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Polar and electromechanical properties of ferroelectric thin films including polarization domain
formation and switching under the influence of flexoelectric effect, surface charges, and chemical strains
have been studied using the phenomenological Landau-Ginzburg-Devonshire theory. The effects are
inherent to a thin single-crystalline ferroelectric film containing lattice defects and were studied both
separately and in competition with one another to determine their exclusive impacts as well as their
interplay in the investigated system.
Ferroelectric films of barium titanate, lead titanate, and lead zirconate-titanate are best characterized,
having the predictable behaviour at domain formation and polarization switching and possess the fullest
set of measured parametric coefficients to use in phenomenological model in this thesis. Their behaviour
is modelled with the inclusion of flexoelectricity, an electromechanical effect connecting polar properties
with strain gradient, charges at the film surface, formed from surface states or a non-ideal electrode, and
chemical strains resulting from inclusion of defects into the crystal lattice.
The first chapter gives an overview of ferroelectric research, applications, and challenges, as well as
explains the origin and working principles of the effects of interest. Ferroelectrics are intensively studied
materials that are invisibly omnipresent in modern electronic technology. Their phenomenological study
is set to move forward the understanding of processes taking place in these substances. Previous
experimental and theoretical works support the statement that the effects of interest indeed have
influence upon solid-state substances, and particularly upon ferroelectrics. This study helps to
understand how these effects can be represented in phenomenological models and most importantly,
how they interact with each other.
The second chapter describes the theoretical background of this study. It is shown how properties of
ferroelectrics are expressed through thermodynamic potentials and incorporated into the framework of
the Landau-Ginzburg-Devonshire theory. All relevant effects taking place in the ferroelectric film are
incorporated into the theoretical model, including ferroelastic properties and semiconductor properties,
expressed via electromechanical and electrostatic terms, respectively. Among these properties, the effects
of interest are introduced and underlined. A part of the chapter explains the basic principle of the finiteelement method used in the modelling software to perform calculations with given precision.
The third chapter is dedicated to the specific problems studied in this thesis. The sections of the chapter
follow this division, focusing first on the flexoelectric impact on the static and dynamic characteristics of
the samples, then the surface charges influence on domain formation and switching dynamics, and
finally the defect-driven chemical strains impacting domain properties of the ferroelectric in a
competition with the two other mechanisms. The specific problems are first stated being followed by the
publications where the investigations were made.
The fourth chapter discusses the results and makes conclusions on the contributions of each considered
effect into the domain formation process and parameters and/or ferroelectric switching dynamics. The
tunability of parameters and the prospects of usage and processing of ferroelectric films are discussed.
The final chapter gives an overview of the related scientific problems that may be addressed using
methods or results described in the current work.

Polare und elektromechanische Eigenschaften dünner ferroelektrischer Schichten wie Domänenstruktur
und Polarisationsumschaltung unter dem Einfluss der Flexoelektrizität, Oberflächenladungen und
chemischen Dehnungen, wurden mithilfe der phänomenoligischen Theorie von Landau-GinzburgDevonshire erforscht. Die Effekte sind einem System der dünnen ferroelektrischen Einkristallschichte
mit Defekten im Kristallgitter charakteristisch, und wurden sowohl getrennt, als auch in Kombination
untersucht, um ihre einzelne Einflusse, sowie ihr Zusammenwirken im berücksichtigten System
festzustellen.
Untersucht wurden ferroelektrische BaTiO3 , PbTiO3 und Pb(Zr,Ti)O3 Schichten, da diese am
ausführlichsten charakterisiert sind und sich vorhersagbar bei der Domänenformation und
Polarisationsumschaltung verhalten, sowie die größte Anzahl der gemessenen parametrischen
Koeffizienten zur Nutzung im phänomenologischen Modell besitzen. Ihr Verhalten wurde unter dem
Einfluss von Flexoelektrizität (einem elektromechanischen Effekt, der die Polarisation mit dem
Dehnungsgradient
verbindet),
von
elektrischen
Oberflächenladungen
(die
aus
Oberflächenenergiezuständen entstehen oder durch eine imperfekte Elektrode verursacht werden) und
von chemischen Dehnungen (die ein Resultat von Defekteinfügung sind) modelliert.
Das erste Kapitel gibt eine Übersicht der ferroelektrischen Forschungen, Anwendungen und
Herausforderungen und erklärt die Herkunft und Wirkung der berücksichtigten Effekten. Ferroelektrika
gehören zu den intensiv erforschten Materialien und befinden sich unscheinbar in vielen modernen
elektrotechnischen Geräten. Ihre Phänomenologishe Theorie ist auf die Weiterentwicklung des
Verständnisses von Prozessen, die in diesen Stoffen auftreten, gezielt. Vorherige experimentelle und
theoretische Werke haben gezeigt, dass die Flexoelektrizität, Oberflächenladungen und die chemishen
Dehnungen wesentlich die Festkörpermaterialien, und besonders Ferroelektrika, beeinflussen. Diese
Forschung hilft zu verstehen, wie diese Effekte in den phänomenologischen Modellen repräsentiert
werden können und, was wichtiger ist, wie sie miteinander wechselwirken.
Das zweite Kapitel beschreibt den theoretischen Hintergrund der Forschung. Es wird gezeigt, wie die
Eigenschaften der Ferroelektrika durch thermodynamische Potentiale beschrieben werden können und
in die Landau-Ginzburg-Devonshire-Theorie eingeführt sind. Alle relevanten Effekte, die in den
ferroelektrischen Schichten stattfinden, sind auch im theoretischen Modell als Erscheinungen von
elektromechanischen und Halbleitereigenschaften berücksichtigt. Ein Teil des Kapitels erklärt das
Wirkungsprinzip der Finite-Elemente-Methode, die in der Modellierungssoftware benutzt wurde, um die
Berechnungen mit der gegebenen Genauigkeit durchzuführen.
Das dritte Kapitel ist den konkreten untergesuchten Problemen gewidmet. Die Abschnitte des Kapitels
sind nach den spezifischen Forschungen geteilt, konzentrierend erst auf dem flexoelektrischen Einfluss
auf die statischen und dynamischen Schichteigenschaften, dann auf Oberflächenladungen, die
Domänenstruktur und Umschaltungsdynamik beeinflussen, und letztens - auf den defektgesteuerten
chemischen Dehnungen und ihren Einfluss auf ferroelektrischen Domäneneigenschaften, in
Zusammenwirkung mit den zwei anderen Mechanismen. Die formulierten Aufgaben sind von
Veröffentlichungen mit den erforschten Ergebnissen gefolgt.
Das vierte Kapitel ist die Schlussfolgerung über die Beiträge jedes untersuchten Effekts in die
Domänenstrukturformation und/oder in die Polarisationsumschaltungsdynamik. Diese Ergebnisse
werden angesichts der Anwendbarkeit der abstimmbaren Parameter in der Technologie diskutiert.
Das letzte Kapitel gibt einen Überblick von wissenschaftlichen Problemen und Aufgaben, die mit in dieser
Arbeit beschriebenen Methoden und Ergebnissen gelöst werden könnten.

„I don't know anything, but I do know that everything is interesting if you go into it deeply enough.“
— Richard P. Feynman
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Ferroics is a common definition of a vast group of different inorganic and organic materials that at a
critical temperature undergo phase transitions which change their physical characteristics, dramatically.
In narrow temperature ranges, underneath the critical point, domains appear, which are characterized
by a certain order parameter. They lose their centre of inversion symmetry and adopt one of several
stable states, corresponding to the minima of the free energy and to a certain value of an order parameter
defined as the spontaneous one. Depending on the nature of an order parameter, ferroic materials are
split into three main groups: ferromagnetic materials obtain spontaneous magnetization; ferroelectrics
have spontaneous electric polarization, whereas ferroelastics possess spontaneous strains.

1
If a material belongs to a certain group, it does not preclude, however, that it can also exhibit another
type of ferroic properties. Such cases with multiple ferroic propensities found in one substance are called
„multiferroics“. They may have multiple phase transitions, each for a single ferroic property, and their
properties are interconnected by effects arising from the crystal lattice structure, e.g. piezoelectricity.
The emergence of the scanning probe microscopy (SPM) made studies of electromechanical phenomena
much easier and, via electromechanical strain microscopy, atomic force microscopy, and piezoresponce
force microscopy, as well as related techniques, could reveal that polar and elastic properties are indeed
strongly coupled [publication A1].
The combination of ferroelectric and ferroelastic properties makes up a special group of materials where
each of the stable states corresponds to spontaneous polarization and spontaneous strain oriented at
certain directions. Electromechanical effects bind together polarization components and strains, so that
in order to describe a polar phase one needs only to choose a representation (electrical or mechanical)
and supply it with required electromechanical tensors.
Though easy at a first glance, the resulting description deals with a whole lot of properties and effects
in order to maintain its descriptive precision. It is important to account for effects such as electrostriction,

which can change the order and properties of the phase transition, flexoelectricity, which though being
small appears to have a visible impact on the process of polarisation switching, as well as so called
chemical strains in films hosting impurities that deform lattice cells around them [2, 3].
Being a defining characteristic feature of ferroelectric materials, polarization reversal has been an object
of interest for decades owing to the promising prospects of its use in different types of actuators and in
the energy-independent FeRAM memory cells. As it often happens, the study of ferroelectricity produced
questions that require investigations on higher levels of complexity. As a result, many mechanisms that
govern ferroelectric features like domain nucleation are still obscure and do not have a unified model to
explain, although successful attempts to address these points were made and will be discussed below.
Classic models of the polarization reversal were advanced by Rolf Landauer [4] in 1957. There it was
shown that reversal occurs via nucleation of a nanosized domain and its growth under a uniform external
field. Ferroelectric films were considered to be dielectric, and their spontaneous polarization not
influenced by the external field. Domain walls were infinitesimally thin, and the domain itself has been
described by electrostatic expressions. It was assumed that surface bound charges were compensated by
free charges of metallic electrodes and thus had no impact. This work also gave birth to the so called
Landauer Paradox: the nanodomain nucleation would require much more energy than the applied
electric field can realistically supply. It is usually answered by assuming a structural defect on the surface
that concentrates high electric fields upon itself.
Studies by Molotskii [5, 6] developed the Landauer model. They have shown external field dependencies
of domain sizes and considered the case when a domain grows through a thin film. The external field
source in this case was not a plane electrode, but a small nanosized conductive spherical tip. Just like in
Landauer works, surface bound charges were compensated by electrode charges, even though the surface
was not covered with the electrode. With this assumption depolarization fields were studied that oppose
the poling process.
Abplanalp obtained different results, studying the nanodomain nucleation directed by an electric field
from the tip [7]. In his work, there was a depolarization field created by screening charges located at
the domain edges. Unlike in the previous studies, here it was not assumed that surface screening charges
are compensated, which resulted in enormously high calculated depolarization fields that did not
correspond to experimental results.
It is important to mention the work by Kalinin et al. [8] where a critical value of the applied electric field
which triggers the nucleation process was found. The tip in this model was presented as a sphere, and
the ferroelectric consisted of a surface and an infinite bulk underneath. Surface charges were considered
screened, while spontaneous polarization in the bulk was not.
Based on the Molotskii model, Emelyanov [9] considered a ferroelectric film between a bottom electrode
and a top cone-shaped electrode. While retaining inconsistent assumptions about the surface screening,
the work established a pathway of domain formation consisting of four steps: 1) domain nucleation
when the field applied exceeds the critical field; 2) growth at unstable conditions when the lower domain
wall approaches the bottom surface; 3) domain taking form of a cylinder and piercing the film from top
to bottom electrode; 4) expansion of the domain in the transverse direction.
Recent ab-initio studies by Rappe and colleagues [10] have shown a different picture of the domain
nucleation. According to them, the domain nucleation can occur even without defects, which offers a
solution for the Landauer paradox. The depolarization field energy in their model is smaller than
predicted by Miller and Weinreich [11] and could not successfully oppose the domain formation, with
the nucleus shape being rectangular rather than triangular as in Miller-Weinreich theory or „dropletshaped“ as in the Landauer works.

Another topic of interest is, how significant is the influence of effects that are inherent to the ferroic
materials but studied so far only separately from the polar properties. The most obvious among them
would be the influence of surface charges, bound to the surfaces and interfaces. Needless to say, that
any surface can be considered as a defect of the crystalline structure, constituting the bulk, and thus
inherently carries a range of imperfections and among them surface states. Another one would be the
long time underestimated flexoelectric effect, binding electric charge displacements and mechanic
strains via their gradients, that while being inherent to all 32 crystal classes, is noticeable primarily at
the nanoscale where it is able to influence macroscopic electrostatic properties of material. The last but
not least one would be the influence of defects in the crystal structure that induce elastic dipole tensors
which deform the crystal lattice by attracting or repulsing neighbouring ions, the so-called Vegard effect.
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Rochelle salt period: discovery of ferroelectricity
KDP age: Thermodynamic and atomistic models of ferroelectricity
Early barium-titanate era: high-K capacitors developed
Period of proliferation: Many new ferroelectrics discovered
Age of high science: Soft modes and order parameters
Age of diversification: Ferroics, electrooptics, thermistors
Age of integration: Packages, composites, and integrated optics
Age of miniaturization: Size effects, manipulated modes and dipoles
Age of environmentalism: development of alternative lead-free
ferroelectric and relaxor materials [13]

Although its prerequisites reach almost 400 years back, the history of ferroelectricity began in the XX
century. It was first recognized by Peter Debye at the University of Zürich [14]. He was interested in
outstanding piezoelecric properties of a material known as Rochelle (or Seignette) salt, named after its
discoverer: an apothecary Elie Seignette from the French town of La Rochelle, who intended to use this
substance as a good purgative, free from the unpleasant side effects of herbs being in use during the XVII
century [15]. The Seignette salt by that time was known for its electromechanical properties [16], used
among others by Thomas Edison in his phonograph, and was intensely studied by J.A. Anderson [17]
and W.G. Cady [18]. It was also known to exhibit pyroelectric properties as was found by David Brewster
in 1824 [19]. Studies brought Debye to the idea that there should be electric dipole moments created by
certain molecules, which remain permanent, just like magnetic moments in ferromagnets. From the
Langevin theory for paramagnetic materials Debye has obtained an equation for dielectric permittivity

 −1
b
= a + , where a is proportional to the material density, b is proportional to the square of the
 +2
T
dipole moment, and T is temperature, and established the existence of a certain temperature when this
ε,

permittivity reaches asymptotic infinity TK =

b
. This point was suspiciously similar to the Curie point
1− a

of ferromagnets, and just like in ferromagnetic case, below the „Curie“ point there ought to be a
permanent electric dipole field [20]. Thus, the phenomenon of ferroelectricity has been first predicted,
but it was still left to be observed.
In the same year the very term “ferroelectric” has been coined by Erwin Schrödinger [21]. Discussing
Debye’s model Schrödinger noticed that if it was applicable to solid-state materials in general, then they
could all become “ferroelektrisch” at some sufficiently low temperature.

Over the ocean, in the United States, the ferroelectric properties of Seignette salt were experimentally
revealed in 1920. W.F.G. Swann, professor of physics at the University of Minnesota was especially
interested in using piezoelectrics as a material for seismographs. The outstanding properties of Rochelle
salt described in the papers by Anderson and Cady drew his attention, and he began studying the
substance, noticing that there were some irreproducible results. Professor Swann could only explain it
as some sort of hysteresis and offered his student Joseph Valasek to characterize the material [20].
It was Joseph Valasek who noticed similarities between dielectric response of the Rochelle salt and
properties of ferromagnets concluding that there was a direct analogy between the electric displacement
(D), electric field intensity (E) and polarization (P) on the one hand and magnetic induction (B),
magnetic field intensity (H) and magnetization (M) on the other hand. It was his work [22] where the
hysteresis curves for ferroelectrics first appeared.

In his later 1922 work Valasek developed this further. He studied piezoelectric properties of Rochelle
salt under various conditions [23], including a temperature range where he measured the piezoelectric
module. This dependence has shown a narrow range of temperatures where piezoelectricity was the
highest. Effectively, this range was confined by two phase transition temperatures which were observed
for the first time. Once again, dielectric properties of Rochelle salt were very much similar to
ferromagnetism.
As the existence of ferroelectricity has been established, a new question arose. By the time, Seignette
salt was the only substance known for its ferroelectric properties, which even gave the name to the effect
in Soviet (“Seignettoelectricity”) as well as in German (Seignette-Elektrizität) scientific literature, while
use of the similar term in the Western thesaurus slowly faded in favour of the now exclusive
“ferroelectricity”. But was Seignette salt the only Seignette-electric material? The answer has been given
by Swiss physicists Paul Scherrer and Georg Busch who searched for other ferroelectric substances and
ultimately - for the mechanism that makes them ferroelectric in the first place.

They gathered data for different dielectric compositions, finding them in the work by Gert Steulmann
[24] from Technische Hochschule Dresden. Judging by their dielectric permittivity, they have found one
compound, KH2PO4, with anomalously high constant of 30. X-ray diffraction (XRD) measurements could
reveal the types of bonds between atoms, helping to find those crucial for ferroelectricity. Observing a
complex structure of the Seignette salt Scherrer believed the movement of water molecules in hydrate
crystals was responsible for ferroelectric properties. Busch on the other hand was sure it is mobile
hydrogen atoms motion of which contributes to emergence of permanent polarization. Their scientific
argument has been resolved by a structural XRD analysis by J. West and Z. Krist from the Bragg
laboratory in Manchester [25]. They have found O-H-O bonds, which supported the version of Busch.
Scherrer and Busch continued studies of the new material and maintained that it indeed was ferroelectric
with the Curie temperature of 123K [26]. Busch underlined it once again in his doctoral thesis [27] that
it is hydrogen bonds between oxygen atoms that cause ferroelectricity. Potassium dihydrogen phosphate
(KH2PO4) became a standard model of ferroelectric materials having less complex structure than
Rochelle salt. Busch continued his search for new ferroelectrics, pointing out at the ferroelectricity in
dihydrogen arsenate [12] and proposing NH4H3IO6 as the next candidate due to the existence of
hydrogen bonds within. It is now better known as antiferroelectric, however many other materials with
hydrogen bonds were proven to be ferroelectric [20].
The most classical modern perovskite ferroelectric barium titanate (BaTiO3) would most probably not
appear so early if not the Second World War started. During the war time there was a special need for
good piezoelectrics in sonar systems to prevail in the naval warfare, as well as for high-permittivity
dielectrics for capacitors that also functioned inside of war machinery. In the US, most capacitors worked
on mica. However, it was almost exclusively shipped to the US from South America, and the constant
threat to transport vessels from U-boats shattered this trade lane. With the other combatants seeking to
improve their detection systems and radio electronics this led to a secret arm race and resulted in the
synthesis of a new material, barium titanate (BT) in the labs of the Japanese Empire, the Soviet Union
and the United States between 1941 and 1944. Because of secrecy, it is impossible to establish who
among them was the first.

Barium titanate was the first man-made perovskite ferroelectric, analogous to the classical perovskite
mineral CaTiO3 that has given its name to the whole newly-discovered group of materials. From the
records of the American Lava Corporation made by Thurnmaurer and Deaderick [28], and Gray [29] of
Erie Resistor Company, BT was first obtained indirectly, when TiO2 was doped with BaO. The resulting
structure exhibited high dielectric permittivity of hundreds and even thousands and surpassed all known
ceramics. This meant that BT was the best to use in supercapacitors. One such supercapacitor was a part
of a triggering mechanism in the first atomic bomb thrown onto Hiroshima in 1945.
After the end of World War II, the interest in BT and high-K dielectrics has not gone, and moreover they
began to gain new areas of use, above all commercial, as disclosure of secret documents made these
findings open to public. High capacitance has proven very useful for domestic and industrial electronics,
like TV- and radio-sets, recording devices and sensors. Sonar devices were also based on BT for a long
time, even after better sensor and actuator materials were found.
But the competition has not yet ended. Researchers were determined to find out and describe the origins
of barium titanate properties, and develop new, more efficient materials. The most important conclusion
following from the studies of barium titanate was that ferroelectricity could exist even in simple oxides
and was actually not caused exclusively by hydrogen bonds. From XRD measurements [30] it was
possible to obtain the exact structure of BaTiO3 and its changes beyond the Curie point. The paraelectric
non-polar phase appeared as cubic, whereas the polar ferroelectric phase was tetragonal with a titanium
ion displaced along the elongation axis. This was the cause for a persistent electric dipolar moment and
for enhanced piezoelectric properties. Moreover, the central ion can take two positions along one axis,
which means the dipole moment can point at two opposite directions, and the direction of polarization
can be switched by, for instance, applying an electric field. The first switching studies were conducted
in 1945-1946 by groups in the US and the USSR independently [31, 32].
While more and more became known about ferroelectrics, a consistent theoretical description still
lacked. Because of the similarity of ferroelectricity to ferromagnetism it should have been possible to
apply an already established theory of ferromagnets in analogy to electrostatic parameters and variables.
The existing ferromagnetic model of Landau [33], Lifshitz [34], and Ginzburg [35] described behaviour
of the so-called order parameter in ferromagnetic phase with this parameter in paramagnet phase being
equal to zero. In 1950s A.F. Devonshire developed this model further, fitting it to the electromechanical
and structural properties of BT with its own phase transition temperature [36, 37, 38]. The LandauGinzburg-Devonshire theory proved to be a powerful tool of describing and understanding ferroelectric
properties from the phenomenological point of view and, with further developments, continues being
used till now.
The use of different perovskite ferroelectrics evolved over the course of time. In 1950 barium titanate
was the main perovskite utilized as ceramic. But there was a serious need to improve the material by
stabilizing against depoling caused by the tetragonal-rhombohedral phase transition and by low coercive
field in the pure titanate ceramics [39].
After the glaring success of BT ceramics, new researches began to examine other perovskite ceramics for
piezoelectric and ferroelectric properties. The main point was the search for new compositions that had
higher piezomoduli, higher dielectric constants, a higher phase-transition point, or wider phasetransition range where the highest permittivity is available. Studies in Japan by Sawaguchi [40], Shirane
[41] and Takeda [42] have found ferroelectric properties of lead titanate (PbTiO3) and its solid solution
lead zirconate titanate PbTiO3:PbZrO3 (PZT). They have identified the shape of the phase diagram of
PZT and noted its high Curie temperature. Further investigations by Jaffe et al. [43, 44] observed the
properties of PZT. They have studied a rhombohedral-tetragonal (ferroelectric-ferroelectric) phase
transition dependent solely on the composition. This so called morphotropic phase boundary (MPB)
existed at approximately 52:48 proportion between Zr and Ti ions in PZT. The poling process at this

point is facilitated, and piezoelectric response of the material is largely enhanced, and as the MPB is
temperature independent, the material can remain at the phase transition point in an extremely wide
range of temperatures [45]. The poling process, high piezomoduli and high Curie temperature made PZT
the best material for piezoelectric applications, and this status PZT retains until now. PZT is integrated
into the majority of modern piezoactuators and ultrasonic devices. However, environmental concerns
undermined its dominance, as many believe that lead in the composition can be dangerous during
synthesis and recycling. For that reason, searches continue for new lead-free compositions and more
effective ways of using the old ones.
Several solid solutions have been synthesized with properties close to those of PZT since 1950s and the
process continues until now given the new regulations. But they still have not achieved much spread due
to reasons like difficult processing, phase instability, undesired phase transition positions or relatively
weak piezoelectricity. The closest to PZT compounds are lead-containing as well and cannot be viewed
as a substitution.
The main directions of competing for the PZT niche are: (1) revisiting old materials like BaTiO3 as single
crystals or textured ceramics, (2) substitution with new perovskite materials like potassium-sodium
niobate (KNN) [46] or (Ba,Ca)TiO3-Ba(Zr,Ti)O3 (BCT-BZT) [13], that though not as good as PZT have
close properties enhanced near the MPB, (3) introduction of organic polymer ferroelectrics such as
polyvinylidene difluoride (PVDF), (4) developing the sub-class of materials known as relaxor
ferroelectrics, such as solid solutions BNT-BT, that are known for a blurred phase-transition region with
the frequency dependence of its parameters and having big piezocoefficients. All of these approaches
have shown success; however, it becomes clear that for modern uses only one single material would be
far from enough.

As has been already highlighted in the history section, ferroelectric materials play significant roles in
modern technological devices and applications, owing to a wide range of properties. The three main
branches where ferroelectrics have fit especially good are piezoelectric sensors and actuators, nonvolatile
digital memory devices, and nonlinear optic applications. The most important of them will be discussed
below.

All materials with ferroelectric properties by definition possess piezoeffect, since their crystalline
structure belongs to the subclass of piezoelectric non-centrosymmetric crystals. In fact, in most instances
ferroelectrics, such as barium titanate (BaTiO3) or lead zirconate-titanate (PZT), are used due to their
large piezocoefficients. The history of ferroelectrics usage is indivisibly linked to the history of
piezoelectrics.
The first work establishing in 1880 the existence of piezoeffect was a systematic study by Jaques and
Pierre Curie [16]. They have described types of crystal lattice symmetry responsible for piezoelectricity
and pointed at the materials that already had established linear electromechanical properties. Among
them were such materials like quartz, tourmaline, tartrates, boracite and Seignette salt. There was a
while until piezoelectric properties have found the way into applications, while remaining a field of
scientific interest. Thomas A. Edison was the first to use a piezoelectric device commercially in his
phonograph, a bulky and expensive sound-recording machine [15].
When the World War I (WWI) erupted, the threat posed by German U-boats created a demand to develop
a way of finding effectively invisible by that time submarines raiding seas all over the world. One of the
solutions involved a device, called sonar, capable of tracing an object under water emitting soundwaves

and receiving those reflected from the object’s hull. The concept was known earlier, since the idea of
sonar came up right after the sinking of “Titanic” in 1912 as a possible way to seek out icebergs. Natural
materials for such purpose were piezoelectrics like quartz, but there also was Seignette salt praised for
its high piezoelectric coefficient. Walter G. Cady was the one to establish a sonar-aimed piezoelectric
programme in the US, after an important meeting with French scientists in 1917, melding together the
cutting-edge science and technology of that time [47]. The main developers of sonars during the WWI
were an American Alexander M. Nicholson [48] and a Frenchman Paul Langevin [49]. Their inventions
were simple, consisting of a piezoelectric matrix between iron plating that by applying an alternate
current produced a sound wave under water. The distance to the object detected was measured as a
function of time after which an echo from the target would return. The technology allowed the Entente
to eventually achieve the strategical superiority on the seas.
Ferroelectrics as materials with strong piezoeffect were once again widely used during the World War II
(WWII). At that time and decades after, usage of piezo-materials was prominently for military purposes.
Strategic needs also pushed the militant powers to discover the first known ferroelectric perovskite
batium titanate, mentioned before, and to throw it into battle. Maritime sonar technology allowed
searching for underwater threats and has been extensively used to track submarines during the Cold
War and even after, whenever the tensions between military powers rise. Eventually, after the disclosure
of classified documents on perovskites to the public, a peaceful application of sonar devices has been
found as well, in areas like oceanography allowing to map the ocean floor and observe marine animal
species. In the medicine, archaeology and more special civil engineering branches, versions of sonar
became a device for ultrasonography. At that time, the best piezomaterial available was lead zirconatetitanate, the properties of which in a wide temperature range has been long unmatched. Close to PZT
are competitors like the relaxor ferroelectrics, e.g. PMN-PT (lead manganite-niobate-lead titanate),
possessing high electromechanical coefficients and a wide phase transition zone, properties of which are
frequency-dependent. The origins of these remarkable properties remain enigmatic which impedes their
tweaking and narrows a potential range of applications [50].
Since then, the area of the piezomaterial applications has been significantly broadened. Nowadays,
piezoelectrics are mostly associated with medical ultrasound detectors and pacemakers, industrial
actuators, MEMS, energy harvesting, as well as robotics, with this not being an exhaustive list. The
highest performance of piezoelectric devices has been reached and is not a priority any more. The current
trends, or rather a roadmap for development in this area are: microminiaturization of devices, their
reliability, reduction of energy consumption, environmental friendliness, potential of combining
different technological solution, transfer to (disposable) organic materials.
Now that PZT goes out of favour due to the new green policy in the growing number of the world
governments, outlawing lead from usage, its niche of a cheap and effective piezoceramic material must
be occupied. It is outstanding piezoelectric properties after all that are primarily searched in potential
alternatives among semiconductor piezoelectrics (ZnO), perovskite solid solutions (KNN), and relaxor
ferroelectrics (PMN-PT). Although they do not possess the whole set of required properties as PZT does,
their widespread potential usage is already possible with some infringements.

Functionality of the ferroelectric random access memory (FeRAM) generally resembles the functionality
of the dielectric memory (DRAM). The main difference lies in the usage of a ferroelectric layer instead
of the linear dielectric to provide energy independence of the device. Different layouts of memory cells
can contain either a capacitor with a control transistor or a single transistor with a thin ferroelectric film
as a gate oxide (Figure 1.4). Information is stored in the cell as logical „0“ and „1“ according to a
spontaneous polarization vector direction in a ferroelectric domain and persists when the device is shut
down. The memory cell is written after electric field of a certain sign penetrates the oxide gate and
reorients the polarization vector accordingly to attain the corresponding logical value. Reading is

performed by writing „zero“ into the cell. If no reaction is detected „zero“ is displayed. In case of a stored
„one“, rewriting causes a short pulse that, when registered, is interpreted and displayed as „one“.
FeRAM reading is a destructive process which makes it necessary to rewrite cells afterwards. However,
unlike in DRAM, the polarization does not disappear over time, and hence, no regular rewriting process
is needed. This makes up the first advantage of the FeRAM - it requires low energy to operate. When
thin films are used, where nanosized domains can be created, writing time reduces, increasing the
writing speed, which in combination with small sizes of such cells allows writing of large data volumes
on a small area. The nature of the FeRAM makes it possible to use it for all levels of memory in modern
computers: cache, main memory and disk memory [51].

Nowadays, however, flash-memory dominates the market, and there are several reasons making FeRAM
not that much appealing in comparison. First and foremost, flash memory is cheaper than FeRAM and
other modern high-efficiency memory types. A modern flash cell can contain up to 3 bits of data, since
flash uses transistors with floating gate that allows for extremely reducing sizes, in particular beyond
reach of FeRAM, the cell of which consists of either a capacitor and transistor or a transistor with gate
oxide. These cells are manufactured with 130 nm and 350 nm technology. The main obstacle for microminiaturization are depolarizing fields that at low sizes make the films lose their properties [52]. This
must be taken into account when modelling the properties of nanoclusters and nanodomains in
ferroelectrics. One of the proposed ways to overcome depolarizing fields influence was a usage of
absorbed water molecules [53]. The studies have shown that hydrogen ion adsorption from water

molecules led to increase of the screening charge and established other dependencies of ferroelectric
polarization on the adsorbed substances composition [54].
However, one should also note that in a functional sense FeRAM is superior to flash by several
parameters. First of all, FeRAM reliability is much higher than that of flash. While flash cells can sustain
10³-105 rewriting cycles, the endurance of FeRAM is in this case up to 1012-1014 cycles. FeRAM also
performs reading at higher and writing at much higher speeds than flash and requires less energy to
operate [55]. Also, FeRAM is free from a problem when charge on the floating gate of flash can leak and
tunnel through the oxide, effectively corrupting data when a memory cell is not used for a sufficiently
long time.
At the time, FeRAM containing devices include black boxes in aeroplanes, measurement devices, sensors,
biomedical equipment, industrial micro-controllers, printers, space exploration probes [56] etc. FeRAM
market is much smaller than the flash market, and so far, no signs are seen to change such a power
balance. However, energy efficiency and increased operating speed could carry ferroelectric memory
cells to a leading position, noting that production technology of FeRAM is more compatible with the
modern complementary metal-oxide-semiconductor transistor layout (CMOS) technique.
In 2011, new structures were found in BiFeO3 that per se appeared to be ferroelectric dipole vortices,
caused by dipole-dipole interactions. The interaction at scales of approximately 5 nm defines the
structure of domains and vortices. Depolarizing field appearing on a surface destabilizes domain states,
which makes the system transit to the vortex phase to minimize its energy. Dipoles localize parallel to
the nanoparticle surface and form a vortex-like structure. This phenomenon was named „vortex
nanodomains“. A new type of memory VRAM, resembling the one created on magnetic vortices, is
proposed [57].

As one of the core properties of ferroelectric materials, dielectric nonlinearity makes them useful for
applications in photonics. Such devices are widely used in acusto-optics, optical signal processing and
computing; the ability to generate second harmonic allows for obtaining a laser with a wide colour
spectrum. Thin ferroelectric films are especially useful as their sizes are compatible with micro- and
nanoelectronic circuits where they act as waveguides, modulators, second-harmonic generators or other
electrooptical devices. Nonlinear optics is used in medicine, solid-state physics, chemistry, aviation, and
cybernetics [58].
A special role in electro-optic applications has lithium niobate (LNO) [58]. Its optical transparency for
400-5000 nm waves, refraction coefficient of 2.2-2.3 makes it useful in a wide frequency range. The LNO
crystal structure has no centre of symmetry, exhibiting the Pockels effect, nonlinear optic polarizability
and photoelasticity. The simplicity of growing and processing has made LiNbO3 the most useful material
for nonlinear optics [59]. Waveguides are usually made on an LNO substrate with an active waveguide
layer being obtained by ZnO or Ti diffusion into the substrate. Alternatively, LiTaO3, KNbO3, KDP or
LiIO3 can also be used for some of the optical applications [60, 61].
The Pockels effect in LNO is a change of its polarizability in response to an external electric field. The
effect is non-inertial and can be used for modulators for frequencies up to 110 GHz. Lithium niobate
waveguides are used to generate the second harmonics (SHG) in response to incident laser pulse of the
wavelength 1053 nm directed under certain angles. As a special case of frequency summation, SHG
implies that upon transiting the nonlinear optical medium, two photons of the same frequency combine
generating a photon with a doubled frequency. Domain structure parameters directly affect the second
harmonic generation, and it is possible to optically investigate ferroelectric domain structure using this
effect [62].

LNO waveguides are used in integral optical circuits to encode the data stream transferred via optical
fibre. The circuit contains an amplitude modulator that opens or closes the channel depending on the
signal in it. The high frequency modulation uses an interference scheme with a constructive interference
amplifying the wave (maximum signal) and a destructive interference that dims the wave (no signal).
The usage of the modulators can help to save the impulse form when control signal frequencies are high.
The data transfer frequency of modern fibres is around 20 GHz which creates demand for modulator
schemes [63].
Fibre-optical gyroscopes on optical modulators are used in the air and maritime navigation. A modulator
made of planar or channel waveguides is placed upon the single-crystal LNO substrate. The light wave
splits and goes through two modulator channels. After that each part of the wave goes further along the
closed-loop optical circuit where the two parts meet each other going in the opposite direction and
interfere.
Ferroelectric crystals also play role of the nonlinear optical media in parametric amplifiers where their
ability to generate harmonics is used for parameter modulation of the input waves when invoked by
irradiation of the control wave.
The current challenge in the nonlinear optics is to maintain a stability of the system. While having good
electro-optical coefficients and being transparent in a wide frequency range, LNO has also piezoelectric
and pyroelectric properties that have its influence on the device functioning. Finding workarounds for
these effects is a problem for materials science and microelectronics.

Certain physical phenomena inherent to ferroelectric materials can significantly affect the properties of
thin films. Below a brief introduction to three effects of interest is given that will be studied scrupulously
in this work.

Flexoelectricity is an electromechanical property inherent to all solid materials, which can be described
as change of electric polarization in response to the mechanical strain gradient or change of the
mechanical strain in response to the polarization gradient. This property appears very similar to the
piezoelectric effect and was even called „non-local piezoelectricity“ [64] until Indenbom et al. [65] coined
the term „flexoelectricity“ borrowing it from liquid crystals physics, where it was known for longer time.
Nonetheless, it appeared to be not just a simple variation of the piezoeffect, but an additional
independent physical property that is able to exist in all 32 structural groups of crystals [66].
From the above definition, it follows that flexoelectricity appears as polarization in response to bending
stress or inhomogenious linear strain, and vice versa. If a material has a central symmetry, the
flexoelectric interaction essentially breaks it. The top and bottom surfaces of the bulk are not equivalent
under the bending strain gradient, and this difference defines a direction of the polarization vector. On
the microscopic level, one can see that this inequality between two different sides of an elementary cell
squeezes a central ion out of the cell’s centre, which is what causes a flexoelectric polarization to appear
in structures such as perovskites (see Figure 1.5). The flexoelectric effect is also possible for the case
when the lattice is strained uniformly but inhomogeneously (Figure 1.6), when the difference between
strains for each unit cell produces strain gradient [67].

Another illustration assumes that an acoustic wave going through a solid imposes a time-dependent
strain gradient onto the crystal structure making distances between atomic planes unequal and breaking
thus central symmetry locally, leading to the same result as the bending stress in the static case. It should
be generally treated as a sum of static and dynamic parts.
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Strain gradients, however, affect not only ionic, but also electronic subsystems. In response to the
gradient of strain, a redistribution of electron density should also take place. The components of
flexoelectricity from both subsystems are complementary. Electron density redistribution is a main
mechanism of flexoelectricity in graphene [68]. As the ionic picture alone is more simplistic, it is found
in a larger number of publications than the full picture [67].
The history of studying flexoelectricity in solids traces back to the 1950ies, when Mashkevich and
Tolpygo [69, 70] theoretically derived it from the lattice dynamics in solid materials. Afterwards, in 1964
Kogan [71] studying electron-phonon coupling in crystal lattices with central symmetry formulated the
phenomenology of the flexoelectric effect. However, it was not until 1968 that its phenomenology was
applied to ferroelectrics, namely by Bursian et al. [72, 73] showing the mechanism in BT that can even
switch the spontaneous polarization by a strain gradient. At the same time the framework for a
phenomenological description has been proposed by Mindlin [74], and two years later, in 1970 the first
calculation of flexocoefficients was performed by Ashkar et al. [75]. The phenomenology developed by
Bursian and colleagues implied that flexoelectricity should be especially stronger in materials with high
dielectric permittivity, and thus, in ferroelectrics.
Experiments have also established the existence of the flexoelectric effect in ferroelectric materials by
analyzing their phonon spectra [76]. Most importantly, this research has shown that the flexoelectric
effect affecting low energy phonon spectra contributes to the formation of modulated incommensurate
structures within dielectrics [66].
Finally, in 1981 Indenbom et al. [65] has formulated a phenomenological theory for flexoelectricity
compatible with the Landau theory for ferroelectrics. At the same time, they were the first to use the
very term „flexoelectricity“ for crystalline dielectrics, having taken it from the solid crystal physics where
it denoted a similar effect. To draw the line between piezoelectricity and flexoelectricity, first considered
to be direct analogues, Tagantsev et al. [77, 78] have clearly shown that very different approaches are
needed for the phenomenological description of both effects, thus, revealing the flexoelectric effect as a
distinct non-trivial phenomenon. The method to calculate flexoelectric coefficients has been also
presented.
However, flexoelectricity has for a long time been considered small and exotic and remained poorly
studied due to lack of interest. This has changed in the early 2000s with fundamental works by Eric
Cross et al. [79, 80, 81, 82, 83], who found the flexoelectricity to be much stronger than expected,
investigating it in solid solutions like barium-strontium titanate ((Ba,Sr)TiO3, BST). With the effect found
also in other materials [84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94], a deep and comprehensive description
of it has become possible. Experimental studies revealed the importance of flexocoupling and were a
prerequisite to the new theoretical models.
The main approaches used for an effective description of the flexoelectric effect are divided into
phenomenological and ab-initio calculations. The former follows Bursian theory [95] and is used to
describe finite samples. Studies by Tagantsev and Yurkov [96], Eliseev [97], and Yurkov [98] have
established the significance of surface effects in ferroelectric films in the way it modifies electrical and
mechanical boundary conditions. The latter uses microscopic theories unfolding the processes on the
elementary level in the crystals of most common composites and solid solutions, especially investigating
an electronic contribution to the flexoelectric effect. Such works were made, among others, by Sharma
et al. [99], Hong et al. [100], Ponomareva et al. [101], Hong and Vanderbildt [102], Dumitrica et al.
[103], Kalinin and Meunier [104]. The framework for perovskite ab-initio calculation comes from the
methods described by Tagantsev [105], Stengel [106] and Martin [107].
The newest developments in flexoelectricity studies revolve around a recently discovered combined
interaction between flexocoupling and a diverse range of phenomena, most notably in ferroelectrics,
including polarization reversal, electromechanical and polar domain properties (Yudin et al.,

Morozovska et al. [108, 109, 110, 111]), flexoelectric-driven domain imprint and ferroelectric hardening
(Abe et al., Tagantsev et al., Sharma et al., Chen et al. [112, 113, 114, 115, 116, 117, 118]), flexoelectricitydriven dead-layer effect (Majdoub et al., Zhui et al. [119, 120]), and many others. So called piezoelectric
metamaterials were also found as composites of non-piezoelectrics that exhibit piezoelectric response.
This response is conditioned by local strain gradients and therefore has a flexoelectric nature. The
importance of piezoelectric metamaterials is that the piezoresponse they show is comparable to that of
widely-used commercial piezomaterials. Important steps in discovering, characterizing and describing
the metamaterials have been made by groups of Cross, Fousek and Sharma [121, 122, 123, 124, 125, 126,
127].
The studies of the flexoelectric effect continue and new impacts of the effect have been found
experimentally. The main interest in flexoelectricity thus arises from its properties that do not have
analogues in the common electromechanical effects, such as piezoelectricity and electrostriction.
Although being quantitatively weaker than those, the flexoeffect has a high impact at lower scales below
micrometers. When it comes to nanosizes, changing strain over a small length results in high strain
gradients and thus in higher response. Flexoelectricity, in addition, can play the role of an effective
electrical field and can act like it, switching polarization in ferroelectrics, poling them, change domain
dimensions, create voltage offsets in hysteresis loops, smear the point of the ferroelectric phase transition
or changing conductivity, unlike piezoeffect that can work like this only in a paraelectric-piezoelectric
phase, which is a rarity. This property was established in studies of ferroelectric perovskite materials
such as BT and PZT done by Gruverman et al. [128], Lu et al. [129], Lee et al. [130], Catalan et al. [131],
Lubomirsky et al. [132]. As it is a universal property of solid materials, the choice of nanosensor and
nanoactuator materials spans beyond the traditional piezoelectric scope, allowing for choosing more
suitable materials for special needs [67].
However, studies of the flexocoupling experience challenges. First and foremost, there is still a small
number of ferroic materials with flexocoefficients measured, estimated or calculated [133, 134, 135, 136,
137]. The second problem deals with the representation of the effect as a main cause for changes in
polarization or strains at given conditions, whereas other mechanisms, which are often not sufficiently
studied can also contribute. Among them there can be strains caused by defects deforming the crystal
lattice - the so-called Vegard effect, or local microscopic polarization caused by a redistribution of
charged defect ions. The effects prescribed to the flexoelectricity could also be a result of the processes
of domain-wall motion or polarization reversal and this should not be ignored [138].
The above listed publications have shown that the flexoelectric effect manifests itself in a variety of ways
affecting the functional properties of materials. Because of the weakness of this effect, modifications
caused by it are seen mainly at the nanoscale or occur in thin films. The latter is particularly true because
in thin films large strain gradients can exist, as they are inversely proportional to sizes. The best materials
to search for high flexoelectric coefficients are ferroelectrics that have high dielectric permittivities.
Those ferroelectric films that are grown on rigid substrates experience mismatch stresses between lattice
parameters of the film and the substrate. If the film is thick enough, the otherwise homogeneous stresses
may be relieved by films via formation of local misfit dislocations [139]. The mechanism is highly
inhomogeneous and is itself a prerequisite for a strong flexoeffect.
Further investigations have shown that the mismatch relaxes exponentially throughout the film and is
linked to the order-of-magnitude decrease in the dielectric constant and smearing of its peak [140, 141,
142]. The effect is analogous to the impact of external fields that saturate polarization and decrease the
permittivity. Surface flexoelectricity can also contribute to the lowering of the permittivity mimicking
the dead layer effect [143, 144]. It is also predicted that flexoelectricity increases the critical thickness of
ferroelectricity (or decrease the critical temperature) in thin films [145]. As flexoelectricity may act as
an external field, it can influence ferroelectrics by displacing the thermodynamic potential and
introducing a preferred poling direction that makes hysteresis curves asymmetrical [146, 147, 148, 149,
150]. In the extreme cases strain gradients are even able to switch the polarization actively [151, 152,

153]. Other impacts include flexoelectric influence on the properties of ion conductors [154], appearance
of electromechanically-induced polarization in non-centrosymmetric materials [155, 156], polarizationinduced bending [157], and modification of phonon dispersion curves [158]. Naturally, flexoelectricity
occurs at the ferroelectric and ferroelastic domain walls due to intrinsically large gradients within,
inducing flexoelectric polarization [159, 160], and influences domain-wall conductivity via generated
depolarization field [161, 162]. The occurring effects received the interest of the scientific community
being potentially suitable for a large variety of applications [163].
Given the whole range of effects caused by flexoelectricity, it is important to include it into models of
thin-film ferroelectrics. The flexoelectric effect in crystals can be described using the phenomenological
approach. There are static and dynamic forms of description that involve different types of differential
equations. In the theory part of this thesis, the flexoelectric effect will be presented statically as a term
in the Gibbs free energy expression and the subsequent Euler-Lagrange equation, as well as in the
expression for the generalized Hooke law.

Charges in general are recognized as one of the key aspects of the ferroelectric physics. For example,
when polarization charges are uncompensated, the energy of the system would diverge with the system’s
size due to the contributions from these charges. This forms the depolarizing energy, that should be
lowered, and there should exist mechanisms for it. One of the mechanisms is the domain formation [164,
165]. Another one is the screening of charges which can be either bulk screening, i.e. done by charges
inside the ferroelectric bulk [166, 167], or surface screening, i.e. done by charges on the surface, opened
or covered by an electrode. Surface screening can be provided by an electrode on the surface, which can
be ideally conductive or non-ideal, as well as by superficial defects and charges usually adsorbed onto
the surface from the ambience to which the sample surface is exposed. There are always charges of one
of these types on the surface, and they can only be made small by special experimental treatment of the
surface (cleaning in dry atmosphere, high vacuum, dielectric layer etc.) [168]. Surface charges are
partially free and are able to distribute along the surface with quasi two-dimensional densities.
Surface charges produce a variety of effects on the electrostatic and mechanical properties of
ferroelectrics due to the long-range nature of depolarization effects. There are several different layouts
to consider: (i) a perfect conducting electrode at the surface and (ii) a strongly charged defect layer on
the surface corresponding to the ideal screening; (iii) an imperfect, „real“ electrode characterized by a
finite Thomas-Fermi screening length and a finite injection barrier, (iv) an electrode that is separated
from the surface by a dead dielectric layer or ambience, and/or (v) a collection of ambient charges on
the surface corresponding to the non-ideal screening. The ideal screening is meant to oppose domain
structure formation in the ferroelectric bulk by effectively supporting the single-domain state [169, 170,
171, 172, 173, 174]. A non-ideal or defect-driven screening affects polar properties of thin films and most
notably domain structure features such as nucleation processes, domain shapes and sizes. It can induce
closure domains under the imperfectly screened surface and provide a polarization rotation, domain
wall broadening, as well as a crossover between different screening regimes at the moving domain wallsurface junctions [175, 176, 177, 178, 179, 180, 181, 182, 183, 184, 185]. Parameters defining the phase
transition, like critical film size or Curie temperature, can also be influenced by surface screening [186,
187, 188].
Though the domain formation process and surface screening as means of minimizing the Gibbs free
energy were studied separately, there is a lack of studies where these mechanisms are viewed together
in competition with each other. Taking the surface effects into account while studying domain evolution
would provide an accurate tool to determine domain periodicity and characteristics of the resulting
structure in general.

The least studied effect of interest has several names that result from different aspects of observing the
phenomenon. It is about deformations in crystal lattice due to ion displacements caused by lattice
defects. Vacancies, interstitials, or defect ions etc., occupy a volume in the lattice or represent a volume
freed from atoms. In both cases, the usual structure of the unit cell is locally distorted, and neighbouring
ions move and rearrange in the lattice. Accordingly, defects can be attractive, i.e. those that make
neighbouring ions move toward the defect site, repulsive, i.e. those that expel neighbouring ions from
the defect site, and both. The movements within the lattice are small yet they do contribute to the strains
within the system. The more defects are embedded in the film, the greater will be their contribution.
Sometimes, structural defects call down a local rearrangement of chemical bounds and composition with
the similar results of occurring local strains. In such cases, the effect is called „chemical strain“. Below,
several studies are listed that illustrate the main properties of the effect.
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The possibility of creating mechanical forces by point defects that leads to the movement of neighbouring
atoms was already known back in 1970s. The mechanical interactions of the lattice with defects were
described using elastic dipole tensors varying for each defect type and lattice symmetry [190]. In 2001
Stuart B. Adler studying expansion properties of an electrochemical ceramic (La, Sr)(Co, Fe)O3 drew the
difference between the thermal expansion and the chemical one as those that have different nature and
properties[191]. He has found the contribution of oxygen vacancies to the linear expansion of the system
and came up with thermodynamic description devising a specific term of „chemical expansivity“ as a
function of oxygen composition under given temperature and pressure.
The measurements of (La,Sr)CoO3 by Xiyong Chen et al. in 2005 [192] have established that the chemical
expansivity actually plays a major role over the thermal expansivity, being controlled by oxygen
stoichiometry and Sr content. A secondary expansion effect, also named expansion hysteresis, found in
this system was also explained with the chemical expansivity effect.
Effects of doping cerium oxide with Gd have been studied by Bishop et al. in 2009 [193]. Gd-doping of
the material changes valence of the Ce-ions and turns the structure oxygen-deficient. The formed oxygen
vacancies repulse surrounding atoms being source of „chemical expansion“.
Local strain effects caused by atomic vacancies in perovskite material SrTiO 3 were studied in the same
year by Daniel Freedman and colleagues [194]. Vacancies of oxygen, strontium and titanium were
characterized by an anisotropic elastic dipole tensor, characterizing mechanical interactions of the
vacancy with surrounding atoms causing chemical strain. Alternative forms of representation were also
shown, i.a. as proportionality coefficients for the Hooke law, with interrelation between these
representations devised and stated.

For ferroelectric materials the effect of chemical strains was studied by Morozovska, Golovina et al. [189]
for K(Ta, Nb)O3. Here the defect strain tensor has been incorporated into the Landau-GinzburgDevonshire theory as the „Vegard strain coefficient“ for defects that accumulate near the surface of a
ferroelectric nanoparticle where they influenced polar properties of nanoparticles and the phase
transition parameters. To describe it in doped ferroelectrics Vegard’s law has been applied, when the
source of the defect strain were local changes of defect concentration. Such notation and subsequently
the name will be used further in this work.

The Landau-Ginzburg theory will be used to describe the behaviour of multiferroics. It deals with an
expression for the Gibbs free energy that contains terms describing properties of the material, as well as
effects that have an impact on the properties.
Theoretical description of the ferroelectrics phenomenon still meets significant difficulties and to this
day does not present a general theory that would interpret all experimental facts observed in
ferroelectrics. Existing theories can be divided into two essential groups. The first one contains
phenomenological theories, which do not assume any specific atomistic model, but are based upon
thermodynamic contemplations establishing relations between the physical quantities, characteristic for
ferroelectrics. Particularly, the Devonshire theory [38] belongs to this group.
The second group contains theories, which propose a specific atomistic model, suitable only for a
particular case, whilst different ferroelectric structures significantly distinguish from each other. The
most important models were developed before the ferroelectric phenomenon has been described. The
theories given by Slater [195], as well as by Meyer and Vanderbilt [196], Mason and Matthias [197],
Rabe and Spaldin [198], especially belong to this group [199]. Here and after we will be considering the
phenomenological theory.

In ferroelectrics, at the transition between the polar and nonpolar phases a crystal symmetry change
happens. In thermodynamics, phase changes can be described using respective changes of
thermodynamic functions. In the thermodynamic contemplations four variables are considered: pressure
p , volume V , temperature T as well as entropy S [199].
If a change of the inner energy of the system is denoted as dU , and dW stands for the work done by
the system, the first law of thermodynamics can be written as follows:

dU = TdS + dW = TdS − pdV ,
U = U ( S ,V ).

(2.1.1)

The inner energy is a function of two extensive variables S and V . By subtracting the term TS
(Legendre transformation) from the inner energy another thermodynamic potential can be introduced,
called the Free (or Helmholtz) Energy:

F = U − TS ;
dF = − SdT − pdV ;
F = F (T , V ).

(2.1.2)

Adding a term pV to the free energy yields the Gibbs free energy of the form:

G = F + pV ;
dG = − SdT + Vdp;
G = G (T , p).

(2.1.3)

The work done by the electric field can be written as

dWe = EdP

(2.1.4)

The variation of the Gibbs free energy gets the following form:

dG = −SdT + Vdp + EdP.

(2.1.5)

Describing ferroelectric phenomena we assume constant pressure and investigate the expression for a
variation of the Gibbs free energy dG linked solely to the temperature change dT , polarization change
dP or electric field change dE . We get then:

dG = − SdT + EdP ,

G = G (T , P).

(2.1.6)

At the phase transition temperature T = TC the Gibbs free energy of the ferroelectric phase A is equal to
the free energy of the paraelectric phase B:

GA = GB .
According to the Ehrenfest classification a phase transition is of n-th order if GA = GB and derivatives of
(n-1) order of those thermodynamic functions are also equal, whereas n-th derivatives are different from
each other. For phase transitions of the 1st order, when n = 1, following relations must be fulfilled:

GA (T0 , P) = GB (T0 , P)

(2.1.7)

as well as

GA GB

T
T

(2.1.8)

Getting from (2.1.6) while

GA
G
= −S A , B = −S B
T
T

(2.1.9)

Using (2.1.8) and (2.1.9) we obtain eventually

S A  SB
and from this

S A − S B = S AB =

(2.1.10)

Q
.
T

(2.1.11)
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Hence it appears, that at the 1st-order phase transitions, an abrupt change of polarization as well as
entropy takes place, which is illustrated in Figures. 2.1a and 2.2b. Calculating the second derivative of
the Gibbs free energy with respect to the temperature yields

 2G S AB C p
, where T = TC , C p → 
=
=
T 2
T
T

(2.1.12)

From the equation (2.1.12) it is seen that in case of 1st order phase transitions, the specific heat capacity
c p depending on temperature T shows a discontinuity at the temperature of phase transition and
reaches infinitely large values (Figure 2.1a).

PS

For the 2nd order phase transition, when n = 2, at the temperature T = TC the next relations will be
fulfilled:

G A (T , E ) = GB (T , E ) = G
G A GB
=
T
T
S A = SB

as well as

(2.1.13)

 2 G A  2 GB

T 2
T 2
C p  2 GB
Cp
 2G A
S A
S
=
−
=
−
,
=− B =−
2
2
T
T
T T
T
T
A
B
Cp  Cp
A

B

(2.1.14)

From the equations (2.1.13) and (2.1.14) it appears that in the 2nd order phase transitions entropy and
polarization change in continuous way (Figure 2.1b and Figure 2.2a). Heat capacity c p is a
discontinuous function of temperature T, and its course looks similar to the Greek letter lambda λ.
Because of this 2nd order phase transitions are also sometimes called λ-transitions.
The majority of ferroelectric crystals show the 2nd order phase transitions at the Curie point. Such
transitions occur in Seignette’s salt, in the crystals of groups KDP, TGS and others. In barium titanate as
well as in isomorphic crystals of this group of ferroelectrics the 1st order phase transition occurs. The
Curie point is a special case of the phase transition. Its primary meaning will be discussed in the
Elementary thermodynamic theory part. For example, barium titanate has three phase transitions at the
temperatures of -90°C, +5°C, and +120°C, but only the last one is the Curie point [199].

In the thermodynamic theory presented by Devonshire [38], it is postulated that the Gibbs free energy,
that does not depend on the polarization direction, can be expressed as

1
1
1
G = G0 + P 2 + P 4 + P 6 − PE ,
2
4
6

(2.2.1)

according to the general Landau idea of expansion in terms of the order parameter [33], where α, β and
γ are coefficients of the Landau expansion. Assuming that the coefficient α changes sign at temperature
𝑇0 it can be rewritten as a(T − T0 ) , thus we get

1
1
1
G = G0 + a(T − T0 ) P 2 + P 4 + P 6 − PE .
2
4
6

(2.2.2)

The first derivative of the Gibbs free energy with respect to polarization defines a value of the electric
field E by the relation

G
= a(T − T0 ) P + P 3 + P 5 − E = 0 , or
P
E = a(T − T0 ) P + P3 + P5

(2.2.3)

 G
gives us an inverse
P 2
2

being the equation of state of a ferroelectric, whereas the second derivative
dielectric susceptibility,
1
𝜒

=

𝜕2 𝐺
𝜕𝑃2

= 𝑎(𝑇 − 𝑇0 ) + 3𝛽𝑃2 + 5𝛾𝑃4 .

Substituting a =

r =

C
.
T − T0

(2.2.4)

1
and neglecting the terms dependent on polarization we obtain the Curie-Weiss law:
C
(2.2.5)

According to the Curie-Weiss law, there is a Curie point at the temperature where  changes the sign.
It lies in the vicinity of the phase transition temperature, but only at the 2 nd order phase transitions the
Curie point equals to the transition temperature.

Below the phase transition point, for the electric field E = 0 , from (2.2.3), we obtain a dependence of
square of the spontaneous polarization from temperature as

P2 =

a(T0 − T )

=− .



(2.2.6)

Depending on the sign of coefficients α, β and γ a first or second order phase transition will occur.

G



 −1  

PS
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From the discussion carried out by Devonshire it follows that for the 1st order phase transitions the
coefficients of the expansion (2.2.1) must fulfil the following relations at the phase transition point:
α > 0, γ > 0, β < 0.
Under such an assumption, the Gibbs free energy changes dependent on the polarization P in a way
that is presented on the Figure 2.3a. Parameter of the curves on the plot is temperature. In the
ferroelectric phase two minima exist correspondent to polarization values of + PS and − PS . At the
phase transition point the curve has three minima characterizing the same energy value. It means that
at that temperature the simultaneous existence of two phases is possible: ferroelectric and paraelectric
ones. Above the transition point the equilibrium state is paraelectric, for which polarization PS equals
zero. In this case the lowest value of energy corresponds to zero polarization. For the 1 st order phase
transition, from the equations (2.2.1) and (2.2.3), we obtain relations describing spontaneous
polarization and inverse dielectric permittivity (represented from the Curie-Weiss law (2.2.5) by the α
coefficient) as functions of coefficients β and γ,

3 
2
PS =  − 
4 

(2.2.7)

as well as

=

3 2
.
16 

(2.2.8)

Hence, it follows that at the 1st order phase transition, the spontaneous polarization changes in response
to the temperature in a discontinuous way (Figure 2.3b).

PS


 −1  

For the second order phase transitions coefficients in (2.2.1) appear with the next values at the phase
transition points:
α = 0 (changes sign), β > 0 and γ > 0.
Figure 2.4 shows a Gibbs free energy dependence on polarization. In this case at the Curie point, there
exists only one free energy value, for which the polarization PS is equal to zero. Hence, at the 2nd order
phase transition we have a continuity of the spontaneous polarization dependency on temperature
(Figure 2.4b). Above the Curie point the spontaneous polarization is equal to zero, thus, based on
equation (2.2.4) we get the inverse dielectric susceptibility as

1   2G 

=
= .
  P 2  P =0
S

(2.2.9)

Below the Curie point, according to the equations (2.2.4) and (2.2.6) we obtain

  2G 
 2 
= −2 .
 P  PS 0
It follows from this analysis that the ratio of slopes of the function

(2.2.10)

1



=

1



(T ) above and below the Curie

point is equal to -2 (see Figure 2.4c).
On the basis of the Devonshire theory one can predict how the ferroelectric polarization will behave
depending on a strength of electric field. From the equation (2.2.3) a dependence P = P(E ) can be
obtained. Above the Curie point we get a linear dependence, and below the Curie point we have a normal
hysteresis loop (Figure 2.5) [199].

PS

E

Considered here is a system that consists of a thin ferroelectric film (materials are chosen mainly between
barium titanate, lead titanate and PZT) of thickness h ranging between 1 and 200 nm, that is fixed on
a metallic electrode (here and after bottom electrode). On the top, a thin film electrode is used to provide
a voltage difference (top electrode). This electrode is placed at some distance d e from the film. If d e = 0
, the film is covered by an ideal electrode, its top surface is screened, just as the bottom one. If d e  0 ,
the top surface is exposed to the ambience, a layer with properties of a linear insulator.
The whole system, thus, can be presented via the subsystem of the bulk, the subsystem of the ambience
(dead dielectric layer) and the interface between them. The Gibbs free energy functional for them can
be presented as a sum of the bulk GV , dead layer Gext and surface GS parts: [publication C1]

G = GV + GS + Gext .

(2.3.1)
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(2.3.2)

(2.3.3)
(2.3.4)

The designations for the terms in the equations are listed in the Table 2.1. The summation is performed
over all repeating indices. Along with coefficients of the Landau expansion and the gradient terms, added
are terms describing elastic and semiconductor properties of the material. While the electric part is given

in correspondence to the spontaneous Pi as an order parameter in the Landau expansion, nonzero for
the ferroelectric phase and changeable under the applied electric field, the stress variable is responsible
for elastic properties, and the concentrations of charge carriers and impurities describe the
semiconductor properties. Electromechanical effects relate elastic and polar parts of the potential with
correspondent coefficients. Electrostatic part contains terms with electric field 𝐸𝑖 = −𝛻𝜑 or electrostatic
potential  , with an influence of free electrons and holes with concentrations n and p
correspondingly, as well as of donor and acceptor impurities with densities N d+ and N a− .

Name
First Landau coefficient

Symbol

Units

mJ / C 2
m5 J / C 4

Third Landau coefficient

 ik
 ijkl
 ijklmn

Gradient term

g ijkl

m3 J / C 2

Elastic compliance

sijkl

Pa −1

Elastic stiffness

cijkl

Pa

Electrostriction tensor

Qijkl

m4 / C 2

Flexoelectric tensor

Fijkl

Vegard coefficient

Wij

Pi

m3 / C
Å3

Second Landau coefficient

Electrostatic potential
Spontaneous polarization
Electric field

m9 J / C 6

V

C / m2
V /m

Electron charge
Elastic stress

Ei
e
 ij

Elastic strain

uij

1

Dielectric permittivity of vacuum

F /m

Dead-layer dielectric permittivity

0
b
e

Electron concentration
Hole concentration

n
p

Donor concentration

N d+

m −3
m −3
m −3

Acceptor concentration

N a−

m −3

Density of states in conduction band

NC

Density of states in valence band

NV

m −3
m −3

Entropy of ionized donors

Sd

J /K

Entropy of ionized acceptors

Sa

J /K

Entropy of electrons

S el

J /K

Entropy of holes

Sh

J /K

Difference between non-equilibrium and
equilibrium concentrations.
Piezoelectric coefficient

N = N − N 0

m −3

d jkl

m /V

Background dielectric permittivity

C
Pa

1
1

Surface energy coefficient

Amjk

J / C2

Temperature
Band gap

T
Eg

K
J

Bottom of conduction band

EC

J

Valence band maximum

EV

J

Fermi level

Ef

J

Boltzmann constant

kB
xk

J /K
m

Time
Fermi integral of order k

t

s
-

Fermi integral of order 1/2

F1 2 ( ) =

Khalatnikov constant



Spatial coordinate

Fk ( )
2



 d


 1 + exp ( −  )
0

Jms / C 2

The problems often deal with the time-development of the order parameter, which is possible to express
via kinetic equation [publication A2]. Kinetic equation of state is the Khalatnikov equation 

Pi
G
=−
t
Pi

, where the right-hand side results from the first derivative of the Gibbs free energy with respect to
polarization (2.2.3) and the left-hand side is the Khalatnikov time-dependent term. The rearranged full
form of the equation is named the Landau-Khalatnikov or the time-dependent Landau-GinzburgDevonshire equation:



  2 Pi

Pk +  ik (T )Pi + ijkl Pi Pj Pl +  ijklmn Pi Pj Pl Pm Pn − gijkl 
 x x
t
 j l



 − 2Qklij ij Pl + Fijkl ij = − 

xl
xk


(2.3.5)
The surface part of the Gibbs free energy (2.3.3) turns into boundary conditions for the LGD equation:



 g ijkl Pi + Amjk Pj − Fijkl ij 
= 0,


x j

 x3 =h



 g ijkl Pi − Amjk Pj − Fijkl ij 
=0


x j

 x3 =0

(2.3.6)

The electrostatic part can be expressed via the Poisson equation for the electrostatic potential:

 0bii

 2 Pj
=
− e Z d N d+ () − Z a N a− () + p() − n() .
 xi2 x j

(

)

(2.3.7)

Here  bii is a part of the dielectric permittivity which is not linked to the spontaneous polarization and
represents solely the lattice contribution into the permittivity. When considering a ferroelectric medium,
there is the spontaneous polarization present, and the permittivity  bii is assumed to be an isotropic
background permittivity  b . If the film possesses semiconducting properties, the term of a space charge
density is also present. Describing the dead dielectric layer, we must bear in mind the absence of the
spontaneous polarization and semiconductor properties, while the permittivity  bii is the isotropic
permittivity of a linear dielectric  e , which brings us a simpler equation:

 0 e

 2
=0
 xi2

Boundary conditions for these equations should be:

(2.3.8)



= 0 , ( ext −  int )
= 0 ,  x =h+ d = U .
 x =0 = 0 ,  Dnext − Dnint +  0 
x3 =h
  x3 =h

3

3

(2.3.9)

e

Here Dn is the normal part of the electric displacement, U is voltage applied to the top electrode, and

0
=  is the Bardeen surface screening (BS), characterized by a parameter of the screening length 

. However, the exact form of the expression for the surface screening charge depends on the chosen
model. If we choose the Fermi-Dirac model (FD) representing screening by free carriers on the surface,
we shall consider this charge being equal to

0   = e( p2 D ( ) − n2 D ( )) ,

(2.3.10)

where concentrations of holes and electrons on the surface p2 D and n2 D are given on the right-hand
side. If we instead consider that the surface screening is caused by surface ions, the charge can be
described with the Stephenson-Highland model (SH):

 Gi00 + eZ i  
eZ  ( )
eZ 
 
 0   =  i i
  i 1 + qi exp 

A
A
k
T
i
i
i
i 
B



−1

.
(2.3.11)
This model can operate with different types of surface ions with different charges Z i , saturation densities

p 
qi =  atm 
 pexc 
1 / Ai , and the factor

1

ni

where pexc is a partial pressure of ambient gas relative to the

atmospheric pressure patm and ni is the number of surface ions created by one gas molecule. Gi00 are
the standard free energies of the surface ion formation at pexc = 1 bar and U = 0 .
To deal with elastic properties of the material, we can express them via the generalized Hooke law,

uij = sijkl kl + Fijkl

Pk
+ Wijd N d+ − N d+0 + Wija N a− − N a−0 + Qijkl Pk Pl ,
xl

(

)

(

)

(2.3.12)

where all relevant electromechanical and chemical-pressure effects are taken into account. For
ferroelectrics with a cubic parent phase, piezoelectric effect is hidden within the electrostriction term, as
dijk = 20kmQijml Pl , since Pktotal  Pk + 0 (km )Em , where  km is a full dielectric susceptibility
[publication A1]. Note that there is the full stress considered as a variable, rather than spontaneous
excessive strain featured in phase-field models such as [ 202 , 203 ]. The electrostriction term with
quadratic dependence of strain on polarization in (2.3.12) contains interrelations between the
spontaneous polarization and spontaneous strain/stress in the tetragonal structure [204].
The equilibrium condition for the mechanical subsystem reads:

ij
xi

=0

(2.3.13)

with boundary conditions:

(U

1

− x j um )

x3 =0

= 0 , U 3 x =0 = 0 , 𝜎𝑖𝑗 𝑛𝑗 |𝑥
3

3 =ℎ

= 0, 𝑛𝑗 = (0,0,1)

(2.3.14)

which define the top surface as mechanically free, and the bottom surface having the fixed strain. u m
stands for the misfit strain, appearing as a result of the difference between lattice parameters of the film
and the substrate on top of which it is fixed. Strains at the film interfaces can support a certain direction
of polarization [publication B1]. Flexoelectric effect is presented as a part of the complex term that has
a full form of [2, 205, 206, 207]:

Fijkl  ij
P   ijklmn  ij  kl 
 Pk

,
− ij k  +
2  xl
xl 
2  xm xn 

(2.3.15)

where the second part is the elastic gradient, omitted due to the yet undecided and unclear properties
and values of the coefficients [publication B1]. The remaining Lifshitz invariant is used in the simplified



P 

form of Fijkl  ij k  in the free energy expression, since such change does not affect the equation of
 xl 
state while improving the convergence of the modelling calculations.
The Vegard effect is taken into account via corresponding terms in the generalized Hooke law that denote
dependency of strain on non-equilibrium concentration of different types of defects.

uij = sijkl σ kl (r ) − Wijd (N d (r ) − N d 0 ) − Wija (N a (r ) − N a 0 )

.
(2.3.16)
Here the case with two defect types is considered with one being donors (typically, oxygen vacancies)
and another being acceptors (typically, defect ions), although it can be more than two or only one term.
Vegard coefficients here denote a proportionality of strain to the difference between the actual local
concentration of defects and the intrinsic equilibrium concentration, at which the system is relaxed, and
chemical strains are not produced.

The stated problem contains a system of complex partial differential equations that cannot be solved
analytically. Thus, numerical methods have to be used to solve them, and namely the finite-element
method (FEM) as the most suitable for it. Specialized software which has been used to perform the
computer modelling, COMSOL and MatLab, uses this method for obtaining the solutions.
The finite-element method allows numerical calculation of functional variable distributions through a
selected domain by splitting it into a number of small finite elements for each of which the differential
equation is solved. It is widely used to solve applied physics problems involving fluid dynamics, heat
transfer, mechanics of solids, electromagnetic potentials and many more. The mentioned problems all
deal with partial differential equations (PDEs) possessing boundary conditions thus making up a
variation analysis problem. The complexity of specific equations often does not allow one to solve them
analytically, so that only numerical approximated solutions seem viable and attainable. The FEM method
was first formulated in 1940-s by Richard Courant [208] and Alexander Hrennikoff [209], however it
was not before the advent of modern computers and advanced computing techniques that this method
has gained so wide usage. The process of obtaining a set of solutions using FEM is sometimes referred
to as Finite Element Analysis (FEA).
The main principle can be illustrated as follows, using a simple 1D case as an example. Consider a
function u taking a role of a dependent variable in a PDE, i.e. the variable that is changing over the
range of some other, independent variables (in the aforementioned problems the independent variables
are almost exclusively spatial and/or temporal coordinates). The function u can be approximated by a
linear combination of basis functions

uh

so that

u  uh ;

u h =  ui  i

(2.4.1)
where  i are basis functions and ui is the set of coefficients for each function that approximates u h to
u . The basis functions can be chosen differently, for example equal to 1 at their corresponded nodes
and equal to 0 elsewhere. For each finite element there is its own basis function. In Figure 2.6(a) an
example is shown for an approximated dependent variable distribution over the x axis split into seven
i

elements defined by piecewise linear basis functions. In the engineering this can correspond to heat
transfer in a nonuniformly heated rod with the dependent variable being its temperature and the
independent being the spatial coordinate. The elements of the solution can be distributed uniformly or
nonuniformly with difference between the nodes (Figure 2.6(b)). The latter case is the most commonly
used since it provides a great variety of detailing options. Namely, the part of the continuum with the
largest gradient receives smaller elements in bigger amounts to show more points at the specified area
whereas the areas with the least changes can have more coarse representation with larger elements. In
the examples, elements are represented by linear basis functions being nonzero along a narrow interval
and overlapping along the x axis, however when needed they can be replaced by nonlinear functions.
[210] In n-dimensional case basis functions have more complex geometric shape corresponding to
problem’s dimensionality. In the considered problems, quadratic basis functions were used.

(a)

(b)

uh

u

u0

u9

A standard and typical sequence of steps using FEM for solving a PDE problem for a certain domain
includes:
1) Dividing the problem domain into a set of subdomains and subdomains into a set of finite elements.
Each element is described by the element equations for the original problem. These equations are meant
to locally approximate the original equations. The approximation is often explained as a process of
construction of an integral of the inner product of the residual and the weight functions which is then
set to zero, i.e. fitting trial functions to the initial equation to minimize the error. The weight functions
here are the polynomial approximation functions projecting the residual: the error caused by trial
functions. As a result, PDE gets rid of spatial derivatives and locally approximates to element equations
in the forms of either ordinary differential equations (ODE) or algebraic equations for cases of the steady
state. The element equations are then solved numerically, using methods appropriate to the equation
type.
2) Recombination of all sets of element equations to generate a global system of equations. It is done via
the transformation of coordinates for local nodes in subdomains into global nodes of the domain with
any necessary adjustments by orientation and offset regarding the coordinate systems. The resulting
global equation system can be calculated from known initial conditions using chosen computation
methods.

In this chapter, the specific problems and challenges from among those listed previously are addressed
via phenomenological modelling calculated by means of finite-element method software.
Ferroelectric films can serve as basic model objects for fundamental researches of domain structures and
field-induced polarization reversal processes. From the introduction chapter, it follows that there exist
surface screening charges, flexocoupling, and defect-driven strains that influence properties of the films.
The struggle to optimize and control polar and electrostatic properties of ferroelectrics for their usage in
the miniaturized electronic devices dictated the necessity to assess the effects in question and their
interaction, as well as provide their high-precision evaluation through the theoretical and numerical
description.
Researches comprising this thesis are dedicated to different aspects of the same problem. Considered are
static characteristics of a thin film, like domain structure parameters and phase stability, which are
important when the films are used in piezoelectric devices, as well as dynamic properties, namely
switching kinetics and hysteresis loop dynamics, that are crucial in characterizing ferroelectric materials
and for their use in ferroelectric memory devices.
The system described by the equations (2.3.1)-(2.3.4) can be represented as a ferroelectric film,
grounded by a conductive electrode from one side (the bottom) and having an interface with ambience
from the opposite side (the top). Surface charges are enacted on the top surface, mimicking the surface
states or a semiconducting electrode. The perfect electrode can also be applied at the top surface, in
which case it can be put either directly on the surface or left above it, creating a gap. When left without
the top electrode the system is tuned to study domain properties and phase transition behaviour. When
the top electrode is applied, parameters of ferroelectric switching, being reversal kinetics and hysteresis
loops properties, are studied.
The Landau-Khalatnikov model described in the theory chapter is the mean of analytical description of
the problem. As a result of minimizing the free Gibbs energy a complex Euler-Lagrange equation arises
which in our case can only be solved numerically to obtain quantitative results. This approach is sufficient
for the scales of interest (10-100 nm) and requires a method to obtain distributions of physical quantities
throughout a continuous bulk. Finite element method was chosen as such that allows to make up the
whole distribution picture from a set of local values corresponding to characteristics.

In the section “Generalization to multiaxial systems” a general case is considered covering the whole
range of the problems that will be discussed in the next sections. Before, however, we have to establish
the unambiguous problem statements for each studied case. Investigated are primarily the influence of
the flexoelectric effect, surface charges and the Vegard strains on the polar state of a ferroelectric, and
so all problem statements either consider or disregard each of these effects individually. In the following,
all these particular cases will be explained in detail.

In this set of problems, the effects of flexocoupling are looked into in detail. Static and dynamic
characteristics of the ferroelectric film are studied.
A1. Flexocoupling impact on size effects of piezoresponse and conductance in mixed-type
ferroelectric semiconductors under applied pressure.
[A.N. Morozovska, E.A. Eliseev, Y.A. Genenko, I.S. Vorotiahin, M.V. Silibin, Y. Cao, Y. Kim, M.D.
Glinchuk, and S.V. Kalinin, Flexocoupling impact on the size effects of piezo-response and conductance
in mixed-type ferroelectrics-semiconductors under applied pressure, Phys. Rev. B 94 (2016) 174101]

A thin ferroelectric film (1-60 nm) is considered, fixed on the bottom electrode and with the top electrode
being a tip of the SPM probe with the radius much larger than the observed film domain (Figure 3.1).
Among the effects of interest, flexoelectricity is considered, as well as semiconductor properties of
electrons and positively charged donors, and Vegard effect for donors, because the latter are able to
move and redistribute. Moreover, the mechanical pressure of the electron gas is also taken into account,
e
so the term  ijn with the electron deformation potential tensor and nonequilibrium part of the electron
density is added to the Vegard term in (2.3.1) and (2.3.12) instead of the acceptor part. Furthermore,
the external stress is applied to the film by the SPM probe, contributing to stresses. Surface screening
charges are not studied here.

The goal is to find thickness dependencies of the spontaneous polarization, effective piezoresponse,
elastic strain and compliance, carrier concentration and piezoconductance and explore their dependence
on the pressure applied and on the flexoelectric effect and Vegard effect presence.
A2. Flexocoupling impact on the kinetics of polarization reversal
[I.S. Vorotiahin, A.N. Morozovska, E.A. Eliseev, and Y.A. Genenko, Flexocoupling impact on the kinetics
of polarization reversal, Phys. Rev. B 95 (2017) 014104]
A thin ferroelectric film (10-100 nm) is considered, fixed on the bottom conductive electrode and
covered with the top film electrode. The presence of the top electrode is assumed as an ideal screening
suppressing the multi-domain structure, and thus only an out-of plane polarization remains making this
problem effectively one-dimensional. The out-of-plane spontaneous polarization is first relaxed to the
self-established equilibrium value and then, by applying voltage upon the top electrode is switched to
the field-induced state. Here considered were flexoelectric effect, semiconductor properties of donor ions
and electrons with Vegard effect term for donors. As all surfaces are perfectly screened, there were no
need to introduce surface charges.

The objective here is to find distributions of polarization, electric potential and concentrations of donors
and electrons as functions of the spatial coordinate and time. Obtained switching curves for polarizations
illustrate activation character of the switching process with parameter dependence of the critical
switching field and the characteristic switching time on flexoeffect existence and strength.

In this set of problems one of the crucial roles is played by surface screening charges that alone or in the
competition with other effects impact the domain formation process or ferroelectric switching.
B1. Tuning the polar states of ferroelectric films via surface charges and flexoelectricity
[I.S. Vorotiahin, E.A. Eliseev, Q. Li, S.V. Kalinin, Y.A. Genenko, and A.N. Morozovska Tuning the Polar
States of Ferroelectric Films via Surface Charges and Flexoelectricity, Acta Mater. 137 (2017) 85-92]
A thin ferroelectric film (6-110 nm) is considered, fixed on the bottom ideally-conductive electrode and
exposed to the ambience from the top, from which charges are collected on the surface forming an extrathin surface charge layer with variable screening. Under these conditions, domain structure is formed
during the relaxation stage that minimizes the Gibbs free energy. Flexoelectric effect is considered, and
its competition with the surface charges in the domain structure formation is the main topic of interest.

The goal here is to establish the influence of the surface screening and flexoelectric effect on the phase
transition parameters (temperature and critical thickness) and on the domain structure judged on by
distributions of polarization components, electrostatic and mechanical quantities over the film layer.
B2. Control of polarization hysteresis temperature behaviour by interfacial screening in thin
ferroelectric films
[A.N. Morozovska, E.A. Eliseev, I.S. Vorotiahin, M.V. Silibin, S.V. Kalinin and N.V. Morozovsky, Control
of Polarization Reversal Temperature Behaviour by Surface Screening in Thin Ferroelectric Films, Acta
Mater. 160 (2018) 57-71]
A thin ferroelectric film (3.6-100 nm) is considered, fixed on the conducting bottom electrode, with an
electrode over the top surface, separated by a thin dead layer. There is a thin charged layer on the top
surface of the film that is considered within the framework of three different screening models: linear
Bardeen model, when screening charges are formed from surface impurities, Fermi-Dirac model, when
screening is performed by the positive and negative charge carriers distributed over the surface, and
Stephenson-Highland (SH) model, when the surface screening is caused by ions on the surface. The
mechanical and electromechanical parts of the system are entirely disregarded; considered are only
electrostatic properties of the film.

The objective is to investigate the distortion imposed by the surface screening taking into account
according to the three above mentioned models with partially varying parameters on the polarization
hysteresis curves for a set of temperatures and thicknesses, as well as on the correspondent free energy
profiles.

The concluding part features the problem where all three effects of interest are included, studying their
competing influence on the domain structure properties and phase diagrams of the ferroelectric film.
C1. Defect-driven flexochemical coupling in thin ferroelectric films
[E.A. Eliseev, I.S. Vorotiahin, Y.M. Fomichov, M.D. Glinchuk, S.V. Kalinin, Y.A. Genenko, and A.N.
Morozovska. Defect driven flexo-chemical coupling in thin ferroelectric films Phys. Rev. B 97 (2018)
024102]
A thin ferroelectric film (1-170 nm) is considered, fixed on the bottom electrode and exposed to the
ambience from the top. Charges are collected from the ambience and form a screening layer on the

surface with a varying charge. Under the top surface a layer of the variable thickness is filled with
isovalent defects that form a concentration profile. These are non-charged point elastic defects with no
prescribed electric interaction. Flexoelectric effect is considered, however the semiconductor properties
of the film are not.

The goal here is to find out the influence of the elastic point defects via the Vegard effect and
subsequently flexoelectricity and other coupled electromechanical effects on the domain structure
properties (distribution of polarization component, electrostatic and mechanical properties, domain
dimensions) and phase transition properties (Curie point, critical thickness). Surface screening should
play a competing role to the Vegard strains in this study.

Publication A1 is a joint research suggested by Dr. Morozovska and Prof. Dr. Genenko, who also
performed analytical calculations. The author (I.S.V.), jointly with Dr. Eliseev, performed all numerical
calculations presented in the paper. All other co-authors (Dr. M.V. Silibin, Dr. Y. Cao, Dr. Y. Kim, Prof.
M.D. Glinchuk, and Prof. S.V. Kalinin) contributed to the results discussion and manuscript
improvement.
In the work A2, the numerical calculations and the analysis have been performed by the author, under
the supervision of Prof. Dr. Genenko. The idea for the study came from Prof. Dr. Genenko and Dr.
Morozovska. Dr. Eliseev, Dr. Morozovska and Prof. Dr. Genenko contributed to the results discussion.
In the publication B1, the author performed all FEM modeling and densely contributed to the analysis
of its results, supervised by Prof. Dr. Genenko. The idea of the research was given by Prof. Dr. Genenko
and Dr. Morozovska, who formulated the theoretical background. The improvements of the FEM-model
and its stability were made by Dr. Eliseev and Dr. Li, who are gratefully acknowledged.
The idea for the research in the publication B2 belongs to Dr. Morozovska, who also has formulated the
theory and performed analytical calculations. Dr. Eliseev and the author jointly performed numerical
modeling. All other co-authors (Dr. Silibin, Prof. Kalinin and Prof. Morozovsky) contributed to the results
discussion and manuscript improvement.
In the publication C1, the author performed most for the FEM calculations of the defected film (jointly
with Dr. Eliseev and Y. Fomichov) and analysis of the FEM results, prepared illustrations, supervised by
Dr. Morozovska and Prof. Dr. Genenko. The problem statement was suggested by Dr. Morozovska.

Results analysis and manuscript improvement was performed by Prof. Dr. Genenko, Prof. Glinchuk, and
Prof. Kalinin.
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We explore the role of flexoelectric effect in functional properties of nanoscale ferroelectric films with mixed
electronic-ionic conductivity. Using a coupled Ginzburg-Landau model, we calculate spontaneous polarization,
effective piezoresponse, elastic strain and compliance, carrier concentration, and piezoconductance as a function
of thickness and applied pressure. In the absence of flexoelectric coupling, the studied physical quantities
manifest well-explored size-induced phase transitions, including transition to paraelectric phase below critical
thickness. Similarly, in the absence of external pressure flexoelectric coupling affects properties of these films
only weakly. However, the combined effect of flexoelectric coupling and external pressure induces polarizations
at the film surfaces, which cause the electric built-in field that destroys the thickness-induced phase transition
to paraelectric phase and induces the electretlike state with irreversible spontaneous polarization below critical
thickness. Interestingly, the built-in field leads to noticeable increase of the average strain and elastic compliance
in this thickness range. We further illustrate that the changes of the electron concentration by several orders of
magnitude under positive or negative pressures can lead to the occurrence of high- or low-conductivity states,
i.e., the nonvolatile piezoresistive switching, in which the swing can be controlled by the film thickness and
flexoelectric coupling. The obtained theoretical results can be of fundamental interest for ferroic systems, and
can provide a theoretical model for explanation of a set of recent experimental results on resistive switching and
transient polar states in these systems.
DOI: 10.1103/PhysRevB.94.174101
I. INTRODUCTION

Ferroelectric materials have long remained the focus of
theoretical and experimental research due to their unique
functional properties. These include strong electromechanical
coupling that enables applications in sensors and actuators [1],
and the presence of equivalent polar states that enable multiple
types of ferroelectric memories [2,3]. In the past 10 years,
much attention has been focused on the multiferroic materials
combining ferroelectric and magnetic functionalities [4,5].
Finally, in the last several years, the attention of the condensed
matter physics and materials community has been riveted
to applications combining ferroelectric, ionic, and electronic
functionalities of these materials [6–10]. Consequently, investigation of electromechanical, electrochemical, and electrophysical properties of nanosized ferroelectric semiconductors
with mixed-type ionic-electronic conductivity (FeMIECs) is of
significant interest for both fundamental science and numerous
applications. Although FeMIECs in the form of thin films
and nanocomposites are among the most promising MIEC
materials for the next generation of nonvolatile, resistive and
memristive memories, logic devices, ultrasensitive sensors,
miniature actuators, and positioners [11–13], the physical
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principles of the complex interplay between the ferroelectric
polarization, elastic strains, and ionic and electronic states
at the nanoscale are not clear so far. This lack of physical
understanding precludes the successful implementation of
FeMIECs in the aforementioned applications.
Furthermore, the emergence of scanning probe microscopy
tools has made the studies of coupled electromechanical and
conductive phenomena nearly routine. Multiple studies of
electromechanical responses (piezoresponse) by electrochemical strain microscopy [14–16] and piezoresponse force microscopy (PFM) [17] and local conductivity by current atomic
force microscopy (CAFM) [18] and related techniques [19–22]
revealed that their electroconductance is strongly coupled
with polar and elastic states. Moreover, both scanning probe
microscopy (SPM) and interferometric measurements with
high subnanometer resolution indicate the important role of the
local gradients of polarization, strain, and space charge density
in the formation of the aforementioned local response [14–18].
The local gradient of polarization induces elastic strain, and
vice versa, the gradient of elastic stress induces an electric
field due to flexoelectric coupling (flexocoupling) [23,24].
The gradients inevitably cause the space charge redistribution
in MIECs and FeMIECs via several mechanisms [25,26],
including electromigration and diffusion [27,28], chemical
strains and stresses [13,29,30], and deformation potential
[31,32]. Generally, these effects are strongly coupled in a
ferroelectric and cannot be separated a priori. However, the
following important aspects should be mentioned.
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One important aspect of material behavior on the nanoscale
is the emergence of flexoelectric coupling [33,34]. The strong
strain gradients are inevitably present near the surfaces,
in thin films [35–37], nanoparticles [38], and fine-grained
ceramics [39,40]. Therefore the role of flexocoupling in the
formation of piezoresponse and piezoconductance can essentially increase due to the intrinsic size effects, which become
pronounced when the thickness of investigated FeMIEC film
becomes less than 50 nm. While the role of flexoeffect in SPM
measurements has been discussed as early as 2006 [41,42],
recently it has become a mainstream explanation for a broad
set of functional observations. While very significant doubts
have been raised [43], it remains an important aspect of these
systems.
The second important aspect of ferroelectricity in the
nanoscale systems is the ferroelectric size effect. The intrinsic
size effect in thin ferroelectric films manifests as the disappearance of ferroelectric phase when the film thickness becomes
smaller than the critical thickness [44]. The critical thickness
depends on the polarization direction, correlation length,
surface energy contribution, and electrical and mechanical
conditions at the film surfaces [45–48]. Here, the surface
energy determines the value of the so-called extrapolation
lengths [45]. The depolarization field is originated from
nonzero divergence of the polarization vector, as well as from
the incomplete screening of the polarization bound charges
by the electrodes [45,48]. Elastic strains are caused by, e.g.,
film and substrate lattice mismatch [46,47]. All these factors,


GV =
V

GS =
m

which are closely related to the surface influence, often lead to
the appearance of a developed polarization gradient from the
film surface towards its center. Note that in the comprehensive
description the polarization gradient induces elastic strain due
to the flexoelectric coupling, suggesting the potential interplay
between the two.
Finally, the third aspect of thin-film behavior is the surface
piezoelectric effect caused by inversion symmetry breaking in
the direction normal to the surface. The surface piezoeffect
coupled with misfit strain leads to the appearance of a builtin electric field that in turn destroys the size-induced phase
transition into a paraelectric phase at the critical thickness and
induces the electretlike state with irreversible polarization at
film thickness less than the critical one [46,47].
These considerations necessitate the theoretical modeling
of the flexocoupling impact on the size effects of the spontaneous polarization, effective piezoresponse, elastic strain and
compliance, carrier concentration, and piezoconductance in
thin films of FeMIECs under applied pressure. Here we analyze
these phenomena in the framework of the Landau-GinzburgDevonshire (LGD) theory [25–27,38,49,50].
II. PROBLEM STATEMENT AND BASIC EQUATIONS

The generalized expression for the LGD-type Gibbs
potential of the spatially confined ferroelectric mixed-type
semiconductors, which is the sum of the bulk (GV ) and surface
(GS ) parts, has the following form [26,51]:

⎧ aik
bij kl
gij kl  ∂Pi ∂Pk 
⎪
⎨ 2 Pi Pk + 4 Pi Pj Pk Pl + 2 ∂xj ∂xl − Pi Ei − Qij kl σij Pk Pl −
l
− ije δn + Wijd δNd+ σij + eϕ(Zd Nd+ − n)
d 3 r −Fij kl σij ∂P
∂xk
⎪
 E +eϕ 
⎩
−Nd+ Ed − T Sd [Nd+ ] + nEC − T Sel [n] + 3k2B T NC F3/2 kgB T


Am
jk
Sm
2
Pj Pk + djSm
u
P
kl j k l d r.
2
Sm

Here, the summation is performed over all repeating
indices; Pi is a ferroelectric polarization, Ei = −∂ϕ/∂xi is
a quasistatic electric field, and ϕ is the electric potential. The
coefficients of LGD potential expansion on the polarization
T
(T − Tc ) and bij kl , T is the absolute
powers are aik = αik
temperature, and Tc is the Curie temperature. This choice of
LGD expansion corresponds to materials with the inversion
center in the parent phase (e.g., with cubic parent phase). The
elastic stress tensor is σij , Qij kl is the electrostriction tensor,
Fij kl is the flexoelectric effect tensor [52], gij kl is the gradient
coefficient tensor, and sij kl is elastic stiffness.
Variations of the electron density and ionized donor con+
centration are δn(r) = n(r) − n0 and δNd+ (r) = Nd+ (r) − Nd0
.
+
Constant values of n0 and Nd0 correspond to a stress-free
reference state at zero electric field. e is the electron charge;
Zd is the donor ionization degree. The deformation potential
tensor is denoted by ije and the Vegard expansion (or elastic
dipole) tensor is Wijd [29,30]. The Vegard tensor Wijd for
donors will be regarded as diagonal. Only ionized donors
(e.g., impurity ions or oxygen vacancies) are regarded as

⎫
sij kl
σij σkl ⎪
2
⎬
⎪
⎭

,

(1a)

(1b)

mobile [53]. Mobile acceptors can be considered in a similar
way. Ed is the donor level; EC is the bottom of the conduction
band.
The entropy of ionized donors is estimated under the
approximation of an infinitely thin single donor level, as
Sd [Nd+ ]

  +



N
Nd+
Nd+
Nd+
+
1−
ln
1−
,
= −kB Nd0 d0 ln
Nd
Nd0
Nd0
Nd0
(2a)

where Nd0 is the concentration of donor atoms. The entropy
density of electron Fermi gas, considered in the parabolic or
effective mass approximation, is
 n/NC
Sel [n] = −kB NC
d ñF1−1
(2b)
/2 (ñ),
0

−1
F1/2
(ξ )

is the inverse function to the Fermi 12 in ∞ √ζ dζ
(see Appendix A of the
tegral F1/2 (ξ ) = √2π 0 1+exp(ζ
−ξ )

where
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Supplemental Material [54]). NC = [mn kB T /(2π 2 )]3/2 is
the effective density of states in the conduction band;
electron effective mass is mn [55]. The partial derivative
−1
is ∂Sel /∂n = −kB F1/2
(n/NC ). For analytical estimates, we
use approximations for direct and inverse Fermi integrals,
√
−3/4 −1
−1
] and F1/2
(ñ) ≈
F1/2 (ε) ≈ [exp(−ε) + (3 π /4)(4 + ε2 )
√
2/3
(3 π ñ/4) + ln[ñ/(1 + ñ)], correspondingly. These are
valid in a wide range of ε and ñ values [56]. The last term,
in Eq. (1a), is the electron kinetic energy [51], F3/2 (ξ ) =
 ∞ ζ √ζ dζ
√2
is the Fermi 32 integral.
π 0 1+exp(ζ −ξ )
The surface properties are described by the constants ASm
ij ,
the surface dielectric stiffness at the surface Sm , dijS k is the
surface piezoelectric tensor, and uSij is the surface strain field,
originated from, e.g., film and substrate lattice mismatch [46].
The surface piezoeffect could be essential at distances of the
order of one to five lattice constants from the film surface [57],
although for strong enough film-substrate lattice mismatch it
can be the source of thin-film self-polarization (see [46,47]
and references therein). We will not consider the latter case
here and refer it to future studies.
For ferroelectrics with cubic parent phase the term
Qij kl Pk Pl automatically includes the piezoelectric contribution, because the polarization change under electric field Em
can be approximated as [58]
 b

− δkm Em
Pkt = Pk (Em ) + ε0 εkm
 f

≈ PkS + ε0 εkm − δkm Em .
(3a)
Here PkS is a spontaneous polarization component, ε0 is the
dielectric permittivity of vacuum, δkm is a Kronecker symbol,
f
and εij is the relative dielectric permittivity of ferroelectric that
includes a soft-mode related electric-field-dependent contribution εijsm and an electric-field-independent lattice background
contribution εijb [35]. Consequently, an apparent piezoelectric
coefficient becomes [59]
 f

(3b)
dij k = 2ε0 εkm − δkm Qij ml PlS .
As a relevant experimental geometry, we consider the
case of flattened tip or a thin disk electrode placed in an
electric contact with a ferroelectric mixed-type semiconductor
film clamped to a rigid bottom electrode. One-component
polarization P3 is normal to the film surface, corresponding
to a tetragonal ferroelectric phase in a c-domain film. The
problem geometry is shown in Fig. 1. One-dimensional (1D)
approximation of the capacitor geometry is applicable for the
problem solution, if the radius of the top disk electrode is much
larger than the film thickness.
For the semiconductor film with mixed ionic-electronic
conductivity the electric potential ϕ can be found selfconsistently from the Poisson equation
b
ε0 ε33

∂ 2ϕ
∂P3
=
− e[Zd Nd+ (ϕ) − n(ϕ)],
2
∂x3
∂x3

(4)

with boundary conditions corresponding to the fixed potentials at the electrodes, ϕ(0) = V , ϕ(h) = 0, including the
short-circuited case, ϕ(0) = ϕ(h) = 0. Here V is the applied

SPM probe

x1
Ferroelectric
semiconductor
bottom electrode

x3

h

FIG. 1. Geometry of the considered problem. We consider the
situation when either the radius of the SPM tip is much larger than
the film thickness, or the ambient screening charges play the role of
a top electrode.

voltage. In Eq. (4) we used the relation (3a) between the total
and ferroelectric polarization contributions.
When the system is in thermodynamic equilibrium, currents are absent and electrochemical potentials are equal to
the Fermi level. In the considered case donor concentration is Nd+ = Nd0 {1 − f [(Ed + Wijd σij − eZd ϕ + EF )/kB T ]},
where the Fermi-Dirac distribution function is introduced as f (x) = [1 + exp(x)]−1 and EF is the Fermi
energy level in equilibrium. Electron density is n =
NC F1/2 [(eϕ + ije σij + EF − EC )/kB T ], where F1/2 (ξ ) =
 ∞ √ζ dζ
√2
is the Fermi 12 integral.
π 0 1+exp(ζ −ξ )
Inhomogeneous spatial distribution of the ferroelectric polarization component(s) is determined self-consistently from
the LGD-type Euler-Lagrange equations,


δG
∂
δG
= 0,
(5a)
−
δPi
∂xk δ(∂Pi /∂xk )
with boundary conditions at surfaces S1 at x3 = 0 and S2 at
x3 = h,


∂P3

AS1
P
−
g
+
F
σ
= 0,
(5b)
33
kl33 kl 
33 3
∂x3
x3 =0
and
AS2
33 P3



∂P3
+ g33
− Fkl33 σkl 
= 0,
∂x3
x3 =h

(5c)

which follow from the minimization of the Gibbs potential (1).
The conditions are of the third kind due to the flexoelectric
effect contribution. The explicit form of Euler-Lagrange
equations and boundary conditions are listed in Appendix B
of the Supplemental Material [54]. Note that the product
Fkl33 σkl /ASi
33 acts as a surface polarization. The coefficients
S2
AS1
and
A
33
33 conditioned by the interface chemistry can
be very different for the probed surface x3 = 0, where an active
chemical environment can exist, and for the electroded surface
x3 = h, where the perfect electric contact is present, as will be
considered elsewhere [60].
The equation of state for elastic fields, δG/δσij = −uij ,
obtained from the variation of the functional (1), shows that
there are four basic contributions to the elastic strain of the
spatially confined ferroelectric materials with mobile charge
species, namely, purely elastic, flexoelectric, Vegard, and
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electrostriction contributions. Hence the local strain is
∂Pk
+
+ Wijd (Nd+ − Nd0
)
∂xl
+ ije (n − n0 ) + Qij kl Pk Pl .

uij = sij kl σkl + Fij kl

(6)

The piezoelectric contribution is automatically included in
the relation (6) as linearized electrostriction in the ferroelectric
phase according to Eq. (3a), and the apparent piezoelectric
coefficient dijeffk can be introduced according to Eq. (3b).
Generalized Hooke’s relations (6) should be supplemented
by the mechanical equilibrium equations ∂σij /∂xj = 0 in the
bulk and equilibrium conditions σij nj |Sf = −piext at the free
surfaces Sf of the system; nj is the component of the outer
normal n = (0,0, − 1) to the surface Sf [61]. Here we suppose
that external pressure piext can be applied to the system. Elastic
displacement is zero at the clamped surfaces Sc , ui (Sc ) = 0.
The evident expressions for elastic strains and stresses are
listed in Appendix B of the Supplemental Material [54].
h
The film surface displacement is u3 = 0 u33 dx3 for the
considered geometry. The strain u33 is listed in Appendix B of
the Supplemental Material [54]. The average strain u33  = uh3
has the following form:
eff
eff
eff
u33  = −s33
pext + W33
δNd+  + 33
δn

+

eff
F33

h


eff


2

[P3 (h) − P3 (0)] + Q33 P3 .

(7)

introduced for the electrostriction Qij , gradient coefficient
gij , flexoelectric Fij , and elastic compliance sij tensors, while
full matrix notations are retained for all other tensors. The
tensor components with subscripts 12, 13, and 23 are equal for
materials with cubic parent phase. Corresponding effective
elastic compliance can be calculated from the following
formula:
1 du3
.
h dpext

∂u3
∂ 2G
∂P3
≡
.
=
∂V
∂pext
∂V ∂pext

∂Nd+
∂t

−

e
1 ∂J3
e ∂x3

=

1 ∂Jd
eZd ∂x3

0 and
+
= 0, are supplemented by ion-blocking
boundary conditions Jd |x3 =0,h = 0, and fixed electron densities
at the electrodes n(0) = n0 and n(h) = n1 . For the case of ionblocking electrodes only electronic current contributes to the
conductance . Hence the piezoconductance can be estimated
as (see Appendix D of the Supplemental Material [54]):

p

≡

ηe d
1 dJ
≈ e2
Eext dpext
h dpext


0

h

ndx3 ∼

dn
.
dpext

(10)

Below we compare approximate analytical expressions
derived in the Supplemental Material [54] with self-consistent
numerical modeling with and without flexoelectric coupling
and pressure application.

Size effects of the spontaneous polarization, effective
piezoresponse, average elastic strain and compliance, electron
concentration, and piezoconductance have been calculated
in a self-consistent way for PbZr0.5 Ti0.5 O3 (PZT) at room
temperature (RT). Parameters used are listed in Table I.
Corresponding dependences of the spontaneous polarization, effective piezoresponse, average strain and elastic
compliance, electron concentration, and piezoconductance on
the film thickness h are shown in Figs. 2–4. Calculated curves
appeared very slightly sensitive to the Vegard contribution,
where the coefficient W was varied in the reasonable range
3
(0 − 10) Å [62] [compare left (a,c) and right (b,d) columns
in Figs. 2–4]. Weak sensitivity to the Vegard strains originated

(8)

By definition, effective piezoresponse is given by the
δG
δG
3
. Since Pi = − δE
and uij = − δσ
, in
expression R3eff = ∂u
∂V
i
ij
accordance with Maxwell relations we obtained that
R3eff =

∂n
∂t

Kinetic equations for electrons and donors,

III. RESULTS OF SELF-CONSISTENT CALCULATIONS
AND DISCUSSION

eff
Here we introduced the effective coefficients s33
= s33 −
d
d
eff
eff
2
2s13 /(s11 + s12 ), W33 = W33 − 2s13 W11 /(s11 + s12 ), 33
=
e
e
eff
33 − 2s13 11 /(s11 + s12 ), F33 = F33 − 2s13 F13 /(s11 + s12 ),
and Qeff
33 = Q33 − 2s13 Q13 /(s11 + s12 ). Voigt notations are

eff
=−
S33

the donor mobility coefficient; ζd is the electrochemical
potential for the donor, ζd = −(δG/δNd+ ) ≡ Ed + Wijd σij −
eZd ϕ − kB T ln[Nd+ /(Nd0 − Nd+ )]. The electronic current is
Je = eηe n (∂ζe /∂x3 ), where ηe is the electron mobility coefficient; ζe is the electrochemical potential for the electron,
−1
ζe = +(δG/δn) ≡ EC − ije σij + kB T F1/2
(n/NC ) − eϕ.

(9)

Derivation of relation (9) along with approximate analytical
expressions of effective piezoresponse is disclosed in Appendixes E and C of the Supplemental Material [54].
In order to study the dependence of the film electroconductance
on applied pressure pext , i.e., the effective piezoconductance p ≡ d /dpext , one should solve
the dynamic problem and calculate a derivative of the
electric current with respect to the applied voltage and
study this value in dependence on pext , p ≡ E1ext ∂p∂Jext ; here
Eext = V /h (assuming linear approximation on V ). The
donor current is Jd = −eZd ηd Nd+ (∂ζd /∂x3 ), where ηd is

TABLE I. Material parameters collected and estimated from
Refs. [30,67,68].
Coefficient
b
ε33
α T (×105 C−2 J m/K)
TC (K)
bij (×108 C−4 m5 J)
Qij (C−2 m4 )
sij (×10−12 Pa−1 )
gij (×10−10 C−2 m3 J)
ASi (×10−4 C−2 J)
Fij (×10−11 C−1 m3 )
W (10−30 m3 )
Ed (eV)
Nd0 (m−3 )
 (eV)
Universal constants

174101-4

PbZr0.5 Ti0.5 O3
10
2.66
666
b33 = 3.98
Q33 = Q11 = 0.0812, Q13 = −0.0295
s33 = s11 = 8.2, s13 = −2.6
g33 = 5.0
AS1 = 1, AS2 = 20000
F33 = 3, F13 = 0 − 3
3
−0.1
1025
0.1
e = 1.6 × 10−19 C, ε0 = 8.85 × 10−12 F/m
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hcr =

g eff
− 33
eff
a33

1
1
+
λ 1 + LC
λ 2 + LC


,

ext

eff
a33
(pext ), which are strongly “asymmetric” functions of
pext , lead to the asymmetry of the spontaneous polarization
thickness dependences occurring after the application of
positive or negative pressure [see different curves in Figs. 2(a)
and 2(b)].
However, the asymmetric form of the effective piezoresponse and average strain is rather complex and not defined
eff
(pext ) and hcr (pext ). In accoronly by the asymmetry of a33
dance with Eqs. (6), (7), (B1c), and their solution (B2) [54],
eff
eff
2
the strain is proportional to s33
pext + Qeff
33 P3 at zero F33 = 0,
where the pressure dependence is present via the linear
eff
2
pext , and the nonlinear one Qeff
contribution s33
33 P3 , because
the polarization is pressure dependent. Hence the influence of
the pressure sign on the strain becomes very complex and it
causes the complex asymmetric dependence of the effective
piezoresponse on applied pressure.
Without flexoelectric coupling all physical quantities depicted in Figs. 2–4 manifest noticeable peculiarities at the
critical thickness h = hcr . Since Qeff
33 > 0 for PZT, negative
pext < 0 decreases the critical thickness hcr , while positive
pext > 0 leads to an opposite trend. Therefore hcr (pext < 0) <
hcr (pext = 0) < hcr (pext > 0) (compare red, black, and blue
dashed curves in Figs. 2–4 corresponding to pext = −1 GPa,
0, +1 GPa, and Fij = 0).
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(11)

eff
/ASm
λm = g33
33 (Appendix B of the Supplemental Material [54]). The approximate expression (11) is valid with high
accuracy at small concentration of free carriers.
Thus the flexoelectric coupling renormalizes the gradient
coefficient and consequently the extrapolation and correeff
lation lengths [38]. Due to the linear dependence of a33
on pext the critical thickness becomes dependent on pext
1
as hcr ∼ − αT (T −T )+2Q
. The dependences hcr (pext ) and
eff
p
33

0 Pa

0.2

-400

b
eff
g33
ε0 ε33
and here we introduced extrapolation length as

c

(a)

0.4

-109 Pa
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eff
where the renormalized gradient coefficient g33
= g33 +
2
2F
/(s
+
s
);
the
correlation
length
[63,64]
is
LC =
11
13
 13

33

0.4

Piezo-responce Reff (pm/V)

from the donor-blocking boundary conditions used in the 1D
numerical modeling, which means that the full quantity of
donors is conserved between the blocking interfaces. The
condition minimizes the pure Vegard contribution and does
not affect the flexocoupling. Note, however, that the Vegard
contribution to FeMIEC response can be very important in
two-dimensional (2D) geometry [26].
Dotted and solid curves, calculated at zero and nonzero
flexoelectric coupling constants Fij , correspondingly, are very
similar at zero external pressure, but become strongly different
under external pressure application of ±109 Pa. At that level
the difference becomes noticeably stronger for compression
(pext > 0) than for extension (pext < 0).
Without flexoelectric coupling, the main origin of the
response under the application of positive or negative pressure
is the linear renormalization of the coefficient a33 . Namely,
eff
T
a33
= α33
(T − Tc ) + 2Qeff
33 pext , where the last term increases
eff
depending on the pext sign. The coefficient
or decreases a33
eff
a33
defines the critical thickness hcr as

20

40
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60

-400

(d)

0

hcr

20

40
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FIG. 2. Thickness dependence of the average spontaneous polarization P3S (a,b) and effective piezoresponse R3eff (c,d) of ferroelectric
PbZr0.5 Ti0.5 O3 calculated at RT for different values of external
pressure pext = −109 Pa, 0, +109 Pa (shown near the curves), and
flexoelectric coefficients F13 = F33 = 0 (dashed curves); F13 = 1 ×
10−11 m3 /C; F33 = 3 × 10−11 m3 /C (solid curves). Vegard coeffi3
3
cient is W = 0 Å (a,c) and W = 3 Å (b,d). Other parameters are
listed in Table I.

The spontaneous polarization, calculated at Fij = 0,
emerges at the critical thickness hcr , and then increases
and saturates under the film thickness increasing in a semiquantitative
agreement with the analytical formula P3S =
√
PSbulk 1 − hcr /h [45] [see dashed curves in Figs. 2(a)
and 2(b)]. Effective piezoresponse R3eff calculated at Fij = 0
has a divergence at h = hcr and disappears in a paraelectric
phase [see dashed curves in Figs. 2(c) and 2(d)]. The behavior
of R3eff is in agreement with the analytical expression derived
piezo
in Appendix
C of the Supplemental Material [54], R3
=

b
ε33
hcr θ(hcr /h)
(
+ εsm
), where the piezoresponse amplih |1−hcr /h|
33
sm
eff
PR
tude d33 ≈ 2ε0 ε33 PS Q33 and the function θ (hcr /h) = 2 at
h < hcr and θ (hcr /h) = 1 at h  hcr .

PR
1−
d33

When the flexoelectric coupling is present, the boundary
conditions for polarization [see the Supplemental Material [54], Eq. (B4)] contain the terms proportional to the
eff
“surface” polarizations PmBI = F33
pext /ASm
33 , which for the
chosen geometry are equivalent to a built-in electric field
eff
pext /h. The field is inversely
E BI ∼ (P1BI − P2BI )/h ∼ F33
proportional to the thickness h, so its influence is significant
for thin films. Since the field increases for thinner films, it
smears the phase transition with decreasing h. The change of
the applied pressure sign leads to the reversal of the surface
field. In thin films, the pressure-sensitive surface field causes
the situation when only one sign of polarization (+PS or
−PS ) is stable for a given pressure sign. Note a quantitative
similarity between this effect and polarization reversal and
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phase transition smearing due to the adsorption of surface ions
under the condition of partial oxygen pressure excess [65,66].
Negative polarization produces negative strain and negative
piezoresponse at positive applied pressure [see blue curves in
Figs. 2(a) and 2(b)].
The built-in field E BI destroys the thickness-induced phase
transition to a paraelectric phase at h = hcr and instead
induces an electretlike state with irreversible spontaneous
polarization at h < hcr [see solid curves in Figs. 2(a) and 2(b)].
Piezoresponse R3eff calculated from Eq. (9) appeared nonzero
in the electretlike state at h < hcr and monotonically decreases
with decreasing h [see solid curves in Figs. 2(c) and 2(d)].
Finally, we observe that the piezoresponse calculated for
positive pressure changes its sign at nonzero flexoelectric
coupling [see blue curves in Figs. 2(c) and 2(d)]. According
to Eq. (7), there are two contributions in piezoresponse,
piezo
∂u3
F eff
 ∂V
∼ h33 [χ3 (h) − χ3 (0)] + Qeff
33 2P3 χ3 , where the linear susceptibility χ3 = ∂P3 /∂E3 is introduced. The first term,
which is the direct contribution of the flexoeffect, does not
change its sign if the sign of PS ∼ pext changes, while the
second term being the linearized electrostriction contribution
(i.e., piezoelectric term appearing in a ferroelectric phase),
changes sign in such a situation. The flexoelectric contribution
can dominate for very thin films of thickness less than the
critical one, while the piezoelectric contribution becomes the
main one with the film thickness increase. Consequently, when
the external pressure changes its sign to positive it induces
reversal of polarization in thin films, the two contributions of
piezoresponse add up, while in the case of zero or negative
pressure they are deducted.
The spontaneous average strain u33 , calculated for Fij =
0 and pext = 0, emerges at the
√ critical thickness hcr , and then
it increases and saturates as 1 − hcr /h as the film thickness
increases. Nonzero pressure shifts the strain by a constant value
eff
−s33
pext in accordance with Eq. (6) [compare different dashed
curves in Figs. 3(a) and 3(b)]. Being the derivative of the strain
eff
with respect to the applied pressure, effective compliance S33
,
calculated at Fij = 0 from Eq. (8), has a sharp maximum at
eff
h = hcr and drops to a constant value s33
in the paraelectric
phase [see dashed curves in Figs. 3(c) and 3(d)].
The built-in field, produced by the joint action of flexocoupling and external pressure, destroys the thickness-induced
phase transition at h = hcr and, rather unexpectedly, induces
a noticeable increase of the absolute value of strain |u33 | for
films of subcritical thickness [see solid curves in Figs. 3(a)
and 3(b)]. It appears that the increase is caused by the
eff
flexoelectric term [P3 (h) − P3 (0)]F33
/h in Eq. (5) that scales
as 1/h at small thicknesses. The term is conditioned by
different built-in surface polarizations and can be estimated
eff
as (P2BI − P1BI )F33
/h. The flexoeffect leads to the very
eff
with thickness
pronounced increase of the compliance S33
decrease at h < hcr [see solid curves in Figs. 3(c) and 3(d)]. In
both cases (pext < 0 and pext > 0) the sharp fall in compliance
with a decrease in film thickness is due to the decrease
of polarization. Since the compliance is an even function
of polarization, this effect does not depend on the sign
of the polarization and therefore on the external pressure
sign.
Without flexoelectric coupling the average electron concentration n starts to differ from the equilibrium bulk value n0 =
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FIG. 3. Thickness dependence of average strain u33  (a,b) and
eff
(c,d) of ferroelectric PbZr0.5 Ti0.5 O3
effective elastic compliance S33
calculated at RT for different values of external pressure pext =
−109 Pa, 0, +109 Pa (shown near the curves) and flexoelectric
coefficients F13 = F33 = 0 (dashed curves); F13 = 1 × 10−11 m3 /C;
3
F33 = 3 × 10−11 m3 /C (solid curves). Vegard coefficient is W = 0 Å
3
(a,c) and W = 3 Å (b,d). Other parameters are listed in Table I.

NC F1/2 [(EF − EC )/kB T ] for film thickness h > hcr , because
the spontaneous polarization appears above the critical thickness and starts to affect n via the deformation potential and
depolarization field produced by the div(P S ). For pext = 1 GPa
concentration n grows by an order of magnitude compared to
base level n0 at h > hcr and then saturates as the film thickness
increases. For pext = 0 the concentration n becomes about
one order of magnitude smaller than n0 at h > hcr , while it
becomes two orders of magnitude smaller than n0 at h > hcr
for pext = −1 GPa; then it reaches a very flat minimum
and subsequently slightly increases as the film thickness
increases [see dashed curves in Figs. 4(a) and 4(b)]. Effective
piezoconductance p calculated from Eq. (8) at Fij = 0 has a
divergence at h = hcr and abruptly disappears in a paraelectric
phase at h < hcr [see dashed curves in Figs. 4(c) and 4(d)].
The pressure-induced changes of electron concentration are
related with the linear renormalization of the coefficient
eff
eff
T
by the pressure, a33
= α33
(T − Tc ) + 2Qeff
a33
33 pext , since
the amplitude of the spontaneous polarization P S depends
eff
in accordance with the LGD-type Euler-Lagrange
on a33
equation (B3) listed in Appendix B of the Supplemental
Material [54].
When the flexoelectric coupling is present it causes the
eff
built-in field E BI ∼ F33
pext /h, which in turn induces noticeable deviation of n from the value n0 for all film
thicknesses h, including the range of small thickness h  hcr .
Furthermore, two peculiarities are present with the thickness
dependence of n, namely, flat extrema at h ≈ hcr followed
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FIG. 4. Thickness dependence of the average electron concentration n (a,b) and effective piezoconductance p (c,d) of
ferroelectric PbZr0.5 Ti0.5 O3 calculated at RT for different values
of external pressure pext = −109 Pa, 0, +109 Pa (shown near the
curves) and flexoelectric coefficients F13 = F33 = 0 (dashed curves);
F13 = 1 × 10−11 m3 /C; F33 = 3 × 10−11 m3 /C (solid curves). Green
arrows indicate the difference between high-conductivity (HC) and
3
low-conductivity (LC) states. Vegard coefficient is W = 0 Å (a,c)
3
and W = 3 Å (b,d). Other parameters are listed in Table I.

high-conductivity (HC) and low-conductivity (LC) states in a
thin film with thickness a bit higher than hcr , in which swing
can be ruled by flexoelectric coupling. Using the analogy with
mechanical control of electroresistive switching in MIECs
(piezochemical effect) [18], the predicted effect makes it
possible to control the nonvolatile electroresistive switching
in FeMIECs by changing the film thickness, external pressure,
and flexoelectric coupling.
The impact of the Vegard mechanism on the size effects
is weak in comparison with the flexoelectric coupling, but
the thickness dependence of the piezoconductance allows
3
one to see the difference between W = 0 and W = 3 Å by
comparison of Figs. 4(c) and 4(d).
Our theoretical results and predictions can be verified
by direct comparison to experimental data obtained in thin
ferroelectric-semiconductor films by advanced PFM and
CAFM methods. In particular the dependences of the effective
piezoresponse and piezoconductance measured simultaneously (i.e., in situ) for different film thicknesses at different
applied pressures are required. In principle, the current
state of the art allows such studies, and we hope that the
developed theoretical framework will stimulate further studies.
Furthermore, derived expressions for the strain field, effective
elastic compliance, piezoresponse, and piezoconductance [see,
e.g., Eqs. (7)–(10)], which include the dependence on the
film thickness, built-in field, external pressure, and flexoelectric coefficients, can be used for optimization of the thin
ferroelectric film parameters to reach better performances
and so they can quantitatively rationalize future experimental
observations.
IV. CONCLUSION

by an inflection point and then by a sharp drop to the n0 value
as the film thickness decreases [see solid curves in Figs. 4(a)
and 4(b)]. Therefore effective piezoconductance p , being
the pressure derivative of n in accordance with Eq. (8),
is nonzero for all film thicknesses h and reveals nontrivial
thickness dependence at pext = 0 [see solid curves in Figs. 4(c)
and 4(d)]. For pext = 1 GPa the piezoconductance thickness
dependence, p (h), has two maxima. The first is smeared and
located at h ≈ hcr , whereas the other one is flat and located
at h < hcr . They are separated by a sharp drop (by an order
of magnitude), whose position corresponds to the inflection
point of n. For pext = 0 the dependence p (h) has one sharp
maximum at h = hcr followed by an inflection point; after
that the rapid decrease of the dependence p (h) occurs with
h decrease. For pext = −1 GPa p (h) reaches a plateau at
h < hcr that continues up to the ultrasmall thickness. The
physical origin of the nontrivial peculiarities of the effective
piezoconductance thickness dependence is the interplay of
the h-dependent built-in field and polarization contributions
to the electronic state.
Note that the biggest differences, n(pext > 0)
− n(pext < 0) and  p (pext > 0) − p (pext < 0) (more
than three orders of magnitude for the pressure difference
of 2 GPa), correspond to the film thickness h ∼ hcr
[see vertical green double arrows in Figs. 4(a) and 4(b)]. The
changes of n by orders of magnitude under application of
positive and negative pressures can indicate the appearance of

Flexocoupling impacts on the size effects of the spontaneous polarization, effective piezoresponse, elastic strain
and compliance, carrier concentration, and piezoconductance
have been calculated in thin films of ferroelectric mixedtype semiconductors within the LGD approach combined
with classical electrodynamics and semiconductor properties
description. Analysis of the self-consistent calculation results
revealed that the thickness dependences of the aforementioned
physical quantities, calculated at zero and nonzero flexoelectric coupling, are very similar without applied pressure, but
become strongly different under the application of external
pressure pext .
Without flexoelectric coupling the studied physical quantities manifest pronounced peculiarities (disappearance, divergences or sharp maxima, breaks, etc.) if the film thickness h
approaches the critical thickness hcr of the ferroelectricity
existence. We derived analytically how the value of hcr
depends on the flexocoupling constants, applied pressure pext ,
surface energy coefficients, and material parameters. Negative
pressure pext < 0 decreases the critical thickness hcr while a
positive one pext > 0 leads to an opposite trend.
The combined effect of flexoelectric coupling and external
pressure induces the polarizations at the film surfaces. The
surface polarizations cause the built-in field that destroys the
thickness-induced phase transition to the paraelectric phase
at h = hcr and induces the electretlike state with irreversible
spontaneous polarization at h < hcr . The built-in field leads
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to the noticeable increase of the average strain and elastic
compliance under the film thickness decrease below hcr that
scales as 1/h at small thicknesses h. The increase is conditioned
by different built-in surface polarizations at small enough
extrapolation lengths, since the corresponding built-in field
eff
eff
E BI ∼ F33
pext /h scales as 1/h at small thicknesses h (F33
is
the effective flexocoupling constant).
The built-in field induces nonmonotonic thickness dependence of free-electron density n for all film thicknesses h
including the range of small thickness h  hcr . Corresponding effective piezoconductance p is nonzero for all film
thicknesses h and its thickness dependence is nonmonotonic
and nontrivial. The physical origin of the peculiarities of
the electron concentration and effective piezoconductance
thickness dependences is the interplay of the h-dependent
built-in field and polarization impact on the electronic state.
The impact of the Vegard mechanism on the size effects
is weak as anticipated for the donor-blocking boundary
conditions, but its influence on the thickness dependence of
the piezoconductance is notable.
The changes of n and p by three orders of magnitude
under application of positive and negative external pressure
of 1 GPa can indicate the appearance of high- and lowconductivity states in a thin film with thickness a bit higher
than hcr , in which swing can be ruled by pressure magnitude
and flexoelectric coupling. The predicted effect can pave the

way for the size effect control of piezoresistive switching in
FeMIECs facilitated by flexoelectric coupling.
The obtained theoretical results can be of fundamental and applied interest for the thin ferroic films physics,
semiconductor physics, modern interferometry, and scanning
probe microscopy development. Predicted nontrivial behavior
of the elastic properties and piezoconductance is waiting
for experimental verification by modern SPM and precise
interferometry methods.
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the value of W = 1.9 Å (see Eqs. (8) and (9) in Ref. [29]).
Freedman et al. [30] used a shell potential model to calculate
chemical strains or elastic dipole moments for various defects in
SrTiO3 . They obtained elastic dipole-tensor values in the range
3
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Appendix A. Comment on the form of electron entropy
The electron concentration is
∞

((

)

)

n = ∫ dε ⋅ g n (ε ) f ε − eϕ − Σ ije σ ij − E F + EC k B T .

(A.1)

0

For the case of parabolic (or effective mass) approximation the density of states g n (ε ) ≈

2mn3ε
2π 2 h 3

and thus one get that

((

)

)

n = N C F1 2 eϕ + Σ ije σ ij + E F − EC k B T ,
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(A.2)

(

(

where N C = mn k B T 2πh 2

))

3/ 2

is the effective density of states in the conduction band. Since

E F = ζ e in the thermodynamic equilibrium and ζ e = +(δG δn ) ≡ EC − Σ ije σ ij − T (∂S el ∂n ) − eϕ ,

one get that the derivative ∂S el ∂n = −k B F1−21 (n N C ) . Hence the entropy density is
S el [n] = − k B N C

n NC

∫ dn~F (n~ ) .
−1
12

Here F1−21 (ξ ) is the inverse function to the Fermi ½-integral

0

∞
ζ dζ
2
. Note, that in the Boltzmann approximation the electron gas entropy
∫
π 0 1 + exp(ζ − ξ )

F1 2 (ξ ) =

is equal to
⎛n
⎛ n ⎞⎞
n
S el [n] = k B N C ⎜⎜ C − C ln⎜⎜ C ⎟⎟ ⎟⎟ .
⎝ NC NC ⎝ NC ⎠⎠

(A.3)

Appendix B. Elastic fields and Euler-Lagrange equations
Hereinafter we consider 1D distributions only and suppose that the tangential external
forces are absent and system is only subjected to external pressure pext along x3-axis. For the
case of mechanical equilibrium, equations with boundary conditions are ∂σ i 3 ∂x3 = 0 , σi3⎜S=0

(i=1, 2) and σ 33 (h) S = − p ext . These equations along with boundary conditions have obvious
solution: σ13 = σ 23 = 0 and σ 33 = − p ext . Elastic displacement ui is zero at the surface x3 = h, i.e.
u i (h ) = 0 (i=1, 2, 3). From the latter conditions one immediately comes to conditions: u11 (h ) = 0 ,
u 22 (h ) = 0 and u12 (h ) = 0 . Since we suppose that film is attached to a rigid substrate, in 1D

approximation these components should be constant, u11 = const , u 22 = const and u12 = const
Therefore, obvious solution is u11 = u12 = u22 = 0 . Taking these relations into account as well as
the fact that we consider only one component of polarization P3 depending only on x3 , Hooke’s
law for some components is reduced to the following: σ12 s 66 = 0 , u13 = F66
u 23 = F66

∂P3
∂x 2

∂P3
∂x1

≡ 0 and

≡ 0 , having only trivial solution. The rest of the elastic equations of state can be

written as
e
δn + Q13 P32 + F13
u11 = s11σ11 + s12 σ 22 − s13 p ext + W11d δN d+ + Σ11

e
δn + Q13 P32 + F13
u 22 = s12 σ11 + s11σ 22 − s13 p ext + W11d δN d+ + Σ11

2

∂P3
∂x3
∂P3
∂x3

≡0

(B.1a)

≡0

(B.1b)

e
u 33 = s13 σ11 + s13 σ 22 − s33 p ext + W33d δN d+ + Σ 33
δn + Q33 P32 + F33

∂P3

(B.1c)

∂x3

Solving system of equations (B.1) gives the nonzero elastic field components in the
following form
σ 33 = − p ext ,

σ11 = σ 22 =

e
s13 p ext − W11d δN d+ − Σ11
δn

s11 + s12

−

(B.2a)

Q13 P32
s11 + s12

−

eff
eff
u 33 = s33
p ext + W33eff δN d+ + Σ 33
δn + F33eff

F13

∂P3

,

(B.2b)

+ Q33eff P32 .

(B.2c)

s11 + s12 ∂x3

∂P3
∂x3

Here we used that σ11 = σ 22 from the symmetry consideration and introduced the effective
eff
= s 33 −
s 33

coefficients
F33eff = F33 −

2 s13 F13

2 s132

,

s11 + s12

and Q33eff = Q33 −

s11 + s12

W33eff = W33d −
2s13 Q13

2 s13W11d
s11 + s12

,

eff
e
Σ 33
= Σ 33
−

e
2 s13 Σ11

s11 + s12

,

. Voigt notations are introduced for the

s11 + s12

electrostriction Qij , gradient coefficients gij , flexoelectric Fij and elastic compliances sij tensors,
while full matrix notations are used for all other tensors. Note, that the piezoelectric contribution
is automatically included in the equations (B.2) as linearized electrostriction, since

(

)

P3 ≈ P3S + ε 0 ε33f − 1 E3 .
Using Equations (B.2), we excluded the stresses from the equation for polarization P3 and
concentration of donors N d+ . Remained equations can be solved numerically. Note, that the
substitution of expressions (B.2) in the functional (1a) from the main text leads to the appearance
of the flexoelectric coupling with Vegard and piezoelectric terms proportional to the products
Wiieff F33eff , Σ iieff F33eff , etc.

Euler-Lagrange equation for determination of the ferroelectric polarization component
has an explicit form:
2
⎞
⎛ eff 4Q13W11d
2 F13W11d ∂N d+
∂ϕ
+
eff
eff ∂ P3
3
⎟
⎜ a33 +
N
P
+
b
P
−
g
−
=−
δ
d ⎟ 3
33 3
33
2
⎜
s11 + s12
s11 + s12 ∂x3
∂x3
∂x3
⎠
⎝

The

effective

coefficients

⎛
4Q132
b33eff = ⎜⎜ b33 +
s11 + s12
⎝

eff
g 33
= g 33 +

2 F132
s11 + s12

,

eff
a33
= α T33 (T − Tc ) + 2Q33eff pext

(B.3)

and

⎞
⎟ are introduced. Boundary conditions for the out-of-plane polarization
⎟
⎠

component P3 are of the third kind [i]:

3

⎛
⎞
∂P 2 F W d δN + 2 F Q P 2
⎜ P3 − λ 1 3 − 13 11 Sd1 − 13 13 3S 1 − P1BI ⎟
⎜
⎟
s11 + s12 A33
∂x3 s11 + s12 A33
⎝
⎠
⎛
⎞
∂P 2 F W d δN d+ 2 F13 Q13 P32
BI
⎜ P3 + λ 2 3 + 13 11
⎟
+
+
P
2
S2
S2
⎜
⎟
∂
x
s
+
s
s
+
s
A
A
3
11
12
11
12
33
33
⎝
⎠

The extrapolation length λ m =

= 0,

(B.4a)

= 0.

(B.4b)

x3 = 0

x3 = h

eff
g 33
is determined by the surface energy and the surface state.
A33Sm

Physically realistic range for λ m is 0.5 – 2 nm [ii]. Built-in polarizations at the surfaces x3=0 and

x3=h are, respectively, P1BI =

F33eff p ext
F33eff p ext
BI
and
.
P
=
2
A33S 1
A33S 2

Appendix C. Analytical estimates of effective electromechanical response

Below we will demonstrate that the flexocoupling can impact strongly on size effect of effective
piezo-response in a ferroelectric layer with a strong gradient of mobile defects.
Using the linear approximation for the dependence of polarization on electric field in a

(

)

tetragonal phase of ferroelectric, Pk ≈ PkS + ε 0 ε klf − 1 El , the piezoelectric strain u ijpiezo is
proportional to the convolution of the piezoelectric coefficients with electric field,
u ijpiezo ≈ d ijkeff E k in accordance with Eq.(2b), where the apparent piezoelectric coefficient

(

)

d ijkeff = 2ε 0 ε knf − δ kn Qijnl Pl S is introduced. Consequently, vertical effective piezoresponse, defined
h

as the derivative of the surface displacement u 3piezo ≈ ∫ u 33piezo dx3 with respect to the applied
0

h

voltage V, is exactly equal to d 33eff , because

∫E

3

dx3 = V .

0

When ferroelectric ceramic layer thickness h decreases approaching the critical thickness

hcr, the apparent piezoelectric coefficient d 33eff becomes thickness-dependent, because the
ferroelectric polarization decreases and dielectric permittivity component changes with thickness.
Without external pressure the surface polarization are zero ( F33eff p ext A33Si = 0 ) and the following
expressions are valid:
P3S = PSbulk 1 −

hcr
,
h

b
ε 33f (h ) = ε 33
+

sm
ε 33
θ(hcr h )
,
1 − hcr h

(C.1)

where the function θ(hcr h ) = 2 at h < hcr and θ(hcr h ) = 1 at h ≥ hcr in accordance with CurieWeiss law. According to the expressions (C.1), P3S disappears at h ≤ hcr and dielectric
4

sm
is a soft-mode related relative dielectric
permittivity component diverges at h = hcr . ε 33

permittivity of a bulk ferroelectric material, ε b33 is a background contributions (typically
sm
). The critical thickness depends on the ferroelectric material parameters, temperature,
ε b33 << ε 33

extrapolation length λ P and flexoelectric coupling coefficients:
hcr = −

eff
g 33
eff
a33

⎛ 1
1
⎜⎜
+
⎝ λ1 + LC λ 2 + LC

⎞
⎟⎟ ,
⎠

(C.2)

eff
eff
where the correlation length LC = g 33
ε 0 ε b33 is introduced. Extrapolation length λm = g 33
A33Sm

is positive or zero. Note that LC can be much smaller than the lattice constant due to
depolarization field influence, so that λ m + LC ≈ λ m for extrapolation lengths more than 1 nm. In

A33S 1 + A33S 2
is dependent on external pressure, but independent on the
eff
a33

this case hcr ≈ −

flexocoupling strength. This happens because we suppose that surface energy coefficients A33S 1
and A33S 2 are independent on both pressure and flexoelectric coupling coefficients, therefore
extrapolation λ m =
eff
g 33
= g 33 +

eff
g 33
does depend on flexoelectric coupling in accordance with Eqs.(B.4) via
A33Sm

2 F132
eff
. At the same time, since the coefficient a33
depends only on temperature
s11 + s12

and pressure (but not on F13 ), the critical thickness is almost independent on latter, since the

A33S 1 + A33S 2
give rather good approximation for hcr . As for the pressure
expression hcr ≈ −
eff
a33
dependence of the latter, it is solely determined by the pressure dependence of the coefficient
eff
a33
= α T33 (T − Tc ) + 2Q33eff pext (see page 9 in the main text).

Allowing for Eqs.(C.1)-(C.2) the thickness dependence of effective piezo-response in a
ferroelectric phase has the form:

R3piezo =

∂u 3piezo
h
= d 33PR 1 − cr
∂V
h

⎛ θ(hcr h ) ε b33
⎜
⎜ 1 − h h + ε sm
cr
33
⎝

⎞
⎟.
⎟
⎠

(C.3)

h

In

accordance

with

the

expressions

u

piezo
3

≈ ∫ u 33piezo dx3

,

u ijpiezo ≈ d ijkeff E k

and

0

(

)

d ijkeff = 2ε 0 ε knf − δ kn Qijnl Pl S the piezoresponse amplitude d 33PR is a combination of tabulated
sm
piezoelectric coefficients of a bulk ferroelectric material, d 33PR ≈ 2ε 0 ε 33
PS Q33eff . The piezoresonse

5

R3piezo disappears in a paraelectric phase, at h ≤ hcr , because of PS disappearance accordingly to
Eq.(C.1).
Note that the expression (C.3) is valid at zero flexoelectric coupling or/and external
pressure, because for this case built-in polarizations in Eqs.(B.4), P1

P2BI =

BI

F33eff p ext
=
A33S 1

and

F33eff p ext
, are absent.
A33S 2
In accordance with Eq.(5) the Vegard strain u ijchemo is proportional to the convolution of

the apparent Vegard coefficients Wijeff with mobile defect concentration spatial variation δN d+ (x ) ,
u ijchemo ≈ Wijeff δN d+ (x ) . Deformation potential leads to the strain u ijdef ≈ Σ ijeff δn(x ) . The flexoelectric
eff
strain uijflexo is proportional to the convolution of the apparent flexoelectric coefficients Fijkl
with
eff
polarization gradient, u ijflexo ≈ Fijkl
∂Pk ∂xl .

(

)

(

)

In a paraelectric phase u 33flexo ≈ F33eff ε 0 ε 33f − 1 ∂E3 ∂x3 , because P3 ≈ ε 0 ε 3fn − δ 3n E n at
h ≤ hcr and small applied voltages. Approximate analytical expressions for the space charges,

electric potential and field can be derived within the linear Debye approximation valid at very
small applied voltages, eZ d ϕ k B T << 1 , namely

⎛
⎛
⎛ eZ ϕ ⎞ ⎞ ε ε f ϕ
⎛ − eϕ ⎞ ⎞
ε εf ϕ
⎟⎟ − 1⎟ ≈ − 0 332
δN d+ ≈ n0 ⎜⎜ exp⎜⎜ d ⎟⎟ − 1⎟⎟ ≈ 0 332 , δn ≈ n0 ⎜⎜ exp⎜⎜
⎟
ehd
ehd
⎝ k BT ⎠ ⎠
⎝ k BT ⎠ ⎠
⎝
⎝

ε 0 ε 33f ϕ
ρ≈
,
hd2

ϕ = −V

(

)

sinh ( x3 − h ) hd
,
sinh h hd

(

)

E3 =

(

V cosh ( x3 − h ) hd
hd
sinh h hd

(

)

(C.4a)

)

(C.4b)

The introduced screening length hd = k B T (ε 0 ε 33f e 2 (Z d + 1)n0 ) is thickness-dependent, because
ε 33f is thickness-dependent according to Eq.(C.1).
Using Eqs.(C.4) the flexoelectric and chemical contributions to the longitudinal effective
electromechanical response R3flexo + chemo can be estimated in the paraelectric phase as:
R3flexo + chemo =

∂
∂V

(
(

f
⎛ h flexo
⎞
chemo
def
FC ε 33 (h ) 1 − cosh h hd
⎜ ∫ u 33 + u 33
⎟
u
dx
R
≈
+
33
3⎟
33
sm
⎜
hd sinh h hd
ε 33
⎝0
⎠

(

)

)
)

(C.5)

In accordance with Eq.(4) from the main text, the response amplitude R33FC is a sum of three
contributions,

flexoelectric,

eff
W eff − Σ 33
sm ⎛
⎜ F33eff − 33
R33FC ≈ ε 0 ε 33
⎜
e
⎝

Vegard

and

⎞
⎟.
⎟
⎠

6

deformation

potential

tensors,

In order to calculate the quadratic electrostrictive contribution that can dominate in
paraelectric phase, we used the same assumptions as for derivation of Eq.(C.5). The
electrostrictive displacement in the paraelectric phase is u 3Q (h ) = Q33 (ε 0 (ε 33f − 1))

2

h

∫E

2
3

dx3 . The

0

displacement u3Q is proportional to V2, because E32 ~ V 2 in accordance with Eq.(C.4b). Hence
u3Q becomes negligibly small in comparison with the flexoelectric and chemical ones
electrostrictive contribution at small enough V.
Appendix D. Analytical estimates of effective piezo-conductance

In order to estimate analytically the effective piezo-conductance, defined as the
dependence of electro-conductance on applied pressure, one should perform rigorous
calculations of the electric current and its derivatives on applied voltage and pressure. In the
considered 1D case of donor-blocking and electron-open electrodes the donor current is zero and
the electron current is constant. Namely:
− eZ d η d N d+

∂ζ d
= 0,
∂x3

eη e n

∂ζ e
=J.
∂x3

(D.1)

Let us try to solve Eqs.(D.1) in the Boltzmann-Plank-Nernst (BPN) approximation for donors'
and

(

electrons'

(

concentrations.

))

(

ln N d+ N d0 − N d+ ≈ ln N d+ N d0
ζ d = const

.

)

The

)

donors

((

approximation

((

for

means

that

)

and

)

N d+ ≈ N d0 exp − eZ d ϕ + E d + Wijd σ ij − ζ d k B T

,

BPN

approximation

for

electrons

means

that

)

n ≈ N C exp eϕ + Σ ije σ ij − EC + ζ e k B T and ζ e = EC − Σ ije σ ij − eϕ + k BT ln(n N C ) . One can solve

the

equations

for

∂σ ij ⎞
⎛ k T ∂n
∂ϕ
⎟=J
−e
− Σ ije
eηe n ⎜⎜ B
∂x3
∂x3 ⎟⎠
⎝ n ∂x3

concentration

Σ ije ∂σ ij en ∂ϕ
∂n
J
=
+
n
+
∂x3 eηe k BT k BT ∂x3 k BT ∂x3

approximation

n=

electron

and

obtain

the

in

the

expression

⎛
⎞
Jx3
n
Jh
1
+
eϕ + Σ ije σ ij + C . From here C = n ⎜⎜1 −
(
and so
e ϕ + Σ ije σij )⎟⎟ −
ek BTηe k BT
⎝ k BT
⎠ 2ek BTηe

(

)

n=

e
J ( x3 − h 2 ) ⎛⎜ e(ϕ − ϕ ) + Σ ij (σ ij − σij ) ⎞⎟
.
+ n 1+
⎜
⎟
k
T
ek BTηe
B
⎝
⎠

(D.2)

From the boundary conditions n(0) = n0 and n(h) = n1 one can determine the values of J and n ,
namely the solution is

7

⎞ e(ϕ(h ) + ϕ(0 )) + Σ ije (σ ij (h ) + σ ij (0 )) ⎞
⎟
⎟+
⎟
⎟
k
T
B
⎠
⎠

⎛ ⎛ ϕ + Σ ije σij
n = (n1 + n0 )⎜ 2⎜1 −
⎜ ⎜
k BT
⎝ ⎝

ek Tη
J= B e
h
ϕ(0) − ϕ(h ) = V

Since

−1

(D.3a)

⎛
⎛ e(ϕ(h ) − ϕ(0 )) + Σ ije (σ ij (h ) − σ ij (0 )) ⎞ ⎞
⎜ n − n − n⎜
⎟⎟
⎟⎟
⎜
⎜ 1 0
k
T
B
⎠⎠
⎝
⎝
and

we

can

regard

that

n1 = n0

⎛ ⎛ ϕ + Σ ije σij
⎛ eV + Σ ije (σ ij (0 ) − σ ij (h )) ⎞
⎟
⎜
and n = 2n0 ⎜ 2⎜1 −
J = eηe n
⎟
⎜
⎜ ⎜
k BT
h
⎠
⎝
⎝ ⎝

(D.3b)

,

so

the

current

⎞ eV + Σ ije (σ ij (h ) + σ ij (0 )) ⎞
⎟
⎟+
⎟
⎟
k
T
B
⎠
⎠

−1

.

So that the piezo-conductance defined as the derivative of the conductance Ωp on applied
pressure,

dΩ p
dpext

≡

1 dJ
, where we regard that Eext = V h , acquires the form:
Eext dpext

dΩ p

≈ eηe

dpext

⎛
Σ e (σ (0) − σ ij (h )) ⎞
⎜ en + ij ij
n⎟
⎟
⎜
V
⎠
⎝

d
dpext

(D.4a)

e
⎛ e
⎛
∂P ⎞
2s Σe ⎞
2Σ11
⎜⎜ Q13 P32 + F13 3 ⎟⎟ in accordance
Here the convolution Σije σij = −⎜⎜ Σ33
− 13 11 ⎟⎟ pext −
s11 + s13 ⎠
s11 + s13 ⎝
∂x3 ⎠
⎝

with Eqs.(B.2), and for small deformation potentials or slowly-varying stress field the second
term in brackets can be neglected, resulting in
dΩ p
dpext

≈ e 2 ηe

dn
.
dpext

(D.4b)

Let us calculate the concentration derivatives on the applied pressure. When the system is
in thermodynamic equilibrium, currents are absent and electrochemical potentials are equal to
Fermi

level.

(

For

the

((

case

)

N d+ = N d0 1 − f E d + Wijd σ ij − eZ d ϕ + E F k B T

equilibrium.

Electron

density

is

)) ,

donor

concentration

is

where E F is the Fermi energy level in

((

)

n = N C F1 2 eϕ + Σ ije σ ij + E F − EC k B T

)

.

Hence

the

concentration derivatives on the applied pressure are:
⎛ Y ⎞ 1 ∂Y
∂n
⎟⎟
= N C F1′2 ⎜⎜
∂pext
k
T
B
⎝
⎠ k BT ∂pext

2
π

∞

Y = −Σ

eff
33

Where the function F1′2 (ξ ) =

ζ exp(ζ − ξ )dζ

∫ (1 + exp(ζ − ξ))

2

(D.5a)

. In accordance with expressions (B.2), the

0

arguments
p ext

e
2Σ11
−
s11 + s13

8

⎛
∂P ⎞
⎜⎜ Q13 P32 + F13 3 ⎟⎟ + eϕ + E F − EC
∂x3 ⎠
⎝

(D.6a)

Appendix E. Modified Maxwell relations

In the case of quasy-1D system, thin film or slab of thickness h, it is convenient to introduce free
h

energy per unit area of the slab surface, G ≡ GV S ≡ ∫ g dx3 , where g is the free energy density.
0

Considering thermodynamic relation ∂g ∂σ ij = −u ij (see e.g. [iii]) and using the relation (B.2a),
σ 33 = − pext , one can get ∂g ∂pext = u 33 and finally
h ∂g
h
∂G
=∫
dx3 = ∫ u33 dx3 ≡ −u3 (0 )
0
0
∂pext
∂pext

(E.1)

since u 3 (h ) = 0 .
It is also well-known (see e.g. [iv]) that total electric moment ℘ of the body can be determined
from the derivative of the bulk thermodynamic potential as follows

S

∂G
= −℘ ,
∂E ext

(E.2)

where Eext is the magnitude of external electric field applied along the normal to the slab
surface. Since field Eext can be introduced as E ext = V h , the relation (E.2) can be rewritten as

∂G
= −P
∂V

(E.3)

Here P = ℘ (h S ) is the average polarization.
Considering G as analytical and differentiable function of pext and V , one has to
consider the following relation:

∂ 2G
∂ 2G
≡
∂p ext ∂V ∂V∂p ext

(E.4)

Combining Eqs.(E.1), (E.3) and (E.4), one could get the following modified Maxwell relation for
linear electromechanical effect:

∂u 3 (0 ) ∂P
=
∂V
∂p ext

(E.5)
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The impact of flexoelectric coupling on polarization reversal and space-charge variation in thin films of
ferroelectric semiconductors has been studied theoretically. The relaxation-type Landau-Khalatnikov equation
together with the Poisson equation and the theory of elasticity equations have been used to calculate in a
self-consistent way the spatial-temporal development of ferroelectric polarization, electric potential, space charge,
elastic stresses and strains. The analysis of the obtained results reveals a moderate increase in the flexocoupling
influence on the polarization, elastic strain, electric potential, and space-charge development with a decrease in
the ferroelectric film thickness. In contrast, the dependence of polarization switching time on the applied electric
field is remarkably affected by the flexocoupling strength. The polarization reversal process consists typically of
two stages; the first stage has no characteristic time, whereas the second one exhibits a switching time strongly
dependent on the applied electric field.
DOI: 10.1103/PhysRevB.95.014104
I. INTRODUCTION

The impact of the flexoelectric effect (“flexoeffect”), which
appears as an elastic strain in response to the polarization
gradient (and vice versa) [1–3], is of great importance for
understanding and describing electrophysical and electromechanical properties of ferroics on the nanoscale [4–7], such
as ferroelectric thin films [8–11], thin-film-based multilayer
structures [12], nanoparticles [13–15], nanograin ceramics
[16,17], and nanocomposites [14]. The flexoeffect has an
impact on the local electromechanical response [18,19],
structure, local symmetry (chirality) and polarity changes at
the ferroelectric [20] and ferroelastic [21] domain walls. This
dependence is caused by a strong influence of electro-elasticfield gradients on the nanoferroic properties [4–6], in contrast
to macroferroics where the gradients are pronounced only near
surfaces and domain boundaries [22–27].
This paper is devoted to the theoretical study of the poorly
understood influence of the flexoeffect on the polarization
switching kinetics in thin ferroelectric films. In contrast to the
moderate influence of the flexoeffect on the thermodynamic
polarization distribution, increasing monotonously with the
film thickness decrease, its influence on the kinetics turns out
to be unexpectedly strong with a threshold at certain film thicknesses. These predicted phenomena have nontrivial physical
natures and require in-depth experimental verification.
In a number of works the influence of the flexoeffect
on phase transitions, thermodynamical equilibrium distributions of polarization, electric and elastic fields, and the domain structures in nanoferroics was theoretically investigated
[8–15,22–26], indirectly supported by experimental results
[27,28]. These results indicate the significant flexoeffect influence on all thermodynamic characteristics of nanoferroics.
Flexocoupling values can directly be extracted from the
experiments on bending [29–31] and soft phonon spectra
[32–34] or microscopically estimated [2] accounting for an
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upper limit from energetic considerations [35]. Otherwise
the flexoelectric tensor elements can be calculated from the
first principles [36–39]. However, experimentally established
parameters can differ from each other [29–31] as well as
from the calculated values [2,36,37] by several orders of
magnitude [40]. The reasons for these discrepancies are still
unclear. Dynamic flexoeffect [5,41] has yet been investigated
too poorly to speculate about the potential impact on the
polarization switching kinetics.
On the other hand, virtually all experimental investigations
of electrophysical and electromechanical properties of ferroics
were conducted in more or less nonstationary conditions.
That is why investigation of the flexoelectric impact on the
polarization reversal kinetics, distributions of elastic strains
and stresses, electric fields, and space charge is of fundamental
interest. Such theoretical research, as it appeared, is still lacking. In this paper, the flexoelectric coupling (“flexocoupling”)
impact on the kinetics of polarization reversal and space
charge in thin films of the ferroelectrics with semiconducting
properties is studied.
The impact of the flexoelectric effect on the properties and
structure of domain walls in ferroics is rather nontrivial since
the high gradients of the polarization and spontaneous strain
are always present in these regions [8–15,22–26]. Hence, in
thin ferroelectric films with domain structure there can be
a complex interference of the polarization gradients caused
by the several sources: domain walls, film surfaces, and
inhomogeneous strains via electrostriction and flexocoupling.
Indeed, it becomes very difficult to establish the role of the
flexocoupling due to the cross talk of all aforementioned
factors. Thus, in order to analyze the net flexocoupling impact
on the polarization reversal kinetics in thin films, occurring
from the system spatial confinement (i.e., from the presence
of surfaces), we here lay aside the flexoelectric influence on
the domain structures formation and growth. Therefore the
statistical consideration of the reversed domain nucleation
and growth in single-crystalline [42,43] and polycrystalline
[44,45] media remains beyond the scope of the current paper.
All the results discussed below are valid for the single-domain
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polarization reversal in a thin film of the thickness between 10
and 100 nm. Of course, single domain switching in the 100-nm
film is a theoretical abstraction; however, in the case of a 10-nm
film, placed between the perfectly conducting electrodes, the
stripe or closure domain structures can hardly occur for energy
reasons in the case of low defect concentration [46] and in the
absence of dislocations [47].
To find the spatial-temporal polarization distribution the relaxation Landau-Ginzburg-Devonshire-Khalatnikov (another
name is time-dependent Landau-Ginzburg-Devonshire) equation is used in the actual work. It is solved numerically in
a self-consisted manner together with the Poisson equation
for electric potential and space-charge distributions and with
the elasticity theory equations for the determination of elastic
strains and stresses.
The paper is organized as follows: The model is introduced
in Sec. II including the closed system of equations for
polarization, strain, and electric potential. Static distributions
of involved physical quantities are discussed in Sec. III.
Section IV presents time development of polarization. The
results are summarized and concluded in Sec. V.
II. MODEL DESCRIPTION

Let us consider an epitaxial film of ferroelectricsemiconductor barium titanate with the thickness h sandwiched between parallel plane electrodes. We suppose that
all physical quantities depend only on the distance x3 from the
upper electrode (one-dimensional problem). One-component
ferroelectric polarization P3 is normal to the film surface, that
corresponds to a tetragonal ferroelectric phase, and electric
field E3 is parallel to P3 (see Fig. 1). Thus, the polarization
vector has the form P = [0,0,P3 + ε0 (εb − 1)E3 ], where ε0 =
8.85 × 10−12 F/m is the dielectric permittivity of vacuum and
εb is the “background” dielectric permittivity not related to the
ferroelectric polarization [48,49].
The charge-carrier redistribution affects the electric field
in the film E3 = −∂ϕ/∂x3 where the corresponding electric
potential ϕ can be determined self-consistently from the
Poisson equation resulting from the Gauss equation for the
electrical displacement component D3 = ε0 εb E3 + P3 ,
∂ 2ϕ
∂P3
ε0 εb 2 =
− e[Zd Nd+ (ϕ) − n(ϕ)].
∂x3
∂x32

donor ionization degree (equal to zero for uncharged vacancies
or isovalent impurities). The electric potential satisfies the
boundary conditions at the electrodes ϕ(x3 = 0,t) = U (t) and
ϕ(x3 = h,t) = 0. In the considered case the quasiequilibrium
donor concentration equals




Nd+ = Nd0 1 − f Ed + wijd uij − eZd ϕ + EF kB T , (2a)
where the Fermi-Dirac distribution function is introduced
as f (x) = [1 + exp(x)]−1 , EF is the Fermi energy level in
equilibrium, and Ed is the donor level. The Vegard expansion
(another name is elastic dipole) tensor is wijd [50,51]. The
latter tensor will be regarded proportional to the unit tensor
hereinafter wijd = W δij . The strain tensor components are uij .
For the sake of simplicity we will use the quasiequilibrium
electron density as in a bulk ferroelectric,

n = NC F1/2 [(eϕ + EF − EC ) kB T ],
(2b)
where NC = [mn kB T /(2π 2 )]3/2 is the effective density of
states in the conduction band, EC is the bottom of the
conduction band, and√ the electron effective mass is mn [52].
∞
ζ dζ
F1/2 (ξ ) = √2π 0 1+exp(ζ
is the Fermi 12 integral that can be
−ξ )
approximated [53,54] using the formula given in Appendix B
of Ref. [55].
Spatial distribution of the ferroelectric polarization P3 (x3 )
can be determined from the time-dependent LGD equation
relevant to the energy functional derived in Ref. [56],
∂
∂ 2 P3
P3 + a33 P3 + b33 P33 + γ333 P35 − g33
∂t
∂x32
+ fkl33

∂ ukl
∂ϕ
− 2ukl qkl33 P3 = −
,
∂x3
∂x3

(3)

where
is the Khalatnikov coefficient, determined by the
phonon relaxation time. a33 (T ) = αT (T − Tc ), where T is
the absolute temperature and Tc is the Curie temperature of
the bulk ferroelectric. The other coefficients of the LGD thermodynamic potential are presented in Table C1 of Appendix
C of Ref. [55]. The corresponding boundary conditions read

(1)

Here the electron density is n, the ionized donor concentration
is Nd+ , e = 1.6 × 10−19 C is the electron charge, and Zd is the

AS P3 − g33

∂P3
+ fkl33 ukl
∂x3

x3 =0

AS P3 + g33

∂P3
− fkl33 ukl
∂x3

x3 =h

=0

and

= 0,

(4)

where AS is the surface dielectric stiffness. The initial
condition is P3 (x3 ,t = 0) = 0.
The equations of state, relating strain components uij
to stress components σij for a film containing an inhomogeneous distribution of ionized donors with concentration
δNd+ = Nd+ − N̄d+ are
σij = cij kl ukl + wij δNd+ + fij kl

FIG. 1. Schematics of the single-domain ferroelectricsemiconductor film with electrodes in the flat capacitor geometry.
Polarization direction is shown by the arrow.

∂Pk
− qij kl Pk Pl .
∂xl

(5)

Here N̄d+ is the distribution of ionized donors in the absence
of the applied voltage, and cij kl , fij kl , and qij kl are tensors
of elastic stiffness, flexoelectric, and electrostriction effects,
respectively.

014104-2

FLEXOCOUPLING IMPACT ON THE KINETICS OF . . .

PHYSICAL REVIEW B 95, 014104 (2017)

Equation (5) should be supplemented by the equilibrium
conditions of bulk and surface forces, namely, ∂σij /∂xj = 0
in the bulk and σij nj |S = 0 at the free surface of the system.
The static equation is valid under the realistic assumption
that the propagation of the polarization front is much slower
than sound velocity. This leads to the equation for mechanical
displacement vector ui inside the film,
cij kl

∂ 2 uk
∂δNd+
∂ 2 Pm
∂(Ps Pt )
− wkl
− fklmn
− qklst
= 0.
∂xi ∂xj
∂xk
∂xk xn
∂xk
(6)

The boundary condition on the free surface of the film
(x3 = 0) is the absence of normal stresses σ3j (x3 = 0,t) = 0.
The surface x3 = h is assumed to be clamped to a rigid
substrate so that the displacement components are zero
uk |x3 =h = 0.
The latter condition is particularly meaningful since it
prevents polarization rotation in contrast to the mechanically
free bulk case [57–59]. A detailed analysis presented in the
Appendix allows justification of the assumed one-dimensional
treatment of one-component polarization switching in the
case of a thin film as opposed to the three-dimensional
problems in the bulk. Three-dimensional polarization rotation is a phenomenon widely discussed in literature which
becomes particularly important, for example, in materials at
the morphotropic boundary separating two phases [60,61]. The
physical reason for such a behavior is a flattened free-energy
profile providing instability of both involved phases. Another
factor facilitating polarization rotation within the same crystal
phase is compressive stress [59]. Rotational behavior of the
polarization is promoted also by the application of the electric
field in a direction compromising polarization directions of
different possible ferroelectric phases [62,63]. Neither of the
above-mentioned cases applies to this paper dealing with a
collinear field-polarization configuration deep in the thermodynamically stable tetragonal phase. Nevertheless, even in
the latter case polarization rotation may occur in a single
crystal during the polarization switching as was shown by
Budimir et al. [59], who demonstrated flattening of the Gibbs
energy profile in the tetragonal phase of BaTiO3 subject to
an antiparallel electric field at room temperature, i.e., exactly
under conditions considered in our paper. However, a very
significant difference to the aforementioned work consists
in the fact that we consider a thin film tightly bound to a
rigid substrate. Strong clamping of the ferroelectric film at the
bottom surface x3 = h forbids 90◦ switching at this surface
related to the in-plane strain. Because the in-plane strain and
stress are virtually constant across the thickness of the film
[see Eq. (A1) in the Appendix] the clamping extends over
the whole film volume and thus prevents polarization rotation
everywhere. To make this argument quantitative we estimated
the contribution of the in-plane stress into the Gibbs energy
accounting for possible rotation from the initial (0,0,Ps ) state
to the (0,Ps ,0) state. According to Eqs. (A1a) and (A2a) of
the Appendix evaluated for P3 = Ps this contribution is of
the same magnitude as the energy G in Fig. 4(b) of the
paper by Budimir et al. [59] on the same polarization scale.
Therefore, accounting for the clamping stress at the bottom
surface superimposes the flat profile in the cited Fig. 4(b) of

Ref. [59] with the positive parabolic one, thus eliminating the
rotation instability in the case of a thin film. This warrants
consideration of the polarization switching in terms of the
polarization component P3 alone.
III. STATIC DISTRIBUTIONS OF PHYSICAL QUANTITIES
WITH AND WITHOUT AN APPLIED FIELD

The coupled systems of Eqs. (1), (3), and (6) with
appropriate boundary conditions were solved numerically for
thin ferroelectric films of thicknesses of 10–100 nm with and
without taking into account the flexoeffect (see Appendix D
of Ref. [55] for details), and results are presented below.
Typical static distributions of the polarization and electric
potential inside 100- and 10-nm films as well as the corresponding donor and electron distributions with and without
the flexoelectric effect are displayed in Figs. 2–5, where the
relative strength of the flexoelectric effect is characterized
by a dimensionless factor FA varying between 0 and 1.
With the decrease in film thickness a moderate increase in
the flexocoupling influence on the polarization distribution
is observed. The Vegard effect contribution turns out to be
negligible.

FIG. 2. (a) and (b) Spatial distributions of polarization, as well
as (c) and (d) electric potential calculated for the films of 100-nm
((a) and (c)) and 10-nm ((b) and (d)) thicknesses. Different curves are
calculated with (FA = 1) and without (FA = 0) flexocoupling, as well
as with (U = 1 or U = 0.1 V) and without (U = 0) applied electric
voltage. Material parameters are listed in Table C1 in Appendix C
of Ref. [55].
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FIG. 3. (a) Donor and (b) electron concentrations for the film
with a thickness of 100 nm with (blue solid curve) and without (red
dashed curve) the flexoelectric effect [compare with Figs. 2(a) and
2(c)]. The voltage applied to the film is 1 V. Material parameters are
listed in Table C1 in Appendix C of Ref. [55].

The asymmetry of the polarization distribution in the
100-nm film [Fig. 2(a)] is caused by the applied field when
its amplitude is high enough (10 MV/m and higher) and
is affected by asymmetric mechanical boundary conditions.
The space-charge distribution in Fig. 3 is also asymmetric
since it follows the distribution of the electric potential mainly
determined by the voltage applied to the film. The difference
of the latter distribution to that in the thin film (Fig. 4) is due
to the fact that, in the thicker film, the Fermi level crosses the
donor level position in the band gap because of the spatial
variation of the potential.
When the applied electric field is absent, the mentioned
asymmetry is much weaker as Figs. 2(a) and 2(b) demonstrate.
The system becomes stable in the energetically favorable
state with the spontaneous polarization value in the bulk
region of the film. The amplitude of polarization drops rapidly
from its maximum in the bulk towards zero near the film
boundaries, driven by the boundary conditions. The electric
potential drops to zero at both film surfaces as demanded
by boundary conditions (see Appendix D of Ref. [55]).
Two regions with the different signs of potential are created
within the film [Figs. 2(c) and 2(d)]. The potential in the
bulk obtains maximal absolute values near the surfaces, just
before the film boundaries and linearly goes to the opposite
maximum at the other surface, crossing zero [see Fig. 2(b)].
Flexocoupling makes these distributions slightly asymmetric.

FIG. 4. (a) Donor and (b) electron concentrations for the film
with a thickness of 10 nm with (blue solid curve) and without (red
dashed curve) the flexoelectric effect [compare with Figs. 2(b) and
2(d)]. The voltage applied to the film is 0.1 V. Material parameters
are listed in Table C1 in Appendix C of Ref. [55].

FIG. 5. (a) Donor and (b) electron concentration distributions in
the 100-nm film without an applied electric field, U = 0 [compare
with Fig. 2(c)]. Material parameters are listed in Table C1 in
Appendix C of Ref. [55]. The blue solid line represents the distribution
calculated with an account of the flexoelectric effect, and the red
dashed line represents the distribution without the flexoelectric effect.

Space-charge distribution largely follows the electric potential
profile (Fig. 5).
The distributions similar to those shown in Figs. 2–5 can
also be obtained for the films of various thicknesses between
100 and 10 nm. One can observe thereby the changes in
the distribution behavior when changing the film thickness.
With the decrease in the film thickness the flexocoupling
influence on the static distributions increases, and amplitudes
of the spontaneous and field-induced polarizations decrease
moderately. In the film with the thickness of 47 nm the
spontaneous polarization amplitude becomes negligibly small
in comparison with the value of 0.19 C/m² for the 100-nm
film. As will be discussed in the next section, the polarization
reversal process also changes below 47 nm as the spontaneous
polarization distribution allows the film to switch in one step
because the spontaneous polarization distribution is close to
the homogeneous one in the equilibrium state.
IV. POLARIZATION SWITCHING KINETICS

When considering kinetics of polarization switching the
following scenario is studied. By a tiny voltage pulse the system is first allowed to polarize spontaneously in the negative
direction. Then, after a while, the system is pulled out of the
negative equilibrium state to the field-induced polarization in
the positive direction by applying an external electric field
of the opposite sign. Corresponding polarization switching
occurs generally in two steps: At first the system polarization
insignificantly changes its value in the direction of the applied
field and tries to become homogeneous across the film depth.
As soon as it happens, the film rapidly and coherently switches
to the state with the stable field-induced polarization. The
first stage does not exhibit a characteristic time in the time
dependence of the polarization (Fig. 6). The second stage
clearly reveals a characteristic switching time identified by
the inflection point in the time dependence of the polarization
(or by the peak in its time derivative) and denoted by τ .
A homogeneous polarization distribution is much easier
to achieve in the films of smaller thicknesses so that the
switching process occurs much faster there. A stable state
of the system is close to the homogeneous distribution without
an applied field for the film thickness of hcr = 47 nm and
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FIG. 6. (a) and (b) Single-domain polarization reversal kinetics
together with (c) and (d) correspondent displacement currents
calculated for the 100-nm films with ((a) and (c)) and without
((b) and (d)) the flexoelectric effect. The applied electric field is
measured in megavolts per meter and increases from right to left in
all plots. Parameters used in the modeling are listed in Table C1 in
Appendix C of Ref. [55].

smaller with flexocoupling (and for 46 nm without it) so
that the homogenization takes a negligibly short time. In the
films of bigger thicknesses the polarization reversal process
exhibits two stages as is seen in Fig. 6, whereas the process
occurs in one stage in the films of smaller thicknesses as
no further relaxation is required for the system to reach
quasihomogeneous reversed polarization distribution.
A well-known nontrivial difference in the single-domain
switching from the multidomain scenario is the existence
of the critical field Ecr below which the switching does
not occur [64]. Ecr and τ drop down dramatically with the
decrease in film thickness accompanied by a gradual reduction
of spontaneous and field-induced polarization amplitudes.
This trend can be explained by the analytical expressions
for the thermodynamic coercive field for a defect-free film
(see Eqs. (3) in Ref. [65] and Eq. (12) in Ref. [66]): Ec =
2
√ 2α
(2b33 + 9b33 2 − 20αγ333 ) (
)3/2 where
5
−3b33 − 9b33 2 −20αγ333
the coefficient α(T ,h) ∼
= αT [T − Tc (1 − hcr /h)] is renormalized by the finite-size effects and screening conditions in thin
films and hcr is the critical thickness of the size-induced film
transition into a paraelectric phase at absolute zero T = 0 K
[67]. Note that the lattice pinning phenomena, defects, and
elastic stresses can lead to the crossover from the idealized
“intrinsic” thermodynamic switching scenario to the realistic
“extrinsic” one, based on domain nucleation on favorable
defects at the field Eth  Ec and hence to the actual thickness
independence of the observable Ec for ultrathin films [64,65].
Another nontrivial modeling result is the dependence of
the characteristic time τ on the applied electric field which
is strongly influenced by the flexoeffect (Fig. 7). There is a
narrow range in the electric-field strengths where the switching
time τ goes down from infinity to the values tending towards

FIG. 7. (a) Dependence of the polarization switching time τ on
the strength of the applied electric field. The solid line denotes the
dependences calculated with the flexocoupling (Ecrfl = 1.50 MV/m),
and the dashed line shows the one calculated without it (Ecrnofl =
1.63 MV/m). (b) The dashed-dotted line shows the asymptotic power
behavior of both dependences on the logarithmic scale. Film thickness
is 100 nm. Material parameters are listed in Table C1 in Appendix C
of Ref. [55].

zero, the critical field Ecr indicating the vertical asymptote
of this dependence. For instance, in order to switch the
100-nm film during the one normalized time unit (which
corresponds to the time span of about 10−8 s, see Appendix D
of Ref. [55]) one needs to apply a critical field Ecr of
1.5 MV/m to the film with an account of the flexocoupling
contribution or 1.6 MV/m without flexocoupling (see for
details Appendix C of Ref. [55]). The difference is about 10%,
but the switching times of the process with and without the
flexocoupling contribution can be different by one order of
the magnitude [see the vertical line in Fig. 7(a)]. Hence the
flexoelectric effect facilitates the polarization switching and reduces Ecr . The difference between the critical fields calculated
with and without flexocoupling is Ecr ≈ 1.3 × 105 V/m.
Figure 7(b) demonstrates that, in a wide range of the relative
field strength variation (E − Ecr )/ Ecr , the approximation
τ (E) ∼ (E − Ecr )−1/2 [68] for the field dependence of the
switching time is valid with and without the flexoeffect.
Acceleration of polarization switching due to the flexoeffect
is, in fact, paradoxical. Indeed, the direct flexoelectric contribution to the free energy is negative [20], and thus it is expected
to reduce the energy of the ground state of either polarization
direction. Therefore its difference from the energy at the saddle
point at P3 = 0, which does not depend on the flexoeffect and
defines the energy barrier for switching, should increase in the
presence of flexoelectricity and retard the switching. Contrary
to the expectations, the evaluation of the free energy shows an
increase in the ground-state energy due to the flexoeffect which
can indirectly result from the modified polarization and strain
profiles as well as from the flexoeffect term in the boundary
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FIG. 8. Switching time dependence on the relative FA coefficient
under the applied electric fields of about 1.631 MV/m (curve 1),
1.633 MV/m (curve 2), and 1.637 MV/m (curve 3). Material
parameters are listed in Table C1 in Appendix C of Ref. [55]. FA = 1
corresponds to the flexocoefficient of 2.46 × 10−11 m3 /C, and the
other FA values are the corresponding parts of this value. The inset:
thickness dependence of the critical field in films with (solid lines)
and without (dashed lines) the flexoelectric effect.

conditions (4). This results finally in the reduction of the barrier
and the critical field Ecr .
Dependence of the switching time on the relative amplitude
of the flexoelectric amplitude (FA) coefficient is shown in
Fig. 8. Thickness dependence of the critical field is presented
in the inset of Fig. 8 where the thickness threshold (hcr ) clearly
is seen. The physical nature of this phenomenon is related
with the strong flexocoupling influence on the polarization
dynamics and elastic strain gradient distribution near the film
surfaces. After all an explicit dependence of the polarization
kinetics on the strength of the flexoeffect is displayed in
Fig. 9 for the 100-nm film subject to a fixed external field
of 1.631 MV/m.

FIG. 9. (a) Single-domain polarization reversal kinetics and
(b) correspondent displacement current calculated for the 100-nm
film under the applied electric field of 1.631 MV/m. Each curve
corresponds to different values of the flexocoupling coefficient
defined as FA × F33 , where F33 is the flexoelectric tensor component
(see Table C1 in Appendix C of Ref. [55]) and FA is a relative
amplitude coefficient that increases from 0 (the right curve in the plot)
to 1 (the left curve) adopting 40 equidistant values. The switching time
of the system is maximal at FA = 0 (no flexoeffect) and minimal at
FA = 1 (full flexoeffect present).

with the decrease in a ferroelectric film thickness. In contrast,
the dependence of polarization switching time on the applied
electric field is strongly affected by the flexocoupling strength.
Therefore we can conclude that the flexocoupling can affect
the dynamic properties of ferroelectric thin films drastically
without a significant impact on static distributions. The
physical nature of this effect turned out to be related to the
strong flexocoupling effect on the distribution dynamics of
a polarization gradient and elastic deformation near the film
surfaces.

V. CONCLUSIONS
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APPENDIX: ELASTIC FIELDS AND
EULER-LAGRANGE EQUATIONS

For the case of mechanical equilibrium, corresponding
equations read ∂σi3 /∂x3 = 0. Boundary conditions describe
a mechanically free upper surface of the film σi3 (0)|S = 0 and
a fixed bottom surface x3 = h where the elastic displacement
ui is zero, i.e., ui (h) = 0. In the presence of the film-substrate
lattice mismatch, in-plane strains are fixed at the film-substrate
interface u11 (h) = u22 (h) = um .
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Elastic field components are quasihomogeneous [69] for
an ultrathin ferroelectric film (h < hd , where hd ∼ 10 nm
is a characteristic thickness due to misfit dislocations) with
a constant polarization in the absence of the Vegard and
flexoelectric effects. In the presence of these effects, the
approximate expressions for the nonzero components in a very
thin film have the following form:
σ11 (x3 ) = σ22 (x3 ) =

um − Q13 P32
W d δN +
F13 ∂P3
− 11 d −
,
s11 + s13
s11 + s13 s11 +s13 ∂x3
(A1a)

u11 (x3 ) = u22 (x3 ) = um ,
2s13 um
+
2
eff
eff ∂P3
u33 (x3 ) =
+ Qeff
. (A1b)
33 P3 + W33 δNd + F33
s11 + s13
∂x3
d
eff
The apparent coefficients were introduced as W33
= W33
−
d
2s13 W11
,
s11 +s13

2s13 Q13
eff
F33
= F33 − s2s1113+sF1313 , and Qeff
33 = Q33 − s11 +s13 . Voigt
notations are used for the electrostriction Qij , gradient
coefficients gij , flexoelectric Fij and elastic compliance sij
tensors, whereas full matrix notations are retained for all other
tensors. The tensor components with subscripts 12, 13, and 23
are equal for materials with cubic parent phases.
Misfit dislocations, the defect concentration gradient, and
other factors lead to the misfit strain and spontaneous stresses
vanishing in thicker films. This becomes clear from the simple
energy considerations because thick strained/stressed films
have much higher energy than relaxed ones.
Following Speck and Pompe [47], we modify the solutions
(A1) for a thicker film (h > hd ) in the following way:

um − Q13 P32 hd
W d δN +
F13 ∂P3
,
− 11 d −
s11 + s13 h
s11 + s13
s11 + s13 ∂x3
(A2a)
hd
= u22 = um
h
2s13 um
2 hd
eff
eff ∂P3
+ W33
=
+ Qeff
δNd+ + F33
.
33 P3
s11 + s13
h
∂x3

σ11 = σ22 =

u11
u33

strain um . In accordance with the Matthews-Blakeslee theory
and the √Speck and Pompe model for perovskites [47],
2 ln(4hd /b)
hd ≈ ubm 8π(1+ν)
∼ u−1
m in a wide range of um , which is
in good agreement with experiments (the Burgers vector of
dislocation b is on the order of the lattice constant a, ν ∼ 0.3
is Poisson’s ratio). For typical misfit strains |um | ∼ 10−2
the thickness is hd ∼ 10 − 0.5 nm, i.e., it is not more than
several tens of lattice constants [47]. Hence we can regard
that hd  (5 − 10) nm. More rigorously, Eqs. (A2) can be
a good approximation in the average sense (as Saint-Venant
conditions).
Note that the piezoelectric contribution is automatically
included in Eq. (A1) as linearized electrostriction since P3 ≈
f
P3S + ε0 (ε33 − 1)E3 .
Using Eqs. (A1) and (A2), we exclude the stresses from
the equations for polarization P3 and concentration of donors
Nd+ . The remaining equations can be solved numerically. Note
that the substitution of expressions (A1) and (A2) in the
Gibbs functional leads to the appearance of the flexoelectric
coupling with Vegard and piezoelectric terms proportional to
eff
eff
, iieff F33
, etc.
the products Wiieff F33
The Euler-Lagrange equation for determination of the
ferroelectric polarization component has an explicit form
eff
eff 3
eff
P3 + b33
P3 + γ333 P35 − g33
a33

−

∂ 2 P3
∂x32

d
∂Nd+
2F13 W11
∂ϕ
=−
.
s11 + s13 ∂x3
∂x3

(A3)

eff
The effective coefficients were introduced as g33
= g33 +

2
2F13
4Q2
eff
eff
T
, b33
= (b33 + s11 +s1313 ), and a33
= α33
(T − Tc ) −
s11 +s13
d
4Q13 W11
2um Q13
+
+ s11 +s13 δNd for the case of h  hd . For the case
s11 +s13
4Q2
eff
of h > hd the coefficients are b33
= (b33 + s11 +s1313 hhd ) and
4Q W d
eff
T
m Q13 hd
a33
= α33
(T − Tc ) − 2u
+ s1113+s1311 δNd+ .
s11 +s13 h

Boundary conditions for the out-of-plane polarization
component P3 are of the third kind [70],
P3 − λ1

(A2b)

d
δNd+
∂P3
2F13 W11
2F13 Q13 P32
−
−
S1
∂x3
s11 + s12 A33
s11 + s13 AS1
33

x3 =0

= 0,
(A4a)

Here hd has the sense of some characteristic thickness defined
by several factors, such as the critical thickness of misfit
dislocation appearance, the film thickness-to-width ratio, the
film-substrate thickness ratios, etc.
Actually, it is a well-known fact that misfit dislocations
emerge in epitaxial films when their thicknesses exceed
the critical thicknesses of dislocation appearance hd . These
thicknesses decrease with the increase in the interface misfit

The extrapolation length λm =
is determined by the
surface energy and the surface state. Physically the realistic
range for λm is 0.5–2 nm [71].
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Appendix B. Fermi integral and its Approximation
To solve Poisson’s equation for electrostatic potential the numerical calculation of the
space charge concentration is required. The electron concentration is strongly dependent on the
potential itself and positions of the energy levels in bulk, i.e. bottom of the conduction band in
relation to the Fermi level. For calculation the Fermi integral F1 2  


 d
2
should

 0 1  exp   

be used as the reflection of Fermi-Dirac statistics for the electron distribution.
The above integral is a form of a polylogarithm, so that no explicit analytical solution can
be shown. Instead, we need to calculate this integral numerically, using an approximation. A
useful expression for the approximate Fermi integral was presented by X. Aymerich-Humet et al.
[1,2], having the following form:
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where j is the order of integral, Γ(n) is the Gamma-Euler-function, a factorial function with the
following properties: (n)  (n  1)! , (1 / 2)   , ( p  1)  p( p) . a, b, c denote the short
1

forms of the polynomial expressions
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Appendix C. Listing of the Material Parameters
TABLE C1. Known material properties and experimental parameters [3, 4]
Material

BaTiO3

Structure

Tetragonal

Property

Symbol

Units

Value

Temperature

T

°K

300

Curie Temperature
Film thickness

TC
h

°K
nm

400
100; 75; 60; 45; 30; 10

Background dielectric
permittivity

εb

Vegard expansion tensor
Effective electron mass

w
mn

Å³

10
0.3me

Electron mass

me

kg
J
eV

9.11·10-31
8.19·10-14
0.511·106

Gap between donor level and Ec - Ed
the bottom of conduction band

eV

0.1

Bottom of conduction band

Ec

eV

0.85

Donor level
Fermi energy

Ed
EF

eV
eV

0.75
0

Predicted spontaneous
polarization

PS

C/m²

0.27

Donor concentration
LGD and elastic tensors:

Nd0

1/m³

1023

T
 33

mJC-2K-1

3.34 105

P4 expansion coefficient
P4 expansion coefficient

b33
b12

m5JC-4
m5JC-4

-6.71·108
3.23·108

P6 expansion coefficient

γ333

C-6m9J

8.004×109

P6 expansion coefficient

γ112

C-6m9J

4.47×109

P6 expansion coefficient

γ123

C-6m9J

4.91×109

Gradient tensor
Gradient tensor

g33
g12

Gradient tensor

g44

m3J/C²
m3J/C²
m3J/C²

5.1·10-10
-0.2·10-10
0.2·10-10

Elastic stiffness tensor

s11

1/Pa

8.3·10-12

Elastic stiffness tensor

s13

1/Pa

-2.7·10-12

Elastic stiffness tensor
Elastic compliance tensor

s44
c11

1/Pa

9.24·10-12

Elastic compliance tensor

c13

Pa
Pa

0.12·1012
-0.37·1012

Temperature independent
P² expansion coefficient

7

2

Elastic compliance tensor

c44

Pa

0.108·1012

Electrostriction tensor

Q33

0.11

Electrostriction tensor

Q13

m4/C2
m4/C2

Electrostriction tensor

Q44

m4/C2

0.059

Flexoelectric coefficient

F33

Flexoelectric coefficient
Flexoelectric coefficient

F13
F44

m³/C
m³/C
m³/C

2.46·10-11
0.48·10-11
0.05·10-11

Recalculated values

(Fij = fik·sjk; Qij = qik·sjk)

Flexoelectric coefficient

f33

J/C

2.96

Flexoelectric coefficient

f44

J/C

0.054

Electrostriction tensor

q33

Electrostriction tensor

q44

J·m/C²
J·m/C²

13.2·109
6.372·109

-0.043

Additional parameters
Donor charge Zd

2

Electrochemical potential of electrons
Electrochemical potential of donors

ζe
ζd

eV
eV

Landau-Khalatnikov coefficient

Γ

sec

Evaluation of the Khalatnikov term

Γ/(αtTc)

10-3

Inhomogeneous mobile species
concentration
Depolarization distance

δNd+

Coordinate-dependent

hd

nm

10

Extrapolation length

λ

nm

0.5

Misfit strain

um

Equal to Fermi level
Equal to Fermi level
1.336×106

0

Appendix D. Coupled equations in dimensionless variables
~  e  k T in dimensionless variables acquires the
Poisson equation (S.1) for electric potential 
B
form:
~
~ eP L P
 2
L2P ~
s0 P

 2 N   n~ .
(D.1)
2
~
~
z
0b k BT z LD
Here
we
introduced
characteristic
length
scale
as
a
gradient
length






2 F132  T
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s
11
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where the equilibrium concentration of ionized donors is N s  Nd0 1  f Ed  EF  kBT  .
~
Equation for dimensionless polarization P  P3 Ps 0 can be found from Eq.(A.3) in the following
form
~
4Q13W11d N s
Ps20 eff ~ 3  333Ps40 ~ 5
 P  T
~~
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In the dimensionless variables, polarization boundary conditions (4) are transformed to
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~
P

2 F13W11d N s
Ps 0 2 F13Q13 ~ 2  
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Here we introduced a dimensionless extrapolation length as  
S  33
s

s
LP A33
11
12 

~

Dimensionless concentration of donors is
~
 d
2W11d
~ N d0 ~ ~ ~
~
~ F13Ps 0 P
~ 
W11 N sN 
N
f   E F  Ed 
 Q13Ps20 P 2   .
~



Ns 
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Also we will need a dimensionless concentration of electrons, which can be expressed as:



N
~
~
n~  C F1 2 ~  E F  EC
Ns



(D.4)

Boundary conditions for electric potential are

~ ~
~ ~z 0  V , 
~  0.
~
z h
Dimensionless out-of-plane displacement at the surface is
~ ~
~
~
~
u3
2s13 F13  ~
2s13Q13  h ~ 2 ~
~
 P dz (at h  hd )
 P ~  P ~   Q33 
  F33 


z 0
LP ~z h~ 
s11  s12  ~z h
s

s
11
12

0



u3
LP

~
~
z h







~ ~
~
~
2s13 F13  ~
hd  ~
2s13Q13  h ~ 2 ~
~
 P dz (at h  hd )
 P ~  P ~   Q33 
  F33 
z 0
s11  s12  ~z h
h 
s11  s12 0


(D.5)

(D.6a)

(D.6b)

Dimensionless variables and parameters involved in Eqs.(D.1)-(D.6) are listed in the Table D1.
~
In the dimensionless LGD equation Landau-Khalatnikov coefficient Γ becomes  .
Standing in front of the time derivative this coefficient is measured in the time units. The factor
1
 T

T
33 C

~
determines the unit on time scale, which in this case is equal to ~10-8 s.  is assigned a

value of 10-3 s to observe the whole switching process within the given time interval (~10 ns),
which corresponds to the characteristic order of Γ ~106 s.

TABLE D1. Dimensionless variables and parameters
Quantity
Gradient length – characteristic value of
length

Definition/designation


2 F132  T
  33Tc
LP   g 33 
s11  s12 


4

Debye screening length
coordinate and thickness
donor concentration

electron density
Equilibrium concentration of ionized
donors at zero potential and stress
electric potential
electric field
Applied voltage
chemical potential of electrons
donor level and conduction band
Fermi level
polarization
Characteristic value of polarization
Vegard coefficient
Dimensionless concentration
Electrostriction coefficient
flexoelectric coefficient
Extrapolation length
Landau-Khalatnikov coefficient
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Using the self-consistent Landau-Ginzburg-Devonshire approach we simulate and analyze the spontaneous formation of the domain structure in thin ferroelectric ﬁlms covered with the surface screening
charge represented by the Bardeen-type surface states. Hence we consider the competition between the
screening and the domain formation as alternative ways to reduce the electrostatic energy and reveal
unusual peculiarities of distributions of polarization, electric and elastic ﬁelds conditioned by the surface
screening length and the ﬂexocoupling strength. We have established that the critical thickness of the
ﬁlm and its transition temperature to a paraelectric phase strongly depend on the Bardeen screening
length, while the ﬂexocoupling affects the polarization rotation and closure domain structure. Furthermore the ﬂexocoupling induces ribbon-like nano-scale domains in the ﬁlm depth far from the top open
surface, which might be related to the enigmatic polar nanoregions in relaxor ferroelectrics. Thus the
joint action of the surface screening (originating from e.g. the adsorption of ambient ions or surface
states) and ﬂexocoupling may remarkably modify polar and electromechanical properties of thin
ferroelectric ﬁlms.
© 2017 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
Ferroelectric materials remain the object of endless fascination
for applied and fundamental science alike. The fundamental aspect
of these materials is the presence of surface and interface bound
charges due to the discontinuity of the spontaneous polarization.
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Since the early days of ferroelectricity, these charges were recognized as the key aspect of the physics of ferroelectric surfaces and
interfaces. Indeed, if the polarization charge were uncompensated,
it would provide bulk-like contributions to the free energy of materials, i.e. the corresponding energy would diverge with the system
size. These considerations stimulated the search for mechanisms
for lowering of this depolarization energy. One such mechanism is
formation of ferroelectric domains, extensively analyzed in classical
textbooks [1,2]. The second is charge screening, either internal
“bulk” screening by free charges inside a ferroelecric [3,4] or
external “surface” screening by the free charges in the case of the
open or electroded ferroelectric ﬁlm surface. Surprisingly,
until now the domain formation and surface screening
mechanisms were considered separately, and the competition between these effects almost escaped the attention of scientiﬁc
community, despite the fact that these processes are intertwined in
thin ﬁlms.
Surface screening of the bound charges is typically provided by
the mobile charges adsorbed from the ambience in the case of high
or normal humidity [5e9] or by internal mobile charges of defect
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nature [10,11]. In a speciﬁc case of the very weak screening, or its
artiﬁcial absence due to the experimental treatment (cleaned surface in dry atmosphere, ultra-high vacuum or thick dielectric layer
at the surface) the screening charges can be localized at surface
states caused by the strong band-bending by depolarization ﬁeld
[12e17]. For both aforementioned cases the screening charges are
at least partially free (i.e. mobile) and the spatial distribution of
their quasi two-dimensional density is determined by the polarization distribution near the surface.
Due to the long-range nature of the depolarization effects, the
incomplete surface screening of ferroelectric polarization strongly
inﬂuences the domain structure and leads to pronounced effects
both near and relatively far from the surface. The incomplete
screening strongly affects domain nucleation dynamics, domain
shape and period control in thin ﬁlm under the open-circuit conditions [2,18], polar properties of the ﬁlms placed between imperfect “real” electrodes with the ﬁnite Tomas-Fermi screening length
[19] or separated from the electrodes by ultra-thin dead layers [20]
and spatial gaps [21]. The screening deﬁciency can induce the
appearance of the closure domains near free surfaces in ferroelectrics [2,22,23], polarization rotation [24], domain wall broadening
in both uniaxial and multiaxial ferroelectrics [25,26], and crossover
between different screening regimes of the moving domain wall surface junctions [27,28]. Sometimes the screening charges of
electrochemical nature can stabilize the single-domain state in the
open-circuited thin ﬁlms [29e34]. However, more often the multidomain phase stability region on phase diagrams is between the
paraelectric and homogeneous ferroelectric phases. Thus the critical thickness of the size-induced phase transition into a paraelectric phase can vary in a wide range from several lattice
constants [35,36] to tens or hundreds of nanometers [18] or even to
micrometers [1,13], depending on the geometry (e.g. the gap or
dead layer thickness), ferroelectric material parameters, tempera-

0

Z
GV ¼
0 < x2 < h

ﬂexoelectric coupling strength, relative conductivity of the ferroelectric and ferroelastic domain walls becomes at least one order of
magnitude higher than in the single-domain regime [42e45]. The
joint action of ﬂexoelectricity and incomplete surface screening
facilitates surprisingly versatile changes of the domain structure
(including emerging of polarization rotation, closure domains, etc.)
near the surfaces of ferroic ﬁlms [46e50] and has a noticeable
impact on the thermodynamics [51] and kinetics [52] of polarization reversal.
Here for the ﬁrst time we explore the competition between
domain formation and surface screening in a thin ferroelectric ﬁlm
covered with the surface screening charge of speciﬁc nature
(Bardeen-type surface states). Special attention is paid to the inﬂuence of the Bardeen screening length L [12] and ﬂexoelectric
coupling [38,53,54] on the ﬁlm critical thickness, its transition
temperature to a paraelectric phase and domain wall structure.
Obtained results show that a nontrivial interplay between the
surface screening efﬁciency, stripe domain period, domain wall
broadening and closure domains appearance at the open surface
occurs to minimize the electro-elastic energy of the ferroelectric
ﬁlm.
2. Problem statement and basic equations
We consider a ferroelectric ﬁlm with thickness h placed in a
perfect electric contact with conducting bottom electrode that
mechanically clamps the ﬁlm. The top surface of the ﬁlm is mechanically free and electrically open-circuited, but covered with the
surface screening charge due to surface states, or electrochemically active ions [see Fig. 1].
The Landau-Ginzburg-Devonshire (LGD)-type Gibbs thermodynamic potential of the ferroelectric ﬁlm is the sum of the bulk
(GV ) and surface (GS ) contributions [44,48]:

gijkl vPi vPk
B aik Pi Pk þ aijkl Pi Pj Pk Pl þ aijklmn Pi Pj Pk Pl Pm Pn þ
2
vxj vxl
B
d3 r B
B
@
sijkl
ε ε
vP
Pi Ei  0 b Ei Ei þ Qijkl sij Pk Pl 
s s  Fijkl sij l
2
2 ij kl
vxk

ture, bulk and surface screening charges concentration and
mobility.
Note that it is relatively easy to determine the period of the
domain structure analytically only in the framework of the simplest
Kittel model that considers 180-degree domain stripes with inﬁnitely thin domain walls and does not consider any of screening
mechanism at the free surface [37]. In this case the equilibrium
period of the domain stripes corresponds to the free energy minimum that consists of the depolarization ﬁeld energy and the wall
surface energy. Polarization gradient, bulk and surface screening
make the analytical solution of the problem impossible, and even
the numerical solution becomes rather complicated.
Notably, the domain formation offers several possible pathways,
including development of classical antiparallel domain arrays and
emerging of closure domains. The competition between the two is
controlled by the mechanisms for strain accommodation, in turn
closely linked to coupling between polarization and strain. This
behaviour is described by ﬂexoelectric coupling [38] that can lead
to unusual changes of the ferroelastic and ferroelectric domain
structure, such as interfacial polarization [39], bichirality [40] and
non-Ising features [41]. Sometimes, depending on temperature and

!1
C
C
C
C
A

Z

ε0 εe
E E d3 r
2 i i

(1)

x2 > h

The former and the latter integrals represent contributions of a
ferroelectric ﬁlm and an ambient medium, respectively. Summation is performed over all repeating indexes; Pi is a ferroelectric
polarization, Ei ¼ v4=vxi is a quasi-static electric ﬁeld, 4 is an
electric potential. Here we introduced background dielectric
permittivity εb [2] and dielectric permittivity of the ambient

Fig. 1. Considered system, consisting of electrically conducting bottom electrode,
ferroelectric (FE) ﬁlm of thickness h with a domain structure (if any exists), surface
screening charge with density Sð4Þ (a model for imperfect screening) and ambient
media (from bottom to the top).
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medium, εe . The coefﬁcients of the LGD potential expansion in
powers of the polarization are aik ¼ dik aT ðT  Tc Þ with the positive
constant aT, aijkl and aijklmn ; T is absolute temperature, Tc is the Curie
temperature. The elastic stress tensor is sij , Qijkl is the electrostriction coefﬁcients tensor, Fijkl is the ﬂexoelectric effect tensor, gijkl
is the gradient coefﬁcients tensor, sijkl is the elastic compliances
tensor.
Note that we did not include the higher elastic gradient term,
1 2v
ijklmn ðv sij =vxm Þðv skl =vxn Þ, in the functional (1), because its
value and properties are still under debate. Therefore we use only
one half (Fijkl Pk ðv sij =vxl Þ) of the full Lifshitz invariant
Fijkl ðPk ðv sij =vxl Þ  sij ðv Pk =vxl ÞÞ=2. The higher elastic gradient term
is required for the stability of the functional with the full Lifshitz
invariant included. The usage of either the term Fijkl Pk ðv sij =vxl Þ or
the term Fijkl ðPk ðv sij =vxl Þ  sij ðv Pk =vxl ÞÞ=2 does not affect the
equations of state. We recognize that the usage of the full Lifshitz
invariant along with the higher gradient term, whose forms in
polarization-stress and polarization-strain representations are






Fijkl
vijklmn vsij vskl
fijkl
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vsij
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vPk
vPk

s
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vxm vxn
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2
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vuij vukl
vxm vxn , respectively, is the most consistent way for the
=

description of the gradient coupling of polarization and elastic
ﬁelds in spatially conﬁned systems (see Yurkov and Tagantsev et al.
works [55e58]). However, the full form leads to the higher order of
elastic equations and, as it should be, it changes the existing
boundary conditions for polarization and strains by producing a
new form of elastic boundary conditions [55,56]. Hereinafter we
use the part of the Lifshitz invariant in Eq. (1), because the implementation of the full form entails the poor convergence of the
numerical code and impairs the quality and reliability of the obtained results. Thus we postpone the rigorous study of the full form
inﬂuence on the system behaviour for further studies. A possible
physical background of using the truncated form in Eq. (1) as an
approximation is the smallness of the ﬂexoelectric coupling
strength in comparison with the polarization gradient term. By
following the results of Refs. [59,60] we assume that the approxi2
mation can work if fklmn
< < gijkl cijmn , where fijkl is the static ﬂexoelectric stress tensor coefﬁcients and cijmn are the components of
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x2 ¼h

The surface energy parameters aS0 and aSh are positive or zero.
The electric potential 4 obeys the Poisson equation in the ﬁlm
and the Laplace equation in the ambient medium:

0 < x2 < h;

x2  h:

(3a)

(3b)

The boundary conditions (BCs) for Eq. (3) assume the vanishing
electric potential at the bottom of the ﬁlm contacting the conducting substrate, and its continuity at the interface between the
ferroelectric ﬁlm and the ambient medium. Another boundary
condition at the latter interface requires the equivalence of a
discontinuity in the normal component of the electric displacement
to the surface free charge:


4jx2 ¼0 ¼ 0; 4x

P2  ε0 εb

2 ¼h0

4jx2 ¼hþ0 ¼ 0;



v4 
v4 
þε0 εe
þ Sð4Þjx2 ¼h ¼ 0:

vx2 x2 ¼h0
vx2 x2 ¼hþ0

(4a)

(4b)

Note that the BC (4b) results directly from the Gauss equation
and cannot be obtained from the variation of the Gibbs energy
(1)e(2) [62]. Periodic BCs are imposed on the polarization and the
electric potential in transverse x1-direction.
Here, we consider the special case of the surface screening
charge with the density given by S ð4Þ ¼ ε0 4=L, where L is the
Bardeen screening length [12,63]. The period of domain stripes
depends on the ﬁlm thickness h and the length L in a selfconsistent way. Besides the Bardeen model [see Fig. 3 and Eq.
(17) in Ref. [12]], the expression for S ð4Þ is relevant for all physical
situations assuming that a linear relation between the screening
charge density and the electric potential is valid (Tomas-Fermi and
Debye-Hückel approximations, physical gaps, etc). For instance, the
mathematical form of S ð4Þ coincides with the Stephenson and
Highland model for ionic charge density after a linearization over
electric potential at equal ion formation energies [31,32].
Below we consider a two dimensional (2D) case with polarization components P1 and P2 [see Fig. 1], and suppose the cubic
symmetry m3m of the parent phase. Minimization of the functional
(1) with respect to P2 brings about the Euler-Lagrange equation

ð2a1  2Q12 ðs11 þ s33 Þ  2Q11 s22 ÞP2  Q44 s12 P1


v2 P
v2 P
þ4a11 P23 þ 2a12 P2 P12 þ 6a111 P25 þ a112 2P2 P14 þ 4P23 P12  g11 22  g44 22
v x2
v x1


2
v P1
vs
vs11 vs33
vs
þ F11 22 ¼ E2
ðg 0 44 þ g12 Þ
þ F44 12 þ F12
þ
v x1 v x2
vx1
vx2
vx2
vx2

elastic stiffness tensor.
The surface energy contains short-range non-electrostatic [61]
polarization-dependent contributions from the ﬁlm surfaces,
which have the form

87

(5)

Minimization with respect to P1 results in the same form as Eq.
(5) with the interchange of subscripts 142. Subscripts 1, 2 and 3,
which denote Cartesian coordinates x1, x2, x3 and the Voigt's (matrix) notations are used [64]. BCs for polarization components are
the consequence of minimization of the functional (1)e(2):





vP2
vP
 g12 1 þ F12 ðs11 þ s33 Þ þ F11 s22 
¼ 0;
vx2
vx1
x2 ¼0



vP
vP
¼ 0:
 aSh P2  g11 2  g12 1 þ F12 ðs11 þ s33 Þ þ F11 s22 
vx2
vx1
x2 ¼h

aS0 P2  g11

(6a)
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vP1
vP 
 g 0 44 2 
¼ 0;
vx2
vx1 x2 ¼0


vP
vP 
¼0
F44 s12  g44 1  g 0 44 2 
vx
vx

F44 s12  g44

2

1

(6b)

x2 ¼h

The generalized ﬂuxes are continuous in x1-direction.
To determine the domain period, we developed the following
procedure. We impose periodic boundary conditions on the simulation box along x1 direction, thus closing a bulk on itself. The main
problem of this approach is that there can only be even number of
domains created in the box, so that a period of simulated domain
structures is commensurate with the box size. However, it is still
possible to seek for the real size of the domain period, calculating
total energy of the system via the energy functional G from Eqs.
(1)e(2). In stable states (unlike metastable ones) the system energy
is minimal. By varying the box width one can ﬁnd a value at which
the total energy of the given system is minimum while the number
of domains is also minimal (i.e. two), unlike any metastable states
splitting the structure into several domains or irregularly polarized
regions (“band” or “diamond” structures) [see Fig. S1 in Ref. [65]].
Elastic problem formulation is based on the modiﬁed Hooke law
obtained using the thermodynamic relation uij ¼ dG=dskl :

Qijkl Pk Pl þ Fijkl

vPk
þ sijkl skl ¼ uij ;
vxl

(7)

where uij are elastic strain tensor components. Mechanical equilibrium conditions vsij =vxj ¼ 0 [66] could be rewritten for the
considered 2D case as follows:

vs11 vs12
vs12 vs22
vs31 vs32
þ
¼ 0;
þ
¼ 0;
þ
¼0
vx1
vx2
vx1
vx2
vx1
vx2

(8)

Conditions of a mechanically free boundary for the mechanical
sub-system are imposed at the ferroelectric-outer medium inter.

face (x2 ¼ h) and a ﬁxed mechanical displacement U is applied at
the ferroelectric-substrate interface s12 jx2 ¼h ¼ 0; s22 jx2 ¼h ¼ 0;
s32 jx2 ¼h ¼ 0, U1 jx2 ¼0 ¼ x1 um ; U2 jx2 ¼0 ¼ 0; U3 jx2 ¼0 ¼ 0: At the
box side ﬁctional boundaries we used the conditions
U2 jx1 ¼w ¼ U2 jx1 ¼w and U1 jx1 ¼þw  U1 jx1 ¼w ¼ 2wum Note that a
compressive misﬁt strain um was applied at the ﬁlm-substrate
interface u11 ¼ u22 ¼ um to support vertical direction of polarization (see e.g. Refs. [67, 68, 69]).

3. Numerical results and discussion
The coupled system of Eqs. (3)e(8) along with relevant
boundary conditions was analyzed numerically for PbTiO3 (PTO)

Fig. 2. (a) Phase diagrams in coordinates "temperature e screening length" calculated
for different ﬁlm thickness h ¼ 40, 50, 60 and 70 nm (black, red, blue and green
curves). There are regions of paraelectric phase (PE), stable single-domain ferroelectric
phase (SFE), metastable (m-MFE) and stable (s-MFE) multi-domain ferroelectric
phases with and/or without broadened domain walls and closure domains near the top
surface of the ﬁlm. (b)e(k) Distributions of the vertical component of the spontaneous
polarization P2 throughout a 40-nm [(b)e(f)] and 20-nm [(g)e(k)] PTO ﬁlms calculated
at FA ¼ 0 for different values of the screening length L: 0.005 nm, 0.01 nm, 0.05 nm,
0.1 nm, and 1 nm. Note that the transition temperature (shown in Fig. 2(a)) saturates
when the closure domains merge together, since the merging creates an ultra-thin
layer with very high relative dielectric permittivity acting as an additional screening
layer in addition to the surface charge S. As a matter of fact, Fig. 2 illustrates the key
result of this work exhibiting how the interplay between the surface screening and
domain formation gives rise to complex domain structures (stripe domains, broadened
stripes, closure domains, domain splitting, etc.). (For interpretation of the references to
colour in this ﬁgure legend, the reader is referred to the web version of this article.)

ﬁlms. Parameters used in the numerical calculations are listed in
Table 1. We use the so-called “natural case”, aS0 ¼0 and aSh ¼0, in
numerical calculations, which corresponds to the minimal critical
thickness of the ﬁlm [48,49]. We estimate in the end of Appendix A

Table 1
Material parameters of ferroelectrics collected and estimated from the Refs.
Parameter of the functional (1)e(2)

Designation and units

Numerical value or interval used in the calculations for ferroelectric PbTiO3

background permittivity
Inverse CW constant
Curie temperature
LGD coefﬁcient
LGD coefﬁcient
electrostriction
compliance
gradient coefﬁcients
surface energy coefﬁcient
ﬂexoelectric coefﬁcient
misﬁt strain

εb

7
3.8
479 þ 273
a11 ¼ 0.73, a12 ¼ 7.5
a111 ¼ 2.6, a112 ¼ 6.1, a123 ¼ 37.0
Q11 ¼ 0.089, Q12 ¼ 0.026, Q44 ¼ 0.0675
s11 ¼ 8.0, s12 ¼ 2.5, s44 ¼ 9.0
0
g11 ¼ 5.1, g12 ¼ 0.2, g 44 ¼ 0.2
aS0 ¼ aSh ¼ 0
F11 ¼ 3, F12 ¼ 1, F44 ¼ 0.5 (F44 ¼ 5 for insets in Fig. 3)
 0.01

aT (  105C2$Jm/K)

TC (K)
aij (  108C4$m5J)
aijk (  108C6$m9J)
Qij (C2$m4)
sij (  1012 Pa1)
gij (  1010C2m3J)
aSi (  104C2 J)
Fij (  1011C1m3)
um

N/A
[70]
[64,65]
[61,64]
[64]
[71, 61]
[61]
N/A
N/A
N/A
N/A
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Fij are listed in Table 1. The amplitude FA was varied in the range
from 1 to þ1, since the coefﬁcients Fij were not measured

homogeneous polarization, 4 ¼ Pε02

Lh
εb Lþh

and E2 ¼ Pε02

L ,
εb Lþh

are

valid subject to the absence of applied voltage. Moreover, we
should recognize that, in accordance with our numerical calculations, the energy of a single-domain state in ﬁlms thicker than
40 nm is the lowest, but very close to the multi-domain ones for
L < 0.1 nm. Thus the periodic domain structures shown in Fig. 2
(c)-(d) and 2(h) are metastable conﬁgurations with a very long
life-time, at that their period depends on the surface screening
length, ﬁlm thickness and temperature [see Fig. S4 in Ref. [65]].
To get insight into the impact of surface screening on a ﬁnite size
effect, we further analyze the phase diagram of the ﬁlm in coordinates “temperature T - ﬁlm thickness h" for the ﬁxed screening
length L ¼ 0.1 nm and different ﬂexocoupling amplitude [Fig. 3(a)].
The transition temperature could be affected by the ﬂexoelectricity

20
Domain structure period W (nm)

[65] that the truncated form of the Lifshitz invariant in Eq. (1) can
be a reasonable approximation for chosen ferroelectric parameters.
To get insight into the interplay between domain formation and
surface screening, we analyze the phase diagram of the ﬁlm in
coordinates "temperature T e screening length L" for several values
of the ﬁlm thickness varying in the range (40e70) nm [Fig. 2(a)].
The transition temperature to the paraelectric phase monotonically
decreases with the reduction of the ﬁlm thickness (compare top
and bottom curves). Similarly, the transition temperature monotonically decreases and then saturates with the increase of L. This
happens because a very small L < 102 nm provides an almost
perfect screening and so supports the single domain ferroelectric
phase stability. The increase of L up to 0.1 nm strongly mitigates
the screening effectiveness, and L  1 nm or more results in the
almost open-circuit boundary conditions at the top surface.
Domain stripes with broadened domain walls as well as the
appearance of the closure domains near the top surface of the ﬁlm
reduce the depolarization ﬁeld energy at intermediate L values but
cannot prevent the ﬁlm transition to a paraelectric phase with the
temperature increase and/or L increase. Therefore the temperature
region of paraelectric phase expands with the L increase and
temperature increase, while the multi-domain ferroelectric phase
with broadened domain walls and closure domains near the open
surface becomes energetically favorable at smaller temperatures
and intermediate L values, respectively. As has been stated by
Kittel in Ref. [37], “the domain structure always has its origin in the
possibility of lowering the energy of a system by going from a
saturated conﬁguration with high energy to a domain conﬁguration
with a lower energy”. Accordingly, an emergence of the closure
domain structure at the top surface of the ﬁlm is a result of striving
for charge neutrality in the absence of a signiﬁcant compensating
surface charge, just as non-emergence of the large closure domains
at the bottom is a result of the presence of the bottom electrode
which compensates electric charges at the bottom ﬁlm surface.
We have further obtained that the phase boundary between the
paraelectric and ferroelectric phases is slightly dependent on the
ﬂexocoupling strength Fij* ¼ FA$Fij , where the realistic coefﬁcients

experimentally for PTO, but some components were calculated
from the ﬁrst principles for different perovskites [72,73] and their
thin ﬁlms [74]. At the same time the values of F11 ¼ 3, F12 ¼ 1 and
F44 ¼ 0.5 (in 1011C1m3 units) are of the same order as the
microscopic estimations (F~1011 m3/C) made by Kogan [54], as
well as with the values measured experimentally for SrTiO3 by
Zubko et al. [75,76]. The value F44 ¼ 5  1011C1m3 (that we used
sometimes) is higher than usual, but its inﬂuence appeared
noticeable only for the ﬁne details of polarization and elastic
ﬁeld distributions near the bottom electrode. At the same time all
the values we used are essentially smaller than the ones
(F~(5e10)  1010 m3/C) measured for PbZrTiO3 by Ma and Cross
[77].
Changes in the distribution of the vertical component of the
spontaneous polarization, P2, throughout the 40-nm and 20-nm
PTO ﬁlms occurring with the increase of L values are shown in
Fig. 2(b)-(f) and (g)-(k), respectively. At very small L the screening
is almost perfect and the single domain state is not perturbed by
the top surface [Fig. 2(b) and (g)]. Metastable domain stripes occur
with the L increase [Fig. 2(c)-(d) and 2(h)]. A small broadening of
the domain walls near the top surface appears and increases with
the L increase [Fig. 2(c)-(d) and 2(h)-(i)]. Further increase of L
leads to the formation of stable domain stripes and lateral growth
of the closure domains [Fig. 2(e) and (j)], which eventually merge
together at the surface, and then form an ultra-thin layer with
almost zero vertical polarization [Fig. 2(f) and (k)].
Dependencies of the electric potential, the vertical components
of the electric ﬁeld and polarization at x2 ¼ h on the length L are
shown in Figs. S2-S3 in Ref. [65]. They are monotonic with saturation at high L. As anticipated, surface electric potential and ﬁeld
tend to zero at L/0 . The expressions derived in this limit for a

Domain period W (nm)

Fig. 3. Phase diagrams in coordinates "PTO ﬁlm thickness e temperature" calculated
for L ¼ 0.1 nm and ﬂexocoupling amplitudes FA ¼ 0 (solid curve) and FA ¼ ±1 (dashed
curve). There are regions of paraelectric phase (PE) for thin ﬁlms and multidomain
ferroelectric phase (MFE) with or without closure domains and broadened domain
walls near the top surface for thicker ﬁlms. Spatial distributions of the lateral P1 (b, c)
and vertical P2 (d, e) polarization components, electric ﬁeld component E1 (f, g) and
von Mises elastic stress invariant s (h, i) calculated for ﬁlm thickness h ¼ 12 nm,
T ¼ 611 K, L ¼ 0.1 nm, with (FA ¼ 1) and without (FA ¼ 0) ﬂexocoupling are shown in
insets. Notable features near the free top surface and bottom interface with the rigid
electrode may be observed.
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via the changes in the total energy of the system. However, we have
obtained that the phase boundary between the paraelectric and
multi-domain ferroelectric phases only slightly depends on the
absolute value of FA for the ﬁlms thicker than 20 nm, while the
critical thickness hcr of the transition into a paraelectric phase is
about 3 nm for FA ¼ 0 and hcr ¼ 12 nm for FA ¼ ±1 [compare the
solid and dotted curves in Fig. 3(a)]. Since the ﬂexoeffect makes the
homogeneous ferroelectric state less energetically favorable, the
transition temperature becomes slightly lower. By creating additional structures (e.g. nanodomains of lateral polarization at the
bottom of ﬁlms) and deforming polarization proﬁles (see Fig. 3
(bei)), the ﬂexocoupling increases the total energy of the system,
making the zero-point of the temperature-dependent total energy
circa 1 K lower for each ﬁlm thickness. Spatial distributions of the
polarization, electric ﬁeld and elastic stress [shown in the color
maps in Fig. 3(b)-(i) and in Figs. S5-S7 in Ref. [65]] slightly yet
remarkably depend on the ﬂexocoupling strength in thin ﬁlms. In
particular, the closure domains at the top surface are conditioned
by the imperfect screening, while their proﬁle near the bottom
electrode is affected by the ﬂexoeffect. It appears that the ﬂexoelectricity creates and stabilizes tiny closure nanodomains near
the bottom ﬁlm-electrode interface, increases the mechanical
stresses and wall bending in these areas.
The domain period appears to be almost independent of the
ﬂexocoupling amplitude FA, while its dependence on the screening
length L is a bit stronger with a smooth minima [see Fig. S4 in
Ref. [65]]. Notably, the expected Kittel-Mitsui-Furuichi (KMF)
relation connecting the period W of the stripe domain structure
pﬃﬃﬃ
with inﬁnitely thin walls and the ﬁlm thickness h, W  h, appears
invalid in our model, that naturally accounts for domain wall
broadening near electrically-open surfaces (via the polarization
gradient) and closure domains (via polarization rotation). Instead, a
weak dependence of the domain period W on the ﬁlm thickness h is
observed, becoming stronger only with reduction of h. Other ﬁlm
properties, including screening length L or dead layer thickness,
also do not show much inﬂuence on the equilibrium period of the
system. In particular, we carefully checked that the KMF law does
not describe our results in the limit L/∞ that is the situation most
close to the one considered by Mitsui and Furuichi [78]. One of the
possible explanations of our result can be a rapid reduction of the
electric ﬁeld under the surface at the distances far below the
structure period W values (see Figs. S2e7 in Ref. [65]), which can
breach a KMF-type balance between the domain wall and electrostatic energies, each of which is dependent on the period [2].
Different relation between these energies can cause different

dependencies of the period that is a parameter essentially resulting
from the energy minimization. In general, the calculated domain
structure periods are greater than those predicted by the KMF law
(see in Fig. 4) and wane differently from KMF behaviour with the
decrease of the ﬁlm thickness, with an enhanced slope at small
thicknesses below 40 nm.
Finally, we note that though the ﬂexoelectricity affects the system energy and phase diagram relatively weakly it can cause unusual features in the domain morphology. In particular, we have
found several cases when the ﬂexocoupling impact facilitates
interesting formations in the depth of a thicker ﬁlm. Exemplarily,
Fig. 5 shows the appearance of ribbon-like nanodomains with
domain dimensions (z10  20 nm) in the depth of the ﬁlm caused
and stabilized by the ﬂexocoupling. The nanodomains are reminiscent of polar nanoregions known in ferroelectric relaxors [79].
Ribbon-like domains far from the top open surface (rather closer to
the bottom electroded surface) are critically conditioned by the
ﬂexoeffect [Fig. 5(a)-(b)], they are absent at FA ¼ 0 [Fig. 5(c)-(d)].
The ﬁlm thickness h ¼ 110 nm is chosen to show the difference of
the distributions near the top and bottom surfaces from those in
the central part of the ﬁlm.
The physical origin of the ribbon-like nanodomains is a metastability dependent on ferroelectric material parameters, ﬁlm
thickness and external conditions. The appearance of such structures is insensitive to the initial seeding (multi-domain, or singledomain, or any other), slightly sensitive to the computation box
in lateral direction, and critically sensitive to the ﬂexocoupling. The
increase of the ﬂexocoupling strength enhances the probability of
appearance of unusual inhomogeneous structures. Note that the
emergence of the metastable ribbon-like nanodomains does not
affect signiﬁcantly the domain period, which remains close to its
equilibrium value. It is particularly important that a ﬁlm in which
they form is thick enough to contain such structures deep in the
bulk, so that they cannot reach any of the surfaces and “annihilate”.
Thus, in relatively thick ferroelectric ﬁlms, the regions with horizontal polarization component can emerge deep in the bulk,
enlarging energy of the system and creating “ribbon” or “diamond”
structures that split vertical domains in parts.
During the numerical calculations, along with minimum-energy
two-domain states [see the note on the domain period deﬁnition]
also other, less energetically favorable multidomain states, occur.
Typically, such states exhibit few (usually 2 or 3) pairs of narrow
domains, however they might form structures with regions of
ribbon or diamond shapes as well. Such metastable states have
different sources. One of them is numerical and means that the box

Fig. 5. Plots (aed) show spatial distributions of the lateral P1 (a, c) and vertical P2 (b, d) components of the spontaneous polarization in the 110 nm thick PTO ﬁlm calculated for
L ¼ 0.1 nm, positive, FA ¼ 1 (a,b), and zero, FA ¼ 0 (c,d), ﬂexocoupling amplitudes.
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width is incommensurate with the domain period. By choosing a
correct box size these states can be avoided. Without ﬂexoelectric
coupling (at FA ¼ 0) another reason can be initial conditions, when
a structure is formed, but then it can only relax into a long-living
metastable state other than the stable one, although the latter
case is extremely rare. After introducing the ﬂexocoupling into the
system (FA ¼ 1), the metastability (if it occurred) becomes independent on the initial conditions, though not entailing signiﬁcant
changes in the period of the domain structure.
4. Conclusions
Using a self-consistent Landau-Ginzburg-Devonshire approach
we simulated the formation of the domain structure in thin ferroelectric ﬁlms covered with the surface screening charge of the
speciﬁc nature (Bardeen-type surface states) and analyzed unusual
features of the polarization distribution, the electric and elastic
ﬁelds conditioned by the surface screening length and the ﬂexocoupling strength.
Paying special attention to the ﬂexoelectric coupling we
explored the competition between the domain formation and the
surface screening, as alternative ways to reduce the electrostatic
energy, and constructed the phase diagrams showing dominance of
the domain splitting for weak screening. We established that the
ﬁlm critical thickness and its transition temperature to a paraelectric phase strongly depend on the Bardeen screening length
and very weakly depend on the ﬂexocoupling, while the ﬂexocoupling inﬂuences the polarization rotation and closure domain
structure. Particularly, the screening length increase leads to the
essential reduction of the transition temperature to the paraelectric
phase. Flexoelectric coupling also leads to a slight decrease of the
transition temperature, has a small yet remarkable effect on the
domain structure near the ﬁlm surfaces and causes nanoscopic
closure domains at the rigid contact with the bottom conducting
electrode.
Surprisingly, ribbon-like nanodomains emerge due to the ﬂexoeffect also in the ﬁlm depth far from the surfaces at speciﬁc
boundary conditions. This principal observation might be related to
a still highly disputable formation mechanism of the so-called polar
nanoregions in relaxor ferroelectrics. Being exotic metastable formations boosted by ﬂexoelectricity in the conventional ferroelectric PTO such structures could be stabilized in relaxor ferroelectrics
by chemical or structural disorder. It is interesting that recent
studies [80,81] revealed the enhancement of the ﬂexoelectric effect
due to polar nanoregions. The actual work has disclosed a converse
effect of the stabilization of metastable nanosize polar regions due
to the ﬂexoeffect that advances understanding of the nature of
relaxor behaviour.
Dependence of the period of the stripe domain structure on the
screening length and on the ﬂexoelectric coupling appears to be
weak. Its monotonically increasing dependence on the ﬁlm
thickness is, in contrast, pronounced but clearly distinct from the
classical Kittel-Mitsui-Furuichi square root law. The latter
disagreement must not be surprising since the classical model
neglects both the structure of the domain walls and the formation
of the closure domains near the free surface. Nevertheless, a
virtually constant domain width for large ﬁlm thicknesses above
some characteristic value (in our simulations, above h~40 nm)
could hardly be expected. This behaviour might disclose the fact
that the domain wall energy in thick ﬁlms is not proportional to the
domain wall length.
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APPENDIX A.
Here we consider only 2D case with two polarization components. For the sake of clarity let us
denote “ x1 ” as “x”, “ x2 ” as “y”, and “ x3 ” as “z”, therefore one could reduce free energy (1) to
the following form (see e.g. [i]). The bulk contribution is ( GV )
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(S1.1a)
The first and the last integrals represent the contributions of ferroelectric film and external media,
respectively. The surface contribution ( GS ) has the following form
GS 

  Sx 2  Sy 2  2

Px 
Py d r
2
2

x2  h 



(S1.1b)

Surface contribution (S1.1b) contains only polarization dependent term. Pi is a ferroelectric
polarization, E i    xi

is a quasi-static electric field,  is the electric potential. Here we

introduced background dielectric permittivity  b and dielectric permittivity of outer media,  e .
The coefficients of LGD potential expansion on the polarization powers are aik   ik  T (T  Tc ) ,
aijkl and aijklmn , T is the absolute temperature, Tc is the Curie temperature. This choice of LGD

expansion corresponds to materials with inversion center in the parent phase (e.g. with cubic
parent phase). Elastic stress tensor is  ij , Qijkl
flexoelectric effect tensor [ii], g ijkl

is electrostriction tensor, Fijkl

is gradient coefficient tensor, sijkl

tensor.
2

is the

is elastic compliance

Subscripts 1, 2 and 3 denote Cartesian coordinates x, y, z and Voigt's (matrix) notations
are used:

g 1212  g 44 ,

a11  a1 , a1111  a11 , 6a1122  a12 ,

(S1.2a)

g1111  g11 , g1122  g12 ,

(S1.2b)

  g 1221 ,
g 44

 ),
(at that it is possible g 44  g 44

Q1111  Q11 , Q1122  Q12 , 4Q1212  Q44 ,
s1111  s11 , s1122  s12 , 4 s1212  s 44 ,
F1111  F11 , F1122  F12 , 2 F1212  F44 .

(S1.2c)
(S1.2d)
(S1.2e)
(S1.2f)

Note that different factors (either “4”, “2” or “1”) in the definition of matrix notations
with indices “44” are determined by the internal symmetry of tensors as well as by the symmetry
of the corresponding physical properties tensors (see e.g. [iii]). Here we suppose cubic symmetry
m3m of the parent phase.
Let us consider a ferroelectric film with thickness h on the rigid conductive substrate. The
minimization of free energy (S1.1) with respect to the electric potential  gives the Poisson
equation
P
 2
 0b
 i
x j x j xi

0  x2  h

 2
 0 e
 0 x2  h
x j x j

(S1.3a)
(S1.3b)

Here the summation is performed over all repeating indexes. The following conditions should be
met at the interface between ferroelectric and outer media:
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(S1.4b)

Here we introduced surface screening charge with density
   0  .

(S1.4c)

where  is the surface screening length [iv].The boundary condition at the conducting substrate
corresponds to the fixed potential, namely:
x

3

2 0

0

(S1.5)

Since in numerical computations most of the calculations are restricted to finite “calculation
domain”, we have to consider “fictious boundaries” x2   w , at which additional boundary
conditions should be applied. Periodic boundary conditions for polarization, potential and
mechanics are set to the side boundaries, with Asrc = Adst, where A is a correspondent value of the
aforementioned physical quantities (P1, P2, V, σijkl) on “source” and “destination” boundaries.
The Euler-Lagrange equations of LGD theory for polarization components Px and Py
of multiaxial ferroelectric can be obtained from Eq. (S1.1a) as follows

2a  2Q 
1

12

yy





  zz   2Q11 xx Pх  Q44 xy Py  4a11 Pх3  2a12 Py Px2  6a111 Pх5  a112 2 Px Py4  4 Px3 Py2 

 2 Py
 xy
  уу  zz 
 2 Pх
 2 Pх

  g12 
  F11 хх  E х
 g11
 g 44
  g 44
 F44
 F12 

2
2
х
у
 у x
у
х 
х
 х

(S1.6a)

2a

1





 2Q12  xx   zz   2Q11 yy Py  Q44 xy Px  4a11 Py3  2a12 Py Px2  6a111 Py5  a112 2 Py Px4  4 Py3 Px2 

 g11

 2 Py
 y2

 g 44

 2 Py
 x2

  g12 
  g 44

 xy
 yy
 
 2 Px
 
 F44
 F12  xx  zz   F11
 Ey
 у x
x
y 
y
 y

(S1.6b)
Boundary conditions for polarization are the consequence of the functional (S1.1a)
minimization:
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(S1.7b)

(S1.7c)

(S1.7d)

It is seen that one can introduce the generalized polarization flux matrix ̂ with following
components
xx   g11
xy   g 44

Py
Py
Px
P

 g12
 F12  yy   zz   F11 xx , yx   g 44 x  g 44
 F44 xy
x
y
y
x

Py
x


 g 44

Py
Px
P
 F44 xy , yy   g11
 g12 x  F12  xx   zz   F11 yy
y
y
x

With this designation the LGD equations (S1.6) can be rewritten as
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along with the boundary conditions (S1.7) in the form
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(S1.10d)

 0.

Elastic subproblem formulation is based on the modified Hooke law in the following form,
which can be obtained using the thermodynamic relation uij  GV /  kl :

Qijkl Pk Pl  Fijkl

Pk
 sijkl  kl  uij
xl

(S1.11)

where uij are elastic strain tensor components. Mechanical equilibrium conditions arev
ij
x j

0

(S1.12a)

which can be rewritten for the considered 2D case as follows:
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Boundary conditions for the mechanical part are the following. At the mechanically free
interface ferroelectric / outer media one has
 xy
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We suppose that mechanical displacement U is fixed at the interface ferroelectric/substrate
Ux
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 0.

At the side boundaries one could use periodic condition, modified with respect to misfit strain:
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0

Taking into account Eqs. (S1.2), Eqs. (S1.11) for cubic symmetry ferroelectrics with the
components of polarization Px, Py can be rewritten as:
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Note that denominator “2” appearance in Eqs. (S1.16d)-(S1.16f) is related to the fact, that we use
tensor notation for strain and stress components, and matrix notations for compliances.
Parameters to be used are listed in Table 1.
A conceivable physical background of using the truncated form as an approximation is
the smallness of the flexoelectric coupling strength in comparison to the polarization gradient
term. Namely, using results of [vi] and [vii] we estimated that the approximation (1) can be used
when
f 442  g 44 c 44 ,
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(S1.17a)
(S1.17b)
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wherein

f ijkl

is the static flexoelectric stress tensor coefficients,

components of elastic stiffness tensor and g ijkl

cijmn

are the

are the components of polarization gradient

tensor. To check the inequality validity for the chosen coefficients of PTO, we should make the
transition from the polarization-stress representation of the free energy flexoelectric coefficients
F11= 3, F12= 1, F44= 0.5 (in 10-11C-1m3 units) and elastic compliances s11=8.0, s12= 2.5, s44=9.0
(in 10-12 Pa-1 units) to polarization-strain representation of the coefficients and get that
flexoelectric stress coefficients f11=6.8, f12=4.9, f44=0.56 (in Volts) and elastic stiffness c11=17,
c12=8, c44=11 (in 1010 Pa units), and gradient coefficients g11=5.1, g12=  0.2, g44=0.2 (in
10  10C-2m3 J units). Thus we estimated that 0.31<<2.22 (so (S1.17a) is valid), 3.63<<46.67 (so
(S1.17b) is valid) and 6.05<<105.24 (so (S1.17c) is valid).
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APPENDIX B

Total Energy per unit thickness (J/m)
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x 10

8

Total Energy Curves for 12-nm Film
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8 domains in Box
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-4.56
-4.57
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8
Domain width W (nm)

8.5

9

FIG. S1. Evaluation of the equilibrium domain width for 12-nm film through the minimum of total
energy of the system at room temperature and Λ=0.1 nm. Different curves correspond to the different size
orders of the simulation box that can contain 2, 4, 6, and 8 domains, having minimized energy. It can be
seen that the domain width with minimum energy for this film is estimated as ≈8.5.

8

(c)

(d)

FIG. S2. The electric potential (a, c), the vertical component of the electric field (b, d) at the top surface
dependencies of on the parameter of Λ. (a, b) Distribution along the surface at different Λ (0.0001 nm blue curve, 0.0005 - green, 0.001 - red, 0.005 - cyan, 0.01 - magenta, 0.05 - yellow, 0.1 - black); (c, d) the
values in the middle of the domain.

9

(a)

(b)
FIG. S3. (a) Distribution of the polarization along the surface at different Λ (0.0001 nm - blue curve,
0.0005 - green, 0.001 - red, 0.005 - cyan, 0.01 - magenta, 0.05 - yellow, 0.1 - black). (b) The dependence
of the maximal polarization on the parameter of Λ. Polarization was calculated at a distance one unit cell
from the film surface.

10

FIG. S4. Evaluation of the equilibrium domain width for 60-nm film through the minimum of total
energy of the system at room temperature and Λ=1 nm (blue dash-dotted curve) and Λ=0.1 nm (green
solid curve). It can be seen that the domain width with minimum energy for this film is estimated as 18.8
nm (Λ=1 nm) and 23.2 nm (Λ=0.1 nm).
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FIG. S5. Comparison between spatial distributions of horizontal (a, b) and vertical (c, d) spontaneous
polarization components, elastic stress (e, f), horizontal (g, h) and vertical (i, j) electric field components
in the 40-nm PT film without (a, c, e, g, i) and with (b, d, f, h, j) flexoelectric effect at the screening
length Λ = 0.1 nm. Flexoelectricity creates and stabilizes tiny closure nanodomains near the
film-electrode interface with an increased mechanical stress in these areas.

12

FIG. S6. Comparison between spatial distributions horizontal (a, b) and vertical (c, d)
spontaneous polarization components, elastic stress (e, f), vertical (g, h) and horizontal (i, j)
electric field components, and electrostatic potential (k, l) in the 12-nm PT film without (a, c, e,
g, i, k) and with (b, d, f, h, j, l) flexoelectric effect at the screening length Λ = 0.1 nm and the
temperature 611 K. Flexoelectricity creates and stabilizes tiny closure nanodomains near the
film-electrode interface with an increased mechanical stress in these areas. Film thickness was
chosen close to the critical value of the thickness induced phase transition for the ferroelectric
film.

13

FIG. S7. Spatial distributions of horizontal and vertical polarization components P1 and P2 (a, b),
mechanical stress (c), vertical and horizontal electric field components (d, e), and electrostatic potential (f)
throughout a 3-nm thin film of PT at the temperature 492 K. Λ=0.1 nm, FA=0.

FIG. S8. Spatial distribution of the horizontal (a, c) and vertical (b, d) components of spontaneous
polarization in the 110-nm-thick film with (a, b) and without (c, d) flexocoupling, featuring stabilized by
flexoelectricity horizontal domains in the bulk with domain dimensions (≈10×20 nm) similar to those of
polar nanoregions. Λ=0.1 nm.
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Ferroelectric surfaces and interfaces are unique physical objects for fundamental studies of various
screening mechanisms of spontaneous polarization by free carriers and possible ion exchange between
the polar surface and ambient media. The theory of the polarization charge compensation at ferroelectric
surface by ambient screening charges requires a detailed comparison of different screening models. In
the article, we study the free energy of a thin ferroelectric ﬁlm covered by a screening charge layer of
different nature and calculate hysteresis loops of polarization and screening charge in the system at
different temperatures. The dependence of the screening charge density on electric potential was
considered for three basic models, namely for the linear Bardeen-type surface states (BS) and nonlinear
the Fermi-Dirac (FD) density of states describing two-dimensional electron gas at the ﬁlm surface, and
the strongly nonlinear electrochemical Stephenson-Highland (SH) model describing the surface charge
density of absorbed ions. Among considered surface screening models, the most various behavior of
polarization and screening charge hysteresis loops is inherent to SH model. Obtained results give new
insight to the understanding of bound charge compensation at ferroelectric surfaces at different temperatures, as well as they open the way to control the polarization reversal in thin ferroelectric ﬁlms by
appropriate choice of the surface charge nature and screening mechanism.
© 2018 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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Free ferroelectric surfaces and interfaces are unique physical
objects for fundamental studies of various screening mechanisms
of spontaneous polarization by free carriers and possible ion exchange between the polar surface and ambient media [1,2].
Generally, existence of spontaneous polarization in thin ferroelectric ﬁlms results from either complete screening of polarization by
ideally conducting electrodes, or occurs from the emergence of the
multidomain states in order to minimize the depolarization ﬁeld
energy [3e5]. Ferroelectric domains appears in the case of polarization incomplete screening by semiconducting electrodes, ultrathin dead layers or physical gaps existence [6], leading to the
non-zero spatial separation between polarization (i.e. bound) and
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free screening charges [7e11]. The physical origin of natural dead
layers and ultra-thin gaps is the unavoidable separation of the
bound and free charges at electrically-open ferroelectric surface
that becomes paraelectric and provides efﬁcient electric screening
of the bound charges [12,13].
Due to the long-range nature of depolarization ﬁeld, the
incomplete screening of ferroelectric polarization in the presence
of ultra-thin dead layers or gaps leads to the nontrivial dynamics of
domain structure [14]. These in turn causes unusual phenomena
near the electrically opened ferroelectric surfaces and interfaces,
such as correlated polarization switching, formation of ﬂux-closure
domains in multiaxial ferroelectrics [15e18], and domain wall
broadening in uniaxial [19,20] and multiaxial ferroelectrics [17,18].
Further examples of these behaviours include the crossover between different screening regimes in ferroelectric ﬁlms [21,22] and
p-n junctions induced in two-dimensional (2D) semiconductors
[23], separated by the ultra-thin gap from the moving ferroelectric
domain walls. Notably the thickness of dead layer or gap should be
small enough and its dielectric permittivity value should be high
enough to prevent the dielectric breakdown when the voltage is
applied between the ﬁlm electrodes [24e26].
Most of the early papers, which consider the polar properties of
ferroelectrics with electrically-open surfaces and interfaces, largely
ignored nonlinear character of screening charges inherent to all
self-screening mechanisms. Recent examples of linear screening
consideration can be found in Refs. [17,18,27], where the authors
studied the polar properties of thin ferroelectric ﬁlms and nanoparticles covered by screening layer that's charge density sðfÞ is
linearly proportional to the electric potential 4 in the framework of
Bardeen surface states (BS) model [28]. Electron density at the
surface states is sðfÞ  f=LS , where LS is the screening length. It was
established that the critical thickness of the ﬁlm and its transition
temperature to a paraelectric phase strongly depend on the
screening length LS The joint action of the BS screening and ﬂexoelectric coupling can remarkably modify polar and electromechanical properties of thin ferroelectric ﬁlms. Effects similar to BS
screening are expected for screening by electrodes with ﬁnite
density of states [29].
Probably one of the most studied nonlinear models of the
screening charge layer is the Fermi-Dirac (FD) density of states
corresponding to the electron gas in a 2D semiconductor (see e.g.
Refs. [30,31] for a single-layer graphene on a ferroelectric ﬁlm). The
FD charge density sðfÞ  sinhðef=kB TÞ. The impact of the FD
screening charge on the domain structure dynamics in a ferroelectric ﬁlm is considered theoretically in Refs. [23,32]. As a result
of nonlinear screening nontrivial temperature behavior of the
ferroelectric polarization and 2D-carrier concentration dynamics
was revealed in the nanostructure “graphene channel on
Pb0.55Zr0.48TiO3 ﬁlm with domain walls”. The transition from a
ferroelectric-like
polarization
hysteresis
loop
to
an
antiferroelectric-like loop occurs in the system with the temperature increase. Notably, antiferroelectric-like polarization hysteresis
loops exist in a wide temperature range (350e500) K.
A signiﬁcantly more interesting example of the strongly
nonlinear model describing surface charge is Stephenson and
Highland (SH) model [1,33]. Stephenson and Highland considered
an ultrathin ferroelectric ﬁlm in equilibrium with a chemical
environment that supplies at least two different charge species "i"
(e.g. ions and vacancies) to compensate its polarization bound
charge at the surface. The 4-dependence of absorbed positive and
negative
charges
density
is
step-like,
!!1

si ðfÞ  1 þ qi exp

DG00
i þeZi f
kB T

, and it can be either odd or

asymmetric depending on the relation between the ions formation

energies DG00
i in Langmuir adsorption isotherms. Within SH model
the screening by ions is coupled to the electrochemical processes at
the surface and thus the stabilization of ferroelectric state in ultrathin PbTiO3 ﬁlms occurs due to the chemical switching [34e36].
The coupling between the electric ﬁeld of ions and polarization in
the ﬁlm has a non-trivial effect on the ferroelectric phase stability
and phase diagrams [1,33]. In general case the polar state of
ferroelectric ﬁlm in contact with atmosphere is undeﬁned due to
the presence of mobile electrochemically active species at the
surface [37,38].
Recently, we modiﬁed the SH approach [33] allowing for the
presence of the gap between the ferroelectric surface covered by
ions and the scanning probe microscope (SPM) tip [39e41]. We
identiﬁed the ferro-ionic, anti-ferroic and electret-like nonferroelectric states [39e41], which are the result of nonlinear
electrostatic interaction between the single-domain ferroelectric
polarization and absorbed ions. The properties of the ferro-ionic
states were described by the system of coupled equations [40,41].
Further we studied the stability of the ferro-ionic states with
respect to the domain structure formation and polarization reversal
scenarios, and revealed unusual dependences of the ﬁlm polar state
and domain structure properties on the ion formation energies,
their difference, and applied voltage [42]. Also we revealed that the
electric ﬁeld-induced phase transitions into ferro-ionic and antiferroionic states are possible in thin ﬁlms covered with ion layer
of electrochemically active nature.
Overall, the impact of ionic adsorption on polarization reversal
in the ferroelectric with electrically-open surface had been investigated experimentally [1,33e36,39,43e46] and theoretically
[1,33,39e42]; however its inﬂuence on the temperature behavior of
polarization hysteresis remains unexplored. Furthermore, the
comparative theoretical analysis of the peculiarities of ferroelectric
hysteresis emerging in the case of linear and nonlinear screening of
the polarization by electrons, with strongly nonlinear screening of
the polarization by ions was absent.
To ﬁll this gap, the paper studies the thermodynamics of a thin
ferroelectric ﬁlm covered by a screening charge layer of different
nature with ultra-thin gap separating the ﬁlm surface from the top
biased electrode. We calculate hysteresis loops of polarization and
screening charge at different temperatures. The dependence of the
screening charge density on electric potential was considered for
three basic models, namely for the linear BS density of electronic
surface states, nonlinear FD density of states describing 2D electron
gas at the ﬁlm-gap interface, and strongly nonlinear SH model
describing the surface charge density of absorbed ions.
The manuscript is structured as following. Basic equations with
boundary conditions and analytical expressions for the BS, FD and
SH charge densities are discussed in section II. Free energy of the
system is considered in section III. The impact of the surface
screening charge nature (on example of the basic screening
models) on thermodynamics of the polar and charge states is
analyzed in section IV.A. The inﬂuence of the screening model on
the quasi-static hysteresis loops of polarization and screening
charge at different temperatures is discussed in section IV.B. Section V is a brief discussion, section VI is conclusions. Electrostatic
problem, description of physical variables and their numerical
values are given in Appendixes A and B, respectively.

2. Basic equations and models of the screening charges
Here we consider the system consisting of electron conducting
bottom electrode, ferroelectric ﬁlm covered by a screening layer with
2D charge density sðfÞ, ultra-thin gap (or dead layer) separating the
electrically-open surface of the ﬁlm from the top electrode (either ion
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Fig. 1. (a) Layout of the considered system, consisting of electron conducting bottom electrode, ferroelectric (FE) ﬁlm, screening layer with charge density sðfÞ, and ultra-thin gap
separating the ﬁlm surface and the top electrode. (b) Schematic dependence of the normalized charge densities s0 vs. dimensionless electric potential j calculated for the models of
Bardeen-type surface states (black line "BS00 ) and Fermi-Dirac density of states (red curve "FD00 ) describing 2D electron gas, in comparison with the Stephenson-Highland model
describing the surface charge density of absorbed ions (blue step-like curve "SH00 ). (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the
Web version of this article.)

conductive planar electrode or ﬂatted apex of SPM tip), as shown in
Fig.1(a). The direct exchange of screening charges with ambient media
can take place at the ﬁlm-gap interface. Mathematical statement of the
problem is listed in Refs. [40e42], as well as in Appendix A.
The linear equation of state D ¼ ε0 εd E relates the electrical
displacement D and electric ﬁeld E in the gap. Here ε0 is a universal
dielectric constant and εd  ð1  100Þ is the relative permittivity of
the physical gap or dead layer. A wide band-gap ferroelectric ﬁlm
can be considered dielectric. Quasi-static electric potential f satisﬁes electrostatic equations for each layer. Namely, Df ¼ 0 in the
!
gap and

εb vvz2 þ εf11 D⊥ f ¼ ε10
2

vP f3
vz

in a ferroelectric ﬁlm (see

Appendix A).
The boundary conditions (BCs) for the system are the equivalence of the electric potential to the voltage U applied to the top
electrode (or SPM tip apex) modeled by the ﬂat region at z ¼ l;
the continuity of electric potential at the ﬁlm-gap interface z ¼ 0;
and the equivalence of the normal components of electric
displacement in ferroelectric (D3 ¼ ε0 εb E3 þ P f3 ) and in the gap
(D3 ¼ ε0 εd E3 ) to the screening charge density s½f at z ¼ 0; and zero
potential at the bottom conducting electrode z ¼ h [see Fig. 1(a)].
The polarization components of uniaxial ferroelectric ﬁlm depend
on the inner electric ﬁeld E as P1 ¼ ε0 ðεf11  1ÞE1 , P2 ¼ ε0 ðεf11  1ÞE2
f
and P3 ¼ P 3 þ ε0 ðεb  1ÞE3 , where the isotropic background
permittivity εb is introduced [12]. As a rule, εb  10 [12]. The dielectric
f
f
permittivity ε33 is related with the ferroelectric polarization P 3 via the
soft phonon mode. The evolution and spatial distribution of the
ferroelectric polarization P f3 is determined from the time-dependent
Landau-Ginzburg-Devonshire (LGD) equation [40e42]:

G

vP3
v2 P
þ aP3 þ bP 33 þ gP 53  g33 23 ¼ E3 ;
vt
vz

(1)

In what follows we will rename the P f3 /P3 for brevity. In Eq. (1)
G is a kinetic coefﬁcient. The coefﬁcient a ¼ aT ðTC  TÞ, where
aT > 0, T is the absolute temperature and TC is a Curie temperature.
Constants b and g are the coefﬁcients of LGD potential GðPi ; UÞ
expansion on the higher polarization powers, at that g  0 for the
GðPi ; UÞ stability at high P3 values [47]. The BCs for polarization are



3

¼ 0, and include extrapolation
of the third kind, P3 HLH vP
vz 
z¼0;h

lengths L± [48,49], which can be different fort the ﬁlm surfaces
z ¼ 0 and z ¼ h.

To describe the screening charge dynamics, we propose a
relaxation equation [40,41], t vvts þ s ¼ s0 ½f, where t is the relaxation time. Expression for the equilibrium 2D charge density s0 ½f
is considered for three basic models.
I. Bardeen-type density of surface states (BS) for description
of non-degenerated 2D electron gas. Using the Bardeen model
[28] within the limits of its applicability, we consider a special
case of screening charges, whose density linearly depends on
the electric potential 4 as follows,

s0 ½f ¼ ε0 f=LS ;

(2a)

where LS is the effective screening length introduced in
Refs. [17,18,27]. The schematic dependence of s0 ½f is shown by the
black line in Fig. 1(b).
II. Fermi-Dirac (FD) density of states for general description
of 2D electron gas. The electron gas is characterized by the
charge density, s0 ½f ¼ eðp2D ðfÞ  n2D ðfÞÞ, that is the difference
of 2D concentration of electrons in the conduction band
Z ∞
dεgn ðεÞf ðε  EF  efÞ ] and holes in the valence
[n2D ðfÞ ¼
0
Z ∞
dεgp ðεÞf ðε þ EF þ efÞ], respectively. Elecband [p2D ðfÞ ¼
0

trons and holes density of states (DOS) are gn ðεÞ and gp ðεÞ, EF is
the position of Fermi energy level. The expression for the gapless FD DOS is gn ðεÞ ¼ gp ðεÞ ¼ 2ε=ðpZ2 v2F Þ (see e.g. Refs. [30,31]).
Using the expressions for gn ðεÞ and gp ðεÞ (characteristic for e.g.
graphene charge density) and their Pade-exponential approximation derived in Ref. [23], the FD screening charge density
acquires the form:

s0 ½j ¼



∞
4ðkB TÞ2 e X
ð1Þm
2ðkB TÞ2 e
1
1

;
sinhðm
j
Þz
pZ2 v2F m¼1 m2
pZ2 v2F hðjÞ hðjÞ
(2b)

where vF is the Fermi velocity of the charge carriers; the function

1
2p2
F
hðjÞ ¼ expðjÞ þ 2 j2 þ j2 þ 12
and j ¼ efþE
. The schematic
p2
k T
B

dependence of the density (2b) on the dimensionless “acting” potential j is shown by the red curve in Fig. 1(b).
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III. Stephenson-Highland (SH) model [33], that is analogous to
the Langmuir adsorption isotherm used in surface electrochemistry for adsorption onto a conducting electrode exposed
to ions in a solution [50]. The dependence of equilibrium charge
density s0 ½f on electric potential 4 is controlled by the concentration of surface ions qi ðfÞ at the surface z ¼ 0 in a selfconsistent manner:

s0 ½f ¼

XeZi qi ðfÞ XeZi
≡
Ai
Ai
i
i

1 þ qi exp

DG00
i þ eZi f

!!1

kB T

;
(2c)

where e is an elementary charge, Zi is the ionization degree, 1=Ai is
the saturation densities of the surface ions, at that i  2 to reach the
charge compensation for positive and negative surface ions (or
 1=ni
vacancies). The factor qi ¼ ppatm
, where pexc is the partial
exc
pressure of ambient gas relative to atmospheric pressure patm , ni is
the number of surface ions created per gas molecule, DG00
i is the
standard free energy of the surface ion formation at pexc ¼ 1 bar
and U ¼ 0. Below we consider the case pexc ¼ patm .
The step-like dependence of the screening charge density s0 on
00
the dimensionless potential j ¼ kefT calculated at DG00
1 ¼ DG2 is



Z
d2 r

GS ¼


f
P 23  s0 ½f ; Gext ¼ 
2
2

S

00
00
00
with respect to j ¼ 0 for DG00
1 < DG2 , symmetric for DG1 ¼ DG2
00
and right-shifted for DG00
1 > DG2 (see Refs. [40e42]).
Noteworthy, the solutions of Eq. (1) are sensitive to the thermodynamic parameters of corresponding screening charges given
by Eq. (2) [32,51].

aR P þ bP 3 þ gP 5 ¼
J¼

Z
3

GV ¼

d r
VFE



a
2

P 23

þ

(3a)

b
4

P 43

g

g33ij
þ P þ
6
2
6

vP3 vP3
vxi vxj

!

J
h

;

(4b)

The physically justiﬁed free energy G, which formal minimizaJ
J
tion, vG½P;
¼ 0 and vG½P;
¼ 0, gives the coupled equation (4) for
vP
vJ
polarization dynamics, has the form [42]:



G½P; J
a
b
g
J2
¼ h R P 2 þ P 4 þ P 6  JP  ε0 εb33
S
2
4
6
2h
ε0 εd ðJ  UÞ2
þ
2
l

ZJ

s0 ½4d4:

(5)

0



The h-dependent function aR ðT; hÞ ¼ aT ðTC  TÞ þ gh33 L1þ þ L1
is the coefﬁcient a renormalized by “intrinsic” gradient-correlation
and ﬁnite-size effects (the term ~g33 =h). The ﬁrst term in Eq. (5) is
the polarization energy treated in the framework of LGD. The second term, JP, represents the interaction energy of polarization P
with overpotential J. The terms ε0 εb J
and
2h
2

 P3 E3

(3c)

(4a)

lðs0 ½J  PÞ þ ε0 εd U
h:


ε0 εd h þ lεb33



G ¼ GV þ GS þ Gext ;

!
r ;VFE

ε0 εd
EE:
2 i i

assumed to be temperature independent. Positively deﬁned tensor
gijkl determines the magnitude of the gradient energy. Ei are the
components of electric ﬁeld. Extrapolation lengths L± ¼ g33 =a±
S
deﬁne the polarization derivative near the ﬁlm surfaces.
Below we will develop simpliﬁed analytical model to get insight
into numerically analyzed behaviors of different polarization states.
Since the stabilization of single-domain polarization in ultrathin
perovskite ﬁlms takes place due to the chemical processes at the
surface or in the near-surface regions (see e.g. Refs. [1,33e36]), we
can assume that polarization distribution P3 ðx; y; zÞ is smooth. In
this case, the behavior of the polarization averaged over ﬁlm
thickness P ¼ hP3 i and screening charge density s0 ½f can be
described via the coupled nonlinear algebraic equations derived in
Refs. [40,41]. For a given screening charge model, the equations for
polarization P and overpotential J are:

3. Free energy of the system for different screening models
In thermodynamic equilibrium, the LGD free energy of the
ferroelectric ﬁlm is the sum of bulk (GV ) and surface (GS ) parts of
Gibbs free energy, and the energy of the electric ﬁeld outside the
ﬁlm (Gext ):

d3 r

Coefﬁcients a, b and g are described after Eq. (1). Except for a ¼
aT ðTC  TÞ, all other coefﬁcients included in the free energy (3) are

B

shown schematically by the blue curve in Fig. 1(b). The screening
charge is zero at j ¼ 0, very small at jjj < 0:4 and abruptly increases
at jjjz0:5. Note that the abrupt step-like dependence is left-shifted
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last term,
s0 ½4d4, is the screening charge energy that's inte-
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gration over J for the considered models yields
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The energy given by Eq. (5) has an absolute minimum at high

J. According to the Biot's variational principle [52], we can
further use the incomplete thermodynamic potential that's partial
minimization of over P will give the coupled equations of state,
and, at the same time, it has an absolute minimum at ﬁnite P
values. For the considered BS, FD and SH models we will analyze
graphically the relief of the energy (5)e(6) along with its
extremals given by Eq (4).
For linear BS charge density described by Eq. (2a) the substitution of the extremal (4b) in expressions (5) and (6) yields
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4.1. Impact of the surface screening nature on the system
thermodynamics
Since BS, FD and SH models are distinguished by the nature of
screening charges, the expressions (2) for the charge densities s0 ðfÞ
corresponding to the models are distinguished by nonlinearity
degree in the dependence of s0 ðfÞ on electric potential 4. The results presented in Figs. 2e4, show that BS (Fig. 2), FD (Fig. 3) and SH
(Fig. 4) models, and thereby corresponding screening mechanisms,
determine the surface of the free energy relief in coordinates polarization “P”, overpotential "J" and applied voltage "U", namely

0

 21

εd U
l
l
h
P
þ
1
þ
P
þ
a
B
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R
ε0 ðεd h þ lεb Þ
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l
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l
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6

As one can see the coefﬁcients in Eq. (7) are renormalized by the
terms proportional to LhS . Simple analytical expressions like (7) are
hardly possible for FD density of states and SH model.

4. Polar and charge states for basic screening models
Below we will analyze graphically the surface relief of the free
energy (5) along with its extremals given by Eq. (4) for BS, FD and
SH models of the screening charges. Different screening charge
mechanisms lead to the notable differences in the dependences of
the overpotential and free energy on the polarization. Consequently the hysteresis loops of polarization reversal and screening
charge density strongly depend on the model, as explained below.

(7)

the free energy cross-sections at U and U-dependent free energy
minima at certain P values. Difference in the densities s0 ðfÞ [shown
in Fig.B1] result in the noticeable difference of the free energy relief
maps at zero voltage U ¼ 0 [compare Figs. 2(a), 3(a) and 4(a)],
including the quantity and sharpness of free energy minima and
character of their transformation under applied voltage increase
[compare different curves in Figs. 2(b), 3(b) and 4(b)].
For BS model one of the symmetric minima of GðP; UÞ with
almost ﬂat potential well at U ¼ 0 transforms to the asymmetric
and smooth one shifted away from zero-polarization vertical line
P ¼ 0 under U increase [compare black, red, magenta and blue
curves in Fig. 2(b)]. For FD model one pronounced relatively sharp
symmetric minimum of GðP; UÞ with two inﬂection regions on it
sides exists at U ¼ 0 [see the black curve in Fig. 3(b)]. Under the
increase of U the dependence of GðP; UÞ on polarization P at ﬁrst
transforms to the asymmetric curve with two minima of different

Fig. 2. Free energy relief for Bardeen model of screening charges. (a) Free energy relief map for BaTiO3 ﬁlm of thickness 92 nm at room temperature and zero applied voltage
U ¼ 0. Blue and red curves, given by Eqs. (4a) and (4b), are extremals divergent and convergent towards the absolute minimum, respectively. (b) Free energy proﬁle at U ¼ 0, 0.5, 1
and 2 V (black, red, magenta and blue curves). The screening length LS ¼ 0.1 nm was chosen small enough to prevent the domains formation in the ﬁlm. (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the Web version of this article.)
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Fig. 3. Free energy relief for Fermi-Dirac model of screening charges. (a) Free energy relief map for BaTiO3 ﬁlm of thickness 64 nm at room temperature and zero applied voltage
U ¼ 0. Blue and red curves, given by Eqs. (4a) and (4b), are extremals divergent and convergent towards the absolute minimum, respectively. (b) Free energy proﬁle at U ¼ 0, 0.5, 1
and 2 V (black, red, magenta and blue curves). Fermi velocity vF ¼ 106 m/s. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the Web
version of this article.)

shape and one inﬂection region, and then, into the asymmetric
curve with the side global minimum and two inﬂection regions
located on the different sides from the line P ¼ 0 [compare red,
magenta and blue curves in Fig. 3(b)].
For SH screening by ions with equal and relatively small for00
mation energies (DG00
1 ¼ DG2 ¼ 0.1 eV), a symmetric “horn”-like
dependence of GðP; U ¼ 0Þ on polarization P has a smoothed
shallow minimum at P ¼ 0 [see Fig. 4(a) and (d)]. Under the voltage
increase up to 0.5 V, the symmetric polarization dependence of
GðP; UÞ transforms into the asymmetric one with two shallow
minima (the side and almost central ones) and one inﬂection region, which are located on different sides from the vertical line
P ¼ 0. Under further voltage increase up to 2 V, the small shift of the
central minimum away from the line P ¼ 0 takes place and pronouncedly nonlinear falling of GðP; UÞ to negative values appears.
In the case of higher and equal ion formation energies (DG00
1 ¼
DG00
2 ¼ 0.2 eV) [see Fig. 4(b) and (e)], the voltage transformation of
the symmetric dependence of GðP; UÞ at U ¼ 0 is similar to the one
shown in Fig. 4(d). At that, however, the side inﬂection region
transforms in a shallow minimum and the central shallow minimum transforms in the break with the voltage increase. The
nonlinearity degree of voltage induced falling of the GðP; UÞ
dependence on polarization P is a bit higher than in the previous
case, shown in Fig. 4(a) and (d).
In the case of different and high ion formation energies (DG00
1 ¼
0.2 eV and DG00
2 ¼ 0.4 eV) the dependence of GðP; UÞ on polarization P is asymmetric at U ¼ 0 and has sharper minimum in the vicinity of P ¼ 0, in contrast to the previous case [see Fig. 4(c) and (f)
and compare them with Fig. 4(b) and (e)]. Under U increase, this
minimum shifts away from the former position at P ¼ 0. Similarly to
the previous case, the side inﬂection region transforms in a shallow
minimum and the central minimum transforms into the break. The
nonlinearity degree of the voltage induced falling of GðP; UÞ curve is
almost the same as in the previous case.
Comparing Figs. 2e4 we should underline that the general
tendency of GðP; UÞ decreasing with the voltage increase is minimal
for BS model (less than 0.5 rel. units at P ¼ 0 at U ¼ 2 V), a bit higher
for FD model (about 0.5 rel. units at P ¼ 0 at U ¼ 2 V) and maximal

for SH model (about 5 rel. units for at P ¼ 0 at U ¼ 2 V).
To resume the subsection, various nature of the screening
charges (electrons, holes, adsorbed ions or vacancies) and thus the
distinction of their localization and interaction with the ﬁlm surface
for the BS, FD and SH models leads to different dependence of their
density s0 on the overpotential J [see the dependences s0 ðjÞ in
Fig. 1(b) described by Eq. (2)]. The coupling between polarization
PðUÞ and screening charge s0 ðUÞ through the overpotential J
described by Eq. (4) results in the hysteretic behavior of the both
quantities, PðUÞ and s0 ðUÞ, and therefore leads to the different
peculiarities of their quasi-static hysteretic loops presented and
analyzed in next subsection.
4.2. Effect of surface screening on the quasi-static polarization and
charge hysteresis
First, we analyze the impact of the screening charges, localized
at Bardeen surface states, on the quasi-static hysteresis of polarization and charge in a ferroelectric nanostructure shown in
Fig. 1(a). The linear dependence of the BS charge density s0 on
electric potential 4 is shown by the black curve in Fig. 1(b) in
relative units, and in Fig. B1 in C/m2.
It is seen from Fig. 5, for temperatures below Curie temperature
TC, there is a hysteresis of ferroelectric type for PðUÞ and the corresponding hysteresis of s0 ðUÞ with quasi-linear parts outside the
hysteresis region in a 100-nm BaTiO3 ﬁlm. The temperature increase leads to the simultaneous narrowing of the PðUÞ and s0 ðUÞ
hysteresis loops up to their disappearance, since PðUÞ and s0 ðUÞ are
strongly coupled via Eq. (4). Loops disappearance is accompanied
by the decrease of remanent polarization Pð0Þ from 0.27 C/m2 to 0,
and by the expansion of s0 ðUÞ maxima and their coming out from
the hysteresis region, as well as by the maxima shift to higher
voltages, while the maximal values of s0 ðUÞ remains the same. The
temperature behavior of Pð0Þ is similar to the behavior of the
spontaneous polarization in the case of a second-order ferroelectric
phase transition [53,54]. However, Pð0Þ s 0 even for 450 K in a
BaTiO3 thin ﬁlm, while TC ¼ 381 K for a bulk BaTiO3 single-crystal.
Therefore, the electric ﬁeld of the screening charge unexpectedly

A.N. Morozovska et al. / Acta Materialia 160 (2018) 57e71

63

Fig. 4. Free energy relief for Stephenson-Highland model of ionic screening. (a, b, c) Free energy relief at room temperature, zero applied voltage U ¼ 0, BaTiO3 ﬁlm thickness
3.6 nm (a, d), and 8 nm (b, c, e, f). Blue and red curves, given by Eqs. (4a) and (4b), respectively, are extremals divergent and convergent towards the absolute minimum. (d, e, f)
00
00
00
Proﬁles of the free energy at different voltages U ¼ 0, 2, 4 and 6 V (black, red, magenta and blue curves). Ion formation energies are DG00
1 ¼ DG2 ¼ 0.1 eV (a, d); DG1 ¼ DG2 ¼
00
0.2 eV (b, e); DG00
1 ¼ 0.2 eV and DG2 ¼ 0.4 eV. (c, f). Other parameters of SH model are listed in Table B1 in Appendix B. (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the Web version of this article.)

strongly supports ferroelectric-like remanent polarization Pð0Þ
above TC in the thin ﬁlm. The behavior of PðTÞ corresponds to the
known scenario of the second-order ferroelectric phase transition,
when an external electric ﬁeld induces the polarization in a shallow
paraelectric phase at temperatures somewhat higher than TC [30].
Notably, that a bulk BaTiO3 single-crystal undergoes the ﬁrst-order
phase transition.
Allowing for the relationship between PðUÞ and s0 ðUÞ, described
by Eq. (4), the behavior of the screening charge density s0 ðUÞ for
T < TC is determined by the ferroelectric-like hysteresis of PðUÞ,
while the density s0 ðUÞ for T > TC is governed by the nonlinear
paraelectric-like dependence of PðUÞ. Therefore, the nonlinear
dependence of s0 ðUÞ on applied voltage U in the vicinity of TC does
not follow from the linear dependence of s0 ðfÞ shown in Fig. 1(b)
for the BS model. However, the dependence s0 ðUÞ is also linear in

the region of a quasi-linear variation of polarization PðUÞ in the
range 1 V < U < 1 V for the temperature T ¼ 500 K. It should be
noted that the temperature changes of the s0 ðUÞ loop width are
smooth and correlate with the changes of the PðUÞ loop width. Note
that we did not reveal any polarization loops with a constriction or
double hysteresis loops, speaking in favor of the second-order
ferroelectric phase transition in thin BaTiO3 ﬁlm with BS
screening of spontaneous polarization, while a bulk BaTiO3 singlecrystal undergoes the ﬁrst-order phase transition. The physical
origin of the change in the phase transition order is the joint action
of BS screening and ﬁnite-size effect.
We further analyze the impact of the bound charge screening by
2D Fermi-Dirac electron gas on the quasi-static hysteresis of polarization and charge density in the system shown in Fig. 1(a).
Super-linear dependence of the FD charge density s0 on acting
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Fig. 5. Quasi-static hysteresis loops for Bardeen surface states model of the screening charge. Quasi-static hysteresis loops of the average ferroelectric polarization PðUÞ (a) and
screening charge density s0 ðUÞ (b) calculated for different temperatures 300, 350, 400, 450 and 500 K (different curves) and BaTiO3 ﬁlm thicknesses h ¼ 100 nm. Screening length
LS ¼ 0.1 nm. Other parameters are listed in Table B1 in Appendix B.

potential j is shown by the red curve in Fig. 1(b) in relative units,
and in Fig. B1 in C/m2.
There is no hysteresis region on the PðUÞ curve characteristic for
the ferroelectric phase for a sufﬁciently thin 50-nm BaTiO3 ﬁlm
with electrically open surface, since the ferroelectric state is not
realized because of its suppression by ﬁnite-size effect [55].
Therefore, a very thin double hysteresis loop of PðUÞ, that occurs at
300 K in a 50-nm ﬁlm covered by FD screening charge [shown by
the blue curve in Fig. 6(a)], resembles the ﬁrst order phase transition characteristic for the ferroelectrics in the presence of external
electric ﬁeld inducing polarization at T > TC [53]. A sufﬁciently high
electric ﬁeld increases the density of FD screening charge, that in
turn compensates the size effect in a thin ﬁlm and increases its
thickness-dependent transition temperature TCR ðhÞ, and thereby
induces a ferroelectric-like polarization. At that there is a transition
through the state with zero polarization in a small electric ﬁeld
[53]. With the temperature increase up to 400 K the compensation
of such kind occurs at much higher electric ﬁeld and the hysteresis
region shifts toward higher voltages. With further temperature
increase from 400 K to 500 K the ﬁeld-induced polarization disappears and the dependence PðUÞ acquires a non-hysteretic form,
characteristic of a shallow paraelectric phase, where the ﬁlm behaves as a nonlinear paraelectric [53]. Allowing for the relationship
between PðUÞ and s0 ðUÞ described by Eq. (4), the hysteresis
behavior of s0 ðUÞ at 300 K is related with the nonlinear hysteresis
dependence of PðUÞ at the same temperature. The hysteresis part of
the dependences s0 ðUÞ shifts toward higher voltages with
increasing temperature [as shown in Fig. 6(d)]. The shift is
accompanied by the expansion of the s0 ðUÞ maxima region and
their shift to the higher voltages, while the maximal value of s0 ðUÞ
remains constant. For higher temperatures (450e500) K the
voltage dependence s0 ðUÞ is nonlinear and hysteresis-less within
the range 5 V < U < 5 V, while the dependence PðUÞ is quasi-linear
under the same voltages and temperatures.
For thicker 75 nm and 100 nm BaTiO3 ﬁlms a ferroelectric-like
hysteresis of PðUÞ appears at T  300 K, which is typical for a
ferroelectric phase [see Fig. 6(b) and (c)]. This happens because the
ferroelectric state in thicker ﬁlm with FD screening is not suppressed by a ﬁnite-size effect. The temperature increase causes the
narrowing of the PðUÞ hysteresis, followed by the appearance of
constriction on the loop, and further transformation of the constricted loop into the double antiferroelectric-like hysteresis loop
between 350 K and 450 K, and then to the nonlinear curve characteristic for a shallow paraelectric phase (450 K < T < 500 K), and

eventually to the hysteresis-less curve characteristic for a deeper
paraelectric phase (T > 500 K).
Allowing for the coupling between PðUÞ and s0 ðUÞ described by
Eq. (4), the behavior of s0 ðUÞ for T < TC is determined by the
ferroelectric-like hysteresis of PðUÞ, and for T > TC it is determined
by the double antiferroelectric-like hysteresis of PðUÞ [compare
Fig. 6(e) and (f) with 6(b), 6(c)]. Therefore, the dependence of s0 ðUÞ
on applied voltage U manifests hysteresis behavior and/or reveals
other hysteresis-less features at the same voltages, for which PðUÞ
has corresponding peculiarities. The temperature increase leads to
the narrowing of the s0 ðUÞ hysteresis followed by its disappearance
between 350 K and 400 K, which is accompanied by the expansion
of the s0 ðUÞ maxima and their shift into the region of higher
voltages. For T > TC [namely for T ¼ (450e500) K] the dependence
s0 ðUÞ on applied voltage U is signiﬁcantly nonlinear and almost
hysteresis-less within the range 5 V < U < 5 V, while the dependence PðUÞ is quasi-linear at the same voltages and temperatures.
Notably, the difference in coercive voltages (by a factor of 4) for
75 nm and 100 nm ﬁlms is much higher that the ratio of their
thicknesses (z1.3 times) [compare Fig. 6(b), (e) and 6(c), 6(f)]. For
the case we meet with the manifestation of a strongly nonlinear
ﬁnite-size effect of coercive voltage. For a 100 nm ﬁlm the gradual
changes of the PðUÞ loop widths does not correlate with the sharp
changes of the s0 ðUÞ loop widths in the temperature range between 300 K and 350 K [compare Fig. 6(c) with Fig. 6(f)].
For FD screening of polarization in BaTiO3 thin ﬁlms, we predict
the transition from single ferroelectric-like hysteresis loops to
double antiferroelectric-like loops of the polarization PðUÞ and
concentration s0 ðUÞ above 320 K. The double loops exist in a wide
temperature range (350e450) K, well beyond the vicinity of BaTiO3
Curie temperature 381 K. It appeared that these double loops exist
not only in BaTiO3 ﬁlm covered by 2D-semiconductor, but also in
PZT ﬁlm covered by a single-layer graphene [32]. Our calculations
and results [32] prove that the double loops originate from the
nonlinear screening of ferroelectric polarization by 2D-carriers at
the ﬁlm-gap interface, as well as their origin is conditioned by the
temperature changes of the domain structure kinetics in a ferroelectric ﬁlm.
We further analyze the impact of the Stephenson-Highland
screening by ions on the quasi-static hysteresis of polarization
and surface charge in the ferro-ionic system. Dependences of PðUÞ
and s0 ðUÞ calculated in the case of equal formation energies DG00
1 ¼
DG00
2 in Langmuir absorption isotherms are shown in Fig. 7. Corresponding step-like dependence of the SH charge density s0 on
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Fig. 6. Quasi-static hysteresis loops for Fermi-Dirac model of the surface screening charge. Quasi-static hysteresis loops of the average ferroelectric polarization PðUÞ (a, b, c)
and screening charge density s0 ðUÞ (d, e, f) calculated for different temperatures 300, 350, 400, 450 and 500 K (blue, magenta, red, black and green curves) and different thicknesses
h ¼ 50 nm (a, d), 75 nm (b, e) and 100 nm (c, f) of BaTiO3 ﬁlm. Fermi velocity vF ¼ 106 m/s. BaTiO3 parameters are listed in Table B1 in Appendix B. (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the Web version of this article.)

the electric potential j is shown by the blue curve in Fig. 1(b) in
relative units, and in Fig. B1 in C/m2.
Symmetrical dependences of PðUÞ and s0 ðUÞ are related to the
00
absence of the s0 ðfÞ shift along 4-axis at DG00
1 ¼ DG2 [40,42]. The
ferroelectric state is not realized in thin ferroelectric ﬁlms at zero
and small voltages U due to its suppression by ﬁnite-size effect.
Meanwhile, antiferro-ionic state with double hysteresis loops is
possible at voltages jUj > Ucr , since the behavior of PðUÞ and s0 ðUÞ
are coupled through Eq. (4) (see Ref. [42] for details). The difference
in the shape of the PðUÞ and s0 ðUÞ loops for BaTiO3 ﬁlms with
thickness 8 nm, 10 nm, 15 nm and 20 nm are pronounced at
different temperatures. For zero voltage (U ¼ 0) and room (or
lower) temperatures the thinnest 8-nm ﬁlm is in the antiferro-ionic
phase, the thicker 10-nm ﬁlm is in the shallow ferroelectric phase,
and the thickest 15-nm and 20-nm ﬁlms are in a deeper ferroelectric phase. Notably, that the ferroelectric-like loop opening
occurs for each of the ﬁlm thickness at individual transition temperature varying in the range (300e500) K.
For a 8-nm ﬁlm, the changes of PðUÞ curves with the

temperature increase from 300 K to 350 K are characteristic for the
polarization of antiferro-ionic type induced by the electric ﬁeld of
ions in the paraelectric vicinity of the ﬁrst-order ferroelectric phase
transition [42,53].
For a 10-nm ﬁlm the changes of PðUÞ loops with the temperature
increase from 300 K to 500 K are characteristic for the transition
from a shallow ferroelectric phase with a relatively small coercive
voltage to the antiferro-ionic phase at T > 350 K, which is characterized by a double hysteresis loop, and then to the deep paraelectric vicinity of the ferroelectric transition (T > 400 K), where the
polarization becomes ﬁeld-induced, decreases and eventually disappears by loosing its antiferro-ionic type hysteresis dependence.
For a 15-nm ﬁlm, the changes of PðUÞ loops with the temperature increase from 300 K to 450 K are characteristic for a transition
from the ferroelectric phase with a single ferroelectric-type hysteresis loop with high coercive voltage to the antiferro-ionic state,
where the double loops of anti-ferroionic type are ﬁeld-induced.
The anti-ferroionic hysteresis disappears in a paraelectric phase
with temperature increase above 500 K. For a 20-nm ﬁlm, the

66

A.N. Morozovska et al. / Acta Materialia 160 (2018) 57e71

Fig. 7. Quasi-static hysteresis loops for Stephenson-Highland model of ionic screening with equal ion formation energies. Quasi-static hysteresis loops of the average
ferroelectric polarization PðUÞ (a, b, c, d) and screening charge density s0 ðUÞ (e, f, g, h) calculated for different temperatures 300, 350, 400, 450 and 500 K (blue, magenta, red, black
00
and green curves) and different thicknesses h ¼ 8 nm (a, e), 10 nm (b, f), 15 nm (c, g) and 20 nm (d, h) of BaTiO3 ﬁlm. Ions formation energies are equal, DG00
1 ¼ DG2 ¼ 0.2 eV. Other
parameters of SH model and BaTiO3 are listed in Table B1 in Appendix B. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the Web version
of this article.)

A.N. Morozovska et al. / Acta Materialia 160 (2018) 57e71

changes of PðUÞ loops with the temperature increase are characteristic for the gradual transition from a deep ferroelectric phase at
300 K to the antiferro-ionic state at 500 K.
The double hysteretic dependence of PðUÞ with jumps at 300 K
for 8 nm ﬁlm [shown in Fig. 7(a)] correlates with the jump-like
double features of the s0 ðUÞ hysteresis shown in Fig. 7(e). Disappearance of the polarization loop with the temperature increase
corresponds to the smoothing of s0 ðUÞ dependences. For a 10-nm
ﬁlm the jump-like singularities of s0 ðUÞ at 300 K correspond to
the transition regions of the PðUÞ hysteresis. As a result of the shape
transition of PðUÞ loop between 300 K and 350 K, the jump-like
double singularities of s0 ðUÞ appear and increase with the temperature increase. For 15 nm and 20 nm ﬁlms, a single hysteresis
loop of s0 ðUÞ exists in the temperature range (300e450) K, a
double hysteresis of s0 ðUÞ exists in the range (400e450) K, and
s0 ðUÞ loops disappear with further temperature increase.
For 15 nm and 20 nm ﬁlms, one should note the sharp character
of the temperature changes in the shape and amplitude of the s0 ðUÞ
loop with a slight change in the shape and amplitude of the PðUÞ
loop between 300 K and 400 K. The sharp changes in s0 ðUÞ are
observed when the polarization changes its sign [compare the
loops PðUÞ and s0 ðUÞ in Fig. 7(c)-(h) for 15 nm and 20 nm ﬁlms].
Sharp anti-symmetric jumps within the hysteresis range of s0 ðUÞ
correspond to the temperature range of a deep ferroelectric phase.
The sharp jump of s0 ðUÞ gradually transforms into the smooth
jumps out of hysteresis region for temperatures corresponding to
the antiferro-ionic phase, and then, after a transition to the paraelectric phase, s0 ðUÞ becomes a slightly sloping curve. Apparently,
these effects are caused by the step-like dependence of the
screening charge density inherent to the SH model [see Fig. 1(b)
and Fig. B1].
Similarly to the case of FD model of the screening charge, we
revealed the transition from the single ferroelectric-like to double
antiferroelectric-like hysteresis loops of the polarization PðUÞ and
charge density s0 ðUÞ voltage dependences for SH model with equal
00
ion formation energies DG00
1 ¼ DG2 in the Langmuir adsorption
isotherms. The transition occurs with the temperature increase
above (300e450) K depending on the ﬁlm thickness, while double
loops exist in a temperature range of about 50 K in the vicinity of
Curie temperature (that is a signiﬁcantly more narrow range in
comparison with FD model). These double loops originate from the
nonlinear screening of ferroelectric polarization by absorbed ions.
Finally we analyze the dependences of PðUÞ and s0 ðUÞ calculated using SH model of surface screening in the case of different
00
formation energies DG00
1 < DG2 in Langmuir absorption isotherms.
00
For the case DG00
s
D
G
the
step of s0 ðfÞ shifts along 4-axis
1
2
[40e42]. In particular the dependence s0 ðfÞ is shifted towards
00
positive potentials 4 for the case DG00
1 < DG2 (see e.g. Fig. B1 and
Fig. 4 in Ref. [42]). The asymmetric dependences of PðUÞ and s0 ðUÞ
[shown in Fig. 8] are related with the shift of s0 ðfÞ.
Due to the asymmetry of the screening conditions for
00
DG00
1 sDG2 , the polarization reversal in a ferroelectric ﬁlm is
facilitated for one polarity and is difﬁcult for another polarity of
applied voltage U, which leads to the shift of PðUÞ and s0 ðUÞ loops
along U-axis and their shape deformation [40e42]. The ferroelectric state is not realized in ultra-thin ﬁlms because of its suppression by ﬁnite-size effect at s0 ¼ 0, but instead the ferro-ionic state
can appear at s0 s0 [40e42].
The 8 nm ﬁlm is in the deep paraelectric phase at s0 ¼ 0 due to
the ﬁnite-size effect. For the ﬁlm minor loops of PðUÞ and s0 ðUÞ
occur at 300 K due to the electric ﬁeld of ions at Us0, at that the
hysteresis region corresponds to the negative polarity of applied
voltage. For the 10-nm ﬁlm that is in a shallow paraelectric phase at
s0 ¼ 0, a truncated and shifted minor polarization loop of the ferroionic type opens at T < 350 K. As the temperature increases above
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350 K, the loop gradually disappears and electret-like polarization
decreases. For a 15-nm ﬁlm the shifted and truncated polarization
loops exist in a wider temperature range, 300 K < T < 450 K. After a
transition to the paraelectric phase between 450 K and 500 K, the
electret-like polarization induced by electric ﬁeld gradually disappears. For the 20-nm ﬁlm that is in a ferroelectric phase even at
s0 ¼ 0, the ferro-ionic loops of PðUÞ have slightly deformed and
shifted ferroelectric-like shape at 300 K. The narrowing, right shift,
distortion and truncation of the loops occur with the temperature
increase from 300 K to 500 K, at that the thinnest minor loop PðUÞ
of ferro-ionic type corresponds to 500 K. The ferroelectric-like and
ferro-ionic polarization loops exist in a wider temperature range
(300e500) K for the 20-nm ﬁlm in comparison with the range
(300e400) K for the 15 nm ﬁlm, and the polarization induced by
electric ﬁeld of ions does not disappear in 20 nm ﬁlm up to 500 K.
Notably, the jump-like singularities on s0 ðUÞ dependences
correspond to the transition regions of the hysteresis PðUÞ for
ferroelectric, ferro-ionic and electret-like ﬁeld-induced polarization at different temperatures. Sharp changes of s0 ðUÞ dependences
are observed when the polarization changes its sign (compare the
loops of PðUÞ and s0 ðUÞ for 15 nm and 20 nm ﬁlms in Fig. 8).
Apparently, these effects are induced by the asymmetric step-like
dependence of the screening charge density s0 ðUÞ inherent to the
00
SH model at DG00
1 sDG2 .
5. Discussion
We considered the equilibrium states of polarization and
screening charge and their hysteresis loops at different temperatures in the system consisting of electron conducting bottom
electrode, ferroelectric ﬁlm, screening charge layer and ultra-thin
gap separating the ﬁlm surface from the top electrode under the
voltage U. The dependence of the screening charge density sðfÞ on
electric potential 4 was considered for three basic models, namely
for the linear Bardeen-type surface states (BS) and nonlinear FermiDirac (FD) models describing the density of states in 2D electron gas
at the ﬁlm surface, and strongly nonlinear Stephenson-Highland
(SH) model describing the charge density of absorbed ions sðfÞ
by Langmuir isotherms. The formation energies DG00
i in Langmuir
isotherms were considered equal or different for positively and
negatively charged ions (or vacancies).
Using the analytical expressions we calculated and analyzed
graphically the surface relief and proﬁles of the free energy GðP; UÞ
for BaTiO3 thin ﬁlms covered with BS, FD and SH screening charges.
Appeared that the screening charge properties determine the shape
of the free energy relief and corresponding free energy proﬁles,
including the voltage-dependent position of free energy minima at
certain polarization values.
For BS screening two symmetric minima of GðP; UÞ with almost
ﬂat potential well exist at zero voltage U ¼ 0. Under U increase one
of the minima becomes smooth and shifts away from zero polarization line P ¼ 0. For FD screening a pronounced symmetric minimum of GðP; UÞ with two inﬂection regions exists at U ¼ 0. The
dependence of GðP; UÞ on P becomes asymmetric with two nonequivalent minima and one inﬂection point with U increase.
For SH screening charges with equal and low ion formation
00
energies (DG00
1 ¼ DG2 0.2 eV), a symmetric horn-like GðP; UÞ
curve with smoothed shallow minimum at P ¼ 0 corresponds to
U ¼ 0. The symmetric curve GðP; UÞ transforms to the asymmetric
one with two non-equivalent shallow minima and one inﬂection
region with
U increase.

 For different and high ion formation en
00 
00
ergies (DG00
1  DG2  0.2 eV, DG2 0.4 eV) the GðP; UÞ curve is
asymmetric at U ¼ 0 and has relatively sharp minimum in the vicinity of P ¼ 0. This minimum shifts away from the line P ¼ 0 with U
increase.
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Fig. 8. Quasi-static hysteresis loops for Stephenson-Highland model of ionic screening with different ion formation energies. Quasi-static hysteresis loops of the average
ferroelectric polarization PðUÞ (a, b, c, d) and screening charge density s0 ðUÞ (e, f, g, h) calculated for different temperatures 300, 350, 400, 450 and 500 K (blue, magenta, red, black
and green curves) and different thicknesses h ¼ 8 nm (a, e), 10 nm (b, f), 15 nm (c, g) and 20 nm (d, h) of BaTiO3 ﬁlm. Ions formation energies are different, DG00
1 ¼ 0.2 eV and
DG00
2 ¼ 0.4 e V. Other parameters of SH model and BaTiO3 are listed in Table B1 in Appendix B. (For interpretation of the references to colour in this ﬁgure legend, the reader is
referred to the Web version of this article.)
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We have established that the temperature behavior of quasistatic hysteresis loops of polarization depends on the density of
the screening charge as follows. For BS screening we calculated that
polarization loops have a conventional ferroelectric square-like
shape and undergoes the classical second-order transition from
the ferroelectric shape to paraelectric curves with the temperature
increase. The temperature behavior of the loop shape speaks in
favor of the second-order ferroelectric phase transition in the
BaTiO3 thin ﬁlm covered by BS screening charges, in contrast to a
bulk BaTiO3 single-crystal that undergoes the ﬁrst-order phase
transition.
For FD screening we revealed the transition from the single
ferroelectric-like to the double antiferroelectric-like hysteresis
loops of the polarization PðUÞ that happens with the temperature
increase. Notably, double loops exist in a wide temperature range of
about 100 K well beyond the vicinity of Curie temperature. Calculations performed for BaTiO3 ﬁlms in this work and for PZT ﬁlms in
Ref. [32] prove that the double loops originate from the nonlinear
screening of ferroelectric polarization by charge carriers at ferroelectric surface.
Similarly to the case of FD screening charge, the transition from
the single ferroelectric-like to double antiferroelectric-like hysteresis loops of the polarization PðUÞ occurs for SH ionic screening at
00
DG00
1 ¼ DG2 . The transition occurs with the temperature increase
above (300e450) K depending on the BaTiO3 ﬁlm thickness, while
double loops exist in the temperature range of about 50 K near
Curie temperature (that is the twice more narrow range in comparison with FD screening). These double loops originate from the
nonlinear screening of spontaneous polarization by absorbed ions
at the ferroelectric surface.
Due to the asymmetry of the screening conditions realized for
00
the case DG00
1 sDG2 , polarization reversal in the ﬁlm covered by
SH screening charges is facilitated for one polarity and is difﬁcult
for another polarity of applied voltage U, which causes the shift of
the polarization PðUÞ and screening charge s0 ðUÞ hysteresis loops
along U-axis and their shape deformation. The ferroelectric state is
not realized in ultra-thin BaTiO3 ﬁlms at s0 ¼ 0 because of its
suppression by ﬁnite-size effect, but the ferro-ionic minor hysteresis loops can appear at s0 s0, and the hysteresis region corresponds to the deﬁnite polarity of applied voltage. For a thicker ﬁlm
a truncated and shifted minor polarization
hysteresis loop of the


00 
ferro-ionic type opens at T < 350 K and DG00
1  DG2  0.2 eV. As
the temperature increases, the loop gradually disappears and
electret-like polarization decreases. For thicker ﬁlms, which are in a
ferroelectric phase at s0 ¼ 0, the PðUÞ loops have slightly deformed
and shifted ferroelectric shape at 300 K. The narrowing, horizontal
shift, distortion and truncation of the loops occur with the tem-
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screening charge models shows that the nonlinearity degree of the
voltage dependences of the screening charge plays a decisive role in
the ferroelectric charge compensation mechanism. As a consequence, the most varied and nontrivial temperature behavior of the
hysteresis loop of polarization and the screening charge is inherent
to the SH screening model. This variety is conditioned by either
symmetric or asymmetric almost step-like dependence of the
equilibrium charge density of absorbed ions on applied voltage,
which is described by Langmuir absorption isotherms with equal or
different formation energies for positive and negative ions,
respectively. Obtained results open new possibilities for control of
polarization reversal in thin ferroelectric ﬁlms at different temperatures by appropriate choice of surface charge nature and
screening mechanism.
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Appendix A. Electrostatic equations with boundary
conditions
Quasi-static electric ﬁeld inside the ferroelectric ﬁlm is
expressed via electric potential in a conventional manner, E3 ¼ 
vff =vx3 . The potential ff satisﬁes electrostatic equations for each of
the layer (i.e. for the gap and ferroelectric ﬁlm), which have the
form:

Dfd ¼ 0; ð  l  z  0 inside the gapÞ

(A.1a)

!
f
v2
1 vP 3
f
; ð0 < z < h inside the ferroelectric filmÞ
εb 2 þ ε11 D⊥ ff ¼
ε0 vz
vz

(A.1b)

perature increase from 300 K to 500 K, and the thinnest minor loop
of PðUÞ is of ferro-ionic type up to 500 K. Apparently these effects
are conditioned by the asymmetric step-like dependence of the
00
ionic charge density inherent to the SH model at DG00
1 sDG2 .

Here D is 3D-Laplace operator, D⊥ is 2D-Laplace operator.
Boundary conditions (BCs) for the system of equation (A.1) have
the form:

6. Conclusions

fd jz¼l ¼ U;

Comparative analysis of the results obtained for BS, FD and SH




fd  ff 

z¼0



¼ 0; ff 

z¼h

¼ 0;

(A.2a)
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Table B.1
Description of physical variables and their numerical values
Description of the physical quantities used in Eqs. (1)e(3)

Designation and dimensionality

Value for a nanostructure BaTiO3 ﬁlm/ionic charge/gap/tip

Polarization of ferroelectric along polar axis Z
Electric ﬁeld
Electrostatic potentials of dielectric gap and ferroelectric ﬁlm
Electric voltage on the tip
The coefﬁcient at P2 in the LGD energy
Dielectric stiffness
Curie temperature of a bulk BaTiO3
The coefﬁcient at P4 in the LGD energy
The coefﬁcient at P6 in the LGD energy
The coefﬁcient at (VP)2 in the LGD energy
Kinetic coefﬁcient
Landau-Khalatnikov relaxation time
Thickness of the ferroelectric layer
Background permittivity of ferroelectric
Extrapolation lengths
Surface charge density
Equilibrium surface charge density
Occupation degree of the surface ions
Oxygen partial pressure
Surface charge relaxation time
Thickness of the dielectric gap
Permittivity of the dielectric gap
Universal dielectric constant
Electron charge
Ionization degree of the surface ion
Number of surface ions created per oxygen molecule
Minimal area per the surface ion
Ion (or vacancy) formation energy

P3 (C/m2)
E3 (V/m)
4d and 4f (V)
U (V)
a3 ¼ aT ðT  TC Þ (C2 J m)
aT (  105 C2 J m/K)
TC (K)
b (  109 J C4 m5)
g (  1011 J C6 m9)
g (  1010 m/F)
G (s  C2 J m)
tK (s)
h (nm)
εb (dimensionless)
L-, Lþ (angstroms)
sðf; tÞ (C/m2)
s0 ðfÞ (C/m2)
qi (dimensionless)
Po2 (bar)
t (s)
l (nm)
εd (dimensionless)
ε0 (F/m)
e (C)
Zi (dimensionless)
ni (dimensionless)
Ai (m2)
DG00
i (eV)

variable (0.26 for a bulk BaTiO3)
variable
variables
variable
T-dependent variable
6.68
381 (about 10 K smaller than FE transition temperature)
8.18 þ 0.01876  T
1.467e0.00331T
(0.5e5)
rather small
1011 e 1013 (far from Tc)
variable 3e500
10
L ¼ 1 Å, Lþ ¼ 2 Å
variable
variable
variable
1 (atmospheric)
[ Landau-Khalatnikov time
0.4
1e10
8.85  1012
1.6  1019
Z1 ¼ þ 2, Z2 ¼  2
n1 ¼ 2, n2 ¼  2
A1 ¼ A2 ¼ 1018e1019
0e1





vff
vf
f
 s 
ε0 εd d þ P 3  ε0 εb
¼ 0:
vz
vz
z¼0

References

(A.2b)

Appendix B. Description of physical variables and their
numerical values

Fig. B1. Dependence of the surface charge densities s0 vs. the electric potential 4
calculated for Bardeen-type surface states (black line "BS00 ), Fermi-Dirac electron gas
(red curve "FD00 ), and Stephenson-Highland absorbed ions (solid and dashed blue step00
00
like curves "SH00 for DG00
1 ¼ DG2 ¼ 0:2eV and 0.1 eV, dotted curves for DG1 ¼ 0:2 eV
and DG00
2 ¼ 0:4 eV) for parameters listed in Table B.1.
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Using the Landau-Ginzburg-Devonshire theory, we considered the impact of the flexoelectrochemical coupling
on the size effects in polar properties and phase transitions of thin ferroelectric films with a layer of elastic defects.
We investigated a typical case, when defects fill a thin layer below the top film surface with a constant concentration
creating an additional gradient of elastic fields. The defective surface of the film is not covered with an electrode,
but instead with an ultrathin layer of ambient screening charges, characterized by a surface screening length.
Obtained results revealed an unexpectedly strong effect of the joint action of Vegard stresses and flexoelectric
effect (shortly flexochemical coupling) on the ferroelectric transition temperature, distribution of the spontaneous
polarization and elastic fields, domain wall structure and period in thin PbTiO3 films containing a layer of elastic
defects. A nontrivial result is the persistence of ferroelectricity at film thicknesses below 4 nm, temperatures
lower than 350 K, and relatively high surface screening length (∼0.1 nm). The origin of this phenomenon is
the flexoelectric coupling leading to the rebuilding of the domain structure in the film (namely the cross-over
from c-domain stripes to a-type closure domains) when its thickness decreases below 4 nm. The ferroelectricity
persistence is facilitated by negative Vegard effect. For positive Vegard effect, thicker films exhibit the appearance
of pronounced maxima on the thickness dependence of the transition temperature, whose position and height can
be controlled by the defect type and concentration. The revealed features may have important implications for
miniaturization of ferroelectric-based devices.
DOI: 10.1103/PhysRevB.97.024102

I. INTRODUCTION

Deep physical understanding and a possible control of the
polar properties of thin ferroelectric films are important for
both fundamental research and the most promising applications
in memory elements as well as many other devices [1].
With a decreasing film thickness its ferroelectric properties
usually decline until their complete disappearance at thicknesses smaller than the critical one [2]. Feasible ways to
avoid the size-induced phase transition in thin epitaxial films
are, for example, selecting of an appropriate substrate [3] or
modification of their chemical composition [4]. Particularly
it was shown that the retaining of ferroelectricity down to
ultrathin films (3–5 lattice constants thick) is provided by the
“self-polarizing” role of elastic strains arising in the film due
to mismatching lattice constants of the film and the substrate
[5]. Earlier it was shown by Roytburd et al. [6] that the change
in the polarization is proportional to internal stresses due to
film-substrate misfit strain, and, as an example, a significant
recovery in the piezoelectric constant and susceptibility in
PbZr0.2 Ti0.8 O3 films on (001) LaAlO3 substrate was revealed.
The presence of point elastic defects (such as uncharged
impurities and vacancies, elastic dipoles, dilatation centers
*
†

genenko@mm.tu-darmstadt.de
anna.n.morozovska@gmail.com

2469-9950/2018/97(2)/024102(17)

[7]) can strongly impact the electric polarization of films via
electrostriction [8], flexoelectric effect (see, e.g., Refs. [9–13])
and “chemical” or Vegard strains (see, e.g., Refs. [14–19]).
Actually, when the chemical heterogeneity is the actual
mechanism for strain, the generalized Hooke’s law relates the
defect concentration excess δN, elastic stress tensor σij and
strain tensor uij in accordance with the Vegard law [16–19],
σij = Wij δN + cij kl ukl . Due to the gradient nature, the elastic
defect influence is much more complex and less studied than
the effect of homogeneous elastic strains arising in a film due
to the film and substrate lattice mismatch [20]. A joint action of
Vegard stresses and flexoelectric effect, named flexochemical
effect [21], can explain some unusual phenomena caused
by size effects, such as, e.g., reentrant ferroelectric phase
with enhanced polarization at room temperature observed in
BaTiO3 nanoparticles with sizes less than 20 nm [22].
Flexoelectric effect, chemical composition gradient and/or
defect impact on the polar properties of ferroelectric thin films
were studied theoretically by several authors, but mostly these
three different effects have been studied separately [see the
columns “Flexoelectric effect” and “Composition gradient,
defects” in Table I]. For instance, Marvan et al. [23] advanced
the theory of compositionally graded ferroelectrics.
Roytburd and Slutsker [24] proposed a phenomenological
model of a graded ferroelectric film taking into account
approximate expressions for depolarization field containing
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TABLE I. Flexoelectric, Vegard and size effects, compositional gradients, and domain structure formation considered “Yes” or “No” in
ferroelectric thin films.
Flexoelectric, Vegard and size effects, compositional gradients, and domain
structure formation considered (“Yes” or “No”) in ferroelectric thin films
References examples
Tilley [2]
Catalan et al. [38]
Marvan et al. [23]
Bratkovsky, and Levanyuk [32]
Ban et al. [33], Zhong et al. [34]
Karthik et al. [39]
Morozovska et al. [40]
Morozovska et al. [20]
Morozovska et al. [35]
Vorotiahin et al. [36]
Vorotiahin et al. [37]
This work

Flexoelectric
effect

Composition
gradient, defects

Compositional
polariza-tion

Vegard
stresses

Flexochemical
effect

Domain
formation

Size
effects

No
Yes
No
No
No
Yes
No
Yes
Yes
Yes
Yes
Yes

No
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes
No
No
Yes

No
No
Yes
Yes
No
No
No
No
No
No
No
Yes

No
No
No
No
No
No
Yes
Yes
Yes
No
No
Yes

No
No
No
No
No
No
No
No
No
No
No
Yes

No
No
No
No
No
No
Yes
No
No
No
Yes
Yes

Yes
Yes
No
Yes
No
No
No
Yes
Yes
Yes
Yes
Yes

the term proportional to the average polarization, similar to
the one proposed earlier by Kretschmer and Binder [25].
In the subsequent papers, they applied the same method to
the ferroelectric films with domains [26,27]. Note that the
approximation for the depolarization field being undoubtedly
useful for derivation of analytical results in a single-domain
case, becomes questionable in a poly-domain case. For the
rigorous consideration of domains appearance one should
solve numerically the coupled problem containing the Poisson
equation for the electric field and a nonlinear equation for
polarization dependence on the field [23]. The coupled problem
is typically solved by a self-consistent phase field method
allowing modeling of very complex domain structures such
as flux-closure domains [28] and domain vortexes [29–31] in
thin ferroelectric films and superlattices.
Bratkovsky and Levanyuk [32] theoretically studied the
smearing of phase transition due to a surface effect or a bulk
inhomogeneity in single-domain ferroelectric nanostructures.
Ban et al. [33] and Zhong et al. [34] established the theoretical fundamentals of the piezoelectric and polar responses
of graded ferroic materials. Morozovska et al. [35] studied
theoretically the domain wall interaction with elastic defects in
uniaxial ferroelectrics. The papers [23–35] considered chemical composition gradient only and ignored flexocoupling.
Other authors considered only the impact of flexocoupling
on the thermodynamics and kinetics of polarization reversal in thin ferroelectric films (see, e.g., Vorotiahin et al.
[36,37]).
Remarkably the separate theoretical consideration of the
flexoelectric coupling and inhomogeneous strains in thin ferroelectric films leads to results, which can be oversimplified
for realistic applications, because flexocoupling is omnipresent
and its relative contribution significantly increases with the
film thickness decrease [13]. However, there are only a few
theoretical studies considering both flexoelectric and chemical
composition gradient effects, all of which are some particular
cases [see Table I]. For instance, Catalan et al. [38] studied the
effect of flexoelectricity on the polar and dielectric properties

of inhomogeneously strained ferroelectric thin films. Karthik
et al. [39] revealed giant built-in electric fields due to flexoelectricity in compositionally graded ferroelectric thin films.
Morozovska et al. [40] studied the flexocoupling impact on
size effects of piezoresponse and conductance in mixed-type
ferroelectric semiconductors.
Notably the studies [20,21,38–40] analyze flexoelectric
and compositional effects in linear approximation, and, the
most important, the appearance of domains due to spatial
inhomogeneities has not been considered [see the column
“Domain formation” in Table I]. However, one can regard that
even a tiny inhomogeneity leads to the splitting of the system
into domains. This result was obtained by Bratkovsky and
Levanyuk [41], who performed an analytical study of stability
loss and evolution of domain structure in inhomogeneous
ferroelectric (or ferroelastic) samples.
It is well-established that the spatial heterogeneity and
incomplete screening of spontaneous polarization significantly
influence domain structures in epitaxial thin films (see, e.g.,
the monograph by Tagansev et al. [42] and the recent review
by Roytburd et al. [43] of theoretical approaches, phase field
modeling and experimental studies of domain structures in
epitaxial films). A classical result was obtained by Bratkovsky
and Levanyuk [44], who studied theoretically the dielectric
response of ferroelectric thin films with a “dead” dielectric
layer at the interfaces with electrodes and obtained that the
domain structure inevitably forms in a film in the presence of
a dead layer.
While paying tribute to the previous theoretical results
[20–40], the influence of incomplete screening, combined
flexochemical and size effects on domain structures, polar,
elastic, and electrophysical properties of thin ferroelectric films
have not been considered so far in a self-consistent way. The
main objective of our work is to propose a self-consistent
approach describing the impact of the defect-driven flexochemical coupling on the film properties, domain structure evolution
and size effects and analyze the outcomes towards optimization
of the properties for advanced applications.
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II. STATEMENT OF THE PROBLEM

The Landau-Ginzburg-Devonshire (LGD) expansion of bulk (GV ) and surface (GS ) parts of the Gibbs free energy of a
ferroelectric film in powers of the polarization vector and stress tensor components Pi and σij and the energy of the electric field
outside the film (Gext ) have the form:
G = GV + GS + Gext ,
⎞
⎛
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The tensor aij is positively defined for linear dielectrics,
and explicitly depends on temperature T for ferroelectrics and
paraelectrics. Below we use an isotropic approximation for
the tensor coefficients aij = αT (T − Tc )δij , where δij is the
Kroneker δ symbol, T is absolute temperature, and Tc is the
Curie temperature. All other tensors included in the free-energy
Eq. (1) are supposed to be temperature independent. Tensor
aij klmn should be positively defined for the thermodynamic
stability in paraelectrics and ferroelectrics. Tensor gij kl determines the magnitude of the gradient energy and is also
regarded positively defined. ε0 is the vacuum permittivity, εb is
a relative background dielectric permittivity [45]. Coefficients
Qij kl are the components of electrostriction tensor, sij kl are
the components of elastic compliance tensor, Fij kl is the
flexoelectric strain coupling tensor. For most of the cases one
can neglect the polarization relaxation and omit high order
elastic strain gradient terms if the flexoelectric coefficients
are below the critical values Fijcrkl [46,47]. Wij is the elastic
dipole (or Vegard strain) tensor, that is regarded diagonal
hereinafter, i.e., Wij = W δij . The quantity δN = N (r ) − Ne
is the difference between the concentration of defects N at the
point r and their equilibrium (average) concentration Ne .
In the surface energy Eq. (1c), the tensor aijS and the
effective surface screening length λ are introduced [37,48].
In the isotropic approximation, aijS = αS δij , used hereinafter,
the constant αS is related with a conventional extrapolation
length [2,25] as = g11 /αS . Concerning the physical origin
of λ, we regarded that the top surface of the film is covered
with the surface screening charge of the specific nature, e.g.,
Bardeen-type surface states [49] and so λ can be associated
with a Bardeen screening length. For the case the screening
charges can be localized at surface states caused by the strong
band-bending via depolarization field [50–54], at that the value
of λ can be much smaller ( 0.1 nm) than a lattice constant
(∼0.5 nm) [55].
Also, we introduce electric field via electrostatic potential
ϕ as Ei = −∂ϕ/∂xi . Polarization is conjugated to the electric
field Ei which can include external and depolarization contributions (if any exists).
Note that we neglected the higher elastic gradient term
1
v
(∂ σij /∂xm )(∂ σkl /∂xn ) in the functional Eq. (1b), be2 ij klmn
cause its magnitude and sign are still disputed [56]. Thus, we
apply in the following only one half (Fij kl Pk (∂ σij /∂xl )) of the


d 3r
r∈V
/ FE

(1a)
(1b)

ε0 εe
Ei Ei .
2

(1c)

full Lifshitz invariant Fij kl (Pk (∂ σij /∂xl ) − σij (∂ Pk /∂xl ))/2.
The higher elastic gradient term is necessary for the stability
of the thermodynamic potential if the full Lifshitz invariant is
included. Application of either the term Fij kl Pk (∂ σij /∂xl ) or
the term Fij kl (Pk (∂ σij /∂xl ) − σij (∂ Pk /∂xl ))/2 results in the
same equations of state. The full form, however, affects the
boundary conditions [57–60]. The reason of using only the part
of the Lifshitz invariant in Eq. (1) is that implementation
of the full form causes poor convergence of the numerical
code and impairs the quality and reliability of the obtained
results. Using the truncated form in Eq. (1) can be justified
by the smallness of the flexoelectric coupling strength as
compared to the polarization gradient term. Thus, following
Refs. [47,61,62] we assume that the used approximation is
2
valid if Fklmn
 gij kl sij mn .
Polarization distribution can be found from the EulerLagrange equations obtained after variation of the free-energy
Eq. (1):
aik Pk + aij kl Pj Pk Pl + aij klmn Pj Pk Pl Pm Pn − gij kl
− Qij kl σkl Pj + Fij kl

∂ 2 Pk
∂xj ∂xl

∂σkl
= Ei ,
∂xj

(2a)

along with the boundary conditions on the top surface of the
film S at x3 = h:
gkj im nk

∂Pm
+ aijS Pj − Fj kim σj k nm
∂xj

= 0.

(2b)

x3 =h

The most evident consequences of the flexocoupling are the
inhomogeneous terms in the boundary conditions Eq. (2b).
Elastic stress tensor satisfies the mechanical equilibrium
equation ∂σij /∂xj = 0; elastic strains are uij = −δGV /δσij ,
resulting in
uij = sij kl σkl + Qij kl Pk Pl + Fij kl

∂Pl
+ Wij δN.
∂xk

(2c)

The boundary conditions at the mechanically free surface
x3 = h can be obtained from the variation of the free-energy
Eq. (1) with respect to the stresses:
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FIG. 1. (a) Scheme of a film with the thickness h and the layer of thickness h0 where defects are accumulated. (b) Normalized concentration
of defects inside the layer of thickness h0 and transition layer depth h. Thick arrows point the direction of polarization z component and thin
arrows point the direction of in-plane polarization components in the region of closure domains.

Here, nj are components of the external normal to the film
surface. Misfit strain um existing at the film-substrate interface
(x3 = 0) leads to the boundary conditions for mechanical
displacement components Ui related to elastic strain as uij =
(∂Ui /∂xj + ∂Uj /∂xi )/2:
(U1 − x1 um )|x3 =0 = 0, U3 |x3 =0 = 0.

(3b)

The periodic conditions were imposed at the lateral sides,
U1 |x1 =−w/2 − U1 |x1 =w/2 = wum , while the period w should be
defined self-consistently.
The electric field E (being the sum of an external Eext and
a depolarization one Ed ) is determined self-consistently from
the electrostatic problem for the electric potential ϕ,
ε0 εb

∂Pj
∂ 2ϕ
=−
,
∂xi ∂xi
∂xj

(4)

supplemented by the condition of potential continuity at the
top surface of the film, z − h, using hereinafter also notations
x1 ≡ x, x2 ≡ y, x3 ≡ z. The difference of electric displacement components Dn(i) − Dn(e) is conditioned by the surface
screening produced by the ambient free charges at the film
surface S:

ϕ
= 0.
(φ (e) − ϕ (i) )|x3 =h = 0, Dn(e) − Dn(i) + ε0
λ x3 =h
(5)
Here, n is the outer normal to the film surface, electric
displacement D = ε0 εb E + P, the subscript “i” means the
physical quantity inside the film, and “e” means outside the
film. The conditions of zero potentials were imposed at the
bottom electrode (z = 0) and a remote top electrode (z =
H + h, H → ∞), respectively [63] (see Fig. 1).
Note, that in the case of almost homogeneous polarization
(or distributed along z-axis only) the internal electric field
calculated on the basis of Eqs. (4) and (5) could be easily
reduced to the well-known expressions, containing the difference of the polarization and its average, −(P3 − P̄3 ) (see, e.g.,
Refs [25,64,65].). However, in the case of pronounced domain
structure the average polarization is zero and the internal
electric field is usually localized in space, in contrast to the

suppositions of some approximate models, used earlier (see,
e.g., Refs. [26,27]).
Note that one can associate the elastic defects in Eq. (1b)
with “random temperature” defects in some sense, but we do
not use this terminology, because a classical random temperature defect only renormalizes the local Curie temperature,
while the elastic defects we consider are incorporated in the
elastic Eq. (2c) as well as in the mechanical equilibrium
equation ∂σij /∂xj = 0. Thus, the Vegard stresses and strains
become coupled with flexoelecricity, leading to the appearance
of the term dependent on δN in Eq. (2b) that originates from
kl
the term Fij kl ∂σ
. The defects also act as random temperature
∂xj
defects by renormalizing Curie temperature via electrostrictive
coupling.
Further we suppose that most of defects are located in a
thin top layer of thickness h0 beyond which their concentration
decreases exponentially towards the film bulk [66] (see Fig. 1):
δN(z) ≈

N0
.
1 + exp [−(z − h + h0 )/ h]

(6)

We suppose that the interstitial point defects with maximal
concentration ∼1026 m−3 [see Table I] can be introduced by
inhomogeneous doping or implantation the PTO film with
light ions, such as protons or Li, or oxygen vacancies, which
may become electrically neutral inside the film due to the
charge compensation by electronic carriers. It can either be
“heavy” ions such as La or Bi. Also, standard chemical doping
may introduce neutral lattice defects like Zr substitutions on
Ti sites or Ca, Cu, Co, and Zn substitutions on Pb sites
as first-principle-based calculations show [67]. A promising
candidate for neutral chemical doping is Ba2+ substituting
Pb2+ (see, e.g., Ref. [68]). This substitution has larger ionic
radius (135 pm against 119 pm of Pb2+ ), and thus W > 0.
Experimentally it was proven to be possible at least in lead
zirconate titanate; see Refs. [69] and [70]. All other mentioned
substitutions have smaller radii than Pb2+ and likely provide
W < 0. In fact, the maximal molar concentration of defects
in our calculations does not exceed 1–2% (one defect per
50 unit cells or less), at that the volume of the cubic PTO
unit cell is about 64 × 10−30 m3 . Such concentrations of
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TABLE II. Description, dimension, and numerical values of material parameters.
Description

Symbol and dimension
−2

2

Coefficient at P
Inverse Curie-Weiss constant
Curie temperature
Background permittivity
Surface energy coefficient
Electrostriction coefficient
Elastic stiffness tensor
Elastic compliance tensor
Gradient coefficient
Flexoelectric stress tensor
Flexoelectric strain tensor
Kinetic coefficient
LGD-coefficient at P 4
LGD-coefficient at P 6
Surface screening length
Vegard strain coefficient
Misfit strain
Maximal defect concentration
Defect layer thickness
Transition layer depth

α(T )(×C m J)
αT (×105 C−2 m J/K)
TC (K)
εb
αS0 (×C−2 J)
Qij (×m4 /C2 )
cij (×1010 Pa)
sij (×10−12 1/Pa)
gij (×10−10 C−2 m3 J)
fij (V)
Fij (×10−11 m3 /C)
(×s m/F)
a11 (×108 JC−4 m5 )
a111 (×108 JC−6 m9 )
λ (×10−10 m)
W (×10−30 m)
um (%)
N0 (×1026 m−3 )
h0 (nm)
h (nm)

Numerical value for PbTiO3
αT (T − TC )
3.8
752
7
0
Q11 = +0.89, Q12 = −0.026, Q44 = 0.0675
c11 = 17, c12 = 8, c44 = 11
s11 = 8, s12 = −2.5, s44 = 9
g11 = 4.0, g12 = −0.5, g44 = 0.5,
f11 = 6.8, f12 = 4.9, f44 = 5.6
F11 = 3, F12 = 1, F44 = 5a
100
−0.73
+2.60
1 (or vary within the range)
±10b
−1
(0–3)
25
1

a
The coefficients Fij are still not available experimentally for PTO, but some components could be evaluated from the first principles for various
perovskites [75–77] and their thin films [78]. On the other hand, the magnitudes of F11 = 3, F12 = 1 and F44 = 0.5 (in 10−11 C−1 m3 units) are
of the same order as the microscopic estimations (F ∼ 10−11 m3 /C) by Kogan, and the values measured for SrTiO3 by Zubko et al. [79,80].
The value F44 = 5 × 10−11 C−1 m3 is higher than a conventional one, but its effect is only relevant for fine details of polarization and elastic field
distributions close to the bottom electrode. We note also that all values we used are significantly smaller than the ones (F ∼ (5–10)10−10 m3 /C)
measured for PbZrTiO3 by Ma and Cross [81].
b
The chosen values of Vegard coefficient, W = ±10 A are in agreement with ab initio calculations for perovskite SrTiO3 [14] as well as with
typical experimental values [16,17].

doping are quite realistic, for instance, doping with 0.5% and
1.0 mol% of Li of perovskite Cax Pb1−x TiO3 was reported by
Liu Jingbo et al. [71]. Perovskite SrZrO3 doped with 0.3 mol%
of protons was studied by Slodczyk et al. [72]. La doping up to
0.44 mol % of PbTiO3 single crystal was reported by Wójcik
[73]. Piezoelectric properties of PTO ceramics doped up to
5 mol% of Bi was studied by Ueda and Ikegami [74]. The
defect layer can be also formed by, e.g., oxygen partial pressure
conditioning during the film preparation; see, e.g., Refs. [3,5].

III. RESULTS AND DISCUSSION

Using COMSOL Multiphysics package we calculated ferroelectric polarization, electric fields, and elastic properties from Eqs. (2)–(5) for exemplarily chosen film thickness, temperature, misfit strain, the defect distribution given
by Eq. (6) and PbTiO3 (PTO) ferroelectric parameters
σv =



listed in Table II. Results of FEM calculations are shown
in Figs. 2–7.
A. Polarization, domain structure, and elastic field dependence
on the sign of Vegard coefficient

Note that in most cases, a stable polydomain structure
with prevailing out-of-plane polarization has been found for
an applied negative misfit strain um = −1% and λ > 0.1 nm
[37], which support the out-of-plane polarization component
[8] and a polydomain structures. The appearance of the closure
domains [42] under the electrically open film surface depends
strongly on the degree of screening, represented by the values
of the surface screening length λ and temperature [37].
To illustrate the above-mentioned issues, Fig. 2 shows the
spatial distributions of the in-plane and out-of-plane polarization components, Px and Pz , respectively, corresponding
elastic strains uxx and uzz , and von Mises stress [82],

2 + 6σ 2 + 6σ 2 ,
(σxx − σyy )2 + (σyy − σzz )2 + (σzz − σxx )2 + 6σyz
zx
xy

in the cross-section of a 50-nm-thick PTO film. The top and
bottom rows are calculated for positive and negative Vegard
coefficients, W = +10 Å and W = −10 Å, respectively. At elevated temperature T = 600 K, which, however, is sufficiently
far from the film’s transition temperature to the paraelectric

(7)

phase, shallow (up to 5 nm) closure a-domains appear near
the electrically open surface. They have a form of rounded
wedges and relatively diffuse domain walls [see Figs. 2(a)
and 2(f) showing Px distribution]. There are clearly visible
stripe c-domains with relatively sharp domain walls in the
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W =+10 Ao, T = 600 K, ho = 25 nm, h = 50 nm
%
%
C/m2
C/m2

z (nm)

GPa

(a) Px

(b) Pz

(c) uxx

(d) uzz

x (nm)

x (nm)

x (nm)

x (nm)

(e)

x (nm)

o

W = 10 A , T = 600 K, ho = 25 nm, h = 50 nm
%
%
C/m2
C/m2

z (nm)

GPa

(f) Px

(g) Pz

(h) uxx

(i) uzz

(j)

x (nm)

x (nm)

x (nm)

x (nm)

x (nm)

FIG. 2. Spatial distribution of the in-plane polarization component Px (a), (f) and the out-of-plane component Pz (b), (g), elastic strains uxx
(c), (h) and uzz (d), (i), and von Mises stress σ (e), (j) in the cross-section of the 50-nm PTO film calculated for positive [top row, plots (a)–(e)]
and negative [bottom row, plots (f)–(j)] Vegard coefficients W = ±10 Å, temperature T = 600 K, screening length λ = 0.1 nm, depth of defect
layer h0 = 25 nm, h = 1 nm, and defect concentration N0 = 3 × 1026 m−3 . Other parameters are listed in Table II.

middle of the film and near the bottom screening electrode
for the normal component of the polarization. The stripe
domain walls noticeably broaden and diffuse to the depth
of about 5 nm near the top surface [see Figs. 2(b) and 2(g)
showing Pz distribution]. The polarization in the middle of
the closure and stripe domains is significantly larger for the
Vegard coefficient W = +10 Å than it is for W = −10 Å, but
all other characteristics of a- and c-domains depend weakly
on the value of W [compare Figs. 2(a) and 2(f), Figs. 2(b) and
2(g)]. A 25-nm layer of elastic defects, the domain structure,
and the misfit strain at the film-substrate interface determine
the structure and spatial distribution of the elastic strain tensor
in the film, whose diagonal components uxx and uzz are shown
in Figs. 2(c), 2(d) and 2(h), 2(i), respectively. The main features
on the lateral strain distribution are caused by the domain
structure via the piezoelectric and flexoelectric effects, and so
the distribution of uxx is virtually independent on the sign of W
[compare Figs. 2(c) and 2(h)]. The main features of the vertical

strain distribution are conditioned not only by the domain
structure, but also by an elastic field gradient in the defect layer.
That is why a diffuse horizontal boundary is clearly visible on
the edge of the defect layer in Figs. 2(d) and 2(i). The vertical
strain in this layer is determined by a chemical pressure of
defects and thus it changes sign when the sign of W is changed
[compare Figs. 2(d) and 2(i)]. The distribution of von Mises
dilatational stress σ reproduces the profile of the out-of-plane
polarization component, namely, a stripe domain structure with
broadened domain walls near the surface, while the value of σ ,
in a near-surface layer with a thickness of the order of 5 nm, is
strongly dependent on the sign of W [see Figs. 2(e) and 2(j)].
We note that the pronounced features of the distributions of
uxx , uzz , and σ near the bottom electrode do not depend on the
sign of W, since they arise from the flexoelectric coupling.
Note that the value of the screening length λ strongly
affects the polar properties of the film, determines its critical
thickness at fixed temperature and the existence as well as the
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FIG. 3. (a) The dependence of the 25-nm-thick PbTiO3 film total energy on the domain size (potential relief of wall-wall interaction)
calculated for different values of surface screening length λ (shown near the curves), positive Vegard coefficient W = +10 Å (a) and negative
Vegard coefficient W = −10 Å (b). Dependences of the equilibrium domain size d (c) and inverse value 1/(d − d0 ) (d) on the surface screening
D
,
length λ calculated numerically for W = −10 Å (circles) and W = +10 Å (squares). Solid curves are fitting to the formula d = d0 + λ−λ
cr
where d0 = 13.5 nm, D = 0.03 nm2 , λcr = 0.010 nm for W = −10 Å; and d0 = 10.2 nm, D = 0.05 nm2 , and λcr = 0.011 nm for W = +10 Å.
Temperature T = 600 K and defect concentration N0 = 3 × 1026 m−3 . Other parameters are listed in Table II.

type of the domain structure [37]. In addition, a pronounced
minimum at a certain width, which depends on W , temperature and the film thickness, appears on the dependence of
the system specific energy E on the domain lateral size d
when λ increases [see Fig. 3]. The decreasing dependence
E(d) is steeper, and the minimum on it is much deeper for
positive W = +10 Å than for negative W = −10 Å [compare
Figs. 3(a) and 3(b)].
Notably, the expected Kittel-Mitsui-Furuichi (KMF) relation connecting the period d of the stripe domain structure,
having infinitely thin walls, with the film thickness h, d ∼
√
h, is not confirmed in our calculations, since they naturally account for domain wall broadening near electrically
open surfaces (via the polarization gradient [83]) and closure domains (via polarization rotation) [40]. Moreover, our

results are λ- and W -dependent. To illustrate this, Fig. 3(c)
shows the dependences of the equilibrium domain size d
on the screening length λ. The dependence on the domain
D
[see
size on λ obeys an analytical formula, d = d0 + λ−λ
cr
Fig. 3(d) showing the dependence of inverse value 1/(d − d0 )
on λ], where the critical values λcr slightly differ for W =
+10 Å and W = −10 Å, while the parameters d0 and D
depend on the W sign much more strongly (see caption to
Fig. 3).
Notably the limit of “ideal metal” corresponds to λ = 0,
while it was shown earlier that there is a finite non-zero value
of λ below which the polydomain film transforms into monodomain state (see, e.g., Ref. [84] for uniaxial ferroelectric,
when closure domains are absent, and Ref. [37] for multiaxial
ferroelectrics).
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FIG. 4. Temperature dependence of the maximal spontaneous polarization calculated for different film thicknesses h = (6, 10, 20) nm [plot
(a)] and h = (20, 50) nm [plot (b)], without defects (N0 = 0, dashed curves) and with defect concentration N0 = 2 × 1026 m−3 and Vegard
coefficient W = +10 Å, screening length λ = 0.1 nm. Other parameters are listed in Table II. The inflections at the curves for 50-nm-thick film
indicate the appearance of the closure domains (CD) at temperatures lower than 550 K.
B. Temperature evolution of spontaneous polarization, domain
structure, and elastic fields

Figure 4 shows the temperature dependencies of the maximum spontaneous polarization PS at the center of the stripe
domains, calculated for films of different thicknesses (6–
50 nm) with a layer of elastic defects (solid curves) and without
it (dashed curves). Note that the presence of defects noticeably
enhances the value of switchable polarization 2PS (dashed
curves are always lower than solid ones) in PTO films with
thickness less than 50 nm, but due to the stripe domain structure the average polarization is zero without applied electric
field. Due to defects, corresponding switchable bound charge
σS = 2PS increases significantly (up to 40–80 μC/cm2 ) in
the vicinity of phase transition temperature that varies in the
range 750–950 K depending on the film thickness [compare
the onset of solid and dashed curves in Fig. 4(a)]. At room
temperature the increase of σS induced by defects is much
smaller (∼5 μC/cm2 ).
Moreover, the temperature of the spontaneous polarization
and domain structure appearance in a film with defects is
much larger (by 50–70 K), than for films without them,
and the polarization itself is somewhat larger for thin films
with a thickness less than 25 nm, for which the defect layer
occupies the whole film and the Vegard effect is positive
(W = +10 Å) [compare solid and dashed curves in Fig. 4(a)].
When increasing the film thickness to 50 nm (with a thickness
of the defect layer 25 nm), the temperature of the spontaneous
polarization emergence becomes 20 K higher than the ferroelectric transition temperature of a 50-nm film without defects
[compare solid and dashed curves in Fig. 4(b)]. Notably, the
bending appears on the temperature dependence of the maximum polarization at the temperature 550 K, being related with
the emergence of closure domains at lower temperatures. The
temperature of polarization emergence decreases at negative
W = −10 Å (this case is not shown in the figures, since we
are primarily interested in the conditions of polar properties
enhancement).

Spatial distributions of in-plane and out-of-plane polarization components and corresponding elastic strains in the
cross-section of the 60-nm-thick PTO film calculated for
positive Vegard coefficients W = +10 Å, elevated (850 K)
and room (300 K) temperatures are shown in Fig. 5. It is
evident that the closure domains, as well as a pronounced stripe
domain structure, are absent at high temperatures near the
phase transition of the film into the paraelectric phase [compare
Figs. 5(a)–5(d) and 5(e)–5(h)]. On the contrary, small domains,
which branch near the surface of the film, appear at 850 K. They
gradually “freeze” and transform to stripe domain structure
with closure domains as the temperature decreases.
C. Ferroelectric transition temperature dependence
on the film thickness

Figure 6 shows the dependence of the ferroelectric transition
temperature TC (h) on the film thickness h [Fig. 6(a)] and
its inverse value 1/h [Fig. 6(b)], calculated for the positive,
zero and negative Vegard coefficients W . At W > 0 the
maximum appears on the dependence at a film thickness of
25 nm, virtually equal to the thickness of the defect layer
h0 [see red curve in Fig. 6(a)]. Temperature TC (h) decreases
monotonically with decreasing h at W  0. Notably, the
inequality TC (h,W < 0) < TC (h,W = 0) < TC (h,W > 0) is
valid for thicknesses more than 4 nm [compare red, magenta,
and blue curves in Fig. 6(a)]. At a film thickness of about
3.5 nm, all three curves intersect, and the order of the curves
corresponding to W > 0 and W < 0 changes with the further
decrease of the film thickness. A maximum and a kink on
dependencies TC (h) are observed at h = h0 , for positive and
negative W , respectively [see red and blue curves in Fig. 6(a)].
From Fig. 6(a) we can see, that the critical thickness of the
film below which the ferroelectric phase vanishes is absent
for all W. It is true even until 2-nm thickness (that is about 5
lattice constants) for which the continual theory of LGD is still
applicable at least qualitatively. Somewhat overstretching the
LGD approach one can observe in Fig. 6(b) that TC does not
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FIG. 5. Spatial distributions of polarization components Pz (a), (e) and Px (b), (f), elastic strains uxx (c), (g), and uzz (d), (h) in the
cross-section of the 60-nm-thick PTO film calculated for positive Vegard coefficients W = +10 Å, temperatures T = 850 K [plots (a)–(d)] and
300 K [plots (e)–(h)], screening length λ = 0.1 nm, and defect concentration N0 = 3 × 1026 m−3 . Other parameters are listed in Table II.

decrease below room temperature for the films with thickness
h  1 nm or even less, its value varying within the range
350–450 K in dependence on the sign and value of W (compare
red, magenta, and blue curves with symbols in Figs. 6). This
effect can be explained only by the presence of relatively strong
compressive strains (−1%) at the film-substrate interface,
which effectively support spontaneous dipole displacements
in ultathin films [3–5] due to the electrostriction [8] and
flexoelectric effect [40]. The depolarization field in the film is
minimal due to a developed domain structure [see Figs. 2 and
4]. Indeed, electrostrictive coupling between polarization and
elastic stresses shifts the transition temperature significantly,
in the order of Q33ij σij /αT in a stressed film (see Ref. [8] for
details), and the flexoelectric effect creates a built-in electric
field proportional to the convolution of tensors Fj kim σj k nm in
the boundary conditions Eq. (2b) (see Ref. [40] for details).
The approximate part of the dependence TC (h) calculated
analytically for small thicknesses without the flexoelectric
effect and Vegard effect is shown in Fig. 6(b) by a dotted curve.
Room-temperature spontaneous polarization PS in dependence on the film thickness
√ is shown in Fig. 6(c). Since one
can regard that PS (h) ∼ TC (h) − T within LGD-approach,
the value PS becomes almost thickness-independent or even
slightly increasing with thickness decrease below 2 nm for

nonzero flexocoupling [see red, magenta, and blue curves with
symbols in Fig. 6(c)]. Corresponding switchable bound charge
σS is equal to 2PS .
Without flexocoupling and defects the spontaneous polarization sharply disappears with thickness decrease and the sizeinduced transition into a paraelectric phase occurs at h = 3 nm
[see dotted curve in Fig. 6(c)]. At that the difference between
the switchable polarization calculated for nonzero flexocoupling at positive and negative Vegard coefficients is about
12 μC/cm2 , leading to the difference of about 24 μC/cm2 in
the switchable bound charge. Hence, we can predict that the
relatively high switchable polarization of order 50–60 μC/cm2
and switchable bound charge σS about 100–120 μC/cm2 can
be induced in ultrathin PTO films due to the flexochemical
effect. The predicted increase of σS ∼ 0.2–1 C/m2 in ultrathin
perovskite films of thickness less than 5 nm is due to the
flexochemical effect; and it can be important for applications
in advanced memory devices opening the way for their further
miniaturization.
Distributions for the 2-nm film calculated at temperature
300 K show the film in the state close to the phase transition
(Fig. 7); that is why its polarization is severely weakened and
domain walls are notably diffused. Also, a metastable domain
state can be observed for the film at negative W . This illustrates
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FIG. 6. Ferroelectric transition temperature vs. the film thickness h (a) and 1/ h (b). The spontaneous polarization in dependence on the film
thickness calculated at T = 300 K (c). Screening length λ = 0.1 nm, N0 = 3 × 1026 m−3 , Vegard coefficient W = +10 Å (squares), W = 0
(diamonds), and W = −10 Å (circles), and nonzero flexocoupling. Dotted line in plots (b), (c) correspond to the simultaneous absence of
the flexoelectric coupling and Vegard effect, W = 0, F = 0. Vertical dashed lines indicate the thickness limit of continuum LGD-theory
applicability. Other parameters are listed in Table II.

sensitivity of thin films to lateral boundary conditions and
flexoeffect that carry a major responsibility for the formation of
such kinds of structures. Flexoelectric coupling, in particular,
is also responsible for the very existence of the ferroelectric
phase in thin films under 6 nm.
A possible explanation for an anomalous change in the
phase-transition curve evolution at h < 4 nm [that is shown
in Fig. 6(a)] could be a transition from the c-domain state
of the film with polarization perpendicular to the surface in
thick films (where a part of closure domains is relatively small
because of their localization at approximately 5 nm below the
surface, see Figs. 2 and 5) to the mainly a-domain state with
the decrease of thickness, owing to the flexocoupling. Indeed,
with the thickness decrease a-domains with the in-plane polarization direction become significant (see Fig. 7). This happens
because it is well known that compressive misfit strains um < 0
support the c-domain formation, while the dilatation ones
um > 0 support the a-domain formation. Respectively, W > 0
supports c-domain stability, while W < 0 supports the stability
of a-domains. Therefore, for the case of thickness decrease

below 4 nm in the film already having defects homogeneously
4 nm), it is
occupying its whole bulk (because h0 = 25 nm
energetically favorable to increase the fraction of a-domains,
so that the ferroelectric phase transition temperature for this
scenario is higher. This can be seen in Fig. 6; the detailed
analysis of the corresponding domain structure and elastic
fields for the film thicknesses below 5 nm is given in Fig. 7.
Polarization components change their behavior when the
film thickness approaches 4 nm and less. The out-of-plane
component that prevailed in thicker films gradually dims,
giving the place for the in-plane polarization rising amplitude
and growing area of closure domains. Three-nanometer film is
already seen as such where the a-domains slightly exceed the cdomains in size. While the sign of the Vegard effect coefficient
has an insignificant effect on the polarization amplitude and
domain shapes, it can change mechanical strain and stress distributions. It can be seen in Fig. 7 that there are different elastic
fields, specifically the out-of-plane component uzz , changing
significantly under positive and negative W , which can be consistently traced back to the thicker films (see Fig. 2), where such
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FIG. 7. Spatial distribution of the out-of-plane and in-plane polarization components Px and Pz , von Mises stress σ and elastic strains
uxx and uzz in the cross-sections of the 4, 3, and 2-nm PTO film calculated for positive [top part (a), W = +10 Å] and negative [bottom part
(b), W = −10 Å] Vegard coefficients, room temperature T = 300 K, screening length λ = 0.1 nm, and defects filling the entire film with a
concentration N0 = 3 × 1026 m−3 . Other parameters are listed in Table II. Color gradient denotes scales of for the following physical parameters.
In-plane polarization changes from −0.45 to 0.45 C/m2 ; out-of-plane polarization changes from −0.45 to 0.6 C/m2 ; Von Mises stress changes
from 0.8 to 3.6 GPa; in-plane strain changes from −1.7% to −0.3%; out-of-plane strain changes from −0.2% to 3.1%.

dependencies occur in the defect-rich part of a ferroelectric
bulk. Since defects are quasi-uniformly spread across the depth
of the thin film (h0
h), Vegard stresses impact the whole
film thickness. Note that the asymmetry of the out-of-plane
polarization scale (from −0.45 to 0.6 C/m2 ) at film thickness

2–3 nm originates from the built-in electric field induced
by flexochemical coupling, and the asymmetry is absent for
thicker films (compare Figs. 7 with Figs. 2 and 5). Temperature
dependence of the total energy per unit area in the films of
thickness 2–170 nm is presented in Fig. 10 in Appendix.
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FIG. 8. Ferroelectric transition temperature dependence on the film thickness and defect concentration. (a) Dependence of the transition
temperature on the film thickness calculated for different values of the defect concentration N0 (shown near the curves) and zero (empty
symbols) or nonzero (filled symbols) flexoelectric coefficients. (b) Dependence of the transition temperature on defect concentration calculated
at 300 K for different values of the film thickness (shown near the curves) and zero (solid curves) or nonzero (dashed curves) flexoelectric
coefficients. (c) Dependence of the spontaneous polarization on the film thickness calculated at T = 300 K and different values of the defect
concentration N0 (shown near the curves) and for zero (empty symbols) or nonzero (filled symbols) flexoelectric coefficients. (d) Dependence
of the spontaneous polarization on defect concentration calculated at 300 K for different values of the film thickness (shown near the curves)
and zero (solid curves) or nonzero (dashed curves) flexoelectric coefficients. Screening length λ = 0.1 nm, W = +10 Å, and the depth of the
defect layer h0 = 25 nm, h = 1 nm. Other parameters are listed in Table II.

Graphs in Figs. 6 and 7 are plotted for the fixed concentration of defects. Their detailed analysis, carried out for various
defect concentrations in the temperature range of 600–900 K
with a positive Vegard coefficient, shows that a pronounced
maximum appears on the transition temperature dependence
TC (h) at h ≈ h0 with the increase of the defect concentration
[see Fig. 8(a) in a semilogarithmic graph]. At the maximum, the
transition temperature of 20–30 nm film with a layer of defects
near the surface exceeds by 50 K the transition temperature of a
thick lead titanate film, which makes it possible to significantly
improve the polar properties of thin films. The transition temperature of 20–30 nm film without defects is about 200 K lower
than the one in the film with defect concentration 3 × 1026 m−3
and W = +10 Å. Note that we neglected the relaxation of the
mismatch deformations in films with thickness h > h0 , and
therefore the applied compressive strain (-1%) leads to renormalization of the Curie bulk temperature from 752 to 880 K in
100-nm films.

Dependence of transition temperature on the defect concentration N0 increases quasilinearly at W > 0, and its slope
increases with the film thickness decrease [Fig. 8(b)]. Solid
curves with empty symbols in Fig. 8(a) and dashed curves
in Fig. 8(b) calculated with account for the flexoelectric
effect with flexoelectric coefficient Fij > 0 listed in Table I
correspond to a higher TC (h) than the curves calculated at
Fij = 0. The difference is most significant for the thinnest
films [see the curves for h = 10 nm and 20 nm in Fig. 8(b)];
it decreases with the film thickness increase and is almost
nondescript for the films with a thickness in the order of
100 nm and above [see the curves for h = 80 and 170 nm
in Fig. 8(b)]. This is obviously related with the built-in electric
field induced by the flexoelectric coupling of polarization with
inhomogeneous elastic stresses, which is proportional to the
product Fj kim σj k nm [see boundary conditions Eq. (2b)]. Note
that the transition temperature substantially rises with defect
concentration increase at positive Vegard coefficient (with
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FIG. 9. Contour maps of the transition temperature in the coordinates “film thickness–defect concentration” for the two cases of zero (a)
and nonzero (b) flexoelectric coefficients, screening length λ = 0.1 nm, W = +10 Å, and the depth of defect layer h0 = 25 nm, h = 1 nm.
Other parameters are listed in Table II.

the flexoeffect or without it), but the reentrant ferroelectric
phase, observed experimentally in spherical nanoparticles with
a radius R < 5 nm [22] and then explained theoretically by
flexochemical coupling [21], has not been observed in thin
films. In our opinion this is because there is no curved surface
in the films that induces the ferroelectric phase due to a competition between the contributions of size effects and surface
tension into the Curie temperature shift, which have different
signs and are proportional to 1/R and 1/R 2 , respectively [21].
Room-temperature spontaneous polarization PS in dependence on the film thickness is shown in Fig. 8(c) for various
defect concentrations N0 within the range (0 − 3)1026 m−3 and
positive Vegard coefficient W = +10 Å. Without defects PS
monotonically
√ increases with the film thickness increase. Since
PS (h) ∼ TC (h) − T the polarization curves have maxima at
h ≈ h0 with the increase of the defect concentration over about
1026 m−3 [see red, magenta, and blue curves with symbols in
Fig. 8(c)]. However, a corresponding difference (0.03 C/m2 )
of the maximal value 0.81 C/m2 at N0 = 3 × 1026 m−3 in
comparison with 0.79 C/m2 at N0 = 0 is much smaller than the
difference between the corresponding curves (∼0.79 C/m2 )
for thin films [compare red, magenta, and blue curves in
Fig. 8(c) with the corresponding ones in Fig. 6(c)].
Dependence of the spontaneous polarization on defect concentration N0 calculated at 300 K for different film thicknesses
(∼10–200 nm) is shown in Fig. 8(d). Polarization is increasing
gradually with N0 increase at positive Vegard coefficient, at
that the slope essentially increases with the film thicknesses
decrease [compare black, red, green, magenta, and blue curves
in Fig. 8(d)]. Also, the difference between the curves calculated
with and without flexoelectric coupling increases strongly with
the film thickness decrease [compare solid and dashed curves in
Fig. 8(d)]. In particular, the spontaneous polarization of 10-nm
film substantially rises (from 0.35 to 0.45 C/m2 ) with defect
concentration increase from 0 to 3 × 1026 m−3 . At that the
polarization curve calculated allowing for the flexocoupling
in a 10-nm film is essentially higher (∼0.1 C/m2 ) than the
one calculated without it [compare solid and dashed black
curves in Fig. 8(d)]. Corresponding switchable bound charge
σS is approximately equal to 0.7 C/m2 at N0 = 0 and Fij = 0

and can reach the value 0.98 C/m2 at Fij > 0 and N0 =
3 × 1026 m−3 . The predicted increase of the switchable bound
charge ∼0.28 C/m2 due to the flexochemical effect can be
important for thin films applications in memory devices.
The pronounced maximum on the transition temperature
contour maps in the variables “film thickness-defect concentration” exists under the presence of flexoelectric coupling [see
Fig. 9(a)] and without it [see Fig. 9(b)]; however, the flexoelectric effect significantly shifts the transition temperature (by up
to 30 K for thin PbTiO3 films).
Thus, the position and height of the maximum TC (h) can
be controlled by the defect concentration in the layer and the
surface screening length, which can be useful for advanced
applications. Summarizing this section, we conclude that
uncharged elastic defects have an unexpectedly strong impact
on the polar and elastic properties of ferroelectric films due
to Vegard stresses in the defective layer of the film and the
flexoelectric effect.
Let us underline that polydomain states of ferroelectric films
are used in several classical and advanced applications. There
are a lot of applications of periodically poled ferroelectric
layers of different compositions, for instance LiNbO3 [85],
LiTaO3 [86], and KTiOPO4 [87], for phase-matching of the
second and higher harmonic generation in nonlinear optic devices. Two-dimensional (2D) semiconductors (e.g., graphene)
placed on ferroelectric substrates with a domain structure are
promising candidates in advanced memory cells, where each
domain wall triggers the conductivity of the channel that is a
2D semiconductor (see, e.g., experimental works [88–90] and a
recent theory [91,92]. Hence, the revealed polydomain state in
ultrathin ferroelectric films induced by the flexochemical coupling can be of particular importance in advanced applications.
IV. CONCLUSIONS

Using the Landau-Ginzburg-Devonshire approach we established the effect of the flexoelectrochemical coupling on
the polar properties and phase transitions in thin ferroelectric
films with a surface layer of uncharged elastic point defects
(vacancies or ions). We considered a typical case, when the
defects are concentrated in a thin layer below the top film
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surface creating a sharp gradient of elastic fields. The defective
surface of the film is not covered with an electrode, but with
an ultrathin layer of ambient screening charges, which are
characterized by a surface screening length.
We obtained that the influence of the flexoelectrochemical
coupling and surface screening length on the ferroelectric transition temperature of the film, distribution of the spontaneous
polarization and elastic fields, domain wall structure and period
is rather strong; namely, it turned out that
(1) The screening length strongly affects the polar properties and domain structure in the film. In particular, a pronounced minimum appears on the dependence of the system’s
specific energy on the domain size with an increase of the
screening length, the depth of the minimum depending essentially on the magnitude of the Vegard coefficient.
(2) Due to the flexoelectric effect there is no size-induced
transition to a paraelectric phase until 2–4 nm thickness of
PbTiO3 films with 1% of compressive misfit strain. The origin
of this phenomenon is the re-building of the domain structure in
the film (namely the crossover from c-domain stripes to a-type
closure domains) emerging with its thickness decrease below
4 nm, conditioned by the flexoelectric coupling and facilitated
by a negative Vegard coefficient. Though we observe no phase
transition for smaller thickness, our results (as obtained in the
continuum theory framework) can be inaccurate below the 2–
4 nm size. Despite the said limitation the obtained results point
at tempting opportunities for defect-strain engineering of the
ultrathin perovskite film ferroelectric properties and domain
structure tuning, which can be very promising for the ferroic
film applications in nanoelectronics.
(3) Electric field induced by the defect layer has an unexpectedly strong influence on the polar and elastic properties
of the strained films due to the coupling of inhomogeneous
Vegard stresses and the flexoelectric effect (defect-driven
flexochemical effect). Positive Vegard coefficients and high
concentration of elastic defects effectively maintain the ferroelectric transition temperature above 350 K in the strained
PbTiO3 films due to the flexochemical effect. In contrast to
the pure flexoelectric effect coefficients, which values are
material-specific constants, the magnitude of the flexochemical
effect can be controlled by the concentration of defects, their
type, and distribution in the film, making the considered system
much more suitable for tuning.
(4) The increase of defect concentration leads to a noticeable monotonic decrease in the ferroelectric transition temperature of the PbTiO3 film with negative Vegard coefficients.
In contrast, for positive Vegard coefficients, a pronounced
maximum (with a height up to 200 K) appears on the thickness
dependence of the transition temperature with increasing
defect concentration. The film thickness corresponding to the
maximum is approximately equal to the thickness of the defect
layer and relatively weakly depends on the surface screening
length. The latter property may have important implications
for miniaturization of ferroelectric devices.
(5) The pronounced maximum on the dependence of the
ferroelectric transition temperature on the film thickness exists
even without the flexoelectric coupling in the film; however,
the coupling strongly shifts the transition temperature (by up to
30 K for thin PbTiO3 films). Since the maximum position and
height can be controlled by modifying the defect concentration

and Vegard coefficient, the obtained results are promising for
advanced applications in ferroelectric memory devices and
those applications in nanoelecronics, where introducing of
different types and amounts of defects is conceivable.
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The conducted studies have helped to understand the role of different physical effects, namely
flexoelectricity, surface screening charges, and Vegard strains, on electromechanical, electrostatic and
polar properties in ferroelectric films, ferroelectric phase diagrams, domain structures and parameters,
and switching kinetics. Each effect has had the instances when its influence prevailed. It is possible to
sum up the specific cases to attain a wholesome picture of the processes occurring in thin ferroelectric
films. The discovered influences carry implications leading to new insights for better understanding of
phenomena observed being of interest for applications. The already obtained answers can hint at how
to control polar properties via surface preparations and defect incorporation, all features being
electromechanically assisted.

Compared to the two other investigated effects, flexoelectricity has the weakest quantitative influence
on static ferroic properties of the film, however, they are still qualitatively remarkable. First of all,
flexoelectricity manifests itself stronger the less the film thickness is. Domain-wall distortions and
stressed nanodomain formation at the perfectly screened surface are all much more visible for thinner
films. The increased stress at the domain walls can be explained by the nature of flexoelectricity, since
the walls are exactly the regions of small linear sizes and high gradients. The flexoelectric-induced shift
of the critical thickness of the ferroelectric phase is also a well-known implication of the effect, although,
contrary to expectations, phase transition temperature has not changed dramatically due to the
flexoelectric impact. One of the most remarkable effects on the domain structure due to flexoeffect issues
at higher film thickness is supporting of metastable states with ribbon structures and changed domain
periods. Ribbon-structured states are especially reminiscent of polar nanoregions (PNR) in the bulk of
relaxor ferroelectrics. Existence of PNR in non-relaxor and non-solid-solution perovskite ferroelectrics
has been also recently predicted [211] by using an atomistic toy model as the result of flexoelectricity,
so that the appearance of the metastable structures confirms this peculiar workout of the flexoelectricity.
In the defected films, flexoelectricity relaxes stresses induced by elastic defects and slightly lowers their
influence, with the effect being stronger at smaller thicknesses.
Perhaps the most significant flexoelectric impact was that upon the switching dynamics of a ferroelectric
film. Flexoeffect basically facilitates the switching process, lowering the critical switching fields and
boosting the switching to be carried out faster, and this boost depends on the field applied to the film.
With this in mind, it is safe to conclude that it is necessary to take flexoelectricity into account when
calculating the properties of thin ferroelectric films.

The influence of different types of the surface screening might be the most significant both on the static
distributions and on the ferroelectric switching. Since the screening, at least small, exists on every
surface, it is important to take this fact into account. Concerning the domain structure, we have learnt
that the strong surface screening, caused by a perfect or imperfect electrode, essentially shatters the
domain structure and introduces the single-domain state. In this state some other quantities lost their
parametric dependencies. Particularly, the phase transition temperature of a strongly screened film got
significantly higher and lost its thickness dependence.
There is a range of the medium screening charge densities that are still strong but exhibit additional
effects. In this range, while the Curie point is already significantly elevated, the thickness dependence
remains. Most notably, there are two states of a domain structure available at this screening strength:
the first is a stable one at a global energy minimum, with a single domain, i.e. correspondent to the
strong screening, and the second is a metastable one at a local energy minimum, where differently
oriented out-of-plane domains exist. With a decrease of the screening the latter structure obtains closure
domains at the surface, the area of which is inversely proportional to the screening charge. Domain sizes

in a defected film, dependent at the low screening on the Vegard coefficient, gradually lose their
dependence with an increase of the screening, with the most significant loss registered at the
intermediate screening range. Finally, at the low screening, a closure Kittel-type stripe domain structure
is stable, and all size effects are the strongest.
The surface screening dependence of ferroelectric switching is another interesting topic. Different
screening mechanisms have resulted in different shapes of the hysteresis curve, changing the relief of
the Gibbs free energy.
The linear Bardeen screening, which has been assumed in the domain structures study, strives to flatten
the free energy profile. It influences the switching process by narrowing the hysteresis loop until it closes
making it a reversible curve at lower temperatures.
The Fermi-Dirac screening model creates a pointy minimum in the middle of the Gibbs free energy versus
polarization profile. This minimum becomes global at lower thicknesses and higher temperatures,
effectively narrowing the hysteresis curve. There is a well-known state of an antiferroelectric-like double
loop at increased temperatures and lower thicknesses. The end point of the loop narrowing is closing
the hysteresis loop into a simple curve.
The Stephenson-Highland model works out similarly to the Fermi-Dirac model, creating a minimum in
the free energy profile that narrows the hysteresis loop. Antiferroelectric-like double loops are even more
noticeable. But the most prominent effect of the SH-model is caused by the asymmetry of the surface
ion-formation conditions. Under unequal formation energies there is a charge imbalance created on the
surface that shifts the energy minima aside, deforming the shapes of hysteresis loops asymmetrically. At
such conditions, one of the polarization values can be much harder to obtain than another that makes
up different coercive fields for each part of the hysteresis.
It is obvious that the surface screening plays a significant role both in static and dynamic properties of
the thin ferroelectric films and should be considered in both theoretical and experimental studies. In the
experiment, surface screening is controlled by surface treatment techniques and atmospheric conditions.

As follows from the studies consisting this work, Vegard strains can significantly modify properties of
thin ferroelectric films. Though it is shown for defect densities of about 1026 m-3, this concentration is
reasonable and corresponds to ordinary semiconductor doping rates. The electrostatic implications of
the defect introduction were set aside to focus upon the mechanical properties. First of all, two types of
defects were studied with opposite properties, and their influences upon the film properties proven to
be also opposite.
When considering the defects with positive Vegard coefficients, i.e. those repulsing neighbouring ions in
the lattice, we see the increase of polarization and phase transition temperature caused by increased
strains inside the defected layer. This layer has greater polarization, and when it fades elsewhere near
the phase transition point, it remains stronger within the layer, prolonging the existence of the polar
phase. The most favourable energetically domain size is decreased when the film is filled with repulsing
defects.
Attracting defects, with the negative Vegard tensor coefficient, on the other hand, decrease both
polarization and phase transition temperature. The defected layer is less strained which is reflected in
weaker polarization that fades at lower temperatures and makes the whole film follow into the
paraelectric phase. Domains of the film filled with attracting defects have greater energetically
favourable size than those in the non-defected films.

The influence of defects, both positive and negative ones, can be increased. If the defected layer has the
same thickness as the film, i.e. if the whole film is stuffed with defects, it produces a local maximum or
a local minimum (dependent on the Vegard coefficient sign) of the phase transition temperature that
means that the defect impact is stronger if no part of the film pulls the system towards the undefected
values of polarization and phase transition temperature. Also, it is intuitively clear that defect
concentrations affect the strength of their effect. Indeed, increasing their concentration two- or threefold
for the positive Vegard coefficient makes polarization and Curie point higher with a maximum becoming
especially pronounced.
From this point it can be said that defect-driven processes may significantly influence functionality of
thin ferroelectric films by creating Vegard strains contributing to distributions of polar and mechanical
properties. Choosing a doping profile and defect concentration may effectively tailor properties of such
a film.

The above listed results, though covering a range of different physical mechanisms, by far do not exhaust
the opportunities of the FEM simulations of ferroics. However, they pave the way to further possible
researches concerning the influence of various physical phenomena and their combinations on the
ferroelectric properties. Being further refined, the suggested models can potentially take into account a
vast range of electromechanical and semiconductor properties, electrostatics and electrodynamics and
many others.
The most obvious candidate for further research would be studying of point defects that combine elastic
properties with the effect of their charge. Through many years of investigation, the role of defect charges
was established to be defining in the processes of ferroelectric aging and fatigue, that influences, often
direly, the switching process and is one of the factors defining longevity of FeRAM devices [212, 213].
The influence is notable, for example, when defects create charged clusters that contribute to the internal
electric field and provoke charge imbalance, making poling easier or harder depending on the sign of
the field applied. On the other hand, mechanical and electromechanical effect of defects can also mess
with polarization switching. Defect-driven electromechanical fields can as well introduce asymmetry to
the poling and even prevent the film from switching at all [214]. From this point, the study of interest
would be defining the role of chemical strains in the ferroelectric aging and fatigue processes. Depending
on the defect concentration, the role it may play may be crucial. One of the exciting and important part
of such a work would be defining realistic Vegard coefficients for defects in studied BT or PT perovskites.
Even if reliable measurements are still lacking, to find them one may assess and transform data from the
first-principle simulations [215].
Another direction of studies comes from the properties of electrodes attached to the ferroelectric
surfaces. We already know that the type of electrode impacts most of ferroic properties. But additionally,
it can be considered as a medium that injects or extracts charge carriers from the bulk it is attached to.
The same can be said about charged defects. Properties of electrodes as a medium derived from the
semiconductor zone structure, being intensively studied, may provide necessary accurate information
about boundary conditions which should be imposed on the metal/ferroelectric interface. An interplay
between polar properties of ferroelectrics and injection from and in electrodes would be another
interesting topic of studies. Such process was studied with respect to semiconductors or linear dielectrics
in the system conductor/insulator/(semi)conductor and with electrode parameters being precalculated
analytically [216, 217, 218, 219]. Self-consistent numerical simulation of all media in the system can
reveal a nature of interaction between the subsystems.
This was an assessment of only a couple of potential researches in the future. Others may include similar
FEM studies of additional materials like KNN or bismuth ferrite (BiFeO3) influenced by the same effects,
development of knowledge about flexoelectricity and chemical strains to obtain more accurate data for

a wide range of materials, changing dimensionality of problems and modelling more complex structures
with ferroelectric films, modelling devices on ferroic films etc. It would primarily help to refine the
working principles of FeRAM and piezoelectric devices, giving hints on how to improve their
functionality.
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