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Abstract. Let X be an orthogonal Shimura variety, and let CO''(X) be the cone generated
by the cohomology classes of orthogonal Shimura subvarieties in X of dimension r. We
investigate the asymptotic properties of the generating rays of C2"(X) for large values of r.
They accumulate towards rays generated by wedge products of the Kéhler class of X and
the fundamental class of an orthogonal Shimura subvariety. We also compare C™*(X) with
the cone generated by the special cycles of dimension r. The main ingredient to achieve the
results above is the equidistribution of orthogonal Shimura subvarieties.
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1. Introduction

In recent years the cones of effective cycles of codimension higher than 1 have
attracted increasing interest [2,7,9, 14,15,20,23]. A clear description of these cones
is available only for few examples, making the overall view far from being well-
understood.
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In [27] we considered cones generated by the special cycles of codimension 2 on
orthogonal Shimura varieties. We proved that the rays generated by these effective
cycles accumulate towards infinitely many rays, the latter generating a rational
polyhedral cone.

In this article we investigate the properties of the larger cones generated by (the
cohomology classes of) the irreducible components of special cycles. We usually
refer to these irreducible components as orthogonal Shimura subvarieties.

The codimension 1 analogues of the latter cones were firstly considered by
Bruinier and Moller in [4, Section 4], where they proved that the cone of irreducible
components of special divisors is polyhedral. The proof relies on showing that the
rays spanned by these codimension 1 subvarieties accumulate towards a unique
internal ray of the cone.

In this article we compute all rays towards which the rays generated by orthogo-
nal Shimura subvarieties of codimension 2 may accumulate, together with a partial
generalization in higher codimension. These results are achieved using the equidis-
tribution properties owned by such subvarieties.

To state our results more precisely, we need to introduce some notation.
Let (V, g) be an indefinite rational quadratic space of signature (, 2). We denote
by G the linear algebraic group of isometries SO(V, ¢). For every arithmetic lat-
tice I' C G(Q), and every maximal compact subgroup K of G(R), we consider
the double quotient X = I'\G(R)/K. It admits a unique structure of algebraic
variety by the Theorem of Baily and Borel. We refer to such arithmetic varieties
as orthogonal Shimura varieties. One of their interesting features is that they admit
many algebraic cycles, which may be constructed by immersion in X of Shimura
varieties of smaller dimension.

Let (V', q’) be an indefinite rational quadratic subspace of signature (r,2)
in (V, gq), and let H be the Q-subgroup SO(V’, ¢') of G. We say that the sub-
variety Z = I'\I'H(R)K /K of X is an orthogonal Shimura subvariety. It is the
immersion in X of an orthogonal Shimura variety arising from H.

We denote by GO (X) the set of cohomology classes in H 2n=r) (X, R) of r-
dimensional orthogonal Shimura subvarieties.

Definition 1.1. The cone C2™(X) of the r-dimensional orthogonal Shimura subva-
rieties of X is the cone in H2"~") (X, R) generated by GoY(X).

Following the wording of [27, Section 4], we say that a ray R in H2"~") (X, R) is
an accumulation ray of CX™(X) with respect to the set of generators G (X)) if there
exists a sequence of pairwise different cohomology classes ([Z j]) in G'(X)
such that

jeN

R>o-[Zj] — R, when j — o0,

where we denote by R~ - [Z] the ray generated by [Z]. If not written otherwise,
every accumulation ray of CO™(X) is with respect to GO (X).

The accumulation cone of CX™(X) with respect to G*™(X) is the cone
in H>("=2 (X, R) generated by the accumulation rays of Co(X).



Cones of orthogonal Shimura subvarieties and equidistribution 793

We denote by w any G (R)-invariant Kéhler form of the Hermitian symmetric
domain G(R)/K . The form w induces a cohomology class [w]on X = '\G(R)/K,
for every arithmetic subgroup I' of G(Q).

As recalled above, Bruinier and Moller [4] proved that the only accumulation
ray of C,‘;r_tl (X) is R>p-[w]. In higher codimension the geometry of the accumulation
rays is more interesting, as shown by the following result.

Theorem 1.2. Let X be an orthogonal Shimura variety of dimension n, and let r >
(n+1)/2. If[Z] is a non-zero cohomology class arising from an orthogonal Shimura
subvariety Z of dimension r' > r in X, then the ray Rx - [a)]r,” A [Z] is an
accumulation ray of C"(X).

It is well-known that the cohomology classes of compact subvarieties in a
Kéhler manifold are non-zero. This result is not available in the literature for (non-
compact) orthogonal Shimura subvarieties; see e.g. [13] for the non-vanishing of
infinitely many classes of special cycles. For this reason, the hypothesis appearing
in Theorem 1.2 that the class [ Z] is non-zero is not trivial.

An example in which cohomology classes of orthogonal Shimura subvarieties
do not vanish is provided in codimension 1 by [4, Section 4], as we briefly recall. We
restrict to unimodular lattices so that we may compare cones of orthogonal Shimura
subvarieties with the cones generated by special cycles considered in [27].

Let L be an even lattice, i.e. a free Z-module of finite rank equipped with
a symmetric Z-valued bilinear form (-,-) such that (A,A) € 2Z for all A € L,
of signature (n,2). We assume that L is unimodular, namely that L equals its
dual lattice. If X is an orthogonal Shimura variety arising from G = SO(L ® Q)
and I' = SO™(L), then every orthogonal Shimura subvariety of codimension 1
in X induces a non-zero cohomology class in H>(X, R).

Under these assumptions, we may refine Theorem 1.2 in codimension 2, pro-
viding the following complete classification of the accumulation rays of Co", (X).

Corollary 1.3. Let X = SO (L)\GR)/K be an orthogonal Shimura variety of
dimension n > 5 arising from an even unimodular lattice L. The accumulation
rays ofC;l’rjz(X) are R>q - [w]?* and the rays R>q - [w] A [Z], for every orthogonal
Shimura subvariety Z of codimension 1.

We denote by QZP_Z(X ) the set of cohomology classes of codimension 2 special
cycles of X. The cone C,Slp_ »(X) of codimension 2 special cycles of X is the cone
generated by G" ,(X) in H*(X, R).

By means of the classification of the accumulation rays of CZP_Z(X ) in [27,
Section 8], and the analogous classification for C>", (X) provided by Corollary 1.3,

we may deduce the following result. We denote by M' {‘ the space of elliptic modular
forms of weight k.

Corollary 1.4. Let X = SOT(L)\GR)/K be an orthogonal Shimura variety of
dimensionn > 5 arising from an even unimodular lattice L. The accumulation cone

of C",(X) equals the accumulation cone of C’ip_z (X). In particular, the accumula-

tion cone of C" (X)) is pointed, rational, polyhedral and of dimension dim M 11 /2,
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Theorem 1.2 and Corollary 1.3 are proved by means of equidistribution results
on orthogonal Shimura subvarieties, as we briefly illustrate. The Kéhler form w
induces probability measures vy and vz, respectively on X and on any orthogonal
Shimura subvariety Z. Let (Z;) jen be a sequence of pairwise different orthogo-
nal Shimura subvarieties of positive dimension r. In Sect. 3.3 we show that there
exist an orthogonal Shimura subvariety Z of dimension ' > r in X and a subse-
quence (Z;)s, such that the subvarieties Z; equidistribute in Z, i.e. the sequence
of probability measures vz, weakly converges to vz. This is a refinement of [10,
Théoreme 1.2]. It implies by [17] and [24] that

[Z]] r_! . [w]r’—r A [Z]

; HZ(n—r) X, N HY (X)),
Vol(Z;) oo 1] vol(zy " X Q X

(1.1)

The equidistribution results on orthogonal Shimura subvarieties are proved in
Sect.3. In Sect.4 we apply (1.1) to deduce Theorem 1.2 and Corollary 1.3. A
comparison of the cones C", (X) and CZP_Z(X ) is also given.

2. Orthogonal Shimura varieties and special subvarieties

Throughout this paper we denote by G the linear algebraic group of isome-
tries SO(V, g) associated to some indefinite rational quadratic space (V,g) of
signature (n, 2). The Hermitian symmetric domain associated to G is the Kihler
manifold arising as the quotient X = G(R)/K, for some maximal compact sub-
group K of G(R). Up to isomorphism, the choice of K does not affect X. For
this reason, we may suppose K to be the standard maximal compact subgroup
S(O(n) X 0(2)). It is well-known that X can be realized as the Grassmannian
Gr(V) of negative definite 2-panes in V ® R.

An arithmetic subgroup T of G(Q) is a subgroup of G(Q) N G(R)™,
where G(R)™ is the connected component of the identity of G(R) with respect
to the Euclidean topology, such that I' N G (Z) is of finite index in G(Z) and I'.

Definition 2.1. A (connected) orthogonal Shimura variety is the double quo-
tient X = I'\G(R)/K arising from some arithmetic lattice I" of G (Q).

By the Theorem of Baily and Borel, there exists a unique algebraic structure on any
quotient X = '\G(R)/K as above. With such a structure, the variety X is either
projective or quasi-projective. The former case can happen only when n < 3 by
Meyer’s Theorem; see e.g. [18, Page 4].

Remark 2.2. Orthogonal Shimura varieties are usually defined with respect to con-
gruence subgroups. Since the results on equidistribution that we are going to apply in
this paper work for more general arithmetic subgroups as well, we do not require I
to be of congruence.

In this paper we deal with certain special subvarieties of orthogonal Shimura vari-
eties, defined below. The terminology comes from the fact that these subvarieties
can be considered as immersions in X of Shimura varieties of smaller dimension;
see e.g. [25, Section 3.3].
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Definition 2.3. Let X = I'\G(R)/K be an orthogonal Shimura variety. If H is
a Q-algebraic subgroup of G which induces an inclusion of Hermitian symmetric
domains

Y = HR)/(K N HR)) = GR)/K,

we say that the immersion of (I' N H (R)Jr)\f; in X is a special subvariety.

If a special subvariety Y of X arises from a Q-subgroup H of G such that
H = SO(V’, q¢"), for some rational quadratic subspace (V’, ¢’) of signature (n’, 2)
in (V, g), where n’ > 1, we say that Y is an orthogonal Shimura subvariety.

As clarified below, the orthogonal Shimura subvarieties of X are not the only
possible Shimura subvarieties of X.

Remark 2.4. Fiori [12] classified the Shimura subvarieties of X by proving that
they may arise only from (restriction of scalars of) orthogonal or unitary algebraic
groups. We call the former kind Shimura subvarieties of orthogonal type of X. They
are the Shimura subvarieties which arise from a Q-subgroup H of G of the form
H = Resr/@ SO, qu), for some quadratic space (U, qy) defined over a totally
real extension F of Q, of signature (¢, 2) at one place and positive definite at all other
places. By [12, Construction 3.5], the inclusion of groups H — G = SO(V, q)
factors through base change to R as follows, with surjective projection onto the
first factor SO(¥¢, 2).

HR) > SO(n,2) = G(R)

/

SO(¢,2) x SO(¢ +2) x --- x SO(£ + 2)

The orthogonal Shimura subvarieties of Definition 2.3 are the special subvarieties
of orthogonal type as above, with F = Q.

Remark 2.5. There are special subvarieties of X, not of orthogonal type, which
arise from unitary subgroups of G; see [12]. The Hermitian symmetric domain
arising from SU(m, 1) is the complex hyperbolic m-space B™. Since all Hermitian
symmetric domains contained in B” are complex hyperbolic subspaces, as proved
e.g. in [1, Proposition 2.3], the special subvarieties of orthogonal type in X are the
only special subvarieties which may contain other special subvarieties of orthogonal

type.

Lemma 2.6. Let X = '\G(R)/K be an orthogonal Shimura variety, and let H be
the group of isometries SO(W, qw) of some rational quadratic subspace (W, qw)
of signature (r,2) in (V, q), with 1 < r < n. Every orthogonal Shimura subvariety
of X of dimension r is of the form T\I'g H(R)K /K for some g € G(R).

Proof. Let X = G(R)/K be the Hermitian symmetric domain attached to G. We
realize X as the Grassmannian Gr(V) of negative definite 2-planesin Vp = V@R.
Let Z be an orthogonal Shimura subvariety of X of dimension r, and let H' =
SO(V’, q¢’) be the Q-algebraic subgroup of G such that Z is the immersion in X
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of Ty \H'(R)/Ky/,where Ty = TNH'(R)Y, Ky = KNH'(R),and (V’, ¢') is
arational quadratic subspace of signature (r, 2) in (V, ¢). The Hermitian symmetric
domain Z = H'(R)/K y associated to H' embeds into X, and it may be realized
as the Grassmannian Gr(V").

The real quadratic subspaces Wr and Vj;, of Vg have the same dimension and
signature, hence there exists an isometry f: Wg — V. By Witt’s Theorem, the
isometry f extends to an isometry g € O(Vg) such that g|y, = f. Up to com-
posing g with a reflection with respect to a hyperplane of Vg containing Wg, we
may assume that g € G(R). Since g acts on Gr(V) mapping Gr(W) to Gr(V’),
we deduce that gH (R)/ Ky = H'(R)/K . If we consider the immersion in X of
gH(R)/K y, we deduce that

MNI'gHR)K/K =T\TH' R)K/K = Z.
O

Following the wording of [10], we introduce the so-called strongly special subva-
rieties. As we will see in Sect. 3, they have good equidistribution properties in X.

Definition 2.7. A special subvariety of an orthogonal Shimura variety is said to be
strongly special if it arises from a semisimple Q-subgroup H that is not contained
in any proper parabolic Q-subgroup of G.

We conclude this section by showing that every orthogonal Shimura subvariety is
strongly special.

Proposition 2.8. Let X be an orthogonal Shimura variety. Every orthogonal
Shimura subvariety of X is strongly special.

Proof. Let (V, gq) be a rational quadratic space of signature (n, 2) such that G
equals SO(V, ¢g), and such that X = '\G(R)/K for some arithmetic subgroup I
of G. Let Z be an orthogonal Shimura subvariety of X of dimension r > 0. It
arises from a subgroup H = SO(V’, ¢’) of G, for some rational quadratic subspace
(V’', q’) of signature (r, 2) in (V, g). We may consider H as a subgroup of G via
the inclusion given by extending every isometry in SO(V’, ¢’) as the identity over
V'L Equivalently, the group H is identified with the pointwise stabilizer of V'
with respect to the action of SO(V, g).

Since dim (V) > 3, the parabolic Q-subgroups of G are stabilizer subgroups of
isotropic flags in V; see e.g. [8, Theorem T.3.9]. We recall that a flag F in V is an
increasing chain of non-zero proper subspaces of V, denoted as

={F S-S Fp), forsomem > 0.

A flag F is said to be isotropic if each F; is totally isotropic in V. We say that
a subgroup of G stabilizes the flag F if it preserves every subspace F;, where
j=1,....m

Suppose that Z is not strongly special. This means that there exists a
parabolic Q-subgroup P of G containing H. As previously remarked, every
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parabolic subgroup of G is the stabilizer of an isotropic flag of V. We denote by F
the isotropic flag stabilized by P. Since the Witt index of (V, g) is at most 2, the
maximal isotropic subspaces of V have dimension at most 2. Therefore, the isotropic
flag F is either of the form F = {F] ; F},or F = {F} withdim(F;) =1, 2.

To conclude the proof it is enough to show that H does not stabilize any totally
isotropic subspace F; C V of dimension 1 or 2. There are only finitely many
orbits under the action of SO(V’, ¢’) of the proper isotropic subspaces of V' of the
same dimension as F. The orbits are actually at most 2 by [8, Proposition T.3.7].
Since whenever (V’, g) is isotropic there is an infinite number of proper isotropic
subspaces of V', we may assume that F{ NV’ = {0}.

We begin with the case of dim(F7) = 1. Let u be a basis vector of Fi, and
let sty (resp. my/1) be the projection on the first (resp. second) factor arising from
the orthogonal decomposition V = V' @ V'*. Since u = my(u) + my.. (1) and
q(u) = 0, then

0=q(ry @) + q(my@).

The orthogonal complement (V'*, g|y.1) is a rational quadratic subspace of V of
positive signature. Since we suppose u ¢ V', then 7wy () # 0 and g (my1 (u)) >
0, hence g(my/(u)) < 0. Since there exists 4 € H such that h(mwy/(u)) is not a
scalar multiple of wy/(u), as one can show using reflections by suitable vectors
which are not orthogonal to 7y (1), we deduce that

h(u) = h(zy: (u)) + h(mwy (u)) = h(wy: () + my (u),

hence % (u) is not a scalar multiple of u. That is, h(u) ¢ Fi.

The case dim(F;) = 2 is analogous. Every u € Fj is such that wy/(u) lies
in a negative definite quadratic subspace W of V' of dimension at most 2. Let
h € H be such that it maps W to a different negative-definite subspace of V’. Then
some u € Fp is such that h(u) ¢ F;. |

3. Equidistribution results

Clozel and Ullmo [10] proved that any sequence of probability measures associated
to strongly special subvarieties admits a convergent subsequence, and that the limit
of such a subsequence is the probability measure of a strongly special subvariety;
see [10, Théoréme 1.2]. We refine such a result in the case of orthogonal Shimura
subvarieties, which are strongly special as proved in Proposition 2.8, showing that
also the limit measure is associated to an orthogonal Shimura subvariety; see Propo-
sition 3.1.

We fix a group of isometries G = SO(V, g) for some rational quadratic space
(V, q) of signature (n, 2), where n > 3, a compact maximal subgroup K of G(R),
and an arithmetic subgroup I" of G(Q).



798 R. Zuffetti

3.1. Measures on orthogonal Shimura subvarieties

Any G(R)-invariant Kéhler metric on the symmetric domain X =G®) /K is a
constant multiple of the metric arising from the Killing form of the Lie algebra
of G(R). We choose one of those metrics, denote by vol the associated volume
form, and by o its induced Kéhler form. By Wirtinger’s Theorem, the volume
form " is such that vol = " /n!. Let F5 be a fundamental domain of X with
respect to the action of T'.

The restriction vol | Fy induces a G (R)-invariant Kédhler metric on X such that
Vol(F%) is finite. We denote by vy the normalized measure on X induced by the
volume form

vol "

Vol(Fy) - n!Vol(Fg)’

and by vy the probability measure induced on X by restricting vy to F5.

Let Z be an orthogonal Shimura subvariety of X of dimension » > 3.
Let H = SO(V’, q’) be the subgroup of G associated to some subspace (V’, ¢’)
of (V, q), such that Z is the immersion in X of the orthogonal Shimura vari-
ety Z =Ty\HR)/Ky, where Ty = TN HR)" and Ky = K N HR). We
may rewrite such an r-dimensional immersion as Z = '\I'H (R) K / K. We denote
by vz the push-forward of the measure vz via the immersion map Z' — X.

3.2. Equidistribution of orthogonal Shimura subvarieties

The following result is a refinement of [10, Théoreme 1.2].

Proposition 3.1. Let X = I'\G(R)/K be an orthogonal Shimura variety, and
let (Z,)m be a sequence of orthogonal Shimura subvarieties of X of fixed dimension.
The sequence of probability measures (vz, ), contains a subsequence (v Z; )j which
weakly converges to the probability measure vz associated to some orthogonal
Shimura subvariety Z of X. The subvarieties Z j are eventually contained in Z.

For the sake of brevity, whenever a sequence (Z ;) is such that the associated prob-
ability measures weakly converge to the one of a subvariety Z, as in Proposition 3.1,
we say that the subvarieties Z; equidistribute in Z.

Proof. The subvarieties Z,, are strongly special by Proposition 2.8. By [10,
Théoréme 1.2] we deduce that there is a subsequence (vz;); converging to a prob-
ability measure vz associated to some strongly special Shimura subvariety Z. Fur-
thermore, there exists jo € N such that Z; C Z forevery j > jo. We denote by M
the Q-algebraic subgroup of G giving rise to Z, so that Z = '\T'M(R)K /K.

By [12], the special subvariety Z is of orthogonal type; see also Remark 2.5.

We want to prove that M = SO(W, gqw) for some rational quadratic sub-
space (W, gw) of signature (', 2) in (V, q), where r’ > r, or equivalently that Z
is an orthogonal Shimura subvariety of X of dimension r’ > r.
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Since the subvarieties Z; equidistribute in Z, the latter is the minimal special
subvariety of X containing Z; for all j > jo. That is, if Y is a special subvariety
of X containing Z; for all j > jo, then Y contains also Z.

Let Ej = SO(Vj, qv;) be the groups of isometries of some rational quadratic
subspace of signature (r,2) in (V, g) such that Z; = I'\I'E;(R)K/K. Up to
conjugation of E; by some isometry in I', we may assume that E; is a subgroup
of M.

Let W be the rational subspace of V generated by all V; with j > jo, and let
qw = q|w. Consider the orthogonal Shimura subvariety

Y = N\T'ER)K/K,

where E = SO(W, gqw), and let ¥ = dim Y. By construction, we know that
Z; € Z CY,and that E; is a Q-subgroup of both E and M, for every j > jo.

The inclusion of Q-groups M <— E gives rise to an immersion of Shimura
varieties. By Remark 2.4, there exists a quadratic space (U, gy ) over a totally real
field extension F' of Q such that M = Resr;g SO(U, gy). Up to base change to
R, the inclusion M < E factors through

M(R) — SO(¢,2) x SO +2) x --- x SO + 2), (3.1)

for some £ < r’, and the projection to the first factor SO(¢, 2) is surjective.

If £ = r’, then there must be no compact factor SO(£ +2) in (3.1) by dimension
issues, that is, F' = Q. Since the projection of M (R) to SO(Z, 2) is surjective, the
inclusion M (R) < E(R) is onto, hence M = E.

We conclude by proving that £ can not be less than r’. We know that M (R)
contains the group of isometries E;(R) = SO(r, 2), for every j > jo. The com-
position of the inclusion E;(R) — M (R) with (3.1) can only land in the first
factor SO(¢, 2) of the right-hand side of (3.1). In fact, suppose that it does not.
Then, projecting to one of the factors SO(£ + 2) in (3.1), there exists a non-trivial
homomorphism of real algebraic groups ¢ : E;(R) — SO(£ + 2). Since ker(¢) is
normal in E; (R) and the latter is simple, the map ¢ must be injective. This implies
that £/ (IR) is isomorphic to a closed subgroup in SO(£ + 2), hence it is compact,
but it is well-known that E; (R) is not.

Since E;(RR) is the group of isometries of the real quadratic subspace W; @ R
of W ® R, then SO(¢, 2) must be the group of isometries of a real quadratic space
containing such W; ® R for all j. This implies that (£, 2) must be the signature of
a quadratic space containing all W;. Since W ® R has been chosen to be the span
of the subspaces W; ® R, then (£, 2) must be at least the signature of W ® R, and
the latter is (+’, 2). This implies that £ = r’. O

3.3. Sequences of orthogonal Shimura subvarieties in cohomology

The equidistribution properties of orthogonal Shimura subvarieties illustrated in
Proposition 3.1 enable us to deduce the asymptotic behavior of sequences of coho-
mology classes of such subvarieties. This is possible thanks to the following direct
consequence of [17, Corollary 1.5] and [24, Corollary 2.9].
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Theorem 3.2. (Koziarz—Maubon, Tayou-Tholozan) Let X be an orthogonal
Shimura variety of dimension n > 3, and let (Z;)jen be a sequence of pair-
wise different orthogonal Shimura subvarieties in X of dimension r > 3. If such
subvarieties equidistribute in an orthogonal Shimura subvariety Z of dimension
r’ > r, then
[Z;] [Z]
—_—

ol A

. H2(n7r) X, N HY T (XD,
Vol(Z;) oo 7] vol(z)y " X Q X)

(3.2)

4. Cones generated by orthogonal Shimura subvarieties

In this section we illustrate how to use Theorem 3.2 to compute the accumulation
rays of the cone CY™(X). Moreover, we illustrate some analogies of Co", (X) with
the cone Cnp_z(X ) generated by special cycles of codimension 2; see [27] for more
information on CZ{ 2(X).

Let X be a normal irreducible complex space of dimension n. A cycle Z of
codimension r in X is a locally finite formal sum

Z:ZnyY, ny €72,

of distinct closed irreducible analytic subsets Y of codimension » in X. The support
of the cycle Z is the closed analytic subset supp(Z) = Uny 207 of pure codimen-
sion r. The integer ny is the multiplicity of the irreducible component Y of supp(Z)
in the cycle Z.

If X is a manifold, and I" is a group of biholomorphic transformations of X
acting properly discontinuously, we may consider the preimage 7 *(Z) of a cycle Z
of codimension r on X/ I" under the canonical projection 7 : X — X/I'. For any
irreducible component ¥ of 77! ( supp(Z )), the multiplicity ny of ¥ with respect
to m*(Z) equals the multiplicity of 77 (Y) with respect to Z. This implies that 7 *(Z)
is a T-invariant cycle, meaning that if 7*(Z) = > nyY, then

n (Z) Znyy(Y) equals 7*(Z), forevery y € T

Note that we do not take account of possible ramifications of the cover .

We now focus on orthogonal Shimura varieties associated to unimodular lat-
tices. Let L be an even unimodular lattice of signature (n, 2). We denote by (-,-)
the bilinear form of L, and by ¢ the quadratic form defined as g(-) = %(-,~). The
n-dimensional complex manifold

D,={ze L®C\{0} : (z,z) =0and (z,Z) < 0}/C* C P(L ® C)

has two connected components. The action of the group of the isometries of L
with determinant 1, denoted by SO(L), extends to an action on D,,. We choose a
connected component of D, and denote it by D; . The manifold D;' is a model
of G(R)/K, where G = SO(L ® Q) and K is a compact maximal subgroup
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of G(R). We define SO™ (L) as the subgroup of SO(L) that contains all isome-
tries which preserve D

Let X = I'\D," be the orthogonal Shimura variety arising from some finite
index subgroup I' of SO (L). We denote by 7 : D;7 — X the canonical projection.
An attractive feature of these kind of varieties is that they have many algebraic
cycles. We recall below the construction of the so-called special cycles; see [19].
They are a generalization of the Heegner divisors in higher codimension; see [5,
Section 5] for a description of such divisors in a setting analogous to this paper.

We denote by Ay, resp. A;}', the set of symmetric half-integral positive semi-
definite, resp. positive definite, d x d-matrices. If A = (Aq,...,Ag) € Ld, for
some d < n, the moment matrix of A is defined as g(A) := %((Ai, )‘/))i,/’ while
its orthogonal complement in D} is

IfT € A;, then

> M
reLd
qM)=T

A.1)

is a ['-invariant cycle of codimension d in D;'. Since the componentwise action of I’
on the vectors A € LY of fixed moment matrix T € A;{ has finitely many orbits, the
cycle (4.1) descends to a cycle of codimension d on X, which we denote by Z(T')
and call the special cycle associated to T . The special cycles of codimension 1 are
usually called Heegner divisors and denoted by H,,, where m € Z.

Remark 4.1. The group GL4(Z) acts on A4 preserving A; under the action T +—
u'-T-u,whereu € GLy(Z) and T € Ay. Since g(u -A") = u-q(A) - u’ for every
u € GLy(Z)and A € LY withg(X) € A}, itiseasy toseethat Z(T) = Z(u'-T -u).

Suppose now that I' = SO (L). If m is a positive integer, we denote by H,ﬁrim
the m-th primitive Heegner divisor, that is, the divisor of X descending from the I'"-
invariant divisor of D, defined as

>t (4.2)

A€L primitive
qg(M)=m

Remark 4.2. (See [4, Lemma 4.2 and (17)]) If m is squarefree, then the Heegner
divisor H,, is the same as the primitive Heegner divisor H} . In general, we have

prim prim
H, = Hm/t2 and H, = Z () H,y, 2,
teZ-g tel=o
tz\m tz\m

where u is the Mobius function.
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In the following result we gather some basic properties of the irreducible com-
ponents of special cycles.

Lemma4.3. Let X = SOT(L)\GR)/K be an orthogonal Shimura variety of
dimension n > 2 arising from an even unimodular lattice L.

(i) All irreducible components of Z(T), where T € AT, are orthogonal Shimura
subvarieties of codimension d in X, and all orthogonal Shimura subvarieties
of codimension d in X arise in this way,

(ii) For every positive integer m, we have Hy " = 2 . T\I'AL, where AeLis
any primitive lattice vector such that g(\) = m. Equivalently, Hy'" is the
orthogonal Shimura subvariety T\T'A™ of X counted twice.

(iii) Let T = (m; j);,j € A;‘ be such that my ¢ is squarefree for some index £. All
irreducible components of Z(T) are subvarieties of the irreducible component
of Hp .-

Proof. We begin with (i). It is easy to see that every irreducible component of Z(T')
is by definition the immersion in X of the orthogonal Shimura variety associated to
the Q-subgroup H = SO({Ay, ..., )‘d>6) of G = SO(L ®Q), and to the arithmetic
group ' N H(Q)™. In fact, the quadratic subspace {(Af, ..., )»d)é of L ® Qis of
signature (n — d, 2), since T is non-singular. Conversely, if Z i1s an orthogonal
Shimura subvariety of codimension d in X, then it arises from a rational quadratic
subspace (V’, ¢’) of signature (n — d, 2) in (V, q), where V.= L ® Q. Let S be
the orthogonal complement of (V’, ¢’) in (V, ¢). It is a rational quadratic space
of signature (d, 0). Let vy, ..., vg be a basis of S. Up to multiplying by suitable
integers, we may assume that such a basis is made of lattice vectors of L. This
implies that Z is an irreducible component of the special cycles Z(q(v1, ..., v4)).

Point (ii) is [4, Lemma 4.3], we briefly recall the proof. Since g(A) = g(—2X)
and AL = (=2)L, we see that in (4.2) every subvariety 2L, such that A is primitive
with norm g (1) = m, is counted twice. In fact, the only primitive lattice vectors of
norm m generating the line R- A C L @ Rare A and —A. By [11, Lemma 4.4], any
two primitive lattice vectors in L with the same norm lie in the same SO™ (L)-orbit.
This implies that TA+ = ['A’+, for every primitive A, A’ € L of norm m.

We conclude with (iii). Let A = (A1, ...,Aq) € L9 be such that qA) =T.
If mg ¢ is squarefree, then the entry A, is a primitive lattice vector of L. By (ii),
we deduce that F\I‘)»eL is the irreducible component of the Heegner divisor H,r,)lr[n;
on X. Since A is contained in Aj‘, then T'\I'A™ is a subvariety of F\ij-. O

4.1. Proof of Theorem 1.2

In this section we prove Theorem 1.2, which is stated below for the convenience of
the reader.

Theorem 4.4. Let X be an orthogonal Shimura variety of dimension n, and let r >
(n+1)/2. If[Z] is anon-zero cohomology class arising from an orthogonal Shimura
subvariety Z of dimension r' > r in X, then the ray Rx - [w]’,” A[Z] is an
accumulation ray of Co™(X).
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Remark 4.5. Tt is well-known that the cohomology classes of compact subvarieties
in a Kihler manifold are non-zero. As already mentioned in the introduction, this
result is not available in the literature for (non-compact) orthogonal Shimura subva-
rieties. For this reason, the hypothesis appearing in Theorem 4.4 that the class [Z]
is non-zero is not trivial.

Remark 4.6. In [13] it is proved that infinitely many special cycles (of fixed dimen-
sion) have non-vanishing cohomology classes. By Theorem 4.4, we may deduce an
analogous statement for the classes of irreducible components of special cycles. In
fact, if R :=R>¢ - [w]” A [Z] is an accumulation ray of CrOrt (X), then there are
infinitely many non-zero cohomology classes of irreducible components of special
cycles whose associated rays converge to R.

To prove Theorem 4.4 we need the following auxiliary results.

Lemma 4.7. Let Z be an orthogonal Shimura subvariety of dimensionr’ > 2 in X,
and let r < r' be a positive integer. There exists a sequence of pairwise different
orthogonal Shimura subvarieties (Z ;) ; of dimension r that equidistribute in Z.

Proof. Let G = SO(V, g) for some rational quadratic space (V, q) of signa-
ture (n,2), and let (W, gw) be a rational quadratic subspace of signature (r’, 2)
in (V, g) such that

Z=T\THM®R)K/K, where H=SO(W,qw).

Suppose that » = r’ — 1. We are going to construct pairwise different subvari-
eties

Z; =T\I'H;(R)K /K

arising from H; = SO(V}, g;), for some rational quadratic subspaces (V;, g;) of
signature (7, 2) in (W, qw). Since they have codimension 1 in Z, they equidistribute
in Z by Proposition 3.1.

Let (Vo, qo) be any subspace of signature (r, 2) in (W, gw), and let Zy be the
orthogonal Shimura subvariety arising from Hy = SO(Vjy, q9). By Lemma 2.6,
every r-dimensional orthogonal Shimura subvariety of X is of the form

MNI'eHy(R)K /K, for some g € G(R).

We choose Z; to be the subvariety arising from some g = g; € H(Q) such
that g; ¢ I'Hp(Q). Note that Z| C Z and Z| # Zy.

We iterate this construction such that for every j € Z., the subvariety Z;
arises from some g = g; € H(Q) such that g; does not lie in

FHy(Q), TgiHy(Q), ..., Tgj—1H(Q).

In this way we obtain a sequence of pairwise different subvarieties (Z;); as
requested, concluding the proof if r = r’ — 1.

We proceed by reverse induction on r. Suppose that there exists a sequence
of pairwise different orthogonal Shimura subvarieties (Z;); of dimension r + 1
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that equidistribute in Z. Following the same construction as above, there exists a
sequence of pairwise different orthogonal Shimura subvarieties (Z; ;); of dimen-
sion r which equidistribute in Z;, for every j. Consider the sequence (Z;, ;) ;.
Without loss of generality we may assume that the subvarieties Z; ; are pairwise
different. Furthermore, we may assume that they are not eventually contained in
any proper subvariety of Z, since the Z; equidistribute in Z.

The subvarieties Z; ; equidistribute in Z by Proposition 3.1. O

The following ancillary result can be easily proved in the same way as [22, Proof
of Corollary 2.3].

Lemma 4.8. Let (Z}); be a sequence of pairwise different orthogonal Shimura
subvarieties of the same dimension. The volumes Vol(Z ;) diverge as j — oo.

We are now ready to prove the main result of this section.

Proof of Theorem 4.4. By Lemma 4.7 there exists a sequence of pairwise different
orthogonal Shimura subvarieties (Z;) ; of dimension r that equidistribute in Z. By
Theorem 3.2 we deduce that

[Z;] o a7

_ . in H2"") (X, R).
VO](Zj) jooo 1! Vol(Z)

The cohomology H®(X,C) is isomorphic to the intersection cohomol-
ogy IH*(X"", C) of the Baily—Borel compactification X"* of X, for every s <
n — 1. Clearly, this isomorphism of cohomologies is available if s = 2(n —r) under
the assumption that r > (n + 1)/2. We may then deduce that the map given by
wedging classes in H 2'(X, C) by (o]~ is injective by the Hard-Lefschetz The-
orem; see [27, Remark 4.8] and [21, Corollary 9.2.3]. Since [Z] # 0, we deduce
that [@]” ™" A [Z] # 0.

Since Vol(Z;) diverges by Lemma 4.8, we may assume that there exists a
subsequence of subvarieties (Z;); whose cohomology classes are pairwise different
and non-zero. Since

R - [Zj] — R - [0] " A[Z],
j—>00

we deduce that Rxg - [a)]’/_’ A [Z] is an accumulation ray of Cf“(X). ]

4.2. Proof of Corollary 1.3

We prove here Corollary 1.3, which we restate below for convenience.

Corollary 4.9. Let X = SOT(L)\G(R)/K be an orthogonal Shimura variety of
dimension n > 5 arising from an even unimodular lattice L. The accumulation
rays ofCr(l’r_tz(X) are R>q - [w]? and the rays R>q - [w] A [Z], for every orthogonal
Shimura subvariety Z of codimension 1.
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Proof. Let (Z;); be a sequence of pairwise different orthogonal Shimura subva-
rieties of codimension 2 in X. By Theorem 3.2, up to extracting a subsequence,
the sequence [Z;]/ Vol(Z ) converges towards a positive multiple of either [w]?
or [w] A [Z], for some orthogonal Shimura subvariety Z of codimension 1. This
implies that all accumulation rays are generated by such kind of cohomology
classes. To show that all such cohomology classes generate an accumulation ray,
we need to show that they do not vanish, so that we may apply Theorem 4.4. By e.g.
[27, Remark 4.8], since the map H*(X, C) — H*(X, C) given by wedging with
the Kihler class [w] is injective, it is enough to show that [w] and [Z] are non-zero
in H2(X,R).

Let M'*"/2(R) be the space of elliptic modular forms of weight 1 + /2 with
real Fourier coefficients. The dual space M '7/2(R)* is generated by the coefficient
extraction functionals c,,, which extract from every modular form f € M!'*"/2(R)
its m-th Fourier coefficient c,,, (f).

Let H,, be the m-th Heegner divisor of X. In [4] Bruinier and Moller used the
injectivity of the Kudla—Millson lift, see e.g. [6] [28], to show that the map

v MR > H?(X,R), c¢o+> —[w] and cm > [Hy) forallm € Z-,

is injective. By Lemma 4.3, every orthogonal Shimura subvariety Z of codimen-
sion 1 is (half of) a primitive Heegner divisor HE™, for some positive integer m.
It is then enough to show that w_l ([H,ﬁnm]) # 0, for every m.

By Remark 4.2, we may compute

YR =Y w@) T (Hype) = Y n0) ey (43)

t2lm 2lm

LetEyynpeM 141/2(R) be the (normalized) Eisenstein series of weight 1 + /2.
It is well-known that

2002 (m)
¢(=n/2)’

for all m € Z(, where ¢ is the Riemann zeta function and o,/ (/) is the sum of
the n/2-powers of the positive divisors of m.

cm(E14n/2) =

By (4.3),if we evaluate 1//‘1 ([H,I,),rim]) on the Eisenstein series E14,/2 we obtain

VNCHE ™D (Erna) = Y 10) - €2 (Ergnpa) =

2\m

t 4.4)
Zu(t) onpa(m/1?) = H(l +p "),

plm

/2) /2)
where the last equality follows from e.g. [3, p. 352] and [16, Section 3]. Since the

right-hand side of (4.4) is non-zero, we deduce that the functional w’l ([H,I,),rim]) is
non-zero. o
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4.3. Comparison with cones of special cycles

In this section we illustrate how to use the equidistribution results of this paper to
deduce properties on cones of special cycles. Descriptions of the cones of special
cycles of codimension 1 and 2 can be found respectively in [4] and [27].

The next proposition is [4, Proposition 4.5], therein proved in terms of modular
forms using the modularity of Kudla’s generating series of Heegner divisors. We
provide here a different proof in terms of equidistribution.

Proposition 4.10. (Bruinier—Moller) Let X = SOV (L)\G(R)/K be an orthogonal
Shimura variety of dimension n > 5 arising from an even unimodular lattice L. We
have

Req- [Hi'"] —— Rao-[0]  in H*(X, ). (4.5)

Proof. Asillustrated in Lemma 4.3 (ii), the primitive Heegner divisor Hy, ' is twice
an orthogonal Shimura variety of the form I'\I"A, for some primitive lattice vector
A € L such that g(A) = m. Since any lattice vector can be written uniquely as a
positive multiple of a primitive lattice vector, so that the only primitive lattice vectors
in L generating thelineR - & C L ® R are A and —A, we deduce that the irreducible
components of the divisors in the sequence (H,,F;nm)meN are pairwise different.
By Proposition 3.1, there is no subsequence of (H,I,),nm)meN without convergent
subsequences. Since the H} " are pairwise different of codimension 1 in X, we
deduce that the only subvariety of X in which the H} " can equidistribute is X
itself. We then deduce (4.5) from Theorem 3.2. O

In [27] we computed the accumulation rays of the cone CZP_Z(X ) of codimen-
sion 2 special cycles of X. We also proved that the associated accumulation cone
is rational and polyhedral. It is natural to ask whether the same properties are sat-
isfied also by the larger cone generated by the orthogonal Shimura subvarieties of
codimension 2. The answer to this question is given by Corollary 1.4, which we
restate here for convenience.

Corollary 4.11. Let X = SOT(L)\G(R)/K be an orthogonal Shimura variety of
dimensionn > 5 arising from an even unimodular lattice L. The accumulation cone

QfC,(l’r_tz(X) equals the accumulation cone ofCZp_z(X). In particular, the accumula-

tion cone of C" , (X)) is pointed, rational, polyhedral and of dimension dim M 11 /2

Proof. The classification of the accumulation rays of C>", (X) is provided in Corol-
lary 1.3, while the classification of the accumulation rays of CZP_ ,(X) is provided
in [27, Corollary 8.3]. Note that the latter result is valid also in cohomology, and
not only in the Chow group CH?(X) ® R. It is then clear that the two accumulation
cones are equal. The geometric properties of the accumulation cone follow from
[27, Section 6]. O
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Recall that the orthogonal Shimura subvarieties are irreducible components of
special cycles; see Lemma 4.3. In the following result we illustrate how to compute
the accumulation rays arising from sequences of orthogonal Shimura subvarieties
extracted from a sequence of codimension 2 special cycles.

Proposition 4.12. Let X = SOT(L)\G(R)/K be an orthogonal Shimura variety
of dimension n > 5 arising from an even unimodular lattice L. Let (T}) jen be
ni ri/2
i’j ;2 /m
(Z) jeN be a sequence of pairwise different subvarieties of X, chosen such that Z
is one of the irreducible components of the special cycle Z(T}), for every j.

a sequence of matrices T; = ( ) in A2+ of increasing determinant. Let

(i) If m is squarefree, then

Rs0-[Zj] — Rso - [Hul A o] in HY(X, R).
j—>00

(ii) If m is non-squarefree, then there exists a square-divisor t of m, and a subse-
q q
quence (Zg)s, such that

Rsg - [Z,] — Rag - [HY 1 A 0] in HY (X, R).
= s—>o00 m/t

Proof. We begin with (i). By Proposition 3.1, there exists a subsequence (Zs)g
of (Z)jen, and an orthogonal Shimura subvariety Z of dimension r’ > n —2
in X, such that the Z; equidistribute in Z, in particular Z; C Z for every s large
enough. By Lemma 4.3 (iii), all Z; are codimension 1 subvarieties of the irreducible
component of the Heegner divisor H,,. This implies that Z is such irreducible
component, and r" = n — 1. By Theorem 3.2 we deduce that

(2] (=2 ey, 7]

-
Vol(Zy) s—oo r Vol(Z) in H*(X, R). (4.6)

We know from Lemma 4.3 (ii) that H,, = 2Z. Since the volume of a subvariety
is non-negative, we deduce that the sequence of rays in C>"', (X) generated by the
cohomology classes appearing in (4.6) is such that

R>o - [Zs] —= Rso - [Hu] Alw] in H*(X,R). 4.7)

By Proposition 3.1 there is no subsequence of (Z;) jen without equidistributing
subsequences. Since the Z ; are pairwise different, and since Z is the only subvariety
of X in which any subsequence of (Z ) jen can equidistribute, we deduce that (4.7)
is satisfied by the whole (Z;) jen.

We now prove (ii). By Proposition 3.1 there exists a subsequence (Z;)s as
above and an orthogonal Shimura subvariety Z in which the Z; equidistribute. By
construction, all irreducible components of the special cycles Z(T;) are contained
in F\F)»J*, forsome A; € L suchthatg(A;) = m. Let t} € Z-~¢ be such that A’]. =

rj/ t;. is a primitive lattice vector in L, so that t}z divides m. By Lemma 4.3 (ii), we

deduce that F\l")»/* = I‘\F)JjL is the irreducible component of H pr/i;%. Since the
m/t.

J
number of such primitive Heegner divisors is finite, there exists a square divisor ¢ of
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Hprim

2 Since

m such that, up to extracting a subsequence, all Z; are subvarieties of

HP™  then the latter is the only subvariety in which

m/t2’
the Z; can equidistribute. This means that Z = H’Zr/lf;.

proof. O

the Z; have codimension 1 in

Theorem 3.2 concludes the

Remark 4.13. In Proposition 4.12 the hypothesis that the subvarieties Z; are pair-
wise different can not be dropped. In fact, as illustrated in Example 4.14, it is
possible to construct a sequence of matrices 7; = (r;'/’z r-ﬁf) of increasing deter-
minant such that all special cycles Z(T;) have a common irreducible component,

for every positive m.

Example 4.14. Let m be a positive integer, and let L be a unimodular lattice of
signature (n, 2) such thatn > 2. Choose A1, A2 € L to be orthogonal lattice vectors
such that g (A1) > 0 and g (A2) = m, and consider the matrices 7} = (/ z'qo(’\l) 2) €

A;’ , forevery j € N. All special cycles Z(T) have the subvariety ¥ := r\Iat as
common irreducible component, where A := (A1, A2). In fact, if we choose A ; :=
(jr1, A2) € L? for every j, then q(X;) = T;, and since At = )»]* as submanifolds
in D,J[ , we deduce that Y is common to every Z(T}).

In [4], the convergence of (4.5) in Proposition 4.10 is proven also if the primitive
Heegner divisors Hp, ' are replaced by the Heegner divisors H,,. Proposition 3.1
and Theorem 3.2 do not immediately imply such result. In fact, since H,, has,
for non-squarefree m, many different irreducible components which are primitive
Heegner divisors associated to smaller indexes, in the sequence (H,,)men the divi-
sors have many irreducible components which repeatedly appear. To deduce the
generalization of [4] explained above, one should prove that such repeated compo-
nents does not play any role in the convergence of the sequence (R~q - [Hy;])meNs,
more precisely that

2

t2|m
t>1

[HP"]
m/ 0 in HX(X.R). (48)

Vol(HP™) m—o0

In [27, Section 8] we explained that sequences of rays generated by special
cycles of codimension 2 associated to reduced matrices of increasing determinant
may have many different accumulation rays, and we computed all of them. For
instance, if we choose T; as in Proposition 4.12 (i), i.e. T; = (;:;2 r-’”{ ) € A;‘ 1S

reduced with m squarefree, then

Rx>o - [Z(T})] j_)—oo> Rxo - [Hp] A [0]. 4.9

This was proved by means of Fourier coefficients of Siegel modular forms. As for
the case of Heegner divisors, Proposition 3.1 and Theorem 3.2 do not immediately
imply (4.9), since in the cycles Z(T}) have in general many irreducible components
which repeatedly appear; see Remark 4.13. As above, to deduce (4.9) one should
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prove that such repeated components does not play any role in the convergence of
the sequence (R~o - [Z(T})]) jen.
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