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Chapter 1

Introduction

What is interesting about a language class? For the theorist, the answer
could be: an elegant mode of definition, closure properties, decidability
and complexity of the word problem, position in the Chomsky hierarchy
[Chob9], and the likes. The more practically oriented would add: De-
scriptional complexity, parsing properties, including error detection and
correction, the possibility to convey semantical information, and under-
standability. For the software engineer this all condenses into one word:
tools. Yet, an open-minded engineer will admit that for the construction
of useful tools very often at least some of the more theoretical properties
are necessary.

As an example, consider the deterministic context-free languages: Their
history was paradigmatic with respect to the above said. And their rise
was fast. From Knuth’s definition of LR(k)-grammars in 1965 [Knu65]
to YACC by Johnson [Joh75] it only took ten years. Their advantages are
well-known, e.g. deterministic parsing in linear time, easy and efficient
description by grammars. And their machine model allows finding an
error in an input at the leftmost postion it can be detected. On the
other hand, the average user of LR(k)-parser generators probably will
not fully understand when and why a context-free grammar is LR(k) or
not, and therefore depends on the tools to detect faulty grammars and
on helpful comments given by these tools.

Enter the Church-Rosser languages: Defined by McNaughton, Naren-
dran, and Otto in 1988 [MNOG88], they show a certain aesthetic elegance.
In their definition, some standard techniques of formal language theory
are combined. First of all, at the core, there are confluent rewriting sys-
tems. That is, we have a finite alphabet, consisting of letters, e.g. a set
{a,b}.! Now a rewriting system is a set of rules which describe how

1 All examples in this introductory chapter are only intended to give a rough
outline of the concepts. Formal definitions will be given later.



1. Introduction

words (strings) over that alphabet are transformed into each other. Such
rules are ordered pairs of words, like (ab, a). This rule can be understood
as an instruction to replace each substring ab in a word by a single letter
a. Thus, the word aba would be transformed to aa, and if we took the
word abbbb, this could be changed to aa by applying the rule four times:

abbbb — abbb — abb — ab — a.

Applying a rule is denoted by —. Now consider another example, consist-
ing of an alphabet {a, b, ¢} and two rules (ab, c) and (ba,c). With those
rules, the word aba can be transformed to ac and to ca. Graphically, this
looks like:

aba
/7 N\
ac ca

This graphical view shows both possibilities are a kind of a “dead end”,
after which no further rule can be used. This means, the set of the two
rules given above is not confluent. Assume one additional rule (¢, O),
where O is the empty word, meaning that c is deleted. Then we would
obtain:

Informally, confluence means: Whenever two or more different rules can
be applied to a word, it is always possible to use some more rules, such
that in the end the result is the same.

But what does in the end mean? Consider the two rules (ab,ba) and
(ba, ab). Starting with the word ab, one could infinitely often apply the
two rules after one another:

ab— ba — ab— ba — ...
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This leads to the second essential of the Church-Rosser language defi-
nition: The rewriting systems used are required to reduce the length of
the words they transform by at least one letter. Our first two examples
have this property. Thus, as one easily sees, the process of replacing
substrings will always terminate. As Book showed, confluence is checked
in this case with quite an easy algorithm [Boo82], a newer and more
efficient algorithm can be found in [KKMN85].

A third concept is to use variables which store information, but may not
belong to a valid input. The set of these variables is called nonterminals,
in contrast to the possible input letters, which are called terminals. Sup-
pose we have the terminals {[,],a} and a singleton set of nonterminals
{D}. Now take the rules ([a], D), ([D], D), and (DD, D). Then we can
transform all bracket expressions where all inner bracket pairs contain
one a into the single letter D, for example:

[[a][a]][a] — [D]a]][a] — [D]a]]D — [DD]D — [D]D — DD — D.

The possibility to distinguish terminals from nonterminals is a central
concept, both in formal language theory in general and for the definition
of Church-Rosser languages. For example, in the definition of a Church-
Rosser language L there is always a distinguished single letter (usually
Y), and an input is accepted (i.e. it belongs to the language L), if it is
possible to transform it to that special letter.

Finally, detecting word ends is an important problem. The last fea-
ture used in the definition of Church-Rosser languages is to mark both
ends with words of nonterminals before the rewriting rules are applied.
Continuing our last example, we add the nonterminal $ and the rule
(3D$,Y). Then every such correctly bracketed input could be trans-
formed to a single Y after adding a $ at both ends, but no other words.
We give two final examples:

1. $[[a]]$ — $[D]$ — $D$ — Y, so [[a]] is a correct input and
2. $][a]$ — $]D$; no further rules can be applied: Therefore |[a] is an
input which does not belong to the defined language.

These examples show that the concept of Church-Rosser languages is
very intuitive. Furthermore, the definition of these languages and the

9
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mechanism of deciding whether a word belongs to a Church-Rosser lan-
guage or not are closely related to each other: In contrast to the Chomsky
hierarchy, the difference between a corresponding automaton model and
the definition of the language class is marginal. A very important prop-
erty of this language class is that its word problem can be decided in
deterministic linear time [MNOQOS88|. In addition, they fully contain the
deterministic context-free languages, but also other (context-sensitive)
languages, and therefore, they are a generalization of the deterministic
context-free languages.

Another interesting language class in the context of our investigations
are the growing context-sensitive languages, defined in 1986 by Dahlhaus
and Warmuth [DW86]. These languages are defined by grammars whose
productions are strictly length-increasing (also called strictly monotone
grammars). Buntrock and Lory$ showed that they have very interesting
closure properties [BL92], [BL94]. In his Habilitationsschrift Buntrock
did a detailed examination of the growing context-sensitive languages.

For example, he showed that this language class also is a complexity
class [Bun96].

Niemann and Otto proved that the Church-Rosser languages and the
growing context-sensitive languages are closely related to each other:
The former are the deterministic variant of the latter. Both language
classes can be characterized by so-called shrinking two pushdown store
automata, STPDA, which are a generalization of automata with one
pushdown store and a more restricted model than Turing machines.
Where the general (nondeterministic) sTPDA’s exactly accept grow-
ing context-sensitive languages, the deterministic ones are the machine
model of the Church-Rosser languages.

In their proof, Niemann and Otto also found and used another result
which is very important: If the rules of the defining rewriting system
are allowed to be weight-reducing, the descriptive power is not enhanced.
That means, to each letter of the alphabets, a weight (a natural number)
is assigned by a weight-function, and the weight of a word is the sum of
the weight of its letters. Then, a rewriting system is weight-reducing if
there exists a weight-function such that the weight of the left-hand side of
each rewriting rule is greater than that of the corresponding right-hand
side. The possibility to use weight-reduction instead of length-reduction
is very handy for proofs and constructions.

10
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In the next chapter we give a detailed and formal overview of the relevant
definitions and results.

The main focus of our investigation is to show that under some restric-
tions one of the most important problems for “real life” use of a language
class can be solved for the class CRL: Given a definition of a Church-
Rosser language L and a word w, is it possible to decide whether w is
a prefix of a word in L? Deciding this question is used in parsers (and
compilers) to determine at which position in an erroneous input an error
occurs. In general, this question is undecidable, because every recursively
enumerable language is the homomorphic image of a Church-Rosser lan-
guage. This so-called basis property was proved by Otto, Katsura, and
Kobayashi [OKK97].2 So at least some restrictions will be necessary.

One of these restrictions we use is merely syntactical. The rules of the
rewriting system in the definition of a Church-Rosser language are re-
quired to be length- or weight-reducing without further restrictions. This
means that rules like (abb, ca) are allowed. In contrast to this, we require
the rules to look almost like context-sensitive rules. That is, we want
them to be either deleting rules like (¢,d) in the example above, or to
be swapped context-sensitive rules, being of the form

(uvw, uzw)

where u and w are words of arbitrary length, v is a word with at least
one letter, and z is a single letter. We call a rewriting system with such
rules context-splittable.?

As we will show, for every Church-Rosser language it is possible to give
a definition using a weight-reducing rewriting system which is context-
splittable. In order to do so we introduce a technique we call weight-
spreading, which is inspired by Niemann’s and Otto’s work [NO98].

This result is not only introducing a technically useful normal-form.
It also implies that the Church-Rosser languages can be described by
weight-increasing context-sensitive grammars. Such a grammar is not
only weight-increasing, but also acyclic. That means, if one removes

2 Salomaa speaks of homomorphic characterizations of the recursively enu-
merable languages [Sal73].

3 We impose some further syntactical restrictions which we do not discuss in
this introduction.

11
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all contexts from the rules of such a grammar, a context-free grammar
remains which is cycle-free.* This is an important characterization of
Church-Rosser languages. The details are discussed in the third chapter.

Using this result, we give a construction which allows to describe at least
some prefix languages of Church-Rosser languages within the same lan-
guage class. Basically, this construction cuts of (parts of) the right-hand
side context and replaces the middle part of the original rewriting sys-
tem rules, thus generating new rules. Unfortunately (and unavoidably),
this construction does not always work correctly. Deciding if it works
correctly for a specific Church-Rosser language definition could be a dif-
ficult or unsolvable problem. Therefore, we introduce an expansion of the
systems defining Church-Rosser languages. For these systems it is pos-
sible to give at least decidable and sufficient conditions for correctness.
One further benefit of this expansion is that whenever a prefix is cor-
rectly accepted it is possible also to identify automatically one or more
correct completions to a full word. The prefix construction is described
in the fourth chapter.

In the fifth chapter, the bridge to the more practical realm is built.
The first part of this chapter contains an examination of determinis-
tic context-free languages via shift /reduce-parsers for LR (k)-grammars
and their connection to Church-Rosser languages. Especially, some con-
sequences of the prefix construction on Church-Rosser language systems
which are derived from shift /reduce-parsers are discussed.

The second part of the fifth chapter describes an experimental devel-
opment environment for Church-Rosser languages. This environment is
based on the first prototypes of the algorithms and constructions de-
scribed in this dissertation, which where developed in LiSp. Following
these prototypes, Thorsten Rottschafer programmed a more user friendly
tool in his diploma thesis [Rot00]. With this tool it is possible to get some
more practical experiences with Church-Rosser language systems.

We end with a short conclusion.

 This result also can be expanded to general growing context-sensitive lan-
guage [NWO01a).

12



Chapter 2

Basic Definitions and Theorems

In this chapter basic definitions for (confluent) string rewriting are given.
These definitions mostly follow the monographs of Jantzen [Jan88] and
of Book and Otto [BO93]. Both monographs summarize some of the fun-
damental definitions and results for general reduction systems. Since we
will not consider the latter, all of the definitions and results used here are
stated only for the special case of string rewriting systems. Furthermore,
we have a short look at growing context-sensitive languages, which were
defined by Dahlhaus and Warmuth [DW86] and examined by Buntrock
[Bun96], and the related automata, (shrinking) two pushdown store au-
tomata ([Boo82], [BO93|, and [Bun96]). This chapter concludes with the
languages which are our main focus of investigation, the Church-Rosser
languages, defined by McNaughton, Narendran, and Otto [MNOS88|.

2.1 String rewriting

In this section the usual notations for string rewriting are introduced.

Definition 2.1. An alphabet X is a finite nonempty set. A word w is
an element of the free monoid over an alphabet X': w € X*. If we want
to address single letters of w, we write w = ajas - --a, with a; € X' for
1 <i<n. Then n is the length of w, also denoted with |w|. The empty
word has length zero and is written as O. A language L is a subset of
the free monoid: L C X*.

Definition 2.2. Let w = ay---a,. Then the set of (proper) prefixes is
defined as Pref(w) :={ay---a; | i < n} (Pref(w)\{w}). Accordingly, the
set of (proper) suffixes is Suff(w) :={a;---a, | 1 <i} (Suff(w) \ {w}).

13



2. Basic Definitions and Theorems

Definition 2.3. A string rewriting system (also called semi-Thue sys-
tem or rewriting system) R on X is a subset R C X* x X*. An ele-
ment (u,v) € R is called a (rewriting) rule. R may be finite or infinite.
Usually, we will only use finite rewriting systems. Therefore, when not
explicitly stated otherwise, we will only speak of finite rewriting systems.

Definition 2.4. Let R be a rewriting system on Y. Then the rewriting
relation between words in X* is defined as

— = {(zuy, 2vy) | 2,y € 27, (u,0) € R}

This is also called a (single) rewriting step. The reflexive and transitive
closure is ?*.

If u e * and u ?* v, v s called descendant of u. For u € X* every

v with u ? v 18 called a direct descendant of w.

If we want to speak about a rewriting step with a specific rule r € R, we

use —». For sequences of rules s € R* we use —*.
T S

If R is known it will be omitted, and we write — or —*. In order to
show more details about the rule used for a rewriting step we sometimes
use xuy — xvy with x,y € X* and (u,v) € R.

(u,v)

Definition 2.5. If R is a rewriting system, then R™' is the inverse
rewriting system of R obtained by

R = {(v,u) | (u,v) € R}.

Then T := RUR™! is a Thue system induced by R. Since the rewriting
relation 7 of T 1s symmetric we use

—r=¢—=<— and — =¢—"=¢—",
T T R T T R

henceforth obtaining the reflexive, transitive, and symmetric closure of

—.
R

14



2.1. String rewriting

Definition 2.6. For a rewriting system R on X and a word w € X* we
denote the congruence class of w with respect to R as

[w]g :={w |w' € X* Aw T)* w'}.
The indexr R will be omitted if R is obvious from the contert.

Definition 2.7. Let R be a rewriting system on Y. Then

— dom(R) :=={u|ue X*ANJve X*: (u,v) € R} (domain of R).

— range(R) :={v | v e X* A Ju e X*: (u,v) € R} (range of R).

— For each u € dom(R) let range(u) == {w | w € X* A (u,w) € R}
(range of u).

— Also, for each v € range(R) let dom(v) :== {u | u € X* A (u,v) € R}
(domain of v).

Definition 2.8. Let R be a rewriting system on 3. Then the word prob-
lem for R is defined as the following question.

Instance: w,w' € X*.

Question: are w and w' in the same congruence class with respect to
R, i.e. [wlg = [W'|g or, equivalently, w T* w'?

Theorem 2.1. There exists a finite rewriting system R such that the
word problem for R is undecidable [BO93, theorem 2.5.9.].

Definition 2.9. Let R be a rewriting system on X and w € X*. If there
is no w' € X* such that w ? w’ then w is irreducible. The set of all

irreducible words with respect to R is denoted with IRR(R).

Definition 2.10. Let R be a rewriting system on X and w,w’ € X*. If
w T* w’' and w' € IRR(R) then w' is a normal form of w.

If for all such w and w' with w T* w' and w' € IRR(R) there does not

exist a w' # w' with w T* w" and w" € IRR(R) then all words which

have an irreducible descendant in X* have unique normal forms. Then
we can identify the congruence class of w with w' and therefore write
w' = [w]g. Again, the index R can be omitted if R is obvious from the

context.

15
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Remark 2.1. Since in the last definition no further restriction on R are
made, it is possible that there exist words without a normal form because
they have no irreducible descendant. On the other hand, there may be
words with more than one normal form.

2.2 Automata with two pushdown stores

In this section we describe a machine model which can be used in various
ways in the string rewriting context: Automata with two pushdown stores
(i.e., two stacks). By restrictions on the model different language classes
can be described.

There is a long tradition in the use of automata that have two pushdown
stores. Since there is an overview in [Bun96] we will not go into the details
of this history. Considering automata which compute problems of string
rewriting, [Boo82] and [BO93] are important references.

The following definition is according to [Bun96].

Definition 2.11. A two pushdown store automaton (TPDA) is a non-
deterministic automaton with two pushdown stores which is defined by a
T-tuple: M = (Q, X, I,0,q, L, F).

Q@ is a finite state set.

Y 1s the input alphabet, also called terminal alphabet.

I' is the work alphabet. We always assume 3 C I'.

I'\ X is the alphabet of nonterminals.

go € Q is the initial state.

LleI'\ X is a special nonterminal, called bottom symbol.

F C @ 1is the set of final states.

d is a total mapping which maps (Q x I' x I') into finite subsets of
(Q x I'* x I'*). It is called the program of M.

Before we discuss the semantics of this definition, we want to point out
the following:

Remark 2.2. For the notation of the program of an automaton there is
an alternative: One can use a rewriting system instead of a function

16



2.2. Automata with two pushdown stores

[Sal73]. We do not use the latter because it somewhat blurs the differ-
ence between automata as recognition devices and rewriting systems as
defining devices. In the context of grammars this is a very important
similarity, whereas for Church-Rosser languages the difference between
definition and recognition already is very small, as will be seen in sec-
tion 2.5. Therefore, instead of using the similarity we want to emphasize
the differences by using functions as programs.

Remark 2.3. It may look slightly confusing that there is only one
bottom-symbol (which will be used both for the left-hand and right-
hand store). We follow [Bun96] in doing so.

Remark 2.4. It is not necessary to restrict the domain of §, one also could
allow it to be (Q x X* x X*), but this would complicate the definition
of a deterministic TPDA.

Remark 2.5. Sometimes it is convenient only to define § partially.

Assuming that ' and @) are disjoint, we can write configurations of M
as words uqv from I™QI'™, u,v € I'*, and ¢ € ). We call the stores
left-hand and right-hand stores. The bottom of the left-hand store is the
leftmost letter of the configuration, its top is the last letter before the
q, which is the actual state of the automaton. The right-hand store is
accordingly: its top is the first letter after the g, its bottom the last let-
ter of the configuration. Therefore, the left-hand store is written down
backwards. For a configuration uzqyu such that ¢ € Q, z,y € I', and
u,v € I'*, ¢ and y are called top part of the left- and right-hand push-
down store, respectively.

Let w be an input. In the beginning of a computation, in the left-hand
store there is only the bottom symbol L. In the right-hand store is w and
the bottom symbol. So, initial configurations are of the form 1 qow L.
Now we define single computation steps. Assume (¢, A,B) € Q x ' x I
and:

5(q7 A7 B) = {(qhul; /Ul)a (QZu UQ’UQ)7 R (qm7um7 Um)}

with

17



2. Basic Definitions and Theorems

qaq17"'7qmEQ;A7BEF;U17"'7um7vl7---/UmEF*-

Assume further the automaton to be in state ¢ with A and B being on top
of the left-hand and right-hand stores, respectively. Then the automaton
can, for arbitrary ¢,1 < ¢ < m, change into state ¢; and rewrite A with
u; and B with v;. Therefore we define the relation lﬂ which describes

single computation steps as:
u' AgBv' IE vwuiqivv’ (v, 0" € IT').

With IE* we denote the reflexive, transitive closure of }ﬂ If we want
to give an explicit number of computation steps, we use Iﬂm. The M
in the relation symbols can be omitted if the automaton is obvious.

Now the languages accepted with empty stores or final state are defined
as:

NM)={weX*|3qge@: 1 gow JJ;* q¢ |} (empty stores)
LM):={we X" |dqge F,w' eI : L gow J‘T* w'q } (final state).

Note that the condition for acceptance with final state, which forces the
right-hand store to be empty, implies that the complete word has been
read. Furthermore we can assume that the bottom symbol 1 always
appears only at the bottom ends of the stacks. Obviously, this is no
limiting restriction for the TPDA.

Furthermore, we define the minimal number of computation steps nec-
essary to accept a single word:

Definition 2.12. Let w € N(M)(w € L(M)) then w is accepted with
empty stores (with final state) in time n if

n=min{m € N| L gow Lvm 7,9 € Q}
(n =min{m € N | L qow LV"‘ w'q,w € ', q € F}).

For comparing functions, we use the usual notation:

18



2.2. Automata with two pushdown stores

Definition 2.13. Lett: N — N a function. Then O(t(n)) is defined in
the following way:

O(t(n)) ={t: N> N|
de1,c2 € Nyep,ea > 0
Vn e N:t'(n) <ci-t(n)+co}.!

Definition 2.14. Let M be a TPDA andt: N — N. We say M accepts
with empty stores (with final state) in time O(t(n)) if there exists a
function t' : N = N, t'(n) € O(t(n)) such that for all w € N(M) (or
w € L(M)), and corresponding n = |w|, there exists an m such that w
is accepted in time m and m < t'(n).

Definition 2.15. A TPDA M with program ¢ is called deterministic if
0 maps into sets with only one element, the abbreviation is DTPDA.

Since without any restriction this machine model is as powerful as a
Turing machine, in most cases one needs a suitable restriction. Therefore,
weight functions are used:

Definition 2.16. Let I' be a finite set. A weight function on I' is a
function ¢ : I' - N\ {0}.

We extend ¢ to a homomorphism ¢ : I'* — N by defining: ¢(0) := 0
and o(w - ) = @(w) + p(x) forw € X* and ¢ € X.

Definition 2.17. A TPDA M = (Q, X, T,6,q9, L, F) is called shrink-
ing (STPDA) if there exists a weight function ¢ on (I' U Q)* such that
forallq,qd € Q;A,B €I and all u,v € I'*:

6(q,A, B) > (¢',u,v) = ¢(AgB) > p(uq'v).

In this case we call ¢ a weight function for M. If M s deterministic,
we abbreviate this with sDTPDA.

Definition 2.18. A TPDA M = (Q, X, I,0,qo, L, F) is called bounded
(bTPDA) if there exists a weight function @ on I' U Q such that for all
g, € Q;A,BeI and all u,v e I'*:

! In fact, O(t(n)) is an abbreviation of the more proper notation O(An.t(n)).

19
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6(q, A, B) 3 (¢, u,v) = ¢(AgB) > p(uq'v).

We call ¢ a weight function for M. If M is deterministic, we abbreviate
this with bDTPDA.

For the sake of completeness we cite the following result from [Bun96]
(Satz V.3):

Theorem 2.2. Acceptance with empty stores or final state is equally
powerful. Let n be the length of input words and t: N — N.

(i) A language is accepted by a TPDA with empty stores in time
O(t(n)) if and only if it is accepted by a TPDA with final state
in time O(t(n)).

(ii) A language is accepted by a bounded TPDA with empty stores in
time O(t(n)) if and only if it is accepted by a bounded TPDA with
final state in time O(t(n)).

(iii) A language is accepted by a shrinking TPDA with empty stores if
and only if it is accepted by a shrinking TPDA with final state.

All three results hold both in the deterministic and in the nondetermin-
1stic case.

The proofs in [Bun96] for the three parts are based on appropriate sim-

ulations of M with another TPDA M’.

2.3 Confluence and normal forms

We now summarize some basics of confluent string rewriting.
Definition 2.19. Let R be a rewriting system on .

(a) R is confluent if and only if for allw,z,y € X*,w —* x andw —* y
imply that there exists z € X* with x —* z and y —* z.

(b) R is locally confluent if and only if for all w,x,y € X*,w — x and
w — y imply that there exists z € X* with x —* z and y —* z.
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(c) R has the Church-Rosser property if and only if for all z,y €
X* x < y there exists z € X* with x —* z and y —* z.

We also say a rewriting system “s Church-Rosser” if it has the Church-
Rosser property.

Lemma 2.1. Let R be a rewriting system. Then R is Church-Rosser if
and only if it is confluent.

A proof for general reduction systems can be found in [BO93, lemma
1.1.7].

Corollary 2.1. Let R be a rewriting system on Y. Then for each x €
X, [x] has at most one normal form if R is confluent [BO93, corollary
1.1.8].

Definition 2.20. Let R be a rewriting system on . The relation — 1is
Noetherian if there is no infinite sequence of words xg, x1,... € L™ such
that for alli > 0: z; — x;41. We also speak of a terminating system R
wn this case.

Lemma 2.2. If R is a terminating rewriting system on X' then for all
x € X* [z] has at least one normal form.

See [BO93, lemma 1.1.10] for a proof.

Even if a rewriting systems is confluent and terminating there is a cer-
tain degree of ambiguity, because a word can have more than one direct
descendant. Furthermore, there can be different reductions to a normal
form. Leftmost (or rightmost) reductions are one possibility to deal with
this ambiguity. Book and Otto give a definition for leftmost reductions
and prove that they exist for finite terminating (not necessarily conflu-
ent) rewriting systems [BO93]:

Definition 2.21. Let R be a rewriting system on X. A reduction w — z

1s leftmost, denoted w LN if the following condition holds: if w =
T1U1Y1, 2 = T1U1Y1, and (u1,v1) € R, and also w = xousys and (ug,vy) €
R, then
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— x1u1 1S a proper prefir of rous,
or

— T1u1 = To2uz and T1 is a proper prefix of ra,
or

— 1 = 2o and u; = Us.

1 . » 1
Let —* denote the reflexive transitive closure of —.

The relations — , and —* are defined in the symmetric way.

Definition 2.22. Let R be a rewriting system on Y. Let s € R* be a

sequence of rules, s =ry-ro---ry for n € N. If for w,wi,ws,...,w, €
2*
Im Im Im Im Im
w > W1q > W2 > e > Wp—1 — Wy
T1 T2 T3 Tn—-1 Tn

holds, we call this a leftmost reduction of w with s to w,,. Rightmost
reductions are defined accordingly.

Remark 2.6. There is a fundamental difference between the definition of
leftmost (rightmost) reductions as in definition 2.22 and RN (=),
The former is conserving all information about the single reductions
steps necessary in the sequence s, whereas the latter simply states the

existence of such a reduction.

Remark 2.7. It is important that this definition of leftmost reductions
does not always preserve congruence classes for rewriting systems in
general:

dARe V' x Y we X' : {w |w %1)* w'} C [w]g,
where C denotes the true subset relation. Hotz gives a definition for
leftmost reductions which does not bear this restriction [Hot66]. Since
for confluent and terminating rewriting systems this problem does not

occur, we refer the interested reader to Hotz’s article.

With the following theorem we show that for each w an irreducible nor-
mal form w’ can be found by leftmost reductions.
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Theorem 2.3. Let R be a finite rewriting system on the alphabet Y. As-
sume that R is terminating (i.e. — is Noetherian). There is an algorithm
to solve the following problem:

Instance: a string w € X*.

Result: an irreducible string w' such that w LU

Proof. [BO93] For the proof, we are going to use a DTPDA. In order to
make the program deterministic, the first step is some preprocessing of
R to a new system R'. This preprocessing does not depend on the input
w.

Construct R’ as follows: For each u € dom(R) choose the rule with
the lexicographically? smallest v such that (u,v) € R and add (u,v) to
R'. Therefore, dom(R’) = dom(R) and IRR(R’) = IRR(R). Furthermore

Im *g Im *
R’ R

Since R is finite, R’ is finite, so there exists a t = max{|ul, |v| | (u,v) €
R'}. Because R is terminating by hypothesis and R’ C R, R’ is termi-
nating, too.

The DTPDA M we are constructing will use a loop that contains three
parts. The bottom symbol L is a new symbol not appearing in . Assum-
ing that at the entry point of the loop the configuration is | z1qzs L, for
q € Q;x1,x0 € X*, then at the end point of the loop (after the last oper-
ation within the loop, in contrast to the loop exit point, which is the end
of the computation) the configuration is L 414"y, for ¢’ € Q;y1,y2 € X*

1 . . 1
and 129 ?n}* y1y2. Because of this invariant, also w %)* y1y2 holds.

The three parts of the loop are:

(i) READ (loop entry): M attempts to read a new symbol from X
from the right-hand pushdown store. It pops that symbol from
this right-hand store and pushes it onto the top of the left-hand
store. If M is able to read such a symbol, then it performs the
SEARCH operation. If M is not able to read such a symbol—i.e.,
M encounters the (right-hand) bottom symbol—then M halts (loop
end and exit).

2 In fact, any order on X* suffices.
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(ii) SEARCH: M reads the top ¢t symbols from the left-hand store.
It determines whether there exists a string u stored on the top
|u| positions of the left-hand store such that there exists v with
(u,v) € R'. If at least one such u exists, M chooses the longest
u, remembers (u,v) and performs the REWRITE operation; in
this case, we say that SEARCH “succeeds”. Otherwise, SEARCH
“fails”; then M restores the top t symbols of the left-hand store
(loop end) and performs the READ operation again.

(iii) REWRITE: Since M has remembered (u,v), it pops the string u
from the top of the left-hand store and pushes the string v onto the
right-hand stack so that the leftmost symbol of v is on top of this
store (loop end). Then M performs the READ operation again.

As defined for DTPDAsS, the initial configuration will be 1 gow L. Then
M starts with the READ operation of the loop. It is easy to see that M
satisfies the invariant mentioned above. For any configuration 1 xiqxo L
then z7 is reducible if and only if there are z},u € X* such that (i)
z1 = zju and (ii) all proper prefixes of z; are irreducible. Together with
the fact that the SEARCH operation searches the longest such w this
ensures that M simulates leftmost reductions. Since R’ is terminating,
M’s computation must halt, with a configuration | w’q L with ¢ €

Q,w" € IRrR(R') and w %)* w'. Since IRR(R’) = IRR(R) and R’ C R

this leads to the desired result: w %* w' € IRR(R). O

When we refer to the computation which is done by such an automa-
ton M, we call it REDUCE-algorithm or -function. Formally, we use the
following

Definition 2.23. Let R be a terminating rewriting system and M a
DTPDA as in the above proof. Then the operation of M that computes

w' € X* from input w € X* with w %* w' € IRR(R) is called REDUCE,

and we write:

REDUCEg(w) = w’ or simply REDUCE(w) = w'.

Remark 2.8. Because the REDUCE-algorithm is deterministic, it defines
unique leftmost normal forms for each w € X*.
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As can be seen the basic operations of the REDUCE-algorithm are:

1. For preprocessing (computing R') we need time cg, which is not
depending on the input |w|.

2. reading a single symbol from the top of the right-hand store and
pushing it onto the left-hand store (READ operation, needing time
c1, not depending on |w|),

3. comparing two strings of maximum length max{|u| | v € dom(R')}
(SEARCH operation, needing time co, not depending on |w|), and

4. pushing strings of maximum length u, = max{|v| | v € range(R’)}
onto the right-hand store (REWRITE operation, needing time cs,
not depending on |w|).

Definition 2.24. A rewriting system R on X is called length-reducing
if for each (u,v) € R the length of the right-hand side is strictly smaller
than that of the left-hand side, |u| > |v].

Clearly, a length-reducing rewriting system is Noetherian. If R is length-
reducing, the number of basic operations needed to process an input with
the REDUCE-algorithm can be computed as follows:

1. Each letter of the input has to be read, and after that we perform a
SEARCH, for this we need time (c1 + ¢2)|w].

2. Because a REWRITE reduces the length of the configuration by at
least one, we need at most |w| REWRITE operations, altogether need-
ing time up to c3|w|.

3. In the worst case, every REWRITE makes up to u, additional READ
and SEARCH operations necessary. The time for these additional
operations adds up to at most p,.(c; + c2)|w|. Since pu, is fixed we get:

4. In the worst case, the REDUCE algorithm needs time

O(co + ((pr + 1)(e1 + ¢2) + c3)[w]) = O(Jw]).

Theorem 2.4. Let R be a fized length-reducing rewriting system on ..
The following problem is solvable in linear time, depending on the length
of the input:

Instance: a word w € X)*.

Result: an irreducible string w' such that w LU
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Proof. (given above) See [BO93] for further details.

Definition 2.25. We call a rewriting system R convergent if it is ter-
minating and confluent.

Theorem 2.5. If R is a convergent rewriting system on X' then for all
x € X* [x] has a unique normal form [BO93, theorem 1.1.12].

Subsystems and normalization

Since a rewriting system R may contain two different rules (u, v1), (u, v2)
with v; # vo some problems can arise. There are two ways of dealing
with those rules: Using equivalent subsystems in which no two different
rules with identical left-hand sides exist or using normalized systems
(which has some further effects).

Definition 2.26. Let R, S be two rewriting systems on the same alpha-

bet. They are called equivalent if and only if T*:T*.

Lemma 2.3. Let R be a convergent rewriting system. Let S C R be a
subsystem of R such that for any word u € dom(R) there is a unique v
such that (u,v) € S. Then:

(i) S is convergent (that is, terminating and confluent),
(ii) IRR(S) = IRR(R), and
(ii3) S is equivalent to R.

Note on proof. This is a generalization of lemma 3 in [BO81]. There
the rules of R are assumed to be strictly length reducing, i.e. for all
(u,v) € R : |u| > |v|, but the proof only uses that R and its subsystem
are terminating. Obviously, S is terminating. Showing that it is confluent
and that (ii) and (iii) hold can be achieved in the same manner that
[BO81] used.

Therefore, if R is a convergent rewriting system and R’ is the rewriting
system constructed for the automaton which computes REDUCE, then
R and R’ are equivalent. As a consequence REDUCE computes unique
normal forms. In this case, it is justified to write:
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REDUCE(w) = [w].

The normalization approach discussed below does not expect R to be
confluent. But if R is confluent, then the result of the normalization is
confluent, too. First we introduce some necessary definitions and results.

Definition 2.27. A rewriting system R on X is called normalized if the
following conditions hold for each rule (u,v) € R:

(i) u € IRR(R\ {(u,v)}) and
(i) v € IRR(R).

That means, the right-hand side v of each rule is irreducible and the
left-hand side u can be reduced only by the rule (u,v) itself.

Note that in a normalized system no two rules (u, v1), (u, v2) with vy # vy
can exist.

Definition 2.28. Let > be a binary relation on X*. Then > is

(i) a strict partial ordering if it is irreflexive, antisymmetric, and tran-
sitive,
(ii) a linear ordering if it is a strict partial ordering and, for all x,y €
X*, either z > y,x =y, or y > x holds,
(#4i) admissible if for all u,v,z,y € X* u > v implies xuy > zvy.

Definition 2.29. Let > be a strict partial ordering on X*. Then it is
called well-founded if there is no infinite chain of the form xo > 1 >
xo > ... with x; € X* for 0 < ¢ € N. If > is linear and well-founded,
then it is called well-ordering.

Definition 2.30. Let R be a rewriting system on X and > be an ad-
missible well-founded strict partial ordering on X*. We say that > is

compatible with R if for, each rule (u,v) € R, u > v holds.

Theorem 2.6. Let R be a rewriting system on Y. Then the following
two statements are equivalent:
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(a) the reduction relation - is Noetherian;

(b) there exists an admissible well-founded partial ordering > on X* such
that u > v holds for each rule (u,v) € R.

For a proof see [BO93, theorem 2.2.4].

Theorem 2.7. There is an algorithm which solves the following prob-
lem:

Instance: an admissible well-ordering > on X%,
a finite rewriting system R on X which is compatible with >.

Result: a normalized rewriting system R’ which is equivalent to R
and compatible with >.
Furthermore, if R is confluent then so is R'.

Since the algorithm itself and the proof are of no interest for our inves-
tigations, we will not present them. They can be found in full detail in

[BO93, theorem 2.2.13].

Local confluence

Theorem 2.8. Let R be a terminating rewriting system. Then R is con-
fluent if and only if R is locally confluent [BOY9S3, theorem 1.1.13].

Theorem 2.9. There is an algorithm to decide the following question:
Instance: a finite terminating rewriting system R.

Question: is R (locally) confluent?

Since the algorithm which decides this question reveals some ideas for
constructing confluent rewriting systems, we discuss the full proof here.

First, remember that local confluence is a property of the complete
rewriting system, not just of single rules or rule pairs.® Furthermore,
all possible words from X* are involved: For all w, x,y € X* with w —
and w — y we have to check that there is a z such that x —* z and
y —* z. Obviously, one cannot test all possible ws algorithmically. The
following argument shows that it is not necessary to do this.

3 This shows that the term “local” is slightly misleading.
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Proof. [BO81,BO93] Suppose w — = and w — y. If (uy,v1), (ug,v2) € R
and w = wiujwousws. Then

W — W1V1WU2W3 —— W1V1W2V2W3
(u1,v1) (uz2,v2

and also

W — WUIWV2W3 —— W1V1WeV2W3.
(Uzavz) U1,01
As the result is wiviwovows in both cases, one does not need to test
anything. Thus, one only has to test those cases were w = wiuiws and
w = w3ugwy with

(a) |wiui] < |wsue| and |wa| < |ugwas| or
(b) |wsus| < |wiui| and |wy| < |uwsl.

These cases occur when for some z,y € X*, xy # 0O, either u1x = yus
and |z| < |ug|, or uy = xuoy. Therefore, to determine whether R is
locally confluent, it is sufficient to consider pairs of rules from R.

Definition 2.31. For each pair of (not necessarily distinct) rewriting
rules (u1,v1), (u2,v2) € R let the set of critical pairs be:

{[zv1,v2y] | there are z,y € X*, xu; = ugy and 0 < |z| < |uzal|}
U {[v1, zvoy] | there are z,y € X*, uy = zusy}.

Because zy = O is possible in the second set, rules (u,v1), (u,v2) € R
with v1 # vy lead to a critical pair, too.

Definition 2.32. A critical pair [z, z2] resolves if and only if z1 and zo
have a common descendant.

If a critical pair zv; and vay (or v; and zwvey) has two different irre-
ducible descendants, then R is not confluent (hence, not locally conflu-
ent), because this would imply that the congruence class of zu; = usy
(or u1 = zusgy) has more than one irreducible element. On the other

29



2. Basic Definitions and Theorems

hand, if every critical pair resolves, then the argument above implies
that R is locally confluent.

To check whether a given critical pair resolves, we can use the algorithm
REDUCE:

If R is confluent then all words have unique normal forms, therefore it
is allowed to use leftmost reductions. On the other hand, assume R is
not confluent. Then it does not matter when a critical pair does not re-
solve because the restriction to leftmost reductions “drops” some normal
forms: Even if the congruence class was preserved by leftmost reductions,
the critical pair would not resolve. In consequence it suffices to find a
critical pair which is not resolving with leftmost reductions, and such a
pair exists if and only if the rewriting system is not confluent.

So R is locally confluent if and only if for every critical pair [z1, z2],
REDUCE(z1) = REDUCE(22).
(|

For the question of the complexity of testing local confluence with this
algorithm, we refer the reader to [BO93]. A more efficient algorithm is
described in [KKMN85].

Definition 2.33. We call this algorithm CONFTEST.

2.4 Growing context-sensitive languages

Chomsky introduced the notion of generative grammars to define lan-
guages [Chob9]:

Definition 2.34. A generative grammar (only grammar for short) is a
4-tuple G = (X, T, S, P).

I' is the alphabet of G,

X C I' is the terminal alphabet

I'\ X are the nonterminals of G.

S e '\ X is the start symbol.

P is the set of productions of G. It is a rewriting system where each
u € dom(P) contains at least one nonterminal.
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For distinction from rewriting systems we call a rule (u,v) € P a pro-
duction and denote it with (u — v). The language defined by G is

LGz:{wEE*|S7>*w}.

A grammar G is called context-sensitive, if each production r € P is of
the form r = (vAw, vvw) with u,v,w € I'*, Ae I'\ X.

The class of languages generated by context-sensitive grammars is de-
noted by CSL. If a language L is an element of CSL we also say L is
a CSL. Furthermore, when speaking of more than one CSL, we use the
plural “s”, e.q. “L, and Lo are CSLs.”

A grammar is called (strictly) monotone if the start symbol S does not
appear on the right-hand side of any production in P and for each (u,v) €
P, Ju| < |v| (Ju] <|v]).

Theorem 2.10. The class CSL is characterized by monotone grammars

[Cho59].

Dahlhaus and Warmuth introduced the name growing contezt-sensitive
languages (GCSL):

Definition 2.35. [DW86] The class of languages generated by strictly
monotone grammars s called GCSL.

They also proved that the word problem (w € L(G)? for w € X*) for
GCSL can be solved in polynomial time for a fixed grammar [DW86].

Definition 2.36. A grammar G = (X, I, S, P) is weight-increasing if
there exists a weight function ¢ : I'* — N such that for all (u — v) € P
the weight of u is less than that of v: p(u) < p(v).

Buntrock and Lory$ achieved the following characterization:

Theorem 2.11. The class GCSL 1is characterized by weight-increasing
grammars [BL92].

As Buntrock showed, GCSL are characterized by sTPDAs:
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Theorem 2.12. A language L is a GCSL if and only if it is accepted
by a sSTPDA A [Bun96].

This justifies the definition of a deterministic variant of GCSL:

Definition 2.37. The class of GCSL languages that are accepted by a
deterministic SDTPDA 1is called deterministic GCSL, short DGCSL.

It should be emphasized that neither the definition of GCSL by strictly
monotone grammars nor the characterization by weight-increasing gram-
mars require the grammars to be context-sensitive in the sense of defini-
tion 2.34. This reflects the fact that the name GCSL is coined for histor-
ical reasons, because for CSL monotone and context-sensitive grammars
are equally powerful. A more detailed discussion of this can be found
in [NWO01a].

Closure properties of GCSL can be found in [BL92] and [BL94]. Bun-
trock [Bun96| also discusses (growing) acyclic context-sensitive gram-
mars, (G)ACSL, defined under the name 14-grammars (1g-grammars)
by Parikh [Par66]. GACSL also have been investigated by Brandenburg
[Bra74]. For those who are interested in the history and properties of
this language class, we also mention [Gla64], [Boo69], and [BO98]. The
position of (D)GCSL relative to the Chomsky hierarchy is discussed in
[McN99], and in [BHNOOOa] (see also [BHNOOODb]) they are discussed in
the context of McNaughton languages.

2.5 Church-Rosser languages

The definition of Church-Rosser languages was given by McNaughton,
Narendran, and Otto [MNOSS].

Definition 2.38. A language L C X* is a Church-Rosser language
(CRL) if there are

— an alphabet I,

* The same convention will be used for all further language classes without
explicit mentioning it.
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— a confluent and length-reducing rewriting R system on I,

- X clr,

— two words t,t,. € (I'\ X)* NIRR(R),

— a symbol Y € (I'\ ) N IRR(R)

— such that for all w € X*, t;wt, —R—>* Y if and only if w € L.

R is a defining system for the Church-Rosser language L.

Furthermore, L is a Church-Rosser-decidable language (CRDL) if ad-
ditionally there is another symbol N € (I' \ X) N IRR(R) such that
tiwt, ?* N if and only if w & L.

Definition 2.39. The word problem for a fixed CRL L is defined as
follows:

Let alphabets I' and 3> C I', a confluent, length-reducing rewriting system
R on I, t;,t,. € IRR(R), and Y € (I'\ X)) NIRR(R), defining the CRL
L C X*, be given.

Instance: A word w € X*.

Question: Is w € L?

Theorem 2.13. Let L be a CRL. Then the word problem of L is decid-
able in linear time depending on the length of w.

Proof. The problem can be solved with the REDUCE algorithm, which
works in linear time. See [MNOS88| for details.

Definition 2.40. A rewriting system R C X* x X* 1is called weight-

reducing, if there exrists a weight function ¢ : I'* — N such that for all
(u,v) € R the weight of v is strictly less than the weight of u: p(u) >

p(v).

Niemann and Otto proved the following results which we summarize in
three theorems [NO98].

Theorem 2.14. A language L C X* is a CRL if and only if there are

— an alphabet I,
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— a confluent and weight-reducing rewriting R system on I,

- Xclr,

— two words t,t, € (I'\ X)* N IRR(R),

— a symbol Y € (I'\ X) N IRR(R)

— such that, for all w € X%, tywt, ?* Y if and only if w € L.

In [BO98], the class of languages which are defined as in theorem 2.14
were called generalized Church-Rosser languages (GCRL). It was an open
question whether GCRL = CRL. Buntrock and Otto showed that GCRL
are characterized by sDTPDAs. Since Niemann and Otto showed that
GCRL = CRL the following result can be obtained:

Theorem 2.15. A language L C X* is a CRL if and only if there exists
an sDTPDA M with L(M) = L. Therefore, the class CRL coincides with
DGCSL (and with GCRL) [NO98].

Theorem 2.16. Let L be a CRL. Then L is a Church-Rosser-decidable
language, too. That means: CRDL = CRL [NO98].

The following closure properties (we assume the definitions to be com-
mon knowledge, they can be found in [Har78] or other textbooks about
formal languages) hold:

Theorem 2.17. The class of Church-Rosser languages is closed under
the following operations:

(a) Complementation,
(b) intersection with regular languages, and
(c) inverse homomorphism.

The class of Church-Rosser languages is not closed under the following
operations:

(d) union of two (or more) CRLs,

(e) intersection of two (or more) CRLs,
(f) concatenation of two (or more) CRLs,
(9) €-free homomorphisms, and

(h) arbitrary homomorphisms.
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This overview of results is taken from [BHNOO0Oa].

Given an LR(1)-Grammar G and a standard shift-reduce parser M ac-
cepting L(G), one can simulate the behavior of M by an sDTPDA. This
leads to:

Theorem 2.18. The language class of the deterministic context-free
languages DCFL, see [Knu65)]) is included in the class of Church-Rosser
languages: DCFL C CRL. Note that this inclusion is proper [MNOSS].

Because of theorem 2.15 it is not necessary to use LR(1) grammars in
Greibach normal form to establish this result, in contrast to the original
proof in [MNOS88, theorem 2.2.]. Proper inclusion follows from theo-
rem 2.16 and [MNOS88, theorem 2.4.].

Inclusion of DCFL in CRL is discussed in more detail in the application
chapter, beginning on page 121.

Finally, we introduce a definition for systems that define Church-Rosser
languages which is more in the style of grammars. This is equivalent to
definition 2.38 because of theorem 2.14. Its main purposes are on the one
hand to combine all parts necessary for a CRL-definition in one tuple
and on the other hand to allow a shorter way of referencing the systems.

Definition 2.41. A Church-Rosser language system (CRLS) is a 6-
tuple C = (I, X, R, t;,t,.,Y) with

— finite alphabet I,

— terminal alphabet ) C I,

— I'\ X is the alphabet of nonterminals,

— finite confluent weight-reducing rewriting system R C I'™* x I'™*,
— left and right end marker words t;,t,. € (I' \ X)* NIRR(R), and
— accepting letter Y € (I'\ ) N IRR(R).

The language defined by C is: Lg :={w e X* | t;-w-t, -*r Y}.
Instead of ? and ?* we also use 7 and 7* when we speak about
reductions used in CRLSs.

Sometime we refer to R using RULES(C) := R.
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2. Basic Definitions and Theorems

Remark 2.9. There is some ambiguity of the term “Church-Rosser lan-
guage system”. It could not only be interpreted as a system defining one
CRL but also as a system (i.e., a set) of some CRLs. Since we do not use
the second notion in our investigations, this should not be a problem.

Considering the rather short time since the first definition of CRL, there
are a lot of results concerning them. Their relation to GCSL has been
discussed in [BO98] and [NO98]. Concerning other language classes and
automata models connected to CRL, important references are [NO99],
[Nie00], [McN99], and [BHNOOOa].
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Chapter 3

A Characterizing Theorem

As already noted in theorem 2.15, Niemann and Otto proved that
CRL are the deterministic variant of GCSL [NO98]. The term ”‘grow-
ing contert-sensitive language”’ is somewhat misleading, since weight-
increasing grammars are not context-sensitive in the sense of [Chob9]:
they are only monotone grammars. The term is only used for historical
reasons, it was coined by Dahlhaus and Warmuth [DW86]. In this chap-
ter we give a characterization of CRL which, when transfered to GCSL,
justifies to call them context-sensitive.

In the first section we give a definition for so-called context-splittable
CRLSs. The proof that this is a normal form for CRLSs is rather com-
plicated, so we split it into different sections. A short description of the
construction principles is contained in the second section. The next two
sections describe the basic necessary technicalities which are not cen-
tral to the idea of the proof, but can be derived simply from the fact
that sDTPDAs characterize CRL. We devote the fifth section to the
main strategy of the proof, which we call “weight-spreading”. In order
to give a complete proof, a rather number of cases has to be considered.
An overview of these cases is given in the sixth section, and the sev-
enth section contains an example case. We have to make some efforts
to make the resulting rewriting system confluent. This is discussed in
the eighth section. Weight reduction is another property that has to be
considered. For the complicated part of the construction—the weight-
spreading technique—we give a detailed examination in the ninth sec-
tion. For completeness we have to construct final rules, this is done in
the tenth section.

The result of these efforts leads to the eleventh section, where we show
correctness of the construction. In the twelfth section we link our char-
acterization results about CRL to GCSL. Additionally, we discuss the
topics of derivation trees in this section. The last but one section of this
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3. A Characterizing Theorem

chapter contains necessary case distinctions which we extracted from the
proof for the purpose of better readability.

We conclude this chapter with a section in which we shortly discuss why
this result is not simply a normal form, but a characterization theorem.

Early states of these research results have been published in a technical
report [Woi00a], and an extended abstract was presented in [Woi01],
which is improved here especially w.r.t. the question of confluence.

3.1 The normal form

Definition 3.1. A CRLSC = (I, X, R,¢,$,Y) is context-splittable (C
is a csCRLS) if

¢,$, Y e IRR(R)NT'\ X

(let the inner alphabetbe e == '\ {¢,$,Y}) and for any rule r € R
there exists a splitting (u, v, w, x) with:

1. 7 = (vvw, uzw).

2. v is non-empty: v € I'T.

3. wvw may contain at most one ¢ and if so at its beginning. Also it
may contain at most one $ which only may appear at the end. All
other letters of uvw have to be from the inner alphabet I'yyper:

uvw € {¢7 D} ) F;:nner ) {$? D}'

4. x s a single letter not equal to ¢ or $ or it is the empty word:

T € Finner U {Y, D}.

5. If v contains ¢ or $, then x =Y, u and w are empty, and v begins
with ¢ and ends with $:

vee- I urls

mner mner

$—=vee I $ANu=w=0Az=Y.

inner

6. If x =Y, then u and w are empty, and v begins with ¢ and ends
with $:
r=Y =—=vwveEc¢-I; $Au=w=0.

inner

38



3.2. The construction principles

The splitting (u,v,w,z) of a rule r allowed by this definition is called a
context-splitting, u and w are called the left and right context.

Remark 3.1. Tt is obvious that z = O is only necessary if v € {0, ¢} and
w € {0, $} cannot be avoided, since otherwise one could transfer a letter
of u or w to .

Ezample 3.1. These are some examples for the meaning of the definition
(the splittings are marked by dots):

— ab-dea-ab— ab-a - ab,

— ab-de-aab — ab- 0O - aab is another splitting of the same rule,
—¢-ab-$—¢-0O-8,

— ¢-ab$ -0 — ¢-$-0is not a valid splitting,

— abc — O is a deleting context-splittable rule, and

— abed — dcba is a rule that is not context-splittable.

Remark 3.2. We want to distinguish the notion of context-splittable
CRLSs from context-sensitive grammars, because the former uses re-
ductions and the latter productions for defining languages. Especially
deleting rules of the form v — O have no counterpart in context-sensitive
grammars. Therefore we do not use the term context-sensitive. Note that
all other deleting rules with v ¢ {O,¢} or w ¢ {0, 8} can be split in a
different way such that x is not the empty word, just as in the example
given above.

Theorem 3.1. LetC = (I, ¥, R, t;,t,,Y) be a CRLS with language L .
Then there exists a csCRLS C' with Lo = L¢.

Proof. We will give an effective construction for such a new csCRLS C".

Remark 3.3. We already have a formal definition of the automata for
the language family CRL, the sDTPDAs. Part of our construction will
be the simulation of such an automaton. We refer the reader to the proof
of theorem 2.3 as a guideline to the construction of an sSDTPDA from a
CRLS, which basically consists of a READ/SEARCH/REWRITE loop.
In the following, we will call the SEARCH part a shift operation and the
REWRITE part a reduce operation.
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3. A Characterizing Theorem

Note that since after a reduction operation the left-hand stack will al-
ways be irreducible, one can directly combine one shift with each reduce
operation, as in [MNOSS].

3.2 The construction principles

Without restriction of generality we may assume that R is length re-
ducing [NO98|. Furthermore, we can assume that R is normalized: In a
confluent rewriting system, rules that have a left-hand side which can be
reduced by another rule can be dropped, and reducing right-hand sides
does not cause a conflict with length-reduction.

In order to construct a csCRLS C’, we will use the following four prin-
ciples:

1. Analogous to the automaton model our new system will have the
property that during the whole reduction process there is always
exactly one place in the word where the next reduction rule can be
applied.

2. We will use a compression alphabet which can store more than one
letter of the input (respectively, the derived words) in one letter.
This information will be represented by subscripts of the compres-
sion letters.

3. These compression letters will be enriched by surplus letters in their
subscripts in order to spread necessary weight reductions over more
than one letter.

4. Rules of the original system will, in most cases, be simulated by
three or four rules in the new system.

The confluent weight reducing system will be built of five parts R; to
Rs.

Definition 3.2. With I' being the alphabet of C' which consists of all
terminal and nonterminal letters, let I’ be a new alphabet, which is a
disjoint copy of I'. Then — denotes the bijective morphism that maps I’
into I, e.g. a to a. Let f, ¢, and $ be new symbols. Let I'y .= I' U {}
and I'y := I' U {§}. Define

Wy =T, I} n(S2- (TUL) - )" - (TUl)-45%) us?),
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3.3. Translating the input

where 152 is a shorthand for {0, 4, #f}.

As can be seen, this regular language consists of words, where between
letters of I" or I" there are always exactly two #’s. This language will not
only be used to define the compression alphabet, but also to make some
definitions during the construction process easier. The purpose of the f’s
will be explained later.

Definition 3.3. Let p; = max{|u| | v € dom(R)} and pu, = max{|v| |
v € range(R)} be the mazimum length of the respective rule sides. Be-
cause R is length reducing p; > p, holds. Let p := max{yuy, |t;|, |t+|}. The
compression alphabet I is defined as:

Io={€ |weWy AL < |w| < 3u+5).

The elements of I'y are called compression letters. For distinction, letters
in the index of a compression letter will be called index letters.

Remark 3.4. At least u + 1 letters of the original alphabet I' can be
stored in one compression letter.

If we need to delete the surplus #’s, we use the following morphism:

Definition 3.4. Let a be the morphism ": (I U ryu{e$H* - (I'U
I'u{e,$})* defined by:
O =
T = { z=4
x else.

Sometimes it is necessary to extract the information of the subscripts in
a word from I7:

Definition 3.5. Let ~ be the morphism “: (I UT U T U {c,$})* —
(I'y U Iy)* defined by:

xz else.

. {w $:€w€F1
xXr =
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3. A Characterizing Theorem

We assume, without loss of generality, that brackets are not in our al-
phabets so far and use them in the following for better readability.

3.3 Translating the input

The first step in the simulation of C' is to translate the input into the
compression alphabet. At the same time, we will take care of ¢; and t,.
The new end marker letters (not words!) of C’ will be ¢} := ¢ and t. := $.

Short words w € L¢, |w| < 2 will be handled separately, they are directly
added to the language L. For them, a set R; of rules is used:

Ry :={(¢w$,Y) | w € Lo A |w| < 2}.

Obviously, Ry can be computed easily.

For the translating rule system we will give a new set of rules R, but first
we have a look at the specification of it. Decompose t; and ¢, into single
letters in the following way: t; = aqas - -ay, and t, = cico---cp, - Ra
will be designed to be a confluent and weight reducing rewriting system
such that for every w € X22 with w = byba-+b; by, b € (1 <i <
|lw|) we can make the following reduction with Ro:

cw$
—
R,
¢€(51ﬂﬁ)(ﬁzﬁﬂ)---(5|t,|ﬂﬂ)(51ﬁﬂ)€b2ﬂﬁ€b3ﬂﬁ = €ty =141 €y 1) (e 88) (2t~ (cpe, 1) B

where we ensure that Ro does not do more than such translations. Es-
pecially, the right-hand sides of the reductions given above are required
to be irreducible in Rs. Furthermore, we require that the first translated
letter after the ¢ always appears in the last reduction step. This is neces-
sary to give a precise moment in the reduction after which the rule sets
defined in the following parts of the construction can begin to work.

After this explanation, the following definition of Ry should be clear.
Assume t; and t, to be composed of letters a; and ¢; as above. Ry will
be composed of the two parts Ry 1 and Ry 2. We start with the translation
from the right with the system Rj 1:
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3.4. Simulating shift operations

Ro1:= {(def$, def(syp)(crtt) (catt) - (cye, ) 3) | dr&s f € X}
U {(de€(sa1)(crt) - (erepin) B Beett€(sin) (ert)—(epepn)®) | dres [ € 2}
U {(de€syy, déesylras | dye, f € X}

Now, the translation has to be finished:

Ry,2 = {(¢e€ray, € (@st) @) @, 1) )6 rtt) | € f € 2}

Note that if t;, = O then the over-lined e is the first index letter after the
translation.

Finally, Ry := Ra 1 U R 2.

Example 3.2. Let t; = dd, t, = ¢, and w = abad. Then R, translates the
input to:

&y sansan Sottattatreny
The following can be easily verified:

Claim. R1U Rs is confluent and, with a suitable weight function, weight
reducing (since each of these rules translates exactly one terminal into
a nonterminal, we simply have to assign weight big enough to the ter-
minals). The last rule applied from R; U Ry is either an accepting rule
from R; or a rule from Rg39. Thus, the first time an over-lined letter
appears in the process is after the complete input has been translated to
the compression alphabet.

The rightmost over-lined letter marks the position at which the simula-
tion of C' will work with the following rule sets. In general, the rightmost
over-lined index letter of a compressed word can be identified with the
head position of the automaton described above.

The #’s are the surplus letters mentioned in the list of construction prin-
ciples. Moving them to the left or right in a suitable manner will be
necessary for the weight reduction property of the rules to follow.
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3. A Characterizing Theorem

3.4 Simulating shift operations

The next step is similar to the shift operations of automata for CRLs.
Sometimes it is necessary to move right (that is, shift) the position of a
possible next reduction.

Definition 3.6. Given the rewriting system R, we will call a word w a
shift suffix, if it s not a suffix of the left-hand side of a rule of R.

Whenever the automaton accepting the language of C finds a shift suffix
on the top of its left-hand stack, it must perform a shift operation.

Definition 3.7. Given R € I'™ x I'*, a sufficient set of shift suffixes is
a set S C I't of shift suffizes satisfying:

Vw e IRR(R)NITT : ( (Ju € dom(R) : w € Suff(u))
VE@w e M uelt :w=wuAuecb)).

Definition 3.8. The following set of shift suffizes will be denoted with
S:

S :={w| we s
AYu € dom(R) : w & Suff(u)
A (V' € Suff(w) \{w} : (Fu' € dom(R) : w' € Suff(v')))}

Accordingly, S is the picture of S under —.

The next two propositions should be intuitive. We provide proofs for
them, anyhow.

Proposition 3.1. S is a sufficient set of shift suffizes.

Proof. From the first two conditions it follows that all elements of S are
shift suffixes. The last condition excludes only words from S that are too
short to be shift suffixes. Assume w € IRR(R) N I'T.

If there exists u € dom(R) such that w € Suff(u), the first condition of
definition 3.8 holds and neither w nor a suffix of w can be a shift suffix.
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3.4. Simulating shift operations

Otherwise, there must exist w’ € I'* and w with |u| < g such that
w = w'u and w is a shift suffix. Assume u is the shortest such shift
suffix, then it is an element of S. O

Proposition 3.2. S is minimal: Any sufficient set of shift-suffizes S’
is a superset of S or equal to it.

Proof. Assume u € S’. There are two possibilities:

Case 1. There exists no shift suffix v such that v € Suff(u). Then u is
element of S, because S is sufficient.

Case 2. There exists a shift suffix v such that v € Suff(u). Then there
exists a shortest suffix v’ of v which fulfills case 1. Therefore,

u,v ¢ S and v € S. O

Since in our new systems all reductions have to take place within the
indices and cannot directly work on the letters of the original alphabets
we need to take care of this. Especially, any (sub)word of original letters
can be distributed over more than one letter of the compression alphabet,
and the #’s have to be considered, too. So, we translate S in the following
way:

Definition 3.9. Define the S¢ set of translated shift suffixes as:

SE = {511)16’!1)2..'5’111”—1111” | 2<nAw; € Wﬂmfg_ (1 S’iSn—Q)
Awn_1 € WyN T,
Nwn € Wy N (T - IY)
N wiwsa -+ - Wy € Wﬂ
AN (3’01,’02 V1V = ’lf)l N U2w2"'wn—1 S g)
AwQ"'wn—l Q/S}

It is also possible that the simulated left-hand store does contain an
irreducible word which is not a shift suffix. This happens when the word
in the store is too short and a suffix of a left-hand-side of a rule. This
case is handled with the following set.

Definition 3.10. The set of short shift words is defined as:
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3. A Characterizing Theorem

Se = {06 buws +Ewnswn | 2<nAw; eWyNT, (1<i<n—2)
Awn_1 € WyN T,
N\ wnp, EWﬂﬂ(F-Fﬂ*)
A wiws - - -wy, € Wy
A (Fu € dom(R),u’ € Suff(u) N IRR(R) :
11 - - -1 = @)}

In order to get a confluent rewriting system in combination with the
rules defined in the later sections, we have to use a kind of lookahead
set. We will discuss its exact role in the following sections and simply
give the definition here:

Definition 3.11. The lookahead set S; is defined as

M= {§w1§w2|w1w2 € Wﬁ N\ WiwWy € F*}
U{fwlﬁﬂ$|’w1ﬂﬂ c Wﬂ AWy € F*}
u{s}.

Furthermore, we use the following two abbreviations:
Definition 3.12.
Wy := Wy U (Wyn Wy - {tf}) U{#, O}) - {$}.

That means, each word in Wy ¢ is an arbitrary word from Wy, or it is a
word from Wy ending with two #’s concatenated with $, or it is the word
#$, or it is simply a $.

Definition 3.13. The set Wy g  is defined as the subset of Wy ¢ whose
words start with a letter from I':

le’$,F = Wﬁ,$ APAR Wﬁ . {l:l, $}

Now we construct R3: For each w = &y, &wy * * * &€, _1w,, Withw € S¢
or ¢w € S¢ and w’ € S; such that ww' € Wy ¢ we add a rule 7, . to the
new system Rgz. Assume that w, = aw], with a € I' and w,, € Wy. If
w € S¢ the rule to be added for w and w’ is
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3.5. The “weight-spreading” technique

Tw,w = (Ew; &ws *- .gwn—2£wn—lwnwl7 §uwy ws * -gwn—2£wn—law;—bw,)'

If ew € S, we add the rule

Tw,w' = (¢§’w1£'w2 o .gwn—Zgwn—lwnw,7 ¢£w1§w2 U gwn—zgwn—lawhw/)'
Notice that the cases w € S¢ and ¢w € S, are disjoint.

Remark 3.5. If a shift is necessary but no next letter without over-lining
exists no next reduction is possible. Then the simulated system also
would reduce to an irreducible word.

Claim. Rg3 is confluent.

Proof. The left-hand sides of rules derived from the translated shift
words in S¢ have no nontrivial overlaps with the rules derived from short
shift words in S;. Because S is minimal, left-hand sides of rules derived
from S¢ do not overlap with each other. Left-hand side of rules from
S. do not overlap because of the ¢. So, there are no nontrivial overlaps
between left-hand rule sides in R3. Therefore it is confluent. O

It is also possible to show that Rj3 is weight reducing. The matter of
weight reduction will be discussed later, at the moment simply assume
that over-lined letters in the subscripts of compression letters add slightly
less to the weight.

Claim. Ry U R2 U R3 is confluent and weight reducing. There are no
overlaps between the former two and R3, because on the left-hand sides

of Ry and Ry rules there are never over-lined letters.

Ezample 3.3. Assume bba € S. Then w = giuﬂzﬂﬂaﬁgﬁdi € S¢. Assume
w' = &$. This leads to the rule:

Tw = (fgﬂugwaﬂfﬂcﬂfﬂ& fngwaﬂfﬂzuﬁﬁ) € Rs.
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3. A Characterizing Theorem

3.5 The “weight-spreading” technique

Now we reach the core of the construction, which will be called weight-
spreading. The main idea is to simulate rules of R piecewise. This simu-
lation is similar to the construction of a context-sensitive grammar from
a monotone one [Chob9]. In order to achieve a weight reducing system
a second principle is used: the simulation will reduce the length of the
subscripts of the compression letters.

In order to make the construction more understandable, we provide two
examples. The first is not working as desired, it is used to illustrate why
two #’s are put between the letters of I' or I, respectively. The second
example shows the correct construction at work.

Ezample 3.4. Consider the rule (aaaa, bbb) and assume we had used only
a single f as surplus letter. The following possible reduction could be used
(each step being identified with a rule):

Savalatéata
— 1. “lock” with new nonterminal
Eatalyane

— 2. change first letter

55,1 gﬂaﬁﬁt

— 3. change middle letter

TSNS

— 4. change last letter, remove lock

&St ot

Fig. 3.1: An incorrect simulation

In the first rewriting step we use the known shift position (the last over-
lined subscript letter) to assert that no other rules can interfere. During
the next three steps we simulate the actual reduction. Note that the first
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3.5. The “weight-spreading” technique

b also is over-lined. This is possible because after each reduction in the
corresponding automaton a shift is necessary, before another reduction
can take place.

This example shows the problems we have to deal with. A look at the
last letter in the first line and the last letter in the last line reveals that
the length of the subscript did not change. In consequence, if we would
do this for all rules in any CRLS, this could cause weight reduction
problems.

Ezample 3.5. Therefore, we now change the example insofar, as we in-
troduce double §’s. Let the rule in question again be (aaaa, bbb):

Eatralitatilatia
— 1. “lock” with new nonterminal

Sappalpany St
— 2. change first letter

Soyy Sttt St
— 3. change middle letter

Epypottnse

— 4. change last letter, remove lock

&gy Sottv€ita

Fig. 3.2: A correct simulation

The #’s are used to spread the length reduction of the original rule over
the compression letters in the simulation. Observe that (especially) in
the last step of the example the result contains three compression letters.
More than three letters are not necessary during any rule simulation,
because a right-hand side of a rule and the added f’s fit into one com-
pression letter (to be exact, sometimes some unchanged conterts appears
on the right-hand side, necessitating four letters). Basically, the weight
of a compression letter will be computed from the number of its index
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3. A Characterizing Theorem

letters (over-lined letters add slightly less to the weight). Therefore in
the worst case—when the original rule has a length reduction of one—we
reduce the number of index letters by three and spread this reduction
over the resulting three compression letters. This is the cause for adding
two #’s after each index letter of I' U T during the translation with Rj.

For generalizing this example, a lot of cases have to be handled. The main
idea is to identify all possibilities how the left-hand side of an original
rule can be split over one or more letters of the compression alphabet.
Also, sometimes it is necessary to allow some unchanged context in the
first compression letter. Furthermore, the question of finding the right
place for the reduction to work has to be handled.

At this point we can explain the necessity of the lookahead set for our
construction. Assume there is another rule whose left-hand side ends
with a letter b. As soon as the middle letter is changed in our example
(step 3), a simulation of that second rule could start, therefore possibly
preventing the & from being removed for the rest of the simulation. This
would result in a rewriting system which is not confluent. So our example
only showed the simulation part of our construction, but not how the
confluence is achieved. In the simulation rules which we are going to
add, this is prevented by looking two compression letters further ahead
whether there is a locking nonterminal. If there are no two compression
letters, but only one and the end marker letter $, or even only the $,
the same applies. How this works can be seen in detail in the following
section.

3.6 Case distinctions

In this section we will give the distinction of main cases and an example
how to handle one of these cases. With this example the reader should
be able to understand the principles of the construction. The complete
construction can be found in section 3.13.

In some cases, the simulation is very easy. Especially, when the complete
reduction can be simulated within one letter of the compression alphabet.
We handle this first case with the following set:
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3.6. Case distinctions

N\ wq ET;
Ao =uAws €T T, T-{tf}
/\w3tb € Wﬁ,&p}.

Now, for each element of ¢t € Ty assume u = ay -+ -ajy,a; € I' (1 <@ <
lu|) and v = b1by - -- by, b; € I' (1 <4 < |v]). For each t add a rule r; to
a new system Ry :

ry == (§w1w2w3w7gwl(glﬂﬂ)(bzw)“'(blvluﬂ)w?’w)

If w1 = w3 = v = O, this would produce a letter £n, which is not in the
compression alphabet. In these cases identify £g = 0. Then the rule will
simply delete one symbol.

Now the difficult part of the construction will be discussed. What has to
be done, if the left-hand side of the original rule is not in one letter but
distributed over the indices of several compression letters? Again we use
a set which contains all cases of possible rule applications that are not
covered by the above set T7:

Ty := {(u, v, EwrwsEwsEwa * * Ewn—2wn_1w, W) | (u,v) € R
AN <n

Aws - wy € Wy
Aw € S

N w1y Ef;
/\w2w3---wn_1€F-F:-F-{ﬂﬁ}
/\’U)Q#D

AN WaWg - Wp_1 = U

N wp,w € Wﬁ,&p}.

For each t € Ty (T is finite) a set of rules is added to Rjy.

This also needs some further nonterminals. These will be collected in the
set I, whose elements will be called locking symbols. Again, we assume
u=a a6 €I (1<i<|ul)and v =biby---by,b; €I (1 <0<
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3. A Characterizing Theorem

|v]). Whenever we speak of three or four rules these are a simulation of
an original rule in as many steps.

The following ten cases have to be dealt with, some having up to 23
sub-cases. Let t = (U, v, wywyEws&wa **  Ew,y—2&w,_ 1w, W) € To:

1. n =4,ws = O (already covered by the rules for 77, see page 62)
2. n =4,v=0,wsg # O (all deleting rules need some extra care, four
sub-cases)

3. n=4,v# 0,ws € {#, it} (similar to the rules for 77, no sub-cases,
one rule for )

4. n=4,v # 0O, |ws| > 2 (five sub-cases, up to three rules for t)

5. n=>5,v # 0O,wys = O (already captured by 3. and 4.)

6. n=>5,v =0,wy # O (again deleting rule, four sub-cases)

7. n=>5,v # 0O,wy € {f#, #1} (seven sub-cases, up to three rules for t)

8. n=>5,v# 0Ows € {8}, |ws| > 2 (three sub-cases, up to three

rules for t)
9. n="5,v #0,|ws| > 2,|wy| > 2 (23 sub-cases, up to four rules for t)
10. n > 5 (The rule itself is not simulated, instead the &, - - &y, _,
is compressed into one letter &,,....,,,_,. Thus, the cases n > 5 are
reduced to the cases n < 5.)

3.7 An example case

In order to show how the sub-cases of the main cases above can be
derived, one example is provided. This example case is number 9.16 in
section 3.13.

Ezample 3.6. Consider t = (u, v, & w,EwsEwsws W) € T2, 0 n = 5. As-
sume |ws| > 2 and |wy| > 2. We know o3y = u. Furthermore,
decompose u and v into letters: u = ay -+ - @y, v = by -+ - by

Then we know there exist 7,7 > 0 such that j > ¢ and ws = a1 ---@a;,
QfJg = ai_|_1 . -Ej, and ’UAJ4 = 5j.|_1 . -E|u|.

We use 7 and j to determine how letters have to be spread over the
subscripts of the new compression letters. First, we compute indices &
and [ which would simply assign the letters of v from right to left and
from the third to the first compression letter. Let &k := |v| — |u| 4+ 7 and
[ := |v| —|u|+j. Obviously, [ > k always holds. In figure 3.3 the relation
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3.7. An example case

between i, 7, k, and [ is illustrated. As one can see, [ and k allow to
determine over how many compression letters the reduction result can
be spread with respect to ws, w3, and wy.

Wy =@y -+ C; | W3 = Aigr Q5 | Wa = Tjq1 - Aly
by---b; biy1--b; 5j+1---5|v| [ >k>0(3comp.l)
by---b; bit1 - -5|U| [ >0,k <0 (2 compression letters)
by by [,k <0 (1 compression letter)

Fig. 3.3: Identifying sub-cases for rule simulation with 4, j, k, and [

Additionally, we have to consider the fi’s at the split points between wq
and wg, respectively between wg and wy. It is clear that there exist ws,
wy, wh, wy, ws ,wy, and wy such that wy = whwsy, ws = wiwswy' ,wy =
wjwy, with wiws = §f and w§' w) = 4.

Now the sub-cases depend on k& > 0 or not, [ > 0 or not, the length of w5,
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and the length of w§’. Example 3.5 above leads to k = 1,1 =2, w} = O,

and w}’ = #ff. Generally, in this case we introduce a new nonterminal &

(for each t a separate one) which is added to I'> and the following four
rules:

T, 1= (§wyws §ws Ewaws W, §wywy §wy S W)
T2 i= (5101117261U3€tw7gwlgl(ﬁﬁb2)...(wbk)ﬂﬁ§W3€tw)
Tt,3 *= (é-wlgl(ﬂﬂbz)“'(ﬂﬂbk)ﬂﬂgwsgtw7

Euwrby (H0)- -~ (80 )t Str-t 1 (H8br12) -+ (B8b141) W)
Tt,4 -= (gwlgl(ﬂﬂbz)---(ﬂﬂbk)ﬂﬂgbk+1(ﬂﬂbk+2)"'(ﬂﬂbl+1)§tw7

Eaor B (Hba) (11t ) 41 (1 42) (111 ) S (b o)+ (bl ) w5 W)+
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3. A Characterizing Theorem

Figure 3.4 illustrates the distribution of letters in the simulation, the
length of the boxes is indicating their weight. Of the surplus letters f
only the most important are explicitly shown.

Observe that as soon as the & is introduced, the distance between the
last compression letter containing a letter from I" and the & is less than
two. Therefore, until the &; is removed again, no further simulation of a
rule can be started.

wa = a1l - @ijws = a1 - @il wa = @1 - 'a|u|ﬂ|j left-hand side of r¢ 1

we = a1l - @ ws = a1 - - - @it & right-hand side of 7,1
bififf - el | ws = @i - @i & right-hand side of 72
bifif - - - brfit b1l brga & right-hand side of r; 3

bufif - - - brfit bt big1 | (HHbi2 - - bpofit right-hand side of 4 4

Fig. 3.4: Distribution of letters in the simulation

3.8 Confluence of the simulation

Confluence of R4 is ensured by three properties:

1.

54

The place of any possible next reduction is uniquely given by the
last over-lined index letter.

. We assumed without restriction of generality that the original

rewriting system R is normalized. Therefore, for all ¢, € TYUT5,t =
(u,v,w),t' = (v,v,w') we knoww =w = u=v Av=v =
t=1t.

This implies that whenever the over-lined index letters form a re-
ducible word, exactly one ¢t can be used.

. After introducing the &, the only possible reduction steps are given

by the simulation of the original rule. This is ensured by the looka-
head: & cannot be further right from the compression letter contain-
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ing the last over-lined letter than two compression letters. Therefore
as soon as &; is introduced, no other simulation can start before it is
removed again. Also, no single step of the simulation can be applied
twice, and the order of applying the simulation rules is fixed. This
holds because the structure of the index words w.r.t. the fi’s prevents
permutations of the rules.

So, Ry itself is confluent (there can be no critical pairs, compare to the
proof of theorem 2.9).

Remark 3.6. As we will see later, assuming a normalized rewriting sys-
tem is not only important for confluence but also for equivalence of the
newly constructed csCRLS to the original CRLS.

3.9 Weight reduction

In order to show that R4 is weight reducing, we need a suitable weight
function. The idea is to distribute the weights of the right-hand rule
sides v in the original system R over two or more compression letters.
Therefore, the strategy for the construction is called “weight-spreading”.
The most important part of a weight function v are the weights defined
for letters from . The weights for X', {¢,$}, and for I'; can be easily
found based on this. Let ¢(z) : Wy — N be the weight function defined
by:

2 +2 (zel
ola) = @el)
21 else

Then ¥(x) : It — N is defined by (&) := ¢(w) + 1. The following
property can be verified easily:

Claim. For all &,,&, € I1: |v| > |w| = ¥(&) > (&) and &y €
Fl - ",D(fv) + d)(gw) > d)(ng)

So, 9 is the I} part of the required weight function. For Iy the fact can

be used that all I} weights are odd, so blocking letters from I, will have
even weight just fitting “in between”.
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3. A Characterizing Theorem

By giving ¢,$, and Y the weight 1 and by assigning the weight 1 +
max{¢y(z)|x € I1} to the terminals (X) we get a weight function
which is correct for all our rules.

3.10 Final rules

The last step is to define rules that accept the result of a reduction:

Rs = {(cw$,Y)|w € I'S3, w0 = Y#1}.

3.11 Correctness of the construction

Lemma 3.1. Let I := Y U{¢,$, Y} Ul Uy, X' =X R =R U
Ry UR3UR4UR5. Then C' .= (I'",X',R',¢,$,Y) is a ¢csCRLS and
Lo = Le.

Proof. There are five steps necessary: Is C’ well defined? Is it weight re-
ducing? Is it confluent? Does it define the correct language? Is it context-
splittable? Again, we refer the reader to the last section of this chapter
for the overview of all cases.

o6

. To check if C’ is well defined we only have to assert that nowhere a

&o would be necessary in R4. By observing the relations between the
subscript word lengths and n, 7, 7, k£, and [ of the sub-cases mentioned
above this can be shown to be true.

. Checking the weight reduction of the rules is a rather tedious effort,

but straight forward.

. First, observe that the first three parts together (that is, R; U Ro U

R3) are confluent. Secondly, reduction rules of R, cannot overlap
with those rules or with rules from R (the latter because Y €
IRR(R)). Overlaps between rules within R4 cannot happen. (Note
that as soon as a & is introduced there is always exactly one next
rule that can be applied until the & is removed again. Especially, no
such rule with & can be applied twice.) So, finally R’ is confluent.

. All our rules in R4 simulate the original system R. Therefore, our

new system R’ cannot accept words which are not in Lg. Because
R is assumed to be normalized, the exact behaviour of a automaton
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accepting L¢ is simulated. Therefore, for each accepting computa-
tion of such an automaton, a reduction exists which simulates it.
Therefore, every word in L¢ is in L¢r, too, and Lo = Lo holds.

5. Checking the context-splittability is the easiest part, it can be veri-
fied by simply looking at all rules.

With this lemma, the proof of the normal form theorem is complete. O

Corollary 3.1. For each CRL L there is a weight-increasing context-
sensitive grammar G such that L(G) = L and each rule is context-
sensitive in the sense of [Cho59].

Proof. We do not elaborate the proof in full detail, since in [NWO01a] a
direct grammar construction for the whole class of GCSL, which includes
CRL (theorem 2.15), is given.

Let C = (I, X, R,t;,t,,Y) be a csCRLS defining L. Basically, one has
to swap the rules sides of the rewriting rules of C'. There are only two
technical problems.

1. Instead of the end-markers one has to mark the left-hand and right-
hand ends of the sentential form and adapt all rules using those
end-markers accordingly. Of course, this will lead to some more non-
terminals.

2. After swapping the sides, there might be rules of the form O — wv.
Because any sentential form produced by the grammar contains at
least one letter, we simply use all rules of the form * — zv and
y — vy where z,y are letters from the alphabets of G (but z is not
a letter marking the right-hand side of the sentential form and y not
a letter marking the left-hand side).

3.12 Consequences of the result

One consequence is that the information flow during reductions is un-
derlying stronger restrictions in a csCRLS. Any movement of a letter in
either direction needs at least as many rule applications as the distance
to be accomplished. Although this is only a refinement of the linear time
bound for the reductions in CRLSs it might be handy for proofs.
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3. A Characterizing Theorem

One can see that the piecewise simulation of rules leads to a rewriting
system that has reducible right-hand sides, in contrast to the normalized
rewriting systems.

The context-splittable normal form and the property of being normal-
ized seem to be dual to each other: We conjecture that there is a CRL
that does not have a normalized csCRLS. For example, consider a rule
(abbb, bba). The author knows of no way to simulate such a rule by a sin-
gle context-splittable rule. Besides, a length reducing simulation in more
than one step with a normalized systems seems to incorporate conflicting
goals.!

Additionally, the construction of a csCRLS heavily uses weight reduc-
tion. This makes the existence of a length reducing context-splittable
normal form doubtful. Anyhow, we do not conjecture that there is a
CRL that has no length reducing csCRLS nor the opposite. Already
our characterization result is against intuition, so there might be an
even more complicated construction which shows that a length reducing
csCRLS exists for each CRL.

Some more interesting questions arise because CRL and DGCSL are the
same language class, characterized by sDTPDAs. Therefore, the follow-
ing results can be obtained. All details are described in [NW01a].

By dropping the condition of confluence we obtain the class of the grow-
ing context-sensitive languages (GCSL, defined in [DW86]) from the
class CRL. A normal form corresponding to the one established here for
CRL also holds for GCSL (thus justifying the use of the term context-
sensitive). This implies that the class of the acyclic context-sensitive
languages (ACSL) coincides with GCSL (see [Bun96]).

ACSL are those languages which can be described by a context-sensitive
grammar whose context-free kernel (the context-free grammar gained by
stripping the context from the context-sensitive rules) is acyclic.

Theorem 3.2. [NW01a] For each growing contezt-sensitive grammar G
with language Lg there exists an acyclic context-sensitive grammar G’
with language Lo = L.

! Originally, Friedrich Otto raised the question of normalized csCRLSs during
Theorietag 2001 of the German Gesellschaft fiir Informatik.
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3.12. Consequences of the result

The definition of TPDAs allows a program ¢ : (Q x I' x I') — (@ X
I' x I'*) (Q are the states, I' is the work alphabet). By a construction
similar to the one for GCSL it should be possible to restrict the possible
rule types—even for shrinking or bounded (D)TDPAs—to the following
forms:

N O Ot B~ W N
N AN AN N N N
R
o~
s,
~— N N N N N N
R 2 T
N AN AN N N N
Q\
ju
Q
S
g

with ¢,¢' € Q, A, B,C € I' and without limiting the expressive powers
of the respective automata classes (s(D)TPDA,b(D)TPDA). This is a
line of further research.

Buntrock discusses derivation graphs for words of a growing context-
sensitive grammar [Bun96]. The same can be done for CRLSs. For
csCRLSs, one can also introduce the notion of derivation trees (under
some restrictions), similar to those of context free grammars (for exam-
ple, see [Har78]). Since we are not going to use this we only give some
examples.

Ezample 3.7. Let C = ({¢,$,Y,a,b,c},{a,b,c},R,¢,$,Y) be a CRLS
with a rewriting system

R = {(abbba, acca), (¢cacca$,Y)}.

Obviously, Lo = {abbba, acca}.
For the word abbba a derivation graph is:
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3. A Characterizing Theorem

1
‘“‘Z%gg

abbba% acca

SIRNNN

Fig. 3.5: An example for a derivation graph

Note that we have Y at the top of the graph in order to make it similar
to the derivation graphs for grammars. Nevertheless, the arrows point
into the direction of the rewriting rules.

As one can see, the unchanged context of a rewriting step is copied in
this graph.

Now we examine a csCRLS C’, which differs from C only in the rewriting
rules, which are:

R = {(abbba, aca), (caca$,Y)}.

The derivation graph for the word abbb still is not a tree:
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3.12. Consequences of the result

[¢aca$ —=Y

)
@%

abbba% aca

3w

Fig. 3.6: A derivation graph of a word accepted by a csCRLS

We can remove the copied contexts, and get the following tree:

®

[¢aca$ %Y]

(©

abbba% aca

PESUNN

Fig. 3.7: An enriched derivation tree
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3. A Characterizing Theorem

This can be understood as a derivation tree which is enriched by rule
information. By dropping the nodes containing the rules we get a deriva-
tion tree which only differs from a tree for a context-free grammar in the
direction of the arrows:

Fig. 3.8: An example for a derivation tree

It is also possible to remove the nodes ¢ and $: Except for the last step
they always are part of the context.

It is important that we cannot do these steps of removing the contexts
if we have deleting rules like (cce,0) or (¢-c-$,¢-0-§) (the latter is
a deleting rule because in context-splittings ¢ and $ always have to be
part of the contexts).

3.13 All cases for the construction of R,

For each t € T, we will give a set of rules that has to be added to
R4. This also uses some further nonterminals. These will be collected in
the set 3. Again, we assume u = a1---aj,,a; € I' (1 < i < |u) and
v = biby---bjy,b; € I' (1 <@ < |v]). Note that wy # O is required by
the definition of T5.

There are ten cases which have to be handled differently:
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3.13. All cases for the construction of R4

1. The case n = 4 and w3 = O is already captured by T4: Assume
t €Ty and t = (4, v, &y wsCwswa W) = (U, U, & ws&w, w). Then there
is a w’ € Suff(&,,w) such that t' = (u,v,&y,w,w’) € T1. Therefore,
we do not need to add rules for this case.

2. For n =4, v = 0O, wg # O we get subcases:

2.1. w; = 0,ws = O, add one rule which simply deletes two letters:

ry = (§w1w2 §w3w4w7 w)

2.2. wy # 0,wys = O uses a new nonterminal & with

¢(£t) - ¢(§w3w4) —1

and three rules:
Te,1 = (£w1w2§w3w4w7€w1w2§tw)
ry,2 1= (£w11U2€tw)£w1£tw)
re,3 = (fwlftwafwlw)-
2.3. wy; = 0O, w4 # O uses only one rule:

Ty == (g'wlwz gw3w4w7 £w4w)'

2.4. wy # 0O,wy # O uses a new nonterminal & with

(&) = P(€wsws) — 1

and three rules:

rt,1 = (§w1w2£w3w4w7€w1w2£tw)
rt,2 = (gwlwzgtwﬂgwlgtw)
Trt,3 ‘= (gwlgtwa£w1£w4w)‘
3. If n =4, v # 0, and ws € {4, 1}, all the action takes place in the

first letter. For wy there exists a splitting such that we = whwsy with
whws = §f. Add the rule:

ry = (£w1w2£w3w4w7 §w151 (H8b2)- (#8b) ) )wly £w3w4w) .

This case uses no new nonterminals.
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Characterizing Theorem

4.

4.1

4.2.

4.3.

4.4.

4.5.
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If n =4, v # 0O, and |wz| > 2 (then w3 contains at least one
letter from I"), the reduction must be split over two nonterminals.
For wy and wg there exist splittings such that we = whw) and

w3 = wiws with wiws = #f. Since both we and ws are nonempty,
we know that there exists an 4,1 < i < |u| with wl, =af---@; and
w3 = @14 - - - @)y . Now there are five sub-cases, depending on
the length of wy, wh, and i:

Let k := |v| — |u| 4+ 4. If £ > 0 this will be used to calculate a split
point for the compressed word which is to be substituted. In some
cases we use a new nonterminal &, which will be added to I5. Let

the weight of & be (&) == ¥(Euwgws) — 1.
. If K <0 and w; = O add the rule

Tt 5= (Swrws Swaws Wy §(5, 41) (b th)--+ (b ) wa W):

If £ <0, w) =0, and wy # O add the following three rules:

re,1 = (£w1w2£w3w4w7§w1w2£tw)
T2 1= (gwlwgftwagwlgtw)

ry,3 = (g’wlgtw’ 5’(1)1g(glﬂﬂ)(bzﬁﬁ)...(blvlﬂﬂ)w4w)'

If £k > 0 and wi = O add three rules:

Tt,1 = (£w1w2€w3w4w7€w1w2£tw)

T2 7= (Cwrwa &6, €, (5, 1) (batt) - (bt S )

7,3 7= (Euy Butt) (oth)- - (brtt) S
gwl(Elﬂﬂ)(bgﬂﬂ)---(bkﬁﬂ)g(bk+lﬂﬂ)'“(b|v|ﬂﬂ)w4w)'

If £ <0, w) # 0, and wy # O add the following three rules:
re,1 = (§w1w2£w3w4w7€w1w2£tw)
Trt,2 ‘= (gwlwzgtwa wlzlgtw)

7,3 1= (4,5, §6Ws Ewi Ett(bat) -~ (B0 1) waW)-

If £ >0 and wq # O add:
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5.

6.

6.1.

6.2.

6.3.

6.4.

gwlwz £w3w4w gwlwz é—t’lU)

= (

'rt2 _(§w1w2£t w, w1by (#b2)- (ﬂﬂbk+1)£t )

71,3 5= (a5, (48b9) - (2t 1) SEW
€wlbl(ﬂubz>---(ﬂubk+1>§<ﬂﬂbk+z)---<uﬂbw|)uuw4w)'

Observe the lengths of the subscripts, they guarantee the weight
reduction obtained by the rules r; o and r 3.

The case n = 5, v # O, and w4 = O is already captured by the cases
above so we do not bulld new rules in this case.

If n =5 and v = O and wy4 # O we get four sub-cases:

wy = O, ws = O, add one rule which simply deletes three letters:
ry 1= (§w1w2€w3§w4w5w7w)-

wy # O, ws = O uses a new nonterminal & with

(&) = P(€waws) — 1

and three rules:

Tt,1 i — (£w1w2£w3€w4w5w7gwlwggwggtw)
ry,2 = (ﬁwlwszgftwafwlfwsftw)

rt,3 = (éwléwsgtw7£w1w)'

wy = O, ws # O uses only one rule:

Ty i—= (£w1w25w3£w4w5w75w5w)'

wy # O, ws # O uses a new nonterminal & with

(&) = Y(Ewaws) — 1

and three rules:

Tt,1 = (€w1w2£w3§w4w5w7gwlwggwggtw)
rt,2 ‘= (£w1w2£w3£tw7£’w1§’w:ggtw)
rt,3 = (£w1£w3€tw7£w1€w5w)'
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3. A Characterizing Theorem

7. For n = 5, v # O, and wy € {f,8fi} the complete reduction takes
place in the first two nonterminals. This is similar to n =4, v # O,

T
7.1.

7.2.

7.2.1.

7.2.2.

7.2.3.

7.2.4.
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hese are the sub-cases:

w3z = #. Then we can make a one rule reduction without new
nonterminal. Add the rule:

(§w1’LU2 £w3§w4w5w7 gwlgl(ﬂﬂbz)...(ﬂﬂblul )w3 §’w4w5w)‘

w3 # 4. Then w3 contains at least one letter from I, since w3 = #

would imply wy & {8, #1}.

For ws, wg and w, there ex1st sphttmgs such that we = whwf,
w3 = wawsws and wy = wyw) with wiw; = i and w3 w) = §f.
Since both wo and ws are nonempty, we know that there exists an
i,1 <4 < |u| with wh = @184 --a; and wg’ = a;+1ft - - “Qy- Now
there are five sub-cases, depending on the length of wy, w}, and i:
Let k := |v| — |u| + 4. If & > 0 this will be used to calculate a split
point for the compressed word which is to be substituted. In some

cases we use a new nonterminal &, which will be added to I'5. Let

the weight of & be (&) 1= ¥(&y,) — 1
If K <0 and w; = O add the rule

Tt = (§w1w2§w3§w4w5w gbl(ﬂﬂbg) (80} |)w”'§w4w5’w)

If £k <0, w) =0, and w; # O add the following three rules:

Tt = (§w1w2§w3€w4w5w7§w1w2§t€w4w5w)
T2 = (gwlwgftng;wg,w €w1€t§w4w5w)
Irt3 - (€w1£t£w4w5w gwlgbl(wa) (mjbl |)w”’£UJ4w5w)

If £ > 0 and wy = O add three rules:

rt1 = (§w1w2§w3€w4w5w7§w1w2§t§w4w5w)
rt,2 = (§w1w2£t§w4w5waEwl(51ﬂﬂ)(bQﬂﬁ)...(bkﬂﬂ)§t£w4w5w)

7,3 7= (S Bt (b tt)---(on 1) St Swaws Wy
€y (B8 (ot~ (b ) Sbrr1 (Hbrso ) (180w}’ Ewaws W)

If K <0, w) # 0, and w; # O add the following three rules:
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rt,1 = (§w1w25w3£w4w5w7gwlwzft§w4W5w)
Trt,2 1= (§w1w2€t§w4w5wafwlglgtfwzlwsw)
74,3 7= (4,5, §tSwaws W, §y 5, E(ttba)- kb)Yl Swarws W)

7.2.5. If kK > 0 and wi # O add:
§w1w25w3£w4w5w §w1w2£t§w4w5w)

(
'rt,2 (§w1w2§t€w4w5w §w1b1(ﬂﬂbz) (ﬂﬂbk+1)§t€w4w5 )
Trt,3 ‘= (

Tt,1 =

wiBy (Hba)-+ (b 41 )5t Swaws W,
EunBy (Hba) - (Hbr 1) S (Wbk42) - (ttby 0y’ Ewaws W)-

8. Forn =5,v # 0, w3 € {f, i}, and wy ¢ {0, §, i} there are less sub-
cases. Then wy contains at least one letter from I, since |wy4| > 2.

For wy, w3 and w4 there exist splittings such that wy = whw},
wsg = wiwiwy and wy = wjw) with whws = 4§ and w”’w4 = f#f.
Since both wy and w4 are nonempty, we know that there exists an
i,1 <@ < |u| with wy = @fiff---@; and wj = @1t - - - @y . Now
there are three sub-cases, depending on the length of wy, wY, and i:
Let k := |v| — |u| + i. If kK > 0 this will be used to calculate a split
point for the compressed word which is to be substituted. In some

cases we use a new nonterminal &, which will be added to Is. Let
the weight of & be ¥(&) = ¥ (&w,ws) — 1.

8.1. If kK <0 and wy; = O add the rule
Tt = (wswa Swa Swaws Wy E(F, 1) (batt) - (b ) ws W)

8.2. If K <0 and wy # O add the following three rules:
re,1 = (§w1w2£w3§w4w5w7gwlwzgwsgtw)
rt,2 = (£w1w2£w3§tw7£w151€tw)
74,3 7= (4,5, §6Ws €y B, St (Bt (b0 ) ws W)

8.3. If £ > 0 add:
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9.

9.1.

9.2.

9.3.

(£w1w2£w3€w4w5w gwlwggwggtw)
?“t2 —(fwlwszgﬁt W, & By (Htba) - (Hbr s 1) SEW)
= (

74,3 7= (Sw, B (4bs) - (#brr1) SE W
€w1b1(ﬂﬂbg)---(ﬂﬁbk+1)g(ﬁﬂbk+2)"'(ﬂﬂb|u|)ﬂﬁwsw)‘

For n = 5, v # 0O, wy & {#,8} (w3 cannot be empty), and w, ¢
{0, 1, it} we will have the biggest collection of sub-cases. In this case
wa,w3, and w4 contain at least one letter from I

For ws, ws and w, there exist splittings such that wy = whw},
w3 = wiwswy' and wg = wjw) with wiws = 4 and w’”w4 = .
Since both wso, w3 and w4 are nonempty, we know that there exist
an 4,7,1 <4< j<|ul with w) =a1ft--a;, wj =a;11f---a;, and
wy = a1 - a|u|jjﬁ Now there are 23 sub-cases(!), depending on
the length of wy, wi, w§’, i, and j:

Let k := |v| — |u| + i. If £ > 0 this will be used to calculate a split
point for the compressed word which is to be substituted. Similarly,
we will use | := |v| — |u| + j. Note that [ > 0 implies |v| > 2.

In some cases we use a new nonterminal &, which will be added to
I'>. Let the weight of & be (&) := ¥(&w,ws) — 1.

k <0,1<0,and w; = 0. We only use a single rule:
(£w1w2£w3£w4w5w’g(aﬂﬁ)(bzﬂﬂ)-“(huﬂﬂ)wsw)'

k<0,1>0,w; =0, and wg = O. We add three rules:

rt,1 i — (§w1w2£w3£w4w5wagwlwzgwggtw)
Tt2 = (§w1w2§w3€twafgl(wa)...(wbl)ﬂgtw)

Tt,3 += (fgl(ﬁﬂbz)---(wbl)ﬂftwv561(uﬁbQ)---(mjbl)ﬁfﬂ(bz+1ﬂﬁ)---(b|u|ﬂﬁ)wsw)-
k<0,1>0,w; =0, and wg # O. Again, add three rules:

Tt,1 i — (§w1w2£w3£w4w5wagwlwzgwggtw)
Tt,2 i= (Ewswsws&tw, g&(ﬂﬂbz)"-(ﬂﬂbzﬂ)&w)

T't,3 = (651(ﬂﬂbQ)---(ﬂﬂbl+1)£tw7551(ﬂﬁbg)---(ﬂﬁbH_l)g(ﬂﬂbl+2)”'(ﬂﬂb|u|)ﬂﬂwsw)‘

9.4. £ <0,1 <0, and wy; # O. We will have three new rules:
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9.5.

9.6.

9.7.

9.8.

9.9.

i1 = (§w1w2€w3£w4w5w7gwlwzgwggtw)
rt2 = (fwlwggwggtw7gw1gw3£tw)
71,8 1= (Sws §uws S, s S5, 41 batt)---(byo )ws )-

k<0,1>0,w; #0, wy =0 and w{ = O. Add four rules:

Tt,1 = (§w1w2£w3£w4w5w7gwlwzgwggtw)
Tt,2 1= (fwlwzgwsgtw7gw1€w3£tw)
7,3 1= (Ewr Ews&W, Ewi &5, (48b,) - s, — )€ W)
T = (G 65, (gga)- (a5
Ew1&h, (4bs )~ (ttb; )4 S8(bs — ik 18-+ (bl w5 W)

k<0,01>0,w #0,wy =4, and wg' = 0. Add four rules:

Tt,1 (fwlwszsngzwsw fwlwszsgtw)
T¢,2 - (gwlwszggt 76w151£w3€tw)
71,3 = (€45, Sws §tW, §y 5, Sttt (#01) St W)
T4 := (§oyp, S(H0a1)-- (i) §4 W5
&y by Sttt (80t SH(brr 1) (bl w5 W)

k<0,l>0,w #0 wj =fff, and wg’ = 0. Add four rules:

T¢1 ot (§w1w2§w3§w4w5w fwlwszsgtw)
T¢,2 = (Ewywy Ews St W afwlblﬂfwgftw)
r,3 7= (&4, 5,4 Ews &6 W &y 5,5€ 0o 1) (01§ W)
T4 7= (&4, 5,5 St t)- (tr) LW,
&y by 46 (8ba1)-+- (800 ) S (br 1 88)-+ (b )05 W) -

k<0,1>0,w #0 wy=0 and w{ = 4. Add four rules:
Tl = (€w1w2§w3£w4w5w7fwlwzgwggtw)
Trt,2 1= (gwlwggwgftwa£w1£w3£tw)
7,3 = (Ews Ewa €W, i &g, (44, at; )1 St )
T4 = (s &5, (1400) - (210, )12 S0
Ewr &5, (4355)- (41b; _ )€ (bs— 41 80) (b w5 W)-

k<0,0>0,w; #0 w) =4 and w§’ = 4. Add four rules:
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9.10.

9.11.

9.12.

9.13.

70

rt1 =
Tr¢,2 -
Tr¢,3 =
Tt,4 :

(§w1wz§w3§w4w5w §w1wz§w3€tw)
(g'wlwszsgt afwlblgwsgtw)
(EuyBy Sws §eW, &,y 5, E (oot (1186 W)
= (&u,5, Etbat) - (1011 EE W,

&y By SH(Bb21)-+- (80014 S (bu 1 8)-— (b )05 W) -

k<0,l>0,w #0, w) =4, and wy’ = . Add four rules:

Tt,1 -
r¢,2 -
Tt,3 -
Tt,4 -

(§w1w2§w3§w4’w5w gwlwgfwgft’w)
(§w1w2§W3€tw §w1b1ﬂ£w3§tw)

= (£, 5, 48ws &0, §y 5,46 10a 1) (10110164 W)
= (&b, g€t t)- (i8S W,

Ear B4 (8ba8) -~ (80018 (br 1)+ (b )05 W)

k<0,1>0,w # 0, wy =0, and wj = #f. Add four rules:

Tt =
rt2 =
Tt,3 =
Tt,4 =

(§w1w2 €w3€w4w5wa §w1w2 €w3€tw)
(fwlwg §w3§tw7 fwlfws gtw)

(Sws Euws S € &5, (4402 (11014 1) 51

(w1 &5, (s2) - tt141) S5

Ew1 &5, (4tba) -+ (1b111) SHE (B2 8) (bl ) ws W)

k<0,01>0,w #0,wy =4, and wg' = . Add four rules:

L
Tr¢,2 -
Tt,3 -
Tt,4 :

(§w1w2§w3§w4w5w Swlwszsgtw)
(gwlwszggt afwlblgwggtw)

= (€ w1b1§w3£tw é—wlblg(ﬂﬁbQ) (ﬁﬁbz+1)§tw)

= (&5, E(ttb2) - (Hb141) §EW,

Ear By S(H802)-~ (b4 St (Br2tt) -+~ (bpy ) ws W) -

k<0,l>0,w #0,wy =4, and wy’ = tif. Add four rules:

Tt,1 -
r¢,2 -
T3 :
Tt,4 -

(€w1w2§w3£w4w5w €w1w2§w3§tw)

= (bwywy Ews§tw 7§w1b1ﬂ£’w3§tw)

= (¢ wlblﬂgwsftw gwlblﬂg(ﬂbzﬂ) (ﬂbl+1ﬂ)£tw)
= (€518 (H0o8) -+ (tb141 ) ELW,

€y by 8 S (8b28) -+ (1b1418) S (Brapa) (b ) s W)-
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9.14. £ >0,1> 0, wj =0, wy’ = 0. Again, we use four rules:

Tt,1 = (§w1w2£w3£w4w5w7gwlwggwggtw)

71,2 1= (Ewrws Ews €Wy €y B, (1) - (111 ) Sw0s E4W)

T3 = (fwlzl(ﬂﬁbQ)...(ﬂﬁbk)ﬁﬂgwsft’wa
§w151(ﬂﬁbz)---(ﬂﬁbk)uﬁfbkﬂ(ﬁﬂbk+2)---(ﬂﬁbz)ﬁ§tw)

Tt,4 -= (fwlzl(ﬂubz)---(uubk)mfbkﬂ(uﬂbk+z)---(ﬂﬂbz)ﬂ§tw7
E v by (Hbs) (b )t Sor-vs (B80k-t2)-+- (860 ESH brg )+ (b1 B ws W)

9.15. £>0,1>0, wy =0, wy = 4. Add the following rules:

Tt,1 = (§w1w2€w3€w4w5w7gwl’wzgwsgtw)
78,2 1= (Ewrws Ewa €W, €4y B, (1) (st 6w W)
74,3 7= (Euyb, (4802 ) - (tg1 ) Sws §t W5
Eur By (o) (Hbx ) it Sbi-t1 (HHbk2)- (2o )G W)
T4 := (fwlzl(ﬂubz)---(ﬂubk)ﬁﬁfbkﬂ(ﬂﬁbk+2)---(ﬂﬁbz)ﬁﬂ5twa
Ear By (ba) -+ (1w ) S04 1 (E8bk 1 2)-~ (46 EEE (Br g 148) (bl )05 W) -

9.16. £ >0,1>0,wy =0, wy = §f. Add the following rules:

Tt = (§w1w2§w3€w4w5'w7gwlwzgwggtw)

T2 = (§w1w2€'w3£tw7gwlzl(ﬂﬁbz)...(wbk)ﬁﬁgw'jé—tw)

74,3 7= (Euyy B, (4802) - (85 Sws §L W5
g’wlgl(ﬂﬁbz)---(ﬂﬁbk)ﬂﬂgbk+l(ﬂﬂbk+2)“'(ﬁﬂbl+l)£tw)

74,4 %= (§oo, By (4ba) - (1) Sr 1 (8851 2)-+ (H8br41) S
Eaor By (o)~ (b )t Sbr-t1 (EHbk-12)-- (Bb1 1) CHE (i 2 )+ (b )5 W)

9.17. k> 0,1 >0, wy =4, wy = O. Again, we use four rules:

Tt,1 = (gwlwszsng;wswagwlwszsgtw)
Tt,2 = (§w1w2§w3€tw7gwlzl(ﬂﬂbz)...(ﬂﬂbk+l)€w3€tw)
74,3 7= (EayB, (41ba) - (110 1) Swa €4
flel(wbz,)---(wka)5(ﬂﬂbk+z)---(ﬂﬂbz)ﬂftw)
Tt,4 = (fwlzl(wa)---(wka)f(ﬂﬂbk+z)---(tiﬂbz)ﬂftwv

EaonB (1)~ (br 1) S Ebk12) - (t0)EEH (i 188+~ (b1 )05 W)
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9.18. £>0,1>0, wy =4, wy =4. Again, we use four rules:

rt,1 = (§w1w25w3£w4w5w7gwlwszsgtw)
T't,2 = (§w1w2£w3£tw7gwlzl(ﬂﬁbz)...(wbk_i_l)g’LU3gtw)
T8 1= (Suryby (88— (181 1) S0 S0
Ear By (Hb) - (Hbrs 1) S BBy )~ (BB EEELW)
74,4 7= (€5, (4s) -~ (1851 1) SR 2)- (21 ) 1€
Ear By (Hbs) (b s ) S Eb-+2) -~ (BEBBEE By )+ (b1 B ws W)

9.19. £>0,1> 0, wy = 4§, wy = #§. Again, we use four rules:

Tt,1 = (§w1w2§w3£w4w5w7fwlwggwgftw)

71,2 1= (Ewrws Ews €Wy €y, By (11bs) - (481 1) S0 E6W)

Tt,3 = (fwlzl(ﬂﬂbz)...(wka)fwsgtw,
€181 (88b2) -~ (H8beg.1) S Wbrsz) (801 1) §1W)

Tt,4 2= (é-wlzl(ﬂﬂbz)---(ﬂﬁbk+1)g(ﬂﬂbk+2)'“(wbl+l)gtw’
f’wlgl(ﬂﬂbz)'--(ﬂﬂbk+1)f(ﬂﬂbk-i-?)"'(mjbl-i-l)gﬂﬁ(bl+2ﬂﬂ)"'(b|v|ﬂﬂ)w5w)'

9.20. k > 0,1 > 0, wy = #f, wy’ = O, w3 ¢ I'. Note that under these
premises | — k > 1. Again, we use four rules:

Te,1 == (§w1w2§w3€w4w5w7gwlwzgwggtw)
rt,2 = (§w1w2€w3€tw7 €w151(ﬁﬁbQ)---(ﬁﬁka)ﬂgwsgtw)
Trt,3 == (gwlgl(ﬂﬂb2)"'(ﬁﬂbk+l)ﬂgw?’gtw’
Euwr B (4802)- (1801 11)1 S bR +28) -~ (tu) §2 )
Tt,4 *= (fwlzl(ﬂubz)---(ﬂuka)ﬁf(ﬂbk+zﬂ)---(ﬂbzﬁ)gt'wv
€y by (4o ) (4tbp 1 ) S (s~ (800 S (bup1 8-+~ (b1 B ws W) -

9.21. k > 0,1 > 0, wy = #f, wy’ = O, ws € I'. Note that in this case
k + 1 = [. This case only uses three rules:

Tt,1 = (§w1w2§w3€w4w5'w7gwlwzgwggtw)
7,2 7= (Cwrwa s €0, €y g, (41, (t8be s 1)t S04 0)
T8 5= (SuyBy (ttba)--- (84 S0a S

€151 (8803 ) -+ (H8be g1 ) SH by b) - (bl £ s W)-
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9.22. k> 0,1>0, wy = tit, wg’ = 4. Again, we use four rules:

i1 = (§w1w2§w3€w4w5w7fwlwgfwggtw)

T2 *= (§w1w2£w3£tw’fwlzl(ﬂﬁbz)...(ﬂﬁbk+l)ﬂ£w3gtw)

7,8 1= (SursB (280 (t1bas 1)1 s S5
fwlzl(uﬂbz)---(ﬂaka)ug(ﬂbkmﬂ)---(ﬂbzﬁ)ﬁftw)

74,4 7= (€5, (41s) - (181 1) S Wbr o) (B )1 E4 W
EarBy (tba) - (Htbr 11 ) 1S Ay t)-— (Hor1)EE (brg 1 )+ (b HE)ws W)

9.23. £ >0,1>0, wy =4, wy’ = tt. Again, we use four rules:

Tt,1 = (§w1w2§w3€w4w5'w7fwlwgfwggtw)

T2 1= (Gwnwr€ws&i: €45, (4102 (b1 )3 6w E40)

7,8 1= (SursBy (280 (tabas 1)1 Sws S
g’wlgl(ﬂﬂbz)---(ﬂﬂbk+1)ﬁg(ﬂbk-l-Qﬁ)"'(ﬂblﬁ)ﬁbH—lé-tw)

T't,4 = (gwlgl(ﬂﬂbz)---(ﬂﬂbk+1)ﬁg(ﬂbk+2ﬂ)”'(ﬂblﬂ)ﬂbl+1gtw’
E v By (1) (b g1 )£ byt (Eb1E) b4 1 SHA (b g ) (b1 ) W)-

10. If n > 5 we only compress the information. In consequence, any
reduction will take place by the rules of the cases for n <5.
Consider all t = (u,v,&w,wsEwsEws *** Ew,,_2Ew,, 1w, W) € To with
n > 6. Then &, _.u,_, € 2. So, add the rule:

Ty = (€w1w2£w3€w4 v 'fwn—2€wn—1wnw7

§w1w2§w3w4'“wn—2£wn—lwnw)'

3.14 Conclusion

In this chapter we have proved that Church-Rosser languages can be
described by CRLSs whose rewriting systems very much look like the
production sets of context-sensitive grammars. On the one hand, this is
a result which we need for our construction of prefix systems in the next
chapter. Insofar, this is a technical result.

But, on the other hand, this result characterizes deterministic growing
context-sensitive languages and can be transfered to the more general
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case of GCSL, which is proved in [NWO01a]. Basically, the method of
weight-spreading leads to a very similar construction for growing context-
sensitive grammars. In fact, the generalization to GCSL is even simpler
than the deterministic case.

Yet, this alone would not justify to call the result a characterization the-
orem. But by proving that GCSLs can be described by weight-increasing
context-sensitive grammars, one can conclude that ACSL and GCSL co-
incide. This is rather a surprising result: Although it relatively easy to
show that ACSL C GCSL (e.g. compare [Bun96]), the reverse was not
expected. All in all, this shows the relevance of our normal form theorem
as a characterization of DGCSL.
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Chapter 4

Prefix systems

One of the properties a language class needs for practical applications
is that its prefixes can be accepted by an algorithm, preferably a deter-
ministic one. For instance, that is needed in order to detect errors and
report them to a user. Unfortunately, this is not possible for the whole
class of CRL. They are a basis for the recursively enumerable languages,
as shown by Otto, Katsura, and Kobayashi [OKK97], which implies that
there are CRLs whose prefix language are not decidable, and therefore
not in CRL, either.

On the other hand, CRL is a language class with some properties which
make them very interesting for use in practical applications. First of all,
their word problem is decidable in deterministic linear time. Secondly,
they properly contain DCFL [MNO88], see theorem 2.18 and the next
chapter. Finally their mode of definition is more intuitive than that of
DCFL, especially when one compares it to LR(k)-grammars.

So, instead of requiring the impossible—that CRL should be closed
against building the prefix language—we use a different approach. In
this chapter we give a construction for prefix systems of CRLSs. These
prefix systems again are CRLSs. Considering what we said above, this
construction cannot always be correct. So we have to check correctness
in some way, which is also discussed in this chapter.

In the first section, we define of the prefix construction we are going to
use. This construction leads to so-called prefiz systems. In the second
section, a formal (and quite obvious) definition for the correctness of the
systems achieved that way is introduced, and we provide some examples
for incorrect prefix systems. For technical reasons it is helpful to reduce
right-hand sides of the rules of prefix systems. This is examined in the
third section of this chapter. In the fourth section we show the easy
part of correctness: the languages defined by our prefix systems always
contain the correct prefix language.
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An enhanced type of CRLSs, which we call completion prefiz systems.
is introduced in the fifth section These preserve information which oth-
erwise would be lost be the prefix construction and which can be used
for testing correctness.! Furthermore, if a prefix of a correct word is
accepted by a prefix system, it is also possible to expand the prefix to
the full word with that information. A first property which guarantees
correctness of a completion prefix system is discussed in the sixth sec-
tion. Because this is somewhat restrictive, we use some further methods
to describe properties of completion prefix systems and of reductions
possible with them. These are introduced in the seventh section. In the
eighth section some relations (between rules) and data structures are
defined which allow a more abstract view on reductions. With these it
is possible to describe a more powerful, and decidable, property that
ensures correctness. Some of the problems concerning correctness arise
because CRLSs distinguish between terminals and nonterminals. This is
examined in the tenth section. We end this chapter with some further
thoughts about the undecidability of the correctness of prefix systems.

First drafts about prefix systems appeared in the report [Woi00d] and
in [Woi0Oc]. Especially, the results of the ninth and tenth section are
important extensions of these early versions.

4.1 The prefix construction

The idea of constructing a prefix CRLS to a csCRLS is very basic: Simply
cut off suffixes of rules. To be precise, some technical efforts are necessary
to handle the right-hand end of words. Given any unique definition of
context-splittings, a prefix system is defined as follows:

Definition 4.1. Let C' be a ¢csCRLS, R = RULES(C), and r € R with
context-splitting (u,v,w,x), and

v=ai i), @ € Tyw = by b by, b € T

The prefix rules of » (PREF(r)) are defined as:

! We use the term “testing” in order to distinguish it from deciding correct-
ness.
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PREF(r) := ( {(uwvby---b;$,uzb;---5;$)|0 < j < |w|}
U {(a1---a;3,Y)[0 < 5 < |v|} z=Y
{(uay---a;$,uz$)|0 < j<|v|} else

)
\{(w,w)|w € I'™}.

Define the following rewriting system R':

R :=RU U PREF(r).
TER

If R is weight-reducing and confluent (which is decidable?) then the
CRLS C' = (I'yX,R,¢,$,y) is called the prefix system of C, C' =
PREF(C).

We also use R' = PREF(R) in that case and call R the origin of R'.

If R’ is not confluent or not weight-reducing, PREF(R) and PREF(C) are
not defined.

The process of building PREF(R) is called prefix construction.

Remark 4.1. Each rule r € R containing a $ appears in its own set of
prefix rules: » € PREF(r). This will be of further importance later.

Remark 4.2. We use the trick of “undefining” PREF(R) and PREF(C)
when the prefix construction does not produce a weight-reducing and
confluent system, because in our investigations we only want to discuss
csCRLSs for which the construction delivers a CRLS.

4.2 Correctness of prefix systems

Definition 4.2. Let C be a ¢sCRLS and assume C' = PREF(C) is de-
fined. C' is a correct prefix system if and only if Lo = Pref(L¢).

? Weight-reduction can be decided by solving a system of inequations, and if
the rewriting system is weight-reducing, confluence can be tested with the
CoNFTEST-algorithm.
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4. Prefix systems

Theorem 4.1. There are csCRLS C such that PREF(C') is not defined
or not correct (i.e., Lcr # Pref(L¢)).

Proof. We consider three csCRLSs C', Csy, Cs.

Let X = {a,b,c} and I' = {a,b,¢, D, ¢,$,Y} be the common alphabets
of the three systems.

Assume R, R}, R would be the result of the prefix construction if de-
fined.

1. Ry = {(a’a b)7 (ba’a CL), (bba CL), (CCL$, Y)a (¢b$7 Y)}
R,l =R U {(b$7 a’$)7 (¢$7 Y)}
R/ is not weight-reducing system, in fact, it is not terminating;:

a$ — b$ — a$.
R R

Therefore, PREF(R;) is not defined.
2. Ry = {abb$, a$), (bbc, d), (¢a$,Y)
R, = Ry U {ab$, a$), (bb3, d$), (b3, dS), (¢$,Y)}
R} is not confluent:
cabb$ ?* Y € IRrR(R5) and ¢abb$ ?* cad$ € IRR(RY).

2 2
Therefore, PREF(R3) is not defined.
3. Ry = {(¢D$,Y)}
Ry = R U{(¢3,Y)}
LC’3 = (Z) but LCé = {D}
Therefore, PREF(R3) is not correct. O

4.3 Reducing right-hand sides

Counter example 1 of the proof of theorem 4.1 needs some closer exam-
ination. We observe that Ry is not normalized. Normalizing it leads to
the following rewriting system:

R, ={(a,b), (bb,b), (cb$,Y)}.
Then PREF(R,,) is defined:

PREF(R,) = {(a,b), (bb, b), (cb$,Y), (¢$,Y)}.
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Why is it not possible to simply require normalization before applying
the prefix construction? This would give a bigger class of CRLSs which
have a well defined prefix system. Consider the following:

Ezample 4.1. Let R = {(ab, ad), (ad, cd), (¢cd$, Y )} be the rewriting sys-
tem of a csCRLS C'. Normalizing R gives the rewriting system

R’ = {(ad, cd), (ab, cd), (ecd$,Y)}.

But the rule (ab,cd) is not context-splittable. So we cannot apply the
prefix construction after normalization.

The situation is not as problematic as this example might imply:

Ezxzample 4.2. We use the above counter example again. But instead of
normalizing it we reduce the right-hand sides of the (new) prefix rules
with the rules of R; and remove all rules which have identical left and
right-hand sides after this. In fact, we only need to use the rule (a,b)
and we apply it on the rule (b$,a$). The alternative rewriting system
obtained this way is:

R'y =R U {(¢$,Y)}

R and R"5 are equivalent w.r.t. to the Thue congruence: <—,>*:<RT>*.
Ry 2

But the latter is weight-reducing and the former is not.

In order to utilize this idea, we define a variant of prefix systems. Since
we do not want to lose too much of the information about the original
system, we only use those old rules that do not work at the right-hand
side of a word, i.e., they contain no $ letter. Extracting this subset of
rules will be denoted the following way:

Definition 4.3. Let R be a rewriting system defined on the alphabet I,

and « € I'. Then R\« is the subsystem of R that is obtained by removing
all rules containing the letter a:

R\a:=RnN(I'\a)x (I'\ a).
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Before we are going to use this, we have to consider whether after extract-
ing the rules we will still have a weight-reducing and confluent rewriting
system.

Lemma 4.1. Let R be a (weight-reducing and) confluent rewriting sys-
tem defined on the alphabet I', and o € I'. Assume for every rule
(u,v) € R the letter « appears in v only if it appears in u. Then
R = R\ a is (weight-reducing and) confluent.

Proof. Since weight-reduction is a local property of each rule it is directly
transfered. Global confluence implies local confluence, and therefore we
directly prove the former. Assume w; and ws are a critical pair of R/,
that is there exists a w € (I" \ a)* such that w ?* wy, W ?* wo, and

wy, # wz. We know that there exists a wg such that w; ?* w3 and
wey —* ws3.
2 3

Because R does not add an «a to a word that does not already contain
one, we know:

Vwe (I'\ o), v, w" el reR:w ?* w — w”
T
—
w w”" e (I'\a)* AreR.

That means, every descendant of w in R again is in (I" \ «)* and each
rule applicable to w or any of its descendants does not contain an a and
therefore is in R, too. Then w; ?* w3 and wo ?* wg holds, and so

R’ is confluent. O

Note that it is crucial that « is not newly introduced into a word by any
rule of R. For a csCRLS C this at least holds for the end marker letters.
Furthermore, we wish to emphasize the fact that the proof of confluence
does not depend on weight-reduction.

Definition 4.4. Let C be a ¢sCRLS, R = RULES(C), and v € R with
context-splitting (u,v,w,x), and

V=a1ccc Ay, € Tiw =by by by, 0 € 1
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The reduced prefix rules of r (RPREF(r)) are defined as:

RPREF(r) := ( {(uvby---b;$, [uzby---b;8]r\g)|0 < j < |w|}
y Jlara;8,9)0 <j < ol} z=y
{(uay---a;8$, [uz$]r\3)|0 < j < [v]} else

)
\M(w, w)|w e I'™}

Define the following rewriting system R':

R' =R\ $U U RPREF(r).

reR

If R is weight-reducing and confluent (which is decidable) then the
CRLS C' = (I, X,R,¢,$,y) is called reduced prefix system of C,
C’" = RPRrEr(C).

Similar to prefix system, we also use R' = RPREF(R) (and RPREF(C))

in that case and call R the origin of R'. If R’ is not confluent or not
weight-reducing, RPREF(R) and RPREF(C) are not defined.3

Remark 4.3. With remark 4.1 we see that the use of R\ $ instead of R
in the definition of RPREF(R) prevents ambiguity but does not change
the accepted language of RPREF(C) if RPREF(R) is defined (because of
the required confluence).

Remark 4.4. The original prefix construction, as in definition 4.1, is not
defined for every csCRLS C|, because it may produce a rewriting system
which is not weight-reducing or not confluent. In consequence, there exist
CRLSs C such that PREF(C) is not defined, but RPREF(C) is defined.

See also example 4.2.

Definition 4.5. Let C be a ¢sCRLS and assume C' = RPREF(C) is
defined. C' is correct if Lo = Pref(L¢).

3 Again, as stated in remark 4.2, RPREF(C) is either a CRLS or not defined.
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4. Prefix systems

4.4 The prefix language is included

Theorem 4.2. Let C be a ¢sCRLS and C' = PREF(C) the prefix system
with R as rewriting system of C'. Then Pref(L¢) C Lev.

Remark 4.5. We are not going to expect any special context-splitting. It
is only required that for each rule in the original system one such splitting
was used to construct its set of prefix rules. If we had a definition of
context-splittings which would identify a unique splitting for any rule,
one could use this. On the other hand, it might be useful to choose a
splitting for each rule with regard to other criteria (e.g. size or number of
prefix rules). Since the following proof does not depend on the splitting,
this would be justified, too.

Proof. We prove a stronger property:
Claim.

inner

Vn > 0,s,te Il :¢st$7>”Y:>¢s$F>*Y.

We use an induction on the length of the reduction in C.

Induction basis. (n=1) Follows directly from the construction of termi-
nating rules in PREF(C).

Induction claim. Suppose, the claim holds for n > 1:

vs' t' e I :¢s't’$7>nY:>¢s'$F>* Y.

inner

Induction step. (n — n+1)
Let the reduction st = wywows € I oy € Iipner U {0}, and r =
(uvw,uzw) € RULES(C) be given with (u,v,w,z) being a context-

splitting of r» with v = w». Let the following hold:

¢st$ = cwiwawz$ — cwizws$ —C—>” Y.
T
There are four cases. In the following, “PC” means the reduction is

possible because of the properties of the prefix construction for C’ and
“IC” means “by induction claim.”

82



4.4. The prefix language is included

Case 1: s is prefix of w; (i.e., u is a true suffix of or equal to wy): this
case is equivalent to the claim for n.

. PC IC
Case 2: s is prefix of wiws: ¢s$ ? cwiz$ ?*Y.
Case 3: s = wiwews with wg is true prefix of ws:
PC IC
cwiwows$ — cwizwsi$ —*Y.
c’ ol
Case 4: s = wiwows: Then the rule is in C. Then it is also in C’, so the
claim directly is true.

Figure 4.1 illustrates the first three cases. a
Case 1.
¢ w1 wy | wy | $ 7 ¢ w1 z|ws|$ T”Y
¢ S t $|—¢| §=s t $ | —"Y
c c
/ IC, «
¢ S $ = |¢ S $ Y
Cf/
Case 2.
¢ w1 wy | wz | $ 7 ¢ w1 z| wy | $ T”Y
¢ S t $ 1 — ¢ s’ t |$ —"Y
C C
¢ s $ POl s/ $ Oy
C’ C’
Case 3.
¢ w1 W9 w3 $ 7 ¢ w1 T w3 $ Tny
¢ s t 1 $ —c¢ s’ =t $ —"Y
C C
P I
¢ s $ POl s/ $ 1Oy
c’ c’ a

Fig. 4.1: Illustration of the proof of theorem 4.2

Corollary 4.1. Let C be a ¢sCRLS and assume C' = RPREF(C) is
defined with R’ as rewriting system of C'. Then Pref(Lc) C Lev
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4. Prefix systems

Proof. There is a ¢ : I'* — N which is a weight function compatible
with R. The proof is essentially the same as for theorem 4.2. Instead of
an induction on the length of the reduction, an induction on the weight
of ¢s't’$ has to be used. The induction basis is adapted, accordingly. The
induction step again argues with the first rewriting step and the weight
reduction from n to n’ < n. In cases 2 to 4 of the case distinction one
takes the confluence of R and the rules of R implicitly used by rules of R’
into account. Note that case 4 only differs from the proof of theorem 4.2
if the rules work on the right-hand side of a word. O

4.5 Completion prefix systems

For further inspection of the correctness of prefix systems, we want to
keep the information about what has been cut off by the prefix construc-
tion. For that purpose, we introduce the following;:

Definition 4.6. Let C be a csCRLS with rewriting system R and r €
R with context-splitting (u,v,w,z), v = a1 -az---a;--ay|, a; € I,
w = by -by---bj--by|, b € I'. If RPREF(C) is defined, we define the
set CPREF(r) of completion prefix rules of r (or, shorter, completion
rules):

CPREF(r) = ( {(uwby---b;8, [uxby ---b;$]r\s, 0, 0541 by))[0 < J < |wl|}

U {(a1---a;$,y,a541 - ajy)-1,9)|0 < j < |v[} r=Y
{(uar -+ a;8, [uzSlas, ags1 -0, w)l0 < < o} @4V
U{(uvw, vzw, 0, 0)|lvw g T'* - $}*

)

(', w', ', )W, u', 0" € I}

— The third component of the completion rules is called consumed com-
pletion.

4 This set is empty or a singleton.
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4.6. When is every accepted word a correct prefix?

— The fourth component is called unconsumed completion.

— The system R’ is called completion prefix system of R with R’ =
U,cr CPREF(r). With REW(R') or REW(C") we denote the extrac-
tion of the first two components of each completion rule, which has
a rewriting system as result.

— In the same manner, CPREF will be used for the completion prefix
CRLS given by the alphabets and accepting letter of C' and R’ if and
only if RPREF(C') is defined.

— CRULES(R) := R'\ {(u,v,0,0)|(u,v) € X* x X*} is the set of rules
from R’ with nonempty completions.

— The set of all (old) rules not applicable at the right-hand end can be
identified with R'\ $ = R’ \ CRULES(R’).

— CPREF(C") is the completion prefix which is given by the expanded
rewriting system CPREF(R’) and the remaining parts being identical
to those of C’.

— C"\ $ is defined accordingly.

We expand the notion of rewriting systems to completion systems:

Definition 4.7. Let C be a ¢sCRLS and assume C' = CPREF(C) is
defined and has the set of completion rules R'. Then the rewriting relation
for R’ is defined as:

—»= {(zuy, zvy)|z,y € I, (u,v) € REW(R)}.

A dingly, —:=—-.
ccoraingly, o e

Let R" = REW(RPREF(C)). By construction, - is identical to =

The notions of the language of C' and of correctness of C’ are transfered
in the natural way from CRLSs and RPREF(C), respectively.

4.6 When is every accepted word a correct prefix?

Now we look at completion prefix systems and show how they can be
used to check if a prefix system is correct. First, we provide an example
csCRLS with an explicitly given splitting. For this, we will build the
completion prefix system:
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4. Prefix systems

Ezample 4.3. The csCRLS C is defined in the following way: Let X =
{a,b,c,d,e}, ' = X U{$, ¢, Y} with left- and right-hand end markers ¢
and $ and accepting symbol Y. Let the rewriting system R be defined as
follows. We mark a context-splitting® with concatenation dots ‘-’, these
dots do not belong to the rules:

-abc: — b
-abb-bc — -a-bc
-bb-$ — -b-$
-db- — -b-
-e.c — +b-c
-¢b$- — Y-

In figure 4.2 the completion prefix system C' = CPREF(C) is given.

Now we apply the prefix system of our example to an input word. Con-
sidering only the Thue part of the rules, we look at a prefix of the word
adabbdecc € L and its acceptance in C’. Observe the mixture of rules
already in R and those new rules from R’ \ R:

cadabbde$ — cadabbdb$ —> ¢cadabbb$ —> cadab$ —> cadb$ —> ¢cab$ — ¢b$ — Y.

T12 T2 T13

This seems to work fine, but we cannot always be sure that a prefix
system is doing what we would expect it to do.

The meaning of the brackets in figure 4.2 are as follows: The words left
of the slashes are consumed completions. They will be of no importance
for further reductions. On the right-hand side of the slashes are the un-
consumed completions. They play an important role for the correctness
of prefix systems: they link applications of prefix rules. To explain this,
we have a closer look at a part of the above reduction. Below the — we
write the bracket expression of the respective rules:

cadabbde$ — ¢adabbdb$ —> cadabbb$ — cadab$ — cadb$.
[O/c] [a/0] [O/c] [c/0O]

® Note that this choice is not necessarily optimal.
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4.6. When is every accepted word a correct prefix?

1 abc — b O/d]
o ab$ — b$ [c/O]
T3 a$ — b$ [be/O]
ry abbbc — abc [O/00]
rs abbb$ — ab$ [O/c|
r¢  abb$ — a$ [O/bc|
r7 ab$ — a$ [b/bc]

[
[
|
[
[
|
rs bb$ — b3 [D/$]
[
|
[
[
[
[

re  db—b [O/0]
710 d$ — b$ b/D]
T11 ec — be [O/0O]
T12 e$ — b$ D/C]
713 S —» Y D/$]
T14 ¢$ =Y [b/9]

Fig. 4.2: The rules of the completion prefix system for example 4.3

The application of rule r15 means: “guess that the next letter would be
a ¢ and that it belonged to the unchanged right context.” Then rule rg
is used. Since this is an old rule, it does not change the guess of a com-
pletion. After that, rule r5 is used. Again, it assumes an unchanged c to
be the next letter of a possible completion to a correct word. The appli-
cation of rule r5 fits to that of r;o which assumed the same completion.
Now rule ry is used. Here the c is still the same letter but is part of the
consumed completion. This means in other words: We guessed the next
letter to be a ¢, this guess was correct, and now it is completely used, so
we do not need to consider it further.

In contrast to this, consider using rule rg twice instead of r5. This rule
guesses the end of the word. So its unconsumed completion will not fit
to the completion of ro. This is of major importance. Because of rg, Lo
would also contain abbbb which clearly is not a prefix of a word in L¢.

Formalizing this observations leads to the following definition:

Definition 4.8. Let C = ([ X, R,¢,$,Y) be a csCRLS and C' =
CPRrEF(C), with R’ being the rules of C'. Let w,w' € I'*. Let s € R'*
be a sequence s = riry-- -1, of rules with length n such that:
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4. Prefix systems

w—rwy — wy —> - —>w'.
T1 T2 T3 Tn
Definition 4.9. We apply CRULES to sequences of (completion) rules
in the following way Let CRULES : R™* — CRULES(R')* be the morphism
defined by its result on single elements of R’ by:

z if z € CRULES(R')
O otherwise.

CRULES(z) := {

Since it always will be clear whether we speak about sequences of reduction
rules or we do not, this double use should cause no irritations.

Let CRULES(s) = &' =r} -rh---rl . Then s is a valid reduction if for
all i,(1 < i < m) the unconsumed completion of v, is a prefiz of the
concatenation of the consumed and the unconsumed completion of rj_ .

Furthermore, s is a valid reduction with finished completion (or, shortly,
a finished valid reduction), if the unconsumed completion c, of r.. is
empty or if ¢, = $ and the result w' of the reduction is Y.

Finally, s is a basic valid reduction if it is a finished valid reduction and
there is no i < m such that v, has an empty unconsumed completion.

Similarly to the double use CRULES, the function REW which extracts
the rewriting rules from a completion prefix system is extended to work
on sequences of completion rules. In doing this, we are able to speak of
the rewriting part of completion rules separately from the completion
part. Since the problem of correctness of prefix systems (without com-
pletion information) is exactly hidden behind this abstraction, we want
to know what information is gained by using completion prefix systems
instead. Or alternatively, we can ask how we can map the latter into
the former. Using the notion of mappings now leads to asking questions
about surjectivity. This is the next step in our discussion: Given an ac-
cepting reduction in a prefix system, can we map it to a valid reduction
with finished completion in the corresponding completion prefix system?
This leads to a first theorem about correctness:

Theorem 4.3. Let C = (I, X, R,¢,$,Y) be a ¢csCRLS with ' = X' U
{¢,$,Y}, C' = RPREF(C), and C"" = CPREF(C). Let R, R’, and R" be
the respective rule sets.
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4.6. When is every accepted word a correct prefix?

For every w € X*, ¢cw$ — * Y, where s’ is a sequence of rules in R’
Y , sem , q

such that there exists a valid reduction s’ € R"* with finished completion,
and REW(s") = &, there exist c € X* and s € R* such that ¢wc$ —* Y
S

and |s| > |s'|.

Proof. We prove the theorem by an induction over the number of reduc-
tion steps, denoted with n.

Induction basis. (n=1) Let (u,Y) = r. Since 7] is an accepting rule and
s’ is valid, then by the properties of the prefix construction there is a c,
such that r{ = (u,Y, ¢, $). There is a v’ such that u = ¢u'$.

Because of the construction of R’ and R” this means (¢u'c.$,Y) € R.
Then the sequence s we are looking for is s = (¢u'c.$,Y) and |s| = |§/| =
|s”| = 1. The completion c is ¢.. Note that ¢ can be the empty word.
Induction claim. Assume the theorem holds for n > 1.

Induction step. (n — n+1)
We may assume s’ = r{r} -- -7, and s = r{r] ---r! with REw(s") = ¢'.
Furthermore s” is a valid reduction with finished completion.

Then there is a w’ such that ¢w$ — ¢w’$ — * Y. By the induction
---T,

/
To T1 n

claim there exist:

1.t=ry---r,, € R* with m > n and
2. ¢, € X* with cw'c,$ T)* Y.

Since s” is valid, there exists an ¢ such that 1 < ¢ < n and r is the
first completion rule with index greater than 1 in the reduction that has
nonempty completions. There are u, v such that rj = (u,v).

There are three cases:

1. r, € R\ $. Then rj € R and we know r{ = (u,v,0,0). Therefore
ro € R and REW(r() = r( and:
cw$ — cw'$ T>* Y.
To

In consequence rg = r(, can be chosen, the completion is ¢ = ¢, (it
is unchanged), and s = 7t is the rule sequence in R we are looking
for. The length of s is also correct because m +1 > n + 1.
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2. ry ¢ R\ $ and rj = (u$,v8$, c.,d) with ¢, # 0. Because the uncon-
sumed completion of r{ is empty the rest of s” without r{ is valid,
it directly follows that c. fits to the completion. By the construction
of R’ and R"” we know there exists a sequence ¢’ of reductions in R
such that ¢/ = tit2---t; € (R\ $)7, t1 = (uce,v) € R and:

cweec,$ —" cw'c,$ T)* Y.
¢

Therefore the new completion is ¢ = c.c,, the new rule sequence in
Ris s = t't, and |s| > n 4+ 1. Note that the fact that [ > 1 reflects
the full reduction of right-hand prefix rule sides with R \ $.

3. 7y ¢ R\ $ and rj = (u$,v$, c., cy) with ¢, # O. Because s” is valid

we can assume that there are v/, v’, ¢, and ¢}, with r{ = (v, v, ¢, c,)

) e ? e Ty
and ¢, € Pref(cL.c),). Also cL.c, € Pref(c,) and in consequence ¢, is a
prefix of c,.
By the construction of R' and R” we know there exists a sequence
t' of reductions in R such that t' = tyte---t; € R- (R\$)™, t1 =

(uceey,vey) € R, and:

CWCeCoP — *cw'c,$ — *Y.
t

Therefore the completion is ¢ = c.c,, the new rule sequence in R is
s=1t't, and |s| > n+ 1. O

A look back at example 4.3 shows that the correct reduction with the
prefix system exactly provides the conditions of this theorem. On the
other hand, the example of the incorrect reduction reveals a problem:
There may be reductions that are not valid—and therefore not provid-
ing a correct completion—that nevertheless accept correct prefixes. A
close look at the completion prefix system shows that other rules of this
system, beside rg, lead to even more words accepted which are no pre-
fixes. Certainly, we would like to have an algorithm that finds all those
cases. In the rest of this chapter we will discuss up to which extent this
is possible.

4.7 Relevant parts of completion prefix reductions

One problem concerning the necessary conditions of theorem 4.3 is that
they only show correctness of single reductions. Since usually it will not
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be possible to inspect all reductions we have to find a way to overcome
this restriction.

The first question, which will be answered in this section, is how much
of the reductions really is important for correctness. There are four ob-
servations:

1. First, the proof of the theorem shows that rules from a completion
prefix system that do not work at the right-hand end of a word do
not change the completions required.

2. In order to check whether a completion prefix reduction s is valid or
not, we only need to look at CRULES(s).

3. The proof of the theorem does not use the fact that the rewriting
systems in discussion always are confluent.

4. Whenever a rule uses up the full completion, the next completion
rule in the reduction may have any completion. It only has to fulfill
the conditions of the rewriting relation. Because of this we already
introduced the notion of basic valid reductions with finished reduc-
tions. They provide a kind of “smallest parts” of reductions that
have to be examined.

Now we will gather these observations more formally in a series of propo-
sitions. They all have the same common requirements. For proposi-
tions 4.1 to 4.3 assume the following:

Let C = (IX,R,¢,3,Y) be a ¢csCRLS with I" = Y U {¢,$,Y} and
C’" = CPREF(C). Let R and R’ be the respective rule sets.

Proposition 4.1. Let r = (u$,v$, c.,c,) € R'. Then:

1. For allw € I'*: wu$ — wo$.

2. There do not exist w € X* and w',w" € I'* such that w"” # O and
cw$ ?* w'uSw”.

3. For allw € I'*: If w & ¢I'™*$ then w 7RLI>* Y.

Proof. All properties follow directly from the definitions of csCRLS and
CPREF. .
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Proposition 4.2. Let s € (R’ \ $)* - CRULES(R’) - (R \ $)* with
S = rirg---1;---ry where r; is the single completion rule in s: r; €
CRULES(R'). Assume r; = (uv$,uv'$,ce,cy), i.e. u is the unchanged
prefix of the rewriting part of r;. Assume

WY — WU — Wa2U — - - - W;—2U — W;—_1U

T1 T2 T3 Ti—1
and
Wig1U — Wi 1U - W1 U — WyU.
Ti+1 Tn

Then for all permutations s’ of s that can be produced from s by moving
r; arbitrarily far to the left or right we get the same reduction result:

wuv —* wput' if and only if wuv —* wyu'.
S s/

Proof. This is obvious. O

That means, as long as old rules from R that do not work at the right-
hand end of the word (and which are represented by a rule in R’ with
empty completions) do not overlap too much with a true completion rule
their exact time of application does not matter w.r.t. the completion rule.
As a consequence, we may use confluence in order to sort such reductions
in any desired manner.

Unfortunately, sometimes old rules do overlap further with completion
rules. So we have to handle this, too. The following example shows the
kind of problems we have to deal with:

Ezample J.4. Consider a system containing the rule » = (abbb, bbb). In
the completion prefix system this rule appears with empty completions
as ro = (abbb,bbb,0,0). One of the completion prefix rules for r is
r1 = (abb$, bb$, 0,b). Assume further a rule ro = (¢bbb$,Y, b, $) is in the
completion prefix system. Actually, the completion system must contain
more rules, but we only need these three for our example.

The following reduction is possible:
¢cababb$ —* ¢cabbb$ —* ¢bbb$ —* Y.
T1 To T2
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The use of rule rg in this example implies that r; has been used before.
So, we cannot use the proposition above in order to sort the reduction
steps. Although rq is an old rule with empty completions, we would like
to store the completion information introduced by r;. With the next
proposition and the definition following it we introduce a construction
which allows us to do this.

Definition 4.10. Let lcp(u,v) denote the length of the longest common
prefix of two words u,v € I'™.

Proposition 4.3. Let r = (u,v,c¢.cy) € CRULES(R'), ¢, # O, and
r = (u,v,0,0) € R'\'$ such that u = ujuz, v = wv1 and |ui| =
lep(u,v). Assume v’ = uwouius where ug € Pref(vi) and ug # O. Let w
be the word which is acquired by applying first v and then r' on the word

UouU1vV1”
UQULU2 — UQU1V1 —I> w.
r r

Therefore u' overlaps with v by more than lcp(u,v) and the reduction
with v at the given position® requires the application of r.

We can build a new completion prefirz system R" by adding the following
rule "’ to R'.

Ir” = (UOUIUI; [UOU1’U1]R/\$, chu) and R” — R/ U {7’”}.

Then the new rule preserves confluence and the completion information
and R" is equivalent to R w.r.t. the accepted words. In figure 4.3 the
relations of the words are depicted. The new rule is derived from the two
lines marked with (x).

Proof. Since r” only simulates a sequence of reductions with a part of
R’ it is clear that its addition does not change the set of accepted words.
The completion information is handled correctly because only rules from
R’ \ $ are used. O

© Tt is possible that 7’ could be applied further left, but this is handled by the
last proposition.
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Uo u
UQ (731 U2
—
r
Uo v
Uo Uy V1 (%)
'U/,
Uog U1 us
—
7"
'U/
_)*
R'\$
[uou1v1] R\$ (*)

Fig. 4.3: Construction of new candidates

Note that this simulation does not start with » and only uses old rules
from R’\ $. The new rule is not used to combine the effects of r and 7/,
but only to allow an equivalent reduction starting with 7’ linked to the
right hand side of a word which also stores completion information.

Furthermore, we can repeat this procedure with R” as new input and
for every possible rule combination. Either it is possible to repeat this
infinitely often, always finding a new rule that was not already added,
or this process can be stopped because no more new rules are possible.

Definition 4.11. Let R* be the limit of this process of adding new
rules. Then we call Krr = CRULES(R) the candidate set of R’. If the
procedure described above can be repeated infinitely often, always adding
new rules, we call Kg' the infinite candidate set of R/, and we denote
this with K§;. If the procedure does not add any more rules after finitely
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many steps, we call the resulting Kg: the (finite) maximal candidate set
of R'. If we want to stress this we denote it with KY,.

Ezample 4.5. (Part 1 continues example 4.4)

1. Consider a system containing the rule r = (abbb, bbb).

(a)

In the completion prefix system this rule appears with empty
completions as rg = (abbb, bbb, O, O0). One of the completion prefix
rules for r is r; = (abb$, bb$, O, b). Now the first component of rg
overlaps enough with the second component of r1, and therefore
ro = (abbb$,bbb$,d,b) is a new candidate. Again, rg overlaps
with ro. So we get another candidate r3 = (abbbb$, bbbb$, O). By
induction one can show that the candidate set of a completion
prefix system containing r¢ and r; is infinite and contains the
following set of candidates: {(ab"$,b™$,3,b)|n > 2}.

Ignoring confluence at the moment and assuming that there is a
rule 7’ = (bb,c,0,0) in the completion prefix system, too, and
that ¢ € IRR(R' \ $). For the construction of completion prefix
rules, the second component of the rules is fully reduced with
R’ \ $. So instead of ry the completion prefix rule will be 7] =
(abb$, c$, 0, b). If we assume no other rule exists which again adds
more candidates because it overlaps with the second component
of 7} we do not get an infinite sequence of candidates because of
.

Of course, this second possibility is too simple an example because
without any other rules r and ' would produce critical pairs that
cannot be resolved to a common descendant. Furthermore, the
rule r leads to more completion rules, e.g. (ab$, b$, O, bb) which
have to be considered.

2. The candidate set for the completion prefix system in figure 4.2 only
has one more candidate which is (db$, b$, 0, ¢) from rule ry2 in com-
bination with rule rg9. Note that rules ro,r3, and r;1, although their
second component does overlap enough with the first of rg, too, do
not add new candidates. This is because their unconsumed comple-
tion is empty. For a different cause rg does not give a new candidate
in combination with rule r9: Here, the overlap is not big enough.

Remark 4.6. We wish to point out that Kz N R’ = CRULES(R/).
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4. Prefix systems

Remark 4.7. At this point we see another reason for reducing the sec-
ond components of the new rules with rules from R’ \ $. If we do not
do this, the set of new rules that have to be added very often tends
to be infinite, thus delivering infinite candidate sets. Properties of such
infinite candidate sets would be difficult to prove. But even for finite
maximal candidate sets a problem appears: Because of this reduction
we are not able to make statements about all reductions possible with
R’. We will overcome this restriction by the confluence property, which
is conserved: Reducing the new rules in their second component corre-
sponds to (mostly)” right canonical reductions in R'—and these exist
because of the confluence.

Remark 4.8. As pointed out in section 4.3 we cannot assume that the
original system is normalized. Because we are speaking about confluent
rewriting systems we may assume that no left-hand side of a rule is a
factor of another left-hand side. Furthermore, after using the prefix con-
struction we again could drop rules which have a left-hand side reducible
by another rule. In doing so we might drop rules with nonempty comple-
tions, and the information loss could be too high to check correctness.
Therefore, this approach is not useful.

Now we want to distinguish which parts of a reduction are important for
correctness checks and which are not. We will start from a reduction in
R’ and replace all reductions for which this is necessary by candidates.

Definition 4.12. Let Kgr' be given. Let w,w' € I'*, s € R'" be a
nonempty sequence of reduction rules such that for w € ¢- I}, .. -9,
w' €¢°anner'$u{y}:

w—" w' and |s| = L.
S
A candidate sequence for s is a sequence s' € (R'UKg/)T,s’ = sysh---s],
if there exists a partitioning si,Sg,...5, with 1 <n <[, s; € R'" and
S = S§1S9 -8, with

w=wy —" w —  wy--- —F w,
81 S Sn

" We will give a formal definition for this “mostly” in definition 4.13.
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4.7. Relevant parts of completion prefix reductions

which satisfies the following two conditions:

1. Foralll1 <i<n, s, = (u,v,cc,Cy) and:

(a) The two rules are identical, that is s; = s; and (u,v) is a rule
of the original rewriting system R not working at the right-hand
side of a word:
si = s, and (u,v) € R\ $ (and therefore c. = ¢, = 0O)
or

(b) The result of applying s; is identical to that of applying s;, but
they need not be equal (usually meaning s} is a shortcut for the
reduction possible with s;). Furthermore in that case we require
s; to be candidate. More formally, this reads as:
si € R, st € Kg/, and u S—)* v (then uw € I'*$ and v €

Ir'*-$U{Y} holds).
2. For all 1 < i < j < n, s;,8; € Krr, s; = (u,v,¢c,¢4), 8; =
(W e, &),
and si 4y -85 1 € (R\$)":
There exist uy,us, Vo with u = uius$ and v = u1v2$ such that with

appropriate wy, (1 —1 <k < j—1):

/ /
wi_1 =  w;_juiusd =w, ju
—
84
/
w; = w,u1v2P
—
Si+1:3{i+1
. — ! $
Wi+1 = wi+1u102
—
Si+2:sfi+2
— / $
Wi4-2 = ’LUH_Q’U,l’UQ
—
Sj—lzsg’—l
_ / o
wi_1 = w;_1u1v2$ = wj_jv
—
S5
wj
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4. Prefix systems

Also in this case we say s’ is equivalent to s, meaning that the interme-
diate reduction results of s' can be achieved with s.

Remark 4.9. The above definition implies v = ujv2$ € Suff(u'$) or v'$ €
Suff(u1v28). Furthermore, if w; =Y then s; = s’.

Note that a candidate sequence may have parts that are not candidates,
but rules from the original rewriting system not valid at the right-hand
end of a word. This has its origin in the following motivation for candi-
date sequences:

The partitioning of s and the corresponding candidate sequence s’ are
a means to detect which rule applications are “don’t care” rules in the
sense of proposition 4.1, part 1, and proposition 4.2. These “don’t care”
rules are the rules for which s; = s, € R’\ $ in the definition. In contrast
to this, if s, € Kg they are more significant, because they reflect the
part of the reduction which conveys completion information.

The following theorem shows that the definition of candidate sequences
is sound:

Theorem 4.4. Let R' be defined as in the above propositions and Kpg
be the corresponding candidate set. Then for every w € X*, ¢cw$ ?* Y

there exists a sequence of rules of R with w —* Y such that there also
S

exists a candidate sequence s' equivalent to s.

Proof. Basically, we impose some restrictions on the reduction process
which are possible because of the confluence of R’. To find s we use the
algorithm in figure 4.4.

As one directly sees, the invariants of the two loops are equivalent to the
conditions of candidate sequences. The variables s; (for ¢ > 0) directly
provide the necessary partitioning.

The only critical part of the algorithm is the question of the existence of
a candidate at the beginning of the while loop. By the construction of
the candidate set, such a candidate exists if w; is a reducible word: This
is just the overlap condition used to find new candidates. O
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4.7. Relevant parts of completion prefix reductions

reduce ¢w with any sequence sg
such that ¢w —* wo € IRR(R' \ $); (¥)
S0

1 := 0;
S 1= S0;
s’ 1= sp;

while w; # Y do
increment i;
find a candidate s, = (u, v, c., ¢,) € Kp/ and w; with:
wi—19$ — w;$ or w;_1$ — Y = w;
Si Si

s =5 si;

set s; € R'- (R'\ $)* with u —* v

to the sequence used in the computation of s;;
$:=8-8;;
if w; #Y then

u1 := longest common prefix of v and v;

split w; such that w; = wiujvs;

repeat

search a rule r € R'\ § and wj_,
such that wiu, — wiqur; (**)

if r not found then break; fi; // leave repeat/until-loop
increment i;

Si =T
TR
s =
S:1= 8- 8
s =55

77
w; 1= Wiuv;
until wiu; € IRR(R'\ $);
fi;
done;

Fig. 4.4: The algorithm which finds candidate sequences
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4. Prefix systems

Definition 4.13. We call the reductions resulting from this algorithm
canonical candidate reductions. If the reduction sequences generated be-
fore the while loop and by the repeat/until loop are right canonical—which
could be enforced by adapting lines (*) and (**)—we call them mostly
rightmost canonical candidate reductions.

Sometimes we wish to extract the candidates from a candidate sequence:

Definition 4.14. Let C' = CPREF(C) be a completion prefiz system
with RULES(C) = R’ and Kg' its candidate set. Then CAND : (R’ U

Kp)* — K%, is the morphism defined by its result on single elements of
R'UKpg by:

CAND(z) :=

x ifz € Kg
O otherwise.

We can provide two sufficient conditions for the correctness of completion
prefix systems:

Theorem 4.5. Let C' = CPREF(C) be a completion prefix system with
RULES(C) = R’ and Kpg' its candidate set, both as in the last theorem.
Assume for each w € X*, cw$ —R;)* Y there exists a candidate sequence

s which is valid in the completion prefix system C" which has the set of
completion rules R = R' U Kg:. Further we assume that the alphabet I'
of C' has no true nonterminals, that is I' = X U {¢,$,Y}.

Then C" is correct.

Proof. The condition implies the conditions of theorem 4.3 for each such
w. t

Theorem 4.6. Let C' = CPREF(C) be a completion prefix system with
RULES(C) = R’ and Kg' its candidate set, both as in the last theorem.
Assume for each w € X*, ¢w$ ?* Y and each candidate sequence s with

cw$ —* Y there exists a candidate sequence s’ with REW(s) = REW(s')
S

and s’ is valid in the completion prefiz system C" which has the set of
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completion rules R = R' U Kg/. Further we assume that the alphabet I’
of C' has no true nonterminals, that is I' = X U {¢,$,Y}.

Then C' is correct.
Proof. The condition implies the conditions of theorem 4.5. O

Theorem 4.6 is insofar more restrictive as it does not only require the
existence of a valid candidate sequence but also that for each candidate
sequence there exists an equivalent one (w.r.t. the reduction process)
which is valid.

4.8 Testing candidate sets

Before we are going to discuss methods to test candidate sets, we in-
troduce some notations. These are helpful to abbreviate considerations
about candidates and candidate sequences.

Definition 4.15. Let C' be a c¢sCRLS, C' = CPrer(C), R =
RULES(C"), Kg' be the candidate set of C', and u = (uy,us, ug, uyq),v =
(’01, V2, U3, ’04) € Kpg.

We say u allows v in Kg/, u g, v, if uz and vy overlap such that their
right-hand ends are matched together:

ug € Suff(vi) V v1 € Suff(us).

Since this relation is only defined on the candidate set, v; and wugy al-
ways end with a $. This definition utilizes propositions 4.1 and 4.2 very
similarly to the definition of candidate sequences (definition 4.12), since
it only concentrates on those reductions possible at the right-hand end.
The following propositions shows its relation to candidate sequences:

Proposition 4.4. Let C be a c¢sCRLS, ¢' = CPrer(C), R =
RULES(C), and R”" = R' U Kg' with Kg' being the candidate set of
C’.

Letwee-I5, -8, w €¢I -$U{Y} and s € R"" be a candidate

sequence with w —* w'.
S
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4. Prefix systems

Assume s = 8189+ Sy, with m = |s| and s; € R" for (1 < i <m).

For s’ = CAND(s) we address the candidates from s as following:

s = 54,8, 5, - -8;, = CAND(s)(1 < j < n) withm > n > 2 such
that i; € {1,...,m} and i; is the indezx of the j-th candidate in s (of
course, we assume i; < i;11).

Then for all j <mn si; bk, Sij,,-

Proof. In order to speak in detail about the candidates, we name their
components:

si; = (U0, c0) and sy, = (0,0, ¢, ¢,),

where

u,v,u' € I -$and v’ € I"$U{Y}.

Let w"v be the result after applying all rules up to s;;:

12 1)
w — fw'u— w'v.
81708, -1 Si;

The rules used after that, but before s;, , are elements of R\ $. Due to
the definition of candidate sequences we know:

For ", v"" with v = v"v"'$ and |v”| = lcp(u, v) all these intermediate
rules may use v” as right context, but they leave it unchanged. So there
exists a w’’ such that:

1) 1275 /
w' v — *w'v — w'.

Sij+1tSijy—1 Sijt1
Because s;;, s;;,, € Kg/ they both work at the right-hand side of words.
Furthermore, since C' is a ¢csCRLS and the construction of CPREF(C)
does not introduce rules which add $ to a word, this holds for all rules
appearing in s too. Knowing that both v and u' are ending with a $
implies that either v € Suff(v’) or «’ € Suff(v).

O

The following definition captures what is happening in valid rule (or
candidate) sequences as defined in definition 4.8.
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Definition 4.16. Let C be a ¢sCRLS, let C' = CPREF(C), Kg' be the
candidate set of C', and u = (uy, us, us, uys),v = (v1,v2,v3,v4) € Kgr.

We say u allows v in Kg with correct completion if uy € Pref(vsvy)
andu bk, v.

That means the reduction represented by v may be applied safely after
the one represented by u since the rest of the completion left by u fits to
the completion of v.

Notation: v >k, v.

Definition 4.17. Let C' = CPREF(C) be a completion prefiz system,
R’ = RULES(C"), and Kg: its candidate set.

We define K C Kpg is a valid set of C’ if for all u = (uq,us,us,ug) € K
one of the following conditions holds:

(Z) uyg = 4

(Fully consumed completion means that the next reduction(s) may
be applied without regard of the completion; of course only until a
new unconsumed completion appears.)

(i) ug =% ANug =Y
(After an accepting rule where only the word end marker is left
as completion no further harm can be done. The reduction is fin-
ished. .. )

(iii) for all v = (v1,v9,v3,v4) € K with ubg v
exists v\ = (v1,v9,v5,v)) € K with u >k v’
(Whenever a reduction with v after u can take place, there is a
variant v' of v with fitting next completion that does exactly the
same w.r.t. the rewriting relation.)

Theorem 4.7. Let C' = CPREF(C) be a completion prefix system with
RULES(C') = R’ and Kg its candidate set. Further we assume that the
alphabet I' of C has no true nonterminals, that is I' = X' U {¢,$,Y}.

If Kg' is a valid set of C', then C' is correct.

Proof. For every word in Lo we can compute a candidate sequence s
with theorem 4.4. For any two candidates in s, which all are in K/, that
follow after each other we can exchange the second by one equivalent to
it w.r.t. the rewriting relation such that it is fitting to the first w.r.t. the

103



4. Prefix systems

completion. Starting with the second candidate in s and repeating this
to the last we get a candidate sequence s’ which satisfies the conditions
of theorem 4.5. O

Remark 4.10. We used the weaker theorem 4.5. But since the exchange
process in the proof works for any candidate sequence, also the conditions
of theorem 4.6 are satisfied.

Theorem 4.8. Let C! = CPREF(C) be a completion prefix system with
RuLes(C') =R/, K {%, its candidate set which is finite.

Then it is decidable if K};, 1 a valid set.

Proof. Because K ]f%, is finite an algorithm can check conditions (i)

and (ii) for each single candidate u € K 1’;, and condition (iii) for each

pair u,vEKlf:i, with u s . O
R/

Ezample 4.6. Let X = {a,b,c,d} and I' = X U {¢,$, Y} with the usual
meaning of ¢,$, and Y. Now we define three csCRLSs C4,C5,C3 by
supplying rewriting systems R, R, R3:

Ry = {(bcc, be), (abd, add), (cadd$, Y )}
Ry = {(bcd, bd), (abd, add), (¢add$,Y)}
R3 = {(bcc, be), (bed, bd), (abd, add), (cadd$,Y)} = R1 U Ry

The languages of these systems are:
L¢, = {abd, add}

L¢, = {abd, add, abed}

Lo, = {add} U {ab} - {c}" - {d}

The completion rules of the corresponding completion prefix sets C7, C5,
and Cj are:

R{l = {(bcc, bc7 D’ D)’ (bc$7 b$7 D’ C)’ (abd, a’dd’ D7 D)’ (ab$7 ad$’ I:l’ d)’
(¢add$,Y,0,8), (cad$,Y,d,$), (ca$,Y,dd, $), (¢3,Y, add, $)}

R, = {(bed,bd,0,0), (bc$,b$,0,d), (abd,add,d,0), (ab$,ad$, O, d),
(¢add$,Y,0,8), (cad$,Y,d, $), (ca$,Y,dd, $), (¢3,Y, add, $)}
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Ry = {(bce,be,0,0),  (bc$, b$,0,¢), (bed,bd,d,0), (be$,b$,0,d),
(abd, add,0,0), (ab$, ad$,d,d), (cadd$, Y, 0, $),
(¢ad$,Y,d,$), (¢a$,Y,dd,$), (¢$,Y,add,$)} = R| UR),

For i € {1,2,3} the candidate sets are Kp; = CRULES(R;). Now we look
at the word abc which is not a prefix of a word in L, but a prefix of a
word in L¢, and L¢,. Inspecting the completion prefix systems shows:

Ci: abc € L¢;. So, C7 cannot be correct. We see that

(bc$, b$,0, c) FKR,I (ab$, ad$, 3, d)

but there is no candidate v' = (ab$, ad$, vs,v4) with v € Kg; and
(be$, 0$,0, ¢) K v'. So Kp is not valid.
Csy: Checking K ;%,2 shows that it is valid. With theorem 4.7 C% is correct.
C3: A close inspection shows that C%5 is correct, because instead of
(bc$, b8, 0, c) one can always use (bc$, b3, 0, d). But Kg; is not valid,
the argument is the same as for C;. We see that we cannot use the-
orem 4.7 to show that is is correct.

A first approach derived from C3 could be to exchange the first, not the
second, candidate by an equivalent one in the definition of valid sets. But
this would only cause a symmetric problem. In consequence we have to
find a less restrictive condition for correctness. This is the aim of the
next section.

(abbb$,a0$[7,C)}e—— (d$,b$,b7)

[ (@b$bsOc) |_) | ((@bba80,bo))

A

[ ]

[ (csy09 |
[ (esb$00 - | (ab$asbbe) | [v(bb$,b$D,$) ]D

[ J

1YY Y
[ (ab$bscl) [ (a$b$,bc) |

(cb$y,[1,9)

Fig. 4.5: An example for a candidate graph
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4.9 A weaker condition for correctness

Expecting a candidate set to be valid is far to strict a condition. We
recall that with theorem 4.6 we do not assume that all candidates are
expected to be valid. That means, there may be candidates which are
not part of any correct reduction of a prefix. This does not automatically
lead to an incorrect prefix system.

We now introduce two graph notations which allow to discuss proper-
ties of the reflexive, transitive closures of the relations kg, and >k _,.
The first definition, candidate graphs, reflects reductions with correct
completions.

Definition 4.18. Let C' = CPREF(C) be a completion prefix system
with RULES(C") = R and Kpg/ its candidate set.

The candidate graph of Kg: s the directed graph

G?(R/ = (KR”{(uav) ‘
u,v € Kpr ANu =g, v
AJuy,uo,uz € I' uy € I'": u = (uy, us, us, ug)}).

We also allow the shorter notation G%.

Candidate graphs are a way to describe CAND(s) for all basic valid re-
ductions s: Each path in the candidate graph ending with a vertex that
has out-degree zero describes such a reduction.

Ezample 4.7. Figure 4.5 depicts the candidate graph for the candidate
set of the completion prefix system given in figure 4.2.

On the other hand, we want to know which reductions are possible if
the completion information is not regarded. This leads to the following
definition:

Definition 4.19. Let C' = CPREF(C) be a completion prefix system
with RULES(C’) = R’ and Kg' its candidate set.

The rewriting graph of Kg/ s the directed graph
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GII%R/ = ( REW(KR/),
{(REW(u), REW(v))]
u,v € K ANutpgr v
AJui,us,u3 € I'*,ug € ' u= (uy,ug,uz,uq)})-

Again, we may also use Gg,.

((abbbs,ab3))

Y/

L
[ (db$,b3) -
A LE;iJ Y Y

~ - - L _

- (e$b$) Bl L[ (eb$ad) ) | 1 (d$bP)
Yovy RIS B \
_ (ab$p$) __(a$b®) . (ebSy)

Fig. 4.6: An example for a rewriting graph

Ezample 4.8. Figure 4.6 depicts the rewriting graph for the candidate
set of the completion prefix system given in figure 4.2. For clarity, ver-
tices which are derived from a completion rule with empty unconsumed
completion have a dashed border.

Theorem 4.9. Let C! = CPREF(C) be a completion prefix system with
RULES(C') = R’, Kg' its candidate set, and R’ = R'UKpg:. Let w,w' €
I'* and s € R"" be a candidate sequence such that for w € ¢- I} $,

Inner
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weqe- I}

Inner

-$U{Y} and w —* w'. Let s = CAND(s), and GE  be
S R
the rewriting graph of Kg.

Then there is a partitioning of s' such that ' = s1s5-8;++-8y,, 5; € K3,
for all 1 <i < n and REW(s;) is a path in Gf}R,.

Proof. The partitioning can be accomplished by breaking s’ up after
each candidate with an empty unconsumed completion. Then it is clear
from the definition of the rewriting graph that it must contain the cor-
responding paths. O

Definition 4.20. We call the partitioning acquired by the last theorem
path partitioning of s’. For a part s; as above we call REW(s;) the rewrit-
ing path of s;.

Theorem 4.10. Under the same conditions as theorem 4.9 we further
assume that s is a valid reduction with finished completion. Then each
s; of the partitioning of that theorem is a basic valid reduction. Further-
more, each s; is a path in the corresponding candidate graph GS,.

Proof. That s; is valid and also basic follows from the definition of (basic)
valid reductions and from the fact that in the proof of theorem 4.9 we
always split when a completion is fully consumed. Since each s; is valid
and basic and because the graph Gg, reflects the conditions of basic
valid reductions s; must be a path in the graph. O

Remark 4.11. It is important that s has a finished completion. Other-
wise, s, would not have a finished completion and therefore, given the
definition of basic valid reductions, s, could not be a basic valid reduc-
tion. Furthermore, one should notice that the graph will be infinite if
the candidate set is infinite.

Given these results we can speak about correctness of prefix systems by
inspecting the two types of graphs we defined:

Theorem 4.11. Assume the conditions of theorem 4.9 and that the ter-
minal alphabet of C is X = [ipner (C has no true nonterminals). Assume
for each path s in G, there is a path s" in Gy, with REW(s') = s.
Then C' is correct.
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Proof. This formulates the conditions of theorem 4.6 in terms of graphs.
U

Utilizing the fact that REW is used as morphism on sequences of candi-
dates, we can also work with its inverse. Then we can use the following
notation for the conditions of this theorem:

Vs € PATH(GE ) : REW ' (s) N PATH(G% ) # 0,
R \; (R
where PATH(G KR,) is a shorthand for the set of paths in G _,.

Ezample 4.9. We now continue example 4.6. In figure 4.7 the candidate
and rewriting graphs are shown. Note that all three rewriting graphs are
identical. We see that all graphs are cycle-free. So it is easily possible
to verify the conditions of theorem 4.11. Now we are able to show that
C% is correct, and we see that for C5 we can show correctness with this
method, too.

Unfortunately we are not able to look at all possible paths, since the
graphs may contain cycles. But the next theorem shows that this problem
can be circumvented:

Theorem 4.12. Let G be the rewriting graph of a finite candidate set
K and G?{ be the candidate graph of the same set. Then it is decidable
if for each path s in G& there is a path s' in G with REW(s') = s.

Proof. Let L be the language of all paths in G%. Since K is finite,
this language is regular. REW is a (homo)morphism from the set of all
candidate sequences to the set of all (rewriting) rule sequences. Therefore
REW(L) is a regular language too, and

s € REW(L) <= 3s' € L : REW(s') = 5. (%)

On the other hand, let L' be the language of all paths in GE. Then
REW(L) C L' holds. With (x) we know:

s€ L'\ REW(L) = #s’ € L : REW(s') = s.
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So for each path s in the rewriting graph there exists a path s’ in the

candidate graph with REwW(s’) = s if and only if REw(L) = L', which is

decidable.

C
GR’].

( (bc$,b$,0,) )

((cadd$,Y,0,9)

((ab$,ad$,0,d))

((¢a$,Y,dd,$) )

((cad$,Y,d$) )

((¢$.Y,add,$) )

C
GR’Z

((bc$,b$,0,d) )

((cadd$,Y,09)

((ab$,ad$, 0d))

((¢a$,Y,dd,$) )

((cad$,Y,d$) )

((¢$.Y,add,$) )

Gr (i=1,23)
((bcsb$) ) ((cadds,Y))

((ab$,20%)) ( (cadY) )

((cad$)Y)) ((e3Y) )

C
GR’B

( (bc$,b$,00,) )

((bc$,b$,00,d) )

((cadd$,Y,0,9)

((¢a$,Y,dd,$) )

[(ab$,a$|$, ,d))

((cad$,Y ,d$) )

((¢$.Y,add,$) )

Fig. 4.7: Candidate and rewriting graphs for example 4.6
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An approximate upper bound for the time complexity can be given,
too. We only need to decide if L' C REW(L), which is equivalent to
L'\ REW(L) = L' "REW(L) = (), where REW(L) is the complement of
REwW(L).

Let n be the number of candidates (the size of K). Clearly, this is an
upper bound for the number of states necessary for a finite automaton
accepting L8. This is also an upper bound for an automaton A accepting
REW(L), and for an automaton A’ for L', too. Unfortunately, A" directly
constructed from the graphs may be nondeterministic. So an Automaton

A" for REW(L) could have O(2") states in the worst case.

Therefore, an automaton for L' NREW(L) could have O(n - 2") states in
the worst case. With a standard algorithm for computing the reflexive,
transitive closure of the state transitions we can decide, whether this
automaton accepts the empty language. So we get O((n -2")3) as upper
bound for the time necessary to decide our problem.

This estimation probably is no good upper bound. The argument does
not take advantage of the fact that the automata for REwW(L) and L'
are not arbitrary automata. Especially their states are closely linked to
each other by REW. Therefore decidability in polynomial time cannot
be excluded for sure.

4.10 True terminal correctness

So far we considered the case where only the special symbols ¢, $, and
Y are true nonterminals. This section will cover the problem I' \ ¥ D
{¢,$,Y}, that is if there are more nonterminals. We will discuss two very
simple sufficient conditions for correctness in this case. Since even these
simple conditions are not very promising (in terms of complexity and
decidability) one has to find alternative strategies. This will be discussed
in the next chapter, which is about more practical applications.

Ezample 4.10. Assume X' = {a,b,c} and I' = YU{A, B,C,¢,$,Y}. Now
look at the following rule set:

8 Off course, there exist automata with more states accepting the same lan-
guage.
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4. Prefix systems

R={(ABC,0),(BBC,BC),(a,A),(b,B),(c,C),(¢$,Y)}.
Then the rule set R’ of the corresponding completion prefix system is:

R' = CPrerF(R) = { (ABC,0,0,0), (ABS$,$,C,0), (A$,$, BC,0),
BBC, BC,0,0), (BB$, B$, 0, C),
a’? A7 D’ D)7 (b’ B7 D’ D)’ (C7 C? D’ D)?

¢$,Y,0,Y)}.

P e W

In figure 4.8 the candidate and rewriting graphs can be found. Observe
that if we interprete REW as graph morphism it is an isomorphism be-
tween the two graphs. In consequence, with the results of the last section
we know:

Vw € X%, cw$ ?* Y :3w' €{a,b,c,A,B,C}* : cww'$ ?* Y.

C
Gr

([(8B$B$0,C) ((A$$BCH))

((AB$$,C)) ( (¢$.Y,0,9) )

R
GR

(" BBsBS) ) (_(As9) )

(AB$%) ) (e8Y) )

Fig. 4.8: Candidate and rewriting graphs for example 4.10
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How can we show that there is a completion only consisting of terminals
for all words accepted by R’?

Question: Yw € X", ¢cw$ ?* Y :3Jw' € X*: cww'$ ?* Y?

In this example, this is very simple, because of the three rules that rewrite
the terminals with their nonterminal counterpart.

Ezample 4.11. We consider a (part of a) different completion system,
again called R', with the same alphabets, having the following comple-
tion rules (amongst others):

(AB$,C$,B,C),(C$,$,C,0), and (¢$,Y,0,9$).

Now assume this system has no rule directly rewriting a terminal (or a
terminal word) to B, but the following rules:

(Ab, AB,0O,0), (a,A,0,0), (ABC, ABBC,0,0), and (¢, C,O,0).
We know:
¢cab$ —* ¢cAB$ —" Y.
R’ R’
Note that we need not consider the first reduction in R’ further: The
input which is checked by a completion prefix system must consist of

terminals anyhow; it is of no interest if a word not reachable from a
terminal word might be reducible to Y.

Furthermore, if R again is the original system (one can derive the original
rules from the completion rules):

cabBC$ ?* ¢ABBCS$ ?* Y.

So w’ = BC is the nonterminal completion provided by R’. We also
know:

¢cabbc$ ?* ¢cABBCS$ ?* Y.
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But we know even more about the system R:

ABbc ?* ABBC.

Because in the candidate graph the completion rules of this example do
not lead to a cycle, there is only the single completion BC. To be more
general, the set of possible completions generated by these rules is finite.
The following example shows that this is not always the case:

Example 4.12. Assume a completion prefix system R’ had the following
rule:

(AA$, A$, B, B).

What if for all n > 2 there is a word w € 2™ such that
cw$ —* ¢A"$ —F Y7
R’ R’

Then we would have to check infinitely many completions. This might
be possible for this example, because this set is regular, but one cannot
guarantee this. The nonterminal completions could be anything describ-
able by the original rewriting system.

There is a crucial difference to example 4.10. The rule (BB$, B$,0, C)
in this earlier example does not lengthen the completion, in contrast to
the rule given just above.

Now we are going to gather the observations of these examples into a
series of lemmas.

Lemma 4.2. Let C be a ¢csCRLS and C' = CPREF(C), with alphabets
Y and I where I' \ X D {¢,$,Y}. Assume for the csCRLS C" which is
the same as C' except for its terminal alphabet X" being X' = '\ {¢, $,Y}
we know CPREF(C") is correct.

If for every basic valid reduction in C' of the form
cw$ F)* w'(w' e ({c}- I -{$}) U{Y})
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having a consumed completion ¢ and an empty unconsumed completion
or an unconsumed completion $ such that

cwc$ 7* w'

the following holds:
dc’ € X : ¢wcd ?* cwc if the unconsumed completion is empty

or

Ac’ € X* : cwc'$ 7* cwc$ if the unconsumed completion is $,

then C' is correct.

Proof. Assume w € (I' \ {¢,$,Y})* and ¢cw$ ?* Y. With the assump-
tions we know there is a ¢ € (I"\ {¢,$,Y })* such that

cwe$ —*Y
c
and a valid reduction s € C’* such that

cw$ —*Y.

Let n > 1 be the number of basic valid reductions in s. We make an
induction over n:

Induction basis. (n = 1) s provides a consumed completion ¢ and the
unconsumed completion $. So we know

cwe$ —*Y
c
and with the assumptions there is a ¢’ € X* with
cwc'$ —* qwe$ —* Y.
C C
So the claim holds with the terminal completion ¢'.
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Induction claim. Assume for n > 1 the properties to be proved hold.

Induction step. (n — n + 1) Let s = s15o where s; is the first basic
valid reduction appearing in s. Then s; provides a consumed completion
¢ and an unconsumed completion ¢, € {0, $}. We only show the case
of ¢, # $, since if only a $ is left as completion this is fixed and no
more other nonterminals can be introduced, but in principle this case is
analogous.

If ¢, # $ there is a rest of the completion u € I' \ {¢, $, Y} providing:

for suitable w’ and there is a ¢':

¢wc’ 7* ¢we (%)

Therefore,
cwc' u$ 7* cwcu$ 7)* cw' u$ 7)* Y.

With the induction claim and (*) there is a ' € X* such that
cwc'u'$ —* ewen'$ —* ew'u'$ —* Y.
c c c

As mentioned above, the case ¢, is very similar. In that case v and ' in
the last two steps are the empty word. O

Candidate graphs describe basic valid reductions, too. We are going to
use this for testing terminal correctness.

Definition 4.21. Let K be a candidate set and s = sy ---s; -+ S, with
si € K (1<i<n), and s; = (u;,v;, ¢, w;). Assume v, =Y or w; = O.
Then cy - -- ¢, s the completion of s. The set of all completions for all
such s is called the completion set of K, for short CoMP(K).

Lemma 4.3. Assume K is a finite candidate set. Then COMP(K) is
finite if and only if the candidate graph G% has no cycles that provide
nonempty completions. That means, all cycles are of the form:
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(u17 V1, D) Cl) o (uia Vi, D7 ci) o (Un, Un,y Da Cn)(uh V1, Da Cl)

with (1 <i<n),n>1, ¢; € Pref(ciy1) fori <n, and ¢, € Pref(c1).

Proof. Note that the condition linking the unconsumed completions
holds for all cycles because of the definition of the edge set of candi-
date graphs. Furthermore, if no consumed completion appears in the
cycle then ¢; = ¢ forall 1 <i <n.

—: (by contraposition) Assume there is a cycle containing a nonempty
consumed completion. Then we can provide arbitrarily long completions
by simply looping through that cycle arbitrarily often.

<=: Since no cycle changes the completion, and no cycle adds an uncon-
sumed completion, CoMP(K) can be generated by the set of cycle-free
paths, and must be finite in consequence. O

Lemma 4.4. Let K be a finite candidate set. Then it is decidable if
Comp(K) is finite.

Proof. If G’% has a cycle providing nonempty completions, as in the
last lemma, then it has a simple cycle with that same property: Given
an arbitrary cycle that is not simple and having a nonempty consumed
completion, one can look at all its simple cycles. Either they fulfill the
property, or they have an empty consumed completion. In the latter case,
one removes that simple cycle and repeats looking for other simple cycles.
Therefore, the graph has a cycle with nonempty consumed completion
if and only if it has a simple cycle with the same property.

The set of all simple cycles of a finite graph is finite, therefore the problem
is decidable. O

Theorem 4.13. Let C' be a ¢sCRLS and C' = CPREF(C). Let K be
the finite candidate set of C' with CoOMP(K) being finite, too. Let k > 0
be a fized number. Then for all basic valid reductions s it is decidable
if their completion can be reduced from a terminal word in k reduction
steps under the following restrictions:

(i) As left context, only the left-hand side of the rewriting part of the
first candidate in the reduction may be used.
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(i) As right context only the symbol $§ may be used if it is the uncon-
sumed completion of the last candidate. Otherwise, no right context
1s allowed.

More formally this means the following. Assume the first candidate in s
is (uy,v1,c1,w1), the last is (Uy, Vp, Cp, Wy) (with w, € {O,$}). Assume
the completion provided by s is c. It is decidable for all such s if there
exists a ¢’ € X*:

urc wy, 75'“ UL CWy, -

Proof. As mentioned above, all candidate sequences of basic valid reduc-
tions correspond to a path in the candidate graph. If CoMP(K) is finite,
we only need to look at cycle-free paths. Let s’ be such a path, repre-
senting a basic valid reduction. We may assume s’ = s;---s; -5, with
si € K (1 <i<n),and s; = (u;,v;, ¢;,w;). Assume v, =Y or w; = 0.
Then ¢ = ¢; --- ¢, is the completion as above. The number of ¢/ € I'*
with u;cw, 75’“ ujcw, is finite, and so we only have to compute all

of them and check if one only consists of terminals. O

4.11 A note on (un)decidability

Obviously, in the last theorem k is providing a further finiteness con-
dition. But for arbitrary k one can find a prefix system which is cor-
rect and has a completion that cannot be derived from a terminal word
in k steps. This is very simple. Just take the alphabets X' = {a} and
I'={a,A,¢$,Y} and the following two rules:

(a, A) and (¢A*1$,Y).

The prefix system given by such two rules always is correct, but for the
completion prefix rule (¢, $, A+ $) one needs k + 1 steps to reduce a
terminal word to the completion A**1 of the prefix rule.

Unfortunately, this does not prove undecidability of correctness, it only
shows that even under such strong restrictions as that of the finiteness
of CoMP(K) deciding correctness can be very difficult.
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One possible strategy for proving undecidability would work with simu-
lations of Turing machines, similar to [OKK97]. If it is possible to show
that the set of CRLS that have a confluent and weight-reducing prefix
system are a basis of the recursively enumerable languages (an interest-
ing question on its own account), one could use the following argument:

Definition 4.22. Let u,v € X*. Then the shuffle product of v and v,
denoted with ulllv is defined as:

ullly := {ugviugve « - - UV; - - UR V| 1 <4 < myuy,v; € X,
U= UIUQ * " Up,V = V1V -+ * Uy }.

For Ly, Lo C X*, the shuffle product is defined as:

LI Ly = {UL|_|U|U € Li,v e LQ}.

Assume for arbitrary recursively enumerable languages L C 3™ there is
a csCRLS C such that for every word w € L there is a kg such that
({w}{#}*) - #*¥ € Lo for every k > ko, where § is a new symbol and L1
is the shuffle product. We call Lo the shuffle basis of L.

Assume that this C' can be constructed from a deterministic Turing
machine M accepting L. Without going into the details (we refer the
reader to [OKK97]), for every w the corresponding & can be computed
from the number of steps that M needs to accept w. Assume further
that CPREF(C) is defined for such a C and for every L.

For every recursively enumerable language L C X* there is a Turing
machine M which accepts X* if L is not empty and @ otherwise.? Clearly,
given M, it is not decidable which of the two holds. With the assumptions
we can build C' and C' = CPREF(C) from M.

Assume it is decidable whether C' is correct. We know that C’ always
accepts the empty word. So, C’ is not correct, if L = (), since in that case
Lc = (0. On the contrary, assume L = X*. Then Pref(L¢) = (X U{#})* C

9 Ignoring the input (that is, deleting it before it starts the real computation),
M simply dove-tails over all words in X* and computation steps of a Turing
machine M’ accepting L. As soon as a word is accepted by M’, M accepts,
too.
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L¢i. In consequence, Lo = (X U{f})*, because there are no other words
which could be accepted by C’. So C' is correct. Combining that, we get:

(i) L =0 = " is not correct.
(ii) L = X* = (" is correct.

Which means L = X* if and only if C’ is correct. So, under the given as-
sumptions, decidability of correctness leads to decidability of the empti-
ness problem for arbitrary recursively enumerable languages, leading to
a contradiction.

Theorem 4.14. Correctness of prefix systems is undecidable if it is pos-

sible to construct a csCRLS C' for every recursively enumerable language
L such that L¢ is the shuffle basis of L and CPREF(C) is defined.

Proof. (given above) O
Note that the reverse need not be true.

Remark 4.12. The shuffling is not the problem for such a hypothetic
construction. It rather might be that providing confluence and weight-
reduction of the prefix system cannot be achieved. Or, which would be
even worse, it is possible that no construction exists, but a system for a
shuffle basis with confluent and weight-reducing prefix system exists for
every recursively enumerable language, anyhow.

As one can see, the issue of decidability of the correctness of prefix
systems is closely linked to the fact that CRL are a basis of the recursively
enumerable languages. We conjecture that correctness is not decidable
in general. Therefore, in our opinion, the more pragmatic approach of
testing properties which ensure correctness is justified.
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Chapter 5

Applications

This chapter deals with two practical aspects of CRL. In the first sec-
tion we consider the relation to the well known deterministic context-free
languages w.r.t. prefix systems. The second section describes an exper-
imental development environment which can be used to edit and test

CRLSs.

5.1 Deterministic context-free languages

Shift /reduce-parsers

General deterministic pushdown automata, as they can be found in text-
books like [Har78], which are the original means to define deterministic
context-free languages [GG65] , are not used for practical applications.
They are relatively difficult to handle. Tools like YACC use shift /reduce-
parsers instead. These are generated from special context-free gram-
mars. In the case of YACC, LALR(1)-grammars are used. Generally,
shift /reduce-parsers can be built from LR (k)-grammars [Knu65]. Three
qualities of these parsers are important:

1. The LR(k)-grammars and shift /reduce-parsers characterize the de-
terministic context-free languages.

2. Properties of the grammars are reflected. That means, having a
grammar with LR(k)-property and the shift/reduce- parser gener-
ated for it, one can use the computation of the parser to gain a parse
for an accepted input word in that same grammar.

3. Using a lookahead of k& symbols allows more flexibility. Especially,
the bigger the lookahead, the bigger the class of grammars having
the LR(k)-property. This reflects the fact that with the lookahead
the parser handles unambiguity during the parsing process (while
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the grammars themselves always are unambiguous). Since this does
not change the class of accepted languages, one has a more general
class of automata for deterministic context-free languages.

We do not want to examine the details of LR(k)-grammars. There-
fore, the construction of the shift /reduce-parsers will not be discussed
in the following definition. For details, we refer the reader to [Knu65]
and [JohT75] or textbooks [App98,AU7T2,AU73,Har78,HU79,5S590]. Fur-
thermore, the definition is different from standard textbooks in some
minor details, but this is only a matter of representation, not of the
computational power. We choose this representation in order to make
the translation to csCRLSs more easily describable.

Before we come to the definition of shift/reduce-parsers it should be
noted that for convenience we only discuss the case & > 1. LR(0)-
grammars have to be handled slightly different in some cases, because
they are not equally powerful as LR(k)-grammars for £ > 1. This will
not pose a restriction on our results, since any LR(0)-grammar is an
LR(1)-grammar, too.

Definition 5.1. Let G = (X, N, S, P) be a an LR(k)-grammar (k >
1), where S does mot appear on the right-hand side of a rule in P. A
shift /reduce-parser Mg for G with lookahead k is a deterministic device,
defined by a 7-tuple Mg = (X, T, so, K, Q,$,T) where the elements of the
tuple have the following meaning:

) 1s the input alphabet,

I' is the table set,

so € I' is the initial table,

K ={(s9,0)}UTI x (X UN) is the stack alphabet,

Q = K U{accept,error} is the state set, Q \ I' = {accept, error},

accept is the accepting state,

error is the error state,

$ & Y UN is the end marker, and

T s the transition table. The transition table is the program of the
parser. Because the transition table has a more complex structure,
we need some more explanations before we discuss the details.

For fully defining the transition table, we need two further sets which
are given by the above parts of the automaton:

122



5.1. Deterministic context-free languages

First of all,

L=x<F. (Zu{$}

is the set of possible lookahead strings (which does not include the empty
word) and

A = {shift(q), goto(q)|q € I'} U {reduce(r)|r € P} U {accept, error}

is the set of actions.

The transition table stores the information which allows the parser to
choose the correct next step in a computation. It is built off two parts:

1. The shift /reduce-part uses the top of the stack and the lookahead
from the position of the input head to determine whether a shift-
or a reduce-operation is necessary. Whenever a shift is needed that
means, some more information is put onto the stack. On the other
hand, when a reduce-operation is necessary, enough information has
been collected on the stack in order to identify a rule of the grammar
which was applied. This results in removing the part of the stack,
which corresponds to the left-hand side of a rule.

2. After each reduce-operation, a goto-operation checks the top of the
stack and pushes another symbol onto it which corresponds to the
information still in the stack and to the left-hand side of the respec-
tive rule.

After these short introduction, we now give the full definition of the
transition table: T' is a relation

TC(LUN)x I x A.

Those elements of 1" that have a word from L in their first component
belong to the shift/reduce-part, whereas those with an element of N
belong to the goto-part.

On T, the following restrictions are imposed:

(i) (I,s,a) eT andl € L
— Bs’ € I' : a = goto(s').
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(ii) (z,s,a) € T and x € N U {0}
—> a = error V Js’ € I' : a = goto(s').
(lll) (ll, s,al), (ZQ, S, ag) € T; ll, Iy € L; l1 € Pl‘ef(lg)
— 1 =1y N a; = as.
(IV) (wasual)’ (w7s7a2) € T7$ €N
— a1 = a2.
(v) (3,s,0)
— As’ € I' : a = shift(s')
(vi) Vie Lyse I' : 3I' € Pref(l),a € A: (I';s,a) € T.
(vii) Ve €e NyseI':Ja€ A: (z,s,a) € T.

By the first two restrictions, the table is split into two parts. One part
is for lookaheads, it may contain shift, reduce, accept, and error actions.
The other part is for nonterminals of the grammar, it may contain goto
and error actions.

The third and fourth restriction ensure that the automaton is determin-
istic.

The fifth restriction prevents the end marker from being shifted onto the
stack, as given in the following definition of the computations possible
with M.

The last two restrictions ensure that the behavior of the automaton is
defined in any situation. In a certain sense they make the transition

table complete. Usually this is obtained by filling up the table with error
actions.

Definition 5.2. The set C' of configurations of Mg is defined as fol-
lows.

C = KT X*$ U {accept, error}.
The KT part is the stack of the configurations, the X* part is the input
not yet consumed. The top of the stack is also the state of the automaton.

The initial configuration for an input word w € X* is (sg, 0)-w$. Except
for halting configurations, where the state always is accept or error these
two states will not be part of the configuration.

Definition 5.3. Single computation steps of the automaton are denoted
with the relation IM— Let ¢ = uqu be a configuration withu € K*,q € K,
G
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v € X*$. The next configuration ¢, c lJ\T c is given by the following
G

rules:

We may assume ¢ = (s,z) with s € I,z € XU N U O. Note that z = O
only will occur if v = O and ¢ = (sg,d), which only happens at the
beginning of the computation.

By condition (vi) and (vii) there exists a prefix [ of v such that (I,s,a) €
T. Then the action of Mg is defined by a.

(a)

()
(d)

If a = shift(s’). Then the first letter of v is an element of X, that
is, v = bv’ with b € X and suitable v’. This letter and s’ are shifted
onto the stack, that means

d=u-(sb)-v.

If a = reduce(r). Then r is a rule from P. Let n be the length of
its right-hand side and z € N its left-hand side. In that case, by the
construction of Mg from G (for example, see [Har78]) we know

c=u-(s,y) -u"v,(s,y) € K, [u'|=n.

Therefore, there is an @’ € A with (y,s’,a’) € T. If a’ = error, then
¢’ = error, the input is rejected. Otherwise, a’ = goto(s”). Then the
next configuration is:

=4 -(s,y) (s,2) v.

That means, a reduction by rule r takes place. For further use, we
refer to this as reduce/goto procedure.

If a = accept, the input is accepted, ¢ = accept, and the automaton
stops computation after that (no next configuration is defined).

If a = error, the input is rejected, ¢/ = error, and the automaton
stops computation after that.

The reflexive, transitive closure of —is F* ., and L(M¢), the language

Mg

accepted by it is defined as:

L(Mg) :={w € X*|sow$ F* p1, accept}.
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Because Mg is a parser especially constructed for GG it is furthermore
given that Lg = L(Mg) and that it always either halts in the accept or
the error configuration [Har78].

The explicit use of an end marker is a technical detail which may be
confusing, since for £ > 0 the deterministic context-free languages need
not be prefix-free. Actually, the class of $LR(k)-grammars are hidden
behind that. For details we refer the reader especially to [GHT77].

Remark 5.1. In the literature, the elements of I" are called states very
often. This is done because they are computed as states of a deterministic
finite automaton. But in the usual understanding of automata theory,
Mg has three states, that are a computation state, the accept state, and
the error state. Therefore, we follow [Har78] and call the elements of I’
tables, although this might be confused with the transition table.

The connection to CRL

The next two theorems link this definition to automata that are used in
the context of our investigation:

Theorem 5.1. For every DCFL L there exists an sDTPDA M such
that L = L(M).

Proof. There exist an LR(k)-grammar G = (X, N, S, P) with £ > 1 and
Lg = L and a shift/reduce-parser Mg for G with Ly, = L. We may
assume that S does not appear on the right-hand side of a rule in P
and that the empty word does not appear on the right-hand side of a
rule [GH77].! Furthermore, we may assume that P contains no cycles of
chain rules.? Then G is also an acyclic context-sensitive grammar and

therefore is weight-increasing, too [Bun96]. This will be used to obtain
a shrinking DTPDA.3

! Except for a single rule S — O if the empty word is in L.

> G would be ambiguous, otherwise, and therefore not an LR(k)-grammar
[GHTT].

3 If O € L this needs minor adjustments which we do not discuss because
they are obvious.
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For the sake of simplicity we allow the sDTPDA M to have a program
d which maps a finite D C (Q x I't x I'") into (Q x I'* x I'*). Since
sDTPDAs characterize CRL this is not too powerful a generalization.

The rest is only a matter of comparing definitions. As can be seen right-
away, the main differences are the notation of the program and the way
of accepting words.

Some efforts are necessary to simulate the behavior of reduce/goto ac-
tions. Basically, there are two possibilities: When M simulates a reduce
action for a rule r with n being the size of its left-hand side, it may
use a set of states to delete n — 1 symbols from the stack one after the
other (regardless what these symbols are), and then replaces the last
symbol by the correct table/nonterminal pair. On the other hand, one
can simulate the complete reduce/goto procedure in a single step. For
that purpose it is not necessary to consider all possible strings of length
n: There is only a (usually rather small) subset of those strings that can
appear on top of the stack when the reduce/goto procedure has to be
applied.

The question of weight reduction is quite easy. Mainly, one has to assure
that all stack symbols have the same weight as the nonterminals which
they contain, that all terminals have the same weight, and that the
former is smaller than all weights of the latter, multiplied with a constant
¢ > 0 if necessary. The weight of the states of M then can be easily found,
because most of the time M will be in its initial state, and only when
accepting or rejecting the state is changed. O

Remark 5.2. Shift/reduce-parsers only accept when the stack contains
the initial (and bottom) stack symbol (sg, ) plus a symbol signifying
the start symbol S and when the input is fully read. So it is possible
to guarantee that the constructed sDTPDA accepts with final state and
empty stacks.

The next corollary restates the inclusion part of theorem 2.18:

Corollary 5.1. Each deterministic context-free language is a CRL.

Here we see that in contrast to [MNOB88| the proof of inclusion does
not need the existence of LR(k)-grammars in Greibach normal form.
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This is a direct consequence of the fact that length reduction and weight
reduction are equally powerful for CRL.

Theorem 5.2. Let G = (I,N,S,P) be an LR(k)-grammar, k > 1,
without cycles of chain rules, and with neither S nor O appearing on
the right-hand side of a rule in P. Then there is a ¢csCRLS C with
Lc = Lg. Furthermore, it is possible to construct C without the normal
form construction of theorem 3.1.

Proof. The program of the sDTPDA as defined above directly leads to
the rewriting rules of C'. It is clear that shift rules can be simulated by
context-splittable rules. We may assume that reduce/goto-procedures
are done with one single computation step, thus implying that the cor-
responding rules are context-splittable. Because of remark 5.2, we know
that sg and $ are removed in the last step, and that then the automaton
is in a special accept state. This delivers the rest of the conditions for
context-splittability.

Confluence is guaranteed by the determinism of the shift /reduce-parser
and by the structure of the configurations. O

Remark 5.3. We wish to point out that—because we do not use theo-
rem 3.1—the structure of the underlying shift/reduce-parser and the re-
spective LR(k)-grammar are strongly linked to the constructed csCRLS.

Theorem 5.3. Let G = (X, N, S, P) be an LR(k)-grammar without cy-
cles of chain rules, and with neither S nor O appearing on the right-hand
side of a rule in P. Assume C is a ¢csCRLS C with Lo = Lg, constructed
as in the last theorem. Assume there is a weight function ¢ such that

VAe Nz e (NUX),we (NUX)  r=(A4,zw) € P:p(x) > p(A).

Then the rules given by the prefix system construction applied on C are
all weight reducing.

Proof. One can give the terminals of C' an arbitrarily high weight,

therefore the shift rules and their prefix rules do not cause conflicts.
The only possible conflicts with weight reduction would come from
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5.1. Deterministic context-free languages

the reduce/goto rules of the automaton. From the construction of the
shift /reduce-parsers one knows that every reduce computation is closely
linked to rules in P: There is a projection h from K to N which
can be extended to a morphism from K* to N* such that for all
zul(r € K,u € KT,l € L) which are replaced by zzl(z € K) with a
rule simulating a reduce/goto procedure the following holds:

(h(z),h(u)) € P

and applying h to all reduce steps in a configuration in that manner
gives a rightmost parse when read backwards. The projection simply is
defined by:

h((g,z)) := z for (¢,z) € K.

In consequence, the condition on the weights of the first symbols of each
right-hand side of a rule in comparison to the left-hand side can be used.
We define the weight function for pushdown symbols of the sDTPDA:

Y(K) = c- o(h(K)),

where ¢ > 0 is a constant to adjust weights if necessary. The weight for
the terminals can be chosen to be higher than the maximum of these
weights. O

Remark 5.4. The conditions of the theorem imply that there is no left
recursion in the grammar. Again, this reminds of the problem of Greibach
normal form for LR(k)-grammars (see also [GHHT76]).

The next question to be considered is that of confluence of prefix systems.
There are three possible types of critical pairs:

1. From two shift rules,
2. from two reduce rules, and

3. from one shift and one reduce rule.

We only consider the first case. Assume u € 't v/ u" € Suff(u),
ve Xt v, v v" e Pref(v),z € X,Q",Q" €I
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Now there can be shift rules in the parser which can be applied to a full
input. The corresponding rewriting rules have to look like the following;:

(UIZE'U,,UIQI’U,) and (U”.'L"UH,UH II/UII)'

We look at possible overlapping prefix rules:

(UICIZU”,, UIQ,U,H) and (U”ZE'U”’, ull ”,U/")7

n n_n

where v/ = v"'¢’ and v = v"'¢". Since we did not make any further as-
sumptions about the shift /reduce-parser, both v'Q'v""" and v”Q"v"" can
be irreducible. Then they are a critical pair which can not be resolved.

Similar conflicts can happen in the other two cases.

Conclusion

In this section, we have seen, that it is possible to construct a context-
splittable CRLS directly from the automaton accepting a deterministic
context-free language. As a consequence it is not necessary to use the
construction of chapter 3. On the other hand, CRL and DCFL do not
have so much in common that it can be guaranteed that the prefix sys-
tems constructed directly are correct. Although DCFL is closed against
the prefix language (which makes it possible to find a CRLS for the prefix
language), the prefix construction can lead to problems. We concentrated
on the problem of confluence, because this is the more complicated nec-
essary property one needs for correct prefix systems.

We conjecture that, if the prefix system is confluent, then it also is cor-
rect. An argument for this conjecture is that on the one hand DCFL
is closed against building the prefix language and on the other hand
shift /reduce-parsers find errors at the earliest possible moment dur-
ing the parsing process. This should transfer to the prefix construction,
therefore enhancing the possibility to handle completions correctly. Fur-
thermore, computing a terminal completion for a correct nonterminal
completion is possible with the help of the original LR(k)-grammar, if
it is assumed that all nonterminals of the grammar can be derived to a
terminal word (which of course is no unnatural restriction).
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Finally, we believe that the connection between CRL and DCFL and
their respective prefix languages can be exploited in order to gain further
insight into DCFL.

5.2 A Development Environment

Understanding the practical properties of a language class like the
Church-Rosser languages needs experiments. So, while the main focus
of this dissertation are theoretical results, an integrated development
environment which can be used for such experiments is described in this
section.?

All results about prefix languages of Church-Rosser languages described
in the last chapter have their roots in a prototype system written in
Lisp. This system delivered the means to describe CRLSs in a con-
cise way and implemented the most basic algorithms for rewriting: the
REDUCE-algorithm, testing for weight reduction, and testing for (local)
confluence. Furthermore, in this prototype the first experimental algo-
rithms for Church-Rosser prefix language systems appeared. They were
the basis of all theoretical results concerning prefix systems discussed in
the earlier chapters.

Soon the need for a more user friendly environment arose. The core
specification was obvious: Implementation of all algorithms that were
already present in the LiSsp-prototype, enriched by a means to load,
edit, and save descriptions of Church-Rosser languages. Based on this
specification, Rottschifer implemented the first version of the Church-
Rosser development environment which is described in his diploma thesis
[Rot00]. One of the main (and most time consuming) goals of his work
was to use this environment for giving a description of JAVA as Church-
Rosser language and to test whether the prefix system computed for this
is usable (from a more practical point of view) or not.

4 J-M. Kuhnigk developped a system for general GCSLs and
TPDAs, called TPDAsim. Since the scope of this is somewhat
different, we only give a reference here: http://www.tcs.mu-
luebeck.de/pages/students/kuhnigk /Studienarbeit.html
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Bl Thue System: expressions.cH -0 X
File | Thue CPref Edit Windows Protocoll ‘

Open .crl file.. lus, ast, lbr 2, rhr 2; &
Open input file.. [ot, thot, yes;

Open .cpref file..
k3

Save as.. plus -» plus exp plus;
— > | plus -» lbot exp plus;
Quit plus -» lbr exp plus;

plus exp ast exp rbot -» plus exp rhot;
lbot exp ast exp rhot -» lbot exp rbot;
lbr exp ast exp rbot -» lbr exp rhot;

plus exp ast exp rhr -» plus exp rbr;
lbot exp ast exp rhr -» lbot exp rhr;
lbr exp ast exp rbr -» lbr exp rhr;

plus exp ast exp ast - plus exp ast;
lhot exp ast exp ast -» lhot exp ast;
lbr exp ast emp ast -» lbr exp ast;

lbot exp plus exp plus -» lbot exp plus;
1br exp plus exp plus -» lbr exp plus;

lbot exp plus exp rhot -» lbot exp rhot;
1br exp plus exp rhot -» lbr exp rhot;

lhot exp plus exp rhr -» lbot exp rhr;
lbr exp plus exp rhr -» lbr exp rchr;

lbot exp rhot -»> yes;
%%

"LEFTEOTTOM = lhot;
‘RIGHTEOTTON = rbot;
"ACCEPT = yes;

Fig. 5.1: The main window of the environment

As it is typical for bigger software projects, this environment is the result
of a joint effort. The main responsibilities of the author of this disserta-
tion were the specification of the system and supervising the correctness
and usability of it. On the other hand, the coding (using JAVA) was per-
formed by Rottschifer. Therefore, we will not discuss implementation
details too deeply here, the reader is referred to [Rot00].

Because of the experimental—and prototypical-—character of the pro-
gram, its development will be continued. In [Rot00], its first develop-
ment phase is described, but in the meantime further work has been
done. Except for the changes of the “Look and Feel”, we will point out
these changes at the appropriate places.
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Editing features

The graphical user interface supplies the usual options for editing, sav-
ing and reloading files. This includes Church-Rosser language definitions
(.crl-files) and input for the Church-Rosser parser (.inp-files). Fur-
thermore, prefix systems computed by the program (.cpref-files) can
be loaded. Figure 5.1 shows a typical view of the main window.

Defining Church-Rosser languages

An example for the definition of a Church-Rosser language is given in
figure 5.2. These descriptions (saved in .crl-files) contain three parts:

% token section

’terminal a 2, b, ¢, d 2, e 2;
’non terminal 1lbot, rbot, y;
hth

% rule section

abc->b;

b b rbot -> b rbot ;
db ->0b ;
ec->bc;
abbbc->abc;

lbot b rbot -> y ;

hth

% marker section
’LEFTBOTTOM = 1lbot ;
’RIGHTBOTTOM = rbot ;
>ACCEPT =y ;

Fig. 5.2: An example for a Church-Rosser language definition

1. The token® section, which defines the terminal and nonterminal al-
phabets of a CRLS,

> We use the terminology of scanning and parsing as used by standard tools
like LEX and YAcCC.
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2. the rule section, which contains the rewriting rules, and

3. the marker section, which defines the left-hand and right-hand bottom
token (since this is no restriction of generality, the system allows only
single tokens), and the accepting token.

The correspondence to the six parts of a CRLS, as given in definition
2.41 should be clear. A BNF-definition of these files is given in figure 5.3.
The semantics of the .crl-files are as follows:

The token section

Since we want to use symbols that consist of more than one letter, there
are two lexical analyzers available at the moment which were imple-
mented using JLEX: A scanner for JAVA tokens and a scanner for tokens
consisting of letters of the alphabet {a-z,A-Z,0-9,_}. Figure 5.2 uses
tokens of the latter.

All tokens used in the other two sections have to appear in the token
section. This consists of two parts. First, all terminals have to be defined.
This definition consists of a “ >terminal ” and a comma separated list of
tokens, closed by a semicolon. For better readability it is also possible to
use more than one of those lists. Furthermore, to each token a weight (a
natural number) can be attached. If no weight is given, a default of 1 is
assumed. The definitions of nonterminals following after that are similar,
they start with “ ’non terminal”. The example also shows comments,
they begin with a % and end at the end of a line.

Remark 5.5. The distinction between terminals and non terminals is
only a means of “commenting” the description, it is neither checked
in the other two sections, nor used by the Church-Rosser parser, except
for testing terminal correctness of prefix systems.

The rule section

The most simple way of defining a rule is just to specify the left-hand and
right-hand side of it as a lists of tokens, divided by a “->”. Additionally
it is possible to quantify sets of rules, using variables. This is not shown
in figure 5.2, so we give another example:
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Ezample 5.1. (Quantifying rules)

$left exp $op exp $right -> $left exp $rightl|

$left = [ name assign, lbr, plus ]
$op = [ plus ]
$right = [ semi, rbr, plus ];

It is possible to use variables which are substituted by (lists of) tokens.
Using the generic scanner, variables start with a “$”, with the JAVA-
scanner this special character is not needed at the beginning.

If after the right-hand side of the rule there is a “|”, then a list of variable
substitutions follows. Each substitutions assign a comma separated list
of token lists to a variable.

All combinations of possible substitutions are generated. In the example
that would lead to nine rules, some of these are:

name assign exp plus exp semi -> name assign exp semi
name assign exp plus exp plus -> name assign exp plus
lbr exp plus exp rbr -> lbr exp rbr

plus exp plus exp plus -> plus exp plus

Remark 5.6. Although it is not explicitly forbidden to substitute vari-
ables by others variables it is not advisable to do so, because the behavior
is not specified in that case.

There is another difference between the generic and the JAvA-scanner:
The former uses square brackets, the latter curly brackets for enclosing
the substitution list.

A special feature which can only be used with the generic scanner is
derived from the ambiquity of context-splittings: Sometimes it is useful
to give explicit split points for rules of a csCRLS instead of relying on
the system to identify them. These split points are marked by a “:”, like
in the following example:

assign : exp plus exp : semi -> assign : exp : semi ;

Explicit split points are a new feature which was not present in the
original environment.
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CRLS = TOKEN_SECT “%%” RULE_SECT “}%” MARKER_SECT
TOKEN_SECT = TERMS NON_TERMS
TERMS ::= TERM_LIST | TERM_LIST TERMS
NON_TERMS = NON_TERM_LIST | NON_.TERM_LIST TERMS
TERM_LIST = “’terminal” TOKEN_LIST
NON_TERM_LIST ::= “’non terminal” TOKEN_LIST
TOKEN_LIST = TOKEN_DEF “” | TOKEN_DEF “” TOKEN_LIST
TOKEN_DEF = TOKEN | TOKEN WEIGHT
RULE_SECT ::= RULE | RULE RULE_SECT
RULE ::= RULE_SIDE “->” RULE_SIDE “;” |

RULE_SIDE “->” RULE_SIDE “|” SUBST_LIST “;”
RULE_SIDE ::= RULE_TOKENS |

(with generic scanner also:)
RULE_TOKENS “:”RULE_TOKENS |
RULE_TOKENS “:”RULE_TOKENS “:” RULE_-TOKENS

RULE_TOKENS := TOKEN_OR_VAR | TOKEN_OR_VAR RULE_TOKENS
TOKEN_OR_-VAR ::= TOKEN | VARIABLE

SUBST_LIST ::= SUBST | SUBST SUBST_LIST

SUBST ::= VARIABLE “=” L_LBRACKET SUBST_WITH R_.BRACKET
SUBST_WITH ::= RULE_TOKENS | RULE_.TOKENS “,” SUBST_-WITH
MARKER_SECT := LBOTTOM RBOTTOM ACCEPT

LBOTTOM ;= “’LEFTBOTTOM” “=” TOKEN ¢;”

RBOTTOM 1= “’RIGHTBOTTOM” “=” TOKEN “;”

ACCEPT = “?ACCEPT” “=” TOKEN ¢;”

TOKEN ::= ... (as defined by scanner)

WEIGHT ::= ...(natural number, defined by scanner)

VARIABLE ::= ...(as defined by scanner)

L_.BRACKET = ...(%{” or “[”, as defined by scanner)

R-BRACKET n=...(“}” or “1”7, as defined by scanner)

Fig. 5.3: The BNF for Church-Rosser language definitions
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Basic operations

When the program reads a .crl-file, or when the user has changed it
and tells the program to do so, from the definition in the file a rewriting
system is generated as an internal representation.

Using the internal representation, the following basic operations are pos-
sible with the rewriting system:

Testing for weight reduction: Based on the weight given in the
.crl-file the program can check if all rules of a rewriting system
are weight reducing.

Reducing an (input) word: With the program an input file (.inp-

file) can be loaded and edited. This input may consist of the tokens
defined in the token section of the .crl-file. The same scanner that
is used for reading the .crl-file is used for the .inp-file.
This input can be reduced by the program with the standard RE-
DUCE-algorithm®. The implementation uses a hash to find the left-
hand rule sides which can be applied. That same algorithm can be
used for internal representations of words, e.g. for testing local con-
fluence:

Testing for local confluence: Rewriting systems can be tested for lo-
cal confluence with the CONFTEST-algorithm (definition 2.33). First,
a check for weight reduction is performed, since otherwise termina-
tion of the REDUCE-algorithm could not be guaranteed. Figure 5.4
shows the output of such a confluence test.

Generating and testing prefix systems

After a Church-Rosser language system has been generated (and success-
fully checked for weight reduction and confluence), the following further
operations can be performed:

% The original code, as written by Rottschifer, has been slightly improved by
the author of this dissertation. Most of these changes concerned the logical
structure of the code, in order to make it both more readable and closer to
the theoretical basis of the algorithm.
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=28 Church-Rosser-Test Thread started... - mOx

aptions...

ROT confluant

tule 6: [ D D D] -=[DC]
and 6: [D D D] -x[DC]
[DCDD][DCC]

ROT confluent

e [DDD]  -=[DC]
and 6: [DDD] -=DC]
[DCD][DDC]

xxxxxxxxxxxxxx

is_Church-Rosser [falze
number of faults:2

xxxxxxxxxxxxxx

needed time: 0 seconds

£ 2

Fig. 5.4: A confluence test (rejected)

Generate a prefix system: A (completion) prefix system, as de-
scribed in the previous chapter, is generated. The rewriting system
replaces the original rewriting system. Furthermore, an internal rep-
resentation of the completion prefix system is generated, which can
also be displayed.

Generate a suffix system: The symmetrical procedure is used to
build a rewriting system for the suffix language. In this case, no
new completion system is generated.

Generate an infix system: First, an internal suffix system is built,
and from that a prefix system and a completion prefix system is
computed. The completions of the latter can be displayed.

The last two options are only implemented for use with the reduce pro-
cedure, the following procedures do not make sense for them within the
environment:

Compute valid set: The program computes the candidate set, as
given in definition 4.11. Since this procedure only terminates if this
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candidate set is finite, it is possible to abort this computation. Fur-
thermore, if the computation lasts very long, from time to time a di-
alog appears which points out that the computation possibly should
be aborted, lest the user thinks the program has ”‘hung up”*.

After computation of the candidate set, it is checked if the completion
prefix system is correct in the sense of theorem 4.6.

The implementation of this feature was modified by the author of
this dissertation.

Extended valid sets: This is an experimental feature which is similar
to the ideas of theorem 4.11, in fact it inspired the theorem, but is
less powerful.”

This is a new feature which was not in the scope of [Rot00].

Testing terminal correctness: According to theorem 4.13 terminal
correctness of the completion prefix system is checked. If there are
only finitely many nonterminal completions for basic valid reduc-
tions, these are all checked whether they can be reached by a reduc-
tion from a terminal string. Since it is not known how many rewrit-
ings steps (the k in the theorem) are necessary, the system starts
with one step and increases the number until either correctness can
be shown or the user aborts the computation.

This is a new feature.

Using prefix systems

Prefix systems can be used on an input (.inp-file) in two ways:

Reducing the input: In order to determine whether an input is a valid
prefix of the original language, a usual reduction with the prefix
system can be executed.

Longest prefix completion: The program searches the longest cor-
rect prefix of an input with the prefix system. After doing that,
it suggests possible completions to a correct word. The user can
choose a completion in order to compute the reduction result that
is achieved by first adding that completion. In figure 5.5 an example
for this is given.

" For obvious reasons: testing correctness as in that theorem has far too big
a time complexity.
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.l Thue3ystem: proimo-comp-sample.cH CPrefSystem: (intemal) Input: proimo- comp-sample.inp

File Thue CPref Edit Windows Protocoll

if name then commznd if name then namd —

b Longest prefix:

Found longer prefix:
It if name then command if name then name assign exp semi endif semi rbot
[assign exp semi endif semi ] inserted.

= X

Found longer prefix:
It if name then command if name then name assign exp semi endif semi endif rot
[assign exp semi endif semi endif ] inserted.

Found longer prefix:
Ihat if name then command if name then name assign exp semi endif semi endif semi rbot
[assign exp semi endif semi endif semi ] inserted.

|
[assign exp semi endif semi endif semil

[assign exp semi endif semi else command endif sarmi]

[azzigh exp semi else command endif semi endif semil

[assign exp semi else cormmand endif semi else command endif sermi ]
DELETE MEXT TOKEN

Fig. 5.5: Suggested completions for a prefix of a simple language

A note on the Java-CRLS

Rottschifer showed in his diploma thesis that the important syntactic
features of JAvVA can be parsed with CRLSs whose prefix system is cor-
rect. An interesting result of his work is that the suffix language also can
be accepted by suffix CRLSs, but in that case one has to use a different
CRLS to define JAVA, because otherwise the suffix construction leads to
a system not confluent. This seems to reflect the fact that DCFL is not
closed against building the mirror language. On the other hand, it shows
the potential of CRL.
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Conclusion

In the article in which McNaughton, Narendran, and Otto define the
Curch-Rosser languages, they state the opinion:

We think that CR systems will provide an important system-
atic approach to string computation, although we do not think
they will improve on the current techniques for writing compilers.

[MNOSS]

Considering the results established since 1988, especially in connection
to growing context-sensitive languages, the first part of their prediction
surely has become true. Some of the techniques developed in the con-
text of Church-Rosser languages, like that of Niemann and Otto with
which they proof that length reduction and weight reduction are equally
powerful, are at least interesting from the theoretical point of view. We
are confident that both the method of weight-spreading and the prefix
construction described in the preceding chapters are equally interesting.

From the more practical point of view, we believe that Church-Rosser
languages are more interesting than they appear at first when taking
a closer look. We consider it as promising that our prefix construction
does not only provide a system for the prefix language, but also makes it
possible to generate completions to correct words in a very natural way.
In connection with shift /reduce-parsers, maybe in a hybrid system com-
bining both worlds, this might allow more comfortable error correction
methods.
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This index contains references to the first appearance (except for the
introduction chapter) or definition of the most important terms. For
abbreviations and special symbols see the corresponding appendix on

page 151.
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acyclic context-sensitive grammar, 32
admissible ordering, 27
algorithm
deciding confluence, 28
allows relation, 101
allows with correct completion, 103
alphabet, 13
compression a., 41
inner a., 38
input a., 16
nonterminal a., 16, 30, 35
terminal a., 16, 30, 35
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automaton
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configuration, 17
deterministic, 19
program of, 16
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two pushdown store a., 16

basic valid reduction, 88
bottom symbol of TPDA, 16

candidate, 94
graph, 106
reductions, canonical, 100
sequence, 96
sequence, equivalence, 98
set, finite maximal, 95
set, infinite, 94
candidate set, 94
Church-Rosser, 21
decidable language, 32
language, 32
language system, 85
property, 21
closure properties
of Church-Rosser languages, 84
compatible ordering, 27
completion
allows with correct c., 103
consumed c., 84
finished c., 88
prefix rule, 84

rule, 84

unconsumed c., 85
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compression letter, 41
computation step, 17
configuration

initial c., 17
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locally c., 20
congruence class, 15
consumed completion, 84
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left or right c., 39

splitting, 39
context-sensitive grammar, 31
context-splittable, 38
convergent, 26
correct

prefix system, 77

reduced prefix system, 81
critical pair, 29
critical pair

resolving c.p., 29

defining system, 32
descendant, 14
descendant, direct, 14
domain

of word, 15

of rewriting system, 15

empty word, 13
end marker word, 35
equivalent rewriting systems, 26

finished
completion, 88
valid reduction, 88

generative grammar, 30
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acyclic context-sensitive g., 32
context-sensitive g., 31
generative g., 30
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context-sensitive 1., 31
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locking symbols, 51
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algorithm, 28
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normalized r. system, 27
path, 108
relation, 14
relation for completion rules, 85
rule, 14
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