ 5 (i) Q0,000 + [0l )] 0.0
+a;,Q%ﬂ[@@%qﬁéwwﬂ}+[Q@%@,

1
2

— Z/d%’p# (a;f_(p, a)aj_%(p,a) (Aj(g,p, o) — A;_%(f,p, a))

]y 00,0 (8,4 (600) - A5 €. )
20
= Aj—%(&ap7 U) = A;(§7p, U)
(3.23)
Defining A; = A (3.21) reads
[Q(&), a;(k,0)] = A&, k,0) - a;_1(k,0),
, (3.24)
[Q©). a3 (k,0)| = A" (€. k,0) - 0y (k. )

to be compared with (3.7) and (3.11).
More relations can be gained from the Jacobi identity:

[[Q(€), QO] a;j (k, )] + [[Q(C), a;(k, 0)], Q)] + [[a;(k, 0), Q(E)], Q)] = 0 (3.25)

This implies the equation:

A(Cv k? U) : A*(ga k? U) - A(£7 ka U) : A*(C7 k? 0) = 2E%< . (326)
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As is shown in [21], the explicit form of these functions can be found in the context
of special models. In the last section we derived them directly by projecting out the
annihilators from the field operators. In a general model this procedure can become
arbitrarily complicated, especially if one has a nondiagonal metric on the space of states
or if unphysical modes are involved.
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Chapter 4

The Wess-Zumino Model

We want to test the SUSY Ward identities of the kind derived in the last chapter for the
Wess-Zumino (WZ) model. This is the simplest supersymmetric field theoretic model
with just one superfield but the most general renormalizable superpotential. For details
about the model, the particle content and the Feynman rules see appendix E.1.

4.1 SWI for the WZ model

We can use the formula (3.2) derived in the last chapter to check SWI in the WZ
model. The starting point — similar to the derivation of the Slavnov-Taylor identities
— is a string of field operators with half integer spin, which only by application of the
symmetry generator (here the supercharge), becomes a physically possible (in particular
non-vanishing) amplitude. First, we have to translate the formulae from the previous
chapter to the physical fields of the WZ model — by this we mean the real and imaginary
part of the complex scalar field ¢ or the scalar and pseudoscalar part, respectively.

To get the transformation properties of annihilators and creators of the real part A
of the complex scalar field ¢ one has to set the term proportional to 7% in equation (3.6)
equal to zero and to multiply the result by /2. For the imaginary part B one has to
set the term proportional to unity equal to zero, to set ¢ equal to one and multiply the
result by a factor V/2i. This results in:

Q&) an(k)] = 1> _ Eulk,0)b(k,0) (4.1)

Q). ap(k)] = =) & ulk,a)b(k,0) . (4.2)
For the transformation law of the fermion annihilator it suffices to use (3.8),

(Q(),blk,0)) = ik, 0) (aa(k) +1v°an(k)) . (4.3)

As an example, we take a transformation of a product of an in creation operator for
one A and one B field, and out annihilators for an A field and a Majorana fermion of

21
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positive helicity. We therefore write relation (3.2) in the form

0L (0] [@€) 3" (k)b (e, )l (B )aly" (k) o)
= (0]ag" (k)b (ha, 1)l (k1) [Q(€), 0™ (k2) | [0)
T <0 a%™ (k)b (ka, +) [Q(é‘) aly" (k1) ] B (k ‘0> (4.4)

o+ (0[asy (ks) [Q(€), b (s, )] aly" (k1 )al" (k2) 0)
+ (0] [Q(©), a%" (ks)] b (s, +)a ““(kn " (k)] 0)

This seems to relate the amplitudes of four different physical processes. But as the
transformation of a fermionic annihilator produces a linear combination of annihilators
for the scalar and pseudoscalar fields, A and B, respectively, we get indeed five different
processes (here we adopt the convention that processes only differing by the helicity of
a fermion are counted as one process).

Oé—z (k2,0 ’Y§<
‘HZ:*(/% )§<

a5 (g )OO (ha, +)a ™ (b1 (k1) [0)

a5 (g )OO (ka4 )b1 (k7)™ (k2)0)

— 1Tk, + <o Ot (k3)a% (kq)a *m(kl)ag“(kz)@ (4.5)
+a(ka, + < ot (1Y% (ks )a Tm(lﬁ) Tln(kz)‘0>
+1Z§u by ) (0] s, )b (ke +)al™ (ka)aly" (k) |0)

Note the double sign arising in the last two lines — as explained in section 3.1 — coming
from a relative sign between the transformation properties of a creation and an annihi-
lation operator and one from equation (3.17). With the help of the relation for S-matrix
elements and amplitudes, which e.g. can be read off from [22], p. 105,

<q1 PN qn‘S‘pl .. 'pm>conn. =

iM(plw'wpm—)qla"'aqn 27T 64(Zpl Z ) ) (46)

Jj=1

equation (4.5) can immediately be transferred into Feynman diagrams (omitting the
overall factor i and also the delta function for global momentum conservation):

0= —Z (k2. 0)7°€ - M(A(k1) ¥ (K2, 0) — A(k3) ¥ (ka, +))
+1Za k1,0)€ - M(U(ky,0)B(ks) — A(ks)W(ks, +))

— iu(ky, +)€ - M(A(k1)B(k2) — A(ks)A(k4))
+ U(ka, +)7°€ - M(A(k1)B(ka) — A(ks)B(ks))
+1> " Eu(ks, 0) - M(A(ky)B(ks) — W(ks, 0)U(ks, +))
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Diagrammatically we can write down the following expression:

~ - \ ~ -
<o’ \ // SN L7
\
[} 7 N
0= —> ks, 0)7°¢ I + +
- /6\
< - A\ > e
\\‘\.’/ » // Tee LT
. — n A\ ~N
+1 E u(kl,a)§ n + + + 0
o /l\
SO L~ A\ > P N p)
< z” Vi > v S 4
5 \\f’ K " \\\33// N
_ DN
+ ks, +)7°€ - i o:= + e3¢ + &
‘\ / \ / \ , AN
- ~ / \ / \ ’ N
e ~ ’ ’ , N

W \\\ W
I\ S \\\
. — W _ \/
o / - /
/ - /7
(4.8)

For the calculation of the amplitudes it is useful to introduce the Mandelstam vari-
ables,

s = (k‘l + k2)2 = (kg + k4)2 s (49)
t= (ks —k1)? = (ks — k2)* (4.10)
u= (kg —k1)® = (ks — k2)* . (4.11)

The explicit analytical expressions for diagrams in which only scalar (or pseu-
doscalar) particles are involved are easily found and work in the same manner as in
¢* theory or the Standard Model. For the diagrams with Majorana fermions the Feyn-
man rules for general fermions worked out by Denner et al. [19] are needed.

The terms in braces yield the following analytical expressions, in the first line of
(4.8)

12
—% ﬂ(k‘4, +) (

in the second line
) u(ky, +) (

The diagrams in the third line add up to

')\2 2 2 2
. < mo_m ™ +—1> : (4.14)

3m Fi+Kka+m  Ko—FKs+m
7 T 7+ 2
t—m s—m uU—1m

)m@p), (4.12)

uﬂj’y;;Q N (F1 —2%_2;,:2?”)75 . 75(k;:i;32+ m)) ulkr,o) . (4.13)

2 \t—-m? s—m? u—m?
and finally in the last line of (4.8):
22 5 501 _ 5
( mry + 7 (%4 %2 + m) (%4 kl + m)’Y ) ’U(kg,O') ) (415)

2k
2u( 4+) s —m? t —m2 + U —m?2
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It proves to be more convenient for further simplification — remember that we still
have to multiply the prefactors from equation (4.8) — to modify the analytical expression
for the diagrams in the last line. To apply the spin summation formula

> ulp,o)i(p, o) = p+m (4.16)

o

we reverse the calculational direction of the Majorana fermion line for the last process.

How this works is explained in detail in [19]. The result looks like
\? my® (B +m)y | (s — Ko+ m)
—u 4.1
3 u<k3’0)(sm2 + t —m2 * u—m? >v(k4,+) - 417)

with the change in sign coming from the antisymmetry of the charge conjugation ma-
trix. There are no additional signs from the vertices because all couplings are scalar or
pseudoscalar (cf. again [19]). It is important to keep track of the momenta’s signs in
the fermion propagators.

Equation (4.8) now has the form:

0=

D ) (g B Bk

-ttt (2 + BB FEZ R Y e
St (2 T 1) e

e ) (2 + B BB Y

We divide everything by the common factor % To achieve the same structure for all
four contributions we reverse the fermion line in the last process a second time to arrive
at

!
0=

wm+%:m Jhtketm f—kstm

t —m?2 s —m?2 u— m2 )(k2+m)75£
my® N (F1 + f2 +m)y° +75(%1k3+m))(

u — m? 5§ —m?2 t—m?2

_ 3m?2 m2 m2
ke, ) (t—m2 Lppmp> +u—m2+1)755

— u(kq,+) (

u%%+wimﬁ +7ﬂh_k?+m)+w4_%*JMﬁ)(%3+mk

5 — m?2 t—m?2 u —m?
The terms proportional to m? in the first and third row cancel and we are left with:
Sma (ki K2)(f2+m) +mbs | (B2 — Ks) (K2 +m) + mf
t —m? s — m?2 u —m?

N m(f1 —m) n (K1 + f2 +m) (1 —m)

U — m? s —m?2

0= a(ky, +)
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Kk —m)f—m) L m(fs +m)
t —m?2 s —m?
n (Fa — %27,‘_—777:1)2(%3 +m)  (Fa— k1u+_”2§%3 + m) +5¢ (4.20)

Considering the terms proportional to (t —m?)~! and applying the Dirac equation,
U(ks, +) (ks —m) =0 (4.21)
and momentum conservation
ki +ke=ks+ks (4.22)
one gets
(t = m?)~ [3mba + oy —m) — Fa(ks +m)|
= (t=m®)7 [mo + Kok — )| = (=) [Kaka + ks — m?]
= (t=m®) 7 [2kake) = 2] = (t—m?) Mt +m?)
= -1 (4.23)
The terms proportional to (s —m?)~! add up to
(s —m*)~! {%1%2 +m® - m(fy + f2) + mis + foby — mbs — mity —m®
= (s = m®)7! [Jaka + Kok + mlfs + ko — )|
— (s —m?)! [Q(klkg) n mz} = (s—m?) s —m?)
—_ (4.24)
while the remaining u terms yield:
(= m2)~ [mty +m? = mhs — sz + ms + mpty —m? — ko — mfs]
= (= m?) " [ ~faks — ko + m(kr + k2 — o)
= (u—m*)~* [—2(k2k:3) +m?| = (u—m?) " (u—m?)
=+1 . (4.25)
So finally all terms add up to zero and the SWI is fulfilled.

4.2 Jacobi identities for the WZ model

An important possibility to test the consistency of the SWI themselves is to check
whether the Jacobi identities for the appearing operators, i.e. the supercharge and the
annihilation and creation operators for the particles, are valid.

In the sequel we frequently will use the properties of Grassmann odd bilinears under
the exchange of the two spinors. These can e.g. be found in [5] (cf. also appendix A.3):

e HEDn fiir T =1,95,7%#
e = { —€0n  fiir T =%, [y",7"] (420
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There is no complication in proving the Jacobi identities for the scalar annihilation
operators:

—[[Q(©), QM) aa(k)] = [[R(, a4 k)], Q)] + [[aa(k), Q). Q)| (4:27)
For the left hand side we have

LHS (4.27) = — [26Pn,aa(k)] = +2 (Ehn) aa(k) .
The right hand side results in

RHS (4.27) = — iZﬁu(k7U) [Q(&), b(k,0)] = (§ < n)

= 3 mulk, o)k, o) (aalk) + v an(k) )€ = (€ = n)

= —7(k+m) (aa(k) +7°an(k) ) — (€ = n)
~ (HE)aa(k) + Emaatk) = 2@naak)

The calculation for the annihilator of the pseudoscalar particle B is analogous, the only
difference being the appearance of 4°, which lets the parts containing a4 vanish and
those with apg remain.

- [10(©), Q] as(k)| = (R, ap(®)], Q)] + [las®k), Q1. Q)| (4.28)

LHS (4.28) = — [2£Pn, ap(k)] = +2 (¢fn) ap(k)
RHS (4.28) = + Y 1 ul(k,0) [Q(&), b(k,0)] — (£ < n)

= =i Y ulk,0) (k. 0) (aalk) + v as (k) )€ - (€ = m)

= — " (f +m) (aa k) +7an (k) )€ = (€ < m)
= — (H)an(k) + Ehnyap(k) = 2Emas(k)

A more complicated task is the calculation of the Jacobi identity for the fermion
annihilators. We are forced to use the Fierz transformations, the Gordon identity and
all other formulae for spinors needed before. First of all the Jacobi identity has, of
course, the same form as usual:

—[[Q(©), QM) . b(k. )| £ [[Q(). bk )], ()| + |[blk, ). Q)] Q)| (4.29)

For the momentum operator on the left hand side one has to insert only the part of the
particle number operators of the fermions, which yields

LHS (4.29) = — [2£Pn,b(k,0)] = +2 (Efn) bk, o)
The right hand side can be manipulated in the following way:
RHS (129) = + ik, o) ([Q@), aa(l)] +19° [Q(€), an(k)])n — (6 = )
— Z n) (Euk, 7))b(k, T)

+Z (k,0)7°n) &7 ulk, 7)b(k, 7) — (€ = 1)
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To calculate these products of spinor bilinears we have to use the Fierz identities

a(4,2;3,1
p(4,2;3,1

Ay A2) (Asy7r° M)
A1 A2) A3y A1)

to be found in appendix C.2 as well as e.g. in [23]. For arbitrary commuting spinors
Ai,i=1,...,4 we therefore introduce these abbreviations:
5(4,2;3,1) = (Agh2) (Az\1)
v(4,2;3,1) = (A" A2) A37uA1)
1 _
t(4, 2; 3 1) 5()\40‘” )\2) ()\30’“,)\1) (430)
( ) =
( ) =

/-\A

The scalar and pseudoscalar combinations (take care of the sign which has to be
accounted for in case of spinors 2 and 3 being Grassmann odd!) give us the following
relations:

1
s(4,2:3.1) = 3 (5(47 133,2) + v(4,1;3,2) + £(4,1;3,2) + a(4, 1;3,2) + p(4, 1; 3, 2))
(4.31)

p(4,2;3,1) = —i (5(4, 1:3,2) — v(4,1;3,2) + £(4,1;3,2) — a(4,1:3,2) + p(4, 1; 3, 2))

(4.32)

Due to equation (4.26) the scalar, the pseudoscalar and the pseudovector are sym-

metric under interchange of the two Grassmann odd spinors, hence after subtracting

the “exchange” term (£ < n) these contributions vanish. The scalar and pseudoscalar

combination appear on the right hand side of equation (4.29) with different signs, so the

tensorial part of the equation cancels. Only the vector contribution remains four times
(scalar/pseudoscalar and a factor two by adding the “exchange” term), so we have

RHS (4.29) +Z (k, o)y u(k, 7)) (&vun) b(k,T) (4.33)
Finally the Gordon identity (cf. e.g. [23], eq. (2.54))
1 3 LV
(p, o)y "u(p', ) = 3=(p, o) ((p+ PV +i0™ (b =), Julp', ) (4.34)

for identical momenta p = p’ = k is used, that is why the second term vanishes. With
the normalization of the Dirac spinors

u(k,o)u(k,7) = 2mdyr (4.35)
the polarization sum over 7 collapses and we end up with the desired result

RHS (4.29) = +2 (¢fn) b(k,0) ./ (4.36)
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Chapter 5

A toy model

5.1 General remarks

To study the effects stemming from mixings of component fields from different super-
fields — independent of the difficulty of spontaneous breakdown of supersymmetry as
in the O’Raifeartaigh model — we consider another toy model. It consists of two su-
perfields, a mass term and a trilinear coupling. Like for the WZ model we summarize
details about the model and the derivation of the Feynman rules in appendix E.2.

5.2 SUSY transformations of Dirac spinors

The main difference between this toy model and the WZ model is the problem of diag-
onalizing the mass terms which arise by the existence of more than one (at least two as
here) superfields. By fusing a left- and a righthanded Weyl spinor from different super-
fields (not connected through Hermitean adjoint) a Dirac bispinor has been constructed.
Moreover there is the problem of “clashing arrows” in Feynman diagrams, i.e. vertices
with apparently incompatible directions of the fermion lines. More accurately this means
the appearance of two fermions or two antifermions attached to a vertex in such mod-
els. This may happen if quadratic terms of superfields, whose fermionic components are
combined into Dirac spinors, appear in the trilinear part of the superpotential. Another
possibility is within the kinetic terms of the vector superfields in the Lagrangean density
of supersymmetric gauge theories if their fermionic components are combined into Dirac
fermions together with the Weyl components of chiral matter superfields, as is the case
for the charginos in the MSSM.

First of all we want to derive the SUSY transformations of the scalar annihilators,
in analogy to the calculations in chapter 3. The mode expansions of the charged scalar
fields — the scalar component fields of the second superfield — are as follows

&’y - byt
o) = [ e (“P)e e pe (5.1)
* d3ﬁ —1i T —+1 .
0@) = [ g (e ol e
Analogously, the projection onto the two different annihilators results in
a_(k) =1 / Bre 5, p(z),  ap(k) =i / BT 9, ¢*() (5.2)

29
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This enables us to write down the transformation laws of the annihilators.
Q)] =1 [ &' 5, Q). " ()
= — \/i/dga?eikz 57& (ZPRxg(x)>

Here and in the sequel x; and x2 are the Majorana bispinors which could be built of
the fermionic component fields of the first and the second superfield,

)

With the definition of the Dirac field (E.17) we are able to express the righthanded
Majorana field in terms of the Dirac field:

v = <:§;> =Prx1+Prx2 = Prx2=PrY (5.4)

Inserting this in the above equation and performing a calculation in the same manner
as in chapter 3 one finally gets the relation

Q) ax (k) = 1V2 Y (EPru(k, o)) bik, 0) (5.5)

Trying to proceed analogously for the annihilator a_ (k) reveals a problem,
@€ a- ) =i [ 7 51 Q(e), ol
= - VE [#7e G, (EPual)

which consists of an impossibility — at first look — to express the lefthanded Majorana
field built of the spinor components of the second superfield in terms of the components
of the Dirac field. The solution is to pass over to the charge conjugated Dirac field,

UC =T = (ij) =  Prx2=PrV° | (5.6)

with the charge conjugation matrix C. Remembering the mode expansion of the charge
conjugated field operator,

Ue(z) = / (2:)5;E Za:(u(p,g)d(p, o-)efipz + v(p, )bT(p o)e 1pz> (5.7)

the result for the SUSY transformation of the antifermion annihilator is found:

Q&) a- (k)] = iV2 Y (PLu(k, ) ) d(k, o) (5.8)

How to project the annihilation operators out of the scalar component fields is well
known by now:

aa(k) =i / BT e 9, Az)
B (5.9)
ap(k) :i/d?’fei’” 0+ B(z).
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The derivation of the transformation laws is at first identical to those of the annihilators
ay (k) and a_(k):

Q@ aa®)] =i [ &' 5, Q1) A()

- [z G

(Q©). ap(k) = i / BT e 5, [Q(€), Bx)

= —i/d‘gfeikx 9 (€r°x1)

The difference to the scalar fields of the second superfield is, that now the whole Majo-
rana spinor fields and not only the left- or righthanded parts are present. In consequence,
the Dirac spinor field and its charge conjugate both appear in the transformation laws
for aa(k) and ap(k) according to the expansion

X1 = (ii) = <1%1> + (121) =PV + Pr¥* (5.10)

After inserting the above we arrive at the final form of the transformation laws for
as(k) and ap(k), which yield linear combinations of the Dirac fermion’s particle and
antiparticle annihilation operators:

@) ax(1] =1 3 ( EPcuth0)) b(hvo) + EPrult ) dik o))
7 (5.11)
@(©)an (] = X ((€Pwu(k0)) ko) ~ EPru(ko) dlk o))

o

Remark: If the annihilators b(k, o) and d(k, o) are identical we have a real, i.e. a
Majorana fermion and the equations (5.11) are reduced to the relations (4.1) and (4.2).
For the chiral scalar fields ¢ and ¢* the same is true if we identify b and d and form
the linear combinations (v/2)™! (¢ + ¢*) and (iv/2)™! (¢ — ¢*), respectively. Hence the
generalization of the Wess-Zumino model for Dirac fermions is consistent.

Deriving the SUSY transformations of the fermionic annihilators is more compli-
cated. We must be aware of the fact that the Dirac bispinor field is composed from the
Weyl spinor field v as its lefthanded component and from the Weyl spinor field v, as
its righthanded component. Only these two chiral fields appear (we did not construct
a Majorana bispinor field of the component fields 1 /o and iy /2 from the first chiral
superfield or from the second superfield, respectively) which means that here we only
have to consider the transformations of the components of the leftchiral superfield o)
and the rightchiral superfield é; and not of their Hermitean adjoints. Everything is
consistent and chirality is conserved. Going back to the roots, the transformation laws
are:

[Q(€), Prxa] = PL[Q(€), x1] = —iPL(iQ) (A + V" B) £ +iV2 FiPLE
— —i(i)Pr (A +17°B) € — imV2¢*Pr¢ (5.12)
= —i(i@) (A +iB) Pré — imV/2¢*PLE
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In the second line we inserted the equation of motion for the auxiliary field F; and took
the one-particle pole for the asymptotic fields of the theory. By the same method one
gets for the righthanded fermion field of the second superfield

[Q(€), Prx2] = Pr[Q(E), x2] = — iPr(P)V2 (PR + Pre™) € +iV2 F3 Pré
— —i(i@)V2PL (Pro + Pro*) € —im (A +iB) Pré

= —i(ip)V2¢*PrE — im (A +1iB) Pré
(5.13)
Here, for inserting the poles of the asymptotic fields into the equation of motion for
the auxiliary field F3, it is important to note that for the SUSY transformation of the
lefthanded Weyl spinor field the auxiliary field is multiplied with the lefthanded Grass-
mann spinor &, whereas for the transformation of the righthanded Weyl spinor field we
have the complex conjugated auxiliary field multiplied by the righthanded Grassmann

spinor £ (cf. chapter 1, and [5], [3], [1]).
Combining the two transformation laws (5.12) and (5.13) one reaches

[Q(6), ¥] = Pr[Q(E), xal + Pr [Q(E), x2]

= —i(ip + m) (A +iB) Pr¢ — i(ip + m)V2 ¢* PLE (5.14)

With the help of the equations (3.3) from chapter 3 we are able to deduce the SUSY
transformations of the asymptotic annihilation operators (and as a by-product also those
for the creation operators). The calculations are analogous to those in (3.8) so that the
positive-frequency part (the one with the annihilators) remains.

Qb)) = [ dFulk o) e Q). V(o)
= —i / dBza(k, o)y’ e* (i + m) (A + iB) Pré
—i / dBzu(k,0)y°e* (i + m)V2 ¢* Pre

This implies:

[Q(6), b(k, 0)] = —iu(k, o) (aA(k)PR +ian(k)Pr + \/§a+(k)7>L)g (5.15)

Finally, we reconsider in detail the calculation for the antifermion creator on which
originally is projected, wherein we use the notation k = (F, k) und k = (E, —k):

[Q(e),di (K, 0)] = / BT, 01 e [Q(E), U (2)

—i / 320k, o)y e %2 (1) + m) (A + iB) Pré
- i/dgfﬁ(k, o) %2 (i + m)V2 ¢* Pre
33—:' 3, .
= i [ R (b4 m) oalp) + anp)
= (p—m) (ah(p) +ial(p)) P77 ) Pre
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2d3p ;
- V2 [ o)y (5 m) e
— (p—m)al ()PP
= = 550k o) ((F+m) (aa(k) +ias (k)
— (=) (al (k) +ialy (k)) ) Prg
= 220 o) (R m) ag (B) = (k= m) al (k) P
= — 50k, o) ((k+m) 7" (aa(k) +iap (k)
+ (—2E'yo + §+m) 70 <aT (k) + laB( )))PRS

- %v(ls o) ((}6 +m) 7 a (k) + (—2E7° + § +m) ’yOaT_(k)>PL§

= +w(k,a)( I (k)Pg + il (k)Pr + V2a! (k)P )5

In the last line we used the Dirac equation in the form w(k,o) (kK +m) = 0. Complex
conjugation changes this result into

[Q(€), d(k, o)) = +i&(aa(k)PL — iap(k)Pr + V2a_(k)Pr )v(k, o).

“Reversing the calculational direction of the fermion line” with respect to the Feynman
rules [19] (this way of speaking originates from changing the calculational directions of
fermion lines in diagrams and refers to the property of fermion bilinears summarized in
appendix A.3) gives rise to the final result:

(Q(€),d(k, 0)] = —ia(h, 0) (aa(k)Pr — an (k)PL +V2a_(F)PR)E|  (5.16)

5.3 A cross-check: Jacobi identities

The Jacobi identities for this toy model are mostly in complete analogy to the Jacobi
identities for the WZ model, but there are some fine points which have to be handled
carefully. So we show the calculations in detail here.

The Jacobi identity has the standard structure:

- [10(©), Q] aa(k)] = [[RM, a4 k)], Q©)] + [[aa(k), Q. Q)] (5.17)
Up to now it is well known how to manipulate the left hand side
LHS (5.17) = +2 (£fn) aa(k) (5.18)

There are more steps to take on the right hand side compared to the case of the WZ
model and they are a little bit more complex, too,

RHS (5.17) = i) (Pru(k,0)) [b(k, o), Q(E)]
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+iZ (Pru(k, o)) [d(k,0),Q(€)] — (€ < n)

—7PL (F+m) (aa(k)Pr + iap(k)Pr + \@PLa+(k))g

(GA )Pr —iap(k)Pr + V2Pra_(k) )& — (€ < n)

)
— (MPLKE) an(k) — i (MPLKE) ap (k) — V2m (MPLE) ap (k)
— (TPrKE) an(k) +i(MPRKE) ap (k) — V2m (MPRE) ay (k) — (€ < 1)
= +2(Ekn) aalk) V

In the second equation we used the polarization sum for the Dirac spinors u(k, o), in the
third equation the anticommutativity of ¥° with the other gamma matrices and finally,
in the fourth equation, we made use of the identity (4.26), which, after subtracting the
term (€ < 1), forces the scalar and pseudoscalar parts to vanish so that only the vector
contribution with the annihilator a(k, o) remains.

The calculation for the annihilation operator of the pseudoscalar particle, ag(k), is
almost completely analogous.

What about the annihilators of the chiral scalar fields, i.e. the component fields
from the second supermultiplet? The difference lies only in the commutator of the
supercharge with the annihilator now producing either the fermion or the antifermion
annihilator. In particular,

—7Pr (F+m

~[[Q©). Q)] ax (k)| = [[Q(), a+ (1)), Q)] + |la+(h). Q). QW)],  (5.19)

- [10©), QM) a- (k)] = [[RM),a- ()], Q)| + [[a-(h), Q&) Q)] (5:20)
The left hand sides look as usual,
LHS (5.19) = +2 (€fn) ay(k),  LHS (5.20) = +2 (Efn) a— (k)

No problems show up for the right hand sides:

RHS (5.19) =1y _ (Pru(k,0)) [b(k, o), Q(§)] — (£ < n)

g

= — V2P (k +m) (aa(k)Pr +iap (k)P + V2a: (k)PL)E = (€ = )

— —V2m (7PRE) aa(k) — vV2im (TPrE) ap (k)
— 2 (FPrkE) as (k) — (€ = )
— 2@ ark)

RHS (5.20) =1y _ (fPru(k,0))[d(k,o),Q(&)] — (£ < n)

= — V2P (F +m) (aA(k:)PL ~iag (k)P + ﬁa_(k)PR)g (€ )
—V2m ([PLE) aa(k) + V2im (GPLE) ap (k)

—2@PLkE) a—(k) — (§ < n)

+2(Ekn)a_(k) v

where the last line again follows from (4.26).
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There is nothing new about the Jacobi identities of the fermion annihilation opera-
tors, but for the sake of completeness, we list the calculations here, too. Again we have
the standard structure

~[[Q(©), QU] b(k, )| = [[Q). bk, )], Q)| + [k, ), Q)] Q)] (5:21)

-[10(©). @)l (k. 0)] = [[Q(). d(k,0)], Q)] + [k o), Q) Q)| (5:22)
The left hand sides are:
LHS (5.21) = +2 (¢fn) b(k,0)
LHS (5.22) = +2 (¢fn) d(k, o)
For the right hand side we find
RHS (5.21) = —iu(k, 0) ([aa(k), Q()) Pr +ilan (k). Q()) Pr
+ V2 a4 (k), Q)] P ) (€ = n)
= - Z (k. 0)Prn) (EPLulk, T)b(k, 7) + EPRu(k, 7)d(k, 7))

- Z (k,0)Prn) ( Pru(k, )b(k, T) —EPRu(k:,T)d(k‘,T))
_ QZ (k,o)Prn) fPRu(k,T)) blk,7) — (£<n)

Obviously the contributions of the antifermion annihilators cancel out. In this cal-
culation, by multiplying out the chiral spinor bilinears, one gets the same scalar and
pseudoscalar terms as for the Jacobi identity for the fermion annihilator of the WZ
model (4.29), so we can use that earlier result.

RHS (5.21) = — 22( (k,0)Prn) (EPLu(k, 7))
+ (@k, oYPum) (EPrulk, 7)) )blk,7) = (€ = 1)
= — Z ) (€u(k, 7)) b(k, 7)
- Z (k,o)y°n) (& ulk, 7)) bk, 7) = (§ < n)
= +2(£%n) b(k,0)

The calculation for d(k, o) is analogous.

5.4 Wick theorem and plenty of signs

Another point of utmost importance appears whenever charged fermions come into
play: We have to take care of relative signs between amplitudes belonging to different
processes in the same SWI. This is due to the Wick theorem, with the signs stemming
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from disentangling the contractions of the interaction operators of Yukawa type U¥¢.
To illuminate this further, we want to show an example considering the SWI:

0= (0][Q(€). a3 (ha)a™ (ks +)aly ' (k)aly ! (k)] [0) (5.23)

This produces a relation between the following processes of the diagrammatical form
(for the vertices and propagators see appendix E.2):

0_ Z P u(ks, o < ( (

\\\ P \\ / \\ 7 \\ 7
L [ 2 \ / \,\ N4
L S e U ol W
PP )/ \ ,’ N\ d AN
Z ki, 0)PLé * / \ +
P / \
- ~ / \ ’d

(5.24)

Here we have omitted several processes giving vanishing contributions, AA — AB,
AA — Ap)| AA — T and AV — AT. At first glance, the signs in boxes might
seem totally arbitrary, but can be verified by the Wick theorem. Before proving this
statement we show that without these signs the SWI would indeed not be valid.

The calculation for the SWI is principally analogous to similar calculations in chapter
4 done within the WZ model. Thus we may omit the details here. No difficulties arise
as we can switch directly from analytical Feynman rules to diagrams. We use the
polarization sum of Dirac spinors and the change of sign, but not of chirality, when
“reversing” a fermion line, [19],

—i((ka, H)PLE) = +i (EPrv(ka, +)) - (5.25)

The first process A(k1)A(ks) — W(ks, o)W (ky,+) yields, after multiplication with
its prefactor and performing the polarization sum,

Sm (ks +m) (ks +m) (ks — 2 +m)

s —m? t —m?

+ (k3 + m) (k?) — kl + m))’U(k‘4, +)

u — m?2

—2¢° &Py (

(5.26)
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For the purely scalar process A(k1)A(k2) — A(ks)A(ky) we have to “reverse a
fermion line” (i.e. the spinorial prefactor) as mentioned above

3m? 3m? 3m?

+692§73L(5 + + +1)v(1~c4,+) : (5.27)

m2 t—m2  u—m?

The scattering A(k1)¥(ke,0) — A(k3)¥(ky,+) of the scalar particle and the an-
tifermion sums up to give the amplitude as follows:

_2g2%P, (—377; (jéin_? m) n (F2 — ml(iélr;%z —m)
PR Lo m)>v(k4, +) (5.28)

With the help of the substitutions k; < ko and ¢t < u we get the amplitude for the
remaining fourth process W(k1,0)A(ks) — A(ks)W(kq, +).

Summing up the amplitudes of these four processes with the appropriate prefactors
gives zero. The calculation is totally identical to the corresponding one done in the WZ
model. Now it is obvious that the three added signs are necessary for the SWI to be
fulfilled. But where do they come from?

Take a look at the first process as an S-matrix element:

(0
When examining the three diagrams in the first line of (5.24), the following expression

arises, where we suppress the momentum and spin arguments as well as the in and out
labels,

b (s, ) A" (g, +)as T (ky )@ T (k) ‘o> (5.29)

Pl r— i, 1 [y B o I sy N A e D
(0]pd (TTA)(AAA)ata"|0) = (—1) - (0b(TWdA) (AAA)atat|0)
To disentangle the contraction lines we had to anticommute the fermion annihilation
operators. We used the conventional notations for contractions

d4p —ip(xz— 1
A(z)Aly) = /We o y)m

(0] d(p:ffT'If =v(p,0)
Adtio)=1

Using them, we can correctly convert the Feynman rules into analytical expressions. By
means of this anticommutation, a sign emerges. One is easily convinced that the SWI
with a fermion in the final state instead of an antifermion does not need this anticom-
mutation. Due to the reversed order of the two fermion annihilation operators, no such
sign arises in that case. After a short calculation we find that the two other diagrams
contributing to the process considered above pick up signs by the same mechanism,
whereas this would not be the case if the two diagrams contained the fermion instead
of the antifermion annihilator in the S-matrix element.

The structure of these signs can be understood with the help of [19], on top of
page 4. From there we can read off the sign of an S-matrix element to be (—1)7+:+V
where L is the number of closed fermion loops, P is the parity of the permutation of
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asymptotic annihilators and creators after having disentangled the fermion lines, and V
is the number of incoming and outgoing antifermions. We do only deal with tree level
diagrams here, so the number of loops always is zero and no sign is produced by them.
The signs stemming from the permutation of the ladder operators are the same as those
between the different contributions from s- and t-channel in Bhabha scattering. We
had already taken them into account for the WZ model. While we had only Majorana
fermions there and could have contracted the field operators in an arbitrary way with
the ladder operators for external particles, the fact that we now have to handle Dirac
fermions and the sign problem connected with the existence of antifermions discussed
in [19] is a new topic arising within our toy model. The signs in boxes in (5.24) are due
to this effect.

Because we need some additional techniques for calculating an SWI for (2 — 2)-
processes, we show a detailed calculation here, starting with three fermions. In that
case vertices with “clashing arrows” will appear. This is examplified with

0 = (0][Q(&), a%™ (ks )b (s, +)b™ F (hr, +)d™ ' (kp, )] [0) . (5.30)

For the first process, ¥(k1, +)VU(ko, —) — W(ks, o)W (k4,+), five diagrams contribute,

The relative sign of the third diagram (containing the “clashing arrows”) has to be deter-
mined carefully from the Wick theorem and depends on the “position of the fermion lines
relative to each other”. More signs possibly arise here, depending on the calculational
directions of the fermion lines as explained in [19]; this can happen, if it is necessary
to anticommute the two fermion field operators in the interaction terms. Nevertheless
this is compensated (cf. again [19]) by additional signs produced at the gamma matrices
attached to the vertices, giving the same result. For the last two diagrams the relative
signs, too, stem from the Wick theorem and can be understood as belonging to exchange
diagrams in the same manner as for Bhabha scattering. The positive sign of the third
diagram can be seen as belonging to a u-channel, as the u-channel diagram has a rela-
tive sign with respect to the t-channel diagrams but not to the s-channel diagrams as in
quantum electrodynamics (Of course, without Feynman number violating vertices it is
not possible to have s-, t- and u-channel diagrams there). But the global sign (which is
indispensable for comparison with the other processes contributing to the SWT) is only
calculable with the Wick theorem. For more complicated processes it is inevitable to
use the Wick theorem to get the correct signs. Fortunately, as will be discussed later,
it is possible to do this in a way compatible with the O’Mega factorization procedure.
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The five diagrams give, together with all signs and after summing over the spin o:

1. process, (5.31) = 492{ 5 (m (U(ke, —)Pru(ky, +)) (@(ks, +)Pré)

— ((kz, =) Pru(ks, +)) (ks +)fsPre) )
(ks +)Prulks, ) (@(kz, ) ks Pr)

= m @k, +)Prulky, +)) (5(ks, ~)Pr) )

+

Uu—m

5 (U(ka, +)Pru(ke, —)) (0(k1, +)k37’R€)}

The second process is decomposed into the two separate parts W(ky, +)¥(ky, —) —

A(ks)A(ky),
PRt

as well as W(ky, +)W(ka, —) — A(k3)B(ky):

¥
X E

It is not difficult to derive the analytical expressions. For (5.32) we get

(5.32)

3Im %1—k3+m %1_k4+m
3 T 5 T 2
s—m uU—m t—m

_ag? v<k2,—>( wlks,+) (@(ks, +)Pre),

and for (5.33):

m__bi-ks-m k- fat

2 alha, ) (2 - B BRI s (@ 4PRS)

SUSY transforming the antifermion in the initial state again gives rise to two different
processes, W(ky, +)A(ks) — A(ks) U (ks, +),

(5.34)

and \I/(kl, +)B(]{12) — A(k3)\IJ(]{}4, —|—)

A\ ‘\\
A\Y /
/ n
/)———\ + + " (5.35)

The corresponding terms are:

2g2u<k4,+>( CUL i R UL k”m)u(kl,ﬂ 5k, PRt

t —m? s —m?2 U — m?




40 CHAPTER 5. A TOY MODEL

m Fi—Fs—m  J1+Kk2+m
. + 5
m

t —m?2 u — m? 5 —

29 u<k4,+>( )v5u(k’1,+) (5(kzs ) Pr).

There still remains to perform the SUSY transformation of the fermion in the initial
state with the diagrams of the process ¢* (ki)W (ka, —) — A(k3) U (kyg, +):

(5.36)

The relative (and, again, the global sign) of the second diagram results from the Wick
theorem (here we only show the fermion contractions explicitly):

|
(=1)2- (O]ab (TT°*) (TeT° A) af d'|0) (5.37)
The trick in this calculation is to disentangle the contractions by rewriting the second
interaction operator,
TWA=TTWA = (TTWA)" = (—1) - WTC! (CTC 1) WA = (—1)2- ToUA

because in this model only scalar, pseudoscalar or chiral scalar couplings appear that
are invariant (i.e. their gamma matrices) under the charge conjugation transformation.
One of the additional signs is due to the anticommutation of the Fermi field operators
when transposing, the other stems from the relations

T =ve,  wTel=-Te . (5.38)
The sum of the last three diagrams results in:
+ fo + — K4 —
2 u(/ﬂ4,+)(k1 . _%an " pp - ppkt i m . _%4 =

2m
+

7>R> (k2 —) (@(k1, +)PrE)

u—
Now we sum up the contributions of the several processes of this SWI separately for
each of the reaction channels. A common prefactor 2¢g? is suppressed in the following.

s-channel 2m(@(k2, —)Pru(ky, +)) (ﬁ(k4, +)7DR§)
— 2(v(ka, —)Pru(ky, +)) (u(ks, +)ksPrE)
— 3m(v(ka, —)u(k1, +)) (u(ks, +)Pré)
—m(0(kz, =7 u(k, +)) (@(ks, +)Pre) (5.39)
+ ((ka, +)(f1 + 2 + m)u(ks, +)) (0(ka, —)PrE)
+ (@(ka, +) (Fr + K2+ m)y u(ks, +)) (U(k2, =) PrE)
- Q(E(kz;, +)(f1 + 2 + m)Pru(ks, *)) (@(kl, +)PR§)
t-channel o< 2(u(ks, +)Pru(ks, +)) (V(k2, —)k3PrE)
= 2m(u(ks, +)Pru(ky, +)) (W(kz, =) Pre)
— (O(ka, =) (1 — Fa +m)u(kr, +)) (@(ka, +)PrE)
— (U(ka, — (kl — ka +m)y u(ky, +)) (U(ks, +)PrE) (5.40)
+ 3m(u(ks, +)u(ky, +)) (v(k2, —)Pré)
m (u(ks, +)7 u(ks, +)) (0(k2, =) PrE)
2(u(ks, +)Pr(fr — ka — m)u(ka, —)) (U(k1, +)Pré)
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u-channel o« — 2(tu(ks, +)Pru(ks, —)) (v(k1, +)ksPrE)
— (U(k2, =) (F1 — Fs +m)u(k1, +)) (@(ks, +)PrE)
+ (U(ka, =) (F1 — k3 — m)y u(ky, +)) (u(ks, +)PrE)
( (ka, +) (1 — 3 +m)u(ky, + )(W ko, — PRﬁ)
— (u(ks, +) (1 — ks — m)y u(ky, +)) (V(k2, —)PrE)
— 4m(u(k}47 )PRu(kjg,—))( (K1, )PRf)
The first, third and fourth line of (5.39) can be combined to give

(5.41)

—4m (@27)]2’11,1) (H4'PR§)

(in the sequel we abbreviate u(k1,+) by w1 etc.). Adding the second line from equation
(5.39), we arrive at
—2(0aPruy) (U (f3 + 2m) PrE) . (5.42)
)

Adding the fifth and sixth line of (5.39) yields

2(Uo2PrE) (Us (f1 + K2 +m) Pruy) . (5.43)

Applying the Fierz identities, we bring this expression and also the term of the last
line in (5.39) into the form of (5.42). In the following calculation we use the notation
ki2 = k1 4+ ko. The brackets indicate our fundamental spinors in spinor products of
the Fierz identities. In contrast to the Fierz identities used for checking the Jacobi
identities, there is no additional sign in here as there is only one anticommuting spinor.

2([@a(Fr2 +m)] Prur) (U2 [PrE]) =

_|_

Us(F12 + m)PrE) (D2Prus)

_|_

Uy (fr2 + m)Y°Pré) (V27 Prur)

+

4(F12 + m)V*PrE) (vay, Prur) (5.44)

+
B P N R N RN =N =

4(Fr2 + m)Y°PrE) (V27,7  Prus )

gl

/—\A/g‘\/—\/—\

+

Uy (fr2 + m)o" PrE) (V20,0 Prus)

By Fierzing, the last line of (5.39) can be written as

—2([us(fr2 + m)] Pruz) (01 [PrE]) = Uy (fr2 + m)PrE) (V1 Pruz)

Ug(fr2 + m)y° PrE) (V17  Prus)

< \

— 5 (T

— 5

— - (W@s(F12 + M)V Pre) (017, Pruz)

= = (@ (Fr2 + M)V Pré) (V177" Prus)
-1 @

.J;\»—lw\r—lw\»—*w\»—*l\:\)—‘

s (fr2 +m)o"" Pré) (V10 Prus)
(5.45)
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To give the expressions a common structure we again use the rules of [19] to “turn
round” the second term in parentheses on the right hand side of (5.45):

(5.45)

_|_

Us(f12 + m)PrE) (v2Prur)

_|_

Uy (fr2 +m)y° PrE) (V27" Prus)

4(F12 + M)V PrE) (V2. Prua) (5.46)

+
.m\»—umw—lw\}—lw\rawua

gl

4(F12 + m)V° Y PrE) (V2v, 7" Prur)

AA/@TAA

Us(f12 + m)o" PrE) (V20,0 Prus)

When adding (5.44) and (5.46) the tensor part vanishes. Absorbing the +® matrices
into the chiral projectors the vector contributions in (5.44) and (5.46) cancel the terms
containing the axial vector, while the scalar and pseudoscalar contributions can be
combined to give:

2(ﬂ4(k12 + m)PRé) (ﬁngul) . (5.47)

Summing up (5.42) and (5.47) yields the following result for the whole s-channel con-
tributions

2(us(Fy + K2 — ks — m)PrE) (V2Prus) = 2(Us(fs — m)PrE) (V2Prut) =0 . (5.48)

In the analytical expression for the t-channel diagrams (5.40), combining the first
two as well as the fifth and the sixth line gives

2(va(F3 + 2m)PrE) (usPruy) - (5.49)
On the other hand, the third and fourth line yield
—2(52 (%1 — %4 + m)PRul) (ﬂ473Rf) . (5.50)

To perform the calculation in a more effective way, we manipulate the last line in (5.40),
in particular we “turn round” the first term in parentheses,

+2(52(k1 — %4 + m)PRU4) (ﬂlpr) . (5.51)

It also has to be Fierz transformed, together with (5.50), to get the same spinor structure
as (5.49). Again we use the notation k14 = k1 — k4, the brackets distinguishing the
spinors used as the fundamental ones in the Fierz identities. From (5.50) we obtain

—2([U2(F14 +m)] Prua) (U [PrE]) = U2 (f14 + m)PrE) (UsPrus)

< \

2(F1a + m)Y°PrE) (Wsy’Prua)

2(F1a + m)V° Y PrE) (Usvuy’ Prua )

< \

— 5 (@2
— 5
— = (T2(Fr4 + M)V PrE) (a7, Prus )
— 5
-3

%\»—l[\b\»—l[\b\»—l[\ﬂ»—lw\)—\

Ua(f1a + m)o" PrE) (a0, Prus )
(5.52)
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For the Fierz transformation of (5.51) we “turn round” the product containing the spinors
71 and vy, getting the spinors uy and u;.

2([02(F14 + m)] Prua) (v1 [PrE)) = T2 (F14 + m)PrE) (UaPrus)

< \

2(F1a + m)Y°Pré) (Way’ Prus )

+
)—l[\D\)—l[\D\l—\[\D\H[\D\H

2(F1a + m)y*PrE) (Uay,Prus) (5.53)

/\ —~ —~ A
6\

V2 (K14 + m)Y Y PrE) (Wavuy  Pruy)

+

1 (V2 (K14 + m)o™ PrE) (Us0p Prur)

As was the case for the s-channel, the tensor contributions to (5.52) and (5.53) cancel
out, while in each equation the vector part again cancels the axial vector. The scalar
and pseudoscalar parts from both Fierz transformations give

+2(U2(F4 — F1 — m)PrE) (WaPrut) (5.54)

so finally the result for the ¢t-channel is written as:

2(2(Fs + Fa — Fr + m)PrE) (WsPrur) = 2(v2(F2 + m)PrE) (WaPrui) =0 (5.55)

The same calculation goes through for the u-channel, transferring (5.41):

(5.41) = — 2(@1(;(13 + Qm)PRf) (ﬂ4PRu2)
+ 2(01 (K2 — K4 + m)Prus) (WsPr§) (5.56)
—2(01(K2 — K4 + m)Prus) (V2 PRE)

The Fierz transformations of the last two lines (again we “invert” the products containing
T2 and vy in the third line and abbreviate kg — kg by kog) are:

1

2([01(F24 + m)] Pruz) (s [Pré]) = U1 (K24 + m)PrE) (U Prus)

+ = (01(K2a + M)V’ PrE) (s Pruz)

+

1 (K24 + m)y"PrE) (s, Prus) (5.57)

_|_

3
1
5 (@

1

5 (@

%(51 (K24 +m)V°y*Pr€) (a7’ Prus)
1

ng

+ = (01(F2s + m)o" Pr€) (Us0, Pruz)

—2([U1 (K24 + m)] Proa) (02 [PrE]) = %(51(}{724 + m)PrE) (tsPrus)
01 (K24 + M)V PrE) (Uay Prus)
U1 (s + m)V*PrE) (27, Prus)

01 (F2a + M)V y*PrE) (V27,7 Proa)

%\»—lwm—lw\»—lw\r—l
—~ —~ A A

U1 (F2a + m)ot PrE) (040, Prus)
(5.58)
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The vector contributions as well as the axial vector parts vanish separately for each
process as in the s- and ¢-channels, while the tensor contributions of (5.57) and (5.58)
cancel each other. The scalar and pseudoscalar contributions are equal und sum up to

2(@1(}624 + m)’PRf) (ﬂ4'PRU2). (5.59)
Therefore the result of (5.56) is
2(v1 (2 — k3 — 4 — m)PRE) (WsPruz) = —2(01(F1 + m)PrE) (@aPruz) =0 . (5.60)

So finally we can see that s-, t- and u-channel diagrams vanish separately and we
find the SWIs of (2 — 2) processes containing two as well as four fermions to be fulfilled.



Chapter 6

The O’Raifeartaigh model

6.1 Spontaneous breaking of Supersymmetry

The simplest model in which supersymmetry is spontaneously broken is the O’Raifear-
taigh model. To be more precise it is a whole class of models (cf. [3]), the particular
O’Raifeartaigh model being only a special case. The particle content, some special
remarks and the Feynman rules of the O’Raifeartaigh model (from hereon referred to
as the OR model) are collected in the appendix. As was proven by O’Raifeartaigh, at
least three chiral superfields are needed to make spontaneous supersymmetry breaking
possible.

This model offers the opportunity to examine what happens to the SWI in the
case of spontaneous breaking. Of course, the derivation of identity (3.2) breaks down
together with our symmetry since the vacuum is no longer left invariant by the action
of the supercharge. But we want to show an example of an SWI, in the sense, that we
calculate a SWI as if (3.2) were still valid and take a look at the terms violating the SWI.
The latter should turn out to be proportional to the parameters of SUSY breaking.

6.2 Preliminaries to the O’Raifeartaigh model

For the OR model as a spontaneously broken supersymmetric model the relation

Q0)=0 (6.1)

is no longer fulfilled, but this had to be postulated to be able to derive the SWI. This
section will show what happens to the SWI if we were to assume (6.1) to be valid
anyhow.

There is a higher number of particles in the OR model than in previously considered
models. We gratefully make use of this fact as the number of participating diagrams in
an SWI shrinks enormously with a growing variety of external particles. Unfortunately
this advantage is partly lost since up to three different scalar particles appear as a result
of the SUSY transformations of fermionic annihilation and creation operators.

With the experience from last chapter’s toy model we can immediately write down
the transformation laws of the annihilators (and therefore also for the creators).

First of all we want to introduce a common notation for all particles: The annihilators
of the scalars are denoted by a4, ap, a‘i and a?, the Majorana fermion’s annihilator

45



46 CHAPTER 6. THE O’'RAIFEARTAIGH MODEL

by ¢, while the annihilators for the Dirac fermion are denoted by b and d as usual. The
creators are the Hermitean adjoints, of course.

As for the toy model, the fermionic partner of the scalar field which is split into
real and imaginary parts, gives the lefthanded component of a Dirac fermion so we can
directly take over the result (5.11):

@(©)a1(0] =1 3 ( EPcuth o)) b(hvo) + EPrulk, ) dik o))
7 (6.2)
Q(6).an(h)] = L ( (€Pru(h.0)) (k) ~ EPrutho) d(ko)

o

The fermionic partner for the complex scalar field from the third superfield and its
Hermitean adjoint are the righthanded component of that Dirac spinor. Consequently
we can maintain (5.5) and (5.8),

[Q(©) a2 (k)] = iV2 Y (EPru(k, 0)) biko) | (6.3)

[Q(€),a® (1)) =iv2 > (EPLulk, o)) d(k,0) | - (6.4)

In the case of the scalar field ¢ — the scalar component of the first superfield and
superpartner of the Goldstino — we just have to set the two annihilators b and d equal
to the Majorana annihilator c:

[Q©).a%(0)] = iv2 Y (EPrulk,0) ) elh,0) | (6.5)

(), a2 ()] = 1v2 Y (EPruth, o)) ek, ) | . (6.6)

The transformations of the Dirac annihilators are analogous to (5.15) and (5.16), re-

spectively:

Q). b(k.0)] = ~i(k. ) (aa(k)Pr +iap (k)P + VET(R)PL)E| . (67

[Q(6), d(k, 0)] = —ia(k, o) (aA(k)PL —iap(k)Py + \/ia?(k)PR)g . (6.8)

For the first superfield we use equation (3.10) und get

[Q(), c(k, 0)] = —iv2u(k, o) (a"iPR + aﬁPL)g (6.9)
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6.3 Example for an SWI in the OR model

As for the WZ model before, we want to construct an example for an SWI. Again we
start with a string of fields in which the spin of initial and final states differ by half
a unit. As mentioned above, we want to make use of the greater variety of particles
available in this model.

Our choice for an example is the following:

0# (0][Q(€), anlks)e(ka, +)a® T (k1)al (k)] |0)
= 1) (€Prulks, 0)) - M(B(k1)6" (ko) — W (ks 0)x(ka, +))

g

+1Y (EPruks, 0)) - M(D(k1)¢* (k2) — W (ks, 0)x(ka, +)) (6.10)

+1V2) " (a(k1, 0)PLE) - M(T(k,0)¢" (ka) — A(ks)x(ka, +))

The processes resulting from the SUSY transformations of the Majorana fermion in
the final state and the massless boson in the initial state do not contribute. For the
transformation of the remaining particles we write down only the nonvanishing terms.
The first process with two diagrams

';o---< + .;o===<, (6.11)

produces, after multiplication with the appropriate prefactor, the analytical expression

_ 1 1
2g°m. <§PLk3v(k47 +)) . (s —m2+2\g s—m2— 2/\9) . (6.12)

The second process is analogous:
;..--< —+ ;.:::< (613)

_ 1 1

The result is

There exists just one diagram for the third process,

/
/

/}———\ . (6.15)

Here we have to keep an eye on the signs again, while having to apply the Wick theorem.
The resulting amplitude is

+ag>m - (EPr(fr + F2)o(ka, +)) - S jmg = +4g%m - (EPrksv(ks, +)) - p jmg (6.16)
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Implicitly we used momentum conservation and the Dirac equation for v(k4), which
simply is k4v(kq) = 0 for the Majorana fermion being the Goldstino.

When choosing special transformation spinors &, we see that the righthanded and
lefthanded part of the identity must be fulfilled separately. As is immediately seen the
SWI is violated as we expected from the beginning. Inspecting the limit A — 0 shows
that the contribution containing the lefthanded chiral projector vanishes and the parts
with the righthanded chiral projectors cancel each other. This is understandable by
remembering that the parameter A controls the spontaneous symmetry breaking of the
OR model as it produces the mass splitting between the particles of the second and the
third superfield, which came from diagonalizing the mass terms.

This violation of the SWI of the type derived in [20] and [21] stems from the non-
invariance of the vacuum under SUSY transformations in spontaneously broken SUSY
theories. It can be avoided by using a formalism based on the concept of a conserved
Noether current for the supersymmetry; this will be shown in the next part.



Part 11

SUSY Ward identities via the
current
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Chapter 7

The supersymmetric current

and SWI

There are some inherent problems in the method of calculating SWIs the way presented
in the last part: It does not work for spontaneously broken supersymmetry and is also
only applicable for on-shell identities. To develop stringent tests for supersymmetric
field theories, it will prove useful to consider off-shell identities as well, as much more
of the underlying physics is involved in such relations. In this part we will first present
how SWI can be implemented when using the current of the supersymmetry and then
show examples for the Wess-Zumino model. To verify that this method is also valid for
spontaneously broken supersymmetry, we extend our calculations to the O’Raifeartaigh
model. Afterwards we turn to the combination of (global) supersymmetry and gauge
symmetries when examining currents in supersymmetric Yang-Mills theories. This is
important because realistic models should, of course, incorporate at least the gauge
symmetries of the Standard Model.

7.1 Ward identities — current vs. external states

In this section we describe the connection between the SWI in the formalism derived in
[20] and [21] and similar relations which can be obtained with the help of supersymmet-
ric current conservation. The name “supersymmetric” current is a bit misleading as this
current is not invariant under SUSY transformations. In fact, the current mentioned
here is closely related to a spinor component of a real superfield provided with an addi-
tional vector index, called the supercurrent (cf. [3], [24]). The scalar component of the
supercurrent is the current of R symmetry, while the vector component is given by the
energy-momentum tensor. The supersymmetric current has the Lorentz transformation
properties of a vectorspinor. In a local version of supersymmetry — supergravity — the
corresponding gauge field is the gravitino.

To derive this kind of SWI we write down a time-ordered product of a string of
field operators (appearing in the supersymmetric model under consideration) with the
operator insertion of the supersymmetric current,

O]T [T"(2)O1(y1) O2(y2) - - - On(yn)]|0) (7.1)

ol
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Taking the derivative of this expression with respect to x* (we use the abbreviation

d5 = 0/0xt), we get:
10 (0| T [T"(2)O1(y1) - - - On(yn)]10)
in<O‘T[(’)1.. i1 [17°(), 0i()] p, (2 —yl)om...on] 0>
i=1

+i(0|T [85T"(2)O01(11) - .. Onlyn)] [0) (7.2)

Here x; has the meaning of a sign prefactor
Xi = (~)Z= 7, (7.3)

which arises by anticommuting the Grassmann odd current with Fermi field operators.
P is the Grassmann parity of the fields, 1 for fermions and 0 for bosons. In the same
manner we have introduced the graded commutator

[A, Bl p_, = {A, B} for fermions, [A, B],_, = [A, B] otherwise (7.4)

as an anticommutator in the case of two fermionic operators and a commutator in all
other cases.

The last term in (7.2), which is created by applying the derivative to the current,
vanishes due to current conservation. The terms with the graded commutators arise
when acting with the time derivative on the step functions in the time ordered product.
We make use of the fact that the equal time commutator (or anticommutator in the
case of a fermionic operator) of the zero component of the current with an operator (for
instance, the field operator of the fundamental fields of the theory) equals the symmetry
transformation (in our case the SUSY transformation) of the considered field:

[i€T°(x), O(y)] 6(z° — °) = 6:O(y) - 6" (2 — v)) (7.5)

With the help of this relation we can rewrite the right hand side of (7.2). Furthermore
we switch to momentum space and replace the spacetime derivative acting on the left
hand side of equation (7.2) by the momentum k, which flows into the Green function
through the current operator insertion (so —k* = 3, p!" is the sum over the incoming
momenta of all other external legs).

kF.T. { o\TrJu )O1(y1) - On(yn)][0)

_ZFT O|T[O1...0i1 (6:0:(ys)) Oiy1 ... O] |0) - 6*(x — yi) (7.6)

In (7.6) the supersymmetric current has been multiplied by the SUSY transformation
parameter ¢ and hence became a bosonic operator. There are two consequences: we
could forget about the sign prefactor which was part of (7.2) and all graded commutators
became commutators. In (7.5) and (7.6) we used the usual notation for the SUSY
transformations of the fields (with transformation parameter §).

At tree level the identity (7.2) is valid for linearly as well as nonlinearly realized
symmetries both for on-shell and off-shell processes (cf. for instance the path integral
derivation of the Ward identities in [25]). In the case of nonlinearly realized symme-
tries, not only higher than quadratic terms will appear in the current operator but also
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composite operators in the transformations of the fields. To put the identity (7.2) on

the mass shell we have to apply the LSZ reduction formula [13], [15], [22] to all external
legs except the current itself, which remains unamputated:
1] d41‘nf;;(Dn + m%) if d4$n+mfn+m(|jn+m + m,Q.H_m)

k,J*
i [ d*zofy (0o +m3)

ifdizfy (O +m?) ifd*@py1forr(Ongr +m2 )

We used the abbreviation f; = e %%/, /(27)32k?. For simplicity we denoted only the
amputation procedure for bosons. The big grey blob stands for the process under con-
sideration (i.e. the interaction operators needed to connect the external fields in (7.2)),
while the smaller blob will become our standard convention for a current insertion. On
shell, all the so called contact terms on the right hand side of equation (7.2) vanish.
This is seen by inspection of the amputation procedure for those Green functions with
the transformed fields: Let the external particle corresponding to the ith field have mo-
mentum p; on the left hand side, then on the right hand side the particle corresponding
to the transformed field has its momentum increased by the momentum influx through
the current p; + k. For the sake of simplicity, we show an example involving only scalar

fields: )

p; —m;

(o0t R)? — 2 (7
These two propagator factors do not cancel like all other propagators of external particles
do, hence when setting the external momenta p;,j = 1,2,... on the mass shell, this
yields zero for every term on the right hand side.

Another interesting phenomenon happens for spontaneously broken symmetries,
where a field gets a vacuum expectation value and is therefore shifted by a constant. A
term linear in the field appears in the current, or more precisely, a term proportional
to the derivative of the Goldstone boson. This contributes tadpole-like diagrams which,
if resummed, shift the appropriate poles of the fields according to the mass splitting
from the spontaneous symmetry breaking. Since coupling constants and vacuum expec-
tation values are combined to yield masses of particles, there is a mixing of different
orders in perturbation theory contributing to the Ward identity. For supersymmetric
field theories the corresponding term in the current is given by a gamma matrix times
the derivative of the Goldstino field. We will study this in detail in the O’Raifeartaigh
model below.

Dp(p;)~" - Dp(p; + k) =

7.2 Simplest example — Wess-Zumino model

Like any continous symmetry in a field theory, supersymmetry possesses a conserved
current whose charge is the generator of the symmetry transformation. Supersymmetry
is no symmetry of the Lagrangean density but only of the action. It transforms the
Lagrangean density into a total derivative which vanishes upon integration over space-
time. The following discussion is similar to that in [3]. If we assume that the change of
the Lagrangean density under a SUSY transformation takes on the form

5L = E0, K", (7.8)
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we can calculate the structure of K*. We want to derive the supersymmetric current
for the WZ model as this is the simplest supersymmetric model. In the Lagrangean
density only the D-term of the kinetic part and the F-terms from the superpotential
appear. The SUSY transformation of a D-term of an arbitrary superfield is given by

(31, o] _
§eD =&Y . (7.9)

Here ) is a spinor being the 62 coefficient in a superspace expansion of a general super-
field. We conclude, that for the kinetic part of the WZ model Lagrangean density as a
product of a right- and a lefthanded chiral superfield, ®T®,

¢ Lxin = O¢ B‘i)“i)] = 275@1 [@Té} : (7.10)
D

The appropriate A can be read off from equation (26.2.24) in [3] or, in our conventions,
from equation (5.116) in [5], by taking into consideration that the general superfield
@, there is to be set to the right chiral superfield ®' and the second superfield d,y to
the Hermitean adjoint left chiral superfield ®. This enables us to make the following
replacements (of course, the SUSY transformation can be done by brute force in a
component language but the superfield formalism is much more elegant) 2:

)\1 =0 )\2 =0
V= —ioret V=it
Ci = ¢* =iV2V¥
1=¢ Wi =iV2Ug (7.11)
Cy=¢ wy = — V20,
N1 = F* M1 = — IF*
N2 =F Mg =iF
The result is
1 . .
K. = \/i'y“((g?d)) Up+ (Po") ¥y —iFUR —iF \I/L> : (7.12)

From the transformation of the superpotential’s F'-terms we write down the relation
N A - - A
O Lpot = O¢ T2 4 26%| 4 he.= —iv2EPLY P$24 283 +he. (7.13)
2 3 |, 2 3|,
The contribution from the potential becomes
. . 1 1 .
Kb = —iv2y» <m\1/L¢> +mU e + iwmﬁ + ZAVR(¢ )2) (7.14)

(NB: Herein A is the coupling constant of the WZ model, not a spinor component of a
superfield.) So altogether we get for this contribution to the supersymmetric current

1 . . .
K“Zf\/i’yp' (@¢)‘PR+(a¢*)\PL71F\I/R71F*\I/L72ml\I/L¢
IThe relative factor of i between both references comes from the different conventions concerning
the metric and hence the gamma matrices.
2In the appendix a detailed derivation for the supersymmetric current in supersymmetric Yang-Mills
theories can be found.
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—2miWRe* — AV ¢? — in(a:*)Q) (7.15)

Inserting the definitions of the fields A, B, F and G yields

K = S9M (AN — Sy PB)Y — 5" FY — 530G

i A
— imy* AT — myH~y° BU — —’y“ (A2 — B2) U — ﬁfy“'fAB\If (7.16)

2V2

The so called Noether part of the supersymmetric current (by which the current is
given in the case of an invariant Lagrangean density) reads

OrL -
> 5 ;q) 5e® = —EN* . (7.17)
all fields (0.2)
In the WZ models these derivatives are

8RE C{)R,C
9(0,A) 9(8,B)

OrL _ig
R (7.18)

= 9 A, — "B,

while the SUSY transformations of the several fields are stated in (2.5). The Noether
part therefore is

Nt = —(0"A) ¥ —i(0"B)7°¥ — % [@(A—1°B)] ¥ + = (]-'+w G)v*¥ (7.19)

Adding the two parts (7.16) and (7.17) results in the supersymmetric current for the
WZ model

Tt =KW+ NH
= i((i;;z— m)A) Y + ((ip tm)B)v%”\I’ (7.20)
w14 (47 - B%) ¥ — 57“75143‘1’

Now we can check — even if it is a little bit cumbersome — the current conservation
explicitly.

8,T" = — (OA)T — imAPT) — (PA)(PT) — im(PA)T — (OB)y° ¥ + mBy*(JT)

Li@B) Q) - m(@B)SY — 2 (42— B?) pu — X (pA) Aw

23 NG

A A A
(@B)B\If + =P ABPV + —=~+°(PA)BY + —=~"A()B)V¥
xf vz V2’ V2!
A (Y0)U — mFU A AFU A BGUY + A (U7 0)y° ¥ — imGH°
= — -m - — - — — —im
212 V2 V2 ava !
iX i\
+ —“=BFY°U — = AGH U +iF (V) — G1*(P¥
Noradl A9 (PV) — G7°(P¥)
The underlined terms cancel due to the equation of motion of the Majorana field W.
In the second equality the first eight terms stem from the equations of motion for the
scalar fields A and B, while the last two come from inserting the equations of motion
for the spinor field into the terms not underlined. The terms linear in F and G can be
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combined to give the equations of motion for the Majorana field and we are left with
the trilinear fermion terms. Noting that third powers of Grassmann odd two component
spinors (¢1))1) vanish, the calculation

(P0) W = (0 + o)) - (ﬁ) (E%)
(TP 0) y°8 = (=) + ) - < ) < >

shows the cancellation of the trilinear fermion terms. This finishes the proof of the

desired current conservation:
=

The current for a general model with an arbitrary number of superfields and the
proof for its conservation can be found in appendix D.1.

(7.21)



Chapter 8

SWI via the current

8.1 Starting point: WZ model

In this section we want to calculate supersymmetric Ward identities (SWI) for the WZ
model obtained with the help of the current as constructed in the previous chapter. The
current for the WZ model is given by (7.20). We will show an example for an on-shell
identity with three external particles (SWI with two external particles are just given by
the propagators of the theory in the contact terms and are rather trivial) as well as for
an off-shell SWI with the same number of external particles.

For the on-shell example, where the contact terms are absent, we choose a (2 — 1)
process with two incoming scalar particles A, one outgoing fermion ¥ and a current
insertion, to which (in lowest order perturbation theory) four different diagrams con-
tribute:

S \ S e \
~ \ ~ \
\ ) AN
\N/ /1 \
+ X + /) +
/ N\ / 4
’
. / / ,
/ / ,
i / / ’

The momenta of the incoming As are denoted by k; and ke while the outgoing
Majorana fermion’s momentum is k’. The analytical expressions for the four diagrams
are (from right to left):

My - %mu«’), (8.1a)
3imA W
(2) + m (K1 + Fo — m) v o(K'), (8.1b)
i\ , ’
3) + 2l —m?) (k1 —m) " (k2 — ¥ +m) v(K'), (8.1c)
(4) N (o — )y (b — B+ m) o(E). (8.1d)

+ N
V2 (u—m?)
For this problem the Mandelstam variables are

s= (k1 +k2)?  t=(ka—K)?,  u=(k —k)>

o7
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The verification of the SWI only needs the use of the Dirac equation (}' +m)v(k’) =0
and the relation ff = k?. Applying the 4-gradient to the above matrix element produces
the following sum that can be easily confirmed to be zero:

Ou (V| TH[AA) = \%[(%1 + K2 +m) — %(%1 2 —m)(F —F1 — K2)
) (F k) - —m)
t —m?2

(o —m) (¥ - il_—n{fs) (¥ —F1 — m)]v(k’)

_ \%[(%1 o tm)—3m— = Tz(;j mf)
S B=m) (B +m) (B2 — ) (B2 —m) (u+ mfo)

t—m?2 u — m?2

(B2 —m) (B2 +m) (F1 — kl>:|1](kl)

V2

Concerning (nonlinear) transformations, on-shell only the one-particle pole con-
tributes. But for off-shell Ward identities the nonlinear terms give nonvanishing contri-
butions in contact terms. The correct method to handle that difficulty is to define local
operator insertions for every nonlinear term appearing in the transformations.

As an example for an off-shell identity we take the insertion of an A, a B and a ¥
field as the left hand side in (7.6)

:)\[m—i—}él—l—}ég—3m—}é2+m—k1+m}v(k/) =0 \/ (82)

F.T. (0| T, (y)EA (1) B(x2) ¥ (x3)|0) =

P _l m2 p3 _1 m2 ﬁgji—lm (F'T' (0| TT,(y) A1) B(w2) ¥ (w5) ‘O>amp‘> £, (8.3)

where F.T. stands for the Fourier transform. Compared to the on-shell identity we just
changed one scalar into a pseudoscalar. As this is an off-shell identity we need not
to distinguish incoming and outgoing particles. The nonvanishing contributions to the
contact terms for this SWI are:

FT. (0| TEW (1) B(2) ¥ (3] 0) = \‘/;p% | - zés:rim75¢1 . ;é ¢ (84n)
F.T. (0| TA(21) (i67° ¥ (22)) ¥ (23)]0) = A - i A°¢ (8.4b)

VIR =yt mpat fom

F.T. <0‘TA($1)B($2)(—1) (i@ms + m) B(Ig)’ysf‘0> =
—mA i i i

5
\@ p%—meg—mQ(pg—i—k:)Q—m? (_¢3_k+m)7£ (84C)

%F.T. (0| TA(z1)B(22)(AB)(x5)7°¢

—iA i i 5
0)=— ° 8.4d
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_ To evaluate the 4-point function with the current insertion we rewrite the current
£J, as J,€, which is identical due to the Majorana properties of the current and the
transformation parameter:

€, = s{i«ia m)A) T+ (i) + m)B) 77, 0

i\ A
- Qiiﬁw (A2 - BQ) v — \/5%’75‘43\1]}
_ {\Iw“i (i) + m) A — Ty, (if + m) By®
A = 2 poy . Awo s
+ 2\/§\Il'yu (A* - B?) \/E\I/'y,/y AB}§ (8.5)

This brings the propagator of the (matter) fermion to the left. Again there are four
diagrams for the Green function with current insertion:

(8.6)
For the sign of the fermion propagator one has to take care of the momentum flow.

F.T. <O‘T7M(y)A($1)B(x2)\I/<x3)‘O>amp_€ = —%VSWW (1 +m)¢
D (.
V2pe t f—m "
imA i
V2 s+ R)Z—m2

Dotting the momentum k, = —(p1 + p2 + p3), into this expression yields

A
o +m) € — 5%755

(s + K —m)7y°¢ (8.7)

i 1
p3 +m (pf —m?)(p3 — m?)

BT (0| T (y) A1) B(w) U (3)[0), €

B \i/)\iﬁzﬁl-m(p%—mQ)l(p%—mQ) | {(’“”2“63)

o
P2+ Pz —m

(P1 + P2 +P3) (b1 —m)

1
_m(ﬁbl-f-ﬁz-kﬁs)@z—km)
1 5
T pa) =2 (P1 + P2+ P3) (B +I52+m)}7 3
i1 1
V23 +m (pF —m?)(p3 —m?)
o 1
V2 p3 +m (pf —m?)(p3 —m?)

(1 + P2 + P3) V7€

(Ppr —m) ’YSf
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oA 1 1 1 e
\/§¢3+mp§—m2¢2+7§3_m7
i\ 1 1 .
- ﬁﬁ%ﬂ‘m (p? — m2?)(p3 — m?2) (P2 + m) 7€
oA 1 1 1 ”
\/§¢3+mp%fm2¢1+¢3+m7
imA 1 1 5
V2 2 —m2) (R —m2) (p1 + pa)? — m2 (1 + P2 +m) ¢
ViR ; T (8.8)

T Z bt m 0 =m0 — m?)

The third, fifth and sixth term equal the ones from the linearly transformed fields
of the r.h.s.:

_i/\{ 1 1 1 n 1 1 1
V2 p3—m2ps+mpa+ps—m  pi—m2ps+mp +p3+m
1 1 1 .
ey <m+m+m@ws<w»

pf —m? p3 —m? (p1 + p2)? — m?

The remaining terms add up to:

i\ 1 1 5
wﬂﬁ—mm@—m%m+m{mm%+mm+M+mm%g
iX 1 ;
T V20— m?)(pE — m?)7 ¢ (810)

This equals the single term coming from the local operator insertion, so that the Ward
identity is indeed fulfilled.

8.2 Currents and SWI in the O’Raifeartaigh model

Taking the general formula (D.8) derived in appendix D.1 we can derive the super-
symmetric current for the O’Raifeartaigh model (short: OR model). From the super-
potential in which the superfields have been substituted by their scalar components

f(@1, 02, 03) = A\p1 + mags + gp1¢3 (8.11)

we can read off the derivatives with respect to the scalar fields (there is no difference
whether we take the mixings of the fields into account first and take the derivatives
afterwards or vice versa):

W = A+ g3 = At g (A% — B? 4 2iAB) (8.12)

1

‘W — s+ 29d16s — mD + V2 (A+iB) (8.13)
2

0f(b1,02.03) _ 0, = ™ (A+iB) (8.14)

0o V2
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After inserting these derivatives and sorting the terms we get

T" = = V2(P$)7"Prx — V2P )y Prx — V2" x + 1P (i) — m)A) ¥
+iPr (i — m)A) Y ¥° + P (i@ — m)B) ¥ — Pr ((i — m)B) v ¥*
+1V2Pg (i) — m)®) v W + V2P, (i — m)*) 7 ¥°
- \% (A% = B?) v"x — V2gABy"°x — 2igy" A¢PL Y — 2igy" Ap* Pr¥*

+ 2g7* B¢PLVY — 2gv* Bo* Pr¥*¢
(8.15)

Let us start with a rather trivial example, which relates 2- and 3-point functions in
lowest order perturbation theory. We consider the SWI

ke, F.T.(0| T [(ET") A(z1)¥(x2)]|0)
= FT(0|T [¥(ws) (U(21)PrE)][0) 64 (x — 21) (8.16)
+F.T. (0| T [A(z1) (i@ — m) A(x2) Pré€][0) 6" (z — z2) + O(g)

We have only kept those of the contact terms giving nonvanishing contributions. The
right hand side will be calculated first; we adopt the convention that all momenta be
incoming. The right hand side is

i(=f2+m)
K-

i(fr + m)

RHS (8.16) = g PRE + 0) (8.17)
7_

PrE —

As mentioned earlier, for the calculation of the left hand side care has to be taken about
possible higher orders in perturbation theory which may contribute to this SWI. In
these diagrams the linear part of the current will be coupled to the external particles
via the Goldstino, wherein the coupling constant combined with the parameter for the
spontaneous symmetry breaking A is responsible for the mass splitting between the
participating particles A and W. This will prove important — as we will see soon —
for constructing the propagators with the correct poles. The pole of the Goldstino at
zero mass always cancels out of those diagrams against the momentum influx from the
current. Diagrammatically the left hand side looks like (k = k1 + k»):

k"
LHS (8.16) (8.18)

The analytical expression for the left hand side (8.16) is
LHS (5.16) = 10}, (0|7 [(€7"(x)) A1) ¥ (22)][0)
+i07 -i/d4y (0|T [(ET"(2)) A1) ¥ (z2)Lins ) [0) +
=105 (0] T [AG@0) W (@2)i (T(@)r" [(9 + m)A(2)] Prg) ] 0)
~ o [ aty (o] v [(VENEYx(@) (VEST()Prx(w) Alan)W(z2)][0)

+ higher orders
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1 +m

il i(—f2+m) (F1 + ko) mpr§
1

k3 —m?
i(—f2 +m) 29
k2 —m?2 kI —m?2— 2/\g7)R€ + 0l)
iketmy, o ihm)
k3 —m? R k¥ —m?2 —2)\g

Pré + O(g) = RHS(8.16) +/
(8.19)
The SWI is fulfilled. Amputating the external legs (except for the current) by means of

the LSZ reduction formula produces the on-shell identity which is thence automatically
fulfilled as well.



Chapter 9

Gauge theories and
Supersymmetry

In gauge theories there appears a new phenomenon not met in the previous chapters:
the participation of (massless or massive) vector bosons connected to the concept of
gauge symmetry and gauge transformations. These are indispensable ingredients for
a realistic field theoretic model describing elementary particle phenomenology. The
gauge principle, i.e. the covariance of the fields under local phase transformations, must
in a supersymmetric field theory be incorporated in a SUSY covariant manner. As
shown in [3] and [5] the kinetic terms with minimal coupling can be written down in a
SUSY-covariant form by introducing a vector superfield V (this is a real superfield with
vi= V), and making the replacement

1rais 172 3
Siin = [ d*z = [QTQ} — [ d'z = {@Teic‘/@] . (9.1)
2 D 2 D
Therein ¢ is a normalization constant depending on the normalization of the algebra of

the gauge symmetry which is as changing from author to author as the choice of sign.
The sign of c¢ is related to the sign in the gauge-covariant derivative,

Dy =0, +ig) T"Aj. (9.2)

The kinetic term for the gauge fields is produced with the help of spinor superfields,
chiral superfields equipped with an additional spinor index. They are established by
triply applying the super-covariant derivative D to the vector superfield

. 1, .
W(x,0) = ~1 (DD) DV (z,90). (9.3)
Then the kinetic part of the gauge fields can be expressed as

Sgauge = % / 'z Re [Z Wgwg] (9.4)

There is a high redundancy in the superfield formulation of supersymmetric gauge
theories. The new superfield V' there contains a huge amount of unphysical degrees of
freedom. But we can get rid of them. The kinetic part (and the superpotential as well)

63
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are not only invariant under SUSY and gauge transformations but also under so called
extended gauge transformations. These are gauge transformations where the gauge
parameter (usually a scalar spacetime dependent parameter) is replaced by a complete
superfield A(az,@). We can use these transformations to gauge away the superfluous
degrees of freedom, three scalar and one spinor component field so that only the gauge
field, the gaugino and a scalar field with canonical dimension two remain. This is called
the Wess-Zumino gauge. After having fixed the above mentioned components, only the
ordinary gauge transformations survive from the extended gauge transformations.

The Lagrangean density of the matter fields with minimal coupling therefore has the
structure:

Lonat = (DM¢>)T (D"¢) + % (Vpv) + FtF —V2gregiTow
— V29T [ T A" + g¢'T*¢D" + W(¢, ¥, F) (9.5)

Here W(¢, U, F') stands for the superpotential parts of the matter Lagrangean density
which are globally and locally invariant under the gauge symmetry group. It does not
contain any derivatives of the fields.

The kinetic terms of the gauge fields and gauginos are:

]‘ a v 17 a ]- a a
L:gaugc - *ZF#UF(I; + 5)\0’ (ﬂ))\) —+ §D D (96)

Since it is consistent with the gauge symmetry, we may add a Fayet-Iliopoulos term
Lpr =(¢*D° with fr¢® =0. (9.7)

The last condition is necessary in the non-Abelian case for this term to transform into
a total derivative under SUSY. It forces the gauge field part in the covariant derivative
of the gauginos produced when SUSY-transforming the auxiliary field to vanish.

9.1 The de Wit—Freedman transformations

The Wess-Zumino supergauge fixing procedure destroys invariance of the Lagrangean
density under SUSY transformations as well as under extended gauge transformations.
When performing a SUSY transformation the states gauged away in the WZ gauge are
populated again with the effect that the Lagrangean density is no longer WZ gauged.
This can be remedied by performing another extended gauge transformation to newly
reach WZ gauge. From last section’s discussion this is understandable from the fact
that SUSY and gauge transformations are not completely orthogonal to each other.
The several transformations and their relations are displayed below:

Tsusy
L L
V
EWZ £WZ

Taew—F



9.2. THE CURRENT IN SYM THEORIES 65

When performing a SUSY transformation and an extended gauge transformation after-
wards (for the details cf. [3]) this results in a combined transformation called de Wit—
Freedman transformation which leaves the Lagrangean density in WZ gauge invariant
[26]. In de Wit-Freedman transformations the spacetime derivatives are replaced by
gauge covariant derivatives; furthermore there are some additional terms. So de Wit—
Freedman transformations are the gauge-covariant version of the SUSY transformations.
For supersymmetric Yang—Mills theories they are (we put a tilde on them to distinguish
them from the ordinary supersymmetry transformations; for more details see appendix
A5):

e = V2 (EWy),
Oeth = — V29" ((Dud)Pr + (Do) Pr) & + V2(FPL + FPR)E,
0eF = —iV2 (EDWL) + 29ETPN%,

0e Al = — (Ey5A%)

A" = — %F[fﬂ“W’VW% + DY,

0¢D* = —ig (PN

9.2 The current in supersymmetric Yang—Mills the-
ories

Because it is a complicated and lengthy topic we postpone the detailed derivation of
the supersymmetric current for supersymmetric Yang—Mills theories (SYM) to the ap-
pendix, D.2. We simply state the result for the SUSY current in a supersymmetric
Yang-Mills theory

TH = — V20" (Dy§) W g — V29 (D, ) Wy, — iy oA
+ %,ya,yﬂ,yu,YSFgﬁ)\a _ igv“ (¢Tf¢) - ) (9.9)
T 1
— iy (3{9(5)) W — V29" (a‘g(f)) Vr

It is conserved,

| 010

as will also be proven in the appendix, D.3.

9.3 Comparison of the currents — physical interpre-
tation

The use of the de Wit—Freedman transformation is not mandatory [3]. It is also possible
to use the “ordinary” SUSY transformations to calculate the current. We do want
to show now that the current in SYM theories remains the same when using SUSY
instead of de Wit—Freedman transformations in its derivation. The difference between
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both transformations shows up in the auxiliary fields F, FT and D%, as well as in the
matter fermions. The two Noether parts — calculated on the one hand with the dWF
transformation, on the other hand with the ordinary SUSY transformation — differ by
a term

pay Tk __iig*u TT A iig*z/ A
e (& o TT A, 05) + y (Eyrei TA,w,).  (9.11)

We now list all terms produced by a dWF transformation of the Lagrangean density in
addition to the SUSY transformation:

FIF — —ogFt (Equ : XR) _ 9 (quTTF AL) + \fg( FTTA\I/L)
V2 (EFTTT fwy) (9.12)
5 (TP0) — 2 (67D I7 2,07 -

| v
+ 2 (6,00 PvL) = L (6717 4,07 V)

(57 7" (D, TAW)T\I’L)

(9.13)

—V2g (X 61T0,) — 29 (€61 T(TA) - X2 ) (9.14)
—V2g (V2T6-X) — —2g* (€ (T 4,000 Xr) (9.15)
g(#'T0) - D — ig? (6'T0) (EF5.A"X°) (0.16)
Lgange — 1D (Ef3AX°) (9.17)

From these additional terms as many as possible are eliminated. The first two terms
out of (9.12) vanish by the condition (D.59). From the last two equations (9.16) and
(9.17), the contributions cancel due to the equation of motion for the auxiliary field D®.
Next we multiply the terms with the covariant derivatives of the fermions in (9.13) by
a factor two and subtract them once. In the doubled expressions we insert the equation
of motion for the fermions; with the help of the two identities derived from (D.59) in
the paragraph below that equation we see, that the remaining terms from (9.12) cancel
as well as the gaugino contributions (9.14) and (9.15). We are left with

- 5 (o Aehpus) + (07 A0 )

All terms containing two gauge fields cancel each other so that the remaining term is
the following derivative:

(9.18)

lg z vpT § T lg z vim A
ay—<“ TTA, \11)——(# TA T\Ifﬂ 9.19
{\/5577( n® )Vr ﬂfvv( u®) VL (9.19)
This cancels exactly the contribution to the current from the Noether part, (9.11), and
both currents are equal.

The fact that the two currents are identical can be interpreted physically in the
following way: The supersymmetric current of SYM may be derived in the superfield
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formalism independent from any choice of supergauge. Since the supercurrent (the
superfield containing the supersymmetric current and the energy-momentum tensor) is
a scalar with respect to (extended) gauge transformations, the supersymmetric current
remains the same when expressed in different supergauges.

9.4 SWI in an Abelian toy model

To test our supersymmetric Ward identities (SWI) for a supersymmetric gauge theory,
we choose the simplest possible example, a model with one matter superfield and a U(1)
gauge symmetry. This is not SQED — the supersymmetric extension of QED, since there
is only a single superfield. Gauge invariance then forces the superpotential to vanish,
so that all particles of our model are massless. Furthermore the matter fermion is of
Majorana type and the gauge field must couple to it as an axial vector, as this is the
only possibility for a gauge field to have a nonvanishing coupling to a Majorana fermion.
The whole gauge superfield must then be axial as well and the model bears an anomaly,
the supersymmetric extension of the axial vector anomaly. But as long as we are only
concerned with tree level processes we do not have to care about anomalies — they will
only become important for higher order calculations. The details of our Abelian toy
model can again be found in appendix E.4. Here we just quote the Lagrangean density
and the current (to avoid confusion with the scalar particle A we denote the gauge boson
by G, in this model):

1 1 i— 1 1—
£ = 5(9,4)(0"4) + 3(9,B)(9"B) + %wqf — 1EuF" + %A@)\

2
+eG (BO" A~ A0 B) + TG, G" (A + B?) — ¢ (U)) A (9.20)

2
—ie (T7°A) B — UG W — = (A + B! +24°57)

T" = —(PAY"T —i(IB)Y'°V + ie AGA'7° U — eBEAT
) .
507 (0aGa)A — 5 (47 + B) 72

(9.21)

We first show a simple example for an on-shell Ward identity:

Ju(p1,p2) = F.T.(0|T.(x)| A(p1)¥(p2))
= F.T.(0[7.(2)| A(p1)¥(p2)) (o) = —Pr7uulp2) (9.22)

(p1 + p2)*Ju(p1,p2) = —p1 (1 + P2) u(p2) =0 (9.23)

The second term in parentheses vanishes due to the Dirac equation while p? is zero (all
particles are massless in this model by gauge invariance).

We now discuss several examples of Ward identites calculated off-shell. By amputa-
tion in the sense of LSZ reduction we can then easily get back to the on-shell identities.
Let us first — as a warm-up — examine an SWI with two fields beneath the current
insertion written down in the form (7.6)

FET. (0 TETu(y) Alz1) ¥ (w2)|0) = F.T. (0] T (3 A1) ¥(2)|0) 6" (a1 — y)
+F.T. (0| TA(z1) (8¢ W (22))]0) 4 (20 — v)
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=F.T. (0| T (2)¥(21)€|0) 6* (21 — v)
+ F.T. (0| TA(21) (-1 A(22))€]0) 0% (22 —y)  (9.24)

Graphically we denote the momentum influx by a dotted line. Then we have the fol-
lowing relation (k + p1 + p2 = 0 and all momenta incoming)

bav Lk .\ k 925)
,/’, J D2 P1
i il L (i, i
LT Cibe= o e (F+ TR e o20)

The SWI is fulfilled.

Another SWI for a 2-point Green function will be calculated now to show a new
effect. ) )
%}C T ko Cok
g = . . 9.27
o P2 + pr ( )

T. (0T (6¢G. (1)) A(x2)|0) 6* (21 — y)
+F.T. <O‘TGV(1‘1) ((55)\(.%‘2)) ‘0) 54(902 — y)
= — F.T. (0| TA(z2)N(21)77°€|0) 6% (z1 — v)

- §FT (0| TG, (1) (52 Gy (wa)) v, 7 177€]0) 6 (w2 — )
= KMET. (0| TET, (1) G (21)A(w2) [0)
= %k“F.T. (O TA(2) X W)Y 7ulr™ 104G 5(y)) G (21)€[0) (9.28)

i

L
va"’é - %%[—161, Y ]7°€

DN =

1)+ p5>;—iw5w e A7) (—ipra) 22 (9.29)
2 by

Multiplication by a factor i and simplification yields the result

;171/’7 §— ; 12[¢1>'7V] f

= (161+162)[¢1,%]1%£= ~5 ol e = 50" Tl

- 11{161,%] - Loy 5+—’51pm§ (9.30)
5 g

N =



9.4. SWI IN AN ABELIAN TOY MODEL 69

Astonishingly there is an additional term on the side of the current so that this SWI is
not fulfilled off-shell. But we notice that this additional (the third) term is proportional
to the momentum of the gauge boson. Using LSZ reduction (multiplying with the
inverse propagator and with the polarization vector) and setting the particles on the
mass shell yields zero by gauge boson transversality. Hence, on-shell the SWI is valid.

Now we attack a more complicated example, a 3-point function. In formula (7.6) we
choose — together with the current insertion — the fields A(x1), Gy (x2) and ¥(z3). We
get four nonvanishing contributions from the SUSY transformations of these fields.

F.T. (0| TP (21)G, (22)¥(23)[0) = +16( )16 Smg (9.31a)

F.T. (0 TA(z1) (—E77° Aar2) ) ¥ (23) |0) = —i ‘P ﬁ 7o Hﬂ”f

(9.31D)

T (4G, o) 1 PBlE)Ol0) =

i —
+ie— ) (pS v —P1,, + kv)
1 5]

G = e (9310

F.T. (0| TA(21)Gy (22) (—*(G L A) (3)7°€) [0) =

i —in,,
Fopt e (91d)
The last term includes a composite operator insertion coming from the nonlinearities in
the current of the supersymmetry due to the de Wit-Freedman transformation (others
stem from the elimination of the auxiliary fields). For the first two processes one has to
take care of the sign of the rightmost fermion propagator whose calculational direction
is opposite to the momentum flow.

Now we have to calculate the 4-point function with current insertion; there are four
contributing diagrams (again we use the trick to rewrite EJH as Zf, which brings the
propagator of the matter fermion to the rightmost position in the fermion line):

(9.32)
T (0 TT ()€ A ()G (2) ()] 0) =

;%;%1;; (F.T. 0| TT () A1) G (w2) W (w3)[0) . ) € (9.33)

Note the momentum flow for the sign of the fermion propagator.
F.T. (0 T (9) A(21) G (2) U (23)|0), & = —ier,y° €

i

m+¢<l)<mmnﬁrymk+w%”¢§k“(m”

T g R2€ P~ Py =) i, (s + H) € (9.34)
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with k, = —(p1 +p2 +p3)u

163 o —— K'F.T.(0| T, () (xl)GV(xQ)\I/(xg)\o>amp_5
i1
- -5 2{+le(151+1b2+153)7% S

e (D1 = pa ) o (B + )9 ()

(1 + P2 + P3) VP2, 1]

Fienn’ +¢ <¢1+¢2+¢3>75}
= plpgwy B¢ — 2;6 (751 + p2) V€

e 1 1 1
+ 2 2]5 Py [ﬁ2771/]£+ 215315 +}637V7§ p1p2153¢1+]$

+L2 (2p1,0 + p2y) V€ — (2P1u+p2u)m7 (P1 +p2) &

p%pg P3 ppo
1

11 1
v v 9.35
e R g (939

—————pPop2, €

The first term from the first line, each of the second terms from the second and third
line as well as the second term from the last line yield the sum of the four contact terms
with the SUSY transformed fields, given by:

11 45 1 L1

=Wy &+ —— 7% — =1
p3 P3 P2+ P3 P1 P} b3 P + P Pﬂ?%

11 .
— .ep1 p? (2p10 +p20) m’y (P1 + P2)€  (9.36)

The remaining terms sum up to

e 1

P27 9.37
i3 ps +¢ R (9:37)
Again the term violating the off-shell validity of the SWI is proportional to the momen-
tum of the gauge boson as observed for the second of our 2-point function examples
(0|T[[Q(E), Gp(x1)A(22)]]]0), so that it will not survive LSZ reduction.

One is tempted to say that it is the external gauge boson’s “fault” but this allegation
is contradicted by another example not containing any gauge boson,
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There are three diagrams contributing at tree level to the Green function with current
insertion:

/
/
Y

Y

/
/

y
/4

+ + (9.39)

All momenta are understood as incoming (k, is the momentum influx through the
current). With the relation

[(P1 + P2), (B — P2)] = —2[p1, P2 (9.40)

we can calculate the three diagrams (for simplicity we multiply the relation by a factor
+i)

. 4 ie 1 1 1
~iprtpates) <_P%p§¢3) {(m +p2 )ﬂﬂ[ﬁhm}_% +Ps %ﬁ2+¢2 + 3 7,451}755

- e e .
B plpg(p +p )2 []61’]62]7 £~ 2(p T s )2]6 (P1 + P2)[P1, P2]7°€
* 2711027’5 Rl 275 1 +¢3 27117211S 1517 p%}és po +]b37 £

The first part of the identity

(1 + P2) b1, B2] = —(p1 + p2)*(P1 — P2) + (b1 + P2) (pT — p3) (9.41)

inserted into the second term of the analytical expression for the current Green function
cancels its third and fifth term. It remains:

ikt F.T. <0‘T [J#A(xl)B(xg)A(xg)] ‘0> m[]élg}éﬂ

_ e 2 e 1 5
p%pg(pl +p2)2p3 (]bl +¢2)(p1 pZ)’y £+ p%ﬁg ]61 +¢3’V

€ 1 5
P3P P + 1937 ¢
(9.42)

The three contact terms yield (again multiplied by +i)
1 5 e 1 5
- &+ YVE- 55—
P3ps b2 + P pish+ps ' P} (pl +p2)?

We see that the difference of the left and right hand sides of the SWI is an additional
term from the Green function with current insertion, the second one on the right hand
side of (9.42), proportional to the difference of the squared momenta of the scalar and
pseudoscalar particles which vanishes on-shell but need not to do so off-shell.

5 [P1, P2]0°€ (9.43)

As a final statement we can say that everything is fine when treating SWI calculated
with the current as on-shell identities. But there are two obstacles: Ward-Takahashi
identities for on-shell amplitudes do not provide tests as stringent as do off-shell am-
plitudes since they only check the current’s couplings to external lines. Hence it would
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be more satisfying to have also off-shell checks for the consistency at hand. That is
the practical point; but more disturbing is the theoretical aspect: Why are the SWI
not fulfilled off-shell? The deeper cause is that supersymmetry is no longer a symmetry
of the S-matrix for SUSY gauge theories. As will be explained in the next part, the
gauge-fixing procedure required for the quantization of gauge theories is not compatible
with SUSY, since it breaks the invariance of the action under supersymmetry. This
restricts the validity of the SWI built with the current from the whole Hilbert space to
its physical part. From this it is clear, that in the case of supersymmetric gauge theories
the SWI presented in this part are only fulfilled for physical on-shell states. The next
part will bring a way to get rid of that obstacle.
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The problem of supersymmetric gauge theories that Ward identities of the supersym-
metry are not valid off-shell, arises from the fact that the supercharge does no longer
commute with the S-operator, or in other words, it is no longer constant in time, cf. [18].
As derived therein, the difference of the action of the SUSY charge operator on the space
of asymptotic in and asymptotic out states is the BRST transformation of the derivative
of the effective action with respect to the ghost of the supersymmetry:

. al'e
Qout — Qin =1 |:QBRST7 aﬂ} (I1L.1)
€
This can be rewritten, in the language of [24], as a commutator of the SUSY charge
with the S-operator
areﬂ
in, S| = —i ,——oS| I11.2
[Qin, 5] = —i |:QBRST 5 ° } (I11.2)

where the symbol o means that the derivative of the effective action has to be understood
as an operator insertion on the right hand side. The right hand side vanishes between
physical states, so the SUSY charge — if not conserved on Hilbert space — is a conserved
symmetry operator on the cohomology of the BRST charge, the physical Hilbert space.

There are some remarks in order: Following the pioneering idea of Peter L. White
[17] we enlarge the BRST formalism not only to include supersymmetry transforma-
tions but also translations. As long as supergravity is not considered, supersymmetry
remains a global symmetry and hence the ghosts of supersymmetry being commuting
spinors are constants, as well as the translation ghosts. This allows a filtration, a power
series expansion of functionals and also of Slavnov-Taylor identities with respect to the
constant ghosts. Since they are constant, we were able to take an ordinary deriva-
tive in (III.1) instead of a functional one. Using the BRST formalism, the nonlinear
representation of supersymmetry causes no problems for renormalization any longer,
but we are not interested in that topic here. The crucial point being responsible for
the nonconservation of the SUSY charge, eq. (III.1), is that gauge fixing, necessary for
constructing a well-defined perturbation theory for quantized gauge theories, does not
take place in a SUSY invariant manner and hence breaks supersymmetry — fortunately
only in the unphysical sector of Hilbert space. Another noteworthy matter is the fact
that the enlarged BRST algebra initially closes only on-shell, which can be remedied
by the Batalin-Vilkovisky formalism [16], introducing quadratic terms for the sources of
the non-linear parts of the BRST transformations (those for the fermions), sometimes
called antifields. However, in lowest order perturbation theory we do not have to take
care of that subtlety.

The important thing for us is that with the generalization of the BRST formalism
we have a possibility at hand to calculate off-shell identities for supersymmetry — the
Slavnov-Taylor identities (STT) of the generalized BRST algebra in lowest order pertur-
bation theory. The prize to pay for this is the proliferation of several kinds of ghosts
and BRST vertices. The details of this formalism and its application to supersymmet-
ric gauge theories will be the content of this part. Therein we obtain strong insights
into the structure of supersymmetric STI. In particular, we will see that in the Abelian
case the Faddeev-Popov ghosts do no longer decouple from matter when considering
SUSY STI. An example for the non-Abelian case reveals the details of the cancellations
between the gauge and the SUSY parts of the BRST transformations and shows that
almost all ingredients for a non-Abelian model are necessary to fulfill the STT there.
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Chapter 10

BRST formalism and SUSY
transformations

10.1 Definitions of the ghosts

In this section we try to solve the problem of the ghosts’ properties concerning reality
and statistics. We take account of the existence of not only the “gauge ghosts” (Faddeev-
Popov ghosts) but also of ghosts for translations and SUSY transformations. This is
necessary to achieve closure of the algebra, as well as nilpotency for the BRST charge.
We will discuss this in detail in the sequel.

Let us consider a pure gauge transformation with real gauge (transformation) pa-
rameter %* = %, with a being the index of the gauge group. The ghost of a gauge
symmetry can be derived by splitting a Grassmann odd, constant parameter A from
the gauge parameter; from the parameter being, of course, itself spacetime dependent,
remains a Grassmann odd spacetime dependent field, the (Faddeev-Popouv) ghost. As
it is not consistent to choose ghost and antighost as Hermitean adjoints of each other
the obvious alternative is to consider both as real, i.e. Hermitean fields. The ghost
is an anticommuting scalar field which (as unphysical degree of freedom) violates the
spin-statistics theorem; this would be the case for all ghosts. From the Hermiticity of
the ghost it follows that the parameter A is imaginary:

R>0% =\ (A =" \* = —\'¢* = (10.1)

We have to proceed in the same manner for the SUSY transformation parameter (at
first, we use the two component notation) and establish SUSY ghosts: transformation
parameter £, &5, — SUSY ghosts €, €. If we define

£ = A%, (10.2)

use the property (£%)* = €% and require the same relation to hold for the SUSY ghosts
()" = € (this is necessary for consistency as there is an identical relation between
the corresponding generators Q% and Q¢ of their SUSY transformations), we get the
following identity:

(69" = (Ae)" = A" (%) = —Ae* = €4, (10.3)

so altogether
£ = Ae”, €a = —Aéq. (10.4)
7
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Introducing the bispinor notation now,

(10.5)

1l
N
ailaas
Q-Q
N~
(e
Il
N
YL
Q-2
N~

we get the final result:

a0

For deriving an analogous relation for the translation ghosts we note, that in general
an infinitesimal translation of a function has the form

6af(x) = a'ﬂa;tf('r)' (10.7)
[18] and [27] adopt the following conventions
at =i wt (10.8)

for the connection between transformation parameter and translation ghost. The trans-
lation (of course only as a global symmetry here) is a bosonic symmetry like (ordinary)
gauge symmetry, so the translation ghost w* is a Grassmann odd vector. From the
reality of the transformation parameter a* we conclude with the help of

RS a = (IAwh)" = —iwh A" = HAWH* = —iDdwh* = idwh (10.9)

S a0.10)

We summarize the properties of all ghosts in the following table (ds is the unspecified
dimension of the BRST charge).

Ghost | Dim. | Grassmann P. | Charge | Ghost Number
c s 1 0 +1
c 2 —dg 1 0 -1
€ ds — % 0 0 +1
wh ds—1 1 0 +1

10.2 BRST symmetry in our Abelian toy model

10.2.1 The model

To illustrate the BRST formalism for supersymmetric gauge theories in detail, we use
the Abelian toy model invented in the last part in the context of the supersymmetric
current. The Lagrangean density, the field content, the propagators, vertices, equations
of motion, as well as the SUSY transformations can be found in the appendix.
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10.2.2 BRST transformations

With the above given definitions for the ghosts and the summary of transformations
from the appendix we can immediately write down the BRST transformations for our
Abelian toy model

sA(z) = —ec(z)B(x) — &y’ ¥ (x) — iw”d, A(z) (10.11a)
sB(x) = +ec(z)A(z) — ie¥(z) — iw" 0, B(x) (10.11b)
sU(z) = —iec(x)y°¥(z) +i(P — ieGy°)(A(x)y° +iB(z))e — w0, ¥(z)  (10.11c)
sU(z) = ieW(x)y°c(z) — ie(@ + iey* &) (A(x)y® —iB(z)) — iw” 9, ¥ (x) (10.11d)
s\(z) = %Fag(x)'ya'y e+ g (A%(x) + B%(x)) voe — iw” 0, \(z) (10.11¢)
sA\(x) = —%EFQ[;(:E)W"W + gEvf’ (A%(z) + B*(2)) — w9, A(z) (10.11f)
sG,(z) = Ouc(z) —eyuA(z) — w0, Gp(x) (10.11g)
se(z) = ieyFeG,(z) — iw” 0y c(x) (10.11h)
se(z) = iB(x) — iw”d,e(x) (10.11i)
sB(z) = ey'ed,c(x) — iw”d, B(z) (10.113)
se= 0 (10.11k)
swh = eyte (10.111)

We have denoted the Nakanishi-Lautrup field by B to avoid confusion with the pseu-
doscalar field. To derive the identities for adjoint fields we use that for bosonic fields B
and for fermionic fields F' the relations

sBT = (sB)T, sFT = —(sF)T. (10.12)

hold. In the case of the adjoint spinors we have to take care of the commutation
properties of the several fields. The first part of (10.11) — if present — stems from the
gauge transformation, the second from the SUSY transformation, and the last obviously
from translation. The somewhat strange looking and unmotivated transformations of
the several ghosts are necessary for the closure of the algebra (cf. [17], [18]) and can be
understood from examination of the super-Poincaré algebra.

It is not hard to check that the BRST transformation is nilpotent except for the
transformation of the fermion fields, where the square of the BRST operator gives the
equation of motion for them:

$?A=s’B= SQGH =s’c=s%=s’B=s%= 32‘% =0,
or 1 or
A= ——(ev'e) v —= (10.13)

1
2 — _ (=AM el
W = (E’V 6)’)/;‘ 577 1 6X

2

For the derivation of the identity for the matter fermion one has to multiply use the
Fierz identities. As the calculations are a little bit intricate, we show one example for
the matter fermion:

s°U = —ie(se)y’ U +iecy® (sU) +i(P — ieGEy®) ((sA)y° +i(sB)) €
+ ey (sGu)7° (AY° +1B) € — i(sw”)0, ¥ + iw” 9, (s V)
= e(e7"€)G7° U — ew” (0,0)7° U + 2PV — ecy’ (P — ier®) (Ay° +1iB) €
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+ ey’ w” 9,V +i(P — ieGy®)iecy® (Ay° +1B)
+i(P — iely®)(—i)w"d, (Ay° +1B) € + (P — ie@hy°) [(P) — (/" W)y €
+ e(Pc)y’ (AY° +1B) € — ey (ev,\)y (Av +iB) €
— iew” (0, )’ (Ay® +1B) e —i(e7"€)0, ¥ + ew” 0, (cy° V)
— w’0, (P — ieE°) (AY° +1B) € + ww” 9,0,V +i*e(Pc)y° (Ay° +iB) e
(10.14)

Underlined terms cancel each other, while doubly underlined ones vanish identically.
Sorting and ordering the remaining terms we are left with:

U = —i(ey”e) (0,0 + ieGuy°¥) +i(P — ie@r®) [(EP) — (47 V)’ €
— ey (ey, M)’ (A" +iB) e (10.15)

We use the following Fierz identities
_ 1._ v 1._
(eV)e = g(eowe)a“ v+ Z(e’y“e)’yﬂlll (10.16a)
1 1
(Y)W = §(€alwe)o‘“’\ll - Z(E’y“e)'y/)l/. (10.16b)
For commuting Majorana spinors the scalar, pseudoscalar and pseudovectorial combi-

nations vanish due to the symmetry properties of Majorana bilinears €l'e. We get for
the second term of (10.15):

i(§ — ie”) [(€D) — (ey°¥)7°] e
1
—5 @i (@ + ey +i(eve) (O, +ieGuy°T)  (10.17)
Here we have used the Dirac algebra; the second term cancels the first from (10.15).

When Fierzing the last term, only the vector combination is nonvanishing and we can
directly write down:

1
—er" (€, A7’ (Ay° +1iB) e = 5(?}/”6)67“ (A—iB~°) A (10.18)

Summing up all terms gives the desired result.

10.3 Gauge fixing and kinetic ghost term

For the quantization of a gauge theory we have to carry out a gauge fixing in the usual
way.

SGF+Fp = /d4x s(cF) /d4 s¢)F —¢(sF)) (10.19)
F is the gauge fixing function:

F=0,G"+ gé. (10.20)

By ¢ we denote the gauge parameter, not to be confused with the (anticommuting)
SUSY transformation parameter. After applying the BRST transformation the terms
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containing the translation ghost w* cancel out since the gauge fixing function is trans-
lation invariant. It remains:

Sarirp = / d'x {B@LG’L + gé’é’ + icle — ic(€PN) Jrigc(e’y“e)ﬁuc} (10.21)

Integrating out the Nakanishi-Lautrup field gives:

ScriFp = /d4x {—215(8MG“)2 + ic0c — ic(ePN) + igc(e’y“e)auc} (10.22)

The contributions with the derivative of the gauge field yield, together with the terms
from the kinetic part, the gauge boson propagator in R, gauge:

Gu(—p) @ G, (p) = pg;jie (mw (- 5)%5’”) (10.23)

Furthermore we get the ghost propagator:

-1

= 10.24
p2 +i€ ( )

C<_p)....<.....6(p)

But there also arise two new vertices containing the gauge antighosts as well as the SUSY
ghosts. Albeit being an Abelian model the ghosts do not decouple from the (matter)
fields. To say it sloppily, since supersymmetry and gauge symmetry are not commuting
subalgebras in the de Wit-Freedman description, the model becomes formally non-
Abelian. The two vertices are

Z(—p) - - ﬁp = —ip (10.25a)

=¢p (10.25b)

€

ol

For the four-ghost vertex there is a symmetry factor two for the gauge antighost, but
no symmetry factor for the SUSY ghost. This is because the SUSY ghost is a constant,
so what we do is merely a Taylor expansion in the power of the SUSY ghosts where the
factorials cancel the symmetry factors. Only the gauge ghosts are propagating fields,
all other ghosts are simply constant insertions. The black box in the Feynman diagrams
should indicate that for the constance of the ghost the line ends there.
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10.4 Slavnov-Taylor identities in the Abelian toy
model

In this section we want to review the Green functions from the last section of the second
part in the light of the BRST formalism and the Slavnov-Taylor identities. There is no
one-to-one correspondence between the Ward identities of the last part and the Slavnov-
Taylor identities; but one can replace the current insertion from the SWI by the BRST
charge acting on the same string of fields as in the SWI. So for the first example where
the SWI had not been valid off-shell we write down the STI !

(0|T {@BRsT; Gu(21)A(72)}]]0) = 0 wegen Qprst |0) = 0. (10.26)
There are three (!) contributing diagrams:
+ + % N (10.27)
x E y x - y 2B y
For the BRST vertices we use the notations of [13]. The first diagram yields
—{0[T [(EnA@)AW)][0) = + (0] T [Ay)(A(z)1e)][0) = %%e. (10.28)

Several signs have to be accounted for: (€y,A) = +(My,€), as € is commuting; for the
same reason: (Ay,e)A = —A(\y€).
From the second diagram we get

(O [Gol@) Fap(9)y7€][0) = £ 122 (i)™ 47 = —5 i wle. (10.29)

2 k2 2k2

After insertion of an interaction operator the third diagram contributes

O REeaINLI0) = = (0] ot et An (R 9. <) o>
1

— 1k
=~z k) g B)e = 5. (10.30)
Adding the three terms yields
i il ik, i i ik, ik,
%’YVE — 5@[}6,’}@]6 — ﬁ = %'y %"}/yﬁ + — k2 - ﬁ =0. (1031)

The STI is in contrast to the SWI fulfilled off-shell (and therefore automatically
on-shell). Note the crucial importance of the term where the two ghosts couple to the
gaugino.

We now turn to the more complex examples. At first,

0= (0|T {@srsT, A(x1)G, (22)¥(x3)}]]0)

LAll calculations in this chapter are done in the Feynman gauge, £ = 1, but as is easily seen all
calculations go through analogously for a general R¢ gauge and are therefore independent from the
choice of gauge.
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= —e(0|T [e(z1)B(x1)Gy(22)¥(23)]]0) + O‘T [(@(wl)yse)Gy(:ﬂg)\P(mg)} ‘O>

+ (0| T [A(z1)(0vc(x2)) ¥ (23)]|0) — O‘T (21) (A (@2) 7€) ¥(x3)] ‘0>
—ie <O‘T [A(I’l)Gu(IQ)C(Ig) (3 ] ‘0>
+1(0[T [A(21)Go(22) (P — ieG(23)7°) (Alas)y° +1B(x3)) €] |0) (10.32)

The first and the penultimate Green function do not contribute. Graphically the second
Green function in (10.32) yields

—(k1 +k2)
ey — ko N0 (10.33)
and analytically
—in,g i i e e 1 1
— "Y€ 10.34
g R R R T BE TR R (1034)

As was the case for the 2-point function, a term from the third Green function in (10.32)
does exist with an additional interaction vertex here, too:

[m]
kQ}kQ H// (k1 + k)

\ (10.35)
\

It yields

o o em 1
(k) —— ie) i 2, (10.36)

————(—ie)——ifo-—5e= 55— ¢
ki k1+%2( )%‘2 & k3 kYRS b1+ ke
The fourth Green function with the diagram

— (k1 + k2) //

§k2 NN (10.37)
\
\

1 1 (—ie) 1 e 1 1
—————(—le)—e=—F5-"——-"—Y€
k2 f1 + Ko Ko k2 fy + Ko o
From the last Green function there are two contributions,

— (0|T [A(21) G, (22)@B(x3)][0) + € (0| T [A(21)G (22)7* (GrA) (w3)e] [0)  (10.39)
with the two diagrams (k12 = k1 + ko)

= =@
b N ke (10.40)
ka ™\ P

gives the result
(10.38)
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The right diagram yields the analytical expression

L =i
/{52 kg ye= kaQ'VV )

while the left diagram gives the result

(10.41)

i —ing 1 .
TR me(kl + (k4 k2))? (=) (k1 + Fo)e

= m(%l +k2)u(F1 + f2)e  (10.42)
The sum of all four terms vanishes:

e 1 1 ek, 1 e 1 1 e
BE+E"E MR R Rhr Rk g

- W(%l + k2)u (1 + K2)e

= W{%kl + ko, — Koo + (K1 + F2)v — (2k1 + kz)l,}e =0 (10.43)

So this STT is fulfilled. Let us check the other example from the earlier part of the text
as well.

0= (0|T {@srsT, A(x1)B(22)A(23)}][0)
= — e (0|T [e(21) B(21) B(2)A(23)]|0) + (0| T [(¥(21)7°€) B(x2)A(x3)][0)
+ e (0| T [A(z1)c(w2) A(22) ¥ (x3)]|0) +1<0\T[ 1) (W(x2)e)A(x3)] |0)
fe<()‘T 21)B(22)0aGa(x3) [y, 7"e] |0)
+ 5 (0|T [A(z1)B(22) (A*(23) + B*(x3)) v°€] |0) (10.44)

The only vanishing term is the last one with trilinear terms from the BRST transfor-
mations. The nonvanishing contributions are (k12 = k1 + k2):

—k12 ./
ie 1 1
= —— 10.45
ki — \\\\\\ ko k% kl +k2 %16 ( )
\\\
—k12
ie 1 1
\ k = —S-——-—€ 10.46
ko — \\\ 1 k%k1+%2k2 ( )
i‘E \

ko,
/
/

i§@—]€12 —?\\\\ N k2 = m[kl‘F%z,%l Kale (10.47)

A\
A\Y
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pfjl? o =k .
= ——m— 10.48
kl /// I{%(k1+k2)26 ( )
/

= k2 Sk

P B 10.49
k2 /‘/Il/ k%(k1+k2)2 ( )
”

Adding up the five contributions yields:

ie

7.21.2(1.. L .\2) - — k2 2 € = .
k’%k’%(kl +k2)2{ (%1 + %2)}61 + (%1 + k2)k2 Uéla%ﬂ k'g + kl} 0 (10 50)

This STT is valid, too.

From this examples it can be seen that the formalism of Slavnov-Taylor identities
with the inclusion of the constant SUSY ghosts does indeed work for supersymmetric
gauge theories. Let us give some comments about that: We only calculated the lowest
order of the STT in the gauge coupling constant and the SUSY ghost (first order) and the
translation ghost (zeroth order). This kind of identities can easily be extended to higher
orders in the number of the constant ghosts due to the filtration property of functionals
and Hilbert space, but not in this model to higher orders in the gauge coupling since
that special model carries an anomaly and the symmetry is spoiled when going to the
one-loop level or beyond.
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Chapter 11

Non-Abelian gauge theories:

SU(N)

The generalization of the ideas and formalisms for supersymmetric gauge theories and
BRST quantization developed up to now to the non-Abelian case is the topic of this
chapter. For the sake of simplicity we restrict ourselves to the special unitary groups
SU(N); within these gauge groups the structure of the vertices of four scalar particles
is very simple. For more general gauge groups cf. [28].

We consider an SQCD-like model with two (matter) superfields ®, and ®_ and
their Hermitean adjoints. In this model the fermion becomes a Dirac fermion by com-
bining the left-handed components of the +-superfield with those of the conjugated
—-superfield. Quadratic superpotential terms are allowed here, cubic are still forbidden
by gauge invariance. The Abelian limit of this model will give SQED, the supersym-
metric extension of quantum electrodynamics.

The main part of the model’s details concerning Lagrangean density, equations of
motion, propagators, Feynman rules, etc. can be found in appendix E.5. After diago-
nalizing the mass terms of the fermions, the model contains two charged scalar fields ¢
and ¢_ living in the fundamental representation and its complex conjugate, respectively,
as well as a charged fermion ¥ in the fundamental representation. Moreover there is
the gauge boson A,,, the gaugino A, the ghost c and the antighost ¢, each in the adjoint
representation.

The BRST transformations of these fields are:

11.1a
11.1b
11.1c
11.1d

= —ige(@)T+.5(2) + V2 (€PLVi(2)) — iw” By i(x)
= igc®(x)ol ;(@)T% + V2 (Vi(2)Pre) — iw” 0,6, ()
gc(z)p— ()T, \f( i(x)’PLe) — w0, ¢ i(x)
()Tl ]( z) = V2 (EPr¥i(x)) — i 0,9 ()
= —ige"(@)T5W;(2) + V2 () + m)64.i(@)Pr + (i) = m)o! (2)Pr
+ g @)T (64.5(@)Pr + 6L j(@)PL) e — 1070, Wilw)  (11.1¢)
sTi(x) = ige (2)T;(2) T + V2 | Po(id) — m)o (@) + Prip) = m)o- ()
— g (6 ,@)PL+ 6 ;(@)Pr) Tip"(@)| - w0, Ti(x)  (11.1f)

()T,

(11.1a)
(11.1b)
(11.1c)
(11.1d)

= —igc

@
<
R
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E R E R E
I
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sAL(x) = (D))" — E’yu/\“( r) — w0, A} () (11.1g)
N() = gfanec (@X() + L FS(0)r " e + g (6L @)1 (1)) 7o
—g <¢_ (2)T°¢! (x)) Ve — w8\ (x) (11.1h)
N (@) = gfarcc @)V () = 5871 Fi(@) + 967" (9] (1) 1701 () )
— g&y® (d)_ (z)T¢! (x)) —iw”d, N (x) (11.11)
c(z) = gfabccb(x)cc(x) +i(eyre)Au(z) — w0, c(x) (11.1j)
¢ (z) = iB(z) — iw"0,¢%(x) (11.1k)
sBa(I) (Ev*€)0, e (x) — iw” 0, B%(z) (11.11)
se= 0 (11.1m)
swh = (eyMe) (11.1n)

The gauge fixing is in complete analogy to the Abelian case

SGF+FP = —i/d4$ s(€*F*) = —i/d4x [(se*)F* —¢*(sF)] (11.2)
with the gauge fixing function

§

= 0" Ay + 3B (11.3)

¢ is the gauge parameter. For the translational invariance of the gauge fixing term no
translation ghosts w* appear, too, and we get:

SapiFp = / d*z {B“@"AZ + gB“Ba + ie"9, (D" c)*
(11.4)

— i (ePA) + igé‘l (e'y“e)auc“}

Integrating the Nakanishi-Lautrup field out yields:
1
SGFiFP = /d4x {—%(G“A/‘j)(@”A‘j) +i¢%0,,(D*c)*
— ic*(ePA) + igéa (e’y“e)&uc“} (11.5)

11.1  An example for an STI in SQCD

We just want to show one example for a Slavnov-Taylor identity in supersymmetric
quantum chromodynamics, SQCD:

!

O‘T {QBRST,Aa (Il)Ab (Ig))\c ‘0
= O‘T (D,.c)(z1) AL (22) X (23) ‘O> — O‘T [(Evu A (21)) AZ(.TQ))\C(Z';;)} ‘O>
+ (0| T [A%(21)(Dye)’(22)A(25)]]0) — (O| T [A% (1) (v A (22)) A°(3)] |0)
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89
+ 5 (O] [A5 (1) AL (22)01 A5 (w3) ™, 77]€] [0)
+ (0] T [ (@) Al (22) (ASAL) (a0, 7152/ ] 0) (11.6)
(In the sequel p1o means p; + pa.)
an c an
P1 \\' P _>. /. —D12 I \\'..<..)§!
+ P12
P2 "\ /" P2
b b c
=-F.T. <OT [aﬂc“(xl)cd(z))\c(xg) ()\d(z) 5 e) Ai),($2>:| O>
_;1;1 i abci : : _ _igfabc
P p3 +162g%f h (WB0)ipre = PIp3(p1 + p2)? (P +$2) WP
i . -1
_ﬁl +¢21(¢1 +I$2)6(p1 +p2)2'
_ s fpabc ;1;1 : _ _igfabc
(—igf*)p1,v Rz (ip1,) = p—%p%(m +}72)2171%1717,,6 (11.7)
bl:l c bl:l
pQ\\' P2 H. / —D12 Do \\-'.<”§
+ N P12
AN /"
a a c

This is just the earlier result with the replacements (a < b), (u < v), (p1 < p2):
igfabc

igfabc
55 (b1 + P2) VuP2,,€ + 55— 5D2.uP2,,€ 11.8)
Pip3(p1 + p2)? @ ) P2 pips(p1 +p2)? M (
c
-p12
P12 —

aQ- —a -
p2 %

b _ g fedep T, <0T |:(Aﬁce) (21)e (2)A(3) (Af(z) ? 6) Al;(frz)} 0>

This gives the analytical expression:

abe —1 -1 i . igf“bC 9
—gf* = i + €= 55 ——5P1NuweE 11.9
p3 " (1 +p2)? P+ P2 W1+ 72) pip3(p1 +p2)2 " (1L9)
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c

—pi2

P12 —

b -
n / %

a _ —
= —gfP°F.T. <OT {(Agce) (22)c (2)A°(23) ()\f(z) ] e) AZ(xl)] O>
Again we can use the replacements made above:

_igfabc )
— A T (11.10)
p2p3(p1 +p2)2 2

All of the expressions calculated up to now came from the gauge part of the BRST
transformations, now we discuss the SUSY part.

¢
—pi12 ./
a e . —
§p1 - LN p =FT <O‘T [AD (22) A (23) (A% (21) 7€) ] ‘O>
b
We have made use of the two following identities:
(EvuA) =+ (X’yﬂe) , ()\T'yﬂe) Ao = —Xo ()\717“6) . (11.11)
The last diagram yields the analytical expression:
Y s .y YR Y (1L12)
v e €= v € :
Bt e (ot 022 BT PRy 2 TR
The terms for
c

-pi2

s E

a
are again available by the replacements (a < b), (u < v), (p1 < p2):

_igfabc

T -] (P + P2) Vub2 e (11.13)

The next step is the transformation of the gluino:

a

p1 ./
i

i§@<_ o, = T OIT ML) AL ()0 AL () 117, 771 0)
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From this diagram we get

1—i—i —i abcy s A K
5 2 35 af —1)(p1 +p2)AY )
2 pt p3 (p1 + p2)? (=0 M ]

|:77p,u (pl - p2),€ + Mok (2102 + pl)# + 77}“% (_2p1 - p2)l,:| €

igfabc 1

= gt [t L+ b0, B )

—@m+mnm+mm46<um>

The final contribution to the STI comes from

a
p
i cde
WA T n (o] (45 ) A ) (AA) () 716 0)
p2 "\
b

It yields (with a symmetry factor two)

igfabc;i;i[,y ~y ]6 — _ig—fabc,h/ ~ ](pl +p2)2€ (11.15)
2 p2p3 T T 23 (o +pe)2 2t

Adding up all the contributions (11.7)-(11.15) should give zero; in the following
calculation we forget about the common prefactor igf®¢/(p?p3(py + p2)?). First we

collect all terms containing a factor p; + po. For the terms of the contribution with the
three-gauge boson vertex we use

S+ o] = G+ )~ (4 p2) (11.16)
while for the last contributing term we use (py + p2)? = (1 + p2)(P1 + p2). We get
(1 + Pp2) {’val,u — (2p1 +p2), Y + Vub2w + VP1V — Vub2 Yy + M (P1 — P2)
+ (2p2 +p1), W — % (P1 + P2) [W%]}
= -+ 2) { o (= ) = 5 O+ ) Bd o+ s — |

1
= 3 (1 + 1) (B = ) [ 20— 3 = 7] = 0. (11.17)
In the second equation the Dirac algebra was used for the fourth and fifth term to cancel

out all terms with only one gamma matrix (besides the prefactor).
The terms that do not contain any gamma matrices yield:

(2p1 + p2),, (P1 +D2),, — N (P1 +D2) - (P1 = D2) + 1w (PT — P3)
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— (2p2 +p1), (P1 +P2), = P1uP1y +P2,up2y = 0. (11.18)

So everything cancels, and the STT is fulfilled. Note that this STI contains almost all
elements of the non-Abelian character of the theory, the coupling of the gluon to the

ghosts and to the gluinos, and also the three-gluon vertex. This identity would be trivial
in SQED.

11.2 BRST formalism for spontaneously broken su-
persymmetry

For spontaneously broken supersymmetry the BRST formalism brings nothing new.
Since supersymmetry is a global symmetry, the Goldstino always is a physical particle.
Only in a supergravity theory with a super-Higgs mechanism the Goldstino is eaten up
by the gravitino to make it massive and add the missing two J, = :i:% polarizations.
But we do not want to discuss the BRST formalism for supergravity in this thesis.
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Chapter 12

Implementation in O’Mega

The “Optimizing Matriz Element Generator” O’Mega invented by Thorsten Ohl [12],
[29], [30] provides the most efficient way to calculate tree level amplitudes available
today. This is achieved by building up amplitudes recursively by fusions of one-particle
off-shell wave functions where the redundacies of the diagrammatic representation are
removed by a procedure called common subexpression elimination. That is most easily
illustrated by an example, et e™ — p* ™~ with one additional bremsstrahlung quantum:

When we consider the initial state radiation then the muon part (in the dotted box)
remains the same and needs only to be calculated once. If the result of the one calcu-
lation is kept in memory and inserted when needed instead of being calculated again,
a lot of computation time is saved. That is the way O’Mega works and how it is able
to reduce the factorial growth of the number of Feynman diagrams with the number of
external particles to an exponential, cf. table 1.1. This chapter will be rather formal
since we do not have the space to go into the details of O’Mega here, they can be found
in the commented source code of the program [30].

12.1 BRST vertices

As was briefly mentioned in the foregoing section, O’Mega constructs amplitudes by fus-
ing sets of subamplitudes built up recursively from one-particle off-shell wave functions
(1IPOWs) fused out of partitions of the external particles. The fusion works with k-ary
topologies (k > 2), so that a new 1POW is fused out of two, three or more 1POWs
depending on subsets of the external momenta:

Binary topology Ternary topology k-ary topology
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The first two cases are needed for the Standard Model’s 3- and 4-point vertices (or
other models’) while higher topologies are useful for introducing vertices of a degree
higher than four to parameterize irrelevant operator insertions from an effective theory.
But it is not possible for O’Mega to handle 2-point vertices like self energy insertions,
current insertions for operator product expansions, or also BRST vertices, since every
1POW has to be uniquely labelled by the external momenta on which it depends. So
for O’Mega it would be impossibile to distinguish between a 1IPOW and one with just
an additional 2-point vertex.

The solution to that problem is not difficult: When expressing the theory with the
help of functionals and for deriving Slavnov-Taylor identities in a functional language,
then in the effective action one has to introduce external sources K for each BRST

transformation [13], [16],
i/d4x > Ko - (s®) (12.1)
all &
sometimes called antifields. If we add those sources to the particle content of an O’Mega
model file then we are able to generate Slavnov-Taylor identities in a manner similar to
using functional derivatives,

(O[T (D)1 . .. ][0 = <OT [qsl b 515(@ eir(@,K,-)] 0>

K;=0

We also add the BRST vertices in the form (12.1) to our model file and generate them
in an amplitude by using the source as an external particle. There are always two
possibilities to define particles (or better: fields) in O’Mega, as propagating, or as being
“only insertion”. In the first case they can appear as virtual particles in inner lines
while in the latter they are forced to serve exclusively as external particles. The source
K¢, which always has the same Lorentz structure as the transformed field @, has to
be defined as nonpropagating, since it just generates a single operator insertion (that
corresponds to setting the sources to zero above). Graphically, we use again the notation
of [13] for the BRST vertex, a small square. For the source we just double the line of
the transformed field and put a diamond at the end to demonstrate its nature as a pure
insertion (in analogy to the constant SUSY ghosts). To make this more pictorial we
give an example for the BRST transformation of the matter fermion of our Abelian toy
model from the last part (without the translation ghost, and for simplicity we also omit
the diagrams with the pseudoscalar field B)

Ky (s0) = —iec Kgy*U 41Ky () — ieGy®)(Ay° +iB)e

A

From these diagrams we can immediately see the advantages of this construction:
Slavnov-Taylor identities (STI) for the gauge symmetries as well as for supersymmetry
can be done in the same formalism, one just has to tell which ghost should be produced,
c or €. Without the BRST transformation source the last of the diagrams written
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down above would have been an ordinary 3-point vertex and could have been handled
in the usual manner in O’Mega, but this vertex arises due to the nonlinearities of
supersymmetry (additional to the nonlinear structure of BRST) while most of the BRST
vertices are of the type of the leftmost diagrams, and furthermore, the ability to have a
unified formalism for managing all kinds of STT is worth the effort.

The only objection could lie in the BRST transformation of the gauge boson into
the derivative of the ghost

sA, =0uc+ ...,

which — even when coupled to the antifield — is still only a 2-point vertex. There we
must use a trick: we establish a dummy field, another nonpropagating local operator
which couples to the BRST source of the photon and to the ghost, which we denote by
a tetragram here:

This means that for generating an STI — where we have to replace each of the fields
¢t =1,...nin (O|T [{QBrsT, P1P2 - - . Pn(ghost)}]|0) successively by the source of its
BRST transformation — each gauge boson must be replaced not only by the source of
its BRST transformation but also by the product of the source and that local operator.
By the choice of “ghost” we specify whether we want to study a SUSY or a gauge STI.
(Since the BRST charge has ghost number +1 we must have one ghost in our string of
fields above to get a nontrivial result.) The problem with the one-point vertex can be
avoided by using physical polarization vectors (cf. the table at the end of that section)
for the external states of the BRST transformed vector bosons, i.e. transversal states
but still off-shell. Since the BRST vertex with the derivative of the ghost produces
the momentum of that gauge boson, the contribution from that term vanishes. In
that formalism the gauge boson can be handled as a matter particle in the adjoint
representation of the gauge group. Of course, a more stringent test is done by taking
the STIs component-wise, where the term J,c® has been taken accounted for.

There is yet another problem which is not so difficult to resolve with our BRST
source construction: O’Mega produces code for calculating S-matrix elements, i.e. for
amputated Green functions, whereas we want to study STI, relations between off-shell
Green functions usually not amputated. But we can consider all Green functions par-
ticipating in our STIs as being amputated while still remaining off the mass shell. So all
external legs of the Green functions have been multiplied by their inverse propagators
to arrive at a matrix element-like object, something that can be generated by O’Mega.

For gauge theories one of the fields in the STT must be an antighost which combines
with the ghost from the BRST transformation to give a ghost propagator. Dividing
by that ghost propagator cancels the ghost propagator in all of the Green functions
including the gauge boson propagator coming from the scalar mode of the gauge boson
produced by BRST transforming the antighost. This is clear for exact gauge symme-
tries, whereas for the spontaneously broken case we present a short proof (we omit the
propagator of the Goldstone boson ¢ since it always has the same pole as the ghost,

p* —&m?):

1
(—i)sc® = E@“AZ + m@® produces the propagator with contracted momentum:
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(ip") 2 _l <_77;w + 7(1 _ f)p,tpy> = ;17]71/ (—1 +

p? —&m? EpP—-m?

(1-¢&p?
p? —&m?
1 . 62_2
:fﬁﬁng_;;)(mm

The BRST transformed “physical fields” (matter fields and gauge bosons) become in-
ternal lines, but so they are in O’Mega due to our construction using the sources,

and their propagators are produced automatically in O’Mega. When multiplying with
the inverse propagators of all external particles there is a mismatch according to the
formula (for simplicity we assume to have a gauge, not a supersymmetry here and all
particles to be scalars; the generalization is straightforward):

n

H(—i) (p? —m?) F.T.(0|T [{QBrsT, ¢1 - - - 62 }]|0)

i=1
/

., (12.3)

amputated

because the transformed field now has an internal propagator with a momentum shifted
by the ghost’s momentum and therefore does not cancel the inverse propagator (the
prime indicates that this internal propagator has been extracted from the diagram).
Besides, in spontaneously broken symmetries there is the possibility that field and
transformed field have different masses, e.g. when connecting electron and neutrino
by an SU(2)-BRST transformation or the several scalar and fermionic fields in the
O’Raifeartaigh model. This is indicated by a tilde placed over the mass symbol. In
supersymmetric theories the ghost is constant and brings no momentum into the Green
functions, but obviously the propagators of field and transformed field cannot cancel
since they belong to a fermion and a boson or vice versa. Thus, generally, one inverse
propagator survives which has to be taken into account. In our formalism this is easily
done by absorbing it into the wavefunction of the BRST source. Consequently, we as-
sociate the following expressions as wavefunctions to our BRST sources' (gauge boson
sources in unitarity gauge):

Particle ‘ Wavefunction H Particle ‘ Wavefunction ‘
K4, incoming —i(p? —m?) Ky, incoming | —i(p — m)u(p)
K, outgoing —i(p? —m?) Kg,outgoing | i(p+ m)v(p) (12.4)
K4, ,incoming | i(p? —m?)e,(p) || Kw,outgoing | —iu(p)(p — m)
K4, ,outgoing i(p? — m2)e:; (p) || Kg,incoming | iv(p)(p + m)

I This is based on an idea of Christian Schwinn. ¢, u and v could be the ordinary wavefunctions for
external states which were off-shell in that context, or for the most general tests unit four-vectors and
unit four-spinors.
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Figure 12.1: Ezample for Fermi statistics sign evaluation. Fermions are denoted by
plain lines, bosons by dashed ones.

For Majorana fermions there are some minor changes; we will come back to that point
after having discussed another important topic — the handling of Fermi statistics with
the inclusion of real fermions within the framework of O’Mega.

12.2 Fermi Statistics - Evaluation of Signs

Fermions are anticommuting objects — whenever their order is changed in Green func-
tions or different diagrams contributing to a Green function they produce sign factors.
These signs can be read off from the Wick theorem. They arise as relative signs (e.g. for
Bhabha scattering between s- and t-channel) between whole diagrams, but to avoid the
explicit construction of all diagrams was the strongest motivation for O’Mega. How can
we cope with Fermi statistics within its framework? The solution was found by Thorsten
Ohl [30]: When fusing two (or more) one-particle off-shell wavefunctions (1IPOWs), then
the sign of the newly produced 1POW is calculated and divided by the signs of the sub-
amplitudes out of which it was combined. Thus, for every fusion only the sign relative
to the subamplitudes is kept in memory, which makes evaluating the signs compatible
with the factorization procedure of O’Mega. What remains is to answer the question
how to evaluate those signs from Fermi statistics for a subamplitude.

Each subamplitude depends on a subset of the external particles, part of which are
fermions while the others are not. The solution for calculating the sign factors lies
in a bookkeeping concept for fermion lines: We “follow the fermion lines” through the
graphs. At each fusion we examine whether a fermion line is continued or, together with
another fermion line, fused into a boson line while keeping in mind all “closed” fermion
lines appearing in the fused 1IPOWSs. The best way to explain this is an example which is
provided by figure 12.1. There the numbers 1-11 denote external particles on which the
1POW labelled by 21 depends; this 1IPOW is a fermion. (It would be more consistent
to label each line by the external particles on which it depends, e.g. (1,2) for 12, (3,4)
for 13, (7,8,9,10,11) for 19 etc.) So, the fermion 21 is part of an open fermion line
beginning (or ending) with the external particle 9 while its IPOW contains the closed
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fermion lines (2 < 6), (3 < 4) and (10 < 11). And what about the direction of the
lines?

This is the point where the difference arises between the way Ohl calculates the sign
for theories with Dirac fermions only and our way for theories with Dirac as well as
Majorana fermions. The Feynman rules for Majorana fermions and their implemen-
tation in O’Mega rely upon the ideas in [19]. When a theory is endowed only with
Dirac fermions and is not supersymmetric, then always a well defined direction can be
asserted to each fermion line — which is based on the fact that we can always distinguish
between incoming particle and outgoing antiparticle or vice versa. Out of this concept
of directed fermion lines Ohl further specified, whether a fermionic 1POW is a fermion
or an antifermion (it would be better to say, a spinor or a conjugated spinor, respec-
tively) — in the picture of figure 12.1 whether the arrow at the line points upward or
downward, respectively. Closed fermion lines then consist of pairs of numbers indicating
the conjugated spinor of the external particle at which the line begins, and the spinor of
the external particle at which the line ends. This is actually an abuse of language, since
the arrows point from the “barred” to the “unbarred” spinor, but when writing down an
analytical expression we start with the barred spinor since we write from left to right:

@) (n—1)
r r ol

—1
N

ro ¢ s rem = IrOsPr®  pe-ngnhpm g
T v

In Ohl’s ansatz the sign from Fermi statistics is calculated by collecting the closed
fermion lines (running from the conjugated spinor to the spinor) and then comparing
them with a reference order of the external fermions and antifermions. The number of
transpositions needed to bring the collected pairs of external fermionic particles into
that reference order gives the relative sign between the two different orders. As an
example we consider Bhabha scattering (we denote the incoming electron and positron
by 1 and 2, respectively, the outgoing electron and positron by 3 and 4, respectively):

4 4

2 1 3 2 3 1

The left diagram is the s-channel, the right one the ¢t-channel. In our formalism we get
(21)(34) — {2,1, 3,4} for the left diagram, and (31)(24) — {3,1,2, 4} for the right one.
If we take {1,2,3,4} as our reference order then the s-channel gets a relative sign, while
the t-channel not; as the global sign does not matter, the relative sign between the two
channels is produced?®.

2Normally the fusions run up only to 1IPOWS depending on nearly half of the external momenta. In
our case, each possible pairing of the fermions would produce a photon, and in a final step, two off-shell
photon wavefunctions are fused to yield the whole amplitude. Each of those photons would contain
one closed fermion line, but as pairs of numbers (_,_ ) commute with each other (4 transpositions) the
order of the pairs plays no role.

3As discussed above, O’Mega evaluates the sign(s) subamplitude-wise, but for human beings the
principle is better understandable when thinking in diagrams.
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We therefore have the following “fusion rules” for solely Dirac fermions (again the
dashed line is an unspecified boson), by which we mean the collecting of the fermion
lines to evaluate the sign from the number of transpositions needed to bring the pairs
of fermions into the reference order:

¢ =T,I'D, 6 =T,0T, = ¢I'D, 60,T
: - /[
A /\
a,l, b,y
ek [iedoio

(12.5)

Therein [, and [, are lists of antifermion—fermion pairs of external particles belonging
to lines already closed, contained in the 1IPOWSs which take part in that fusion. a and
b are fermion labels for the left and right leg in the fusion. In the two left fusions a
boson is produced so there is no “open” fermion index as for the rightmost fusions where
a fermion (or antifermion) is produced again. What O’Mega calculates numerically is
shown above the diagrams. For the last two diagrams there also exists a mirror version
omitted here, with the fermion leg on the right.

The expressions in O’Mega’s Dirac fermion version are produced numerically by a
final closure of the fermion line where — via the bilinear product ¥;T'¥s — a conjugated
spinor is multiplied with a spinor to give a non-spinorial expression. For external parti-
cles we assign a spinor to incoming fermions (u) and to outgoing antifermions (v), and
use conjugated spinors for outgoing fermions (%) and incoming antifermions (7). Each
conjugated spinor is continued through the subamplitudes representing classes of sub-
diagrams by right multiplication with the vertex and propagator factors which consist
of linear combinations of gamma matrices. In contrast, spinors are left multiplied by
the corresponding factors when following the line, respectively:

T =TT or ¥ =TSy U =TV or ¥ =S¥ (12.6)

The bilinear product closing the fermion line could either produce a new bosonic off-shell
wavefunction or means the last keystone in constructing a part of the whole amplitude.
For the latter case it is indeed a scalar product, e.g. in the process ete™ — ~v, where
the positron wavefunction made out of the incoming positron and one outgoing photon
is fused with the electron wavefunction constructed from the incoming electron and the
other photon.

In supersymmetric theories there are two difficulties which make the implementation
by Thorsten Ohl, described in the last paragraphs inapplicable: the existence of Ma-
jorana fermions, i.e. real fermions, to whose lines no specific direction can be assigned
since they do not transport a conserved quantum number, and the possibility of “clash-
ing arrows” already seen in our toy model in the first part. So there are now six types
of vertices involving fermions (the dashed line indicates a boson of whatsoever type):

A A A A A
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Since there no longer is a well-defined direction along the fermion lines (there may be
parts of lines having no direction at all due to propagating Majorana fermions, or the
line’s direction changes by one of the rightmost vertices) the method presented above
is no longer feasible. One possibility is to artificially assign a direction to a Majorana
line and define different vertices for each case in which the arrows direct to or from the
vertex [2]. This would give the correct analytical expressions for the Feynman diagrams,
but the signs between different diagrams contributing to the same amplitude, e.g. for
the production of two neutralinos at a linear collider (H is a shortcut for the three
neutral Higgs bosons, HY, hY, A?),

»{ ¥ T K

have to be derived by the Wick theorem, which is no good solution for implementing such
rules in a computer program. Instead we follow the Feynman rules invented by Ansgar
Denner et al. [19]. As definite directions along the fermion lines are only partially
available they give up the concept of fermion number conservation and use fermion
conservation as an alternative, which is simply the statement that fermion lines must
still run through the diagrams without being interrupted. [19] describe in detail how
the contractions of the fermionic field operators can be disentangled with the help of
that concept. The ingredients of Denner’s rules are the “ordinary” vertices, propagators
and external states as well as their charge conjugated versions:

cv'(p,o) = u(p,o) (12.8)

CﬂT(p, o) = v(p,0) (12.9)
_ 1

_ et AT for T =15k 4+

=crfc ' = { Tt Pnhow (12.11)

where C is the charge conjugation matrix. (The basics of Denner’s idea for disentangling
the contractions are to replace an interaction operator bilinear in the fermionic field
operators by its transpose, which should leave everything unchanged as the bilinear is

a number (or an array of numbers), WI'U = (@F\II)T

—

LY . — (= L bTeterTe e T (12.12)
The sign comes from anticommuting the field operators. The contractions could have
been got tangled up in that way, since all four possible contractions between field op-
erators and conjugated field operators are allowed for Majorana fermions, and also due
to the appearance of explicitly charged conjugated fermions as in the chargino—lepton—
slepton vertex. For Dirac fermions this happens only for the contractions of the field
operators with the asymptotic creation and annihilation operators for incoming or out-
going antifermions, which have produced the global signs mentioned in the first part of
the text, and for closed fermion loops, of course. On the level of the analytical expres-
sions for the fermion lines within Feynman diagrams the relation (12.12) for complete
lines reads (w € {u,v}, w® € {u = v,v® = u} with w® = Cw’)

o TOSHT@ | Ty, = (—1) - ws T/ ™ . ST W, (12.13)
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Fermion Antifermion Majorana fermion  Assignment
: - - u(p, o)
: : : v(p, 0)
: : - u(p, o)
. . . u(p,0)

Figure 12.2: Denner’s rules for external fermionic particles depending upon the direction
along which the line is calculated. Only those in boxes are used for the implementation.

where the sign now does not come from fermion anticommutation but from the antisym-
metry of the charge conjugation matrix: w’ = w®C? = —wcC. This was also the basis
for the “reversing of fermion lines” for the asymptotic STI in part one. Both ways of
calculating a fermion line produce the same result as the sign in (12.13) is cancelled by
the one from fermion anticommutation in (12.12). The key ingredient of Denner’s rules
is to write down the Feynman diagram(s), to choose a calculational direction for each
fermion line (i.e. to decide where to start and where to end at a given fermion line) and
to write down the primed expressions when the calculational direction is opposite to
the arrows of a Dirac fermion. Disentanglement of the contractions is thereby achieved
automatically, and there is no need to explicitly use the Wick theorem. The relative
sign of different diagrams can be evaluated by the method of permutations with respect
to a reference order where the pairs now are of the form (endpoint, startpoint) instead
of (conjugated spinor, spinor). For details cf. [19].)

The biggest problem of the incorporation of Denner’s rules is the factorization proce-
dure used in O’Mega: We treat only subamplitudes by successively building up 1IPOWs,
so we do not know where a beginning fermion line ends (or, where the beginning of an
ending line is. If we knew this, we could choose a calculational direction and tell the
program how to calculate the line numerically). At first we arbitrarily assume the calcu-
lational direction to point from the external fermion inwards into the (sub-)amplitude.
Therefore we must assign a spinor instead of a conjugated spinor to each external
fermion. According to Denner the assignments in table 12.2 for external fermionic
particles have to be made, wherein the dotted line indicates the chosen calculational
direction. As we use only spinors for the external particles in O’Mega, just the cases
in boxes are relevant for us. Consequently every incoming fermion of whatsoever type
is represented by a u spinor while to every outgoing fermion a v spinor is assigned.
But this means that we can totally forget about conjugated spinors now, since the lines
beginning with a spinor are continued by left multiplication with gamma matrices, by
which a spinor is produced again. We simply have to take W{CI'Uy as a bilinear prod-
uct instead of U1I'Wy, and so conjugated spinors and right multiplication with gamma
matrices are completely eliminated when dealing with fermions of mixed types. This
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choice for our bilinear product solves another problem: When fusing open ends of two
fermion lines to a bosonic wavefunction (or for the final keystone) there is a mismatch in
the calculational directions as for both legs they point from bottom to top:

(12.14)

As indicated in the figure there are now two equal alternatives, to reverse either the
right or the left calculational direction. In O’Mega we have chosen the second alternative
so that the calculational direction goes from the right to the left. The conjugated spinor
¥ is the same as ¥¢7C, but we take — as mentioned above — the product ¥7CT'W and not
WeTCTW. The solution to that obstacle is the following: The part of the line coming
from the left into the fusion has been calculated starting from the external particle
against the calculational direction chosen to hold after the fusion of two fermion lines.
Assume e.g. the left fermion line simply to be an external incoming fermion; due to the
rules in table 12.2 O’Mega takes a u spinor for that particle but when O’Mega performs
the fusion, it chooses the calculational direction of the whole line — now closed by the
fusion — to go from the right leg of the fusion to the left. Hence, according to this
direction, we actually would have had to take 7 = u”C as external wavefunction, so
that performing the fusion like \IliftCF\I/right with Wiee = u is completely correct. The
inclusion of propagators and vertex factors for the left leg will be discussed below.

The “fusion rules” for fermions of mixed types are:

¢=uvlcery, U, = ¢I'w, ¥ = ¢rw,

., {a7b}ulaulb:
L

a, ly b, Iy b

(12.15)

As was discussed in the last but one paragraph, the pairings are now (endpoint, start-
point) instead of (conjugated spinor, spinor). One part of the Fermi statistics’ sign is
calculated as in the Dirac case from the number of transpositions needed to bring this
collection of pairs into a reference order. In O’Mega the calculational direction always
goes from the right leg of the fusion to the left, so the pair added to the list of closed
fermion lines is {a, b} each time, where a is the fermion index of the left leg and b that
of the right one. When a line is continued as in the rightmost fusions in (12.15), then
simply the gamma matrix from the vertex is multiplied from the left to the child spinor.
The remaining part of the Fermi statistics’ sign is produced from those gamma matrix
vertex factors (and the propagators, cf. below), which also answers the question about
the meaning of the primes at the T" in (12.15): According to Denner’s rules in (12.11)
and the discussion in the text thereafter we must assign a primed vertex function when-
ever the calculational direction is opposite to the direction of an arrow at a vertex. As
the calculational direction in O’Mega always points from right to left or from bottom
to top, respectively, we must make the assignments shown in table 12.3 for the “fusion
rules” at the vertices. T and I" refer to the property in (12.11) according to which in
the left column always the ordinary vertex factor has to be taken with no additional



12.2. FERMI STATISTICS - EVALUATION OF SIGNS 105
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Figure 12.3: “Fusion rules” for fermions of Dirac as well as Majorana type. For the
fusions where a fermion is produced, there are also the mirror diagrams again. a and
b are the fermion labels for the left fermion and the right fermion, respectively, and l,
and lp are the corresponding closed fermion lines. For the conventions concerning the
fusions with clashing arrows and with two Majorana fermions cf. the text.

sign, while for the right column there is a sign if the vertex I' represents a vectorial or
tensorial coupling. Some remarks about the Majorana lines and the clashing arrows:
In the case of the clashing arrows we must define the vertices in the O’Mega model
files by WST'W, instead of U T'WS; if we had defined them the other way round, the
diagrams with clashing arrows would have to be exchanged between the two columns in
table 12.3. There are no ambiguities for vertices with one Majorana and one Dirac line
(e.g. the electron—selectron—neutralino vertex) because the Dirac fermion automatically
gives a direction. For vertices with two Majorana fermions the case is more complex:
If the two Majorana fermions are identical, the coupling has to be scalar, pseudoscalar
or axial-vectorial, hence there is no problem with signs (otherwise that part of the in-
teraction Lagrangean vanishes identically). Consider now the case where the Majorana
fermions are different, e.g. in the vertex between different MSSM neutralinos and the
Z boson. Here one has to decide whether to write the vertex as

0 (v +947°) 2X)  or X9 (—gv +9a7°) ZX0 . iAo

In the same way we have to choose which of the two possibilities should be included in
the O’Mega model file. By taking one of the two versions, we implicitly introduce an
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arrow:
=5 =
X{ X;
~O ~
Xj X7
X0 (gv +947°) 239 X0 (—gv +947°) ZX?

Consider the left of the possibilities above: Here the neutralino ¢ becomes the particle
with the arrow pointing away from the vertex whereas the neutralino j gets the arrow
pointing to the vertex. For the right possibility the arrows are exchanged. That “pseudo-
assigning of arrows” means that when contracting the field operators of that interaction
vertex with external states or other interaction vertices, then we had to write down a
conjugated spinor for the first neutralino and a spinor for the second in the left case,
and vice versa for the right possibility.

In table 12.3 it is assumed that the vertex for two Majorana fermions is always
written down in such a manner that in the case of fusioning two fermions the left one
is the conjugated while in the case of the fermion line being continued, the fermion
fused from the children is the conjugated. Henceforth no primed vertex factors have
to be used. (In practice, there is a unique representation in O’Mega for such vertices,
so when the fusion does not match that representation, then there do appear signs in
front of the vertex factors. E.g. when we denote that neutralino neutral current by the
left possiblity above, but the second neutralino appears as a left leg at a fusion and the
first as a right leg, then the vector coupling constant has to be endowed with an extra
minus *.)

The last open point for the handling of real fermions in O’Mega is the question of
the propagators. First of all, we must say a word about the momentum flow in O’Mega:
It is always outgoing (pointing out of an amplitude), i.e. in those fusion diagrams the
momentum flows always from top to bottom (for all vertices):

(12.16)

All momenta can be expressed as a sum of the external momenta, so each momentum
can be uniquely labelled by a subset of the external particles. After a fusion has taken
place, a fermionic wavefunction is multiplied by a propagator. Thus, every wavefunction
appearing as a child (left or right leg) in a fusion is either a wavefunction of an external
fermion or has already been multiplied with a propagator. An exception occurs if the
wavefunction is the final keystone of a subamplitude; then to only one of the fermionic
wavefunctions the propagator has to be assigned. Hence, a propagator is inserted in all
fusion cases where the fermion line is not closed but runs through to the top. At first
one could believe that more than one propagator type is needed when handling Dirac

4Do not get confused when reading [19]: There the abbreviaton XT'x means g?jfiraxj so when
reversing the order of the field operators in that interaction vertex for two Majorana fermions yields
gijjf"axi. If I'® has a relative sign with respect to I'* then we also have g?i = fg;"j and in Denner’s
notation we get XI'x again. But in O’Mega the coupling constant has a pre-defined value and we must
get an additional sign when reversing the order of field operators for vectorial and tensorial couplings
even for Majorana fermions.
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and Majorana fermions, but fortunately this is not true. In connection with Denner’s
rules above we mentioned that, if the calculational direction is opposite to the arrow of
the Dirac line, then we must use the primed propagator, i.e. the propagator with the
negative momentum. Of course, also a momentum flow opposite to the arrow direction
results in a minus sign for the momentum. Altogether the fermion propagator is of the
form
i i
o T (12.17)

p p
where £ and ( are sign factors. £ is +1 if the calculational direction and the momentum
flow are both parallel or both antiparallel to the fermion’s arrow, and —1 otherwise. For
Majorana fermions ¢ is +1 if calculational direction and momentum flow are parallel
and —1 if they are antiparallel. The following table shows that this always leads to a
negative sign for the propagator’s momentum within O’Mega:

’ fermion type \ fermion arrow \ mom. \ calc. \ sign ‘
Dirac fermion 1 1 T negative
Dirac antifermion l i} T negative
Majorana fermion - | T negative

So the universally used fermion propagator for all types of fermions — fermions, an-
tifermions and Majorana fermions — is

i
SF,O’Mega = ﬂ (1218)

Now we are able to convince ourselves that everything is alright with the expressions
for the left leg at the fusion. Let us assume that the spinor from the left child calculated
by O’Mega up to the moment the fusion takes place, has the form

U= Sg)F(l)Sg) Ty, w € {u,v} . (12.19)

When the fusion happens, the expression W7C is made out of the left spinor, which after
inserting (12.19) is equal to

¥Te =T @ T g (Lo
T T
—wer®' . s g’ (12.20)

We have already explained that the assignment of the wavefunction for the external
fermion is correct. Now we get the primed expressions for all vertex factors and propa-
gators. Of course, that is what we really want, since, indeed, our calculational direction
for the whole fermion line, after the fermion line has been closed (by the fusion), goes
the opposite way as it was originally calculated by O’Mega for the left part of the
line. There the calculational direction at first went from the external particle inwards,
after the fusion it points outwards. When O’Mega calculated the left leg it took the
primed expressions erroneously from the standpoint after the fusion, and as well had let
other expressions unprimed erroneously. By performing (12.20) each vertex factor and
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propagator becomes primed so that the wrongly primed factors become unprimed again
(the priming operation is involutory) while factors left originally unprimed become now
correctly primed.

From the above discussion it is clear that for generating Slavnov-Taylor identities for
theories including Majorana fermions within O’Mega, we must “reverse” the expressions
for the conjugated spinors and assign the external wavefunction —i (p — m) u(p) to every
incoming source of a BRST transformed fermion, while i (p + m) v(p) for every outgoing
source, not depending on whether the transformed fermionic particle is a fermion, an
antifermion or a Majorana fermion.

Of course, the formalism outlined above for theories including real fermions works as
well for theories which contain exclusively Dirac fermions like the Standard Model. In
that case the formalism has also been tested and shown to produce the same numerical
results as with Ohl’s ansatz. Finally, let us mention that the problems faced in section
5.4 concerning signs from external antifermions and from “clashing arrows” have been
solved by the construction presented in this chapter: According to figure 12.2 the number
of external v spinors is simply given by the number of all fermionic particles in the final
state and thus is obvious, while the “clashing arrow”-obstacle has been remedied by our
procedure for handling the vertices in figure 12.3.

12.3 Numerical checks

Numerical tests for Slavnov-Taylor identities (STI) have been made for gauge symme-
tries as well as for supersymmetry. Therein we investigated the ratio

_ 2.6
5,1

of the sum of Green functions contributing to the STI to the sum of their absolute
values. In performing such tests for the Abelian toy model presented in section 10.2, we
achieved ratios of better than 1070, so the STT are fulfilled numerically to a high level
of accuracy. With their help, several errors in the model files and also in the numerical
implementation of Majorana couplings in O’Mega have been discovered, showing these
tests to produce nontrivial results.

(12.21)



Chapter 13

Summary and Outlook

Our original task was to implement the whole Minimal Supersymmetric Standard Model
(MSSM) in the matrix element generator O’Mega and to further use the calculating
power of that program to produce cross sections and decay rates as predictions for the
coming generation of colliders, LHC and TESLA. This has be done by creating a new
model file for O’Mega. A compromise has been made between the desire to be as general
as possible and the constraint not to blow up the model to a complexity which is not
only too difficult to handle within the framework of O’Mega but also contradicts current
experimental knowledge (flavour-changing neutral currents, smallness of CP-violation).
It became clear that the complexity of the model is still immense and that checking pro-
cedures had to be found to control the inner consistency of the theory and the program’s
numerical stability as well. Although gauge symmetries have been used as consistency
checks ever since, supersymmetry, though being only global in supersymmetric field
theories, is as powerful for this purpose as those — or perhaps even more.

The idea arose to develop a method to perform such consistency checks for super-
symmetric field theories using supersymmetry as the vehicle. First, we picked up a for-
malism invented by Grisaru and Pendleton in the 1970s and calculated Ward identities
for supersymmetry diagrammatically, out of which relations between on-shell S-matrix
elements could be gained. This has been shown using the simplest supersymmetric
field theoretic, the Wess-Zumino model, and then been extended to a more complex toy
model to clarify questions concerning Fermi statistics and vertices with clashing arrows.
But since this method relies on the annihilation of the ground state by the supercharge
it is only applicable for theories with exact supersymmetry. The breakdown of the Ward
identities has been demonstrated in the O’Raifeartaigh model. Generally, this formal-
ism does not suit well enough for automatized tests (as well as for realistic models)
but it enables some useful insights into the problems with fermions in supersymmetric
theories.

Further progress was achieved by the investigation of the conserved current result-
ing from the supersymmetry of the action. Here Ward identities can be constructed by
inserting the current operator into a Green function and then taking the derivative with
respect to the spacetime argument of the current. Since the current is still conserved in
the case of spontaneously broken symmetry, this method is applicable not only for ex-
act supersymmetry. We derived in detail the supersymmetric current of general models
including supersymmetric Yang-Mills theories. As the supersymmetric current is a spin-
3/2 object to which the gravitino couples in gauged supersymmetry, the incorporation of
that method in O’Mega provided the infrastructure for supergravity (propagating grav-
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itinos, higher dimensional vertices with two bosons and two fermions, etc.). This may
be the basis for one of the possible extensions of the work presented here. Calculations
have been done for a simple toy model with a U(1) gauge group, where examples are
shown for the Ward identities constructed in that manner to be fulfilled only on-shell,
but not off-shell. Hence the mentioned formalism can be used for on-shell tests in all
models with global supersymmetry. Nevertheless we are also interested in off-shell tests
since they are more stringent. The understanding of why Ward identities with current
insertions in supersymmetric gauge theories are only fulfilled between physical on-shell
states, opened the way to a more elegant formalism for consistency checks in part III.

Therein we introduced the BRST formalism for supersymmetric field theories based
on the work of White and Sibold. A nilpotent BRST operator can only be found by
including supersymmetry transformations and translations and using constant ghosts
for them. The Slavnov-Taylor identities from this generalized BRST invariance is the
desired consistency check working also off-shell. The deep-rooted reason that super-
symmetry seems to be violated off-shell is that the supercharge for supersymmetric
gauge theories does not commute with the S-operator for arbitrary states of the Hilbert
space, but only for physical states from the cohomology of the BRST charge. When-
ever we leave the mass shell, we have to include several additional diagrams containing
the Faddeev-Popov ghosts, which shows that gauge symmetry and supersymmetry are
inseparably entangled. These facts have been clarified in the context of algebraic renor-
malization of supersymmetric field theories by Sibold and co-workers. Here we presented
analytic calculations in a diagrammatic language of Slavnov-Taylor identities in a pretty
simple Abelian toy model and also for a general supersymmetric Yang-Mills theory. To
our knowledge, this had not been done so far.

The Slavnov-Taylor identities (STI) have been used for numerical checks as well,
where they justified their application by detecting several errors in the program libraries
of O’Mega. Some of the difficulties and fine points concerning Majorana fermions,
special fermion vertices in supersymmetric field theories and the inclusion of the STI
in O’Mega have been listed for the sake of completeness in the last part; they maintain
the connection to the amount of computational work not presented in this thesis. The
MSSM, which served as a motivation for this work by its sheer complexity, is briefly
reviewed in the appendix. All the physical fields with the abundance of mixing angles
and phases have been included into the model file as has been mentioned above.

With this work the problem of how to test supersymmetry in scattering amplitudes
and Green functions perturbatively within arbitrary models analytically and numerically
has been solved. The mechanisms by which the cancellations in Ward and Slavnov-
Taylor identities for supersymmetry happen have been understood in detail. Hence
this thesis supplies the theoretical basis for testing supersymmetric models by means of
these identities. All the infrastructure has been laid to perform these tests numerically;
however this development has only been sketched in order not to go beyond the scope
of this work. Notwithstanding the fact that this thesis — including the theoretical foun-
dations and the implementation of these identities and providing a generally applicable
checking tool — is an integral whole, we would like to give a brief outlook to further
projects and additional ideas, which will be tackled in the future.

Among these points is a further debugging of the MSSM model file with the help
of all existing symmetries: the gauge symmetry, supersymmetry, also Bose and Fermi
symmetries. Since supersymmetry is explicitly broken in the MSSM, we will have to
restore supersymmetry by a spurion formalism, where superpotential terms containing
one or more new superfields are added. By spontaneous symmetry breaking these new
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superfields then generate the soft breaking terms of the MSSM. The price we have to pay
for that restoring of supersymmetry are additional couplings to the component fields
of the new superfields. After that we can start producing data for MSSM processes on
a reliable basis. A further project is to enlarge the structure of O’Mega so that it can
handle propagating fields violating the spin-statistics theorem with utmost generality.
Strictly, this is only necessary when investigating loop processes or ST in supergravity
but it would be satisfying to have a unified formalism managing all eventualities. The
propagating Faddeev-Popov ghosts can be incorporated while evaluating their Fermi
statistics signs separately from those of “physical” fermions. The further diagrammatical
examination of supersymmetric Slavnov-Taylor identities, on the one hand with more
than one SUSY ghost, on the other hand on an N-loop level, should finally be mentioned
as a project.
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Appendix A

Basics, notations and
conventions

A.1 Basics

Metric:
Ny = diag (17 -1,-1, _1)

Super-Poincaré algebra for N = 1, without central charges:

[Q,MF] = S*Q with SH = i 7", 7]
[Q7P'u] =0

[P, PY] =0
[P, MP7) = i (5 P* — " P¥)
[M’“/, Mpo] _ _ i(nppMua _ nuUMup _ nupMua + nquup)
{Q.Q} =2"P,

Generalized Jacobi identity for Zs-graded algebras:

(=1 ([Ta, Tp}, To} + (1) ([T, T}, Tat+

(71)anc[[chTA}aTB} =0

This implies the special cases where B is a bosonic and F' a fermionic operator:
[[Ba, Bgl, Bc] + [[Bp, Bcl, Bal + [[Be, Bal, Bg] = 0
HFA, BB]) BC} + [[BB7BC]7 FA} + [[Bc, FALBB} =0

{[Ba, Fgl, Fo} + [{FB, Fc}, Bal — {[Fc,Bal, Fp} =0
{{FAvFB}’FC} +{{FB>FC}7FA}+{{FC’FA}7FB} =0
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They can be proven by making all the generators bosonic, multiplying them with Grass-
mann numbers, writing down the ordinary Jacobi identity for bosonic operators and
extracting all Grassmann numbers to the left (or to the right) while giving them the
same order in all terms.

A.2 Superspace

Supersymmetric field theories are most easily represented on a Zs-graded vector space
called superspace, containing the ordinary four-dimensional space-time and four Grass-
mann-odd coordinates,

(29, 2, 2%, 23,601,602, 6%,0%) = (x;) . (A.5)
with the bispinor (four-component spinor) 6. This is the special case of simple super-
symmetry, for N = n-supersymmetry, n < 4 we have the space R(:3)122N 1t is possible
to combine the supercharges into a four-component Majorana spinor @, [3]. The 14
generators of simple supersymmetry (P, M??, () generate superspace transformations
— spacetime translations by P*, boosts and rotations by M*° and translations of the
Grassmann-odd coordinates by spinorial increments £, also combined into a Majorana
spinor. They anticommute component-wise, and as these parameters are constant, they
anticommute with the supercharges, too:

{6 =1{68 =10 ={&Qt={sQ} ={&Q} =0 (A.6)

Most general element of the Poincaré supergroup:
1 _
S(b,w, &) = exp [i (bMP“ + §leM/“’ + §Q>:| . (A7)

Action of supercharge on superspace:

Q= =~ ("0, (AS)

We check that @ fulfills the anticommutation relations

The covariant derivatives with respect to the supergroup structure D, called su-
perderivatives, anticommute with the supercharges:

{D,Q}={D,Q} ={D,Q} ={D.Q} =0 (A.10)

On superspace they can be given the representation

a .
D= i + (iy"8)0, (A.11)

With each other they have the (anti-)commutation relations

{D,D} ={D,D} =0, {D,D} = -2ip . (A.12)
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For constructing chiral superfields right- and left-handed versions of the superderivative
are needed:

0 :
Do=-(1-9")D= . (iv"0R)0u
L (A.13)

)
Dr==(149°)D=— — (iv"0.)0,
0r

= N e

[\

For more details about Lie supergroups cf. [31].

A.3 Properties of Majorana spinors
Definition of a Majorana spinor
Uy =0l 40 = —wlc, (A.14)

where C is the antisymmetric charge conjugation matrix, usually chosen to be equal to
C = iv24°. In the sequel 6 always means a Grassmann-odd spinor.

0.0, = (0.76,)" = —(07CT0,)" = —(0T7Chy)
= 6,c7'rco, (A.15)

Using the well-known relations about gamma matrices

S o
yields 3
N R TR
So the only possible bilinears with a single Grassmann-odd spinor are
99, 05", 0+°0, (A.18)
while the other combinations vanish identically:
00 = 0 [y*,4"]6 = 0. (A.19)

Note that for commuting spinors the signs in (A.17) are the other way round.

A.4 Superfields

The irreducible representations of the super-Poincaré algebra on superspace are called
superfields. They are the basic ingredients of supersymmetric quantum field theories.
We will denote them by a hat over the symbol. All superfields have expansions in the
superspace coordinates which only run up to fourth order due to the latter’s nilpotency.
We do not go into the details here; especially we omit general superfields since they
are not needed in the construction of supersymmetric field theories. We should only
mention that products of superfields underlying some sort of constraints are general
unconstrained superfields again; the highest component in the superspace expansion of
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general superfields is called D, being a scalar field of canonical dimension higher by two
than the canonical dimension of the whole superfield. For details cf. [5], [3].
A superfield with the constraint
Dr®=0 (A.20)

is called left-chiral superfield, while correspondingly a right-chiral superfield, distin-
guished by a bar, underlies the constraint

DO =0 . (A.21)

The chiral superfields have the superspace expansions

5

b(0.6) = o(0) + V2 @0 (0) + (7257 ] 0) )+ 5 Br*0) 2,000

2

—_

+ 75 070 (#0991(2) + 5 @70) Do()

$(2,6) — 3(a) + V2 (Bon() ( [””5] ) v) L (09°70) 9,6(2)

- =5 (0°0) (B9va@) +

/\1\3

6y°6)°0

(A.22)
Therein ¢ and ¢ are complex scalar fields, 17, and ¥ are left- and righthanded Weyl
spinor fields, respectively, while F' and F are again complex scalar fields of canonical
dimension two if the dimension of ¢, ¢ is one. From the expansions, one can see that
the Hermitean adjoint of a left-chiral superfield is right-chiral and vice versa.

Products of left-chiral superfields are left-chiral superfields again. A function f
consisting only of left-chiral superfields together with an identical contribution of right-
chiral superfields with the complex conjugated prefactors, but neither containing su-
perderivatives nor spacetime derivatives, is called superpotential. The F term (the
highest component in the superspace expansion) of the product of two or three left-
chiral superfields are:

10y = {Fi¢2+ For — (V1 1¥12) } (A.23)
[#182],

[‘il‘fzi’?)} o {F1¢2¢3 + Fap3p1 + Fsp1¢2 — (U 19L,2) b3

— (Ypovrs) ¢1 — (Vpstra) ¢2} (A.24)

A superfield constrained by the reality condition

vi=v (A.25)
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is called a vector superfield since such superfields are the supersymmetric generalizations
of the gauge boson fields:

V(2,0) = C(x) — i (07w () - % (6+°6) M (z) — % (60) N*(x)

5 (r290) Vi) =i (02°0) (7 @)+ )| ) (azm

_ i (6+°6)” (Da(z) - ;DC“(fc))

As discussed in [3] there is an extended gauge symmetry in supersymmetric gauge
theories with the gauge parameter replaced by a whole superfield. This freedom can
be used to gauge away most of the components in (A.26). The remaining part of the
extended gauge transformations, orthogonal to those used above, represents ordinary
gauge invariance. Most famous is the Wess-Zumino gauge,

Cz) =w(x) = M*(z) = N*(z) =0, (A.27)

V(e 0) = — 5 (Bv°16) Vila) i (85°6) (N (@) — § (B+°6)° D*(a) |, (A28)

in which all power series in the vector superfield breaks off after the quadratic term.

A.5 SUSY transformations of component fields

In the sequel we list the SUSY transformations for chiral and vector superfields: the
“normal” ones, in the case of supersymmetric gauge theories the de Wit—Freedman
transformations, where a mixing between the matter and the gauge superfields occurs.
When inserting the equations of motion for the auxiliary fields, we can forget about the
transformations of the auxiliary fields.

A.5.1 SUSY transformations for chiral superfields

SUSY transformation:
Sed = V2 (Ertr)
beop = —V2i(PP)Er + V2FEL (A.29)
6F = —v2i(Edvr)
De Wit-Freedman transformation:
= V2 (Ervr)
Seor, = —V2i(Po)Er + V2FEL (A.30)
0cF = —v2i(EPvr) —2T¢ (EL))

Inserting the equations of motion for the auxiliary fields yields the “on-shell” de
Wit-Freedman transformation:

0ed= V2 (Entr)
Of (¢)

Sivr = —V2i(Po)ér — V2 ((%)* 3

(A.31)
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A.5.2 SUSY transformations for vector superfields
SUSY transformation:

0 A, = = (E97°X%)

i

0N = —50 (BaA% - %A‘é) + D% (A.32)
5eD% = i (EPA7)

De Wit-Freedman transformation:

SgAﬁ - .(E'YM'YE)XL)
beA* = —5[v*7° WP Egs + D€ (A.33)
0D = —i(E(PN)")

2
“On-shell” de Wit-Freedman transformation:

Rty = - () -
~ 1 .
0N = 5" F — e (01T79) €

A.6 Construction of supersymmetric field theories

Kinetic terms for matter fields (scalars and fermions):

L . S
3 [qﬂq)} b= D' 0"p + %dJL@iﬁL - % (0u¥r) ¥R + |FI? (A.35)

Kinetic terms for matter fields with minimal couplings to gauge boson fields from
vector superfields in Wess-Zumino gauge:

L (-209°) 8], = 01 070

+ 5ULPvL — 5 (Dubr) YU+ Y PP (A.36)

From a vector superfield we construct a new superfield by acting triply with the
superderivative:

o 1 — N
W=~ (DD) DV (A.37)

The complete superfield W has a spinor index and is therefore called a spinor superfield.
Projecting with % (1 + 75) gives a right- and left-chiral superfield, respectively. By the
following construction we get kinetic terms for the gauge boson and the gaugino as well
as gauge boson—gaugino interaction terms:
LRe [WRWL} — Lpe g 155 (paye 4 Lpepe (A.38)
2 F 4 mra 2 2 '
Superpotentials (products of one, two or three chiral superfields) to construct scalar
self-interactions and Yukawa couplings have already been discussed in section A.4.
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Some details about the MSSM

All superfields of the MSSM:

Superfield | Bosons Fermions ‘ U(l)y ‘ SU(2) L ‘ SU@3)¢ ‘
vUy B B 0 0 1
VSU@)L wi Wi 0 1 1
VEUB)e Gl Gi 0 0 8
Ly (De,€7) (Ve,e7 )L -1 z 1
I:/Q (s i) (Vs 17 )L -1 % 1
Ls (e 7)) | (Ve ™)L -1 1 1
B &k et 2 0 1
f?2 ity ni 2 0 1
Es 5 T 2 0 1
Q: (iir,dr) (u,d)r, 3 z 3
Qo (¢1,51) (¢, 8)r, i i 3
Qs (tr,br) (t,b)rL % 3 3
U, W us, 4 0 3
U, & & —4 0 3
Us 7, te 4 0 3
D &y, ds 2 0 3
D, g, s¢ 2 0 3
Dy by b 2 0 3
H, (HY,Hy) | (H), H{ ) | -1 3 1
f @y | @A, | 1 | 3 | 1

Above we listed the superfields of the MSSM all of which are left-chiral superfields.
Naturally, the total field content also includes their Hermitean conjugates which are
right-chiral superfields. Since we only wanted to write down left-chiral superfields, all
fermionic component fields are left-handed: Therefore those of the “barred” superfields
are the left-handed parts of the antileptons and antiquarks. We omit right-handed
neutrino fields here and so the neutrinos remain massless, but a generalization is obvious.
A tilde on the component fields indicates a particle with negative R parity and hence

119



120 APPENDIX B. SOME DETAILS ABOUT THE MSSM

a superpartner of a Standard Model field. The quantum numbers are given by the

hypercharge, the third component of the weak isospin, while the number in the last

column indicates whether the particle is a colour-singlet, triplet, antitriplet or octet.
MSSM - the Lagrangean density:

Lvssm =
> (0le 9]0, + 3 (e ] ),

+ i(T exp [V 00) + Y (Dlexp V| D)
+§;(E;expﬂ ) (erpo )k (Heo[d]m) | @D
s

. [ U@ WLSZ(Q)L:|
F

(l

{ SU(S)C WSU(B
F

1 29 — .
N 2Re[ T 4 Uy } ~ 930qcp Im[W§Z<3)C Wigmw}

F 1672 s

+ WIJr + Lsr

Summation over generation indices from 1 to 3 is explicitly shown while for gauge indices
we use the summation convention. fgcp is the QCD vacuum angle, this term being
the supersymmetric generalization of the term generating instanton solutions in QCD
[16], [3]. The vector superfield of the Standard Model SU(3)¢ x SU(2) x U(1)y gauge

group is , .
) a . \e
V=_puy. 2 ; 01— ; Ve o (B.2)
Furthermore W is the superpotential,
W = hi; (iiﬁabe’) Ei+h (QZGabﬁf> D
+ hig (Qﬁeabflé’) Ui+ (ﬁfeabffé’) +hc., (B.3)

and Lgp are the superrenormalizable terms parameterizing the unknown SUSY breaking
mechanism:

©j i vJ
- L 1
= (ME)i(LIL;) = > (ME)i(E]Ey) — {QmGluino(/\s/\s)

1 1 Dy D T N
+ 5MWino(AA) + 5 MBina(X'N) ZA”h” QT eH))D,

- ZAghg LleH)E; — ZAUhU Q eH,)U;

) 1]



Z CcPhP(QT H3)D

2 Oh

—|—m1|H1|

Z CERE(LTH3)E;

) 7]

+mj| Hy|?

_ 1
(GFHI)T; + 5 (Bp) (H{ efty) + h}
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(B.4)

In the last two formulae indices from the middle of the alphabet are used as gen-
eration labels while those from the beginning of the alphabet are gauge group indices.
Note that in the soft breaking terms only components appear and not the whole super-
fields. h¥, h? and hY are arbitrary complex 3 x 3-matrices in the space of generations.
There are more arbitrary complex 3 x 3-matrices in the soft supersymmetry breaking
terms, AE AU and AP, and furthermore C¥, CY and CD the latter not included in

in generation space for the spartlcles The gaugino masses are allowed to be complex, as
well as the Higgs potential parameters p and (Bpu), while the mass squares m? /2 must

be real.

| VERTICES Z |
Gauge-IA: WW~, WWZ, ggg 3
Gauge-Lepton-IA: (T~ (Y0~ Z (TvW—, oW, v Z 5G — 15
Gauge-Quark-IA: qqv, q@Z, udW =, duW ™, qqg 2G(G + 3)

— 36

Higgs-1A: HHH 1
Higgs-Gauge-IA: HW W~ , HZZ 2
Higgs-Lepton-TA: (T~ H G— 3
Higgs-Quark-TA: ¢qqH 2G—6
Higgs-Gst.-IA: Ho¢~, Hopg 2
Gst.-Gauge-TA: 677, 676~ 7, b=oWF, GEHWT, 6HZ, 11
PEWFZ, g=WFy
Gst.-Lepton-IA: (T{~¢, {~voT, {Tvg™ 3G —9

Gst.-Quark-IA: qq¢, udgp™, dig™

2G(G+1) — 24

Table B.1: 3-Vertices, SM: (2G? + 14G + 6)
being the number of generations, set to 3 in the final step.

+ (2G* +5G 4+ 13) — 66 + 46, with G

] VERTICES #
Gauge-TIA: WWr~y, WWZ~y, WWZZ, WWWW, gggg 5
Higgs-IA: HHHH 1
Higgs-Gauge-IA: HHW W, HHZZ 2
Higgs-Gst.-IA: HH¢ o~, HHop, ¢T o~ o d~, ¢To~ ¢, 5
Y
Gst.-Gauge-IA: ¢oWTW ™, ¢pdZZ, ¢ o~ WW, ¢t o~ ZZ, 14

Oro 2y, ot o vy, HOEWFZ, Ho* Wy, g6 W2,
pOEWFy

Table B.2: 4-Vertices, SM:

8 vertices and 19 additional Goldstone vertices.
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We now briefly summarize the mixings of the interaction eigenstates to the mass
eigenstates. All particles with identical colour and electromagnetic quantum numbers
are generally allowed to mix.

The two Higgs doublets are decomposed into the following mass eigenstates:

oo %(vl+Hocosa—hosina+iAosinﬁ+i¢ocosﬂ) (B.5)
e H-sinf3 + ¢~ cos 3 ’ ’
o HtcosB — ¢Tsinf B6

2= \%(Ug+H0sina+hocosa+iA0cosﬁ—i¢osinﬁ) (B.6)

There are now five physical Higgs particles, the scalars H? and k", the pseudoscalar A°
and the charged Higgs’ H*, thus called in the case of a non-CP violating Higgs potential.

| VERTICES \ i |

Gauge-IA: WW~, WWZ, ggg 3

Gauge-Lepton-IA: (T~ (Y0~ Z, (YvW—, oW+, viZ 5G — 15

Gauge-Quark-IA: ¢gv, ¢GZ, udW—, daW ™, qgg 2G(G + 3)
— 36

Higgs-TA: HH H, H'H h, HHH, HHh, Hhh, hhh, 8

AAH, AAh

Higgs-Gauge-IA: AW*HT HAZ, hAZ, WH*W~H, 14

WAW—h, WEHTH, WFH*h, ZZH, ZZh, HVH ~,

HYH-Z

Higgs-Lepton-1A: HYpf~, H vl (T4~ H, (T4~ h, {74 A 5G — 15

Higgs-Quark-IA: ¢qH, qgh, q@A, udH~, duH™* 2G(G + 3)
— 36

Higgs-Chargino-Neutralino-TA: yxH, yxh, xx4, X*x H, 52

XTX"h, XTXTA, XEXHT
Slepton-Gauge-1A: (t 0=~ (t(~Z, o0*Z (ToW =, (~*W+ 11G — 33

Squark-Gauge-IA: G, §§*Z, dv*W, ad*W~, 4g*g 8G(G + 2)
— 120

Chargino-Neutralino-Gluino-Gauge-IA: YXZ, XX~ Z, 33

XX Ty XPXW T, X XWH, ggg

Other Chargino-Neutralino-Gluino-TA: ¢47*, 434, - 4G4G + 19)

xHeor, xT e, xtol—, xvlt, xtad, x"udt, xtda*, X~ da, — 372

Xvo*, Xvp, UTEE, Xqq", X4

Higgs-Slepton-IA: Hiv*, hii*, HIT0~, hiT0~, Al+i~, 18G — 54

HYe—v* H (TD

Higgs-Squark-IA: §§*H, §G*h, GG* A, ud*H~, a*dH+ 8G(3G + 1)

Table B.3: MSSM, 3-Vertices 52G?+ 151G +110 — 1031, with G being the number
of generations, set to 3 in the final step.
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¢* and ¢° are the Goldstone bosons attached to the W and Z bosons, respectively. The
vacuum expectation values are denoted by v; and vo while o and 8 are two real mixing
angles.

Most important for the MSSM are the mixings of the charged Higgsinos (the SUSY
partners of the Higgs’) and the charged gauginos to mass eigenstates named charginos,
as well as the neutral Higgsinos and neutral gauginos are linearly combined to states
called neutralinos. For the charginos it is justified by the smallness of observed CP-
violating effects to choose the imaginary parts of p and myine sufficiently small to
define orthogonal instead of unitary mixing matrices

U= ( cS ¢ Sm‘/)) , (B.7)

—sing_  cos¢p_

VERTICES \ i \
Gauge-TIA: WWr~y, WWZ~r, WWZZ, WWWW, gggg 5
Higgs-IA: HYH " H*H-, HTH HH, H*H  Hh, 14

HTYH-hh, HYH-AA, HHHH, HHHh, HHhh, Hhhh,
hhhh, HHAA, HhAA, hhAA, AAAA
Higgs-Gauge-IA: HHZZ, hhZZ, AAZZ, HYH™ZZ, 21
HYH=Z~, HtH vy, HEHW¥~, HEAMWT~, HEHWT Z,
HEYWWTZ, HHWTW =, hkWTW =, AAW+TW—,
H*AWF~ H*AWTZ

Slepton-Gauge-IA: (*(~yy, (t0~Z~, (TI~ZZ, 0i*ZZ, 24G — T2

AW W =, o WHW =, (- 0* Wy, (oW~ €_~*W+Z,

row-2

Squark-Gauge-1A: GG*vv, 4" Z7, 44" ZZ, 4q WEW -, 4G(6G + 11)

ad*W—r, u*dW*’y ad*W=Z, w*dW*Z, §§* 99, 43 g, — 348

GG 9Z, ad*gW—, aw*dgW+

Slepton-Slepton-IA:  oi*oi*, po* 00+, (=00~ 0+ DG +1G+1
— 115

Squark-Squark-TA:  §G*GG*, aa*dd* 2G(8G® + 8G

£1) > 1446

Slepton-Squark-IA: GG oo*, GG 00—, ad*(—o*, a*dl*v 8G2(2G + 5)
— 792

Higgs-Slepton-1A: HHvv*, Hhov*, hhov*, AADD*, 37G — 111

HYH i, HHIT~, Hh€+£‘ hhéw— AA€+£—
HtH- ewﬂ HH*i~ ~*,hH+e ,AHW*V ,HH*@*?/,
hH= (YD, AH (D

Higgs-Squark-TA: GG*HH, 4G*Hh, §G*hh, §G*AA, 8G(3G + 5)
G*HTH-, a*dH+H, @*dH"h, a*dH+A ad*H H, — 336
ad*H ™ h, adH- A

Table B.4: MSSM, 4-Vertices: 16G* + 16G* + 23G? + 252G + 41 — 3260
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_( cos¢y sin ¢4 _ I
V= (77 singy 7ncosey )’ n = sgn [1mwino — iy sin(20)] (B.8)
with the sign factor n guaranteeing that the chargino masses are positive. The mixing
angles are

_QﬂmW (mWino sin 3 + p cos ﬂ)

) = o~ B+ 2y cos(2B) (B9)
tan(2¢,) _ _2\/2§mW (mWino COSﬁ + /’('Sin ﬁ) (BlO)

Mino — 12 — 2m3y, cos(203)

The charginos )Zii,i = 1,2 are then related to the charged Winos and Higgsinos as

W+ Vlez L E = XILVil
Wit = Uil Wit = Xiali (B.11)
oy = szXz L E = X:LVQ
FIJF = 12Xz R H;%r = X;TRUZ'*Q
W, =Uix, W, =% Un
Wi =ViX;n Wy = X;nVii (B.12)
Hp =UpsXi Hy =X, Ui2
FIE = ViaXi r I:IE = X;.rVi2

For the neutralinos, we introduce the 4 x 4-matrices N used to diagonalize the mass
matrix

YO/ —
MBino 0 myzsinfy cos3  —mysin Oy sin 8
0 MWino —my cos by cos B myz cosBy sin 8
myzsinfy cos 3 —my cos Oy cos O 0 — i
—mgsinfy sinfS  mgz cos by sin 8 — L 0
(B.13)
in the form N*Y?/ N~ = Np; Oy is the Weinberg angle of the electroweak theory. The
neutralinos )Zg,i =1,...,4 are then defined as
BL - n*Nz*IX'L L BL = X?anNz
BR = niNilXi R Br = )NCl RU*N*
Wg _nzN2>~<zL Kf—xi L771Ni
HY =0 Ny H?, XZ LmNi
Hlo,R = niNiS)E?,R H?, Xz R N:i’»
03, = niNixd . H3 Xl 9 . milNis
HS,R = 77iNi4>~<?,R HY R~ Xz R N

The 7; are phases to guarantee the positivity of the neutralino masses.
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For each Standard Model fermion there are two complex scalar superpartners, which
can also mix due to the soft breaking terms. Under (not too) special circumstances the
transformations from the interaction to the mass eigenstates can be assumed to be
orthogonal.

The matrices of the mass squares for the sfermions to be diagonalized will always be

denoted in the form

2 2
m=4 3
fr fL/r

f 2 2
(mf L /R) mf R
It is easy to perform the diagonalization leading to the mass square eigenvalues (usually

2 < 2.
taken as ms < mfz).

1 1 2 2
2 =2 (m2 2 Z 2 _m2 2
mf1/2,7‘, 2 (me,i + mfR,i) T 2\/(me,¢ mfR,i) +4 ’me/R ’ (B'16)
while the mixing angle is the solution of
2
fL/Rr,i
tanf; = —/——————. (B.17)
fi 2 _m2
me,i mfR‘i,
The mixing is given by
fi = fri cos.Gfi + fr,isindy, (B.18)
foi = —frisinOf + fricosfy

Note that this is only an orthogonal transformation for real symmetric mass square

matrices. If m?; does have an imaginary part, then there are additional phases
L/R

involved in (B.16) and (B.17), but they have to be drastically small in order not to
contradict CP-violation observations.

We now list the mass square matrices for the up and down squarks as well as for the
sleptons and sneutrinos.

] VERTICES \ 4 |
Higgs-Gst.-IA: HAb, hA, HEHGF, HEho™, 12
H*A¢T, Hpp, hog, Hpt ¢, hot o~
Higgs-Gst.-Gauge-IA: Zoto—, voto—, WEoTo, ZHo, 14
Zho, WEGTH, WEpTh, WEZpT, WEypT
Gst.-Lepton-IA: (T{~ ¢, {~vp™, {Tvg™ 3G— 9
Gst.-Quark-TA: ¢go, udé—, dug™ 2G(G+1)

— 24
Gst.-C/N-ino-TA: xx¥¢, X X~ ¢, X X, X~ X" 30
Gst.-Slepton-IA: (T~ ¢, (= i* ¢t (T D¢~ 8G — 24
Gst.-Squark-IA: §§*¢, ad*¢~, a*dot 8G(G +1)

Table B.5: MSSM, 3-Goldstone-Vertices: 10G? + 21G + 56 — 209
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up squarks:

1 2
mi, = m% +mi +m%cos(2f) (2 ~3 sin? 9W)

UL, Q
2
mi = m2U +m2, + ngZ cos(23) sin? Oy

down squarks:

3
N Il

=
:O,l\')

2
s L o -2
At mg, — 3Mz cos(20) sin” Oy
m2 = ma, - (AP = (CP + i) tan )

sleptons:

% = 2
L, L

R,i

m? = mg, - (AP +(CF + p*) tan 3)

sneutrinos:

1 1
+m3, — m3 cos(20) < ~3 sin? Oy

1
m3: 4+ my + §m22 cos(20) sin? Oy

= m%i +mj, —m% cos(23) sin® O

)

(B.19a)

(B.19b)
(B.19¢)

(B.21)

(B.22)
(B.23)

(B.24a)
(B.24b)
(B.24c¢)

VERTIZES

Higgs-Gst.-IA: HHA¢, HhA$, hhAp, AAAG, HH~ Ap,
HEHHGF, HEHh¢™, HEhh¢F, HEAAGT, HEHAGF,
HEhAF, HEHYH¢F, HHpo, Hhod, hhod, AAdp,
HYH™¢¢, H*H¢T ¢, H h¢T o, H-ApTd, HHG ¢,
Hhoto, hhot¢™, AApT¢~, HTH ¢t o™, H-H T T,
Appg, H*¢T ¢p, ApT ¢~ ¢, H*¢T¢T 0™, dpodo, ¢T ¢~ b,
A

46

Higgs-Gst.-Gauge-1A: ZZ¢p, ZZpT¢~, ZydT ¢,
VYoT ™, WHEW =gt o=, WIW—gp, WEZ¢T ¢, WErgT o,
W*ZoTH, WEN¢TH, WEZ¢Fh, WEryoTh

18

Slepton-Gst.-IA: 0i* A¢, vir* HET, oo ¢ o=, v*do,
0H0=Ag, (Y0~ H*¢T, (Tohe~, - i*hot, (YDA¢~, (-0 AT,
Cogg™, L 0" gopt, LT ¢T o™, T ¢, (TVH ¢, L HT ¢,

(YDH™, L He

45G
— 135

Squark-Gst.-IA: GG* A¢, Gi*H*¢T, 45" ¢ ¢, 43" 99,
a*dH* ¢, ad*H™ ¢, a*dH¢*, ad*Ho~, a*dh¢™, ad*heo,
a*dAd*t, ad* Ag—, urdet o, ud* ¢~ b

40G -
(G+1)
— 480

Table B.6: MSSM, 4-Goldstone-Vertices: 40G? + 85G + 64 — 679
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As long as there are no right-handed neutrino fields there is no mixing between the
left- and righthanded sneutrinos. Their mass square is

1
mii + ZmQZ cos(203) sin? Oy (B.25)
The discussion of the mass terms and the CKM mixing is more or less the same as
in the Standard Model or the non-supersymmetric two Higgs-doublet model.
For more details about the MSSM cf. [7], [7].
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Appendix C

Some technicalities

C.1 Proof of (3.3)

Here we want to prove the relations (3.3), which are nothing but the inverse Fourier
transformations back from the Fourier modes to the field operators. The Fourier ex-
pansions of the field operators are

-
o(x) :/(2;5)% ((l(k)e_ika: +aT(k)e+ikm)7

-
Y(x) = / (2;:)% Z (b(k, o)u(k, o)e R L dT(k, o) (k, J)e“’”) , (C.1)

37
E(I) = / (2;3);{:2E (bT(k7g)ﬂ(k, J)6+ikz + d(kv U)ﬁ(k,a)efikm) )

In the Majorana case the last two relations are equivalent and read:

-
P(x) :/(27Crl)?f€2E (b(k,a)u(k:,g)e*ikm+bf(k’g) (k,0)e +1k:c)
7 (C.2)

37
@(-1') = / (Q’Jil)fQ_E (bT(k‘,O')ﬂ(k‘,O')eJrikz + b(k,O’)@(k‘,O’)e_”m)

The inverse relations (3.3) can be simply verified by inserting the Fourier expansions
of the field operators:

a(k) = i/d?’feikx D4 /(2%35%, (a(p)e_imc + aT(p)eJ“im)
/ d*zelt” / d;; E( () (1B — ik%)e™"" +a (p) (+iE — iko)e+ipx>
— [ (E 0 E | sl - Ee| )

=a(k) (C.3)

In the fermionic case:
>y -
b(k,o) X /d?’f(u(k,o)’yo/@ﬂ?gE 2 (b(p, T)u(p, 7)e 2"
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oty r)e ) )

=7(k,o)y° / @ (b(p7 u(p, 7)0% (P — E)

2F ~ Lo p
+d'(p, T)v(p, 7)5° (E +p) BQiEI(J)
kO=E
= % . <b(k’ T)E(Ey U)’YOU(E, T) + df (k, 7')ﬂ(];7 0‘)’)/0’1)(—]_@’7 7’))
=b(k,0) v (C.4)

In the last step we used the identities

ﬂ(lZ, O’)’}/OU(E, T) = uT(E, O’)U(E, 7)=2FE 05 (©5)
ut(E, o)v(—ﬂ, 7)=0, '
which, for example, can be found in the book of Peskin/Schroeder [22] on p. 48.
C.2 Fierz identities
We briefly summarize the Fierz identities as they can be found in [23]. In the following,
0;,i = 1,...,4 are four anticommuting, i.e. Grassmann-odd four-component spinors

like fermion field operators or superspace coordinates. The scalar, vectorial, tensorial,
axialvectorial and pseudoscalar combination are

5(4,2; 3,1) = (0462) (6361) (C.6a)
v(4,2; 3,1) = (047"62) (637,.61) (C.6b)
14,2:3,1) = 2 (Ba0"6:) (Bs0,000) (C.6c)
a(4,2;3,1) = (54757“92) (937#7591) (C.6d)
p(4,2; 3,1) = (047°62) (037°61) (C.e)
Watch carefully the convention with respect to the axial vector adopted from [23]. The

Fierz identities provide a possibility to rewrite the spinor products with combinations
(4,2;3,1) as (4,1; 3,2):

s 1 1 1 1 1 S
v 1 4 -2 0 2 -4 v
t](4,2;31)=— 1 6 0 -2 0 6 t|4,1;3,2) (C.7)
a 4 2 0 -2 —4 a
P 1 -1 1 -1 1 P

C.3 Derivation of couplings with momenta

In this short aside we want to get rid of the confusion with respect to the signs of
momenta in 3-point vertices, e.g. arising in gauge theories by coupling two scalar fields
to a gauge boson. The term under consideration is established by the trilinear terms in
the kinetic parts in the Lagrangean density after having substituted the partial by the
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gauge covariant derivatives. By splitting the (necessarily complex) fields (charge!) in
real and imaginary part we arrive at couplings with real fields. In the sequel we consider
a 3-point vertex in which the scalar fields ¢; and ¢ possess the momenta p; and ps
flowing into the vertex while the vector boson A, — not of interest in the following —
has the incoming momentum p3. The vertex looks like:

/ ¢1,p1, %1
y 7
/

/
-— \ N

\
\

\
¢27p27$2

Its analytical form is:
Ling = €A, (¢10" 3 — $20"¢1) (C.9)

All prefactors, numerical ones and also factors of i are understood to have been absorbed
into the “coupling constant”. We think about this vertex as being part of an n-point
Green function, so that the fields of this interaction term are contracted with other field
operators to give the propagators to be discussed below. This is shown here only with
one term, the other is analogous; furthermore, as mentioned above, we ignore the vector
field. It is not needed in the following discussion. To be more precise, we add to the
derivatives the spacetime argument they act upon:

o1(21)1(y) 0 d2(y)p2(22) = Dp (21 — y)0y Dp(y — x2) (C.10)

For the Feynman propagators in momentum space we have to perform the Fourier
transformation from coordinate space with the momentum flowing from y to 1, that is
—p1, and with the momentum flowing from x5 to y, that is po. Note that due to

dp  ie~iPlE—y)
(2m)4 p?2 —m? +ie

Dr(z — ) = $(@)dy) = (T [$(x)é()]]0) = / (c.11)

the Fourier momentum flows from y to x according to the time ordering. This yields:

Dp(w1 — y)0Dp(y — x2) =5 (—ipy)F.T.Dp (1 — y)Dr(y — x2). (C.12)

Finally, the analytical expression for the vertex (with the additional factor i stemming
from the perturbation expansion) becomes:

/ $1,p1, 21
y 7

/

/
A, pyps3, 3 "-N‘-N\*(y = 6(;02*1)1)“ (C.13)
-— \ \

\
\

\
$2,D2, T2

This can be stated as the mnemonic:

’ i0#* — +(incoming momentum)* ‘ (C.14)
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Appendix D

Details to the supersymmetric
current

D.1 The current for a general model without gauge
symmetry

In this section we want to briefly repeat the derivation of the supersymmetric current
for a general model without gauge symmetries from [3] and prove its conservation not
shown in the reference. The Lagrangean density of a general model given by a quantum
field theory endowed with exact supersymmetry can be found in the equations (26.3.30),
(26.4.7) and (26.7.7) in [3]:

£=Z[(8u¢>§i (O ¢y) + FXF, + = (wnL@wnL) ;(mazpnﬂ)}
f(9) \*
- — Z a¢na¢m ¢n me L) ) Z (8¢na¢m> ("/Jn,me,R)

*ZF o H2E (5 > (b1

In this general model there are n different chiral superfields. f is an arbitrary function
of these chiral superfields; when we impose renormalizability as a constraint, it is only
allowed to be a polynom with degree three as an upper bound. The Noether part can
be calculated by (7.17)

. [x@(a%z)wn,L FVEO )+ Pou
! . (D.2)

\/*(a(ﬁ )7 ¢nL \/i Fuy wnR \/iF;;'Y#wn,L:|

Next we derive the SUSY transformation of the general Lagrangean density in the
same manner as for the WZ model, writing it in the form

Snrs =3 3 [ de[ti@] 4 [aals@)] ¢ [aul@] 09
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The kinetic part can be taken from (7.12),

Kt = <59 (06, b+ D67) Vs~ 1Fubun — iFibus) - (D)

n

For the contribution to the current from the potential we remember that

8¢ Lot = (55 [ f(é)]F + h.c.> - (i\/i 7 [ f(é)}m + h.c.) (D.5)

for the SUSY transformation of the superpotential. When expanding the superpotential
in a power series of the superfields,

‘i’:Z ST e B0 b

n1,n2,..
n1+n2+ -‘r"k k

with i; € {appearing superfields}, the spinor component of the superpotential can easily
be read off:

[f(@)] = > <8§;f>> Unp - (D.6)

By the notation f(¢) we want to stress that the superfields as arguments of the function
f have been replaced by their scalar components. This produces the potential part of
the supersymmetric current

I [ LRICTo) R N

Finally the supersymmetric current for a general model (without gauge interactions
which will be studied later on) is:

= — \/iz [(@¢n)7#wn,R + (@fbn)*’yuwnl

. (D.8)
+ iy (W> U1 + iY* <8f(¢)) %,R]

Ion, Odn
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‘We check the current conservation:

(On)tbn,r + (O3 )n,1 + (PDn) (Pn,r) + (§65)(@n,1)

o (%53)@% () oons

1 L
_ﬁa"jl _ Z

n

1 93 -
[ 5 W%) ('l/}k,R’(/Jl’L) 1Z)n,L

1 R
-3 ; (8%8@8(;5 ) (Vk,L%1,R) ¥n,R

20 \~
+2F <a¢na¢> )1/’””2 (aasnam) Yna

— 1F0(Pn.L) — 1 (P R)

In the first identity the underlined terms vanish due to the equations of motion for the
fermions. For the second equality the equations of motion for the scalar particles were
inserted yielding the leading four terms. The two rightmost terms are produced using
the equation of motion for the auxiliary fields F,, and F}'. The doubly underlined terms
cancel due to the fermions’ equations of motion. There still remain the trilinear fermion
terms. The three indices are summed over, so we can split the terms in three cyclic
contributions (it will prove easier to use the 2-spinor formalism here):

2 Z <5¢n8¢k8¢ > (k. R1,L)¥n,L +Dhoc.
=—— Z (3¢ b0, ) ((wwz)wn + (Vyhn )k + Wn%)%) the =0 (D)

This vanishes due to the Schouten identity, cf. for instance [32], which is valid for
Grassmann odd 2-spinors as well, for there is always an even number of transpositions
in the cyclic sum.

D.2 Derivation of the SYM current

Here we present the detailed derivation of the SYM current omitted in the text.
We apply the de Wit—Freedman transformation to the matter Lagrangean density
(9.5) and get:

| (Du9)! (D9)| = V2(D,9)! (ED"W1) +ig (Do) (Ev*9°T9 - X)
+V2(Du)" (D" W) — igo" (§9,7°TX) Do (D.10)
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be[FTF| = —iv2FT (€pw,) — iV2FT (EPWr) +29F" (€76 Xn)
+ 290" (ETF : XR) (D.11)
Ge[57Pv] = — 55 (6 (Do) PwL) + (EF*ML)
+ 5 (€7 (DyDyo") ‘I’R) - —= € (pFT) ¥g)

7" (Dug)” MR)

—

b |-V29X - 61 TW, | = % (&9 P - 'TWL) — V29 (€D - 6 Tw, )
— 29 (€wg) (X-Tw.) —2ig (£'T(De) - X2 )
p» (ZngfF : X) (D.13)
O¢ [—\/59‘1'7% : X} = —2ig (EV“(DM)T% : XR) —2g (EF T - XR)

~ 2 (€0s) (VT 3) + L (8% - 67 T)

NGY (EB : ¢>:FfoR) (D.14)

be|90'To- B| = V2g (8D 6TWr) + v2g (€D - 6T,
—ig (¢'T6) - (€pX) (D.15)
SW(p, W, F) = 9,EK" (¢, U, F) (D.16)

Now we start to examine all the produced terms. At first, all terms containing four
spinors cancel each other — the two rightmost terms of (D.12) and the third term of
(D.13) and (D.14), respectively. Using the Fierz identities (note again the global sign
due to the presence of anticommuting spinors) yields:

—2g (Er¥L) (‘ITLT: XR)
= 9(&e) - (ViTws) + 2 (€ Xe) - (FerT0s)
+ %(ET%UWXR) : (@%ﬁ%) + % (5737"75XR) : (\Tm%f\h)
A{gh) (7o)

=—g (57%7“75&) : (\TLVWW\PL)

The underlined terms vanish here and in the following calculation, since scalar, pseu-
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doscalar and tensor bilinears cannot couple spinors of like chirality to each other.
~ 29 (€Wr) (XaT - 01 ) = 29 (€ n) (VATAL)
=~ (&7"9°X1) - (T T )
For the other terms we get:
9 (Zn ~BYY . (T onkind
2 (80™X) - (Trry* W)
= g (57%75XL) - (Vpy" 7" UR) +

=5 (" Xe) - (WP w) +

(&7 Xn) - (Try2*wr)

L9
2
g (ﬁm,ﬁ AR) (UL L)

g (5%7 A) (W)
= g (SL’Y/LFY )‘L) : (TL’Y#’YS\I]L) + g (fiR’}/‘u"YSXR> . (TL7#75WL)
2 (5”“75&> (Trn"y" W) + % (EWMVSXR) (VY7 ¥R)

Each of the second manipulations for the two latest identities follow from the Majorana
properties of the spinor field ¥. As promised, all four terms from the last four identities
cancel.

It is obvious that all terms containing the auxiliary fields D* — the second from
(D.13), the last from (D.14) and the first two from (D.15) — give zero.

Let us consider the terms containing FT now. There are five of them: the first and
third term in (D.11), the second and eighth from (D.12) and the second term of (D.14).
As is immediately seen, the latter cancels the third term from (D.11). What remains
is:

BN A DR 7 €Fipu.) - — (€ D),

= -7 (€ puy) - -5 (EF P, (D17)

1 —
= R0 (O E)

The symbol D; introduced here is the covariant derivative originally acting on the
righthanded spinor field Uy, so it has the opposite sign compared to the covariant
derivative for the lefthanded fields. Only the contributions with the partial derivatives
survive.

The calculation for the parts with FT (or F) proceeds analogously. Here the last
term of (D.13) and the last one from (D.11) cancel, leaving the second term of (D.11)
as well as the fourth and sixth from (D.12):

VB EFTPUr) - — (EETP)R) + = (€FTPUR)

V2

Sl -

o (D.18)
- 0. 6 F )

Herein DL is the covariant derivative originally acting on the lefthanded spinor Wy,.
Again, only the terms with the partial derivatives remain.
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Next we turn our attention to the contributions containing both ¢ and ¢, i.e. the
second and fourth of (D.10), the fourth term of (D.13), the first of (D.14) and the
rightmost of (D.15). We split the covariant derivatives in partial derivatives and the
gauge field parts:

ig (E(Po")1°To - X) —ig (£1,7°0 T(D ) - X) - 2ig (&6 T(D,0) - 1. )
—2ig (&4(Du) ' To - Xr) —ig (670) - (EpX)
— ig(&@e" )" To - X) —ig(€6'T(P0)y” - X) — ig (E6'T(P0) - (1 — 1))
~ig (&@eN)To - (14+°)X) —ig (€176 - 9X)
~ (8P (T A,)0-X) - ¢ (57“75¢Tf(f A0 X)
— g (80T T(T - )6 - (1 = 19)X) + ¢* (89761 (T A,)To- (1+4)3)
—ig? (¢1T9) - (Ef5. 40" \°)
= —igd, (&6 T - X)
+9° (€ e [T, T°] pA10") —ig? ("0 T 6f 5. A1)

Underlined contributions cancel each other. The terms in the last line vanish due to the
Lie algebra of the gauge group. We get the gradient

~igdy, (€1"0'To- X) (D.19)
With the help of the algebra of covariant derivatives
D,D, — D,D, = —igT - F,, (D.20)

we can rewrite the two terms with the field strength tensor of the gauge field, the first
term of (D.13) and the fourth in (D.14):

ig (= - - ig /= . .
A (f’YEWV’Y“FW : ¢TT\I/L) + % ({757”7“FW . quT\I/R)

V2
= —% (&2 B - 61 TwL ) + % (899" Fiu - " TW )
— @ (01D~ DLD)W] 92— @ (DD, DD )

The order of spacetime indices in both terms can be understood from the fact that in the
first one the commutator of covariant derivatives acts upon the Hermitean adjoint scalar
field and therefore to the left, so we have to replace the operators by their Hermitean
adjoints and to revert their order. For the right term there is no such effect since
we simply have the transposed representation of the gauge group there. Consider all
missing terms containing the scalar field or its adjoint together with the spinor field ¥
(i.e. the first and third from (D.10) and the first, third, fifth and seventh in (D.12)),
and use the Dirac algebra

12 1 v v
" = 5(7"7 +974*) (D.21)
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for the following manipulations (underlined terms cancel after summing up all terms)

V3 (E(D,) Py ) = % (E(*" + 74" (D) D01
V3 ED,0) D W) = = (€27 + 77 (D) D)
7 (44 (D) PUL) = — \%(7“7”(%@*%%)
= (€ D) wR): = (€17 (D, D" )W)
_7( IL¢ ) 12 (5’7 vy ( M¢)TDV\I/R)
1

75 (@Dt ”Jp'%)z (€47 (DL(D,9)")01)

After adding the contributions from the field strength tensors we arrive at:
%fv”v‘L{(Dm)T D,V + (Dy¢)" D,V g + (DyDy¢" )Wg + (D}, (D,d)" )W,
+ (DLW ~ (DLDLO)s ~ (DuD.") U+ (D.D,") 0
= \}éww{wm)mum + (Du¢)" D,V R + (DI, Di¢") U, + (D} Dl ¢") W
- (DLW + (DD,

= \}iau{(fv“v”(l?m)“h) + (év“v”(Du@T\PR)}
For the second identity it has been used, that the primed covariant derivative originally
acting on the righthanded fermion field and hence endowed with a positive sign in front
of the gauge field, is identical to the Hermitean adjoint of the “ordinary” covariant
derivative (in the fundamental representation). In the last equation all gauge field
contributions from the second covariant derivatives in each term cancel, hence the final
result is a total derivative. We also relabelled the indices (1 < v).

Altogether, for the de Wit-Freedman transformation of the matter Lagrangean den-
sity, we get the total derivative

- _ 1 _ 1 _
SeLonae = — %a# EFtyrwL) — ﬁaﬂ (EFTA* W) + —50n (&y""(D,¢)Ty)
+ %au (€47 (D9) W) —igd, (E4"9'T6 - X) + 9,EK" (6, W, F)

(D.22)
We now turn to the gauge part of the Lagrangean density, (9.6). The transformations
of the various parts are

. 1 - 1 -
O [; (A‘W“(DM)“)} = 7 (@YY FL(Dad)®) = 7 (€777 (DaFl)*A%)

+ % (64" D (DuA)") — % (v (DuD)*A") (D.23)
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~ 1 _ B
0 [—4FEVF5”} = F1" 0, (E77°A") + gF ™ f4. (E1,7°N°) A (D.24)
% BDGDCL} = —iD* (€pN)° (D.25)

The term —(ig/2)f%, (A*y*A°) (§7,7°A") produced by the transformation of the
gauge field in the covariant derivative vanishes due to the Fierz identities: The scalar,
pseudoscalar and vector parts vanish because the bilinears contracted with the totally
antisymmetric structure constants f$, are symmetric in the gauge group indices (ab)
since they are built from Majorana spinors. Note that since we are using v’ A? as spinor
in the Fierz identity the vector part becomes the axial vector and vice versa. Only the
pseudovector is antisymmetric and survives. After relabelling the indices we get

_ _ 1 _ _
be DA% (€1:7°A") = +5 1% (A9"X%) (€1 °A") =0, (D.26)
which is seen to vanish after a second Fierz transformation.

The terms containing the auxiliary field D* (the rightmost from (D.23) and (D.25))
together yield:

- % (ED (PN*) — % (E(PD)*A")
—5 ED"@X") = 5 E@DN) = 5 (@D F1AN) = 5 (@ fALDN)

_%(% (Ey D) (D.27)

Underlined terms cancel each other.
To calculate the remaining terms with the field strength tensors we need the following
identity for gamma matrices,

[V, 77197 = =200y + 207 " — 217,70, (D.28)

which can be easily derived by expanding a general 4 x 4 matrix as a linear combi-
nation of the 16 gamma matrices I, 7°, o*, y#, y¥*~°. As the only available Lorentz
invariant tensor coefficients are the metric n*” and the Levi-Civita tensor e**??, the
three leftmost combinations are not possible. Considering the properties under parity
transformation shows that only the product of metric and tensor as well as the product
of the pseudovector with the Epsilon-tensor are allowed. The explicit prefactors can be
calculated by inserting (121) and (123) for (uvp).
With the identity (D.28) we are able to rewrite one of the appearing terms:

(E7°7 7 Y (DyuFap)*X?) = % (&° [+, 7] (D Fap)*X%)
= — (Y"1 (DPFap)™A") + (€4°7" (D" Fap)*A")
— 1 (7757 €7 (D Fop) A"
= —2(E°y* (D7 Fap)*\") (D-29)
The first identity as well as the equality of the first two terms in the middle line hold
due to the antisymmetry of the field strength tensor in the spacetime indices. The

Bianchi identity of non-Abelian gauge theories causes the third term in the middle line
to vanish.
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We collect the remaining terms:
1 _
Z (575’76'7a7uFa5(D )\) ) (575,},57047 (D#Faﬁ)a)\a) + Féwaﬂ (f’YV’YS)\a)
+ 9P 4 (Evun® ) A
1 )
= (575757"‘7 25(0uA)) + %(&%BW%W“M LA
+3 (6757‘37"‘7 (0, F35)A") + %(&WWW GALFS A
1 _ _
= 5 (€YY (DuFag)*X7) + F 0 (E07°X") + gFL" fie (€1u7°X") A7
1 _ _
D28 'Y’Y'Y'Y af a Gu \STWY 9L J be \STuY v
( ) (g 5Fa )\a) F,ul/a (é- 5)\(1) T F,uufa (g 5)\b) A€
(5(%1’5 VoY’ AY) + gFEP 14, (677 7aA") A

204 (€97 P FsAT) + 0, (EFL 17 °A?) (D.30)

The divergence to which the gauge part of the Lagrangean density of an SYM theory
is transformed under a de Wit-Freedman transformation finally is:

_ _ 1 ; _
OLaage = O (EFL" 1" X) + 70u (€979 FpA") = %% (&y*DA") | (D.31)

The last point is a possible Fayet-Iliopoulos contribution. Its transformation can be
written down immediately:

5§£FI = —i(r“)ﬂ (g,yuca)\a) (D32)

In the long run we have to construct the current from the contribution of the SUSY
transformation of the Lagrangean density and the “Noether” part. The terms produced
by the SUSY transformation of the superpotential are identical to those found for the-
ories without gauge symmetry, (D.7). We can think of the problem as having gauged
the global symmetry in the models discussed earlier. As the superpotential contains no
derivatives of the fields, this contribution to the Lagrangean density is then of course
also locally invariant. The difference between the ordinary SUSY transformations and
the de Wit—Freedman transformations can be written as a local gauge transformation
with special scalar and spinor fields as gauge parameters (cf. [26]). Since the superpo-
tential is invariant under SUSY transformations as well as under gauge transformations
and also under the above mentioned special gauge transformations, it is invariant un-
der de Wit-Freedman transformations. As the superpotential contains no derivatives it
does not contribute to the current,

Kl’:)cal = Kglobal' (D33)
The Noether part of the supersymmetric current is:
OrL —
> 3 n 6§A = —ENH (D.34)
all fields
Finally, we have the contributions:
oL
————0¢c¢p = V2(DH )T (EW ) (D.35)

9(0,9)
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oL ~ -
W5£¢T =V2(D"¢) (€TR)

oL - 1
— 5T = —
000,9) " V2

i

(Ex* (FTPr+ F'PL) V)

V2
aiﬁ~afiliaﬁu5aaiif,uaa
Ao N = 1 (Y EGAY) — 5 (& D°X)
oL

SN _ ppv (7 5ya
a(aHAg)(SEAD Fa (EVU’Y )\ )

(&9" ((Ds6)" P+ (Dy0) PL) W)

(D.36)

(D.37)
(D.38)

(D.39)

Adding these terms to the contributions from the variation of the Lagrangean density
(D.22), (D.31), (D.32), we arrive at the supersymmetric current for supersymmetric
Yang-Mills theories, which has the form

T = =V (Dyd) Wk = VI Y (Dy) WL — iy (oA

1 . N
+ 37V EA" — gy (¢TT¢) A

D.3 Proof of SYM current conservation

(D.40)

In this section we want to check the conservation of the supersymmetric current for
super-Yang-Mills theories given in (D.40). For this purpose, we list the equations of
motion of all participating fields:

3
(D, D"¢)t = — V29U, T -X+g¢'T- D — % (8 f(¢)) (PrYL) + F (

_ t
(DuD)6— —V3gh- T, + gTp- D - (33f ““) (Trwn) + F' (

03

2 T
PV, = V29To - X + (aaj;(f)) Vr

2
iDVR = V296" T - X + <88];(j§)) Uy

(PN = V296 T + V29T ¢ g,
D= — ¢~ g (¢!T"0)

r--(52)
(%)

OuF! = gfuncFYP AL — (igpTT?) (D¥ ) +ig(D¥¢) ' (T9)

0%f(¢)

a?fw))*
02

(D.41)
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_9

5 (U To0;) +

N

(W 7 0g) 2 (36 e X°) (D.49)
The divergence of the current is:
OuT" = =271 [0,(Ds0)" | Wk = VY [0,(D.0) |01 = V21" (D,0) P
— V29" (Dy¢) PU L, — i PN + %7“7%“75(3/LF55)>\“ - %v“v'@fFSg@/\“
—ig(@e")T6 - X —igo'T(p9) - X —ig (¢'To) - pX

_ Vo <3Qf “”)T (Po)u, — V31 (52f (‘1”)T @61 r

9¢? 9¢?

(D.50)
For the first two terms we calculate:

aﬂ(Du¢)T = auau¢T - ing/Y,/au(;ST - ing(a;LZV)¢T

8,(D,o)t = 8,0,0" +igTA,0,0" +igT(8,A4,)p!
This is split up into a symmetric and an antisymmetric part; note that the first term,
which only contains partial derivatives, has no antisymmetric contribution. The sym-

metrization and antisymmetrization respectively can be transferred to the gamma ma-
trices; using the Dirac algebra, the first two terms of the current’s divergence read:

—V2(0" D) Wi — V2(0" D) W + % Y ] T 4,8,67

i L i o -
- % Y A TA, 8,00 + % W, " T (8,4, — 0,4,)¢" (D.51)
_179 VAT, A — 9, A Vot

2\/5[%7] (0, Ay — 0, AL)¢

In the first two terms of (D.51) we complete the squares of the covariant derivatives,
insert the equations of motion (D.41) and (D.42) for the scalar field and get

B f
I=+2g (X : ZFT\I’L) U —V2¢"TT - DR — V2F (az/ff)> v

2
+2¢g (TLT X) U, — 290" T - DV, — V2FT (aagf)> v,

—V2igTT A¥(D, )" W g + V2igT A*(D,.¢) 0,
ig v =T A T ig v T A T
+ = W, M TP A0,0T U g — —= [y, v*] TA,0,0" ¥
\/Qh 7] 9 R \/gh 7] LT
i I .
NG " A T @Ay — B, 4,60
(D.52)

+

v Al T, A, — 0, A,)6T U — 9
[7 '7] (u u)¢ R 2\/5

Here we already used the vanishing of (VW R)W g and (Vz¥ )P  as third powers of
a Grassmann odd spinor. In the case of a general (nonrenormalizable) superpotential
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with more than three matter superfields, this contribution vanishes due to the Schouten
identity.

For all terms in (D.50) containing derivatives of the matter fermions (i.e. the third
and fourth and the two rightmost), we insert the equations of motion for the fermions
(D.43) and (D.44), in which we must bring the gauge field term from the covariant
derivative to the right hand side. Furthermore we replace the derivatives of the super-
potential with respect to the scalar fields by the equations of motion for the auxiliary
fields (D.47) and (D.48). This results in:

62 1
) v

VBigr (Dy8) TR, + 2igy (Dyd) T6T - Xr + V21" (Dyo)' (

82 T
) o

—V2gFIT AV, + V2gFI T¢T - Xp + V2FT (

+V2gFTTT AW + V2gF o' T - X + V2FT (5’2f(¢)) v,

O?

(D.53)
The two terms —v2i (92f($)/0¢%)" (D) Uy, and —v/2i (02f(¢)/0¢%)" (961) W, i.c.
the terms in the fourth line of (D.50), cancel the partial derivatives of the scalar fields
from the covariant ones in (D.53) so that only the gauge field terms remain. We yield
as a second contribution to the current’s divergence:

I =+ V2igy" (D, ¢) T TT AW g + 2igy” (D, o) o' T - Xp + V29 ATT 7 (32{;;5)) e

92 T
) v

—V2igy" (D) TAV, + 2igy" (D, ¢) ToT - Xg — V29 AT (

62 T
) o

+V2gFTTT AU + V2gF o' T - X + V2FT (aZf <¢)) 2 (D.54)

VBgFT AU, +\3gFTTeT - A+ VIFT (

0¢?

For the fifth, seventh and tenth term in (D.50) we simply have to insert the gaugino
equation of motion (D.45). Again we must transfer the gauge field term to the right
hand side, though it cancels in combination with the Fayet—Iliopoulos constant due to
the condition (9.7). This immediately gives a third contribution to the divergence:

I = — V2gC ¢ T, — V29( T ¢ Vg +ig® f4. (61T90) AN
— V297 (611779) ' T" Wy, — V2g? (67°9) 6" T"Un + 77 1 Filg [ A'X°
lg « a a lg « a a
+ =Y F T + 77 VA FL3¢T T U R

V2
(D.55)

At first, we leave the eighth and ninth term from the divergence of the current
unchanged:

IV = —ig(Po")Th - X —igs'T(pe) - X (D.56)



D.3. PROOF OF SYM CURRENT CONSERVATION 145

For further manipulations on the last remaining term with the derivative of the field
strength tensor for the gauge field we use again the gamma matrix identity (D.28). This
happens in the second step of the following calculation:

1 1
27" OuFap) X = 3 [T (OuFig) X°

1 1
= 577 (07 Fip) A = 57777 (0°F ) X

— e (B,F ) X°
= (0P Flp) N = e (0,F5) A"

The insertion of the gauge field’s equation of motion in the form (D.49) for the first
term yields a fifth contribution to the divergence of the current:

V == gy [ FS A A + 1970 o T (Dad) A —igy*y° (Do) T oA
_ o .
+ 2 (Tl 0s) 1772 = (TaraT"Wr) 1772 + 5 (W fanc¥aX) 1297 A"

— € (BuF) X°
(D.57)

As a next step we use the equation of motion for the auxiliary field D%, (D.46), to
see that the second and fifth term of (D.52) cancel the first, the second, the fourth and
the fifth term from (D.55).

With the help of relation (D.26) and the discussion above this equation, we can set
the term with three gauginos, the penultimate in (D.57), equal to zero.

Now we consider the contributions with two matter fermions and one gaugino. These
are the first and fourth term in (D.52) as well as the fourth and fifth from (D.57). By
the Fierz identity these four terms add up to zero in the same manner as discussed
below (D.16).

We may rewrite the last term of (D.57) as follows

i i
€ (0 F ) N = ey [ AL X, (D.58)
as the antisymmetrized covariant derivative of the field strength tensor vanishes due
to the Bianchi identity. We manipulate the sixth term from (D.55) with help of the
identity (D.28):

g ig
-5 b V) VP Fes £ AL N = gyP P Fs f4 ARNS + Evaeaﬁ“”F&lgf%cAZ/\c

It is obvious that this cancels the term in the last equation as well as the first term of
(D.57).

It is also clear that the sum of the third and sixth term out of (D.52) and the ninth
and last one from (D.54) is zero.

To rewrite the third and sixth term in (D.54) we remember that the superpotential in
an SYM theory must be a gauge invariant function of the fields. Hence it is constrained
by the condition

9f (o)

(c%) T =0 (D.59)
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Differentiating with respect to ¢ and using the equation of motion for F' yields the
relation (similarly for ¢f):

() -(R)rarr o
() o= () e o

Now we see that these two terms cancel against the seventh and tenth of (D.54).

By (D.59) the eighth and penultimate term out of (D.54) vanish, too.

We want to inspect the terms containing derivatives of the scalar fields now. These
are the first, second, fourth and fifth term from (D.54), the two remaining ones out
of (D.57) — the second and the third — as well as the seventh up to the tenth term of
(D.52). Consider first all of these terms containing gauginos. We calculate:

2igy" (Dy§) T T - Xy —igd T(PoT) - X +ign"7° 6  T(D, )" X
= 2ig(PpT )T T - Xy + 29°7 T TP T AL 3TN +ig(Pp” )T - 47X
+ gy I TP T AL TN — igop T (PeT) - X
_ gQ’YV¢TTaTbAg¢T)\a

The underlined terms with the spacetime derivatives all vanish, solely the gauge field
parts are left. An analogous calculation works for the complex conjugated scalar fields:

2igy" (D, ) To" - Xp —ig(Pe)T9" - X —igy+* (D) T$" X
- _ gQ’YVQﬁTTbTa(ﬁTA?,)\a
Summing up the last two resulting expressions yields
gy ¢ [T, T°) " APA = ig?y" ¢! fare 70T AN (D.62)

and hence cancel the third term of (D.55).
The first and fourth term of (D.54) can be rewritten with the help of the Dirac
algebra:

. v =T 1 . ]- v 1 v —
V2igy' (D, ¢) ' TT A, U = \/519(5 A+ 3 [y ﬁ“])(Du(ﬁ)TTTAu‘I’R
= +V2igTT AM(D,¢) W g

39 o ) (0,67 T7 A,
+\/§[777}(V¢) nw*R

2
9
5 [V A ALT T A} " W

Of the newly established terms the first cancels the seventh term in (D.52) while the
second one eliminates the ninth from (D.52). For the complex conjugated fields we get
analogously

—V2igy' (D, ) TA, U, = —V2igT A*(D,¢) ¥y,
i -
= % "] (9,61 T A, 0,

2
g TV ] pgarparb gb
+ L AN ACTOTY AL @
ﬁsﬁ[vv] nVr
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A similar cancellation takes place here: the first term cancels the eighth of (D.52), the
second one the tenth out of (D.52). The third terms from the last and the penultimate
identity are further manipulated with taking attention to their antisymmetrization:

2

2
9 Vo AaAbTbTa T\I/ — g [T AaAb _AaAb TbTa T\I/
\/5[777] viip ¢ R 2\@[777}(yu i 1/) ¢ R
2
— g [T AaAb Tb T T\IJ D.63
Tﬁ[%ﬂyu[, Jo" g (D.63)
_ 192 [ryl/ ,y,u} AaAbfb 'TC(ZST\IIR
2\/5 bl v 1 ac
Analogously:
D5 7 ) AT T AL = AL (o7 o) 1 AL AL T (D.64)
V2 K 2v/2 "
Together with the last two terms from (D.52) this yields
g v a pa 4T lg v aa 4t
+— AMITOFS 0" U — ——= A TOFS 0" , D.65
Qﬁhﬂ ﬂsbzz?ﬂ[vv] pl 43 (D.65)

which cancels the last remaining terms, the two rightmost ones in (D.55), so after all

we get the desired result
o
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E.1 The Wess-Zumino model

Action:
SWZ:/d4z S[000] 4 fub+ a2+ 204 e (E.1)
2 D 2 3! e ’
As is shown in [1], the contribution to the superpotential linear in the superfields can

always be eliminated by a redefinition of the superfields. So in the sequel we set y = 0.
The quadratic and cubic part of the superpotential yield:

% [fiﬂ + h.C.}F = moF +me¢*F* — % (wz/) + 1;&) , (E.2)
ATz A A A )
5|8 b | = S0 + 2672 — Sovy — SoTv (1:3)
The kinetic part is:
1rans . P i _
5 [810] | = (0u0)" (076) + 5004 O + Sv0" D) + | FI? (E4)

The equation of motion for the auxiliary field is:
A
F* = —m¢ — §¢>2 . (E.5)

After introducing the bispinor notation

v (Z) (E.6)

for the fermionic degrees of freedom (the Yukawa coupling terms will soon be brought
into bispinor form) we get the Lagrangean density

Lz = (0,0)" (06) + ST (P —m) ¥ — 2pwp— 2600 — [FF (B

The scalar part of the superpotential reads

A2 2 1 .
PP =m2 10" + = (I8F) + 5mAldl® (6 + ") (ES)
After splitting the complex scalar field into real and imaginary part (cf. chapter 2),
€
V2

it is easier to write the Yukawa interactions in the bispinor language.

¢ = (A+1B)7

- 1 — 1 —
+ ¢ Y =—=U(1-7")¥ (A+iB)+ —=V (1++°) ¥ (A—iB
Py + ¢ 1) 2\/5(7)( 1)2\/5(7)( 1)(E9)
1 — i— '
= —UVA - —Ty°UB
V2 Vo
Finally, the whole Lagrangean density for the Wess-Zumino model reads:
1 1 1
Lwz = 5 (0,A0"A ~ m?A?) + 5 (0uBO"B — m?B?) + 3V (i —m) ¥
A= i — A2 A2 A2
— UV A+ —=T"UB - —A* - = B* - —A’B? E.1
9/2 9v2 ! 16 16 8 (E.10)
1

1
— ——mMA3 — ——m)\AB?
2v/2 2v/2
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We also state the SUSY transformations for the component fields:

Q. 4] = (Ev)
i€Q, B] = (i&y°¥)
Q. W] = — (i + m) (A+ P B)E — == (A2 — B2) € - = ABy¢

2v/2 V2

The vertices of the WZ model:

\
\
A \ A .3 \
o-—-——---- —i—m
’ V2
/
/
;s A
’
W
W
N
N
B R A 1 \
- ——--- —i—=m
4 V2
7
7
v B
uy
\ 7
N 7
AN A d
\
\ 7
N2 A 3 9
A —§1>\
d AN
A 7 \
P A\\
7 N
> %
\Y 4
\\\ B ///
\\ /,/B
N 4
VY Jixe
——1i
PAAREN 2
B +7 \\\
/// \\\
2 EEAN
\\ //
\ A 7
A A
\ 7
\A/ 1,>\2
——1
4 \Y 2
B /// \\\
4 >
” B
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(E.11a)
(E.11b)

(E.11c)
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E.2 A toy model

Action:
1) L 4ig L (14 b B+ 0 by d
Sy = [ a8 5 |81d1] 45 [0hda] -+ [mb1ds + gd181s + hc, (E.12)
2 D 2 D F
Equations of motion for the auxiliary fields:
F' = —m¢o — 290142, Fy = —m¢1 — g¢7 (E.13)

Lagrangean density in components,

Loy = (0ud7)(0"61) + (0u03)(0" $2) +i01010"11
+ 11,/120'”8#1[)2 + 16#1/_)15/1’1/)1 + 11/)20“8#1/72 (E14)

— R - | - (m%% + gV1Y102 + 29919201+ h.c.).
Superpotential:
[F? = m?|g1|? + m?|g2|? + mglér|? (61 + ¢7)
+ 2mgléal? (61 + 67) + 49|61 6l + g* (|61]?)”

The structure of the scalar interaction terms makes the following redefinitions reason-
able:

(E.15)

b — %(/H—iB)
1
o1 — E(A—iB) (E.16)
P2 — O
o — ¢

To diagonalize the mass terms of the fermions, we introduce a Dirac bispinor

¥ = (i;) . (E.17)

So our Lagrangean density now looks like
Loy = Liin + Lpot + Lyukawa ; (E.18)
with
Lidn = [((%A)(@“A) - mQAQ} - %[(6“3)(6“3) - mQBQ]
+(0,0")(0"¢) — m?|¢|* + W (i —m) ¥ (E.19)

1
2

Loor = - %mg (A% + B2) A - 2v2mglo*A - 26%(6]? (A% + B)

2
— & (4" + 2478 + BY) (E.20)
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Lyukawa = — V29U U A + /2ig0y°UB — gUeP U — gUPRrI0* (E.21)

The Feynman rules seem to be obvious, but there are some delicacies, so we write
the vertices down in a graphical notation as in the Wess-Zumino model. The point that
is (in the bispinor formalism (E.14)) easily overlooked is the crucial symmetry factor
two stemming from the Weyl spinors v and ¢ appearing quadratically in the couplings
to the scalar ¢, which can be seen by applying functional derivatives for deriving the
Feynman rules.

Feynman rules of the toy model:

[ —3/2img

- ———— —V/2imyg

- —2\/§img
2

». —4ig

» —4ig?
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S|

S

S
-
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—6ig?

2

—2ig

2

—b6ig

—/2ig

—V297°

—2igPy,
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—2igPr

For the last two vertices compare the remark at the end of the next section.



E.3. THE O’'RAIFEARTAIGH MODEL 157

E.3 The O’Raifeartaigh model

Action:

3
Sor = /d4$ {; ; {‘PI‘I’Z} ot {)\‘ih + mbads + g1 Pads + hﬁ} F} (E.22)

The equations of motion for the auxiliary fields:

Ff = =X\ — g¢3, (E.23)
Fy = —ma3 — 290162, (E.24)
F} = —mes. (E.25)

The kinetic part produces the massless kinetic terms for the fields ¢;, 1,1 = 1,2,3
and their complex conjugates. Again the superpotential (after inserting the equations
of motion for the auxiliary fields) consists of — |F |2 and the Yukawa couplings. To
diagonalize the mass terms of the fermions, we introduce the Dirac bispinor

U= (i;) with i30% 0,13 + ithao™ 8utbs — m (Yarbs + hatis) = ¥ (i — m) U. (E.26)

The spinor from the first superfield remains massless and can be extended to a Majorana
spinor field y. The Lagrangean density then reads

. 3 3
Lor =T (i) —m) ¥+ SXPx + Y (9,07 (9¢) = Y |Ff*
i=1 i=1

(E.27)
— 29 (Y122 + V11ads) — g (Vathadr + Yorhad])
In the next step we calculate the superpotential:
W= |F| + | B + | B
212 2 2 2
= | A+ gd3]" + Imos + 290102|" + m? |42
(E.28)

2
N+ Mg (63 + (63)%) +¢° (|¢2|2> +m? |ps|” + 2gm (¢r1620% + &} Pd3)
+ 46261 |a|” +m? o

As for the WZ model the complex scalar field ¢s is split up into real and imaginary part
, Q2 = % (A +1iB), which changes its kinetic parts to

* L 1 " 1
(0.2)(9"¢2) = 5(9,4)(0"A) + 5(9,.B)(9"B). (E.29)
The terms quadratic in the scalar fields in the superpotential yield:

Ag (03 + (¢3)%) +m?|g]” +m? |¢a|®

= % (m®+2Xg) A® + % (m? —2Xg) B? +m? |¢s)*  (E.30)

Altogether, the scalar part consists of a complex scalar field with zero mass, ¢1, a
complex scalar field with mass m, ¢3, as well as two real (scalar and pseudoscalar)
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fields,A and B, with masses \/m? + 2\g and /m?2 — 2)\g. In the following we rename
the field ¢3 by ¢ and substitute the notation ® for the massive field ¢3. The final form
of the kinetic part then looks like:

Liin = ¥ (i@ — m) ¥ + %y@x + % [(0,A4) (0" A) — (m? + 2Xg) A?]

+ 5 [0.B)(@B) — (m” —22)B?] + (0,6") (90)
+ (9,9%) (0"®) —m? |®]> (E.31)

The remaining part of the scalar potential rewritten with the physical fields:

2
Escalar = _)\2 - gz (A4 + 2A2B2 + B4) — 292 |¢|2 (A2 + B2)

—V2gmA (¢@* + ¢*®) — V2igmB (p®* — ¢*®) (E.32)

The term —\? provides a contribution to the cosmological constant.

Finally we have to transform the Yukawa couplings; again we meet the complication
of vertices with fermions whose arrows both point to the vertex or both away from it.
This, as mentioned for our toy model, can be handled within the general formalism of
[19]. The Yukawa terms have the structure:

Lxuana = == A(X(1 = 7))+ T(1+77)x)

S

- ing(Y(l — )T - T(1+97)x)

V2
- %F(l e 2 g@u + 95Tt (E.33)
Particle Mass Description

A v/m?2 + 2\g | neutral scalar

B m2 — 2\g | neutral pseudoscalar

X 0 neutral fermion (Goldstino)
o) m charged scalar
U, U m charged fermion
o) 0 charged scalar

Table E.1: Physical particle content of the OR model.

For further discussion of the OR model in the text we write down the equations of
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motion and the SUSY transformations of all fields:

(i — m) ¥ = V29 (A — iB) Prx + 29¢* Pr¥°
idx = V29 (A+iB) PV + V2g (A — iB) ¥°
(O+m?+2\g) A= — V29 (XPLY) — V2g (TPRX)
—g* A’ — GPAB® —4g° A |8 — V2gm (90" + ¢"®)
(O+m? —2)\g) B= — V2ig (XPr¥) + v2ig (TPrX)
— ¢*B® — g?A’B — 4¢’B|¢|* — V2igm (¢®* — ¢* D)
O¢= —V2gm (A —iB)® — g (FPrY°) — 2¢°¢ (A + B?)
O+m?) @ = —V2gm (A+iB) ¢

(E.34)

The missing equations can be obtained by complex or by charge conjugation. For the
fermionic fields the SUSY transformation laws are

Sex = — V21D (¢Pr + ¢*Pr) € — V2N — % (A% — B%) ¢ —V2igABy®¢  (E.35)

5eW = — (i) + m) (A +1B) Pr¢ — V2 (i) + m) *Pré — 29¢* (A —iB) Pr&  (E.36)
0e0¢ = — (i) +m) (A —iB) PL&E — V2 (i +m) PPré — 296 (A +iB) Pré,  (E.37)

while for the scalar fields we have

beA= (EPLY) + (£PRYO) (E.38)
5eB = —i(EPLV) +i (EPRTC) (E.39)
dep = V2 (EPrLX) (E.40)
¢d* = V2 (EPrX) (E.41)
5e® = V2 (§PLT°) (E.42)
5c®* = V2 (EPRY) (E.43)

We denote the Feynman rules for the OR model graphically:

\
\
\

AN O5(D)
..ooooooco —\/ilgm

T 6(67)
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BN, @ (®)
..oooooooc :t\/igm

T e(e)
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—6ig
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—2ig
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—4ig
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—/2igPy,
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v
A
------ —V2igPr
X
X
B
====== —‘y—\/ig'PL
v
\J
B
====== —\/ig’PR
X

........ —2igPr,

v ¢
v

—2igPr

Remark:

Again there is the phenomenon known from the discussion of the toy model in
the foregoing section, which always appears in supersymmetric models with mixings
between the fermionic components of more than one superfield, called the problem of
“clashing arrows”. The examples in the MSSM where charged gauginos and Higgsinos
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are combined into the charginos are more prominent. Of course, in the last two vertices
we can reverse the arrow of one of the Dirac fermions, and label the lines by the charge
conjugated field ¥¢ instead of W. For the structure of the bispinor products to be intact
this would indeed be the better solution. We again have a symmetry factor two in
the last two vertices as in the toy model, which is perhaps most clearly seen in the
formulation with two-component spinors, but can also be understood when looking at
the two factors of U or U appearing in the vertex — here this description is better suited
than the one with the charge conjugated field.
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E.4 An Abelian toy model

Action:
1. . 1
Equations of motion for the auxiliary fields:
F=0 (E.45a)
D= —e¢|p|? (E.45b)

By introducing the bispinor notation for matter fermion and gaugino !

U= (:g) , A =iy® G) , (E.46)

splitting the complex scalar field in real and imaginary part A and B as well as inte-
grating out the auxiliary fields D and F' (the latter vanishing identically), we find the
Lagrangean density in components as well as the Feynman rules:

£= 30,40 4) + 5(0,B)(0"B) + 5TPU — LF, ™ + 39
2
+ G, (BO" A~ AD"B) + SG,G" (47 + B?) — ¢ (TA) A
2
—ie (Uy°)) B— SUGY¥ — = (A" + B* +24°B%)  (BA7)

Following the derivation from the foregoing appendix we can immediately write down
the current:

T = —(PAN"T —i(PB)y"1 U + ieAGy" YT

1
_ eBafy#\I/ + =

501 (0aGp)A — ; (4% + B%) 4"\ (E48)

Equations of motion for all fields:
2
DA = —2¢G,0"B — eB,G" + ¢2G,,G" A — eT\ — % (A +AB?)  (E.49)

2
OB = 2¢G,0" A + ¢Ad,G" + ¢G,G" B — ie¥° A — % (B®+ BA%)  (E49b

)

QU = e AN +ieBY°\ + e U (E.49¢)
P\ = AV +ieBy° ¥ (E.494)
0"F,, = ¢(Ad,B — B, A) — 2G,, (A2 + B?) + gwﬁf’\p (E.49)

The charge generates the SUSY transformations of the fields:

i€Q, A] = (€V) (E.50a)
i€Q, B] = (i&° V) (E.50b)

IThe strange prefactor of iy® is due to the conventions originally introduced by Wess and Bagger
to define two-component gaugino fields, cf. the appendix of [2]
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i€Q, W] = —i() — ie@iy°) (A + iy’ B)¢ (E.50¢)
i€Q,\] = —% PN di i g (A*+ B%)¢ (E.50d)
[(€Q, G = — (£v7°N) (E.50¢)

The gauge transformations with transformation parameter § = 6(x) are (note that this
model has a chiral charge, the gauge boson couples to the axial vector of the fermion,
and scalar and pseudoscalar are interchanged by gauge transformations):

0A= —elB (E.51a)
0B = +ebA (E.51b)
U = —iey0T (E.51c)
0G, = 0,0 (E.51d)
SA=0 (E.51e)

The “covariance of the equations of motions” is important for the Green functions
to have the same poles. We just show one example:

[i€Q,0A] = 2ie (§(PB)Y°A) + 2¢ (£°G 0" W) —ie (EBY°PN)
+ e(0,G") (E4°T) — 2ie? A (EE°N) +ie*G,G* (£D)
+e€((9—ie¢”) (A= 1"B) )A+ 5 (€177 11" (0aG) V)
2 (21 7)) - B ) - (e
+e?AB (&/°7)
=ie (E(PB)Y°A) + 2e (§4°GL0" V) — ie (EBY°PA)
+€(0,G") (E4°T) —ie*A (EFY°N) +1eG.GH (D)
e EPAN) + B EEN) + 5 €17 1 (0.65)7)
—ie?A? (E¥) + e?AB (575\11) (E.52)
i (Eppw)
eA (EPA) + € (€(PA)N) —ieB (£°PA) +ie (E(PB)y°A)
+e (EPEN°T) + e (Ev"Gr°0,T)
= —ie® A% (£U) 4+ e?AB (§4°V) + e (§(PA)N) —ie (EB7°PN)
+ie E@BNN) + 5 €0 A1 (0aGo)¥) +e(0,6") (61°0)
+2¢ (6v°GL0"T) —ie? A (EE7°N) + 2B (EGN)
+ie*(G,G") (€) (E.53)

0 [i£Q, A]

= [€Q,04] = O[¢Q, 4] (E.54)
To clear our notation with respect to the propagators — especially in comparison with
the ghost propagators in the third part of the text — we write down the propagators for
the particles of the model:
i

- E.
e (E.55a)



E.4. AN ABELIAN TOY MODEL

B(—p)e======@ B(p) = e
Gu(—p) ® e G,(p) = p;%“;
U(—p) e——0 U(p) = pziﬁ e
A(=p) ® e \p) = pzif i

Vertices of our Abelian toy model (all momenta incoming):

° e(pa —pB)u

v
ie'y‘r”yu
Gy v
v
______ —ie
A A
v
====== 6’}/5
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(E.55b)
(E.55¢)
(E.55d)

(E.55¢€)
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AN Y
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\\ //
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)_¢ — 3ie
7 AN
A Y AN
T4
7 AN
7 N
N %
N B 2
N 2

p 4 — 3ie?
v N

x — ie?
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2ie" N,
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S B
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S
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2ie’n,,
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E.5 Supersymmetric Yang—Mills theory (SYM)

The Lagrangean density without gauge fixing is:

L= (D) (D 64) + (Db ) (D#6-) + Sy (P + 50 (Do)
+ B[P 4 |2 P = Vag(Nel [ TPLy ) = V29(0 T+ i PrA")
— V2Nl (=T )i Prip— i) — V29D (=T )ij0— ;PRA")
(ol Ties)2" 961 (T )ig6- ) D" — L F FL
+ 5F(J;)A)a (D“D“) +me i F_ i +mel Fl,
+ m<z>_ Foi+mel FT —m (P + i) (E.56)
The generators of the gauge group fulfill the Lie algebra

(T, T"] = i func T, (=T (<)) = ifuc =T (E57)

For the auxiliary fields the equations of motion are

Fii=-mol Fl,=-mé_; (E.58a)
Ff,i = _mﬂsl,i F:i = _m¢+’i (E.58b)
D = —g(¢, T9%.) + g(¢! T*¢_) (E.58¢)
We diagonalize the mass terms of the fermions by introducing the bispinors
U, = Vi U, — D E
T\ ) i= (1/’—,u¢+,z) . (E.59)

By the redefinitions of the fermion fields and after integrating out all auxiliary fields we
get the Lagrangean density (with gauge-fixing and Faddeev-Popov terms)

L= (Dud4) (D*94) = m?|p4 " + (D) (D) = m*|¢- "
FHEP —m)T RPN — {FFE —Tiggl TH(PLY)
2ig6— i Tj;(A\"Pr¥ -) +V2ig(UPRA) T b+
FVRigTP T~ (o1 a0 ,) (61 Tiioe)
e (m,wwi ) (d)_,kTﬁmsi,l) 2 (9] T5045) (6-aTiel )

- f(a”Aa)(al’Aﬁ)—FiEaau(D“c) —ic*(edA*) + 25 “(ev*e)0,c*  (E.60)

2¢
The propagators for the particles of the model are
, i _ 10y
¢+,l(_p) oO-———=—-—--Q ¢+,](p) = m (E61a)
P (—p)@e=z=a== : S 7 B E.61b
¢—77,( p). = :d)—,](p) p2—m2—|—ie ( .6 )



168

o Ab(p)
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_iéab Pubv
e

§—1 _inuu(sab
27y evrad
p2 +ie
i5ij P+m)
p2 —m?2 +ie
i5ab¢
p? +ie
_(sab
p? +ie

The 3-vertices are (all momenta incoming):

AZ (p1)

AZ (p1)

AZ (p1)

AZ (p1)

Aﬁ (p3)

Ab(p2)

= g favelnuv (p1 — pz)p + Mup (P2 — p3)#

¢1,i(p2)

FNop (p3 — pl)u]

)

(E.61c)
(E.61d)
(E.61e)

(E.61f)

(E.62a)

(E.62b)

(E.62c)

(E.62d)
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AP (p2)
Az(pl) o = g’Yufabc
A%(ps)
F(102)
i _ g 5 a
¢4 i(p1) --<-\\ —ﬁ(l—'y)Tij
‘I’j(p:a)
F(102)
_ g 5 a
¢—i(p1) ==‘=’\\ —ﬁ(l—kv)Tij
‘I’j(p:a)
W;(p2)
b5 (p1) --—--/ :_% (1+'75)T{;
)‘a(ps)
W;(p2)
T - _/ _ g 5 a
ol ;(pr) === --L -y
)‘a(ps)
. c*(p2)
/.
Az(pl) o = _igfabcply

c“(ps)
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(E.62¢)

(E.62f)

(E.62¢g)

(E.62h)

(E.62i)

(E.62))
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¢ (—p) - —--- l§! = —ipdap (E.62k)

A (p)

We have the following 4-vertices

AZ (p2) Ai(p4)
- = _i92 [fabEfcde (nupnua - monup)
+face fode (nuunpo - npo'nup) (E63a)
+.fadefbce (nyunpo - nppnua)]
A} (p1) AS(ps)
ol ;(p2) A (pa)
N
\,‘o = ig* ., {T°, T”}ij (E.63b)
,
,
¢+.,i(p1) Al (p3)
¢—j(p2) A} (pa)
\\\
] = ig* ., {T°, Tb}ij (E.63c)
R4
o' i (p1) Al (ps)
oL i(p2) oL 1 (pa)
N ,
N s 192 1
;.'\ - _T (5il§jk - N(Sijékl (E63d)
, N
, N
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¢—,i(p2) ¢k (pa)
\\\\ ///, ig? 1
,,V\\ =—7 (5il5jk - N(Sij(skl)
RN
ol (o) oL 1(ps)
(251,1'(272) ¢ k(pa)
N //// g
/‘(: = % <5iz5jk - ]1[5“51@1)
’ \\\
¢+, (P1) ¢Ll(p3)
e(=p) 2(p)
A S 4
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(E.63e)

(E.63¢f)

(E.63g)
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