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Figure II.28.: The Radarsat Antarctic Mapping Project Digital Elevation Model

(RAMP-DEM), Liu et al. (2000). Isolines: 1 km solid, 0.5 km dashed.
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II. Numerics

(a) Grounding-line position mapped onto an
AVHRR satellite image.

(b) Ice thickness of the FE dataset.

Figure II.29.: Data sets used for the computation for the Ross Ice Shelf.
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II.3. Numerical results

Figure II.30.: Computed velocity field after 30 iterations.
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II. Numerics

Figure II.31.: Computed vx and vy velocity components.
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(a) Computed velocities in m a−1.
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(b) Composed NSIDC velocity data. White crosses indicate
measurement positions.

Figure II.32.: Comparison of computed and measured velocity data.
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II. Numerics
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(a) Difference between computed and measured velocities, eval-
uated at the white crosses.

(b) δres (solid) and 4res (dashed) for the computa-
tion of the Ross Ice Shelf.

Figure II.33.: Results from the computation for the Ross Ice Shelf
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Outlook

The theoretical model as well as the implementation of the finite element
formulation can be used as a basis for further research. As far as the theory
is concerned, there are two major topics where further research is sensible.
First of all, the transition zone between the inland ice sheet and the ice shelf
is not well understood yet. The main reason for this is that the zeroth order
equations derived for either side of the grounding line do have a completely
different mathematical structure. Even though Baral (2000) derives further
approximations up to the second order for both, the ice-sheet as well as
the ice-shelf equations, it is still not clear if and how both approximations
can be matched together across the grounding line. Unfortunately, the
second order equations derived are far more complicated than the zeroth
order approximations already are. Since this holds at least for ice shelves,
it is presently not foreseeable if these higher order equations will ever be
implemented numerically. On the other hand, presumed that the present
advance in computer technology and in the development of new, efficient
numerical algorithms continues, it is likely that someone will solve the full
3D Stokes flow equations without any need for certain approximations in
the future. Such a model could be applied to both, ice sheets as well as
ice shelves, and it also holds along the transition zone. Even if such a
model existed, it would not immediately solve all the questions that could
be asked, since the dynamics of ice shelves is influenced by many processes
that do have very different time scales. For example, the position of the
grounding line changes by several meters twice a day due to tidal motion.
The influence of these changes on the long term ice-shelf flow behaviour
is just one issue that cannot be addressed by even the smartest 3D model
as long as it describes the ice as a viscous fluid. Another issue of great
relevance is the break-off of huge ice bergs from several ice shelves during
the last years. It is likely that at least some of the mechanisms responsible
for these events occur on shorter time scales, for example a weakening of
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Outlook

the ice structure due to crevasses that are created from surface melting is
discussed.

The other, mostly unsolved topic is the calving process. Here, an ex-
tended version of the numerical model that solves the evolution equation
for the ice thickness as well as that for the calving front would permit the
test of a different parametrisations for the calving rate. Surely, the numer-
ical model could also be extended to include some more of the processes
that are only described theoretically at this stage. Good candidates to
start with are the temperature and the ice-thickness evolution equations.
Once all this is implemented, the marine ice layer could be added.
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A. Stereographic projection

Figure A.1.: Stereographic projection.

One of the most commonly used projections to map polar regions onto
a plane is the stereographic projection. It is defined by cutting the a sphere
with an infinite plane at an arbitrarily chosen latitude∗; the projected
positions of points on the sphere onto this plane are the intersections of
rays originating from a pole. This way, all points on the sphere except

∗Commonly, 71◦North is chosen.
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A. Stereographic projection

the pole of projection (singularity) are mapped onto the plane (fig. A.1
illustrates the mapping procedure).

This way, a conformal mapping is defined. Mathematically, the projec-
tion of a point on the sphere with latitude φ and longitude λ to a Cartesian
coordinate system in the plane with components x and y is found to be

x = µ tan

(

π

4
−
φ

2

)

sin (λ− λ0) ,(A.1)

y = µ tan

(

π

4
−
φ

2

)

cos (λ− λ0) ;(A.2)

λ0 adjusts the orientation of the Cartesian coordinate system in the plane,
while µ is a constant stretching factor depending on the latitude of the
cutting plane, φ0, and the radius of the sphere Re,

(A.3) µ := Re

[

1 + cos
(π

2
− φ0

)

]

.

The inverse mapping is given by

λ = λ0 + atan
x

y
,(A.4)

φ =
π

2
− 2 atan

√

x2 + y2

µ
.(A.5)

Applying a stereographic projection to the Earth is more complicated
due to the flattening that is observable at polar regions and which is caused
by centrifugal forces. To account for these deviations from being a sphere,
ellipsoids or geoids are used. For those geometries, however, the mapping
equations depend on the actual description of the Earth, and there are
many different ellipsoidals and geoids in use today.

Stereographic projections do not preserve distances in general; only the
distance between two points with latitudes φ0 is preserved. Depending on
the position, deviations between the distance on the sphere and that in the
plane of projection are more or less pronounced. Fig. A.2 shows the relative
deviation of distances between adjacent points along a meridian above a
plane at φ0 = 71 ◦North with Re = 6.300 km. It shows that the deviation
remains less than a few percent for the northern polar region. Furthermore,

176



75 80 85 90

degrees latitude [ ° ]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

re
la

tiv
e 

de
vi

at
io

n 
[ %

 ]

Figure A.2.: Deviation of distances in the stereographic plane relative to those
on the sphere.

these deviations are upper limits to deviations that are expected from the
mappings of ellipsoidal or geoidal coordinate systems of the Earth since
those account for the Earth being “flatter than a sphere” in polar regions.
This justifies deriving the ice-shelf equations for a Cartesian coordinate
system in the plane of projection for a sphere rather than doing this in
spherical or Earth (ellipsoidal of geoidal) coordinates.

177



A. Stereographic projection
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B. Flow laws for ice

In order to obtain numerical results that are reliable and hold a comparison
well with data obtained from field measurements, a thorough understand-
ing of the flow properties of ice is crucial. Even though the continuum
mechanical description of ice is well substantiated, determining the param-
eters involved is a very complicated task. This is not only because water,
due to its dipole nature, is not a simple material, but also because ice
behaves differently on different time scales. At the lower end of the time
scales, the behaviour of ice can be modelled in terms of a linear elastic
solid. Such a description is well suited, e.g. for acoustic-wave propagation
in ice. This is likely to be the lower limit glaciologists are interested in,
since the travel times of acoustic waves in ice are widely used to determine
ice thicknesses as well as the internal structure of ice masses by seismic ex-
periments. Often, however, one is interested in much larger time scales of
at least several years. The upper limit of the times scales are several hun-
dred thousand or even up to some million years when determining the long
term behaviour of ice masses under changing climatic conditions. From
these time scales alone, it should be clear that experiments performed in
order to obtain material parameters for the fluid like behaviour of ice at
such large time scales are very expensive and time consuming.
The following section discusses some of the major observations, as far as
they are relevant for ice shelves. Much of it, including an extensive list of
references, can be found in Paterson (1994).

Under natural pressure conditions, the water molecules arrange them-
selves in a hexagonal grid. A single crystal is composed of layers of hexagons∗.
The plane of the hexagons – in fact the molecules are arranged in two paral-
lel planes with a certain distance from each other – is called the basal plane
and the direction perpendicular to it the c-axis. Generally, such a single

∗Ice possesses 12 different crystal structures and two amorphous states.
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B. Flow laws for ice

crystal is far from being perfect; there are many dislocations, which are lin-
ear defects, where individual layers are shifted against each other. A single
crystal subjected to some stress field, e.g. uniaxial compression, immedi-
ately starts to deform along the dislocations. Even though the deformation
of a crystal in other directions is possible as well, the displacement of layers
along basal planes is dominant, since the stress needed is several hundred
times less than that for a deformation in any other direction. Within the
basal plane, there seems to be no preferred direction. Ice, therefore, is a
strongly anisotropic material. Since the dislocations are transported while
deforming the crystal, they may “pile up” at some stage resulting in a hard-
ening of the material. Ice may also get softer again when the dislocations
get more or less uniformly dispersed.

Typical creep curves for polycrystal ice – i.e. plotting strain versus time
for a mixture of many individual crystals with random orientations – show
up to five different flow behaviours. These range from a linear elastic be-
haviour to different kinds of creeping states. The primary or transient creep
is characterized by continuously decreasing strain rates until a minimum
is reached, the secondary creep; this minimum was observed for strains of
1 %, independent of the temperature and the stress. The minimum creep
rate is less than 1 % of the steady creep rate of a single crystal along the
basal plane. The strain rate increases again after that, this is called ter-
tiary creep; it becomes steady after a total compressive strain of about
10−15 %. Apart from the deformation of the individual crystals, there are
several other mechanisms contributing to the overall deformation of poly-
crystalline ice: the single crystals are moving against each other, crystal
growth and grain-boundary migration as well as dynamic recrystallisation
may occur. The latter plays an important role for higher temperatures and
starts at around −12 ◦C . Microcracks may also be involved. The growth
of individual crystals is inhibited by an increasing nucleation until some
steady state is reached; this only depends on the stress field applied and
not on the original grain sizes before the deformation started.

In the past, a wealth of research was done to estimate the material pa-
rameters from both, laboratory experiments as well as from observation of
natural ice masses like glaciers, ice sheets and ice shelves. While laboratory
experiments were restricted to simple stress fields like uniaxial compression
and simple shear, the natural ice of glaciers, ice sheets or ice shelves is ex-
posed to much more complicated stress fields that have to be estimated
properly in order to obtain meaningful results from field measurements.
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Typical field experiments are borehole tilting, i.e. the inclination of bore-
holes due to shear, as well as borehole or tunnel closure due to the pressure
of the overlying ice. Furthermore, the spreading of ice shelves was used.
All methods applied have their own specific problems. The major con-
straint of lab experiments simply is time. Most often only the minimum of
the secondary creep can be reached, even though some experiments were
performed over several years. During all this time, the external conditions
like temperature had to be kept constant. The advantage of field measure-
ments is that they do not have the time constraint and ice at nearly any
interesting age can be found. There is, however, the problem of estimating
the stress field which is not a simple task. Even though rough approxima-
tions like the assumption of simple shear are made, the situation is often
complicated by longitudinal stresses that may play a dominant role espe-
cially in glacier flow. Often, a constant stress profile across a borehole has
to be assumed for closure experiments, but this might not be an adequate
description of the situation found in the field. In principle, the complete
history of the probes has to be known due to its influence on the material
properties.

Apart from these principle difficulties, there are many other effects that
influence the flow properties like anisotropy or impurities. Dispersed par-
ticles like sand or ashes were found to potentially both harden or soften
the ice depending on, e.g. the concentration of the particles. Even soluble
impurities like HF, NH3 and HCl effect the flow properties as they replace
H2O molecules in the grid; they generally weaken the ice. It was found from
large boreholes in Greenland that the flow properties are different for ice
from different periods: the secondary creep rate of Wisconsin or Würm ice
is about 3.5 times that of Holocene ice. Many ice sheet models consider this
by introducing an additional enhancement factor E in eq. (I.1.14). This
weakening is explained by impurities like dust and enhanced chloride and
sulphate concentrations, different grain sizes as well as anisotropy. A gas
content in form of small bubbles seems not to have a significant influence.
Of course, this is different for firn, which, however, is a totally different,
compressible material.

Since all these effects may have to be taken into account when deriving
flow parameters from measurements, it is quite understandable that mea-
sured strain rates for a given stress and temperature differ by a factor of
ten, cf. Paterson (1994). In principle, there are two parameters that have
to be determined from measurements for this power law, the rate factor
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B. Flow laws for ice

A(T ) and the exponent n. According to Paterson (1994), the exponent is
found to be in the range 1.5 ≤ n ≤ 4, but most commonly n = 3 is used;
Hooke (1981) even cites values obtained from field data between 4 and 6.
There are some observations showing n to increase for stresses larger than
5 bar, while it reaches a value near n = 1 – which describes a Newtonian
fluid behaviour – for stresses lower that 1 bar.

The observation, that ice behaves more like a Newtonian fluid for very
low stresses has also some relevance for the theoretical description of glacier
and ice-sheet flow. As shown by Hutter (1983), several singularities occur
whenever a power law rheology with n > 1 is used in combination with
the SIA. These inconsistencies occur at locations where the SIA equations
strictly do not hold, i.e. at the margins and at the ice divide. Such singu-
larities can be avoided using what is called a finite viscosity law accounting
for the Newtonian behaviour at low stresses by adding a constant term to
the creep response function eq. (I.1.22).

T A(T )
[◦C ] [kPa−3s−1]

method reference

0 93 · 10−16 lab tests Budd & Jacka (1989)
57 · 10−16 tilting of 5 boreholes Raymond (1980)
55 · 10−16 closure of 2 tunnels Nye (1953)

-2 37 · 10−16 lab tests Steinemann (1958a), (1958b)
17 · 10−16 lab tests Barnes et al. (1971)
13 · 10−16 lab tests Morgan (1991)
27 · 10−16 lab tests Budd & Jacka (1989)

-10 3.0 · 10−16 lab tests Shoji & Langway (1987)
3.5 · 10−16 lab tests Budd & Jacka (1989)
8.7 · 10−16 borehole tilting Dahl-Jensen & Gundestrup (1987)
5.3 · 10−16 borehole closure Thomas (1973a)
3.9 · 10−16 ice-shelf spreading Jezek et al. (1985)

Table B.1.: Measurements for the rate factor of Glen’s flow law (n = 3), Pater-
son (1994).

Most often, the temperature dependence of the rate factor is described
by an Arrhenius-type law as

(B.1) A(T ) = A0e
−

Q

RT ,

with a constant A0, the absolute temperature T given in K, the universal
gas constant R = 8.314 J mol−1K−1 and an activation energy Q. Since
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RT is the thermal energy of the molecules within the crystal, this law can
be motivated from the thermal energy that must be available in order for
any molecule to move around within the lattice. Even though for a single
crystal, the activation energy Q does not change with temperature, this
is different for polycrystalline ice for which the activation energy increases
as temperature approaches the melting point. It was suggested to explain
the weakening of the material observed by grain boundary sliding due the
presence of liquid water at the grain boundaries. It is common practice
in ice modelling and it has been suggested in the EISMINT program to
account for this fact by using two values of Q for two temperature ranges:

T < −10 ◦C : Q = 60 kJ mol−1,

T ≥ −10 ◦C : Q = 139 kJ mol−1.

Fig. B.1(a) shows some measurements cited in Paterson (1994) together
with the two branches of eq. (B.1) for the two activation energies. A0 is
chosen for both branches to match a value of A = 4.9 · 10−16 kPa−3 s−1 at
T = −10 ◦C ,

T < −10 ◦C : A0 = 3.986 · 10−4 kPa−3 s−1,

T ≥ −10 ◦C : A0 = 1.916 · 1012 kPa−3 s−1.

Values for the rate-factor recommended by Paterson (1994) are summarized
in table B.1(b). It should be stressed that in the temperature range between
−30 ◦C and 0 ◦C , the rate factor varies over more than two orders of
magnitude, i.e. the flow properties depend very strongly on temperature.

Superimposing some hydrostatic pressure on the stress field may re-
sult in a different material behaviour. To account for this, most often the
homologous temperature T ′ is used in eq. (B.1) rather than the absolute
temperature. This approach seems to go back to Rigsby (1958). Even
though it is plausible that the activation energy may depend on the hydro-
static pressure applied, it is much harder to explain why one should use
the homologous temperature. Rigsby’s results were obtained by using a
single crystal and most of the measurements where performed not far away
from the pressure corrected melting point, well inside the range where re-
crystallisation would occur for polycrystalline ice. It is not clear whether
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B. Flow laws for ice

the results are transferable to polycrystalline ice. Hooke (1981) gives a
somewhat different relation for the rate factor in terms of the absolute
temperature,

(B.2) A(T ) = A0e
−

Q

RT
+ 3C

(Tr−T )k ;

where A0 = 2.9477 kPa−3 s−1, Q = 78.8 kJ mol−1, Tr = 273.39 K, C =
0.16612 Kk and k = 1.17. He obtained this relation as a fit to both,
published laboratory data and field measurements. This parameterization
is also shown in fig. B.1(a) as the dashed line. For the inverse relation,
eq. (I.1.24), he gives the following relation

(B.3) B(T ) = B0e
T0
T

−
C

(Tr−T )k ,

with B0 = 6.984 · 10−6 kPa s
1
3 and T0 = 3155 K. Even though he considers

the circumstances of how the measured values were obtained very carefully
and estimates their quality, he found the scatter of the values to represent
a variation of more than four in strain rate. For this reason, he concludes
his paper with: ”Put simply, it does not appear to be possible, at present,
to estimate the velocity at a given point on a glacier to within a factor
of at least 3 and perhaps higher.”Results obtained from the more classical
Arrhenius approach are of no better quality, and there seems to be no sub-
stantial improvement of this until today. One might argue that recent ice
sheet and glacier models do a rather good job in calculating velocity fields
and that they show a good agreement with measurements. However, those
models generally do not depend only on the flow law but also on other pa-
rameters that are adjusted to achieve this good agreement. Furthermore,
approximations like the SIA are often used and these do not hold over the
complete ice sheet, and there are many more physical parameters like tem-
perature, texture or the fabric of the ice that are hardly accessible for any
global verification of model results; these quantities do have a large im-
pact on the flow properties but measurements are only available at certain
borehole locations. These critical remarks on the modelling of ice masses
should, however, by no means derate the value of those calculations. Since
one cannot simply “play around” with ice sheets and shelves, computer
simulations are one very valuable tool to find out something about their
dynamic behaviour. Nevertheless, one should always keep in mind the weak
understanding of the material ice that is behind all these models. A good
portion of scepticism is always advisable when analysing numerical results.
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(a) Temperature dependence of the rate

factor for Glen’s flow law (n = 3). Fur-
ther explanations in the main text.

T [◦C ] A(T ) [kPa−3s−1]

0 6.8 · 10−15

-2 2.4 · 10−15

-5 1.6 · 10−15

-10 4.9 · 10−16

-15 2.9 · 10−16

-20 1.7 · 10−16

-25 9.4 · 10−17

-30 5.1 · 10−17

-35 2.7 · 10−17

-40 1.4 · 10−17

-45 7.3 · 10−18

-50 3.6 · 10−18

(b) Recommended values
for the rate factor of
Glen’s flow law (n = 3)
according to Paterson
(1994).

Figure B.1.: Rate factor for Glen’s flow law (n = 3).
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B. Flow laws for ice

Most ice sheet modellers seem to use eq. (B.1) together with the homol-
ogous temperature, but there are also authors who use eq. (B.2), e.g. Man-
geney et al. (1996). As far as the ice-shelf problem is concerned, Hooke’s
equation has a large advantage since it does not depend on the homol-
ogous temperature. As seen from eq. (I.3.4), the longitudinal stress tDz
contributes to the pressure distribution and therefore has to be known in
order to calculate T ′. This, however, introduces another coupling to the
ice-shelf equations that would have to be handled somehow. No matter
whether the pressure correction of the melting point actually influences
the rate factor or not, either using Hooke’s equations or just neglecting
the influence of the pressure on the rate factor can be used to simplify the
ice-shelf problem. Alternatively, the homologous temperature can be cal-
culated from the geometry of the ice shelf only, neglecting the effect of the
longitudinal stress tDz on the pressure distribution. Either approximation
seems to be reasonable since the flow law is only precise to some factor
anyhow.

The water content of marine ice may also have a significant effect on
the flow properties of polycrystalline ice. According to Paterson (1994),
the enhanced deformation can be explained by the water facilitating the
adjustment between neighbouring grains with different orientations due
to grain-boundary sliding and phase transitions. For the Arrhenius type
equation, he gives the following relation between the A0 and the water
content w

(B.4) A0 = (3.2 + 5.8w) · 10−15 kPa−3 s−1.

It may turn out that it is necessary to account for this for the marine-ice
layer.
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C. Scaling of the vertical shear

stresses

With the scalings of the stresses used in the main text, the vertical shear
stresses tDxz and tDyz do not disappear from the local momentum balances in
the SSA limit, eqs (I.2.4) – (I.2.6). However, if these stresses are assumed
to be of even lower order in magnitude, e.g. tDxz = O(ε2%ρg[H ]) and tDyz =
O(ε2%ρg[H ]), then

F

%ε

dvx

dt
= −

∂p

∂x
+
∂tDx
∂x

+
∂tDxy

∂y
+ ε

∂tDxz

∂z
,(C.1)

F

%ε

dvy

dt
=

∂tDxy

∂x
−

∂p

∂y
+
∂tDy

∂y
+ ε

∂tDyz

∂z
,(C.2)

F

%
ε
dvz

dt
= ε3

∂tDxz

∂x
+ ε3

∂tDyz

∂y
−

∂p

∂z
+
∂tDz
∂z

−
1

%

(C.3)

and vertical shear stresses disappear in the SSA limit

−
∂p

∂x
+
∂tDx
∂x

+
∂tDxy

∂y
= 0,(C.4)

∂tDxy

∂x
−

∂p

∂y
+
∂tDy

∂y
= 0,(C.5)

−
∂p

∂z
+
∂tDz
∂z

=
1

%
.(C.6)
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C. Scaling of the vertical shear stresses

For this scaling of the stresses, the dual formulation of the stress-strain-rate
relations becomes

tDx =
1

%
Kv

1

A(T )
g (d,A(T ))

∂vx

∂x
,(C.7)

tDy =
1

%
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1

A(T )
g (d,A(T ))

∂vy

∂y
,(C.8)
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1

A(T )
g (d,A(T ))

∂vz
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,(C.9)
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A(T )
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∂vy
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)

,(C.10)

ε3tDxz =
1
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A(T )
g (d,A(T ))
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+ ε2

∂vz
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)

,(C.11)

ε3tDyz =
1

2%
Kv

1

A(T )
g (d,A(T ))

(

∂vy

∂z
+ ε2

∂vz

∂y

)

.(C.12)

The pressure within the ice shelf given by eq. (I.3.8) is invariant to this
re-scaling of the stresses and can be substituted into eqs (C.4) and (C.5).
Therefore the re-scaled eqs (I.3.10) and (I.3.11) read in the SSA limit

2
∂tDx
∂x

+
∂tDy

∂x
+

∂tDxy

∂y
=

∂H

∂x
,(C.13)

∂tDx
∂y

+ 2
∂tDy

∂y
+

∂tDxy

∂x
=

∂H

∂y
.(C.14)
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Substituting the stresses from eqs (C.7) – (C.10), this yields

Kv

{

2
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(C.15)
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(C.16)

The terms on the right side depend only on the horizontal coordinates x
and y. This is also true for the terms on the left hand side except those
that depend on the temperature T . This, however, means that for ver-
tically nonuniform temperature profiles – this is what is observed with
the ice-shelf surface being some ten degrees below zero and the ice-shelf
base being at −2◦C – different velocities are obtained from eqs (C.15) and
(C.16) depending on the vertical position where the expressions containing
T are evaluated. On the other hand, according to eq. (I.2.19) the hor-
izontal velocities are vertically uniform. This means that the equations
derived above are only consistent for a vertically uniform rate factor and
are therefore not suitable to describe real ice shelves.

If, on the other hand, the scaling is performed as described in the
main text, this inconsistency does not arise, since eqs (I.3.10) and (I.3.11)
contain the vertical shear stresses even in the SSA limit. These stresses
cannot be obtained from the zeroth order approximation of the stress-
strain-rate relations, eqs. (I.2.27) and (I.2.28), but they are eliminated
by vertical integration and applying the boundary conditions. Therefore,
the consistency of the above equations does not arise. Since the vertical
shear stresses are only present in the local formulation of the momentum
balance, eqs (I.3.10) and (I.3.11), and furthermore, equations derived while
neglecting them only hold for a thermomechanically decoupled modelling,
i.e., ice shelves with a vertically uniform rate factor, these stresses can be
interpreted as thermally induced stresses.
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C. Scaling of the vertical shear stresses

In spite of all these problems, equations similar to eqs (C.15) and (C.16)
have been used in ice-shelf modelling, e.g. by Herterich (1990) and Deter-
mann (1991), and they are still used today. These equations can be ob-
tained from the more generally valid eqs (I.3.28) and (I.3.29) by assuming a
vertically constant rate factor, but it might be hard to guess the equations
the other way around. A proper scaling analysis, however, leads – without
any ad hoc assumptions – to the thermodynamically consistent eqs (I.3.28)
and (I.3.29).
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1996 – 2001 wissenschaftlicher Mitarbeiter

am Institut für Mechanik

bei Prof. Hutter

contact: magnusweis@web.de


