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¤ 6 ?`q, / jgr, a NpmkM
Gaf tcpqgafcpc fgcpkgr* b_qq bgc cjcirpmlgqafc Tcpqgml kcglcp Bgqqcpr_rgml kgr bcp
qafpgdrjgafcl Tcpqgml Ĉ`cpcglqrgkkr,

¤ 6 ?`q, / jgr, b NpmkM
Gaf tcpqgafcpc fgcpkgr* b_qq xs cglck tmpfcpgecl Xcgrnslir lmaf icglc Npmkmrgml
tcpqsafr uspbc,

¤ 7 ?`q, / NpmkM
Gaf tcpqgafcpc fgcpkgr* b_qq bgc tmpjgceclbc Bgqqcpr_rgml qcj`qrqròlbge slb lsp slrcp
Tcpuclbsle bcp _lecec`clcl Oscjjcl tcpd_qqr uspbc,

¤ 7 ?`q, 0 NpmkM
Bgc ?p`cgr f_r `gqfcp lmaf lgafr xs NpĈdsleqxucaicl ecbgclr,

B_pkqr_br* bcl /3,.4,0.0.
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Abstract
Cjcarpml _aacjcp_rmpq f_tc _ ugbc p_lec md _nnjga_rgmlq gl `_qga pcqc_paf* kcbgaglc _lb
glbsqrpw, Gl mpbcp rm pcbsac amqrq _lb qgxc md dsrspc bctgacq _lb d_agjgrgcq* _bt_lacb amk+
n_ar _aacjcp_rmp amlacnrq _pc qs`hcar rm cvrclqgtc pcqc_paf _lb bctcjmnkclr cddmprq gl
_aacjcp_rmp nfwqgaq, ? npmkgqgle _nnpm_af gq rfc bgcjcarpga j_qcp _aacjcp_rmp &BJ?', Rfc
cjcarpmk_elcrga lc_p+dgcjbq md _l sjrp_+qfmpr j_qcp nsjqc qa_rrcpcb `w _ bgcjcarpga qrpsa+
rspc _pc sqcb rm _aacjcp_rc cjcarpmlq, Bgcjcarpgaq glapc_qcq rfc _afgct_`jc _aacjcp_rgle
ep_bgclr `w _ d_armp md _r jc_qr /. gl amkn_pgqml rm kcr_jjga qrpsarspcq, Pcaclr npmepcqq
gl rfc bctcjmnkclr md dckrmqcamlb j_qcpq _lb jgrfmep_nfga rcaflgoscq gl qckgamlbsarmp
d_`pga_rgml f_q n_tcb rfc u_w rm cvncpgkclr_j bckmlqrp_rgml md BJ?q gl 0./1, Nmqqg+
`jc _nnjga_rgmlq md BJ?q _pc gl _rrmqcamlb qagclac* gl sjrp_d_qr cjcarpml+kgapmqamnw _lb
+bgddp_argml* _lb gl npmtgbgle pcj_rgtgqrga cjcarpmlq dmp jgrfmep_nfw _lb p_bgmrfcp_nw,
Rfc sqc md lc_p+dgcjbq gl qrpsarspcq ugrf ncpgmb jclerfq gl rfc mpbcp md kgapmkcrcpq

jc_bq rm amknjga_rcb n_prgajc bwl_kgaq bspgle _aacjcp_rgml, Rfcmpcrga_j bcqapgnrgmlq
md rfc cjcarpmk_elcrga dgcjbq _lb rfc pcqsjrgle n_prgajc bwl_kgaq _pc npcqclrcb gl rfgq
rfcqgq, Gl mpbcp rm amldglc rfc n_prgajcq gl rfc _aacjcp_rgle qrpsarspcq* _ dmasqgle qafckc
gq glrpmbsacb ufgaf gq _b_nrcb dpmk gml _aacjcp_rmpq, Rfgq _jjmuq rm rp_lqnmpr n_prgajcq
rfpmsef _ BJ? qrpsarspc md _p`grp_pw jclerf,
Bsc rm lml+jglc_p bwl_kgaq md rfc _aacjcp_rcb cjcarpmlq* rfc n_prgajc rp_hcarmpgcq _pc

a_jasj_rcb lskcpga_jjw, ? qgksj_rgml rmmj `_qcb ml rfc _l_jwrga_j bcqapgnrgml md rfc
cjcarpmk_elcrga dgcjbq gl rfc qrpsarspcq gq gknjckclrcb, Qglac BJ? qrpsarspcq _pc os_qg+
ncpgmbga* rfc bcqapgnrgml qgknjgdgcq rm mlc amknjcv lsk`cp ncp qrpsarspc ncpgmb* g,c,* rfc
qn_rg_j f_pkmlga md rfc qwlafpmlmsq _aacjcp_rgle kmbc, Rfc pcosgpcb amknsr_rgml_j
cddmpr gq rfsq qgelgdga_lrjw pcbsacb _q amkn_pcb rm rfc dsjj cjcarpmk_elcrga dgcjbq,
K_lw _nnjga_rgmlq md BJ?q pcosgpc n_prgajc bgqrpg`srgmlq md fgef af_pec, Rfc `c_k

bwl_kgaq _pc _bbgrgml_jjw _ddcarcb `w u_ic dgcjbq* ufgaf _pc eclcp_rcb `w rfc glrcp_argml
md rfc af_pec bgqrpg`srgml clqck`jc ugrf rfc bgcjcarpga qrpsarspcq, Bcr_gjcb qrsbgcq md
u_ic dgcjbq gl BJ? qrpsarspcq _pc bgqasqqcb gl rfgq rfcqgq, Kmpcmtcp* dgpqr kc_qspckclrq
md clcpew qncarpsk kmbsj_rgmlq a_sqcb `w u_ic dgcjbq _pc npcqclrcb,
Rfc u_ic dgcjb cddcarq a_l jc_b rm glqr_`gjgrgcq, Dmp rfc _l_jwqgq md nmqqg`jc glqr_`gjg+

rgcq* u_ic dgcjbq _pc glrcep_rcb gl rfc _dmpckclrgmlcb lskcpga_j qgksj_rgml rmmj, Rfgq
cvrclbcb rmmj gq _nnjgcb rm amkn_pc n_prgajc bwl_kgaq ugrf qgknjgdgcb _l_jwrga_j kmbcjq
md jmlegrsbgl_j _lb rp_lqtcpqc u_ic cddcarq _lb glqr_`gjgrgcq, Rfcqc qrsbgcq npmtgbc cqrg+
k_rcq dmp rfc k_vgksk _rr_gl_`jc af_pecq md _l _aacjcp_rcb n_prgajc `slaf, Dmp fgefcp
`slaf af_pecq* rfc cddcarq dpmk rfc u_ic dgcjbq cvaccb rfc _aacjcp_rgle _lb dmasqgle
j_qcp dgcjbq _lb rfsq jc_b rm `c_k jmqq, Dgl_jjw* _ nmqqg`jc b_kngle kcaf_lgqk gq npc+
qclrcb gl mpbcp rm amslrcp_ar rfc glqr_`gjgrgcq _lb glapc_qc rfc `slaf af_pec jgkgrq,
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Zusammenfassung
Cjcirpmlcl`cqafjcslgecp f_`cl cgl `pcgrcq ?luclbsleqqncirpsk gl bcp Epslbj_ecl+
dmpqafsle* gl bcp Kcbgxgl slb gl bcp Glbsqrpgc, Xsp Pcbsirgml tml Imqrcl slb EpĂÓc
xsiĈldrgecp ?lj_ecl ugpb glrclqgt _l dmprqafpgrrjgafcl imkn_ircl @cqafjcslgecpimlxcn+
rcl ecdmpqafr, Cgl tgcjtcpqnpcafclbcq Imlxcnr gqr bcp bgcjcirpgqafc J_qcp+@cqafjcslgecp
&clej, BJ?'* _saf Ej_q`cqafjcslgecp ecl_llr, B_`cg ucpbcl bgc cjcirpmk_elcrgqafcl
L_fdcjbcp cglcq J_qcpnsjqcq _l cglcp bgcjcirpgqafcl Qrpsirsp eclsrxr* sk Cjcirpmlcl xs
`cqafjcslgecl, Bcp Cglq_rx tml Bgcjcirpgi_ cpfĂfr bcl cppcgaf`_pcl @cqafjcslgesleq+
ep_bgclrcl gk Tcpejcgaf xs kcr_jjgqafcl Qrpsirspcl sk kglbcqrclq cglc EpĂÓclmpb+
lsle,
Cpqr bgc Dmprqafpgrrc gl bcp Clrugaijsle tml Dckrmqcislbcl+J_qcpl slb jgrfmep_dg+

qafcl Fcpqrcjjsleqtcpd_fpcl gl bcp F_j`jcgrcpglbsqrpgc f_`cl bgc cvncpgkclrcjjc Bc+
kmlqrp_rgml tml BJ?q cpkĂejgafr, ?jjcpbgleq dĈfpr bgc Lsrxsle bcp L_fdcjbcp gl Qrpsi+
rspcl kgr Ncpgmbcljòlecl gl bcp EpĂÓclmpblsle uclgecp Kgipmkcrcp xs cglcp imknjg+
xgcprcl Rcgjafclbwl_kgi uòfpclb bcp @cqafjcslgesle, Bgc rfcmpcrgqafc @cqafpcg`sle
bcp cjcirpmk_elcrgqafcl Dcjbcp slb bcp b_p_sq pcqsjrgcpclbcl Rcgjafclbwl_kgi ugpb gl
bgcqcp ?p`cgr tmpecqrcjjr, Ucgrcpfgl ugpb cgl Dmisqqgcpsleqqafck_ npòqclrgcpr* b_qq bcl
Rcgjafclrp_lqnmpr bspaf cglc BJ? Qrpsirsp `cjgc`gecp Jòlec cpkĂejgafr,
B_ bgc `cqafjcslgercl Rcgjafcl cglc lgafrjglc_pc Bwl_kgi _sducgqcl* ucpbcl bgc Rcgj+

afclrp_hcirmpgcl lskcpgqaf `cqrgkkr, B_xs ugpb cgl Qgksj_rgmlqrmmj `_qgcpclb _sd bcp
rfcmpcrgqafcl @cqafpcg`sle bcp cjcirpmk_elcrgqafcl Dcjbcp gl bcl Qrpsirspcl tmpec+
qrcjjr, Bspaf bgc &Os_qg+' Ncpgmbgxgròr bcp Qrpsirspcl i_ll _sd bgc @cpcaflsle bcp
tmjjqròlbgecl cjcirpmk_elcrgqafcl Dcjbcp tcpxgafrcr ucpbcl, Qr_rrbcqqcl ugpb bgc @c+
qafpcg`sle _sd cglc imknjcvc X_fj npm Qrpsirspncpgmbc ­ bgc pòskjgafc F_pkmlgqafc
bcp qwlafpmlcl* `cqafjcslgeclbcl Kmbc ­ pcbsxgcpr slb bcp `clĂrgerc Pcafcl_sdu_lb
b_bspaf bcsrjgaf tcppglecpr,
KĂejgafc ?luclbslecl dĈp BJ?q dglbcl qgaf gl bcp ?rrmqcislbclnfwqgi* gl bcp sjrp_+

qaflcjjcl Cjcirpmlclkgipmqimngc slb +`csesle slb xsp @cpcgrqrcjjsle pcj_rgtgqrgqafcp
Cjcirpmlcl dĈp Jgrfmep_dgc slb Qrp_fjclrfcp_ngc, DĈp bgcqc ?luclbslecl ucpbcl lgafr
lsp `cqafjcslgerc Cglxcjrcgjafcl* qmlbcpl Rcgjafcltcprcgjslecl kgr fĂfcpcp J_bsle `c+
lĂrger, Gl bgcqck D_jj ugpb bgc Qrp_fjbwl_kgi xsqòrxjgaf bspaf bgc Igcjucjjcldcjbcp bcp
`cucercl J_bslecl* bgc bspaf bgc Ucafqcjugpisle kgr bcl bgcjcirpgqafcl Qrpsirspcl
clrqrcfcl* `ccgldjsqqr, Bgcqc Igcjucjjcldcjbcp ucpbcl gl bgcqcp ?p`cgr slrcpqsafr slb
cpqrk_jq Kcqqslecl tml bspaf Igcjucjjcldcjbcpl gl BJ? Qrpsirspcl tcpspq_afrcl Tcp+
òlbcpslecl bcq Clcpegcqncirpskq b_pecqrcjjr,
Bcq Ucgrcpcl iĂllcl bgc Cddcirc tcpspq_afr bspaf bgc Igcjucjjcldcjbcp xs Glqr_`gjgrò+

rcl gl bcp Rcgjafclbwl_kgi dĈfpcl, Xsp ?l_jwqc kĂejgafcp Glqr_`gjgròrcl ugpb b_q lskc+
pgqafc Qgksj_rgmlqrmmj sk bgc CgldjĈqqc bcp Igcjucjjcldcjbcp cpucgrcpr, B_q cpucgrcprc
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Qgksj_rgmlqrmmj ugpb gk P_fkcl bgcqcp ?p`cgr xsk Tcpejcgaf bcp Rcgjafclbwl_kgi kgr
tcpcgld_afrcl _l_jwrgqafcl Kmbcjjcl tml jmlegrsbgl_jcl slb rp_lqtcpq_jcl Igcjucjjcl+
cddcircl slb Glqr_`gjgròrcl cglecqcrxr, Bgcqc Qrsbgcl cpec`cl ?`qafòrxslecl bcp k_+
vgk_j cppcgaf`_pcl J_bslecl cglcq `cqafjcslgercl Rcgjafcln_icrcq* `ctmp bgc Cddcirc
bcp Igcjucjjcldcjbcp bgc `cqafjcslgeclbcl slb dmisqqgcpclbcl J_qcpdcjbcp Ĉ`cpqrcgecl,
?`qafjgcÓclb ugpb gl bgcqcp ?p`cgr cgl kĂejgafcp Bòkndsleqkcaf_lgqksq npòqclrgcpr*
bcp cq cpkĂejgafcl uĈpbc* bgc J_bsleqepclxcl xs cpfĂfcl,
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Introduction
N_prgajc _aacjcp_rmpq qcptc _q k_afglcq dmp k_lw _nnjga_rgmlq gl qagclac* kcbgaglc _lb
glbsqrpw, Gl _bbgrgml rm k_hmp qagclrgdga qsaacqqcq qsaf _q rfc bgqamtcpw md rfc Fgeeq
`mqml gl 0./0* rfcw _pc* dmp cv_knjc* sqcb _q amfcpclr V+p_w jgefr qmspacq* dmp n_prgajc
rfcp_nw _lb p_bgmgqmrmnc npmbsargml dmp kcbga_j nspnmqcq* _lb _q gml gknj_lrcpq dmp
qckgamlbsarmp bmngle, Gl amltclrgml_j _aacjcp_rmp d_agjgrgcq* rfc _aacjcp_rgml gq sqs_jjw
bmlc `w kcr_jjga a_tgrgcq, Bsc rm rfc cjcarpga_j `pc_ibmul gl qsaf qrpsarspcq gl rfc
npcqclac md fgef cjcarpga dgcjbq* rfc k_vgksk _aacjcp_rgle ep_bgclrq _pc jgkgrcb rm _
p_lec md 10 rm /..KTkĐ/, Rfc bctgacq _pc bpgtcl `w cjcarpmk_elcrga u_tcq gl rfc
p_bgm+dpcosclaw &pd' n_pr md rfc qncarpsk ugrf dpcosclagcq dpmk _ dcu fslbpcb KFx
rm qctcp_j EFx, Rfc bgkclqgmlq md rfcqc a_tgrgcq _pc rfsq md rfc mpbcp md aclrgkcrcpq
rm kcrcpq, Rfcpcdmpc* jglc_p _aacjcp_rmpq `_qcb ml pd rcaflmjmew _pc mdrcl j_pec _lb
cvnclqgtc bsc rm rfc pcosgpcb _aacjcp_rmp jclerf,
? pcbsargml gl qgxc _lb amqrq gq bcqgp_`jc mp ctcl lcacqq_pw rm k_ic dsrspc _nnjga_rgmlq

nmqqg`jc, Rfc srgjgx_rgml md lcu k_rcpg_jq _lb rcaflmjmegcq cl_`jcq _bt_lacb _aacjcp_+
rmp amlacnrq, Mlc md rfcqc amlacnrq gq `_qcb ml bgcjcarpga ep_rgle qrpsarspcq npmacqqcb `w
jgrfmep_nfga rcaflgoscq _lb bpgtcl `w sjrp_+qfmpr nsjqcb j_qcpq* a_jjcb Bgcjcarpga J_qcp
?aacjcp_rmpq &BJ?q'* ufgaf gq glrpmbsacb gl Qca, G,/, Rfgq bgqqcpr_rgml dmasqcq ml rfc
`c_k bwl_kgaq gl qsaf qrpsarspcq _lb glrclqgrw cddcarq* rf_r jgkgr rfc lsk`cp md _aacj+
cp_rcb n_prgajcq ncp qcamlb dmp nmqqg`jc _nnjga_rgmlq, Qcargml G,0 egtcq _ `pgcd mtcptgcu
md rfc bgqqcpr_rgml,

I.1 Dielectric Laser Acceleration

Rfc qgxc md _aacjcp_rmp a_tgrgcq bcnclbq ml rfc u_tcjclerf md rfc bpgtgle cjcarpmk_elcrga
u_tcq, Mlc u_w rm pcbsac rfc bgkclqgmlq md rfc a_tgrgcq rm _ dcu kgapmlq gq rfc sqc md
mnrga_j dpcosclagcq glqrc_b md pd, Rfgq amkcq _jmle ugrf qfmprcp nsjqc jclerfq, @mrf
md rfck rfcmpcrga_jjw glapc_qc rfc `pc_ibmul tmjr_ec* ufgaf cl_`jcq fgefcp ep_bgclrq
_lb _ qfmprcp _aacjcp_rmp jclerf, Fmuctcp* mnrga_j dpcosclagcq jc_b rm fgef nmucp jmqq gl
kcr_jjga a_tgrgcq, Rfsq* qsgr_`jc qs`qrgrsrcq _pc bgcjcarpga k_rcpg_jq ufgaf _pc rp_lqn_pclr
_r rfcqc dpcosclagcq, ?nnpmnpg_rc bgcjcarpgaq _pc dmp cv_knjc qgjgaml _lb _kmpnfmsq
qgjgaml bgmvgbc* _jqm ilmul _q dsqcb qgjga_, Dgespc G,/ qfmuq rfc _`qmpnrgml amcddgagclr
_lb rfc pcdp_argtc glbcv dmp `mrf k_rcpg_jq, Ugrf _ dcu cvacnrgmlq* _`qmpnrgml _r mnrga_j
dpcosclagcq gl rfc qfmul dpcosclaw p_lec gq lcejgeg`jc dmp rfcqc k_rcpg_jq,
Rfc cjcarpmk_elcrga dgcjbq gl rfc qrpsarspcq _pc jgkgrcb `w rfc b_k_ec rfpcqfmjb bc+

nclbgle qgelgdga_lrjw ml rfc nsjqc jclerf md rfc cvnmqgle j_qcp Y/* 0* 1[, ?r nsjqc jclerfq

1
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Figure I.1: Pcdp_argtc glbcv l _lb _`qmpnrgml amcddgagclr i md qgjgaml _lb dsqcb qgjga_, Rfc
b_r_ gq r_icl dpmk Y2[ `_qcb ml Y3* 4[ dmp qgjgaml _lb dpmk Y5[ dmp dsqcb qgjga_
_r pmmk rckncp_rspc,

_`mtc /. nq* rfc npgk_pw `pc_ibmul kcaf_lgqk gq rfcpk_j fc_rgle, Dmp qfmprcp nsjqc
jclerfq* gr af_lecq rm _`j_rgml _lb ksjrgnfmrml gmlgx_rgml, Rfc b_k_ec rfpcqfmjb djs+
clac md dsqcb qgjga_* g,c,* rfc k_vgksk p_bg_lr clcpew ncp slgr _pc_ ugrfmsr b_k_ec* gq
_`msr / H akĐ0 `cjmu 0nq nsjqc jclerf* ufgaf amppcqnmlbq rm ep_bgclrq ml rfc mpbcp md
/ETkĐ/, Rfcqc ep_bgclrq _pc / rm 0 mpbcpq md k_elgrsbc _`mtc rfc ep_bgclrq _afgct+
_`jc gl amltclrgml_j kcr_jjga pd a_tgrgcq, Rfcpcdmpc* rfc _aacjcp_rmp jclerf gq bcapc_qcb
`w / rm 0 mpbcpq md k_elgrsbc rm ecr rfc q_kc `c_k clcpew e_gl, Dmp qgjgaml* rfc b_k_ec
rfpcqfmjb djsclac gq _`msr mlc mpbcp md k_elgrsbc jmucp rf_l dmp dsqcb qgjga_, Fmuctcp*
rfc pcdp_argtc glbcv _lb rfc pcj_rgtc ncpkgrrgtgrw md qgjgaml gq j_pecp &qcc Dge, G,/', Rfsq*
ep_bgclrq gl rfc q_kc mpbcp md k_elgrsbc _q gl dsqcb qgjga_ a_l `c pc_jgxcb,

Ct_lcqaclr u_tcq a_l `c cknjmwcb gl mpbcp rm _aacjcp_rc af_pecb n_prgajcq ugrf qsaf
fgef ep_bgclrq, Amlacnrq sqgle rfc gltcpqc Afcpclimt _lb Qkgrf+Nspacjj cddcarq ucpc
_jpc_bw npmnmqcb gl /740 Y6* 7[, Lctcprfcjcqq* mljw qgelgdga_lr npmepcqq gl rfc bctcjmn+
kclr md jgrfmep_nfga rcaflgoscq gl rfc qckgamlbsarmp npmbsargml gl rfc j_qr bca_bcq
f_tc cl_`jcb bgcjcarpga qrpsarspc d_`pga_rgml ugrf qs`+kgapml npcagqgml, Kmpcmtcp*
sjrp_+qfmpr nsjqcb qmjgb+qr_rc j_qcpq _pc lmu _t_gj_`jc, Rf_r k_icq rfc cvncpgkclr_j
bckmlqrp_rgml md rfc _aacjcp_rgml kcaf_lgqk nmqqg`jc, Ncp_jr_ cr _j, ncpdmpkcb rfc
dgpqr bckmlqrp_rgml md BJ?q dmp pcj_rgtgqrga cjcarpmlq _r QJ?A Y/.[ _lb @pcscp cr _j, dmp
lml+pcj_rgtgqrga cjcarpmlq _r D?S Cpj_lecl+Lspck`cpe Y//[, Dsprfcp glrclqgtc rfcmpcrga_j
_lb cvncpgkclr_j qrsbgcq dmjjmucb, Kmqr md rfck _pc dslbcb `w rfc Empbml _lb @crrw
Kmmpc Dmslb_rgml ugrfgl rfc ?aacjcp_rmp ml _ Afgn Glrcpl_rgml_j Npmep_k &?AFGN', Rfc
qrsbgcq dmp rfgq bgqqcpr_rgml ucpc _jqm amlbsarcb gl amspqc md rfc ?AFGN amjj_`mp_rgml,

Dgespc G,0 bcqapg`cq rfc `_qga bcqgel md _ bgcjcarpga j_qcp _aacjcp_rgml qrpsarspc8 _l
cjcarpml `c_k n_qqcq rfc bgcjcarpga qrpsarspc ugrf &os_qg+' ncpgmbga dc_rspcq ugrf _ bgq+
r_lac gl rfc p_lec md rfc ct_lcqaclr dgcjbq dpmk rfc qrpsarspc, Rfcqc dgcjbq _pc bpgtcl
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Figure I.2: Bgcjcarpga j_qcp _aacjcp_rgml qrpsarspcq,

`w _ qfmpr+nsjqcb j_qcp npmn_e_rgle ncpnclbgasj_p rm rfc cjcarpml `c_k _lb nmj_pgxcb gl
rfc bgpcargml md rfc cjcarpml `c_k kmrgml, Rm clf_lac rfc _aacjcp_rgle dgcjbq _ qcamlb
qrpsarspc* gl rfc rum pgefr bp_ugleq gl Dge, G,0 _ qcamlb pmu md ngjj_pq* gq _bbcb ml rfc
mrfcp qgbc md rfc cjcarpml `c_k, Dsprfcpkmpc _ qcamlb j_qcp `c_k mp _ bgcjcarpga @p_ee
kgppmp a_l `c sqcb rm dsprfcp clf_lac _lb qwkkcrpgxc rfc dgcjbq gl rfc qrpsarspc, Rfc
jclerf md mlc ep_rgle ncpgmb gq egtcl `w �z = ��0 ugrf rfc j_qcp u_tcjclerf �0* rfc
tcjmagrw � c0 md rfc cjcarpml `c_k* _lb rfc qnccb md jgefr c0, Gl mpbcp rm _aacjcp_rc _jj
cjcarpmlq md _ n_prgajc bgqrpg`srgml* rfc ugbrf md rfc bgqrpg`srgml bcrcpkglcq rfc pcosgpcb
j_qcp nsjqc jclerf _lb gl mpbcp rm gjjskgl_rc rfc clrgpc bgcjcarpga qrpsarspc* rfc qrpsarspc
jclerf bcrcpkglcq rfc j_qcp qnmr qgxc,

Rfc J_uqml+Ummbu_pb rfcmpck Y/0* /1* /2* /3[ npmfg`grq _ lcr clcpew e_gl md _
n_prgajc glrcp_argle ugrf _ j_qcp dgcjb _qqskcb _q _ nj_lc u_tc gl t_assk, Gl qsaf _
dgcjb* _ n_prgajc e_glq _q ksaf clcpew gl mlc f_jd md rfc mnrga_j awajc _q gr jmqcq _e_gl
gl rfc qcamlb f_jd, Rfc bgcjcarpga qrpsarspc lc_p rfc glrcp_argml pcegml _arq _q _ lc_p
dgcjb qmspac, Rfc ct_lcqaclr dgcjbq dpmk rfc bgcjcarpga qrpsarspc _pc ncpgmbga_jjw kmbs+
j_rcb gl z+bgpcargml bsc rm mnrga_j n_rf bgddcpclacq `cruccl bgddcpclr nmqgrgmlq gl z, Bsc
rm rfc qwlafpmlgx_rgml md rfc ep_rgle ncpgmb jclerf rfc rfc cjcarpml `c_k tcjmagrw* rfc
dgcjb kmbsj_rgml f_q rfc pgefr ncpgmbgagrw _lb _aacjcp_rgml gq nmqqg`jc, Gl mpbcp rm bc+
qapg`c rfc _aacjcp_rgml kcaf_lgqk ugrfgl mlc ep_rgle ncpgmb gl bcr_gj* ql_nqfmrq md rfc
jmlegrsbgl_j cjcarpga dgcjbq _pc njmrrcb gl Dge, G,1, Bspgle rfc dgpqr _lb rfc j_qr os_prcp
md rfc ncpgmb* rfc jmlegrsbgl_j cjcarpga dgcjb _r rfc n_prgajc jma_rgml gq nmqgrgtc pcqsjrgle
gl _ lce_rgtc clcpew e_gl dmp cjcarpmlq _q lce_rgtcjw af_pecb n_prgajcq, Gl rfc qcamlb
_lb rfgpb os_prcp md rfc ncpgmb* rfc jmlegrsbgl_j cjcarpga dgcjb gq lce_rgtc _lb rfc clcpew
e_gl rfcpcdmpc nmqgrgtc, Qglac rfc _`qmjsrc t_jscq md rfc cjcarpga dgcjb gl rfc aclrcp md
rfc ncpgmb `cruccl rfc ngjj_pq &z = 1�m) gq j_pecp rf_l _r rfc `mslb_pgcq md rfc ncpgmb
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Figure I.3: Npglagnjc md _aacjcp_rgml gl _ BJ? ep_rgle ncpgmb8 clcpew e_gl _jmle rfc nc+
pgmb &`mrrmk* pcb asptc' amkn_pcb rm _ jglc_p clcpew e_gl &`jsc asptc' _lb
ql_nqfmrq md rfc jmlegrsbgl_j cjcarpga dgcjb _r dgtc nmglrq gl rgkc _apmqq rfc
ncpgmb &rmn', Rfc bpgtgle j_qcp amkcq dpmk rfc rmn _lb rfc qf_bcb k_rcpg_j
pcegmlq _pc dsqcb qgjga_,

4 Introduction



&z = 0�m'* rfc lcr clcpew e_gl gq nmqgrgtc, Gd uc amlqgbcp _ j_rrgac ugrf k_lw BJ?
ep_rgle ncpgmbq* rfc clcpew bctg_rgml dpmk _ jglc_pgxcb clcpew e_gl ugrfgl mlc ncpgmb gq
lcejgeg`jc amkn_pcb rm rfc clcpew e_gl _jmle rfc clrgpc j_rrgac, Rfc apsag_j t_pg_`jc gq
rfsq rfc _tcp_ec ep_bgclr glqrc_b md rfc cv_ar asptc md rfc clcpew e_gl ugrfgl mlc ncpgmb
&qcc rfc `jsc asptc gl rfc `mrrmk njmr md Dge, G,1', Rfgq cl_`jcq rfc _nnpm_af rm qrsbw rfc
`c_k bwl_kgaq gl _ j_rrgac `w qglejc+n_prgajc rp_aigle ugrf mljw mlc kmkclrsk af_lec
ncp BJ? ep_rgle ncpgmb, Rfc ql_nqfmrq bcngar _jqm rfc dslargml md rfc @p_ee kgppmp rm
qwkkcrpgxc rfc dgcjbq gl rfc e_n `cruccl rfc ngjj_pq, Rfc dgcjb qmspac dmp rfc qgksj_rgml
gq _ nj_lc u_tc ugrf /ETkĐ/ dpmk rfc rmn, Rfc u_tc gq _jkmqr amknjcrcjw pcdjcarcb
_r rfc @p_ee j_wcpq* ufcpc_q rfc bgqr_lac `cruccl rfc ngjj_pq _lb rfc dgpqr @p_ee j_wcp gq
afmqcl qsaf rf_r rfc aclrcp md rfc e_n gq _ nj_lc md qwkkcrpw dmp rfc pcqsjrgle dgcjb _lb
rfc d_p+dgcjb u_tc ml rmn md rfc qrpsarspc f_q _l _jkmqr bms`jcb nc_i dgcjb,

Rfc dgpqr bckmlqrp_rgml md BJ?q _r QJ?A pcnmprcb _ ep_bgclr md kmpc rf_l 03.KTkĐ/

gl _ dsqcb qgjga_ pcar_lesj_p bms`jc ep_rgle bpgtcl `w qglejc qgbc gjjskgl_rgml ugrf _
6..lk Rg8q_nnfgpc j_qcp Y/.[, Gl rfc q_kc qcrsn* rfc j_qcp nsjqc bsp_rgml u_q j_rcp
qfmprclcb rm �= 90 fs DUFK _lb rfc ep_bgclr glapc_qcb rm 47.KTkĐ/ Y/4[, Rfc asp+
pclr pcampb ep_bgclr md 63.KTkĐ/ u_q pc_afcb _r SAJ? gl rfc q_kc ep_rgle qrpsarspc
`sr ugrf �= 45 fs DUFK j_qcp nsjqc bsp_rgml _lb qgelgdga_lrjw clf_lacb glagbclr cjca+
rpga nc_i dgcjb Y/5[, Gl rfgq cvncpgkclr* lmljglc_p cddcarq gl rfc bgcjcarpga k_rcpg_jq jgic
rfc Icpp nf_qc qfgdr ucpc m`qcptcb dmp rfc dgpqr rgkc, Bsc rm rfcqc cddcarq* rfc mpgegl_jjw
cvncarcb ep_bgclr md /,6ETkĐ/ u_q pcbsacb qgelgdga_lrjw, Gl mpbcp rm glapc_qc lmr mljw
rfc ep_bgclr `sr _jqm rfc _`qmjsrc clcpew e_gl* rfc glrcp_argml jclerf f_q rm `c cvrclbcb,
Rfcpcdmpc* rfc nsjqc dpmlr rgjr rcaflgosc u_q _nnjgcb _lb _l glrcp_argml jclerf 50 rgkcq
j_pecp rf_l rfc j_qcp nsjqc bsp_rgml u_q bckmlqrp_rcb Y/6[, ? nsjqc dpmlr rgjr kc_lq rf_r
rfc _ppgt_j rgkc md _ j_qcp nsjqc t_pgcq _apmqq rfc rp_lqtcpqc `c_k npmdgjc &qcc Dge, G,2',

θPFT

ve = β c0

vL = c0

Figure I.4: J_wmsr md rfc BJ? glrcp_argml `cruccl _l cjcarpml npmn_e_rgle dpmk pgefr rm
jcdr ugrf tcjmagrw ve = � c0 _lb _ nsjqc+dpmlr+rgjrcb j_qcp `c_k npmn_e_rgle
dpmk rmn rm `mrrmk, Rfc rgjr _lejc gq egtcl `w �PFT = arctan��1,
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Gl rfc qs`+pcj_rgtgqrga pcegkc* rfc dgpqr bckmlqrp_rgml md _aacjcp_rgml gl _ BJ? qrpsarspc
u_q bmlc ugrf 05,5 icT cjcarpmlq _lb _ qglejc qgbcb dsqcb qgjga_ pcar_lesj_p ep_rgle ugrf
_ k_vgksk _aacjcp_rgle ep_bgclr md 03KTkĐ/ _r rfc 1pb f_pkmlga Y//* /7[, Rfc ep_+
bgclr u_q j_rcp glapc_qcb rm 15.KTkĐ/ Y0.[, Jccbjc cr _j, bckmlqrp_rcb _aacjcp_rgml
_lb bcdjcargml bcnclbgle ml rfc nf_qc bgddcpclac `cruccl rum cvagr_rgml j_qcpq Y0/[,
@_qcb ml rfgq qcrsn* @j_ai cr _j, pcnmprcb ml BJ? qrpsarspcq sqcb _q dmasqgle cjcarpml
jclq Y00[ _lb dmp `slafgle Y01* 02[, Rfc d_`pga_rgml md _ qrpsarspc ugrf @p_ee kgp+
pmp _lb rfc _aacjcp_rgml md qs`+pcj_rgtgqrga cjcarpmlq gl rfgq qrpsarspc u_q bckmlqrp_rcb
`w Wmsqcdg cr _j, gl mpbcp rm bm lmr lccb rfc qcamlb bpgtgle j_qcp Y03[, Dpcc qn_ac
amsnjgle md rfc j_qcp `c_k glrm rfc BJ? qrpsarspc u_q amknjcrcjw _tmgbcb gl rfc dgpqr
u_tcesgbc+glrcep_rcb BJ?* ufgaf u_q bckmlqrp_rcb `w Q_np_ cr _j, Y04[,
Rfcmpcrga_j qrsbgcq ml BJ?q ucpc qr_prcb n_p_jjcj rm rfc dgpqr cvncpgkclr_j bckml+

qrp_rgmlq Y05[, Bcqgel _lb mnrgkgx_rgml md BJ? qrpsarspcq Y06* 07* 1.[ jc_b rm `c_k
bwl_kgaq qrsbgcq Y1/[ _lb rfc rfcmpcrga_j bckmlqrp_rgml md _ qafckc dmp `c_k amldglc+
kclr Y10[ gl BJ? qrpsarspcq md _p`grp_pw jclerf,
Pcj_rgtgqrga BJ? cvncpgkclrq _pc nj_llcb mp _jpc_bw ncpdmpkcb _r amltclrgml_j _a+

acjcp_rmp d_agjgrgcq qsaf _q QugqqDCJ _r rfc N_sj Qafcppcp Glqrgrsrc &NQG' Y11* 12[ _lb
QGL@?B _r BCQW Y13* 14[, Gl rfcqc _aacjcp_rmp j_rrgacq* gr gq nmqqg`jc rm dmasq _jj n_prg+
ajcq md rfc `c_k rm rfc qgxc md rfc e_n md _ BJ? qrpsarspc gl rfc kgapmkcrcp p_lec, Rfgq
jc_bq rm glrclqgrw cddcarq bgqrsp`gle rfc clcpew _lb `slaf bgqrpg`srgml, Gl _ qgkgj_p u_w*
glrclqgrw cddcarq _jqm jgkgr nmqqg`jc _nnjga_rgmlq md BJ?q `ca_sqc _ fgef `c_k asppclr gq
apsag_j dmp rfc qsaacqq md rfc n_prgasj_p _nnjga_rgml, Dmp cv_knjc* rfc `c_k asppclr gq
sqcb rm bcrcpkglc rfc jskglmqgrw* ufgaf gq rfc p_rgm md rfc lsk`cp md ctclrq ncp qcamlb
bcrcarcb gl _l cvncpgkclr rm rfc glrcp_argml apmqq+qcargml,
Rfc glrclqgrw cddcarq gl pcj_rgtgqrga BJ?q _pc k_gljw a_sqcb `w u_ic dgcjbq apc_rcb

`w rfc glrcp_argml md rfc n_prgajc ugrf rfc qsppmslbgleq, Dgpqr qrsbgcq md jmlegrsbgl_j
glrclqgrw cddcarq ucpc _jpc_bw bmlc `w Qafòafrcp cr _j, gl 0..1 Y15[ _lb F_lsi_ cr
_j, Y16* 17* 2.[, Rfcqc qrsbgcq _pc `_qcb ml _xgksrf_jjw qwkkcrpga bgcjcarpga+jm_bcb
u_tcesgbc _q qgknjgdgcb kmbcj dmp BJ? qrpsarspcq, Fmuctcp* gr gq rm `c cvncarcb rf_r
rfc u_ic dgcjbq md cvncpgkclr_jjw rcqrcb BJ? qrpsarspcq bgddcp qrpmlejw dpmk rfcqc kmb+
cjq, Dsprfcpkmpc* glqr_`gjgrgcq bsc rm rp_lqtcpqc u_ic dgcjbq amsjb jc_b rm n_prgajc jmqq
ksaf c_pjgcp rf_l jmlegrsbgl_j cddcarq, Rfcpcdmpc* cqrgk_rgle rfc k_vgksk nmqqg`jc
`c_k asppclr dmp dsrspc _nnjga_rgmlq md BJ?q pcosgpcq glrclqc u_ic dgcjb qrsbgcq md pc_j
BJ? qrpsarspcq glajsbgle jmlegrsbgl_j _lb rp_lqtcpqc cddcarq _lb rfc pcqsjrgle `c_k bw+
l_kgaq,

I.2 Overview

Rfc rfcqgq gq mpe_lgxcb _q dmjjmuq8 Af_nrcp / bgqasqqcq rfc dslb_kclr_jq md _aacjcp_rmp
nfwqgaq qr_prgle ugrf K_vucjj%q cos_rgmlq* dmjjmucb `w rfc `_qga amlacnrq md n_prgajc
`c_k bwl_kgaq _lb u_ic dgcjbq,
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�B�O�E� = j ~v j =c0 �B�S�F �U�I�F �S�F�M�B�U�J�W�J�T�U�J�D �G�B�D�U�P�S�T �B�O�Emp �J�T �U�I�F �N�B�T�T �P�G

�U�I�F �Q�B�S�U�J�D�M�F�� �$�P�N�C�J�O�J�O�H �&�R�T�������� �B�O�E�������
 �U�I�F �N�P�U�J�P�O �P�G �B �Q�B�S�U�J�D�M�F �J�O �B�O �F�M�F�D�U�S�P�N�B�H�O�F�U�J�D
�G�J�F�M�E �D�B�O �C�F �B�O�B�M�Z�[�F�E��

���� �� �)�X�Q�G�D�P�H�Q�W�D�O�V



������ �3�D�U�W�L�F�O�H �%�H�D�P �'�\�Q�D�P�L�F�V

�5�I�F �Q�P�T�J�U�J�P�O �B�O�E �N�P�U�J�P�O �P�G �B �Q�B�S�U�J�D�M�F �J�O �B �Q�B�S�U�J�D�M�F �B�D�D�F�M�F�S�B�U�P�S �J�T �V�T�V�B�M�M�Z �E�F�T�D�S�J�C�F�E �J�O �B �D�P��
�N�P�W�J�O�H �D�P�P�S�E�J�O�B�U�F �T�Z�T�U�F�N �X�J�U�I �S�F�T�Q�F�D�U �U�P �B �S�F�G�F�S�F�O�D�F �P�S �T�Z�O�D�I�S�P�O�P�V�T �Q�B�S�U�J�D�M�F�� �*�U�T �J�E�F�B�M
�U�S�B�K�F�D�U�P�S�Z�
 �X�I�J�D�I �J�T �E�F�U�F�S�N�J�O�F�E �C�Z �U�I�F �E�F�T�J�H�O �P�G �U�I�F �G�P�D�V�T�J�O�H �B�O�E �B�D�D�F�M�F�S�B�U�J�O�H �D�P�N�Q�P��
�O�F�O�U�T�
 �J�T �U�F�S�N�F�E �	�S�F�G�F�S�F�O�D�F�
 �P�S�C�J�U�� �5�I�F �D�P���N�P�W�J�O�H �D�P�P�S�E�J�O�B�U�F �T�Z�T�U�F�N �J�T �B �'�S�F�O�F�U���4�F�S�S�F�U
�G�S�B�N�F �<���� �
���� �> �G�P�M�M�P�X�J�O�H �U�I�F �S�F�G�F�S�F�O�D�F �P�S�C�J�U�
 �J���F���
 �U�I�F �S�F�G�F�S�F�O�D�F �Q�B�S�U�J�D�M�F �J�T �Q�M�B�D�F�E �J�O �U�I�F
�P�S�J�H�J�O �P�G �U�I�F �D�P���N�P�W�J�O�H �D�P�P�S�E�J�O�B�U�F�T �	�T�F�F �'�J�H���������
�� �*�O �U�I�F �S�F�T�U �G�S�B�N�F�
 �U�I�F �S�F�G�F�S�F�O�D�F �P�S�C�J�U
�J�T �E�F�T�D�S�J�C�F�E �C�Z �U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �D�P�P�S�E�J�O�B�U�Fz�� �*�O �U�I�F �D�P���N�P�W�J�O�H �G�S�B�N�F�
 �U�I�Fs���D�P�P�S�E�J�O�B�U�F

�)�L�J�X�U�H ���������4�L�F�U�D�I �P�G �U�I�F �D�P���N�P�W�J�O�H �'�S�F�O�F�U���4�F�S�S�F�U �D�P�P�S�E�J�O�B�U�F �T�Z�T�U�F�N��

�Q�P�J�O�U�T �J�O �U�I�F �E�J�S�F�D�U�J�P�O �U�B�O�H�F�O�U�J�B�M�M�Z �U�P �U�I�F �S�F�G�F�S�F�O�D�F �P�S�C�J�U�
 �X�I�J�M�F �U�I�Fx���D�P�P�S�E�J�O�B�U�F �J�T �Q�F�S��
�Q�F�O�E�J�D�V�M�B�S �U�P �U�I�F �P�S�C�J�U �J�O �U�I�F �E�J�S�F�D�U�J�P�O �P�G �J�U�T �D�V�S�W�B�U�V�S�F �B�O�E �U�I�Fy���D�P�P�S�E�J�O�B�U�F �D�P�N�Q�M�F�U�F�T
�U�I�F �S�J�H�I�U���I�B�O�E�F�E �D�P�P�S�E�J�O�B�U�F �T�Z�T�U�F�N�� �6�T�V�B�M�M�Z�
 �U�I�Fx���D�P�P�S�E�J�O�B�U�F �J�T �B�S�S�B�O�H�F�E �B�T �U�I�F �I�P�S�J��
�[�P�O�U�B�M �E�J�S�F�D�U�J�P�O�
 �F�W�F�O �J�G �U�I�F �D�V�S�W�B�U�V�S�F �P�G �U�I�F �S�F�G�F�S�F�O�D�F �P�S�C�J�U �J�T �[�F�S�P�� �"�O �B�S�C�J�U�S�B�S�Z �Q�B�S�U�J�D�M�F
�D�B�O �C�F �E�F�T�D�S�J�C�F�E �C�Z �B �T�J�Y���E�J�N�F�O�T�J�P�O�B�M �Q�I�B�T�F �T�Q�B�D�F �W�F�D�U�P�S

~r �Q(z) =

0

B
B
B
B
B
@

x
x0

y
y0

s
�

1

C
C
C
C
C
A

, �	�������


�X�I�F�S�Fx0 = d x=dz �B�O�Ey0 = d y=dz �B�S�F �U�I�F �E�F�S�J�W�B�U�J�W�F�T �P�G �U�I�F �U�S�B�O�T�W�F�S�T�F �D�P�P�S�E�J�O�B�U�F�T
�X�J�U�I �S�F�T�Q�F�D�U �U�Pz�� �5�I�F �S�F�M�B�U�J�W�F �N�P�N�F�O�U�V�N �E�F�W�J�B�U�J�P�O �J�T �H�J�W�F�O �C�Z� = ( p � p0)=p0 �X�J�U�I
�U�I�F �N�P�N�F�O�U�Bp �B�O�Ep0 �P�G �U�I�F �Q�B�S�U�J�D�M�F �B�O�E �U�I�F �S�F�G�F�S�F�O�D�F �Q�B�S�U�J�D�M�F�
 �S�F�T�Q�F�D�U�J�W�F�M�Z��

�*�O �B�O �B�D�D�F�M�F�S�B�U�P�S �M�B�U�U�J�D�F�
 �U�I�F �D�I�B�O�H�F �P�G �U�I�F �Q�I�B�T�F �T�Q�B�D�F �W�F�D�U�P�S �D�B�O �C�F �E�F�T�D�S�J�C�F�E �C�Z �B
�G�V�O�D�U�J�P�O�
 �X�I�J�D�I �E�F�Q�F�O�E�T �P�O �U�I�F �J�O�J�U�J�B�M �Q�I�B�T�F �T�Q�B�D�F �W�F�D�U�P�S �B�O�E �U�I�F �F�W�P�M�V�U�J�P�O �P�G �U�I�F �S�F�G�F�S��
�F�O�D�F �Q�B�S�U�J�D�M�F�� �*�O �B �M�J�O�F�B�S �M�B�U�U�J�D�F�
 �U�I�J�T �G�V�O�D�U�J�P�O �T�J�N�Q�M�J�G�J�F�T �U�P �B �M�J�O�F�B�S �N�B�U�S�J�Y �N�V�M�U�J�Q�M�J�D�B�U�J�P�O

������ �3�D�U�W�L�F�O�H �%�H�D�P �'�\�Q�D�P�L�F�V ����



~r �Q�
�G= M�J�G~r �Q�
�J�
 �X�I�F�S�F �U�I�F �J�O�E�J�D�F�T �J �B�O�E �G �J�O�E�J�D�B�U�F �U�I�F �J�O�J�U�J�B�M �B�O�E �G�J�O�B�M �Q�I�B�T�F �T�Q�B�D�F �W�F�D�U�P�S�T�

�S�F�T�Q�F�D�U�J�W�F�M�Z�� �*�G �U�I�F �Q�I�B�T�F �T�Q�B�D�F �Q�M�B�O�F�T �B�S�F �V�O�D�P�V�Q�M�F�E�
 �U�I�F �U�S�B�O�T�G�F�S �N�B�U�S�J�YM�J�G�J�T �C�M�P�D�L��
�E�J�B�H�P�O�B�M �B�O�E �F�B�D�I �Q�M�B�O�F �D�B�O �C�F �U�S�F�B�U�F�E �T�F�Q�B�S�B�U�F�M�Z �B�T �B �U�X�P���E�J�N�F�O�T�J�P�O�B�M �Q�I�B�T�F �T�Q�B�D�F
�W�F�D�U�P�S �B�O�E �B ���Y�� �U�S�B�O�T�G�F�S �N�B�U�S�J�Y�� �5�S�B�O�T�G�F�S �N�B�U�S�J�D�F�T �G�P�S �T�U�B�O�E�B�S�E �C�F�B�N �P�Q�U�J�D�T �F�M�F�N�F�O�U�T
�D�B�O�
 �G�P�S �F�Y�B�N�Q�M�F�
 �C�F �G�P�V�O�E �J�O �<���� �
 �D�I�� �*�*�����>��

�*�O �B �D�P�O�W�F�O�U�J�P�O�B�M �B�D�D�F�M�F�S�B�U�P�S�
 �U�I�F �Q�B�S�U�J�D�M�F�T �B�S�F �D�P�O�G�J�O�F�E �C�Z �R�V�B�E�S�V�Q�P�M�F �N�B�H�O�F�U�T�
 �X�I�J�D�I
�B�S�F �G�P�D�V�T�J�O�H �J�O �P�O�F �U�S�B�O�T�W�F�S�T�F �Q�M�B�O�F �B�O�E �E�F�G�P�D�V�T�J�O�H �J�O �U�I�F �P�U�I�F�S �Q�M�B�O�F�� �" �D�P�N�C�J�O�B�U�J�P�O �P�G
�B �G�P�D�V�T�J�O�H �B�O�E �B �E�F�G�P�D�V�T�J�O�H �R�V�B�E�S�V�Q�P�M�F �N�B�H�O�F�U �X�J�U�I �E�S�J�G�U �T�F�D�U�J�P�O�T �J�O �C�F�U�X�F�F�O �Q�S�P�W�J�E�F�T
�O�F�U �G�P�D�V�T�J�O�H �B�O�E �U�I�V�T �T�U�B�C�M�F �C�F�B�N �U�S�B�O�T�Q�P�S�U �	�B �T�P���D�B�M�M�F�E �'�0�%�0 �M�B�U�U�J�D�F�
�� �5�I�F �G�P�D�V�T�J�O�H
�T�U�S�F�O�H�U�I �P�G �T�V�D�I �B �R�V�B�E�S�V�Q�P�M�F �N�B�H�O�F�U �J�T �E�F�G�J�O�F�E �C�ZK = qB0=(p0a)�
 �X�I�F�S�FB0 �J�T �U�I�F
�N�B�H�O�F�U�J�D �G�J�F�M�E �T�U�S�F�O�H�U�I �P�O �U�I�F �I�Z�Q�F�S�C�P�M�J�D �Q�P�M�F �X�J�U�I �B �E�J�T�U�B�O�D�Fa �U�P �U�I�F �C�F�B�N �B�Y�J�T �B�O�E
q �J�T �U�I�F �F�M�F�D�U�S�J�D �D�I�B�S�H�F �P�G �U�I�F �Q�B�S�U�J�D�M�F �X�J�U�I �N�P�N�F�O�U�V�Np0�� �$�P�O�T�J�E�F�S�J�O�H �B �Q�B�S�U�J�D�M�F �J�O �U�I�F
�D�P���N�P�W�J�O�H �D�P�P�S�E�J�O�B�U�F �T�Z�T�U�F�N �N�P�W�J�O�H �J�O �B �Q�F�S�J�P�E�J�D �N�B�H�O�F�U�J�D �R�V�B�E�S�V�Q�P�M�F �G�J�F�M�E �P�G �B �'�0�%�0
�M�B�U�U�J�D�F�
 �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �F�R�V�B�U�J�P�O �P�G �U�S�B�O�T�W�F�S�T�F �N�P�U�J�P�O �J�T �H�J�W�F�O �C�Z �)�J�M�M���T �F�R�V�B�U�J�P�O

u00+ K (z) u = 0, �	�������


�X�I�F�S�FK (z) �J�T �Q�F�S�J�P�E�J�D �X�J�U�I �U�I�F �Q�F�S�J�P�E �M�F�O�H�U�IL�
 �J���F���
K (z) = K (z + L)�
 �B�O�Eu �J�T �P�O�F �P�G �U�I�F
�U�S�B�O�T�W�F�S�T�F �D�P�P�S�E�J�O�B�U�F�Tx �P�Sy�� �5�I�F �T�F�D�P�O�E���P�S�E�F�S �M�J�O�F�B�S �P�S�E�J�O�B�S�Z �E�J�G�G�F�S�F�O�U�J�B�M �F�R�V�B�U�J�P�O �J�T
�O�B�N�F�E �B�G�U�F�S �U�I�F �B�T�U�S�P�O�P�N�F�S �(�F�P�S�H�F �8�J�M�M�J�B�N �)�J�M�M�
 �X�I�P �J�O�U�S�P�E�V�D�F�E �J�U �J�O �������� �<���� �>�� �5�I�F�S�F
�B�S�F �U�X�P �J�O�E�F�Q�F�O�E�F�O�U �T�P�M�V�U�J�P�O�T �P�G �U�I�J�T �E�J�G�G�F�S�F�O�U�J�B�M �F�R�V�B�U�J�P�O �P�G �U�I�F �G�P�S�N

u1 (z) = w(z) exp(i � z=L) �	�������B�


u2 (z) = w� (z) exp(� i � z=L), �	�������C�


�X�I�F�S�F �U�I�F �G�V�O�D�U�J�P�Ow(z) �J�T �V�O�J�R�V�F �B�O�E �Q�F�S�J�P�E�J�D �J�Oz �X�J�U�I �Q�F�S�J�P�EL�
w� (z) �J�T �U�I�F �D�P�N�Q�M�F�Y
�D�P�O�K�V�H�B�U�F �U�Pw(z)�
 �B�O�E� �J�T �E�F�G�J�O�F�E �C�Z

cos(� ) =
1
2

�5�S
�
M�J�G,u (z + Ljz)

�
�	�������


�X�J�U�I �U�I�F �U�X�P���E�J�N�F�O�T�J�P�O�B�M �U�S�B�O�T�G�F�S �N�B�U�S�J�YM�J�G,u�� �5�I�F �U�S�B�D�F �P�G �U�I�F �U�S�B�O�G�F�S �N�B�U�S�J�Y �B�O�E �U�I�V�T
�U�I�F �D�P�F�G�G�J�D�J�F�O�U� �J�T �J�O�E�F�Q�F�O�E�F�O�U �P�Gz�� �/�P�U�F �U�I�B�U �U�I�F �T�P�M�V�U�J�P�O �S�F�N�B�J�O�T �Q�F�S�J�P�E�J�D �B�O�E �G�J�O�J�U�F
�G�P�S

�5�S
�
M�J�G,u (z + Ljz)

�
< 2, �	���������


�X�I�J�D�I �Q�S�P�W�J�E�F�T �B �T�U�B�C�J�M�J�U�Z �D�S�J�U�F�S�J�P�O �G�P�S �C�F�B�N �D�P�O�G�J�O�F�N�F�O�U��

�5�I�F �Q�B�S�U�J�D�M�F �J�O �B �'�0�%�0 �M�B�U�U�J�D�F �N�P�W�F�T �B�M�P�O�H �B�O �F�M�M�J�Q�T�F �J�O �Q�I�B�T�F �T�Q�B�D�F �X�I�P�T�F �B�S�F�B �J�T
�� u �X�J�U�I �U�I�F �T�J�O�H�M�F �Q�B�S�U�J�D�M�F �F�N�J�U�U�B�O�D�F� u �B�O�E �X�I�P�T�F �P�S�J�F�O�U�B�U�J�P�O �J�T �E�F�T�D�S�J�C�F�E �C�Z �U�I�F
�5�X�J�T�T �P�S �$�P�V�S�B�O�U �4�O�Z�E�F�S �Q�B�S�B�N�F�U�F�S�T�̂ u�
 �̂ u�
 �B�O�E
̂ u �<���� �> �	�T�F�F �'�J�H���������
�� �" �T�P�M�V�U�J�P�O

���� �� �)�X�Q�G�D�P�H�Q�W�D�O�V



�)�L�J�X�U�H ���������1�I�B�T�F �T�Q�B�D�F �F�M�M�J�Q�T�F �X�J�U�I �$�P�V�S�B�O�U �4�O�Z�E�F�S �Q�B�S�B�N�F�U�F�S�T��

�P�G �)�J�M�M���T �F�R�V�B�U�J�P�O������ �G�P�S�N�V�M�B�U�F�E �X�J�U�I �5�X�J�T�T �Q�B�S�B�N�F�U�F�S�T �D�B�O �C�F �X�S�J�U�U�F�O �B�T �U�S�B�O�T�W�F�S�T�F
�C�F�U�B�U�S�P�O �N�P�U�J�P�O �<���� �>

u (z) =
q

� u �̂ u (z) cos( u (z) �  u (z0)), �	���������


�X�I�J�D�I �J�T �F�R�V�J�W�B�M�F�O�U �U�P �B �M�J�O�F�B�S �T�V�Q�F�S�Q�P�T�J�U�J�P�O �P�G �U�I�F �T�P�M�V�U�J�P�O�T �J�O �&�R�������� �X�J�U�Iwu =
q

� u �̂ u��
�*�O�T�F�S�U�J�O�H �&�R���������� �J�O�U�P �&�R�������� �B�O�E �F�R�V�B�U�J�O�H �D�P�F�G�G�J�D�J�F�O�U�T �P�G �D�P�T�J�O�F �B�O�E �T�J�O�F �P�O �F�J�U�I�F�S �T�J�E�F
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�E�J�U�J�P�O �U�P �U�I�F �D�I�B�O�H�F �C�Z �B�O �F�Y�U�F�S�O�B�M �Q�P�U�F�O�U�J�B�M�� �5�I�J�T �M�F�B�E�T �U�P �B �T�P���D�B�M�M�F�E �Q�P�U�F�O�U�J�B�M �X�F�M�M
�E�J�T�U�P�S�U�J�P�O�
 �X�I�J�D�I �E�F�Q�F�O�E�T �P�O �U�I�F �X�B�L�F �G�J�F�M�E �B�O�E�
 �U�I�V�T�
 �P�O �U�I�F �C�V�O�D�I �T�I�B�Q�F �B�O�E �D�I�B�S�H�F��
�5�I�F �U�P�U�B�M �F�O�F�S�H�Z �M�P�T�T �P�G �B �C�V�O�D�I �C�Z �U�I�F �X�B�L�F �G�J�F�M�E �J�T �H�J�W�F�O �C�Z� E = q2

�C�V�O�D�Ik�M�P�T�T�X�J�U�I �U�I�F
�M�P�T�T �G�B�D�U�P�S

k�M�P�T�T=

Z 1

�1

� (s) Wjj (s) ds. �	���������


�*�O �U�I�F �B�D�D�F�M�F�S�B�U�J�O�H �Q�P�U�F�O�U�J�B�M�
 �U�I�F �F�O�F�S�H�Z �H�B�J�O �P�G �B �C�V�O�D�I �E�F�Q�F�O�E�T�
 �I�P�X�F�W�F�S�
 �M�J�O�F�B�S�M�Z �P�O
�U�I�F �C�V�O�D�I �D�I�B�S�H�F�� �5�I�F�S�F�G�P�S�F�
 �U�I�F�S�F �J�T �B �C�V�O�D�I �J�O�U�F�O�T�J�U�Z �B�U �X�I�J�D�I �F�O�F�S�H�Z �M�P�T�T �C�Z �U�I�F
�X�B�L�F �G�J�F�M�E �B�O�E �F�O�F�S�H�Z �H�B�J�O �C�Z �U�I�F �F�Y�U�F�S�O�B�M �G�J�F�M�E �B�S�F �F�R�V�B�M�� �"�U �U�I�J�T �J�O�U�F�O�T�J�U�Z �B�O�E �B�C�P�W�F
�B�D�D�F�M�F�S�B�U�J�P�O �P�G �U�I�F �C�V�O�D�I �J�T �O�P�U �Q�P�T�T�J�C�M�F�� �5�I�J�T �E�F�G�J�O�F�T �U�I�F �C�F�B�N �M�P�B�E�J�O�H �C�V�O�D�I �J�O�U�F�O�T�J�U�Z
�M�J�N�J�U �<���� �>��

�5�I�F �G�V�O�E�B�N�F�O�U�B�M �U�I�F�P�S�F�N �P�G �C�F�B�N �M�P�B�E�J�O�H �T�U�B�U�F�T �U�I�B�U �B �Q�P�J�O�U���M�J�L�F �Q�B�S�U�J�D�M�F �T�F�F�T �P�O�F��
�I�B�M�G �P�G �J�U�T �U�S�B�O�T�J�F�O�U �C�F�B�N���M�P�B�E�J�O�H �W�P�M�U�B�H�F�
 �X�I�F�O �J�U �D�S�P�T�T�F�T �B �D�B�W�J�U�Z�� �5�I�J�T �D�B�O �C�F �Q�S�P�W�F�O �C�Z
�F�O�F�S�H�Z �D�P�O�T�F�S�W�B�U�J�P�O �J�G �U�X�P �Q�B�S�U�J�D�M�F�T �Q�B�T�T �U�I�F �D�B�W�J�U�Z �X�J�U�I �B �E�J�T�U�B�O�D�F �P�G �I�B�M�G �U�I�F �P�T�D�J�M�M�B�U�J�P�O
�Q�F�S�J�P�E �J�O �U�I�F �D�B�W�J�U�Z �P�S �J�G �U�I�F �G�J�S�T�U �Q�B�S�U�J�D�M�F �Q�B�T�T�F�T �U�I�F �D�B�W�J�U�Z �B�H�B�J�O �X�I�F�O �U�I�F �D�B�W�J�U�Z �Q�I�B�T�F
�I�B�T �D�I�B�O�H�F�E �C�Z �B�O �B�S�C�J�U�S�B�S�Z �B�O�H�M�F �	�T�F�F �G�P�S �F�Y�B�N�Q�M�F �<���� �
���� �
���� �>�
�� �5�I�F �U�I�F�P�S�F�N �J�N�Q�M�J�F�T
�U�I�B�U �U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �X�B�L�F �G�V�O�D�U�J�P�O �E�P�F�T �O�P�U �W�B�O�J�T�I �J�O �U�I�F �M�J�N�J�Us ! 0��

�)�P�X�F�W�F�S�
 �U�I�F �U�S�B�O�T�W�F�S�T�F �X�B�L�F �G�V�O�D�U�J�P�O �G�P�S �B �Q�P�J�O�U���M�J�O�F �Q�B�S�U�J�D�M�F �J�O �U�I�F �M�J�N�J�Us ! 0 �J�T
�[�F�S�P�� �5�I�J�T �N�F�B�O�T �U�I�B�U �U�I�F �U�S�B�O�T�W�F�S�T�F �X�B�L�F �E�P�F�T �O�P�U �B�D�U �P�O �U�I�F �H�F�O�F�S�B�U�J�O�H �Q�B�S�U�J�D�M�F�� �*�U
�P�O�M�Z �M�F�B�E�T �U�P �B �E�F�G�M�F�D�U�J�P�O �P�G �T�V�C�T�F�R�V�F�O�U �Q�B�S�U�J�D�M�F�T�� �.�P�S�F�P�W�F�S�
 �B �C�V�O�D�I �E�J�T�U�S�J�C�V�U�J�P�O �J�T �O�P�U
�E�F�G�M�F�D�U�F�E �B�T �B �X�I�P�M�F �C�V�U �P�O�M�Z �U�I�F �I�F�B�E �P�G �U�I�F �C�V�O�D�I �E�F�G�M�F�D�U�T �U�I�F �U�B�J�M��

���� �� �)�X�Q�G�D�P�H�Q�W�D�O�V



�*�G �U�I�F �X�B�L�F �G�V�O�D�U�J�P�O �J�T �P�O�M�Z �L�O�P�X�O �J�O �P�O�F �Q�M�B�O�F�
 �M�P�O�H�J�U�V�E�J�O�B�M �P�S �U�S�B�O�T�W�F�S�T�F�
 �U�I�F �X�B�L�F
�G�V�O�D�U�J�P�O �J�O �U�I�F �P�U�I�F�S �Q�M�B�O�F �D�B�O �C�F �D�B�M�D�V�M�B�U�F�E �B�O�B�M�Z�U�J�D�B�M�M�Z�� �'�P�S �U�I�J�T�
 �X�F �D�B�O �V�T�F �.�B�Y�X�F�M�M���T
�F�R�V�B�U�J�P�O�������B�U�P �P�C�U�B�J�O~ez � @~B=@t = @~E? =@z� r ? Ejj �� �5�I�F �Q�B�S�U�J�B�M �E�J�G�G�F�S�F�O�U�J�B�U�J�P�O �P�G �U�I�F
�U�S�B�O�T�W�F�S�T�F �D�P�N�Q�P�O�F�O�U �P�G �&�R���������� �X�J�U�I �S�F�T�Q�F�D�U �U�P �T �V�T�J�O�H@s=@t = v2 �U�I�V�T �Z�J�F�M�E�T �<���� �>
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�5�I�F�S�F�J�O�
 �X�F �I�B�W�F �F�Y�Q�M�J�D�J�U�M�Z �V�T�F�E �U�I�F �S�J�H�J�E �C�F�B�N �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�
 �J���F���
~v2 = v2~ez =
@z=@t = const�� �'�V�S�U�I�F�S�N�P�S�F�
 �X�F �B�T�T�V�N�F �U�I�B�U �U�I�F �G�J�F�M�E�T �W�B�O�J�T�I �G�P�Sz = �1 �� �5�I�V�T�

�U�I�F �G�J�S�T�U �J�O�U�F�H�S�B�M �P�G �&�R�����������E�W�B�O�J�T�I�F�T �B�O�E �U�I�F �T�F�D�P�O�E �J�O�U�F�H�S�B�M �D�B�O �C�F �X�S�J�U�U�F�O �B�T
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�#�Z �D�P�O�W�P�M�V�U�J�P�O�
 �&�R���������� �I�P�M�E�T �B�M�T�P �G�P�S �U�I�F �X�B�L�F �Q�P�U�F�O�U�J�B�M�� �&�R�V�B�U�J�P�O�������� �J�T �P�G�U�F�O �S�F��
�G�F�S�S�F�E �U�P �B�T �1�B�O�P�G�T�L�Z���8�F�O�[�F�M �U�I�F�P�S�F�N�
 �F�W�F�O �U�I�P�V�H�I �1�B�O�P�G�T�L�Z �B�O�E �8�F�O�[�F�M �I�B�W�F �E�F�S�J�W�F�E
�B �S�F�M�B�U�J�P�O�T�I�J�Q �C�F�U�X�F�F�O �M�P�O�H�J�U�V�E�J�O�B�M �B�O�E �U�S�B�O�T�W�F�S�T�F �F�M�F�D�U�S�P�N�B�H�O�F�U�J�D �G�P�S�D�F�T �J�O �B �N�P�S�F
�H�F�O�F�S�B�M �N�B�O�O�F�S �<���� �>��

�)�J�H�I �C�F�B�N �J�O�U�F�O�T�J�U�J�F�T �J�N�Q�M�Z �T�U�S�P�O�H �X�B�L�F �G�J�F�M�E�T�� �5�I�F �B�D�U�J�P�O �P�G �U�I�F�T�F �G�J�F�M�E�T �C�B�D�L �P�O �U�I�F
�C�F�B�N �M�F�B�E�T �U�P �J�O�T�U�B�C�J�M�J�U�J�F�T �B�O�E �U�I�F�S�F�G�P�S�F �M�J�N�J�U�T �U�I�F �Q�P�T�T�J�C�M�F �C�F�B�N �J�O�U�F�O�T�J�U�Z �P�G �B �Q�B�S�U�J�D�M�F
�B�D�D�F�M�F�S�B�U�P�S�� �*�O�U�F�O�T�J�U�Z �F�G�G�F�D�U�T �D�B�V�T�F�E �C�Z �X�B�L�F �G�J�F�M�E�T �D�B�O �C�F �E�J�W�J�E�F�E �J�O�U�P �T�J�O�H�M�F���C�V�O�D�I
�F�G�G�F�D�U�T �C�Z �U�I�F �T�I�P�S�U���S�B�O�H�F �X�B�L�F �G�J�F�M�E �B�O�E �N�V�M�U�J���C�V�O�D�I �F�G�G�F�D�U�T �C�Z �U�I�F �M�P�O�H���S�B�O�H�F �X�B�L�F
�G�J�F�M�E�� �'�P�S �D�P�O�W�F�O�U�J�P�O�B�M �B�D�D�F�M�F�S�B�U�P�S�T �J�O�U�F�O�T�J�U�Z �F�G�G�F�D�U�T �I�B�W�F �B�M�S�F�B�E�Z �C�F�F�O �T�U�V�E�J�F�E �J�O �H�S�F�B�U
�E�F�U�B�J�M�
 �C�P�U�I �U�I�F�P�S�F�U�J�D�B�M�M�Z �B�O�E �F�Y�Q�F�S�J�N�F�O�U�B�M�M�Z�� �*�O�U�F�O�T�J�U�Z �F�G�G�F�D�U�T �J�O �%�-�" �T�U�S�V�D�U�V�S�F�T �I�B�W�F
�O�P�U �Z�F�U �C�F�F�O �B�O�B�M�Z�[�F�E �J�O �E�F�U�B�J�M�
 �B�O�E �U�I�J�T �U�I�F�T�J�T �Q�S�P�W�J�E�F�T �B �G�J�S�T�U �U�I�F�P�S�F�U�J�D�B�M �J�O�W�F�T�U�J�H�B�U�J�P�O
�P�G �J�O�U�F�O�T�J�U�Z �M�J�N�J�U�T �E�V�F �U�P �X�B�L�F �G�J�F�M�E�T��
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�� �6�L�Q�J�O�H �3�D�U�W�L�F�O�H �'�\�Q�D�P�L�F�V �L�Q �'�L�H�O�H�F�W�U�L�F
�/�D�V�H�U �$�F�F�H�O�H�U�D�W�R�U �6�W�U�X�F�W�X�U�H�V

�5�I�F �D�P�N�Q�M�F�Y �Q�B�S�U�J�D�M�F �E�Z�O�B�N�J�D�T �J�O �U�I�F �F�W�B�O�F�T�D�F�O�U �G�J�F�M�E�T �P�G �%�J�F�M�F�D�U�S�J�D �-�B�T�F�S �"�D�D�F�M�F�S�B�U�P�S
�	�%�-�"�
 �T�U�S�V�D�U�V�S�F�T �S�F�Q�S�F�T�F�O�U �B �N�B�K�P�S �D�I�B�M�M�F�O�H�F �G�P�S �U�I�F �B�O�B�M�Z�T�J�T �B�O�E �U�I�F �E�F�T�J�H�O �P�G �B�O �B�D��
�D�F�M�F�S�B�U�P�S �M�B�U�U�J�D�F �C�B�T�F�E �P�O �%�-�" �T�U�S�V�D�U�V�S�F�T�� �5�I�F �T�J�O�H�M�F �Q�B�S�U�J�D�M�F �E�Z�O�B�N�J�D�T �J�O �D�P�O�W�F�O�U�J�P�O�B�M
�B�D�D�F�M�F�S�B�U�P�S�T �I�B�W�F �C�F�F�O �T�U�V�E�J�F�E �G�P�S �E�F�D�B�E�F�T�� �5�I�F �T�U�V�E�J�F�T �Q�S�F�T�F�O�U�F�E �J�O �U�I�J�T �U�I�F�T�J�T �B�S�F
�C�B�T�F�E �P�O �U�I�F �O�P�U�B�U�J�P�O �J�O�U�S�P�E�V�D�F�E �J�O �U�I�F �D�P�O�U�F�Y�U �P�G �D�P�O�W�F�O�U�J�P�O�B�M �B�D�D�F�M�F�S�B�U�P�S�T �U�P �C�F�O�F�G�J�U
�G�S�P�N �D�P�O�W�F�O�U�J�P�O�B�M �B�D�D�F�M�F�S�B�U�P�S �M�J�U�F�S�B�U�V�S�F�� �*�O �4�F�D���������
 �F�O�F�S�H�Z �H�B�J�O �B�O�E �U�S�B�O�T�W�F�S�T�F �G�P�S�D�F�T
�J�O �%�-�" �H�S�B�U�J�O�H �Q�F�S�J�P�E�T �B�S�F �E�F�S�J�W�F�E �C�Z �V�T�J�O�H �B �T�Q�B�U�J�B�M �'�P�V�S�J�F�S �T�F�S�J�F�T�� �5�I�J�T �M�F�B�E�T �U�P �B
�Q�P�U�F�O�U�J�B�M �D�P�N�Q�B�S�B�C�M�F �U�P �U�I�B�U �P�G �B �D�P�O�W�F�O�U�J�P�O�B�M �N�B�H�O�F�U�J�D �R�V�B�E�S�V�Q�P�M�F �B�D�D�F�M�F�S�B�U�P�S �M�B�U�U�J�D�F
�B�O�E �)�J�M�M���T �F�R�V�B�U�J�P�O�T �E�F�T�D�S�J�C�J�O�H �U�I�F �Q�B�S�U�J�D�M�F �N�P�U�J�P�O�� �'�V�S�U�I�F�S�N�P�S�F�
 �J�U �F�O�B�C�M�F�T �U�I�F �U�S�B�O�T�G�F�S
�P�G �G�P�D�V�T�J�O�H �D�P�O�D�F�Q�U�T�
 �F�T�Q�F�D�J�B�M�M�Z �U�I�F �"�M�U�F�S�O�B�U�J�O�H �1�I�B�T�F �'�P�D�V�T�J�O�H �	�"�1�'�
 �T�D�I�F�N�F�
 �U�P �%�-�"
�T�U�S�V�D�U�V�S�F�T�
 �X�I�J�D�I �J�T �Q�S�F�T�F�O�U�F�E �J�O �4�F�D���������� �4�F�D�U�J�P�O������ �T�V�N�N�B�S�J�[�F�T �U�I�F �E�J�G�G�F�S�F�O�U �E�F�T�J�H�O
�B�O�E �P�Q�U�J�N�J�[�B�U�J�P�O �U�B�T�L�T �G�P�S �T�J�O�H�M�F �%�-�" �Q�F�S�J�P�E�T �B�O�E �G�V�M�M �"�1�' �M�B�U�U�J�D�F�T �C�B�T�F�E �B�M�T�P �P�O �T�J�N�J�M�B�S
�N�F�U�I�P�E�T �V�T�F�E �J�O �U�I�F �M�B�U�U�J�D�F �E�F�T�J�H�O �P�G �D�P�O�W�F�O�U�J�P�O�B�M �B�D�D�F�M�F�S�B�U�P�S�T��
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r ne0
m,1 exp

•
!

� 
 c0
[( � 1)n y � ng]

‹

+
1X

n= 0

r ne0
m,2 exp

•
�

!
� 
 c0

[ ng + ( � 1)n y]
‹

.
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�5�I�F �H�F�P�N�F�U�S�J�D �T�F�S�J�F�T �J�O �&�R���������� �Z�J�F�M�E�T

em ( y) =
1

1 � r 2 exp
€
� 2! g

� 
 c0

Š
§•

e0
m,1 + re0

m,2 exp
•

�
! g

� 
 c0

‹˜
exp

•
! y

� 
 c0

‹

+
•

re0
m,1 exp

•
�

! g

� 
 c0

‹
+ e0

m,2

˜
exp

•
�

! y

� 
 c0

‹ª
.

�	���������


�&�R�V�B�U�J�P�O�������� �I�B�T �U�I�F �T�B�N�F �E�F�Q�F�O�E�F�O�D�F �P�Oy �B�T �&�R���������B�B�O�E�
 �U�I�V�T�
 �D�B�O �C�F �U�S�F�B�U�F�E �J�O
�U�I�F �T�B�N�F �X�B�Z �B�T �B �T�V�Q�F�S�Q�P�T�J�U�J�P�O �P�G �B �I�Z�Q�F�S�C�P�M�J�D �T�J�O�F �B�O�E �B �I�Z�Q�F�S�C�P�M�J�D �D�P�T�J�O�F�� �" �T�J�N�J�M�B�S
�G�P�S�N�V�M�B�U�J�P�O �D�B�O �C�F �G�P�V�O�E �J�O �U�I�F �T�V�Q�Q�M�F�N�F�O�U�B�M �N�B�U�F�S�J�B�M �P�G �<���� �>�� �5�I�F �T�Q�B�U�J�B�M �I�B�S�N�P�O�J�D�T
�J�O �U�I�F �D�F�O�U�F�S �P�G �U�I�F �H�B�Q �N�V�T�U �C�F �D�B�M�D�V�M�B�U�F�E �O�V�N�F�S�J�D�B�M�M�Z �<���� �
 ���� �
 ���� �
 ���� �
 ���� �
 ���� �>�� �'�P�S
�B �T�Z�N�N�F�U�S�J�D �E�P�V�C�M�F���T�J�E�F�E �H�S�B�U�J�O�H�
 �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �U�I�F �T�Q�B�U�J�B�M �I�B�S�N�P�O�J�D�T �J�O �U�I�F �D�F�O�U�F�S
�B�M�S�F�B�E�Z �J�O�D�M�V�E�F�T �Q�P�T�T�J�C�M�F �S�F�G�M�F�D�U�J�P�O�T �B�O�E �&�R�������� �B�Q�Q�M�J�F�T��

�*�O �U�I�F �G�P�M�M�P�X�J�O�H �X�F �X�J�M�M �D�P�O�D�F�O�U�S�B�U�F �P�O �U�I�F �D�B�T�F �P�G �F�R�V�B�M �M�B�T�F�S �Q�I�B�T�F�� �5�I�J�T �B�M�M�P�X�T �Q�B�S��
�U�J�D�M�F �B�D�D�F�M�F�S�B�U�J�P�O �J�O �U�I�F �D�F�O�U�F�S �P�G �U�I�F �D�I�B�O�O�F�M�
 �X�I�J�D�I �C�F�D�P�N�F�T �D�M�F�B�S �C�Z �J�O�T�F�S�U�J�O�H �&�R����������
�J�O�U�P �&�R���������� �*�O �U�I�J�T �D�B�T�F�
 �U�I�F �F�O�F�S�H�Z �H�B�J�O �J�T

� E�Q( y, s) = q� z

�
�e0

m

�
� cosh

•
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 c0

‹
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•
2� s
� � 0

+ arg
�
e0

m
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�5�I�F �B�S�H�V�N�F�O�U �P�G �U�I�F �D�P�T�J�O�F �J�O �&�R���������� �J�T �P�O�M�Z �B �Q�I�B�T�F �T�I�J�G�U �U�P �U�I�F �M�B�T�F�S �Q�I�B�T�F �X�J�U�I �B�O
�B�E�E�J�U�J�P�O�B�M �D�P�O�T�U�B�O�U �P�G�G�T�F�U �C�Z �U�I�F �B�S�H�V�N�F�O�U �P�G �U�I�F �T�Q�B�U�J�B�M �I�B�S�N�P�O�J�D�� �*�U �D�B�O �C�F �S�F�E�F�G�J�O�F�E
�B�T �B �Q�I�B�T�F' 0 �P�G �B �S�F�G�F�S�F�O�D�F �P�S �T�Z�O�D�I�S�P�O�P�V�T �Q�B�S�U�J�D�M�F �S�F�H�B�S�E�J�O�H �U�I�F �B�D�D�F�M�F�S�B�U�J�O�H �Q�I�B�T�F
�J�O �U�I�F �T�U�S�V�D�U�V�S�F�
 �J���F���
' 0 = 180�× �N�F�B�O�T �P�O���D�S�F�T�U �B�D�D�F�M�F�S�B�U�J�P�O�
 �B�O�E �B �E�J�T�U�B�O�D�Fs �C�F�U�X�F�F�O
�U�I�F �S�F�G�F�S�F�O�D�F �Q�B�S�U�J�D�M�F �B�O�E �B�O �B�S�C�J�U�S�B�S�Z �Q�B�S�U�J�D�M�F �J�O �B �C�V�O�D�I�� �*�O�T�U�F�B�E �P�G �U�I�F �F�O�F�S�H�Z �H�B�J�O

���� �� �6�L�Q�J�O�H �3�D�U�W�L�F�O�H �'�\�Q�D�P�L�F�V �L�Q �'�L�H�O�H�F�W�U�L�F �/�D�V�H�U �$�F�F�H�O�H�U�D�W�R�U �6�W�U�X�F�W�X�U�H�V



�Q�F�S �Q�B�S�U�J�D�M�F �Q�F�S �D�F�M�M�
 �X�F �D�B�O �B�E�E�J�U�J�P�O�B�M�M�Z �D�P�O�T�J�E�F�S �U�I�F �D�I�B�O�H�F �P�G �U�I�F �F�O�F�S�H�Z �E�J�G�G�F�S�F�O�D�F
�C�F�U�X�F�F�O �U�I�F �B�S�C�J�U�S�B�S�Z �Q�B�S�U�J�D�M�F �B�O�E �U�I�F �S�F�G�F�S�F�O�D�F �Q�B�S�U�J�D�M�F�


� E( y, s) = � Ep

•
y, s+

� � 0
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�
' 0 � arg

�
e0

m

�� ‹

� � Ep,0

•
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� � 0
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�
' 0 � arg

�
e0

m
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= q� z

�
�e0

m

�
�
•
cosh

•
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•
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� � 0

+ ' 0

‹
� cos(' 0)
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�/�P�U�F �U�I�B�U �U�I�F �S�F�G�F�S�F�O�D�F �Q�I�B�T�F �J�T �O�P�U �E�F�G�J�O�F�E �S�F�H�B�S�E�J�O�H �U�I�F �M�B�T�F�S �Q�I�B�T�F�� �"�T �E�F�T�D�S�J�C�F�E
�B�C�P�W�F�
 �J�U �J�T �E�F�G�J�O�F�E �C�Z �U�I�F �B�D�D�F�M�F�S�B�U�J�O�H �Q�I�B�T�F �J�O �U�I�F �T�U�S�V�D�U�V�S�F�
 �U�I�B�U �N�F�B�O�T�
 �X�J�U�I �B �D�P�O��
�T�U�B�O�U �P�G�G�T�F�U �C�Z �U�I�F �B�S�H�V�N�F�O�U �P�G �U�I�F �T�Q�B�U�J�B�M �I�B�S�N�P�O�J�D�� �5�I�J�T �B�M�M�P�X�T �U�P �G�P�M�M�P�X �U�I�F �Q�I�B�T�F
�D�P�O�W�F�O�U�J�P�O �J�O �D�P�O�W�F�O�U�J�P�O�B�M �M�J�O�F�B�S �B�D�D�F�M�F�S�B�U�P�S�T �	�D�G�� �&�R�����������
��

�5�I�F �U�S�B�O�T�W�F�S�T�F �G�P�S�D�F�T �J�O �P�O�F �%�-�" �D�F�M�M �D�B�O �C�F �P�C�U�B�J�O�F�E �C�Z �V�T�J�O�H �U�I�F �1�B�O�P�G�T�L�Z���8�F�O�[�F�M
�U�I�F�P�S�F�N �<���� �> �B�T �<���� �
���� �>

� ~p? ( y, s) = �

Z

dsr ? � pjj ( y, s) �	���������B�


= �
q� z

�
�e0

m

�
�

� c0
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•
� � 0
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cosh

•
! y
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 c0

‹
sin

•
2� s
� � 0

+ ' 0

‹
� scos(' 0)

˜
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= �
2� qm
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�
�e0

m

�
� sinh

•
! y
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‹
sin

•
2� s
� � 0

+ ' 0

‹
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�X�I�F�S�F �U�I�F �F�O�F�S�H�Z �N�P�N�F�O�U�V�N �E�J�G�G�F�S�F�O�U�J�B�M� pjj = � E=(� c0) �B�O�E �&�R���������� �B�S�F �V�T�F�E�� �5�I�F
�E�F�S�J�W�B�U�J�P�O �P�G �&�R�����������B�J�T �T�J�N�J�M�B�S �U�P �&�R������������ �)�P�X�F�W�F�S�
 �U�I�F �J�O�U�F�H�S�B�M �M�J�N�J�U�T �B�S�F �U�I�F �%�-�"
�D�F�M�M �C�P�V�O�E�B�S�J�F�T�
 �X�I�F�S�F �U�I�F �G�J�F�M�E�T �G�V�M�G�J�M�M �B �Q�F�S�J�P�E�J�D �C�P�V�O�E�B�S�Z �D�P�O�E�J�U�J�P�O�� �&�R�V�B�U�J�P�O�T��������
�B�O�E���������D�T�I�P�X �U�I�B�U �U�I�F �N�P�U�J�P�O �J�O �U�I�F �U�S�B�O�T�W�F�S�T�F �B�O�E �M�P�O�H�J�U�V�E�J�O�B�M �Q�M�B�O�F �J�T �D�P�V�Q�M�F�E��
�#�B�T�F�E �P�O �U�I�F �S�F�M�B�U�J�P�O�T� py=� t � �py = � @V=@y �X�J�U�I� t = � 0=c0 �B�O�E� E=(� � 0) =

�� pjj = @V=@s�
 �U�I�F �J�O�U�F�H�S�B�U�J�P�O �P�G �U�I�F�T�F �U�X�P �F�R�V�B�U�J�P�O�T �Z�J�F�M�E�T �U�I�F �Q�P�U�F�O�U�J�B�M

Vm ( y, s) = qm
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m
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•
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‹
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˜
. �	���������


�'�P�S �B �Q�B�S�U�J�D�M�F �X�J�U�I �B �T�N�B�M�M �U�S�B�O�T�W�F�S�T�F �E�J�T�Q�M�B�D�F�N�F�O�U �G�S�P�N �U�I�F �C�F�B�N �B�Y�J�T�
! y=(� 
 c0) � 1�

�B�O�E �B �T�N�B�M�M �E�J�T�U�B�O�D�F �G�S�P�N �U�I�F �S�F�G�F�S�F�O�D�F �Q�B�S�U�J�D�M�F�
2� s=(� � 0) � 1�
 �U�I�F �Q�P�U�F�O�U�J�B�M �	�&�R�����������

�D�B�O �C�F �F�Y�Q�B�O�E�F�E �U�P �T�F�D�P�O�E �P�S�E�F�S �P�N�J�U�U�J�O�H �D�P�O�T�U�B�O�U �U�F�S�N�T�� �5�I�J�T �S�F�T�V�M�U�T �J�O �U�I�F �Q�P�U�F�O�U�J�B�M
�P�G �B �U�X�P���E�J�N�F�O�T�J�P�O�B�M �I�B�S�N�P�O�J�D �P�T�D�J�M�M�B�U�P�S�


Vm ( y, s) =
1
2
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�
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�
� sin(' 0)
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�"�T �J�O �U�I�F �M�J�O�F�B�S�J�[�F�E �N�P�U�J�P�O �P�G �B �D�P�O�W�F�O�U�J�P�O�B�M �M�J�O�F�B�S �B�D�D�F�M�F�S�B�U�P�S �	�T�F�F �&�R���������
�
 �U�I�F �F�R�V�B��
�U�J�P�O�T �P�G �N�P�U�J�P�O �B�S�F �)�J�M�M���T �F�R�V�B�U�J�P�O�T�


y00+ Km y = 0 �	���������B�


s00� Kms= 0, �	���������C�


�X�J�U�I

Km =
2� mq

� 3� 0me
 3c2
0

�
�e0

m

�
� sin(' 0), �	���������


�X�I�J�D�I �M�F�B�E �U�P �B �E�F�D�P�V�Q�M�J�O�H �P�G �U�I�F �D�P�V�Q�M�F�E �O�P�O���M�J�O�F�B�S �N�P�U�J�P�O�� �5�I�F �U�S�B�D�F�B�C�J�M�J�U�Z �U�P �)�J�M�M���T
�F�R�V�B�U�J�P�O�T �N�F�B�O�T �U�I�B�U �B�M�M �Q�S�P�D�F�E�V�S�F�T �P�G �D�P�O�W�F�O�U�J�P�O�B�M �B�D�D�F�M�F�S�B�U�P�S �Q�I�Z�T�J�D�T�
 �T�V�D�I �B�T �N�B�U�D�I��
�J�O�H �V�T�J�O�H �5�X�J�T�T �Q�B�S�B�N�F�U�F�S�T�
 �D�B�O �B�M�T�P �C�F �V�T�F�E �J�O �%�-�" �T�U�S�V�D�U�V�S�F�T�
 �B�U �M�F�B�T�U �J�O �U�I�F �M�J�O�F�B�S�J�[�F�E
�D�B�T�F�� �)�P�X�F�W�F�S�
 �P�O�M�Z �U�I�F �F�R�V�B�U�J�P�O�T �G�P�S �U�I�F �T�Z�O�D�I�S�P�O�P�V�Tm �B�S�F �S�F�M�F�W�B�O�U �E�V�F �U�P �U�I�F �T�Z�O��
�D�I�S�P�O�J�D�J�U�Z �D�P�O�E�J�U�J�P�O �	�&�R���������
�� �'�V�S�U�I�F�S�N�P�S�F�
 �U�I�F �%�-�" �D�F�M�M �M�F�O�H�U�I �I�B�T �U�P �C�F �B�E�K�V�T�U�F�E �U�P
�U�I�F �W�F�M�P�D�J�U�Z �P�G �U�I�F �S�F�G�F�S�F�O�D�F �Q�B�S�U�J�D�M�F�� �5�I�F �F�O�F�S�H�Z �P�G �U�I�F �S�F�G�F�S�F�O�D�F �Q�B�S�U�J�D�M�F �B�G�U�F�S �Q�B�T�T�J�O�H
N �%�-�" �D�F�M�M�T �J�T �H�J�W�F�O �C�Z

E�L�J�O(N) = E�L�J�O,0 + q
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�*�G �U�I�F �T�Z�O�D�I�S�P�O�P�V�T �Q�I�B�T�F' 0 �J�T �D�I�P�T�F�O �T�V�D�I �U�I�B�U �U�I�F �S�F�G�F�S�F�O�D�F �Q�B�S�U�J�D�M�F �X�J�M�M �H�B�J�O �	�P�S �M�P�T�F�

�F�O�F�S�H�Z�
 �U�I�F �D�F�M�M �M�F�O�H�U�I �I�B�T �U�P �C�F �D�I�B�O�H�F�E �B�M�P�O�H �U�I�F �T�U�S�V�D�U�V�S�F �B�D�D�P�S�E�J�O�H �U�P �U�I�F �B�D�D�F�M�F�S�B�U�J�P�O
�S�B�N�Q �B�T
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�4�V�D�I �B �H�S�B�U�J�O�H �X�J�U�I �J�O�D�S�F�B�T�J�O�H �D�F�M�M �M�F�O�H�U�I �J�T �S�F�G�F�S�S�F�E �U�P �B�T �D�I�J�S�Q�F�E �H�S�B�U�J�O�H �J�O �U�I�F �M�J�U�F�S�B��
�U�V�S�F�� �" �D�I�J�S�Q�F�E �H�S�B�U�J�O�H �J�T �E�F�T�J�H�O�F�E �C�Z �B�O �J�U�F�S�B�U�J�W�F �Q�S�P�D�F�T�T �<���� �>�� �U�I�F �J�O�K�F�D�U�J�P�O �W�F�M�P�D�J�U�Z �P�G
�U�I�F �S�F�G�F�S�F�O�D�F �Q�B�S�U�J�D�M�F �E�F�U�F�S�N�J�O�F�T �U�I�F �M�F�O�H�U�I �P�G �U�I�F �O�F�Y�U �H�S�B�U�J�O�H �Q�F�S�J�P�E�� �" �O�V�N�F�S�J�D�B�M �T�J�N��
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 �J���F���
 �O�P �B�D�D�F�M�F�S�B�U�J�P�O�
 �C�V�U
�M�P�O�H�J�U�V�E�J�O�B�M �P�S �U�S�B�O�T�W�F�S�T�F �G�P�D�V�T�J�O�H�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� �5�I�F �C�M�B�D�L �E�P�U�T �E�F�O�P�U�F �G�J�Y�F�E
�Q�P�J�O�U�T �G�P�S �U�S�B�O�T�W�F�S�T�F�M�Z �T�U�B�C�M�F �B�D�D�F�M�F�S�B�U�J�P�O �	�B�E�B�Q�U�F�E �G�S�P�N �<���� �
 �'�J�H�� ���>�
��

�S�B�O�H�F �P�G �M�P�O�H�J�U�V�E�J�O�B�M �G�P�D�V�T�J�O�H �B�O�E �U�S�B�O�T�W�F�S�T�F �G�P�D�V�T�J�O�H �J�O �U�I�F �O�P�O���J�O�W�B�S�J�B�O�U �Q�M�B�O�F �P�G �U�I�F
�H�S�B�U�J�O�H�� �5�I�F �Q�I�B�T�F �S�B�O�H�F�T �E�F�G�J�O�F�E �C�Z �U�I�F �B�D�D�F�M�F�S�B�U�J�O�H �Q�P�U�F�O�U�J�B�M �B�S�F �T�I�P�X�O �J�O �'�J�H����������
�'�V�S�U�I�F�S�N�P�S�F�
 �U�X�P �F�Y�F�N�Q�M�B�S�Z �D�P�V�Q�M�F�T �P�G �G�J�Y�F�E �Q�P�J�O�U�T �B�S�F �E�F�Q�J�D�U�F�E�� �4�I�J�G�U�J�O�H �U�I�F �Q�I�B�T�F
�C�Z �������× �C�F�U�X�F�F�O �U�I�F �H�S�F�F�O �Q�P�J�O�U�T �Q�S�P�W�J�E�F�T �T�U�B�C�M�F �C�F�B�N �U�S�B�O�T�Q�P�S�U�
 �J���F�
 �U�S�B�O�T�W�F�S�T�F �D�P�O��
�G�J�O�F�N�F�O�U �X�J�U�I�P�V�U �B�D�D�F�M�F�S�B�U�J�P�O�� �4�I�J�G�U�J�O�H �U�I�F �Q�I�B�T�F �C�F�U�X�F�F�O �U�I�F �C�M�B�D�L �E�P�U�T �F�O�B�C�M�F�T �C�F�B�N
�D�P�O�G�J�O�F�N�F�O�U �B�O�E �B�D�D�F�M�F�S�B�U�J�P�O �T�J�N�V�M�U�B�O�F�P�V�T�M�Z�� �5�I�F �Q�I�B�T�F �T�I�J�G�U�T �B�S�F �S�F�B�M�J�[�F�E �C�Z �B �G�S�B�D��
�U�J�P�O�B�M �D�F�M�M �E�S�J�G�U �C�F�U�X�F�F�O �U�X�P �T�F�H�N�F�O�U�T �X�J�U�I �D�P�O�T�U�B�O�U �T�Z�O�D�I�S�P�O�P�V�T �Q�I�B�T�F�� �"�D�D�P�S�E�J�O�H �U�P
�&�R�T���������� �B�O�E���������
 �T�U�B�C�M�F �C�F�B�N �U�S�B�O�T�Q�P�S�U �B�O�E �B�D�D�F�M�F�S�B�U�J�P�O �B�S�F �H�J�W�F�O �G�P�S �T�Z�O�D�I�S�P�O�P�V�T
�Q�I�B�T�F�T' 0 = 90�×+ n � 180�× �B�O�E' 0 2 (90�×, 270�×) + n � 180�× �X�J�U�In 2 Z�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� �&�R�V�B��
�U�J�P�O�������� �T�I�P�X�T�
 �U�I�B�U �B �Q�I�B�T�F �T�I�J�G�U �C�Z� ' 0 = 360�×� 2' 0 + n � 360�× �D�I�B�O�H�F�T �P�O�M�Z �U�I�F �T�J�H�O
�P�G �U�I�F �G�P�D�V�T�J�O�H �T�U�S�F�O�H�U�I�
 �X�I�J�M�F �U�I�F �B�D�D�F�M�F�S�B�U�J�O�H �H�S�B�E�J�F�O�U �T�U�B�Z�T �D�P�O�T�U�B�O�U��

�&�B�D�I �M�B�U�U�J�D�F �D�F�M�M �J�O �U�I�F �B�M�U�F�S�O�B�U�J�O�H �Q�I�B�T�F �G�P�D�V�T�J�O�H �T�D�I�F�N�F �D�P�O�T�J�T�U�T �P�G �B �U�S�B�O�T�W�F�S�T�F�M�Z
�G�P�D�V�T�J�O�H �T�F�H�N�F�O�U �X�J�U�I �M�F�O�H�U�IL�G�B�O�Ep �%�-�" �D�F�M�M�T �G�P�M�M�P�X�F�E �C�Z �B �E�S�J�G�U �P�G �M�F�O�H�U�Il �G! �E �B�O�E
�B �U�S�B�O�T�W�F�S�T�F�M�Z �E�F�G�P�D�V�T�J�O�H �T�F�H�N�F�O�U �X�J�U�I �M�F�O�H�U�IL�E�B�O�Ep̃ �%�-�" �D�F�M�M�T �G�P�M�M�P�X�F�E �C�Z �B �E�S�J�G�U �P�G
�M�F�O�H�U�Il �E! �G�
 �X�I�F�S�F �U�I�F �E�S�J�G�U �M�F�O�H�U�I�T �B�S�F �E�F�G�J�O�F�E �C�Z

l �G! �E=
2� � ' 0,�G

�
� (p) � 0, �	���������B�


l �E! �G=
� � ' 0,�E

�
� (p+ p̃) � 0 �	���������C�


������ �$�O�W�H�U�Q�D�W�L�Q�J �3�K�D�V�H �)�R�F�X�V�L�Q�J ����



�X�J�U�I' 0,�G= 2� � ' 0,�E�� �%�V�F �U�P �U�I�J�T �T�U�S�V�D�U�V�S�F�
 �B �M�B�U�U�J�D�F �D�F�M�M �J�T �P�G�U�F�O �D�B�M�M�F�E �'�0�%�0 �D�F�M�M�� �#�P�U�I
�T�F�H�N�F�O�U�T �D�B�O �C�F �N�P�E�F�M�F�E �B�T �U�I�J�D�L �M�F�O�T�F�T �X�J�U�I �U�I�F �U�S�B�O�T�G�F�S �N�B�U�S�J�D�F�T
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�'�P�S �M�P�O�H �T�F�H�N�F�O�U�T �	p, p̃ � 1�
�
 �U�I�F �E�S�J�G�U�T �D�B�O �C�F �O�F�H�M�F�D�U�F�E �B�O�E �U�I�F �M�B�U�U�J�D�F �D�F�M�M �D�B�O �C�F �S�F�Q�S�F��
�T�F�O�U�F�E �C�Z �U�I�F �U�S�B�O�T�G�F�S �N�B�U�S�J�YM�G�E( L�G+ l �G! �E+ L�E+ l �E! �G) = M�E( L�E+ l �E! �G) M�G( L�G+ l �G! �E)��
�*�O �B �T�U�S�J�D�U�M�Z �Q�F�S�J�P�E�J�D �C�F�B�N �U�S�B�O�T�Q�P�S�U �M�B�U�U�J�D�F �X�J�U�I �M�F�O�H�U�IL = ( 2p + 1) � � 0�
 �U�I�F �N�B�U�D�I�F�E
�5�X�J�T�T �Q�B�S�B�N�F�U�F�S�T �D�B�O �C�F �D�B�M�D�V�M�B�U�F�E �C�Z �T�P�M�W�J�O�H �U�I�F �F�J�H�F�O�W�B�M�V�F �Q�S�P�C�M�F�N �J�O �&�R������������ �5�I�F
�N�B�Y�J�N�V�N �P�G �U�I�F �S�F�T�V�M�U�J�O�H �5�X�J�T�T �C�F�U�B �G�V�O�D�U�J�P�O�
 �X�I�J�D�I �P�D�D�V�S�T �J�O �I�B�M�G �P�G �U�I�F �G�P�D�V�T�J�O�H �T�F�H��
�N�F�O�U�
 �H�J�W�F�T �B �M�J�N�J�U �P�O �U�I�F �F�N�J�U�U�B�O�D�F�
 �U�I�B�U �G�J�U�T �U�I�F �B�Q�F�S�U�V�S�F�� �'�V�S�U�I�F�S�N�P�S�F�
 �U�I�F �Q�I�B�T�F
�B�E�W�B�O�D�F �Q�F�S �M�B�U�U�J�D�F �D�F�M�M� �J�T �H�J�W�F�O �C�Z

cos(� ) = cos
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‹
< 1, �	���������


�X�I�F�S�F �U�I�F �J�O�F�R�V�B�M�J�U�Z �S�F�M�B�U�J�P�O �S�F�T�F�N�C�M�F�T �U�I�F �T�U�B�C�J�M�J�U�Z �D�S�J�U�F�S�J�P�O �P�G �&�R���������� �G�P�S �T�U�B�C�M�F �C�F�B�N
�D�P�O�G�J�O�F�N�F�O�U�� �"�T �G�P�S �U�I�F �U�S�B�O�T�W�F�S�T�F �Q�M�B�O�F�
 �J�U �J�T �B�M�T�P �G�F�B�T�J�C�M�F �U�P �E�F�G�J�O�F �5�X�J�T�T �Q�B�S�B�N�F�U�F�S�T
�G�P�S �U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �Q�I�B�T�F �T�Q�B�D�F�
 �X�I�F�S�F �U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �F�O�W�F�M�P�Q�F �J�T �B �N�F�B�T�V�S�F �P�G �U�I�F
�C�V�O�D�I �M�F�O�H�U�I�� �"�D�D�P�S�E�J�O�H �U�P �U�I�F �T�I�J�G�U �J�O �U�I�F �G�P�D�V�T�J�O�H �Q�S�P�Q�F�S�U�J�F�T�
 �U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �5�X�J�T�T
�Q�B�S�B�N�F�U�F�S�T �B�S�F �T�I�J�G�U�F�E �C�Z �I�B�M�G �B �M�B�U�U�J�D�F �D�F�M�M �U�P �U�I�F �U�S�B�O�T�W�F�S�T�F �P�O�F�T��

�*�O �B�O �B�D�D�F�M�F�S�B�U�J�O�H �M�B�U�U�J�D�F�
 �U�I�F �U�S�B�O�T�G�F�S �N�B�U�S�J�D�F�T �P�G �U�I�F �T�F�H�N�F�O�U�T �D�B�O �B�M�T�P �C�F �V�T�F�E �U�P �N�B�Q
�U�I�F �J�O�J�U�J�B�M �5�X�J�T�T �Q�B�S�B�N�F�U�F�S�T �U�I�S�P�V�H�I �U�I�F �M�B�U�U�J�D�F�� �4�J�O�D�F �U�I�F �M�B�U�U�J�D�F �J�T �O�P �M�P�O�H�F�S �Q�F�S�J�P�E�J�D�

�U�I�F �5�X�J�T�T �Q�B�S�B�N�F�U�F�S�T �D�B�O �P�O�M�Z �C�F �B�Q�Q�S�P�Y�J�N�B�U�F�E �C�Z �U�I�F �Q�F�S�J�P�E�J�D �F�J�H�F�O�W�B�M�V�F �T�P�M�V�U�J�P�O �P�G
�F�B�D�I �M�B�U�U�J�D�F �D�F�M�M�� �5�I�J�T �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �J�T �T�V�G�G�J�D�J�F�O�U�M�Z �G�V�M�G�J�M�M�F�E �J�G �U�I�F �D�I�B�O�H�F �J�O �T�F�H�N�F�O�U
�B�O�E �Q�F�S�J�P�E �M�F�O�H�U�I �J�T �T�N�B�M�M�� �*�G �U�I�J�T �J�T �U�S�V�F�
 �J�U �D�B�O �C�F �V�T�F�E �J�O �U�I�F �M�B�U�U�J�D�F �E�F�T�J�H�O �Q�S�P�D�F�T�T
�U�P �E�F�U�F�S�N�J�O�F �U�I�F �T�F�H�N�F�O�U �M�F�O�H�U�I�T �X�I�F�S�F �U�I�F �N�B�Y�J�N�V�N �P�G �U�I�F �5�X�J�T�T �C�F�U�B �G�V�O�D�U�J�P�O �J�T
�N�J�O�J�N�B�M �G�P�S �H�J�W�F�O �Q�B�S�U�J�D�M�F �W�F�M�P�D�J�U�Z�
 �Q�F�B�L �H�S�B�E�J�F�O�U�
 �B�O�E �T�Z�O�D�I�S�P�O�P�V�T �Q�I�B�T�F �	�T�F�F �'�J�H���������
��

������ �6�W�U�X�F�W�X�U�H �'�H�V�L�J�Q �D�Q�G �2�S�W�L�P�L�]�D�W�L�R�Q

�'�P�S �U�I�F �E�F�T�J�H�O �B�O�E �P�Q�U�J�N�J�[�B�U�J�P�O �P�G �B �%�-�" �H�S�B�U�J�O�H �T�U�S�V�D�U�V�S�F�
 �X�F �D�B�O �E�J�T�U�J�O�H�V�J�T�I �U�X�P
�E�J�G�G�F�S�F�O�U �U�B�T�L�T�� �T�J�O�H�M�F �D�F�M�M �P�Q�U�J�N�J�[�B�U�J�P�O �B�O�E �M�B�U�U�J�D�F �E�F�T�J�H�O�� �5�I�F �G�J�S�T�U �P�O�F �J�T �B �D�M�B�T�T�J�D�B�M �O�V��
�N�F�S�J�D�B�M �P�Q�U�J�N�J�[�B�U�J�P�O �U�B�T�L �E�F�G�J�O�J�O�H �W�B�S�J�P�V�T �R�V�B�O�U�J�U�J�F�T �P�G �J�O�U�F�S�F�T�U �B�T�
 �G�P�S �F�Y�B�N�Q�M�F�
 �I�J�H�I�F�T�U
�H�S�B�E�J�F�O�U �J�O �U�I�F �D�F�O�U�F�S �P�G �U�I�F �D�I�B�O�O�F�M �P�S �M�P�X�F�T�U �G�J�F�M�E �J�O �U�I�F �N�B�U�F�S�J�B�M �G�P�S �B �H�J�W�F�O �M�B�T�F�S �G�J�F�M�E
�T�U�S�F�O�H�U�I �P�S �I�J�H�I�F�T�U �C�B�O�E�X�J�E�U�I�� �6�T�J�O�H �Q�F�S�J�P�E�J�D �C�P�V�O�E�B�S�Z �D�P�O�E�J�U�J�P�O�T �J�O �U�I�F �E�J�S�F�D�U�J�P�O �P�G
�U�I�F �F�M�F�D�U�S�P�O �C�F�B�N �Q�S�P�Q�B�H�B�U�J�P�O�
 �U�I�F �G�J�F�M�E�T �J�O �B �T�J�O�H�M�F �%�-�" �D�F�M�M �D�B�O �C�F �T�J�N�V�M�B�U�F�E �C�Z �T�F�W��

���� �� �6�L�Q�J�O�H �3�D�U�W�L�F�O�H �'�\�Q�D�P�L�F�V �L�Q �'�L�H�O�H�F�W�U�L�F �/�D�V�H�U �$�F�F�H�O�H�U�D�W�R�U �6�W�U�X�F�W�X�U�H�V



�)�L�J�X�U�H ���������.�B�Y�J�N�B�M �5�X�J�T�T �C�F�U�B �G�V�O�D�U�J�P�O�̂ �N�B�Y�J�O �U�I�F(� , L) �Q�M�B�O�F �G�P�S �B�D�D�F�M�F�S�B�U�J�P�O �G�S�P�N
���� �L�F�7 �U�P �� �.�F�7 �B�U �B �T�Z�O�D�I�S�P�O�P�V�T �Q�I�B�T�F �����× �P�G�G���D�S�F�T�U �X�J�U�I �B�O �B�W�F�S�B�H�F �H�S�B�E�J��
�F�O�U �P�G ������ �.�7 �N�Ò�� �	�B�E�B�Q�U�F�E �G�S�P�N �<���� �
 �'�J�H�� ���>�
��

�F�S�B�M �N�F�U�I�P�E�T �T�V�D�I �B�T �'�J�O�J�U�F �%�J�G�G�F�S�F�O�D�F���*�O�U�F�H�S�B�U�J�P�O �5�J�N�F �%�P�N�B�J�O �<���� �>�
 �'�J�O�J�U�F �%�J�G�G�F�S�F�O�D�F
�'�S�F�R�V�F�O�D�Z �%�P�N�B�J�O �<���� �>�
 �P�S �'�J�O�J�U�F �&�M�F�N�F�O�U �'�S�F�R�V�F�O�D�Z �%�P�N�B�J�O �<���� �>�� �5�I�F �H�F�P�N�F�U�S�J�D�B�M �E�F��
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�)�L�J�X�U�H ���������5�X�J�T�T �C�F�U�B �G�V�O�D�U�J�P�O�T �P�G �B�O �B�D�D�F�M�F�S�B�U�J�O�H �M�B�U�U�J�D�F �G�S�P�N ���� �L�F�7 �U�P �� �.�F�7 �X�J�U�I �B�O
�B�W�F�S�B�H�F �H�S�B�E�J�F�O�U �P�G ������ �.�7 �N�Ò�� �B�U �B �T�Z�O�D�I�S�P�O�P�V�T �Q�I�B�T�F� �����× �P�G�G���D�S�F�T�U�� �*�O
�U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �Q�M�B�O�F�
 �U�I�F �N�B�O�V�B�M �D�P�S�S�F�D�U�J�P�O�T �S�F�E�V�D�F �U�I�F �C�F�U�B �G�V�O�D�U�J�P�O �T�J�H��
�O�J�G�J�D�B�O�U�M�Z �	�U�P�Q�
�
 �X�I�F�S�F�B�T �U�I�F �N�B�Y�J�N�V�N �P�G �U�I�F �U�S�B�O�T�W�F�S�T�F �P�O�F �S�F�N�B�J�O�T �B�M�N�P�T�U
�V�O�D�I�B�O�H�F�E �	�C�P�U�U�P�N�
��

�U�I�F �T�F�H�N�F�O�U�T �B�S�F �O�F�H�M�F�D�U�F�E �J�O �U�I�F�T�F �T�J�N�Q�M�J�G�J�F�E �T�J�N�V�M�B�U�J�P�O�T�� �5�I�F�S�F�G�P�S�F�
 �$�4�5 �4�U�V�E�J�P �4�V�J�U�F
�J�T �B�E�E�J�U�J�P�O�B�M�M�Z �V�T�F�E �U�P �T�J�N�V�M�B�U�F �U�I�F �G�V�M�M �U�I�S�F�F���E�J�N�F�O�T�J�P�O�B�M �F�M�F�D�U�S�P�N�B�H�O�F�U�J�D �G�J�F�M�E�T �J�O �U�I�F
�T�U�S�V�D�U�V�S�F �B�O�E �U�S�B�D�L �U�I�F �Q�B�S�U�J�D�M�F�T �U�I�S�P�V�H�I �U�I�F�T�F �G�J�F�M�E�T�� �4�V�D�I �T�J�N�V�M�B�U�J�P�O�T �U�B�L�F �I�P�V�S�T �V�Q
�U�P �E�B�Z�T�
 �C�V�U �U�I�F�Z �Q�S�P�W�J�E�F �U�I�F �P�Q�Q�P�S�U�V�O�J�U�Z �U�P �D�I�F�D�L �U�I�F �S�F�T�V�M�U�T �P�G �U�I�F �T�J�N�Q�M�J�G�J�F�E �U�S�B�D�L�J�O�H
�B�O�E �B�O�B�M�Z�[�F �U�I�F �F�G�G�F�D�U�T �P�G �F�E�H�F �G�J�F�M�E�T �B�O�E �D�P�V�Q�M�J�O�H�� �*�G �U�I�F �T�J�N�V�M�B�U�J�P�O �S�F�T�V�M�U�T �P�G �C�P�U�I
�U�P�P�M�T �N�B�U�D�I �B�O�E �G�V�M�G�J�M�M �U�I�F �S�F�R�V�J�S�F�E �T�Q�F�D�J�G�J�D�B�U�J�P�O�T�
 �U�I�F �$�"�% �N�P�E�F�M �J�O�D�M�V�E�F�E �J�O �U�I�F �$�4�5
�T�J�N�V�M�B�U�J�P�O �D�B�O �E�J�S�F�D�U�M�Z �C�F �U�S�B�O�T�G�F�S�S�F�E �U�P �U�I�F �O�B�O�P�G�B�C�S�J�D�B�U�J�P�O��

���� �� �6�L�Q�J�O�H �3�D�U�W�L�F�O�H �'�\�Q�D�P�L�F�V �L�Q �'�L�H�O�H�F�W�U�L�F �/�D�V�H�U �$�F�F�H�O�H�U�D�W�R�U �6�W�U�X�F�W�X�U�H�V



�� �:�D�N�H �)�L�H�O�G�V �L�Q �'�L�H�O�H�F�W�U�L�F �/�D�V�H�U
�$�F�F�H�O�H�U�D�W�R�U �6�W�U�X�F�W�X�U�H�V

�8�B�L�F �G�J�F�M�E�T �J�O �%�-�" �T�U�S�V�D�U�V�S�F�T �B�S�F �H�F�O�F�S�B�U�F�E �C�Z �U�I�F �4�N�J�U�I���1�V�S�D�F�M�M �F�G�G�F�D�U �B�O�E �U�I�F
�$�I�F�S�F�O�L�P�W �F�G�G�F�D�U �T�J�N�V�M�U�B�O�F�P�V�T�M�Z�� �5�I�F �H�S�B�U�J�O�H �B�Q�F�S�U�V�S�F�T �B�S�F �B�M�N�P�T�U �D�P�N�Q�M�F�U�F�M�Z �G�J�M�M�F�E
�C�Z �Q�B�S�U�J�D�M�F�T�� �5�I�F�S�F�G�P�S�F�
 �B�O �B�O�B�M�Z�U�J�D�B�M �D�B�M�D�V�M�B�U�J�P�O �P�G �U�I�F �X�B�L�F �G�J�F�M�E�T �J�T �O�P�U �Q�P�T�T�J�C�M�F �B�O�E
�O�V�N�F�S�J�D�B�M �T�J�N�V�M�B�U�J�P�O�T �B�S�F �S�F�R�V�J�S�F�E�� �4�F�D�U�J�P�O������ �Q�S�F�T�F�O�U�T �U�I�F �T�J�N�V�M�B�U�J�P�O �N�P�E�F�M �B�Q�Q�M�J�F�E
�U�P �D�B�M�D�V�M�B�U�F �U�I�F �X�B�L�F �G�J�F�M�E �P�G �B�O �B�S�C�J�U�S�B�S�J�M�Z �T�I�B�Q�F�E �C�V�O�D�I�� �4�F�D�U�J�P�O������ �T�V�N�N�B�S�J�[�F�T �M�P�O�H�J��
�U�V�E�J�O�B�M �X�B�L�F �G�J�F�M�E �S�F�T�V�M�U�T �J�O�D�M�V�E�J�O�H �T�J�N�V�M�B�U�J�P�O �U�P �W�B�M�J�E�B�U�F �U�I�F �V�T�F�E �N�P�E�F�M�T �B�O�E �4�F�D��������
�D�P�O�D�M�V�E�F�T �U�I�F �D�I�B�Q�U�F�S �C�Z �T�I�P�X�J�O�H �U�I�F �S�F�T�V�M�U�T �P�G �U�S�B�O�T�W�F�S�T�F �X�B�L�F �G�J�F�M�E �T�J�N�V�M�B�U�J�P�O�T��

������ �:�D�N�H �)�L�H�O�G �6�L�P�X�O�D�W�L�R�Q �0�R�G�H�O �D�Q�G �&�R�Q�Y�R�O�X�W�L�R�Q

�*�O �P�S�E�F�S �U�P �D�B�M�D�V�M�B�U�F �U�I�F �X�B�L�F �G�J�F�M�E �P�G �%�-�" �T�U�S�V�D�U�V�S�F�T�
 �X�F �V�T�F �U�I�F �U�J�N�F���E�P�N�B�J�O �X�B�L�F
�G�J�F�M�E �T�P�M�W�F�S �J�O �$�4�5 �4�U�V�E�J�P �4�V�J�U�F �<���� �>�� �5�I�F �X�B�L�F �G�J�F�M�E �T�P�M�W�F�S �J�O �$�4�5 �4�U�V�E�J�P �4�V�J�U�F �B�Q�Q�M�J�F�T
�B �U�S�B�O�T�J�F�O�U �T�P�M�W�F�S �C�B�T�F�E �P�O �U�I�F �'�J�O�J�U�F �*�O�U�F�H�S�B�U�J�P�O �5�F�D�I�O�J�R�V�F �<���� �> �U�P �D�B�M�D�V�M�B�U�F �U�I�F �F�M�F�D��
�U�S�P�N�B�H�O�F�U�J�D �G�J�F�M�E�T �	�T�F�F �'�J�H���������
 �T�U�F�Q �C�Z �T�U�F�Q �U�I�S�P�V�H�I �U�J�N�F �C�Z �U�I�F �-�F�B�Q���'�S�P�H �V�Q�E�B�U�J�O�H
�T�D�I�F�N�F�� �5�I�F �X�B�L�F �Q�P�U�F�O�U�J�B�M �J�T �U�I�F�O �E�F�U�F�S�N�J�O�F�E �C�Z �F�W�B�M�V�B�U�J�O�H �&�R������������ �" �M�P�O�H�J�U�V�E�J�O�B�M�M�Z

�)�L�J�X�U�H ���������4�O�B�Q�T�I�P�U �P�G �U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �F�M�F�D�U�S�J�D �G�J�F�M�E �H�F�O�F�S�B�U�F�E �C�Z �B ���� �O�N �C�V�O�D�I �X�J�U�I
�B �D�I�B�S�H�F �P�G �� �G�$ �B�Uz = 3.435 � m �J�O �B �E�V�B�M �Q�J�M�M�B�S �T�U�S�V�D�U�V�S�F �	�B�E�B�Q�U�F�E �G�S�P�N �<���� �
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�(�B�V�T�T�J�B�O �T�I�B�Q�F�E �N�P�W�J�O�H �M�J�O�F �D�I�B�S�H�F �	�M�J�L�F �B �Q�F�O�D�J�M �C�F�B�N�
 �Q�B�S�B�M�M�F�M �U�P �U�I�Fz���B�Y�J�T �J�T �V�T�F�E �B�T
�T�P�V�S�D�F �C�V�O�D�I�� �0�Q�F�O �C�P�V�O�E�B�S�Z �D�P�O�E�J�U�J�P�O�T �B�S�F �B�Q�Q�M�J�F�E �J�Oy�� �B�O�Ez���E�J�S�F�D�U�J�P�O �B�O�E �F�M�F�D�U�S�J�D
�C�P�V�O�E�B�S�Z �D�P�O�E�J�U�J�P�O�T �J�Ox���E�J�S�F�D�U�J�P�O �U�P �M�J�N�J�U �U�I�F �T�J�N�V�M�B�U�J�P�O �S�B�O�H�F �	�D�G�� �'�J�H���*�����G�P�S �B �D�M�B�S��
�J�G�J�D�B�U�J�P�O �P�G �U�I�F �D�P�P�S�E�J�O�B�U�F �B�Y�F�T�
�� �5�I�F �S�F�R�V�J�S�F�E �M�F�O�H�U�I �P�G �U�I�F �T�J�N�V�M�B�U�J�P�O �N�P�E�F�M�
 �X�I�J�D�I
�D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F �O�V�N�C�F�S �P�G �%�-�" �Q�F�S�J�P�E�T�
 �J�T �H�J�W�F�O �C�Z �U�I�F �D�B�U�D�I���V�Q �E�J�T�U�B�O�D�F�� �5�I�J�T �J�T �U�I�F
�Q�P�T�J�U�J�P�Ozc �S�F�B�D�I�F�E �C�Z �B �U�F�T�U �Q�B�S�U�J�D�M�F �U�S�B�W�F�M�J�O�H �B �E�J�T�U�B�O�D�Fs �C�F�I�J�O�E �U�I�F �T�P�V�S�D�F �Q�B�S�U�J�D�M�F�

�X�I�F�O �U�I�F �U�F�T�U �Q�B�S�U�J�D�M�F �X�J�M�M �F�Y�Q�F�S�J�F�O�D�F �U�I�F �X�B�L�F �G�J�F�M�E�T �T�D�B�U�U�F�S�F�E �B�U �B �E�J�T�U�B�O�D�Fb �G�S�P�N �U�I�F
�Q�B�S�U�J�D�M�F �U�S�B�K�F�D�U�P�S�Z �<���� �>�
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�5�I�F�S�F�G�P�S�F�
 �U�I�F �O�V�N�C�F�S �P�G �%�-�" �Q�F�S�J�P�E�T �B�O�E �U�I�F �T�Q�B�D�J�O�H �U�P �U�I�F �C�P�V�O�E�B�S�J�F�T �J�T �D�I�P�T�F�O �T�V�D�I
�U�I�B�U �U�I�F �T�I�P�S�U���S�B�O�H�F �X�B�L�F �G�J�F�M�E �Q�F�S �%�-�" �Q�F�S�J�P�E �D�P�O�W�F�S�H�F�T �X�J�U�I�P�V�U �C�F�J�O�H �J�O�G�M�V�F�O�D�F�E �C�Z
�U�I�F �C�P�V�O�E�B�S�Z �D�P�O�E�J�U�J�P�O�T�� �5�I�J�T �J�N�Q�M�J�F�T �U�I�B�U �U�I�F �M�P�O�H���S�B�O�H�F �X�B�L�F�
 �G�P�S �X�I�J�D�I �U�I�F �D�B�U�D�I���V�Q
�E�J�T�U�B�O�D�F �J�T �T�I�P�S�U�F�S�
 �J�T �Q�P�T�T�J�C�M�Z �J�O�G�M�V�F�O�D�F�E �C�Z �U�I�F �C�P�V�O�E�B�S�Z �D�P�O�E�J�U�J�P�O�T �B�O�E �U�I�F �U�S�V�T�U�X�P�S�U�I�Z
�S�B�O�H�F �I�B�T �U�P �C�F �D�I�F�D�L�F�E �J�O �F�B�D�I �T�J�N�V�M�B�U�J�P�O�� �0�V�S �T�J�N�V�M�B�U�J�P�O �N�P�E�F�M�T �B�S�F �W�B�M�J�E�B�U�F�E �B�H�B�J�O�T�U
�U�P �P�U�I�F�S �D�P�E�F�T �B�O�E �B�O�B�M�Z�U�J�D�B�M �N�P�E�F�M�T �J�O �4�F�D��������������

�'�P�S �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �U�I�F �X�B�L�F �G�J�F�M�E �J�O�E�V�D�F�E �C�Z �B�O �B�S�C�J�U�S�B�S�Z �T�I�B�Q�F�E �C�V�O�D�I�
 �X�F �T�U�B�S�U
�G�S�P�N �B �Q�F�S�J�P�E�J�D �H�S�B�U�J�O�H �T�U�S�V�D�U�V�S�F�
 �X�I�J�D�I �J�T �U�S�B�O�T�M�B�U�J�P�O �J�O�W�B�S�J�B�O�U �J�Ox���E�J�S�F�D�U�J�P�O�
 �B�O�E �T�J�N��
�V�M�B�U�F �U�I�F �X�B�L�F �Q�P�U�F�O�U�J�B�M �P�G �B �M�P�O�H�J�U�V�E�J�O�B�M�M�Z �(�B�V�T�T�J�B�O �T�I�B�Q�F�E �C�V�O�D�I �E�J�T�U�S�J�C�V�U�J�P�O �X�J�U�I �B
�T�I�P�S�U �C�V�O�D�I �M�F�O�H�U�I �B�T �E�F�T�D�S�J�C�F�E �B�C�P�W�F�� �5�I�F �J�O�U�F�H�S�B�U�J�P�O �Q�B�U�I�T�
 �P�O �X�I�J�D�I �U�I�F �X�B�L�F �G�J�F�M�E �J�T
�D�B�M�D�V�M�B�U�F�E�
 �B�S�F �B�S�S�B�O�H�F�E �P�O �B �S�F�D�U�B�O�H�V�M�B�S �H�S�J�E �J�O �U�I�F �H�B�Q �S�F�H�J�P�O �B�O�E �U�I�F �F�Y�D�J�U�B�U�J�P�O �C�F�B�N
�Q�B�U�I �J�T �W�B�S�J�F�E �B�M�P�O�H �U�I�F �M�P�D�B�U�J�P�O�T �P�G �U�I�F �J�O�U�F�H�S�B�U�J�P�O �Q�B�U�I �J�Oy���E�J�S�F�D�U�J�P�O �	�T�F�F �'�J�H���������
��
�5�I�F �T�J�N�V�M�B�U�J�P�O �J�T �Q�F�S�G�P�S�N�F�E �G�P�S �F�B�D�I �Q�P�T�J�U�J�P�O �P�G �U�I�F �T�P�V�S�D�F �C�F�B�N�� �%�V�F �U�P �U�I�F �U�S�B�O�T�M�B��
�U�J�P�O �T�Z�N�N�F�U�S�Z �P�G �U�I�F �T�U�S�V�D�U�V�S�F �J�Ox���E�J�S�F�D�U�J�P�O�
 �J�U �J�T �T�V�G�G�J�D�J�F�O�U �U�P �I�B�W�F �B�M�M �C�F�B�N �Q�B�U�I�T �B�U
�U�I�F �T�B�N�Fx���Q�P�T�J�U�J�P�O�� �*�G �U�I�F �M�F�O�H�U�I �P�G �U�I�F �(�B�V�T�T�J�B�O �F�Y�D�J�U�B�U�J�P�O �T�J�H�O�B�M �J�T �N�V�D�I �T�I�P�S�U�F�S �U�I�B�O
�U�I�F �S�F�B�M �C�V�O�D�I �M�F�O�H�U�I�
 �U�I�F �T�J�N�V�M�B�U�J�P�O �X�B�L�F �S�F�T�V�M�U �J�T �B �H�P�P�E �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �(�S�F�F�O���T
�G�V�O�D�U�J�P�O~w(x � x̃, y, ỹ, s̃)�
 �X�I�F�S�Fx̃ �B�O�Ẽy �B�S�F �U�I�F �D�P�P�S�E�J�O�B�U�F�T �P�G �U�I�F �C�F�B�N �Q�B�U�I�
x �B�O�Ey
�B�S�F �U�I�F �D�P�P�S�E�J�O�B�U�F�T �P�G �U�I�F �J�O�U�F�H�S�B�M �Q�B�U�I�
 �B�O�Es̃ �J�T �U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �D�P�P�S�E�J�O�B�U�F �X�J�U�Is̃ = �� �B�U

�)�L�J�X�U�H ���������*�O�U�F�H�S�B�U�J�P�O �Q�B�U�I�T �	�C�M�V�F�
 �B�O�E �C�F�B�N �Q�B�U�I�T �	�S�F�E�
 �J�O �U�I�F �$�4�5 �X�B�L�F �G�J�F�M�E �T�J�N�V�M�B��
�U�J�P�O �N�P�E�F�M�� �'�P�S �F�B�D�I �C�F�B�N �Q�B�U�I �P�O�F �T�J�N�V�M�B�U�J�P�O �J�T �Q�F�S�G�P�S�N�F�E �B�O�E �X�B�L�F �G�J�F�M�E�T
�B�S�F �D�B�M�D�V�M�B�U�F�E �P�O �F�B�D�I �J�O�U�F�H�S�B�U�J�P�O �Q�B�U�I �	�B�E�B�Q�U�F�E �G�S�P�N �<���� �
 �'�J�H�� ���>�
��

���� �� �:�D�N�H �)�L�H�O�G�V �L�Q �'�L�H�O�H�F�W�U�L�F �/�D�V�H�U �$�F�F�H�O�H�U�D�W�R�U �6�W�U�X�F�W�X�U�H�V



�U�I�F �Q�P�T�J�U�J�P�O �P�G �U�I�F �D�I�B�S�H�F�� �5�I�F �F�S�S�P�S �P�G �U�I�J�T �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �D�B�O �C�F �F�T�U�J�N�B�U�F�E �C�Z �D�P�O�T�J�E��
�F�S�J�O�H �U�X�P �(�B�V�T�T�J�B�O �C�V�O�D�I �E�J�T�U�S�J�C�V�U�J�P�O�T �X�J�U�I �C�V�O�D�I �M�F�O�H�U�I�T� z,1 �B�O�E� z,2�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�

�B�O�E� z,1 < � z,2�� �5�I�F �F�Y�B�D�U �M�P�O�H�J�U�V�E�J�O�B�M �X�B�L�F �Q�P�U�F�O�U�J�B�M �P�G �U�I�F �T�F�D�P�O�E �C�V�O�D�I �J�T �U�I�F�O �H�J�W�F�O
�C�Z �<���� �>

Wz,2 (s) =
1

p
2�� z,12

Z 1

�1

Wz,1

�
s0

�
exp

‚

�
(s� s0)2

2� 2
z,12

Œ

ds0 �	�������


�X�J�U�I� 2
z,12 = � 2

z,2 � � 2
z,1�� �&�R�V�B�U�J�P�O������ �D�B�O �C�F �Q�S�P�W�F�O �C�Z �T�V�C�T�U�J�U�V�U�J�O�HWz,1 (s0) �X�J�U�I �U�I�F

�D�P�O�W�P�M�V�U�J�P�O �P�G �U�I�F �X�B�L�F �G�V�O�D�U�J�P�O �B�O�E �U�I�F �(�B�V�T�T�J�B�O �E�J�T�U�S�J�C�V�U�J�P�O �X�J�U�I �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O
� z,1�� �"�G�U�F�S �B �G�F�X �N�B�U�I�F�N�B�U�J�D�B�M �P�Q�F�S�B�U�J�P�O�T �U�I�F �D�P�O�W�P�M�V�U�J�P�O �P�G �U�I�F �X�B�L�F �G�V�O�D�U�J�P�O �B�O�E �U�I�F
�(�B�V�T�T�J�B�O �E�J�T�U�S�J�C�V�U�J�P�O �X�J�U�I �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O� z,2 �J�T �P�C�U�B�J�O�F�E�� �5�I�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �X�J�U�I
�U�I�F �X�B�L�F �Q�P�U�F�O�U�J�B�MWz,1 �P�G �U�I�F �G�J�S�T�U �C�V�O�D�I �B�T �(�S�F�F�O���T �G�V�O�D�U�J�P�O �J�T�
 �I�P�X�F�W�F�S�


Wapprox
z,2 (s) =

1
p

2�� z,2

Z 1

�1

Wz,1

�
s0

�
exp

‚

�
(s� s0)2

2� 2
z,2

Œ

ds0. �	�������


�5�I�F �D�P�O�W�P�M�V�U�J�P�O �X�J�U�I �B�O �B�S�C�J�U�S�B�S�Z �C�V�O�D�I �E�J�T�U�S�J�C�V�U�J�P�O �P�O �B�O �B�S�C�J�U�S�B�S�Z �U�S�B�O�T�W�F�S�T�F �Q�P�T�J��
�U�J�P�O �J�O �U�I�F �H�B�Q �S�F�T�V�M�U�T �J�O �U�I�F �X�B�L�F �Q�P�U�F�O�U�J�B�M

~W (x, y, s) =

Z 1

�1

Z 1

�1

Z 1

�1

~w(x � x̃, y, ỹ, s̃) � ( x̃, ỹ, s� s̃) dx̃d ỹds̃, �	�������


�X�I�F�S�F �U�I�F �C�V�O�D�I �E�J�T�U�S�J�C�V�U�J�P�O �J�T �O�P�S�N�B�M�J�[�F�E �B�T
R

V
� ( x, y, s) dV = 1�� �'�P�S �T�J�N�Q�M�J�D�J�U�Z�
 �X�F �B�T��

�T�V�N�F �B�O �V�O�D�P�S�S�F�M�B�U�F�E �E�J�T�U�S�J�C�V�U�J�P�O� ( x̃, ỹ, s� s̃) = � x ( x̃) � y ( ỹ) � s (s� s̃)�� �5�I�J�T �T�Q�M�J�U�T �U�I�F
�U�I�S�F�F���E�J�N�F�O�T�J�P�O�B�M �J�O�U�F�H�S�B�M �J�O �&�R�������� �J�O �U�I�S�F�F �J�O�E�F�Q�F�O�E�F�O�U �P�O�F���E�J�N�F�O�T�J�P�O�B�M �J�O�U�F�H�S�B�M�T��
�'�J�S�T�U �X�F �F�Y�F�D�V�U�F �U�I�F �J�O�U�F�H�S�B�M �P�W�F�S �U�I�F �U�S�B�O�T�W�F�S�T�F �D�P�P�S�E�J�O�B�U�Fy�


~W � y ( x � x̃, y, s̃) =

Z 1

�1

~w(x � x̃, y, ỹ, s̃) � y ( ỹ) d ỹ. �	�������


�5�I�F�O �U�I�F �T�F�D�P�O�E �U�S�B�O�T�W�F�S�T�F �J�O�U�F�H�S�B�M �G�P�M�M�P�X�T �B�T �B �D�P�O�W�P�M�V�U�J�P�O �P�G �U�I�F �G�J�S�T�U �S�F�T�V�M�U�


~W � x � y ( x, y, s̃) =

Z 1

�1

~W � y ( x � x̃, y, s̃) � x ( x̃) dx̃, �	�������


�B�O�E �G�J�O�B�M�M�Z �U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �D�P�O�W�P�M�V�U�J�P�O �S�F�T�V�M�U�T �J�O �U�I�F �X�B�L�F �Q�P�U�F�O�U�J�B�M

~W (x, y, s) =

Z 1

�1

~W � x � y ( x, y, s̃) � s (s� s̃) ds̃. �	�������


������ �:�D�N�H �)�L�H�O�G �6�L�P�X�O�D�W�L�R�Q �0�R�G�H�O �D�Q�G �&�R�Q�Y�R�O�X�W�L�R�Q����



�8�F �X�J�M�M �O�P�X �E�J�T�D�S�F�U�J�[�F �U�I�F �B�C�P�W�F �J�O�U�F�H�S�B�M�T�
 �J���F���
 �B�Q�Q�S�P�Y�J�N�B�U�F �U�I�F�N �B�T �T�V�N�T�� �5�I�F �J�O�U�F�H�S�B�M
�P�W�F�S �U�I�F �U�S�B�O�T�W�F�S�T�F �D�P�P�S�E�J�O�B�U�Fỹ �J�T�
 �G�P�S �F�Y�B�N�Q�M�F�
 �B�Q�Q�S�P�Y�J�N�B�U�F�E �B�T

~W � y ( x � x̃, y, s̃) � � ỹ
X

n ỹ

�
~w

�
x � x̃, y, n ỹ � ỹ, s̃

�
� y

�
n ỹ � ỹ

��
, �	�������


�X�I�F�S�F �U�I�F �X�B�L�F �G�V�O�D�U�J�P�O �B�O�E �U�I�F �C�V�O�D�I �E�J�T�U�S�J�C�V�U�J�P�O �B�S�F �F�W�B�M�V�B�U�F�E �B�Un ỹ �Q�P�J�O�U�T �X�J�U�I
�E�J�T�U�B�O�D�F� ỹ �J�Oy���E�J�S�F�D�U�J�P�O�� �5�I�F �T�V�N �D�B�O �C�F �J�O�U�F�S�Q�S�F�U�F�E �B�T �B �U�F�O�T�P�S �Q�S�P�E�V�D�U �X�J�U�I �B�M�M
�D�P�P�S�E�J�O�B�U�F�T �S�F�Q�M�B�D�F�E �C�Z �S�F�Q�S�F�T�F�O�U�B�U�J�W�F �J�O�E�J�D�F�T

~W � y ( x � x̃, y, s̃) � ~W
� y
nx ,nx̃ ,ny ,ns̃

�	�������B�


= � ỹ
X

n ỹ

~wnx ,nx̃ ,ny ,n ỹ ,ns̃
� y

n ỹ
. �	�������C�


�5�I�F �E�J�T�D�S�F�U�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �&�R�������� �G�P�M�M�P�X�T �B�T

~W
�
nx , ny , ns

�
= � s̃� x̃� ỹ

X

ns̃

X

nx̃

X

n ỹ

~wnx ,n x̃ ,ny ,n ỹ ,ns̃
� y

n ỹ
� x

nx̃
� s

ns̃,ns
, �	���������


�X�I�J�D�I �D�B�O �C�F �J�N�Q�M�F�N�F�O�U�F�E �J�O �B �W�F�S�Z �F�G�G�J�D�J�F�O�U �N�B�O�O�F�S�� �"�T �B�O �F�Y�B�N�Q�M�F �'�J�H�������� �T�I�P�X�T �U�I�F
�X�B�L�F �Q�P�U�F�O�U�J�B�M �P�G �B �(�B�V�T�T�J�B�O �T�I�B�Q�F�E �C�V�O�D�I �E�J�T�U�S�J�C�V�U�J�P�O �Q�B�T�T�J�O�H �U�I�S�P�V�H�I �B �S�F�D�U�B�O�H�V�M�B�S
�H�S�B�U�J�O�H �X�J�U�I �B�O �B�Q�F�S�U�V�S�F �P�G ������� �N�� �*�O �D�P�O�U�S�B�T�U �U�P �D�P�O�W�F�O�U�J�P�O�B�M �B�D�D�F�M�F�S�B�U�P�S �C�F�B�N �Q�J�Q�F�T�

�X�I�P�T�F �B�Q�F�S�U�V�S�F �J�T �N�V�D�I �M�B�S�H�F�S �U�I�B�O �U�I�F �C�V�O�D�I �X�J�E�U�I �B�O�E �X�I�P�T�F �X�B�L�F �Q�P�U�F�O�U�J�B�M �D�B�O �U�I�V�T
�C�F �B�T�T�V�N�F�E �U�P �C�F �J�O�E�F�Q�F�O�E�F�O�U �P�G �U�I�F �U�S�B�O�T�W�F�S�T�F �Q�P�T�J�U�J�P�O �X�J�U�I�J�O �U�I�F �C�V�O�D�I�
 �U�I�F �B�Q�F�S�U�V�S�F�T
�P�G �B �%�-�" �H�S�B�U�J�O�H �B�S�F �B�M�N�P�T�U �D�P�N�Q�M�F�U�F�M�Z �G�J�M�M�F�E �C�Z �Q�B�S�U�J�D�M�F�T �B�O�E �U�I�F �X�B�L�F �Q�P�U�F�O�U�J�B�M �E�F�Q�F�O�E�T
�I�J�H�I�M�Z �P�O �U�I�F �U�S�B�O�T�W�F�S�T�F �Q�P�T�J�U�J�P�O��

�-�P�O�H�J�U�V�E�J�O�B�M �B�O�E �U�S�B�O�T�W�F�S�T�F �X�B�L�F �G�J�F�M�E�T �B�S�F �D�P�V�Q�M�F�E �C�Z �U�I�F �1�B�O�P�G�T�L�Z���8�F�O�[�F�M �U�I�F�P�S�F�N
�	�D�G�� �&�R�����������
�� �8�F �D�B�O �V�T�F �U�I�J�T �S�F�M�B�U�J�P�O �B�T �W�B�M�J�E�B�U�J�P�O �P�G �U�I�F �X�B�L�F �Q�P�U�F�O�U�J�B�M�T �O�V�N�F�S�J�D�B�M�M�Z
�D�B�M�D�V�M�B�U�F�E �C�Z �&�R������������ �5�I�F �S�F�M�B�U�J�W�F �F�S�S�P�S �J�O �G�V�M�G�J�M�M�J�O�H �U�I�Fy���D�P�N�Q�P�O�F�O�U �P�G �&�R���������� �J�T
�X�S�J�U�U�F�O �B�T

f�1�8 ( x, y, s) =

�
�
� @

@y Ws ( x, y, s) + @
@sWy ( x, y, s)

�
�
�

�
� @

@sWy ( x, y, s)
�
� +

�
�
� @

@y Ws ( x, y, s)
�
�
�

�	���������


�X�J�U�If�1�8 ( x, y, s) � 1�
 �X�I�J�D�I �J�T �Q�M�P�U�U�F�E �J�O �'�J�H���������� �5�I�F �Q�M�P�U �T�I�P�X�T �U�I�B�U �U�I�F �O�V�N�F�S�J�D�B�M
�E�J�G�G�F�S�F�O�D�F �J�O �U�I�F �1�B�O�P�G�T�L�Z���8�F�O�[�F�M �U�I�F�P�S�F�N �B�Q�Q�M�J�F�E �U�P �U�I�F �X�B�L�F �G�J�F�M�E�T �Q�M�P�U�U�F�E �J�O �'�J�H��������
�J�T �X�F�M�M �C�F�M�P�X ���� �F�Y�D�F�Q�U �G�P�S �P�O�F �T�Q�P�U �X�I�F�S�F �C�P�U�I �E�F�S�J�W�B�U�J�W�F�T �P�G �U�I�F �X�B�L�F �B�S�F �[�F�S�P �B�O�E
�U�I�V�T �B�S�U�J�G�B�D�U�T �P�G �U�I�F �G�J�O�J�U�F �E�J�G�G�F�S�F�O�D�F�T �C�M�P�X �V�Q �U�I�F �S�F�M�B�U�J�W�F �F�S�S�P�S��

���� �� �:�D�N�H �)�L�H�O�G�V �L�Q �'�L�H�O�H�F�W�U�L�F �/�D�V�H�U �$�F�F�H�O�H�U�D�W�R�U �6�W�U�X�F�W�X�U�H�V



���D���-�P�O�H�J�U�V�E�J�O�B�M �X�B�L�F ���E���5�S�B�O�T�W�F�S�T�F �X�B�L�F

�)�L�J�X�U�H ���������5�X�P���E�J�N�F�O�T�J�P�O�B�M �X�B�L�F �Q�P�U�F�O�U�J�B�M �Q�F�S �%�-�" �H�S�B�U�J�O�H �Q�F�S�J�P�E �H�F�O�F�S�B�U�F�E �C�Z �B
�C�V�O�D�I �X�J�U�I ���� �O�N �M�P�O�H�J�U�V�E�J�O�B�M �B�O�E ������ �O�N �U�S�B�O�T�W�F�S�T�F �T�J�[�F�� �5�I�F �T�U�B�O�E�B�S�E
�E�F�W�J�B�U�J�P�O �J�T �J�O�E�J�D�B�U�F�E �C�Z �U�I�F �C�M�B�D�L �F�M�M�J�Q�T�F�T �	�B�E�B�Q�U�F�E �G�S�P�N �<���� �
 �'�J�H�� ���>�
��

�)�L�J�X�U�H ���������/�P�S�N�B�M�J�[�F�E �E�J�G�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �M�F�G�U �F�O�E �U�I�F �S�J�H�I�U �I�B�O�E �T�J�E�F �P�G �U�I�F
�1�B�O�P�G�T�L�Z���8�F�O�[�F�M �U�I�F�P�S�F�N �	�&�R�����������
 �D�B�M�D�V�M�B�U�F�E �G�P�S �U�I�F �T�J�N�V�M�B�U�F�E �X�B�L�F �G�J�F�M�E
�E�B�U�B �P�G �B �(�B�V�T�T�J�B�O �C�V�O�D�I �E�J�T�U�S�J�C�V�U�J�P�O �X�J�U�I �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O �H�J�W�F�O �C�Z �U�I�F
�X�I�J�U�F �F�M�M�J�Q�T�F�� �5�I�F �X�B�L�F �G�J�F�M�E�T �B�S�F �T�I�P�X�O �J�O �'�J�H�������� �	�B�E�B�Q�U�F�E �G�S�P�N �<���� �
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�U�I�F �G�P�M�M�P�X�J�O�H�� �4�F�D�U�J�P�O�����������T�I�P�X�T �U�I�F �W�B�M�J�E�B�U�J�P�O �P�G �U�I�F �X�B�L�F �G�J�F�M�E �T�J�N�V�M�B�U�J�P�O �N�P�E�F�M �J�O
�$�4�5 �4�U�V�E�J�P �4�V�J�U�F �B�H�B�J�O�T�U �X�B�L�F �G�J�F�M�E �S�F�T�V�M�U�T �P�G �P�U�I�F�S �T�J�N�V�M�B�U�J�P�O �U�P�P�M�T �B�O�E �B �D�P�N�Q�B�S�J�T�P�O
�X�J�U�I �B�O�B�M�Z�U�J�D�B�M �T�P�M�V�U�J�P�O�T �P�G �T�J�N�J�M�B�S �T�U�S�V�D�U�V�S�F�T�� �*�O �4�F�D�������������
 �T�D�B�M�J�O�H �M�B�X�T �B�S�F �E�F�T�D�S�J�C�F�E�

�X�I�J�D�I �B�S�F �V�T�F�G�V�M �J�G �U�I�F �O�V�N�F�S�J�D�B�M �X�B�L�F �G�J�F�M�E �T�J�N�V�M�B�U�J�P�O�T �B�S�F �D�P�N�Q�V�U�B�U�J�P�O�B�M�M�Z �F�Y�Q�F�O�T�J�W�F��
�5�I�F �G�J�O�E�J�O�H�T �D�B�O �B�M�T�P �C�F �B�Q�Q�M�J�F�E �U�P �U�I�F �U�S�B�O�T�W�F�S�T�F �X�B�L�F �G�J�F�M�E�T �C�Z �U�I�F �1�B�O�P�G�T�L�Z���8�F�O�[�F�M
�U�I�F�P�S�F�N �	�&�R�����������
�� �'�V�S�U�I�F�S�N�P�S�F�
 �4�F�D�U�J�P�O�����������Q�S�P�Q�P�T�F�T �T�U�S�V�D�U�V�S�F�T �X�J�U�I �U�V�O�B�C�M�F �X�B�L�F
�G�J�F�M�E�T �E�F�Q�F�O�E�J�O�H �P�O �U�I�F �U�S�B�O�T�W�F�S�T�F �Q�P�T�J�U�J�P�O �P�G �U�I�F �C�F�B�N �X�J�U�I�J�O �U�I�F �T�U�S�V�D�U�V�S�F��
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�*�O �P�S�E�F�S �U�P �W�B�M�J�E�B�U�F �U�I�F �T�J�N�V�M�B�U�J�P�O �N�P�E�F�M �V�T�F�E �J�O �$�4�5 �4�U�V�E�J�P �4�V�J�U�F�
 �X�F �D�P�N�Q�B�S�F �U�I�F �$�4�5
�M�P�O�H�J�U�V�E�J�O�B�M �X�B�L�F �G�J�F�M�E �S�F�T�V�M�U�T �P�G �B �M�P�O�H�J�U�V�E�J�O�B�M�M�Z �(�B�V�T�T�J�B�O �T�I�B�Q�F�E �Q�F�O�D�J�M �C�F�B�N �X�J�U�I
�S�F�T�V�M�U�T �D�B�M�D�V�M�B�U�F�E �C�Z �U�X�P �P�U�I�F�S �T�J�N�V�M�B�U�J�P�O �D�P�E�F�T�� �*�O �'�J�H�������B�U�I�F �U�I�S�F�F���E�J�N�F�O�T�J�P�O�B�M �$�4�5
�S�F�T�V�M�U�T �P�G �B �S�F�D�U�B�O�H�V�M�B�S �H�S�B�U�J�O�H �B�S�F �D�P�N�Q�B�S�F�E �U�P �U�X�P�� �B�O�E �U�I�S�F�F���E�J�N�F�O�T�J�P�O�B�M �T�J�N�V�M�B�U�J�P�O
�S�F�T�V�M�U�T �P�G �7�4�J�N �<���� �> �C�B�T�F�E �P�O �U�I�F �'�J�O�J�U�F �%�J�G�G�F�S�F�O�D�F �5�J�N�F �%�P�N�B�J�O �N�F�U�I�P�E�� �5�I�F �X�B�L�F
�G�J�F�M�E �D�B�M�D�V�M�B�U�J�P�O �J�T �E�P�O�F �C�Z �N�B�O�V�B�M�M�Z �J�O�U�F�H�S�B�U�J�O�H �U�I�F �F�M�F�D�U�S�P�N�B�H�O�F�U�J�D �G�J�F�M�E�T �F�Y�Q�P�S�U�F�E
�G�S�P�N �U�I�F �U�J�N�F �E�P�N�B�J�O �T�J�N�V�M�B�U�J�P�O�T�� �"�T �F�Y�Q�F�D�U�F�E�
 �U�I�F �U�I�S�F�F���E�J�N�F�O�T�J�P�O�B�M �S�F�T�V�M�U�T �B�H�S�F�F
�W�F�S�Z �X�F�M�M�� �)�P�X�F�W�F�S�
 �U�I�F �U�X�P���E�J�N�F�O�T�J�P�O�B�M �T�J�N�V�M�B�U�J�P�O �T�I�P�X�T �M�B�S�H�F �E�J�G�G�F�S�F�O�D�F�T�
 �F�T�Q�F�D�J�B�M�M�Z
�J�O �U�I�F �M�P�O�H���S�B�O�H�F �X�B�L�F�� �5�I�J�T �J�T �B�D�D�P�V�O�U�F�E �U�P �F�G�G�F�D�U�T �J�O �U�I�F �E�J�F�M�F�D�U�S�J�D �N�B�U�F�S�J�B�M �U�I�B�U �B�S�F
�O�P�U �D�B�Q�U�V�S�F�E �J�O �U�I�F �U�X�P���E�J�N�F�O�T�J�P�O�B�M �N�P�E�F�M�� �" �U�X�P���E�J�N�F�O�T�J�P�O�B�M �X�B�L�F �G�J�F�M�E �T�J�N�V�M�B�U�J�P�O
�J�T �U�I�F�S�F�G�P�S�F �Q�I�Z�T�J�D�B�M�M�Z �O�P�U �T�V�G�G�J�D�J�F�O�U�� �'�V�S�U�I�F�S�N�P�S�F�
 �U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �X�B�L�F �P�G �B �D�B�W�J�U�Z
�T�U�S�V�D�U�V�S�F �Q�S�P�Q�P�T�F�E �J�O �<���� �> �J�T �D�B�M�D�V�M�B�U�F�E �C�Z �$�4�5 �B�O�E �U�I�F �Q�B�S�B�M�M�F�M�J�[�F�E �1�#�$�* �D�P�E�F�
 �X�I�J�D�I
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�(�K�P�O�B�K�� �5�I�F �T�I�P�S�U���S�B�O�H�F �X�B�L�F �S�F�T�V�M�U�T �T�I�P�X�O �J�O �'�J�H���������C�B�H�S�F�F �B�M�T�P �W�F�S�Z �X�F�M�M��
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���D���$�P�N�Q�B�S�J�T�P�O �C�F�U�X�F�F�O �$�4�5 �B�O�E �7�4�J�N�����E���$�P�N�Q�B�S�J�T�P�O �C�F�U�X�F�F�O �$�4�5 �B�O�E �1�#�$�*��

���F���$�P�N�Q�B�S�J�T�P�O �C�F�U�X�F�F�O �B�O�B�M�Z�U�J�D�B�M �N�P�E�F�M
�P�G �N�F�U�B�M�M�J�D �D�P�S�S�V�H�B�U�F�E �Q�M�B�U�F�T�
 �B �$�4�5
�N�P�E�F�M �X�J�U�I �E�J�F�M�F�D�U�S�J�D �N�B�U�F�S�J�B�M �B�O�E �B
�$�4�5 �N�P�E�F�M �X�J�U�I �1�&�$ �N�B�U�F�S�J�B�M��

���G���4�U�V�E�Z �P�G �M�P�O�H�J�U�V�E�J�O�B�M �X�B�L�F �Q�F�S �Q�F�S�J�P�E
�G�P�S �E�J�G�G�F�S�F�O�U �O�V�N�C�F�S �P�G �Q�F�S�J�P�E�T �T�J�N�V��
�M�B�U�F�E��

�)�L�J�X�U�H ���������7�B�M�J�E�B�U�J�P�O �P�G �$�4�5 �X�B�L�F �G�J�F�M�E �N�P�E�F�M �C�Z �D�P�N�Q�B�S�J�T�P�O �P�G �U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �X�B�L�F
�G�J�F�M�E �Q�F�S �%�-�" �H�S�B�U�J�O�H �Q�F�S�J�P�E �X�J�U�I �P�U�I�F�S �D�P�E�F�T �B�O�E �B�O �B�O�B�M�Z�U�J�D�B�M �N�P�E�F�M �B�O�E
�C�Z �T�U�V�E�Z�J�O�H �U�I�F �D�P�O�W�F�S�H�F�O�D�F �P�G �U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �X�B�L�F �G�J�F�M�E �Q�F�S �%�-�" �H�S�B�U�J�O�H
�Q�F�S�J�P�E�� �5�I�F �T�J�N�V�M�B�U�F�E �T�U�S�V�D�U�V�S�F �J�O �'�J�H�T�� �	�B�
�
 �	�D�
�
 �B�O�E �	�E�
 �J�T �B �S�F�D�U�B�O�H�V�M�B�S
�H�S�B�U�J�O�H �X�J�U�I ������ �O�N �Q�F�S�J�P�E �M�F�O�H�U�I�
" r = 2.4�
 ������ �O�N �B�Q�F�S�U�V�S�F�
 ������ �O�N �U�P�P�U�I
�X�J�E�U�I�
 ������ �O�N �U�P�P�U�I �I�F�J�H�I�U�
 �B�O�E ���� �O�N �C�V�O�D�I �M�F�O�H�U�I�� �'�P�S �'�J�H�� �	�C�
�
 �B �D�B�W�J�U�Z
�T�U�S�V�D�U�V�S�F �X�J�U�I ������ �O�N �Q�F�S�J�P�E �M�F�O�H�U�I" r = 11.63�
 ������ �O�N �B�Q�F�S�U�V�S�F�
 ������ �O�N
�U�P�P�U�I �X�J�E�U�I�
 ������ �O�N �U�P�P�U�I �I�F�J�H�I�U�
 �B�O�E ������ �O�N �C�V�O�D�I �M�F�O�H�U�I �J�T �V�T�F�E��
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�X�I�F�S�Fg �S�F�Q�S�F�T�F�O�U�T �U�I�F �H�B�Q�
� z �U�I�F �Q�F�S�J�P�E �M�F�O�H�U�I�
t �U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �H�B�Q �C�F�U�X�F�F�O �U�I�F
�D�P�S�S�V�H�B�U�J�P�O�T�
h �U�I�F �E�F�Q�U�I �P�G �U�I�F �D�P�S�S�V�H�B�U�J�P�O�T�
 �B�O�E� ( x) � 1 � 0.465

p
x � 0.07x�� �%�V�F

�U�P �D�B�V�T�B�M�J�U�Z �U�I�F �X�B�L�F �G�V�O�D�U�J�P�O �W�B�O�J�T�I�F�T �G�P�Ss< 0�� �'�J�H�V�S�F�������D�T�I�P�X�T �U�I�F �X�B�L�F �Q�P�U�F�O�U�J�B�M
�D�B�M�D�V�M�B�U�F�E �C�Z �B �D�P�O�W�P�M�V�U�J�P�O �P�G �U�I�F �X�B�L�F �G�V�O�D�U�J�P�O �J�O �&�R���������� �D�P�N�Q�B�S�F�E �X�J�U�I �U�I�F �$�4�5
�S�F�T�V�M�U�T �P�G �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �E�J�F�M�F�D�U�S�J�D �S�F�D�U�B�O�H�V�M�B�S �H�S�B�U�J�O�H �B�O�E �B �H�S�B�U�J�O�H �X�I�F�S�F �Q�F�S�G�F�D�U
�F�M�F�D�U�S�J�D �D�P�O�E�V�D�U�J�O�H �N�B�U�F�S�J�B�M �J�T �V�T�F�E �J�O�T�U�F�B�E �P�G �E�J�F�M�F�D�U�S�J�D�� �5�I�F �B�O�B�M�Z�U�J�D�B�M �T�P�M�V�U�J�P�O �J�T �B
�G�B�J�S�M�Z �H�P�P�E �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �G�P�S �U�I�F �1�&�$ �H�S�B�U�J�O�H�
 �C�V�U �U�I�F �S�F�T�V�M�U�T �E�J�G�G�F�S �H�S�F�B�U�M�Z �G�S�P�N �U�I�F
�X�B�L�F �G�J�F�M�E �P�G �U�I�F �E�J�F�M�F�D�U�S�J�D �H�S�B�U�J�O�H�� �4�J�O�D�F �J�O �U�I�F �X�B�L�F �G�J�F�M�E �P�G �U�I�F �E�J�F�M�F�D�U�S�J�D �H�S�B�U�J�O�H
�U�I�F �4�N�J�U�I���1�V�S�D�F�M�M �F�G�G�F�D�U �B�O�E �U�I�F �$�I�F�S�F�O�L�P�W �F�G�G�F�D�U �B�S�F �Q�S�F�T�F�O�U�
 �U�I�F �B�O�B�M�Z�U�J�D�B�M �T�P�M�V�U�J�P�O
�S�F�Q�S�F�T�F�O�U�T �P�O�M�Z �U�I�F �4�N�J�U�I���1�V�S�D�F�M�M �X�B�L�F �B�O�E �U�I�F �E�J�G�G�F�S�F�O�D�F �U�P �U�I�F �S�F�T�V�M�U �P�G �U�I�F �E�J�F�M�F�D�U�S�J�D
�H�S�B�U�J�O�H �J�T �B�G�G�F�D�U�F�E �C�Z �U�I�F �$�I�F�S�F�O�L�P�W �X�B�L�F �J�O �U�I�F �N�B�U�F�S�J�B�M��
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�	�B�E�B�Q�U�F�E �G�S�P�N �<���� �
 �'�J�H�� ���>�
��

�)�L�J�X�U�H ���������8�B�L�F �G�J�F�M�E�T �Q�F�S �H�S�B�U�J�O�H �Q�F�S�J�P�E �P�G �B �(�B�V�T�T�J�B�O �C�V�O�D�I �E�J�T�U�S�J�C�V�U�J�P�O �Q�B�T�T�J�O�H �P�O��
�B�Y�J�T �U�I�S�P�V�H�I �U�I�S�F�F �E�J�G�G�F�S�F�O�U �%�-�" �T�U�S�V�D�U�V�S�F�T�� �5�I�F �S�F�G�F�S�F�O�D�F �C�V�O�D�I �E�J�T�U�S�J�C�V�U�J�P�O
�J�T �T�I�P�X�O �J�O �E�P�U�U�F�E �C�M�B�D�L��

���� �� �:�D�N�H �)�L�H�O�G�V �L�Q �'�L�H�O�H�F�W�U�L�F �/�D�V�H�U �$�F�F�H�O�H�U�D�W�R�U �6�W�U�X�F�W�X�U�H�V



���������� �7�X�Q�D�E�O�H �'�/�$ �*�U�D�W�L�Q�J

�" �Q�P�T�T�J�C�M�F �B�Q�Q�M�J�D�B�U�J�P�O �P�G �%�-�" �T�U�S�V�D�U�V�S�F�T �C�F�T�J�E�F�T �I�J�H�I �F�O�F�S�H�Z �H�B�J�O �J�T �U�I�F �Q�I�B�T�F �T�Q�B�D�F
�N�P�E�V�M�B�U�J�P�O �P�S �C�V�O�D�I �T�I�B�Q�J�O�H �P�G �F�M�F�D�U�S�P�O �C�F�B�N�T �G�S�P�N �B �D�P�O�W�F�O�U�J�P�O�B�M �M�J�O�F�B�S �B�D�D�F�M�F�S�B�U�P�S��
�5�I�J�T �J�T �Q�P�T�T�J�C�M�F �J�O �U�X�P �X�B�Z�T�� �B�D�U�J�W�F �N�P�E�V�M�B�U�J�P�O �C�Z �B�O �F�Y�U�F�S�O�B�M �M�B�T�F�S �G�J�F�M�E �P�S �Q�B�T�T�J�W�F �N�P�E��
�V�M�B�U�J�P�O �C�Z �T�F�M�G���G�J�F�M�E�T �P�G �U�I�F �F�M�F�D�U�S�P�O �C�F�B�N�� �"�D�U�J�W�F �F�O�F�S�H�Z �N�P�E�V�M�B�U�J�P�O �G�P�S �M�P�O�H�J�U�V�E�J�O�B�M
�C�V�O�D�I�J�O�H �J�O �B �9���S�B�Z �G�S�F�F���F�M�F�D�U�S�P�O �M�B�T�F�S �X�B�T �Q�S�P�Q�P�T�F�E �C�Z �)�F�S�N�B�O�O �F�U �B�M�� �<���� �>�� �1�B�T�T�J�W�F
�F�O�F�S�H�Z �N�P�E�V�M�B�U�J�P�O �C�Z �X�B�L�F �G�J�F�M�E�T �X�B�T �B�M�S�F�B�E�Z �J�N�Q�M�F�N�F�O�U�F�E �X�J�U�I �N�F�U�B�M�M�J�D �D�P�S�S�V�H�B�U�F�E
�T�U�S�V�D�U�V�S�F�T�
 �G�P�S �F�Y�B�N�Q�M�F �B�U �-�$�-�4 �<���� �
���� �>�� �"�T �U�I�F �B�O�B�M�Z�U�J�D�B�M �N�P�E�F�M �E�F�T�D�S�J�C�F�E �C�Z �&�R����������
�T�I�P�X�T�
 �U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �X�B�L�F �T�D�B�M�F�T �X�J�U�I �U�I�F �J�O�W�F�S�T�F �T�R�V�B�S�F �P�G �U�I�F �H�B�Q �T�J�[�F�� �5�I�F �H�B�Q
�P�G �U�I�F �N�F�U�B�M�M�J�D �T�U�S�V�D�U�V�S�F�T �J�O �U�I�F �N�J�M�M�J�N�F�U�F�S �S�B�O�H�F �D�B�O �C�F �E�F�D�S�F�B�T�F�E �U�P �U�I�F �N�J�D�S�P�N�F��
�U�F�S �S�B�O�H�F �J�O �E�J�F�M�F�D�U�S�J�D �T�U�S�V�D�U�V�S�F�T�
 �X�I�J�D�I �J�O�D�S�F�B�T�F�T �U�I�F �X�B�L�F �B�O�E �U�I�V�T �U�I�F �N�P�E�V�M�B�U�J�P�O
�T�U�S�F�O�H�U�I �T�J�H�O�J�G�J�D�B�O�U�M�Z�� �"�E�E�J�U�J�P�O�B�M�M�Z�
 �U�I�F �$�I�F�S�F�O�L�P�W �X�B�L�F �E�V�F �U�P �U�I�F �E�J�F�M�F�D�U�S�J�D �N�B�U�F�S�J�B�M
�G�V�S�U�I�F�S �J�O�D�S�F�B�T�F�T �U�I�F �N�P�E�V�M�B�U�J�P�O �T�U�S�F�O�H�U�I �B�O�E �S�F�E�V�D�F�T �U�I�F �S�F�R�V�J�S�F�E �T�U�S�V�D�U�V�S�F �M�F�O�H�U�I�� �5�I�F
�B�E�W�B�O�U�B�H�F�T �P�G �U�I�F �Q�B�T�T�J�W�F �N�P�E�V�M�B�U�J�P�O �B�S�F �U�I�F �T�J�N�Q�M�J�D�J�U�Z �P�G �U�I�F �F�Y�Q�F�S�J�N�F�O�U�B�M �T�F�U�V�Q �B�O�E
�U�I�F �J�O�U�S�J�O�T�J�D �T�Z�O�D�I�S�P�O�J�T�B�U�J�P�O �P�G �U�I�F �T�F�M�G���G�J�F�M�E�T �X�J�U�I �U�I�F �F�M�F�D�U�S�P�O �C�F�B�N�� �" �N�B�K�P�S �E�J�T�B�E�W�B�O��
�U�B�H�F �J�T �U�I�B�U �U�I�F�S�F �J�T �O�P �B�E�E�J�U�J�P�O�B�M �B�E�K�V�T�U�N�F�O�U �Q�P�T�T�J�C�J�M�J�U�Z �P�O�D�F �U�I�F �T�U�S�V�D�U�V�S�F �J�T �J�O�T�U�B�M�M�F�E
�B�O�E �U�I�F �C�F�B�N �P�Q�U�J�D�T �V�Q �U�P �U�I�F �T�U�S�V�D�U�V�S�F �B�S�F �T�F�U�
 �J�O �D�P�O�U�S�B�T�U �U�P �U�I�F �M�B�T�F�S �J�O �U�I�F �B�D�U�J�W�F �N�P�E��
�V�M�B�U�J�P�O �T�D�I�F�N�F�� �)�P�X�F�W�F�S�
 �X�F �D�B�O �P�W�F�S�D�P�N�F �U�I�J�T �E�S�B�X�C�B�D�L �X�J�U�I �B �U�V�O�B�C�M�F �T�U�S�V�D�U�V�S�F�� �5�I�F
�H�B�Q �P�G �U�I�F �B�M�S�F�B�E�Z �V�T�F�E �N�F�U�B�M�M�J�D �T�U�S�V�D�U�V�S�F�T �D�B�O �C�F �B�E�K�V�T�U�F�E �C�Z �T�U�F�Q �N�P�U�P�S�T�� �4�J�O�D�F �J�U �J�T
�F�Y�Q�F�S�J�N�F�O�U�B�M�M�Z �E�J�G�G�J�D�V�M�U �U�P �N�P�W�F �U�X�P �H�S�B�U�J�O�H �T�U�S�V�D�U�V�S�F�T �X�J�U�I �B �E�J�T�U�B�O�D�F �P�G �B �G�F�X �N�J�D�S�P�N��
�F�U�F�S�T �J�O�E�F�Q�F�O�E�F�O�U�M�Z �G�S�P�N �F�B�D�I �P�U�I�F�S �B�O�E �U�P �B�M�J�H�O �U�I�F�N �Q�S�F�D�J�T�F�M�Z�
 �* �J�O �D�P�M�M�B�C�P�S�B�U�J�P�O �X�J�U�I
�#�F�O�F�E�J�L�U �)�F�S�N�B�O�O �B�U �4�X�J�T�T�'�&�- �Q�S�P�Q�P�T�F �B �T�U�S�V�D�U�V�S�F �X�I�F�S�F �U�I�F �H�B�Q �T�J�[�F �W�B�S�J�F�T �B�M�P�O�H �U�I�F
�P�U�I�F�S�X�J�T�F �J�O�W�B�S�J�B�O�U �E�J�S�F�D�U�J�P�O�� �5�I�F �B�E�K�V�T�U�N�F�O�U �J�T �U�I�F�O �N�B�E�F �C�Z �N�P�W�J�O�H �U�I�F �T�U�S�V�D�U�V�S�F �P�S
�U�I�F �F�M�F�D�U�S�P�O �C�F�B�N �J�O �U�I�J�T �E�J�S�F�D�U�J�P�O�� �" �T�L�F�U�D�I �P�G �T�V�D�I �B �T�U�S�V�D�U�V�S�F �B�O�E �U�I�F �D�P�S�S�F�T�Q�P�O�E��
�J�O�H �M�P�O�H�J�U�V�E�J�O�B�M �X�B�L�F �Q�F�S �H�S�B�U�J�O�H �Q�F�S�J�P�E �G�P�S �E�J�G�G�F�S�F�O�U �H�B�Q �T�J�[�F�T �J�T �T�I�P�X�O �J�O �'�J�H���������B��
�$�I�B�O�H�J�O�H �U�I�F �H�B�Q �T�J�[�F �D�I�B�O�H�F�T �U�I�F �T�U�S�F�O�H�U�I �P�G �U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �X�B�L�F �X�I�J�M�F �M�F�B�W�J�O�H �U�I�F
�D�V�S�W�F �T�I�B�Q�F �B�M�N�P�T�U �V�O�D�I�B�O�H�F�E�� �*�G �U�I�F �T�I�P�S�U���S�B�O�H�F �X�B�L�F �T�I�P�V�M�E �T�U�B�Z �D�P�O�T�U�B�O�U �B�O�E �P�O�M�Z
�U�I�F �M�P�O�H���S�B�O�H�F �F�G�G�F�D�U �T�I�P�V�M�E �C�F �B�E�K�V�T�U�F�E�
 �B �T�U�S�V�D�U�V�S�F �X�J�U�I �W�B�S�J�B�C�M�F �H�S�P�P�W�F �E�F�Q�U�I �D�B�O �C�F
�V�T�F�E�� �'�J�H���������C�T�I�P�X�T �B�O �F�Y�B�N�Q�M�F �B�O�E �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �M�P�O�H�J�U�V�E�J�O�B�M �X�B�L�F�� �5�I�J�T �J�T
�Q�B�S�U�J�D�V�M�B�S�M�Z �J�O�U�F�S�F�T�U�J�O�H �G�P�S �B �C�V�O�D�I �E�J�T�U�S�J�C�V�U�J�P�O �J�O �X�I�J�D�I �U�I�F �X�B�L�F �J�T �F�Y�D�J�U�F�E �C�Z �B �T�I�B�S�Q
�Q�F�B�L �G�P�M�M�P�X�F�E �C�Z �B �Q�M�B�U�F�B�V �X�I�J�D�I �T�I�P�V�M�E �C�F �N�P�E�V�M�B�U�F�E�� �%�-�" �H�S�B�U�J�O�H �T�U�S�V�D�U�V�S�F�T �X�J�U�I
�B �Q�F�S�J�P�E �M�F�O�H�U�I �T�N�B�M�M�F�S �U�I�B�O �B �G�F�X �N�J�D�S�P�O �I�B�W�F �V�T�V�B�M�M�Z �G�F�B�U�V�S�F �T�J�[�F�T �J�O �U�I�F �S�B�O�H�F �P�G �B
�G�F�X �I�V�O�E�S�F�E �O�B�O�P�N�F�U�F�S�T�� �4�V�D�I �T�U�S�V�D�U�V�S�F�T �B�S�F �N�B�O�V�G�B�D�U�V�S�F�E �C�Z �M�J�U�I�P�H�S�B�Q�I�J�D �U�F�D�I�O�J�R�V�F�T
�M�J�L�F �F�M�F�D�U�S�P�O �C�F�B�N �M�J�U�I�P�H�S�B�Q�I�Z �B�O�E �S�F�B�D�U�J�W�F �J�P�O �F�U�D�I�J�O�H �<���� �>�� �)�P�X�F�W�F�S�
 �U�I�F �Q�S�P�Q�P�T�F�E
�T�U�S�V�D�U�V�S�F�T �G�P�S �U�V�O�B�C�M�F �X�B�L�F �G�J�F�M�E �B�Q�Q�M�J�D�B�U�J�P�O�T �I�B�W�F �B �Q�F�S�J�P�E �M�F�O�H�U�I �P�G ����� �N�� �'�P�S �U�I�F�T�F
�T�U�S�V�D�U�V�S�F�T�
 �B �T�V�C�U�S�B�D�U�J�W�F �N�B�O�V�G�B�D�U�V�S�J�O�H �U�F�D�I�O�J�R�V�F �E�F�W�F�M�P�Q�F�E �C�Z �'�&�.�5�0�Q�S�J�O�U�Ñ �<���� �> �D�B�O
�C�F �V�T�F�E�� �5�I�F �U�F�D�I�O�J�R�V�F �J�T �C�B�T�F�E �P�O �B �U�X�P���T�U�F�Q �Q�S�P�D�F�T�T �P�G �V�M�U�S�B�T�I�P�S�U���Q�V�M�T�F�E �M�B�T�F�S �S�B�E�J��
�B�U�J�P�O �J�O �U�I�F �E�J�F�M�F�D�U�S�J�D �N�B�U�F�S�J�B�M�
 �G�P�M�M�P�X�F�E �C�Z �D�I�F�N�J�D�B�M �X�F�U �F�U�D�I�J�O�H �U�P �T�F�M�F�D�U�J�W�F�M�Z �S�F�N�P�W�F
�U�I�F �F�Y�Q�P�T�F�E �N�B�U�F�S�J�B�M�� �5�I�J�T �Q�S�P�D�F�T�T �D�B�O �G�P�S�N �U�I�S�F�F���E�J�N�F�O�T�J�P�O�B�M �T�I�B�Q�F�T �X�J�U�I �T�V�C���N�J�D�S�P�O
�Q�S�F�D�J�T�J�P�O �B�O�E �I�J�H�I �B�T�Q�F�D�U �S�B�U�J�P�� �1�B�U�U�F�S�O �D�S�F�B�U�F�E �C�Z �M�P�D�B�M �N�P�E�J�G�J�D�B�U�J�P�O�T �P�G �U�I�F �S�F�G�S�B�D�U�J�W�F
�J�O�E�F�Y �C�Z �B �M�B�T�F�S �C�F�B�N �D�B�O �B�M�T�P �C�F �V�T�F�E �U�P �S�F�B�M�J�[�F �J�O�U�F�H�S�B�U�F�E �P�Q�U�J�D�B�M �D�P�N�Q�P�O�F�O�U�T��
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���D���7�B�S�J�B�C�M�F �H�B�Q �T�J�[�Fg ( y) = 0.045y + 55 � m��

���E���7�B�S�J�B�C�M�F �H�S�P�P�W�F �E�F�Q�U�Id ( y) = 0.02y + 30 � m��

�)�L�J�X�U�H ���������-�P�O�H�J�U�V�E�J�O�B�M �X�B�L�F �G�J�F�M�E �Q�F�S �H�S�B�U�J�O�H �Q�F�S�J�P�E �P�G �S�F�D�U�B�O�H�V�M�B�S �H�S�B�U�J�O�H�T �X�J�U�I �W�B�S�J��
�B�C�M�F �H�B�Q �T�J�[�F �P�S �W�B�S�J�B�C�M�F �U�P�P�U�I �I�F�J�H�I�U�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� �5�I�F �H�S�B�U�J�O�H�T �N�B�E�F �P�G
�G�V�T�F�E �T�J�M�J�D�B �I�B�W�F �B �Q�F�S�J�P�E �M�F�O�H�U�I �P�G ����� �N �B�O�E �B �H�S�P�P�W�F �X�J�E�U�I �P�G ����� �N�� �5�I�F
�H�S�B�U�J�O�H �J�O �	�B�
 �I�B�T �B �H�S�P�P�W�F �E�F�Q�U�I �P�G ����� �N�� �5�I�F �H�B�Q �P�G �U�I�F �H�S�B�U�J�O�H �J�O �	�C�
 �I�B�T
�B�M�T�P �B �T�J�[�F �P�G ����� �N��

���� �� �:�D�N�H �)�L�H�O�G�V �L�Q �'�L�H�O�H�F�W�U�L�F �/�D�V�H�U �$�F�F�H�O�H�U�D�W�R�U �6�W�U�X�F�W�X�U�H�V



������ �7�U�D�Q�V�Y�H�U�V�H �:�D�N�H �)�L�H�O�G

�5�S�B�O�T�W�F�S�T�F �X�B�L�F �G�J�F�M�E�T �M�F�B�E �U�P �E�F�G�M�F�D�U�J�O�H �B�O�E �	�E�F���
�G�P�D�V�T�J�O�H �G�P�S�D�F�T�� �8�F �D�B�O �E�J�T�U�J�O�H�V�J�T�I
�C�F�U�X�F�F�O �D�P�I�F�S�F�O�U �B�O�E �J�O�D�P�I�F�S�F�O�U �F�G�G�F�D�U�T�� �" �D�P�I�F�S�F�O�U �N�P�U�J�P�O �E�F�T�D�S�J�C�F�T �U�I�F �D�F�O�U�F�S �P�G
�N�B�T�T �N�P�U�J�P�O �P�G �U�I�F �F�O�U�J�S�F �C�V�O�D�I�
 �F���H�� �P�T�D�J�M�M�B�U�J�P�O�T �E�V�F �U�P �B�O �J�O�K�F�D�U�J�P�O �P�G�G�T�F�U�� �5�I�F �J�O��
�D�P�I�F�S�F�O�U �N�P�U�J�P�O �E�F�T�D�S�J�C�F�T �U�I�F �N�P�U�J�P�O �P�G �F�B�D�I �J�O�E�J�W�J�E�V�B�M �Q�B�S�U�J�D�M�F �J�O �U�I�F �C�V�O�D�I�
 �F���H�� �C�Z
�E�F�G�P�D�V�T�J�O�H �G�P�S�D�F�T�� �5�I�F �U�S�B�O�T�W�F�S�T�F �X�B�L�F �D�B�O �C�F �F�Y�Q�B�O�E�F�E �J�O �B �T�F�S�J�F�T �P�G �N�V�M�U�J�Q�P�M�F �N�P��
�N�F�O�U�T �P�G �U�I�F �U�F�T�U �Q�B�S�U�J�D�M�F�� �5�I�F �G�J�S�T�U �F�Y�J�T�U�J�O�H �U�S�B�O�T�W�F�S�T�F �N�P�N�F�O�U�
 �U�I�F �E�J�Q�P�M�F �X�B�L�F�
 �S�F�T�V�M�U�T
�J�O �B �D�P�I�F�S�F�O�U �E�F�G�M�F�D�U�J�P�O �P�G �U�I�F �Q�B�S�U�J�D�M�F�T �E�F�Q�F�O�E�J�O�H �P�O�M�Z �P�O �U�I�F �M�P�O�H�J�U�V�E�J�O�B�M �B�O�E �O�P�U �P�O
�U�I�F �U�S�B�O�T�W�F�S�T�F �D�P�P�S�E�J�O�B�U�F�T�� �5�I�F �E�J�Q�P�M�F �X�B�L�F �W�B�O�J�T�I�F�T �G�P�S �B �C�V�O�D�I �Q�B�T�T�J�O�H �B �T�Z�N�N�F�U��
�S�J�D �T�U�S�V�D�U�V�S�F �B�M�P�O�H �U�I�F �T�Z�N�N�F�U�S�Z �B�Y�J�T�� �5�I�F �O�F�Y�U���P�S�E�F�S �N�P�N�F�O�U�
 �U�I�F �R�V�B�E�S�V�Q�P�M�F �X�B�L�F�

�S�F�T�V�M�U�T �J�O �B�O �J�O�D�P�I�F�S�F�O�U �N�P�U�J�P�O �C�Z �G�P�D�V�T�J�O�H �P�S �E�F�G�P�D�V�T�J�O�H�� �"�T �B�O �F�Y�B�N�Q�M�F�
 �'�J�H���������C
�T�I�P�X�T �U�I�F �U�S�B�O�T�W�F�S�T�F �X�B�L�F �P�G �B �(�B�V�T�T�J�B�O �C�V�O�D�I �E�J�T�U�S�J�C�V�U�J�P�O �Q�B�T�T�J�O�H �D�F�O�U�F�S�F�E �U�I�S�P�V�H�I �B
�T�Z�N�N�F�U�S�J�D �S�F�D�U�B�O�H�V�M�B�S �H�S�B�U�J�O�H�
 �X�I�J�D�I �M�F�B�E�T �U�P �E�F�G�P�D�V�T�J�O�H �J�O �U�I�Fy���E�J�S�F�D�U�J�P�O�� �*�O �B �O�P�O��
�T�Z�N�N�F�U�S�J�D �H�S�B�U�J�O�H�
 �U�I�F �E�J�Q�P�M�F �X�B�L�F �E�P�F�T �O�P�U �W�B�O�J�T�I�
 �X�I�J�D�I �S�F�T�V�M�U�T �J�O �B �E�F�G�M�F�D�U�J�P�O �	�T�F�F
�'�J�H���������D�
�� �5�I�F �T�B�N�F �I�B�Q�Q�F�O�T �G�P�S �B �C�V�O�D�I �U�I�B�U �J�T �O�P�U �D�F�O�U�F�S�F�E�
 �J���F���
 �N�P�W�F�T �U�I�S�P�V�H�I �U�I�F
�H�S�B�U�J�O�H �T�U�S�V�D�U�V�S�F �X�J�U�I �B �U�S�B�O�T�W�F�S�T�F �P�G�G�T�F�U �	�T�F�F �'�J�H�����������B�
�� �*�O �D�P�O�U�S�B�T�U �U�P �U�I�F �M�P�O�H�J�U�V�E�J��
�O�B�M �X�B�L�F �P�G �B �T�J�O�H�M�F �Q�B�S�U�J�D�M�F �X�I�J�D�I �B�G�G�F�D�U�T �U�I�F �Q�B�S�U�J�D�M�F �J�U�T�F�M�G�
 �U�I�F �U�S�B�O�T�W�F�S�T�F �X�B�L�F �B�U �U�I�F
�Q�B�S�U�J�D�M�F �Q�P�T�J�U�J�P�O �J�T �[�F�S�P �	�T�F�F �4�F�D���������
�� �5�I�J�T �J�N�Q�M�J�F�T �U�I�B�U �U�I�F �I�F�B�E �P�G �B �C�V�O�D�I �E�J�T�U�S�J�C�V�U�J�P�O
�J�T �O�P�U �E�F�G�M�F�D�U�F�E�
 �C�V�U �J�U �E�F�G�M�F�D�U�T �U�I�F �U�B�J�M �J�O �B �C�B�O�B�O�B �T�I�B�Q�F �U�P�X�B�S�E�T �U�I�F �H�S�B�U�J�O�H �T�U�S�V�D�U�V�S�F��

�*�O �B �D�P�O�W�F�O�U�J�P�O�B�M �B�D�D�F�M�F�S�B�U�P�S�
 �U�I�F �C�V�O�D�I �E�J�T�U�S�J�C�V�U�J�P�O �J�T �N�V�D�I �T�N�B�M�M�F�S �U�I�B�O �U�I�F �B�Q�F�S��
�U�V�S�F�� �5�I�F�S�F�G�P�S�F�
 �U�I�F �U�S�B�O�T�W�F�S�T�F �E�J�Q�P�M�F �X�B�L�F �D�B�O �C�F �M�J�O�F�B�S�J�[�F�E �B�T �B �G�V�O�D�U�J�P�O �P�G �U�I�F �U�S�B�O�T��
�W�F�S�T�F �P�G�G�T�F�U�� �*�O �B �E�J�F�M�F�D�U�S�J�D �H�S�B�U�J�O�H�
 �U�I�F �B�Q�F�S�U�V�S�F �J�T �B�M�N�P�T�U �G�J�M�M�F�E �C�Z �Q�B�S�U�J�D�M�F�T�� �)�P�X�F�W�F�S�

�B�T �M�P�O�H �B�T �U�I�F �P�G�G�T�F�U �J�T �T�N�B�M�M �J�O �D�P�N�Q�B�S�J�T�P�O �U�P �U�I�F �B�Q�F�S�U�V�S�F�
 �U�I�F �T�B�N�F �M�J�O�F�B�S�J�[�B�U�J�P�O �D�B�O �C�F
�E�P�O�F �J�O �B �E�J�F�M�F�D�U�S�J�D �H�S�B�U�J�O�H �	�T�F�F �'�J�H�����������C�
�� �*�G �U�I�F �P�G�G�T�F�U �J�T �U�P�P �M�B�S�H�F�
 �U�I�F �O�P�O���M�J�O�F�B�S �X�B�L�F
�S�F�T�Q�P�O�T�F �S�F�R�V�J�S�F�T �U�S�B�D�L�J�O�H �P�G �U�I�F �Q�B�S�U�J�D�M�F�T �J�O �U�I�F �G�V�M�M �X�B�L�F �Q�P�U�F�O�U�J�B�M~W (x, y, s) �J�O�T�U�F�B�E
�P�G �M�J�O�F�B�S �B�O�B�M�Z�U�J�D�B�M �N�P�E�F�M�T�� �" �U�S�B�D�L�J�O�H �T�D�I�F�N�F �X�J�U�I �X�B�L�F �L�J�D�L�T �J�T �J�O�U�S�P�E�V�D�F�E �J�O �4�F�D��������
�B�O�E �U�S�B�D�L�J�O�H �S�F�T�V�M�U�T �B�S�F �J�O�D�M�V�E�F�E �J�O �U�I�F �E�J�T�D�V�T�T�J�P�O �P�G �J�O�U�F�O�T�J�U�Z �F�G�G�F�D�U�T �J�O �$�I�B�Q�U�F�S����

������ �7�U�D�Q�V�Y�H�U�V�H �:�D�N�H �)�L�H�O�G ����



���D���5�S�B�O�T�W�F�S�T�F �X�B�L�F �Q�F�S �H�S�B�U�J�O�H �Q�F�S�J�P�E �P�G
�B �C�V�O�D�I �J�O�K�F�D�U�F�E �X�J�U�I ������ �O�N �P�G�G�T�F�U

���E���5�S�B�O�T�W�F�S�T�F �X�B�L�F �B�T �B �G�V�O�D�U�J�P�O �P�G �U�I�F
�J�O�K�F�D�U�J�P�O �P�G�G�T�F�U �F�W�B�M�V�B�U�F�E �B�U �E�J�G�G�F�S�F�O�U
�M�P�O�H�J�U�V�E�J�O�B�M �Q�P�T�J�U�J�P�O�T �J�O �U�I�F �C�V�O�D�I
�	�U�B�O�H�F�O�U �B�T �E�B�T�I�F�E �M�J�O�F�


�)�L�J�X�U�H �����������5�S�B�O�T�W�F�S�T�F �X�B�L�F �Q�P�U�F�O�U�J�B�M �Q�F�S �H�S�B�U�J�O�H �Q�F�S�J�P�E �P�G �B �C�V�O�D�I �J�O�K�F�D�U�F�E �X�J�U�I �B�O
�P�G�G�T�F�U �J�Oy���E�J�S�F�D�U�J�P�O�� �5�I�F �B�T�T�V�N�Q�U�J�P�O �P�G �B �M�J�O�F�B�S �E�F�Q�F�O�E�F�O�D�F �P�G �U�I�F �X�B�L�F
�P�O �U�I�F �P�G�G�T�F�U �J�T �P�O�M�Z �G�V�M�G�J�M�M�F�E �G�P�S �B�O �P�G�G�T�F�U �T�J�H�O�J�G�J�D�B�O�U�M�Z �T�N�B�M�M�F�S �U�I�B�O �U�I�F �B�Q�F�S��
�U�V�S�F��

���� �� �:�D�N�H �)�L�H�O�G�V �L�Q �'�L�H�O�H�F�W�U�L�F �/�D�V�H�U �$�F�F�H�O�H�U�D�W�R�U �6�W�U�X�F�W�X�U�H�V



�� �:�D�N�H �)�L�H�O�G �0�H�D�V�X�U�H�P�H�Q�W�V
�5�I�F �G�J�S�T�U �F�Y�Q�F�S�J�N�F�O�U �U�P �N�F�B�T�V�S�F �X�B�L�F �G�J�F�M�E �F�G�G�F�D�U�T �J�O �%�-�" �H�S�B�U�J�O�H �T�U�S�V�D�U�V�S�F�T �U�P�P�L �Q�M�B�D�F �B�U
�4�X�J�T�T�'�&�-�
 �U�I�F �9���S�B�Z �'�S�F�F �&�M�F�D�U�S�P�O �-�B�T�F�S �G�B�D�J�M�J�U�Z �B�U �U�I�F �1�B�V�M �4�D�I�F�S�S�F�S �*�O�T�U�J�U�V�U�F �J�O �4�X�J�U�[�F�S��
�M�B�O�E �<���� �>�� �5�I�F �F�Y�Q�F�S�J�N�F�O�U �X�B�T �N�B�J�O�M�Z �D�P�O�E�V�D�U�F�E �C�Z �#�F�O�F�E�J�L�U �)�F�S�N�B�O�O �B�O�E �3�B�T�N�V�T
�*�T�D�I�F�C�F�D�L�� �4�F�D�U�J�P�O������ �T�V�N�N�B�S�J�[�F�T �U�I�F �F�Y�Q�F�S�J�N�F�O�U�B�M �T�F�U�V�Q �B�O�E �U�I�F �Q�F�S�G�P�S�N�F�E �N�F�B�T�V�S�F��
�N�F�O�U�T�� �5�I�F �F�Y�Q�F�S�J�N�F�O�U�B�M �S�F�T�V�M�U�T �B�S�F �D�P�N�Q�B�S�F�E �U�P �U�S�B�D�L�J�O�H �T�J�N�V�M�B�U�J�P�O�T �J�O�D�M�V�E�J�O�H �U�I�F
�M�P�O�H�J�U�V�E�J�O�B�M �X�B�L�F �G�J�F�M�E �J�O �U�I�F �%�-�" �H�S�B�U�J�O�H �T�U�S�V�D�U�V�S�F�� �5�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �X�B�L�F �G�J�F�M�E �T�J�N��
�V�M�B�U�J�P�O�T �B�S�F �Q�S�F�T�F�O�U�F�E �J�O �4�F�D���������� �4�F�D�U�J�P�O������ �D�P�O�D�M�V�E�F�T �U�I�F �D�I�B�Q�U�F�S �C�Z �T�I�P�X�J�O�H �U�I�F
�D�P�N�Q�B�S�J�T�P�O �P�G �N�F�B�T�V�S�F�E �B�O�E �T�J�N�V�M�B�U�F�E �F�O�F�S�H�Z �T�Q�F�D�U�S�B��
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�5�I�F �F�Y�Q�F�S�J�N�F�O�U �B�O�B�M�Z�[�F�T �U�I�F �N�P�E�J�G�J�D�B�U�J�P�O�T �J�O �U�I�F �F�O�F�S�H�Z �T�Q�F�D�U�S�V�N �D�B�V�T�F�E �C�Z �U�I�F �M�P�O��
�H�J�U�V�E�J�O�B�M �X�B�L�F �G�J�F�M�E �P�G �B �S�F�D�U�B�O�H�V�M�B�S �%�-�" �H�S�B�U�J�O�H �T�U�S�V�D�U�V�S�F�� �5�I�F �H�S�B�U�J�O�H �D�P�O�U�B�J�O�T ������
�Q�F�S�J�P�E�T �X�J�U�I �B �Q�F�S�J�P�E �M�F�O�H�U�I �P�G ����� �N �B�O�E �B�O �B�Q�F�S�U�V�S�F�
 �B�O�E �B �U�P�P�U�I �I�F�J�H�I�U �B�O�E �X�J�E�U�I
�P�G ����� �N �F�B�D�I �	�T�F�F �'�J�H���������
�� �*�U �J�T �N�B�E�F �P�G �G�V�T�F�E �T�J�M�J�D�B �	" r = 4�
 �C�Z �B �T�V�C�U�S�B�D�U�J�W�F �U�F�D�I��
�O�J�R�V�F �E�F�W�F�M�P�Q�F�E �C�Z �'�&�.�5�0�Q�S�J�O�U�Ñ �<���� �> �	�D�G�� �4�F�D�������������
�� �5�I�F �H�S�B�U�J�O�H �J�T �N�P�V�O�U�F�E �P�O �B
�T�B�N�Q�M�F �I�P�M�E�F�S �X�I�J�D�I �J�T �Q�M�B�D�F�E �P�O �B �I�F�Y�B�Q�P�E �X�J�U�I �O�B�O�P�N�F�U�F�S �B�E�K�V�T�U�N�F�O�U �B�D�D�V�S�B�D�Z �	�T�F�F
�'�J�H���������B�
�� �" �I�F�Y�B�Q�P�E �J�T �B �Q�B�S�B�M�M�F�M �N�B�O�J�Q�V�M�B�U�P�S �U�I�B�U �I�B�T �V�T�V�B�M�M�Z �T�J�Y �Q�S�J�T�N�B�U�J�D �B�D�U�V�B��
�U�P�S�T �B�U�U�B�D�I�F�E �J�O �Q�B�J�S�T �U�P �U�I�S�F�F �Q�P�T�J�U�J�P�O�T �P�O �B �C�B�T�F�Q�M�B�U�F�
 �D�S�P�T�T�J�O�H �P�W�F�S �U�P �U�I�S�F�F �N�P�V�O�U�J�O�H
�Q�P�J�O�U�T �P�O �B �U�P�Q �Q�M�B�U�F�� �5�I�F �T�B�N�Q�M�F �I�P�M�E�F�S �P�O �U�I�F �U�P�Q �Q�M�B�U�F �D�B�O �C�F �N�P�W�F�E �J�O �T�J�Y �E�F�H�S�F�F�T
�P�G �G�S�F�F�E�P�N �X�J�U�I �O�B�O�P�N�F�U�F�S �B�D�D�V�S�B�D�Z��

�5�I�F �F�Y�Q�F�S�J�N�F�O�U�B�M �W�B�D�V�V�N �D�I�B�N�C�F�S �D�P�O�U�B�J�O�T �U�I�F �I�F�Y�B�Q�P�E �X�J�U�I �V�Q �U�P �G�J�W�F �T�B�N�Q�M�F�T �B�O�E
�U�X�P �Q�F�S�N�B�O�F�O�U �N�B�H�O�F�U�J�D �R�V�B�E�S�V�Q�P�M�F �U�S�J�Q�M�F�U�T�
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