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Abstract 

Stability investigation of car-trailer combinations (CTCs) based on time-frequency 
analysis (TFA) is the focus of this thesis. A state-of-the-art survey shows that very few 
research activities were performed to study the influence of the coupling between the 
vertical dynamics and horizontal dynamics, particularly for the system stability analysis. 
Even for the normal passenger car, stability analysis is mainly focused in the horizontal 
plane. However, this dynamic coupling deserves more attention for CTCs due to their 
dynamically natural characteristics. Besides the static stability, the dynamic stability is 
of more concern for CTCs. 

Based on the theoretical foundation of the stability analysis for CTCs, a time-frequency 
analysis based parameter identification method (TFA-based PIM) is proposed, in which 
a linear single-track model (STM), a Moving-Time-Windowed-Fast Fourier transform 
(MTWFFT) analysis method and an evaluation algorithm for the instantaneous corner-
ing stiffness and the instantaneous effective axle load are integrated. It aims to study the 
time varying vehicle dynamics characteristics under harmonic conditions. Only com-
mon lateral and yaw measurements are necessary for the purpose of indispensible in-
puts. With this PIM, vehicle dynamics parameters can be estimated continuously in time 
domain with a high accuracy in case a suitable model representing the system (here is a 
linear STM) is available. Other vehicle dynamics parameters, like normalized axle 
cornering stiffness and instantaneous friction coefficient, are also available with such a 
method. Besides, the coupling between the vertical dynamics and horizontal dynamics 
is also discussed with the derivation of an effective axle load, by which the influence of 
a harmonic dynamic axle load on the axle cornering stiffness is described. Also, they 
can be cross-checked by the phases of the obtained complex values of the general pa-
rameters involved here. In principle, the TFA-based PIM can be applied for any time 
varying vehicle system, if its linear STM is available. This adaptability is a prominent 
advantage. 

For the analysis of the impact of the nonlinearity-induced harmonic dynamic axle load 
on the dynamic stability of CTCs, a complex driving dynamics simulation model of a 
CTC validated in the horizontal plane is utilized. With the PIM, the system characteris-
tics of the simulation model are adjusted aiming for those delivered from the CTC 
applied in the road tests. This original work introduces the analysis of nonlinear dynam-
ics to this thesis as an intermediate step to the ultimate intention, investigation of the 
influence from vertical dynamics on the system dynamic stability in the horizontal plane 
(e.g. influence from the damper characteristics in the suspension). Although impact 
study of harmonic dynamic axle load induced by undesired nonlinearity or failure of 
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some suspension component is the ultimate objective, interaction from harmonic dy-
namic axle load induced by original existing expected nonlinearity cannot be excluded 
because of many possible sources like the practical damper characteristics in the system. 
A theoretical analysis of the system dynamic stability and the influence of harmonic 
dynamic axle load on the axle cornering stiffness lay a solid foundation for a study of 
the harmonic influence on the system dynamic stability. Based on the TFA-based PIM 
including the effective axle load evaluation algorithm, the time varying harmonic effect 
found in the axle load in the experimental study is quantified. To simulate the influence 
of the harmonic wheel load oscillations, a synthetic force generator is applied, which is 
synchronized to the phase of the yaw rate with a defined phase shift. Hence, the sensi-
tivity analysis of the influence of the harmonic amplitude or phase of this force on the 
system dynamic stability is performed with a simulation model validated in the horizon-
tal plane. The relative phase shift of the harmonic force can induce a change of ca. 10 
km/h in vcrit while the amplitude change of the harmonic force can induce a change of 
ca. 10 km/h in vcrit as well (amplitude of the harmonic force is within 0.2-1.2 kN). 

The application scope of this novel TFA-based PIM is mainly identification of systems 
with time varying properties, which aims for the model identification to build up simu-
lation models. An application case, parameter identification of a car-caravan combina-
tion under its dynamically critical stable state, is performed for the purpose of a com-
plex simulation model validation within the range of linear lateral dynamics. The results 
show that the TFA-based PIM is effective and has great application potential in vehicle 
system dynamics. Moreover, based on the impact study of nonlinearity-induced har-
monic dynamic axle load, the change of the system dynamic critical speed is actually 
determined and so is the reason why the temporal changes of the system dynamic stabil-
ity can be explained by the fluctuations in the amplitude and/or the phase of the super-
imposed harmonic dynamic axle load. 
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1 Introduction 

1.1 Motivation and objectives 

1.1.1 Motivation 

Different from a single passenger car, every car-trailer combination (CTC) has a specif-
ic dynamic critical speed by which the system dynamic stability boundary is defined. 
From some physical models and experimental data, it is found that the dynamic critical 
speed has a close relationship with a parameter defined in the horizontal plane, yaw 
damping ratio. A CTC will exhibit actual dynamic unstable behavior when its dynamic 
critical speed is exceeded. At this speed, the yaw damping ratio of the system converges 
to zero and even becomes negative if the longitudinal velocity increases further. As a 
result, the yaw rate of the system increases steadily, which is normally expected to be 
avoided since it can cause a traffic accident1. 

Since car-trailer combinations (CTCs) have many types of variations particularly for the 
trailer, car-caravan combinations are in the research focus of this thesis. Although an 
articulated vehicle can also be represented by a similar mathematical model, there are 
mainly two big differences between a car-caravan combination and an articulated vehi-
cle. Firstly, the mass ratio of the trailer to the towing vehicle is different. It is normally 
below one for a car-caravan combination2, but can be bigger than 10 for an extremely 
huge articulated vehicle3. Secondly, they have a different coupling at the hitch point. As 
a result, a car-caravan combination can have a relatively bigger hitch angle in the yaw 
plane regardless of the structural form. Considering the two differences above, the CTC 
hereinafter is referred to a car-caravan combination. Besides, only one trailer is towed in 
such a system. 

Even the towing car can be equipped with active braking systems, like Trailer Stability 
Assist4 (TSA, based on ESC, Electronic Stability Control5) in order to assure trailer 
stability under critical situations, which is available in production passenger cars or 
                                                 
1 Zomotor: Fahrwerktechnik: Fahrverhalten, 2. Auflage, Vogel, 1991, p. 206. 

2 Caravan Buyers Guide – virtual, 2015. 

3 Hoepke et al. Nutzfahrzeugtechnik, 6. Auflage, Vieweg, 2010. 

4 Autoevolution – virtual, 2015. 

5 Rajamani: Vehicle Dynamics and Control, Springer, 2011, p. 221. 
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trailers today, the handling and stability performance is still not essentially improved. If 
an increasing yaw rate with a specific dominant yaw oscillation frequency is detected, 
TSA stabilizes yaw oscillations and decelerates the system below its dynamic critical 
speed6. But although TSA ensures system stability, the system dynamic critical speed 
has not been increased essentially. And it is expected to be as high as possible anyway 
in order to reduce annoying TSA interactions to a minimum. 

From the view of kinematics, it is also worth mentioning that normally the stability of 
CTCs is just studied in the horizontal plane7, in which the longitudinal and lateral mo-
tions are concerned. But in a cooperation project with an industrial company, the influ-
ence of damper’s properties on the system dynamic stability is particularly concerned. 
Damper, also called shock absorber, is a suspension component of a vehicle and is used 
to reduce vibration of the vehicle body caused by road disturbances for the purpose of 
good ride quality and comfort. And it also has significant influence on the system roll 
behavior, handling and stability performance as well. So, it is clear that the damper 
properties may influence both the vertical dynamics and lateral dynamics of the system. 
Therefore, vertical motion has to be considered as well. And the dynamic coupling 
between the horizontal plane and vertical plane deserves a comprehensive understand-
ing. 

The system dynamic critical speed is not a fixed quantity but depends on the system 
parameters and external forces acting on the system (aerodynamics, acceleration force, 
etc.). Apart from the system inertial and geometric parameters, chassis properties incl. 
tire characteristics determine the dynamic critical speed as well. Especially the influence 
of the car’s vertical chassis properties on the system yaw damping ratio or dynamic 
critical speed does currently not seem to be well investigated and thus not well under-
stood. Some results in the horizontal plane are discussed by Mitschke et al.8. If it is 
known that which chassis parameters and physical effects change the dynamic critical 
speed primarily, these chassis parameters might be adapted more deterministically. In 
that content, damper properties (stationary damper characteristics, hysteresis, elasticity, 
transient behavior, etc.) are of special interest. Several damper parameters are changed 
dynamically when semi-active dampers change their characteristics due to the control 
strategy. Therefore, it seems to be possible to change the dynamic critical speed by 
changing damper characteristics. However, responsible damper properties for signifi-
cant changes of the system stability are currently still unknown. 

                                                 
6 Hac et al.: Stability and Control Considerations of Vehicle-Trailer Combination, 2008. 

7 Sagan: Fahreigenschaften von Pkw-Wohnanhängerzügen, 1983. 

8 Mitschke et al.: Fahrdynamik von Pkw-Wohnanhängerzügen, 1988. 
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However, this research topic is relatively difficult due to the reasons at least in three 
aspects. Firstly, because the dynamic critical speed determines the system stability 
margin which is known as critical stability, such system is very sensitive to any small 
disturbances, like dynamic wheel load, nonlinear steering/tire characteristics or aerody-
namics at this stability boundary. Hence, it makes the experimental research more diffi-
cult because other unexpected disturbances cannot be excluded completely. Secondly, 
the vertical dynamics and horizontal dynamics are coupled by the tire behavior. If a 
simulation research is necessary for the problem, whether the normal tire model, e.g. 
Magic Formula tire model, can represent the real tire behavior under the critical situa-
tion even within the tire linear range in the road test is still not completely confirmed. 
Finally, the real damper behavior is very complicated compared with the design curve 
from the bench test data. On the one hand, the internal fluid dynamics incl. compressi-
bility, cavitations and aeration can make the damper characteristics irregular. On the 
other hand, real damper behavior is a superposition of damper responses in different 
frequency range due to the excitations from the road irregularities. Besides, there is a 
great potential that the real damper behavior is time varying and consequently both 
time-domain and frequency-domain digital signal processing (DSP) methods might be 
necessary in the analysis. Hence, it puts forward a challenge that system parameter 
identification method (PIM) might be difficult for the purpose of high resolution. This 
challenge might become extremely difficult when the useful system response under the 
critical situation is very short in order to avoid any potential accident in the road test. 

The three points proposed above are all considered in the whole process of the project 
and research. The first point is solved by a systematic design of a series of driving tests 
and specific small research packages in a teamwork. The second problem about the tire 
model is still focused on now and the influence of damper’s properties cannot be re-
vealed unless it is completely solved. The final problem considering the PIM especially 
for time varying vehicle dynamics serves as the focus of this thesis. 

The motivation of this thesis is a PIM that is helpful in the stability investigation of 
CTCs, especially in which potential time varying vehicle dynamics resulting from real 
damper behavior is concerned. With its assistance, the potential time varying vehicle 
dynamics variables can be identified and quantified. Therefore, stability investigation of 
CTCs in either experimental study or simulation study can be achieved on this basis. 

1.1.2 Objectives 

This thesis deals with the stability investigation of CTCs. The system dynamic stability 
described by the dynamic critical speed or the corresponding yaw damping ratio is 
focused on. For this purpose, an appropriate time-frequency analysis based parameter 
identification method (TFA-based PIM) is expected to identify and quantify the poten-
tial time varying parameters for vehicle dynamics due to the real damper behavior in the 



1 Introduction 

4 

road test. Moreover, a harmonic dynamic axle load oscillation is found in the experi-
mental data and quantification of an effective axle load incl. this harmonic phenomenon 
is also expected because it is related to the dynamic coupling. Finally, from the perspec-
tive of application, the validation of a complex simulation model built in commercial 
software can be performed with the assistance of this TFA-based PIM as an application 
case. 

The objectives described above can be summarized as the following points: 

- A linear single-track model (STM) for CTCs and description of system 
dynamic stability 

- Sensitivity analysis of system parameters in the STM to system dynamic 
critical speed 

- A TFA-based PIM derived for time varying vehicle dynamics, which 
aims for the system identification to build up simulation models 

- Quantification of an effective axle load in which the harmonic dynamic 
axle load oscillation is considered 

- Study of the nonlinearity-induced harmonic dynamic axle load and its 
impact on the dynamic stability of CTCs 

- Validation of a complex simulation model built in commercial software 
with the assistance of this TFA-based PIM 

In one word, the stability investigation of CTCs in this thesis is based on the TFA for the 
purpose of potential time varying vehicle dynamics resulting from the real damper 
behavior in the road test. Another constructive original work is the study of nonlineari-
ty-induced harmonic dynamic axle load and its impact on the dynamic stability of 
CTCs. The TFA-based PIM proposed can also serve as a powerful tool in the validation 
of simulation models. This work lays a foundation for the further research about the 
influence of damper’s properties on the system dynamic stability. 

1.2 System description and phenomenon 
of instability 

1.2.1 System description 

The researched system in this thesis is a CTC. To be more in detail, it is a car-caravan 
combination. The towing car here is a normal passenger car, and the trailer is a tandem-
axle caravan. The two separate vehicles are connected by a standard hitch coupling 
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device. Under an empty load condition, the mass ratio of the trailer to the towing car is 
ca. 1.0. The system is shown in a schematic view in Figure 1-1 below. 

 

Figure 1-1: Schematic diagram of a car-trailer combination 

The system has some differences from a single passenger car. Due to the existence of a 
trailer, the kinematics and dynamics of the towing car and trailer are coupled with each 
other. While a single passenger car has no dynamic critical speed even at very high 
longitudinal velocity, a CTC has a dynamic critical speed by which the system dynamic 
stability boundary is determined. If the parameter setting of the towing car or trailer is 
not proper, the dynamic critical speed can decrease significantly. Then the system han-
dling and stability performance at high speed decreases as well. Since a CTC is a very 
popular transport means on the highways all over the world, especially in Europe, the 
research topic of this thesis is meaningful. 



1 Introduction 

6 

 

Figure 1-2: Semi-active CDC damper system by ZF Sachs9 

Another important part in the project is the semi-active damper installed in the suspen-
sion of the towing car. It is called continuous-damping-control (CDC) damper system 
(see Figure 1-2) designed by ZF Sachs Company in Germany, in which an electromag-
netic proportional valve that could continuously adjust the damping coefficient is in-
cluded. Depending on the valve setting, the damper’s function varies in the range from 
soft to middle, up to hard. CDC is an electronic damping system that could noticeably 
increase driving dynamics, comfort and safety by adjusting damping force optimally for 
each individual wheel on a continuous basis9. 

In order to simplify the damper behavior and its influence on system, the control strate-
gy of CDC is disabled. It only works under two different conditions, extremely hard or 
soft mode, which is selected by the input control current for the electromagnetic valve 
(0mA for the hard mode, 1600mA for the soft mode). Besides, the dampers installed in 
the trailer suspension are passive dampers and their influence on the system dynamic 
stability is not concerned in this research. 

1.2.2 Phenomenon of instability 

To investigate the dynamic stability of car-trailer combinations, a series of road tests are 
designed and performed according to the lateral stability test standard ISO 981510. A 
car-caravan combination is applied in the road test. The system works at its critical 
                                                 
9 ZF Sachs: Suspension Technology, 2011. 

10 ISO 9815: Road vehicles - Passenger-car and trailer combinations - Lateral stability test, 2003. 
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stable state under which the longitudinal speed is set to the previously determined dy-
namic critical speed vcrit. 

Two variations of a semi-active damper are applied in the road test, series dampers and 
prototype dampers. Both variations have same damper characteristics under the bench 
test. But due to internal small structural differences, their real behaviors are different in 
the road test. The difference between the prototype dampers and series dampers mainly 
lies in the structural design, especially in the bottom valve and bypass washers. To 
simplify the research, only extreme damper mode, hard or soft, works in the road test. 

The original intention of this project is the optimization of the damper design consider-
ing the occurrence of yaw instability of a car-caravan combination at its dynamic criti-
cal speed with prototype dampers installed in the towing car. And the same system with 
another series dampers installed in the towing car behaves only steady state yaw oscilla-
tion at the critical stable condition without obvious yaw instability. 

Yaw instability here is directly indicated by a sudden and progressive change of yaw 
damping ratio. A CTC under its dynamic critical speed or dynamic critical stable state 
behaves a free natural yaw oscillation with constant amplitude in either the towing car 
or trailer. However, if the amplitude of yaw rate is progressively increasing over time, 
the system will be out of control after a moment and hence a catastrophe occurs. This 
dangerous phenomenon in the horizontal plane is defined as the yaw instability here. 

 

Figure 1-3: System yaw rates under steering impulse excitation and series damper setup 

In the road test, a steering impulse serves as the system input to excite the harmonic 
oscillations. Furthermore, two sequential impulse input signals are adopted to excite 
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system dynamic behavior for the purpose of searching potential time varying properties 
induced by the damper characteristics. 

For the system with series damper setup, it has not such an unstable behavior in both 
impulse responses (see Figure 1-3). Although the steering input signal after the impulse 
still shows a noteworthy oscillation, the system response performs a steady state oscilla-
tion in the yaw rate of the towing car and that of the trailer as well. The responses under 
both impulse excitations are nearly the same. The amplitude of the yaw rate of trailer is 
almost twice of that of the towing car. 

For the system with prototype damper setup, it clearly shows that the system has such 
an unstable behavior and it cannot be kept stable without the correction signal from the 
driver (see Figure 1-4). Under the first impulse excitation, the system behaves a steady 
state oscillation at the beginning of the first impulse response. After several oscillations, 
the amplitude of the yaw rates increase dramatically along with a negative degressive 
yaw damping ratio. When the driver feels a loss of control, a green trigger signal is 
marked and then the driver should give a high frequency correction signal to the system 
input for the purpose of getting it back to controllable condition. But the system re-
sponse under the second impulse excitation does not show such steady state oscillation 
at the beginning. Instead a suddenly immediate instability occurs after the impulse 
excitation and the duration of the impulse response is comparatively rather short. That 
reveals the system has more critical behavior under the second impulse excitation and 
system stability margin also decreases due to a reduced dynamic critical speed or yaw 
damping ratio. 

 

Figure 1-4: System yaw rates under steering impulse excitation and prototype damper setup 
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By comparing the two figures above, the research focus of this project is clear. Not just 
the yaw rate but also lateral acceleration and some other dynamic characteristic varia-
bles have this progressively increasing oscillation phenomenon along with a negative 
degressive yaw damping ratio. Since the only difference in system setting is the differ-
ent dampers installed in the suspension of the towing car, the root cause for this unstable 
behavior should relate to the modified properties of the prototype dampers. 

From the view of control theory, assuming that the transfer function of yaw rate to 
steering wheel angle is available, various root locations of the transfer function in s-
plane and the corresponding impulse response can be got either analytically or numeri-
cally (see Figure 1-5). For the response to be stable - that is, bounded for an impulse 
input - the real part of all the roots must be in the left-hand portion of the s-plane11. A 
trailer introduces another pair of system conjugate characteristic roots by which the 
system dynamic stability is dominated, while the normal pair of system conjugate char-
acteristic roots, same as that of a normal passenger car, is not related to system dynamic 
stability. For the CTC with series dampers, the real part of the dominant characteristic 
roots is nearly zero. But it shifts gradually and significantly from nearly zero to the 
positive portion of the s-plane for the CTC with prototype dampers. The problem is that 
it is not easy to obtain this transfer function due to the nonlinearity when the complicat-
ed coupling between the lateral dynamics and vertical dynamics has to be concerned. 

 

Figure 1-5: Impulse responses for various root locations in s-plane (the conjugate root is not shown)11 

From another point of view, the stability reserve of the system with series dampers is 
sufficient enough to avoid such yaw instability. But for the system with prototype 
dampers, the stability reserve is very critical to keep the system stable all the time. 

                                                 
11 Dorf et al.: Modern Control Systems, twelfth edition, 2011. 
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1.3 Methodology 

1.3.1 Top-down analysis method 

In order to find the root cause for the system instability, a systematic derivation of 
system effect chain is pursued. Since this unstable behavior is obviously characterized 
by the system yaw oscillations and it is induced by the dynamic behavior of prototype 
dampers, a top-down analysis method is introduced for the purpose of this effect chain. 
A schematic diagram describing the methodology detailedly is shown in Figure 1-6 
below. 

 

Figure 1-6: Top-down analysis method for the search of the system effect chain 

As is shown from the top level, the system instability is observed in the yaw oscillations 
of the system level. This yaw oscillation is the output of a dynamically unstable system 
under an impulse excitation. The focus in the system level is the system motion, i.e. 
body motion of the towing car or the trailer including all the six degrees of freedom 
(DOFs). 

The chassis level, in which the suspension and wheel forces are investigated, is the 
connection between the system level and damper level. Suspension, wheel and tire 
characteristics which can affect the system handling and stability are studied. Since the 
wheel load is the direct connection with the damper force in the damper level, it de-
serves special attention considering the different frequency ranges. Besides, the tire 
characteristics are of interest particularly as well. 

Further deep research about the damper behavior is taken in two aspects, outside and 
inside the damper. As the direct damper’s outputs, damper force, displacement and 
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velocity are focused on to search the potential change which causes significant differ-
ences in the chassis level. And fluid dynamics inside the damper also deserves attention 
to explain the potential change of damper force or displacement in the damper level. 
This is the bottom level in the system effect chain, since the root cause of system insta-
bility lies in the damper behavior. 

The top-down analysis method serves as the methodology in this research. Once the 
prototype dampers installed in the towing car differ from the series dampers by some 
degree of time varying properties, the time varying phenomenon might happen in each 
level and hence a PIM with which the time varying vehicle dynamics can be identified 
and quantified is necessary for the analysis in each level. It is clear that such PIM plays 
an important role in the search of the system effect chain as well as the understanding of 
the influence of damper properties on the system dynamic stability. 

1.3.2 Systematic investigation with different models 

Three different models are applied for the purpose of a systematic investigation in this 
research. They consist of a real experimental system, a complex vehicle dynamics simu-
lation model and a simplified analytical model. 

The real experimental system is the car-caravan combination applied in the road test. 
The system instability is observed with special attention in the road test as well. It is a 
real system with a large number of nonlinearities and more detailed sensitivity analysis 
with such a model is nearly impossible. Under the system critical stable state, it is very 
sensitive to any disturbance including side wind or damper internal failure. Therefore, a 
system that is dynamically critically stable but highly oscillatory is really difficult to be 
controlled by inexperienced drivers for safety reasons. This real system is applied in the 
road test and the measurement data are collected for further data analysis. Measuring 
technology has to be concerned in this model, especially considering measurement error 
correction. 

The simulation model is a complex and complete model built in a commercial software 
IPG CarMaker®12 (Version 4.0.5). A complete validation with sufficient accuracy is a 
big challenge for this model. It has a significant advantage that the sensitivity analysis 
for some system parameters, e.g. suspension parameter, can only be performed with this 
model. The reason is that building a complete analytical model including large number 
of nonlinearities is infeasible. Even if such a complex analytical model is available, an 
analytical solution is impossible as well. Instead, implementation or modification of 
some specific module is convenient and makes the sensitivity analysis or instability 
study easier and faster. 

                                                 
12 IPG CarMaker – virtual: www.ipg.de, last access: February 26th 2015. 
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The simplified analytical model is a linear single-track model (STM) of car-trailer 
combinations (CTCs). It is a general representation for all such systems including a car-
caravan combination or an articulated vehicle. It has an important role in two aspects. 
Firstly, it serves as a simple model to understand the stability of a CTC. All the system 
parameters which are related to the system stability under a constant longitudinal veloci-
ty in the horizontal plane are included in this model and their sensitivities are available 
on different operating points (OPs or OP) of system parameters. Secondly, it also lays a 
foundation for the Time-Frequency analysis based parameter identification method 
(TFA-based PIM), which is derived to identify the time varying vehicle dynamics, the 
focus in this thesis. 

 

 

Figure 1-7: Three different models used in a systematic investigation 

The three different models used in a systematic investigation with their functions are 
illustrated in Figure 1-7 above. Data analysis result with a specific method can be ob-
tained in either model. Through their comparison, many applications including a simu-
lation model validation or influence investigation of a specific module can be accom-
plished. This part is discussed in Chapter 6 after the state of the art, stability of CTCs, 
TFA-based PIM and its integration in vehicle dynamics are sequentially introduced in 
the following chapters. 
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2 State of the Art 

The research topic of this thesis includes two branches, one is the system stability of 
CTCs and the other is the PIMs, which are capable of evaluate the potential time vary-
ing vehicle dynamics, especially the axle or tire cornering stiffness, deserve special 
concern. The state of the art in the two aspects above is summarized separately in this 
chapter. 

2.1 System stability of car-trailer combina-
tions 

Considering the research topic on system stability of CTCs, it is much more helpful and 
meaningful if the topic is extended to the stability of articulated vehicles. Because these 
vehicles play an important role in logistics, there have been serious concerns about their 
handling and stability on highways. 

For the system instability, the research on this topic can be traced back to 1960s. 
Eshleman13 has performed a literature survey on handling safety problems of trucks and 
articulated vehicles. Furthermore, Kurtz and Anderson14 have presented a state-of-the-
art survey on the handling characteristics of car-trailer systems. Cars towing trailers or 
caravans can exhibit three kinds of instabilities as presented in this survey. The first one, 
known as jackknifing, is an aperiodic instability in which the towing car yaws continu-
ously in one direction along with the trailer yawing only slightly. The second kind of 
instability, called as trailer swing, sway or snaking, is in fact the opposite of the first 
one, mainly an aperiodic instability where the trailer yaws continuously in one direction 
along with the towing car yawing only slightly. These two types of aperiodic instabili-
ties are also defined as divergent instabilities. The last instability is a natural oscillation 
in which both the towing car and trailer yaw more or less sinusoidally with increasing 
amplitudes over time, until either a limit cycle or a catastrophe occurs. This very dan-
gerous type of instability is known as flutter. From the phenomenon of instability in 
Section 1.2.2, it is clear that the researched instability in this project belongs to type 3, 
flutter. Historically, attention was first focused on the flutter of CTCs when the longitu-
dinal velocity of the towing car exceeds a so-called dynamic critical speed for every 
                                                 
13 Eshleman: Particular Handling Safety Problems of Trucks and Articulated Vehicles, 1973. 

14 Kurtz et al.: Handling Characteristics of Car-Trailer Systems; A State-of-the-Art Survey, 1977. 
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such system. Later attention is still being devoted to flutter, but the research emphasis 
has shifted to jackknifing, probably due to the attitude of government agencies that 
jackknifing of commercial trailer vehicles is a more serious safety problem than flutter. 
The literature by Dugoff and Murphy15 describes this very well. 

Actually flutter demonstrates a so-called dynamic instability which is characterized by 
the oscillatory yawing and rolling motions of CTCs at the system dynamic critical 
speed. This kind of oscillation happens to the towing car and trailer and interacts with 
each other. A typical yaw oscillation frequency of such system is around 0.6 Hz. Not 
only the theoretical analysis but also the simulation and experimental investigation have 
been contributed to this problem. 

A number of analytical models and analysis have been developed to understand the 
instability of CTCs better. Deng and Kang16 and Bevan et al.17 developed mathematical 
models with 3-DOFs in their research. These models have 3 degrees of freedom includ-
ing yaw of towing car, yaw of trailer, body side-slip angle or lateral acceleration of 
towing car along with a constant longitudinal velocity. Anderson and Kurtz18 developed 
both a 4-DOFs model and 6-DOFs model in which the longitudinal dynamics with 
acceleration/deceleration is considered as well. The 6-DOFs model also takes into ac-
count the roll dynamics of the towing car and trailer. A more complicated analytical 
model derived from Lagrange equations with 24-DOFs, which include the towing car 
and trailer’s yaw, pitch and roll motions, was built by Fratila and Darling19. This model 
also contains the vertical and roll motions of the unsprung mass. Recently with the help 
of commercial software AutoSim®, Sharp and Fernandez developed a highly sophisti-
cated system model20 with 32-DOFs for CTCs. Besides, because the roll over is another 
serious problem for such a system, Wu D. H. pointed out roll steer influenced by roll 
motion could change the yaw response through the tire lateral forces simultaneously. 
His results from his analytical model show that a parameter called roll steer coefficient 
influences the system dynamic critical speed significantly21. The doctoral dissertation of 
Fratila D. gave a summary of various parameters’ influences on the system dynamic 
critical speed22 or lateral stability. The most important factors that affect the system 
                                                 
15 Dugoff et al: The Dynamic Performance of Articulated Highway Vehicles…, 1971. 

16 Deng et al.: Parametric study on vehicle-trailer dynamics for stability control, 2003. 

17 Bevan et al.: Some factors influencing the stability of car/caravan combinations, 1983. 

18 Anderson et al.: Handling characteristics simulations of car-trailer systems, 1980. 

19 Fratila et al.: Simulation of coupled car and caravan handling behavior, 1996. 

20 Sharp et al.: Car-caravan snaking. Part 1: the influence of pintle pin friction, 2002. 

21 Wu: A theoretical study of the yaw/roll motions of a multiple steering articulated vehicle, 2001. 

22 Fratila: Lateral stability of passenger car/caravan combinations, 1994. 
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lateral stability include the longitudinal velocity, trailer mass, trailer yaw moment of 
inertia, hitch load, axle position, wheel track and tires. Secondary suspension damping, 
trailer roll moment of inertia and the height of COG, which make the trailer more prone 
to roll over, have a small influence on system stability. These researches show that, 
besides the influences from the geometric parameters, inertial parameters and cornering 
stiffness, roll motion and roll stiffness also play an important role for the instability 
problem because of the coupling of yaw sway and roll over. 

Meanwhile, Weir et al.23 analyzed the influence of aerodynamic forces and moments on 
the system stability and then concluded that they have little influence on the system 
stability of CTCs. Sharp and Fernandez20 also studied the influence of pintle pin friction 
on the system stability and then suggested improving the stability with an active braking 
method in trailer24. 

There are also another two interesting research activities which were conducted in this 
field. Compared with so many model-based theoretical research works, contribution to 
experimental investigation of the system stability of CTCs are limited. Although a small 
quantity of publications presented some measurement results for the purpose of validat-
ing their simulation work18,19, few work has been conducted to investigate the parame-
ter’s influence on the system stability with a sensitivity analysis through the road test. 
One research team led by Darling25 has made some effort on it. Extensive experimental 
investigations on the high speed stability (at nearly the system dynamic critical speed) 
of CTCs are also performed26. Here an adjustable trailer is used to examine the influ-
ence of each individual parameter on the system stability. In addition, performances of 
devices intended to enhance the system stability, e.g. trailer stabilizers and ESC, were 
also investigated. Besides this, Williams27 created a mathematical theory of the snaking 
of two wheeled trailers. The most important point in his analysis is a mathematical 
proof that snaking is impossible unless the dynamics at hitch point are included, i.e. 
lateral deflection of the rear tires of towing car is hence a factor. This theory is backed 
up by the fact that snaking does not occur when the trailer is light and the towing car is 
heavy. 

Sagan28 performed a comprehensive study on the handling characteristics of car-caravan 
combinations in his doctoral dissertation and the sensitivity of system parameters to 
                                                 
23 Weir et al.: Crosswind response and stability of car plus utility trailer combinations, 1982. 

24 Sharp et al.: Car-caravan snaking. Part 2: Active caravan braking, 2002. 

25 Darling et al.: An experimental investigation into car & caravan stability, 2002. 

26 Darling et al.: An experimental investigation of car-trailer high-speed stability, 2009. 

27 Williams: The mathematical theory of the snaking of two-wheeled trailers, 1951. 

28 Sagan: Fahreigenschaften von Pkw-Wohnanhängerzügen, 1983. 
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dynamic stability were achieved by simulation as well. However, they were obtained 
with a simple model in the horizontal plane and influence from the vertical dynamics 
was not concerned. Recently abundant research works can be found in the area of im-
proving the handling and stability of CTCs with Driver Assistance Systems 
(DAS)29,30,31, which are not instructive to our problem. 

Because of the complexity and less practical demand, few contributions are found on 
the topic of dynamic coupling between the horizontal dynamics and vertical dynamics, 
especially for CTCs. Most works are performed only in the horizontal plane and nor-
mally the horizontal dynamics and vertical dynamics are modeled and studied separate-
ly28. Recently Bedük et al.32 publish a research on “Effect of damper failure on vehicle 
stability” and point out that damper failure might lead to system instability in some 
critical driving situations without ESP control and this criticality of vehicle cornering is 
different from one maneuver to another. But no contribution is conducted on the effect 
of vertical dynamics on the dynamic stability of CTCs. It is a research topic for a specif-
ic vehicle system with a specific maneuver under a critical situation. 

 

2.2 Parameter identification methods 

Parameter identification plays an important role in the system identification, a broad 
research field. Isermann et al. 33 cover nearly all the methods in their academic works, 
especially for the dynamic systems. Hence to concentrate on our instability problem, the 
state of the art about the PIMs focuses on the following application scope: 

1) For dynamic systems; 

2) For time varying system parameters; 

3) For driving dynamics in automotive engineering, in which evaluation of 
axle/wheel cornering stiffness is particularly concerned. 

                                                 
29 Kageyama et al.: Stabilization of passenger car-caravan combination…, 1995. 

30 Deng et al.: An integrated chassis control for vehicle-trailer stability and handling performance, 2004. 

31 Fernandez et al.: Caravan active braking system, 2001. 

32 Bedük et al.: Effects of damper failure on vehicle stability, 2013, p. 1024-1039. 

33 Isermann et al.: Identification of Dynamic Systems, 2011. 



2.2 Parameter identification methods 

17 

In the study of vehicle dynamics, the STM is frequently used to investigate the system 
handling and stability34,35,36,37,38,39. Because of its simplicity and validity, the characteris-
tics of steady state cornering, also called as static stability, are represented well by this 
model, although the coupling from vertical dynamics is not concerned. At such condi-
tion, system parameters can be treated as constants. But if the vertical dynamics has to 
be concerned at critical maneuvers, linearized system parameters become time varying. 
For instance, a dynamic wheel load can result in a time varying tire cornering stiffness. 
Furthermore, time varying system parameters determine time varying system character-
istics. Therefore, such time varying parameters can be a linkage to investigate the cou-
pling between the vertical dynamics and horizontal dynamics. Meanwhile, the applica-
tion scope of the linear STM can be extended to study time varying vehicle dynamics. 
Consequently, how to identify these time varying system parameters is a constructive 
topic in vehicle dynamics. 

System parameters in the linear STM can be divided into three categories. The first 
category contains the inertias, i.e. mass and yaw moment of inertia. The geometric 
parameters are sorted into the second category, i.e. wheel base and COG. The last cate-
gory contains the rest, including axle cornering stiffness and longitudinal velocity. 
Normally, only the system parameters in the last category can be time varying and 
deserve special attention. 

The longitudinal velocity is available by a wheel speed sensor or an optical sensor like 
Correvit®40. The axle cornering stiffness is considered as the most important one in the 
lateral dynamics. Although the tire cornering stiffness contributes the main component, 
other contributions from anti-roll bar and suspension linkage cannot be neglected even 
in the linear lateral dynamics. Hence the axle cornering stiffness is of concern on the 
basis of a linear STM. 

At steady state conditions, the axle cornering stiffness can be treated as a constant in the 
linear lateral dynamics while both axles including the suspensions and tires function as 
a time-invariant system respectively. In this case, if the steering wheel angle, yaw rate, 
lateral acceleration and lateral wheel force are already available with the normal vehicle 
                                                 
34 Dixon: Linear and non-linear steady state vehicle handling, 1988. 

35 Her et al.: Integrated control of the differential braking…, 2014. 

36 Zhu et al.: Handling transient response of a vehicle with a planar suspension system, 2011. 

37 Obermüller: Modellbasierte Fahrzustandsschätzung zur Ansteuerung…, 2012. 

38 Lundquist et al.: Recursive Identification of Cornering Stiffness Parameters…, 2009. 

39 Florissen: Autonomes anhängerbasiertes elektronisches Bremskonzept…, 2007. 

40 Kistler Automotive: User Manuals of Correvit S-350 Aqua Sensor…, 2012. 
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experiment, parameter identification can be performed in both the time and frequency 
domains. Both time-domain- and frequency-domain-based estimation methods are 
proposed by several researchers. 

PIMs for dynamic systems have been introduced by Isermann et al.33 in detail, especial-
ly in frequency domain. With the least squares parameter estimation41 or dynamic equa-
tions directly42, time-domain identification methods are also possible based on the linear 
STM. Furthermore, the transfer function representation of dynamic system performs 
satisfactorily for a time-invariant system with linear tire characteristics43 . Besides, 
estimation method for cornering stiffness from basic tire information is also available 
with a ±30% error of the measured value44. Moreover, side-slip, tire force and wheel 
cornering stiffness can also be estimated with the state observer or normal/extended 
Kalman filter45. 

Most of the PIMs above are only capable of estimating time-invariant cornering stiff-
ness on the basis of a linear STM. Hence they are not helpful to identify time varying 
cornering stiffness. In the current state of the art, only the time-domain identification 
methods based on dynamic equations42 and methods based on the state observer or 
normal/extended Kalman filter45 can estimate a time varying cornering stiffness. The 
first method cannot deliver time varying cornering stiffness with sufficient accuracy due 
to two main drawbacks. One is the inevitable singularity condition with zero side-slip 
angle or very low longitudinal speed (ca. zero). The other is the difficulty of an under-
determinate problem42. The advantage of the second option is the real time online per-
formance, which can provide a simultaneous estimation in the road test. But they are 
much more complicated and a high robustness is required to estimate an accurate side-
slip angle45. And they mainly aim for online model identification in the vehicle dynam-
ics control if unknown components are used by customer, which is different from our 
goal – the system identification to build up simulation models. Besides, although the 
change of the dynamic wheel/axle load or road friction can also be indicated by a time 
varying cornering stiffness estimated, the coupling between the vertical dynamics and 
horizontal dynamics is not discussed. 

The axle cornering stiffness in the STM can be time varying at critical maneuvers. The 
real tire cornering characteristics is neither a linear system nor constant concerning the 
cornering stiffness. Instead, it changes due to several reasons, including the well-known 
                                                 
41 Wesemeier et al.: Identification of vehicle parameters using stationary driving maneuvers, 2009. 

42 Sierra et al.: Cornering stiffness estimation based on vehicle lateral dynamics, 2006. 

43 Börner et al.: Adaptive one-track model for critical lateral driving situations, 2004. 

44 Hewson: Method for estimating tyre cornering stiffness from basic tyre information, 2005. 

45 Baffet et al.: Estimation of vehicle sideslip, tire force and wheel cornering stiffness, 2009. 
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degressive capability, dynamic wheel load, etc. In principle, such effects can be sorted 
into two categories: one is nonlinear effect and the other is time varying property. For 
instance, the degressive tire capability is a nonlinear effect which is neglected in the 
STM. The dynamic wheel load is a time varying property which introduces a time vary-
ing cornering stiffness even within the tire linear range. 

The identification of a time varying axle cornering stiffness is investigated as the main 
focus in this thesis. A time varying cornering stiffness has significant influence on vehi-
cle dynamics under some critical maneuvers, e.g. for a car-trailer combination with 
harmonic behavior at its dynamic critical speed. Under such circumstance, identification 
of a time varying axle cornering stiffness is very beneficial to study system instability. 
Besides, if the cornering stiffness can be simplified by the slope of a line between the 
OP of the tire behavior and the origin even within the nonlinear lateral dynamics, 
change of the cornering stiffness due to the change of the OP of the tire behavior is also 
of great concern. Because of the limitations of the available PIMs proposed above, a 
time varying axle cornering stiffness cannot be described in both the time and frequency 
domains simultaneously. Therefore, new PIMs have to be considered. 

Rather than a one-dimensional representation of a signal from one domain to another 
domain by Fourier transform, the time-frequency analysis is a two-dimensional repre-
sentation of a signal in both the time and frequency domains simultaneously. It is a 
refinement of the Fourier transform for the cases when signal characteristics are gener-
ally time varying but exhibit small changes within a short time interval. The basic form 
of time-frequency analysis is the short-time Fourier transform46 (STFT) and the alterna-
tive is multi-resolution based Wavelet transform47 (WT). There are two main differences 
between them. Firstly, STFT still uses the Fourier basic functions, i.e. sines and cosines, 
but the basic functions of WT are various wavelets. Secondly, STFT has a fixed resolu-
tion in both the time and frequency domains46 while WT can give good temporal resolu-
tion for high-frequency components and good frequency resolution for low-frequency 
components, a combination best suited for many real signals47. But in the application of 
this thesis, the research is focused on the vehicle dynamics at the dominant yaw oscilla-
tion frequency and its harmonics, WT is not necessary and STFT can satisfy all the 
requirements. 

 

 

                                                 
46 Quatieri: Discrete-Time Speech Signal Processing: Principles and Practice, 2001. 

47 Gao et al.: Wavelets: Theory and applications for manufacturing, 2010. 
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STFT has a wide application scope in the automotive engineering, especially in the 
parameter identification48,49,50, fault detection and diagnosis51,52. Based on the STFT, a 
new method, moving-time-windowed-fast Fourier transform (MTWFFT)53, is intro-
duced to optimize the accuracy with additional spectrum-line-interpolation correction 
algorithms53,54,55,56. The MTWFFT method is very flexible in that the resolutions in the 
time and frequency domains can be easily changed. With MTWFFT, analysis of various 
time varying parameters related to vehicle dynamics becomes possible. 

 

 

                                                 
48 Vulli et al.: Time-frequency analysis of single-point engine-block vibration measurements…, 2009. 

49 Stanković et al.: Time–frequency analysis of multiple resonances in combustion engine signals, 1999. 

50 Wagner et al.: Time variant system identification for car engine signal analysis, 1994. 

51 Payri et al.: Injection diagnosis through common-rail pressure measurement, 2006. 

52 Leontopoulos et al.: Vibration analysis for the design of a high-speed generator…, 1998. 

53 Zhang et al.: Analysis Methods for Time-Variant Harmonic Vehicle Dynamics Experiments, 2013. 

54 Ming et al.: Corrections for Frequency, Amplitude and Phase in A Fast Fourier Transform…, 1996. 

55 Kang et al.: Phase difference correction method for phase and frequency…, 2000. 

56 Niu et al.: An Algorithm for … Triple-spectrum-line Interpolation FFT, 2012. 
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3 Stability of Car-trailer Combinations 

The proposed TFA-based PIM is derived for the purpose of vehicle dynamics study 
focusing on CTCs. Since the handling and stability behavior of such systems is more 
complex than that of normal passenger cars, this PIM is more meaningful and helpful 
for such systems, especially at critical maneuvers. However, this method can also be 
easily applied for normal passenger cars. Hence, only the linear STM of car-trailer 
combinations is introduced here. 

3.1 Single-track model 

 

The detailed derivation of this model has been presented in the past publications16,57, 
only some important descriptions and assumptions are given here. Different from a 
relatively simple model with a single-axle trailer in the publications above, a STM with 
a tandem-axle trailer is built to be closer to the real experimental system. The reference 
coordinate system of the model is body-fixed coordinate system of the towing car 
XcOYc. The aerodynamics and its effect on lateral dynamics are ignored. The tire cor-
nering behavior is assumed to be linear and all the angles, e.g. wheel steering angle δw, 
side-slip angle αi and hitch angle θh, are assumed to be small (no more than 5°). Under 
such condition accompanied by the small angle approximation (sin x ≈ x, cos x ≈ 1) and 
a constant longitudinal velocity (vx,1=vx,2=vx), the STM of a car-trailer combination is 
accomplished with 3 degrees of freedom (DOFs). A schematic diagram of the model is 
shown in Figure 3-1 below. 

                                                 
57 Hac et al.: Stability and Control Considerations of Vehicle-Trailer Combination, 2008. 



3 Stability of Car-trailer Combinations 

22 

 

Figure 3-1: Linear single-track model with a tandem-axle trailer for car-trailer combinations 

In the model, m1 and m2 denote the masses of the towing car and the trailer while Iz,1 
and Iz,2 denote their yaw moments of inertia respectively. The front wheel steering angle 
is δw, αf,1 and αr,1 are the front and rear axle side-slip angles of the towing car, respec-
tively. Cαf,1 and Cαr,1 denote the front and rear axle cornering stiffnesses of the towing 

car. Fyf,1 and Fyr,1 denote the front and rear axle lateral forces of the towing car. ߰ଵ, ሶ߰ ଵ 

denote the yaw angle and yaw rate of the towing car. vy,1, ay,1 denote the lateral velocity 
and acceleration at COG of the towing car. l1, lf,1 and lr,1 denote the wheel base, the 
distance from front axle to COG and the distance from rear axle to COG of the towing 
car. lh,1 and lhr,1denote the distance from hitch point to COG and the distance from hitch 
point to rear axle of the towing car. Moreover, other parameters with subscript “2” 
instead of “1” denote the relevant parameters for the trailer. 

Considering the lateral and yaw motions of the towing car, these equations are got with 
the Newton’s law. Here Fyh,1 denotes the lateral force acting on the hitch point of the 
towing car. 

 ݉ଵܽ௬,ଵ = ௬௙,ଵܨ + ௬௥,ଵܨ −  ௬௛,ଵ (3.1)ܨ

௭,ଵܫ  ሷ߰ଵ = ௬௙,ଵ݈௙,ଵܨ − ௬௥,ଵ݈௥,ଵܨ +  ௬௛,ଵ݈௛,ଵ (3.2)ܨ

The lateral force at the front or rear axle of the towing car can be expressed as follows, 
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 ൞ ௙,ଵߙ = ௪ߜ − ௩೤,భ௩ೣ − టሶ భ௟೑,భ௩ೣܨ௬௙,ଵ = ௙,ଵߙఈ௙,ଵܥ = ఈ௙,ଵܥ ൬ߜ௪ − ௩೤,భ௩ೣ − టሶ భ௟೑,భ௩ೣ ൰ (3.3) 

 ൞ ௥,ଵߙ = − ௩೤,భ௩ೣ + టሶ భ௟ೝ,భ௩ೣܨ௬௥,ଵ = ௥,ଵߙఈ௥,ଵܥ = ఈ௥,ଵܥ ቀ− ௩೤,భ௩ೣ + టሶ భ௟ೝ,భ௩ೣ ቁ (3.4) 

Also for the trailer, lateral and yaw motions are represented in the same way. Here Fyh,2 
denotes the lateral force acting on the hitch point of the trailer. 

 ݉ଶܽ௬,ଶ = ௬௙,ଶܨ + ௬௥,ଶܨ +  ௬௛,ଶ (3.5)ܨ

௭,ଶܫ  ሷ߰ ଶ = ௬௙,ଶ݈௙,ଶܨ − ௬௥,ଶ݈௥,ଶܨ +  ௬௛,ଶ݈௛,ଶ (3.6)ܨ

The lateral force at the front or rear axle of the trailer can be expressed as follows. Here 
the reference baseline for the definition of the hitch angle θh is the centreline of the 
trailer body. 

 ൞ ௙,ଶߙ = ௛ߠ− − ௩೤,మ௩ೣ − టሶ మ௟೑,మ௩ೣܨ௬௙,ଶ = ௙,ଶߙఈ௙,ଶܥ = ఈ௙,ଶܥ ൬−ߠ௛ − ௩೤,మ௩ೣ − టሶ మ௟೑,మ௩ೣ ൰ (3.7) 

 ൞ ௥,ଶߙ = ௛ߠ− − ௩೤,మ௩ೣ + టሶ మ௟ೝ,మ௩ೣܨ௬௥,ଶ = ௥,ଶߙఈ௥,ଶܥ = ఈ௥,ଶܥ ቀ−ߠ௛ − ௩೤,మ௩ೣ + టሶ మ௟ೝ,మ௩ೣ ቁ (3.8) 

The steering system is assumed to be rigid with a steering ratio is. δH is the steering 
wheel angle by hand. 

௪ߜ  = ఋಹ௜ೞ  (3.9) 

To build the kinematic and dynamic relationships between the towing car and the trailer, 
yaw rates, velocities, forces and accelerations are connected considering the coupling at 
the hitch point with the following equations. Here vy,h denotes the lateral velocity at the 
hitch point of the system. 

 ሶ߰ ଵ − ሶ߰ ଶ =  ሶ௛ (3.10)ߠ

௬,௛ݒ  = ௬,ଵݒ − ሶ߰ଵ݈௛,ଵ = ௬,ଶݒ + ሶ߰ଶ݈௛,ଶ (3.11) 

௬௛,ଵܨ  =  ௬௛,ଶ (3.12)ܨ

 ቊܽ௬,ଵ = ሶ௬,ଵݒ + ௫ݒ ሶ߰ଵܽ௬,ଶ = ሶ௬,ଶݒ + ௫ݒ ሶ߰ଵ (3.13) 
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Combining the 13 equations above, a linear system written in state space form is ob-
tained: 

ሶݔۻ  = ࢞(௫ݒ)۲ +  (3.14) ݑ۳

M, D and E are the system matrices which are also given in Appendix A.2. While the 
matrices M and E only contain the constant system parameters, matrix D also contains 
the system longitudinal velocity vx. The system state vector x and system input u are 
given by 

 ቊ࢞ = ,௬,ଵݒൣ ሶ߰ଵ, ,ሶ௛ߠ ݑ௛൧்ߠ = ுߜ  (3.15) 

Further, the system state-space equation is obtained as 

 ሶ࢞ = ࢞(௫ݒ)ۯ +  (3.16) ݑ۰

Where 

(௫ݒ)ۯ  = ,(௫ݒ)ଵ۲ିۻ ۰ =  ଵ۳ (3.17)ିۻ

Matrix A is a function of system longitudinal velocity vx while matrix B is a constant. 

So the CTCs can be represented by the analytical STM which is described by Eq. (3.16) 
in the horizontal plane. And it has a same form as a linear STM of a passenger car with-
out a trailer. 

3.2 System stability 

System stability is an important requirement in the system design and control in engi-
neering, especially in aeronautical or automotive engineering. In general, it is closely 
related to the system handling and safety. A simple physical interpretation of the stabil-
ity concept is based on the vibration theory for a single-degree-of-freedom (1-DOF) 
system, which consists of an inertial lumped mass m, a spring stiffness k and a damping 
coefficient d. If the mass tends to return to its original equilibrium position after a dis-
placement disturbance, the system is called to be statically stable. Otherwise, the system 
is called to be statically unstable. This kind of stability is named as static stability, 
which is opposite to static instability. 

If the damping force opposes the motion of the mass then it will dissipate energy from 
any motion of the mass. Under this condition, the system is dynamically stable. But 
once the damping force acts in the same direction as the motion of the mass, then it will 
add energy to the system. In this case, the system is dynamically unstable. This kind of 
stability is named as dynamic stability, which is opposite to dynamic instability. 
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The motion of the mass after a displacement disturbance x0 from its original equilibrium 
position is determined by the type of stability (see Figure 3-2 below). Regardless of the 
dynamic stability firstly, a system with static instability behaves a continuous diver-
gence from its original equilibrium position (see Figure 3-2 (a)). That is the reason why 
the system instability is called divergent instability as well. An additional dynamic 
instability under this condition can enhance this divergence more rapidly. A system, 
which possesses static stability and dynamic instability simultaneously, will have an 
oscillatory motion with a progressively increasing amplitude (see Figure 3-2 (b)). Under 
this condition, the system’s damping ratio is negative (ξ < 0). In contrast, a system with 
static stability coupled with dynamic stability has a decreasing amplitude in its re-
sponse. In this case, the system response might be oscillatory or not, which is depending 
on the damping coefficient. If the system’s damping ratio is smaller than one (0 < ξ < 1), 
the response still has oscillation (see Figure 3-2 (d)). Once the system’s damping ratio 
reaches one or even bigger (ξ ≥ 1), the oscillation is suppressed and the response is a 
smooth return to the original equilibrium position (see Figure 3-2 (e)). When the sys-
tem’s damping ratio is one (ξ = 1), its damping coefficient is called as critical damping 
coefficient. 

However, there is still an intermediate stability state for such a system, which is called 
dynamic critical stability coupled with static stability (see Figure 3-2 (c)). Under such 
condition, the system’s damping ratio is zero (ξ = 0). It matches with the critical stable 
state of a system, which is characterized by one pair of conjugate roots with zero real 
part (see Figure 1-5). This dynamic critical stability is very sensitive to any external 
disturbance or change of system parameter. 

One point has to be mentioned for the static instability or dynamic instability. Normally 
the instability problem is not very concerned in the vibration theory for linear systems. 
If the spring force and damping force can be simplified by the linear expressions, there 
is no instability problem under a fixed OP. However, the real spring/damping force is 
more complex, either nonlinearity or a phase shift between the force and displace-
ment/velocity can make the system unstable. Then the system’s damping ratio might be 
around zero or negative (ξ ≤ 0). However, for a practical system with a distributed mass, 
influence of different parameters on the damping ratio is more complex. 

In principle, any type of instability should be avoided in the system design for safety 
reasons. Moreover, from an engineering point of view, to guarantee the system stability 
is only a prerequisite. Meanwhile, a certain degree of stability, called as stability margin, 
is also necessary in the practical application, because a system with highly oscillatory 
response (ξ ≈ 0) might be difficult to control in practice. Therefore, an optimal system 
design should provide the stability margin as much as possible. 
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Figure 3-2: Static stability and dynamic stability described by possible motions of a mass after a 
displacement disturbance 58 

 

                                                 
58 Dixon: Tires, Suspension and Handling, second edition, 1996, p. 433. 
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Considering the stability of vehicle systems, there are two different types of instability 
problems in the horizontal plane: static instability and dynamic instability57. Once static 
instability occurs, the typical system state variables, like yaw rate, increase without 
experiencing oscillations. In order to avoid this static instability, passenger cars are 
normally designed with a positive understeer gradient. However, for special vehicle 
systems like CTCs, system understeer gradient might become negative at a particular 
OP due to trailer design or improper load distribution even when the towing car is un-
dersteering. This type of static instability is well known as jackknifing, especially for 
articulated vehicles. 

Besides the demand of static stability, it is necessary to investigate system dynamic 
stability. A statically stable system with a big oscillatory response is also difficult to 
control for an inexperienced driver, like a CTC under its critical stable state. This nature 
is named as dynamic instability. The dynamic instability in the horizontal plane is 
known as snaking, swing or flutter14. The phenomenon of instability observed in the 
project is the dynamic instability. Moreover, this dynamic critical stability is the OP for 
the CTC and potential influence resulting from time varying vertical dynamics on the 
dynamic critical stability is the research focus in this thesis. 

 

3.2.1 Static stability 

System static stability is also called divergent stability, in which “the variables describ-
ing the system response increase exponentially in magnitude without oscillations”57. 
Research59,60 has shown that the static stability of the CTCs depends only on the param-
eters of the towing car and the vertical hitch load. The trailer mass and the location of 
the trailer COG in the longitudinal direction affect the vertical hitch load. It shows that 
reducing the vertical hitch load can improves the static stability of the CTCs. 

Static stability is more concerned for the design of the normal passenger cars. It is indi-
cated by the understeer gradient, a measure of performance under steady state condi-
tions. Therefore, a vehicle system described by Eq. (3.16) without the steering input is 
considered in a steady state cornering condition. 

 ሶ࢞ = ࢞(௫ݒ)ۯ = 0 (3.18) 

The system yaw rate gain can be obtained once the Eq. (3.18) is solved. Its relationship 
with the longitudinal velocity for normal passenger cars is shown in Figure 3-3 below. 
While a car designed with understeering behavior has a characteristic velocity, a car 
                                                 
59 Kurtz et al.: Handling Characteristics of Car-Trailer Systems; A State-of-the-Art Survey, 1977. 

60 Bevan et al.: Some factors influencing the stability of car/caravan combinations, 1983. 
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designed with oversteering behavior has a static critical velocity with an infinite yaw 
rate gain, which characterizes a static instability. However, the self-steering characteris-
tic can be changed by adjusting the COG and cornering stiffness. Both of them are 
drastically influenced by the payload distribution, which depends mainly on the engine 
mounting position. “High-performance cars like sports cars are intended to be very 
maneuverable and strive for a neutral steering characteristic, but most passenger cars are 
designed to be understeer for safety reasons.”61 For an oversteering car, its static critical 
speed is often designed significantly higher than the car’s top speed to avoid practical 
instability problem. 

 

 

Figure 3-3: System yaw rate gain in dependence on longitudinal velocity v for passenger cars62 

However, for the CTCs, the load distribution is rather more complex from an empty 
condition to full load condition. It is not possible to absolutely characterize the system 
self-steering characteristic as optimal. Instead, one must consider the type of car in-
volved and the normal operating speeds. In general, to avoid undriveable situation at 
moderate speeds and instability at high speeds, the towing car should be designed to 
have relatively more understeer margin than would be desirable from a handling point 
of view. 

Here, a comparison of the towing car understeer gradient between a normal passenger 
car, a CTC with a single-axle trailer and a CTC with a tandem-axle trailer is performed 
based on the expression of the system yaw rate gain. Another comparison of the equiva-
                                                 
61 Karnopp: Vehicle Stability, 2004, p. 130. 

62 Winner: Skriptum zur Vorlesung “Fahrdynamik und Fahrkomfort” (Ride and Handling), 2014. 
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lent trailer understeer gradient between a CTC with a single-axle trailer and a CTC with 
a tandem-axle trailer is performed based on the expression of the system hitch angle 
gain. 

Towing car understeer gradient 

For a normal passenger car, the yaw rate gain of the towing car is given by Eq. (3.19) 

63 below. 

 
టሶ భఋೢ = ௩ೣ௟భା௄ೠ∙ೡమೣ೒  (3.19) 

A corresponding towing car understeer gradient Ku,1 is given by Eq. (3.20)63 below. 

௨,ଵܭ  = ௐ೑,భ஼ഀ೑,భ − ௐೝ,భ஼ഀೝ,భ = ௠భ௚௟భ ( ௟ೝ,భ஼ഀ೑,భ − ௟೑,భ஼ഀೝ,భ) (3.20) 

Here, Wf/r,1 denotes the front/rear static axle load of the towing car expressed by Eq. 
(3.21) and g is the gravitational acceleration. 

 ቐ ௙ܹ,ଵ = ݉ଵ݃ ∙ ௟ೝ,భ௟భ௥ܹ,ଵ = ݉ଵ݃ ∙ ௟೑,భ௟భ  (3.21) 

For a CTC with a single-axle trailer, the yaw rate gain of the towing car is given by 
Eq. (3.22) 64 below. Under such condition, the trailer front axle is absent and so are the 
relevant system parameters in Figure 3-1. 

 
టሶ భఋೢ = ௩ೣ௟భା௄ೠ,భᇲ ∙ೡమೣ೒ = ௩ೣ௟భା(௄ೠ,భି∆௄ೠ,భ)∙ೡమೣ೒  (3.22) 

A corresponding towing car understeer gradient ܭ௨,ଵᇱ  is given by Eq. (3.23)64 below. ܭ௨,ଵᇱ = ௨,ଵܭ − ௨,ଵᇱܭ∆ = ௐ೑,భା∆ௐ೑,భ஼ഀ೑,భ − ௐೝ,భା∆ௐೝ,భ஼ഀೝ,భ = (ௐ೑,భ஼ഀ೑,భ − ௐೝ,భ஼ഀೝ,భ) − (∆ௐೝ,భ஼ഀೝ,భ − ∆ௐ೑,భ஼ഀ೑,భ ) (3.23) 

௨,ଵᇱܭ∆  = ∆ௐೝ,భ஼ഀೝ,భ − ∆ௐ೑,భ஼ഀ೑,భ = ௠మ௚(௟ೝ,మା௟೓,మ) ∙ ௟ೝ,మ௟భ ( ௟೓ೝ,భ஼ഀ೑,భ + ௟భା௟೓ೝ,భ஼ഀೝ,భ ) (3.24) 

ΔK'u,1 in Eq. (3.24) is the change of the towing car understeer gradient due to the exist-
ence of a single-axle trailer, i.e. the change in the front/rear static axle load of the tow-
ing car due to an additional vertical hitch load, ΔWf/r,1 expressed in Eq. (3.25) below. 

                                                 
63 Gillespie: Fundamentals of Vehicle Dynamics, 1992, p. 206. 

64 Hac et al.: Stability and Control Considerations of Vehicle-Trailer Combination, 2008. 
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 ቐ∆ ௙ܹ,ଵ = −݉ଶ݃ ∙ ௟ೝ,మ௟೓ೝ,భ௟భ(௟ೝ,మା௟೓,మ) < 0∆ ௥ܹ,ଵ = ݉ଶ݃ ∙ ௟ೝ,మ(௟భା௟೓ೝ,భ)௟భ(௟ೝ,మା௟೓,మ) > 0  (3.25) 

It is clear from Eq. (3.25) that the front static axle load of the towing car decreases 
while the rear static axle load of the towing car increases in any case. It matches with 
the result of a negative vertical hitch load (a down force at the hitch point) when a sin-
gle-axle trailer is towed. 

For a CTC with a tandem-axle trailer, the yaw rate gain of the towing car is given by 
Eq. (3.26) below. 

 
టሶ భఋೢ = ௩ೣ௅ା௄ೠ,భᇲᇲ ∙ೡమೣ೒  (3.26) 

While the parameter L and the corresponding towing car understeer gradient ܭ௨,ଵᇱᇱ  are 

given by Eq. (3.27) and Eq. (3.28) below. Their expressions are relatively complex. 

ܮ  = ݈ଵ − ஼ഀ೑,మ∙஼ഀೝ,మ∙௟మమൣ஼ഀ೑,భ(௟భା௟೓ೝ,భ)ା஼ഀೝ,భ∙௟೓ೝ,భ൧஼ഀ೑,భ∙஼ഀೝ,భ∙௟భൣ஼ഀ೑,మ∙௟೓೑,మା஼ഀೝ,మ(௟మା௟೓೑,మ)൧ (3.27) 

௨,ଵᇱᇱܭ  = ௨,ଵܭ − ௨,ଵᇱᇱܭ∆  (3.28) 

௨,ଵᇱᇱܭ∆  = ௠మ௚൫஼ഀೝ,మ∙௟ೝ,మି஼ഀ೑,మ∙௟೑,మ൯ൣ஼ഀ೑,భ(௟భା௟೓ೝ,భ)ା஼ഀೝ,భ∙௟೓ೝ,భ൧஼ഀ೑,భ∙஼ഀೝ,భ∙௟భൣ஼ഀ೑,మ∙௟೓೑,మା஼ഀೝ,మ(௟మା௟೓೑,మ)൧  (3.29) 

Under this condition, the towing car understeer gradient has two components as well, 
similar as that of a CTC with a single-axle trailer. One component is related to the tow-
ing car mass and the other is related to the trailer mass. 

Besides, the yaw rate gain of the trailer is the same as the yaw rate gain of the towing 
car in a steady state cornering condition, because the yaw rate of the trailer is the same 
as the yaw rate of the towing car under such condition. It can be derived based on Eq. 
(3.30). 

ሶ௛ߠ  = ሶ߰ଵ − ሶ߰ଶ = 0 (3.30) 

 

Equivalent trailer understeer gradient 

While the static stability is mainly determined by the understeer gradient for a normal 
passenger car only, an equivalent understeer gradient related to the trailer can affect the 
system stability as well. It can be derived based on the system hitch angle gain. 
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For a CTC with a single-axle trailer, the system hitch angle gain is given by Eq. 
(3.31)65 below. Under such condition, the trailer front axle is absent and so are the rele-
vant system parameters in Figure 3-1. 

 
ఏ೓ఋೢ = ௟మା௄ೠ,మᇲ ∙ೡమೣ೒௟భା௄ೠ,భᇲ ∙ೡమೣ೒  (3.31) 

௨,ଶᇱܭ  is defined as the equivalent trailer understeer gradient. It is expressed by Eq. (3.32) 

below. 

௨,ଶᇱܭ  = ௐೝ,భ஼ഀೝ,భ + ௠మ௚(௟ೝ,మା௟೓,మ) ∙ (௟ೝ,మ௟భ ∙ ௟భା௟೓ೝ,భ஼ഀೝ,భ − ௟೓,మ஼ഀೝ,మ)  

 									= ௠భ௚௟భ ∙ ௟೑,భ஼ഀೝ,భ + ௠మ௚(௟ೝ,మା௟೓,మ) ∙ (௟ೝ,మ௟భ ∙ ௟భା௟೓ೝ,భ஼ഀೝ,భ − ௟೓,మ஼ഀೝ,మ) (3.32) 

For a CTC with a tandem-axle trailer, the system hitch angle gain is given by Eq. 
(3.33) below. 

 
ఏ೓ఋೢ = ௅ഇା௄ೠ,మᇲᇲ ∙ೡమೣ೒௅ା௄ೠ,భᇲᇲ ∙ೡమೣ೒  (3.33) 

While the parameter Lθ and the corresponding equivalent trailer understeer gradient ܭ௨,ଶᇱᇱ  

are given by Eq. (3.34) and Eq. (3.35) below. Their expressions are relatively complex. 

ఏܮ  = − ஼ഀೝ,భൣ஼ഀ೑,మ൫௟೓ೝ,భା௟೓೑,మ൯௟೓೑,మା஼ഀೝ,మ൫௟మା௟೓೑,మ൯൫௟మା௟೓೑,మା௟೓ೝ,భ൯൧ା஼ഀ೑,మ∙஼ഀೝ,మ∙௟మమ஼ഀೝ,భൣ஼ഀ೑,మ∙௟೓೑,మା஼ഀೝ,మ(௟మା௟೓೑,మ)൧  (3.34) 

′′௨,ଶܭ  = −௠భ௚௟భ ∙ ௟೑,భ஼ഀೝ,భ + ௠మ௚௟భ ∙ ൫஼ഀ೑,మ∙௟೑,మି஼ഀೝ,మ∙௟ೝ,మ൯൫௟భା௟೓ೝ,భ൯ା஼ഀೝ,భ∙௟భ∙൫௟೑,మା௟೓೑,మ൯஼ഀೝ,భൣ஼ഀ೑,మ∙௟೓೑,మା஼ഀೝ,మ(௟మା௟೓೑,మ)൧  (3.35) 

 

While the yaw rate gain is totally determined by the towing car understeer gradient, the 
hitch angle gain is determined by both understeer gradients. Although the towing car 
understeer gradient still has the dominant influence, the equivalent trailer understeer 
gradient can also amplify its magnitude when it is positive. Therefore, both understeer 
gradients should be considered in the design related to system static stability of the 
CTCs. 

 

                                                 
65 Wei: Study on Handling Stability of Caravan, 2008. 
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3.2.2 Dynamic stability 

The system dynamic stability is of particular concern in this thesis. A free system de-
scribed by Eq. (3.16) without the steering input can be described by the equation below, 

 ሶ࢞ =  (3.36) ࢞ۯ

The system eigenvalues are the roots of the corresponding characteristic equation 

۷ݏ)ݐ݁݀  − (ۯ = 0 (3.37) 

Here, I is an identity matrix and s is the Laplace operator. The complex characteristic 
roots are 

ଵ,ଶݏ  = ݎ− ± ݆߱ௗ (3.38) 

Where r is called the damping factor, ߱ௗ is the damped natural frequency and j is the 
imaginary unit. 

The state-space equation of a single passenger car or of a single trailer is a 2nd order 
system, which has only one pair conjugate roots and one yaw damping ratio. However, a 
CTC is a 4th order system, which has two pairs of complex conjugate roots with one 
yaw damping ratio for each pair. They are either real or complex occurring in conjugate 
pairs. For an asymptotical stable system, all the roots must have negative real parts. 
Once any pair of the roots has a positive real part, the system becomes dynamically 
unstable. Because the system matrix A is a function of the longitudinal velocity vx, the 
system characteristic roots also depend on the longitudinal velocity vx. 

The system root locus plot in dependence on the longitudinal velocity vx (80-140 km/h) 
in s-plane is illustrated in Figure 3-4 below. System eigenvalues of three related systems 
(a CTC, a single passenger car and a single trailer) are compared in the root locus plot. 
They share one set of parameters delivered from the real experimental system. The OPs 
of system parameters are listed in Table A and Table B in Appendix A.1. It is clear that 
when vx exceeds 123.3 km/h corresponding to one pair of eigenvalues with zero real 
part, the CTC becomes dynamically unstable. This longitudinal velocity is defined as 
the system dynamic critical speed vcrit, which indicates the boundary of system dynamic 
stability. In contrary to a CTC, a single passenger car or a single trailer does not have 
such vcrit even at very high vx. 
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Figure 3-4: System root locus in dependence on the longitudinal velocity vx (80-140 km/h) in s-
plane 

Because the real part of the eigenvalues delivers the information of damping factor or 
damping ratio, a dynamic critical stable system can also be characterized by its yaw 
damping ratio and natural frequency. In fact, the system dynamic critical speed is relat-
ed to a zero yaw damping ratio66. The damping ratio ξ and the undamped natural fre-

quency ߱௡ are determined by the equations below. 

ߦ  = ௥ට௥మାఠ೏మ (3.39) 

 ߱௡ = ඥݎଶ + ߱ௗଶ  (3.40) 

The system yaw damping ratio is also a good indicator of system dynamic stability. It is 
a function of the longitudinal velocity vx as well. For a passenger car or a single trailer, 
its unique yaw damping ratio is given by the equation67 below. 

(௫ݒ)ߦ  = కబටଵା௩మೣ∙಼ೠ೗భ  (3.41) 

Here, ξ0 represents the yaw damping ratio at zero longitudinal velocity (vx = 0). It is a 
function of the geometric parameters and cornering stiffness. In a practical way, it has a 
limit by the Eq. (3.42) derived from the physical solutions68. Generally, it is ca. 1.0. 
                                                 
66 ISO 9815: Road vehicles - Passenger-car and trailer combinations - Lateral stability test, 2003. 

67 Dixon: Tires, Suspension and Handling, second edition, 1996, p. 455. 

68 Dixon: Tires, Suspension and Handling, second edition, 1996, p. 457. 
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From a practical point of view, it is recommended that ξ > 0.45 at the maximum velocity 
of a vehicle68. 

଴ߦ  ≥ 1.0 (3.42) 

A significant difference between the static stability and dynamic stability can be stated 
based on the Eq. (3.41) here. At high longitudinal velocity, the system yaw damping 
ratio becomes rather small if the system has a large understeer gradient68. High-speed 
yaw oscillation is difficult to control and dangerous. Hence, it should be avoided in 
system design. It is clear that an increasing understeer gradient can improve the static 
stability but reduce the dynamic stability at high speeds at the same time69. It is a con-
flict and a trade-off for the system understeer gradient is necessary in the system design 
considering stability. Because most system parameters affect the understeer gradient, an 
optimal range of Ku or significant parameter, e.g. corresponding hitch load, is recom-
mended. 

For a CTC, the derivation of system yaw damping ratio is relatively complex due to a 
4th order system. However, it can be obtained in the numerical way. In practical road test, 
the relationship between the yaw damping ratio and dynamic critical speed can be lin-
earized in a small speed range around the vcrit. A straight line representing the best fit to 
the experimental data is determined by regression of the data to the following form: 

(௫ݒ)ߦ  = ܿ଴ + ܿଵ ∙  ௫ (3.43)ݒ

Here, c0 and c1 are the regression coefficients. It is also a convenient way to determine 
the system vcrit by a zero yaw damping ratio in a graphical way. 

Through numerical calculation, yaw damping ratios of three related systems above (a 
normal passenger car, a single trailer and a CTC) in dependence on the longitudinal 
velocity vx (30-140 km/h) are compared in Figure 3-5 below. The result is consistent 
with that in the root locus plot in Figure 3-4. A zero yaw damping ratio which only 
exists in one of the two damping ratios for a CTC determines the system critical stable 
state and its dynamic critical speed vcrit at 123.3 km/h as well. 

The difference in the unique damping ratio between the passenger car and the single 
trailer deserves special attention. The trailer has a nearly constant yaw damping ratio of 
1.0, which can be explained by its neutral steering characteristic due to the nearly same 
quantities of the both trailer axles. But for the passenger car, a significant difference in 
the front and rear axle cornering stiffnesses determines an understeering characteristic 
and hence its yaw damping ratio decreases along an increasing longitudinal velocity vx. 

                                                 
69 Hac et al.: Stability and Control Considerations of Vehicle-Trailer Combination, 2008. 
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Figure 3-5: Comparison of system yaw damping ratios depending on the longitudinal speed vx 

The system dynamic critical speed or yaw damping ratio is determined by the OP of 
system parameters. Therefore, each system parameter in the STM has influence on 
system dynamic stability. Based on the STM, sensitivity analysis of these system pa-
rameters can be achieved. To quantify its influence with the problem that each parame-
ter has different physical meaning and unit, system parameter’s influence is defined by 
the following formula, where x represents each system parameter. 

௖௥௜௧ݒ∆  = డ௩೎ೝ೔೟డ௫ × ை௉ݔ ∙ 1% (3.44) 

Under the OP defined in Table A and Table B in Appendix A.1, sensitivity analysis is 
achieved and the result is shown in Figure 3-6 below. For the quantification and com-
parison, the result contains the corresponding change of system dynamic critical speed 
vcrit when each parameter increases by 1% on the basis of OP delivered from the real 
experimental system. They are sorted into 3 categories, incl. inertial parameters (in 
blue), geometric parameters (in black) and axle cornering stiffnesses (in red). 
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Figure 3-6: Sensitivity analysis of system parameters existing in the linear STM 

However, the inertial and geometric parameters are usually constant over time in prac-
tice. Their influences are rarely considered once the system OP is already available. 
Instead, the axle cornering stiffness depends on various conditions and their influences 
on the vcrit are of more concern. 

Since the axle cornering stiffnesses serve as a connection between the vertical dynamics 
and horizontal dynamics, they are of special concern in the linear STM. Therefore, their 
sensitivity to the vcrit of a CTC is particularly considered and illustrated in Figure 3-7 
below. A short conclusion is that, an increasing rear axle cornering stiffness of the tow-
ing car or trailer has a positive impact on the system dynamic stability, while an increas-
ing front axle cornering stiffness of the towing car makes the stability worse. Change of 
the front axle cornering stiffness of the trailer has nearly no influence on the stability. 
Besides, the rear axle cornering stiffness of the towing car Cαr,1 has biggest influence on 
the stability among them and hence it deserves special and more attention in system 
stability analysis. 
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Figure 3-7: System dynamic critical speed in dependence on the axle cornering stiffness 

3.3 Conclusions 

A state-of-the-art survey shows that very few research activities were performed to 
study the coupling between the vertical dynamics and horizontal dynamics, particularly 
for the system stability analysis. Even for the normal passenger car, stability analysis is 
mainly focused in the horizontal plane. This is mainly due to two reasons. On the one 
hand, influence on system stability from vertical dynamics is small. On the other hand, 
dynamic stability is not a severe problem for the normal passenger car even at high 
longitudinal velocity. However, the driving dynamics and stability analysis of CTCs are 
obviously different from that of a normal passenger car. Dynamic stability is of more 
concern for CTCs, because the system dynamic critical speed, which is only ca. 100 
km/h, can be easily exceeded at highways. Moreover, dynamic critical stability is very 
sensitive to any external disturbance or change of system parameter. In such a situation, 
even small influence from the vertical dynamics might make a dynamic critical stable 
system unstable. Therefore, the coupling between the vertical dynamics and horizontal 
dynamics is a constructive topic for the dynamic stability of CTCs. 

This chapter lays a theoretical foundation for the stability investigation of CTCs. Be-
cause the driving dynamics and stability analysis of CTCs are obviously different from 
that of a normal passenger car, a short overview from the stability perspective becomes 
necessary before further stability investigation. 

Firstly, a linear STM for a CTC with a tandem-axle trailer is derived and its system state 
space expression is achieved. Although a STM for a CTC with a single-axle trailer is 
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popularly used in the publications, the contribution with a tandem-axle trailer is rela-
tively novel. It has a similar form as that of a normal passenger car but is a 4th order 
system with 3 DOFs. 

General system stability is defined based on a single-DOF mass-spring-damper system. 
Both static stability and dynamic stability are described with their corresponding behav-
ior under a displacement disturbance. Then the instability of vehicle systems are intro-
duced and special attention is paid on the static stability and dynamic stability of the 
CTCs. 

For the static stability, system understeer gradient derived from the yaw rate gain serves 
as a measure to quantify the system static stability. For the CTCs, towing car understeer 
gradient and an equivalent trailer understeer gradient are defined and derived based on 
the yaw rate gain and hitch angle gain. Although the towing car understeer gradient still 
dominates the static stability, the equivalent trailer understeer gradient also has extra 
influence. Therefore, both understeer gradients should be considered in the design relat-
ed to system static stability of the CTCs. 

The dynamic stability is of more concern for the CTCs. The system dynamic critical 
speed vcrit, which indicates the boundary of system dynamic stability, is defined based 
on the system root locus plot with variant longitudinal velocity. It is closely related to a 
zero yaw damping ratio. Both of them are utilized to characterize the dynamic stability 
of a CTC. It reveals that an increasing understeer gradient can improve the static stabil-
ity but reduce the dynamic stability at the same time. It is a conflict and a trade-off for 
the system understeer gradient is necessary in the system design considering stability. 
And so are the system parameters. 

Sensitivity analysis of system parameters to the dynamic critical speed is obtained on 
the basis of the linear STM. A short conclusion is that, an increasing rear axle cornering 
stiffness of the towing car or trailer has a positive impact on the system dynamic stabil-
ity, while an increasing front axle cornering stiffness of the towing car makes the stabil-
ity worse. Change of the front axle cornering stiffness of the trailer has nearly no influ-
ence on the stability. Besides, the rear axle cornering stiffness of the towing car Cαr,1 has 
biggest influence on the stability among them and hence it deserves special and more 
attention in system stability analysis. 
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4 Time-Frequency Analysis based Parame-
ter Identification Method (TFA-based PIM) 

Because the instability problem studied in this thesis is the dynamic instability of a 
CTC, it generally starts from a steady state oscillation, i.e. system dynamic critical 
stable state. A CTC behaves a steady state yaw oscillation in this situation. However, 
once the characteristic of some component changes over time, a dynamically stable 
CTC becomes unstable. That is to say, the system state shifts from dynamic critical 
stable to dynamic unstable. Hence, the root cause of this instability problem is a time 
varying phenomenon existing in some specific component. 

Another three aspects make the investigation of the problem more challengeable. First-
ly, a dynamically stable system is very sensitive to any small disturbances, like dynamic 
wheel load, nonlinear steering/tire characteristics or aerodynamics at this stability 
boundary. It makes the experimental research more difficult because other unexpected 
disturbances cannot be completely excluded. Secondly, the experience from stability 
analysis of passenger cars reveals that, influence from vertical dynamics like damper 
characteristic is very small. It indicates the difference between different damper setups, 
which makes a dynamically stable system unstable, might be very small as well. Finally, 
for safety reasons, useful system response is relatively short in time domain in the road 
test (see Figure 1-4). It is often less than 10 seconds under the first steering impulse 
excitation and extremely shorter, mostly less than 3 seconds, under the second steering 
impulse excitation. All these three aspects put forward high demands on the perfor-
mance of DSP for the purpose of high resolution. 

On this basis, two main requirements have to be satisfied in the process of system iden-
tification, identification of time varying property and improvement of resolution. In 
order to identify the potential time varying property, TFA-based PIM has to be consid-
ered. For the purpose of high resolution, further measures like the spectrum-line-
interpolation correction algorithms might be helpful. 

The PIM proposed in this thesis is a combination of a linear STM and the MTWFFT. It 
is a TFA-based PIM, which can be used to estimate time-invariant and time varying 
system parameters. The PIM aims for the system model identification to build up simu-
lation models. A complete block diagram of the TFA-based PIM for the application of a 
CTC or normal passenger car with necessary sensors is shown in Figure 4-1. The TFA-
based PIM contains three components, mainly MTWFFT, a STM and an effective axle 
load evaluation algorithm. The former two are indispensable while the last part takes a 
phenomenon of nonlinearity-induced harmonic dynamic axle load into account. All the 
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three parts are described in this chapter. Besides, the inputs and outputs for the PIM are 
also illustrated in the diagram and their definitions can be found in the equations in this 
chapter. Standard (in green blocks) and necessary (but non-standard, in blue blocks) 
measurement sensors in the road test are shown as well. Inertial and geometric parame-
ters including steering ratio (in yellow blocks) are necessary and assumed to be availa-
ble in advance. The diacritic “^” is used to label the complex amplitudes in frequency 
domain (similarly hereinafter). 
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Figure 4-1: A complete block diagram of the TFA-based PIM for the application of a car-trailer 
combination or normal passenger car with necessary sensors 
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4.1 Time-frequency analysis 

“In signal processing, TFA comprises those techniques that study a signal in both the 
time and frequency domains simultaneously, using various time-frequency representa-
tions (TFRs)”70. A TFR is a view of a signal represented over both time and frequency 
domains. TFA is analysis into the time-frequency domain provided by a TFR. This is 
achieved with a formulation called as time-frequency distribution (TFD)71. 

In the state of the art, several well-known TFDs are generated by the following ways, 
such as: 

- Short-time Fourier transform incl. the Gabor transform 

- Wavelet transform 

- Bilinear time-frequency distribution function (Wigner distribution func-
tion) 

- Modified Wigner distribution function, Gabor-Wigner distribution func-
tion, etc (see Gabor-Wigner transform). 

Since the STFT is the most basic form of TFA and such a linear TFR can satisfy all the 
requirements in the research of instability problem in this thesis, the MTWFFT is intro-
duced based on the STFT for the purpose of identifying time varying vehicle dynamics 
under harmonic conditions. Although other TFDs have their own advantages in the 
TFA, they are more complex and unnecessary in the application here. 

4.1.1 MTWFFT 

In principle, MTWFFT has the same essence as the STFT. The principle of the 
MTWFFT method is illustrated in Figure 4-2. Normally, the dynamic signals are direct-
ly obtained by the measurements in time domain. The standard Discrete/Fast Fourier 
transform (DFT/FFT) can be used to get the complete frequency domain information. 
With a pre-defined moving time window, the instantaneous characteristics (incl. fre-
quency, amplitude and phase) are available. A MTWFFT, similar as STFT, can then be 
performed. Both the temporal and frequency resolutions are dependent on the length of 
the moving time window. 

                                                 
70 Wikipedia – virtual: http://en.wikipedia.org/wiki/Time-frequency_analysis, last access: February 23rd 

2015. 

71 Wikipedia – virtual: http://en.wikipedia.org/wiki/Time-frequency_representation, last access: February 
23rd 2015. 
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Figure 4-2: Principle of the time-frequency analysis MTWFFT72 

This MTWFFT is a powerful tool to identify even a small change of the dynamic signal 
in the time domain. To be more precise, FFT is adopted to obtain the signal’s dynamic 
amplitude at discrete frequencies. A selective weighting time window can be employed 
in the transform. For example, a Hanning window can be utilized in the transform to 
eliminate the leakage effect and “Picket Fence” effect in the standard FFT. For a system 
with harmonic response, the parameter identification is performed at the dominant 
frequency fd. For a compromise between the temporal and frequency resolutions, the 
length of the moving time window can be determined as roughly two dominant oscilla-
tions (T=2/fd). The overlap is also helpful to avoid loss of data and can be fixed by the 
moving step Δt (e.g. T/16). Then a standard FFT is performed in every small time win-
dow as it moves forward along the time axis. And the signal’s dynamic amplitude at the 
dominant frequency fd can be described nearly continuously in time domain. The system 
parameter’s instantaneous amplitude, phase, and frequency are the direct analysis re-
sults. The system’s instantaneous transfer functions can also be calculated using the 
quotient of complex amplitudes. Another advantage of the MTWFFT method is that, the 
signal’s dynamic amplitude at other frequency of interest (e.g. harmonics, n·fd, where n 
is an integer) is also available. Hence it provides a convenient way for harmonic analy-
sis. But restricted by the Fourier uncertainty principle73, the frequency resolution is 
possibly not sufficient due to a limited moving-window length, which results from a 
trade-off between the temporal and frequency resolutions. This problem is particularly 
severe when any system parameter changes rapidly over time. Under such condition, 
                                                 
72 Agilent Technologies: Spectrum Analysis Basics, Application Note 150, 2004, p. 5. 

73 Hogan et al.: Time‒Frequency and Time‒Scale Methods, 2004. 
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further measures like the spectrum-line-interpolation correction algorithms74,75 have to 
be considered. It is a universal analysis method for the parameter identification of any 
time varying system, no matter whether it is linear or not. 

4.1.2 Pros and cons 

The MTWFFT method is very flexible in that the resolutions in the time and frequency 
domains can be easily changed. With the MTWFFT, analysis of various time varying 
vehicle dynamics becomes possible. 

Besides, a time-domain Hilbert transform76 (HT) method is also possible to estimate 
time varying system parameters. Unlike the STFT, it conducts transform only in the 
same time domain and a resulting analytic signal is constructed. With this analytic 
signal, system instantaneous amplitude, phase and frequency can be estimated. Howev-
er, HT is limited by only one dominant frequency in the signal analyzed. If the signal 
has more than one interesting frequency, special digital filter has to be considered. 
Moreover, if the interesting frequencies are very close with each other, e.g. fundamental 
and harmonics, HT cannot distinguish and extract them accurately. 

A comparison of the pros and cons between the FFT, HT and MTWFFT is summarized 
in Table 4-1 below. It serves as a basic guideline for the analysis of various signals. 

Table 4-1: A comparison of the pros and cons between the FFT, HT and MTWFFT 

Analysis method Pros (+) Cons (-) 

FT/DFT/FFT 

Time-invariant systems, 
Harmonic response with 
constant characteristics 

Useless for  
time varying systems 

HT 

Time varying systems, 
Harmonic response with 
changed characteristics 

Limited by  
one dominant frequency 

STFT/MTWFFT 

Time varying systems, 
Harmonic response with 
changed characteristics, 
Time-frequency analysis 

Temporal and frequency 
resolutions are limited by 
the Fourier uncertainty 
principle 

 

                                                 
74 Zhang et al.: Analysis Methods for Time-Variant Harmonic Vehicle Dynamics Experiments, 2013. 

75 Ming et al.: Corrections for Frequency, Amplitude and Phase in A Fast Fourier Transform…, 1996. 

76 Feldman: Hilbert Transform Applications in Mechanical Vibration, 2011. 
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4.2 Correction with spectrum-line-
interpolation algorithm 

As mentioned above, useful system response is relatively short in the time domain in the 
road tests. This results in a poor temporal and frequency resolutions in the TFA-based 
PIM. In this condition, further measures should be considered to improve frequency 
resolution without a significant reduction in the temporal resolution. 

One solution could be a moving-time window with an adaptive length, which is deter-
mined by the instantaneous dominant frequency. In such a case, obtaining the instanta-
neous dominant frequency is a prerequisite. It can be solved with a combination of other 
analysis methods, e.g. HT. 

Another solution is the introduction of an additional correction algorithm, which can 
refine the instantaneous dominant frequency within the spectrum of the moving-time 
window. Under such condition, a special spectrum-line-interpolation algorithm with the 
information near the dominant frequency can be helpful. Such a correction algorithm 
(see Eq. (4.1)) for identification of the true instantaneous dominant frequency, ftd, is 
designed to avoid a frequency shift error due to low frequency resolution in the 
MTWFF. The relationship between the true dominant frequency ftd and the detected 
dominant frequency fi including its adjacent frequencies fi±1 is illustrated in Figure 4-3 
below. 

۔ۖەۖ 
ۓ ݔ = ௙೟೏ି௙೔∆௙(ݔ)ܿ݊݅ݏ = ௦௜௡௫௫ݎ஺ = ஺೔శభି஺೔షభ஺೔ = ൫௦௜௡௖(௫ାଵ)ି௦௜௡௖(௫ିଵ)൯ି଴.ହ(௦௜௡௖(௫ାଶ)ି௦௜௡௖(௫ିଶ))௦௜௡௖(௫)ି଴.ହ(௦௜௡௖(௫ାଵ)ା௦௜௡௖(௫ିଵ))

 (4.1) 

 

 

Figure 4-3: Frequency correction based on a special spectrum-line-interpolation algorithm 
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Here the fi is the detected dominant frequency (i.e. fd in Section 4.1.1) where the maxi-
mum amplitude, Ai, exists in the spectrum, while Ai-1 and Ai+1 are the left and right 
adjacent amplitudes. Hence, three spectrum lines are utilized in the correction. Δf is the 
frequency resolution determined by the length of the moving-time window in the 
MTWFFT method. Through the convolution of the FT of the original signal (just a 
Dirac delta distribution at ftd) and the FT of Hanning window, 0.5[sinc(x)-(sinc(x-
1)+sinc(x+1))/2], the normalized amplitude difference of the adjacent spectrum lines 
depends only on the normalized frequency shift between ftd and fi (see Eq. (4.1) above). 

Obtaining an analytical expression of ftd is not easy or might even be impossible. There-
fore, a polynomial approximation of the solution leads to Eq. (4.2). 

 ௧݂ௗ ≈ ௜݂ + ଶଷ ∙ ஺ݎ ∙ (1 − 0.327 ∙ (஺ଶݎ ∙ ∆݂  (4.2) 

With the spectrum-line-interpolation algorithm described above, the instantaneous 
dominant frequency can be refined with a higher resolution compared with the direct 
analysis result of the MTWFFT method. It can be treated as an extension or refinement. 
However, only frequency correction is proposed here. A consideration with possible 
amplitude and phase corrections can further refine the analysis result of the MTWFFT 
method. Here, a triple-spectrum-line-interpolation algorithm proposed by Niu77 et al. is 
integrated into the TFA-based PIM and the evaluation method to obtain the yaw mo-
ment of inertia for the purpose of a more accurate frequency, amplitude and phase re-
sult. More details about this triple-spectrum-line-interpolation algorithm are given in 
Appendix A.3. The analysis result is acceptable with satisfactory accuracy. 

4.3 Verification of MTWFFT 

Before the integration of MTWFFT into the PIM, verification with a synthetic time 
varying signal is performed. Here, the extended MTWFFT method with the spectrum-
line-interpolation algorithm (see Eq. (4.2)) is used to analyze the synthetic signal (see 
Eq. (4.3)). The analysis results were also cross-checked with the analysis results of the 
HT. Its validity for a time varying system is proven by this. 

 ቐ(ݐ)ݏ = (ݐ)ܣ ∙ ߨ2)	ݏ݋ܿ ∙ ݐ0.75) − (ݐ)ܣ((ଶݐ0.005 = 5 + (ݐ)݂ݐ0.25 = 0.75 − ݐ0.01   (4.3) 

                                                 
77 Niu et al.: An Algorithm for … Triple-spectrum-line Interpolation FFT, 2012. 
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Figure 4-4: Analysis results of a synthetic time varying signal with MTWFFT and HT 

The analysis result of the synthetic signal in Eq. (4.3) with MTWFFT is shown in Fig-
ure 4 above. The length of the moving-time window is defined by the detected fre-
quency 0.65 Hz through the FFT of the complete time signal. And the length of the 
window is fixed in the moving process. Both the instantaneous time-variant amplitude 
and dominant frequency expressed in Eq. (4.3) are estimated with sufficient accuracy 
and resolution. 

The analysis results of the synthetic signal with the two methods, MTWFFT and HT, are 
shown in the second and third diagrams in Figure 4-4 above. The analysis results with 
both methods are almost exactly the same and are consistent with the time-variant am-
plitude and dominant frequency expressed in Eq. (4.3). 

The length of the moving-time window in MTWFFT is defined by the detected frequen-
cy 0.65 Hz obtained from the conventional Fourier transform of the complete time 
signal. And the length of the window is fixed in the moving process. With the help of 
the spectrum-line-interpolation algorithm, the instantaneous dominant frequency is 
identified with sufficient resolution compared with that of the Hilbert transform. But a 
small amplitude error from the MTWFFT method still exists due to no amplitude cor-
rection. 
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4.4 Integration in vehicle dynamics 

In vehicle dynamics, handling and stability are concerned in the lateral dynamics. Under 
such circumstances, harmonic excitation and response are frequently adopted or studied. 
This provides a potential application space for the proposed PIM. There are two main 
application maneuvers. One is the harmonic response of a forced oscillation under a 
harmonic excitation, like a slalom test. The second case is the harmonic response of a 
free oscillation under a non-periodic excitation for a specific vehicle system at its dy-
namic critical speed, like the critical oscillations of a CTC under an impulse excitation. 

4.4.1 Axle side-slip angle and axle cornering stiffness 

For linear vehicle lateral dynamics, the side-slip angle and cornering stiffness are of 
great concern. Even without optical sensors, like Correvit® or wheel vector sensor, the 
axle side-slip angle can be estimated for vehicle systems with harmonic response under 
the small angle approximation (sin x ≈ x, cos x ≈ 1). Here a CTC is taken as an applica-
tion example based on the STM derived in Chapter 2. 

The axle side-slip angles in the complex frequency domain are derived with the Laplace 
transform and Fourier transform of the corresponding single-track equations in the time 
domain. The derivation of the αf of the towing car is demonstrated by Eq. (4.4) as an 
example. 

(4.4) 

For the towing car, the axle side-slip angles can be represented by their amplitudes in 
the complex frequency domain based on the STM. Here, j is the imaginary unit; ω1 is 
the dominant frequency in the yaw rate of the towing car. The steering system is as-
sumed to be rigid with a steering ratio is. 

 ൞ߙො௙,ଵ = ఋ෡ಹ௜ೞ − ௩ො೤೑,భ௩ೣ = ఋ෡ಹ௜ೞ − ௔ො೤೑,భ௝ఠభ௩ೣ + ෠߰ଵ = ఋ෡ಹ௜ೞ − ௔ො೤೑,భ௝ఠభ௩ೣ + టሶ෡భ௝ఠభߙො௥,ଵ = − ௩ො೤ೝ,భ௩ೣ = − ௔ො೤ೝ,భ௝ఠభ௩ೣ + ෠߰ଵ = − ௔ො೤ೝ,భ௝ఠభ௩ೣ + టሶ෡భ௝ఠభ
 (4.5) 
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Normally the acceleration sensor or an Inertial Measurement Unit (IMU) is easily in-
stalled near the rear axle in the trunk, so the lateral acceleration at the front axle can be 
derived in the following way. 

 ොܽ௬௙,ଵ = ොܽ௬௥,ଵ + ݆߱ଵ ሶ߰෠ଵ݈ଵ (4.6) 

Meanwhile, the axle lateral forces can be easily obtained from the sum of left/right tire 
forces, which can be captured by the measuring rims. 

A problem exists for the trailer, once the measuring rims for trailer wheels are not avail-
able. Therefore, obtaining the true values of the lateral forces of trailer wheels is not 
possible. Instead, simplified estimation based on the forces at the drawbar and trailer 
lateral acceleration is possible. Since the system has a tandem-axle trailer, the lateral 
forces of the both trailer axles are simplified to be the same based on the simulation data 
in the CarMaker® environment. On the one hand the front axle of the trailer is closer to 
the COG of the trailer and bears more load; on the other hand an additional pitch mo-
ment due to the aerodynamic drag force on the trailer body induces a wheel load shift 
from the front axle to the rear axle. Hence, the practical distribution of the total load is 
approximately the same between the front axle and the rear axle of the trailer. This 
assumption is confirmed by the simulation data in the CarMaker® environment. With 
these simplifications, the axle side-slip angle and the axle lateral force follow from the 
equations below. 

 ൞ߙො௙,ଶ = − ௩ො೤೑,మ௩ೣ = − ௔ො೤೑,మ௝ఠమ௩ೣ + ෠߰ଶ = − ௔ො೤,మ௝ఠమ௩ೣ + టሶ෡మ௝ఠమ − టሶ෡మ௟೑,మ௩ೣߙො௥,ଶ = − ௩ො೤ೝ,మ௩ೣ = − ௔ො೤ೝ,మ௝ఠమ௩ೣ + ෠߰ଶ = − ௔ො೤,మ௝ఠమ௩ೣ + టሶ෡మ௝ఠమ + టሶ෡మ௟ೝ,మ௩ೣ  (4.7) 

 ቊܨ௬௛,ଶ = ௬௛,ଵܨ)− ݏ݋ܿ ௛ߠ + ௫௛,ଵܨ ݊݅ݏ (௛ߠ ≈ ௬௛,ଵܨ)− + ௬௙,ଶܨ(௛ߠ௫௛,ଵܨ ≈ ௬௥,ଶܨ ≈ 0.5 ∙ ௬,ଶܨ = 0.5(݉ଶܽ௬,ଶ − (௬௛,ଶܨ  (4.8) 

Here, Fy,2 denotes the sum of the lateral forces generated by the trailer tires. The forces 
at drawbar are measured by a sensor installed at the hitch of the towing car. Because the 
trailer lateral acceleration and yaw rate are measured based on the trailer body-fixed 
coordinate system, the contribution from the hitch angle is not concerned, different from 
Eq. (3.8). Also, the calculation of trailer axle side-slip angle is based on the trailer body-
fixed coordinate system as well, different from that in the STM. Considering the lateral 
force at the hitch point (in Figure 3-1) based on the principle of action and reaction, a 
minus sign is applied in Eq. (4.8). 

The dynamic amplitudes of the axle side-slip angle and axle lateral force can be ob-
tained with the MTWFFT method based on the formulas from Eq. (4.5) to Eq. (4.8). 
Consequently, the instantaneous axle cornering stiffness is their complex ratio. 

(ݐ)ఈ,௜ܥ  = ி෠೤,೔(௧)ఈෝ೔(௧)  (4.9) 
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4.4.2 Effective axle load evaluation algorithm and normalized 
axle cornering stiffness 

Vehicle dynamics experiment with harmonic excitation or response is frequently used to 
determine the system characteristics, like yaw gain transfer function. Under a harmonic 
response, the axle load is ideally assumed to be constant. But due to some component 
with nonlinear characteristic, the dynamic wheel load is not perfect sinusoidal at the 
dominant yaw oscillation frequency (fyaw), even the wheel load fluctuations (above 8 
Hz) are not taken into account. Instead, it is asymmetric and consequently an induced 
oscillation at the 1st harmonic (2fyaw) exists in the axle load. Actually, the fyaw is more or 
less time varying and so is this harmonic oscillation in the axle load. 

From another perspective, the mass-spring-damper system simplified from the axle is 
excited harmonically. The vertical body resonance reacts with the wheel load oscillation 
in the frequency range 1-2 Hz. The influence of axle load oscillation at about 1-2 Hz on 
the axle cornering stiffness is investigated here. If the fundamental harmonic is approx-
imately half of this resonance frequency, the axle load can be effectively more or less 
than the average due to this oscillation. To be more in detail, in one case the side-slip 
angle α reaches its maximal absolute value (positive or negative) when the axle load Fz 
also reaches a maximum. The instantaneous axle load supports the cornering stiffness at 
this moment (see Figure 4-5 (a)). In this situation, the phase shift of the harmonic axle 
load referring to the square of the axle lateral force Fy

2 is defined as 0°. When a maxi-
mal absolute α meets with an average axle load around, the instantaneous axle load is 
neutral and has no influence (see Figure 4-5 (b), the phase shift of the harmonic axle 
load is defined as -90° or 90°). However, in case of a minimum at the maximal absolute 
side-slip angle, it is effectively less and the cornering stiffness has to decrease (see 
Figure 4-5 (c), the phase shift of the harmonic axle load is defined as -180° or 180°). 
The phase shift relationship between the Fy and Fz is summarized in Figure 4-5 below. 
Here the Fy

2 generates a signal with the same oscillation frequency as the Fz and it can 
serve as a phase reference signal for the 1st harmonic in the dynamic axle load. 
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Figure 4-5: Phase shift relationship between the axle lateral force and axle load 

A case study from the road test of a car-trailer combination shows a dominant oscilla-
tion frequency in the Fzr,1 which is ca. the 1st harmonic (dominated by 1.40 Hz, 1st har-
monic 2ω) of the fundamental (dominated by 0.67 Hz, fundamental harmonic ω) in the 
Fyr,1 (see Figure 4-6) at the rear axle. Starting from 65.4 seconds, the amplitude of the 
dominant 1.40 Hz oscillation reaches an amount of ca. 1 kN occasionally (in the time 
windows). It can contribute to the effective axle load and hence influence the axle cor-
nering stiffness Cαr,1. 

 

Figure 4-6: Axle load oscillation (ψdot,1, ayr,1, Fyr,1 and Fzr,1, LPF: Low-pass filter) 

The amplitude of this axle load oscillation indicates some degree of time varying prop-
erty at this axle. Furthermore, a phase shift between the Fyr,1 and Fzr,1 also deserves 
attention. Both the amplitude and phase of the axle load oscillation influence the effec-
tive axle load. 
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The instantaneous cornering stiffness depends a lot on the wheel/axle load. Considering 
this influence, a weight normalized cornering stiffness ζ is defined by Eq. (4.10) be-
low78. 

(ݐ)ߞ  = ஼ഀ(௧)ி೥(௧) (4.10) 

The influence of axle load oscillation on the axle cornering stiffness is investigated. For 
the axle cornering stiffness, a constant expression in the STM in Section 3.1 is not 
sufficient. Here, “other effects, like load transfer, body roll, steer compliance, side force 
steer and initial camber and toe angles have also to be included in the ultimate expres-
sion of an effective axle cornering stiffness”, proposed by Pacejka78. As is known, the 
transient wheel load is more complex in an unsteady state condition. Besides the static 
component and dynamic component at the dominant frequency, other contributions also 
exist when an effective wheel load is considered, e.g. nonlinear harmonics or wheel load 
fluctuations79 resulting from road irregularities. Hence, an effective wheel load can be 
derived including a considerable effect for a specific use case. Only the major compo-
nent resulting from the axle load oscillation (at about 1-2 Hz) discussed above is con-
sidered in the following derivation for simplification. 

An evaluation algorithm for an effective axle load (static component plus additional 
component from axle load harmonic) is derived. It is based on modulation within the 
range of linear lateral dynamics and described by Eq. (4.11) below. Here, ω is the dom-
inant angular frequency in the side-slip angle and 2ω, 3ω are its 1st ,2nd harmonics. The 
initial phases of the axle side-slip angle α(t) and the axle load harmonic Fz,2ω(t) are φy 
and φz respectively. Fz,0 denotes the static axle load at frequency ω0 = 0 s-1. Fz,2ω,eff 
denotes the effective component from axle load harmonic at 2ω. Re(Fz,2ω,eff) denotes its 
real part and Im(Fz,2ω,eff) denotes its imaginary part. 

۔ۖەۖ 
ۓ (ݐ)ߙ = ොߙ ݐ൫߱ݏ݋ܿ + ߮௬൯ܨ௭(ݐ) = ௭,଴ܨ + (ݐ)௭,ଶఠܨ = ௭,଴ܨ + ෠௭,ଶఠܨ ݐ2߱)ݏ݋ܿ + ߮௭)߮߂ = ߮௭ − 2߮௬ܨ௬(ݐ) = (ݐ)ߙ ∙ (ݐ)ఈܥ = (ݐ)ߙ ∙ (ݐ)ߞ ∙ (ݐ)௭ܨ ⇒  

                                                 
78 Pacejka: Tire and Vehicle Dynamics, third edition, 2012, p. 9. 

79 Heißing et al.: Chassis Handbook, 2011, p. 114. 



4 Time-Frequency Analysis based Parameter Identification Method (TFA-based PIM) 

52 

ەۖۖ
۔ۖۖ
ۓۖۖ (ݐ)௬ܨ = ෠௬,ఠܨ ݐ൫߱݊݅ݏ + ߮௬ + ఠ൯߮߂ + ෠௬,ଷఠܨ ݐ൫3߱݊݅ݏ + 3߮௬ + ఠ߮߂ଷఠ൯߮߂ = ଵି݊ܽݐ ி෠೥,బା଴.ହோ௘ൣி೥,మഘ,೐೑೑(௝ఠ)൧ି଴.ହூ௠ൣி೥,మഘ,೐೑೑(௝ఠ)൧߮߂ଷఠ = ଵି݊ܽݐ ோ௘ൣி೥,మഘ,೐೑೑(௝ఠ)൧ିூ௠ൣி೥,మഘ,೐೑೑(௝ఠ)൧ܨ෠௬,ఠ = ොߙ ∙ (ݐ)ߞ ∙ ට൫ܨ௭,଴ + ௭,ଶఠ,௘௙௙(݆߱)൧൯ଶܨ0.5ܴ݁ൣ + ൫0.5ܨൣ݉ܫ௭,ଶఠ,௘௙௙(݆߱)൧൯ଶܨ෠௬,ଷఠ = ොߙ ∙ (ݐ)ߞ ∙ ට൫0.5ܴ݁ൣܨ௭,ଶఠ,௘௙௙(݆߱)൧൯ଶ + ൫0.5ܨൣ݉ܫ௭,ଶఠ,௘௙௙(݆߱)൧൯ଶ

 (4.11) 

Because the axle lateral force Fy(t) is dominated by the fundamental harmonic ω (see 
Figure 4-6), its amplitude can be approximated by the main contribution at ω. 

 ቐ (ݐ)௬ܨ ≈ ෠௬,ఠܨ ݐ൫߱݊݅ݏ + ߮௬ + ෠௬ܨఠ൯߮߂ ≈ ෠௬,ఠܨ = ොߙ ∙ (ݐ)ߞ ∙ ට൫ܨ௭,଴ + ௭,ଶఠ,௘௙௙(݆߱)൧൯ଶܨ0.5ܴ݁ൣ + ൫0.5ܨൣ݉ܫ௭,ଶఠ,௘௙௙(݆߱)൧൯ଶ (4.12) 

With this derivation, the relationship between the axle cornering stiffness and the corre-
sponding effective axle load is described by the following equation. 

(ݐ)ఈܥ  = (ݐ)ߞ ∙ ௭,௘௙௙ܨ (ݐ)ߞ= ∙ ට൫ܨ௭,଴ + ௭,ଶఠ,௘௙௙(݆߱)൧൯ଶܨ0.5ܴ݁ൣ + ൫0.5ܨൣ݉ܫ௭,ଶఠ,௘௙௙(݆߱)൧൯ଶ (4.13) 

Because 0.5ܨൣ݉ܫ௭,ଶఠ,௘௙௙(݆߱)൧ ≪ ௭,଴ܨ +  ௭,ଶఠ,௘௙௙(݆߱)൧ܨ0.5ܴ݁ൣ
൞ܨ௭,௘௙௙ = ට൫ܨ௭,଴ + ௭,ଶఠ,௘௙௙(݆߱)൧൯ଶܨ0.5ܴ݁ൣ + ൫0.5ܨൣ݉ܫ௭,ଶఠ,௘௙௙(݆߱)൧൯ଶ ≈ ௭,଴ܨ + (ݐ)௬ܨ௭,ଶఠ,௘௙௙(݆߱)൧ܨ0.5ܴ݁ൣ ≈ ෠௬,ఠܨ ݐ൫߱݊݅ݏ + ߮௬ + ఠ൯߮߂ ≈ ෠௬,ఠܨ ݊݅ݏ ቀ߱ݐ + ߮௬ + గଶቁ = ෠௬,ఠܨ ݐ൫߱ݏ݋ܿ + ߮௬൯ (4.14) 

An approximate in-phase oscillation between Fy(t) and α(t) is indicated by Eq. (4.14). 
Here, the real/imaginary part of Fz,2ω,eff can be obtained based on the formulas below. 

۔ۖەۖ 
௭,ଶఠ,௘௙௙(݆߱)൧ܨൣܴ݁ۓ = ෠௭,ଶఠܨ ∙ (߮߂)ݏ݋ܿ = ෠௭,ଶఠܨ ∙ ൫߮௭ݏ݋ܿ − 2߮௬൯ܨൣ݉ܫ௭,ଶఠ,௘௙௙(݆߱)൧ = ෠௭,ଶఠܨ ∙ (߮߂)݊݅ݏ = ෠௭,ଶఠܨ ∙ ൫߮௭݊݅ݏ − 2߮௬൯߮௭ = ݃ݎܣ ቀܨ௭,ଶఠ(ݐ)ቁ2߮௬ = ൯(ݐ)ଶߙ൫݃ݎܣ ≈ ൯(ݐ)௬ଶܨ൫݃ݎܣ  (4.15) 

Here, Arg(•) denotes the phase of the harmonic signal •. The phase shift is available in 
this way. And α2(t) or Fy

2(t) generates the phase reference signal for the axle load har-
monic at 2ω (ref. to Eq. (4.11)). Through the construction of Fy

2(t), the problem of 
different dominant frequencies in Fy and Fz is solved even with a time varying ω. How-
ever, if time varying effective axle load or axle cornering stiffness is necessary, TFA-
based PIM has to be considered. 
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Two important points have to be clarified on the derivation of effective axle load above. 
Firstly, because this derivation is independent on the STM, the nonlinear harmonics in 
axle load and its influence on the effective axle cornering stiffness can be studied with 
the MTWFFT. It can introduce a time varying axle cornering stiffness into the STM and 
makes the model time varying, too. Secondly, this derived effective axle load can serve 
as a linkage to investigate the coupling between the vertical dynamics and horizontal 
dynamics. 

A time varying effective axle load Fz,eff(t) can be obtained with the MTWFFT. Once the 
Cα,i(t) and Fzi,eff(t) are obtained with the PIM, a normalized cornering stiffness ζi(t) can 
be determined as their ratio in the time domain. 

(ݐ)௜ߞ  = ஼ഀ,೔(௧)ி೥೔,೐೑೑(௧) (4.16) 

This coefficient ζi(t) provides a description of the Cα,i(t) normalized by the effective axle 
load and opens a discussion on the effects which are not related to the axle load. 

4.4.3 Instantaneous lateral friction coefficient 

For vehicle lateral dynamics, whether the tire works in the linear range or not is con-
cerned in many cases. As a capable indicator, the lateral friction coefficient μyi(t) is also 
available with the MTWFFT method by the formula below. 

(ݐ)௬௜ߤ̂  = ி෠೤೔,ೞೠ೘(௧)ி೥೔,೐೑೑(௧)  (4.17) 

It is also independent on the STM. With the advantage of TFA, the lateral friction coef-
ficient is also an instantaneous parameter over time, which can indicate the transient tire 
behavior. 

4.4.4 Yaw moment of inertia 

Yaw moment of inertia is another important parameter in the STM, which has an influ-
ence on the yaw motion in the horizontal plane. Normally it is estimated through some 
experimental method in which a harmonic response is excited under a free oscillation 
condition80. An inconvenience is that additional equipment is necessary to conduct this 
free oscillation condition. 

For a vehicle system with harmonic behavior, identification of yaw moment of inertia 
becomes easier with the assistance of TFA-based PIM. Based on the yaw motion equa-
tions Eq. (3.2) and Eq. (3.6) in the STM, the yaw moments of inertia of the towing car 
                                                 
80 Standen: Towed vehicle aerodynamics, 1999, p. 121. 
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and trailer can be obtained in the complex frequency domain in the same way as the 
axle side-slip angle. 

መ௭,ଵܫ  ∙ ݆߱ଵ ሶ߰෠ଵ = ෠௬௙,ଵܨ ∙ ݈௙,ଵ − ෠௬௥,ଵܨ ∙ ݈௥,ଵ + ෠௬௛,ଵܨ ∙ ݈௛,ଵ (4.18) 

መ௭,ଶܫ  ∙ ݆߱ଶ ሶ߰෠ଶ = ෠௬௙,ଶܨ ∙ ݈௙,ଶ − ෠௬௥,ଶܨ ∙ ݈௥,ଶ + ෠௬௛,ଶܨ ∙ ݈௛,ଶ (4.19) 

Method 1: As mentioned before, due to the absence of the measuring rims for the trailer 
wheels, only simplified estimation based on the forces at the drawbar and trailer lateral 
acceleration is possible. Under such conditions, it is assumed that the lateral forces at 
the two axles of the trailer are equal, i.e. half of the total amount. Based on the deriva-
tion in Eq. (4.8), the Eq. (4.19) can be replaced by the following one. 

መ௭,ଶܫ  ∙ ݆߱ଶ ሶ߰෠ଶ ≈ ෠௬௥,ଶܨ ∙ (݈௙,ଶ − ݈௥,ଶ) + ෠௬௛,ଶܨ ∙ ݈௛,ଶ (4.20) 

Method 2: There is also another evaluation method for the trailer yaw moment of iner-
tia Iz,2 on the basis of another assumption. Because the tires at the two axles of the trail-
er are completely the same and the axle load has small difference, it can be assumed that 
the normalized axle cornering stiffness ζ2 is the same for the two axles of the trailer. 
Therefore, the axle cornering stiffness Cαi,2 is proportional to the axle load, which is 
mainly depending on the COG of the trailer. However, a wheel load shift from the front 
axle to the rear axle of the trailer, which is induced by an additional pitch moment due 
to the aerodynamic drag force on the trailer body has been ignored. Under this assump-
tion, the trailer yaw moment of inertia Iz,2 can be described by Eq. (4.21) below. 

 

۔ۖەۖ
௬௙,ଶܨۓ = ௙,ଶߙఈ௙,ଶܥ = ଶߞ ∙ ݉ଶ݃ ∙ ௟ೝ,మ௟మ ൬− ௩೤,మ௩ೣ − టሶ మ௟೑,మ௩ೣ ൰ܨ௬௥,ଶ = ௥,ଶߙఈ௥,ଶܥ = ଶߞ ∙ ݉ଶ݃ ∙ ௟೑,మ௟మ ቀ− ௩೤,మ௩ೣ + టሶ మ௟ೝ,మ௩ೣ ቁܨ௬௙,ଶ + ௬௥,ଶܨ = ௬,ଶܨ = ݉ଶܽ௬,ଶ − ௭,ଶܫ௬௛,ଶܨ ሷ߰ ଶ = ௬௙,ଶ݈௙,ଶܨ − ௬௥,ଶ݈௥,ଶܨ + ௬௛,ଶ݈௛,ଶܨ

⇒ 

௭,ଶܫ  ሷ߰ ଶ = టሶ మ∙௟೑,మ∙௟ೝ,మ௩೤,మ ∙ ௬,ଶܨ + ௬௛,ଶܨ ∙ ݈௛,ଶ (4.21) 

Where the lateral velocity at the COG of the trailer is obtained by 

௬,ଶݒ  = ௬,ଶܽ׬ − ௫ݒ ∙ ߰ଶ (4.22) 

Here, Fy,2 denotes the sum of the lateral forces generated by the trailer tires. Because the 
trailer lateral acceleration and yaw rate are measured based on the trailer body-fixed 
coordinate system, the contribution from hitch angle is not concerned, different from 
Eq. (3.7) and Eq. (3.8). And the calculation of trailer axle side-slip angle is based on the 
trailer body-fixed coordinate system as well, different from that in the STM. 

In the same way, the trailer yaw moment of inertia Iz,2 expressed in the complex fre-
quency domain is derived by 
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 ൞ܫመ௭,ଶ ∙ ݆߱ଶ ሶ߰෠ଶ = టሶ෡మ∙௟೑,మ∙௟ೝ,మ௩ො೤,మ ∙ ෠௬,ଶܨ + ෠௬௛,ଶܨ ∙ ݈௛,ଶݒො௬,ଶ = ௔ො೤,మ௝ఠమ − ௩ೣ∙టሶ෡మ௝ఠమ = ௔ො೤,మି௩ೣ∙టሶ෡మ௝ఠమ
 (4.23) 

For the trailer yaw moment of inertia, the evaluation results with two methods above 
can be compared with each other in the application. 

Therefore, the two yaw moments of inertia are available with the TFA-based PIM under 
such simplification. If a single-axle trailer is towed, the estimation will be more precise. 

4.5 Conclusions 

Inspired by the merits of Time-Frequency Analysis (TFA) in Digital signal processing 
(DSP), a novel Time-Frequency analysis based parameter identification method (TFA-
based PIM) is proposed to investigate the potential time varying vehicle dynamics, 
which is related to system dynamic instability of CTCs. The TFA-based PIM proposed 
in this chapter is a combination of a linear single-track model (STM) and the moving-
time-windowed-fast Fourier transform (MTWFFT). It can be used to estimate time-
invariant and time varying system parameters. The PIM aims for the system model 
identification to build up simulation models. A complete block diagram of the TFA-
based PIM for the application of a CTC or normal passenger car with necessary sensors 
is shown in Figure 4-1. The TFA-based PIM contains three components, mainly 
MTWFFT, a STM and an effective axle load evaluation algorithm. The former two are 
indispensable while the last part takes a phenomenon of nonlinearity-induced harmonic 
dynamic axle load into account. All the three parts are described in this chapter. 

The MTWFFT proposed here has the same essence as the STFT. With a pre-defined 
moving time window, the instantaneous characteristics (incl. frequency, amplitude and 
phase) are available. Both the temporal and frequency resolutions are dependent on the 
length of the moving time window. The system’s instantaneous transfer functions can 
also be calculated using the quotient of complex amplitudes. Another advantage of the 
MTWFFT method is that, the signal’s dynamic amplitude at other frequency of interest 
(e.g. harmonics) is also available. A comparison of the pros and cons between the FFT, 
Hilbert Transform (HT) and MTWFFT is summarized, which serves as a basic guideline 
for the analysis of various signals. But restricted by the Fourier uncertainty principle, 
the frequency resolution is possibly not sufficient due to a trade-off between the tempo-
ral and frequency resolutions. A special spectrum-line-interpolation algorithm with the 
information near the dominant frequency is proposed as a solution for the frequency 
correction. Furthermore, verification with a synthetic time varying signal is performed 
for the MTWFFT method. Both the instantaneous time-variant amplitude and dominant 
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frequency are estimated with sufficient accuracy and resolution. The analysis results 
were also cross-checked with the analysis results of the HT. Its validity for a time vary-
ing system is proven by this. 

The linear STM proposed in Section 3.1 is transformed into complex frequency domain 
for the purpose of integration into the TFA-based PIM. Combined with the MTWFFT, 
time varying vehicle dynamics can be identified and quantified within the range of 
linear lateral dynamics under the condition of a harmonic response. Axle side-slip angle 
and axle cornering stiffness can be evaluated even without optical sensors. 

A theoretical analysis of the harmonic effect in dynamic axle load and its influence on 
the cornering stiffness is followed. And an effective axle load evaluation algorithm is 
proposed considering the harmonic phenomenon. Moreover, the TFA-based PIM is 
introduced to evaluate the normalized axle cornering stiffness, which is not related to 
the axle load. They establish the foundation for the impact study of nonlinearity-induced 
harmonic dynamic axle load on the system dynamic stability in Chapter 6. 

Moreover, the instantaneous lateral friction coefficient is also available with the TFA-
based PIM. It can indicate the transient tire behavior and if the tire works in the linear 
range or not. Besides, yaw moment of inertia, another important parameter in the STM, 
can be evaluated with TFA-based PIM as well. It plays an important role in the valida-
tion of a simulation model in Chapter 5. 
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5 Application in Vehicle Dynamics 

The application scope of this novel TFA-based PIM is mainly identification of systems 
with time varying properties within the range of linear lateral dynamics, which aims for 
the model identification to build up simulation models. 

In this chapter, the developed PIM is applied in a case study, a simulation model valida-
tion of a car-caravan combination. Because of the investigated critical steady state 
oscillation phenomenon that describes the system’s stability margin, the system has a 
harmonic behavior under an impulse excitation at its dynamic critical speed. The driv-
ing maneuver in the road test and simulation is defined according to the lateral stability 
test standard ISO 981566 of CTCs. 

A system simulation model is built in CarMaker® environment with all the system 
parameters delivered from the project partner. However, the model still has some prob-
lems, i.e. it is not completely validated. A further complete validation process based on 
the measurement data in the road test is performed in this chapter. 

5.1 Test vehicle and road test 

Since the simulation model of the CTC applied in the road test has already been pre-
validated before our further research, much efforts and time considering the road tests 
are saved in the validation process. Most of the road tests are performed to observe the 
system dynamic critical stable state and dynamic instability phenomenon. Besides, 
additional road test with slalom maneuvers and steady state cornering are also per-
formed for the purpose of model validation. All the road tests are conducted on the 
proving ground in Pferdsfeld, which is provided by Opel Test Center. 

The test vehicle applied in the road test in shown below. The towing car is an Opel Astra 
J and the trailer is a Bürstner Belcanto 650TK (see Figure 5-1) with a tandem-axle 
caravan. The mass ratio of the towing car to the trailer is ca. 1.0. More system parame-
ters and their corresponding values are described in Table A in Appendix A.1. 
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Figure 5-1: The tandem-axle trailer - Bürstner Belcanto 650TK81 applied in the road test 

A steering impulse excitation at system critical stable state serves as the main test sce-
nario in the road test. The longitudinal velocity is fixed at the pre-defined system dy-
namic critical speed without the function of cruise control, which is found by some pre-
tests. Two different types of damper, series damper and prototype damper, are installed 
in the suspension of the towing car, respectively. The corresponding system dynamic 
behaviors under a steering impulse excitation are shown in Figure 1-3 and Figure 1-4 in 
Section 1.2.2. This test scenario aiming for dynamic stability research of CTCs are 
defined on the basis of the lateral stability test standard ISO 981566. All the necessary 
system parameters and measurement sensors included in Figure 4-1 are available in the 
road test. Besides, the vertical hitch load is also available with a force sensor installed at 
the hitch point on the towing car. 

                                                 
81 Wohnmobile Bürstner – virtual: http://www.kfz-kleinanzeigen.com/detailanzeige-39719420.html, last 

access: February 28th 2015. 
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5.2 Validation of simulation model (I) 

5.2.1 Simulation environment 

The system simulation environment is the CarMaker® by IPG Company. The software 
has not only a user-friendly Graphical User Interface (GUI, Version 4.0.5, see Figure 
5-2) but also a simply pre-defined corresponding Simulink model. Moreover, a module 
of any individual component can be easily implemented in Matlab/Simulink® and simu-
lation of a specific parameter’s influence incl. sensitivity analysis can be performed in 
this environment as well. With numerical calculation, it is easier to have minimum 
disturbance and great reproducibility compared with the real driving test. More im-
portantly, some small difference or nonlinear phenomenon, which is extremely hard to 
be modified in the road test, e.g. a nonlinearity-induced harmonic dynamic axle load 
discussed in Chapter 6, can be systematically studied in the simulation environment 
with CarMaker®. 

 

Figure 5-2: Animation of the dynamic stability of a car-trailer combination in simulation 
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5.2.2 Simulation model 

The simulation is carried out under the combination of CarMaker® and 
Matlab/Simulink®. In CarMaker® a complex system model is created to describe the 
system behavior with numerous DOFs considering the motion of the car body, the 
trailer body, the suspension, the hitch point, the aerodynamics, etc. A corresponding 
graphical model is also created in the GUI in Matlab/Simulink® at the same time. 

The Magic Formula82,83 tire model is applied to describe the tire behavior. A big prob-
lem in the simulation model is that, the tire models do not match with the dynamic 
characteristics of the real tires applied in the road test. It is the main challenge in the 
validation process. A simple damper model based on the look-up table is built in Sim-
ulink and specific nonlinear phenomenon can also be realized in Simulink. In the simu-
lation, the steering wheel input can also be selected and imported from the real driving 
test, but the gas pedal is still controlled by a driver model in CarMaker® in the simula-
tion model of the car-caravan combination. 

5.2.3 Validation method 

All the system parameters in the simulation model are delivered from the project part-
ner. The damper characteristics are provided by its supplier. Because of the different 
loads, inevitable changes of the tire characteristics and some other influences like tem-
perature or aerodynamics in the real driving test, the system simulation model still 
behaves differently from the real experimental system. In order to reproduce the test 
scenario in simulation and have a comparable result, further validation of the simulation 
model is necessary. 

The validation of the simulation model is performed in three steps. They are described 
by the flow diagrams below. 

 

 

                                                 
82 Pacejka: Tire and Vehicle Dynamics, third edition, 2012, p. 165. 

83 IPG CarMaker: Reference Manual, Version 4.0.5, 2013, p. 286. 
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Figure 5-3: The flow diagram of the validation process of the simulation model – step 1 

The first step is mainly measurement data analysis (see Figure 5-3). The analysis results 
include the yaw moment of inertia, axle cornering stiffness, dominant yaw oscillation 
frequency and yaw damping ratio, system dynamic critical speed. They are utilized in 
the model parameterization and validation later. The measurement data, which is ana-
lyzed in this step, is mainly the acquisition data from the driving tests under the dynam-
ic critical stable state with a steering impulse excitation. 
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Figure 5-4: The flow diagram of the validation process of the simulation model – step 2 

The second step is simulation model parameterization (see Figure 5-4). In this step, 
firstly the parameterization of the towing car w/o trailer is performed at stationary con-
dition, like mass, COG, yaw moment of inertia, additional load and static wheel load. 
Then a similar procedure is also conducted for the CTC. For the CTC, the forces at the 
hitch point also have to be checked with regard to the COG of the trailer. Afterwards the 
yaw moments of inertia are adjusted under dynamic condition again. They are evaluated 
with the assistance of the TFA-based PIM described in Section 4.4.4. 
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Finally, a valid axle cornering stiffness is considered under dynamic condition. Axle 
cornering stiffnesses are parameterized with the derived TFA-based PIM described in 
Section 4.4.1 as well. In this process, the system dynamic variables are actually com-
pared with the measurement data in the road test, like the wheel forces, hitch forces, etc. 
under the system dynamic critical stable state or even a slalom maneuver at lower speed 
if necessary, because they are necessary in the TFA-based PIM. 

For a persuasive comparison, the steering wheel input in the simulation is guaranteed to 
be nearly the same as that in the real driving test. The longitudinal velocity is expected 
to be the system dynamic critical speed either in the simulation or in the real driving 
test, although a reasonable difference might still exist between the simulation and the 
road test. Under these conditions, the parameterization of axle cornering stiffnesses can 
be achieved. Some other effects should also be considered, like the aerodynamics and 
steering system elasticity. If the validation criteria, 5% error range, are not met, several 
adjustment methods are considered sequentially, e.g. adjusting the tire cornering stiff-
ness and modeling the steering system elasticity. The system parameterization is the 
precondition for further model validation. 

 

Figure 5-5: The flow diagram of the validation process of the simulation model – step 3 
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The third step is the simulation model validation (see Figure 5-5). Here the dominant 
yaw oscillation frequency and system dynamic critical speed (or yaw damping ratio) are 
mainly concerned. Only when the validation criteria with 5% error are met, the valida-
tion process can be finished. 

Therefore, these three steps can be treated as the validation method from the model 
parameterization to further model validation. 

5.2.4 Validation criteria 

As mentioned in validation method, three steps are performed with comparison. For this 
purpose a general validation criterion is that, the difference of each system parameter or 
state variable between the experimental data and simulation data should be within 5% of 
the experimental data. Any bias error should be corrected before. It is a basic principle 
in the whole validation process. 

Actually, in practice, such accurate quantification is only used for some important sys-
tem parameter, like the system dynamic critical speed. In a general case, most of the 
system state variables are only validated through the comparison of the dynamic ampli-
tude and oscillation frequency in the time domain, like the dynamic wheel load. If the 
simulation data can match with the experimental data very well in the time domain, 
further precise quantification for system parameters through other PIMs, e.g. MTWFFT, 
is not necessary. The validation criterion is guaranteed, too. However, due to a potential 
time varying property introduced by vertical dynamics, sometimes this critical valida-
tion criterion is difficult to be guaranteed for some quantities, e.g. a time varying domi-
nant yaw oscillation frequency. In this case, the potential nonlinearity-induced time 
varying vertical dynamics and its influence on the system dynamic stability have to be 
further considered. 

5.2.5 Validation process 

In this section, the validation process of the simulation model is described in detail. The 
main considerations on model parameterization and validation are described sequential-
ly. They determine the quality of the model validation. 

Driver inputs 

As mentioned in Section 5.2.2, the steering wheel input can be selected and imported 
from the real driving test. However, the real steering excitation from the real driving test 
is not recommended due to several reasons. Firstly, a calibration error still exists in the 
steering wheel sensor even a pre-calibration for the sensor is conducted. Secondly, the 
steering wheel input after an expected impulse still has some oscillation with a slight 
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amplitude, which can be explained by an obvious coupling of the steering and yaw 
motion between the horizontal motion of the towing car and steering wheel input intro-
duced by the driver. That is to say, the steering wheel cannot be completely fixed by the 
driver under the real test condition. Although a fixation device can improve this situa-
tion, an artificial steering input generated by the CarMaker Maneuver GUI is utilized 
with the advantage of a pure steering excitation. It is approximately a half-sinus signal 
with the amplitude of 19° and the frequency of 0.675 Hz. This artificial steering input 
matches with that in the real driving test very well. 

The speed control of the simulation is also designed in the CarMaker Maneuver GUI 
based on a closed-loop PI controller84. The car starts at a given initial speed and the 
driver model has ca. 40s to make the system driving at a constant longitudinal speed. 
Based on the energy conservation principle, a compensatory gas pedal input by the 
driver is necessary in the real driving test when the Cruise Control is inactive. This is 
the goal of the longitudinal speed control in the simulation. Therefore, the sensitivity of 
the speed control in the longitudinal dynamics of CarMaker Maneuver GUI is set as 0.9, 
which determines the reaction behavior of the gas pedal in case of a speed difference. 

Even so, the longitudinal velocity of the towing car in the simulation still drops due to 
the yaw oscillation. To reach the desired speed, the speed controller has to change the 
gas pedal continually, which results in a continuous vibration in the longitudinal accel-
eration. This phenomenon affects the forces at the hitch point and the system yaw 
damping ratio will also be influenced accordingly. In order to minimize such influence, 
a feed-forward controller is designed and implemented in the simulation. Once the 
longitudinal speed drops when the yaw oscillation occurs, a compensatory driving 
torque is directly added by a product of the current longitudinal acceleration and a gain 
factor -K to the engine output torque regardless of any time delay. The principle of the 
feed-forward controller for the longitudinal velocity is shown in Figure 5-6 below. 

K
xa engineT

engineT 'engineT


 

Figure 5-6: A feed-forward controller for the longitudinal velocity 

The gain factor -K is calculated with the mass of the towing car m1, the mass of the 
trailer m2, wheel dynamic rolling radius rd, the gearbox transmission ratio it and the 
                                                 
84 IPG CarMaker: Reference Manual, Version 4.0.5, 2013, p. 40. 
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differential transmission ratio id. An additional gain factor Ka is utilized to adjust the 
control effect. The gain factor -K is determined by following equations. 

௫௙,ଵܨ∆  = −(݉ଵ + ݉ଶ) ∙ ܽ௫ = ∆்೐೙೒೔೙೐∙௜೟∙௜೏௥೏  (5.1) 

ܭ−  = ௔ܭ− ∙ ∆்೐೙೒೔೙೐௔ೣ = ௔ܭ ∙ (௠భା௠మ)∙௥೏௜೟∙௜೏  (5.2) 

With the external driving torque from the feed-forward controller, the deviation in the 
longitudinal speed is compensated. The longitudinal acceleration is kept nearly zero in 
the simulation. With this feed-forward controller, the goal of longitudinal speed control 
can be satisfied. 

Wheel load and hitch force 

In the road test, the wheel dynamic forces of towing car are measured with the four 
measuring rims. Besides, the real static wheel loads of the towing car or the trailer are 
measured by the mobile wheel load scale under stationary condition. Because of the 
additional weight of the test equipment and passengers, the wheel loads and COG 
change accordingly. For the model parameterization, the static wheel loads of the tow-
ing car and trailer are readjusted based on the measurement data. As a result, the indi-
vidual wheel load and hitch forces match with the measurement data in the road test 
very well after the system rebalance. 

Aerodynamics 

System aerodynamics has significant influence on the longitudinal force at the hitch 
point while the longitudinal dynamics, i.e. acceleration or deceleration, also have influ-
ence on system dynamic stability85 . Therefore, the system aerodynamics definitely 
influences the system dynamic stability. Under such condition, the system aerodynamics 
should also be considered as well in the validation of the simulation model. The aerody-
namic characteristics of the towing car and the trailer are described with look-up tables 
in relation to the different angles of attack of wind86. 

The longitudinal hitch force in the simulation is much bigger than the measurement data 
in the road test. The rolling resistance of the wheels cannot cause such a big difference. 
The aerodynamic drag acting on the trailer is relatively much smaller in a CTC than that 
acting on a single trailer at the same relative wind speed. It results in a much smaller 
longitudinal force at the hitch point in the road test. Since it is infeasible to perform the 
                                                 
85 Fischer et al.: Aktive Gespannstabilisierung beim BMW X 5, 2002, p. 333. 

86 IPG CarMaker: Reference Manual, Version 4.0.5, 2013, p. 132. 
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wind-tunnel experiment for the purpose of a refined look-up table to represent a more 
precise aerodynamic drag coefficient of the trailer, the easiest way to adjust the aerody-
namics of the simulation model is to change the aerodynamic reference point and area 
of the trailer reasonably. According to the measurement data, the aerodynamic reference 
area is reduced from 5.0 m2 to 1.5 m2. After the adjustment, the longitudinal force at 
hitch point in the simulation is very close to that in the road test. The system aerody-
namics has been adjusted as much as it can be to fit the real experimental data. Howev-
er, the system aerodynamics of CTCs is too complex to be modified without the assis-
tance of wind-tunnel experiments87 and further validation is infeasible in our research 
either. 

Damper characteristics 

Because the CDC dampers installed in the towing car in the road test are utilized in 
extreme hard or soft mode, a corresponding damper module has to be considered in the 
simulation as well. The bench test data of CDC dampers are provided by its supplier, by 
which the damper characteristics are described by its corresponding Fd-vd diagram. 
Other damper characteristics like the elasticity, hysteresis, etc, are not considered in the 
simulation model at the first step. On this basis, a simple damper module described by 
look-up tables in Matlab/Simulink® are built and embedded into the complete system 
model. Moreover, variations of damper behavior incl. some failure phenomenon are also 
possible and easy to be realized in further simulation. 

Yaw moment of inertia 

In the driving test, the yaw moment of inertia of the trailer has a given measured value 
while that of the towing car is unknown. In the simulation model, both the yaw mo-
ments of inertia of the towing car and trailer are given. There is a big difference in that 
of the trailer between the measured one and the one used in the simulation. Since the 
wheel forces, hitch forces and yaw rates are captured in the road test and also available 
in the simulation, an evaluation algorithm for the yaw moment of inertia is necessary for 
further model validation. Based on the TFA-based PIM, this evaluation algorithm is 
detailedly described in Section 4.4.4. Because they are estimated in the complex fre-
quency domain, the argument information can be used to check the evaluation algo-
rithm. A comparison between the given values (incl. measured ones) and the estimated 
values derived from the measurement data or simulation data is given in Table 5-2 in 
Section 5.2.6. 

                                                 
87 Standen: Towed vehicle aerodynamics, 1999. 
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Axle cornering stiffness 

Tire model is always one of the most important parts in vehicle dynamics simulation. 
The Magic Formula tire model is applied for the tires of the towing car in the simulation 
model, and it contains hundreds of parameters, which depend on the wheel alignment, 
tire pressure, friction coefficient, etc. A “RealTime Tire” model, a modified version of 
IPGTire that is mainly based on measurements88, is applied for the tires of the trailer in 
the simulation model. The parameterization of the axle cornering stiffness plays a deci-
sive role in the validation of the simulation model in horizontal plane. The adjustment 
of axle cornering stiffness can be achieved with the modification of individual tire 
cornering stiffness, which can be achieved through a scaling factor “Fy cornering stiff-
ness” in the CarMaker GUI for the tire model. 

With the help of the measuring rims and other measuring equipment, a large number of 
system dynamics variables are obtained in the road test. Based on the TFA-based PIM 
proposed in Section 4.4.1, the axle cornering stiffnesses of the towing car and trailer in 
either the measurement data or the simulation data can be evaluated respectively. A 
comparison between the estimated values from measurement data and the simulation 
data indicates that, there is a big difference in cornering stiffness, particularly in the 
Cαr,1 (about 50% smaller in the simulation data). The axle cornering stiffness of the 
trailer is also much smaller in the simulation compared to that derived from the meas-
urement data. Accordingly, the dominant yaw oscillation frequency and the amplitude 
of the lateral acceleration or yaw rate cannot match the experimental data either. Be-
cause the front axle cornering stiffness of the towing car might be affected by other 
factors like the steering system, the rear axle cornering stiffness of the towing car is 
served as a reference for the adjustment in this step. Because the tire model for both 
axles of towing car is completely the same, a same adjustment is also done for the front 
axle. On this basis, the scaling factor “Fy cornering stiffness” in the Magic Formula 
tire model for both axles of the towing car is changed from 1.0 to 1.47. The scaling 
factor “Lateral force stiffness” in the “RealTime Tire” model for both axles of the 
trailer is changed from 1.0 to 1.36. 

After the adjustment of the tire cornering stiffness, the dominant yaw oscillation fre-
quency in the simulation has become closer to the measurement data and so is the lateral 
acceleration. However, the dominant yaw oscillation frequency still has a considerable 
deviation. The axle cornering stiffness is also closer to the measurement data, but it still 
has a significant difference between the measurement data and the simulation data. 

The new analysis result of the axle cornering stiffness after the adjustment of the tire 
model gives a hint that the remaining difference possibly results from a smaller wheel 
                                                 
88 IPG CarMaker: User’s Guide, Version 4.0.5, 2013, p. 232. 
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steering angle δw at the front axle of the towing car due to the existence of the steering 
system which does not exist at the rear axle. 

Steering system elasticity 

Since the estimated front axle cornering stiffness Cαf,1 is much smaller than the rear one 
Cαr,1 in the measurement data, an additional influence on the front axle side-slip angle 
due to the steering system elasticity is a potential reason. In this way, the wheel steering 
angle δw at front axle is actually less than that with a rigid steering system. Therefore, 
the front axle lateral force also decreases due to a smaller side-slip angle. Nevertheless, 
a rigid steering system with a constant steering ratio is utilized in the TFA-based PIM in 
Section 4.4.1. The estimated axle cornering stiffness will decrease when the steering 
system elasticity is introduced. 

 

Figure 5-7: Modeling of steering system: (a) Steering system without elasticity (b) Steering 
system with elasticity 

The modeling of the steering system with elasticity is shown in Figure 5-7 above. As a 
comparison, the steering system without elasticity is also shown in Figure 5-7 (a). Both 
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models in the theoretical way and the realistic way implemented in CarMaker are illus-
trated in block diagrams. Here, δH is steering wheel angle by hand. δw is front wheel 
steering angle (same for the left and right wheels). qw denotes the rack position. is is the 
steering ratio from the steering wheel to the front wheel (15). isq is the steering gear 
ratio from the steering wheel δH to the rack (107 rad/m) and iqw is the steering ratio from 
the rack to the front wheel steering δw.  

For the steering system with elasticity in Figure 5-7 (b), the self-aligning torque Ty 
results from the lateral force Fy that exerts a moment about the kingpin (steering axis) 
through the moment arm which is composed of the caster length e and the pneumatic 
trail lt

89. The front wheel steering angle δw is assumed to be influenced by the front axle 
lateral force. This additional component is assumed to be proportional to the front axle 
lateral force and same for the left wheel and right wheel. The physical mechanism is 
described by the following equation. 

௪ߜ  = ఋಹ௜ೞ − ௦ߙ∆ = ఋಹ௜ೞ − ଵ௄ೞ ௬௙௅,ଵܨ) +  ௬௙ோ,ଵ) (5.3)ܨ

Δαs is the additional component of side-slip angle due to the steering system elasticity. 
Ks is the lateral stiffness related to the wheel side-slip angle due to steering system 
elasticity (unit: kN/rad). FyfL,1 and FyfR,1 are the lateral forces at the front left wheel and 
front right wheel, respectively. 

In the practical steering mechanism, only the steering gear ratio can be adjusted by the 
rack position qw in the steering system. Therefore, the Eq. (5.3) is replaced by 

 ൝ ுߜ = ௪ߜ ∙ ݅௦ = ௪ݍ ∙ ݅௦௤ݍ௪ = ఋಹ௜ೞ೜ − ௪ݍ∆ = ఋಹ௜ೞ೜ − ଵ௄ೞ೜ ௬௙௅,ଵܨ) +  ௬௙ோ,ଵ) (5.4)ܨ

A corresponding stiffness Ksq (10251, unit: kN/m) related to the rack position is propor-
tional to the lateral stiffness Ks related to the wheel side-slip angle. Hence, their rela-
tionship is defined by the equation below. 

௦ܭ  = ௄ೞ೜∙௜ೞ௜ೞ೜  (5.5) 

Under this consideration, a simple module describing the steering system elasticity 
(described in the realistic way in Figure 5-7 (b)) is designed and embedded into the 
simulation model in Simulink. The physical fundamental is that, the effective front 
wheel side-slip angle consists of two parts. One is due to original tire cornering charac-
teristic defined by the Magic Formula tire model and the other is due to the steering 
system elasticity. The effective front wheel side-slip angle is described by the equation 
below. 

                                                 
89 Pacejka: Tire and Vehicle Dynamics, third edition, 2012, p. 10. 
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௙,௘௙௙,ଵߙ  = ௙,௧௜௥௘,ଵߙ −  ௦ (5.6)ߙ∆

The Eq. (5.6) can also be transformed to an expression with the cornering stiffness, Eq. 
(5.7). One point has to be pointed out. If the Cα is a negative coefficient regarding the 
physical mechanism of lateral force, i.e. a tire with a negative side-slip angle generates a 
positive lateral force, the Ks is a positive coefficient due to the physical mechanism of 
the steering system elasticity considered here. They have different signs. 

ఈ௙,௘௙௙,ଵିଵܥ  = ఈ௙,௧௜௥௘,ଵିଵܥ + ௦ିܭ ଵ (5.7) 

After the adjustment with the module describing the steering system elasticity above, 
any axle cornering stiffness is nearly the same as that in the measurement data, especial-
ly at the responsive beginning with a steady state oscillation. The dominant yaw oscilla-
tion frequency in the simulation becomes even closer to that in the measurement data 
and so are the lateral acceleration and both yaw rates. However, the dominant yaw 
oscillation frequency shows a time varying property after the steady state oscillation. 
This corresponds with a slightly bigger amplitude in the yaw rate or the lateral accelera-
tion. Accordingly, the axle cornering stiffness shows some degree of time varying prop-
erty as well, particularly in the rear axle cornering stiffness of the towing car Cαr,1. This 
deviation resulting from the time varying property cannot be simulated if its source is 
not clear. This problem is discussed in detail in Chapter 6. 

With the designed steering system elasticity module, the simulation model can describe 
the system dynamic behavior even better. This module is effective in the model valida-
tion. As a result, a comparison between the estimated axle cornering stiffness derived 
from the measurement data and the estimated values derived from the simulation data is 
given in Table 5-1 in Section 5.2.6. 

5.2.6 Validated model without time-varying property 

Both the experimental system and simulation model can be simplified and represented 
well by the STM within the range of linear lateral dynamics. The motivation in this 
application is to compare the system parameters from both systems, including the domi-
nant yaw oscillation frequency, axle cornering stiffness, instantaneous lateral friction 
coefficient, etc. Through this comparison, the validation of a complex simulation model 
can be completed within the range of linear lateral dynamics at the first step. Further-
more, identification of potential time varying system parameters is of special interest in 
the experimental system. Such new discovery can give a hint for the further investiga-
tion on system handling and stability. 

The simulation model has a non-validated aerodynamic module but no road surface 
module (i.e. just a perfectly flat road). The values of main system parameters are also in 
Table A in Appendix A.1. The vehicle longitudinal velocity is set to the previously 
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determined critical speed of 107.9 km/h in the road test. Under an impulse steering 
excitation with amplitude ca. 19°, the system exhibits a steady state oscillatory motion. 
The system critical speed is ca. 117.3 km/h in the simulation with a complete model in 
CarMaker. The lateral accelerations of the towing car and the trailer have nearly the 
same amplitudes between the experiment and simulation. They are shown in Figure 5-8 
below. After the time point 62.5s, a correction signal with high frequency disturbances 
is applied to the steering wheel by the driver to stop the critical stable state in the exper-
iment. 

 

Figure 5-8: First-phase validation of δH, vx and ay 

The yaw rates of the towing car and trailer are illustrated in Figure 5-9. With the assis-
tance of the TFA-based PIM, an instantaneous dominant yaw oscillation frequency (fs,1 
for the towing car, fs,2 for the trailer) is obtained. For a compromise between the tem-
poral and frequency resolutions, the length of the moving time window is determined as 
roughly two yaw oscillations (T=2/fs,1≈2/fs,2≈2.7s). The overlap is fixed by the moving 
step Δt (Δt=T/16≈0.17s). The real experimental system has some time varying property 
which is indicated by a slight decrease in the fs,1 or fs,2. Consequently, it leads to slightly 
bigger amplitude in the lateral acceleration or yaw rate. This phenomenon is not found 
in the simulation model. Instead, the fs,1 or fs,2 in the simulation is approximately con-
stant. 
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Figure 5-9: First-phase validation of yaw rate and dominant yaw oscillation frequency 

 

 

 

Figure 5-10: First-phase validation of axle side-slip angle 
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The axle side-slip angles are evaluated with the developed TFA-based PIM at the domi-
nant yaw oscillation frequency. Based on the derived formulas in Section 4.4.1, the axle 
side-slip angle of the towing car or trailer is described in the time domain with the solid 
lines (M1: Method 1) in Figure 5-10. For comparison, their time domain signals in 
simulation (i.e. time domain signal of body side-slip angle is available) are described 
with the dotted lines (M2: Method 2, also based on the STM). Besides, their amplitudes 
are also evaluated with the TFA-based PIM and expressed with dashed lines (M2: 
Method 2, also based on the STM). Due to the available body side-slip angle and the 
wheel lateral forces in simulation, both axle side-slip angles and axle cornering 
stiffnesses of the trailer can be obtained. The analysis results match with each other very 
well between the experiment and simulation. A relatively bigger deviation, especially 
for αr,1, starts from the time point 52s, which is consistent with slightly bigger amplitude 
in the lateral acceleration or yaw rate in Figure 5-8 or Figure 5-9 above. 

The axle cornering stiffnesses are also evaluated with the TFA-based PIM at the domi-
nant yaw oscillation frequency (see Figure 5-11). The analysis results match with each 
other very well between the experiment and simulation. For the trailer, the cornering 
stiffness of the rear axle is taken as the reference in the validation based on the simplifi-
cation (see Eq. (4.7) and (4.8)) in Section 4.4.1. The real front axle cornering stiffness of 
the trailer is ca. 8-10 kN/rad bigger than that of the rear axle of the trailer, because it is 
closer to the COG of the trailer and bears more load. It is confirmed by the data analysis 
that, the lateral force of the trailer front axle is ca. 2.2% smaller while its side-slip angle 
is ca. 7.2% smaller when comparing to those of the trailer rear axle. This difference is 
indicated by the analysis result of the simulation data with Method 2. Besides, a small 
deviation of ca. 3 kN/rad between Method 1 and Method 2 still remains in the front axle 
cornering stiffness of the trailer, possibly owing to the simplification in Section 4.4.1. 
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Figure 5-11: First-phase validation of axle cornering stiffness 

The instantaneous lateral friction coefficient μyf,1, effective axle load Fzf,eff,1 and normal-
ized cornering stiffness ζf,1 of the front axle of the towing car are estimated with the 
TFA-based PIM. Their variation trends at the dominant yaw oscillation frequency are 
shown in Figure 5-12 below. The μyf,1 works always in the tire linear range in simula-
tion. Although a slight increase in μyf,1 starts from the time point 52s, there is no signifi-
cant change in others in the experiment. 
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Figure 5-12: First-phase validation of μyf,1, Cαf,1, Fzf,eff,1 and ζf,1 of the front axle of the towing car 

Furthermore, the instantaneous lateral friction coefficient μyr,1, effective axle load Fzr,eff,1 
and normalized cornering stiffness ζr,1 of the rear axle of the towing car are also estimat-
ed with the TFA-based PIM. Their variation trends at the dominant yaw oscillation 
frequency are shown in Figure 5-13 below. One point has to be mentioned here: while 
the μyr,1 works always in the tire linear range in simulation, it works mostly on the 
boundary of the tire nonlinear range in the experiment. The possible reason is the differ-
ent tire characteristics or slight difference in the axle cornering stiffness due to slight 
difference in the dynamic wheel/axle load. 

Besides, an obvious and significant time varying property exists in the rear axle corner-
ing stiffness Cαr,1 in two time windows, e.g. in 54-56s or 59-61s. This instantaneous 
change can be explained partly by the corresponding change in the rear axle effective 
axle load Fzr,eff,1. However, the remaining change that is transferred to the normalized 
cornering stiffness ζr,1 still deserves special attention. It indicates some potential differ-
ence in the tire characteristics described by the Magic Formula tire model as well. 
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Figure 5-13: First-phase validation of μyr,1, Cαr,1, Fzr,eff,1 and ζr,1 of the rear axle of the towing car 

Table 5-1: Comparison of axle cornering stiffness (amplitude and phase) and system dynamic 
critical speed after model validation 

System  
Parameter 

Description Experiment
M1 

Simulation Unit 

M1 M2 
Cαf,1 Front axle cornering 

stiffness  
109.2  
(-8.0°) 

109.2  
(-7.6°) 

109.3  
(-8.0°) 

kN/rad 

Cαr,1 Rear axle cornering 
stiffness  

184.9  
(-6.7°) 

184.9  
(-5.2°) 

185.2  
(-5.4°) 

kN/rad 

Cαf,2 Front axle cornering 
stiffness  

134.2  
(-0.8°) 

134.2  
(-13.9°) 

131.2  
(-15.9°) 

kN/rad 

Cαr,2 Front axle cornering 
stiffness  

123.4  
(-6.9°) 

123.4  
(-18.3°) 

124.4  
(-16.5°) 

kN/rad 

vcrit System dynamic critical 
speed 

107.9 117.3 117.3 km/h 

vcrit  
in STM 

System dynamic critical 
speed  

123.0 123.0 123.3 km/h 

 

After a complete simulation model validation, a comparison of the axle cornering stiff-
ness (amplitude and phase) and the system dynamic critical speed is given in Table 5-1 
above. No significant difference exists in either of the axle cornering stiffness between 
the experiment and simulation except a deviation of ca. 3 kN/rad in the Cαf,2 due to the 
simplification related to the tandem-axle trailer in the TFA-based PIM. Also, in the 
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evaluation results with Method 1, there is a deviation of ca. 13° in the phases of the axle 
cornering stiffnesses of the trailer between the experiment and simulation. Moreover, 
there is no significant difference in vcrit in STM with the system parameters evaluated 
from the experiment or simulation data. It is consistent with the small sensitivity of Cαf,2 
to vcrit based on the analysis of system dynamic stability with the analytical STM (see 
Figure 3-7). However, there is still ca. 10 km/h deviation in the system dynamic critical 
speed vcrit between the experiment and the CarMaker simulation. But this deviation in 
vcrit disappears in the linear STM with the estimated axle cornering stiffnesses, although 
the vcrit in the linear STM without aerodynamics module is even ca. 6 km/h larger than 
that in the CarMaker simulation. It gives a strong indication that, such a deviation in vcrit 
might result from two sources: an aerodynamic effect and the coupling between the 
vertical dynamics and the horizontal dynamics. Some preliminary simulation results90 
show that, the vcrit reduces by ca. 3.0 km/h when a module representing the ambient 
aerodynamics is integrated as well. Also, theoretical analysis on this point is given by 
Schütz and Hucho91. Experiment results in wind tunnel tests and road tests by Peschke 
and Mankau92 revealed the aerodynamic drag force induced an additional pitch moment 
on the trailer, by which the vertical hitch load is reduced significantly. Also, through 
experiments Zomotor93 found that, the vertical hitch load influences the vcrit significant-
ly as well. When the vertical hitch load increased from 0 to 500 N, the vcrit can be in-
creased by ca. 20 km/h. Therefore, either the deviation in vcrit between the experiment 
and the CarMaker simulation or the deviation in vcrit between the linear STM and the 
CarMaker simulation might be owed to a non-validated aerodynamic module or its 
complete absence. Moreover, the coupling between the vertical dynamics, in which the 
suspension forces are involved, and the horizontal dynamics also deserves specific 
attention. The deviation of ca. 13° in the phases of the axle cornering stiffnesses of the 
trailer might be attributed to different system roll behaviors between the experiment and 
simulation, especially the difference in the trailer roll behavior. Further simulation 
shows that, through the change of system roll characteristics (i.e. increasing the total 
roll stiffness of the towing car as ten times stiff as the original value) the vcrit can be 
increased by ca. 6.0 km/h. In this situation, the influence from the aerodynamic effect is 
also combined owing to a bigger aerodynamic drag force. These point out a further 
potential for the simulation model validation. 

Moreover, the yaw moment of inertia of the towing car or trailer is obtained in the same 
way (see Section 4.4.4) with the TFA-based PIM (see Figure 5-14 below). Due to the 
                                                 
90 Gao: Modeling and Simulation of Aerodynamics…, Master’s thesis supervised by Zhang, 2013. 

91 Schütz: Hucho-Aerodynamik des Automobils, 2013, p. 341. 

92 Peschke et al.: Auftriebskräfte am Wohnanhänger…, 1982. 

93 Zomotor et al.: Untersuchungen über die Stabilität und das aerodynamische Störverhalten…, 1982. 
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advantage of TFA, an instantaneous argument is served as a helpful tool to check if the 
calculation formulas in Section 4.4.4 are correct or not. However, an extended phase 
correction algorithm, triple-spectrum-line-interpolation algorithm proposed by Niu94 et 
al., is considered and applied here to compensate a significant error in [-90°, 90°] led by 
phase without correction95 due to the well-known leakage effect in spectral analysis. 
More details about this triple-spectrum-line-interpolation algorithm are given in Appen-
dix A.3. 

For the towing car, the estimated amplitudes match with each other very well between 
the experiment and simulation, but the arguments have ca. -20° delay. This indicates the 
yaw rate of the towing car has a phase delay of ca. 20° at the dominant yaw oscillation 
frequency compared to the tire lateral force. This phase delay is attributed to the suspen-
sion kinematics and compliance of the towing car. 

For the trailer, the arguments of the yaw moments of inertia with Method 1 are nearly 
zero, but the estimated amplitudes with Method 1 have a clear deviation of ca. 580 kgm2 
(ca. 5.5 %) between the experiment and simulation. This deviation can be attributed to 
the simplification that the lateral forces at the two axles of the trailer are equal, i.e. half 
of the total amount, and the consequent amplification effect by the lever arm in Eq. 
(4.20). The arguments of the yaw moments of inertia with Method 2 have ca. -10° delay, 
and the estimated amplitudes with Method 2 have a bigger deviation of ca. 1000 kgm2 
(ca. 10.9 %) between the experiment and simulation. Therefore, the evaluation Method 
1 for the trailer yaw moment of inertia seems to be more precise by this comparison. 

Due to the absence of trailer wheel measuring rims, an accurate estimation of the yaw 
moment of inertia is only possible for the towing car with the TFA-based PIM. If the 
measuring rims for the trailer wheels are also available, an accurate estimation of the 
yaw moment of inertia is also possible. The estimated result can be refined further. 

After a complete simulation model validation, a comparison of the yaw moment of 
inertia is given in Table 5-2 below. A measured value for the yaw moment of inertia of 
the trailer is delivered from the project partner, but the one for that of the towing car is 
unknown. In the system simulation model, both of them are given as the system input 
parameters. They are taken into account as the reference values in the comparison. 

                                                 
94 Niu et al.: An Algorithm for … Triple-spectrum-line Interpolation FFT, 2012. 

95 Ming et al.: Corrections for Frequency, Amplitude and Phase in A Fast Fourier Transform…, 1996. 
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Figure 5-14: Validation of yaw moment of inertia 

An error defined by Eq. (5.8) is calculated based on the estimated values with the TFA-
based PIM. It aims for a comparison between the experiment and simulation. No signif-
icant difference exists in the yaw moment of inertia of the towing car Iz,1 between the 
experiment and simulation. However, there is still a deviation (ca. 580 kgm2 with Meth-
od 1, ca. 1000 kgm2 with Method 2) in the yaw moment of inertia of the trailer Iz,2 
between the experiment and simulation. 

 ∆= ฬூ೥,೔,೐ೣ೛ିூ೥,೔,ೞ೔೘ூ೥,೔,೐ೣ೛ ฬ × 100% (5.8) 

Table 5-2: Comparison of yaw moment of inertia after model validation 

Yaw 
moment  
of Iner-
tia 

Experiment Simulation Error Δ 

Towing 
car 

Iz,1 
(kgm2) 

measured estimated input estimated absolute percent 

unknown 2360 2690 2360 0 0% 

Trailer 

Iz,2 
(kgm2) 

measured estimated input estimated absolute percent 

M1 M2 M1 M2 M1 M2 M1 M2 

10352.8 10500 9185 10350 9920 8185 580 1000 5.5% 10.9%
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There is no significant deviation for either yaw moment of inertia between the measured 
value and simulation input. However, for the towing car, a deviation of ca. 330 kgm2 
(ca. 12.3 %) exists between the simulation input and estimated value. For the trailer, a 
deviation of ca. 140 kgm2 (ca. 1.4 %) with Method 1 is smaller when a mean estimated 
value between the experiment and simulation is compared (the deviation of ca. 1665 
kgm2 (ca. 16.1 %) with Method 2 is much bigger). This also points out a further poten-
tial for the simulation model validation. 

By now, the complex simulation model in IPG CarMaker® software is validated within 
the range of linear lateral dynamics at the first step. Therefore, an explanation of ca. 10 
km/h difference in the system dynamic critical speed between the experiment and simu-
lation can be possibly achieved when the validation of aerodynamics96,97, road irregular-
ities and vertical dynamics98 are considered in the future. 

5.3 Conclusions 

This chapter focuses on the potential application scope of the proposed TFA-based PIM 
in vehicle dynamics. The application scope of this novel TFA-based PIM is mainly 
system identification with time varying properties within the range of linear lateral 
dynamics, which aims for the model identification to build up simulation models. 

In this chapter, the developed PIM is applied in a case study, a simulation model valida-
tion of a car-caravan combination. Because of the investigated critical steady state 
oscillation phenomenon that describes the system’s stability margin, the system has a 
harmonic behavior under an impulse excitation at its dynamic critical speed. The driv-
ing maneuver in the road test and simulation is defined according to the lateral stability 
test standard ISO 9815 of CTCs. 

A system simulation model is built in CarMaker® environment with all the system 
parameters delivered from the project partner. However, the model is not completely 
validated. A further complete validation process based on the measurement data in the 
road test is performed in detail. The validation method is defined with three steps in 
detail. A general validation criterion is that, the difference of each system parameter or 
                                                 
96 Standen: Towed vehicle aerodynamics, 1999. 

97 Gao: Modeling and Simulation of Aerodynamics…, Master’s thesis supervised by Zhang, 2013. 

98 Wu: Analysis of Wheel Load Fluctuations…, Master’s thesis supervised by Zhang, 2013. 
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state variable between the experimental data and simulation data should be within 5% of 
the experimental data. 

After a complete validation process in which many specific aspects are considered, no 
significant difference exists in either of the axle cornering stiffness between the experi-
ment and simulation except a ca. 8 kN/rad deviation in the Cαf,2 due to a simplification 
of a single-axle trailer in the TFA-based PIM. However, there is still ca. 10 km/h devia-
tion in the system dynamic critical speed vcrit between the experiment and simulation. 
But this deviation in vcrit disappears in a linear STM with the estimated axle cornering 
stiffnesses. It gives a strong indication that, such a deviation in vcrit might result from the 
coupling between the vertical dynamics and horizontal dynamics, an aerodynamic effect 
or even both. This points out a further potential for the simulation model validation. 

There is no significant deviation for either yaw moment of inertia between the measured 
value and simulation input. However, for the towing car, a deviation of ca. 330 kgm2 
(ca. 12.3 %) exists between the simulation input and estimated value. For the trailer, a 
deviation of ca. 140 kgm2 (ca. 1.4 %) is smaller when a mean estimated value between 
the experiment and simulation is compared. This also points out a further potential for 
the simulation model validation. 

By now, the complex simulation model in IPG CarMaker® software is validated within 
the range of linear lateral dynamics at the first step. Therefore, an explanation of ca. 10 
km/h difference in the system dynamic critical speed between the experiment and simu-
lation can be possibly achieved when the validation of aerodynamics, road irregularities 
and vertical dynamics are considered in the future. This first-phase validation of the 
simulation model also lays a good foundation for the simulation study of the system 
dynamic stability. 

However, two problems still have to be considered if the further refinement of the simu-
lation model is of concern. The first problem is that, the real experimental system has 
some time varying property which is indicated by a slight decrease in the fs,1 or fs,2. 
Consequently, it leads to slightly bigger amplitude in the lateral acceleration or yaw 
rate. This phenomenon is not found in the simulation model. An corresponding obvious 
time varying property also exists in the rear axle cornering stiffness Cαr,1 in some time 
frame. This instantaneous change can be explained partly by the corresponding change 
in the rear axle effective axle load Fzr,eff,1. However, the remaining change that is trans-
ferred to the normalized cornering stiffness ζr,1 still deserves special attention. It indi-
cates some potential difference in the tire characteristics described by the Magic Formu-
la tire model as well. This is the second problem, which is indicated by the deviation in 
the instantaneous lateral friction coefficient μyr,1 between the experiment and simulation 
as well. 
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6 Impact Study of Nonlinearity-induced 
Harmonic Dynamic Axle Load 

Any device with nonlinear characteristics can introduce harmonics to a system. This so-
called harmonic effect is particularly prevalent in the electric power systems due to the 
existence of current harmonics, which is induced by nonlinear electric load. Because of 
the similarity principle between the electrics and mechanics, such harmonic effect also 
exists in mechanical systems, e.g. in a mass-spring-damper system with a nonlinear 
spring or damper. Furthermore, in the suspension design of automotive engineering, the 
characteristics of practical spring or damper is always designed as nonlinear and asym-
metric. In such cases, this nonlinear harmonic effect can be transferred into the dynamic 
wheel load and hence causes stability problems for vehicle systems. 

Considering the nonlinearity-induced harmonic dynamic axle load in vehicle systems, 
asymmetric characteristic of suspension component is a major source. The sources for 
the asymmetric characteristic of suspension component can be sorted into two catego-
ries. One can be called as expected asymmetry, which means different spring or damp-
ing coefficients between the compression and rebound process in the design curve. This 
expected asymmetry aims for a compromise between the stability/safety and comfort. 
The other can be called as undesired asymmetry or failure, which means unexpected 
low spring or damping force existing particularly in a hydraulic or pneumatic compo-
nent, e.g. a hydraulic damper or gas spring. This unexpected asymmetry or failure be-
comes severer at specific positions in a motion cycle due to the effect of compressibil-
ity, cavitation99 or even failure of electrical or mechanical component100. It is undesired 
but really exists in practice. It cannot be neglected at critical maneuvers100. 

In order to explain the physical mechanism of the nonlinearity-induced harmonic in 
vehicle systems, harmonic dynamic axle load induced by damper nonlinear characteris-
tics is summarized in Table 6-1 below. Here damper means the shock absorber installed 
in the vehicle suspension. The characteristic of an ideal linear damper is illustrated by 
its corresponding Fd-vd diagram, Fd-sd diagram and relevant F-t diagram simultaneously 
in column (1). Under this condition, there is no asymmetry and no harmonic dynamic 
axle load exists accordingly. Once a bilinear damper is applied, harmonic dynamic axle 
load exists due to the introduced asymmetric characteristic between the rebound and 
compression (see column (2)). A more practical “normal” damper (see column (3)), 
                                                 
99 Dixon: The Shock Absorber Handbook, second edition, 2007, p. 276-277. 

100 Bedük et al.: Effects of damper failure on vehicle stability, 2013, p. 1024-1039. 
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which is characterized by a piecewise linear function, induces a similar asymmetry and 
harmonic dynamic axle load. In this case, the harmonic dynamic axle load is caused by 
the original existing nonlinear property, i.e. expected asymmetry. However, damper 
failure can introduce harmonic dynamic axle load as well. An extremely common 
damper failure101 (see column (4)) is firstly considered. A very low damping force exists 
at the beginning of compression. For a vehicle system with harmonic response, only 
one-side damper at the same axle has the phenomenon of failure I at every moment. If 
dampers at both sides are considered, a periodic and asymmetric axle load is induced. 
Furthermore, a more complicated phenomenon of damper failure II can induce a period-
ic and symmetric axle load (see column (5)). 

It is clear that, both phenomena, “(3) Normal” and “(5) Failure II”, can introduce har-
monic dynamic axle load into a vehicle system. However, nonlinearity-induced harmon-
ic dynamic axle load by “(3) Normal” exists always due to the expected asymmetry in 
the damper design, while that induced by “(5) Failure II” is undesired. Moreover, it 
leads to the impact study of nonlinearity-induced harmonic dynamic axle load on vehi-
cle stability. This chapter covers some original contribution on this topic. 

Research of nonlinear harmonic effect in dynamic axle load and its influence on system 
stability serves as a linkage between the horizontal dynamics and vertical dynamics for 
the purpose of understanding the dynamic coupling. It is only beneficial for the influ-
ence study on the system dynamic stability, particularly for a specific vehicle system 
like a CTC. Therefore, the impact of the harmonic dynamic axle load on dynamic stabil-
ity of CTCs is the focus in this chapter. However, one point has to be mentioned before 
further investigation. Although impact study of harmonic dynamic axle load induced by 
“(5) Failure II” on the dynamic stability of a CTC is the objective of this chapter, inter-
action from harmonic dynamic axle load induced by original existing nonlinear property 
cannot be excluded because of many possible sources like “(3) Normal” in the system. 

 

 

                                                 
101 Winner: Skriptum zur Vorlesung “Kraftfahrzeugtechnik”, 2014. 
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6.1 Experimental study 

Because a harmonic effect in the dynamic axle load is obviously found in the road test, 
quantification of effective axle load indicates the axle cornering stiffness can be 
changed by this harmonic effect. In Section 3.2.2, the sensitivity analysis of axle corner-
ing stiffness to system dynamic critical speed vcrit is already obtained. Therefore, the 
axle cornering stiffness is a connection to study the influence of the harmonic effect on 
system dynamic stability. Since the harmonic effect in the dynamic axle load is taken 
into account in the quantification of effective axle load in Section 4.4.2, axle cornering 
stiffness and effective axle load can be evaluated. Because the harmonic dynamic axle 
load is possibly induced by nonlinear property of some component, and such harmonic 
effect is time varying, the TFA-based PIM becomes necessary in such situation. 

The experimental data of a typical road test with a car-caravan combination, which is 
the same one as that used in Section 5.2, is utilized for comparison in this chapter. The 
system response in the steady state oscillation is shown in Figure 6-1 below. The steer-
ing wheel impulse has amplitude of 19°. The longitudinal velocity defined by the sys-
tem dynamic critical speed is ca. 107.3 km/h without significant variation. The ampli-
tude of the yaw rate or lateral acceleration of the towing car has nearly constant 
oscillation amplitude at ca. 0.67 Hz, but small changes still exist (e.g. in 54-56s or 59-
61s). The raw and filtered data of the rear axle load of the towing car are also shown in 
Figure 6-1 below. A time varying harmonic oscillation of ca. 1.40 Hz is obvious. It has 
relatively bigger amplitude when small changes occur in the amplitude of the yaw rate 
or lateral acceleration after the steering excitation, i.e. in 54-56s or 59-61s. Because the 
lateral acceleration is always within the range of ±4 m/s2, a linear STM is valid to de-
scribe the system dynamic stability. More attention is paid here to the harmonic oscilla-
tion in the rear axle load due to the vital influence of the rear axle cornering stiffness 
Cαr,1 on the system dynamic critical speed, which is quantified in the sensitivity analysis 
in Section 3.2.2. 
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Figure 6-1: System response in steady state oscillation (δH, vx, ψdot,1, ayr,1, Fyr,1 and Fzr,1) 

With the TFA-based PIM, rear axle cornering stiffness Cαr,1, effective axle load Fzr,eff,1 
and normalised axle cornering stiffness ζr,1 can be evaluated and shown in Figure 6-2 
below. One point has to be mentioned here, the big change at the boundary value can be 
neglected due to the limitation of the PIM when no harmonic oscillations exist. Three 
points can be concluded. Firstly, changes of Cαr,1 correspond to the small changes in the 
amplitude of the yaw rate or lateral acceleration in Figure 6-1. To be more precise, 
harmonic effect in the rear axle load in 54-56s reduces the effective axle load Fzr,eff,1 and 
causes a corresponding reduction in Cαr,1 and yaw damping ratio or vcrit. Therefore, the 
amplitude of the yaw rate or lateral acceleration increases slightly. An opposite case 
occurs in 59-61s. Secondly, some changes of Cαr,1 can be explained by the correspond-
ing change of Fzr,eff,1. For instance, the reduction of Cαr,1 in 53-54.8s can be attributed to 
a reduction in Fzr,eff,1. An opposite case also occurs around 59-61s. But some changes of 
Cαr,1 cannot be explained by the corresponding change of Fzr,eff,1, e.g. the reduction of 
ζr,1 or Cαr,1 at around 55s. Lastly, effective axle load Fzr,eff,1 changes so rapidly that even 
within one oscillation cycle it can have different variation tendency. For instance, it 
firstly decreases and then increases in the oscillation cycle around 54-56s. That implies 
the potential influence from a time varying phase shift of the harmonic effect in the rear 
axle load, while the amplitude does not change significantly. 
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Figure 6-2: Time-frequency analysis result including Cαr,1, Fzr,eff,1 and ζr,1 

For CTCs, the harmonic effect in dynamic axle load is clearly found, although the root 
cause for such effect has many possibilities. The TFA result shows that, it can indeed 
affect the effective axle load and axle cornering stiffness. Besides, the discovered har-
monic effect in dynamic axle load is time varying and changes rapidly over time. How-
ever, through the experimental study, the influences of its amplitude and phase cannot 
be studied separately. Therefore, a simulation study based on innovative design is an-
other option to achieve this goal. 

6.2 Simulation method 

Although Chapter 5 describes the first phase of the validation of a complex simulation 
model for the car-caravan combination applied in the road test, it shows that (see Sec-
tion 5.2.6) nonlinearity-induced harmonic dynamic axle load cannot be simulated. 
Consequently, its impact on the system dynamic stability cannot be accomplished either. 
Although the simulation model is completely validated in the horizontal plane, further 
study on the coupling between the vertical dynamics and horizontal dynamics and their 
interactions is still a constructive extension. 

In order to simulate the nonlinearity-induced harmonic dynamic axle load, modeling 
method for the harmonic effect is a key point in the simulation. Because this harmonic 
axle load is dominated by the 1st harmonic of the dominant yaw oscillation frequency, 
square of the yaw rate can generate this harmonic even when the dominant yaw oscilla-
tion frequency is time varying. The principle can be explained by the following Eq. 
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(6.1). Here, ሶ߰ ଵ is the yaw rate of the towing car, fd is the dominant oscillation frequency 

in the yaw rate, A and ߮଴ are its amplitude and initial phase, respectively. 

 ቊ ሶ߰ଵ(ݐ) = ߨ2)	ݏ݋ܿܣ ௗ݂ݐ + ߮଴)ሶ߰ଵଶ(ݐ) = ߨ2)ݏ݋ܿ]ଶܣ0.5 ∙ 2 ௗ݂ݐ + 2߮଴) + 1] (6.1) 

In principle, other signals like body lateral acceleration or axle lateral force can also be 
selected to generate the harmonic. However, the measured body lateral acceleration is 
not accurate and always smeared by environmental noise. The problem of the axle 
lateral force is the phase shift between the front and rear axles if the harmonic effect in 
the front axle load is also taken into account. Therefore, the yaw rate of the towing car 
is utilized here. 

The square also introduces an undesired DC value in the harmonic. That is the reason 
why a high-pass filter is followed in the flow diagram of the modeling method shown in 
Figure 6-3 below. With the advantage of this digital IIR filter, the DC value in the har-
monic can be effectively separated. Then a variable time delay block is used to adjust 
the phase relationship between the harmonic and the axle lateral force. With this func-
tion, the influence of the harmonic phase on system dynamic stability can be studied. 
And the following gain block makes the influence study of the harmonic amplitude 
available, too. To integrate the module into the complete simulation model, the harmon-
ic force designed for the axle load has to be distributed between the left and right 
wheels. This real-time distribution depends on the direction of the yaw rate. Here, math 
operations including unary minus and Heaviside step function are applied in the imple-
mentation. When the yaw rate is negative, extra harmonic force is added to the rear left 
wheel. Otherwise, it is added to the rear right wheel. Therefore, at every moment only 
one side at the rear axle has the harmonic phenomenon. 

 

Figure 6-3: Modeling method for the harmonic axle load in the simulation 

With the modeling method above, the harmonic effect in the dynamic axle load can be 
simulated. And both the amplitude and phase can be modified respectively in the simu-
lation. A typical simulation result is shown in Figure 6-4 below. With appropriate modi-
fication, the maxima of the absolute axle lateral force meet around the minima of the 
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axle load. Under such condition, the relative phase of harmonic force to the axle lateral 
force is set as -180° and the effective rear axle load can be less than the average accord-
ing to the analysis in Figure 4-5. The relationship between the extra harmonic rear 
left/right wheel load and the extra harmonic rear axle load is described by the equation 
below. 

(ݐ)୸୰,ଵܨ∆  = (ݐ)୸୰୐,ଵܨ∆ +  (6.2) (ݐ)୸୰ୖ,ଵܨ∆

 

 

Figure 6-4: Simulation result of the harmonic phenomenon in the wheel/axle load 

 

6.3 Simulation study 

Sensitivity analysis of the influence of the harmonic amplitude or phase on the system 
dynamic stability is studied in this section. Since the harmonic effect is severer at the 
rear axle than that at the front axle of the towing car, sensitivity analysis of the harmonic 
impact is only performed when it exists at the rear axle of the towing car. And a pre-
condition is that modeling of the extra harmonic axle load is only implemented at the 
rear axle of the towing car in the system simulation model as well. 

The vcrit is used to describe the system dynamic stability. As a connection between the 
system vertical dynamics and horizontal dynamics, axle cornering stiffness Cαr,1 (de-
rived from Eq. (4.5)) serves to build the relationship and understand the dynamic cou-
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pling based on the sensitivity analysis of system parameters in the linear STM. The 
effective axle load Fzr,eff,1 (derived from Eq. (4.14)) is used to quantify the harmonic 
dynamic axle load. Moreover, the normalized axle cornering stiffness ζr,1 (derived from 
Eq. (4.16)) is also evaluated to investigate other effects on the Cαr,1 which are not related 
to the main effect from the axle load. 

Sensitivity analysis of the influence of the harmonic amplitude or phase on the system 
dynamic stability is shown in Figure 6-5 below. While the analysis result for the ampli-
tude influence is described in the left column (see Figure 6-5 (a1)-(d1)), the analysis 
result for the phase influence is in the right column (see Figure 6-5 (a2)-(d2)). 

One point about the sensitivity analysis for harmonic amplitude influence in Figure 6-5 
(a1)-(d1) below has to be mentioned here. Because the amplitude of the extra harmonic 
force has to be modified by the gain factor in Figure 6-3 above, the amplitude of the 
total nonlinearity-induced harmonic dynamic axle load Amp(Fzr,1) is different in the 
three cases with 0°, -90° and -180° phase shift conditions even when the gain factor is 
same. This is because an interaction between the extra harmonic force and the original 
existing nonlinearity-induced harmonic force is different from case to case. The modifi-
cations of the gain factor for different extra harmonic force in the three cases with 0°, -
90° and -180° phase shift conditions are listed in Table 6-2 below. 

Table 6-2: Gain factors for different extra harmonic forces 

Phase shift 
condition 

Gain factor for different extra harmonic force 

0° 0 0.5 1.0 2.0 2.5 3.0 4.0 5.0 

-90° 0 0.5 1.0 2.0 2.5 3.0 4.0 5.0 

-180° 0 0.5 1.0 2.0 2.5 3.0 4.0 5.0 

 

For the amplitude influence, three cases with 0°, -90° and -180° phase shift conditions 
for the harmonic axle load are studied. The theoretical fundamental is described in 
Section 4.4.2. It shows that, the changes of vcrit in (a1) and Cαr,1 in (b1) agree with the 
expectation well except the case with -90° phase shift condition. For the case with -90° 
phase shift condition, a dramatically decreasing vcrit in (a1) corresponds with the reduc-
tion in Cαr,1 in (b1), which cannot be completely explained by the decrease in Fzr,eff,1 in 
(c1). This may be due to an interaction with the original existing nonlinear property of 
some component. The analysis results of Fzr,eff,1 in (c1) and ζr,1 in (d1) indicate a poten-
tial inverse proportional relationship between them. Because the tires still work within 
the linear range, it raises a doubt that for the Magic Formula tire model, the cornering 
stiffness still has a small degressive characteristic even within the tire linear range. 
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Figure 6-5: Simulation result for sensitivity analysis of the influence of the harmonic amplitude 
or phase 

For the phase influence, it is relatively complicated because the amplitude of the har-
monic force also depends on its phase at the harmonic of ca. 1.40 Hz (see Figure 6-6 
below), i.e. both the extra harmonic axle force and the original existing nonlinearity-
induced harmonic force are included. However, both the amplitude and phase informa-
tion are included in the quantification of effective axle load Fzr,eff,1. Besides, there is a 
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clear dependency between the vcrit in (a2), Cαr,1 in (b2) and Fzr,eff,1 in (c2). They have a 
strong correlation in Figure 6-5 (a2)-(d2). 

 

Figure 6-6: Amplitude and phase dependency in the sensitivity analysis for phase influence 

Moreover, the relative phase shift of the harmonic force can induce a change of ca. 10 
km/h in vcrit while the amplitude change of the harmonic force can induce a change of ca. 
10 km/h in vcrit as well (amplitude of the harmonic force is within 0.2-1.2 kN). It follows 
that, on the one hand the simulation result is consistent with the analysis of the effective 
axle load described in Figure 4-5. On the other hand, the quantification of the effective 
axle load described in Section 4.4.2 seems to be effective as well. 

The doubt about the Magic Formula tire model in the amplitude influence is proved by 
another simulation study on the sensitivity analysis for the axle load and steering ampli-
tude influences under a slalom scenario, in which only the amplitude of the axle load or 
steering harmonic excitation is changed. The vx is set as 90 km/h and the steering fre-
quency is 0.75Hz, nearly the same as that in the critical stable state. A comparison of the 
axle load and steering amplitude influences between the critical stability (in Figure 6-7 
(a) and (b)) and slalom scenario (in Figure 6-7 (c) and (d)) is shown in Figure 6-7 be-
low. The simulation model of the CTC validated in Chapter 5 is applied in both simula-
tion scenarios here. Sensitivity analysis results show that, the degressive (normalized) 
cornering stiffness depends on both the wheel/axle load and side-slip angle even within 
the tire linear range for the Magic Formula tire model. And the two effects are combined 
in the sensitivity analysis result for harmonic amplitude influence, which is indicated by 
the comparison of the curves’ slopes. For example, for the harmonic amplitude influ-
ence with -180° phase shift condition in (a), the change of ζr,1 mainly attributes to the 
change of Fzr,eff,1. Because the curves of ζr,1 vs. Fzr,eff,1 have nearly same slopes between 
(a) and (c) due to a slight change of αr,1 in (b), while a relatively big difference exists 
between the curves’ slopes of ζr,1 vs. αr,1 between (b) and (d) due to the main influence 
from the effective axle load. The other two cases can be explained in the same way. This 
is the reason why the change of vcrit can be nearly completely explained by the change 
of Cαr,1, but the change of Cαr,1 cannot be totally explained by the corresponding change 
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of Fzr,eff,1 in Figure 6-5 (a1)-(d1). However, both the effects cannot be studied separately 
once the Magic Formula tire model is applied in the simulation. Because the harmonic 
axle load has a close dependency on the axle side-slip angle, neither of them can be 
controlled as an invariant in the critical stable state of a CTC. 

 

 

Figure 6-7: Comparison of the axle load and steering amplitude influences between the critical 
stability and slalom scenario 

 

6.4 Validation of simulation model (II) 

Based on the simulation method and simulation study above, the time varying system 
response observed in Section 6.1 can be achieved when the simulation model has a 
module with which the harmonic dynamic axle load can be generated. For the typical 
road test utilized in Section 5.2.6, after the steering excitation the harmonic effect in 
rear axle load becomes abnormal in the two time windows, i.e. in 54-56s and 59-61s. 
Inspired by this abnormal phenomenon, the designed harmonic effect is introduced to 
function only at the rear axle of the towing car within the two time windows. Their 
amplitudes and phases can be easily modified to match with the real phenomenon in the 
road test. Finally, the gains and phase shift initial values are set as the ones in Table 6-3. 
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Table 6-3: Gains and phase shift initial values for the harmonic forces in two time windows in 
simulation 

Designed harmonic 
effect at rear axle of the 
towing car 

Time 
window 

Amplitude 
gain in 1 

Phase shift initial 
value in ° 

Harmonic force in the 
1st time window 

54-56s 2.5 -120 

Harmonic force in the 
2nd time window 

59-61s 2.0 30 

 

In the same way as that in Section 5.2.6, the TFA-based PIM provides an easy way to 
compare the system characteristics delivered from the experimental data and simulation 
data. A systematic comparison of the system characteristics is performed and illustrated 
below. And the first-phase validation result of the simulation model without extra har-
monic force is also shown for comparison. 

 

Figure 6-8: Second-phase validation of δH, vx and ay 

A second-phase validation of δH, vx and ay is shown in Figure 6-8 above. Both the im-
pulse steering excitation with amplitude ca. 19° and the longitudinal velocity ca. 117.3 
km/h are totally the same as before. The system response under the steady state oscilla-
tion changes slightly in the first time window, 54-56s. The lateral acceleration of the 
towing car incl. its corresponding oscillation frequency matches with that in the experi-
mental data even better. Although the amplitude of trailer’s lateral acceleration is slight-
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ly bigger than that in the experimental data, its frequency matches with the experimental 
data better. This improvement in the oscillation frequency is clearer in the dominant 
yaw oscillation frequency shown in Figure 6-9 below. 

The yaw rate and dominant yaw oscillation frequency for the towing car (fs,1) or trailer 
(fs,2) are shown in Figure 6-9 respectively. A time varying phenomenon is found in the 
two time windows (54-56s and 59-61s). The system behaves a slight change in the 
amplitude of the yaw rate, which matches with that from the experimental data quite 
better than that from the simulation data without the harmonic phenomenon. Moreover, 
a time varying dominant yaw oscillation frequency is also available now and matches 
with that from the experimental data much better. 

 

Figure 6-9: Second-phase validation of yaw rate and dominant yaw oscillation frequency 

A second-phase validation of axle side-slip angle is shown in Figure 6-10 below. With 
the harmonic force generator, the time varying property in any axle side-slip angle is 
realized based on the harmonic effect functioned in the two time windows. The varia-
tion trend of any axle side-slip angle is consistent between the experimental data and 
simulation data. 
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Figure 6-10: Second-phase validation of axle side-slip angle 

For the axle cornering stiffness (see Figure 6-11), the rear axle cornering stiffness of the 
towing car and the trailer axle cornering stiffness match with that in the road test much 
better. However, a clear bigger deviation exists in the front axle cornering stiffness of 
the towing car. Since the artificial harmonic effect only functions at the rear axle of the 
towing car, coupling of the vertical dynamics between the front axle and rear axle of the 
towing car might be different between the experimental system and the simulation 
model. Quantification of the coupling mass102 between the front axle and rear axle is a 
possible way for further refinement of the simulation model. However, it is a big chal-
lenge because the validation of the vertical dynamics will also change the horizontal 
dynamics for the simulation model. They cannot be validated separately in this situation. 

 

                                                 
102 Winner: Skriptum zur Vorlesung “Fahrdynamik und Fahrkomfort” (Ride and Handling), 2014. 
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Figure 6-11: Second-phase validation of axle cornering stiffness 

 

 

Figure 6-12: Second-phase validation of Fzf,1(t), Cαf,1, Fzf,eff,1 and ζf,1 of the front axle of the 
towing car 

The system characteristics at the front axle of the towing car, incl. Fzf,1(t), Cαf,1, Fzf,eff.1 

and ζf,1, are shown in Figure 6-12 respectively. The effective axle load Fzf,eff.1 shows 
exactly no change compared with that in the simulation data without the harmonic 
phenomenon. It indicates that the reduction of the axle cornering stiffness Cαf,1 results 
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from a corresponding decrease in the normalized axle cornering stiffness ζf,1, which is 
possibly due to different characteristics between the Magic Formula tire model and the 
real tire. Besides, it also shows that the coupling of the vertical dynamics between the 
front axle and rear axle of the towing car in the simulation data is much bigger than that 
in the experimental data. 

 

Figure 6-13: Second-phase validation of Fzr,1(t), Cαr,1, Fzr,eff,1 and ζr,1 of the rear axle of the 
towing car 

The system characteristics at the rear axle of the towing car, incl. Fzr,1(t), Cαr,1, Fzr,eff.1 

and ζr,1, are shown in Figure 6-13 respectively. With the harmonic force generator, the 
abnormal harmonic phenomenon in the rear axle load is simulated very well with simi-
lar amplitude and phase. Therefore, the axle cornering stiffness Cαr,1 and effective axle 
load Fzr,eff,1 match with those from the experimental data much better. But there is still 
one problem about the phase shift of the harmonic force. A complicated unclear nonlin-
ear phenomenon exists in the experimental data and might change rapidly even within 
one yaw oscillation cycle. Such a case exists in the time window 54-56s. The harmonic 
phase shift still has obvious difference, which is also indicated by the different variation 
tendency in Fzr,eff,1. Such rapidly changed harmonic phase shift is hardly simulated 
without a physical understanding about the harmonic and a corresponding physical 
module. 

Despite such a problem, the harmonic force in the 1st time window causes a reduction in 
the Fzr,eff,1 and Cαr,1, and consequently makes the critical stable system become unstable. 
The harmonic force in the 2nd time window gives a positive effect and restores the sys-
tem to the critical stable state again. 
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In general, through the simulation study, the validation of the simulation model is re-
fined and time varying system characteristics can be simulated as well, which owes to 
the approach of a harmonic force generator and the sensitivity analysis on this basis. 

6.5 Conclusions 

Based on the theoretical analysis and effective axle load evaluation algorithm derived in 
Section 4.4.2, impact study of nonlinearity-induced harmonic dynamic axle load on the 
dynamic stability of a CTC is the focus in this chapter. It serves as a linkage between 
the horizontal dynamics and vertical dynamics for the purpose of understanding the 
dynamic coupling. This chapter covers some original contribution on this topic. 

Considering the nonlinearity-induced harmonic dynamic axle load in vehicle systems, 
asymmetric characteristic of suspension component is a major source. The sources for 
the asymmetric characteristic of suspension component can be sorted into two catego-
ries, expected asymmetry and undesired asymmetry or failure. In order to explain the 
physical mechanism of the nonlinearity-induced harmonic in vehicle systems, harmonic 
dynamic axle load induced by damper nonlinear characteristics is summarized in Table 
6-1 above. However, although impact study of harmonic dynamic axle load induced by 
undesired asymmetry or failure on the dynamic stability of a CTC is the objective of 
this chapter, interaction from harmonic dynamic axle load induced by original existing 
nonlinear property cannot be excluded because of many possible sources leading to 
expected asymmetry in the system. 

In this chapter, a phenomenon of harmonic oscillation near the first harmonic of the 
dominant yaw oscillation frequency in the dynamic axle load of a CTC is found in the 
road tests, although the root cause for such effect has many possibilities. The discovered 
harmonic oscillation in dynamic axle load is time varying and changes rapidly over time. 
The TFA result shows that, it can indeed affect the effective axle load and axle cornering 
stiffness. However, through the experimental study, the influences of its amplitude and 
phase cannot be studied separately. 

A simulation study based on a new design is another option to achieve this goal. A yaw-
rate-based simulation method is designed for a harmonic force generator. On this basis, 
sensitivity analysis of the influence of the harmonic amplitude or phase on the dynamic 
stability is performed with the simulation model validated in Chapter 5. The result 
shows that, the relative phase shift of the harmonic force can induce a change of ca. 10 
km/h in vcrit while the amplitude change of the harmonic force can induce a change of ca. 
10 km/h in vcrit as well (amplitude of the harmonic force is within 0.2-1.2 kN). It follows 
that, on the one hand the simulation result is consistent with the analysis of the effective 
axle load described in Figure 4-5. On the other hand, the quantification of the effective 
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axle load described in Section 4.4.2 seems to be effective as well. 

Based on the impact study of nonlinearity-induced harmonic dynamic axle load on the 
dynamic stability of a CTC above, the second-phase validation is performed for the 
simulation model validated in Chapter 5. A simulation study shows that, with appropri-
ate modification for the amplitude and phase shift of the harmonic force in selected time 
windows, the time varying system characteristics in the experimental data can be simu-
lated very well by a simulation model with this new harmonic force generator. Hence, 
the system simulation model in Chapter 5 has been refined further. 

However, there is still one problem about the phase shift of the harmonic force. A com-
plicated unclear nonlinear phenomenon exists in the experimental data and might 
change rapidly even within one yaw oscillation cycle. Such rapidly changed harmonic 
phase shift is hardly simulated without a physical understanding about the harmonic and 
a corresponding physical module. 

Despite such a problem, through the simulation study, the validation of the simulation 
model is refined and time varying system characteristics can be simulated as well, 
which owes to the innovative harmonic force generator and the sensitivity analysis on 
this basis. 
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7 Summary and Outlook 

7.1 Summary 

The objective of this thesis is stability investigation of car-trailer combinations (CTCs) 
based on time-frequency analysis. A state-of-the-art survey shows that very few research 
activities were performed to study the coupling between the vertical dynamics and 
horizontal dynamics, particularly for the system stability analysis. Even for the normal 
passenger car, stability analysis is mainly focused in the horizontal plane. However, this 
dynamic coupling deserves more attention for CTCs due to their dynamically natural 
characteristics. On this basis, a time-frequency analysis based parameter identification 
method (TFA-based PIM) is proposed, in which a linear STM and MTWFFT method 
are integrated. And an impact study of nonlinearity-induced harmonic dynamic axle 
load on the system dynamic stability is conducted as an intermediate step to the ultimate 
intention, investigation of the influence from vertical dynamics on the system dynamic 
stability in horizontal plane (e.g. influence from damper characteristics in suspension). 

The TFA-based PIM aims to study the time varying vehicle dynamics under harmonic 
conditions. Only common lateral and yaw measurements are necessary for the purpose 
of indispensible inputs. With this PIM, axle cornering stiffness can be estimated with an 
acceptable accuracy. Other vehicle dynamics parameters, like normalized axle cornering 
stiffness and instantaneous friction coefficient, are also available with the assistance of 
such a method. Besides, the coupling between the vertical dynamics and horizontal 
dynamics is also discussed with the derivation of an effective axle load, by which the 
influence of a harmonic dynamic axle load on the axle cornering stiffness can be de-
scribed. This effective axle load evaluation algorithm is also integrated into the PIM. In 
principle, the TFA-based PIM proposed in this thesis is a combination of a linear STM, 
the MTWFFT and an effective axle load evaluation algorithm. It can be applied for any 
time varying vehicle system, if its linear STM is available. This adaptability is a promi-
nent advantage. 

Another constructive contribution is impact study of nonlinearity-induced harmonic 
dynamic axle load on the dynamic stability of CTCs. This original work introduces the 
analysis of nonlinear dynamics in this thesis. Although impact study of harmonic dy-
namic axle load induced by undesired nonlinearity or failure of some suspension com-
ponent is the ultimate objective, interaction from harmonic dynamic axle load induced 
by original existing expected nonlinearity cannot be excluded because of many possible 
sources like the practical damper characteristics in the system. A theoretical analysis of 
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the system dynamic stability and the influence of harmonic dynamic axle load on the 
axle cornering stiffness lay a solid foundation for a study of the harmonic influence on 
the system dynamic stability. Based on the TFA-based PIM including the effective axle 
load evaluation algorithm, the time varying harmonic effect found in the experimental 
study is quantified. To simulate the influence of the harmonic wheel load oscillations, a 
synthetic force generator is applied, which is synchronized to the phase of the yaw rate 
with a defined phase shift. Hence, the sensitivity analysis of the influence of the har-
monic amplitude or phase of this force on the system dynamic stability is performed 
with a simulation model validated in the horizontal plane. The relative phase shift of the 
harmonic force can induce a change of ca. 10 km/h in vcrit while the amplitude change of 
the harmonic force can induce a change of ca. 10 km/h in vcrit as well (amplitude of the 
harmonic force is within 0.2-1.2 kN). 

The application scope of this novel TFA-based PIM is mainly identification of systems 
with time varying properties, which aims for the model identification to build up simu-
lation models. An application case, parameter identification of a car-caravan combina-
tion under its dynamically critical stable state, is performed for the purpose of a com-
plex simulation model validation within the range of linear lateral dynamics. The results 
show that the TFA-based PIM is effective and has great application potential in vehicle 
system dynamics. Moreover, based on the impact study of nonlinearity-induced har-
monic dynamic axle load, the change of the system dynamic critical speed is actually 
determined and so is the reason why the temporal changes of the system dynamic stabil-
ity can be explained by the fluctuations in the amplitude and/or the phase of the super-
imposed harmonic dynamic axle load. Therefore, the system simulation model can be 
refined further. 

7.2 Outlook 

Based on the contribution in this thesis, further research on this topic can be planned 
considering the following five aspects. 

For the theoretical analysis, the linear single-track model can be extended when the 
vertical dynamics is considered and added step by step. Because the axle cornering 
stiffness can be expressed by a multiplication of the normalized axle cornering stiffness 
and the effective axle load, influence study and sensitivity analysis of the effective axle 
load to the system dynamic stability are feasible in analytical way within the range of 
linear lateral dynamics. Therefore, the system state-space representation can be ex-
tended as well. 

For the TFA-based PIM, there is still some potential for refinement and extension. 
Firstly, as mentioned in Section 4.2, a consideration with possible amplitude and phase 
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corrections can further refine the analysis result of the MTWFFT method, besides the 
frequency correction. Secondly, although the MTWFFT method is adaptable for any 
time varying vehicle system, the use of a linear STM is still a drawback to represent 
accurately the vehicle behavior in various driving maneuvers. Hence, two possible 
extensions of the TFA-based PIM to nonlinear time varying vehicle dynamics can be 
considered further, incl. the integration of a nonlinear STM or double-track model 
(DTM), or direct acquisition of a time domain signal of the wheel side-slip angle with 
the assistance of optical sensors, like Correvit® or wheel vector sensor. Finally, the 
functional goal of the TFA-based PIM, aiming for the system model identification to 
build up simulation models, might be extended to the online model identification for 
vehicle dynamics control if unknown components are used by customer. For this pur-
pose, how to select the moving time window from the historical signal will be the key 
point. 

For the impact study of nonlinearity-induced harmonic dynamic axle load on the system 
dynamic stability, two problems still exist in the future work. One is about the theoreti-
cal analysis and derivation of the effective axle load. The difference between the case 
with a +90° phase shift condition and the case with a -90° phase shift condition cannot 
be distinguished with the current effective axle load evaluation algorithm in Section 
4.4.2. The possible explanation is the difference of the transient axle load within the 
length of the moving time window (ca. two yaw oscillations) resulting from the asym-
metric characteristic of suspension component cannot be clearly revealed due to the 
limitation, the mean effect in the MTWFFT. However, this difference is clearly found in 
the simulation study in Section 6.3. This problem has to be considered for the purpose 
of a refined effective axle load evaluation algorithm. The other problem is about the 
Magic Formula tire model applied in the simulation. Here whether the normal Magic 
Formula tire model can represent the real tire behavior under various harmonic condi-
tions even within the tire linear range in the road test is still not confirmed. 

For the simulation model validation, three points have to be considered. Firstly, there is 
still ca. 10 km/h deviation in the system dynamic critical speed vcrit between the experi-
ment and simulation. But this deviation in vcrit disappears in a linear STM with the 
estimated axle cornering stiffnesses. It gives a strong indication that, such a deviation in 
vcrit might result from the coupling between the vertical dynamics and horizontal dy-
namics or an aerodynamic effect. This points out a further potential for the simulation 
model validation. Secondly, for the yaw moment of inertia of the trailer, the estimated 
amplitudes have a clear deviation of ca. 580 kgm2 (ca. 5.5 %) between the experiment 
and simulation. This also points out a further potential for the simulation model valida-
tion. Finally, a complicated unclear nonlinear phenomenon seems to exist in the experi-
mental data and might change rapidly even within one yaw oscillation cycle. A physical 
understanding about the harmonic and a corresponding physical module might be nec-
essary if such rapidly changed harmonic has to be simulated. 
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For the study of the coupling between the vertical dynamics and horizontal dynamics, 
the influence of the characteristics of specific suspension component (e.g. a hydraulic 
damper or gas spring) on the system dynamic stability is of great concern. The research 
result can serve as a guideline for a robust suspension design considering the variations 
of its structural components. 

 

 

 

 



  

106 

A Appendices 

A.1 System parameters in STM and Car-
Maker® simulation model 

 

Table A: System parameters incl. the values used in the STM and CarMaker® simulation model 

Parameter Description Value Unit ࢓૚ Mass of towing car 1955 kg ࢓૛ Mass of trailer 1880 kg ܢࡵ,૚ Yaw moment of inertia of towing car 2690 kgm2 ܢࡵ,૛ Yaw moment of inertia of trailer 10350 kgm2 ܎࢒,૚ Distance from front axle to COG of towing car 1.302 m ܚ࢒,૚ Distance from rear axle to COG of towing car 1.383 m ܐ࢒,૚ Distance from hitch point to COG of towing car 2.166 m ܚܐ࢒,૚ Distance from hitch point to rear axle of towing car 0.783 m ࢒૚ Wheel base of towing car 2.685 m ܎࢒,૛ Distance from front axle to COG of trailer 0.124 m ܚ࢒,૛ Distance from rear axle to COG of trailer 0.526 m ܐ࢒,૛ Distance from hitch point to COG of trailer 5.073 m ܎ܐ࢒,૛ Distance from hitch point to front axle of trailer 4.949 m ࢒૛ Wheel base of trailer 0.65 m ܛ࢏ Steering ratio 15 - 
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Table B: System parameters incl. the values used in the STM 

Parameter Description Value Unit 

Cαf,1 Front axle cornering stiffness  
of the towing car 

109.3 kN/rad 

Cαr,1 Rear axle cornering stiffness  
of the towing car 

185.2 kN/rad 

Cαf,2 Front axle cornering stiffness  
of the trailer 

131.2 kN/rad 

Cαr,2 Front axle cornering stiffness  
of the trailer 

124.4 kN/rad 
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A.2 System matrices in STM 

System matrices in Eq. (3.14): 

ۻ = ൦݉ଵ +݉ଶ݉ଵ݈௛,ଵ−݉ଶ݈௛,ଶ0
−݉ଶ(݈௛,ଵ + ݈௛,ଶ)ܫ௭,ଵܫ௭,ଶ + ݉ଶ݈௛,ଶ(݈௛,ଵ + ݈௛,ଶ)0

−݉ଶ݈௛,ଶ0ܫ௭,ଶ + ݉ଶ݈௛,ଶଶ0
0001൪ 

D=൦݀ଵଵ݀ଶଵ݀ଷଵ0
݀ଵଶ݀ଶଶ݀ଷଶ0

݀ଵଷ0݀ଷଷ1
݀ଵସ0݀ଷସ0 ൪ 

݀ଵଵ = ௫ݒఈ௥,ଶܥ+ఈ௙,ଶܥ+ఈ௥,ଵܥ+ఈ௙,ଵܥ− 	
݀ଶଵ = ఈ௙,ଵ൫݈௙,ଵܥ− + ݈௛,ଶ൯+ܥఈ௥,ଵ൫݈௛,ଵ − ݈௥,ଵ൯ݒ௫ 	
݀ଷଵ = ఈ௙,ଶ൫݈௛,ଶܥ − ݈௙,ଶ൯+ܥఈ௥,ଶ൫݈௛,ଶ + ݈௥,ଶ൯ݒ௫ 	
݀ଵଶ = ఈ௙,ଵ݈௙,ଵܥ− + ఈ௥,ଵ݈௥,ଵܥ + ఈ௙,ଶ൫݈௛,ଵܥ + ݈௛,ଶ − ݈௙,ଶ൯ + ఈ௥,ଶ൫݈௛,ଵܥ + ݈௛,ଶ + ݈௥,ଶ൯ − (݉ଵ +݉ଶ)ݒ௫ଶݒ௫  

݀ଶଶ = ఈ௙,ଵ݈௙,ଵ൫݈௙,ଵܥ− + ݈௛,ଵ൯ + ఈ௥,ଵ݈௥,ଵ൫݈௛,ଵܥ − ݈௥,ଵ൯ − ݉ଵ݈௛,ଵݒ௫ଶݒ௫  

݀ଷଶ = ఈ௙,ଶ൫݈௛,ଶܥ− − ݈௙,ଶ൯൫݈௛,ଵ + ݈௛,ଶ − ݈௙,ଶ൯ − ఈ௥,ଶ൫݈௛,ଶܥ + ݈௥,ଶ൯൫݈௛,ଵ + ݈௛,ଶ + ݈௥,ଶ൯ + ݉ଶ݈௛,ଶݒ௫ଶݒ௫  

݀ଵଷ = ఈ௙,ଶ൫݈௛,ଶܥ − ݈௙,ଶ൯ + ఈ௥,ଶ൫݈௛,ଶܥ + ݈௥,ଶ൯ݒ௫ 	
݀ଷଷ = ఈ௙,ଶ൫݈௛,ଶܥ− − ݈௙,ଶ൯2+ܥఈ௥,ଶ൫݈௛,ଶ + ݈௥,ଶ൯2ݒ௫ 	݀ଵସ = ఈ௥,ଶ ݀ଷସܥ+ఈ௙,ଶܥ = ఈ௙,ଶ൫݈௛,ଶܥൣ− − ݈௙,ଶ൯ + ఈ௥,ଶ൫݈௛,ଶܥ + ݈௥,ଶ൯൧ 
۳ = ൦ ఈ௙,ଵ(݈௙,ଵܥఈ௙,ଵ/݅௦ܥ + ݈௛,ଵ)/݅௦00 ൪ 
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A.3 Spectrum-line-interpolation algorithm 

A triple-spectrum-line-interpolation algorithm proposed by Niu103 et al. is introduced in 
this section. This correction algorithm is also integrated into the TFA-based PIM and the 
evaluation method to obtain the yaw moment of inertia for the purpose of a more accu-
rate frequency, amplitude and phase result. 

 

 

Figure A.3-1: Triple-spectrum-line-interpolation algorithm 

Here fi is the detected dominant frequency at the spectrum line ki where the maximum 
amplitude, Ai, along with its corresponding phase φi exists in the spectrum, while Ai-1 
and Ai+1 are the left and right adjacent amplitudes at the spectrum lines ki-1 and ki+1. φi-1 
and φi+1 are the left and right adjacent phases at the spectrum lines ki-1 and ki+1. Hence, 
three spectrum lines are utilized in the correction. Δf is the frequency resolution. The 
ultimate goal of this interpolation algorithm is to evaluate the true instantaneous domi-
nant frequency, ftd, the corresponding amplitude Atd and phase φtd as accurately as possi-
ble. ftd locates at the spectrum line ktd, which is normally not an integer. 

Obtaining an analytical expression of ftd, the corresponding amplitude Atd and phase φtd 
is not easy or might even be impossible. Therefore, a polynomial approximation of the 
solution follows from 

 ௧݂ௗ = ݇௧ௗ ∙ ∆݂ = (݇௜ + (ݔ ∙ ∆݂ = ௜݂ + ݔ ∙ ∆݂   

௧ௗܣ  = ଵସ ௜ିଵܣ) + ௜ܣ2 + (௜ାଵܣ ∙ ≈																																								 (ݔ)݌ 14 ௜ିଵܣ) + ௜ܣ2 + (௜ାଵܣ ∙ (ܿ଴ + ܿଶ ∙ ଶݔ + ⋯+ ܿଶ௡ ∙    (ଶ௡ݔ

                                                 
103 Niu et al.: An Algorithm for … Triple-spectrum-line Interpolation FFT, 2012. 
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 ߮௧ௗ = ߮௜ + గଶ − ݔ ∙    ߨ

Where  

 ቐݎ஺ = ஺೔శభି஺೔షభ஺೔ = ݔ(ݔ)݃ = ௙೟೏ି௙೔∆௙ = ݃ିଵ(ݎ஺)   

Here, again a polynomial approximation of the solution for x is given according to 

ݔ  = ݃ିଵ(ݎ஺) ≈ ܿଵ ∙ ஺ݎ + ܿଷ ∙ ஺ଷݎ + ⋯+ ܿଶ௡ାଵ ∙    ஺ଶ௡ାଵݎ

Therefore, the polynomial approximations for x and p(x) are crucial in this triple-
spectrum-line-interpolation algorithm and they depend on the selective weighting time 
window in the MTWFFT. Because the Hanning window is frequently utilized in the 
TFA-based PIM, the expressions of the polynomial approximations for x and p(x) relat-
ed to the Hanning window are given according to ݔ = 0.66666287 ∙ ஺ݎ − 0.07398320 ∙ ஺ଷݎ + 0.01587358 ∙ ஺ହݎ − 0.00311639 ∙ (ݔ)݌   ஺଻ݎ = 1.33333327 + 0.52658791 ∙ ଶݔ + 0.11699742 ∙ ସݔ + 0.02103885 ∙   ଺ݔ
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