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Chapter 1ZusammenfassungAufgabe der theoretis
hen Hadronenspektroskopie ist es, Eigens
haften vonmesonis
hen und baryonis
hen Resonanzen, wie zum Beispiel Massen undPartialbreiten, zu bere
hnen. Ein mögli
her Weg hierzu ist das Quark-Modell, in dem Grundzustand und Anregungszustände von Systemen ausQuarks und Antiquarks (und Gluonen) bere
hnet werden.Ziel dieser Arbeit ist es, einen Teil des mesonis
hen Spektrums genauer zuuntersu
hen. Der hier verwendete Ansatz ist ni
ht das Quarkmodell. AlsFreiheitsgrade werden ni
ht Quarks und Gluonen verwendet, sondern dieMesonen selbst. Ziel ist es, die Amplitude für die Streuung der lei
htestenpseudoskalaren Mesonen, der SU(3) Goldstone Bosonen (π, K, η), an denVektormesonen ρ, K∗ und ω ni
ht-perturbativ zu bere
hnen. Resonanzenmanifestieren si
h als Pole in der Streuamplitude.Ein Formalismus, der s
hon mehrfa
h eingesetzt wurde, um die Streuam-plitude ni
ht-perturbativ zu bere
hnen ist das Lösen einer partialwellen-projezierten Bethe-Salpeter-Glei
hung. Hierzu wird die Streuamplitude zuerstin Störungstheorie bere
hnet, ans
hliessend partialwellen-projeziert und alsKern für eine Bethe-Salpeter-Glei
hung verwendet. Als Modell für die We
h-selwirkung wurde typis
herweise der 
hirale Lagrangian in führender Ord-nung verwendet. Meist wurde nur s-Wellen Streuung betra
htet. Die Be-handlung der Energieabhängigkeit einer We
hselwirkung, die s−, t− und
u−Kanal Austaus
hprozesse beinhaltet, ist s
hwierig.In dieser Arbeit wird ein Formalismus verwendet, der ni
ht die Bethe-Salpeter-Glei
hung benutzt, sondern auf einer ni
ht-linearen Integralglei
hung basiert.Lösungen dieser Glei
hung sind kausal und analytis
h. Der Input in dieseGlei
hung ist ein vorbehandeltes Potential. Um dieses zu erhalten sindmehrere S
hritte nötig. Eine Lagrange-Di
hte, die mit einer Kombination aus
hiralen und Large-Nc Argumenten aufgestellt wurde, wird aus einer früherenArbeit übernommen und verwendet, um die Streuamplitude in Störungs-theorie zu bere
hnen. Enthalten sind neben der führenden 
hiralen Ord-nung sowohl Gegenterme als au
h pseudoskalare und vektorielle Austaus
h-prozesse. Das Ergebnis wird partialwellen-projeziert und � unter Ausnutzungseiner analytis
hen Eigens
haften � zu höheren Energien extrapoliert. In5



6 CHAPTER 1. ZUSAMMENFASSUNGdieser Form kann das Potential nun verwendet werden, um die volle Streuam-plitude zu bere
hnen.In einem ersten S
hritt ges
hieht das für ein Potential, in dem nur dieWeinberg-Tomozawa-We
hselwirkung berü
ksi
htigt wird. Dies erlaubt einenVerglei
h mit früheren Ergebnissen, bei denen das glei
he System mit Hilfeder Bethe-Salpeter-Glei
hung untersu
ht wurde. Im nä
hsten S
hritt wirddie vollständigeWe
hselwirkung verwendet, um das b1(1235) und dasK1(1270)genauer zu betra
hten. Das Potential enthält no
h zwei unbekannte Kop-plungskonstanten, die an das experimentelle Spektrum angepasst werdenkönnen. Die hierbei erhaltenen Werte sind zwar konsistent mit früherenRe
hnungen, jedo
h unters
heiden sie si
h signi�kant für die beiden Reso-nanzen. Dies wird als eine Konsequenz der Abwesenheit von pseudoskalarenAustaus
hprozessen interpretiert.Wegen te
hnis
her Probleme wurden diese in der �nalen Re
hnung wegge-lassen. Das ist au
h der Grund, warum weitere relevante Grössen, wie zumBeispiel das D/S Verhältnis der Zerfälle der betra
hteten Resonanzen, ni
htgenauer untersu
ht wurden. Die Ursa
hen des te
hnis
hen Problems werdenerläutert und ein mögli
her Lösungsweg diskutiert. Interessant für weitereArbeiten ist zum einen der Ein�uss dieser Prozesse auf das Spektrum. Zumanderen können mit den in dieser Arbeit verwendeten Methoden au
h Vektor-Vektor- und Pseudoskalar-Pseudoskalar Kanäle in das Modell mit einbezogenwerden. Dadur
h würde die Behandlung von Resonanzen mit höheren Spinsinteressant.



Chapter 2Introdu
tionThe a

epted theory of the strong intera
tion is QCD. It des
ribes the 
ou-pling of the six known quarks, three of whi
h are light, and the gluons. Thisintera
tion is based on the gauge group SU(3) that 
ouples to an internalquantum number 
alled 
olor. Sin
e this gauge group is non-Abelian, thegluons 
an intera
t with themselves. Another remarkable feature of QCD isthat the renormalized 
oupling 
onstant is large at low energies. This invali-dates standard perturbation theory. A perturbative expansion is meaningfulonly at high energies.Although the details are not 
ompletely understood yet, this leads to aninteresting e�e
t at low energies: 
on�nement. Color-neutral parti
les arethe only hadrons observed in nature. These are divided into the bosoni
mesons and fermioni
 baryons. The 
al
ulation of the properties of these
omposite parti
les, mass and partial de
ay widths, is the task of theoreti
alhadron spe
tros
opy. A traditional way to do so is to model for example ameson as a bound quark-antiquark state [1, 2, 3℄.The approa
h followed in this thesis is based on a di�erent idea: at lowenergies an expansion of quark intera
tions in powers of the QCD 
oupling
onstant is impossible. The relevant degrees of freedom at these energies arethe baryons and mesons and not quarks and gluons. Hadroni
 resonan
esmanifest themselves as poles in s
attering amplitudes. The ansatz used hereis to 
al
ulate these s
attering amplitudes with baryons and mesons as therelevant degrees of freedom.Be
ause of spontaneous 
hiral symmetry breaking the intera
tion of the light-est hadrons � the �avor SU(3) multiplet 
ontaining the pion, also 
alledpseudo-Goldstone Bosons � with any other hadron 
an be expanded in pow-ers of small momenta and the small quark masses. At leading order, thisintera
tion depends ex
lusively on a single parameter, the pion de
ay 
on-stant fπ. To 
al
ulate non-perturbative e�e
ts like bound states or reso-nan
es from this leading order intera
tion, an in�nite summation is needed.In previous works this was provided by the Bethe-Salpeter-Equation (BSE).S-wave bound states of the Goldstone Bosons with a variety of other hadronshave been 
al
ulated within this formalism. In [4, 5, 6℄ the s
attering ampli-7



8 CHAPTER 2. INTRODUCTIONtude of the Goldstone Bosons with the SU(3)-multiplet in
luding the nu
leonhas been 
al
ulated. In [7, 8℄ the Goldstone Bosons were s
attered o� the
harmed sextet 
ontaining the Σc and the anti-triplet 
ontaining the Λc. Theworks [9, 10, 11℄ 
onsidered the intera
tion of the baryon resonan
es withspin and parity 3/2+, the multiplets 
ontaining the ∆ and the Σ∗
c . The in-tera
tion of the Goldstone bosons with the lightest ve
tor mesons (ρ, K∗, φand ω) were subje
t of [15, 16℄. Charmed mesons were studied in [12, 13, 14℄and together with hidden 
harm in [17℄.In summary one 
an say that the framework used works extremely well when-ever the Goldstone Bosons are intera
ting with spin 0 or spin 1/2 parti
les.In the 
ase of spin 1 or 3/2 parti
les the agreement is more s
hemati
. Theproblem is that for example in π∆ s
attering the ρN 
hannel is ignored evenso it is not mu
h heavier. A more realisti
 model needs to 
onsider take ad-ditional 
hannels, together with a more elaborate intera
tion that in
ludes s,

t and u-
hannel ex
hange pro
esses. Su
h additional terms in the intera
tionwill lead to a more 
ompli
ated analyti
 stru
ture of the intera
tion kernel.A di�erent s
heme is ne
essary to unitarize the tree-level s
attering ampli-tudes. This s
heme is provided in [18℄. In that work the s
attering of thenu
leon o
tet o� the light pseudos
alar and ve
tor mesons is studied. Non-linear integral equations that are based on 
ausal and unitarity properties ofthe s
attering amplitude are employed to unitarize the s
attering kernel.In this thesis this s
heme will be used to examine resonan
es in the s
atter-ing of the light pseudos
alar (P) and ve
tor (V) mesons. This allows for amore realisti
 intera
tion than in [15℄. Also the d-wave amplitude will be
al
ulated, making additional observables like the D/S ratio for the b1(1235)a

essible. The in
lusion of additional 
hannels (PP or VV) is beyond thes
ope of this work, but a desirable next step.This work is organized as follows: in the subsequent se
tion the tree-levelamplitude for the intera
tion of a light pseudos
alar meson with a ve
tormeson (PV→PV) will be 
al
ulated and partial-wave proje
ted. The inter-a
tion Lagrangian is taken from [19℄ where it was 
onstru
ted using 
hiraland large Nc arguments.In the third 
hapter the resulting potential will be modi�ed su
h that it 
anbe used as an input for the non-linear integral equations on whi
h this ap-proa
h is based. Several te
hni
al problems 
an o

ur in that pro
ess andwill be dis
ussed in detail. The methods to solve the dispersion relationsfor the full s
attering amplitude are summarized in the following 
hapter.Finally the results will be presented. A short summary and outlook 
on
ludethis thesis.



Chapter 3The tree-level s
atteringamplitudeThe goal of this thesis is to 
al
ulate non-perturbative e�e
ts in the amplitudefor s
attering the lightest �avor-o
tet of pseudos
alar (P) mesons o� thelightest �avor-nonet of ve
tor (V) mesons. The �rst step is to 
al
ulate thetree level amplitude for this pro
ess. For this purpose an e�e
tive �eld theoryfor the intera
tion is needed. This will be taken from [19℄ where the samepro
ess was studied in the presen
e of photons.3.1 Introdu
tion: QCD and E�e
tive TheoriesIn the simplest quark model, a meson 
onsists of a quark and an anti-quark,bound primarily by the strong intera
tion. A

ording to quantum 
hromo-dynami
s (QCD), the modern theory of the strong intera
tion, the dynami
sof quarks and gluons follows from the Lagrangian density
L = ψ̄(iD/−M)ψ − 1

4
Ga

µνG
µν
a , (3.1)with the gauge-
ovariant derivative

Dµ = ∂µ + i gsλ
aGµ

a , (3.2)where the λ's are the Gell-Mann matri
es and gs is the strong 
oupling 
on-stant. The quark �eld ψ impli
itly 
arries two indi
es, �avor and 
olor.3.1.1 ColorColor is the basi
 quantum number to whi
h the gauge bosons, the gluonsGµ
a ,
ouple. This is analogous to the photons whi
h 
ouple to the ele
tri
 
hargein Quantum ele
trodynami
s. In 
ontrast to QED, the quantum number
olor of the quark 
an take three di�erent values; the symmetry group is not9



10 CHAPTER 3. THE TREE-LEVEL SCATTERING AMPLITUDEU(1) but SU(3). This is also the reason why there is an additional, quadrati

ontribution to the gluoni
 �eld strength tensor,
Ga

µν = ∂µG
a
ν − ∂νG

a
µ + gsf

abcGb
µG

c
ν , a = 1 , . . . , 8 , (3.3)where fabc are the SU(3) stru
ture 
onstants. In equ. (3.1) this last termgives rise to gluoni
 self-intera
tions.The strong 
oupling 
onstant gs renormalized at high energies is small anda perturbative expansion is possible. For de
reasing energy the 
oupling
onstant grows and perturbation theory breaks down. These two relatede�e
ts, the self-intera
tion of the gluons and the large 
oupling 
onstant atsmall energies lead to interesting phenomena. One of these is 
on�nement:only 
olor-neutral parti
les like mesons or baryons are observed in nature.Currently the Lagrangian (3.1) 
annot be used dire
tly to 
al
ulate boundstates of quarks and gluons. Other methods have to be employed. One su
hmethod is Latti
e gauge theory, whi
h uses extensive numeri
al simulations.Another method is to 
onsider the limit when Nc, the number of 
olorsapproa
hes in�nity. In this spe
ial 
ase some physi
al problems be
ome easierto solve. The hope is that these relations still hold for the physi
al value

Nc = 3. Higher order 
orre
tions should be suppressed by powers of 1/Nc.This 
on
ept was �rst introdu
ed to QCD by t' Hooft [20℄. An introdu
tionto large Nc QCD 
an be found in [21℄.In this work, an intera
tion will be used that relies on large Nc QCD andanother symmetry of the Lagrangian (3.1), �avor symmetry.3.1.2 FlavorSix di�erent kinds of quarks or quark �avors are known. Three of themhave masses of less than 1 GeV and will be 
onsidered in this work: theup, down and strange quark. The matrix M in the Lagrangian (3.1) 
on-tains the masses of these quarks. If the three quarks were massless, theQCD Lagrangian would be invariant under a transformation that mixes thequarks of di�erent �avor. This would hold for both heli
ities of the quarkseparately and the Lagrangian density would have a SU(3)×SU(3) symmetry1. This symmetry is broken in two ways. On the one hand the small butnon-vanishing masses of the quarks break the symmetry expli
itly. On theother hand this approximate symmetry SU(3)×SU(3) is spontaneously bro-ken to SU(3), as 
an be seen for example in the parti
le spe
trum whi
h onlyhas the latter approximate symmetry. The theory of spontaneous symmetrybreaking (as explained for example in [22℄) 
laims that for every generator ofan approximate global symmetry that is spontaneously broken, the spe
trummust 
ontain one approximately massless s
alar parti
le with the quantumnumbers of the generator. In the 
ase at hand, these Goldstone bosons (GB)1A
tually the symmetry group would be even larger, U(3)×U(3); the U(1) part addsfurther 
ompli
ations and will not be needed here.



3.2. THE INTERACTION 11are the lightest pseudos
alar mesons, the pion, the kaon and the eta. Fur-thermore at low energies an e�e
tive �eld theory 
an be used in whi
h theGBs are the relevant degrees of freedom. This 
orresponds to an expansionin powers of small momenta and quark masses. In this 
hiral expansion, allterms that are 
onsistent with the fundamental symmetries of the model,have to be 
onsidered. Power 
ounting rules de�ne an ordering s
heme [23℄.The zeroth order in this expansion vanishes.3.2 The intera
tionIn [19℄, a 
ombination of largeNc arguments and a 
hiral expansion to leadingorders resulted in the following intera
tion density:
L = f 2 tr

{

Uµ U †
µ

}

− 1

4
tr
{

(Dµ Vµα) (Dν V
να)
}

+
1

8
m2

1− tr
{

V µν Vµν

}

+ i
mV hV

4
tr
{

Vαµ V
µν V α

ν

}

+ i
h̃V

4mV
tr
{

(DαVαµ)V µν (DβVβν)
}

+ i
hA

8
ǫµναβ tr

{(

Vµν (DτVτα) + (DτVτα)Vµν

)

Uβ

}

+ i
mV hP

2
tr
{

Uµ V
µν Uν

}

+
1

4
gD tr

{

V µν [Vµν , Uα]+ U
α
}

+
1

4
gF tr

{

V µν [Vµν , Uα]− U
α
}

+
1

8
bD tr

{

V µν Vµν χ+

}

+ i
bA
8
ǫµναβ tr

{[

Vµν , Vαβ

]

+
χ−
}

, (3.4)where the �elds have the following parti
le 
ontent:
Vµν =







ρ0
µν + ωµν

√
2 ρ+

µν

√
2K+

µν√
2 ρ−µν −ρ0

µν + ωµν

√
2K0

µν√
2K−

µν

√
2 K̄0

µν

√
2φµν





 ,

Φ =









π0 + 1√
3
η

√
2π+

√
2K+

√
2 π− −π0 + 1√

3
η

√
2K0

√
2K− √

2 K̄0 − 2√
3
η









. (3.5)The anti-symmetri
 tensor ǫµναβ is given by
ǫµναβ =











+1 if µ, ν, α, β is an even permutation of 0, 1, 2, 3
−1 if µ, ν, α, β is an odd permutation of 0, 1, 2, 3 ,

0 otherwise

ǫµναβ = −ǫµναβ . (3.6)The ve
tor meson was represented by an anti-symmetri
 Lorentz tensor. Thiswork will follow that 
onvention. The isospin-averaged masses
mπ = 138 MeV, mK = 496 MeV, mη = 547 MeV,
mρ = 770 MeV, mK∗ = 894 MeV, mω = 783 MeV, mφ = 1019 MeV,

(3.7)



12 CHAPTER 3. THE TREE-LEVEL SCATTERING AMPLITUDEwill be used.The other �elds in the Lagrangian (3.4) are de�ned by
Γµ =

1

2

(

u†∂µu+ u∂µu
†
)

, u = exp

(

iΦ

2 f

)

,

Uµ =
1

2
u†
(

∂µe
iΦ

f

)

u† =
i ∂µΦ

2 f
+ O(Φ2) ,

DµVαβ = ∂µVαβ + [Γµ, Vαβ] = ∂µVαβ +
1

8 f 2
[[Φ, ∂µΦ], Vαβ ] + O(Φ3) ,

χ+ =
1

2
uχ0u+

1

2
u†χ0u

† = χ0 −
1

8 f 2
{{χ0,Φ} ,Φ} + O(Φ3) ,

χ− =
1

2
uχ0u−

1

2
u†χ0u

† =
i

2 f
{Φ, χ0} + O(Φ3) ,

χ0 =







m2
π 0 0

0 m2
π 0

0 0 2m2
K −m2

π





 , (3.8)whi
h guarantees an intera
tion in agreement with the 
onstraints from 
hiralsymmetry, see e.g. [24, 23℄.Most 
oupling 
onstants in the Lagrangian (3.4) were already derived in [19℄.The mass splitting within the ve
tor meson multiplet leads to an estimateof bD = 0.92 ± 0.05 . hP was 
al
ulated from the ve
tor meson de
ays ρ →
ππ, φ → K̄ K and K∗ → πK as hP = 0.29 ± 0.03. The values hV and h̃Vwere estimated from the magneti
 moment and the quadrupole moment ofthe ve
tor mesons. Finally the radiative de
ays K∗

± → K±γ, K
∗
0 → K0γ and

φ → η γ led to the values for hA and bA. In this work the following valueswill be used:
hP = 0.29 , hA = 2.10 , bA = 0.27 , mV = 776 MeV ,

hV = 0.45 , h̃V = 3.72 , bD = 0.92 , fπ = 90 MeV .
(3.9)The other 
onstants gD and gF will be used to �t the results to the measuredspe
trum.At leading order the intera
tion (3.4) results in a total of 16 diagrams that
ontribute: four 
onta
t intera
tions, a pseudos
alar s- and u-
hannel ex-
hange and a total of ten ve
tor ex
hange pro
esses. A straight-forward
al
ulation of the tree level s
attering amplitude leads to

T µ̄ν̄,µν
tree (q̄, p̄; q, p) = −CWT

4 f 2
π

gν̄ν (pµ(q + q̄)µ̄ + p̄µ̄(q + q̄)µ)

− 1

16 f 2
gµ̄µ gν̄ν

{(

CD gD + CF gF

)

(q · q̄) + Cχ bD
}

−
∑

x∈[8]

C
(x)
s−ch

(

mV hP

2 f 2

)2

p̄µ̄ q̄ν̄ Sx(p+ q) pµ qν
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−

∑

x∈[8]

C
(x)
u−ch

(

mV hP

2 f 2

)2

p̄µ̄ qν̄ Sx(p− q̄) pµ q̄ν

−
∑

x∈[9]

C
(11,x)
s−ch

h2
A

16 f 2
Γµ̄ν̄

ᾱβ̄
(p̄, q̄)Sᾱβ̄,αβ

x (p+ q) Γµν
αβ(p, q)

−
∑

x∈[9]

hA bA
8 f 2

{

C
(12,x)
s−ch Γµ̄ν̄

ᾱβ̄
(p̄, q̄)Sᾱβ̄,αβ

x (p+ q) ǫµν
αβ

+C
(21,x)
s−ch ǫµ̄ν̄

ᾱβ̄
Sᾱβ̄,αβ

x (p+ q) Γµν
αβ(p, q)

}

−
∑

x∈[9]

C
(22,x)
s−ch

b2A
4 f 2

ǫµ̄ν̄
ᾱβ̄
Sᾱβ̄,αβ

x (p+ q) ǫµν
αβ

−
∑

x∈[9]

C
(11,x)
u−ch

h2
A

16 f 2
Γµ̄ν̄

ᾱβ̄
(p̄,−q)Sᾱβ̄,αβ

x (p− q̄) Γµν
αβ(p,−q̄)

−
∑

x∈[9]

hA bA
8 f 2

{

C
(12,x)
u−ch Γµ̄ν̄

ᾱβ̄
(p̄,−q)Sᾱβ̄,αβ

x (p− q̄) ǫµν
αβ

+C
(21,x)
u−ch ǫµ̄ν̄

ᾱβ̄
Sᾱβ̄,αβ

x (p− q̄) Γµν
αβ(p,−q̄)

}

−
∑

x∈[9]

C
(22,x)
u−ch

b2A
4 f 2

ǫµ̄ν̄
ᾱβ̄
Sᾱβ̄,αβ

x (p− q̄) ǫµν
αβ

+
∑

x∈[9]

C
(x)
t−ch

hP

2 f 2
q̄ᾱ qβ̄ S

ᾱβ̄,αβ
a (q̄ − q)

{

3m2
V hV g

µ̄
α g

µ
β g

ν̄ν

+ h̃V

[

gν̄
α g

ν
β p̄

µ̄ pµ + gν̄
β g

µ̄ν pµ (p− p̄)α − gν̄ν gµ
β (p− p̄)α p̄

µ̄
]}

,

Γµν
αβ(p, q) = qγ (p+ q)α ε

µν
βγ + qγ pµ ε ν

α βγ . (3.10)Some 
omments about the notation are in order: p and p̄ are the in
omingand outgoing ve
tor meson momenta while q and q̄ are the momenta of thepseudos
alar mesons. The total momentum is w = p + q = p̄ + q̄. Thesummation index x runs over the ex
hanged parti
les, either the o
tet ofGoldstone Bosons or the nonet of ve
tor mesons. The propagators are givenby
Sx(p) =

1

p2 −m2
x + i ǫ

,

Sµν,αβ
x (p) = − 1

m2
x

1

p2 −m2
x + i ǫ

[

(m2
x − p2) gµα gνβ

+ gµα pν pβ − gµβ pν pα − (µ↔ ν)

]

. (3.11)A list with all 
oupled 
hannels 
onsidered in this work is given in table3.1. The prefa
tors C in equ. (3.10) follow from the group stru
ture ofthe intera
tion and detail the strength of the intera
tion among the 
oupled
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(0, 2) (1, 2) (1

2
, 1)

( i√
2

Kt
µν σ2 K) ( i√

2
Kt

µν σ2 ~σ K)

( 1√
3

π · σ Kµν)

( 1√
3

ρµν · σ K)

(ωµνK)

(η Kµν)

(φµν K)

(3

2
, 1) (0+, 0) (0−, 0)

(π · T Kµν)

(ρµν · T K)

1

2
(K̄ Kµν − K̄µνK)

( 1√
3

ρµν · π)

(ωµν η)

1

2
(K̄ Kµν + K̄µνK)

(φµν η)

(1+, 0) (1−, 0) (2, 0)

(~π ωµν)

(~π φµν)

(~ρµν η)

1

2
(K̄ ~σ Kµν + K̄µν ~σ K)

− i√
2

(~ρµν × ~π)

1

2
(K̄ ~σ Kµν − K̄µν ~σ K)

1

2
(πi ρj

µν + πj ρi
µν) − 1

3
δij π · ρµν

Table 3.1: Coupled-
hannel states (IG, S), with isospin (I), G-parity (G) andstrangeness (S).
hannels; they are given in the tables (3.2-3.6). The s-
hannel 
oe�
ientsare listed in a fa
torized form:
[

C
(x)
s−ch

]

ab
= G(x)

a G
(x)
b ,

[

C
(ij,x)
s−ch

]

ab
= G(i,x)

a G
(j,x)
b . (3.12)3.3 Partial wave proje
tionThe next step is a partial wave expansion of the tree-level amplitude (3.10)as demonstrated in the appendix of [15℄. To summarize this appendix brie�y:on
e the amplitudes Gi ful�lling

〈λ̄|T |λ〉 ≡ ǫ†µ̄ν̄(p̄, λ̄)T
µ̄ν̄, µν
tree ǫµν(p, λ)

= ǫ†µ̄(p̄, λ̄)
{

G1 g
µ̄µ +G2w

µ̄wµ

+G3w
µ̄ p̄µ +G4 p

µ̄ wµ +G5 p
µ̄ p̄µ

}

ǫµ(p, λ) , (3.13)
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(a) [G

(1,ρ)
(1+,0)]a [G

(2,ρ)
(1+,0)]a

(1) 1 2m2
π

(2) 0 0

(3) 1√
3

2√
3
m2

π

(4) 1 2m2
K

[G
(1,ω)
(0−,0)]a [G

(2,ω)
(0−,0)]a√

3
√

3 2m2
π

1√
3

2√
3
m2

π

1 2m2
K

0 0

[G
(1,φ)
(0−,0)]a [G

(2,φ)
(0−,0)]a

0 0

0 0√
2

√
8m2

K

− 2√
3

4√
3
m2

π − 8√
3
m2

K

(a) [G
(π)
(1−,0)]a [G

(η)
(0+,0)]a

(1)
√

2
√

3

(2) 1 −
(3) − −
(4) − −
(5) − −

[G
(K)

( 1
2
,1)

]a
√

3
2

−
√

3
2

−1
2√
3

2
1√
2

[G
(1,K∗)

( 1
2
,1)

]a [G
(2,K∗)

( 1
2
,1)

]a
√

3
2

√
3m2

π√
3

2

√
3m2

K

1
2

m2
K

− 1
2
√

3

√
3m2

π − 4√
3
m2

K

1√
2

√
2m2

KTable 3.2: Coupling 
onstants spe
ifying the s-
hannel meson ex
hange 
on-tributions (see (3.12)).are known, the partial-wave proje
tion 
an be written down.2Additional Lorentz stru
tures 
ontaining pµ or p̄µ̄ do not 
ontribute in equ.(3.13) sin
e they vanish when 
ontra
ted with the polarization ve
tors. Thelatter 
an be transformed between ve
tor and tensor representation by
ǫµν(p, λ) =

i√
p2

{

pµ ǫν(p, λ) − pν ǫµ(p, λ)
}

. (3.14)The 
onvention used for the polarization ve
tors is
ǫµ(p) =













0
±1√

2
−i√

2

0













,











pcm

M

0
0
ω
M











, ǫµ(p̄) =













0
∓ cos Θ√

2
−i√

2
± sinΘ√

2













,











pcm

M
ω
M

sin Θ
0

ω
M

cos Θ











,(3.15)with ǫµ(p) = ǫµ(p,±1), ǫ(p̄, 0) ,ǫµ(p̄) = ǫµ(p̄,±1), ǫ(p̄, 0) and the further def-initions ω2 = M2 + p2
cm and ω̄2 = M̄2 + p̄2

cm .(Using equ. (3.14) in equ. (3.13) determines how to transform the s
atteringamplitude between ve
tor and tensor representation:
T µ̄,µ

tree =
p̄ν̄

M̄

(

T µ̄ν̄,µν
tree − T ν̄µ̄,µν

tree − T µ̄ν̄,νµ
tree + T ν̄µ̄,νµ

tree

) pν

M
. (3.16)The transformations of the s
attering amplitude in the equation above andin the polarization ve
tors in equ. (3.14) in prin
iple redu
e the problem tothe situation in the appendix of [15℄ where only the ve
tor representationwas used.)2The basis of Lorentz stru
tures multiplying the Gi in equ. (3.13) di�ers from the one
hosen in [15℄ by a 
hange of basis whi
h is straight-forward to implement.
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(I, S) 
h Cρ

t−ch C11,ρ
u−ch C12,ρ

u−ch C21,ρ
u−ch C22,ρ

u−ch Cπ
u−ch

(0, 2) 11 3
4

3
4

3
2
m2

K
3
2
m2

K 3m4
K

3
4

(1, 2) 11 −1
4

1
4

1
2
m2

K
1
2
m2

K m4
K

1
4

(1
2
, 1) 11 1 0 0 0 0 012 0 0 0 0 0 −113 0

√
3

2

√
3m2

π

√
3m2

K 2
√

3m2
πm

2
K 022 1 0 0 0 0 024 0 1

2
m2

K m2
π 2m2

πm
2
K 0

(3
2
, 1) 11 −1

2
0 0 0 0 012 0 0 0 0 0 1

222 −1
2

0 0 0 0 0

(0+, 0) 11 3
4

−3
4

−3
2
m2

K −3
2
m2

K −3m4
K

3
4

(0−, 0) 11 2 0 0 0 0 −212 0 1 2m2
π 2m2

π 4m4
π 033 3

4
3
4

3
2
m2

K
3
2
m2

K 3m4
K −3

4

(1+, 0) 11 0 1 2m2
π 2m2

π 4m4
π 033 0 1

3
2
3
m2

π
2
3
m2

π
4
3
m4

π 044 −1
4

−1
4

−1
2
m2

K −1
2
m2

K −m4
K

1
4

(1−, 0) 11 1 0 0 0 0 122 −1
4

1
4

1
2
m2

K
1
2
m2

K m4
K −1

4

(2, 0) 11 −1 0 0 0 0 1Table 3.3: Coupling 
onstants spe
ifying the intera
tion strength as de�nedin (3.10).
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(I, S) 
h Cω
t−ch C11,ω

u−ch C12,ω
u−ch C21,ω

u−ch C22,ω
u−ch Cη

u−ch

(0, 2) 11 −1
4

−1
4

−1
2
m2

K −1
2
m2

K −m4
K −3

4

(1, 2) 11 −1
4

1
4

1
2
m2

K
1
2
m2

K m4
K

3
4

(1
2
, 1) 12 0 1

2
m2

π m2
K 2m4

Km
4
π 034 0 1

2
√

3
1√
3
m2

K
1√
3
m2

π
2√
3
m2

Km
2
π 0

(3
2
, 1) 12 0 1

2
m2

π m2
K 2m2

Km
2
π 0

(0+, 0) 11 1
4

−1
4

−1
2
m2

K −1
2
m2

K −m4
K

3
4

(0−, 0) 11 0 1 2m2
π 2m2

π 4m4
π 022 0 1

3
2
3
m2

π
2
3
m2

π
4
3
m4

π 033 1
4

1
4

1
2
m2

K
1
2
m2

K m4
K −3

4

(1+, 0) 13 0 1√
3

2√
3
m2

π
2√
3
m2

π
4√
3
m4

π 044 1
4

1
4

1
2
m2

K
1
2
m2

K m4
K −3

4

(1−, 0) 11 0 −1 −2m2
π −2m2

π −4m4
π 022 1

4
−1

4
−1

2
m2

K −1
2
m2

K −m4
K

3
4

(2, 0) 11 0 1 2m2
π 2m2

π 4m4
π 0Table 3.4: Coupling 
onstants spe
ifying the intera
tion strength as de�nedin (3.10) 
ontinued.
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(I, S) 
h CK∗

t−ch C11,K∗

u−ch C12,K∗

u−ch C21,K∗

u−ch CK
u−ch

(1
2
, 1) 11 0 −1

4
−1

2
m2

π −1
2
m2

π −1
412 1

4
0 0 0 013 −

√
3

4
0 0 0 014 0 −1
4

−1
2
m2

π
3
2
m2

π − 2m2
K

3
415 √

3
8

0 0 0 022 0 −1
4

−1
2
m2

K −1
2
m2

K −1
423 0

√
3

4

√
3

2
m2

K

√
3

2
m2

K

√
3

424 −3
4

0 0 0 025 0
√

3
8

√

3
2
m2

K

√

3
2
m2

K −
√

3
833 0 1

4
1
2
m2

K
1
2
m2

K
1
434 −

√
3

4
0 0 0 035 0 1√
8

1√
2
m2

K
1√
2
m2

K − 1√
844 0 1

12
2
3
m2

K − 1
2
m2

π
2
3
m2

K − 1
2
m2

π
3
445 √

3
8

0 0 0 055 0 1
2

m2
K m2

K
1
2

(3
2
, 1) 11 0 1

2
m2

π m2
π

1
212 −1

2
0 0 0 022 0 1
2

m2
K m2

K
1
2

(0−, 0) 13 √
3

2

√
3

2

√
3m2

π

√
3m2

K −
√

3
223 √

3
2

− 1
2
√

3

√
3m2

π − 4√
3
m2

K − 1√
3
m2

K −
√

3
234 −

√

3
2

− 1√
6

−
√

2
3
m2

K

√
6m2

π − 4
√

6
3
m2

K

√

3
2

(1+, 0) 14 1
2

1
2

m2
π m2

K −1
224 − 1√

2
1√
2

√
2m2

π

√
2m2

K
1√
234 √

3
2

− 1
2
√

3

√
3m2

π − 4√
3
m2

K − 1√
3
m2

K −
√

3
2

(1−, 0) 12 1√
2

− 1√
2

−
√

2m2
π −

√
2m2

K
1√
2Table 3.5: Coupling 
onstants spe
ifying the intera
tion strength as de�nedin (3.10) 
ontinued. The 
oe�
ients C22,K∗

u−ch are not displayed. They obeythe relation C22,K∗

u−ch = C12,K∗

u−ch · C21,K∗

u−ch /C
11,K∗

u−ch
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(IG, S) 
h Cφ

t−ch C11,φ
u−ch C12,φ

u−ch C21,φ
u−ch

(0, 2) 11 −1
2

−1
2

−m2
K −m2

K

(1, 2) 11 −1
2

1
2

m2
K m2

K

(1
2
, 1) 45 0 −

√

2
3

−4
√

6
3
m2

K + 2
√

6
3
m2

π −
√

8
3
m2

K

(0+, 0) 11 1
2

−1
2

−m2
K −m2

K

(0−, 0) 33 1
2

1
2

m2
K m2

K44 0 4
3

16
3
m2

K − 8
3
m2

π
16
3
m2

K − 8
3
m2

π

(1+, 0) 44 1
2

1
2

m2
K m2

K

(1−, 0) 22 1
2

−1
2

−m2
K −m2

KTable 3.6: Coupling 
onstants spe
ifying the intera
tion strength as de�nedin (3.10) 
ontinued. The 
oe�
ients C22,φ
u−ch are not displayed. They obey therelation C22,φ

u−ch = C12,φ
u−ch · C21,φ

u−ch/C
11,φ
u−chIn the next step partial wave amplitudes are introdu
ed in the 
enter of massframe,

ǫ†µ̄ν̄(p̄, λ̄)T µ̄ν̄, µν
tree ǫµν(p, λ) =

∑

J

(2 J + 1)〈λ̄|T (J)|λ〉d(J)

λλ̄
(Θ) , (3.17)where d(J)

λλ̄
(Θ) denote Wigner's rotation fun
tions and Θ is the angle spannedby the in
oming and outgoing ve
tor meson three-momentum 3. In the 
enterof mass frame the left hand side of this equation 
an be 
al
ulated expli
itlyin terms of the invariant amplitudes Gi using the right hand side of equ.(3.13) and the expressions in equ. (3.15) for the polarization tensors.If the Gi are known, the obje
ts

〈λ̄|T (J)|λ〉 =
∫ 1

−1

d cos Θ

2
〈λ̄|T |λ〉 d(J)

λλ̄
, (3.18)are now a

essible. These are the desired obje
ts, but in a di�erent basis.The transformation of basis 
onsists of several steps.In the �rst step, the previous equation is rewritten in terms of parity eigen-states whi
h are de�ned by:

〈1±| = (±〈+1| + 〈−1|)/
√

2 ,

〈2+| = 〈0| . (3.19)The se
ond step is almost trivial for negative parity. There is just one statein equ. (3.18). The 
orresponding one-dimensional matrix will be res
aled3In [15℄ there is an ambiguity in the de�nition of that angle. If p · p̄ = ω ω̄ −
cos(Θ) pcmp̄cm holds, the sign of F3 and F4 has to be 
hanged.
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tor 1/(pcmp̄cm)J . For positive parity the two by two matrix in equ.(3.18) is multiplied from the right by
U

pJ
cm

=
1

pJ
cm





1
p−1

cm
−
√

J
J+1

ω
M pcm

0 1
M pcm



 , (3.20)and from the left by
ŪT

p̄J
cm

, Ū = U(pcm ↔ p̄cm, ω ↔ ω̄, M ↔ M̄) . (3.21)Those steps above will lead to the invariant amplitudes M listed in the ap-pendix of [15℄. There is an additional freedom that will be used in this work.The resulting invariant amplitudes 
an be res
aled with a power of s = (p+q)2if the phase spa
e (to be introdu
ed in the next 
hapter) is res
aled with theinverse expression. For positive parity the following exponents will be used:
T

(1+)
i,j = sdi,jM

(1+)
i,j ,

d1,1 = 1 , d1,2 = d2,1 =
3

2
, d2,2 = 2 . (3.22)In this work only positive parity and angular momentum one, J = 1 is
onsidered. The �nal expression is

T
(1+)
11 =

∫ 1

−1

dx

2

{

− 1 + x2

2
sG1 +

x3 − x

2
p̄cm pcm sG5

}

,

T
(1+)
12 =

∫ 1

−1

dx

2

{3 x2 − 1√
8

ω s
3
2

p2
cm

G1

+s2x
2 − 1√

2
G4

+
s3/2(1 − x2)√

8 pcm

(3ω p̄cm x− 2 ω̄ pcm)G5

}

,

T
(1+)
21 =

∫ 1

−1

dx

2

{ 3 x2 − 1√
8

ω̄ s
3
2

p̄2
cm

G1

+s2x
2 − 1√

2
G3

+
s3/2(1 − x2)√

8 p̄cm

(3 ω̄ pcm x− 2ω p̄cm)G5

}

,

T
(1+)
22 =

∫ 1

−1

dx

2

{ s2

4 p2
cm p̄

2
cm

(

4 x pcmp̄cm + ωω̄(3 − 9 x2)
)

G1

+
s3x

pcmp̄cm

G2

+s5/2 2 ω̄ x pcm + ω p̄cm(1 − 3 x2)

2 p2
cmp̄cm

G3
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+s5/2 2ω x p̄cm + ω̄ pcm(1 − 3 x2)

2 pcmp̄2
cm

G4

+
s2

4 p2
cmp̄

2
cm

[

2 (1 − 3 x2) · (ω2p̄2
cm + ω̄2p2

cm)

+x pcm p̄cmω ω̄ (9 x2 − 1)
]

G5

}

, (3.23)with x = cos(Θ) and the usual Mandelstam variables
s = (p+ q)2 , (3.24)
t = (p− p̄)2 , (3.25)
u = (p− q̄)2 . (3.26)It remains to �nd some pra
ti
al way to 
al
ulate the Gi in equ. (3.13) fromthe tree level amplitude (3.10). Progress is made by the de�nitions

vµ
p,p̄,w = εµνρσpν p̄ρwσ , (3.27)
pµ
⊥ = pµ − (p·p̄)

p̄2
p̄µ −

p·(w − (w·p̄)
p̄2 p̄)

(w − (w·p̄)
p̄2 p̄)2

(w − (w·p̄)
p̄2

p̄)µ , (3.28)
p̄µ
⊥ = p̄µ − (p̄·p)

p2
pµ −

p̄·(w − (w·p)
p2 p)

(w − (w·p)
p2 p)2

(w − (w·p)
p2

p)µ , (3.29)
wµ

⊥ = wµ − (w·p̄)
p̄2

p̄µ −
w·(p− (p·p̄)

p̄2 p̄)

(p− (p·p̄)
p̄2 p̄)2

(p− (p·p̄)
p̄2

p̄)µ . (3.30)These are 
onstru
ted in su
h a way that pµ
⊥ is orthogonal to p̄µ and wµ, wµ

⊥is orthogonal to pµ and p̄µ and �nally p̄µ
⊥ is orthogonal to pµ and wµ. vµ

p,p̄,wis perpendi
ular to all three ve
tors. With these de�nitions it is straight-forward to read o� the Gi from equ. (3.13),
G1 =

vµ
p,p̄,wTµνv

ν
p,p̄,w

v2
p,p̄,w

, (3.31)
G2 = (Tµν −G1gµν)

wµ
⊥w

ν
⊥

(w⊥)4
, (3.32)

G3 = (Tµν −G1gµν)
wµ

⊥p̄
ν
⊥

(w⊥)2(p̄⊥)2
, (3.33)

G4 = (Tµν −G1gµν)
pµ
⊥w

ν
⊥

(p⊥)2(w⊥)2
, (3.34)

G5 = (Tµν −G1gµν)
pµ
⊥p̄

ν
⊥

(p⊥)2(p̄⊥)2
. (3.35)The results for all diagrams 
ontributing to the s
attering kernel are listedin appendix A.
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Chapter 4Analyti
 stru
ture of thepotentialIn previous works only the leading kinemati
 
ontribution T (1+)
11 was 
onsid-ered. This was used in a (partial wave proje
ted) Bethe-Salpeter equationto 
al
ulate the full s
attering amplitude. In this work the formalism of [18℄will be used. It rests on a dispersion relation for the 
omplete amplitude

T
(J P )
ab (s) = U

(J P )
ab (s) +

∫ ∞

thres2

dw

π

s− µ2
M

w − µ2
M

∆T
(J P )
ab (w)

w − s− i ε
, (4.1)where the potential U 
ontains all the left-hand 
uts and the right-hand 
utsare summed up in the integral. (J, P ) denotes the angular momentum andparity. In 
ontrast to [18℄ where baryons were 
onsidered, the variable ofintegration doesn't have the dimension of an energy but of a squared energy.Sin
e the amplitudes are de�ned with respe
t to the transformed basis (3.20)there are no additional kinemati
 
onstraints as would be the 
ase if forexample heli
ity eigenstates were used.The mat
hing point µM is 
hosen

µ2
M = m2

min +M2
min , (4.2)where the masses on the right side 
orrespond to the pseudos
alar and ve
tormasses of the lightest 
hannel. This will make the full amplitude T identi
alto the tree-level result at a point where the s
attering amplitude 
an be
al
ulated perturbatively.When the potential U has no 
uts above threshold, ∆T is given by all right-hand 
uts [25℄:

∆T
(J P )
ab (s) =

1

2 i
[T

(J P )
ab (s+ iε) − T

(J P )
ab (s− iε)]

=
∑

c,d

[

T (J P )
ac (s)

]†
ρ

(J P )
cd (s)T

(J P )
db (s) .23



24 CHAPTER 4. ANALYTIC STRUCTURE OF THE POTENTIALFor a single-
hannel problem, the phase spa
e is given by
ρ(s) =





1
s
(3

2
+ p2

cm

2 M2 )
1

s3/2 (
p2
cmω√
2 M2 )

1
s3/2 (

p2
cmω√
2 M2 )

1
s2

p4
cm

M2



 . (4.3)It is not diagonal be
ause of the transformation (3.20). The res
aling ofequ. (3.22) was 
ompensated with 
orresponding s−dij . For large energiesthe res
aled phase spa
e will approa
h a �nite 
onstant, a property that is
ru
ial for the integral the master-equ. (4.1) to be well-de�ned.It turns out that to solve equ. (4.1), the potential is needed at all energiesabove threshold, in the 
ase of o�-diagonal matrix elements above the lowerthreshold. As it stands, the expression (3.10) 
annot be used as input for(4.1). Considering the asymptoti
 behavior this is already obvious: for largeenergies the potential will behave like a polynomial. Su
h a behavior is notonly physi
ally unreasonable, it also invalidates the integration.Progress is made by looking at the analyti
 stru
ture of the potential, forexample for K ρ s
attering. The u-
hannel 
ut starts at √
s = mρ − mK .A Taylor expansion at the rho meson mass will therefore only 
onverge upto threshold, √s = mρ + mK , while we need the potential above threshold.To deal with this problem a tri
k is used. The idea is the following: insteadof expanding the fun
tion in s, the argument is substituted with a fun
tion

s(ξ). When the potential as fun
tion of ξ is Taylor expanded the radius of
onvergen
e will now be a 
ir
le in ξ, not in s. If that fun
tion s(ξ) is 
hosenproperly the expansion in ξ (or ξpansion) will 
onverge for (mρ −mK)2 <
s < Λ2

s where Λs 
an be mu
h larger than threshold. To be more pre
ise aTaylor expansion leads to
f(s) = f(s0) + f ′(s0) · (s− s0) + f ′′(s0) ·

(s− s0)
2

2 !
+ . . . . (4.4)When the variable is substituted this be
omes

f(s(ξ)) = f(s(ξ0)) +
df(s(ξ))

d ξ

∣

∣

∣

∣

∣

ξ=ξ0

· (ξ − ξ0)

+
d2f(s(ξ))

d ξ2

∣

∣

∣

∣

∣

ξ=ξ0

· (ξ − ξ0)
2

2 !
+ . . . , (4.5)and substituting ba
k using the 
hain rule the result is

f(s) = f(s0) + f ′(s0) · s′(ξ0) · (ξ(s) − ξ0)

+
(

f ′′(s0) (s′(ξ0))
2 + f ′(s0) s

′′(ξ0)
)

· (ξ(s) − ξ0)
2

2 !
+ . . . , (4.6)where

s0 = s(ξ0) . (4.7)



25It remains to 
hoose the fun
tion ξ(s) that will lead to a 
onvergent expansionbetween the lower bound Λu and the upper bound Λs when expanded around
µE. The fun
tion ξ(s) is 
hosen in su
h a way that it will be expanded around
ξ0 = 1/2 with a radius of 
onvergen
e of 1/2. Expli
itly we use

s(ξ) = Λ2
u + (Λ2

s − Λ2
u)

(

1 −√
ξ

1 +
√
ξ

)2/n (4.8)or inverted
ξ(s) =







√

x
1+x

−
√

1
1+x

√

x
1+x

+
√

1
1+x







2

,

with x =

(

s− Λ2
u

Λ2
s − Λ2

u

)n

, (4.9)where n is determined by the 
ondition that the expansion point gets mappedonto 1/2 whi
h translates to
(

µ2
E − Λ2

u

Λ2
s − Λ2

u

)n

=

(√
2 − 1√
2 + 1

)2

= 17 − 12
√

2 (4.10)This will deform the 
ir
le of 
onvergen
e. Depending on the parameters thisregion of 
onvergen
e 
an look more like a heart.The expansion in ξ (xipansion) is unique on
e the lower bound Λu, the ex-pansion point µE and the upper bound Λs are spe
i�ed. The values usedare
Λs = 1.7 GeV ,

µE =
1

2
(m+M + m̄+ M̄) . (4.11)

Λs is a 
onvenient 
hoi
e. It turns out that the results vary only weaklywith the exa
t 
hoi
e. The xipansion point µE has to be pla
ed betweenthe thresholds where the potential is perturbative. The lower bound is moretri
ky. It is ne
essary to �nd the lightest ex
hange parti
le(s) that is nottaken into a

ount expli
itly. One has to respe
t G-parity as well.Consider for example the pro
ess K ρ → πK∗ in the u-
hannel. The vertexin
luding the pion and the ρ-meson enfor
es an ex
hange pro
ess withoutstrangeness. This allows for example for the ex
hange of the π , η , ρ , ω , φ aswell as 2 π , πρ , πω ,K K∗ and so on. The single parti
le ex
hanges are all
onsidered expli
itly in this work. Two s
alar parti
les violate the spin/parityquantum numbers and 
an be ex
luded. The lightest ex
hange pro
esses arethen π ρ and π ω. The latter violates G-parity.The upper bran
h point of this lightest ex
hange pro
ess not 
onsideredexpli
itly de�nes the lower bound Λu. If this bran
h point is 
omplex, the real
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Figure 4.1: Xipansion of the fun
tion ln(x) around 1 with lower bound 0and upper bound 5. First and se
ond order are displayed. The zeroth orderis just a 
onstant and therefore omitted.
part is used. This de�nes all free parameters in the xipansion and thereforethe area of 
onvergen
e in the 
omplex plane.Here are some examples for this pro
edure: �g. 4.1 shows the �rst andse
ond order in the xipansion of the logarithm around 1 with lower boundzero and upper bound 5. The xipansion approximates the logarithm, whi
h
orresponds to a physi
ally reasonable high-energy behavior, well even forlarge energies � something a Taylor expansion would fail to a
hieve. Theresult for an upper bound of 20 is shown in �g. 4.2.4.1 The potential from dispersion integralsThe philosophy is to evaluate all 
ontributions from 
uts inside the regionwhere the xipansion 
onverges exa
tly. Cuts outside that region will be mod-i�ed by pro
esses that are not in
luded in our model and their 
ontributionwill therefore be xipanded.Separating the potential into the part that is treated exa
tly and the restthat is xipanded requires some work. In general the potential will be of theform

U(s) = α(s) +
β

s−m2
s

+
∫ 1

−1
dx

(

γ(s, x)

t(s, x) −m2
t

+
λ(s, x)

u(s, x) −m2
u

)

, (4.12)
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Figure 4.2: Xipansion of the fun
tion ln(x) around 1 with lower bound 0 andupper bound 20. First and se
ond order are displayed. The zeroth order isjust a 
onstant and therefore omitted.where the ba
kground term α 
ontains no 
uts and β is just a 
onstant.It remains to separate the 
ut 
aused by the t- and u-
hannel propagatorinto a part that lies inside the area of 
onvergen
e of the xipansion and apart outside. In the following the u-
hannel will be used as an example, butanalogous formulas hold for the t-
hannel.Progress is made by rewriting the angular integrals as dispersion integralsalong the 
ut implied by the denominator in the equation above,
∫ 1

−1
dx

λ(s, x)

u(s, x) −m2
u

=
∑

i=±

∫ ∞

m2
u

ds̃

π

dc
(u)
i (s̃)

ds̃

λ(c
(u)
i (s̃), x

(u)
i (c

(u)
i (s̃))) ρ

(u)
i (s̃)

s− c
(u)
i (s̃)

,(4.13)where mu is the mass of the ex
hange parti
le. Up to a sign the weightfun
tion ρ is given by
ρ

(u)
i (s̃) = ± π

2 pcm(c
(u)
i (s̃)) p̄cm(c

(u)
i (s̃))

. (4.14)The sign is a 
ompli
ated fun
tion of all masses involved, expli
it expressions
an be found in [18℄.The 
ontour fun
tions c(u)
± (s) run along the 
ut. They solve the equation
u(c

(u)
± (s),±1) = s , (4.15)where u(s, x) is the usual Mandelstam variable. Therefore the 
ontour fun
-tions give the endpoints of the 
ut produ
ed by an ex
hange parti
le of



28 CHAPTER 4. ANALYTIC STRUCTURE OF THE POTENTIALsquared mass s. In more detail they are
c
(u)
±,ij(s̃) =

1

2

(

m2
i +M2

i +m2
j +M2

j − s̃
)

+
(M2

i −m2
j) (M2

j −m2
i )

2 s̃

± s̃
2

√

√

√

√

(

1 − 2
M2

i +m2
j

s̃
+

(M2
i −m2

j)
2

s̃2

)(

1 − 2
m2

i +M2
j

s̃
+

(m2
i −M2

j )2

s̃2

)

,(4.16)where i and j are 
oupled-
hannel indi
es. This di�ers slightly from thenotation of [18℄ where the 
ontour fun
tion was the square root of the aboveexpression. At the energy c
(u)
± (s̃) the angular integration on the left-handside of (4.13) has its pole at x(u)

± (s̃). This de�nes the angle impli
itly. Anexpli
it 
al
ulation results in
x

(u)
±,ij(s) =

M2
i +m2

j −m2
u − 2Ei(s)ωj(s)

2 pcm,i(s) pcm,j(s)
, (4.17)with

Ei(s) =
s−m2

i +M2
i

2
√
s

. (4.18)Simpler parts of the 
ontour 
an be integrated dire
tly in ŝi = c
(u)
i (m). Thissubstitution in (4.13) leads to

∑

i=±

∫ m2
2

m2
1

ds̃

π

dc
(u)
i (s̃)

ds̃

λ(c
(u)
i (s̃), x

(u)
i (c

(u)
i (s̃))) ρ

(u)
i (s̃)

s− c
(u)
i (s̃)

=
∑

i=±

∫ c
(u)
i (m2

2)

c
(u)
i (m2

1)

dŝi

π

λ(ŝi, x
(u)
i (ŝi)) ρ̂

(u)
i (ŝ)

s− ŝi
, (4.19)with

ρ̂
(u)
i (ŝ) = ± π

2 pcm(ŝ) p̄cm(ŝ)
. (4.20)An expli
it evaluation of the right-hand side of (4.13) over the entire rangeof integration 
an be tri
ky. When c

(u)
± (s̃) 
orresponds to one of the twothresholds involved, the integral diverges due to the 
enter of mass momentain equ. (4.14) and possibly additional fa
tors of x = cos(Θ) in λ(s, x). Inthese 
ases the 
ontour in (4.13) is deformed away from the real axis into asmall semi-
ir
le around that 
riti
al point. The radius of that 
ir
le has tobe 
hosen small enough to avoid the 
losest sign 
hanges in (4.14). If thereis su
h a sign 
hange at the 
riti
al point, a phase has to be introdu
ed atwhi
h the integration along the semi
ir
le around that 
riti
al point 
hangessign.This entire pro
edure was 
he
ked by 
omparing both sides of equation (4.13)
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Figure 4.3: U-
hannel 
ontours in the 
omplex plane for π ρ → K K̄∗ and
Λs = 2GeV. The dashed line de�nes the area where the xipansion 
onvergesfor Λs = 2GeV. The dotted line be
omes solid at the kaon mass. The twothresholds are indi
ated by an x.expli
itly for the masses of interest. Some 
ases require additional 
are.These will be dis
ussed later.The next step is to 
al
ulate the values of s̃ for whi
h the fun
tions ci(s̃)
ross the border of the area of 
onvergen
e of the xipansion. With theseboundaries, the dispersion integral (4.13) 
an be separated into a part insideand outside that area, as desired.4.1.1 Example: the ex
hange of a kaon in π ρ→ K K̄∗To illustrate this pro
edure, an example will be given: the pseudos
alar u-
hannel ex
hange of a kaon in the pro
ess π ρ→ K K̄∗ where the total isospinof the in
oming and outgoing state is zero. The amplitude T 1+

11 as de�nedin equ. (3.23) is 
onsidered with the invariant amplitudes Gi taken form theappendix. Fig. 4.3 shows the position of the 
uts in the 
omplex plane. Notethat the axis show the the square root of s. The radius of 
onvergen
e forthe xipansion is given by the dashed line. The other two lines are the 
ut-fun
tions in the 
omplex plane. The positive 
ontour c(u)
+ (s̃) starts at highenergies for small s̃ and approa
hes points where it be
omes imaginary fromthe right. The negative 
ontour starts at some �nite value and approa
hesthese points from the left. The integration starts at the kaon mass, the pointwhere the dotted line be
omes solid. It ends at the point where the 
ontour



30 CHAPTER 4. ANALYTIC STRUCTURE OF THE POTENTIALhits the dashed line, the radius of 
onvergen
e for the xipansion1.As explained before, only 
uts inside that region will be integrated. In thisexample the positive 
ut 
onsists of three intervals:
interval start[GeV2] stop[GeV2] sign

1 0.246 0.571 +1
2 0.571 0.609 +1
3 0.609 0.860 −1

, (4.21)the last number gives the sign in equ. (4.14). The �rst intervals starts atthe squared ex
hange mass, the kaon mass. At (mK∗ −mπ)2 =0.571 GeV2the 
ontour hits the real axis and moves to the right. It 
hanges dire
tion atthreshold whi
h is rea
hed at (mπ m
2
K+mρm

2
K∗)/(mπ+mρ)−(mπ mρ) =0.609GeV2. For values larger than 0.86 GeV2 the 
ontour lies outside the domainwhere it has to be xipanded.Integrating the �rst interval as detailed in equ. (4.13) doesn't 
ause anyproblems, but at the point where the 
ontour rea
hes the lower threshold,the produ
t of the in
oming and outgoing 
enter of mass momenta vanishes,resulting in a divergen
e in equ. (4.14,4.17). As mentioned before, thisproblem 
an be ta
kled by deforming the integration 
ontour in (4.13) intothe 
omplex plane so that it goes around the dangerous point at some radius

ε. In equ. (4.14) the sign 
hanges at that 
riti
al point. It remains togeneralize the sign 
hange that it 
an also be used for 
omplex s̃. Fig. 4.4shows the fun
tion that has to be integrated on a semi
ir
le with radius
ε = 0.01 GeV2 and for the larger radius ε = 0.05 GeV2 when the sign 
hangeis ignored. From this �gure it is obvious in both 
ases where the sign-
hangehas to be pla
ed. The dis
ontinuity 
an be tra
ed ba
k to the square rootin the expression for the 
enter of mass momentum. It o

urs where theimaginary part of the argument 
hanges sign. This information allows toimplement the sign 
hange at the 
orre
t phase. The phase also depends onthe radius of the semi
ir
le in the 
omplex plane as 
an be seen form the twoexamples given. The situation is displayed s
hemati
ally in �g. 4.5 where thedashed line separates the regions with di�erent sign. The smaller the radiusis 
hosen the 
loser the phase will be to π/2. In pra
ti
e the radius shouldnot be too small to avoid numeri
al di�
ulties but it has to be small enoughto avoid other sign 
hanges 
lose to the 
riti
al point in question. Values inbetween the two examples given above turn out reasonable.The di�eren
e between this result and the exa
t integration will be xipandedand added. For the 
urrent example the details are shown in �g. 4.6 wherethe exa
t potential and the dispersive integral are displayed together withthe �nal result for the integration. The di�eren
e between the former twois displayed in �g. 4.7. It has to be xipanded and added to the dispersiveintegral to get the �nal potential. The result of the xipansion is also shownin that �gure.1If the ex
hange parti
le were a K∗ instead of a K, the 
ontour would be of the sameform with the only di�eren
e that the dotted line would turn solid further to the left.
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Figure 4.4: Real and imaginary part of the integrand in equ. (4.13) along asmall semi
ir
le in the 
omplex plane around the lower threshold. The upperplot 
orresponds to the radius ε = 0.01GeV2, the lower plot to ε = 0.05GeV2.The solid lines show the real part, dashed 
urves 
orrespond to the imaginarypart.
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Figure 4.5: Position of the sign 
hange s
hemati
ally. The solid lines showthe path of integration in the 
omplex plane around the 
riti
al point. Thedashed line separates the regions where with di�erent sign in equ. (4.14).
As one 
an see, for not so high energies the result of the dispersive integralagrees well with the exa
t expression even so only a small part of the 
ut isintegrated. This results in a small fun
tion to be xipanded. This xipansionalso agrees well up to about 2 GeV, but the asymptoti
 behavior is modi�ed.4.2 Perturbative analysis of the s
attering am-plitudeBeside poles in the region of integration, other issues may arise when thepartial wave proje
ted amplitudes (3.23) are evaluated either by an angularor by a dispersive integration. These issues will be presented in this se
tiontogether with possible solutions.To see that the solutions are indeed 
orre
t, a 
he
k is needed. This isprovided by a perturbative analysis of the master-equation (4.1) when itis iterated on
e with T0(s) = U(S), where spin, parity and 
oupled-
hannelindi
es have been suppressed. Let the potential U be the sum of the problem-ati
 diagram in question and some simple 
onta
t term without derivatives.The nominator will be of the form (U ·ρ ·U) and 
ontain two mixed termswhi
h 
an be interpreted as triangle diagrams. Let the problemati
 diagrambe for instan
e a u-
hannel ex
hange pro
ess between s
alar parti
les. The
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Figure 4.6: Results of the exa
t and dispersive integration in the 
ase π ρ→
K K̄∗ together with the �nal result.
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Figure 4.7: This plot shows the exa
t potential in the 
ase π ρ → K K̄∗ to-gether with the di�eren
e between the former and the dispersive integration.The xipansion of this di�eren
e is also displayed.
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T∆(s) =

∫ ∞

thres2

dw

π
(1 · ρ(w) · Uu(w))

1

w − s− i ε
,

Uu(w) =
∫ 1

−1

dx

u(w, x) −m2
, (4.22)where the subtra
tion at µ2

M and 
oupling 
onstants have been ignored. Al-ternatively this diagram 
an be 
al
ulated unambiguously by the use of Feyn-man parameters resulting in
T∆(s) =

∫

d4l

(2 π)4

−i
(l2 − m̄2)((l − q̄)2 −m2

u)((w − l)2 − M̄2)

=
−1

16 π2

∫ 1

0
dz3

∫ 1−z3

0
dz2

1

D
,

D = (M2 − s) z2 + s z2
2 +m2(1 − z2 − z3) + (m2

u − M̄2) z3

+(M̄2 − m̄2 + s) z2z3 + M̄2z2
3 − i ε . (4.23)When both ways to 
al
ulate the triangle diagram agree, the pres
ription to
al
ulate the potential Uu(s) is 
orre
t.4.2.1 Anomalous thresholdsThe angular integration leads to logarithms whi
h will give in
orre
t resultsif 
al
ulated on the �rst Riemann sheet. For a simple example 
onsider a

u-
hannel ex
hange pro
ess where all parti
les are s
alars.The integral
∫ 1

−1

dx

u(s, x) −m2
(4.24)is of the form

∫ 1

−1

dx

A(s) + xB(s)
=

1

B(s)
ln

(

A(s) +B(s)

A(s) −B(s)

)

, (4.25)where the right-hand side is the result of a formal integration. B(s) is a mul-tiple of the produ
t of the in
oming and outgoing 
enter of mass momentum� and therefore 
omplex between thresholds. If A(s) 
hanges sign in that re-gion, one has to be 
areful to evaluate the logarithm on the 
orre
t Riemannsheet. Naive evaluation of the integral together with a 
orre
tion
− 2 π i

B(s)
Θ(ℑ[A(s)B(s)]) (4.26)will lead to a result that is 
ontinuous where A(s) 
hanges sign. A nominatorof the form xn would otherwise lead to a dis
ontinuity in the n-th derivative
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Figure 4.8: This plot shows the result of the angular integration of a u-
hannel propagator when a kaon is ex
hanged in π ρ → KK∗. A naiveintegration leads to the solid line. The dis
ontinuity 
an be 
ured in twoways, see text for further explanation.of the resulting fun
tion of s.An example is shown in �g. 4.8. The pro
ess 
onsidered is π ρ→ KK∗ withthe ex
hange of a kaon in the u-
hannel. All parti
les are treated as s
alars.The solid line is the result of a naive integration of equ. (4.24). The dis
on-tinuity is at 1.190 GeV. In prin
iple this dis
ontinuity 
an be 
ured in bothdire
tions, either as in equ. (4.26) or with the negative of this 
orre
tion andthe sign of the argument of the Theta-fun
tion reversed. The pres
riptiongiven in the equation above will lead to the 
ontinuation indi
ated by thedashed line while the reversal of signs in the pres
ription leads to the dotted
ontinuation. The dashed 
urve ends at the π ρ threshold while the dotted
urve is dis
ontinuous at the KK∗ threshold.The potential will be needed above the lower threshold and has to be 
ontin-uous. Therefore the pres
ription that leads to the dashed line is employed.The physi
al situation is shown in �g. 4.9 for π ρ→ KK∗ with a pseudos
alarmeson in the u-
hannel for the amplitudes T (1+)
11 and T (1+)

12 as de�ned in equ.(3.23). The dashed line indi
ates the result of a naive integration while thesolid line shows the e�e
t of the 
orre
tion. Note that the 
orre
tion divergesat thresholds. This is only a square root singularity in Mandelstam s and
an therefore still be integrated. The 
orre
tness of this pres
ription 
an be
he
ked as explained before by inserting the result into the iterated master-equation (4.22) and 
omparing to the Feynman parameterization (4.23).
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Figure 4.9: This plot shows the potential T (1+)
11 and T (1+)

12 for a kaon ex
hangein the u-
hannel in π ρ→ KK∗. See text for further explanation.4.2.2 Cuts on the real axis: π ρ→ π ρIn some 
ases additional 
ompli
ations arise from the ex
hange of Goldstonebosons in the u-
hannel. Consider the ex
hange of a u-
hannel pion in thepro
ess π ρ→ π ρ. ρ-mesons are unstable and 
an de
ay into two pions. Thisallows the propagating parti
le in the u-
hannel to be on-shell, resulting ina pole in the angular integration for 1.11 GeV < √
s < 4.26 GeV. In theangular integration this pole 
an be treated by naively integrating

∫ 1

−1
dx

1

A(s) + xB(s)
=

1

B(s)
ln(A(s) + xB(s))

∣

∣

∣

x=+1

x=−1
. (4.27)Fig. 4.10 shows the real and imaginary part of the result of the angularintegral in equ. (??). The phase spa
e fun
tion needed in equ. (4.22) issimply

ρ(w) =
pcm(w)

8 π
√
s
. (4.28)A numeri
al 
omparison with the result of the Feynman parameterizationshows that this pres
ription indeed works. The two fun
tions have to be
ompared slightly above the real axis when there is a 
ut present.This 
ut will also show up when the angular integral is rewritten as a dis-persive integral. It 
an be treated by subtra
ting it from the integrand and
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Figure 4.10: Real and imaginary part of the result of the angular integral inequ. (??) for the 
ase π ρ→ π ρ.adding 2 π times the residue. This leads to the same result when the disper-sive integral goes to in�nity, but it takes a lot more CPU-time. In pra
ti
ethe 
al
ulation is therefore done in another way. The potential is divided intotwo parts, Ū and Ũ . The latter 
ontains the 
ontribution from the 
ut onthe real axis. Fig. 4.11 shows the 
ontours s
hemati
ally in that 
ase. Thepositive 
ontour starts at the right end of the 
ut and goes down along thereal axis until it be
omes 
omplex; the negative 
ontour starts at the otherend of the 
ut and goes to lower energies until it turns around at thresholdand leaves the real axis at the same point as the positive 
ontour, but intothe opposite dire
tion.One possibility to 
al
ulate the 
ontribution from the 
ut, Ũ , would be toperform the dispersive integral only on the positive 
ut and only up to thepoint where the negative 
ut starts. As mentioned before, this would be veryCPU-intensive. Instead one 
an use the angular integration to 
al
ulate theimaginary part along the 
ut. From this imaginary part one 
an 
al
ulatethe real part using a dispersion integral. It remains to 
al
ulate the restof the potential, Ū . Starting the dispersive integration at the left end ofthe 
ut would be numeri
ally di�
ult be
ause the potential diverges at thatpoint. Sin
e the imaginary part has to be zero at that pla
e we 
an usethe information that both 
ontours have to 
an
el identi
ally and start theintegration anywhere between the lower end of the 
ut on the real axis andthe point where the 
ontours leave into the 
omplex plane. This requires tostart the integration in equ. (4.13) at di�erent squared masses for the positiveand negative 
ontours and will then allow to 
al
ulate Ū as des
ribed before.
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√
s

|4.26 GeV|1.11 GeVFigure 4.11: Position of the 
ontours in π ρ→ π ρ s
hemati
ally. The positive
ut is drawn above the real axis, the negative 
ut below the real axis.4.2.3 Cuts on the real axis: π φ→ K̄ K∗Figure 4.12 shows the position of the 
uts s
hemati
ally for the u-
hannelex
hange of a kaon in the pro
ess π φ → K̄ K∗ where the �nal state is the
ombination with positive G-parity. The 
ut on the real axis starts at 1.39GeV and ends at 1.56 GeV. In 
ontrast to the previous example it is partlyrealized by the negative 
ontour and partly by the positive 
ontour.
-

?

6

√
s

|1.56 GeV|1.39 GeVFigure 4.12: Position of the 
ontours in π φ → KK∗ s
hemati
ally. Thepositive 
ut is drawn above the real axis, the negative 
ut below the realaxis.The integration along the 
uts 
an be treated as before. On the negative
ontour one has to interpret the 
ontour as below the real axis. The pathof integration 
an be deformed by adding a 
losed 
ontour whi
h en
ases nopoles. Figure 4.13 shows one possible way to do so. Without modi�
ationsthe negative 
ontour 
orresponds to the bla
k solid line and the dashed redline. The additional 
losed 
ontour is given by the solid bla
k line and thegreen dashed line. E�e
tively it is enough to integrate along the dashed andthe dotted path.4.2.4 Cuts on the real axis: πK∗ → K ρThe u-
hannel ex
hange of a pion in the transition πK∗ → K ρ is displayedin �g. 4.14. This example is similar to the previous one with the ex
eption
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Figure 4.13: One possible deformation of the integration 
ontour in the re-a
tion π φ → K̄ K∗ with a kaon in the u-
hannel. Note that the axis showMandelstam s and not the energy.that the negative 
ontour �rst de
reases until it rea
hes threshold where itturns around and moves towards higher energies until it leaves the real axis.In the region between 1.26 GeV and 1.27 GeV the two 
ontributions from thenegative 
ontour 
an
el ea
h other. The 
ut on the real axis starts at 1.27GeV and the starting point of the positive 
ontour.
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|4.08 GeV|1.26GeV |1.27GeV
Figure 4.14: Position of the 
ontours in πK∗ → K ρ s
hemati
ally. Thepositive 
ut is drawn above the real axis, the negative 
ut below the realaxis.
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Chapter 5Computation of the s
atteringamplitudeIn this se
tion the methods to solve equation (4.1),
T

(J P )
ab (s) = U

(J P )
ab (s) +

∫ ∞

thres2

dw

π

s− µ2
M

w − µ2
M

∆T
(J P )
ab (w)

w − s− i ε
, (5.1)with

∆Tab(s) =
∑

c,d

T−
ac(s)ρcd(s)T

+
db(s) , (5.2)will be presented. In the equation above the upper indi
es + and - notethe evaluation slightly above and below the real axis, respe
tively. Coupled-
hannel and Lorentz indi
es have been suppressed. The dis
ussion will sum-marize the results of [18℄, similar problems were dis
ussed in [26, 27, 28℄.5.1 Case 1: real potentialIn a �rst step it will be assumed that the potential has no imaginary part.As shown in [18℄, an important �rst step is the solution of the integral equa-tion

ς(s) = −Ū(s) ρ(s)

−
∫ ∞

thres2

dw

π

s− µ2
M

w − µ2
M

ς(w) (U(s) − U(w)) ρ(s)

w − s
(5.3)for ς. Equation (5.3) 
an be solved numeri
ally on a grid. It turns out usefulto perform the 
al
ulations in the variable 1/s and to use Gaussian pointsdistributed between 
riti
al points as grid. The 
riti
al points in
lude allthresholds and the endpoints of 
uts on the real axis. More details 
an befound in [18℄. 41
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ond step is to 
al
ulate two dispersive integrals,
Bab(s) =

∫ ∞

(mc+Mc)2

dw

π

s− µ2
M

w − µ2
M

ςac(w)Ucb(w)

w − s
, (5.4)

Dab(s) = δab +
∫ ∞

(mb+Mb)2

dw

π

s− µ2
M

w − µ2
M

ςab(w)

w − s
. (5.5)The solution of the master-equation (4.1) 
an then be written as

T (s) = U(s) −D−1(s) · B(s) . (5.6)The dispersive integrals for B and D are performed on a grid whi
h in
ludesthe threshold, is equidistant between thresholds and gets more 
oarse athigher energies. To 
al
ulate ς(s) on this grid equ. (5.3) is used again, thistime on an asymmetri
 grid (for the variable w the Gaussian grid is usedagain, while for the variable s the new grid is employed). The right-hand siteis 
al
ulated with s on the new grid and w on the Gaussian grid.5.2 Case 2: 
omplex potentialWhen the intera
tion has an imaginary part above threshold things get more
ompli
ated. In a �rst step the potential is separated into the 
ontributionfrom the 
ut on the real axis and the rest:
U(s) = Ū(s) − 1

2 i

∫ ∞

thres2

dw

π

U (+)(w) − U (−)(w)

w − s
. (5.7)The 
ontribution from Ū 
an be treated as before. It is not yet 
lear how totreat the integral part of the equation above.Fig. 5.1 illustrates the situation in the diagonal K̄ K∗ 
hannel with spin andisospin zero and positive G-parity. The exa
t result whi
h 
ontributes to thepotential U(s) shows a strong energy dependen
e at the point where the 
utstarts. On
e the integral in equ. (5.7) is subtra
ted the potential be
omesalmost linear.The imaginary part of the exa
t potential for the physi
al 
ase of the ex-
hange of a pion between a K-meson and a K̄∗-meson in the u-
hannel inthe (IG, S) = (0+, 0) se
tor is shown in �g. 5.2. In the left 
olumn, s-wave,the transition amplitude between s- and d-wave and d-wave are displayed.A dis
ontinuity in the imaginary part for d-wave s
attering is expe
ted toinvalidate a treatment of the imaginary part. For example a �nite jump in Uwould lead to a logarithmi
 divergen
e in the integral (5.4). The imaginarypart is a 
onsequen
e of the instability of the K∗ and its possible de
ay into akaon and a pion whi
h also gives the K∗ it's width. Averaging the imaginarypart over the spe
tral distribution of the in
oming and outgoing ve
tor par-ti
le will make the potential 
ontinuous again. A spe
tral distribution ρS(s)
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Figure 5.1: This �gure shows the real part of the exa
t potential (solid bla
kline), the imaginary part of the exa
t potential (solid red line), the real partof the integral in equ. (5.7) (dashed line) and the di�eren
e of the real parts(dotted line) in the 
ase K̄ K∗ → K̄ K∗ with a pion in the u-
hannel.
an be found in [29℄. In the pro
ess of averaging another problem arises: theintegral
∫ ∞

(mK+mπ)2
dm2

1

∫ ∞

(mK+mπ)2
dm2

2 ρS(m2
1)ρS(m2

2)U(s,m2
1, m

2
2)in
ludes a 
ombination of K∗ masses for whi
h the 
ut starts at threshold:

mπ +m1 = s ,

c−(s,m2
π, m

2
2) = s ,where c− is the 
ontour fun
tion. At this point (and the point with m1and m2 inter
hanged) in the integration, negative powers of the 
enter ofmass momentum will diverge. These divergen
es are integrable if the s-waveis involved. For the d-wave it is ne
essary to deform the 
ontour of bothintegrations in the averaging slightly away from the real axis. To do so theexpression for the spe
tral distribution has to be repla
ed by some analyti
fun
tion whi
h 
oin
ides with the non-analyti
 formula in [29℄ on the realaxis. Expli
itly, the formula used is

λ(s) = (s− (mπ +mK)2) · (s− (mπ −mK)2) ,

fR(s) =
1

16 π2

(

√

λ(s)

2 s
(ln(−m2

π −m2
K + s−

√

λ(s) )



44CHAPTER 5. COMPUTATION OF THE SCATTERING AMPLITUDE

-25

0

25

-25

0

25

0

2500

0

2500

1.25 1.5 1.75

-50000

0

50000

1.5 1.75 2

Energy [GeV]

-50000

0

50000

Figure 5.2: This �gure shows the imaginary part of the potential in the 
ase
K̄ K∗ → K̄ K∗ with a pion in the u-
hannel. On the right side the potentialwas averaged over the spe
tral distribution of the in
oming and outgoing K∗.The �rst row 
orresponds to T (1+)

11 , the se
ond row shows T (1+)
12 = T

(1+)
21 andthe last row T

(1+)
22 .
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− ln(−m2

π −m2
K + s+

√

λ(s) )) + 2
)

,

fI(s) =
i
√

λ(s)

16 π s
,

gR(s) = (s− (mπ +mK)2) · (fR(s) − fR(m2
K∗)) ,

gI(s) = (s− (mπ +mK)2) · fI(s) ,

ρK∗ = −i gρ
N

s

gI(s)

(|gI(m
2
K∗)|)

· 1

(s−m2
K∗ +mK∗gρ(gR(s) + gI(s))/(|gI(m

2
K∗)|))

· 1

(s−m2
K∗ +mK∗gρ(gR(s) − gI(s))/(|gI(m

2
K∗)|)) , (5.8)with gρ = 0.051 GeV and N a 
onstant to normalize the integral over thisexpression to unity. Compared to the expression give in [29℄, the formulaabove 
ontains an additional fa
tor 1/s whi
h makes the spe
tral fun
tionnormalizable and thus allows to drop the 
uto� used in the original work.The result of the imaginary part of the potential with this spe
tral distribu-tion is shown in the right 
olumn of �g. 5.2.Using the spe
tral average also means 
hanging the K̄ K∗ threshold to 2mK+

mπ. In the region between this new threshold and the nominal threshold thepotential develops additional imaginary 
ontributions, for example from theex
hange of an η in the u-
hannel but also from the ex
hange of a rho-meson.The 
al
ulations for the ex
hange of a pion have already proven to be tedious,averaging the ex
hange of a parti
le with width like the rho-meson is beyondthe s
ope of this work. Therefore the pseudos
alar ex
hange pro
esses willnot be 
onsidered in the following.
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Chapter 6ResultsIn the se
tors with isospin or strangeness larger than one no resonan
es aregenerated. The remaining se
tors will be dis
ussed in the following. Closeto a resonan
e the s
attering amplitude behaves like
Tab(

√
s) = − s

M M̄

g1g2MR√
s−mR + iΓ/2

. (6.1)In the 
ase of bound states the width Γ vanishes. To analyze the s
atteringamplitude in more details the absolute value of the derivative of the s
atteringamplitude with respe
t to energy,
∣

∣

∣

∣

∣

d Tab(
√
s)

d
√
s

∣

∣

∣

∣

∣

. (6.2)is used in the 
al
ulations. Close to a resonan
e this will be �tted to the
orresponding expression obtained from equ. (6.1) to evaluate the position
MR, width Γ and 
oupling 
onstants gi of a state. In the 
ase of a boundstate the inverse is used.6.1 Results for Weinberg-Tomozawa Intera
tionIn a �rst step the results will be dis
ussed in the 
ase when only the Weinberg-Tomozawa intera
tion is 
onsidered and the xipansion is performed to �rstorder. S- and d-wave will be 
onsidered.6.1.1 (I, S) = (1

2
, 1)Fig. (6.1) shows the real and the imaginary part of the s
attering amplitudefor (IG, S) = (1

2
, 1). The dominant e�e
t is a narrow resonan
e that has amass of 1.233 GeV and a width of 4 MeV. The 
oupling 
onstants as de�ned47
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Figure 6.1: This �gure shows the amplitudes for (IG, S) = (1
2
, 1) when onlythe Weinberg-Tomozawa intera
tion is 
onsidered. The left 
olumn show thereal part, the se
ond 
olumn the imaginary part of the s
attering amplitude.The �rst row 
orresponds to the s-wave, the se
ond row to to the transitionamplitude between s- and d-wave and the last row to d-wave. The solid bla
kline 
orresponds to the πK 
hannel, the dashed bla
k line to ρK, the dottedbla
k line to ωK, the solid green line to η K∗ and the dashed green line to

φK.
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Figure 6.2: This �gure shows the amplitude for (IG, S) = (0+, 0), the K̄ K∗
hannel, when only the Weinberg-Tomozawa intera
tion is 
onsidered. Theleft �gure shows the real part, the right �gure the imaginary part of thes
attering amplitude. The solid line 
orresponds to the s-wave, the dashedline to to the transition amplitude between s- and d-wave and the dotted lineto d-wave.in equ. (6.1) are
wave πK∗ ρK ωK ηK∗ φK

mass width s 0.35 3.1 0.41 2.1 0.58
1.233 GeV 4 MeV s− d 0.22 2.4 0.34 1.4 0.37

d 0.14 1.8 0.27 0.88 0.24

. (6.3)This resonan
e 
orresponds to the K1(1270) whi
h has a width of 90 MeV.As in [15℄ the ρK and the η K∗ 
hannels are dominant, but here the bindingenergy is higher. This also explains the small width: the resonan
e positionis near the ρK and the ωK threshold. With those to 
hannels 
losed, thewidth gets to small.When only the s-wave is 
onsidered as in [15℄ the position and width turnout to be 1.216 GeV and 5 MeV respe
tively.In the amplitudes that are not dominated by the K1(1270) one 
an also seea weak signal of the K1(1400). A

ording to the PDG this state has a widthof 174 MeV. A quantitative analysis will be avoided.6.1.2 (IG, S) = (0+, 0)In this one 
hannel problem there is a bound state with a mass of 1348MeV. The 
oupling 
onstants are 3.6, 2.5 and 1.7 for s-wave, the transitionbetween s- and d-wave and for d-wave respe
tively. The state 
orrespondsto the f1(1285) whi
h 
ame out at a higher mass in [15℄. When the d-waveignored, the binding is again slightly higher, leading to a mass of 1336 GeV.
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Figure 6.3: This �gure shows the amplitudes for (IG, S) = (0−, 0) whenonly the Weinberg-Tomozawa intera
tion is 
onsidered. The left 
olumnshows the real part, the se
ond 
olumn the imaginary part of the s
atteringamplitude.The �rst row 
orresponds to the s-wave, the se
ond row to to thetransition amplitude between s- and d-wave and the last row to d-wave. Thesolid line 
orresponds to the π ρ 
hannel, the dashed line to η ω, the dottedline to K̄ K∗ and the dash-dotted line to η φ.



6.1. RESULTS FOR WEINBERG-TOMOZAWA INTERACTION 516.1.3 (IG, S) = (0−, 0)In this se
tor there are two 
lear signals. The one at higher energies has theproperties
wave π ρ η ω K̄ K∗ η φ

mass width s 1.4 2.5 6.4 3.6
1.225 GeV 85 MeV s− d 1.1 2.0 4.8 2.3

d 0.94 1.6 3.6 1.5

. (6.4)The other signal lies on top of the π ρ-threshold at 908 MeV and is dominatedby the π ρ and the K̄ K∗ 
hannel. The PDG [30℄ lists the h1(1170) with awidth of 360 MeV and the h1(1380) with a width of 90 MeV. These tworesonan
es already were overbound in the previous 
al
ulations [15℄, thisproblem has even worsened.6.1.4 (IG, S) = (1+, 0)In the (IG, S) = (1+, 0) se
tor the PDG lists the b1(1235) with a width of 142MeV. In the 
al
ulated spe
trum a resonan
e with the following propertiesare found:
wave π ω π φ η ρ K K̄∗

mass width s 1.0 1.6 2.7 5.0
1.304 GeV 92 MeV s− d 0.81 0.97 2.2 3.4

d 0.64 0.72 1.7 2.3

. (6.5)This is a good pla
e to pause and take a look at the in�uen
e of the pa-rameters of the model. The following table lists the results when a singleparameter is 
hanged to the value indi
ated in the �rst 
olumn.
Scenario mass[ GeV] width[MeV] wave π ω π φ η ρ K K̄∗

only s − wave 1.265 114 s 1.1 1.8 3.0 5.7
s 1.4 1.5 2.4 5.2

bD = 0.92 1.338 90 s− d 1.1 0.84 1.9 3.5
s 0.83 0.52 1.5 2.4
s 1.7 1.6 3.5 6.4

gD = 0.5 1.259 147 s− d 1.3 0.96 3.0 4.6
s 1.0 0.61 2.5 3.4
s 1.2 1.8 3.2 5.9

gF = −0.5 1.259 112 s− d 0.94 1.1 2.7 4.2
s 0.74 0.72 2.3 3.1
s 1.2 1.8 3.1 5.6

ΛS = 1.8 GeV 1.265 113 s− d 0.93 1.1 2.5 3.8
s 0.74 0.71 2.0 2.6

(6.6)
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Figure 6.4: This �gure shows the amplitudes for (IG, S) = (1+, 0) when onlythe Weinberg-Tomozawa intera
tion is 
onsidered. The left 
olumn shows thereal part, the se
ond 
olumn the imaginary part of the s
attering amplitude.The �rst row 
orresponds to the s-wave, the se
ond row to to the transitionamplitude between s- and d-wave and the last row to d-wave. The solid line
orresponds to the π ω 
hannel, the dashed line to π φ, the dotted line to η ρand the dash-dotted line to K̄ K∗.
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Figure 6.5: This �gure shows the amplitudes for (IG, S) = (1−, 0) when onlythe Weinberg-Tomozawa intera
tion is 
onsidered. The left 
olumn show thereal part, the se
ond 
olumn the imaginary part of the s
attering amplitude.The �rst row 
orresponds to the s-wave, the se
ond row to to the transitionamplitude between s- and d-wave and the last row to d-wave. The solid line
orresponds to the π ρ 
hannel and the dashed line to K̄ K∗.Again, omitting the d-wave lowers the mass of the resonan
e. With about40 MeV the e�e
t is larger than the 15 MeV found in the 
hannels dis
ussedpreviously. Even so the mass is lowered, the width is in
reased.Setting bD = 0.92 shifts the mass away from its physi
al value without 
hang-ing the width. The values 0.5 and -0.5 for gD and gF both have an identi
ale�e
t of the mass, but the width is in
reased further by the 
hange in gD, re-�e
ting a stronger 
oupling to the lightest 
hannel. An in
rease of the upperbound of the xipansion by 100 MeV has an e�e
t very similar to the 
hangeof gF listed above.6.1.5 (IG, S) = (1−, 0)In the (IG, S) = (1−, 0) se
tor the PDG lists the a1(1260) with a widthof 250-600 MeV. Between the two thresholds at 908 MeV and 1390 MeV astru
ture 
an be seen. A quantitative analysis is not possible and will beavoided. A detailed dis
ussion on the nature of the a1 in the framework of
oupled-
hannels 
an be found in [31, 32℄.



54 CHAPTER 6. RESULTSIn summary the previous results [15℄ 
an be reprodu
ed in the new formalism.The approximation to omit the kinemati
ally suppressed d-wave turns outto be justi�ed, as expe
ted from physi
al reasons.6.2 Results for the full intera
tionIn this se
tion the results will be dis
ussed in the 
ase when the full intera
-tion (ex
ept the pseudos
alar u-
hannel) is taken into a

ount.6.2.1 (IG, S) = (1+, 0): the b1(1235)In this se
tor there is a 
lear signal of the b1(1235). The PDG lists it with amass of 1229.5 ± 3.2 MeV and a width of 142 ± 9 MeV [30℄. In the previouswork [19℄ the values gD = 0.7 and gF = −2.8 were ne
essary to reprodu
ethe experimental value for this resonan
e that 
ame out 100 MeV to heavyand was also to broad.In a �rst step the results will be dis
ussed when only s-wave and the zerothorder in the xipansion is 
onsidered. This means that all 
ontributions thatare not 
aused by 
uts inside the xipansion area will be set to their valueat the xipansion point 1
2
(m + M + m̄ + M̄), i.e. 
onstant. When only theWeinberg-Tomozawa intera
tion is 
onsidered, the mole
ule 
omes out at atoo high energy, just like as in [19℄. The stru
ture overlaps with the K K̄∗threshold. Adding the t- and u-
hannel has very little e�e
t on the amplitude.On
e the s-
hannel is added, the resonan
e is gone. To undo this repulsivee�e
t and bring the resonan
e down to its physi
al value, large values for the
ounter-terms are ne
essary: gD = 4.15 and gF = −5.75. This will lead tothe amplitudes shown in �g. 6.6.Sin
e K K̄∗ is the dominant 
hannel it will be dis
ussed in a little moredetail. Without the u-
hannel there is no 
ut inside the xipansion regionand therefor the potential is 
onstant. The size of the 
ontributions is thefollowing:

WT bD gD gF S − ch T − ch U − ch
70.4 18.0 58.6 −19.5 −143 0.0007 −3.0

, (6.7)where the units are GeV and for example gD indi
ates the value 58.6 GeV forthe 
ounter term with gD = 4.15. The extremely small value for the t-
hannelis 
aused by a root in the exa
t potential near the xipansion point. The tableabove shows that the s-
hannel reverses the e�e
t of the Weinberg-Tomozawaintera
tion whi
h is why the 
ounter terms have to take su
h large values 1.1For the s-
hannel there are two ve
tor-ve
tor-pseudos
alar verti
es present resultingin a total of four diagrams. In the K K̄∗ 
hannel they all add up 
oherently, explainingthe large 
ontribution.
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Figure 6.6: This �gure shows the amplitudes for (IG, S) = (1+, 0) when thefull tree level s
attering amplitude in equ. (3.10) (ex
luding the pseudos
alar
u-
hannel) is 
onsidered to zeroth order in the xipansion. The upper graph
orresponds to the real part of the amplitude while the lower one shows theimaginary part. The solid line 
orresponds to the π ω 
hannel, the dashedline to π φ, the dotted line to η ρ and the dash-dotted line to K̄ K∗.
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Figure 6.7: This �gure shows the amplitudes for (IG, S) = (1+, 0) when thefull tree level s
attering amplitude in equ. (3.10) (ex
luding the pseudos
alar
u-
hannel) is 
onsidered to �rst order in the xipansion. The upper graph
orresponds to the real part of the amplitude while the lower one shows theimaginary part. The solid line 
orresponds to the π ω 
hannel, the dashedline to π φ, the dotted line to η ρ and the dash-dotted line to K̄ K∗.The situation 
hanges when the �rst order of the xipansion is in
luded. Theresult for Weinberg-Tomozawa was already presented, with a mass of 1.304GeV it was almost 70 MeV above the physi
al value. To reprodu
e the physi-
al mass and width, the parameters gD = 0.7 and gF = 2.8 were ne
essary in[19℄. These values are a good starting point for the �t in the present s
enario.Here the b1 
an be reprodu
ed with the values gD = 0.8 and gF = −3.56, theresult is shown in �g. 6.7.The 
ontributions to the most important pro
ess K K̄∗ → K K̄∗ are illus-trated in �g. 6.8.In summary the results are
Scenario gD gF mass[GeV] width[MeV] π ω π φ ρ η K K̄∗

xiorder 0 4.15 −5.75 1.230 135 1.8 0.73 4.4 6.9
xiorder 1 1.9 1.8 4.3 6.9
s + d wave 0.8 −3.56 1.231 138 3.2 2.1 6.1 8.7

6.0 2.4 8.6 11.2
[19] 0.7 −2.8 1.230 142 2.1 1.0 2.3 4.2

.(6.8)
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Figure 6.8: This �gure shows the amplitudes for the pro
ess K K̄∗ → K K̄∗with (IG, S) = (1+, 0) using the 
ounter terms spe
i�ed in 6.8. The �rstrow shows the Weinberg-Tomozawa intera
tion (left) and the term whi
his multiplied by bD, the se
ond line shows the intera
tions multiplied by
gD and gF (with the �tted value of equ. 6.8), the third line shows the s-and t-
hannel 
ontributions to the potential and the last line illustrates the
u-
hannel. Solid lines 
orrespond to the xipanded potential a
tually usedwhile the dashed lines indi
ate the exa
t potential without xipansion. Thexipansion point is theK K̄∗ threshold at 1.39 GeV, the potential is not neededbelow that point.
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Figure 6.9: This �gure shows the amplitudes for (IG, S) = (1+, 0) when thefull tree level s
attering amplitude in equ. (3.10) (ex
luding the pseudos
alar
u-
hannel) is 
onsidered to �rst order in the xipansion. The upper graph
orresponds to the real part of the amplitude while the lower one shows theimaginary part. The solid line 
orresponds to the π ω 
hannel, the dashedline to π φ, the dotted line to η ρ and the dash-dotted line to K̄ K∗.The size of the 
ounter terms is only reasonable (and in line with [19℄) whenthe �rst order of the xipansion is 
onsidered. The open π φ 
hannel plays amore important role when all heli
ities and the �rst order of the xipansion are
onsidered while the dominant de
ay 
hannel π ω remains almost un
hanged
ompared to the previous work [19℄.6.2.2 (I, S) = (1

2, 1): the K1(1270)In this se
tor the previous work [15℄ found two resonan
es, the K1(1270)whi
h has a width of 90 MeV and the K1(1400) with a width of 174 MeV. Inthe more detailed analysis [19℄ the 
oupling 
onstants of the 
ounter termshad to be set to gD = 0.2 and gF = −0.1. Fig. 6.10 shows the result whenthese two 
ouplings are set to zero. A 
lear signal 
an be seen 
lose to thenominal ρK threshold at 1.266 GeV and the nominal ωK threshold at 1.278GeV. The width of the ρ meson will have a 
onsiderable e�e
t on the width of
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Figure 6.10: This �gure shows the amplitudes for (IG, S) = (1
2
, 1) when allintera
tions ex
ept the pseudos
alar ex
hanges are 
onsidered. The 
ouplingsof the 
ounter-terms, gD and gF are put to zero. The left 
olumn show thereal part, the se
ond 
olumn the imaginary part of the s
attering amplitude.The �rst row 
orresponds to the s-wave, the se
ond row to to the transitionamplitude between s- and d-wave and the last row to d-wave. The solid bla
kline 
orresponds to the πK 
hannel, the dashed bla
k line to ρK, the dottedbla
k line to ωK, the solid green line to η K∗ and the dashed green line to

φK.the resonan
e, therefore we will not try to �t the resonan
e 
al
ulated withsharp masses to the data more a

urately. Nevertheless it is en
ouragingthat the result with all intera
tions and no 
ounter terms 
losely resemblesthe result of [15℄ whi
h agreed well with experimental data on
e the widthof the ve
tor mesons was taken into a

ount (see �g. 2 in [15℄).



60 CHAPTER 6. RESULTS



Chapter 7Summary and OutlookIn this work we studied the s
attering of the lightest o
tet of pseudos
alarmesons, the pion, the K-meson and the eta, o� the nonet of ve
tor mesonswhi
h in
ludes the ρ meson. A formalism based on a non-linear integral equa-tion is used to 
ompute s
attering amplitudes. Solutions of the non-linearintegral equations 
omply with 
onstraints set by 
ausality and unitarity.The main input into this equation are pretreated tree-level s
attering am-plitudes that were derived in the following steps: an intera
tion Lagrangianbased on 
hiral and large Nc arguments was utilized to 
al
ulate the tree levelamplitudes. It in
luded the Weinberg-Tomozawa intera
tion, three 
ounterterms and the ex
hange of ve
tor mesons in the s-, t- and u-
hannel. Theex
hange of pseudos
alar mesons was not 
onsidered in the �nal 
al
ulationbe
ause of te
hni
al 
hallenges. It was illustrated how these issues 
an bemastered in prin
iple but the a
tual 
al
ulation was beyond the s
ope of thiswork.The tree level amplitudes were then partial-wave proje
ted and extrapolatedto higher energies based on the knowledge of their analyti
 stru
ture. Thesemodi�ed potentials de�ne the input of the non-linear integral equations.In a �rst step, the spe
trum was 
al
ulated for the Weinberg-Tomozawaintera
tion only and 
ompared to the previous results. The in�uen
e of the
ounter terms and the order of the analyti
al extrapolation of the s
atteringamplitude were addressed. Then the spe
trum for the full intera
tion wasdis
ussed in se
tors of parti
ular interest. Counter-terms were adjusted toreprodu
e the mass and width of the b1(1235) exa
tly. In addition, the
K1(1270) was investigated in more detail. Its mass is re
overed in the absen
eof any 
ounter term. This is in 
on�i
t with the signi�
ant size of the 
ounterterms obtained from the study of the b1(1235). We take this asymmetry asa 
onsequen
e of the absen
e of the pseudos
alar u-
hannel.The most obvious extension of this work is the in
lusion of these pseudos
alarex
hange pro
esses. One possible way to a
hieve this has already been dis-
ussed, but improvements are desirable, espe
ially to keep the ne
essaryCPU-time in reasonable limits. In
luding these pro
esses we expe
t that areliable 
omputation of the D/S ratios in the de
ays of the axial resonan
es61



62 CHAPTER 7. SUMMARY AND OUTLOOKis feasible.Another interesting possibility is the in
lusion of ve
tor-ve
tor and pseudos
alar-pseudos
alar 
hannels. From a formal point of view these 
hannels 
an betreated analogously. The partial wave proje
tion will be
ome more tedious.With all these 
hannels in
luded it is interesting to 
al
ulate resonan
es withother spin and parity than just 1+ with relatively little additional e�ort.In summary the formalism employed in this thesis reprodu
es the measuredspe
trum and previous results within reasonable limits. It also allows to usea more realisti
 intera
tion and to in
lude more 
hannels in a 
onsistent wayso that in future works more physi
al systems be
ome a

essible as well as awider variety of observables.



Appendix AThe invariant amplitudeIn this appendix we give expli
it expressions for the G's whi
h result fromthe partial-wave proje
tion of equ. (3.10). Only non-vanishing G's are shownwith one ex
eption: if G3 does not vanish, then G4 is the hermitian 
onjugate(in
oming and outgoing masses inter
hanged) unless displayed expli
itly.A.1 The 4-point verti
esThe invariant amplitudes for the 
onta
t intera
tions are given by
G1 =

CWT

4 M̄ M f 2

(

(m̄2 − s +
1

2
(M2 + M̄2 − t))M2

+(m2 − s+
1

2
(M̄2 +M2 − t))M̄2

)

−gDCD + gFCF

32 f 2M̄ M

(

m2 + m̄2 − t
) (

M2 + M̄2 − t
)

− bDCχ

16 f 2M̄ M

(

M2 + M̄2 − t
)

, (A.1)
G3 =

CWTM

2 f 2 M̄
, (A.2)

G5 = −
CWT

(

M2 + M̄2
)

4 f 2M̄ M

+
gDCD + gFCF

16 f 2M̄ M

(

m2 + m̄2 − t
)

+
bDCχ

8 f 2M̄ M
. (A.3)

63



64 APPENDIX A. THE INVARIANT AMPLITUDEA.2 The Pseudos
alar s-
hannel Ex
hangeFor the s-
hannel ex
hange of a pseudos
alar meson the invariant amplitudesare given by
G2 = −

(

mV hP

2 f 2

)2
C

(x)
s−chM̄ M

s−m2
x

. (A.4)
A.3 The Pseudos
alar u-
hannel Ex
hangeFor the u-
hannel ex
hange of a pseudos
alar meson the invariant amplitudesare given by

G2 = −
(

mV hP

2 f 2

)2
C

(x)
u−chM̄ M

u−m2
x

, (A.5)
G3 =

(

mV hP

2 f 2

)2
C

(x)
u−chM̄ M

u−m2
x

, (A.6)
G5 = −

(

mV hP

2 f 2

)2
C

(x)
u−chM̄ M

u−m2
x

. (A.7)
A.4 The s-
hannel Ve
tor Ex
hangeThe ex
hange of a ve
tor meson in the s-
hannel has several 
ontributions.The intera
tion labeled (11) results in the following invariant amplitudes:

G1 =
C

(11,x)
s−ch h2

A

4 f 2 M̄ M m2
x

(

−m2
x (p·p̄)(M2 + M̄2 +m2

x + s)

+
(

m2
x (w·p̄) (w·p) − M̄2M2 ((w·p̄) + (w·p) − s)

)

+

1

(m2
x − s)

{

(M̄2 +m2
x) (M2 +m2

x) (m2
x (p·p̄) − (w·p̄) (w·p))

})

,(A.8)
G2 = − C

(11,x)
s−ch h2

A

4 f 2 M̄ M m2
x

((

(M̄2M2) −m2
x (p·p̄)

)

+
1

(m2
x − s)

{

(M̄2 +m2
x) (M2 +m2

x) (p·p̄)
})

, (A.9)
G3 =

C
(11,x)
s−ch h2

A

4 f 2 M̄ M m2
x

((

M̄2 M2 −m2
x (w·p)

)
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+

1

(m2
x − s)

{

(M̄2 +m2
x) (M2 +m2

x) (w·p)
})

, (A.10)
G5 =

C
(11,x)
s−ch h2

A

4 f 2 M̄ M

((

M̄2 +M2 +m2
x + s

)

− 1

m2
x − s

{

(M̄2 +m2
x) (M2 +m2

x)
})

. (A.11)The intera
tion labeled (12) results in the following invariant amplitudes:
G1 =

C
(12,x)
s−ch bA hA

f 2 M̄ M m2
x

((

m2
x (p·p̄) + M̄2 (w·p)

)

− 1

m2
x − s

{

(M̄2 +m2
x) (m2

x (p·p̄) − (w·p̄) (w·p))
})

, (A.12)
G2 =

C
(12,x)
s−ch bA hA

f 2 M̄ M m2
x

1

m2
x − s

{

(M̄2 +m2
x) (p·p̄)

}

, (A.13)
G3 = −C

(12,x)
s−ch bA hA

f 2 M̄ M m2
x

1

m2
x − s

{

(M̄2 +m2
x) (w·p)

}

, (A.14)
G4 = −C

(12,x)
s−ch bA hA

f 2 M̄ M m2
x

(

M̄2 +
1

m2
x − s

{

(M̄2 +m2
x) (w·p̄)

})

, (A.15)
G5 =

C
(12,x)
s−ch bA hA

f 2 M̄ M m2
x

(

−m2
x

+
1

m2
x − s

{

(M̄2 +m2
x)m

2
x

})

. (A.16)(A.17)The invariant amplitudes for the (21) intera
tion 
an be derived from thosefor the (12) intera
tion by inter
hanging in
oming and outgoing parti
les,
C(12,x) and C(21,x) and �nally G3 and G4.The intera
tion labeled (22) results in the following invariant amplitudes:

G1 =
4 b2AC

(22,x)
s−ch

f 2 M̄ M m2
x

m2
x (p·p̄) − (w·p̄) (w·p)

m2
x − s

, (A.18)
G2 = − 4 b2A C

(22,x)
s−ch

f 2 M̄ M m2
x)

(p·p̄)
m2

x − s
, (A.19)

G3 =
4 b2AC

(22,x)
s−ch

f 2 M̄ M m2
x

(w·p)
m2

x − s
, (A.20)

G5 = − 4 b2A C
(22,x)
s−ch

f 2 M̄ M m2
x

m2
x

m2
x − s

. (A.21)(A.22)
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A.5 The t-
hannel Ve
tor Ex
hangeFor the t-
hannel ex
hange of a ve
tor meson the invariant amplitudes aregiven by the sum of two 
ontributions, the �rst one being

G1 =
3C

(x)
t−chhPhVm

2
V

8 f 2M̄ M

( (

m2
x + s− u

)

+
1

t−m2
x

{

m4
x +m2

x(s− t− u) + (m2 − m̄2)(M2 − M̄2)
})

, (A.23)
G3 =

3C
(x)
t−chhPhVm

2
V

2 f 2M̄ M

−M2

t−m2
x

, (A.24)
G5 =

3C
(x)
t−chhPhVm

2
V

4 f 2M̄ M

(

1 +
1

t−m2
x

{

2 s+m2
x −m2 − m̄2

})

, (A.25)and the se
ond one
G1 =

C
(x)
t−chhP h̃V

8 f 2M̄ M
(M2 + M̄2)

( (

m2
x + s− u

)

+
1

t−m2
x

{

m4
x +m2

x(s− t− u) + (m2 − m̄2)(M2 − M̄2)
})

, (A.26)
G3 = −C

(x)
t−chhP h̃V

2 f 2M̄ M

(

M2 +
1

t−m2
x

{

M2M̄2 +M2m2
x

})

, (A.27)
G5 =

C
(x)
t−chhP h̃V

4 f 2M̄ M

( (

M2 + M̄2
)

+
1

t−m2
x

{

m2
x(M

2 + M̄2) − (m2 − m̄2)(M2 − M̄2) + 2 M̄2M2
})

.(A.28)
A.6 The u-
hannel Ve
tor Ex
hangeThe ex
hange of a ve
tor meson in the u-
hannel has several 
ontributions.The intera
tion labeled (11) results in the following invariant amplitudes:

G1 =
C

(11,x)
u−ch h

2
A

16 f 2M̄ M m2
x

(

−m6
x +m4

x(m̄
2 +m2 − 2 s− u)

+m2
x((M

2 + M̄2)(M2 + M̄2 − 2 s) + u (m2 + m̄2 − 2 s)
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+m2M̄2 +m2m̄2 +M2m̄2)

+M̄2M2(u+m2 + m̄2 − M̄2 −M2)

+
1

u−m2
x
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(M̄2 +m2
x)(M

2 +m2
x)((M

2 − m̄2)(M̄2 −m2)

+m2
x(m

2 +M2 + m̄2 + M̄2 − 2 s−m2
x))
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, (A.29)
G2 =

C
(11,x)
u−ch h

2
A

8 f 2M̄ Mm2
x
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m4
x +m2

x

(

2M2 + 2 M̄2 − t
)

−M2M̄2

+
1

u−m2
x
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(M̄2 +m2
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2 +m2
x)(s+m2

x −m2 − m̄2)
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, (A.30)
G3 =

C
(11,x)
u−ch h

2
A

8 f 2M̄ Mm2
x
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tion 
an be derived from thosefor the (12) intera
tion by inter
hanging in
oming and outgoing parti
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C(12,x) and C(21,x) and �nally G3 and G4.The intera
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G1 =
C

(22,x)
u−ch b

2
A

f 2M̄ M m2
x

(

−m2 +M2 − m̄2 + M̄2 −m2
x + u

+
1

u−m2
x

{

−m4
x +m2

x(m
2 +M2 + m̄2 + M̄2 − 2s)

+(M2 − m̄2)(M̄2 −m2)
})

, (A.38)
G2 =

2C
(22,x)
u−ch b

2
A

f 2M̄ M m2
x

(

1 +
1

u−m2
x

{

−m2 − m̄2 +m2
x + s

})

, (A.39)
G3 =

2C
(22,x)
u−ch b

2
A

f 2M̄ M m2
x

1

u−m2
x

{

m2 +M2 − s
}

, (A.40)
G5 = − 2C

(22,x)
u−ch b

2
A

f 2M̄ M m2
x

(

1 +
1

u−m2
x

{

M2 + M̄2 −m2
x − s

})

. (A.41)



Bibliography[1℄ S. Godfrey, N. Isgur, Phys. Rev. D 32 (1985) 189â��231.[2℄ S. Capsti
k, N. Isgur, Phys. Rev. D 34 (1986) 2809â��2835.[3℄ E.S. Swanson, Phys. Rept. 429 (2006) 243-305.[4℄ R.H. Dalitz and S.F. Tuan., Phys. Rev. Lett. 2 (1959).[5℄ E.E. Kolomeitsev, M.F.M. Lutz, Nu
l. Phys. A 700 (2002) 193-308.[6℄ U.-G. Meissner et al., Nu
l. Phys. A 755 (2005) 669-672.[7℄ E.E. Kolomeitsev, M.F.M. Lutz, Nu
l. Phys. A 730 (2004) 110-120.[8℄ J. Hofmann, M.F.M. Lutz, Nu
l. Phys. A 763 (2005) 90-139.[9℄ E.E. Kolomeitsev, M.F.M. Lutz, Phys. Lett. B 585 (2004) 243-252.[10℄ J. Hofmann, M.F.M. Lutz, Nu
l. Phys. A 776 (2006) 17-51.[11℄ L. Ro
a et al., Phys. Rev. C 73 (2006) 045208.[12℄ E.E. Kolomeitsev, M.F.M. Lutz, Phys. Lett. B 582 (2004) 39-48.[13℄ J. Hofmann, M.F.M. Lutz, Nu
l. Phys. A 733 (2003) 142-152.[14℄ M.F.M. Lutz, M. Soyeur, Nu
l. Phys. A 813 (2008) 14-95.[15℄ E.E. Kolomeitsev, M.F.M. Lutz, Nu
l.Phys. A 730 (2004) 392-416.[16℄ L. Ro
a, E. Oset, J. Singh, Phys. Rev. D 72 (2005) 014002.[17℄ E. Oset et al., Phys. Rev. D 76 (2007) 074016[18℄ M.F.M. Lutz, E.E. Kolomeitsev, in preparation.[19℄ M.F.M. Lutz, S. Leupold, Nu
l. Phys. A 813 (2008) 96-170.[20℄ G. t' Hooft, Nu
l. Phys. B 72 (1964) 461.[21℄ A. V. Manohar, hep-ph/9802419v1.69



70 BIBLIOGRAPHY[22℄ S. Weinberg, The Quantum Theory of F ields : V ol. 2, Cambridge UP,2005.[23℄ S. S
herer, Adv. Nu
l. Phys. 27 (2003) 277.[24℄ A. Krause, Helv. Phys. A
ta 63 (1990) 3.[25℄ A.M. Badalyan et al., Phys. Rept. 82 (1982) 31-177.[26℄ N.I. Muskhelishvili, Singular integral equations, Groningen 1953.[27℄ R. Omnes, Nuov. Cim. 2 (1958) 316.[28℄ P.W. Johnson, R.L. Warno
k, J. Math. Phys. 22 (1981) 385.[29℄ M.F.M. Lutz, Gy. Wolf, B. Friman, Nu
l. Phys. A 706 (2002) 431-496.[30℄ C. Amsler et al. (Parti
le Data Group), Phys. Lett. B 667, 1 (2008).[31℄ M. Wagner, S. Leupold, Phys. Lett. B 670 (2008) 22-26.[32℄ M. Wagner, S. Leupold, Phys. Rev. D 78 (2008) 053001.



BIBLIOGRAPHY 71A
knowledgementsFirst of all I would like to thank my adviser Priv. Doz. Dr. Matthias Lutzfor the interesting topi
 and permanent willingness for dis
ussions. Thanksalso to Prof. Dr. Wamba
h for the hospitality at the GSI theory group andfor putting me in the position to write this thesis. I also have to mentionProf. Dr. Evgueni Kolomeitsev and Dr. Isaa
 Vidana for many interestingdis
ussions and important numeri
al 
he
ks. Spe
ial thanks to those whokept my 
omputer running, espe
ially Alexander Semke and Dr. ThomasNe� who always provided the ne
essary support for the 
al
ulations. AlsoI would like to thank my roommates and fellow student for the pleasantatmosphere, espe
ially Alexander Semke, Ashot Gasparyan, Markus Leykaufand Ilka Petermann, my roommates Yonggoo Heo and Igor Danilkin, as wellas Dr. Kai Hebeler and Dr. Felix Riek.



72 BIBLIOGRAPHYErklärung
Hiermit erkläre i
h eidesstattli
h, dass i
h die vorliegende Dissertation selb-stständig verfasst, keine anderen als die angegebenen Hilfsmittel verwendetund no
h keinen Promotionsversu
h unternommen habe.
Darmstadt, den 25 Januar 2010, Julian Hofmann
Unters
hiede zur eingerei
hten Version

• Kleinere Tippfehler behoben
• Erste Glei
hung in Kapitel 4.2 entfernt
• Kapitel 5.2 und 5.3 vers
hmolzen und gekürzt
• Ein Absatz auf der zweiten Seite von Kapitel 4 entfernt



BIBLIOGRAPHY 73LebenslaufJulian HofmannLedig, keine Kinder
• Geboren am 12. Juni 1980 in Frankfurt
• 1986-1990 Grunds
hule in Mörfelden-Walldorf
• 1990-1999 Prälat-Diehl-S
hule in Groÿ-Gerau (Spra
hen: Englis
h, Latein;Abiturnote 1.3)
• 1999-2000 Zivildienst bei der Stadt Mörfelden-Walldorf im Berei
h Umwelts
hutz
• 2000-2002 Grundstudium der Physik an der TU Darmstadt (Gesam-turteil �Sehr Gut�)
• 2002-2004 Hauptstudium an der TU-Darmstadt
• 2004-2005 Diplomarbeit an der GSI zum Thema �Gekoppelte Kanal-dynamik für Resonanzen mit Charm-Quarks� (Note 1.0 mit Auszei
h-nung)
• seit 2005 Promotion an der GSI


	Zusammenfassung
	Introduction
	The tree-level scattering amplitude
	Introduction: QCD and Effective Theories
	Color
	Flavor

	The interaction
	Partial wave projection

	Analytic structure of the potential
	The potential from dispersion integrals
	Example: the exchange of a kaon in K "7016K*

	Perturbative analysis of the scattering amplitude
	Anomalous thresholds
	Cuts on the real axis: 
	Cuts on the real axis: "7016KK*
	Cuts on the real axis: K*K


	Computation of the scattering amplitude
	Case 1: real potential
	Case 2: complex potential

	Results
	Results for Weinberg-Tomozawa Interaction
	(I,S)=(12,1)
	(IG,S)=(0+,0)
	(IG,S)=(0-,0)
	(IG,S)=(1+,0)
	(IG,S)=(1-,0)

	Results for the full interaction
	(IG,S)=(1+,0): the b1(1235)
	(I,S)=(12,1): the K1(1270)


	Summary and Outlook
	The invariant amplitude
	The 4-point vertices
	The Pseudoscalar s-channel Exchange
	The Pseudoscalar u-channel Exchange
	The s-channel Vector Exchange
	The t-channel Vector Exchange
	The u-channel Vector Exchange


