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4.4 Solutions to the Level Set Re-Initialization Equation

This section includes a number of the test cases considered in order to verify the meth-
ods used in the present research for solving the LSRI equation (3.9).

4.4.1 Re-initializing the Level Set Function of a Circle

This section is assigned to verify the solution to the LSRI equation (3.9) by re-initializing
the LS function of a circle. Considering the simple geometry of the interface, this test
case clarifies the numerical challenges inherent in the application of the DG method
for solving the LSRI equation (3.9).

Problem Description The domain of computation is a square with the lower-left
corner located at (−0.5,−0.5) and the upper-right corner located at (0.5, 0.5). The in-
terface geometry is a circle with the radius R = 0.25, centered at (xc = 0, yc = 0). The
initial LS function of the interface is analytically expressed as,

φ0(x) = 0.5 ·
(√

(x− xc)2 + (y − yc)2 −R
)
, (4.19)

which corresponds to a gradient value or a slope of 0.5. As it is mentioned in the
section 4.3.3, the gradient of this LS function is singular at the center of the circle.

Numerical Setting The domain is discretized to a set of the quadrilateral cells with
NC = 20 × 20, according to which, the circle passes 10 cells along its diameter. The
OBPS degree is set to p = 5. The time step is set to ∆t = 0.002 corresponding to the
CFL number of 1/p2. The regularized Signum function 3.15 is used with the smooth-
ing parameter ε = h. It should be noted that this numerical setting is used as a
reference for making different parameter studies which are described as the results
are presented. As the signed distance property of an LS function needs to be recov-
ered only in the region where the interface diffusion takes place, the LSRI equation is
solved only in a narrow band around the interface in order to save the computational
cost. In the direction normal to the interface, the narrow band includes the cell cut by
the interface and one neighbor cell at each side. A homogeneous Neumann boundary
condition is imposed on the boundary of the narrow band.

Results Figure 4.34 shows a 3D plot of the LS function re-initialized in a narrow
band around the interface. The red curve in this figure represents φ = 0 and the white
curves represent φ = −0.075 and φ = 0.075. As the re-initialization is not supposed
to move the zero iso-value of the interface, only one red curve is observed in this
figure. But as the other iso-values can be moved by re-initialization, two iso-values
corresponding to φ = −0.075 and two iso-values corresponding to φ = −0.075 are
observed. Figure 4.35a shows the gradient value of the LS function. According to
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these figures, it seems that they represent a quite stable solution to the LSRI equation.
However figure 4.35b which shows a contour plot of the gradient value colored in the
range of [0.9995,1], implies that the field of the LS function is imposed by spurious
spatial oscillations. Figure 4.36 shows the pseudo-time history of the L2-error of the
gradient field. As it is shown in this diagram, although the error decreases at the be-
ginning with a good rate, the solution starts to diverge after a certain pseudo-time.
This explains the spurious spatial oscillation observed in the figure 4.35b. In order
to improve the stability of the solution, one needs to discover the parameters which
have some stabilization effects.
The first parameter is the CFL number. Although a rather wide range of the CFL
numbers are examined, figure 4.37 shows that reducing the CFL number does not im-
prove the solution stability.
The second parameter is the smoothing width of the smoothed Signum function ex-
pressed by (3.15) and (3.17). Figure 4.38 shows that increasing the smoothing width
has a notable stabilization effect, although it decreases the rate of the solution conver-
gence. This is a result of reducing the speed of the solution characteristics in a wider
region around the interface.
The third parameter is the OBPS degree. Figure 4.39 shows that increasing the OBPS
degree has a notable stabilization effect as well. This is a result of a more accurate rep-
resentation of the regularized Signum function by using the OBPSs of higher degrees.
As it is shown in the diagram, a more accurate steady state solution is obtained by
using the OBPSs of higher degrees. Moreover, the solution is very unstable by using
the OBPSs of degrees 2 and 3.
The fourth parameter is the grid resolution. Figure 4.40 shows that in the case of ε = h,
as ε is reduced by increasing the grid resolution, the solution becomes unstable. But
if ε is not reduced, increasing the grid resolution has a notable stabilization effect.
Another stabilization technique which is proposed by Grooss & Hesthaven (2006), is
to add an artificial diffusion along the characteristics of the solution as,

∂φ

∂τ
+ Sign(φ0)(|∇φ| − 1)− νn

∂2φ

∂n2
= 0 (4.20)

where νn is the coefficient of the artificial diffusion and n is the interface normal vector
which is calculated as,

n =
∇φ

|∇φ|
.

As
∂φ

∂n
= n ·∇φ,

the diffusion term can be calculated as,

νn

(
∂2φ

∂n2

)
= νn(n ·∇(n ·∇φ)).

As the value of the gradient of a signed distance LS function is |∇φ| = 1,

νn(n ·∇(n ·∇φ)) = 0,
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which means that the diffusion term does not affect the solution to the LSRI equation
in the steady state.
Figure 4.41 shows the effect of adding a diffusion term to the LSRI equation. As it
is shown in the diagram, using the diffusion coefficients νn = 0.0005, 0.001, 0.002

has a notable stabilization effect. As adding a second-order term imposes more CFL
restriction, a lower time step is required in order to use higher diffusion coefficients.
Table 4.8 presents the effect of adding the diffusion term, on the mass error, interface
L1 error and the LS L2 error, which are calculated using the expressions (4.2), (4.3)
and (4.4), respectively. Figure 4.42 shows the effect of adding an artificial diffusion

Table 4.8
Re-initializing the LS Function of a Circle: Area loss, interface L1-error and L2-error
of the gradient of the LS function at τ = 5. A Signum function Sign(φ0) is used with
the smoothing parameter ε = 1h. The OBPS degree p = 5 is used with NC = 20× 20.

ν = 0 ν = 0.002

Area Loss (%) −0.00136 −0.00154

Interface L1-error 4.0385E − 06 3.914E − 07

LS Gradient L2-error 2.616E − 05 4.762E − 06

for different smoothing width of the Signum function. As it is shown in the diagram,
using ε = 0.5h results a stable solution, although according to the figure 4.38 it results
an unstable solution if the artificial diffusion is not added.
Figure 4.43 shows the effect of adding an artificial diffusion for different OBPS de-
grees. Comparing this diagram to the diagram 4.39, the solution stability is improved
for the OBPS degrees of p = 2, 3, although the solution is still unstable.
Figure 4.44 shows the effect of adding an artificial diffusion for different grid resolu-
tions. As it is shown in the diagram, using a CFL number of 0.5/p2, the solution is
quite stable even by using ε = h.
Figures 4.45 and 4.46 show the pseudo-time history of theL2-error of the gradient field
for different initial slopes of the LS function using the Signum functions Sign(φ0) and
Sign(φ) defined by the equations 3.15 and 3.17 respectively. As it is shown in these di-
agrams, using Sign(φ0) results unstable solutions for the LS initial slopes larger than
1, and using Sign(φ) results unstable solutions for the LS initial slopes less than 1. In
order to resolve this problem in the case of using Sign(φ0), different smoothing pa-
rameters ε = αh are examined for the LS initial slopes larger than 1. Figure 4.47 shows
that the solution is stable if the coefficient α is at least equal to the initial slope of the
LS function. It means that in the case of using Sign(φ0), the smoothing parameter ε
should be multiplied by the gradient value of the initial LS function. Therefore, a new
modified formulation is proposed for Sign(φ0) as,

SignMod(φ0) =


−1 φ0 < −αε,
φ0

αε
+

1

π
sin

(
πφ0

αε

)
−αε ≤ φ0 ≤ αε,

1 αε < φ0

(4.21)
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where

α =

{
1, |∇φ0| ≤ 1,

|∇φ0|, |∇φ0| > 1,

In a similar way, a new modified formulation is proposed for Sign(φ) as,

SignMod(φ) =


−1 φ < −αε,
φ

αε
+

1

π
sin

(
πφ

αε

)
−αε ≤ φ ≤ αε,

1 αε < φ

(4.22)

where

α =

{
1, |∇φ| ≤ 1,

|∇φ|, |∇φ| > 1,

Figures 4.48 and 4.49 show the pseudo-time history of the L2-error of the gradient
field for different initial slopes of the LS function using the modified Signum function
defined by the equation 4.22. Figures 4.50 and 4.51 show the pseudo-time history of
the L2-error of the gradient field for the initial slopes 1/128 and 128, using the modi-
fied Signum function (4.22) for different grid resolution. As the error is calculated in
a narrow band around the interface, in order to calculate the errors over the regions
with nearly similar sizes, the narrow band thickness for the grid resolutions 20 × 20,
40 × 40 and 80 × 80 contains 3, 7 and 13 cells, respectively. As it is shown in the
diagrams, using the grid resolution 80× 80 results in a long term stability.
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φ

x y

Figure 4.34 Re-initializing the LS Function of a Circle: A 3D plot of the LS function
re-initialized in a narrow band around the interface. The initial slope of the LS func-
tion is 0.5. A Signum function Sign(φ0) is used with ε = h. The OBPS degree p = 5
is used with NC = 20 × 20. The red curve represents φ = 0 and the white curves
represent φ = −0.075 and φ = 0.075.
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(a) Colored in the range of [0.5,1]

(b) Colored in the range of [0.9995,1]

Figure 4.35 Re-initializing the LS Function of a Circle: Gradient of the LS function
re-initialized in a narrow band around the interface. The initial slope of the LS func-
tion is 0.5. A Signum function Sign(φ0) is used with ε = h. The OBPS degree p = 5 is
used with NC = 20× 20.
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Figure 4.36 Re-initializing the LS Function of a Circle: L2-error of the gradient of
the LS function in pseudo-time. The initial slope of the LS function is 0.5. A Signum
function Sign(φ0) is used with ε = h. The OBPS degree p = 5 is used with NC =
20× 20.
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CFL = 0.5/p2
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CFL = 4/p2

CFL = 8/p2

Figure 4.37 Re-initializing the LS Function of a Circle: Effect of the CFL number on
the L2-error of the gradient of the LS function in pseudo-time. The initial slope of the
LS function is 0.5. A Signum function Sign(φ0) is used with ε = h. The OBPS degree
p = 5 is used with NC = 20× 20.
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Figure 4.38 Re-initializing the LS Function of a Circle: Effect of the smoothing pa-
rameter ε of the Signum function Sign(φ0), on the L2-error of the gradient of the LS
function in pseudo-time. The initial slope of the LS function is 0.5. The OBPS degree
p = 5 is used with NC = 20× 20.
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Figure 4.39 Re-initializing the LS Function of a Circle: Effect of the OBPS degree p
on the L2-error of the gradient of the LS function in pseudo-time. The initial slope
of the LS function is 0.5. A Signum function Sign(φ0) is used with ε = h. The grid
resolution is NC = 20× 20.
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Figure 4.40 Re-initializing the LS Function of a Circle: Effect of the grid resolution
NC and the smoothing parameter ε of the Signum function Sign(φ0), on the L2-error
of the gradient of the LS function in pseudo-time. The initial slope of the LS function
is 0.5. The OBPS degree is p = 5.
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ν = 0, CFL = 1/p2

ν = 0.0005, CFL = 1/p2

ν = 0.001, CFL = 1/p2
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Figure 4.41 Re-initializing the LS Function of a Circle: Effect of the artificial diffu-
sion on the L2-error of the gradient of the LS function in pseudo-time. The initial
slope of the LS function is 0.5. A Signum function Sign(φ0) is used with ε = h. The
OBPS degree p = 5 is used with NC = 20× 20.
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Figure 4.42 Re-initializing the LS Function of a Circle: Effect of the smoothing pa-
rameter ε of the Signum function Sign(φ0), together with adding an artificial diffusion
with ν = 0.002, on the L2-error of the gradient of the LS function in pseudo-time. The
initial slope of the LS function is 0.5. The OBPS degree p = 5 is used withNC = 20×20.
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Figure 4.43 Re-initializing the LS Function of a Circle: Effect of the OBPS degree
p, together with adding an artificial diffusion with ν = 0.002, on the L2-error of the
gradient of the LS function in pseudo-time. The initial slope of the LS function is 0.5.
A Signum function Sign(φ0) is used with ε = h. The grid resolution is NC = 20× 20.
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Figure 4.44 Re-initializing the LS Function of a Circle: Effect of the grid resolution
NC , together with adding an artificial diffusion with ν = 0.002, on the L2-error of the
gradient of the LS function in pseudo-time. The initial slope of the LS function is 0.5.
A Signum function Sign(φ0) is used with ε = h. The OBPS degree is p = 5.
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Figure 4.45 Re-initializing the LS Function of a Circle: L2-error of the gradient of
the LS function in pseudo-time, for the LS functions with different slopes. A Signum
function Sign(φ0) is used with ε = h. The artificial diffusivity is ν = 0.002. The OBPS
degree p = 5 is used with NC = 20× 20.
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Figure 4.46 Re-initializing the LS Function of a Circle: L2-error of the gradient of
the LS function in pseudo-time, for the LS functions with different slopes. A Signum
function Sign(φ) is used with ε = h. The artificial diffusivity is ν = 0.002. The OBPS
degree p = 5 is used with NC = 20× 20.
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Figure 4.47 Re-initializing the LS Function of a Circle: Effect of the smoothing pa-
rameter ε of the Signum function Sign(φ0), on the L2-error of the gradient of the
LS function in pseudo-time, for the LS functions with different initial slopes higher
than 1. The artificial diffusivity is ν = 0.002. The OBPS degree p = 5 is used with
NC = 20× 20.
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Figure 4.48 Re-initializing the LS Function of a Circle: Effect of using the modified
formulation of the Signum function SignMod(φ), on the L2-error of the gradient of the
LS function in pseudo-time, for the LS functions with different initial slopes lower
than 1. The artificial diffusivity is ν = 0.002. The OBPS degree p = 5 is used with
NC = 20× 20.
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Figure 4.49 Re-initializing the LS Function of a Circle: Effect of using the modified
formulation of the Signum function SignMod(φ), on the L2-error of the gradient of the
LS function in pseudo-time, for the LS functions with different initial slopes higher
than 1. The artificial diffusivity is ν = 0.002. The OBPS degree p = 5 is used with
NC = 20× 20.
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Figure 4.50 Re-initializing the LS Function of a Circle: Effects of refining the grid
together with using the modified formulation of the Signum function SignMod(φ), on
the L2-error of the gradient of the LS function in pseudo-time, for the LS functions
with different initial slope 1/128. The artificial diffusivity is ν = 0.002. The OBPS
degree p = 5 is used with NC = 20× 20.
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Figure 4.51 Re-initializing the LS Function of a Circle: Effects of refining the grid
together with using the modified formulation of the Signum function SignMod(φ), on
the L2-error of the gradient of the LS function in pseudo-time, for the LS functions
with different initial slope 128. The artificial diffusivity is ν = 0.002. The OBPS degree
p = 5 is used with NC = 20× 20.
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4.4.2 Re-initializing the Level Set Function of an Arc

This section is assigned to verify the solution to the LSRI equation (3.9) by re-initializing
the LS function of an arc. This test case is mainly aimed to investigate the hp-convergence
of the solution to the LSRI equation. This investigation can not be done for the test
case 4.4.1 mainly because of the negative effect of the singularity of the SDLS func-
tion of a circle. If the LSRI equation is solve on a narrow band around the interface
in order to leave the point of singularity outside the domain of computation, the the
narrow bands in different grid resolutions do not have the same thickness. On the
other hand, if an initial NSDLS function without any singularities is considered and
the LSRI equation is solved over the entire domain, the re-initialization results in an
SDLS function in the steady state condition with a singularity at the center of the cir-
cle. Therefore, in the present test case an arc with a center located outside the domain
of computation is considered and the LSRI equation is solved over the entire domain.

Problem Description The domain of computation is a rectangle with the lower-
left corner located at (−0.5,−0.25) and the upper-right corner located at (0.5, 0.25).
The interface geometry is a circular arc with the radius 0.625 centered at (xc = 0, yc =

0.625). The initial LS function of the interface is analytically expressed by the equation
4.19 that corresponds to an initial slope of 0.5.

Numerical Setting The domain is discretized to a set of the quadrilateral cells with
NC = 10× 5, NC = 20× 10, NC = 40× 20. The OBPS degree is set to p = 5, 6, 7. The
time step is set to ∆t = 0.00025. A regularized Signum function Sign(φ0) is used with
the smoothing parameter ε of 0.1. The LSRI equation (3.9) is solved over the whole
domain.

Results Figure 4.52 shows a 3D plot of the LS function before and after the re-
initialization. Table 4.9 lists the experimental L2 error of the gradient value of the
LS function using different grid resolutions and OBPS degrees. Moreover, this table
presents the order of the h-convergence for each OBPS degree. This value is calcu-
lated using the formulation (4.14). According to this table, the solution exhibits an
acceptable hp-convergence behavior.
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φ

xy

Figure 4.52 Re-initializing the LS Function of an Arc: 3D plots of the LS function
before and after the re-initialization. The initial slope is 0.5. A regularized Signum
function Sign(φ0) is used with ε = 0.1. The OBPS degree p = 5 is used with NC =
10× 5.

Table 4.9
Re-initializing the LS Function of an Arc: h-Convergence study on the LS gradient
L2-error at τ = 2.85 corresponding to the steady state of the solution. The initial slope
of the LS function is 0.5. A Signum function Sign(φ0) is used with the smoothing
parameter ε of 0.1.

p NC LS Gradient L2-Error EEO

5

10× 5 3.10E − 06 · · ·
20× 10 3.08E − 08 6.65

40× 20 8.34E − 10 5.21

6

10× 5 5.90E − 07 · · ·
20× 10 2.53E − 09 7.87

40× 20 2.61E − 11 6.59

7

10× 5 5.61E − 08 · · ·
20× 10 3.58E − 10 7.29

40× 20 2.67E − 12 7.07
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4.4.3 Re-initializing the Level Set Function of an Ellipse

This section is assigned to verify the solution to the LSRI equation (3.9) by re-initializing
the LS function of an ellipse. The slope of the LS function in this test case varies along
the interface.

Problem Description The domain of computation is a rectangle with the lower-left
corner located at (−0.5,−0.25) and the upper-right corner located at (0.5, 0.25). The
interface geometry is an ellipse with the aspect ratio of 2 and the length of the minor
axis of 0.25. The initial LS function of the interface is analytically expressed as,

φ0(x) =

√
(
x− xc

2
)2 + (y − yc)2 −R, (4.23)

where R is the length of the minor axis divided by 2.

Numerical Setting The domain is discretized to a set of the quadrilateral cells with
NC = 40 × 20, according to which, the ellipse passes 10 cells along its minor axis.
The OBPS degree is set to p = 5. The time step is set to ∆t = 0.0005 corresponding
to the CFL number of 1/2p2. The modified regularized Signum function 4.22 is used
with the smoothing parameter ε = h. The LSRI equation is solve in a narrow band
around the interface. A homogeneous Neumann boundary condition is imposed on
the boundary of the narrow band.

Results Figure 4.53 shows the field of the gradient value of the LS function. As it is
shown in the figure, although the gradient value has a complex distribution over the
domain, the re-initialization procedure is performed successfully. Figure 4.54 shows
the pseudo-time history of the L2-error of the gradient of the LS function.
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Figure 4.53 Re-initializing the LS Function of an Ellipse: Gradient value of the LS
function re-initialized in a narrow band around the interface. A modified Signum
function SignMod(φ) is used with ε = 1h. The OBPS degree p = 5 is used with NC =
40× 20.
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Figure 4.54 Re-initializing the LS Function of an Ellipse: L2-error of the gradient of
the LS function in pseudo-time. A modified Signum function SignMod(φ) is used with
ε = 1h. The OBPS degree p = 5 is used with NC = 40× 20.
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4.4.4 Re-initializing the Level Set Function of a Deformed Circle in
a Channel Flow

This section is assigned to verify the solution to the LSRI equation (3.9) by re-initializing
the LS function of an interface with a geometry resulted by the deformation of a cir-
cle in a channel flow. The slope of the LS function in this test case varies along the
interface and covers both the values less than 1 and the values higher than 1.

Problem Description The domain of computation is a rectangle with the lower-
left corner located at (0,−0.25) and the upper-right corner located at (1.5, 0.25). The
initial geometry of the interface is a circle with the radius R = 0.125, centered at
(xc = 0.25, yc = 0). The LS function of the initial interface can be analytically expressed
by equation (4.8). The initial interface is deformed by solving the LSA equation until
t = 0.2 using a prescribed velocity field expressed by equation (4.15). The LS function
of the deformed interface is then re-initialized by solving the LSRI equation.

Numerical Setting The domain is discretized to a set of the quadrilateral cells with
NC = 120 × 40, according to which, the circle passes 20 cells along its diameter. The
OBPS degree is set to p = 5. The time step is set to ∆t = 0.00025 corresponding to
the CFL number of 1/2p2. The modified regularized Signum function 4.22 is used
with the smoothing parameter ε = h. The LSRI equation is solve on a narrow band
around the interface. A homogeneous Neumann boundary condition is imposed on
the boundary of the narrow band.

Results Figure 4.55 shows the field of the gradient value of the LS function. As it is
shown in the figure, although the gradient value has a complex distribution over the
domain, the re-initialization procedure is performed successfully. Figure 4.56 shows
the pseudo-time history of the L2-error of the gradient of the LS function.
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Figure 4.55 Re-initializing the LS Function of a Deformed Circle in a Channel Flow: Gradi-
ent of the LS function re-initialized in a narrow band around the interface. A modified
Signum function SignMod(φ) is used with ε = 1h. The OBPS degree p = 5 is used with
NC = 120× 40.
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Figure 4.56 Re-initializing the LS Function of a Deformed Circle in a Channel Flow: L2-
error of the gradient of the LS function in pseudo-time. A modified Signum function
SignMod(φ) is used with ε = 1h. The OBPS degree p = 5 is used with NC = 120× 40.
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4.5 Solutions to the Multiphase Formulation of the Navier-
Stokes Equation

This section includes a number of the test cases considered in order to verify the meth-
ods used in the present research for solving the system of Multiphase Incompressible
NS equations 2.27 and 2.28.

4.5.1 Capillary Pressure and the Spurious Currents

This section is assigned to verify the solution to the system of Multiphase Incompress-
ible NS equations (2.27) and (2.28) by considering a stationary bubble and calculating
the capillary pressure produced as a result of the surface tension. In the absence of
advection, viscous forces and the external forces, a stationary solution to the system of
Multiphase Incompressible NS equations (2.27) and (2.28) should exist that satisfies,

∇P

���ρ(φ)
=
κnδε(φ)

���ρ(φ)We
(4.24)

where δε is a smoothed Dirac delta function obtained by differentiating a smoothed
Heaviside function. The smoothed Dirac function obtained by differentiating the
smoothed Heaviside function () can be expressed as,

δε(φ) =


0 φ < −ε,
1

2ε
+

1

2ε
cos

(
πφ

ε

)
−ε ≤ φ ≤ ε,

0 ε < φ,

(4.25)

where ε denotes half of the smoothing width. Equation (4.24) is known as the Young-
Laplace law. If as a result of inaccuracies in the numerical calculation of pressure and
curvature fields, the Young-Laplace law is not satisfied, a spurious velocity field is
produced around the interface that may leads to a numerical instability. This section
is assigned to investigate the production of the spurious currents in the context of
using the DG method.

Problem Description The domain of computation is a square with the lower-left
corner located at (−1,−1) and the upper-right corner located at (1, 1). The interface
geometry is a circle with the radius R = 0.5, centered at (xc = 0, yc = 0). The LS
function of the interface can be analytically expressed by the equation 4.8. The Weber
number is set to We = 1. The Reynolds number is set to Re = 1, although its value
does not affect the results. The density ratio is ρ1/ρ2 = 1 and the viscosity ration is
µ1/µ2 = 1. The initial velocity and pressure fields are equal to zero.

Numerical Setting The domain is discretized to a set of the quadrilateral cells with
NC = 20 × 20, according to which, the circle passes 10 cells along its diameter. The
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OBPS degree for all of the variables including the LS function, velocity field, pressure
field and the field of normal vector, is set to p = 5. As it is described subsequently,
in order to achieve a long term stability, setting the OBPS degrees to p = 1, 2, 3, 4 5

for the curvature field is examined. The time step is set to ∆t = 0.004 corresponding
to a CFL number of 1/p2. As the interface should not move in this test case, the LS
function should not lose its signed distance property and consequently there should
be no need to solve the LSRI equation (3.9). For solving the system of NS equations
(2.27) and (2.28), a Dirichlet boundary condition is imposed for the pressure and a
homogeneous Neumann boundary condition for the velocity.

Results Figure 4.57 shows the pressure field after 100 time steps of the NS solver
described in section 3.8. As the curvature of the bubble is κ = 2 and the Weber num-
ber is We = 1, a capillary pressure of ∆p = 2 is expected. As it is shown in the color
legend of the pressure contour, the capillary pressure is calculated by a 1.15% error.
Figure 4.58 shows the field of the velocity magnitude after 100 time steps. According
to this figure, the amount of the spurious currents is in an acceptable level. Figure 4.59
shows the pressure field after 500 time steps. As it is shown in this figure, the pressure
field has a spatial oscillation. This problem is more obvious in the field of the velocity
magnitude which is shown in the figure 4.60. As such an oscillatory velocity field is
used for solving the LSA equation, it results also an oscillatory field of the LS func-
tion as well as the curvature. Figures 4.61 and 4.62 compare the curvature fields after
100 and 500 iterations. As it is shown in the figure 4.62, the curvature field is highly
oscillatory after 500 time steps. As the surface tension term is connected with the LS
function via the curvature, adding an artificial diffusion numerically to the curvature
field can prevent the intensification of the spurious currents. Such an aritificial dissi-
pation can be provided numerically by using a lower OBPS degree for the curvature.
Figure 4.63 shows the effect of using lower OBPS degrees for the curvature, on the
residuals of the L2-norms of the velocity and pressure. As it is shown in these curves,
for this test case, a stable result can be obtained by using the OBPS degrees of p = 0

and p = 1 for the curvature. Figures 4.64, 4.65 and 4.66 show the fields of pressure,
velocity and curvature respectively, using the OBPS degrees of p = 1 for the curva-
ture, after 500 time steps. These figures signify that using a lower OBPS degree for the
curvature prevents the intensification of the spurious currents in time.
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Figure 4.57 Capillary Pressure and the Spurious Currents: Pressure field after 100
time steps. The Weber number is We = 1. The density ratio is ρ1/ρ2 = 1 and the
viscosity ration is µ1/µ2 = 1. The OBPS degree p = 5 is used with NC = 20× 20.

Figure 4.58 Capillary Pressure and the Spurious Currents: Field of the spurious cur-
rents after 100 time steps. The Weber number isWe = 1. The density ratio is ρ1/ρ2 = 1
and the viscosity ration is µ1/µ2 = 1. The OBPS degree p = 5 is used withNC = 20×20.
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Figure 4.59 Capillary Pressure and the Spurious Currents: Pressure field after 500
time steps. The Weber number is We = 1. The density ratio is ρ1/ρ2 = 1 and the
viscosity ration is µ1/µ2 = 1. The OBPS degree p = 5 is used with NC = 20× 20.

Figure 4.60 Capillary Pressure and the Spurious Currents: Field of the spurious cur-
rents after 500 time steps. The Weber number isWe = 1. The density ratio is ρ1/ρ2 = 1
and the viscosity ration is µ1/µ2 = 1. The OBPS degree p = 5 is used withNC = 20×20.
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Figure 4.61 Capillary Pressure and the Spurious Currents: Field of the curvature
after 100 time steps. The Weber number is We = 1. The density ratio is ρ1/ρ2 = 1 and
the viscosity ration is µ1/µ2 = 1. The OBPS degree p = 5 is used with NC = 20× 20.

Figure 4.62 Capillary Pressure and the Spurious Currents: Field of the curvature
after 500 time steps. The Weber number is We = 1. The density ratio is ρ1/ρ2 = 1 and
the viscosity ration is µ1/µ2 = 1. The OBPS degree p = 5 is used with NC = 20× 20.
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(a) OBPS degree of the curvature field is p = 5
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(b) OBPS degree of the curvature field is p = 4

Figure 4.63 Capillary Pressure and the Spurious Currents: Effect of the curvature
OBPS degree on the residuals of the L2-norms of the velocity and pressure fields. The
Weber number is We = 1. The density ratio is ρ1/ρ2 = 1 and the viscosity ration is
µ1/µ2 = 1. The OBPS degree p = 5 is used for all of the variables except the curvature.
The grid resolution is NC = 20× 20.
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(c) OBPS degree of the curvature field is p = 3

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

 0  100  200  300  400  500  600  700  800  900  1000

L2 −
 N

or
m

 o
f R

es
id

ua
l

Number of Time Steps

||ux
n+1−ux

n||

||uy
n+1−uy

n||

||Pn+1−Pn||

(d) OBPS degree of the curvature field is p = 2

Figure 4.63 Capillary Pressure and the Spurious Currents: Effect of the curvature
OBPS degree on the residuals of the L2-norms of the velocity and pressure fields. The
Weber number is We = 1. The density ratio is ρ1/ρ2 = 1 and the viscosity ration is
µ1/µ2 = 1. The OBPS degree p = 5 is used for all of the variables except the curvature.
The grid resolution is NC = 20× 20.
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(e) OBPS degree of the curvature field is p = 1
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(f) OBPS degree of the curvature field is p = 0

Figure 4.63 Capillary Pressure and the Spurious Currents: Effect of the curvature
OBPS degree on the residuals of the L2-norms of the velocity and pressure fields. The
Weber number is We = 1. The density ratio is ρ1/ρ2 = 1 and the viscosity ration is
µ1/µ2 = 1. The OBPS degree p = 5 is used for all of the variables except the curvature.
The grid resolution is NC = 20× 20.
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Figure 4.64 Capillary Pressure and the Spurious Currents: Pressure field after 500
time steps. The OBPS degree p = 1 is used for the curvature and p = 5 is used for the
rest of the variables. The Weber number is We = 1. The density ratio is ρ1/ρ2 = 1 and
the viscosity ration is µ1/µ2 = 1. The grid resolution is NC = 20× 20.

Figure 4.65 Capillary Pressure and the Spurious Currents: Field of the spurious cur-
rents after 500 time steps. The OBPS degree p = 1 is used for the curvature and p = 5
is used for the rest of the variables. The Weber number is We = 1. The density ratio
is ρ1/ρ2 = 1 and the viscosity ration is µ1/µ2 = 1. The grid resolution is NC = 20× 20.
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Figure 4.66 Capillary Pressure and the Spurious Currents: Field of the curvature
after 500 time steps. The OBPS degree p = 1 is used for the curvature and p = 5 is
used for the rest of the variables. The Weber number is We = 1. The density ratio is
ρ1/ρ2 = 1 and the viscosity ration is µ1/µ2 = 1. The grid resolution is NC = 20× 20.
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4.5.2 Capillary force Exerted on a Square Bubble

This section is assigned to verify the solution to the system of Multiphase Incom-
pressible NS equations (2.27) and (2.28) by simulating the conversion of a square with
rounded corners, to a circle, as a result of the capillary force exerted on the interface.

Problem Description The domain of computation is a square with the lower-left
corner located at (−1,−1) and the upper-right corner located at (1, 1). The interface
geometry is a 1×1 square with the corners which are rounded by the radiusR = 0.125.
The square is centered at (xc = 0, yc = 0). The Weber number is set to We = 1 and
the Reynolds number is set to Re = 1. A low Reynolds number is chosen in order to
prevent the interface wobbling before reaching the steady state. The density ratio is
ρ1/ρ2 = 1 and the viscosity ration is µ1/µ2 = 1. The initial velocity and pressure fields
are equal to zero. The area of the initial geometry of the interface is equal to 0.987656

that should not change as the interface deforms. Therefore, at the steady state when
the interface has a circular shape, the radius of the circle is equal to 0.56053. According
to the Weber number We = 1, the capillary pressure should be equal to 1.78403.

Numerical Setting The domain is discretized to a set of the quadrilateral cells with
NC = 40 × 40, according to which, the square passes 20 cells along each of its edges.
According to the results of the test case 4.5.1, the OBPS degree p = 1 is used for
the curvature, p = 3 is used for the LS function and p = 5 for the flow variables.
The time step for solving the NS equations is ∆t = 0.002 corresponding to the CFL
number of 1/p2. The interface undergoes a non-rigid body motion in this test case.
Accordingly, the LSRI equation (3.9) needs to be solved in every time step of the NS
solver which is explained in section 3.8. The LS function is re-initialized in a narrow
band around the interface. The pseudo-time step for solving the LSRI equation is
∆t = 0.005 corresponding to the CFL number of 1/p2. The LSRI equation is solved for
60 time steps. For solving the NS equation, a Dirichlet boundary condition is imposed
for the pressure and a homogeneous Neumann boundary condition for the velocity.
A homogeneous Neumann boundary condition is used for the LS function for solving
the LSA and LSRI equations.

Results Figure 4.67 shows the process of the conversion of the square to a circle with
the same area, as a result of the capillary force exerted on the interface. In addition,
this figure shows the time variation of the pressure field. Figure 4.67a also includes
the velocity vector field. Figure 4.67d show the interface geometry as well as the
pressure field at the steady state. As it is shown in this picture, the capillary pressure
is calculated with an error of 2.7%. A 3D plot of the LS function after 1000 time steps
is shown in the figure 4.68.
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(a) 10 time steps

(b) 250 time steps

Figure 4.67 Capillary force Exerted on a Square Bubble: Pressure field and the in-
terface geometry. The Weber number is We = 1 and the Reynolds number is Re = 1.
The density ratio is ρ1/ρ2 = 1 and the viscosity ration is µ1/µ2 = 1. The OBPS degree
p = 1 is used for the curvature, p = 3 is used for the LS function and p = 5 for the flow
variables. The grid resolution is NC = 40× 40.
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(c) 500 time steps

(d) 1000 time steps

Figure 4.67 Capillary force Exerted on a Square Bubble: Pressure field and the in-
terface geometry. The Weber number is We = 1 and the Reynolds number is Re = 1.
The density ratio is ρ1/ρ2 = 1 and the viscosity ration is µ1/µ2 = 1. The OBPS degree
p = 1 is used for the curvature, p = 3 is used for the LS function and p = 5 for the flow
variables. The grid resolution is NC = 40× 40.
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Figure 4.68 Capillary force Exerted on a Square Bubble: 3D plot of the LS function
after 1000 time steps. The Weber number is We = 1 and the Reynolds number is
Re = 1. The density ratio is ρ1/ρ2 = 1 and the viscosity ration is µ1/µ2 = 1. The OBPS
degree p = 1 is used for the curvature, p = 3 is used for the LS function and p = 5
for the flow variables. The grid resolution is NC = 40 × 40. The red curve represents
φ = 0 and the white curves represent φ = −0.075 and φ = 0.075.
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4.5.3 Capillary force Exerted on an Elliptic Bubble

This section is assigned to verify the solution to the system of Multiphase Incompress-
ible NS equations (2.27) and (2.28) by simulating the wobbling of an ellipse, as a result
of the capillary force exerted on the interface.

Problem Description The domain of computation is a square with the lower-left
corner located at (−1,−1) and the upper-right corner located at (1, 1). The initial ge-
ometry of the interface is an ellipse with the aspect ratio of 2 and the length of the
minor axis of 0.5, centered at (xc = 0, yc = 0). The LS function of the initial interface
is analytically expressed by the equation 4.23. The Weber number is set to We = 0.25

and the Reynolds number is set to Re = 25. The density ratio is ρ1/ρ2 = 1 and the
viscosity ration is µ1/µ2 = 1. The initial velocity and pressure fields are equal to zero.

Numerical Setting The domain is discretized to a set of the quadrilateral cells with
NC = 39 × 39, according to which, the ellipse passes almost 10 cells along its minor
axis. According to the results of the test case 4.5.1, the OBPS degree p = 1 is used
for the curvature, p = 3 is used for the LS function and p = 5 for the flow variables.
The time step for solving the NS equation is ∆t = 0.002 corresponding to the CFL
number of 1/p2. The interface undergoes a non- rigid body motion in this test case.
Accordingly the LSRI equation (3.9) needs to be solved in every time step of the NS
solver which is explained in section 3.8. As it was mentioned in section 4.4.1 in de-
scribing figure 4.34, the re-initialization process moves the non-zero iso-values of the
LS function. Therefore, a smoothed Heaviside function such as the Heaviside func-
tion 4.5.1 or a smoothed Dirac delta function such as the delta function 4.25 can not
be reconstructed properly as they use the values of the LS function in a narrow band
around the interface. In order to overcome this issue, in the second step of the algo-
rithm explained in section 3.8 we multiply the slope of the SDLS function by a rather
large number such as 5 before performing the re-initialization. In this way, we prevent
having an iso-value of the LS function which is both within and outside the narrow
band around the interface. The pseudo-time step for solving the LSRI equation is
∆t = 0.005 corresponding to the CFL number of 1/p2. The LSRI equation is solved for
60 time steps. For solving the NS equation, a Dirichlet boundary condition is imposed
for the pressure and a homogeneous Neumann boundary condition for the velocity.
A homogeneous Neumann boundary condition is used for the LS function for solving
the LSA and LSRI equations.

Results Figure 4.69 shows the process of wobbling of an elliptic bubble as a result
of the capillary force. This is a dissipative process because of the viscous effects. As
Re = 25, the inertia forces are dominant and the bubble reaches to a circular shape
corresponding to a steady state, after passing a set of the intermediate elliptic shapes.
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(a) 5 time steps

(b) 55 time steps

Figure 4.69 Capillary force Exerted on an Elliptic Bubble: Pressure field, velocity
vector field and the interface geometry. The Weber number is We = 0.25 and the
Reynolds number is Re = 25. The density ratio is ρ1/ρ2 = 1 and the viscosity ration is
µ1/µ2 = 1. The OBPS degree p = 1 is used for the curvature, p = 3 is used for the LS
function and p = 5 for the flow variables. The grid resolution is NC = 39× 39.
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(c) 110 time steps

(d) 165 time steps

Figure 4.69 Capillary force Exerted on an Elliptic Bubble: Pressure field, velocity
vector field and the interface geometry. The Weber number is We = 0.25 and the
Reynolds number is Re = 25. The density ratio is ρ1/ρ2 = 1 and the viscosity ration is
µ1/µ2 = 1. The OBPS degree p = 1 is used for the curvature, p = 3 is used for the LS
function and p = 5 for the flow variables. The grid resolution is NC = 39× 39.
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(e) 220 time steps

(f) 275 time steps

Figure 4.69 Capillary force Exerted on an Elliptic Bubble: Pressure field, velocity
vector field and the interface geometry. The Weber number is We = 0.25 and the
Reynolds number is Re = 25. The density ratio is ρ1/ρ2 = 1 and the viscosity ration is
µ1/µ2 = 1. The OBPS degree p = 1 is used for the curvature, p = 3 is used for the LS
function and p = 5 for the flow variables. The grid resolution is NC = 39× 39.
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(g) 330 time steps

Figure 4.69 Capillary force Exerted on an Elliptic Bubble: Pressure field, velocity
vector field and the interface geometry. The Weber number is We = 0.25 and the
Reynolds number is Re = 25. The density ratio is ρ1/ρ2 = 1 and the viscosity ration is
µ1/µ2 = 1. The OBPS degree p = 1 is used for the curvature, p = 3 is used for the LS
function and p = 5 for the flow variables. The grid resolution is NC = 39× 39.
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Figure 4.70 Capillary force Exerted on an Elliptic Bubble: 3D plot of the LS function
after 330 time steps. The Weber number is We = 0.25 and the Reynolds number is
Re = 25. The density ratio is ρ1/ρ2 = 1 and the viscosity ration is µ1/µ2 = 1. The
OBPS degree p = 1 is used for the curvature, p = 3 is used for the LS function and
p = 5 for the flow variables. The grid resolution is NC = 39 × 39. The red curve
represents φ = 0 and the white curves represent φ = −0.075 and φ = 0.075.
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4.5.4 Rising of a Circular Bubble

This section is assigned to verify the solution to the system of Multiphase Incompress-
ible NS equations (2.27) and (2.28) by simulating the rising of a circular bubble in a
vertical channel, as a result of gravity.

Problem Description The domain of computation is a rectangle with the lower-left
corner located at (−1, 0) and the upper-right corner located at (1, 4). The lower side of
the channel is closed by a wall and the upper side is exposed to the atmosphere with
a zero static gauge pressure. The initial geometry of the interface is a circle with the
radius R = 0.5, centered at (xc = 0, yc = 1). The LS function of the initial interface is
analytically expressed by equation (4.8). The Weber number is set to We = 10 and the
Froude number is set to Fr = 1. Two Reynolds numbers are considered for this test
case including Re = 10, 40. The density ratio is ρ1/ρ2 = 10 and the viscosity ration is
µ1/µ2 = 10. The initial velocity and pressure fields are equal to zero.

Numerical Setting The domain is discretized to a set of the quadrilateral cells with
NC = 39× 79, according to which, the circle passes almost 20 cells along its diameter.
According to the results of the test case 4.5.1, the OBPS degree p = 1 is used for the
curvature, p = 3 is used for the LS function and p = 5 for the flow variables. The time
step for solving the NS equation is ∆t = 0.0002 corresponding to the CFL number of
0.1/p2. It should be noted that in the case of having the surface tension effects as well
as a density difference between the phases, a stable solution can be obtained only by
using such small CFL numbers for the NS solver. The interface undergoes a non-rigid
body motion in this test case. Accordingly the LSRI equation (3.9) needs to be solved
in every time step of the NS solver. As it is described in section 4.5.3, in order to
construct the smoothed Heaviside and Dirac delta functions 4.5.1 and 4.25 properly,
one needs to prevent having an iso-value of the LS function which is both within and
outside the narrow band after performing the re-initialization. Therefore, in the sec-
ond step of the algorithm explained in section 3.8 we multiply the slope of the SDLS
function by a rather large number such as 5 before performing the re-initialization.
The pseudo-time step for solving the LSRI equation is ∆t = 0.005 corresponding to
the CFL number of 1/p2. The LSRI equation is solved for 60 time steps. For solving
the NS equation, a Dirichlet boundary condition is imposed for the pressure on the
upper side of the channel, and a homogeneous Neumann boundary condition on the
walls. Moreover, a Dirichlet boundary condition is imposed for the velocity on the
walls, and a homogeneous Neumann boundary condition on the upper side of the
channel. A homogeneous Neumann boundary condition is used for the LS function
for solving the LSA and LSRI equations.

Results Figure 4.71 shows the density field and the field of velocity vector after
10000 time steps, for the Reynolds numbers Re = 10, 40. As it is shown in this figure,
the bubble is more deformed in the case of the higher Reynolds number, because
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of the lower viscous effects. Figure 4.72 shows the field of the velocity magnitude
after 10000 time steps, for the Reynolds numbers Re = 10, 40. As it is shown in this
figure, the velocity produced around the center of the bubble, is higher in the case
of the higher Reynolds number. Figure 4.73 shows a 3D plot of the pressure field
after 10000 time steps, for the Reynolds numbers Re = 10, 40. The figure shows the
hydrostatic pressure gradient as a result of the gravity, as well as the capillary pressure
as a result of the surface tension. Figure 4.73 shows a 3D plot of the LS function, for
the Reynolds numbers Re = 10, 40. The LS function is re-initialized in a narrow band
around the interface. As it is shown in the figure, although the LS functions have
complex distributions in both of the cases, the re-initialization procedures have been
done successfully.
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(a) Re = 10

(b) Re = 40

Figure 4.71 Rising of a Circular Bubble: Density field and the field of velocity vector
after 10000 time steps. The Weber number is We = 10 and the Froude number is
Fr = 1. The density ratio is ρ1/ρ2 = 10 and the viscosity ration is µ1/µ2 = 10. The
OBPS degree p = 1 is used for the curvature, p = 3 is used for the LS function and
p = 5 for the flow variables. The grid resolution is NC = 39× 79.
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(a) Re = 10

(b) Re = 40

Figure 4.72 Rising of a Circular Bubble: Field of velocity magnitude after 10000 time
steps. The Weber number is We = 10 and the Froude number is Fr = 1. The density
ratio is ρ1/ρ2 = 10 and the viscosity ration is µ1/µ2 = 10. The OBPS degree p = 1
is used for the curvature, p = 3 is used for the LS function and p = 5 for the flow
variables. The grid resolution is NC = 39× 79.
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p
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(a) Re = 10

p

x y

(b) Re = 40

Figure 4.73 Rising of a Circular Bubble: 3D plot of the pressure field after 10000 time
steps, with We = 10, Fr = 1, ρ1/ρ2 = 10 and µ1/µ2 = 10. The OBPS degree p = 1
is used for the curvature, p = 3 is used for the LS function and p = 5 for the flow
variables. The grid resolution is NC = 39× 79.
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(a) Re = 10

φ
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(b) Re = 40

Figure 4.74 Rising of a Circular Bubble: 3D plot of the LS function after 10000 time steps,
with We = 10, Fr = 1, ρ1/ρ2 = 10 and µ1/µ2 = 10. The OBPS degree p = 1 is used for
the curvature, p = 3 is used for the LS function and p = 5 for the flow variables. The
grid resolution is NC = 39× 79. The red curve represents φ = 0 and the white curves
represent φ = −0.075 and φ = 0.075.
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5 Conclusion

Summary A discontinuous Galerkin method was applied successfully for simulat-
ing the kinematics and dynamics of fluid-fluid interfaces, using the in-house code
BoSSS. The numerical simulations performed in the present research can be classified
into three categories, including the solution to the level set advection equation, the
solution to the level set re-initialization equation, and the solution to the multiphase
formulation of the incompressible Navier-Stokes equation.
The solution to the level set advection equation was verified by considering a variety
of test cases with different kinds of complexities in order to clarify the advantages of
applying the discontinuous Galerkin method and to discover the challenges one may
face. The level set method is commonly known as a method that does not guarantee
the mass conservation as a result of the dissipation error, and induces spurious inter-
face movements as a result of the dispersion error. As one can use the higher-order
approximations in the context of the discontinuous Galerkin method, these errors are
dramatically reduced and the interface kinematics can be very precisely simulated.
As the dissipation error is very low, the solution is highly affected by the local singu-
larities, such as the singularity of the gradient of the signed distance level set function
of a circle. Although one can expect such a negative effect theoretically, it was mea-
sured in the present research by calculating the mass loss, the interface L1 error and
the L2 error of the level set function, for both the singular and non-singular level set
functions of a circle.
The level set re-initialization equation is a highly non-linear Hamilton-Jacobi equa-
tion. In order to achieve a stable solution, a Godunov’s scheme was applied yielding
a monotonicity preserving behavior. An extensive investigation was performed for
the case of re-initializing the level set function of a circle. The solution stability was
found to be improved by increasing the degree of the basis polynomial space, increas-
ing the smoothing region of the regularized Signum function and performing a grid
refinement within this smoothing region of the regularized Signum function. More-
over, a notable stability improvement was observed by adding a diffusion term to the
re-initialization equation, which does not affect the steady state solution. In order to
re-initialize the level set functions with very high and very low initial slopes, a new
modification to the formulation of the regularized Signum function was proposed.
According to this modification which was successfully applied, the smoothing region
should be multiplied by the gradient value of the level set function for the initial
slopes higher than 1, and should not be multiplied for the initial slopes lower than
1. Furthermore, the hp-convergence behavior of the solution to the re-initialization
equation was successfully verified.
The available single phase solver of the code was used as a basis for implementing the
multiphase solver. A single set of the Navier-Stokes equation with a multiphase for-
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mulation was considered as the governing equation following a one-fluid approach.
The jumps of the fluid properties across the interface are smoothed following a dif-
fuse interface approach, in order to prevent the non-physical spatial oscillations. The
solution was verified successfully by considering a number of the common test cases
such as rising bubble.

Outlook The following tasks are suggested as the continuation of this research,

• For solving the re-initialization equation, although a solution strategy is pro-
posed and implemented successfully in the present research, but the solution is
still problematic for the level set functions with high curvature. It is expected
that filtering of the level set function can improve the solution stability for such
cases.

• Concerning the multiphase flow simulations, it is suggested to examine using
higher-degrees of OBPS for the LS function in order to guarantee the long term
stability of the solution to the LSRI equation (3.9).
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Strömungsdynamik, Technische Universität Darmstadt.



142 Bibliography

EMAMY, N. (2013): Numerical simulation of a droplet in a stationary electric field using DG.
Dissertation, Technischen Universität Darmstadt.

ENRIGHT, D., FEDKIW, R., FERZIGER, J., MITCHELL, I. (2002): A Hybrid Particle
Level Set Method for Improved Interface Capturing. Journal of Computational
Physics 183, 83–116.

ENRIGHT, D., LOSASSO, F., FEDKIW, R. (2004): A Fast and Accurate Semi-Lagrangian
Particle Level Set Method. Computers and Structures 83, 479–490.

FERZIGER, J. H., PERIC, M. (2002): Computational Methods for Fluid Dynamics.
Springer-Verlag.

FORNBERG, B. (1998): A practical guide to pseudospectral methods. Cambridge University
Press.

GLIMM, J., GROVE, J., LINDQUIST, B. (1988): The bifurcation of tracked scalar waves.
SIAM Journal on Scientific and Statistical Computing 9, 61–79.

GOTTLIEB, S., SHU, C. W. (1998): Total variation diminishing Runge-Kutta schemes.
Mathematics of Computation 67, 73–85.

GROOSS, J., HESTHAVEN, J. S. (2006): A level set discontinuous Galerkin method
for free surface flows. JourComputer Methods in Applied Mechanics and Engineering
195, 3406–3429.

HARLOW, F. H., WELCH, J. E. (1965): Numerical calculation of time-dependent vis-
cous incompressible flow of fluid with free surface. Physics of Fluids 8, 2182–2189.

HARTEN, A. (1983): High resolution schemes for hyperbolic conservation laws. Jour-
nal of Computational Physics 49, 357–393.

HARTEN, A., ENGQUIST, B., OSHER, S., CHAKRAVARTHY, S. (1987): Uniformly high
order essentially non-oscillatory schemes, III. Journal of Computational Physics 71,
231–303.

HESTHAVEN, J. S. (2008): Nodal Discontinuous Galerkin Methods: Algorithms, Analysis,
and Applications. Texts in Applied Mathematics , Vol. 54, Springer-Verlag.

HIRSCH, C. (2007): Numerical Computation of Internal and External Flows: Fundamentals
of Computational Fluid Dynamics. Butterworth-Heinemann.

HIRT, C. W., NICHOLS, B. D. (1981): Volume of fluid (VOF) method for the dynamics
of free boundaries. Journal of Computational Physics 39, 201–225.

KARNIADAKIS, G. E., SHERWIN, S. J. (2005): Spectral/hp Element Methods for Computa-
tional Fluid Dynamics. Oxford University Press, USA.

KARNIADAKIS, J. E., ISRAELI, M., ORSZAG, S. A. (1991): High-order splitting meth-
ods for the incompressible Navier-Stokes equations. Journal of Computational
Physics 97, 414–443.



Bibliography 143

KRESS, R. (1998): Numerical analysis. Graduate texts in mathematics, Springer-Verlag
New York.

KUMMER, F. (2012): The BoSSS Discontinuous Galerkin solver for incompressible fluid dy-
namics and an extension to singular equations. Dissertation, Technischen Universität
Darmstadt.

LAFAURIE, B., NARDONE, C., SCARDOVELLI, R., ZALESKI, S., ZANETTI, G. (1994):
Modelling Merging and Fragmentation in Multiphase Flows with SURFER. Jour-
nal of Computational Physics 113, 134–147.

LEER, B. V. (1979): Toward the ultimate conservative difference scheme V. A second
orser sequel to Godunov’s method. Journal of Computational Physics 32, 101–136.

LEONARD, B. P. (1979): A stable and accurate convection modeling procedure based
on quadratic upstream interpolation. Computer methods in applied mechanics and
engineering 19, 59–98.

LEVEQUE, R. J. (1996): High-resolution conservative algorithms for advection in in-
compressible flow. SIAM Journal on Numerical Analysis 33, 627–665.

LIU, X. D., OSHER, S., CHAN, T. (1996): Weighted Essentially Non-Oscillatory
Schemes. Journal of Computational Physics 126, 202–212.

MARCHANDISE, E., CHEVAUGEON, N., REMACLE, J. F. A. (2008): Spatial and spectral
superconvergence of discontinuous Galerkin method for hyperbolic problems.
Journal of Computational and Applied Mathematics 215, 484–494.

MARCHANDISE, E., GEUZAINE, P., CHEVAUGEON, N., REMACLE, J. F. (2007): A sta-
bilized finite element method using a discontinuous level set approach for the
computation of bubble dynamics. Journal of Computational Physics 225, 949–974.

MARCHANDISE, E., REMACLE, J. F. (2006): A stabilized finite element method using
a discontinuous level set approach for solving two phase incompressible flows.
Journal of Computational Physics 219, 780–800.

MARCHANDISE, E., REMACLE, J. F., CHEVAUGEON, N. (2006): A quadrature-free dis-
continuous Galerkin method for the level set equation. Journal of Computational
Physics 212, 338–357.

MATTHEWS, P. (2001): Numerical methods for partial differential equations. Univer-
sity Lecture.

OSHER, S., FEDKIW, R. (2003): Level-set methods and dynamic implicit surfaces. Springer-
Verlag New York, Inc.

OSHER, S., SETHIAN, J. A. (1988): Fronts propagating with curvature-dependent
speed: Algorithms based on Hamilton-Jacobi formulations. Journal of Computa-
tional Physics 79, 12–49.

OSHER, S., SHU, C. W. (1991): High-Order Essentially Nonoscillatory Schemes for
Hamilton-Jacobi Equations. SIAM Journal on Numerical Analysis 28, 907–922.



144 Bibliography

PENG, D., MERRIMAN, B., OSHER, S., ZHAO, H., KANG, M. (1999): A PDE-based
fast local level set method. Journal of Computational Physics 155, 410438.

PIETRO, D. A. D., ERN, A. (2011): Mathematical Aspects of Discontinuous Galerkin Meth-
ods. Math Matiques Et Applications, Springer.

RAESSI, M., MOSTAGHIMI, J., BUSSMANN, M. (2007): Advecting normal vectors: A
new method for calculating interface normals and curvatures when modeling
two-phase flows. Journal of Computational Physics 226, 774–797.

REED, W. H., HILL, T. R. (1973): Triangular mesh methods for the neutron transport
equation. Technical Report LA-UR-73-479, Los Alamos Scientific Laboratory.

RILEY, N., DARZIN, P. (2006): The Navier-Stokes equations: A classification of flows and
exact solutions. Cambridge University Press.

ROUY, E., TOURIN, A. (1992): A viscosity solutions approachto shape-form-shading.
SIAM journal on Numerical Analysis 29, 867–884.

SARSON, G. (2007): High Order Finite Difference Methods. PPARC School in Ad-
vanced Computational Methods in MHD 2007.

SETHIAN, J. A. (1996): A Fast Marching Level Set Method for Monotonically Advanc-
ing Fronts. Proc. Nat. Acad. Sci 93, 1591–1595.

SHIKHMURZAEV, Y. (2007): Capillary Flows with Forming Interfaces. Chapman and Hall-
CRC.

SHU, C. W. (2003): High-order Finite Difference and Finite Volume WENO Schemes
and Discontinuous Galerkin Methods for CFD. International Journal of Computa-
tional Fluid Dynamics 17, 107–118.

SMOLARKIEWICZ, P. K. (1982): The Multi-Dimensional Crowley Advection Scheme.
Monthly Weather Review 110, 1968–1983.

SUSSMAN, M., ALMGREN, A. S., BELL, J. B., COLELLA, P., HOWELL, L. H., WEL-
COME, M. L. (1999): An Adaptive Level Set Approach for Incompressible Two-
Phase Flows. Journal of Computational Physics 148, 81–124.

SUSSMAN, M., FATEMI, E., SMEREKA, P., OSHER, S. (1998): An improved level set
method for incompressible two-phase flows. Computers and Fluids 27, 663–680.

SUSSMAN, M., PUCKETT, E. G. (2000): A Coupled Level Set and Volume-of-Fluid
Method for Computing 3D and Axisymmetric Incompressible Two-Phase Flows.
Journal of Computational Physics 162, 301–337.

SUSSMAN, M., SMEREKA, P., OSHER, S. (1994): A level set approach for computing
solutions to incompressible two-phase flow. Journal of Computational Physics 114,
146–159.

THOMPSON, J. F., SONI, B. K., WEATHERILL, N. P. (1999): Handbook of grid generation.
CRC press.



Bibliography 145

TREFETHEN, L. N. (1996): Finite difference and spectral methods for ordinary and partial
differential equations. Cornell University.

UBBINK, O. (1997): Numerical prediction of two fluid systems with sharp interfaces. Ph.D.
Thesis, Imperial College of Science, Technology and Medicine.

UNVERDI, S. O., TRYGGVASON, G. (1992): A Front-Tracking Method for Viscous, In-
compressible, Multi-fluid Flows. Journal of computational physics 100, 25–37.

U.S. DEPARTMENT OF ENERGY (2013): Official website of the VisIt software.

WANG, Y., OBERLACK, M. (2011): A thermodynamic model of multiphase flows with
moving interfaces and contact line. Continuum Mechanics and Thermodynamics 23,
409–433.

YAN, J., OSHER, S. (2011): A local discontinuous Galerkin method for directly solving
Hamilton-Jacobi equations. Journal of Computational Physics 230, 232–244.

YOUNGS, D. L. (1982): Time-dependent multi-material flow with large fluid distortion, in:
Numerical Methods for Fluid Dynamics. Academic Press, New York.

ZAHEDI, S., GUSTAVSSON, K., KREISS, G. (2009): A conservative level set method for
contact line dynamics. Journal of Computational Physics 228, 6361–6375.

ZALESAK, S. T. (1979): Fully multidimensional flux-corrected transport algorithms
for fluids. Journal of Computational Physics 31, 335–362.

ZHANG, M. P., SHU, C. W. (2009): Fourier analysis for discontinuous Galerkin and
related methods. Chinese Science Bulletin 54, 1809–1816.



146 Bibliography

Appendix A

For the test case presented in the section 4.3.4, one can develop also an analytic solu-
tion using the method of characteristics. As the velocity field has only one non-zero
component given by the expression (4.15), the LSA equation (2.6) can be simplified
as,

∂φ

∂t
+ ux(y)

∂φ

∂x
= 0, (.1)

where ux(y) is the only component of the velocity field given by the expression (4.15).
The method of characteristics is aimed to transform the PDE (.1) to an ODE along a
characteristic curve expressed as,

d

dξ
φ(x(ξ), t(ξ)) = F (φ, x(ξ), t(ξ)), (.2)

where ξ is the characteristic variable lives on the characteristic curve. Applying the
chain rule, one can write,

d

dξ
φ(x(ξ), t(ξ)) =

dφ

dx

dx

dξ
+
dφ

dt

dt

dξ
(.3)

Then, by setting the conditions

dt

dξ
= 1,

dx

dξ
= ux(y), (.4)

one can write,
d

dξ
φ(x(ξ), t(ξ)) =

∂φ

φt
+ ux(y)

∂φ

∂x
= 0, (.5)

that implies a constant solution along each of the characteristics curves. Therefore,
φ(x(ξ), t(ξ)) = φ(x0, 0) where both (x(ξ), t(ξ)) and (x0, 0) lie on the same characteristic
curve. Consequently, the solution is determined by solving the following system of
ODEs consecutively as,

• A)
dt

dξ
= 1, (.6)

that by setting t(ξ = 0) = 0, one can write t = ξ.

• B)
dx

dξ
= ux(y), (.7)
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that setting x(ξ = 0) = x0, results in x = ux(y)ξ + x0 = ux(y)t+ x0.

• C)
dφ

dξ
= 0, (.8)

that setting φ(ξ = 0) = φ(x0, 0), results in φ(x(t), t) = φ(x0, 0) = φ(x− uxt).

Therefore if the initial LS function is defined by

φ0 = φ(x0, 0) =
√

(x0 − xc)2 + (y0 − yc)2 −R, (.9)

the LS function at the time t can be expressed as,

φ(x(t), t) =
√

(x− uxt− xc)2 + (y0 − yc)2 −R

=

√
(x− (1.5Uavg(1−

4y2

Wch

)t− xc)2 + (y0 − yc)2 −R (.10)
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