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Chapter 1

Zusammenfassung

Aufgabe der theoretischen Hadronenspektroskopie ist es, Eigenschaften von
mesonischen und baryonischen Resonanzen, wie zum Beispiel Massen und
Partialbreiten, zu berechnen. FEin moglicher Weg hierzu ist das Quark-
Modell, in dem Grundzustand und Anregungszustinde von Systemen aus
Quarks und Antiquarks (und Gluonen) berechnet werden.

Ziel dieser Arbeit ist es, einen Teil des mesonischen Spektrums genauer zu
untersuchen. Der hier verwendete Ansatz ist nicht das Quarkmodell. Als
Freiheitsgrade werden nicht Quarks und Gluonen verwendet, sondern die
Mesonen selbst. Ziel ist es, die Amplitude fiir die Streuung der leichtesten
pseudoskalaren Mesonen, der SU(3) Goldstone Bosonen (7w, K, 1), an den
Vektormesonen p, K* und w nicht-perturbativ zu berechnen. Resonanzen
manifestieren sich als Pole in der Streuamplitude.

Ein Formalismus, der schon mehrfach eingesetzt wurde, um die Streuam-
plitude nicht-perturbativ zu berechnen ist das Losen einer partialwellen-
projezierten Bethe-Salpeter-Gleichung. Hierzu wird die Streuamplitude zuerst
in Storungstheorie berechnet, anschliessend partialwellen-projeziert und als
Kern fiir eine Bethe-Salpeter-Gleichung verwendet. Als Modell fiir die Wech-
selwirkung wurde typischerweise der chirale Lagrangian in fiihrender Ord-
nung verwendet. Meist wurde nur s-Wellen Streuung betrachtet. Die Be-
handlung der Energieabhingigkeit einer Wechselwirkung, die s—, t— und
u—Kanal Austauschprozesse beinhaltet, ist schwierig.

In dieser Arbeit wird ein Formalismus verwendet, der nicht die Bethe-Salpeter-
Gleichung benutzt, sondern auf einer nicht-linearen Integralgleichung basiert.
Losungen dieser Gleichung sind kausal und analytisch. Der Input in diese
Gleichung ist ein vorbehandeltes Potential. Um dieses zu erhalten sind
mehrere Schritte notig. Eine Lagrange-Dichte, die mit einer Kombination aus
chiralen und Large- N, Argumenten aufgestellt wurde, wird aus einer friiheren
Arbeit iibernommen und verwendet, um die Streuamplitude in Stérungs-
theorie zu berechnen. FEnthalten sind neben der fiihrenden chiralen Ord-
nung sowohl Gegenterme als auch pseudoskalare und vektorielle Austausch-
prozesse. Das Ergebnis wird partialwellen-projeziert und — unter Ausnutzung
seiner analytischen Eigenschaften — zu hoéheren Energien extrapoliert. In
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dieser Form kann das Potential nun verwendet werden, um die volle Streuam-
plitude zu berechnen.

In einem ersten Schritt geschieht das fiir ein Potential, in dem nur die
Weinberg-Tomozawa-Wechselwirkung berticksichtigt wird. Dies erlaubt einen
Vergleich mit friitheren Ergebnissen, bei denen das gleiche System mit Hilfe
der Bethe-Salpeter-Gleichung untersucht wurde. Im nédchsten Schritt wird
die vollstdndige Wechselwirkung verwendet, um das b, (1235) und das K;(1270)
genauer zu betrachten. Das Potential enthédlt noch zwei unbekannte Kop-
plungskonstanten, die an das experimentelle Spektrum angepasst werden
konnen. Die hierbei erhaltenen Werte sind zwar konsistent mit fritheren
Rechnungen, jedoch unterscheiden sie sich signifikant fiir die beiden Reso-
nanzen. Dies wird als eine Konsequenz der Abwesenheit von pseudoskalaren
Austauschprozessen interpretiert.

Wegen technischer Probleme wurden diese in der finalen Rechnung wegge-
lassen. Das ist auch der Grund, warum weitere relevante Grossen, wie zum
Beispiel das D/S Verhéltnis der Zerfélle der betrachteten Resonanzen, nicht
genauer untersucht wurden. Die Ursachen des technischen Problems werden
erlautert und ein moglicher Losungsweg diskutiert. Interessant fiir weitere
Arbeiten ist zum einen der Einfluss dieser Prozesse auf das Spektrum. Zum
anderen konnen mit den in dieser Arbeit verwendeten Methoden auch Vektor-
Vektor- und Pseudoskalar-Pseudoskalar Kanéle in das Modell mit einbezogen
werden. Dadurch wiirde die Behandlung von Resonanzen mit héheren Spins
interessant.



Chapter 2

Introduction

The accepted theory of the strong interaction is QCD. It describes the cou-
pling of the six known quarks, three of which are light, and the gluons. This
interaction is based on the gauge group SU(3) that couples to an internal
quantum number called color. Since this gauge group is non-Abelian, the
gluons can interact with themselves. Another remarkable feature of QCD is
that the renormalized coupling constant is large at low energies. This invali-
dates standard perturbation theory. A perturbative expansion is meaningful
only at high energies.

Although the details are not completely understood yet, this leads to an
interesting effect at low energies: confinement. Color-neutral particles are
the only hadrons observed in nature. These are divided into the bosonic
mesons and fermionic baryons. The calculation of the properties of these
composite particles, mass and partial decay widths, is the task of theoretical
hadron spectroscopy. A traditional way to do so is to model for example a
meson as a bound quark-antiquark state [T} 2 B].

The approach followed in this thesis is based on a different idea: at low
energies an expansion of quark interactions in powers of the QCD coupling
constant is impossible. The relevant degrees of freedom at these energies are
the baryons and mesons and not quarks and gluons. Hadronic resonances
manifest themselves as poles in scattering amplitudes. The ansatz used here
is to calculate these scattering amplitudes with baryons and mesons as the
relevant degrees of freedom.

Because of spontaneous chiral symmetry breaking the interaction of the light-
est hadrons — the flavor SU(3) multiplet containing the pion, also called
pseudo-Goldstone Bosons — with any other hadron can be expanded in pow-
ers of small momenta and the small quark masses. At leading order, this
interaction depends exclusively on a single parameter, the pion decay con-
stant f.. To calculate non-perturbative effects like bound states or reso-
nances from this leading order interaction, an infinite summation is needed.
In previous works this was provided by the Bethe-Salpeter-Equation (BSE).
S-wave bound states of the Goldstone Bosons with a variety of other hadrons
have been calculated within this formalism. In [4, B, 6] the scattering ampli-
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tude of the Goldstone Bosons with the SU(3)-multiplet including the nucleon
has been calculated. In [7, 8] the Goldstone Bosons were scattered off the
charmed sextet containing the 3. and the anti-triplet containing the A.. The
works [9, [0, 1] considered the interaction of the baryon resonances with
spin and parity 3/2", the multiplets containing the A and the 3*. The in-
teraction of the Goldstone bosons with the lightest vector mesons (p, K*, ¢
and w) were subject of [I5, [16]. Charmed mesons were studied in [12, I3, 4]
and together with hidden charm in [I7].

In summary one can say that the framework used works extremely well when-
ever the Goldstone Bosons are interacting with spin 0 or spin 1/2 particles.
In the case of spin 1 or 3/2 particles the agreement is more schematic. The
problem is that for example in 7w A scattering the p N channel is ignored even
so it is not much heavier. A more realistic model needs to consider take ad-
ditional channels, together with a more elaborate interaction that includes s,
t and u-channel exchange processes. Such additional terms in the interaction
will lead to a more complicated analytic structure of the interaction kernel.
A different scheme is necessary to unitarize the tree-level scattering ampli-
tudes. This scheme is provided in [I8]. In that work the scattering of the
nucleon octet off the light pseudoscalar and vector mesons is studied. Non-
linear integral equations that are based on causal and unitarity properties of
the scattering amplitude are employed to unitarize the scattering kernel.

In this thesis this scheme will be used to examine resonances in the scatter-
ing of the light pseudoscalar (P) and vector (V) mesons. This allows for a
more realistic interaction than in [I5]. Also the d-wave amplitude will be
calculated, making additional observables like the D /S ratio for the b, (1235)
accessible. The inclusion of additional channels (PP or VV) is beyond the
scope of this work, but a desirable next step.

This work is organized as follows: in the subsequent section the tree-level
amplitude for the interaction of a light pseudoscalar meson with a vector
meson (PV—PV) will be calculated and partial-wave projected. The inter-
action Lagrangian is taken from [I9] where it was constructed using chiral
and large N, arguments.

In the third chapter the resulting potential will be modified such that it can
be used as an input for the non-linear integral equations on which this ap-
proach is based. Several technical problems can occur in that process and
will be discussed in detail. The methods to solve the dispersion relations
for the full scattering amplitude are summarized in the following chapter.
Finally the results will be presented. A short summary and outlook conclude
this thesis.



Chapter 3

The tree-level scattering
amplitude

The goal of this thesis is to calculate non-perturbative effects in the amplitude
for scattering the lightest flavor-octet of pseudoscalar (P) mesons off the
lightest flavor-nonet of vector (V) mesons. The first step is to calculate the
tree level amplitude for this process. For this purpose an effective field theory
for the interaction is needed. This will be taken from [I9] where the same
process was studied in the presence of photons.

3.1 Introduction: QCD and Effective Theories

In the simplest quark model, a meson consists of a quark and an anti-quark,
bound primarily by the strong interaction. According to quantum chromo-
dynamics (QCD), the modern theory of the strong interaction, the dynamics
of quarks and gluons follows from the Lagrangian density

Tl 1 a v
L =p(iD— M) — LG G (3.1)
with the gauge-covariant derivative
DV = 0" +i g\ GH (3.2)

where the \’s are the Gell-Mann matrices and g is the strong coupling con-
stant. The quark field ¢ implicitly carries two indices, flavor and color.

3.1.1 Color

Color is the basic quantum number to which the gauge bosons, the gluons G*,
couple. This is analogous to the photons which couple to the electric charge
in Quantum electrodynamics. In contrast to QED, the quantum number
color of the quark can take three different values; the symmetry group is not

9
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U(1) but SU(3). This is also the reason why there is an additional, quadratic
contribution to the gluonic field strength tensor,

Go, = 0,G% — 0,G% + g fGGE,  a=1,...,8, (3.3)

where f¢ are the SU(3) structure constants. In equ. (BI) this last term
gives rise to gluonic self-interactions.

The strong coupling constant g; renormalized at high energies is small and
a perturbative expansion is possible. For decreasing energy the coupling
constant grows and perturbation theory breaks down. These two related
effects, the self-interaction of the gluons and the large coupling constant at
small energies lead to interesting phenomena. One of these is confinement:
only color-neutral particles like mesons or baryons are observed in nature.
Currently the Lagrangian (BI) cannot be used directly to calculate bound
states of quarks and gluons. Other methods have to be employed. One such
method is Lattice gauge theory, which uses extensive numerical simulations.
Another method is to consider the limit when N., the number of colors
approaches infinity. In this special case some physical problems become easier
to solve. The hope is that these relations still hold for the physical value
N. = 3. Higher order corrections should be suppressed by powers of 1/NV..
This concept was first introduced to QCD by t’ Hooft [20]. An introduction
to large N, QCD can be found in [21].

In this work, an interaction will be used that relies on large N. QCD and
another symmetry of the Lagrangian (BI), flavor symmetry.

3.1.2 Flavor

Six different kinds of quarks or quark flavors are known. Three of them
have masses of less than 1 GeV and will be considered in this work: the
up, down and strange quark. The matrix M in the Lagrangian (BI) con-
tains the masses of these quarks. If the three quarks were massless, the
QCD Lagrangian would be invariant under a transformation that mixes the
quarks of different flavor. This would hold for both helicities of the quark
separately and the Lagrangian density would have a SU(3)xSU(3) symmetry
. This symmetry is broken in two ways. On the one hand the small but
non-vanishing masses of the quarks break the symmetry explicitly. On the
other hand this approximate symmetry SU(3)xSU(3) is spontaneously bro-
ken to SU(3), as can be seen for example in the particle spectrum which only
has the latter approximate symmetry. The theory of spontaneous symmetry
breaking (as explained for example in [22]) claims that for every generator of
an approximate global symmetry that is spontaneously broken, the spectrum
must contain one approximately massless scalar particle with the quantum
numbers of the generator. In the case at hand, these Goldstone bosons (GB)

! Actually the symmetry group would be even larger, U(3)xU(3); the U(1) part adds
further complications and will not be needed here.
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are the lightest pseudoscalar mesons, the pion, the kaon and the eta. Fur-
thermore at low energies an effective field theory can be used in which the
GBs are the relevant degrees of freedom. This corresponds to an expansion
in powers of small momenta and quark masses. In this chiral expansion, all
terms that are consistent with the fundamental symmetries of the model,
have to be considered. Power counting rules define an ordering scheme [23].
The zeroth order in this expansion vanishes.

3.2 The interaction

In [T9], a combination of large N. arguments and a chiral expansion to leading
orders resulted in the following interaction density:

L = ful{vruf} - itr{(D“ Vi) (D, vm)}+%m§ o {V V)

my h
NI Rl

tr{ Vo V2 VO, 4 4hV

my

tr{(D*Vo) V¥ (D V) |

+ i %‘4 e tr { (Vi (D"Vza) + (D" Vra) Vi) Us |

.My hp
1

o {U, V"™ U, } + igD tr {V [V, Ua), U}

+ igp tr {V [V, Us] - U°}

1 ba
- g ; praf
+ 8thr {V VWXJF}—H g € tr{[VW, VagLX_}, (3.4)
where the fields have the following particle content:

pgu +W,uy \/ip:;/ \/§K:’L_l/

VFW = ﬂp;u _pgu—i_wlﬂf \/§K2V ’
- 70

\/iKlu,y \/iKlu,y \/§¢/,LI/

m+=n V2rt o V2K

o = | VZr 4L VIKO | (3.5)
V2K~ V2K —Zo

The anti-symmetric tensor ¢/*% is given by

+1 if p, v, a, B is an even permutation of 0, 1, 2, 3

ehal = —1 if u, v, a, § is an odd permutation of 0, 1, 2, 3 |
0 otherwise
P = € ap (3.6)

The vector meson was represented by an anti-symmetric Lorentz tensor. This
work will follow that convention. The isospin-averaged masses

my, = 138 MeV, mg =496 MeV, m, = 547 MeV,

m, = TI0MeV, my- — 894 MeV, m., — 783MeV, my, = 1019 MeV, 57
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will be used.
The other fields in the Lagrangian (B4]) are defined by

1 P
r, = 3 (mauu + u@MuT) : U = exp (;f)
1 , 10, P
U, = 5 ul ((‘Lez%) ul = Zg_uf + 0(®%),
DuVes = 0uVap + [T, Vagl = 0uVas + 8f2[[<1) 0u®], Vas] + 0(2%),
1 1
X+ = Fuxou+ QUTXOU = Xo — 8f2 {{x0, @}, @} + O(9%),
1 1 1
X- = ZUxot— §UTX0UT 97 {®,x0} + 0(27),
m2 0 0
Xo = 0 m2 0 : (3.8)

0 0 2m3%—m?

which guarantees an interaction in agreement with the constraints from chiral
symmetry, see e.g. [24] 23].
Most coupling constants in the Lagrangian (B2]) were already derived in [T9].
The mass splitting within the vector meson multiplet leads to an estimate
of bp = 0.92 4+ 0.05. hp was calculated from the vector meson decays p —
am, ¢ — KK and K* — 7K as hp = 0.29 + 0.03. The values hy and hV
were estimated from the magnetic moment and the quadrupole moment of
the vector mesons. Finally the radiative decays K} — K.v, Kj — Ko7y and
¢ — n~ led to the values for hy and by. In this work the following values
will be used:

hp =0.29, ha =210, ba =0.27, my = 776 MeV ,

hy = 0.45, hy = 3.72, bp = 0.92, fr =90 MeV . (3:9)

The other constants gp and gr will be used to fit the results to the measured
spectrum.

At leading order the interaction (BA) results in a total of 16 diagrams that
contribute: four contact interactions, a pseudoscalar s- and u-channel ex-
change and a total of ten vector exchange processes. A straight-forward
calculation of the tree level scattering amplitude leads to

v, — O 1% —\ [ —[L =
The 4,5y, p) = 4V;2T " (g + )" +p"(qg+aq)")
1
T 162 g g {(OD gp + Cr QF)(Q - q) + Cy bD}
my hP ? =l =V w v
-y or 272 ) PU St ar
z€(8]
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he\®
-y @ <mv P) 7 q" So(p — §) " ¢

z€|[8] 2f2
(11,x ‘17 _ alb.a v
- Z{g ol ch) 16f2 T 5(0,0) S (p+ @) T, 5(p, @)
c

hA bA , T v — aB,«a
- EZ[Q 8 f2 {Csl—2ch) 1"# &B(p7 q) Szl& IB(p + Q) Eu

Cimcﬁ oSS+ ) T 5(pq) )

(22,z) v aB,a
- Z OS Ch 4f2 @B S;cﬁ7 ﬁ(p“*Q) EM

z€[9]
h .
115!3 v - al3.a — v —
- Z u— ch) 16Af2 FM aﬁ(p q) Sw@ 6(p - q) r* aﬁ(p7 _Q)
z€[9]
hA bA (12 :c) ;w _ aﬁ of
+ Cfflcg;l Eﬁ af S(leﬁ’aﬁ(p - Q) Fluyaﬁ(p7 _Q)}
_ C(22:2) fiv S@B,aﬁ( A
Z u—ch af ~zx p Q)E af
z€[9] 4f2 g
+ Y ¥ Ch2f2 Ga 45 5577 (q — q) {3m hv g g4 g™
z€[9]

+hv (g8 g5 7" D"+ G5 9™ D" (0= P)a — 97 95 (P — P)aP"]}

I s0a) =0 P+ Qo™ s, + 01" s, - (3.10)

Some comments about the notation are in order: p and p are the incoming
and outgoing vector meson momenta while ¢ and ¢ are the momenta of the
pseudoscalar mesons. The total momentum is w = p+q = p+ ¢. The
summation index x runs over the exchanged particles, either the octet of

Goldstone Bosons or the nonet of vector mesons. The propagators are given
by

1
Sz = 5 5 . >
(p) p?—m2 +ie
SE el (p) = B — (m2 —p*) g"* g’
v m2 p?—m2+ie

+g"p =g p™ — (> V)] : (3.11)

A list with all coupled channels considered in this work is given in table
Bl The prefactors C' in equ. (BI0) follow from the group structure of
the interaction and detail the strength of the interaction among the coupled
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(0,2) (1,2) (3:1)
(\% m-0Ku)
(5 Puv - 0 K)
(J5 Kpy 02 K) (25 Kl 025 K) (W K)
(n Kpuw)
(Puw K)
(3, 1) (07,0) (07,0)
(5 Puv - 7)
(m- T Kuw) L _ (wWpur )
2 (K KNV KMVK) _ _
(P - TK) (K Ky + K K)
((b;w n)
(17,0) (17,0) (2,0)
(7 wuw)
(4925#”) 1 7175 (P >j 77)# Lt ply 70 ) — 1 8 1 p
(v 1) L1(KGKu —K,udK)
1(KG K, +KuiK)

Table 3.1: Coupled-channel states (I¢,S), with isospin (I), G-parity (G) and
strangeness (S).

channels; they are given in the tables (B22H3.0). The s-channel coefficients
are listed in a factorized form:

s—ch s—ch

9], =66, )], =G (3a2)

3.3 Partial wave projection

The next step is a partial wave expansion of the tree-level amplitude (BI0)
as demonstrated in the appendix of [T5]. To summarize this appendix briefly:
once the amplitudes G; fulfilling

TN = efo(pN) The" € (p, A)

v

= e;(ﬁ, A) {Gl g+ Gy wh w

+G3wﬁﬁ“+G4pﬁw“+G5ppﬁ“}€u(pa )‘>7 (313)
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1, 2, 1,w 2w 1, 7,
(@ 16620l (G20l | (Gl nle [Go%0le | [Go%0la  [Gi%0le
(1) 1 2m2 V3 V32m2 0 0
1 2 2
(2) 0 0 73 73N 0 0
B % %M L 2mg V2 Sm3,
1 . O W -
™ (K) (1,K*) @.K%)
(@) |G gla (G ala Gl G5, €,
1| v2 V3 3 3 3m?
(2) 1 N _§ @ 3m3
i y : i
(4) - - @ 2—\1/5 3m?2 %m%
— _ 1 1 2

Table 3.2: Coupling constants specifying the s-channel meson exchange con-

tributions (see (E12)).

are known, the partial-wave projection can be written downH

Additional Lorentz structures containing p* or p* do not contribute in equ.
(BI3) since they vanish when contracted with the polarization vectors. The
latter can be transformed between vector and tensor representation by

i
(P N) = = {Puee(®N) = poeu(p. N} (3.14)
The convention used for the polarization vectors is
0 Pﬁn 0 Pﬁn
+1 Fcos© .
NG 0 _ £ sin ©
Eﬂ(p) = g ) O ) Eﬂ(p) - g ) M O 7(3'15)
V2 w ig{g@ w
0 2 > 17 cos ©

with €,(p) = €, (p, £1), €(p,0) ,€,(P) = €.(p, £1), €(p,0) and the further def-
initions w? = M? + p? and @* = M? + p?, .

(Using equ. (BI4) in equ. (BI3) determines how to transform the scattering
amplitude between vector and tensor representation:

)

_7 ﬁ7 __7 __7 __7 __7 p
Thee = 37 (Thea — T — The™ + Tois™) e (3.16)
The transformations of the scattering amplitude in the equation above and
in the polarization vectors in equ. (BI4) in principle reduce the problem to
the situation in the appendix of [I5] where only the vector representation
was used.)

2The basis of Lorentz structures multiplying the G; in equ. [EI3) differs from the one
chosen in [I5] by a change of basis which is straight-forward to implement.
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(I,S) | ch | CL, C5, Cz?—cph Oil—gh 032—75}1 Coen
(0,2) |11] & T dmk Imi 3mi i
L) ] -4 b kI mg :
(5,1 [ 11] 1 0 0 0 0 0
12| 0 0 0 0 0 ~1
13| 0 S BmE VBmy 2v3mimk 0
22| 1 0 0 0 0 0
24| 0 : m m?2 2m2m3, 0
3,1 [11| —3 0 0 0 0 0
121 0 0 0 0 5
22 | —3 0 0 0 0
(0%,0) | 11 . =3 i 3mi —3mi :
(050) | 11| 2 0 0 0 0 —2
12 0 1 2m? 2m?2 4ml 0
33 % % %m% %m%( 3mi —%
(1%50) [ 11| 0 1 2m? 2m? 4ml 0
33| 0 3 2mz  Zm? 3 m 0
44 —i —i —%m% —%m%{ —mf i
(150) | 11| 1 0 0 0 0 1
2| 4 4 bk ek omk
(2,0) [ 11| —1 0 0 0 0 1

Table 3.3: Coupling constants specifying the interaction strength as defined

in (BI0).
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(1,5) | ch | CF gy Oil—’fh OiQ—’Lcuh Oil—’fh Oi%fh Cil—ch
02 (1] b ded m
(1,2) | 11| —3 : smi smik mic 3
(3,1) | 12 0 : m2 m3 2mim? 0
1 1,2 1,2 2 2,2
(3,1) |12 0 : m2 m3 2m2m? 0
(0%0) | 11| 1 -1 —smk —smk  —mi 3
(050) | 11 0 1 2m? 2m? 4mi 0
1 2,2 2,2 4,4
22 0 3 3 M 3 My My 0
o) I S N 1 S U S S
+ 1 2 2 2 2 4 4
(11,0) | 13 0 5 AMa 5Ma 75 M 0
IR N
(150) | 11 0 -1 —2m2 —-2m2 —4ml 0
22 i —i —%mf}( —%mf}( —m %
(2,0) | 11 0 1 2m? 2m? 4mi 0

17

Table 3.4: Coupling constants specifying the interaction strength as defined

in (BI0) continued.
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(1,8) | ch | G Cutan e Caten Caen
(3,1) [11] © —3 —sm? —sm? —3
12| 4 0 0 0 0
13| -¥ 0 0 0 0
4] 0 —3 —sm? SmZ —2mi 3
15 JE 0 0 0 0
22 0 —i —%m%( —%m%( —i
S I B VI
24 | -3 0 0 0 0
25 0 \/g %m% %m% —\/g
3| 0 i Lok !
34| —¥3 0 0 0 0
35 0 % %m%{ %m%{ —%
44 0 % %m% — %mi %m% — %m?r %
45420 0 0 0
55| 0 z m? m? z
(5.1 [11| 0 3 m3 m; 3
12 | —3 0 0 0 0
22 0 % m3 m? %
(050) |13 & B V3m2 3m2 R
23 @ —2—13 V3m2 — % m% % m3 —@
- g oVEmk VemosEed \ff
(150) | 14 | 3 1 m? m2 -1
24| —% 5 V2m? 2m? 7
34| B 2 VBmi-Emi 75 Mk -
(150) | 12| & —5 —V2m?2 —V2mik 7

Table 3.5: Coupling constants specifying the interaction strength as defined
in (BI0) continued. The coefficients CiQ_gL are not displayed. They obey

. 22 K* _ ~12,K* 21,K* 11,K*
the relation C.>, =C, >, -C., [/C,
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(I,S) | ch Cz?—ch Cil—’fh Cf—’fh Cil_’fh
(0,2) | 11| —3 —3 —m3 —m?
(1,2) [ 11| —3 z m? m
(31) [45| 0 2 —Ap2 202 _ B2
(0%0) [ 11| 3 —3 —m? —m?
(050) |33] 1 : mi my

44 0 : Bmi —&m2 Bmi —Em2

(140) | 44| 3 z m2 mi

(150) | 22| 3 —3 —m2 —m3

Table 3.6: Coupling constants specifying the interaction strength as defined
in (BI0) continued. The coefficients C’ii’fh are not displayed. They obey the
relation C?%%, = C'*¢ . c2b9 /oo

u u—ch u

In the next step partial wave amplitudes are introduced in the center of mass
frame,

e (B, N) ThLM™ € (p,)) = Y (27 + ATV N AR (), (3.17)
J

where df\{—\)(@) denote Wigner’s rotation functions and © is the angle spanned
by the incoming and outgoing vector meson three-momentum H. In the center
of mass frame the left hand side of this equation can be calculated explicitly
in terms of the invariant amplitudes G; using the right hand side of equ.
[BI3) and the expressions in equ. ([BID) for the polarization tensors.

If the GG; are known, the objects

_ 1
<)\‘T(J)M>:/ d cos ©
1

TN d\? (3.18)

AX 0

are now accessible. These are the desired objects, but in a different basis.
The transformation of basis consists of several steps.

In the first step, the previous equation is rewritten in terms of parity eigen-
states which are defined by:

(| = (1 +(=1])/v2,
24 = (0. (3.19)

The second step is almost trivial for negative parity. There is just one state
in equ. ([BI). The corresponding one-dimensional matrix will be rescaled

3In |T5] there is an ambiguity in the definition of that angle. If p-p = ww —
c0s(©) PemPem holds, the sign of F5 and Fy has to be changed.
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by a factor 1/(pempPem)’. For positive parity the two by two matrix in equ.
(BIX) is multiplied from the right by

g:;(ﬁ Vi ) (3.20)
Pem Pem \ 0 Moo
and from the left by

or -

o U =UPem < Pem, w — @, M — M). (3.21)

Those steps above will lead to the invariant amplitudes M listed in the ap-
pendix of [I5]. There is an additional freedom that will be used in this work.
The resulting invariant amplitudes can be rescaled with a power of s = (p+q)?
if the phase space (to be introduced in the next chapter) is rescaled with the
inverse expression. For positive parity the following exponents will be used:

T(1+) _ Sdi,j Mz'(,;'ﬂ ’

i,J
3
d171 - 1, d172 - d271 - 5 y d272 - 2 . (322)
In this work only positive parity and angular momentum one, J = 1 is

considered. The final expression is
3

L dx 1+ 22 > —x
T1(11+) = ‘/_17{_ 9 SGl+Tpcmpcm$G5}a

Udr (327 —1ws?
T1(21+) :/ I{ X W S2 G1

a2 VR 2,
2
—1
+82x\/§ G4
83/2(1—x2)
+——BWPen T — 2@ Perm) Gs ¢
NI Bwp Pem) Gs |
Ldr (322 —1@s2
(1+) ‘s
= [ i
2
—1
+82x\/§ Gg
83/2(1—x2)
+———BOP T — 2W Perm) G5 ¢
N (Bwp Pem) Gs |

" = /1 du {L (4 T PemDem + ww(3 — 9:172)) G1
-1 2 4pgmﬁgm
s

pcmﬁcm
52 20T P + W P (1 — 322)
2pgmﬁ0m

G

+

Gy
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Y 2W T Pern + O Pem (1 — 3 2%)

- Gy
2 PemP,

2

5 2 2.2 | -2 2
+4pgmpgm [2 (1 —3x ) ’ ((.d Pem T W pcm)
+xpcm pcmwaj (9 [E2 - 1)} GS} ) (323)
with = cos(©) and the usual Mandelstam variables
s = (p+q)7, (3.24)
= (p—p)?, (3.25)
u = (p-09?* (3.26)

It remains to find some practical way to calculate the G; in equ. (BI3) from
the tree level amplitude (BI0). Progress is made by the definitions

Uppw = EPUDWG (3.27)
_ (wp) = _
v . p), pw—"7"p) (w-p) .,
p, = p——="Dp — p- w——=p", 3.28
1 p2 (UJ . (ﬁg)) ]5)2 ( pg ) ( )
_ _ (w-p)
o (p-p) u pe(w— 2 p) (w-p) u
P o= P - P = : w — p)", 3.29
iR p2 (w _ (1;21,) p)2 ( p2 ) ( )
_ (pp) = _
. w-(p— 2D .

- o (P
P (p— 22 p)? P

These are constructed in such a way that p/| is orthogonal to p* and w*, w!/
is orthogonal to p* and p* and finally p/ is orthogonal to p* and w". vk ;.,
is perpendicular to all three vectors. With these definitions it is straight-

forward to read off the G; from equ. (BI3),

¢ = YTt (3.31)
Vo
w! wy

G2 = (T;w - Glg/u/) ﬁa (332)
w#ﬁu

GS = (TMV - Glgul/) (wl)é(gJ_)z ) (333)
pﬂwu

G4 = (TNV — Glguy) m s (334)
pLpY

G5 = (TMV — Glguu) W . (335)

The results for all diagrams contributing to the scattering kernel are listed
in appendix A.
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Chapter 4

Analytic structure of the
potential

In previous works only the leading kinematic contribution T1(11+) was consid-
ered. This was used in a (partial wave projected) Bethe-Salpeter equation
to calculate the full scattering amplitude. In this work the formalism of [I§]
will be used. It rests on a dispersion relation for the complete amplitude

o dw s — pd AT (w)

thres? T W — U3, W — S — i€

T P(s) = UG (s) + D)

where the potential U contains all the left-hand cuts and the right-hand cuts
are summed up in the integral. (J, P) denotes the angular momentum and
parity. In contrast to [I8] where baryons were considered, the variable of
integration doesn’t have the dimension of an energy but of a squared energy.
Since the amplitudes are defined with respect to the transformed basis (B20)
there are no additional kinematic constraints as would be the case if for
example helicity eigenstates were used.
The matching point ), is chosen

Har = Miin + Mo (4.2)
where the masses on the right side correspond to the pseudoscalar and vector
masses of the lightest channel. This will make the full amplitude 7" identical
to the tree-level result at a point where the scattering amplitude can be
calculated perturbatively.
When the potential U has no cuts above threshold, AT is given by all right-
hand cuts [25]:

1

ATGP(s) = ST s+ ie) = T (s — ie)]
_'.
= ST ol () T (s)
c,d

23
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For a single-channel problem, the phase space is given by

1(3 | p? 1/ p2ow
=(2 + cm cm

p(S) — 8(12 pgm]\gQ) 33/21(\;‘?[“]\42) ‘ (43)
33/2(\/§M2> s2 M2

It is not diagonal because of the transformation (B20). The rescaling of
equ. [BZZ) was compensated with corresponding s~%i. For large energies
the rescaled phase space will approach a finite constant, a property that is
crucial for the integral the master-equ. ([T to be well-defined.

[t turns out that to solve equ. (B, the potential is needed at all energies
above threshold, in the case of off-diagonal matrix elements above the lower
threshold. As it stands, the expression ([BI0) cannot be used as input for
(ET). Considering the asymptotic behavior this is already obvious: for large
energies the potential will behave like a polynomial. Such a behavior is not
only physically unreasonable, it also invalidates the integration.

Progress is made by looking at the analytic structure of the potential, for
example for K p scattering. The u-channel cut starts at /s = m, — m.
A Taylor expansion at the rho meson mass will therefore only converge up
to threshold, \/s = m, + mg, while we need the potential above threshold.
To deal with this problem a trick is used. The idea is the following: instead
of expanding the function in s, the argument is substituted with a function
s(£). When the potential as function of ¢ is Taylor expanded the radius of
convergence will now be a circle in &, not in s. If that function s(€) is chosen
properly the expansion in & (or {pansion) will converge for (m, — mg)? <
s < A? where A, can be much larger than threshold. To be more precise a
Taylor expansion leads to

A = fls0)+ Flso) (s o)+ £s0) - S0 (w

When the variable is substituted this becomes

df (s(£))

o e-a)

§=%o

-(5_50)2+..., (4.5)

|
§=¢o 2!

f(s(€)) = f(s(&)) +

d*f(s(£))
de

+

and substituting back using the chain rule the result is

f(s) = f(s0) + f'(s0) - ' (&) - (£(s) — o)
(&(s) — &)?

+ (£ (50) (' (60)) 4 f'(s50) 8" (&) ) - =g oy (46)

where

so = s(&)- (4.7)
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It remains to choose the function £(s) that will lead to a convergent expansion
between the lower bound A, and the upper bound A, when expanded around
pi. The function £(s) is chosen in such a way that it will be expanded around
& = 1/2 with a radius of convergence of 1/2. Explicitly we use

1—\/§>2/”

(4.8)

0 = 03+ (2 42 (1

or inverted

— A2 \"
with x=<AS2 /;2> , (4.9)

where n is determined by the condition that the expansion point gets mapped
onto 1/2 which translates to

<A2 A2>n= (ﬂ_1>2=17—12\/§ (4.10)

A2 V2 +1

This will deform the circle of convergence. Depending on the parameters this
region of convergence can look more like a heart.

The expansion in ¢ (xipansion) is unique once the lower bound A, the ex-
pansion point pg and the upper bound A, are specified. The values used
are

Ay =1.7GeV,
1 _
uEzi(m+M+m+M). (4.11)

A, is a convenient choice. It turns out that the results vary only weakly
with the exact choice. The xipansion point pg has to be placed between
the thresholds where the potential is perturbative. The lower bound is more
tricky. It is necessary to find the lightest exchange particle(s) that is not
taken into account explicitly. One has to respect G-parity as well.

Consider for example the process K p — m K* in the u-channel. The vertex
including the pion and the p-meson enforces an exchange process without
strangeness. This allows for example for the exchange of the 7,n,p,w, ¢ as
well as 27, mp, 7w, K K* and so on. The single particle exchanges are all
considered explicitly in this work. Two scalar particles violate the spin/parity
quantum numbers and can be excluded. The lightest exchange processes are
then 7 p and mw. The latter violates G-parity.

The upper branch point of this lightest exchange process not considered
explicitly defines the lower bound A,,. If this branch point is complex, the real
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Figure 4.1: Xipansion of the function In(x) around 1 with lower bound 0
and upper bound 5. First and second order are displayed. The zeroth order
is just a constant and therefore omitted.

part is used. This defines all free parameters in the xipansion and therefore
the area of convergence in the complex plane.

Here are some examples for this procedure: fig. T shows the first and
second order in the xipansion of the logarithm around 1 with lower bound
zero and upper bound 5. The xipansion approximates the logarithm, which
corresponds to a physically reasonable high-energy behavior, well even for
large energies — something a Taylor expansion would fail to achieve. The
result for an upper bound of 20 is shown in fig.

4.1 The potential from dispersion integrals

The philosophy is to evaluate all contributions from cuts inside the region
where the xipansion converges exactly. Cuts outside that region will be mod-
ified by processes that are not included in our model and their contribution
will therefore be xipanded.

Separating the potential into the part that is treated exactly and the rest
that is xipanded requires some work. In general the potential will be of the
form

U(s) = a(s) + s—ﬂmg +/_11 dx <t(:(8"r) -+ Als, ) ) . (4.12)

,x) —mi o u(s,x) —m?2
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Figure 4.2: Xipansion of the function In(x) around 1 with lower bound 0 and
upper bound 20. First and second order are displayed. The zeroth order is
just a constant and therefore omitted.

where the background term « contains no cuts and ( is just a constant.
It remains to separate the cut caused by the ¢- and w-channel propagator
into a part that lies inside the area of convergence of the xipansion and a
part outside. In the following the u-channel will be used as an example, but
analogous formulas hold for the ¢-channel.

Progress is made by rewriting the angular integrals as dispersion integrals
along the cut implied by the denominator in the equation above,

[ ar- m2 5 /m a3 dc >A<c§“><§>,x§“><c§“’<§>>>p§“><§>(4_13)

5 — c(u)(§)

)

where m, is the mass of the exchange particle. Up to a sign the weight
function p is given by

w) s~ T
p(5) = £

2 e (€ (3)) Pem () (3))

The sign is a complicated function of all masses involved, explicit expressions
can be found in [I8].

(4.14)

The contour functions ci“)(s) run along the cut. They solve the equation

w(c(s), 1) = s, (4.15)

where u(s, x) is the usual Mandelstam variable. Therefore the contour func-
tions give the endpoints of the cut produced by an exchange particle of
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squared mass s. In more detail they are

~) n (M —m?

N 1 M? — m?
A.(3) = 5 (m? + M2 +m? + M? — 5 i J )

)
2
3 M2+ m2 (M2 —m?2)? 2 L M2 2 _ M2)2
%J(H P (M —m) )(1_2mzf 7, (md J>>4‘16)
S S

52 52

where ¢ and j are coupled-channel indices. This differs slightly from the
notation of [I8] where the contour function was the square root of the above
expression. At the energy c(i“)(§) the angular integration on the left-hand

side of (ELI3)) has its pole at x;u)(é) This defines the angle implicitly. An
explicit calculation results in
MZ? +m2 —m2 —2E; :
(u) i my; my, 2(8) Wj (8)
x:l:,z‘j(s) =
2pcm,i($) pcm,j (3)

, (4.17)

with

s —m?+ M?

B(s) =5~ (4.18)

Simpler parts of the contour can be integrated directly in §; = ¢\ (m). This
substitution in ({I3)) leads to

/mg ds el (3) A (3), 21 (¢ (3))) p™ (3)

my m o ds s — (3

m3) dg; A(5a, 2 (80)) 5 (3)

— Z/cl s i %) , (4.19)

=My §—S;
with
A(w) /A s
p; (8) == — . 4.20
&) = o 53 (4.20

An explicit evaluation of the right-hand side of ([EZI3)) over the entire range
of integration can be tricky. When c(iu)(é) corresponds to one of the two
thresholds involved, the integral diverges due to the center of mass momenta
in equ. (EI4) and possibly additional factors of x = cos(©) in A(s,z). In
these cases the contour in (I3 is deformed away from the real axis into a
small semi-circle around that critical point. The radius of that circle has to
be chosen small enough to avoid the closest sign changes in (EI4). If there
is such a sign change at the critical point, a phase has to be introduced at
which the integration along the semicircle around that critical point changes
sign.

This entire procedure was checked by comparing both sides of equation ([EI3)
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Figure 4.3: U-channel contours in the complex plane for 7p — K K* and
As = 2GeV. The dashed line defines the area where the xipansion converges
for A;, = 2GeV. The dotted line becomes solid at the kaon mass. The two
thresholds are indicated by an .

explicitly for the masses of interest. Some cases require additional care.
These will be discussed later.

The next step is to calculate the values of § for which the functions ¢;(3)
cross the border of the area of convergence of the xipansion. With these
boundaries, the dispersion integral (E13) can be separated into a part inside
and outside that area, as desired.

4.1.1 Example: the exchange of a kaon in 7p — K K*

To illustrate this procedure, an example will be given: the pseudoscalar u-
channel exchange of a kaon in the process 7 p — K K* where the total isospin
of the incoming and outgoing state is zero. The amplitude T\;" as defined
in equ. (BZ3J) is considered with the invariant amplitudes G; taken form the
appendix. Fig. shows the position of the cuts in the complex plane. Note
that the axis show the the square root of s. The radius of convergence for
the xipansion is given by the dashed line. The other two lines are the cut-
functions in the complex plane. The positive contour cgf )(5) starts at high
energies for small § and approaches points where it becomes imaginary from
the right. The negative contour starts at some finite value and approaches
these points from the left. The integration starts at the kaon mass, the point
where the dotted line becomes solid. It ends at the point where the contour
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hits the dashed line, the radius of convergence for the Xipansionﬂ.
As explained before, only cuts inside that region will be integrated. In this
example the positive cut consists of three intervals:

interval | start[GeV?] stop[GeV?] sign

1 0.246 0.571 +1
2 0.571 0.609 +1 7 (4.21)
3 0.609 0.860 —1

the last number gives the sign in equ. (@Id)). The first intervals starts at
the squared exchange mass, the kaon mass. At (mg« — my)? =0.571 GeV?
the contour hits the real axis and moves to the right. It changes direction at
threshold which is reached at (m, m%+m, m3.)/(mz+m,)—(mz m,) =0.609
GeV2. For values larger than 0.86 GeV? the contour lies outside the domain
where it has to be xipanded.

Integrating the first interval as detailed in equ. (EI3) doesn’t cause any
problems, but at the point where the contour reaches the lower threshold,
the product of the incoming and outgoing center of mass momenta vanishes,
resulting in a divergence in equ. (EIAET7). As mentioned before, this
problem can be tackled by deforming the integration contour in ([EI3)) into
the complex plane so that it goes around the dangerous point at some radius
e. In equ. (ET4) the sign changes at that critical point. It remains to
generalize the sign change that it can also be used for complex 5. Fig. B4
shows the function that has to be integrated on a semicircle with radius
e = 0.01 GeV? and for the larger radius € = 0.05 GeV? when the sign change
is ignored. From this figure it is obvious in both cases where the sign-change
has to be placed. The discontinuity can be traced back to the square root
in the expression for the center of mass momentum. It occurs where the
imaginary part of the argument changes sign. This information allows to
implement the sign change at the correct phase. The phase also depends on
the radius of the semicircle in the complex plane as can be seen form the two
examples given. The situation is displayed schematically in fig. £ where the
dashed line separates the regions with different sign. The smaller the radius
is chosen the closer the phase will be to 7/2. In practice the radius should
not be too small to avoid numerical difficulties but it has to be small enough
to avoid other sign changes close to the critical point in question. Values in
between the two examples given above turn out reasonable.

The difference between this result and the exact integration will be xipanded
and added. For the current example the details are shown in fig. where
the exact potential and the dispersive integral are displayed together with
the final result for the integration. The difference between the former two
is displayed in fig. EE71 It has to be xipanded and added to the dispersive
integral to get the final potential. The result of the xipansion is also shown
in that figure.

'If the exchange particle were a K* instead of a K, the contour would be of the same
form with the only difference that the dotted line would turn solid further to the left.
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0.05—

-0.05

Figure 4.4: Real and imaginary part of the integrand in equ. (I3) along a
small semicircle in the complex plane around the lower threshold. The upper
plot corresponds to the radius ¢ = 0.01 GeV?, the lower plot to € = 0.05 GeV2.
The solid lines show the real part, dashed curves correspond to the imaginary
part.
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Figure 4.5: Position of the sign change schematically. The solid lines show
the path of integration in the complex plane around the critical point. The
dashed line separates the regions where with different sign in equ. (EI4).

As one can see, for not so high energies the result of the dispersive integral
agrees well with the exact expression even so only a small part of the cut is
integrated. This results in a small function to be xipanded. This xipansion
also agrees well up to about 2 GeV, but the asymptotic behavior is modified.

4.2 Perturbative analysis of the scattering am-
plitude

Beside poles in the region of integration, other issues may arise when the
partial wave projected amplitudes (B223)) are evaluated either by an angular
or by a dispersive integration. These issues will be presented in this section
together with possible solutions.

To see that the solutions are indeed correct, a check is needed. This is
provided by a perturbative analysis of the master-equation () when it
is iterated once with Ty(s) = U(S), where spin, parity and coupled-channel
indices have been suppressed. Let the potential U be the sum of the problem-
atic diagram in question and some simple contact term without derivatives.
The nominator will be of the form (U-p-U) and contain two mixed terms
which can be interpreted as triangle diagrams. Let the problematic diagram
be for instance a u-channel exchange process between scalar particles. The
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Figure 4.6: Results of the exact and dispersive integration in the case mp —
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Figure 4.7: This plot shows the exact potential in the case mp — K K* to-
gether with the difference between the former and the dispersive integration.
The xipansion of this difference is also displayed.
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equation above gives

Tats) = [0 ) Uyf)) ——

hres? T w—s—ie’

vuw) = [ b de (4.22)

1 u(w,z) —m?’

where the subtraction at 3, and coupling constants have been ignored. Al-
ternatively this diagram can be calculated unambiguously by the use of Feyn-
man parameters resulting in

d*l —i
Tals) = / 2m)t (12 —m2)((I - c7)2 —m3)((w —1)? — M?)

1—23
- 167?2/ / dz2

D = (M? —s)zz+sz2+m(1—22—23)+(mi—M2)z3
+(M? —m? + 8) 2923 + M?23 —ie. (4.23)

When both ways to calculate the triangle diagram agree, the prescription to
calculate the potential U,(s) is correct.

4.2.1 Anomalous thresholds

The angular integration leads to logarithms which will give incorrect results
if calculated on the first Riemann sheet. For a simple example consider a
u-channel exchange process where all particles are scalars.

The integral

/ b__dr (4.24)

—1 u(s,z) — m?

is of the form

1 dx 1 N A(s) + B(s)
/—1 A(S) —|—[EB(S) - B(S)l <A($) _ B(S)) ) (425)

where the right-hand side is the result of a formal integration. B(s) is a mul-
tiple of the product of the incoming and outgoing center of mass momentum
— and therefore complex between thresholds. If A(s) changes sign in that re-
gion, one has to be careful to evaluate the logarithm on the correct Riemann
sheet. Naive evaluation of the integral together with a correction

271

B(s)

O(S[A(s) B(s)]) (4.26)

will lead to a result that is continuous where A(s) changes sign. A nominator
of the form x™ would otherwise lead to a discontinuity in the n-th derivative
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Figure 4.8: This plot shows the result of the angular integration of a u-
channel propagator when a kaon is exchanged in mp — K K*. A naive
integration leads to the solid line. The discontinuity can be cured in two
ways, see text for further explanation.

of the resulting function of s.

An example is shown in fig. L8 The process considered is 7 p — K K* with
the exchange of a kaon in the u-channel. All particles are treated as scalars.
The solid line is the result of a naive integration of equ. [E24). The discon-
tinuity is at 1.190 GeV. In principle this discontinuity can be cured in both
directions, either as in equ. (2Z6) or with the negative of this correction and
the sign of the argument of the Theta-function reversed. The prescription
given in the equation above will lead to the continuation indicated by the
dashed line while the reversal of signs in the prescription leads to the dotted
continuation. The dashed curve ends at the 7 p threshold while the dotted
curve is discontinuous at the K K* threshold.

The potential will be needed above the lower threshold and has to be contin-
uous. Therefore the prescription that leads to the dashed line is employed.
The physical situation is shown in fig. EE9for 7 p — K K* with a pseudoscalar
meson in the u-channel for the amplitudes 7} 1(11+) and T' 1(21+) as defined in equ.
B23). The dashed line indicates the result of a naive integration while the
solid line shows the effect of the correction. Note that the correction diverges
at thresholds. This is only a square root singularity in Mandelstam s and
can therefore still be integrated. The correctness of this prescription can be
checked as explained before by inserting the result into the iterated master-
equation ({L22) and comparing to the Feynman parameterization ([23).
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Figure 4.9: This plot shows the potential T1(11+) and T1(21+) for a kaon exchange
in the u-channel in 7 p — K K*. See text for further explanation.

4.2.2 Cuts on the real axis: mp — 7p

In some cases additional complications arise from the exchange of Goldstone
bosons in the u-channel. Consider the exchange of a u-channel pion in the
process ™ p — 7 p. p-mesons are unstable and can decay into two pions. This
allows the propagating particle in the u-channel to be on-shell, resulting in
a pole in the angular integration for 1.11 GeV < /s < 4.26 GeV. In the
angular integration this pole can be treated by naively integrating

r=+1

1 1 1
L M T 2B Bls) A TrBE)

(4.27)

r=-—1

Fig. shows the real and imaginary part of the result of the angular
integral in equ. (??). The phase space function needed in equ. E22) is
simply

Pem (W)
w) = .
p( ) SW\/E
A numerical comparison with the result of the Feynman parameterization

shows that this prescription indeed works. The two functions have to be
compared slightly above the real axis when there is a cut present.

(4.28)

This cut will also show up when the angular integral is rewritten as a dis-
persive integral. It can be treated by subtracting it from the integrand and
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Figure 4.10: Real and imaginary part of the result of the angular integral in
equ. (??) for the case mp — p.

adding 2 7 times the residue. This leads to the same result when the disper-
sive integral goes to infinity, but it takes a lot more CPU-time. In practice
the calculation is therefore done in another way. The potential is divided into
two parts, U and U. The latter contains the contribution from the cut on
the real axis. Fig. shows the contours schematically in that case. The
positive contour starts at the right end of the cut and goes down along the
real axis until it becomes complex; the negative contour starts at the other
end of the cut and goes to lower energies until it turns around at threshold
and leaves the real axis at the same point as the positive contour, but into
the opposite direction.

One possibility to calculate the contribution from the cut, U, would be to
perform the dispersive integral only on the positive cut and only up to the
point where the negative cut starts. As mentioned before, this would be very
CPU-intensive. Instead one can use the angular integration to calculate the
imaginary part along the cut. From this imaginary part one can calculate
the real part using a dispersion integral. It remains to calculate the rest
of the potential, U. Starting the dispersive integration at the left end of
the cut would be numerically difficult because the potential diverges at that
point. Since the imaginary part has to be zero at that place we can use
the information that both contours have to cancel identically and start the
integration anywhere between the lower end of the cut on the real axis and
the point where the contours leave into the complex plane. This requires to
start the integration in equ. ([EI3) at different squared masses for the positive
and negative contours and will then allow to calculate U as described before.
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. 1.11 GeV 1.26 GeV

Figure 4.11: Position of the contours in 7 p — 7 p schematically. The positive
cut is drawn above the real axis, the negative cut below the real axis.

4.2.3 Cuts on the real axis: 7¢ — K K*

Figure shows the position of the cuts schematically for the u-channel
exchange of a kaon in the process m¢ — K K* where the final state is the
combination with positive G-parity. The cut on the real axis starts at 1.39
GeV and ends at 1.56 GeV. In contrast to the previous example it is partly
realized by the negative contour and partly by the positive contour.

1.39 GeV 1.56 GeV

NG

Figure 4.12: Position of the contours in m¢ — K K* schematically. The
positive cut is drawn above the real axis, the negative cut below the real
axis.

The integration along the cuts can be treated as before. On the negative
contour one has to interpret the contour as below the real axis. The path
of integration can be deformed by adding a closed contour which encases no
poles. Figure shows one possible way to do so. Without modifications
the negative contour corresponds to the black solid line and the dashed red
line. The additional closed contour is given by the solid black line and the
green dashed line. Effectively it is enough to integrate along the dashed and
the dotted path.

4.2.4 Cuts on the real axis: 1 K* — K p

The u-channel exchange of a pion in the transition 7 K* — K p is displayed
in fig. EET4 This example is similar to the previous one with the exception
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Figure 4.13: One possible deformation of the integration contour in the re-
action m ¢ — K K* with a kaon in the u-channel. Note that the axis show
Mandelstam s and not the energy.

that the negative contour first decreases until it reaches threshold where it
turns around and moves towards higher energies until it leaves the real axis.
In the region between 1.26 GeV and 1.27 GeV the two contributions from the
negative contour cancel each other. The cut on the real axis starts at 1.27
GeV and the starting point of the positive contour.

1.26 GeV 1.27 GeV

( 4.08 GeV Vs

Figure 4.14: Position of the contours in m K* — K p schematically. The
positive cut is drawn above the real axis, the negative cut below the real
axis.
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Chapter 5

Computation of the scattering
amplitude

In this section the methods to solve equation (EJ),

o dw s — p3 AT (w)

thres? T W — p3, w— 8 —1¢c’

JP JP
Y7 (s) = UG (s) +

a

(5.1)

with

ATu(s) = 3 Toa(s)peals) Ti(s) (5.2)

will be presented. In the equation above the upper indices + and - note
the evaluation slightly above and below the real axis, respectively. Coupled-
channel and Lorentz indices have been suppressed. The discussion will sum-
marize the results of [I8], similar problems were discussed in |26, 27, 28].

5.1 Case 1: real potential

In a first step it will be assumed that the potential has no imaginary part.
As shown in [I8], an important first step is the solution of the integral equa-
tion

o(s) = —U(s)p(s)
L dws— w2 s(w) (U(s) — U(w)) p(s) (5.3)
thres? T W — ILL%W w—=s |

for ¢. Equation (.3)) can be solved numerically on a grid. It turns out useful
to perform the calculations in the variable 1/s and to use Gaussian points
distributed between critical points as grid. The critical points include all
thresholds and the endpoints of cuts on the real axis. More details can be
found in [I8].

41
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The second step is to calculate two dispersive integrals,

& d — 3 ac Uc
Bu(s) = / aw s ,U/J\Q/[ Sac(w) Uep(w) 7 (5.4)
(me+Mo)2 T W — [y, W—S§
e d 42 .
Dasls) = b+ w s = iy sanlw). (5.5)
(mb+Mb)2 ™ w — /"LM w — S
The solution of the master-equation (Bl) can then be written as
T(s) = U(s)— D7 '(s)-B(s). (5.6)

The dispersive integrals for B and D are performed on a grid which includes
the threshold, is equidistant between thresholds and gets more coarse at
higher energies. To calculate ¢(s) on this grid equ. (E3) is used again, this
time on an asymmetric grid (for the variable w the Gaussian grid is used
again, while for the variable s the new grid is employed). The right-hand site
is calculated with s on the new grid and w on the Gaussian grid.

5.2 Case 2: complex potential
When the interaction has an imaginary part above threshold things get more

complicated. In a first step the potential is separated into the contribution
from the cut on the real axis and the rest:

1 /oo dw UM (w) = U (w)

Uls) = Uls) = 5 (5.7)

hres? T w—Ss

The contribution from U can be treated as before. It is not yet clear how to
treat the integral part of the equation above.

Fig. Edlillustrates the situation in the diagonal K K* channel with spin and
isospin zero and positive G-parity. The exact result which contributes to the
potential U(s) shows a strong energy dependence at the point where the cut
starts. Once the integral in equ. (&) is subtracted the potential becomes
almost linear.

The imaginary part of the exact potential for the physical case of the ex-
change of a pion between a K-meson and a K*-meson in the u-channel in
the (I9,S) = (0%, 0) sector is shown in fig. In the left column, s-wave,
the transition amplitude between s- and d-wave and d-wave are displayed.
A discontinuity in the imaginary part for d-wave scattering is expected to
invalidate a treatment of the imaginary part. For example a finite jump in U
would lead to a logarithmic divergence in the integral (54]). The imaginary
part is a consequence of the instability of the K™ and its possible decay into a
kaon and a pion which also gives the K™ it’s width. Averaging the imaginary
part over the spectral distribution of the incoming and outgoing vector par-
ticle will make the potential continuous again. A spectral distribution pg(s)
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Figure 5.1: This figure shows the real part of the exact potential (solid black
line), the imaginary part of the exact potential (solid red line), the real part
of the integral in equ. (&) (dashed line) and the difference of the real parts
(dotted line) in the case K K* — K K* with a pion in the u-channel.

can be found in [29)]. In the process of averaging another problem arises: the
integral

o dmt dm3 ps(m3)ps (m3)U (s, m3, m3)

mK+mzr) mp +my)?

includes a combination of K* masses for which the cut starts at threshold:

My +Mmy =S,

c_(s,mfr,mg) =35,

where c_ is the contour function. At this point (and the point with m,
and my interchanged) in the integration, negative powers of the center of
mass momentum will diverge. These divergences are integrable if the s-wave
is involved. For the d-wave it is necessary to deform the contour of both
integrations in the averaging slightly away from the real axis. To do so the
expression for the spectral distribution has to be replaced by some analytic
function which coincides with the non-analytic formula in [29] on the real
axis. Explicitly, the formula used is

Ms) = (5= (mz+mg)?) - (s = (mz —mg)?),

Als)

Fals) = ﬁ(ﬁ(ln(—mi—mi—l—s— \s))
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Figure 5.2: This figure shows the imaginary part of the potential in the case
K K* — K K* with a pion in the u-channel. On the right side the potential
was averaged over the spectral distribution of the incoming and outgoing K*.

The first row corresponds to T1(11+), the second row shows T1(21+) = 2(11+ and

the last row T2(21+).
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—ln(—mi—m}+s+m»+2),
i\/A(s
16rs ’
gr(s) = (5= (mx +mK)?) - (fa(s) = fr(mk.)),
91(s) = (s = (mx+mx)?) - fr(s),
N gi(s)

~—

V)
~—

PR = T gD
. 1
(s — M +m-g,(gr(s) + g1(s))/(|gr(mi.)|))
1

T e+ gy lon(s) — a0

with g, = 0.051 GeV and N a constant to normalize the integral over this
expression to unity. Compared to the expression give in [29], the formula
above contains an additional factor 1/s which makes the spectral function
normalizable and thus allows to drop the cutoff used in the original work.
The result of the imaginary part of the potential with this spectral distribu-
tion is shown in the right column of fig. B2

Using the spectral average also means changing the K K* threshold to 2 my+
m,. In the region between this new threshold and the nominal threshold the
potential develops additional imaginary contributions, for example from the
exchange of an 7 in the u-channel but also from the exchange of a rho-meson.
The calculations for the exchange of a pion have already proven to be tedious,
averaging the exchange of a particle with width like the rho-meson is beyond
the scope of this work. Therefore the pseudoscalar exchange processes will
not be considered in the following.
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Chapter 6

Results

In the sectors with isospin or strangeness larger than one no resonances are
generated. The remaining sectors will be discussed in the following. Close
to a resonance the scattering amplitude behaves like

S 9192 Mg
T (V/5) = — —— S 6.1
V) = T i mp 1 T2 (6.1)

In the case of bound states the width I' vanishes. To analyze the scattering
amplitude in more details the absolute value of the derivative of the scattering
amplitude with respect to energy,

’dTab(\/g>

= (6.2)

is used in the calculations. Close to a resonance this will be fitted to the
corresponding expression obtained from equ. (BII) to evaluate the position
Mg, width T' and coupling constants g; of a state. In the case of a bound
state the inverse is used.

6.1 Results for Weinberg-Tomozawa Interaction

In a first step the results will be discussed in the case when only the Weinberg-
Tomozawa interaction is considered and the xipansion is performed to first
order. S- and d-wave will be considered.

6.1.1 (I,5)=(3,1)

Fig. (E]) shows the real and the imaginary part of the scattering amplitude
for (I¢,5) = (3,1). The dominant effect is a narrow resonance that has a
mass of 1.233 GeV and a width of 4 MeV. The coupling constants as defined

47
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Figure 6.1: This figure shows the amplitudes for (19, 5) = (3,1) when only
the Weinberg-Tomozawa interaction is considered. The left column show the
real part, the second column the imaginary part of the scattering amplitude.
The first row corresponds to the s-wave, the second row to to the transition
amplitude between s- and d-wave and the last row to d-wave. The solid black
line corresponds to the m K channel, the dashed black line to p K, the dotted

black line to w K, the solid green line to n K* and the dashed green line to
oK.
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Figure 6.2: This figure shows the amplitude for (I¢,S) = (0*,0), the K K*
channel, when only the Weinberg-Tomozawa interaction is considered. The
left figure shows the real part, the right figure the imaginary part of the
scattering amplitude. The solid line corresponds to the s-wave, the dashed
line to to the transition amplitude between s- and d-wave and the dotted line
to d-wave.

in equ. (E1]) are

wave | T K* pK wK nK* ¢K

mass width 51035 3.1 041 21 0.58
1.233 GeV 4 MeV s—d| 022 24 034 14 0.37
d| 014 1.8 0.27 088 0.24

(6.3)

This resonance corresponds to the K;(1270) which has a width of 90 MeV.
As in [T5] the p K and the n K* channels are dominant, but here the binding
energy is higher. This also explains the small width: the resonance position
is near the p K and the w K threshold. With those to channels closed, the
width gets to small.

When only the s-wave is considered as in [I5] the position and width turn
out to be 1.216 GeV and 5 MeV respectively.

In the amplitudes that are not dominated by the K;(1270) one can also see
a weak signal of the /;(1400). According to the PDG this state has a width
of 174 MeV. A quantitative analysis will be avoided.

6.1.2 (1%, 8)=(0%,0)

In this one channel problem there is a bound state with a mass of 1348
MeV. The coupling constants are 3.6, 2.5 and 1.7 for s-wave, the transition
between s- and d-wave and for d-wave respectively. The state corresponds
to the f1(1285) which came out at a higher mass in [I5]. When the d-wave
ignored, the binding is again slightly higher, leading to a mass of 1336 GeV.
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Figure 6.3: This figure shows the amplitudes for (I¢,S) = (07,0) when
only the Weinberg-Tomozawa interaction is considered. The left column
shows the real part, the second column the imaginary part of the scattering
amplitude.The first row corresponds to the s-wave, the second row to to the
transition amplitude between s- and d-wave and the last row to d-wave. The
solid line corresponds to the 7 p channel, the dashed line to nw, the dotted
line to K K* and the dash-dotted line to 7 ¢.
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6.1.3 (I¢,8)=(0",0)

In this sector there are two clear signals. The one at higher energies has the
properties

wave | mp nw KK* no

mass width s| 14 25 64 36
1.225 GeV 85 MeV s—d| 1.1 20 48 23
d]1094 16 36 1.5

(6.4)

The other signal lies on top of the 7 p-threshold at 908 MeV and is dominated
by the 7 p and the K K* channel. The PDG [30] lists the h;(1170) with a
width of 360 MeV and the hi(1380) with a width of 90 MeV. These two
resonances already were overbound in the previous calculations [T5], this
problem has even worsened.

6.1.4 (I¢ 8)=(1%,0)

In the (I¢,S) = (17,0) sector the PDG lists the b;(1235) with a width of 142
MeV. In the calculated spectrum a resonance with the following properties
are found:

wave | Tw wo np KK*
mass width s| 1.0 1.6 27 5.0
1.304 GeV 92 MeV s—d|0.81 097 22 34
d|064 072 1.7 2.3

(6.5)

This is a good place to pause and take a look at the influence of the pa-
rameters of the model. The following table lists the results when a single
parameter is changed to the value indicated in the first column.

Scenario mass| GeV] width[MeV] wave | 7w 7¢ np KK*

only s — wave 1.265 114 s 1.1 1.8 3.0 5.7
s| 14 15 24 52

bp = 0.92 1.338 90 s—d| 1.1 084 19 35
51083 052 15 24

s| 1.7 16 35 64

gp = 0.5 1.259 147 s—d| 1.3 096 3.0 4.6

s| 1.0 061 25 34

s| 1.2 1.8 32 59

gr = —0.5 1.259 112 s—d|094 1.1 27 42
51074 072 23 3.1

s 1.2 18 31 56

Ag = 1.8GeV 1.265 113 s—d|093 1.1 25 3.8
51074 071 20 26
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Figure 6.4: This figure shows the amplitudes for (1¢,S) = (1*,0) when only
the Weinberg-Tomozawa interaction is considered. The left column shows the
real part, the second column the imaginary part of the scattering amplitude.
The first row corresponds to the s-wave, the second row to to the transition
amplitude between s- and d-wave and the last row to d-wave. The solid line
corresponds to the mw channel, the dashed line to 7 ¢, the dotted line to np
and the dash-dotted line to K K*.
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Figure 6.5: This figure shows the amplitudes for (I, S) = (17,0) when only
the Weinberg-Tomozawa interaction is considered. The left column show the
real part, the second column the imaginary part of the scattering amplitude.
The first row corresponds to the s-wave, the second row to to the transition
amplitude between s- and d-wave and the last row to d-wave. The solid line
corresponds to the 7 p channel and the dashed line to K K*.

Again, omitting the d-wave lowers the mass of the resonance. With about
40 MeV the effect is larger than the 15 MeV found in the channels discussed
previously. Even so the mass is lowered, the width is increased.

Setting bp = 0.92 shifts the mass away from its physical value without chang-
ing the width. The values 0.5 and -0.5 for gp and gr both have an identical
effect of the mass, but the width is increased further by the change in gp, re-
flecting a stronger coupling to the lightest channel. An increase of the upper
bound of the xipansion by 100 MeV has an effect very similar to the change
of g listed above.

6.1.5 (1%, 8)=(1",0)

In the (19 S) = (17,0) sector the PDG lists the a;(1260) with a width
of 250-600 MeV. Between the two thresholds at 908 MeV and 1390 MeV a
structure can be seen. A quantitative analysis is not possible and will be
avoided. A detailed discussion on the nature of the a; in the framework of
coupled-channels can be found in [31], B2).
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In summary the previous results [I5] can be reproduced in the new formalism.
The approximation to omit the kinematically suppressed d-wave turns out
to be justified, as expected from physical reasons.

6.2 Results for the full interaction

In this section the results will be discussed in the case when the full interac-
tion (except the pseudoscalar u-channel) is taken into account.

6.2.1 (1%, S) = (1%,0): the b;(1235)

In this sector there is a clear signal of the b;(1235). The PDG lists it with a
mass of 1229.5 + 3.2 MeV and a width of 142 £ 9 MeV [30]. In the previous
work [19] the values gp = 0.7 and gr = —2.8 were necessary to reproduce
the experimental value for this resonance that came out 100 MeV to heavy
and was also to broad.

In a first step the results will be discussed when only s-wave and the zeroth
order in the xipansion is considered. This means that all contributions that
are not caused by cuts inside the xipansion area will be set to their value
at the xipansion point  (m 4+ M + m + M), i.e. constant. When only the
Weinberg-Tomozawa interaction is considered, the molecule comes out at a
too high energy, just like as in [T9). The structure overlaps with the K K*
threshold. Adding the ¢- and u-channel has very little effect on the amplitude.
Once the s-channel is added, the resonance is gone. To undo this repulsive
effect and bring the resonance down to its physical value, large values for the
counter-terms are necessary: gp = 4.15 and gr = —5.75. This will lead to
the amplitudes shown in fig.

Since K K* is the dominant channel it will be discussed in a little more
detail. Without the wu-channel there is no cut inside the xipansion region
and therefor the potential is constant. The size of the contributions is the
following:

WT bp
70.4 18.0

S—ch T—ch U-—ch
—143 0.0007 -=3.0 ’

gp gr

58.6 —19.5 (6:7)

where the units are GeV and for example gp indicates the value 58.6 GeV for
the counter term with gp = 4.15. The extremely small value for the t-channel
is caused by a root in the exact potential near the xipansion point. The table
above shows that the s-channel reverses the effect of the Weinberg-Tomozawa
interaction which is why the counter terms have to take such large values .

!For the s-channel there are two vector-vector-pseudoscalar vertices present resulting
in a total of four diagrams. In the K K* channel they all add up coherently, explaining
the large contribution.



6.2. RESULTS FOR THE FULL INTERACTION 55

T | T T
_/._._._-—-i ______ N ]
SVTRTRE -
op———e—s————————— T’*Q ———————————————— ==
- (R ]
-400- . e T T -
\ K4
—_ 7
> B \ s’ 7
() ) .
©,-800 \ J —
’ /
S | . A | . |
2 [ ' [ ' [ ' [
=
S B Rl n
< 7\
1000} P _
! \
i / : ]
500} PO -
e - . \_
o _/', “-" -'.’\‘ —
0 ’| -------- -_—/_I.’__N—\ Mgt BT T .
1 1.2 1.4 1.6

Energy [GeV] .

Figure 6.6: This figure shows the amplitudes for (/¢,S) = (1*,0) when the
full tree level scattering amplitude in equ. (BI0) (excluding the pseudoscalar
u-channel) is considered to zeroth order in the xipansion. The upper graph
corresponds to the real part of the amplitude while the lower one shows the
imaginary part. The solid line corresponds to the mw channel, the dashed
line to 7 ¢, the dotted line to 1 p and the dash-dotted line to K K*.
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Figure 6.7: This figure shows the amplitudes for (1%, S) = (17,0) when the
full tree level scattering amplitude in equ. (BI0) (excluding the pseudoscalar
u-channel) is considered to first order in the xipansion. The upper graph
corresponds to the real part of the amplitude while the lower one shows the
imaginary part. The solid line corresponds to the mw channel, the dashed
line to 7 ¢, the dotted line to 1 p and the dash-dotted line to K K*.

The situation changes when the first order of the xipansion is included. The
result for Weinberg-Tomozawa was already presented, with a mass of 1.304
GeV it was almost 70 MeV above the physical value. To reproduce the physi-
cal mass and width, the parameters gp = 0.7 and gr = 2.8 were necessary in
[19]. These values are a good starting point for the fit in the present scenario.
Here the b; can be reproduced with the values gp = 0.8 and g = —3.56, the
result is shown in fig. B

The contributions to the most important process K K* — K K* are illus-
trated in fig.

In summary the results are

Scenario gp  gr |mass[GeV] widthMeV]|7nw m¢ pn KK*

1200

600

-1000

-2000

4000

2000

xiorder 0 4.15 —-5.7511.230 135 1.8 0.73 44 6.9
xiorder 1 1.9 1.8 43 6.9
s+dwave 0.8 —3.56|1.231 138 3.2 21 6.1 &7

6.0 24 86 11.2

(6.8)

[19] 0.7 —2.811.230 142 21 1.0 23 42
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Figure 6.8: This figure shows the amplitudes for the process K K* — K K*
with (I9,S) = (17,0) using the counter terms specified in B8 The first
row shows the Weinberg-Tomozawa interaction (left) and the term which
is multiplied by bp, the second line shows the interactions multiplied by
gp and gg (with the fitted value of equ. BEJ), the third line shows the s-
and t-channel contributions to the potential and the last line illustrates the
u-channel. Solid lines correspond to the xipanded potential actually used
while the dashed lines indicate the exact potential without xipansion. The
xipansion point is the K K* threshold at 1.39 GeV, the potential is not needed
below that point.
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Figure 6.9: This figure shows the amplitudes for (19, S) = (1,0) when the
full tree level scattering amplitude in equ. (BI0) (excluding the pseudoscalar
u-channel) is considered to first order in the xipansion. The upper graph
corresponds to the real part of the amplitude while the lower one shows the
imaginary part. The solid line corresponds to the mw channel, the dashed
line to 7 ¢, the dotted line to 1 p and the dash-dotted line to K K*.

The size of the counter terms is only reasonable (and in line with [T9]) when
the first order of the xipansion is considered. The open 7w ¢ channel plays a
more important role when all helicities and the first order of the xipansion are
considered while the dominant decay channel 7w remains almost unchanged
compared to the previous work [T9.

6.2.2 (I,S5)=(3,1): the K;(1270)

In this sector the previous work [I5] found two resonances, the K;(1270)
which has a width of 90 MeV and the K;(1400) with a width of 174 MeV. In
the more detailed analysis [T9] the coupling constants of the counter terms
had to be set to gp = 0.2 and gr = —0.1. Fig. shows the result when
these two couplings are set to zero. A clear signal can be seen close to the
nominal p K threshold at 1.266 GeV and the nominal w K threshold at 1.278
GeV. The width of the p meson will have a considerable effect on the width of
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Figure 6.10: This figure shows the amplitudes for (I¢,5) = (3,1) when all
interactions except the pseudoscalar exchanges are considered. The couplings
of the counter-terms, gp and gp are put to zero. The left column show the
real part, the second column the imaginary part of the scattering amplitude.
The first row corresponds to the s-wave, the second row to to the transition
amplitude between s- and d-wave and the last row to d-wave. The solid black
line corresponds to the m K channel, the dashed black line to p K, the dotted
black line to w K, the solid green line to n K* and the dashed green line to
oK.

the resonance, therefore we will not try to fit the resonance calculated with
sharp masses to the data more accurately. Nevertheless it is encouraging
that the result with all interactions and no counter terms closely resembles
the result of [I5] which agreed well with experimental data once the width
of the vector mesons was taken into account (see fig. 2 in [I3]).
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Chapter 7

Summary and Outlook

In this work we studied the scattering of the lightest octet of pseudoscalar
mesons, the pion, the K-meson and the eta, off the nonet of vector mesons
which includes the p meson. A formalism based on a non-linear integral equa-
tion is used to compute scattering amplitudes. Solutions of the non-linear
integral equations comply with constraints set by causality and unitarity.
The main input into this equation are pretreated tree-level scattering am-
plitudes that were derived in the following steps: an interaction Lagrangian
based on chiral and large N, arguments was utilized to calculate the tree level
amplitudes. It included the Weinberg-Tomozawa interaction, three counter
terms and the exchange of vector mesons in the s-, t- and u-channel. The
exchange of pseudoscalar mesons was not considered in the final calculation
because of technical challenges. It was illustrated how these issues can be
mastered in principle but the actual calculation was beyond the scope of this
work.

The tree level amplitudes were then partial-wave projected and extrapolated
to higher energies based on the knowledge of their analytic structure. These
modified potentials define the input of the non-linear integral equations.

In a first step, the spectrum was calculated for the Weinberg-Tomozawa
interaction only and compared to the previous results. The influence of the
counter terms and the order of the analytical extrapolation of the scattering
amplitude were addressed. Then the spectrum for the full interaction was
discussed in sectors of particular interest. Counter-terms were adjusted to
reproduce the mass and width of the b;(1235) exactly. In addition, the
K/(1270) was investigated in more detail. Its mass is recovered in the absence
of any counter term. This is in conflict with the significant size of the counter
terms obtained from the study of the b;(1235). We take this asymmetry as
a consequence of the absence of the pseudoscalar u-channel.

The most obvious extension of this work is the inclusion of these pseudoscalar
exchange processes. One possible way to achieve this has already been dis-
cussed, but improvements are desirable, especially to keep the necessary
CPU-time in reasonable limits. Including these processes we expect that a
reliable computation of the D/S ratios in the decays of the axial resonances
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is feasible.

Another interesting possibility is the inclusion of vector-vector and pseudoscalar-
pseudoscalar channels. From a formal point of view these channels can be
treated analogously. The partial wave projection will become more tedious.
With all these channels included it is interesting to calculate resonances with
other spin and parity than just 11 with relatively little additional effort.

In summary the formalism employed in this thesis reproduces the measured
spectrum and previous results within reasonable limits. It also allows to use
a more realistic interaction and to include more channels in a consistent way
so that in future works more physical systems become accessible as well as a
wider variety of observables.



Appendix A

The invariant amplitude

In this appendix we give explicit expressions for the G’s which result from
the partial-wave projection of equ. (BI0). Only non-vanishing G’s are shown
with one exception: if G3 does not vanish, then G, is the hermitian conjugate
(incoming and outgoing masses interchanged) unless displayed explicitly.

A.1 The 4-point vertices

The invariant amplitudes for the contact interactions are given by

_% —2 1 2 2 2
G1—4MMf2((m s+ (M2 + M2 — 1) M

1 — _
+(m* — s+ 5(1\42 + M? — t))Mz)
_90Cp +grCr

32 f2M M
—ﬂ(z\ﬁw\‘ﬁ—t) (A.1)
16 f20 M ’ '
_ CwrM
2f2 M
Chwr (M? + M?)
A fPMM
9pCp +grCr 1 5 = _,
16 f201 M (m +m —t)
bpC,y
EYITaa

(m2+m2—t) (M2+J\7[2—t)

Gy

G5 =
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A.2 The Pseudoscalar s-channel Exchange

For the s-channel exchange of a pseudoscalar meson the invariant amplitudes
are given by

2 ~(z) 7y
Gy = — (mv hP) CoanM M (A.4)

2 f? s —m?2

A.3 The Pseudoscalar u-channel Exchange

For the u-channel exchange of a pseudoscalar meson the invariant amplitudes
are given by

2 ~(z) g7
. my hp Cu—chM M
G- () e (45)
2 (@)
. my hp Cu—chM M
“ <2f2> u— (A.6)
2 ~(x) g7
. my hp Cu—chM M
G- - (metr) Clat a

A.4 The s-channel Vector Exchange

The exchange of a vector meson in the s-channel has several contributions.
The interaction labeled (11) results in the following invariant amplitudes:

11,z
C(—ch) h124

S

T AfPMMm?
+(m2 (w-p) (w-p) = M M ((w-p) + (w-p) — ) +

T g L+ m) (M i) (i (p-) = (w-p) (w-p)) }) (A-8)

11,z
G2 — Cig—ch) hi&

AP M Mm2 (((M2 M?) —m; (P'ﬁ))
1

+%Z§«W+@NW+@mwm, (A-9)

Gy (=m2 (p-p) (M + M+ m3 +5)

11,z
Cs(—ch) h124

Gy = —s=ch A
ST AP MMm?

(422 M — 0 (w-p)
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1

o =y {17 +m) (O 4+ mi) (wp)}). (.10
Osllclf h2 | 12 2 2

Gs = f2MM((M + M +m? +5)
() 0 ). ()

The interaction labeled (12) results in the following invariant amplitudes:

C0p by

Cr = 557 a1 (2 (D) 21° (w-p))
—M_JWMWM%@@—W@WMM, (A.12)

@:%ﬁﬁﬁwﬂgw%mmmﬂ, (A13)

6o = -Catiala Ly ), (A14)

fPM Mm2m?2—s

Cb4 ha

Gy = —W(M toE _S{(JW +m2) (wp)}),  (A15)
Cilzcz 2

Gs = Frita g (7
o _S{(M2+mi)mi}). (A.16)

T

(A.17)

The invariant amplitudes for the (21) interaction can be derived from those

for the (12) interaction by interchanging incoming and outgoing particles,
C(122) and C1) and finally G5 and Gy.
The interaction labeled (22) results in the following invariant amplitudes:

463 CP%0 m2 (p-p) — (w-p) (w-p)

G = PN M m2 mZ— s (A.18)
04 CE (o)
Gz = CPPMMm2)m2 —s’ (4.19)
462 082201? (U)p)
Gs = fPMMm2m2—s’ (4.20)
2 ~(22,7) 2
Gy — — 20 i _mi (A.21)

CPMMm2m2—s
(A.22)
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A.5 The t-channel Vector Exchange

For the t-channel exchange of a vector meson the invariant amplitudes are
given by the sum of two contributions, the first one being

3C ) hphym?

G, = S f2M M ((mx+s—u)
1

t—m2

3C") hphym? —M?
_ ch'F A.24
Gs 2f2MM  t—m2’ (4.24)

3C") hphym?,
= - 1
Gs 1M M ( +

{ma +mi(s —t —u) + (m* —m*)(M?> = M*)}), (A.23)

t—1m2 {2$+mi —m? —mQ}) . (A.25)

T

and the second one
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2
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A.6 The u-channel Vector Exchange

The exchange of a vector meson in the u-channel has several contributions.
The interaction labeled (11) results in the following invariant amplitudes:

o _ Gl
Y716 f2M M m?

+m2((M? + M?)(M? + M? — 23) +u(m® +m? — 25)
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The interaction labeled (12) results in the following invariant amplitudes:
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cU2Dp b _
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T 2
u—ms:

The invariant amplitudes for the (21) interaction can be derived from those
for the (12) interaction by interchanging incoming and outgoing particles,

C122) and C??) and finally G5 and Gy.
The interaction labeled (22) results in the following invariant amplitudes:
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