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Abstract

We study complete minimal surfaces in R"” with finite total curvature and embedded planar
ends. After conformal compactification via inversion, these yield examples of surfaces sta-
tionary for the Willmore bending energy W := % f |ITI |2. In codimension one, we prove that
the YW-Morse index for any inverted minimal sphere or real projective plane with m such ends
isexactlym —3 = g — 3. We also consider several geometric properties—for example, the
property that all m asymptotic planes meet at a single point—of these minimal surfaces and
explore their relation to the YWW-Morse index of their inverted surfaces.

Mathematics Subject Classification 53C42 - 53A10 - 35J35 - 35R01

1 Introduction

We explore the connection between geometric properties of complete minimal surfaces with
embedded planar ends in R” and the Willmore Morse index of their inverted surfaces. The
Morse index is the dimension of the maximal subspace of variations that locally decrease an
energy to second order: in our case, the Willmore bending energy. Crucial to this connection
is the Mobius invariance of the Willmore energy.

We begin with a short review of Willmore surfaces—that is, surfaces stationary for the
Willmore energy—and their relation to complete minimal surfaces with finite total curvature.
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Given an immersed, closed surface f : ¥ — R”, we define the Willmore bending energy as
1 .
W(f) =g / |HPdp,
by

where the mean curvature vector H is the trace of the second fundamental form of the immer-

sion f. The symmetry group preserving W consists of the Mdbius group of all conformal

diffeomorphisms of the ambient space R” U co = S§”, the group generated by inversions in

spheres (see, for example [5, 50]). A quantitative version of this invariance was pointed out
y—=x

by the second author [20]: composing f with the inversion ¢, (y) = x + R? T —x? yields

W(gx o f) = W(f) —4nb(x), )]

where 0(x) = #{f~'(x)} is the number of preimages of x. Equality (1) has several conse-
quences. The most important one for us is the following: consider a complete minimal surface
with finite total curvature in R”; then inversion about a point x € R” off the surface yields a
Willmore surface with a possible singularity at x. In fact, as proven by Bryant [6] in R3, the
resulting Willmore surface can be extended to a smooth immersion across the singularity if
and only if all ends of the minimal surface are embedded and planar—meaning each end is
asymptotic to a multiplicity-1 plane at infinity. The other possibility for an embedded end is
that it has logarithmic growth at infinity [48]. In this case, the corresponding inverted surface
is only of regularity C'** for every « < 1, but it is not C!:! (see [24, 25]). More literature
about the smoothness and extendability of the Willmore equation can be found in [4, 26, 45].

The topology of X is important for the problem of classifying Willmore surfaces. Bryant
proved [6] the remarkable fact that any compact genus zero Willmore surface in R3 arises
by compactifying an inversion of a complete minimal surface with embedded planar ends.
This is of course not true for higher genus surfaces: a counterexample is the Clifford torus, a
minimal surface in S whose stereographic projection to R? is a Willmore surface. It is in fact
the minimizer of the W functional among tori in R3—subject of the long-standing Willmore
conjecture—proven only recently by Marques and Neves [33, 34]. Since the Clifford torus
is embedded, an inverted Clifford torus can have at most one end. It cannot be an inversion
of a complete minimal torus with embedded planar ends in R3. (In fact, up to homothety,
the end of any embedded surface after inversion at a non-umbilic point is asymptotic to the
graph of the biharmonic function cos 26 over the punctured plane in polar coordinates; this
was the key observation in the first proof of existence for YW-minimizers with higher genus
[3,21].)

The result of Bryant [6] implies that the bending energies of Willmore spheres in R? are
quantized: each such surface has W(f) = 4wrm, where m € N is the number of embedded
planar ends of the corresponding minimal surface. Not all numbers are allowed: there are no
Willmore spheres for m = 2, 3, 5, 7 [7], but there are Willmore spheres with W(f) = 4mm
with m = 2k for all k € N\{1}; there are also examples with m = 2k + 1 for k > 4 (see
the recent work of Heller [15] based on earlier work of Peng-Xiao [43]). The number m = 1
corresponds to a plane which is the inversion of the round sphere, and the next possible
number is m = 4.

In [7, Section 5], Bryant analyzes the family of Willmore spheres (up to Mobius trans-
formation of the ambient space) with YV = 16x: it turns out that there is a four-parameter
family of these, whose moduli space is studied in [23] via the spinor representation. Two
examples among them were already known: the Rosenberg-Toubiana surface [47], and the
second author’s explicit parametrization [19] of the minimal surface which gives rise after
inversion to a Morin surface [41]. A Morin surface has a 4-fold orientation-reversing sym-
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metry, meaning that (after an appropriate rotation in R3) it can be rotated by 7 around the
x3-axis obtaining the same surface with the opposite orientation, making it a good half-way
model for a sphere eversion: the remarkable fact that a round sphere can be turned inside out
without creasing or tearing.

We give a short introduction to this phenomenon and explain why a good half-way model
is important for sphere eversions. The existence of a sphere eversion was proven by Smale
[49]: the round sphere in R with a given orientation is regularly homotopic to the round
sphere with the opposite orientation, where two immersions fp, f1 : ¥ — R” are regularly
homotopic if there is a Cl—path of immersions F : X x [0, 1] — R” such that F(-,0) =
Jfo,F(-,1) = f1 which induces a homotopy of the tangent bundles. Following Smale’s
discovery, many mathematicians contributed to this field [1, 14, 40, 42]. In particular, it
was shown by Banchoff and Max that along any eversion the path of immersed spheres
must develop a quadruple point [35]: there is an immersion where a point in the image has
four preimages. It follows from an inequality of Li and Yau [32] that a closed surface with
a quadruple point has YW > 16z. Morin (based on suggestions of Froissart, [41]) found
a surface with one quadruple point and the orientation-reversing four-fold symmetry. This
symmetry is very important for constructing a sphere eversion, since a deformation from that
surface to a round sphere starting in the direction vv (v is a unit normal along the closed
surface) joined with the opposite deformation along —vv will automatically give a sphere
eversion: a surface which does this job is the sought-for half-way model!

In the early 1980s the second author had the idea (see [22]) of a sphere eversion such that
at each stage of the deformation the immersions have the least possible Willmore energy: an
optimal sphere eversion. Such an eversion needs a suitable half-way model with W = 16x
energy, perturbing that surface so that the Willmore energy decreases and then starts the
Willmore flow, that is, the gradient flow of V. So with a discretization of the second author’s
W-stationary Morin surface half-way model as the starting place, using the Brakke Evolver
the authors of [13] were able to compute an optimal (discretized) animation of a sphere
eversion similar to one Morin and Petit had described [41]. To start (half of) the optimal sphere
eversion from the Morin surface half-way model, one first needs to perturb the Morin surface
such that the Willmore energy decreases. The authors of [12, 13] computed numerically that
there is a 1-dimensional space of variations of the Morin surface decreasing the Willmore
energy W to second order [13, Section 3]: that is, the Morin surface has Morse index 1.

It remains an open problem whether, starting from the (suitably perturbed) Morin surface
with W = 167, the Willmore flow will lead to the round sphere, and thus produce a smooth
optimal sphere eversion: this is sometimes called the 167 conjecture. In 2015, Riviere [46]
developed an alternative approach to tackle the 16 conjecture. He proved, among other
things, that a positive min-max width for the spherical topology is realized by a bubble-tree
of (possibly branched) Willmore spheres. In the following year, Michelat [36] computed the
formula for the second variation of the Willmore functional for inverted minimal surfaces
with m embedded planar ends which he used to show the upper bound

Indyy (f) < m.

In 2019, an improved upper bound and a lower bound was proven [16] by the first and third
authors, who established the following formula for the WW-index of a Willmore sphere in R3:

Indy(f) =m —d, (@)

where m is the number of planar ends of the corresponding minimal surface X : S% \
{p1, ..., Pm} — R3 and d := dim(span{v(p1), ..., v(pm)}) is the dimension of the span
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of the asymptotic normal vectors to X at the ends; they also show d = 3 for m = 4, and
2 < m < 3 for general m. At the same time and independently, Michelat [37] was able
to generalize an upper bound to branched Willmore spheres appearing as inverted minimal
surfaces. For example, he showed Indyy (f) < m — 1 for a branched Willmore sphere arising
as a compactified complete minimal sphere with finite total curvature and zero flux. This
follows from an approach identifying the YV-Morse index as the index of an m x m matrix
related to certain bi-Jacobi fields. In both [16] and [37] it is crucial to allow for variations on
the complete minimal surface containing a term with logarithmic growth.

One of the main results of this article is to prove d = 3 in general for complete minimal
spheres (and real projective planes). Our first result is the following, see Sect.2:

Theorem 1.1 Let X : S\ {p1, ..., pm} — R3 be a complete conformal minimal immersion
with embedded planar ends at {py, ..., pn} C X withm > 1. If ¥ is a sphere or a real
projective plane, then we denote by v : S* — S* C R? the holomorphic extension of the
Gauf3 map of X or its orientable double cover. Then the asymptotic normals satisfy

d := dim(span{v(p1), ..., v(pm)}) = 3. 3)

As a consequence, the Morse index of the inverted surface f : £ — R3 is
1
Indw(f) = ‘TW(f) -3 4)
T

In [16], the authors were able to draw conclusions for the Morse index of a Willmore sphere
by studying area-Jacobi fields—functions in the kernel of the second order elliptic operator
corresponding to the second variation of the area functional. Certain questions related to
the geometry of complete minimal surfaces with embedded planar ends arose that are of
independent interest. One such question is whether the asymptotic planes of the complete
minimal surface always meet at a single point in R3. We answer this question partly in
Sect. 3. In [19], the second author constructs a family of symmetric minimal surfaces with
m = 2p embedded planar ends. We call these surfaces minimal flowers. Using the spinor
representation of minimal surfaces [23] we prove the following:

Theorem 1.2 Let X : S*\ {p1, ..., pm} = R> be a complete minimal sphere with embedded
planar ends that lies in the S' x SO (3, C)-orbit (see Sect. 3) of a minimal flower. Then all
the asymptotic planes of the ends meet at one point.

Note that, in the case of four-ended surfaces, the whole moduli space of complete minimal
spheres with embedded planar ends consists of the S' x SO (3, C)-orbit of the inverted Morin
surface [23]. With this property in hand, we can simplify the proof [16] that each Willmore
sphere with WW = 167 has YW-Morse index one. In Sect. 3, we also give a weaker condition
than in [16] for a complete minimal surface with embedded planar ends of arbitrary genus
to have YW-Morse index at least 1 after inversion.

Another consequence of the computation for the second variation of W is a statement
about what we call the conformal density at infinity. The classical density at infinity of a
complete minimal surface is

L [Br XG0l
im ————

r—0o0 j'[rz

; (&)

which is m for a minimal surface with m embedded planar ends due to the monotonic-
ity formula, see for example [17]. We suggest considering a different, more intrinsic
conformal density at infinity. We use conformal coordinates with z(p;) = 0 and
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X,dz = (—Z% +Y(2))dz witha € Ca-a = 0,]a’ = 2 and ¥ is holomorphic at

each end p; and define D, (p;) :=z ! (Béc). Then our computations in Sect.4 show that the
convergence of the related density quantity is stronger.

Proposition 1.3 Let S be a closed surface and X : T\ {p1, ..., pm} — R? a complete
minimal immersion with m embedded planar ends. With the choice of coordinates made
above, we have

lim / dppg — — ¢ =
HO: S\UL D) €

Finally, in Sect. 5, we study the p-equivariant YW-Morse index—that is, the maximal dimen-
sion of the subspace of p-fold rotation-symmetric variations that decrease W to second
order—of the minimal flowers with 2p ends described in [19]. In [16], the first and third
authors already showed that the Morin surface (which is, after inversion, a minimal flower)
has W-Morse index 1, and, in fact, the variational direction that decreases W to second
order most rapidly must be 2-fold rotation symmetric. Here, we show that the p-equivariant
Willmore Morse index of an inverted minimal flower is always 1 as well:
Theorem 1.4 Let f : 82 — R3 be a closed, immersed Willmore sphere such that X := # :
S2\{p1.s s p2p} — R", p € N, is a complete, immersed minimal sphere with 2 p embedded
planar ends. Assume further that f has an orientation reversing 2 p-fold rotational symmetry
around an axis of symmetry going through O = f(p;) = f(pj) foralli, j € {1, ..., 2p}.
Underthese conditions, the subspace of p-fold rotation-symmetric variations of f decreas-
ing W to second order is 1-dimensional. (If p is prime, all other variations corresponding
to negative eigenvalues of the VW-Jacobi operator break the symmetry.)

We also show in Sect. 5 the expected property that the eigenfunction of the lowest eigenvalue
of the W-Jacobi operator on the Morin surface must have a sign change.

2 Dimension of the span of the normals at infinity

In this section we study the tangent spaces at infinity for a complete minimal surface with finite
total curvature and embedded planar ends. We begin with an observation (perhaps known to
other experts) about the dimension into which such a surface can be fully immersed:

Lemma2.1 Let X : ¥\ {p1,..., pm} = R"* be a complete minimal surface with finite total
curvature and embedded planar ends at p;, i = 1,...,m. Ifm < %, then X is contained in
some affine R"~1.

Proof Let m; be the orthogonal projection onto the tangent space T, := T), X of X(X) at
the end p;, regarded as a linear subspace of R". Consider the linear map A := (7q, ..., 7y)
that maps R"” onto 7)) x --- x T}, = R2™ 1If 2m < n, we have ker(A) # {0}. Pick a
nonzero v € ker(A) and consider the height function # := v - X. Since u is harmonic on
XE\{p1,..., pm}) and v € niJ- for all i, we conclude that u is bounded and therefore
constant. O

Remark For any minimal surface with finite total curvature and embedded planar ends at
{p1. .... pm}, a similar argument to the proof of Lemma 2.1 shows that the tangent planes at
infinity coincide [ i Tp; =Tp if and only if the minimal surface is a plane [16].
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Remark Aside from a union of planes, there is no complete minimal surface in R? with finite
total curvature and m = 2 embedded planar ends [6, 19, 48], so Lemma 2.1 implies such a
surface lies fully in R* and thus the intersection of its tangent spaces at infinity is the zero
space.

The lemma below shows this remains true generically for genus 0 minimal surfaces with
at least 2 embedded planar ends:

Lemma2.2 Let X: S\ {pi, ..., pm} — R" be a complete minimal sphere with finite total
curvature and embedded planar ends at {p\, . .., pm} and tangent space Tp,; at p;. Assume
X is not a plane, so m > 2. Then generically
) Ty =10} ©)
1<j<m

Proof Because our minimal surface has genus 0 and planar ends, differentiating its confor-
mal parametrization X with respect to a local complex coordinate z on the domain surface
gives a nonvanishing C”-valued meromorphic differential 0X = X,dz with zero — both
real and imaginary — periods. The conformality is expressed by (X;)> = X, - X, = 0,
which is preserved—is the zero periods condition—under matrix multiplication by any
M € SO(n,C). Thus we can integrate the differential M X.dz and take its real part to
get a new minimal surface with genus O and planar ends parametrized conformally by
Xy =290 [* M X dz (unique up to translation) from the same domain surface.

In this way the Lie group SO (n, C) acts on the space of genus 0 minimal surfaces in R”
with embedded planar ends and finite total curvature. The real subgroup S O (n, R) acts in the
usual way by rotation on S"~! € R”. The action of the entire group SO (1, C) is harder to
describe geometrically, but in case n = 3 the SO (3, C) action on S? = C U oo is by Mobius
(or fractional linear) transformations using the isomorphism SO (3, C) = PSL(2, C) (see
[19, 23]); for instance, observe that the 1-parameter subgroups along iso(3, R) deform §2—
and by post-composition, deform the GauB unit normal map of the minimal surface in R3—by
centered dilations.

We can now use this observation (parts of which were described in [23]) to give a simple
geometric argument for the case n = 3 as follows:

Case 0: ﬂj T, = T,,jo is equivalent to dim(span{v(py), ..., v(pm)}) = 1, yielding a
bounded harmonic function, implying the surface is a plane as in the Remark above.

So for a minimal sphere with dim(span{v(pi), ..., v(pn)}) = 2 at its m > 3 pla-
nar ends, we need to find a perturbation via planar-ended minimal surfaces satisfying
dim(span{v(py), ..., v(pm)}) = 3 which is equivalent to (6).

Case 1: dim(span{v(p1), ..., v(pm)}) = 2 and the asymptotic normals at the ends hit at

least three different points on S2.
In this case, the (at least) three values of the GauBl map lie on a great circle of S%. Now we
move them off that great circle via a centered dilation with source and sink at the poles of
that great circle. This implies that the family of planar-ended minimal surfaces where the
normals at the ends span R3 is open and dense, i.e. generic.

Case 2: dim(span{v(p1), ..., v(pm)}) = 2 and the asymptotic normals at the ends hit only
two different points on S2. This is impossible: if there were such a minimal surface with
embedded planar ends, we could move the end normals by a Mdbius transformation to a pair
of antipodal points, giving a height function along that direction which is bounded, implying
the surface is a plane.

Next we recall the complex null quadric description [18, 29] for the Grassmannian of (ori-
ented) real 2-planes in R”, which is the codomain for the Gaul map in the higher codimension
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case. Consider the projective algebraic subvariety O ¢ CP"~! given by
0={[Z]eCP" ' :ZeC"\{0}withZ®>=Z -Z =0}

where the polynomial Z - W = Z?’ZI Z;W; considered in homogeneous coordinates is
the complexification of the real inner product on C". Hence to each element [Z] € Q
we associate the oriented real 2-plane Lz = span{hZ, IZ}. Given a complete minimal
surface X: E\{p1, ..., pm} — R with finite total curvature and embedded planar ends
pj, 1 =< j < m, the associated meromorphic differential

0X = X,dz

satisfies (X;)> = 0 and it defines a complex line in C" that is independent of the choice
of coordinates [29, page 110]. Thus, ateach p € ¥ \ {p1, ..., p} there is an element in Q
representing the differential. Since all ends are planar, also at each p; there is a well-defined
complex line associated to p;. Geometrically the element in Q corresponds to the oriented
tangent space of the minimal surface in R”, defining its Gaull map to the Grassmannian of
oriented real 2-planes in R”. Conversely, given a nonvanishing meromorphic differential ¢
on a punctured Riemann surface X taking values in Q and which has vanishing real periods,
then

X(2) =25ﬁ/z¢dz

conformally parametrizes a minimal surface with X, dz = ¢.

Observe that the action of SO (n, C) leaves the variety Q invariant and defines an action
on the Gauf3 maps (analogous to the n = 3 case above) and thus on the space of genus 0
minimal surfaces (or more generally, the space of minimal surfaces with zero periods) with
embedded planar ends (see for example [30], in case n = 4). We will use this Lie group
action to complete the proof of the lemma for the general case n > 3.

Although we have m planar ends, some of the tangent spaces T),; at the points pi, ..., pm
can coincide. We denote by L1, ..., Ly the M pairwise different tangent spaces at the ends,
i.e. we have a coincidence of sets {T),, ..., T, } = {L1, ..., Ly}, where M < m.

Observation 0: If M = 1, then X (X) is a plane: For every v € R”" that is orthogonal to
L1,z — v - X(2) is a bounded harmonic function on X and so constant. Hence we deduce
that X(X) C p + L1.

So M > 2, and suppose to the contrary that ﬂ,ivl:l Ly = ﬂ’}?:l Ty, # {0}. Following a
rotation, we may assume that

elRC [ Ty,
1=jzm

Claim 1: M = 2 is not possible.

In this case, we have {L, Ly} = {Lz,, Lz,} and we will show that there exists an A €
SO(n, C)suchthat A[Z;] = [Z>]. This implies that A X ; dz is anon-vanishing meromorphic
differential on ¥ taking values in Q with zero periods. Consequently,

Z
XA :29’?/ AX. dz
defines a minimal sphere as considered in Observation 0. This, however, implies that X 4 is a

plane. Consequently, also X itself is a single plane, which is contrary to the assumption that
M =2
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For the existence of A we proceed as follows. After a rotation we may assume that
Zj=ey +i(aes + (—1)/be3) witha, b € R, a®+ b%* = 1. For everyt € R

cosh(z) —i sinh(7)
A(t) := | i sinh(¢) cosh(t)
Lon—2xn—2

is an element of SO (n, C) generated by iA = i (e Qe —e; ® e2) € iso(n, R). If we
select the value of ¢ such that —a = sinh(z), we obtain the desired element.

Claim 2: If M > 3, then there exists an element E (1) = exp(tiA) € SO (n, C) such that
X g (1) satisfies (6) for all  # 0.

We assume that three planes Lz,, Lz,, Lz, share the ej-direction. After performing a
further rotation we may assume that Z; = e| +iv;, j = 1, 2, 3, represent the three planes
and span{vy, v2} = span{ey, e3}. Note that the elementi A = i(e3®e; —er2®e3) € iso(n, R)
generates

1
_ cosh(z) —i sinh(r)
EO=1"isinh¢) cosh(r)
l(cn—3><n—3
It remains to show that there is no common line in the three planes
E(@)Z; = (e; —sinh(t)Av;) +icosh(t)v; for j =1,2,

E(1)Z3 = (e1 — sinh()Av] ) + i (cosh(r)v;r n USL)

where w = (w', wl) € span{ez, e3} x span{e,: n > 3}.

If v3L # 0 then L gz, N spanfeq, ez, e3} = span{e; — sinh(t)Av;} and this line is not
contained in Lewz; C span{ey, e2, e3}, j = 1, 2. This can be seen as follows: the normal
space to LE(,)Zj,j = 1,2 in span{ey, e, e3} is spanned by N; = (sinh(¢), Av;), j = 1,2
and

Nj - (er = sinh@®)Av]) =sinh() (1= v - v] ) £0

because |vj - vy | < |vg | < 1.

It remains to consider the case v3 € span{e;, e3}. However, then the three planes L E(t)v;
contain a line if and only if the three normal vectors N; = (sinh(¢), Av;) are linearly
dependent. But this is not the case which can be seen as follows. Suppose by contradiction
that for some 8 # 0 we have Zj B;jN; = 0. This is equivalent to Zj Bjv; = 0 and
> j Bj = 0. After relabeling the vectors we may assume that —f; < 0 < > < f3. But then
we have

0 < =B3 = Balva| + B3lvz| < |Bav2 + B3v3| = |B3v3| = —Bs.

Therefore, we must have equality everywhere, which implies that all vectors must be parallel.
However, this is contrary to the assumption that we are considering three distinct planes. O

We recall the definition of the index form and the Jacobi operator for the Willmore func-
tional found in [16, Section 2].
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Definition2.3 Let f : ¥ — R” be a smooth, closed Willmore immersion and g is the
induced metric. Let I'(N X) be the smooth sections of the normal bundle of f : ¥ — R".
Then there is a strongly elliptic, L2-self-adjoint operator

Z:T(NY) - ['(NX)

of fourth order, called the W-Jacobi operator of VV, such that
SW()(. ) = / 5. Zidug,
b3

where Z is characterized by the property

d? .
EW(f,)L:O:/;v-Zvdug, (7

for a smooth variation f; : ¥ — R", ¢t € (—¢,¢€), i.e. f; is a smooth immersion for
t € (—e€,¢€) and fy = f. Here, v := % f,’ (o 18 the variational vector field. The object
8W(f) (v, v) is called index form and is well-defined for sections ¥ that have regularity
W22 with respect to g (see the remark below). If n = 3 and ¥ is oriented with global unit
normal v, then we also use the symbol Z for the VW-Jacobi operator acting on functions v
via U = vv. By the theory of strongly elliptic self-adjoint operators, Z can be diagonalized
on I'(N X) with eigenvalues

M <AM=<..<Aia<..

whose eigenspaces Y, ; corresponding to A ; are finite dimensional.
The WW-index and the W-nullity of f are defined as follows:

Indyy (f) := dim (®<0Y2)
nullityyy, (f) = dim (Yp) .

A Willmore surface f is called W-stable if Indyy(f) = 0. This is equivalent to
SW(f)(@,v) = 0forall v € T(NX).

Remark We note several features of the J/-Jacobi operator and index form:

e For any smooth variation f;, we can always arrange that v = %f, | +—p is normal by
composing with a tangential diffeomorphism.

e That the operator Z is formally L2-self-adjoint was explicitly checked in [28, p. 14]
for codimension 1 and general ambient manifolds. We provide a general argument for
self-adjointness in Appendix C.

e Let L:T(NX) — I'(NX) be the Jacobi operator of the area functional in R”, i.e.

L =AY + A®D),

where Al is the Laplacian on the normal bundle and A is the Simons operator
A(T)) = Zi,j g(A(ei, ej), V)A(e;, ej) for an orthonormal frame ¢;, see for example
[9, Section 8]. For n = 3 and variations of the form v = vv, the formula for L reduces to
L(v) = Agv + |A]%v.

Then the WW-Jacobi operator Z can be written in the form Zv = LLV + QUu, where
Q : I'(NX) — I'(NX) is a self-adjoint operator of order two, see for example [28,
Section 3] for codimension 1. This form Z = L2 +  follows in general from the
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formula for o, <|FI 12d p,g) which can be found, for example, in [27, Formula (1.3.5) on
p- 10]:

o (1 Pdpg) =2 (14 V, H) + g™ g (A7, HY A, V) ditg.
This formula implies, after integration by parts, that the second variation at a critical

. 2 . - .
point involves (Al) as a leading term plus second order terms which is equivalent to
the claimed structure. Note that this does not imply that Z is free of third order terms:

when expanding (Al)2 third order terms may appear.

e Since (AJ-)2 is the leading part of Z and X is compact, we see that Z is strongly elliptic.

e The index form 82 is continuous with respect to W22-convergence, so for any v €

W22(Z, NX) thereis a sequence of smooth sections v € I'(NX) with v — v € w22
and

2 - - ) .o d? -

SW(E,9) = Tim W) W, 5) = lim =3 W(f + 180,

By the above construction we extend the variations of £ to sections that are only in W22,

Corollary 2.4 Let X : S2\ {p1, ..., pm} = R3 be a complete genus 0 minimal surface with
finite total curvature and embedded planar ends at {py, ..., pm}, m > 1. Ifv : 8 - 8* c R3
denotes the holomorphically extended Gaufs map of X, then

d := dim(span{v(p1), ..., v(pm)}) = 3. (8)

Proof Note again that m > 1 implies m > 4 already. In the work [16] it was proven that the
W-index of an inverted complete minimal with m embedded planar end is m — d and that
d € {2, 3}. If there were a complete minimal sphere X with m embedded planar ends and
d = 2, the W-index of its inverted surface would be m — 2. By Lemma 2.2 we know that
Indyy = m — 3 on an open and dense set of WW-critical spheres with W = 4wm satisfying
d = 3. Thus, the existence of such a W-critical sphere X would contradict the lower semi-
continuity (Appendix B) of the WW-index. O

Corollary 2.5 Let X : S2 \{p1, s Pm} — R2tk 2 4k < 2m, bea complete minimal sphere
with finite total curvature and embedded planar ends at {py, ..., pm}, m > 3. If f denotes
the inversion of X, whose compactification is a Willmore sphere, we have

Indyy (f) < km — (2 + k). (©))

Proof In [16] it was proven that Indyy (f) < km — d where d = (2 + k) — [ and [ is the
dimension of the intersection of the tangent spaces at the ends. Since generically we have
| = 0 by Lemma 2.2, and the index is lower semi-continuous, the result follows. O

Remark Using the Weierstrass representation in R* it is an exercise [18] to check that every
minimal sphere with two planar embedded ends is (up to congruence and C-linear change of
coordinates on C? = R*) the Whitney sphere

1
szze(C+—><z,f>€(CZER4.
z

Xw
| Xw|?
energy in its regular homotopy class. This follows from the fact that the two ends of the

is the minimizer of the Willmore

Furthermore, the inverted Whitney sphere fy :=
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Whitney sphere invert to a unique transverse double point, and so its normal bundle has
Euler characteristic 2 (see also [8, 38]). This minimizing property implies Indyy, (fw) = 0 as
deformations preserve the regular homotopy class. Hence, Corollary 2.5 holds true without
the restriction on the number of ends.

Corollary 2.6 Let f : S — R3 be an unbranched Willmore sphere in R that is not the
round sphere. Then its Willmore Morse index is

Indyy (/) = - W(f) 3.

T

Proof By work of Bryant [6] we know that a Willmore sphere in R is an inverted complete
minimal surface with m € N embedded planar ends and W( f) = 4wm,m > 4. We use [16],
where the Morse index of a WW-critical sphere f is computed to be Indyy(f) = m — d for
d = dim(span{v(p1), ..., v(pm)}). Use Corollary 2.4 to get the claimed formula. O

Since the orientation double cover of a real projective plane is a sphere, we can use the
above results to compute the Willmore index of any Willmore R P2 in R3. Note that Bryant’s
result [6] implies that a Willmore RP? is an inverted minimal surface with m embedded
planar ends. For n = 3, we have m > 3 because an immersed R P? with codimension 1 must
[2] have a point of multiplicity at least 3. In our case, there is a unique point of maximal
multiplicity which equals the number of ends of the corresponding complete minimal surface,
and there are examples for m = 2k + 1, k € N [19], but the existence of a complete minimal
R P2 in R" with an even number of embedded, planar ends is unknown.

Our index formula for spheres also holds for real projective planes.

Proposition 2.7 Let f : RP? — R3 be an unbranched Willmore real projective plane. Then
its Willmore index is

1

Indyy (f) = —W(f) = 3.

Proof The orientation double cover of an unbranched Willmore real projective plane
f : RP? — R3 is an unbranched Willmore sphere f : S — R that is invariant under the
antipodal map. Using a complex coordinate z on S%, we can express this by

fi820) > R,
1

I(z) = —= is the antipodal map,
z

fol=7

because the antipodal map is (up to Mobius transformation) the only fixed-point-free
anti-holomorphic involution on S2. Bryant’s result [6] tells us that the Willmore sphere
f : 8 — R?is an inverted minimal surface that can be parametrized conformally as
X : 82 \ {p1, ..., pm} — R3 where the m embedded planar ends correspond to py, ..., pp.
As f is a double covering map, m = 2k must be even and W(f) = lVV(fN) = 4mk. Corol-
lary 2.6 shows that the dimension of the space of variations reducing the Willmore energy
of f to second order equals 2k — 3. The Willmore index of f is the dimension of the sub-
space of variations iiD of f covering a variation of f. The orientation reversing property of

I implies that the normal ¥ of f satisfies f)|z = —f)| (o) 50 in order to cover f the function i
must satisfy u(z) = —u(I(z)). We call these variations odd. The even variations of f satisfy

u(z) = u(l(z)).

@ Springer



190 Page 12 0f30 J. Hirsch et al.

Proposition 4.4 from [16] provides a more detailed description of A-eigenfunctions of Z
on f for A < 0: The space of eigenfunctions is in bijective correspondence to the nontrivial
kernel of the linear map B : R%* — R3 B(v) = Z,zil v;V(p;), where the v; are used as
values of the variations at the preimages of the point of maximal multiplicity, v; = u(p;).
The domain R?* splits as a direct sum into the subspaces of end-values of the even functions
and of the odd functions. Each of these subspaces has dimension k. The first subspace is
spanned by v; = ut(p;) = u(I1(p;)) = u(pi+x) = vi+k, and B sends it to the zero subspace.
The second subspace is spanned by v; = —v; 1« and B maps it onto R> because ¥ is odd. O

Corollary 2.8 Let X : RP2\{p1, ..., pm} = R3 be a complete minimal real projective place
with finite total curvature and embedded planar ends at {py, ..., pm}. If v(pi) denotes one of
the two possible normals of X at each end p;, then

d = dim(span{v(p1), ..., v(pm)}) = 3. (10)

Proof Note that [2] implies m > 3. The statement follows from Corollary 2.4 because the
span of the normals of X and of its orientable double cover agree. O

Remark Tt follows that the normals at the ends of a minimal real projective plane with
codimension 1 span R3. For the higher codimension case, however, the techniques from
Lemma 2.2 do not seem suitable for the case of real projective planes in R": the SO (n, C)-
action does not commute with the order-two deck transformation on the orientable double
cover.

Since the number of ends influences the Willmore Morse index, it is natural to ask whether
a minimal real projective plane with two embedded planar ends in R” exists. We answer this
question in the following proposition.

Proposition 2.9 There is no immersed minimal RP? in R" with two embedded planar ends.

Our proof of this proposition is technical and is given in Appendix A.

3 Asymptotic tangent planes

A curator of the mathematical art exhibition Getting to the Surface' dubbed the symmet-
ric complete minimal surfaces described in [19] the minimal flowers. They have m = 2p
embedded planar ends and ambient dihedral symmetry generated by half-turns about a pair
of lines at angle Z in R? when p is even, and 2% when p is odd (in which case the surface is a
2-fold covering space of a punctured real projective plane). For p = 2, the inverted minimal
flower is an example of a Morin surface [41].

Definition 3.1 Let X : Z\{p1, ..., pm} — R3bea complete minimal surface with embedded
planar ends. If the m asymptotic affine planes meet at a single point then we call the surface

spiny.

Theorem 3.2 Let X : 82\ {p1, ..., pm} — R3 be a complete minimal sphere with embedded
planar ends. If X lies in the S' x SO (3, C)-orbit of a minimal flower, then it is spiny.

!' The exhibition traveled around the world during 1986-87 under the auspices of the US Information Agency
after premiering at the Library of Congress in Washington DC.
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Proof Suppose X and X* denote the m-fold dihedrally symmetric minimal flower and its
conjugate surface, that is, the real and imaginary parts of the holomorphic null curve ® in C
that can be found in [19]. We will repeatedly use the fact that the real and imaginary parts of
the C-tangent vector to any complex null curve provide a basis for the tangent plane for the
minimal surface (and for its conjugate minimal surface) with planar ends.

From the m half-turn symmetries of X, we know that all its asymptotic planes pass
through the origin of R, so X is spiny. Its conjugate X* has the conjugate symmetries, that
is, reflections in planes at angle Z, each of which is perpendicular to corresponding half-turn
axis, and so it too has the property that all its asymptotic planes pass through the origin of
R3. Thus, ® = X + i X* has the property that all its asymptotic complex lines pass through
the origin of C3. This implies that the entire S' associate family of surfaces X, = 9 (e'' @)
has the property of being spiny.

It remains to understand the asymptotic planes of the SO(3, C) orbit of X. Let L be
an asymptotic complex line of ® and M € SO(3, C), then the corresponding asymptotic
complex line on M ® is M L. This implies that the asymptotic complex lines of M ® pass
through the origin of C3. Thus, for any M € SO(3, C), the minimal surface X j; = R(M D)
has all its asymptotic tangent planes passing through the origin of R, O

Corollary 3.3 Let f : S — R3 be a compact immersed Willmore sphere with W(f) = 167.
Then the inverted minimal surface X is spiny.

Proof The moduli space of complete minimal spheres with four embedded planar ends con-
sists of the S! x SO (3, C)/SO (3, R) orbit of the inverted Morin surface [23]. By the previous
theorem they are all spiny. O

Lemma 3.4 After a translation, on every spiny minimal surface X the support function
u(p) := X - v is a bounded Jacobi field for the area functional with the additional property
that u(p;) = 0 for all ends py, ..., pm.

Proof Apply a translation so that the asymptotic planes of X pass through the origin. Recall
that the support function u arises by dilation of X, see also [44, Section 5]. The family
X, = +4+1)X,t € (—¢, €) is a smooth deformation of X. We note that 0 = H(¢) is the
mean curvature of X,;. Observe that

d

U= Z’t:O

X; v,
andso (0 = % ’ —oH (t) = Lu, where L is the Jacobi operator of X. Since X; is a deformation
that is tangential at the ends py, ..., p;;, we have u(p;) = 0. ]

With this geometric property of being spiny in hand, we provide a simpler proof of the
fact that all Willmore spheres with 167 energy have WW-Morse index 1 (see [16]).

For the following we need to fix some notation: Let X : ¥ \ {p1, ..., pm} — R3 be a
complete minimal surface with m embedded planar ends, g = X*8p3 the pullback metric on
3. The 2-manifold ¥ is compact and without boundary. As in [16, Section 3] we fix local
conformal coordinates z in a neighbourhood U around an each end p; such that z(p;) = 0
fori =1, ..., m. We choose the coordinates in such a way that

X.dz = (—Z% +Y(z)> dz, (11)

where a € C3,4%2 = 0, |a|> = 2 and Y (2) is holomorphic and bounded. We denote by
Dc(pi) = z~1(B,) the preimage of the Euclidean ball B, C R? under the coordinate z.
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In the following, we use the notation and some results from Pérez and Ros [44, Section 5].
We denote the extended GauB map of X by v : ¥ — S2. The Jacobi operator of the
area functional on X is Lu = Au + |Vv|>u. We “compactify” L by multiplying g with a
conformal factor A € C®(Z \ {p1, ..., pm}), A > 0, that decays like |z|4 around each end in
the conformal charts: g = Ag. We can, for example, take A so that g agrees with the pullback
metric of the inverted surface ﬁ (assuming that 0 ¢ X (X)). The decay of the conformal

factor was chosen to extend g onto X, see (5) in [44]. The Jacobi operator transforms like
L= %L and it is now a Schrodinger operator on X.

Let B C C>%(% \ {p1, ---» Pm}) be the space of functions u that have the form u(z) =
Biln|z| + it; (z) in the local conformal charts around each end p;, where §; € R and u; €
CZ2(D( pi)). There is a natural way to equip 5 with a norm so that B is a Banach space,
see [44, Section 5]. We define

J = kernel L.
K:=Cc**x)ng
Ko := L(B)*,

where V1 denotes the L?-orthogonal of V with respect to . Note that K is the (classical)
space of (bounded) Jacobi fields on X. Pérez and Ros proved the following statements about
these spaces:

Lemma 3.5 (Lemma 5.2 in [44]) With the above notations, J, K and K satisfy the following
properties:

i) Ko={uekK:ulp)=0,1=<i<mj
ii) dim J = m + dim Ko.

Theorem 3.6 LetX : T\{p1, ..., pm} = R3 beacomplete minimal surface withm embedded
planar ends and 0 ¢ image(X). If there exists a logarithmically growing Jabobi field u on
X, i.e. dim J — dim K > 0, then the W-index of the inverted and compactified Willmore
surface [ := % is at least 1.

Proof The condition dim 7 — dim K > 0 means that there exists a function u € C>%(Z \
{p1, ..., pm}) which satisfies the following properties:

e Lu=0,
e u(z) = BiIn|z| + u;(z) locally around p;, for smooth functions i; € C2%(D.(p;)) and
Bi € R,
e Ji: B #0.
We use the notation 8 := (81, ..., Bm).
If we knew that ), B; # 0, then a version of the formula for the second variation of the
Willmore functional would give us at least one direction that decreases the Willmore energy of
the inverted surface %, see [16, Theorem 3.4]. For that, we would define v := vy + ﬁ and

compute 82 (v, v). But we cannot guarantee the condition >; Bi # 0 apriori. Therefore,
we need to “replace” v by a suitable function constructed out of u, where we “switch the sign”
at one end. This is done already in Lemma 4.5 and Corollary 4.6 in [16]. For the convenience
of the reader we repeat the proof here.

For the logarithmically growing Jacobi field u we construct a function x with the following

properties: ﬁ € W*2(2,dpg) and
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° |Ag)(|2 =16o0n X;
e around each end p; it has in local conformal coordinates an expansion of the form

x(@) =il X(@)* + %i(2)

for some o; € {—1, +1} and some smooth ¥;;
e ifo = (01,...,0p)theno - B #0.

This is proven in [16, Lemma 4.5]. We repeat the most important steps: If ) ; 8; # 0, then
we are done by defining x := |X|2. If >; Bi = 0, then we proceed as follows: We can
assume f1 # 0. Then we will construct a function x with the desired properties which
has 0 = (—1,1,...,1). Then we have that o - 8 # 0. To construct such y, first find a
function w that agrees with —|X REN Dg (p1) and with | X Zon % \ D¢ (p1) by multiplication
with an appropriate cut-off function. Then we define n(x) := 4(1 — 2 - 1p_p))(x) and
f(x) := Agw(x) —n(x). The function f was constructed in a way that it is supported in the
annulus D¢ (p1) \ D% (p1) and it is bounded. The same holds for the function %f, where A
is such that g = Ag.

By Lax-Milgram on the compact surface X, the operator A; = %A g - w22z,
dpg)— L3(X)isonto.Leth € W22(Z, dp;) bethesolutionof Ay = %f.Then X :=w—h
has all the desired properties.

The final step is to compute the second variation of W. Define w; = x + tu €
W22(2,dug) and v, = ‘;12. Note that x = o0;|X|?> + % and u = B In|z| + &, for

smooth ¥;, #; around each end p;. Thus, we use the formula for the second variation of W in
the direction v; of the inverted surface f := I X|2 from Theorem 3.3 in [16]. For every small
€ > 0 the formula reads

W) vy, vr) = / L (Lwp)? dpg

Z\UL| De(pi)

a1 X|?
—22 / ' ' +87to - B+ Re

0D (pi)

= / T(LX)* = 28,|XPdpg
E\Ul‘m 1De(pi)
+ 8nto - B+ Re
2

/ L (8ex +192x) = Hagx P
E\U,mlee(Pi)

+8nto - B+ Re
/ (Agx +%|Vv|§)<) IVolsx dpg
S\UL, De(pi)

+ 8mto - B+ Re.

As |Vv|§ = —2K, is decaying very fast towards the ends (see (9) in [16, Section 3]) and as
the error term R, converges to zero, we can pass to the limit € — 0. The result is

62W(f)(vt,v,)=/ (Mex + HIVV2x) IV 2x dig + 8710 - B
z

=cy +8mto - B.
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We have constructed x so that o - 8 # 0 which implies 2W(f)(v;, v;) < 0 for a suitable
t eR. o

Corollary 3.7 Let f : 8* — R3 be a W-critical sphere withW(f) = 161. Then the W-index
of fis 1.

Proof After inversion of f we get a complete minimal sphere X with 4 embedded planar
ends. It was proven by Montiel and Ros [39, Theorem 25] that such a surface has area-index
4 and area-nullity 5, i.e. dim I = 5. Corollary 3.3 shows that X and its conjugated minimal
surface X* are spiny. We use Lemma 3.4 to see that the support function # = X - v of X and
the support function # = X* - v of X* are linearly independent bounded Jacobi fields on X
such that u(p;) = 0 = u(p;),i = 1, ..., m. Note that we have used that X and X* have the
same Gaul} map which implies that # is a Jacobi field of X. A way of seeing this is that the
family X () = N( f e'! @) for the null curve ® = X +i X* is a deformation of X by complete
minimal surfaces. As a consequence, i = %X(r)|t=0 -v = —X*.visalJacobi field of X,
see [44]. The mentioned deformation X (¢) was studied in [47]. Using Lemma 3.5 (by Pérez
and Ros) we have that dim g = 2 and

dmJ —dmK=6—-5=1.

The previous theorem shows that the YW-index of f is at least one. In [16, Proposition 1.7]
we showed the upper bound Indy, (f) <m —d = 1. O

Remark The above approach uses the “spininess” of the surface. Theorem 3.2 shows that the
minimal flowers and certain deformations of them are spiny. To the best of our knowledge,
it is unclear whether all minimal surfaces with embedded planar ends in R? are spiny. In the
recent work [31] it is shown that there are minimal surfaces with embedded planar ends in
R* that are not spiny. A minimal sphere with three embedded planar ends is constructed in
R* where two of the three ends are parallel. This implies that the three asymptotic planes
have an empty intersection. (The article [31] also contains several interesting existence and
non-existence results about minimal surfaces with embedded planar ends.)

4 The density at infinity

In the following we explain how the formula for the second variation of W on an inverted
minimal surface with embedded planar ends can be used to refine the notion of density at
infinity for that minimal surface.

Lemma4.1 Let X : ¥ — R3 be a complete minimal surface, g = X*8 the pullback metric

on X, vy the unit normal along X and f = io X = & with corresponding normal
vp =vx —2(X -vx) ﬁ along f. Let Lyp = Agp — 2K, be the Jacobi operator (for

the area functional) of X. Then we have that
L, (|X|2v(;) =4k fork=1,2.3, (12)
where v? = vy e and vé‘( = vy - €.

Proof Fori(x) = ﬁ and f =i o X the formula

l)f:vx—Z(X-vx) (13)

X[
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provides a unit normal along f. The choice of the sign of v 7 is consistent with the sign choice
in [36] and [16]. Using (13) we get that

L, <|X|2vl}) =L, (|X|2u§) —2L, ((x : vX)Xk> — 1211

In the following, we compute everything in a conformal parametrization over U C C.
We can choose for example the Weierstra} representation. We have that ¢ = ¢**§ and
Lep = e P Ap — 2K ¢ for the Euclidean Laplacian A. As X is minimal and conformal,
we know that AX* =0, Lgv’)‘( =0and Ag|X|2 = 4. We compute

I =|XP2Agv% + 272 Vk . VX + 4ok — 2Kk X |2
= 4ok +4e P90k a, X' X!,
where we use summation convention for doubly-repeated indices. The second term gives
1T = (Ag (X -vx)) X+ 27V (X - vy) - VX — 2K, (X - vy) X*
= XX agvf + 272V X! 9ok ]
+2e7 2V (X -vx) - VX* — 2K, (X - vy) X¥
=27 VX' . Vol XK 4 2e7 VX! VXKV 42070 L v X!
=2¢72 (04 9;X vy 8, X* + Vvl - VXF x)
=2¢7 Vvl - vXh X!,
where we used
e VXVl =79, (9;X - vx) —vx - AgX =0.

Asdjvx = (9jvx)" = e 20vx - 9 X 0, X we get that v} = —e vy - 8,0, X 0, X°.
We collect all terms and get

L, (|X|2v’;) — 1211
= avf +4e 2 x! o050, X - 0,00, X"
= v = 4e™ X v - 000X 9 X* 0, X! = v - 88X 0 X0, X4}
k
= 4vy.
O

Corollary 4.2 Let X be a closed surface and X : £\ {p1, ..., pm} — R> a complete minimal
immersion with m embedded planar ends at pi, ..., py. With the choice of the coordinates
described in (11) we have that

1i / du, -2V (14)
m —_ =
e—>0 . e 62 ’

where ¢ := Z\ /L, De(pi).

Proof We translate the surface X such that 0 ¢ X (X). Consider the smooth Willmore surface
X = ﬁ =i o X. Any component of the normal v]]i is a smooth WW-Jacobi field because
the Willmore functional is translation invariant. We use the formula for the second variation
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of W for a smooth variation proven by Michelat [36, Theorem 4.7]. Note that a term with
the notation Res, (X, U) appears in his formula (see Definition-Proposition 4.6 in [36]). We
have scaled our coordinates around an end in such a way that Res, (X, U) = 2 (see also
Remark after Lemma 3.1 in [16]). We also use Lemma 4.1 to get that

0=8W(H 4. vp) = lim {;/X ( (|X|2v’f‘->)2dug - Z 86—’2’ (u’;-(pi))2}
= lim {8/2 (uﬁ)zdug — ,ﬁ: i—f (vfc(pi))zl :

We sum this equation for k = 1, ..., 3 and get that
m 8w
0=1m 8 | dpug———71.
egr}) { /):6 Mg 62 }

Remark Corollary 4.2 shows that €2|X (£ \ U, De(pi)) | = m 87 + o(e?). Whereas the
monotonicity formula for minimal surfaces implies that

[}

e €2|X(Z) N Bi1|

is non-increasing and converges to m. Recall that for sufficiently large Ry > 0, due to our
assumption that all m ends are planar and embedded, we have

m
X(2)\ Bry = Gu; N B,

i=1
where G,,; denotes a minimal graph over the ith end p; satisfying the estimates
Ci X
x|

|Vui| = O(|x|7?)

ui(x) = b + —— + 0(x| %)
(compare [48, Chapter 2, Proposition 1]). Hence an easy calculation shows thatfore << Ry !
mim )
[X(Z)N Bél =7 + O(Ry) + |X(Z) N Bg,l.

Thus one can consider Corollary 4.2 as an “improved convergence” estimate, if one is allowed
to deform the Euclidean ball B, appropriately.

5 The equivariant index and the sign of eigenfunctions of the Jacobi
operator

Here we consider the equivariant index of a Willmore immersion invariant under a cyclic
group of isometries. Examples are the minimal flowers from Sect. 2. We use the notation and
definitions of the index form §2)V and the Jacobi operator Z of the Willmore functional W
(see Definition 2.3).

Lemma 5.1 Ler S: R? — R3 beanisometryand f: £ — R3 a 2-sided Willmore immersion
that is not a multiple cover. If f is invariant under S, that is S(f (X)) = f(X), then
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i) Sinduces an isometry I : ¥ — ¥ and
ii) the index form 8*W is invariant under the action of 1, in particular

Zwol) = (Zu)ol.

Proof i) We show that there is a uniquely defined map 7: ¥ — X such that
Sof=folandSov=0vol (15)

where 0 = 1 if S is orientation preserving and o0 = —1 otherwise. It is enough to check
it locally. Fix any z € ¥ and p = So f(z) € f(X). Since f is an immersion of a
compact surface, we have FYp) = {wo, ..., wy} for some m < oco. If m = 1, the map
1 = f_1 o S o f is well-defined. If m > 1, we may choose local neighborhoods z € U,
w; € V;in X together with a 2-dimensional plane 7y such that So f(U) and f (V;) are graphs
of functions u: mg — R, v;: 79 — R. Since f is a Willmore immersion, the functions u, v;
are analytic. Hence u can only agree with a single v; for some fixed j. Therefore I is
well-defined for m > 1 as well.

ii) Let w € C°°(X) be arbitrary and note that for the variations f; = f + ¢t(w o I)v and
f, = f + twv we have

fi(x) = fx) + 1w (x) v(x)
= SN FU ) + tow(I (x) ST W (x)))
=S +orwn)I(x) = ST (for (1))

Since the Willmore energy is invariant under isometries of R? and does not depend on the
chosen parametrization, we deduce that

W) = WS o foro 1) = W(for).

Differentiating twice in ¢ give

[ Z(wol)woldug =02/ Z(w)wdg =/ Z(w)wdg.
z b b
The polarization identity implies
/ Z(wol)woldug =/ Zw)wdug,
by b}
for all v, w € C°°(X) which proves the claim. ]

Remark The above result holds true as well in the non-orientable and higher codimension sit-
uation. The presented argument does neither rely on the orientability nor on the codimension.
The argument in i) essentially carries over to the higher codimension case. In ii) one only
needs to observe that for given any w € C*° (X, N(X)) the variation S~1w o I is admissible
as well. Hence, one considers f; = f + S~ 'w o I and gets

fi=SYf+tw)ol.

Theorem 5.2 Let f : 82 — R3 be a closed, immersed Willmore sphere such that X := If% :
S\{p1, ..., p2p} = R", p € N, is a complete, immersed minimal sphere with 2 p embedded

planar ends. Assume further that f has an orientation reversing 2 p-fold rotational symmetry
around an axis of symmetry going through 0 = f(p;) = f(pj) foralli, j € {1, ..., 2p}.
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Underthese conditions, the subspace of p-fold rotation-symmetric variations of f decreas-
ing W to second order is 1-dimensional. (If p is prime, all other variations corresponding
to negative eigenvalues of Z break the symmetry.)

Proof After a rigid motion, S corresponds to the rotation about the x3-axis by the angle Z.
We note that Corollary 2.4 together with [16, Proposition 2.9] yields that if f; is a smooth
family that preserves the 2 p-fold orientation reversing symmetry, we have that

d2
0= ﬁW(fz) = /E Z()vdpg, (16)

where vv = %h:()ft.
Furthermore, we are in the setting of the previous lemma. Hence S induces an orientation
reversing isometry I : S — S? defined by

Sof=folandSov=—vol,

and the operators Z and / commute. We conclude that / leaves the eigenspaces of Z invariant:
for any Z(u) = Au, we have

Z(wol)=(Zu)ol =Auol.

Thus, I acts as an orthogonal transformation on the eigenspaces of Z. Over C, we can
diagonalize Z and I simultaneously. Since I is the generator of a cyclic group of order

2p, its eigenvalues are elements of {e’% : k € N}. We denote the A-eigenspace of Z by
E()\) = ker(Z — Ald). Furthermore, let us order the planar ends p1, ..., pz, such that
I(pi) = piv1 with p1 = pap1.
Claim 1: Let o be areal eigenvalue of / on E(A), A < 0, then o = +1.

We clearly must have o € {—1, 1}. Assume by contradiction that 0 = —1, thatis u(I (x)) =
—u(x). We claim that, under these assumptions, the variation f; = f + fuv preserves the
2p-fold, orientation-reversing symmetry which leads to a contradiction for A < 0 due to
(16). We calculate

S(fi(x)) = S(f(x) +tu(x)S((x)) = f(I(x)) — tu(x)v(I(x))
= fU(x) + tu(I(x)v(I (x)) = fi(1(x))

to see the preservation of the given symmetry for o = —1.

Claim 2: ker(I — (+DId) N, - E(A) is at most 1 dimensional.
Suppose this is not the case. Then we can find two orthogonal eigenvectors u1, us of Z in
ker(I — (+1)Id). Since § generates the cyclic group, that is I(p;) = p;4; for all j and
u; oI = u;, we have that u;(p;) = u;(py) for all j. We must have u;(p;) # 0 because
otherwise the variation f; := f 4+ fu;v would not reduce the multiplicity at p;, which would
then create the following contradiction:

d2
0<—SW(f) 2/ Z(uj)u;jdpg < 0.

dt >
Leta := % and v := u; — auy. By our choice of o we have v(p;) = 0 for all j. But
now, the same argument as above yields a contradiction:

2
0<—

~ dr?

where we used the variation f; := f + fvv.

Wi = [ Zurdug +o? [ Zuadug <o
> 2
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Claim 3: If dim(E (1)), A < 0, is odd, then ker(/ — (+1)id) N E(1) # {0}.

We can diagonalize I on E(A) over C. Since the complex eigenvalues of / come in
conjugate pairs, there must be at least one real eigenvalue o. Now the claim follows by
Claim 1.

The three claims together prove the statement because the index of f is 2p — 3, an odd
integer. This follows from Corollary 2.6. O

Remark This theorem supports the second author’s idea [19] that the compactified minimal
flowers arise as VW-minmax surfaces for cyclically-symmetric eversions (paths of immersed
spheres joining oppositely oriented round spheres).

i) It is unclear whether the variation corresponding to the lowest eigenvalue of Z on f is
p-equivariant. At this point we cannot decide this statement. The above proof shows
that finding a simple negative eigenvalue identifies the most symmetric variation.

ii) The existence of a p-equivariant negative variation can also be shown by using represen-
tation theory: A standard result from representation theory tells us that every irreducible
real representation of a cyclic group is either 1- or 2-dimensional. If it is 1-dimensional,
then it is either trivial (meaning ¥ = u o [) or it is the “sign” representation (meaning
uol = —u). Since the YWW-index of f is odd, we get that there is at least one 1-dimensional
irreducible, real representation corresponding to the isometry /. The “sign” representa-
tion can be ruled out by the same argument as in Claim 1 in the proof above.

iii) The minimal flowers (see Sect. 3) found in [19] satisfy the condition of the theorem.

iv) The proof shows that also other topological types with the symmetries described in the
theorem above have a 1-dimensional negative eigenspace of p-symmetric variations if
their WW-index is odd.

v) The statement of the theorem above was conjectured by the second author [19,
Remark 3 (ii)] and illustrated in [12], Section 1.

Another interesting question is whether the negative-Hessian variations—in particular, those
corresponding to the lowest eigenvalue—have a sign change. We can answer this question
in the following case.

Proposition 5.3 Let f : & — R3 be a Willmore surface that arises as a complete minimal
surface with m embedded planar ends X : ¥\ {p1, ..., pm} — R3. Let v € C®(X) be an
eigenfunction corresponding to an eigenvalue of the Jacobi operator Z for WV satisfying the
condition v(p;) = vo foralli =1, ..., m. If v is non-negative or non-positive, then A > 0.

Proof Since the eigenfunctions are smooth on X, we can use the formula of Michelat [36]
for the second variation of V. Using also v(p;) = vy this formula reads ( [36, Theorem 4.5]
and [16, Remark after Lemma 3.1])

8mm

1
2 T 2 . 2 .
SW(f) (v, v) _slir%){2/g€(Agw 2K,w) dug 2 },

where w = | X |2v, and X := X\ Ul’-":1 D (p;) for our choice of conformal coordinates z,
De(p;i) == 27" (Be), see Sect. 3. Using A4 (|X[*vg) = 4vg and (14) we compute

. 1 8tm
FW() (W, v) = 315‘0{5 /E 6 (Ag(IX*(v = v0)) + 4vo — 2K w) dpug — 7}

1
= lim 5 | NP = 1) - 2K, X P
e—02 e

+4v0/ (Ag(IXPP(v = v0)) — 2K X Pv)d .
Xe
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The term fzE Ag(1X 1>(v — vo))d i, is a boundary term. As we are in the smooth setting, we
get that

(X120 —v)
Te ar -

lim/ Ag(IX1*(v — vo))d g = lim/ 0.
=0 /)y, e—0 Jy
This can for example be seen by doing a Taylor expansion of v at p; and multiplying this
expansion by | X 12. By subtracting vg from v we eliminated the leading term in | X 12(v — vp),
which then is only a linearly growing term towards the ends. It was for example shown in
[36, Proof of Theorem 4.5] that only the quadratically growing term in the boundary term
has a non-vanishing limit when € — 0 in the smooth setting.

Combining the above calculations we get that

1
FEW( (@, v) = lim / (Ag(IXP(v = v9)) — 2K X[v)* — 16v9K ¢ | X [Pvd pag.
e

For a minimal surface we have K, < 0, which implies that 62W( f)(w,v) > 0if v has a
sign. In other words, the eigenvalue A cannot be negative. O

Corollary 5.4 Let f : S — R3 be the Morin surface. Then the eigenfunction v of the Jacobi
operator Z of W that corresponds to the negative eigenvalue of Z on f can be chosen such
that v(p;) = vy > O foralli =1, ..., 4. Then v must have a sign change.

Proof The W-index of the Morin surface is 1 due to either Corollary 2.6 or [16, Theo-
rem 3.5]. Let u € C®(S?) be the eigenfunction corresponding to the negative eigenvalue.
Since Z is self-adjoint we can add elements of the kernel of Z (i.e. WW-Jacobi fields) to u
without changing the second variation: for every v := u + j, j € kernel(Z), we have that
82W(f)(u, u) = 82W(f)(v, v). In [16, Theorem 2.3] we used known YV-Jacobi fields on
a Willmore spheres—namely those coming from the translation invariance of YW—to show
the upper bound Indyy (f) < m — d. For the Morin surface, this approach implies that we
subtract suitable linear combinations of j = (vy, a) for vectors a € R3 in order to arrange
forv:=u— Z?zl(Uf, a;) the property v(p1) = vo > 0 and v(p2) = ... = v(py) = 0.

We will now use the symmetry conditions of f. It can be computed that the unit normals
of f span a regular tetrahedron. In fact, in the parametrization of the second author from
[19], we get that vy (p1) = (¢, 0,d), v¢(p2) = (—¢,0,d), ve(p3) = (0,¢, —d), v¢(ps) =

0, —c, —d) for ¢ = \/g and d = \/g In the following we use v’} = (vy, ei) for the

coordinate functions of vy. Defining v := v — v}% we arranged v(p1) = v(p2) = ”2—0 and
v(p3) = 0 = v(py). Then we define v := v — V?‘%)j which implies v(p;) = %0 > 0 for all
i =1, ..., 4. We use Proposition 5.3 above and W@, 7) > 0to get a contradiction if ¥ has
a sign. O

Appendix A: Real projective planes with embedded planar ends

We show a minimally immersed real projective plane with embedded planar ends must have
at least 3 such ends (compare Sect. 2).

Proposition A.1 There is no minimal RP? minimally immersed in R" with two embedded
planar ends.
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Proof First observe [19] (or by the extended monotonicity formula [10]) that any (branched)
immersed minimal surface in R" with finite total curvature and two embedded ends must
be embedded. Moreover, it lies in some R* due to Lemma 2.1. We will use the Weierstral
representation on the orientation double cover to rule out a minimal embedding X : RP2 \
{q1. ¢} — R

Step 1: A “good” parametrization for X:

Because RP2 has a unique conformal structure, we may assume the embedding
X: RP?\ {g1,92} — R* is conformal. Thus there is a conformal parametrization
X: 82 \{p1, p2, I(p1), I(p2)} — R* of the orientation double cover with X = Xol, where
the antipodal map 7 : S> — S? is the orientation reversing order-2 deck transformation. This
follows from the fact that (up to Mobius transformation) / is the only antiholomorphic invo-
lution without fixed points on S2, which we identify with C = CU oo via stereographic
projection. After rotation we can assume that p; = oo (the north pole). Hence we have a
minimal immersion

- ~ ~ 1
X:C\{0,p,I(p)} — R3 with X = X o I where I1(z) =—-. (17)
z

After a further rotation we may assume that p € R.
Step 2: The Weierstral3 representation on the orientation double cover:
Recall that ¢ = 9.X: C — C* is a meromorphic function satisfying the following
properties:
i ¢* =0
ii) around each finite pole p; it has the expansion ¢ (p; + z) = ;‘—‘2 + hi(z) and at oo it
satisfies ¢ (z) = aoo + j—zhoo(%) where h;, hoo are holomorphic in a neighborhood of 0;
iii) ¢(z) =¢ol o:1.
Property (i) encodes that X is conformally parametrized, (ii) encodes that each end is embed-
ded and planar, (iii) comes from differentiating (17). We deduce immediately:

0) Since we have two pairs of poles as in (17) and p is real

2

b cl op
== +b+ + )
¢+ 2T E=p? U+ pa)y

1) Combining i) and ii) gives
a?=0, a;-hj(0)=0, hi(0)>=0foralliandi = ooc.
2) Combining 0) with iii) gives b; = byandc; = & p2 hence
) 2
cp cp
7T 2"
(z—p)» A+ p2)

b -
$@)=5+b+
b4
In particular we deduce that

ho(0) = b + (¢ + p*c)

2 4
cp b - 1 cp - 2)
h,(0) = ———— —4h)= — | — b+ b
p() (1+p2)2+([72+ ) p2 <(1+p2)2+( + bp7)

Due to iii) we have hx,(0) = ho(0) and 7y (0) = pzhp(O) .
Property i) implies 5> = 0, ¢* = 0. We use this together with

(@ + p*c)? =2|c|?p? and (b + bp*)? = 2|b|*p?
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to get these four equations

0= %(ho(o))z =b- @+ p*c)+lcl*p? (18)
0= 2,0t = —2 e bt bpD) + 6P (19)
27 (14 p)?
0="5b-ho(0) = |b>+b-(+ p*c) (20)
0:6-@&»:1(M%ﬁ+5-w+ﬁp%> 1)
P2 \(1+p?)?

for the parameters. Note that if v, w € C" satisfy the condition Im(v - w) = 0 = Im(v - w),
then we must have

Re(v) L Im(w), Im(v) L Re(w). (22)

Since we are still free to choose a coordinate system in R* we can assume without loss of
generality that ¢ = e + iep and so |c|> = 2. Writing b = B + iy for B = (B1, 2. B)), y =
(71, v2, ¥') € R* Hence we have

@+ p?c) = (14 pHey —i(1 = pYerand (b + bp?) = (1 + p?)B +i(1 — pP)y

we deduce from (22) applied to the combination (18)&(20) and the combination (19)&(21)
that

vi=y-eg=0=8-e2=p.
But this implies that 5 translates to
By =0and |12 =yi Iy'I> = Bf = IbI* =207 + 3) (23)

Hence we can calculate (18)-(21) more explicitly to be

0=+ pHp — A —pHy +2p° (24)
2
__r 2 _ .2 2
0= G527 (1 +p>B1 — (1 — pHy2) + 1b] (25)
0=+ pHBi+ 0 —p>y+ b (26)
4

0=1+pHpi+1—pHy+ 27)

_r
(1+p?»?
Comparing the last two immediately gives
2 4
b= —E
I+ p%)

(This is consistent with the comparison between (24)&(25).) Adding (24) to (26) and sub-
tracting them gives

L+ pH? +p?

21+ P = b +2p7 = 2p2
1+p2)2_p2

2(1 — p? :22_1,2:22(7
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The second equality forces 0 < p < 1, and we summarize

L+ p) 4P » (+pH*—p°

= ndy =p° ——5——-
8 A+p7 P TPapa- )
Finally we may recall (23) hence 0 < p < 1 must be a zero of
2p*
2 242 L S
p1(p) y2(p) A+ )2

or

(1422 +p?)° (A +pH2—p?)

1+ p»H* (1+p)2(1 = p?)?

But since the function

PR (((1+x)2+x)2 ((1+x)2—x)2>

(14 x)2 (14 x)2 (1 —x)2

is increasing on the interval (0, 1) and satisfies f(0) = 2, there is no solution x = p2 € (0,1
for f(x) = 1. We conclude that there is no minimal R P2 with two embedded planar ends. 0

Appendix B: Lower semi-continuity of the index

We split the version of lower semi-continuity needed for our argument into two steps. The
first (Proposition B.1) addresses lower semi-continuity of the Willmore Morse index for a
sequence of closed, compact Willmore immersions that converge in C3. The second (Propo-
sition B.3) shows that the inverted and compactified Willmore immersions associated to a
convergent sequence of complete minimal surfaces (such as a sequence arising from the
SO (n, C)-deformations in Lemma 2.2) must actually converge in C 3,

Proposition B.1 If fi: ¥ — R”" is a sequence of closed Willmore immersions converging in
C3 1o a closed Willmore immersion f: X — R", then

Indyy (f) < lim Indyy (fi)- (28)

Proof Recall that the index of a bilinear operator such as 82W(f) is characterized as
Indyy (f) = max{dim(L): L alinear subspace of I'(NsX) s.t. SZW(f)|L < 0}.

Hence (28) follows by showing that for every v € I'(N;X) there exists a sequence Uy €
['(Ny %) with

lim SW(fi) Bk, Tr) < W)@, D). (29)

Since fy — f in C3 we can define projection operators Py (x) that are the orthogonal
projections of N, (x) X onto N f(,) X. They converge under the above assumptions uniformly
in C3(X). Given v € I'(N;X) we just choose v (x) = Pi(x)v and note that 7 — © in
C?(X). Because the W-Jacobi operator Z 1 is a fourth-order operator whose coefficients
depend? only on third derivatives of f, we deduce (29). O

2 The first variation depends only on H and second order derivatives of H, hence the second variation depends
on at most three derivatives of A. After integrating by parts this implies at most one derivative on A for the
coefficients.
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Definition B.2 A sequence of meromorphic differentials ¢ converges to ¢ if for every com-
plex chart z: U — By C C and ¢ (z) = mp(z)dz, ¢(z) = m(z)dz thq meromorphic
functions satisfy limy my (z) = m(z) in the topology of the Riemann sphere C.

Proposition B.3 Let Xi: X\ {p'f, s pfn} — R"™ be a sequence of complete minimal surfaces
with planar embedded ends at { p]f, ey pfn} C X that induce the same conformal structure
J: X — X. Suppose the meromorphic differentials 9, Xy dz converge to the meromorphic
differential 9,X dz of a complete minimal surface X: X \ {p1, ..., pn} — R" with planar
embedded ends at {py, ..., pp}, and 0 ¢ X(X). If there is one point ¢ € E\{p1, ..., P}
such that limg X (q) = X(q) then the inverted and compactified Willmore surfaces converge
in C3:
Xk
| Xk

X

C3
— = —=
/ X2

Jk

Proof To deduce the convergence of f; one could use the regularity theory for Willmore

surfaces. But since there is a direct proof using the Weierstrass representation, we present it
here.

Letz: U — B; C Cbeaconformal chart withUN{pyq, ..., ps} = . Thisimplies that (in

these coordinates) d, X (z) is holomorphic. Thus, the convergence 9, X (z) dz — 9, X(z) dz

implies that limy 9, X (z) = 9, X (z) pointwise in B 1 Since this is a sequence of holomorphic

functions, we deduce that 9, X —C:O—> 0;X. The fact that ¥ \ {p1, ..., p;u} is connected and
that there is one point ¢ in this set where limy X (¢) = X (g) the above consideration implies
that limy X = X locally uniformly in C[(E\{pl, ..., pq}) for each /. Because 0 ¢ X (X),
there is a constant ¢ > 0 such that |X(p)| > 2c¢ for all p € X. Given any compact set
K e 2\{p1,..., pi} we have |Xix(p)| > c for all p € K and k sufficiently large due to
the local strong convergence. Thus we conclude the local smooth convergence of fi to f on
Z\{p1,.... P}

It remains to check the convergence in a neighborhood of each end p;: We fix a complex
coordinate z around p; such that z(p;) = 0. Hence without loss of generality we have in
By, the expansion

X.dz = <—:7 + Y(z)) dz

with |a|? = 2, a> = 0 and Y being a holomorphic bounded function. From the convergence
of meromorphic differentials, we deduce that X has a similar expansion:

_(__ %
(Xp);dz = ( " + Yk(Z)> dz

where a,% =0, |ag|*> = 2 as |z| | 0, and with Y} holomorphic and bounded converging to
Y. These expansions imply that

X(z) = 0 (3 + /Z Y (w) dw + c) =9 (9 n ?(z))
z  Jo z

n@ﬁﬂ% a +/3ﬂwmww0=m<;£7+ﬂ@).
0

Z— Zk Z — 2k

Due to the above-established convergence outside the ends we have that the constants satisfy
cx — c. Using 2|§R(q)|2 = |q|2 + 9{(:]2) we compute

20z — uPIXk @)% = lax + (z — 20 Vi (2)
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+ 9N (2(z — ) ar - (@) + 1z — Zk|2f’k(Z)2) ,

where we have made essential use of a,% = 0. The right hand side is clearly bounded and
converges in C* to

202P1X@)1* = la+z2Y 2)> + % (zza Y (2) + Izlzf’(z)2> )
Since the same holds true for
20z = %PXi@ =29 (E= 2o + Iz - 2P h @) —
20 (za + |z|2?(z)) =21z2X(2).

The smooth convergence of fi(z) to f(z) follows now also in a neighborhood of each end.
O

Appendix C: Self-adjointness of the Willmore-Jacobi operator

In this section we argue why the index form associated to the Willmore energy on a compact
surface is symmetric. We also give a short argument why the WW-Jacobi operator is L2-self-
adjoint.

Step 1: The index form corresponding to the second variation of WV is a symmetric bilinear
form on the space of C2-sections of the normal bundle on a compact surface.

Proof of step 1: First we recall that the Willmore energy is a second order geometric
energy on the space of immersions that only depends on first and second derivatives of the
immersion f : ¥ — R”, i.e.

1
)Wﬂ:ZAH@ﬂWﬂW

where H (P, M) is an analytic map. For any two C2-regular vectorfields v; € C(NfX) we
define the function

Fx1, x2) i= W(f +x'01 + x%02)

for (x1, x2) € (—e, €)2. The analyticity of F in (xy, xp) implies that its Hessian is a symmetric
linear map at (0, 0). Since ¥ is compact we deduce that §2W(f) is a bilinear symmetric
form on C2—regular sections v € [(NyfX),ie.

82W(f)(ﬁ,zb)=/ Y AwpdvdPidp, (30)
 jal,|8I<2

where the coefficient matrices are algebraic expressions in at most two derivatives of the
immersion f. The symmetry assures that Ay g = Ag . Hence we get that the associated
Wh-Jacobi operator Z is formally self-adjoint (also called symmetric) on C-regular sections.
Step 2: The closure of Z on L? is self-adjoint, and the eigenvalues of Z consist of a (discrete)
sequence of numbers (with finite multiplicity) which is bounded from below and with oo as
its only accumulation point.

Proof of Step 2: In order to study the eigenvalues of Z and to show that the closure of
Z is L2-self-adjoint, we are interested in the highest-order part of Z. We use the specific
structure of the Willmore integrand H (Df, D? f) = |ITI 12du. We only need to determine
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|8,1LTI|2 for the family f; = f + 9. Itis classical that & H = ALy — F(A2)v, where F(A2)
denotes a quadratic operator in the second fundamental form A [27, p. 10]. We deduce that
the highest order part in (30) is |AL7|2. Thus, a coercivity estimate follows from (30): for
all v € I'(NyX) one has

FEW(H(@, D) = Z/ |ALT12 dp —C/ |D3%)? + |D*5)* + |D* + )2 dp. (31)
> >
Combining (30) & (31), and using interpolation, we have for all v € I'(N )
1 B B - oy
gf |D2v|2du—0/ 151> dp < 8W(F)(@, D) < C/ |D*5)> + 3% dp.
> = 2

Applying classical functional analysis to the operator Z : W22 — L> ¢ (W>?) we
deduce self-adjointness [51, Satz VII.2.11 on p. 378] and the discreteness of the spectrum
[11, Section 6.5.1].

Acknowledgements We would like to thank Karsten Grofe-Brauckmann for several illuminating discussions
throughout the project, and we appreciate Alexis Michelat pointing out several recent references. The first
author was partially supported by the German Research Foundation in context of the Priority Program SPP
2026 “Geometry at Infinity”. The second author is grateful to CIRM in Luminy and FIM at ETH Ziirich for
hosting his visit to Europe in May and June 2019 when this collaboration commenced, and he also enjoyed the
support of KIMS and Coronavirus University during the pandemic. The third author is financially supported
by the German Research Foundation (MA 7559/1-1 and MA 7559/1-2) and she is grateful for the support.

Author Contributions All three authors contributed equally to this manuscript.
Funding Open Access funding enabled and organized by Projekt DEAL.

Data availibility statement Data sharing not applicable to this article as no datasets were generated or analyzed
for this manuscript.

Declarations

Conflicts of interest Beyond the above-mentioned financial support, the authors have no relevant financial or
non-financial interests to disclose.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Apéry, F.: An algebraic halfway model for the eversion of the sphere (With an appendix by Bernard
Morin). Tohoku Math. J. 44(1), 103-150 (1992)

2. Banchoff, T.E.: Triple points and surgery of immersed surfaces. Proc. Am. Math. Soc. 46, 407413 (1974)

3. Bauer, M., Kuwert, E.: Existence of minimizing Willmore surfaces of prescribed genus. Int. Math. Res.
Not. 2003(10), 553-576 (2003)

4. Bernard, Y., Riviere, T.: Singularity removability at branch points for Willmore surfaces. Pac. J. Math.
265(2), 257-311 (2013)

5. Blaschke, W.: Vorlesungen iiber Differentialgeometrie und geometrische Grundlagen von Einsteins Rel-
ativititstheorie. III: Differentialgeometrie der Kreise und Kugeln. Bearbeitet von G. Thomsen. X + 474
S. Berlin, J. Springer (Grundlehren der mathematischen Wissenschaften in Einzeldarstellungen), (1929)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Geometry of complete minimal surfaces at infinity... Page290f30 190

14.
15.
16.

20.

21.

22.

23.

25.

26.
27.

28.

29.
30.

31.

32.

33.

34.
35.

36.

37.

38.

Bryant, R.L.: A duality theorem for Willmore surfaces. J. Differ. Geom. 20(1), 23-53 (1984)

Bryant, R. L.: Surfaces in conformal geometry. In: The Mathematical Heritage of Hermann Weyl (Durham,
NC, 1987), volume 48 of Proc. Sympos. Pure Math., pages 227-240. Am. Math. Soc., Providence, RI
(1988)

Castro, 1., Urbano, F.: Lagrangian surfaces in the complex Euclidean plane with conformal Maslov form.
Tohoku Math. J. 45(4), 565-582 (1993)

. Colding, T.H., Minicozzi, W.P., II.: A Course in Minimal Surfaces, Volume 121 of Graduate Studies in

Mathematics. American Mathematical Society, Providence (2011)
Ekholm, T., White, B., Wienholtz, D.: Embeddedness of minimal surfaces with total boundary curvature
at most 4r. Ann. Math. 155(1), 209-234 (2002)

. Evans, L.C.: Partial Differential Equations, Volume 19 of Graduate Studies in Mathematics, 2nd edn.

American Mathematical Society, Providence (2010)

Francis, G., Sullivan, J.M., Hartman, C.: Computing sphere eversions. In: Mathematical visualization
(Berlin, 1997), pp. 237-255. Springer, Berlin (1998)

Francis, G., Sullivan, J.M., Kusner, R.B., Brakke, K.A., Hartman, C., Chappell, G.: The minimax sphere
eversion. In: Visualization and Mathematics (Berlin-Dahlem, 1995), pp. 3—-20. Springer, Berlin (1997)
Francis, G. K., Morin, B.: Arnold Shapiro’s eversion of the sphere. Math. Intell., 2(4), 200-203 (1979/80)
Heller, S.: Willmore spheres in the 3-sphere revisited. arXiv:2003.06922, to appear in Comm. Anal. Geo
Hirsch, J., Médder-Baumdicker, E.: On the index of Willmore spheres. J. Differ. Geom. 124(1), 37-79
(2023)

Hoffman, D., Meeks, W.H., II.: Embedded minimal surfaces of finite topology. Ann. Math. 131(1), 1-34
(1990)

Hoffman, D.A., Osserman, R.: The geometry of the generalized Gauss map. Mem. Am. Math. Soc.
28(236), iii+105 (1980)

Kusner, R.: Conformal geometry and complete minimal surfaces. Bull. Am. Math. Soc. (N.S.) 17(2),
291-295 (1987)

Kusner, R.: Comparison surfaces for the Willmore problem. Pac. J. Math. 138(2), 317-345 (1989)
Kusner, R.: Estimates for the biharmonic energy on unbounded planar domains, and the existence of
surfaces of every genus that minimize the squared-mean-curvature integral. In: Elliptic and Parabolic
Methods in Geometry (Minneapolis. MN, 1994), pp. 67-72. A K Peters, Wellesley (1996)

Kusner, R., Mondino, A., Schulze, F.: Willmore Bending Energy on the Space of Surfaces, MSRI Emissary.
Spring, Berlin (2016)

Kusner, R., Schmitt, N.: The spinor representations of surfaces in space. arXiv:dg-ga/9610005v1 (1996)
Kusner, R.B.: Global geometry of extremal surfaces in three space. ProQuest LLC, Ann Arbor, M1, (1988).
Thesis (Ph.D.)-University of California, Berkeley

Kuwert, E., Schitzle, R.: Removability of point singularities of Willmore surfaces. Ann. Math. 160(1),
315-357 (2004)

Kuwert, E., Schitzle, R.: Branch points of Willmore surfaces. Duke Math. J. 138(2), 179-201 (2007)
Kuwert, E., Schitzle, R.: The Willmore functional. In: Topics in Modern Regularity Theory, volume 13
of CRM Series, pp. 1-115. Ed. Norm., Pisa (2012)

Lamm, T., Metzger, J., Schulze, F.: Foliations of asymptotically flat manifolds by surfaces of Willmore
type. Math. Ann. 350(1), 1-78 (2011)

Lawson, H.B., Jr.: Complete minimal surfaces in $3. Ann. Math. 92, 335-374 (1970)

Lee, H.: Minimal surfaces in R* foliated by conic sections and parabolic rotations of holomorphic null
curves in C*. J. Korean Math. Soc. 57(1), 1-19 (2020)

Lee, J.: Minimal surfaces in R? like the Lagrangian catenoid. J. Geom. Anal., 32(3): Paper No. 98, 22
(2022)

Li, P, Yau, S.T.: A new conformal invariant and its applications to the Willmore conjecture and the first
eigenvalue of compact surfaces. Invent. Math. 69(2), 269-291 (1982)

Marques, F.C., Neves, A.: Min-max theory and the Willmore conjecture. Ann. Math. 179(2), 683-782
(2014)

Marques, F.C., Neves, A.: The Willmore conjecture. Jahresber. Dtsch. Math.-Ver. 116(4), 201-222 (2014)
Max, N., Banchoff, T.: Every sphere eversion has a quadruple point. In: Contributions to analysis and
geometry (Baltimore, 1980), pp. 191-209. Johns Hopkins Univ. Press, Baltimore (1981)

Michelat, A.: On the Morse index of Willmore spheres in $3. Commun. Anal. Geom. 28(6), 1337-1406
(2020)

Michelat, A.: On the Morse index of branched Willmore spheres in 3-space. Calc. Var. Partial Differential
Equations, 60(4):Paper No. 126, 97 (2021)

Montiel, S.: Willmore two-spheres in the four-sphere. Trans. Am. Math. Soc. 352(10), 4469-4486 (2000)

@ Springer


http://arxiv.org/abs/2003.06922
http://arxiv.org/abs/dg-ga/9610005v1

190 Page 300f30 J. Hirsch et al.

39. Montiel, S., Ros, A.: Schrodinger operators associated to a holomorphic map. In: Global Differential
Geometry and Global Analysis (Berlin, 1990), volume 1481 of Lecture Notes in Math, pp. 147-174.
Springer, Berlin (1991)

40. Morin, B.: Equations du retournement de la sphere. C. R. Acad. Sci. Paris Sér. A-B 287(13), A879-A882
(1978)

41. Morin, B., Petit, J.-P.: Le retournement de la sphere. C. R. Acad. Sci. Paris Ser. A-B 287(11), A791-A79%4
(1978)

42. Morin, B., Petit, J..-P..: Problématique du retournement de la sphére. C. R. Acad. Sci. Paris Sér. A-B
287(10), A767-A770 (1978)

43. Peng, C.-K., Xiao, L.: Willmore surfaces and minimal surfaces with flat ends. In: Geometry and Topology
of Submanifolds. X (Beijing/Berlin, 1999), pp. 259-265. World Scientific Publishing, River Edge (2000)

44. Pérez,J.,Ros, A.: The space of properly embedded minimal surfaces with finite total curvature. Ind. Univ.
Math. J. 45(1), 177-204 (1996)

45. Riviere, T.: Analysis aspects of Willmore surfaces. Invent. Math. 174(1), 1-45 (2008)

46. Riviere, T.: Willmore minmax surfaces and the cost of the sphere eversion. J. Eur. Math. Soc. (JEMS)
23(2), 349423 (2021)

47. Rosenberg, H., Toubiana, E.: Some remarks on deformations of minimal surfaces. Trans. Am. Math. Soc.
295(2), 491-499 (1986)

48. Schoen, R.: Uniqueness, symmetry, and embeddedness of minimal surfaces. J. Differ. Geom. 18, 791-809
(1983)

49. Smale, S.: A classification of immersions of the two-sphere. Trans. Am. Math. Soc. 90, 281-290 (1958)

50. Thomsen, G.: Grundlagen der konformen Fldchentheorie. Abh. Math. Sem. Univ. Hamburg 3(1), 31-56
(1924)

51. Werner, D.: Funktionalanalysis. Springer Spektrum. Springer-Lehrb. Berlin, 8th revised edn. (2018)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Geometry of complete minimal surfaces at infinity and the Willmore index of their inversions
	Abstract
	1 Introduction
	2 Dimension of the span of the normals at infinity
	3 Asymptotic tangent planes
	4 The density at infinity
	5 The equivariant index and the sign of eigenfunctions of the Jacobi operator 
	Appendix A: Real projective planes with embedded planar ends
	Appendix B: Lower semi-continuity of the index
	Appendix C: Self-adjointness of the Willmore-Jacobi operator
	Acknowledgements
	References




