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Abstract

In this paper, we present a computationally efficient reduced order model for obtaining
blood perfusion profiles within parametric functional units of the liver called ‘lobules’.
We consider Darcy’s equation in two-dimensional hexagonal lobule domains with six
flow inlets and one outlet, whose positions are parameterized to represent varying
lobule geometries. To avoid the meshing effort for every new lobule domain, we map
the parametric domain onto a single reference domain. By making use of the
contra-variant Piola mapping, we represent solutions of the parametric domains in the
reference domain. We then construct a reduced order model via proper orthogonal
decomposition (POD). Additionally, we employ the discrete empirical interpolation
method (DEIM) to treat the non-affine parameter dependence that appears due to the
geometric mapping. For sampling random shapes and sizes of lobules, we generate
Voronoi diagrams (VD) from Delaunay triangulations and use an energy minimization
problem to control the packing of the lobule structures. To reduce the dimension of
the parameterized problem, we exploit the mesh symmetry of the full lobule domain to
split the full domain into six rotationally symmetric subdomains. We then use the same
set of reduced order basis (ROB) functions within each subdomain for the construction
of the reduced order model. We close our study by a thorough investigation of the
accuracy and computational efficiency of the resulting reduced order model.

Keywords: Blood perfusion, Liver mechanics, Model order reduction, Proper
orthogonal decomposition, Discrete empirical interpolation, Dimension reduction

Introduction
Darcy’s equation is an elliptic partial differential equation that describes fluid flow through
a porous medium. Among many other applications, it is used to model blood perfusion
in biological tissues [1–4]. Although there exists robust numerical tools for solving these
equations, they are still computationally too expensive when these equations are param-
eterized or stochastic in nature and have to be solved repeatedly, e.g., for assessment of
a system’s reliability [5], system design optimization [6], or parameterized real-time sim-
ulations [7]. A promising solution to this limitation is offered by model order reduction
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Fig. 1 Liver structure from the organ scale to the lobule scale showing the vascular tree structure with
bifurcations (branching of vessels of bigger diameter into smaller ones), the tessellation structure along with the
description of a single lobule, and influence of an abnormality like tumor growth on the surrounding lobules in
the tessellation structure

techniques [8–14], one of which is the projection based reduced basis method [12–14]. As
described in [12–14], the goal is to build a reduced, computationally inexpensive model
upon a high fidelity or computationally expensive model, while maintaining a ‘controlled’
accuracy of the high fidelity model.
In this paper, we consider such a computationally expensive system and demonstrate

the use of the reduced basismethod to achieve computationally efficient results for a range
of model parameters. Our goal is to enable the efficient modeling of blood perfusion in
the liver at the mesoscale level of functional units with varying geometries. Most existing
work idealizes liver lobules as perfect two-dimensional hexagons [15,16], but there is a
need to give up this idealization in order to be able to generate lobule structures that
fill more complex domains [17]. The blood circulation in the liver is a complex process
involving the entry of blood through two primary vessels: the hepatic artery and the portal
vein, and discharge through one vessel: the hepatic vein. Within the liver, these vessels
branch out into progressively smaller vessels forming an intricate vascular tree structure
[18–21]. At the terminal end of this structure, functional units known as lobules of varying
shapes and sizes exist in a tessellation structure regulating the blood flow through the liver
parenchyma (functional tissue), as depicted in Fig. 1.
This hierarchical structure ensures the homogeneous distribution of blood through-

out the liver, facilitating essential functions such as oxygen and nutrient delivery, toxin
removal, andmetabolic processes. However, chronic liver diseases such as cirrhosis, hepa-
tocellular carcinoma, hepatitis, etc., alter the liver (and the lobule) structure permanently,
and as a result, the blood flow through the lobules is affected. To elaborate further, in
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case of liver carcinoma, such as hepatocellular carcinoma, the tumor deforms the liver
parenchyma as it grows and exerts force on the neighboring area (surrounding lobules)
[22]. As a result, the geometry of these lobules (in combination with their tissue perme-
ability) changes, and subsequently, the blood perfusion through the lobules is altered. As
depicted in Fig. 1, the lobules affected by the tumor development (highlighted by the dark
red color) would allow the blood to perfuse differently in their original configuration (in a
healthy state) and altered configuration (during the tumor development). This change in
blood perfusion is closely linked to the delivery of oxygen and nutrients to the hepatocytes
and other liver cells within lobules, responsible for healthy functioning of the liver. On
the other hand, the blood perfused through these lobules, rich in nutrients and oxygen,
could also be delivered to the tumor cells, and facilitate its growth.
Therefore, understanding blood perfusion at the lobule level becomes important for

early diagnosis and improved clinical treatments. Some of the state-of-the-art techniques
used in the clinical setting range from non-invasive to invasive methods. Non-invasive
(or minimally invasive) methods, such as perfusion computed tomography (CT), involves
acquiring dynamic high resolution scanswhich, after post-processing, reveal the perfusion
maps with estimated blood volume and flow rates [23]. Another example is the indocya-
nine green (ICG) clearence test, which is often used as the perioperative assessment of
perfusion characteristics of the liver. It measures the liver’s ability to clear the ICG-dye
from the blood stream, reflecting hepatic blood flow and liver functioning [24]. Invasive
methods are preferred when the non-invasive ones are inconclusive or when histological
studies have to be carried out. These include liver biopsy, laparoscopy, and hepatic venous
pressure gradient (HPVG) measurements–to name a few. So we see on the one hand that
various clinical techniques are available, but each one has its limitations. Some are cost-
intensive, while others are limited either in terms of information acquisition or pose high
risk factors (e.g. due to radiation exposure or surgical invasion).
Computation-based methods on the other hand provide a good alternative to under-

stand the perfusion characteristics of liver across different length scales. Image-based
modeling techniques have been applied in [20,25] to mimic the blood flow and approxi-
mate the tissue permeability in different directions in the three-dimensional lobules, how-
ever these studies were limited to sample-specific reconstruction of the lobule geometries.
The geometrical features of these lobules could be patient-specific and could even evolve
over time for the same patient due to liver abnormalities, such as the one mentioned
earlier. To our knowledge, there is currently a gap in research concerning the modeling
of blood perfusion in lobules for parameterized geometries.
In this work, we consider the two-dimensional representation of hexagonal lobules and

focus on obtaining parametric velocity fields in a single liver lobule, whose geometry is
fully parameterized with respect to a set of geometric parameters. We present a reduced
order modeling framework for efficiently representing velocity fields in real-time within
the parameterized lobule domains that is intended to serve as a proof of concept. The
focus on developing a reduced order modeling strategy for a single lobule stems from our
broader perspective of representing parametric velocity fields within the parameterized
tessellation structures of lobules, where the velocity fields within each lobule could be
represented by this reduced order model.
Moreover, our recent developments in an optimization-driven computational frame-

work to generate synthetic vascular trees (that are in good agreementwith the real vascular
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tree structures of a human liver) [21,26] and modeling of liver tissue in connection with
these synthetically generated vascular trees [27] can be seen as further foundations to a
future coupled tree-lobule modeling and simulation framework that covers larger parts
(or the complete) liver. The circulation of blood through these synthetically generated
tree structures coupled with its perfusion through the lobule-tessellation structure would
enable themodeling of the blood flow across different length scales. In the clinical context,
such a futuremodeling and simulation framework could thus help in better understanding
the correlated effects of the different perfusion mechanisms at different length scales.
For example, the liver resection surgery involves removing parts of the liver tissue

affected by the tumor. However, the complex liver structure makes it difficult to predict
the blood redistribution within the remaining liver tissue, and therefore, surgeon are
always critical of the postoperative risks that could lead to liver failure. Another example
is the early diagnosis andmonitoring of disease progression (such as tumor growth), where
the disease evolves over a range of stages, and typically the symptoms in the early stages
are not apparent. Our future extended modeling and simulation framework could help in
resolving the blood perfusion to the level of lobules, and therefore, could assist surgeons
in more safely determining resection domains of the liver by minimizing the damage
caused to the healthy liver tissue. In addition, such a framework could also support better
diagnosis and treatments of liver diseases, based on monitoring the real-time perfusion
changes at the level of lobules and adjusting the treatment plans accordingly.

Problem setup
Governing equations and weak form

Darcy’s equation relates fluid velocities linearly to the pressure gradient under viscous
effects of the fluid and the medium’s permeability. It can be used for modeling blood flow
in lobules by considering blood as an incompressible Newtonian fluid [16,28–32]. The set
of equations are:

− κ

μ
∇p = u in �, (1)

∇ · u = 0 in �, (2)

and the set of boundary conditions are:

p = pp on ∂�p, (3)

p = pc on ∂�c, (4)

u · n = 0 on ∂�o, (5)

where u is the flow velocity, p is the pressure, κ is the permeability tensor of the sinusoids
and μ is the blood viscosity. Eqs. (3) and (4) refer to the blood pressure at the lobule
inlets (portal triads) and outlet (central vein), respectively. The last condition in Eq. (5)
corresponds to the no-flow condition at the lobule walls or vascular septa. The lobule
geometry with the locations of appropriate boundary conditions and the corresponding
finite element mesh are illustrated in Fig. 2.
The weak form is obtained by multiplying Eqs. (1) and (2) by test functions υ and q,

respectively, integrating over the domain, using integration by parts, and substituting the
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Fig. 2 Schematic drawing of the lobule with the boundaries defined (left) and the corresponding finite element
mesh (right)

natural boundary conditions from Eqs. (3) and (4) in the formulation. The final weak form
becomes:
Find u, p ∈ H(div,�) × L2(�) s.t. ∀ υ, q ∈ H (div,�) × L2(�) :

∫
�

μκ−1 u · υ d� −
∫

�

p ∇ · υ d� +
∫

�

q ∇ · u d�

= −
∫

∂�p
pp n · υ dS −

∫
∂�c
pc n · υ dS. (6)

Mapping of parametric domains to a reference domain

To obtain perfusion profiles for a range of lobules with varying geometry, one possible
but naive approach would involve creating a new geometry and generating a new mesh
for every new sample. This approach, however, would be inefficient and therefore is not
suitable to a model order reduction framework we want to design in the next section.
Instead, we create and mesh a reference domain (�̂) once and utilize a mapping function
(T ) which maps every coordinate in the reference mesh to a new position in the parame-
terized physical domain (�). To this end, we utilize a vector-valued Laplace equation for
representing T , which can also deal with non-affine transformations, as is the case for our
application. The mapping function takes the following strong form:

�T (X̂ ; θ ) = 0 in �̂ , ∀ θ ∈ P, (7)

T = T D(θ ) on ∂�̂, (8)

and the equivalent weak form becomes:
Find T ∈ L2(�̂) s.t. ∀ L ∈ L2(�̂) :

∫
�̂

∇T ∇L d�̂ = 0, (9)

where X̂ are the coordinates in �̂, P represents the parameter space, θ is a sample in P,
and T D(θ ) is a set of parametric control points, represented in blue color in Fig. 3, where
every control point can move in x and y directions.
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Fig. 3 An illustration of mapping from �̂ (left) to � (right) for a random sample θ

In order to assess the element quality of themesh obtained from T : �̂ → �, we employ
the radius-ratiomeasure [33] given as:

γ = 2 × inner radius
circum radius

= 2r
R
, (10)

where 0 < γ ≤ 1. An element having γ close to 1 indicates a regular and equilateral
triangle shaped element,whereas an elementwithγ close to 0means apoorordegenerated
element. This measure helps in keeping track of element quality in � for every θ .
For the geometricmapping shown inFig. 3, theγ measure in �̂ and� is depicted inFig. 4.

For all elements in �̂, we observe thatγ stays close to 1.However, for someelementswithin
�, this values decreases to 0.4.Moreover, these lower quality elements in� are associated
with regions where the adjacent inlets are positioned closer to each other in comparison
with their original positions in �̂. Based on this, we restrict ourselves to mappings for
which γmin > 0.1 and regard mappings where γmin < 0.1 as the change of topology of
the lobule, e.g., from hexagons to pentagons. We further classify the resulting physical
domains (�) into two categories: (1) mappings that lead to elements with γmin ≥ 0.5 are
considered as regular and (2) mappings that lead to elements with 0.1 ≤ γmin < 0.5 are
regarded as distorted. The classification will help assess the influence of distortion due to
geometric mapping in our analysis.

Fig. 4 Visualization of γ measure in �̂ (left) and � (right). The elements in �̂ are more regular since the γ

measure is close to 1, whereas the elements in �̂ are less regular as the γ measure in some elements gets as low
as 0.4



Siddiqui et al. AdvancedModeling and Simulation in Engineering Sciences          (2024) 11:22 Page 7 of 26

Contravariant Piola mapping and resulting parameterized model

Having T at hand, we use the properties of the contravariant Piola mapping of the
approximation spaces to map parametric solutions in� to �̂. As illustrated in [34,35], we
can represent vectors in H(div,�) belonging to the physical coordinates in terms of the
reference coordinates as:

u(X) = 1
det(F ) F û(X̂), where F = ∇̂T . (11)

Similarly, operators on these vectors can also be mapped between the coordinate sys-
tems. Here we show the mapping for the divergence operator because it appears in our
formulation. The divergence operator maps as follows:

∇ · u(X) = 1
det(F ) ∇̂ · û(X̂), (12)

where F is the deformation gradient and det(F ) is its determinant.
We take advantage of these mappings and construct the finite element spaces of the

solution fields on �̂ only once. We then plug Eqs. (11) and (12) into Eq. (6) to obtain any
new parametric solutions. The new parameterized form of Eq. (6) becomes:
Find û(θ ), p̂(θ ) ∈ H(div, �̂) × L2(�̂) s.t. ∀ υ̂, q̂ ∈ H (div, �̂) × L2(�̂) :

a(û, υ̂; θ ) + b(p̂, υ̂) + b(q̂, û) = L(υ̂), (13)

such that:

a(û, υ̂; θ ) =
∫

�̂

κeff(θ ) û · υ̂ d�̂,

b(q̂, û) =
∫

�̂

q̂ ∇̂ · û d�̂,

L(υ̂) = −
∫

∂�̂p
p̂p n̂ · υ̂ dŜ −

∫
∂�̂c

p̂c n̂ · υ̂ dŜ,

where κeff(θ ) appears as a new parameter dependent second order tensor field in the
formulation. It is defined as:

κeff(θ ) = FT(θ )μκ−1F (θ )
det(F (θ )) . (14)

The final parameterized model incorporates the geometric parameter dependence, cap-
tured in F (θ ).

Pressure and velocity pair for finite element discretization

For the discretization of theH (div,�) andL2(�) function spaces corresponding to solution
spaces of the velocity and the pressure fields, we opted for a BDMk and DGk−1 element
pair, where k is the polynomial degree [36].We select k = 1 consideringmesh resolutions
to be fine enough to ensure converged solutions. BDM1 elements are often used for
discretizing H (div,�) function spaces for a variety of fluid mechanics problems, where
the degrees of freedom (DoFs) for these elements are the integrals of facet normals with
the 1st order Lagrange space [37], whereasDG0 elements are piecewise constant elements
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with only one DoF per element. To sum up, we seek the solution of velocity and pressure
pair in subspacesWh × X h such that:

Wh ⊂ H(div, �̂)(θ ) ∀ θ ∈ P (15)

X h ⊂ L2(�̂). (16)

Thispair offers several advantages. Firstly, it guarantees the fulfillmentof theLadyzhenskaya-
Babuška-Brezzi (LBB) condition, assuring well-posedness of the problem. Secondly, the
subspacesWh×X h constructed from the pairBDMp andDGp−1 provide divergence-free
velocities, as required in Eq. (2), and hence preserves the mass conservation within the
system.
For constructingWh ×X h in �̂, obtaining the system of equations in matrix form, and

solving these equations, we utilize the FEniCS finite element package [38]. Additionally,
to tackle the high dimensional nature of the final problem, as will be discussed in the next
section, we use the multiphenics package [39] to transform a full domain problem into
equivalent subdomain problems.

Sampling of geometric variation and parameter space reduction
Sampling method

Typically, lobules are modeled as juxtaposed regular hexagonal prisms [15,28].While this
simplification might be sufficient to analyze the flow characteristics of singular lobules,
it fails to correctly capture the spatial patterns observed in vivo. An alternative approach
is to generate lobules using Voronoi diagrams (VD). These diagrams partition the plane
into distinct cells based on a given set of seed points. All points inside a cell are closer to
their corresponding seed than to any other seed. Lau et al. [40] recently showed that the
lobule structure inside a porcine liver can be described by Voronoi diagrams with nearly
90% accuracy. Based on these findings, we use Voronoi diagrams to generate lobules in
silico. We describe the generation algorithm in two dimensions, but note that it can also
be extended to three dimensions.
Let S be a set of n points in 2D Euclidean space R2 inside a pre-defined domain �. A

Voronoi diagram is defined as the set of Voronoi cells V = {Vi}ni=1, where each cell is the
unique convex set

Vi = {x ∈ R
2, ||x − xi|| ≤ ||x − xj||, ∀ j 	= i}, (17)

where xi is the (known) seed position of the ith Voronoi cell. There existmultiplemethods
to generate such a Voronoi diagram; either directly from the set of seed points, e.g. the
Fortunes algorithm [41], or indirectly from a Delaunay triangulation using the Bowyer-
Watson algorithm [42]. Here, we use the Bowyer-Watson algorithm, where the Delaunay
triangulation is generated incrementally from the seed points, illustrated for an example
in Fig. 5. With the Delaunay triangulation computed, we utilize its duality to Voronoi
diagrams to create the latter. Finally, we clip the Voronoi cells against the boundary of the
domain, as described in [43], and denote these boundary cells with V·|�.
Each Voronoi cell now constitutes a single lobule. However, as highlighted in Fig. 5

(right), the resulting lobules can exhibit degenerate features, such as steep angles, and do
not resemble in-vivo structures. This stems from the fact that the position of the seeds
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Fig. 5 Duality between Delaunay triangulations (in red) and Voronoi diagrams (grey cells) for a set of points
inside a circular domain �

Fig. 6 Minimization of E(S) for the generation of a centroidal Voronoi diagram

solely decides the resulting pattern. To alleviate this problem, we extend our approach to
allow the seed positions to change. The goal is to evenly space the positions inside our
given domain, which can be achieved by considering the following energy problem for our
set of seeds points S :

E(S) =
n∑

i=1

∫
Vi|�

||(x − xi)||2dx. (18)

The minimum energy is found when the position of each seed point coincides with
the centroid of its respective Voronoi cell Vi. We minimize Eq. (18) using the L-BFGS-
algorithm [44]. The solution to this problem is called the centroidal Voronoi diagram
(CVD) [45] and is shown in Fig. 6 for 100 seed points. Based on the domain considered, the
seed points converge against a regular tessellation pattern, see Fig. 6 (right). We therefore
terminate the algorithmbefore convergence, as soon aswe achieve the qualitative patterns
shown in [40], as depicted in Fig. 6 (center). The complete approach enables us to generate
lobulepatternsof any size fromwhichwecanefficiently sample realistic (two-dimensional)
lobule shapes.

From a full domain problem tomultiple subdomain problems

Reduced order modeling techniques have proven to be effective for problems with low
dimensional parametric spacesP [46–48], where the KolmogorovN -width of the solution
manifold –M = {

(û(θ ), p̂(θ )) | θ ∈ P
}
in our case – remains small. However, at this point,
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the dimension of our parametrized problem in Eq. (13) is:

dim(P) = 2 (x- and y-coordinate) × 6 (#control points) = 12, (19)

which we would like to further reduce as much as possible to minimize the high compu-
tational cost associated with exploring the high dimensional parameter space and for an
efficient construction of the reduced order model.
To this end, we split the full domain into 6 subdomains, where the subdomains are rota-

tionally symmetric in the reference domain, as shown in Fig. 7. Each subdomain in the
reference configuration is meshed via the same rotationally symmetric mesh, i.e., the ref-
erence domain consists of subdomain meshes, where each subdomain mesh is generated
by rotation of the adjacent subdomain mesh by 60◦. The flow solution in each subdomain
is primarily governed by the location of its two inlets, which determine the geometry of
the subdomain. In contrast, the influence of the location of the other four inlets that deter-
mine the geometry of the other subdomains on this flow solution is significantly smaller.
Hence, we neglect this influence and assume that the parameter space can be decoupled
into independent parameter directions. Hence, the dimension of our new parameterized
problem posed on a subdomain is now reduced to:

dim(P) = 2 (x- and y-coordinate) × 2 (#control points) = 4. (20)

We note that wewill not compute high-fidelity finite element solutions on a subdomain,
as we do not know suitable boundary conditions at the interfaces to the neighboring
subdomains. Instead, we will compute high-fidelity solutions on the complete domain,
which – due to symmetry – provides us with six subdomain solutions for one sample
realization θ .

Fig. 7 Split of full reference domain �̂ into six identical reference subdomains (with identical meshes), where
the geometry of each subdomain is now determined by 2 control points only
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Coupling at subdomain interfaces

To couple subdomains together, we use interior penalty type coupling terms [49,50] at the
subdomain interfaces, specified formixed formulations in [51,52]. These additional inter-
face coupling terms enforce the continuity of the velocity fields across the subdomains, as
required by the original problem. The updated discrete problem takes the following form:
Find ûh

i, p̂hi ∈ Wh × X h s.t. ∀ υ̂h
i, q̂hi ∈ Wh × X h :

a(ûh
i, υ̂h

i; θ ) + b(p̂hi, υ̂h
i) + b(q̂hi, ûh

i) = L(υ̂h
i), (21)

where:

a(ûh
i, υ̂h

i; θ ) =
∫

�̂i

κeff
i(θ ) ûh

i · υ̂h
i d�̂i +

∫
∂�i

ηe
hei

[
ûh

i
] [

υ̂h
i
]
d�̂i

b(q̂hi, ûh
i) =

∫
�̂i

q̂hi ∇̂ · ûh
i d�̂i

L(υ̂h
i) = −

∫
∂�̂pi

p̂p n̂i · υ̂h
i dŜi −

∫
∂�̂c i

p̂c n̂i · υ̂h
i dŜi,

where i = 1, 2, · · · , 6 specifies the respective subdomain according to Fig. 7. The classical
jump operator

[
·

]
is commonly used in discontinous Galerkin (DG) formulations, see

[49] for details. Since the DoFs of the velocity field in Wh are the normal integrals, as
mentioned in Section “Pressure and velocity pair for finite element discretization”, this
operator also acts in the normal direction and penalizes the discontinuity in the velocity
field at the subdomain interfaces. The term ηe is a penalty parameter and he is the element
size at the subdomain interfaces.

POD-DEIM basedmodel order reduction
Proper orthogonal decomposition

Proper orthogonal decomposition (POD) is a model order reduction technique and is
popular for problems with low dimensional parameter spaces. The idea of POD is to
find a set of reduced order basis (ROB) functions that can optimally represent a set of
high fidelity solutions, commonly known as the snapshot matrixMN ⊂ M, which is the
discrete representation of the solutionmanifoldM = {w(θ ) | θ ∈ P

}
, wherew(θ ) – in our

case – is the solution tuple of velocity and pressure, i.e.,w(θ ) = (ûh(θ ), p̂h(θ )). Themethod
consists of two stages, a computationally expensive offline stage and a computationally
inexpensive online stage.
During the computationally expensive offline stage, MN is constructed from the solu-

tions of the high-fidelity finite element model such that the parametric dependence of the
solutions for a range of parameters θi for i = 1, 2, · · · , N in P is captured. ROB functions
are obtained by performing singular value decomposition (SVD) on MN , which results
in MN = U � VT, where U corresponds to the left orthogonal matrix and contains
sets of desired ROB functions, � is the matrix of the singular values, and V is the right
orthogonal matrix. The approximation power of the first few ROB functions in U (and
V) can be illustrated through their corresponding singular values in �. To this end, we
turn to the Eckart-Young criterion [53] for the low rank n approximation of MN . The
approximation error (or the energy decay in singular values) as a function of the number
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of singular values is given by:

ε(n) =

√√√√√√√√

N∑
i=n

σ 2
i

N∑
i=1

σ 2
i

, (22)

where σi are the singular values, n = dim(Vsol) represents the number of the first n
dominant singular values in � (corresponding to first n orthonormal basis functions
in U and V), Vsol = span {U1,U2, · · · ,Un} is the low-dimensional space of the first n
orthonormal functions (ROB functions) for approximating the solutions, and N is the
total number of singular values in �. Chosen a suitable n, any parameter dependent high
fidelity solution w(θ ) can be approximated as ∼w(θ ) by means of a linear combination as:

w(θ ) ≈ ∼w(n, θ ) =
n∑

i=1
ξi(θ )Ui(X̂) =

[
U1 U2 · · · Un

]
⎡
⎢⎢⎢⎢⎣

ξ1
ξ2
...
ξn

⎤
⎥⎥⎥⎥⎦ (23)

By way of Galerkin projection, the high dimensional stiffness matrix K and force vector
f arising from the bilinear and the linear forms could be projected to the low dimensional
space Vsol , such that ∼K ∈ R

n×n and ∼f ∈ R
n, respectively. The low dimensional system of

Eq. (21) takes the following non-affine form:

∼K(θ ) ξ(θ ) = ∼f , (24)

where ξ(θ ) is the vector of coefficients in Eq. (23). The challenge with the non-affine
representation, however, is that the parameter dependency in θ cannot be taken out of

∼K. In other words, for any new θi, K(θi) has to be first updated and afterwards projected
to Vsol for obtaining ∼K(θi). This would render the concept of model order reduction
ineffective, and therefore, requires special treatment, as discussed in next section , to have
the following affine representation:

α(θ ) ∼K ξ(θ ) = ∼f , (25)

where we can finally separate parameter dependencies appearing as α(θ ) from the reduced
stiffness matrix ∼K.
During the online stage, the reduced system in Eq. (25) is solved for ξ(θ ). This operation

is computationally inexpensive, as it merely involves multiplying the new α(θ ) with the
pre-assembled ∼K, and subsequently solving for the new ξ(θ ). It thus enables the efficient
computation of parametric solutions.

Discrete empirical interpolation method

As discussed above, the final form of Eq. (21) does not permit affine decomposition. To
elaborate, the first term of the bilinear form a(ûh

i, υ̂h
i; θ ) has the parameter dependency

in the κeff
i(θ ), which cannot be taken out of the bilinear form. Therefore, it would need
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to be integrated element wise on the underlying high fidelity mesh for any new parameter
θi in P.
We use the discrete empirical interpolation method (DEIM) to resolve this issue, which

has been successfully used to approximate non-linear and non-affine terms in the context
of model order reduction [54–56]. The key idea is to approximate non-affine and non-
linear functions by an affine decomposition, which for κeff

i(X̂, θ ) means:

κeff
i(X̂, θ ) ≈

nκ∑
j=1

cji(θ )Hj
i(X̂). (26)

Hence, we represent κeff
i for every subdomain �̂i as a linear combination of parameter

dependent scalar coefficients cji(θ ) and parameter independent spatial functions Hj
i(X̂)

up to the nκ terms. The new affine representation of a(ûh
i, υ̂h

i; θ ) then takes the following
form:

a(ûh
i, υ̂h

i; θ ) =
nκ∑
j=1

cji(θ ) aj(ûh
i, υ̂h

i) + a0(ûh
i, υ̂h

i),

a(ûh
i, υ̂h

i; θ ) =
nκ∑
j=1

cji(θ )
∫

�̂i

Hj
i(X̂) ûh

i · υ̂h
i d�̂i +

∫
∂�i

ηe
hei

[
ûh

i
] [

υ̂h
i
]
d�̂i. (27)

In order to obtainHj
i(X̂), a similar approach to POD is adopted, where in this caseMN

is constructed from the discrete representation of κeff
i(X̂, θ ). This is done by projecting

κeff
i(X̂, θ ) for every new parameter onto a tensor function space of piecewise constant

functions in �̂i during the offline phase. The ROB functions Hj
i(X̂) are then obtained by

the SVDofMN .Moreover, for everyROB function, a so-calledmagic point corresponding
to the spatial location X̂� is determined. We follow the procedure in [55] to calculate the
parameter dependent coefficients and to determine the location of themagic points. The
first magic point corresponds to the location X̂�

1 (of a specific element of the mesh) at
which H1

i has the maximum absolute value. The second magic point corresponds to the
location X̂�

2 , where the absolute error between H2
i and its interpolation using c1iH1

i is
the largest. In general, the j-th magic point corresponds to the location X̂�

j , whereHj
i and

its interpolation via the previous j − 1 ROB functions (and corresponding coefficients)
yields the highest absolute error. The locations of the first few magic points in one of the
subdomains is visualized in Fig. 8.
During the online phase, the parameter dependent coefficients cj i(θ ) are obtained by

solving the following system of equations:

PT
Vκ

i(X̂) C i(θ ) = PT κeff
i(X̂, θ ), (28)

where Vκ
i = span

{H1
i,H2

i, · · · ,Hnκ
i} ∈ R

d×nκ is the set of ROB functions, C i(θ ) =
{c1i, c2i, · · · , cnκ

i}T is the vector of coefficients, P ∈ R
d×nκ is the projection matrix, d is

the number of DoFs for the discrete representation of κeffi(X̂, θ ) (projection onto �̂i), and
nκ = dim(Vκ

i) is the number of the first few dominant ROB functions in Eq. (26).
For every column in P , all entries are zero except for one, where the value is one. The

non-zero entry corresponds to the index of themagic point. Thus,P is an operator which
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Fig. 8 Location of first few magic points in the i-th subdomain

collapses the system of equations tomerely solving at themagic points. Thus, the left hand
side of Eq. (28), i.e.,PT

Vκ
i(X̂) ∈ R

nκ×nκ can bemultiplied, inverted, and stored during the
offline phase. During the online phase, only κeff

i(X̂�, θ ) corresponding to the right hand
side term PT κeff

i(X̂, θ ) ∈ R
nκ has to be computed for obtaining the C i(θ ) for any new

θi ∈ P.

Implementation of the reduced order model of lobules

Finally, we utilize the POD and DEIM algorithms for our lobule problem in Eq. (21). To
this end, we generate 1,000 samples according to what we discussed in Section “Sampling
method”, which we use to train the reduced order model. We note that due to the sym-
metry of our model, the corresponding high-fidelity solutions provide snapshots for 6,000
subdomains.
In the offline phase, we constructMN for the solution tuplew(θ ) = (ûh

i(θ ), p̂hi(θ )) and
the effective permeability tensor κeff

i(θ ). From a practical perspective, we fix �̂1 in Fig.
7 as the reference subdomain and rearrange the solution vectors of �̂i for i = 2, 3, · · · , 6
with respect to �̂1. The rearrangement is done in such a way that the indices of DoFs
corresponding to the locations (X̂j i) for the elements in �̂i are aligned with the indices of
DoFs corresponding to the same locations (X̂j1) (only rotated by (i − 1)× 60◦) in �̂1. We
emphasize that we generate sets of ROB functions for one subdomain (�̂1), but utilize the
same sets of ROB functions for all other subdomains.
Moreover, although the reduced order model developed here is for parameterized

hexagonal lobule domains, the construction of the low-dimensional sub-spaces on a
triangular-subdomain enables us to represent the parametric velocity fields also in degen-
erated samples. To elaborate, as mentioned in Section “Mapping of parametric domains
to a reference domain”, the mappings for which γmin < 0.1 can be considered as the
change of topology. In this regard, a pentagonal lobule could be considered as a degen-
erated hexagonal lobule, with one of the subdomains completely collapsed (and hence
removed from the mesh) and the other ones reorganized (to form a closed pentagon). For
each of these triangular subdomains in the pentagonal lobule, the same set of reduced
order basis functions can be used to obtain the reduced system of equations. Similarly, it
is also possible to represent the velocity fields in heptagonal or octagonal lobule domains,
since they can be represented as multiples of the triangular subdomain, for which we have
constructed the low-dimensional representations.
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Fig. 9 First four ROB functions for velocity field ûh illustrated as vector fields in �̂1

For this subdomain, the first four dominant ROB functions for the velocity field and the
effective permeability field are depicted in Figs. 9 and 10, respectively.
While the solution of the finite element model yields a tuplew(θ ) = (ûh

i(θ ), p̂hi(θ )), the
trial and test functions p̂hi and q̂hi appear in the bilinear forms b(p̂hi, υ̂h

i) and b(q̂hi, ûh
i)

of Eq. (21) along with the divergence operator on the test and trial functions υ̂h
i and ûh

i,
respectively. This allows the natural elimination of the pressure field from the formulation
due to b(p̂hi, υ̂h

i) and b(q̂hi, ûh
i) being zero solely because of the divergence conforming

nature of ûi and υ̂i, and irrespective of p̂hi and q̂hi. Therefore, we can completely avoid
the pressure field for the construction of the reduced order model and focus only on
approximating parametric velocity fields. The reduced order system takes the following
form:
Find ∼̂ui ∈ Vsol s.t. ∀ ∼̂υ

i ∈ Vsol :

nκ∑
j=1

cji(θ ) aj(∼̂ui, ∼̂υ
i) + a0(∼̂ui, ∼̂υ

i) = L(∼̂υ
i). (29)

The corresponding discrete matrix representation follows as:
⎛
⎝ nκ∑

j=1
cj(θ ) ∼Kj + ∼K0

⎞
⎠ ξ(θ ) = ∼f . (30)
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Fig. 10 First four ROB functions for κeff with their tensor components xx , xy , yx , yy , visualized in �̂1

Results and discussion
Qualitative assessment

Based on Eq. (22), we plot the energy decay for 1,000 ROB functions in Fig. 11.We observe
a rapid decay in energy for w, which for κeff is relatively slower. Nonetheless, with only 10
ROB functions (for both w and κeff), we already find ε ≤ 10−2.
We now compare the parametric velocity fields u(θ ) obtained from the high fidelity

model with the parametric velocity fields ∼u(nsol , nκ , θ ) obtained from our reduced order
model for one parameter combination θ1, randomly chosen out of 1,000 parameter com-
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Fig. 11 Energy decay of first 1000 ROB functions for solution tuple w and effective permeability κeff

Fig. 12 Velocity profiles for a random parameter combination θ1 obtained from the high fidelity finite element
solution u(θ1) and our reduced order model ∼u(nsol , nκ , θ1) for different combinations of nsol and nκ

binations for training the reduced order model. We choose the tuple of ROB functions
(nsol , nκ ) = (2, 10), since this tuple corresponds to an energy error of ε ≤ 10−2 in Fig. 11.
We then increase the number of ROB functions in the tuple to observe the improvement
in the velocity profiles.
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For θ1, the velocity profiles u(θ1) and ∼u(nsol , nκ , θ1) are depicted in Fig. 12. We observe
that for ∼u(2, 10, θ1), there is already a very good agreement with the high-fidelity solu-
tion. However, a tuple (nsol , nκ ) can yield good reduced order approximation results
for one parameter, but might prove to be insufficient and yield poor approximation for
another. Therefore, we will establish a more rigorous relationship between the quality of
the reduced order velocity fields and a sufficiently large tuple of ROB functions (nsol , nκ )
for all θi in P in the following.

Quantitative assessment

We therefore turn to a more rigorous quantitative measure in terms of the norm of the
velocity fields. This measure relates the high fidelity and reduced order velocity fields
within the full lobule domains and takes into account both the approximation error (from
the reduced order model) and the error at the subdomain interfaces (due to the domain
split). We relate the tuple (nsol , nκ ) with the relative L2 errors for all the parameter points
in P, and define a multi-dimensional relative L2 error measure as a function of nsol , nκ ,
and θ as follows:

e(nsol , nκ , θ ) =
(‖ û(θi) − ∼̂u(nsol , nκ , θi) ‖L2(�)

‖ û(θi) ‖L2(�)

)
∀ θi ∈ P, (31)

emax = max(e). (32)

Based on thismeasure, we search for theminimumnsol andnκ such that emax stays under
a certain threshold. To guarantee efficiency of our reduced order model, we impose an
upper limit of 30 for both nsol and nκ per subdomain. We further utilize the classification
of samples into samples with regular mapping and samples with distorted mapping as
defined in Section “Mapping of parametric domains to a reference domain” to investigate
the influence of the mapping on the approximation quality of our reduced order model.

Samples with regularmapping

Out of 1,000 samples used for training during the offline phase, 314 belonged to this
category. For these samples, the maximum error emax from Eq. (32) is plotted in Fig. 13.
Based on this error plot, we accept an emax of ∼ 10% and accordingly select the tuple

(nsol , nκ ) = (13, 10) for our reduced order model.
To validate the performance of our reduced order model using this tuple, we generate

new samples with the algorithm of Section “Sampling method” and apply new pressures
pp and pc at the portal triads and central vein, respectively. This is done to make sure
that the parameter combinations we use for the validation of our reduced order model for
this category of samples were not in P for the training purpose during the offline stage.
The high fidelity solution u(θ2) and the reduced order solution ∼u(13, 10, θ2) for a random
parameter combination θ2 are depicted in Fig. 14.
We observe that the velocity profile obtained from our reduced order model looks

identical to that obtained from the high fidelity finite element solution. In terms of the
quantitative norm, i.e., the e measure, the relative L2 error is found to be 3.6%.
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Fig. 13 Convergence with respect to emax for samples with regular mappings (γmin ≥ 0.5)

Fig. 14 Visual comparison of high fidelity velocity field u(θ2) and reduced order velocity field ∼u(13, 10, θ2) for a
new parameter θ2

Samples with distortedmapping

From our initial 1,000 samples in the offline stage computations, a total of 686 samples
belong to this category. The convergence of emax for this category can be seen in Fig. 15 and
shows similar trends, but with some exceptions. In comparison to Fig. 13, we see that there
is an overall offset of ∼ 10% between the curves for nsol = 1, 2, · · · , 8. This observation
suggests a higher requirement on nsol to sufficiently enrichVsol for attaining the same level
of accuracy. Moreover, we find nκ = 10 for this category to be insufficient for accurately
representingVκ . Instead, we determine nκ = 20 as an adequate representation ofVκ since
the convergence pattern is identical for nκ = 20 and 30.
Based on emax at ∼ 10%, we select the tuple (nsol , nκ ) = (20, 20) as an appropriate com-

promise between computational efficiency and accuracy for our reduced order model for
this category of samples. Once again, we test the reduced order model for new parameter
combinations.
For the parameter θ3, the two solutions u(θ3) and ∼u(20, 20, θ3) are plotted in Fig. 16. We

observe that the velocity profile obtained from the reduced ordermodel again is practically



Siddiqui et al. AdvancedModeling and Simulation in Engineering Sciences          (2024) 11:22 Page 20 of 26

Fig. 15 Convergence with respect to emax for samples with distorted mappings (0.5 > γmin ≥ 0.1)

Fig. 16 Visual comparison of high fidelity velocity field u(θ3) and reduced order velocity field ∼u(20, 20, θ3) for a
new parameter θ3

indistinguishable to that obtained from the high fidelity finite element solution. The e
measure between the two solutions is 5.4%.
The emeasure for all the new parameter combinations we tested for when we validated

the reduced order model against the high fidelity solutions can be seen in Fig. 17. For
samples with regular mappings, the e median stands at ∼ 4%, while the first quartile
(Q1) and the third quartile (Q3) are at ∼ 3.4% and ∼ 4.8%, respectively. For samples with
distorted mappings, the e median is observed at ∼ 3.1%, while Q1 and Q3 are at ∼ 2.4%
and ∼ 3.9%, respectively. Overall, the e measure stays under 10% for the worst case for
either categories, as represented by the red markers in Fig. 17.
These observations confirm that our selection criterion (e ≤ 10%) for the appropriate

tuple of ROB functions (nsol , nκ ) is indeed met in practical computations. It also indicates
that the training with 1,000 parameter points is sufficient for exploring P during the
offline stage, and that our reduced order model is sufficiently trained and capable of
approximating the high fidelity solutions for a variety of geometry parameters.
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Fig. 17 Validation of reduced order model for 1,000 new parameter points

In terms of the speed up, the cost of computing 1,000 high fidelity solutions during
the offline stage took ∼ 200 minutes. Computing the same number of reduced order
solutions required only ∼ 15 minutes, including the computation of the postprocessing
of the reduced order velocity fields ∼̂u(θ ) and computing the error e (with the high fidelity
finite element solutions û(θ ) already known). Hence, we gain a speed up of at least 13.

Divergence free reduced order velocity fields

Since we obtained the ROB functions on the subdomains and constructed the low-
dimensional space Vsol from the solutions in Wh, the solutions ∼̂ui ∈ Vsol are divergence
free for �̂i for i = 1, 2, · · · , 6. This statement, however, does not guarantee the full reduced
order velocity field, i.e., ∼̂u in �̂ to bemass conservative because of the weak coupling terms
applied in glueing neighboring subdomains together. Nonetheless, the coupling terms at
the subdomain interfaces of the finite element model enforced the velocities to be con-
tinuous and were projected onto the low-dimensional spaces during the construction of
the reduced order model. Therefore, we expect ∼̂u in �̂ to be nearly divergence free and
practically mass conservative.
To verify our hypothesis, we calculate the relative mass flow rate through �̂ as the

difference between rates of mass inflow and outflow normalized by the rate of mass
outflow. The expression has the following form:

�ṁ/ṁout = ṁin − ṁout

ṁout , (33)

�ṁ/ṁout =
ρ

(
∼̂uin · Âin − ∼̂uout · Âout

)

ρ
(

∼̂uout · Âout
) . (34)
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Fig. 18 Relative mass flow rate for 1000 new parameter points

In the discretized setting, it takes the following form:

�ṁ/ṁout =

(
6∑

i=1

∫
∂�p ∼̂u · n̂ dSi − ∫

∂�c ∼̂u · n̂ dS
)

(∫
∂�c ∼̂u · n̂ dS

) , (35)

where ρ is the density of blood and n̂ corresponds to the normal vectors at the central
vein (outlet) and 6 portal triads (inlet) boundaries.
The corresponding �ṁ/ṁout measure for the reduced order solutions, whose quality

was summarized in Fig. 17, is now plotted in Fig. 18. We find |�ṁ/ṁout | to be very small
and under 0.01% for all reduced order solutions, pointing to practically divergence free
reduced order parametric velocity fields ∼̂u(θ ) in �̂, and thereby ensuring mass conserva-
tion within �̂. Moreover, although we selected different nsol for validating the reduced
order model, i.e., nsol = 13 for samples with undistorted mappings and nsol = 20 for
samples with distorted mappings, we do not see a significant difference in �ṁ/ṁout for
different nsol . This observation suggests that the enrichment ofVsol contributes to a better
approximation quality of our reduced order model, i.e., smaller errors e, but has little or
no influence on the mass conservation within the system.

Conclusion and outlook
In this work, we addressed the computationally efficient reduced order computation of
bloodperfusion in a two-dimensional parametrized lobulemodel of variable geometry. For
modeling the blood perfusion within a liver lobule, we utilized Darcy’s equation by con-
sidering blood an incompressible fluid and the lobule tissue a porousmedium. To account
for variable lobule geometries, we utilized a mapping function to map the lobule geome-
try from a symmetric hexagonal reference lobule to a parametric domain. Leveraging the
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properties of the contravariant Piola mapping, we plugged this geometric mapping func-
tion into our formulation for representing parametric solutions in the reference domain,
and thereby saved the cost of constructing and meshing new geometries.
For the real-time computation of the parametric velocity fields, we used an approxi-

mation via a reduced order model based on proper orthogonal decomposition (POD).
Additionally, we employed the discrete empirical interpolation method (DEIM) for treat-
ing the non-affine parameter dependence introduced through the mapping function . To
help tackle the resulting high dimensional parametric problem, we split the full domain
into six rotationally symmetric subdomains. In particular, our split into six subdomains
allowed us to construct the aforementioned low-dimensional spaces by considering one
subdomain only. We then used the same set of reduced basis functions for every subdo-
main. On the one hand, this idea reduced the dimensionality of the parametrized problem
from 12 for the complete domain to only 4, and on the other hand, also implies the uti-
lization of the same low-dimensional spaces to represent the parametric velocity fields in
lobules of different topology. To couple the subdomains, we used an interior penalty type
formulation at the subdomain interfaces, and therefore, enforced the velocity fields to be
continuous within the full domain.
For sampling random shapes and sizes of lobules, we generated a Voronoi diagram from

a Delaunay triangulation, where we used an energy minimization formulation to control
the packing and shapes of the lobule structures. We randomly picked 1,000 samples for
training the reduced order model and obtaining the aforementioned low-dimensional
spaces. We assessed the approximation quality of the reduced order model in the entire
parameter space via a multi-dimensional error based on the L2 norm of the velocity and
determined the number of reduced basis functions required in the Galerkin projection
and the DEIM to guarantee that the reduced order results remain below a 10% error
bound. We validated our reduced order model for 1000 new parameter combinations,
which were not a part of the samples for the initial training. We demonstrated that the
model performed very well, and in particular did not violate our selected error limit.
This error limit could be further reduced by enriching the low-dimensional spaces with
additional reduced basis functions. For more complicated data structures (e.g., due to
a different physical model), more advanced reduction techniques may be considered to
achieve a better balance between accuracy and computational effort. However, this level of
accuracy is sufficient to indicate the successful applicability of the presented reduced order
modeling strategy for the underlying physical model. We also showed that with our first
implementation that is far from optimized, the reduced order model – even including
the additional effort of the DEIM – is more than one order of magnitude faster than
the corresponding high-fidelity finite element computations. We also assessed the mass
conservation property of our formulation.Within each subdomain it is exactly satisfied via
the choice of our finite element approximation spaces and within the complete domain,
the absolute relativemass flow rates of all sampleswere found tobebelow0.01%, indicating
that mass conservation is practically satisfied by the reduced order parametric velocity
fields.
In the future, we plan to extend our approach to three-dimensional lobules and tes-

sellation structure of lobules, where we expect a decisive advantage of the reduced order
over the high fidelity finite element computations in terms of computational efficiency.
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We also plan to use the advantages of our approach in terms of fast computation without
meshing effort for variable lobule geometry for stochastic analysis of blood perfusion.
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23. Oğul H, Kantarci M, Genç B, Pirimoğlu B, Çullu N, Kızrak Y, Yılmaz Ö, Karabulut N. Perfusion CT imaging of the liver:
review of clinical applications. Diagn Interv Radiol. 2014;20(5):379–89.

24. Levesque E, Martin E, Dudau D, Lim C, Dhonneur G, Azoulay D. Current use and perspective of indocyanine green
clearance in liver diseases. Anaesthesia Crit Care Pain Med. 2016;35(1):49–57.

25. Ahmadi-Badejani R, Mosharaf-Dehkordi M, Ahmadikia H. An image-based geometric model for numerical simulation
of blood perfusion within the liver lobules. Comput Methods Biomech Biomed Eng. 2020;23:987–1004.

26. Jessen E, Steinbach MC, Debbaut C, Schillinger D. Branching exponents of synthetic vascular trees under different
optimality principles. IEEE Trans Biomed Eng. 2024;71(4):1345–54.

27. Ebrahem A, Jessen E, Eikelder MFP, Gangwar T, Mika M, Schillinger D. Connecting continuum poroelasticity with
discrete synthetic vascular trees formodelling liver tissue. Proc Roy SocAMath Phys Eng Sci. 2024;480(2285):20230421.

28. Bonfiglio A, Leungchavaphongse K, Repetto R, Siggers JH.Mathematicalmodeling of the circulation in the liver lobule.
J Biomech Eng. 2010;132(11): 111011.

29. Ricken T, Dahmen U, Dirsch O. A biphasic model for sinusoidal liver perfusion remodeling after outflow obstruction.
Biomech Model Mechanobiol. 2010;9:435–50.

30. Debbaut C, Vierendeels J, Casteleyn C, Cornillie P, Van Loo D, Simoens P, Van Hoorebeke L, Monbaliu D, Segers P.
Perfusion characteristics of the human hepatic microcirculation based on three-dimensional reconstructions and
computational fluid dynamic analysis. J Biomech Eng. 2012;134: 011003.

31. Debbaut C, Vierendeels J, Siggers JH, Repetto R, Monbaliu D, Segers P. A 3D porous media liver lobule model: the
importance of vascular septa and anisotropic permeability for homogeneous perfusion. Comput Methods Biomech
Biomed Engin. 2014;17(12):1295–310.

32. Rohan E, Lukeš V, Jonášová A. Modeling of the contrast-enhanced perfusion test in liver based on the multi-
compartment flow in porous media. J Math Biol. 2018;77(2):421–54.

33. Pébay P, Baker T. Analysis of triangle quality measures. Math Comput. 2003;72(244):1817–39.
34. Brezzi F, Fortin M. Function spaces and finite element approximations. In: Brezzi F, Fortin M, editors. Mixed and hybrid

finite element methods. springer series in computational mathematics. New York, NY: Springer; 1991. p. 89–132.
35. Rognes ME, Kirby RC, Logg A. Efficient assembly of H(div) and H(curl) conforming finite elements. SIAM J Sci Comput.

2010;31(6):4130–51.
36. Brezzi F, Hughes T, Marini L, Masud A. Mixed discontinuous Galerkin methods for Darcy flow. J Sci Comput.

2005;22:119–45.
37. Brezzi F, Douglas J, Marini LD. Two families of mixed finite elements for second order elliptic problems. Numer Math.

1985;47(2):217–35.
38. Alnæs M, Blechta J, Hake J, Johansson A, Kehlet B, Logg A, Richardson C, Ring J, Rognes ME, Wells GN. The FEniCS

Project Version 1.5. Arch Nume Softw. 2015;3(100).
39. Multiphenics—easy prototyping of multiphysics problems in FEniCS. https://mathlab.sissa.it/multiphenics.
40. Lau C, Kalantari B, Batts K, Ferrell L, Nyberg S, Graham R, Moreira RK. The Voronoi theory of the normal liver lobular

architecture and its applicability in hepatic zonation. Sci Rep. 2021;11(1):9343.
41. Fortune S. A sweepline algorithm for voronoi diagrams. In: Proceedings of the Second Annual Symposium on

Computational Geometry, pp. 313–322; 1986.
42. Bowyer A. Computing dirichlet tessellations. Comput J. 1981;24(2):162–6.
43. Yan D-M, Wang W, Lévy B, Liu Y. Efficient computation of clipped voronoi diagram for mesh generation. Comput

Aided Des. 2013;45(4):843–52.
44. Liu DC, Nocedal J. On the limitedmemory bfgsmethod for large scale optimization. Math Program. 1989;45(1–3):503–

28.
45. DuQ, GunzburgerM. Grid generation and optimization based on centroidal voronoi tessellations. ApplMath Comput.

2002;133(2–3):591–607.
46. Lucia DJ, Beran PS, Silva WA. Reduced-order modeling: new approaches for computational physics. Prog Aerosp Sci.

2004;40(1):51–117.
47. Zahr MJ, Farhat C. Progressive construction of a parametric reduced-order model for PDE-constrained optimization.

Int J Numer Meth Eng. 2015;102(5):1111–35.
48. Haasdonk B, Ohlberger M. Efficient reduced models and a posteriori error estimation for parametrized dynamical

systems by offline/online decomposition. Math Comput Model Dyn Syst. 2011;17(2):145–61.
49. Arnold DN, Brezzi F, Cockburn B, Marini LD. Unified analysis of discontinuous Galerkin methods for elliptic problems.

SIAM J Numer Anal. 2002;39(5):1749–79.
50. Schillinger D, Harari I, Hsu M-C, Kamensky D, Stoter SK, Yu Y, Zhao Y. The non-symmetric nitsche method for the

parameter-free imposition of weak boundary and coupling conditions in immersed finite elements. ComputMethods
Appl Mech Eng. 2016;309:625–52.

51. Hong Q, Wang F, Wu S, Xu J. A unified study of continuous and discontinuous Galerkin methods. Sci China Math.
2019;62(1):1–32.

52. Wang F, Wu S, Xu J. A mixed discontinuous Galerkin method for linear elasticity with strongly imposed symmetry. J
Sci Comput. 2020;83(1):2.

53. Eckart C, Young G. The approximation of one matrix by another of lower rank. Psychometrika. 1936;1(3):211–8.

https://mathlab.sissa.it/multiphenics


Siddiqui et al. AdvancedModeling and Simulation in Engineering Sciences          (2024) 11:22 Page 26 of 26

54. Chaturantabut S, Sorensen DC. Discrete Empirical Interpolation for nonlinear model reduction. In: Proceedings of the
48h IEEE Conference on Decision and Control (CDC) Held Jointly with 2009 28th Chinese Control Conference, pp.
4316–4321; 2009.

55. Chaturantabut S, Sorensen DC. Nonlinear model reduction via discrete empirical interpolation. SIAM J Sci Comput.
2010;32(5):2737–64.

56. Stoter SKF, Jessen E, Niedens V, Schillinger D. A DEIM driven reduced basis method for the diffuse Stokes/Darcymodel
coupled at parametric phase-field interfaces. Comput Geosci. 2022;26(6):1465–502.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.


	Reduced order modeling of blood perfusion in parametric multipatch liver lobules
	Abstract
	Introduction
	Problem setup
	Governing equations and weak form
	Mapping of parametric domains to a reference domain
	Contravariant Piola mapping and resulting parameterized model
	Pressure and velocity pair for finite element discretization

	Sampling of geometric variation and parameter space reduction
	Sampling method
	From a full domain problem to multiple subdomain problems
	Coupling at subdomain interfaces

	POD-DEIM based model order reduction
	Proper orthogonal decomposition
	Discrete empirical interpolation method
	Implementation of the reduced order model of lobules

	Results and discussion
	Qualitative assessment
	Quantitative assessment
	Samples with regular mapping
	Samples with distorted mapping

	Divergence free reduced order velocity fields

	Conclusion and outlook
	Declarations

	References


