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Zusammenfassung

Im ersten Teil dieser Dissertation untersuchen wir holomorphe automorphe Formen mit
speziellen Divisoren zu Untergruppen von orthogonalen Gruppen, sogenannte reflektive
automorphe Formen. Diesen liegt ein gerades Gitter von Signatur (n,2) zu Grunde. Hat
dieses Gitter L quadratfreie Stufe N und spaltet es das Gitter II;; & II; 1(N) ab, so
zeigen wir, dass es bis auf Isomorphie nur endlich viele Moglichkeiten fiir L gibt.

Anschlielend klassifizieren wir auf diesen Gittern die stark-reflektiven automorphen
Formen von singuldrem Gewicht (d.h. die reflektiven automorphen Formen von sin-
guldrem Gewicht mit einfachen Nullstellen) fiir den Diskriminantenkern. Mit einer be-
kannten Konstruktion erhilt man soche automorphe Formen aus speziellen Automorphis-
men des Leech-Gitters und unser Klassifikationsresultat zeigt, dass es im Wesentlichen
keine weiteren gibt.

Verlangt man nicht mehr, dass L das Gitter 111 1 @ II1 1(IN) abspaltet, so gibt es weitere
Beispiele fiir stark-reflektive automorphe Formen. Bekannt sind solche im Fall, dass die
Stufe N prim ist. In dieser Arbeit konstruieren wir nun auch Beispiele fiir den Fall N = 6.
Anschlielend berechnen wir fiir eines dieser neuen Beispiele die Fourier-Entwicklung in
allen Spitzen. Wir sehen, dass, anders als in den Beispielen bei denen N prim ist, keine
dieser Entwicklungen zu einem Element der Automorphismengruppe des Leech-Gitters
korrespondiert.

Im zweiten Teil dieser Arbeit bestimmen wir mit Hilfe von Thetareihen zu Niemeier-
Gittern eine Basis des Raums der Siegelschen Spitzenformen von Grad 6 und Gewicht
14. Dazu berechnen wir mit Unterstiitzung eines Computers Fourierkoeffizienten dieser
Theta-Reihen.

Als Folgerung erhalten wir, dass die Kodaira-Dimension des Modulraumes Ag der
prinzipal-polarisierten abelschen Varietdten von Dimension 6 nicht negativ ist.
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Introduction

This thesis consists of two independent parts. The first part is concerned with the classi-
fication of reflective automorphic forms, while in the second part a certain space of Siegel
cusp forms is constructed in order to show that the Kodaira dimension of the Siegel
modular variety Ag is non-negative.

Reflective Automorphic Forms

Let n > 3 and let L be an even lattice of signature (n,2), i.e. a free Z-module of finite
rank with a non-degenerate Z-valued quadratic form ¢ such that any Gram matrix of
the associated symmetric bilinear form (-,-) has n positive and two negative eigenvalues
over the real numbers R. The set of oriented 2-dimensional negative definite subspaces
of V = L ®z R can be identified with the set

K={[Z]eP(V&rC):(Z2)=0,(27) <0},

where
P(V ®r C) = ((VerC)\ {0}) /C*

is the projective space associated to V ®r C and the bilinear form on L is extended to a
bilinear form on V ®g C. The set K has two connected components, corresponding to the
two possible choices of the orientation on the 2-dimensional negative definite subspaces
of V. In the following K™ will be one of the two components and the subgroup O(L)*
of the orthogonal group O(L) of L consists of those isometries in O(L) that stabilize K
as a set. These are the elements that keep the orientation on the 2-dimensional negative
definite subspaces of V.

An automorphic form of weight k € Z is a meromorphic function ¥: KT — C on the
affine cone K+ over KT that is homogeneous of degree —k and such that

V(o(2)) = x(0)¥(2)

for all o in a finite index subgroup I" of O(L)" and some character x of T.

If the Witt rank of L ®z Q is 2, then non-constant holomorphic automorphic forms
do not exist if the weight is smaller than s = (n — 2)/2, which is why this is called the
singular weight.

Automorphic Products

The dual lattice L’ of L is given by

L'={reL®;Q: (z,y) €Zforall y € L}.



Introduction

The lattice L is a sublattice of L’ and the quotient D = L'/L is a finite abelian group.
If n is even, then the Weil representation pp is a unitary representation of SLg(Z) on
the group algebra C[D]. A weakly holomorphic modular form of weight k for pp is a
holomorphic function F': H — C[D] with

F (Z:Z) = (er +d)*p <(CCL Z))l F(7)

for all 7 € H and all (¢%) € SLy(Z) and that in addition satisfies the following growth
condition at co: The function F' has a Fourier expansion

F(r)=7_ > ay(n)q"e,

yeD neQ

where ¢ = e*™7 and ¢, is the standard basis vector of C[D] corresponding to v € D. The
growth condition then states that for every v € D the coefficient a.(n) is zero for all but
finitely many negative n.

Elements o € O(L) act on the set of weakly holomorphic modular forms of weight &
for pp as follows: Every o € O(L) is also in O(L') and therefore defines an element of
Aut(D), which acts by permuting the components (with respect to the standard basis)
of F.

If k=1-n/2 and a,(n) is an integer for all v € D and all negative n, then Borcherds
[Bor98| showed how one can associate to F' an automorphic form W(F') of weight ao(0)/2
for the group O(L, F)™, which is defined by

O, F)t={ccO(L)" :0(F)=F}.

The function W(F) has infinite product expansions near norm 0 vectors of L; hence
automorphic forms of this form are called automorphic products or Borcherds products.
The zeros and poles of ¥(F') lie on sets of the form

>t (0.1)

AEp+L
qg(N)=n

for elements p € D and n € Qs¢ and the multiplicities are determined by the coefficients
of F' at negative rational numbers.

Conversely, Bruinier [Brul4] showed that if the lattice L splits II; 1 & II; 1(m), i.e. can
be written as

L=Kea@lIl;®Il(m)
for a lattice K and a non-zero integer m, then every automorphic form for the kernel I'y,

of the map O(L)* — Aut(D) whose divisor is a linear combination of sets as in (0.1]) is
up to a non-zero constant factor equal to an automorphic product.

10



Reflective Automorphic Forms

A holomorphic automorphic form ¥ for a finite-index subgroup I' € O(L)* is called
reflective if its zeros are of the form A\ for elements A € L of positive norm such that
the reflection in A* is in O(L). If in addition all zeros are simple, then ¥ is called
strongly-reflective.

A prominent example of a strongly-reflective automorphic form is the function ®15. It
is the automorphic product corresponding to the inverse of the modular discriminant

A:H — C,A(T) :qH(l—q")24:q—24q2+252q3+...
n>1

on the unique even unimodular lattice Iy of signature (26,2). The infinite product
expansion of @15 at a cusp is given by

1(2) =e(—(p, 2)) [ (1= e(=(a, 2)/AC2 (¢(z) = £27),

a€llf; |

where p is the so-called Weyl vector, which is a certain primitive norm 0 vector in Ils5 1
(the unique even unimodular lattice of signature (25,1)), II;%’1 is the subset of I35
consisting of those elements that are either multiples of p or have negative inner product
with p and [1/A](m) denotes the Fourier coefficient of 1/A at ¢"™. Scheithauer [Sch17]
showed that the automorphic product ®;5 is the only automorphic product of singular
weight on an even unimodular lattice. The fact that it has singular weight allows the
computation of its Fourier expansion. It is given by

®12(Z) = e(—(p, 2)) H (1 = e(—(a, 2)))1/ A (x2)/2)

a€ll; |

= " det(g9)A(—(gp, 2)),

geG

where G is the reflection group of IIs 1, i.e. the subgroup of O(Ilz5,1) that is generated
by reflections in hyperplanes orthogonal to norm 2 vectors of a5 1.

This is the denominator identity of the fake monster algebra, which is an infinite-
dimensional Lie algebra constructed by Borcherds [Bor90]. There are more cases of this
connection with infinite-dimensional Lie algebras, which is why reflective automorphic
forms are important for their classification (see e.g. [GN02]).

There are other, more geometric, applications of reflective automorphic forms. For
example, Gritsenko and Hulek [GHI14] showed that the existence of a strongly-reflective
automorphic form of weight k& > n implies that the quasi-projective variety T\K™ is
uniruled. Another geometric application is due to Borcherds [Bor96], who used a reflective
automorphic product for the lattice

L = E8(2) D 11171 ) 11171(2)

to show that the moduli space of Enriques surfaces is a quasi-affine variety. This reflective
automorphic product is also related to the theory of infinite-dimensional Lie algebras, as
it is a twisted denominator function of the fake monster algebra.

11



Introduction

Finiteness Results for Reflective Automorphic Forms

Reflective automorphic forms are rare. For example, Ma ([Mal7],[Mal8]) has shown that
there are only finitely many lattices (here and in the following this always means up to
isomorphisms) that carry a 2-reflective automorphic form (i.e. a reflective automorphic
form whose zeros are of the form A+ for elements A € L of norm 2) if n > 7 and that up to
scaling there are only finitely many lattices that carry a strongly-reflective automorphic
form if n > 4.

In this thesis we prove the following new result in Chapter 3, which is also published
in [Dit18]:

Theorem 1 (Theorem [3.25)). Let L be an even lattice of signature (n,2), n > 4 and
squarefree level N that splits II,1 & II1 1(N). Suppose there is a non-constant reflective
automorphic form ¥: KT — C. Then L must be one of finitely many lattices.

This is proved by using Bruinier’s converse theorem to reduce to the case of automorphic
products and then showing that n and N are bounded if there is a weakly-holomorphic
modular form F' of weight 1 —n/2 for pp such that ¥(F) is reflective. The bounds on n
and N are explicit, so our result is effective.

Classification of Strongly-Reflective Automorphic Forms of Singular Weight

The Leech lattice A is the unique even positive definite unimodular lattice of rank 24
without vectors of norm 2. Its automorphism group is the Conway group Cop and has
order

222.3%.5%. 7% .11 - 13 - 23 = 8315553613086720000 ~ 8.3 x 10'®.

Scheithauer [Sch04] used elements g € O(A) of squarefree level N with non-trivial fixpoint
lattice A9 C A to constructed strongly-reflective automorphic products of singular weight
for the lattice L = A9 @ II; ;1 & II1 1 (N). In Chapter 4 we prove that under the condition
that L has squarefree level N and splits II1 1 & II; 1 (N) these are essentially the only
strongly-reflective automorphic forms of singular weight for I';,. This is the second main
result in [Dit18].

Theorem 2 (Corollary [1.7). Let L be an even lattice of signature (n,2),n > 4 and
squarefree level N that splits II1 1 @ I1I1 1(N) and U a strongly-reflective automorphic
form of singular weight for the discriminant kernel I'r,.  Then the function ¥ can be
identified with one of the functions from this construction.

The idea of the proof is the following: Because of Theorem 1| we only need to consider
finitely many lattices. Since Theorem [l is effective, we have bounds on the number
n and the level N of L. In the remaining cases we can assume that ¥ is a strongly-
reflective automorphic product W(F') for some weakly holomorphic modular form F' of
weight 1 — n/2 because of Bruinier’s converse theorem. The fact that W(F') is strongly-
reflective of singular weight then translates to conditions on the Fourier coefficients of F.
We work out these conditions explicitly to prove our result.

If L does not split II; 1, then Scheithauer [Sch17] gave additional examples of strongly-
reflective automorphic products of singular weight if the level IV of L is a prime number.
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In Chapter 4 we construct new examples of strongly-reflective automorphic products of
singular weight on lattices of level 6. In one case we compute the Fourier expansions of
the automorphic product at all primitive norm 0 vectors of L to see that it is not related
to the Leech lattice:

Theorem 3 (Theorem {4.34)). None of the shapes of the eta quotients occuring in the
Fourier expansions of this strongly-reflective automorphic product is the cycle shape of an
element of O(A).

This is a phenomenon that does not occur in the cases where the level N is prime.

Siegel Modular Forms

The second part of this thesis can be found in Chapter 5 and is based on joint work with
Riccardo Salvati Manni and Nils Scheithauer.
Let n € Z~g. The Siegel upper half-plane H,, is defined by

H, ={ZeCv":z" = Z Im(Z) > 0},

where ZT denotes the transpose of Z and Im(Z) > 0 means that Im(Z) is a positive
definite matrix. The symplectic group Sp,,,(Z) consists of those matrices M in GLg,(Z)
that satisfy

MTQM = Q,

where () is the skew-symmetric matrix

(0, I,
o= (% o)
and I, denotes the n x n identity matrix. For M = (4 B) € Sp,,(Z) and Z € H,, we
define M Z to be (AZ + B)(CZ + D)~!. This defines a group action of Sp,,,(Z) on H,,.

A Siegel modular form of degree n and weight k € Z is a holomorphic function f from
H,, to the complex numbers with

f(MZ)=det(CZ + D)*f(Z)

for all Z € H,, and all M = (4 B) € Sp,,(Z) that additionally satisfies the following
growth condition at co: Because of the transformation behaviour, the function f has a
Fourier expansion of the form

f(2)= > a@e™ ™2 (tr = trace),

Teznxn

T even
where a matrix T' € Z™*" is called even if it is symmetric and its diagonal entries are even.
The growth condition at co then states that a(7") = 0 unless 7" is positive semi-definite.
If n > 1, then this condition is automatically satisfied by the Koecher principle [Koe54].
A cusp form is a Siegel modular form whose Fourier coefficients a(7") are zero unless T'
is positive definite.

13
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Theta Series

Given an even positive definite unimodular lattice L of rank m, one can define the theta

series
@L(Z) _ Z em‘tr(T(m)Z)7
relm™
where T'(x) is the matrix given by ((x;,%;))1<i j<n for © = (21,...,2,). This is a Siegel

modular form of degree n and weight m/2. For a positive semi-definite matrix 7" its
Fourier coefficient a(T') is given by

a(T) = [{z € L" : T(z) = T}|.

If m >2nand y = (y1,...,yn) € (L ®z C)" satisfies T'(y) = 0 and T'(y,y) > 0 (where
T'(y,7) is defined to be the matrix ((y;,¥;))1<i,j<n), one can define the more general theta
series

@L,y,k = Z det(T(m7y))ke”itr(T(m)Z)
xeL™

for k € Z~p. This is a cusp form of degree n and weight m/2 + k and for a positive
definite matrix 7" its Fourier coefficient a(7") is given by

a(T) = det(T(x,y))". (0.2)

reL™

We construct a basis of the space Sg 14 of Siegel cusp forms of degree 6 and weight 14
consisting of such theta series for even positive definite unimodular lattices L of rank 24
and k = 2. This is done by using that dim Se 14 = 9, which is a result of Taibi [Tail7], and
finding nine linearly independent theta series. To proof that they are linearly independent,
we use a computer to calculate enough Fourier coefficients using formula .

The Kodaira Dimension

Let X be a smooth projective algebraic variety of dimension n. The canonical bundle wx
of X is the n-th exterior power of the cotangent bundle Qx, i.e.

wx = /\QX.

The (geometric) genus of X is the dimension of the space H%(X,wx) of global sections of
wx. More generally, one defines the d-th plurigenus of X to be Py(X) = dim H°(X,w%)
for d € Z>¢. If P;(X) > 0, then there is a rational map, called the d-canonical map, from
X to P defined by
x> [oo(x) - op(2)],
where 0y, ...,0, is a basis of HO(X ,wgl(). If wgl( is very ample, then this defines an
embedding of X into the projective space P™.
Putting all the spaces HY(X, wgl() for d > 0 together defines the canonical ring

R(X,WX): @ HO(X’WA(;()'
dGZZo

14



The variety Proj(R(X,wx)) is called the canonical model of X. By a deep result of
Birkar, Cascini, Hacon and McKernan [BCHM10], the canonical ring is finitely generated
and hence, the canonical model is a projective variety. It is isomorphic to the image of
the d-canonical map for large d.

The dimension of Proj(R(X,wy)) is called the Kodaira dimension x(X) of X. If
Py(X) =0 for all d > 0, then Proj(R(X,wx)) = 0 and the Kodaira dimension depends
on the definition of the dimension of the empty set; both —oo and —1 are used in the
literature. The Kodaira dimension is bounded by the dimension of X and is equal to the
smallest number x such that Py(X)/d" is bounded as long as Py;(X) # 0 for some d > 0.
Both the canonical ring and the Kodaira dimension only depend on the birational class
of X.

The Kodaira dimension is useful to divide algebraic varieties into different classes. For
example, if X is a smooth projective curve over C, then x(X) is negative if the genus
P (X)is 0, k(X)) =0if Pi(X) =1 and x(X) =1 if Pi(X) > 2. Comparing this with
the uniformization theorem for real surfaces, one sees that negative Kodaira dimension
corresponds to positive curvature, x(X) = 0 corresponds to flatness and maximal Ko-
daira dimension corresponds to negative curvature. Most curves have Kodaira dimension
k(X) =1 (the moduli space of curves of genus g has dimension 0 if g =0, 1 if g =1 and
3g—3if g > 2) and it is expected that also in higher dimensions most smooth projective
varieties have maximal Kodaira dimension; therefore, these are said to be of general type.

The Siegel Modular Variety A,

An abelian variety over the complex numbers C is an n-dimensional torus C"/L that
can be embedded into some projective space PV. For n = 1 every torus C/L can be
embedded into a projective space and C/L is called an elliptic curve. If n > 1 there is
such an embedding if and only if L admits a polarization, which means that there is a
positive definite hermitian form H on C" such that its imaginary part is integer-valued
on L. If L has a Z-basis such that the Gram matrix of Im(H) with respect to this basis

is given by
0, In
<In On> ’

then H is called a principal polarization and a principally polarized abelian variety of
dimension n is a pair (A, H), where A is a torus C"/L and H is a principal polarization
of L.

The isomorphism classes of principally polarized abelian varieties are parametrized by
the quotient A, = Sp,,, (Z)\H,, which has the structure of a normal quasi-projective
variety of dimension n(n + 1)/2 and is called Siegel modular variety. The Kodaira di-
mension of A, is defined to be the Kodaira dimension of any smooth projective variety
birational to A,. Such a variety exists as one can take the closure of A,, and then resolve
the singularities.

The Kodaira dimension of A, has been known for all n # 6 for over 30 years: Tai
[Tai82] proved that A, is of general type for n > 9 and his result was soon improved to
n > 8 by Freitag [Fre83] and to n > 7 by Mumford [Mum83]. That A5 is unirational (and
hence has negative Kodaira dimension) was shown by Donagi [Don84] and independently

15
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by Mori and Mukai [MMS83] and Verra [Ver84]. The unirationality of A4 is due to [Cle83]
and that A,, has negative Kodaira dimension is classical for n < 3 (see e.g. the discussion
in [HS02], Section II.2).

In this thesis we prove the first partial result on the Kodaira dimension of the missing
case Ag:

Theorem 4 (Theorem [5.35)). The Kodaira dimension of Ag is non-negative.

We explain the idea of the proof: Let S be the set of points whose stabilizer in Sp,,,(Z)
is not equal to {*Il2,} and let HY be the complement of S in H,. Then HY is an
open subset of H,, and the restrictions of Siegel modular forms of degree n and weight
n + 1 to H} are in bijection with the global sections of the canonical bundle wo of
A° = Spy,,(Z)\H;,. More generally, the space M,, (,,41)x of Siegel modular forms of degree
n and weight (n + 1)k is in bijection with the space of global sections of wi%. By a result

of Tai [Tai82], an element f in M, (,11); can be extended to an element of H O(A,, wﬁT)

for a smooth projective model A,, of A, if the vanishing order of f at the cusp oo is at
least k and n > 5. The basis of Sg14 that we construct contains an element that has
vanishing order 2 at oo and therefore defines an element of H°(Ag, wi—ﬁ), which implies

that P»(Ag) > 0; therefore, the Kodaira dimension of Ag must be non-negative.

16



1. Lattices and Discriminant Forms

In this chapter we give a brief introduction on lattices and discriminant forms. Good
references are [CS99] and [Nik80].

1.1. Lattices

Definition 1.1. A lattice is a free Z-module of finite rank with a non-degenerate sym-
metric Z-bilinear form (-,-): L x L — Q. The norm of an element =z € L is (z,x). A
sublattice of a lattice L is a submodule M C L with bilinear form given by restricting the
bilinear form on L to M.

For a lattice L, we denote the quadratic form L — Q,x + (z,z)/2 by ¢. The bilinear
form can be recovered from ¢ via the polarization identity

(z,9) = q(z +y) — q(z) — q(y).

Definition 1.2. An isomorphism between lattices L1 and Ly with bilinear forms (-,-);
and (-, )2 is an invertible linear map ¢: L1 — Lo such that (¢(x), ¢(y))2 = (x,y); for all
x,y € Li. The group of automorphisms of a lattice L is called the orthogonal group of L
and is denoted by O(L).

Definition 1.3. Let L be a lattice and let B = (z1,...,z,) be a basis of L. The matrix

(x1,21) - (@1,2)

(xna l‘l) T (xna xn)
is called the Gram matriz of L with respect to the basis B.

The Gram matrix is a symmetric matrix with rational coefficients and hence has real
eigenvalues. We implicitly make use of this in the following definition:

Definition 1.4. Let L be a lattice and let B be a basis of L with corresponding Gram
matrix G. We denote the number of positive eigenvalues of G by b" and the number of
negative eigenvalues by b~. We say that L has signature (b*,b~). Moreover, L is called
positive definite if b~ = 0 and negative definite if b~ = 0. In all other cases L is called
indefinite.

All these notions are independent of the choice of the basis B. The rank of L equals
b™ + b~ because the bilinear form on L is non-degenerate.

17



1. Lattices and Discriminant Forms

Remark 1.5. Let Ly and Ly be lattices with bilinear forms (-,-); and (-,-)2. We define a
non-degenerate bilinear form on the Z-module L; & Lo by

(z1+ 22,91 + y2) = (71, 91)1 + (72, Y2)2
for x1,y1 € L1 and xo,y2 € Ls. This turns Ly & Lo into a lattice.

Definition 1.6. Let L and L; be lattices. We say that L splits L; if there is a lattice
Lo such that L = L1 & Ls.

Definition 1.7. Let L be a lattice with bilinear form (-,-) and let a € Q\ {0}. Then we
define a new non-degenerate bilinear form (-,), on L by (z,vy), = a(z,y) for all x,y € L.
This defines a new lattice, which is called the rescaling of L by a and denoted by L(a).

The Dual Lattice

We also need the notion of the dual lattice:

Definition 1.8. Let L be a lattice. The bilinear form (-, -) on L can be uniquely extended
to Lo = L ®z Q. The dual lattice L' of L is given by

L'={z€eLlg:(z,y) €Zforallye L}
with the bilinear form given by (-,-).

Remark 1.9. Let B = {b1,...,b,} be a Z-basis of L. Then B is also a Q-basis of Lg
and there exists a Q-basis B’ = {¥},...,t,} of Lg which is dual to B with respect to

the bilinear form (-,-), i.e. (b;,}) = d;5 (where d;; is the Kronecker delta). Then B’ is

a Z-basis of L'. The Gram matrix of L' with respect to B’ is the inverse of the Gram
matrix of L with respect to B.
Proposition 1.10. Let L be a lattice. Then (L) = L and O(L) = O(L').

Proof. 1t is obvious that (L') = L. Moreover every element of O(L) can be extended
to an isometry of Lg. We can therefore identify O(L) with a subgroup of the group of
isometries O(Lg) of Lg, namely O(L) = {¢ € O(Lg) : ¢(L) = L}.

It remains to show that O(L) fixes L. Let ¢ € O(L) and y € L'. Then

(z,0(y)) = (¢7'(2),y) € Z
for all z € L, which proves that ¢(y) € L. O
Definition 1.11. A lattice L is called
e integral, if (L,L) € Z,
e cven, if q(L) € Z,

e unimodular, if L' = L.
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The proofs of the statements in the following remarks can be easily derived from the
last definition.

Remark 1.12. The following are equivalent:

1. L is integral.
2. The Gram matrix of L with respect to any basis has integral entries.
3. Lc L.

Remark 1.13. Even lattices are integral and an integral lattice is even if and only if the
Gram matrix with respect to any basis is even (a symmetric integer matrix is called even
if its diagonal entries are even).

Remark 1.14. A unimodular lattice is integral and an integral lattice is unimodular if and
only if its Gram matrix with respect to any basis is unimodular (a square integer matrix
is called unimodular if it has determinant +1).

Definition 1.15. Let L be an integral lattice. The level of L is the smallest positive
integer N such that Ng(z) € Z for all z € L', i.e. it is the smallest positive integer N
such that L'(N) is even.

Isotropic Vectors and Cusps
Definition 1.16. Let L be a lattice. An element x € L is called primitive if
QxNL = Zz.

Definition 1.17. Let L be a lattice. A subspace V C Lg is called isotropic if the
restriction of the bilinear form to V' is 0 and a non-zero vector z € Lq is called isotropic
if it has norm 0, i.e. if ¢(z) = 0. A primitive isotropic element z € L is called a cusp.
The level of a cusp z € L is the unique | € Z~ with (z, L) = IZ.

Proposition 1.18 (Meyer’s theorem, see e.g. [Ser73], Chapter IV, Corollary 3.2). Let L
be an indefinite lattice of rank at least 5. Then L contains an isotropic element.

Remark 1.19. Let z € L be a cusp of level [. There is an element 2’ € L’ with (z,2") = 1.
Let m be the exponent of L'/L, i.e. the smallest positive integer m with mL’" C L. Then
mz' € L and (z,mz') =m, sol|m.

Roots and Root Lattices

We need to define roots, which are important in the context of reflective automorphic

forms (see Section [3.2).

Definition 1.20. Let L be a lattice and = € L be a primitive element with ¢(z) > 0.
Let 0, € O(Lg) be the reflection through the hyperplane orthogonal to z, i.e.

PN Y
ox(y) =y 2(x,x) .

If 0,(L) = L, then x is called a root of L.
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Proposition 1.21 ([Sch06], Proposition 2.1). Let L be an even lattice of level N and let
x € L be a root. Let k = q(x). Then k is a positive divisor of N and x is in kL'.

If the level of L is squarefree, then this condition is also sufficient.

Proposition 1.22 ([Sch06], Proposition 2.2). Let L be an even lattice of squarefree level
N and let k be a positive divisor of N. If v € LNkL' satisfies q(x) = k, then x is a root.

Proposition 1.23. Let L be a lattice and let ® be the set of roots of L. Then the following
statements are true.

1. Let x € . Then tx are the only multiples of x in ®.

2. For all x,y € ®, the element o,(y) is in .

3. For allx € ® and y € L, the number 2% s an integer.
Proof.

1. This follows from the primitivity of roots.

2. Let z = 0,(y). Then o, is in O(L) because 0, = 0,0,05.

3. Since both y and o,(y) are in L, so is their difference. Therefore, 2&%1: is in L

and the primitivity of L then requires 2% to be an integer.
We now restrict to the case of positive definite lattices.

Definition 1.24. A root lattice is a positive definite lattice spanned by its roots.

Example 1.25. The following are examples of root lattices (for the definition of the root
systems A, D,,, Es, E7 and Eg see Appendix [A).

1. Let n > 1 be an integer. The lattice A,, is defined to be the Z-span of the root
system A,. A basis of A, is given by the vectors e;+1 —e;, ¢ = 1,...,n. The
resulting Gram matrix is

L
N
|
—_
o
o o oo

which we call the standard Gram matrix of A,,.
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2. Let n > 4 be an integer. The lattice D,, is defined to be the Z-span of the root
system D,,. A basis of D,, is given by the vectors e;41 —e;, i = 1,...,n — 1 and
—en—1 — en. The resulting Gram matrix is

2 -1 0 0 0

-1 2 0

0 2 -1 0 O

0 -1 2 -1 -1 ’
0 -1 2 0

which we call the standard Gram matrix of D,,.

3. The lattice Ejg is defined to be the Z-span of the root system Eg. A basis of Eg is
given by the vectors e;+1 —e;, 1 =1,...,7 and %(61 +eatestestes—eg—er—es).
The resulting Gram matrix is

2 -1. 0 0o O 0 0 O
-1 2 -1 0 0 0 0 O
o -1.2 -1 0 0 0 O
o o0 -1 2 -1 0 0 O
o o o0 -1 2 -1 0 -1}’
o o o0 o0 -1 2 -1 0
o o0 o0 o o0 -1 2 0
o o o0 o0 -1 0 o0 2

which we call the standard Gram matrix of Fg.

4. The lattice Fr is defined to be the Z-span of the root system E7. A basis of E7 is
given by the vectors e;11—e;, 7 =1,...,6 and %(el +estestes—es—eg—er—eg).
The resulting Gram matrix is

2 -1 0 0 0 0 0
-1 2 -1 0 0 0 0
0 -1 2 -1 0 0 0
o0 0 -1 2 -1 0 -1],
0O 0 0 -1 2 -1 0
O 0 0 0 -1 2 0
o 0 0 -1 0 0 2

which we call the standard Gram matrix of Er.

5. The lattice Fg is defined to be the Z-span of the root system Eg. A basis of Ej is
given by the vectors e;11—e¢;, 7 =2,...,6 and %(el +eatestes—es—eg—er—es).
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1. Lattices and Discriminant Forms

The resulting Gram matrix is

2 -1 0 0 0 O
-1 2 -1 0 0 O
o -1 2 -1 0 -1
o 0o -1 2 -1 0|’
o 0 o0 -1 2 0
o 0 -1 0 0 2

which we call the standard Gram matrix of Fg.

Remark 1.26. If L = @ L; with each L; as in the previous example, then the block
diagonal matrix with the blocks being the standard Gram matrices of the summands L;
is obviously a Gram matrix of L. We call this a standard Gram matriz of L (this is
only unique up to permutations of the blocks because we can change the order of the
summands L;).

We finish this subsection with the classification of the root lattices.
Proposition 1.27. If L is a positive definite lattice, then the set of roots is finite.

Proof. By replacing L with L(a) for a suitable positive integer a, we can assume that L is
even (note that the set of roots of L coincides with that of L(a) because O(L) = O(L(a))).
We can then use Proposition to see that the values of the quadratic form ¢ are
bounded on the set of roots. This implies that the set of roots is finite because a positive
definite lattice has only finitely many elements of fixed norm. O

Propositions [I.23] and imply that the set of roots ® of a positive definite lattice is
a reduced root system in the subspace E C L ®z R spanned by ® (see Appendix [A| for
the definition of root systems and their classification). This can be used to determine all
root lattices:

Proposition 1.28. Let L be a root lattice. Then L =@’_, Lj(a;) with each L; being a
lattice from Example and a; € Q.

Proof. Let ® be the set of roots of L. We have seen that ® is a root system. If ® = &;UP,
with orthogonal subsets ®; and ®,, then L is the direct sum of the sublattices spanned by
®; and ®3. We can therefore assume that ¢ is irreducible. The lattices generated by the
root systems A,, D,, Eg, E7 and Eg are the lattices A,, D, Eg, E7 and Eg. The lattices
generated by the root systems B,,, C,,, F4 and Gg are isomorphic to the lattices A}(1/2),
D,,, D4(2) and A,. The assertion then follows from the fact that an isomorphism between
two irreducible root systems ®; and ®- is an isometry if the shortest vectors in ®; and
®5 have the same norm. ]

Corollary 1.29. Let L be an integral positive definite lattice generated by norm 2 vectors.
Then L is a direct sum of lattices from Ezxample [1.25
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Proof. 1t is easy to see that L must be even. Then the vectors of norm 2 are roots by
Proposition Therefore L is a root lattice and hence a direct sum of rescalings of
lattices from Example ile. L = @) Lj(a;) with each L; being a lattice from
Example and a; € Qso. If a;j < 1 for some j, then L;j(a;) and hence L is not
integral. If a; > 1 for some j, then L;(a;) and hence L is not generated by norm 2
vectors. Therefore a; =1 for all j. O

Definition 1.30. A 2-root lattice is an integral lattice spanned by its norm 2 vectors.

1.2. Even Unimodular Lattices

We now briefly mention some results on even unimodular lattices. We first note that
these do not exist for arbitrary signatures:

Proposition 1.31 (see e.g. [Nik80], Theorem 1.1.1). Let L be an even unimodular lattice
of signature (b*,b7). Then b — b~ is divisible by 8.

1.2.1. Niemeier Lattices

If L is an even positive definite unimodular lattice, then its rank m must be divisible
by 8 because of Proposition The classification of such lattices up to isomorphisms
seems to be hopeless for m > 32, as the number of isomorphism classes increases rapidly
(this can be seen from the Minkowski-Siegel mass formula ([CS99], Chapter 16)); e.g. for
m = 32 there are more than a billion isomorphism classes (see [Kin03|]). On the other
hand the classification is very simple for m = 8 and m = 16 (see for example [Wit4I]):
In rank 8 the only such lattice is Eg, while in rank 16 there are two such lattices, namely
FEg @ Eg and
Di’—G = DU (1/2, ,1/2) + Dss.

The classification for m = 24 was obtained by Niemeier [Nie73], which is why the even
positive definite unimodular lattices of rank 24 are called Niemeier lattices. Venkov later
gave a simplified proof ([Ven78]; for an English version see Chapter 18 of [CS99]). It turns
out that there are exactly 24 isomorphism classes and that the isomorphism class of a
Niemeier lattice A is uniquely determined by the set of roots, which are exactly the norm
2 vectors by Propositions and They form one of the following root systems:

0,

AT AR AT AL AG, AL Ay, Ay,

D, D, D, D15, Das,

ES, B,

A2D4, A2DZ, ADg, A15Dg, A17E7, D1oE2, DigEs,
A1 D-Eq.

If ® is one of these root systems, then we denote the corresponding Niemeier lattice by
N(®). The lattice N(0) is the Leech lattice and is constructed in the next subsection.
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1. Lattices and Discriminant Forms

The other 23 Niemeier lattices can be constructed from their respective root systems as
follows: The root system ® spans a sublattice L of N(®) of rank 24, so

LCN(®) =N(@) cL

and N(®) can be obtained from L by adding certain vectors from L', the so-called glue
vectors.

Example 1.32. The Niemeier lattice N(A2%) is constructed as follows. Let L be the
root lattice A4, Then L = @?il L; where L; = A; for all i € {1,...,24}, i.e. each L; is
spanned by a single element x; of norm 2. The dual lattice of L is given by

24
L = @ L
=1

and Lé is spanned by w; = z;/2. The glue vectors are of the form Z?il Aiw;, where
(A1,. .., A2q) € {0,1}%* is an element of the Golay code G, which is defined in the next
subsection. Together with L these span N(A%).

Example 1.33. The lattice EJ is already unimodular, so N(E3) = EJ and we don’t
need to add any glue vectors.

The glue vectors for the remaining Niemeier lattices with non-empty root system can
be found in Chapter 16 of [CS99].

1.2.2. The Leech Lattice

The Leech lattice A is the Niemeier lattice N((), i.e. it is the unique Niemeier lattice
without norm 2 vectors. It was discovered by Leech [Lee67]. In order to construct it we
first introduce the Golay code.

Definition 1.34. A linear binary code of length n and rank k is a k-dimensional linear
subspace C of Fy. Elements of C are called codewords. The weight of a codeword is the
number of coordinates (with respect to the standard basis) different from zero and the
distance between two codewords is the number of coordinates in which they differ. An
automorphism of C is a permutation of the coordinates that stabilizes C (as a set, not
necessarily pointwise).

Definition 1.35. The Golay code G is a linear binary code of length 24 and rank 12 such
that any two distinct elements of G have distance at least 8.

Remark 1.36. Any two Golay codes are isomorphic, i.e. related by a permutation of
coordinates. It therefore makes sense to speak of the Golay code.

Remark 1.37. The Golay code is an error-correcting code and therefore also useful in
data transmission.
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1.2. Even Unimodular Lattices

One can (and we always do) take G to be the subspace generated by the rows of the
matrix

1 0000O0O0OO0OO0OO0OO0O0O0O0OO0O11O0O0I11T1T1QO0T1
01000O0O0OO0OO0OO0OO0O0O0O1O0O0O11O0O011T1T10
0o010000O0O0OO0OO0OCOGCG1 1O0O011O0O0O0T1TT171
oo001o0o00000O0O0O0O0110011O01011
0oo0oo00100000O0OCO0C01111001O00011
oo0o000100O0O0OO0OCCCO0OL 0O1T 111001001
0ooo0o0o0010O0O0O0OCO0O11O01011O011QO00
0oo0oo0o00001O0OO0CO0OBCO0OD1I11O0O0O0I11O01T10
0ooo06o0000O01O00O0C1 00101110011
0oo0o00000O0O0O0O10CO01 10010111001
0oo000000O0OO0OO0O1O0/01T 1T 011011100
0oo0oo0o0o000O0OO0OO0OO0OI1I|]001 111100110

Elements in G of weight 8 are called octads and elements of weight 12 are called dodecads.
There are 759 octads and 2576 dodecads in G.

The automorphism group of G is the Mathieu group May, which is transitive on both
octads and dodecads. For our choice of G it is shown in [Con93] that May is generated
by the permutations

(1,14)(4,5)(6,7)(8,9)(11,24)(16, 17)(18,19)(20, 21) and

g
1.1
h=(1,2,3,4)(5,6,7,8)(9,10,11,12)(13, 14, 15,16)(17, 18, 19, 20)(21, 22, 23, 24). (1.1)

The group Moy is one of the sporadic groups and has order
210.3%.5. 7. 1123 = 244823040 ~ 2.4 x 10%.

The Leech lattice A then consists of all vectors x = (z;)1<ij<24 € Z** for which there is
a Golay codeword (¢;)1<i<24 € G and an element m € Fy such that

1. z;=m mod 2 for all i € {1,...,24},
2. zi=m+2¢; mod 4 for all i € {1,...,24} and
3. Z?ilmizélm mod 8.

The quadratic form on A is given by ¢(z) = & S°24 22, There are 196560 vectors of norm

4 in A, namely the following:

1. Any vector x = (x;)1<i<24 With z; = 0 for 22 coordinates and x; = £4 for the other
two coordinates is an element of A. This gives (224) .22 = 1104 vectors of norm 4.

2. Let ¢ = (¢i)1<i<24 € G be an octad and let © = (z;)1<i<24 be a vector with z; = £2
if ¢; = 1 and x; = 0 otherwise. Then z is in A if and only if the number of negative
coordinates is even. This gives 759 - 27 = 97152 vectors of norm 4.
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1. Lattices and Discriminant Forms

3. Let = (x;)1<i<24 be a vector such that z; = £3 for one coordinate and z; = £1
for the other 23 coordinates. We define ¢ = (¢;)1<i<24 € IF§4 byc¢ =1ifx; =1
mod 4 and ¢; = 0 if z; = 3 mod 4. Then x € A if and only if ¢ € G. This gives
24 - 22 = 98304 vectors of norm 4.

The automorphism group of A was determined by Conway [Con69], which is why it is
now called the Conway group Coq. Its order is

222.39.5%.72.11-13- 23 = 8315553613086720000 =~ 8.3 x 10'8

and all of its elements (when considered as 24 x 24-matrices) have determinant 1. It is
not a simple group; only after taking the quotient by its center {£1} one obtains another
sporadic group, denoted by Coy.

The automorphism group Ms, of G acts on the Leech lattice by permutations of the
coordinates and is hence a subgroup of Cog. Moreover, any codeword ¢ = (¢;)1<i<24 in
G defines an involution . of A by mapping = = (z;)1<i<24 to ((—1)“z;)1<i<24. Since
|G| = 2'2, these involutions define an elementary abelian subgroup E C Coq of order 2!
isomorphic to the additive group of G. The product N = EMs, of the subgroups F and
Moy is a maximal subgroup of Coy.

1.2.3. Indefinite Even Unimodular Lattices

The simplest example for an indefinite even unimodular lattice is given by a lattice of
rank 2 with Gram matrix

0 1

1 0/)°

We denote this lattice by II1; and call it hyperbolic plane. Then every indefinite even
unimodular lattice can be built from Eg and II; ;. More precisely, if it has signature
(b™,b7), then it is isomorphic to a unique direct sum of copies of Eg and Iy 1 if b* > b~
and to a unique direct sum of copies of Eg(—1) and II; 1 if b < b~ (this follows from

Proposition and the fact that there is at most one lattice of genus IIy+ ;- (1); see
Remark [1.67)

1.3. Discriminant Forms

In this section we define discriminant forms which are an important invariant of even
lattices, but we first need to define finite quadratic forms:

Definition 1.38. Let D be a finite abelian group. A map Q: D — Q/Z is called a finite
quadratic form if

1. Q(ay) = a*Q(y) for all a € Z and v € D,
2. themap (+,-): DxD — Q/Z defined by (4,7) = Q(0+7)—Q(J)—Q(~) is Z-bilinear.

The map (+,-): D x D — Q/Z is called the associated bilinear form and Q(7) is called
the norm of ~.
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Definition 1.39. Let D be a finite abelian group and Q: D — Q/Z a finite quadratic
form with associated bilinear form (-, -).

1. Two elements §,v € D are called orthogonal if (6,7) = 0+ Z.
2. Let S C D be a subset. The orthogonal complement of S is the subgroup

St={yeD:(v,6)=0+Zforall§ € S} C D.

3. An element v € D is called isotropic if Q(y) =0+ Z.

4. A subgroup H C D is called isotropic if all elements of S are isotropic.

5. The finite quadratic form @ is called non-degenerate if D+ = {0}.
Remark 1.40. If H is an isotropic subgroup, then H C H=.

Definition 1.41. A discriminant form is a finite abelian group D with a non-degenerate
finite quadratic form Q: D — Q/Z. An isomorphism between discriminant forms Dy and
Dy with finite quadratic forms ()1 and @5 is a group isomorphism ¢: D; — D5 such that

Q2((7)) = Q1(7) for all v € D;.

Remark 1.42. Let Dy and Do be discriminant forms with finite quadratic forms (1 and

Q2. Let D = Dy @ Dy and define Q: D — Q/Z by Q(v1 +72) = Q1(71) + Qa(y2) for
v1 € Di and 9 € Ds. Then @ is a non-degenerate quadratic form and gives D the
structure of a discriminant form.

Definition 1.43. A discriminant form D is called decomposable if there are non-trivial
discriminant forms D7, D9 such that D = D1 ® Dy. Otherwise D is called indecomposable.

Jordan Decomposition

Definition 1.44. We define the following discriminant forms (here and in the rest of this
thesis (%) denotes the Kronecker symbol):

1. Let ¢ > 1 be a power of an odd prime p, € € {—1,+1} and let D = Z/qZ. Let v be
a generator of D and define the finite quadratic form @ by Q(v) = a/q+ Z where a
is an integer satisfying %“) = €5. These discriminant forms are denoted by ¢¢ and

are called the indecomposable p-adic Jordan components of order q.

2. Let ¢ > 1 be a power of 2, ¢ € {—1,1} and let D = Z/qZ x Z/qZ. Let ~,d be
generators of D and define the finite quadratic form @ by Q(y+d) = 1/q¢ + Z and
Qly) =QW) =0+Zife =41 and Q(y) = Q) = 1/¢+ Z if ¢ = —1. These
discriminant forms are denoted by qﬁ? and are called the indecomposable even 2-adic
Jordan components of order q.

3. Let ¢ > 1 be a power of 2, € € {—1,1} and let D = Z/qZ. Let v be a generator
of D and define the finite quadratic form @ by Q(v) = t/(2q) + Z where t € Z/8Z
with (%) = €. These discriminant forms are denoted by ¢ and are called the
indecomposable odd 2-adic Jordan components of order q.
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1. Lattices and Discriminant Forms

Remark 1.45. Tt is easy to see that a different choice of the generator(s) of D and the
elements a and t leads to an isomorphic discriminant form.

Proposition 1.46 ([CS99], Section 15.7). The indecomposable Jordan components are
indecomposable in the sense of Definition and every indecomposable discriminant
form is isomorphic to an indecomposable Jordan component.

By taking direct sums of indecomposable Jordan components for a fixed prime power
q one obtains the Jordan components, which are defined as follows:

Definition 1.47. We define the following discriminant forms:

1. Let ¢ > 1 be a power of an odd prime p and let n be a positive integer. Let
q',...,q" be n indecomposable p-adic Jordan components of order g with ¢; = +1
and let € = [] ¢;. Then we define ¢ = @ ¢“. These discriminant forms are called
the p-adic Jordan components of rank n.

2. Let ¢ > 1 be a power of 2 and let n be a positive integer. Let q?z, e ,q;}”’2 be n
indecomposable even 2-adic Jordan components of order ¢ with ¢; = 41 and let
¢ = [ ;- Then we define ¢" = @q}}a. These discriminant forms are called the
even 2-adic Jordan components of rank 2n.

3. Let ¢ > 1 be a power of 2 and let n be a positive integer. Let ¢i!,...,q;> be n
indecomposable odd 2-adic Jordan components of order g with ¢; = £1,¢; € Z/8Z
and (%) = €. Let e = [e; and t = Y t;. Then we define ¢f” = @q;’. These
discriminant forms are called the odd 2-adic Jordan components of rank n.

Remark 1.48. The decomposition of a Jordan component into indecomposable Jordan
components is not unique: For example 372 is isomorphic to both 371@3*! and 37131
However, the Jordan components are well-defined as any two direct sums of indecompos-
able Jordan components that lead to the same symbol are isomorphic.

Special Subgroups and Subsets

Definition 1.49. Let D be a discriminant form and c an integer. We define the subgroups
D, and D¢ of D by
D.={y€D:cy=0}

and
D¢ ={y e D:~=cd for some ¢ € D},

i.e. D, consists of the elements of order dividing ¢ and D¢ consists of the elements that
are c-th powers.

Remark 1.50. D, is the orthogonal complement of D¢ and vice versa and there is an exact
sequence

0—-D.—D— D=0

with the second arrow given by inclusion and the third arrow given by taking c-th powers.
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Definition 1.51. Let D be a discriminant form and let ¢ € Z~¢ and z € Q. Then we
define the subset

Dy ={y€e D:ord(y) =cand Q(y) =z +Z}.

Remark 1.52. The subgroup D, is in general not the union of the subsets D, , for all
x € Q because elements in D., have order ¢, whereas elements in D. can have smaller
orders.

Proposition 1.53 ([Sch15], Proposition 5.1). Let D be a discriminant form of squarefree
level N. Then Aut(D) acts transitively on D., for all c € Z~q and x € Q.

For a given discriminant form D of squarefree level, we later need to know the number
of elements of a given norm in the subgroups D..

Definition 1.54. Let p be a positive prime and j € Z/pZ. We write N(p",j) for the
number of elements of norm j/p 4+ Z in the discriminant form D = p.

Proposition 1.55 ([Sch06], Proposition 3.1). The number of elements in 257 of norm
J/2+Zis

on—1 _ 62(7172)/2 ij 7& 0,

o=l 4 e2=2)/2  4f 5 = 0.

N( ??,j)Z{

Proposition 1.56 ([Sch06], Proposition 3.2). Let p be an odd prime. Then the number
of elements in p™ of norm j/p + Z is given by

n/2
pl e (%) p(n=2)/2 if n is even and j # 0,
n/2
n—1 -1 n/2 _ ,(n—2)/2 ; ; ) —
o - Te if n is even and j =0,
N, j) =4 7" (5 >(n—1()};2 . ) / ’
L e (%) (%) (%) P02 ifn is odd and § # 0,
phl if n is odd and j = 0.

\

Proposition 1.57 ([Sch06], Proposition 3.3). Let D be a discriminant form of squarefree
level. Let c¢| N. Then the number of elements in D. of norm j/c+ Z is given by

N(De,j) = [[ N(®™"™, ci/p).
ple

The Discriminant Form of a Lattice

Let L be an integral lattice. Then D = L'/L is a finite abelian group of order |det(G)],
where G is any Gram matrix of L. If L is even, then the map

Q:D—-Q/Z, Qx+L)=qx)+Z (1.2)

is well-defined. It is a non-degenerate finite quadratic form.
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Definition 1.58. Let L be an even lattice. The discriminant form associated to L is the
finite abelian group D = L'/L with the finite quadratic form @ defined in (1.2)).

Remark 1.59. We warn the reader that reducing the norm (z,z) of an element z € L
modulo Z does not give the norm of z+ L in L'/L. To obtain the norm in L'/L one must
instead reduce ¢(z) which is half the norm of x.

In fact every discriminant form appears as the discriminant form associated to a lattice:

Proposition 1.60 (|[Nik80], Theorem 1.3.2). Let D be a discriminant form. Then there
is an even lattice L such that D = L'/L as discriminant forms.

To define the signature of a discriminant form we need the following proposition:

Proposition 1.61 (Milgram’s formula). Let L be an even lattice of signature (b™,b7).

Then
Z e(q(z)) = |L//L|e((b+ —b7)/8) (e(z) = 6271'7,2)‘
e+Lel! /L
Proof. See for example [MHT73|, Appendix 4. =

Because of Propositions and the following is well-defined:

Definition 1.62. Let D be a discriminant form and let L be an even lattice of signature
(b™,b7) such that L'/L = D. We define the signature sign(D) € Z/8Z to be the residue
class of b — b~ in Z/8Z.

We also define the level of a discriminant form:

Definition 1.63. Let D be a discriminant form. The level of D is the smallest positive
integer with NQ(~) € Z for all v € D.

Remark 1.64. With this definition the level of an even lattice L and its discriminant form
L'/L are the same.

Remark 1.65. If the level of a discriminant form D is squarefree, then it coincides with
the exponent of D, i.e. the smallest positive integer a with ay = 0 for all v € D. This can
for example be seen by verifying it for all indecomposable Jordan components of prime
level.

Definition 1.66. Let L be an even lattice of signature (b™,b™) with discriminant form
D. Then we say that L has genus I+ - (D). If L is unimodular, in which case D is
trivial, we just write Il ;.

Remark 1.67. In general there can be different non-isomorphic lattices with the same
genus, albeit their number is finite (see e.g. [Cas78|, Section 9.4, Corollary 1). For
example the 24 Niemeier lattices all have genus Ila4 0. However, if L is an indefinite
even lattice of rank n, then Corollary 15.22 in [CS99] shows that it is isomorphic to all

lattices with the same genus if |L'/L| < 5(3). In this case we also use the symbol of the
genus when we actually mean the unique lattice of this genus. We have already used this
notation for the hyperbolic plane in Subsection [1.2.3

30



1.3. Discriminant Forms

Whether there exists an even lattice with given genus Ilj+ - (D) is answered in [Nik80],
Theorem 1.10.1 and [CS99], Chapter 15. We explain it for those cases where the level N
of D is squarefree. Then D = GBM ~ Dp and each D, is a p-adic Jordan component of
order p (for p = 2 it is an even 2-adic Jordan component).

Proposition 1.68 ([Nik80], Theorem 1.10.1; [CS99], Chapter 15). Let bt and b~ be
non-negative integers and D a discriminant form of squarefree level. There is an even
lattice of genus I+ (D) if and only if

1. bt — b~ =sign(D) mod 8 and

2. for each prime p the p-rank n, of the p-adic Jordan component D, is at most
r=>b"+b". If n, =r, then
((—1>b ~ |Dp|>
ep=—"""].
p

Two immediate consequences that we will later make use of are the following:

Corollary 1.69. Let r and N be positive integers with N squarefree. Then the number
of isomorphism classes of even lattices of rank r and level N is finite.

Proof. If D is the discriminant form of such a lattice, then the p-ranks of the Jordan
components of D are bounded by r because of the previous proposition. Therefore, only
finitely many discriminant forms can occur and the result follows because every genus
only contains finitely many non-isomorphic lattices. O

Corollary 1.70. Let L be an even lattice of signature (b™,b~) and squarefree level N
and let D = L'/L. Suppose L splits IT, 1. Then D = Hp|Np€P”P with n, < bt +b~ — 2.

Ifn,=b"+b" —2, then
(11|
€ = 5 :

Proof. By assumption, L = K @ II;;. The discriminant form of K equals that of L
because II7 1 is unimodular. Therefore K has genus I+ _; ;- _1(D) and the result follows
from Proposition [1.68 O

Later we will be interested in lattices that split II; ;(N). We therefore state the fol-
lowing proposition, which describes the discriminant form of IT; 1 (IV):

Proposition 1.71. Let N be a squarefree positive integer, L = II; 1(N) and D = L' /L.
Then D = leN pP™ with ny, =2 and €, = (%) forallp| N.

Proof. The dual lattice L’ of L is given by L' = (%Z)z. Therefore, D = (Z/NZ)?, which
proves that n, = 2 for all p | N. We fix a prime p | N. Then v = (1/p,0) + L € D is an
isotropic element of order p. In particular D, = p? has non-trivial isotropic elements.
By Propositions [I.55 and [T.56] this is only possible if ¢, is as claimed. O
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2. Modular Forms for Congruence
Subgroups of S1,(7Z)

In this chapter we introduce modular forms, both scalar-valued and vector-valued. These
will later be needed to construct and classify automorphic forms. The first two sections
deal with congruence subgroups and scalar-valued modular forms for these. There is
plenty of literature available (e.g. [CS99] or [Miy89] to just name two) and most of
the material in these two sections is well-known. The third section covers the Weil
representation and vector-valued modular forms for it. The main references are the
articles [Sch06], [Sch09] and [Sch15] by Scheithauer.

2.1. Congruence Subgroups

In the following SLy(Z) will be the group of integer matrices of determinant 1. It is

generated by the matrices
11 0 -1
T—(O 1> andS-(l 0).

Definition 2.1. For a positive integer N we define the subgroups

To(N) = {M € SLy(Z) : M = <; :) mod N} :

Fl(N):{MeSLg(Z):M:G) 1‘) mod N},

P(N) = {M € SLy(Z) : M = <é (1’> mod N}

of SLo(Z). Here x means an arbitrary entry. The group I'(N) is called the principal
congruence subgroup of level N.

Definition 2.2. A subgroup I' C SLg(Z) containing I'(/V) for some positive integer N is
called a congruence subgroup.

Remark 2.3. Since I'(N) C T'1 (V) C T'g(IV), all of these groups are congruence subgroups.

The group I'(N) is the kernel of the map from SLy(Z) to SLa(Z/NZ) given by reducing
the entries modulo N. Therefore, every congruence subgroup has finite index in SLy(Z).
In the case of the groups I'(V), T'1 (V) and T'g (V) it is given by the following proposition:
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2. Modular Forms for Congruence Subgroups of SLs(7Z)

Proposition 2.4 ([DS05], Section 1.2). For a positive integer N the indices of the groups
I'(N), I't(N) and I'o(N) in SLa(Z) are given by

ﬁLﬁZ):FUVH:;N3II<1—l;),

p|N

sta(z) T = 5T (1- 5 ).

p|N

SLa(Z) : To(N)] = N[ (1 T ;) ,

pIN
where the products are over all positive primes dividing N .
Definition 2.5. Every congruence subgroup I acts on QU {co} via
a b\r ar+by
c d)y cx+dy’
where we interpret § as oo for every x # 0. The orbits under this action are called the
cusps of I'. Their number is denoted by e (I).

Remark 2.6. The action of SLa(Z) on QU{oo} is transitive. Since a congruence subgroup
I" has finite index in SLg(Z), the number of cusps of T is finite.

For the congruence subgroups from Definition the numbers e, are as follows:

Proposition 2.7. Let N be a positive integer. Then

%JHN»:{éNqLW<L—é) if N > 2,

2 ifN =2,
ene(T1(N)) = { 3 if N = 4,

%Zdw o(d)p(N/d) if N=3 or N >4,
eo(To(N)) = Y 6((d, N/d)).

d|N

Here the sums are over all positive divisors of N, the product is over the positive primes
dividing N and ¢ is the Fuler totient function.

For I' (V) and I'g(V) one can use the following two propositions to determine whether
two elements of Q U {oo} represent the same cusp:

Proposition 2.8 ([DS05], Proposition 3.8.3). Let N be a positive integer and let s = a/c
and s = d'/c" with (a,c) = (d/,d) = 1 be in QU {oo}. Then there exists a matriz
M € T'1(N) with Ms = s" if and only if there exists an integer j such that

, .
<§>=i<“+ﬂj mod N.
C C
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2.2. Scalar-Valued Modular Forms

Proposition 2.9 ([DS05], Proposition 3.8.3). Let N be a positive integer and let s = a/c
and s = d' /" with (a,¢) = (a’,d) = 1 be in QU {oc}. Then there exists a matric
M € To(N) with Ms = s if and only if there exist integers j and y with (y, N) =1 such

that
, .
<yC,L> = <a+‘76> mod N.
c ye
Corollary 2.10. If N is squarefree, then a set of representatives for the cusps of T'o(IN)
is given by {1/c:c| N,c > 0}.

We finish this section by looking at the stabilizer groups of elements in Q U {oco}:

Definition 2.11. Let I" be a congruence subgroup and let s be in QU{oc}. Welet I's C T’
be the stabilizer of s. The width of s with respect to I is defined as the index of the group
+I's in SL9(Z)s. The width of a cusp of I is defined as the width of any representative
(which is independent of the representative because the respective stabilizer subgroups
are conjugate).

Proposition 2.12 (see [Schl5], Section 3). Let N be a positive integer and s = a/c with
(a,¢) =1 in QU {oc}. Then the width of s with respect to To(N) is t = N/(c*, N) and
the stabilizer of s under the action of To(N) on QU {oc} is given by

FO(N)G/C = {:l:T;L/c "ne Z}a
where

1—act a’t
_ tar—1 _
Taje = MI"M ™ = ( 2t 1+act>

for any matriz M € SLa(Z) with Moo = a/c.

Proposition 2.13 (see [Sch15], Section 3). Let N be a positive integer and s = a/c with
(a,¢) =1 in QU {oo}. Then the width of s with respect to I'1(N) is given by t = 1 if
N =4andc=2 mod 4 andt = N/(c, N) otherwise. The stabilizer of s under the action
of T'1(N) on QU {0} is given by

{(=T,)":ne€Z} if N=4andc=2 mod 4,

{T", neZ} otherwise,

F1(‘]\]’)a/c - {
a/c

where T, . is as in Proposition .

2.2. Scalar-Valued Modular Forms
We let H = {z € C: Im(z) > 0} be the upper half-plane and

GLy(Q)T = {M € Q¥ : det(M) >0} .
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2. Modular Forms for Congruence Subgroups of SLs(7Z)

Definition 2.14. The map

a b ar +b
(M_<c d),7'>'—>MT—C7_+d (2.1)
defines a group action of GL;(Q) on H. For a function f: H — C, an integer k and a
matrix M = (2%) € GLy(Q)" we define the function f[M: H — C by

FIM (1) = det(M)*/%(er + d)~* f(MT).
Remark 2.15. If My and Mj are in T, then (f|xM)|xMs = f|p(M1Ms).
Suppose f is a meromorphic function on H with
fleM(7) = x(M)f(7) (2.2)

for all 7 € H and all M € I', where I' is a congruence subgroup and x: I' — C* is a
character such that ker() has finite index in I'. Let s € QU {oco} and M, € SLy(Z) with
Moo = s. Then there is a positive integer n such that M T"M; ! € ker(x) because T
has finite index in SLo(Z) and ker(x) has finite index in I". But then implies that

fleMs(7) = fleMs(T +n)

for all 7 € H, i.e. the function g = f|xM, is n-periodic. It therefore has a Fourier
expansion of the form

9(m) = fleMs(r) = Y amg™ (" =),

mG%Z

Remark 2.16. For an n-periodic function g and a rational number m we will often write
[g](m) for the Fourier coefficient a,, of g. If m is not in 17 this is defined to be 0.

Definition 2.17. We say that f is meromorphic at s if there exists a rational number mg
such that [f|Ms](m) = 0 for all m < mg. We call f holomorphic at s if we can choose
mo > 0 and we say that f vanishes at s if we can choose mgy > 0.

Definition 2.18. If f is meromorphic at s, we define the order of f at s to be the largest
rational number myg such that f|;Ms(m) = 0 for all m < my.

Remark 2.19. It is not difficult to see that these definitions are independent of the choice
of M.

We can now define modular forms:

Definition 2.20. Let I' be a congruence subgroup, x: I' — C* a character such that
ker(y) has finite index in I and &k € Z. A holomorphic function f: H — C such that

1. flxM = x(M)f for all M €T and

2. f is meromorphic at all s € QU {oo}
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2.2. Scalar-Valued Modular Forms

is called a weakly holomorphic modular form of weight k and character x for I'. If f is
holomorphic at all s € Q U {oo}, we say that f is a holomorphic modular form and if
f vanishes at all s € QU {oo}, we say that f is a cusp form. The spaces of weakly
holomorphic and holomorphic modular forms of weight k& and character x for I' are
denoted by M,!C(F,X) and My (T, x). The space of cusp forms is denoted by Si(T,x).
If  is trivial, then we just write M} (T"), My (") and Si(T').

Remark 2.21. Whether a function satisfying the first condition in Definition [2.20|is mero-
morphic (resp. holomorphic or vanishing) at s € Q U {oco} only depends on the orbit of
s under the action of I', i.e. on the cusp represented by s. We can therefore define the
notion of meromorphy, holomorphy and vanishing of f at a cusp and the second condi-
tion in Definition is equivalent to f being meromorphic (resp. being holomorphic or
vanishing) at all cusps.

Remark 2.22. The spaces My (T, x) and Si(T', x) are finite-dimensional and they are trivial
if £ <O.

In this thesis we will only need the congruence subgroups I'y(N) and I'; (N) for N > 1.
A character x of the multiplicative group (Z/NZ)* for some N > 1 induces a character

of To(N) via
(¢ 0) @

Similarly, a character ¢ of the additive group Z/NZ induces a character of I';(N) via

(Z Z) — ().

We also denote these induced characters by x and ¥ and note that their kernels have
finite index in I'o(N) and I'1 (V).

Remark 2.23. Let I' be a congruence subgroup and let f be a non-zero element of M ,L(I‘, X)
for some integer k and some character x. For s € QU {oc} and 7 € H, the orders of f at
s and 7 equal the orders of f at Ms and M7 for all M €T

Therefore, the equation in the following proposition is well-defined:

Proposition 2.24. Let I' be a congruence subgroup, k € Z and x a character of I' such
that ker(x) has finite index in T'. Let f € M (T, x) be non-zero. Then

> [SLa(Z), : T ordy(f) + Z

seT\(QU{co}) TGF\H

— ord, f):g[SLQ(Z):ﬂ]. (2.3)

Proof. If f is a holomorphic modular form and x is trivial, then this is Theorem 4.1 in
Appendix I of [HBJ94]. To get rid of the character x we replace f by a sufficiently high
power of f and to obtain a holomorphic modular form we multiply f with a sufficiently
high power of 7(7)?*, which is a cusp form of weight 12 with trivial character for SLy(Z).

O
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2. Modular Forms for Congruence Subgroups of SLs(7Z)

2.2.1. Newforms for I'y(V)

Throughout this subsection N and k are integers with N > 1.

Let M be a positive divisor of V. Since residue classes modulo N give rise to residue
classes modulo M, a character x of (Z/MZ)* induces a character of (Z/NZ)*, which we
also denote by x. Moreover, I'o(N) C I'o(M) and hence Sk(T'o(M), x) is a subspace of
Sk(To(N), x). We can also define another inclusion of Si(I'o(M), x) into Sk(T'o(N), x),
namely the following:

Proposition 2.25 ([Miy89], Lemma 4.6.1). Let f € Sg(To(M), x) and let | = N/M and
6= (49). Then the function

Fledi(r) = 2 f(17),
is in Sp(To(N), x).

Definition 2.26. Let x: (Z/NZ)* — C be a character of conductor m. The space
SO4(To(N),x) of oldforms of weight k and character x for To(N) is the subspace of
Sk(To(N), x) spanned by the functions

U U {Fledi: f € SeTo(M), %)}
MIN I|N/M

m|M
M<N

Definition 2.27. Let I" be a congruence subgroup and let x be a character such that
ker() has finite index in I'. The Petersson inner product (-,-): Sk(T, x) x Sx(T, x) — C

is given by
1

B 7 s —— TiTmTk T
(1:9) = ST TET] g, 90 ) (),

where [ x(r) is defined as in Section 5.4 in [DS05] and

_ dxdy

Definition 2.28. Let x: (Z/NZ)* — C be a character. The space Sp*(I'o(N),x)
of newforms of weight k and character x for I'o(N) is the orthogonal complement of
SA4(To(N), x) in Sg(To(N), x) with respect to the Petersson inner product.

Definition 2.29. Let x be a character of (Z/NZ)*, n € Z and
o
F(1) = amq™ € Sk(To(N), x).
m=1

We define a function 7, f on H by

(T = > bud”
m=1
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2.2. Scalar-Valued Modular Forms

with
b= > XA a0
n)
X) (see e.g. [DS05], Chapter 5) and we therefore
X). These are called Hecke operators.

=Y

|(m

One can show that T, f is in Si(I'o(V),
obtain endomorphisms 7, of Si(T'o(N),

Definition 2.30. Let N be a positive integer and let y be a character of (Z/NZ)*. An
element

=" amg™ € SF(To(N), x)
m=1

is called a primitive form if it is a simultaneous eigenform for all Hecke operators T}, and
if ay = 1.

Proposition 2.31 (see [DS05], Theorem 5.8.2). The set of primitive forms is an orthog-
onal basis of SpV(T'o(N), x)-

We also recall the definition of Aktin-Lehner involutions:

Definition 2.32. Let x be a character of (Z/NZ)*. For a positive divisor M | N with
(M,N/M) =1 we choose integers ni,...,n4 such that

Mn n

N _ 1 2

Wi = <Nn3 Mn4>

has determinant M. Then f ~ f[yW3 defines a linear map from Si(I'o(IN),x) to
Si(To(N),M x) for a character My of (Z/NZ)*. These are called Atkin-Lehner involutions
and map the subspace SV (I'o(N), x) to S2%(I'o(N),™ x). Different choices of g, ..., ny

are related by an element of I'o(N) and the corresponding maps f — f|xW3} thus only
differ by a non-zero constant factor.

Remark 2.33. A proof for the assertions in the definition as well as the definition of the
character ¥ x can be found in [Asa76], Sections 1.1. and 1.2. If  is a real character (i.e.
x(n)is —1 or 1 for all n € (Z/NZ)*) then My = x.

Remark 2.34. As the name Atkin-Lehner involution indicates, we have
(FleWanDlkWay = f

for all f € Sp(To(N), x)-

For the rest of this subsection we assume that N is squarefree. Then every positive
divisor m of N satisfies (m, N/m) = 1 and we can uniquely write a character x of (Z/NZ)*
as

X =Xm Xm (m =N/m)
for characters x,, of (Z/mZ)* and x, of (Z/m'Z)* (this follows from the Chinese re-
mainder theorem, which implies that (Z/NZ)* = (Z/mZ)* x (Z/m'Z)*).
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2. Modular Forms for Congruence Subgroups of SLs(7Z)

Proposition 2.35 ([Asa76], Theorems 1 and 2). Let x be a character of (Z/NZ)*, M
be a positive divisor of N and let

00
n
= E ang
n=1

be a primitive form in Si¥(Ig(N),x). Then the Fourier expansion of f|xW32y is given
by

FRWir =AY alMg"
n=1

where agLM) 1s defined by

aiM = xa(n)an, if (n, M) =1,
an = XM’(n)@ Zf (n’ M/) =

anm’ = Gp,  Qon, if (n,m) =1,

and A is given by

A= (Mg — M'ng) [ xp(M/p)A, (M = N/M)
p|M

with
N\ — G(Xp)p_k/Zch if Xp 15 primitive,
s _Pl_kﬂCTp if Xp is principal.

Here the product runs over all positive primes dividing M and G(x,) is the Gauss sum

ZXP e(h/p).

Remark 2.36. One can choose Wﬁ to be of the form
N _ [(Mny no

A= xa(M)xar (M) T xp(M/p)A
p|lM

In this case

2.2.2. Fourier Expansions of Cusp Forms for I'y(NV)

We continue to let k be an integer.
Suppose we are given a cusp form

- Zanq” € Sk(To(M), x)

n=1
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2.2. Scalar-Valued Modular Forms

for a squarefree integer M and a character x of (Z/MZ)*. Recall that then g = f[0; is
also an element of Sy (Io(IM), x) for all positive integers [. If [ is squarefree and coprime to
M, then [M is also squarefree and the Fourier expansions of the Atkin-Lehner involutions
of f are closely related to the Fourier expansions of g|pM. where M, is a matrix with
M. = 1/c for a squarefree integer c.

Proposition 2.37. Let M be a positive squarefree integer and x: (Z/MZ)* — C a
character. Let f be a cusp form in Sp(To(M), x), | and ¢ positive squarefree integers with
(Il,M)=1 and g = f|xd;. Define m¢ = (¢, M), ml, = M/me, l. = (l,¢) and I, =1/l. and

let
10
M. = (C d> € SLQ(Z)
with d =0 mod mLl.. Then
gluMe(T) = X;LC( lc)Xm c/(lcmc))(lc/(mlclé))k/Qf]kw%c (leT/(lemy)).-

mC
Proof. Recall that w, = ( 5 ) with nq,n2 € Z and det(w?, ) = m/. Define

i .
s Ilm!, 4+ bmel,. n1bl. — noll,
—\eml/le+dme/l. nad/l — nac/l,

Then A € T'g(M) and
1
M, = — Aw) <lc 0 ) .
m

m/ 171
A e \0 mgl,

This implies that

9leMe(r) = X(nad /1, — nac/le)(le/ (mgl))*? flrwom, (et / (tm?),

so it only remains to compute x(n1d/l. — nac/l.). This can be decomposed as

x(nid/l;, — nac/le) = Xm.(nd/l, — nac/le)Xm: (n1d/l;, — nac/le).

Since [ is coprime to M, both I, and [/ are invertible modulo m. and m.. Therefore

Xme (md/1l, — nac/le) = Xm. (n1d) X (L)

and
Ximg, (M1d /1, = n2¢/1e) = Xomg, (—112¢) X (Le)-

To finish the proof we observe that d =1 mod ¢, n; = m’c_1 mod m, and that ny = m_!

mod m... O

Later, for a given squarefree positive integer N and a character x: (Z/NZ)* — C, we
need to know the Fourier expansions f;|; M, for all positive ¢ | N for a basis (f1,..., fr)
of Sk(To(N), x). These can now be computed as follows: Let m be the conductor of .
The set

B = U U {flx0; : f is a primitive form in SV (To(M), x)}

M|N IIN/M
m|M
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2. Modular Forms for Congruence Subgroups of SLs(7Z)

is a basis of Sk(I'o(IN), x) because of Proposition But for every f € B, the Fourier
expansion of f|p M. can then be computed with Propositions and once we know
the Fourier expansion of f. The Fourier expansions of a basis of f can be obtained by
computing the eigenvalues of the Hecke operators which is usually done using so-called
modular symbols. We will not go into further details because for those cases that are
relevant to us this is implemented in many computer algebra systems (e.g. in SageMath
[Sagl5], which we have used, one can simply use the Newforms command to obtain the
first Fourier coefficients of all primitive forms in a specified space of cusp forms).

2.2.3. Eta Quotients
The Dedekind eta function n: H — C is defined by
n(r) =¢"* TJ1—q".
n>1

It is holomorphic on H with no zeros and satisfies
1 .
o+ ) =0, (1) = V=i,

where /- is such that —7/2 < arg+/- < 7/2. More generally, due to Rademacher (see
the last Theorem of Chapter 9 in [Rad73]), for a matrix M = (¢ }) € SLy(Z) with ¢ > 0
it satisfies
n(Mr) = e(M)Ver + dn(r)

with

(M) = (g) e((=3c+bd(1 — c?) + c(a + d))/24) if ¢ is odd,

L (8) e((3d — 3+ ac(1 — d?) +d(b—c))/24) if ¢ is even.

To build eta quotients we also need to consider the functions nx(7) = n(kt) for positive
integers k. They satisfy the following transformation formula:

Proposition 2.38 ([Sch09], Proposition 6.2). Let M = (%) € SLy(Z) with ¢ > 0. Let
r,s,t € Z with r,t >0 and

rt=k, r|c, k| (dr—cs).

Then

m(MT) = ¢ ((Ca/i (dir_—c;s/k>> \}im’ﬂ (rT:— s) .

Definition 2.39. Let kq,..., k, be distinct positive integers and rq, ..., r, be arbitrary
integers. We define the eta quotient M7 g by

Mg (7) = [0 (7).

The cycle shape of M7 g is the symbol ki --- k).
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2.2. Scalar-Valued Modular Forms

Since 1 has neither poles nor zeros on H, this defines a holomorphic function on H. For
suitable choices of the integers k; and r; this is a weakly holomorphic modular form:

Proposition 2.40 ([Bor00], Theorem 6.2). Suppose we are given positive integers N and
m with 41 N and integers v for n | N with m/ ],y n™ a rational square. Suppose that
Donn Tnl € 24Z and N 3_, n rn/n € 24Z. Then the eta quotient

[T ntar)™
n|N

1s a weakly holomorphic modular form of weight k = Zn‘N rn/2 for To(N) with character

o e w((20)-(2)

Remark 2.41. Tt can happen that k& ¢ Z. In this case the eta quotient is a weakly
holomorphic modular form of half-integral weight. They will not appear in this thesis as
they cannot have squarefree level.

Similarly, we can also build weakly holomorphic modular forms for I'; (N):

Proposition 2.42 ([DHSI5], Proposition 5.1). Let N be a positive integer. Take integers
rn forn | N such that % >_n|N T and % D_n|N Tn/T are integers and -,y Tn is even.
Then the eta quotient

[Tner)™

n|N

is a weakly holomorphic modular form for T1(N) of weight k = an rn/2 and character

X((CCL Z))Ze 2—6421"”11

n|N

We finish this section by showing how one can check whether an eta quotient is a cusp
form:

Proposition 2.43. Suppose N is squarefree. Then the eta quotient from the last propo-
sition is a cusp form if and only if

Z (n,c) >0 (' =N/c)

/
n|N (n7 ¢ )

forallc| N.

Proof. Let a/c € QU {oc} and ¢ = N/(N, c). We can suppose that ¢ > 0, because every
cusp of I'y (V) is equivalent to one with ¢ > 0. We choose b and d such that the matrix
My = (‘cl 2) is in SLo(Z) and ¢ | d. We want to apply Proposition to compute
Nn(My).T) and note that we can choose r = (¢,n), t = (¢’,n) and s = 0. Therefore,

M (M, e7) = \Wer +dn ( (7,0) T)

(n, )
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2. Modular Forms for Congruence Subgroups of SLs(7Z)

for some nonzero complex number A. It follows that the smallest power of ¢ occuring in
the Fourier expansion of

H 77(”7')% |kMa/c

n|N
is
1 (n,c)
24 (n c’)rn7
n|N *

so that the eta quotient vanishes at a/c if and only if this sum is positive. Since (n,c)
and (n, ') only depend on (¢, N) rather than ¢ it suffices to consider those ¢ that divide
N. O

2.3. Modular Forms for the Weil Representation

In this section D is always a discriminant form of even signature with finite quadratic
form @ and bilinear form (-, ).

2.3.1. The Weil Representation

Let C[D] be the group algebra of D, i.e. the C-vector space of formal linear combinations

E ey

yeD

with a, € C, basis {¢y : v € D} and multiplication defined by ege, = eg1,. We also
define a scalar product (which is linear in the first and antilinear in the second argument)
on C[D] by (e, ey) = dgy-

Definition 2.44. Let T = (1) and S = (! ') be the usual generators of SLy(Z). We
define

This defines a unitary representation pp: SLa(Z) — GL(C[D]) of SLa(Z), called the Weil
representation of D.

Remark 2.45. To check that pp is well-defined one needs to calculate that

pp(S)* = (pp(S)pp(T))* = pp(—1I2),

where I is the 2 x 2 identity matrix; this is an easy exercise. Checking that the defined
representation is unitary is another short calculation we omit.
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2.3. Modular Forms for the Weil Representation

Remark 2.46. If D has odd signature, one can still define pp as above. However, this only
defines a projective representation. To be more precise, it gives a well-defined map into
GL(C[D])/+1, which is why one has to work with the metaplectic group Mp,(Z) instead
of SLy(Z) if one wants pp to be a representation. The action can still be computed but
the formulas become much more tedious. We omit the details because the discriminant
forms we work with in this thesis have squarefree level and therefore even signature. The
reader who is interested in the formulas for the general case should consult [Str13].

Remark 2.47. We also need the dual representation p}, of pp. Since pp is unitary, pp
is given by the complex conjugate of pp, i.e p;, = pp. The formulas for pp therefore
immediately give similar formulas for p7,. We call p}, the dual Weil representation.

An automorphism o of D can be extended linearly to an automorphism of C[D].

Proposition 2.48. The Weil representation commutes with Aut(D), i.e.

pp(M)ey(y) = o(pp(M)ey)
for all M € SLy(Z) and o € Aut(D).

Proof. 1t suffices to prove this for the generators 7" and S of SLy(Z). For T this is obvious
and for S we note that

e(sign(D)/8)
(S) o(y) — 6((/3a0( )))
PoE)etn === 5 2 ellBo))es

_ elsign(D)/8) 5~ o
NI IR

_ e(sign(D)/8) §~
= b %:D ((B,7))ea(s)-

O

In the rest of this subsection we state several formulas for the action of various matrices
in SLo(Z) in the Weil representation.

Proposition 2.49 ([Sch09], Proposition 4.3). Let N be a positive integer such that the
level of D divides N. Then I'(N) acts trivially in the Weil representation.

Definition 2.50. Let D have level N. We define the character xp: (Z/NZ)* — C by

a

w(@ = (757) ella = Dsign(D2)s).

Remark 2.51. If N is squarefree, then xp(a) = <ﬁ)

Proposition 2.52 ([Sch09], Proposition 4.5). Let N be a positive integer such that the
level of D divides N. Let M = (%) € To(N). Then

pp(M)ey = xp(M)e(—bdQ(7))edy -
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2. Modular Forms for Congruence Subgroups of SLs(7Z)

The formula for the action of a general elements M € SLy(Z) has been derived by
Scheithauer (see [Sch09], Theorem 4.7). Since it is quite lengthy, we only state it for
discriminant forms of squarefree level:

[Sch06], Theorem 6.3). Let D be a discriminant form of squarefree level

Theorem 2.53 (
‘gg) € SLa(Z). Then M acts in the Weil representation as

and let M = (

po(Me, V'ﬁ S e(—aQulB))e(—b(5,7)e(~bdQ() a5

,BEDC

where

€(M) = e(sign(D >/8>(,D)(,DC)H€ sign(D,)/8)

with the product over all positive primes dividing ¢ and Q. () is defined as c-Q(u), where
u is an element in D with § = cp.

2.3.2. Modular Forms for the Weil Representation

Assume that F' = >, Fy: H — C[D] is a holomorphic function (i.e. every F, is
holomorphic) with
F(Tr) = pp(T)F(7)

for T = (}1) € SLa(Z). Then
Fy(m4+1) = e(=Q(7))Fy(7),

which implies that the function e(Q(y)7)Fy(7) is 1-periodic. Thus, F, has a Fourier
expansion of the form

n€Z—Q(y)
If =3 cpFy: H— C[D] is a holomorphic function with
F(Tr) = pp(T)F(7),

then a similar argument shows that each F), has a Fourier expansion of the form

neZ+Q(vy)

Definition 2.54. Let F' =3 _p Fie,: H — C[D] be a holomorphic function and k an
integer. We say that F' is a weakly holomorphic modular form of weight k for pp (resp.

pp) if

1. F(M1) = (et + d)*p(M)F for p = pp (vesp. p = p}) for all M € SLy(Z).
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2.3. Modular Forms for the Weil Representation

2. F is meromorphic at oo, meaning that every F’, has a Fourier expansion

7(T> = Z av(n)q” resp. F’Y(T) = Z av(n)q”

ne€Z—Q(v) n€Z+Q(7)
with a(n) = 0 for all but finitely many negative n.

We say that F' is a holomorphic modular form of weight k for pp (resp. p},) if ay(n) =0
for all v € D and n < 0 and a cusp form of weight k for pp (resp. p}) if ay(n) = 0 for
all vy € D and n <0.

Remark 2.55. We denote the sets of weakly holomorphic modular forms, holomorphic
modular forms and cusp forms of weight k for pp by M} (pp), My(pp) and Sk(pp) (and
similarly for p},). Note that all of these sets are C-vector spaces.

Remark 2.56. The matrix S? = —I, acts in the Weil representation by sending e, to

e(sign(D)/4)e—. Therefore, if F'= 3" 5, Fyey isin M, (pp), then

F, = (—1)Fe(sign(D)/4)F_,.

Proposition 2.57. Let F =3 _p Fye, be in M (pp), My(pp) or Sk(pp). Then so is
o(F) =2 ep Frea(y):

Proof. This follows immediately from Proposition [2.48 O

Definition 2.58. A weakly holomorphic modular form F' for pp is called symmetric if
o(F) = F for all 0 € Aut(D).

The components of a modular form for pp are scalar-valued modular forms by the
following proposition:
Proposition 2.59. Let N be the level of D and k € Z. Let F = 3 ., Fyey be in
M (pp). Then Fy, € M(T1(N),x,), where x~ is the character of Z/NZ defined by
X~(0) = e(=bQ(7)). Moreover, if F' is a holomorphic modular form (resp. a cusp form),
then so is F,.

Proof. Since F' is holomorphic on H, so is every F,. The transformation formula for F,
follows from the one for F' and Proposition The last assertion of the proposition
is true because F,|;M is a linear combination of the components Fg (8 € D) for all
M e SLQ(Z). L]

Similarly one can see that the component Fj is a modular form for the larger group
[o(N):

Proposition 2.60. Let k be an integer and let F' =3, Fyey be in M} (pp), My(pp)

or Sk(pp). Then Fy € M (To(N),xp), Mr(Lo(N),xp) or Sk(T'o(N),xp) where N is the
level of D.
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2. Modular Forms for Congruence Subgroups of SLs(7Z)

Corollary 2.61. The spaces My(pp) have finite dimension for all k. If k < 0, then
My(pp) = {0}

Definition 2.62. Let k be an integer. For an element F' € M} (pp) with

Z Z a(n)q"ew

YED neZ—Q(y

we define the principal part of F' to be the Fourier polynomial

=) D m)de

Y€D neZ—Q(v)
n<0

Remark 2.63. Because of Corollary an element F € M ;i;(PD) is uniquely determined
by its principal part if k is a negative integer.

Because of Proposition we can compute F, |, M for matrices M € T'1(NN). The
following proposition gives a formula for F, |, M for arbitrary M € SLy(Z) if the level of
D is squarefree:

Proposition 2.64 ([Sch06], Theorem 6.3). Let k be an integer, assume that D has
squarefree level and let F' = Z%D F.e, be in M} (pp). Then

F | M(T) = Z —dQc(B))e(—b(8,7))e(—abQ(v)) Far+s

,BEDC
for all M = (‘; Z) € SLy(Z). Here & is the root of unity from Theorem .
Proof. We have F, (1) = (F(7),e,) and hence
Fy[xM(r) = (er +d)H(F(MT),¢,)
= (pp(M)F(7),¢y)
= 3 R p(M)ease,)

aeD

= > Fo(r)(ea, pp (M ')ey)
aeD

= Y R (ea,aM ) '5;"e(d@(ﬁ))e(b(@v))e(ab@(v))emw)
%

—Eu V‘D § 3 e dQuB)e(—H(B, el ~abQ) a5

BEDC

where we have used that pp is unitary and Theorem [2.53] It therefore remains to show
that (M) = £(M). The root of unity £(M 1) is given by

e(-sien0)/9) (1751 (1) T etien(p/)
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2.3. Modular Forms for the Weil Representation

and hence the quotient of Y(M~!) and x(M) is given by

e(— sign(D)/4) <|;|> I] e(sign(D,)/4). (2.4)
ple

Since N is squarefree, the set D¢ is equal to D. where ¢ = N/c and we can therefore

write (2.4) as

e(—sign(Dy)/4) (\l_)cl/|>

which is equal to 1 (see [Sch06], Section 6). O

2.3.3. Maps between Spaces of Modular Forms

We have seen that the components of a modular form F' for pp are scalar-valued modular
forms. Conversely, one can use scalar-valued modular forms to obtain modular forms for
pp as follows:

Proposition 2.65 ([Sch15|, Theorem 3.1). Let k be an integer, N the level of D, H an
isotropic subset of D which is invariant under (Z/NZ)* as a set and f € M}(To(N), xp)-
Then

Fprow),r.o = > > fleMpp(M ey (2.5)
MEeT(N)\ SLa(Z) yeH

is an element of M,i,(pp) which is invariant under the automorphisms of D that stabilize
H as a set. Moreover, if f is a holomorphic modular form (resp. a cusp form), then so

is Fp ro(Ny,f.H-

We will only use this result for H = {0}, in which case the functions Fp r (), fm are
examples of symmetric functions. If the level of D is squarefree, then these are the only
ones:

Proposition 2.66 ([Sch15], Corollary 5.5). Suppose the level N of D is squarefree and let
F be a symmetric weakly holomorphic modular form of weight k € Z for pp. Then there
exists a weakly holomorphic modular form [ € M,L(I’O(N),XD) with F' = Fp ry(ny,f,0-
If F is in My(pp) (resp. Sk(pp)), then we can choose f € My(To(N),xp) (resp.
Sk(Lo(N), xD))-

We summarize Section 6 of [Sch06] to show how Fp ry(n),f0 can be computed if N is
squarefree. By Corollary a set of representatives for the cusps of I'g(IV) is given by
the elements 1/c for ¢ a positive divisor of N. Given such a ¢, we choose a matrix

1 b
M, = (C d> € SLy(Z)
with d =0 mod ¢, where ¢ = N/c and we let

fc = f’ko
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2. Modular Forms for Congruence Subgroups of SLs(7Z)

The width of the cusp corresponding to 1/c is ¢’ and xp(T}/.) = 1 (see Proposition [2.12).
Consequently, the function f. is ¢’-periodic and has a Fourier expansion in integral powers
of ¢'/¢'. Then

Fprom),ro(t) = Z Z §M; \)%| ¢ fe(T) Q) eu (2.6)

c|N peD

where fo(7)_q(y) is defined as follows: The function f. has a Fourier expansion

We then let
f(r)qu = Y aln)d",

n€Z—Q(u)

i.e. we drop all Fourier coefficients with not in the set Z — Q(u).
There is a similar map from modular forms for T'; (IV):

Proposition 2.67 ([Sch15|, Theorem 3.1). Let k be an integer, N the level of D and
f € M}(T1(N),x). Then

Fprumgy= >, fkMpp(M™ e,
Mel'1(N)\SL2(Z)

is an element of M,!C(pD) which is invariant under the automorphisms of D that fix .
Moreover, if f is a holomorphic modular form (resp. a cusp form), then so is Fp (N, f.-

If N is squarefree, then the image of a scalar-valued modular form f under this map
can be computed as follows (see [Schl5], Theorem 3.7, which also gives a formula if N
is not squarefree): Let P be a set of representatives for the cusps of I'1(IN). For every
a/c € P with (a,c) = 1 we choose a matrix

a b
Ma/c_ <C d>

withd =0 mod ¢ (¢ = N/(N,c)). Then F'=3__,.cp Fo/. with

| Dl

e(b(u,y))e(—ab
] > e(b(n7))e(—abQ(7))

peay+De

Foye(r) = £(M ;)

¢ (FleMase(m) - (e + (~1)Felsien(D) /ey )
(2.7)

We also define a map between two spaces of vector-valued modular forms:
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2.3. Modular Forms for the Weil Representation

Proposition 2.68 ([Sch15|, Theorem 4.1). Let k be an integer and H C D an isotropic
subgroup. Then Dy = H*/H is a discriminant form. Let F = >yt HeDy Frrmey+m be

in M{(ppy), Mk(ppy) or Sk(pp,). Then

F= Z Eyimey
~YEHL

is in M} (pp), Mx(pp) or Sk(pp).

Definition 2.69. Let k be an integer and F' € M ,'c (pp). If there is an isotropic subgroup
H C D such that F = G for an element G € M}c(pDH), we say that F is the lift of G on
H.

2.3.4. Eisenstein Series

In this subsection we summarize the results of [Sch06], Section 7.
Let N be the level of D, v € D an element of norm Q(y) =0+ Z and k > 3. Then

1 * -
Ep (1) = 1 Z UgMpp(M 1)6”/
MeESLa(Z)ss\ SL2(Z)

is a holomorphic modular form of weight £k for p7,. In the following we only consider the
case v = 0. By Proposition a matrix M € I'o(N) acts by multiplication with xp (M)
on eg. Therefore (and because SLa(Z)oo = {£1™ : n € Z} = I'y(IN)), the Eisenstein
series Fj, o is equal to

Eio(7) = > > e (MN)pp((MN)™)eg

MEeTo(N)oo\['o(N) NeT'o(N)\ SL2(Z)

=5 D> B lkN@eh(N e
NeT((N)\ SL2(Z)

=

(2.8)

N —

with

1
Erygt =3 > XD (M)1|iM.
MEFo(N)OO\Fo(N)

The function E, 5! is an Eisenstein series in My (T'o(N), Xfyl) and formulas for the Fourier
coefficients of E, X51|kN are known (see e.g. [DS05], Chapter 4 or (for squarefree N)
[Sch06], Section 5). Comparing ([2.8)) with (2.5 we see that

1 *
Ero = 5FDrom) B, 10
AD

where F l*),FO(N), .0 is the analogue of Fpp (n) o from Proposition for pp,. The
Fourier expansions of the components of Ej o can therefore be computed from those of

E, ) with (2.6). This was done in the case of squarefree N by Scheithauer in [Sch06],
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2. Modular Forms for Congruence Subgroups of SLs(7Z)

Section 7. To summarize the result we introduce some further notation: For a Dirich-
let character y we let ¥ be the associated primitive character and L(s, x) the L-series

associated to y, i.e.
[e.e]
_ Z x(n)
= et

n=1

We denote by By, , the generalized Bernoulli numbers associated to the Dirichlet character
x of modulus m, defined by

emt—l Z kwk'

a=1

Finally, if ¢ | N, we write x. and . for the unique characters of modulus ¢ and ¢ such
that y.x« (and similarly for ).

Proposition 2.70 ([Sch06], Theorem 7.1). Suppose xp(—1) = (—=1)*. Let v € D and
n >0 with Q(y) =n+Z. Let E = Ey, x = Xp and m be the conductor of x. For a
positive integer ¢ we let m. = (m,c) and ¢ = N/(N,c). Then

C mC DC
EJm) =AY gelN/me)bo(~c >¢ el 4 o)
N m|D|
c'v=0
with
A_iL(k,w)mik 2k
B L(k7X) Nk Bk,w’
akxe(n) =Y xe(n/d)pe(d)d* [ -1 ] (-1)
djn ple/me ple/me
pln pin
and / (np+1)/
1 np 2 /p> < > anrl 2
Ec = € | — .
Il « ( p ) Il ( p P
ple/me plme

Proposition 2.71 ([Sch06], Theorem 7.2). Let E = Ey . Then the constant term of Ey
18

[Eo](0) = 1.
For all v € D with Q(v) = 0+ Z, the constant term of E. is zero if v # 0.

2.3.5. Reduction to Sublattices

Suppose L is a lattice of signature (b™,b7) with b* — b~ even. Let z € L be a cusp of
level I, ' € L' with (2,2/) =1 and let K = L N2+ N z+. Then

L®z;Q=(K®zQ) @ Q7 @ Qx,
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2.3. Modular Forms for the Weil Representation

so K has signature (b™ —1,b~ — 1). We define the sublattice L{, of L' by
Li={ el :(\z)=0 modl}.

Then L is obviously a sublattice of Lj. We choose an element ¢ € L with (z,() = I,
which allows us to write the Z-module L as

L=K&ZzaZ( (2.9)

(see [Bru02|, Proposition 2.2). This is of course not a direct sum of lattices as z and ¢
are not orthogonal. For v € L ®z R we let v be the image of v under the orthogonal
projection from L ®z R to K ®z R. Note that if v € L', then vg € K’. There is a
projection p from L{ to K’ given by

(A, 2)

p()\) = Ak — TCK-

The map p acts as the identity on K and maps z and ¢ to 0. Therefore p(L) = K and p
induces a surjective map p: Ly/L — K'/K.

Remark 2.72. If 2/ satisfies [z’ € L, then we can choose ¢ = [2/, in which case p: Ly — K’
is just the orthogonal projection. By the following proposition there always exists such a
2" if the level of L is squarefree:

Proposition 2.73. If the level of L is squarefree, then we can always choose the vector
2" such that z' has norm 0 and 1z’ € L. Then the sublattice of L generated by z and 12’
is isomorphic to II 1(1).

Proof. Let N be the level of L and let 2’ be any vector in L’ with (z,2') = 1. The
exponent of D = L'/L is N and hence | | N. Let I’ = N/I. The discriminant form D
decomposes into the direct sum of D; and Dy, so there are elements w; and wy in L' with
2 =w;+wy, lw; € L and 'wy € L. Then

(2,l'wy) € 'ZNIZ = NZ,

so (z,wy) € lZ. 1t follows that (z,w;) =1 mod [ and by adding a suitable element of L
to w; we can assume that (z,w;) = 1. By replacing 2’ with w; we can hence assume that
2" is in L.

We observe that g(z’) is an element of +Z (because L has level N) but also of 5L
because (%q(2') = q(lz') € Z. Therefore, n = lq(2') is in :ZN $Z = Z. Let w = Iz’ — nz.
Then g(w) =0, (w,2z) =1 and w/l is in L' (because z has level [). The element x = w/I
is thus an element of the form we are looking for. The lattice generated by z and w = Iz
is obviously isomorphic to II 1 (I). O

Definition 2.74. For a modular form F' of weight k € Z for py,,;, we define a function

Fg: H — C[K'/K] by
Fe= Y > Fuey

BEK'/K veLl/L
p(v)=8

and call F the reduction of F' to K.
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Proposition 2.75 ([Bor98|, Theorem 5.3). The reduction Fi: HH — C[K'/K] of F is in
M; (pr/1)-

Remark 2.76. Given 8 € K'/K, a set of representatives for v € L{;/L with p(y) = 3 is
given by the elements v = 8—(f3, ()z/l+bz/l where b runs through a set of representatives
for Z/1Z. Let ¢ be a different choice of ¢, i.e. another element in L with (z,() = I. Then
5:a+mz+g‘ for some o € K and m € Z because of and

(8,) = (B,a) + (B,¢) € (B,¢) + Z.

Therefore Fg does not depend on the choice of (.
Remark 2.77. Let ' be a different choice of 2’ and let K = L N 2"+ N zt. Then

K—K, A=sA—(\2)z

defines an isomorphism from K to K under which the reductions Fx and F coincide.
We can therefore also say that Fx does not depend on the choice of 2’.
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3. Reflective Automorphic Forms and
Products

In this chapter we define automorphic forms. These are functions with a certain trans-
formation behaviour under a subgroup of the orthogonal group of an even lattice L of
signature (n,2). In the first section we define these functions and explain how mod-
ular forms for the Weil representation can be used to obtain automorphic forms. All
of this is well-known and more details can be found in [Bru02]. In the second section
we investigate holomorphic automorphic forms with special divisors, so-called reflective
automorphic forms, and obtain an effective finiteness result.

In this chapter L is always an even lattice of signature (n,2), n > 3 with bilinear form
(+,-) and quadratic form gq.

3.1. Automorphic Forms and Products

Welet V=L®zR and V(C) =V ®@r C and extend (-,-) to a bilinear form on both V'
and V(C). Let P(V(C)) be the projective space associated to V(C). We write [Z] for
the image of Z;, € V(C) \ {0} under the canonical projection

V(C)\ {0} = P(V(C))
and consider the zero-quadric
N ={[Z1] e P(V(C)) : (Z1, Z1) = 0}
as well as its open subset
K={[Z)eN:(Z,Z1) <0}.

Lemma 3.1. Let Z;, = X + Yy € V(C) with X1,,Yr, € V. Then [Z1] € K if and only
if Xp LY and q(XL) = q(YL) < 0.

Proof.
(Zr,Z1) = (Xp + 1Yy, X +4Y7) = 29(X1) + 2i(X1, Y1) — 2¢(YL),
so that [Z1] € N is equivalent to X 1 Y7, and q(Xp) = q(Y7). Moreover,
(Zp,Zp) = (Xp +iYy, Xp —iYy) = 2¢(X) +2¢(Y1),

which shows that [Z1] € K if and only if ¢(X1) = ¢(Yz) < 0. O
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The set K has two connected components, which are interchanged by [Z1] — [Z1]. We
fix one of these components and denote it by K.

Remark 3.2. Lemma can be used to see that the map [Z1] — RX} + RY7 defines
a bijection from KT to the set of 2-dimensional negative definite subspaces of V. Inter-
changing the connected components then corresponds to changing the orientation on the
2-dimensional negative definite subspaces of V.

The orthogonal group O(L) acts naturally on K and we let O(L)" be the subgroup of
O(L) that stabilizes KT as a set. Since O(L) = O(L') by Proposition[L.10} we get a natural
map O(L)T — Aut(D) for D = L' /L. The kernel of this map is called discriminant kernel
and is denoted by I'z. It has finite index in O(L)™ because Aut(D) is a finite group.

Remark 3.3. With Remark [3.2] we see that the subgroup O(L)" consists of those isome-
tries in O(L) that fix the orientation on 2-dimensional negative definite subspaces of V.
In particular, we see that reflections o for roots A of L are in O(L)™ because roots have
positive norm.

We let K+ = {Z € V(C)\ {0} : [Z1] € Kt} be the affine cone over K.

Definition 3.4. Let T' C O(L)" be a subgroup of finite index, x: I' — C* a unitary
character and k € Z. A meromorphic function ¥: KT — C is called an automorphic form
of weight k and character x for I if

1. W(tZy) =t"%Z for all Z; € Kt and ¢t € C* and
2. U(o(Z1)) = x(0)¥(Z;) for all o € T and Z;, € K.
If in addition ¥ is holomorphic, then we call ¥ a holomorphic automorphic form.

Remark 3.5. One can also define automorphic forms if n < 3. However, one should then
require that ¥ is meromorphic (holomorphic for holomorphic automorphic forms) at the
boundary of K*. If n > 3 this follows automatically from the Koecher principle (see
[Koeb4]).

Remark 3.6. Since n > 3, all characters have finite order (see Remark 3.19 in [Bru02]).

Proposition 3.7. If the Witt rank (i.e. the dimension of a mazimal isotropic subspace)
of L®yz Q is 2, then there are mo non-constant holomorphic automorphic forms of weight
less than s = (n — 2)/2.

Proof. See e.g. [Bun01], Satz 3.1.19 or [Bor95], Corollary 3.3. O
This is the reason for the following definition:
Definition 3.8. The weight s = (n — 2)/2 is called the singular weight.

Remark 3.9. Note that the Witt rank is at most 2 because L has signature (n,2). More-
over, the Witt rank is automatically 2 if n > 5 because every indefinite lattice of rank at
least 5 contains an isotropic vector by Proposition [1.18
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3.1. Automorphic Forms and Products

We can associate to a holomorphic automorphic form W for the discriminant kernel 'y,
a Fourier expansion, which will depend on the choice of a cusp z € L as follows: Choose
a vector 2/ € L' with (z,2') = 1 and let K be the lattice L N 2’+ N z+. We consider the
set

H={X+iY e K®zC:q) <0}

and for Z € H we write
Z,=72—-(q(Z)+q()z+ 2 € V(C).
An easy calculation shows that [Z1] € K. Moreover, the map
vV H—-K, Zw—[Z;]

is biholomorphic (see [BGHZO0S|, Part 2, Lemma 2.18). We write H ™' for the preimage of
KCt. This is of the form

HY =K @zR+iC
where C' is one of the two connected components of {Y € K ®z R : ¢(Y) < 0}. We call
C the positive cone. The action of O(L)* on K then induces an action on H™' via 1.

This action is no longer linear.
For an automorphic form ¥ we define the function ¥, on H* by ¥,(Z) = ¥(Z).

Proposition 3.10. Let ¥ be a holomorphic automorphic form for the discriminant kernel
I'r and z € L a cusp. Then there exists a vector p € K ®7 Q such that ¥V, has a Fourier
expansion

.(Z)= Y aWe(-(\.2))

Aep+K'

with a(\) € C for all Z € H'. Moreover, a()\) is 0 for all X that do not lie in the closure
C of C.

Remark 3.11. If the Witt rank of L ®7 Q is 2 and ¥ has singular weight (n — 2)/2, then
a(A) = 0 unless A is isotropic.

One way to obtain automorphic forms is described in the following theorem:

Theorem 3.12 ([Bor98|, Theorem 13.3 and [Bru02|, Theorem 3.22). Let D = L'/L
and F' a weakly holomorphic modular form of weight 1 —n/2 for pp with integral coef-
ficients [Fy](m) for all m < 0 and [Fy](0) € 2Z. Then there is a meromorphic function
U(F): KT — C with the following properties:

1. W(F) is an automorphic form of weight [Fy](0)/2 for the group
O(L,F)Y" ={c€O(L)" :0(F) = F}

with respect to some unitary character x: O(L, F)* — C*.

o7



3. Reflective Automorphic Forms and Products

2. The only zeros or poles of ¥ are of the form A\ for A € L with q(\) > 0 and are
zeros of order

S [Farsr)(—a@) (3.1)

0<zeQ
el

or poles if this number is negative.

3. Let z € L be a cusp and W a Weyl chamber of K = LNzt N2+, Let mg be the
smallest rational number such that [F](mg) # 0 for some v € D. On

{Z=X+iY € H' : Z is not a pole of V,(F) and (Y,Y) < mo}

the restriction W, (F) of W(F) has an infinite product expansion which is some
constant times

e(~(ZpW)) T TI Q- el(~(\2)+(5,2))Ela),
XeK' éeLy/L
(AW)<0 p(g)=r

Remark 3.13. The theorem is also valid if [Fp](0) ¢ 2Z, in which case ¥(F') has rational
weight and y no longer needs to be a character. We have omitted this case because one
would have to work with covers of K in order to define automorphic forms of rational
weight. Note, however, that every automorphic form has half-integral weight as was
shown in [Hil07], so [Fp](0) will always be an integer.

The third property of W(F') in Theorem justifies the following definition:

Definition 3.14. Automorphic forms of the form W(F') for some F' € M{—n/2(/’D) are
called automorphic products.

We want to explain the notation in the third property of ¥(F') in Theorem in
more detail. We let | be the level of the cusp z and define Lj, and p as in Subsection
2.3.5 For v € K'/K and n > 0 we define the Heegner divisor H(7y,n) on the positive
cone C C K ®z R to be

H(v,n) = U AL
Aev+K
a(A\)=n

The Weyl chambers of K are the connected components of the complement of

U U HeH,n

yeLy/L NEZ;Q(”/)
[F5](—n)#£0

in C' and the Weyl group G is the group generated by the reflections at the walls between
two adjacent Weyl chambers. It acts simply transitive on the Weyl chambers. The vector
p(W) is the so-called Weyl vector of W. If the closure of W contains a cusp of K then
p(W) can be computed as follows ([Bor98], Theorem 10.4): Let Fi be the reduction of F'
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3.1. Automorphic Forms and Products

to K, w € K a cusp contained in the closure of W and v’ a vector in K’ with (w,w') = 1.
Let K = KNw’Nw'" and let m be the level of w. Then p(W) = p— pyw’ + ppw, where

1

pP=-5 > [(Fraerl(=aO)A,
AEK'
A\ W)<0
pw = constant term of Z Ey(1)0~(7)(Fr )y (1) /24,

yeK' /K

pu=—pwa)+ 7 33 (Fsl(~a(A)Ba((5,0))
AeK' S€K)/K
p(&)=A+K

Here K} and p: K)/K — K'/K are as defined in Subsection m, Fj is the reduction
of Fx to K and 6, : H — C is defined by

97(7_): Z 627riq()\)7"

)\G’y+f(

Note that 6, converges because K is positive definite. Finally, B, is the 1-periodic
function defined by

1

B2($):$2—5E+6

for 0 <x <1 (i.e. By is the second Bernoulli polynomial for 0 < z < 1).
There is also a converse to Theorem [3.12] which is due to Bruinier:

Proposition 3.15 ([Bruld], Theorem 1.2). Let L = M & II,1(N) & II1 1 for a positive
definite even lattice M of rank n — 2 > 1 and some positive integer N. Then every
automorphic form W with respect to I', whose divisor is a linear combination of divisors
of the form
M (well/LneQs)
A€u+L
a(A)=n

is up to some constant factor equal to V(F) for some F € Mi_n/g(ﬂL'/L)'

Suppose L = K @ II; 1(m) for some positive integer m, let M C K be a sublattice of fi-
nite index and let N = M @Il 1(m) C L. Then H = L/N C L'/N C N’/N is an isotropic
subgroup of the discriminant form N’/N and H* is given by L'/N. Therefore, H/H
is isomorphic to L'/L. As seen in Proposition a modular form Fp, € Mi_n/g(PL’/L)

induces a modular form Fy = F, € Miin /z(pN/ /n)- We assume that the Fourier coef-

ficients of [(F1),](j) are integers for all v € L'/L and j < 0 and that [(F7)o](0) € 2Z,
so that there exists an automorphic product W(F7). Then the same is obviously true for
Fy. Because N is a sublattice of L of finite index, the sets KT associated to L and N
can be identified.

Proposition 3.16 ([Sch17], Proposition 3.4). Under this identification the automorphic
products V(Fy) and ¥(Fy) coincide as functions on K.
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3. Reflective Automorphic Forms and Products

3.2. Reflective Automorphic Forms

We now consider automorphic forms with special divisors.

Definition 3.17. Let U: KT — C be a holomorphic automorphic form. We call ¥
reflective if all of its zeros are of the form A\ for roots A\ € L. If in addition all zeros are
simple, then we say that ¥ is strongly-reflective.

The following proposition states that modular forms for pr,/;, whose principal parts
have a certain shape lift to (strongly)-reflective automorphic products W(F'):

Proposition 3.18 (see [Sch06], Section 9). Assume that L has squarefree level and let
D = L'/L be its discriminant form. Suppose F € Ml!,n/Q(PD) satisfies the following:

1. If v € Dy, 1/m for a positive integer m, then the Fourier expansion of F. is of the
form F, = c%,l/mq_l/m + O(1) with ¢y _1/ € Z>o.

2. F, is holomorphic at oo for all other v € D.

Then the automorphic product W (F) is reflective. Moreover, if ¢y _1/m <1 for all y € D
and m € Zso, then Y(F) is strongly-reflective.

Proof. The coeflicients [F,](j) for v € D and j < 0 are obviously non-negative integers,
so that U(F) exists and has no poles by (3.1)). It is therefore holomorphic.
Let A € L be a primitive vector of positive norm and suppose that W(F') has a zero at
AL, Then
S [Faaerl(—2%(\) > 0

0<zeQ
el

by the formula for the divisor of W(F'). Thus, there is some z € Q such that
[Fenez](—22g(N)) > 0. Let m = 1/z. We show that m is a positive integer dividing the
level N of L: From the shape of F' we know that x2¢(\) = 1/k for some positive k | N,
so 1/2% = kq()\) and m must be an integer with k& | m2. Let v = 2A + L € D. Then
m7y = 0+ L, so v has order dividing m. The primitivity of A then implies that the order
of 7 is exactly m and the shape of F' then forces z2¢(\) = 1/m, i.e. m = k. We have
therefore shown that m is a positive divisor of N. It follows that \ is in L N'mL’ and
q(X\) = m, so that X is a root by Proposition [1.22]

It remains to show that W(F) is strongly-reflective if ¢, 1/, < 1 for all v € D and
m € Zq, i.e. we have to show that if A € L is a root, then

> [Forsrl(—2q(N)

0<zeQ
xAel’

is 0 or 1. Suppose this sum is non-zero. We have already seen that then the only non-zero
summand is for x = 1/m, where m = ¢(\). Therefore,

> [Faarr)(=22q¢(N) = [Frjmar)(—1/m) = ¢ jmar—1/m = 1.
0<zeQ
zAEL’
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3.2. Reflective Automorphic Forms

The converse of the previous proposition is also true if L splits II; 1 as is shown in the
following proposition:

Proposition 3.19. Suppose L has squarefree level and that it splits II; 1. Let D = L'/L
be its discriminant form. Then an automorphic product W(F') is reflective if and only if
the modular form F € Mifn/z(PD) satisfies the following:

1. If v € Dy, 1/m for some positive integer m, then the Fourier expansion of F, is of
the form F., = c%,l/mq_l/m + O(1) with ¢y 1/ € Z>o0-

2. F, is holomorphic at oo for all other v € D.

Moreover, W(F) is strongly-reflective if and only if ¢y _1/ym < 1 for all v € D and all
m € Z>0.

Proof. We only need to show that if W(F') is (strongly-)reflective, then F' is as claimed
because the other implication is the statement of the previous proposition.

Write L = K @ II;; and note that L' = K' & I ; and D = K'/K. Let v € D and
x < 0 such that [F,](z) # 0 and note that then Q(v) = —x + Z. Let k be the order of 7.
We have to show that = 1/k and that [F,](z) > 0.

Let m be the largest positive integer with [Fy,,](m2z) # 0 and choose £ € K’ with
k + K = mry. The hyperbolic plane II; ; contains primitive vectors p with ¢(u) = j for
any j € Z (take for example the element (1, j) € II; 1), so we can add a suitable element
in IT; 1 to & to obtain a primitive vector A € L’ with g(\) = —m?z. Let k = k/(m, k) be
the order of A 4+ L in D. Then k) is primitive in L and the order of W(F) at (kA)* is
equal to

D Fprrl(=5%aN) = Y [Fmo(5°ma).
JEZL>0 J€Z>0

By the maximality of m, this last sum is equal to [Fj,,](m?z) and since ¥(F) is assumed

to be reflective, it follows that kX is a root of L and that [F.,](m%z) € Zso (and
[Fny](m2x) = 1 if U(F) is strongly-reflective).

To complete the proof, we show that m = 1 and z = 1/k. Because kX is a root,
q(k\) = —k2m2z is equal to some positive divisor a of the level N of L and k) /a must be
in /. Since \ is primitive in L', it follows that k/a € Zsq, i.e. k = ab for some b € Zxy.
Then

B 1
T T am?
But Q(v) = —x+Z, so the denominator of z must be squarefree because NV is squarefree.
This is only possible if m =b=1,s0 a =k =k and z = 1/k. O

The following definition is motivated by Proposition [3.19}

Definition 3.20. Let D = L'/L. In the case that L has squarefree level, a modular form
F e Mi_n /2 (pp) is called semi-reflective if it satisfies the following:

1. If v € D,y 1/m for some positive integer m, then the Fourier expansion of F is of

the form F, = %_1/mq71/m +0(1) with ¢y _y/m € C.
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3. Reflective Automorphic Forms and Products

2. F, is holomorphic at oo for all other v € D.

If in addition all ¢, _y/,, are in Zo, then we say that F is reflective and if all ¢, 1/,
are in {0, 1}, then we say that F'is strongly-reflective.

Remark 3.21. By Proposition every (strongly-)reflective modular form F lifts to
a (strongly)-reflective automorphic product W(F') and Proposition shows that if
L splits II1 1, then the converse also holds. The notion of semi-reflectivity was added
because it has the advantage that the set of semi-reflective modular forms for L is a
complex vector space.

For the rest of this section we assume that L has squarefree level N (and hence even
signature) and splits II; 1 (V) and that F' is a semi-reflective modular form with Fy # 0
on D = L'/L. We replace F' by

1
TR (D) > o(p), (3.2)

oc€Aut(D)

which is symmetric, semi-reflective and non-vanishing (because Fy # 0). By Proposition
there is a non-zero [ € Mi_n/Q (Fo(N), xp) such that F' = F'p r(n), f,0- For a positive
divisor ¢ of N we define the matrices M. as in Subsection [2.3.3 The next lemma gives
bounds on the pole orders of f|;_,, o M.:

Lemma 3.22. Let ¢ be a positive divisor of N, ¢ = N/c and k = 1 —n/2. Then
fleMe = O(qil/c )-

Proof. Suppose there is some positive ¢ | N such that f|z M. # O(q~1/¢). We can assume
that ¢ is the smallest positive divisor of N with this property, so f|pxMz = O(q~ " 5/)
for all positive ¢ | N with ¢ < ¢. Let a be the smallest positive integer such that
fleM. = O(g~¥¢). Then a > 1 and there is an element v € D of order ¢ with Q(v) =
a/c + Z because L splits I 1(N) (take for example the element (1/c’,aj/c’) + Z* in
II 1 (N)' /I 1 (N), where j € Z is such that je =1 mod ¢). By the component F,
of F' is given by

v/1Dd|
VD]

D.| , _ Dy| ,
)Y ﬁ'c eMa(r)-a) + 3 €M) J'ﬁ'd FleMa(™)) o).

Fy(r) = 30 €0z )Y =2 d (feMalr))-qu)
dlc

d<c

For d < ¢ we have (f[xMa)_q) = O(qg /) because f|,My = O(qg~"/%) by the minimal-
ity of ¢, whereas the Fourier expansion of (f |ko)_Q(7) starts with a non-zero multiple of

g~ Since 1/d' < 1/¢ for d < ¢, it follows that the Fourier expansion of F, starts with
a non-zero multiple of ¢~%/¢', which is a contradiction to the semi-reflectivity of F. [
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3.2. Reflective Automorphic Forms

Lemma 3.23. Let N be a squarefree integer, k € Z<o and f € M (To(N),x) \ {0} for
some character x for Uo(N) such that ker(x) has finite index in I'o(N). Assume that
fleM, = O(q V) for all ¢ | N. Then

IT ¢+ < —2“(N)%

pIN
p prime

where w(N) is the number of primes dividing N .

Proof. Proposition yields

> [SLa(Z)s : £L0(N)s] ords(f) <
S€To(N)\(QU{o0})

A set of representatives for I'o(N)\(Q U {co}) is given by the rational numbers 1/c¢ for
the positive divisors ¢ | N. The width of the cusp corresponding to 1/¢ is given by ¢’ and
the order of f at 1/c¢ is bounded from below by —1/¢’ by our assumption on f. Moreover,
the index of I'g(N) (which equals £I'g(IN) because —Iz is in I'g(N)) in SLy(Z) is given
by

by Proposition Therefore

c|N p|N
c>0 p prime

from which the claim follows because the number of positive divisors of N is 2¢(V).
O

The inequality from the previous lemma can only be satisfied if k is at least —12 and
w(N) is at most 3. For fixed k£ and w(N), the level N is then bounded by the values in
the following table (with “-” meaning that there is no possible N).

Table 3.1.: Bound on N depending on k and w(N)
k
| -1 -2 -3 -4 -5 —6 -7 -8 -9 -10 —11 -—12
1 1 1 1 1 1 1 1 1 1 1 1
23 11 7 ) 3 3 2 2 - - - -
35 15 6 6 - - - - - - - -
42 - - - - - - - - - - -

w N = O

63



3. Reflective Automorphic Forms and Products

Lemmas and immediately lead to the following theorem:

Theorem 3.24. Let L be an even lattice of signature (n,2), n > 4 and squarefree level
N that splits II1 1 (N). Suppose there is a semi-reflective modular form F with Fy # 0 on
D =L'/L. Then depending on k =1—n/2 and w(N) the level N is bounded by the values
in Table . In particular L must be one of finitely many lattices (up to isomorphisms).

Proof. After symmetrizing F' as in we can assume that F' is symmetric. Then
F = Fpry),fo for a non-zero weakly holomorphic modular form f of weight k& and
character xp. We then apply Lemmas and to f.

In particular, the rank n + 2 = 4 — 2k and the level N of L are bounded. The last
assertion of the theorem then follows because there are only finitely many isomorphism
classes of lattices of fixed rank and level (see Corollary [1.69). O

This has the following consequence for the existence of reflective automorphic forms:

Theorem 3.25. Let L be an even lattice of signature (n,2), n > 4 and squarefree level
N that splits II1 1 & II11(N). Suppose there is a non-constant reflective automorphic
form W: KT — C. Then depending on k = 1 —n/2 and w(N) the level N is bounded
by the values in Table . In particular L must be one of finitely many lattices (up to
isomorphisms).

Proof. The function ¥ is an automorphic form for some subgroup I' C O(L)™ of finite
index with some character. Since the character has finite order (see Remark we
can replace ¥ with some power of ¥ to get rid of the character. Let o1,...,07 be
representatives for the cosets of I' in O(L)™" and replace ¥ with the function

This is then a reflective automorphic form for O(L)™ and in particular for the discriminant
kernel I'z,. We can therefore use Proposition [3.15to see that it is up to a non-zero constant
factor equal to an automorphic product ¥(F') for a modular form F of weight k on D.
Then F' must be reflective by Proposition and Fpy # 0 because [Fp](0) # 0 as ¥(F)
is non-constant. We are therefore in the situation of Theorem [3.241 O]
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4. Strongly-Reflective Automorphic Forms
of Singular Weight

This chapter is concerned with the classification of strongly-reflective automorphic forms
for the discriminant kernel on lattices L of squarefree level N. In the first section we
assume that the lattice L splits Il 1 @ IIM(N ). For these lattices we give a complete
classification and we see that all strongly-reflective automorphic forms arise from a con-
struction involving the Leech lattice. In the second section we construct new strongly-
reflective automorphic forms on lattices that do not split II1; and in the third section
we compute the Fourier expansions of one of these automorphic forms at all cusps to see
that it is not related to the Leech lattice.

4.1. Lattices Splitting Two Hyperbolic Planes

In this section L is always an even lattice of signature (n,2), n > 4 and squarefree level
N such that L splits 111’1 D IILl(N).

4.1.1. The Symmetric Case

Strongly-reflective automorphic products of singular weight arise in the following way,
which was described by Scheithauer (see [Sch04] and [Sch06]):

Let g be an element of order n in the automorphism group Cog of the Leech lattice A.
Then g is also an orthogonal automorphism of the vector space A ®7 R and hence has a
characteristic polynomial that can be written in the form

H(:ck —1)b
kln

with integers by. Note that the highest power of x occuring in the product is given by
L2k kb’“, so that ka kb, must be equal to 24. We associate the eta quotient

ng(T) = H n(kT)"

to g and let N be the smallest positive integer such that 24 divides N ka bi/k. We call
N the level of g. Then we can use Proposition to see that 7, is a weakly-holomorphic
modular form of weight r = ka by /2 for To(N), possibly with a character. Let A9 be
the sublattice of A that consists of those vectors that are fixed by ¢. If A9 is non-trivial
and N is squarefree, then we let

L=A¢g IIl’l D IILI(N)
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4. Strongly-Reflective Automorphic Forms of Singular Weight

and D = L'/L be the discriminant form of L. It turns out that the character of 7, is
XD, so we can apply Proposition to fg = 1/n, and obtain the symmetric vector-
valued modular form Fy, = Fpr ), f,,0- Explicit calculations show that Fy is a valid
input for the Borcherds lift (i.e. it satisfies the asssumptions of Theorem and that
U, = W(Fy) is a strongly-reflective automorphic form of singular weight. The Fourier
expansions of ¥, at the cusps can be computed because ¥, has singular weight and the
nonzero Fourier coefficients hence correspond to isotropic vectors. These calculations are
similar to the ones in Section [4.3| and one obtains the following:

Proposition 4.1 ([Sch04], Theorem 9.8). Let z € L be a cusp of level m | N, define
m' = N/m and let gy = ng|7~WéVL, and fgm = 1/0gm . Suppose that fg ., has a pole at

00. We can write L = A9 @ IT1 1(m/) & II; 1(m) and we let K = A9 @ Iy 1(m’). Then the
Fourier expansion of W, at the cusp z is up to a non-zero constant given by

(¥y):(Z) = Z det(w)ng,m (—(wp, Z)),

weG

where p is the Weyl vector and G is the Weyl group (see Section .

Proposition 4.2 ([Sch04], Theorem 9.10). Let z € L be a cusp of levelm | N, m' = N/m
and let Ngm = 1gle W, and fym = 1/Ngm- Suppose that fy . is holomorphic at cc.

We can write L = A9 & I 1(m') & II; 1 (m) and we let K = A9 & I, 1(m'). Then the
Fourier expansion of W, at the cusp z is up to a non-zero constant given by

where c¢(\) is the coefficient of ¢ in angn if X is n times a primitive isotropic vector
in the positive cone and 0 otherwise. The constant a is such that the constant Fourier
coefficient of ang m is 1.

There is also the following different point of view on this: Let m | N. As in [Que97]
and [Sch04] we define the lattice

Win(L) = v/m <L’ n ;L) .

This is isomorphic to W, (A9) @ II; 1 (m) & I 1 (m'), m" = N/m and also has level N.
Then a suitable multiple of f,,, = fg\rW,g can be lifted first to a symmetric vector-
valued modular form on W,,(L) and then to a strongly-reflective automorphic product
U, of singular weight. The Fourier expansion of ¥, at a cusp of level m’ is then up to
a constant given by the Fourier expansion of ¥, at a cusp of level N.

The following table summarizes the strongly-reflective automorphic forms ¥, ,, of sin-
gular weight that are obtained in this way:
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Table 4.1.:
L f L /
I, 5(2737) 11-192336-6 s 2(2°57°)  mp2g-s5-210-1
I145(237373) —31132-63-162 Is(27757%)  mi-sg25-110-2
I,5(2;*37%) —21129-13-663 Is(25757%)  mi-1p-25-3102
I,5(2;*373) 6771 —623326-1 g 2(117%) Mm-211-2
I, 2(2577%) M112-27114-2 o225 774 mimig-17-114
114 2(2+27 %) 21 -2917-2141 s 2(3757%)  m-13-15-115-1
I145(37357?) M-2315115-2 I3 2(377) 1M133-9
145(372573) —M113-25-2151 I3 2(37%) 911 -933
II42(237 ) Th—-123-1 Ig (2 83+3) T—42-1346-5
I (25*373573)  my-agigig-110-115-1 I3 5(2;,°3%7)  myag-sg-ag1
Iy 5(25*373573)  mpig-13-15-115130-1 g 2(2;}23 T m-sgag-1g-a
Iy 2(2/737357%)  mp-13-15-16110130-1 Ig(2/737%)  m-1p-a3-sga
I45(2773735%3)  mi-1g16-110-115-1301 g 5(777) M -37-3
s 2(51°) M115-5 IIo2(25"°) N182-16
Il 2(5+3) Oy -551 111, 2( 212 ) 1671 -169s
Il 5(25°37) M22-4326—4 1110,2(5+6) DM —a5-4
s 5(25737%) 411 -1923-1¢2 I02(25°37%)  my-29-23-25-2
II@ 2(21 43 6) 711913-36—3 1114,2(3_8) 71-63-6
IIg5(2,*372) 311 -39-33161 I35(25;") 1M1-82-8
IIs2(2;;,°57%) T1-22-15210-3 JIPTD) 11-24

In the rest of this section we prove the following converse theorem:

Theorem 4.3. Let L be an even lattice of signature (n,2), n > 4 and squarefree level
N that splits II1 1 @ II; 1(N) and let F' be a symmetric strongly-reflective modular form
with [Fo](0) =n —2 on D = L'/L. Then L is one of the lattices from Table and
F = Fpryy,r0 for the corresponding f.

Proof. The vector-valued modular form F' is determined by its principal part, so we only
need to show that the principal parts of the functions Fp ry(n),s0 for D = L'/L with
L and f from Table are the only ones that can occur. This is done as follows: We
already know that L is one of finitely many lattices because of Theorem and we
have the bounds on N and k& = 1 — n/2 from Table The remaining cases can be
looked at separately. The principal part of F is determined by the Fourier coefficients
Cy—1/m = [F5](=1/m) for v € Dy, 1y, for positive integers m | N because these are the
only non-vanishing coefficients of the principal part by the definition of reflectivity. Since
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F is assumed to be strongly-reflective, we also know that ¢, _y/,, € {0,1}. Moreover, as
Aut(D) acts transitively on D,, 1/, (see Proposition [1.53), we know that

Cy,—1/m = €3,—1/m
for all 8,7 € Dy, 1y with fixed m. We can therefore define ¢, = ¢y _1,, for any
Y € Dy 1/m (such a v exists because L splits I1I1,1(N)).

Since F' is symmetric, there is some f € M,'C(FO(N) xp) such that F' = Fp 1), f.0-
Let d | N, d = N/d and let M, be a matrix as in Subsectlon We can apply Lemma
3.22| to see that f|zMy € O(q~Y/%). Let aq be the coefficient of fleMg at ¢~ V4. From
the formula

VI,
Fy =) &M, U(fleMi) gy
2 D]
for the T'o(NV)-lift (see (2.6)), we find that

\}%’dad/ (4.1)

because the summands for [ < d’ give no contribution to ¢y, similarly as in the proof of

Lemma Equation (4.1)) is equivalent to
aq = §(Ma)

ca = (M)

VID| car

VIDdl &

Now let ¥ = 1+ n/2 and let g € Sp(T'o(N),xp). Then the product fg is a weakly
holomorphic modular form of weight 2 and trivial character for I'g(/V). Therefore,

h= Y (f9hM (4.2)

MeTo(N)\ SL2(Z)

is a weakly holomorphic modular form of weight 2 for SLg(Z). Such functions can be
identified with meromorphic differentials on the modular curve X (1) (see e.g. [DS05],
Section 3.3). Since h is weakly holomorphic this differential is holomorphic everywhere
except possibly at the cusp co. The residue theorem then shows that the residue at oo
must vanish and this residue is up to a non-zero constant given by the constant term in
the Fourier expansion of h. The vanishing of this coefficient then gives conditions on the
numbers a4 and ¢4 as follows:
Let P be a set of representatives for the cusps of I'g(/V). Then

h= Yo Ul M=>" Y (fg)lM.

MeTo(N)\ SL2(Z) s€P Melo(N)\ SL2(Z)
Moo=s

We can take P to be P = {1/d : d | N} and a set of representatives for the cosets of
I'o(N) in SLy(Z) that send oo to 1/d is given by MyT? where j =0,...,t4—1and ty = d’
is the width of 1/d (all of this follows easily from Proposition [2.12)). Therefore,

d'—1

h=> Y (f9)l2MT’.

dN j=0
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To obtain the constant Fourier coefficient of A we must therefore add the constant Fourier
coefficients of the functions (fg)|2MyT7. But the constant coefficient of (fg)|oMyT7 is
equal to that of (fg)|aMy for all j, so the constant coefficient of h is given by

S d - ((f9)laMa)(0) = d > [flkMa)(—)[gli M (@)
dIN dN  aclz
a>0

= 3 Ak Mal(—1/d) gl M) (1/d),

d|N

where in the last step we have used that f|,My € O(¢~ /). Letting by be the coefficient
of gl My at ¢*/? | we have thus shown that

ﬁ

0=> daghs= > &(My) D] carbg. (4.3)

d|N d|N | Da

5

We have described how to compute the coefficients by for a basis of Si/(I'o(N), xp) in
Subsection The resulting conditions are described in Appendix [B]

So far we have not used that we know the coefficient [Fy](0). In order to change this,
we let E' be the Eisenstein series of weight &’ for the dual Weil representation pj, as
described in Subsection 2.3.4l We let

h(r) = Z B\ (T)Fy(T),
yeD
i.e. h(7) is the inner product of E(7) and F(7) in C[D]. By the definition of the dual

representation, h is a modular form of weight 2 for SLo(Z). With the same argument as
before the constant coefficient of A must vanish. But this coefficient is given by

[Fo)(0)[Eo](0) + > caEaN(Da, 1)
dN

where Ey = [E,](1/d) for any v € Dy /q (this is well-defined because £ is symmetric)
and N(Dy, 1) is as in Proposition Inserting [Fp](0) = n — 2, [Ep](0) = 1 and the
values for E; given in Proposition yields

k1 L(k,)mk

Vme|D.| NF
el Del — 1, (4.4)

Z Ec,dCdN(Dd, 1)

k —2 By L(k,x) N® o /nD| T T
where be(2)
e = eV (edme)pe(~0) o= T -1 TT (1)
ple/me ple/me
pin n

and the remaining notation is as in Proposition [2.70]

Computing and solving the equations from cusp forms and the Eisenstein condition in
all of the remaining cases completes the proof. We have included a detailed computation
for one case in Appendix O
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Remark 4.4. That the constant coefficient of the function h in (4.2 vanishes for all
g € Sp(I'o(N), xp) is not only a necessary condition for the existence of f (and hence F)
but also sufficient (this can for example be seen by Serre duality; see [Bor99], Theorem
3.1). With the method described in the proof one can therefore obtain all symmetric
strongly-reflective modular forms F' without the restriction that [Fy](0) = n—2 by solving
the linear equations for all cusp forms. If one no longer requires the numbers ¢, to
be in {0,1} but in C one can classify all symmetric semi-reflective modular forms. This
is done in Appendix [B]

4.1.2. The Non-Symmetric Case

We now suppose that the strongly-reflective modular form F' with [Fp](0) = n — 2 is not
symmetric. We can no longer define c¢q by ¢, _;/q since this is not independent of the
choice of v € Dy 1/4. Instead, we let

éd = Z C’y,—l/d'

YE€Dg4,1/4

Of course the numbers ¢4 no longer determine the principal part of F'. However, they
determine the principal part of the symmetrization

1
o 2, "

c€Aut(D)

which is no longer reflective but still semi-reflective. Note that [Gp](0) = [Fp](0) =n — 2

and that 1

[Gv](_l/d) = méd

ford | N and v € Dg /4. If welet cq = ¢q/N(Dy, 1), then all the equations from the proof
of Theorem must still hold as these did not use that F' was strongly-reflective but
only that it was semi-reflective. The only difference is that we no longer have ¢; € {0, 1}.
However, we know that ¢ = ¢gN(Dg,1) is an integer satisfying 0 < é; < N(Dy, 1) and
that ¢q is even if d > 2 because F, = F_, for all v € D. We can now prove the following
result:

Theorem 4.5. Let L be an even lattice of squarefree level N and signature (n,2), n > 4
such that L splits II1 1 & II1 1(N) and let F' be a strongly-reflective modular form on
D = L'/L with [Fy](0) = n — 2. If F is not symmetric, then L and the numbers ¢q are
one of the following.

n | N L
ITo2(25Y) ¢ =0,60=2
0l o ITo2(25°) & =0,6=4
Io2(25°) é1=0,60 =
ITo2(25") ¢1=0,6 =16

70



4.1. Lattices Splitting Two Hyperbolic Planes

s | 3 I3 5(379) ¢1=0,¢3 =18
Ig2(377) ¢1=0,63 =54
3| Iga(37Y) é1=0,63=4
5| IHea(5° ¢ =0,é = 100
5 Il 5(25,3+4 ¢1=09=0,03 =6, = 60
5 ITs2(2,*37%) | & =6 =0,63 =18, = 180
s2(25*37%) | & =0, =2,¢3 =0, = 60
e 2(25°374) | & =0,60 =4, = 0,6 = 120
4| 14| Ma(252773) | 6 = 0,60 = 2,67 = 0,614 = 112

Proof. Note that N # 1 because F' is not symmetric. If IV is prime, the assertion is part
of [Sch17], Theorem 6.27. In the other cases the conditions coming from cusp forms for
I'o(N) and the Eisenstein series leave the following non-symmetric possibilities:

n| N L
II55(2537%) ¢1=0,60 = 3,63 =6, = 36
s | 6 II5.5(25,°37%) 1 =0,80="7,03=06,06 = 84
s 2(25%377) ¢ =1,60=3,63 =0, = 2268
5 2(25,°377) é1=1,60=7,¢3 =0, = 5292
¢l =0 =0, =6, = 60
s 5(25,'3%4) ¢1=0,80=1,83 =6, = 36
¢1=0,80=2,83=6,¢ = 12
Hon(2:43-9) Nél = 52~: 0, é?l: 18, 56~: 180
¢1=0,¢9 =2,¢3=24,¢6 =84
¢1=0,60=2,63 =0, = 60
6 ¢1=0,0p =3 =2,¢6 =48
g 2(25*37) fl =0 f2 =2 f3 =4 f6 =30
6 ¢1=0,¢9 =2,¢3 =06, =24
1 =08y =2,83=8,¢5 =12
1 =0,60=2,63=10,66 =0
¢1=0,60=4,63 =0, = 120
I65(25°37%) ¢1=0,80 =5, =6, = 66
¢1=0,8y=6,¢3 =12, = 12
I 5(25,5+9) é1=0,6 = 3,6 = 20,9 = 90
10 e »(2545+9) 5} =0, 6~2 =5, 6:5 = 200: 10 = 650
¢t =1, =3,¢5 =0,c190 = 1950
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6 II45(25*37%)

14 | Io(254773) ¢1=0,00=2,67=0,¢14 = 112
15 | II42(373573) ¢ =0,63=4,65=10,¢5=0
¢1 = 0,69 = 3,63 = 6,05 = 20,6 = 36
4 II4’2(2}|}43,35+3) C1 : C2 ) Cji ’ C5~ » C6 )
Cc10 — 90, Cl15 = 0, C30 — 360
¢ =6 =1,63 =8,8 = 20, = 30,
20 ¢10 = 100, é15 = 120, &30 = 360

Gr=1,60 = 2,63 = 4,6 = 10,66 = 24,
E10 = 80, &15 = 120, &30 = 720
G1=1,60=23,03 =05 = 0,0 = 18,
E10 = 60, é15 = 120, &30 = 1080

I, 5(2},*373573)

For these remaining cases we proceed as follows: Let v € D. Then F, is an element of
M (T1(N),x4). If g is a cusp form of weight k' = 14 n/2 and character x5 for T';(N),

then (similarly to h in (4.2))
h = > (Fyg)[2M

MEeT1(N)\ SLz(2)

is a weakly holomorphic modular form of weight 2 for SLo(Z), which we call the pairing
of F, with g. As described in the proof of Theorem the constant term in its Fourier
expansion must vanish. If we let P be a set of representatives for the cusps of I'i(N),

then we can write h as
=Y > (FgkM.

SEP MeTl'y(N)\ SL2(Z)
Moo s

Note that N > 2 in our cases. It then follows easily from Proposition that a set of
representatives for the cosets of I'1 (V) in SL2(Z) mapping co to the cusp a/c is given by
:I:Ma/ch where M, /. is any matrix in SLy(Z) mapping oo to a/c and j = 0,...,t. — 1,
where t. = N/(¢, N) is the width of a/c. Therefore,

te—1

=2 3 S (P, T

a/ceP j=0

The constant coefficient of ( 7g)|2Ma/CTJ equals that of (F,g)|]2M,/., so the constant
coefficient of h is given by the constant coefficient of

2 Z F |kMa/c (g|k’ a/c) (45)
a/ceP
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We see that we need the Fourier expansions of F, [, M, . and of g[x M, . for all a/c € P.
For F, these can be computed using Proposition [2.64} In the following g is always an eta
quotient, so its Fourier expansions can be computed with Proposition [2.38

We now apply this procedure to the remaining cases. We use the following notation:
For a positive divisor d of N we let

Mg ={v € Dgija:cy—-1/a=1}.

Furthermore, for 7 € D we define ag = |My N ~*|. If e is another positive divisor of

N, then we let Nél’e be the number of elements in M, that map to v under the natural
projection D = Dy ® D¢ — Dy.

e [fn=8and N =6, welet 8 € Dy;/5 and

91(1) = n(7)°n(27)*n(37)*n(67) "

This is a cusp form of weight k" = 5 and character x5 = x for I'; (6) by Propositions

and The group I'1(6) has four cusps, represented by s = 1/6,1/3,1/2
and 1/1. We choose the matrices

T S £ T L T £ I A B A
1/6—61, 1/3—34, 1/2_235 1/1—16-

With Proposition [2.64] we can compute
Fa|_3My 5 = Fg = cg 104~ "/* + O(¢"'?),

FalsMy s = (M, ) J‘,%j‘ S e(— (8, 1)e(—Q(B) Fisy
peD3

i

1 o 2 s 2\y, —1/2
=—€ c1g + (ag — (G2 — aj))q +0(1)
/‘D2‘ ( B B )
1 o 2 .\ .—1/2
= —€ ¢ + (2a53 —2) q +O(1),
Fg|l-3My /5 = §(My)3) \/— E
pneD?

\% |D 31 uep+Ds

= —leg—— (%,—1/2(1_1/2 + N§’6q‘1/6) +0(q'%),

\/W

\/7
Fﬂ|73M1/1 :f(M1/1 ﬁ Z
yGDl

Q(ﬁ))FBﬂt

= —l€g———

B? Q(B))Fﬁ'ﬂl
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1
_—iig e((8, F
/7|D| = ((ﬁ M)) H

1
= i—— (G1g7 4 (203 — é)q"? + E3¢7 3 + (245 — &) V) + 0(1).
B B

il

The Fourier expansions of g; at the cusps can be computed using Proposition [2.38
and are given by

g1lsMy 6 = g1 = n(7)°n(27)°n(37)*n(67) "
=q'"2+0(¢*?),

G115 M3 = —=n(r)on(r/2)*n(3r)2n(37/2)"!

2
= —%qm + gq +0(¢*?),
11532 = (o2 (e /3 n(2r /3)
= —i\f (42 = 247°) + 04,
152 = 10 2) (3 /6)
N

=i% (q1/3 4 g2 —945/6 — Sq) +O(g?).

Inserting these expansions into (4.5)) we find that the constant coefficient of the
pairing of Fjg with hq is up to a non-zero constant given by

V3 1 V3 i 2 - V3
<1 — 62|D3|> CB,—1/2 + <62 \/@ — m) (—301 + QCLB — CQ) — ﬁc&

Since this coefficient must vanish we obtain

-1
So 4 VIDs| ! (1 — Y ’D3’> Z3. (4.6)

2 9. ~
ag = 5C1 + 72T o G2 g V3

2
If we choose 8 € My (which we can do because ¢ # 0 in the remaining cases), then
we obtain a% =1 for all remaining lattices with n = 8 and N = 6.

Another cusp form of weight 5 and character x for I'1(6) is given by

g92(1) = (1) n(27) "*n(37)"n(67) .

The Fourier expansions of go at the cups can be computed similarly to those of g;.
The equation resulting from pairing Fjg with go is then given by

8 2,6

7 8 1
0=|1—-ea————] ¢ —1/2 — | €2 + 51+627N
( 3\/3|Dg|> wy ( Ny \/3|D|> 3/3IDs] *
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16 8

2 (22 -d) - ¢
3 3|D|( 5 %) 3./3D]

Solving for N§’6 yields

N2 :( — 3\/3|Ds| ) Co_1/2 +

+ €9

W(Q-i-m)

\/@ \/@ (2a3 — &) .

Letting 8 € M> and inserting a% = 1 and the other values gives a negative value

C3 + €2

for N g’ﬁ in the cases where n3 = 3, which is of course impossible. For the lattice
L = I1872(2?143*7) we obtain NE’G = 252 and for Ly = II&Q(QEGBJ) we obtain
NZ0 =0

5 =0.
We continue by letting o € Dg 16 and

g3(r) = n(7)°n(27)*n(37)°n(67) "

Then g3 is a cusp form of weight 5 and character X, for I'; (6) by Propositions m
and and we can compute the pairing of F, with g3 in the same way as the
pairings we have seen before. The resulting condition is

=it S S gy 2 (3 )
a,—1/6 T €2—F7==C3q —1/2 — 2) — —F— C3
VD3 [ \/IDI VID| VID|
(4.7)
For both L; and Lo there exists an a € Mg with 3ac ¢ My because
> NG < g
BeEM>
For such an a we can compute a2 using (4.6) because a2 = a%a. We obtain
3+ ¢
a2 = 5
for both L1 and Lo. Inserting this and the other known values into (4.7]) shows that
72v/3
0=1- V3

i.e. |D| =26-3° which is not the case. This completes the proof that the combi-
nation n = 8 and N = 6 cannot occur.

e [fn=06and N =06, welet € Dy;/p and

g1(r) = n(7)°n(27) "> n(37)n(67).
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Pairing Fjg with g yields

4

1 12
O0=14e—— €B,—1/2 + eg———=C1 + €2 (2@% — 52))
( |D3|> ( VD YIDs) (13)

1 4
N6

Y
VIDs| 7 /D]

We describe how this can be used to show that the case L = 11672(2;[43+4) with
¢2 = 1 cannot occur: There is an element, say 3, in Dy 19 \ Ms because

C3.

& =1<10= N(Dy,1).

Then a% is 1 or 0 depending on whether 3 is orthogonal to the element in M5 or not.
If it is O then NE’G must be —2 by (4.8]). This is impossible; hence a% =1, in which

case (4.8) yields N§’6 = 14. There are N(D2,1) — é = 9 elements in Dy /5 \ M.
It follows that the number ¢g of elements in Mg is at least 9 - 14 = 126, which is a
contradiction.

With a similar argument one can also eliminate all cases except those stated in the
proposition and the case L = 116,2(2;}63_4) with ¢ = 5. In this case we let 8 € Ms.

Then (4.8) gives
N3 =10a3 — 18. (4.9)

We can compute the pairing of Fjg with
g2(7) = n(7)*n(27)~*n(67)°

and obtain

1 1 . 1 - 1 2,6
O0=|e+ e+ (2% — &) | — e N
< \/1D31> <\/\D2\ 2V/1Ds 7 WDl )
1

245 — &) — ——G5.
18 \D|(aﬁ ) 3/]D] "

Inserting the values for L we see that
180a3 — 16N5* + 24 = 552

and with (4.9)) this becomes
10a3 + af = 132,

which is impossible because a% < é =5 and ag < ¢g = 66.

e Ifn=06and N =10, welet 8 € Dy;/p and
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which is in S4(I'1(N), x3) by Propositions and The congruence subgroup
I'1(10) has eight cusps, represented by 1/1,1/2,1/3,1/4,1/5,2/5,1/10 and 3/10.
Possible choices for M, . are therefore

1 9 1 2 1 3 11
M, = My = M,y = My = ,
1 (1 10) 1/2 (2 5) 1/3 (3 10) 1/4 (4 5)
11 2 3 1 0 3 9
M, s = My = My = Ma = .
1/5 (5 6) 2/5 <5 8) 1/10 <10 1> 3/10 (10 7)

As before we can compute the Fourier expansions of Fjs| oM, /. and g|4M,. for
these matrices to calculate the condition coming from pairing Fjg with g. This
condition turns out to be

2v/5 4/5 4 )
0= 2—627 05,,1/24- < — €9 > (2(%;—52).
( V |D5|> VID| VD2|
Therefore
2 2 1
ag = €2 1 CB,—1/2 + 562

In the cases that we are considering we have ¢ # N (D2, 1), so we can assume that
[ is not in Ms. Then a% = C2/2, so ¢2 must be even. But & is odd in all remaining
cases with n = 6 and N = 10, so these cannot occur.

If n = 4 and N = 6, then the only possible lattice is L = IT;2(2,*37%). We let
5 € D271/2 and

g1(r) = n(7)*n(37)°.
Then g; is is in S3(I'1(6), x3) and we can compute the pairing of Fjg with g1 in the
same way as before. The resulting condition is

4 4, 2 1 56 14 1.
0 = 5657_1/2 =+ gaﬁ — gCQ — §NB — §CL[B + ECG. (411)

If ¢, = 1, then é; = 0 and therefore ag and Ng’ﬁ must also be 0. Then

1

aj = 5 12 8L

which is not possible. Therefore, ¢; = 0 and consequently also a% =cg_1/2 =0.

— If ¢3 = ¢g = 4, then

2,6 _ 6
N,B —2—013

by (4.11)). Since N, 5’6 cannot be larger than ag (because every element in Mg
that projects to 8 under D = Dy & D3 — Dy is orthogonal to ) we must
have NE’G < 1. But NBQ’6 must be even (if a € Mg projects to /3, then so does

—a, which must also be in Mg because F,, = F_,). Therefore N 5’6 = 0. This
must hold for every 8 € Dy /9, which is only possible if ég = 0. This is a
contradiction.

77



4. Strongly-Reflective Automorphic Forms of Singular Weight

78

— If &3 = 2 and ¢ = 8, then we let v € M3. Note that then M3 = {£v}, so

Msn~yt =0, ie. ag = 0. The function

g2(7) = n(7)*n(27)*n(37)%n(67) ™"
is in S3(I'1(6),X~) and pairing F, with go yields

1 6
=2 — éa,y,
SO ag = 16. This is impossible because ag cannot be larger than cg.
If ¢35 =0 and ¢ = 12, then (4.11]) simplifies to

2,6 _ 6

Since N, 5’6 < ag and even as described before, it must be 0 or 2. There must

therefore be six elements f51,...,8s € Dy 1/ with N 6 = 2 and aﬁ = 4.
Moreover, each of these elements is orthogonal to itself and exactly one of the

others because
G- 3w
¥ED 1 /2NB+
for every 8 € Dy /5.
We continue by letting o € Dg 1 /6 and

g3(1) = n(7)""n(27)"*n(37) " *n(67),

which Propositions and show to be in S3(I'1(6),\). Pairing F, with

g3 yields

3
0=cq 16+ §N3%1 —1—2Mj, + NJS, (4.12)

where N3, is the number of elements in Mg N (4a)* that map to 3o under the
natural projection D = Do @ D3 — Do and M, Lf& is the number of elements in
Mg N (3a)t that map to 4a under D = Dy @ D3 — Ds.

Suppose there is an element § € D35/ such that 6+ 3 ¢ Mg for all 8 € Dy o,
i.e. such that N§’6 = 0. Then we let oy = ¢ + 31, with 31 as above. Note
that 4a; = 4, so both ¢, /6 and Njfl are 0. The same is true for Mzﬁn, SO
Ng& =2 /3 by , which is of course impossible.

There is therefore no § € D3 5/3 with Ng”ﬁ = 0. Since
|D372/3| — N(Dg, 2) - 12 == 66,

we must have N(?’G =1 for all § € Dj5/3; hence there is exactly one 8 € Dy /o
with 8+ d € Mg for every 0 € D3 /3. We let a € Mg. Then Ni’f =1 as just
explained, i.e. there is exactly one element in Mg that projects to 4o under
D — Ds. This element is «, which is orthogonal to 3c, so Mja = 1. Then

again N3, = 2/3 by (4.12), again giving a contradiction.
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o If n=4and N = 15, then L = II12(37357°) and é; = 4, so there exists an element
~v in Ms. We let

g9(r) = n(37)n(57)n(157) "2 € S5(I'1(15),X)-

There are 16 classes of cusps for I';(15), represented by

M5 = (

1112112341511

1 14 17 1 3 2 3
’M - ’M - 7M - )
15) 1/2 (2 15> 1/3 <3 10) 2/3 (3 5)

11 11 2 1 3 7
,M = ,M = 7M = )
45) 1/5 (5 6) 2/5 (5 3) 3/ (5 12)
A O N AT
9 ) 1/6 - 6 25 ) 5/6 - 6 5 ) 1/7 - 7 15 P

O I A T O A T A
15 1) 7Y 15 g) WY T 15 4) T T V15 13)

As before we compute the Fourier expansions of Fy|_1M,/. and g|3M,,. and the
pairing of F, with g. The resulting condition is

28 216 <3 ; 1~> 36
=4 —¢ - —ay — =C3 | — ¢
°5\5Ds] 5/15D|\2 " 2°)  \/15D]

36 (3 51 >
_ 36 (Bas 1o )
5 /15D \2 " 27

which in our case simplifies to

which is impossible because a

376 36

T 125 125

3

5 must be an integer.

e Forn=4and N =30 we let 3 € Dy 1/, and

g(m) =

n(7)*n(27) " n(57)*n(67)n(107)n(157)n(307) " € S3(I'1(30), x4)-

There are 32 classes of cusps for I'1(30), so the computation of the Fourier expan-
sions of Fz and g becomes quite tedious. In the end the pairing of F and g leads

to

0_<4—

8v/5 4y/15 8v/5 815 \ . 16V15_
€5 + 6/37_1/2 — | € + Cs + ——cC3
5v/|Ds|  5+/|Dss| 5v/1Dw|  5v/1D] 5v/|D|
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(205 — &)

— €5 + €5 + Cl— —F/—
VID2| /D] /1Dl 54/ID] 5/|D]
N < 8v/15 24/5 > (2&2 44/15 N26 44/15 N210

_< 8 8v/3 8v/5 24\/ﬁ>~ 8v/15

e ) — —Y2 N26
5vD] 5D e 5D ©  5/|Dis| ©

Suppose L = II4,2(2E43*35+3). Since ¢o = 3 # 0, we can let 8 € My. Then the
lengthy expression simplifies to

33 1 1 1
2 2,10 2,6 6

Note that NE’G is at most equal to the number of elements in Dj 53, i.e.
2,6
Ng" < N(Ds,2) = 12.

Moreover, ag < ¢é¢ = 36. Therefore, shows that a% is at least 3. Since
a% < ¢9 = 3, we must in fact have a% = 3. This holds for any 8 € Ms, so the three
elements in Ms must be pairwise orthogonal. However, one easily checks that it is
not possible to choose three pairwise orthogonal elements v with ord(y) = 2 and
Q(v) = 1/2+Z in 2};*. Therefore, this case cannot occur. A similar argument also
works in the other remaining cases with N = 30. O

Theorem 4.6. Let L be an even lattice of squarefree level N and signature (n,2), n > 4
such that L splits II; ;I 1(N). Let F be a strongly-reflective modular form on D = L' /L
with [Fpl(0) = n — 2. If F is not symmetric, then there exists an isotropic subgroup
H C D such that F is the lift Fy of a symmetric strongly-reflective modular form Fy for
Dy = HY/H on H. The function Fy satisfies [(Fp)o](0) = n — 2.

Proof. We prove this separately for the cases from Theorem If the level N is prime,
then this follows from [Sch17], Theorem 6.27, so we can assume that N is 6 or 14.

e Suppose the level N is 6. If ¢o > 0, then L = 116,2(2;;”23_4) for ny = 4 or ny = 6.
Let 8 € Ms. Since ¢ = é3 = 0 and & = 2"2/271 ([d.8) states that

26 _ 80 4
Ng" = 2n2/2a5 —10.
Furthermore, we also have
1
n26 = 90 o 630

B T a2 B T G2 8
because of (4.10). These two conditions together yield

8
N3® =150 — a2 05 2 30

B na/
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because ag < & = 30-2"2/271 Ag there are only N(Ds,2) = 30 elements in D353,

it follows that N ;’6 = 30 and therefore a% = ¢y and a% = (g, i.e. the elements in
My are pairwise orthogonal and

Mg = Mo + D372/3. (4.14)

Let H be the set of isotropic elements in Dy that are orthogonal to Mo, i.e.
H = Dy My

Let 8 € My and p € H. Then § + p is obviously in Dy 1/, but it is also in Ma;
otherwise gives Néfu = 20, which contradicts . Therefore 5+ H C Ms.
But the other inclusion My C B+ H also holds: Let 3 € Ms. Then 3’ — 3 is isotropic
(because 8’ and B are orthogonal) and in Mj- (because 3 and j are). Now that
we have shown that My = § + H we prove that H is a group: Let puj, o € H and
write g1 = B1 — B and pg = B2 — 8 with 81,82 € Ma. Then py — pg = 81 — B2 is
isotropic and orthogonal to My and hence in H. On Dy = H+/H = 2;}23*4 there
is a symmetric strongly-reflective modular form Fg with [(Ff)o](0) = 4 (see Table
, which can be lifted on H. It is easy to see that the principal parts of Fy and
F' coincide, so F' = Fy.

If é¢3 > 0, then L = 11672(21_14363”3) where esng = +4 or —6, ¢5 = 2 - 3"3/271 and
&6 = 20-3"/271 Let v € Mj3. The function 1(7)® is in S4(T'1(6), %) by Propositions
and and the pairing of F, with n(7)® results in the condition

0 1+e 2z c € i + 6 <3a3 16 ) (4.15)
— 2 _ —_ 2 by - ZC3 ), .
VDol ) VIDs| VDl ) \2™ 2

which in our case simplifies to af’/ = 0, i.e. no two elements in M3 are orthogonal.

Next we compute the pairing of F, with

n(r) " 'n(27)?n(37)*n(67) % € S4(I'1(6),%7)

and obtain

1 9 9 9 3 1

0=(1-e——w c,_1/3+< — € >61—(a3—53>

( 4 |D2|> ! VID[ T V/IDs] 44/ID|\2 7 2
3 36 1 9

- ——— | a5 — =G | — ——=¢Ca,
1/1D] <2” 26) 2./|Da]

which shows that in our case a
0 € D3 /3 and pairing Fs with

2 = Cg, i.e M3 1 Mg. We continue by letting

n(7)"n(2r) "' (37) Pn(67)° € S4(T'1(6), X5).
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82

This yields

0 <e ! ><1SE+ i <3a3 15))
= 2 — 1 a5 — 35€3
V |D2| V |D3| V |D3| 2 2 (416)
€ 1 3,6 9 g
A ——=C2.
VD VID|

Ny»© +

If N?’G % 0, then ag’ = ¢3 because M3 L Mg. In this case shows that
N(?’G = 10. This proves that there are ¢¢/10 = ¢3 elements § € D3 /3 with Ng’ﬁ =10
and that N?’G = 0 for the remaining § € D33/3. We let H be the set of isotropic
elements in D3N M3L and let v € M3 and p € H. Then v+ p is obviously in Dj 13
and M3 N (y+p)t = 0. Applying to v + p shows that this is only possible if
v+ p € Ms. Therefore, M3+ H C M3. We now want to show that this is actually
an equality of sets: Let 71,72 € M3. Since these are not orthogonal, exactly one
of v1 4+ 2 and 1 — s is isotropic. By replacing «o with —~5 if necessary, we can
assume that u = v, — ¥ is isotropic. The pairing of u with

n(7)*n(27)*n(37)*n(67)* € S4(I'1(6))

can be computed as usual and gives

0:(62 ! - ! )61—}— < L — €9 ! > <36L3—153>
VIDs| /D] 3vID]  3y/IDs[ ) \2 " 2
1 3¢ 1. |
" 6D (2% - 2C6> + PWITN @@,

which, using that p € Mé, results in ai =cC3,l.e. u € M3L This proves that p € H

and that M3 = +v 4+ H for any v € M3. Next we show that
Mg = +6 + D271/2 + H,

where § is any element in Dj /3 with N(‘;”G = 10: Note that both sides have the
same size because |Dj /5| = N(D2,1) =10 and |H| = %53 = 373/2=1 Tt therefore
suffices to show that the right hand side is contained in the left. We let S be the set
of elements § € D3 /3 with N§”6 = 10. Since \D271/2| = N?’ﬁ, we only have to show
that £6+H C S. Let u € H. We have seen that Ms = v+ H for v € M3, so every
element in H is the sum of two elements in M3. Since M3 is orthogonal to Mg, this
shows that H C ]\/[6L7 so in particular pu € MGL. Therefore, p and § are orthogonal
and Q(£d+p) =2/3+Z for all § € S. By definition, u is also orthogonal to M3, so
that 40 + p is orthogonal to Ms. We can then use to see that Niﬁ_# = 10,
so +d + p is in S, which is what we wanted to show. Finally we prove that H is
a group: Let ui,ue € H. Then obviously u; — ps € Mgl, so we only have to show
that pu; — po is isotropic. Suppose it is not. Then Q(u1 — p2) is 1/3+Z or 2/3 + Z.

By replacing ua with —pug if necessary, we can assume that Q(u1 — u2) = 2/3 + Z.
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Then shows that p is in S and therefore not in Mg-, which is impossible
because H C MﬁL. Therefore 113 — po is isotropic and hence in H and H is indeed a
group. That F must then be a lift of a symmetric strongly-reflective modular form
on Dy = H*/H can be seen as in the case with é > 0.

o If N = 14, then L = II;5(2};*773) and é = 2, so we can let 3 € M. The pairing
of Fg with
g1(1) = n(7)°n(77) € S3(T'1(14), x5)
is computed as usual and yields
-3 VT +6 VT
VIDrl V1D

which in our case simplifies to a% = 2, i.e. the two elements in My are orthogonal.
We can also pair Fg with

g2() = ()0 (27) n(77)*n(147) 7" € S3(T1(14), xp)

(Qa% — é2),

1
0=3—6—x(20% — &)
Do 7

and obtain
37 3 37 5 3VT

0=(3+ — C3,—1/2 — + 2a —C2) — —F—=C7

( Ww) Y (4 D] 4 rD|>( ) D)

( 21 21\ﬁ>~ 3v/7

+ c1 —
4V/ID2| - 4/|D] 41D

(2af' — é14) .

Inserting the known values yields a%{l = 112 = ¢4, i.e. B is orthogonal to Mi4.
Since this holds for both 8 € M, we obtain My | Mjy. There are exactly 112
elements in Dyy /14 that are orthogonal to My, namely those in My + D7 4/7. Let
H = {0, f1 — B2}, where 51 and [, are the two elements in M. Then My = 1 + H
and M4 = 1+ H + Dy 4/7. As in the previous cases, it then follows that F' is the lift
of the unique symmetric strongly-reflective modular form Fg with [(Fg)o](0) = 2
on Dy = H+/H. O

This has the following consequence for strongly-reflective automorphic forms of singular
weight:

Corollary 4.7. Let L be an even lattice of signature (n,2),n > 4 and squarefree level N
that splits II1 1 ® 111 1(N) and ¥ a strongly-reflective automorphic form of singular weight
for the discriminant kernel I'r,. Then the function ¥ can be identified with V(Fp 1y (n),f,0)
with f one of the functions from Table[[.1. In particular, ¥ can be realized as the theta
lift of a symmetric form F.

Proof. By Proposition the function ¥ is of the form ¥ = W(F) for some vector-
valued modular form F', which must be strongly-reflective because of Proposition |3.19
For symmetric F' the result follows from Theorem If F' is not symmetric, then
Theorem shows that F' is the lift of a symmetric strongly-reflective form Fp; on some
smaller discriminant form Dy = H+/H. In all cases Dy can be realized as N'/N for
some suitable sublattice N C L as described at the end of Section 3.1]and ¥ can therefore
be identified with (Fy;) by Proposition [3.16] O
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4.2. New Strongly-Reflective Automorphic Forms of Singular
Weight

In the previous section we have seen that if the lattice L has squarefree level N and splits
II11 @ II, 1(N), then as functions on the corresponding set Kt all strongly-reflective
automorphic forms of singular weight for the discriminant kernel I'y, can be constructed
from the Leech lattice as described at the beginning of the previous section. If L is no
longer required to split II1 1 @ II;1(N), then there are examples of strongly-reflective
automorphic products of singular weight that are not of this form. If N is prime, such
examples can be found in [Schi7].

In this section we construct strongly-reflective modular forms F' with [Fp](0) = n—2. In
all cases the underlying lattice L is an even lattice of signature (n,2), with 4 < n < 8 and
level 6 that splits II; 1(6) but not II; ;. The corresponding automorphic product ¥(F) is
then a strongly-reflective automorphic form of singular weight. To the best knowledge of
the author these do not yet appear in the literature.

4.2.1. n=8

If n = 8, then we build one new strongly-reflective automorphic form of singular weight.
For the construction we need the following lemma:

Lemma 4.8. Let D be the discriminant form with Jordan symbol 2;110. Up to automor-
phisms of D there is exactly one set S C Ag with |S| = 66 and

46 if~y e S,
‘Sﬁ’yL‘: 30 ifye Ag\ S,
34 ifQ(y) =0+4+7Z and v # 0.

Proof. The discriminant form D is the orthogonal sum of five copies of 21}2. Let 8; and
Bl with
Q(Bi) =Q(B;) = (B, B) =1/2+Z

be generators of the i-th copy. We then let S be the smallest set that contains the
elements

/817517 327557 Bl + 62 + 637/84761/17 657/8é7/81 + 5:/3 + 547 B?) + 64 + 65

and that is closed under taking sums of two non-orthogonal elements. It is easy to
explicitly determine all elements of S and to check that S has the desired properties.
We now want to show the uniqueness of .S up to automorphisms of D: Suppose S; and
So are two sets with the properties stated in the proposition and let v; € S1. Since S;
has exactly 46 elements orthogonal to 71, there must be a vo € S; with (y1,72) = 1/24+Z.
Then 71, 2 span a discriminant form isomorphic to 2;12 and their orthogonal complement
A in D is isomorphic to 2};°. With the same argument there exist 7},7, € So with
(V4,7%) = 1/2 + Z and orthogonal complement A’ isomorphic to 2/°. Let ¢ be any
isomorphism from A to A’. We can extend o to an automorphism of D by defining
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o(y1) = v and o(v2) = v5. We can therefore assume that v; = ] and 2 = 5. Then of
course A = A’. For each pair a = (a1, az) € F3 we denote by z, the number of elements
B € S1 which project to aiy1 + az2y2 under the projection

D= (y1,72) ®A—= (71,72)
(a, B) — av.

An element 8 € D is orthogonal to ~; if and only if it projects to 0 or to ;. As v is
orthogonal to exactly 46 elements in Sy, it follows that

(0,0) T Z(,0) = 40.
By replacing v; with 0,2 and v; + 72, one similarly obtains

.%'(070) + 1’(071) + l’(Lo) + ZE’(171) = 66
T(0,0) T T(0,1) = 46

o 46 if y1 + 2 € S,
(0,0) 1.1 = 30 otherwise.

The only solution to these four equations is

~](36,10,10,10) if 41 + 2 € S,

(#00) Z0 1) %10 %1.0) = (28,18,18,2)  otherwise.

We see that S1 N A has at least 28 elements. It is not possible to find 28 pairwise
orthogonal elements v with ord(y) = 2 and Q(y) = 1/2 + Z in 2}®. Therefore, there
are elements 3 and 4 with (v3,74) = 1/2+Z in S; N A . The orthogonal complement
B of {73,74} in A is then isomorphic to 21_16. Replacing S; by S2, we also obtain ~4
and vy with (74,74) = 1/2+4+ Z in Sy N A with orthogonal complement B’ in A. With
the argument already used for v; and 72, we can assume that v3 = 4, 74 = 74 and
B = B’. The set B is the orthogonal complement of {v1,...,74} in D. For each 4-tuple
a = (a1,as,a3,a4) € F3 we now denote by x, the number of elements 3 € S; that project
to a1y1 + ...+ aqy4 under the projection

D={(y,....,m)®B = (7,...,7)
(a, B) = a

This time we obtain 16 linear equations from the cardinalities of the sets S; N~ for
v € (Y1 ...,7), with the right hand side depending on which of v; + 2 and 3 + 4 are
in S1. The unique solution of these equations is a vector of non-negative integers only if
both 1 + 72 and ~3 + 74 are in S;. In this case the solution is given by

15 ifa=(0,0,0,0),
Ta = L(ay,az2,a3,a4) — 7 if Q(af}/l +.oo+ CL4’74) = 1/2 + Z, (417)
1 otherwise.
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We remark that, as y; and 2 were arbitrary non-orthogonal elements in S1 and 1 + 7o
must be in 57, the set S7 must be closed under taking the sum of two non-orthogonal
elements.

We observe that implies that there is exactly one element p € S that projects
to y1 + 3. We let 75 = 71 + 73 + ¢ € B and choose an element 74 € B such that
Q(v6) = (75,76) = 1/2 + Z. We do the same for Sy, obtain elements 74 and 4 and
can assume that 5 = v; and 6 = 74 with the argument that we have already used
for v; and 72 and for v3 and ~4. Since S; and Ss are closed under sums to two non-
orthogonal elements, all elements of the form p; + g + 75 with ug € {y1,v2,71 +72} and
w2 € {v3,74,73 + 4} must be in both S; and Ss. This gives nine elements in S N So.
Together with the six elements 71, v2, 73,74, 71 + V2,73 + 74 we have found 15 elements
that are in S; N S2. Also note that neither v1 + 3 + v nor 1 + v3 + 5 + v6 are in
S1 or in Sy, as there is only one element in S; and S that projects to 1 + 73, namely
W =71+ 73 + 5. Using that S; and S5 are closed under sums of two non-orthogonal
elements we find that also none of g, 75 + 6, 1 + p2 + Y6 and py + p2 + v5 + Y6 (with
u1 and po as before) are in Sy or Ss.

Let C' be the orthogonal complement of {71,...,7} in D. Then C is isomorphic to
2}}4. For each 6-tuple a = (a1, ...,as) € F§ we let x, be the number of elements 8 € S
that project to a1y1 + ... + agvye under the projection

D={(1,...,7%) ®C = (71,-..,7%)
(o, B) = a.

This time we get 64 linear equations with the right hand side depending on whether 5
is in Sp or not. The solution has non-negative integral coordinates if and only if 5 ¢ Sj.
In this case

if a = (0,...,0),
if ag =1 and Q(a1y1 + ...+ agvs) =0+ Z,
if a = (0,0,0,0,1,0),
if ag = 0,a # (0,0,0,0,1,0) and
Qlaim + ... +aev) = 1/2 + Z,
0 otherwise.

Lag = x(al,...,ag) - (418)

_= O W O

Of course, replacing S7 by Sy gives the same solution for x,. There are three elements
in 57 that project to 71 + v5. Let p be one of them and let v7 = v1 + v + p € C.
Similarly we let u’ be one of the three elements in So that projects to v + 76 and let
v, =+ + 1 € C. Let 43 and ~g be elements in C' with

Q(s) = Q) = (71,78) = (V7 78) = 1/2 + Z.
As before, by applying an appropriate automorphism of C' we can assume that v; = 4

and yg = 5. Note that there are six elements v with Q(v) = 1/2+ Z in C and that all
of them must be in S1 NSy by (4.18). The elements 77, ~vg and 7 + g are such elements.
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Since S7 is closed under sums of two non-orthogonal elements, the three elements in Sy
that project to v1 + ¢ are

Y1+ + 7,71 + %6 + s and y1 + 6 + 77 + 8

and the same is true for Sy. The discriminant form C contains 10 elements a of norm
0 + Z. For nine of them ~5 + « is in 57 because of . Since we already know that
5 ¢ S1, the only such a with 5+« ¢ S is @ = 0 and the same is true if we replace S; by
S5. The smallest set S containing all of the elements in S; NSy that we have found so far
and that is also closed under sums of two non-orthogonal elements contains 66 elements,
so S = Sl = Sg. ]

Proposition 4.9. Let L = II32(2;'°37°) and D = L'/L. Let S C D3 be a subset as in
the previous lemma and let

g1 = n(r)*n(2r)~Sn(3r) " tn(6r)
n(2r)~tn(3r) Sn(6m)",

Then

1
F = Fpro).60 + 6FDro).600 + 5 2 FDri@).51 4
yES

is a strongly-reflective modular form with [Fy](0) = 6 on D. Its principal part is given by
My ={0}, My=1S, Msz=Dsy/3, Ms= M+ Dsy/s.

Proof. The functions g; and g are weakly holomorphic modular forms of weight —3 and
character xp = (3) for T'y(6) by Propositions and and f1 is a weakly holomor-
phic modular form of weight —3 and character x(b) = e(b/2) for I'1(6) by Propositions
and Both I'g(6) and I';(6) have four cusps, represented by 1/6,1/3,1/2 and

1/1. We let
1 0 1 1 1 1 1 5
MGZ aM3: 7M2: 7M1:
6 1 3 4 2 3 1 6

and compute the Fourier expansions of gi|_3M,, g2|-3M. and f1|_3M, for all ¢ | N using
Proposition and obtain

g1l—sMs = n(7)*n(27)Pn3r) " n(6r) ' = ¢ =4+ O(q),

g1l—sMs = —8n(7)*n(7/2)~*n(37) "*n(37/2)"" = —8¢~/2 + 40+ O(¢"/?),

g1]-3Ma = —9V/3in(r) n(27) Pn(r/3) " n(2r/3) " = ~9V3i (g7 + 4) + O(g'V?),
gil—sMy = —72V/3in(7)*n(r/2) Pn(r/3) " *n(r/6) " = —72V/3i + O(¢"/°),

g2|—3Ms = n(7)"'n(27) " *n(37)"Pn(67)! = 1+ O(q),
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g2|-3Mz = n(r)~'n(7/2)"*n(3r) n(37/2)* = ¢7* + 4+ O(¢'/?),
gal-Ma = V3in(r) "' n(2r) n(r/3)Pn(2r /3) = V3i (a7 + 5) + 0/,

gal s M1 = —V/3in(r) " n(r/2) " n(r /3) P /6)* = —V3i (a1 = 4) + 0(¢"%),

fil-3Ms = n(7)"*n(3r) " = ¢/ + 0(¢'/?),
fil-aMs = () "*n(3r) 7 = ¢ '/ + 0(¢'/?),
Jil-sM> = 3v/3in(r) *n(r/3)~* = 3v/3ig ™/ + 0(¢"/°),
fil—sMy = 3V3in(7) n(7/3)7 = 3v3ig~ /% + O(¢"/).

T)”
7)™

With these Fourier expansions at hand we can now compute F'p 1 (6),g1,00 £D,1(6),g2,0 and

Fpr,(6)f,y for v € Dy 1/ using the formulas (2.6) and (2.7)).
We explain the computation of Fpr, ), in more detail: To simplify notation, let

G = Fpr,(6),11,y- As explained in Subsection we can write

92,

G =Gg+Gs+ Gy + Gy

with

Ge = (M) J%’ ST e(b(r,7)e( Q) (fil-3Me) - (T) (e +e-p).
neY+Dos

The root of unity (M ') (see Theorem [2.53)) is given by

1 if c =6,
MY ={-1 ife=3,
7 ife=2orc=1.

Therefore,
Go(r) = ((1)>n(37)72) | (ey + ey) -

But note that v = —v and that n(7) 31(37) ™3 has a Fourier expansion in odd powers of
¢'/? and that therefore

(n(r)~*n(37)72), 5 = 0(7)>n(37) 7>,

so that

Similarly,
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=0 > ) a3 e

HED3 1 /2

In the same way we obtain

Ga(r)=2 Y () *n(r/3)"*) quuen

neY+D3

and

G=y X ) gy

HED3 1/2+D3

For an element y € D we can now compute the Fourier expansions of G, by collecting
all the corresponding summands from G1, Ga, G3 and Gg. We obtain

a2+ 0(¢"?) if p =1,

se(ug 2+ 0(¢"?)  if e Dy \ {7},

Gy = 1@7(‘771/6 + O(q5/6) if p € v+ D33,
se(u)g 5+ 0(¢°%) if € Dyyjo \ {7} + D323,
0(q"/%) otherwise.

Now that we have computed Fpr,(6),7,,4, it Is easy to compute

H = Z FD7F1(6)7f17’Y'
veS

For example, if u € S, then p is orthogonal to 45 elements in S\ {u} and is not orthogonal
to 20 elements in S. Therefore,

17 _ 1 _ -1
Hy=—<q 2 +45-2q7 2 420 =77+ 0(¢"?)

21 _
= =40 ),

For the other elements ;1 € D we can compute H, in the same way and obtain

%q_l/Q +0(¢"? ifpes,

—3¢712 4 0(¢"?)  if € Dyypp\ S,

H, = %qa/a + 0% ifpeS+ D353,
_%q*1/6+0(q5/6) if ue (D2,1/2\S) + D323
O(ql/ﬁ) otherwise.
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4. Strongly-Reflective Automorphic Forms of Singular Weight

The components of Fp r6),g,,0 and Fp 1y (6),9,,0 can be computed similarly using (12.6]).

One obtains

¢ +12+0(g)  ifp=0,
4+ 0(q) if 4 € Dy,
3072+ 0("?) i pe Dy,
(FD,ro(6).91,0)1 = % +0(q) if € Dso,
3071/ + O(¢*7) i pe Dy
% +0(q) if 4 € D¢,
O(q" /6) otherwise
and
~1+0(q) itp=0,
~L40(g) if € Doy,
—15q 2+ 0(¢"?)  if p€ Doy,
(F ), =11t 0w if 1 € Ds,
D,T'0(6),92,0 /) 1t _%q—l/?) + O(q2/3) if ne D3,1/3a
_1712 +0(q) if u € Dgyp,
éqfl/ﬁ + O(q5/6) if u e D6,1/6a
O (ql/ﬁ) otherwise.

Therefore, the components F), of

1
F = Fp )60 + 6FDro).0:0 + 5 2 FDri6).514

yES
are given by
(¢ 1 +6+0(q) ifpu=0,
24+ 0(q) if o € Do,
g2+ 0(¢"?) ifpes,
= 3 41 O(q) if 4 € D3,
a3+ 0*?) ifpue D3 13,
1+ 0(q) if 4 € D¢,
¢+ 0(*%)  ifpe S+ Dyys,
O(q"/%) otherwise.

\

In particular, F' is strongly-reflective with principal part as claimed and [Fp](0) = 6.

4.2.2. n=6

In this subsection we need the following eta quotients:

91(1) = n(7)*n(27) > n(37)n(67),
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g2(7) = n(7)~*n(27)*n(37) " *n(67)>%,
g3() = n(m) " "n(27)°n(3r)°n(67) "7,
94(r) = n(T)n(2r)n(37) " >n(67) 2,
fi(r) = n(r)*n(27) " n(37)~"n(67),
fa(T) = n(r) " n(2r)n(37)*n(67) 2,
f3() = ()" *n(2r)~?n(37) n(67)

The following propositions can be proven similarly to Proposition .9}

Proposition 4.10. Let L = II5(2;°372) and D = L'/L. Let v € Dy 5. Then

1
F'=3Fpre©),910 T 5ED11(6). 127
is a strongly-reflective modular form with [Fy|(0) = 4 on D. Its principal part is given by
My =0, My={y}, My=Ds,3, Ms=7"0(Da1js\{7})+ Dszs.

Proposition 4.11. Let L = II2(2;°375) and D = L'/L. Let v € Dy 5. Then

F = Fp rq6),0,0 — %FD,Fl(G),fl,'y
is a strongly-reflective modular form with [Fy|(0) = 4 on D. Its principal part is given by
My ={0}, My=~"0 (D12 \{7}), Ms=0, Mg ="+ Dsz3.
Proposition 4.12. Let L = I1672(2?123+6) and D = L'/L. Let y1,...,7v be siz pairwise

orthogonal elements in D3 /3. Then

6
3
F = 4FD,FO(6),92,0 + 1 Z FD,F1(6),f3m
i=1

is a strongly-reflective modular form with [Fy|(0) = 4 on D. Its principal part is given by
My =0, My = Dyy/5, Mz ==4{y1,...,76}, Me= Doyjo+{£vit7;:1<1i<j<6}.

Proposition 4.13. Let L = 11672(2}}63%) and D = L'/L. Let y1,...,7v be siz pairwise
orthogonal elements in D3 5/3. Then

6 6
3 3
F = Fpro©.m0+ 5 D For@ oy T3 D Forue).fen—,
= =
Zi]<j Zi]<j

is a strongly-reflective modular form with [Fy|(0) = 4 on D. Its principal part is given by

M, ={0}, Ma=0, Mz ={tvy;t~;:1<i<j<6}, M6:D2’1/2:i:{’yl,...,’yg}.
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4.2.3. n=4

For n = 4 we need the following eta quotients:

g1() = n(m)~°n(27)’n(3r)*n(67) ",
fi(r) =n(27)’n(37) " *n(67) ",
fa(7) = n(T)n(2r) *n(37)n(67) 2,
f3() = n(r)*n(27) " n(37) " *n(67)?,
fa(r) = n(r)*n(27)"n(37)*n(67) ",
f5() = n(7)*n(27)n(37) " *n(67),
fo() = n(T) " Tn(2r) n(37) n(67) "

Again, the proofs of the following propositions are similar to the proof of Proposition [4.9

Proposition 4.14. Let L = II472(2;}43+3) and D = L'/L. Let 81 and B2 be two orthog-
onal elements in Dy /5. Then

1 1 1
F=3Fprie).nm T 3EDri6).0.6: ~ 5ED116).42,6:

is a strongly-reflective modular form with [Fo](0) =2 on D. Its principal part is given by
My =0, My = {1}, M3 =0, Mg={B2} + D32/
Proposition 4.15. Let L = H472(2;I63_3) and D = L'/L. Let 3 € Dy /5. Then

F= %FD,Fl(ﬁm,ﬁ
is a strongly-reflective modular form with [Fo](0) = 2 on D. Its principal part is given by
M, =0, My={B}, Mz =0, Mg ={B}+ Dss.
Proposition 4.16. Let L = I145(2},?37%) and D = L'/L. Let 61,...,04 € D343 and

v € Ds31/3 such that these five elements are pairwise orthogonal. Then

4

1 1

F=5Fprie).my~ 5 > Forie) s
i=1

is a strongly-reflective modular form with [Fo](0) = 2 on D. Its principal part is given by
My =0, My =10, My ={+v}, Mg = Do)+ {01,...,04}.

Proposition 4.17. Let L = II;5(25*3%°) and D = L'/L. Let v1,...,74 € D33 and

0 € D3 /3 such that these five elements are pairwise orthogonal. Then

4
1
F = Fpr,@). a6 T 5 2 FoL10). 410
i=1

is a strongly-reflective modular form with [Fu](0) = 2 on D. Its principal part is given by
My =0, My =0, Mz =+{m,...,74}, Mg = Dy15+ {£6}.
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Proposition 4.18. Let L = II4,2(21_163+5) and D = L'/L. Let vy1,...,74 € D313 and
0 € D35/3 such that these five elements are pairwise orthogonal. Define

Y5 =1+ Y2 + 73+ Y4,
Y6 =Y1— Y2+ Y3 — V4,
YT =71+ Y2 — 73— V4,
Y8 =71 =72 — Y3+ V4.

Then
8

1
F=2Fpr,e).st 3 Z Fpri6).fami
=1

is a strongly-reflective vector-valued modular form with [Fyl(0) = 2 on D. Its principal
part is given by

My =0, My =0, M3 ==+{m,...,78}, Mg = Dyy/o+ {F5}.

Proposition 4.19. Let L = II;5(2;;°3"°) and D = L'/L. Let y,...,74 € D313 and
0 € D3o/3 such that these five elements are pairwise orthogonal and let B € Doy /5. Then

4
1 1
F= _FD7F1(6)7f57/3+5 + §FD7F1(6)J2»5 + FD,Fl(G),f?),(s + 5 Z FD,F1(6)7f47%‘
=1

is a strongly-reflective vector-valued modular form with [Fyl(0) =2 on D. We define sets
X andY by X = D39/3N 5t andY = (D271/2 N BL)\{B}. Then the principal part of F

is given by
My =0, My = {8}, My =+{m...,vb Mo = ({8} + X)U(Y +{=5}).

For the construction of the last strongly-reflective modular form in this section we need
two lemmas:

Lemma 4.20. Let D be the discriminant form with Jordan symbol 37> and ~y € D3 13-
The set S = D3 9/3MN vt contains 24 elements and can be written as

S =51USUS;s,

where each S; is of the form
S = {%01,..., 104}

with 6; L 0; for i # j. Moreover, there are 48 elements in D3 5/3 that are not orthogonal
to 7.

Proof. Note that DN~ is isomorphic to the discriminant form with Jordan symbol 374
This has 24 elements v with ord(y) = 3 and Q(v) = 2/3 + Z by Proposition and is
the orthogonal sum of four copies of 37!, each of which is generated by an element v with
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4. Strongly-Reflective Automorphic Forms of Singular Weight

ord(y) = 3 and Q() = 2/3+Z. Let d1,...,0d4 be the generators of these four copies. We
can then take

S1=+{d1,...,04},
So = {01 + 92 + 03 + 04,01 + d2 — 03 — 04,01 — 02 + 03 — 04,01 — 92 — 03 + 04},
53::i:{(51+52+(53—54,51+52—53-}-(54,51—52+53+54,(51—52—53—(54}.

Finally, Dj35/3 has 72 elements by Proposition so 72 — 24 = 48 of them are not
orthogonal to 7. O

Lemma 4.21. Let D be the discriminant form with Jordan symbol 2;}4 and let 8 € Dy 1 /5.
Then ’D271/2 M 5J_‘ =4.

Proof. The proof is similar to the one of the previous lemma. O

Proposition 4.22. Let L = IT;2(2,*37%) and D = L' /L. Let~y € Ds 13 and B € Dy /o.
Write

D372/3 N ’yL =51US5 US;
as in Lemma and let X be the set of elements in D3 o/3 that are not orthogonal to
v. Let B1, B2 and B3 be the three elements in Dy 19 that are orthogonal to but different
from B and let Y be the set of elements in Dy 15 that are not orthogonal to B. Then

1 1
F=Fpr,).fac T 5FD016).128 + 10FD10(6).010 — 35 D FDI1(0).f5.540
peX
5 1
=52 2 Foriusto+ g D D Fori©). 6040

HEY peX i=16€S;

is a strongly-reflective modular form with [Fy)(0) = 2 on D. Its principal part is given by

My =0, My ={B8}, M3 ==+{v}, Mg={B}+ <D3,2/3 N VL) -

4.3. Fourier Expansions of V(F)

We want to compute the Fourier expansions of the automorphic product W(F') for the
vector-valued modular form F' from Proposition at the cusps of L. The lattice L has
genus II672(21TI63_2) and is isomorphic to Dy & II1 1(2) @ 111 1(6) because there is only one
isomorphism class in this genus.

4.3.1. Orbits of Cusps

We first prove that the set of cusps in L has four orbits under the action of O(L, F)™. In
the following the lattice K will always be equal to either Dy & II1 1(2) or Dy & II; 1(6)
and we then identify L with K & II; 1(6) or L = K & II; 1(2). In both cases elements
of O(K) can be extended to elements of O(L) by defining their action on the orthogonal
complement of K in L to be trivial. We can therefore identify O(K) with a subgroup of
O(L) and we define O(K)* to be O(K)NO(L)".
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4.3. Fourier Expansions of W(F')

Lemma 4.23. Let K = Dy® II1 1(2) and let D = K'/K. Then O(K)™" acts transitively
on Dy 19 and on Day.

Proof. From the definition of D4 and II 1(2), we see that the lattice K is given by

4
K:{(:Ul,...,xg)eZG:inEQZ} (4.19)
i=1
with quadratic form
1 1 1 1
(X1,...,26) — ix% + ix% + 5.7}% + ixi + 2x576.

The dual lattice K’ is given by

1 1 !
{(xl,...,xgg) € §Z6:(a:1,...,x4) €Z or (x1,...,14) € <2+Z> } (4.20)

Since Dy has genus I5(25;%) and II1 1(2) has genus IT; 1(2};?), it follows that D = 2.
Generators of D are given by

/Bl - (17070707070) +K7
= (1/2,1/2,1/2,1/2,0,0) + K,
— (0,0,0,0,1/2,0) + K,
—(0,0,0,0,0,1/2) + K.
(

The set Dy 1o has ten elements (use Proposition |1.55) and is given by

{B1, B2, B1 + Bay 1 + 72, Br + 71, B + 72, B2 + 71, Ba + 2, B + Ba + 1, B1 + B2 + 12}
and the set Dy has five elements and is given by
{71,792, B+ 71 + 92, B2 + 71+ 72, 81+ Bo + 1 + 2}
Let

(-1,1,1,1,0,0),
=(1,1,1,1,0,0),
(
(2,

ag = (0,0,0,0,1,1),

ay = (2,0,0,0,1,0).
Using Proposition we see that these elements are roots of K, so the reflections oy,
are elements of O(K)™ (here we use Remark . We can calculate the action of o,, on

the elements in Dy 1 /5 and see that the subgroup (0q,, . . .,04,) C O(K)* acts transitively
on Dy /o and on Dap. O

Lemma 4.24. Let K = Dy @ II11(6) and let D = K'/K. In both cases O(K)" acts
transitively on Dy 179 and on Dj .
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4. Strongly-Reflective Automorphic Forms of Singular Weight

Proof. This can be proven similarly to the previous lemma. O

Lemma 4.25. Let K = Dy & 11, 1(2) and let D = K'/K. Let y € Dy 12U Dag. Then
there is a cusp z € K such that z has level 2 and (z,v) = 1 + 2Z.

Proof. We write the elements of K and K’ as in (4.19) and (4.20]). Because of Lemma
we can assume that v is equal to (0,0,0,0,1/2,1/2) + K (if v € Dy;/2) or to
(0,0,0,0,1/2,0) + K (if v € D2p). Then we can choose z = (0,0,0,0,0,1). O

Lemma 4.26. Let K = Dy ® I111(6) and let D = K'/K. Lety € Dyy/5U Dag. Then
there is a cusp z € K such that z has level 6 and (z,v) = 3 + 6Z

Proof. The proof is similar to the proof of the previous lemma. ]

Lemma 4.27. Let 21 and 22 be cusps of level 6 in L. Then there is an element o € O(L)™
with o(z1) = za.

Proof. By Proposition there exist cusps (1,2 € L of level 6 with (¢1,21) = 6 and
(C2, 22) = 6. Then the sublattice spanned by (; and z; (¢ = 1,2) is isomorphic to II; 1(6)
and

K@ 111’1(6) =L=Ky® IIl’l(6>

with K1 = LN¢E N2 and Ky = LN N2 by (2.9). Then K and K> are both lattices
of genus 115,1(2;14)- Since this genus only contains one isomorphism class the lattices K3
and K5 must be isomorphic. We let ¢ be any isomorphism from Kj to Ko and extend
it to an automorphism of L by mapping 21 to 22 and (1 to (o. If this is in O(L)™, then
we are done; otherwise we compose it with the map 7 that acts by multiplication with
—1 on K3 and as the identity on II; 1(6). Then 7 is not in O(L)™ (this can be seen from
Remark [3.3)) and therefore 700 € O(L)™". O

Lemma 4.28. Let z1 and 29 be cusps of level 2 in L. Then there is an element o € O(L)*"
with o(z1) = 2.

Proof. The proof is similar to the proof of the previous proposition. O

Proposition 4.29. Let D = L'/L and v and F as in Proposition|4.10} Then the set of
cusps in L has four orbits under the action of O(L, F)*, namely

01 = {z € L primitive : (z,2z) =0, (2,L) = 6Z and (z,7v) =0+ 6Z},
O3 = {z € L primitive : (z,2z) =0, (2,L) = 6Z and (z,7v) = 3+ 6Z},
O3 = {z € L primitive : (z,2z) =0, (2,L) = 2Z and (z,7v) = 0+ 2Z},
O4 = {z € L primitive : (z,z) =0, (z,L) = 2Z and (z,7) = 1+ 2Z}

Proof. We remark that an element in O(L)" is in O(L, F)" if and only if it fixes the
element v € Dy 1 /5.
Let z € L be a cusp of level I. By Proposition [2.73] there exists a cusp ¢ € L of level [
with ((, z) = 1. Then
L=Ko& IILl(l)
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with K = LN ¢t Nzt by 2.9). Since L neither splits 1171 (1) nor II1,1(3), we must have
l=2o0rl=6.

Suppose | = 6 and (z,7) = 0+ 6Z. Then K has genus II51(2;;") and is therefore
isomorphic to Dy & II 1(2). Write D' = K'/K & II1 1(6)’ /111 1(6).

We show that we can assume that (¢,v) = 0+ 6Z: Suppose ((,vy) = 3 + 6Z. Then
v =71 + 72 for an element v, € K'/K with Q(y1) = 1/2 +Z and v, = z/2 + II, 1(6)
in 111 1(6)/1I1,1(6). We use Lemma to obtain a cusp z € K of level 2 that satisfies
(x,71) = 1+ 2Z and replace ¢ by ¢ + 3xz. We can therefore assume that (¢,y) = 0+ 6Z,
in which case the element v is in K’'/K. That the elements in O; are in the same orbit
under the action of O(L, F)* now follows from Lemmas and

With a similar argument one can also show that for each ¢ € {2,...,4} the elements
in O; are in the same orbit. To complete the proof we observe that there is obviously no
element in O(L, F)* that maps an element of O; to O; unless i = j. O

4.3.2. Product and Fourier Expansions of V([)

We can now compute the Fourier expansions of ¥ = W(F) at the cusps of L. We use
the notation from Subsection [2.3.5] i.e. given a cusp z € L of level I, we choose an
element ¢ € L NIL with (,z) =1 and let K = L N2+ N ¢t We also define L{) and
p: Ly/Lo — K'/K as in Subsection [2.3.5

Proposition 4.30. Let z € L be cusp of level 6 with (z,v) = 0+ 6Z. Then the Fourier
expansion of ¥ at z is up to a constant given by

V.(2) =e(~(p,2)) T TI (1= ela/6)e(=(x 2)))PreamsorslZad)
AeK' a€Z/6Z
(A W)<0

= Z det(g)ngss-16-3123(— (90, Z)),
geG

where p is a norm 0 vector in K’ with (p,v) = 1/2+Z and G is the Weyl group as defined
in Section [3.1]

Proof. We write L = Dy & II11(2) @ I, 1(6) as
4
L= {(1'1,...,568) VAR ZCE, S 2Z}
i=1

with quadratic form

(x1,...,28) — %1 + %2 + %3 + 5% + 2x576 + 62778.

Then L’ is given by
! 1 8 . 1 4 1 4
L' = (xl,...,:ng)EGZ .x5,x6€2Z,(x1,...,x4)6Z U 2+Z .
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We can assume that v = (1,0,0,0,1/2,0,1/2,0)+L € D because Aut(D) acts transitively
on Dy /o and that z = (0,0,0,0,0,0,1,0) because of Lemma We then choose
2 =(0,0,0,0,0,0,0,1/6) and ¢ = 62/, so that

K ={(z1,...,28) € L : x7 = xg = 0}.
The lattice L is then given by
Ly={zel 25’}
and the map p: L) — K’ is
(x1,...,28) — (x1,...,26,0,0).
Let u € K'/K be the image of v + L under p, i.e.
1= (1,0,0,0,1/2,0,0,0) + K.

The set of vectors of negative norm in K ®7 R has two connected components, given by
zg < 0 and zg > 0. We let

C={x=(x1,...,28) €ER®:z7 = 25 = 0,¢(z) < 0,26 < 0}

and call it the positive cone. Recall that the Weyl chambers are the connected components
of the complement of

U U U f{zec:@rn=0}

BELy/L neZ—Q(B) Aep(B)+K
n>0 q(A)=n

[F](=n)7#0
in C. The only pairs (3,n) € L'/L x Q¢ with [Fg](—n) # 0 are (v,1/2), (p,1/3) and
(6,1/6) for p € D3 1/3 and certain 6 € Dg /3. But K’ has no elements A with ¢(\) =1/3
or g(A\) = 1/6 because K has level 2. Therefore, the Weyl chambers are the connected
components of the complement of

U zeC:@rn=0}
Aepu+K
a(\)=1/2

in C and the Weyl group G is generated by the reflections
ox(z) =2 =2\, z)\

for those A € K’ that satisfy A € u+ K and ¢(\) = 1/2. We remark that G is a subgroup
of O(K)* because 2] is a root of K by Proposition whenever \ is an element in K’
with ¢(\) = 1/2.

We let w = (0,0,0,0,0,—1,0,0) € K and note that w is in the closure C of C. We let
W be a Weyl chamber whose closure contains w and compute the corresponding Weyl
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vector p. Before we do this, we compute the restriction Fx of F'. The Fourier expansion
of F' can be computed as in the proof of Proposition [£.9] One obtains

(44 0(q) if =0,
2+ O(q) if 8.€ Dyonat,
q—1/2 1f B = ’y’
Py g/ if 5.€ D313, (4.21)
1+ 0(q) if 8. € DgoNvt,
—240(q) if B € Dg and (v, 5) # 0+ 2,
g5+ O(gP%)  if B € Dgqj6 Nyt and 35 # 7,
0(q"/%) otherwise.

The components of the restriction Fg of F' are therefore

8+ 0O(q) if 3=0o0r B€ DyoNnput,
Foy. = ) 8+0) if B € Do and (B, 11) # 0+ Z,
(Fre)s = ~1/2 L O(4Y/2)  if =

¢ F+0(@?) iB=p,

O(q'/?) otherwise.

We let
w = (0,0,0,0,—1/2,0,0,0) € K’

and R—:KﬂwJ—ﬂw/L7 SO
k:{(l‘la-..,l'g) 6LZ$5 :$6:$7:x820}.
We let Fr be the restriction of F'x to K. Then Fr=0 because its principal part must

vanish as p ¢ K{/K. Therefore, using the formula from Section[3.1] we see that the Weyl
vector p is given by

p= 1 5 Y (Fidrsawars(~a(¥)Bola/2w.

\eK' a€Z/2Z

The lattice K is positive definite, so () > 0 and ¢(\) = 0 if and only if A = 0. By our
choice of w, none of the elements A + aw/2 + K with A € K’ and a € Z/27Z equals pu, so
the only contribution to the sum comes from A = 0. Therefore,

p =1 (FK0(0)Bo(0) + (Fic) i (0)Ba(1/2)) w
1 1 —1
:4<8-6—8-12>w
1
= §w.

To compute the Fourier expansion of W, we recall that the expansion is of the form

V.(Z)= ) cNe(=(A 2))
)\EptK’
reC
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and that ¢(A) = 0 if g(\) # 0 because ¥ has singular weight. Let o € K’ be an element
with ¢(a) = 1/2 and v + K = p. Then « is also in L’ and the reflection

oa(x) =2 —2(, 7)x

is in O(L)". It maps K to K and it is easy to see that it maps the coset v € L'/L to
itself and hence is in O(L, F)*. Tt follows that

V.(0a(2)) = ¥(0a(2)L) = ¥(0a(ZL)) = X(0a)¥(Z) = Xx(0a)V:(2)

because V¥ is an automorphic form for O(L, F)*. The function ¥ has a simple zero at
ot and therefore y(o,) = —1 (see the Remark after Theorem 13.3 in [Bor98]). Since G
is generated by such o, it follows that

V. (9(Z)) = det(9)¥.(Z)

for all g € G. This implies that

c(g(A)) = det(g)c(N)

and in particular, ¢(\) = 0 if A is on the wall between two adjacent Weyl chambers. The
Weyl group G acts transitively on the Weyl chambers; therefore,

U.(Z) = det(g) > c(Ne(—(g(N), 2)).
geG )\epﬂ(’
rew

We want to determine c()), so let A € p+ K’ be an element with A € W and ¢(\) = 0.
As in the proof of Theorem 6 in [DHS15] one can show that ¢(A) = 0 unless A = np
for a positive integer n. Suppose np = Y. \; with \; € K’ and (\;,/W) < 0 and that
[F\i+az/6+0)(—a(Ai)) # 0 for some a € Z/6Z, i.e. the \; contribute to c¢(np) in the
product expansion of ¥,. Then all A; must be positive integral multiples of p (this can
be seen in the same way as in the proof of Theorem 6 in [DHS15]). Therefore,

Y cWe(=N2) =e(~(p, 2) [T TI - ela/6)e(—(mp, 2)))Fmorazsorrl©),
Aep+K' m>0 a€Z/6Z
AEW
(4.22)

We can read off the coefficients [F,,,14./612](0) from (4.21) and find that

4 if 2| m and a = 0 + 6Z,

if 2| m and a = £1 4 6Z,
[Foptaz/6+1](0) = < 2 if 2| m and a = 3 4+ 6Z,
—2 if2tmand a € £{1 +6Z,2 + 6Z},

0 otherwise.
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4.3. Fourier Expansions of W(F')

Therefore, the sum in (4.22)) equals

e(=(p, 2)) [] (1 = e(=(mp, 2)))*(1 = e(1/6)e(—(mp, Z))) x
m>0
2lm

x(1 —e(1/2)e(~(mp, Z)))*(1 — e(5/6)e(—(mp, Z))) %
x [T = e1/6)e(—(mp, 2)))72(1 — e(1/3)e(~(mp, Z))) "

m>0
2tm

x (1 —e(2/3)e(—(mp, Z))) (1 — e(5/6)e(—(mp, Z)))
=e(=(p, 2)) [] (1 = e(=(6mp, 2)))(1 = e(=(3mp, 2))) " x

m>0
2lm

x(1— e(—(2mp, 2)))(1 — e(~(mp, Z)))*x
x TT (1 = e(—(6mp, 2)))2(1 - e(~(2mp, 2)))*

m>0
2tm

— e(~(p. 2)) T (1 = e(=(12mp, 2)))(1 = e(~(6mp, Z))) " x

m>0
* (1 —e(—(4mp, 2)))(1 — e(—(2mp, 2)))*

< TT (1 = e(=(6mp, 2)))2(1 = e(~(2mp, 2)))*x

m>0
X (1 = e(—(12mp, 2)))2(1 — e(~(4mp, Z))) 2

=e(=(p, 2) [] (1 = e(=2mp, 2)))°(1 — e(—4mp, Z))) "' %

m>0

X (1 e(~6mp, 2))) (1 - e(~12mp, 2)))*

This is equal to 7y54-16-3123(—(p, Z)) and the Fourier expansion of W, is therefore as
claimed. O

Proposition 4.31. Let z € L be a cusp of level 6 with (z,7) # 0+ 6Z and define K'" by
K'* = (K'nC)\ {0}. Then the Fourier expansion of ¥ at z is up to a constant given by

U, (Z) = H H (1 —e(a/6)e(—(\, Z)))Frraz/o+rl(=a(V)
ANeK't a€Z/6Z
=1+ > cNe(=(\ 2)),

AEK'+

where ¢c(\) = 0 unless A = nu for a primitive isotropic p € K'*, in which case c()\) equals
the coefficient at q" in

{77(7)277(27)277(37)277(67)‘2 ifpeK,
n(T)"n(27)°n(37)3n(67)%  if u ¢ K.

101



4. Strongly-Reflective Automorphic Forms of Singular Weight

Proof. We let z = (0,0,0,0,0,0,0,1), 2/ = (0,0,0,0,0,0,1/6,0) and ¢ = 62’. Then K is
as in the proof of the previous proposition and

v={zel :x;€Z}.

Then F, is holomorphic for all v € Lj/L C L'/L and therefore the restriction Fg of F' is

zero and the set
U U U {zeC:@N=0}

BELY/L neZ—p2%/2 Aep(B)+K
n>0 g(X\)=n
[F](—n)#0
is empty. There is therefore only one Weyl chamber, namely C' itself and the Weyl vector
p is zero. It is easy to see that the set of A € K’ with (\,C) < 0 is given by K'T.
Therefore, ¥, has the given product expansion.
To compute the Fourier expansion, we first rewrite the product expansion as

U, (Z) = H H H (1= e(a/6)e(—(mA, Z)))Fmataz/orLl(=a(mA))

AeK'+  m>0a€Z/6Z
A primitive

and remark that ¥, has a Fourier expansion of the form

Vo(Z2) =1+ Y cNe(=(\,2))
XK'+
with ¢(A\) = 0 unless ¢(\) = 0 because ¥ has singular weight. So let A € K'* with
q(A) = 0. Suppose A = >° \; with \; € K'* and that [F), 4. /6+1](—q(\:)) # 0 for some
a € Z/6Z, i.e. the \; contribute to ¢(A) in the product expansion of ¥,. Write A\ = nu
with n > 0 and p € K’ primitive. Then (\;, 1) < 0 because both \; and u are in K't
and > (A, 1) = n(p,p) = 0, so (Ai, ) = 0 and A; must be a multiple of p. Therefore,
the coefficient ¢(nu) equals the coefficient of

[T TI - cla/B)e(—(mpu, 2)FmnsocrossI© (423)

m>0a€Z/6Z

at e(—(nu, 2)).
If p € K, then mu + az/6 + L = az/6 + L, so the product equals

[T = e(=(mu 2))*(1 = e(1/6)e(—(mp, 2))7*(1 = e(5/6)e(—(mp, 2)))

m>0

= [ (@ = e(=(mp, 2)))*e(=(2mp, 2)))*(1 — e(~(Bmp, 2)))*(1 — e(~(6mu, 2)))

m>0

in this case. This can be written as 7;292526—2(—(p, Z)).
If p ¢ K, then mu+ az/6 + L = az/6 + L if 2 | m; otherwise it equals u + az/6 + L.
Therefore, (4.23)) can be written as

[T (= e(=(mp, 2)))* (1 = e(1/6)e(—(mp, 2)))"*(1 — e(5/6)e(—(mp, Z))) ">
m>0
2|lm
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% T (1 = e(—Gmps, 2))(1 = e(1/6)e(~(mp, 2)))2(1 = e(1/3)e(—(mps, Z))) %
m>0
2tm

x(1 = e(2/3)e(—(mp, 2)))(1 — e(5/6)e(—(mp, Z)))
=TT @ = e(—(2mp, 2)))2e(—(6mp, 2)))*(1 — e(—(4mp, 2)))2(1 = e(~(2mp, 2)))*x
m>0

x 11— e(=(6mp. 2))"2e(=(Bmp, 2)))Pe(=(2mpu, 2)))*(1 = e(—(mp, 2))) ™!

m>0

< (1= e(~(12mps, 2)))%e(~(6mp, 2))"*e(~(4mps, 2))) (1 - e(~(2mps, 2))
— T (1 = e(=(mp, 2)) (1 = e(~(2mp, 2)))*

m>0
x(1—e(=(3mp, 2)))*(1 — e(—(6mp, Z)))

in this case. This can be written as 7;-195336-3(— (1, Z)) and finishes the proof. O

Similarly, we can also compute the expansion of ¥ at the other cusps in L and obtain
the following:

Proposition 4.32. Let z € L be a cusp of level 2 with (z,7) = 0+ 2Z. Then the
expansion of ¥ at z is up to a constant given by

v.2)=e(~(0,2) TI I (- elas2e(—(r 2))Prsesszenl=a)

NeK' a€Z/2Z
(A W)<0

= Z det(g)ne-3436512-1(—(9p, 2)),

geG

where p is a norm 0 vector in K'N %K with (p,v) =1/24+7Z and G is the Weyl group as
defined in Section|3. 1]

Proposition 4.33. Let z € L be a cusp of level 2 with (z,v) # 0+ 2Z. Then the
expansion of ¥ at z is up to a constant given by

v.(2)=e(~(p.2) T I (1 elaj2e(=(r,2))ProsroeslCa)
AeK' a€Z/2Z
(A W)<0
= Z det(g)n132-33-165(—(9p: 2)),
geG

where p is a norm 0 vector in K' N %K and G is the Weyl group as defined in Section

(21

4.4. Final Remarks

For the automorphic products ¥ obtained from Table the Fourier expansion at a
suitable cusp is of the form ) .~ det(w)ng(—(wp, Z)) (see Proposition where g is the
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4. Strongly-Reflective Automorphic Forms of Singular Weight

element in Cog that was used to construct ¥. We have proven that if L has squarefree level
N and splits 1T 1 @ 1I;,1 (N ), these are essentially the only strongly-reflective automorphic
forms of singular weight for the discriminant kernel that can occur. If we no longer assume
that L splits II; 1, then there are additional examples. For N = 6 these are constructed
in the previous section, while for N prime they are stated in [Sch17]. If N is prime, then
the Fourier expansions of these new examples at a suitable cusp are still related to Cog
in the sense that the shape of the eta quotient occuring there is the cycle shape of an
element of Cog (see [Sch17]). If N = 6, the situation is different:

Theorem 4.34. None of the shapes of the eta quotients occuring in the Fourier expan-
stons of the strongly-reflective automorphic product ¥ from the previous section is the
cycle shape of an element of O(A) = Coyg.

Proof. The cycle shape of an element g in O(A) can be calculated from the traces of
powers of g (see [Sch04], Section 5). To obtain these traces we note that O(A) naturally
acts on A @z R = R?* and hence has a 24-dimensional representation. This is irreducible
and the traces are given by the character of this representation. We therefore only need
to look up the values in a character table of Cog. Such a character table can e.g. be
obtained with GAP; just use the command Display(CharacterTable("2.Col")). [
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5. The Space of Siegel Cusp Forms of
Degree 6 and Weight 14

This chapter is based on joint work with Riccardo Salvati Manni and Nils Scheithauer.
The former of the two suggested to consider a theta series of the form

Os,r(Z) = Z det(FSY/2@)2em 1(GTSGZ),
GeZQ4><6

where S is a Gram matrix of the Leech lattice A, S'/2 is the unique positive definite
matrix 7" with 72 = S and F is a complex 6 x 24 matrix such that FFT = 0 and FFT
is positive definite. Such a function is a Siegel cusp form of degree 6 and weight 14. Its
vanishing order at oo is at least 2 because A has no vectors of norm 2. By a result of
Tai (see Proposition , it therefore defines a global section of the second power of the
canonical bundle on a smooth projective model of Ag. An immediate consequence of this
is that the Kodaira dimension of Ag is non-negative if ©g  is non-zero.

Showing that ©g r is non-zero is difficult. The Fourier coefficients of ©g r correspond
to 6-dimensional sublattices of A and it suffices to show that the Fourier coefficient
corresponding to one 6-dimensional sublattice L of A is non-zero. This is still a difficult
task, since it requires to compute a sum that runs over all 6-dimensional sublattices of A
that are isomorphic to L and there is a large number of these for every choice of L. In
Section we explain an algorithm with which we succeed in computing two coeflicients.
One of these coefficients is non-zero, which means that ©g r does not vanish everywhere
and that the Kodaira dimension of Ag is non-negative, as explained above.

We also compute a basis of the space of cusp forms of degree 6 and weight 14 to show
that the cusp form with vanishing order 2 is unique up to non-zero constant factors.

5.1. Siegel Modular Forms

We give a brief introduction into Siegel modular forms, focusing on the results we need
in the following section. We encourage the reader to consult [Fre83] should he want to
go into more depth.

Definition 5.1. The Siegel upper half-plane H, is defined by
H,={ZeC™":Z=2"Im(Z) >0},

Remark 5.2. For a square matrix Z we write Z > 0 (resp. Z > 0) if Z is positive definite
(resp. positive semi-definite). Therefore, H,, consists of the symmetric complex n x n
matrices whose imaginary part is positive definite.
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5. The Space of Siegel Cusp Forms of Degree 6 and Weight 14

Definition 5.3. The symplectic group Sp,,,(Z) is the group of matrices M € GLg,(Z)
that satisfy
MTQM = Q,

where (2 is the skew-symmetric matrix

Q= On  In .
-1, 0,

B) € Spy,(Z). Then one can show that CZ + D is invertible
)~1 is again in H,,. Therefore, the following definition makes

M= (ﬁ, f’;) € Span(2)

MZ = (AZ + B)(CZ + D)~ L.

Let Z € H,, and M = (
and that (AZ + B)(CZ +

sense:

A
C
D
Definition 5.4. For

and Z € H,,, we let

This defines a group action of Sp,,,(Z) on H,,.

Remark 5.5. If n = 1, then H,, is just the usual upper half-plane H and Sp,,,(Z) = SLa(Z),
so that the action we have just defined is the action by linear fractional transformations
seen in (2.1]) (restricted to the subgroup SLo(Z) C GLo(Q)™).

Definition 5.6. A holomorphic function f: H,, — C is called a Siegel modular form of
degree n and weight k € Z if

2. f is bounded in the domain
{ZeH,:Im(Z) -Yy >0}
for all positive definite Yy € R™*"™,

Remark 5.7. If n > 1, then we can drop the second condition as it is automatically
satisfied by the Koecher principle (see [Koeb4]).

Recall that a symmetric matrix in Z"*™ is called even if all diagonal entries are even.
Every Siegel modular form of degree n and weight k£ has a Fourier expansion of the form

f(2)= > a(@)e™ T2 (tr = trace)

Teznxn
T even
T>0

with complex Fourier coefficients a(7"). These coefficients satisfy
a(UTTU) = det(U)*a(T) (5.1)
for all U € GL,,(Z).
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5.1. Siegel Modular Forms

Definition 5.8. For an even positive semi-definite matrix T' € Z"*"™ we define

m(T) = min leT:c,
zcZn\{0} 2

so m(T) is the smallest integer that is represented non-trivially by the quadratic form
with Gram matrix 7.

Definition 5.9. Let A
f(Z) — Z a(T)emtr(TZ)

Teznx n
T even
T>0

be a Siegel modular form of degree n and weight k. We define the vanishing order m of
f at oo to be

m= min m(T)
TeZ™ "™ T even
T30
a(T)#£0

and we say that f is a cusp form if m > 1.

Remark 5.10. Note that the cusp forms are exactly the modular forms that satisfy
a(l)#0=1T >0,

i.e. those whose Fourier expansion is supported on positive definite matrices.

The space of Siegel modular forms of degree n and weight k is denoted by M, ; and
Sy, i denotes the subspace of Siegel cusp forms. All of these spaces are finite-dimensional.
For k < 0 they are trivial.

Theta Series

Examples of Siegel modular forms are theta series, the most basic of which are as in the
following proposition:

Proposition 5.11. Let A be an even positive definite unimodular lattice of rank m with
bilinear form (-,-). Then the Siegel theta series Oy : H,, — C defined by

@A(Z) _ Z ewitr(T(x)Z)’
rEA™

where
T(x) = (@i, 2j)1<;j<n (@ =(21,...,20))

is a Siegel modular form of degree n and weight m/2. Its Fourier expansion is given by

erZ)= Y aT)enti?),

Teznx n
T even
T>0

where
a(T)={ze A" :T(x)=T}|.
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5. The Space of Siegel Cusp Forms of Degree 6 and Weight 14

Remark 5.12. The finiteness of a(T") follows easily from the positive definiteness of A.

Proposition 5.13 ([Boc83], Theorem III). Let n and k be positive integers such that
k> 2n and 4 | k. Then every Siegel modular form of degree n and weight k is a linear
combination of Siegel theta series ©Op for even positive definite unimodular lattices A of
rank 2k.

To define more general theta series we need to define the notion of a harmonic form:

Definition 5.14. Let P: C"™*"™ — C be a polynomial in the entries of a complex m x n
matrix. We call P a harmonic form of weight k if

1. P(XA) =det(A)*P(X) for all A € C**", and

2

Remark 5.15 ([Maa80Q], Satz 2). If m > 2n, then the space of harmonic forms P of weight
k is spanned by the polynomials of the form

Pp(X) = det(LX)F,
where L is a complex n x m matrix such that LLT = 0 and LLT > 0.

Proposition 5.16. Let S € Z™*™ be an even positive definite unimodular matriz and
let P be a harmonic form of weight k. Then

@S,P(Z) — Z P(s1/2G)e7ritr(GTSGZ)

GeZan
is a Siegel cusp form of degree n and weight m/2 + k.
The analogue of Proposition [5.13] is the following;:

Proposition 5.17 ([Boc85|, Satz 16). Let n, m and k be positive integers with 8 | m
and m/2 > 2n. Then every Siegel cusp form of degree n and weight m/2 + k is a linear
combination of Siegel theta series of the form ©g p for even positive definite unimodular
matrices S and harmonic forms P of weight k.

Remark 5.18. Note that we have formulated Proposition [5.11]in terms of lattices, whereas
we have formulated Proposition [5.16]in terms of matrices, i.e. we have chosen a basis of
the lattice. We now also give a description of O p in terms of lattices if P is of the form
Py, as in Remark Let A be an even positive definite unimodular lattice of rank m
with bilinear form (-,-) and Gram matrix S and let L = LS~/2. Then

Og.p, = Z PL(SI/2G)em'tr(GTSGZ)
Gezmxn
_ Z det(LS1/2G)keﬂ'itr(GTSGZ)
Gezmxn
= Y det(LSG)kem (G S6Z)
Gezmxn
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5.2. The Space of Cusp Forms of Degree 6 and Weight 14

and the conditions LLT = 0 and LLY > 0 are equivalent to LSLT = 0 and LSIT > 0.
Let Ac = A ®z C and extend the bilinear form (-,-) to a bilinear form on A¢. For two
tuples w = (w1, ..., wy) and z = (21,...,2,) in A we write

T(w, z) = ((wis 2j))1<i j<n

and T(w) = T(w,w). The rows of L determine elements y1, ..., ¥, in Ac and the condi-

tions on L are equivalent to T'(y) = 0 and T'(y,y) > 0, where y = (y1, - . .,yn). Moreover,
Os,p, is obviously the same as

Z det(T(x, y))kemtr(T(x)Z)’
TEA™

which we denote by ©p 4 .

Remark 5.19. The Fourier expansion of ©, , x is easily seen to be given by

Tez™=m
T even
T>0
with

a(T)= > det(T(z,y))".
Tisor

5.2. The Space of Cusp Forms of Degree 6 and Weight 14

In this section we determine a basis of the space Sg 14 of Siegel cusp forms of degree 6
and weight 14. In order to do this we first note the following:

Proposition 5.20 (see [Tail7], Table 3). The dimension of the space of Siegel cusp forms
of degree 6 and weight 14 is 9.

In the following we specify nine theta series of the form ©, , » with A a Niemeier lattice
and y € (A ®z C)8 satisfying T'(y) = 0 and T(y,%) > 0 and show that they are linearly
independent by calculating enough Fourier coefficients with a standard computer (with
64 GB of RAM). We do not know beforehand that there exists a basis of this form because
Proposition cannot be applied since 24/2 is not larger than 2 - 6.

Theorem 5.21. Let ® be one of the root systems
Ag, AS, A5, ALZ D3, DS, Eg.

Let N(®) be the corresponding Niemeier lattice and let e = (eq, ..., e2) € N(®)?* be such
that T'(e) is the standard Gram matriz (see Remark[1.26]) of the 2-root lattice spanned by
®. Forj=1,...,6 welet bj = e; +ieja1; and we define vectors yi,...,ys in N(P) @z C
depending on ® as follows:
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5. The Space of Siegel Cusp Forms of Degree 6 and Weight 14

o If®=A}, theny; = Zi:l kby, for all j € {1,...,6}.

o If® =AS, then

N b Y
’ I (k—4)b, ifd<j<6.

o Ifd=A§, then

Y = f§=1 kep + tkesisjtr if1<j<3,
’ hea(k—3)ex +i(k —3)ezjyr  if 3<j <6.

o Ifd=AL, then
L if1<j<2,
i = Zks(k =2)br if2<j <4,
1s(k—4)b, if4<j<6.

o If® = D¢, then

Y kb if1<j<5,
Y7\ 205 + 306 + 04 kb ifj=6.

o If® =DY, then

S kb if1<j<3,
yj = b3+2b4+2221kbk if j =4,
(k- 4)by if4 < j<G6.
o [f® = Eé, then
N Dy if1<j <5,
Y7 Y by + 2y + 3bs + 204 + bs + b if j = 6.

We then let y = (y1,-..,96). Then Ona)y2 is a Siegel cusp form of degree 6 and weight
14. After multiplying © n(a) 42 with a non-zero constant the coefficients a(T) where T is
the Gram matriz of a 6-dimensional 2-root lattice K are given in the following table:
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5.2. The Space of Cusp Forms of Degree 6 and Weight 14

P
A A§ AS A2 D¢ D§ Eg
Ag 0 0 0 0 0 0
Dy 0 0 0 0 1 0 0
Es 0 0 0 0 0 1
As Ay —12 0 0 0 —30 0 —20
D5 Ay 0 0 0 0 —10 0 —32
AyAy 30 1 0 0 120 0 240
Ay A2 40 —2 0 0 260 0 320
o Did2 0 0 0 0 72 1 192
Dy A? 0 0 0 0 48 -2 384
A3 —32 1 0 —192 0 —432
AsAsAy | —96 -8 —6 0 —276 -6 —480
A3 A3 576 48 20 0 672 36 192
A3 648 54 0 1 1296 36 900
A3 A3 —432 —36 72 -2 —1080 O —1152
AAt | —1152 96  —480 12 —3456 —152 768
A8 —11520 —2880 4000 —120 3840 240 —46080

Proof. That © y(s),,2 1s a Siegel cusp form of degree 6 and weight 14 follows from Propo-
sition because T'(y) = 0 and T'(y,y) > 0 (as one easily checks).

To compute the Fourier coefficients we first remark that if 7' and S are Gram matrices
of the same 6-dimensional lattice, then a(T') = a(S) by (5.1). We therefore only need to
compute a(7") when T is a standard Gram matrix of a 6-dimensional 2-root lattice K.
Recall that

Since K is generated by norm 2 vectors, it follows that every x in the above sum must
be in the sublattice L C N(®) that is generated by the norm 2 vectors (i.e. the roots) in
N(®). Therefore

a(T)= Y det(T(z,y))" (5.2)
S

Since e is a basis of L and y is defined in terms of e, we do not have to work with the
Niemeier lattice N(®) but only with the 2-root lattice L. Also note that (5.2)) does not
depend on the choice of e as any two choices of e are related by an automorphism of L.

We explain how we calculate a(T") with a computer in the case that ® = A. The other
cases are similar.
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5. The Space of Siegel Cusp Forms of Degree 6 and Weight 14

Recall that the lattice Ag is given by

7
Ag = {(ml,...,$7) 627:Z$i:0}
=1

with the standard quadratic form on Z’. Therefore,

7 14 21 28
L:Aé: {(:L’l,...,l’gg) €Z28121L'1'ZZ$¢: Zl’i: Zl’i:(]}.
i=1 i=8 i=15 i=22
The vectors yi,...,ys are then elements of C?® and we write them as rows of a matrix

F ¢ C%28, We compute and store a list S of all norm 2 vectors in L (these are just
the vectors in L with one coordinate equal to 1, one equal to —1 and all others equal
to 0). We remark that L contains no sublattices isomorphic to D4, D5, Dg and Eg.
For the remaining irreducible 2-root lattices M = A,, n < 6 of rank at most 6 we
let Ths be the standard Gram matrix of these and compute the set Sj; consisting of
all elements x = (z1,...,2,) in L™ with T'(z) = Ty and such that Fxy,..., Fz, are
linearly independent. This is done by first computing the set S, (which is just given
by those = € S with Fo # 0). For n > 1, S4, is computed by iterating over all
elements (z1,...,2,—1) of S4, , and all elements z,, in S4, and then checking whether
x = (z1,...,zy) satisfies the conditions to be in Sy, .

Having computed the set Sy; for M = A,,, n < 6, we continue as follows: For each of
the lattices A,, n < 6 we implement O(A,,) as the group of integral n x n matrices g that
satisfy g1 T4, g = Ta,. If we view elements x of S4, as 28 x n matrices, then there is
an obvious right action of O(A,,) on L4, , namely the one given by the matrix product.
We compute a set of representatives R4, for S4,/O(A,) as follows: First compute and
store O(A4,;,) (in SageMath this can be done by specifying generators and then using the
MatrixGroup command). We then compute the orbits of the action in the most simple
way: For each x € S4, that is not in one of the orbits that have already been computed,
we iterate over all g € O(A,,), compute = xg and store that Z is in the same orbit as x.

Next, we consider 2-root lattices of the form M = A,, & A,, with n; +ny < 6 and
no < ni and let Thy be a standard Gram matrix of M. Let n = ni + neo. We let Sy,
be the set of x = (x1,...,2,) € L™ with T(x) = Ty and such that Fzy,..., Fx, are
linearly independent. Then Sy is a subset of Sa, X Sa,, and O(A4,,) and O(A4,,) act
on Sy by their action on Sy, and Sa,,. We can compute a set of representatives Ry,
for Sa/(O(An,) x O(Ayp,)) by iterating over all elements (z1,...,%5,) € Ra,, and all
elements (zp,41,...,2n) in Ra,, and checking if z = (z1, ..., z,) satisfies T'(z) = T)s and
if Fxq,...,Fx, are linearly independent. If n; # na, then O(M) = O(A,,) x O(Ay,).
In this case we set Ry = R);. If n1 = ng, then O(M) is the semi-direct product
of the symmetric group Se and O(A,,) X O(Ay,). In this case we let Rys be a set of
representatives for R),/Ss where Sy acts by interchanging x; with x4y, for j =1,...,n;.
This can be computed similarly to all previously calculated sets of representatives. In all
cases R)y is a set of representatives for Sy /O(M).

Continuing in this way, we can compute a set of representatives for Sy;/O(M) where
M=A, ®..®A,,n>n2>...2n,, n=n1+...+ng, n <6, Ty is the standard
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Gram matrix of M, and
Sy ={x=(z1,...,2,) € L" : T(x) =T, Fx1,..., Fx, linearly independent}.

If n = 6, we then compute

a(Ty) = Z det(T(x,y))? = Z det(Fx)?

LS zeLf
T(z)=Twm T(z)=Tnm
= Z det(Fz)* = Z Z det(Fzg)?
z€SM x€RN geO(M)
=[0(M)] Y det(Fx)?,
xERN
where we again identify 2 € L% with a 28 x 6 matrix. O

Next, we consider the lattice N(A2%). We use the notation from Example and take
the explicit form of the Golay code given in Subsection For j =1,...,6 we define
the vectors y; by y; = xj + ixe;.

Theorem 5.22. The theta series @N(A%‘l),yﬁ s a Siegel cusp form of degree 6 and weight
14, the coefficient a(T) vanishes if T is the Gram matriz of a 2-root lattice and

a(T) = 36238786560
if T is a Gram matriz of A1(2) ® AS.

Proof. That @N(A%4)7y72 is a Siegel cusp form of degree 6 and weight 14 follows from
Proposition and the choice of y1,...,¥s.

The sublattice L C N(A?*) that is generated by the norm 2 vectors in N(A?*) contains
no 2-root lattices except direct sums of A;. Therefore, a(T") = 0 if T is the Gram matrix
of a 2-root lattice different from A§. If T is the standard Gram matrix of A, then we
can compute a(7") in the same way as in the proof of the previous proposition.

It remains to compute a(T) for a Gram matrix T of A;(2) @ A}; a possible choice for
T is T = diag(4,2,2,2,2,2). This can almost be done as in the proof of the previous
proposition, except that we also need to determine the set of vectors of norm 4 in IV (A%‘l).
It is easy to see that the norm 4 vectors in N(A?*) are the following:

1. Any sum of two orthogonal norm 2 vectors in L. This gives (224) .22 = 1104 vectors
of norm 4.

2. Any vector 3.2 N\sw; such that \; € {—1,0,1} and the reduction of (A, ..., \a4)
modulo 2 is an octad in the Golay code. This gives another 759 - 28 = 194304
elements of norm 4.

The calculation of a(7") is now similar to the calculations in the proof of the previous
proposition. O
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From the Fourier coefficients we have calculated, we see that the eight theta series we
have considered so far are linearly independent. The final element of our basis is the
theta series

9A,y2

for the Leech lattice A and a suitable choice of y € (A ®z C)%. Recall that the Leech
lattice has no vectors of norm 2, so the coefficient a(7") will trivially be zero for all T
that we have considered so far. It therefore suffices to prove that ©, 42 is not the zero
function to show that it can be added to the previous eight theta series to form a basis
of Sg,14. The idea for proving ©, 42 # 0 is to show that there is a non-vanishing Fourier
coefficient a(7") for some T'. Our choice for T is

4 -2 0

-2 4 -2 0 0 O
T 0o -2 4 -2 0 =2 ’

0o 0 -2 4 -2 0

o o0 o0 -2 4 0

0o 0 -2 0 O

which is a Gram matrix of Eg(2). We now encounter the problem that the number of
sublattices in A that are isomorphic to Eg(2) is very large, so a(T") cannot be calculated as
easily as the coefficients we have seen so far in this section. Instead, a more sophisticated
algorithm to be described in the following is needed.

We let ¢ be a dodecad in G; in our computations we have taken
c¢=(1,0,0,1,1,0,0,1,1,1,0,0,1,0,0,1,0,0,1,1,1,0,0, 1).

The subgroup of My that fixes ¢ is isomorphic to the Mathieu group Mjo, which is also
one of the sporadic simple groups. Its order is 26 -33.5.11 = 95040. We let g be an
element in M, with cycle type 2'2; in our computations we have taken

g=(1,9)(2,12)(3,7)(4,24)(5,21)(6, 18)(8,19)(10, 16)(11, 17)(13, 20)(14, 23)(15, 22).

Let I C {1,...,24} be the support of ¢ = (¢;j)1<j<24, i.e. the set of those indices j for
which ¢; = 1. For each j € I the image ¢(j) under g is also in I and we can therefore
arrange the elements of I in pairs (j,9(j)), 7 < ¢g(j). For our choice of ¢ and g we obtain
the pairs

(1,9), (4,24), (5,21), (8, 19), (10, 16), (13, 20).

We order the six pairs. Suppose the j-th pair is given by (a,b). We then define the
vectors y; € A ®z C = Cc* by y; = eq + iep, Where e1,..., e is the standard basis of
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C?*. For our choice of ¢ and g the vector y; is the j-th row of the matrix

10000O0O0OO0¢0O0OO0OO0OOOOOOOOOOOO0OOQO
000100O0OO0OO0OO0OO0OOOO0OO0OO0OOO0OOOOOO0O® O
F:00001000000000000000@'000
0o0000O0OO0O1O0O0OO0OO0OO0OO0OO0OO0OO0O0=0O0O0OO0OO0
0o0000O0OO0OO0OO0OT1TIO0OO0OOOO0OT??0O0O0OO0OO0OO0O®O0OO
0000O0OO0OO0OO0OO0OO0OO0OO0O11IO0OOO0OO0O0OO0T®®O0O0O0OQO0

Let y = (y1,...,96) € A%. Recall that the bilinear form on A is given by
12
(x,w) = 8;%% (x = (z1,...,221),w = (wy,...,waq)).

Therefore, T'(y) = %FFT =0 and T(y,y) = %FFT = %I(g, S0 ©p 2 is a cusp form of
degree 6 and weight 14 by Proposition [5.16

Let N = EMs4 be the maximal subgroup of Cog described in Subsection We
let H be the subgroup of N that consists of those elements h € N for which the matrix
with rows h(y1),...,h(ys) equals the product of a complex 6 x 6-matrix of determinant
+1 with the matrix with rows y1,...,ys (i.e. the matrix F' for our choice of y). From our
construction of y, it is easy to see that H is a subgroup of EMio and even a subgroup
of EH1 where H; is the subgroup of Mio that permutes the six pairs above. The group
H, is a maximal subgroup of order 240 of Mis. It is the centralizer of g in Mis and the
group E'H; has order 4096 - 240 = 983040.

On the computer we implement this as follows: Moy is the subgroup of Sa4 generated
by the elements in . In SageMath we obtain My from these generators with the
PermutationGroup command.

We then compute the subgroup Mis: Let S = (). Iterate over the elements m € Moy and
check whether 7(c) equals c. If it does, then add 7 to S and compute the group generated
by the elements in S (in SageMath we again use the PermutationGroup command). If it
has order 95040, then S is a generating set for Mis and we are done. Otherwise, continue
with the next element m € Moy.

We then determine Hy C Mjs in the same way, i.e. by iterating over elements in M2
and checking whether they commute with g or not.

To compute H we implement EH; as a matrix group (the elements in 22 are diagonal
matrices and the elements in H; are permutation matrices). Then the action of FH; on
elements of the Leech lattice is given by matrix multiplication. We iterate over all elements
h in EH; and compute F'h (whose rows will then be the elements h(y1),...,h(ys)). We
then check whether there is a matrix M € C%*6 of determinant 41 with

Fh=MF (5.3)

as follows: Suppose there is such a matrix M. We multiply (5.3) with F' from the right
to obtain
FhF' = MFF' =2M
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because FFT = 2Is. Therefore, if such a matrix M exists, it must be equal to

1 —7
—FhF
2 b

so we only need to check if
Fh= %FhFFT.
It turns out that |H| = 30720. We remark that
det(Fhz)? = det(Fz)?
for every h € H and x € A® (where we identify z with a 24 x 6 matrix) because
det(Fhz)? = det(MFz)? = det(M)? det(Fz)* = det(Fz)?

for a suitable complex 6 x 6 matrix M of determinant +1 by our definition of H.
We let EM;s and for z € A5, we let G, be the stabilizer of z in G. We continue to
identify elements z € AS with 24 x 6 matrices. Then the coefficient a(T') is given by

ST det(T(w,))°

x€EAS
T(z)=T

1 2
E det ( Fx)
8
xeNS
T(z)=T

:27:136 Z Zdet Fax

[a:]EG\A6 Gl a€G

T(z)=T
:2—:;6 Z ‘ Z Zdechaa:

[£]€G\AS HaEH\G heH
T(z)=T
1
LY Y Yty
[x]€G\AS HaEH\G heH
T(z)=T
|H|
= 5% Z | Z det(Fax)?
[x]€eG\AS HaEH\G
T(z)=T

Remark 5.23. Of course we would prefer to write a(7T) as

H
a(T):|236| >

[x]€ H\AS
T(z)=T

where H, is the stabilizer of z in H. The problem with this is that the set
{[z] € H\A® : T(2) = T}

det(Fx)?,

| He |

is too large to be computed.
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Both a set of representatives for
{[z] € G\AS : T'(z) =T}

and for H\G can be obtained with a computer as we will see later. However, these sets
have sizes 14622480 and 12672 so we would have to calculate 1462248012672 ~ 1.85-10'!
determinants of 6 x 6 matrices, which takes too long. To solve this problem we let W be
the Weyl group of Eg, i.e. the subgroup of O(Eg) that is generated by reflections through
the hyperplanes orthogonal to the roots of Eg. It has order 27-3*.5 = 51840. Then every
w € W is also an automorphism of Eg(2) and W hence acts from the right on the set

L ={x € A% :T(x) =T}

Viewing every w € W as a 6 x 6 matrix of determinant +1 and every = € A% as a 24 x 6
matrix, this action is given by matrix multiplication. Then

det(Fzw)? = det(Fz)?
for every x € Lg and every w € W. We can therefore write

a(:r’):‘;z[6 3 ’G}x| S det(Fax)?

[z]€G\Lg HacH\G

| H| |G| 2

[z]€G\ Le HacH\G

1
— _ %1% Faz)?
5G| g |Gz W | g det(Fax)*,
[z]€G\Le/W HacH\G

which can be computed once we have a set of representatives for the double cosets in
G\Lg/W as well as the sizes of these double cosets and a set of representatives for H\G.
We now describe how these can be computed. We use the notation

Lj={zeN:T() =1},
where T} is the upper left j x j submatrix of 7T'.
1. We store the set A4 of norm 4 vectors in A.

2. We then compute a set of representatives R; for G\ L; and the stabilizer subgroups
G, C G for every x € Li. Moreover, for every z € A4 we compute and store an
element g1, € G that satisfies g1 .(2) € R;. This can be done as follows: We
let S = (). Start with any element x in A4 and iterate over all g € G. Compute
z = g(z). If z = x, then store that g is an element of G,. If z is in S, then we
continue with the next g. Otherwise we set g1, = ¢g~! and add z to S. Having
iterated over all g € G we add z to R; and repeat these steps with the next element
in A4 that is not in S until S contains all elements of A4.
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3. For every z1 € R; we compute a set of representatives Ry, for G, \L,,, where

118

Ly, ={x2 € Ay : T((21,22)) = T},

as well as the stabilizer G, C G, of © = (z1,22). Moreover, for every z; € R; and
every z € L, we store an element go,, » € G, such that go,, .(2) € Ry,. This
can be done in a similar way as in the previous step. We note that

Ro= | U (@122

z1€R1 2€ Ry

is a set of representatives for G\ Ly and that if z = (21, 22) is an arbitrary element
in Lo, then we can quickly find the representative x € Ro for the orbit of z under G
as follows: Let g1 = g1, and 1 = g1, (z1). Then x; is in Ry and ¢1(2) = (z1, 25)
for some 2, € L,,. We then look up the element go = 92,014, € Gy, and let
Ty = G24,,2(25). Then gogi(z) = (x1,72) is the representative in Ry we were
looking for.

. We continue in the same way to obtain representatives R; for G\L; for all j € Z

with 2 < j < 6 as well as the stabilizer G,; C G for every z; € R;. Moreover, for
every ¢ = (x1,...,2j—1) € Rj_1 and every z € A4 with

T =T, (2'=(z1,...,2j-1,2))

we compute an element g; .., . € Gz;_, with gj@j_hz(z) € Ry, .

. We let S = () and start with any element x in Rg. We iterate over all w € W and

let z = w(z). If z is in S, then we continue with the next w. Otherwise, we write

z = (z1,...,2¢) and compute ¢ -, (z) to get an element 2’ = (2],...,2;) € Lg with
21 € Ri. We then compute g, s .; (2') to get an element 2" = (21,23, ...,25) € L¢

with (2], 2Y) € Ry. Continuing in this way, we finally obtain an element Z € Rg
that describes the same coset in G\ Lg as z. Therefore, x and Z describe the same
double coset in G\Lg/W. We append Z to S and add the size of the coset of Z
in G\Lg (this is just the size of G divided by the size of the stabilizer of G3) to
the size of the double coset represented by z. Having iterated over all w € W, we
repeat these steps with the next element in Rg that is not in S until S contains all
elements of Rg. In the end we have a set of representatives for the double cosets in
G\Lg/W as well as the sizes of these double cosets. We remark that we obtain 875
double cosets.

. A set of representatives for H\G can be obtained as follows: Note that the elements

in Moy can be viewed as signed permutations on a 24-element set. Therefore, both
H and G are subgroups of the group of signed permutations of a 24-element set
(this is also called the hyperoctahedral group as it is the symmetry group of a
24-dimensional cube. It is isomorphic to the Weyl groups of the root systems Boy
and Cy4). This group is isomorphic to the group of all permutations 7 of the 48-
element set S = {£1,...,+24} that satisfy 7(—i) = —n(¢) for all i € S. We can
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therefore view H and G as subgroups of S;s. We have implemented H and G in
GAP |GAP14] by specifying generators in Sys. A set of representatives for H\G
can then be obtained with the RightCosets command in GAP. The computer only
needs seconds to do this.

It remains to compute 875 - 12672 determinants to obtain the coefficient a(7). This is no
problem and we finally obtain that

a(T) = 23 . 3% . 5 = 20859840.
We remark that this is equal to 3 - [W|- det(T). In particular we have the following:

Theorem 5.24. Let A be the Leech lattice and y € (A®zC)® as above. Then Ony,2 does
not vanish.

Remark 5.25. Step 5 as described above takes several days on our computer. It is much
faster to split this step into two steps: First define the subgroup Wi of W to be the
subgroup of those elements of W that fix the first basis vector of Eg. Then |W;| = 720.
We then first compute a set of representatives Rg w, for G\Lg/W; together with the sizes
of the double cosets in the same way as in Step 5 above. For every element z in Rg we
also store elements g, € G and w, € W such that g,zw, is in Rew,. Only then do we
calculate a set of representatives for G\Lg/W, namely by taking elements z in Rgy,,
iterating over representatives w of W1\W, computing z = zw and using that g,zw, is in
G\ Lg/W1.

Remark 5.26. In the same way we have also computed the Fourier coefficient a(7") for
the Gram matrix

2 -1 1 -1 -1
2 4 1 2 =2 =2
-1 1 4 2 -2 1
T:
1 2 2 4 -1 -1
-1 -2 -2 -1 4 1

-1 -2 1 -1 1 4
of E(3). In this case G\Lg has size 44632560 and G\ Lg/W has size 1203. The Fourier
coefficient a(7") turns out to be 0.

We summarize the results of this section in the following theorem.

Theorem 5.27. The cusp forms from Theorems [5.21] [5.29 and [5.24] form a basis of
S6,14-

5.3. The Kodaira Dimension of the Siegel Modular Variety A,

The quotient A,, = Spy,, (Z)\H,, has the structure of a normal quasi-projective algebraic
variety of dimension n(n + 1)/2. It is the (coarse) moduli space of principally polarized
abelian varieties. For more details on the geometry of A, and its compactifications
we recommed the survey article [HS02]. In this section we only deal with the Kodaira
dimension.
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Definition 5.28. Let X be a smooth variety of dimension n over an algebraically closed
field k and let Qx be its cotangent bundle. Then wx = A" Qx is called the canonical
bundle of X.

Definition 5.29. Let X be a smooth projective variety over an algebraically closed field.
For d € Z>¢ the d-th plurigenus P;(X) of X is defined to be the dimension of the space
of global sections of wgl(, ie.

Py(X) = dim H*(X,w%).

Definition 5.30. Let X be a smooth projective variety over an algebraically closed field.
The Kodaira dimension k(X) of X is defined to be —oo if Py(X) = 0 for all d > 0.
Otherwise, #(X) is defined to be the smallest k € Zsq such that P;(X)/d* is bounded.
If kK(X) = dim(X), then we say that X is of general type.

Remark 5.31. The Kodaira dimension is bounded by dim(X).

Remark 5.32. The Kodaira dimension is a birational invariant, i.e. if X and Y are smooth
projective varieties that are birational, then k(X) = x(Y).

We also want to assign a Kodaira dimension to 4,,, which is neither projective nor
smooth. We use the statement of the previous remark to define the Kodaira dimension
of A, to be the Kodaira dimension of any smooth projective variety A,, birational to A,,.
Such a variety exists by the following proposition:

Proposition 5.33. Let X be a variety over a field of characteristic 0. Then X is bira-
tional to a smooth projective variety.

Proof. Every variety is birational to a projective one (take for example the projective
closure of any open affine subset). Since X is a variety over a field of characteristic 0,
one can then resolve the singularities, as was first proved by Hironaka in [Hir64a] and
[Hir64b]. O

As already mentioned in the Introduction of this thesis, the Kodaira dimension of A,
has been known for all n # 6 for more than 30 years. Namely, A,, is of general type for
n > 7 and the Siegel modular variety A, has Kodaira dimension k(.A;) = —oo for n <'5.

We can use the theta series for the Leech lattice from the previous section to construct a
non-zero global section of w2 and obtain the first partial result on the Kodaira dimension
of Ag as follows: We let n an and write an element Z € H,, as

211t Zin
7 =
Zln """ Znn

Let H, C H, be the subset of points whose stabilizer in Spy,, (Z) is equal to {£I5,}. Then
HY is an open subset of H,, and A5 = Sp,,, (Z)\H, is the smooth locus of A, (see [Ere83],
Hilfssatz I11.5.15). Let f be a Siegel modular form of degree n and weight (n+1)k. Then
the transformation property of f implies that

F(Z)(dz11 Adzig A -+ A dzgn)"

is a global section of w¥,. The following result is due to Tai [Tai82]:
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Proposition 5.34 ([Fre83], Satz I11.5.24). Suppose n > 5 and the vanishing order of f
at oo is at least k. Then

F(Z)(dz11 Adzig A=+ A dzgn )

can be extended to a global section of wk .

n

We can now use this result to prove the following theorem on the Kodaira dimension

of Ag:
Theorem 5.35. The Kodaira dimension of Ag is non-negative.

Proof. The theta series for the Leech lattice described in the previous section has weight
14 and is non-zero. Its vanishing order at oo is 2 because the Leech lattice has no norm
2 vectors, so it defines a non-zero section of wi—G by Proposition W In particular,

Py(Ag) # 0, so k(Ag) = #(Ag) > 0. O
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A. Root Systems and Their Classification

We briefly summarize the definition and classification of root systems from [Hum?72].

Definition A.1. Let E be a finite-dimensional euclidean space with inner product (-,-).
A finite subset ® C E is called root system if it satisfies the following:

1. ® spans F.

2. If @ is in @, then the only multiples of « in ¢ are +a.

3. If a is in @, then the reflection o, stabilizes ® as a set.

4. If @ and f are in @, then (5, a) = 2(5, «)/(a, ) is an integer.

Definition A.2. Two root systems ®; and ®, in euclidean spaces E; and E5 are called
isomorphic if there exists an isomorphism f: F; — Fj of vector spaces (not necessarily

an isometry) such that f(®1) = ®9 and (f(8), f(a)) = (B, ) for all o, 5 € Py.

Definition A.3. A non-empty root system ® in a finite-dimensional euclidean space E
is called irreducible if it cannot be written as ® = ®; U o with proper subsets ®; and
®, such that each element in ®; is orthogonal to each element in ®,.

Then every root system ® in a finite-dimensional euclidean space E can be uniquely
decomposed as the union of irreducible root systems ®; in subspaces E; of E such that
FE is the orthogonal direct sum of the subspaces FE;. Each irreducible root system is
isomorphic to exactly one of the following (in all cases E will be a subspace of the
euclidean space R™ with the standard inner product and the vectors ey, ..., e, denote the
standard orthonormal basis vectors of R™):

e A, (n>1): Let E be the n-dimensional subspace of R"*! defined by

n+1
E = {((L’l,...,xn+1) ER"+1 : Zl’Z :0}

i=1
The root system A,, is then given by the vectors e; —e; with 1 <4,5 <n + 1.

e B, (n > 2): Let E = R". The root system B,, is then given by the vectors +e;
(1<i<n)and £(e; £ej) (1 <i<j<n).

e C, (n>3): Let £ =R". The root system C, is then given by the vectors +2e;
(1<i<n)and £(e; £ej) (1 <i<j<n).

e D, (n>4): Let E = R™. The root system D,, is then given by the vectors +(e;+e;)
(1<i<j<n).
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Es: Let £ = R®. The root system Eg is then given by the vectors +(e; + e;) for
1 <i < j < nand the vectors of the form %Z?:l gie; with e; = +1 and H?:l g = 1.

E;: Let E be the be the subspace of R® orthogonal to e; + - - - 4+ eg. The root system
E; is then the intersection of Eg with F.

Eg: Let E be the subspace of R® orthogonal to e; + - - - + eg and e; + eg. The root
system Eg is then the intersection of Eg with F.

Fs: Let E = R* The root system Fy is then given by the vectors +e; (1 < i < 4),
+(e;tej) (1 <i<j<4)and £5(e; £extegEey).

Gy: Let E be the subspace of R? orthogonal to e 4 e2 + e3. Then the root system
G, is given by the set

+{e; — ez, e —e3,e1 —€3,2e1 — ez —e3,2e3 —e1 — e3,2e3 — e — ez}



B. Conditions on Symmetric
Semi-Reflective Modular Forms

We let L be an even lattice of signature (n,2), n > 4 and squarefree level N such that L
splits IT; 1 (N) and let D = L'/L. Recall that a symmetric semi-reflective modular form
is determined by the complex numbers ¢, = ¢, _y/y, for any v € Dy, /,, for positive
divisors m of N. In this appendix we want to answer the question for which choices
of (cm)m‘ n there exists a symmetric semi-reflective modular form with principal part
described by (¢m)m|n. We already know that there is no symmetric strongly-reflective
modular form unless & (which is given by k = 1 —n/2) and N satisfy the bounds given
in Table We now consider the remaining cases.

All of the following propositions can be proved by computing the Fourier coefficients
at all cusps for a basis of Si,,/2(I'o(N), xp) and solving the resulting linear equations
. As mentioned in Remark these equations suffice to classify the symmetric
semi-reflective modular forms.

Proposition B.1. If N =19, 21, 22, 33, 35 or 42, then there are no non-zero symmetric
semi-reflective modular forms F on L. The same is true if

1. n=10, N =5 and ns5 is odd,
2. n=6, N =15 and ns is odd, or
3. n=4, N =30 and ns is even.
Proof. In these cases the resulting system of equations only has the trivial solution. [J

Proposition B.2. For the following values of n and N there exists a symmetric semi-
reflective form F' with principal part (¢m )y, N for every choice of (¢m)m|n-
n|26]18| 10 8] 6 | 4
Nl1|1]1n2]3]23]36

The same is true if n =6, N =5 and ns is odd.

Proof. This follows from the fact that in these cases there is no cusp form of weight 1+n/2
and character xp (note that xp is completely determined by the oddity condition in all
cases) for To(IV). O

Proposition B.3. In all other cases there is a symmetric semi-reflective vector-valued
modular form F with principal part (cm)mn if and only if the numbers ¢y, satisfy the
conditions given in the following table:
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n | N | conditions Remarks
18 | 2 | 207m2/2¢; = ¢y
14| 2 | 247220 = ¢
3 | 34m8/2¢; = ¢3
12 | 3 | 3077m2)/2¢) = g
10 | 3 | 337m8/2¢; = g
5 | 53715/2¢) = ¢5 if n5 is even
6 | 2572/2¢) = excy, 33773/2¢) = egcs, 2372/23318/2¢) = ¢4
8 | 6 | 3(T—m8)/2¢y — 24 12/200 — ¢oc4, egeg — 2M2/27 10y = —3(T—ns)/2¢,
7 | 76720 = ¢;
6 | 5 |52/ 2 =cs if ng is even
6 | 3601 + 9222/ ¢y — Aey3n3/2cg = 2m2/2313/ 2
7| TP 20 = ¢
10 | 567m5)/2¢y —237m2/2¢5 = €y¢19, 5079)/2¢1 + €95 = 272/ Ly | if ms is odd
2212/20) = e9¢y, 52715/2¢) = egc5, 2272/252715/20) = ¢4 if n5 is even
11 | 1127m1/2¢) = ¢y
14 | 227m2/2¢) = excy, T>777/2¢) = €gcq, 22772/2727 1720 = ¢y
15 | 327m8/2¢) = —e5c3, 5275/%¢) = —e5cs, if ng is even
32-n3/252-n5/20) — ¢
4 | 7 | 162 = ¢
11 | 116-m1)/2¢) = ¢y
14 | 76-=11)/2¢) = eger, TG/2¢) = excqy
15 | 36=m8)/25B=n5)/2¢) — 15 5(3-18)/205 = 3(3-13)/2¢, if ns is odd
52 15/20, — 3(5_”3)/205 = 2¢€5C15, if n5 is even
30-m3)/2¢; — 2e5¢3 = 55/ ey
23 | 230—28)/2¢; = ¢yq
30 | 36B-m3)/25(3=15)/20) = €55, 3B13)/25(3-15/2) 01 = ency5, if n5 is odd

128

551573/ 2¢1 ) = —€9227m2/2¢y 4 ¢y,
62653(n373)/206 = —622277@/201 + c2,
€555 2e5 = —c1 + €222/ ¢y,
26530373/ 23 = —¢) + €272/ ey




Example B.4. In this example we want to derive the condition for n = 12 and N = 3.
We also show that there is no symmetric strongly-reflective modular form F in M, ,L (pp)
with [Fp](0) = n — 2 = 10. We know that ng must be odd because the signature of D
is 2+ 8Z and consequently xp = (3). The space S7(T'o(3),xp) is 1-dimensional and is
spanned by a primitive form g with Fourier expansion

g(t)=q— 274> + 64¢* + O(qG).

The group I'o(3) has two cusps, represented by 1/3 and 1/1. We let
10 1 2
M3 = and M1 = .
3 1 1 3

glMs(r) = g() = ¢ — 27¢° + 644" + O(¢°),
so the coefficient bg = [g|7M3](1) is equal to 1. Using Proposition we find that
glrMi(7) = xp(=1)3772g|7w3(7/3).

With Proposition [2.35| we compute

Then M3 € T'y(3) and

o0

9’7003%(7) = /\Zag’)q”
n=1
with
A=G(xp)3 Paz=+3-i-377%. (=27) = —i.

It follows that

o0

gleM(r) =320y " ag"?
n=1

and by = [g|7M;](1/3) = 377/2i. Inserting this into (4.3 we obtain the condition
0 = §(M3)cibs + §(M1)v/[Dlesbr

= ¢ — 307D 2y,

which is the condition in the table on the previous page.
To show that there is no symmetric strongly-reflective modular form F' with [Fp](0) =
10 we compute (4.4). We note that 1 = x = xp and that By, = 98/3. To compute the

signs €. ¢ we remark that (_71)(713“)/2 = €3. Then
€110 =¢€13=¢€31=1

)

and (4.4) becomes

c1 + 7N(D3, 1)63 = 1. (Bl)

3 35V3 V3
(1 + ) 5
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B. Conditions on Symmetric Semi-Reflective Modular Forms

If ¢ = 0, then ¢3 = 0 by the equation from the cusp form. In this case F' = 0 and [Fp](0)
is not equal to 10. Therefore ¢c; = 1. In this case c3 = 3(ns=7/2 Since c3 Ifust be in
{0,1}, it follows that nz = 7 and consequently |D| = 37. Then e3 = (_—1) =1 and

3
N(Ds,1) = 756 because of Proposition Inserting these values into (B.1]) results in

a contradiction.
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