
AIP Advances 9, 025017 (2019); https://doi.org/10.1063/1.5082392 9, 025017

© 2019 Author(s).

Modelling of the vertical deflection of
ferroelectric bending tongues loaded at
their free end
Cite as: AIP Advances 9, 025017 (2019); https://doi.org/10.1063/1.5082392
Submitted: 21 November 2018 . Accepted: 04 February 2019 . Published Online: 14 February 2019

Juliette Cardoletti , Aldin Radetinac, Daniel Thiem, Julian Walker, Philipp Komissinskiy, Bai-Xiang Xu

, Helmut Schlaak, Susan Trolier-McKinstry , and Lambert Alff

ARTICLES YOU MAY BE INTERESTED IN

Experimental determination of the relationship between the elements of a back-to-back
diode model for organic photovoltaic cells’ S-shaped I-V characteristics and cell structure
AIP Advances 9, 025014 (2019); https://doi.org/10.1063/1.5063467

Near-field and far-field optical properties of magnetic plasmonic core-shell nanoparticles
with non-spherical shapes: A discrete dipole approximation study
AIP Advances 9, 025021 (2019); https://doi.org/10.1063/1.5087705

Atomically interface engineered micrometer-thick SrMoO3 oxide electrodes for thin-film

BaxSr1-xTiO3 ferroelectric varactors tunable at low voltages

APL Materials 7, 051107 (2019); https://doi.org/10.1063/1.5094855

https://images.scitation.org/redirect.spark?MID=176720&plid=1021324&setID=389593&channelID=0&CID=324397&banID=519753383&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=a33a837d457b61ce4e64928aca859b7097b3ad45&location=
https://doi.org/10.1063/1.5082392
https://doi.org/10.1063/1.5082392
https://aip.scitation.org/author/Cardoletti%2C+Juliette
http://orcid.org/0000-0002-7305-6094
https://aip.scitation.org/author/Radetinac%2C+Aldin
https://aip.scitation.org/author/Thiem%2C+Daniel
https://aip.scitation.org/author/Walker%2C+Julian
https://aip.scitation.org/author/Komissinskiy%2C+Philipp
https://aip.scitation.org/author/Xu%2C+Bai-Xiang
http://orcid.org/0000-0001-5906-5341
https://aip.scitation.org/author/Schlaak%2C+Helmut
https://aip.scitation.org/author/Trolier-McKinstry%2C+Susan
http://orcid.org/0000-0002-7267-9281
https://aip.scitation.org/author/Alff%2C+Lambert
https://doi.org/10.1063/1.5082392
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/1.5082392
http://crossmark.crossref.org/dialog/?doi=10.1063%2F1.5082392&domain=aip.scitation.org&date_stamp=2019-02-14
https://aip.scitation.org/doi/10.1063/1.5063467
https://aip.scitation.org/doi/10.1063/1.5063467
https://doi.org/10.1063/1.5063467
https://aip.scitation.org/doi/10.1063/1.5087705
https://aip.scitation.org/doi/10.1063/1.5087705
https://doi.org/10.1063/1.5087705
https://aip.scitation.org/doi/10.1063/1.5094855
https://aip.scitation.org/doi/10.1063/1.5094855
https://doi.org/10.1063/1.5094855


AIP Advances ARTICLE scitation.org/journal/adv

Modelling of the vertical deflection of ferroelectric
bending tongues loaded at their free end

Cite as: AIP Advances 9, 025017 (2019); doi: 10.1063/1.5082392
Submitted: 21 November 2018 • Accepted: 4 February 2019 •
Published Online: 14 February 2019

Juliette Cardoletti,1,a) Aldin Radetinac,1 Daniel Thiem,2 Julian Walker,3,4 Philipp Komissinskiy,1

Bai-Xiang Xu,1 Helmut Schlaak,2 Susan Trolier-McKinstry,3 and Lambert Alff1,b)

AFFILIATIONS
1 Institute of Materials Science, Technische Universität Darmstadt, Alarich-Weiss-Straße 2, 64287 Darmstadt, Germany
2Institute of Electromechanical Design, Technische Universität Darmstadt, Merckstraße 25, 64283 Darmstadt, Germany
3Materials Research Institute, Pennsylvania State University, University Park, Pennsylvania 16802, USA
4Department of Materials Science and Engineering, Norwegian University of Science and Technology, NO-7491 Trondheim,
Norway

a)Corresponding author: cardoletti@oxide.tu-darmstadt.de
b)alff@oxide.tu-darmstadt.de

ABSTRACT
In this work, a model to describe the vertical deflection of ferroelectric bending tongues with a load at their free end is proposed.
The model is based on the ferroelectric switching criterion developed by Hwang et al. [“Ferroelectric/ferroelastic interactions
and a polarization switching model,” Acta Metall. Mater. 43, 2073–2084 (1995)] and the Euler-Bernoulli beam theory. It notably
takes into account the geometry of the bending tongue, the mechanical and piezoelectric material properties, the applied electri-
cal field, the crystallographic state of the ferroelectric thin film and its built-in strain. Hwang’s model is improved by incorporating
strain saturation at high field, as expected for the butterfly loop. This allows accurate estimates of the vertical deflection for
ferroelectric bending tongue based applications.

© 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5082392

I. INTRODUCTION

With the need for miniaturization of devices and com-
ponents as actuators, sensors or energy harvesters, the
use of bending tongues (cantilevers or wider beams) based
on piezoelectric ceramics is increasing. Due to its large
piezoelectric coefficient, PbZr0.52Ti0.48O3 (PZT) is the most
commonly used material, but it is also ferroelectric (i.e.
the polarization direction can be switched between dis-
crete crystallographically allowed orientations by an exter-
nal electric field). This particularity should be taken into
account when modelling the vertical deflection of bending
tongues.1

Though linear piezoelectric structures have been well
studied, to date, very few bending tongue-based devices

have been modelled by simulating the ferroelectric switch-
ing occurring in grains.2,3 Moreover, various descriptions of
ferroelectric switching have been made through microme-
chanical models. There are phase-field models4–6 for polar-
ization switching in single or multicrystals, which requires
no switching criteria. Nevertheless, for polycrystalline fer-
roelectrics with a large amount of grains, micromechanical
approaches become more efficient. Some of the microme-
chanical models are self-consistent estimates7 or, in the case
of Hwang et al., account for hysteretic polarization-field and
strain-field behavior.8

The latter model by Hwang et al. predicts the response
of a bulk ferroelectric ceramic subjected to external loads,
both mechanical and electrical. It describes for an indi-
vidual grain the strain and polarization resulting from an
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applied electrical field and applied stress. The model consid-
ers that polarization switching occurs when the loading level
is larger than a work energy criterion. The response of the
individual grains, which are assumed to display a statisti-
cally random orientation, is averaged to estimate the bulk
response. In order to take into account more physical details,
Hwang’s model has been extended in various aspects, includ-
ing mean-field approach, and numerically implemented with
the finite-element method.9–15

Piezoelectric/metal/piezoelectric actuators have also
been modelled by the finite-element method and laminated
beam theory, taking into account static electromechanical dis-
placement and polarization switching.16 However, this model
includes only three-point-loaded actuators.

The model described, based on Hwang’s switching cri-
terion,8 aims to bridge the gap between the mechanical and
ferroelectric approaches by describing the vertical deflection
of a bending tongue fixed at one end and loaded at its free end
while taking into account ferroelectric switching at the grain
scale.

The proposed model includes the impact of the crystallo-
graphic state of the ferroelectric (polycrystalline, textured or
epitaxial) on the vertical deflection. It also increases the accu-
racy of Hwang’s model8 by taking macroscopic polarization
saturation into account. By analyzing in details the different
contributions to the vertical deflection, the proposed model
also allows optimization of the bending tongue’s geometry for
various applications.

II. EXTENT AND LIMITS OF THE MODELLING
A. Extent of the model

The described model applies to a composite bending
tongue fixed at one end and with a width-to-depth ratio larger
than 12.17 Therefore, while Euler-Bernoulli beam theory can
be used to describe its vertical deflection, it is necessary to
apply corrections for both the inhomogeneity and the width
of the bending tongue.

The composite bending tongue, represented in Fig. 1, is
composed of three distinct layers: a ferroelectric layer, one
or more buffer layers (referred to as buffer layer below) and a
polycrystalline substrate.

The bending tongue is subjected to the gravity force
of its own weight and to a load applied at its free end.
The former is applied over its whole length while the lat-
ter is distributed over a certain length referred to as length
load. Additionally, the bending tongue is subjected to both
built-in strain (due to eventual misfit strain and to thermal
strain) and to ferroelectric strain. The former is applied over
its whole length and the latter is applied over the region
where the electrodes used to activate the ferroelectric layer
are located (the bending tongue’s length minus the length
load).

The bending tongue is described in a Cartesian coor-
dinate frame, known as the global reference frame, where
it is fixed at x = 0 and z = 0 with the x-direction along
the length of the bending tongue and the bending tongue’s

FIG. 1. Schematic representation of the modelled bending tongue (BT) in the global
reference frame (xyz). The electrical field ~E is applied over the area delimited by
dashes through all layers: (1) ferroelectric layer, (2) buffer layer(s), (3) substrate.
The load at the free end (red arrow) is applied over length load.

deflection upon application of an electrical field vertically in
the z-direction.

As the model is aimed at functional applications, it con-
siders four distinct states of the bending tongue: as deposited
(before any electrical field is applied), poled (corresponding to
the final step of the poling process, before the poling electrical
field is released), inactive (after poling, while no electrical field
is applied) and active (after poling, while an electrical field is
applied).

B. Assumptions of the model
The model assumes several general assumptions: each

individual layer composing the bending tongue is homoge-
neous and its properties are either isotropic or transversely
isotropic in the xy-plane. The bonding between the individual
layers is assumed to be perfect.

Mechanical hypotheses are also assumed in order to apply
Euler-Bernoulli beam theory:18 the composite beam has the
same modulus of elasticity for both tension and compres-
sion and is presumed to be straight or slightly curved in the
plane of bending (with a radius of curvature at least 10 times
as long as the thickness of the bending tongue). The cross-
section of the beam is assumed to be uniform along the
x-axis and the bending tongue has at least one longitudinal
plane of symmetry, i.e. the xz-plane. All loads and reactions
are presumed to be perpendicular to the axis of the bend-
ing tongue, i. e. along the z-direction, as well as to lie in
the same plane as the bending tongue which is a longitudi-
nal plane of symmetry, i.e. in the xz-plane. Deformations are
assumed to be small and within the range of linear elastic
deformation. The bending tongue is also presumed to be long
with respect to its thickness: considering it as a metal beam
of compact section, its span/thickness ratio is at least equal
to 8.
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The model also assumes the following crystallographic
assumptions: the ferroelectric layer contains only tetragonal
unit cells and the substrate is polycrystalline. It is presumed
that there is no phase transition in any of the materials.

Since this model is based on Hwang’s model for ferroelec-
tric switching,8 it takes into account neither the correlation
between ferroelectric domains nor domain wall motion. For
such purpose, the phase field models can be utilized.4–6 The
model also considers that 180◦ and 90◦ switching requires the
same amount of energy.

Due to the large number of parameters required for the
modelling, the results might be strongly impacted by the
selected values.

III. FUNDAMENTALS OF THE MODEL
As mentioned in section II A, the bending tongue, being

a composite, requires a correction for its inhomogeneity by
means of an equivalent cross-section.18 The substrate is taken
as the reference layer, implying:

wsubs
eff = wsubs,

wi
eff = wi Ei

Y

Esubs
Y

,
(1)

where w and weff refer to the width and the effective width
of a layer, respectively, the superscripts subs and i refer to the
substrate and any subsequent layer, respectively, and EY refers
to the Young’s modulus.

The neutral axis of the equivalent cross-section of the
bending tongue and its second moment of area are impacted
by taking the effective width of each layer into account. It
is therefore necessary to consider the effective neutral axis,
neff and the effective second moment of area Ieff calculated
using weff .

Therefore, neff , which is also dependent on the mid-plane
of each individual layer, ni, can be expressed as:

neff =

∑
i

wi
efft

ini

∑
i

wi
efft

i
, (2)

where ti corresponds to the thickness of every individual layer
of the bending tongue, and with ni defined as:

ni =
ti

2
+

i−1∑
j=0

tj. (3)

Using Eq. 2, Ieff can be calculated as:

Ieff =
∑

i

wi
efft

i

12
+ wi

efft
i(ni − neff )2. (4)

As the bending tongue is incorporated in a wide beam
(width-to-depth ratio larger than 12),17 it is also necessary to
apply a correction in order to use the Euler-Bernoulli beam
theory.18 The Young’s modulus of the composite beam, Eeff

Y
should be substituted by:

Eeff
Y →

Eeff
Y

1 − ν2
eff

, (5)

where νeff corresponds to the Poisson’s ratio of the substrate
as per the equivalent cross-section obtained from Eq. 1.

Due to both loads (the bending tongue’s own weight
and load applied at its free end) and strains (built-in and
ferroelectric strains) acting simultaneously on the bending
tongue, the equation describing its vertical deflection, Z, along
the z-axis, is complex. However, the method of superposi-
tion18 allows the total vertical deflection to be defined as the
sum of the deflections due to both loads and strains. There-
fore, each component of the deflection can be calculated
independently.

A. Deflection due to loads
Q(x), the load distribution of the bending tongue’s own

weight, qW , over its whole length and the load applied at its
free end, qL, over the length load can be described by the
following equation using Macaulay brackets:

Q(x) = qW + qL < x −m >0, (6)

where m corresponds to the position on the x-axis at
which length load begins, ranging from x = m to x = l,
the free end of the bending tongue. Macaulay brackets
describe a discontinuous function expressed by the following
equation:19

< x −m >p=



0 x ≤ m

(x −m)p x > m
, (7)

where p is an integer.
According to Euler-Bernoulli beam theory, the equation

describing the vertical deflection of the bending tongue can
be obtained through four consecutive integrations of the load
distribution over the length of the bending tongue. As the
bending tongue is fixed at one end in x = 0 and z = 0, it is
subjected to neither any shear force nor bending moment at
its free end at which x = l. It also does not have a slope or a
deflection at its fixed end. Therefore, the following boundary
conditions can be applied:

ZIII(x = l) = 0; ZII(x = l) = 0,

ZI(x = 0) = 0 and Z(x = 0) = 0,
(8)

where ZI, ZII and ZIII are the first, second and third derivatives
of Z, the vertical deflection.

From Eq. 6 and 8, the equation of vertical deflection due
to the bending tongue’s own weight and the load applied at its
free end can be obtained:

Z =
1 − ν2

eff

24Eeff
Y Ieff

[
qWx4 + qL < x −m >4 + 4(−qWl − qL(l −m))x3

+ 12
[
qW l2

2
+ qL(l −m)

(
l −

l −m
2

)]
x2

]
. (9)
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The detailed calculations from Eq. 6 to Eq. 9 are given
in Appendix A.

B. Deflection due to strains
Both terms of the built-in strain in the ferroelectric

layer (thermal strain and eventual misfit strain) as well as
ferroelectric strain have components in the xy-plane and in
the z-direction. However, their components in the z-direction
can be neglected as the top surface of the bending tongue is
free and, therefore, unconstrained.

To maintain the force equilibrium in the bending tongue,
the in-plane built-in strain, εb, and the in-plane ferroelec-
tric strain, εf generate longitudinal strains in both the x-
direction and the y-direction.20 These created strains εl

b and
εl

f , respectively, are defined as:

εl
b = −

Ef
Ytfεb∑

i
Ei

Yti
,

εl
f = −

Ef
Ytfεf∑

i
Ei

Yti
,

(10)

where Ef
Y and Ei

Y correspond to the Young’s modulus of the
ferroelectric layer and of every individual layer of the bend-
ing tongue, respectively. tf corresponds to the thickness of the
ferroelectric layer of the bending tongue.

The in-plane built-in and ferroelectric strains also gen-
erate a bending moment due to a net force created in each
individual layer and acting through a moment arm spanning
from the mid-plane of the layer, ni (see Eq. 3), to the neutral
axis of the bending tongue with the equivalent cross-section,
neff (see Eq. 2).20 The bending moment due to the built-in
strain, Mb, and the one due to the ferroelectric strain Mf ,
arising from the forces acting in each layer due to εl

b and to
εl

f , respectively, as well as to the forces acting in the ferro-
electric layer due to εb and to εf , respectively, are expressed
as:

Mb =
∑

i

Ei
Ytiwi

eff (n
i − neff )εl

b sin(θ)

+ Eferro
Y tferrow ferro

eff (nferro − neff )εb sin(θ),

Mf =
∑

i

Ei
Ytiwi

eff (n
i − neff )εl

f sin(θ)

+ Eferro
Y tferrow ferro

eff (nferro − neff )εf sin(θ), (11)

where the superscript ferro refers to the ferroelectric layer
and θ refers to the angle between the in-plane force due to
the strain and the moment arm. If the mid-plane of a layer,
ni, is located above the effective neutral axis of the bend-
ing tongue, neff , then θ = − 90◦ and if ni is smaller than neff
then θ = 90◦.

The bending moment Mb, due to the built-in strain, is act-
ing over the whole length of the bending tongue while Mf , due
to the ferroelectric strain, is acting over the bending tongue’s
length minus the length load. The distribution of these bending

moments, M(x), is described by the following equation using
Macaulay brackets:

M(x) = Mb + Mf (1− < x −m >0). (12)

According to Euler-Bernoulli beam theory, integrating
twice the equation for the bending moment’s distribution due
to εb and εf gives the corresponding equation for the vertical
deflection. It can be obtained from Eq. 12 and 8:

Z =
1 − ν2

eff

2Eeff
Y Ieff

[(Mb + Mf )x2 −Mf < x −m >2]. (13)

The detailed calculations from Eq. 12 to Eq. 13 are given in
Appendix B.

Both the built-in strain and the ferroelectric strain
are dependent on the crystallographic state of the ferro-
electric layer (polycrystalline, textured or epitaxial). There-
fore, it is necessary to describe the crystallographic state
mathematically.

1. Mathematical formulation of the crystallographic
state

Following Hwang’s model8 for ferroelectric switching,
the orientation of each crystallographic grain has an impact
on the global ferroelectric strain and should therefore be
taken into account. For this purpose, a series of sys-
tems of local coordinates defined relative to the global
reference frame and referred to as grain coordinates, is
defined.

The orientation of each grain is set by a group of three
Euler angles, ϕ1, φ, ϕ2, allowing conversion of coordinates from
the global reference frame to the grain coordinates of each
grain. As various conventions exist to define the Euler angles,
the one chosen here is described below and represented
in Fig. 2.

The first rotation of angle ϕ1 around the z-axis creates
the u-axis and v-axis in the xy-plane. The second rotation
is made around the v-axis with an angle of φ. It creates
the w-axis as well as the z’-axis. The third rotation occurs
around the z’-axis with an angle of ϕ2 and creates the x’-
axis and the y’-axis. The grain coordinates of each grain are
expressed in the reference frame made by the x’-axis, y’-axis
and z’-axis.

These three successive rotations are described by the
transformation matrix allowing to express the grain coordi-
nates in the global reference frame as shown in the following
equation:

*...
,

x′

y′

z′

+///
-

=
*...
,

k1,1 k1,2 k1,3

k2,1k2,2k2,3

k3,1k3,2k3,3

+///
-

*...
,

x

y

z

+///
-

, (14)

where kg ,h corresponds to the coefficients of the transforma-
tion matrix with g and h taking the values 1, 2 or 3.
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FIG. 2. Schematic representation of the three Euler angles
to convert coordinates from the global reference frame to
the grain coordinates of each grain. (a) global reference
frame defined by the vectors x, y and z with the first rotation
of angle ϕ1 around the z-axis, (b) second rotation of angle
φ around the v-axis, (c) third rotation of angle ϕ2 around
the z’-axis and (d) representation of the global reference
frame and the grain coordinates defined by the vectors x’,
y’ and z’.

The coefficients kg ,h are given in the following equation:

k1,1 = cos(ϕ1)cos(ϕ2) − sin(ϕ1)sin(ϕ2)cos(φ),

k1,2 = −sin(ϕ2)cos(ϕ1) − cos(φ)sin(ϕ1)cos(ϕ2),

k1,3 = sin(φ)sin(ϕ1),

k2,1 = cos(ϕ2)sin(ϕ1) + cos(φ)cos(ϕ1)sin(ϕ2),

k2,2 = −sin(ϕ2)sin(ϕ1) + cos(φ)cos(ϕ1)cos(ϕ2),

k2,3 = −sin(φ)cos(ϕ1),

k3,1 = sin(φ)sin(ϕ2),

k3,2 = sin(φ)cos(ϕ2),

k3,3 = cos(φ).

(15)

The Euler angles inherent to the grains are defined
according to the three possible crystallographic states of the
modelled ferroelectric strain. If the sample is polycrystalline,
then all grains of the ferroelectric are randomly oriented and,
therefore, the values of the three Euler angles are each ran-
domly defined within their bounds (0 < ϕ1 < 2 π; 0 < φ < π

and 0 < ϕ2 < 2 π).
In the case of a textured ferroelectric layer, a given per-

centage of grains are rotated by a few degrees around a given
orientation, O, while the remaining grains are randomly ori-
ented. The distribution of grains around the orientation O can
be simulated by the following Gaussian function:21

S(Ψ) =
8
√
π

ZΨ3
0

exp*
,

−Ψ2

Ψ3
0

+
-
, (16)

where Ψ is the rotation angle around the orientation O,
Ψ0 is the full width at half-maximum of the Gaussian

distribution and Z is the multiplicity due to the symmetry of
the crystallographic unit cell.

Once normalized, the Gaussian distribution given in Eq. 16
contains 99.9% of the grains oriented around the orien-
tation O between − 3Ψ and + 3Ψ. The distance between
these two angles is separated into 10 segments, each con-
taining a number of grains as defined by the Gaussian dis-
tribution. The grains contained in each segment are rotated
by the average angle of the given segment around the
orientation O.

If the ferroelectric layer is textured in-plane, the angle of
rotation is the first Euler angle, ϕ1, while φ and ϕ2 are set to
0◦. In the case of an out of plane texture, it is the second Euler
angle, φ, which corresponds to the angle of rotation while ϕ1
and ϕ2 are set to 0◦. A combination of in-plane and out-of-
plane texture can be described by simultaneous rotations of
ϕ1 and φ.

The remaining grains which do not display texture around
the orientation O are modelled by applying random values to
their three Euler angles, as it is the case for a polycrystalline
ferroelectric.

In this model, epitaxy is defined as the perfect alignment
of grains in a given orientation O. Therefore, if the ferroelec-
tric layer is epitaxial, all Euler angles are set to 0◦, independent
of any possible long range order between ferroelectric layer
and substrate.

2. Built-in strain
The built-in strain in the ferroelectric layer, εb, is the

sum of the thermal strain and the misfit strain. The choice
of equation to calculate the former is dependent on the
thickness of the thin film. The equation for the latter is
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dependent on both the thin film thickness and its crystallo-
graphic state.

The thickness of the thin film mainly impacts the ability
of the ferroelectric layer to relax. As the nature (strain, mor-
phology, etc.) of the modelled thin film is unknown, its relax-
ation threshold should be determined and the corresponding
equations should be used.

If the ferroelectric is not relaxed, its thermal strain,
εthermal

b , due to cooling down from its deposition temperature,
Tdepo, to the bending tongue’s operating temperature, Toper, is
expressed by:

εthermal
b = (Tdepo − Toper) ∗ (αsubs − αferro), (17)

where α corresponds to the thermal expansion coefficient.
If the ferroelectric layer is relaxed, the bi-axial stress

present at Curie temperature, TCurie, is partially released
through the development of a domain structure.22 The trans-
formation stress concept implies that the thermal strain of a
relaxed ferroelectric layer is described by:23

εthermal
b = (Tdepo − TCurie) ∗ (αsubs − αferro). (18)

Regarding the misfit strain, polycrystalline films are
relaxed. For non-relaxed epitaxial ferroelectric films the misfit
strain, εmisfit

b , is described by:

ε
misfit
b =

(
abuffer − aferro

aferro

)
Tdepo

, (19)

where a refers to the lattice parameter used for misfit strain
calculation and the superscript buffer refers to the buffer layer
adjacent to the ferroelectric layer.

If the ferroelectric layer is textured and not relaxed, its
misfit strain is calculated from Eq. 19 and is multiplied by the
percentage of textured grains.

In all of the above mentioned cases, the total strain can be
reduced by a given degree of relaxation to model any further
relaxation which could happen after the ferroelectric layer
deposition.

3. Ferroelectric strain
The ferroelectric strain originates from both the fer-

roelectric switching strain component and the linear strain
component. Hwang’s model8 processes each grain individ-
ually before averaging the ferroelectric strain and polar-
ization values over the number of grains modelled. This
individual processing of the grains imposes the need to work in
grain coordinates. Therefore, every value in the global reference
frame should be converted into grain coordinates through the
use of Euler angles. Once the ferroelectric strain and match-
ing polarization values are known for each individual grain,
they should be converted back into the global reference frame
before averaging.

Each grain is treated as if it is composed of unit cells dis-
playing the same behavior (i.e. the same orientation relative to
the global reference frame, simultaneous ferroelectric switch-
ing, etc.) and, therefore, grain can be replaced by unit cell for
ease of comprehension.

Hwang et al. considered the sum of the electrical and
mechanical work resulting from switching the polarization
from its current direction to another one. Ferroelectric
switching occurs if the applied electrical field is larger than
a switching criterion expressed by:8

E∆P + σ∆εint > 2PspontaneousEcoercive, (20)

where E and σ correspond to the electrical field and to
the stress, respectively, applied to the ferroelectric dur-
ing the switching process. ∆P and ∆εint refer to the dif-
ference between before and after ferroelectric switching
for the polarization and internal unit cell strain values,
respectively. Pspontaneous refers to the spontaneous polariza-
tion of the ferroelectric and Ecoercive refers to its coercive
field.

According to Hwang’s model, the polarization vector is
parallel to the edge of the tetragonal unit cell. In our model,
the polarization vector lies at the center of the unit cell and
can only take six different orientations which is in agreement
with Hwang’s model. The six possible orientations of the polar-
ization in a tetragonal perovskite ferroelectric, labelled from
1 to 6, are expressed in grain coordinates as [100], [1̄00], [010],
[01̄0], [001] and [001̄], respectively.

The internal unit cell strain values correspond to the
elongation or the contraction of the cubic unit cell into the
tetragonal one. These values are expressed as a function of
strain along the unit cell a-axis, εa, or along its c-axis, εc. These
two quantities are defined by:

εa =
atetragonal − acubic

acubic
,

εc =
ctetragonal − acubic

acubic
,

(21)

where a and c refer to the lattice parameters of the fer-
roelectric unit cell. The crystal system is indicated by the
superscript, either tetragonal or cubic.

The internal unit cell strains inherent to the polarization
orientations from 1 to 6 are [εc, εa, εa], [εc, εa, εa], [εa, εc, εa],
[εa, εc, εa], [εa, εa, εc] and [εa, εa, εc], respectively.

From the values of the polarization orientations and of the
internal unit cell strains, it can be noted that 180◦ ferroelec-
tric switching would give rise to electrical work only while 90◦

switching would give rise to both electrical and mechanical
work if dynamic poling is ignored.24

If several switching cases are possible for the same grain,
i.e. the work associated with several switching events between
the current polarization direction and a resulting one are
larger than Hwang’s switching criterion (see Eq. 20), then
switching occurs in the direction resulting in the largest
possible work.

The stress σ applied on the ferroelectric layer which is
used to calculate the mechanical work is the one inherent to
the built-in strain εb described in section III B 2. According to
the assumptions stated in section II B, the ferroelectric mate-
rial is a linear, homogeneous and isotropic material. In this
case:
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εx
b = εb,

ε
y
b = ε

x
b ,

εz
b = −

εx
b

νferro
,

(22)

where the superscripts x, y and z correspond to the directions
in which the built-in strain is expressed in the global reference
frame.

By combining Eq. 22 with Hooke’s law for a linear, homo-
geneous and isotropic material, it yields:

σx = 0,

σy = 0,

σz = Eferro
Y

2νferro − 1
νferro + 1

(1 + νferro)(1 − 2νferro)
εx

b .

(23)

The electrical field applied to the ferroelectric layer which
is used to calculate the electrical work depends on which one
of the four states of the bending tongue is being modelled
(see section II A). While the states as deposited and inactive
are not subjected to any electrical field, the states poled and
active are subjected to the poling and applied electrical fields,
respectively.

The ferroelectric switching strain corresponds to the
average of the strain resulting, in the global reference frame,
from Hwang’s switching criterion method. The second com-
ponent of the ferroelectric strain is the linear strain in the
xy-plane, εlinear

f , described by:

εlinear
f = Ed31, (24)

where E is the applied electrical field along the z-axis and d31
is the piezoelectric coefficient linking E and the strain along
the x-axis.

While Hwang’s model allows the calculation of the fer-
roelectric strain, it has two severe limitations: the satu-
ration of the linear ferroelectric strain is not taken into
account and the remanent strain is calculated empirically.
The model here described proposes a solution to these two
points.

From Hwang’s model the polarization can be plotted ver-
sus the applied electrical field, E. It is possible to determine
the applied field at which saturation is reached, Esat, as the
point where the PE loop closes. This point is located on loops
subsequent to the poling step, when the respective values of E
and polarization are equal on the branches of increasing and
decreasing applied field.

Once the value of the applied electrical field at which sat-
uration is reached is known, all further calculations can be
adapted by replacing E with Esat in Eq. 24 once E becomes
larger than Esat. This approach generates underestimated
strain values above saturation, which is more relevant for
applications than neglecting saturation.

It is also possible, by plotting the ferroelectric strain εf
versus the applied electrical field E, to obtain the remanent
strain which corresponds to the value of εf at E = 0, after the
poling step.

In summary, the bending tongue is subjected to the fer-
roelectric switching and linear strains in the poled state, to
the remanent strain in the inactive state and to the rema-
nent and linear strains in the active state. This is due to
the fact that during operation the bending tongue is driven
between the inactive and active states which does not cause
any ferroelectric switching.

IV. RESULTS AND DISCUSSION
Unless otherwise mentioned, the results given hereafter

correspond to the modelling37 of a bending tongue composed
of stainless steel 304 as a substrate, LaNiO3 as a buffer layer
and PbZr0.52Ti0.48O3 for the ferroelectric layer. The layers have
thicknesses of 100 µm, 0.004 µm and 1 µm, respectively. The
modelled bending tongue has a length of 7 mm, a width of
3 mm and is subjected to a load of 5 · 10−5 N applied over
1 mm at its free end. The PbZr0.52Ti0.48O3 layer is epitax-
ial and has the density of tetragonal PZT, as assumed in the
model. The applied electrical field is 500 kV·cm−1. The mod-
elling parameters used for the physical and mechanical prop-
erties of the ferroelectric, buffer and substrate layers are given
in Table I.25–36

A polarization versus applied electrical field curve, or PE
loop, has been modelled in Fig. 3 for an epitaxial and a poly-
crystalline PbZr0.52Ti0.48O3 layer. It can be noted that the poly-
crystalline PE loop is rounded and wider than the epitaxial one,
which is more square-shaped. Indeed, due to the random ori-
entation of grains in the polycrystalline layer, the alignment
of each grain polarization towards the applied field direction
is progressive. Each grain perceives the applied electrical field
differently due to its own orientation.

The sharp ferroelectric PE loop for the epitaxial case, on
the other hand, is due to the perfect alignment of all grains. As
they perceive the applied electrical field in the same manner,
they answer to it simultaneously.

Furthermore, in the epitaxial PE loop the poling appears
as a two steps process. 180◦ ferroelectric switching occurs
at a lower applied field (at 175 kV·cm−1) than 90◦ switching
which occurs at 360 kV·cm−1. This phenomenon is consis-
tent with the modelling of the ferroelectric strain described
in section III B 3: as 180◦ switching is only due to electri-
cal work, it requires less energy than 90◦ switching, which
is due to both electrical and mechanical work. Indeed, while
both 180◦ and 90◦ switching involve a change in polarization,
90◦ switching also implies a change in strain. The tetrag-
onal unit cell is deformed, shortening along its c-axis and
elongating along its a-axis, effectively inverting its a-axis and
its c-axis.

Once the individual polarization of each grain has been
switched and aligned as closely as possible with the applied
field direction, only 180◦ switching remains.

Both epitaxial and polycrystalline PE loops are shifted
towards the right-hand side of the graph by 53 kV·cm−1.
This shift is due to the built-in strain (thermal and even-
tual misfit strains) which generates stress on the ferroelectric
layer, impacting the mechanical work required to switch the
polarization of a given grain (see Eq. 20,23).
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TABLE I. Physical and mechanical properties of materials used for modelling. Ferroelectric material: PbZr0.52Ti0.48O3; Buffer
layer: LaNiO3 and Substrate: stainless steel 304 (EU: 1.4301).

Parameter Value

Ferroelectric layer

Young’s modulus25 9.9 · 1010 Pa
Poisson’s ratio26 0.31
Coercive field27 1.5 · 107 V.m−1

Spontaneaous polarization28 0.5 C.m−2

Piezoelectric coefficient d31
29 − 97 · 10−12 V.m−1

Lattice parameter tetragonal a30 4.043 · 10−10 m
Lattice parameter tetragonal c30 4.132 · 10−10 m
Lattice parameter cubic a (above Curie temperature)31 4.085 · 10−10 m
Thermal expansion coefficient32 2 · 10−6 K−1

Curie temperature29 573 K
Density29 7600 kg.m−3

Buffer layer
Young’s modulus33 5.63 · 107 Pa
Lattice parameter for epitaxial strain calculation34 3.851 · 10−10 m
Density34 7141 kg.m−3

Substrate

Young’s modulus35 2.0 · 1011 Pa
Poisson ratio36 0.27
Thermal expansion coefficient35 16.5 · 10−6 K−1

Density35 7900 kg.m−3

Besides the poling step from 0 to 450 kV·cm−1, the PE
loops have been plotted by decreasing the applied field to -
450 kV·cm−1 and subsequently increasing it to 450 kV·cm−1

three consecutive times. In the case of the epitaxial PE loop,
only one trace can be seen from these three consecutive
loops. Hence, the epitaxial ferroelectric displays reproducible
behavior.

In the case of the polycrystalline PE loop, two traces
can be seen while the applied electrical field is decreasing:

FIG. 3. Modelled polarization versus applied electrical field curve in the case of an
epitaxial (blue squares) and of a polycrystalline (red circles) ferroelectric layer. (1)
and (2) indicate 180◦ and 90◦ switching of the epitaxial film, respectively.

one starting from the poling step and one from the first
branch where the applied field increases. This originates
from the random alignment of the grains in the polycrys-
talline sample: as they do not all perceive the applied field
in the same manner due to their own orientation, the elec-
trical work is different from one grain to the other. Some
grains might not have had enough energy during the poling
step to switch and align their polarization with the applied
field direction. In this case, the ferroelectric switching might
be more favorable when the applied field is oriented in the
opposite direction. It can be noticed, that once the field has
been increased (through the poling step) and decreased once,
the second and third PE loops are identical indicating that
all grains are switching when the applied field direction is
reversed.

The grain orientation also impacts the bending tongue’s
vertical deflection as can be seen in Fig. 4. Based on the def-
inition of the crystallographic state given in section III B 1, a
polycrystalline ferroelectric should behave the same way as a
0% textured one while an epitaxial ferroelectric should behave
identically to a 100% textured one, which is confirmed by the
simulation.

It can be noted that the polycrystalline sample displays a
slightly negative vertical deflection of − 1.96 µm while every
bending tongue modelled with either textured or epitaxial
ferroelectric bends upwards. The ferroelectric strain being
smaller than in the other cases, the deflection is determined
by the other terms (e.g. the bending tongue’s own weight or
the load applied at its free end) which are bending the bending
tongue downwards.

The strain versus applied electrical field curve, or butter-
fly loop, is represented in Fig. 5. It displays the ferroelectric
strain saturation and the remanent strain, characteristic of
ferroelectric behavior. Along with the hysteretic behavior
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FIG. 4. Evolution of the vertical deflection as a function of the percentage of tex-
tured grains. The case of an epitaxial and a polycrystalline ferroelectric layer are
shown for comparison.

shown in the PE loops, it proves that ferroelectrics are properly
modelled.

It should be noted that the strain in the z direction, εz, is
calculated through:

εz = −
εf

νferro
, (25)

FIG. 5. Modelled strain versus applied electrical field curve and vertical deflection
versus applied electrical field curve in the case of an epitaxial ferroelectric layer.

and corresponds to the ferroelectric strain in the bending
tongue perpendicular to its surface. The vertical deflection is
obtained through the equations of section III for the corre-
sponding strain values of the butterfly loop.

The lack of symmetry in the butterfly loop is due to the
built-in strain, generating stress on the ferroelectric layer,
similar to the PE loops.

Two key elements of the butterfly loop, which were not
present in Hwang’s model, are the saturation of the ferro-
electric strain, clearly visible, and the remanent strain. The
modelled ferroelectric saturates at 3.73% strain, equivalent to
34.9 µm of vertical deflection. This last value is essential for
applications as it defines the maximum vertical deflection of
the bending tongue. The modelled remanent strain, 3.15%, is
3.8 times larger than the empirical remanent strain calculated
from Hwang et al.8 This is due to the built-in strain, con-
straining the ferroelectric layer, which has not been taken into
account by Hwang’s model.

The respective contributions of the bending tongue’s
own weight, the load applied at its free end, the built-
in and the ferroelectric strains to the vertical deflection,
z, are shown in Fig. 6. In the given example, under an
applied field of 500 kV·cm−1, the main contribution comes
from the ferroelectric strain. The built-in strain, load at
the bending tongue’s free end and its weight account
for 4.47%, 0.61% and 0.36% of the vertical deflection due
to the ferroelectric strain, respectively. However, as these
three terms are deflecting the bending tongue downwards
opposing the ferroelectric strain, the sum of all terms is
smaller than the vertical deflection due to the ferroelectric
strain.

The relative importance of each contribution is strongly
dependent on the parameters chosen for the modelling. While

FIG. 6. Contribution to the vertical deflection of the bending tongue (BT). (a) indi-
vidual contributions from weight, end load, built-in strain and ferroelectric strain as
well as sum of all contributions, (b) weight and end-load individual contributions.
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all parameters (i.e. materials related or geometrical) can be
varied in the proposed model, a set of relevant parameters is
being varied in the following examples to discuss their impact.
The applied electrical field is kept constant at 500 kV·cm−1 to
model results at saturation.

A crucial component of the bending tongue is the fer-
roelectric layer, its thickness being decisive for the verti-
cal deflection, as shown in Fig. 7(a). In the given example,
the vertical deflection which can be reached, z, increases
almost proportionally to the thickness of the ferroelectric
layer. As the ferroelectric thickness increases from 0.2 µm
to 2.0 µm, the vertical deflection increases from z = 6.7 µm
to z = 67.2 µm.

While the vertical deflection is important for applications,
the variation in vertical deflection between the active state
(where an electrical field ~E is applied) and the inactive state
(where no electrical field is applied) is the key to the accessi-
ble range of motion of the bending tongue. For the modelled
example, it ranges from zE − z0 = 1.1 µm to zE − z0 = 10.9 µm
when the ferroelectric thickness is increased from 0.2 µm to
2.0 µm.

On the other hand, the vertical deflection is not propor-
tional to the length of the bending tongue, as can be seen
in Fig. 7(b). The vertical deflection increases from z = 2.1 µm
to z = 266.1 µm as the length is extended from 2 mm to
20 mm. The most important result is once more the varia-
tion in vertical deflection between the active state and the
inactive state, reaching zE − z0 = 0.4 µm at a length of 2 mm
and zE − z0 = 46.8 µm at a length of 20 mm. The length of
the bending tongue, if not restricted in a given application,
is therefore an interesting parameter to increase the vertical
deflection.

Other parameters also impact the vertical deflection, like
the load applied at the free end as represented in Fig. 7(c).
As the end load increases from 0 mN to 10 mN, the bending
tongue’s deflection is inverted from upwards to downwards.
This corresponds to the increase of the end load component
relative to the ferroelectric component up to the point where
it becomes the dominant component of deflection. The criti-
cal point at which the direction of the deflection is inverted is
reached at an end load of 7.8 mN.

Increasing the load applied at the free end of the bend-
ing tongue does not impact the variation in vertical deflec-
tion between the active state and the inactive state, which is
determined mostly by the ferroelectric layer thickness and the
bending tongue’s length.

It should be noted that some of the parameters impact the
vertical deflection in various ways through Eq. 9 and 13. This is
the case for the geometrical dimensions of the bending tongue
(length, width, thicknesses of the layers and length load), which
are parameters of both the bending tongue’s own weight and
its effective second moment or area, Ieff . This is particularly
relevant for the length and length load as these two parameters
are further involved into the equations of vertical deflection
(Eq. 9 and 13).

Other parameters, while having a global impact on the
bending tongue’s vertical deflection, impact all terms of the

FIG. 7. Evolution of the vertical deflection as a function of (a) the ferroelectric layer
thickness with a length of 7 mm and a load at its free end of 5 · 10−5 N, (b) the
length of the bending tongue (BT) with a ferroelectric layer thickness of 1 µm and
a load at its free end of 5 · 10−5 N and (c) the load at its free end with a length of
7 mm and a ferroelectric layer thickness of 1 µm. zE − z0 represents the variation
in vertical deflection between the active state (where an electrical field ~E is applied)
and the inactive state (where no electrical field is applied). As ~E is kept constant
at 500 kV·cm−1, saturation is reached.
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deflection (the bending tongue’s own weight, the load applied
at its free end, the built-in and the ferroelectric strains to
the vertical deflection) in an almost similar manner, main-
taining the relative proportions between them. For example,
the Young’s moduli of the materials are mostly taken into
account at the forefront of Eq. 9 and 13, effectively impacting
all the terms of the deflection. However, these parameters will
also have some minor impact on the built-in and ferroelectric
strains (see Eq. 10,11 and 23). The same behavior is visible with
the Poisson’s ratios of the materials.

Finally, some parameters impact a single component of
the vertical deflection. It is the case for the materials den-
sities, which affect only the weight component, as well as
for the piezoelectric coefficient, d31, and the applied elec-
trical field, which influences only the ferroelectric strain
component.

Any built-in strain parameter, like the operating and
deposition temperatures, texture parameters, thermal expan-
sion coefficients and lattice parameters of the materials, nec-
essarily influence the ferroelectric strain. This occurs through
the stress generated by the built-in strain on the ferro-
electric layer, which influences the ferroelectric switching
(see Eq. 23).

When working towards applications, the main advantage
of this large array of parameters resides in the tunability of
the bending tongue modelling. Indeed, it is possible to fix a
set of parameters based on constraints of the application and
to adapt the other parameters to reach the chosen range of
vertical deflection.

For example, it is possible to study the impact of the load
applied at the free end of the bending tongue on the maximum
vertical deflection at the free end. If this load, considered only
in Eq. 9, is the only parameter which can be varied, the deflec-
tion at the bending tongue’s free end, in x = l, can be expressed
as:

∆Z = ∆qL
1 − ν2

eff

24Eeff
Y Ieff

(3l4 − 4 m3l + m4), (26)

where ∆Z and ∆qL are the variations in the vertical deflection
and the load applied at the free end of the bending tongue,
respectively.

Therefore, if the bending tongue’s length, the ferroelec-
tric layer thickness and the load at the free end are fixed, it is
possible to calculate the maximum end load to reach a chosen
vertical deflection.

This analysis can be performed for any parameter, giv-
ing insight into the respective impact of each parameter
and allowing optimization of the bending tongue when some
parameters are constrained by the application.

V. CONCLUSIONS
The proposed modelling of ferroelectric bending tongues

gives access to the vertical deflection while taking ferroelec-
tric switching on the grain scale into account. The proper
modelling of ferroelectric switching can be verified through
the PE loop and the butterfly loop, both displaying hysteretic
behavior and saturation.

The description of the saturation in the butterfly loop is
an improvement of Hwang’s model on which the description
of ferroelectric switching is based. This addition is crucial for
applications were the maximum accessible deflection and the
corresponding applied electrical field required to reach it are
needed.

Additional features have been added, notably the calcu-
lation of the remanent strain and the impact of the crystallo-
graphic state of the ferroelectric (polycrystalline, textured or
epitaxial).

The large amount of parameters taken into account in
this model allows the relative importance of the contributions
to the vertical deflection (bending tongue’s own weight, load
applied at its free end, built-in and ferroelectric strains) to be
ascertained and the bending tongue’s geometry to be opti-
mized. As the materials properties cannot be changed easily,
the geometry of the bending tongue optimization is essential
for specific applications.
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APPENDIX A: DEVELOPMENT FROM THE LOAD
DISTRIBUTION (EQ. 6) TO THE EQUATION
OF VERTICAL DEFLECTION DUE TO LOADS (EQ. 9)

The load distribution on the bending tongue is described
by Eq. 6, using Macaulay brackets. According to Euler-
Bernoulli beam theory, it can be written:

EI ∗ ZIV = qW + qL < x −m >0 . (A1)

It is necessary to take into account the corrections of
the beam inhomogeneity through Eeff

Y and Ieff (Eq. 4) and of
its disproportionate width (Eq. 5). Therefore, Eq. A1 can be
formulated as:

1 − ν2
eff

Eeff
Y Ieff

∗ ZIV = qW + qL < x −m >0 . (A2)

Following Euler-Bernoulli beam theory, Eq. A2 should
be integrated four consecutive times over the length of the
bending tongue. The first integration yields:

1 − ν2
eff

Eeff
Y Ieff

∗ ZIII = qWx + qL < x −m >1 +cst1, (A3)

where cst1 is an integration constant. It can be calculated using
the boundary conditions given in Eq. 8:

ZIII(x = l) = 0→ cst1 = −qWl − qL(l −m). (A4)

AIP Advances 9, 025017 (2019); doi: 10.1063/1.5082392 9, 025017-11

© Author(s) 2019

https://scitation.org/journal/adv


AIP Advances ARTICLE scitation.org/journal/adv

By combining Eq. A3 and A4, it yields:

1 − ν2
eff

Eeff
Y Ieff

∗ ZII = qW x2

2
+

qL

2
< x −m >2

− [qWl + qL(l −m)]x + cst2, (A5)

where cst2 is an integration constant. It can be calculated
using the boundary conditions given in Eq. 8:

ZII(x = l) = 0

→ cst2 =qW l2

2
+ qL(l −m)(−

l −m
2

+ l).
(A6)

By combining Eq. A5 and A6, it yields:

1 − ν2
eff

Eeff
Y Ieff

∗ ZI = qW x3

6
+

qL

6
< x −m >3

− [qWl + qL(l −m)]
x2

2

+ [qW l2

2
+ qL(l −m)(l −

l −m
2

)]x + cst3, (A7)

where cst3 is an integration constant. It can be calculated
using the boundary conditions given in Eq. 8:

ZI(x = 0) = 0→ cst3 = 0. (A8)

By combining Eq. A7 and A8, it yields:

1 − ν2
eff

Eeff
Y Ieff

∗ Z = qW x4

24
+

qL

24
< x −m >4

− [qWl + qL(l −m)]
x3

6

+ [qW l2

2
+ qL(l −m)(l −

l −m
2

)]
x2

2
+ cst4, (A9)

where cst4 is an integration constant. It can be calculated
using the boundary conditions given in Eq. 8:

Z(x = 0) = 0→ cst4 = 0. (A10)

By combining Eq. A9 and A10, it yields:

Z =
1 − ν2

eff

24Eeff
Y Ieff

[
qWx4 + qL < x −m >4

+ 4(−qWl − qL(l −m))x3

+ 12
[
qW l2

2
+ qL(l −m)

(
l −

l −m
2

)]
x2

]
, (A11)

corresponding to Eq. 9.

APPENDIX B: DEVELOPMENT FROM THE BENDING
MOMENTS DUE TO STRAIN DISTRIBUTION (EQ. 12)
TO THE EQUATION OF VERTICAL DEFLECTION DUE
TO BENDING MOMENTS (EQ. 13)

The bending moments due to strain distribution on the
bending tongue is described by Eq. 12, using Macaulay brack-
ets. According to Euler-Bernoulli beam theory, it can be
written:

EI ∗ ZII = Mb + Mf (1− < x −m >0). (B1)

It is necessary to take into account the corrections of
the beam inhomogeneity through Eeff

Y and Ieff (Eq. 4) and of
its disproportionate width (Eq. 5). Therefore, Eq. B1 can be
formulated as:

1 − ν2
eff

Eeff
Y Ieff

∗ ZII = Mb + Mf (1− < x −m >0). (B2)

Following Euler-Bernoulli beam theory, Eq. B2 should
be integrated two consecutive times over the length of the
bending tongue. The first integration yields:

1 − ν2
eff

Eeff
Y Ieff

∗ ZI = (Mb + Mf )x −Mf < x −m >1 +cst5, (B3)

where cst5 is an integration constant. It can be calculated
using the boundary conditions given in Eq. 8:

ZI(x = 0) = 0→ cst5 = 0. (B4)

By combining Eq. B3 and B4, it yields:

1 − ν2
eff

Eeff
Y Ieff

∗ Z = (Mb + Mf )
x2

2
−

Mf

2
< x −m >2 +cst6, (B5)

where cst6 is an integration constant. It can be calculated
using the boundary conditions given in Eq. 8:

Z(x = 0) = 0→ cst6 = 0. (B6)

By combining Eq. B5 and B6, it yields:

Z =
1 − ν2

eff

2Eeff
Y Ieff

[(Mb + Mf )x2 −Mf < x −m >2], (B7)

corresponding to Eq. 13.
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