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Abstract

To couple two or more subsystem solvers in time domain, co-simulation methods are
used in many fields of application. In the framework of mechanical systems, there exist
mainly two ways to couple different subsystems, namely coupling either by constitutive
laws or by algebraic constraint equations.

In this work, the numerical stability and the convergence behavior of co-simulation
methods is analyzed. For the stability analysis, a test model has to be defined.
Following the stability definition for numerical time integration schemes, namely
Dahl qui st ds stability theor y,-sinlation tesenaodel
applied here is a two-mass oscillator, where the two masses are connected by a spring-
damper element or by a rigid link. Discretizing the test model with a co-simulation
method, recurrence equations can be derived, which describe the time discrete co-
simulation solution.

Applying an applied-force coupling approach, the stability behavior of the linear two-
mass oscillator is characterized by 7 independent parameters. In order to compare
different co-simulation approaches, 2D stability plots are convenient. Therefore, 5 of
the 7 parameters are fixed so that the spectral radius can be depicted as a function of
the remaining 2 parameters. The results presented show that implicit coupling
schemes exhibit a significantly better numerical stability behavior than explicit
schemes. Furthermore, enhanced stability behavior can be achieved by extending the
coupling conditions, i.e., by taking into account derivatives and integrals of the
constitutive equations. Especially, a very good stability behavior may be obtained with
the D-extended force/force-coupling approach in combination with quadratic
approximation functions.

The analysis of the numerical stability of co-simulation methods with algebraic
constraints is the second subject of this work. 5 independent parameters have to be
introduced for the corresponding test model. The dimensionless real and imaginary
part of the eigenvalue of subsystem 1 are used as axes in 2D stability plots; the other
3 parameters are held constant. Three classical methods for constraint stabilization,
namely the Baumgarte stabilization technigue, the weighted multiplier approach and
the projection technique, are discussed for different approximation orders.
Alternatively, co-simulation approaches on index-2 and on index-1 level are discussed,
where the Lagrange multiplier is discretized between the macro-time points (extended
multiplier approach). As a result, the coupling conditions and their time derivatives can
simultaneously be fulfilled at the macro-time points. Different multibody models are
used in order to demonstrate the application of the above mentioned co-simulation
techniques.

test



Kurzfassung

Co-Simulation wird in vielen Bereichen verwendet, um zwei oder mehrere Subsystem-
Solver im Zeitbereich zu koppeln. Bei mechanischen Systemen gibt es im
Wesentlichen zwei Kopplungsarten, namlich Kopplungsverfahren auf der Basis von
Konstitutivgleichungen und Kopplungsansatze basierend auf algebraischen
Bedingungsgleichungen.

In dieser Dissertation werden die numerische Stabilitédt und das Konvergenzverhalten
von verschiedenen Co-Simulationsverfahren analysiert. Fur die Stabilitdtsanalyse
muss ein Testmodell definiert werden. In Anlehnung an die Stabilitdtsdefinition fur
numerische Zeitintegrationsschemata (Dahlquistsche Stabilitdtstheorie) werden
lineare Co-Simulationstestmodelle definiert. Als Co-Simulationstestmodelle werden
hier Zweimassenschwinger eingesetzt, wobei die Massen Uber ein Feder-Dampfer-
Element oder Uber ein starres Gelenk verbunden sind. Durch Diskretisierung des
Testmodells mit einem Co-Simulationsverfahren kdnnen Rekurrenzen-Gleichungen
abgeleitet werden, die die zeitdiskrete Co-Simulationslésung beschreiben.

Das Stabilitdtsverhalten des linearen Zweimassenschwingers ist bei Anwendung von
Kopplungsverfahren auf Basis eingepragter Kopplungskrafte/-momente durch 7
unabhéngige Parameter charakterisiert. Um verschiedene Co-Simulationsansatze zu
vergleichen, sind 2D-Stabilitatsplots praktikabel. Daher werden 5 der 7 Parameter
fixiert, so dass der Spektralradius als Funktion der verbleibenden 2 Parameter
dargestellt werden kann. Die Ergebnisse zeigen erwartungsgemal, dass implizite
Kopplungsschemata eine wesentlich bessere numerische Stabilitat als explizite
Methoden aufweisen. Dartber hinaus kann ein verbessertes Stabilitatsverhalten durch
Erweiterungen der Kopplungsbedingungen erreicht werden, d.h. durch
Bertcksichtigung von Ableitungen und Integralen der konstitutiven Gleichungen. Ein
sehr gutes Stabilitatsverhalten ist mit dem D-erweiterten Kraft/Kraft-Kopplungsansatz
in Verbindung mit quadratischen Approximationsfunktionen erreichbar.

Die Analyse der numerischen Stabilitit von Co-Simulationsverfahren mit
algebraischen Bedingungen ist das zweite zentrale Thema dieser Arbeit. Hier miissen
5 unabhéngige Parameter fir das lineare Testmodell definiert werden. Der
dimensionslose Real- und Imaginarteil des Eigenwerts von Subsystem 1 werden als
Achsen in 2D-Stabilitatsplots verwendet; die anderen 3 Parameter werden konstant
gehalten. Drei klassische Stabilisierungsmethoden, namlich Baumgarte-Stabilisierung,
Methode der gewichteten Multiplikatoren und Koordinatenprojektion, werden fir
unterschiedliche Approximationsordnungen diskutiert. Alternativ kann der Lagrange-
Multiplikator zwischen den Makrozeitpunkten diskretisiert werden (erweiterter
Multiplikatorenansatz), um Co-Simulationsansatze auf Index-2 und auf Index-1-Ebene
zu erhalten. Dadurch koénnen gleichzeitig die Kopplungsbedingungen und deren
Zeitableitungen an den Makrozeitpunkten erfullt werden. Es werden mehrere
Mehrkdrpermodelle verwendet, um die praktische Anwendung der erwdhnten Co-
Simulationsverfahren aufzuzeigen.




1. Introduction

Computer-Aided Engineering (CAE) has seen an increasing usage in the last decades.
It can be used to analyze complicated systems accurately and time-efficiently. Practical
information for the industrial product design can be obtained in an early development
stage in order to shorten the circle time of production development. Nowadays, it is
indispensable to describe complex technical systems by numerical models. The
models are usually very complex and consist of different components, which are
represented by different submodels that are connected by appropriate coupling
conditions. As a consequence, co-simulation of distributed systems is one main trend
of CAE development [64].

To couple different subsystem solvers of multidisciplinary systems or in order to
parallelize dynamic models, co-simulation (also called simulator coupling) is becoming
an increasingly important tool in different fields of application, for instance in the area
of mechatronic systems, where interfaces between mechanical and electronical
subsystems have to be defined [36, 37]. MBS-FEM coupling plays an important role in
the analysis of flexible multibody systems [20, 63]. Until now, co-simulation has been
successfully used in vehicle systems [28, 61], railway systems [1-3], in connection with
fluid-structure interaction (FSI) problems [22, 29, 57], etc..

1.1. Literature Review

1.1.1.Fields of Application

Starting from the visionary contribution of parallel simulation by Nievergelt [62], co-
simulation has experienced great interest over the last decades [39]. Multirate-step
approaches for different components in ODE systems were firstly introduced in the
pioneer work of Gear and Wells [42]. In multibody systems, a gluing algorithm was
presented in [82, 85] that can be used to couple distributed submodels by introducing
gluing matrices to keep the compatibility conditions at the interfaces. Based on this
algorithm, FEM/MBS coupling problems have been analyzed [64, 76]. However, some
researchers pointed out that the method may cause some artificial chattering and
oscillations [81]. Divide and conquer algorithms (DCA), based on recursive assembly
and disassembly phases, may also be applied to parallelize dynamical models, see for
instance [23, 33, 34, 53]. Automatic generation of the equations of motion in the
assembly part may, however, be problematic for system with loops [50, 53]. A modular
co-simulation approach for constraint coupling problems was proposed in [48, 49]. It
was pointed out that stable results are in general only obtained, if an iterative scheme
is applied. Following the idea of modular simulation, a master-slave concept was
utilized in [37] for the parallelization of multidisciplinary problems.

A detailed explanation of different decomposition methods for FSI systems is given in
[31, 35], where also numerical errors and stability behavior are analyzed. A weak
coupling strategy based on staggered time schemes is presented in [57]. An interface-
Jacobian-based co-simulation algorithm (IJCSA) was introduced in [77, 86] and used




in connection with wind turbine simulations.

A numerical technique called i s u b ¢ ¢ firdtly pnegented in the work of Belytschko
[12], is basically an explicit co-simulation approach in the field of parallel finite element
simulation [25-27]. More recently, the Finite-Element Tearing and Interconnecting
(FETI) method has been the focus of research in connection with parallel finite element
analyses [32, 43, 44]. Different algorithms have been proposed to decompose systems
and impose continuity at the interfaces. A detailed review of subcycling methods and
applications for flexible multibody systems can be found in [58, 59]. It should be
mentioned that waveform relaxation is another iterative co-simulation method that is
commonly utilized in integrated circuit simulation [51] or in connection with field/circuit
analysis [68].

1.1.2.Classification of Co-Simulation Methods

To solve coupled multidisciplinary systems or in order to parallelize monolithic
dynamical systems, there basically exist two techniques, namely strong coupling and
weak coupling [66, 83]. In the framework of strong coupling, the subsystems are solved
with only one single solver. Strong coupling is, for instance, carried out, if software
tools like Modelica [60] are applied to simulate multidisciplinary systems. In contrast to
strong coupling methods, co-simulation represents a typical weak coupling technique.
That means, each subsystem is solved by its specific numerical integrator and coupling
variables are exchanged at some user-defined macro-time points only. With co-
simulation methods, several simulators can be coupled without specific information on
the subsystems and their solvers. In the following, only weak coupling (co-simulation)
will be discussed.

With respect to the coupling algorithm, one can distinguish between explicit, semi-
implicit and full-implicit methods. Applying a co-simulation, we have to define coupling
variables (input variables) for the subsystem integration from the macro-time point "Y
to Y . When the integration from “Y to Y is only performed once, i.e. if an explicit
approach is applied, it is possible to use controllers i e.g. an PI controller 7 to
compensate the error introduced by the co-simulation [13, 14, 16, 17, 80]. If the
numerical integration between the macro-steps is repeated, we are faced with implicit
coupling methods. In [73, 74], a semi-implicit coupling technique is presented based
on a predictor-corrector approach, where the macro-time integration has to be
repeated only once. For example, we consider two subsystems, which are integrated
from"Y to”Y , where "Qerms the number of iterations carried out in each macro-step,
see Figure 1.1. 'Q 1, "Q p and 'Q p represent explicit, semi-implicit and implicit
approaches, respectively. In the framework of an explicit co-simulation algorithm, the
macro-step is not repeated, which reduces the computational effort significantly.
However, due to the error introduced by the extrapolated coupling variables, the
numerical stability of the co-simulation may become a problem. Implicit and semi-
implicit algorithms exhibit a better numerical stability behavior; implementation of such
methods is, however, more involved.
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Figure 1.1 Explicit (Q 1), semi-Implicit (‘Q p) and implicit (‘Q p) coupling schemes

Considering mechanical subsystems, we have to distinguish between solver coupling
approaches based on algebraic constraints (i.e. coupling by reaction forces/torques)
[6, 45, 48, 49, 72, 74] and solver coupling methods on the basis of constitutive laws
approaches, we regard the two mass oscillator, where the two masses are coupled by
a spring-damper element or by a rigid link, see Figure 1.2.

Applying an applied-force coupling approach, both subsystems are coupled by
constitutive laws, for instance by the coupling force ™0 ®Jw ® Q20 U
representing a linear spring-damper element. The decomposed system has two
degrees of freedom. In the framework of a constraint coupling approach, the
subsystems are coupled by algebraic constraint equations, for instance by a rigid link
to be described by the implicit coupling condition "Q¢ fro @ T Introduction
algebraic constraints entails reaction forces/torques (Lagrange multipliers) and a
reduction of the degree of freedom of the overall system.




Applied-Force Coupling Algebraic Constraint Coupling
Sibtem 1| [ submemz | | | subaten1 || subeyem 2
o mcim oo, | m i m g,
’ AW ] B :
1 1 1 1 1 , . ' ? !
Vel | el e
i di | idd | dy | dy | o I dy |
| S I
Fe=co- (O —x) +de- (v —vy) g(x1,x,) =0

Figure 1.2 Two fundamental coupling approaches: applied-force coupling and algebraic constraint coupling

Concerning the decomposition technique of the global system into subsystems,
basically three decomposition approaches may be distinguished, namely the
force/force, the force/displacement, and the displacement/displacement
decomposition approach [21, 37, 67, 70, 71]. In the framework of a force/force coupling
technique, both subsystems are force-driven oscillators, where the coupling force is
calculated either by the constitutive laws or by the constraint equations. Applying a
force/displacement coupling technique, subsystem 1 will be a force-driven oscillator
and subsystem 2 a base-point excited oscillator. Making use of a
displacement/displacement decomposition technique, both subsystems are base-point
excited oscillators. The three decomposition techniques will be discussed in detail in
the following sections for both cases, applied-force coupling and algebraic constraint
coupling.

Furthermore, we have to distinguish between parallel and sequential co-simulation
approaches [4, 6]. If the subsystems are integrated in parallel (Jacobi type), both
subsystems exchange coupling data simultaneously. If the integration of the
subsystems is carried out sequentially (Gauss-Seidel type), information is exchanged
between the subsystems at different macro-time points [6, 65].

The different co-simulation methods are summarized in Figure 1.3. In the following
sections, the numerical stability and convergence behavior of these approaches will
be discussed in detail.
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Figure 1.3 Classification of co-simulation approaches

1.2. Numerical Stability of Co-Simulation

Within a co-simulation approach, the subsystems are integrated by specific solvers.
Data exchange is accomplished at certain user-defined macro-time points only.
Therefore, it is possible to apply different and optimized subsystem integrators, so that
the computational efficiency of the overall simulation may be significantly increased.
Due to the approximation of the coupling variables by polynomials and as a result of
the data exchange between the subsystems, numerical errors are produced, which
may entail severe stability problems. Especially in connection with explicit co-
simulation approaches, numerical instabilities will be introduced by the coupling
scheme, in spite of the fact that the subsystems are integrated with stable subsystem
solvers. Hence, the development of stabilized coupling techniques is of special
interest.

In order to define and investigate the numerical stability of co-simulation methods, it is
useful to adopt and extend the theory developed for time integration schemes. The
stability of time integration schemes is de

® *aoh (1.1)

where w 0 is a scalar function of time and ¥ N E an arbitrary complex constant. Note

thatw 'Q dQ derms the derivative of wwith respecttotimeo. Dahl qui st 6s t e
may 1 from the mechanical point of view i be interpreted as the complex
representation of the equations of motion for the linear single-mass oscillator, see

Figure 1.4.

Figure 1.4 Linear single-mass oscillator




This can be easily seen by considering the linear homogenous mass-spring-damper
oscillator, which is mathematically described by
W
0

| g7

p \
Q O (1.2)
a

where wand U denote the position and the velocity of the mass & . wand ‘Qterm the
spring constant and the damping coefficient.

The eigenvalues of Eq. (1.2) are given by
Q  Mdw Q
OD——— 8

i (1.3)
ca ca

YR ¥
With these eigenvalues, Eq. (1.2) can easily be transformed into the two decoupled
equations

W
W
) (1.4)
o .
W

Discretizing the Dahlquist equation (1.1) with a linear single-step (e.g., Runge-Kutta
method) or a linear multistep method (e.g., Adams-Bashforth method) and assuming
a constant step size yields a recurrence equation for the discretized values w €

mphci8 , which approximate the analytical solution w6 at the time points o .
Provided that & FofiQ Tt (i.e., assuming that the system is stable from the mechanical
point of view), a numerical time integration method is called numerically stable, if the
discretized Dahlquist equation yields a sequence of exponentially decaying values w .
This will be the case if the spectral radius of the recurrence equation is smaller than 1.

1.3. Organization of this Dissertation

The main objective of this dissertation is to introduce a linear stability analysis
(according to the Dahlquist theory for time integration schemes) for different coupling
approaches and to investigate the influence of the subsystem and coupling parameters
on the stability behavior of the co-simulation. Of special interest are implicit co-
simulation methods, since they usually show a better stability behavior than explicit
algorithms. Moreover, the convergence behavior of the coupling approaches will be
analyzed. Also, different multibody models are used in order to demonstrate the
applicability and accuracy of the presented methods. The structure of the thesis is
depicted in Figure 1.5.

In Chapter 2, a two-mass oscillator model is introduced to build up the framework for
the stability analysis. Furthermore, the equations of motion for the test models that are
used in connection with the applied-force and the constraint coupling methods will be
derived. In addition, the governing system of recurrence equations will be formulated.




Chapter 3 contains a detailed stability analysis with respect to the applied-force
coupling methods. We consider explicit and semi-implicit algorithms and discuss the
force/force-, the force/displacement- and the displacement/displacement
decomposition approaches. Taking into account derivatives and integrals of the
coupling equations (constitutive equations), the stability of the co-simulation approach
may be significantly improved.

In Chapter 4, the stability analysis is presented for different constraint coupling
approaches: a co-simulation approach based on Baumgarte stabilization, a method on
the basis of a weighted multiplier approach and a coupling technique on the basis of a
projection approach. In this chapter, only semi-implicit coupling methods are
discussed. Also, an improved coupling approach is presented, where the Lagrange
multipliers are discretized between the macro-step so that the constraint equations and
also the hidden constraints can be enforced simultaneously at the macro-time points.
Again, different multibody models are used to demonstrate the practical usage of the
presented coupling methods.

The thesis is summarized in Chapter 5.

Chapter 1: Introduction

Chapter 2: Test models for the stability analysis

Chapter 3: Stability analysis for applied- Chapter 4: Stability analysis for algebraic
force coupling approaches constraint coupling approaches

Chapter 5: Conclusions and Outlook

Figure 1.5 Organization of the thesis




2. Test Models for Stability Analysis

To examine the numerical stability of co-simulation methods, appropriate test models
for applied force coupling and algebraic constraint coupling co-simulation methods are
introduced. Based on the discretized equations of motion of these test models, the
corresponding recurrence equations will be derived for the stability analysis. All three
decomposition approaches are considered, i.e. force/force-, force/displacement- and
displacement/displacement-decomposition.

2.1. Test Models for Applied Force Coupling Approach

We consider again the two-mass oscillator shown in Figure 1.2. The two-mass
oscillator can be interpreted as two single-mass oscillators (masses & | & , spring
constants @ j @, damping coefficients 'Q j ‘Q), which are coupled by the coupling
spring ® and the coupling damper Q . Hence, the two-mass oscillator can be regarded
as two Dahlquist equations, which are coupled by a linear spring/damper system.

The equations of motion for the coupled oscillator read as

®w U
i w . Q. wW . . Q . .
)] O(—oo é(_U d—:)w W d—OU b}
. (2.1)
Ww U
. w, Q. o_. | Q ..
) — W —0U — 0w w —20v L h
a a a a

where w 7w and 0 70 describe position and velocity of the two masses.

For the stability analysis of co-simulation methods, it is useful to introduce
dimensionless variables. We assume that cftuf are properly chosen dimensionless
position coordinates. The variables O "OOXxfFQoand v[ "'OXXIFQ ddenote
dimensionless velocities, where "O denotes the macro-step size of the co-simulation
approach. The dimensionless time is defined by 6  6F'Q Furthermore, it is suitable to
define the following 7 parameters:

.. wJo .. Q JO. G . . Q .
of - hd ——h| —h| -—h| —h
a a N a w Q 2.2)
d)ﬁ ’QS ’
| *'(i)'l o)

With these parameters, Eq. (2.1) can be rewritten as




of or

OF  af dr | IFod o | oor of
aou | L | (2.3)
ol |—34_34_ |—CITCDF |—31f3(1f af |—~’-ﬂ_

o0 O 8

Alternatively written in compact form, we have

> =D
with » o O of O[ ~g and
T ) P T m 54
5 Pl X p 1 o | OF JEe o SRR C)
A T m m P % 8
’ |—31f I_:n- | | 5 | | ~
o | | | | (04

Obviously, the two-mass oscillator is a mechanically stable system, if
a b ik

Regarding the two-mass oscillator as two coupled single-mass oscillators, the
equations of motion can alternatively be written in a modular manner, i.e.

=0 |2

1 o> 2 8 (2:3)

The vector » of O of OF ~a collects the dimensionless state variables,
while the vector ¢ of O of O[ 1 N q  contains the coupling variables
required for the three decomposed test models. } _ JO07T4a terms the
dimensionless coupling force, which is a function of the state variables of the
subsystems. =h||hFand | are corresponding coefficient matrices or vectors.

Applying the applied force coupling approach, we can distinguish three decomposed
models, namely force/force-, force/displacement-, displacement/displacement test
models that will be discussed in the following sections.

In the framework of a force/force coupling approach, the basic idea is to divide the two-
mass oscillator into two single-mass oscillators, i.e. into two subsystems that are driven
by the coupling force _ , see Figure 2.1.

¢, ™ c m; ¢
Vo
* “~1
| |
dl : dc : dz

§_x'1 §_xg

Figure 2.1 Co-simulation test model for force/force coupling approach




For the test models, the coupling force is calculated by the implicit coupling condition
MMh _ OGO ® Q20 U 1 with the help of state variables of both
subsystems. Based on the general Eq. (2.5), it is straightforward to derive the
coefficient matrices for the force/force coupling approach:

TP T Tt
v d m To&
= AT Tt |T[ |p & h
m T —ay —d
o | | O
m 7T LS (2.6)
HTU T T T P&
[ AT T T T T xh
,nnnnL
o | o
F oar ) oy 1 I TP .

For the case that the co-simulation test model is decomposed by a force/displacement-
coupling approach, subsystem 1 will be a force-driven and subsystem 2 a base-point
excited single-mass oscillator as illustrated in Figure 2.2.

c my _c m; ¢,
Ae X,
T 1t
| |
dy | de ~. 1 d,

Figure 2.2 Co-simulation test model for force/displacement coupling approach

Applying a force/displacement decomposition, the coupling force _ is replaced in
subsystem 2 with the help of the coupling condition "Q h wd® w Q2
O U 1. Due to the fact that the state variables and 0 are unknown in
subsystem 2, they are replaced by two additional coupling variables, which are
denoted by w and 0 . The introduction of two additional coupling variables entails the
definition of two additional coupling conditions, namely, @ h & & mand™Q h

O 0 1B Then, the decomposed system is described by the following
dimensionless coefficient matrices:
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m P 11 T
5 o d T T &
= AT T T p & h
| | - | |
T T x
(o | l | (0}
1 L1 mT T
Hy T L1 T T Pay
&y T Tt T 7T T h
” | o | (2.7)
—f — m T
ol | o]
oy ] ay 1 g
F p T L1 T ,
T p L1 ]
T T T TP
T p T T L TU .
mTpPp T T T

When a displacement/displacement coupling approach is used to decompose the two-
mass oscillator, each subsystem is described by a base-point excited single-mass
oscillator, see Figure 2.3.

¢ ™M~ ¢ . . _ _ ¢,/ M2 c
L xZ’vz xl,vl
s | ’
| |
dl I dC dC | dz

|
§ X1 X2

Figure 2.3 Co-simulation test model for displacement/displacement coupling approach

For this purpose, the coupling spring/damper system has to be duplicated, i.e., the
coupling variable _ is replaced in both subsystems and four additional coupling
variables are introduced, namely @who andb hb . The corresponding coefficient
matrices characterizing the decomposed system read as

11 3 p T T
o P a p | d Tt Tt &
= A 11 L1 L1 P &N
’ - - | | i | | a
o | | O 2.8)
LA T L T ] |
&y T T [ ¥ R o NS  Co
|| r’y| T | T T T T h
—ay — T T T
ol | o}
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2.2. Test Models for Algebraic Constraint Coupling

For defining and investigating the numerical stability of co-simulation methods with
algebraic constraints, we use the linear two-mass oscillator depicted in Figure 1.2. The
oscillator consists of two single-mass oscillators (masses & hi , spring constants
o hb, damping coefficients ‘Q AQ ), which are connected by a rigid link. Hence, the two-
mass oscillator may be interpreted as two Dahlquist equations, which are coupled by
the algebraic constraint equation w ® T

The equations of motion for the coupled oscillator are given by the index-3 DAE system

®w U
w ., Q. p
)] —w —U —
a a a -
W U (2.9)
w . Q . p
V) — W —U —Q
a a a =
mT ® w38

For the stability analysis, it is convenient to define the 5 subsequent parameters:

.. ©J0 . Q JO. a . D . Q

i ——hd ——h —h - h —~ 2.10

F ——hl  —fl <Rl S8 (210
Making use of these parameters and using dimensionless state variables, we can
rewrite Eq. (2.9) according to

of of

ol agaf dar _I

a ol 2.11)

‘ | o AT =

ol — SAReA) |— r —

m o o8

The above equations of motion can be rewritten in a compact manner, namely

= S (2.12)
I FO» 38

The vector » of OF of OF ~ a collects the dimensionless state variables, 1
terms the dimensionless Lagrange multiplier. The coefficient matrices/vectors =h|| hr
are given by

12
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ey Uf d‘_ Tt n Y - cy p (:'Yv

= AT i | T | P #xh| & m &h
T T —ay —d P (2.13)

& | | 0} o | 0]

F p 1T p T8

The above system characterizes a force/force decomposition approach.
Corresponding test models and equations of motion for the case of force/displacement
and displacement/displacement decomposition will be derived in Chapter 4.
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3. Stability Analysis of Co-Simulation Approaches with Applied Force Coupling

In this chapter, the numerical stability of different co-simulation methods based on
applied force coupling are analyzed. We consider explicit and implicit coupling
schemes with different approximation orders and discuss the three decomposition
techniques (force/force-, force/displacement- and displacement/displacement
decomposition). Discretizing the co-simulation test model with a co-simulation method,
recurrence equations can be derived, which describe the time discrete co-simulation
solution. The stability of the recurrence equations systems represents the stability
behavior of the co-simulation approach and can easily be determined by an eigenvalue
analysis. The classical implicit methods only take the coupling equations into account.
In addition to these methods, we also present implicit co-simulation methods with
improved stability properties. Enhanced stability behavior can be achieved by
extending the coupling conditions, i.e., by taking into account derivatives and integrals
of the constitutive equations. Finally, the convergence behavior of the different
coupling methods is analyzed.

3.1. Original Co-Simulation Methods: Explicit and Implicit Algorithms

Applying a co-simulation approach, the overall system is split into two (or more)
subsystems by using a forcel/force-, a force/displacement- or a
displacement/displacement-decomposition technique. To simulate the decoupled
system in the framework of a co-simulation approach, coupling variables (subsystem
input and output variables) have to be specified and a macro-time grid (macro-time
points "YR'YM RY) has to be defined. Within this work, an equidistant macro-time grid
is used so that the macro-step size 'O Y “Y is constant. Making use of a co-
simulation method (weak coupling approach), the two subsystems integrate
independently between the macro-time points. The coupling variables are only
exchanged between the subsystems at the macro time points. For integrating the
subsystems from one to the next macro-time point ("Y © “Y ), the coupling variables
have to be approximated using extrapolation/interpolation techniques. In this work,
Lagrange polynomials are used for approximating the coupling variables.

In the following sections, we investigate implicit and explicit coupling approaches for
the 3 decomposition techniques. Here, we assume that the subsystems are integrated
in parallel (Jacobi type). Serial integration schemes (Gauss-Seidel type) are not
discussed, but may be treated in a very similar manner.

3.1.1.Implicit Force/Force Co-Simulation Approach

By applying a force/force-decomposition technique, the co-simulation test model is split
into two subsystems in such a way that both subsystems are force-driven single-mass
oscillators, see Figure 2.1.
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The two masses are driven by the coupling force _ . The coupling force is a function
of the state variables of the subsystems and can be defined by the implicit coupling
condiion™Qh _ @wJ®» ® Q20 U m

Using the modified (dimensionless) state variables and the parameters from Eq. (2.2),

the decomposed system described by Eq. (2.5) can be rewritten by the following
system:

Subsystem 1:

o ol (3.1a)
of ooy dar _[
Subsystem 2:

of or

| ) | 0 (3.1b)
ol — 4 — X3 ar |—=|._
Coupling condition: (3.1¢)
‘wh T | 3Fod of | Joor of m8 '
Note that _I _ JO¥& represents the modified (dimensionless) coupling force. To

derive the recurrence equations system for the discretized test-model, we consider the
general macro-step from”Y to“Y ,where”Y “Y¥Oterms the dimensionless macro-
time point. For integrating the subsystems from "Y to Y , the coupling variable _I' ¢
has to be approximated in the time interval "YRY . Therefore, Lagrange polynomials
of degree Qare used, which are specified by Q p sampling points. Using for instance
the 'Q p sampling points “Yhl; h'Y Al MhAhY Al , we get a
polynomial of degree Q which we abbreviate by
o “Yhl; A"y Al ®hy Al il

At the beginning of the macro-time step, the state variables and the coupling variable
are assumed to be known

Y afgh ord Y U h (3.2a)
o OF Y o h orer 'Y U h '
oy _s8 (3.2b)

For higher order approximation (‘Q 1), we further assume that the coupling variable
is known at the previous ‘Qmacro-time step points 'Y B RY

The implicit co-simulation approaches considered here are predictor/corrector
approaches, which can be subdivided into three steps. Below, predicted variables are
indicated with an upper index 1) (e.g. of; ). Variables without upper index are

assumed to be corrected variables (e.g. of; ). For the following analysis, it is useful
to define the vector a of, Ol hedy ol
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ofp P R E B ha o M hdR RO that collect
the state variables of both subsystems at the macro-time points "YRY B RY

Step 1: Predictor Step

An analytical integration of subsystem 1 and subsystem 2 from “Y to Y  with initial
conditions (3.2a) and with the predictor (extrapolation) polynomial

~

=|._ o 0 Y Fl=||_ﬁ hy Fl=||_ﬁ BhY Fl=||_ﬁ i (3.3)

yields predicted state variables at the macro-time point “Y

o o AL BAL R R
Urﬁ Urﬁ =||_ﬁ Fl=||-ﬁ B Fl=||—ﬁ b h
. o WAL FBARL R (3.4)
Urﬁ Ul,_ﬁ =||_ﬁ F]=I|—ﬁ B F]=I|—ﬁ P 8

Step 2: Calculation of Corrected Coupling Force

By analytically integrating subsystem 1 and subsystem 2 from “Y to "Y  with initial
conditions (3.2a) and using the interpolation polynomial

Foa 0 vy nfy hvRdf, Ay  RE Mrh (3.5)

we get the following state variables at the macro-time point “Y

o o  _Fr hl;mhnl; b h

ol ofy  _fr Al Rl hy h (3.6)
oy oy =t_ﬁ ﬁ=l}, 8 ﬁ=||_ﬁ b h '
Uf-ﬁ l‘)f_ﬁ =t_ﬁ F]=I|_ﬁ 8 ﬁ=||_ﬁ r 8

Note that _f;  represents an arbitrary coupling force at the macro-time point "Y

Differentiating the state variables of Eqg. (3.6) with respect to _i; , we obtain the
partial derivatives

19 w00 L5 X7 8006

1 _&; Tt

1ty 1 Of; (37
i A7 igo0 B AT 1866

r Tt

The partial derivatives are constant, because the state variables of Eq. (3.7) only
depend linearly on _{;;

Making use of the partial derivatives, a corrected coupling force _l; can be
computed, which fulfills the coupling conditions (3.1c) at the macro-time point "Y
Regarding the fixed time point Y |, "'y  may be considered as a function of the
coupling force _{;

16



@y & h Ay [ H o X R o i

(3.8)
. ool _E; VI

Since the state variables of;;, ,ofi;, ,0f; andUf;; depend only linearly on _f
Eq. (3.8) can be rewritten as

OF S PO (I O S g?h oty
T b i
_ JRe i Ro v T ofn g
ool o s (3.9)
- Tay Ty
0]
p | 34_ T=t_ﬁ T=t_ﬁ
T O[}; T [} 3 .
| :ﬂ—OT LT I 2 S
where _{; _['"Y  terms the predicted coupling force at "Y
By setting " @ _f; M, we get the corrected coupling force
=rﬁ =rﬁ
o T g R I 8 (3.10)
b | a_TOfﬁ 1 o | o 1O Tl
T 4k Tt T4y Tt

Note that for the reason of a clear representation, different variables have been used
for the general coupling force _{;  at the time point"Y  and the corrected coupling
force _l; , which represents the root of Eq. (3.10).

Step 3: Corrector Step

Using an interpolation polynomial with the corrected coupling force _i;  from Eq.

(3.10), an analytical integration of subsystem 1 and subsystem 2 from “Y to Y  with
initial conditions (3.2a) gives the corrected states

o AT =|'_F1 ﬁ=l'ﬁ 8 F]=||_ﬁ v h
e Ol . hl; Al o h
Ol O = R Bh  hoh (3.11)
of off _fn Al B Al; h» h
Ol o, Iy ARl M o8

With the help of the corrected state variables from Eq. (3.11), it is straightforward to
derive recurrence equations, which only contain the state variables at the current and
previous macro-time points. Evaluating the coupling condition at the 'Q p macro-time
points"Y B HRY yields
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i | JFOdf; of; e o Rl Ol

& (3.12)

L | o df of e NI OF 8
Making use of Eq. (3.12), the coupling forces _l; 18 hf}; can be eliminated in
Eq. (3.11), which results in relationships of the form

of 7 » B h

Ol Ol » b B h

i oy > R R R (3.13)

Ol of; » P B 8

Eq. (3.13) represents a system of 4 coupled linear recurrence equations. This system
can symbolically be written as

= D = E = o)) . (3.14)

The real-valued matrices= 8 h= N g are constant and only depend on the
seven parameters of the co-simulation test model.

Since the subsystem integration is carried out analytically, the stability behavior of the
co-simulation approach is directly determined by the stability of the linear recurrence
equations system (3.14). This system can easily be solved by the exponential
approach » » ¥ , where ¥ denotes the Eigenvalue and » the Eigenvector of the
system. Since the recurrence system (3.14) is of order Q there generally exist 'Q
ph8 it JQ Eigenvalues and corresponding Eigenvectors. If the spectral radius ”

I A@rs, ie. the magnitude of the largest Eigenvalue is larger than 1, the co-

simulation becomes unstable. Since the matrices = I8 h= only depend on the
seven parameters of the co-simulation test model, ” is also only a function of these
seven parameters.

It should finally be stressed that the implicit coupling scheme presented above does
only require one corrector step, since the gradients are constant due to the linearity of
the problem, see Eq. (3.7). For nonlinear problems, the predictor/corrector approach
described above would be semi-implicit and a corrector iteration with several corrector
steps would be necessary in order to obtain a full-implicit method.

3.1.2.Explicit Force/Force Co-Simulation Approach

For the explicit coupling approach only one explicit integration step is required, which
is identical with the predictor step in Section 3.1.1, while Step 2 and Step 3 of Section
3.1.1 are omitted.

Step 1: Explicit Integration Step

An analytical integration of subsystem 1 and subsystem 2 from Y to Y  with initial
conditions (3.2a) and with the extrapolation polynomial

18



For 0 vyaf; Ay R MhAY Rl (3.15)

yields the following state variables at the macro-time point "Y

AT AT =||_ﬁ F]=||—ﬁ B h=||_ﬁ v h
O Ul Sifds BRI Roh (3.16)
AT O] fhfly Al M h
Ol O}, fhly mal; f» 8

Making use of the coupling conditions at the macro-time points "Y FY , see Eq.
(3.12), the coupling forces _I; h.l; B Al; inEq. (3.16) can be substituted, which
yields relationships of the form

dfﬁ dfﬁ ) F]l FB Fll F]
Ol V] » o B P h
iy R R R (3.17)
O V] » o B P 8

As in the case of the implicit approach, Eq. (3.17) represents a system of 4 coupled
linear recurrence equations of order Q p. According to Section 3.1.1, this system can
symbolically be written as

AL, =D = D E = D . (3.18)
Like in the case of implicit solver coupling, the real-valued matrices= B b= N #
are constant and only depend on the seven parameters of the co-simulation test model.
However, it should be mentioned that the matrices are not identical with the
corresponding matrices in the case of implicit approach.

3.1.3.Implicit Force/Displacement Co-Simulation Approach

When the test model is decomposed by a force/displacement approach, subsystem 1
is represented by a force driven one mass oscillator while subsystem 2 is described by
a base-point excited oscillator, see Figure 2.2. Note that it is also possible to describe
the system using a displacement/force approach and hence the stability behavior might
be different for unsymmetrical test models. Here, we only consider force/displacement
decomposition.

The equation of motion can be rewritten in the dimensionless according to

Subsystem 1:

of Ol (3.19a)
of ooy dar _§

Subsystem 2:
o o | (3.19b)
off |—0tf(*f |—’d—0|._ |—0f0f of |—'d_ of  OF
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Coupling conditions:

@ h b | 3§odf o | Ao of m
‘T R o T (3.19¢)
T h Oof O T8

Like in Section 3.1.1, we consider the general macro-step from Y to "Y  to derive the
governing recurrence equations system for the force/displacement-coupling approach.
Again, we assume that at the beginning of the macro-time step, the state and the
coupling variables are known

Gor Y o h oro Y O h
ol Y o h oral Y O[;h (3:203)
Sy (3.20b)

of of Y afp h ofa Y O 8
For higher order approximation Q 11, the coupling variables at the previous macro-
time points are also assumed to be known.
Step 1: Predictor Step

If we analytically integrate subsystem 1 and subsystem 2 from “Y to “Y  with initial
condition (3.20a) and with the predictor (extrapolation) polynomials _I' of, o of and

or o

~

o o "vyal; Ay Rf; ®hAY R h
of oF O, "Yhfp hY Rfy  MBA'Y R rph (3.21)
orof 0 YRR h'y R MRY R mh
we get the following predicted state variables at the macro-time point "Y
(.‘Lr R (lr R =|'_Fl F]=I|_ﬁ FB ﬁ=||_ﬁ ﬁl F]
Ol Ol iRl MR R A
i i efle B h (3.22)
of ap Ooaf s B R M h
Ol Oy, O R MM M h
where the vectors ¢ j o ol , 905 o Ol , €Q p
odp Ul collect the coupling variables for subsystem 2 at the current and

previous macro-time points.
Step 2: Calculation of Corrected Coupling Variables

An analytical integration of subsystem 1 and subsystem 2 from Y to Y  with initial
conditions (3.20a) and with the interpolation polynomials _{ of, ¢f © and 0 ©
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foa 0o vy nf; hvvyal, hy Rl pih
of o O Y Rfy  hUYRER BRY Rl Hih (3.23)
of of 0% Y hfj h"YR[;, Bh'Y ROl ol
yields the following state variables at the macro-time point "Y
of; off _f; hl;mhnl; v h
o oy AGBAG B R
l‘)f_h L"rh =Zh Liq B MLy t ) (3.24)
ofs dp 0% M EMBRF o
O o, 0% M B | b h

where _fz . df; and 0f; denote arbitrary coupling variables at the macro-time
point Y

Inserting the state variables of Eq. (3.24) into the coupling conditions (3.19c) results in
a linear equations system for the coupling variables, since the state vectors of Eq.
(3.24) only linearly depend on the coupling variables and since the coupling conditions
are linear. Solving this equations system for the coupling variables yields the corrected
variables _I; ,¢f; andU[; 8

Step 3: Corrector Step
Using interpolation polynomials with the corrected coupling variables _I;; ,dff; and

O[, , an analytical integration of the decomposed systems from “Y to "Y  with initial
conditions (3.20a) gives the corrected states

AT o I nl; B Al; v h
O O = Rl B Rt by R
U MR n R h (3.25)
of i o ©¢f M RMB hr» h
Ol OlR Of MM | h 8

By evaluating the coupling conditions (3.19¢) atthe Q@ p macro-time points”Y HYMh
Y , the coupling variables in Eg. (3.25) can be eliminated, which gives a linear
recurrence equations system of the form (3.13) and (3.14), respectively.

3.1.4. Explicit Force/Displacement Co-Simulation Approach

In order to perform an explicit coupling approach, only one explicit integration step has
to be carried out. This explicit step is equivalent with the predictor step in Section 3.1.3.
Replacing the coupling variables in Eq. (3.22) yields a linear system of recurrence
equations of the form (3.17) and (3.18).

3.1.5.Implicit Displacement/Displacement Co-Simulation Approach

When a displacement/displacement-coupling approach is used to decompose the two-
mass oscillator, each subsystem is described by a base-point excited single-mass
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oscillator, see Figure 2.3. The equations of motion characterizing the decomposed
system reads as

Subsystem 1:

of OF (3.26a)
of  raf dr | AFod of | ZdOoor or
Subsystem 2:
of ”ﬂ o o | (3.26b)
of |—0f(4_ |—'d_0l_ |—04_01— of |—'d_0|._ o
Coupling conditions:
‘T hof of m
‘@ h o Oof m (3.26¢)
‘T hof of m
) h of o T8

The corresponding initial conditions for the state variables as well as the coupling
variables at the beginning of the macro-step are given by

of oF Y o h oro "y O h
o of Y of h  orof "y O h (3.27a)
of OF Y o h orof Y o, h
o F Y oazh ore Y U 8 (3.27b)

Step 1: Predictor Step

Using the initial conditions (3.27a) and the predictor (extrapolation) polynomials ¢f of,
ol of, af ol and O of, an analytical integration of the two subsystems from "Y to "Y
yields the predicted state variables at the macro-time point “Y

of; dy Opfr BRR M h
Ol oy, Oy B M h
‘l_h ‘l_h AR MBI hoh (3.28)
of off O i MR F M h
Ol O, O sy MR h 8
Note that the wvectors ¢ j odp o L0 f o UG O R
ofp U and ¢ A Oy, O ofp  OfF 05
o UG collect the coupling variables at the current and previous macro-time

points.
Step 2: Calculation of Corrected Coupling Variables

By making use of the interpolation polynomials of of, 0 of, ¢f of and ol of, an
integration from Y to “Y  with initial conditions (3.27a) gives the following state
variables at the macro-time point Y
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AT off O W yBR; v h
Ol Ofy 05 M B ; v h
‘h ‘Fh Zh YV RIBIV g v' ! (3.29)
R oy O MR hr h
O, o, 0% M B | b h

wheredf; ,Uf; ,dfy andul; denote arbitrary coupling variables at the macro-
time point Y

Inserting the state variables of Eq. (3.29) into the coupling conditions (3.26c¢) results in
a linear equations system for the coupling variables, the solution of which yields the
corrected variables off; , 0[; , ofy and [

Step 3: Corrector Step

Using interpolation polynomials with the corrected coupling variables of; , O[

ol and Ul ,asubsystem integrationfrom”Y to”Y with initial conditions (3.27a)
yields the corrected states

of drp Or rBRF © h
Ol O 0f M RBR; v h
‘rh ‘l_h iR, o (3.30)
of iy o O M FMBR hr» h
Ol o, 05 MMM} 8
By evaluating the coupling conditions (3.26c) at the 'Q p macro-time points 'Y , Y,
e,’Y , the coupling variables in Eqg. (3.30) can be eliminated, which gives again a

linear recurrence equations system of the form (3.13) and (3.14), respectively.

3.1.6.Explicit Displacement/Displacement Co-Simulation Approach

Performing the predictor step in Section 3.1.5, only, an explicit co-simulation scheme
is obtained. Using the coupling conditions (3.26¢) in order to replace the coupling

variables in Eg. (3.28), one gets a linear recurrence equations system of the form (3.17)
and (3.18), respectively.

3.2. Stability and Convergence Plots for Original Co-Simulation Methods

As shown in the previous sections, performing a predictor-corrector approach in
connection with implicit co-simulation algorithms or only a predictor step in the
framework of explicit methods, we end up with a linear system of recurrence equations
described by Eq. (3.14) and Eq. (3.18) respectively. In order to display the stability
behavior in 2D plots, it is mandatory to calculate the spectral radius of the recurrence
equations system, which characterize the stability properties of the underlying co-
simulation method.

Since the coefficient matrices of the linear system of recurrence equations depend on
the 7 dimensionless parameters defined in (2.2), the spectral radius can be plotted as
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the function of two parameters with the other five fixed. In accordance with the 2D
stability plots for time integration schemes, where the spectral radius of the recurrence
equation is plotted as a function of & and (¥ , an alternative set of parameters are
introduced for representing 2D co-simulation stability plots, namely

¥ % A g taF Ok (3.31a)
a i ¥ | i
a v |
v 5 1| | (:f | o (3.31b)
v Ty O
o o Ul a1 g |
E hi = - wi t|H c|—8 (3.31c)
e e P

The physical interpretation of these parameters is straightforward. ¥ and ¥ in Eq.
(3.31a) describe the real and imaginary part of the eigenvalue of subsystem 1. The
dimensionless parameters in Eq. (3.31b) characterize subsystem 2: | , and
| describe the ratio of the subsystem masses as well as the ratio of the real and
the imaginary part of the eigenvalue of subsystem 2 with respect to subsystem 1. To
characterize the coupling element of the subsystem, the two parameters | and

are introduced. The physical meaning of these parameters can be explained with
the unfixed two-mass oscillator (0 & Q Q ), see Figure 3.1.

my c. My

AWM

—E
dc

Figure 3.1 Unfixed two-mass oscillator (0 ® Q Q m

* ¢
| I
| I

To determine the eigenvalues, we have to calculate the roots of the characteristic
polynomial

0¥y Yaday¥y G & Qv & & o8 (3.32)
Apparently, the eigenvalues ¥ y  1tdefine a rigid body motion. With & p and with
the parameters of Eq. (2.2), the other two eigenvalues are given by

¢d*2 af | o
" Z| x @ - g (3.33)
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Hence, the two parameters | and | characterize the ratio of the real and
imaginary part of this eigenvalue with respectto ¥ and ¥ . However, the factor two
has artificially been introduced so that for the symmetric case (i.e. & a o o
wandQ 'Q Q) the parameters| N l N and | become 1.

To examine the stability properties of the different coupling approaches, we consider
here the symmetric test model (| | | | | p). The
parameters ¥ and ¥ are varied in the range  ¢fit and dp mtfor the implicit co-
simulation schemes and in the range  phrt and i for the explicit case. Note that
the spectral radius can only be calculated numerically. The solid points in the plots
indicate stable cases, i.e. points for which ” p p 1 holds. In order to reduce
floating point errors, the numerical calculation has been carried out with 128 digit.

3.2.1. Stability Plots for Implicit Co-Simulation Approach

Stability plots for the implicit coupling schemes are collected in Figure 3.2 - Figure 3.4
for the forcelforce-, the force/displacement-, and the displacement/displacement-
coupling approach. Plots have been generated for constant (Q 1), linear (Q p),
quadratic 'Q ¢ and cubic (Q ©) approximation polynomials. Except for the case
"Q 1, we observe that the region of instability will be increased if the polynomial
degree is increased.

Since the spectral radius can only be calculated numerically, it cannot be proven that
the implicit schemes are 0 | -stable. However, further simulations, which are not
shown here, indicate that the implicit schemes are also stable for very large values of
¥ and~¥ .

Figure 3.3 and Figure 3.4 also exhibit that for the force/displacement- and especially
for the displacement/displacement-coupling approach the region of instability for 'Q 1t
is larger than for Q p, which will not be the case if force/force-decomposition is
applied.
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Figure 3.3 Stability plots for the implicit co-simulation approach (force/displacement-decomposition)
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Figure 3.4 Stability plots for the implicit co-simulation approach (displacement/displacement-decomposition)

3.2.2.Stability Plots for Explicit Co-Simulation Approach

Figure 3.5 - Figure 3.7 collect 2D stability diagrams for the explicit co-simulation
schemes. As shown in the previous section, plots for different approximation
polynomials Q Tmipktfo are presented for the 3 decomposition techniques. The
reduced stability of the explicit schemes compared with their implicit counterparts is
obvious. The higher the order of approximation is, the more the stable region is
reduced. For the considered set of parameters, the displacement/displacement-
coupling approach exhibits the best stability behavior.
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Figure 3.6 Stability plots for the explicit co-simulation approach (force/displacement-decomposition)
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Figure 3.7 Stability plots for the explicit co-simulation approach (displacement/displacement-decomposition)

The above collected stability plots were generated with the symmetrical co-simulation
test model. Further studies i which are not presented here i show that the 5
parameters| h h A and| ,which characterize the asymmetry of the
co-simulation test model, may have a significant influence on the stability behavior of
the explicit and the implicit co-simulation approaches.

3.2.3.Convergence Plots

In this section, convergence plots are collected for the symmetrical co-simulation test
model (& & pho ® w pnMx Q Q pit These plots may
especially be interesting and helpful for the implementation of co-simulation methods
with variable macro-step sizes, since therefore an error estimator for the local error is
required. In this work, the relative global error for the position variables w¥w is
calculated according to the normalized root mean square error (NRMSE)

B wp Y owp B wp Y wpj
- h
B wp Y owf B wp Y wp
_ (339
withwp Y . 0 0Q0 w "Yh wip Y _ 0 0Q0 w “Yh
. wyp Y wip Y
Wh U—h Wh 5 8
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In the above equation, the values wy oy, denote the co-simulation results at the
macro-time point “Y (solution of the governing recurrence system) and
wp Y oy Y  the values of the analytical solution, which are integrated

analytically from "Yto "Y. 0 represents the total number of macro-steps. The global
error -  of the velocity variables 0 hb are computed in a similar manner.

The local error for the position variables w fw is calculated by

B wp Y wj B wp Y of
- h . . . .
B wp Y w;j B wp Y wp
5 _ (3.35)
with oy Y U 0Q0 wyp hwy Y | O 0Q0 wp h
. wrp Y o . Wi Y
W ———h  w; — 8

“Y term the values of the reference solution. The related local

where @y Y hop
errors for the velocity variables - | are calculated in a similar manner.

for the position and velocity variables

Figure 3.8 shows the global errors-  { ,-
with respect to the implicit force/force co-simulation approach for Q miphcho8we can
see that the global errors -  , - { converge with * Q and that the

magnitudes of position and velocity are almost on the same level.
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Figure 3.8 Global error plots for the implicit co-simulation approach (force/force-decomposition)

The local errors - 5 ,-
shown in Figure 3.9.-  ,-  convergewith® Q@ and“ "Q | respectively

The convergence plots for the force/displacement- and the displacement/displacement

coupling approach (not shown here) exhibit a quite similar behavior with the sam
convergence order and similar magnitudes.

n for the implicit force/force co-simulation approach are

e
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Figure 3.9 Local error plots for the implicit co-simulation approach using force/force-decomposition

A study on the convergence of the explicit co-simulation approaches (not presented
here) has shown that the convergence behavior is very similar to the implicit case.
However, larger error magnitudes are observed, especially for higher approximation

polynomials.

3.3. Nonlinear Example: Planar Four-Bar Mechanism

In the previous sections, co-simulation methods have been investigated with respect
to their numerical stability and convergence behavior. For investigating the numerical
stability, Dahlquist’s stability theory based on a linear test model has been applied and
extended to co-simulation approaches. In order to demonstrate the applicability of the
presented co-simulation methods to more complicated problems, we now analyze a
nonlinear model. The investigated system can be considered as a planar four-bar
mechanism, see Figure 3.10. The middle bar is split into two parts, which are
connected by a 3-DOF bushing element (stiffnesses @ O hd ; damping coefficients
Q HQ FQ ). The first subsystem contains bar 1 (¢ pE® plp EQ
pi ) and the left part of the middle bar (& pE® plpEC i  pi). The
second subsystem is represented by the right part of the middle bar (& pE
pfp EQ M pi)and by bar 4 (6 CcE® CcIOEQ hx ¢l). A linear
viscous damping force is applied at the center of mass of all four bars (damping
coefficients Q@ 'Q m®. @ ). Gravity is acting in positive y-direction ('Q
ofp d 7O). Subsystem 1 and 2 are both mathematically described by a DAE system,
which has been integrated numerically with an implicit Runge-Kutta integrator. As initial
conditions,» ; - OAdhd « ; 1O Af@have been chosen.
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Figure 3.10 Planar four-bar mechanism: Interpretation as two double pendulums coupled by a bushing element

Simulation results for the three decomposition approaches (force/force-,
force/displacement- and displacement/displacement decomposition; semi-implicit)
with constant 'Q 1, linear 'Q p and quadratic 'Q ¢ approximation polynomials
are collected in Figure 3.11.

Depicted are the rotation angless 0 ande+ 0 of bar 2 and bar 4, the corresponding
angular velocites « o and » 0, the coupling force _ 6 w t ® ™D
AT+0 w T ATO Qt ® ™M DET i 0w mtat

OBl i acting in the bushing element in axdirection as well as the coupling torque
5.0 Gpde e Q,.t »+, .. It should be mentioned that the bushing

S G -
stiffnesses have been set to w W pPOoOTd and w pOo 0 afi @ Qhe
damping parameters of the bushing have assumed to be Q Q p 1O if& and

Q p 1O & il . @he co-simulations have been carried out with the constant macro-
step size ™0 pO 1 O The reference solution has been calculated numerically with a
monolithic model. As can be seen, all semi-implicit co-simulation results show a good
agreement with the reference solution.
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Figure 3.11 Simulation results for the four-bar mechanism based on force/force-decomposition (original methods,
0 and coupling
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3.4. Implicit Co-Simulation Approaches with Improved Numerical Stability

The numerical stability of implicit co-simulation approaches (here called original
methods, based on standard Lagrange approximation techniques) have been fully
analyzed in the previous sections. We have observed that the region of stability is
significantly larger compared with the explicit methods. Nevertheless, unstable regions
are also observed for the original implicit methods, especially for unsymmetrical
models (i.e. for the case| h h h h p). In this section, we will
present implicit co-simulation methods with improved stability properties. Enhanced
stability behavior can be achieved by extending the coupling conditions, i.e. by taking
into account derivatives and integrals of the constitutive equations. As a consequence,
additional coupling variables have to be taken into account. Results are presented for
all three possible decomposition approaches.

3.4.1.Implicit Force/Force Co-Simulation Approach: D-Extension

For the original (non-extended) co-simulation method, only the coupling condition "I
is required and the coupling force _[ is only discretized at the macro-time points Y,
“Y , etc.. The key idea of the D-extended co-simulation approach is to consider not
only the coupling condition " , but also its time derivative " . Therefore, the coupling
force _[ is also discretized at the time points Y i » Y j ,etc. by introducing the
additional variables _[}; i s i » etc.. As a consequence of this approach, both
‘(T and "@ can be enforced at the macro-time points “Y, "Y , etc..

Based on the dimensionless formulation of the co-simulation test model, the
decomposed D-extended system is mathematically defined by

Subsystem 1:

o ol (3.36a)
of ooy doar _[
Subsystem 2:

o U"_| N | 0 (3.36b)
ol l—Q*fQ*f |—Cd_33|._ |—="_
Coupling conditions:
@ h b | 3§oaf o | GO0 Of m (3.36¢)

‘wh_F | afoor of | odoof of w8

In the following analysis, we consider the general macro-step from “Y to “Y  to derive
the recurrence equations system for the discretized co-simulation test model. In order
to accomplish the subsystem integration from Y to "Y , the coupling variable _[ of
has to be approximated in the time interval “Y, Y ]. With respect to the
approximation order, we discuss three cases, namely constant Q 1, linear Q p ,
and quadratic 'Q ¢ approximation. Therefore, it is useful to define the three
functions 6 of, 0 of and 0 o Firstly, we consider the Lagrange polynomial 0 of degree
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"Q which is specified by 'Q p sampling points. By using the 'Q p sampling points

v Rl o, val; , ey Rl , for instance, we obtain a polynomial of
degree  'Q which is abbreviated by 0 Y Rl h"YR[l; B A
Y hlx Ml. For the case of constant approximation, it is useful to define the

piecewise constant function 6 df in the time interval "Y, Y ]according to

i ; f ool "YAY |
6 _f Al ;o = ! 5 h 3.37
e hdy ool T fodR Y | AY (3.37)
where _[; and _[; 7 denote the values of the coupling variable at the time points
Y and”Y ¢ .Using linear approximation, definition of the piecewise linear function

0 o inthe time interval “"YRY  according to

0 i nfy o Rfpmpr
0 v ; Ry ; hUYRbfR mpr f oo "YRY | : (3.38)
o0 vy Ry hY jRfg ;o M food Y | RY

is helpful, where _{; R.l; ; and _f; denote the values of the coupling variable at
the time points Y HRY ; and "Y, see Figure 3.12. For the case of quadratic
approximation, three sampling points Y nl; , Y ; iy ; and "YRl;
are used to generate the quadratic approximation polynomial

o G Al o ARG

N y n y N g (3.39)
0 vy hfy Ay jaly ; hYRl; b f oo YRY 8
Constant Approximation (k = 0) Linear Approximation (k = 1) Quadratic Approximation (k = 2)

\ | ' \ Acy+1 ' \ |
3 Aoy 3 3 | : Aoy
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Figure 3.12 Extrapolation and interpolation functions for constant, linear and quadratic approximation.

At the macro-time point Y, we assume again that the state variables and the coupling
variable are known

ofof Y o h Oorof Y Ufh
of oF Y oz h orof Y U h (3.402)
fTo vy _;8 (3.40b)

The implicit (semi-implicit) extended co-simulation methods investigated here are
based on a predictor/corrector approach to be accomplished in 3 steps.
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Step 1: Predictor Step

By analytically integrating subsystem 1 and subsystem 2 from “Y to Y  using the
initial conditions (3.40a) and the predictor (extrapolation) function

=I|_ﬁ T
o 0 vyrdy Ay R ; mf Qop (3.41)
o _f; hts i hl, mr 0 ¢

of; o Al sAl R R
Ol, o Al Al P R
of; o _nfi 7l M R (3.42)
Of Ol; Al +hl; P 8

Note that for the case of constant approximation, the predicted states only depend on
_l; and for linear approximation only on _f; and _f; ;. In the following
representation, we generally use the arguments for the case of quadratic
approximation.

It should be stressed that alternative approaches might be used for extrapolating the
coupling variable. For 'Q m, the extrapolation function & ¢_l;  _[; 7 hAlf; nor
may be used, for instance. For Q p, the linear function
0 "Yhl; h"y Rl; nolcould alternatively be applied. For 'Q ¢, the quadratic
polynomial 0 _f; hl; hl; nol might also be chosen. For nonlinear problems,
the usage of different extrapolation functions may affect the accuracy of a semi-implicit
co-simulation approach.

Step 2: Calculation of Corrected Coupling Forces

An analytical integration of subsystem 1 and subsystem 2 from “Y to Y  with the
initial conditions (3.40a) and the interpolation polynomials

fo 0 & nfy ;AT Qop (3.43)
o0 & hfy  Rkmh @ ¢

yields the state variables at the macro-time point “Y
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o o _f hfy ; nlip h
o o i Rfy  AfiP b
o oy & hf . AGR R (3.44)
o ofy fr Afy ; Afif 8

It should be mentioned that _f; and _{; ; denote arbitrary coupling forces at the
time points“Y and”Y ¢.

Differentiating the state variables of Eq. (3.44) and the corresponding acceleration
variables O[;  and O[;,  with respectto _f; , one gets the partial derivatives

Tdi xi @00 Y5 Ajwoo MY A1 @00

Tt 1 T

o 1 of; T of; (3.45)
AT 800 L AT 8006 “H A 1890

1 L r ¥ Tt

Similarly, the partial derivatives with respect to _{; ; are calculated. It should be
stressed that the partial derivatives are constant, since the state variables in Eq. (3.44)
and the corresponding accelerations are linear functions of _f; and _{; .

Making use of the partial derivatives, we can calculate corrected coupling forces _f;
and _l; 7 so that the coupling conditions " and " are simultaneously fulfilled at
the macro-time point Y . Regarding the fixed time point”Y ,"@'y and"@; can

be considered as functions of the coupling forces _{;  and _{;; j s e
RO PR B P
h & 1 arodw &y Ay o f ARG
| X0 0l =t_ﬁ F1=1}, J- Ol =t_ﬁ ﬁ=fﬁ i h
. - (3.46)
@y A hly
h =Fﬁ | o Ol =t_|7] ﬁ=fﬁ j Ol =t_ﬁ ﬁ=fﬁ i
| X o Ol =t_ﬁ F1=1}, J- Ol =t_ﬁ ﬁ=fﬁ i 8

Because the state variables af;, , of; ,U[; ,U[; and the accelerations O[j;
O[;  are only linear functions of _f;  and _{; 1, EQ. (3.46) can be rewritten as
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| | | |
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:)=fﬁ =[_ﬁ
- 1R T off T Ol T Ol
o) o
| xf T JH i T =rﬁ j | ! =rﬁ j I =rﬁ i
v (3.47)
(O =rﬁ h=rh j
TG 10y
h "' Ty m T T o_t; h J
|| ||
L | JFOUl; Ol | DUl Ol
T w1 Of; 1 ofR T Ol T Ol
o) X3 o
R l LTS R | s 15
:)=rﬁ =||_ﬁ
T 0 G T Ol T Off; g T Ol T Ol
T LTI I T (TR E P I

where the vector g Jh, p=ﬂh, orc  collects the predicted coupling variables at the
time points Y and Y . The derivatives _f; _fz hly ; Aty and
o & ndy ; hly  are defined by Eq. (3.41) and (3.43), respectively. For the

case of 'Q Tt the derivatives have to be approximated, e.g. by using =||—F| ¢O
tiz s and _Fy ¢o_f; _f: | . respectively.

Setting '@ty Afy | mand 'Ty _Fp nfy T, we obtain the

corrected coupling forces

@yt Al T g

R = s O PO YRR (3.48)
O T R T T

Note that for the reason of a clear representation, different variables have been used
for the general coupling forces _{; hf; ; atthe time points"Y and"Y ; and

the corrected coupling forces _l;  h_l; ; , which represent the roots of Eq. (3.47).

Step 3 Corrector Steps

Applying the interpolation function
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6 _Ii F]=||_ﬁ i ol N m
o 0o _I; Al F1=Fﬁ rpr T p (3.49)

with the corrected coupling forces =||_ﬁ h_l; 7 from Eqg. (3.48), an analytical

integration of subsystem 1 and subsystem 2 from “Y to "Y  with initial conditions
(3.40a) yields the corrected state variables

ol o, =||—ﬁ F]=||_ﬁ i F]= R b h
O} Ol =||_ﬁ Fl=||_ﬁ i F]=I|_ﬁ b h
A S A T A A (3:50)
Ol o, _f hAl; j hiz b 8

Using the corrected state variables of Eq. (3.50), derivation of a recurrence equations
system, which only contains the state variables at the current and the previous macro-
time point is easily accomplished. Eliminating _[;  and _[}; with the help of "@
and @ aswellas _[; + with the help of ‘M, , we obtain relationships of the form

ofs o

o offp
Therefore, an eigenvalue analysis can be performed using (3.51) that represents a
system of 4 coupled linear recurrence equations of order 1

= D = D 8 (3.52)

Ol Ol » b h
Ol O » M 8

(3.51)

0¢ 3¢
0¢ 3¢

The real-valued matrices = , = N q are constant and depend only on the 7
parameters of the co-simulation test model introduced before. The stability properties
can be determined by the spectral radius of the corresponding linear recurrence
equations system and can be displayed in 2D stability plots as shown before.

3.4.2.Implicit Force/Force Co-Simulation Approach: I-Extension

The idea of the I-extended co-simulation approach is to simultaneously take into
account the coupling condition @ and its integral "® . To calculate "® , integrals of
the position variables over the time dare required. Therefore, it is useful to extend the
equations of motion by introducing the integrated position variables A of @land
ne . of '@l The equations of motion for the decomposed I-extended co-simulation
test model are given by
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Subsystem 1:

nr o
o o (3.53a)
of ooy dar _[
Subsystem 2:
nr o
of Ul (3.53b)
of  —afar —afar 21

Coupling conditions:
‘qwh T | 3fod of | odoor of m (3.530)
dh fal| aF0 of o' | d0 of of f ™8

The initial conditions (3.40a) have to be complemented by the initial conditions for [’
and N[, namely by

My oF Y mh A oF Y n8 (3.54)
Step 1: Predictor Step

The predictor step is equivalent to Step 1 in Section 3.4.1. Using the extrapolation
functions (3.41), subsystem integration with initial conditions (3.40a) and (3.54) yields
the states and the integrated position variables at the macro-time point Y

oy ol AT e hlz P h

Ol Ol =|'_F1 ﬁ=l_ﬁ 7 F]=|._F, h» h

e Ak Sehly oAl P R (3.55)
o o, IRty T hlz P h '
Ol Ol =||_ﬁ F]=||—ﬁ T ﬁ=||—ﬁ h» h

iy A il Rl P 8

Step 2: Calculation of Corrected Coupling Forces

Applying the interpolated coupling variables defined in Eq. (3.43), subsystem
integration from “Y to Y  with initial conditions (3.40a) and (3.54) gives the following
state and integrated position variables at the macro-time point Y

ofF o _fx nfy ; nfip n
Ol ofy  _fr nfy ; Alihon
O I (3.56)
o off _f; h=fﬁ j hl: b h
0l ofy  _fn Afy ; nfzh
N nn fn Afy  Rfgh 8
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Differentiating the state and integrated position variables of Eq. (3.56) with respect to
. and_{; 1 , We obtain partial derivatives similar to Eq. (3.45).

Making use of the partial derivatives, corrected coupling forces _[; and_[; s can
be computed so that the coupling conditions (3.53c) are satisfied at the macro-time
point”Y . Regarding the fixed time point”Y ,"@; and"®; may be considered
as functions of the coupling forces _{;  and _{}; 7

Ty & hdy
h & 1 afodfy fy Ay ;o _fr Afy
| X0 ol =1|-ﬁ F1=fﬁ j Ol =fﬁ F]=fﬁ i h
G & A6 (3.57)
h faol anfr & Ay o, o & hfy
od oy & hfy oy owp o o Rfy ;0 o 8

Due to the fact that the state variables of; ,d ,0[; ,U[; and the integrated
position variables ify, , Af  only depend linearly on _fz Aty ; , Eq. (3.57) can
be rewritten as
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S . 1@y
h " Trn m T o_ft; _; T ,
| | | |
L | A0 Wp Wr e o JelV Ol

Age)
p | :hr T =t—h T =t—h | T =t_ﬁ T =t—ﬁ
:)=fﬁ [_h
S AT AT 1 Ok T Ofk
o) X0
B N 5, 15
oy [t on
dh =t-ﬁ F]=rh ]
i “Cﬁﬁ - ) CEH O=r|:] =I'_ﬁ ) CEF] (358)
Tt o
| | | |
O=rﬁ i =|'_F] j
Al arong; Nl e
0 (bﬁ (bﬁ (bﬁ (bﬁ
! e ~ 1Nk Tk ,
z r d
7 e T s
O T & : ]
T T o_ft; L
- foor o)
M r B I R O
T ofi T off
e} :)T Eral s ofy ; Ly 8
By seting '@y _fx by | mand "¢y _f Afy T, we get the

corrected coupling forces

oyt Al o0om -
“ (55 t_ﬁ F1=fﬁ t =|'_h h=|'_h j 8 (359)

i
Step 3: Corrector Step

Applying the interpolation functions of Eq. (3.49) with the corrected coupling forces of
Eq. (3.59), subsystem integration from “Y to Y  with initial conditions (3.40a) and
(3.54) yields the corrected states and integrated position variables
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ofs ot Rfy Rz R
O} Ol =||_ﬁ Fl=||_ﬁ i F]=I|_ﬁ h» h
N et hfy  AfiP R
o ol =||_ﬁ F]=||_ﬁ i F]=I|—ﬁ h» h (3.60)
Ol Ol =||_ﬁ Fl=||_ﬁ i Fl=||_ﬁ h» h
s R fs hly j hlih 8

With the corrected variables from Eq. (3.60), it is simple to derive recurrence equations,
which only contain the state variables at the current and the previous macro-time
points. By eliminating _f;  and _l; with the help of '@y and " as well as
_fi 7 withthehelpof'® ;; , we obtain again a recurrence equations system of form
(3.51) and (3.52).

3.4.3.Implicit Force/Displacement Co-Simulation Approach: D-Extension

The second basic decomposition technique yields a force/displacement-coupling
approach. Using this method, the co-simulation test model is split into two subsystems
so that subsystem 1 is a force-driven and subsystem 2 a base-point excited single-
mass oscillator as shown above. The decomposed D-extended system reads as

Subsystem 1:

o ol (3.61a)
of ooy dar _[
Subsystem 2:

e o | (3.61b)
o |—0f(4_ |—'d_0|._ |—04_0tf of |—’d o Or
Coupling conditions:
‘wh L) 2fod of | JHOoOr Of m
‘wh _F | afoof of | OO OfF T
T R of m (3.61c)
" oh o O T

‘T hof of m8
Applying the original (non-extended) co-simulation technique, only the coupling

conditions "@ A and '@ have to be taken into account and the coupling variables

_lfof and U[ are discretized only at the macro-time points "YRY hetc.. In the
framework of the D-extended co-simulation approach, the coupling conditions are
extended by the time derivatives "0 and "@ . For that reason the additional variables

I shl; shetc. and O[; 7 M[; 7, etc. are introduced at the time points
"Y ;RY 1hetc. By introducing these additional variables, the five coupling
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condition in Eg. (3.61c) can be enforced simultaneously at the macro-time points
"YRY |, etc..

In order to derive the governing recurrence equations system, the general macro-step
from "Y to Y is considered again. It is assumed that the state and the coupling
variables are known at the beginning of the macro-time step

of o Y o h oro "y O, h
o ofF Y of h orof "y O h (3.623)
Tay h oo Y oh ofFo Y 08 (3.62b)

For higher order approximation 'Q 71, the coupling variables at previous time points
are also assumed to be known.

Stepl: Predictor Step

Subsystem integration from “Y to "Y  with the initial conditions (3.62a) and with the
predictor (extrapolation) functions

=Fﬁ Qo
=|._ d,_ 6 Y F]=||_ﬁ F]Y j F]=||_ﬁ j IT)'._ TQ P F]
o _f; Rty i hl; mr T ¢
ol Q m
o oF O "YR§ h°Y fRfp il Q p h (3.63)
O "YRiz h"Y hfy h°Y Rfz T Q ¢
Ol O n
ofrof 0 YRR hTY G ; T Q p h
0 O Pl P e Q ¢
we obtain the predicted state variables at the macro-time point "Y
(.‘Lr R (lr R =||_ﬁ F]=||_|7] T F]=||_ﬁ ﬁl ﬁ
Ol}; Ol shly sAf; P R
‘rh "-_h = LR 7 LR g o (3.64)
o dy O p Oy Oy M h
Ol O Or i j MOy g M 8
The vectors ¢ wp O 05 wp j L[ ; ,etc. collect the coupling

variables for subsystem 2 at the time points "YRY 5 hetc..
Step 2: Calculation of Corrected Coupling Variables

Integrating the subsystems from “Y to Y  with the initial conditions (3.62a) and using
the interpolation functions
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0 =t_ﬁ Fl=f_|:] j rﬂ,— T n
=t_ o 0 =t_ﬁ F1=fﬁ J F]=I|_ﬁ ol ko) p h
6 rh F]=rﬁ j F]=Il_h rﬁ_ TQ C
of s Q
af of O Y Rfy h YRg; il Q p h (3.65)
O¢ v Rify  RUYRGORTY R W0 Qg
6 Ofy ff ; mr Qm
of O 0 Ofy R REMT R p o h
0 oy P j EMHT Q
one gets the following state variables at the macro-time point “Y
o oy & Al RGP R
Ol 0l o hify  hl;h h
‘f-h ‘f'h =Zh SR L' o (3.66)
of off 0% M ;a0 z hoh
Ol Ofs 0% M ; R s R hoh
where _f; hfi; J- o and Of ; denote arbitrary coupling variables at the
time pointsY and’Y .

Inserting the state variables from Eq. (3.66) into the coupling conditions (3.61c) results
in a linear equations system for the coupling variables. Solving this system for the
coupling variables yields the corrected variables _[;  h [ i o 5 and Ul p -
Step 3: Corrector Step

Making use of the interpolation functions

6 _I nl; p b o
=|._ of 0 =|'_F1 F]=I|_ﬁ i F]=I|_ﬁ Y Q p h
0 =fﬁ F]=I|—ﬁ i Fl=||_ﬁ r]j._ 0 C
of Q m
arof  O¢ Y Rfrn  hUYRgp il Q p h (3.67)
O0r Y hfy h'YRfz h°Y hfy  mHF Q ¢
6 Of hofF ; mpf Qo
orof 0 O MG ;R Q p h
0 O W jEMT Q¢

with the corrected coupling variables _{; hf; ; ® 7 and0f; ; , an analytical
integration of subsystem 1 and subsystem 2 from “Y to "Y  with initial conditions
(3.62a) gives the corrected states
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ol o _Iy Alf; j hlz b h

Ol Ol i Al ;s hlzh K

‘rh ‘l_h —h R s o (3.68)

ofy ofi O5 M a0y M h

O Oy O f M j Oz F 8
With the corrected coupling variables, recurrence equations can be derived, which only
contain the state variables. Eliminating _f; ,_l;,0 5 ,0 ; and¢ ;  withthe help
of Wy HT;AT AT AT AT AT ; and'@ ; aswellas_l; +
and O[; ; withthehelpof '@ and"@ { ,one getsa linear recurrence equation
system of the form

= D = D32 = D 8 (3.69)

The matrices= ,=,= N gq are real-valued and constant; they only depend
on the 7 test-model parameters. Note that = for'Q mandQ p.

3.4.4.Implicit Force/Displacement Co-Simulation Approach: I-Extension

The equations of motion for the decomposed I-extended co-simulation system are
given by

Subsystem 1:

ko
o ol (3.70a)
of ooy doar _§
Subsystem 2:
nrof
of O (3.70b)
of  —dur —dor —dar o ——dor o
Coupling conditions:
wh T | foar of | douf of m
‘& h Pl | OF0 of of ‘@ | IO of of @ m
‘T hof o m (3.70c)
T h o O T

'd h o oW 18

Compared with the original (non-extended) method, the integrated coupling conditions
"®d and"d are also considered. Therefore, the additional coupling variables _{; v
s +,etc. and of ¢ hif; 7, etc. are introduced. The initial conditions for the
integrated position variables 1" and n[ read as
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g oF Y mh i oF Y

Step 1: Predictor Step

n8 (3.71)

Integration of both subsystems from “Y to “Y  with initial conditions (3.62a) and (3.71)

and with the predictor (extrapolation) functions

s Q
=|._ o 0 Y F]=I|_ﬁ h*y j F]=||_ﬁ j ol ko)
0 _Whfy ; Aly o 0
of Q
of oF O "Yhfy h'Y Rzl Q
0 ¢ off Fody 7 oy 10 fo
Ol
or o 0 YRR hUY o[ b
0 Y hY R h'Y

oy

ol of =||—ﬁ F]=||_ﬁ T h=||—ﬁ T
V]IS Ol IRty e hl; R h
ik i Jahls 2Rl P
of; drp ORP R R RO
O O O R RoR PO
ik N Orf s R ROy

Step 2: Calculation of Corrected Coupling Variables

Tt
P h
C
Tt
P h (3.72)
C
Q m
Q p h
pl Q ¢

- - 3.73
h» h ( )
h» h
h 8

Subsystem integration from “Y to “Y  with initial conditions (3.62a) and (3.71) and

with interpolation functions

(3.74)

0 =t_ﬁ ﬁ=fﬁ i rﬁ_ o
=t_ ol 0 =t_ﬁ ﬁ=fﬁ F]=I|_ﬁ Y T p h
o _f; hf; F1=l}, m 0 ¢
6 rofp hfy | Q n
af o Opofy hfg j REMHE Q p N
0 r ofi  hof h*f Dy Q ¢
Ol
ofof 0 Y R hUyRn il
0 Y B hTYR[E hYY G

o

provides the following state and integrated position variables at the macro-time point

“y
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o
Ol
nfx
o
ol
nik

o
0l
ik
o
ol
ik
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i

AL R R

hi;:m h

AL R F 575
KRR 5 hy h

sy h h

s F M 8

Inserting the state variables of Eq. (3.75) into the coupling conditions (3.70c) results in
a linear equations system for the coupling variables. The solution of this system yields

the corrected coupling variables _[

Step 3: Corrector Step

Applying the interpolation functions

Lo

of of

of of

L
s
L
r ol
r ol
r of;

- Ct C: Oz Cr C: Os

c
=

“y

0O
0O Y

ol
ol

with the corrected coupling variables _{;

integration of both subsystems from “Y to Y
gives the corrected states

ol
ol
Nlh
ol
VI

nlh

ol
V3
nlx
ol
Ol
Nlx

T

. rpll' Q
F]_'._ﬁ rpl' 0
F]=||_ﬁ ol ko)

. rﬂ' ko)
gl 0
gl Q
h YRR b
h"YR; h"Y

i
i

i »ofp L, ofp ) and Of;
n
p h
C
T
p h (3.76)
C
Q 1
9 o
R M Q¢
hlz ; hafy Rdz ; and O , an

with initial conditions (3.62a) and (3.71)

hlz b R

hl; v h

hl;  h

S L. (3.77)
RO F hy h

oy P h

s F M 8

Eliminating the coupling variables with the help of the coupling conditions, results again
in a recurrence equations system of the form (3.68) and (3.69), respectively.
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3.4.5.Implicit Displacement/Displacement Co-Simulation Approach: D-
Extension

Applying a displacement/displacement coupling approach to decompose the co-
simulation model, two base-point excited single-mass oscillators are obtained. The
decomposed D-extended system is mathematically represented by

Subsystem 1:

of Of (3.78a)
of  raf dr | AFod of | ZdOoor or

Subsystem 2:
o ”ﬂ o o | (3.78b)
of  —dar —dor —dref of ——dor o

Coupling conditions:

T hof of
T hOof O T
‘@ h O O m (3.78¢)
T hof of m
T h Of OF T
‘T h o of m8

In the framework of the original (non-extended) approach, only the 4 coupling
conditions "@ R@ AP and " are used and the coupling variables are only
discretized at the macro-time points “Y, “Y , etc.. Making use of the D-extension
approach, the coupling conditions are extended by " and (@ . As a consequence,
the coupling variables O[ and U[ are also discretized at the time points Y ,"Y ¢,
etc.. Once again, the general macro-time step from Y to Y is regarded to derive
the governing recurrence equations system. The state and the coupling variables at
the beginning of the macro-step are given by

o o Y oy h oo Y O h
ol Y e h orar Y O[h (3.793)
of o Y o h oo Y Ufh
ol Y Gfxh oral Y U8 (3.79D)

Step 1: Predictor Step

An integration of the subsystems from “Y to Y  with initial conditions (3.79a) and with
the predictor (extrapolation) functions
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ol
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ho;
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r Y hlfﬁ
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Vi

where the vectors ¢

0 Of Ml

of;
ol
ol

ol

0¢ ¢

¢

Y hf
Yo g

Y Pl
i Mol

yields the predicted state variables at the macro-time point “Y

5¢

= x

g< g< 3( 3(

S S OO

Wi Ul
coupling variables for subsystem 1 at the time points “Y, Y ¢, etc.

e

5>¢ T¢ S%

= x

o &

S5 J¢ 3%

¢

T

SO A

Wp

5>« D¢ %

j=x

0¢ ¢

0¢ 3¢
w

7 Ol

Step 2: Calculation of the Corrected Coupling Variables

0¢ ¢

0 5%

7

(3.80)

(3.81)

, etc. collect the

Integrating the subsystems from “Y to "Y  with initial conditions (3.79a) and using the

interpolation functions

5

o of

— -
<2

Ol

ol

of of

£, cr c o c1
¢

2 (=

< =

of of

y
Ol
Ol
Ol

of of

Ct C: O3 Ca C=

we get the following state variables at the macro-time point Y

haf
haf
hof},
ol
ol

hofs
hof;
o
o
o

o

Q
Q
Q

D—x D-l Kjl

(3.82)
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ofs ofi 0% Mf jRRF M h
ol oy 0% M WERE M h
‘rh ‘Fh L V‘fh jeRtes heoh (3.83)
of s o0 R PR e h
Oy O 0%r Mol j sy M h
where ¢°y R[5 ; °y  and Of; ; denote arbitrary coupling variables at the
time points”Y and’Y ¢.

Substituting the state variables of Eq. (3.83) into the coupling conditions (3.78c) results
in a linear equations system for the coupling variables. Solving this equations system
for the coupling variables yields the corrected variables ¢ ; R[; ; 5 and

l‘)rﬁ i -
Step 3: Corrector Step

Making use of the interpolation functions

ofs Q

oo O Y Rz hoYhgy mpr Q p h
Or Y hfs h'YRfy h'Y Rfz T Q ¢
6 U Mr ;o Q m

ofof 0 U M o REMT Q p h
f‘) O PG PR Q ¢ ] (3.84)
ofq Q

afof 0 Y Rfp  hUYRfy npr Q p h
0 Y hdy; hYR§; hY hRiz M Q ¢
6 U ML ol Qo

orof 0 O M RGP Q p o h
0 O M ; REMHT Q¢

with the corrected coupling variables ¢ R}, j R  and Ul j ,anintegration

of the subsystems from “Y to “Y  with initial conditions (3.79a) gives the corrected
states

ofs iy Of MF [ Wi M h
Ol o, O MR (s M A
‘rh ‘l_h f v\'._h i Rk s b (3.85)
of i ofp ¢ MF j R E M h
O Oy O f MfF j Oz F h 8

Eliminating the coupling variables with the help of the coupling conditions, results again
in a recurrence equations system of the form (3.68) and (3.69), respectively.
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3.4.6.Implicit Displacement/Displacement Co-Simulation Approach: I-Extension

Applying the l-extended co-simulation approach, the equations of motion for the
decomposed system read as

Subsystem 1:

nr o
of L‘)r~ ) (3.86a)
OF  arxy dAr | Afoaf of | A OO Of
Subsystem 2:
nr o
o or (3.86h)
of  —dr —dur —drar ar ——dor o
Coupling conditions:
‘T hof of m
i) h of of T
RUNLIC KO BT R (3.86¢)
‘T hof of m
T h O O m
"d h o o w8

In contrast to the original (non-extended) method, the integrated coupling conditions
"®d and "&d are also taken into account. Hence, the additional coupling variables
of, 7 My 7 hetc.and af; 7 hd;, 7, etc. are introduced. The initial conditions
for the integrated position variables 1" and [ are again

gk oF Y mh /i o Y 78 (3.87)
Step 1: Predictor Step

An integration of the subsystems from “Y to Y  with initial conditions (3.79a) and
(3.87) and with the predictor (extrapolation) functions
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gives the predicted state variables at the macro-time point Y

Step 2: Calculation of Corrected Coupling Variables

o o
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(3.88)

(3.89)

By integrating the subsystems from “Y to "Y  with initial conditions (3.79a) and (3.87)
and by using the interpolation functions

o of

of of

o of

of of

0 r ol h*fh j pr

0 r ol h‘fh h*fﬁ D
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(3.90)

we obtain the following state and integrated position variables at the macro time point

“y
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ofs ofi 0% iy j R F M h

0l O 0% Ry R F P b

N Nk 0% ffy j R M h (3.91)
of; ofi 0% hdy [ ROR R Mo '
Ol O 0% Ry j R R PR

e N 0% hfy j R R 8

Inserting the state variables of Eq. (3.91) into the coupling conditions (3.86c¢) results in
a linear equation system for the coupling variables, the solution of which yields the

corrected coupling variables ¢ hfy ; W 5 andofy | .
Step 3: Corrector Step
Using the interpolation functions
6 ofp iz rpr Q n
ol Op off bz j hfpPr Q p h
0 off Rfp j i Pl Q ¢
Ol Q
ofer 0 Y R RUYRE U Q p h
0 Y P h'YRR; h'Y o i Q
o v‘l_h ‘ [R Y o b q (3.92)
O oy hodp  PE Q
o Orodp hffp j hfg® Q@ p h
Or o hfp j il Q ¢
Ol N n
ofof 0 Y R hUYR[ e Q
0 Y P hYR[RR hy R o Q
with the corrected coupling variables ¢ ;  hifj, i o 5 and dff; j » asubsystem

integration from Y to “Y  with initial conditions (3.79a) and (3.87) gives the corrected

variables
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(3.93)

A recurrence equation system of the form (3.69) can easily be obtained by eliminating
the coupling variables with the help of the coupling conditions.
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3.5. Stability and Convergence Plots of Extended Co-Simulation Approaches

In the previous sections, the recurrence equations for the extended (D-Extension and
I-Extension) co-simulation approaches have been derived. As a result, the stability of
the corresponding co-simulation approaches can be analyzed by calculating the
spectral radius of the governing system of recurrence equations.

3.5.1.Stability Plots for Force/Force Coupling

Figure 3.13 collects 2D stability plots for the implicit co-simulation approach based on
force/force-coupling for the symmetrical co-simulation test model | |

| | | p). The first row shows stability plots for the original method,
for the D-extended approach and for the I-extended approach for the case of constant
approximation 'Q 1. Plots for linear Q p and quadratic 'Q ¢ approximation
are collected in the second and third row. Corresponding plots for the unsymmetrical
test model | | | | | p Jtare depicted in Figure 3.14.

For the case of constant polynomials (Q ) the original method is completely stable
in the considered parameter range. The D- and I-extended methods, however, show
some unstable points for Q 1. Hence, application of the extended methods may not
be useful for Q 18 For higher order approximation with linear or quadratic
approximation functions, a significantly increased stability behavior can be observed,
especially for the important case that the subsystems have very different mechanical
properties (unsymmetrical test model). The best numerical stability shows i at least for
the considered parameters i the D-extended version for Q .
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Figure 3.13 2D Stability plots for implicit co-simulation approaches using force/force decomposition:
approximation order 'Q  ifply for symmetrical test model
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Figure 3.14 2D Stability plots for implicit co-simulation approaches using force/force decomposition:
approximation order 'Q Tifplg for unsymmetrical test model

3.5.2.Stability Plots for Force/Displacement-Coupling

Stability plots for the symmetrical model are arranged in Figure 3.15 and for the
unsymmetrical model in Figure 3.16. The results are similar to the case of force/force
decomposition. The D-extended approach for 'Q ¢ provides very good results for both
the symmetrical and the unsymmetrical model.
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Figure 3.15 2D Stability plots for implicit co-simulation approaches using force/displacement decomposition:
approximation order 'Q Tifply for symmetrical test model
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Figure 3.16 2D Stability plots for implicit co-simulation approaches using force/displacement decomposition:
approximation order 'Q Tifplg for unsymmetrical test model
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3.5.3.Stability Plots for Displacement/Displacement-Coupling

In Figure 3.17 and Figure 3.18, stability plots for the symmetrical and for the
unsymmetrical model with displacement/displacement decomposition approach are
collected. As can be seen, the original method as well as the D-extended and I-
extended approach show a quite similar stability behavior. For the
displacement/displacement-coupling approach, application of D- and I-extension may
therefore not be beneficial.
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Figure 3.17 2D Stability plots for implicit co-simulation approaches using displacement/displacement
decomposition: approximation order Q Tiplt for symmetrical test model
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Figure 3.18 2D Stability plots for implicit co-simulation approaches using displacement/displacement
decomposition: approximation order Q Tifplg for unsymmetrical test model
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3.5.4.Convergence Plots
For the convergence analysis of the extended co-simulation approaches, the test

model with force/force decomposition method is considered. The parameters a
it ¢ ® @ ® pnuf Q Q pmare used to calculate the global

errors of the position and velocity variables as well as the local errors of the state
variables according to the normalized root mean square error (NRMSE) in Eq. (3.34)

and (3.35).
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Figure 3.19 Global error plots for the D-Extension approach using force/force-decomposition
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Figure 3.20 Local error plots for the D-Extension approach using force/force-decomposition
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Figure 3.21 Global error plots for the I-Extension approach using force/force-decomposition
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Figure 3.22 Local error plots for the I-Extension approach using force/force-decomposition

Convergence plots of the extended (D-Extension and I-Extension) force/force co-
simulation approaches for the global errors -  , -  and for the local errors
- ® ,- p aredepictedin Figure 3.19-Figure 3.22.

As can be seen from Figure 3.19 and Figure 3.20, the global errors of D-Extension
method in the position and velocity variables converge with v "O and the
corresponding local errorswith® 'O and" 'O |, respectively. For the I-Extension
methods, see Figure 3.21 and Figure 3.22, the global errors for the position and
velocity variables with respect to the constant approximation "Q 1 converge with
v 'O andwithv "O for linear and quadratic approximation. The corresponding local
errors converge with * "O for'Q mandwith® 'O for'Q pandQ c.

3.6. Nonlinear Example: Planar Four-Bar Mechanism

In order to demonstrate the improved numerical stability of the extended co-simulation
approaches, the planar four-bar mechanism with the parameters of Section 3.3 is used

again, see Figure 3.10.

Simulation results for the original (O-FF), the D-extended (D-FF) and the I-extended
(I-FF) approach for constant Q 1, linear Q p and quadratc Q ¢
approximation polynomials based on force/force decomposition are collected in Figure

3.23.

Depicted are the rotation angless 0 ande 0 of bar 2 and bar 4, the corresponding

angular velocites « o and » 0, the coupling force _ 6 w t ® ™I D
Q& G T Y A Eei Qit & ™MIT Qi o miat

i "QE fe acting in the bushing element in axdirection as well as the coupling torque

5.0 Gyt oo Qe e+ . It should be mentioned that the bushing

stiffnesses have beensettoww @ pQo. 7l and®  pQo. 7O A the damping

parameters of the bushing have assumed to be Q Q pm @ and Q

p m | WD A Ahe co-simulations have been carried out with the constant macro-step

size’O pO o Q As can be seen, all coupling approaches yield stable and accurate

simulation results.
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Corresponding calculation results for the case of force/displacement-decomposition
are collected in Figure 3.24. The coupling approaches yield stable and accurate results
with two exceptions. The original and the D-extended method are unstable for the case
that constant approximation polynomials are used.

In Figure 3.25, results are shown for the case that displacement/displacement-
decomposition is applied. Results are similar to the force/displacement-approach:
instabilities are detected for the original and for the D-extended method for Q 18

Furthermore, a second case study is carried out to show the improved numerical
stability of the D-extended approach in connection with force/force-decomposition.
Therefore, the coupling stiffness parameters are successively increased. The coupling
stiffness parameters are assumedtobeequal @ @ ® ® , where @ is set

to pOrhpQu and pQyp. The co-simulations have been carried out with the constant
macro-step size’'O VO o0

For® pOr, all coupling approaches are stable. For @  pQu, the original approach
becomes unstable for Q@ p and 'Q ¢. For @ pQyp, also the l-extended approach
gets unstable for'Q pand™Q c¢. These results are in good correlation with the results
of stability plots. The larger the coupling stiffness is chosen, the larger gets the
asymmetry of the system described by the parameter | . The stability plots in Figure
3.14, Figure 3.16 and Figure 3.18 represent the numerical stability for asymmetrical
models. As can be seen, the basic trends obtained with the test model i very good
stability behavior of the D-extended approach; slightly improved stability behavior of
the I-extended approach compared to the original method i are also observed with the
nonlinear model.
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Figure 3.23 Simulation results for the four-bar mechanism based on force/force-decomposition: Rotation angles
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