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Zusammenfassung

In der vorliegenden Dissertation werden spezielle Werte von regularisierten Thetaliftungen
an sogenannten CM-Punkten untersucht. Es wird insbesondere gezeigt, dass sich die CM-
Werte von Borcherdsprodukten in Termen der Koeffizienten des holomorphen Teils gewisser
harmonischer Maafl-Formen ausdriicken lassen. Es wird eine direkte Beziehung zwischen
diesen Koeffizienten und arithmetischen Zykeln hergestellt, die von Kudla, Rapoport und
Yang eingefithrt wurden. Diese Zykel parametrisieren elliptische Kurven mit speziellen
Endomorphismen. Es kann dann gezeigt werden, dass die Koeffizienten des holomorphen
Teils der untersuchten Funktionen Logarithmen von algebraischen Zahlen sind und es wird
eine Formel fiir die Primidealfaktorisierungen angegeben.
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Introduction

In this thesis, special values of regularized theta lifts at complex multiplication (CM) points
are studied. In particular, it is shown that CM values of Borcherds products can be ex-
pressed in terms of finitely many Fourier coefficients of certain harmonic weak Maaf3 forms
of weight one. As it turns out, these coefficients are logarithms of algebraic integers whose
prime ideal factorization is determined by cycles on an arithmetic curve that parametrize
special endomorphisms of CM elliptic curves.

We begin with a motivating example and give some historical background before we
describe our main results.

Singular moduli

A good starting point is the celebrated theorem of Gross and Zagier on singular moduli
[GZ85], which describes the norm of the modular function j(7) at imaginary quadratic
irrationals in the complex upper half-plane H. This function, also called Klein’s j-invariant,
is an invariant associated with an elliptic curve over the field of complex numbers C. Every
such elliptic curve is isomorphic to a curve of the form E, = C/A,, where A, = Z1 + 7Z is
a lattice in C with 7 € H. There is an action of the group SLy(Z) on H, given by

a b at +b a b
’}/T(c d)Tm for 'y(c d)GSLQ(Z).

Two elliptic curves E,; and E. are isomorphic over C if and only if 7/ = ~7 for some
v € SLy(Z). The j-function is an invariant of the isomorphism class of an elliptic curve
and therefore invariant under the action of SLy(Z) on H. Such functions are called modular
forms of weight 0 or modular functions. The Fourier expansion of j starts with

G(7) = ¢ " 4 744 + 196884q + 21493760¢> + 8642999704¢° + 202458562564 + . . .
where ¢ = e(7) = ™.

Let d < 0 be a negative fundamental discriminant and denote by Qg4 the set of positive
definite integral binary quadratic forms of discriminant d. For every Q € Qg given by
Q(z,y) = az? + bxy + cy* the unique root of Q(r,1) = 0 in H is denoted ag € H.
These points are called CM points because the associated elliptic curve E, has complex
multiplication. That is, its endomorphism ring is an order in an imaginary quadratic field.
In our case the order is simply the ring of integers in Q(v/d). The values of j(7) at CM
points are classically called singular moduli [Web61l, [Zag02].
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The group SLs(Z) acts on Q4 and two forms P,Q € Qg are in the same equivalence
class with respect to this action if and only if the points ap and ag are equivalent under
the action of SLy(Z) via linear fractional transformations on H. The action on a binary
quadratic form is given by a substitution of variables

Q(z,y) — Qax + by, cx + dy) for (CCL Z) € SLy(Z).

The value j(ag) is an algebraic integer of degree hy over Q, generating the Hilbert class
field H of k; = Q(\/E) Here, hy denotes the class number of k; and the Hilbert class field
is defined to be the maximal unramified abelian extension of k;. This statement is part
of the theory of complex multiplication [Sil94) [Shi94], realizing Kronecker’s Jugendtraum
(also called Hilbert’s twelfth problem) for imaginary quadratic number fields. This result
can be understood as an analog of the Kronecker-Weber theorem [Neu07, V., Korollar
(1.9)], which states that every finite abelian extension of Q is contained in a cyclotomic
extension. Such an extension is generated by “special values” of the exponential function.

Even though the arithmetic of singular moduli has already been studied in the 19th
century, they came again into the focus of research much later, probably starting with the
paper of Gross and Zagier, published 1985. It was not until 2002 that Zagier [Zag02] showed
that the traces of singular moduli occur as Fourier coefficients of weakly holomorphic
modular forms of half-integral weight. His seminal paper inspired researchers and resulted
in many new results in this direction, for instance [BE06l [DJOS, BO11l, MP10, [AE13].

To describe the result of Gross and Zagier we consider the modular function

Vizd) = [ G) = ilag)™™,

QGSLQ(Z)\Qd

for z € H, and where wy is the number of roots of unity in kg.

Gross and Zagier proved that for a negative fundamental discriminant D coprime to d,

we have
I veqa ™=+ J[ »™, (0.1)
QEeSL2(Z)\Qp T€Z,n,n' >0
4nn/=dD—x?
where €(n') = +1. Note that the left-hand side is equal to the absolute norm of the value
U(ag,d)?/"P because the set of values {j(ag) ; Q € SLy(Z)\Qy} forms a full system of
Galois conjugates over Q.

In the special case d = —3, the class number h_3 is equal to one and the j-invariant
vanishes at the unique CM point of discriminant —3 modulo the action of SLy(Z). Thus,
Equation (0.1)) also gives a formula of the norm of j(z) at a CM point.

The theorem of Gross and Zagier can be understood in the context of Borcherds products.
These are certain meromorphic modular forms on orthogonal groups obtained via a singular
theta correspondence.
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Regularized theta lifts and Borcherds products

We let L be an even lattice of type (2,n), that is, a free Z-module together with a Z-
valued quadratic form @ with associated bilinear form (-,-) which has two positive and n
negative eigenvalues over R. We write V = L ®7 Q for the corresponding rational vector
space. Associated with such a lattice is its discriminant group A, = L'/L, where L' is
the dual of L with respect to (-,-). The quadratic form ) induces a well defined map
Ap — Q/Z, which we also denote by @. For simplicity, let us assume that n is even. Then
there is a representation pr of SLy(Z) on the group ring S = C[AL], the so-called Weil
representation [Bru02, Wei64]. The group SLs(Z) acts on functions f : H — Sp, via

(f ez 7)(1) = (er +d)Fpr(v) 7 f(7), (0.2)

for v = (2%) € SLao(Z). A modular form of weight k with representation p;, is a holo-
morphic function which is invariant under this action and additionally satisfies a certain
growth condition towards the “cusp” at co. The growth condition can be stated as follows.
A holomorphic function satisfying admits a Fourier expansion

f(T) = Z Z Cf(ma :u)e(mT)(b/u

MGAL meQ
m=Q(p) mod Z

where e(z) = €™ and ¢, denotes the standard basis vector of Sy, corresponding to u € Ay,
Then f is called a weakly holomorphic modular form if ¢;(m, ) # 0 for only finitely many
m < 0. We denote the space of weakly holomorphic modular forms of weight £k transforming
with representation py by M ,L - Similarly, f is called holomorphic if ¢¢(m, ) = 0 for all
m < 0 and a cusp form if additionally cf(0, ) = 0 for all © € A;. We denote the spaces
of such forms by M; 1, and Sy 1, respectively.

The Siegel theta function attached to L is a non-holomorphic function ©(7, z) in two
variables 7 € H and z € D, where D is the hermitian symmetric domain associated with the
orthogonal group SOy (R). We can realize D as the Grassmannian of oriented 2-dimensional
positive definite subspaces of V(R) =V ®¢ R.

The function O (7, z) is invariant under the action of a subgroup I';, € SOy in z and
transforms as a modular form of weight (2 — n)/2 for SLy(Z) with representation py, in
the variable 7. Such theta functions can be used as an integration kernel to lift modular
forms from one group to another. The underlying principle is the theory of dual reductive
pairs in the sense of Howe [How79]. Borcherds [Bor98] extended this theory for the dual
reductive pair (SLy, Oy ) to weakly holomorphic modular forms.

Explicitly, for a weakly holomorphic modular form f € M ,L ; with £ = (2 —n)/2, we
consider the integral
i dudv

02

/ (7). Brm
SLa(Z)\H

where 7 = u+iv € H and (-,-) denotes the C-bilinear pairing such that (¢,,¢,) =1
and (¢,, ) = 0 for A # pu. However, the integral diverges if f has a pole at the cusp.

, (0.3)
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Borcherds used the method of Harvey and Moore [HM96] to show that the integral can be
regularized. We obtain a I'p-invariant function ®(z, f) which is real analytic outside a
divisor Z( f) given by codimension one sub-Grassmannians of . The divisor Z(f) depends
only on the principal part of f, given by the Fourier polynomial

Pr(r) =) > cplm,pe(mt)d,.

pneAr m<0

We assume that c;(m, ) € Z for all m < 0 and all p € Aj. Moreover, we assume for
simplicity that the constant term c¢;(0,0) in the Fourier expansion of f vanishes.
By working out the Fourier expansion of @ (z, f), Borcherds showed that

(I)L(Zaf) = _410g|\I]L(Z7f)| (O4)

holds for a meromorphic function ¥y, (z, f) on D with divisor $Z(f). The function W (z, f)
has an infinite product expansion near the cusps, giving it the name Borcherds product.

Schofer [Sch09b] gave a finite formula for the weighted average value of the theta lift
(2, f) over a CM cycle. The function W (z,d) can be obtained as the Borcherds product
of a weakly holomorphic modular form of weight 1/2 for the lattice L = Z3 with the
quadratic form Q(a,b,c) = a* — be. Together with , Schofer’s result provides a new
proof of . The type of L is (2, 1) and the associated symmetric domain can be identified
with HUH. To explain Schofer’s result and state our first theorem, which is a generalization
of his work, we will have to introduce some more notation.

It is convenient to work with an adelic setup to describe the CM points we are considering.
This description goes back to Shimura [Shi94]. We let H = GSpiny, be the general spin
group, which is a central extension of the special orthogonal group SOy and consider
these groups as algebraic groups over Q. We denote by A, the finite adeles of Q and let
K C H(Ay) be a compact open subgroup such that K stabilizes L and acts trivially on
Ar. We consider the associated Shimura variety with complex points

Xk (C) = HQ\(D x H(Af)/K).

An example for such a variety is the modular curve Yo(N) = I'o(V)\H. For N =1 it is
obtained by considering the lattice L of type (2,1) as above and a suitable choice of K.
Here, the group I'g (V) C SLy(Z) is given by all matrices in SLy(Z), such that the lower left
entry is divisible by N. In particular, for N = 1 we have SLy(Z) = I'y(1). The definition
of the Siegel theta function can be naturally extended to obtain a function ©(7, 2z, h) on
Xk for z € D and h € H(Ay). We can then consider the regularized theta lift @, (z, h, f)
as a function on X, as well.

CM values

Let U C V(Q) be a rational 2-dimensional positive definite subspace of V. Then U defines
two rational points z?} in D, given by U(R) together with the two possible orientations.
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Let T'= GSpiny and Kp = K NT(Af). We obtain a CM cycle in Xk by considering the
Shimura variety

Z(U) = T(Q\{z:} x T(Ay)/Kr).

It is possible to recover the CM points a described above in this way for Yo(NV).

We obtain two lattices P = LN U and N = LN U+, where Ut is the orthogonal
complement of U in V. The lattice P is 2-dimensional and positive definite and N is
n-dimensional and negative definite. For simplicity, we assume in the introduction that
L = P& N. Under this assumption the theta function © splits as the tensor product
OL(7, 255, h) = Op(1,h) @ On(7) for h € T(Ay).

We need to define one more object to describe our first result. A function f: H — Sp
is called a harmonic weak Maaf$ form of weight k and representation py, if it transforms
like a vector valued modular form of weight &, is harmonic with respect to the weight k
Laplace operator and grows at most exponentially towards the cusp at oo. We write Hy, 1,
for the space of such functions.

There is an antilinear differential operator & = &, defined by

E()(r) =20k 2 1 (r). 03

It was shown by Bruinier and Funke that § : Hyr — Mé—k,r is surjective [BF04]
Theorem 3.7] with kernel M,L .- Here, the lattice L™ is given by the lattice L together
with the quadratic form —(. The associated Weil representation can be identified with
the dual representation of p,. We denote by Hy ; C Hy, 1, the subspace of those harmonic
weak MaafB forms that map to a cusp form under . An element f € Hj ; admits a unique
decomposition f = f* + f~ into a holomorphic part f* and a non-holomorphic part f~.

Bruinier [Bru02] showed that the additive Borcherds lift &, (z, h, f) can be extended to
harmonic weak Maafl forms contained in Hy ;. If f € Hy is not weakly holomorphic,
then ®(z, h, f) is no longer the logarithm of a meromorphic modular form but it is an
automorphic Green function for the divisor Z(f).

Our first main result is the following.

Theorem 1. Let f € Hy_y51 and let C:)p(T, h) € Hi p- be a harmonic weak Maaf form
of weight 1 with the property that {(©p(1,h)) = Op(7,h). Then for any (z,h) € Z(U) the
value of ®r(z, h, f) is given by

@1(2,h, ) = CT ((f*(7), O~ (7) @ B(7. 1))

_/Sreg <£(f)(7'),@]v7(7')®(:jp(7-’ h)) plHn/2 du_;lv

L2 (Z)\H v

Here, CT(-) denotes the constant term in the Fourier expansion. It is a finite sum of
products of coefficients of f and ©y-(7)®@O%(7, h). Note that if f is weakly holomorphic,
then the regularized integral above vanishes, as £(f) = 0 in that case. In particular, we
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obtain a formula for CM values of Borcherds products which involves only a finite number
of coefficients of ©%(7, h) weighted by representation numbers of the lattice N and the
coefficients of f*. Moreover, note that &) p(T,h) is not uniquely determined. It can be
modified by adding any weakly holomorphic modular form and the theorem is still valid.

The average value of ®(z, h, f) over the CM-cycle Z(U) has been treated by Schofer
[Sch09b] for weakly holomorphic modular forms and by Bruinier and Yang [BY(9] for har-
monic weak Maafl forms. The proof of Theorem [l follows along the lines of the proof
of Theorem 4.7 in [BY09], without averaging over the CM cycle. Using the relation

£(O(7,h)) = ©p(7,h), it is basically an application of Stokes theorem, involving some
careful growth estimates.

By the Siegel-Weil formula ([KR&S8], see also Section [3.1)), we have that

vol( K-
ol Kr)] > Op(r,h) = Ep(r),
Wk, T A
€T(QN\T(Af)/ KT
where wgr = |[Kr NT(Q)| and Ep(7) is the unique normalized holomorphic Eisenstein

series in M; p. Theorem 4.7 of [BY09] expresses the weighted sum ®(Z(U), f) over the
points in the CM cycle Z(U) as

®(Z(U), f) = deg(Z(U)) - CT ((f"(7),On-(7) @ E5(7))) — L'(£(f), U, 0), (0.6)

where Ep(7) € Hyp- is the derivative of an “incoherent” Eisenstein series Ep(7,s) at
s = 0. Moreover, L'(£(f),U,0) is the special value at s = 0 of the derivative of an L-
function obtained by means of the convolution integral

_ dud
p1t/2 u U‘

LE(f).U.s) = / ED)(r). Ep(r.5) ® O (7))

SLy(Z)\H v?

Analogously to our functions O p(7, h) the Eisenstein series £p(7) is a harmonic weak Maaf
form contained in H; p- and satisfies £(Ep(7)) = Ep(7). The relation of to is
that it is possible to give an explicit finite formula for the coefficients x(m, u) of 5 (7).
They are of the form x(m, u) = a(m, p)log(p) for a prime p depending on m. In the case
that U = k is an imaginary quadratic field of discriminant D, and P = a is a fractional
ideal in k£ with quadratic form Q(x) = N(z)/N(a) given by the norm on k, Schofer [Sch09b),
Theorem 4.1] gave an explicit formula for a(m, u) € Z. Using this, it is possible to recover
from Schofer’s result.

Theorem (1| by itself is not very enlightening, as the coefficients of é;S(T, h) are not
explicitly known (and not unique at all). Therefore, in the second part of this thesis we
will study the coefficients of appropriate choices for © p(7, h) and their arithmetic meaning.
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Moduli of CM elliptic curves

There is another interpretation of the coefficients of £p(7) in terms of the degrees of certain
special cycles, observed by Kudla, Rapoport and Yang [KRY04]. We let k be an imaginary
quadratic number field of discriminant D < 0. For simplicity, we assume in the introduction
that D = —[ for a prime [ = 3 mod 4 with [ > 3. We will remove this restriction in the
body of the thesis and work with odd fundamental discriminants. We write Cl; for the
class group of k and hj denotes the class number of k. Let P = O be the ring of integers
in k, which is a lattice of type (2,0) together with the quadratic form Q(z) = N(z). The
dual lattice P’ = 0" is given by the inverse different in k and discriminant group P’/P is
cyclic of order |D|.

We let Cp be the (Deligne-Mumford) moduli stack of elliptic curves with complex mul-
tiplication by the ring of integers O of k. The coarse moduli scheme of Cp is isomorphic
to Spec Oy, where H is the Hilbert class field of k. Kudla, Rapoport and Yang define
cycles Z(m) on this arithmetic curve given by elliptic curves with certain “special endo-
morphisms”. These endomorphisms only occur in positive characteristic and the cycles
Z(m) are always supported in the fiber above a unique prime p, which is non-split in k.
The authors show the identity

~mES(T) =2 Y deg Z(m)e(mr)(bm + 6-m) + 2N (xp,0)d0, (0.7

1
me \D\ Z>0

where A’'(xp,s) denotes the derivative of the completed Dirichlet L-function for the char-
acter yp = (2) Here, we wrote ¢4, for the basis elements ¢, with Q(£u) +m € Z.
If m is not represented by —(@) modulo Z, then the corresponding coefficient vanishes. In
our case this can be phrased in simpler terms: the coefficient of index m vanishes unless
Dm € Z is congruent to a square modulo |D|. Alternatively, we could also identify the
space Hy p with the space H; (|D|, xp) of scalar valued harmonic weak Maaf forms for
[o(|D]) and character xp such that all Fourier coefficients of index n with xp(n) = 1
vanish. For the proof of (0.7)), the authors employ the explicit formulas for £p(7) and a
theorem of Gross [Gro86|, which allows them to compute the degree of the cycle Z(m)
explicitly, as well. A comparison of these two independent results establishes the equal-
ity . This has been generalized by Bruinier and Yang [BY09, Theorem 6.5] to odd

negative fundamental discriminants using the same method.

Motivated by these results, we show that a similar relation holds for the coefficients of
the holomorphic part of (a suitably normalized) ©p(7, h). As no explicit construction of
the forms ©p(7, h) is known, we use a completely different method.

To state this second result in more detail, we write the pushforward of the cycle Z(m)
to Spec Oy as an Arakelov divisor with vanishing archimedean contribution as

Z(m)= ) Z(m)yB,

PCOn
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where the sum runs over all prime ideals of Og. In our case, the arithmetic degree above
can be simply defined as

deg Z(m) = Y Z(m)ylog Nuyq(B).
PCOu

After an appropriate normalization of the map C'p — Spec Op, we obtain the following
result, which will be restated in greater generality as Theorem [5.3.12]

Theorem 2. For every [a] € Cl, there is a harmonic weak Maaf form O4(7) € Hy p- with
holomorphic part

Oi(m) = Y ctam)e(mr)(dm +d-m)

m>>>—00

satisfying the following properties.
(i) We have £(O4(1)) = Ou(7) and
hik %k B (7) =t Ep(), (0.8)
such that £(Ep(7)) = Ep(7) and the principal part of Ep(7) vanishes.
(i1) If xp(—Dm) =1, we have ¢*(a,m) = 0.

(iii) For all m € Q with xp(—Dm) # 1 we have
) 2
¢ (a.m) =~ loga(a,m)|

with r € Z depending only on D and o(a,m) € O.

(iv) Furthermore, we have for m > 0 that
ordg(a(a®, m)) = 2rZ(m)gp-

for all prime ideals B C Oy, where 0 = o(a™t) corresponds to the ideal class of a™!
under the Artin map (-, H/k) of class field theory.

(v) If m < 0 with xp(—Dm) # 1, then a(a,m) € Oj.

Note that the theorem implies that we can write ¢t (a,m) = log(S(a, m)), where §(a,m)
is contained in a finite field extension of H.

The idea of the proof is to use a certain seesaw dual reductive pair. This concept,
introduced by Kudla [Kud84], explains many identities between theta liftings that look
quite surprising at first glance. We use this to relate the coefficients of (:j;(T, h) to Borcherds
products on modular curves. We consider the lattice L = Z3, this time with quadratic form
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Q(a,b,c) = N(a*—bc) for a suitable choice of N € Z-g. In particular, in the case of prime
discriminant D = —[, we can choose N = [. The fundamental identity for us is of the form

CI)P(h7 f) = qDL(’Z;vhvg)v (09)

for an appropriate g € M| Jo,r- The same identity has been used by Viazovska [Vial2] to
obtain explicit formulas for the regularized Petersson inner products of weakly holomorphic
modular forms of weight one and the theta function © p(7, 1) for the lattice P = O as above.

To obtain the relation to the special cycles, we work with an integral model Xy(N) for
the compactification Xo(/N) of the modular curve Yy(N). We study the value of modular
functions (that is, meromorphic modular forms of weight 0), rational over Q, with zeros
and poles supported on Heegner divisors on the integral model. The value of such a modular
function at a CM point of fundamental discriminant can be described by its pullback to the
stack C'p considered above. These Heegner divisors are generalizations of the collection of
points {ag} described above, by considering equivalence classes of integral positive definite
binary quadratic forms of the form [Na, b, ¢] modulo the group I'y(N). They have a moduli
interpretation which extends to the integral model Xy(N).

As a corollary of our results, we are also able to show that the right hand side of
is (up to a constant) the holomorphic part of a harmonic weak MaaB form Ep(7) without
using explicit formulas, which might shed some new light on the identity (0.7).

Theorem 3. Let Ep(7) be the function in (0-8). Then we have

—heEf(T) =2 Z d/éEZ(m)e(mT)(ém + ¢_m) + o,

meﬁz>0
where ¢ € C is a constant.

The proof of the theorem is given in Section [6.I, However, we are not able to conclude
directly from this statement that Ep(7) = Ep(7), without comparing coefficients. We can
only infer that E}(7) differs from Ep(7) by a cusp form. If it was possible to show that
Ep (7) is orthogonal to cusp forms, then this could probably be interpreted as an arithmetic
version of the Siegel-Weil formula in our case.

Explicit formulas

Having Theorem [2| available, we can now use the arithmetic theory of the special cycles to
obtain explicit formulas for the valuations of the numbers a(a, m) in Theorem [I| at primes
of the Hilbert class field. For this we now finally use Gross’ formula for the length of the
local rings of Z(m) in a similar fashion as in [KRY04].

For m € Q-q, we define a set of rational primes by

Diff(m) = {p < 0o | (—mN(a),D), = —1}.
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Moreover, for [a] € Clk and n € Z, we let
p(n,a]) = #{b C O | N(b) =n, b € [a]}.

If m is a rational number and p is a rational prime which is non-split in k, we define

vp(m
g (ordy(m|D|)), if pis ramified in k.

(m) = {%(ordp(m) +1), if pisinert in k,
Finally, we let o(m) = 1 if ord;(m |D|) > 0 and o(m) = 0, otherwise.

With the same normalization of the map C'p — Spec Oy as in Theorem [2| we obtain the
following result.

Proposition 4. (1) We have Z(m)y = 0 unless |Diff(m)| = 1.

(ii) Assume that Diff(m) = {p}. Then there is a unique prime ideal By | p fized by
complex conjugation, Py = Po. For P =PI, where o0 = o(a) corresponds to the
ideal class of a under the Artin map (-, H/k), we have

Z(m)y = 27y (m)p(m D] /p, [a] %),

We remark that in [GZ85], the authors give an analytic and an algebraic proof of .
The latter is given for prime discriminants only, but does in fact give the valuation of the
function W(z,d) at CM points at primes of the Hilbert class field. This result has later
been generalized by Dorman [Dor8§].

We also remark that Duke and Li [DL12] independently obtained related results for prime
discriminants using different methods. The authors show the existence of preimages of the
theta functions under ¢ with coefficients of the holomorphic part given by logarithms of
algebraic integers together with an action of the Galois group. Based on numerical evidence,
they formulated a conjecture on the prime factorization of these numbers. Theorem [2 and
Proposition (4] provide a proof of this conjecture. We also remark that some of our results,
in particular Theorem [If and a preliminary version of the description of the coefficients of
O} (7, h), were announced in a preprint [EhI12].

Outlook
Following the philosophy of the Kudla program [Kud04], we are led to (formally) form an

—~1
arithmetic generating series with coefficients in CH (Cp) given by

Op(r) =Y Z(m)e(m7)(dm + G—m)- (0.10)

m>0

Here, we completed Z(m) to an arithmetic divisor Z(m) = (Z(m), ®p,y), where ®p,, is
given by the theta lift of a harmonic weak Maaf} form with principal part %q_m(gzﬁm +é_m)-

10
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It is possible to show that the degree generating series ae\g P p(7) is modular. However, this
is a “trivial” result because, in fact, the series vanishes identically! This follows for instance
from Theorem 6.5 of [BY(09]. But this result might nevertheless be seen as evidence for
the modularity of itself.

Proving modularity of the generating series dp might be difficult because the cycles
Z (m) are torsion by Theorem . Therefore, the usual method of passing to the Chow
group with rational coefficients is not an option here. Thus, even though it might be a
very interesting object to study, it is not clear at the moment how to overcome these issues.
We are looking forward to investigate this problem in the future.

There are several other applications and open problems that are closely related to the
presented results that we did not work out at the time of finishing this thesis. An obvious
application would be to consider the values of the theta lift averaged over twisted CM cycles,
by applying an automorphic character of SOy (A) to the CM cycle Z(U). The resulting
cycles would be similar to the twisted Heegner divisors considered in [BO10, [AE13].

Another application, which was in fact the initial motivation to study the value of
Borcherds products at an individual CM point, would be to apply the methods of this
thesis to “twisted Borcherds products” as in [BOI10] and [BYOT7, [ELI10]. This requires,
however, an extension of our results to non-fundamental discriminants, which will be a
future project probably involving further technical difficulties.

11






1 Preliminaries

In this chapter the basic objects that we are concerned with in this thesis are introduced.
The exposition is usually brief and does not include proofs but several references are given.
However, for some facts which, to the best knowledge of the author, cannot be found in
the literature, we will work out a proof.

1.1 Quadratic forms and lattices

We start by recalling some basic notions in the theory of quadratic forms since these will
be ubiquitous in the present thesis. The basic references are the books by Kitaoka [Kit93],
Kneser [Kne02] and Serre [Ser73].

Let R be a ring with unity 1 and let M be a finitely generated R-module.
Definition 1.1.1. A quadratic form is a map @) : M — R such that

(i) Q(rz) =r*Q(z) for all r € R and all z € M,

(i) (x,y) = Q(zr+y) — Q(z) — Q(y) is a bilinear form.

The pair (M, Q) is called a quadratic module over R. If A = k is a field this pair is also
called a quadratic space over k. We will sometimes also write z? for (z,z) = 2Q(x).

If 2 is invertible in R, the second condition implies the first one.

Example 1.1.2. Let r, s be non-negative integers. We denote by R™® the quadratic space
over R given by R"** with the quadratic form

Q) = b ba -ty -t

for x = (z1,...,2,).

Definition 1.1.3. For a submodule N C M of a quadratic module, we write
Nt={zeM | (z,y)=0forally € N}

for the orthogonal complement of N in M. Similarly, for an element x € M, the set 2t is
defined in the same way. We say that a quadratic module is non-degenerate if M+ = {0}.

13



1 Preliminaries

Definition 1.1.4. Let (M,Q) and (M’,Q’) be quadratic modules. An R-linear map
o: M — M'is called an isometry if o is injective and

for all m € M. Two quadratic modules M, M’ are called isometric if there is a bijective
isometry o : M — M.

Definition 1.1.5. The orthogonal group Oy = O of (V, Q) is defined to be the group
of all isometries of V. The special orthogonal group SOy C Oy is the subgroup of all
isometries of determinant one.

For the rest of this section we assume that R = k a field, not of characteristic 2, and we
let (V,Q) be a quadratic space of dimension n = dim V" over k.

Definition 1.1.6. Let (e;);=1.._, be a basis of V. The Gram matriz of @) corresponding
to this basis is the matrix Ag = Ay = (a;;), where a;; = (e;, ;).
For x = %" | x;e;, we have

(x,x) = Z Z ;5.
i=1 j=1
The determinant of V is defined as
det(Q) = det(V) = det((V,Q)) := det(Ag).

The determinant det(Q) is well defined as an element of k* /(k*)? (if it is nonzero).

Proposition 1.1.7. Let (V,Q) be a quadratic space over R. There erist non-negative
integers r, s, such that V is isometric to R™*. The pair (r,s) is uniquely determined by V.

This motivates the following definition.

Definition 1.1.8. The pair (7, s) is called the type of V. The integer r — s is called the
signature of V.. We denote by O(r, s) the orthogonal group of R™*. For a rational quadratic
space V, that is, a quadratic space over Q, the signature and type of V' are defined to be
the corresponding invariants of V' ®q R.

Definition 1.1.9. A lattice is a finitely generated quadratic module (L, Q) over Z. We
call a lattice integral, if the bilinear form (z,y) takes only values in Z for all z,y € L. We
call it even, if the quadratic form is integral valued on L, that is, Q(x) € Z for all = € L.

Definition 1.1.10. For a lattice L we define the dual lattice L' of L as
L''={reL®,Q| (x,y) € Zforall y € L}.

For an integral lattice, the finite abelian group L'/L is called the discriminant group of L.

14
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Lemma 1.1.11. If L is an integral lattice and Ag is the Gram matriz corresponding to a
lattice basis of L, as in Definition[I.1.6, we have

|L'/L| = |det Ap.
Lemma 1.1.12. If L is integral, the bilinear form induces a well-defined map
(,):L'/LxL']L — Q/Z.
If L is even, the quadratic form @ induces a well-defined map
Q:L/L— Q/Z.

Definition 1.1.13. A tuple (A, Q), where A is a finite abelian group and @ : A — Q/Z
is a quadratic form as in Lemma [1.1.12is called a finite quadratic module or discriminant
form.

Definition 1.1.14. Let N be the smallest positive integer, such that NQ(\) € Z for every
A € L'. Then N is called the level of the lattice L.

Definition 1.1.15. We define the orthogonal group of a finite quadratic module O(A, Q)
to be the group of all group homomorphisms ¢ : A — A that preserve the quadratic form. If
A = L'/L and the quadratic form is clear in the context we also write O(A, Q) = O(L'/L).

1.1.1 The Clifford algebra and the spin groups

We briefly recall the definition of the general spin group and the spin group. A good
reference is Kitaoka’s book [Kit93]. All the facts we need are also discussed in Section 2.2
of the article of Bruinier in [BvdGHZ08|, which we follow in parts. Let (V, Q) be a finitely
generated quadratic module over a ring R.

The Clifford algebra Cy of V is an algebra containing V' and R and such that taking the
square v? of a vector v € V' C CYy corresponds to the quadratic form Q(v). It is constructed
as follows. Consider the tensor algebra

T - Qver
m=0
and the two-sided ideal Iy, generated by the set
{vev-QW) | veV}

The Clifford algebra is defined as Cy = Ty /Iy.
We abbreviate vy -+ - v, = v; ® - - - ® v,.. Note that we have by definition

v? = Q(v) and uv + vu = (u,v) (1.1.1)

15



1 Preliminaries

for all u,v € V C Cy.
If V is free and vy, ..., v, is a basis of V', then the elements

v, v, 1<ii<...<i,<nand0<r<n
form a basis of Cy,. The Clifford algebra decomposes into a direct sum
Cy =Cy @ Cy,

where CY, is generated by elements that are a product of an even number of basis vectors
of V. Similarly, C}, is generated by such products of odd length. The subalgebra C? is
called the even Clifford algebra of V. We have the canonical automorphism

J:Cy — Cy,
which is induced by multiplication with —1 on V' and the canonical involution
Oy = Cy, 1@ Qap) =2, % - Q1.
Moreover, the Clifford norm is defined as
N:Cy — Cy, N(z)=2z'z

For v € V| we have N(v) = Q(v).
The Clifford group is defined to be

CGy = {zr € Cy | x invertible and 2V J(x)"* = V}.
Finally, we can define the groups GSpin and Spin as

GSpiny, = CGy ﬂ(]‘(},
Spiny, = {z € GSpin, | N(z) = 1}.

From now on we assume that k = R is a field, not of characteristic 2. We can consider the
groups GSpiny, and Spiny, as affine algebraic groups over k because the Clifford algebra
satisfies a universal property. If A is a k-algebra then the group of A-valued points CGy (A)
of CGy is given by CGy (4.

One has the following exact sequence of algebraic groups:

1 — G,, — GSpin, — SOy — 1. (1.1.2)

Here, G,, denotes the multiplicative (algebraic) group.

In low dimensions, the group GSpin is rather easy to characterize. In particular, if
dim (V') < 4, we have
GSpiny, = {z € C¥ | N(z) € k*}.

16



1.2 The Hilbert class field

1.2 The Hilbert class field

We recall only very briefly some facts from class field theory that we need later, in particular
the Artin map. We refer to [Sil94, Chapter II] or [Shi94] for details. Let k be a totally
imaginary field and let L be a finite abelian extension of k. Write Oy, for the ring of integers
in L. Let p be a prime ideal of k£ that does not ramify in L. There is a unique element
o, € Gal(L/k), such that

op (1) = 2N mod P

for all x € O, and any prime ideal B | p. If ¢ is an integral ideal of k which is divisible by
all primes that ramify in L/k and I(c) is the group of fractional ideals that are relatively
prime to ¢, then the Artin map is defined as

(-,LJk) : I(c) — Gal(L/k),

by extending the map o, linearly.

Now we specialize to the situation which concerns us most in this thesis. We let £ be
an imaginary quadratic field and H be the Hilbert class field of k. This is the maximal
unramified abelian extension of k. It corresponds to the so-called ray class field for ¢ = 1.
By class field theory, we obtain in this case [Sil94, IT, Example 3.3] an isomorphism via the
Artin map

(-, H/k) : Cly — Gal(H/k).

We will use the convention that we write o(a) = o([a]) for ([a], H/k) for the image of the
fractional ideal a under this map.

1.3 Symmetric domains and Shimura varieties

A good reference for this section, giving a few more details, is the article of Bruinier in
[BvdGHZ0§|. Let n > 0 be an integer and let V' be a quadratic space over Q of type (2,n)
with a non-degenerate quadratic form ). We abbreviate H := GSpiny,.

Remark 1.3.1. Our setup is basically the same as in [Kud03|, [Sch09b, BY09]. However,
we warn the reader that we are working with a quadratic space of type (2,n), whereas
Kudla’s setup, which also has been adopted by Bruinier, Yang and Schofer, always uses
type (n,2) quadratic spaces.

Let C C SOy (R) be a maximal compact subgroup of SOy (R). Since V' is a quadratic
space over Q of type (2,n), the quotient SOy (R)/C is a symmetric space with a complex
structure. There are several ways to realize SOy (R)/C. We will briefly describe two of
them that will be used frequently.

17
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1.3.1 The Grassmannian model

Consider the Grassmannian D of oriented two-dimensional positive definite subspaces of
V(R) =V ®gR. That is, we let

D:={zF | 2z C V(R),dimz =2, Q|. > 0}.

Here, for each 2-dimensional positive definite subspace z C V(R), we write z* and 2z~
for z together with one of the two possible choices of orientation. The group H(R) acts
naturally on D and this action is transitive by Witt’s theorem. The Grassmannian has two
connected components and each of them is isomorphic to the symmetric space SOy (R)/C.

1.3.2 The projective model

We extend the bilinear form C-bilinearly to the complex vector space V(C), and define the
projective space

P(V(C)) :=(V(C)\ {0})/C*. (1.3.1)
Then we have that

K:={[Z ¢ P(V(C) | (Z,2)=0, (Z,Z) >0} (1.3.2)

is a complex manifold of dimension n which has two connected components. The group
H(R) acts on K via y[Z] := [yZ] for v € H(R).
We write Z = X +iY € K with X,Y € V(R) for the real and imaginary parts of Z.

Lemma 1.3.2 ([BvdGHZ0§|, Lemma 2.17). The map K — D, [Z] — RX + RY is a real
analytic isomorphism.

Lemma [1.3.2| gives the symmetric domain D a complex structure.

1.3.3 Shimura varieties

We introduce some notation for the rest of this thesis. By a place of a number field k we
mean an equivalence class of valuations of k. They are represented by the prime ideals
(the finite places), the embeddings of k into R (the real archimedean places) and pairs of
complex conjugate embeddings into C (the complex archimedean places). We indicate that
a place p is an archimedean place by writing p | oo and otherwise by p t co. For a place p
of k we let k, denote the completion of k with respect to the valuation v, corresponding to
p. For non-archimedean p, we denote by O, C k, the corresponding valuation ring. We
consider the adeles over k, which is the restricted product

Ay =TT k
b

18
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with respect to O,. That is, the elements of A, are families () with o, € k, and almost
all o, are integral. Addition and multiplication are defined component-wise. The finite
adeles are denoted by
!
Ak7f - H kp.

pfoo

Moreover, we denote by A;" and A/ ; the groups of (finite) ideles over k. These consist
of families (ay) with o, € k* and o, € O, for almost all p. Here, O, = k for p | oo
complex and O = R} for p real.

If £ = Q, we denote by A the adeles over Q and by A the finite adeles.

Let K C H(Ay) be a compact open subgroup. We write Xy for the associated Shimura
variety with complex points

Xk(C) = H@Q\(D x H(Af)/K).
We have the following decomposition of Xy that will be useful later on.
Lemma 1.3.3 ([Mil05, Lemma 5.13]). Let C be a set of representatives for the double coset
space HQ)\H(Ay)/K and let DT be a connected component of D. Then

Xi = | |TW\DY,
heC

where T, is the subgroup hKh™' N H(Q)™ of H(Q)". Here, H(Q)" denotes the connected
component of the identity. If we endow D with its usual topology and H(Ay) with its adelic
topology, this becomes a homeomorphism.

Example 1.3.4. Let N be a positive integer and consider the congruence subgroup
['o(N) C SLo(Z), defined by

FO(N):{(CCL Z) € SLo(Z) | c=0mod N}.

We will describe how to obtain the modular curve Yy(N) := I'o(N)\H. Consider the vector
space V := {x € M(Q) | tr(z) = 0} and define the quadratic form by Q(z) = —N det(z).
The corresponding bilinear form is (z,y) = N tr(zy). The space (V, Q) has signature (2, 1).

The even part of the Clifford algebra is C°(V) = My(Q) and H = GSpin,, = GL,. The
action of v € H on x € V is given by

v.x = fy:cfy’l.

We have isomorphisms HUH — K — D via
. z —z2 z —2z2 o (2 =22
z—x+zyl—>[(1 _Z)}H]Rﬂ?(l _Z>@R\s I
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The action of v € GLy; = GSpiny, is explicitly given by

)G

where vz is the action via linear fractional transformations on H U H. For a prime p, let
K,={(2}) € GLy(Z,) | c € NZ,}
and

K =]] X,
p

Then K is a compact open subgroup of the adelic group H(Ay) and by strong approxima-
tion [Bum97, Theorem 3.3.1], we have

H(A;) = HQ)K and H(A) = HQ)H[R)"K.
Therefore, we obtain from Lemma that
X 2T\DT,

where we choose D = H and I'y is given by I' = H(@Q) N HR)TK = T'o(N). The
isomorphism is explicitly given by

Yo(N) = Xg, To(N)z — H(Q)(2,1)K. (1.3.3)

1.3.4 Heegner divisors

We conclude by describing a natural family of divisors on the Shimura varieties of orthog-
onal type that will play an important role. We also refer to [BY09], [Kud03] and [Kud97].
Let L C V(Q) be an even lattice and let K C H(Ay) be an open compact subgroup such
that KL C L and K acts trivially on L'/L. We will make these assumptions throughout
this section. In this situation, we consider the group

'k =H@Q)NK,

which is an arithmetic subgroup of H(Q).

Let € V(Q) be a vector of negative norm and denote the orthogonal complement
xt C V(Q) by V,. We let H, be the stabilizer of z in H. Then H, = GSpin(V,) and the
Grassmannian

D,={z€D | zLa}CD

defines an analytic set of codimension one in D.
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Let h € H(Ay) and consider
H,(Q\D, x H,(As)/(H,(Af) NhRKh™") — Xk (1.3.4)

given by
(Z, hl) —> (Z, h1h>

The image of this map defines a divisor Z(z, h) on Xy which is rational over Q [Kud97].
For m € Q.o consider the quadric €2, C V given by

Qp,={zeV | Q)=m}.

By Witt’s theorem, if 2,,(Q) # ), the orthogonal group acts transitively and thus for every
zo € Q,,(Q) we have Q,,(Q) = H(Q)xo and Q,,,(Ay) = H(Af)xo. Here,

Qm(Af) = HQm(Qp) N V(Af)
ptoo

and Q,(Q,) = {z € V(Q,) | Q(x) = m}. Moreover, for any compact open subgroup
K C H(Ay), we have Q,,(Af) = KQ,,(Q) (see Lemma 5.1 of [Kud97]).

We let S(V(A)) be the space of Schwartz functions on V(A). That is, the space S(V(R))
is the usual space of Schwartz (rapidly decreasing) functions on V(R) and S(V(Q,)) is the
space of locally constant functions V(Q,) — C with compact support. We consider the
finite dimensional subspace

SV (Ag) =) S(V(Q))

and S(V(A)) = S(V(Af)) ® S(V(R)). ) )
Let L be an even lattice and p € L'/L. We write L = L ®7Z and let ¢, € S(V(Ay)) be
the characteristic function of yu + L for u € L'/L. Here, Z =[] .. Z,. Let

p<oO

S.= P Co. C S(V(Af).

uweL’/L

Definition 1.3.5. For a Schwartz function ¢ € S, write

supp() N (Af) = | | K& o,

where &; € H(Ay). We define the special divisor

Z<m7 ()0) = ng(’fflxo)z<x07fj>'
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For € L'/L, briefly write Z(m, p) :== Z(m, ¢,,).

Lemma 1.3.6 (Proposition 5.4 in [Kud97]). Assume that H(A;) = H(Q)K. Then we

have
Zim,p)= > elx)pr(Dg,1).
z€l K\ (Q)

Here, pr: D x H(Ay) — Xk denotes the natural projection.

In this context, we also let

Ly =Q,NL and Ly, ,, = L,, N (u+ L).

Definition 1.3.7. If L is an even lattice and A € L', we define the content of A to be the
largest positive integer, such that

1

—Ae L

n
We write cont(\) = conty(\) for the content of X\. A vector A\ € L’ is called primitive (with
respect to L), if cont(\) = 1.
Remark 1.3.8. We note that primitivity is a relative condition with respect to the lattice.

With the same assumption as in Lemma |1.3.6] namely H(A;) = H(Q)K, we can also

consider
Ly, ={\N€ Ly, | Ais primitive}.

Then the group 'k acts on ng- Thus, we may consider
Z0%(m, ) = Z pr(D,, 1).
Tr\LD,
Lemma 1.3.9. With the same assumptions as in Lemmal|l.3.0, we have

Z(m,p) = Z Z A (%,V).

n2|lm veL'/L
nv=p

Proof. By Lemma [1.3.6] we know that

Z(m,pu) = Z pr(D,, 1).
AET K\ Lm,
Moreover, we have D, = ID,,, for any n € Q. Therefore, we have to show that

L= || || nLY,.

n?lmveLl’ /L
nv=p
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Let A € Ly 2, with nv = p. Then Q(nA) = n*Q()\) and nA = pmod L. Thus,
n\ € Ly, ,. In the other direction, for A € L,, , we let n = cont()). Then
/ 1 0
N==XN€E Ly n2,,
n 7
for some v € L' /L with nv = p.
Moreover, the union on the right hand side is clearly a disjoint union. ]

1.4 The Weil representation

Let n > 0 be an integer and let V' be a quadratic space over Q of type (2,n) with a
non-degenerate quadratic form Q). We follow [Kud03|] and also refer to [Gel76] for details.

In this section, we let G = SLy, viewed as an algebraic group over Q and denote by Ga
the 2-fold metaplectic cover of G(A). We write Gg for the inverse image of G(R) = SLy(R)

under the covering map G, — G(A). It is often useful to identify Gr with
{(g,gb(T)) | g = <Z Z) € G(R), ¢: H — C holomorphic, ¢*(7) = cr +d} :

endowed with the multiplication (91, 91(7))(92, 92(7)) = (9192, $1(g27)P2(7)). N

Moreover, we let C' = SLy(Z) C G(Ay) and denote by C' the inverse image of C' in G,.
Similarly, we let Coo = SO5(R) C G(R) and denote by Cs, its inverse image in Gp. We let
I' = SLy(Z) and denote by I' = Mp,(Z) the inverse image of I' C G(R) inside Gfp.

Finally, we write Gg = s(G(Q)) for the image under the canonical section s : G(Q) —»
CNJA. With this notation, we have

Gu = GoGzrC
and S(F) = é@ N éRé

For v € T, there are unique v e,y e C such that s(v) = v'+". The map r > C
defined by 7' + «” is a homomorphism. Recall that we denote by S(V(A)) the space
of Schwartz-Bruhat functions on V(A). The homomorphism r - C gives a representa-
tion p of I' on S(V(Ay)) by defining p(7') = wr(y”), where wy is the so-called (finite)
Weil representation, determined by the standard additive character ¢ of A/Q, such that
Voo(®) = e(z) = €2™*. This is referred to as the Weil representation of I'. We will not give
the most general definition of this representation. Instead we will now describe the finite
dimensional subrepresentations we are interested in. For the interested reader, Gelbart
[GelT6] is a good reference.

Let L C V be an even lattice and let ¢ € L'/L. Recall that we write L = L @z Z
and ¢, € S(V(Ay)) for the characteristic function of yu+ L for u € L'/L. Recall that we
consider the space

S.= P Co.C S(V(A). (1.4.1)

uweL'/L
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We write (¢, x) for the standard bilinear pairing between S(V'(A)) and its dual S(V'(A))*.
In particular

<6ng5“, b¢u> =ab 5%1’
for a,b € C and p,v € L'/L, where we identify Sy, with its dual.

Remark 1.4.1. We note that the space S;, can be identified with the group ring C[L’/L]
of the finite abelian group L'/L via ¢, + e, if {¢, | p € L'/L} is the standard basis for
C[L'/L]. In the latter space the corresponding scalar product is conjugate-linear in the
second argument.

The representation p of [ acts on S 1. because Sy, is stable under wy |z. Thus, we obtain

a finite dimensional representation py, : I — Aut Sy. This representation can be described
explicitly as follows. The group I' is generated by

(@D (D) e

For these generators, we have

PL(T)Qbu = e(Q(M))¢M7

_ e(—sgn(V)/8) (1.4.3)
L(S)o, = e(—(u,v))o,.
pL(5)s Do o,

Here, sgn(V') denotes the signature of V', which is equal to 2 — n in our case.

1.5 Automorphic forms

1.5.1 Scalar valued modular forms

We briefly recall the definition of modular forms for I'o(/N). We refer to one of the standard
references for details, for instance [Kob93l, Miy06, [Ono04, [Ste07], to mention just a few.

Let N be a positive integer and consider the congruence subgroup I'g(N) C SLy(Z)
defined by

FO(N):{(CCL Z) € SLo(Z) | ¢=0mod N}.

Similarly, we let
a b
Fl(N):{(c d)GFO(N) |aEdElmodN}.

For an integer k € Z and a matrix v € GL3 (Q), we introduce the Petersson slash operator
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on functions f : H — C, defined by

(F b)) = e+ d)* det(2)* 21 o), where y = (4 1) € GLE (@)

Definition 1.5.1. Let £ € Z and let x be a Dirichlet character modulo N such that
x(=1) = (=1)*. A holomorphic function f : H — C is called a modular form of weight k
and character y for I'o(N) C SLy(Z) if

() (f 1k 7)(7) = x(d)f(7) for all 7 = (i 2) er

(ii) and f is holomorphic at the cusps.
Such a form is called a cusp form if it vanishes at all cusps.

We denote by M (N, x) the space of all modular forms of weight k for I'g(/N) and
character y. Moreover, we denote by My (N) the space of all modular forms for I';(N),
defined in the analogous way. The spaces of cusp forms are denoted Si(N) and Sk (N, x).

We have
Mi(N) = Mg(N,x) and Sp(N) =Y Sp(N,x).

The conditions at the cusps can be phrased in terms of Fourier expansions. An element
f € Mi(N, x) has a Fourier expansion (at the cusp co) of the form

fr) =) agn)q",

2miT

where ¢ = e*™" = e(7). We say that f vanishes at the cusp oo if af(1) = 0. The conditions
at the other cusps are similar.
The spaces of modular forms come equipped with an inner product, the Petersson inner

product. For f, g € Sk(N) it is defined by
(Foem = [ 15t du(r)
I3 (N)\H

and analogously for Si(N, x), denoted by (f, g)r,v). The integral converges in fact abso-
lutely if at least one of the forms is a cusp form. Note that we do not normalize the inner
product with respect to the volume of the fundamental domain. We indicate this, however,
by the subscript.

We denote by S¢4(N) the subspace of S,(N) spanned by all functions f(¢7) with f €
Si(t71N) for some divisor ¢ of N greater than 1. Moreover, let S?*"(N) be the orthogonal
complement of S¢M(N) with respect to the Petersson inner product. The elements of
SpeV(N) are called newforms. We call an element f € SpeV(N) primitive if it is normalized,
that is ay(1) = 1, and a common eigenfunction of all Hecke operators (cf. [Shi76], [AL70]).

25



1 Preliminaries

Lemma 1.5.2 (Lemma 4.6.9 of [Miy06]). If x is a primitive Dirichlet character of con-
ductor N, then SV (N, x) = Sk(N, x).

Lemma 1.5.3 (Theorem 4.6.8 of [Miy06]). Let f € My(N,x) and let | be a positive integer.
Let ¢ be the conductor of x. Assume that ar(n) =0 for all n coprime to l. Then

(i) If (I,N/c) =1, then f(1) = 0.
(i1) If (I, N/c) # 1, then there is an f, € My(N/p,x) for all prime factors p of (I, N/c),
such that
f(r) = Z fo(pT).
pl(,N/c)
If f is a cusp form, then all f,(7) can be taken as cusp forms.

Remark 1.5.4. In particular, if all Fourier coefficients of f € Sp¢“(N,y) with index
coprime to the level NV vanish, then f = 0.

Finally, we recall the definition of the Fricke involution. Consider the matrix

= () ) e

It defines an involution on My (N).

Lemma 1.5.5 (Lemma 1, [Asa76]). Let f € Sp(N,x). Then f |y Wy € Sp(N,x). More-
over, if f € SPV(N, x), then f | Wy € Sp(N, ).

1.5.2 Harmonic weak MaaB forms

We will now define automorphic forms that are no longer required to be holomorphic
functions but eigenfunctions of the Laplace operator in weight k. In contrast to the wave
forms studied by Maaf}, a weak Maafl form is allowed to have linear exponential growth at
the cusps. The main reference for this section is the fundamental article by Bruinier and
Funke [BE04].

Let (V,Q) be a rational quadratic space of type (b™,b7) and let L C V be an even
lattice. Moreover, let k € %Z. For (v, ¢) € T, we define the Petersson slash operator on
functions f : H — Sp by

(f Ik (7,0)) (1) = &(r) " pr((7, )~ F (7).

Definition 1.5.6. A twice continuously differentiable function f : H — S is called a
harmonic weak Maaf$ form (of weight k with respect to I and py) if it satisfies:

(i) f |k y=ffor aHWEf,
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(ii) thereisa C' > 0suchthat f(7) = O(e’) as v — oo (uniformly in u, where 7 = u+iv),

(ili) Agf =0, where

0? 0? 0 0
A= ==+ =— ' — +i—
k v <0u2+av2)+zkzv(au—l—zav)
is the hyperbolic Laplace operator in weight k.

We denote the space of harmonic weak Maafl forms of weight k& with respect to pr, by Hy. 1,
and write M, ,'c ;, for the subspace of weakly holomorphic modular forms. Moreover, we write
Sk.r and My, , for the subspaces of cusp forms and holomorphic modular forms. These
spaces are defined by modifying the analytic conditions appropriately. That is, elements of
Sk C My, C M, ,'C ;, are all assumed to be holomorphic on the upper half-plane. Moreover,
cusp forms are defined to vanish at the cusp, holomorphic modular forms are defined to
be holomorphic at the cusp and weakly holomorphic modular forms are allowed to have at
most a pole at the cusp.

Note that for an even, unimodular lattice we recover the definition for scalar valued
modular forms and harmonic weak Maaf forms (for SLy(Z) in this case).

We write the Fourier expansion of f € Hy 1 as

fO =3 S erlnu o) (L5.1)

pneL’ /L neQ

Since f is harmonic with respect to the weight k Laplace operator, the coefficients
c(n, p,v) satisfy Age(n,p,v) = 0. Computing a basis for the space of solutions to this
differential equation, gives rise to a unique decomposition f = f* + f~.

For k # 1, it is given by

FE =0 ) e ey, (1.5.2)

peL’/L neQ
n>=—oo
FE) =)0 | 0mu ™+ ¢r (n, )W (2mno)g™ | 6, (1.5.3)
pel’ /L neQ

n#0

where W (a) = Wy(a) := [% e t™"dt =T(1 — k, —2a).

The function f7* is called the holomorphic part and f~ the non-holomorphic part of f.
If the form f is clear from the context, we also omit the subscript and simply write ¢t (n, i)
and ¢ (n, u).

For k = 1, the expansion of the non-holomorphic part is slightly different. Namely, the
two linear independent solutions to the differential equation A;¢(0,v) = 0 are given by 1
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and log(v). Therefore, we obtain in this case

f(r) = Z (0, p) log(v +Zcf n, W)W (2rnv)q" | ¢,. (1.5.4)
ueEL'/L ni%

We collect a few more facts that can all be found in [BF04]. We denote by L~ the lattice
given by the Z-module L together with the quadratic form —¢). There is an antilinear
differential operator & = &, : Hy,r, = M,_, - defined by

F(r) = () (T) = vF Ly f(r) = Rop" f(7). (1.5.5)

Here Ly and Ry are the Maafl lowering and raising operators,
0 0
R, = 22’5 + kvt and L, = —2iv? prs
The kernel of ¢ is equal to M, ,L ;, and by [BF04], Corollary 3.8], the sequences

0—> M}, | —Hp —2= M, ——0 (1.5.6)

&k

0 M, , Hyp Sy j.p-—=0 (1.5.7)

are exact.

Lemma 1.5.7. The Fourier expansion of &.(f) € Mé—k,L— for any f € Hy, 1 is given by

- (cfw,muf—1—5k,1>+20f<—n,u><4m>1ke<m>) By

pel’ /L neQ

Definition 1.5.8. The subspace Hj ; C Hy, 1, is defined to be

Hyp={f €Hrr | £(f) € Sk}

Alternatively, we could define this to be the space of f € Hj p, such that there is a

Fourier polynomial
> > eslm pe(m),
peL! /L m<0

with
f=Py(1)=0(1)

as §(7) — oo. The Fourier polynomial P;(7) is also called the principal part of f. Note
that this space was denoted by H,, in [BF04].
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Lemma 1.5.9. If f € Hy 1, then the non-holomorphic part f~ of f decays exponentially
as (1) — oo.

Proof. This follows from the standard growth estimates of the Whittaker functions. ]

We have the following growth estimates for the Fourier coefficients of harmonic weak
Maaf forms.

Lemma 1.5.10. Let f € Hy . Then there is a constant C' > 0 such that

¢t (n,p) = 0V, n = oo,

c;(n,p) = O(ec\/m), n — —oo.
Moreover, for f € Hy 1, we have the stronger estimate
k/?)

c; (n, 1) = O(|n] n — —oo.

We denote by

du N dv
du(7) = —

the SLy(R)-invariant volume form on H.
For f € Sk and g € My, 1, we define the Petersson inner product of f and g as

<ﬁ@=£mmﬁﬂmRBWWm»

We define the usual Dolbeaut operators 9 and 0, such that we have

o(fdr + gd7) = (a%g) dr N\ d7

and 3
o(fdr + gd7) = (Tf> dr A dr.
T

We have d = 9+ 0 for the exterior derivative d : &' — £2, where EF is the space of C'®
differential k-forms.

Lemma 1.5.11. In terms of differential forms, we have

O(fdr) = —v* " &.(f)du(r) = — Ly fdu(T).

Using the Petersson inner product and the operator £, we obtain a bilinear pairing
between g € Ms_j, - and f € Hy 1 via

wjyz@@um%=/’ @&UWWWMﬂ=LHmQ9MﬁWU)(M&

SL2(Z)\H
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Using Lemmas|1.5.11|and[1.5.9] the following result is essentially an application of Stoke’s
theorem.

Lemma 1.5.12. Let f € Hyp, and g € Ms_y, 1. Then

{gaf}: Z Zc—i_(n?ﬂ')b(_nmu)a

neL’/L n<0
which implies that the pairing only depends on the principal part of f (and on g). The exact
sequence (L.5.6) implies that the pairing between Sy_y, 1~ and Hy, /M, | is non-degenerate.

1.56.3 Operations on vector-valued modular forms

In this section we simply write Ay, for the space of Sp-valued functions that are invariant
under the weight k slash operator.

Let M C L be a sublattice of finite index, then if f € A 1, it can be naturally viewed
as an element of Ay ). Indeed, we have the inclusions M C L C L' C M’ and therefore

L/M cC L'/M c M'/M.
We have the natural map L'/M — L'/L, p— [.
Lemma 1.5.13. There are two natural maps
resp vt Awr — Aene,  f e fu

and
tro o : Ay — Ak, g g-

such that for any f € Arr and g € Apm

<f7.§_7L> = <fM7g>

They are given as follows. For y e M'/M and f € Agp,

(f ) . ffu Zf/’LEL//M7
M0, ifpe L'/M.

Forany p € L'/L, and g € Ag i, let u be a fized preimage of fi in L'/M. Then

(gL)ﬂ: Z Jotp-

a€L/M

Proof. See [Sch04, Proposition 6.9] for the map res; ;. The assertion for try/y can be
proved analogously. ]
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1.5.4 Jacobi forms and vector valued modular forms

In this section we recall the notion of a (weakly holomorphic) Jacobi form. We will only
use Jacobi forms of scalar index which have been intensively studied by Eichler and Zagier
[EZ85]. We refer to their book for more details.

Jacobi forms are sometimes convenient for us to use because they have a natural ring
structure and we have an explicit description of the generators of the M:-module of weakly
holomorphic Jacobi forms.

Definition 1.5.14. Let k,m € Z and ¢ : H x C — C be a holomorphic function. Then ¢
is called a holomorphic Jacobi form of weight k and index m if

(1) o7, 55) = (eT + d)fe(mez?/ (et + d))o(r, 2), for all v = (24) € SLy(Z),
(ii) o(1, 2z + 717+ 8) = e(—m(r*t + 2r2))¢(1, 2) for all ;s € Z, and
(iii) ¢(7, z) is holomorphic at the cusp oo.

Note that such a ¢ has a Fourier expansion of the form

p(r,2) = Y eln,r)q"(,

n,rez

where ¢ = €™ and ¢ = ¢*™*. The last condition in the definition means that c(n,r) = 0
if the discriminant 4nm — 72 is negative.

A weakly holomorphic Jacobi form satisfies all the preceding conditions except that we
only require it to be meromorphic at co. This means in terms of the Fourier expansion that
there are only finitely many non-vanishing Fourier coefficients with negative discriminant.
We denote by Jj,,,, for the space of holomorphic Jacobi forms of weight £ and index m and
by J,’mm for the space of weakly holomorphic Jacobi forms of weight £ and index m.

Using the definitions, it is easy to check that

(i) If f € J,Lhml and g € J,!Q,m, then fg € Jliq—f—kg,ml-i—mg'
(ii) If f € My, (SLy(Z)) and ¢ € Jy, ., then fo € Ji o
(ili) If ¢ € J;,,, then ©(7,0) € M.

For r € Z/2mZ we write

n2
97‘(7—7 Z) = § men7
neZ
n=r mod 2m

for the corresponding theta function.

Proposition 1.5.15. Let ¢ € J,ij be a weakly holomorphic Jacobi form. Then (T, 2)
has a theta expansion of the form

@(Tv Z) = Z SOT<T>9T(7_7 Z)

r mod 2m
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Moreover, let L = 7 be the lattice with quadratic form Q(z) = —ma?®. Then

P(7) = Z ©r(T)r

r mod 2m

1s a vector valued modular form contained in M,ifl/ZL. Here, ¢, is the characteristic
function of the coset r + 2mZ. This correspondence establishes an isomorphism

Mk 1/2,L — ka

Proof. For holomorphic Jacobi forms, this is Theorem 5.1 of [EZ85]. It is straightforward
to extend this to weakly holomorphic forms. See also [Zag02 Section 8§]. O

The following lemma will be very convenient for us in Chapter

Lemma 1.5.16. With the same notation as in Proposition let p € J,!cvm be a weakly
holomorphic Jacobi form. We let ©p-(T) be the theta function

@L_(T):Ze(4 > = Y Op ()¢ € My,
nez reZ/2mi
associated with the lattice L—. Then we have
(@(7),0L-(7)) = ¢(7,0).

Proof. This follows directly from Proposition [1.5.15| using

(@(r),0,-(T) = Y @(m)Or-,(1)= Y @(r)b(r,0).

reZ/2mZ reZ/2mi

From the properties stated above, it follows that the bi-graded ring

k,meZ

of weakly holomorphic Jacobi forms of even weight is a module over the graded ring

M, = M(SLy(Z)) = €D M, (SLa(Z

kEZ

(Note that M} (SLy(Z)) = {0} for k odd.)
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Proposition 1.5.17. The M.-module J' . of weakly holomorphic Jacobi forms of even

ev,*

weight 1s free of rank two and generated by

F(r,2) = ¢_01(1,2) = (( =2+ () + (-2 + 8¢ — 12+ 8¢ —2( g +... € J',,,
G(1,2) = ¢o(7,2) = ((+ 104 () + (10¢* — 64¢ + 108 — 64¢™" + 10 )g + ... € Jy;.

Proof. The forms F' and G are in fact so-called weak Jacobi forms. This is the subspace
of J;, where all Fourier coefficients with negative n vanish. It is shown in [EZ85] that
these two forms are the two generators of the free module over M, of weak Jacobi forms of
even weight. The corresponding statement for weakly holomorphic Jacobi forms is directly
obtained by extending M, to M!. Also note that there are no weakly holomorphic modular
forms of odd weight on the full modular group. We also refer to [Zag02] Section 8]. O

1.5.5 Integrality and bounded denominators

As in the theory of scalar valued modular forms, it is a fundamental fact that we have an
integral basis for the space of modular forms.

Theorem 1.5.18. ([McG03, Theorem 5.6]) Each of the spaces My 1, and Sk, has a basis
of modular forms all of whose Fourier expansion have only integer coefficients.

We can use the existence of an integral basis to bound the denominators of weakly
holomorphic modular forms with rational Fourier coefficients, which will become important
later on.

Lemma 1.5.19. Let f € M,!C,L with rational Fourier coefficients. Then the Fourier coeffi-
cients of f have bounded denominators.

Proof. Without loss of generality, we can assume that the principal part of f has integral
Fourier coefficients. Multiplying f by A(7)™ for some large enough m € Z-,, we obtain
that f' = A(7)™f € Migmk. Here A(T) € S12(SLa(Z)) is the unique normalized cusp
form of weight 12 for the full modular group. The space Mg, 1 1 has a basis of forms with
integral Fourier coefficients by Theorem [1.5.18] say hy, ..., hs, and f’ has rational Fourier
coefficients. Therefore, there are aq,...,a, € Q, such that

f/ = i azhl
i=1

Clearly, f" has bounded denominators. We write
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with coefficients a(n) € S, = C[L'/L]. (Note that the coefficients a(n) are vectors here.)
Similarly, write

n€Qx>o
where
c(n) = Z a(n — 1)1, (r)
rel
0<r<n
and

A" (1) = Z Tm(n)e(nt).

Now let Ny € Z such that Nyc(n) € Z[L'/L] is a vector with integral coefficients for all
n € Q. We claim that Nya(n) € Z[L'/L] for all n € Q, as well. Suppose the coefficients
of f do not have bounded denominators. Then there is a minimal ng € Q, such that
a(ng) € Z|L'/L)]. Then, since we assumed that f has an integral principal part, we know
that ng > 0. We have seen that

Noc(ng+1) =Ny > a(ng+1—r)7(r) € Z[L'/L].

rezZ
0<r<ng+1
However, this is equal to

Noc(ng + 1) = Noa(ng) + Z Noa(ng + 1 —r)1,(r),

r€Z
1<r<nop+1

since 7,,(0) = 0. We have that Noa(ng + 1 —r) € Z[L'/L] for r > 1 since ny is minimal.
The left hand side, Noc(ng + 1), is also contained in Z[L'/L] because f’ has bounded
denominators. Thus, we conclude that Noa(ng) € Z[L'/L], as well. This is a contradiction
and consequently, the coefficients of f have bounded denominators. ]

1.5.6 Lifting scalar valued modular forms
Let L be an even lattice of type (2,n), level N and determinant D = |L'/L|. The group
Fo(N) acts on ¢y via the Weil representation py, by a character. It is given by

d

L - n+2
¢ d @Jff((U?D) if d < 0.

nt2
((—U—QD ifd>0,

Suppose that N is square-free. Then 2+n is even and the character is quadratic. Moreover,
this implies that for any f € My 1, the component function f; is a modular form in
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M(N, x1). Conversely, we can lift any f € Mg(N, x.) to a vector-valued modular form
by defining

SL(f) = > (Fleven(y Vo € My, (1.5.9)

€L (N)\ SL2(Z)

This construction preserves any analytic properties we might impose. In particular, the
lift also works for weak Maafl forms and weakly holomorphic modular forms. We also refer
to [BB03], [Bun01], and [Sch1i].

There is also a map that is adjoint to the lift with respect to the Petersson inner product.
It is simply given by the map F' +— [y for F' € My 1.

Proposition 1.5.20. Let f € Sp(N, x1) and let F' € My ;. Then, we have for the Peters-
son inner product

(SL(f)y F) = (fa FO)FO(N)-
Proof. Using the definitions, we obtain

(S.(f). F) = / (S (Fleneelr o FO) e dutr)

vl (N)\ SL2(Z)

/ 3 u e 7) (o, LTV E(D) ok dp()

v€To(N)\ SL2(Z

-z “(77)’“}“(77)@0, Fym))du(r)

"YGF()(N \SL2 Z)

- / Fo(r)dpu(7).

~v€ly N)\ SL2(Z)

The last line is equal to (f, Fo)r,w)- O

1.5.7 Modular forms for orthogonal groups

In this section we define the notion of a modular form for H(Q) = GSpiny (Q). We use
the same notation and setup as in Section (1.3 and write K = {Z € V(C) | [Z] € K} for
the cone above K.

Definition 1.5.21. Let k € Z and let x be a character of H(Q).
A function f: K x H(Af) — C is called a holomorphic modular form of weight k € Z
and level K C H(Ay) for H(Q) if

(i) the function f(z,h) is holomorphic with respect to z (for fixed h € H(Ay)),
(ii) we have f(z,hk) = f(z,h), for all k € K,

(iii) f(cz,h) = c*f(z,h) for all c € C\ {0},
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(iv) f(vz,vh) = x(7)f(z, h) for all v € H(Q),
(v) and f is holomorphic at the boundary.

The variety X is compact if and only if V' is anisotropic over Q. In this case condition ([v)
is empty. If the Witt rank of V' (the rank of a maximal isotropic subspace) is strictly less
than n, then is automatically satisfied (this is the so-called Koecher-principle). This is
always the case when n > 2.

1.6 Algebraic and arithmetic geometry

The basic reference for this section is of course Hartshorne [Har77]. We can also recommend
the book of Liu [Liu02]. We provide this section for the convenience of the reader, but do
not give any details. Let S be a scheme. By a scheme over S or an S-scheme, we mean
a scheme X together with a morphism 7 : X — S. We denote by (Sch/S) the category
of schemes over S. The morphisms in this category are morphisms of S-schemes, that is,
morphisms that are compatible with the given morphisms to S.

Recall that an R-module M is called flat over R if the functor N — M ®z N is an exact
functor for NV in the category of modules over R. A ring homomorphism R — R’ is called
flat if R’ is flat as an R-module.

Definition 1.6.1. A morphism f : X — Y of schemes is called flat if the induced map
f:c : OY,f(a:) — OX,:I)

of stalks is flat as a homomorphism of rings.

Definition 1.6.2. Let f : X — Y be a morphism of schemes. Then f is called étale if it
is smooth of relative dimension 0.

Proposition 1.6.3. Let f : X — Y be a morphism of schemes. The following are equiva-
lent

(i) [ is étale,
(ii) f is flat and unramified,
(iii) f is flat and Qx/y = 0.

Finally, we recall geometric points, étale neighborhoods, and étale local rings. The étale
topology is a Grothendieck topology on a category of schemes. A category together with
a choice Grothendieck topology is called a site. For us it is sufficient to know that an
open covering of an object X in the category (Sch /S) is a collection of étale morphisms
{X; = X} such that U; X; — X is surjective.

Definition 1.6.4. A geometric point of a scheme X is a morphism z : Spec(k) — X,
where k is an algebraically closed field.
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If the unique closed point of Spec(k) maps to the closed point x € X, we say that Z lies
over z. Moreover, we denote the field k also by k(Z).

Geometric points are the “correct” notion of a point for the étale topology.

An étale neighborhood of a geometric point Z : Spec(k) — X is given by an étale
morphism ¢ : U — X and a geometric point @ : Spec(k) — U, such that the following

diagram commutes
2

Spec(k) +— X.

A morphism of étale neighborhoods (U, u) — (V,v) is an X-morphism f : U — V with
v = fou. It is possible to show that the category of étale neighborhoods of a geometric
point is cofiltered and that it makes sense to define the local ring at x for the étale topology
Oxz to be a colimit over étale neighborhoods (U, ) of a fixed geometric point Z over the
sets O(U), where O is the structure sheaf on the étale site of X. We will not go into detail
here, but quote the following lemma [Stal3l, Tag 04HX] that gives an alternative way to
understand this local ring.

Lemma 1.6.5. Let X be a scheme and T be a geometric point of X lying over x € X. Let
Kk = k(x), the field of definition of x and k C kP C k(S) be the separable algebraic closure
of k in k(5). Then there is a canonical identification

(OX,x)Sh = Oxz,

where (OX,I)Sh denotes the strict henselization of the local ring Ox , with respect to K*P.

1.6.1 Elliptic curves

In this section we recall the definition of an elliptic curve over an arbitrary base scheme.
Moreover, we briefly discuss the endomorphism rings of elliptic curves. We refer to Chapter
2 of the book by Katz and Mazur [KMS85] and the two books by Silverman [Sil09) [Si194]
for details.

Definition 1.6.6. Let S be a scheme. A proper smooth curve £ — S with geometrically
connected fibers all of genus one together with a section 0 : S — FE, is called an elliptic
curve.

It is an important fact that an elliptic curve admits a unique structure as a group scheme
[KMS85l Theorem 2.1.2]. The reader might be more familiar with elliptic curves over fields.
In fact, this knowledge will be sufficient (most of the time) for our purposes. However, the
moduli problems that will occur later on, will make use of the more general definition we
gave.

We will later discuss certain “special endomorphisms” of elliptic curves. The following
result classifies the endomorphism rings of elliptic curves over fields. These descriptions
are due to Deuring [Deudl].
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Proposition 1.6.7 (Corollary 9.4, [Sil09]). The endomorphism ring of an elliptic curve
over a field is either Z, an order in an imaginary quadratic field or an order in a quaternion

algebra.
a,b
B=(%°

to denote the quaternion algebra F' & Fa @ F3 @ Faf with o? = a and 3% = b and
aff = —fa. We say that the quaternion algebra B is split over F' if B is isomorphic to
M,(F). Here, Ms(F') is the algebra of 2 x 2-matrices.

For a quaternion algebra B over Q, we say that B is split at a prime p (or co), if B®gQ,
is split over Q,. Otherwise, we say that B is ramified at p (or co). We use the same
convention over other fields.

Let E/k be an elliptic curve over a field k. If the endomorphism ring Endy(F) is given
by an order O C k for an imaginary quadratic field k, then we say that E has complex
multiplication (CM).

A CM elliptic curve over a scheme S is a pair (E,t) consisting of an elliptic curve E/S
and an action ¢ : O — Endg(F) of an order O in an imaginary quadratic field on Endg(F).

If Ends(F) = O C B is an order in a quaternion algebra, then we say that E is
supersingular. Supersingular elliptic curves only occur in positive characteristic (cf. VI,
Theorem 6.1 of [Sil09]).

We will use the notation

1.6.2 Deformation theory

We just briefly mention some notions in deformation theory that we be used in Chapter
We follow the short summary in the preliminary chapter of [DRT73].

Let k£ be a field and let A be a complete Noetherian local ring with residue field k.
Particular examples are A = k and for k perfect and of characteristic p > 0, the ring of
Witt vectors W (k). The latter is the unique complete discrete valuation ring, which is
absolutely unramified (that is it has maximal ideal (p)) with residue field & (cf. II, §5,
Theorem 3 of [Ser79]).

We denote by ART the category of local Artin A-algebras with residue field & and by
ART the category of complete Noetherian local A-algebras with residue field k. A covariant
functor F': ART — (Sets) is called pro-representable if there is an object R € Ob ART
and an isomorphism of functors ART — (Sets)

¢ : Hom(R, A) = F(A).
Such an algebra R is uniquely determined.

1.6.3 Algebraic stacks

In this section we summarize some facts about algebraic stacks. We will work with the
definition introduced by Deligne and Mumford [DMG69] and follow a mixture of the ex-
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position of Vistoli [Vis89l Appendix] and Fantechi [Fan0I]. The most complete reference
is probably the book by Laumon and Moret-Bailly [LMB00] and the original paper by
Deligne and Mumford [DM69].

Roughly speaking, a stack over a scheme S is a functor that assigns a groupoid C(T') to
each scheme T over S which satisfies glueing-conditions with respect to étale coverings. An
algebraic stack additionally admits an étale and surjective covering by a scheme (and also
satisfies other technical conditions). In this thesis we will be concerned with several moduli
problems that are not representable by a scheme. Algebraic stacks provide a generalization
of schemes that adequately represent these moduli problems.

The exact definition of a stack is not necessary to understand the contents of the present
thesis and the reader may prefer to skip this section. We mainly use the fact that the moduli
problems we are dealing with are represented by algebraic stacks as a tool. It allows us to
use the moduli description to obtain geometric results. We provide the definitions in this
section for the sake of completeness. For details, the interested reader may consult the
literature.

Here and throughout, let S be a regular Noetherian scheme.

Definition 1.6.8. A groupoid over S is a category C together with a functor
pc : C'— (Sch /S)
such that:

(i) For every arrow f : X — Y in (Sch/S) and every object n of C' with pa(n) =Y,
there exists an arrow ¢ : & — 1 such that po(¢) = f. We denote this object £ by
.

(ii) f ¢ : € = Cand ¥ : n — ( are arrows in C, and h : pc(§) — pe(n) is such that
pc(¥) o h = po(p), then there is a unique arrow y : £ — 7 such that ¢ o y = ¢ and
pc(x) = h.

For an S-scheme X we denote by C'(X) the category with objects given by all objects &
of C such that po(§) = X and with arrows given by arrows in C' that map to the identity
under pc. The category C(X) is a groupoid, that is, all arrows in C(X) are isomorphisms.

For this reason, a groupoid over S is also called a category fibered in groupoids over

(Sch /S).
Definition 1.6.9. A groupoid C over S is called a stack if
(i) for any X in (Sch /S) and any two objects & and & in C(X), the functor
Isomx (&1,&2) : (Sch /X)) — (Sets),

which associates to a morphism f : Y — X the set of isomorphisms in C'(Y') between
f*& and f*&,, is a sheaf in the étale topology.
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(ii) Let {X; — X} be a covering of X € (Sch/S) in the étale topology, Let & € C(X;),
and let
©ij 1 &G Ixinxx; = &i | Xixx X,

be isomorphisms in C(X; xx X;) satistying the cocycle condition. Then there is a
¢ € C(X) and there are isomorphisms v; : £ |x,— &;, such that

PYij = (%‘

X’LXXXj) © (1/}] XiXXXj)il'
Example 1.6.10. The category (Sch /S) is a stack over S. It is called the stack associated
with the scheme S.

Morphisms of stacks and fiber products of stacks are defined in the usual way without
problems. We refer to [LMBO00] or [DMG9] for details.

Definition 1.6.11. A stack C over S is called representable if it is isomorphic to the stack
associated with a scheme X.

Definition 1.6.12. A morphism of stacks C' — D is called representable if, for every
morphism R — D where R is (the stack associated to) a scheme, the fiber product R x p C
is representable.

Definition 1.6.13. A stack C over S is called algebraic (in the sense of Deligne and
Mumford) if the diagonal A¢ is representable, quasicompact and separated and there exists
an étale and surjective representable morphism U — C', where U is (the stack associated
to) a scheme. Such a morphism U — C'is called an atlas.

Warning. Algebraic stacks are often also called Deligne-Mumford (DM) stacks, in contrast
to Artin stacks for which one essentially replaces the word “étale” by “smooth”. We warn
the reader however that [LMBO00] uses the term “champ algebrique” for what we call an
Artin stack.

A substack Z of a stack C' is a morphism of stacks Z — C that is represented by an
embedding of schemes. It is possible to define many of the notions from the theory of
schemes in this way for algebraic stacks. For instance, a representable morphism has a
property P if every morphism of schemes representing it has property P.

Definition 1.6.14. Let C be an algebraic stack over S. A coarse moduli space for C' is an
S-scheme X together with a proper morphism p : C' — X such that the following holds.

(i) Every S-morphism C' — Y to a scheme Y over S factors uniquely through p.

(ii) If s : Spec(k) — S is a geometric point of S, then p induces a bijection on isomorphism
classes of objects in C(5) with X (3).
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Note that definitions vary a bit but this is essentially the definition used by Deligne and
Rapoport [DR73], except that they consider the more general Artin stacks in which case a
coarse moduli space need only to be an algebraic space, not a scheme.

It is possible to show that algebraic stacks which are locally of finite presentation having
a finite inertia stack always admit a coarse moduli scheme [Con05, [DR73].

An important property of algebraic stacks is that we can define sheaves on the étale site
[DM69, Definition 4.10] of a stack. A prominent example is the coherent sheaf Oc, the
structure sheaf of C', defined by Oc = Oy for any atlas U — X.

If C is a stack that admits a coarse moduli scheme X, we have the following important
property of the local ring at a geometric point [DR73|, p. 30]. We have an isomorphism

Spec(@sc%)/Aut(i’) — Spec(Ox p(z))

for any geometric point = of C. Here Aut(z) = Isomx (Z, ).

1.6.4 Cycles and Chow groups

Let C be an algebraic stack that is separated and of finite type over a regular and noetherian
scheme S. For this section we refer in particular to [How12al.

Let us first recall the definition of the function field of a stack. We can define a rational
function on a stack C' to be a morphism U — A}, where U is a nonempty open substack
of C'. Rational functions on C' then form a field, called the function field of C' and denoted
by k(C).

Definition 1.6.15. A prime cycle on C'is a nonempty integral closed substack of C'. For
k € Zwo we let Z*¥(C') be the free Z-module generated by the codimension k prime cycles
on C. The elements of Z*(C) are called codimension k cycles. Moreover, we define the
group of rational equivalences in codimension k as

RNC) = B k(2)",

where the sum is over all prime cycles Z on C of codimension k — 1 and k(Z) is the field
of rational functions on Z. We also write

R*(C) = P R0

keZ

and similarly

Z*(C) = 6P z¥(0).

If X is a scheme and W is a closed and integral subscheme of codimension k£ — 1, there
is a homomorphism [Ful98, Chapter 1]

div : k(W)* — Z*(X),
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defined by
e [div(f)] = ) ordy(f)V,

Vew
where the sum runs over all prime cycles on W of codimension one and the multiplicity
ordy (f) is the valuation of f in the local ring Oy .

This map extends to stacks ([Vis89], [Gil84]) because there are sheaves Z* and R* on
the étale site of C' such that the map div extends to a morphism of sheaves R* — Z*.
Moreover, we can identify Z* and R* as the global sections of these sheaves and obtain the
morphism k(W) — Z*(C) as above for a stack C' and a prime cycle W on C.

In this thesis we will only need the simplest case, namely codimension one cycles. The
rational equivalences are given by rational functions on C' in this case.

Similar to schemes, we can define the proper pushforward f. : Z*(X) — Z*(Y) and
a flat pullback f*Z*(Y) — Z*(X) for a proper, respectively finite type flat, morphism
f X — Y. This is shown in [Vis89, Proposition 3.7] for algebraic stacks over a field
but the proposition extends to algebraic stacks over a regular Noetherian scheme S (cf.
[How12al).

1.7 Siegel theta functions

As before, let n > 0 be an integer and let V' be a quadratic space over Q of type (2,n)
with a non-degenerate quadratic form ) and we write again H = GSpin, and G = SLs.
For g € Ga, h € H(A) and ¢ € S(V(A)), we can define a theta function

0(g.h,0) = Y (wlg, h)p)(N).

AEV(Q)

Here, g acts through the Weil representation w(g) and h simply acts linearly on S(V'(A)) as
w(h)p(x) = p(h~'z). These two actions commute and we denote w(g)w(h) for simplicity
by w(g,h). We also refer to [Kud03] and the references given there. The theta function
0(g, h, ) is trivially left invariant under the action of H(Q) and left invariant under the
action of é(@ by Poisson summation.

The vector-valued Siegel theta functions briefly mentioned in the introduction are ob-
tained as follows. We let ¢ = ¢ ® oo with ¢ € S(V(Af)) and oo € S(V(R)). At the

real place, we put
9000(’1:’ Z) — G_QW(Q(CCZ)_Q('Z’ZL))

for an element z € .
Moreover, to obtain a function on H, for 7 € H, we let g, € G(R), such that ¢g,i = 7.

We take ) ) )
(1 u V2 0 _(v: uvT:
7 0 1) \o v3) T\

and let g, = (g-,1) € Gr (or rather g, = (gT,v‘i)).
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Remark 1.7.1. Note that L N V(Q) = L. The group H(A;) acts on lattices L C V by
L — hL == ,(V(Q) N h,L,) = V(Q) N hL, where h = (h,) € H(A;) and L, = L @3 Z,,.
Moreover, we have (hL)" = hL' for the dual lattices. Therefore, the action of h induces an
isomorphism of discriminant groups:

L'/L ——— (hL)'/hL
Hz “z
L'/JL——(hL)/hL.
We choose a base point zy € D and for each z € D we let h, € H(R), such that h,zy = z.
Definition 1.7.2 (Siegel theta function). For 7 € H, z € D and hy € H(Ay) we let

9#(7—7'27 hf) = UnT_Qe(gﬂ (hz,hf)v ¢lt & 9000(207 ))
=0 YT e (QA) T+ QL) T).

)\Ehf (,u+L)

Using this, we obtain an Sp-valued theta function

@Tzhf Z@Tzhf

neL'/L

The following theorem can be found (in a slightly more classical language) in [Bor98].
A reference that uses our (adelic) setup is [Kud03].

Theorem 1.7.3. If K C H(Ay) is an open compact subgroup preserving L and acting
trivially on L'/L, then the Siegel theta function ©r(T,z,hy) defines a function on the
Shimura variety Xr. Moreover, as a function on H, it is a non-holomorphic vector-valued
modular form of weight (2 —n)/2, that is, for v = ((2Y),¢(7)) € T', we have

Or(yT, 2, hy) = A7) " pr(7)OL(T, 2, hy).

1.8 Regularized theta lifts

We recall the regularization of Harvey and Moore [HM96] used by Borcherds [Bor9§].
Denote by F := {17 € H;|7| > 1, —1/2 < R(7) < 1/2} the standard fundamental domain
for the action of SLy(Z) and let Fp := {7 € F; (1) < T}. For f € Hyi_, /9,1, we define

reg

Bz h, f) = By (2 b, f) = / (f(7), Or(r, 2 W) du(r),

\H
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where the regularized integral is defined as

reg
s, Btz dutr) = €T i [ (700, 8t et
\H s=0 [T—o0 Fr
Here, CT,—y denotes the constant term in the Laurent expansion at s = 0 of the meromor-
phic continuation of the function in brackets defined by the limit.

Associated with f is the divisor

200 = 3 Y et imp) Zim.p). (18.1)

neL’' /L m<0

Theorem 1.8.1 ([Bor98|, Theorem 13.3, cf. Theorem 1.3 in [Kud03]). Let f € M(!2—n)/2,L

with ¢(m,p) € Z for all m < 0 and c(m,u) € Q for all m € Q. There is a function
U(z,h, f) on D x H(Ay), such that

(1) U (z, h, f) is a meromorphic modular form for H(Q) of weight c£(0,0)/2 and level K,
with some unitary multiplier system of finite order.

(ii) The divisor of W(z, h, f)? on X is given by Z(f).

(iii) We have the identity ®(z, h, f) = —2log||¥(z, h, f)||*—c(0,0)(log(27)+1I"(1)), where
(2, by )2 = [0z, b, £ |00,

The modular form ¥(z, h, f) admits an expansion as an infinite product, giving it the
name Borcherds product. We will only use the product expansion in a special case in
Chapter |p, Therefore, we omit the general case and refer to Theorem 13.3 of [Bor98].

Bruinier extended the space of input functions of the theta lift to harmonic weak Maaf}
forms and this extension will play an important role for us. Recall that a function G(z)
on D has a logarithmic singularity along a divisor D, if every point in D has a small
neighborhood U, such that for any meromorphic function locally defining D, we have that
G —log|g| extends to a smooth function on U.

Theorem 1.8.2 ([Bru02], Theorem 2.12, Theorem 4.7, Theorem 5.5).
Let f € Hi_pj2,r.. Then the following holds.

(i) The function ®(z, h, f) is smooth on Xg\Z(f) and has a logarithmic singularity
along =2Z(f).

(i) The differential dd°®(z, h, f) extends to a smooth (1,1) form on Xy. As a current
on Xy, we have
dd® [®(z, h, )] 4+ dz(5) = [dd°®(2, h, [)].
(iii) We have
n
4
Here, A, denotes the H(R)-invariant Laplacian on D, normalized as in [Bru02].

A (2, h, f) = £¢£(0,0).
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2 Theta series and Shimura varieties for
spaces of type (2,0)

In this chapter we collect some facts about integral positive definite binary quadratic forms
and their theta functions. We will describe a precise relation between the spaces of scalar
and vector valued theta series in this case and give explicit orthogonal bases for both of
them. Throughout this chapter, we let k = kp = Q(v/D) be the imaginary quadratic field
of discriminant D and we write Cly for the ideal class group of k.

2.1 The idele class group of £

Recall our conventions from Section [[.3.3

We let Op C k be the order of discriminant D in k. Since we assume that D is
fundamental, Op is simply the ring of integers in k. We write Ay for the ring of adeles
over k.

Definition 2.1.1. The idele class group of k is defined as the quotient
T = k™ \A.

Here, k* is embedded diagonally into A} and the elements of the subgroup k* are called
principal ideles. We also write
I, = k;X\A,j’ f

for the finite idele class group.

Theorem 2.1.2 (VI. Satz 1.3, [NeuO7]). We have a surjective homomorphism
I = Cly,  (ap)y — Hpvp(a)>
pfoo

inducing an isomorphism ) R
I,/Of = K\A; /Of = Cl,

where OF is the subgroup

oy =1]Jor-

ptoo
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2.2 Genus theory

In this section we recall several facts about the genus theory for imaginary quadratic
extensions of Q. We continue to use the same notation as in the last section. Let ¢ be the
number of prime factors of D.

Definition 2.2.1. The group Cly / C12 is called the group of genera. The coset [a] CIZ is
called the genus of the ideal class [a].

We denote by CIi the group of characters Cly — C* of Cli. For each prime p | D, there
is a quadratic character of Cly, defined by

Xp([a]) = (D, N(a)),,

where (-,-), is the Hilbert symbol. The character is well defined on ideal classes since
(D,N(a)), =1 for all a € k* (in fact, by definition, for all a € k). We write Cly[2] for the
kernel of the map x — 2?2 in the ideal class group, that is, the group of elements of order
dividing 2.

Proposition 2.2.2.

(i) We have a short exact sequence
Tz )
1 — Cl2] — Cly, — CI; — 1.

(ii) The order of Cl / CI2 and Cl[2] is equal to 2t1.

(iii) The dual group (Cly / C12)* C CIf is generated by the characters x, for p | D with a
single relation given by
H Xp = 1.

p|D

(iv) The 2-torsion Clk[2] is generated by the ideal classes [p] for the primes p over primes
p | D ramified in k with a single relation

[Ipl =[Op] =1 € Cl.

p|D

Proof. This can be found in paragraph 12 of [Zag81]. O

2.3 Scalar valued theta functions

A fractional ideal a of k defines an integral binary quadratic form in the following way. If
a is generated as a Z-module by two elements

a= (o, ) =Za+17p,
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then _
Mﬁ tr(aﬁ)x N(B) 5, N(za+yp)
N(a) N@ YT N@? T N

is an integral binary quadratic form of discriminant D. This induces a bijective correspon-
dence between equivalence classes of positive definite integral binary quadratic forms of
discriminant D and the class group Cl of k (if we also restrict to oriented bases). A good
reference for this correspondence is [Zag81].

For an integral ideal a C Op, we can consider the associated theta function

0.(1) = Ze (EEZ; 7') =1+ Zp(n, a)e(nt). (2.3.1)

aca n>1

Qa(xa y) -

Since (), is positive definite, the series converges normally and defines a holomorphic
modular form of weight one. It is contained in Mi(|D|, xp), where xp is the primitive
Dirichlet character of conductor |D| (the Kronecker symbol).

It is easy to see that the representation number p(n,a), and therefore also the theta
function 6,, only depends on the class [a] € Cli of a. Indeed, if n = N(a)/N(a), then
n = N(ba)/N((b)a) for all b € k.

We denote by ©(k) C M(|D],xp) the space generated by all theta functions 6, for
l[a] € Cli. Note that since D is a fundamental discriminant, the theta functions 6, are all
newforms (xp is primitive). The space O(k) has a basis consisting of primitive forms (see
Section for the definition and for instance [Kanll] for a proof).

Let ¢ € CI; be a class group character and define

Oy(r) = - > o(a)ba(r). (2.3.2)
[a]eClk

Here, wy, is the number of roots of unity contained in . B
We let Clz be the set of equivalence classes of Cl; under the relation ¢ — .

Theorem 2.3.1 ([Kanll]).
(i) If v* =1, then 0y is an Eisenstein series.
(ii) If ¥* # 1, then Oy is a primitive cuspidal newform.

(iii) The set )
B(k) = {0y | ¥ € Cl}

is an orthogonal basis for ©(k) with respect to the Petersson inner product.
It is in fact easy to see that we have
Wi _
ba(r) = 7= > X([a])f (7). (2.3.3)

h
k x€Cly
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Definition 2.3.2. Let 2 € Cly, / CI2 be a genus and let a € 2. The Eisenstein series

Ey(7) = hi Z Oup2 (T)

¥ ojec,
is called the (normalized) genus Eisenstein series of 2.

Remark 2.3.3. The fact that Ey(7) is an Eisenstein series is “elementary” in our case. It
is also a special case of the Siegel-Weil formula, as we will see later on.

2.4 The action of GSping(Ay)

In this section, we let U = a ®7 Q for a fractional ideal a of k£ and we view U simply as a
2-dimensional rational quadratic space with quadratic form Q(z) = N(z)/N(a). We write
T = GSpiny instead of H as we will later consider U embedded into a larger quadratic
space V. Recall the short exact sequence of algebraic groups over the rationals

1—G,, —T — SOy — 1.

Over Q we have that Cf, = Q(y/— |det(U)]|), the even part of the Clifford algebra, is
isomorphic to k. The Clifford norm corresponds to the norm N(z) = zz in k. Here,
denotes complex conjugation. Moreover, the group SOy (Q) is isomorphic to

k' ={r ek | N@x) =1}

and T(Q) = k* is the multiplicative group of k.

Under this identification the map T'(Q) — SOy (Q) is given by = +— z/z. This is
essentially Hilbert’s theorem 90 but can also be seen directly by a short calculation using
the definition of the Clifford group. To see this, we consider the orthogonal basis {v; =
N(a),v, = —V/D} of k as a vector space over Q, where D is the discriminant of k. We
have Q(v1) = N(a) and Q(v3) = N(vD)/N(a) = —D/N(a).

The even Clifford algebra C}} is generated (as a Q-algebra) by 1 and § = v;v,. Note that
5% =D.

The group GSpin, is given by all non-zero elements in C%} in our case. By definition, an
element a + bé € GSpiny; acts on x € k = U via

(a+b8)-x-(a+bs)""

where the multiplication is in the Clifford algebra Cy. It is enough to compute this on the
basis vectors vy, v, of k. Using (1.11) it is easy to see that dv;' = —v;'d and we obtain

(a+b8)-v;- (a+b6)"" = (a+bd) - ((a+bd)v;") "' = (a+b6) - (a—b6)""-v;.

The element x = (a + bd) - (a — bd)~! is contained in k. The isomorphism k* = T(Q) is
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explicitly given via a + bv/D — a + bd. Under this identification, the action of z € k* =
GSping; on k is given by multiplication with z/z.

Using this, we see that T'(Ay) = A; s 1s isomorphic to the multiplicative group of ideles
over k. To avoid confusion, in this section we write h.z for the action of h € T'(Ay) on z
and simply hz for multiplication of adeles. Recall that the group T'(Ay) = GSping(Ay)
acts on lattices in U. If h = (h,), € GSpiny(As) and L = LN V(Q) is a lattice in V, then
h.L = (h.L)NV(Q) = [1,(hy-Ly), NU(Q). (See also Section |1.3.4| for the notation.)

In the following, we will examine the action of T'(Af) on lattices in U more closely. It
is important to note that this action is different form the “natural” action on ideals (or
lattices) in k. Recall that this natural action is simply given by the linear action of Q) on
k® Q.

The Q, vector space k®gQ, is an algebra with the multiplication (a®b)(c®d) = ac®bd,
isomorphic to C(Q,). It is also isomorphic [NeuO7, IT, Theorem 8.3] to the product

1% (2.4.1)

plp

where the product is over all prime ideals p of k£ that lie above p.

For our purposes, it is enough to consider a lattice given by a fractional ideal a C k.
Then the action of x € T(Ay) is given as follows.

We write m, € O, for a uniformizer in O,. This means that the only prime ideal in O, is
generated by m, and every element in k, can be written as 7,"u, where m € Z and u € O;’.

p
We can write
a= Hp”p(a) — (ﬂ.;’p(ﬂ))p N k,
p

where we view £ as diagonally embedded into Ay ;.

Lemma 2.4.1. Let h = (hy), € T(Ay). Then we have

h.a = H pvp(a)wp(h),
p

(1) = {0’ A

where
vy(hy) — vs(hp), otherwise.

Proof. For primes p with p = p, that is for inert and ramified primes, the action of 7'(Q,)
does not change the valuation v,. In those cases h, € T(Q,) = k,° acts by multiplication
with h,/h,, where h, denotes the image of h, under the non-trivial Galois automorphism
of the extension k,/Q,.
If the rational prime p however splits in k£ as pOp = pp, the action is necessarily slightly
different. We have
k®Q, =k, x ks = Q3,
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2 Theta series and Shimura varieties for spaces of type (2,0)

as in (2.4.1). The isomorphism is given explicitly as follows. Let ? € Q, with 2* = D.
Such a square-root exists because p is split in k£ and therefore D is a square modulo p.
Then the isomorphism k£ ® Q, = Qg is realized by

(a+bV/D) @ c s ((a+bd)e, (a—bd)e) € Q2

Therefore,
T(Q) = (k@ Q)" =k x ki = Q) x Q.

Using the same arguments as over Q, we see that an element z ® ¢ € T(Q,) acts by multi-
plication with x/z ® 1. Therefore, if z = a + bv/ D, then this corresponds to multiplication

with
a+bd a— bd
a—bd a+bd)’

giving the formula in the lemma. [

In particular, we see that the action of T'(Ay) on lattices in U is really fundamentally
different from multiplication in the class group! We denote the class of h under the sur-
jective map A; ; — Cli in Theorem by [h]. From the formulas above, we see that

the action of T'(Af) on the class [a] of a corresponds to multiplication by the class [h]/[h].
Here, [h] denotes the complex conjugate class of [h]. Note that [A]/[h] = [h]? since in an
imaginary quadratic field the ideal pp is a principal ideal for all prime ideals p C Op. (It
is either generated by p = N(p) or by p*.)

Therefore, the class [h.a] € Cly is given by [h.a] = [h]?*[a], in accordance with the fact
that GSping (Af) acts on lattices in the same genus.

2.5 Vector valued theta functions

In this section, we let (P, Q) be a two-dimensional positive definite even quadratic lattice.
We let U = P ®7Q be the associated rational quadratic space. We will assume that (P, Q)
is given by a fractional ideal in an imaginary number field £ as in the last sections and
only use the letter P to differentiate between the scalar valued and vector valued case. We
have that the dual lattice of P is given by P’ = D,;la, where 0, denotes the different ideal
of k. Recall the definition of the theta function attached to P from Definition and
note that D = {25} is simply a two-point set. Therefore, we also write

Op(1,h) = Op(T, zU, Z Z

BEP' /P Ach(B+P)

for 7 € Hand h € T(Ay) = Af ;. It is easily seen that in our case K := O} preserves P
and acts trivially on P’'/P. Therefore, the theta function ©p(7, h) is well defined on the
Shimura variety

Xi =k \{z} x AF /K = {zp} x Cl.
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2.6 Petersson inner products of cusp forms of weight one

As a function in 7 the theta function ©p(7, h) is a holomorphic, vector valued modular
form contained in M; p for all h. We will now describe the space generated by these theta
functions in more detail.

Definition 2.5.1. We define the space of theta functions
O(P) = (Op(1,h) | h € Cl)c

contained in M; p.

In the definition, we identified Cl; with the quotient I,/ K via Theorem m

Remark 2.5.2. We should warn the reader that if P = a C k is a fractional ideal, the theta
function ©p (7, h) is in general not equal to the vector-valued theta function corresponding
to (h)?a, if (h) denotes the ideal corresponding to h (defined as in Theorem [2.1.2). This
is due to the fact that T'(Ay) also acts on the components via automorphisms, see also

Remark and Definition
Definition 2.5.3. Let ¢ € CL;. We let

®P<T7¢): Z 77b(h>@P<7—7h)

hely, /K

An easy calculation shows that the 0-th component of ©p(7,1)) is given by

Op(1, )0 = > ¥(0)fap2(T) = wi Y X(@)6y(7).
X2=¢

beCly

The first equality is clear. For the second one, we find using Equation (2.3.3)) that

> v(O)e = 7 D v(b) Y- x(ab’)oy = 7 3 x(a) (Z w<b>x2<b>> X
x€Cly

beCly, F peql, X€Cl; beCl,

The inner sum in the last line is equal to 0 unless x? = % in which case it is equal to hy.
In the next section, we will show that, in analogy with the scalar valued case, the
functions ©p(7,v) and ©p(7, x) are orthogonal if x # ¢ and x # 9.

2.6 Petersson inner products of cusp forms of weight one

In this section we obtain an explicit expression for the Petersson inner products of the
cusp forms contained in ©(P). We will utilize a seesaw identity that relates these inner
products to special values of the Borcherds lift for O(2,2). For more details on seesaw
identities, we also refer to Section and Kudla’s seminal paper [Kud84].

Suppose that we are given a lattice P of signature (2,0) that corresponds to the inte-
gral binary quadratic form [A, B, C|] of negative fundamental discriminant D = 1 mod 4.
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2 Theta series and Shimura varieties for spaces of type (2,0)

Equivalently, P corresponds to a fractional ideal a C Op generated by A and (B++/D)/2.
Here, Op C k is the ring of integers in k& = Q(v/D).

The lattice P& P~ has type (2,2) and level |D|. Recall that we write P~ for the lattice
given by P together with the negative of the quadratic form. The discriminant group has
order D?. We take a Z-basis {p1,p2} of P with Q(p;) = A, Q(p2) = C and bilinear form
(p1,p2) = B. We use the same basis for P~. The starting point is the following embedding.

Consider the even unimodular lattice L = My(Z) with the quadratic form given by
Q(X) = —det(X). The bilinear form is

(X,Y) = —tr(XY*), where (Z Z) _ <d —b)

—C a

and the type of L is (2,2).

Recall our basic setup from Section [1.3, The symmetric domain D attached to H =
GSpin,, can be identified with H? UH? in this case via

(21,2) — RR (Zf _W?) o RS (zll _lez) . (2.6.1)

—Z22 —Z2

Lemma 2.6.1. Under this identification, the group H = GSpiny, for V.= L ® Q can be
tdentified with the subgroup G of GLg X GLo defined by

G == {(gl,gg> S GL2 X GL2 | det g1 = det 92},

which acts on D via fractional linear transformations in both components. The correspond-
ing action of (g1,92) € H on x € My(Q) is given by

(91, 92)~$ = 919592_1~

Proof. Consider the orthogonal basis

(1 O0\_, (10 O (0 1
el )T o —1) 2T\ o) BT \=1 0)

According to Example 2.10 in the second contribution to [BvdGHZ0§|, we have that the
center Z(CY) of the even Clifford algebra is given by Q & Q and

C‘O/ =7 + Zvva + Z’UQUg + ZUl’Ug.
We obtain an isomorphism
Cy = My(Q) & Ma(Q)
via

1 (IQ,IQ), Vv > (UiU;,UiUJ>.
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2.6 Petersson inner products of cusp forms of weight one

Under this isomorphism, the canonical involution of Cy, corresponds to
(A, B) — (A", B")
and the Clifford norm is given by
N(A, B) = (det(A) I, det(B)13).

Therefore, N(A, B) € Q* is equivalent to A, B € GLy(Q) with det(A) = det(B).
Finally, we check that under the identification (2.6.1)), the action of H corresponds to
fractional linear transformations. We have

_ (o b () e i
(Av[Q)'Z_ (C d) (1 — > = (Czl +d) ( 11 ~ .

Therefore, under the isomorphism in Lemma [1.3.2) the class of (A, I5).Z maps to the
subspace defining the point (g;lj:s,zQ) The action of an element of the form (I3, A) is
analogous. [

A

We let K = H(Z), that is
K = H(Z) = {(91,92) € GLy(Z) x GLy(Z) | det gy = det g € Z}.

It is clear that K preserves L. By strong approximation and Lemma [1.3.3] the associated
Shimura variety Xg is a product of two modular curves

Xk =H(Q)\D x H(Ay)/K = SLy(Z)\H x SLy(Z)\H.
It turns out that the additive Borcherds lift of the constant function is equal to

Pp(z1,22,1) = —4log |(y1y2)1/477(21)?7(z2)} +c (2.6.2)

as a function on H? for a constant ¢ € C. We refer to Section 5.1 of the thesis of Hofmann
[Hof11] for details.

Recall that given an ideal b of k& which corresponds to the binary quadratic form [a, b, ],
there is a CM point given by the unique root of the polynomial ar? + br + ¢ that lies in H.
We write 7(b) € H for this point throughout this chapter. The point ((a),7(Op)) € H?
is explicitly given by

(7(a), 7(0b)) = (B VP B *2@) 3:3

It corresponds to two rational points 25 € . For simplicity, we drop the sign + indicating
the orientation from our notation in this section.
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2 Theta series and Shimura varieties for spaces of type (2,0)

A basis of U = zp N V(Q) is given by

— B2-D
Qf: & Qfs, with f1=(01 i) and f, — (g i )

Indeed, we have

2

)

B _B*4D LA _%
f2:(2A 4A)_B(2 2)_
1 -z 0 —3

In fact, with this choice of basis, we get an isometry of even lattices.

B _ B2+D 1l _B
ZP—]R(ziA a4 >@Rv/|D] (2(? 2A>'

We obtain f; and f, as

and

Lemma 2.6.2. We have an isometry of lattices (P, Q) = Zf, & Zfs C L given by
p1—= fi, p2> S
or, equivalently of (a,N(z)/N(a)) = (P, Q) given by

B++vVD
—2 —

Moreover, we have for U = Qf, & Qfs that LNU = Zf, ® Zfy and

(10 0 =P
LNU —Z<O A)@Z(_l i

A= fi, o

18 1sometric to P~.

Proof. Tt is trivial to check that Q(f;) = A, Q(f2) = (B> — D)/4A and (fy, f2) = B.

Similarly, the matrices
- (10 (0 D
fl - (0 A) ) f2 - (_1 B

satisfy Q(f1) = —A, Q(fy) = —(B* — D)/4A and (f1, fo) = —B. Moreover, f, and f, are
both orthogonal to fl and fQ.

As for the equalities LNU = Zf, ® Zf, and LNUL = Zf, ® Zf,, the inclusions “C” are
clear and the other direction is easy to see because any non-integral linear combination of
these vectors has a non-integral entry. ]

The lemma provides an embedding of P & P~ into L as an orthogonal sum. We write
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2.6 Petersson inner products of cusp forms of weight one

T = GSpiny and identify it with £* as an algebraic group over Q, as before. We now come
to the corresponding embedding on the level of orthogonal groups.

Lemma 2.6.3. The group T'= GSpin;; embeds into G via
1 (IQ, ]2) ,

where Iy € GLy is the identity matriz and

B D=B B D-=B?
= 2A — 2
VD — (X,Y), where X (ZA —B) and'Y (2 5
Similarly, the image of T~ = GSping. is given by
VD — (X,Y").

Proof. This can easily be seen by determining the stabilizer of the point zp as given above
on H2 We also refer to Section 4.4 in [Shi94]. Proposition 4.6, ibid., tells us that if C/A
is an elliptic curve with complex multiplication, A = Z + Z7, then there is an embedding
q of k into M5(Q), such that

¢ (k) ={A € GLJ (Q) | AT =1}.

There are exactly two embeddings with this property for a given point 7. One of them has

the property
() T\ T
The other one, denoted ¢, satisfies the same property with 7 replaced by 7, that is,
. TN (T
It is easy to check that ¢, (VD) = X and ¢,(0,)(VD) =Y as well as q:(oD)(\/ﬁ) =Y.

Using these formulas, we see that the correct embedding in our case is given by (A, u) —
(qT(a)(A)QT(a) (M)a qT(OD)()\>q:(OD)(/J“)) for >\a JIAS k. O

Similar to the proof of Theorem 6.31 in [Shi94], we have a commutative diagram

where ¢, (z1,x2) = (21, x2) <I> and the vertical arrow on the right is given by multipli-

95



2 Theta series and Shimura varieties for spaces of type (2,0)

cation with . The map ¢, extends to A and ¢-(Ay) C GLy(Ay) acts on lattices in
Q?. Similarly, we have the linear action given by an idele on the right and these actions
commute with the map ¢, in the same way. We let a, = Z7+7Z and ¢, (h) = vk for h € Alj,f
and with v € H(Q) and k € K. There is an element p € k*, such that

()G

hlar = (Z%(h) ") = (2% ) = paw,

Therefore, we have

where w = 717,
This shows that for g € T(As) and h € T~ (Ay), we have

H(Q)((r(a), 7(Op)), (9, W) K = H(Q)((r((gh) "), 7((g~"h))), (1, 1) K.

Here, we used the notation (k) for the ideal corresponding to h and (h)a means multipli-

cation of fractional ideals (and not the action of GSpin; on lattices in U). Note that we
have Kr:= K NT(Ay) = O}

Proposition 2.6.4. Let g,h € T(Ay) = A[; and write 7(c) = u(c) + iv(c) for ¢ € Cly.
We write 7 = 7((hg)ta) = u1 + iv1 and 75 = 7((gh™')) = uy + ivy and obtain

Op(Op(7,9),h) = —4log !(v102)1/417(71)77(72)‘ +c,

where ¢ = —log(2m) — I'(1).

Proof. The proposition essentially follows from the identity

—4log |(0102)1/477(71)77(T2)\ +c=2L((zp, (h,9)),1),

which follows from (12.6.2)) and our considerations above. We use the maps resy,/pep-) and
trr/(pop-) defined in Lemma [1.5.13, Note that the Siegel theta function satisfies

@PEBP* (T7 (h7 g)) = GP(T’ h) ® Op- (Ta g)

and O% = Or. Moreover, according to Lemma [1.5.13] we have that

PP~

(f(7),©L(7,2p, (R, 9))) = (fPopr-(7), Op(T. h) ® Op-(T,9))
= <fPEBP* (7—)7 Op- (7_7 h) ® GP(Tv g))

With the embeddings defined above, we consider P @& P~ as a sublattice of L. Then we
have PG P~ C L=L C P'@® (P~) and

L/(P®P)cP/Po(P)/P =P /Pa&P/P
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2.6 Petersson inner products of cusp forms of weight one

By definition (Lemma|1.5.13), we have for the constant function 1 = 1¢g,;, that

lpgp- = Z Pus

nel/(POP™)

where p € L/(P® P~) C P'/P® P'/P. We write p = x4+ y with z,y € P’. Then
u=x+y € Lisimplies that Q(u) = Q(z) — Q(y) € Z. Therefore, since |P'/P| = |D| is
square-free, we have r = y mod P or z = —y mod P.

Using our embeddings defined above, it is not hard to see that we necessarily have
x =y mod P. This means that

lpep- = Z Pp+p @ Ppyp--

BeP! /P

Thus, we have for the theta lift of the constant function 1 that

reg

O ((zp, (h,9)),1) = /S (1pgp—, Op-(7,h) @ Op(7, 9))dpu(7)

Lo(Z)\H

— /S h (©p(7,9),0p(T, h))vdu(T)

Lo (Z)\H
:CDP(@P(T,Q),}Z). o

The identity in the proof is a very simple kind of seesaw identity and gives us a way
to evaluate the Petersson inner product of the weight one cusp forms coming from theta
functions. We will see another instance of a seesaw identity in Chapter [f]

If b € Cl, then we write 7(b) = w(b) + iv(b) for u(b),v(b) € R. We can now find a
rather explicit expression for the Petersson inner products of vector valued theta functions

in ©(P) using Proposition [2.6.4]

Proposition 2.6.5. For x,v¢ € CIi, not both trivial, we have for the Petersson inner
product that

<®P(T7w>7@P(7—7 X)) =0
unless = x or = x. If? # 1 and v = X, we obtain

(©p(7,1),0p(T, 1)) )l » _ 1(b)log |v(b)n*((b))]

beCly

and if ? # 1 but ¥ = x, we have

(©p(7,4),0p(1,9)) = —hi > _ ¥(b)log [v(b)n*(r(b))].

beCly

If v = x and ¥? = x? = 1, the result is the sum of these two expressions.
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2 Theta series and Shimura varieties for spaces of type (2,0)

Proof. Let us abbreviate
HOEIORIGO)
for any fractional ideal (class) b C k. We have by definition and Proposition that

(®P(77¢)7@P(7—7 X)) = Z w(g)i(h)q)P(@P@—v g)7h>

h.geT(Ay)/Kr

=—4 > y(gx(h)log|f((hg) @) f(r((h"9)))]

because for non-trivial characters the constant ¢ does not contribute to the sum by orthog-
onality of characters. We split the sum above into

> w(g)x(h)log | f((hg)™ \+Z¢ X(h)log | f((h™"g))]
g,h

=Y e(9)x(9) Y x(h)log |f(ha)| +> (g Zx )log | f(h

h g

hie 225 x () log [f((R)a)|, if ¥ =X,
=9 e 2o, x(M)log|f(h)], it =X,
0, otherwise,

as long as we do not have y = 1) = v, in which case we get the sum of the two terms. For
the first sum, we obtain

Zx Jog |f((a)| =Y x(h)log|o((R)a)/*n(r((h)a))]
= X(a) Y x(h)log[o((h))"*n(r((h)))] 0

We can now state the following theorem, which is an analog of Theorem for vector
valued theta functions. We choose a set of representatives of Cli modulo the relation
x — X and denote this set by CI,.

Theorem 2.6.6.
(i) If v =1, then Op(7,v¢) = Ep(T) is an Fisenstein series, spanning space Eis; p.
(i1) If v # 1, then Op(7,v) is a cusp form.

(iii) The set )
B(P) ={0p(r,¥) | ¢ € Cl}

is an orthogonal basis for ©(P).
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2.7 Liftings of newforms in the case of square-free level

(iv) The dimension of the space O(P) is equal to

hy, + 201
dim O(P) = %
where hy is the class number of k and t is the number of distinct prime divisors of

D, the discriminant of k.

Proof. That Ep(7) as defined above is really an Eisenstein series follows from the Siegel-
Weil formula (see Theorem and Lemma [3.3.3)). The Eisenstein series correspond to
isotropic vectors in the discriminant group P’/P and we assumed that |P'/P| = |D]| is
square-free, which implies (i).

That Op(7,1) is a cusp form for non-trivial v is clear.

To see that B(P) is a basis of ©(P), first note that Proposition implies that the
set B(P) is linear independent. Moreover, if 92 # 1 the Proposition also implies

(&(G)GP(T, w> - @P<7—7 12)7 f(T)) =0

for all f € O(P). Therefore, 1)(a)Op(7,1) —Op(T,9) € O(P)NO(P)*, where O(P)~ is the
orthogonal complement of ©(P) with respect to the Petersson inner product. Consequently,
@P<7-7 1/)) = 1/)(&)@13(7', 77/})

Finally, let A be the set of elements = € Cly, such that Z = z and let B = Cl; \ A. Then
|B(P)| = |A|+|B| /2. Moreover, |A| = 2= by Proposition[2.2.2]and |B| = hy —2~! which

implies the assertion. O

Remark 2.6.7. Note that the set B(P) does depend on the choice of representatives, but
only up to scalar factors.

2.7 Liftings of newforms in the case of square-free level

In this section we will show some general properties of liftings of scalar valued modular
forms to vector valued modular forms in the case of square-free level. We will apply these
results to relate scalar valued theta series to vector valued ones. This lifting has been used
by Bundschuh in his thesis [Bun01], by Bruinier and Bundschuh [BB03] and has been quite
intensively studied by Scheithauer [Sch1l].

Let L be an even lattice with quadratic form () and square-free level N and let x be
the associated Dirichlet character. Recall the operator Sy, defined in section [L.5.6]

Following Bundschuh [Bun0O1], we define a subspace of the newforms in Si(N, xz). Let
A = L'/L and for a prime p denote by A, the p-component of A. Moreover, write x, =
le ~ XLp as a product of characters modulo p for p | N. For each prime p; dividing
N =p;...p,, we define a an element ¢; € {0,1,—1}.
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2 Theta series and Shimura varieties for spaces of type (2,0)

Definition 2.7.1. If dimg, A, > 2 or p; = 2, we define ¢; = 0. If dimp, Ay, =1, p; # 2
and NQ | A, represents the squares modulo p;, we define ; = 1. Otherwise, we define
g; = —1. Using these signs, we let

S (Nyxr) = {f € SE™(N, x1) | Xpp;(n) = —¢; for some ¢ implies ¢f(n) = 0}.

Remark 2.7.2. Note that we have

Snew( 7XL) _ @ 5«21 ..... 2
(e1reer) {1}
We refer to the thesis of Bundschuh [Bun01, Satz 4.3.4] for details.

Theorem 2.7.3. Let L be an even lattice of square-free level N and f € S (N, x1).
Assume that dimp,, A, =1 or dimg,, A, > 2 even for all odd p;. If we write S.(f) =

> perr/r Fudp, then we have
N

Sy

Here, v = #{u € L'/L | NQ(n) = mmod N} for any m € Z with (m,N) = 1 is
independent of m.

Proof. We follow the proof of Satz 4.3.9 in [BunO1]. Let

= Z a(n)e(nt

be the Fourier expansion of f (at the cusp co) and let

Fy =

fle Wy = ZaN(n)e(m‘).

Let p € L'/L with (NQ(u), N) = 1. In this case it is not hard to see that

N'Fk/2¢(sgn(L)/8)
1L/ L 2

F,(r) = ay(n)e (%T) . (2.7.1)

n=NQ(u) mod N

This follows from Theorem 4.2.8 in [Bun01] and can also be deduced from explicit formulas
for the Weil representation [Sch09al, [Str13]. We obtain

Fo s Wy = NH2(E, |, §)(N7) = N2 S8D/8) 5~y

VT
Z > an(n)e(nr +Zb e(Nnr), (2.7.2)

OiueL’/L n=NQ(p) mod N
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with certain coefficients b(n). By the assumptions of the theorem on the dimension of A,
over I, for p | N, we have that the representation number

v(m) =H{peL'/L | NQ(1) =m mod N}|

is in fact equal for all m # 0 with v(m) # 0 (cf. [Kne02, Section 13]). Therefore, if we put
v =v(m) for any m € Z with (m, N) =1 and v(m) # 0, the last expression simplifies to

N
Fo s Wy = 77 E an(n)e (nt) + E b(n)e(nt), (2.7.3)
o ~
(n,N)>1

Here, we used the assumption that f € S;'7*"(N,xz). Therefore, we can express the
difference to f |, Wiy as

Fole Wy — ——uf Wy = 3 c(n)e(nr)

n>1
(n,N)>1

N
[L/L|

for some complex numbers c¢(n). However, we also know that Fjy and Fy |, Wy are newforms
by Lemma [I.5.5 and thus this difference vanishes by Remark [1.5.4 Consequently, we also

have
N

Fo=—u.f
=1/

]

The group O(L'/L) acts on vector-valued modular forms by permuting the basis vec-
tors ¢,. That is, 0 € O(L'/L) acts via ¢, — ¢o(,). Using this action, we define the
symmetrization of a modular form f € M, ;, as

=) =) > fulr
ceO(L'/L) peL’ /L oeO(L!/L)

This function is clearly invariant under the action of O(L’/L). We write M;"/" for the
subspace of My, that is invariant under O(L//L). The map

My, — MR, f o f

is obviously surjective.
The following proposition can be found in Propositions 5.1 and 5.3 of [Schll].

Proposition 2.7.4. Let L be an even lattice of square-free level N. Then the orthogonal
group O(L'/L) acts transitively on all elements of the same norm and order in L'/L.
Moreover, if F'€ M'[" and Fy = 0, then F' = 0.
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2.8 Liftings of scalar valued theta functions

As before, let D < 0 be an odd fundamental discriminant and let & = Q(v/D) be the
imaginary quadratic field of discriminant D. We write Op for the ring of integers in k and
Clk for the ideal class group of k. We assume that D is odd.

Definition 2.8.1. We define the subspace of symmetric theta functions as
O™ (P) = (©%™(1,h) | h € I,/O} = Cl)c C O(P).
In the definition, we identified Cly again with I/ @E via Theorem .

N(z)
’ N(a)

Proposition 2.8.2. Let a C Op be an ideal and let (P, Q) = (a ) be the corresponding

even quadratic lattice. For h € Ik/@f) corresponding to the ideal class of b C Op, we have
Sp(@abQ)(T) = @?]m@', h)

Proof. Note that in our case the level N is equal to |D|, the order of the discriminant
group. Moreover, for p | D, the Fy-rank of A, is equal to one. That means the “signs”
€1,...,¢6, where t is the number of prime divisors of D in Definition are all nonzero.
We first show that the 0-th components of Sp(f4p2)(7) and ©3™ (7, h) agree and then
the claim follows from Proposition [2.7.4]
We write
Oupz = EQ((T) + Gap2 <T>

for a cusp form gup2(7) € S1(|D|, xp). Then, it is not hard to see that in fact

ga2(7) € S(ID|, xp)T

for e1,...,¢, as in Definition for the lattice P. Indeed, we write xp = xp = szl Xp?>

where . .
p . -
Xp+ (1) (n) with p (p )p

for a prime divisor p of D. Then x,:(n) = —¢; implies that the coefficient of index n of
Oap> and of Ey vanish because the characters y,:(n) are the basis of the genus characters
(see Section [2.2).
Moreover, the normalized Eisenstein series Ey € Mi(|D|, xp), where 2 is the genus of
a, lifts to
S L(EQ[) =vE pP.

Proposition [1.5.20] shows that the lift of an Eisenstein series is again an Eisenstein series.
Since the Eisenstein subspace of M; p is one-dimensional, the lift of it has to be a multiple
of Ep. The correct multiple can be read off from ([2.7.1)) and (2.7.2)) in the proof of Theorem
273
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2.8 Liftings of scalar valued theta functions

Note that under the assumptions of the Proposition, we have v = |O(L'/L)| = 2!~! by
Proposition 2.7.4] Thus, by Theorem the 0-th component of

Op"(7,h) = Sp(bue2)(7)
vanishes. Then the lemma follows from Proposition [2.7.4] since 3™ (7) and Sp(fup2)(7)
are invariant under O(P'/P). O

Remark 2.8.3. It follows from Proposition that the space ©%™(P) is the space
spanned by the lifts Sp(f4p2) of the scalar valued theta functions €2 in the genus of
a. This establishes an isomorphism between O3™ and the space of scalar valued theta
functions in the genus of a.

Proposition 2.8.4. Let C = CI; be the group of class group characters. Then the set
BY™(P) = {0%™(1,¢) | ¥ € C?}

spans O™ (P) C My p. The elements of BY™(P) are permuted by the action of Aut(C).

Moreover, (©3™(1,1),03™ (1, x)) = 0 unless v = x or ¢ =X.

Proof. Using Proposition [2.8.2) we see that ©3™(7,1)) is in fact equal to the lift of

W Z X(a)0y.
X2=1

Moreover, we have the relation 1(a)Op(7,1) = Op(T,9) = Op(1, ).

The orthogonality and the action of Aut(C) follows from these relations together with
Proposition [1.5.20] Alternatively, it also follows from Proposition [2.6.6], which also implies
that this set spans ©%™(P). O

Corollary 2.8.5. Let C? be a set of representatives of C* modulo the relation x + . Then
the set

{OF"(r¢) [ ¥ eC?}
is an orthogonal basis of ©%™(P).

Corollary 2.8.6. Let ¢ € Cli, ¢ # 1. We have

wi > (14 X(@) (Ox(7), (7)) = (OF™(7,4), OF™ (7,7)).
xX2=1

Proof. We expand the right hand side and obtain

(OF™(r, 1), OF™(r,¥) = wi( ) X(a)6(7), D A@)ba(r))

2—q) 2=
= wi Y (14X (@) (0(7), 0 (7). 2
2=y
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2 Theta series and Shimura varieties for spaces of type (2,0)

Corollary 2.8.7. Suppose that D = —p is a prime discriminant. Let x € CL; with x # 1
and write again 7(a) = u(a) + iv(a). Then we have

(0x(7), (7)) = —% X (@) log [v(a)n*(r(a))].

Proof. We use Corollary with P & Op for D = —p together with Theorem [2.6.6
Moreover, we have to use the fact that for prime discriminants, the class number is odd
and therefore, the sum in Corollary reduces to a single term. O
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3 CM cycles and CM values of
regularized theta lifts

In this chapter we fix a rational quadratic space (V, @) of type (2,n). Recall that we write
H = GSpiny,. We fix a compact open subgroup K of H(A;) and consider the Shimura
variety X as in Section [1.3.3] Its complex points are given by

Xk (C) = HQN\(D x H(Af)/K).

The type of CM cycles we consider are given as follows. Let U C V be a 2-dimensional,
positive definite rational subspace. This determines a two-point subset {z(j][} C D given
by U(R) with the two possible choices of orientation. Denote by V. = UL C V the n-
dimensional negative definite orthogonal complement of U over Q. Then we have a rational
splitting

V=UaV.. (3.0.1)

We obtain a cycle Z(U)x C Xk, which is called the CM cycle in X corresponding to U.
It is obtained by embedding a Shimura variety associated with U into Xy, which is given
as follows. Put 7" = GSping;, which we view as a subgroup of H acting trivially on V_. The
group Kr = K NT(Ay) is a compact open subgroup of T'(Af). We obtain a generically
injective map

Z(U)x = T(Q\({z5} x T(Ag)/Kr) = X (3.0.2)
Here, each point is counted with multiplicity ﬁ, where we let wgr = [(T(Q) N K7)|. If

the choice of K is clear from the context, we will abbreviate Z(U) = Z(U)x. The following
lemma follows directly from Theorem and our explications in Section

Lemma 3.0.8. Suppose that U is isomorphic as a rational quadratic space to an imaginary

quadratic field k and let O C k be its ring of integers. If Kr = @,j, then Z(U) is
isomorphic to two copies of the ideal class group Cly of k, that is, Z(U) = Cl, x{z}.

3.1 The value of the theta lift at a CM cycle

Let L C V be an even lattice. In the following sections, we study the value of the theta
liftt ®(z,h, f) = Pr(z,h, f) at a CM point (z,h) € Z(U), as well as the average value

®(Z(U), f).
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3 CM cycles and CM values of regularized theta lifts

The latter is defined to be the weighted sum

O(Z(U), f) = 2 > ®(z, h, ). (3.1.1)

w
KT (z,h)esupp Z(U) k

This value has been studied by Schofer [Sch09b] for the Borcherds lift of weakly holomor-
phic modular forms and by Bruinier and Yang [BY09] for weak Maafl forms. We review
their main results.

The splitting (3.0.1]) yields two lattices, P and N, defined by
N=LnNnV., P=LnNnU.

The direct sum P & N is a sublattice of L of finite index.
For z = 275 and h € T(A;), the Siegel theta function © pgy (7, 2, h) splits as a product

Open(T, 215, h) = Op(T, 27, h) ® ON(7). (3.1.2)

Here On(7) = Opn(7,1) is the Sy-valued theta function of weight n/2 associated to the
negative definite lattice N. Note that v™"/20y(7) is the holomorphic theta function cor-
responding to the positive definite lattice N~

Attached to P there is a so-called incoherent Eisenstein series Ep(7,s) of weight 1
transforming with representation pp = pp- [KRY99, [KRY04]. Here, the term “incoherent”
refers to the fact that it is built from local data at each place which does not correspond
to a quadratic space over Q.

Its central value at s = 0 vanishes but it is the value of the derivative %EP(T, s)at s =0
that carries the arithmetic data which contributes to the CM values. The function

Ep(T) = %EP(Ta s) |s=0 (3.1.3)

is a harmonic weak Maafl form of weight 1 with respect to pp.

If S(q) = > ,cz ang" is a Laurent series in ¢, we write CT(S) = ao for the constant term
in the g-expansion.

Theorem 3.1.1. The value of the theta lift ®(z, h, f) at the CM cycle Z(U)k is given by

®(Z(U), f) = deg(Z(U)) (CT ({fpan(7); On-(T) ® E5(7))) — L'((£).U,0)).

Here, L'(£(f),U,s) is the derivative with respect to s of the L-function defined by the
convolution integral

7 dudv
LU= [ (&0 Brlrs) @ Oy (1) 025",
SLo(Z)\H v
Proof. This is Theorem 4.7 in [BY(09] with a corrected sign. 0
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3.1 The value of the theta lift at a CM cycle

The proof involves the Siegel-Weil formula and the standard Eisenstein series associated
with P, which is defined as

Bo(rs)=5 3 (3()e0) [ (3.1.4)

YEL o \I'

The series converges for $(s) > 1 and has a meromorphic continuation to the whole
complex s-plane. Note that we normalized Ep(7,s), such that the constant term is equal
to one.

As in [BY09], we fix the Tamagawa Haar measure on SOy (R) = SO(2,R) such that
vol(SOy(R)) = 1. This implies that we have vol(SOy (Q)\ SOy (Af)) = 2. Moreover, we use
the usual Haar measure on A 7. It satisfies vol(Z,) = vol(Z*) = 1 and vol(Q*\AF) =1/2.

Theorem 3.1.2 (Siegel-Weil formula). The FEisenstein series Ep(t,s) is holomorphic at
s =0 and we have

@p(T, 22U, h) dh = 2Ep<7', O)
SOu(Q)\SOu (Af)

Proof. This has been proved by Kudla and Rallis [KR88]. See also Bruinier and Yang
[BY09l, Proposition 2.2]. ]

Remark 3.1.3. Note that the Siegel-Weil formula provides a proof that Ep(7,0) € M; p.
This can be seen quite explicitly using Proposition in the next section.

For later reference, we write the Fourier expansion of Ep(7,0) as

Ep(r)=Ep(r,0)=¢o+ > Y p(n,Be(nt)es. (3.1.5)
BeP'/P n€eQxo
neQ(B)+Z

A crucial fact is that Ep(7) maps to Fp(7) under the & -operator. This has been stated
by Bruinier and Yang [BY09, Remark 2.4] and follows directly from equation (2.19) in
[BY09]. Note that with their normalization of the Eisenstein series there is a factor 1/2
missing in the remark.

The identity £(Ep(7)) = Ep(7,0) can also be stated in terms of differential forms using
Lemma [1.5.11l

Lemma 3.1.4. We have

0(Ep(1)dr) = —vEp(T,0)du(r).
The Fourier expansion of Ep(7) can be determined using a very general result by Kudla

and Yang [KY10] on the coefficients of Eisenstein series on SLs. The following result is
Proposition 7.2 in [KY10]. In our particular case, the result goes back to Schofer [Sch09b].
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3 CM cycles and CM values of regularized theta lifts

We write the Fourier expansion of Ep(7) as

Z Z k(n, B)e(nT)pgs

BeEP'/P n€Qxo
n+Q(B)EZ

+ log(v Z Z W (2mnv)e(nt)pgs.

BeP'/P n€Q«o
n+Q(B)EZ

(3.1.6)

Let D < 0 be a fundamental discriminant and hj, be the class number of k = Q(v/D).
We denote by p(n) the number of integral ideals of k of norm n. Write the global Hilbert
symbol y = ,)a = Hp Xp as a product of local quadratic characters. Assume that

for

(D
(P7 Q) ( ’ Nl(\Ia))

r a fractional ideal a C k. Moreover, write

A(xp,s) =

1
R 5 F(S_g )L(XD,S)

for the completed L-function associated with xp, such that A(1 —s, x) = A(s). For n > 0,
define Diff(n) to be the set of primes p < oo such that x,(—nN(a)) = —1. For n < 0, let
Diff(n) be the set of such finite primes together with oo.

Denote by o(n) the number of primes p | D such that ord,(nD) > 0.

Theorem 3.1.5. Let § € P'/P and n > 0 such that n + Q(B) € Z. We have k(n,3) =0
unless |Diff(n)| = 1. Assume that Diff(n) = {p}.

(i) If p is inert in k, then
Alxp, 0)(n, B) = =2 (ord,(n) + 1)p(n| D| /p) log p.
(ii) If p is ramified in k, then
A, 0)#(n, B) = —2°7(ordy (nD))p(n| D]) log p.

Finally, we have for the constant term

A/(XD, 0)
A(XD, 0)

Remark 3.1.6. Note that by the class number formula A(xp,0) = A(xp,1) = wlkhk,
where wy, is the number of roots of unity contained in k. See Section 6 of [Dav00].

Note that for n > 0 with n € Q(8) + Z, we have p(n, 5) = %:20(”)_1p(n |D|).

k(0,0) =

Remark 3.1.7. If you compare the theorem above with Theorem 4.1 in [Sch09b], note
that Schofer’s normalization of the completed L-function A(xp,s) does not include the
factor |D|*/?.
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3.2 Generalities on principal parts of preimages under &

3.2 Generalities on principal parts of preimages under ¢

Before we come to the value of the theta lift at an individual CM point, we have to make
some considerations regarding preimages under the {-operator. The reader might want to
skip this section on a first reading.

For a number field F', denote the F-vector space of cusp forms in Sy_j ;- with Fourier
coefficients in F* by Sy_j, ;- (F). Moreover, we denote by M, ;(F) and Hy 1 (F) the sub-
spaces of weakly holomorphic forms and weak Maafl forms with principal parts contained
in Flg™'].

Proposition 3.2.1. The space HhL/M,;L has a system of representatives in Hy j with
rational principal parts.

Proof. The pairing {,-} induces an isomorphism between Hy, 1(Q)/M; ;(Q) and the dual
space S;_; ;- (Q) of Sy 4 1-(Q) mapping [ € H(Q)/M; ;(Q) to the linear functional
{-, f} for any representative f € Hy (Q) of the class f.

By Theorem[I.5.18], there is a basis f1,. .., f. of Sy - with rational Fourier coefficients.
Let F,...,F, € Hy(Q)/M; (Q) be the dual basis. Thus, we have

Hyp /My, =S5 - =S5 - (Q & C.

We have seen that the latter space is isomorphic to (HkL(Q)/M,LL(Q)) ®q C. O

Lemma 3.2.2. Let F' C C be a subfield of C. Let g € So_y 1~ (F) and B ={¢1,...,g-} be
a basis of So_y - with all Fourier coefficients contained in F'. Then there is a g € Hy

with £€g = g, such that the Fourier coefficients of the principal part of g are contained in
the ring F[S] for the set S ={(g,9;) | j€{1,...,7}}.

Proof. Let B = {Gy,...,G,} be the dual basis of B with respect to the pairing {-,-}. In

the proof of Proposition [3.2.1] we have shown that B determines a system of representatives

for Hk,L/MI!q7L with principal parts in F. For alli € {1,...,r} let g; € & '(So_j.-), such

that &.g; = ¢; and write g; = Z;Zl a;;G;. Since B is dual to B, we have
{9i: 95} = aju.

On the other hand, we have {g;, g;} = (i, gj). Moreover, if g € Sy_ 1~ (F), then we can
write g = > 7, ¢;g; with coefficients ¢; € F. The form g := > 7| ¢;g; satisfies {,g = g
and the coefficient of index (v,n) is equal to Y3°_; ¢; >0 _ ajmGm(7,1), where G,(v, )
denotes the corresponding Fourier coefficient of GG,,,. Since G, has only rational coefficients

in its principal part, the ¢; are contained in F' and aj,, = (g;, gm), the claim follows. O

3.3 The value of ¢(z, f) at an individual CM point

We are now interested in computing the value of the theta lift ®(z, f) at a CM point.
Let Kp C Kr C T(Ay) be a compact open subgroup such that Kp preserves P and acts
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3 CM cycles and CM values of regularized theta lifts

trivially on P’/P. Consider the Shimura variety
Z(U)px = T(Q@\{25} x T(Af)/Kp).
This is isomorphic to two identical copies of the “class group”

Crx = T(Q\T(A;)/Kp (3.3.1)

and defines a cover of the CM cycle Z(U) g with [Ck : Cp k] branches.

Since Kp acts trivially on P'/P, the value ©p(7, 27, h) is well defined for an element
h € Cpk. As a function of 7, we have ©p (T, 25, h) € M, p.

As before, we would like to apply Stoke’s theorem to compute ®(z,h, f) for (z,h) €
Z(U)pk. The existence of a preimage of each theta function is clear by the exact sequence
. However, such a preimage is only unique up to weakly holomorphic modular forms.
Therefore, we will use the following “natural” normalizations.

Write the Fourier expansion of ©p(7, 237, h) as

Op(7,h) == Op(r,25,h) = Y _ > ap(h,n,Be(nt)ds. (3.3.2)

BEP'/P n>0

Since P is positive definite ap(h,0,5) = 0 for 5 # 0 and ap(h,0,0) = 1. The constant
coefficient of the holomorphic Eisenstein series Ep(7,0) is also equal to 1. Thus, we have
the decomposition

O©p(7,h) = Ep(7,0) + gp(7, h), (3.3.3)
where for each h € Cp the form gp(7,h) € Sy p is a cusp form of weight 1.

We let sq,...,s, € Sip be a basis with integral Fourier coefficients. Moreover, by
Lemma [3.2.2} there are weak Maafl forms Si,..., S, € Hy p, such that §,.5; = s; and each
coefficient in the principal part of \S; is of the form Z;Zl a;j - (8i,8;) with a;; € Q.

We define coefficients a;(h) by Y7, a;(h)s; = gp(7, h). Using the same set of coefficients,
we put gp(7,h) :=>""_ a;(h)S;.

Remark 3.3.1. Choosing the preimages this way is depends on the choice of a basis of

S1,p and of the representatives of the dual basis. In this sense, the choice is unique up to
an element in M| ,_(Q). After our normalization, the forms gp(7, h) are unique up to an

element in M; . (R), where R = Q[S] for the set S := {(s;,s;) |i,j€{L,...,r}}.
The following proposition summarizes our construction.

Proposition 3.3.2. Let Ep € H, p with vanishing principal part such that S(Ep) = Ep
holds. For h € Cp define

Op(7,h) = Ep(7) + gp(T, h).
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3.3 The value of ®(z, f) at an individual CM point

Then &0 p(7, h) = Op(r, zi,h) and we have

Z @pTh VO](K )EP(T)

hECp K

and
wp

——=|C
vol(Kp) = 1Crl-
Here, wp = #(T(Q) N Kp).
For the proof, we quote the following Lemmaﬂ of Schofer [Sch09b, Lemma 2.13].

Lemma 3.3.3. Let B(h) be a function on T(Ay) depending only on the image of h in
SOy (Ay). Assume that B is invariant under Kp and T(Q). Then

I(K
pYOllKp) 3 B(h):/ B(h)dh.
500 (Q)\ SOu (4)

w
P hECPyK

Proof of Proposition[3.3.3 Setting B(h) = On(7,(z{7,h)) = On(7,(25,h)) in Lemma
B we get

wp
ot = gt [
Z p( U 2vol(Kp) SOy (@)\ SOy (Ay) " .

hECpK

The latter integral is equal to 2Ep(7,0) by the Siegel-Weil formula (Theorem3.1.2)). There-
fore, since ©p(7, 25, h) = Ep(7,0) + gp(7, k), we have indeed

> gp(r.h)=0.

hGCp’K

> ai(h)=0

hECp,K

Consequently,

for all h € Cp, since the s; are linearly independent. It follows that

&1gp(1,h) = gp(7, h) from the definition of gp(7, h) and

Z gp(T,

hEprK

Il
=

Thus, we obtain

> Op(r,.h) =|Cpxl- Ep(7).

hECRK

!Note that the factor 2/wp is missing in [Sch09b].
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3 CM cycles and CM values of regularized theta lifts

The second identity follows from Lemma with B(h) = 1. O

Lemma [1.5.11] becomes the following statement in our situation.

Lemma 3.3.4. We have the equality of differential forms
(Op(r, h)dr) = —vOp(r, 25, h)du(T).

Note that we can always assume that L splits as L = P & N without loss of generality
because we can replace f by fpgn, yielding

(f,0r) = (fran,Op ® Op),

since @PEBN = @p & @N, and @L = (GP@N)L by [BYOQJ
We express the theta integral in a way that is convenient for the following calculations.

Lemma 3.3.5. We have

(b, f) = lim ( || Ura(r).0-(7) © Br(r, o) - Aologm),

T—o0

where

Ao = CT ({fon(7), On-(7) @ dorp)) -

Proof. This is Lemma 4.5 of [BY(09]. The proof is quite short and so we give a few more
details for the sake of completeness. Note that a similar statement in the case of signature
(2,0) can be found in Lemma 2.19 of [Sch09b]. The idea of the proof is based on the proof
Proposition 2.5 of [Kud03].

We assume, as described above, that L = P @& N and consider the regularized integral

reg

(b, f) = / (f(r). On-(7) ® Op(r. 2, ))udu(r).

f

We split the integral into two parts, corresponding to the decomposition f = f* + f~ and
obtain

(b, f) = /f S (1), O (1) © B, 25, 1)vdu(r) (3.3.4)
" /f (f~ (1), O () ® Op(r. 22 W)yvdu(r). (3.3.5)

Here, the second integral converges absolutely due to the exponential decay of f~ as
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3.3 The value of ®(z, f) at an individual CM point

(1) — o0, see Lemma We rewrite the first integral as

/ reg<f (1), On-(7) @ Op(7, 237, h))vdu(r)

= CT lim (fH(1),On-(7) ® Op(T, 25, h))v**du(r)

The integral in (3.3.6)) is finite and we write the second contribution (3.3.7)) as

T

CT lim C(v)v—*"tdv,

s=0 T'—o0 1

where C'(v) is given by

1/2
/ (ff(u+iv),On-(u+iv) ® Op(u + v, 25, h))du.
u=-1/2

That is,
Cwy = Y Sefmptr) Y em@N-Qw)
BeP’ /P meQ AEP+2
veN'/N KEN+v
QMN+Q(r)=m

Now consider the integral
/ (C(v) — Ag)v ' dv.
1

Note that we have

C)—Ao= > S cimB+v) Y em@-ew),

BeP'/P meQ AEPH+(, 240
veEN'/N KEN+vV
QN+Q(k)=m

(3.3.6)

(3.3.7)

(3.3.8)

(3.3.9)

We see that there are no terms left with exponent equal to 0. Indeed, if Q(\) = Q(k), then
0 < Q) =Q(k) <0 and thus A = k = 0 because P and N are definite. It follows from
the growth estimates of the Fourier coefficients of f* that the integral (3.3.9) converges

absolutely.
Therefore, (3.3.8)) is equal to
T T
CT lim ( / (C(v) — Ap)v v + / on_s_ldv).
1 1

s=0 T—o0

(3.3.10)
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3 CM cycles and CM values of regularized theta lifts

The second term in (3.3.10) does not contribute to the result because it is equal to
4 1
/ Agv ™5ty = —Ag— (T’S — 1) )
1 s

For R(s) > 0, taking the limit 7" — oo, we obtain
Ao
o

Thus, the constant term in the Laurent expansion is equal to zero.
Finally, the first term of (3.3.10) is equal to

lim T(C(v) — Ag)v~dv = lim ( /1 ' C(v)o~ v — Ay log(T)) .

T—oo Jq T—o00
This finishes the proof. [

Using the same techniques as Bruinier and Yang [BY09], we obtain the following theorem
which is central to all of our applications.

Theorem 3.3.6. Let f € Hi_pjo 1. Then the value of ®(z, h, f) for any (2,h) € Z(U)px
18 given by

(2. h, f) = CT ({fFon (1), On- (1) © O (r, ) )

- /sreg (E(fran)(1), On- (1) ® Op(T, h))v' " 2dp(r).

Lo (Z)\H

Here, the integral is reqularized by taking the limat

lim [ (&(fran) (7). On- (1) © Op(7, )0 " 2du(r).

T—o00 Fr

Remark 3.3.7. Note that for f € Ml!fn /2L the second summand does not occur since
&(f) = 0 in that case. Moreover, we should remark that the regularized integral can also
be written as

/S  (Liua(fron). On- (1) © Gp(r ))du(r)

L2 (Z)\H

- /sreg (€(fran), On-(7) ® Op(r, k) " 2dp(r),

Lo2(Z)\H

Proof of Theorem[3.3.6, Assume again that L = P & N. According to Lemma [3.3.5] we
write

O(z,h, f) = 711_{1[1 (Ir(z,h, f) — Aglog(T)), (3.3.11)
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3.3 The value of ®(z, f) at an individual CM point

where

(et f) = [ {500 (7) © Bp(r, 26 B)udu(r)
:_/f ((7),On-(7) @ DO p(r, h))dr

. /f a ({/(r).0n-(7) & Bp(r. h))dr
+ /f ) @ f(7),On- (1) @ Op(r, h))dr.

Here, we have used Lemma |3.3.4!

For the first integral, we apply Stoke’s theorem and obtain

[ a(U). 03 & Bt ) ar = /afﬁf (7). Ox-(7)  Bp(r. W)ar)

—— [ @6y (1)@ Bplr.hyin).

iT
since the integrand is an SL(Z)-invariant differential form and thus the integral over the
equivalent pieces of d Fp cancel. We split the first integral into three pieces, insert this

splitting into (3.3.11]) and regroup to obtain

(2, h, f) = lim iTiT+1<f+(T),@N(T)®é;(T, h))dr (3.3.12)
+ lim ( /:H( FH(7), On-(7) @ Op(7, h))dr — Ay log(T)> (3.3.13)
+ lim i;T+1<f-(T),@N(T)®éP(T, h))dr (3.3.14)
+ lim fT@ f(7),On-(7) ® Op(r, h))dr. (3.3.15)

Each of the limits above exist.

The limit in (3.3.14) is equal to zero due to the exponential decay of f~(7). In detail,
we have

/ (1), Ox- (r) @ Bp(r, h))dr

_ /1<f_(u +iT), On- (u+iT) @ Op(u + iT, h))du.

First note that for two vector-valued forms g, h transforming with representations p and p
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3 CM cycles and CM values of regularized theta lifts

the g-expansion of (g, h) has integral exponents (the exponents satisfy n — Q(u) € Z and
m + Q(p) € Z which yields n +m € Z). We write the Fourier expansion of the integrand
as

(f7(7),O5-(7) ® Op(T,h)) = a(n, v)e(n).

neL

and insert this to obtain
1
/ (F~(u+iT), O (u +iT) ® Bp(u+iT, h))du
0

1
= Z a(n, iT)e(inT)/ ey,
0

neL

The integral above is equal to 0 for all n € Z\ {0} and is equal to 1 for n = 0. Consequently,

iT+1 B
im [ (7 (7).0x (1)@ Bp(r)dr
= Tlgl;lo a(0,:iT) = jlgrolo Z c; (=n, 0)W(=2mnT)cy(n,0),

where g(7) = On-(7) @ Op(r,h). Here, we have used that f € Hy_y/5, and therefore
cr (n,0) = 0 for n > 0. Note that since © y- is a holomorphic modular form, the function g
satisfies the bounds for the growth of the Fourier coefficients in Lemma Moreover,
using the asymptotic expansion of the incomplete Gamma function (cf. [DLMEF], 8.11.2),
we see that W = W, satisfies

Wi(s) = O(]s| " e*), s = —oc.

Using these estimates for f and g in the respective weights, we obtain that there is an
N € Z~ and a constant C' > 0, such that for all n > N, we have

c¢; (=n, 0)W(=2mnT)cy(n,0) = O(e™™h).
Thus, for every T" > 0, the constant term in the Fourier expansion of the function
(f~(u+14T),On-(u+iT) ® Op(u + iT, h))
can be bounded by
a(0,4T)| < cﬂ with r(T) = e~
’ — 1—-r(T) ’

where ¢, C' > 0 are constants. Therefore, in the limit 7" — oo, we have

lim |a(0,iT)| =0,

T—oo
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3.3 The value of ®(z, f) at an individual CM point

which finally shows that vanishes.

Similarly, we see that the limit in (3.3.13) is equal to zero, as well. To see this note
that é;(T, h) has a Fourier expansion of the form log(v)po,p + é;_(T, h), where é;_ (1, h)
decays exponentially as v — oo and we can argue as above.

Using the same argument once more, we see that is the constant term

CT ((fan(), On-(1) @ OH(7. 1) )

Note that this is now really a finite sum.

Finally, by Lemma [1.5.11} we see that (3.3.15)) is equal to

lim [ (8f(7),On-(7) ® Op(r, h))dr

T—o0 Fr

= — lim <L1_n/2f(7'), On- (7') ® éP(Ta h)>d:u(7-)

T—o00 Fr

This is exactly the definition of the regularized integral in the statement of the theorem.
We still have to justify that this limit exists. However, this now follows from the vanishing

of (3.3.13) and (3.3.14)) and the fact that ®(z, h, f) is defined at (z, k). That is, we have
shown that

lim [ (E(f),On- (1) ® Op(r, )\ 2du(r)

T—o00 Fr
= —®(z,h, f) + CT ((f;@N(T), On-(7) ® O5(, h)>)

and therefore, the limit exists. ]

Remark 3.3.8. Note that the formula holds for any preimage of ©p(7,h) under £. Just
looking at the formula on the right hand side however does not immediately reveal this
independence from the choice of a particular preimage. For instance, consider the simplest
case possible where the signature of L is equal to (2,0) and f € M, 1, is holomorphic. The
domain D has just two points in this case and the regularized lift is independent of z. We
obtain by the theorem that

B(h, ) = / . 0(r W) du(r) = CT((£.87 (r. ).

\H
Now let us take the sum over the CM cycle, as in Theorem [3.1.1] and define for a moment
- 1 -
Bir) = 3 Gulrh).
Crxl &
P,K

Then we obtain

®(Z(U), f) = deg(Z(U)) CT((f(r), EL(7)))-
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3 CM cycles and CM values of regularized theta lifts

Clearly, for every g € M, p-, we have that

CT((f, EL(7) + 9)) = CT((f, E(7))) + CT((f,9))

and it might not seem obvious that this is independent of g. In particular, taking f = E7 ()
the second term above is just the constant term of g. So this implies at least that there
is no Eisenstein series in M; p-. However, this is absolutely clear: since f € M; p and
g € M, p-, we have in fact that (f, g) € M2(SLy2(Z)) = {0}.

In general, the independence of the right hand side in Theorem [3.3.6 can in some sense
be seen as an extension of the pairing to our case. In fact, we can state the following
corollary, which probably also generalizes to other weights.

Corollary 3.3.9. Let f € Hy1 and g € M{ - We can define a regularized bilinear
paiTIng
Hl,L X Mll’L_ —C

by
(f.9) == /S EGF@. 9(r))du(r).

Lo(Z)\H
We have
{f,9y =CT ((f(1),9(1))) -

Comparing our theorem with the result by Schofer (Theorem for weakly holomor-
phic f), we obtain the following identity.

Corollary 3.3.10. Let f € M1!—n/2,L be a weakly holomorphic modular form. Then,

(Z(U), f) = deg(Z(U)) (CT << Fron(T), On-(1) ® E;(T»)) .

Of course, this identity also holds with E5(T) in place of E}L(T)
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4 Moduli of CM elliptic curves and CM
values of modular functions

In this chapter we will ultimately study special values of modular functions for the congru-
ence subgroup I'g(N) with divisors supported on Heegner divisors (on Yy(N) = I'o(N)\H).
By a modular function we mean a meromorphic modular form of weight 0. In particular,
(after some justification) we can apply everything in this chapter to Borcherds products.
There exist however modular functions with their divisor given by a linear combination of
Heegner divisors on Yy(V) that are not obtained as Borcherds products. This has been
remarked by Borcherds [Bor99, Example 5.2] and follows from Theorem 7.7 of [BY(09]. The
authors show that
2V'N

- 7lgll?

W) y(f))nr L'(G,1).

Here, y(f) is a Heegner divisor associated with a harmonic weak Maaf} form as in (|1.8.1])
(with a suitable degree zero extension to the cusps), G is a normalized cuspidal newform
of weight 2 and level N and (-, -) y7 denotes the Neron-Tate height pairing on the Jacobian
of Xo(N). The relation between f and G is that G corresponds to {(f) = ¢ under the
Shimura correspondence. This clearly shows that if G # 0, then f is not weakly holomor-
phic and therefore the divisor y(f) cannot be obtained from a Borcherds product. There
are, however, modular forms G of weight 2 with L'(G,1) = 0. Assuming the Birch and
Swinnerton-Dyer conjecture, examples are given by all cusp forms corresponding to elliptic
curves over Q with Mordell-Weill group of rank greater than one. Explicit examples with
L'(G,1) = 0 are also known. For instance, Gross and Zagier give examples of elliptic curves
of conductor 714877 and 5077 [GZS86].

We remark that Bruinier [Brul2] proved a converse theorem for Borcherds products
which shows that the case of modular curves is quite exceptional in this regard.

The geometric methods we use in this chapter are completely different from the analytic
methods used in Chapter[3] In Chapter[5], the combination of these fundamentally different
tools will culminate in an arithmetic description of the coefficients of the harmonic weak
MaafB forms of weight one with theta functions as their shadow (their image under &).

4.1 Moduli of CM elliptic curves

In this section we gather some facts about the moduli stack of CM elliptic curves and
special 0-cycles on it. These cycles will play an important role in the description of the
values of modular functions on Yy(N).
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4 Moduli of CM elliptic curves and CM values of modular functions

Here and throughout, if X is a stack over a base scheme S and T is an S-scheme, we
abbreviate
Xp=XxgT.

If ' = Spec R with R a ring, we simply write X/ for X, gpec -

Here and for the rest of this chapter, let D be a negative fundamental discriminant and
denote by k = kp the imaginary quadratic field of discriminant D < 0. We write Op for
the ring of integers of k and let H = Hp be the Hilbert class field of k (see Section [1.2]). We
remark that our methods should also work for non-fundamental discriminants but some of
the calculations would certainly get more involved.

We consider the moduli problem Which assigns to a base scheme S over Op the category
C(S) of pairs (E, 1), where

(i) E is an elliptic curves over S with complex multiplication ¢ : Op < End(F),
(ii) such that the induced map
Lie(t) : Op — Endp,(Lie E) = O, (4.1.1)
coincides with the structure map S — Spec(Op).

The morphisms in this category are isomorphisms respecting the actions. We will not go
into detail with the second condition. We just remark that the Op-actions come in pairs
t™,1” and only one them satisfies the normalization condition . We will always
denote the normalized embedding by ¢*. For instance, over C this corresponds to the
condition that ¢*(\) for A € Op corresponds to multiplication with A of the invariant
differential of F (and not with its complex conjugate).

Moreover, we denote by Cp = cResp,/z(C}) the restriction of coefficients of C to
Z (in the sense of Grothendieck). That is, the structure map of Cp is given by C} —
Spec(Op) — Spec(Z). This describes the moduli problem without the normalization
(4.1.1]).

Proposition 4.1.1. The moduli problem C7, is represented by an algebraic stack, also
denoted by C}y, which is smooth of relative dimension 0 and proper over Spec Op. If R is
a discrete valuation ring with algebraically closed residue field F, the reduction map

Cp(R) = Cp(F)

is surjective. Consequently, Cp is also represented by an algebraic stack of relative dimen-
siton 0 over SpecZ, which is finite and proper.

Proof. This is a consequence of the canonical lifting theorem [How13, [Lan08]. Properness
follows from the fact that all points of C'p in characteristic 0 have potentially good reduction
and the valuative criterion of properness. See [KRY99, Section 5] or [BHY13] for details.

O
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4.1 Moduli of CM elliptic curves

Lemma 4.1.2. The coarse moduli scheme C}, of C}; is isomorphic to Spec Oy as a scheme
over Op. Consequently, the coarse moduli scheme Cp of Cp is isomorphic to Spec Oy as
a scheme over Z.

Proof. This is [KRY99, Corollary 5.4]. There, the authors prove the corresponding isomor-
phism for C}, whose coarse moduli scheme is Spec Oy — Spec Op. O]

We denote by
pr: C} — C}

the canonical map to the coarse moduli scheme.

Proposition 4.1.3. Let & € O}, be a geometric point and let pr(£) = £ be the corresponding
point of C},. Then

~

Oc+ £ - 00457&7,

where OC+§ and (’)C+ denote the completions of the étale local rings at & and &, respec-
tively.

Proof. This is Corollary 5.2 in [KRY99]. O
Corollary 4.1.4. The stacks Cp and C}, are integral, that is, irreducible and reduced.

Proof. Since Spec Oy is irreducible the irreducibility follows from Lemma (2.3) in [Vis89].

Moreover, by Proposition we have that for every geometric point £ € C7) the com-
pleted étale local ring is (’)C+ £ = (’)C+ ¢ and the latter is isomorphic to the completion of
the strict henselization of the completlon Opusp of Oy at some prime ideal ¢ C Op. Since
Opsp does not have any non-zero nilpotent elements, it is reduced. [

We now describe the geometric points of Cp in every characteristic. The following
construction is very important for us.
Recall that over C, we have a canonical bijection

CH(C) = kF\AL,/O}, (4.1.2)

given by the theory of complex multiplication [Sil94]. To an idele h € A[ ; that corresponds
to the ideal class [(h)], the bijection associates the (isomorphism class of the) elliptic curve

with complex points
E(C)=C/(h).

Moreover, if (E, ) € C}(C) is given by (C/A,¢), then multiplication with h € A ; on the
right hand side of (4.1.2)) corresponds to

FE— (h) ®0D E,
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4 Moduli of CM elliptic curves and CM values of modular functions

where (h) ®p,, E is the elliptic curve over C with complex points
((h) ®op, E)(C) = C/(h)A.

This defines an action of the class group Cl; on the set of isomorphism classes of CM
elliptic curves (with CM by Op) over C.

Now let (E,1) € C}(S) for a scheme S and let h € Ay ;, corresponding to the ideal
(h). Then we can define a functor from the category of S-schemes to the category of
Op-modules by

T — (h) RKop E(T).

This functor is in fact represented by an elliptic curve over S and the construction is
called the Serre construction. We denote the elliptic curve representing this functor by
h.E = (h) ®o, E. For details, the reader may consult [How12b], [Con04, Section 7].

We follow the description given in [KRY99] to describe the geometric points of C3) in
positive characteristic.

Proposition 4.1.5 (Corollary 5.5 of [KRY99]). Let p be a prime ideal of k and let k(p)
denote an algebraic closure of the residue field k(p). We have a bijection

CH(r(p)) = K \AS /O
The action by the Frobenius automorphism over k(p) on the left hand side corresponds

to the translation by an idele of the form (1,...,1,m,1,...), where 7 is a uniformizer at p.

The proposition establishes a simply transitive action of the class group Cly on the points
C}(F) over any algebraically closed field F. We also have a bijection on geometric points
C}(F) = Spec Oy (FF). On the points Spec Oy (F), we have an action of the Galois group
Gal(H/E).

Fix a morphism pr : C}; — Spec Op. Then pr induces an isomorphism

pry : O (F) = Spec O (F)

on geometric points over any algebraically closed field F. For F = k or F = x(p), the group
Gal(H/k) acts on both sides. It acts naturally on the right hand side and the action on
the left hand side is given via the isomorphism

K\AY,/OF = Gal(H/k), h = o((h))

given by the Artin map of class field theory (see Section [1.2)) and the action of the idele
class group given above.
The next proposition shows the compatibility of these bijections and group actions.

Proposition 4.1.6. With the notation as above, the coarse modult space map pr is com-
patible with these actions. More precisely, we have

PIp h(E, l’) = (pr]F(E, L))o_l(h)‘
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4.2 Special endomorphisms: characteristic zero

Proof. The compatibility over C is contained in the main theorem of complex multiplication
[Si194], 11, Theorem 8.2]. (Note that our normalization of the action of the class group is
different from the one used by Silverman.) Precisely, we have for an elliptic curve £ = C/A
that h.E = C/(h)A and j(h.E) = j°0")(E). Therefore, if we assume without loss of
generality that pre(E,t) = A : Og — C is the embedding given by j — j(E), then
pre(h(B, 1)) = j = j(hE) = jo M(E) = A7,

We will use this to prove the statement over k(p) for a fixed prime p of k. Fix an
isomorphism C, = C, where C, is the completion of an algebraic closure of k,. Then we
obtain isomorphisms

Cp(C) = Ch(Cy) = Cp(k(p))

by Proposition [4.1.1} All of these bijections are compatible with the Serre construction.
Similarly, we have bijections

Spec Oy (C) =2 Spec Oy (C,) = Spec O (k(p)).

The key part is now that

C5(C) ChH(Cy) Ch(k(p))

| | |

Spec Oy (C) — Spec O (Cy) — Spec O (k(p))

is commutative and the bijection C'(C) = Spec Oy (C) is compatible with the actions, as
stated above. The bijections in the lower row are compatible with the action of the Galois
group. Consequently, the bijection C}(F,) — Spec Oy (x(p)) is compatible with the two
actions, as well. O

4.2 Special endomorphisms: characteristic zero

In this section we give an interpretation of the coefficients of the theta functions studied in
Chapter [2 in terms of certain special endomorphisms. This gives a geometric description
of the non-holomorphic part of the function ©p(7, h).

The idea goes back to Gross and has been described by Kudla, Rapoport and Yang
[KRY99, Section 6] in this context.

Let £ = E, = C/a be an elliptic curve with complex multiplication by Op. Here a C k
is a fractional ideal. Without loss of generality, we may assume that a is integral. We write
0y for the different ideal. Choose a basis (wy,ws) of a. If we consider F = C/a simply as a
real torus, denoted by E*P, then its endomorphism ring 7 = End(E'P) is a maximal order
in the split quaternion algebra End(E*P) @7 Q = M3(Q) = V. The reduced norm on V is
given by the determinant Q(X) = det(X). It corresponds to the degree map on End(E™P).
The quaternion algebra is a quadratic space of type (2,2) over Q with a non-degenerate
quadratic form given by the determinant. See also Section
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4 Moduli of CM elliptic curves and CM values of modular functions

In our simple case, we can also make this completely explicit (cf. [Gro84]). We choose

the basis
—~B++VD
wp=——, wy=A4
2
with A € Z-g and B € Z. Then C = D;f2 € Z, as well and [A, B,C] is an integral

binary quadratic form of discriminant D. We can assume that [A, B, C] is primitive, that
is ged(A, B,C) = 1. Moreover, the complex point corresponding to F, is then given by
g = wi/ws. In terms of this basis, multiplication by v/D in End(E*P) is given by the

matrix
—B 24
x= (s 7)
S B
and this determines an embedding ¢ : k < M5(Q) = V inducing and an embedding

L Op < My(Z) = J.

This embedding is optimal in the sense of Eichler [Eichd], that is J N (k) = «(Op). We
can write

V = (k) ® (k)Y
for an element Y € J with tr(Y) = 0 and Q(Y) = —1. With our choice of basis, we have

(1)

We consider the lattice L(E™P, () of special endomorphisms in V' defined by
L(E'P, 1) = {x € End(E'P) | «(a)z = z1(a) for all & € Op}. (4.2.1)

Using the embedding given above, we can determine this lattice explicitly. It is easy to
verify that L(E*P, 1) = +(Op)t N J is given by

A 0 0o A
top —

Note the similarity to the embedding and the calculations in Section [2.6, The lattice
L(E*P ;) is a two-dimensional negative definite lattice with quadratic form Q(X) =
det(X). We have that L(E*P ) = 1(a)Y.

If we let U = «(k), then the group 7' = GSpiny, is isomorphic to k£ as in Section 2.4 and
acts on lattices in U. Let J' be another order in which Op is optimally embedded, say by
V:k—=V.

Then there is an idele h € T'(Ay) = A/ ;, such that

T =h(T @z Z)h ' NV
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4.2 Special endomorphisms: characteristic zero

by the Chevalley-Hasse-Noether theorem [Eich5l, Satz 7]. Therefore, if

~

b=(h)=(hOp Rz Z)Nk

is the ideal corresponding to h, then the orthogonal complement of //(Op) in J' is given
by
J' N (Op)t =u(bb™a)Y = i(h.a)Y,

where h.a denotes the action of h € T'(Ay) on the lattice a.
We are led to the following definition, analogous to Definition 2.5 in [KY13].

Definition 4.2.1. Let Z*P(m, a, 3) be the category of triples (F, ¢, ), such that
(i) (E,:) € Cp(C),
(ii) = € L(E*P,1)(0; 'a)
(iii) z + ¢(B) € End(E*P, ¢)i(a),

(iv) Q(z) = mN(a).

The forgetful functor “forget :” defines a map pr : Z*P(m,a,3) — Cp(C) with finite
fibers. Let us write H = k(j) and fix an embedding A of k into C. Then every embedding
o : H — C that is compatible with A determines an elliptic curve F, over C with complex
multiplication by Op and j-invariant o(j), unique up to isomorphism. These hj embed-
dings form a system of representatives of the archimedean places of Hp. This identification
realizes a bijection of complex points Spec Oy (C) = CF(C).

In the other direction, we denote by o(F,:) the equivalence class (modulo complex
conjugation) of the complex embedding of H that corresponds to (E,¢).

Using these identifications, we define for m € Q¢ an Arakelov divisor Z(m,a, ) on
Spec Oy by

Z(m,a,5) = Z o(E, ) = Z ne(m, a, B)o,

(B,t,x)EZP(m,a,l) o:H—C

where the multiplicities n,(m, a, 3) on the right-hand side are defined by the left-hand side
and the sum is over all archimedean places o of H. Note that it does not matter if we
consider the stack Cp or C}) in this context as the Galois group Gal(k/Q) consists only of
complex conjugation.
Now if P = a with quadratic form N(z)/N(a), then we have for the theta function
e p(T s h,) that
Op(T,h) = ¢ + Z Z Nay(h)(—m, a, B)e(mT)ds

BeP!/P m>0

and accordingly we have for the non-holomorphic part of Op that

é;(T, h) = log(v)pg — Z Z Noo(n) (M, a, B)W (2mmuv)e(mT)gp.

BeP’/P m<0
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4 Moduli of CM elliptic curves and CM values of modular functions

Here, o,(h) corresponds to the following place of H. There is a place o, of H, such that
04(j) is the j-invariant of C/a. Then o4(h) = o4 0 o(h), where o(h) is the image of the
ideal (h) under the Artin map.

4.3 Special endomorphisms: characteristic p

In this section we define divisors that will only play a role in characteristic p and we
eventually prove in Chapter [5] that, similar to the situation described in the last section,
they are intimately related to the harmonic weak Maafl forms ©p(7, k), but this time to
the coefficients of the holomorphic part.

For (E,1) € Cp(S) we write O = Endg(FE) and consider the lattice L(E, ) of special
endomorphisms

L(E,.)={z €O | ta)r=azi(a) for all « € Op and trax =0}

as in Definition 5.7 of [KRY99]. It is equipped with the positive definite quadratic form
N(x) := deg(x) = —22. For S = SpecC or S = SpecF, for a prime p that is split in k, we
have that L(F,) is zero.

For non-split primes, L(F,¢) is a positive definite lattice of rank 2 in Og and (F,¢) is
supersingular. In this case O is a maximal order in the quaternion algebra B, over Q,
which is ramified exactly at p and co. We also refer to Section [L.6.1]

Fix a fractional ideal a C k and let p € D,;la/a and m € Q<. The following moduli
problem has been studied in [KRY99] and [BY09] and generalized in [KY13].

Consider the moduli problem, which assigns to a scheme S the category Z(S) of triples
(E,t,x), where:

(i) (E,0) € Cp(9),
(ii) = € L(E,1)0;'a, such that

N(z) =mN(a), z+p€ Opa.

Here, we also wrote N(z) for the reduced norm in B,. If Z(S) is non-empty, then we have
m+ Q(p) =m + N(u)/N(a) € Z.

Lemma 4.3.1 (Lemma 6.2 in [BY09]). The moduli problem Z is represented by an alge-
braic stack Z(m,a, ) of dimension 0 and the forgetful map ¢ : Z(m,a,u) — Cp defined
by (E,1,x) — (E,1) is finite and étale.

For m € Q-q, we define a set of rational primes by

Diff(m) = {p < 0o | (—mN(a),D), = —1}. (4.3.1)
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4.3 Special endomorphisms: characteristic p

Remark 4.3.2. By the product formula for the Hilbert symbol [Ser73, I11.2, Theorem 3],

we have

[[(=mN(a), D), = 1.

p<oo
But since (—mN(a), D)o = —1, the cardinality of Diff(m) is odd. Moreover, if p € Diff(m),
then p is non-split.

Lemma 4.3.3. (i) If |IDiff(m)| > 1, then Z(m) = 0.
(ii) If Diff(m) = {p}, then p is non-split in k and Z(m)(F,) =0 for q # p.

Proof. If there is an element (E, ¢, ) € Z(m), then this shows that we have an isomorphism

of quaternion algebras
D, —mN
5, = (omNie))
Q

However, since B, is ramified exactly at p and oo, this is equivalent to

_17 v =p,0,
1, otherwise.

(Dv _mN(a))v = {

This condition is equivalent to Diff(m) = {p}. O

In the notation of [Vis89 Section 3|, the stack Z(m,a, i) defines a 0-cycle ¢.[Z(m, a, )]
on C'p since the forgetful map is proper, as seen above.

Moreover, note that the map pr : Cp — SpecOp is also proper by Lemma [4.1.2
Therefore, we can consider the proper pushforward pr,[Z(m, a, )] to Spec Op. In our case

1

pr, [Z(mv a, :u)} = w_k[pr(z(mv a, :U“))]

because the automorphism group of a general geometric point of Cp is OF; [KRY99).
By abuse of notation, we also denote by Z(m,a, u) the corresponding divisor on the
coarse moduli scheme and simply write

Z(m7 a, ,LL) = Z Z(m7 a, M)‘B(ﬂp

PCOn

If there is no confusion possible, we simply write Z(m) or Z(m)yp. Note that the multi-
plicities above are the same for the pushforward from C7}, and from Cp.

In what follows, we will find formulas for the multiplicities Z(m, a, ). From now on,
fix a prime p that is non-split in &£ and assume that m = Q(u) mod Z. Let py € Z be a
prime with pg 1 2pD such that if p is inert in k, we have

-1, v=p, o0,

(D, —ppo)s = {

1, otherwise,
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4 Moduli of CM elliptic curves and CM values of modular functions

and if p is ramified in k, we have

_17 v =Dp,x,

D, —pg)y =
( Po) { 1,  otherwise.
With this choice, put
ppo  if p is inert in k,
K, =
8 po  if p is ramified in k,
and let py be a fixed prime ideal of Op lying above p,. Here, (+,-), denotes the v-adic

Hilbert symbol.  The existence of such a prime pg follows essentially from Dirichlet’s
theorem, see also [Ser73| III, Theorem 4].

Lemma 4.3.4. The genus of [po] is well defined.

Proof. This is clear since the symbols (D, -), form a basis for the genus characters, see

Section 2.21 0

We can write B, = k @ kyo, where y3 = £,, similar to the situation in the last section.
Here, the decomposition is orthogonal with respect to the bilinear form corresponding to
the reduced norm of B,. We write [y, §] for the element v + dyy € B,,.

Proposition 4.3.5. Let p be a prime that is non-split in k and let (E,1) € Cp(F,). Then
L(E,¢) is a projective Op-module of rank 1 and there is a fractional ideal b C k, such that

L(E, 1) = bb~"'pg ' yo.

Here yo € O with N(yo) = k. Moreover, if h € A[ ;, then

L(h.(E,0) = (W) L(E, ).

Proof. The first statement is Proposition 5.13 in [KRY99]. The second follows from a
similar description as in Section of the action of the ideles on maximal orders in the
quaternion algebra B, as described in detail in Section 5 of [KRY99). O

Recall that there are two actions of A;’ s onideals of k. One is given by the multiplication
by the ideal (h) corresponding to the idele h and the other one is given by the action of
Ay, = T(Ay), where T' = GSpiny; for the quadratic space U = k with quadratic form given
by the norm on k. We described this action in detail in Section To avoid confusion,
we will denote the action of h as an element of T'(Ay) by h.a = (h)(ﬁ)fla for any fractional
ideal a C k. Also recall that the action of T'(Ay) induces an isomorphism on discriminant
groups and the element h.\ for A € 0, 'a/a defines an element in d; ' (h.a)/(h.a).

Proposition 4.3.6. Let h € A;; and write 0 = o(h) for the element of Gal(H/k) under
the Artin map. Then we have

Z(m,a, w)ge = Z(m, h " .a, h.p)y.
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4.3 Special endomorphisms: characteristic p

Proof. This follows from Propositions 4.1.6] and [4.3.5] [

Lemma 4.3.7. Let (Ey,10) € Cp(F,) such that [L(Ey,t0)]™" = [po], where [L(Eq, o)
denotes the class of the rank one Op-module in Pic(Op). Then the maximal order End(Ey)
of B, can be described in the following way.

If p is inert in k, let ¢g = poOr. If p is ramified and p C Op is the prime above p, let
Co = Pop ™10y

There exists a generator \g of D,;lco/co with

N(Xo) = —k, mod N(cp),

such that
End<E07 LO) = OCO)\OJBP’

where
OCO:)‘()»IBP = {[775] ’ Y S 01;17 0 € c617 7+ Ao S OD}

is a maximal order in B,.
Moreover, if (E,1) = h.(Ey, 1), we have

End(E,t) = Op.cohrB,-

Proof. See Lemma 3.3 and Lemma 7.1 of [KY13|. The result has also been described by
Dorman [Dor89, [Dor8g]. O

Remark 4.3.8. There are 2! possible choices for generator of Dglco /¢o, with the required
norm, where ¢ is the number of prime divisors of D. However, there are only 2/~! inequiva-
lent ones. Here, we consider the orders to be equivalent if they are conjugate by an element
of k*. Indeed, \ and —A\ yield such equivalent conjugate orders.

However, not knowing the specific A that corresponds to the chosen point (Ey, ¢) results
in an ambiguity in Proposition below, cf [Dor88]. We will resolve this issue later on
by taking the relative norm to the fixed field of all elements of order dividing 2 in the
Galois group Gal(H/k).

In the most general case that we consider, the multiplicities involve representation num-
bers with additional congruences that we will define now. For a fractional ideal a of k,
we let ¢, = aa~'c¢y. Moreover, we let Ay = a.)\g € Dglca/ca, where a € A,f’f is an idele
determining a and A is given in Lemma[4.3.7] Note that a is only unique up to an element
of @B but ), is a well defined element of d; 'c,/c, since @LX-, acts trivially on 0, ¢, /cq.

For n € Q¢ and p € 0; 'a/a, we let

po(n,a, ) =#{z € c;la=c;'a | N(x)=n, A\ + pu € a}. (4.3.2)

We need to define one more quantity to describe the multiplicities Z(m, a, pt)g.
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4 Moduli of CM elliptic curves and CM values of modular functions

Let p be a prime which is non-split in k£ and define

v (m) = s(ord,(m) + 1), %fp ?s iner‘F in k‘, (43.3)
ord,(m |D|), if p is ramified in .

Note that the prime ideals ‘B | p of H correspond to the irreducible components of

Spec O (F,). We let Py be the prime ideal such that prg (Ep,t0) with (Ep,to) as in
Lemma lies in the irreducible component corresponding to 3.

Proposition 4.3.9. Suppose that Diff(m) = {p}.
(i) We have Z(m,a, )y = 0 unless m + Q(u) € Z.

(it) For m+ Q(n) € Z, we have

1%

2,0, = 2y (P N(a)a).

k Rp

Proof. First note that our cycles correspond to those studied in [KY13| which are general-
izations of those in [KRY04]. The cycle Z(m,a, u) corresponds to Z(m |D|;0pa™t, N, X p)
for a generator N € a~!/a"10y.

The push-forward pr,[Z(m)] is given by a formal sum

E: nyq&

PCOn

We will now determine the multiplicities. Fix a rational prime p and a prime ideal ¢ C Oy

over p. Moreover, fix any geometric point § = (Ep, o) € Cp(x(F)). Using Propositon 4.1
in [KY13], we see that the length 1g Oz ()¢ of the completed local ring is given by

1g Oz(mye = Vp(m). (4.3.4)

Note that in the notation of [KY13], we have 0 = 0, = 0\ and A = D. Moreover,
ord,(m) = ord,(m|D|) for pt D. Therefore,

1%

p(1m) cH{r e L&) | (€,2) € Z(m)(F,)}.

Wy,

nm::

Thus, what is left is to count the number of endomorphisms x, such that (Ey, o, z) =
(&,7) € Z(m)(k(P)). That is, we need to count the number of x € L(Fy, )0, a, such
that

N(z) =mN(a), x4+ p € Opg,a.

The endomorphism ring O, = End(E)) is a maximal order contained in the quaternion
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4.3 Special endomorphisms: characteristic p

algebra B, = k @ kyo, where y2 = k,. By Lemma {4.3.7, we have
OEO = OCO,)\O,B = {[’}/,(5] ‘ v e DI;I, = Cal, v+ )\0(5 - OD}

This implies that
L(Ey, 19) = Oy N kyo = ¢5 dpy0.

An element x € L(FEj, Lo)blzla is therefore of the form x = ayq for
a € ¢ la.
By Proposition 7.1 of [KY13], we have that
a0 2o B, = AO0c A8, = O 25,8 = Oy 008, 8,

where a € A} s 1s an idele determining a. Note that this does not depend on the choice of

such an a because the order is invariant under the action of O3

Consequently, the condition p+ ayy € Og,a is equivalent to pu € D,;la and a € ¢, 'a such
that © 4+ A\;ae € a. The norm of « is required to be N(«) = (m/k,)N(a). This yields the
representation number po((m/k,)N(a),a, 1) and ends the proof. O

We can avoid the ambiguity in the formulas above by taking the quotient Cly / Cl[2] by
the subgroup Cli[2] of elements of order dividing 2. This corresponds to calculating the
valuation at primes ¢ C Op, where L C H is the subfield fixed by all elements of order 2
in Gal(H/k). We obtain a 0-cycle on Spec Oy, via the projection Spec Oy — Spec Oy.

For an ideal class [¢] € Cl, and a positive integer n we define the representation number

p(n,[c]) = [{b < Op | N(b) =n, b e[}

We obtain the following, more convenient result.

Proposition 4.3.10. Let L C H be the fized field of Gal(H/k)[2], where H is the Hilbert
class field of k. Let [¢] € Cl be an ideal class and let o correspond to [c] under the Artin
map. Moreover, let f C Op, be the prime ideal below By. We have for m + Q(un) € Z that

Z(m,a, u)ir = 2" vy (m)p(m | DI /p, [e] 2 [coal),

where v,(m) is given before Proposz'tion and o(m) is the number of primes p | D such
that ord,(m |D]) > 0.

Proof. 1t is enough to consider the case [¢] = [Op], that is, to determine the multiplicity
for the prime f. The general formula follows by the action of the Galois group given in
Proposition [4.3.6. We need to calculate the sum

fZZ<m7 a, M)‘l‘ = Z Z<m7 a, N)‘BE’
)

i reGal(H/L
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4 Moduli of CM elliptic curves and CM values of modular functions

where f = 2 if p is ramified in k and D is not a prime and f = 1, otherwise. (This is the
ramification degree of B | f.) According to Proposition and Proposition [4.3.6] this is

equal to
> Zmapg = o Zpo( ), .a,h.u),

r€Gal(H/L) heC
h2=1
where C = K*\A[, JOF = Cly acts as GSping(Ay) for U = k as described above (see
Section [2.4] E 4 for detaﬂs) The elements of order less or equal to 2 in the class group Cly
correspond to the prime divisors of D. See also Section . If 2 = 1, then h.a = a
because p/p = Op for prime divisors of 0. As h ranges over C[2], h.u runs through a set
of representatives of all 8 € 9, 'a/a with N(3) = N(x) mod N(a) modulo the action of +1.
Each of these (8 is counted with multiplicity

{20(’”)1 if o(m) > 1,

1 otherwise.

Finally, if o € ¢;'@ with N(a) = (m/k,)N(a), then @ = acya ' C Op is an integral ideal
with

N(d) = m- kip | D) _ m | D
Kp p p
which lies in the class [a] = [cpa]. In this correspondence a — a, each ideal occurs with
multiplicity
wy |2 ifo(m) > 1,
2 )1 otherwise,
because —y is in the set {h.p | h? =1} if and only if o(m) = o(u) > 1. O

Proposition 4.3.11. Let D = —I[ for a prime | = 3mod 4. Let p be a prime that is
non-split in k and fix an embedding of H = k(j) into C. We normalize the projection
map pr : C}, — Spec Oy, such that over C every CM elliptic curve (E, i) maps to the
embedding j — j(E) of Oy into C. There is a unique prime ideal B | p of H fized by
complex conjugation, P =P and we have

Z(m, a, )y = 27" v, (m)p(m | D] /p, [a]).

Proof. First note that the class number of hy, is odd [Zag81]. Since p is non-split in &, the
unique prime p C Op above p splits completely in H. Therefore, the number of primes of
Oy above p is odd and there is at least one prime fixed by complex conjugation. Let 3
be such a prime. Let 7 denote complex conjugation = + Z. Since c o7 = 7 oo~ ! for all
o € Gal(H/k), we have

P = ol
for every b. Suppose that 9 is another prime above p with Q = 9 and Q = 7. Then it
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4.3 Special endomorphisms: characteristic p

is easy to see that 93°("") = 3. Thus, since Gal(H/k) acts transitively on the set of primes
above p and p is totally split in H, we have that o(b?) is the identity and thus [b]? = [Op].
Since hy is odd, this implies that [b] = [Op| and therefore B is the only prime fixed by
complex conjugation.

Let W be the completion of the maximal unramified extension of Oy (here, Op g is

the completion of Oy with respect to ). Fix an algebraic closure m of the residue field
k(p) = Op/p. The ring W is a complete discrete valuation ring with maximal ideal 7 and
its residue field W/ is algebraically closed and therefore isomorphic to x(3) = k(p) (see
Corollary 1 of Chapter II in [Ser79]). Recall the diagram in the proof of Proposition [4.1.6]

We can consider a similar diagram with W in place of C,.

Cp(C) CH(W) Cp(k(p))

| L

Spec Oy (C) — Spec Oy (W) — Spec O (k(p))

Here, the bijection C}(C) — C/ (W) is given as follows. A CM elliptic curve (E,:) €
C}(C) maps to an elliptic curve (E,:) over W with j-invariant j(E) = j(F). Such an
elliptic curve with good reduction exists by the theorem of Serre and Tate [ST68|,(GZ85] and
is unique up to W-isomorphism. Moreover, note that all the maps involved are bijections
is in fact a consequence of the canonical lifting theorem [How13, Lan08]. We normalize
the map pr, such that over C every CM elliptic curve E maps to the embedding j — j(E)
of Oy into C. Note that this, of course, restricts to an automorphism of H and therefore
determines a map Oy — W, corresponding to E.

Now let E be an elliptic curve over W with j-invariant j(E) = j(Eo, ). Using the descrip-
tion above, we see that the reduction of E maps to the geometric point of Spec Oy (k(p))
determined by P as it is the unique valuation such that the image of j(Ep, ) is contained
in IF,.

As in Lemma 3.5 of [GZ83], we have that Endyy.(F) is isomorphic to Op,, \5,, where

A is any of the two possible A € Op /0, with N(A) = —p mod |D|. Therefore, P = BT,
where o = o(b) with [b]? = [co] = [po]-

Thus, we obtain according to Proposition 4.3.10| that

Z(m,a, p)yp = Z(m, a, p)yg = 2" v, (m)p(m | D] /p, [a]). M

We can now also give a formula for the Arakelov degree d/e\g Z(m,a, u).
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4 Moduli of CM elliptic curves and CM values of modular functions

Following [KY13], we define

1
deg Z( I !
eg Z(m,a, ) Z ogp Z |Aute, (o(x))] ()
z€Z(m,a,u)(Fp)

Zw—kzlog(p) > lgx)

mez(mvavu)(ﬁp)
and the sum runs over all rational primes. Here, we define

lg(z) = length of Oz(m,au),e = length of @Z(m,a#)’m

This definition can also be expressed as ge\gZ(m, a, p) = ge\gpr* [Z(m, a, )], where the
latter is the usual Arakelov degree of an arithmetic divisor on the arithmetic curve given
by Spec O. We use Proposition to calculate this degree by using that the degree
map is compatible with pushforward. We have proved the following result, which is one of
the results of [KRY99, KY13].

Corollary 4.3.12. Assume that m + Q(n) € Z and Diff(m) = {p}. Then we have
deg Z(m, a, ) = 27" ordy(m) + 1)p(m|D] /p, [[coal]) log(p),

where p(n, [[b]]) is the number of integral ideals of Op of norm n in the genus of b.

4.4 The modular curve Yy(N)

Recall the basic setup from Example [1.3.4l In particular, we let
Vi={x € My(Q) | tr(x) =0}

with quadratic form Q(x) = —N det(x). The corresponding bilinear form is given by
(z,y) = N tr(xy). Moreover, recall that we have an isomorphism

Yo(N) = X, To(N)2 = H(Q)(2, 1)K,
where K is defined as in Example [1.3.4] that is
K, = {(ZZ) S GL?(ZP) | cE NZp}

and K = [[, K,. In V we have the even lattice
p —a
c={(0 §) 1 abeez)
c —b
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The dual lattice of L is given by

b _a
L’:{(2N ]l\f) | a,b,ceZ}.
¢ 73N

The discriminant group L'/L is cyclic of order 2N and we can identify the corresponding
finite quadratic module with the group Z/2NZ together with the quadratic form z?/4N,
valued in 5Z/Z C Q/Z. The isomorphism of finite quadratic modules is explicitly given
by

ZJ)2NZ — L'JL, 1+ p, = (? _OT ) =: diag(r/2N, —r/2N).
2N

The following Lemma is easy to check. We also refer to [BY09].

Lemma 4.4.1. The group K preserves the lattice L and acts trivially on L'/ L.

4.5 An integral model for the modular curve

We recall some of the properties of the integral model for the modular curve Yy(V) and its
compactification Xo(/N). These models have been intensively studied by Deligne, Rapoport
IDR73], Katz and Mazur [KM85]. We refer to these references and [GZ86] for details.

The stack Vo(N) (Xo(N)) over Z represents the moduli problem that assigns to any base
scheme S the cyclic isogenies of degree N of (generalized) elliptic curves 7 : E — E’ over
S such that ker m meets every irreducible component of each geometric fiber. On complex
points, we have Vy(N)(C) = Yu(N)(C) and Xy(N)(C) = Xo(N)(C).

Here, the condition that A = ker 7 is cyclic of degree N means that locally on S there
is a point P such that

N
A= [aP]

a=1
as a Cartier divisor on F. This becomes the usual condition that A is locally isomorphic
to Z/NZ, when N is invertible in S. We will always assume that NV is square-free. In this
case the condition means that A is locally free of rank N.
The cusps correspond to certain degenerated elliptic curves [DR73]. We will not give a
precise definition of these as we will mostly work on the substack )y(N).

Theorem 4.5.1 (Theorems 1.2.1 and 3.2.7 of [Con07]). Let N be square-free. Then the
stack Xo(N) is a proper flat Deligne-Mumford stack over Z. It is reqular and has geomet-

rically connected fibers of pure dimension one. Moreover, the stack Xo(N) is smooth over
Z[1/N].

Here and throughout, we assume that N is square-free.
The stack Vo(N) has a coarse moduli scheme which we will describe now. The N-th
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modular polynomial (or modular equation) is a bivariate polynomial defined by

oy Y) =[] V=jo). (4.5.1)

YEMN

Here, the set My is given as follows. Let

DN:{(CCL 2) | ged(a,b,c,d) =1, ad—bc:N}.

The group I'g(N) acts on Dy and the set My above is taken to be a system of represen-
tatives for I'o(IV)\Dy. We have ®x(5,Y) € Z[j][Y] which is why we will write ®x(X,Y)
for the bivariate polynomial with integer coefficients. The modular functions j(7) and
jn(7) = j(NT) satisfy ®n(j,jn) = 0.

Proposition 4.5.2 ([DR73|, VI. Proposition 6.5). The coarse moduli scheme Yo(N) of
Vo(N) is given by the spectrum of the normalization of Z|X,Y|/(®Pn(X,Y)).

From this description we can obtain detailed information on the special fibers of Y (V)
(and Xo(NN)). The fiber above p with p | N is reducible and singular [GZ86]. When N
is square-free, it has two irreducible components. We will denote these two components
by fép ) and ]-"ég). They are characterized by the property that the horizontal divisor oo,
that is obtained as the closure of the cusp oo, intersects F,, and similarly, the divisor 0
intersects Fy. This behavior is reflected by Kronecker’s congruence, which is quite simple
in our case:

By (X,Y) = Dy yp(XP, V)P (X, YP) mod p. (4.5.2)
We refer to Gross and Zagier [GZ86] and also Deligne and Rapoport [DR73] for details.

4.5.1 Integral extensions of Heegner divisors

The following moduli problem describes a natural extension of the divisor Z(m, i) to the
stack Xp(NV). We follow [BY09], Section 7.3.

Definition 4.5.3. Let m € Q. and r € Z such that 4Nm = A = 72 mod 4N. The
integer A is a negative discriminant and we denote by O the order of k = Q(v/A) of

discriminant A. The ideal n = (NN, #) has norm N. Moreover, let

U 0
//L://Lr: 2N T)'
(0 —3N

We define Z(m, 1) to be the Deligne-Mumford stack representing the moduli problem
which assigns to a base scheme S over Z the set of pairs (7 : E — E’, 1), such that

(i) 7 : E — E’ is a cyclic isogeny of two elliptic curves E and E’ over S of degree N,
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(i) ¢ : Opa = End(m) = {« € End(E) : rar™' € End(E’)} is an Oa-action on 7 such
that ¢(n) ker 7 = 0.

There is a natural morphism
Z(m, pn) — Xo(N),
given by the forgetful map
(n:E—FE, )—~7n:E—FE.

Note that Z(m, u) does not intersect the boundary Xo(N)\Vo(NV) [Con04].

Lemma 4.5.4. The forgetful map Z(m,pu) — Xo(N) is finite and étale. Therefore,
Z(m, ) defines a divisor on Xo(N) and this divisor is horizontal.

Proof. That the forgetful map is finite and étale has been stated in [BY09, Section 7.3].
The map is representable by a finite and unramified morphism. This follows essentially
from the rigidity of endomorphisms of elliptic curves (this also shows that the stack is
a Deligne-Mumford stack). That the forgetful map defines a horizontal divisor is clear
because it is flat and Ay(V) is flat over SpecZ. The result follows from the following
Lemma. O]

Lemma 4.5.5. As divisors in the complex fiber, we have

Z(m, n)(C) = Z(m, p).
Therefore, Z(m, ) is the flat closure of Z(m, ).

Proof. Let z € Z(m, ). By Lemma |1.3.6), we can assume that z = H(Q)(7,1)K with
7 € D, for some A € L, ,. This implies that 7 satisfies a quadratic equation of the form

ar’ +br+c=0

with N | @ and b* — 4ac = A = 4Nm. Thus,

r= VA

2a

and a7 is contained in the order O of discriminant A. Moreover, the ideal a = (a,at) C
On is a proper ideal of Oa. Consequently, the elliptic curve

E,=C/a

has complex multiplication by (at least) Oa, that is Ox C End¢(E;). Furthermore, the
ideal an™! = (a/N,at), where n = (N, ar), is also a proper Oa-ideal and the natural map

E.=C/a— C/an"! = E.
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is a cyclic N-isogeny. Thus,
(Er = E7,1) € Z(m, 1)(C),

where we write ¢ for the natural inclusion O — Endc(E;).
The other inclusion is similar. ]

We briefly mention the relation to the Heegner points as defined by Birch [Bir75], Gross
[Gro84] and Gross-Zagier [GZ86]. A Heegner point on Xo(/N)(C) is described by the data
(O,n,[a]), where O C k is an order, n C O is a proper O-ideal with quotient O/n cyclic
of order N and [a] is the class of some invertible O-module in Pic(Q). The Heegner point
corresponding to this data is given by the diagram

C/a — C/an™t.

If we choose an oriented basis (wy,ws) of a, such that an™' = (w;,ws/N), then the point
in Xo(N)(C) = T'o(N)\H is given by the orbit of 7 = w; /wy [Gro84].

Finally, notice that we have a decomposition of Z(m, u) similar to Lemma[1.3.9] We let
Z%m, u) be the Deligne-Mumford stack representing the moduli problem assigning to a
base scheme S the set of pairs (7 : E — E’, 1), such that

(i) (m: E— E'1) € Z(m,u)(S),
(i) (m: E — E',0) & Z(m/f?,v)(9) for all f > 1 and v with fv = p.

Note that over C the second condition is equivalent to Endc(E) = Endc(E') = Oa.
Moreover, this is compatible with our definition of Z°(m, u1) in Section[1.3.4 By definition,
we have a decomposition

Zmp) =Y Y 2 (%u> (4.5.3)

f2lmvel’/L
fr=p

4.6 CM values of modular functions

The starting point for our study of CM values of modular functions with zeros and poles
supported on Heegner divisors is the following Lemma.

Lemma 4.6.1 ([BY09], Lemma 7.10). Let D be a negative fundamental discriminant and
assume that D = 1 mod 4. Let m € Q¢ and r € Z such that ANm = D = r? mod 4N.
There is an isomorphism of stacks

ip :Cp — Z(m, i), (E,0)w— (m: E — E/E[n],u).

Here, we denote by E[n] the kernel of the multiplication-by-n map. Combining the map
jp with the forgetful map Z(m, u) — Xo(N) yields a map Cp — Xy(N), still denoted jp.

98



4.6 CM values of modular functions

Note that this map also depends on the choice of r. For simplicity, we do not reflect this
in the notation.

From now on, we fix mg,m; € Qs and write D; = 4Nm,;. We assume that mg, m;
satisfy the properties of Definition [4.5.3, In particular, there are rq,ry € Z, such that
7"2.2 = D; mod 4N and we let p; = p,.,. We write n; for the corresponding ideals of norm NV in

Op, generated by N and %ﬁ Moreover, assume that Dy is a fundamental discriminant
with Dy = 1 mod 4 and DyD; is not a perfect square so that Z(my, o) and Z(mq, py)
intersect properly.

For a CM elliptic curve (E,t) € Cp,(S), we define

Opny i= Ends(E — E/Eng]) = {a € Endg(E) | mar™' € Endg(E/Eng])}.
We are interested in the intersection of Z(my, io) and Z(mq, 1) on Xy(N) or, equivalently,
in the pullback of Z(mqg, o) under jp. The stack j5,Z(mq, 1) represents the following

moduli problem. For a base scheme S, consider the category M (my, p1,19)(S) of triples
(E,t,¢), where

(i) (E,¢) € Cpy(5),
(ii) ¢ : Op, — Opgy, is an action of Op,, such that
(iii) ¢(ny)E[ng] = 0.
We consider the fiber product diagram
ip2(ma, ) = Z(p, ma) X xy(n) Cpy———>Cp,

|- |

Z(ml,,ul) Xo(N)

Lemma 4.6.2. The map

2 :j*DZ(mlaﬂl) — M(mhulanO)v

given by
§ = (B0, 0),
where mo(§) = (E, 1) and m (&) = (E — E/E[n), ¢) is an isomorphism of stacks.

Proof. This can be found in [BY09, Section 7.3]. It is clear that the described map is well
defined and injective over any scheme S. In the other direction, suppose that (E, ¢, ¢) €
M(mq, p1)(S). Then (E, 1) € Cp,(S) and (E — E/E[ng), ) € Z(mq, p1)(S) by definition.
Thus, we obtain maps M(mq, u1,n9) — Z(my, 1) and M(mq, pq,n9) — Cp,. By the
universal property of the fiber product, we obtain a unique map ¢ that makes the following
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4 Moduli of CM elliptic curves and CM values of modular functions

diagram commutative.

M(mb M, n())

@

Z(m1, p1) X xy(v) Cpy T>CD0

Z(mla Ml)

Therefore, £ = ¢((E, ¢, ¢)) € j5,Z(my, u1) with p(&) = (E, ¢, ¢) by the definition of ¢. [

Xo(NV)

Lemma 4.6.3. We have the identity

ok D0D1 — Tl2 n -+ 1V DO
BpZlmsm) = Z<4N!Do! VD, )

n=rgr; mod 2N
n?<DoD1

of elements in Z'(Cp,). The sum runs over all integers (positive and negative) satisfying
the congruence.

Proof. This is a direct consequence of Lemma 7.12 in [BY(09]. There, the authors prove an
identity on geometric points over algebraically closed fields in any characteristic. In our
notation, the lemma stated there becomes

JnZ(my, ) (Fy) = M(my, p, no) (Fp) =

n=rgriy mod 2N
n?<DyD;

DQDl —n? n+rv DO —
Z , N, (]Fp)
| AN |Dy| 2y Do

Here, the second isomorphism is given by
(E,t,0) — (E,,x),

where z is given by

$:¢(r1+\/D_1) ., (n+r1\/ﬁo)
2 VI
In order to prove the equality of divisors, we need to show that the completed étale local
rings are isomorphic if (E,¢,¢) — (E, ¢, x). This follows from the fact that the completed
étale local rings pro-represent the same formal deformation functor.

Let p be non-split in kp, and let W = W(F,) be the Witt ring of F, = F (see Chapter
IT of [Ser79]). Let R be a locally complete artinian W-algebra with residue field F. Let
(E,t,¢) € 75 Z(my, u1)(F) = Z(F) and

DOD1 —n2 n n+T1\/D0
AN |Do| " 2y/Dy

(E,1,z) ez( ):22(19)
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4.6 CM values of modular functions

for some n € Z with n = ror; mod 2N and n? < DyD; such that

() () o

Suppose that (E,, ¢) lifts to (E,7,$) in j5Z(my, i) (R). Clearly, since ¢ lifts to ¢, we
must have that m o ¢ = ¢ and also m o i = «. Therefore, we have that

() (5

is a lift of 2 and thus (E, 7, &) is a lift of (F, ¢, ). We have by the rigidity of endomorphisms
of elliptic curves that the reduction map 7 : End(E) — End(F) is injective and therefore,
¢ and & are both uniquely determined. The other direction is similar. We obtain that
¢ =(FE,,¢) lifts to R if and only if ( = (E, ¢, x) lifts to R.

The completed étale local ring o z, ¢ pro-represents the formal deformation functor of £
and @Zm( the one of (. We have just shown that these functors are isomorphic. Therefore,
we have Homy (Oz, ¢, R) = Homy (Oz, ¢, R). In particular, this is true for R = Oz, ¢/m}
and R = @ZQ,C/mg, where m; and my are the corresponding maximal ideals. Thus, we
have (’53175 = @g%g.

Moreover, both define the same divisor because the completed local ring @C,a for a point
a = (E, 1) pro-represents the formal deformation functor of «. In particular, we have a
commutative diagram

031,5

N

A

= OC'D,a

v

0227<

where all morphisms are morphisms of complete local rings. We also refer to Section 3.2 of
[How12b|] for more details on the connection between local rings and deformation functors
in our situation. [

Proposition 4.6.4.

(i) We have an equality of function fields:
E(Xo(N)) = k(Xo(N) g) = k(Xo(N) /g) = k(Xo(N)).

(i) Moreover, the function field is given by k(Xo(N)) = Q(j, jn), where jn(1) = j(NT).

(iii) The restriction of f € k(Xy(IN)) to the generic fiber Xy(N),q is given by a rational
meromorphic modular function for T'o(N).
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4 Moduli of CM elliptic curves and CM values of modular functions

Proof. (i) On an affine subscheme Spec(A), the fiber product Spec(A) xzSpec(Q) is just
the tensor product Spec(A ®z Q). Therefore, locally on any atlas U — Xy(N), the
first equality holds. Thus, it also holds for Ay(/N). The second equality follows from
Proposition 2.4 of [Vis89], which states that the field extension of functions fields
is purely inseparable. Since we are in characteristic 0, this implies k(Xy(N)/q) =
kE(Xo(N)/g). The last equality follows in the same way as the first one.

(i) The generic fiber Xy(NV) g is a model for X,(N) over Q. In fact, it is the canonical
model, which has been studied by Shimura [Shi94]. By Proposition 6.72 [Shi94], we
have that Ck(Xy(N),q) = C(Xo(N)) = C(j,jn). See Proposition 2.10 of [Shid4].
For further details we refer the reader to the example on page 156, ibid.

(iii) This follows from the first two items. O

A rational function f € k(Xy(N)) defines a rational function on Cp, via pullback
Jb(f lip(cp,)), which makes sense as long as jp(Cp,) is not contained in the divisor of
f. The element j}, f then defines an element of k(Cp,) = k(Cp,) = Hy. Here, Hy is the
Hilbert class field of kp, = Q(v/Dy). The fact that k(Cp,) = k(Cp,) holds follows again
from Proposition 2.4 of [Vis89].

Now let f € k(AXp(V)) be a modular function such that its divisor is a linear combination
of the Heegner divisors Z(m, u). That is, there are integers c¢(m,r), such that

div(f) = > Yo emr)Z(mm) + C(f),

r mod 2N meQ«o
ANm=r2 mod 4N

where C(f) is supported at the boundary. We have by definition (cf. the proof of Propo-
sition 3.7 in [Vis89]) that

div(jpf) = jp(div(f)).

Finally, we normalize the map pr : Cp, — Spec Op, in the following way. (Recall that
it is only unique up to an automorphism of Og,.) We fix an embedding of H, into C and

an ideal
/D
Ny = (N, H—TO) C ODO.

of norm N. Consider the Heegner point z, given by 7 : C/Op, — C/n~!. Then we require
that pr is chosen such that pr, j5,(f"*) € H, is equal to f(zp), where wy, is the number
of roots of unity in kp,. Note that f(z9) € Hy defines a divisor on Spec Op, given by

D> ordy(f(0)F. (4.6.1)

BCOH,

Here, the sum is over all nonzero prime ideals of Op,.
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4.6 CM values of modular functions

Proposition 4.6.5. Let Dy < 0 be a odd fundamental discriminant and normalize pr as
described above. Let f € k(Xy(N)) with

div(f) = Y. > c(m,r)Z(m, u,) + C(f),

r mod 2N meQ«p4Nm=r? mod 4N
and assume that div(f) and Z(my, o) intersect properly. Then we have

n? n+rv/Dy
oty =y 33 elmr) Y 2 (= g )

r mod 2N m€EQ<g n=ror mod 2N
n?2<—4NmDg

for every prime B of the Hilbert class field Hy.

Proof. This follows directly from our considerations above and the fact that the pullback
of div(f) as a Cartier divisor (Equation (4.6.1))) agrees with the pullback as a Weil divisor,
corrected by the multiplicity as explained above. The pullback as a Weil divisor is described
in Lemma [£.6.3] Also note that the image of Cp, does not intersect the boundary. ]

Remark 4.6.6. The formulas in Proposition [4.3.9] and [4.3.10] provide explicit formulas
for the quantities in Proposition [£.6.5] Also, note the similarities to the Gross-Zagier
formula on singular moduli. In fact, the Proposition provides a generalization of the
Gross-Zagier theorem to modular functions on Xy(/N) with zeros and poles supported on
a linear combination of the Heegner divisors Z(m, i) on the stack Xy(IV).

We should also remark, that we have basically used arithmetic intersection theory here,
even though we did not make that explicit. Since we are only dealing with principal
divisors, it is not necessary to introduce the even more involved arithmetic cycles and
their intersection theory. We preferred to just use this ad-hoc adaption of the pullback of
divisors which is sufficient for our purposes.

Example 4.6.7. To illustrate the situation, let us consider a simple example. Let N =1
and suppose we would like to compute the value of (j(a_3) — j(a_7)) = —j(a_7), where
we denote by ap the unique CM point of discriminant D on X(1) (in both cases the class
number is equal to one).

We consider the functions f3 = (j(7) — j(a_3))? = j(7) and fr = (§(7) — j(a_7))*
We can compute the same value by computing the pullback div(fs) to C_7 or by com-
puting the pullback of div(f;) to C_3. On the stack Ay(1) these divisors correspond to
3Z(—3/4,1/2) and Z(—7/4,1/2) because the points in the divisor Z(D/4,1/2) are counted
with multiplicity 2/wp, where wp is the number of roots of unity in kp.

We obtain for the pullback of f; that

41423 V=3
+—3) +Z(1,@_3,M) |
=3 ), =3 ),

Using Proposition [4.3.11, we see that the first summand only contributes when p = 5
and contributes twice 1/2 in that case. Similarly, the second summand is equal to 1 and

%Ordp (frla—s)) =2 (;O—?ﬂ
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4 Moduli of CM elliptic curves and CM values of modular functions

contributes twice for p = 3. And indeed, it is well known that
fr(a_s) = j(a_q)* = 3375% = 3°5°.
We double-check the formula and consider f3; to obtain

1 11473 3 13173
+ ) 132 (—,0_7, + ) .
P P

B ord,(fs(a-7)) =32 (g, 07,

2v/—3 7 2v/-3
Again, it is easy to see that both terms contribute twice 3-1/2 for p =3 or p = 5, adding
up to a total multiplicity of 3 for both primes on the right hand side.

As a generalization of the example, we recover the Theorem of Gross and Zagier on
singular moduli [GZ85] and its generalization by Dorman [Dor88|. Let Dy be a negative
fundamental discriminant and suppose that Dy is odd. Moreover, let D; be a negative
discriminant, coprime to Dy. Consider the modular function

v = I G —ilag)™.

QEeSLo (Z)\QDl

Here, Qp, is the set of quadratic forms of discriminant D; as in the Introduction and wy,
is the number of roots of unity in k; = Q(v/D;)

Theorem 4.6.8 (Gross-Zagier, Dorman). Let Hy be the Hilbert class field of ko = Q(v/Dy).
Moreover, let L be the fized field of Gal(Ho/ko)[2], let p be a rational prime and f C Of, be
the prime ideal below By | p (see Section[4.5). Then we have

Wi, o(n) — DOD1 — n2 DOD1 — 77,2 _
ordi (U(z0)) = == Y 2"y, < 11Dy ) p ( il “lco] ) ,
nez

n=1 mod 2

for o = o(c). Here, vy(x) = v,(x) if Diff (x) = {p} and 0,(xz) =0, otherwise.

To conclude this chapter, we show that there is a rather simple criterion to decide if the
divisor of a modular function on Xy(V) is horizontal if NV is square-free. It is reflected in
the classical Kronecker congruence of the modular equation .

Recall that the fiber X, above p for p{ N of X((N) is irreducible and that X, has two

components }"ép ) and F¥ for p | N. Each of these components induces a valuation on
k(Xo(N)), denoted by v, for pt N and v, o, and v, for p | N.
For a modular function f € Q(4, jy), denote by

fm) = 3 cnln)g”

n->>—oo

and
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4.6 CM values of modular functions

the Fourier expansions of f at the cusps oo and 0, respectively. We have the following
explicit variant of the g-expansion principle.

Proposition 4.6.9. Let f € Q(j,jn) be a modular function for Io(N), p be a prime and
set a = inf{ord, coc(n)} and b = inf{ord, co(n)}.

(i) If pt N, then a = v,(f).
(i) If p | N then a = v, oo(f) and b= v,0(f).
Proof. Evaluation at the Tate curve (cf. [DR73] [DI95])

Gr/q"
over Zl[[q]] gives a homomorphism
Too : Spec(Z[g]]) — Xo(N)

and evaluation at the Tate curve
gql/N/qZ
over Z[[¢*/N]] accordingly
70+ Spec(Z[[g]) = Xo(NV).

Combining these maps with the geometric points given by ¢ + 0 for 7., and ¢V — 0
for 75, we obtain the cuspidal sections Spec(Z) — Xy(N) corresponding to the cusps oo
and 0, respectively. The pullbacks 7% f and 7 f of f € k(AXo(N)) are given by the Fourier
expansion of f at oo and 0, respectively. The valuation at p on Q((¢)) and Q((¢'/N)) is
given by the canonical extension of the p-adic valuation on Q. It agrees with the valuations
given by a and b in the statement of the Proposition. If p t N they coincide since the fiber
of Xy(N) above p is irreducible in this case.

We refer to Theorem VI. 3.10 on page 163 and Corollary 3.12 in [DR73| for more details.
Moreover, in Section 3.16, ibid., the case X(p) for a prime p is discussed in more detail. [J
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5 The holomorphic part of ép

Recall our setup from Section [3.3] An important ingredient for Theorem was the
existence of a harmonic weak Maafl form ©5(7, h), such that £(©5(7,h)) = Op(7, h) for a
two-dimensional positive definite lattice P. This chapter is devoted to finding a description
of the coefficients of the holomorphic part of (suitable normalizations) of these harmonic
weak Maafl forms in the case that P corresponds to a fractional ideal of an imaginary
quadratic field of square-free discriminant.

5.1 Embedding into a modular curve

We start by describing the CM cycles on the modular curve Xy(N). Recall the setup from
Section . We basically use the same setup as in Section 7.1 of [BY09], except that
Bruinier and Yang work in signature (1,2).

Recall that for m € Q and p € L'/L, we use the notation

Ly =2y (Q) Nsupp(¢,) ={r € p+ L | Q(z) =m}.

Let m € Q< and p € L'/L such that m — Q(u) € Z and let r € Z with p = p, mod L.
Then D = 4Nm € Z is a negative discriminant such that D = r? mod 4N. Using this
notation, we put

_r_ L
A\ = (ngg N ) € Ly, (5.1.1)

AN T 2N

The subspace U = A\ C V(Q) is two-dimensional and positive definite.
As in section 7.1 of [BY(9], we obtain lattices P and N given by

o B 1 0 0 —=
pernv-z(l O)ez(,% F) 512

4N

and a negative definite, one-dimensional lattice
2N ) , t
N=LNQ\ = ZT)\T with dual NV = ZE)\T. (5.1.3)
Here, t = (r,2N).

From now on, assume that D < 0 is a fundamental discriminant and let kp = Q(v/D).
The following lemma is crucial for us.
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5 The holomorphic part of Op

Lemma 5.1.1. With the same notation as above, we have an isometry of lattices

P.Q = (n 1)

n— (N,T+2\/E> C kp.

Proof. We have seen above that the lattice P is generated by

with

P = (—1r _01> with Q(p1) = N,

and . )
0 —= . r*—D
P2 = (D—r2 ON> with Q(p2) = AN

4N

and bilinear form
(p1,p2) =

Therefore, p; — N, py — r+§/5

is an isometry of (P, Q) and (n, ﬁ—"f), with

n= <N T+\/E)
) 5 )

as claimed. ]

We note that the two points 2;7' corresponding to A, satisfy the quadratic equation

r2—D

1 T+r7+1=0

in terms of coordinates of HUH. In terms of the moduli description (see also Sections
and [4.6), the T'o(IV)-orbit of these correspond to

C/Op — C/nt,

where Op is the order of discriminant D in kp. This is easy to check: We obtain the

quadratic equation from
z —22
Nir <( ) )\T) 0
1 —=z

and we see that the point 7 satisfying this equation is of the form w;/wy for wy = 1 and
Wy = —%ﬁ. This data exactly corresponds to the point C/Op — C/n~! € Xy(N)(C).

Recall that we write " = GSpin;; as in Chapter [3| and we consider 7" as a subgroup of
H = GSpiny,, acting trivially on U+,
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5.1 Embedding into a modular curve

Lemma 5.1.2. We have that T = GSpiny =k}, via

1 0 T -2
1r—><0 1), \/EH(TQTD _T>.

Proof. This is done in exactly the same way as Lemma [2.6.3] O

Lemma 5.1.3. We have for K as in Section[{.]] that
Kp:= KNT(Ay) = O3,

Proof. Tt is clear that O}, C A ; preserves n and that every subgroup of A ; preserving

n is contained in @g Therefore, the image of K is contained in @B The other inclusion
follows directly from Lemma since the image of (Op ® Z,)* under the map given
there is obviously contained in K. ]

Recall the setup from Section Note that Kp acts trivially on P’/P and thus we can
take Kp = Kp and we have Cpyx = T(Ay)/Kr, which is isomorphic to ]k/@g = Cly for
k = kp in our case.

Now we specialize the setup for our application. From now on and for the rest of this
section we fix a negative fundamental discriminant D and a integral ideal a C Op of the
imaginary quadratic field k = kp of discriminant D with ring of integers Op. We assume

throughout that D is odd. Consider the positive definite lattice (P, Q) = (a, E—ﬁ) and write

a= (A, %) with A, B € Z, A > 0. That is, the ideal a is generated by A and %ﬁ.

This is equivalent to saying that P (or a) corresponds to the positive definite integral
binary quadratic form [A, B, C] of discriminant D = B? — 4AC, with C' € Z determined
by A, B and D. We will use the construction above to embed the lattice P into the lattice
L for N = A|D|.

Assumption 5.1.4. Without loss of generality, we will assume that (A,D) = 1. If A
is not coprime to D, we can replace [A, B,C] with an equivalent form. The associated
discriminant forms are isomorphic. Therefore, we can identify the corresponding theta
functions, as well. An integral binary quadratic form of discriminant D represents infinitely
many primes (cf. Theorem 9.12 of [Cox89]). Thus, we may in fact choose A to be prime,
represented by [A, B, C], not dividing the discriminant D.

Under these assumptions, there are E, F' € Z with 2AE+BF = 1. (Note that (A, D) = 1
implies (24, B) = 1 because D is odd.) Using this, we have for R := F'D that

R?* = D mod 4A |D|. (5.1.4)

Indeed, we have R?* = 0 mod D and F?D? = F?D - D = F?(B? — 4AC)D = D mod 4A.

Warning. Note that the definition of R depends of course on the ideal a we started with.
The notation does not reflect this dependence in order to not become too clumsy. We hope
this does not cause any confusion.
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5 The holomorphic part of Op

With this setup, we put M := ;—j = %ID\ and let Ag as in (5.1.4). Note that we obtain
in this special case

N = LN QMg = Z2A\g with dual N' = ZAg. (5.1.5)

In contrast to the general case, in our situation the lattice L splits as L = P @ N. This
follows from the fact that the discriminant group N’/N is isomorphic to Z/2AZ and the
following lemma.

Lemma 5.1.5. With the same notation as above, we have an isometry of lattices

P.0)= (b7 )

with

In particular [b] = [a] € CI(D).

Proof. The first part is contained in Lemma It is only left to show that b = 0,a.
Clearly, AV/D € a and therefore the first generator A |D| of b is contained in da. Moreover,
since 2AF + BF = 1, we have that

B D 2EA+ FB+ FvD D+ FD D
(541 PEAYD) L pASEBSIND D40 _ns/D

is contained in 0, a. Therefore, b C 0,a. For the other inclusion, we easily see that

D
A@:2A¥+A\D|F
is contained in b. Moreover, the other generator of d.a

B++VD
vD 2

is also contained in b since we can write

/pB+VD _BYD+D _ (2AE+ BF)D + BVD
2 2 B 2

and this is equal to

D
—A|D|E+B¥,

which is clearly contained in b. This shows the other inclusion and finishes the proof. [
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5.1 Embedding into a modular curve

In particular, P and P have isomorphic discriminants groups. This also means that their
theta functions can be identified.

We will now see that the special divisor Z(M, ug) (Definition [1.3.5)) is given by the CM
cycle Z(U).

Proposition 5.1.6. With the same notation as above we have
Z(U) = Z(M, pir).

Remark 5.1.7. For D coprime to N, this was stated as Proposition 7.2 in [BY09]. We
need to verify that it also holds in our situation.

Proof. We will show
Qu(Af) Nsupp(@,,) = KAg

by proving that Q/(Q,) Nsupp(¢,,) = KpAg for every prime p. This shows the equality
since then Definition [1.3.5|is equivalent to

Z(M, pr) = Z(Ar,1) = Z(U).

(Note that the definition (3.0.2) of the cycle Z(U) is exactly the same as Z(\g, 1) in
(1.3.4).) Let v € Qun(Qp) Nsupp(¢,,,) be primitive and write

b _a
y=(2 ]zY)
(C TN
with a,b, ¢ € Z, such that b* — 4Nac = D.

1. Let us first suppose that p divides N = A|D|. Then b = 0 mod D since pg corre-
sponds to F'D in Z/2A|D|Z as above. There are two cases to consider.

1.1. First assume that p divides D. Then (p, A) = 1 by our assumption on A.
However, since b?/D + 4Aac = 1 but p still divides b*/D, we must have that
(p’ CL) = (p7 C) = 1.

1.2. In the other case, when p divides A, we must have that (p,b) = 1 since (D, A) =
1. If p is not coprime to a, we replace v by

1 1 b+2Nc _ b+a+Nc
y = 2N N
o 1) 7= (% Tede)

2N

In particular, b 4+ a + Nc is now coprime to p.

Therefore, we may assume that p is coprime to a. The matrix
1 0
0 —a
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5 The holomorphic part of Op

is thus contained in K, and we have

(0 %) =2 S) (0 )= (5 1)

We may therefore assume that a = —1.  We have that

., (1 0>
R — b—
1

0 mod 2N and it has determinant 1. Moreover, we

is contained in K, since b — R

calculate
: 0) ( : 0) (% % ) ( : 0)
b—R Y=\ =R b R—b
( 5 1 5 1 ¢ TaN 5 1

1
_ 2N N
- (R2+b2+4Nc i)

AN 2N
- )\R.

In the last step we have used that b> +4Nc¢ = D since a = —1 in this case.

2. Finally, if p is coprime to N, we have that D is coprime to p and therefore one of
a, b, cis coprime to p. If (p,a) = 1, we can directly proceed as above. If (p,b) = 1, we
can first apply step and are reduced to the case (p,a) = 1. Finally, if (p,c) =1
we can switch a and ¢ using the matrix

0 —1
(1 ) ) e K,
since p is coprime to N. O

Remark 5.1.8. We note that Z(M, ug) is equal to the usual Heegner divisor Pp g+ Pp g
as in [GKZ8T7]. This can be easily checked using Lemma [1.3.6]

It is important for us to understand the action of T'(A;) = Ay, on modular functions
precisely. It is given by the following Lemma.

Lemma 5.1.9. Let h € Af; and let f € Q(Xo(N)) be a rational modular function. Let
t € T(Ay) be the image of h and write t = vk fory € H(Q) and k € K. Let z € Z(M, ug)
be a CM point. Then we have

FE = f72),
Proof. This is the first item of Theorem 6.31 of [Shi94]. There, it is shown that for any
modular function f (as in [Shi%4]), we have fo™(z) = f7¢")(z). The map 7 is defined on
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5.2 A seesaw identity

page 149, ibid., and it acts on j(2) as j7®) = j o «, if # = ua for u € K and o € GL$ (Q).
This implies if ¢ = «k, then t~' = k~!y~! and therefore

G M (2) = 77D (2) = j(v712). O

5.2 A seesaw identity

The motivation for this and the next section is the following. Let us write the Fourier
expansion of ©5(7, h) as

Of(r,h) = Y > ch(h.m,Be(mr)ds.

BeP!'/P m>00

Suppose that there is a weakly holomorphic modular form f € M LP’ with principal part

Pr=q "(¢s+ ¢-5)

for m > 0. (Note that such a form often does not exist but we will deal with this problem
in the next section.) On the one hand we obtain by Theorem that

0. )= [ 168 R ()
= CT{f(7),0h(r, h)) = c5(h,m, B) + c5(h,m, — ) + “error term”,

where the “error term” is a contribution of the pairing of the principal part of Op with
the coefficients of positive index of f. Let us ignore this term for the moment.

On the other hand, there is a different expression for the theta lift ®p(h, f) in terms
of a CM value of the theta lift for the lattice L. The basic principle goes back to Kudla
[Kud84] who realized that many previously mysterious identities between theta lifts can
be understood in the context of “seesaw dual reductive pairs”. In our situation, the seesaw
diagram is

SL2 X SL2 0(2, ].)

Here, the vertical lines are given by diagonal restriction/embedding maps and the diagonal
lines are the corresponding theta lifts. We will apply this as follows. We consider the theta
lift from SLs to O(2,1) and then restrict to an embedded O(2) x O(1), where we just view
the resulting function as a function on O(2). The diagram shows that this is the same as
the lift from SLy x SLy to O(2) (after embedding diagonally).

Explicitly, this works as follows in our situation. We will use the embedding defined
above to obtain an expression for the regularized theta lift in the case of signature (2,0) as
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5 The holomorphic part of Op

a CM value of a modular function on Xo(N) for N = A|D|. For D a prime discriminant,
a similar setup is used in [Vial2].
Consider the theta lift ®; corresponding to L defined as

reg

—_— 1
Bi(eihog) = [ (g, Bulm ) vkdur),
I\H
for (z,h) € Xg. Since the lattice L splits as L = P & N, the Weil representation py, is
isomorphic to the tensor product pp ® par. In particular, we have that M p Q@M b w8
b _57

a subspace of M} ;- At a point (zi5,h) € Z(U) corresponding to the splitting P & N we
27
obtain for an element f ® ¢ in M, ® M', . that
b 75,

reg

B1((zp, 1), f © ) = / (f © 9)(7), (07 @ O) (7, ))vidu(r)

I\H

— /Frc€<f(7>am><§0(7), On (7)) vdpu(r).

\H

Now we choose a specific function ¢. Since N'/N = 7Z/2AZ with quadratic form

—x%/4A, the space M,L w 1s isomorphic to the space of weakly holomorphic Jacobi forms
J,’Hl , of weight &k + % and index A. See also Section |1.5.4] In particular, M!_;N is iso-

27 PR
morphic to J(!), 4~ 1t follows from Proposition |1.5.17, that J; 4 is generated as a C-vector
space by elements of the form

A
> W FIGA, (5.2.1)
=0

where ¢; € M;;(SLy(Z)) and F,G are the generators of the ring of weak Jacobi forms
of even weight as in Proposition We will frequently identify these forms as vector
valued modular forms in ML5 JoN and Mil SN via the theta development of Jacobi forms
(see Section . Under this identification, the following relation is easy to obtain.

Lemma 5.2.1. We have (F’(1)G*7 (1), Opn-(7)) = 12450 ;.
Proof. It follows from Lemma that
<Fj(T)GA7j(T), On-1(7)) = (FIGA=9)(1,0).
This is of course equal to
(F/GA)(7,0) = F/(7,0)G*(7,0) = F(7,0)G(r,0)".
The Fourier expansion of F' and G start with

F(r,0) =0+ 0(q) and G(7,0) =12+ O(q).
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5.2 A seesaw identity

The functions F(7,0) and G(7,0) are holomorphic modular forms for SLy(Z) of weights
—2 and 0, respectively by the transformation properties of Jacobi forms and the growth
condition for weak Jacobi forms (see Section and Theorem 1.3 of [EZ85]). Thus, we
have F(7,0) = 0 and G(7,0) = 12 and the lemma follows. O

Using the lemma, we obtain that
(Y FIGA (1), Op- (7)) = 12 (7). (5.2.2)
Consequently,

T

(). B eda(r) (5.23)

A
Op((z0,h), f @Y W FIGY) =127
=0 I\H

= 124®p(h, f - 1y).

5.2.1 A special basis for S; p-

In this subsection we consider a special basis of the space of cusp forms S; p-. We will
use this basis to define a set of weakly holomorphic modular forms in Mj 5 that will be
convenient to use in combination with the seesaw identity described in the last section.
We need to care about the space S; p- because, according to the exact sequence

&1

0 M, p Hyp S1p-—>0,

this is the space of obstructions for the existence of a weakly holomorphic modular form
with prescribed principal part.

The following lemma gives a basis for S 1, that has a “simple” structure, similar to a
g-expansion basis starting with increasing powers of ¢ for scalar valued forms.

Lemma 5.2.2. Let L be an even lattice. Then there is a basis {g1,...,94} of Sk.r(Q),
where dim Sy, = d with the following property. There are rational numbers nqy < ... < ny
and elements i1, ..., g € P'/P, such that we have for their Fourier coefficients

Cg]-(nla ,uz) = 0j-

Proof. Let {g1,...,Ja} be an integral basis of Sy (Q). We construct the new basis by
induction. More precisely, for every r < d, we construct a set

MT:{(njhuj) | je{l....r}}

and a basis . .
BT:{ng 7'--7gdr}
of S 1, such that B, satisfies the conditions of the Lemma with respect to M,. That is,
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5 The holomorphic part of Op

(i) ny <...<n,, and
(11) Cy)(nl, ,ul) = 5j,l for all (nj, Mj) e M,.

Here and throughout the proof, we write

gﬁr)(T) = Z Z cg»r)(m, p)e(mr)ep,,.

We start by letting n; be the minimal index such that one of the forms in the basis has
a non-vanishing Fourier coefficient of index (m, u) for some pu # 0, that is

ny =min{m € Qo | Jj,pu: cg(m,pn) # 0}.

By reordering, we can assume that cg, (n1, p1) # 0 for some ;. We fix the pair (nq, p1),

put My = {(n1,p1)} and set
1) 1 ~
cgy (na, pia)

—_—

9

Then we let
QJO) =0; —Cg (n1, Nl)gil)
for j € {2,...,d}. Clearly, cgl)(nl,,ul) =1and B, = {gil),gél), e ,g((il)} is a basis of Sk,
satisfying the condition with respect to M.

Now suppose we already constructed M, and B, as above. Now we construct B,,; and
M, 4. Define

Neprc=min{m € Qso | FJje{r+1,...,d} Iu: C§T)(m,u) # 0}.

By reordering, we can assume that we have cff:@l(nrﬂ, fri1) # 0 for some p,1 # 0. We
fix the pair (nrJrla ,urJrl)a set

Mr+1 = Mr U {(n’f'+17 ,uTJrl)}

and normalize
(r+1) _ 1 (r)
r+1 (r) gr+1'
Cri1 (nr—i-la lur-i-l)

Moreover, we replace gj(»r) by

r+1 r r r—+1
g](' - ]( - C§~ )(nr—l—h:ur-i-l)gv(":i )'
The lemma follows then for » = d. O

Definition 5.2.3. From now on, we fix ny < ... < ng € Q, f1,...,6s € P'/P and
B = {g1,...,94} as in Lemma such that B is a basis for the space S; p-(Q). We
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5.2 A seesaw identity

write

> ) ai(m,B)e(m)

BEP'/P meQ>o

for the Fourier expansion of g;.

Proposition 5.2.4. Form € Qs and § € P'/P with m+Q(B) € Z and (m, B) # (n;, 5;)
for all j, there is a weakly holomorphic modular form f,, g € MLP with principal part

"(¢p + 0-p)

IIM&

"i(gp, + d-5,), (5.2.4)

constant term cy, .(0,0) =0, and only rational Fourier coefficients.

Proof. The existence of a weakly holomorphic modular form fm, g €M 1!773 with this principal
part follows from the construction of our basis and the exact sequence (|1.5.6]).

The rationality of the Fourier coefficients can be easily achieved using Theorem [1.5.18
Just multiply any such form fm’g with A(7)™0, where my = max{m,ny,...,ngq}, to obtain
an element of Mjiy9,,p. Since this space has a basis of forms with integral Fourier
coefficients, there is an element g € M 19, »(Q) with only rational Fourier coefficients,
such that fmﬁAmO —g = 0(q"™). Consequently, we have g = g/A™ € M1!773 and g has the
correct principal part and only rational Fourier coefficients.

Finally, we can define

fmp =9 —c5(0,0)Ep,
to complete the proof. O

Remark 5.2.5. Note that f,, s is not unique. First of all, the basis of cusp forms is not
unique. But even given a fixed basis of S; p- as above, f,, 3 is only unique up to addition
of cusp forms. In fact, we will use this freedom in the proof of Theorem [5.3.12]

Definition 5.2.6. By Lemma [1.5.19| f,,, s has Fourier coefficients with bounded denomi-
nators. For each § € P'/P and m € Q¢ with m + Q(5) € Z we let ¢, 3 € Z, such that
Cm.3fm,p has only integral Fourier coefficients.

We have that

124¢,, 5 /F \;< Funs(7), Op(r )0 du(r) = ®1 (207, b, e s s © GA). (5.2.5)

By the theorem of Borcherds (Theorem , the value on the right hand side is essen-
tially the logarithm of a special value of a rational function on Yy(N) (or rather on its
compactification Xo(N)) which is defined over Q, as long as the coefficients of the input
function (here ¢, 5 fm ) are all integers. Moreover,

reg 2
/ (fmp(7),©p(T,h))vdu(r) = ——— log |\IJL((ZU, h), Cmgfmp @ GA)‘2 . (5.2.6)
L\H 124 ¢
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5 The holomorphic part of Op

By CM theory (Lemma [5.3.3), an integral power of the value V(21 h), ¢ g frns @ G?) on
the right is contained in the Hilbert class field H of k. On the left hand side, we essentially
obtain the coefficient c¢},(h, m, 3) we are interested in and some “error terms”.

5.3 The arithmetic pullback and the coefficients of the
holomorphic part

In this section we will determine the prime ideal factorization of the algebraic number
Ui (20, h), Cmgfins ® G*) using the results of Chapter [4]

Our basic setup is the following. Given P = a, we let b = 0,a as in Lemma and
put N = A|D|, where (P, Q) corresponds to the integral binary quadratic form [A, B, C].
As before, we assume that (A, D) = 1. Moreover, we let M, R be as in Section [.1]

Definition 5.3.1. For a harmonic weak Maafl form f € H%’L(Z), we write

> cf(m ) Z(m,p)

uweL’ /L m<0

for the divisor associated with f on Vy(N).

For f € H%,L(Z) the pair Z¢(f) = (Z°(f), (-, g)) defines an arithmetic divisor on
Xo(N). Here, Z¢(f) = Z(f) + C(f) is a suitable extension of Z(f) to Xy(N) where C(f)
is supported at the cusps.

Lemma 5.3.2. Let f € Ml!/Q,L(Z) with constant coefficient c¢;(0,0) = 0 and cp(m, pn) € Q
for allm € Q and p € L'/L. Then there exists an integer My, such that the Borcherds
product Wi (z,h, My - f) defines a meromorphic modular function contained in Q(j, jn).

Proof. Since the Fourier coefficients of f have bounded denominators by Lemma [1.5.19
replacing f by an integral multiple f' = M - f we obtain only integral coefficients. We
view W (z, h, f') as a meromorphic function on Xy(N) and simply write U(z, f') for this
function. Recall that W(z, f') has an infinite product expansion of the form

U(z, ') = el(psr, 2) H 1 —e(nz))r™ */AN )

which converges for §(z) large enough and where py is the corresponding Weyl vector at
the cusp co. We refer to Borcherds [Bor98, Theorem 13.3] and Bruinier and Ono [BO10]
Theorem 6.1] for details.

Moreover, the multiplier system of W(z, f’) has finite order, which can be shown using
the embedding trick (|[Bor98, Lemma 8.1}, [Bor00]). Together with the integrality of the
cp(m, p) this implies that the Fourier expansions of W(z, f’) have rational coefficients at
all cusps (for square-free N). Thus, ¥(z, M'f) for some M’ € 7Z is contained in the field
Q(Xo(N)) = Q(j, jn) by the g-expansion principle. O
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5.3 The arithmetic pullback and the coefficients of the holomorphic part

The lemma implies that the arithmetic divisor (div(W(-, M;f)), —log [¥(-, My f)[?) as-
sociated with the Borcherds lift of f is principal.

Lemma 5.3.3. The CM value V(z5, h, M; - f) is contained in the Hilbert class field H
of k for every (25, h) € Z(U) and we have

(a5, by My - f) = Wi (5.1, My - ).
Proof. 1f we write h = vk € H(Q) K, then we have according to Lemma that
Ui (eif b f) = Uu(y e, 1) = WV L L ). O
Recall that we studied the morphism
jp : Cp — Ap(N)
in Section[4.6] As a starting point, we will show that div(¥ (2, h, f)) is a horizontal divisor.

Theorem 5.3.4. Let [ € M{/27L(Z) be a weakly holomorphic modular form with only
integral Fourier coefficients and assume that N is square-free. Suppose that the multi-
plier system of Vi (z, h, f) is trivial. Then the divisor of the rational function defined by
Uz, h, f) on Yo(N) is equal to Z(f).

Remark 5.3.5. Note that in our setup N = A |D] is always square-free. In the statement
above we just wanted to emphasize that this holds in more general situations for all square-
free N.

Proof. The triviality of the multiplier system then implies that V¥ (z) := W (z,h, f) €
Q(4,jn), as we have seen. The product expansion implies that the Fourier expansion of
U(z, f) at the cusp oo has coprime integral coefficients under our assumption on g.

It is enough to show that div(¥(z)) does not contain any vertical components. This can
be checked on the coarse moduli scheme Xo(N) of Ay(N). In characteristic p, where p is
coprime to N, we have that X,(N), is irreducible. Therefore, the fibers for p t N cannot
occur in the divisor.

For p | N, the scheme X((N), has two connected components intersecting in each
supersingular point. The Fricke involution Wy is contained in GSpin, (Q) and its image
belongs to SOT(L) (cf. [BOI0]). We denote by on the image of Wy in O(L'/L). Tt acts
on L'/L as p+— —pu and therefore,

—4log |(V | W) (2)| = ® <]:f_i’f) = ®(z, fn) = —4log |¥(z, fn)],

where fy = foN.
We have that c¢f(m, ) = c¢f(m, —p) by the action of the center of Mp,(Z). Therefore,
fv = fand ¥ | Wy(z) = £¥(2) because W3 = 1. This implies that the Fourier expansion
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5 The holomorphic part of Op

of W(z) at the cusp 0 has also coprime integral Fourier coefficients. Thus, none of the two
connected components of X (N), contribute to the divisor of U(z) by Proposition{4.6.9, O

Remark 5.3.6. We note that the statement of the theorem is not obvious in general (that
is, for instance for Borcherds products on other Shimura varieties of orthogonal or unitary
type). It also depends on the choice of an integral model.

The pullback j5,Z(g) = j5, div(¥(z, f)) can be described in terms of the 0-cycles on Cp
that we studied in Section [4.3] In Section |4.6] we have seen how this works in principle.
We will use the methods developed there in our special situation to calculate the pullback
and thus obtain a formula for the PB-valuations of the value of ¥(z, f) at a CM point.

Recall the definition of the cycles Z(m, b, 8) from Section [£.6] Note that

2.'6/b=a/0,a >0, "'a/a

and fix the isomorphism to be given by z — x/ v/D. Under this isomorphism, we may then
identify Z(m, b, 8) with Z(m,a, 3/v/D). We will use this identification freely without
mentioning it.

For f € Mj p, we write

Z(a, f)= > > ci(-m,B)Z(m,a,B).

BEP!/Pm>0

The following lemma is the arithmetic counterpart of the analytic seesaw identity from
Section

Lemma 5.3.7. Let f € M »(Z) and g € M_%N(Z) with
A
9= G,
=0

where ; € M;(SLy(Z)) for every j. We have that

inZ(f ®g) =124Z(a, o f) € ZY(Op).
For the convenience of the reader, we restate Lemma in our special situation.

Lemma 5.3.8. Let my € Qg such that Dy = 4Nmy = 4|D| Amy < 0 is a discriminant
and let uy € L'/L. Moreover, let ry € Z/2NZ, such that py = p,, = diag(r1/2N, —r1/2N).
As elements of Z1(Cp), we have

o n? 1+F\/5
JDZ(mhMl) = Z z <|m1\ - m7a7 T (W)) .

n=Fr1 mod 2A
n?<Dy/D
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5.3 The arithmetic pullback and the coefficients of the holomorphic part

Proof. According to Lemma |4.6.3 we have

o n? n+rvVD
.]DZ(mh,ul): Z z (’m1|_ 4A|D’2vba 2\/15 >

n=Rr1 mod 2N
n?<DD;

Recall that R = FD and 2AFE + BF = 1. Thus, replacing n by Dn yields

n®>  Dn+mvD
ipZm )= ) Z | | — = p, 22TV
W ( 1 ,ul) n=F7r1 mod 2A <| 1| 44 2V D

n?<D1/D

Note that for n = F'r; mod 2A, we have

- F
n 5 rl\/ﬁeoka:b.

Therefore, we obtain the result. O

Proof of Lemma|5.5.7. By Lemma [5.2.1] we have

> (f®g,05®On-)ds = 12" fiky.

BepP'/P
Therefore,
2
12474, (— =D ¢rag (— Vi Mﬁ) :
nez
Here n = —Dn so that uj; corresponds to n mod 2A.

By Lemma |5.3.8, we have

DZfega)= > > Y clm,B+v)

BeP'/P vEN'/N m1<0
n? 1+ FvD
> Z - SEAESRE
X (’ml| 4A7aarl< 2\/5

n=Fri1 mod 2A
n*<|D1/D|

Here S+ v = puy = p,,, where p,, is as above. Thus, we obtain

2
iHZ(f @ g,0) ZZZcf®g( - 7/5’+Mn)2(m7a,6)

BeP’'/Pm>0neZ

:12AZ Z Cf"/’o(_maﬁ)z (m7a76)'

m>0 3P’ /P
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5 The holomorphic part of Op

Here, we have used that the generator A/v/D of 0, 'a maps to 24 mod 2N using the
isometry in Lemma |5.1.5| and our identification of » mod 2N with p,.. Consequently,

1+FVD A

2A VD \/_—i-AF_\/_

mod a.

]

The following Proposition follows from Lemma together with Proposition [4.6.5
It is the key statement that links the analytic seesaw identity with the arithmetic one,
yielding a purely arithmetic description of the CM values of the Borcherds products ¥
and thus leading to an arithmetic interpretation of the coefficients of the harmonic weak
Maaf} forms ©5(r, h).

Proposition 5.3.9. Fixz the normalization of pr : Cp — Spec Oy as in Proposition [/.6.5
withn="0b=10,a. Let f € MLP and g € M—é,N as in Lemma|5.5.7 and suppose that the

multiplier system of W ((z,h), f ® g) is trivial. Then we have

ordqg(\I/L((zU,h),f@g)):12A% S S erpl-m B)Z(m ha, kT By, (5.3.1)

BeP!/Pm>0

Proof. The identity for h = 1 is clear from Proposition 4.6.5l Then, we apply Lemma |5.3.3
together with Lemma [4.3.6] O

The following Proposition is crucial for the proof of the main theorem in this section.
It shows that we do not have to deal with bad intersection in order to obtain arithmetic
information about the coefficients of ©5(r, h).

Proposition 5.3.10. Let f € Mj » with ¢;(0,0) =0 and H € Mi/z,L such that

(H(7), 0 ® On-(7)) = forp(7).
Then Z(H) and Z(M, ug) intersect properly.

Proof. 1f the divisors Z(m, 1) and Z(n,v) do not intersect properly, then Dd is a perfect
square for D = —4Nm and d = —4Nn.

In our case this means that improper intersection might occur if there is a coefficient
cg(m, p) with —4Nm = Dn? for some n € Z.

On the one hand, we have by assumption

CT((H(T), o ® On-(7))) = ¢£(0,0) = 0.
On the other hand,
—n

CT(H ()00 0 (1) = S (). 5:32)

nez
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5.3 The arithmetic pullback and the coefficients of the holomorphic part

by the definition of the theta function.
Therefore, the total multiplicity of improper intersection is zero. More precisely, accord-

ing to the decomposition in Lemma (4.5.3]), we have

(20)-TE= ()

rln rv=p

2D D D
Z Nz =Z

since Z ( N u) 20 ( N H ) because D is square-free. Therefore, (5.3.2) implies that the

improper intersection is given by

n%D n%D D of D —n?
Sen () 2 () 02 (i) =2 () Sow (5) -0

nez

This implies that

]

Remark 5.3.11. An alternative approach to avoid improper intersection would be to show
that it is always possible to subtract a weakly holomorphic modular form H € M. 1' /2,10 such

that H = f,,3 ® G — H satisfies
_(n°D 0
a\gat

for all n € Z and all p € L'/L. This is in fact possible but tedious and, as the proposition
shows, completely unnecessary for our applications.

Theorem 5.3.12. We assume that the lattice P is given by a fractional ideal a C kp with
quadratic form Q(x) = N(x)/N(a).
For every h € Cp = Cly, there is a harmonic weak Maaf form ©Op(r, h) € Hy p- with

holomorphic part
@+Th Z Zcphmﬁ (mT)os

BeP!'/P m>»—o0

satisfying the following properties.

(i) We have £(©p(t,h)) = Op(r, h) and

Z Op(r,h) = Ep(7), (5.3.3)

hGCpK

such that £(Ep(7)) = Ep(7) and the principal part of Ep(7) vanishes.
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5 The holomorphic part of Op

(it) For all 5 € P'/P and all m € Q with m = —Q(S) mod Z, we have
ch(h,m, B) = =2r(m, B)~" log |a(h,m, B)|, (5.3.4)

with r(m, 8) € Z and o(h, B,m) € Op.

(iii) Moreover, if m > 0, then
ordg(a(h,m, 8)) = r(m, B)wr Z(m, h.a,h".B)y

for all prime ideals P C Oy.
(iv) For m <0, we have a(h,m, ) € OF.

Proof. The existence of ©p(7, h) such that (i) is satisfied is clear from Proposition m
Let F,,, 3 € M’_1/27L such that is satisfied for F,, 3 with 99 = 1 and f = f,, 3.
We first show that we can assume that the constant term of F,, 3 vanishes. Let us take
Frg = fmps ® G4, the simplest choice. Then we consider two cases.
The first case is A = 1. There is a g € M}(SLy(Z)) with only integral Fourier coefficients
such that we have g(7) = ¢~' + O(q). The weakly holomorphic modular form Ep @ Fg €
Mi /oL has a non-vanishing constant term

CEP(]_, O)CF(O, 0) + CF(]_, O)

In fact, c¢g,(1,0) = 2/h;, and we have cx(0,0) = 10 and cp(1,0) = 108.
Therefore, replacing F;, g by

CFmﬁ (O, O)hk

F. 45—
2 108hy, + 20

Ep® Fg.

eliminates the constant term and does not change the pullback and seesaw identities

(Lemma p3.1 and (52.3)).

In the other case, when A > 1, we can take g € My4(SLo(Z)) with g(7) = 1+ O(q).
This time, we can consider Ep ® F4g which has constant term cz4(0,0) # 0. Thus, we
can replace F,, 3 by

Finp —

Therefore, we can now assume without loss of generality that the constant coefficient of
F,, 3 vanishes.

Moreover, we will now show that we can choose éP(T, h) such that the finite set of
coefficients ¢} (h,nj, ;) for j =1,...,d satisfy

cp(h,ng, B;) = =2r(ny, B;) " log [a(h, ny, 5;)]
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5.3 The arithmetic pullback and the coefficients of the holomorphic part

with

ordg(a(h,ny, 8)) = r(ng, B)wp Z(ng, h.a, h='.B;)p.
Here, the indices n;, 8; for j = 1,...,d belong to our special basis of S;p as in Lemma
and r(n;, 8;) = r can be chosen to not depend on j. We choose r € Z- such that for

all primes P of Oy with P | p for any p € U?Zl Diff(n;), we have that there is an element
a(l,n;, B;) € Oy with

ordg(a(1,ny, B5)) = rwiZ(ny, a, B)p
for all . Note that r is a divisor of Ay, the class number of H. Using this, we let
a(hv nj, 6]) = a(17 nj, 6j)g(h)7

where o(h) corresponds to the class of the idele A under the Artin map.

As in Proposition [3.3.2, we let Ep(7) € Hy p- with ¢(Ep(7)) = Ep(r) and vanishing
principal part. We obtain the existence of harmonic Maaf} forms ©p(7, h), such that (5.3.3)
is satisfied. Replacing ©p(T, h) by

M&

@p T h 10g|05(h7nj75j)|gj(7—)

r( J?ﬁj

j=1
and accordingly EP(T) by
-y Z L toglath, s, 5)](7),
heCr =1 @ i)

we obtain that the coefficients c¢f(h,n;, 8;) satisfy the assertion for all j and all i and

(5.3.3) is satisfied.

We will now first turn to the coefficients of the principal part and prove ((5.3.4]) for m < 0
and (7). Recall that we write

©p(1,h) = Ep(7) + gp(7, h)
with gp(7,h) € Sy p. Accordingly, as in Lemma [3.3.2] we write
Op(7,h) = Ep(1) + gp(r, h),

where gp(7,h) € Hy p and Ep(T) maps to Ep under £ and has vanishing principal part.
Using Lemma we see that every coefficient in the principal part of Op(7,h) is a
rational linear combination of terms of the form

(97 gP(Tv h)) = (gv ®P<T7 h))v
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where g € S1p(Q) is a cusp form with rational Fourier coefficients. Therefore, fixing
h € Cpk, it is enough to show that

(9,0p(1,h)) = clog |a], (5.3.5)
with ¢ € Q and o € Oj;. This follows easily from the fact that
(9.©p(7,h)) = ®p(h, g).
The last quantity is equal to
124®p(h, g) = —2log }\I’L((ZU, h),g® GA)f
by . Thus, replacing g by s - g for an appropriate integer s if necessary, we have by

531) that
o=V, ((zp,h),s g G2 € OF.

Thus, we obtain with ¢ = —2/(124s) and this finishes the proof of form <0
and also shows (iv).

We continue to prove for m > 0 and h = 1 and the formula in (77i). The case
h # 1 then follows by the reciprocity laws in Lemma |5.1.9 and Proposition |4.3.6]

Recall Equation ([5.2.6)):

reg 4
[ s Bl ) = — e 0B () s B (539
I\H 124 ¢

By Theorem [3.3.6] the left hand side is equal to

{Op(7, 1), fmp} = 25 (h,m, B) (5.3.7)
+ Y Do cplh—ner, ,(n.9) - 2Zcp Bj.nj)ag(m. ).
~YEP'/P n>0

We let M,, g € Z~y, such that for r(m, ) := 124 .. M., g the following properties are
satisfied.

(i) The weakly holomorphic modular form M, g -7 - F}, 3 has an integral principal part,
(ii) we have Wi (z,h, My 71 Fnp) € QU jn)

(ili) and there is an € € Oy, such that

ZZCP —n, )¢y, 5(n,7) = log|e| .

~EP!/P n>0
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5.3 The arithmetic pullback and the coefficients of the holomorphic part

We replace ¢,, g by 7 - M,, 3 and the right hand side of (5.3.6) now becomes

—4r(m, B) 'log|a(l,m, )|, (5.3.8)

with &(1,m, 8) := U((zy,1), Mpg -1 Fpp) € H.

Using (5.3.6)), (5.3.7), (5.3.8) and that r(m, 8) = 124M,, 5 - 7(n;, B3;), we obtain

2
C;(l,TI’L,ﬁ) = r(m,ﬁ) log|a(1 m?ﬂ ’yePZ,/PnZwCP -n, Cfmﬁ<n 7)
2124 M, 5 o
- W > " aj(m, B)log |a(1,ny, B)] .

J=1

This implies that

d
C;(lymaﬂ) = — log €Oé 1 m, 5 HCY 1 n],ﬂ] 12 Mm,gaj(mﬁ)
J=1

2
r(m, §)

Note that the number in the absolute value is algebraic and contained in H. To see this,
note that the denominator of a;(m, 5) is bounded by ¢, . This implies that

S

for all j. This shows (5.3.4) for m > 0.

Finally, let

d
a(l,m,B) =ea(l,m,p) H a(1,n;, B;)12 Mmai(mB) ¢ [,
=1
Then «(1,m, ) satisfies
ordg(a(1,m, §)) =ordg(a(1,m, 3)) (5.3.9)

+12%w My, g Y aj(m, B)r(ng, ;) Z(ng, a, 5.

J
By Proposition [5.3.10, we know that Z(F,, 3) and Z(M, pg) intersect properly and we
have by (5.3.1]) that

Ol“dqg(&(l, m, ﬂ)) = T’(m, B)% Z Z Cfm,g(_mv B)Z<m7 a, 5)‘13

BeP’/P m>0
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5 The holomorphic part of Op

which we can further expand to
ordg(a(1, m, B)) = r(m, B)wy, Z(m, a, B)yp (5.3.10)

d
—r(m, Bywi Y aj(m, B)Z(n;, a, 8y,
j=1

where we used that Z(n,a, —8)y = Z(n, a, ).
Plugging (5.3.10) into (5.3.9) and using and r(m, 3) = 124M,, sr(n;, 3;) we conclude

ordg(a(l,m, B)) = r(1,m, B)wy Z(m, a, B)y,
which proves (%ii). O

Remark 5.3.13. In Proposition [2.6.5 we gave a very explicit formula for the Petersson
inner products occurring in the Theorem.

Remark 5.3.14. Note that if we restrict to the subspace of symmetric theta functions
OF™(7,1) we can also show that the Petersson inner products involved in the principal part
are units in the Hilbert class field using yet another method (at least in the case of prime
discriminant). The point is that the Petersson norm (6,,6,) is known to be proportional
to the special value at s = 1 of the derivative L'(s, x). Stark’s conjecture for imaginary
quadratic fields is in fact a theorem (proven by Stark himself [Sta75]) and expresses this
special value in terms of units in the Hilbert class field! Also note that Stark in fact uses
modular functions in the proof of this case of his conjecture.

We will now show that the integers r(m, 5) in the theorem can be bounded so that we
can choose an integer r only depending on P, such that the theorem is satisfied for r in
place of r(m, 3). For simplicity, we restrict to the case of prime discriminants although the
argument should generalize.

Proposition 5.3.15. Suppose that |P'/P| =1 for a prime | = 3 mod 4. Then there is an
r € Z~o only depending on D and a, such that all statements of Theorem hold with
r(m,B) =r for all m and f5.

Proof. Recall that our convention in the case of prime discriminants is that N = |D| = [.
The discriminant group L'/L has order 2 and O(L'/L) = {£1}.

In the case of prime discriminant there is only one genus and therefore, we can assume
without loss of generality that P = O and A = 1. For f € Mi/ZL(Z), we let pro € R be
the Weyl vector associated with f at the cusp oo, defined by

proc= A2 [ ). B (o

with K = Z together with the quadratic form z?/4N. Note that L'/L = K'/K and that
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5.3 The arithmetic pullback and the coefficients of the holomorphic part

we have )

n
ox(r) =3¢ (m) .

The significance of the Weyl vector is that the divisor of ¥ (z, f) on Xy(V) is given by
Z(f)+C(f), where C(f) = proo(00) + pro(0). In our case it is not hard to show that we
have pf o = pyo-

We assume that the constant term of f vanishes, c¢;(m, p) € Q for all m € Q and pL'/L
and cg(m, pu) € Z for m < 0. Since the multiplier system o of Uy (z, f) is of finite order M,
we have that M - (Z(f) + C(f)) is the divisor of a rational function on Xo(N). Note that
this also implies that deg(Z(f)+ C(f)) = 0. Conversely, as in the proof of Theorem 6.2 in
[BO10], we have that if M - (Z(f) + C(f)) is the divisor of a rational function on Xy(N)
then oM is trivial. If p; o € Z then Z(f)+ C(f) defines a rational point in the Jacobian J
of Xo(NN) because the Heegner divisors are defined over Q and so are the cusps of I'y(V) for
N square-free. The group of rational points J(Q) is a finitely generated abelian group by
the Mordell-Weil theorem. Therefore, M | M(N), where M (N) is the order of the torsion
subgroup of J(Q).

Theorem 4.5 of [BE06] (see also Theorem 5.5 of [AE13] for the specialization to I'g(V))
implies that there is a function O (1) € Hs)o,,~ With 53/2(é;<) = Ok and holomorphic
part

2m 2m m
m¢o+ﬁ Z Z H(m, L)q" ¢y,

peK’/K  meQso

m+Q(u)EZ
where )
H m,L = _,
(m, L) AZ T
€L+p
QN)=-m

and Ty is the stabilizer of A in T' = ['o(N)/{#1}. Note that 3H(m, L) € Z for all m.
The function éK(T) is obtained as a certain theta lift of the constant function 1 using
the Kudla-Millson theta kernel in signature (1,2). In fact, ©x(7) is proportional to the
non-holomorphic Eisenstein series Ej3/,(7) transforming with representation px-.

Consequently, using the paring ((1.5.8)), we obtain for the Weyl vector

pf,oo:i > D e(=mmH(m, L).

neL'/L meQ>o

Thus, 12p¢., € Z for all f € M{/Q,L with integral principal part.

Recall the numbers ny,...,nq that belong to our special basis of S; p- constructed in
Section[5.2.1] Let n > max{n,...,ny4} be a fixed integer and S = {n+Q(B) | 8 € P'/P}.
For x € S and € P'/P, such that x = Q() mod Z, we let F} 3 as in the beginning of the
proof of Theorem [5.3.12] From our discussion above, it follows that there is an r € Z+,
such that the following properties are satisfied.
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5 The holomorphic part of Op

(i) The functions r - f, s and r - F, g have integral Fourier coefficients for all x € S and
(ii) we have that p,p~ € Z for all F € Ml!/Q,L with c¢p(m, pu) € Z for m < 0.

(iii) Moreover, for all m < n, we have

2
Cj;(hﬂ m, B) - _; IOg |Oé(h, m, 5)|
with a(h,m, 3) € Oy and ordyg(a(h,m, B)) = wy -7+ Z(m, h.a, h='.0)gp.

We will also assume that M(N) | r, so that V. ((z, h),rF,3) € Q(J, jn)-

Now let m € Q and 5 € P'/P, such that m > n and m = Q() mod Z. Then m = x+n’
for some z € S and n’ € Zog. We let f(7) = 5% (7)f.3(7), where j(7) is the j-invariant.
Moreover, we let F(7) € Mi/Q,L given by

Cf®G(Ov O)

F=foG-J28o)
L8 G S + 108

Ep® Fg

as in the beginning of the proof of Theorem[5.3.12] We have cz(0,0) = 0. Note that G has
integral Fourier coefficients. By (i), we have that rF' has integral Fourier coefficients and
by (ii) the Weyl vectors of r - F' are integral and by our assumption M () | r, the function
U ((z,h), F) is contained in Q(j, jn).

As in the proof of Theorem [5.3.12] we have on one hand

Op(f,h) =2chH(h,m,B) + Z Zcphm’ycf(mfy)
YEP'/Pm/<m

and on the other hand 4
q)P<f7 h) = T 1Og |\IJL((ZU7 h)’ F)| :

By our assumptions we have that Wy ((zy, h), F') € Og. The statement of the proposition
now easily follows by induction on n’ € Z. O

Remark 5.3.16. Let [ > 5 be a prime, let n be the numerator of (I —1)/12 and consider
the Jacobian J of Xy(l). It follows from a Theorem of Mazur [Maz77] that the torsion
subgroup J(Q);rs is cyclic of order n. Together with this explicit result, Proposition
describes an algorithm to determine the number r for a given prime discriminant
D = —[ explicitly.

We collect some consequences of Theorem [5.3.12] and other results we have proved in
the course of this thesis.

Corollary 5.3.17. (i) If |Diff(m)| # 1, then cj(h,m, 3) = —%log|e| for e € OF.

(1) If Diff(m) = {p}, then ordyg(ca(h, m,B)) =0 for all primes P 1 p.
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5.3 The arithmetic pullback and the coefficients of the holomorphic part

(11i) The Shimura reciprocity
a(h,m, B) = a(1,m, 3)°™

holds, where a(h) corresponds to h under the Artin map.
(iv) The explicit formula in Proposition for the valuation at primes above p holds.

(v) In particular, let L be the subfield of H fized by all elements of order less or equal
than two and let § C O be the prime ideal below the fized prime Py (see Lemma

on page[89). We have
ordj(Ng,(a(h,m, 3)))

T'm * Wk

= Z(m, h.a,h™".3);
= 2°" =1y, (m)p(m | D| /p, [h)?[con)),

where v,(m) is given in (4.3.3)), ¢ is also defined in Lemma and o(m) is the
number of primes p | D such that ord,(m|D|) > 0.

(vi) If D = —I is prime, then there is a unique prime B | p that is fived by complex
conjugation. We have

ordyg(a(h, m, ) _ 2°m =1y, (m)p(m |D| /p, [h)?[a]?).

T'm - W

Using the explicit formulas for £p(7) we obtain another corollary.
Corollary 5.3.18. With the same notation as in Theorem we have
Ep(7) = Ep(7),
where Ep(T) = % AP(T, S) |s=o is defined in (3.1.3)).

Proof. Recall the explicit formulas for the coefficients of Ep(7) from Theorem m First
we note that the principal part of Ep(7) vanishes. Since the formulas also show that
&(Ep(1)) = Ep(7), the difference Ep(7) — Ep(7) is holomorphic. Write the Fourier expan-

sion of E}(7) as

Ef(r)= > Y ép(m, Ble(mr)gs.

BeP’ /P m>0

Proposition [4.3.10| provides explicit formulas for Z(m, a, ). If Diff(m) = {p}, then
2hy,

Wy,

&h(m, B) = —4r(m, B) 1wy " log a(h,m, B)]
h
= —2r(m,B) tw; ! Z log |a(1, m,,@’)”|2.

o€Gal(H/k)

131



5 The holomorphic part of Op

We have

Z log (1, m, B)°|* = Zlog Ny ()™ ‘2 = Zlog Nu/(B)™

ocGal(H/k) Blp PBlp

where

> np =r(m, )2y, m) Y p(m|D] /p. [P [coa])
B []eCly / C12

w om
5 2"y (m)p(m |D| /p).

=r(m, ()
Note that all the factors cancel and we obtain
2hy, olm

o &p(m, B) = =2, (m)p(m|D| /p).

This shows that ¢p(m, ) = k(m, 3) for all m > 0 and all § € P'/P by comparing with
the formulas given in Theorem [3.1.5 m Consequently, ¢p(0,0) = £(0,0) as well. O

Corollary 5.3.19. The constant term of ép(T, h) is given by

+(h,0,0) ZZcPh mﬁ(mﬁ)—2( 0.0)

SETT Lm0 Ao, 0)°

where p(m, ) is the coefficient of index (m, 3) of Ep(T).

5.4 The scalar valued case

In this section, we finish our study of the harmonic weak Maafl forms that map to theta
functions of weight one by providing the corresponding statement for the corresponding
scalar valued theta series.

Corollary 5.4.1. Let D < 0 with D = 1mod 4 be a fundamental discriminant and let
2 € Cl, /C12 be a genus. For every a € A, there is a 0, € H1(|D|, xp), where xp is given
by the Kronecker symbol, with the following properties.

(i) We have £(6,) = 0, and
Z Ov2a = hy Loy,

beCly
where 5(5’91) = Ey and the principal part of Ey vanishes.

(i) The constant term of gj is equal to
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5.4 The scalar valued case

where p(n) = p(n,0).

(111) For all n > 0 we have

et (n) = =~ log a(a.n)].
where a(a,n) € Of and r, € Zg.
(iv) Finally, for all n <0, we have that
i (n) = — logla(a, )],

where a(a,n) € OF.

Proof. All statements follow from Theorem [5.3.12] by considering

02 (T) = Opo(r,h) € Hi(|D], xp)

where P = a, (h) = b and

Op(r.h) = Y Opps(r.h)ds.

BeP!/P

Since we have 0,(7) = Opy(7), we conclude €(6a) = 0a(7). O
Corollary 5.4.2. We use the same notation as in Theorem [5.4.1,.
(1) We have ordyg(a(a,n)) = 0, unless |Diff(n)| = 1.
(i1) If Diff(n) = {p}, then
ordy, (ev(a, n)) = - wy - vp(n)p(n | D] /p, [aco)),
where Py is the distinguished prime in Lemma [{.3.7]
(iii) The Shimura reciprocity

—2

ordype (a(a,n)) = a(b™"a,n),

holds, where o = o(b).

(iv) For the coefficients in the principal part, we have that log|a(a,n)| € OF.

Remark 5.4.3. Note that we were able to give a relatively simple formula for the -
valuations of the coefficients in comparison to the vector valued case, where this was only
possible after passing to the fixed field of elements of order two in the class group. In fact,
considering scalar valued theta series corresponds to “forgetting” the additional congruence
conditions that the vector valued forms know about.
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5 The holomorphic part of Op

Remark 5.4.4. In a related matter, we should also remark that in the preprint [Ehl12],
this issue is not properly handled in the introduction. Theorem 1.1, ibid., is only valid
for prime discriminants. Additional weight factors (or vector valued harmonic weak Maaf
forms) are necessary to make the statement hold for non-prime fundamental discriminants.

5.5 The conjecture of Duke and Li

In [DL12|, the authors study the scalar valued case. They construct the preimages under £
of scalar valued theta functions of weight one and prime level using Poincaré series. They
also obtain that the coefficients are given by rational multiplies of logarithms of algebraic
numbers and that they satisfy a Shimura reciprocity type identity. Motivated by numerical
experiments, the authors were led to formulate the following conjecture.

We work with the same notation as on the last section. Let k = Q(v/—I) for a prime
[ =3mod4, [ > 3 and let p be a prime that is non-split in k. We consider the lattice
P = O in k. Moreover, let By | p be the unique prime above p fixed by complex
conjugation. Let P = P, for a fractional ideal b. Then their conjecture (p. 6 of [DL12])
is that for n € Z-¢ with x,(n) # 1, we have

chn) = —% log |u(a®, n)|

with

ordy(u(a?,n)) =21y p <pim [ab]2) ,

m>1

for r € Z independent of n and dividing 24hyhyy.

Our results imply this conjecture regarding the valuations completely, but we were not
able to confirm the explicit bound 24hihy for r.

We will now show that the representation numbers involved in the conjecture agree with
the formulas we gave. Suppose that p # [ and that Diff(n) = {p}. Then x,(—Dn) = —1
and we only have a non-zero contribution if ord,(n) > 0. We have that ord,(n) is necessarily
odd. More precisely, we have

n 0, if m is even,
P (10m7 M) \pn/p ), if mis odd.
Since p is inert, there are no ideals of norm p. Therefore, the map ¢ — pc establishes a
bijection between ideals of norm N(¢) and ideals of norm p?N(c¢), leaving the class invariant.
Thus, we obtain the contribution p(n|D| /p, [c]) = p(n/p, [c]) times 3(ord,(n) + 1), as in
our formula.
The case p = [ is similar, but this time we obtain ord,(n) - p(n |D| /p, [¢]) because there

is a unique ideal of norm p. Note that our theorem also covers the case p = 3 and we
provide a generalization to non-prime discriminants.
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6 Applications and examples

6.1 Two arithmetic generating series

As a first application of Theorem [5.3.12 we will show the “modularity” of a certain gen-
erating series. Recall the definition of the special O-cycles Z(m,a, ) on Cp and consider
the generating series of their arithmetic degrees

Ef(ry= 3" 3 deg Z(m,a, p)e(m7)d,,

neP!/P m>0

for P = a, as usual. Here, for Z = Z(m, a, u), the arithmetic degree is defined as

degZ m,a, i) Z Z Aut lgnglogp,

p 2€Z(Fp)

and lg @ z » denotes the length of the complete local ring at z. Here, the sum runs over all
rational primes p. There is no archimedean contribution in this case.

We would like to show that this generating series is (up to the constant term) the
holomorphic part of a harmonic weak Maafl form. In fact, this is a known result, mainly
due to Kudla, Rapoport and Yang [KRY04]. However, the known proof relies on the
explicit formulas for the coefficients of £p and on those for the arithmetic degrees, as well.

We will now show that this result is a corollary of Theorem [5.3.12f which did not use any
explicit formulas. We only used the explicit formulas later in Corollary [5.3.18|
We have in fact shown the following result.

Theorem 6.1.1. There exists a harmonic weak Maaf form EP(T) € M, p- with vanishing
principal part, such that

——LEE(r) = B (1) + oy,

where ¢ € C is a constant.

Proof. Consider the sum

Z @p’?’h

hECk/K

We obtain by Theorem [5.3.12|that the holomorphic part of E p(7) has a vanishing principal
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6 Applications and examples

part and we have

DR 3 3 Y chlhm Belnm)os

Wk
BGP’/P m>0 hECp’K

:_wik TN rm s Y logla(h,m, B)Pe(mr)és,

BeP'/P m=>0 heCp i

where a(h,m, 3) € Oy.
Moreover, for m > 0 and for every prime P of the Hilbert class field H of k, we have

ordy (H a(h,m, 5)) = r(m, B)wy, Z Z(m, h.a,h™". ).

By Proposition [4.3.6] we have for ¢ = o(h) that
Z(m,a,B)ps = Z(m,h ., h.)

and thus
Yo Zm b hBy= Y. Z(m,a,B)y.

heCy /K ocGal(H/k)

This shows in fact that

Z IOg ‘Oé(h, m, B)’Q = lOg NH/Q<&(17 m, 6))
h

But since Z(m, a, ) is supported at a unique prime p, we also have that

deg Z(m,a,8) = Y Z(m,a,B)pe log Npg(P).
oeGal(H/k)

Here, we used that p is non-split in k. Then we find

Z log |a(h, m, B)|* = wgr(m, B) Z Z(m, a, B)gpe log Ny g(B)

heCy /K ceGal(H/k)
= 'ZUkT(m, ﬁ)aég Z(m7 a, 6)7

which implies the statement of the proposition.

Note that the non-holomorphic part has a similar interpretation. This follows from

Section and agrees with the results in [KRY99].

As mentioned in the Introduction, we should also be able to form a generating series
related to the cycles Z(m, a, i), that is a holomorphic modular form. For this, we have to
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6.1 Two arithmetic generating series

add an archimedean part (a “Green function”) and form the formal power series

Or)= > > Z(m,a,pe(mr)d,. (6.1.1)

peP! /P m>0

This should then be a holomorphic cusp form, contained in S; p-, which would be quite
an interesting object, as the forms in this space correspond to non-dihedral Galois repre-
sentations.

We try to keep the setup as simple as possible and define the completed cycles as Arakelov
divisors [NeuO7, Kapitel III] on Spec Oy, so that we are in a more or less “classical”
situation. We let

Z(m,a,p) = Z Z(m,a, u)p B + Z A(m, p, 0)o.

PCOn

Here, o runs over the archimedean places of H and we define A\(m, u,0) € R as follows.
For m € Z~o and € P'/P, we let g, ,, € Hy p with principal part

Pyr) = 50 (6 + 0-,)

and ¢f  (0,0) = 0. Then we let

Am,p,0) = wikCDP(gm,ﬁ(T)» h(o)),

where h corresponds to o = o(h) under the Artin map. Then we define the formal Sp-

valued power series ® via (6.1.1).

Note that it is a consequence of Theorem , that ge\gz (m,a,u) = 0. Thus, the
degree generating series is trivially modular.

To show modularity of this generating series in general would require to show that
the pairing with any weakly holomorphic modular form f of weight one transforming
with representation pp vanishes in the Chow group. As we do not want to use rational
coefficients, we have to restrict to the space of weakly holomorphic modular forms with
integral principal part. A successful strategy to show modularity might be to refine the
explicit construction of modular forms of weight 1/2 to be used with the seesaw identity
in Chapter 5| to guarantee that the multiplier system of W (z, F') is trivial for F' € M{ oL
corresponding to f € Ml' p- We did not work out the details at the time of finishing this
thesis but hope to be able to further investigate this problem in the future.

6.1.1 Numerical evidence

As a numerical example, we can consider the case D = —283 because the prime 283 is the
smallest one where there is a non-zero cusp form in Sy p- [Ser77]. We use sage [ST13] and
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magma [BCPI7| to perform the following computations.

Let k& = Q(v/—283) with ring of integers O and consider P = O with quadratic form
Q(x) = N(z). The class number hy, of k is equal to 3. The space S; p- can be identified with
the space Sy (283, x_2s3) of scalar valued modular forms such that all Fourier coefficients
of index n with x_sg3(n) = 1 vanish. Here, y_og3 is given by the Kronecker symbol. We
will therefore simply consider the 0-th component of the generating series i)(T)

We denote by H the Hilbert class field of k. The class number hy is equal to 4 and the
structure of the class group is Z/2Z @& 7Z/27. We embed H into C, such that H = k(j)
and j is mapped to j(O) ~ —8.96113233868328017909862973e22 € R.

The space S; (283, x_283) is one-dimensional [Ser77]. We use magma to compute the
Fourier expansion of the normalized generator ¢g. It starts with

g(7) = R S B SR E AL B +O(q20).

If the generating series @(7) is modular, we expect a direct relation to g. More precisely,
we should be able to obtain g from ®(7) by passing to the class group of H under the

map éﬁl((’)H) and then apply a linear functional. On the one hand, this does not seem
to be the case because if we fix an embedding of H into C and then take the primes
above 2,3 fixed by complex conjugation, we see that they define the same class in Cly,
but the coefficients of ¢ of index 2 and 3 are not equal. On the other hand, we have to
take additive characters of the group Z/2Z @& 7Z/27Z in order to relate vanishing in the class
group to vanishing Fourier coefficients. But this suggests that we should rather look at the
reduction of ¢ modulo 2.

The image of Z(m) = Z(m, 0,0), understood as an element of Cly, under any non-
trivial linear map Cly — Z/27Z is equal to 1 € Z/27 if the class does not vanish and
0, otherwise. We computed the data of the cycles Z(m) using Proposition , and
generated the corresponding classes in the ideal class group of H for m < 5000. The
coefficients of ¢ modulo 2 all agree with this data. In Table on page [144] we list the
first 80 coefficients of g, as computed with magma and the corresponding data for the cycles
Z(m).

The table is structured as follows. We first list m and the coefficient ¢,(m) of g of index
m. and the quantity v(m) = v,(m) if Diff(m) = {p} and v(m) = 0, otherwise. Then again
for Diff(m) = {p}, po denotes the number of ideals of norm m/p of k in the trivial class [O]
and p; is the number of ideals of norm m/p in each of the other two ideal classes. The last
column lists the class in Cly corresponding to the cycle Z(m). It is obtained as follows.

Suppose that Diff(m) = {p}. Then the unique ideal p C k above p is split completely
in H. The class of Z(m) is obtained as the class of P5°(P19P2)”*, where Py is the unique
ideal above p that is fixed by complex conjugation. As representatives for the classes in
CIH, we choose [OH] and [%271], [;43272], [ng], where 20]{ = ;43271%272%273 C OH, such
that, under the embedding specified above 3, ; is fixed under complex conjugation. Note
that [Pa1] = [Pao][Pas]. This data completely determines the resulting classes. In our
example, only the class of P2 occurs.

Giving just one example is not enough to make a precise conjecture, but at least it makes
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6.1 Two arithmetic generating series

it even more plausible that the generating series ® is indeed a modular form.

6.1.2 Speculation: A pullback formula

We note that our techniques should also allow us to relate this generating series to the
corresponding generating series for the special cycles on a modular curve, which is modular
by the Gross-Kohnen-Zagier theorem [GKZ87, Bor99, IKRY06]. We only sketch the idea
here and are not very precise.

We consider the lattice L for I'g(N) considered in the last chapter and let

T) = c1¢0 + Z ZZ —m, p)e(mr)e, (6.1.2)

peL’ /L m>0

be the generating series of the arithmetic divisors Z(—m, u). Here Z(—m, p) is given as
a pair (Z(—m, p), ®} ,(2)), where @ (2) = ®1(Gpyp, 2) is the lift of a harmonic weak
Maa8 form G, , in Hl/gL with prmmpal part 3 i ¢ "™(¢u + ¢—,). The constant term ¢ is
the first Chern class of the line bundle of modular forms of weight 1.

We calculated the pullback of Z(—m,u) to the moduli stack Cp in Section Using
the methods that we used in Chapter 5 it should be possible to express the pullback of

the generating series in as
ipdi(r) = &(7) @ O

Here, the pullback of the Green function is given by evaluating at the CM cycle or in our
setup rather
Z oL ((zp,o(h)))o.

We have already seen that the non—archlmedean part of the pullback is indeed given by
such an expression. The identity for the Green functions is not so clear. We sketch how
we could proceed. We define for f € Ay pga and g € A; p the operator

<fag>L,P:Ul Z Z fﬂ+u§y (bﬁa

BepP’'/P \veN'/N

which maps Ay pen X A;n to Ay p. Here, we simply denoted by Ay the space of S-
valued functions transforming with representation py and the other ones analogously. We
have that

ip®hu(2) =Y @L((2p,1(0)), Grp)o = Y @p((2p, 1(0)), {Gunyss ON) L.P)-

This is basically the seesaw identity we have used in a special case in Chapter[5] The prob-
lem here is that (G, ,, On)r p is not a harmonic weak Maafl form. If it was nevertheless
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6 Applications and examples

possible to show an identity like

®p((zp, h(0)), (G pars On)LP) = > ®p(gm-n2/an s, h(0)),

n

then this would imply the desired equality. At least the principal parts of the sum of the
input functions on the right hand side and the input on the left hand side agree. But
Theorem has to be checked carefully.

We note that even with such an identity of generating series at hand, it is probably not
possible to show the modularity of the generating series i) using that d,, is known to be
modular. This is because we have to pass to the Chow group with rational coefficients and
since the class group is finite, this does not give us any non-trivial information about P.

6.2 A numerical example

6.2.1 Setup

The smallest prime p = 3 mod 4 such that & = Q(y/—p) has class number by > 1 is
p = 23. In this case hy = 3. Therefore, the structure of the class group is obviously
Cly = (5. The three ideal classes can, for instance, be represented by the ideals O =
(1),a = (2,(2++v/—23)/2) and a. The two corresponding scalar valued theta functions
have Fourier expansions starting with

0o (T) = 1+ 2q + 2¢* + 4¢° + 4¢° + 2¢° + 4¢"* + O(¢")

0u(7) = 1+ 2¢° + 2¢° + 2¢"* + 2¢° + 2¢° + 2¢° + 4¢"* + 2¢" + O(¢").

The difference
1
9(r) = 5(0o(7) = 6u(T)) =4 —¢" ="+ ¢’ +¢" =" + O(¢")
can easily be identified as n(7)n(237). It is a normalized newform and obviously does not

have any zeroes on H. The space M;(I'(23), x—_23) is 2-dimensional and spanned by ¢ and
the genus Eisenstein series

1
E(1) = 3(00(7) + 26a(7))
2 4, 4 8 5 8 4
=1 = ~ 2 ~ .3 24 -6 -8 29 412 ~ 13 015'
T A @3¢ 20+ 500+ 5d" +2¢° +4¢7 + 247 + 0(q7)

140



6.2 A numerical example

6.2.2 The Petersson norm of g

The Petersson norm of g, can be identified as the theta lift of %g. We can rewrite this

statement as 3

(gug)Fo(QS) - <97 1(00 - E))F0(23) - Z(SL(Q)v @<7_7 1))

Here, O(7, h) denotes the vector valued theta function corresponding to the lattice O with
quadratic form N(z). In Section [5.2] we identified this theta lift as the CM value of the
Borcherds lift

(S19), O(r, 1)) = —= log [ ¥((z25, ), S1(g) ® G)

where the point (293, 1) can be identified with

=23 4++v/-23
Y en

under the isomorphism Xy = Y((23).

The product S;,(g) ® G can be identified with a scalar valued modular form of weight
1/2 for I'y(92) having a Fourier expansion starting with

F() =) (Sulg)®G),(927) = 20~ +2¢ ¥ +2~ " +2¢+20¢* —20¢°+2¢° —20¢"*+O(¢"?).
nw

Consequently, the divisor of ¥((z,h),S.(g9) ® G)? on H is equal to

7 (;Z (+1, 1)) Z (;Z (£5, 1)) Z G; (£7, 1))

It follows from Proposition that the value U((z,h),SL(g9) ® G) is a unit in the
Hilbert class field H of k and we would like to test this assertion and the constructions in
the previous chapter. Using the method described in the proof of Proposition |5.3.15] it is
easy to see that the Weyl vectors at oo and 0 are equal to 4. We obtain
U((z, h),Sc(g) =q¢' [0 - a9~
n:l
—2¢° —19¢° + 38¢" + 174¢% — 342¢° — 1029¢"° + O(¢").

The function fo3(7) = ego(—(;)) — 3 is a modular function for I'g(23) with trivial character and

has a Fourier expansion starting with
fo3(T) = ¢t + 4q + 7¢* + 13¢° + 19¢* + 33¢° + 47¢° + T4q" + 106¢° + 154¢° + O(¢"").

It is invariant under the Fricke involution. In fact, the extension of I'y(23) by the Fricke
involution has genus zero and fo3 generates the function field of Xy(23). Using this infor-
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mation it is not hard to see that

U((2,1),Sc(g) ® G)2 = P(f2s(2)),

where P is the polynomial given by

P)= [I G@—fa)=1] II - fa@)2

z€div(¥?) d>02ze€Z(d/92,d)

(Again, note that since fo3 is invariant under the Fricke involution and therefore we do
not consider both, Z(m, u) and Z(m,—p), in the product above.) We use sage [ST13| to
compute this in our case and obtain

(z + 3)?
(22 + 3z +3)2(x + 1)%

P(r) =

Fix an embedding of H into C and let & € H be the unit which is the unique real root of
the polynomial X3 — X — 1 with complex embedding equal to 1.324717. ... Then the value
of fo3 at z93 is given by —a — 2 and we obtain that

U((223,1), Selg) ® G)? = a7
Collecting all of the factors we can see that

(9,9)ro(23) = 3log|a].

This is exactly the example that Stark gives on page 91 of [Sta75].

6.2.3 Testing the pullback formula from Section 4.6]

Now we can go ahead and use fo3 to produce modular functions on X;,(23) which are
invariant under the Fricke involution and have a divisor given by Heegner divisors to test
Proposition . For instance, the class number of Q(v/—43) is equal to one and the
value of f at the corresponding CM point is 1. The divisor of fa3(z) — 1 is equal to
1(Z(—43/92,43) + Z(—43/92,—43)). From the formula in Proposition we expect
that the value of fa3(7) — 1 at 293 has a positive valuation only at primes of H lying above

5 because
43 1 5

92 4 23
is the only positive term that occurs and we have Diff(5/23) = 5. The exact valuation
can now be obtained from Proposition 4.3.11. We have to calculate the multiplicities of
Z(5/23,0,£p) for f € P'/P with Q(8) 4+ 5/23 € Z. Since 32 =1, v5(5/23) = 1 and
0(5/23) = 0, only one prime can occur, namely the unique one that is fixed by complex
conjugation. It occurs with multiplicity 2 -2 -1/2 = 2, according to the formula. We can

confirm this using sage [ST13| again. The value in question is —a — 3. It is the unique
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6.2 A numerical example

real root of 23 4+ 922 + 26x + 25. Using the following steps, we can confirm the formula in
this case. First, we initialize the imaginary quadratic field and the Hilbert class field.

sage: k.<a> = QuadraticField(-23)

sage: k.class_number()

3

sage: H.<b> = k.hilbert_class_field()

sage: bc = b.complex_embeddings () [0]

sage: Habs.<c> = NumberField(H.absolute_polynomial(), embedding=bc)
sage: G = Habs.galois_group()

sage: default_embedding = Habs.specified_complex_embedding()

sage: cc = G.complex_conjugation()

Here, Habs is used to consider the Hilbert class field as an absolute field extension of Q.
Now we assign the correct value to a.

sage: p = x"3-x-1

sage: for z,m in p.roots(Habs):
R if cc(z)==z:

R alpha = z

R break

sage: default_embedding(alpha)
1.324717957244757 + 0.7e-14x*1

We compute the prime factorization of the ideal generated by —a — 3.

sage: id=Habs.ideal (-eps-3)

sage: factors = id.factor()

sage: for P,m in factors:

print "norm:", P.norm().factor(), " ; multiplicity:", m

norm: 572 ; multiplicity: 2

This shows that there is a unique prime in the factorization and it has multiplicity 2.
Finally, we check if this is indeed the unique prime fixed by complex conjugation.

sage: P=id.factor() [0] [0]
sage: cc(P)==
True
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class

[B2.1]

[B2,1]

[B2,1]

[B2,1]

[B2.1]

(B2,

[B2,1]

[B2.1]

[Ba,1]

[B2.1]

[B2.1]

[B2.1]

[B2,1]

[B2.1]

[B2,1]

P1

£o

41

42

43

44

45

46

47

48

49

20
o1

52

53
54
95

96
o7
o8
99
60
61

62

63
64
65

66
67
68
69
70

71

72

73
74

I0)

76
77
78

79

80

class

[B2.1]

(B2.1]

[Ba.1]

(B2.1]

[B2.1]

[B2.1]

[Ba.1]

[B2.1]

[B2.1]

[B2.1]

[B2.1]

[B2,1]

[B2.1]

[Ba.1]

[B2.1]

[B2.1]

[B2.1]

[B2.1]

P1

L0

10
11

12
13
14
15
16
17
18
19
20
21

22

23
24
25

26
27
28
29
30
31

32

33
34

35

36
37
38
39
40

Table 6.1: The table displays the arithmetic data of the cycles Z(m) for D = —283 along-

side with the coefficients c,(m) of g.
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List of Symbols

(f.9)

(fa g)F

Cp

The Petersson inner product of f and g (vector valued modular forms),

The Petersson inner product of f and g, with respect to a fundamental
domain of T,

= ged(a, b), the greatest common divisor of a@ and b

The C-bilinear pairing between S(V(A)) and its dual,
The p-adic Hilbert symbol,

The Petersson slash operator,

The Petersson slash operator on vector valued functions,
A quaternion algebra over F,

In Chapter 5} a fixed positive integer, coprime to D,
Fractional ideals

The adeles over Q,

The finite adeles over Q,

The adeles over k,

The finite adeles over &,

In Chapter 5} a fixed integer, [109

The quaternion algebra over Q which is exactly ramified at p and oo,
The field of complex numbers

In Chapter [5} a fixed integer, [[09

The moduli stack over Spec Z of elliptic curves with CM by Op,

The moduli stack over Spec Op of elliptic curves with CM by Op,

145



List of symbols

Cp The coarse moduli scheme of Cp,

(0] The coarse moduli scheme of C7,

XL The character of the Weil representation pp,
XD The primitive character of conductor D,

Cly The class group of the field &,

Cly; The group of class group characters, @

cp(h,m, ) The coefficient of index (m, /) of élt(T, h),

Cpk A certain cover of the CM cycle,

cT The constant term in the Fourier expansion of the Laurent series .S,
Cy The Clifford algebra of V/,

CY, The even part of the Clifford algebra of V|

8 The different ideal of ,

D A negative fundamental discriminant, usually assumed to be odd,

diag(ay,...,a,) The n x n diagonal matrix with diagonal (a4, ..., a,),

Diff (m) A finite set of primes,

D The symmetric domain, usually identified with the Grassmannian,

D, ={2€D | z L}, [0

E An elliptic curve,

e(z) _ 2miz

Ep(T) The holomorphic Eisenstein series in M p, equal to Ep(T,0), @

EP(T) A preimage of Ep(7) under the &-operator,

Ep(T) A harmonic weak Maafl form, the value of the derivative at s = 0 of
E p(T,$),

Ep(1,s) An incoherent Eisenstein series attached to P,

It The holomorphic part of f,

f- The non-holomorphic part of f,
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Hy (F)

hy,

Hi 1

The standard fundamental domain for SLy(Z),

A truncated fundamental domain,

The image of f under the trace map tr,

The image of f under the restriction map res,

A finite field with ¢ elements

An algebraic closure of a finite field with ¢ elements
Often an element of SLy, GLo,

A congruence subgroup,

A congruence subgroup,

The multiplicative group (as an algebraic group),
The general spin group,

The ideal corresponding to an idele h € A,fy £

The ideal class of the ideal (h) associated with h € A[
The complex upper half-plane, H= {2z € C | (z) > 0}
= GSpiny,,

Also short for Hp, the Hilbert class field kp,

The subspace of harmonic weak Maaf forms with principal part in F[qg™}],
69

The class number of the number field k,

The space of harmonic weak Maass forms of weight k& and representation

PL, @
Harmonic weak Maafl forms f € Hy 1 such that & (f) € Sk.z,

The idele class group of the field &,
The finite idele class group of the field k,

The imaginary part of z

An isomorphism of stacks,
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List of symbols

L/

L(E™P )

148

An open compact subgroup of H(Ay),

Often a field, sometimes a half-integer (a weight)
- Q(VD),

The residue field of p,

A lattice,

The quadratic module given by L together with the quadratic form —@,
20

The dual lattice of L,

The lattice of special endomorphisms of (E™P, (),
The lattice of special endomorphisms of (E, ),
A subset of pu + L,

A special element in L,, ,, (107

The subspace of weakly holomorphic modular forms with principal part

in Flg~'],

The space of holomorphic modular forms of weight k£ and representation

PL, @

The space of weakly holomorphic modular forms of weight k& and repre-
sentation pr, [27]

The space of modular forms for T'o(/V) and character Y,

The ring of n x n matrices with entries in R,

A special element in L'/L corresponding to r € Z/2NZ,

A one-dimensional negative definite lattice given by N'= LN U+, m
A natural number, usually the level of a lattice L,

Particularly, N = A|D| in Chapter

Also a negative definite lattice,

A norm map,

The orthogonal group of (V,Q),



A certain order in the quaternion algebra B,,

The order of discriminant D in kp = Q(v/D),

1_[MOO Oy,

The ring of integers in H = Hp,

The completion of the étale local ring at z,

The orthogonal group of the discriminant form L'/L,
The number of primes p | D such that ord,(mD) > 0,
A prime ideal of Hp above p,

A prime ideal,

A rational prime,

An auxiliary prime,

A prime ideal of k£ above pg,

A certain prime of Oy,

The principal part of f,

The characteristic function of y + L,

The average value of the theta lift on the CM cycle Z(U), see equa-
tion (3.1.1),

A two-dimensional positive definite lattice, usually assumed to be isomor-
phic to a fractional ideal a in an imaginary quadratic field,

Often obtained as P = LNU,

A two-dimensional positive definite lattice given by P = LN U,
A quadratic form,

Usually ¢ = ™7

The field of p-adic numbers

An integer such that D = r? mod 4N,

The real part of z
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List of symbols

150

The Weil representation associated with L,

The coefficient of index (n, 8) of Ep(7),

The number of integral ideals of norm n in the class [c],

A fixed integer, R = F'D with R? = D mod 4A|D|,

The matrix ({ ') € SLy(Z) or the element ((§ '), v/7) € Mp,(Z),
Often also a scheme

The subspace of cusp forms with all coefficients contained in the number

field F,
The image of a under the Artin map (-, H/k),

The space of cusp forms of weight &k for I'y(N) and character ¥,
The span of the characteristic functions ¢, in S(V(Ay)),

The special orthogonal group of (V, @),

The space of Schwartz-Bruhat functions on V/(Q,),

The space of Schwartz functions on V(A),

T=u+weH

The number of prime divisors of D,

The matrix (1) € SL2(Z) or the element ((§1),1) € Mp,(Z),
Also GSpiny,

The CM point in H corresponding to the ideal a,

The scalar valued theta function corresponding to the ideal (class) a,
The space of scalar valued theta functions for the field &,

The space of vector valued theta functions in M p,

The vector valued theta function corresponding to the positive definite
lattice P,

A preimage of ©p(7, h) under the -operator,
The trace map,

A two-dimensional positive definite quadratic space,



A rational quadratic space over Q, of signature (2,n),
=Wi(a) = |7, et Fdt =T(1 — k, —2a),

The number of roots of unity contained in k, [47]

— |(T(Q) N K],

The compactification of the modular curve Yy(N),

The moduli stack of cyclic isogenies of degree N of generalized elliptic

curves, [95]
The coarse moduli scheme of Xy(N),

Usually, & = &, a differential operator,

A Shimura variety,

The modular curve I'g(N)\H,

The moduli stack of cyclic isogenies of degree N of elliptic curves,
The coarse moduli scheme of Vy(N),

The ring of integers

A complex number, z = x + iy with z,y € R,

The set of positive integers

= Hp<oo Ly,

A special divisor,

The special divisor corresponding to the function ¢,,

For m > 0 a special cycle on Cp, supported at a single prime,
Also the corresponding divisor on Spec Oy,

The multiplicity of Z(m, a, 1) at B,

A Deligne-Mumford stack, defining a divisor on Xy(N),

The p-adic integers

For m < 0 a special cycle on Cp,

Also the corresponding Arakelov divisor on Spec Oy,
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List of symbols

z§ The two CM points corresponding to U,
Z(U)k A CM cycle, see equation (3.0.2),
Z(U) A CM cycle, short for Z(U)g, see equation (3.0.2),
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