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Abstract

The classical Kolmogorov-Avrami-Ishibashi (KAI) model [1–3] successfully describes polarization switching kinetics of single crystals. Later on, Tagantsev et al. [4] introduced a statistical
distribution of switching time (SwT) in the KAI model; the improved statistical model is known
as the nucleation limited switching(NLS) model and became suitable for thin films. Based on a
robust dependence of SwT on an electric field, Lupascu et al. [5] have proposed that the nature
of the SwT statistical distribution can be attributed to a corresponding distribution of local electric fields inside a material. Using this assumption, the inhomogeneous field mechanism (IFM)
model [6] was developed.
Although the NLS and IFM are able to describe experimental measurements with high accuracy
they neglect several crucial physical aspects of the poling problem. A disordered granular structure in a polarized state is unavoidably accompanied by charge formation on grain boundaries
(GB), therefore giving rise to additional electric fields. Charges on grain boundaries should vary
depending on polarization, therefore depolarization fields should be also time dependent. The
latter fact, however, is omitted in the NLS as well as in the IFM models. Another questionable
assumption, included in all statistical models, is the statistical independence of switching regions, which is doubtful since the huge depolarization fields have to produce grain correlations.
Statistical independence of switching events disable accounting for non-180 switching events
because these events are sequential processes rather than independent. Hence an independent
switching mechanism is not suitable for this process. All these factors make the aforementioned
statistical models and the reliability of extracted parameters questionable.
This work aims to shed some light on the reliability of statistical models by investigation of
charge formation on grain boundaries during a poling process as well as produced depolarization fields and their evolution. Correlations of polarization and electric field components are
analyzed. All studies are carried out for tetragonal, rhombohedral and orthorhombic symmetries and are in good agreement with previous theoretical results [7] and experimental measurements [8]. A new statistical model which involves non-180 switching events is presented and
successfully applied to the recent polarization-time and strain-time measurements [9]. A statistical distribution of electric fields is additionally studied for the case of porous ceramics as they
are materials where the distribution can be controlled by modifications to the structure.
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1. Introduction

1.1

History and applications

Ferroelectrics are polar solid (single- or polycrystalline or polymeric) or liquid crystals, in which
spontaneously emerging electric polarization can be switched by applying electric or mechanical
fields [11]. Having various phases, a ferroelectric can experience dramatic structural changes
when passing from one phase to another, which gives rise to new physical properties or their
modification. Therefore ferroelectrics have been a hot topic of condensed-matter science for a
long-time.
By analogy to ferromagnets which possess a spontaneous magnetic moment, ferroelectrics pertain to a class of materials which exhibit spontaneous electric moment below some temperature.
The ability to switch an electric moment under an applied electric field makes ferroelectrics
an indispensable part of many electronic devices, such as sensors and ferroelectric random access memories (FeRAM). Though polar properties of magnetic materials are also related to a
materials structural geometry (magnetostriction), this relation is much more pronounced in ferroelectrics (electrostriction) making them an irreplaceable part of electro-mechanical devices,
such as sonars [32; 33] and energy harvesting devices [34].
Being first discovered in 1920 in Rochelle salt [35] ferroelectricity was primarily of purely scientific interest until 1943 when application demand had arisen [36]. First, it was believed that
ferroelectricity is based on hydrogen bonds, causing a high water solubility and fragility. The
discovery of BaTiO3 (BT), with its simple and stable structure, encouraged further theoretical
investigations and enabled modelling of ferroelectric-based devices. BT–based materials are a
very interesting research platform, as their phase diagrams involve phase transitions at relatively
low temperatures, making them attractive for probing mechanisms of enhanced piezoelectricity [37]. In the present day, electroceramics are 6.0 % of the total ceramic and glass industry
market share by product type, and piezoceramics are predicted to become the major industry
within electroceramics by 2021 [38].
Initially, understanding of a polarization switching in ferroelectrics was limited by experimental [13; 39] and theoretical [3] studies of single crystals. Due to their switchable polarization,
ferroelectric thin films are promising materials for non-volatile FeRAM [40; 41], while bulk
ferroelectric ceramics are widely implemented for actuators.

1.2

Polarization and strain

In most cases, polarization of a material exhibits linear field dependence if the field amplitude
is small in comparison to inner electric fields related to a material structure formation, Eq. (1.1).
17
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CHAPTER 1. INTRODUCTION

Some typical exceptions are high-intensity fields, for example, generated by lasers, or polarization of ferroelectric materials. Beyond these exceptions, materials exhibit a linear dielectric
response
pi = e0 ci j E j ,

(1.1)

where pi , Ei are components of polarization and electric field vectors, ci j is a component of an
electric susceptibility tensor. Here and below the Einstein convention on summation over the
repeated indices is adopted.
A general property of any polarized solid body is electrostriction, which couples strain tensor
(S) components with polarization vector components as
Si j = Qi jkl pk pl ,

(1.2)

where Qi jkl is a component of fourth–rank tensor of the electrostriction coefficient.
Considering dielectric materials with regard to their poling properties, the following subgroups
can be discerned: piezoelectrics, pyroelectrics, ferroelectrics. As is shown in Fig. 1.1 each group
in this list is a subgroup of the previous one.
According to a crystallographic structure, materials can be classified into 32 crystallographic
point groups. Among these groups there exist 21 non-centrosymmetric groups. In all of them,
except for the group 432, a linear relationship between an electric field and mechanical deformation exists. This property is called the converse piezoelectric effect and is a fundamental feature
of piezoelectrics. Their relation can be expressed as follows
Sipj = diTjk Ek ,

(1.3)

where Sipj is piezoelectric strain, diTjk is a component of a transposed third–rank tensor of a piezoelectric coefficient.
The direct piezoelectric effect relates polarization to a mechanical stress X [42]
p j = d jkl Xkl .

(1.4)

From these 21 point groups there exist 10 where spontaneous polarization may appear in a certain temperature range. Materials belonging to this sub-group is referred to as pyroelectrics.
Pyroelectrics, where a spontaneous polarization can be switched by applying an electric field,
are called ferroelectrics and were first discovered by Valasek in 1920 [35].
A transition temperature between a polar and non-polar phases is known as the Curie temperature (Tc ) [43] by analogy with a transition temperature in ferromagnets discovered by Pierre
Curie. It can vary over a broad range depending on composition and defects [44], or external
conditions, such as pressure. The size of a sample itself plays an important role [45] for a transition between ferroelectric and paraelectric states [46]. For instance, reduction of a film thickness
usually decreases its ferroelectric properties [47; 48].
Under an external electric field, the polarization of a ferroelectric can be considered as a sum
of the spontaneous polarization (~P) (induced by a symmetry breaking below a phase transition
temperature) and an additional polarization part which is proportional to an electric field [49]

1.2. POLARIZATION AND STRAIN

19

Dielectrics
Piezoelectrics

Ferroelectrics
+polarization could be
switched by field or
stress application

+spontaneous polarization
beneath TC

+linear strain-field coupling

No free charges

Pyroelectrics

T<TC
E

Figure 1.1: Dielectrics’ subgroups.

pi = Pi + e0 ei j E j .

(1.5)

If now Eq. (1.5) is substituted into Eq. (1.2) then the strain tensor modifies as follows [49; 50]
Si j = Qi jkl Pk Pl + di jk Ek ,

(1.6)

where di jk = 2e0 ekm Qi jml Pl is a component of a third–rank tensor of a piezoelectric coefficient (a
small contribution (quadratic in field) is neglected here). Thus, even centrosymmetric materials
with no piezoelectric properties in a parent phase become piezoelectric in a ferroelectric phase
with a piezoelectric coefficient proportional to a spontaneous polarization.
In addition to a non-linear polarization-field dependence, ferroelectrics are characterized by hysteretic behaviour (Fig. 1.2) when a cyclical electric field is applied. In a polar state, each ferroelectric lattice has several possible polarization directions. An applied field causes some polarization directions to become energetically more favourable. However, to change its direction
from an unfavourable to a favourable one an energetic barrier has to be overcome. Therefore,
polarization is changed only after a sufficiently large field is applied. This leads to the presence
of a hysteresis in the polarization response. Though a barrier between two polarization states is
a characteristic of a material itself, the field required to overcome this barrier depends on a time

20

CHAPTER 1. INTRODUCTION

interval over which the field was applied, in other words even at comparatively low fields but
long poling time a switching probability exists [51]. An area which is covered by a hysteresis
loop is associated with energy losses as most of the energy is being released as heat [37].
Polarization switching in a ferroelectric may be accompanied by a change of the lattice shape.

(a)

(b)

Figure 1.2: (a) A polarization–electric field and (b) a strain–electric field loops for a PT single
crystal measured at different temperatures. Arrows on the graphs point a direction of increasing
temperature (Reprinted by permission from MDPI: Crystals [10])

.
In a simple tetragonal unit cell, for example BT, such a switching produces a strain variation
of the order of 1%, and 6% for PbTiO3 (PT). That is easily seen by comparing a and c sites of
the cells, which exchange after a non-180 rotation. a and c sides for BT are 3.99Å and 4.03Å,
respectively, and for PT they are 3.9Å and 4.15Å, respectively [28]. Analogous to the polarization response, the strain-electric field dependence also demonstrates hysteretic behaviour, and
is referred to as a butterfly loop. Hysteresis loops both for polarization-field and strain-field
dependencies for a PT single crystal are shown in Fig. 1.2, and exhibit macroscopic strain of
approximately one order of magnitude smaller than the above unit cell estimations.

2. Single crystals

2.1

Perovskites

Currently more than 700 organic and inorganic ferroelectric materials are known. Their state
varies from solids and polymers [52] to liquid crystals [53]. Different exemplary types of structures where ferroelectricity is observed are shown in Fig. 2.1.
The most important feature for the appearance of ferroelectricity is the presence of a spontaDipolar molecule/ion
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Figure 2.1: Conventional designs of typical ferroelectric materials and dipole moment origination:
the first row inorganic, the second row organic ferroelectrics, adopted from [11].

neous polarization, the origin of which strongly depends on the material’s structure, see Fig. 2.1.
It might be polar molecules/ions, for instance, a sodium nitrite or thiourea, which under some
conditions orient in such a way that non-zero net polarization is generated. Another mechanism
21

22

CHAPTER 2. SINGLE CRYSTALS

is triggered by dynamic protons on hydrogen bonds, as is the case in case of KH2 PO4 .
Among all these ferroelectrics, perovskite ferroelectrics are most often used in applications [54]
because they allow a versatile control of the material’s properties. In perovskite ferroelectrics, a
spontaneous polarization occurs as a result of displacement of an ion in a lattice cell, known as
the displacive mechanism. Further on, we will focus on these materials.
A perovskite crystal is described by the chemical formula ABO3 and in a parent phase has a
cubic structure as represented in Fig. 2.2.

B
O
A

Figure 2.2: An exemplary structure of a cubic perovskite.

The A site can be occupied by a metal ion typically with valence +1 or +2, such as Li or Ba,
respectively; the B site may have valence +4 or +5, as Ti or Nb have, respectively, O is the
oxygen ion with valence -2. Atoms in the lattice could be substituted to modify properties or
to enhance the stability of a material [55–57]. The substituted atom can have a different size
and hence distorts the lattice affecting ferroelectric properties [58], or even inducing ferroelectricity [59]. Below Tc a ferroelectric undergoes a phase transition; the cell elongates giving rise
to a polar phase. Elongation might occur in different directions depending on the symmetry to
which a system is expected to transform. The most common symmetries are: tetragonal, rhombohedral, and orthorhombic; those are the only possibilities for materials of a cubic symmetry
in a high–temperature parent phase. In the first case, a system can elongate in six possible directions equivalent to h001i, in the rhombohedral phase there are 8 possible directions equivalent
to h111i, and in orthorhombic case, there are twelve possible directions equivalent to h101i, see
Fig. 2.3.
In an elongated cell, a central atom shifts along an elongation axis separating centres of mass of
positive and negative charges. Thus, a phase transition induces a polarization and strain response
simultaneously, see Fig. 2.3.
One of the most notable features of ferroelectrics is polarization switching under an applied field
(Ea ). As is known, if a field is applied an electric dipole tends to orient in a direction of the applied field to minimize the system’s energy. However, a ferroelectric cell can be poled only in
one of the possible polar directions. The simplest case is a switching in a tetragonal symmetry
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(b)

(c)

Figure 2.3: Schematic illustration of (a) tetragonal, (b) rhombohedral, (c) orthorhombic symmetries.
The plus and minus signs denote positive and negative charge formation.

where only 90 and 180 rotations exist, see Fig. 2.4.
Angles between polarization directions in other symmetries differ from 90 : they can be 71 or
109 in the rhombohedral case. Thus, in general, we distinguish between 180 and non-180
switching.

Figure 2.4: A schematic illustration of 90 and 180 domain switchings.

It is important to note that a system can come to a final state in experiencing different combinations of 180 and non-180 switchings, depending on crystal structure, and external conditions
such as an applied electric field. Among all switchings, 180 ones are of particular interest
because they do not produce strain variation as the cell does not undergo change of its form.
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Single crystal

Let us consider a ferroelectric crystal which goes beneath Tc from a paraelectric into a polar state.
In a polar state, polarization can be distributed either homogeneously or inhomogeneously. A
region with homogeneous polarization is called a domain [28].
Variation of spontaneous polarization in space is a source of charge density (r)
r = ~—~P.

(2.1)

Such a charge might occur between adjacent regions (cells) with different polarizations, for
instance, on a surface of a polarized object where it meets a non-polarized surrounding. A field
produced by these charges is known as a depolarization field (Ed ), which can reach high values
(of the order of 10 kV/mm) [7; 28]. Such enormous fields are not observed in experiments,
because they are immediately suppressed by different mechanisms such as screening on an open
surface/electrodes, inter alia [60; 61].
A depolarization field increases the free energy of a material. If the free energy increases too
much, then it renders the single-domain state unfavourable and the material splits into domains
to reduce the surface charges, thereby quenches a depolarization field [62]. The domain size
may vary from nanometers to microns in a bulk ceramic [63] and depends on many parameters,
such as structure symmetry or grain size [64; 65].
Let us consider two regions of different polarizations, see Fig. 2.5 (a).
(a)

(b)

Figure 2.5: (a) Surface charge formation on the boundary of regions with different polarization
components normal to the surface (~Pn1 6= ~Pn2 ), (b) multidomain state formation out of a single domain
state (vortex-like structure).
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Referring to Eq. (2.1) we can conclude that the surface will be charged due to polarization
variation between the regions. A surface charge could be related to a polarization by integration
of Eq. (2.1) over a small region in a vicinity of a surface and applying the Gauss theorem
Z

r(~r)dr3 =

Z

~—~P(~r)dr3 =

I

~P~nds,

(2.2)

where ~n is a vector normal to the surface which points outside a volume at an each point of a
surface.
Assuming the region to be infinitesimally thin, an integration over a surface reduces to
I

~Pd~s = ((~P ·~n1 ) + (~P ·~n2 )) · s,

(2.3)

where ~n1 and ~n2 are normal to a surface vectors pointing inside the first and the second regions
correspondingly, see Fig. 2.5 (a), and s is surface area of the considered small region.
By introducing notations for polarization projections on the~ni direction as Pi = ~P·~ni for a surface
charge (s ) we finaly get
s = (P1 + P2 ).
(2.4)
It is seen from Eq. (2.4) that a surface is charged when P1 + P2 6= 0 and is neutral when P1 + P2 =
0.
Any structure tends to minimize its surface charge density, which means it lines up according to
a head-to-tail configuration. As a result, polarization in adjacent domains could be parallel or lay
within some angle (which, depends on crystallographic symmetry) with a tendency to minimize
a charge on surfaces. A simplified schema of domain splitting is shown in Fig. 2.5 (b).
A region between two domains is called a domain wall (DW). It represents a transition layer
wherein polarization monotonically changes its direction from one domain to another. Polarization within a DW is inhomogeneous. Such an inhomogeneous structure as a DW may be a
place of non-zero charge density and a stress formation. Consequently, energy density inside
a DW is always higher than energy density of a domain itself. A DW, which separates domains with an antiparallel orientation of polarizations is called 180 DW, others are non-180
DWs. DWs which experience stress from non-uniform strain tensor between adjacent domains
are called ferroelastic DWs, such DWs separate regions where both a polarization vector and a
spontaneous strain change across the boundary [66]. Important to note that 180 DWs are only
ferroelectric, whereas non-180 DWs might be ferroelectric and ferroelastic. It means that both
180 and non-180 DWs reduce depolarization fields but the only formation of non-180 DWs
leads to stress reduction. Consequently, both 180 and non-180 DWs can be changed by an
electric field, whilst external stresses affect only non-180 DWs.
Considering Eq. (1.2) we can see that domain formation may create strain inhomogeneity which
results in stress formation over domains. A condition for a stress-free DW is [12]

ÂhSi j (2)

S ji (1)ini n j = 0,

(2.5)

where Si j (1) and S ji (2) are strain tensor components from regions (1) and (2), respectively and
a ~n is a normal unit vector to a DW plane.
Using the criteria from Eqs. (2.3,2.5) several types of stress free DWs were identified by Marton
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Figure 2.6: Set of mechanically compatible and electrically neutral DWs in the three ferroelectric
phases of a BT (Reprinted by permission of APS: Phys.Rev.B [12]).
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et al. [12] using the LGD approach; a list of stress- and charge-free DWs is given in Fig. 2.6.
Their calculations revealed that DWs with the lowest-energy in an orthorhombic phase of BT
are 90 and 60 DWs, for a rhombohedral phase they are 71 and 109 DWs. All these ferroelastic DWs have thickness below 1 nm except for the 90 DW in a tetragonal phase and the 60
DW in an orthorhombic phase, for which a larger thickness on the order of 5 nm was found.
The calculation indicates that the lowest-energy structure of the 109 DW and few other DWs in
orthorhombic and rhombohedral phases resemble Bloch DWs known from magnetism.
If possible to neglect compensation of a bound charge on DWs by free carriers and if a domain
pair is non-ferroelastic, then electrical neutrality plays the key role for a wall orientation [63].
Two typical situations for a mutual orientation of a planar DW and polarization vectors in neighbouring domains are shown in Fig. 2.7 [13] and are applicable, for instance, for a tetragonal
phase of BT [63].

(a)

(b)

Figure 2.7: Optical observation of DW arrangement: (a) view on an edge, (b) view on a surface of
a crystal (Reprinted by permission of APS: Phys.Rev [13]).

A shape and a size of DWs depend not only on the pure physical interactions like depolarization
and stress fields, but on many other factors [37] such as crystal growth, the process of phase
transformation from a parent phase or presence of dopants [67].
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2.3

Polarization kinetics of single crystals

Polarization reversal is the main property which distinguishes ferroelectrics from other dielectrics.
Based on earlier works [16; 19; 68; 69] the main stages of a poling process are summarized in
the following steps [14]:
1. Formation of new domains (nucleation);
2. Forward growth of domains through the sample
3. Sideways motion of DWs and coalescence of residual domains.
Representations of these stages is given in Fig. 2.8.

(a)

(b)

(c)

electrodes
nucleated domains

Figure 2.8: Stages of polarization reversal in a single crystal: (a) reversed domain nucleation at the
surface of electrodes, (b) the nucleated domains grow (mostly forward motion) through the crystal,
(c) sidewise motion and coalescence of domains, based on works [13; 14].

All nucleation centres are located on surfaces attached to the electrodes. The stages listed above
are most typical for thin films. However, the triangle-like domain nucleation is expected to demand high energy, which only a big domain can exhibit [70]. Different mechanisms which could
decrease the nucleation energy were proposed, for instance crystal inhomogeneities, lattice defects, a surface layer, and a small residual nuclei [70; 71]. However, experimental observation by
Jiang et al. demonstrated nuclei with a sizes around 4.5 nm in a 300 nm thick in a Pb(Ti,Zn)O3
(PZT) film [72] claiming that the high depolarization energy of the nuclei has to be mitigated
by electrons from the electrodes. Actually, a shape of domains can also vary depending on the
applied field, having not only a circular, but also a quadratic cross-section [18].
The way domains grow affects a polarization–time dependence to the same degree as an applied
field. Microscopically, a polarization rate can be characterized by the SwT, which is a value reciprocal to a switching current (i) measured during a switching process. In most cases the SwT
dependence on electric field can be described by an exponential law [16; 19]. An exponential
behaviour of SwT was observed by Merz [73] on ferroelectric BT, where, a switching current
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measurement was well fitted by an exponential dependence
imax = i0 exp( EA /E),

(2.6)

where i0 is current at extremely high field values, EA is a so called activation field, or equivalently
for the SwT
1
1
= exp( EA /E),
(2.7)
ts t0
where t0 is switching time at extremely high field values.
However, it occurs that at high fields SwT might change its field dependence from an exponential to a power law (E 1.4 ) [74].
One of the possible explanations of this phenomena is as follows: DWs propagate according to
the Merz law. However, at high fields, a nucleation starts to dominate over DW motion. Provided
that the nucleation rate has a E 1.4 dependence [19], the SwT dependence also starts to obey the
power law. A direct observation of domain formation and growth was reported by Stadler at el.
and demonstrated that the latter concept likely the case. Sidewise growth of domains with a velocity proportional to the switching current at high fields was confirmed [19] and depends on the
nucleation rate. The velocity of the sidewise motion is one order of magnitude smaller than the
forward velocity [18], which mostly has exponential field dependence. The SwT dependence, in
cases where a sidewise motion is a primary mechanism, also follows a power law [19],
t = (4v2 R)

3
2

,

(2.8)

where R ⇠ E 1.4 is a nucleation rate.
An alternative idea was to use an exponential dependence of DW velocity and introduce a DW
thickness dependence [17],
1.5
v = vinf Â e (EA /E)w ,
(2.9)
where w is DW thickness in interatomic distances units. Assuming that at high fields DWs may
have a thickness of more than one or two interatomic distances the series Eq. (2.9) tends to a
power law E b where b may vary from 1.36 to 1.45.
The DW velocity also depends on sample geometry, for instance on crystal thickness. It was
shown by Landauer et al. that the characteristic SwT decreases exponentially with increasing
thickness [13; 75]. A DWs velocity for BT dependence on an applied field is shown in Fig. 2.9,
based on data from the works [19; 73].
DW sidewise motion in a single crystal of a BT was studied by Merz using optical microscopy.
It was found that the poling process is mostly due to nucleation of new domains and their needlelike growth from one electrode to another. It was also proposed that there is an effect from 180
DWs sidewise motion, but the effect is comparatively small. A reason for privileged forward
domain growth was assumed to be a field of dipoles that tends to reorient neighbours in front of
them and "does not care much about neighbours on the sides" [13; 73]. A similar picture was
observed by Leschhorn et al., where a single crystal was simulated using a scheme of dipole
flipping. Simulations showed that nucleation can occur in a dead layer on an electrode, as well
as on defects which are not able to switch. The model takes into account the field induced by
polarized regions. It was shown that the first domains grow along the applied field and then
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Figure 2.9: Field-dependent DW velocity, v, of 180 DWs in BT, the data was taken from Ref. [15–
21], adopted after [22]
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expand to the sides [76].
As is well-established, a ferroelectric lattice can switch either by 180 or by non-180 domain
reorientation. The latter comprises two sequential switching steps and produces strain variation
due to lattice distortion, see Fig. 2.4. Different switching events require different amounts of
energy. Therefore each of them can dominate at different conditions. The observations of Merz
demonstrated predominantly non-180 DWs sidewise motion [13; 73]. On the contrary, in the
work of Stadler and Zachmanidis, it was shown that 180 DWs sidewise motion provides a substantial contribution to BT polarization over a broad field range (2-14 kV/cm) [19].
Another mechanism of domain growth was suggested by Miller and Weinreich [17]. Their work
states that a 180 DW does not move sidewise in a continuous manner. It was assumed that the
most probable scenario for polarization evolution is a growth of new domains over the DWs, as
is schematically shown in Fig. 2.10.

Figure 2.10: Polarization due to formation of triangle domain on the DW (Reprinted by permission
of APS: Phys.Rev.B [17]).

A local electric field plays a part in DW motion. Being initially electrically neutral, after the
DW movement, a surface charge appears over the domain. The surface charge generates a depolarization field, whose direction is opposite to the applied field. The depolarization field affect
the DW velocity. The local field is a superposition of an applied field and depolarization field.
As the DW velocity depends on a local field, a DW would therefore undergo retardation until
the induced charge is compensated [77].
Parallel to the investigation of 180 switching, many works reported non-180 switching [78–
80]. Particularly, in the work of Jiang et al. the full single crystal was switched by non-180
processes, specifically for a tetragonal symmetry so-called 90 switching DW motion as is shown
in Fig. 2.11 [23].
While 90 switching in the work of Jiang et al. happens coherently, so that no strain or charge is
induced on domain boundaries, Cross et al. reported 1% strain variation, while the strain vari-

32

CHAPTER 2. SINGLE CRYSTALS

Figure 2.11: In situ optical observation of polarization due to 90 switching in a BT thin film
(Reprinted by permission of AIP: Appl.Phys.Lett. [23]).

ation due to piezoeffect is typically one order of the magnitude smaller; such a strain variation
was explained by electrostriction because of non-180 polarization switching [78].

3. Ceramics

3.1

Structure of ceramics

Most ferroelectric applications utilize ceramic materials [81]. Ceramic consists of a number of
grains, which in turn contain one or more domains. Ferroelectric ceramics are characterized by
at least three sorts of randomness: a random form of grains, a random position of grains and
random orientation of the crystal lattice inside the grains [7]. A typical granular PZT ceramic is
shown in Fig. 3.1, which consists of grains with irregular forms. Stripes inside the grains reveal
a domain system.

Figure 3.1: SEM image of a granular polycrystalline PZT (Reprinted by permission of Materials
Forum [24]).

A granular ceramic, if it was not intentionally textured, can be equally polarized in any direction.
However, the maximum available polarization is always smaller than that of a single crystal of
the same materials. The reason is a spacial distribution of c-axes inside a ceramic so that there
is no direction which coincides with the c-axis of all grains, see Fig. 3.2.
Let us now assume that we have a ceramic with single crystalline grains. If a strong enough
field is applied to the system it polarizes in the field direction. If the polarization of each grain is
equal to a saturation polarization (Ps ), then the polarization of the system as a whole is averaged
33

34

CHAPTER 3. CERAMICS

Figure 3.2: Two-dimensional projection of polarization distribution in a fully polarized ferroelectric
ceramic. Hatching pattern shows schematically the orientation of the crystal lattice (Reprinted by
permission of APS: Phys.Rev.B [7]).

over all grains and amounts to hPs i = Ps hcos q i, where q is the angle between the c-axis of a
grain and the applied field.
The mean cosine was calculated for three symmetries by Uchida and Ikeda and Baerwald: 0.83,
0.87, 0.91 for tetragonal, rhombohedral, and orthorhombic symmetries, respectively [82; 83].
A granular ceramic is a very complicated structure. Being less sensitive to effects on interfaces
than thin films are, it possesses a rather complicated intrinsic structure. In a multigranular ceramic properties may strongly vary between grain interiors and a grain boundaries, where the
former is a crystal and the latter one violates crystal structure and is prone to defects accumulation. GBs itself may be considered planar defects due to violation of an ordered crystal structure.
Grain size has a profound effect on dielectric and piezoelectric properties of ferroelectrics [37].
Furthermore, it was recently demonstrated that grain size may affect the emergence of ferroelectricity, for instance providing a long-range net polarization in NaNbO3 [84]. At an ultra-fine
grain size an orthorhombic-tetragonal phase transition was observed in BT depending on the
grain size [85]. There is a critical size of grains below which ferroelectricity disappears. The
general reason is a charge formation of GBs which suppresses the polarization [37]. Such a critical size of grains for a BT granular ceramic was experimentally observed in the range of 30-40
nm [86]. An enlargement of grain size from around 0.4 µm to above 20 µm enhances the electromechanical properties [87]; for instance, Hao et al. [25] observed an increase of saturation
polarization of 40% and about five-fold strain enhancement in BaZnO3 -50BaCaO3 . Kamel and
de With observed a dramatic decrease of polarization with decreasing grain size from 10 µm to
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2 µm on donor-doped ferroelectric PZT, see Fig. 3.3. Depending on its size, a grain contains

Figure 3.3: The maximum polarization as a function of grain size for a donor-doped PZT subjected
to a 3.75 kV/cm electric field (Reprinted by permission of ECERS: J.Europ.Cer.Soc. [25]).

different amounts of domains [65; 88]. Furthermore, the dielectric permittivity, coercive field
(Ec) and remnant polarization (Pr ) have been found to be strongly grain size dependent quantities [89; 90]. GBs have also an impact on the switching kinetics of ceramics [91–93].
While dipoles in a single crystal can accommodate each other by compensating charges and
stresses on domain boundaries, the same does not necessarily occur between grains, as different
grains have a different crystallographic orientation. A crystallographic mismatch always leads
to a polarization mismatch between neighbouring grains, thereby resulting in the appearance of
internal charges and stress. It was found out that piling up of charges on GBs during a poling
process plays a significant role in intergranular fracture, due to repulsive forces between the accumulated charges [94].
Charge formation on GBs in ceramics with crystals of tetragonal symmetry was estimated by
Genenko et al. [7]. In their work, a ceramic was exemplarily considered as a tight array of cubic
boxes as shown in Fig. 3.2, each box representing a fully polarized grain. The crystal structure
of neighbouring grains was assumed to be independent because it forms at temperatures much
higher than Tc . Fields induced by charge densities on the GBs were assumed to trigger chargedefect migration leading to material aging.
A c-axis mismatch in neighbouring grains produces substantial stresses when a ceramic is cooled
down to Tc . This internal mechanical stress can be released by domain twinning, or by forming a
martensite structure [95]. However, that is not always possible and highly stressed regions may
occur. In Ref. [96] an anomalously high dielectric permittivity (up to 6000) in a fine-grained
BT ceramic was explained by the absence of 90 twinning within grains, giving rise to internal stresses (up to 800 kg/cm2 ) as the ceramic cools below Tc . The thickness of 90 DWs was
measured by Little to be approximately 0.4 µm [39]. In contrast to coarse-grained ceramics,
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where grain sizes are about 10-50 µm [97], in a fine-grain ceramics with grain sizes of about 1
µm, the existence of a DW of 0.4 µm size is very unlikely. Therefore, in fine-grain ceramics,
the amount of 90 twinning within the grains is quite low, giving rise to internal stresses as the
ceramic is cooled below Tc . The work of Kelman and McIntyre [98] provides observations of
90 DW motion to accommodate inner strains in Pb(Zr0.35 Ti0.65 )O3 thin films.
In contrast to a single crystal, ceramics may have GBs where domains are cut off. However,
by means of electric and/or elastic interactions, domains can proceed from one grain to another.
This was observed experimentally for BT [99] and for PZT [100]. Arlt and Calderwood proposed that the electric field of one grain triggers the evolution of a neighbor [101].
Internal stresses participate in domain reorientation in a similar manner to external stress. Uniaxial compressive stress causes domains to orient in the plane perpendicular to an applied stress.
On the other hand, tensile stress causes a domain to orient along the lateral direction. Such an
influence was observed in Ref. [102], where remanent polarization increased under compressive
strain and decreased under tensile strain.
Configurational averaging of local angle-dependent variables, such as polarization or electric
field, is equal to the averaging over a sample volume and can be performed by using a distribution function f (q , j) of possible polarization directions compatible with an applied field
direction. Derivation of this function is a non-trivial task which involves cumbersome calculations. For the case of tetragonal symmetry, the appropriate distribution function, f (q , j), was
derived in Ref.[7]
8
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for 0  j < 2p where j, q and qmax are, respectively, the azimuthal, polar angle and maximum
possible polar angle in spherical coordinates associated with the above introduced Cartesian coordinates, see in Fig. 3.2, and centered in the center of the chosen grain.

3.2

Polarization kinetics in ceramics

A substantial part of this section is based on the review of Damjanovic [28].
Starting with pioneering studies by Berlincourt and Kruger it was established that both 180 and
non-180 switching events contribute in poling process of ceramics [82; 103–105].
Applying in situ high-energy X-ray diffraction (XRD) J. Daniels et al. identified relative intensities I002 and I200 of the (002) and (200) tetragonal doublet, respectively, to characterize
the evolution of a non-180 switching event. The higher the relation I002 /I200 the more domains
have c-axis oriented parallel to the applied field. As is seen in Fig. 3.4, the I002 /I200 ratio changes
during the poling time, providing evidence for non-180 switching events [26].
In situ 3D-XRD of a polycrystalline PZT ceramic revealed that nearly 80% of domains have
switched by consecutive 90 reorientations. It was also observed that XRD peaks change depending on the applied electric field [79]. Bowman et al. used the polarization difference maps
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Figure 3.4: (a) Initial diffraction profile of the unpoled sample, (b) remanent state after initial poling,
(c) after 1 ms, i.e., intermediate state during polarization reversal, and (d) after 1000 ms. The solid
lines represent the total fit profile, while the dashed lines are the individual peak component profiles
(Reproduced from [26], with the permission of AIP Publishing).

(PDM)s technique to visualize the polarization map of 180 switching and non-180 in 100 nm
thick polycrystalline PbZr0.2 Ti0.8 thin film [27]. As is seen in Fig. 3.5 most of the sample was
switched by 90 events.
Contrary to previous results, Fancher et al. [106] had performed polarization measurements of a
commercial soft polycrystalline bulk PZT ceramic (K350) and concluded that the largest contribution in polarization originates from 180 switching events (near 80% of the total polarization).
Analogous results were also reported for a BT polycrystalline material, where 180 switching
events reach up to 70% of the total polarization. Polarization switching in tetragonal ferroelectric ceramics can be achieved by generating new 90 DWs at the boundary of each grain and
their migration through the grain driven by an electric field. This transient DW is perpendicular
to the regular 90 DWs. Then the polarization is rotated by 90 and the average polarization of
the grain is rotated by 180 [23; 107].
As was discussed, due to complex elastic and electrostatic interactions a ferroelectric tends to
split into domains to minimize its free energy, hence having zero net polarization. One way to
bring it to a polar state is to subject it to an electric field. Then one preferable direction appears
and domains tend to align along this direction.
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Figure 3.5: A map of fully polarized PbZr0.2 Ti0.8 O3 created by PDMs. Regions switched by 90 and
180 are colored in green and white colours respectively (Reproduced from [27], with the permission
of AIP Publishing).

Let us consider the poling process of Pb(Zr0.45 Ti0.55 )O3 with 1.3 µm thickness. Point A in
Fig. 3.6 corresponds to a virgin state. While the applied field is comparatively small we can
observe a linear polarization–field dependence, which is a general phenomenon described by
Eq. (1.1). On the segment A–B no domain reorientation is expected. However, as the field gets
stronger, orientation along the field requires significantly smaller energy. This triggers domain
reorientation which is as avalanche-like process characterized by a strong non-linearity of the P–
E curve, corresponding to the segment B–C. Once most of the domains are aligned, the materials
again demonstrates linear P–E behaviour (segment C–D). This is due to several processes, one
of which is an elongation of already oriented domains, described by the second term in Eq. (1.5),
another is partial reorientation of polarization, which was not switched on the segment B–C.
It is important to note that in contrast to the idealized situation of a single crystal, not all domains
(cells) can be switched. Some of them may be pinned on defects or substantial fields which arise
because of insurmountable interaction with already switched neighbours.
If the field strength starts to decrease, some domains switch back, but when the field decreases
to zero, the net polarization remains (point E). This polarized state is known as remanent polarization (denoted above as Pr ). Obviously Pr  Ps , where Ps is the saturation polarization. Pr
depends on many factors, such as the crystal symmetry, sample geometry, crystal structure, and
the presence of defects.
The field necessary to bring the polarization to zero is called the coercive field (Ec ). Strictly
speaking, the coercive field is not a rigorous value for a given material; if a smaller field is applied for a substantially long time, the material starts to switch, approaching a zero polarization
value. The poling process could therefore be referred as a relaxation-like process rather then
threshold-like behaviour process, when the process simply takes a longer time to transpire if
correspondingly strong forces are not applied.
If the field periodically changes its direction, and a material reaches maximum polarization
during each poling cycle, a hysteresis loop appears as shown in Fig. 3.6.
Ideally, a hysteresis loop should possess a symmetrical form relative to the P and E axes. However, a symmetry violation is sometimes observed [108–110]; for instance, thin films are quite
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Figure 3.6: Ferroelectric (P–E) hysteresis loop. Circles with arrows represent the polarization state
of the material at the indicated fields. The symbols are explained in the text. The actual loop is
measured on a (111)-oriented 1.3 µm thick sol-gel Pb(Zr0.45 Ti0.55 )O3 film (Reprinted by permission
of Rep.Prog.Phys. [28])

Figure 3.7: Polarization and strain loops measured on (111)-oriented, 322 nm thick, sol-gel
Pb(Zr0.53 Ti0.47 )O3 (Reprinted by permission of Rep.Prog.Phys. [28]).
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sensitive to electrode-ferroelectric interface [111] and a spacial charge formation [112]. Hysteresis asymmetry normally emerges as a result of fatigue owing to a charge migration to the
GBs [67] or to other pinning sites.
Another characteristic hysteretic loop for ferroelectrics is a strain-field loop, the form of which
resembles a butterfly. This loop accompanies electric hysteresis loop and it makes sense to explore them together, as shown in Fig. 3.7.
It is well established that, solids can change their size under an electric field, the common example thereof being electrostriction, see Eq. (1.2). Less common is the converse piezoeffect, see
Eq. (1.3). Both effects are present in ferroelectrics, where the quadratic term of the electrostriction, see Eq. (1.6) plays a noticeable role due to non-180 rotations.
If at this point a strain-field loop is compared to polarization-field loop, we can see that coming
from the Ps state to zero, we have strain reduction, as initially stretched sample shrinks, due
to non-180 switching events. A minimum value of strain can be observed at the coercive field
where most part of the material is switched and the average polarization is zero. As the applied
field continuously increases, the material polarizes in the field direction by domain reorientation. We can observe a rapid increase in strain, which slows down with time because most of the
domains were reoriented. At this point, the piezoeffect starts to dominate, as further polarization
is predominantly due to unit cell elongation.

3.3

Models to describe polarization kinetics

In most of the cases such complex systems as ferroelectrics cannot be described by models in
a closed analytic form, therefore computer simulations are of great importance. Most atomic
calculations are based on a solution of the Schrödinger equation. Such a compelling approach
provides direct information about the physical properties of an object of interest. However, the
significant complexity of such an approach makes it difficult to apply to complex structures as
solid solutions, which most of ferroelectrics are. The close analogue to the direct Hamiltonian
approach is the density functional theory (DFT) utilization, which implies a density functional
instead of direct referring to a wave function of a system. This method is used to investigate
thermodynamic and kinetic properties of ferroelectrics [113]. However, ideally, the DFT has
to be applied at 0 K with a regular structure. Molecular dynamics and Monte Carlo simulations are powerful means based on a statistical approach [76; 114; 115]. They allow materials
investigation on an atomistic level and are useful for describing effects on the corresponding
scale [116; 117]. But being also resource demanding, these approaches hardly allow kinetic
investigations on a macroscopic scale. Probably, the most widely used simulation approach
to describe polarization and mechanical evolution in ferroelectrics are methods based on the
Landau-Ginzburg-Devonshire (LGD) theory [118], where an order parameter is introduced and
its distribution within a material is defined by minimization of the system energy. An order parameter can be any quantity, which affects the energy of a system, for example, polarization or
stress. While polarization-field or stress-field dependencies for ceramics could be obtained as
solutions of a static problem [119], kinetic problems in ceramics are more complicated, therefore are not considered by the LGD approach. This approach is, however, typically applied to
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well-ordered systems.
The only analytical approach which is widely used for an investigation of disordered systems is
a macroscopic statistical approach. Such an approach is the classical KAI model based on the
concept developed to describe solidification [1] and assumes random and statistically independent nucleation and growth of reversed polarized domains in an uniform medium [2; 3].
The model assumes an infinite crystal and recognizes motion of DWs after a nucleation as the
primary process for switching. The DW velocity v is also assumed to be constant for a given
applied field E.

Figure 3.8: Shape of the growing domains of reversed polarization. (a), (b), (c) correspond to one,
two an three dimensional growth, respectively.

The growth of a domain may either be one, two, or three-dimensional (Fig. 3.8): (a) stripe-like
domain expanding in width, or (b) cylindrical expanding radially, or (c) bubble-like expanding
spherically.
The main idea of the KAI model is to estimate probability of a particular point to be inside
of a switched region during a time period t t 0 , where t 0 is an initial moment of a nucleation.
The probability depends on domain geometry which is represented by the Avrami index a, and
domain growth velocity v in the following way
S(t,t 0 ) = C[rc + v(t

t 0 )]a ,

(3.2)

where a is a dimensionality of a domain growth.
If the nucleation rate per unit volume and time is R(t) then a probability of a particular point not
to be covered by a switched region at the time moment t is
X(t) = exp (
Then the total polarization variation is

Z t
0

DPk (t, t) = 2Ps [1

R(t 0 )S(t,t 0 )dt 0 ).

exp( (t/t)a )],

(3.3)

(3.4)

where t is the characteristic time assumed to be given by the Merz law Eq. (2.7), and the a
represents an effective dimensionality of a domain growth.
The original relation Eq. (3.4) does not hold for more complicated structures than a single crystal, such as thin films [4; 29; 120], organic-ferroelectric composites, or bulk polycrystalline
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samples [121; 122]. The KAI function yields, when plotted on a logarithmic time scale, a nearly
symmetric curve with respect to its inflection point. This is not reproduced by experiments, for
instance on ceramics, as polarization reversal curves are mostly non-symmetric with a quasilinear tail on a logarithmic time scale in the end of a process.
The assumptions made about domain growth in the KAI model are reasonably justified for bulk
single crystals, but hold no longer in thin ferroelectric films and ceramics. There, other polarization processes with a broad distribution of relaxation times contribute noticeably [29].
Furthermore, the KAI model assumption of unrestricted domain growth after a nucleation is unfounded for real materials which are not defect-free. These defects effectively pin DWs and thus
limit a region the domain can maximally occupy. The NLS model [4] addresses these issues by
dividing a sample into elementary regions, which have different sizes and switching kinetics.
Basically an ith elementary region is characterized by its volume fraction Vi and its waiting time
ti . The NLS model additionally assumes, that once a nucleation centre in an elementary region
is formed, the region is basically switched. The waiting time ti , consequently, is assumed to be
much bigger than the time it takes to let the nucleus of opposite polarization grow to its maximum extent restricted by defects.
The equation for P(t) then gives
P(t) = 1

hVi exp( t/ti )i,

(3.5)

where h...i denotes volume averaging.
If now the sample is divided into many regions the continuum approach is justified
hexp( t/ti )i =

Z •
0

exp( t/t)g(ln(t))d ln(t),

(3.6)

with g being a distribution function for waiting times which and obeying to the normalization
condition
Z •
g(z)dz = 1.
(3.7)
0

Comparison of the two models is shown in Fig. 3.9 where experimental results on PZT film were
fitted by Gruverman et al. [29]. It is clearly seen from the graph that the introduction of SwT
distribution noticeably improves the fitting.
However, the reason for such a SwT distribution remained unclear. Lupascu et al. [5] suggested
that a field distribution inside a ferroelectric matrix is responsible for a SwT distribution: "In a
polycrystalline material the local projections of the external field onto the permitted polarization
directions in each grain cover a wide range of local fields and thus time constants.". It was motivated by the strong t(E) dependence described by the Merz law Eq. (2.7).
Based on this assumption Genenko et al. [6] conceived the IFM model. It reconstructs polarization kinetics based on statistical field distribution. The model assumes the existence of a
threshold field Eth (t) at which reversal switching occurs, important to highlight that the threshold field is time-dependent value. That means ideally polarization-time behaviour of the region
which is subjected to a field E = Eth (t) should be described by a step-like function. The timedependent total polarization can be expressed in a form
DP(t) = 2Ps

Z •

Eth (t)/Ea

f (s)ds,

(3.8)
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Figure 3.9: Fitting of the time dependence of the switched area of PZT/Pt capacitor (triangle dots)
of 180 nm thickness for the 1.2 V bias by the KAI function (solid line) and the NLS model (dashed
line) (Reproduced from [29], with the permission of AIP Publishing).

where DP(t) is polarization variation, f(s) is an electric field amplitude distribution function,
with s = E/Ea , and Ea is an applied field.
The applicability of the IFM model can be judged from a function presenting a derivative of the
local polarization response with respect to the applied electric field
Ea
D(s) =
2Ps

!
∂ DPk ∂ t
,
∂t ∂E

(3.9)

where DPk is polarization variation which changes according to the KAI model Eq. 3.4 at a
field value E. The IFM model works well in case when D(s) is much more narrow then f (s)
[6; 8], that is physically identical to the Heaviside-Function behaviour assumed previously. If
1 ∂ DP
the condition is met then logarithmic derivative 2P
would scale to the same function which
s ∂ ln(E)
represents a fingerprint of the system, see Fig. 3.10. Polarization-field curves were measured at
different poling times, Fig. 3.11 (a). Obviously, the longer the poling time in the given field
is the higher polarization is achieved. The logarithmic derivative were calculated from these
curves, Fig. 3.11 (b). As is seen, all peaks are approximately at the same height, which meets
the scaling criteria. A peak position of the logarithmic derivatives corresponds to Emax , using
which the fingerprint function can be found, Fig. 3.11 (c). It was found that Emax can be well
1
fitted by E0 / ln( tt0 ) a function, Fig. 3.11 (d).
Having the fingerprint of the system, the field distribution function was found out, Fig. 3.11
(e). Having the statistical field distribution function, polarization-time curves were reconstructed
and compared to experimental measurements, Fig. 3.11 (f). The model reproduces experimental
measurements with high accuracy.
A common drawback of the statistical models [2–4; 123; 124] is the assumption of independent
nucleation regions and uncorrelated growth of reversed domains, thus virtually neglecting the
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Figure 3.10: Model field derivative of the local polarization D(s) and the distribution function f (s)
for the case when this distribution is (a) much wider and (b) much more narrow than the derivative
peak. (c) Model calculations of the logarithmic field derivative for the case described in (a), (d) the
same calculations for the case described in (b), adopted after [6].

feedback of a depolarization field during polarization reversal. However, in many cases they
can successfully describe experimental results, for instance the IFM model [7; 125] also assuming independent polarization switching in individual regions describes the time-dependent
response of various ferroelectric ceramics of different chemical compositions and phase symmetries [7; 8; 125–128] as well as of semicrystalline polymers [129] with high accuracy.
There are a number of piezoelectric systems which are interesting with regard to the influence of
texturing of crystalline anisotropy and its symmetry on their functional properties. For example,
polycrystalline ceramics incorporating increasingly complex crystal systems (e.g., those with
monoclinic symmetry or monoclinic distortions of a unit cell) [130; 131]. Field distribution begins to play an even more essential role in textured materials, where an additional inhomogeneity
is incorporated [130]. Texturing plays an important role in enhancement of different properties
of polycrystalline ceramics, for instance, piezoelectric properties [132], or temperature stability [133], and introduces a difference in poling directions [127; 134]. A notable example of
textured materials are ceramics with oriented pores. Pores are hollow inclusions with a low relative dielectric permittivity. As most of the properties reveal on the pore/host interface a shape
and a size of pores play an important role.
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Figure 3.11: (a) Switched polarization of PZT ceramic DP as a function of applied field Ea at different poling times t as indicated, (b) its logarithmic derivatives versus applied field, (c) the same
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Ferroelectric materials are utilized in various applications exhibiting several functional properties, such as large permittivity, switchable spontaneous polarization, large electromechanical
coupling, pyroelectricity, electro-optic effects, and others [135]. Besides, through the compositional and microstructural engineering, the properties of these materials can be additionally
tailored by the formation of composites, whereby the second phase of low permittivity, such as
polymer or air, is introduced into the structure [136]. For example, porosity results in increase
in the ratio between the longitudinal and transverse piezoelectric coefficients, which in turn increases the hydrostatic piezoelectric coefficient [137]. Such parameters as porosity, pores size
and shape may tailor properties of a material, for instance, dielectric, piezoelectric [138; 139],
or pyroelectric response [140].
An inhomogeneous field distribution attributed to pores inclusions is a key to various functional
properties, as shown by computer simulations compared with experiments on porous PZT and
BT ceramics [141–144]. Particularly, dielectric permittivity and voltage-driven tunability can
be engineered by using anisotropic porosity (pore shape and orientation) as a tailoring factor.
Related studies [142–144] were mostly focused on nonlinear dielectric properties and the impact of porosity on the effective macroscopic permittivity. Two-dimensional (2D) field simulations [142] have shown ways to increase tunability whilst reducing permittivity for small porosity levels. More advanced 3D modelling of porous [143] and other composite [144] materials
allow consideration of high porosity where the effective-medium approach fails. A comprehensive thermodynamic and micromechanical approach was developed by Jayendiran et al., which
was able to describe the viscoelastic behaviour and nonlinear electromechanical response of regular idealized piezocomposite structures [145–147].
While structural and functional properties are well studied [148], an influence of porosity, pores
shape and orientation on a field statistical distribution and the corresponding SwT distribution
are less understood, although a switching of a spontaneous polarization is a basic feature of ferroelectric materials, distinguishing them from other dielectrics. Analysis of ferroelectric switching
in a similar system of sodium nitrite: poly(vinyl alcohol) composite films has shown the great
effect of composition on polarization-switching kinetics [149; 150].
Obviously, introducing a statistical field distribution provides a better description of the experimental results. However, both the NLS and the IFM assume a static field distribution, which
does not take into account the feedback of depolarization fields. According to Eq. (2.4) this
field is produced by charge densities on the GBs which should change in time with polarization
evolution. Furthermore, the produced field should yield a long-range correlation. Long-range
correlations are supposed to condition coherent switchings of grains which is not captured in the
above statistical models as all switching events are assumed to be independent.
In principle, in the case of long-range correlations, a specially and temporally coherent switching may keep the depolarization fields small. This would explain, on the one hand, a weak effect
of the depolarization field, but also means, on the other hand, that switchings in different regions
cannot be considered as independent.
The importance of collective domain dynamics was recognized and studied in thin ferroelectric
films for more than a decade by various methods. Strong correlations of domain structures extending across the GBs have been observed by piezoelectric scanning probe microscopy in polycrystalline thin films [151] and by transmission electron microscopy and piezoresponse force
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microscopy in model single-grain structures [152–154]. Polarization response exhibited clustering ranging from few grains [151] to agglomerations of near 100 grains [155; 156].
Extremely long-range electrostatic correlations were predicted for uniform media by phase-field
simulations [157] and by a microscopic model describing self-consistently the polarization reversal randomized by thermal vibrations [76]. However, the role of long-range electrostatic
interactions in the switching dynamics of bulk ferroelectric ceramics still remains unclear. Thus,
a paradoxical ability of the statistical concepts, which neglect the feedback of depolarization
fields, to accurately describe polarization switching kinetics in a variety of inorganic ferroelectric
ceramics [4; 6; 8; 123; 125–128; 158], organic ferroelectrics [23; 129; 159–163], and organicinorganic ferroelectric composites [149; 164] needs to be comprehended.
Viola et al.[165] introduced a model to simulate polarization kinetics, taking into account such
mechanisms as nucleation and domain growth. Coming from Ref. [166] authors assumed that
a switching rate controlling mechanism is domain expansion rather than a nucleation, because
the growth is calculated to be extremely fast compared to the nucleation rate. Each polarization
variation either by nucleation or DW motion contributed to the total energy of the system by
means of depolarization and stress fields generation. An impact of all switched regions was averaged over the sample and summarized into some effective field. This field provided an impact
on the polarization kinetics together with an applied permanent electric field. The model allows
to study influence of two mechanisms on polarization retardation with time: one is an evolution
of internal fields (depolarization and stress fields), another is exhaustion of nucleation centres.
To enlighten polarization rate-time dependence a PZT ceramic was experimentally investigated.
Comparison of the experimental measurements of the polarization kinetics with simulations allows suggesting that internal field monotonically increases with polarization evolution and is a
major mechanism of polarization retardation.
Lou [30] developed an elaborate model to take into account a feedback of a field from each
polarized grain in thin film-like granular structures, see Fig. 3.12. It is assumed that a thin dielectric layer exists between a film and electrodes, so the field on the surface of the film is not
screened by the electrodes. Introducing a dielectric layer between film and electrodes seems to
be a little artificial, but it has been experimentally shown, that thin dielectric layers emerge due
to the contact with the electrodes [167].
The depolarization field in poled Pt/PZT/Pt capacitor with interface layers has been taken in
accordance with [168]
di P(t)
,
(3.10)
dei e0
where d is a film thickness, di is a dielectric layer thickness, ei the relative dielectric permittivity,
Ps is a spontaneous polarization, e0 is dielectric susceptibility in vacuum.
Obviously, the depolarization field depends on polarization and thus is time-dependent, so that
a total field is also time-dependent and now can be expressed as
Ed (t) =

Etot (t) = Ea + Ed (t) = Ea

di P(t)
,
dei e0

(3.11)

where Ea is the applied field.
It is seen from Eq. (3.11) that depolarization increases the field of the system while P < 0, and
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Figure 3.12: Diagram of the polarization reversal according to Lou’s model. The green regions
denote areas which have already been switched, e.g. polarization pointing downwards, whereas
white regions indicate non-switched parts with polarization pointing upwards. The electrodes on
the top and bottom and the thin dielectric layer inducing the depolarization field are not drawn
(Reprinted by permission of Journal of Physics: Cond.Matt. [30]).

decreases while P > 0.
Taking d=200 nm, di =2 nm, and values for ei =40, and Ps = 30µC/cm2 adopted from [169], a
value of the maximum depolarization field was estimated up to 85 kV/cm.
We assume that the probability 1/x of a retained part to switch until time t is described by the
Merz law Eq. (2.7)
1
t
t
= =
.
(3.12)
x (t) ts t0 exp( E EA(t) )
tot
By dividing the ferroelectric into M0 equally sized domains, see Fig. 3.12, and using Eq. (3.11)
in Eq. (3.13), Lou obtained a system of equations to describe a probability of the domain switching [30]
0
0
11
M0 1
t
E
1@
A
AA
= exp @
di PM0
M0
t0
Ea
dei e0

0

..
.
11

0

M0 N 1
tN 1 @
EA
AA
= exp @
di PM0
M0 N
t0
Ea dei e0
M0 M0
= exp
M0 M0 + 1

tM0
t0

EA
Ea

di P1
dei e0

!!

(3.13)

..
.

= 0,

where tN is the time interval between the switching of the (N-1)-th and N-th domain. The
complete switching time t then follows as
N

t = Â ti .
i

(3.14)
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The corresponding polarization change is just the fraction of switched domains
DP(t)
N
=
.
2PM0
M0

(3.15)

The obtained switching curves (Fig. 3.13) show the retardation behaviour at later stages in the
switching process which cannot be described in the KAI-model with neglecting of the depolarization field. Later on, Genenko et al., have introduced the self-consistent mesoscopic polariza-

Figure 3.13: Polarization kinetics curves calculated by Lou for different applied fields (Reprinted
by permission of Journal of Physics: Cond.Matt. [30]).

tion switching (SMS) model [31] which in 1D case solves the problem stated by Lou but in a
much simpler way. The analogous to Lou’s structure was considered: two electrodes separated
by ferroelectric films with thickness d, and thin insulating layers between electrodes and ferroelectric with thickness di , see Fig. 3.14. In contrast to Lou, no granular structure was specified,
considering only mean polarization of the ferroelectric and not each grain separately. That allowed the authors to solve one differential equation for the global polarization instead of solving
100-500 equations as Lou did [30].
Assuming polarization of the ferroelectric at the beginning Ps , a voltage is applied to polarize it
in the opposite direction. If charge density on the electrodes at the moment of time t is s (t) and
polarization of ferroelectric is p(t) then field in the insulating layers equals Ei (t) = s (t)/ei e0 ,
and the field in ferroelectric equals E(t) = (s (t) p(t)) /e f e0 , where ei , e f are the dielectric
constants of the insulating and the ferroelectric materials, respectively, and e0 is the permittivity
of vacuum.
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Figure 3.14: 1D-scheme of the field and polarization distribution in the initial state of the capacitor,
adopted after [31].

The voltage between electrodes amounts as V = Ei di + Ed. It follows then:
s=
and
E(t) =

e0 ·V
di /ei + d/e f

V
d (1 + e f di /ei d)

p(t)
1 + e f di /ei d

(3.16)

p(t) · di
.
e0 ei d (1 + e f di /ei d)

(3.17)

Eq. (3.4) was differentiated with respect to time to obtain an equation which describes polarizationtime evolution. Taking into account the Merz law Eq. (2.7), with a single value t inside the
ferroelectric, a differential form of Eq. (3.4) has the form:
d p(t) Ps sgn(E)
=
dt
t

p(t) ⇣ t ⌘a
a
t

1

.

(3.18)

Eq. (3.18) was solved for small time steps, and at each time step the depolarization field Eq. (3.17)
was recalculated for actual values of polarization.
To compare results, all parameters were taken as in the work [30]. The comparison is shown
in Fig. 3.15. The perfect coincidence of the results pointed out that the consideration of local
polarizations by Lou gives no additional information above that obtained in the self -consistent
mean-field treatment of the total polarization.
Attempts made so far to account for the feedback of depolarization fields remained mostly within
the mean-field approximation which assumes emergence of a time-dependent specially uniform
electric field due to averaging of multiple switching events [30; 165; 170]. The assumption of a
uniform medium, however, is not applicable to a granular ceramic, where each grain can have
unique structure thus providing inhomogeneity in form and principal axes orientation. The later
brings an inhomogeneous distribution of a dielectric tensor which together with a polarization
plays an important role in an electric field scattering. This fact makes the recourse to the mean
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Figure 3.15: Polarization reversal with time for different magnitudes of the applied electric field
as calculated by Lou [30] is shown by coloured dashed lines. The same quantity calculated using
Eq. (3.18) is shown by thin solid lines for corresponding field values, adopted after [31].

field approximation strongly disputable for a granular ceramic. To study multi-granular structure
the SMS model was extended to 2D [31].
A granular structure with a linear size L=20µm, which contains 400 grains(20 ⇥ 20 grains,
1 ⇥ 1µm2 each) Fig. 3.16, was generated using the Voronoi tessellation [171]. Then the direction of c-axes was randomly assigned according to the crystal symmetry. Authors considered
40/60 PZT with tetragonal symmetry, so Eq. (3.1) was used. Each grain was characterized by an
activation field EA , and a two-dimensional tensor ei j = e0 Ki j with principal values of dielectric
constants Ka = 499, Kc = 198 [172; 173], with Ps = 0.57 Cm 2 . The system was placed between
two electrodes and voltage assumed to be applied by stating a permanent potential difference (V)
between electrodes. The electric field, induced by the potential difference inside the system, was
evaluated by solving the Laplace equation using the finite element method (FEM). Because of
an inhomogeneity of a dielectric tensor in the system, the electric field strays, which results in
an inhomogeneous field map. Then field was averaged in each grain, thereby the electric field
within each grain was substituted by its spacial average hEii .
Two important approximations were used: polarization within each grain was supposed to be
homogeneous, and only 180 switching events might occur.
Eq. (3.18) was generalized for the 2D case
✓ ◆a 1
d pi (t) Ps sgn(h~Eii ·~ni ) pi (t)
t
=
a
,
(3.19)
dt
ti
ti
where pi is polarization amplitude, and ~ni is the unit vector along c-axis of an ith grain. A c-axis
which is assigned to each grain in the initial state.
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c-axis

Ea
45o

Figure 3.16: 2D scheme of randomly arranged and oriented grains of a polycrystalline ferroelectric
(left). A c-axis lies within a cone of 45 (right), adopted after [31].

Eq. (3.19) is virtually one dimensional along the direction ~ni within each grain while the twodimensional coupling between grain enters this equation through the local field-dependent SwT
ti = t0 exp(EA /|h~Eii ·~ni |).

(3.20)

Therefore, the rate of a local polarization switching is determined by the projection of the averaged local field onto the local polarization direction.
Eq. (3.19) was integrated using following parameters: EA = 25.3 kV/mm, b = 1, t0 = 5 · 10 11 .
Integration was performed by multiple time steps, evaluating actual field values between steps to
take into account the field map evolution in the integration process. This results in polarization
curves, which are shown in Fig. 3.17 (solid lines) for different applied fields. The curves
p are
compared with those calculated with isotropic dielectric tensor with dielectric constant Ka · Kc
(dotted lines), and curves calculated by the KAI model (dashed lines).
The difference between curves can be explained by the field distribution. In the case of an
anisotropic tensor a field inside a material is homogeneous, however, its value is smaller than
V /L which results in the difference with the KAI, where a process is driven by V /L, that causes
substantial retardation in the poling process. In the case with anisotropic tensor, the field is inhomogeneous, being at some places higher than V /L causing acceleration of the poling process,
while at some places smaller than V /L causing polarization retardation, thus providing bigger
spreading of the polarization-time curve compared to an isotropic tensor case.
To capture the electrostatic picture of ceramics another important modification of the model
is taking into account discontinuous of the spontaneous polarization on the GBs, which forms
charge densities and produces additional stray fields. Following the calculations in the work [7],
a depolarization field produced by charge densities due to polarization mismatch is around one
order of magnitude bigger than the typical coercive field for PZT. So, polarization was artificially reduced to Ps = 0.02 Cm 2 to depress local fields below the coercive field Ec = 1.5
kV/mm. Results are presented in Fig. 3.18 and compared to those where surface charge formation was neglected.
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Figure 3.17: Polarization switching according to the KAI-law (dashed lines) compared to the response of systems with spacially disordered polarization directions and either isotropic (dotted lines)
or anisotropic (solid lines) dielectric tensor for three different values of the applied fields (Ea = V /L),
adopted after [31].

The difference between the curves can be explained by the normalized logarithmic field derivatives of the reversed polarization with respect to the applied electric field, introduced by Genenko
et al. [6]. The logarithmic field derivatives evolution is shown in Fig. 3.19 for both cases with
charge formation and without. The logarithmic field derivatives with charge densities taken into
account are not so dispersed, thus the corresponding polarization curves are not so smeared,
while curves without charge densities are experienced bigger retardation at a long time.
The Ref. [31] revealed the importance of field distribution for the poling process, as well as
the influence of depolarization fields and charge formation, which is attributed to polarization
mismatch and is unavoidable in granular ceramics.
Macroscopic and local measurements of nonlinear behaviour in mechanically clamped and released polycrystalline films revealed the dominant role of collective long-range strain interactions mediated by the local and global mechanical boundary conditions, possibly by elastic coupling through the substrate [174; 175]. The latest in situ high-energy x-ray diffraction advances
allowed for the time resolution of different switching processes in bulk ferroelectric ceramics [26; 176; 177]. Furthermore, the grain resolved 3D-XRD was used to trace the non-180
switching events within polycrystalline bulk media [178; 179]. The collective dynamics in bulk
materials was found to be correlated over approximately 10–20 grains, a scale presumably resulting from the complicated and still not understood interplay between the electrostatic field [180]
and the elastic strain field.
Elastic interaction due to strain variation is conditioned by non-180 switching. Important to
note is that polarization by consequent non-180 switching events cannot be described by inde-
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Figure 3.18: Normalized switching curves for various applied fields with substantial (solid lines)
and a negligible (dashed lines) spontaneous polarization, adopted after [31].
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Figure 3.19: Normalized logarithmic field derivatives of the reversed polarization with respect to the
applied electric field in the case of an isotropic dielectric tensor with (a) omitted charge formation,
(b) charge formation, adopted after [31].
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pendent switching mechanism as a second non-180 event might occur only after a first non-180
event had occurred. Thus, such switchings and consequently elastic interactions are not included
in the current statistical models.
Consideration of non-180 is crucial for multiaxial ferroelectrics, which are the most widely
used group of ferroelectric materials. Such two-step polarization reversals were observed by in
situ x-ray diffraction measurements [79] and ultrasonic investigations [80]. Respective characteristic times for two distinct and sequential domain reorientation steps were determined [26].
Furthermore, some reports suggest that contributions from 180 switching events during the
reversal process cannot be excluded [106; 181]. In order to distinguish between both contributions, the macroscopic strain of the polycrystalline sample should be measured simultaneously
with the switched polarization.
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4. Results

4.1

Review of objectives and results

The present chapter summarizes the problems considered in this dissertation and presents a review of the four publications which cover these problems.
Continuously developing techniques provide essential experimental data which has to be analyzed to describe materials behaviour and to design new materials with desired properties. Both
static (activation fields, maximum polarization and strain, etc.) and kinetic (polarization and
strain variations, depolarization fields evolution) properties has to be considered using different
modeling and simulation approaches. Regarding the simplicity and performance the NLS and
the IFM models are the most widely used statistical approaches for describing and analyzing
disordered ferroelectric systems behaviour. However, both models suffer from an assumption
placed in the core of the KAI model - the statistical independence of switching regions. Another
significant drawback is the assumption of steady statistical distributions of SwT and electric field
values, while the latter are expected to vary depending on a poling state of a material.
In this work new models are developed. The aim of the models is to shed light on the role of depolarization fields and correlations in switching kinetics. All existing simulation models, which
also highlighted an impact of depolarization fields, operate within the mean-field approach, that
prevents an investigation of either spacial or statistical field distributions. The later, however, is
very important as is evident by the IFM model, especially for textured materials.
By means of computer simulations, we investigated correlations during a poling process and consequent charge formations. In its turn, charge formations are additional sources of depolarization
fields, therefore a corresponding field-map in real-time is studied together with a statistical field
distribution. All these studies are performed for different symmetries: tetragonal, rhombohedral, and orthorhombic, to illustrate an impact of crystal symmetry on switching kinetics and the
concomitant effects listed above.
While simulations allow investigation of local processes in ceramics, analytical models provide
statistical data regarding the macroscopic effects; particularly a c-axes distribution function,
which has been calculated only for a tetragonal symmetry, now is presented for a rhombohedral
and an orthorhombic symmetries as well. This function plays an important role in the analytical
estimation of average values in ceramics such as variance of charges on grain faces, or maximal possible polarization which can be achieved at a given symmetry [7]. A new analytical
model discriminates between 180 and non-180 switchings, enabling the description of polarization kinetics and simultaneous strain variation. The model was implemented to describe
recent measurements where polarization-time dependence was measured simultaneously with a
strain variation [182]. Fitting of the experimental results provided a set of parameters such as
amount of 180 and non-180 switching events, their characteristic activation energies and many
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others, which are in a good agreement with the experimentally measured values.
The global objectives of the current work are
1. Understanding of a role of a depolarization field, its magnitude and evolution
2. Understanding of a role of electrostatic correlations
3. Development of a new model to describe sequential switching events and to account for
non-180 switchings.
A two-dimensional model to study local electric field evolution during a poling process was
advanced by Genenko et al. [31]. This model, however, has to be further elaborated to account
for correlations and include consideration of a 3D structure necessary to describe all relevant
symmetries.
According to the covered problems the publications are categorized in the following way
1. Influence of porosity, pores size and anisotropy on switching kinetics, theory and experiment 4.2.
2. 2D/3D models and investigation of spacial field distribution, charge density formation
and electric field/polarization correlations during poling ceramics for different crystalline
symmetries 4.3.
3. Stochastic model to involve non-180 switching in description of simultaneous polarization and strain kinetics, theory and experiment 4.4.

4.2

Porosity influence on switching kinetics

The electric field distribution plays a crucial role in field-driven polarization switching. It leads
to an accelerated switching of some regions, whereas retardation or pinning of others is also
observed. Additionally, regions of high field intensity strongly affect donor/acceptor migration,
leading to a bias field formation, and causing ageing and fatigue of ceramics [183].
Having comparatively low values of a relative dielectric permittivity, pores are centres of an
electric field distortion [142; 144]. Control over a pore’s size, their form and orientation makes
porous materials promising objects for a new materials design. However, it is important to
predict an influence of each geometrical parameter on switching kinetics of materials. PAPER I (sec. 6.2.1) considers various porous structures (Fig. 4.1) to disclose their impact on a
poling process.
First, we considered effects of size and porosity for pores of an isometric form (circles). Samples of the same porosity but with a different pore size or a pore size distribution were compared.
The simulation revealed that a statistical field distribution does not depend on pore size or their
size distribution if porosity is kept the same. Afterwards, we kept the same size, but changed
porosity. As was expected, the higher porosity brings a broader field distribution.
In the next step, we changed isometric pores to anisometric (elliptic) ones. An anisometry
introduces a new degree of freedom – pore orientation relative to an applied field. Elliptic pores
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(b)

Figure 4.1: Electric field strays around (a) pores with sized distribution, (b) around elliptical pores
with a random distribution of major elliptical axis.

having 45 angle with an applied electric field were compared to circle pores, demonstrating
how electric field distribution shifts towards lower field values. After that, samples with the
same porosity and the pore shape, however with different inclination angles (0, p/6, p/3, p/2)
were compared, by this way illustrating how an electric field distribution is broadening with the
angle increasing. Finally, a sample with randomly oriented anisometric pores was compared
with the sample of the same porosity but stuffed with isometric pores. The simulation result
exhibited no difference in a field distribution picture.
For each simulated case a mean cosine of a local field deviation was calculated. It is well known
that porosity dramatically reduces maximum polarization of a system. There was an assumption
that a reason of low polarizability is hidden in the field deviation around pores which polarizes a part of a material in arbitrary directions. Our calculation exclude this explanation due to
comparatively small mean cosine variation; secondly, a mean cosine depends on porosity monotonically, wheres a non-monotonic decreasing of polarization was observed.
According to the Merz law Eq. (2.7) the field distributions were converted into the distributions
of SwT for all cases in order to see an influence of porosity on a poling process. Calculated SwT
allows one to reconstruct polarization-time curves using the IFM model.
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4.3

Spacial field distribution and correlations during a switching kinetics

Present topic is covered by two articles based on the SMS model. PAPER II (sec. 6.2.2) presents
2D simulations and considers a tetragonal symmetry, PAPER IV (sec. 6.2.4) deals with 3D
simulations and considers tetragonal, rhombohedral, and orthorhombic symmetries. The 2D
simulations are based on a model proposed in the work [31]. The Laplace equation is being
solved for a granular structure to describe an electric field map induced by applied voltage and
surface charges. A KAI-based kinetic equation is solved to describe an evolution of polarization
taking into account actual values of an electric field. Examples of polarization and field maps
are presented in Fig. 4.2.
Main assumptions adopted in the model are

(a)

(b)

Figure 4.2: Examples of polarization (left) and the corresponding field (right) maps at the intermediate poling stage.

1. polarization within each grain is supposed to be uniform
2. GBs are infinitesimally thin
3. only 180 switchings are considered
4. spontaneous polarization of a unit cell is artificially reduced to diminish produced depolarization fields.
The reason for the last assumption is based on an electronic band structure of a material. Produced depolarization field bend energetic bands of a material. If a depolarization field is sufficiently large then electrons will be provided to a conduction band and later flow through grains

4.4. A MODEL TO DESCRIBE POLARIZATION AND STRAIN KINETICS

61

to suppress these fields. Therefore polarization was intentionally reduced to correspond to a
band gap of a studied material.
The model provides information to study a field distribution and correlations in a system. It
was found that a statistical field distribution changes while a material is being polarized. More
detailed analysis of the depolarization field revealed two sources of the depolarization fields dispersion: a dielectric tensor inhomogeneity, and a charge formation on grain boundaries. The
behaviour of both mechanisms was discussed; the statistical distribution of fields due to the tensor inhomogeneity monotonically broadens, whereas statistical distribution of a charge-induced
field scales with polarization magnitude and thereby has a non-monotonic behaviour. The variance anisotropy (VA) factor, which is a new characteristic introduced in PAPER II, revealed
finite correlations of electric and polarization components in a system. However, all variables
(except at the beginning of a poling process) exhibited only short-range aoutocorrelations.
The 2D model has been extended to a 3D, which allows consideration of other symmetries as
well. A grain structure in the 3D cases was intentionally simplified to a cubic grain array. That
provided an easier estimation of surface charges on the boundaries of the grains and gave a possibility of a direct reference to the theoretical calculations [7] where the same cubic structure
has been considered. The main assumption for the model was kept the same as in the 2D model
except for the reduced polarization values, which in the 3D work corresponds to real polarization values of studied materials. That provided a more realistic picture of depolarization field
magnitude and evolution. Assuming that depolarization field has to be cut off by some critical value based on physical mechanisms such as band bending or polarization inhomogeneity
within the grain, this critical field was also found for different symmetries, using a comparison
of polarization-time curves with experimental measurements [8]. The 3D simulations revealed
an evolution of a statistical distribution of electric field, however, the distributions do not change
much, that supports assumptions contained in the NLS and the KAI models. The contradiction
with the 2D simulated system might arise because of artificially suppressed depolarization fields
and the form of the grains, i.e. 2D grains correspond to pipes;field can turn around Pipes worse
than the around cubes. None of three symmetries revealed long-range correlations. The absence
of correlations was related to a Debay’s screening effect which directly relates to a charge formation density. Charge density evolution was estimated using mean square deviation. It was
found that the charge density obeys a symmetry of the studied system and can provide a screening length of the order of a grain size, which maintains the idea of the screening mechanism of
the correlation suppression, first stated in PAPER II (sec. 6.2.2).
The simulations demonstrated that a poling process does not happen coherently in ceramic materials, as it might occur in single crystals [23]. However, correlations are of short-range, that
allows the assumption of independent switching regions which is the core of the statistical models. Evolution of a field distribution found to be negligible, which supports the next assumption
to use a steady statistical distribution of SwT/electric field.

4.4

A model to describe polarization and strain kinetics

PAPER III (sec. 6.2.3) presents the mulstistep stochastic mechanism (MSM) model. It is formulated in the spirit of the KAI model, so that contains a similar set of parameters, such as the
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characteristic switching time and the Avrami index. However, the core of the model is substantially extended, so that non-180 also taken into account. This gives a possibility to connect
polarization evolution with strain variation.
Together with strain the MSM model comprises many important physical parameters: SwTs for
different switching mechanisms, share of non-180 and 180 switchings, electrostriction coefficients, and relative dielectric permittivity, by this way providing an opportunity to decouple
contributions of non-180 and 180 events, as well as extrinsic and intrinsic contributions into a
strain variation (the first and the second terms in the Eq. (1.6), see Fig. 4.3.
The MSM model was successfully applied to the recently performed unique experiment where

Figure 4.3: Decoupled extrinsic and intrinsic contributions to the strain variation curve, where
experiment (black solid line), fitting curve (blue solid line), extrinsic contribution (red dashed line),
and intrinsic contribution (red dots).

polarization kinetics was measured simultaneously with strain variation [9] for different fields.
As the model contains a large set of parameters, first only strain curves were fitted. Then, the
extracted parameters were kept unchanged while Polarization curves were fitted. A good fitting
of both the strain- and polarization-time curves provided a set of parameters, which had a good
coincidence with independently experimentally measured quantities. Fitting of SwT values established at different fields by the Merz law gave information about an activation fields. The
activation field for 180 process was in a perfect agreement with an activation field extracted
in the experimental work on the same PZT material [8]. Activation fields for the first non-180
and the second non-180 switching events are attainable from the experiment, however, were
extracted from the fitting.

5. Outlook

In the present serious of works a statistical model (MSM) to describe non-180 switching events
was for the first time introduced in PAPER III (sec. 6.2.3). The model contains several simplifications at the moment: an electric field is assumed to be uniform and steady during a poling
process, correlations between grains are absent, all grains experience either 90 or 180 switchings, no spacial distribution of c-axes is taken into account. The model, however, successfully
described experimental measurements for a tetragonal PZT proving its applicability, but demonstrating only fair agreement with the experimental data at a later switching stage. Further modifications are important for describing other symmetries and more accurate estimation of the
results in the whole time window. Simulations performed in the works PAPER II (sec. 6.2.2)
and PAPER IV (sec. 6.2.4) have clearly demonstrated the absence of long-range electrostatic
correlations, hence there is no need to introduce the correlations in the MSM model, but a statistical field distribution plays a role in polarization kinetics. Uniform field approximation does not
allow to describe the retardation at the later stage of poling process, thus leading to some deviation from experimental results. In the PAPER IV (sec. 6.2.4) it was demonstrated, however, that
a statistical field distribution varies in time slightly. This means that a statistical distribution can
improve the model, providing a more accurate estimation of activation fields for all switching
events and more precise description of the time-dependent data, however, a steady distribution
approximation may still be introduced which is essential to keep the simplicity of the model. In
PAPER IV (sec. 6.2.4) different symmetries were investigated. It is seen that a distribution of
c-axes also affects a statistical field distribution and a polarization process, therefore another reasonable modification of the MSM model is an incorporation of c-axes distribution according to
a system symmetry. That would allow a direct incorporation of such a parameter as a maximum
possible strain which can be directly measured experimentally and more accurate estimation of
180 and non-180 switchings amount.
Recently Roscow et al. [184] investigated porous "sandwich" structures for energy harvesting
applications to see the relationship between the geometry of porous structure and poling characteristics. Pores incorporation into the SMS model will permit extending the simulations carried
out by Roscow et al. by incorporation of a materials symmetry feedback and fields produced
by charges on GBs. Therefore the next modification of the SMS model can be a pore structure
incorporation which provides a good opportunity to study kinetics of porous materials.
The 3D SMS model is a good tool to explore a charge formation, correlations and local fields.
The model, however, suffers from an assumption of the only 180 switchings, which prevents
its application over a wide range of fields as well as description of strain. The next step of the
model modification is an introduction of non-180 switchings. It is important that a dielectric
tensor has to experience rotation together with a c-axis after each non-180 switching. This
fact is mostly being omitted in simulations, though it plays an important role in depolarization
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field formation. Such a modification as non-180 switchings would permit an investigation of
local strains as the latter are directly related to a polarization. The model promises to distinguish
between the 180 and two coherent non-180 events which are not resolvable by the current
experimental methods or the MSM model. These modifications together with a more elaborated
random grain shape will provide an opportunity to add mechanical interaction between grains,
which gives an impact on a switching processes, in some cases even preventing them [185].

6. Publications

6.1

Author’s contribution

In all works in this thesis, I personally performed all computer calculations and was responsible
for the development of python codes and algorithms for the calculations, structure generations,
result visualizations. I contributed in all manuscripts preparation, particularly the calculated results analysis and description of the results.
In PAPER I (sec. 6.2.1) I was the first author. The work was initiated by Dr. Genenko and
Dr. Zhukov with an idea of field control via a porous structure. Among my duties were an
algorithm for porous structure generation construction, writing original scripts which imported
the structures into the commercial software FlexPDE program where the Laplace equation was
solved to evaluate an electric field map. I also developed an original python script which takes
field values, calculated by the FlexPDE, and derives a statistical distribution of the field. I also
introduced the idea to study concentration and size-dependent effects. For this work I’ve wrote
the most part of the manuscript.
In PAPER II (sec. 6.2.2) I was the first author as well. The work had to continue the work
proposed by Dr. Genenko where the 2D-SMS model was advanced by Dr. Genenko and Dr.
Wehner [31]. My duties were to extend Python script earlier developed in the work [31], to
investigate statistical field distributions, and to estimate correlations in a system. To that end, I
have used the script from PAPER I for a field distribution calculation. However, I had to write an
original algorithm and a script for correlations calculation; an extensive work was done for better
visualization of the correlation functions. I invented the variance anisotropy (VA) factor which
allows an estimation of coherence of a system evolution and correlations spacial anisotropy
much faster than it can be done by means of the correlation coefficient calculations. The parts
of the model description, calculations and results were prepared by me for the manuscript.
In PAPER III (sec. 6.2.3) I was the second author. The origin of the work owes to the unique
experiment conducted by Dr. Koruza and Dr. Schultheiß [182]. There was a need in a model
which can take into account non-180 switchings and relate polarization-time measurements to
a corresponding strain variation. Dr. Genenko developed a mathematical model of consequent
switchings which allows one to include non-180 switchings into polarization kinetics. My contribution were an implementation of this model to fit the experimental data, to extract valuable
parameters and to analyze them. The main obstacle was a large number of parameters and their
dependence from each other. I had to simplify and modify the formulas in such a way to use
as few fitting parameters as possible and to utilize parameters measured independently in direct
experiments. I also developed a Python script which is capable to fit experimental data by the
formulas for polarization and strain variations which was the main tool for calculations in the
work. This manuscript was written together with the experimental group, among my duties was
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preparation of the calculated results and their description.
In PAPER IV (sec. 6.2.4) my idea was to simulate a regular cubic structure, which Dr. Genenko
suggested to compare to the theoretical studies [7]. I extensively modified the previous SMS
model. First, the structure was extended from 2D to 3D. That made simulations much more
time-consuming (instead of 400 2D grains, now 1000 3D grains were simulated). Therefore a
new calculation algorithm was developed. Previously the FlexPDE provided a field map, and
an equation responsible for polarization evolution was solved within Python using the RungeKutta method. In the present work, the whole computational process was carried out by the
FlexPDE solver which works much faster than the self-written python script. I had modified
boundary conditions in the problem to separate field fluctuation caused by a dielectric tensor inhomogeneity and those caused by charges on grain boundaries. That simplified a way of charge
density estimation. I was also responsible for writing a script to calculate a standard deviation
of electrical field components and charge densities on grain boundaries as well as visualization
of their evolution. The manuscript of this work contains massive theoretical calculations, which
were described by Prof. Genenko. The manuscript was mostly prepared by him, while I had to
contribute to the part regarding the model, calculations and results.

6.2. PAPERS

6.2
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Abstract

Highly porous ferroelectric ceramics possess remarkably less polarizability than dense
ceramics; instead they display high tunability of various physical properties. Particularly,
the shape and orientation of pores as well as the total porosity exhibit a great effect on the
polarization-switching dynamics. In the present work, nite-element simulations of the
electric- eld distributions and related statistical distributions of local switching times are
analysed and compared with the switching characteristics of porous lead zirconate titanate
ceramics, extracted from the experiment by means of the inhomogeneous eld mechanism
model of polarization switching. Surprisingly, the simulated statistical eld-distributions turn
out to be virtually independent of the pore-size distribution; however, they are sensitive to the
anisometric shape and orientation of the pores. Additionally, they exhibit notable broadening
with increasing porosity; an effect con rmed by experimental observations.
Keywords: porous ferroelectrics, polarization-switching dynamics, oriented anisometric pores,
statistical eld-distributions
(Some gures may appear in colour only in the online journal)

1. Introduction

the hydrostatic piezoelectric coef cient [3]. Furthermore,
porosity was demonstrated to considerably improve piezoelectric sensitivity, acoustical energy transfer, and pyroelectric
energy conversion. These characteristics make porous piezoelectrics and their composites useful for underwater acoustics,
medical diagnostics, non-destructive testing and others [3–6].
While the functional properties of porous ferroelectrics
with isometric pores have been investigated by several authors
[7], the in uence of the shape, orientation, and distribution
of the pores is less well understood. Tailoring these parameters, for example by pore alignment, was recently reported to
considerably improve the piezoelectric [8, 9] and pyroelectric
conversion response [10] of piezoelectric materials.

Ferroelectric materials are utilized in various applications due
to several functional properties, such as large permittivity,
switchable spontaneous polarization, large electromechanical
coupling, pyroelectricity, electro-optic effects, and others [1].
Besides through the compositional and microstructural engineering, the properties of these materials can be additionally
tailored by the formation of composites, whereby a second
phase of low permittivity, such as polymer or air, is introduced into the structure [2]. For example, increased porosity
results in an increase of the ratio between the longitudinal and
transverse piezoelectric coef cients, which in turn increases
1361-6463/17/045303+14$33.00
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Inhomogeneous eld distribution due to the pores is key
to various functional properties of the investigated materials,
as shown by computer simulations compared with experiments on porous lead zirconate titanate- and barium titanatebased ceramics [11–14]. Particularly, dielectric permittivity
and voltage-driven tunability can be engineered by using
anisotropic porosity (pore shape and orientation) as a tailoring factor. Related studies [12–14] have mostly focused
on nonlinear dielectric properties and the impact of porosity
on the effective macroscopic permittivity. Two-dimensional
(2D) eld simulations [12] have shown ways to increase tunability while reducing permittivity for small porosity levels.
More advanced three-dimensional (3D) modelling of porous
[13] and general composite [14] materials allows consideration of high porosity where the effective-medium approach
fails. A comprehensive thermodynamic and micromechanical
approach was developed by Jayendiran and Arockiarajan,
which was able to describe the viscoelastic behavior and nonlinear electromechanical response of regular idealized piezocomposite structures [15–17].
Although the switching of spontaneous polarization is a
basic feature of ferroelectric materials, distinguishing them
from other dielectrics, little information is available on the
in uence of porosity on the switching process. Analysis of
ferroelectric switching in a similar system of sodium nitrite:
poly(vinyl alcohol) composite lms has shown the great
effect of composition on polarization-switching kinetics [18,
19]. The publication by Stoleriu et al [11] was devoted to the
description of polarization-switching loops in porous ferroelectric ceramics by a Preisach-like, rst-order reversal-curve
analysis. However, this formal approach does not allow attribution of a physical entity to an elementary switching unit
and, particularly, a dynamic description of the time-dependent
polarization reversal. The latter problem presents the main
task of this work, which is focused, on the one hand, on the
nite-element electric- eld simulations in model porous ferroelectrics and, on the other hand, on the statistical analysis of
the time-dependent polarization-switching response in porous
lead zirconate titanate.

According to the concept of nucleation-limited switching
(NLS) suggested for ferroelectric lms, the total reversed
polarization of a polycrystalline ceramic sample exposed to an
applied step-like voltage results from superimposing contributions of different sample regions characterized by individual
switching times [20]. In the 3D case of a bulk ceramic such
a response is described by the formula [23]
P(Em, t ) = cos

0

d Q ( ) p (t , )

(1)

where local polarization reversals in each region are assumed
to follow the classical Kolmogorov–Avrami–Ishibashi (KAI)
p(t, ) dependence [30] with time t elapsing after application
of the external eld Em. cos denotes the mean cosine of the
polar angle between the direction of the local electric eld
and the direction of the applied eld, while Q( ) denotes the
weighted statistical switching-time distribution [23].
The main hypothesis of the IFM model is that the statistical switching-time distribution follows from the statistical
distribution of the local electric- eld values E due to the strong
eld-dependence of the local switching times (E ). For strongly
heterogeneous media, such as polycrystalline ceramics, which
exhibit pronounced non-uniform spatial distributions of the
electric eld, this hypothesis entails a scaling property of the
total polarization [22]:
Em
Pmax,0

P
Em

=

Em
Emax(t )

(2)

where Pmax,0 is the maximum total polarization of a dense
ceramic consisting of a single composition, Emax(t ) is the
maximum position of the normalized eld derivative with
respect to eld and (u ) is a function presenting a ngerprint
of a speci c medium. The relation (2) shows that the eld
derivative of the polarization, depending on the eld and time,
may be presented as a function of a single combined variable
depending on the eld and time. In other words, the derivatives in equation (2), evaluated at different times, are expected
to fall onto the same master curve, characteristic of a certain
material. This property, con rmed so far for all investigated
polycrystalline ceramics [22–28], is not trivial; it fails, as
expected, in the case of uniform media such as single crystals
[23, 31] where the KAI model applies to the total polarization
response.
We note also that the IFM model, as well as the NLS model,
is still not self-consistent since it does not account for generation of depolarization elds due to switching of individual
regions and their mutual in uence in the course of polarization reversal. The fact that the IFM model nevertheless successfully explains experiments may be related to the fact that
the depolarization elds might be kept low due to coherent
polarization reversal, an understanding supported by the selfconsistent 2D simulations [32]. Another point worth noting
is that the statistical distribution of local switching times
might alternatively result from random activation barriers in
heterogeneous pinning media or random local electric elds
due to various defects, as suggested in some previous models
[33, 34]. The problem of these models is that, in contrast to
the IFM approach, they are unable to explain the eld-time

2. Statistical electric eld and switching-time
distributions in porous dielectric ceramics:
a statistical model approach
The polarization response of ferroelectric ceramics exhibits
dispersive features and is characterized by wide statistical
switching-time distributions [20]. Considering the strong
electric- eld dependence of the switching time [21], the inhomogeneous- eld-mechanism (IFM) model of polarization
response explains these broad distributions by a statistical
distribution of the local electric- eld values over a random
polycrystalline media [22, 23]. This concept, suggested by the
authors of the current study, was successfully con rmed using
different ferroelectric ceramics [23–26] and even ferroelectric polymers [27, 28], and presents an alternative to the statistical description in terms of Preisach-like models [11, 29].
Application of this approach to analysis of the response of
porous ferroelectrics is presented below.
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scaling of reversed polarization (equation (2)) observed in
many ferroelectric ceramics [22–28, 31] since the activation
barriers in these models are not dependent on the applied eld.
If the property (2) is con rmed experimentally and the two
characteristic functions Emax(t ) and (u ) are established, the
switching polarization (1) can be represented for any applied
eld magnitude Em in terms of these functions as
P (E m , t ) =

Em / Emax(t )

Pmax,0

0

du
( u ),
u

and subsequently more concentrated distributions than compositionally identical non-textured ones [31]. It is anticipated,
therefore, that the choice of size, shape and spatial orientation
of the pores, which all affect the electric- eld distributions in
porous ferroelectric ceramics, may have a crucial effect on
their polarization dynamics. In the next section we simulate
the effects of structural properties of porous systems on the
eld and switching-time distributions in them.

(3)
3. Statistical electric- eld distributions in porous
dielectric ceramics: nite element simulations

without using any tting parameter [23].
The eld dependence of the local polarization-switching
time (E ) can also be obtained from the solution of the equation Emax(t )/ = E with respect to E, where the constant can
be derived from the shape of the master curve and is typically
around unity [22–26, 31].
The master curve (u ) is directly related to a weighted
statistical distribution of the electric- eld values in a system
f (E /Em ) by the expression [35]
f (s ) =

cos

0

cos

1
s

1
,
s

Different 2D porous structures are simulated using a nite element method (FEM) program FlexPDE (version 6.38, PDE
Solutions Inc.). To this end, a box of size 3 × 3 mm2 was created with non-overlapping inserted regions with a material of
dielectric permittivity p, randomly distributed over the complete area. The centres of these regions were generated using
a random number generator. To adapt this structure to a typical
ferroelectric material such as lead zirconate titanate (PZT) the
relative dielectric permittivity of the background area was set
to r = 2000, while the dielectric permittivity of the incorporated regions was set to p = 1, as for air-containing pores.
Constant electrostatic potentials were prescribed to the top
and bottom boundaries of the box with a potential difference
of 4.5 103 V generating an electric eld equal to 1.5 kV mm 1
in the vertical y-direction. Note that this is comparable to a
typical coercive eld in PZT. A map of spatial electric- eld
distribution was then calculated and analysed.
The collected data of the electric- eld distributions in the
matrix with different pore con gurations were converted into
statistical distributions of the eld amplitude (referred to as
‘ eld distributions’ in the following) normalized to the value
of the applied eld. The statistical switching-time distributions were subsequently calculated from the eld distributions
using the formula (5) and (exemplarily) the Merz law [21]
= 0 exp(Ea /E ) and presented at a logarithmic timescale. The
evaluations were carried out for the following set of parameters: the activation eld Ea = 25.28 kV mm 1 and characteristic switching time 0 = 3.91 10 11 s, corresponding to
a porous PZT ceramic with isometric pores (experimentally
con rmed in section 4).

(4)

where cos 0 and cos denote the mean cosine of the polar
angle for the local electric eld in the dense and porous
ceramics, respectively. Considering the dense ceramic as a
much more homogeneous medium in comparison with porous
ones, for simplicity, the value cos 0 will be set to unity in
the following analysis.
The eld distribution f (E /Em ), in turn, determines the
weighted statistical distribution of the local switching times
Q( ) =

d
dE

1

1
E
f
.
Em Em

(5)

In composites or fatigued systems, consisting of switchable
and non-switchable regions, both statistical distributions f (s )
and Q( ) obey the following normalization:
0

dsf (s ) = 1

and

0

d Q( ) = 1

,

(6)

where < 1 describes the non-switchable part of the sample
volume [35]. When comparing the maximum total polarization of a porous ceramic Pmax with that of the compositionally identical dense ceramic, Pmax,0, this part can be
determined as [35]
=1

Pmax cos
Pmax,0 cos

0

.

3.1. Samples with isometric pores of different xed sizes

Because of the very different dielectric permittivity values of
the ceramic matrix and the pores, the electric eld tries to surpass the pores resulting in a eld-amplitude variation, as is
well known from previous simulations [12] and is shown here
exemplarily in gure 1(a). This generates a statistical distribution of eld amplitudes in the box around the pore ( gure
1(b)). It can be seen that the distribution is shifted towards the
values smaller than the mean eld (E < Em ).
To investigate the in uence of pore sizes on the eld and
switching-time distributions the samples with round pores of
different xed radii r (from 20 µm to 120 µm) were simulated
( gure 2). The total porosity of all samples was 22%.

(7)

The relation (5) shows that the homogeneity of a system
plays a crucial role in the dynamic polarization response. For
a uniform system like a single crystal the distributions (4) and
(5) are both reduced to -function-like peaks, transforming the
total response (1) to the local response p(t, ) with a single
switching time (E ). Common non-textured polycrystalline ceramics are characterized by non-uniform spatial eld
distributions followed by wide statistical eld-distributions
(4), which result in a wide switching-time dispersion in (5).
Textured ceramics exhibit less scattered electric- eld values
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Figure 1. (a) Electric- eld-line distribution surrounding a round air pore in a high-permittivity dielectric matrix and (b) the resulting
statistical eld-amplitude distribution.

The corresponding eld distributions are presented
in gure 3(a). Switching-time distributions calculated
by equation (5) are shown in a more convenient form
G (ln( / 0 )) = Q( ) in gure 3(b). For implementation of
the formula (5), here and in the following, the true statistical
distributions of the eld values obtained from the FEM eld
maps are identi ed with weighted distributions [23], which
result from averaging over spherical angles with a factor of
cosine of the polar angle. This does not lead to large errors
since a narrow distribution of polar angles in all con gurations is con rmed by the respective values of mean cosines
close to unity, namely cos =0.946 (A1), 0.945 (A2), 0.945
(A3), and 0.944 (A4).
As can be seen from gure 3, the shapes of the eld and
time distributions converge to limiting shapes when the pore
size decreases. These limiting shapes can only be dependent
on the total porosity, being a common characteristic for all
con gurations A1–A4. Particular features of the curves A3 and
A4 are more sensitive to a certain realization of the random
pore con guration that can be explained by a small amount
of comparatively big pores where a pore distribution in the
matrix still plays a role.

Figure 2. Samples with the same total porosity (22%), but different
pore radii r (µm): (a) 20 (A1), (b) 30 (A2), (c) 60 (A3), (d) 120 (A4).

3.2. Samples with different size distributions of isometric
pores

Then, a random number q in the range from 0 to 1 was generated for each pore. Subsequently, a size a corresponding to
the probability W (a ) = q was assigned to the pore. This procedure of pore generation was carried out until a predetermined
porosity was reached. The structures of samples B1–B4 are
displayed in gure 4(b). The statistical distributions of eld
values for samples B1–B4 and the corresponding switching
times, calculated by equation (5), are presented in gure 5.
As can be seen, all distributions are similar to each other,
except for random point-like uctuation peaks as well as
minor deviations related to the porosity variations of about
~1%. The similarity of the graphs in gure 5 reveals that size
distributions at the same total porosity have no substantial
effect on eld and switching-time distributions. This applies
as well to the mean cosines, which amount to cos =
0.954 (B1), 0.950 (B2), 0.948 (B3), and 0.950 (B4). This also
means that, concerning the eld and switching-time distributions, a sample with a pore-size distribution can be effectively

Porous ceramics usually do not exhibit a constant pore size,
but a distribution of sizes, which may be mono-, bi-, or multimodal. Therefore, samples with different size distributions
in the range of 10–160 µm (B1–B3), but with approximately
equal porosity (19.5 20.5%) were simulated to trace the sizedistribution effect on the eld and switching-time distributions. One sample (B4) with a xed pore size of 60 µm and
approximately the same porosity was also simulated, to compare this with variable sizes in B1–B3. For samples B1–B2
a log-normal distribution was used, while for B3 a bimodal
distribution was created. All size-distribution functions v(r )
are presented in gure 4(a). The procedure for stochastic pore
generation with sizes according to a selected size distribution was as follows. First, the probability for a random pore
to have a radius r smaller than a was found by integration as
W (a ) =

a
0

v(r ) dr

1.
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Figure 3. Statistical distributions of (a) eld values and (b) switching times for the samples A1–A4.

Figure 4. (a) Pore-size distributions of samples B1–B4. Structures of samples with different size distributions: (b) B1, (c) B2, (d) B3
according to the distribution functions in (a). Sample B4 (e) presents a random spatial distribution of equal pores with a radius of 60 µm
for the same total porosity as in B1–B3.

Figure 5. Statistical distributions of (a) eld values and (b) switching times for samples B1–B4.

replaced in simulations by a sample with a xed pore size and
the same total porosity. The pore radius itself can be selected
arbitrarily because, as seen from the results in gures 2 and
3, the eld and switching-time distributions are weakly sizedependent at the same total porosity.

30 µm in all simulations. Pictures of spatial pore distributions
in samples C1–C4 are shown in gure 6. Electric- eld and
time distributions for these samples are presented in gure 7.
As can be seen from gure 7, eld and switching-time
distributions are notably dependent on the porosity of the
material: the higher the porosity, the wider the eld and
switching-time distributions. Field distributions are thereby
shifted towards smaller elds and consequently time distributions towards longer times. Mean cosine magnitudes are progressively reduced with the porosity, so that cos = 0.987
(C1), 0.971 (C2), 0.957 (C3), and 0.931 (C4).

3.3. Samples with equal pores, but different total porosities

To observe the in uence of porosity on eld and switchingtime distributions, simulations of structures with different total
porosity were performed. The radius of pores was kept equal to
5
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3.5. Samples with elliptical pores of different sizes
and orientations

Here, the combined in uence of the size and orientation of
pores with anisometric shape on eld and switching-time distributions is investigated. Simulations of elliptical pores with
a different tilt angle with respect to the applied eld were
performed for different sizes and compared with each other
and with the isometric case (round pores). The total porosity
was kept at 15% in all cases. Pictures of samples E1–E5 are
presented in gure 11. Field and switching-time distributions
for samples E1 and E2, E3, and E4 are presented pairwise in
gure 12, together with the results for round pores (E5). As
previously observed in the case of round pores ( gure 2), the
eld and switching-time distributions are virtually independent of the size of the elliptical pores ( gure 12). The distributions for equally tilted elliptical pores are wider than those for
round pores and are shifted towards smaller elds and larger
times, respectively. On the other hand, samples with a random
orientation of elliptical pores display narrower distributions
than those with equally tilted pores and turn out to be very
similar to those for isometric pores with the same porosity.
The mean cosine reveals similar features, virtually coinciding
pairwise for tilted (E1, E2) and randomly oriented (E3, E4)
pores: cos = 0.945 (E1), 0.945 (E2), 0.966 (E3), 0.965
(E4) and 0.966 (E5). In conclusion, we can state that both
anisotropy and orientation of the pores play an important role
in eld and switching-time distributions, whereas their size is
irrelevant.
As expected, the mean cosines of the local- eld orientation decrease with increasing total porosity for pores
of both isometric and anisometric shapes, as displayed in
gure 13(a). The dependencies turn out to be virtually linear
in a wide porosity range. The mean cosines for isometric
pores are larger than those for elliptical pores, tilted by an
angle of /4, which in turn are larger than those for transverse elliptical pores, exhibiting the largest depolarization
effect. In the case of an anisometric pore shape the mean
cosine strongly depends on the tilt angle, as is seen in
gure 13(b). In spite of the equal changes of the tilt angle
(by /6) from sample D1 to sample D2, to sample D3, and to
sample D4 it is visible in gure 10 that eld and switchingtime distributions change non-uniformly. This is con rmed
by the nonlinear dependence of the mean cosine on tilt angle
in gure 13(b).
Summarizing the results of section 3 it can be concluded
that individual sizes of pores randomly distributed in space
have no signi cant effect on statistical eld and switchingtime distributions when the total porosity of the material is
xed. Particularly, this applies to statistically distributed pore
sizes and to anisometric pore shapes. For the latter, however,
their shape and orientation in space remarkably affect the eld
and time distributions. These facts can be explained in the following way: each pore notably distorts the eld around it in
an area comparable to the pore size ( gures 1(a) and 8(a))
because the stray eld is of dipole nature and behaves at a
large distance like ~ (r / )2, where r is a characteristic size of
the pore. Each pore can be surrounded by an imaginary frame

Figure 6. Structures of samples with different total porosity: (a)
5.5% (C1), (b) 11% (C2), (c) 16.5% (C3), and (d) 27.5% (C4).

These trends can be explained by the fact that the higher
porosity content corresponds to a larger number of eldstraying centres. Contribution to the statistical distribution
function of strayed eld components is proportional to the
part of the sample volume subjected to a substantial eld variation. Thus the higher number of scattering centres leads to
the wider eld distribution.
3.4. Samples with differently oriented pores of anisometric
shapes

In contrast to a round pore, an elliptical one is anisometric
in form, which affects the electric- eld distortion (see
gure 8(a)). Field distributions due to round and elliptical
pores are different, as can be seen in gure 8(b), in spite of the
equal areas of the pores providing equal porosities.
Simulations with elliptical pores of the same aspect ratio
1:4, but different tilt angles with respect to the applied electric- eld direction were performed to observe the in uence of
the shape anisotropy and pore orientation. Structures of the
simulated samples D1–D4 with the same porosity of 15% and
pore size of r = 80 µm are shown in gure 9.
Here, and in the following, the terms ‘longitudinal’ and
‘transverse’ refer to the orientation of the major axis (with
length de ned as 2r) of the pores with respect to the applied
eld. The eld and switching-time distributions for samples
D1–D4 are shown in gure 10. As expected, the larger the
pore tilt angle the wider the eld and switching-time distributions become. The widest eld distribution corresponds to
sample D4 because of the largest depolarization effect in this
con guration. The narrowest one corresponds to the case D1
where the depolarization effect is the smallest. As expected,
the mean cosine is reduced the most for the sample with the
strongest depolarization effect: cos = 0.992 (D1), 0.962
(D2), 0.884 (D3), and 0.845 (D4).
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Figure 7. Statistical distributions of (a) electric- eld values and (b) switching times for samples with different total porosity C1–C4, as

indicated.

Figure 8. (a) Electric- eld-line distribution around an elliptical air pore in a high-permittivity dielectric matrix and (b) statistical

eld-amplitude distributions for an elliptical and a round pore.

of the frame area where the eld is substantially distorted,
but not on the absolute size of the pore. The same total share
of such randomly distributed frames with respect to the total
matrix area means the same porosity and results in the same
statistical distribution of eld values, irrespective of the pore
size. The higher porosity means the higher share of areas with
a strayed eld and, therefore, leads to spreading of the eld
and time distributions.
4. Analysis of the experimental polarization
response of porous ceramics
4.1. Experiment: materials preparation and characterization

Ceramic powders with a pure perovskite phase of the composition Pb0.988(Zr0.52Ti0.48)0.976Nb0.024O3 were produced
by solid-state synthesis. Fine lamellar graphite powder and
modi ed potato starch were used as pore formers in order to
obtain pores with anisometric and isometric shapes, respectively. Disc-shaped samples with 2 mm thickness and 25 mm
in diameter were produced by die pressing, orienting the
lamellar graphite powder with their main axis perpendicular
to the pressing direction. All PZT samples were sintered at
1150° C for 2 h using a heating rate of 100 °C h 1 to ensure
the complete burn-out of the organic pore formers before
the onset of densi cation. A detailed description of the processing conditions and sample characterization can be found

Figure 9. Elliptical pores with different tilt angles with respect
to the vertically applied electric eld: (a) = 0 (D1), (b) = /6
(D2), (c) = /3 (D3), and = /2 (D4).

outside of which the eld distortion is negligible with a given
accuracy. The area where the total eld deviates substantially
from the applied eld also depends on the shape and orientation of the pore (see gure 8(a)). The statistical distribution
of the eld components is apparently dependent on the share
7

R Khachaturyan et al

J. Phys. D: Appl. Phys. 50 (2017) 045303

Figure 10. Statistical eld and switching-time distribution for samples D1–D4.

elsewhere [36]. Both porous PZT samples had a total porosity
of 37%, whereas the reference sample, prepared conventionally without the pore former, had a porosity of 3.3% (hereafter
it is referred to as the ‘dense sample’).
For microstructural analysis the samples were cut parallel
to the pressing direction and embedded into a resin. The samples were ground, polished to a 1 µm nish, and investigated
by scanning electron microscopy (SEM; XL 30 FEG, Philips,
the Netherlands). Characteristic features of the microstructure
of the samples are shown in gure 14. Note that the direction of the applied electric eld (marked by an arrow) was
the same as the pressure direction used for compaction. Both
porous samples contain different types of porosity: large
pores, created by the pore former, and small pores, intrinsic to
the PZT ceramics. A detailed characterization of the different
pores is given in previous work [37]. Comparing gures 14(b)
and (c) reveals the different shape and orientation of the pores
obtained by the different pore formers, which will be characterized in more detail below.
The porosity was analysed by the ellipsoid method using
the ImageJ software (v. 1.50i, National Institutes of Health,
USA), whereby about 1500 pores per sample were taken into
account. For further analysis, only pores with an equivalent
diameter larger than 6 µm and 11 µm for the isometric and
anisometric case, respectively, were considered, since the
contribution of the smaller ones to the total porosity was less
than 1.5%. The results of the porosity analysis are shown in
gure 15. While the total porosity of both porous samples was
the same (37%), sample N2 prepared by using lamellar graphite
exhibited pores with larger aspect ratios (anisometric shape),
as compared to sample N1 prepared using potato starch (isometric shape) ( gure 15(a)). Moreover, the elongated pores in
the former sample were found to be predominantly oriented in
the plane parallel to the sample’s circular surfaces (perpendicular to the pressing and electric- eld direction), whereas the
pores in the latter sample did not show any preferred orientation ( gure 15(b)). In addition, it should be noted that the
median pore size of the pores in the sample with anisometric
pore shape was larger than in the sample with isometric pore
shapes (80 µm and 30 µm, respectively), as determined from
area distributions.
Polarization loops shown in gure 16, measured by a conventional Sawyer-Tower circuit, demonstrate the ferroelectric

Figure 11. Structures of samples: (a) elliptical pores of size r = 90

µm with = /4 (E1), (b) elliptical pores of size r = 60 µm with
= /4 (E2), (c) randomly oriented elliptical pores of size r = 90
µm (E3), (d) randomly oriented elliptical pores of size r = 60 µm
(E4), (e) round pores of size r = 40 µm.

nature of the dense and porous samples. The remanent polarization of the dense sample (Prem = 40 µC cm 2) is much
higher compared to the porous samples (Prem = 5 µC cm 2).
This decrease can be explained by the reduced amount of the
ceramic phase and increased pinning of the domain walls
in the porous samples. The latter can occur due to the pore
morphology, residual carbon at the pore surfaces, residual
thermal stresses, or stresses induced by the ferroelastically
switched regions.
The coercive eld of the dense PZT (Ec = 1.4 kV mm 1)
is lower compared to the PZT with oriented anisometrically
shaped pores (Ec = 1.6 kV mm 1), but higher compared to the
PZT with isometrically shaped pores (Ec = 1.1 kV mm 1).
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Figure 12. Comparison of eld distributions for (a) samples E1, E2, and E5, (b) samples E3, E4 and E5, and of switching-time

distributions for (c) samples E1, E2, and E5, (d) samples E3, E4, and E5.

Figure 13. Mean cosine of the local spatial eld directions with respect to the applied eld direction as a function of (a) porosity for round

pores and transverse elliptical pores, as indicated on the plot, (b) tilt angle of the elliptical pores with respect to the applied eld for a
porosity of 15%.

Figure 14. SEM images of microstructures of the investigated PZT samples: (a) dense (N0), (b) porous with isometric pore shape (N1), and

(c) porous with anisometric pore shape (N2).
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Figure 15. Distribution of the (a) aspect ratio, and (b) the tilt angle ( ) between the main pore axis and the applied eld direction.

shorter than the shortest voltage pulse (1 µs) applied in this
study.
To investigate the polarization-switching phenomenon, the
samples were rst poled by applying the negative DC eld of
Eo = 2Ec for 300 s, ensuring that the maximum negative saturated polarization was reached after the poling procedure. After
complete poling in the negative- eld direction, the positively
directed switching eld Em was applied to the sample for a certain time t. After the switching experiment the sample was conditioned again, to restore its positive saturated state by applying
a positive eld Eo = 2Ec for 300 s. At the fourth step, forward
poling was performed by applying the eld Em to the conditioned
sample in the same direction for the time t. Since the sample
was already polarized to its positive saturation, the apparent displacement during forward poling contains all those components
which exist in the switching experiment except for the switched
ferroelectric polarization P. Therefore, the switched polarization P was determined as the difference between the displacement values of switching and forward poling taken at time t after
application of the step voltage pulse. A number of applied- eld
values Em covered the range from 0.5Ec to 2Ec.
The data for the dense PZT reference (sample N0) are displayed in gure 17(a), exhibiting the coercive eld in agreement with gure 16. The symbols show experimental points
for different applied- eld magnitudes, while solid lines represent theoretical calculations for corresponding eld values,
as explained below. Switching experiments were performed at
25–30 different values of the applied eld Em (more than the
number of points shown in the graphs), which allows calculation of the eld derivatives and further treatment according
to the IFM approach [22]. From the latter data, the positions
of maxima of derivatives (2) for different times, Emax(t ), can
be evaluated. When the eld values for each derivative plot
are normalized by the respective maximum position, all the
curves may be represented as functions of the dimensionless
reduced eld E /Emax(t ), as shown in gure 17(b). A satisfactory match of different curves with respect to distinct times
t proves the applicability of the IFM concept to the material
studied [23] and simultaneously presents its master curve
(u ). Using (u ) and Emax(t ) the theoretical response (3) can
be calculated resulting in solid lines in gure 17(a).
Now, we consider dynamic polarization data for the porous
material with pores of isometric shape and a total porosity

Figure 16. Polarization loops of dense (N0) and porous samples

with isometric (N1) and anisometric (N2) shape of the pores
(measured at 1 Hz).

4.2. Polarization-switching measurements and the IFM
model analysis

In this section, experimental data on time-dependent polarization switching in dense and various porous PZT ceramics
are presented and treated by means of the IFM model. For
measurements of the switched polarization P as a function
of the applied electric eld Em and time t, a pulse-switching
method was implemented using the electrical circuit and procedure described in [38]. A high-voltage/high-current pushpull switch from Behlke (Germany), which included a buffer
1 µF capacitor CB as a voltage source, was used to provide the
voltage step U0 up to 3 kV. The pulse duration from 1 µs to
103 s was controlled by a programmable signal source (Model
8165A from Hewlett Packard). The temporal evolution of the
electric displacement in sample Cs was detected by a sensing
capacitor Cm = 4.4 µF connected in series with the current
limiting resistor Rs of 100 . The voltage drop Um across the
series capacitor was registered by means of a digital oscilloscope (Tektronix TDS 510 A) connected via a high-impedance ampli er. The RC time constant of the experimental
setup of about 100 ns was shorter than the actual ferroelectric
switching time of the investigated ferroelectric materials and
10
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Figure 17. Switched polarization

P versus poling time for the (a) dense PZT sample N0, (c) porous PZT sample N1, and (e) porous PZT
sample N2. Symbols correspond to the experimental results measured at different elds Em, as indicated. Solid curves represent the eldrelated IFM model calculations. Normalized logarithmic eld derivative of the polarization response scaled to its respective maximum
position Emax(t) and thus displaying master curves, equation (2), for the (b) dense PZT sample N0, (d) porous PZT N1 sample, and (f)
porous PZT N2 sample.

Figure 18. (a) statistical eld-magnitude distributions for different porous and dense PZT, as indicated. (b) Positions of the maximum of

the eld derivative (2) on the eld scale as a function of time in the mentioned materials (symbols) and their tting with the Merz function
(solid lines). (c) Statistical switching-time distributions for the same materials derived from equation (5) at Em = 1.5 kV mm 1.

of 37% (sample N1). The polarization-switching behaviour
shown in gure 17(c) is apparently more dispersive than that
of the dense material displayed in gure 17(a). This is accompanied by broader eld derivatives in gure 17(d) and nally
by a wider master curve. Coincidence of the scaled eld
derivatives at different times for sample N1 is inferior to that
for the dense sample N0 ( gure 17(b)); therefore, the theoretical description of dynamic polarization data (solid lines
in gure 17(c)) is fair at low- eld values. The reason might
be that the microscopic polarization-switching mechanism
in the porous material is not unique anymore. In particular,
the parameters of the local- eld dependence of the switching
time (E )(e.g. the activation eld Ea) may become different
at different locations. In fact, even in dense materials, different polarization-switching mechanisms are observed,
such as 90° and 180° rotations [39, 40], which might result
in different activation elds Ea [41]. Nevertheless, as is seen

in gure 17(a), the IFM model describes the response perfectly using a unique value of Ea that implies domination of
one switching mechanism. Additionally, in the case of porous
ceramics, gures 17(c) and (e), the performance of the IFM
model with only one value of the parameter Ea is remarkably
better than the best possible tting of these data with the KAI
model. Note the strongly dispersive character of the polarization response, which is comprehensible in view of the elddistribution simulations of highly porous samples in section 3.
Even more dispersive behaviour is revealed for the polarization-switching dynamics of sample N2 with elongated
pores and a total porosity of 37%, displayed in gure 17(e).
Switching dynamics for this system could only be measured
for the eld direction normal to the preferred pore orientation.
Despite the fact that the IFM analysis presented in gure 17(f)
exhibits a well-de ned master curve, the theoretical tting by
means of formula (3), shown by solid lines in gure 17(e), is
11
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Table 1. IFM-model parameters.

Sample
N0 dense PZT
N1 isometric
N2 anisometric

Pmax (µC cm 2)
80.00
12.40
9.75

Ea (kV mm 1)
25.24
25.28
37.78

0(s)

2.55 × 10
3.91 × 10
1.60 × 10

only fair for lower- eld values, doing well for medium- and
high- eld strengths.
From the master curves (u ) obtained for different materials and displayed in gures 17(b), (d) and (f), the corresponding weighted statistical eld and switching-time
distributions are derived using formulas (4) and (5) and
presented in gure 18. The distributions for porous samples
are strongly reduced in magnitude with respect to the dense
material. It can be seen that the two eld distributions for
porous materials are strongly broadened and shifted to lower
elds, in agreement with simulations displayed in gures 7
and 12. To better recognize the width and maximum positions of the eld distributions for porous materials they are
shown in the insert on gure 18(a) when normalized to unity
(i.e. divided by the factor 1
) as in case of the distribution
for the dense material. The maximum for the elongated pores
is, however, shifted only slightly more strongly than for the
isometric pores in contrast to expectations when considering
gure 10(a). The reason for this discrepancy can be seen in the
difference between the simulations in 2D and the experiment
in 3D. In the 2D case, electric- eld lines have to bend around
the transversely oriented elliptical pores with a much lower
dielectric constant, thus contributing to a wide distribution of
the eld values as is seen in gure 8(a). From the 3D point of
view, this sort of behaviour corresponds to the disk-shaped
pores oriented transversely to the eld direction, which can
be compared in a cross-sectional view with the ellipses shown
in gures 9 and 11. Sample PZT N2, investigated here experimentally, however, possesses pores of a more complicated
shape than simple disk-shaped structures. Though they are
mostly at and show a tendency to orient preferably in the
plane perpendicular to the eld direction (see gure 15(b))
they have random irregular con gurations, as may be recognized in gure 14(c). When going around such an obstacle,
electric- eld lines nd the shortest curvature radius of each
pore and thus stray less than around an ideal transverse diskshaped cavity of the same size. That is why the statistical elddistributions for isometric and transverse elongated pores in
gure 18(a) appear closer to each other than in the simulated
cases in gures 10(a) and 12(a).
Having established the eld distributions for each system,
the statistical switching-time distributions can be derived
by equation (5). To this end, however, the knowledge of the
eld dependence of the local switching time (E ) is required.
This can be obtained by solving the equation Emax(t )/ = E
with respect to E. This task can be performed analytically if the numerically extracted dependences Emax(t ) are
approximated by a suitable ansatz-function. The function
Emax(t ) = Ea /ln(t / 0 ) appears to be appropriate for all three
PZT systems, as is seen in gure 18(b) with the tting parameters Ea and 0 listed in table 1. This kind of approximation

cos
10
11
11

1.086
1.083
1.140

1
0.909
0.725

results in the well-known eld dependence of the switching
time = 0 exp(Ea /E ), rst introduced by Merz [21].
We note that the parameters 0 and Ea in the three studied
PZT compounds are different despite having the same chemical composition. To comprehend this fact we should take into
account the effect of the different microstructures of the samples on the local polarization-switching mechanism. Since the
preparation routes of the two porous materials are different
and involve different organic constituents (see the beginning
of section 4.1), the residual content of conducting carbon, particularly, in closed pores, may be different. This may provide
different local-screening effects on the applied eld, which
prevent domain switching. Another feature that may differ in
the two porous materials is the pore-surface morphology, providing different domain-pinning strength on the boundaries of
pores. On the other hand, introducing porosity in PZT lms
makes switching conditions easier, at least at low porosities,
due to stress relief [42]. These contradictory trends make it
dif cult to predict the changes in the parameters of Merz’s
law in porous ceramics that have been prepared differently.
It does not preclude, however, the possibility of consistently describing each material by the individual set of model
parameters.
Using equation (5) the statistical switching-time distributions are now calculated and displayed in gure 18(c) in the
convenient logarithmic form [20] G (ln( / 0 )) = Q( ). The
insert in gure 18(c) shows all distributions when normalized
to unity and the distribution for the dense material, which
allows one to better recognize and compare their width and
maximum position. The switching-time spectrum for elongated pores appears to be the most spread out and considerably
shifted towards longer times. Considering the eld distributions for both porous systems in gure 18(a) it is clear that
they are not the reason for such a big difference in switchingtime spectra. The reason appears to be rather a much larger
activation eld Ea in the case of the elongated pores, as is seen
from table 1, which might be related to dif cult material-speci c conditions for the reversed domain nucleation.
Using the mean cosine magnitude for isometric samples
with a porosity of 37%, as shown in gure 13, and the maximum polarization values from table 1, the non-switchable
part of these samples may be estimated by the formula (7)
as is = 0.829 and anis = 0.866, respectively. Both values by
far exceed the nominal porosity of the samples of 0.37. This
means that, beyond the volume of pores, a substantial part of
the sample is prevented from polarization switching by physical reasons described in the previous section. Note that a similar reduction was observed in heavily fatigued ferroelectrics
[43]. In this respect, the enhanced microporosity, observed
in gure 14, may play a role, particularly due to polarization
compensation by local partial-discharge events [44].
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5. Conclusions
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Analysis of statistical distributions and auto- and cross correlations of polarization and electric eld during the
eld-driven polarization reversal in a bulk polycrystalline ferroelectric is performed. A mesoscopic switching
model is used which accounts self-consistently for the development of depolarization elds. Correlations mediated
by electrostatic elds are shown to be mostly isotropic and short range at the typical scale of the grain size
which is explained by an effective screening via adapting bound charges. The short-range screening clari es
the paradoxical ability of common statistical concepts neglecting the feedback effect of depolarization elds
to adequately describe the polarization switching kinetics. The statistical distribution of the local electric eld
magnitudes is continuously spreading in the course of the global polarization reversal due to mismatching of both
dielectric tensor and spontaneous polarization at grain boundaries. The increasing eld dispersion substantially
contributes to the well-known deceleration of the polarization reversal at long times.
DOI: 10.1103/PhysRevB.96.054113
I. INTRODUCTION

Electric eld-driven switching of spontaneous polarization
is a fundamental process in ferroelectric materials relevant to
many applications, for example digital data storage. Despite
the great signi cance of polarization dynamics for applications, switching mechanisms remain poorly understood even
for well-studied ferroelectrics in single crystal or polycrystalline forms. Indeed, the classical picture of polarization
switching developed in works by Landauer [1], Miller et al.
[2], and Ishibashi et al. [3] suggests spontaneous nucleation
and growth of domains of the opposite polarization within
a previously homogeneously polarized medium. Polarization reversal inevitably creates local bound charges due to
polarization mismatch at the domain boundaries which, in
turn, generate electric depolarization elds. In nonconducting
media these large and long-range elds are not expected
to be screened. Thus, depolarization elds have to play an
essential role in the switching process by providing mutual
in uence of different switching regions. However, widely
used statistical concepts of the polarization switching [3–8]
assume independent and uncorrelated nucleation and growth
of reversed domains and thus virtually neglect the feedback
effect of the depolarization elds during the polarization
reversal. Furthermore, the inhomogeneous eld mechanism
(IFM) model, recently advanced by the authors [9,10] and also
assuming independent polarization switching in individual
regions, describes the time-dependent response of various
ferroelectric ceramics of different chemical compositions
and phase symmetries [10–16] as well as of semicrystalline
polymers [17] with high accuracy.
Whereas in single-crystalline media the polarization
switching may, in principle, occur by moving charge-free
90 -domain walls without generating local bound charges
[18,19], avoiding local charges in polycrystalline media,
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such as bulk ferroelectric ceramics, is impossible because of
inevitable mismatches of different crystalline orientation in
adjacent grains. A paradoxical ability of statistical concepts,
which neglect the feedback of depolarization elds, to accurately describe polarization switching kinetics in a variety
of inorganic ferroelectric ceramics [6,7,9–16,20,21], organic
ferroelectrics [17,22–27], and organic-inorganic ferroelectric
composites [28,29] needs to be comprehended.
Attempts made so far to account for the feedback of
depolarization elds remained mostly within the mean- eld
approximation which assumes emergence of a time-dependent
spatially uniform electric eld due to averaging of multiple
switching events [30–32]. Being an important step towards
the understanding of the polarization switching in disordered
media such an approach still misses the intrinsically stochastic
nature of emerging depolarization elds which are possibly
correlated at a nite scale. Particularly, in the case of
long-range correlations a spatially and temporally coherent
switching could, in principle, keep the depolarization elds
small. This would explain, on the one hand, a weak effect
of the depolarization eld, but mean, on the other hand, that
switching in different regions cannot be considered as being
independent.
The importance of collective domain dynamics was recognized and studied in thin ferroelectric lms for more
than a decade by various methods. Strong correlations of
domain structures extending across the grain boundaries have
been observed by piezoelectric scanning probe microscopy
(SPM) in polycrystalline thin lms [33] and by transmission electron microscopy (TEM) and piezoresponse force
microscopy (PFM) in model single-grain structures [34–36].
Polarization response exhibited clustering ranging from few
grains [33] to agglomerations of 102 –103 grains [37,38].
Macroscopic and local measurements of nonlinear behavior
in mechanically clamped and released polycrystalline lms
revealed the dominant role of collective long-range strain
interactions mediated by the local and global mechanical
boundary conditions, possibly by elastic coupling through the
substrate [39,40].
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Latest in situ high-energy x-ray diffraction advances allowed for time resolution of different switching processes in
bulk ferroelectric ceramics [41–43]. Furthermore, the grainresolved three-dimensional x-ray diffraction (3D-XRD) was
used to trace the non-180 ferroelectric domain switching
within polycrystalline bulk media [44,45]. The collective
dynamics in bulk materials was found to be correlated over
approximately 10–20 grains, a scale presumably resulting from
the complicated and still not understood interplay between
the electrostatic eld [46] and the elastic strain energy.
This moderate characteristic length disagrees with extremely
long-range electrostatic correlations predicted for uniform
media by phase- eld simulations [47] and by a microscopic
model describing self-consistently the polarization reversal
randomized by thermal vibrations [48]. Thus, the role of
long-range electrostatic interactions in the switching dynamics
of bulk ferroelectric ceramics still remains unclear.
Recently a self-consistent mesoscopic switching (SMS)
model [49] was suggested by the authors which accounts
in a self-consistent way for the local depolarization elds.
These arise in a random polycrystalline medium leading to
the interaction of different regions during the eld-driven
polarization switching. In the current study, the auto- and cross
correlations of random polarization and electric elds and
evolution of their statistical distributions are investigated in
a polycrystalline ferroelectric by extension of the SMS model.
The paper is organized as follows. The model is introduced
in Sec. II. Investigation of spatial correlations of electric eld
and polarization components including their evolution in the
course of the total polarization reversal is presented in Sec. III.
Associated development of the statistical distribution of the
electric eld is described in Sec. IV. The results are discussed
and concluded in Sec. V.
II. TWO-DIMENSIONAL SELF-CONSISTENT MODEL OF
POLARIZATION SWITCHING

An advanced SMS model combines a numerical solution
of coarse-grained local equations for polarization development
in individual grains with the global calculation of the electric
eld by the nite-element method (FEM). In the following,
the description of a ferroelectric ceramic and the evolution
equations are introduced.
A. Creation of a random structure

We consider a polycrystalline bulk ferroelectric placed
between two—top and bottom—plain electrodes. The material
is assumed to consist of many single-crystalline grains of
random shape and position. A representative two-dimensional
(2D) structure is created using the Voronoi tessellation around
randomly distributed seed points (see an example of the
structure in Fig. 1).
Each grain possesses tetragonal phase symmetry and a
random crystal orientation uncorrelated with neighbor grains.
An initial polarization state is assumed to be created by a very
strong electric eld applied in positive z direction given by the
vertical axis in Fig. 1. In this case, polarization directions in
individual grains are arbitrarily chosen from the appropriate
three-dimensional angle distribution function for a nonoriented

FIG. 1. Voronoi tessellation diagram around 15 randomly located
seeds; appearance of a surface bound charge at a grain boundary as a
result of mismatching polarizations is shown in the inset.

ferroelectric bulk ceramic of tetragonal symmetry [50]:
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with max = arcsin 2/3 the threshold angle introduced by
Uchida and Ikeda [51]. According to the chosen polarization (c-axis) direction, each grain is characterized by the
two-dimensional dielectric tensor ij = 0 Kij , with principal
values of the relative permittivity Ka and Kc .
Polarization within each grain is substituted by its mean
value, pi , in the hard ferroelectric approximation which entails
discontinuities at grain boundaries where surface charge
densities arise equal to an abrupt variation of the normal
component of the polarization when traversing the boundary
(see inset in Fig. 1). The electric eld, in contrast, varies
within the grains according to the Laplace equation and natural
boundary conditions at the grain boundaries which comprise
continuity of the tangential electric eld and discontinuity of
the normal component of the electric displacement equal to the
surface charge density. To apply an external electric eld of
either direction to the system, the top and the bottom lines of
the computation box in Fig. 1 are held at constant potentials,
whereas periodic boundary conditions are applied to the left
and the right side of the box.
B. Evolution equations

The change in the polarization of individual grains is
assumed to obey the Kolmogorov-Avrami-Ishibashi (KAI)
model of domain nucleation and growth [3–5]:
p(t) = 2Ps {1

exp [ (t/ ) ]},

(2)

where Ps is the saturation polarization, is the Avrami index
depending on the reversal domain dimensionality, t is the time
elapsed after the voltage application, and is the switching
time. It is well known that is strongly dependent on the
electric eld value E, for example, according to the empiric
Merz law (E) = 0 exp (Ea/E) [52], where Eais the so-called
activation eld and 0 is the switching time at very high elds.
In the original KAI approach the eld E is assumed to be
uniform in the whole system and constant in time. In such
heterogeneous systems as ferroelectric ceramics the eld is
of course distributed nonuniformly, at least, due to complying
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with the boundary conditions at the grain boundaries. In the
spirit of the IFM model [9,10] we suppose that the local
switching time (E) is determined by the local value of the
electric eld E. Over and above, we account for the fact that
local switching time values are also time dependent together
with the eld E. To be able to capture this dependence we
substitute the global time dependence of the polarization (2)
by the instantaneous rate of the polarization change derived by
differentiation of Eq. (2) with respect to the time t:

directly from a typical saturation polarization for PZT of
0.45 C/m2 the eld values appear to be unphysically large and
therefore should be reduced by various physical mechanisms.
A characteristic magnitude of the uctuation depolarization
eld Ed due to random charged grain boundaries [50] is as
high as Ed 3.5Ps /4 0 KaKc 50 kV/mm with the
vacuum permittivity 0 which is much larger than typical
coercive elds for PZT. For low total polarization this high
eld can be depressed by splitting in domains which leads
to low mean polarizations of grains. In a highly polarized
state of the ceramic, too high local elds may be depressed
due to semiconductor properties of the material. Indeed, the
uctuation eld Ed provides a variation of the electrostatic
potential across a grain about
= Ed R 50 V. Being
much larger than the typical band gap in PZT of Eg 3.5 eV
such a potential sweep causes strong band bending and
produces electron and hole spatial pockets which effectively
reduce the mismatch bound charges at grain boundaries. Due
to this internal screening effect the local elds cannot exceed
a typical value of Eg /qR, with the elementary charge q, so
that the potential sweep remains below Eg /2q [55,56]. To
account for the internal screening in the calculation of the
depolarization elds an effective value of the local saturation
polarization Ps = 0.01 C/m2 is introduced that limits too high
charges which may occur at grain boundaries. When delivering
the results of solution of Eqs. (4) to the FEM program for
evaluation of the spatial eld distribution the polarization
values are scaled down by a factor of Ps /Ps providing the said
limitation of the local elds and reasonable switching kinetics.
Polarization reversal was simulated at three applied elds
of 3, 4 and 5 kV/mm. The initial state of the system with
maximum polarization value Ps in each grain (which results
in the total polarization of 0.831Ps [51]) is unphysical since it
occasionally includes very unlikely local con gurations with
highly charged grain boundaries. To start simulations from a
physically reasonable initial state the system was rst polarized
to a saturation value from the initial zero polarization state and
then fully re-polarized two times by the change of the voltage

dp
Ps sgn(E)
=
dt

p

t

1

(3)

.

Here, the signum function sgn(·) determines the direction to
which the saturation of the polarization proceeds.
Furthermore, the polarization reversal is assumed to be
dominated by 180 -switching events, so that the polarization
only changes along the chosen c direction within each grain
given by a unit vector ni . This means that the local dielectric
tensor remains unchanged during this process. Thus Eq. (3)
can be generalized to the vectorial form
dpi
ni Ps sgn( E · ni )
=
dt
(| E · ni |)

pi

t
(| E · ni |)

1

,

(4)

where E is the value of the electric eld averaged over the
area of each grain. Equation (4) takes into account that only
the eld projection on the local c axis promotes switching.
C. Simulation procedure

Simulations include the following steps:
(1) generation of a random geometry (grain forms, c-axes
choice)
(2) assignment of material parameters (saturation polarization, activation eld, and dielectric permittivity values)
(3) evaluation of the spatial eld distribution and average
eld magnitudes inside each grain using a commercial nite
element software FlexPDE from PDE Solutions, Inc.
(4) evaluation of the polarization change during the time
step t by integration of Eq. (4) over t using the above
calculated local average eld values and employing the
Fehlberg-Cash-Karp method based on the Runge-Kutta approach; consequent updating of polarizations in each grain
(5) calculation of the total polarization by adding up the
local modi ed polarizations weighted by the volume fraction
of each grain
(6) transfer of the structure with new polarization values to
FlexPDE and repetition of steps 3–5 until the total polarization
reaches a saturated value.
A simulation box of the size 20 × 20 m2 comprising 400
grains was chosen, which makes up an average linear size of
the grain R 1 m. Material parameters of the tetragonal lead
zirconate titanate (PZT) were taken [12] with the activation
eld Ea = 35 kV/mm, 0 = 5 × 10 11 s, and the principal
values of the relative dielectric permittivity Ka = 499 and
Kc = 198 as for the tetragonal 40/60 PZT composition
[53,54]. The parameter was set to unity; the choice that does
not have a signi cant effect on the statistical and correlation
properties studied below.
Local values of the depolarization eld scale with the
magnitude of the saturation polarization Ps . When calculated

FIG. 2. Time evolution of the total polarization P = pz for the
Avrami index = 1 and different applied voltages as indicated in the
plot.
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not all grains achieve the saturation state. Local depolarization
elds prevent the full polarization reversal thus demonstrating
the importance of the local elds for the polarization switching.
III. CORRELATIONS

To take a closer look into coarse-grained spatial uctuations
of polarization and eld we introduce the variance anisotropy
factor (VA-factor) as
VA(C) =

FIG. 3. Time evolution of the total polarization P = pz for the
applied eld of 5 kV/mm and different values of the Avrami index
as indicated in the plot.

sign. These three steps proved to be suf cient to represent
a physically valid initial con guration because further full
polarization reversals reproduced each other. Time evolution of
the total polarization at different applied voltages is presented
in Fig. 2.
The choice of the Avrami parameter has an in uence
on the kinetics of switching as exemplary calculations for
= 1, 2, and 3 show in Fig. 3. However, the variation with
vanishes for higher values of as is expected from the analysis
within the IFM model [10] and is con rmed by comparison
between curves for = 2 and = 3 in the latter gure. Since
the tests have shown no remarkable changes in statistical and
correlation functions for different , the value = 1 was used
for simplicity in further simulations.
A polarization map in the saturated state obtained at the
applied eld of 5 kV/mm is shown in Fig. 4, which reveals that

FIG. 4. Polarization map at P

0.79Ps .

i

j (Cij

C

j

)2

i

j (Cij

C

i

)2

.

(5)

Here the values of a spatially dependent variable Cij are
evaluated at certain nodes on a quadratic grid of 60 × 60 points
(approximately 9 points per grain) using FlexPDE at different
time steps. The values C j and C i denote the mean values
of the variable along the j th column and ith row, respectively.
Thus, the VA-factor (5) represents a ratio of mean variances of
a physical quantity along and across the applied eld direction
as is shown in Fig. 5.
In terms of this approach a value of VA close to 1 means
that a physical quantity uctuates similarly in both x- and
z-directions, while VA deviation from 1 means that the quantity
develops more coherently along (if VA is smaller than 1) or
across the eld (if VA is larger than 1). The closest analog
to the VA factor is the so-called F test in statistics which
estimates the ratio of variances of two variables [57]. The
absence of correlations of a physical quantity is equivalent to
the so-called null hypothesis assuming the VA-factor equal to
unity. Disproving the null hypothesis reveals the correlation
itself and the correlation anisotropy.
In Fig. 6 the evolution of the VA factor for the variables
px ,pz ,Ex , and Ez is shown during the development of
the total polarization value P = pz from the maximum
negative to the maximum positive value when the eld
E0 = 3 kV/mm is maintained in the ferroelectric. Here and

FIG. 5. Scheme of the coarse-grained calculation of the VA factor
for a variable C on a quadratic grid. Indexes i and j numerate nodes
of the grid.
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FIG. 6. The VA-factor evolution for (a) px , (b) pz , (c) Ex , (d) Ez components when the total polarization P varies from

below the notation of the mean value ... means averaging
over the above introduced 60 × 60 points grid. It is seen
that both components of polarization and electrical eld do
not obey the null hypothesis exhibiting deviations of the
VA factor from unity. The most striking violation of the
null hypothesis is observed for pz component where the VA
factor deviates by 20% from unity which is by one order of
magnitude larger than for the other variables. This variation
of the VA factor is in favor of anisotropic correlations and
their evolution during the sample poling. Asymmetric shape

0.7Ps to 0.7Ps .

of the curves is well reproduced for simulations with different
realizations of the random grain structure keeping the same
mean grain size. We note that, when poling in the opposite
direction the curves in Fig. 6 will be mirrored with respect to
P = 0.
Based on the results presented in Fig. 6 it is advisable to
study spatial autocorrelations of the polarization components,
of the electric eld components, and cross correlations of
the polarization and electric eld components at various
distances. To this end we use the Pearson two-point correlation

FIG. 7. Correlation coef cients R(P ) shown over the area of 2 × 2 m2 at different polarization states P = pz when switching from
P = 0.7Ps to 0.7Ps : (a) Rpx ,px (0), (b) Rpx ,px (0.7), (c) Rpz ,pz (0), (d) Rpz ,pz (0.7), (e) REx ,Ex (0), (f) REx ,Ex (0.7), (g) REz ,Ez (0), (h) REz ,Ez (0.7).
Electrical eld is applied in the negative z direction. The insets in each graph correspond to the view in polar coordinates with colors changing
from red to blue when the amplitude of correlation coef cients decreases from 1 to 0.
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coef cients de ned as
REx ,Ex ( ) =

Ex (r + )Ex (r)
Ex2

,

Ez (r + )[Ez (r) E0 ]
,
Ez (r)[Ez (r) E0 ]
px (r + )px (r)
Rpx ,px ( ) =
,
px2

REz ,Ez ( ) =

Rpz ,pz ( ) =

pz (r + )[pz (r) P ]
,
pz (r)[pz (r) P ]

(6)
(7)
(8)
(9)

where the magnitude of the correlation coef cients is bounded
by 1 R 1. For strongly correlated quantities |R| = 1,
while for uncorrelated quantities R = 0. The other, nondiagonal autocorrelation coef cients REx ,Ez , Rpx ,pz , and all
cross-correlation coef cients Rp ,E appear to be negligible
within the calculation error.
Owing to the spatial direction given by the applied electric
eld the system exhibits macroscopic anisotropy so that a twopoint correlation coef cient may depend on the distance vector
in the plane (x,z), or on both polar coordinates ( , ) in this
plane. Correlation coef cients as functions of the distance
and angle are presented in Fig. 7.
The polarization-polarization correlations, as well as eldeld correlations, change during the eld-driven switching.
However, they remain notable only within the range of
1 m that corresponds to a neighbor grain distance. An
exception is exhibited only by the longitudinal polarization
autocorrelations Rpz ,pz which stretch over several m when
P = 0.6Ps , see Fig. 8. This polarization stage corresponds
to the deepest minimum in the variance anisotropy VA(pz ), as
is seen in Fig. 9.
Correlations of the transverse polarization Rpx ,px [Figs. 7(a)
and 7(b)] and of the longitudinal eld REz ,Ez components
[Figs. 7(g) and 7(h)] are isotropic in both zero- and
high-polarization states. The correlation coef cient for the
longitudinal polarization components Rpz ,pz develops from
isotropic behavior in the zero-polarization state [Fig. 7(c)] to
anisotropic one in the high-polarization state [Fig. 7(d)]. The

FIG. 8. The correlation coef cient Rpz ,pz in polar coordinates for
the total polarization P = 0.6Ps with an electric eld applied in the
positive z direction. The numbers along the radius indicate distance
in m. The color legend used is the same as in Fig. 7.

FIG. 9. Evolution of the VA(pz ) factor when the total polarization
P varies from 0.7Ps to 0.7Ps is shown together with polar plots
of the correlation coef cient Rpz ,pz for corresponding polarization
stages. The color legend used is the same as in Fig. 7.

correspondence between the VA(pz ) factor and the correlation
coef cient Rpz ,pz is displayed in Fig. 9 exhibiting the highest
anisotropy in the intermediate stage with P = 0.6Ps , as
mentioned above. In contrast, correlations of the transverse
eld components, REx ,Ex , exhibit remarkable anisotropic
features in both zero-polarization and high-polarization state
[Figs. 7(e) and 7(f)]. We note here that zero-polarization states
result from the eld-driven development starting from the
high-polarization state and hence retain anisotropic properties.
Generally, polarization reversal does not reveal a concerted
avalanchelike switching behavior involving hundreds of grains
which was sometimes observed in polycrystalline ferroelectric
lms [37–39]. Consequently this phenomenon cannot be
facilitated by electrostatic interactions but is rather provided by
long-range elastic interactions as suggested in Refs. [37,40].
IV. ELECTRIC FIELD DISTRIBUTIONS

The spatial distributions of the electric eld play an
important role in the polarization switching dynamics of
polycrystalline systems. Due to the well-known strong eld dependence of the switching time [52] different eld magnitudes
at different locations may provide a substantially retarded or
accelerated local switching. Thus, the statistical distributions
of switching times may be directly related to the statistical
distributions of local electric eld magnitudes using the IFM
model [9–16]. In this section we analyze the development of
the statistical distribution of the local eld values f (E) in the
course of the polarization reversal.
The electric eld is distributed randomly within a polycrystalline ferroelectric for two reasons: random variations
in orientation of principal axes of the dielectric tensor in
different grains, on the one hand, and random bound charges
at grain boundaries due to mismatches of the polarizations in
adjacent grains, on the other hand. An example of the spatial
eld distribution is shown in Fig. 10. Both mentioned factors
substantially and independently contribute to the dispersion of
the statistical eld distribution which is remarkably modi ed in
the course of polarization reversal and the subsequent voltage
switching. This can be observed in the following example.
The statistical eld distribution for a highly polarized
sample was evaluated and compared with the distribution
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FIG. 10. Field map at an applied eld of E0 = 3 kV/mm and the
total polarization P 0.71Ps .

immediately after the voltage polarity switching so that the
polarization map had not changed yet, see Fig. 11. Though
the spatial distributions of both spontaneous polarization and
dielectric tensor in a system remain the same the spatial and
statistical distributions of the electric eld changed remarkably
and instantaneously. To comprehend this phenomenon a deeper
insight into the nature of the depolarization eld is required.
For detailed analysis the whole set of eld values at all FEM
mesh points (106 ) was used.
By the superposition principle, the local electric eld at any
point of the material can be presented as
E = Eext +

KE

+ Ep +

P E.

(10)

The rst two terms result from the spatial redistribution of
the external eld applied to the ferroelectric by the charged

FIG. 11. Statistical eld distribution for the saturated highly
polarized state before (wider distribution) and after (narrower
distribution) the voltage polarity switching.

FIG. 12. Evolution of the statistical eld distribution with increasing P .

electrodes, whereby Eext represents the uniform mean value
of the external eld in ferroelectric and the spatial uctuation
part obeys the condition K E = 0. Due to linearity of the
potential problem the amplitudes of the local spatial eld
uctuations K E scale with the magnitude of the external
eld Eext . The second two terms in Eq. (10) result from the
polarization bound charges and both scale approximately with
the total polarization value P = pz , particularly, the mean
value EP
P / 0 f where f = KaKc .
During the polarization reversal the voltage is kept constant
together with the mean eld in the ferroelectric
V
(11)
= Eext + EP .
L
Since the total polarization P is changing continuously and
eventually changes its sign, the two elds in the right-hand
side of Eq. (11) have to change synchronously. This means that
with the change of the total polarization from Pmax to Pmax
the external eld Eext should monotonically rise. As the local
uctuation elds K E are scaled together with Eext the eld
distribution f (E) should increasingly spread due to increasing
uctuation contributions K E. Note that at the saturated polarization values both elds Eext and EP are at their maximum
magnitudes so that the dispersion of the eld distribution f (E)
is a maximum due to both uctuation elds K E and P E. In
Fig. 12 such a spreading evolution is observed when the total
polarization varies from 0.71Ps to 0.71Ps .
As soon as the voltage polarity is changed, after reaching
the maximum polarization value, Eq. (11) changes to
V
(12)
= Eext + EP .
L
Since the value EP remains unchanged together with the
spatial polarization distribution in the system, the external eld
Eext must be adjusted, thus abruptly reducing its magnitude.
This explains the abrupt reduction of the dispersion of the eld
distribution in Fig. 11. Note that at the end of the polarization
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FIG. 13. Statistical eld distributions in an isotropic system with
Ka = Kc .

switching the eld EP is of opposite sign to the external eld,
while at the onset of the polarization reversal they are of the
same sign.
In contrast to the uctuation eld K E the eld P E
evolves nonmonotonically during the polarization reversal.
Since the latter eld roughly scales with the total polarization
P its dispersion is expected to be at minimum when P = 0
and at maximum when polarization reaches its maximum
magnitude. Such behavior should be explicitly observed if
we neglect the spatial variation of the dielectric tensor. With
eld uctuations are caused solely by the
K E = 0 the
polarization variations. Thus the width of the distribution
f (E) is minimal when P = 0 as is apparent in Fig. 13. The
statistical eld distributions here roughly exhibit the mirror
symmetry with respect to the vertical line E/E0 = 1 indicating
the mean eld value. This occurs due to local depolarization
elds changing their sign together with the total polarization.
The symmetry of these distributions is not perfectly bilateral
because of the nite size of the random system.
V. DISCUSSION AND CONCLUSIONS

Using the self-consistent mesoscopic switching (SMS)
model the correlations of the polarization and the electric
eld and the statistical distributions of the electric eld were
studied in the course of the global polarization reversal in a
ferroelectric ceramic. Correlation analysis throws some light
on the paradoxical ability of statistical concepts neglecting
the feedback of depolarization elds to adequately describe
polarization switching kinetics.
Two alternative scenarios of depolarization eld reduction
in disordered polar media are conceivable: highly coherent
switching with depolarization elds correlated at a long range,
on the one hand, and very short-range correlations of both local
polarizations and elds which make switching at different
locations effectively independent, on the other hand. The
results of the correlation analysis presented in Fig. 7 are

PHYSICAL REVIEW B 96, 054113 (2017)

clearly in favor of the second scenario. Nevertheless, a question
remains as to how the long-range electrostatic interaction is
impeded in a nonconducting medium.
The answer seems to hide in the peculiar properties of
disordered ferroelectrics. Though these materials are not conducting, local bound charges due to polarization mismatches at
grain boundaries are randomly distributed all over the system
and possess a considerable mean density. These charges cannot
move but are variable. They change in time in order to screen
any charge and thus are able to perform the effective Debye
screening of the long-range elds. Indeed, a typical surface
bound charge resulting from the mean squared uctuations
of the polarization disparity at grain boundaries [50] amounts
to P 0.1Ps which leads to the effective volume density
of charge carriers nP
6 × 1021 m 3 . Such a high
P /qR
density results in the effective Debye screening length P =
2
0.3 m comparable to the mean size of
0 f kB T /q nP
grains. This explains the absence of long-range electrostatic
eld correlations.
Autocorrelations of both polarization and electric eld
components are mostly isotropic and do not vary essentially
during the global polarization switching, while cross correlations of all components remain generally negligible. The only
exception from this behavior is given by the autocorrelations of
the longitudinal polarization components which occasionally
stretch over a dozen grains and undergo remarkable variations
in its anisotropy during the polarization reversal. This typical
spatial scale of the response appears to be comparable to that
observed by 3D-XRD in bulk ferroelectric ceramics [44,45].
Much larger correlation radii are expected for electrostatic
reasons in thin ferroelectric lms [58]. However, considerably
larger clusters of coherent response revealed by PFM and TEM
in ferroelectric lms [33,37,38] suggest a signi cant role of
the long-range elastic interactions which are not included in
the current simulations. We note a substantial difference in
correlation behavior between the considered polycrystalline
systems and uniform media where long-range electrostatic
correlations appear to be dominant as phase- eld simulations
have demonstrated [47].
Generally, the external electric eld remains the original
driving force of the global polarization reversal which triggers
and dominates the polarization switching at the local and the
macroscopic scales. Depolarization elds arising because of
mismatches of the local dielectric tensors and spontaneous
polarizations in adjacent grains are relevant and not small.
They develop in the course of the global polarization switching
in a nontrivial way. On the one hand, the dispersion of
the statistical distribution of the local electric eld values
is monotonically increasing during the whole polarization
reversal process. On the other hand, the dispersion decreases
abruptly after the change of the voltage polarity. An increasing
part of locations with substantially reduced electric eld
magnitudes during the polarization reversal leads to even
further retardation of the global switching process with
respect to the statistical eld distribution alone [9,10] as is
already known from the self-consistent quasi-one-dimensional
[30] and two-dimensional [49] simulations. However, local
switching events may still be considered as independent from
each other because of the effective screening of the long-range
electrostatic elds.
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The obtained results are representative for a wide class
of polycrystalline perovskite ferroelectrics. In the presented
simulations the material parameters of PZT were used in the
calculations. Some of them, such as the saturation polarization
and the activation eld are not critical for the main conclusions
of the paper. In contrast, the anisotropy of the dielectric tensor
have a remarkable effect on the statistical eld distributions as
is seen from the comparison between Fig. 12 (anisotropic case)
and Fig. 13 (isotropic case). Anisotropy of the dielectric tensor
contributes to the width of the statistical eld distributions as
discussed in Sec. IV. Thus in more anisotropic materials like
BaTiO3 these distributions will be wider. Different realizations
of the random grain structure and their initial polarization
states do not have a signi cant effect on the evolution of the VA
factor (Fig. 6), correlation functions (Fig. 7–9), and statistical
eld distributions as long as the mean grain size is kept constant
and much smaller than the computation box size, that is
important for the quality of the statistical data. The parameter
has a notable effect on the kinetic polarization curves in Fig. 3
making them steeper when higher is assumed, the effect

saturating with increasing . Different values have, however,
no signi cant effect on the statistical and correlation functions
and the main conclusion on the short-range correlations of the
electric eld.
Concluding, extremely short spatial correlations of the
random electric eld and polarization in ferroelectric ceramics
explain the apparent absence of the electric interaction between
different switching regions. This supports statistical concepts
assuming an independent region by region switching in
ceramics. This does not mean, however, that the effect of the
emerging depolarization elds is negligible. They appear to be
comparable in amplitude to the applied eld and very much
dispersive. This results in the substantial retardation of the
global polarization reversal since local polarization switching
events are driven by the local elds.
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Consecutive stochastic 90° polarization switching events, clearly resolved in recent experiments, are described
by a nucleation and growth multistep model. It extends the classical Kolmogorov-Avrami-Ishibashi approach
and includes possible consecutive 90°- and parallel 180° switching events. The model predicts the results of
simultaneous time-resolved macroscopic measurements of polarization and strain, performed on a tetragonal
Pb(Zr,Ti)O3 ceramic in a wide range of electric elds over a time domain of seven orders of magnitude. It
allows the determination of the fractions of individual switching processes, their characteristic switching times,
activation elds, and respective Avrami indices.
DOI: 10.1103/PhysRevB.97.144101
I. INTRODUCTION

Polarization switching driven by an applied electric eld
is a fundamental process in ferroelectrics involving thermally
activated nucleation and growth of reversed polarization domains. Understanding the kinetics of this process is important
for many applications, particularly for ferroelectric memories
[1]. Previously, macroscopic polarization switching kinetics
was described by stochastic models, such as the classical
Kolmogorov-Avrami-Ishibashi (KAI) model based on the concept developed to describe melt solidi cation [2] and assuming
random and statistically independent nucleation and growth of
reversed polarized domains in a uniform medium [3,4]. This
stochastic model works well for some single crystals [5–7]
but performs unsatisfactorily when applied to polycrystalline
ferroelectric lms [8–10] or bulk polycrystalline ceramics
[11,12]. A range of intrinsic physical features of ferroelectrics
are missing in the KAI approach.
The KAI model assumes only a single characteristic switching time for the whole macroscopic system. Introducing a statistical distribution of switching times, characterizing different
regions of such a nonuniform system as a polycrystalline solid,
helped to improve the characterization of switching kinetics
in ferroelectric lms [8,13–14] and bulk ceramics [15,16].
The regions are distinguished based on different local electriceld amplitudes, originating from the random crystallographic
orientations of the grains [16]. Although this model extension
provided rather accurate description of polarization response
in a range of ferroelectric materials [7,13,14,16–20] another
important feature still remained missing, namely the feedback
due to depolarization elds emerging during the polarization
reversal of individual regions [21–26]. In model simulations
[27,28] interaction of different switching regions via the
depolarization elds was shown to play an important role in
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uniform systems providing highly coherent switching in single
crystals at long spatial ranges. In contrast, in polycrystalline
media the emerging depolarization elds appear to be effectively screened by adapting local bound charges, as disclosed
by recent simulations using the self-consistent mesoscopic
switching model [29]. Thus, the switching of different regions
in a ceramic can still be considered as statistically independent
with regard to electrical interactions. Correlations in polarization switching, observed between tens of grains in bulk
samples [30,31] or up to thousand grains in lms [32–34],
seem to be related to the elastic rather than to the electric interactions. Therefore, the original de nition of different regions
has to be extended to take elastic interactions into account.
Beyond the de ciencies listed above, a common shortcoming
of all mentioned statistical concepts of polarization switching
[2–4,8,13–17,24,26] is that individual random switching
events are assumed to occur statistically independent and
parallel to each other. In reality, however, some events occur
in succession as, for example, consecutive 90°- or, generally,
non-180° switching events. This consideration is crucial for
multiaxial ferroelectrics, which are the most widely used group
of ferroelectric materials. Such two-step polarization reversals
were observed by in situ x-ray diffraction measurements [35]
and ultrasonic investigations [36]. Respective characteristic
times for two distinct and sequential domain reorientation steps
were determined [37]. Furthermore, some reports suggest that
contributions from 180° switching events during the reversal
process cannot be excluded [38,39]. In order to distinguish
between both contributions, the macroscopic strain of the
polycrystalline sample should be measured simultaneously
with the switched polarization.
The present work is devoted to the development of a model
to describe polarization and strain switching dynamics with
consecutive stochastic switching events and its implementation
for tting of macroscopic measurements of a bulk ferroelectric
ceramic. In Sec. II, the classical KAI model is extended by
including two sequential non-180° polarization reorientation
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FIG. 1. Changes in polarization due to an idealized (a) 90° and a
(b) 180° switching event.

steps and a parallel 180° switching event which we call a
multistep stochastic mechanism (MSM) model. Additionally,
a relation between the time-dependent strain and polarization
is derived. In Sec. III, polarization and strain switching experiments over a time domain from 10 6 to 101 s are presented for a
range of applied electric- eld values. The experimental results
are analyzed and discussed in Sec. IV based on the concepts
from Sec. II. Finally, the results are concluded in Sec. V.

FIG. 2. Scheme of probability calculation in the KAI model. Dark
area presents a growing reversed domain nucleated at point B and
covering point A.

until the time t = N . The time of the domain appearance
is indicated as = i
with the index i varying from zero
to N . Then the probability that the point A is not covered by
the switched area by the time t results as the product of such
probabilities in all elapsed intervals:
N

q1 (t) =

II. THEORY OF CONSECUTIVE STOCHASTIC
POLARIZATION SWITCHING PROCESSES
A. Extension of the KAI model to consecutive switching events

Let us rst consider a consecutive 90° switching process in
a polycrystalline ferroelectric in the spirit of the KAI model
[2–4]. It is assumed, for simplicity, that polarization may adopt
only directions parallel or perpendicular to the electric eld,
which is applied along the z axis of the Cartesian coordinate
system (x,y,z); see Fig. 1.
In the initial state, the system is assumed to be uniformly
polarized downward, exhibiting a saturation polarization Ps .
When a reversed (positive) eld is applied, the local polarization may experience two sequential 90° switching events with
respective nucleation rates per unit time and unit volume R1
and R2 . We rst consider the nucleation of switched domains
according to the rst process after the application of the electric
eld upward at time t > 0.
When an unconstrained domain emerges at some point B
at a time > 0 it is supposed to grow with a constant ( elddependent) velocity v1 so that its “spherical” volume reaches
the value
1 (t,

) = C1 [v1 (t

)]n1

R1 (i

)

1 (N

)

,i

].

(2)

The logarithm of Eq. (2) brings about the sum which
transforms to the integral when
0:
N

ln q1 (t) =

R1 (i

)

1 (N

)

,i

|

i=0

0

t
0

d R1 ( )

1 (t,

),

(3)

so that
t

q1 (t) = exp

0

R1 ( )

1 (t,

)d

(4)

.

Now we consider a sequence of two switching events
according to the rst and then to the second 90° switching
event. First let us evaluate a probability p1 (t1 , t1 ) of switching
according to the rst mechanism ( rst 90° switching event)
within the interval (t1 ,t1 + t1 ), which can be derived from
the relation

(1)

by the time t > , where n1 is the spatial dimensionality of the
domain and C1 is an appropriate numerical coef cient. Here,
a possible initial nucleus size is neglected. Let us evaluate
the probability q1 (t) for a point A to be not covered by a
switched area of some domain. To this end, following Ishibashi
and Takagi [4], let us construct a spherical volume 1 (t, )
around the point A (see Fig. 2). If the nucleation point B
were present in the latter volume, the switched domain would
cover the point A by the time t. Thus, the probability that no
nucleus emerges in the volume 1 around A during the time
interval ( , +
) equals 1 R1 ( ) 1 (t, ) . The time is
now discretized in short steps
, 2 ,...i ,... from zero

[1
i=0

q1 (t1 +

t1 ) = q1 (t1 )[1

p1 (t1 , t1 )].

(5)

By expansion of the left-hand side up to the rst order in t1
and assuming the time-independent R1 one nds using Eq. (4),
ln q1 (t1 +

t1 ) = ln q1 (t1 )

R1

1 (t1 ,0)

t1 .

(6)

From comparison with Eq. (5) it is apparent that
p1 (t1 , t1 ) = R1

1 (t1 ,0)

t1 .

(7)

For the probability not to switch according to the second
mechanism (second 90° switching event) we obtain, similar
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to (4),
t

q2 (t) = exp

R2 ( )

0

2 (t,

)d

(8)

,

Unfortunately, the integrals in Eq. (13) cannot be generally
solved in a closed form for arbitrary and . Their qualitative behavior can, however, be comprehended from a simple
particular case = = 1. For this choice

with

L1 (t) =
2 (t,

) = A2 [v2 (t

)]n2 ,

(9)

where parameters A2 ,v2 , and n2 characterize the second
switching process in analogy to the rst one. The probability
to switch once according to the rst mechanism within the
interval (t1 ,t1 + t1 ) and not to switch anymore until the time
t is then
q1 (t1 )R1

1 (t1 ,0)

t1 q2 (t

t1 ).

t

dt1 q1 (t1 )R1

0

1 (t1 ,0)q2 (t

t1 ).

(11)

The total probability to switch rstly according to the rst
mechanism and secondly according to the second mechanism
until time t reads apparently as
t

L2 (t) =

dt1 q1 (t1 )R1

0

1 (t1 ,0)[1

q2 (t

t1 )].

(12)

By substituting Eqs. (1), (4), (8) into Eqs. (11), (12), one
nds general forms
t

L1 (t) =

1

dt1

0
t

L2 (t) =

1

0

dt1

1

t1
1

t

1

t1
2

t/

2

1

exp

1

t1

exp

t

P90 L1 (t),

1

(14)

1
2

e

L2 (t) = 1

exp

1

t/

2

1

1

2

e

t/

2

.

(17)

1

Analysis of the experimental data by many authors shows
that the application of an external eld can drive the motion
of both 180° and non-180° domain walls [35,36,38,39]. As
will be shown later, also in our case polarization and strain
measurements can only be comprehended when introducing
additionally simultaneous 180° switching events [Fig. 1(b)].
Thereby, the total switched polarization will be denoted
2Ps and can be directly determined from experiment. The
contributions of both consecutive 90° switching events are
assumed equal to P90 = Ps with a positive < 1 presenting
the fraction of 90° events and used further as a tting parameter.
The mean amplitude of the parallel 180° switching events
) so that P180 + 2P90 =
is then given by P180 = 2Ps (1
2Ps . The temporal polarization variation is then presented by
extension of Eq. (15) as
1

exp

L1 (t).

(16)

t

Ps L1 (t)

1

+ 2Ps (1

) 1

exp

t

,

(18)

3

where the rst two terms represent the contributions from 90°and the third term contributions from 180° switching events
with the corresponding switching time 3 and the Avrami
exponent . In addition to the aforementioned parameters,
the latter two will also be used for tting the time-dependent
polarization reversal and strain data.
C. Relation between simultaneous polarization and strain in a
system with stochastic consecutive 90°- and parallel 180° events

To prove the consistency of the theory advanced above, we
derive here the contribution to the strain tensor Sij directly
from the variation of polarization pn . To this end one can use
a relation between the strain and the polarization derived from
electrostriction, valid for any solid [40,41],

(15)

noting that
t

) and

B. Combination of consecutive 90°- and
parallel 180° switching events

, (13)

2

p(t) = P90 L1 (t) + 2P90 L2 (t),

p(t) = 2P90 1

1

1

1

t

t/

e

Considering a typical situation with 1
2 [37], L1 (t) =
t. Sim1 e t/ 1 for 0 < t < 1 and L1 (t) = e t/ 2 for 1
ilarly, for arbitrary indices and , the function L1 (t) rst
increases on the timescale of 1 and then decreases on the
timescale of 2 , vanishing asymptotically.

p(t) = 2Ps

where the switching times 1 and 2 for the rst and the
second processes are de ned by the geometrical and kinetic
characteristics of the growing domains, which can in principle
be different. These parameters, as well as the exponents and
, will be used to t experimental data on the time-dependent
polarization and strain.
Let us de ne a mean polarization variation due to all 90°
reorientation events by P90 . Then the total polarization change
all over the system due to the two sequential polarization
variations by P90 amounts to
or, equivalently,

2

L2 (t) = 1 +

1

t1
t1

× exp

t1

exp

(e

(10)

Finally, the total probability to switch once according to
the rst mechanism and not to switch anymore until time t is
obtained by summation over all possible intervals (t1 ,t1 + t1 )
as
L1 (t) =

2

Sij = Qij mn pm pn ,

(19)

with the electrostriction tensor Qij mn , if no stress is applied
to the system. For ferroelectrics with a cubic parent phase,
the piezoelectric contribution results from Eq. (19) when the
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spontaneous polarization P is singled out as
pn = Pn +

(20)

0 nm Em ,

with the permittivity of vacuum 0 and the relative permittivity
of the ferroelectric nm . By substitution of Eq. (20) into Eq. (19)
and neglecting a small quadratic eld contribution [42], one
obtains
(21)

Sij = Qij mn Pm Pn + dij k Ek ,

whereby the general equation for the piezoelectric coef cient
is used [41]:
dij k = 2

(22)

0 km Qij ml Pl .

Using the Voigt notations [43] these formulas can be specied for the direction z of the macroscopic strain measurements
as
S3 = Q11 P32 + Q12 P12 + P22 + 2

0 33 Q11 E3 P3 .

Q11 ) P12 + P22 + 2

0 33 Q11 E3 P3 .

(23)

Note that the P3 component is changed by 180°, as well as
90° events, and thus the piezoelectric part contains contributions from the intrinsic lattice expansion and domain switching
processes. The quantity measured in the experiment is the
eld-driven variation of the strain S3 = S3 S30 , whereby S30
is the remanent strain of a sample fully polarized downward. In
the considered model, polarization components can only adopt
values Pn = ± Ps or 0 at any time so that P12 + P22 + P32 = Ps2 .
Thus, in the initial state we assume P3 = Ps everywhere and
S30 = Q11 Ps2 . Then the strain variation can be expressed as
S3 = (Q12

(24)

The 180° switching processes fully contribute to the variation of polarization P3 [see Fig. 1(a)] and thus only change
the strain by the linear term in Eq. (24). In contrast, the
rst and second 90° switching events rotate the unit cell
by 90°, thus contributing to the variation of the strain by
both terms in Eq. (24). The squared transverse polarization
P12 + P22 = P 2 adopts by the rst 90° switching event a value
Ps2 resulting in the maximum possible spontaneous strain
Smax = (Q12 Q11 )Ps2 . It is also important to note that the
rst 90° rotation of polarization contributes to the strain by
Smax and the second 90° rotation changes it by
Smax , so
that two consequent 90° rotations are equivalent to one 180°
switching and thus in sum cause no variation of the strain by the
quadratic term, but by the linear term in Eq. (24). Using the
switching probabilities derived in the Sec. II B, the averaged
strain variation can now be expressed as
S3 (t) =

Smax L1 (t) + 2

0 33 Q11 E3 (

p(t)

Ps ), (25)

with functions L1 (t) and p(t) given by Eqs. (13) and (18),
respectively. Note that both formulas for polarization (18)
and strain (25) present averaging over the whole system and
neglect electric and elastic interactions [44] between different
switching regions during the polarization reversal.
III. EXPERIMENTAL WORK

Bulk polycrystalline Pb0.985 La0.01 (Zr0.475 Ti0.525 )O3 ceramics were prepared by a mixed-oxide route [45]. The switched
polarization and the macroscopic strain were measured simultaneously. The samples were poled in direction downward

FIG. 3. Results of the simultaneous dynamic measurements of
(a) switched polarization p, and (b) strain S3 of a polycrystalline
PZT ceramic. The curves were measured at different applied elds
ESW , as indicated by the inset values in kV/mm. The dashed line
represents the initial value S3 = 0 for ESW = 0, which is related to
the remanent strain S30 .

with an electric eld of 3 kV/mm for 20 s. After a wait
time of 100 s, a 10-s pulse switching eld ESW was applied
opposite to the poling direction. In order to realize a sharp
high-voltage (HV) pulse rise of 115 ns (rise time up to 75% of
the maximal voltage), a buffer capacitor, which was charged by
a high-voltage source (Trek model 20/20C, Lockport, NY), was
combined with a commercial fast HV transistor switch (HTS
41-06-GSM, Behlke GmbH, Kronberg, Germany) [46]. The
charge was monitored by measuring the voltage drop across
a reference capacitor (WIMA MKS4, Wima, Mannheim,
Germany), while the macroscopic displacement of the sample
was simultaneously measured by an optical displacement sensor (D63, Philtec Inc., Annapolis, MD) with a time resolution
of 10 4 s.
Figure 3 displays the time-dependent data of polarization
and strain for various switching elds ESW . Note that the
leakage current and the dielectric displacement were subtracted
in the presented polarization data p. The variation of the
strain, S3 , starts in all measurements from zero which is not
explicitly seen in the plot since the data below 10 4 s are not
available.
Electrostrictive coef cient Q11 and large signal permittivity
ls were determined by tting the high- eld part of strain and
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FIG. 4. Experimental determination of the (a) electrostrictive
coef cient Q11 , and (b) large signal permittivity ls from bipolar
polarization and strain loops.

bipolar polarization measurements. For the former, Eq. (19)
was tted as S3 = Q11 P32 [47] to the data in Fig. 4(a) and Q11
was determined as Q11 = 0.046 m4 /C2 , which is close to the
value of 0.044 m4 /C2 reported for piezoelectric transducer
(PZT) ceramic at the tetragonal side of the morphotropic
phase boundary [41,47]. The large eld permittivity ls was
calculated by normalization of the derivative of the polarization
with respect to the electric eld: ls = (dP /dE)/ 0 [48]. As
shown in Fig. 4(b) a saturated value of about ls = 3 · 103 was
obtained.
IV. ANALYSIS AND DISCUSSION
OF EXPERIMENTAL RESULTS

Since Eq. (18) contains a smaller number of tting parameters than Eq. (25), the polarization-time curves [Fig. 3(a)]
were tted rst. This tting de nes in the rst iteration the
parameters , 1 , 2 , 3 , , , and . These parameters were
then kept constant while tting the corresponding strain-time
curves using Smax and 33 in Eq. (25) as variable parameters.
Although this procedure provided at once a satisfactory agreement with both polarization-time and strain-time experimental
curves, a few further iteration steps were carried out because

FIG. 5. Polarization (a) and strain (b) variation with time at
the applied eld of 1.588 kV/mm. Experimental curves are shown
by symbols, separated theoretical contributions from 90° switching
events by dashed lines, contributions from 180° switching events by
dotted lines, and their sum by solid lines.

the description of the strain-time curve turned out to be more
sensitive for the parameters 1 , 2 .
Having the set of parameters established enables us to
describe the time dependency of the macroscopic strain and
polarization, as shown in Fig. 5 for an applied eld strength of
1.588 kV/mm.
The above-described tting procedure was performed separately for all data sets obtained experimentally for each value
of the electric eld ESw , shown in Fig. 3. The materials
characteristics Ps , Q11 , Smax , 33 were thereby kept constant
all over the studied eld region. The shares of 90 and 180°
switching processes were found to be eld independent with
= 0.34 within the considered eld range 1.1–1.7 kV/mm.
However, even though similar 180° and non-180° switching
shares were previously reported [38,39], it should be noted that
180° switching can also happen strain-free by two statistically
dependent, coherent 90° events (Fig. 6), as suggested by
Arlt [49].
The results of tting are exemplarily presented in Fig. 7 for
representative eld values. As is seen, Eqs. (18) and (25) well
approximate both polarization-time and strain-time curves in
the short and intermediate time regions, whereby the latter
is identi ed by the maximum switching rate. Furthermore,
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FIG. 6. Example of two coherent 90° switching events which do
not change the overall strain but contribute to the P3 polarization
component, similar to a 180° switching event.

these formulas allow the prediction of polarization and strain
dependences beyond the observed time interval if appropriate
tting was performed at shorter times, as is demonstrated in
Figs. 7(a) and 7(b).
Nevertheless, theoretical curves (solid lines) notably deviate from experimental ones (symbols) at the later stages
of switching, when approaching the saturated polarization.
As compared to the experiment, the analytical calculations
exhibit a sharper steplike behavior, typical for the classical
KAI concept [5,7,9] and observed in single crystals [6,7].
In ceramics, however, a more dispersive behavior is typical
at longer switching times [7–20]. Physical reasons of this
behavior are still disputed and may be attributed to a creeplike
domain wall movement of ferroelastic domains [50] related
to a broad distribution of the switching times [8]. This could
be explained by the inhomogeneous eld mechanism model
[15,16], which derives a wide statistical distribution of switching times from the nonuniformly distributed electrical eld in
random systems, such as polycrystalline ferroelectrics. Over
and above, the statistical eld distribution does not remain
xed in the course of polarization reversal and develops due
to varying depolarization elds [21–26]. As was shown in a

recent work [29], the eld distribution is widening with the
polarization increase and mostly affects the poling process
at later stages approaching the saturation. This could explain
the discrepancy between experimental and tting curves. In
the current model, however, we would like to focus on the
statistical explanation of sequential 90° switching processes.
Introduction of distributed switching times could improve
tting of the experiment data, but this would make a model
more sophisticated, less transparent, and would exceed the
scope of this work.
The neglected eld and consequently time distributions
are presumably also responsible for noninteger values of
the Avrami exponents (see Fig. 8), which are well-known
from publications trying to explain a dispersive polarization
response within the KAI approach [11,51–54]. However, the
variation of the Avrami exponents might also have a physical
meaning. Thus, an abrupt variation of the dimensionality
of growing reversed domains from 3D toward 2D toward
1D domain geometry was identi ed in polarization kinetics
experiments on PZT thin lms and simulations [55]. This can
be related to the jump in the Avrami index due to coalescence
of numerous small domains to large stripelike ones at higher
electric elds.
The values of characteristic switching times, extracted from
the dynamic curves of Fig. 7, are shown in Fig. 9. The
switching times 2 and 3 exhibit the Merz law behavior [56],
= 0 exp(Ea/ESW ). Activation eld Ea values for these two
events were calculated to be about 33 kV/mm. The eld dependence of 1 could not be described by the Merz law with a single
activation eld value over the entire eld range, as previously
reported for some ceramics and temperature regimes [17,19].
However, it is obvious that the activation energy for the rst

FIG. 7. Variation of the polarization (a), (c), (e), (g) and strain (b), (d), (f), (h) with time at different eld values in kV/mm as indicated in
the plots. Experimental curves are shown by symbols and tting curves by solid lines.
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90° switching event is the smallest among the three events and
is near 27.7 kV/mm in the high- eld region. The lower value
of the activation eld for the rst switching may be assigned
to the promoting effect of the residual stresses, suggested by
x-ray diffraction studies [30,37].
The tting has revealed a relative permittivity value of 2.85 ·
103 being eld independent as expected for this eld range [57].
This value is comparable with the experimentally measured
value of 3 · 103 evaluated as indicated above in Sec. III.
The maximum strain Smax was found to be about 1%,
assuming that all switching occurs by 90°, as shown in the
idealized model in Fig. 1(b).This parameter can, in principle,
be estimated independently using data from mechanical loading (ferroelastic) experiments, whereby the poled sample is
uniaxially compressed in the z direction. The value reported
for the maximum strain in such conditions was around 0.68%
[58]. Real materials deviate from the idealized model shown
in Fig. 1(b), because the possible polarizations of grains
are speci ed by their crystallographic orientations, which
are randomly distributed. Additionally, in bulk polycrystals,
domains can interact across grain boundaries leading to longer
length-scale coupling of domain dynamics [30,31,59]. The
c-axis directional distribution should be taken into account and
the simpli ed formula for Smax has to be generalized to
Smax_real = (Q12

Q11 )Ps2

2

(sin )

max ,

(26)

where sin2 max de nes a maximum possible value for
(Px2 + Py2 )/Ps2 compatible with the tetragonal symmetry of
grains when polarization tries to avoid the z direction. Thus,
the parameter of the simpli ed model is related to the observed value by Smax = Smax_real / (sin2 ) max . It is known
that for tetragonal symmetry (cos2 ) max = 0.701, which
de nes a lower limit for sin2 as 1
(cos2 ) max = 0.299.
The maximum limit sin2 max is expected to be close to
(cos2 ) max . The tting value Smax of 1% corresponds
to (sin2 ) max 0.6. From the maximum strain the other
electrostriction coef cient can be evaluated as Q12 = Q11
Smax /PS2 = 0.021 (m4 /C2 ).

FIG. 9. Characteristic switching times, extracted by tting and
approximated by the Merz law, with 0 = 0.8 · 10 11 s, and activation
elds 33 and 27.7 kV/mm for the upper and lower curves, respectively.
V. CONCLUSIONS

We have developed a MSM model of the eld-driven
polarization reversal in ferroelectric ceramics. Similar to the
classical KAI approach, this model assumes statistically independent, noncorrelated polarization switching region by
region, neglecting both elastic and electric interaction between
the switching regions. However, in contrast to the classical
KAI consideration, the model includes two parallel channels
of switching: a 180° polarization reversal and a sequential
two-step 90° switching event. Application of the model to the
experimental results of simultaneous macroscopic measurements of polarization and strain, over a wide time window
performed at different applied elds, allowed determination
of such characteristics of the switching processes as their
eld-dependent characteristic times and Avrami indices. Other
parameters extracted from tting of the experimental data, such
as the maximum spontaneous strain and dielectric permittivity,
are in agreement with independently measured values. A very
important result of the analysis is the share of 90° switching
events, which appears to be eld independent in the used
eld region 1.1–1.7 kV/mm and equals = 0.34. This value,
however, should be treated with care because it counts only the
statistically independent 90° switching events included in our
stochastic model. For example, such statistically dependent,
coherent 90° switching events that do not contribute to the
strain (see Fig. 9) cannot be identi ed in this approach and
thus they would appear as parallel 180° switching events.
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Electric depolarization elds have a great impact on the polarization-switching kinetics in ferroelectrics
although they are often neglected in statistical considerations. Analysis of statistical distributions and correlations
of polarization and electric eld during the eld-driven polarization reversal in a bulk polycrystalline ferroelectric
by means of the two-dimensional self-consistent mesoscopic switching (SMS) model has revealed that correlations, mediated by electrostatic elds, are mostly isotropic and short range at a typical scale of the mean grain size
[Phys. Rev. B 96, 054113 (2017)]. However, the magnitude of emerging depolarization elds remains substantial
and strongly in uences the switching kinetics. It is known, on the other hand, that the effect of inhomogeneities,
such as a granular structure, on the electric eld pattern and local eld magnitudes is considerably overestimated
in two-dimensional simulations. Three-dimensional extension of the SMS model in the current study allows a
realistic evaluation of the impact of spatial correlations on the polarization switching in ferroelectric ceramics
and opens a possibility to consider materials of different phase symmetries. It is shown that bound charges
at grain boundaries due to mismatching grain polarizations as well as the subsequent depolarization elds are
essentially dependent on the crystalline symmetry. This explains great differences in statistical eld distributions
and polarization kinetics observed in ceramics of different phase symmetries. Field correlations are anisotropic,
depend on the material symmetry, but remain in all cases short range at the scale of a grain size. This sheds
light on the success of models assuming statistically independent switching of different regions. Evolution of
the statistical eld distributions in the course of polarization reversal is also symmetry dependent but temporal
changes in distributions are not substantial which clari es a good performance of models neglecting the feedback
via depolarization elds.
DOI: 10.1103/PhysRevB.98.134106
I. INTRODUCTION

The most characteristic property of ferroelectrics is their
ability to switch the spontaneous polarization when a strong
enough electric eld is applied. This is a basic process in such
ferroelectric applications as digital data storage (FERAM) [1].
Polarization reversal at some location generates a long-range
depolarization eld [2,3] which should affect the switching
process at other locations. However, statistical concepts of
polarization reversal typically neglect the feedback effect of
depolarization elds and assume independent and uncorrelated nucleation and growth of reversed domains [4–13].
Nevertheless, the nucleation limited switching (NLS) model
[7] and the inhomogeneous eld mechanism (IFM) model
[10,12], assuming a stable statistical distribution of switching
times in polycrystalline systems, are able to describe with high
accuracy the time-dependent response of ferroelectric ceramics of different chemical compositions and phase symmetries
[7,8,12,14–20] as well as of organic ferroelectrics [21–27]
and organic-inorganic ferroelectric composites [28,29]. Does
it mean that the depolarization elds emerging during the
switching process and the interaction of the switching regions
can be neglected?
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Experimental observations of polarization response by
piezoelectric scanning probe microscopy and transmission
electron microscopy revealed clustering ranging from a few
grains [30] to agglomerations of 102 –103 grains [31,32] in
polycrystalline thin lms. Similarly, the grain-resolved threedimensional x-ray diffraction disclosed a collective dynamics
in bulk ceramics correlated over approximately 10–20 grains
[33–35], a characteristic scale resulting from the complicated
and still not understood interplay between the electrostatic
and elastic elds. The experimentally revealed characteristic lengths disagree with extremely long-range electrostatic
correlations found in phase- eld simulations [36] and microscopic modeling [37] of uniform ferroelectric media. Thus,
the role of long-range depolarization elds in the switching
dynamics of bulk ferroelectric ceramics still remains unclear.
Recent attempts to account for the feedback of depolarization elds in the statistical approach remained mostly
within the mean- eld approximation assuming the emergence
of a time-dependent uniform electric eld due to averaging
of individual switching events [38–40]. Such an approach
still misses the role of local correlations clearly observed in
experiment [41–43].
A self-consistent mesoscopic switching (SMS) model
[44,45] recently suggested by the authors accounts in a selfconsistent way for the local depolarization elds emerging during the eld-driven polarization reversal in individual grains of a random polycrystalline medium. This
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two-dimensional model allowed tracing the evolution of statistical distributions of electric eld and polarization as well
as their auto- and cross correlations. It was established that
both polarization and electric eld are correlated at a short
range of about the mean grain size. The depolarization elds
appeared to be effectively screened by adapting bound charges
at grain boundaries. This explains, on the one hand, why the
classical statistical approach [6] neglecting correlations may
satisfactorily describe total polarization switching at earlier
and intermediate stages of polarization reversal in polycrystalline ferroelectrics. On the other hand, the continuously
spreading statistical distribution of the local depolarization
elds [45] might have a remarkable retarding impact on the
later stage of polarization reversal observed in experiment
[7,10,13,18,25,27] and modeling [38–40,44]. The question
remains open, why the NLS and IFM models neglecting a
feedback via depolarization elds are nevertheless able to
describe polarization response over the time domain with high
accuracy [8,12,14–17].
Two-dimensional (2D) simulations overestimate the effect of obstacles on the eld-line pattern [20,46,47] and do
not allow consideration of different crystalline symmetries
typical of perovskite ferroelectrics which apparently have a
great impact on the polarization-switching dynamics [15–17].
Therefore in the current study we extend the SMS model to a
three-dimensional (3D) geometry. The paper is organized as
follows. An analytical 3D model of a fully polarized uncorrelated ceramic is introduced in Sec. II and serves as a reference
limiting case for the following simulations. Analytical calculations of the surface bound charges in uncorrelated ceramics
of different symmetries are performed for comparison with
the respective correlated cases. A numerical 3D-SMS model
is introduced in Sec. III. Simulations within this model presented and discussed in Sec. IV show the time development of
the total polarization, statistical eld distributions, and spatial
correlations of electric eld and polarization components during their evolution in the course of the polarization reversal.
The results are concluded in Sec. V.
II. ANALYTICAL MODEL OF A FULLY POLARIZED,
UNCORRELATED BULK FERROELECTRIC CERAMIC

Ferroelectric ceramics are characterized by random shape
of grains and random orientation of the crystal lattice inside
the grains. In the current study we focus on the latter factor
of randomness which allows one to capture the main reasons
for emerging and development of depolarization elds. To
this end we use an original model of a ferroelectric ceramic
introduced in Ref. [48]. We imagine a sample consisting
of a regular cubic lattice of equal tightly contacting singlecrystalline cubic grains of size R much larger than the lattice
constant of the material. The grain edges are supposed to be
aligned along the axes of the Cartesian coordinate system
x, y, z as is shown in Fig. 1. The sample of a macroscopic size
L
R is sandwiched between two plane electrodes located at
z = ± L/2. It is supposed to be polarized in a dc electric eld
substantially higher than the coercive eld to the maximum
possible spontaneous polarization in the z direction. After that
the voltage at the electrodes is set back to zero so that the
remanent polarization Pr in the z direction remains. This state

FIG. 1. Scheme of a three-dimensional distribution of polarization in a fully polarized ferroelectric ceramic represented by a regular
array of cubic grains with arbitrary crystalline orientations.

will be considered as an initial one for the polarization reversal
investigated in the next section.
Since the crystal structure of the grains is formed at temperatures far above the ferroelectric phase transition, the crystal
axes orientation in different grains is supposed to be arbitrary
and not correlated. In the high electric eld the spontaneous
polarization in each grain Ps takes on the direction of one
of the pseudocubic symmetry axes closest to the direction of
the applied eld (see Fig. 1). Accordingly, an anisotropic dielectric permittivity tensor is arbitrarily oriented in the grains
with its c axis along the local spontaneous polarization. The
vectors Ps , assumed to be uniform within each grain, have the
same magnitude of Ps and are statistically distributed within
the cone de ned by the polar angle < max with respect to
the z axis. The angle max depends on the phase symmetry
of the ferroelectric. For the cases of the tetragonal (T) and
rhombohedral (R) symmetries the respective angles max,t and
max,r were found by Uchida and Ikeda [49] to be equal to
each other and amount to arcsin 2/3. In the orthorhombic
(O) phase this angle equals max,o = /4.
In the rest of this section, spatial uctuations of the bound
charges at the grain boundaries in the highly poled state of
ceramics of different phase symmetries will be evaluated. For
their calculation one needs a procedure of statistical averaging
which is speci ed as follows.
A. Con gurational averaging

Con gurational averaging of local angle-dependent variables over the ensemble of all possible random con gurations,
which is equal to the averaging over the in nite sample
volume, may be performed using the distribution function
f ( , ) of a possible polarization directions compatible with
the applied eld direction. Derivation of this function presents
a nontrivial task involving cumbersome calculations. For the
case of tetragonal symmetry, the appropriate distribution function ft ( , ) was derived in Ref. [48]:
ft ( , ) =
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TABLE I. Mean polarization values and variances of bound
charge densities at grain boundaries in uncorrelated tetragonal (T),
rhombohedral (R), and orthorhombic (O) ceramics.

Pmax /Ps
SD( x )/Ps
SD( z )/Ps

T

R

O

0.831
0.547
0.141

0.866
0.492
0.126

0.912
0.406
0.080

polarization along the z-axis Pz is reduced to
2

Pr = Ps cos (
FIG. 2. Two-dimensional projection of statistical distributions
f ( , ) of polarization directions on an arbitrary plane in fully
polarized uncorrelated ferroelectric ceramics of different phase
symmetries.

for 0
< 2 where and are, respectively, the azimuthal
and polar angle in spherical coordinates associated with the
above introduced cartesian coordinates and centered in the
center of the chosen grain. The distribution functions fr ( , )
and fo ( , ) for the cases of rhombohedral and orthorhombic
symmetries are derived in Appendixes A and B and given by
Eqs. (A5) and (B5), respectively. Since the considered poled
polycrystalline ferroelectrics belong to the Curie symmetry
group m [50], the distribution functions are independent of
the azimuthal angle and can be presented on a plane graph [51]
as is shown in Fig. 2. It is seen that the orthorhombic phase,
possessing twelve possible stable polarization directions, is
described by the most concentrated polarization distribution
fo ( , ), followed by the wider rhombohedral distribution
fr ( , ), related to eight possible polarization directions, and
the most spread tetragonal distribution ft ( , ), related to six
possible polarization directions.
Let us introduce as in Ref. [48] a three-dimensional numeration (integer coordinates) of grains [n, k, m] associated with
the Cartesian coordinates so that the centers of the grains take
positions (nR, kR, mR). For evaluation of macroscopic mean
values the sample will be considered as an in nite one so that
the numbers [n, k, m] run over all integers from
to + .
Assuming statistical independence of random angle variables
in different grains the distribution function for polarization
directions in all grains reads
F ({ i ,

i })

=

f(

n,k,m ,

n,k,m ),

(2)

n,k,m

where { i , i } denotes the manifold of spherical angles in all
grains, while n,k,m and n,k,m denote the angles in the grain
with numbers [n, k, m]. Calculating an ensemble average of a
quantity g({ i , i }),
g =

sin ( i )d
i

i

d

i

g({ i ,

i })F ({ i ,

i }),

(3)

one should take into account that all azimuthal and polar angle variables change in the same angle ranges, 0
< 2 ,0
max . Thus, the ensemble average of the

max

×

n,k,m ) = Ps

f(

n,k,m ,

0

× cos (

d

n,k,m

0

n,k,m ) sin ( n,k,m )

n,k,m )d n,k,m .

(4)

By applying the respective distribution functions for ceramics of different phase symmetries this formula brings
about the maximum possible values of polarization Pmax in
nontextured ceramics of tetragonal, rhombohedral, and orthorhombic symmetries presented in Table I which coincide
with the numbers known in literature [49,52,53]. The perpendicular x component of polarization in all cases vanishes,
Px = Ps cos (

n,k,m ) cos ( n,k,m )

= 0,

(5)

as well as Py = 0 for symmetry reasons. Finally, the local
polarization can be conveniently decomposed in a sum of the
mean and uctuation polarizations as Ps = Pr + Ps , where
Pr = (0, 0, Pmax ) with Ps = 0.
B. Variances of bound charges at grain boundaries

Surface bound charge densities at the faces of a cubic grain
with the number [n, k, m] located inside the bulk material are
constant over the cubic faces and result from discontinuities of
the respective normal components of the polarization Ps in
the neighbor grains. Namely, the charge density at the bottom
face perpendicular to the axis z equals
z
n,k,m

= Ps [cos (

n,k,m 1 )

cos (

n,k,m )],

(6)

the charge density at the left face perpendicular to the axis
x equals
x
n,k,m

= Ps [sin (
sin (

n 1,k,m ) cos ( n 1,k,m )
n,k,m ) cos ( n,k,m )],

(7)

and the charge density at the left face perpendicular to the axis
y equals
y
n,k,m

= Ps [sin (
sin (

n,k 1,m ) sin ( n,k 1,m )
n,k,m ) sin ( n,k,m )].

(8)

Con gurational averaging of the above charge densities for internal grains with the distribution functions
f ( n,k,m , n,k,m ), equal to the averaging over the sample volx,y,z
ume, results in vanishing mean values n,k,m = 0, which
does not preclude the fact that local values (6)–(8) in a certain
random system are nite. For the top plane of a physical
sample, Eq. (6) is not valid because there are no grains above
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the top grain layer. For that reason the nonzero mean value
z
n,k,m = Pr produced by the mean polarization Pr prevails
z
=
at the top plane of the sample z = L/2. Similarly, n,k,m
Pr at the bottom plane of the sample z = L/2.
Typical magnitudes of the local charge densities at the
internal grain faces (6)–(8) are characterized by the standard
deviations (SD) of the respective charge densities,
SD(

x

)=

2
x
n,k,m

SD(

z

)=

2
z
n,k,m

= SD(

y

)

and

.

(9)

Table I shows their values normalized to Ps for ferroelectric
ceramics of different phase symmetries. Details of calculations are presented in Appendix C. Substantial differences
between SD( z ) and SD( x ) are explained by the fact that
the polarization direction in the (x, y) plane and, hence,
the variation of its azimuthal angle are not restricted while
the polar angle is con ned to the cone
max around the
positive z direction.
III. 3D SELF-CONSISTENT MODEL OF
POLARIZATION-SWITCHING KINETICS
IN A BULK FERROELECTRIC CERAMIC

(B5). According to the chosen polarization (c-axis) direction
(and a random rotation around it), each grain is characterized
by a dielectric tensor ij , with principal values of the relative
permittivity taken from Refs. [54–57] for exemplary materials
of different symmetries.
In a coarse-grained consideration, polarization within each
grain is characterized by a mean value pi approximately presenting a multidomain state that entails discontinuities at grain
boundaries where surface charge densities arise, equal to an
abrupt variation of the normal component of the polarization
when traversing the boundary. The electric eld, in contrast,
varies within the grains according to the Laplace equation and
natural boundary conditions at the grain boundaries which
comprise continuity of the tangential electric eld and discontinuity of the normal component of the electric displacement
equal to the surface charge density. To apply an external
electric eld of either sign in z direction, the top and the
bottom surfaces of the computation box are held at constant
potentials, whereas periodic boundary conditions are applied
in x and y directions.
B. Evolution equations

The main task of the current study is to account for the
electric interaction between different switching regions due
to the emerging depolarization elds and nally to evaluate
the feedback effect of these elds on the global polarization
kinetics. To this end we advance here a three-dimensional
self-consistent mesoscopic switching model (3D-SMS) of
polarization reversal kinetics in a bulk ferroelectric ceramic
which conceptually extends the previously developed 2DSMS model [45]. Differently from the latter, the 3D-SMS
model does not assume a random grain structure of the material but uses instead the regular cubic grain structure with
randomized crystal lattice orientations delineated in Sec. II.
Similarly to the previous 2D approach, the 3D-SMS model
combines a numerical solution of the coarse-grained local
equations for polarization development in individual grains
with the global calculation of the electric eld by the niteelement method (FEM), the whole algorithm being realized
within a FlexPDE program (PDE Solutions Inc.). In the
following, the description of ferroelectric ceramics and the
evolution equations are presented in detail.
A. Creation of a random structure

We consider a polycrystalline bulk ferroelectric placed
between two—top and bottom—plain electrodes. A cubic
sample is assumed to consist of equal cubic single-crystalline
grains as is schematically shown in Fig. 1. Each grain possesses the same phase symmetry—tetragonal, rhombohedral,
or orthorhombic—and a random crystal orientation uncorrelated with neighbor grains. An initial polarization state is
assumed to be created by a very strong electric eld applied in positive z direction given by the vertical axis in
Fig. 1. In this case, polarization directions in individual grains
are arbitrarily chosen from an appropriate three-dimensional
angle distribution function for a nontextured ferroelectric bulk
ceramic of the respective symmetry using Eq. (1) or (A5) or

The change in the polarization of individual grains will be
considered in the spirit of the Kolmogorov-Avrami-Ishibashi
(KAI) model of domain nucleation and growth [4–6] giving
the total polarization reversal as
p(t ) = 2Ps {1

exp [ (t/ ) ]},

(10)

where Ps is the saturation polarization, is the Avrami index
depending on the reversal domain dimensionality, t is the time
elapsed after the voltage application, and is the characteristic
switching time. It is well known that is strongly dependent
on the electric eld value E, for example, according to the
empiric Merz law [58] (E) = 0 exp (Ea/E), where Ea is
the so called activation eld and 0 is the switching time at
very high elds.
In the original KAI approach the eld E is assumed to
be uniform in the whole system and constant in time. In
ferroelectric ceramics the eld is indeed distributed nonuniformly due to complying with the boundary conditions at
the grain boundaries. In the spirit of the IFM model [10,12]
we suppose that the local switching time (E) is determined
by the local value of the electric eld [59]. In accordance
with our coarse-grained consideration, for the local eld E
the mean- eld value over each grain will be taken. Over and
above, we account for the fact that local switching time values
are also time dependent together with the eld E. To be
able to capture this dependence we substitute the global time
dependence of the polarization, Eq. (10), by the instantaneous
rate of the polarization change derived by differentiation of
Eq. (10) with respect to the time t:
Ps sgn(E)
dp
=
dt

p

t

1

.

(11)

Here the signum function sgn(·) determines the direction to
which the saturation of the polarization proceeds. This onedimensional equation should be generalized to the actual 3D
case. In the following we assume, as in the classical KAI
approach [6], the polarization reversal to be dominated by
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180 -switching events (which is generally not true [60–62]),
so that the polarization only changes along the randomly
chosen c direction within each grain given by a unit vector ni .
This means that the local dielectric tensor remains unchanged
during this process. Thus Eq. (11) can be generalized to the
local vectorial form
dpi
ni Ps sgn( E i · ni )
=
dt
(| E i · ni |)

pi

t
(| E i · ni |)

1

, (12)

where E i is the electric eld averaged over the volume of the
considered grain. Equation (12) takes into account that only
the eld projection on the local c axis promotes switching.
Calculated local values of the depolarization eld Ed
scale with the magnitude of the saturation polarization Ps .
Typical magnitudes of the eld components, estimated exemplarily for lead zirconate titanate (PZT) [48], appear to be of
the order of the thermodynamic coercive eld which is known
to exceed experimentally observed values of the coercive eld
by few orders of the magnitude [63]. In fact, local electric
elds are strongly reduced by various physical mechanisms,
rst of all, by domain formation [63] and semiconductor
properties of ferroelectric materials [64–66]. For low total
polarizations, high local elds can be depressed by splitting
in domains which leads to lower mean polarizations of grains
and accordingly lower bound charges at grain boundaries. At
higher polarizations, too high local elds may be depressed
by screening of bound charges due to semiconductor effects
including band bending and accumulation of charged defects
in surface states at grain boundaries. Indeed, the uctuation
eld Ed provides a variation of the electrostatic potential
across a grain about
Ed R that can reach several tens
of volts [48]. Being much larger than a typical band gap in
ferroelectric perovskites Eg of 3–4 eV such a potential sweep
causes strong band bending and produces electron and/or hole
spatial pockets which effectively reduce bound charges at
grain boundaries. Due to this internal screening effect the local
elds cannot exceed a typical value of Eg /2qR, with the elementary charge q, so that the potential sweep remains below
Eg /2q [65,66]. The local elds may be further reduced by
accumulation of charge defects compensating bound charges
at grain boundaries [67].
To account for the internal screening, an effective value of
the local saturation polarization Ps = 0.01 C/m2 was used
for calculation of depolarization elds in the 2D-SMS model
[45] that reduced local uctuation elds to a typical magnitude
of the coercive eld in tetragonal PZTs. The drawback of
this approach is that it uniformly depresses depolarization
elds all over the system including locations where the eld
is already small. This might affect the statistical distribution
of local electric elds and distort the true picture of eld
correlations. For that reason, in the actual 3D-SMS model we
introduce another approach. Namely, each time after the FEM
calculation of the electric eld we apply a criterion testing
the local eld magnitude E and reducing it to the cutoff eld
Ecf < Eg /2qR if E > Ecf . Thus the depolarization eld is
only depressed at locations where it is too large. Since the
value Ecf may result from a sophisticated interplay of the
above mentioned physical mechanisms it is used as a tting
parameter when comparing simulations with available data on
polarization-switching kinetics.

C. Simulation procedure

Simulations include the following steps:
(1) Generation of a regular 3D array of 10×10×10 cubic
grains of size R = 1 m and assigning to each grain a polarization direction (c axis) arbitrarily chosen from the statistical
polarization distribution of the appropriate symmetry.
(2) Assignment of material parameters: saturation polarization, activation and cutoff elds, high- eld switching time,
Avrami index, eigenvalues of the permittivity tensor; assignment of the dielectric permittivity tensor in each grain by
arbitrary rotation around its c axis.
(3) Evaluation of the spatial eld distribution and average
eld magnitudes inside each grain using the nite element
software FlexPDE.
(4) Evaluation of the polarization change in each grain
during the time step t by integration of Eq. (12) over t
using the software FlexPDE for the above calculated local
average eld values; consequent updating of the polarization
in each grain.
(5) Calculation of the total polarization by adding up the
local modi ed polarizations.
(6) Repetition of steps 3–5 until the total polarization
reaches a saturated value.
For exemplary tetragonal and rhombohedral systems,
lead zirconate titanate ceramics Pb(Zr x Ti1 x )O3 with,
respectively, x = 0.515 and x = 0.6 were chosen. The
appropriate permittivity values were taken from Refs. [54,55],
the other parameters were used as trial values and found by
best tting to the available polarization kinetics data for these
compounds [16] as is shown below in Fig. 3. As an example of
an orthorhombic ferroelectric at room temperature, potassium
niobate KNbO3 was chosen whose polarization and coercive
eld were taken from Ref. [68] and permittivity tensor from
Refs. [56,57]. Suf cient polarization kinetics data for this
material are not available, so that the respective kinetic parameters were exemplarily taken over from the solid solution
(1 x)Ba(Zr 0.2 Ti0.8) O3 -x(Ba0.7 Ca0.3 )TiO3 with x = 0.5,
which possesses a comparable coercive eld [17].

FIG. 3. Time evolution of the total polarization P = pz normalized to its maximum value for materials of tetragonal (T), rhombohedral (R), and orthorhombic (O) symmetries, as indicated in the
plot, at applied eld values 1.8, 1.4, and 0.5 kV/mm, respectively.
Solid and dashed lines show, respectively, simulated and experimental response. The other parameters used are gathered in Table II.
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TABLE II. Ea, Ecf , , and 0 values in tetragonal (T), rhombohedral (R), and orthorhombic (O) ceramics.

Ea (kV/mm)
Ecf (kV/mm)
0

(ps)

11
22
33

T

R

O

35
0.4
2
11.5
1721
1721
382

28
0.25
3
1.7
529
529
295

8
0.1
3
5
160
1000
55

IV. SIMULATION RESULTS
A. Polarization-time dependencies

Polarization-time curves obtained from experimental measurements (dashed lines) and calculated ones (solid lines) are
presented exemplarily in Fig. 3 for the above introduced materials of tetragonal, rhombohedral, and orthorhombic symmetries at different applied eld values. They cannot be displayed
on the same graph for the same applied eld because the
switching processes evolve at very different timescales. Note
that the presented processes do not start from the initial highly
polarized state described in Sec. II. This fully uncorrelated
state includes, among others, unphysical local polarization
con gurations with highly charged grain boundaries. Due
to resulting high local elds such places disappear after
few polarization-switching cycles. After that polarizationswitching curve becomes completely reproducible and weakly
dependent on the applied eld direction, a consequence of a
nite size of the computation box.
Calculated polarization response demonstrates fair agreement with available experimental data for tetragonal and
rhombohedral PZT ceramics using parameter values shown in
Table II. The band gap Eg in PZT is known to be about 3.5 eV.
The tting value for the cutoff eld Ecf is four times smaller
than Eg /2q. This reveals that the band bending is not of crucial importance in the eld suppression mechanism. Another
physical reasons could be domain formation, inhomogeneous
polarization distribution within domains, and possible non180 rotations of polarization which are not taken into account
in the actual model.
Non-180 rotations play an important role in polarization
reversal [60–62] and seem to present a dominating mechanism
at the beginning of this process because of much shorter
switching times [13,60,69]. They also prevail with decreasing
of the applied eld value [13] that is supposed to explain the
emerging deviation of simulated curves from experimental
ones when the eld is decreased, as is apparent in Fig. 4
presenting exemplary simulations for tetragonal symmetry.
In the following we will use the parameters from Table II
obtained by tting of the kinetic polarization data in Fig. 3 for
analysis of spatial uctuations and correlations of polarization
and eld.
B. Charge and eld spatial uctuations

A rough insight into the coherence of polarization processes may be gained by studying grain boundary charges,

FIG. 4. Polarization-time curves for the tetragonal material at
different applied eld values as indicated in the plot. Dashed and
solid lines show, respectively, experimental data from Ref. [16] and
corresponding simulated response.

formed by polarization discontinuities between neighbor
grains, in the course of the global polarization reversal. Their
mean values averaged over the system volume remain, of
course, equal to zero but their typical local magnitudes may
be estimated from their variances. First a structure with maximum polarization in each grain is produced to compare standard deviations of simulated surface charges with analytical
results of Sec. II B. A good agreement between the former
and the latter for both x and z faces of cubic grains was found
for all symmetries considered (cf. Tables I and III).
Surface charges vary with the evolution of the total polarization as is shown in Fig. 5. At the beginning of the displayed
polarization reversal simulation the system is already somewhat aligned after a few polarization cycles, therefore initial
levels of surface charges do not exactly coincide with those of
fully uncorrelated systems.
For all phase symmetries, the initial and nal polarization
states are the most z aligned, exhibiting the lowest level of
z spatial uctuations. At the same time the x uctuations
are at the highest level in these states. Charge uctuations
interchange their intensities in the middle of polarization
reversal, exhibiting the highest z and the lowest x spatial
uctuations for intermediate P values. For all phase symmetries the mean level of x uctuations during the polarization
reversal is higher than of z uctuations, because of unbound
polarization directions in (x, y) plane, with the highest difference between them in the most anisotropic tetragonal system
[Fig. 5(a)]. Interestingly, the lowest level of charge uctuations is observed not in the least anisotropic rhombohedral
TABLE III. Simulated maximum polarizations and standard deviations of surface charge densities (both evaluated with inaccuracy of 2%) in uncorrelated tetragonal (T), rhombohedral (R), and
orthorhombic (O) ceramics.

Pmax /Ps
SD( x )/Ps
SD( z )/Ps
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T

R

O

0.830
0.541
0.140

0.867
0.515
0.119

0.911
0.437
0.082
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FIG. 6. Evolution of spatial eld uctuations presented by standard deviations of eld components Ex and Ez in units of kV/mm
during the polarization reversal in tetragonal (T), rhombohedral (R),
and orthorhombic (O) systems.

when polarization changes. For all symmetries, variance of
the Ez component exceeds that of the Ex component, the
largest difference between them being observed in the initial
polarization state ( Pmax ) of the tetragonal ceramic.
C. Statistical eld distributions

FIG. 5. Evolution of spatial charge uctuations presented by
standard deviations in units of Ps during the polarization reversal
in (a) tetragonal, (b) rhombohedral, and (c) orthorhombic systems.
Symbols show calculated quantities, solid lines are guide for the eye.

phase [Fig. 5(b)] but in the orthorhombic phase [Fig. 5(c)],
obviously thanks to the most focused statistical distribution of
polarization axes fo ( , ) in the latter phase (see Fig. 2).
Evolution of the eld component uctuations with the
development of the total polarization is shown in Fig. 6
exhibiting the highest level of uctuations in the most
anisotropic tetragonal system and the lowest level of uctuations again in the orthorhombic system. Since the local eld
components result to the same extent from both x and z
charges and these vary with polarization in a complementary
way (see Fig. 5) the eld uctuations do not vary much

Evolution of the statistical eld distributions during the
polarization reversal exhibits nontrivial features which were
not previously observed in 2D simulations [45]. As is seen
in Fig. 7(a), the eld distribution in the tetragonal ceramic
is wide at the very beginning (P /Ps = 0.81). Then it
rapidly becomes much narrower and higher when the total
polarization changes up to P /Ps = 0.662 that takes a few
tenth of millisecond on the timescale in Fig 3. After that the
distribution height further slightly increases up to the polarization P /Ps = 0.036 and subsequently does not change up
to P /Ps = 0.634. At the nal stage, the distribution height
decreases a little bit when the polarization grows to P /Ps =
0.80 virtually coinciding nally with that at P /Ps = 0.662.
Evolution of the eld distribution in the rhombohedral
ceramic exhibits partly similar but also some distinct features
[Fig. 7(b)]. It transforms also rapidly from a wider to a
narrower distribution when the polarization changes from
P /Ps = 0.851 up to P /Ps = 0.709 that takes a few microseconds on the timescale in Fig 3. After that, however,
it starts to decrease in height gradually changing its shape
from a one-peak to a bimodal form when the polarization
further changes to P /Ps = 0.071. Subsequently the distribution does not change essentially up to P /Ps = 0.626.
At the nal stage, the distribution height increases again
when the polarization grows to P /Ps = 0.848 while the nal
distribution shape almost reproduces that in the state with
P /Ps = 0.709.
The eld distribution in the orthorhombic ceramic exhibits
features similar to but not identical with the rhombohedral
one. It transforms also rapidly from a wider initial onepeak distribution at P /Ps = 0.902 to a narrower distribution at P /Ps = 0.704 that takes a few microseconds on
the timescale in Fig 3. After that it gradually decreases in
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FIG. 7. Evolution of the statistical eld distributions F (E/Em ),
where Em is an applied eld, in (a) tetragonal, (b) rhombohedral, and
(c) orthorhombic ceramics for polarization variation from its negative
to its positive maximum value. Representative polarization values are
indicated in plots.

height changing its shape from a one-peak to a bimodal form
when the polarization further changes to P /Ps = 0.343. Then
the distribution height gradually increases again restoring
a one-peak form when the polarization grows to P /Ps =
0.755 and remains stabilized until the end of the process at
P /Ps = 0.902.
Notably, the saturated polarization values never reach the
theoretical maximum magnitudes listed in Table I because the

latter do not take into account possible disadvantageous local
polarization con gurations. Strong local depolarization elds
appearing at such locations prevent reaching the maximum
local polarizations thus limiting the total polarization value.
The evolution of the statistical distributions of elds seems
to be more affected by statistical distributions of polarization
directions f ( , ), which are narrower in the rhombohedral
and orthorhombic ceramics, than by anisotropy of the permittivity tensor, which is substantially higher in the tetragonal
and orthorhombic ceramics. This anisotropy, however, seems
to be re ected by wider eld distributions in the latter two systems. The absence of bimodal features in the eld distribution
of the tetragonal ceramic, Fig. 7(a), may also be due to the
dominating role of the stray elds resulting from the highest
anisotropy of this compound.
A general feature of evolution of statistical eld distributions in all systems is that their shapes (particularly their
widths) do not essentially change over the major part of the
switching time (more than ve decades). This behavior is in
contrast to observations made in 2D simulations [45] where
the statistical distribution was consistently broadening during
the whole polarization reversal process. The difference to the
simulation results of the 2D model [45] seems to stem from
the stronger depression of the charge-induced depolarization
elds by the assumed uniform reduction of polarization in the
latter model, on the one hand, and from the overestimation of
stray elds in 2D geometry, on the other hand.
The nonmonotonic variation of distributions with time
may be rationalized as follows. In spite of the depolarization
eld reduction by different physical mechanisms in the actual
model (see Sec. III B), the magnitude of these elds remains
large and has a great impact on statistical eld distributions
in addition to the spatial uctuations of the applied eld due
to the nonuniform granular structure of the system. On the
one hand, the magnitude of spatial uctuations of the depolarization elds generated by local bound charges roughly scales
with the total polarization P . Thus, the variance of these elds
is expected to be at maximum for the maximum values of
polarization of either sign, the tendency observed in Fig. 6.
On the other hand, the feedback through the depolarization
elds provides an increasing synchronization of polarization
switching in adjacent grains during the polarization reversal, which in turn leads to a continuous reduction of the
variance of the depolarization elds with time. This makes
the nal distribution narrower than the initial one. Note,
however, that, as soon as the voltage polarity is changed
again, the distributions immediately transform back to the
initial shapes as it should be in the completely symmetrical
state. The difference in the behavior between tetragonal and
rhombohedral ceramics might originate from much stronger
anisotropy of the permittivity in the former. This means
a stronger contribution of spatial eld uctuations of the
applied eld not related to the local charges. This dominating mechanism of the distribution broadening might hide in
Fig. 7(a) the bimodal contribution from the depolarization
elds which arises due to the cutoff of the high elds of
the polarization charges. The behavior of eld distributions
in the orthorhombic ceramic bears features of both tetragonal and rhombohedral systems being in between them in
anisotropy.
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D. Spatial correlations

Two-point correlation functions of polarization and electric eld components characterize how coherent the spatial
uctuations of these physical quantities are. The correlation
coef cients are de ned as
RE

( )=

E ][E (r)
[E (r + )
SD(E )SD(E )

E ]

,E

Rp

( )=

p ][p (r)
[p (r + )
SD(p )SD(p )

p ]

,p

, (13)
,

(14)

where and adopt values x, y, or z, and imply averaging
over all pairs of points in the computational domain separated
by a position vector . Due to cylindrical symmetry of the
macroscopic system the correlation coef cients may only be
dependent on the distance and the angle the vector makes
with the eld direction. For convenience, these coef cients
will be displayed as polar diagrams in an arbitrary plain ( , )
including the (vertical) eld direction at = /2. A color
legend from deep blue to deep red corresponds to the value
variation from 0 to 1.
All cross correlations between the involved quantities including those between different polarization or eld components were found to be negligible within the available
accuracy. The autocorrelation coef cients of the polarization
and eld components exhibit nontrivial and distinct variations
in compounds of different symmetries during the polarization
reversal. This can only be captured when tracing a detailed
evolution of the respective correlation functions. Since this
analysis involves dozens of polar diagrams it is thoroughly
presented in the Supplemental Material [70]. Here we merely
show, for materials of different phase symmetries, exemplary plots of REz ,Ez and Rpz ,pz coef cients in polarization
states where correlations are most pronounced and anisotropic
(Fig. 8). These demonstrate remarkable angle dependencies of
correlations of both polarization and eld components and an
essential impact of the phase symmetry.
In all systems the correlations of the Ez component of the
electric eld are most pronounced in the x direction ( = 0
or = ) as is seen in Figs. 8(a), 8(c) and 8(e) and in
Figs. S1(f)–S1(j), S2(f)–S2(j), and S3(f)–S3(j) of the Supplemental Material [70]. Similarly, the correlations of the Ex
component of the electric eld are most pronounced in the z
direction ( = /2 or = 3 /2) as is seen in Figs. S1(a)–
S1(e), S2(a)–S2(e), and S3(a)–S3(e) of the Supplemental
Material [70]. These correlations are apparently related to the
continuity of the respective tangential eld components across
the cubic grain faces providing high eld correlations at least
in the neighbor grains. Beyond these features de ned by the
considered model geometry of the regular cubic grain array
there are remarkable differences in the diagrams determined
by the crystalline symmetries of different phases.
Differently from the eld component correlations the
correlation coef cient Rpx ,px reveals substantial variation
between zero polarization state P = 0 and the maximum
polarization states P = ± Pmax and also nontrivial anisotropic
correlations in the intermediate states. In the tetragonal system, Rpx ,px is mostly of a fourfold symmetry with exception
of the states around P = 0 where it becomes almost isotropic

FIG. 8. Correlation coef cients REz ,Ez [(a), (c), and (e)] and
Rpz ,pz [(b), (d), and (f)] for tetragonal [at P /Ps = 0.762 (a) and
0.531 (b), respectively], rhombohedral [at P /Ps = 0.853 (c) and
0.299 (d), respectively], and orthorhombic [at P /Ps = 0.895
(e) and 0.548 (f), respectively] ceramics.

(Figs. S1(k)–S1(o) of the Supplemental Material [70]). In
the rhombohedral system, Rpx ,px becomes additionally almost
isotropic in the maximum polarization states P = ± Pmax
revealing a twofold symmetry at intermediate polarization
values (Figs. S2(k)–S2(o) of the Supplemental Material [70]).
In the orthorhombic system, this coef cient retains a comparable fourfold symmetry at all polarization stages.
In contrast, the correlation coef cient Rpz ,pz exhibits the
strongest correlations along the z direction for the intermediate negative polarization values being otherwise virtually
isotropic in the tetragonal system (Figs. S1(p)–S1(t) of the
Supplemental Material [70]). These correlations along the
poling direction are most strongly pronounced for intermediate negative to zero polarization values in the rhombohedral
system (Figs. S2(p)–S2(t) of the Supplemental Material [70]).
They are, however, only weakly visible in the orthorhombic
system (Figs. S3(p)–S3(t) of the Supplemental Material [70]).
The strongest z correlations in the rhombohedral ceramic
result from the combination of the least anisotropic dielectric
tensor of all systems considered and the relatively focused
polarization axes distribution in this material (see Fig. 2).
With all anisotropic features and nonmonotonic behavior
the correlations of both polarization and eld remain short
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range at the typical distance to the neighbor grain; a feature
already observed in 2D simulations [45].
V. CONCLUSIONS

A long-standing question in the problem of polarization
reversal kinetics was (i) why this process could be successfully described in statistical models [6–8] as statistically
independent polarization-switching region by region as if
the electric and elastic interactions of different regions were
negligible. Furthermore, considering the evolution of depolarization elds in the course of polarization reversal [38–40,45],
the question (ii) arises why the whole reversal process over
many decades in time can be described as if the statistical distribution of the local elds does not change [10,12,15–17,25].
The presented simulations using the 3D-SMS model shed
some light onto these problems.
Analysis of polarization and eld correlations in Sec. IV D
revealed that the depolarization eld-mediated correlations
remain short range at the typical scale of the grain size at all
polarization stages for all phase symmetries considered. This
means that, electrically, only nearest neighbors have effect on
the polarization-switching process in a grain. Physical background of the short-range correlations is an effective screening
of depolarization elds by adapting surface charges at grain
boundaries [45]. This may answer the question (i) why statistical models [6–8] satisfactorily describe time dependence of
the total polarization. On the other hand, the medium-range
[33–35] correlations observed in ferroelectric ceramics and
long-range [31,32] correlations observed in ferroelectric thin
lms seem rather to result from elastic interactions which
cannot be screened as electrical ones.
The problem (ii) of emerging and varying depolarization
eld reveals different features in thin- lm and bulk ferroelectrics. Being solely due to the presence of a very thin
nonferroelectric layer below an electrode in the thin- lm
case [38,44,71] the depolarization eld of this nature can
hardly be signi cant in bulk ferroelectrics. In the latter case,
a uniform depolarization eld evolving together with the total
polarization was conceived in Refs. [39,40]. From our point
of view, in an experiment on the dc eld-driven polarization reversal, such a eld should be exactly compensated
by charges at electrodes maintaining a constant voltage and
thus would not play a role in polarization kinetics. On the
other hand, spatial uctuations of depolarization elds due to
varying polarization of grains might be important. These elds
arising due to mismatching polarizations in neighbor grains
are typically much higher than coercive elds of ferroelectric
materials. Therefore they are effectively reduced inside the
grains by various physical mechanisms such as splitting in
domains and semiconductor effects including band bending
and possible accumulation of charged defects in surface
states on grain boundaries. Since these mechanisms prevail
during the whole polarization reversal process the statistical
eld distributions do not change much as was established in
Sec. IV C. This explains why the NLS model [7,8,14,22] and
the IFM model [12,15–17] neglecting the feedback due to
depolarization elds are nevertheless able to describe the total
polarization development in ferroelectric ceramics with high
accuracy. We note that the statement on a stable statistical

distribution of local electric elds resulting from the actual
study using the 3D-SMS model revises the previous analysis
based on the 2D-SMS model [45] where a broadening of the
statistical eld distribution during the polarization reversal
was found. The physical reason of this discrepancy may be
in overestimation of stray elds in 2D simulations as well as
a simpler mechanism of the local eld limitation assumed in
the 2D-SMS model.
In conclusion, simulations using the 3D-SMS model
helped to comprehend the paradoxically good performance of
the statistical NLS and IFM models neglecting both the correlations between different switching regions and the feedback
through the developing depolarization eld. The 3D-SMS
model itself, however, still provides only a fair agreement
between the simulated time-dependent polarization reversal
and available experimental data. Its most essential drawbacks
are (i) the absence of possible polarization rotation in grains,
which might strongly affect the switching kinetics, and (ii)
the missing random shape of grains which could have a great
effect on anisotropy of eld and polarization correlations.
Furthermore, since the local polarization development within
grains is described by the statistical KAI approach, this model
can hardly be applied to ceramics with a submicron grain size
where a true single-domain state is expected to occur.
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APPENDIX A: DIRECTIONAL STATISTICS
OF POLARIZATIONS IN HIGHLY POLED
UNCORRELATED FERROELECTRIC CERAMICS
OF RHOMBOHEDRAL SYMMETRY

The distribution function of possible polarization directions in a polycrystalline ferroelectric of rhombohedral symmetry compatible with a given strong eld direction can be derived in the spirit of the approach by Uchida and Ikeda [49], as
was earlier done for the ceramics of tetragonal symmetry [48].
In their original work [49], Uchida and Ikeda avoided derivation of the distribution of polarization orientations around the
applied eld and used an alternative way to evaluate the mean
directional cosine between the polarization and the applied
eld. To this end they xed the polarization direction of a
ferroelectric cell and averaged the directional cosine of the
eld over all possible eld directions compatible with the
chosen polarization direction. It was assumed that the crystal
lattice orientation is arbitrary and completely decoupled from
the form and orientation of grains.
Introducing the Cartesian coordinates aligned with a pseudocubic cell [see Fig. 9(a)] it is suf cient for the case of rhombohedral symmetry to consider a solid angle 0 < < /4,
0 < < /4, in terms of a conventionally associated spherical coordinate system (r, , ), comprising one of eight
possible polarization directions with a Cartesian unit vector
= (1, 1, 1)/ 3. Any eld direction indicated by a unit vector n = (sin cos , sin sin , cos ) from the considered
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function pr ( , ) the mean projection of the eld on the
selected polarization direction can be evaluated:
/2

cos

=

/2

d
0

0

d pr ( , ) sin

cos

= 0.866,

(A1)

which coincides with the result by Uchida and Ikeda [49]
and also equals the mean polarization projection from the
directions compatible with the xed eld direction.
To derive the distribution function of possible polarization
directions compatible with a given eld direction we chose
the latter along the vector and rotate the Cartesian coordinate system (x, y, z) so that a new axis z also coincides
with (see Fig. 9). Basis unit vectors of the new Cartesian
coordinate system (x , y , z ) expressed in terms of the old
one read nx = (1, 2, 1)/ 6, ny = (1, 0, 1)/ 2, and nz =
(1, 1, 1)/ 3. Observed from a remote point at the axis z the
cubic cell looks like a gure of a sixfold rotational symmetry
(being in fact threefold) where x axis is hidden behind the
line DA [Fig. 9(b)]. In terms of a spherical coordinate system
(r, , ) conventionally associated with the Cartesian system
(x , y , z ) it is suf cient to consider the azimuthal angle
region between the directions = 0 (hidden behind the line
DA) and = /3 (hidden behind the line DE). The distribution function of interest fr ( , ) must be independent
since due to arbitrary crystal orientation in different grains
there is no selected direction in the (x , y ) plane normal to the
applied eld. Therefore it can be derived by averaging over the
azimuthal angle from the relation
/3

2 sin d fr ( , ) = 6

sin d pr ( ,

d

). (A2)

0

The lower integration limit 0 is de ned by the line KM
bounding the solid angle ODKM. For any unit vector n =
(sin cos , sin sin , cos ) crossing this line a condition
= 0 applies, therefore the relations
(n · nz ) = cos = (sin

FIG. 9. (a) Scheme of a pseudocubic cell disclosing a polarization in the positive z direction and a solid angle OP RSN MK
of strong electric eld directions compatible with this polarization
orientation. (b) Two-dimensional projection of the pseudocubic cell
seen from a remote point at the axis z . Shaded area DKM determines the considered solid angle with the center at origin.

solid angle, comprising directions crossing the origin O and
the cube faces DKP R, DRSN, DNMK in Fig. 9, equally
favors the selected polarization direction . Crossing the border of the solid angle P RSNMK by the eld direction results
in a 70.5 -polarization rotation to one of the neighboring
stable polarization directions, OA, OC, OH .
The probability density for the eld directions is uniform
with a distribution function pr ( , ) = 2/ , the reciprocal
value of the comprised solid angle of 4 /8 = /2, but it
retains anisotropy through the choice of the considered solid
angle. By averaging of a direction cosine cos = (n · ) with
a tilt angle over the chosen solid angle using the distribution

(n · nx ) = sin cos

+ cos )/ 3,

= (sin

+ cos )/ 6

(A3)

are valid. By dividing the second equation by the rst one a
relation tan cos = 1/ 2 results which can be alternatively
resolved as
r(

1

) = arctan

2 cos

or

r(

cot

) = arccos

.
2
(A4)

When varies from 0 to /3 the function r monotonically
rises from r1 = arctan (1/ 2) (corresponding to 35.2 ) to
<
r2 = arctan 2 (corresponding to 54.7 ). As long as
r1 integration in Eq. (A2) goes from 0 = 0 to /3 which
results in a constant value of fr ( , ). When r1 < < r2
integration in Eq. (A2) goes from 0 = r to /3 which
results nally in a directional distribution
2

fr ( , ) =
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,

r1
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(A5)
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which is properly normalized to unity when integrating over
the full solid angle. Averaging using Eq. (A5) brings about
mean values cos = 0.866 and cos2 = 0.758 in agreement with Uchida and Ikeda [49].
APPENDIX B: DIRECTIONAL STATISTICS
OF POLARIZATIONS IN HIGHLY POLED
UNCORRELATED FERROELECTRIC CERAMICS
OF ORTHORHOMBIC SYMMETRY

Orthorhombic symmetry allows twelve stable polarization
directions, namely, four in-plane diagonal orientations in each
of (x, y), (y, z), and (x, z) planes in the Cartesian coordinates
(x, y, z) aligned with a pseudocubic cell [see Fig. 10(a)].
Similar to the case of rhombohedral symmetry we start
with determination of a solid angle comprising possible strong
eld directions compatible with a certain polarization direction, in this case exemplarily given by a unit vector =
(1, 1, 0)/ 2. This polarization is compatible with a strong

electric eld applied in any direction crossing the origin O
and a rhombic area AT BS (Fig. 10). Crossing the border of
this area by the eld direction would entail 60 switching of
the polarization to one of the neighboring stable polarization
directions given by vectors OL, OM, ON, OP [Fig. 10(a)].
The solid angle OAT BS has a fourfold symmetry so that it is
suf cient to consider one quarter of it bounded by the triangle
BKT . The lines KT and KB are de ned, respectively, by
conditions 0 < < /4, = /2 and = /4, /2 < <
/2 + o with o = arctan (1/ 2) in terms of a conventionally associated spherical coordinate system (r, , ). The
boundary BT is determined by a unit vector directed to this
cos2 , cos , cos ),
line from origin O, n0 = ( sin2
and obeys a relation tan = 1/ sin or 0 ( ) =
arctan (1/ sin ).
By integrating over the solid angle OAT BS its value is
found to equal /3 as it should be considering the 12 available
polarization directions over the total solid angle. Since all
eld directions with the solid angle OAT BS are equally in
favor of the polarization direction the probability density
for the eld directions is uniform with a distribution function
po ( , ) = 3/ , the reciprocal value of the comprised solid
angle. By averaging of a direction cosine cos = (n · ) with
a tilt angle of an arbitrary eld direction n over the chosen
solid angle the mean projection of the eld on the selected
polarization direction can be evaluated using the distribution
function po ( , ):
0(

/4

cos

=4

d
0

)

d po ( , ) sin

cos

/2

= 0.912,
(B1)

a value known from literature [52,53].
To derive the distribution function of possible polarization
directions compatible with a given eld direction we chose the
latter along the vector and rotate the Cartesian coordinate
system (x, y, z) so that a new axis z also coincides with
[see Fig. 10(a)]. Basis unit vectors of the new Cartesian
coordinate system (x , y , z ) expressed in terms of the old
one read nx = (1, 1, 0)/ 2, ny = (0, 0, 1), and nz =
(1, 1, 0)/ 2. Observed from a remote point at the axis z the
cubic cell looks like a rectangle with the rhombic boundary
of the considered solid angle ASBT [Fig. 10(b)]. In terms
of a spherical coordinate system (r, , ) conventionally associated with the Cartesian system (x , y , z ) it is suf cient
to consider a quarter of the above solid angle delineated by
the triangle BKT [shadowed area in Fig. 10(b)] within the
azimuthal angle region between = 0 (line KT ) and =
/2 (line KB). An equation describing the last line bounding
the solid angle BT can be derived from the relations

FIG. 10. (a) Scheme of a pseudocubic cell disclosing a polarization in the positive z direction and a solid angle OAT BS of strong
electric eld directions compatible with this polarization orientation.
(b) Two-dimensional projection of the pseudocubic cell seen from
a remote point at the axis z . Shaded area BKT determines the
considered solid angle with the center at origin.
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(n0 · nz ) = cos =

sin2

cos2

cos

2

(n0 · nx ) = sin cos

=

(n0 · ny ) = sin sin

=

sin2

cos2
2

cos ,

,

+ cos

,
(B2)
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from which an equation
cos (

0)

= 1/ 3 tan

(B3)

with 0 = arctan 2 results.
The distribution function of possible polarization directions in a polycrystalline ferroelectric orthorhombic symmetry
compatible with a given strong eld direction fo ( , ) must
be independent since due to arbitrary crystal orientation in
different grains there is no selected direction in the (x , y )
plane normal to the applied eld. Therefore it can be derived
by averaging over the azimuthal angle from the relation
2 sin d fo ( , ) = 4

sin d po ( ,

d

),

(B4)

which looks similar to Eq. (A2) however covers a more
complicated integration region. According to Eq. (B3), in
the polar angle region 0 < < /6 integration in Eq. (B4)
goes over the azimuthal region 0 < < /2. In the polar
angle region /6 < < o integration over the azimuthal
angle includes two regions 0 < <
and + < < /2
with ± = 0 ± arccos (1/ 3 tan ) being the solutions to
Eq. (B3). And nally in the polar angle region o < < /4
integration over the azimuthal angle goes over the region
only (the other region disappears). This leads to
0< <
the directional distribution
3

fo ( , ) =

0

,

6
2

2 arccos

2

6
2

0

arccos

cot

,

3
cot
3

,

/6,
/6

o

APPENDIX C: SPATIAL FLUCTUATIONS OF BOUND
CHARGES IN HIGHLY POLED, UNCORRELATED
FERROELECTRIC CERAMICS

Variances of the surface bound charge densities at the
differently oriented grain boundaries are de ned by coef cients
a= cos (

[5]
[6]
[7]
[8]
[9]
[10]

and b= cos (

2
z
n,k,m

n,k,m )

2

.

(C1)

= 2Ps2 (a b).

(C2)

The variances of the charge densities at the grain boundaries
perpendicular to the axes x [Eq. (7)] and y [Eq. (8)] are
de ned by
2
x
n,k,m

2
y
n,k,m

=

= Ps2 (1

a).

(C3)

These result in standard deviations of the respective charge
densities [Eq. (9)] listed in Table I for different phase symmetries.
For calculation of various physical quantities, for example,
of the eld component variances [48], the knowledge of correlation functions of charge densities is needed. They appear
to be diagonal in Cartesian indices , and involve only the
identical and the next neighbor indexes n, k, m:

o,

x
x
n,k,m n ,k ,m

/4,
(B5)
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POLAR DIAGRAMS OF CORRELATION COEFFICIENTS
Two-point auto-correlation coefficients of polarization and electric field components are
defined as
Ex (r + )Ex (r)⇥
Ex (r)2 ⇥
(Ez (r + ) ⇤ Ez ⇥) (Ez (r) ⇤ Ez ⇥)⇥
REz ,Ez ( ) =
(Ez (r) ⇤ Ez ⇥)2 ⇥
px (r + )px (r)⇥
Rpx ,px ( ) =
px (r)2 ⇥
(pz (r + ) ⇤ pz ⇥) (pz (r) ⇤ pz ⇥)⇥
Rpz ,pz ( ) =
(pz (r) ⇤ pz ⇥)2 ⇥

REx ,Ex ( ) =

(1)
(2)
(3)
(4)

and result from averaging over all pairs of points in the computational domain separated by
a position vector . Due to cylindrical symmetry of the macroscopic system the correlation
coefficients may only be dependent on the distance

and the angle the vector

makes with

the applied field direction. For convenience, these coefficients will be displayed as polar
diagrams in an arbitrary plain ( , ⇥) including the (vertical) field direction at ⇥ = ⇤/2.
A color legend from deep blue to deep red corresponds to the value variation from 0 to
1. All cross-correlations between the involved quantities including those between di⇤erent
polarization or field components are negligible.
The correlation diagrams are shown below in three blocks related to tetragonal, rhombohedral and orthorhombic materials, respectively. The area of diagrams is limited by

< 2 µm

because outside this region correlations become negligible. Considering the assumed grain
size of 1 µm the diagram radius reaches the next neighbor distance. Each row of five figures
presents evolution of one correlation coefficient when polarization is changing from the maximum negative to the maximum positive value. Exemplary diagrams are shown for particular
polarization values at which a correlation coefficient exhibits the most anisotropic features.
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A.

Tetragonal ceramic Pb(Zr0.515 Ti0.485 )O3
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FIG. S1. Correlation coefficients for the tetragonal PZT ceramic. REx ,Ex is presented in plots (a-e)
for the polarization values P/Ps = ⇤0.741 (a), -0.531 (b), -0.03 (c), 0.664 (d) and 0.762 (e). REz ,Ez
is presented in plots (f-j) for the polarization values P/Ps = ⇤0.741 (f), -0.531 (g), -0.03 (h), 0.664
(i) and 0.762 (j). Rpx ,px is presented in plots (k-o) for the polarization values P/Ps = ⇤0.741 (k),
-0.249 (l), -0.03 (m), 0.372 (n) and 0.762 (o). Rpz ,pz is presented in plots (p-t) for the polarization
values P/Ps = ⇤0.741 (p), -0.531 (q), -0.03 (r), 0.664 (s) and 0.762 (t).
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B.

Rhombohedral ceramic Pb(Zr0.6 Ti0.4 )O3
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FIG. S2. Correlation coefficients for the rhombohedral PZT ceramic. REx ,Ex is presented in plots
(a-e) for the polarization values P/Ps = ⇤0.850 (a), -0.716 (b), 0.013 (c), 0.708 (d) and 0.853
(e). REz ,Ez is presented in plots (f-j) for the polarization values P/Ps = ⇤0.850 (f), -0.716 (g),
0.013 (h), 0.708 (i) and 0.853 (j). Rpx ,px is presented in plots (k-o) for the polarization values
P/Ps = ⇤0.850 (k), -0.299 (l), 0.013 (m), 0.560 (n) and 0.853 (o). Rpz ,pz is presented in plots (p-t)
for the polarization values P/Ps = ⇤0.850 (p), -0.299 (q), 0.013 (r), 0.560 (s) and 0.853 (t).
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C.

Orthorhombic ceramic KNbO3
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FIG. S3. Correlation coefficients for the orthorhombic KNBO ceramic. REx ,Ex is presented in
plots (a-e) for the polarization values P/Ps = ⇤0.895 (a), -0.548 (b), -0.197 (c), 0.398 (d) and
0.895 (e). REz ,Ez is presented in plots (f-j) for the polarization values P/Ps = ⇤0.895 (f), -0.548
(g), -0.197 (h), 0.398 (i) and 0.895 (j). Rpx ,px is presented in plots (k-o) for the polarization values
P/Ps = ⇤0.895 (k), -0.548 (l), -0.197 (m), 0.398 (n) and 0.895 (o). Rpz ,pz is presented in plots
(p-t) for the polarization values P/Ps = ⇤0.895 (p), -0.548 (q), -0.197 (r), 0.398 (s) and 0.895 (t).
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