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Abstract
Neutron stars are born when massive stars run out of their nuclear fuel and undergo gravitational col-
lapse. Neutron stars belong to the most compact objects in the observable Universe. Macroscopic prop-
erties of neutron stars like their masses and radii are sensitive to the microscopic properties of the
nuclear equation of state of dense matter. The equation of state is determined by the strong interaction
among the constituents. The underlying theory is quantum chromodynamics that is, however, highly
non-perturbative in the physics regime relevant for neutron stars. Moreover, neutron stars provide an
interplay between nuclear physics and astrophysics. Astrophysical observations like the detection of
2 M� neutron stars have a major impact on the equation of state. Radii are, however, inherently difficult
to measure due to systematic uncertainties. Other observables like the moment of inertia or the tidal
deformability present promising alternatives. The double neutron star system PSR J0737− 3039 consti-
tutes an outstanding system as it provides the prospect of a moment of inertia measurement for the first
time. A new era stated with the pioneering observation of gravitational waves from a binary neutron
star merger. The analysis of the gravitational wave signal of GW170817 provides a range for the tidal
deformability of typical neutron stars. Moreover, the current NICER mission will provide simultaneous
mass-radius measurements.

In this thesis, we use state-of-the-art chiral effective field theory interactions to describe the equation of
state at nuclear densities. In the high-density regime beyond nuclear saturation density, we use different
extrapolation approaches. First, we utilize the established ansatz of piecewise polytropic equations of
state which provides a direct parametrization. However, piecewise polytropic equations of state possess
unphysical behavior such as discontinuities in the speed of sound. Second, we use a physically motivated
parametrization of the speed of sound inside the neutron star from which we derive the equation of state.
Both methods allow us to probe the equation of state over a large range of densities. We further impose
general constraints on the equation of state such as the requirement of causality at all densities and
the support of at least 2 M� neutron stars. From the equations of state compatible with the constraints,
we determine diverse neutron star observables. We begin with non-rotating neutron stars and focus
on their masses and radii. We study correlations among properties of the equation of state at nuclear
densities and observables of typical neutron stars. Moreover, we explore the impact of hypothetical,
simultaneous measurements of masses and radii of neutron stars on the equation of state. Applying both
simple compatibility cuts and the framework of Bayesian statistics, we investigate the sensitivity of the
inference on the chosen parametrization of the equation of state. We extend then our considerations
to slowly rotating neutron stars and study the moment of inertia. Assuming hypothetical moment of
inertia measurements, we determine constraints for the radius of neutron stars and thus the equation
of state. In addition, we extend our considerations of isolated neutron stars to binary neutron star
systems. In particular, we treat the tidal field of the companion as a small perturbation. This allows us
to determine the tidal deformability. By applying higher orders in the metric perturbation, we calculate
the quadrupole moment of neutron stars. Although the structure of neutron stars is sensitive to the
equation of state, relations between the moment of inertia, the tidal deformability, and the quadrupole
moment are remarkably insensitive. We investigate the properties of neutron stars in binary systems
and ultimately confront the results of our models with the gravitational wave constraints from a binary
neutron star merger.
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Cover picture: Artistic interpretation the first observed binary neutron star merger. The gravitational
wave signal was named GW170817 referring to the date of observation, August 17, 2017 [5]. Courtesy
of National Science Foundation, LIGO, Sonoma State University, Aurore Simonnet. Figure taken from
Ref. [2].
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Zusammenfassung
Neutronensterne werden geboren, wenn massive Sterne keinen Kernbrennstoff mehr haben und auf-
grund der Eigengravitation kollabieren. Sie gehören zu den massivsten Objekten im beobachtbaren Uni-
versum. Makroskopische Eigenschaften von Neutronensternen wie deren Massen und Radien sind sensi-
tiv auf die mikroskopischen Eigenschaften der nuklearen Zustandsgleichung. Die Zustandsgleichung ist
bestimmt durch die starke Wechselwirkung zwischen ihren Komponenten. Die zugrundeliegende Theorie
ist die Quantenchromodynamik, welche stark nicht-perturbativ in dem für Neutronensterne relevanten
physikalischen Bereich ist. Darüber hinaus bieten Neutronensterne ein Wechselspiel zwischen Kernphy-
sik und Astrophysik. Astrophysikalische Beobachtungen wie die Detektion von 2 M�–Neutronensternen
haben einen großen Einfluss auf die Zustandsgleichung. Radien sind jedoch aufgrund systematischer
Unsicherheiten von Natur aus schwierig zu messen. Andere Eigenschaften wie das Trägheitsmoment
oder die Deformierbarkeit aufgrund von Gezeitenkräften stellen vielversprechende Alternativen dar.
Das Doppel-Neutronenstern System PSR J0737 − 3039 stellt ein herausragendes System dar, da es die
Perspektive einer erstmaligen Trägheismomentmessung bietet. Eine neue Ära begann mit der bahnbre-
chenden Beobachtung von Gravitationswellen aus der Kollision zweier Neutronensterne. Die Analyse
des Gravitationswellensignals von GW170817 liefert einen Bereich für die Deformierbarkeit durch Ge-
zeitenkräfte typischer Neutronensterne. Darüber hinaus wird die aktuelle NICER Mission gleichzeitige
Masse–Radius Messungen ermöglichen.

In dieser Arbeit verwenden wir modernste Wechselwirkungen der chiralen effektiven Feldtheorie, um
die Zustandsgleichung bei Kerndichten zu beschreiben. Im Bereich hoher Dichten jenseits der Kernsatu-
rierungsdichte verwenden wir verschiedene Extrapolationsansätze. Zum einen verwenden wir den eta-
blierten Ansatz von stückweise polytropen Zustandsgleichungen, welcher eine direkte Parametrisierung
ermöglicht. Allerdings weisen stückweise polytrope Zustandsgleichungen ein unphysikalisches Verhalten
wie beispielsweise Unstetigkeit der Schallgeschwindigkeit auf. Zum anderen verwenden wir eine physi-
kalisch motivierte Parametrisierung der Schallgeschwindigkeit im Inneren des Neutronensterns, aus der
wir die Zustandsgleichung ableiten. Beide Methoden ermöglichen es, die Zustandsgleichung über einen
großen Bereich von Dichten zu untersuchen. Wir legen der Zustandsgleichung weiterhin allgemeine Ein-
schränkungen wie beispielsweise die Forderung nach Kausalität bei allen Dichten und die Reproduktion
von 2 M� Neutronensternen auf. Von den Zustandsgleichungen, die mit den Einschränkungen kompatibel
sind, bestimmen wir verschiedene Observablen von Neutronensternen. Wir beginnen mit nicht rotieren-
den Neutronensternen und konzentrieren uns auf deren Massen und Radien. Wir untersuchen Korre-
lationen zwischen den Eigenschaften der Zustandsgleichung bei nuklearen Dichten und Eigenschaften
typischer Neutronensterne. Darüber hinaus untersuchen wir die Auswirkungen hypothetischer, simulta-
ner Messungen von Massen und Radien von Neutronensternen auf die Zustandsgleichung. Mit einfa-
chen Kompatibilitätsanalysen und der Bayesschen Statistik untersuchen wir die Sensitivität der Inferenz
auf die gewählte Zustandsgleichung. Dann erweitern wir unsere Überlegungen auf langsam rotierende
Neutronensterne und untersuchen das Trägheitsmoment. Unter der Annahme hypothetischer Trägheits-
momentmessungen ermitteln wir Einschränkungen für den Radius von Neutronensternen und damit für
die Zustandsgleichung. Darüber hinaus weiten wir unsere Überlegungen zu isolierten Neutronensterne
auf Neutronensterne in Doppelsternsystemen aus. Im Speziellen betrachten wir das Gezeitenfeld des
Begleitsterns als kleine Störung. Auf diese Weise können wir die Deformierbarkeit aufgrund der Gezei-
tenkräfte bestimmen. Indem wir höhere Ordnungen in der Störung der Metrik betrachten, berechnen wir
das Quadrupolmoment von Neutronensternen. Obwohl die Struktur von Neutronensternen sensitiv auf
die Zustandsgleichung ist, sind Relationen zwischen dem Trägheitsmoment, der Deformierbarkeit auf-
grund von Gezeitenkräften und das Quadrupolmoment bemerkenswert unsensitiv. Wir untersuchen die
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Eigenschaften von Neutronensternen in Doppelsternsystemen und konfrontieren schließlich die Ergeb-
nisse unserer Modelle mit den Einschränkungen durch die Eigenschaften der Gravitationswellen, welche
von der Kollision zweier Neutronensterne beobachtet wurden.
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1 Motivation and introduction
Neutron stars are unique laboratories to study matter under extreme conditions. With masses com-
parable to the mass of the Sun but radii ∼ 105 times smaller than the solar radius, neutron stars
exhibit extremely large densities on the order of 1014 − 1015 gcm−3 and are thus very compact ob-
jects [14, 123, 140]. Neutron stars are supported against the gravitational collapse by the pressure
generated by degenerated neutrons and repulsive strong interactions [243, 277]. Other than that fur-
ther compact astrophysical objects exist: white dwarfs and black holes. White dwarfs have a mass
comparable to neutron stars but their radii are almost three orders of magnitude larger [243]. Conse-
quently, white dwarfs are much less dense than neutron stars. In contrast to white dwarfs and neutron
stars, black holes can only be observed indirectly through their interaction with the matter surrounding
them1 [33, 243].

Neutron stars represent an interdisciplinary research field since diverse disciplines of physics and astro-
physics are involved in studying their properties [33]: General relativity (GR), quantum chromodynamics
(QCD), nuclear physics, hadronic physics, particle physics, neutrino physics, plasma physics, solid-state
physics, and superfluid hydrodynamics. Moreover, neutron stars cover a broad range of magnitudes,
ranging from the femtometer scale 10−15 m relevant for the interactions of the matter inside the neutron
star up to 105 m in the case of the wavelength of the gravitational waves (GW) emitted in binary neutron
star mergers and rotating neutron stars.

The matter inside a neutron star is under extreme conditions: strong gravitational fields, strong mag-
netic fields, high densities, and isospin asymmetry. A large variety of neutron star properties depend
on the nuclear equation of state (EOS). The EOS that describes matter inside a neutron star is not fully
understood so far. Especially the density regime within the core of neutron stars is still an open problem.
The interplay of theoretical considerations and observations of neutron stars results in constraints for
various properties of neutron stars and therefore for the EOS itself.

The topic of neutron stars and the EOS is broad and extensive. Excellent books that cover the funda-
mentals of this diverse research topic can be found in Refs. [112, 123, 200, 243] and various reviews
can be found in Refs. [29, 30, 140, 172, 219].

For the remainder of the present chapter, we introduce the reader into the fascinating topic of neutron
stars. We begin with summarizing general properties of neutron stars and give a brief historical synopsis
of the hypothesis of the existence of neutron stars, the discovery of the first pulsar, and the pioneering
measurement of gravitational waves from a binary neutron star merger. Subsequently, we sketch the
formation process of neutron stars in core-collapse supernova explosions followed by a summary of the
structure of these compact objects. We then provide the basic concepts of neutron star observations
where we focus on the measurement of masses, radii, and moments of inertia as well as GW astronomy.
Further, we provide an overview on the EOS and the connection between the low-density regime and
neutron star gross properties.

1.1 Neutron stars as fascinating objects

Neutron stars are extreme astrophysical objects. The densities inside cover a broad range from about
a few gcm−3 in the outer regions up to 1015 g cm−3 in the neutron star core [29, 30, 123, 140, 172].
Thus, the density in the center of such a compact object exceeds the nuclear saturation density ρ0

1 Recently, the first picture taken of the shadow surrounding a supermassive black hole was demonstrated by the Event
Horizon Collaboration [12].
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(ρ0 ∼ 2.8 × 1014 g cm−3 or equivalently ∼ 0.16 nucleons per fm−3) by a multiple [29, 178]. Such
extreme densities can be explored in heavy-ion collisions [78] or studied by neutron star observations
(cf. Sec. 1.4). The structure of neutron stars is determined by the interactions between the constituents.
Hence, neutron stars are unique laboratories for studying dense matter.

The mass of a neutron star is of the order of the solar mass M� (M� = 1.98848(9)×1030 kg) [30, 178,
277]. GR predicts a maximum mass for compact objects that is sensitive to the underlying EOS [180].
The knowledge of the maximum mass of neutron stars is a crucial ingredient in identifying compact
objects as black holes when their mass exceeds the maximum neutron star mass [131, 243]. The value
of the maximum mass is still an open question. The maximum mass predicted by theoretical studies is
sensitive to the microphysical input. Hence, the ambiguity of the maximum mass is a direct consequence
of the uncertainties of the EOS beyond nuclear saturation density [29]. Theoretical works and reviews
that elucidate the maximum mass in more detail can be found in Refs. [17, 29, 50, 131, 202, 229]. The
heaviest observed neutron star so far has a mass of ∼ 2 M� [16]. The mass of PSR J0740 + 6620 was
determined by longterm observations and recently reported as 2.17+0.11

−0.10 M� [69].

The radii of neutron stars are in the range of about 10−14km [29, 172, 178, 219, 251]. The radius is
sensitive mostly to properties of the EOS at around nuclear saturation density [180]. A typical neutron
star contains about 1056 − 1057 baryons [29, 277]. Neutron stars can be fast rotators whereby the
rotational frequencies vary from 0.1Hz to kHz [195]. Such high frequencies are comparable with the
rotational frequencies of a conventional kitchen blender. The fastest rotating neutron star observed so
far is PSR J1748− 2446ad with a frequency of 716 Hz [141]. The magnetic field strength can be in the
order of 1012 G or even larger [196]. The surface gravity is about 1011 times stronger than the surface
gravity of Earth [29, 174]. Neutron stars are sources of GW like rotating neutron stars with deviations
from spherical symmetry. Much stronger GW are emitted in binary systems, in particular neutron star
merger [14, 243].
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Figure 1.1.: Left panel : The pressure P as a function of the energy density ε with a double logarithmic
scaling. The red dots mark energy density-pressure pairs which correspond to different den-
sities. We present various EOS, i.e., AP1 − 4 and WFF1 − 4 where we highlight AP4 in red.
Right panel : The neutron star mass M as a function of the radius R. The red dots correspond
to mass-radius pairs with the central density highlighted in the left panel.
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The gross properties of neutron stars are determined by the interactions of their constituents. The
mass-radius relation serves hereby as an appropriate tool since this relation and the EOS are linked via
hydrostatic equilibrium in a unique manner [185]. Constraining the EOS as well as the mass-radius
relation is a challenge in physics [172, 282]. For large enough maximum masses, the radius for neutron
stars in the mass region of about 1 − 1.5 M� is not very sensitive to the mass [178]. Thus, the radius
of 1.4 M� neutron stars and the predicted maximum mass are important quantities [178]. In Fig. 1.1,
the discussed interplay of the EOS and the mass-radius relation as well as the properties of the latter are
depicted. Astrophysical observations permit the possibility to constrain the EOS [172].

1.2 A brief history of neutron stars

In 1932, Lev Landau2 anticipated the existence of neutron stars [169]. In his work, Landau investigated
the maximum mass of white dwarfs (independently from Chandrasekhar). Further, he wrote about the
possible existence of even heavier stars than white dwarfs. He finished his work with the statement:
“the density of matter becomes so great that atomic nuclei come in close contact, forming one gigantic
nucleus” [169]. One month after Landau’s paper, Chadwick’s paper on the discovery of the neutron was
published [65]. Baade and Zwicky proposed neutron stars as the final product of supernova explosions
[20, 21, 22]. Further, the hypothesis that neutron stars consist mainly of neutrons was put forward [20].

The structure equations for describing neutron stars in the framework of GR were independently
derived by Tolman [270] and Oppenheimer and Volkoff [205]. These works described the interior of
neutron stars via an ideal Fermi gas. Oppenheimer and Volkoff deduced that neutron stars have a
maximum mass as a consequence of GR. The first estimate for the maximum mass of a neutron star was
found to be MOV = 0.71 M� [205]. Here, we remark that the equations of hydrostatic equilibrium to
describe the structure of compact stars were earlier found by Chandrasekhar and von Neumann while
their work remained unpublished [123]. The upper limit MOV found by Oppenheimer and Volkoff has
long been outdated. More sophisticated models for the description of the constituents contained in
neutron stars and the interactions predict larger masses and even heavier neutron stars were observed
since then. Nonetheless, the EOS and also neutron star models were still subject of research and further
progress was achieved by theoreticians, cf. Refs. [13, 59, 126, 235, 246].

Even though neutron stars were studied extensively by theoreticians, astronomers did not consider
the possibility to observe neutron stars for about 30 years since neutron stars were considered to be
too faint for the observation with telescopes due to their small size [29, 277]. At this point, it was not
clear that pulsars are indeed rotating neutron stars [29, 277]. In 1964, the hypothesis was made that
neutron stars may appear as fast rotators [150]. One year later, a remarkable intense radio source in
the Crab nebulae was observed [144]. In 1968, Gold proposed that the strong magnetic fields and high
rotational frequencies of pulsars can be associated with rotating neutron stars while the precise emission
mechanism of radio signals is still an open question [114]. The first radio pulsar, PSR B1919+21 or
PSR J1915+16063, was eventually detected on August 6, 1967 by Jocelyn Bell and Anthony Hewish
[143]. The received signal was outstanding because of its strength and its periodic nature with a period
of 1.337 s [143]. In 1974, Hewish and Ryle were awarded for this remarkable discovery with the Nobel
prize. The decision of the Swedish Nobel prize committee not to consider Jocelyn Bell was criticized
[292]. Subsequently, the object in the Crab nebulae was identified as a pulsar in 1969 [68]. This
discovery finally made it possible to associate the remnant of a supernova explosion with the birth of a
2 Further details on Lev Landaus role in the prediction of the existence of neutron stars can be found in Ref. [301] (cf. also

Ref. [123]).
3 The designation of pulsars follows a certain nomenclature: PSR stands for “pulsating source of radio emission”. The

prefix is then followed by either the letter B or J denoting “Besselian epoch” (epoch 1950) and “Julian epoch” (epoch
2000), respectively, that specify the epoch of discovery. Since the position changes with time, pulsars can have more than
one name which is the case for the Hulse-Taylor pulsar for instance. The subsequent digits denote the right ascension
and the last digits after the sign denote the degree of declination. In case of a double pulsar system, the pulsars are
distinguished by A or B after the declination.

1.2. A brief history of neutron stars 3



neutron star [140]. In 1974, the Hulse-Taylor pulsar B1913+ 16 was discovered [152]. This discovery
was remarkable since the observed system turned out to be the first observation of a binary neutron star
system. This discovery was awarded with the Nobel prize in 1993 [151, 259]. Moreover, the observed
advance of the periastron and decay of the orbital period gave strong indications that GW exist [243]. In
April 2003, the binary neutron star system PSR J0737− 3039 was discovered. At the time of discovery,
this system was the most relativistic binary system ever found and its particular characteristics make it
an excellent laboratory for testing GR as well as alternative theories of gravity [56, 191].

On February 11 in 2016, the first detection of GW was announced which were measured on September
14, 2015 [4]. In the same year on December 26, another GW event was observed [3]. These observations
started a new era on GW astronomy and several more signals were detected since then. On August 17 in
2017, GW from a binary neutron star merger were observed by the LIGO and Virgo GW detectors [5].

1.3 Formation and structure

Neutron stars are born at the end of the life of massive stars with masses of at least 8 M� [57, 178].
Lighter progenitors will end in white dwarfs [243]. Due to nuclear reactions, an iron core evolves in the
center of a massive star that obtains more mass over the star’s lifetime. The death of the star is inevitable
when the mass of the iron core is no longer supported against gravitational collapse [228]. The final
fate of a massive progenitor can either be a neutron star or a black hole [95, 274]. In the following, we
give a brief discussion of the supernova process in which neutron stars are born. For a more thorough
introduction and more details, we refer the reader to Refs. [42, 153, 156].

Inside the star, nuclear fusion reactions via hydrostatic burning take place [154]. The hydrostatic
burning is divided into different burning stages which cause the interior of the star to be onion-like
structured [154]. The different stages involve hydrogen, helium, carbon, oxygen, and silicon burning
[154]. Silicon burning constitutes the final burning stage and subsequently no heavier elements can
be produced [154]. In the center of the star there is an iron core surrounded by a silicon shell [154].
The mass of the core increases due to silicon burning at the interface of the core [154]. The iron core
is stabilized against the gravitational collapse by the pressure of degenerated electrons [154]. When
the core reaches the Chandrasekhar mass MCh ≈ 1.44 M�, the core is no longer stabilized and collapses
[154]. The gravitational collapse of the core occurs within about 0.1 s [123]. The matter falls towards
the core while the density increases. When the matter of the core becomes incompressible at nuclear
densities, the infalling matter bounces off the stiff core [154, 156]. The bounce initiates a shock wave
that travels within several hours outwards and blows away the outer layers of the star [42, 123]. The
shock wave competes with the infalling matter and initially stalls. Eventually, the revival of the shock
takes place [228]. When the shock reaches the surface, electromagnetic radiation of all wavelengths is
emitted [123]. These catastrophic events are referred to as core-collapse supernova explosion. Neutrino
emission constitutes the largest part of the released energy of about 1053 erg (1053 erg = 1046 J) [123,
156]. Only a small part of the released energy is emitted via light [156].

After the bounce, a proto-neutron star is formed in the center of the collapsing star [154]. Proto-
neutron stars have radii of about 20 − 30km [57]. Depending on the progenitor’s mass, the proto-
neutron star can either evolve to a neutron star or a black hole [154]. A proto-neutron star differs in
several aspects from a neutron star: Proto-neutron stars are hotter, opaque to neutrinos, and larger than
neutron stars, and have large electron fractions of about Ye ∼ 0.35 [123, 172]. The lifetime of a proto-
neutron star is about a minute [123]. The newly-born neutron star is low in neutrons and contains a
large amount of degenerate electrons as well as neutrinos [154]. It has a temperature of T ∼ 1011 K
and cools down by neutrino emission [29, 112, 228]. After a few days, the temperature cooled down to
T ∼ 1010 K and after about a month the temperature amounts to T ∼ 108 K [29, 112]. Within less than a
million years, the neutron star has cooled down to temperatures about T ∼ 106 K when it cools through
photon emission [112]. However, the Fermi energy of nuclear matter at ρ0 amounts roughly 30 MeV and
increases with the density [200]. Hence, neutron stars can be described with an EOS at T ≈ 0 [156].

4 1. Motivation and introduction



A core-collapse supernova explosion is not the only process in which neutron stars are born. A white
dwarf in a binary system with a star can gain mass via accretion. The gravitational collapse sets in when
the Chandrasekhar mass MCh is exceeded [123]. However, the proportion of neutron stars formed via
accretion-induced collapse is expected to be small compared to the total population [105]. More details
on the formation of double neutron star systems can be found in Ref. [258].

Neutron stars consist mostly of neutrons with a small proton fraction of about 5%. The structure is,
however, more complex and we provide an overview in the following. From the surface of the neutron
star to its center, the pressure and the density increase. According to current studies, neutron stars are
made up by several layers [123, 178, 255]. The main layers are the outer crust, the inner crust, the outer
core, and the inner core that, however, feature a substructure themselves [123, 178]. Further, neutron
stars are surrounded by an atmosphere [123, 178]. We show a schematic drawing of the neutron star
structure in Fig. 1.2.

Nuclei and electrons
Nuclei, electrons and free neutrons

Pasta nuclei

OUTER CORE

Neutron, proton, and electron liquid 

INNER CORE

CRUST

~10-12 km

  possibly continuous 
         transition to 
        quark matter

Figure 1.2.: Schematic illustration of the structure of a neutron star. From the surface to the center are
shown the crust, the outer core, and the inner core. The distinct regions differ by the density
of the matter and the occurring constituents. The shown sizes of the layers are not to scale.
Figure taken from Ref. [28].

In the following, we discuss the internal structure of the distinct regions of the neutron star in more
detail. The atmosphere is a thin layer of plasma surrounding the neutron star [123]. Hot neutron stars
with an effective surface temperature of about 3×106 K exhibit an atmosphere thickness in the order of a
few ten centimeters, while cold neutron stars with effective surface temperatures of about 3×105 K have
an atmosphere thickness of about a few millimeters [123]. The atmosphere is supposed to consist of hy-
drogen, in the case of isolated or quiescent neutrons stars also helium or carbon might be abundant. In
the case of accreting neutron stars, the composition of the atmosphere is more complex [44, 228, 233].
Compared to the total mass of the neutron star, the mass of the atmosphere is negligible [228]. How-
ever, the emission of thermal electromagnetic radiation from the atmosphere provides opportunities to
study neutron star observables [123, 228]. The observed radiation provides information on the effective
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surface temperature, the surface gravity, the chemical composition, as well as the strength and geome-
try of the surface magnetic field [123]. Hence, the investigation of the atmosphere provides a crucial
ingredient for the measurement of masses and radii of neutron stars [123, 228]. More information on
neutron star atmospheres can be found in Ref. [303] and references therein.

The thickness of the entire crust amounts about one tenth of the radius of a neutron star [228], where
the outer crust is some hundred meters thick and the thickness of the inner crust is about one kilometer
[123]. The crust manly consist of solid matter [123, 228, 243]. The outer crust is made up by a lattice
of iron nuclei embedded in a sea of relativistic degenerate electrons [29, 58, 123, 196]. The matter of
the neutron star’s outer regions is therefore basically white dwarf matter [196]. The Fermi energy of the
electrons increases with increasing density. Consequently, it is energetically more favorable to decrease
the electron number. Hence, the nuclei undergo β-decay and the matter inside the neutron star becomes
more neutron-rich [212, 228]. The neutron drip density at which neutrons begin to drip out of nuclei is
about ρ ≈ 4.3× 1011 gcm−3 [123, 228].

The inner crust covers a density range from the neutron drip density to about ∼ 0.5ρ0 [58, 123].
This part of the neutron star is made up by neutron-rich nuclei, surrounded by an electron gas and
a superfluid neutron [123, 228]. For increasing density, the density of the neutrons surrounding the
nuclei increases until the neutron densities inside and outside the nuclei equalize [212]. Nuclei dissolve
and ultimately merge due to the high densities at the interface of the inner crust and the outer core
[123, 228]. For increasing density inside the neutron star crust, not only the composition of the matter
changes but also the shape of the nuclei. The geometry of the nuclei changes from spheres to cylinders
to slabs to tubes and bubbles. These shapes remind of noodles such that this particular phase is referred
to as nuclear pasta [66, 134, 206, 223, 281].

The core contains about 99% percent of the total mass of the neutron star [228]. Inside the core, the
nuclei are completely dissolved into their constituents, i.e., protons and neutrons [58]. The outer core
is several kilometers thick and the densities range to about ρ0 [123]. The outer core consists manly of
neutrons as well as a small percentage of protons and electrons which is due to charge neutrality and
β-equilibrium [123, 228]. Moreover, muons might exist [123]. The occurring neutrons and protons
are presumed to be in a superfluid phase [228]. The inner core is several kilometers thick and the
densities in the center of the neutron star extend up to several times ρ0 [123]. To date, the composition
of the matter inside the core is still an open puzzle, current hypotheses consider hyperonization, pion
condensation, kaon condensation, or quark matter [123].

1.4 Observation of neutron star properties

Most neutron stars are observed as pulsars [195]. The first radio pulsar was discovered in 1967 [143].
Forty years later, 2000 objects are known, but the entire population of active radio pulsars is obviously
unknown [33, 195]. An online database of the known pulsars and their observed properties is provided
by the Australia Telescope National Facility (ATNF), cf. Refs. [1, 195]. Pulsars are highly-magnetized,
rotating neutron stars with observed spin periods ranging from 1.4ms to 8.5 s [33, 140]. The misalign-
ment of the angular momentum and the magnetic axis causes the emission of broadband radio waves
[140, 196]. Moreover, the direction of the emitted radiation changes [123].

Pulsars are very accurate clocks, since pulsar periods are remarkably stable [174]. Nevertheless, the
rotation of the neutron star slows down gradually [33]. The spin down rate Ṗ provides the possibility
to access information on the magnetic field strength, the luminosity, and the age of the neutron star
[174]. Therefore, the P − Ṗ diagram constitutes a useful tool to study properties of pulsars. In Fig. 1.3,
we show the P − Ṗ diagram which is used to categorize pulsars into normal pulsars and millisecond
pulsars. Normal pulsars are characterized by P ∼ 0.5 s and Ṗ ∼ 10−15 s s−1 and are located in the “island
of points”. Millisecond pulsars are located in the lower left corner of the P− Ṗ diagram and characterized
by P ∼ 3ms and Ṗ ∼ 10−20 s s−1 [33]. Pulsars in the age of 1− 100Myr are considered as being young.
These pulsars have magnetic fields of about B ∼ 1012 G. During its lifetime, the pulsar’s rotation slows
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down. In terms of the P − Ṗ diagram, the pulsar evolves down to the lower right corner and ultimately
enters the graveyard. Neutron stars in binary systems can leave the graveyard via mass accretion. Being
1 − 10Gyr old, pulsars are considered as old. These pulsars exhibit magnetic fields strengths of about
B ∼ 108 G. A further group are magnetars which have magnetic field strengths in the order of B ∼ 1015 G
[174]. Pulsars can be isolated objects or appear in binary systems [123]. About 80% of the known
millisecond pulsars are in a binary system whereas only 1% of the normal pulsars have a companion
[33].

Figure 1.3.: P− Ṗ diagram. The pulsar’s period P and its derivative Ṗ provide estimates of the age and the
magnetic field trajectories of constant age are represented as dashed lines and trajectories
of constant magnetic field as dash-dotted lines. Figure taken from Ref. [189].

The emitted signals are received periodically and a single signal originates from a single rotation of
the neutron star [248]. The detected signal suffers deviations that encode information on properties of
the neutron star, the interstellar medium between the neutron star and the detector, and the interaction
with the companion in the case of a binary system [248]. Although individual pulses differ in shape
and intensity, the sum over several hundred or even thousand pulses results in a stable shape at a given
frequency [248]. The reproducibility of the averaged pulse profile enables high-precision measurements
[248].

As we mentioned above, the maximum mass of neutron stars is a key property for constraining the
EOS. A pioneering discovery was the precise mass measurement of PSR J0348 + 0432 with a mass of
2.01± 0.04 M� [16]4 that ruled out several EOS which do not support such heavy neutron stars.

Pulsars provide a suitable testbed for GR and alternative theories of gravity [248, 293]. The Galaxy
and the interstellar medium can be explored by studying pulsars. Diverse disciplines in physics can be

4 In earlier works, PSR J0348+0432 and PSR J1614 − 2230 are mentioned as the heaviest neutron stars observed so
far. The mass of PSR J1614 − 2230 was initially measured to be 1.97 ± 0.04 M� [80] and was recently updated to be
1.928± 0.017 M� [102].
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probed especially with matter under extreme conditions. In summary, pulsars are unique systems that
can be used as laboratories for physical and astrophysical phenomena.

1.4.1 Masses of neutron stars in binary systems

Binary systems can be characterized by five so-called Keplerian parameters derived from Kepler’s laws
[189]. The Kepler parameters are the orbital period Pb, the projection of the pulsar’s semi-major axis on
the line of sight x = ap sin i (where i is the inclination angle of the orbit), the eccentricity of the orbit
e, and the longitude of the periastron ω [172, 277]. The mass of the pulsar Mp and the mass of its
companion Mc are related by a mass function

fp =
�

2π
Pb

�2
�

ap sin i
�3

G
=
(Mc sin i)3

M2
, (1.1)

where M = Mp + Mc denotes the total mass of the binary system [172, 174]. The mass function given
above can be derived by using Kepler’s third law [277]. The determination of the inclination i is com-
plicated [172]. However, it is possible to estimate the inclination if eclipses are observed such that the
inclination can be assumed to be sin i ∼ 1 [174]. However, even if the inclination is obtained, the mass
function fp provides only a relation between the pulsar’s mass and the companion’s mass [172, 277].
The mass function fc of the companion is only accessible in few systems [172].

Binary pulsars are compact systems and consequently relativistic effects are relevant [172]. The gen-
eral relativistic effects alter the expected pulse times-of-arrival (TOA) and are thus detectable [33, 277].
The post-Keplerian (PK) parameters describe the changes of the expected TOA. The PK parameters
are theory-independent, phenomenological corrections to the Kepler parameters [73, 74] (cf. also
Refs. [33, 162, 161, 248]). GR and alternative theories of gravity predict the PK parameters as func-
tions of the two a priori unknown masses [77, 248]. Hence, the measurement of any two PK parameters
allows to determine the two objects in the binary system [248, 277]. Each additional measured PK pa-
rameter over-determines the system. The over-determinacy serves as self-consistency checks and thus as
a test for the considered theory of gravity [248].

Among others, the PK parameters are the advance of the periastron ω̇, the combined effect of vari-
ations in the transverse Doppler shift and gravitational redshift around an elliptical orbit γ, the orbital
decay due to the emission of quadrupole gravitational radiation Ṗb, and the range r and shape s param-
eters that characterize the Shapiro delay of the pulsar’s signal as it propagates through the gravitational
field of its companion [277]. In the case of GR, the PK parameters are given by

ω̇= 3
�

Pb

2π

�− 5
3
(T�M)

2
3 (1− e2)−1 , (1.2)

γ= e
�

Pb

2π

�
1
3

T
2
3
� M−

4
3 M2 (M1 + 2M2) , (1.3)

Ṗb = −
192π
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3
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1
3 , (1.4)

r = T�M2 , (1.5)

s = x
�

Pb

2π

�− 2
3

T
− 1

3
� M

2
3 M−1

2 , (1.6)

with s = sin i, T� = GM�/c
3 ≈ 4.925µs, and M = M1 + M2 [74, 77, 248, 260]. The advance of the

periastron ω̇ provides a measurement of the total mass M of the system and the decay of the orbital
decay Ṗb permits access to the chirp massM that is given by [33, 293]

M =
(M1M2)

3
5

(M1 +M2)
1
5

. (1.7)
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Figure 1.4.: Mass-mass diagram for the double pulsar system PSR J0737−3039. The inset shows a magni-
fied clipping of the region where the functions from the PK parameters intersect. The shown
PK parameters are based on GR. Figure taken from Ref. [51].

The observed PK parameters are usually depicted in a mass-mass diagram [33]. All functions for the
PK parameters intersect in one point which thus yields the masses of the two objects. In practice, the
functions intersect not in a single point but in an intersection area due to the uncertainties associated
with the observed PK parameters. Since GR and also alternative theories of gravity predict different
parameterizations of the PK parameters, the resulting shapes of the functions in the mass-mass diagrams
can differ [33, 162]. This constitutes also a test for GR and alternative theories of gravity. The test is
passed when all functions of the PK parameters intersect in one point within the uncertainties [293]. In
Fig. 1.4, we show the mass-mass diagram for the double pulsar system PSR J0737− 3039. We refer to
this particular system in the context of a prospect moment of inertia measurement in Sec. 1.4.3.

Masses can be measured with an impressively high accuracy [172]. Examples for successful high-
precision mass measurements are the Hulse-Taylor pulsar PSR 1913 + 16 with a mass M = 1.4408 ±
0.0003 M� [152], the millisecond pulsar PSR J1614− 2230 with M = 1.928± 0.017 M� [80, 102], and
the millisecond pulsar PSR J0348+ 0432 with M = 2.01± 0.04 M� [16]. In Fig. 1.5, available masses
from neutron stars in binary systems are collected.

1.4.2 Neutron star radii

Compared with other astrophysical objects like massive stars, neutron stars are small with radii around
12km. Moreover, neutron stars are far away which makes the measurement of their radii a difficult task.
So far, direct measurements of neutron star radii are not accessible [277]. The existent radius estimates
are not measured precisely so far and have not yet been performed for neutron stars of which the mass
has been measured [172].

Thermal emissions can lead to simultaneous measurements of neutron star masses and radii [172,
174]. For this approach, the thermal emission of the neutron star is modeled as black body emission. By
measuring the flux and taking the redshift into account, the radiation radius is obtained. This effective
radius is connected to the mass and the radius of the neutron star [172, 277]. Since a neutron star is not
a black body, the modulation of the thermal emission due to the atmosphere and the magnetic field have
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Figure 1.5.: Masses of observed neutron stars in binary systems with 1σ error bars. The different col-
ors and symbols categorize the different binary systems, i.e., main sequence-neutron star
binaries, white dwarf-neutron star binaries, double neutron star binaries, and X-ray/optical
binaries. Figure adapted from from Refs. [171, 172, 179] and data taken from Ref. [171].

to be taken into account [172]. However, the radius obtained has uncertainties which arise from different
origins. The distance to the observed neutron star is afflicted with uncertainties as well as the absorption
behavior of X-rays of the interstellar medium and the strength of the magnetic field of the neutron star
[172, 174, 277]. The isolated neutron star RX J1856 − 3754 constitutes an intensively studied source
of which the mass and the radius were determined, i.e., M = 1.86 ± 0.23 M� and R = 11.7 ± 1.3km
[172, 217, 280].

NASA’s NICER (Neutron star Interior Composition Explorer) mission has one goal to measure neutron
star radii [18]. NICER is attached to the International Space Station. A number of selected targets are
planned to be observed. The primary science goal of the NICER mission is the detection of thermal X-
ray emission from millisecond pulsars [18, 108]. The X-ray emission originates from rotating hot spots
on the neutron star’s surface [108]. Hot spots are regions of larger temperature than the surrounding
surface and are not necessarily located at the polar caps of the neutron star [228]. The intensity of the
signal is modulated by various factors such as the position, size, and geometry of the hot spots as well as
their motion [108, 228]. Moreover, the compactness C = M/R influences the light-bending and allows
consequently the detection of a far-side located hot spot [108]. Pulse profile modeling provides thus
access to the compactness and the mass of the targets [198, 208]. In the end, the analysis of the results
will provide uncertainty ranges in the mass-radius space that will put available EOS models to the test
[108].

1.4.3 Prospect of a moment of inertia measurement

Damour and Schäfer [76] describe how the moment of inertia of neutron star can be measured in
principle. High-precision timing-measurements of binary neutron stars are the most promising systems
to study in this context [76]. In compact systems like binary neutron stars, spin-orbit coupling is in
principle observable [76]. The spin-orbit coupling manifests in two effects on the binary system [25, 76].
First, the orientation of the orbit of the binary system is altered due to the precession of the orbital plane
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about the direction of the angular momentum [25, 76]. The changes are proportional to the spins of
the two objects whereas the spin of the companion is negligible in most systems [25, 162]. Second, the
spin-orbit coupling leads to an extra contribution to the advance of the periastron ω̇ caused by relativistic
effects [26, 76].

According to Refs. [76, 162], the spin-orbit coupling leads to an additional, small contribution to the
second order of the post-Newtonian (pN) expansion. The total advance of the periastron can thus be
written as

ω̇= ω̇1pN + ω̇2pN + ω̇SO ,

where the spin-orbit contribution ω̇SO is connected to the moment of inertia [162]. In order to determine
the moment of inertia, the advance of the periastron ω̇ has to be measured and the spinless contributions
ω̇1pN and ω̇2pN need to be identified. The advance of the periastron ω̇ is a PK parameter and thus high-
precision measurements of ω̇ could not only yield the determination of the moment of inertia but also
provide tests of theories of GR and alternative theories of gravity [76].

In the work of Ref. [36], observational data from the Crab nebula was used to constrain the mo-
ment of inertia of the Crab pulsar. Depending on the mass Mneb of the Crab nebula5, the authors
give different estimates for the lower bound of the moment of inertia ICrab of the Crab pulsar, i.e.,
ICrab > 1.61× 1045 g cm2 for Mneb = 2 M� and ICrab > 3.04× 1045 gcm2 for Mneb = 4.6 M�, respectively
[36]. A subsequent work (see Ref. [37]) considered several improvements and gives as revisited esti-
mates ICrab > 1.93× 1045 g cm2 for Mneb = 4.6 M� and ICrab > 2.68× 1045 g cm2 for Mneb = 6.4 M� [37].
In both studies, the authors concluded that the moment of inertia is sensitive to the EOS especially to
the stiffness (cf. Sec. 1.5) [36, 37].

In 2003, a unique system was discovered: PSR J0737− 3039 [56]. At first a pulsar with a period of
22.7ms was identified which is named PSR J0737 − 3039A. The companion was later identified as a
radio pulsar – PSR J0737− 3039B – with a period of 2.7 s [191]. This system is outstanding since both
neutron stars are radio pulsars [56, 191]. The discovery of PSR J0737−3039 was the first observation of
a double neutron star system [56, 191]. In particular, it was stated that PSR J0737−3039A may provide
a first measurement of the moment of inertia of a neutron star [191].

We start by providing some properties of PSR J0737−3039. More details on the measured parameters
and especially the observational details can be found in Refs. [51, 56, 162, 161, 191]. The masses
of both neutron stars were measured and are given by MA = 1.3381(7)M� and MB = 1.2489(7)M�
[161]. The orbital period is with Pb = 147min rather short [162]. The advance of the periastron
amounts ω̇= 16.88(10)◦ yr−1 [56]. Hence, the double pulsar exhibits a four times larger advance of the
periastron than the Hulse-Taylor pulsar. Moreover, the double pulsar is 10 times closer to the Earth and
the binary separation significantly less than in the case of the Hulse-Taylor pulsar [56]. The contribution
of the spin-orbit coupling to ω̇ is in PSR J0737− 3039 larger by about one order of magnitude than in
PSR B1913+ 16 [191]. Consequently, the relativistic effects have a larger impact on the double pulsar
than the Hulse-Taylor pulsar. This property will potentially enable the first measurement of the moment
of inertia of a neutron star [76, 191]. The accuracy of measurements of relativistic effects in compact
systems increases with the rotational frequency [162]. Consequently, relativistic effects can be measured
with a higher precision for pulsar A since pulsar B has a much smaller rotational frequency. However,
the observation of the binary system has to be performed for several years to achieve a high enough
timing accuracy to determine the spin-orbit contribution ω̇SO [162, 191]. Many authors discussed the
possible accuracy of a future measurement of IA and the consequences for the EOS. The consideration of
hypothetical moment of inertia measurements with a 10% accuracy showed that such observations have
the potential to rule out several EOS [35, 162, 182, 201].

5 We refer the reader to Ref. [36] and references therein for details on the estimates of the mass Mneb of the Crab nebula.
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1.4.4 Gravitational wave astronomy

In the years 1915 and 1916, Albert Einstein published his works on GR [85, 86]. In subsequent works,
he predicted the existence of GW [87]. However, Einstein himself doubted that GW will ever be observed
since their interaction with matter is very weak. More insights on Einstein’s skepticism is summarized in
Ref. [64]. First attempts to detect GW were made by Weber in the 1960s [283]. The first attempt to detect
GW was based on a resonant mass detector built up by an aluminum cylinder connected to piezoelectric
sensors. The concept of the detector was based on vibrations in the inside of the detector when it was hit
by GW. The piezoelectric sensors then translate the vibrational signal into an electric signal [283]. Even
though no experimental group was able to reproduce Webers findings, other scientists were motivated to
explore the field of GW further [199, 243]. 100 years after Einstein’s publication on GR – on September
14 2015 – the first GW from a binary black hole merger were observed [4]. This started a whole new
era of GW astronomy and further black hole-black hole mergers were observed since then. On October
16 2017, the detection of the first binary neutron star merger was announced. The signal was observed
on August 17 2017 and accordingly named GW170817 [5]. More on the history of GW can be found in
Refs. [64, 199].

GW are small distortions of spacetime that are emitted by accelerated masses [58, 237]. GW can be
studied by using a metric gµν that describes a flat spacetime ηµν and considering a linearized perturba-
tion hµν, i.e.,

gµν = ηµν + hµν

with |hµν| � 1 [33, 243]. For more details, we refer the reader to Refs. [58, 200, 243, 255]. Similar to
electromagnetic waves, GW propagate with the speed of light [33, 58]. In contrast to electromagnetic
waves that interact with electrically charged matter, GW interact with all kinds of matter. Moreover, GW
are completely characterized by two different polarizations h+ and h× that differ by 45◦ [33, 58, 70, 243].
In Fig. 1.6, we show a schematic drawing of the two polarizations of GW.

Figure 1.6.: Schematic representation of the propagation of GW with the two possible polarizations h+
and h×. Figure taken from Ref. [9].

The weak interaction of GW with matter makes the detection of these waves a challenge [237]. Catas-
trophic events such as a merger of two compact objects like neutron stars and black holes are suitable
systems to study GW [58, 70, 72, 238, 239]. A merger of two objects can be divided into three phases:
inspiral, merger, and ringdown [58]. During the inspiral phase, the two objects move around each other
in a spiral motion [70]. The objects get slowly closer to each other during a timespan of millions of
years. When the distance between the neutron stars becomes small enough, tidal forces become relevant
[228]. During the inspiral GW are emitted due to energy loss which manifests in the decrease of the or-
bital separation between the two objects. The GW frequency and amplitude increase with time [14]. The
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amplitude is determined by the masses of the coalescing objects [14]. The coalescence of the neutron
stars is the actual merger [228].

GW observations provide direct constraints for the EOS [70]. Ground-based GW detectors are orga-
nized as a network. Current detectors are LIGO (Laser Interferometer Gravitational-Wave Observatory,
Hanford Site and Livingston, USA) [8, 9, 129], Virgo (Santo Stefano a Macerata, Italy) [11, 49], and
GEO600 (Sarstedt, Germany) [295]. The KAGRA (Kamioka Gravitational Wave Detector, Gifu Prefec-
ture, Japan) detector is in the commissioning phase and is expected to be online by the end of 2019
[19, 247]. The LIGO-India project is a planned third LIGO detector in India [275].

The underlying principle is a sophisticated laser interferometer with beam lines of several hundred
meters or even kilometers length [58]. The perpendicularly arranged interferometer arms are realized
by evacuated pipes. At the end of the arms, mirrors are installed. The laser beam entering the interfer-
ometer is split by a beam splitter. After repeated reflection within the arms, the beams are recombined.
Eventually, the recombined beam hits a photodiode and the received intensity can be analyzed. The in-
terferometer arm-lengths are modified when the interferometer is hit by GW. One of the interferometer
arms is effectively shortened while the other arm is prolonged. This interaction ultimately changes the
interference pattern and thus allows to study the GW signal [64, 199]. The network of GW detectors
permit coincidence measurements and can provide access to the location of the source in the sky [237].
At this point it is worth to consider the weak interaction of GW with matter. For the example of the LIGO
interferometer with 4km arm lengths, the change of the arm lengths was ∼ 4 × 10−16 cm for the first
direct measurement of GW [199].

Before the objects coalescence, ground-based GW detectors are able to detect the last thousand orbits
for which the frequencies range from about 10 Hz to 1000 Hz [70, 293]. GW detectors measure the in-
tensity and phase of GW. The phase encodes information on the inspiraling objects [237]. GW signals are
noisy [237]. In order to obtain observables from such signals, the signal of the inspiral is modeled which
yields the so-called template. The template is then integrated against the observed signal. The maximal
overlap of the observed waveform and the theoretically modeled template yield the best fit parameters
[101, 228]. The fit parameters encode information on the observables of interest (cf. Ref. [101] and
references therein for details). The actual modeling of the GW templates is subject of current research
[39, 224].

The late inspiral phase is a formidable source of GW [237]. Nonetheless, the late inspiral phase poses
inevitable challenges. The full general relativistic equations that are highly non-linear need to be solved.
Further, relativistic hydrodynamics needs to be taken into account. Unknown observables like the spins
alter the GW signal. Lastly, the frequency in the late inspiral phase tight before the actual merger lies
outside the most sensitive frequency band of LIGO [101, 146]. In the early inspiral phase the objects are
at large orbital separation, hence the objects can be treated as point particles [210]. The phase of the
GW signal is then influenced by one parameter. This parameter is the tidal deformability λ that is the
ratio of the induced quadrupole moment to the perturbing tidal field of the companion [101, 146]. The
tidal deformability is sensitive to the internal properties of matter and permits thus to probe the EOS
[218]. Moreover, previous studies indicate that the dimensionless tidal deformability λ̄ might be more
accurately measurable than the tidal deformability λ [167, 168] (cf. also Ref. [39]).

In the early phase of the inspiral, the frequency evolution is sensitive to the chirp mass M that is a
particular combination of the component masses M1 and M2 [5, 237] (cf. Eq. (1.7)). Furthermore, the
chirp massM can be accessed by measuring the orbital period Pb and the orbital decay Ṗb [237]. This
ultimately provides information on the distance to the binary system [237]. The chirp mass M is best
measurable with an accuracy of a few tenth of a percent [46, 70, 71, 100, 211, 215]. In later phases of
the inspiral, effects of the gravitational interaction get larger and are related to the mass ratio

q =
M2

M1
, (1.8)
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where M1 ≥ M2. Further influences are the spin-orbit and spin-spin coupling [70]. The GW phase is
determined by the binary tidal deformability

eΛ=
16
13

(M1 + 12M2)M4
1 λ̄1 + (M2 + 12M1)M4

2 λ̄2

(M1 +M2)
5 , (1.9)

that depends on the individual masses as well as the individual tidal deformabilities λ̄1 and λ̄2 [101].
We have mentioned earlier that GW of a binary neutron star merger were observed [5]. In the first

publication on the event GW170817 [5], source properties like the individual masses M1 and M2, the
chirp mass M , the mass ratio M2/M1, and the total mass Mtot were given among other observables.
Further, estimations for the tidal deformability λ̄1.4 M� for 1.4 M� neutron stars as well as the binary tidal
deformability eΛ were provided. In subsequent publications by the LIGO Scientific and Virgo collabora-
tions [6, 7], the measured observables were corrected and we summarize the properties of GW170817
that we will use in our work in Table 1.1.

Table 1.1.: Properties of GW170817 provided by Refs. [6, 7].
parameter

chirp massM 1.186± 0.001 M�
primary mass M1 1.36− 1.60 M�
secondary mass M2 1.16− 1.36 M�
total mass Mtot 2.73+0.04

−0.01 M�
mass ratio q 0.73− 1.00
tidal deformability λ̄1.4 M� 190+390

−120
binary tidal deformability eΛ 300+500

−190

1.5 Nuclear matter and the nuclear equation of state

So far, we discussed neutron stars, their evolution, and how they can be observed. We also indicated
that the EOS is a crucial ingredient for studying neutron stars, with important open problems, especially
at high densities. In the present section, we provide more details on the EOS itself. Reviews on modern
EOS and progress in the field can be found in Refs. [24, 120, 176, 177].

The EOS is a thermodynamic relation that depends on the interaction of the particles of which the
considered matter consists [174]. For neutron stars the EOS of cold dense matter is required. Hereto,
we introduce the baryon density

n= nn + np , (1.10)

with the densities of neutrons nn and protons np. As discussed in Sec. 1.3, neutron stars consist mostly of
neutrons and only a few percentage of protons and electrons. Thus, it is useful to introduce the proton
fraction

x =
np

n
. (1.11)

In the case of x = 0.5 the described matter is called symmetric nuclear matter and in the case of x = 0
it is pure neutron matter. Symmetric matter is a special case of matter since in that case neutrons and
protons can be treated as a single species – the nucleon. The proton fraction is thus a parameter that
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differentiates between neutron matter and symmetric matter. The energy difference between symmetric
nuclear matter and pure neutron matter is described by the symmetry energy S(n), which are defined as

S(n) =
E
A
(n, 0)−

E
A
(n, 0.5) , (1.12)

with the energy per baryon E/A(n, x) of uniform nuclear matter with proton fraction x [173]. The
energy per baryon of symmetric nuclear matter exhibits a minimum with respect to the density n at n0
which is called nuclear saturation. In this context, saturation refers to the empirically found circumstance
that the central density is approximately constant in heavy nuclei. This behavior of nuclear matter
originates from the short range interaction and the strong repulsion at short distances of the nuclear
force as well as the Pauli principle.

In the quadratic expansion, an expansion of E/A(n, x) about n= n0 and x = 0.5 yields

E
A
(n, x)≈

E
A
(n, 0.5) + (1− x)2 S2(n) , (1.13)

where we only consider terms up to the quadratic coefficient [83, 173, 174]. Given the case that con-
tributions of higher orders are negligible, S2(n) can be identified with S(n) and the expansion about n0
yields

S(n)≈ Sv +
L
3

�

n
n0
− 1

�

+
Ksym
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�

n
n0
− 1

�2

, (1.14)

where Sv denotes the volume symmetry energy, L is the slope parameter, and K denotes the symmetry
compressibility and we have neglected higher order terms in density [173]. Nuclear experiments that
determine masses of nuclei can constrain Sv and L [174]. In Fig. 1.7, we show experimental constraints
on Sv and L complemented by theoretical constraints.

The symmetry compressibility Ksym is determined by the curvature of E(n, x) at saturation density
n0. For increasing compressibility, the steepness of the EOS at high densities increases. Thus, EOS are
categorized as soft or stiff EOS depending on whether the compressibility is small or large. Soft EOS
predict smaller maximum neutron star masses compared to stiff EOS [112, 123].

The pressure of neutron star matter at saturation density can is given by L [253]. Hence, the param-
eters Sv and L have predictive power in terms of the radius of neutron stars [174]. For densities around
nuclear saturation density and larger, neutron star matter consists mostly of neutrons [174, 181] (cf.
Sec. 1.3). Hence, neutron star matter can be approximated by pure neutron matter [253]. Moreover,
the pressure of pure neutron matter at densities below saturation density is correlated with the neutron
skin thickness [54, 273]. Small neutron star radii are predicted for EOS models that also predict small
neutron skin thicknesses [148].

Among others, experimental efforts to the EOS compromise measurements of nuclear masses and
charge radii (cf. Refs. [157, 158, 159, 204]), giant dipole resonances and dipole polarizabilities (cf.
Refs. [213, 256, 271]), and measurements of the neutron skin (cf. Refs. [149, 232]).

Lattimer and Prakash [176, 177] found that properties of the nuclear EOS predicted by realistic EOS
models at about saturation density are correlated with neutron star observables. Specifically, the correla-
tion found in Refs. [176, 177] relates the pressure at saturation density with the radius of neutron stars
in the mass range of typical neutron stars.

A promising approach to the EOS is chiral EFT which provides a systematic expansion of the nuclear
forces including an uncertainty estimation (cf. Ref. [193] and references therein), where the uncer-
tainties originate in the many-body Hamiltonian and the applied many-body method [127, 155]. In
general, the Hamiltonian of the many-body problem considers the contributions of the kinetic energy
and the contributions of the two-nucleon, three-nucleon interactions, and so on. Available many-body
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Figure 1.7.: Experimental constraints for L and Sv. The letters ’G’ and ’H’ represent the results from
theoretical works of Gandolfi et al. [106] and Hebeler et al. [136], respectively. Figure taken
from Ref. [181].

methods include many-body perturbation theory (MBPT, cf. Ref. [138] and also Refs. [136, 137]), quan-
tum Monte Carlo (QMC) methods (cf. Refs. [106, 107, 110, 111, 192, 263]), coupled-cluster (CC, cf.
Refs. [23, 124, 125]) method, and self-consistent Green’s functions (SCGF, cf. Refs. [62, 63, 81, 231])
represent complementary frameworks. We provide a brief overview on MBPT in Sec. 2.2.1.1.

In summary, progress in experimental methods and setups yield further constraints for parameters of
the EOS that ultimately yield constraints for the radius of neutron stars. On the other hand, astrophysical
observations provide information on the tidal deformability and the prospect of moment of inertia mea-
surements provide constraints for the radius of neutron stars. Moreover, the NICER mission will provide
direct measurements of neutron star radii in the future.

The rest of the thesis is structured as follows: In Chap. 2, we particularly focus on the theoretical
approaches to the EOS. We provide a short introduction to QCD – the underlying theory of strong in-
teractions. In this regard, we also address the challenges that emerge in describing nuclear matter.
Two distinct approaches – chiral effective field theory (EFT) and perturbative quantum chromodynamics
(pQCD) – constitute suitable methods for accessing the EOS. While chiral EFT probes the low-density
regime in neutron stars, pQCD provides information for densities much higher than in neutron stars.
Ensuing, we provide relations among EOS properties required for the present work. We then present
two models for the EOS which are used to extrapolate into the high-density regime. The piecewise poly-
tropic EOS model constitutes an established direct parametrization of the EOS. However, this approach
suffers from discontinuities of physical quantities such as the speed of sound. Hence, we discuss a speed
of sound parametrization to construct the EOS. In Chap. 3, we discuss the theoretical framework for
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calculating neutron star observables. We begin with a brief introduction to the basic concepts of GR
and then discuss how the neutron star observables relevant for this work are calculated. Beginning with
non-rotating neutron stars, we describe the approach to observables such as masses, radii, and binding
energies. We then apply the Hartle-Thorne approximation to first order in the angular velocity of the
neutron star such that we obtain access to the moment of inertia of slowly rotating neutron stars. By
taking small external tidal perturbations into account, we access the tidal deformability of neutron stars.
We then discuss the Hartle-Thorne approximation to second order which provides the quadrupole mo-
ment of neutron stars. Eventually, we address numerical issues with the presented structure equations
that are given as functions of the radial coordinate. Hereto, we discuss a transformation of the inde-
pendent variable such that all structure equations are parametrized in terms of the pseudo-enthalpy. In
Chap. 4, we focus on non-rotating neutron stars. We explore the EOS and mass-radius space for both
the piecewise polytropic EOS model and the speed of sound parametrization and provide a comparison
of both models. Moreover, we examine the speed of sound and the binding energy of neutron stars. A
special focus is put on correlations between EOS parameters and properties of typical neutron stars. We
then discuss the inference of constraints for the EOS and the radius of neutron stars. Concerning this we
apply simple compatibility cuts as a first step. Afterwards, we apply a more sophisticated approach by
using Bayesian statistics [118]. In Chap. 5, we extend our considerations by investigating slowly rotating
neutron stars, and examine the implications of moment of inertia measurements on the EOS. In Chap. 6,
we explore properties of binary neutron star systems and tidal interactions. We investigate properties of
neutron star mergers and include constraints from the pioneering observation of a binary neutron star
merger in 2017. Our considerations include universal relations that are insensitive to details of the EOS.
In Chap. 7, we summarize the present work and provide an outlook.

Throughout this thesis, we use natural units, i.e., G = c = ħh= 1.
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2 Theoretical description of the equation of
state

The structure of neutron stars is determined by the hydrostatic equilibrium between the internal pres-
sure and the gravitational force. The pressure in turn is given by the EOS. In the context of neutron
stars, the EOS of strongly interacting matter up to densities exceeding several times nuclear satura-
tion density and low temperatures is required. The density regime beyond nuclear saturation density
is relevant for neutron stars and is, however, poorly understood so far [29, 60, 61]. The description
of the interaction between the nucleons is the subject of current research. The current state of knowl-
edge is that the nuclear force between nucleons is a residual force of the strong interaction between
quarks which is described by QCD. However, QCD is highly non-perturbative at energies relevant for
studying nuclear matter up to nuclear densities. Nonetheless, further approaches provide constraints
for the density regimes below nuclear saturation density and asymptotically high densities provide in-
formation on the EOS. Chiral EFT constitutes an effective approach to nuclear forces at low energies
exploiting symmetries and the symmetry-breaking pattern of QCD. Moreover, chiral EFT allows a sys-
tematic, model-independent access to nuclear forces. Nonetheless, the predictive power is limited by the
restriction to low densities. On the other side of the spectrum of densities, perturbative QCD is applied
to densities beyond ∼ 50ρ0. The density regime in between the chiral EFT regime and the perturbative
QCD regime is therefore afflicted by significant uncertainties. We present two extrapolation methods for
densities in between the extreme density regions. First, we discuss a piecewise polytropic EOS model as
presented in Refs. [136, 137]. This approach allows to parametrize the EOS directly. Second, we discuss
a parametrization of the speed of sound as introduced originally in Greif et al. [118] from which we
infer the EOS.
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In Fig. 2.1, we show a schematic representation of the EOS. Different density regimes are indicated,
i.e., subnuclear densities (blue), nuclear densities (red), intermediate densities (green), and high densi-
ties (red), which we discuss in the following.

2.1 Equation of state of the outer and inner crust

In Sec. 1.3, we discussed the structure of neutron stars where we also put a focus on the crust of neutron
stars. For densities below the neutron drip density, the EOS is well understood. First attempts to deter-
mine the ground-state properties of nuclear matter at densities below ρ ≈ 4.3× 1011 g cm−3 were done
by Salpeter [236]. In a following work, Baym et al. [31] made further improvements on the crust EOS.
The revisions include improvements of the empirical mass formula. Modifications of the composition
were considered by the implementation of effects of the lattice of nuclei [29, 31, 243]. The Baym-
Pethick-Sutherland (BPS) EOS [31] describes the density regime of the outer crust of neutron stars. A
pedagogical review of the mathematical implementation of the BPS EOS for the crust can be found in
Ref. [243].

The density regime of the inner crust was explored by Negele and Vautherin [203]. The underlying
idea was a separation of the matter into unit cells whereas Negele and Vautherin considered spherically
symmetric cells [123, 203]. Charge neutrality was obtained by taking into account an equal number of
protons and electrons for each cell. The energy per particle inside a cell was then minimized [203]. An
extensive review of the physics of neutron star crusts can be found in Ref. [66].

2.2 Quantum chromodynamics

QCD is a relativistic quantum field theory and the underlying theory of strong interactions and as such
part of the Standard Model of particle physics [193, 291]. QCD describes the interactions between
quarks and gluons which are the fundamental degrees of freedom of the theory and the building blocks
of hadrons which in turn are the relevant degrees of freedom of nuclear matter up to nuclear densities
[93, 291]. Quarks are the fermionic matter fields and six species are known – the so-called flavors. The
flavors are grouped into the light quarks up, down, and strange and the heavy quarks charm, bottom,
and top. In Table 2.1, we provide the masses m, the electric charges q, and the isospins Iz of the quark
flavors.

Table 2.1.: Masses m, electric charges q, and isospins Iz of the six known quark flavors. The flavors are
distinguished into the light flavors (up, down, and strange) and the heavy flavors (charm,
bottom, and top). Note that isospin is only associated with up and down flavors. Data taken
from Ref. [257].

flavor m [MeV] q [e] Iz

up 2.2+0.5
−0.4 +2

3 +1
2

down 4.7+0.5
−0.3 −1

3 −1
2

strange 95+9
−3 −1

3 −

charm 1275+25
−35 +2

3 −
bottom 4180+40

−30 −1
3 −

top ∼ 170000 +2
3 −

The interaction is mediated via massless gauge bosons called gluons [93]. Every quark and every
gluon has a corresponding antiparticle. Besides the electric charge, quarks carry also a strong charge
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called color, i.e., red, green, or blue, whereas gluons carry both a color and an anticolor charge. The
names of the color charges refer to additive color mixing. So far, only colorless systems were observed
[93].

The coupling constant αS depends on the energy scale [43, 145], i.e., αS(Q2). This property is called
asymptotic freedom. In Fig. 2.2, we show a summary results from various experiments probing the strong
coupling strength αS. Perturbation theory provides reliable predictions for the observable of interest
when the coupling strength is small enough [43].

Figure 2.2.: The coupling strengthαS as a function of the energy scale Q. The data points represent results
from different experimental approaches that probed the coupling strength. See Ref. [43] and
references therein for more details. Figure taken from Ref. [43].

In the case of color-charged objects, the interaction is weak at short distances or equivalently at high-
momentum transfer. This property of QCD is referred to as asymptotic freedom and quarks are weakly
interacting [119, 193, 216]. Hence, αS goes to zero for increasing energy which permits a perturbative
treatment [254]. At large distances (¦ 1 fm) or equivalently low energies, the interaction is strong.
Hence, QCD is in this energy regime highly non-perturbative [193].

Symmetries are an important concept in physics. In the context of QCD, chiral symmetry plays an
important role. The light quarks are equal except for their masses in terms of the strong interaction [93].
The masses of the quarks are free parameters in QCD. Masses of typical hadrons are of the order of 1GeV
while the masses of the two lightest quarks – up and down quark – are of the order of only a few MeV (cf.
Table 2.1). Hence, QCD can be studied in the limit of massless light quarks as a good approximation by
neglecting the mass term of the two-flavor Lagrangian. It can be shown that the Lagrangian is invariant
under separate unitary global transformations of the right- and left-handed quark fields [93]. Under this
approximation the left- and right-handed quarks are completely decoupled [89, 93]. This symmetry is
referred to as chiral symmetry. Chiral symmetry is, however, spontaneously broken, i.e., it is a symmetry
of the Lagrangian but not of the ground state as realized, e.g., by a Mexican-hat shaped potential [93].
This can be seen from the fact that no parity doublets of hadrons exist [93]. If chiral symmetry was exact,
for each hadron an identical hadron with identical quantum numbers except for the parity would exist
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[93]. Goldstone’s theorem (cf. Refs. [115, 116]) states that every generator of a spontaneously broken
symmetry yields a massless excitation of the vacuum. Such excitations are called Goldstone bosons. In the
case of the spontaneous breakdown of the chiral symmetry of QCD, the Goldstone bosons are identified
with the pions [93]. Quarks are albeit not massless and the mass term of the Lagrangian causes that
the symmetry is also explicitly broken [93]. Consequently, pions are not massless – pions are pseudo
Goldstone bosons which explains their non-vanishing but compared to all other hadrons very small mass
[284].

2.2.1 Chiral effective field theory constraints at low energies

The binding of nucleons into nuclei is caused by the nuclear force which is a residual force from the
strong interaction comparable with the van der Waals force between molecules [93, 193]. However, the
coupling constant αS is of the order 1 in the case of the energy scales of nuclear physics [93]. Hence,
nuclear forces are not directly accessible from QCD so far. Chiral EFT represents an effective approach
to the nuclear force [193].

Chiral EFT is a systematic approach to study nuclear forces at low energies. We now provide a brief
introduction to chiral EFT. A throughout discussion is out of the scope of this thesis, comprehensive
introductions are provided by Refs. [89, 90, 92, 93, 127, 193, 194].

For setting up an EFT, the degrees of freedom for the relevant energy regime have to be identified. This
leads to the identification of soft and hard scales. Within the relevant low-energy regime, the emerging
symmetries need to be known. Moreover, the breaking-pattern, if existent, must be known. From this
knowledge, the most general Lagrangian can be written down that is consistent with the symmetries and
symmetry breaking pattern of the underlying theory. The effective Lagrangian is then expanded in low
momenta. From the expansion the Feynman diagrams are then calculated [193].

In the seminal works [287, 288, 289] by Weinberg, chiral EFT was pioneered in the early 1990’s
(see also Ref. [286]). The degrees of freedom in chiral EFT are nucleons and pions. Pions constitute
the Goldstone bosons of the broken chiral symmetry. Due to the low-energy scale of nuclear physics,
quarks and gluons are not resolved. All heavier particles are integrated out [286]. The intermediate and
long-range interaction is mediated via pion-exchange whereas the short range interaction is mediated
by contact interactions [120]. Hence, a breakdown scale Λb for chiral EFT emerges which is given by
heavier mesons such as the ρ-mesons, i.e., Λb ∼ 500 MeV [94].

The starting point of an EFT is to replace the Lagrangian L of the fundamental theory by an effective
Lagrangian Leff. In the case of QCD, the effective Lagrangian is the most general Lagrangian consistent
with the relevant symmetries and the (broken) chiral symmetry of QCD [286]. The effective Lagrangian
can be written as

Leff =Lππ +LπN +LNN + . . . , (2.1)

where Lππ describes the dynamics among pions, LπN describes the interactions between pions and nu-
cleons, LNN deals with the nucleon-nucleon contact interaction [193]. The effective Lagrangian consists
of an infinite number of terms which exhibit an increasing number of derivatives and nucleon fields
[287]. The terms can then be organized by using the expansion parameter Q that is defined by

Q =max
�

q
Λb

,
mπ

Λb

�

, (2.2)

where q refers to the typical momentum of nucleons and mπ ≈ 140 MeV denotes the pion mass [91].
In chiral EFT, the pion mass and the breakdown scale represent the soft scale and the hard scale, re-
spectively. The order of the diagrams is determined by a power-counting, where the Weinberg power-
counting (cf. Refs. [287, 288]) is commonly used in chiral EFT. The orders are then sorted by Qν with
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Figure 2.3.: Diagrammatic representation of the chiral forces. In the shown Feynman diagrams, the solid
lines represent nucleons and the dashed lines represent pions. From top to bottom, the order
ν of the chiral expansion increases, whereas LO refers to leading order, NLO refers to next-
to-leading order, and so on. From left to right, the number of involved nucleons increases.
Figure taken from Ref. [91].

the increasing integer ν, where ν = 1 is forbidden [193]. The different orders are referred to as leading
order (LO, ν= 0), next-to-leading order (NLO, ν= 2), next-to-next-to-leading order (N2LO, ν= 3), and
so on. In Fig. 2.3, we show the hierarchy and the systematic ordering of the nuclear forces as deter-
mined by chiral EFT including the power-counting up to N4LO. The predictive power of chiral EFT can
be systematically improved by including higher orders [89].

The expansion involves unknown coupling constants which are referred to as low-energy constants
(LEC) [93]. The LEC contain the information about the short-distance interaction and thus the high-
energy regime that is not resolved within chiral EFT [93]. The LEC are usually fitted to nuclear observ-
ables [193].

2.2.1.1 From nuclear forces to the equation of state

In the context of neutron stars, the EOS of neutron-rich matter is required. Chiral EFT provides system-
atic access to the nuclear forces discussed above. The potentials represent the microscopic input to the
many-body Schrödinger equation. The solution of the many-body problem, however, is not straight for-
ward and many-body methods have to be applied. Various many-body methods are available, including
MBPT, SCGF, CC, and QMC. In the following, we provide the basic ideas of MBPT, for more details also
on the other methods, we refer the reader to Refs. [23, 62, 63, 81, 106, 107, 110, 111, 124, 125, 136,
137, 138, 192, 231, 263].

Starting point of all ab-initio methods is the general form of the Hamiltonian, i.e.,

H = T + V = T + VNN + V3N + V4N + . . . , (2.3)
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where T denotes the contribution of the kinetic energy and V denotes the contribution of the interaction,
while VNN is the two-nucleon interaction, V3N the three-nucleon interactions, and V4N the four-nucleon
interactions. In MBPT, the interaction of the nucleons is treated as a perturbation. Thus, the contribution
from the kinetic energy represents the lowest order term to the energy [261]. The ground state of the
unperturbed system T is obtained by considering the free system of which the solutions are known, i.e.,
T |Φ(0)n 〉 = E(0)n |Φ

(0)
n 〉 with the energy levels E(0)n and eigenstates |Φ(0)n 〉. In the case of infinite matter the

single particle states occupy all plane-wave states up to a given Fermi momentum kF, which is related to
the density of the system via

ρ = g
k3

F

6π2
,

where g is the spin-isospin degeneracy. The corrections E(1) at first order in the interaction are then
obtained by calculating the expectation value

E(1) =
∑

α

〈α|V |α〉 (2.4)

=
∑

αNN

〈αNN|VNN |αNN〉+
∑

α3N

〈α3N|V3N |α3N〉+
∑

α4N

〈α4N|V4N |α4N〉 (2.5)

= E(1)NN + E(1)3N + E(1)4N , (2.6)

where |α〉 denote all occupied NN, 3N, and 4N states of the free system. The contributions E(1)NN, E(1)3N ,
and E(1)4N are the first-order corrections for the energy. For higher-order corrections and more details on
perturbation theory, we refer the reader to Ref. [99].

Presently, it is possible to systematically compute all contributions from NN and 3N interactions up to
third order, while NN are up to fourth order (cf. Ref. [82]).
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Figure 2.4.: Energy per particle E/N as a function of the particle density n based on chiral EFT and various
many-body methods. Left panel : Chiral EFT interactions with the 500 MeV N3LO potential
at the NN level [88]. Right panel : Complete N3LO calculation [163, 264]. Figure taken from
Ref. [135] (cf. also Ref. [137]).
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In Fig. 2.4, the energy per particle as a function of the particle density is shown based on various
many-body methods. In the left panel of Fig. 2.4, the results are based on chiral EFT interactions with
the 500 MeV N3LO potential at the NN level [88] and the results shown in the right panel of Fig. 2.4 are
based on the first complete N3LO calculation [163, 264]. For details, we refer the reader to Ref. [135]
and references therein. The presented results in the left panel of the figure show that the results for
the energy per particle up to nuclear saturation density are consistent for various many-body methods.
The results shown in the right panel of the figure show that the obtained energy per particle agrees for
different interactions.

2.2.2 Nuclear equation of state at intermediate densities

So far, we provided an overview of the nuclear EOS up to densities of about nuclear saturation density.
In this density regime, chiral EFT starts to break down and is no longer applicable. The strong coupling
constant αS is still too large for applying perturbation methods in the strong coupling. As a consequence,
other methods have to be considered. Available extrapolation methods are the direct parametrization
of the EOS by using a piecewise polytropic expansion or the indirect parametrization by using a model
for the speed of sound inside neutron stars that can be constrained by neutron star observations. Such
extrapolation methods play a key role in this thesis such that we dedicate the last section of the present
chapter for a thorough discussion.

2.2.3 Perturbative quantum chromodynamics constraints at high densities

In Sec. 2.2, we gave a brief introduction of QCD. In the subsequent section, we discussed chiral EFT as
a suitable tool for studying the EOS at nuclear densities. In the present section, we focus on the high-
energy regime where the asymptotic freedom of QCD permits perturbative approaches to the EOS. We
now give a brief introduction to pQCD and how this approach can be used to study neutron star cores
and thus the EOS of nuclear matter. A comprehensive discussion of the field can be found in Ref. [160].
However, the expansion of the EOS towards densities relevant in neutron stars requires the consideration
of high orders in the coupling constant [279].

The work of Kurkela et al. [165] extended previously achieved efforts in pQCD. Such calculations
consider vanishing quark masses and were improved by including a non-vanishing strange quark mass
(cf. Refs. [164, 165] and also references therein). Kurkela et al. [164] showed that further improved
constraints for the EOS of neutron star matter can be achieved by including constraints of pQCD. Hereto,
the authors used results from chiral EFT at low densities (cf. Ref. [264]) and imposed them on the
EOS to approach the pQCD results in the limit of high densities. The initially found pQCD results from
Refs. [165, 166] are given in a compact form via fitted functions in Ref. [103]. The fitted pressure PQCD
as a function of the baryon chemical potential µb is given by

PQCD(µb) = PSB(µb)
�

c1 −
d1X−ν1

(µb/GeV)− d2X−ν2

�

(2.7)

with the pressure of massless, non-interacting quarks [103]

PSB(µb) =
3

4π2

�µb

3

�4
. (2.8)

In the expression given above, c1, d1, d2, ν1, and ν2 denote fit parameters and X ≡ 3Λ̄/µb is a dimen-
sionless parameter. The quantity Λ̄ = (2/3)µb is the renormalization scale [103]. In Ref. [103], the fit
parameters are determined in the regime µb < 2GeV, P(µb)> 0, and X ∈ [1, 4] and read

c1 = 0.9008 , d1 = 0.5034 , d2 = 1.452 , ν1 = 0.3553 , ν2 = 0.9101 .
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In the context of the nuclear EOS and pQCD, the speed of sound of the matter inside a neutron star is
subject of current research. The matter inside a neutron star fulfills the causality constraint which means
that the speed of sound is required to be smaller than the speed of light. However, the speed of sound is
a property of the EOS and has in turn an impact on the structure of the neutron star. A review article by
Canuto [60] reveals the ambiguity of the limit of the speed of sound at high densities. By considering an
ultra-relativistic non-interacting gas of fermions, the pressure P asymptotically approaches ε/3 for large
densities and the speed of sound approaches therefore c/

p
3 [123, 285]. Results from pQCD support this

limit while further suggesting that the speed of sound approaches c/
p

3 from below [103, 165]. This
can be seen from Eq. (2.7).

2.3 Extrapolation methods for the equation of state

In the present section, we provide a thorough discussion of two extrapolation methods of the EOS beyond
nuclear densities. First, we review useful relations for the EOS. We then discuss the polytropic EOS and
extend our considerations to a piecewise polytropic EOS model as presented in Ref. [137]. Subsequently,
we present an indirect parametrization of the EOS using a speed of sound model as introduced in our
paper, Ref. [118].

2.3.1 Properties of the nuclear matter equation of state

So far, we discussed in this chapter the fundamental theory of strongly interacting matter and different
approaches to deal with nuclear forces. In this thesis, we use two extrapolation methods to explore the
density regime beyond nuclear densities of the EOS in a systematic manner. Hereto, we require several
thermodynamic relations that we shall present in this section.

A relation between the pressure P and the particle density n is given by the first law of thermodynamics
under the assumption of T = 0 and reads [58, 122]

P(n) = n2 d
dn

�ε

n

�

(2.9)

for a given energy density ε. This allows us to express the EOS as a one-parameter EOS ε(P) which is
sufficient to study cold neutron stars [130, 186]. Further, we note that the condition ε(P) ≥ 0 has to be
fulfilled and the EOS has to be a monotonically increasing function, i.e., dε/dP ≥ 0 such that the EOS is
thermodynamically stable [186].

For a given EOS, the adiabatic index is defined as [123, 186]

Γ =
ε+ P

P
dP
dε

. (2.10)

The condition Γ > 0 must be fulfilled to ensure thermodynamic stability [186]. Monotonicity of Γ does
not need to be fulfilled [186]. Moreover, the adiabatic index is a measure for the stiffness of an EOS
[123]; an EOS exhibits softening for small Γ and stiffening for large Γ .

For some applications it is useful to parametrize the EOS as a function of the pseudo-enthalpy h [186],
which is given by [123, 185]

h(P) =

∫ P

0

dP ′

ε(P ′) + P ′
(2.11)

and is a dimensionless quantity. In the context of neutron stars, the pseudo-enthalpy decreases mono-
tonically from the center of the neutron star to the surface where h ultimately vanishes [123]. The
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expression given above allows us to rewrite the EOS in terms of the pseudo-enthalpy, i.e., P(h) and ε(h).
The particle density expressed as a function of the pseudo-enthalpy is given by [123]

n=
ε+ P
ehmb

. (2.12)

The speed of sound of the nuclear EOS is a crucial ingredient in exploring the uncertain density regime
beyond nuclear saturation density. The speed of sound cs as a function of the energy density ε is given
by [170, 285]

dP
dε
= c2

s . (2.13)

Fundamental constraints like the requirement of causality are usually imposed which means that the
speed of sound has to be lower than the speed of light [123]. However, past works investigated whether
superluminal EOS violate the causality constraint, cf. Refs. [47, 48, 234]. In Sec. 2.2.3, we discussed
the speed of sound for asymptotically high densities. The knowledge of the EOS at low densities and
the conformal limit provided by pQCD allow in principle various interpolation methods for the density
region in between. This statement refers in particular to the question whether the limit of c/

p
3 can be

exceeded or not. However, the work of Bedaque and Steiner [34] showed that the conformal limit has to
be exceeded at densities relevant for neutron stars to fulfill the maximum mass constraint of reproducing
2 M� neutron stars.

2.3.2 Piecewise polytropic expansion

In the following, we explore the EOS at densities larger than nuclear densities and discuss an extrapola-
tion method for the EOS to this density regime. The approach of using polytropes or piecewise polytropic
expansions has been established, cf. Refs. [38, 136, 137, 207, 244, 250, 251, 278, 304]. In the follow-
ing, we summarize the method of piecewise polytropic expansion presented by Read et al. [225]. A
polytropic EOS as a function of the mass density ρ = mn is given by

P(ρ) = KρΓ , (2.14)

with the adiabatic index Γ and a constant K . The adiabatic index Γ adjusts the stiffness of the EOS (cf.
Sec. 2.3.1). The EOS is then determined by using the first law of thermodynamics for T = 0, i.e.,

d
ε

ρ
= −P d

1
ρ

, (2.15)

where we insert Eq. (2.14) and solve the integral [225]. We obtain

ε(ρ) = (1+ a)ρ +
1
Γ − 1

KρΓ , (2.16)

with the constant a which is determined by taking into account that ε/ρ gets equal to 1 for vanishing ρ
[225].

We extend now our considerations to piecewise polytropic EOS and assume that the EOS is known for
densities below a fiducial density ρ0. The density space is divided into distinct intervals

ρ0 < ρ1 < ρ2 < . . . ,
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whereby each polytropic segment i has an individual Ki and Γi [225]. The mass density interval is then
set by

ρi−1 ≤ ρ ≤ ρi+1 .

Furthermore, the cases Γi 6= 1 and Γi = 1 must be considered separately from each other. Similar to the
polytropic EOS, we solve Eq. (2.15) by inserting Eq. (2.14) under the consideration of Γi. For Γi 6= 1 the
energy density is given by

ε(ρ) = (1+ ai)ρ +
Ki

Γi − 1
ρΓi (2.17)

with the constants

ai =
ε(ρi−1)
ρi−1

− 1−
Ki

Γi − 1
ρ
Γi−1
i−1 , (2.18)

Ki =
P(ρi−1)

ρ
Γi
i−1

, (2.19)

where we used that the energy density and the pressure have to be continuous. For Γi = 1, the energy
density is given by

ε(ρ) = (1+ ai)ρ + Kiρ lnρ (2.20)

with the constants

ai =
ε(ρi−1)
ρi−1

− 1− Ki lnρi−1 , (2.21)

Ki =
P(ρi−1)
ρi−1

. (2.22)

With the approach described above, the EOS can be determined in the form P(ε) as well as in terms of
the pseudo-enthalpy h by applying Eq. (2.11).

The method discussed above was used in the works by Hebeler et al. [136, 137]. In this thesis,
we reproduce results from Ref. [137] and extend the presented framework by additionally considering
slowly rotating neutron stars and tidal interactions in binary systems. We therefore summarize this
approach in the following. According to Refs. [136, 137], the EOS is assumed to be known up to a
fiducial density ρ1. Furthermore, the density regime below ρ1 is divided into two parts. For densities
up to ρcrust = 0.5ρ0 the BPS crust EOS [31, 203] is used. According to Ref. [137], the choice of ρcrust
is robust which can be seen in Fig. 2.5 which shows that the resulting EOS for the BPS crust and the
chiral EFT band are in good agreement. In the density region between ρcrust and ρ1 = 1.1ρ0, results
from chiral EFT interactions are applied [136, 137]. At this point, we emphasize that the data for the
chiral EFT band provided in Ref. [137] only describes the envelope of the uncertainty band. Hence, the
band is described by two distinct EOS to which we refer as the lower and upper limit of the chiral EFT
band for the remainder of this work. In the context of the EOS, lower and upper limit refer to P(ρ) and
P(ε), respectively. For densities beyond ρ1, the EOS is extrapolated by using the piecewise polytropic
expansion as described above. In Ref. [136] a piecewise polytropic expansion with two segments was
used and the obtained results were extended by a third segment in Ref. [137]. The extended approach
showed no sizable changes in the spread of neutron star radii such that no significant changes are
expected for additional polytropic segments [137].
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Figure 2.5.: Pressure P as a function of the energy density ε. The schematic representation of the EOS
model shows the BPS crust EOS [31, 203] as a red line and the chiral EFT uncertainty band (cf.
Ref. [136]) as a blue band. Further, the transition density ρcrust that marks the transition from
the crust EOS to the chiral EFT band is shown. The density ρ1 indicates then the transition to
the piecewise polytropic expansion. The triangular forms indicate the spread in the adiabatic
indices Γ1, Γ2, and Γ3. Not shown explicitly is that the transition densities ρ12 and ρ23 are also
varied in the discussed approach. Figure taken from Ref. [137].

The three density regions are 1.5ρ0 ≤ ρ < ρ12, ρ12 ≤ ρ < ρ23, and ρ23 ≤ ρ < ρmax, with the
transition densities ρ12 and ρ23 and the maximum considered density ρmax ≈ 8.3ρ0 [137]. We further
adapt the ranges for the adiabatic indices from Ref. [137], i.e., 1.0 ≤ Γ1 ≤ 4.5, 0 ≤ Γ2 ≤ 8.0, and
0.5 ≤ Γ3 ≤ 8.0. The chiral EFT band predicts at ρ1 a range of about 2.25− 2.50 for the adiabatic index
Γ which is the reason for the rather restrictive the range of Γ1 in comparison with Γ2 and Γ3 [137]. The
presented parameter space allows phase transitions when Γ2 = 0 at intermediate densities. For the third
polytropic segment no phase transitions are allowed [137].

A schematic presentation of the approach is shown in Fig. 2.5. In the density region below ρ1, the
BPS crust EOS as well as the chiral EFT band are shown. Further, the transition density ρcrust is shown
that marks the transition between the BPS crust EOS to the chiral EFT band. For densities beyond ρ1 the
piecewise polytropic expansion is indicated by triangles which are separated by the transition densities
ρ12 and ρ23. This can be understood by considering that polytropes are power functions and Fig. 2.5
shows both axes on a logarithmic scale.

The EOS that are built using the approach discussed above have to fulfill two further constraints to
be physically reasonable. On the one hand, every EOS has to be causal over the whole density regime
inside the neutron star. On the other hand, the predicted maximum mass must be at least 1.97 M� [137].
This mass constraint refers to the lower limit of the 1σ error of the heaviest observed neutron star PSR
J0348+ 0432 [16].

2.3.3 Parametrization of the equation of state using a speed of sound model

In this thesis, we consider an additional approach to the EOS beyond nuclear densities. The construction
of the piecewise polytropic EOS exhibits discontinuities in the speed of sound. This can be illustrated by
the definition of the speed of sound given in Eq. (2.13) and the expressions for the polytropic expansion
as presented in Sec. 2.3.2. Another parametrization of the speed of sound in order to obtain the EOS
was recently done by Tews et al. [262].
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We summarize in the following the approach originally introduced in our paper, Ref. [118]. The idea
is to parametrize the speed of sound as a function of the energy density and deduce the EOS from this
parametrization. As for the piecewise polytropic EOS model (cf. Sec. 2.3.2), we assume that the EOS is
known for densities below a fiducial density ρ1 = 1.1ρ0. Following the approach presented in Sec. 2.3.2,
the EOS coincides with the BPS crust EOS [31, 203] and the chiral EFT band [136, 137] for densities up
to ρ1.

We include a logistic function to fulfill the pQCD limit for high densities. Additionally, we include
a Gaussian which allows the speed of sound to exceed c/

p
3 at intermediate densities. The complete

parameterization is then given by

c2
s (ε̄) = a1e

− 1
2
(ε̄−a2)2

a2
3 + a6 +

1
3 − a6

1+ e−a5(ε̄−a4)
, (2.23)

where ε̄ = ε/(mN · n0) is a dimensionless energy density and mN = 939.565 MeV denotes the nucleon
mass. The parameters a1, a2, a3, a4, and a5 are free parameters of the model and we present the
parameter space in Table 2.2. We tested the limits of the parameters to ensure that the EOS model
covers a sufficiently large spectrum in the EOS space [118]. The parameter a6 is fixed by matching to
the chiral EFT band from Ref. [137] using a χ2 fit. The energy density and the speed of sound of the
chiral EFT band at ρ1 are required for the matching, i.e.,

lower limit : ε(ρ1) = 167.8 MeV fm−3 , c2
s (ρ1)/c

2 = 0.034 ,

upper limit : ε(ρ1) = 168.5 MeV fm−3 , c2
s (ρ1)/c

2 = 0.055 .

The matching ensures a continuous transition from the speed of sound given by the chiral EFT band to
the speed of sound given by the parametrization.

Table 2.2.: Parameters for the speed of sound model given in Eq. (2.23) according to our paper,
Ref. [118]. The parameter a6 is not listed as this is not a free parameter. It is fixed by
matching the the speed of sound extrapolation continuously to the speed of sound given
by the chiral EFT band. For details see the text.

parameter range

a1 0.1− 1.5
a2 1.5− 12
a3/a2 0.05− 2
a4 1.5− 37
a5 0.1− 1

We impose further constraints on the resulting EOS from the model introduced above. Every EOS has
to predict a maximum neutron star mass of at least 1.97 M� which is the lower limit of the 1σ error bar
in the case of PSR J0348+ 0432 [16]. EOS that violate the mass constraint are discarded. Furthermore,
causality has to be fulfilled for each EOS over the whole density regime in the interior of neutron stars.
For asymptotically high densities, we impose that c2

s must converge to 1/3 from below.
Following Ref. [118], we allow phase transitions by setting c2

s = 0 whenever a considered parameter
set results in negative c2

s values for a certain energy density range. For densities n ≤ 1.5 n0 we assume
that the bulk properties of matter can be described as a normal Fermi liquid. In Landau Fermi liquid
theory (FLT) [32], the speed of sound is given by

c2
s, FLT(n) =

1+ F0

m∗N/mN

1
3m2

N

�

3π2n
�

2
3 , (2.24)
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where F0 denotes the spin-independent and isotropic (l = 0) Landau parameter characterizing particle
interactions. In FLT, nucleons are described in terms of effective degrees of freedom, so-called quasi-
particles, with effective mass m∗N. The dimensionless Landau parameter F0 is expected to be attractive,
and calculations for neutron matter suggest F0 ≈ −0.5(2) as well as m∗N/mN ≈ 0.9(2) at saturation den-
sity [240, 241]. Moreover, both 1 + F0 and m∗N/mN are expected to be of order one. Given the above
considerations, it is very conservative to assume

1+ F0

m∗N/mN
≤ 3

up to 1.5 n0. This implies

c2
s, FLT(n) =

1
m2

N

�

3π2n
�

2
3 . (2.25)

We use Eq. (2.25) to determine a forbidden area for the speed of sound in the density regime up to
n= 1.5 n0.
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Figure 2.6.: The squared speed of sound c2
s as a function of the energy density ε. The black dotted

horizontal line indicates the asymptotic limit from pQCD. The gray box shows the constraint
from FLT for densities up to 1.5ρ0. We present an exemplary EOS that is matched to the
lower limit of the chiral EFT band. The figure has been modified from Ref. [118].

In Fig. 2.6, we show an example EOS for one chosen set of parameters for an illustrative purpose. This
figure features also the restricted area determined by the FLT constraint given in Eq. (2.25).

In contrast to our work, Tews et al. [262] consider two transition densities, i.e., ρ1 = 1.1ρ0 and
ρ1 = 2ρ0. Moreover, the authors consider two fit parameters for the matching of the extrapolation to the
low-density EOS. These two parameters are determined by fitting the speed of sound and its derivative.
The speed of sound parametrization in Ref. [262] considers also a Gaussian to exceed the conformal
limit of c/

p
3 at intermediate densities but the authors consider additionally a skewness parameter for

the Gaussian.
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3 Theoretical description of neutron stars
The present chapter provides the mathematical framework to calculate neutron star observables. Hereto,
we provide a brief introduction to GR which constitutes an appropriate framework for studying neutron
stars. Further, we provide an in-depth discussion of the calculation of neutron star observables. We begin
with the consideration of spherical symmetric, non-rotating stars which provides access to the masses
and radii of neutron stars. We extend this approach by determining the binding energy. However, neu-
tron stars are actually rotating objects such that spherical symmetry is inherently broken. We therefore
consider slowly rotating neutron stars using the Hartle-Thorne approximation. Hereto, we consider an
expansion in the angular velocity to first order such that slow rotation is treated as a small perturbation
of the non-rotating neutron star [130]. This allows us to calculate the moment of inertia. Within the
scope of the slow-rotation approximation, the moment of inertia affects the speed of rotation for a fixed
angular momentum as well as the rotational energy [131, 297]. We then extend our approach by consid-
ering binary systems which allow us to calculate the tidal deformability1. This observable measures how
easily a neutron star can be deformed due to the tidal forces induced by a companion [147, 167, 300].
Further, we use a truncation at second order which opens the access to study the quadrupole moment
of neutron stars within the Hartle-Thorne approximation. The quadrupole moment determines to what
extend the neutron star is deformed by the existence of a companion [297].

Lastly, we present a numerical framework to determine the neutron star observables we discuss in
this chapter. Hereto, we parametrize the EOS as a function of the pseudo-enthalpy and transform all
necessary differential equations in terms of this dimensionless quantity.

3.1 General relativity

In this thesis, we assume GR is a suitable theory of gravity for the description of neutron stars. In the
present section, we provide a brief introduction into GR and how this theory is applied in studying
neutron stars. A throughout discussion of GR is beyond the scope of this thesis but we sketch the ideas
and concepts that are required. Details can be found in Refs. [112, 113, 200, 243, 255, 285].

GR was postulated by Albert Einstein in 1915 [85, 86] as an extension to special relativity that was
postulated as well by Einstein ten years earlier in 1905 [84]. A brief synopsis of the history of GR and
Einstein’s path to establishing this theory can be read in Ref. [200].

Besides GR, alternative theories of gravity are studied. However, GR passed all experimental tests
with flying colors so far. Will [293] provides a throughout review on tests of GR and also an overview
on alternative theories of gravity, see also references therein. The first three tests were suggested by
Einstein himself, namely the gravitational redshift of light, the light deflection by massive bodies, and
the perihelion precession of Mercury, and probe the weak-field regime [113]. Among the most precise
tests are the investigation of the weak-field gravity conditions in the solar system [41, 294].

GR is a geometric theory of gravity [58, 243]. Consequently, the movement of a particle is not caused
by gravitational forces but by the curvature of spacetime [58, 123]. The curvature of spacetime is
dictated by the presence of masses [123]. The spacetime can be described with three spacial coordinates
and one time coordinate [243]. The distance between two events is determined by

ds2 = gµν dxµdxν , (3.1)

1 Some authors refer to this observable as tidal polarizability.
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where xµ denote the coordinates in spacetime and gµν the components of the metric tensor [113, 243].
The connection between the geometry of spacetime and the interaction with masses and energy is ex-
pressed by Einstein’s field equations

Gµν = 8π Tµν , (3.2)

where Gµν denotes the Einstein tensor and Tµν the energy-momentum tensor. The expression above
depicts a very compact representation of Einstein’s field equations [58]. The quantities Gµν and Tµν are
functions of the metric gµν as well as its first and second derivatives. Using symmetry arguments, one
can show that Eq. (3.2) is a system of ten coupled, non-linear differential equations [58]. The energy-
momentum tensor is a symmetric tensor with a vanishing divergence and expresses consequently the
conservation of energy and momentum [112, 113]. The energy-momentum tensor has to be deduced by
a theory of matter while in practical applications a perfect fluid is frequently assumed, i.e,

Tµν = (ε+ P) uµuν + P gµν , (3.3)

where uµ is the four velocity [112, 113, 255]. The idealization of the matter inside a neutron star as a
perfect fluid is justified by the fact that shear stresses as well as the energy transport inside the neutron
star are negligible [200]. We refer the reader to Ref. [112] for a thorough discussion of a general form
of the energy-momentum tensor.

Einstein’s field equations are then solved with a suitable ansatz for the metric which eventually yields a
solution for the metric. Solving Einstein’s field equations is a difficult task: First, the involved differential
equations are non-linear as already noted above. Second, spacetime and matter are mutually influential
[113]. Analytical solutions are only known for a few problems [123]. The discipline of numerical
relativity deals with the numerical solution of the field equations which is a computationally expensive
challenge [123].

In the present work, we use suitable ansätze for the metric where we consider in particular non-
rotating neutron stars, slowly rotating neutron stars, and small perturbing tidal fields which are discussed
in the subsequent sections.

3.2 Non-rotating neutron stars

We start our discussion by considering non-rotating, spherical symmetric stars. In this work, we neglect
the effects of magnetic fields which are argued to be solely small corrections [219]. The geometry of the
spacetime in that case is well described by the Schwarzschild metric

ds2 = −eν dt2 + eλ dr2 + r2 dϑ2 + r2 sin2 ϑ dϕ2 , (3.4)

where ν and λ are metric functions depending on the radial coordinate r solely, ϑ and ϕ denote the
polar and azimuthal angles, respectively. The metric functions ν and λ vanish in the case of flat spacetime
[123]. The independent works of Tolman [270] and Oppenheimer and Volkoff [205] are based on solving
Einstein’s field equations (3.2) and considering a spherical symmetric, non-rotating star by using the
Schwarzschild metric given in Eq. (3.4). This yields the Tolman-Oppenheimer-Volkoff2 (TOV) equations
which are given by [205, 270]

dP
dr
= −(ε+ P)

m+ 4πr3P
r2

�

1−
2m
r

�−1

, (3.5a)

dm
dr
= 4πr2ε . (3.5b)

2 The literature refers often to the Oppenheimer-Volkoff equations, abbreviated as OV equations.
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where r denotes the radial coordinate and m the gravitational mass within a sphere of radius r (cf.
Refs. [140, 156, 200]). We note here that Eq. (3.5a) expresses the hydrostatic equilibrium [112]. More-
over, Eq. (3.5a) indicates that a maximum mass Mmax of a neutron star3 exists [113, 123]. Oppenheimer
and Volkoff used the EOS of a free Fermi gas at T = 0 and solved Eqns. (3.5a) and (3.5b). In their
work, the authors found that the maximum mass of neutron stars is MOV ≈ 0.71 M�

4 [205]. We refer the
reader to Chap. 1 where we provide details and references on the progress of the maximum mass from a
theoretical as well as an observational point of view.

To get a closed system of equations, the EOS ε(P) must be known. The TOV equations are solved by
choosing a central pressure Pc = P(r = 0) and integrating from the center to the surface of the star. The
surface is defined by the radial coordinate R at which the pressure vanishes, i.e., P(r = R) = 0. Thus, R
represents the radius of the neutron star. The mass is then defined by M ≡ m(r = R). The other initial
condition is given by m(r = 0) = 0. Inside the star, the conditions P(r) > 0 and dP/dr < 0 hold [123].
In summary, we note that the masses M and radii R are parametrized by the central pressure Pc.

The metric function ν is determined by solving the differential equation

dν
dr
=

2
�

m+ 4πr3P
�

r2

�

1−
2m
r

�−1

(3.6)

with the boundary condition

ν(R) = ln
�

1−
2M
R

�

. (3.7)

The boundary condition for ν is derived from setting P(R) = ε(R) = 0 in Eq. (3.6) and matching the
interior solution and the exterior solution at the surface of the star. We note here that the solution of
ν is not required for solving the TOV Eqns. (3.5a) and (3.5b), but ν is required for the calculation of
quadrupole moments of neutron stars (cf. Sec. 3.5). Moreover, an expression for the metric function λ
is required, which is given by

eλ =
�

1−
2m
r

�−1

. (3.8)

Furthermore, stellar models can be tested for stability for a sequence of central pressures Pc. A stellar
model is only stable when the condition

dM
dPc

> 0

is fulfilled, whereas the opposite condition

dM
dPc

< 0

always indicates instability [123, 243].

3 The actual value of Mmax depends on the matter in the interior of the star and thus on the EOS [113]. A more detailed
discussion on arguments for the existence of a maximum neutron star mass can be found in Ref. [123] and references
therein.

4 De facto, Oppenheimer and Volkoff wrote: “It seems likely that our limit of ∼ 0.7 M� is near the truth.” in their
publication [205].
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Further, the binding energy of neutron stars can be accessed within the framework of non-rotating
neutron stars. We start by determining the number of baryons contained inside a neutron star. The
baryon number A is given by

A= 4π

∫ R

0

dr r2n ·
�

1−
2m
r

�− 1
2

, (3.9)

with the particle density n [112, 113, 123, 133]. The expression given above can be rewritten as

dA
dr
= 4πr2n ·

�

1−
2m
r

�− 1
2

, (3.10)

with the initial condition A(r = 0) = 0 [123]. Hence, the baryon number A is determined simultaneously
with the mass M and the radius R of the neutron star.

The binding energy of a neutron star can be interpreted as the energy that is necessary to build such
an object from a fixed number of baryons [113, 177]. The binding energy BE is defined by [113]

BE= Amb −M , (3.11)

where mb denotes the baryon mass.

3.3 Slowly rotating neutron stars

Up to this point, we discussed static, spherical symmetric neutron stars. Nevertheless, actual neutron
stars are indeed rotating objects. Rotation with an angular velocity Ω gives rise to deformations of a
neutron star such that spherical symmetry is broken but axial symmetry is still valid. Thus, a full de-
scription requires the consideration of stellar deformations, support of heavier configurations, additional
changes in the spacetime, and the general relativistic effect of frame-dragging (Lense-Thirring effect, cf.
Refs. [53, 266]) [277].

A perturbative approach to determine the structure of rotating neutron stars is the Hartle-Thorne
approximation [130, 133]. In this approach, an expansion of the metric in the angular velocity Ω is
performed [130, 133]. Numerous works have discussed the Hartle-Throne approximation, cf. Refs. [27,
58, 123, 276]. We briefly address the applicability of the slow-rotation approximation to existing neutron
stars. Rotation is considered as slow when the centrifugal forces are small in comparison with the
gravitational forces [123, 130] that can be expressed via

R3Ω2

GM
� 1 . (3.12)

This condition holds even for the fastest spinning known neutron star PSR J1748 − 2446ad that has a
spin period of 1.396 ms [141]. By assuming a typical neutron star with M = 1.4 M� and R = 10km,
one finds R3Ω2/GM ≈ 0.11 [123]. In this thesis, we focus especially on PSR J0737 − 3039A which
is the fastest rotating known pulsar in a double neutron star binary system with a period of about
22.70ms [56]. The authors of Ref. [276] claim that the slow-rotation approximation is well applicable
for rotational frequencies less than 300Hz which is the case for 96% of the known pulsars – thus also
for PSR J0737− 3039A. Other works substantiate that the slow-rotation approximation is applicable for
most neutron stars, cf. Refs. [40, 219, 298].

Moreover, we only consider uniform rotation [130]. This can be justified by the fact that differential
rotation dampens within a few days [139]. The Schwarzschild metric given in Eq. (3.4) exhibits no
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off-diagonal elements which are inherently necessary to describe rotating systems. The metric for static,
axial symmetric stars is then given by [130, 132]

ds2 = −H2dt2 +Q2dr2 + r2K2
�

dϑ2 + sin2 ϑ (dϕ − Ldt)2
�

, (3.13)

with the r-dependent functions H, Q, K , and L [130]. The quantity L is an angular velocity that is
connected to the moment of inertia [130]. Rotating massive objects drag spacetime along with their
rotation. As a consequence, a free falling observer attains an angular velocity that is identified with L
[130]. Up to first order in Ω, L is given by

L(r,ϑ) =ω(r,ϑ) +O
�

Ω3
�

. (3.14)

The metric given in Eq. (3.13) can now be simplified using the expression above. The result is then
inserted into Einstein’s field equations given in Eq. (3.2) which can then be solved. As we noted above,
we are interested in the angular velocity acquired by a free falling observer towards the star [130], i.e.,

ω̄= Ω−ω , (3.15)

that is referred to the rotational drag. Following Refs. [130, 133], the TOV Eqns. (3.5a) and (3.5b) have
to be supplemented by a differential equation for the rotational drag ω̄. In the work of Hartle [130] it
was shown that ω̄ is a function of the radial coordinate solely. The differential equation for ω̄ is given
by

1
r4

d
dr

�

r4 j
dω̄
dr

�

+
4
r

d j
dr
ω̄= 0 , (3.16)

where the auxiliary function j is defined by

j = e−
1
2 (ν+λ) . (3.17)

The boundary value of j is deduced by considering the exterior solutions for the metric functions ν and
λ that are given by

eν = e−λ = 1−
2M

r
, r > R . (3.18)

We evaluate Eq. (3.17) at the surface of the neutron star with the expressions given above and find
the boundary condition j(R) = 1 [130]. The initial conditions for Eq. (3.16) are obtained by implying
regularity at the center of the star [123], which yields

ω̄(0) = ω̄c and
dω̄
dr

�

�

�

�

r=0

= 0 , (3.19)

where the value of ω̄c can be chosen arbitrarily [130, 133], but sufficiently small to fulfill the requirement
of slow rotation (cf. Eq. (3.12)) [123].

In general, the moment of inertia of a spheric symmetric star is given by [131]

I =
∂ J
∂Ω

�

�

�

�

Ω=0

, (3.20)
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with the angular momentum J and the angular velocity Ω. We consider the Hartle-Thorne approximation
up to first order in Ω and hence we obtain

J = IΩ+O
�

Ω3
�

(3.21)

for the angular momentum [131]. The exterior solution given in Eq. (3.16) is then solved and the
constants of integration are identified with the angular velocity Ω and the angular momentum J . The
rotational drag is then given by [130, 133, 200]

ω̄(r) = Ω−
2J
r3

, (3.22)

with the angular momentum [133]

J =
1
6

R4
�

dω̄
dr

�

r=R
. (3.23)

Eventually, the angular velocity of the star is determined by [133]

Ω= ω̄(R) +
2J
R3

, (3.24)

and the moment of inertia reads

I =
J
Ω

. (3.25)

At this point, we refer the reader to Refs. [130, 133] where the authors provide more information on how
corrections to the radius can be considered in order to determine the deformation of a slowly rotating
star.

3.4 Tidal perturbations

Up to this point, we solely considered isolated neutron stars. We now extend the presented framework
by investigating neutron stars in an external tidal field induced by a companion. Hereto, we consider a
spherical symmetric neutron star with mass M . The companion generates an external quadrupole field
Ei j. The external quadrupole field in turn alters the shape of the neutron star and a quadrupole field Q i j
emerges as a consequence. The deformation of the star has an effect on the gt t component of the metric
tensor, i.e.,

1− gt t

2
= −

M
r
−

3Q i j

2r3

�

nin j −
1
3
δi j
�

+O
�

1
r3

�

+
1
2
Ei j x

i x j +O
�

r3
�

, (3.26)

where ni = x i/r [267]. The expression above thus yields access to the fields Ei j and Q i j. In this work,
we follow the work of Refs. [101, 146] such that we consider Eq. (3.26) to linear order in Ei j and assume
the source to be at far distance. Consequently, the quadrupole field is given by

Q i j = −λEi j , (3.27)

where we introduced the tidal deformability λ5. The tidal deformability is related to the tidal Love
number by

k2 =
3
2
λR−5 , (3.28)

5 The reader should not confuse the tidal deformability λ with the metric function λ.
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that was introduced by Love [190]. We note here that the tidal deformability and consequently the Love
number provide a measure of the deformation of a neutron star [300].

Following the approach of Ref. [146], we restrict our considerations to static, linear perturbations to
the metric of a spherical symmetric star g(0)

αβ
such that the full metric gαβ is given by [268]

gαβ = g(0)
αβ
+ hαβ ,

with the linearized perturbation hαβ of the metric [146]. An ansatz for the metric perturbation is given
by [227, 268]

hαβ = diag
�

−eνH0, eλH2, r2K , r2 sin2 ϑK
�

Y2m(ϑ,ϕ) , (3.29)

where the functions H0, H2, and K depend on r solely since we restrict our considerations to static
perturbations [146, 228]. Further, the perturbation of the energy-stress tensor (cf. Eq. (3.3)) is given by
[146, 268]

δT0
0 = −δρ = −

�

dP
dρ

�−1

δρ , (3.30)

δTi
i = δρ . (3.31)

The perturbation of the metric and the perturbation of the energy-stress tensor are then inserted into the
linearized Einstein field equations

δGα
β = 8πδTα

β . (3.32)

According to Ref. [146], the metric functions H0 and H2 are related by −H2 = H0 ≡ H and further the
functions K ′ and H can be related using Einstein’s field equations. As a result, the following differential
equation is obtained [146]:

0=
d2H
dr2

+

�

2
r
+

2m+ 4πr3 (P + ε)
r (r − 2m)

�

dH
dr

+

(

4πr

�

5ε+ 9P +
(ε+ P)2

PΓ

�

−
6
r
−

4
�

m+ 4πr3P
�2

r2 (r − 2m)

)

H
r − 2m

.

(3.33)

We now consider the exterior region r > R where the expression above is given by

0=
d2H
dr2

+
�

2
r
−

2M
r(2M − r)

�

dH
dr
−
�

6
r(r − 2M)

+
4M2

r2(2M − r)2

�

H . (3.34)

Following Refs. [146, 268], the differential equation for the exterior region can be reformulated as an
associated Legendre differential equation with l = m= 2:

�

x2 − 1
� d2H

dr2
+ 2x

dH
dr
−
�

6+
4

x2 − 1

�

H = 0 , (3.35)

where we introduced

x =
r
M
− 1 .
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Solutions of differential equations as given in Eq. (3.34) can be written in the general form

H = c1Q2
2(x) + c2P2

2(x) , (3.36)

with the coefficients c1 and c2. Moreover, P2
2(x) and Q2

2(x) denote the associated Legendre polynomial
and associated Legendre function of the second kind, respectively (cf. Ref. [10]), and are given by6

P2
2(x) = 3

�

x2 − 1
�

, (3.37)

Q2
2(x) =

3
2

�

x2 − 1
�

ln
�

x + 1
x − 1

�

−
3x3 − 5x

x2 − 1
. (3.38)

Eventually, the exterior solution of Eq. (3.34) reads

H =c1

� r
M

�2�

1−
2M

r

�

�

−
M(M − r)(2M2 + 6M r − 3r2)

r2(2M − r)2
+

3
2

ln
� r

r − 2M

�

�

+ 3c2

� r
M

�2�

1−
2M

r

�

.

(3.39)

In order to determine the coefficients c1 and c2, we investigate the asymptotic behavior for large r and
find

H =
8
5

�

M
r

�3

c1 +O
�

M
r

�4

+ 3
� r

M

�2
c2 +O

� r
M

�

. (3.40)

In conjunction with the exterior solution of the metric function ν (cf. Eq. (3.18)), we now have the
asymptotic behavior of the metric element gt t given in Eq. (3.29) at hand. We match the asymptotic
solution to the expansion of the gt t component in Eq. (3.26). Eventually, we determine the coefficients
c1 and c2 and find

c1 =
15
8
λE
M3

, c2 =
M2E

3
, (3.41)

where we used Eq. (3.27). Past studies (cf. Refs. [75, 146, 188, 218, 302]) showed that the tidal
deformability does not depend on the function H itself but solely on the expression

y =
r
H

dH
dr

. (3.42)

As a consequence, Eq. (3.33) can be rewritten as a first-order differential equation for y that is given by

dy
dr
= −

y2

r
−

r + 4πr3 (P − ε)
r (r − 2m)

y +
4
�

m+ 4πr3P
�2

r (r − 2m)2
+

6
r − 2m

−
4πr2

r − 2m

�

5ε+ 9P +
(ε+ P)2

PΓ

�

, (3.43)

with the initial condition y(0) = 2 [188].
Ultimately, we determine an expression for the tidal deformability by inserting Eq. (3.39) and its

derivative with respect to r into Eq. (3.42). The expression obtained in this way shall then be evaluated
at the radius R of the neutron star and we define Y = y(R) [188]. The quantity Y is a measure for

6 We note that the expressions for Pl
m(x) and Q l

m(x) used differ from the mathematical definition because the regular
definition holds only for |x | < 1. However, in the presented case the condition x > 1 holds which explains the changes
in the arguments of the logarithms (cf. Ref. [10] for more details on Pl

m(x) and Q l
m(x) in general).
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the relativistic quadrupole gravitational potential which is induced by the tidal deformation [188]. The
dimensionless tidal deformability λ̄ is then determined via [188]

λ̄(C , Y ) =
16

15Ξ
(1− 2C)2 [2+ 2C(Y − 1)− Y ] , (3.44)

where the parameter Ξ is given by

Ξ(C , Y ) =4C3
�

13− 11Y + C(3Y − 2) + 2C2(1+ Y )
�

+ 3(1− 2C)2 [2− Y + 2C(Y − 1)] ln(1− 2C)
+ 2C [6− 3Y + 3C(5Y − 8)] .

(3.45)

Above, we gave an expression for the dimensionless tidal deformability λ̄ instead of the tidal deforma-
bility λ whereat the two quantities are related by

λ̄=
λ

M5
. (3.46)

Previous research (cf. Refs. [167, 168]) supports the hypothesis that the dimensionless tidal deformabil-
ity λ̄ might be measurable more accurately than the tidal deformability λ.

3.5 Quadrupole deformation

In the present section, we discuss how the quadrupole moment of neutron stars is calculated. We follow
the approach described in Refs. [130, 133]. Hence, we use the Hartle-Thorne approximation up to
second order in Ω at which the shape of the neutron star is altered and thus lead to a non-vanishing
quadrupole moment. The metric in Eq. (3.13) then reads

ds2 =− eν(1+ 2h)dt2 + eλ
�

1+
2m

r − 2M

�

dr2

+ r2(1+ 2k)
�

dϑ2 + sin2 ϑ (dϕ −ωdt)2
�

+O
�

Ω3
�

.
(3.47)

Only the metric functions h and k given in Eq. (3.47) are related to the quadrupole moment Q; hence we
neglect the metric function m7 in our discussion. The work of Regge and Wheeler [227] demonstrates
that an expansion of the metric in spherical harmonics is possible:

h(r,ϑ) = h0(r) + h2(r) P2(ϑ) + . . . , (3.48a)

k(r,ϑ) = k0(r) + k2(r) P2(ϑ) + . . . , (3.48b)

where the indices denote the l values of the spherical harmonics. For the calculation of the quadrupole
moment only the l = 2 expressions are relevant [130]. Solving Einstein’s field equations given in
Eq. (3.2) with the ansatz for the metric given in Eq. (3.47) and considering the expansion in spheri-
cal harmonics in Eqns. (3.48a) and (3.48b) yields differential equations for h2 and k2. According to
Hartle [130], it is convenient to introduce v2 = h2 + k2 for numerical reasons, such that the final system
of differential equations is given by

dh2

dr
=

�

−
dν
dr
+

r
r − 2m

�

dν
dr

�−1 �

8π(ε+ P)−
4m
r3

�

�

h2 −
4v2

r(r − 2m)

�

dν
dr

�−1

+
1
6

�

1
2

dν
dr

r −
1

r − 2m

�

dν
dr

�−1
�

r3 j2
�

dω̄
dr

�2

−
1
3

�

1
2

dν
dr

r +
1

r − 2m

�

dν
dr

�−1
�

r2 d j2

dr
ω̄2 ,

(3.49a)

dv2

dr
= −

dν
dr

h2 +
�

1
r
+

1
2

dν
dr

�

�

−
1
3

r3 d j2

dr
ω̄2 +

1
6

j2r4
�

dω̄
dr

�2
�

, (3.49b)

7 We followed here the notation of Hartle [130]. The reader should not confuse here the metric function m with the mass
profile m. As stated in the text, the metric function m is not required in this work, hence there is no need to carefully
distinguish between the metric function and the mass profile.
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with the boundary conditions

v2 = h2 = 0 at r = 0 and r =∞ .

The interior solutions for h2 and v2 can be written as a sum of a particular and a homogeneous solution
[130], i.e.,

hint
2 = h(P)2 + A · h(H)2 , (3.50a)

v int
2 = v (P)2 + A · v (H)2 , (3.50b)

with a constant A. We denote the particular and homogeneous solution with the superscripts (P) and
(H), respectively. The particular solutions are obtained by integrating the full system of differential
equations given in Eqns. (3.49a) and (3.49b) while the homogeneous solution are then given by solving
the homogeneous part, i.e.,

dh(H)2

dr
=

�

−
dν
dr
+

r
r − 2m

�

dν
dr

�−1 �

8π(ε+ P)−
4m
r3

�

�

h(H)2 −
4v (H)2

r(r − 2m)

�

dν
dr

�−1

, (3.51a)

dv (H)2

dr
= −

dν
dr

h(H)2 . (3.51b)

The initial conditions near r = 0 for the particular integrals are given by

h(P)2 → ar2 , (3.52a)

v (P)2 → br4 , (3.52b)

where the constants a and b are related via

b+
2π
3
(εc + 3Pc) a =

2π
3
(εc + Pc) ( jcω̄c)

2 , (3.53)

with εc ≡ ε(0), Pc ≡ P(0), jc ≡ j(0), and ω̄c ≡ ω̄(0) being the central values [130]. The initial conditions
near r = 0 for the homogeneous part read

h(H)2 → Br2 , (3.54a)

v (H)2 →−
2π
3
(εc + 3Pc)Br4 , (3.54b)

with a further constant B. The constants a and B are chosen arbitrarily. Solving the particular and
homogeneous differential equations and inserting the results in Eqns. (3.50a) and (3.50b) yield the
interior solutions depending on the constant A. In order to obtain the exterior solutions for h2 and v2,
we use the exterior solutions for ν, λ, and ω̄ as given in Eqns. (3.18) and (3.22) and insert the exterior
solutions into Eqns. (3.49a) and (3.49b), accordingly [130]. The differential equations obtained in this
way for r > R read

dh2

dr
= −

2v2

M
−

2(r −M)h2

r(r − 2M)
−

3J2

M
r2 − 2M r − 2M2

r5(r − 2M)
, (3.55)

dv2

dr
= −

2Mh2

r(r − 2M)
+

6J2

r5

r −M
r − 2M

. (3.56)

Similar to the solutions of the differential equations for the interior region, we solve the differential
equations for the exterior region by determining a particular and a homogeneous solution [130]. The
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solutions for the differential equations for hext
2 and v ext

2 in the exterior region can be determined analyti-
cally [130]. Eventually, the exterior solutions are given by

hext
2 = J2

�

1
M r3

+
1
r4

�

+ KQ2
2
� r

M
− 1

�

, (3.57a)

v ext
2 = −

J2

r4
+ K

2M

[r (r − 2M)]1/2
Q2

1
� r

M
− 1

�

, (3.57b)

where K is a constant and the associated Legendre function of the second kind Q2
1(x) is given by [130]

(cf. Sec. 3.4 for the expression of Q2
2(x))

Q2
1(x) =

�

x2 − 1
�1/2

�

3x2 − 2
x2 − 1

−
3
2

x ln
�

x + 1
x − 1

�

�

. (3.58)

In Eqns. (3.57a) and (3.57b), the constant K is related to the quadrupole moment Q and determined by
matching the interior and exterior solutions of h2 and v2 at the surface of the star, i.e.,

hint
2 (R) = hext

2 (R) , (3.59a)

v int
2 (R) = v ext

2 (R) . (3.59b)

We obtain hint
2 (R) and v int

2 (R) from the interior solutions by solving the particular integrals in
Eqns. (3.49a) and (3.49b) as well as the homogeneous integrals in Eqns. (3.51a) and (3.51b). Hence,
the left-hand side of the system above depends on h(P)2 , h(H)2 , v (P)2 , and v (H)2 as well as the constant A –
cf. Eqns. (3.50a) and (3.50b). We insert the expressions given in Eqns. (3.57a) and (3.57b) into the
right-hand side of the expression above. Eventually, the system of equations

h(P)2 (R) + A · h(H)2 (R) = J2
�

1
MR3

+
1
R4

�

+ KQ2
2
�

R
M
− 1

�

, (3.60a)

v (P)2 (R) + A · v (H)2 (R) = −
J2

R4
+ K

2M

[R (R− 2M)]1/2
Q2

1
�

R
M
− 1

�

(3.60b)

has to be solved for K and ultimately yields

K =
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1
M r3
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1
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M
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�

�−1
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(3.61)

The constant A is then not required to determine the quadrupole moment of neutron stars. Eventually,
the quadrupole moment is given by [130, 133]8

Q =
8
5

KM3 +
J2

M
. (3.62)

8 The quadrupole moment in Ref. [130] is misprinted, the follow-up work in Ref. [133] provides the corrected equation.
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3.6 Numerical method

In this section, we present the numerical method we use to calculate the neutron star observables. We
start our discussion by focussing on the TOV equations given in Eqns. (3.5a) and (3.5b) that result in
solutions for the pressure profile P(r) and mass profile m(r). The coupled differential equations are
typically treated as an initial value problem and solved by integrating from the center of the star at r = 0
to the surface at r = R where the pressure vanishes. The initial values are specified by m(0) = 0 and a
chosen value for the pressure P(0) = Pc [185].

Using this approach, neutron star properties like radii and masses can be determined. Nevertheless,
the described approach exhibits problems [185, 187]. First, the domain of integration is not known
initially since the radius is defined by the vanishing pressure. Second, the definition of the surface,
i.e., P(R) = 0, is numerically difficult to solve since dP/dr vanishes at the surface [187]. Furthermore,
Eqns. (3.5a) and (3.5b) feature a singularity at the center of the star.

We follow the work of Ref. [185] and re-write the EOS P(ε) such that the pressure P as well as the
energy density ε are given as functions of the pseudo-enthalpy h that we introduced in Chap. 2 (cf.
Eq. (2.11)). As a consequence, we also transform the differential equations required for determining the
neutron star structure. Using the chain rule of derivation and Eqs. (2.11) and (3.5a) yield

dh
dr
=

dh
dP
·

dP
dr
= −

m+ 4πr3P
r (r − 2m)

. (3.63)

It was proven by Hartle that the condition 2m(r)/r < 1 is always fulfilled [131]. Using this condition and
Eq. (3.63), it can be shown that dh/dr ≤ 0 holds [185]. Consequently, h is a monotonically decreasing
function of r. This justifies the transformation from r being the independent variable to h [185]. Making
r and m the dependent variables and h the independent variable changes the TOV Eqns. (3.5a) and
(3.5b) to

dr
dh
= −

r (r − 2m)
m+ 4πr3P

, (3.64a)

dm
dh
= 4πr2ε ·

dr
dh

. (3.64b)

The transformed TOV equations are then integrated from the initial conditions r(hc) = 0 and m(hc) = 0
to the surface of the star, where h = 0. The radius and the mass are then determined by R = r(0)
and M = m(0). Thus, the domain of integration is initially fixed which solves one of the problems noted
above [185, 187]. Further, the derivative dr/dh does not vanish at the surface of the star which therefore
solves the problem associated which the condition P(R) = 0 to determine the surface of the star [187].
The singularity in the center of the star remains [185], thus the integration has to be started near the
center. This is performed by using a power series expansion [187]:

r(h) = r1(hc − h)1/2 + r3(hc − h)3/2 +O (hc − h)5/2 , (3.65)

m(h) = m3(hc − h)3/2 +m5(hc − h)5/2 +O (hc − h)7/2 . (3.66)

The coefficients in the two equations above are given by

r1 =
�

3
2π(εc + 3Pc)

�
1
2

, (3.67)

r3 = −
r1

4(εc + 3Pc)

�

εc − 3Pc −
3(εc + Pc)2

5PcΓc

�

, (3.68)

m3 =
4π
3
εcr3

1 , (3.69)

m5 = 4πr3
1

�

r3εc

r1
−
(εc + Pc)2

5PcΓc

�

, (3.70)
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where εc ≡ ε(hc), Pc ≡ P(hc), and Γc ≡ Γ (hc) denote the central energy density, central pressure, and
central adiabatic index, respectively [185, 187].

The transformation for the baryon number A is straightforward. We use again the chain rule of deriva-
tion and additionally Eq. (2.12) with the result that the expression for the baryon number reads

dA
dh
= 4πr2 ε+ P

eh ·mb

�

1−
2m
r

�− 1
2
·

dr
dh

. (3.71)

In the case of the moment of inertia of neutron stars, we transform the second order differential equation
for ω̄ into a linear system of two differential equations by substituting

dω̄
dr
= α , (3.72)

which yields

dα
dr
= −

4α
r
−

1
j

d j
dr

�

α+
4
r
ω̄

�

. (3.73)

Although the function j is depending on ν, one can show that the factor

1
j

d j
dr

in the expression above is independent on ν and can be rewritten as

1
j

d j
dr
= −

4πr3(P + ε)
r(r − 2m)

. (3.74)

See Appendix A for details. Hence, the differential equation for the metric function ν is not required for
the calculation of moments of inertia. By substituting the factor, we find

dα
dr
= −

4α
r
+

4πr3(P + ε)
r(r − 2m)

�

α+
4
r
ω̄

�

. (3.75)

The transformation of the differential equations given in Eqns. (3.72) and (3.75) as functions of h is
straightforward by using the chain rule. We show the results at the end of this section where we summa-
rize all transformed differential equations. As stated above, the differential equations exhibit singularities
at the center of the neutron star. Therefore, we expand the central value of ω̄c around r = 0 and obtain
[298]

ω̄(r) = ω̄c +
8π
5
(εc + Pc) ω̄cr2 . (3.76)

This does also apply for Eq. (3.43) that is required for the calculation of the tidal deformability.
Referring to our discussion of the initial conditions for the transformed TOV equations and following
Ref. [188], we perform an expansion to determine the initial condition for y(r) near the center of the
star and find

y(r) = 2+ y2(hc − h) +O (hc − h)2 , (3.77)

where the coefficient y2 is given by

y2 = −
6

7(εc + 3Pc)

�

εc

3
+ 11Pc +

(εc + Pc)2

PcΓc

�

. (3.78)
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In the case of the differential equations for h2 and v2 further substitutions can be made. By comparing
Eqns. (3.6) and (3.63) one finds

dν
dr
= −2

dh
dr

. (3.79)

The expression above is then used in conjunction with the chain rule to transform the differential equa-
tions for h2 and v2. Moreover, both differential equations depend on the function j(r), which can be
rewritten as a function of h as follows:

j(h) =

�

1− 2m
r

1− 2M
R

�

1
2

· eh . (3.80)

We refer to Appendix A where we show details on the derivation of the expression given above. This
expression, however, depends on the mass M and the radius R of the neutron star. Consequently, the
TOV equations as given in Eqns. (3.64a) and (3.64b) have to be solved in advance.

Applying this approach to all required differential equations, we eventually have the following system
of differential equations:

dr
dh
= −

r (r − 2m)
m+ 4πr3P

, (3.81a)

dm
dh
= 4πr2ε ·

dr
dh

, (3.81b)

dA
dh
= 4πr2 ε+ P
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2m
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�− 1
2
·

dr
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, (3.81c)

dω̄
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= α ·
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, (3.81d)
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. (3.81h)

Depending on how the EOS is available, the adiabatic index as a function of the pseudo-enthalpy Γ (h)
has to be determined using Eq. (2.10).

In Appendix B, we provide some numerical test cases to benchmark our implementation of the dis-
cussed framework.
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4 Non-rotating neutron stars
In this chapter, we discuss the structure of non-rotating neutron stars. In Chap. 2, two EOS models
were introduced, namely the piecewise polytropic EOS model and the speed of sound parametrization.
We determine the EOS space and mass-radius space for both parametrizations and provide a compari-
son of the predicted properties of non-rotating neutron stars for both models. Moreover, we investigate
properties of the speed of sound in the case of the piecewise polytropic EOS model. We review corre-
lations between properties of the EOS at nuclear densities and neutron star observables. It was shown
[175, 177, 252] that the quantity R P−1/4 is approximately constant for a typical neutron star in the
density regime from saturation density to twice saturation density where R is the radius of a neutron star
and P is the pressure. We investigate this correlations for the presented EOS models. Finally, we explore
the impact of future simultaneous mass-radius measurements on the EOS. Based on the primary science
targets of the NICER mission, we assume different scenarios. We then utilize two different approaches
to infer constraints for the nuclear EOS. First, we apply simple compatibility cuts and second, we use
Bayesian statistics. In this context, we also investigate the impact of the parametrization of the EOS on
the inference of EOS constraints.

Parts of the results presented in this chapter has been published in Greif et al. (2019) [118].

4.1 Exploring the equation of state and mass-radius space

We start with considering the piecewise polytropic EOS model. The approach discussed in Chap. 2 is
used to construct the EOS within the parameter space given in Sec. 2.3.2. Following Ref. [137], we
discretize the parameter space such that we vary the transition densities ρ12 and ρ23 in steps of 0.5ρ0.
The adiabatic indices Γ1, Γ2, and Γ3 are varied in steps of 0.5 each. Given the pressure P and the energy
density ε, we use Eq. (2.11) to parametrize the EOS as a function of the pseudo-enthalpy h such that we
obtain P(h) and ε(h).

We study non-rotating neutron stars by using the framework presented in Sec. 3.2 in combination with
the reformulation presented in Sec. 3.6 and construct a sequence of neutron stars parametrized by the
central value of the pseudo-enthalpy hc which ultimately results in M(hc) and R(hc). While solving the
TOV equations, we verify that the causality constraint is fulfilled. When the maximum neutron star mass
Mmax for the considered EOS is approached, we check if this mass is as least as high as the imposed mass
constraint. Consequently, we obtain the mass-radius relation for each EOS compatible with the imposed
constraints. We find ∼ 105 EOS that fulfill the constraints using the discussed approach. From the EOS
that are in accordance with the constraints, we determine the envelopes in the EOS as well as mass-radius
space. In the left panel of Fig. 4.1, we show the resulting uncertainty band for the piecewise polytropic
EOS model. Inside this uncertainty band only EOS that fulfill the demanded constraints are present.
Comparing the left panel of Fig. 4.1 with the results shown in Ref. [137], we encounter a slightly larger
uncertainty band for low energy densities and pressures with respect to the polytropic expansion. The
resulting mass-radius uncertainty band is shown in the right panel of Fig. 4.1. Based on this, we provide
an uncertainty range for the radius of a 1.4 M� neutron star where we find R1.4 M� = 9.97 − 13.65 km
and the central densities for this mass are in the range of ρc, 1.4 M� = 1.7− 4.4ρ0. The maximum central
density is ρc,max ≈ 8.3ρ0 agrees with the findings from Ref. [137]. Further, we determine the mass of
the most massive neutron star which we find to be Mmax = 2.92 M�.
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In Ref. [137], a set of representative EOS1 was introduced. This set consists of three EOS, i.e., a soft,
an intermediate, and a stiff one, that allow to probe the mass-radius envelope. The soft and intermediate
EOS are both matched to the lower limit of the chiral EFT band. The parameters of the soft EOS are
Γ1 = 1.5, Γ2 = 6.0, Γ3 = 3.0, ρ12 = 2.5ρ0, and ρ23 = 4.0ρ0. The intermediate EOS is given by the
parameters Γ1 = 4.0, Γ2 = 3.0, Γ3 = 2.5, ρ12 = 3.0ρ0, and ρ23 = 4.5ρ0. The stiff EOS is matched to the
upper limit of the chiral EFT band and its parameters are Γ1 = 4.5, Γ2 = 5.5, Γ3 = 3.0, ρ12 = 1.5ρ0, and
ρ23 = 2.0ρ0 [137]. We also show these representative EOS and the corresponding mass-radius relations
in Fig. 4.1 and we adapt the same color coding and linestyle as used in Ref. [137], i.e., the soft EOS is
shown as a dashed green line, the intermediate EOS as solid orange, and the stiff EOS is presented as a
dash-dotted red line.
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Figure 4.1.: Left panel : Pressure P as a function of the energy density ε. The light blue band results from
the polytropic extrapolation used in Ref. [137] and summarized in this thesis. Note that the
shown envelope is smoothed. The dark blue band depicts the chiral EFT uncertainty band
from Hebeler et al. [137] (see also Ref. [136]). In addition, we show the results for the three
representative EOS (soft, intermediate, and stiff). In contrast to Ref. [137], we found a bump
with a less steep slope than the authors of Ref. [137]. Moreover, we show the BPS crust EOS
[31, 203]. Right panel : Resulting mass-radius uncertainty band in light blue for the polytropic
EOS model discussed in the text. The results for the chiral EFT band and the BPS crust EOS
are for too large radii not shown here.

Next, we explore the EOS and mass-radius space for the speed of sound parametrization discussed in
Sec. 2.3.3. Parts of the results discussed here were published in Ref. [118]. We apply the parameter
space shown in Table 2.2 to Eq. (2.23) whereas the parameter a6 is not determined at that point. The
parameter space is discretized such that the parameters a1, a2, a3, a4, and a5 have 14 steps. Furthermore,
we choose a linear grid for the parameters a1, a3, and a5 and a logarithmic grid for the parameters a2
and a4. We ensure that the chosen discretization is fine enough to cover a broad range both in EOS and
mass-radius space. As discussed in Sec. 2.3.3, the parameter a6 is fixed by matching to either the lower

1 The authors of Ref. [137] provide numerical data for the BPS crust EOS, the lower and upper limit of the chiral EFT
band, the representative EOS including the associated radii and masses.
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or upper limit of the chiral EFT band2. From the matching, we obtain the speed of sound parametrized
as a function of the energy density ε. We then obtain the pressure P by solving the integral given in
Eq. (2.13). Eventually, the EOS is parametrized in terms of the pseudo-enthalpy h what yields P(h) and
ε(h) using Eq. (2.11). With the EOS at hand, we solve the TOV equations with the constraints listed in
Sec. 2.3.3 and find ∼ 105 EOS.
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Figure 4.2.: Left panel : We show the EOS uncertainty band based on the speed of sound model discussed
in the text. Right panel : We present the resulting mass-radius uncertainty range. For a com-
parison, we additionally show the results for the three representative EOS of the piecewise
polytropic EOS model.

In Fig. 4.2, we present the resulting uncertainty band for the EOS based on the speed of sound model
and the corresponding mass-radius uncertainty range. We also show the results for the three representa-
tive EOS of the piecewise polytropic EOS model to provide a qualitative comparison. The presented
approach allows us to determine an uncertainty range for the radius of a 1.4 M� neutron star that
we find to be R1.4 M� = 10.04 − 13.32km. The radius range for 1.4 M� neutron stars is smaller for
the speed of sound model than in the case of the piecewise polytropic EOS model as presented above
(R1.4 M� = 9.97− 13.65km). For the central densities in 1.4 M� neutron stars, we find the range to be
ρc, 1.4 M� = 1.8 − 4.6ρ0. The maximal central density ρc,max is about 11.0ρ0. The presented speed of
sound parametrization predicts Mmax = 2.72 M� as the maximum neutron star mass which is a somewhat
smaller value than predicted by the piecewise polytropic EOS model.

In Fig. 4.3, we provide a qualitative comparison of the polytropic EOS model and the speed of sound
parametrization. The piecewise polytropic EOS model covers a larger area in EOS space than the speed of
sound parametrization which translates also in a larger covered area in mass-radius space. We identified
two reasons for the deviations between the two discussed approaches to the EOS. First, the constraints
for the EOS differ in the intermediate-density regime. In the case of the piecewise polytropic EOS model,
the parameter space is limited by the values for the parameter Γ1 (cf. Sec. 2.3.2 for details). Thus, the
FLT constraint for the speed of sound parametrization is more restrictive. Due to the FLT constraint,
stiff EOS and consequently mass-radius relations with larger radii are discarded. We conclude from this

2 At this point, we note that it is possible to parametrize the EOS inside the chiral EFT band. Such a parametrization
provides improvements in applications such as Bayesian inference (cf. Sec. 4.3.2.1). In collaboration with K. Hebeler, G.
Raaijmakers, A. Schwenk, and A. Watts, a new parametrization of the EOS inside the chiral EFT band is in preparation.
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Figure 4.3.: Similar figure as Figs. 4.1 and 4.2. The left panel depicts the EOS space where we additionally
show the BPS crust EOS and the chiral EFT band. The right panel features the mass-radius
space. In both panels, we show the three representative EOS of the piecewise polytropic EOS
model as introduced by Hebeler et al. [137]. We present a qualitative comparison between
the piecewise polytropic EOS model and the speed of sound parametrization. The piecewise
polytropic EOS model covers a larger area in EOS space as well as mass-radius space than
the speed of sound parametrization. See the text for the discussion of the reasoning for the
deviations between the two models. A similar figure is published in our paper, Ref. [118].

that the upper limit of the radius of typical neutron stars is sensitive to the intermediate-density regime
of the EOS. Second, the piecewise polytropic EOS model allows phase transitions followed by a strong
stiffening. The stiffening at high densities allows EOS that are soft at lower densities to fulfill the mass
constraint. Even though phase transitions are also allowed for the speed of sound parametrization, the
strong stiffening is prohibited by the construction of the model (cf. Sec. 2.3.3). Hence, small radii for
light neutron stars are not reached in the case of the speed of sound parametrization.

In Chap. 2, we noted that the piecewise polytropic EOS model exhibits unphysical behavior in the
speed of sound. In Fig. 4.4, we present the speed of sound cs/c as a function of the energy density ε
in the case of the piecewise polytropic EOS model. The results show the discontinuities in the speed of
sound that result from the construction of the piecewise polytropic EOS model. In the work of Ref. [34],
it was pointed out that the speed of sound in neutron stars has to exceed the value of c/

p
3. The

representation of our results in Fig. 4.4 provides no information if every EOS inside the uncertainty
band supports this statement. In the following, we investigate the properties of the speed of sound with
special focus on thresholds that are exceeded. We choose four speed of sound thresholds cthold

s, 1 /c = 1/
p

3,
cthold

s, 2 /c = 0.65, cthold
s, 3 /c = 0.75, and cthold

s, 4 /c = 0.95. We sample over all EOS inside the uncertainty band
of the piecewise polytropic EOS model where we only consider densities larger than ρ1 = 1.1ρ0. For
each cthold

s, i , we determine cs(ρ) for increasing densities. For the lowest density ρc, min at which cs(ρc,min)
exceeds cthold

s, i , we determine the corresponding mass M(ρc,min) and radius R(ρc,min). We present our
results in Fig. 4.5. Our results show that cthold

s, 1 has to be exceeded for densities relevant in neutron stars
to fulfill the mass constraint. This result is in accordance with the findings presented in Ref. [34].

Additionally, we determine the maximum speed of sound value cs, max for every EOS in the uncertainty
band. From the collected data for cs, max, we determine the minimal value and find min

�

cs,max

�

/c ≈ 0.66
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Figure 4.4.: Speed of sound cs as a function of the energy density ε for the piecewise polytropic EOS
model. We show the results for the chiral EFT uncertainty band as a dark blue band and in
light blue we show the uncertainty band for the whole EOS band. Further, we provide the
results for the three representative EOS which clearly show the discontinuity.
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Figure 4.5.: Mass M as a function of radius R. The gray area depicts the entire region allowed by the
general EOS construction. The highlighted areas represent M–R pairs that reach values for
the speed of sound cthold

s, i /c ¶ 1/
p

3 (purple), 0.65 (blue), 0.75 (orange), and 0.95 (dark gray).

which is larger than the conformal limit cconf/c = 1/
p

3. Thus, the findings discussed by Ref. [34] are
supported by the piecewise polytropic EOS model. In the case of the speed of sound parametrization,
the limit of 1/

p
3 is exceeded by the construction of the model [118] (cf. Sec. 2.3.3).
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4.2 Correlations among neutron star observables and the equation of state

In the following, we investigate correlations among neutron star observables and EOS parameters. The
work of Lattimer and Prakash [177] showed that the radius of typical neutron stars is correlated with the
pressure around nuclear saturation density of the underlying EOS. In Ref. [177], a correlation between
masses of M = 1.0 M� and 1.4 M� and the pressure at n = 1.0 n0, 1.5 n0, and 2.0 n0 was investigated.
Taking into account several realistic EOS, the authors found the correlation to follow a power law

RM ≈ C(n, M) [P(n)]0.23−0.26 ,

with the coefficient C(n, M) [177]. According to the authors of the work presented in Ref. [177], the
correlation given above is valid for a small range of exponents. A later work by Steiner et al. [253]
justified that 0.25 is a reasonable choice for the exponent in the expression above, but adjustments can
be performed. Accordingly, we consider the correlation given above in the form

RM ≈ C(n, M) [P(n)]
1
4 , (4.1)

in this work. A revision of the work presented in Ref. [177] was made by Lattimer and Lim [175] since
the observation of 2 M� neutron stars ruled out several EOS that were considered in the initial work.
The revised coefficients are given by

C(n0, 1.4 M�) = 9.52± 0.49km ,

C(2 n0, 1.4 M�) = 5.68± 0.14km ,

in the case of 1.4 M� neutron stars [175]. The correlation for 1 M� neutron stars was not revised hence
we consider the coefficients found by Lattimer and Prakash [177], i.e.,

C(n0, 1 M�) = 9.53± 0.32 km, (4.2)

C(2 n0, 1 M�) = 5.82± 0.21 km. (4.3)

Such a correlation has the potential to deduce constraints for the EOS and neutron star properties.
Experiments and theoretical studies that constrain the pressure around saturation density imply therefore
constraints for the radius of neutron stars [174]. Future astrophysical observations might yield mass-
radius measurements which can then be used to constrain the pressure around saturation density [174].
We refer the reader to Sec. 1.5 were we summarize low-density properties of the EOS that are influenced
by the pressure in the vicinity of saturation density.

In the following, we investigate whether the correlation between the pressure P at low densities and
the radius R of typical neutron stars recovers for the piecewise polytropic EOS model. We restrict our
considerations to n= 2.0 n0 since the piecewise polytropic extrapolation starts at ρ1 = 1.1ρ0. We sample
over all EOS inside the EOS uncertainty band and determine for each EOS P(2 n0) and R1 M� as well as
R1.4 M� . In Fig. 4.6, we show our results for M = 1 M� in the left panel and for M = 1.4 M� in the
right panel. From our results, we obtain the pressure and radius ranges predicted by the considered EOS
model. For the pressure we find the range to be P(2 n0) = 3.9−69.6MeV fm−3. For the two neutron star
masses we find the radius ranges R1 M� = 9.69− 13.22km and R1.4 M� = 9.97− 13.63 km. Further, we
present the uncertainty bands discussed in Refs. [175, 177] in the corresponding panels. The presented
results for the piecewise polytropic EOS model deviate from the approximative relation. At this point,
we stress that the presentation of our results in Fig. 4.6 does not reflect how the results are actually
distributed.

In Fig. 4.7, we present the same results as in Fig. 4.6 extended by a color coding for the speed of sound
at twice saturation density. This representation of the data allows to explore the distribution of the data.
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Figure 4.6.: Left panel : The radius R1 M� as a function of the pressure P(2 n0). The gray band represents
the correlation found by Lattimer and Prakash [177]. Right panel : The radius R1.4 M� as a
function of the pressure P(2 n0). The gray band represents the uncertainty band found by
Lattimer and Lim [175]. In both panels our results for the piecewise polytropic EOS model are
shown as the light blue areas. However, we note that the way in which we present our data
does not reflect how the actual data points are distributed (cf. Fig. 4.7).
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Figure 4.7.: Similar figure as Fig. 4.6. Additionally, we show the speed of sound at twice saturation den-
sity as a color coding in the case of the piecewise polytropic EOS model. The speed of sound
cs(2 n0) increases for increasing pressure P(2 n0) and the data points more dilute.

We observe that the qualitative properties in the case of 1 M� and 1.4 M� neutron stars are comparable
and that the speed of sound at twice saturation density increases with simultaneously increasing pressure
P(2 n0) and radius R1 M� and R1.4 M� , respectively.
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We now investigate whether the discussed correlation is also fulfilled in the case of the speed of sound
model parametrization. Our results for the radius of 1 M� and 1.4 M� neutron stars as a function of
the pressure evaluated at twice saturation density are shown in Fig. 4.8. As for the piecewise polytropic
EOS model we deduce the ranges for the pressure and the radii of the two considered neutron star
masses. We find P(2 n0) = 7.8 − 48.8MeV fm−3 for the pressure range. For the radius ranges we find
R1 M� = 10.04− 12.84km and R1.4 M� = 10.04− 13.32km. The pressure and radius ranges in the case of
the speed of sound parametrization are slightly smaller than in the case of the piecewise polytropic EOS
model. Hence, the speed of sound parametrization yields a more narrow correlation than the piecewise
polytropic EOS model. The smaller ranges are a consequence of the stronger constraints imposed at low
densities in the speed of sound parametrization than for the piecewise polytropic EOS model. From our
shown results, we find that the correlation indeed recovers for the speed of sound parametrization. The
left panel of Fig. 4.8 shows additionally the uncertainty band from Ref. [177] and the right panel shows
the uncertainty band of Ref. [175]. As for the piecewise polytropic EOS model, we observe deviations
between the empirically determined relation and our results.
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Figure 4.8.: Similar figure as Fig. 4.6. We present the results for the speed of sound parametrization in
purple. Additionally, we show the uncertainty bands in gray from Ref. [177] in the left panel
and from Ref. [175] in the right panel. See also Fig. 4.9 for a more detailed representation of
the shown results.

In Fig. 4.9, we complement our results by additionally showing the speed of sound evaluated at twice
saturation density. We observe similarities to the piecewise polytropic EOS model such as the increase
in the speed of sound cs(2 n0) with increasing pressure P(2 n0). However, for the largest pressures about
45MeV fm−3 at twice saturation density, the corresponding speed of sound decreases.

Besides the mass and the radius of non-rotating neutron stars, we discussed in Chap. 3 an approach
to calculate the binding energy. We determine the normalized binding energy BE/M and corresponding
compactness parameter C = M/R for a sequence of neutron stars for each EOS of the piecewise poly-
tropic EOS model compatible with the constraints as discussed in Sec. 2.3.2. Subsequently, we determine
the envelope of BE/M(C). In Fig. 4.10, we present the resulting uncertainty band for the neutron star
binding energy BE/M as a function of the compactness C . We observe a tight correlation over an ex-
tended range of C . For C ¦ 0.25, the shown results exhibit a broadening of the spread in BE/M . For the
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Figure 4.9.: Similar figure as Fig. 4.8. We show the results or the speed of sound parametrization. Addi-
tionally, we show a color coding for the speed of sound cs(2 n0) at twice saturation density.
The speed of sound at twice saturation density increases with increasing pressure evaluated
at the same density. However, the speed of sound decreases for the largest pressures at twice
saturation density.
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Figure 4.10.: The binding energy of a neutron star BE/M as a function of the compactness parameter
C . The light blue band represents the results for the piecewise polytropic EOS model. Ad-
ditionally, we show the results for the three representative EOS. The gray band depicts the
resulting uncertainty band found by Lattimer and Prakash [177].

compactness parameter of typical neutron stars, we find a range of C1.4 M� = 0.15−0.21 and we find the
range of BE1.4 M� = 0.14− 0.20 M� for the binding energy of M = 1.4 M� neutron stars.
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In Ref. [177], Lattimer and Prakash investigated the relation between the dimensionless binding en-
ergy BE/M as a function of the compactness parameter C for several realistic EOS. An approximative
relation is given by [177]

BE
M
=

0.6C
1− 0.5C

, (4.4)

which accounts for neutron stars with masses of at least M = 1.65 M�. In Fig. 4.10, we addition-
ally show the uncertainty band introduced in Ref. [177] as a gray band. The uncertainty band of the
piecewise polytropic EOS model is in good agreement with the results found by Lattimer and Prakash
[177]. The authors of Ref. [175] utilized the approximative relation for the binding energy above to
derive constraints for typical neutron stars. Hereto, experimental limits for the symmetry parameters
Sv and L (cf. Sec. 1.5) were used to obtain estimates for the radius R1.4 M� of M = 1.4 M� neutron
stars. As a result, the authors obtained a range for the binding energy for M = 1.4 M� neutron stars,
i.e., BE1.4 M� ≈ 279+35

−25 × 1051 erg which is equivalent to BE1.4 M� ≈ 0.14 − 0.18 M� [175]. Hence, our
result (BE1.4 M� ≈ 0.14− 0.20 M�) is in good agreement with the findings of the literature presented in
Ref. [175].

4.3 Inference of constraints for the radius and the equation of state

In the present section, we derive constraints for the radius of neutron stars and the nuclear EOS based
on hypothetical neutron star observations. Hereto, we assume hypothetical mass-radius scenarios based
on the primary science targets of the NICER mission. We utilize the unique relation between the EOS
and the mass-radius relation.

In this section, we investigate the impact of mass-radius measurements on the EOS. Further, we inves-
tigate whether the choice of the parametrization impacts the inference of EOS constraints. In this work,
we compare the established piecewise polytropic EOS model and the speed of sound parametrization.
We use two approaches for the inference. First, we sample over all EOS inside the according uncertainty
bands and keep the EOS and mass-radius relations that are consistent with the considered mass-radius
measurements. Second, we use Bayesian inference to obtain EOS constraints resulting from mass-radius
observations. The calculations using Bayesian inference where done by G. Raaijmakers and A. Watts
using the protocol outlined in Ref. [230].

The following is based on the collaborative work that was done together with G. Raaijmakers, K.
Hebeler, A. Schwenk, and A. Watts and originally published in Ref. [118].

4.3.1 Configurations of mass-radius posterior distributions

In order to compare different methods of constraining the EOS and the effect the parametrization has on
these constraints, we explore multiple scenarios of mass-radius posterior distributions. All distributions
are modeled as bivariate Gaussian distributions

P (M , R|D,M ,I ) =
σMσR

2
exp

�

−
(M −µM)2

2σ2
M

−
(R−µR)2

2σ2
R

�

, (4.5)

with the mean of the distribution centered on a specific underlying EOS. Note that realistic mass-radius
posteriors expected from the waveform modeling technique used by NICER will have some degeneracy
between mass and radius (cf. Ref. [198]). However, the differences that might result from differ-
ent parametrizations of the EOS can be illustrated using simplified posteriors, without a mass-radius
degeneracy.

For each scenario of different mass sources, we consider two different underlying EOS: a relatively soft,
standard EOS with a radius around 11 km (labelled A); and a more extreme EOS covering a larger spread
in radii (labelled B). We then define scenarios that may emerge as a result of the NICER observations.
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For the first two scenarios we consider the two primary science targets of NICER [18]: the pulsar
PSR J0437− 4715 with a mass of 1.44± 0.07 M� [226] and PSR J0030+ 0451, for which the mass is
unknown. In Case 1 we assume that the mass of this pulsar is 2.0 M� and in Case 2 that it is 1.2 M�. In
Case 3 and 4 we add two more stars, so that we have four mass-radius posteriors. This is representative
of the results eventually expected from NICER. The next two highest priority targets being studied by
NICER are PSR J1231+ 1411 and PSR J2124− 3358; for neither of these stars the mass is known. For
Case 3 we assume that the three unknown masses lie relatively closely together: 1.4 M�, 1.5 M�, and
1.7 M�. In Case 4 we take them to be more widely spread: 1.2 M�, 1.7 M�, and 2.0 M�. This is obviously
far from exhaustive, but lets us explore a range of representative scenarios.

We then add a random scatter to all masses and radii drawn from a Gaussian distribution centered on
the EOS with a standard deviation of 3% of the chosen mass and radius values, except for the known
neutron star mass. The uncertainties of the distributions, σM and σR, are randomly picked from a
uniform distribution between 5 − 10% of the central mass-radius values, except again when the mass
is known. As each of these configurations is considered with two different underlying EOS, we have a
total number of eight scenarios and provide numerical values of the considered mass-radius scenarios in
Table 4.1. At this point, we note that the 1σ errors given in Table 4.1 need to be modified in order to
obtain the semi-major and semi-minor axes of the ellipses of the assumed mass-radius measurements.
From a χ2 table we obtain a factor of 2.28 in the case of two degrees of freedom and a 68% credibility
interval. Consequently, the lengths of the axes are determined by

∆i =
q

2.28 ·σ2
i ,

where i stands for M and R. In Fig. 4.11, we present an overview of the considered mass-radius scenarios
in comparison with the unconstrained mass-radius uncertainty bands for the piecewise polytropic EOS
model and the speed of sound parametrization.

Table 4.1.: Masses and radii of the considered hypothetical mass-radius measurements. The according
uncertainties are chosen randomly to be between 5% and 10% except for the neutron star
with the known mass of 1.44 M�.

Case M [M�] R [km] Case M [M�] R [km]

1A
1.44± 0.07 10.74± 0.61

1B
1.44± 0.07 12.30± 0.92

2.01± 0.11 11.21± 0.75 2.10± 0.12 10.81± 0.74

2A
1.44± 0.07 11.58± 0.60

2B
1.44± 0.07 12.06± 0.64

1.22± 0.08 10.89± 0.72 1.16± 0.07 13.08± 0.80

3A

1.44± 0.07 10.72± 0.83

3B

1.44± 0.07 12.42± 0.83
1.67± 0.12 10.70± 0.85 1.68± 0.11 11.90± 0.79
1.40± 0.08 10.86± 0.75 1.39± 0.10 12.08± 0.81
1.53± 0.09 11.01± 0.80 1.41± 0.09 11.63± 0.61

4A

1.44± 0.07 11.21± 0.61

4B

1.44± 0.07 11.95± 0.76
1.77± 0.10 11.18± 0.61 1.68± 0.13 11.81± 0.65
1.16± 0.07 10.73± 0.72 1.25± 0.08 12.40± 0.69
2.02± 0.12 10.66± 0.70 2.01± 0.15 12.11± 0.75

In the case of the sampling, we basically iterate over all allowed EOS of the two discussed EOS ap-
proaches for each mass-radius scenario. We then determine the mass-radius relations that are compatible
with each mass-radius measurement of the considered scenario. In the end, we determine the envelopes
of the resulting constrained areas in mass-radius space. This could be termed a simple compatibility
cut. We note that in general these regions could be used as a very conservative estimate of the EOS that
would have a finite probability when inference is performed. We present our results in Fig. 4.12. The re-
sults for the piecewise polytropic EOS model and the speed of sound parametrization are overall in good
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Figure 4.11.: Every panel shows the mass-radius relation of the underlying EOS whereas a soft EOS was
assumed for the left panels and a stiff EOS for the right panels. The ellipses indicate the
hypothetical mass-radius measurements (cf. Table 4.1) where solid outlines depict the cases
of known neutron star mass of the source PSR J0437−4715 and dashed outlines depict the
cases of unknown masses. A similar figure is published in our paper, Ref. [118].
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agreement. By comparing the scenarios of the underlying soft EOS with the scenarios of the underlying
stiff EOS, we observe that in the case of the stiff EOS the deviations between the models are larger than
in the case of the soft EOS. We encounter the largest differences in ’Case 1B.’ This case considers a light
neutron star with a large radius and a heavy neutron star with a small radius. This particular combina-
tion is realized by EOS that exhibit a strong enough softening in the high-density regime. The piecewise
polytropic EOS model allows more extreme changes for the EOS than the speed of sound model which
explains the larger area covered by the polytropic model in ’Case 1B’ as shown in Fig. 4.12. In each case,
the mass-radius relation of the underlying EOS falls within the constrained mass-radius areas. Thus, the
underlying EOS is recovered by the simple approach of applying compatibility cuts. Our results indicate
that simultaneous mass-radius measurements can provide strong constraints on the EOS.

So far, we explored the impact of mass-radius measurements on the mass-radius space. We now
investigate the impact of such measurements on the EOS. Hereto, we first determine the EOS that are
consistent with the hypothetical mass-radius measurements for each case. Then, we determine the
envelope of the remaining EOS and show our results in Fig. 4.13 for the piecewise polytropic EOS model
and in Fig. 4.14 for the speed of sound parametrization. For both models, we observe a reduction in
the EOS parameter space. Thus, the considered mass-radius scenarios yield constraints for the nuclear
EOS. Depending on the actual scenario, either soft EOS or stiff EOS are ruled out by the hypothetical
measurements. As the results for the mass-radius constraints indicate, the assumed underlying EOS is in
all cases recovered.
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Figure 4.12.: Similar figure as Fig. 4.11. The light blue and purple areas represent the mass-radius regions
of the piecewise polytropic EOS model and the speed of sound parametrization, respec-
tively, that are consistent with the assumed mass-radius measurements indicated by the
ellipses. The gray band indicates the unconstrained uncertainty bands of both models. A
similar figure is shown in our paper, Ref. [118].
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Figure 4.13.: In every panel, we show the pressure P as a function of the energy density ε. For com-
parison, we additionally show the BPS crust EOS, the chiral EFT band, and the uncertainty
band from the piecewise polytropic EOS model. We present the constrained EOS band for
the piecewise polytropic EOS model under the consideration of the mass-radius scenarios as
listed in Table 4.1.
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Figure 4.14.: Similar figure as Fig. 4.13. We show in light gray the unconstrained EOS uncertainty band
of the speed of sound parametrization. The different panels show the envelopes obtained
by considering the mass-radius scenarios presented in Table 4.1 and performing simple com-
patibility cuts.
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4.3.2 Inferring equation of state constraints using Bayesian statistics

So far, we investigated the impact of mass-radius measurements on the EOS by considering simple
compatibility cuts. We now discuss a more sophisticated approach to infer EOS parameters using
Bayesian statistics. Other works that infer EOS parameters using Bayesian statistics can be found in
Refs. [183, 209, 250].

We start with providing a short introduction into Bayesian statistics. A thorough introduction can be
found in Ref. [272]. The basic idea of Bayesian statistics is to associate a probability with a hypothesis.
This probability is then improved with the help of prior knowledge. In the framework of Bayesian
statistics, this is summarized in Bayes theorem which is stated as

P (A|B) =
P (B|A)P (A)
P (B)

, (4.6)

where A refers to a set of parameters and B to the given data. Further,P (A) denotes the prior distribution
and P (B) denotes the likelihood of the observed data marginalized over all possible parameters. In the
expression above, P (A|B) denotes the conditional probability of the event A occurring that B is true –
this is the posterior probability distribution. Accordingly, P (B|A) is the conditional probability of B given
that A occurs – this is the likelihood [237, 272].

Next, we describe the statistical framework for constraining the EOS using Bayesian inference, follow-
ing the protocol outlined in Ref. [230]. Using Bayes’ theorem, we can write the posterior distribution on
the parameters of interest θ , in our case the EOS parameters and central densities (interior parameters),
as being proportional to a prior distribution π times the likelihood L ,

P (θ |D,M ,I ) =
π(θ |M ,I )L (D|θ ,M )

P (D|M ,I )
∝ π(θ |M ,I )L (D|θ ,M ) . (4.7)

where D denotes an observational dataset, M the model used, and I the Bayesian prior information,
such as information from previously analyzed datasets. Because the EOS parameters and the central
densities are deterministically related to the mass and radius of a neutron star through the relativistic
stellar structure equations (the TOV equations in the non-rotating limit), the following must be true for
the likelihood:

L (D|θ ,M )≡L (D|M ,R,M ) . (4.8)

Furthermore, for reasons of computational feasibility, we assume

L (D|M ,R,M )∝P (M ,R|D,M ,I ) . (4.9)

This follows the approach outlined in Section 2.3.4 of Ref. [230], termed the Interior Prior paradigm
(more robust than the alternative Exterior Prior method), but uses the approximative marginal likelihood
function of the exterior parameters (mass and radius)3, to calculate the marginal posterior function of
interior (EOS) parameters. It is a computationally less intensive alternative to full direct inference of
EOS parameters from the data. As outlined in Ref. [230], this assumption only holds when the prior
on mass and radius, which is implicitly defined in the proportionality, is sufficiently non-informative4. A
second assumption is that the datasets of different observed neutron stars are independent, which allows
us to separate the likelihoods and rewrite Eq. (4.7), using Eqs. (4.8) and (4.9), as

P (θ | D,M ,I )∝ π(θ | M ,I )
s
∏

i=1

P (Mi, Ri | Di,M ,I ) , (4.10)

for s the number of observed stars. This method is numerically similar to the methods used in Refs. [209,
221, 250].
3 Note that these are not actually computed in this work, but directly presented as bivariate Gaussian distributions.
4 This is expected to be the case for the NICER analysis, even for sources like primary target PSR J0437 − 4715 where

the well constrained mass arising from radio observations [226] is treated as a prior; this is because the original radio
analysis used a non-informative prior in their computations.
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4.3.2.1 Choice of priors

The choice of the prior in Eq. (4.10) can play an important role in the inference of EOS parameters [252]
and as such has to be carefully considered. For the piecewise polytropic EOS model as well as for the
speed of sound parametrization, we use a uniform, continuous prior for all parameters within the ranges
described in Sec. 2.3.2. We impose the five requirements described in Sec. 2.3.3 for the speed of sound
parametrization and adopt the requirements from Ref. [137] for the piecewise polytropic EOS model.
The prior on the central energy density of the star is chosen as a uniform prior on log(εc), with a lower
bound of log(εc/gcm−3) = 14.6 and an upper bound that corresponds to the maximum central energy
density reached in a neutron star for that given EOS.

To understand the significance of the prior, we sample its distribution for both models and trans-
form it to the space of pressure and energy density as well as to mass and radius. The resulting prior
probability distributions are shown in Fig. 4.15, where each histogram contains several times 105 sam-
ples. Comparing these distributions to the general bands highlighted in Fig. 4.3, one clearly sees much
more structure in the distributions than one might naively expect from the bands. For the speed of sound
parametrization the structures are qualitatively similar with the sound-speed based parametrization used
in Ref. [262]. In the space of pressure and energy density, both models show a narrow region where
the distribution is peaked, with the probability density at a given energy density quickly falling off when
moving to higher and lower pressures. For both models these regions encompass reasonably stiff EOS, a
consequence of enforcing that the EOS supports a 1.97 M� neutron star.

The distribution in mass-radius space shows similar structures, with the 68% credible regions enclosing
remarkably narrow radius regions, e.g., for typical 1.4 M� neutron stars less than 1km for the speed of
sound parametrization. From Fig. 4.15 it is also evident that the piecewise polytropic EOS model is even
more peaked towards larger radii, especially at masses above ∼ 1.5 M�. The apparent bimodality of the
68% credible regions in both models is a consequence of matching the models to the lower and upper
limit of the chiral EFT band at the transition density n1 = 1.1 n0. The speed of sound parametrization
further shows a significant peak just above 2 M�. This is a result of the speed of sound decreasing for
most EOS at densities around 2× 1015 g/cm3 or higher, causing their corresponding mass-radius curves
to show only small changes in mass but large changes in radius. The fact that this occurs visibly just
above 2 M� is because EOS that do not reach this mass are discarded.

We examine the bimodal features further by introducing a binning. To this end, we set up a two-
dimensional grid in both EOS and mass-radius space. We sample then over all EOS compatible with the
constraints and determine the distribution of the distinct EOS and mass-radius relations and show our
results in Fig. 4.16. In the upper panels of Fig. 4.16, we present our results for the piecewise polytropic
EOS model. We confirm that the matching to either the lower or upper limit of the chiral EFT band yields
a bimodal structure in both EOS and mass-radius space. Moreover, the number of EOS with radii larger
than R ∼ 12km is larger than for smaller radii. We further observe that particular mass-radius relations
appear rather prominent. This results from the construction of the piecewise polytropic EOS model since
subsets of the whole EOS band differ only in the third polytropic segment. Following the same approach,
we determine the distribution in EOS space and mass-radius space in the case of the speed of sound
parametrization. Our results are shown in the lower panels of Fig. 4.16. As for the piecewise polytropic
EOS model, we observe a bimodal structure at low densities and light neutron stars. Moreover, the
shown results of the mass-radius distribution are concentrated at large radii. In contrast to the results
of the piecewise polytropic EOS model, the speed of sound parametrization exhibits a more smooth
distribution of the EOS as well as mass-radius relations.
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Figure 4.15.: Top : Prior probability distributions transformed to the space of pressure as a function of
energy density for the piecewise polytropic EOS model (left panel) and speed of sound
parametrization (right panel). The dotted and dashed lines indicate the 68% and 95%
credible regions of the distributions, while the solid lines are the representative EOS from
Ref. [137]. Both prior distributions exhibit a narrow region where most of the probability
density is clustered, which falls off steeply towards higher and lower pressures. Bottom :
Similar to the upper panels, but now the prior distributions are transformed to the space
of mass and radius. We observe that the prior constraints from Secs. 2.3.2 and 2.3.3 result
in a higher probability density towards larger radii for both parametrizations. The bimodal
feature of the distributions are caused by the way the models have been matched to the
lower and upper limit of the chiral EFT band. Figure taken from our paper, Ref. [118].
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Figure 4.16.: The upper panels refer to the piecewise polytropic EOS model (blue) and the lower panels
to the speed of sound parametrization (green). Left panels : Distribution of the EOS com-
patible with the constraints. The chiral EFT band is not shown. Right panels : Distribution of
the resulting mass-radius relations. The darker the color appears, the more EOS and mass-
radius relations are intersecting with the particular bin. Note that the color coding is scaled
logarithmically by normalizing the number of EOS and mass-radius relations by taking the
logarithm to the base 10.

4.3.3 Posterior distributions

To sample the posterior distribution in Eq. (4.10), we use the Python implementation of the Bayesian
inference tool MultiNest [55, 96, 97, 98]. MultiNest makes use of a sampling technique called Nested
Sampling [245], where a fixed number of parameter vectors is kept throughout the sampling (so-called
live points), sorted by their likelihood values and drawn randomly from the prior distribution. The
parameter vector with the smallest likelihood is replaced each time with a parameter vector with a
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higher likelihood, thereby scanning over the full parameter space until the remaining parameter volume
becomes small enough and the algorithm terminates.

This work is based on a collaborative research project with G. Raaijmakers and A. Watts. The inference
of the posterior distributions is not part of the present thesis. We refer the reader for details to Ref. [118]
where we further discuss Bayes factors for a quantitative comparison of the piecewise polytropic EOS
model and the speed of sound parametrization.

4.3.3.1 Interior parameter space

For each scenario described in the previous section we obtain from MultiNest a set of equally-weighted
posterior samples. The posterior distribution on the EOS parameters can then be estimated by binning
these samples and applying a smoothing kernel density estimation5. Two examples (for Cases 1B and 4A)
are given in Figs. 4.17 and 4.18 for the five EOS parameters in the speed of sound parametrization and
the piecewise polytropic EOS model. In each subplot the distribution is marginalized over the parameters
not shown. For the speed of sound parametrization we include the parameters describing the underlying
EOS used to generate the mass-radius posteriors. These might not necessarily be the parameters that
receive the most support from the likelihood after adding a random scatter, but they still represent an
EOS that is consistent with the mass-radius posteriors.

We can translate this posterior distribution to the space of the EOS by discretizing εi onto a grid and
calculating for each posterior sample the pressure P = P(εi). From these pressure values we create a
set of one-dimensional histograms at an εi and subsequently calculate the 95% credible region. The
individual credible regions at each εi are then joined together to obtain a band that represents the
95% credible region of the posterior distribution for the EOS. This is shown in Fig. 4.19. A striking
feature of these bands is the narrowing at intermediate densities, which suggests that tight constraints
on the physics of dense matter are possible6. In most cases the underlying EOS falls within these bands,
but in some A scenarios the underlying EOS lies slightly outside for some energy densities. This is
a consequence of the prior constraints, which lead to stiffer EOS receiving more prior support (see
Fig. 4.15 and the discussion in Sec. 4.3.2.1), which is closer to the B scenarios. When the likelihood
encompasses softer EOS, as in the A scenarios, the posterior distribution consequently peaks in the
region that has finite support from both the prior and the likelihood, so that the posteriors get shifted to
stiffer EOS. Moreover, the horizontal bars in each panel of Fig. 4.19 give the 95% confidence interval for
the marginalized posterior distribution of the maximal central energy density reached in neutron stars.
This shows the highest central densities that are relevant to neutron stars, which are well below the
asymptotic pQCD regime.

In Fig. 4.20 we show the corresponding bands for the speed of sound as a function of the energy
density for the speed of sound parametrization. The dark and light green bands correspond to the 95%
and 68% credible regions, respectively. For the scenarios shown, the constraints from FLT at lower
densities have no significant impact on the posterior distributions. The FLT constraints would become
important if a large and heavy neutron star were to be included in the mass-radius posterior distributions
(see Fig. 4.11). With increasing densities, the speed of sound increases monotonically well beyond
(cs/c)2 = 1/3 up to energy densities exceeding 1015 g/cm3 for all considered scenarios. Only close to
the maximal central energy density (see horizontal bars in Fig. 4.19), when the maximal mass of the
neutron star has been reached, does the speed of sound tend to decrease below this value again. This is

5 In this case we have used a Gaussian kernel density estimation, which means that each bin is estimated as a Gaussian and
weighted by its frequency. The full distribution is then a smooth summation of all the individual Gaussians. To determine
the parameter k that controls the smoothing, we have used Scott’s Rule [242], i.e., k = n−1/(d+4), where n is the number
of datapoints and d the number of dimensions.

6 As a check, we determined the predicted radii of a typical neutron star with a mass of 1.4 M� and the pressure at twice
saturation density for each EOS inside the uncertainty band. We found that R1.4 M� is strongly correlated with P(2 n0),
which is consistent with the findings by Ref. [175].
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due to the softening necessary to remain causal. This shows that the pQCD constraints used in the speed
of sound parametrization (see Sec. 2.3.3) are important only for densities well beyond the regime that
is relevant for typical neutron stars.
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4.3.3.2 Exterior parameter space

For the parameter space of neutron star masses and radii we show the posterior predictive distribution,
which gives the probability of a new mass-radius point given the posterior distribution of the EOS pa-
rameters. To avoid redrawing samples from the posterior distributions, we use the posterior samples
obtained in our analyses, marginalize over central densities, and draw a new central density from their
prior distribution. Numerically this results in a set of mass-radius points for which we can calculate the
68% credible region by binning and performing kernel density estimation.

We show the credible regions for these posterior predictive distributions for all the scenarios considered
in Fig. 4.21, for both the piecewise polytropic EOS model and speed of sound parametrization. In
most cases both parametrizations result in similar bands in mass-radius space, however, there are also
significant differences between the two parametrizations. In all cases where the likelihood is centered
around lower-mass stars, the piecewise polytropic EOS model allows for a larger region at larger radii,
especially in Cases 2B and 3B. This is a direct consequence of the form of the parametrization, as the
piecewise polytropic EOS model includes EOS that produce mass-radius curves with almost constant
radius up to high masses. The speed of sound model, however, does not permit these kinds of EOS
due to the form of the Gaussian, which forces every EOS to soften again after the peak of the Gaussian
to comply with the pQCD constraint. Note that the small bimodal feature for the piecewise polytropic
EOS model at low masses in Cases 1B and 4B is a consequence of the way the polytropic extensions are
matched to the upper and lower limit of the chiral EFT band.

For all posterior distributions for the A scenarios the 68% credible regions for both the piecewise poly-
tropic EOS model and speed of sound parametrization seem centered towards larger radii than one might
expect. This behavior again follows from the prior used on the EOS parameters. To better understand
how the uniform prior on EOS parameters affects the posterior distribution, we show in Fig. 4.22 a one-
dimensional cut for a 1.44 M� star of the probability distributions of the priors for both parametrizations
and the likelihood given by the ellipse of the 1.44 M� star (PSR J0437 − 4715) of Fig. 4.15. Fig. 4.22
illustrates clearly that the posterior distribution is not completely likelihood-dominated, due to the prior
pushing towards larger radii. As a result, there is only a small region of parameter space around 11.5 km
where there is both finite support from the likelihood and the prior, leading to an unexpectedly peaked
posterior for the radius and the narrow regions for the mass-radius bands in Fig. 4.22.
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5 Slowly rotating neutron stars
In the previous chapter, we focused on non-rotating neutron stars and studied related observables. We
now extend the framework by considering slowly rotating neutron stars. In Chap. 3, we presented the
approximative framework by Hartle and Thorne [130, 133] and discussed how the moment of inertia of
neutron stars is calculated within this framework. Using the Hartle-Thorne approximation, we provide an
overview on the moment of inertia for the piecewise polytropic EOS model. In the previous chapter, we
explored a universal relation between the pressure around saturation density and the radius of a typical
neutron star. Further universal relations emerge between the moment of inertia and the compactness
parameter. With an uncertainty band for the universal relation at hand, we explore the properties of the
EOS that describe the extremal limits of the uncertainty band. Furthermore, we investigate the sensitivity
of the universal relation to the parametrization of the EOS. We then put a special focus on the double
neutron star system PSR J0737 − 3039 which provides a promising prospect to a measurement of the
moment of inertia for the first time. We investigate the impact of such a measurement on the radius of
neutron stars as well as on the EOS. Moreover, we explore how further moment of inertia measurements
of neutron stars with different masses constrain the EOS. Eventually, we investigate whether the choice of
the EOS parametrization has an impact on the inference of radius and EOS constraints from hypothetical
moment of inertia measurements.

5.1 Overview of the moment of inertia

In the present section, we study the moment of inertia in the case of the piecewise polytropic EOS model
as presented in Sec. 2.3.2. We use the framework presented in Chap. 3 to calculate the moment of
inertia and sample over the EOS parameter space under the consideration of the imposed constraints.
Similarly to the mass-radius relation, we parametrize the moment of inertia as a sequence of the central
pseudo-enthalpy hc. For each EOS, we eventually determine the I(M) as well as I(R) relations. With
the entity of I(M) and I(R) relations at hand, we determine both envelopes and present our results in
Fig. 5.1. In the left panel of Fig. 5.1, we show the moment of inertia I as a function of the neutron
star mass M . We additionally provide the results for the three representative EOS (cf. Sec. 4.1) in
the left panel of Fig. 5.1. The results of the three representative EOS indicate that stiff EOS predict
larger values for the moment of inertia than soft EOS. We now focus on the intermediate EOS of the
three representative EOS to discuss a particular feature of the moment of inertia. For increasing central
densities which is equivalent to increasing neutron star masses, the maximum moment of inertia is
reached before the maximum mass is reached. The mass that is associated with the maximum moment of
inertia is usually a few percent smaller than the maximum mass Mmax [121, 123]. This can be illustrated
by dimensional considerations and the properties of the MR relation shown in Fig. 4.1. The radius
decreases for increasing neutron star masses. The decrease of the radius is stronger in the vicinity of
the maximum mass. Simple dimensional considerations reveal that the moment of inertia scales linearly
in the mass and quadratic in the radius. We find the maximum moment of inertia to be 289.1 M� km2,
where the maximal values are clearly correlated with the stiffness of the EOS. In addition, it is manifest
that the three EOS which are representative with respect to the radius are also representative with
respect to the moment of inertia and hence span the full moment-of-inertia range. From the results
shown in Fig. 5.1 it is possible to deduce estimates for the moment of inertia for particular neutron star
masses. For a typical neutron star with a mass of M = 1.4 M�, we find a moment of inertia range of
I1.4 M� = 55.2−92.6 M� km2. For the pulsar PSR J0737−3039A with M = 1.338 M� we find the moment
of inertia to be in the range I = 51.5− 86.0 M� km2. Our predicted range is significantly smaller than
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that of Ref. [220], where I = 21.1− 113.2 M� km2, and similar to the range obtained by Ref. [117] with
I = 60.3− 90.5 M� km2.

In the right panel of Fig. 5.1, we show the moment of inertia as a function of the radius and also
the according results for the three representative EOS. Later in this chapter, we discuss the impact of a
moment of inertia measurement on the radius of neutron stars. To this end, we will revisit the results
shown in the figure.
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Figure 5.1.: Left panel : Moment of inertia I as a function of the mass M . Further, we present the results
for the three representative EOS. The resulting relations indicate that soft EOS predict smaller
moments of inertia and stiff EOS predict larger moments of inertia for equal mass neutron
stars. Right panel : Moment of inertia I as a function of the radius R. Both panels show that
the three representative EOS that are representative with respect to the radius of neutron
stars are also representative with respect to the moment of inertia.

5.2 Moment of inertia and compactness

In the present section, we introduce a universal relation. We start by providing an introduction into
the topic of universal relations among neutron star observables. Such relations describe the behavior of
slowly rotating neutron stars with weak magnetic fields [52]. Universal relations emerge among several
neutron star observables. The peculiarity of these relations lies in the fact that they are not sensitive to
details of the EOS [300].

However, universal relations can be applied to observations to solve degeneracies among neutron star
observables [52]. In the present section, we focus on a relation that connects the mass, the radius,
and the moment of inertia. Simultaneous measurements of the mass and the moment of inertia of a
neutron star will be possible in the future [76, 191, 290]. However, such measurements do not allow
direct access to the radius of the neutron star. Ravenhall and Pethick [222] found that the normalized
moment of inertia I/(MR2) is correlated with the compactness parameter C = M/R. Later works by
Lattimer and Prakash [177], Bejger and Haensel [36], and Lattimer and Schutz [182] improved this
relation. Moreover, in Ref. [182] was shown that such an empirical relation gives the possibility to deduce
radius constraints based on simultaneous measurements of masses and moments of inertia. Steiner et
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al. [252] and Breu and Rezzolla [52] incorporated additionally the 2 M� constraint such that further
improvements were obtained.

Lattimer and Schutz [182] found an approximative relation which holds for M/R> 0.07 M� km−1 and
is given by

I ≈ (0.237± 0.008)MR2

�

1+ 4.2 ·
M
R
+ 90 ·

�

M
R

�4
�

. (5.1)

In a subsequent work by Steiner et al. [252], the approximative relation given above was revisited by
including the observation of 2 M� neutron stars and the authors find
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(5.2)

Breu and Rezzolla [52] revisit the relation given in Eq. (5.1) and incorporate only EOS in their study
that meet the 2 M� constraint. The revisited relation of Ref. [52] is given by

I
MR2

= 0.244+ 0.942 ·
M
R
+ 15.224 ·

�

M
R

�4

, (5.3)

which is valid over the same range for the compactness parameter as the fit performed by Lattimer and
Schutz given in Eq. (5.1).

In the left panel of Fig. 5.2 we present our results for the dimensionless moment of inertia com-
pared to the correlation bands from Refs. [52, 182, 252]. Our results agree well with these for
M/R > 0.15 M�/km, whereas we find a deviation for smaller compactness parameters and also a
somewhat larger band for M/R > 0.2 M�/km. This shows that, e.g., predictions for neutron stars
with small mass and large radii based on the former correlation bands are not compatible with the
general EOS band. This is most likely due to low-density assumptions made that are incompatible with
modern nuclear physics.

We now explore the discussed universal relation in the case of the speed of sound parametrization.
This allows us further to compare the results for the piecewise polytropic EOS model and the speed
of sound parametrization and thus to investigate sensitivities to the parametrization. We use the same
framework to obtain the masses M , the radii R, and the moments of inertia I to ultimately calculate the
normalized moment of inertia I/(MR2) and the compactness parameter C as discussed above. Further,
we use the same approach to determine the envelope describing the resulting uncertainty band for the
speed of sound parametrization. In the right panel of Fig. 5.2, we show our results for the speed of
sound parametrization. Additionally, we show the fits discussed in Refs. [52, 182, 252]. We observe
that our results for the dimensionless moment of inertia as a function of the compactness parameter
are consistent with the uncertainty band provided by Lattimer and Schutz [182] as well as with the
results of Steiner et al. [252]. Our uncertainty band coincides with the fit function found by Breu and
Rezzolla [52] but the fit follows somewhat close to the lower limit of the uncertainty band from the
speed of sound parametrization. Moreover, we show in the right panel of Fig. 5.2 the envelope of the
corresponding results from the piecewise polytropic EOS model. We observe that both extrapolation
methods yield similar results. Only minor deviations between the two envelopes exist for small and
large compactness parameters, respectively. Hence, we conclude that the universal relation between the
normalized moment of inertia I/(MR2) and the compactness parameter C is at least not sensitive to the
considered EOS parametrizations in this work.

In Sec. 4.2, we reviewed a universal relation between the dimensionless binding energy BE/M and the
compactness parameter C = M/R. The authors of Ref. [252] suggest to combine the universal relations
of the binding energy and the moment of inertia. This results in a relation between BE/M and I/(MR2).
We explore this particular combination of neutron star observables and present our resulting envelope
in Fig. 5.3. The piecewise polytropic EOS model yields a rather narrow band.
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Figure 5.2.: Left panel : Dimensionless moment of inertia I/(MR2) as a function of the compactness pa-
rameter C . We also show the results in the case of the representative EOS discussed in the
text. Our results show that the representative EOS are not representative with respect to this
particular presentation of the moment of inertia. For comparison, we additionally present
the uncertainty band from the approximative relation provided by Lattimer and Schutz [182]
as a gray band as well as the revisited approximative relations explored by Steiner et al. [252]
as an orange band and Breu and Rezzolla [52] as a dark turquoise solid line. We observe a
good agreement of the results from the literature for C > 0.1. Right panel : We present the
universal relation between the dimensionless moment of inertia I/(MR2) and the compact-
ness parameter C in the case of the speed of sound parametrization as a purple area. Further,
we present the results for the piecewise polytropic EOS model by a black dashed outline.
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Figure 5.3.: Dimensionless binding energy BE/M as a function of the dimensionless moment of inertia
I/(MR2) for the piecewise polytropic EOS model. We additionally show the results for the
three representative EOS.

78 5. Slowly rotating neutron stars



5.2.1 Extremal cases

Above, we discussed the I/(MR2)–compactness parameter correlation for the piecewise polytropic EOS
model. In addition, we show in the left panel of Fig. 5.2 the three representative EOS (soft, intermediate,
stiff) of Ref. [137]. These are representative with respect to radius and moment of inertia for all masses
(see Figs. 4.1 and 5.1), but as is clear from the figure do not capture the extremes of the dimensionless
moment of inertia. In order to investigate band for the dimensionless moment of inertia in more detail,
we determined the individual EOS that represent the limits of the band in the left panel of Fig. 5.2.
To this end, we discretized M/R for M/R ¾ 0.1 M� km−1 and determined the χ2 of each EOS for the
deviation of I/MR2 from the lower (upper) band. The results for the individual EOS with the minimal
χ2 values are shown as red (blue) lines in Fig. 5.4.
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Figure 5.4.: Similar figure as Fig. 5.2. The red (blue) lines with down (up) triangle points are the individual
EOS within the piecewise polytropic EOS model with minimal χ2 of I/(MR)2 with respect to
the lower (upper) boundary (from fits for C ≥ 0.1).

The corresponding EOS for these extreme cases are shown in Fig. 5.5. We observe that the EOS with
a minimum χ2 with respect to the lower boundary of the dimensionless moment of inertia I/MR2 (red
lines) tend to be rather stiff at nuclear densities and soft at high densities, whereas the EOS leading to
large values of I/(MR2) tend to be soft at nuclear densities and stiff at high densities (blue lines). These
trends are also reflected in the results for the mass, radius, and moment of inertia in Fig. 5.6, where these
individual EOS are clearly extreme but nevertheless very interesting cases. The EOS with the low values
for the dimensionless moment of inertia predict large radii at small masses (and moment of inertia) and
small radii at larger masses (red lines), while the ones corresponding to large values for I/(MR2) show
the opposite trend.
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Figure 5.5.: Pressure P as a function of mass density ρ/ρ0 in units of the saturation density. The gray
region is the general EOS band based on the piecewise polytropic EOS model of Ref. [137].
The lines correspond to the individual EOS shown in Fig. 5.4, where the red and blue lines
extremize the I/(MR)2–compactness correlation.
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Figure 5.6.: Results for the mass M , radius R, and moment of inertia I of neutron stars based on the EOS
constraints (bands) derived following Ref. [137] from microscopic calculations up to density
ρ1 = 1.1ρ0, the mass constraint Mobs ≥ 1.97 M�, and causality constraints. The individ-
ual panels (a), (b), and (c) show the mass-radius, moment of inertia-radius and moment of
inertia-mass results, respectively. The green (dashed) yellow (solid), and red (dot-dashed)
lines correspond to the three representative EOS (soft, intermediate, and stiff, respectively)
that allow to probe the full range of these uncertainty bands, see main text and Ref. [137]
for details. We include the individual EOS shown in Fig. 5.4, where the red and blue lines
extremize the I/(MR2)–compactness correlation.
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5.3 Improved constraints from moment of inertia measurements

Fits that describe universal relations as given in Eqns. (5.1), (5.2), and (5.3) were used in the literature
to explore constraints for the radius of neutron stars by assuming a simultaneous measurement of the
mass and the moment of inertia of a neutron star. In Refs. [52, 182], the fits were investigated for fixed
moment of inertia values. Such considerations allow compatibility checks for masses and radii given
a fixed moment of inertia. We apply this approach to the piecewise polytropic EOS model and choose
four representative moment of inertia values, i.e., I1 = 50 M� km2, I2 = 80 M� km2, I3 = 120 M� km2,
and I4 = 180 M� km2. We sample over all EOS inside the EOS uncertainty band and determine R(Ii)
and M(Ii) for each fixed moment of inertia. In Fig. 5.7, we show the mass-radius uncertainty band in
the case of the piecewise polytropic EOS model and highlight the mass-radius pairs that support the
fixed moment of inertia values. The larger the assumed fixed moment of inertia values is, the larger are
the compatible mass-radius pairs. This result substantiates the statement that stiff EOS predict larger
moment of inertia values than softer EOS.

9 10 11 12 13 14 15
R [km]

0

0.5

1.0

1.5

2.0

2.5

3.0

M
[M
�

]

polytropic extrapolation

I = 50M� km2

I = 80M� km2

I = 120M� km2

I = 180M� km2

Figure 5.7.: Mass-radius uncertainty band for the piecewise polytropic EOS model as a light blue area. We
show mass-radius pairs that are compatible with four representative values for the moment
of inertia. Further, we show as a gray band the mass MA = 1.3381 ± 0.0007 M� of PSR
J0737− 3039A [161].

Next, we focus on the neutron star PSR J0737− 3039A with mass 1.338 M�, which is the target of a
future moment of inertia measurement. In Fig. 5.8 we show the radius range for this neutron star based
on the general EOS band, and in blue the correlation with as a function of the moment of inertia I . The
range of I is given by the band shown in the left panel of Fig. 5.1 for the mass M = 1.338 M�, where we
focus on the piecewise polytropic EOS model, as it provides the larger uncertainty range. It is again clear
from Fig. 5.8 that the tightest radius constraints would result from values of I towards the extremes of
the general EOS band.

Based on the framework discussed in Chap. 3, we now investigate to what extent information from
moment of inertia measurements can improve these constraints. To this end, we assume that it is possible
to measure simultaneously the neutron star mass (with negligible uncertainty) and the moment of inertia
with central value Ic and relative uncertainty of ∆I = ±10% and ±20%, respectively. We consider three
different masses, M = 1.35 M�, 2.0 M�, and 2.4 M�, and for each mass, three possible central values Ic,
which approximately correspond to the moment of inertia given by the three representative EOS shown
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Figure 5.8.: The radius RA as a function of the moment of inertia IA for fixed neutron star mass M =
1.3381 M�. The gray band represents the radius range deduced from the consideration of
non-rotating neutron stars based on Ref. [137]. We present our results as a dark blue area
that is obtained by considering slowly rotating neutron stars.

in the left panel of Fig. 5.1. The values of Ic for these assumed measurements are listed in Table 5.1,
where we also give the improved radius ranges resulting from such a simultaneous measurement. In
addition, we show the allowed I–R areas in Fig. 5.9, where the three panels correspond to the soft,
intermediate, and stiff EOS scenarios. For a 2.4 M� neutron star, the soft EOS is ruled out (see Fig. 4.1),
and no soft Ic scenario exists in this case. We also note that the EOS can have a more intricate behavior in
the general EOS band, e.g, going from soft to stiff and vice versa with higher slopes in the M–R diagram
(see Fig. 5.6).

Table 5.1.: We present the three masses and the considered moment of inertia scenarios for exploring
the impact on the radius of neutron stars in the case of the piecewise polytropic EOS model.
The columns give the mass M (in units of M�), the radius R (in units of km) inferred from the
framework discussed in Ref. [137], the moment of inertia scenarios Ic (in units of (M� km2)),
and the constrained radius R (in units of km) under the assumption of two uncertainties for
the moment of inertia measurement, i.e., 10% and 20%.
M [M�] R [km] (literature) Ic [M� km2] R [km]

∆Ic = 10% ∆Ic = 20%

1.35 9.94− 13.59
Isoft 55 9.94− 11.35 9.94− 11.90
Iint 70 11.18− 12.88 10.43− 13.35
Istiff 85 12.40− 13.59 11.72− 13.59

2.00 9.96− 14.16
Isoft 95 9.96− 11.16 9.69− 11.69
Iint 135 11.64− 13.51 10.77− 13.99
Istiff 165 13.11− 14.16 12.25− 14.16

2.40 11.57− 14.42
Isoft − − −
Iint 170 11.57− 13.15 11.57− 13.76
Istiff 220 13.30− 14.42 12.35− 14.42
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Figure 5.9.: Moment of inertia I as a function of radius R for the piecewise polytropic EOS model. The
gray band gives the allowed I–R range resulting from the general EOS band as shown in
Fig. 5.1. The dark gray, light blue, and dark blue areas show the allowed I–R values for the
particular neutron star masses indicated, where the dark gray area includes all possible I–R
pairs for each mass, and the light blue (dark blue) area corresponds to an assumed mea-
surement of the moment of inertia with central value Ic given in Table 5.1 with a relative
uncertainty of ∆I = ±10% (±20%). The three panels assume central values Ic that approx-
imately correspond to the soft (a), intermediate (b), and stiff (c) EOS (see Table 5.1). Note
that for a 2.4 M� neutron star, the soft EOS is ruled out and thus no compatible Ic exists in
this case.

Moreover, we show in Table 5.2 and Fig. 5.10 how these radius constraints change if one uses instead
of the piecewise polytropic EOS model the speed of sound parametrization from our paper [118] to
extrapolate to higher densities. The results show that the radius constraints are remarkable consistent,
with the largest differences due to the underlying allowed ranges (see the gray regions versus the area
within the three representative EOS in Fig. 5.10), which has the largest impact for heavy mass neutron
stars and the stiff EOS scenario.

Figures 5.9 and 5.10 clearly show that a measurement of Ic with a relative uncertainty of ∆I = ±10%
(±20%) in (almost) all cases significantly improves the constraints on neutron star radii. For a ±10%

Table 5.2.: Same as Table 5.1 but corresponding to Fig. 5.10 using the speed of sound parametrization
from our paper, Ref. [118] to extrapolate to higher densities.
M [M�] R [km] (literature) Ic [M� km2] R [km]

∆Ic = 10% ∆Ic = 20%

1.35 10.03− 13.26
Isoft 55 10.03− 11.40 10.03− 11.93
Iint 70 11.27− 12.83 10.54− 13.26
Istiff 85 12.46− 13.26 11.72− 13.26

2.00 9.46− 13.59
Isoft 95 9.46− 11.05 9.46− 11.66
Iint 135 11.66− 13.38 10.82− 13.59
Istiff 165 13.16− 13.59 12.27− 13.59

2.40 11.14− 13.46
Isoft − − −
Iint 170 11.26− 12.99 11.14− 13.46
Istiff 220 13.29− 13.46 12.29− 13.46
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Figure 5.10.: Same as Fig. 5.9 but using the speed of sound parametrization from our paper [118] to
extrapolate to higher densities.

measurement, if the measured value of Ic is located close to the center of the EOS band, the radius range
decrease by a factor of≈ 2, whereas the radius becomes even more narrowly predicted when Ic is located
close to the soft or stiff EOS. In the latter cases, the radius spread in Table 5.1 is only 1.1−1.5 km for the
piecewise polytropic EOS model and 0.2− 1.5 km for the speed of sound parametrization.

The corresponding constraints for the EOS for the different cases of Fig. 5.9 are shown in Fig. 5.11. The
gray region is again the general EOS band based on the piecewise polytropic EOS model of Ref. [137],
whereas the different panels show the constraints for the assumed simultaneous measurements of the
mass (different rows) and the moment of inertia (different columns). Naturally, we find that the con-
straints on the EOS are the strongest for those cases that also give the strongest radius constraints. In
addition, small values of I tend to give stronger constraints on the EOS at higher densities, whereas
large values for I provide stronger constraints at lower densities. Moreover, measurements of heavy
neutron stars provide stronger constraints on the EOS than the scenarios for typical neutron stars. Fi-
nally, we show in Fig. 5.12 the EOS constraints corresponding to in Fig. 5.10 using the speed of sound
parametrization from our paper [118] to extrapolate to higher densities.
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Figure 5.11.: Pressure P as a function of mass density ρ/ρ0 in units of the saturation density. The gray
region is the general EOS band based on the piecewise polytropic EOS model of Ref. [137].
The light and dark blue areas show the allowed EOS range for assumed simultaneous mea-
surements of the mass (different rows) and the moment of inertia (different columns), as in
Fig. 5.9 and Table 5.1, with a relative uncertainty of∆I = ±10% (±20%).
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Figure 5.12.: Same as Fig. 5.11 but using the speed of sound parametrization from our paper [118] to
extrapolate to higher densities.
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6 Tidal interactions in neutron star binary
systems

In the previous two chapters, we discussed isolated non-rotating as well as slowly rotating neutron stars.
In this chapter, we extend our considerations by investigating binary neutron star systems. To this end,
we treat the tidal interactions with the companion as a small perturbation as discussed in Chap. 3. We
provide an overview on the dimensionless tidal deformability and give an estimate for typical neutron
stars. The tidal deformability is a measure for the response of a neutron star to an external tidal field
[298]. Moreover, we investigate the impact of a measurement of this observable on the radius of neutron
stars. We then investigate properties of binary neutron star merger. The pioneering observation of the
first detection of GW from a binary neutron star merger started a new and exciting era for nuclear
physics and astrophysics. We confront both the piecewise polytropic EOS model and the speed of sound
parametrization with the constraints imposed by the event GW170817 and infer constraints for the radius
of neutron stars as well as the EOS.

Yagi and Yunes (2013) [297] found that EOS independent relations between the moment of inertia,
the tidal deformability, and the quadrupole moment of neutron stars exist. The combination of these
observables is referred to as the I -Love-Q trio. We investigate the properties of the I -Love-Q trio for the
piecewise polytropic EOS model and explore the universal relations among the various combinations of
the trio. With the I -Love-Q trio at hand, we revisit the correlations among EOS properties at nuclear den-
sities and properties of typical neutron stars discussed in Chap. 4. We study similar universal correlations
for the trio which opens up further possibilities in constraining the EOS in the future.

6.1 Impact of a tidal deformability measurement on the equation of state

First, we study the dimensionless tidal deformability λ̄ for the piecewise polytropic EOS model (cf.
Sec. 2.3.2) in general. The discretization of the EOS parameter space is the same as presented in
Chap. 4. We calculate the dimensionless tidal deformability with the framework presented in Sec. 3.4
in conjunction of the numerical method presented in Sec. 3.6. In the left panel of Fig. 6.1, we provide
an uncertainty band for the dimensionless tidal deformability. From our results, we infer a range of
λ̄1.4 M� = 118.9 − 928.3 for a typical neutron star with a mass of M = 1.4 M�. The lower bound for
λ̄1.4 M� based on our analysis is consistent with the work of Annala et al. [15] in which the authors state
that the lower bound is λ̄1.4 M� = 120. Another study by Lim and Holt [184] found the range to be
λ̄1.4 M� = 256− 442 for the 68% credibility interval and λ̄1.4 M� = 136− 519 for the 95% credibility in-
terval, respectively, which are significantly smaller compared to our result. Steiner et al. [249] found for
the same mass at 95% credibility interval the range λ1.4 M� = 0.6− 6× 1036 g cm2 s2 which is equivalent
to λ̄1.4 M� = 106− 1061 which is consistent with our range. Moreover, the left panel of Fig. 6.1 shows
that the three representative EOS, which represent the limits and central part of the radius uncertainty
bands in Ref. [137] also define the corresponding regimes of the tidal deformability uncertainty band.

In the right panel of Fig. 6.1, we show the dimensionless tidal deformability λ̄ as a function of the
compactness parameter C . Generally, it is evident that the dimensionless tidal deformability decreases
with increasing compactness. This can be easily understood: the more compact a neutron star is, the
more difficult it is to deform the neutron star due to an external tidal field [298]. We also highlight
the ranges of both quantities for a M = 1.4 M� neutron stars based on the EOS uncertainty range of
Ref. [137]. The figure shows a strong correlation between λ̄ and the compactness C , which is consistent

87



0 0.5 1.0 1.5 2.0 2.5 3.0
M [M�]

100

101

102

103

104

λ̄

polytropic extrapolation

soft

intermediate

stiff

0 0.1 0.2 0.3 0.4
C

100

101

102

103

104

λ̄

range for 1.4M�

De et al. (2018)

Figure 6.1.: Left panel : Dimensionless tidal deformability λ̄ as a function of the mass M for the piecewise
polytropic EOS model. Additionally, we present the individual results for the three represen-
tative EOS. Right panel : Dimensionless tidal deformability λ̄ as a function of the compactness
parameter C . The gray shaded area represents the ranges for λ̄1.4 M� and C1.4 M� in the case
of a typical neutron star with a mass of 1.4 M�. The purple band shows the scaling law valid
for the mass range M = 1.1− 1.6 M� found by De et al. [79]

with previous studies. In Ref. [79] it was found that λ̄ approximately fulfills the following scaling
relation:

λ̄≈ aC−6, (6.1)

with a = 0.0093±0.0007 for masses in the range of M = 1.1−1.6 M�. The corresponding band is shown
in the right panel of Fig. 6.1, which is in good agreement with our results.

The work of Maselli et al. [197] utilizes the relation between the dimensionless tidal deformability λ̄
and the compactness C = M/R to investigate the impact of a tidal deformability measurement on the
compactness of neutron stars. Previous studies (cf. Refs. [197, 298]) argued that the tidal deformability
can be obtained with an accuracy of 60% by GW observations. The authors deduced that a 60% mea-
surement of the tidal deformability can potentially constrain the compactness to 10% [197]. We apply
the uncertainty of 60% and determine the compactness parameter ranges that are compatible with the
tidal deformability ranges. In Table 6.1 we summarize our results.

In the following, we investigate the connection between the dimensionless tidal deformability, the
mass, and the radius. In Chap. 3, we presented a framework to access the dimensionless tidal deforma-
bility. To this end, we insert Eq. (3.46) into Eq. (3.28) and obtain [75, 101]

λ̄=
2
3

k2

�

R
M

�5

. (6.2)

Tews et al. [265] found that the Love number k2 remains almost constant for neutron stars of different
masses and radii. This implies that both quantities, mass and the radius, are connected by a linear
correlation for a given constant tidal deformability. We investigate this linear scaling behavior for the
piecewise polytropic EOS model. To this end, we study regions with constant values for the dimensionless
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Table 6.1.: Hypothetical measurements of the dimensionless tidal deformability λ̄ with an uncertainty
of 60% and the resulting ranges for the compactness parameter in the case of the piecewise
polytropic EOS model.

λ̄i C

200± 120 0.17− 0.23
400± 240 0.15− 0.20
600± 360 0.14− 0.19
800± 480 0.13− 0.18

tidal deformability λ̄ in the mass-radius uncertainty band. To be specific, we choose the values λ̄1 = 200,
λ̄2 = 400, λ̄3 = 600, and λ̄4 = 800 (see left panel of Fig. 6.2). For the determination of the shown bands
we sample over all EOS of the piecewise polytropic model and determine the masses and radii M(λ̄i)
and R(λ̄i) for each EOS. Our results exhibit the expected approximate linear relation between the radius
and the mass of neutron stars over the full range of values for the dimensionless tidal deformability.
Moreover, the results show that a precise measurement of the dimensionless tidal deformability leads
to tight neutron star radius constraints. This finding is consistent with the results of Ref. [265]. In
the right panel of Fig. 6.2, we show the allowed values of λ̄1.4 M� and R1.4 M� for a fixed neutron star
mass M = 1.4 M�, where we also highlighted the corresponding results for the three representative EOS.
The detailed ranges for the shown mass are given in Table 6.2 for some representative values for the
dimensionless tidal deformability.

Table 6.2.: Radius constraints for a typical neutron star with a mass of M = 1.4 M� under the assumption
of a measurement of the dimensionless tidal deformability λ̄i with vanishing uncertainty in
the case of the piecewise polytropic EOS model.

λ̄i R1.4 M� [km]

200 10.6− 11.2
400 11.9− 12.4
600 12.7− 13.0
800 13.3− 13.4

6.2 Properties of binary neutron star mergers

We explore the properties of binary neutron star merger predicted by the piecewise polytropic EOS
model. In Chap. 1 we introduced the chirp massM and the binary tidal deformability eΛ (cf. Eqns. (1.7)
and (1.9)) in the context of the first observation of a binary neutron star merger. Figure 6.3 shows the
results for the tidal deformability, where the color coding of each sampling point indicates the radius of
individual the neutron star configurations. Specifically, the left panel shows for reference the dimension-
less tidal deformability λ̄ of an individual neutron star (see left panel of Fig. 6.1), while the right panel
shows the binary tidal deformability eΛ of a system consisting of the neutron stars with masses M1 and
M2, where we imposed the constraint M1, M2 ≥ 1.0 M� and choose M1 ≥ M2 without loss of generality.
In addition, we assume that both neutron stars obey the same single EOS. Sampling over all possible
mass pairings M1 and M2 allows to determine the resulting chirp mass M for a given EOS as well as
individual tidal deformabilities λ̄1 and λ̄2 and eventually the binary tidal deformability eΛ. The color
coding in the right panel shows the radius of a neutron star with M = 1.4 M� for the given EOS, while
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Figure 6.2.: Left panel : Mass-radius uncertainty band for the piecewise polytropic EOS model in light
blue. Further, we show areas with constant λ̄, i.e., λ̄1 = 200 (blue), λ̄2 = 400 (green), λ̄3 =
600 (yellow), and λ̄4 = 800 (red). Our results recover the expected linear relation between
the neutron star mass and radius for fixed tidal deformability. Right panel : Dimensionless
tidal deformability as a function of the radius for neutron stars with a mass of M = 1.4 M�.
Additionally, we highlight the results for the three representative EOS.
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Figure 6.3.: Left panel : The dimensionless tidal deformability λ̄ as a function of the mass M for the
piecewise polytropic EOS model. The color coding indicates the radius of each configuration
and demonstrates that there exists a correlation between all three shown observables. The
black outline indicates the λ̄1.4 M� constraint obtained from the analysis of Ref. [5, 6, 7]. Right
panel : Binary tidal deformability eΛ as a function of the chirp massM , while the color denotes
the radius R1.4 M� of a neutron star with mass M = 1.4 M�. The shown analysis is restricted
to neutron stars with M ≥ 1.0 M�. The black envelope contains all EOS that are compatible
with the constraints for eΛ andM inferred from GW170817 [5, 6, 7].
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Figure 6.4.: Binary tidal deformability Λ̃ as a function of the radius of a neutron star with mass
M = 1.4 M� with a color coding for the mass ratio q = M2/M1 for the piecewise polytropic
EOS model. We show only the results that are compatible with the LIGO constraints. The
gray band indicates the eΛ range given in Refs. [6, 7].

the black envelope marks the regions that are consistent with the extracted constraints of Refs. [5, 6, 7]
for M1, M2, q = M2/M1, λ̄1.4 M� ,M , and Λ̃. In both panels the black envelopes mark all cases that are
consistent with the constraints imposed by the GW170817 signal [5, 6, 7].

In Fig. 6.4, we show the binary tidal deformability eΛ as a function of the radius of a neutron mass with
mass M = 1.4 M�, while the color coding denotes the mass ratio q = M2/M1. In the plot we include only
those configurations that are compatible with the constraints of Ref. [7]. Obviously, there is a strong
correlation between the binary tidal deformability and the radius, while the mass ratio q exhibits no
correlation to Λ̃ or R1.4 M� . In Fig. 6.5 we show the constraints for the individual tidal deformabilities λ̄1

and λ̄2, extracted from the analysis of GW170817 [7] whereas the color coding indicates the radius of a
1.4 M� neutron star.

Above, we studied the scaling law given in Eq. (6.1) for the dimensionless tidal deformability. Zhao
and Lattimer [305] suggest a similar scaling law for the binary tidal deformability, i.e.,

eΛ∝
�

M
R1.4 M�

�−6

, (6.3)

which can be motivated by comparing the left and right panel of Fig. 6.3, where one observes similarities
that are consistent with the findings stated in Ref. [305]. In Fig. 6.6, we show the scaled binary tidal
deformability as a function of the chirp mass based on the piecewise polytropic EOS model. In addition,
the maximum mass Mmax predicted by each individual EOS is depicted.

6.2.1 Constraints for the equation of state from GW170817

The extracted constraints for the different observables from GW170817 (cf. Table 1.1 and Refs. [5, 6, 7])
translate into constraints for the EOS and the mass-radius relations. In Fig. 6.7 we summarize these
uncertainty bands using the piecewise polytropic EOS model (upper panel) and the speed of sound
parametrization (lower panel). The gray bands in each panel shows the uncertainty bands just based

6.2. Properties of binary neutron star mergers 91



0 200 400 600 800
λ̄1

0

250

500

750

1000

1250

1500

1750

2000

λ̄
2

LIGO (2019)

10.0

10.5

11.0

11.5

12.0

12.5

13.0

R
1
.4
M
�

[k
m

]

Figure 6.5.: Dimensionless tidal deformability λ̄2 as a function of dimensionless tidal deformability λ̄1
with a color coding for the radius of 1.4 M� neutron stars. We only present the results of EOS
that are compatible with the properties of GW170817 given in Refs. [6, 7].
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Figure 6.6.: Scaled binary tidal deformability as a function of the chirp mass. The maximum mass Mmax is
represented by a color coding for the piecewise polytropic EOS model.
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on mass measurements and causality considerations (see Refs. [118, 137]). The blue and green bands
indicate the new bands after incorporating the constraints from the GW170817 signal [6, 7]. It is mani-
fest that the current constraints do not lead to a significant reduction of the uncertainties. For the radius
uncertainty band, however, some of the stiff EOS are ruled out. Compared to the original radius uncer-
tainty range R1.4 M� = 9.97−13.65 km the range gets reduced to R1.4 M� = 9.97−12.85 km. Furthermore,
the maximum mass Mmax is decreased from Mmax = 2.92 M� to Mmax = 2.68 M�. We find similar trends
for the speed of sound parameterization as shown in the lower panel. Here we find a radius range of
R1.4 M� = 10.11− 12.85 km for a 1.4 M� neutron star.
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Figure 6.7.: Upper panels : We show the pressure P as a function of the energy density ε in the left panel.
In the right panel the neutron star mass M as a function of the radius R is depicted. The
gray band represent the general bands based on the piecewise polytropic EOS model. The
EOS and mass-radius relations that agree with the constraints from the GW170817 signal are
shown as light blue bands. Lower panels : Similar to the upper panels. Results for the speed
of sound parametrization are shown in gray, whereas the constraints imposed by GW170817
are shown in green.
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6.2.2 Constraints from simultaneous measurements of the moment of inertia and constraints
from GW170817

We now study to what degree simultaneous measurements of moment of inertia and GW can help to
improve the constraints on the EOS and the radius of neutron stars. For this we combine the constraints
determined in the previous section with the approach presented in Sec. 5.3. In particular, we sample
over all EOS based on the piecewise polytropic EOS model and assume three different representative
values for the moment of inertia, Isoft, Iint, and Istiff (see Table 6.3). These values span the allowed
range of values for the moment of inertia that are compatible with current constraints from neutron star
measurements. For each of the hypothetical moment of inertia measurements we assume an uncertainty
of 10 or 20 %, respectively. In Fig. 6.8 we show the resulting radius uncertainty ranges. The blue band
shows the radius band determined from the data of GW170817 for the piecewise polytropic EOS model
(compare Fig. 6.7). The gray bands denote the allowed values for the moment of inertia for the three
representative neutron star masses M = 1.35 M�, M = 2.0 M� and M = 2.4 M� (see Sec. 5.3), while the
pink and purple bands take into account the constraints from the moment of inertia measurements with
an uncertainty of 10 and 20%, respectively. We find that the scenarios Iint and Istiff (central and right
panel) are sensitive to the observational data of GW170817, while for the case Isoft the radius limits are
purely determined by the moment of inertia constraints. The detailed uncertainty ranges as well as the
explicit values for the moment of inertia are summarized in Table 6.3.

In Fig. 6.9, we show the constraints for the pressure as a function of energy density for different
neutron star masses (rows) and moment of inertia values (columns). As in Fig. 6.8 the blue band
shows the constraints only using information from GW170817 and observed neutron star masses (see
Fig. 6.7), while the pink and purple bands take into account constraints from the indicated moment of
inertia values with the given error bars. The figure shows that the measurements of small values for the
moment of inertia (left column) impose significant additional constraints at higher densities, while large
values (right column) in addition lead to strong constraints at intermediate densities.

Table 6.3.: Radius constraints resulting from simultaneous mass and moment of inertia measurements,
assuming the mass uncertainty is negligible. The columns give the assumed values for M
(in units of M�), the radius based on the framework presented in Ref. [137] using the mass
constraint Mmax ≥ 1.97 M� and causality constraint (in units of km), central value Ic of the
moment of inertia (in units of M� km2), as well as the resulting radius ranges from Fig. 6.8
(in units of km), assuming a relative uncertainty of ∆I = ±10% and ±20%, respectively.
Additionally, we include the constraints imposed by the properties of GW170817 (cf. Refs. [5,
6, 7]). For each assumed mass, we consider three values of Ic that approximately correspond
to the soft, intermediate (int), and stiff EOS of the three representative EOS.
M [M�] R [km] (literature) Ic [M� km2] R [km]

∆Ic = 10% ∆Ic = 20%

1.35 9.94− 13.59
Isoft 55 9.93− 11.35 9.93− 11.90
Iint 70 11.26− 11.85 10.43− 12.86
Istiff 85 12.40− 12.86 11.75− 12.86

2.00 9.96− 14.16
Isoft 95 9.96− 11.09 9.96− 11.60
Iint 135 11.64− 13.28 10.80− 13.28
Istiff 165 13.11− 13.28 12.25− 13.28

2.40 11.57− 14.42
Isoft − − −
Iint 170 11.57− 12.90 11.57− 13.39
Istiff 220 13.34− 13.39 12.52− 13.39
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Figure 6.8.: Similar as Fig. 5.9. Radius uncertainty bands from combined constraints of neutron star
masses, GW170817 and hypothetical moment of inertia measurements. The blue bands cor-
respond to the range determined from GW170817 and neutron star masses alone (compare
Fig. 6.7) in the case of the piecewise polytropic EOS model. The three panels show the results
using different moment of inertia values, Isoft, Iint, and Istiff (see Table 6.3 for details). The
gray areas represent the regions compatible with the causality and mass constraints for three
different neutron star masses, while the light purple and dark purple areas show the regions
compatible with the corresponding moment of inertia values Ic and an assumed uncertainty
∆Ic of 10 and 20%, respectively. The green, yellow and red lines show the results for the
three representative EOS of Ref. [137].
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Figure 6.9.: Similar as Fig. 5.11. Uncertainty bands for the EOS from combined constraints of neutron star
masses, GW170817 and a hypothetical moment of inertia measurement for different neutron
star masses (rows) and hypothetical moment of inertia values (columns). We use the same
color coding as in Fig. 6.8. For details see the text.
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6.3 Moment of inertia, tidal deformability, and quadrupole moment

The moment of inertia, the tidal deformability, and the quadrupole moment of neutron stars have been
the focus of many studies, see, e.g., Refs. [296, 297, 298, 299, 300]. Even though these observables are
sensitive to the internal structure of the neutron star, the trio is connected by EOS independent relations
[297]. Of special interest are the dimensionless quantities

Ī ≡
I

M3
, λ̄≡

λ

M5
, Q̄ ≡

Q
M3χ2

,

with the dimensionless spin parameter

χ =
J

M2
.

Here, we note that our sign in the definition of Q̄ is different to the definition given by Yagi and Yunes
[297]. This is because of the definition for the quadrupole moment Q given in Eq. (3.62) that is based on
the works of Hartle as well as Hartle and Thorne [130, 133], where the quadrupole moment of neutron
stars is defined with the opposite sign.

We start by investigating the trio as functions of the mass M and the compactness parameter C .
In Fig. 6.10, we present our results for the dimensionless observables Ī , λ̄, and Q̄ for the piecewise
polytropic EOS model and highlight additionally the results for the three representative EOS. We present
the trio as a function of the mass M in the left panels. In the right panels, each member of the trio
is shown as a function of the compactness C . The resulting bands are rather narrow and the relations
approach each other with increasing compactness. Furthermore, we show the corresponding results for
black holes in the right panels. The compactness parameter for black holes (BH) is given by CBH = 0.5
[298]. The corresponding dimensionless observables in the case of black holes are given by [45, 109,
128, 214, 269]

ĪBH = 4 , λ̄BH = 0 , Q̄BH = 1 .

Therefore, we highlight the black hole limit as stars in the case of the moment of inertia Ī and the
quadrupole moment Q̄ in the right panels in Fig. 6.10. In the case of the dimensionless tidal deformability
λ̄, we show an arrow that indicates the black hole limit as the actual point is at lower λ̄ than shown in
the figure. The uncertainty bands in the case of the piecewise polytropic EOS model approach indeed
the black hole limits. Further, we observe that the resulting uncertainty bands are remarkably thin.

In Fig. 6.11, we extend our considerations to the speed of sound parametrization. The resulting bands
are similar to the results of the piecewise polytropic EOS model. Moreover, the EOS based on the speed
of sound parametrization approach also the black hole limit.
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Figure 6.10.: In all panels, we present our results for the the piecewise polytropic EOS model and for the
three representative EOS. The panels on the left side show each observable of the I -Love-Q
trio as a function of the neutron star mass. The panels on the right side show each member
of the trio as a function of the compactness. Additionally, we added stars to indicate the
corresponding limits for black holes ĪBH and Q̄BH in the case of Ī(C) and Q̄(C). In the case
of λ̄(C), we show an arrow that points to the black hole limit λ̄BH. The piecewise polytropic
EOS model exhibits a tight correlation for the I -Love-Q trio as a function of the compactness
parameter.
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Figure 6.11.: Similar figure as Fig. 6.10. We present the results for the I -Love-Q trio in the case of the
speed of sound parametrization in purple.
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6.3.1 Revisiting correlations among neutron star properties

In Chap. 4, we studied a correlation between the radius of typical neutron stars with masses of 1 M�
and 1.4 M�, respectively, and the pressure of the EOS evaluated at twice saturation density. We now
extend our considerations to the I -Love-Q- trio. Similar considerations were done in previous works:
Lattimer and Schutz [182] found an approximate relation for the moment of inertia and the compactness
parameter which the authors combined with the radius-pressure correlation introduced in Ref. [177].
For a fixed mass, the authors of Ref. [182] ascertain that the moment of inertia is correlated with the
pressure in the vicinity of the saturation density. A similar correlation between the dimensionless tidal
deformability and the pressure at twice saturation density was investigated in the studies presented in
Refs. [184, 305].

We explore whether the suggested correlations emerge among the members of the I -Love-Q trio and
the pressure at twice saturation density. Hereto, we consider the piecewise polytropic EOS model. We
sample over all EOS inside the piecewise polytropic EOS uncertainty band and evaluate each member of
the I -Love-Q trio at the masses 1 M� as well as 1.4 M� and the pressure at twice saturation density. In
each case, we determine the envelope. We present our results in Fig. 6.12, where the upper row refers
to the fixed neutron star mass 1 M� and the lower row to the fixed mass 1.4 M�. The panels from left
to right depict the dimensionless moment of inertia Ī , the dimensionless tidal deformability λ̄, and the
dimensionless quadrupole moment Q̄. We observe that the members of the I -Love-Q trio exhibit a weak
a correlation with the pressure at twice saturation density.

6.3.2 I -Love-Q relations

In Sec. 5.2, we discussed universal relations and introduced such a relation between the compactness
parameter C and the normalized moment of inertia I/(MR2). In the present chapter, we explored a
similar relation between another dimensionless moment of inertia Ī and the compactness parameter C
and similar relations between the dimensionless tidal deformability λ̄ and the compactness parameter
C as well as the dimensionless quadrupole moment Q̄ and the compactness parameter C . We now
investigate relations among the members of the three observables Ī , λ̄, and Q̄.

Yagi and Yunes [297] discovered the I -Love-Q relations which appear to be EOS insensitive combi-
nations of the moment of inertia, the tidal deformability, and the quadrupole moment. The authors of
Ref. [298] give two possible explanations for the insensitivity of the I -Love-Q relations to details of the
EOS: First, the authors suggest that Ī , λ̄, and Q̄ are mostly sensitive to the low-density regime of the EOS.
For densities as low as they appear in the outer crust of a neutron star, realistic EOS are well constrained
and thus approach each other [298]. In a subsequent work [296], the authors argued that the sensitivity
of the I -Love-Q trio to the low-density regime of the EOS is a misconception. Yagi and Yunes [296]
found that the moment of inertia Ī and the quadrupole moment Q̄ are mostly sensitive to contributions
provided by the outer core. Second, for increasing compactness parameter, the I -Love-Q relations of
neutron stars approach the black hole limit. A consequence of the no-hair theorem is that the I -Love-Q
relations of black holes are insensitive to details of the “internal structure” [298] (see also references
therein). The no-hair theorem1 states that a black hole is characterized by only three parameters which
are the mass, the electric charge, and the spin [67, 142]. However, the applicability of the black hole
limit to neutron stars is not obvious [300].

In Refs. [297, 298], the authors present fit functions for the universal functions using several realistic
EOS (cf. Refs. [297, 298] for details). The fit relation is given by

ln y = a+ b ln x + c (ln x)2 + d (ln x)3 + e (ln x)4 , (6.4)

1 The no-hair theorem holds for stationary, isolated black holes. In reality, black holes are accreting mass and are sur-
rounded by other objects [300].
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Figure 6.12.: The upper row refers to the fixed neutron star mass 1 M� and the lower row to 1.4 M�.
The three panels in each row show each one part of the I -Love-Q trio as a function of
the pressure evaluated at twice saturation density. The results shown are based on the
piecewise polytropic EOS model.

where x and y stand for the neutron star observables Ī , λ̄, and Q̄ and the coefficients a, b, c, d, and e
are the fit coefficients that are listed in Table 6.4. The coefficients were updated in a subsequent work
by Yagi and Yunes [300] by taking more realistic EOS into account. Further works that investigate the
I -Love-Q relations can be found in Refs. [27, 175, 197].

We investigate the relations among the members of the I -Love-Q trio for both the piecewise polytropic
EOS model and the speed of sound parametrization. Therefore, we sample for both models individually
over the whole uncertainty bands and determine the three relations among the moment of inertia, the
tidal deformability, and the quadrupole moment, i.e., Ī(λ̄), Ī(Q̄), and Q̄(λ̄). For each of the three relations
we determine the envelope. We show our results in Fig. 6.13. From left to right, we show the Ī − λ̄, the

Table 6.4.: Coefficients of the I -Love-Q relations given in Eq. (6.4). The fit function was introduced in
Refs. [297, 298] and the coefficients were revisited in Ref. [300].

y x a b c d e

Ī λ̄ 1.496 0.05951 0.02238 −6.953× 10−4 8.345× 10−6

Ī Q̄ 1.393 0.5471 0.03028 0.01926 4.434× 10−4

Q̄ λ̄ 0.1940 0.09163 0.04812 −4.283× 10−3 1.245× 10−4
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Ī−Q̄, and the Q̄−λ̄ relations. In each panel, we present the corresponding fit functions given in Eq. (6.4)
[297] with the revisited coefficients from Table 6.4 (cf. Ref. [300]). In the first row of panels, we show
the results for the three representative EOS of the piecewise polytropic EOS model which are in good
agreement with the fit functions by Refs. [297, 300]. In the seconds row of panels, we show the results
for the entirety of the EOS uncertainty band in the case of the piecewise polytropic EOS model. Our
results presented in Fig. 6.13 confirm that the I -Love-Q relations approximately hold for the piecewise
polytropic EOS model discussed in this work. In the third row of panels, we present the results using the
speed of sound parametrization.

The I -Love-Q relations provide applications in astrophysics. The measurement of one observable of
the I -Love-Q trio provides access to the remaining members through the universal relations [298].

6.3.2.1 Revisiting constraints from moment of inertia measurements

Next, we can compare our results for the hypothetical moment of inertia measurements of PSR
J0737− 3039A with constraints from the GW signal of the neutron star merger GW170817 [5, 6, 7].
GW170817 provides constraints for the dimensionless tidal deformability λ̄1.4 M� of a 1.4 M� neutron
star, with λ̄1.4 M� ¶ 800 from [5] and 70 ¶ λ̄1.4 M� ¶ 580 from the more recent analysis [6]. We
use the I -Love relation from Yagi and Yunes [297] to translate these into constraints for the mo-
ment of inertia I1.4 M� of 1.4 M� neutron stars, leading to the following ranges I1.4 M� ¶ 88.6 M� km2

and 48.7 M� km2 ¶ I1.4 M� ¶ 81.2 M� km2, respectively. We extrapolate these ranges from 1.4 M� to
1.338 M� by using the upper boundary of the uncertainty band from the left panel in Fig. 5.1. This leads
to I1.338 M� ¶ 82.0 M� km2 and 44.6 M� km2 ¶ I1.338 M� ¶ 74.6 M� km2, respectively. These are shown in
Fig. 6.14 as the orange and yellow regions, respectively, where we have adjusted the radius range of these
regions to the maximal allowed radius from the general EOS correlation for the maximal I from the more
conservative orange region. The comparison of the GW170817 constraints in Fig. 6.14 demonstrates the
consistency with the general EOS band based on nuclear physics and the observation of a 2 M� neutron
star. Finally, we have checked that the extracted moment of inertia is very similar, if one first scales
the dimensionless tidal deformability to 1.338 M�, and then uses the I -Love relation to translate this to
constraints for I , which leads to I1.338 M� ¶ 83.4 M� km2 and 45.1 M� km2 ¶ I1.338 M� ¶ 76.3 M� km2,
respectively.
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Figure 6.13.: From left to write the panels show the I -Love, I -Q, and Q-Love relations. Each panel features
the according relation (solid black) introduced by Yagi and Yunes (2013) [297] with the
revisited fit coefficients taken from a follow-up work by Yagi and Yunes (2017) [300]. Top
panels : I -Love-Q relations for the three representative EOS of the piecewise polytropic EOS
model. Middle panels : I -Love-Q relations for the piecewise polytropic EOS model. Bottom
panels : I -Love-Q relations for the speed of sound parametrization.
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Figure 6.14.: Similar as Fig. 5.8. Radius of the neutron star PSR J0737− 3039A with mass 1.338 M� as a
function of the moment of inertia I . The gray band within the black dashed lines represents
the full radius range based on Ref. [137]. The blue band shows the allowed moments of in-
ertia I for this neutron star and how this correlates with the radius. In addition, we compare
our results with the GW constraints from the neutron star merger GW170817 from Ref. [5]
(orange region) and the more recent analysis Ref. [6] (yellow region), for details see text.
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7 Summary and outlook
In this thesis, we have studied properties of neutron stars and the impact of astrophysical observations on
the radius of neutron stars and the nuclear EOS. Hereto, we used results from state-of-the-art chiral EFT
interactions that provide an uncertainty band for the EOS up to nuclear densities. For higher densities,
we used two different extrapolation methods. First, we applied the established method of the piecewise
polytropic expansion following Ref. [137]. Second, we parametrized the speed of sound in the interior
of neutron stars calculated as in our paper, Ref. [118]. From the speed of sound parametrization we
inferred the EOS using standard thermodynamic relations. Both approaches allow us to obtain a large
number of EOS and to probe the EOS space in a systematic manner. Having the EOS at hand, we applied
the EOS to determine neutron star observables. We used the Hartle-Thorne approximation for the metric
of spacetime up to second order in the angular velocity of the neutron star. Using this approach, we
determined properties of non-rotating neutron stars, slowly rotating neutron stars, and neutron stars in
binary systems.

We started our considerations by investigating non-rotating neutron stars. We explored the EOS pa-
rameter space as well as the mass-radius uncertainty band for both the piecewise polytropic EOS model
and the speed of sound parametrization. In the literature correlations between EOS parameters at nu-
clear densities and neutron star radii of typical neutron stars are discussed. We investigated whether
such correlations emerge also in the EOS models presented in this work. Indeed, both models exhibit the
correlation between the pressure at twice nuclear saturation density and the radius of typical neutron
stars. Nevertheless, we identified deviations from results presented in the literature. Subsequently, we
assumed hypothetical, simultaneous mass-radius measurements. The aim of this research was to obtain
constraints for the EOS based on a sequence of mass-radius measurements. For our assumptions, we took
the primary targets of the NICER mission into account. Hereto, we utilized two different approaches to
infer the constraints for the radius and the EOS. First, we performed simple compatibility cuts. Second,
we showed the results of using Bayesian statistics in a collaborative work (cf. Ref. [118]). We conclude
that the parameterization of the EOS does indeed matter. Moreover, we observed that the obtained pos-
terior distributions favor larger radii over smaller radii. We suggest that this result can be explained by
the lack of freedom in the matching to the EOS inferred from chiral EFT interactions.

We then extended our considerations from non-rotating neutron stars to slowly rotating neutron stars.
We presented an uncertainty band for the moment of inertia of neutron stars. The remarkable double
neutron star system PSR J0737−3039 provides the prospect of a future moment of inertia measurement.
The mass of the double pulsar is known and we therefore deduce from the piecewise polytropic EOS
model a reasonable range for the moment of inertia of this particular mass star. Assuming hypothetical
moment of inertia measurements and applying the possible achievable uncertainty, we derive constraints
for the radius of neutron stars. We generalize our considerations to further masses and explored their
radius constraints. Moreover, we provide EOS uncertainty bands for each considered scenario. We also
applied the hypothetical moment of inertia scenarios to the speed of sound parametrization. The two
EOS parametrizations exhibit no significant differences in the resulting radius constraints.

Ultimately, we considered neutron stars in binary systems which permits the investigation of tidal
effects and quadrupole moments. We studied the dimensionless tidal deformability and investigate the
impact of a measurement of this observable. We explored properties of binary neutron star systems and
merger. The pioneering observation of GW from a binary neutron star merger in August 2017 opened
up a new era of gravitational wave astronomy. We applied the results of this detection to both EOS
models to study the impact on the radius of neutron stars and the EOS itself. We observed that the
constraints imposed by GW170817 have no significant impact on the radius of neutron stars or the
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EOS. Previous studies observed universal relations among neutron star observables that are remarkably
insensitive to details of the underlying EOS. These universal relations connect the moment of inertia,
the tidal deformability, and the quadrupole moment. Accordingly, these universal relations are named
I -Love-Q relations. The I -Love-Q relations hold up very well for both the piecewise polytropic and speed
of sound EOS models. This result is impressive since both models yield a large amount of EOS

In the future, improvements of the EOS parametrization can be included by considering a parametriza-
tion of the EOS in the density regime of the chiral EFT band. This will allow to probe the correlations
between different neutron star observables and the pressure at lower densities than twice saturation
density. Such a parametrization can then also be used to investigate if the mass-radius parameter space
is more smoothly covered compared with the approach discussed in Refs. [118, 137]. Moreover, the
extension of a chiral EFT band parametrization can be used in a future work to revisit the priors and the
analysis presented in our work, Ref. [118]. Beside a new parametrization of the EOS inside the chiral
EFT band, future developments on chiral interactions can provide improved nuclear forces which can in
turn provide more constraints for the nuclear EOS and thus the radius of neutron stars. Future progress
in pQCD can also yield additional information on the EOS in the high-density regime to which the EOS
in the density regime relevant for neutron stars can be matched.

In addition, the NICER mission will yield simultaneous measurements of masses and radii of neu-
tron stars. The protocol outlined and applied to hypothetical scenarios in Chap. 4 and our paper in
Ref. [118] can then be applied to the actual NICER results once publicly available. The approach of
Bayesian statistics can also be used to study the impact of multi-messenger astronomy by including GW
observations.
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A Details of the auxiliary function j for the
rotational drag and the quadrupole moment

In Chap. 3, we introduced the slow-rotation approximation by Hartle and Thorne (cf. Refs. [130, 133])
to study neutron star observables. There, we provide details on the auxiliary function j (cf. Eq. (3.17)).
In Section 3.6, we described how we solve the differential equations. We transform the second-order
differential equation for ω̄ into a system of first order-differential equations. This system of differential
equations features the function j that depends on the metric functions λ and ν. Moreover, the function
j shows up as the factor

1
j

d j
dr

.

In the following, we show that the factor given above does not depend on the metric function ν:

1
j

d j
dr
= e

1
2 (ν+λ) ·

d
dr

�

e−
1
2 (ν+λ)

�

= −
1
2

�

ν′ +λ′
�

. (A.1)

The expression above shows that the combination of the function j and the radial logarithmic derivative
solely depend on the radial derivative of the metric functions ν and λ. Using the differential equation of
the metric function ν given in Eq. (3.6) and determining the derivative of Eq. (3.8) with respect to the
radial coordinate yields:

1
j

d j
dr
= −

4πr3(P + ε)
r(r − 2m)

. (A.2)

We use the expression above to simplify the differential equation for the rotational drag.

We now discuss how the definition of the function j can be rewritten in terms of the enthalpy h. We
solve the integral equation given in Eq. (3.79) using the boundary conditions,

ν(R) = ln
�

1−
2M
R

�

and h(R) = 0 ,

at the surface of the neutron star,. This leads to

j(h) =

�

1− 2m
r

1− 2M
R

�

1
2

· eh . (A.3)

The expression above can then be used to determine j2. Moreover, it is useful to determine an expression
for the derivative

d j2

dr
= 2 j ·

d j
dr
= −2 j2 4πr3(P + ε)

r(r − 2m)
, (A.4)

where we used the expression given in Eq. (A.2). We insert the expressions for j2 and its derivative into
the differential equations for h2 and v2 which are required for the calculation of the quadrupole moment
of neutron stars (cf. Sec. 3.6).

107





B Numerical test cases
We present numerical test cases that we used to benchmark our implementation of the EOS models
presented in Chap. 2 as well as the structure equations of neutron star observables presented in Chap. 3.
We use a selection of references to benchmark our implementation and show qualitative as well as
quantitative comparisons.

In Chap. 4, we discussed the representative EOS based on a piecewise polytropic EOS model intro-
duced in Ref. [137], where the authors also provide numerical data for the EOS as well as the resulting
mass-radius relations. In Fig. B.1, we show our results in comparison with the results given in Ref. [137].
The qualitative comparison shows that our results for the mass-radius relations are in very good agree-
ment with the literature. Nonetheless, we note that the radii of light neutron stars (M ® 1 M�) appear
to be slightly smaller than the corresponding results in Ref. [137].
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Figure B.1.: Left panel : Pressure P as a function of energy density ε. Right panel : Neutron star mass M
as a function of the radius R. The dashed, solid, and dash-dotted lines present our results.
The results from the work of Hebeler et al. [137] are shown as dots, where the data is taken
from Ref. [137].

For a more quantitative discussion of the comparison, we use the numerical data for the three rep-
resentative EOS given in Ref. [137]. The provided data includes among other quantities values for the
central pressure and the corresponding radius and mass of the resulting neutron stars. We interpolate
each the radius R and the mass M as a function of the central pressure Pc based on our results. We then
determine the relative errors for the radius and the mass. As seen in Fig. B.1, the relative errors for both
radii and masses are larger for light neutron stars than for heavy neutron stars. The observed relative
errors are a few permille except for the light neutron stars. For light neutron stars the relative errors
are at the percent level. We show the relative errors for the radii and masses in the case of the three
representative EOS in Fig. B.2.
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Figure B.2.: Relative errors for the radii (left panel) and the masses (right panel) for the three represen-
tative EOS introduced by Hebeler et al. [137]. We determined the radii and masses at the
central pressures Pc as listed in Ref. [137].

In Sec. 2.3.3, we introduced a parametrization of the speed of sound inside neutron stars to generate
the EOS. This model was set up in collaboration with G. Raaijmakers, K. Hebeler, A. Schwenk, and
A. Watts and published in our paper, Ref. [118]. While setting up the model, we performed parallel
benchmarks and therefore ensure that our independently obtained results agree.

Further, we benchmark the implementation of the binding energy. A list of realistic EOS including
the underlying approach and considered composition is given in Ref. [177] (cf. also references therein
for the individual EOS). Lattimer and Prakash [177] do not provide numerical values for the binding
energy, however, we digitalize the figures to extract data that we then use for our benchmarks. Hereto,
we choose BE/M2 as a function of M (cf. Fig. 8 in Ref. [177]) instead of BE/M as a function of C
(cf. Fig. 9 in Ref. [177]) for our benchmark. We calculate the masses M and binding energies BE
and determine via interpolation BE/M2(M). We evaluate the interpolation function at the masses Mi
we chose for the comparison. We present the numerical comparison of the literature results with our
calculations in Table B.1. The relative errors are in the order of a few percent, hence our results are in
good agreement with the literature.

As a further benchmark, we use results shown in Ref. [182]. We digitized the data presented in Fig. 1
of Ref. [182], were the authors show the scaled moment of inertia I/M 3/2 as a function of the neutron
star mass M for various EOS. We present the quantitative comparison in Table B.2. We find the relative
errors to be less than one percent except for one value for the WFF3 EOS.

We benchmark our implementation of the calculation of the tidal deformability by comparing with the
results of Hinderer et al. [147]. In Ref. [147], the results for the radius R, the compactness C , the Love
number k2, and the tidal deformability λ are given evaluated for neutron stars with a mass of 1.4 M�
for several realistic EOS. We use Eq. (6.2) to determine k2. In Table B.3, we present a quantitative
comparison of our results for the EOS AP1 and AP3 with the results given in Ref. [147].

Postnikov et al. [218] studied tidal Love numbers and determined masses, radii, compactness parame-
ters, tidal Love number, and tidal deformabilities for various EOS. We extracted the data from Figs. 6 – 10
from Ref. [218] and compare with our results obtained for the two EOS WFF1 and AP4. The numerical
comparison is presented in Table B.4.
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Table B.1.: Data taken from Ref. [177] (cf. Fig. 8 therein) and compared to our results. ∆ is the relative
difference in percent.

literature this work
EOS M [M�] BE/M2 [M−1

� ] BE/M2 [M−1
� ] ∆ [%]

AP3

1.00 0.078 0.078 0
1.25 0.080 0.080 0
1.50 0.082 0.082 0
1.75 0.085 0.085 0
2.00 0.089 0.089 0
2.25 0.094 0.094 0

AP4

1.00 0.082 0.081 −1.2
1.25 0.084 0.084 0
1.50 0.088 0.087 −1.1
1.75 0.092 0.091 −1.1
2.0 0.097 0.096 −1.0

WFF1

1.00 0.084 0.092 9.5
1.25 0.088 0.095 8.0
1.50 0.093 0.098 5.4
1.75 0.099 0.103 4.0

WFF2

1.00 0.076 0.084 10.5
1.25 0.080 0.087 8.7
1.50 0.084 0.090 7.1
1.75 0.089 0.094 5.6

WFF3

1.00 0.080 0.085 6.3
1.25 0.083 0.088 6.0
1.50 0.088 0.091 3.4
1.75 0.094 0.097 3.2
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Table B.2.: Data digitized from Ref. [182] (cf. Fig. 1 therein) and compared to our results. ∆ is the relative
difference in percent.

literature this work
EOS M [M�] I/M 3/2 [km2 M−1/2

� ] I/M 3/2 [km2 M−1/2
� ] ∆ [%]

AP3

1.00 45.1 45.2 0.2
1.25 44.7 44.8 0.2
1.50 44.4 44.4 0
1.75 44.0 44.0 0
2.00 43.4 43.4 0
2.25 42.0 42.1 0.2

AP4

1.00 41.2 41.2 0
1.25 40.6 40.6 0
1.50 40.0 40.0 0
1.75 39.3 39.3 0
2.00 38.2 38.3 0.3

WFF1

1.00 35.4 35.4 0
1.25 35.2 35.3 0.3
1.50 35.2 35.2 0
1.75 35.0 35.0 0

WFF2

1.00 39.8 39.8 0
1.25 39.2 39.3 0.3
1.50 38.7 38.7 0
1.75 38.0 38.1 0.3

WFF3

1.00 39.4 39.4 0
1.25 38.1 38.2 0.3
1.50 36.5 36.7 0.5
1.75 33.7 32.5 −3.6

Table B.3.: Comparison with the results given in Ref. [147] (cf. Table 1 therein) for the radius R, the
compactness C , the tidal Love number k2, and the dimensionless tidal deformability λ̄ of a
1.4 M� neutron star. ∆ is the relative error in percent.

AP1 AP3
literature this work ∆ [%] literature this work ∆ [%]

R [km] 9.36 9.37 0.1 12.09 11.77 −2.6
C 0.221 0.221 0 0.171 0.176 2.9
k2 0.0512 0.0516 0.8 0.0858 0.1006 17.2

λ [1036 gcm2 s2] 0.368 0.372 1.1 2.22 2.27 2.3
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Table B.4.: Comparison with the results given in Ref. [218] (cf. Figs. 6 – 10 therein) for the radius R, the
compactness C , the tidal Love number k2, and the dimensionless tidal deformability λ̄ of 1 M�
and 1.4 M� neutron stars. ∆ is the relative error in percent.

WFF3 AP4
M [M�] literature this work ∆ [%] literature this work ∆ [%]

R [km]
1.0 11.1 11.1 0 11.4 11.5 0.9
1.4 10.9 10.9 0 11.4 11.4 0

C
1.0 0.13 0.13 0 0.13 0.13 0
1.4 0.19 0.19 0 0.18 0.18 0

k2
1.0 0.10 0.08 −20.0 0.10 0.10 0
1.4 0.07 0.06 −14.3 0.08 0.08 0

10−4λ [km5]
1.0 1.1 0.9 −18.2 1.3 1.3 0
1.4 0.7 0.6 −14.3 1.0 1.0 0
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