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Arrays of ultrasonic sensors are capable of 3D imaging in air and an affordable supplement to other sensing
modalities, such as radar, lidar, and camera, i.e. in heterogeneous sensing systems. However, manufacturing
tolerances of air-coupled ultrasonic sensors may lead to amplitude and phase deviations. Together with artifacts

Dictionary learning from imperfect knowledge of the array geometry, there are numerous factors that can impair the imaging
Low-rank tensor approximation . . . P
MIMO imaging performance of an array. We propose a reference-based calibration method to overcome possible limitations.

First, we introduce a novel tensor signal model to capture the characteristics of piezoelectric ultrasonic
transducers (PUTs) and the underlying multidimensional nature of a multiple-input multiple-output (MIMO)
sensor array. Second, we formulate and solve an optimization problem based on this model to obtain the
calibrated parameters of the array. Third, we assess both our model and the commonly used analytic model
using real data from a 3D imaging experiment. The experiment reveals that our array response model we
learned with calibration data yields an imaging performance similar to that of the analytic array model, which

Sparse representation

requires perfect array geometry information.

1. Introduction

When considering imaging with ultrasound (US), the first thing that
comes to mind is medical imaging [1-3]. With the advent of cost-
efficient high-power sensors, however, three-dimensional (3D) ultra-
sonic imaging, which combines two-dimensional (2D) direction finding
and range estimation, has been extended to operate in air [4]. In
general, air-coupled ultrasonic imaging builds on phased array tech-
nology and uses similar image formation principles as medical sonog-
raphy and MIMO radar, e.g. beamforming techniques [5] and synthetic
apertures [6].

The main advantages of US over other air-coupled sensing modali-
ties are its low deployment cost, its robustness against particles in the
air, e.g. smoke, dust, or rainfall, as well as its ability to operate inde-
pendently of the lighting conditions [7,8]. In addition, acoustic waves
offer distinct imaging characteristics compared to electromagnetic (EM)
waves or light due to the different system parameters such as the wave
propagation speed or material reflectivity. This makes air-coupled US
attractive for heterogeneous sensing systems where different sensing
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modalities can complement each other as frequently encountered in
autonomous driving [9] or, more recently, in healthcare [10].

The major obstacle in air-coupled US is the poor coupling of acoustic
waves into air, as well as the high attenuation and the low propagation
speed of US in air as compared to fluids or tissue [11-14]. In contrast
to medical sonography, the requirement for large coverage areas of
airborne US, along with the reduced speed of sound in air lead to
large propagation delays, thereby slowing down the image frame rate.
Additionally, the larger wavelengths of US systems in air lead to a
reduced angular resolution compared to medical US if arrays of the
same aperture size are considered. Thus, air-coupled US faces a variety
of challenges that distinguish it from medical US. The latter is also
comparatively mature whereas research on 3D imaging with an US
array in air has only recently become a study subject as well [15].

Air-coupled ultrasonic sensors, also referred to as transducers, are
realized with different materials and principles, resulting in varying
degrees of sensitivity, mechanical robustness, and costs [16]. The in-
herent properties of the materials used and the production tolerances
of low cost transducers lead to variations in the directivity pattern and
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Fig. 1. Flowchart for the proposed calibration and imaging steps: calibration data {J,}

p=1

from P distinct reference positions, characterized by 3D coordinates, is measured

to estimate the parameters {g,1)Y,, {&.re))t ;> and {@,1, @,y ¢,)7 . With those, targets in an unknown scene are localized from image data Y by selecting target position

P
P

estimates p from the P candidate positions of the array response dictionary learned during calibration. Finally, the target signal gain ilﬁ of each target detected is estimated.

frequency responses. Furthermore, differing resonance frequencies in
the transmit and receive mode, respectively, result in nonreciprocal
transceiver characteristics of PUTs such that no common array manifold
for transmission and reception exists. These and other factors, e.g. aging
or exposure of an imaging system to environmental conditions such as
temperature fluctuations, urge the need to learn the transducer array
responses from training data, particularly within complex heteroge-
neous sensing systems where describing the array response analytically
is often impractical.

In this work, we consider a bistatic MIMO imaging system with a
uniform rectangular array (URA) of PUT elements as a prototype US
system for 3D imaging in air. PUTs are a popular choice for this as
they deliver a high output pressure at their resonance frequency while
being available for a low unit price, making them attractive for large
array configurations in various applications [17-20]. Concomitant dis-
advantages include a comparatively small relative bandwidth as well
as fluctuations in the element directivity and phase response [21]. As
PUTs are often too large to be placed at half-wavelength (1/2) spacing,
the array is embedded into a waveguide for grating-lobe-free beam-
forming [22]. While the waveguide offers protection in harsh environ-
ments and enables flexible array shape designs, it introduces further
uncertainties in the array response and increases the overall complexity
of the imaging system. Therefore, it is necessary to investigate whether
these uncertainties adversely affect the imaging performance when
using the commonly employed analytic point source model, and to
explore how anomalous array responses can be accurately modeled.

We propose a novel multidimensional array model to capture ar-
tifacts and uncertainties from imperfections in both the individual
transducer elements as well as the array configuration. The model
parameters are learned from reference-based calibration data. High-
resolution 3D imaging is accomplished with the virtual array concept
where the aperture is spanned by the Kronecker product of the receive
array and multiple, spatially displaced transmit sensors. Each transmit-
ter emits US pulses into a sparse scenery such that at the receive array,
target echoes are recorded in the image data tensor ). During image
formation, indexed positions p of each potential target are estimated
from Y based on the spatial signatures corresponding to P candidate
positions that have been learned previously at the calibration stage. For
each source position p, a corresponding gain fzﬁ is estimated, whose
magnitude is displayed in the final image (Fig. 1).

1.1. State of the art and own contributions

Array calibration addresses the problem of modeling errors in the
array response, most commonly due to unknown sensor amplitudes
and phases, mutual coupling (electrical, mechanical, and acoustic cross-
talk) between the array elements, or inaccurate knowledge of their
relative positions [23]. Remedies for these imperfections differ based on
the availability of additional calibration measurements. Non-reference-
based, or autocalibration, methods do not require calibration targets
at known locations and perform calibration and target localization
either alternately or jointly on the same data using parametric models,

e.g., the sensor locations, the complex gains, or the coupling matrix
are jointly estimated during the image formation [24-27]. Calibration
is achieved by exploiting the specific geometry of the array [28-30],
especially in the case of partly calibrated arrays [31-33] and higher-
order statistics of the associated measurements [34], or other concepts
such as low-rank modeling or sparsity [35-37]. However, the para-
metric approach of joint calibration and imaging requires a structured
model with only few degrees of freedom. In the context of air-coupled
US, Ramamohan et al. recently investigated joint calibration and one-
dimensional (1D) direction-of-arrival (DOA) estimation with a linear
array assuming a highly structured array manifold [38].

Contrary to autocalibration, reference-based calibration methods
are more flexible in terms of error modeling and suggest superior
imaging performance of a stationary system after calibration [39-
41]. Other recent studies such as [42-44] reveal that the majority of
calibration methods in the literature, both reference-based and non-
reference-based, consider linear measurement models, even though the
underlying imaging principles are of a multilinear nature, comprising
a multidimensional data tensor with a transmitter, receiver, frequency,
and time dimension, respectively. In such a case, using multilinear
algebra for dictionary learning of the multidimensional data is more
appropriate [45]. Recently, Guo et al. demonstrated such a multilinear
approach to the calibration of a bistatic MIMO radar where a rank-one
CPD model was considered for each source [46]. Similar approaches
were later pursued by Sun et al. [47] and Chen et al. [48]. In our
previous work [49], we applied low-rank tensor factorization to cali-
bration data and exploited sparsity in the image formation [50]. That
approach with a generic tensor model is designed for arrays composed
of identical transceiver elements with identical transmit and receive
magnitude responses.

In this work, we take the particular manufacturing tolerances and
transceiver characteristics of PUTs into account and propose a novel
tensor signal model that captures the multidimensional structure of
an air-coupled ultrasonic sensor array for MIMO imaging. We learn
the parameters of our proposed tensor signal model jointly from mea-
surements of the entire volume-of-interest (VOI), i.e. the angular field-
of-view (FOV) in a given range interval. In a testbed deployed in
our anechoic chamber at TU Darmstadt, we additionally assess the
performance of our proposed method with a phased array for 3D
imaging where the PUTs are combined with a 3D-printed waveguide.
In summary, the key contributions of this article are:

(1) We introduce a novel tensor signal model that accounts for
varying element transceiver characteristics in air-coupled ul-
trasonic MIMO sensor arrays with nonuniform transmitter and
receiver magnitude responses and nonuniform element patterns.
This makes our model also of interest for other array processing
applications, including sonar and radar.

(2) We learn the array response from reference-based calibration
measurements using targets at known locations. An optimiza-
tion problem is formulated to jointly estimate all tensor model
parameters.
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(38) We apply a unique parameterization to the proposed tensor
model and derive a modified block coordinate descent (BCD)
method that exhibits highly parallel, closed-form solutions of the
corresponding subproblems in each set of block variables. We
prove that the modified BCD method converges to a stationary
point of the calibration problem.

(4) We test the proposed calibration method using synthetic data
and real measurements recorded with prototype hardware. A 3D
imaging example serves as a proof of concept for the usability
of the dictionary of array responses learned from calibration
measurements.

(5) We compare the imaging quality of our proposed tensor model
after calibration with the conventional analytic point source
model, which in the case of our testbed data reveals to be a valid
model.

1.2. Notation and outline

We use the italic letter x, the boldface lowercase italic letter x,
the boldface uppercase italic letter X, and the boldface uppercase
calligraphic italic letter & to denote a scalar, a vector, a matrix, and a
general multi-way array, respectively. The (i}, i, ...)th scalar element of
& is denoted by [X]; ;, . and a colon instead of a fixed index indicates
the selection of all entries of the corresponding mode. Subtensors with
all but one index fixed (fibers) are assumed to be column vectors
and subtensors with all but two indices fixed (slices) are treated as
matrices. Unfolding the tensor & to its mode w is denoted by unf (&)
and yields matrix X . The all-one vector of length I is denoted by
1, and vec(:) returns its multidimensional argument reshaped into a
vector, while Diag(-) returns a square matrix with the elements of
the vector argument on the main diagonal and zero everywhere else,
respectively. Symbols ©, ®, ® and o denote Hadamard multiplication,
Kronecker multiplication, column-wise Kronecker (Khatri-Rao) multi-
plication, and outer tensor multiplication, respectively. The complex
conjugate, transpose, and Hermitian transpose are represented by (-)*,
()T, and ()M, respectively, while () denotes the ith iterate of a
variable. Taking the Euclidean norm or the Frobenius norm is indicated
by ||-ll, and ||-||¢, respectively. Finally, arg(-) returns the principal angle
of its complex argument while operators Re(-) and Im(-) return the real
and imaginary part of their argument, respectively.

The rest of this article is organized as follows: Section 2 introduces
the tensor signal model that is used to formulate the estimation problem
for calibration in Section 3, where it is solved with a modified BCD
method. The resulting parameter estimates are then used for imaging
in Section 4. Results from simulations as well as experiments with real
data are presented in Section 5 and concluding remarks with future
research directions are given in Section 6.

2. Signal model for calibration

Consider a single and static point target at a position indexed by
integer p in the far field of a co-located MIMO transceiver array. In po-
lar coordinates, the position of this target can be, e.g., characterized by
(r,» 9, @,), wherer,, 9,, and @, represent the target range, azimuth an-
gle and elevation angle, respectively. The target is repeatedly exposed
to US pulses emitted from one of the transceiver elements. In total, N
different transmitters are used for excitation and, w.l.o.g., we index the
reference sensor with n = 1. Under the narrowband assumption, the
spatial displacement of a transmitter element w.r.t. the reference sensor
yields a corresponding phase shift in the waveform at the point target.
At position p, the phase shifts of all N transmitter elements relative to
the reference sensor are characterized by the transmit steering vector
a,1x € CN [51]. Furthermore, the complex gain [a,1x], also captures
the propagation delay and the path attenuation experienced by the nth
transmitter as a result from additional transceiver structures, such as
an attached waveguide [52].
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and rigid baffle

Fig. 2. Measurement setup in an anechoic chamber to obtain data for the calibration
technique proposed in Section 3.

According to the Huygens-Fresnel principle, the wave impinging on
a target initiates a reflecting wave that travels back to the transceiver
array. Hence in the receiver path, the far field point target is viewed
as a point source transmitting an echo signal to the array. For an
arbitrary array geometry, the M-element array response to the echo
signal originating from a target at position p is described by a general
receive steering vector a,r, € CM [53]. Similar to a, 1y, each receive
steering vector consists of receiver-dependent complex gains based on
individual characteristics, e.g. point responses, propagation delays, and
path attenuations.

For the calibration of the measurement system, a reflector is set up
at distinct but known positions p = 1,..., P in an anechoic chamber
(Fig. 2). Compared to its surrounding, the reflector provides a strong
echo that approximates a point source in free field. Sequentially, each
transmitter n = 1, ..., N fires a series of T acoustic pulses, also referred
to as bursts [54]. Each burst emerges from the physical operating
principle of a PUT, i.e. after applying multiple periods of a sinu-
soidal electrical signal with constant excitation frequency to the active
transducer.

After reflection at the target object, the incoming echo pulse is
measured at the receive array and converted back from the acoustic
to the electrical domain based on the receiver characteristics of the
respective PUT elements. Thus, the data acquisition principle is similar
as in MIMO radar or medical US. However, passband signals in air-
coupled US can be directly sampled without downconversion due to
the comparably low carrier frequency of f, = 40kHz. After analog-to-
digital conversion of the sampled echo signal per transmitter and burst,
a rectangular window of length N, = 2!? is applied to each of the
M receive sequences to filter out undesired reflections from near field
clutter or ghost targets from multipath propagation. In the following,
we consider measurements in the frequency domain by applying the
discrete Fourier transform (DFT) to the received time signals.

The PUTs regarded in this work have a narrow relative bandwidth of
about 3%, i.e., most of the signal energy is spread across the frequency
range from 39.4kHz to 40.6kHz. Based on the sampling frequency
fs = 195kHz of the measurement system, we select L = 24 frequency
bins equally spaced by Nr;‘ct fs ~ 48Hz that contain the significant
signal power around the average receive resonance frequency. The
measurements of each transmitter n = 1,..., N are then arranged in
a three-way array of dimension M x L x T, similar to the data tensor
used in MIMO radar [55]. As in radar, air-coupled US imaging also uses
the short time measurements for range estimation. In the following, we
introduce a novel tensor signal model that accounts for nonidentical
magnitude responses of distinct transceiver elements in a sensor array.

In the frequency band of interest, we model the transmit and receive
characteristics (transfer functions) of the nth transmitter and the mth
receiver on the L dominant DFT bins by the real-valued frequency
response vectors g, 1, and g,, - The US transceivers can be operated in
transmit or receive mode with a fast switch between both modes. We
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remark, however, that due to manufacturing tolerances, the frequency
responses of different sensors are generally different and also the trans-
mit and receive responses within the same sensor generally differ due
to the distinct resonance frequencies for both operating modes [56].

The propagation time of a burst affects the phase of the DFT of
the receive pulse proportionally to the range of the target at position
p. For a point target, the phase increment over frequency is generally
linear, however, for generality we allow arbitrary phase increments in
the phase response ¢, € C*, which is modeled with a unit modulus
property, i.e. |[c,l,| =1, ¢ =1,..., L. We combine g, 1y, §,.rx> and c,
into the frequency vector

bn,m,p = 8n,Tx o 8&mRx 0} Cp (€]

of the pulse from the nth transmitter to the mth receiver after re-
flection from the target at position p, which models the input—output
relationship of the transceivers as a linear time-invariant (LTI) system.

Lastly, the modulation of each pulse sequence, the path attenuation
between the reference sensors of the transmit and receive array, and
the reflectivity of the point target at position p are all modeled by
the signal gain vector h, € C”. Thus [h,],, i.e. the rth entry of the
gain vector h,,, does not only describe particular system attributes such
as the amplitude and the phase of the rth transmit pulse but also the
acoustic cross-section of the scatterer.

We assume, w.l.o.g., that the signal gain vector does not change
between different transmit pulses for the same target, i.e. h, = [h,];17.
In our approach, however, we admit arbitrary, possibly nonidentical
entries in h, to model artifacts of the data acquisition system such as
sample offsets that occur during reception as well as variations in the
pulse amplitudes. For simplicity, we assume that all transmitters use
the same pulse waveform (envelope) so that h, is independent of the
transmitter index n.

Using all of the parameters introduced above, we model each pulse
that travels from transmitter » to receiver m as the trilinear term in (1)
weighted by scalars [a,14], € C and [a,ps], € C. Evidently, this
expression is also dependent on the target position indexed by p. A
pulse sequence over T distinct time instants, referred to as snapshots,
over the L frequency bins of interest then yields the LxT rank-1 matrix

[ap,Tx]n [ap,RX]m (gn,Tx (O] gm,Rx O] Cp) h;‘ (2)

Furthermore, the collection of all receive measurements initiated by
all transmitters yields a four-way array ¥, € CN*MXIXT for every
calibration target position p=1,..., P. We model the pth tensor as

N M
yp = Z (en O] ap,TX) ° (em O] ap,RX) ° (gn,Tx O] &m.Rx O) cp) ° hp + Zp’

n=1 m=1
3

where e; is the standard basis vector of compatible dimension with
entries [e;]; = 1 for i = j and [e;]; = 0 for i # j, and Z, € CVXMxIxT
represents additive measurement noise. The basis vectors impose a
masking on all but one entry in a,r, and a,g,, respectively, such
that (3) is composed of the slices in (2).

2.1. Relation to other tensor models

According to (3), the receive measurements {‘)7[]}[‘;;1 from P tar-
get positions are coupled by the magnitude responses {g, 1y} ,’l\’: , and
{&mrx) 31”:1. A special case arises if all transceivers have identical trans-
mit and receive magnitude responses, i.e. g,1x = &y 1x and g,rx =
gwrx for n,n’ = 1,....N and m,m’ = 1,..., M, respectively. In this
instance, we may introduce a common transmit magnitude response
g1 for all » and a common receive magnitude response gg, for all m,
respectively, such that the model in (3) reduces to

5)1) =a,15°ppx © (87x O 8rx @ C,) O by + Z,,. @

For a single position p, the noise-free part of (4) admits a rank-1 CPD,
which roots in the canonical decomposition (CANDECOMP) [57] and
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the parallel factor (PARAFAC) model [58]. Measurement tensors of
different target positions, however, still share a common transmit and
magnitude response under (4), which is not addressed by the general
positionwise rank-1 CPD approximation

ypzavaXoapvRXobpohp. (5)

Unlike our proposed tensor model, the rank-1 CPD approximation (5) is
in this case associated with a model mismatch. For studies on the multi-
rank CPD of a measurement tensor, where each rank-1 component
corresponds to the signal from one of multiple targets, we refer the
reader to [50].

Another interesting link to multilinear algebra is given by the block-
term decomposition of a third-order tensor [59]. If we rearrange our
P fourth-order tensors { yp}le from (3) into the coupled third-order
tensors

T
yvirt,p= [[yp]l.:,I,I’ ce [yp]N,:,:,: G(CNMXLXT (6)
for p = 1,...,P with a virtual array spanned by NM transceiver
elements, we can factorize the measurements into
yvirt,p = <ApB;) ° hp (@]
for p=1,..., P using the diagonal matrix
A, = Diag(a,, ® a,py) € CNMXNM (€))
for p=1,..., P, which is formed from the virtual array steering vector
corresponding to the target at position p, and the frequency matrix
T

(.7 T T LXNM
B, = (] ®Gl @G}, ) e ©
for p=1,..., P with
GTx = [gl,Tx’ cees gN,TX] € (CLXN (10)
and
Gy = [81res -+ &mme €ECHM. an

The factorization in (7) is similar to the rank-(I, I, 1) block-term
decomposition of (6) given by Yy , = Zil(ﬁ NEIT”) o ilp’, with Ap,r S
CNMxI' and B,, € CI*! for I < min(L, N M), and tensor rank R [60].
In contrast to matrices ]1’” and Bp,r’ which do not exhibit any specific
structure, our matrices A, and B, are structured according to (8)
and (9), respectively. Furthermore, our frequency matrix B, is not
guaranteed to have full column rank, e.g. if L < N M, but allows a more
descriptive insight on the physical behavior of the imaging system.
Thus, we prefer (7) over the “regular” rank-(/, I, 1) decomposition of
the tensor in (6) for the considered application. As a final remark, we
note that all third-order tensors {yvm};’:] are coupled by the mag-
nitude response matrices G, and Gy, in (10) and (11), respectively,
which is not captured by the positionwise rank-(/, I, 1) decomposition
and highlights the novelty of our proposed signal model in (3).

2.2. Unfolding of the tensor signal model

When dealing with the tensor model in (3), it is often convenient
to operate with the corresponding matrix unfoldings instead. Unfold-
ing, also known as matricization, rearranges any W-way array & €
Chx-xIw into matrices X, € ClwXli--Tu-tlwri-Tw for modes w =
1,...,W. An intuitive way to matricize a tensor is to cyclically permute
its modes. The unfoldings of a four-way array & € CH*2xI3xl4 are
given by

unf(X) = X4,

= (10 (X s (XD s o (XD (12a)
unf, (&) = X5

=100 (@1 s s (X gy s [y ], (12D)
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unf4 (&) = X(a)

=& s Bgs es (R s s (X ] (120

unfy(X) = X4
e (G 2 PRI LI ( 4 P LSOO (7 4 PO LSO (7. 4 P A SO 1 8
(12d)

Let us further define the factor matrices

A,1x = Diag(a, 1) ® 1}, € CMNM, (13a)
Ap rx = 1y ®Diag(a, gy,) € CM*NM, (13b)
=h,1},, € CNM, (130)

Using the matricization in [61] and the permutation scheme in [62],
the following properties w.r.t. our tensor model in (3) hold for Z, = 0,
i.e. the noiseless case:

unf, (P,) = Y, = Ap1x (H,®B ®Apr)T € CNXMLT (14a)
unfy (¥,) =¥, = Aprx (4,1 ® H, ® B )T € CMNET, (14b)
unf3(¥,) =Y, = B, (A, @ A,1x ® H,) ' € CHNMT, (140)
unfy(¥,) =Y, =H,(B,®A,p ®A,1,) € CTXNML, (14d)

In the following, we estimate the model parameters by applying all four
unfoldings on the measurement tensors in a modified BCD procedure
that leads to parallel alternating univariate optimization problems [63].

3. Modified block coordinate descent procedure

The signal model in (3) provides us with parameters g,1y, &urxs
a,1x; ApRx> €y and hy, that characterize the array for a single point tar-
get at position p. Ultimately, we aim to describe a given but unknown
array for an arbitrary scene composed of multiple targets at different
and unknown positions. According to the superposition principle, a
scene with multiple targets can be described as the superposition of
multiple, independent single-source cases [64]. Thus, we propose a
reference-based calibration method where the unknown parameters are
estimated from P single-source scenarios with known positions of the
calibration target. This provides us with the ability to handle scenarios
with multiple unknown targets after calibration.

Using the measurement system in the anechoic chamber, we place a
reflector at P different positions and record the respective measurement
tensors, each one following (3). The collection of tensors {J,} 5:] is
then matched jointly to our model in (3) to determine the parame-
ter estimates {2,7,}™ |, {&nrx)M,, and {@,1y, @5 &, iu,,};’:]. This
parameter estimation process is cast as an optimization problem (see
(15a)-(151) in Box I) with cost function

f({ngx};V:l , {gvax}::l:l » {ap,TX’apvRX’cp’ p}p— )

p=1

N M 2
y Z Z n © a, TX (em © ap.Rx) ° (ngx O &nrx © cp) ° hp

n=1 m=1

F

(16)

which is designed to match the noise-free array output model corre-
sponding to (3) to all calibration measurements {y,} /I:ZI in a least-
squares (LS) sense.

The constraints in (15b)—(15f) and (15h)—(151) are introduced to
address trivial scaling invariances. Generally, if (15a) is minimized

N *x M
without these corlstramts then not only {g nTX}” Iy {gm,RX}m=l, ellvnd
* X
{apTX pr’ h; 154 -1 are mlmrrilzers to (15a), but also (&) 1 e
M a* = F* P . . .
(&)t et and {“p,T bR , 4pey Yield the same objective func-

,
P’

. . * ~k
tion value in (15a) for gn,T = Kugr, gn - ngx = Knge8max> prx =
&x

* % _ * Tx *
Kpar, @1 Gypy = Kpap Dope € = Kpccp, and hp = p,hh[;’ where

the coefficients «, and

. mgg, are positive real-valued, «,, —and
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K are arbitrary complex, «

iy pc 18 unit modulus, i.e. |k,

| =1, and

- 1 i
Kph = (Kngr Kimge, Kp.ag, Kp.ag, Kpe) - Rotations of the global phase are

prevented by keeping the first entry of every optimization variable
other than h, real-valued. Scaling ambiguities are further avoided by
employing norm constraints on a,y and a, gy, respectively. Constraint
(15h) resolves the scaling ambiguity between the transmit and receive
frequency response vectors, g, 1y and g, gy, in the objective function
(16) by fixing the transmit reference sensor n = 1. On the DFT bins
that carry relevant signal power, the frequency responses of the nth
transmitter and mth receiver, respectively, are furthermore restricted
in (15i)—(151) to take real and strictly positive values in the interval
[, 1] for some small constant € > 0. Lastly, (15g) follows from the unit
modulus property of the phase response vector c,,.

Problem (15) is jointly nonconvex, with a multivariate objective
function (15a). For each individual variable, however, the problem
can be reformulated in an equivalent convex subproblem when the
remaining variables are fixed. Hence, (15) can be solved by various
iterative techniques such as gradient projection and the successive con-
vex approximation framework [65]. We choose the BCD method that
approximates the multilinear objective of the optimization problem by
a series of approximate problems in which all but one optimization
variable are fixed, leading to univariate subproblems [66].

Applying the BCD method straight to problem (15) results in sub-
problems that are nonconvex due to the constraints. As nonconvex
problems are in general difficult to solve, we relax the nonconvex
constraints in each of the subproblems and then show that these
constraints can always be satisfied by appropriate scaling. This modifi-
cation of the BCD method convexifies the subproblems such that they
exhibit closed-form solutions. Additionally, each approximate problem
is separable into further subproblems with independent variables such
that the update of any block variable can be done in parallel. This
makes our method attractive for implementation on modern paral-
lel hardware architectures such as graphics processing units (GPUs),
field-programmable gate arrays (FPGAs), and multicore digital signal
processors (DSPs). Further parallelization can be achieved with the
successive convex approximation framework in [65].

Each approximate problem only depends on one set of variables,
hence, only one factor in the multilinear product. The following sub-
sections introduce the approximate problems for each block variable
and the corresponding solutions. We denote the iterates of the different
block variables after the update and before the parameter scaling in

iteration i of the modified BCD method as {g/t"}N | (g“*™ ~and
nTx n=1 mRx ' m=1
{a(“’” (’;;), G+ .h*V) |, respectively.” The iterates of the different

block varlables in the ith 1terat10n of the modified BCD method after
the parameter scaling are denoted as
~(i+1) _ (i+1)

Eux = Kner8nTx 17a)
Bt = S Bt (17b)
N%B Kpary ('“ng © aﬁi))’ (17¢)
@ = Fpa, (Ko Oy ) (17d)
z,;/+1) - Kp,cc;)H—l)! (17¢)
i’(piJrl) - Kp’hh;ﬁl)’ (17f)
forn=1,...,N,m=1,...,M, and p = ., P, respectively, where
K = Rigreeomngd = [Lmaxlgg T
(maxf[g(li,lei]f)_l]T € RY, Ky = [KigpoerKirgy) [(max,

5 We note that the order in which the variables are updated can be modified
and does not need to follow the sequence presented here. It is, however,
mandatory by the BCD method to always use the latest available values of
all parameters when updating one block variable of interest.
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min N f({gn,Tx},I,V:l ) {gm,Rx}:[:p {ap,TX’ap,RX’cp’ p}p ,) (15a)

{gn1x€RE} |,

{gm,RxER+}f1

{a,1x€CN a,pe€CM c,eCL h,eCT}
s.t. Im(la,1x])) =0, p=1,..,P, (15b)
“aﬂx z— N=0, p=1,...P (15¢)
Im([a,pyl) =0, p=1,...., P (15d)
om0 =1 aso
[e,y=1=0, p=1,..,P (156)
|[cp]/|—1=o, p=1,..., P, £=2 ... L, (15g)
g&imx =1, (15h)
—lgnxls +€<0, n=2,....N, £=1,.., L, (151)
m;lx[gn,Tx][ -1=0, n=2,..., £=1,..,L, (15))
~[guprelr €SO0, m=1,... M, £=1,..,L (15Kk)
mﬂe}tx[gmex]f -1=0, m=1, M, =1 L (151
Box L.
& 17" (max/[g('ﬂ) 1)1 € RM, «,. [y = 3.2 Update of {a,p,}"

while Kpar,
(l+l)

entry in a T and aS*R;) becomes real-valued, respectively, and the
respective norm constraints (15c¢) and (15e) are fulfilled.

and «,, are chosen such that the first

(PaTx P,aRx P")

3.1. Update of {a, 1y} ,1;1

We start our modified BCD method by relaxing problem (15) to
remove the constraints (15b) and (15c), which can always be sat-
isfied by the proposed rescaling in (17) Followmg the definitions
(13b) and (13c) for the factor matrices A = 1T ®Drag(a(') ) and
H;l) = h(')lT o Tespectively, as well as the frequency matrix B() =
((Z-(p’v))T (G(') )T (G(') )NT according to (9), the first approximate prob
lem at iteration i is given by

N M
. a0 ~(,) (l)} { ~(i) } { ~(i) }
min a,ry. L€V h s ) >
{ap oy € CN }P ] f“Tx <{ P-TX p.Rx p=1 gn,Tx n=1 ngx m=1
. =

(18)
where we use the mode-one unfolding on (16) as defined in (12a) to ob-
. . ~ ~ (0] ~
tain the cost function f, ({a,rx a(’)Rx, 0 hp’ } If o1 ;I)Tx } ":’ v
(M) = TL 1Y, — (Disg(a,r0 @17 © BY @ A% )71 .

Eventually, problem (18) can be separated 1nto PN scalar subproblems

2
0 B ()
a b h (19)
[apTX] E(C 2” nm,:,: [ PTX nm,p \""p )
for i)s)m (E o) g;')Tx o) g(')RX) with solutions
M * H ANE
() (i) =(i)
) AL 0 8)
[ m] - (20)
(@) (i)
Ilh’ [z e
forn =1,...,N and p = 1,..., P, respectively, that can be solved in
parallel.

Similar to the update of {a,7}’_, learning the receive steering

=1’
vectors {a,py} ]’: _, requires solving the approximate problem in which
all remaining parameters are fixed. At first, we again relax the con-
straints (15d) and (15e), which can always be satisfied by the proposed
rescaling (17).

Using the mode-two unfolding in (12b) on (16), the approximate
problem at iteration i is given by

A~y P N M
. aD_F0 <1>} {~(t> } {~<x> }
min a,pyx» ., ,h s s
{a,p, €CM}0 f“‘“({ o G € f VB S A B Sy
: b=

21D
(1+1) ~(1) 7. () ~(l) — P
PRX’ p.Tx hp }p l’{ nTx}n 1’ ) - Zl?:l

-al® Dlag(apr))(Ai;*)‘j oH)® B;”)Tn . Following the same

with f, (la (B0 M

steps as in Section 3.1, problem (21) is decoupled into PM scalar
subproblems
2
@] O (79 T
[aprl JeC z“ Volums.: = [aprsl,, [ pTXl "mp<hp ) 2 @2
with solutions
@l (50 )" Z0)*
. Z [ pTX ( nmp) [yP]n,m,:lt (hp )
o] - :
o 7 G+1) @)
”hl’ “2 E] @pirx l,, b"»m»pnz
form=1,...,.Mand p=1,...,P

3.3. Update of {c,}

Following the BCD procedure as above, we next consider the update
of the block variables {c, } . First, we make the nonconvex constraint
(15g) implicit by 1ntroduc1ng the parameterization [c,], = &%2» and
consider brp with ¢ep € [-7,7) for/ =1,...,Land p=1,...,P as
the optimization variables instead. Second, we relax constraint (15f),
which can always be satisfied by the rescaling procedure (17).
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Applying the mode-three unfolding in (12c) on (16) yields the
modified approximate problem

. WD)+ FO s N i M
min fo { p A1y pr’h }, ’{gn.Tx} -1 {gm.Rx} -1 )’
{¢ e ]L}P p=1 n=1 m=1
» malty,
@24

= b1y br,0T € (-1, m" and fy((,,alt0,alt D )P,
EOIN L EIM ) = B0 Y, - Dlagw%)G(‘)(A;’;Q@
A;’;j()@H(‘))T I2 using G = G @G = [Diag(gjfgx)é‘i),...,
Dlag(g(') )G(')] with GU) and G() according to (10) and (11), respec-

where ¢, =

tively, while e denotes the elementwise exponential function.

As in Sections 3.1 and 3.2, problem (24) decouples and can be
solved separately for every p. Additionally, the diagonal matrix contain-
ing the optimization variable, i.e. Diag(e'r), decouples the optimization
variable elements [¢,],, leading to PL parallel surrogate problems

T ~(i .
max Re([ym)] . (A("f”@A(””@H(‘)) [G(')] . e_ﬂ,ﬁp)
Q¢ p € (-7, 7] ¢, 4,

(25)

for#=1,...,Land p = 1,..., P, respectively. A maximizer to (25) is

given by ¢‘;, = arg(([Y pm]f >T(A('+“ ®A"T) @ i) (1G"],,)) such

that the ¢th element of the phase response ¢, can be estimated as

e5°7], =%
_ (o e ] () )

(26)

for/=1,...,Land p=1,...,P.

3.4. Update of {g, 1},

According to the BCD procedure, we next consider the block vari-
able update (g, 1} "1\; |- We relax the nonconvex constraint (15j) and
consider [g, 4], < 1 forn = 2,...,N and ¢ = 1,...,L instead,
because the original constraint can always be satisfied by applying the
rescaling (17) to the solution of the relaxed subproblem. The modified
relaxed problem with the remaining parameters fixed therefore reduces

to

M
: N (i+1) (x+1> (,+1) 7 50)
min N fETx <{gn,Tx},,:1 4 {apTx h -1 gm.Rx _
eRL} ~
{gn.Tx + S n=1

(27a)

s.t. girx=1;, (27Db)
—[gu1xle +£<0, n=2,...,N, ¢=1,..,L, (27¢)

lgumxle —1<0, n=2,..,N,¢=1,..., L, 274d)

N (+D) G+D (¢+1) @\ p
n= 1’{ap,Tx p.Rx’ hﬂ }p—l’

Z:p 1Zn 1Zm 1Zf |l [cg+l)]f[yp]ﬂ,rv1.f.1 (&n1xe

1,la ('“)]mh(') || 2 takes measurements from all P positions

where we remark that ng ({&n1x}
{~(i) M

(t) (l+l)

g, ]f (@, 1y In
info accotut.

Ignoring the constraints in (27c¢)-(27d), the problem reduces to a
simple linear LS problem with decoupled variables. The corresponding
minimizers are given in closed form as

e(pz; mAz::I [a(p'l;i)]” [ (:.+1)] [c(’“)] [g(l) ( (1)> [y ]nm!-:)
[ox2], R(EAPR A

[gnTx]f_ P M
NP

p=1m=1

u+1>]

(28)
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for # =1,...,L and n = 2,..., N. Neglecting the trivial case of n = 1,
there remain L(N —1) terms in (27a) that are quadratic functions in one
scalar variable each, such that there exists a respective global minimum
that either fulfills (27¢)-(27d) or is located outside these boundaries. In
the latter case, (27a) is strictly monotonically descending towards (28)
within the constrained interval. The solution to (27) is therefore given
by (28) projected onto [e, 1], i.e.,

1 [g- Tx]f >1
(gin 1 =185, e <85, <1 (29)
I3 [gn TX]/ < €.

3.5. Update of {g, e} |

Following similar considerations as in the previous subsection, we
relax the nonconvex constraint (151) by considering [g, rx], < 1 for
m=1,...,M and ¢ = 1,..., L instead, and remark that the original
constraint can always be satisfied by proper rescaling of the solution of
the relaxed subproblem according to (17).

The resulting relaxed problem is

min (e (el e i) (e}
{&nre €REY ! !
(30a)
s.t. —[gupelr +€<0, m=1,....M, =1, .., L, (30b)
(gupels =10, m=1,...,M, £=1,...,L (300)
with fy (8nrettLo (@05, al Tl el BV (g ) = 37

(i+1) (i+1)

N wM L i+1
Ll L= Zf 1 Il [CEJH— )]f[yp]n,mfﬁ [g'"Rx]f[gn.Tx ]f[ap,TX b
(i+1) (i)
[ap’ h I3 2

The corresponding LS solution of the relaxed problem is given by

(5 2 e ] o] fest], () o)

S p=1n=1
mile = & T i+ (i+1) 70
i+ i+ i+ i
% 3 fenr] [ lesar] | (s, ) 1o
81
for/=1,...,Land m=1,..., M, which are again projected onto [e, 1],
ie.,
1 (85 > 1
(8 rale = 11851, £ <850, <1 (32)
€ [gI";S,Rx]K <e.

3.6. Update of {h,}"

Making use of the definitions (13a), (13b), and (9), the approximate
problem in the gain vectors {h,} 5=1 for the remaining parameters fixed
yields the standard linear LS problem

N M
H @+ (+1) (i+1) (i+1) (i+1)
mmT R fh<{h ayla) e }p—l’{g"*“ }n:l,{gm_Rx}m:1>
{n,eC}

(33)
. (41) +D (41 p (DN (gD M _ P
with  f({h,, p'Tx,ap',RX, ) }p 1,{g,,l,TX2}n ety = 2=
(i+1) (i+1) (+D\T
Y, —h INM(B i+ ®ApI,RX @A;TX) Il . The problem (33) decou-

ples into P LS problems with individual minimizers given by
T *
(t+1) (1+1) i+1
) Zl 2 pTX ] [ p.Rx ([yP]n,m,:,: ) (bs:—n;>
h(1+1) n=1m= (3 4)

’ el [P 2D 2|2
i i i+
Z Z [ap’TX ]n [ pRx ] b H

n,m,
n=1m=1 Pll2
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for p = 1,..., P. After the update of {h }
initiating the scaling procedure (17).
With this, we now have introduced the subproblems and corre-
sponding solutions of a modified BCD method to learn the array re-
sponse for P sample calibration points by estimating the corresponding

_,» iteration i concludes by

parameters of the tensor model in (3), i.e. {g, TX}:’ o {&n Rx},]:[ \» and
{a,1 Aprys €ps By P _,- Additionally, the solutions to all approximate
problems of the mod1f1ed BCD method are given in closed-form and
the individual block variables as well as their rescaling (17) can be
computed in parallel.

3.7. Initialization of the BCD

The parameter g,y is fixed according to (15h), so w.lLo.g., we
start our proposed calibration procedure by estimating the transmit
magnitude response update g('H) at iteration i. Estimates for the
remaining parameters at the 1n1t1al iteration i = 1 are obtained from the
calibration data for snapshots ¢t = 1, ..., T using the simple initialization
ah, = ly a“gx = Ly, B = 1 &) = 1, and [k)], =
AMNY EL T B IR(Y el +  IEMNYTEL T
anl [ IV e, )]s which we denote as the complex-valued t-average
(t-av). These initial estimates can be obtained from the measurements
in)y » without additional knowledge of the calibration positions p.

3.8. Range scanning

Our experiments reveal that the phase responses {cp}[':’=l e ct
learned from calibration measurements exhibit approximately linear
phases that are distant-dependent. Thus, we conclude that the far field
model with constant group delays holds [67]. Hence, we may model
the entries of the pth phase response as

le,l, = ei¢=D4g, (35)

Aw

with phase slope A¢, = 2(r, + ry) -, where c is the effective speed of
sound for the imaging burst r, is the adjusted range from the array
to the calibration target position indexed by p, r( is a system offset,
e.g. due to unknown group delays introduced by the waveguide and
mechanical inertia of the PUTs, and 4w = 2z f,(Lpep)~! is the radial
frequency separation based on the sampling frequency f, as well as
the DFT length Lpgy.

While the true range r, is known for every calibration point p,
the system offset range r(, is generally unknown. However, we can
determine r, using the estimation of signal parameters via rotational
invariance technique (ESPRIT) for the simple case of a single source
as [68]

C

24w

M~

Po =

(are1, 17, 12, 12:0) =27, %2). 36)

P

With the model-based approach described above, the density of
dictionary entries in the range dimension can be flexibly increased
by choosing different scanning ranges r;n Y ,r;,R for every calibrated
position p. Thus, the total number of dictionary entries P is increased
to P = RP,casured- This allows a higher accuracy for the estimation of

the range in distances that have not been learned during calibration.
3.9. Complexity and methods for comparison

Instead of learning from measurements under the common narrow-
band assumption [53], a normalized and single-snapshot array response
R, € CMXN*L for a single target at position p can be described in closed
form as the third-order tensor

R ° bp,analytic 37)

panalytic = @p Tx,analytic © p Rx,analytic

. . . i T
using the analytic steering vectors @,y apaytc = [e ¥ i

—ik(9,0)7 T — re—ik®.0)" —ik(9,0)7 T
e IkW@.9) rNTx]T and @, Ry analytic = [€ kO.9) rire | eIk TMRT the
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Table 1
Computational load of multiply-accumulate (MAC) operations for different tensor-based
calibration algorithms.

Algorithm Computational load
Broadside compensation O(P(N + M + L))
Rank-1 CPD OPNMLT)
Proposed O(PNMLT)

linear frequency response b, naiyic = [1,....¢€ L1y ]T the wave

vector k(9,p) = —2x fyc ™ [sin(8)cos(), sin(qo), cos(9)cos(p)]", the array
element positions r; = [x;, y;, z;]7, and Aw = 2z f(Lppr)~". Note that
the analytic frequency response b, ,n,iyiic uses the same linear phase
model as described in Section 3.8.

A simple calibration technique that reduces relative gain and phase
offsets in the different transceiver elements is given by broadside
compensation [53,69]. For this, a measurement tensor Y0000 with
a target at broadside direction (9,¢9) = (0°,0°) is approximated by
the rank-1 CPD (5) using a classic alternating least squares (ALS)
algorithm [61] with the initialization in Section 3.7. After appropriate
rescaling, unique estimates &g g0y 1x,cpps &(0°,0°).Rx,cPD> and 5(00,00)’@])
are used as complex valued gains, i.e. amplitude factors and phase
shifts, to correct the components of the analytic array responses R, of
all directions at the same range:

. T . T T
eIk O.0)Tr 1 o ik0.0) r;m]
.

a, Tx analytic = @(0°,0°),Tx,cPD © [

—ik(9,0)"r —ik(9,0)7r T
e IK(0.9) TiRx e Jk(W.0) Ty rx

a, Rx,analytic = 4(0°,0°),Rx,cPD © [

T
-j2.0-r, A(n —]2(L yr, Ar:)]
€ >

b, anatytic = b0 0°),crp © [

(38)

The analytic model for R, yields a low computational load with
broadside compensation but requires precise knowledge of the array
geometry, which may be unavailable if the array is embedded in a
system or affected by temperature changes and aging. Our proposed cal-
ibration technique and the positionwise rank-1 CPD approximation (5)
overcome this limitation, albeit with higher computational complexity.

The computational cost of the modified BCD procedure for problem
(15) is mainly driven by updating the magnitude responses {g, 1y} ,,N= .
and (g, grx} 31”=1, which sets our tensor model apart from the rank-1
CPD approximation. As noted in Sections 3.4 and 3.5, estimating g, 1«
and g, ry requires measurements from all P positions, respectively.
While this makes our method computationally more demanding than a
positionwise rank-1 CPD approximation, the complexity remains in the
same order as the decoupling of subproblems allows for elementwise
updates. Table 1 lists the computational load for the three calibration
techniques in terms of multiply-accumulate (MAC) operations, where
the load for the rank-1 CPD approximation is based on elementwise
updates for a fair comparison.

3.10. Convergence analysis

In the following, we establish the convergence result for the pro-
posed modified BCD algorithm that follows the proof of the conven-
tional BCD algorithm provided in [66, Proposition 3.7.1] Let us define
the vector ) that contains all block variables {a;';)l() ;’;3 ¢(’“)

(‘“)}P o {gi’f;i)}nN_ . {g(’“)} at iteration i after performing their
respective updates (20),. (23), (26), (29), (32) and (34) but prior to
the scaling, whereas 6" denotes the vector of all block variables

~(i+1) ~(1+1) (i+1) z(+1) ~(i+1)\N ~(i+1)\ M . . .
{a a,1y 8,5y ¢ h }p_l, {ngx }n=l’ {gm’RX}m=l at iteration i after

the rescaling in (17). The following convergence result can then be
established.

m=1
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Proposition 1. Every limit point of the sequence {é(i) } is a stationary
point of problem (15).

Sketch of Proof for Proposition 1. The above convergence statement
can be justified by extending the proof of [66, Proposition 3.7.1] for
the classic BCD algorithm. We first observe that in each block variable
update, as well as in the scaling step, the function value is nonincreas-
ing. As the objective is bounded below, it follows from the Monotone
Convergence Theorem that the function values corresponding to the
iterates converge. To further show that a limit point 0 of the sequence
{ém } is a stationary point of problem (15), we follow the proof of [66,
Proposition 3.7.1]. We first note that all respective subproblems, i.e.
(19), (22), (25), (27), (30), and (33) have unique minimizers. The
objective functions of the subproblems are continuously differentiable
over the constraint sets and monotonically nonincreasing between the
current iterates and the minimizers of the subproblems. Furthermore,
the constraint sets are convex and bounded. Thus, the conditions in [66,
Proposition 3.7.1] are satisfied. Performing the exact steps in the proof
of [66, Proposition 3.7.1] along the chain of BCD updates in one
iteration, we can demonstrate that every limit point & of the sequence
of iterates {9(')} satisfies the first-order stationarity condition

Re (V/(®"©-86) >0 voeo, (39)

where Vf(0) and © denote the vector of partial derivatives and the
feasible set of the problem without scaling constraints, i.e., the set
defined by constraints (27b), (27c), (27d), (30b), (30c), respectively.
Together with the fact that the sequence of iterates {é(i)} is enforced
to satisfy the scaling constraints by the scaling procedure (17), it can
be concluded from (39) that every limit point  is a stationary point of
problem (15). []

Due to the multilinear nature of its objective, we note that problem
(15) is nonconvex, and the convergence of the modified BCD algo-
rithm to a global minimum cannot generally be guaranteed (c.f. [66]).
Therefore, the stationary point to which the proposed modified BCD
algorithm converges may be a global minimum, a local minimum, or a
saddle point of problem (15).

4. Imaging

As pointed out in Section 1, air-coupled US uses the same im-
age formation principles as other in-air sensing modalities. Basic but
fast techniques, such as delay-and-sum beamforming in the time do-
main and conventional beamforming in the frequency domain, have
been successfully applied to air-coupled ultrasonic arrays [54,70]. Ad-
vanced methods, e.g. multiple signal classification (MUSIC) [71] or
ESPRIT [68], promise superresolution, provided the array is well-
calibrated. Another class of imaging techniques leverages sparsity in
the scene, which can be exploited using sparsity-promoting concepts,
e.g. convex #;-norm minimization [72], including the LASSO problem
considered in our previous work [49]. Sequential algorithms, such
as matching pursuit (MP), orthogonal matching pursuit (OMP), and
orthogonal least squares (OLS) [73], exploit sparsity using a dictionary,
which we obtain from calibration measurements. As a proof-of-concept
that array responses can be learned from calibration data with the
algorithm provided in Section 3, we employ a sequential multi-target
estimation technique that estimates target locations one by one.

Consider the superposition of K sources according to our signal
model in (3), i.e.,

K
y = 2 yl’k
k=1

where ypk models the single-source tensor (3) for the kth target at the
unknown position indexed by p,. The noiseless signal part contributed

K
= 2 ka ° th + Z’ (40)
k=1
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by the kth target can be factorized into the signal gain h, and the

third-order tensor

Qﬂ::}S 2:

n=1m=1

) c (CNXMXL

n © a, Tx (em 9 ap,Rx) ° (gn,Tx O &nrx © Cp

(41)

that is formed from the factors (a, 1y, @,Rrx> C;» 8,,1x> &mrx) for calibra-
tion points p = 1, ..., P. The tensor Q,, in (41) characterizes the array
range-angular response of a point reflector at the candidate location
indexed by p and is assumed to be fixed and known after calibration.
Let

q, = vec(Q,) € cNML (42)

denote the vectorization of the array response tensor Q, at calibration
position p and let the set

Q={q1.92-.qp} 43)

denote the range-angle dictionary for P candidate targets. Our objective
is to find the atoms g, _in the sparse representation unf4(Y) = Y4, ~
Zk lhl,kqA under the mode-four unfolding from (12d). We remark
that the true source number K is generally unknown and needs to be
detected [53].

4.1. Sequential imaging with OMP

We select the atoms for the sparse representation of the image
measurement tensor Y according to the OMP technique [74]. At the
beginning of the ith iteration of OMP, the location estimate indices

P1» ..., Pi_; corresponding to the selected atoms Qp,s--- ’qp, € Q along

NS
with the corresponding signal gain estimate vectors h ,hf’ ) =

CT of the previously estimated targets are given and the locatlon 1r1dex

estimate p; of the target in the ith iteration is selected as the minimizer
2

)

i—-1

=1 1 T
Yoy — ) Iy a; —hq)
k=1

p; = argmin min (44)

pe(l,....py heCT

F
The inner optimization problem in (44) is a linear LS problem in h for
fixed g, and has the closed form solution h'S = (Y4 — > (’ b T )

(g, i)*lq;. Inserting h'S for h in (44) yields the simple selectlon

criterion
2
q*
A i—1 P
Step 1:  p; = argmax Y&),rls‘ =1 (45)
pe{l,...,P} q ”
P2 2
where
Yo -y Zh“ gl (46)
(4),res. @~

is the unfolded residual measurement tensor at the end of the (i — 1)th
iteration. At the ith iteration, we observe that according to (45), the
atom g, of our learned dictionary Q is selected that has the largest
correlation to the rows of the residual in (46).

In the second step of the ith iteration of the OMP method, all galn

vectors {h } correspondlng to the selected target directions {5, }! e

@) yi
k=1

(i) T
Yy - Zh
k=1

as the LS minimizers
2

are estlmated for fixed atoms {q

Step 2: ﬁg = arg mln

- [ra ey (") (@Z‘)Y)_l] ”

NG A2 .

where Q(') = [gp,.---.q5] We remark that ||h[|;, which is a measure
for the received power of the signal reflected by the target detected at
the position indexed by k, is later used to create the image.
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The two steps of the OMP procedure are repeated, e.g., until the
Frobenius norm of the updated unfolded residual measurement ten-

sor YEQ) according to (46) falls below a predefined threshold #,

ie |Y?
e Y I

@res. | ¢ < 71> Or a maximum number of iterations Iyp is reached.

5. Results and discussion

In this section, we carry out numerical experiments to investigate
the error performance of the proposed calibration technique and its im-
pact on the imaging quality using both synthetic and real measurements
recorded with an air-coupled ultrasonic array [54].

5.1. Simulations

We first evaluate our proposed modified BCD method for tensor-
based array calibration with synthetic data from P =250 different
calibration points, N = 4 transmit and M = 60 receive elements, L = 24
DFT bins, and T' = 10 snapshots. We model the transmit steering vector
element [a,1y],, the receive steering vector element [a, gy],,, the phase
response element [¢ ples and the pulse gain element [h ) as i.i.d. random
variables with unit-magnitude and uniform random phase in [-z, r), for
p=1...,P,n=1,...,Nym=1,...,.N, ¢ =1,...,L,and t = 1,...,T.
The transmit magnitude response element [g, 4], and the receive mag-
nitude response element [g,, gyl are uniformly drawn from [1 - 6, 1],
with 0 < § < 1 modeling variations among transmitters and receivers
and 6 = 0 corresponding to identical frequency responses. Simulations
at varying SNR levels are performed using the tensor factorization
according to (3), where we assume i.i.d. zero-mean complex circular
Gaussian noise.

We use the MCNCC of each estimated range-angle dictionary entry
in (42) as a performance metric that is to a large extend independent
of existing scaling ambiguities. In a Monte Carlo simulation with Iy
Monte Carlo trials, the MCNCC is defined as

MCNCC = [Mi S M (48)
’MC 1p=1 ”qP/MC ”

where Dp.ivsc and 4y are the vectorized range-angle responses of the
true parameter values {g,1x} |, {&mrx}".,, and {a,1x, @,y € }5_1
and the corresponding finite iteration parameter estimates {2, Tx}n—l’
{gm,Rx}ZI:l, and {&,1y, ,gx> € p}‘p=1 at the termination of the modified
BCD algorithm for p = 1,...,P, n = I,...,N and m = 1,...., M,
respectively, according to (41) and (42). In terms of coherence [75],
we remark that the MCNCC is inversely proportional to the coherence
between g,; . and g,; ., ie., the MCNCC is zero for full coherence
and one for full incoherence.

In Fig. 3, the MCNCC metric is averaged over I, = 100 Monte

Carlo trials after each decomposition reaches f:;l_') - fr(g <107, where

- (Zh) 3

is the normalized cost function (16) at the ith iteration of our proposed
modified BCD procedure. We compare the MCNCC for 6 € {0,0.1,0.5}
to illustrate the influence of transmitters and receivers with increas-
ingly different frequency responses. With our proposed method, the
MCNCC converges to 0, i.e. full coherence between g, and g,, with
rising SNR, regardless of the distortion parameter 6. For identical
frequency responses, i.e. 6 = 0, the data can well be approximated
with a rank-1 CPD introduced in Section 3.9. For § > 0, however, i.e.
nonidentical frequency responses of individual transducers, a rank-1
CPD is unsuitable as the MCNCC saturates at a nonzero value depending
on 6.

From our simulation results for the considered scenario, we further
remark that we observe the parameter estimates approaching the true
parameters in the noise-free case, which suggests that in this case, our

(i) (49)

‘yy
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modified BCD algorithm converges to the global minimum of problem
(15).

5.2. Real data

For experimental validation, we use an 8 x8 URA with custom
electronics based on a Xilinx Zynq 7010 FPGA [54]. The URA features
PUTs of type MA40S4S manufactured by Murata (Nagaokakyo, Kyoto
Prefecture, Japan). The MA40S4S operate at f, = 40kHz and have
an output power level of more than 120dB at 0.3 m, enabling imaging
ranges of several meters. These transducers are widely available to both
academic and commercial customers, however, their bulky dimensions
prevent a classic 1/2-spacing between neighboring array elements. An
individually designed waveguide has been proposed to overcome this
limitation and is part of the considered URA [22].

All URA elements can operate in both transmit and receive mode,
with fast switching for simultaneous pulse transmission and reception.
However, to avoid ring-out effects, we use each transceiver exclusively
as a transmitter or receiver. Specifically, the N =4 corner transducers
sequentially transmit sinusoidal pulses of duration T, = 1 ms each.
This configuration minimizes measurement time, limited by the number
of pulses per calibration position.

For both calibration and imaging, we fire T = 10 pulses from one
transmitter before switching to the next, repeating this until all N =4
transmitters have emitted in total NT = 40 bursts. The remaining
M = 60 sensor elements in the URA operate in receive mode only. For
each snapshot r = 1, ..., T, echoes are recorded at a sampling frequency
fs = 195kHz and stored for L = 24 sample frequencies. Unambiguous
range detection within the bounds of the anechoic chamber is ensured
by setting the pulse repetition rate to AT}, = 150 ms, assuming a wave
propagation velocity of ¢ = 343 ms™".

We select P = 1909 calibration points distributed on a spherical shell
at a constant range of r = 2m, covering a FOV of +60° in both azimuth
and elevation. Near broadside, the FOV is sampled more densely due
to a higher sensitivity of the steering vectors a, at lower electrical
angles arg(a,). The exact coordinates of each point p are derived from
the rotational axes of the measurement system, which efficiently move
the array relative to the calibration target along a meander-shaped
path [76].

The reconstruction performance of our algorithm for the US array
measurements described above is shown in Fig. 4. In Fig. 4(a), the
relative pointwise reconstruction error

= ([0,)" -3,

is displayed for various azimuth and elevation angles at the set range
of r = 2m. The relative reconstruction error represents the model mis-
match for any calibration position p = 1, ..., P between the calibration
measurement ), and the reconstructed model ¥y , according to (3) using
the parameter estimates learned with our modified BCD algorithm.
We observe that our proposed tensor model in (3) accurately models
measured data for different target positions within the FOV, despite the
narrow 3 dB mainlobe width of 12° [54]. The relative pointwise recon-
struction error according to (50) is 20% near broadside and increases up
to 50% towards the edge of the FOV. The reconstruction errors may be
due to measurement noise, model errors resulting from the violation of
the single-point-source assumption, and reverberation. By construction,
the BCD method always provides a decrease of the objective function
in every variable update. The convergence behavior of our proposed
modified BCD method is shown by examining the difference between
the normalized cost function fr(g according to (49) at each iteration i
against fr(gl) of the previous iteration (Fig. 4(b)).

Finally, projections of scatter plots in Cartesian and spherical space
are given as a proof-of-concept for the imaging capabilities of the
proposed model and methods. As a test scenario, we arrange multiple
tetrahedral corner reflectors of the same kind as used for calibration on
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Fig. 3. Comparison between our proposed decomposition method and a rank-1 CPD approximation, respectively, using the mean complementary normalized cross-correlation
(MCNCC) (48) of the vectorized range-angle response estimates ¢, and their respective true values g, according to (42). Unlike the rank-1 CPD, our proposed method is independent

of the frequency response variation 6.
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Fig. 4. Relative pointwise reconstruction error (50) and normalized cost function difference (49) of the calibration technique proposed in Section 3 in a constant range of r = 2m.
For P = 1909 calibration points defined by their azimuth 9 and elevation ¢ w.r.t. the alignment of the array elements, the reconstruction error ¢, (p) is computed after 500 iterations

(a). To show the convergence behavior, the difference f:é;l)

Fig. 5. Imaging setup with multiple targets (red triangles) viewed from above and
behind the rigid baffle.

two skew planes perpendicular to the x-z plane (Fig. 5). A dictionary
of P R - P easured 15 - 1909 28,635 range-angle response
vectors {qp};)=1 is learned from P, .,qreq = 1909 measured calibration
positions with varying angles at the constant range r =2m and R = 15
different scanning ranges »’ including the original calibration range.
The scanning ranges are chosen as r’ r+02-k-A4r, k = -7,...,7,
where Ar = 0.5 - ¢ - Ty ® 17cm equals half the range resolution
given by the Rayleigh bandwidth [77]. For imaging, we apply the
OMP algorithm introduced in Section 4 with Ioyp = 100 iterations.
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- fr(él) between consecutive normalized cost function values is evaluated (b).

In each iteration, we select one range-angle response vector g, from
the dictionary according to Step 1 in (45). The corresponding position
estimate p is assigned the weighted norm square T _2”;113”% according to
Step 2 in (47). A threshold is then applied to exclude position estimates
p with a weighted power estimate T‘2||ﬁﬁ||§ more than 10dB below
the peak estimate. The remaining target estimates are color-coded
according to their weighted power estimate.

A 2D image of the reconstructed model projected onto the x-z plane
is displayed in Fig. 6(a) while Fig. 6(b) shows an angular projection
using azimuth and elevation. The latter is obtained by transforming
Cartesian coordinates into spherical ones and collapsing the range di-
mension of the resulting tensor. A positive azimuth angle 9 is measured
from the z-axis to the x-axis whereas a positive elevation angle ¢
is measured from the z-axis to the y-axis. Signal gains associated to
targets appearing under the same direction, i.e. same azimuth and
elevation but different scanning ranges, are added up. For comparison,
we provide the 2D projection based on an analytic dictionary that
requires exact array geometry knowledge and is used without and with
the broadside compensation from Section 3.9 (c.f. Figs. 6(c) and (d),
respectively).

Our main observations from Fig. 6 are threefold:

(1) In our proof-of-concept experiment with real data, Fig. 6(b)
shows that we achieve a good imaging performance because the
proposed dictionary of measured array responses, i.e. without
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Fig. 6. From measurements with multiple reflectors (red), scatter plots projected onto the x-z plane (a) and the azimuth-elevation-plane (b), respectively, are computed using the
dictionary of our proposed calibration method. For comparison, the angular projections using an analytic dictionary without (c¢) and with (d) broadside compensation are also

provided.

explicit knowledge of the array geometry, is capable of resolving
the multi-target scenario.

Fig. 6(a) shows that the principal target location estimates p
corresponding to larger signal gain estimates il[; are distributed
along two planes perpendicular to the x-z-plane according to
the ground truth setup indicated by the red boxes. This proves
the correctness of our assumed linear phase response model
in (35): target ranges can be estimated even if they have not
been learned during calibration.

Without and with broadside compensation (c.f. Figs. 6(c) and
(d), respectively), the analytic model, which requires precise
knowledge of the array geometry, yields similar imaging per-
formance as obtained with the array responses learned from
calibration measurements.

(2)

@3

=

6. Conclusions and outlook

In this article, we propose a novel tensor model to describe the
measurement data of an air-coupled ultrasonic MIMO sensor array for
3D imaging. A reference-based calibration scheme is suggested in which
the tensor model parameters are jointly estimated from all calibration
measurements using a modified BCD method with proven convergence.
The modification exploits scaling invariances between the block vari-
ables to convert the originally nonconvex subproblems into equivalent
subproblems that admit closed-form solutions. Numerical experiments
carried out with synthetic data as well as real measurements recorded
with an air-coupled ultrasonic array confirm both, the validity of the
model as well as the functionality of the calibration procedure. Addi-
tionally, an imaging example with real data verifies that dictionaries
with the commonly used, analytically modeled steering and phase
response vectors as well as the angular-range response vectors obtained
with our calibration procedure are feasible for 3D imaging with air-
coupled ultrasonic sensor arrays. It is assumed that in air-coupled US
as well as other array processing applications such as radar or sonar,
array elements with magnitude responses more distinct than those of

12

our prototype array will benefit from our proposed model as suggested
by our simulations.

In the future, we will investigate if more structure enforced onto the
tensor signal model and therefore the optimization problem itself, e.g.
by exploiting a parametric range model during calibration, will improve
the calibration results and imaging performance. Future work also
addresses performance bounds of the proposed tensor model and re-
search towards non-reference-based, i.e. blind, calibration methods that
perform joint calibration and imaging without the overhead associated
with calibration measurements.
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