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Abstract

This thesis presents a systematic approach to developing an active vibration control
system for lightweight transmissions by placing piezoelectric inertial mass actuators on
the gearbox housing. The main objective is to minimise the structure-borne vibrations
caused by gear whine at the mounting points of the gearbox where it is connected to the
car body. These vibrations, particularly in the frequency range of 1000 - 5000 Hz, can be
amplified into audible noise in the passenger compartment, reducing comfort.

The development process begins with studying the system’s dynamics through two gear-
box housing models. The first model is a simplified version of a dual-clutch transmission
with a non-rotating load, analysed using ANSYS to determine actuator requirements. The
second model is a hybridized version of a fully operational dual-clutch gearbox, modelled
with Romax to simulate dynamic behaviour under realistic excitation, helping establish
actuator force requirements, placement, and control strategies.

Macro-Fibre Composites (MFCs) are chosen as sensors for their low cost and wide
operating bandwidth in the desired frequency range. They are calibrated for use in place
of piezoelectric accelerometers. A real-time system is constructed with a microcontroller
development board for high-speed data acquisition from the MFCs and closed-loop control
implementation with the actuators.

Optimal actuator placement is determined using Frequency Response Functions (FRFs)
from an experimentally correlated model of the gearbox and actuator. The optimization
considers spatial and modal controllability in the frequency domain. The thesis discusses
single and paired actuator positioning.

Multi-point control approaches based on the FxLMS algorithm are developed to mini-
mize vibrations at the mounting points within the computational constraints of a micro-
controller. Three variations—single input multi-output, mixed error, and switched error
algorithms—are studied and compared. Mixed and switched error algorithms reduced
the computational time of multi-point control by almost half compared to single input
multi-output approach.

The active vibration control system is demonstrated on an operational gearbox, achiev-
ing vibration attenuation of 4 - 14 dB can be achieved with both switched and mixed
error approaches at 2500 Hz. The mixed error algorithm proved to be most feasible to
implement given its comparable performance in achieving vibration reduction across
all points and computational simplicity. The thesis also discusses the cost and weight
implications of the add-on system.

v



vi



Kurzfassung

Die Arbeit beschreibt die Entwicklung eines aktiven Schwingungsminderungssystems für
Leichtbaugetriebe mithilfe von piezoelektrischen Aktoren am Getriebegehäuse. Ziel ist es,
Körperschallschwingungen zu minimieren, die durch das Heulen des Getriebes an den
Befestigungspunkten entstehen, insbesondere im Frequenzbereich von 1000 bis 5000Hz,
um den Fahrkomfort zu verbessern.

Der Entwicklungsprozess beginnt mit der Untersuchung der Systemdynamik anhand
zweier Getriebemodelle. Ein vereinfachtes Modell eines Doppelkupplungsgetriebes wird
mit ANSYS analysiert, um die Anforderungen an die Aktuatoren zu bestimmen. Ein
weiteres Modell, eine hybridisierte Version eines voll funktionsfähigen Doppelkupplungs-
getriebes, wird mit Romax modelliert, um das dynamische Verhalten unter realistischer
Anregung zu simulieren.

Makrofaserverbundwerkstoffe (MFC) werden als kostengünstige Sensoren mit großer
Betriebsbandbreite eingesetzt. Ein Echtzeitsystem mit einem Mikrocontroller Entwicklungs-
board wird für die Datenerfassung und Aktuatorsteuerung implementiert.

Die optimale Aktuatorplatzierung erfolgt mithilfe von Frequenzgangfunktionen (FRFs)
aus einem experimentell korrelierten Modell. Die Optimierung berücksichtigt die räum-
liche und modale Kontrollierbarkeit. Die Dissertation erörtert die Positionierung einzelner
und gepaarter Aktoren.

Zur Schwingungsminimierung werden Mehrpunkt-Regelungsansätze basierend auf dem
FxLMS-Algorithmus entwickelt. Drei Varianten - Single-Input-Multi-Output, Mixed-Error
und Switched-Error - werden verglichen. Das aktive Schwingungsminderungssystem wird
an einem betriebsbereiten Getriebe demonstriert, wobei eine Schwingungsminderung von
4 - 14 dB sowohl mit geschalteten als auch mit gemischten Ansatz bei 2500 Hz erreicht wer-
den. Der Mixed-Error-Algorithmus erwies sich als am praktikabelsten, da er vergleichbare
Leistung bei der Schwingungsreduzierung in allen Punkten und Vibrationsreduzierung in
allen Punkten und der Einfachheit der Berechnungen. Die Arbeit befasst sich auch mit
den Auswirkungen des Zusatzsystems auf Kosten und Gewicht .
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1 Introduction

One of the key trends in gearbox development is lightweight construction. This is pur-
sued by automotive transmission manufacturers by incorporating advanced materials
like including high-strength steels, aluminium alloys, magnesium, plastics , and com-
posites coupled with additive manufacturing techniques. These lightweighting efforts
in gearboxes contribute to overall vehicle efficiency improvements and help automotive
manufacturers meet increasingly stringent emissions standards. A direct consequence of
lightweight construction improved energy efficiency [29] for the vehicle but the major
disadvantage is increased vibration and noise. With hybridisation and push towards
electrification, transmission noise would be a greater contributor for Noise, Vibration
and Harshness (NVH). Hybridised transmissions contain additional gearsets connecting
the main transmission to the electrical motor, leading to more sources of vibration. The
absence of broadband engine noise in electric driving modes would lead to a greater
perception of high-frequency noise generated by structure-borne paths in the cabin. The
major types of transmission noise are described as follows with their source and frequency
ranges in Figure 1.1.

Gear whine phenomenon

In lightweight transmissions, gear whine is the main contributor of noise [138]. Gear
whine phenomenon originates at the gear mesh as a consequence of deviations and
imperfections in gear design and manufacturing, along with tooth deflections due to
loading. This causes transmission error, the deviation from ideal relative displacement
of the gear pair in contact. Even with perfectly manufactured teeth, tooth deflections
occur due to flexibility of shafts, bearings and their housing attachment points eventually
leading to transmission error.

Gear whine is a tonal disturbance whose frequency is characterised by multiplying the
rotational speed by the number of teeth of the pinion of the gear pair. This frequency is
called the Gear Mesh Frequency (GMF).

The NVH properties of transmission can be improved at various levels of the gearbox
development. To target the structure borne vibrations originating as a consequence of
gear-whine, various solutions ranging from gear modification to installing additional
support bearings to shafts and active bearings have been proposed [53]. Till date no
demonstration of active treatment of vibration control for the housing exists.

NVH evaluation by the transmission manufacturer are conducted at End-of-Line (EOL)
of the manufacturing. In this process, an accelerometer is mounted at an agreed position

1
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Figure 1.1: Major Sources of vibrations and noise in automotive transmissions [102]

with the Original Equipment Manufacturer (OEM). A ramp up test is performed and the
vibration recorded by the accelerometer is placed at a position correlated to the structure
borne vibration transfer path into the passenger cabin. A subjective rating of this measured
acceleration value [9] is often assigned, that is decided in agreement with the vehicle
OEM.

Vibration transfer paths

There are two major paths of vibration transfer in the gearbox, namely, airborne and
structure borne paths as depicted in Figure 1.2. The airborne transfer paths is directly
from the gearbox housing wall into the car cabin. The structure borne vibration transfer
of the gear whine originating at the gear mesh takes place via the shafts, bearings, the
housing into the car body via the mounting points of the transmission to the car frame.
The airborne noise inside the sealed compartment of the gearbox does not possess high
energy to exit the gearbox. Structure borne noise plays a significant role in overall
transmission noise, primarily propagating through shafts and bearings to the gearbox
housing. The bending and torsional vibrations of rotating shafts induce vibrations in the
housing structure. When the frequency of excitation is close to the natural frequency of
the housing, vibrations are significantly amplified and transmitted into the car body via
mounting points [102].
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Figure 1.2: Gear whine transfer path of structure borne vibrations and airborne sound

1.1 Aim of research

The main focus of this thesis is to develop an Active Vibration Control (AVC) system for
minimizing the structure borne vibration transfer at the mounting points of the gearbox
housing due to gear whine.

Passive vibration control approaches such as isolation mounts may in some cases add
weight and are not adaptable to different operating conditions of the gearbox. Imposing
stringent manufacturing tolerances of transmission components can also increase cost
of production, hence the development of an AVC solution is proposed in this thesis. An
add-on AVC helps keep the overall costs of production of the lightweight transmission
with stricter tolerances under check while still staying in the limits of minimum added
weight. An external force is applied via an actuator in an adaptive manner to control the
structure borne vibrations at the desired locations. The housing is targeted because an
actuator placed farther downstream of the vibration source can be designed to have lower
force requirements for the control of vibrations. Also installation of an add-on solution
to already serially produced transmissions can be easily realised without major design
changes. Lower forces translate to lower power requirements for the actuator.

The system should be easy to implement in a limited computational environment such
as microcontrollers in automotive control units. This work deals with the development
of the active vibration control approach at a system level design, where each subsystem
associated vibration reduction objectives.

3
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Figure 1.3: Scope of research

System level approach to development

The main elements of the active vibration control system are shown in Figure 1.3. System
level model deals with seamless integration of various subsystem coupling for evaluation.
For example, the controller, actuator and sensor dynamics can be independently tuned
in the overall system model. Different types of sensors and actuators can be "plugged"
into the system model for direct evaluation. This type of modular model makes qualified
comparison of different concepts in the early phase of the design process affordable. This
approach can be easily extended to different gearbox models by replacing the mechanical
model in the "Gearbox System" block indicated in Figure 1.3. A detailed description of
the system level model is provided in Section 3.3 of Chapter 3.

Once the system level model is established, its optimization of various subsystems can
be performed. A study regarding the economic feasibility of implementation of the entire
system can be done following the final model. This thesis is organised subsystem-wise,
each chapter dealing with development of each of the subsystems.

1.2 Scope of research

The work has been executed in close technical cooperation with researchers within the
framework of the H2020 LIVE-I project. A clear demarcation of area of developments
of the active vibration control system has been depicted in Figure 1.3. The focus of this
thesis lies in dealing with the structure borne vibration transfer via the mounting points
of the transmission to the car-body. Vibration of the housing directly transforming into
airborne noise is out of scope of this thesis.

Frequency range: In this thesis, the focus is to minimize the structure borne transfer of
gear-whine particularly in the frequencies of 1000 - 5000 Hz. Due to lightweight design,

4



thinner and lighter gears have natural frequencies in the order of a few kHz [102, 138].
When the gear mesh frequency coincides with the resonance of either of the elements
in the transfer path, the noise can be amplified finally in the passenger cabin as interior
noise. The noise in this frequency range is particularly sensitive to the human ear. The
threshold for perception of sound in human ear is reduced particularly in the frequency
range of 2000 - 6000Hz [25] , i.e. the ears are more sensitive to noise occurring in this
frequency range.

Test-rig mechanical design: To study the system requirements and the transfer path
of the gearbox vibration mechanism, an experimental test-setup was constructed in the
early phase of the project. The specifics of the construction can be found in [105] and
is not addressed in this work. This test-rig served as a pre-cursor study to establish the
actuator force requirements. In regards to the extent of transfer path of the structure borne
vibration at mounting points, the specific mount design and car compartment dynamics
are unknown. This is because these components are usually customised according to
OEMs. Hence system is restricted to the mounting points of the gearbox.

Electrical design of actuator: For the actuator design, the derivation of the force
requirements is obtained from the developed model of the gearbox described in Chapter
3. The selection of actuating principle, the power requirement optimisation and design
(both electrical and mechanical) are not in the scope of this work. This is performed in
collaboration with another researcher within the LIVE-I Project [103]. Only the actuator
force requirements and post-design evaluation of concept i.e. actuator placement and
vibration control capability have been addressed in this work.

1.3 Introduction to the gearboxes

In this work, two sets of gearboxes are studied. One is a simplified version of a Dual
Clutch Transmission (DCT) with seven speeds from Magna Powertrain: 7DCT300 gearbox,
henceforth referred to as prototyping gearbox. It is designed retaining only the loaded
3rd gear pair and the final drive along with the complex housing. The gear pair is excited
with a dynamic torque through a piezoelectric exciter shown in Figure 1.6. More detailed
description of the construction of the gearbox is given in [105]. The features to note are
the free - free boundary conditions imposed by suspending the gearbox from a rigid frame
shown in Figure 1.4. This is done to study the modes of the gearbox housing without
any external structure influence. The main purpose of having this simplified prototyping
gearbox in this study is to establish the modelling and active vibration control design
procedures. The aim is to study the transfer paths in a complex geometry housing using a
rather simplified excitation to design and validate an appropriate active vibration control
system, before they can be extended to real transmission scenarios.
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Figure 1.4: Testing prototype of the 7DCT300 gearbox [105]

The second gearbox is a hybridised version of the 7DCT300 known as 7HDT300 [18]
henceforth referred to as demonstration gearbox. It is a series production transmission,
which retains the complete 7-speed gears along with the reverse gear and final drive.
The transmission also consists of an electric motor which is not used for the tests in this
study. The demonstration gearbox is used for extending and validating the developed AVC
system for commercial applications in a realistic rotating scenario on the IMS Connect
test-bench [62]. The test bench is depicted in Figure 1.5. The output of the final drive is
connected to two identical asynchronous load motors. Each of them is separately capable
of a maximum power of 160kW (maximum 2000Nm rated torque). On the drive side,
one synchronous motor with a maximum power of 240kW (maximum 500 Nm rated
torque) drives the input shafts. The test bench is automated with PUMA Open 2 Software
from AVL [12] to realise different test-cycles under various operating conditions and
speeds.

Similarities between gearboxes

The gear train present in both the gearboxes is identical, i.e all seven speed stages have the
same number of gear teeth and shaft distances. The only difference is the consideration
of the gear-pair in isolation for prototyping purposes of the AVC system in the prototype
gearbox set-up. The gearbox housing consists of two cases (enclosure halves) - clutch
case (in blue) and transverse case (in grey) as seen in Figure 1.6. The clutch case rigidly
attaches to the engine. This condition is depicted by the rigid plate of the Prototyping
gearbox. In the demonstration gearbox, the clutch case attaches to the engine plate on
the drive motor side on the Connect test bench as indicated in Figure1.5.
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Figure 1.5: Test bench for validating Active vibration control using HDT300

Figure 1.6: Model of the gearbox showing the piezoelectric primary exciter. Detailed
operation of the gearbox operation is presented in [105] and Chapter 3

1.4 Research questions

The thesis aims to systematically answer the following research questions (RQ) related to
the key elements in development of an AVC system.

1. RQ 1: Modelling approach: With what level of accuracy can a model predict the
high frequency vibration caused by gear whine? What is the accepted level of model
fidelity vs modelling effort for making the system-level decisions for development
of active vibration control?
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2. RQ 2: Actuator force requirement: How much external force needs to be applied
to the gearbox housing to minimize the vibration transfer at the mounting points?

3. RQ 3: Alternate sensing approach: Can a reliable high-frequency bandwidth
sensing architecture be designed? This decision is based on economical vs impact
on a system level basis. How can a Data Acquisition (DAQ) system, that can be easily
integrated into the existing automotive electronic architecture be developed using
low cost hardware? How can this alternative sensing be calibrated with existing
industrial standard sensors?

4. RQ 4: Actuator position: Where should the actuator be placed on the transmission
housing to provide sufficient controllability at all the mounting points? What type
of optimal placement strategies can be devised? What is the appropriate number of
discrete point actuators required to minimize the vibration?

5. RQ 5: Control algorithm: Can a suitable multi-point control algorithm (due to the
need for control of multiple mounting points) be implemented on the developed for
high-frequency vibrations that can be deployed limited computational hardware?

6. RQ 6: Economics: What is the cost, weight and energy consumption of the active
vibration reduction system are opposed to the demonstrated benefits?

1.5 Structure of thesis

Each chapter deals with important steps of development of the mechatronic system as
illustrated in Figure 1.7. The blue-highlighted arrows indicate the flow of finalised results
from one subsystem to another.

To begin with, a systematic review of each subsystem is performed in Chapter 2. Drawing
from the review of the existing literature, relevant concepts and tools to design and develop
each of the subsystems are decided.

In Chapter 3 the dynamic properties of the system is evaluated by developing a model
to predict housing vibrations. The validity of analysis tools to predict high-frequency
vibrations in a complex structure like the transmission housing is evaluated. Two separate
models are developed, one to derive the actuator force requirement that answers RQ 2
and the second to simulate the dynamic behaviour of the gearbox in response to realistic
excitation. A correlation with relevant tests is also provided.

Chapter 4 deals with the development of an alternate sensing system and particularly
answers RQ 3. One of the main research objectives is to develop a high frequency
bandwidth, reliable sensing architecture. This chapter begins with the introduction of
Macro-Fiber Composites (MFCs) and a relevant signal conditioning system to measure
high frequency vibrations. A systematic calibration procedure is adopted to use MFCs as
a reliable replacement to traditional vibration measuring sensors such as accelerometers.
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RQ 6

Chapter 1 and 2 : Introduction and State of art

Chapter 3 : Modeling of high frequency
gear whine dynamics

Modelling of prototyping gearbox
Actuator force requirement
Modelling of demonstration gearbox

Chapter 4 :Sensing architecture

Calibration of MFCs
Design of signal conditioning

Chapter 5 : Strategy for actuator placement

Validation of actuator coupled model
Actuator position using spatial controllability

Chapter 7: Experimental validation
System level performance and economics

Chapter 8: Conclusions and outlook

Chapter 6 : Control algorithms for multi-point control

Theory of simplified multi-point control algorithms

Figure 1.7: Overall structure of thesis
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The chapter concludes with the design of the DAQ board that is used in deploying the
AVC for experimental investigations.

Upon deciding the actuation principle, a piezoelectric inertial mass actuator is designed
described in the work executed in close collaboration within the LIVE-I project [104].
The objective of Chapter 5 to place the actuator based on desired control objectives and
controllability of the actuator at all mounting points of the transmission. The first part
of the chapter deals with the correlation of the actuator transfer function upon coupling
with the gearbox model under real operating conditions. Once this is derived, the logic of
spatial and modal controllability is applied to the transfer functions derived using this
coupled model. The scores derived from this assessment are used as measures to decide
the actuator position.

RQ 5 is dealt with in Chapter 6 where a suitable control algorithm is derived. The
chapter deals with the comparison of four different multi-point control variations of the
state of art Filtered-x Least Mean Square (FxLMS) algorithm. The first three algorithms
namely the Single Output Multi-Output (SIMO), mixed-error and switched-error FxLMS
are applied directly from the status quo to the current problem at hand.

In Chapter 7, the proposed control algorithms are validated along with the entire
AVC system developed using results from the previous chapters. Using the key aspects
from the three algorithms, a Projected FxLMS algorithm is proposed. This algorithm
leverages the information of other mounting points from the model and also represents
potential sensor number reduction for economical industrial deployment of the AVC
system. Recommendations for complete deployment and integration of the system for
industrial use are proposed. Economic aspects and weight implications of the add-on
system for lightweight transmissions are also discussed.
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2 State of the art

Before proceeding with the design of active vibration control for transmissions, it is
important to understand the research gaps in the state of the art with respect to the research
questions raised in Chapter 1 and develop strategies to address them systematically. The
review of relevant concepts and literature is organised sequentially according to each of
the subsystems presented in Figure 1.3. A system level review of active vibration control
systems is performed, followed by a review of modelling approaches. Of interest here
are the methods specifically used to model high frequency (> 500Hz to kHz range) with
sufficient numerical accuracy and ease of modelling to build a system-level model which
are presented in Section 2.3. Additionally, a review of alternative sensing approaches
relevant to high frequency vibrations is presented in Section 2.4 with a focus on cost
and reliability of measurement. Although the actuator design is outside the scope of this
work, its placement is one of the important objectives that is reviewed in Section 2.5.1. A
short overview of hardware used to implement the active vibration control system is also
presented in Section 2.6 which leads to selection of appropriate hardware for design of
the AVC system. Finally, Section 2.7 provides an important overview of the various control
algorithms employed in AVC systems, specifically dealing with multi-objective control.

2.1 Vibration behaviour of gearbox housings

The nature of primary excitation in gearbox caused by transmission error is tonal in
nature with spectrum of vibration of the gearbox housing operating at steady state
speed containing mainly the gear mesh frequencies and their harmonics. For lightweight
transmissions, housings have been optimised by reducing the thickness of walls [61,
129, 139] or using lightweight and alternative materials [4, 114, 144]. Lighter housings
eventually have larger flexibility, which has a direct impact on the dynamic behaviour of
the transmission system leading to increased vibrations.

Vibration in housing structures due to the gear-mesh is transmitted via the bearings
through structural waves usually occurring in two types [57]. One of these two types are
flexural or bending waves, which are responsible for radiating noise from the structures
walls. Second kind are longitudinal or compression waves. At the boundary conditions,
these waves are reflected and transmitted to further connecting structures making them
the main mode of structure borne vibrations. Of importance in the study of structure-
borne vibration transfer in automotive transmission, in the form of longitudinal waves.
Mounting points serve as paths for structure borne vibration transfer into the attached
part, in this case the chassis and passenger cabin. The vibration in these structures will
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propagate eventually into noise. At higher operating speeds, the tonal gear-whine can
rise up to the order of several kHz, hence affecting passenger comfort. Mounting brackets
are studied in literature independently [87, 88].

In the subsequent sections of this chapter, a review of modelling and active vibration
control techniques employed for high frequency gearbox housings is presented.

2.2 General overview of active vibration control

Conventional passive vibration control systems often employ dampers, which involves
mounting the gearbox on standard rubber supports and incorporating a substantial mass
damper to mitigate high frequency vibrations [3]. The vibration behaviour of the gear mesh
is also greatly influenced by compliance of the gearbox housing which alters significantly
in the process of lightweight design with geometry and material changes. Therefore
this was countered by inclusion of ribs as stiffeners [131] which is also passive model of
vibration control. This often only is a solution tuned for a specific frequency. Adaptive
passive solutions and semi-active have also been demonstrated using shunted inertial
actuators [145].

Several studies use housing vibration as the end goal to design active vibration control
solutions for gearbox housings. Early studies in the 1990s included developing actuators
for targeting the gear whine vibrations right at the source. For example, Rebecchi et
al. [111], proposed magnetostrictive actuators inside the into a double row bearing,
which was mounted on the input shaft next to the input pinion to reduce the mounting
point vibrations. Additional supports to the shaft was also proposed inside the gearbox
to mitigate the vibration transfer to the housing [52]. Until recent times, the ongoing
research for example [89] still uses the housing vibration measured by an accelerometer
to evaluate the effectiveness of a magnetic bearing.

Active vibration control techniques particularly at the housing are reported in literature
proposing the usage of piezoelectric patches [123] directly on the housing surfaces.
However it was not experimentally verified. The use of active mounts has also been
demonstrated [10, 84]. A full comparison of four actuator concepts at various points
in the vibration transfer path was studied [53], where actuator was mounted at gear,
shaft and bearing respectively. The end goal in all the four proposed concepts was to
suppress housing vibration. The main outcome was that when the actuator was an active
bearing, smallest dynamic actuation force above 500Hz was required to achieve vibration
reduction at the housing.

Even though passive solutions are conventionally used for high frequency vibrations,
active solutions on the other hand provide adaptability to in the frequency range of the
occurrence of gear whine. Studies on high frequency gearbox vibrations began as early as
1994 with Montague et al. [96], to control vibrations on a gearbox housing at 4500Hz
using a single piezo-actuator transmitting force directly to the shaft. In a recent study,
inertial mass actuators were developed to control vibrations at the bearing housing also
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at frequency range above 4500Hz [140]. The concept was also experimentally validated,
where the AVC was implemented with model-free approaches.

As it can be seen that most of the studies use housing and /or mounting point vibrations
as the evaluation metric for the specific active solution proposed, the direct active treatment
of the gearbox housing is absent. The status quo collectively demonstrate a prominent
focus on using gearbox mounting points and housing vibrations as key targets for active
vibration control. There is a prominent need for addressing vibrations at these critical
interfaces to the supporting structure. For the automotive transmissions, this means
minimizing the impact of gearbox vibrations on overall system performance and user
comfort. Developing an active control concept where the actuator could be directly
mounted on the housing could also reduce the actuator force requirement, hence leading
to a low power and economical system.

2.3 Modelling of high frequency dynamics of gearbox vibrations

It is clear that the effect of compliance of the housing cannot be neglected in studying
the vibration characteristics of structure-borne vibration transfer in gearboxes. The aim
of this study is to establish an active solution for the transmission housing, where the
possible actuator is "added-on" to the housing structure. It is important to model the
vibrations getting transferred to the housing, which is done by modelling the gear train
and the self-excited gear whine. This is followed by an appropriate modelling technique
to capture the high frequency vibrations on the gearbox housing.

Although, argued previously that an accurate model of the gearbox vibrations for high
frequency excitations is extremely difficult to achieve [140], the aim in this thesis is
to check the limitations of existing computational tools in doing so. Also, this model
would help to obtain the force requirements for the selection and design of an appropriate
actuator. The model would be useful in determining the actuator position. Gearbox
numerical simulations are becoming more popular as the computation power increases as
well as numerical methods are improved. Simulations can be used to verify system-level
vibration analysis with flexible mechanical components and are also essential to shorten
product development cycle.

2.3.1 Modelling of gear-trains

Three different levels of model fidelities of gearbox models are reported literature, which
are described in increasing level of complexity in Table 2.1 into three categories: standard,
analytical and advanced modelling techniques.

In most standard models, the lumped-mass approach is used, where each element of the
gear train is considered as one Degree of Freedom (DOF) [51]. The housing is not included
in most of the standard models. The main assumption is that the outer rings of the bearings
are rigidly fixed (to ground). The main excitation in the gear-whine phenomenon which is
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Table 2.1: Model fidelity levels of gearbox modelling

Model fidelity Behaviour
of model
evaluated

Stiffness of
total model

Gear stiffness
calculation

Micro-
geometry
inclu-
sion

1. Standard Global Constant ISO 6336-1 No
2. Analytical Global Load dependent ISO 6336-1 Yes

3. Advanced

3.1. Advanced
Empirical

Local Non-linear Discrete
curves

Yes

3.2. Advanced FE Local Load dependent FE-based Yes

the transmission error is modelled as a force multiplied with the gear mesh stiffness. This
mesh stiffness is assumed to be constant and is generally calculated using the ISO-6336-1
[24]. This excitation is applied at the gear mesh along the Line of Action (LOA). The goal
of these models is to have a global transmission stiffness. Standard models are easy and
can be solved with less computational resources and time.

Analytical models follow the same approach as the standard models, the only difference
lies in the stiffness and contact analysis formulation. A load-dependent formulation of
the ISO-6336-1 is used. Coulomb friction is also accounted for in the calculations [31].
The contact model takes the bending of the tooth into account. The bearing stiffness are
still considered to be linear. The shaft is also a lumped mass at this stage. Model of the
housing is neglected at this stage. However without accounting for it, there is little benefit
in defining micro-geometry, or using mesh misalignment results, as they will change with
the housing deflections. Some studies also include the housing as a super-element, just to
account for its stiffness in the overall dynamic behaviour prediction of the gearbox [73].

The modelling of gearboxes can also be with increased fidelity considering the com-
ponents in much detail using Finite Element (FE) methods. In FE models, a continuous
vibrating structure is discretized into numerous vibrating degrees of freedom, typically
shell and solid elements. The finite element model helps to capture the complexities of a
realistic gearbox. In the advanced empirical formulation, the non linearities are accounted
for on a case to case basis. For each operation condition (input load and speed), the load
dependent transmission error, bearing stiffness and mesh stiffness are used for further
vibration analysis. The shafts are modelled as Timoshenko beam elements. The inclusion
of housing is also possible at this stage using a meshed model and connecting them at
the bearing points. This method is crucial for system-level simulation of gears where the
load-dependent tooth bending and non-linear stiffening cannot be neglected.

A higher-level of model fidelity can be achieved by converting every single element in
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Figure 2.1: General simulation approach for gearbox NVH analysis used by commercial
software

the gear train including gears, shafts and bearings into finite elements. The housing is
already discretized as in the empirical model. The coupling of FE based tooth stiffness
accounting for detailed analysis of gear body deflections is important in the design of
lightweight gears. With FE discretization, each node is considered as an individual degree
of freedom. The computational complexity of this advanced FE model is very high, and it
usually takes about hours to solve. The models of this fidelity are usually implemented
with Model Order Reduction (MOR) techniques, which have been reviewed in Section
2.3.2. Including the micro-geometry features for the gear mesh stiffness calculation would
be as good as determining from FE calculations considering the actual gear body and
relevant contact formulation [46]. This technique is employed in most of the commercial
software packages. There exist a variety of commercial software to model gearboxes and
their NVH performance which are presented in Table 2.2. These software are compared
in the next section and evaluated for a reasonable model fidelity that would be sufficient
to achieve the goals for the AVC system design.

Software packages for NVH modelling of gearboxes

A review of commercially available software packages that can simulate the NVH behaviour
of transmissions is presented, taking into account all relevant components. Almost all
of the software follow a general solution approach to vibration analysis of transmissions
shown in Figure 2.1. Depending on the level of model fidelity that needs to be achieved,
these packages offer a variety of solutions such as selection of solver for gear mesh stiffness
calculation, conversion of elements into FE models and inclusion of housing dynamics.

In software such as Romax, Simcenter 3D, FE models, the design integration is seamless.
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Table 2.2: Commercial software packages for gearbox NVH simulations

Feature ROMAX AV
Excite

KISSsoft MASTA Simcenter
3D

Model
fidelity

Advanced
FE

Analytical Standard Advanced
FE

Advanced
with mul-
tiphysics
analysis

Design
Integration

High
external

Low
internal

Low
internal

Low
internal

High
external

Acoustic
Analysis

Yes Yes Basic Yes
advanced

Yes
advanced

Optim-
ization
option

Yes Yes
includes
tuning

Limited Yes Yes

Models can be imported from traditional FE packages like ANSYS and Abaqus, which can
still be used to study the complex dynamic behaviour of gearbox housings [115]. It is also
possible to model in the other way round, where the bearing forces can be imported into
standard FE packages to study the dynamic properties of the housing in more detailed.

An important feature of the NVH analysis to note here is that none of these software
packages provide a transient-behaviour analysis, i.e. deeper kinematic considerations are
not possible. This means, one cannot replicate the time-domain related measurement
that would be acquired in an experimental environment. Rather, only a frequency domain
analysis can be established. To obtain time-domain response analysis, the model can
be taken to multi-body transient analysis such as ADAMS, Abaqus and ANSYS transient
which are computationally exhaustive. Or as an alternative, they can be linearised as a
state-space model and analysed in MATLAB which is computationally efficient.

Some studies also have demonstrated a co-simulation on the system level model in
MATLAB [132]. This is essential for designing the control strategies and inclusion of
actuator models. This is offered in Romax with MSC Cosim and MATLAB as well.

Since the housing is of great importance, the gear train is modelled with advanced
empirical model fidelity. Load-dependent gear tooth contact and bearing stiffness are
included to model the gear mesh excitations that are transmitted to the housing. ROMAX
was used in this work to model the dynamics of an operational automotive transmission.
The next section provides a brief overview of the gearbox housing models, with a special

16



focus on capturing high-frequency dynamics.

2.3.2 Modelling of gearbox housing

For modelling the transmitted vibration from the gear train to the housing, sophisticated
methods FE methods need to be employed especially for complicated geometries like
automotive transmissions. Particularly in the case of frequency range of a few kHz range,
the wavelengths of vibrations are of the order of a few millimetres to micrometers. In
some papers where the description for frequency range 500Hz -5000 Hz is also categorised
as "mid frequency range" [64]. Apart from Finite Element Methods, Boundary Element
Methods (BEM) are also used [60, 74, 79]. To counteract the disadvantage of high
computational complexity of FE models, BE method reduces the problem to solving only
the boundaries of the domain, making it more efficient for problems where only the
surface interactions are of primary interest.

Another alternative in the high frequency modelling of structural vibration is the
Statistical Energy Analysis (SEA) [85]. This is a common method for analysing structures
for acoustics and noise emissions [116]. The main modelling principle is the transfer
of energy between these subsystems which represent each mode type. Like any other
form of energy transfer, losses are accounted for using coupling loss factor and internal
loss factor. The method is rather complicated for complex geometries like an automotive
gearbox and is traditionally used for acoustics rather than structural vibrations.

Long-wavelength deformations tend to behave “deterministically” whereas the short-
wavelength ones behave “randomly” [76]. The main difference between both methods
is that FE methods are deterministic while SEA is probabilistic. The frequency range of
interest for the FE study is 1000 - 5000Hz which is usually characterised as mid frequency
range or high frequency range in some studies where both FE and SEA methods could be
applied. There are multiple studies performed in this domain using hybrid FE and SEA
methods [64, 76]. In the review paper comparing FEM methods with SEA methods [32], it
is concluded that for addressing structure-borne sound transmission issues, deterministic
methods tend to be more effective, whereas statistical approaches are primarily employed
when dealing with air-borne sound transmission problems.

Hence in this thesis work, the FE method is used to obtain the dynamic behaviour of
the housing with reasonable accuracy. Several FE packages are available to generate
the discretized model of the gearbox housing, for example ANSYS, Abaqus etc. Due to
availability of academic license, ANSYS was chosen for this study.

Two main classes of models that are used to represent FE models are the nodal and
modal form. In nodal form, each of the equations are written in terms of each of the
physical discretized points in the geometry and are characterized by mass and stiffness.
Modal models are characterised by the eigen characteristics (natural frequencies and mode
shapes). The modal models, the mass and stiffness matrices are diagonalised, making
it computationally easier. In the original formulation from FE, the size of modal and
nodal models are the same, just the representation is interchangeable. Model reduction
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techniques need to be employed for generating usable models for assessing the structural
dynamics in a more computationally easier way.

Model reduction techniques

For large FE models, large number of nodes exists which directly translate to large number
of differential equations that need to be solved. Hence, a lower-order approximation is
needed which can still retain the behaviour the original formulation with certain degree of
accuracy that can be correlated with tests. Computationally efficient models that are able
to reproduce experimental behaviour should be the focus of any reduced order modelling.

For structural dynamics, the goal is to have a model that is able to capture the eigen
frequencies and dynamic response of the system to a sufficient accuracy. Component Mode
Synthesis (CMS) [27] is the most commonly used model order reduction technique. This
method involves selecting the important /significant vibration modes and retaining this
for further dynamic analysis. As described in Section 2.3.2, nodal models are easily able
to achieve this. The unnecessary modes and associated mode shapes are not considered
for further analysis hence reducing the model order. in CMS method, the Degrees of
Freedom are separated into interface and internal DOFs. The interface DOFs are retained
and reduction is performed on the internal ones. CMS Methods have been in usage since
the 1960s and are widely used in commercial Finite Element packages, making them an
industry standard practical for engineering applications.

In the work of Janssen et al. [63] provide a modular approach for selecting important
eigen modes using a relative mode importance measure. The system is divided into
the component level (also known as sub-structuring), before combining them into an
overall assembly. Model order is reduced on each of the individual components and then
combined on a system level. In the case of a gearbox, this would mean separating the
source of vibration, i.e. the gear-train and the receiver, the housing.

Another class of model reduction techniques in structural dynamics are the Krylov
subspace methods which often lead to much smaller models than modal truncation
methods [13]. The focus is to retain the input-output behaviour of the system with
reduced degrees of freedom. Variation of this method include the Lancoz [117] and
Arnoldi algorithms [1].

For design of efficient control systems, usually the balanced reduction is recommended
[7]. The balanced reduction is a two step process - first realisation of a balanced and
then the reduction is performed using Hankel singular values. The balanced model order
reduction generally offers excellent accuracy with the added benefit of error bounds and
stability preservation.

Besselink et al. [14], provide a detailed comparison of various model order reduction for
two different end goals - namely structural dynamics and control design. As a comparison
of model order reduction techniques of both the end goals, it was reported that the
balanced reduction is more computationally intensive than the CMS method.
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In this thesis, the main focus is to have a model which can predict the dynamic behaviour
of the model with reasonable accuracy. This is useful in identifying the actuator force
and position, hence having a good correlation of the input-output structural dynamic
behaviour is of greater importance. Design of feedback control is not the main focus
and this is reviewed in more detail in Section 2.7. Although the reduced order model
is represented in state-space (Linear Time Invariant - LTI) form, to generate a suitable
control strategy. Hence, the model order reduction based on FE and CMS is adopted.

2.4 Review of sensors and actuators

2.4.1 Sensing

Traditionally there are multiple sensor concepts for vibration measurement. When a
structure is subject to vibrating loads, the surface undergoes cyclic local deformation.
Vibration can be quantified with these local deformations using displacement and strain
sensors. Velocity of the vibrating surface is usually characterised by laser vibrometers.
The most common way to characterise vibration is to use accelerometers.

Among accelerometers, the ones that use piezoelectric elements are part of standard
industry practice of vibration measurement and condition monitoring. Piezoelectric
materials generate charges due to deformation. The measure of acceleration is always
scaled to the square of frequency. At high frequencies, displacements become very small
and harder to measure accurately with displacement sensors, due small local displacements
at high frequencies. Hence, the measurement with accelerometer provides a better
measurable quantity.

Accelerometers usually can operate from 2 to 5000 Hz and can sense vibrations in
all three axes (tri-axial). The main problem with using sophisticated sensors such as
accelerometers to integrate in the current active vibration control system is the cost
and mass-loading effects. For example, for the validation of the demonstration gearbox,
PCB356A16 accelerometers were used. These accelerometers are tri-axial and directly
produce voltage corresponding to the vibration sensed. This principle is referred to as
ICP (Integrated Circuit Piezoelectric) and often comes with an expensive add-on signal
acquisition hardware that ha inbuilt electronics to power the integrated charge amplifier
in the sensor. Typical cost for such accelerometer lies in the range of 100 - 200€ per piece
and requires dedicated signal acquisition instrumentation and real-time data acquisition
that has an add-on cost of its own.

This is why a cost-effective sensor with simple integration capabilities was essential. In
studies several economic alternatives to piezoelectric accelerometers can be found. For
example capacitive MEMS accelerometers, piezoresistive accelerometers and polymeric
piezoelectric accelerometers. MEMS capacitive accelerometers are lightweight, cost-
effective, and suitable for low-frequency measurements but have limited bandwidth
and sensitivity to temperature. Piezoresistive accelerometers offer a wide bandwidth
and can measure static acceleration but are more expensive and temperature-sensitive.
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Piezoelectric accelerometers excel in high-frequency response and sensitivity but cannot
measure static acceleration and require a charge amplifier. Polymeric accelerometers are
flexible and potentially low-cost but have lower sensitivity and limited frequency range.
Selecting an accelerometer involves a fundamental trade-off between size and sensitivity.
Compact accelerometers offer several advantages: they are easier to deploy, capable of
detecting higher frequency vibrations, and minimize mass loading effects on the structure
being measured. However, their diminutive size comes at the cost of reduced sensitivity.

Polyvinylidene Fluoride (PVDF) film-based piezoelectric sensors offer a cost-effective
alternative to crystal-based accelerometers for vibration measurement. These sensors
detect local displacements of vibrating structures. Vibration can also be quantified through
strain measurement, as vibrating structures experience cyclic surface strains. Two main
types of strain sensors are used for this purpose: conventional resistive strain gauges and
PVDF film sensors. Another emerging technology in the field of sensing and actuating
technologies, are smart composites comprising of alternating layers of piezoelectric matrix
and metallic electrodes. Macro-fiber Composites (MFCs) acts as a sensitive yet effective
strain sensor. MFCs measure strain proportional in contrast to accelerometers that measure
the strain multiplied by the square of the frequency. Currently MFCs are widely used as
acoustic emission sensors [42]. Many studies have used MFCs for vibration detection [35,
121] for structural health monitoring using impedance based monitoring and lamb wave
detection [90]. A brief overview of the construction of strain sensors is shown in Figure
2.2.

It is interesting to note how the difference in construction of piezoelectric materials
in PVDF and MFCs can differ in measuring vibration of structures. Sohn et al. [122]
investigated both the PVDF and MFC sensing principles on an aluminium plate under
sine sweep excitation in the frequency range 0 - 5000 Hz . The outcome of this study is
important to this thesis as the frequency of interest coincides. It was concluded that PVDF
and MFC have comparable sensitivities and vibration measurement capabilities. So the
only deciding factor for the use in the active vibration control system being developed in
this thesis would be the cost.

The actuating capabilities of MFCs are also reported in literature [80], but they are
generally suitable for thin beams and plates and most importantly in energy harvesting
applications.

2.4.2 Actuation

In some studies, the actuator design and its placement are undertaken simultaneously
[36, 38]. In this thesis, the scope is to derive actuator force requirements rather than the
design itself. This has been usually done in past research through simulation techniques
[43, 72] for other dynamic systems such as beams and machine tools, but can be easily
extended to gearbox system. Li et al. [81] demonstrated the derivation of piezoelectric
stack requirements for gearbox.

It is very important to consider the coupled nature of actuator dynamics with the
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Figure 2.2: Construction of three film shaped sensors, (a) PVDF film sensor (b) MFC
and (c) Strain gauge

structure that is needed to be controlled [148]. The coupling of the dynamics of the
actuators alter the nature of the effect the externally provided actuator has on the targeted
point to be controlled.

2.5 Review of actuator placement techniques

The performance of AVC not only depends upon the control law but also on the placement
of piezoelectric sensors and actuators. To understand the further concepts in the controller
and actuator position the definition of secondary path transfer function is introduced. The
transfer path of force from a control actuator aptly positioned on the gearbox housing to
reduce the vibrations at targeted locations on the gearbox housing is called the secondary
path. Both the control algorithm and the actuator position depend upon the nature of
the secondary path transfer function. Control algorithm mostly depends on the phase of
the secondary path transfer function, while the actuator position is determined by the
magnitude of the transfer function.

From control design standpoint, it is advantageous to collocate the actuator and sensor,
i.e. to position them at same location or close enough that they lie in the same side of a
mode shape [110]. This ensures stability in the control loop. In real operating conditions,
perfect collocation cannot be achieved due to several design constraints. The secondary
path transfer functions are very position sensitive at frequencies, and have mode shapes
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Figure 2.3: Multiple mounting points on prototype gearbox used in this thesis

with small wavelengths. This causes the vibration characteristics to change even with
a minor variation in actuator position. In addition, in an automotive gearbox, there
are multiple mounting locations (shown in Figure 2.3) making it a financial decision to
optimise the number of actuators used in the final active vibration control solution.

In some studies, placement of the actuator and the optimal controller design are dealt
with simultaneously in the works of Haase [55], Zhu et al. [147] and Hiramoto [34, 59].
The main optimization is the placement of actuator and the control parameter optimization
is embedded in the main optimization problem as a sub-routine. This is usually done
when a feedback controller needs to be designed to derive the optimal feedback gains. For
feedforward control, no literature on inclusion of controller with the actuator positioning
has been reported in literature. Another approach is to treat the problem of actuator
independently from the controller design. After a suitable actuator layout is derived, a
variety of control algorithms can be explored to deploy on the system. In this thesis, the
latter approach is adopted. First the position and number of actuators is derived and then
a suitable control algorithm is applied to the system to minimize the vibrations.

The optimal placement of actuators for active vibration control depends on the opti-
mization criterion. The boundary conditions must be properly understood for the problem
before establishing an optimization criterion. In general linear time invariant systems,
the effectiveness of an actuator is judged by the measure of controllability. The most
common criteria for optimizing the actuator position is to maximise its controllability. This
means that the actuator is positioned at a location where the magnitude of the secondary
path transfer function for a particular frequency of control is high. This intrinsically
minimizes the control effort or energy required by the actuator. For a flexible dynamic
system represented by a state-space model with matrices A,B,C and D, the controllability
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matrix is given by :

C =
�

B | AB | A2B · · · | AN−1B
�

(2.1)

where N is the dimension of the state matrix A equal to the number of states modelled in
the system. The qualitative measure of controllability is given by the rank of the matrix in
Equation 2.2. The system is controllable only if the matrix has a full rank of N . The major
drawback of controllability is that it is a qualitative measure. It only gives an insight if
an actuator placement point in the system is controllable or not. It is also not possible
to compare multiple actuator arrangement points against one another just using the
controllability matrix. Analogous to the controllability matrix, the quantitative measure
of controllability is derived by its Grammian which is given by :

Wc =

∫ ∞

0

eAtBBT eAT t d t (2.2)

A system is controllable if Wc is positive definite. Diagonal elements of Wc represent
the energy going into the modal states. The aim would be to maximise the Grammian
norm or to maximise the trace of Wc so that minimal control effort is needed to generate
maximum output. Similar to the controllability matrix and its Grammian, the observability
matrix and its Grammian is constructed using the A and C matrices. The observability
counterparts are used for sensor location optimisation. In this work, the position of sensors
is fixed at the mounting points and hence this is not discussed.

The controllability Grammian/measure is valid only for a small number of modes, in
the order of 10s. But as the number of modes increase for example in a complicated
geometry, even with reduced order model would be of order ∼ 1000. The controllability
Grammian would be undefined due to the term AN−1. Hence, a proper criterion for a the
actuator position needs to be established keeping in mind the high frequency dynamics
and modal density.

Actuator placement problem has two aspects: selection of a proper optimization criterion
and then employing a suitable optimization technique (or search algorithm) to obtain the
desired actuator locations. Hence, the review of this section is dealt in two parts: first an
overview of all the optimization criteria applied to vibration control problems and then a
review of all the optimization algorithms used is presented.

2.5.1 Review of optimization criteria for actuator placement

A summary of the different optimization criteria used in actuator placement strategies is
presented in Table 2.3.
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Table 2.3: Common criteria used in actuator location optimization [54]

Criteria maximised Criteria minimised

Degree of controllability Spillover
Control force applied by actuator Control effort (power) of actuator

Deflection of host structure

Year Author Placement criteria Optimization technique Dynamic system

1993 Hać and Liu
[56]

PI based on
energy in mode

Continuous Simply
supported
beam & plate

1993 Maghami
and Joshi
[86]

Hankel singular
values &
Pole modification

Non-linear
programming

1997 Lim
[82]

Hankel singular
values

Discrete
search

Generic
system

1997 Gawronski
[50]

Hankel singular
values

Discrete
search

Truss

2000 Bin et al.
[16]

Maximise modal
force

Discrete
search

Plate

2000 Hiramoto et
al.
[59]

H2 - norm Gradient
descent

Beam

2002 Zhu et al.
[147]

Maximise modal
force

Topology
optimization

Plate

2003 Kessissoglou
et al.
[69]

Maximise modal
force

- Plate

2004 Demetrious
and Moghani
[33]

H∞ Continuous Plate

2005 Bruant
[21]

Maximise control
force
Minimize control
energy

- Beam and
Plate
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2009 Bruant et al.
[22]

Maximise control
force
Minimize control
energy

Genetic
algorithm

Beam and
plate

2009 Dhuri and Se-
shu
[38]

Maximise control
force

Genetic
algorithm

Beam

2010 Morris and
Demetrious
[97]

H2 Continuous Beam

2011 Kashinathan
and Morris
[67]

H∞ Continuous Beam

2012 Darivandi et
al. [30]

LQ opitmal Gradient-
based

Beam and
plate

2012 Späh et al
[124]

PI based on
energy

Continuous plate

2012 Ambrosio
[5]

H2 - norm Continuous plate

2013 Kashinathan
and Morris
[68]

H∞ Continuous Beam

2014 Summers
and Lygeros
[125]

Controllability Combinatorial Electric grid

2015 Tzoumas
[130]

Controllability
with minimum
control effort

Combinatorial Network
structure

2015 Morris &
Yang [98]

H2 vs -H∞ vs LQ
vs Controllability

Continuous Beam and
plate

2015 Hasse
[55]

Controllability Genetic
algorithm

Plate

Table 2.4: Literature on actuator placement problems based on traditional criteria of
controllability
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Table 2.5: Literature on spatial controllability applied to complex systems

Year Author Placement criteria Optimization technique Dynamic system

2006 Aramaou and
Demetrious
[8]

SpatialH2 Continuous Parabolic
system

2007 Demetrious
[34]

SpatialH2 Continuous Parabolic
system

2015 Biglar
[15]

Spatial Controlla-
bility

Genetic
Algorithm

Plate

2021 Ding et al.
[40]

SpatialH2-norm Genetic
Algorithm

Plate

2017 Giovanni et
al.
[77]

PI based on
Energy

Combinatorial-
Discrete

Truss

2019 Kessler et al.
[70]

Maximise Modal
Force

Combinatorial-
Discrete

Planetary
gearbox

Until the early 2000s the Hankel singular values were used to decide the controllability
of actuators. Hankel singular values are the square root of the product of diagonal
elements of the controllability and observability Grammians. They are related to the
energies of the system. Later the works diverged into various criteria such as maximising
modal force, and the norms of the secondary path functions. In the work of Morris et al.
[98] comparingH2 ,H∞ and LQ approaches for a simple beam, it was concluded that ,
the optimal actuator locations are not related to points of maximum controllability.

The H2-norm of the secondary path transfer functions can be used directly instead
of using the controllability matrix. TheH2 andH∞ norms are defined for the complex
valued secondary path transfer function Ĥ as:

‖Ĥ‖2
2 =

1
2π

∫ ∞

0

tr
�

Ĥ(s1, P1,ω) Ĥ∗(s1, P1,ω)
	

dω

‖Ĥ‖∞ = sup
ω
‖Ĥ(s1, P1,ω)‖2

(2.3)

where s1 is the location of the target position for control, P1 is the location of the actuator,
ω is the frequency of operation. Let all the spatially distributed target control points
belong to set B s. The term Ĥ∗(s1, P1,ω) represents the complex conjugate. H2-norm
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gives an average measure of secondary path amplification in the given frequency range,
while theH∞ norm gives the maximum possible secondary path amplification.

TheH2-norm is basically just a weighted trace of the controllability matrix [125] and
can be re-written as

‖Ĥ‖2
2 = tr

�

C

∫ ∞

0

eAtBBT eAT t d t CT
	

= tr
�

C Wc CT
	

(2.4)

Spatial methods started gaining momentum in early 2000s [95] to facilitate actuator
placement in large flexible structures. Large complex geometry like a gearbox housing is
a spatially distributed degrees of freedom, where vibration of each point is dynamically
related to another. But such a continuous system has to be dealt with discrete (point)
actuators. Hence, the formulation of controllability needs to be modified to include the
spatially distributed nature of the dynamic system. This is done by integrating the norms
shown in Eq. 2.3 across the spatial domain of control of the structure as:

‖Ĥ‖2
2,sp =

1
2π

∫

B s

∫ ∞

0

tr
�

Ĥ(s1, P1,ω) Ĥ∗(s1, P1,ω)
	

dω ds

‖Ĥ‖∞,sp = sup
ω
‖Ĥ(s1, P1,ω)‖2

(2.5)

Now, the integration incorporates the spatial influence of the actuator over various points
on the body to be controlled. The details of the formulation tailored to the positioning of
the developed actuator is presented in Chapter 5.

Another strong finding of the actuator placement literature is that most research is
on simple structures like beams and plates. Kessler et al. [70] demonstrated actuator
positioning on planetary gearboxes using operational modal analysis. The classical ap-
proaches of controllability are seldom used for flexible structures with complex geometry.
It is also interesting to note that the problem of actuator placement is not just restricted
to vibration control problems but also to problems like electric grid networks [125] or
general network like systems [8, 130].

For simple structures like beam and plate, a continuous function of the placement
criteria against the actuator location can be easily obtained. Hence, the position of
actuator can be easily obtained. But for large complex structures, a redefinition of the
placement criteria would be necessary. Custom scoring measures were also derived to
compare the performance of different actuator positions from a system level, such as a
performance index (PI) based on mode shapes [78].

Since actuators are the cost-determining components in the overall system, spatial
influence of the actuator needs to be maximized by appropriate placement. Nevertheless,
the number of actuators finally used in the system also need to be optimised. Bruant
and Proslier [21] proposed a measure based on the degree of controllability which is
compared for different number of actuators. The degree of controllability is a measure
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constructed by the authors using relative controllability Grammian measures.

2.5.2 Review of optimization algorithms

For analytical problems, like beams and plates, the continuous functions for the placement
criteria of an actuator can be derived as a function of its position. These functions can
be subjected to traditional function optimization techniques. This can be observed in
majority of the state of art as the object under study is always a beam or a plate [9, 56,
98].

For complex geometries, where a number of discrete actuator positions are required,
detailed optimization techniques were being used. The most common optimization
algorithm used is the genetic algorithm. In the case of a discrete possibility of actuator
positions where a single actuator is required, a direct comparison of the user-defined
criteria/indices is used. For discrete number of actuators are to be placed, the most
common optimization technique used is a combinatorial optimization [70, 125] to compare
different possible actuator layout with one another. As computational power is easily
available, sophisticated methods using machine learning [137] and pattern search [107]
started to evolve.

In Chapter 5, discrete possible points for actuator mounting is presented to simplify the
problem due to the complex geometry. Then a scoring method is devised based on the
spatial controllability concept that helps in comparing various actuator positions against
one another. A discrete combination of actuator position is also presented.

2.6 Review of hardware for control system deployment

Typical laboratory testing for vibration control applications involves the use of real-time
operating systems like Speedgoat and d-space. The motivation for this exploration is to
remain close to the final outcome, i.e. to design an economical solution. But for designing
an add-on active vibration control system for automotive production, a much more simple
yet powerful system is required [135].

Until the early 2000s processors like DSP320C6713 Processor [71] and TM were used.
There are many option available in the market regarding the choices of controller hard-

ware. Single board computers like Raspberry pi, microcontrollers and Field programmable
gate arrays (FPGAs). A Raspberry Pi board is single board computer (SBC) is a small
scale computer on a single chip. The most famous option in the market as of 2024 is the
Raspberry Pi 4. Although sophisticated, implementing simple codes in an SBC can be
cumbersome in comparison to a microcontroller. IT can also run a real time operating
system. It has been used in active vibration control applications, but mostly for low
frequency vibration with proportional controller [135]. Field-Programmable Gate Arrays
(FPGAs) are advanced integrated circuits that can be customized through programming.
They consist of an array of configurable logic blocks, such as AND and OR gates, which
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can be interconnected as needed. FPGAs are optimized for parallel processing, offering
significant speed advantages and the ability to handle multiple input/output operations
simultaneously without relying on interrupts, unlike single-core microcontroller units
(MCUs). This makes them ideal for complex computations and real-time data process-
ing. FPGAs consume more power compared to microcontrollers and SBCs due to their
parallel processing demands. They are complex and time consuming to develop due to
customisation. FPGA programming is done via hardware description languages such as
Verilog. FPGA is good for a production worthy product. This will also be discussed in
the summary of this thesis where suggestions to implement a production worthy product
are presented. A microcontroller can be programmed faster than an FPGA and is also
cheaper. The disadvantage would be the lower speed. Several options for microcontroller
development boards are available in the market - STM32 [143], Arduino, Teensy, etc.
Microcontrollers offer a high level of integration, where all necessary components are
present on a single chip. It is also possible to enable fast prototyping. They consume low
power and are easily programmable via C++.

MCUs perform best at real-time control and data acquisition. SBCs are well suited
for processing operations and running software. If the goal is to keep the cost and
complexity of the system low, then using a microcontroller is the best choice. For vehicles,
microcontrollers are the most used control units. FlexRay, Controller Area Network
(CAN), and Local Interconnect Network (LIN) are three of the most often used vehicle
communication within various control units in the vehicle. These features are offered on
almost all MCU development boards, FPGAs and SBCs.

One of the requirements on electronic systems is real-time capability. This means that
control procedures must react to input signals within an extremely short time which is
related to the processing speeds of these hardware. Among MCU boards, Arduino has
a maximum processing speed of up to a few 100MHz. STM32 and Teensy 4.1 are both
based ARM cortex M7 clocking up to 400 MHz and 600 MHz respectively, making them
the fastest on the market. A summary of the benefits and decision making factors for
hardware selection is shown in Figure 2.4.

For this study, the active vibration control system is realised in hardware with the help
of the Teensy 4.1 microcontroller development board due to its speed and cost benefits.
Although it is a high-speed microcontroller, it is also used to acquire data simultaneously
along with calculation of the control output in real-time. Hence, the computational
complexity of the resulting algorithm plays a crucial role.

2.7 Review of relevant control algorithms

In the case of active vibration control, where vibration is caused by a tonal disturbance
such as gear whine, its frequency is correlated to input speed of the gearbox. The idea
to explore here is if a feedforward controller can achieve significant vibration reduction
compared to simple feedback control algorithms for dynamic system like a gearbox. This
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Figure 2.4: Benefits and decision making factors for vibration control electronic hard-
ware

has been studied by Sun et al. [127], where a comparison of the PID (Proportional-Integral-
Differential) algorithm with the feedforward FxLMS (filtered-Least-means squares) using
co-simulations of the gearbox with control is made. The conclusion of their study is
that although both algorithms effectively suppress gearbox vibrations, FxLMS is more
efficient in targeting harmonic vibrations. Also in case of steady state vibrations, adaptive
feedforward algorithm keeps the level of force required to cancel the vibration constant
whereas the feedback would reduce the control output as the vibration reduces.

As discussed in Section 2.2, here a brief overview of control algorithms is presented.
Montague et al. [96], used the phase adjusted feedforward approach by just modifying
phase of the control signal to the actuator for a single frequency of 4500Hz using the
identified transfer path. The amplitude was manually adjusted, hence this approach
is only feedforward but not adaptive. Since this study, a lot of advancement has been
achieved in the field of adaptive feedforward control using gradient descent approaches.
Only applications relevant to gearboxes from the year 2010 onwards have been discussed
here.

Apart from the FxLMS algorithm, several other algorithms have been explored for
gearbox applications such as FxRLS [118, 126], Adaptive Fuzzy PID [133]. Although not
directly applied to solving the gearbox vibration problem, many other variations of FxLMS
can be found in literature like FULMS [146], Delayless FxLMS [112] and many more.

High frequency vibrations of gearboxes with model free algorithms has been dealt in
the work of Zech [141]. Also in his thesis [140], Zech explored and compared various
model-free algorithms such as simultaneous equations approach [47], direct search and
simultaneous petrubations [65] for vibration control of planetary gearbox vibration in the
range of 4500 Hz. As attractive as this sounds, the usage of model-free algorithm is only
beneficial when the actuator position is already fixed. The online adjustment of the phase
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can be used with model free approaches due to the uncertainties relating to the phase
delays at high frequencies.

The stability of FxLMS algorithm depends on the accuracy of the phase delay of the
estimated secondary path [19]. The estimated phase delay and the phase delay in
experiment varies due to mechanical and electrical factors such as damping and time
delays in electrical circuits.

As seen in Figure 2.3, multiple mounting points need to be controlled with discretely
placed actuators on the gearbox housing. Depending on the number of actuators, the
objective of the control is a Multi-Input-Multi-Output (MIMO). Several MIMO algorithms
have been introduced in literature, from the year 1987 [44, 94]. A brief overview of
algorithms applied specially in the case of gearboxes, its casings and any form of complex
enclosures is presented in this section. Multi-point (channel) FxLMS was applied in a
frequency range of 0- 3500 Hz [142].

An adaptive algorithm dealing with direct active control of actuators placed on the
housing is absent in literature. The active vibration control for enclosures is mostly dealt
in literature from the noise control point of view. Noise is a consequence of vibration,
hence the concepts used in active noise control can be easily translated to active vibration
control on the gearbox housing. Another advantage of directly using active noise control
concepts is the frequency range of application. As there are a lot of active noise control
studies for the casings [136].

For reducing the complexity of implementation of MIMO algorithms, several simplifica-
tions have been proposed in literature for active control of noise in casings. For example
switching error algorithm [92] and mixed error approaches [99]. Unfortunately such
simplifications were not found for active control of vibration. Hence, each of these al-
gorithms is studied in great detail in this thesis in Chapter 6 in the context of gearbox
housings. Experimental validation on the gearbox with real operating conditions is also
successfully demonstrated.
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3 Modelling of high frequency gear whine
dynamics

For the development of an Active Vibration Control (AVC) system, the complete under-
standing of the transfer path of vibrations is necessary. A well validated model helps in
predicting the force requirements for a potential actuator to be designed for vibration con-
trol as well as helps in determining the appropriate position for maximum controllability.

In this case, the need is to specifically have a model that can predict the vibration
response of the mounting points of the gearbox housing in frequency range of 500 -
5000 Hz with a reasonable accuracy so that the actuator forces can be derived for the
design of the AVC system.

As introduced in Section 1.3 the modelling of both the prototyping and demonstration
gearboxes are undertaken in this chapter. Each of the models is described in detail in
Sections 3.1 and 3.2. A clear description of assumptions are presented for each of the
modelling approaches. A validation and identification of important model parameters is
also presented using experimental setups. Finally, a system level model is introduced in
Section 3.3 for further development of the active vibration control system. The overall
organisation of the modelling work is shown in Figure 3.1. The blue arrows indicate the
flow of derived results from each of the models.

Modelling requirements for the gearboxes

Each of the gearbox models is divided into two sub-models: the gear train (source of
excitation) and the gearbox housing (receiver). The two gearboxes had different modelling
needs for the gear train. In the prototyping gearbox, the geartrain is excited with only a
dynamic force without any rotation of the gear, hence no detailed consideration of micro
geometry issues was required. In the demonstration gearbox, it is necessary to consider
the oscillatory nature of gear-mesh excitation due to rotation of the gear on the shaft
during operation. The housings of both the gearboxes is modelled using finite elements
and attached to the geartrain at relevant bearing and attachment points.

The prototyping gearbox has a non-rotating gear train, hence the gear whine is directly
imposed via the piezo-mechanism and thus the main focus was on modelling the structure
borne vibration transfer paths in the gearbox housing, studying different parameters that
affect the vibration transfer and deriving actuator requirements for active vibration control.
Since no transient movements of the bodies in the model occur, the modal analysis using
a finite element approach using ANSYS was employed. The forces generated by this gear
train is transferred to the housing substructure via appropriate connecting elements for
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Nomenclature

Loading and
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Outcomes

Actuator Model

Actuator force requirements

Figure 3.1: Summary of gearboxes for AVC development

the bearings and the test-rig fixture. The modelling approach for the prototyping gearbox
is explained in detail the Section 3.1.

For the demonstration gearbox, the challenge is also to consider the rotating nature of
the excitation. From the survey performed in Section 2.3.1, it was concluded to use Romax
Spectrum module, which has the ability to model gears with appropriate micro-geometry
and realistic manufacturing deviations, also including realistic database of bearings. The
FE model of the gearbox housing discretized in ANSYS can be imported as a sub-structure.
This includes its flexibility and hence captures the effect of gear whine on the housing in
real rotational conditions. The end goal of this model would be to develop and extend
the actuator design principle to design a placement strategy to apply in the real operating
conditions.

3.1 Model of the prototyping gearbox

The main goal of this study is to characterise the dynamic vibration behaviour of the
gearbox housing and to use this information to develop a relevant active vibration control
strategy. The entire gearbox model is divided into two sub-models:

1. Gear train model: This sub-model comprises of the load generating mechanism
with which the gearbox is excited. It also consists of all elements of the gear
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Figure 3.2: Geartrain model Degrees of Freedom

train including the main gear pair and the final drive gear pair which is locked for
static condition. The locking is achieved by connecting the output shafts from the
geartrain to the flanges that are rigidly attached to the housing.

2. Housing model: The second part of the gearbox model consists of the gearbox
housing and the test rig frame. The connection between the gear train model is
made via the bearing attachment points indicated by red dots in Figure 3.3 and the
differential locking outputs.

The motivation behind dividing the model into two models is the load dependent
parameters explored in [101] of this project. The effect of load on the primary path
resonances (from piezo exciter to vibration measured on housing) have been proven to
vary under different input torques in the geartrain, but the secondary path (from a force
imposed on a point on the housing to vibration measured on housing) is negligible. It
is easier to model the load changing parameters in the gear train model at the loading
mechanism and bearings as the gearbox housing remains unaffected with imposed load.

Each of the sub-models of the prototyping gearbox is simulated in ANSYS. A state-space
formulation of the relevant DOFs for each of the models is created. For the gear train,
the DOFs are the bearing connection points, the output flanges and the points where the
piezo exciter attaches to the plate of the gearbox housing indicated in Figure 3.2. For the
gearbox housing model, the relevant interface DOFs are located in the same position as
described in the gear train model shown in Figure 3.3. In addition, spatially distributed
points across the housing are also included to study the vibration behaviour of relevant
points as seen in Figure 3.5.
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Figure 3.3: Internal and interface DOFs for gearbox housing model

3.1.1 Assumptions of model

The following assumptions were made while developing the model to predict the gear
whine vibration response on a gearbox housing structure that was analysed using ANSYS:

1. The system is assumed to be Linear-Time-Invariant (LTI) so that it can be easily
analysed in the frequency domain with superposition principle of transfer functions.

2. The system response is linearised for a particular static load. Since the secondary
path i.e. load paths in the housing are unaffected by the static load imposed, it is
considered a logical assumption to derive a linearised model.

3. The piezoelectric stack actuator in the piezo exciter is not modelled as an electro-
mechanical component in ANSYS. Only the equivalent force measured by the load
cell in the test setup is directly used as force excitation in the system along with its
equivalent mechanical properties.

The modal analysis is a first step in extracting the state space matrices for the finite
element model of the gearbox. The contacts between components and materials are
set to be linear and the boundary conditions are set to be free-free. The main objective
is to study the local modes of the gearbox housing, which remain unaffected with this
free-free condition compared to the as-installed condition in the car. The gear contacts
are defined with bonded elements (linear connections). The finite element model serves
as a directional guide to select the most susceptible positions on the gearbox housing for
actuator positioning. For connecting two models via state-space, two kinds of degrees
of freedom (DOFs) are defined: Internal DOFs and Interface DOFs as shown in Figure
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Figure 3.4: Geartrain loading compared with a rotational set-up

3.2. Internal DOFs consist of the gear pairs and the piezoelectric exciter. The first kind
of interface DOFs are used to connect the two models, via a stiffness parameter as in
bearings, where the relative motion is allowed. The second kind of interface DOFs are
rigid connection points as in the flange and exciter attachment points, where the relative
motion is constrained. These points are connected to each other via acceleration mapping,
which is described further. The models are simultaneously correlated with experimental
data to identify relevant parameters like damping and bearing stiffness.

3.1.2 Geartrain model

The first sub-model consisting of the gear-train with the piezo-exciter is evaluated to
model the loading mechanism as realistically as possible. The loading mechanism is
shown in Figure 3.4. The piezoelectric stack actuator is required to simulate a realistic
torque profile of gearbox in rotating condition. On the right side of Figure 3.4, is the
torque profile measured on IMS Connect with the full 7DCT300 installed for experimental
study prior to development of the prototyping gearbox [104]. The static torque is imposed
with the loading screw, this simulates the input torque to the transmission. The dynamic
variation in the lad occurs due to the speed, which is achieved using the piezoelectric
exciter with sine signals. The actual load going into the test-rig is measured with a load
cell placed below the piezoelectric stack actuator.

Remote points are extracted from ANSYS as a group of nodes that would connect from
one sub-model to another. The remote points for the fully constrained output flanges are
connected to the test rig frame test-rig frame defined in the Gearbox housing model also
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shown in Figure 3.3. These attachment points would be connected to their counter points
in the gearbox housing model via acceleration mapping constraints. The main parameters
to be correlated in this model is the modal damping using the load cell reading of dynamic
force transferred to the gearbox prototype.

The mesh is generated using a combination of HEX20 (for simple shapes) and TET10
elements for complex shapes with an average mesh size of 3mm. There are six bearing
attachment points in the geartrain. The geartrain is analysed in free-free condition as
well to extract the state-space modal model using ANSYS in the frequency range 500 -
5000 Hz. The modal state-space model for of the geartrain can be extracted with ANSYS
SPMWRITE command specifying both the internal and interface DOFs as follows:
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where x g t and yg t represent the state and output vectors of the DOFs comprising only of
the geartrain model.

�

Ag t

�
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�

,
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�

and
�

Dg t

�

are the corresponding matrices that
make up the state-space representation of the geartrain model.

�

ug t

	

represents the loads
imposed on the geartrain, for example, the load from the piezo-exciter.

Modal formulation is preferred for a complicated system. Mass and stiffness matrices of
complicated models like the geartrain and gearbox are generally dense and unstructured
leading to large calculation times. Modal models pose an advantage of decoupling
of individual modes and the mass and stiffness matrices are diagonalised making it
computationally efficient.

Gearbox housing model

The housing of the prototyping gearbox is discretization into 700,000 elements using the
TET10 (quadratic tetrahedral) mesh due to its complicated geometry. The nominal mesh
size used for the housing is in the range 5 - 7mm to capture the complex details of the
gearbox housing. A directional value for the mesh size to capture structural vibrations is
given by the equation of longitudinal wave velocity in aluminium up to a frequency range
of 10kHz. Other studies have also reported performing Modal analysis on structures
made out of aluminium in the range of 5 - 10 mm for the similar frequency range in this
study [6].

The interface and internal DOFs are indicated in Figure 3.3 and 3.5. The connection
points of the test rig frame indicated by the output shaft and piezo exciter points are
connected to this model at the test-rig frame. The corresponding bearing attachment
point in the geartrain connect to the housing at the bearing seats at the location in the
right part of the Figure 3.5. The internal DOFs are dominated by the spatially distributed
points on the gearbox housing. These points are selected based on the modal strains
occurring in the mode shapes of the gearbox housing across the frequency of interest upto
5000 Hz.
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Figure 3.5: Internal and interface DOFs for Gearbox housing model

To extract the modal state space model of this gearbox housing, it is also analysed
similar to the geartrain using ANSYS and the modal state space matrix is extracted with
the interface and internal DOFs as follows:
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where x g b and yg b represent the state and output vectors of the DOFs comprising only of
the gearbox housing model including the points on the housing and bearing connection
points.
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,
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,
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and
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Dg b

�

are the corresponding matrices that make up the
state-space representation of the gearbox housing model.

�

ug b

	

represents the loads
imposed on the housing via the bearings and the test-rig frame.

Properties of modal model

In each of the extracted modal models, the state matrix A that contains the physical
parameters of the structure such as stiffness and damping in a diagonal form given by

A=

� �

0
� �

I
�
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� �

Γ2
�

�

(3.3)
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The terms Γ1 , Γ2 are given by:
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(3.4)

Theωn represents the natural frequency of the model. When the modal model is exported
from ANSYS, no damping is present. While creating the initial modal models, a 2%
damping ratio, i.e. ζ= 0.02 is assumed. In next step of combining the two sub-models,
the modal damping would play an important role to stabilize the overall system. Since the
damping ratios occur in a vector form that can be easily represented as a diagonal matrix,
it is very convenient to identify the relevant modal damping ratio with experimental data.
The diagonal terms in Γ2 are iteratively updated using the Levenberg-Marquardt optimiza-
tion algorithm. The objective is to minimize the difference between vibration responses
calculated at housing locations using the model and the experimentally measured values.
The experimental value of vibration used for correlation are obtained by exciting the
piezoelectric stack with a sine sweep voltage and measuring with an accelerometer. The
Frequency Response Functions (FRFs) are derived for the measured accelerations with
reference the load cell values as a reference.

The general representation of the geartrain and gearbox housing modal models can be
written as a block-diagonal form as follows:
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Let the above equivalent system be a state space model with Ad ,Bd ,Cd and Dd as its
matrices. It is to be noted that at this stage the sub-models are not yet connected via the
various constraints and bearing elements. This is presented in the next section.

3.1.3 Combining state space models

The acceleration measured on the housing can take multiple structure-borne vibration
paths from the geartrain to the gearbox housing. One is via the bearing attachment points
using the relative displacement multiplied by the respective bearing stiffness. The other
structural vibration path in the given test-rig is via the structure. Since the gearbox is
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artificially excited externally using the piezo exciter in contrast to implicit parametric
excitation in a real gearbox, the structure-borne vibration transfer via the test-rig frame
should not be neglected. Since a LTI formulation is considered the vibration at the desired
location A2 on the gearbox denoted by Yg t,A2 on the gearbox, as a linear superimposition
of the effects of the two transfer paths from the imposed excitation Fpiezo in frequency
domain.

Yg t,A2(s) = Hbea,A2Fpiezo(s) +H f i x ,A2Fpiezo(s) (3.6)

where s = jω and j =
p
−1. Hbea,A2 is the transfer function from piezo exciter to point A2

on the gearbox housing via the bearing connection point. H f i x ,A2 is the transfer function
from piezo exciter to point A2 on the gearbox housing via the test-rig frame (fixture).

Bearing connection transfer path

To combine two state-space models via the bearing connection points, the interface forces
are calculated at the bearing attachment points using the relative displacement of the
corresponding DOFs in two radial directions of the bearings and their bearing stiffness
values. The displacement outputs of each of the sub-models is fed-through the bearing
coupling matrix Kb; which is a bearing stiffness mapping matrix, having positive bearing
stiffness in the DOFs at the gear train model and negative value of the same stiffness at
the DOFs at the gearbox housing model. The equal and opposite feedback bearing forces
are fed to corresponding DOFs in the geartrain and gearbox models.
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where
�

x
	

and
�

y
	

are the stacked states and output DOFs from the block diagonal
representation in Equation 3.5. Rearranging terms in Equation 3.7 to form an equivalent
state space representation gives:
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All the transfer functions calculated from the piezo exciter to the desired location on the
gearbox housing using this transfer path is represented as Hbea as in Equation 3.6. Bearing
stiffness values are load-dependent. The non-linear behaviour in rolling bearings arises
from factors like non-linear stiffness, Hertzian contact stresses, and clearance. Hence it is
approximated by a linearised behaviour near the operational load. Hence, from a short
analysis of the gear train presented in Appendix B, the linearised bearing stiffness values
for the particular static input torque is taken.
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Fixture connection transfer path

For the fixture transfer paths, the two sub-models are joined via constraint equations at
the corresponding interface DOFs at the test rig frame. This means the displacements,
velocities and accelerations are equal at the interface points on either of the models.
The joining of two sub-models using constraints has been simplified using the Lagrange
State-space sub-structuring in a recent paper [39]. The simplification proposed here is just
by using the acceleration outputs of the state-space models and simultaneously mapping
back the interface forces. Only using the acceleration outputs, means using only part of
the Cd and Dd matrices connecting the acceleration outputs of the sub-models, henceforth
represented as Cd,ac and Dd,ac .

To constrain the sub-models, a constraint mapping square matrix of size of total number
of combined outputs is created called

�

Q f

�

. For each pair of interface DOFs, the related
coefficients of matrix

�

Q f

�

must have an absolute value of 1 and be opposite in sign.
Without calculating the interface forces, the combined state space model to derive the
H f i x transfer path is given by:
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Usually, modal or viscous damping approaches are applied in gear simulation for the
analysis of resonances up to the higher frequency range [41]. Romax despite providing
an option to change each modal damping quantity, this is reported to be performed by
manual inspection with test responses.

Although Rayleigh damping would be an easier model to tune, because of the only
two parameters α and β , it would insufficiently capture the high frequency dynamics.
Hence modal damping, where each individual damping ratio of the resonance frequencies
observed is tuned is preferred for such models.

Model correlation of the gear train

The modal damping of the gear train sub-model is first correlated with the load cell
measurements from a particular load case. The experiment is performed by providing
a sine sweep voltage at a particular sine amplitude to excite all the resonances in the
prototyping gearbox. The force recorded by the load cell in a sweep test is imposed on the
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DOF corresponding to the DOF of the piezo exciter and the resulting acceleration of the
DOF at the load cell is directly compared against the value of the experimentally recorded
value.

One might assume, that the imposed load would be straight forwardly be transferred
directly to the load cell DOF, but as seen in Figure 3.6, when assuming a constant damping
(here 5%) over the whole frequency range vs an optimally tuned modal damping ratio,
how the high frequency dynamics can affect the accuracy of prediction in the FE model.
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Figure 3.6: Load cell measurement used to tune damping of FE model

Model correlation of combined model

Once the geartrain model is fully identified, modal damping of the gearbox housing is
tuned in the combined model response. The damping vector for the gearbox housing model
is first altered in each iteration and then the combined model response is generated to
compare against acceleration FRF of three internal DOFs indicated in Figure 3.5. the load
case used for this study is the 40Nm input torque with the corresponding bearing stiffness
values (Refer Appendix B). Applying input torque greater than 40Nm caused a sight bend
in the exciter mechanism which would induce extra deviations into the operation of the
pieyo exciter operation and load application. The points used for correlation are EOL: End
Of Line correlation point used by the manufacturer, A2: mounting point on transverse
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case and MB: mounting point on the clutch case as seen in Figure 3.5.
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Figure 3.7: Prediction of vibration behaviour for unit force from piezo exciter
Hbea,EOL(s) +H f i x ,(s) at EOL measurement point

In general from all the three correlation Figures 3.7, 3.8 and 3.9 the model is able to
predict the transfer behaviour of vibration from the piezo exciter to the points on the
housing with reasonable accuracy. The third subplot in each of the figures represents
the coherence of the experimentally obtained data, indicating how much of the vibration
produced is directly correlated to the excitation and hence confirms the validity of the
performed experiments.
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Figure 3.8: Prediction of vibration behaviour for unit force from piezo exciter
Hbea,A2(s) +H f i x ,A2(s) at mounting point A2

There is good correlation of the level of vibration especially in the region of 1000
- 2800 Hz. The constraints imposed on the DOF attachment points treating them as
completely rigid contacts could also be affecting the slight deviations in the frequency
range 500 - 1000 Hz for the measurement points on the transverse case and between 800
- 1300Hz at the measurement point on the clutch case. However no general conclusion
can be derived. Despite the differences in the magnitudes of vibration transfer behaviour
from the piezo exciter, resonance peaks align in this frequency range.
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Figure 3.9: Prediction of vibration behaviour for unit force from piezo exciter
Hbea,MB(s) +H f i x ,MB(s) at mounting point MB

Overall the differences between the vibration behaviour predicted by the model and the
measurement can be attributed to the assumptions related to the linearised connections
in the model. Assumption of the linearised contact between the two cases which in reality
is joined via several bolts that could affect the high frequency vibration transfer paths.
Even at the interface DOFs indicated in red in Figure 3.3, the test rig attachment points
are condensed to one remote point per attachment. This is a significant simplification
performed to reduce the model size and complexity when combining the models, rather
than considering each individual bolt as a DOF. This simplification could possibly explain
the fewer resonances observed above 3000Hz. However, despite these simplifications,
there is no substantial loss in the transfer of vibration magnitude from the piezo exciter.
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Effect of fixture

A comparison of the Hbea and H f i x is presented for all the three correlation points in Figure
3.10. It can be observed that the vibrations in the lower end of the desired frequency
range transfer via the bearings mostly up to 1600 Hz, while the fixture contributes to
the high frequency dynamics. This is the trade off given the simpler non-rotating setup
compared to a fully operational rotating test set up. The vibrations produced by the
non-rotating simplified test-rig were validated against the fully operational 7DCT300
with a laser vibrometer [104] and various loads and speeds by tuning the frequency of
voltage to the piezo exciter. Despite causing vibrations in the high frequency region via the
fixture and not the bearings, the test-rig imposed an excitation into the system that would
produce an equivalent vibration as that of an operational gearbox. Hence, gear whine
vibrations can be artificially imposed on the housing without the need of complicated
testing equipment.
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Figure 3.10: Comparision of vibration transfer paths in the Prototyping gearbox
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Figure 3.11: Derivation of actuator force

3.1.4 Actuator force requirement

The vibration behaviour of the secondary path i.e for a force imposed on one of the
internal DOFs on the gearbox housing to the desired control location i.e. a mounting
point does not change with load. This has been established experimentally for the given
test-rig [101]. Hence, a single model derived in the previous section for only one load
case is sufficient for further development of the actuator requirements. The vibration
levels in response to sine sweep voltage for the piezo exciter for the five mounting points
shown in Figure 2.3 is analysed from the model. It can be seen that mounting point A2
on the transverse case has the highest vibration among the five points. Mounting points
on the clutch case are on a comparatively rigid part of the gearbox housing, hence the
vibration is lower. Hence the vibration of the point A2 can be used as a baseline to derive
the force requirements. The vibration also has the highest magnitude in the frequency
range 1000 - 2500 Hz.

The force spectrum is derived for each frequency point using the formula by dividing the
acceleration in frequency domain with the secondary path transfer function of a suitable
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point on the housing, here using a point on a clutch case as the force transmissibility
is lower compared to a point on the transverse case. To derive the worst-case scenario,
i.e maximum force needed, The transfer function ( acceleration per unit force) from an
internal DOF point on the clutch case is used. After doing so the force derived is shown in
Figure 3.11. Therefore accounting for safety margins due to unexplored spatial points, a
100 N force has been set for the design requirement in the frequency range 500 - 5000 Hz.

3.2 Model of the demonstration gearbox

The main difference between the model of the prototyping gearbox and the demonstration
gearbox is the ability to model the excitation according to the gear meshing phenomenon
using appropriate contact models. In the prototyping gearbox the gear-mesh excitation
is artificially introduced and can be easily quantified by correlating it to the voltage of
the piezoelectric exciter, hence it is measurable. In reality, the gear-mesh is a parametric
internal excitation, which cannot be measured directly. Hence, the correlation methods
applied for validating the vibration obtained from the model would differ. The demon-
stration gearbox also is a multi-stage gearbox with seven speeds compared to a two-stage
simplified version presented in the previous section. The model can be studied for different
speeds and gear-engagement ratios.

As discussed in Section 2.3, it is necessary to first set the bounds on the model fidelity
needed to be achieved for the gear train model and choose a modelling software accord-
ingly. The focus here is to accurately model the gear excitations and not really to study
the gear deformation as a consequence of lightweight and manufacturing deviations.
Therefore, the Advanced Empirical model fidelity has been chosen. The model of the
demonstration gearbox, which is a series production 7HDT300 is performed in Romax
software using the Spectrum module.

Assumptions of the model

Before proceeding to the model building using Romax, a few assumptions of the modelling
procedure are stated as follows:

1. Shafts are modelled as Timoshenko beams.

2. Gear micro geometry for all gears are assumed nominally after discussion with the
manufacturer and ISO norms summarised in Table 3.1

3. Stiffness of the bearings is load-dependent, i.e. the non-linear nature of these
contact models is linearised for each operating load case similar to the model of
the gearbox prototype. But here, Romax performs this automatically.

4. For the gear-mesh contact, the disk model according to ISO 6336-1 [24] and a
more detailed disk model with Hertzian contact calculation according to Weber and
Banaschek [108, 134] are stored in the quasi-static simulation.
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Figure 3.12: Model development workflow in Romax

5. Multiple power flows in transmissions is performed by synchronisers which are
complex in geometry. In the model these are simplified a concept clutch (on /off
switch) and hence the inertia of synchronisers, fork shifters and gear shifting motors
is neglected.

6. The dynamics of the test-bench and the impending mounts that would be used in
the car chassis are not considered in this model.

7. The electric motor in the hybrid transmission is not modelled, as the focus was only
on modelling the gear whine vibration under driving conditions using the internal
combustion engine side and not the electric motor side.

Microgeometry parameter Symbol Nominal Value

Lead Slope CHβ 20µm
Lead Crowning Cβ 20µm
Involute Slope CHα 15µm
Involute Slope CHα 15µm

Table 3.1: Microgeometry parameters using recommended values from gearbox man-
ufacturer

3.2.1 Model development in Romax

The modelling of the gearbox in Romax can be described in three major steps, also depicted
in Figure 3.12:
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Figure 3.13: Elements of Romax model and simplifications performed

Step 1: Model of gear-shaft-bearing system

Gears are modelled according o the data sheet of the manufacturer. Nominal values
of the basic micro-geometry deviations. Gear blanks are modelled as shafts to include
the torsional and bending stiffness, which would facilitate a better mesh misalignment
solution.

There are two types of gears in the transmission - gears that are machined on the
shaft also known as integral gears and the ones that are mounted on the shaft through
synchronisers - also known as synchronised gears.

The model developed in Romax does not consider gear shifts dynamics, such as the
synchronization of the speeds and the coupling between the axial and rotational dynamics
of the synchronizer parts. Instead, a concept clutch is used to represent synchronised
gears in the transmission They impose torsional constraints on the shafts engaged in
power transfer. Synchronised gears in the real transmission are mounted on bearings
which contribute to the mesh misalignment. Synchronised gears are modelled with gears
mounted on additional short shafts that approximate the synchroniser. The short shaft is
then mounted with needle bearings are also modelled in Romax to account for the mesh
misalignment calculation. However, caution is taken for the axial constraints of the gears
on the needle bearings using thrust bearings shown in blue diamonds in Figure 3.13. For
concept clutches, care has to be taken about the status of the clutch, either open or closed,
so that the additional shafts defined for gears are not left unconstrained. In the absence
of proper constraints the static analysis would fail.

Bearings are included from the standard catalogue in Romax. they are modelled detailed
6-DOF non-linear components. The non-linearity arises from the change in stiffness due
to operational loading conditions. This load-dependent stiffness is calculated at the static
analysis stage for a particular applied load on the gearbox and is assumed to be linearly
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valid for the entire speed range in the given load - hence quasi-static linear. Shafts are
pressed into the inner seat of the bearing, which is modelled with the press-fit option in
Romax with nominal tolerances provided by the manufacturer.

Taper-roller bearings are assembled in the transmission with preload. The study per-
formed by Kanase et al. [66] revealed that the preload of the bearings did not affect the
gear whine vibrations measured on the housing. Therefore, the preload is modelled as a
constant nominal value provided by the manufacturer.

Step 2: Model of FE housing import and connections

The CAD Model of the housing is meshed in ANSYS, following the guidelines of the mesh
size presented in Section 3.1.2. This model is directly imported into Romax and connected
to the relevant bearings in the geartrain using RBE3 elements. Bearings are pressed into
their bearing seats in the housing. The RBE3 is a powerful tool to efficiently distribute
loads and masses in an FE model. Unlike the RBE2 element, the RBE3 does not add
additional rigidity to the structure.

Before proceeding to the condensation of the housing, Eight additional points (response
nodes for correlation), related to the EOL and mounting points need to be defined. A total
of 8 bearings are the connection points between the geartrain and the housing. Once the
points are chosen a dynamic condensation using the CMS technique described in Section
2.3.2 is performed. As a rule of thumb the frequency for condensation is least 1.5 times
the maximum frequency of interest, so frequencies up to 8000Hz have been used in this
model.

Step 3: Boundary conditions and loading

The nodes connected to the engine plate are constrained in all 6 DOFs in space upon
import as shown in the centre image in Figure 3.12. The input torque is imposed on the
internal shaft for the odd gear arrangement and on the outer shaft is engaged for even
gear arrangements (Figure 3.14).

Dynamic analysis in Romax

To analyse the gear whine responses, the romax model undergoes analysis in three stages:

1. Static Analysis for each operating condition

2. GBTE Analysis: Romax provides an option to perform single gear-pair transmission
error analysis, but this is done by just isolating th gear-pair. In a complex gearbox
like the 7HDT300, gear meshing in one gear pair would definitely affect the other
stages and hence the vibration is not just a simple causal phenomenon. The interest
in this thesis is to understand the system level influence of gear-whine phenomenon,
hence the Gearbox Transmission Error (GBTE) Analysis is performed.
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Figure 3.14: Powerflow in odd and even gear arrangements

3. Response analysis for the housing

The modal model of the 7HDT300 gearbox can be extracted from Romax into MATLAB
for model update using the preliminary run-up tests described in the next section. All
the important degrees of freedom including the gear bodies are imported which is then
converted to a modal model for updating the damping of the model.

3.2.2 Run-up test for correlation

Once the model is set-up a correlation between the testing environment and the model
needs to be established to prove if the model can represent the gearbox whine phenomenon
for the operational conditions sufficiently. Since the excitation in the case of a real opera-
tional gearbox i.e. the transmission error cannot be measured directly, operational modal
analysis approach is undertaken instead of the experimental modal analysis approach
in the previous case of the simplified test-rig. The main parameters to identify are the
damping ratios in the given frequency range.

Industrial use cases of Romax [28, 66, 109] have efficiently demonstrated the correlation
transmission models with tests. They report good correlation of housing acceleration
levels with Romax simulations but no quantitative data has been published. The variation
of vibration levels with changing input torque was also reported. None of these studies
have clearly described their model updating strategy or values for damping in the system.

The test data used for correlation was generated by running the 7HDT300 transmission
on the IMS Connect test rig as described in the beginning of Section 3.2. The measure-
ment of vibration was performed using a single axis piezoelectric accelerometer (Kistler
8640A5T). The data of this sensor is given in Appendix A.1. The sampling frequency
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was chosen to be 25.6 kHz which is almost 2.5 times the Nyquist frequency to capture
vibrations until 5000Hz reliably.

Run-up experiments are performed as they will excite a range of resonances of the
housing in the desired frequency range as opposed to exciting isolated frequencies when
run at single speeds. The speed limit for the ramp up is set from 0 - 5000RPM which
is decided after consulting the maximum speed limits for each engaged gear for the
vehicle transmission. In a speed ramp test, the drive speed is varied at constant torque,
this will give a constant relative displacement between the teeth with varying frequency
[120]. Which means, the constant amplitude of gear mesh excitation is swept at different
frequencies.

The measurement point for vibration correlation was obtained at three different points,
EOL, mounting point on the front of the gearbox and mounting point on the transverse
case of the gearbox shown in Figure 3.15. The model is validated for different operating
points and gear engagement ratios as shown in Table 3.2.

EOL MPF3

MPB4

Figure 3.15: Measured points for correlation of Romax model

Experiment Number Gear Engaged Input torque (Nm)

1G.20
1st

20
1G.100 100

3G.20
3rd

20
3G.100 100

Table 3.2: Test matrix for correlation of Romax model. Speed condition in all cases:
ramp from 0 - 5000 RPM
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3.2.3 Model updating strategy

Similar to the model of the prototyping gearbox, the modal damping of the demonstration
gearbox needs to be identified. In Romax, there is an option to use three different kinds of
damping models: constant damping for all modes, Rayleigh damping model and Rayleigh
Distributed damping (for lower and higher frequency range). Once again the modal
damping approach is chosen owing to ease of implementing in modal models.

The main difference in the model updating strategy for the prototyping gearbox and
the demonstration gearbox is the ability to measure the excitation. In the prototyping
gearbox, the excitation was easily measurable using the load cell, hence all the FRFs were
calculated using this signal as a reference. In the demonstration gearbox, the gear-mesh
excitation cannot be measured. Although the input torque can be considered as a swept
input (due to speed ramp) with constant amplitude, the sensor on the IMS Connect setup
recording the signal had a bandwidth of only 1000 Hz. This does not satisfy the need to
generate FRFs up to 5000 Hz according to the Nyquist sampling law. Hence no reliable
input signal to the system is available for the demonstration gearbox. In this case an
output-only model updating strategy based on operational modal analysis is used.

Operational modal analysis approach is used for updating the models where the ex-
citation forces cannot be measured. This is usually done for big structures like aircraft,
bridges, vehicle suspension tests etc. [37]. The main principle involved is to obtain
correlation spectra or transmissibility functions to correlate experiments with models
using one of the measured outputs as a reference. In context of the 7HDT300 gearbox,
the EOL position can be used as a reference for the other two measuring points: MPF3
and MPB4. In the Romax model of the demonstration gearbox, the option to obtain the
transmissibility function is readily available in contrast to correlation spectrum. Therefore
the transmissibility function is used as the objective to minimize the difference between
model and experimental values for update using the Levenberg-Marquardt algorithm of
the transmissibility function for 4096 frequency points from 0 - 5000Hz.

The strategy to update the modal damping coefficients of the Romax model is presented
in Figure 3.16 The bearing forces in each operating condition is derived from Romax at
all the connection points to the housing for a speed ramp condition that can be simulated.
The mass and stiffness matrices for the condensed nodes on the housing, bearing DOFs
and gear meshes are exported from the Romax model to MATLAB. The mass and stiffness
matrices are converted into a modal state space model, after which it is simulated with the
bearing forces at the connection points. The resulting simulated transmissibility function
with respect to EOL response node is entered into the optimisation routine.

The first step in model correlation is to identify the resonance frequencies for which
the modal damping needs to be tuned. This is done by first analysing the experimental
responses using peak-picking method. These frequency points are then compared with
the resonances of the model built in Romax. Only the modal damping values for the
identifiable resonance frequencies are tuned.
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Figure 3.16: Romax model update strategy for the demonstration gearbox

3.2.4 Results of model correlation

Observation of resonances

The measurements for the load case 3G.20 is shown at 3 positions that were highlighted
in Figure 3.15. From the three graphs shown in Figure 3.17 it can be observed that in
the lower frequency range, upto 2000, the resonance frequencies observed in test are
in good agreement with the model. All the three points show deviations in the model
predicted values in the higher frequency range. This is a consequence of modelling high
frequency dynamics using standard FEA procedures. The uncertainty in the estimated
natural frequencies increases in higher frequency range due to overestimated stiffness in
contacts and/or bearing connection points due to conservative modelling.

The number of frequencies observed at each of the points do not differ by a great extent.
(EOL = 58; MPB4 = 60; MPF3 = 61).
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Figure 3.17: Resonance frequencies of 7HDT300 gearbox vs resonances of Romax
model

Extraction of transmissibility from experimental data

The run-up consists of first setting the static torque. This is done in the first 10 s of the
test, then the speed ramp begins. The input speed of the transmission is ramped from 0
- 5000RPM for a period of 60 s. After 5 s of achieving the steady state speed, it is then
ramped down do zero in the next 15 s. Total test time is 90 s. The data important for
correlation is the ramp of the speed and is extracted within the appropriate time frame as
shown in Figure 3.18. This data corresponds to the EOL position measurement. Similar
behaviour is seen for other measurement points.
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Figure 3.18: Experimental data extraction from run-up test

It can bee seen in Figure 3.18 that as speed of the input shaft of the transmission
increases, peak to peak acceleration recorded on the housing also increases. This can be
attributed to the peak to peak increase in the dynamic torque at the input shaft which
is clearly represented in earlier Figure 3.4 in a more clear way. Acceleration responses
from EOL, MPB4 and MPF3 can be extracted to calculate the transmissibility of MPB4
and MPF3 with respect to EOL for correlation.

Updated FE model

Since MPF3 point observed most of the resonance frequencies, the model is tuned for these
values. As observed from Figure 3.17, the resonance peaks align with the experiment
values. The general trend in modal damping has been identified: for the observed modes
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within 2000Hz, the damping ratio converged to values in the range of 0.1 - 1 %. For high
frequency modes above 3000Hz, the damping was even lower. The optimization routine
aimed to fit the transmissibility both at the sensors MPB4 and MPF3 hence the damping
values obtained reveal a general trend. It is reported in literature that there is always a 5 -
20 % uncertainty in the predicted damping [20].
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Figure 3.19: Romax model vs experimental transmissibility for 3rd gear 20Nm

The results of the updated model that can predict the transmissibility of gear whine
vibration at from EOL point to mounting point on clutch case MPF3 and mounting point
on the transverse case MPB4 are shown in Figures 3.19 - 3.22. As a general remark
in all the graphs, the peaks corresponding to the resonances can be seen to be easily
identifiable in the transmissibility functions of both the mounting points with reference
to the EOL position. The peaks are clearly observable and aligned until 3000Hz, which
are in agreement with the picked resonances depicted in Figure 3.17 within the same
frequency range. Above 3000 Hz, fewer resonance peaks can be identified from the test
data which is also depicted by the smoother nature of the experimentally determined
transmissibility (grey lines) in all the graphs.
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Figure 3.20: Romax model vs experimental transmissibility for 1st gear 20 Nm
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Figure 3.21: Romax model vs experimental transmissibility for 3rd gear 100Nm
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Figure 3.22: Romax model vs experimental transmissibility for 1st gear 100Nm

Apart from the alignment of the responses in peaks there are disagreements in the
magnitude of predicted vibration behaviour. This can be attributed back to the assumptions
made while building this model. Only four main manufacturing deviations in the gears
were addressed with nominal values as well as negligence of many components inside the
gearbox could be the possible reason for the mismatch in magnitude at many frequency
points. These components could have been source of additional vibration transfer paths
contributing to overall increase in vibration especially in the 100N m input torque cases
for the frequencies 1000 - 2000 Hz and 3000- 4000Hz. Hence predicting the gear whine
response from the Romax model for a complicated transmission comes with a lot of
uncertainties.

Another reason why despite the fit of the damping the level of magnitudes do not match
is because in each iteration of the damping update, the bearing forces are not updated.
They are kept at the same level initialised at the optimisation routine when extracted
from Romax with all initial constant damping ratios. Correction of this in every iteration
of the model update is computationally expensive.
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Figure 3.23: Secondary path responses between two different gearbox conditions 3rd

gear 100Nm and 1st gear 20Nm

One strong benefit from developing the model especially for the development of an
AVC is the invariance of the secondary path responses. The secondary path response is
the vibration response obtained from a force input from one point on the gearbox to the
mounting point where the vibration needs to be reduced which represents the actuator
force transfer path. The force required for such an arrangement was already derived in
Section 3.1.4. In the context of the prototyping gearbox only the load was the variation.
However in a real operating gearbox the internal gear engagement in another variation. In
Figure 3.23, the secondary path response is derived from say EOL point to both mounting
point on transverse case MPB4 (left) and mounting point on the clutch case MPF3 (right).
The response is plotted for two gear engagement conditions. It can be seen that there are
minor deviations over the entire frequency range. Also the response of force applied by
the actuator on transverse side produces lower response on the clutch side. This aspect is
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Figure 3.24: System Level model for evaluation of active vibration control system

further discussed in Chapter 5. The main takeaway here is that a single Romax model of
the gearbox is sufficient to develop the AVC for the further steps.

3.3 System Level Simulation model

Once the model of the demonstration gearbox is established a System level Simulation
(SLS) model as per the schematic shown in Figure 3.24 is developed. The SLS model en-
ables one to verify performance against requirements and to optimize tunable parameters.

The preferred tool to implement this model is MATLAB owing to its wide variety of
control simulation integration. A description of each of the blocks in the SLS model is
provided below:

1. UUT block: Unit under Test - The state-space model of the gearbox, linearised for
each operating condition is incorporated here.

2. Sensor block: This block converts the physical outputs of the model into sensor
quantities. The sensor transfer functions can be incorporated here. The development
of this block is presented in Chapter 4

3. Controller block: Various control strategies can be tested in this subsystem using the
model outputs. This subsystem is useful for checking the influence of various tunable
parameters of the implemented control algorithm for active vibration control.

4. Power amplifier block: In this thesis, the amplifier is modelled as simple gain.
Power amplifiers are generally prone to electrical non-linearities, but these have
not been studied as part of this thesis. A standard power amplifier, E-617 LVPZT
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power amplifier from PI is used for the rest of this thesis. This amplifier possesses
reasonable bandwidth the frequency range up to 5000 Hz, hence a linear gain
assumption would be sufficient.

5. Actuator block: Depending on the type of actuator employed, the dynamic behaviour
of the actuator is modelled in this block. In Chapter 5, the developed model in the
demonstration gearbox would be used in conjunction with the actuator model to
derive a suitable location for it on the gearbox housing.
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4 Sensor architecture

Sensors measure vibrations at the key locations of the object under study and keep track
of the vibrations reduced. Sensing helps in calculating and evaluating the effectiveness
of control system developed. From the review of various sensing principles presented in
Section 2.4, alternative principles of vibration sensing as compared to accelerometers were
identified. It was concluded that PVDFs and MFCs have comparable sensitivities, provide
similar benefits like high contact area with the object under test, high flexibility and
negligible mass loading effects. The MFCs were an economical option compared to PVDF.
Hence, the development of the sensing architecture is based on MFCs as sensing elements.
In this chapter the design of an economical sensing architecture for the active vibration
control system along with the relevant signal electronics and calibration functions. Before
proceeding to the details of the sensor design a sensing scheme describing the nature and
positions of the gearbox vibration measurement is presented in the next section.

4.1 Sensing scheme for gearbox

It was assumed during the development of the model of the demonstration gearbox that
the mounting points, that connect the transmission to the car body are not modelled in
the study. A pragmatic approach needs to be taken to impose the limits on the extent of
the system to be considered for vibration analysis due to economic aspects of testing.

The source of vibration here is the gearbox and the receiver is the mount as visualised
in Figure 4.1. The force due to vibration transferred from the gearbox to the mount via
the bolting interfaces is indicated by Fmount . One way of estimating this force is via the
"blocked force" approach, by considering ideal rigid or free boundary condition at the
connection interface of the transmission. The force estimated through this approach is
independent of the receiver and is a characteristic of the source system itself. In NVH
studies of automotive gearboxes, the blocked force approach was previously applied
[26], and justifies the negligence of the fixtures and mounting components for vibration
analysis. Another formulation in Transfer Path Analysis (TPA) called the "contact force"
method exists, which is applicable only for specific fixtures and mounts. The estimated
force is dependant on stiffness of the receiver (Kmount). Given the context of this work,
the blocked force concept is the best choice given the conditions that a generic active
vibration control concept independent of the car body dynamics is developed.
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Figure 4.1: Source and receiver nomenclature for TPA of gearbox

Blocked force is estimated in two ways, by fixing the output points at the receiver
end rigidly or by letting them free as shown in Figure 4.2. The free condition is much
favoured over the rigid condition due to cost constraints and ease of implementation
without manufacturing any additional fixtures. The blocking force in the free condition
is evaluated by obtaining the transfer function at the mounting point location on the
transmission Hmount multiplied with the free acceleration measured at the same position
ẍmount . Reduction in ẍmount using the active vibration control system would directly reduce
the force transferred to the impending mount at the attachment points, without having to
obtain the FRF Hmount . Hence the sensors would be installed at the mounting positions
directly to evaluate the free acceleration ẍmount , which is the main objective for vibration
reduction for the rest of this study.

Transmission

Rigid
Free

Fmount,B ẍmount

Fmount, f ree = Hmount ẍmount

Transmission

Figure 4.2: Rigid vs free boundary condition: Blocked force evaluation for TPA

4.2 Principle of operation of MFC

MFCs consist of alternating layers of PZT and epoxy layers in a single plane shown in
Figure 4.3. This plane is sandwiched between a layer of interdigitated (equally spaced)
metallic electrodes. It can function both as a sensor (direct piezoelectric effect) and as
an actuator (inverse piezoelectric effect). For this study the MFCs are used as sensors,
to effectively sense the vibration of the gearbox at the mounting points. Depending
upon the polarization of the electrode layer, the MFCs can be classified into two major
types: P1 and P2 as seen in Figure 4.4. The main difference between P1 and P2 type
MFCs is the direction of polarization on the electrodes. In P1 MFCs the electrodes are
polarized alternatively in the same plane, thus generating the polarization in the direction
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of in-plane deformation. The P1 elements use the d33 effect, i.e the deformation is along
the polarization of the active component. In contrast P2 MFCs operate on the d31 effect.
They have the electrodes polarized normal to the direction of the thickness of sensor. As
the in-plane deformation occurs, a voltage is produced across the composite.

Active Width

Active

Length

Interdigitated electrode

Epoxy
PZT

Metal Layer

+ + +

+

Figure 4.3: Schematic of an MFC adapted from [119]

+ + ++ +

3-direction3-direction

1-direction

MFC P1 - Type MFC P2 - Type

Metal layer
presentabsent

Figure 4.4: P1 vs P2 MFC schematic for sensing application. Cartesian coordinates local
to each sensor are shown with 1 and 3

The physical behaviour of the direct piezoelectric effect can be written as follows

Dp = dT
pq Tq + εT Eq (4.1)

where, p and q represent Cartesian directions in the composite, 1 and 3 indicated in
Figure 4.4. Dp is the electrical displacement density (charge per unit area, expressed in
C/m2), dpq is the piezoelectric constant that denotes charge generated per unit area in
p-direction (expressed in C/N), per unit stress in q-direction denoted by Tq (expressed
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in N/m2). εT is the dielectric constant (permittivity) under constant stress T in the
p-direction and E is the electric field expressed in V/m; in the case of a sensor this is zero;

One must note that the directions in the piezo-composites of P1 and P2 type differ. In
MFC type P1, the 3-direction is denoted by the piezoelectric fibre direction, which is also
the direction of electrodes with alternating polarity. On the other hand the P2 MFC is
polarized across its thickness which is the 3-direction for this MFC. The strain experienced
by the sensors is in the planar direction (or plane strain condition); hence the d33 effect is
active for the P1 MFC and d31 effect for the P2 MFC.

The vibration signal is normal to the surface causing local bending of the surface that
transforms into in-plane strains of the plate-like MFC structure causing a voltage output.
The charge sensitivity, i.e. the amount of charge produced per area for each of the MFC
type can be calculated using the following formulae substituting E3 = 0:

DP1
3 = d33T3

= d33(Y3S3)

DP2
3 = d31T1

= d31(Y1S1)

(4.2)

where, Y3 and Y1 represents the Young’s modulus in the fibre direction for P1 and P2 MFC
respectively. For charge density per unit strain S1 and S3, can be substituted as 1. The
table of properties and calculated charge densities are given below for the smallest size
offering of MFCs from the Smart-Material catalogue. The company Physik Instrumente
(PI) also offers only one particular MFC model in their product line. The P878 sensor from
PI is of P1 type with dimensions 27 mm. The cost is almost three times higher compared
to similar offerings from Smart Material MFCs. Hence, for further analysis, the MFCs
from Smart materials have been considered.

R 18 mm

36 mm

32 mm

M14 x 2

Figure 4.5: Mounting cap on demonstration gearbox for sensor mounting

The sensors would be assembled on the mounting cap shown in Figure 4.5 on the
demonstration gearbox. The vibration at the mounting point is transmitted through the
mounting screw which is a standard M14 screw. Hence, the MFCs with dimensions of
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Table 4.1: Comparison of P1 and P2 type MFCs

Property MFC type P1 MFC type P2

Market Name M2814P1 M0714P2
d33 400pC/N -
d31 - 170 pC/N
Young’s Modulus Y3 Y1

30.3GPa
Active length (lM FC ) 25mm 14mm
Active width (bM FC ) 14mm 7mm
MFC length 38mm 16 mm
MFC Width 20mm 16 mm
Charge Densityper unit area per unit strain DP1

3 DP2
3

0.012µC/m2 0.005µC/m2

14 mm are compared against each other. Unfortunately, same length of MFCs are not
available. Hence, the 28 mm M2814P1 MFC is chosen for comparison.

Using the values charge density per unit strain from Table 4.2 it is clear that the charge
produced by P2 even for the same active area would be 57.5 % lesser than the P1 type
MFC. The size of the mounting point area is also important to consider. The MFC M0714P2
would be ideal to use given the dimension is perfect for the mounting screws installed
on the gearbox shown in Figure 4.5. Smaller area of the MFC can also lower the strain
averaging across the MFC and capture localized vibration. No P1 MFC in the required
dimension of the mounting point screw is readily available. Custom order of P1 sensors
for the given dimension of the application in this thesis would have incurred extra costs,
hence P2 was used for the rest of this study.

The reduced charge density from choosing the P2 compared to a similar dimension of
P1 sensor can be mitigated by carefully designing an appropriate signal conditioning unit,
which described in the following section.

4.3 Design of the signal conditioning for MFCs

The nominal surface displacement produced by a vibrating complex structure such as
the gearbox at high frequencies are typically in the range of a few micrometers [104]
which would produce a small charge on the MFC electrodes for measurement. Hence, a
signal-conditioning unit needs to be built to convert the charge into a measurable quantity
to measure the high frequency vibrations produced in the gearbox.

An electrical model of the MFC can be assumed to be a strain dependent charge source
which is in parallel with a capacitance as seen in Figure 4.6. This capacitance is that of
the piezoelectric element in the sensor and let this capacitance be called Cs. To avoid any
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Figure 4.6: Circuit of signal conditioning unit

high frequency noise a resistance Rp can be placed in series with it to generate a high-pass
filter with cut-off frequency fch =

1
2πRp Cs

.
The signal conditioning circuit has two amplifying stages which are implemented using

Operational Amplifiers (Op-Amps). The first one is a charge amplifier OP1 in combination
with capacitor C f and feedback resistance R f . In the absence of a feedback resistance,
the capacitance C f produces an output voltage proportional to the instantaneous current
coming through OP1.

Vo1 =
1
C f

∫

−Iin d t (4.3)

In this ideal case shown in Equation 4.3 the input bias current Iin charges up the capacitor
which eventually saturates OP1. To avoid this, the feedback resistor R f is added to provide
a discharge path for the current. Adding a feedback resistance in parallel also acts as a
low pass filter for the signal conditioning circuit with cut-off frequency fcl =

1
2πR f C f

.
The final output of the signal conditioning is fed to a microcontroller for data acquisi-

tion and processing. Since negative inputs cannot be handled by the Analog-to-Digital
Converter (ADC), the zero is shifted to 1.65V as shown in Figure 4.6. The final output
voltage from OP1 is given by:

Vo1 = 1.65−
1
C f

∫

Iin d t (4.4)

The second Op-Amp is a non-inverting voltage amplifier with gain that is adjusted by
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the two resistances Rg1 and Rg2. The gain of this stage is given by:

GOP2 = 1+
Rg1

Rg2
(4.5)

The choice of Rg1 and Rg2 depends on the amount of gain required to have a measurable
signal in the given ADC output range. In this case 0 - 2.5V. The final output at the ADC
is obtained by Vo1 × GOP2.

4.4 Calculation of parameters of signal conditioning

The capacitance of the MFC0714P2 sensor is 11nF. The Rp is chosen in such a way that
it has similar high frequency impedance (1/ωCs) up to 12000 Hz which is equivalent to
1 kΩ. The high-pass frequency fch for the given values is 14.5 kHz.

The sensitivity of the MFC sensor can be derived by expanding the charge density
DP2

1 given in Equation 4.2. Multiplying the charge density with the active area of the
MFC0714P2 based on the dimensions given in Table 4.2 gives the charge generated qM FC

per unit strain (S1 = 1), the quantity can be called as charge density.

DP2
1 = d31Y1

qM FC = (lM FC bM FC )d31Y1

Vsens =
lM FC bM FC d31Y1

Cs

(4.6)

In the above equation, the charge sensitivity of MFC is converted to voltage sensitivity
by diving the charge by capacitance of the sensor Cs. Substituting the respective quantities,
the voltage sensitivity is 505 pC/ppm. Here ppm is measure of strain on a scale of 10−6.

The output voltage swing is defined as the positive and negative voltage range with
respect to the reference voltage, here 1.65V. In the given set-up the ADC used is a 12-bit
AD7928 from Analog Devices. It has a maximum voltage readout of 2.5 V. The positive
voltage swing, ∆Vpos is 2.5 V − 1.65 V = 0.8V. The negative voltage swing, ∆Vneg is
1.65 V− 0V = 1.65V. The limit of the positive voltage swing can be used to calculate the
feedback capacitance C f using the voltage sensitivity as follows:

C f = Vsens
∆S

min(∆Vneg ,∆Vpos)
(4.7)

The range of strain for which the MFC needs to be designed is denoted by ∆S. The modal
strain ranges for aluminium structures about 3mm thick would range in the order of
1 ppm. ∆V is the minimum value of the output voltage swing here: 0.8V. The calculated
value of C f is 500 pF.

The value of feedback resistance is determined by the desired low cut-off frequency fcl
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as described in the previous section. For this sensing scheme, 100Hz has been chosen as
the low-pass frequency to eliminate the electrical noises of 50Hz and its second harmonic.
Using this value and low pass frequency, the value of C f , the feedback resistance R f is
20 MΩ.

The choice of the combination of Rg1 and Rg2 is determined by the gain required at the
output to remain within 0 - 2.5V as this was the readable voltage limit for the ADC. The
value of gain of 4/3 was set for GOP2, with the choice of Rg1 = 10kΩ and Rg2 = 30 kΩ.

The R2 /C1 filter at the sensor output restricts the bandwidth of the sensor output to
12.5 kHz with R2 = 3 kΩ and C1 = 4.7nF. The sampling of the data in this work would be
performed at 20 kHz, hence this low pass filter serves as an anti-aliasing filter at 10 kHz.

Table 4.2: Summary of electrical quantities of the signal conditioning unit

Cs Rp R f C f R1 Rg1 Rg2 R2 C1

11nF 1 kΩ 20 MΩ 500 pF 270Ω 10kΩ 30kΩ 3kΩ 4.7nF

The data with the MFC sensor is collected with the help of an integrated microcontroller
board designed in conjunction with the signal conditioning circuit described and is shown
in Figure A.1 in Appendix A.2. The Teensy 4.1 microcontroller development board is inte-
grated into the DAQ board that is responsible for data acquisition and also implementing
the control algorithm. The control algorithm aspect is discussed in detail in Chapter 6.

4.5 Calibration of the MFC sensor

The output of sensor at the end of the signal conditioning circuit is a voltage as a conse-
quence of the local strain experienced by the sensor due to vibration of the gearbox. A
meaningful physical quantity needs to be associated with the acquired voltage. As seen
in the review of the literature of vibration sensors, accelerometers are widely used in
quantifying the vibration in structures. The aim of this section is to establish a relationship
of the MFC sensor voltage with a standard accelerometer output so that voltage read out
in the signal conditioning unit can be quantified in terms of local acceleration as a direct
measure of vibration.

The calibration of sensors is done according to the ISO-16063-21 standard [93], using
the method of comparison with a reference transducer. One aspect of this calibration
procedure is the excitation itself, which is done with a sine wave. The standard is valid
for frequency range 0.4 Hz to 10 kHz. In the case of using MFCs for quantifying gearbox
vibration, the calibration needs to be done over the frequency range of interest i.e. 0 -
5000 Hz so that the quality of the vibration signal is preserved for the design of an AVC
system.
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Calibration of non-standard sensors such as MEMS is performed in the past, for example
[23], using the standard calibration procedure but with non-standard excitation like
multi-sinusoidal input. Hence, it is proven that the calibration can be done over a wide
variety of excitations.

The calibration of MFCs by comparison with an accelerometer involves generating a
transfer function between the voltage obtained by accelerometer and that of MFC. The
calibration is performed directly on the 7HDT300 gearbox mounted in the IMS Connect
set-up discussed in the previous chapter. The obtained transfer function is then studied
for deviation with the nominal sensitivity.

To understand the nature of transfer function obtained between accelerometer and
MFC signals, the dynamics and electromechanical relations are theoretically derived.
The schematic of a standard piezoelectric accelerometer is shown in Figure 4.7. The
accelerometer compared here is Kistler 8640A5T as described in Appendix A, and which
was already used in Chapter 3 for the correlation experiments. It is an IEPE (Integrated
Electronics Piezoelectric) Accelerometer that has the signal conditioning electronics built
into the accelerometer housing and hence can directly provide with voltage output when
powered with a signal amplifier.

The local deformation of the object of study (here, the gearbox), is denoted by x g . xac

denotes the movement of the seismic mass mac . It is assumed that the accelerometer is
rigidly attached to the test-object neglecting the effects of the glue ot any attachment
mechanism. Hence x g is considered directly as the displacement of the accelerometer
base. The movement of mass, mac relative to the base causing a charge to be generated
across the piezoelectric element following the direct piezoelectric effect given by Equation
4.1. Standard IEPE sensors have integrated electronics directly converting this to a
readable voltage output. The accelerometer internal characteristics such as stiffness kac

and damping cac determine the bandwidth of operation.
The equations of motion of the accelerometer are given by the following equation:

ẍac +
cac

mac
( ẋac − ẋ g) +

kac

mac
(xac − x g) = 0 (4.8)

A variable u is introduced, denoting the relative displacement of the combination of
accelerometer attached to the gearbox i.e. u = xac − x g . The Equation 4.8 can be
re-written by subtracting ẍ g on both sides as:

ü+
cac

mac
(u̇) +

kac

mac
(u) = − ẍ g (4.9)

The charge generated by the piezoelectric element in the accelerometer is proportional to
the relative displacement u. Sqac denotes the nominal sensitivity of the accelerometer. It
includes the transfer behaviour between the charge output to the final voltage readout
Vacc(s), where s = jω and j =

p
−1. This sensitivity also includes the transfer behaviour

of the IEPE electronics in the accelerometer. typically for commercial accelerometers
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Figure 4.7: Schematic depicting the measured quantities of accelerometer (top) vs
MFC (bottom)

this is constant over the frequency range of interest, therefore it is treated as a constant
here. Hence, Equation 4.9 rewritten in frequency domain including the sensitivity transfer
function as:

(s2 + Pas+Qa)U(s) = −s2X g(s)

(s2 + Pas+Qa)
Vacc(s)
Sqac

= −s2X g(s)

Vacc(s) =
−s2X g(s) Sqac

s2 + Pas+Qa

(4.10)

The mass, stiffness and damping coefficients are absorbed into unknown parameters Pa

and Qa, which are identified via calibration.
Next for the derivation of equations of motion for MFC, Equation 4.2 serves as a starting

point. The voltage generated at the sensor output before connecting to signal conditioning
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for strain S1 is transformed frequency domain by applying the Laplace transformation on
both sides. The strain is directly related to local displacement of the object on which the
MFC is attached, here x g . Additionally the final voltage output read by the MFC involves
the transformation of the voltage to a read-out voltage through the signal conditioning
unit. Let Hsc represent the electrical transfer function of the signal conditioner. Hence,
the Equation 4.6 it can be rewritten as:

VM FC (s) =
lM FC bM FC d31Y1

Cs
Hsc(s) X g(s) (4.11)

By using equations 4.10 and 4.11, one can formulate a transfer function that predicts
the voltage generated by the accelerometer using the MFC voltages in frequency domain
by the following equation:

Vacc(s) =
Gss

2

Hsc(s)(s2 + Pas+Qa)
VM FC (s) (4.12)

The transfer function Hsc(s) is approximated to the a single pole low-pass filter output
of the gain OP2 in the signal conditioning circuit. Hence a cubic order in the numerator
occurs as

Vacc =
Gs(s3 + Lms2 +Mms+ Nm)

s2 + Pas+Qa
VM FC (4.13)

The second order dynamics in the denominator is due to the accelerometer seismic mass.
The parameters of the transfer function are identified using experimental data and is
describe in the following section.

Identification using gearbox vibrations

For this calibration study, the demonstration gearbox is the object under study to measure
the vibration at first the reference EOL position and mounting point MPF3 as indicated
previously in Figure 3.15. The demonstration gearbox was ramped up in speed from 0 -
5000 RPM for the calibration process to identify the transfer function in Equation 4.12.
This experiment is repeated by installing the MFC in place of the accelerometer for both
of the measurement positions to perform system identification between the measured
sensor voltage signals.The accelerometer data was sampled at 25.6 kHz, using a standard
data acquisition system, here Soundbook MK2. While the MFC data is acquired at 20 kHz
due to performance limits in the microcontroller.

In total 24 speed ramp cases were used in deriving the fitting function. Measurement
at 2 points, 3 different gear engagements and 4 torque levels. This is done to obtain a
transfer behaviour of the accelerometer invariant to the point at which the vibration is
measured and the loading conditions. For validation, steady state data i.e. single torque
and speed data is used to check if the gear mesh frequencies can be predicted using the
calibrated MFC.
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Table 4.3: Testing matrix for MFC calibration study

Gear engaged Input torque (Nm) Measurement point

1 0
EOL

2
20
50

MPF3
3 100

Total 24 experiments used for identification

The voltage output of both the sensors (accelerometer and MFC) is used to identify
transfer function, that fit the data as described in Equation 4.12. The identification of
parameters in Equation 4.13 is performed in frequency domain. The summary of identified
parameters in Equation 4.13 is shown in Table 4.4.

Table 4.4: Summary of parameters MFC Calibration

Gs Pa Qa Lm Mm Nm

0.018 6054.06 474.41 8017.97 535.03 486.51

The prediction accuracy at both points EOL and MPF3 for 3rd gear are shown as in
Figure 4.8. It can be seen that the identified transfer function can help predict the relevant
peaks (resonances) of the housing structure using the speed ramp experiments.
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Figure 4.8: Predicted acceleration from MFC values for 3rd gear; 0Nm (top); 100Nm
(bottom)

Same trends are observed at even the 2nd gear. The trend of increasing vibrations with
speed are appropriately captured. There are slight uncertainties in the EOL vibration
prediction around 500 - 1000Hz.

Relevant gear mesh frequencies can be accurately measured using the MFC sensors
at both locations when the gearbox is run under steady state at constant input load and
speed. For example as shown in for 1st gear 3000RPM and 100 N m input torque, gear
mesh frequencies 608 Hz, 1216Hz, 1824Hz.. and so on can be easily identified.
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Figure 4.9: Predicted acceleration from MFC values for 2nd gear; 0Nm (top); 100Nm
(bottom)
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Figure 4.10: Predicting gear mesh frequencies at steady state - 1st gear 3000RPM and
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Hence the identified transfer function to convert the MFC voltage into acceleration
which is sufficiently accurate to capture the vibration behaviour of the gearbox housing.
This transfer function is invariant to position of the sensor, gear engagement and operating
conditions of the gearbox.

The transfer function identified for the MFC sensor is used to identify the secondary
path transfer functions for the demonstration gearbox in the next chapter. Seven mounting
points (shown in Figure 4.11 and Figure 4.12 on the demonstration gearbox were equipped
with MFCs. The mounting positions on the clutch case are coded as MPF and those on the
transverse case are coded as MPB. These sensors record the actuator influence to derive a
suitable actuator position as described in the next chapter. The installation of MFCs is
carefully done using Kapton tape and high strength glue at the desired locations on the
mounting caps shown in Figure 4.5. Coaxial cables are used to minimise data corruption.
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Figure 4.11: Mounting positions with MFCs on the clutch case (coded as MPF) of
7HDT300
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Figure 4.12: Mounting positions with MFCs on the transverse case (coded as MPB) of
7HDT300
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5 Strategy for actuator placement

With the conclusion of the actuating principle and the force requirement from Section
3.1.4 for the active vibration control system, an inertial mass actuator shown in Figure
5.1 was designed. The details of the design are presented in the publication of Okda et
al. [104] and the actuator specifications can be referred in Appendix A.1. The actuator
has a dimension of φ25mm × 20mm and weighs 59.6g. The concept of the inertial
mass actuator on the gearbox housing for vibration control of one mounting location
on the rear case was validated. The ability of the actuator to cancel the vibration at the
desired location is defined in a frequency range termed as controllability. This concept
was introduced in Section 2.5.1.

In the prototype gear gearbox, the sensitivity of the actuator position was discovered.
Due to the operation at high frequency range, the controllability of the actuator varied
highly from one point to another. The location of the actuator was decided based on the
modal controllability concept proposed in Section 5.2. Misplaced actuators can lead to a
lack of controllability, hence a careful optimisation of the position is required. The goal is
to control the vibration at the mounting locations of the gearbox. In Figures 4.11 and 4.12,
it can be seen that a total of two mounting frame locations exist, one on each side of the
housing. In total seven mounting points are indicated. To obtain maximum cancellation of
vibration, each of the points can be equipped with an actuator also termed as a collocated
system. But from a system-level point of view, the actuator and its associated power
amplifier are the most cost intensive components and equipping each individual mounting
point would increase the cost of the system by seven-fold. This is further discussed in

Moving Inertial Mass

Assembly Screw

Piezoelectric Stack Element

Actuator Base

Disk springs

Figure 5.1: Inertial mass actuator designed for gearbox housing vibration control [104]

81



1000 1500 2000 2500 3000 3500 4000 4500 5000
Frequency (Hz)

0

20

40

60

80

100

120

Fo
rc

e
(N

)

Ideal force required
IMA force - Assumed with rigid base
IMA force - Attached to gearbox

Figure 5.2: Effective force of IMA Ideal rigid base vs mounted on gearbox [104]

Chapter 8. Hence, there is a strong need to minimize the number of actuators, and place
them at suitable position on the gearbox to achieve maximum vibration controllability
at the mounting points. In this chapter, a suitable placement criteria to obtain actuator
position is derived. Then based on the needs of current active vibration control system a
decision about the optimal actuator location and the total number of actuators for the
gearbox in operation i.e. the demonstration gearbox is proposed.

Before proceeding to the actuator placement strategy, it is important to understand the
need to consider the coupling of actuator dynamics with the object on which it is mounted.
The designed inertial mass actuator when mounted on a rigid base produces an inertial
force (for max 120 V power supplied) similar to that of a 2-DOF system, represented
by the red dotted line in Figure 5.2. When the same force is derived by replacing the
base with the gearbox housing, dynamics of the housing get coupled modifying the force
response. This force response varies with the position of actuator on the gearbox housing
across the frequency range. For example, there is a decreased effective force from the
ideal force response in the region > 3800Hz, where more power to the actuator is needed
or simply no further reduction is possible due to limitation on power supplied from the
amplifier.

This figure summarizes the main reason why the actuator dynamics should be taken into
account for optimising its location. There is no specific order followed in literature related
to the design of the actuator and then the position optimization or vice versa. Many
studies have reported fixing the actuator position first and then designing the suitable
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Figure 5.3: Two DOF schematic of the designed IMA

actuator. In this thesis, the goal was to have a modular design for an actuator that can
be used on various improvements to the series production gearbox. For example, the
gearbox housing geometry of the 7HDT300 has minor modifications from its predecessor
7DCT300. Hence, a new design of the actuator is not required, rather only an alternate
position or altering the number of actuators would be sufficient to easily upgrade the
active vibration control for the next generation product.

5.1 Coupling of actuator dynamics with gearbox housing

In the system level simulation model of the Demonstration gearbox introduced in Section
3.3, the block for actuator model is now used to couple the actuator dynamics with the
position of attachment on the gearbox housing. The output velocity and displacement
DoF is attached to the relevant point on the gearbox housing.

The model of the inertial mass actuator is a 2-DOF model shown in Figure 5.3. Each
each DOF is related to the two masses present i.e. the top moving mass, ma and the base,
mb respectively. The stiffness kp is the piezoelectric stack element stiffness and the cp is
its associated damping. The stiffness at the attachment point between the IMA base and
the gearbox is represented with k j and c j . The equation of motion for the IMA can be
given as follows:

ma ẍa + cp( ẋa − ẋb) + kp(xa − xb) = Fp

mb ẍb + c j( ẋb − ẋ g) + k j(xb − x g) = −Fp + cp( ẋa − ẋb) + kp(xa − xb)

= −ma ẍa

(5.1)

The force generated by the piezoelectric stack element in response to an external voltage
VI MA supplied by a power amplifier is denoted by Fp. It is a function of the piezoelectric
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constants and dimensions of the actuator given by:

Fp =
d33nAAA

lAs33
VI MA, (5.2)

Where AA is the actuator cross-sectional area, nA is the number of piezoceramic layers,
lA is length of the actuator, d33 is the piezoelectric charge constant for the longitudinal
direction, and s33 is the mechanical compliance in the longitudinal direction. The constant
Ke is used to denote the fraction d33nAAA

lAs33
. The reaction force of the IMA is represented by

Fa, which is the resultant control force that would be used to counteract the vibration at
the desired point in the gearbox housing. Rearranging the equations in 5.1, the reaction
force is given by:

Fa = −c j( ẋb − ẋ g)− k j(xb − x g)

= ma ẍa +mb ẍb
(5.3)

It can be seen that the effective control force to the gearbox from IMA depends on the
motion of the attachment point. Hence the control force of the actuator is coupled and
not independent from the dynamics of the gearbox. This explains the deviation of force
response from the ideal behaviour as indicated in Figure 5.2.

To validate the dynamic behaviour of the IMA with the demonstration gearbox, the
coupled model is built for candidate points shown in Figure. 5.4. The gearbox housing
DoFs are coupled in the system level model using the equations presented above to
obtain the coupled secondary path transfer responses of the IMA. The response of the
secondary path is the FRF obtained between the voltage supplied to the power amplifier
to the resultant vibration produced at the mounting point sensors of the gearbox housing.
Vibration is quantified with acceleration measured using the calibrated MFCs.

The system level coupling is validated experimentally by mounting the designed IMA at
various possible mounting points. The IMA is then supplied with a sine sweep voltage
with frequency varying from 100Hz− 5000Hz from the power amplifier. The secondary
path responses are recorded at the seven mounting points of the demonstration gearbox
on the clutch and transverse case previously indicated in Figures 4.11 and 4.12. The
maximum voltage that can be supplied to the IMA is 150V.

A quick check on linearity in the secondary path dynamics is performed by exciting the
IMA with different voltage levels and checking the FRFs at different mounting points. The
voltage supplied over time t to the IMA is given by:

VI MA = VDC +
Vpp

2
sin(2πωt),ω ∈ [100 Hz,5000 Hz]

VDC =
Vpp

2

(5.4)

In Equation 5.4, VDC , is the DC offset voltage supplied to IMA for operation and is adjusted
with the operational peak - peak voltage. The power amplifier is modelled as a simple
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Figure 5.4: Transfer function schematic of the actuator coupled model - Blue dot
indicates Position 4

gain and accounts also for the conversion of voltage to required force Fp.
As seen in Figure 5.4, the secondary path is measured by mounting the IMA on a point

on the rear case of the housing and the responses are measured on the front and back
mounting points. With the increase in voltage supplied to actuator, the FRF remains fairly
unchanged in terms of phase indicating that the linearity of the secondary path is a valid
assumption in the given voltage and frequency range of operation. This is useful for the
control development as the secondary path phase is an important parameter in the FxLMS
algorithm as discussed in Section 2.7. A decrease in the response at high voltage supply
i.e. 120V is due to the decrease in the d33 due to increasing DC offset as given by Equation
5.4. This effect has be reported as a general behaviour for piezoelectric materials [11, 83].
The slight drop in the output response is compensated by the controller to set a suitable
voltage level. Since the phase is unchanged for various voltage levels, the 40V response
is used for further actuator placement evaluations in this chapter.

From Chapter 3, it was shown that for secondary path modelling, a single model is
sufficient which is not affected by the gear engagement and loading condition of the
transmission. Hence this model can be used for correlating the actuator coupled dynamics
to get a suitable actuator position.

For the correlation of actuator coupled model, the displacement, velocities of the
connecting DOF is coupled to the IMA via k j and c j in the system level model in Figure
3.24. Eleven points shown in Figure 5.6, are shortlisted to explore an actuator position
based on two criteria. The first criteria is the physical proximity of the IMA position to the
mounting points. This would ensure the secondary path response would be sufficiently
high compared to an IMA placed far away from the desired control location. The second
criteria is the ease of integrating it to the housing structure at flat bases congruent to the
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Figure 5.5: Linearity check for secondary path response of designed actuator on
demonstration gearbox

base of the IMA.
The correlation of responses between experiment and simulated values for the secondary

path responses was performed using the correlated model with identified damping values
of the demonstration gearbox from Romax. Two additional parameters influence the
prediction of the secondary path responses here, the joint stiffness k j and the damping
ratio c j at the attachment point. The value of Ke is calculated to be 5N/V and is kept
constant through out the identification and for different voltage levels despite the slight
deviations observed in d33 as mentioned before due to the nature of DC bias provided.

The joint stiffness and damping ratio has been generalised in the range of both the
cases (clutch and transverse) of the gearbox. A general trend observed was that lower
joint stiffness values provided better fits to the secondary path responses for the IMA
positioned on the clutch case compared to the transverse case. The values considered for
the identification procedure are given in Table 5.1.
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Figure 5.6: Positions of IMA location search on the gearbox indicated by blue circles;
Yellow dots indicate the sensor positions MPFs- Mounting points on front
side (clutch case); MPBs - mounting points on back side (transverse case)

Table 5.1: Summary of parameters IMA coupling

Parameters k j c j Ke

Clutch case 3× 107 N/m 500 Ns/m
5 N/V

Transverse case 3× 1010 N/m 500 - 1000 Ns/m

It is to be noted that there will be some change in modal damping values tuned from
the Romax model due to the coupled dynamics, but overall the modal damping ratios
remained fairly the same. The joint stiffness and the damping ratios were more sensitive
to set the level of predicted responses from the coupled model.

It can be observed in Figure 5.7 that due to coupling of the actuator dynamics, all
frequencies cannot be controlled to equal degree even with maximum power supplied to
the actuator. Hence, a suitable position for the actuator is required, so that the secondary
path transfer function can have good magnitude in the required frequencies at which
maximum structure-borne transfer at the mounting points occurs. For this it is necessary
to first establish a placement criteria, which will serve as the objective for finding a suitable
position for the actuator.
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5.2 Actuator placement criteria

As already introduced in the Section 2.5.1 a variety of actuator placement criteria are
applied in literature for deriving a suitable actuator location. The main disadvantage
of extending the controllability Grammian for structures with complex dynamics (high
number of DOFs and high modal density) that is becomes un-interpretable due to the
scaling of state-matrix A. Also we need a quantitative measure to compare different
actuator positions and/or layouts (in case of multiple actuators).

Since the gearbox is a complex system with spatially distributed mounting points that
are required ot be controlled, it is treated as a point-wise discrete system for the actuator
placement problem. The complete problem of the optimal placement of actuators can
be formulated by choosing from a possible set of actuator locations that satisfy spatial
criteria of controllability developed by Moheimani et al. [95]. The new addition to the
state of the art through the work of this thesis is that the concepts derived for continuous
simple geometries like beams and plates in the literature is validated for a complex system
like a gearbox for controlling high-frequency vibration. Also, the combination of these
point-wise actuators is not found in literature so far. Therefore given the nature of the
problem to be solved, spatial formulations fit the best.

Some terminology is introduced before proceeding to establish the placement criteria.
The symbol Ωa denotes the set of positions on the gearbox where an actuator could be
possibly attached containing a number of possible positions. Let a point Pi ∈ Ωa be one
of those permissible actuator locations on the gearbox housing surface. As mentioned
earlier, each Pi in set Ωa is shortlisted based on the ease of integration on the gearbox
housing and also spatial proximity. The total number of shortlisted actuator positions for
evaluations is denoted as na.

The setB s contains all the points where a sensor could be attached with size s. Out
of s number of sensor positions only ns = 7 mounting points in the housing represented
in Figure 5.6 are considered. Each of these points is represented by the symbol sk

where k = 1,2 · · ·ns. The order of numbering is: s1, s2 and s3 represent the mounting
points on the front i.e. MPF1, MPF2 and MPF3 respectively. Similarly, s4 to s7 represent
the mounting points on the back i.e. MPB1 to MPB4 in the same numeric order. The
secondary path frequency response functions are derived from the state space model
used for sensor placement, with open loop force input at a particular actuator location
and output measured at all spatially distributed sensors on the gearbox housing in the
B s domain. The secondary path transfer function from each Pi to each of the mounting
points sk at each frequency point given by ωn, where n = 1,2, · · · , N is represented by
Ĥ(sk, Pi ,ωn). N is the total number of frequency points considered for the evaluation in
the frequency band of interest.

When a combination of actuators is sought Pi is replaced by Cl , which is a vector of
possible actuator positions in the combination set. For example, a 2-actuator combination
Cl is represented as

�

Pi1 Pi2

�

, where i1, i2 ∈
�

1 na

�

. The total number of combina-
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Figure 5.8: Secondary path transfer matrix for actuator combinations in set CL

tions in this way is given by L
�na

2

�

(choosing 2 actuators from
�

1 na

�

). The actuator
combination set can therefore be represented as CL The combined influence of control
authority at a point sk on the gearbox at a particular excited frequency ωn is given by the
combined transfer function of each actuator combination Cl as follows :

Hsk Clωn
=
�

Ĥ(sk, Pi1,ωn) Ĥ(sk, Pi2,ωn)
�T

(5.5)

where
h

·
iT

denotes transpose. It should be carefully noted that H represents a transfer
function matrix of multi input (actuator) single-output (sensor) system, while Ĥ represents
a single input single output system, when considered for each mounting point. A schematic
visualisation of this three-dimensional matrix, henceforth denoted by G can be seen in
Figure 5.8. The single actuator optimisation equivalent can be generated by replacing Cl

with Pi and SIMO transfer function H with H in each grid of the matrix.
An index has to be developed for each actuator or actuator combination to evaluate the

authority of actuators over the entire mounting points set in the spatial domain,B s and
also in the frequency band of interest ω. A systematic reformulation of the controllability
concepts considering the spatial distribution in the system is needed to apply them to the
actuator position optimisation problem. The ability of an actuator to influence multiple
points on the gearbox housing is termed spatial controllability. The authority of the same
actuator upon various operational modes (or frequencies) excited by the primary path is
known as modal controllability. To derive an actuator position for vibration control of the
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gearbox housing it is essential to consider both of these aspects simultaneously.
As introduced in Section 2.5.1, the spatialH2 norm was introduced in Equation 2.5,

which can be rewritten here for both the discrete actuator points as well as the actuator
combination as:

‖Ĥ‖2
2,sp =

1
2π

∫

B s

∫ ∞

0

tr
�

Ĥ(sk, Pi ,ω)Ĥ
∗(sk, Pi ,ω)

	

dω ds

=
ns
∑

k=1

‖Ĥ(sk, Pi)‖2
2

(5.6)

‖H‖2
2,sp =

1
2π

∫

B s

∫ ∞

0

tr
�

H(sk, Cl ,ω)H
∗(sk, Cl ,ω)

	

dω ds

=
ns
∑

k=1

‖H(sk, Cl)‖2
2

(5.7)

Using theH2 norm of the constructed secondary path matrix shown in Figure 5.8, two
scores are developed to decide the actuator position. The first is a modal controllability
score and the second is a spatial controllability score.

Measure of modal controllability

The first part of the index development is to calculate the actuator’s ability to exert a
significant amount of force at the spatial points on the housing. The notion of spatialH2

norm [95] is applied to each frequency ωn by using the frequency response data from
transfer function matrix shown in Figure 5.8. First, a term fn is defined using the H2

norm in spatial sense at each frequency ωn. For a single actuator the term is represented
as fn(Pi) and for an actuator combination it is represented as fn(Cl).

fn(Pi) =
ns
∑

k=1

‖Ĥ(sk, Pi ,ωn)‖2
2 (5.8a)

fn(Cl) =
ns
∑

k=1

‖H(sk, Cl ,ωn)‖2
2 (5.8b)

Each of the above two represent the energy that an actuator or an actuator combination
introduces across the spatially distributed sensor points at that particular frequency ωn.
The difference between calculating fn for a single actuator and an actuator combination
is the way the H2 norm is calculated. For a single actuator, the H2 norm is taken for
the vector of size 1× ns. For a 2-actuator combination theH2 norm is calculated for the
matrix of dimensions 2× ns.

Now, a modal controllability index is defined as a relative measure by dividing the value
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with the maximum obtained value across all actuator positions or combinations possible
for a given frequency ωn as follows:

Mn(Pi) =
fn(Pi)

maxPi∈Ωna fn(P)

Mn(Cl) =
fn(Cl)

maxCl∈CL fn(C)

(5.9)

The relative modal controllability index is used to determine the authority of a selected
actuator layout to cancel the primary path vibration at a particular excited frequency
ωn. If the index is very small, then the actuator layout is rendered ineffective for that
particular frequency. Combining Equation 5.5 and Equation 5.8, the can be redefined as a
two-dimensional modal controllability matrix. For individual actuator positionsMP is
given by:

MP =















M1(P1) M2(P1) · · · MN (P1)
M1(P2) M2(P2) · · · MN (P2)
· · · · · · · · · · · ·

M1(Pi) M2(Pi) · · · MN (Pi)
· · · · · · · · · · · ·

M1(Pna
) M2(Pna

) · · · MN (Pna
)















(5.10)

For actuator combination C , the corresponding modal controllability matrixMC is shown
below:

MC =















M1(C1) M2(C1) · · · MN (C1)
M1(C2) M2(C2) · · · MN (C2)
· · · · · · · · · · · ·

M1(Cl) M2(Cl) · · · MN (Cl)
· · · · · · · · · · · ·

M1(CL) M2(CL) · · · MN (CL)















(5.11)

Measure of spatial controllability

Using the term in Equation 5.8, a spatial controllability measure is defined using the
spatial H2 norm across the frequency band of interest. For a single actuator the spa-
tial controllability measure is represented by Si and for an actuator combination, it is
represented by Sl . The quantities are defined as:

Si =

√

√

√

N
∑

n=1

f 2
n (Pi) (5.12a)
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Sl =

√

√

√

N
∑

n=1

f 2
n (Cl) (5.12b)

This results in a single performance score for each actuator and an actuator combination
across the whole frequency range. The calculation performed by Equation 5.12, reduces
the matrix G to a column vector containing spatial controllability scores for each actuator
Pi or actuator combination Cl . A relative index is formulated by normalising each score
by dividing with the maximum value across all actuator combinations as follows :

Ŝi =
Si

maxPi∈Ωna Si
(5.13a)

Ŝl =
Sl

maxCl∈CL Sl
(5.13b)

The entire process of the actuator layout selection is defined constrained mathematical
optimization problem by maximizing the spatial controllability measure of a particular
actuator layout that should have sufficient modal controllability, say βm in the frequency
band of interest. Mathematically this is depicted for a single actuator positioning problem
as follows:

max
Pi∈Ωna

Ŝi(Pi)

s.t. Mn(Pi)≥ βm, n= 1,2, · · · , N
(5.14)

The derived optimal single actuator position will be denoted as Popt .
For deriving an actuator combination set the following optimisation criteria has to be

satisfied:

max
Cl∈CL

Ŝl(Cl)

s.t. Mn(Cl)≥ βm, n= 1,2, · · · , N
(5.15)

The actuator combination hence obtained is denoted as Copt containing nc actuator
positions. The additional constraint while deriving an appropriate actuator combination
is the minimization of cross coupling of the secondary path transfer functions. So the
optimization problem from Equation 5.15 can be rewritten as:

max
Cl∈CL

Ŝl,direct(Cl)

s.t. min
Cl∈CL

Ŝl,cross(Cl)

s.t. Mnl,direct(Cl)≥ βm, n= 1,2, · · · , N

(5.16)
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where Ŝl,direct(Cl) represents the spatial controllability score obtained using the direct
transfer function. In secondary path transfer function notation, this can be given as
Ĥ(sk, Pi ,ωn) for all k = i. The cross coupling spatial controllability score Ŝl,cross(Cl) is
obtained using Ĥ(sk, Pi ,ωn) for all k 6= i.

The value of minimum modal controllability, βm is a designer specific objective. It
denotes the percentage of frequencies in a given range the actuator position can achieve
good controllability across all points. In the next sections, the actuator position and an
actuator combination will be derived using the experimental transfer functions obtained
by placing the IMA on these positions and compared with the actuator position obtained
by using the transfer functions generated using the IMA coupled model introduced in
Section 5.1. The comparison of the outcome of positioning problem using experimental
data with the simulation data provides an insight into the confidence on the system level
coupled model.

5.3 Single actuator positioning

The optimization problem of positioning a single actuator on the gearbox housing is done
by evaluating the secondary path transfer functions at na = 11 shortlisted positions shown
in Figure 5.6.

Using the single actuator modal controllability score according to Equations 5.8 and
5.9 to generate the modal controllability matrix for individual actuator positions. The
modal controllability matrix is represented as a 2-D colour map in Figure 5.9. Each row
in the figure corresponds to each row of the modal controllability matrix in Equation 5.10.
The value of minimum modal controllability, βm is set to 80% for this study. This means
that each of the actuator combination should have sufficient influence on all mounting
point for at least 80% of the frequencies in the range of 500 - 5000Hz. Choosing a greater
value of βm allows the actuator to have greater influence on more frequency points. All
frequencies are equally weighted here. This value of βm can be more specific in design
cases where the minimum modal controllability required to be achieved by the actuator
position is higher in specific regions of the frequency band. In this study, for simpler
design, βm is set to 80% for the entire frequency range of interest 500 - 5000Hz.

The modal controllability matrix is generated for N = 25000 frequency points in the
range of interest 500 - 5000Hz. The number mentioned on each of the horizontal rows of
the colour map indicates, the number of frequency points where a modal controllability by
Equation 5.9 was achieved. It can be observed that from experimental data IMA placed at
Position 10 is able to achieve good modal controllability in 18735 out of 25000 frequency
points. Using the simulated data, the modal controllability values are in the same trend
as the values predicted from experimental data. Position 10 is the highest performing
position. To check how the actuator positions rank in terms of controllability across
the seven mounting points the spatial controllability index Ŝi is calculated according to
Equation 5.12a and are populated in Table 5.2.
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Figure 5.9: Modal controllability matrix for 11 positions using secondary path transfer
functions derived from experimental data. Areas in blue represent the
frequencies at which the modal controllability is ≥ 80%. Number of fre-
quencies out of 25000 where the score is above 80% is also indicated in
each row on the right corner
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Figure 5.10: Modal controllability matrix for 11 positions using secondary path transfer
functions derived from the coupled IMA model
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Table 5.2: Summary of controllability indices for single actuator positioning

Experimental Coupled model

Actuator position Modal score Spatial score Modal score Spatial score

1 13660 0.933 11630 0.943
2 9329 1.000 12029 0.928
3 8978 0.974 14342 0.870
4 11579 0.965 13749 0.715
5 8918 0.550 1084 0.584
6 7706 0.559 5676 0.541
7 3500 0.371 279 0.450
8 10691 0.912 9127 0.785
9 2926 0.691 4449 0.598

10 18375 0.975 18786 1.000
11 4268 0.563 0 0.607

From experimental data, the IMA placed at Position 2 has the best spatial controllability
score among all seven mounting points hence obtaining a spatial score of 1. However,
this position can control half as many of the frequency points compared to the second
best position where IMA placed at Position 10, i.e. 9329 frequencies as opposed to 18375
frequencies from the analysed 25000 frequencies. Hence according to the experimental
data, Position 10 is chosen as the best position to place the IMA for vibration control.

Position 10 has the best modal controllability score, when the position is derived using
the secondary path information using the coupled IMA model. It has both the best spatial
score and best modal controllability score, hence be chosen to be the best position for IMA
placement. The discrepancies in the modal controllability score predicted from simulation
data and IMA data arises due to the generalisation of the joint stiffness given in Table
5.1. However accurate predictions of joint stiffness at each actuator point would be a
cumbersome exercise. Despite the mismatch in the modal controllability score, the trend
in their values at various positions is reasonably predicted. Hence the position of the IMA
on the gearbox can be identified using the generalised values as demonstrated in this
analysis.

5.4 Derivation of actuator combination

The clutch case of the demonstration gearbox is rigidly attached to the engine plate of
the test bench. This boundary condition also exists in the real operational condition in
the car. The rigid attachment leads to some distinction in the stiffness of the two halves
of the housing structure, i.e. one side of the gearbox is more rigid than the other. The
difference in behaviour of the two enclosures has been reported by the authors in [101]
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through impact hammer experiments. Hence, an actuator combination containing two
actuators which can be placed on each side of the gearbox housing for controlling the
spatial vibrations. Optimization of the number of actuators required is not performed at
this stage as more actuators increase the cost of electronic hardware needed for the system.
Using more actuators also introduces complicated coupling effects among the spatially
distributed points on the housing leading to additional complexities of implementing the
control algorithm. As a result, no further consideration has been given to this aspect.

To start with the actuator combination set, the positions shown in Figure 5.6 are divided
into two groups: actuator positions on the clutch case (3 positions) and actuator positions
on the transverse case (8 positions). Combination set is made by selecting one actuator
from the first group positioned on clutch case and one from the second group. This gives
a total of 24 possible actuator pairs.

Two types of transfer functions can be observed in the system:

• Direct transfer functions: These are the transfer functions corresponding to each
actuator placed on one side of the housing to only the mounting points on that
particular side of the housing.

• Cross coupling transfer functions: These represent the influence of actuator from
one side of the housing to the mounting points on the other side of the housing.

Two transfer function matrices using Equation 5.5 need to be constructed. Let G1

contain only the direct transfer functions of each of the actuator positions; cross coupling
transfer functions are populated as zero here. The spatial and modal controllability
using this G1 matrix need to be maximised. They are denoted by Ŝl,direct andMC l,direct

respectively.
The second transfer matrix G2 is constructed using only the coupling transfer functions.

The spatial and modal controllability obtained using this matrix need to be minimised
in order to obtain a layout that has minimal cross coupling of actuator influences. The
spatial and modal controllabilities are denoted by Ŝl,cross andMi,cross respectively.

Similar to the single actuator positioning, the limits for modal controllability βm is 80%
and the transfer functions are evaluated at N = 25000 frequency points in 500 - 5000Hz.

In the decision making process the modal controllability of the direct transfer function
is given first priority. The second deciding factor for choosing a combination is greater
difference between the direct and cross spatial scores. If a combination has highest direct
spatial score and also highest cross spatial score, this will be rejected as it indicates very
high coupling among the actuators. A controller with a robust disturbance rejection
feature needs to be designed to account for the cross-coupling effect. Cross coupling
also introduces additional tuning complexity, in terms of increased number of parameters
like the phase of the cross coupling transfer functions. If these parameters to tune have
inherent errors due to incorrect modelling, the control performance and stability is highly
affected. Hence, a sufficiently decoupled actuator combination is sought for, which can
have high direct spatial scores with a good difference in cross score.
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The resulting modal and spatial controllability scores of the actuator combinations
are given in Table 5.3. Using the secondary transfer paths from experimental data, the
actuator pair (P1, P4) i.e. one IMA positioned at Position 1 and Position 4 in Figure 5.6
is the best position. This position has the best spatial controllability score in the direct
points while simultaneously having sufficient difference in cross spatial score (1-0.826 =
12 %).

Using the simulated secondary path information from the coupled model, it is pointed
out in Table 5.3 that the actuator pairs (P1, P3) and (P1, P6) are close contenders for the
best position. The actuator pair (P1, P3) has the best direct spatial score but the difference
between the direct and cross spatial score is lower (1-0.824 = 17.6 %) compared to
actuator pair (P1, P6): 0.962 - 0.766 = 20 %. Therefore actuator pair (P1, P6) is chosen if
the simulated data is to be used.

It can be concluded that the actuator pairs derived using experimental and simulated
simulated transfer function data lead to the same position, i.e. Position 1 on the clutch
case. The difference in the position obtained from the actuator that is to be positioned on
the transverse case can be related to the generalisation of the joint stiffness for the entire
rear case.

As seen from the spatial controllability scores of the direct and cross terms, there is
significant amount of cross coupling. The cross spatial score differs only by 10 - 20 %.
This would make the control implementation with multiple actuators more complex.
Typically for disturbance rejection a combination of feedforward control with a robust
feedback control would be needed. Also, using two actuators would also require two
power amplifiers, which can significantly increase the cost of the AVC system as the
actuators and power amplifiers are the major components contributing to the cost (refer
to Figure 7.13). Therefore in the subsequent chapter the control algorithm development
and the experimental validation of the AVC system is done using only the single actuator
position which is chosen to be Position 10 according to the results derived in Section 5.3
this chapter.
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Table 5.3: Summary of controllability indices for derivation of actuator pairs

Experimental Coupled model

Actuator
pair

Modal
score
direct

Modal
score
cross

Spatial
score
direct

Spatial
Score
cross

Modal
score
direct

Modal
score
cross

Spatial
score
direct

Spatial
score
cross

(P1, P3) 19682 16603 0.946 0.819 22781 9157 1.000 0.824
(P2, P3) 17595 19902 0.938 0.989 19199 17952 0.906 0.941
(P5, P3) 18487 12487 0.929 0.725 17905 7471 0.874 0.796
(P1, P4) 23132 18675 1.000 0.826 23105 13421 0.981 0.820
(P2, P4) 19030 20437 0.954 0.988 17555 20151 0.848 0.934
(P5, P4) 19998 14136 0.932 0.749 15713 9996 0.807 0.781
(P1, P6) 16299 16136 0.857 0.780 21862 8445 0.962 0.763
(P2, P6) 12462 21388 0.781 0.989 13511 18488 0.818 0.919
(P5, P6) 11843 11968 0.738 0.631 9735 4178 0.747 0.714
(P1, P7) 15394 16108 0.840 0.778 16332 7376 0.962 0.766
(P2, P7) 8628 20158 0.736 0.986 7726 18305 0.811 0.919
(P5, P7) 9850 11966 0.671 0.624 3774 3408 0.743 0.719
(P1, P8) 19236 21064 0.907 0.872 17864 15245 0.976 0.833
(P2, P8) 14592 21280 0.850 0.996 10382 22607 0.830 0.932
(P5, P8) 15366 17782 0.836 0.818 8426 12620 0.798 0.808
(P1, P9) 16267 16464 0.861 0.788 16185 10481 0.966 0.785
(P2, P9) 9985 22229 0.772 0.991 8640 19018 0.824 0.926
(P5, P9) 11173 13131 0.740 0.682 4712 6476 0.756 0.743
(P1, P10) 23149 20118 0.981 0.854 21595 16927 0.983 0.947
(P2, P10) 19727 23684 0.938 1.000 18110 20500 0.881 1.000
(P5, P10) 19981 18206 0.912 0.800 14942 16490 0.855 0.938
(P1, P11) 16363 15937 0.856 0.785 15714 8675 0.963 0.808
(P2, P11) 12276 21149 0.762 0.988 7287 17460 0.805 0.920
(P5, P11) 12104 11967 0.707 0.654 3106 4319 0.748 0.769
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6 Control algorithms for multi-point control

In this chapter a suitable control algorithm is derived for achieving multi-point control of
vibration in the gearbox housing at the mounting points which will answer RQ 5. The
term "multi-point" refers to the number of targeted points to be controlled. After having
developed the sensing principle and the actuator location, a control principle has to be
designed for implementing a closed loop control for the system. For active vibration
control, the most widely used algorithm is the Filtered-x Least Mean Squares (FxLMS)
algorithm.

In the context of this study on control algorithm, the nomenclature is undertaken from
a system level perspective. The term "input" from here-on refers to the actuator input
and "output" refers to the sensors measuring the vibration at the mounting points. In this
study, the Single-Input Multi-Output FxLMS (SIMO-FxLMS) serves as the baseline for
comparison of further explored control strategies in various aspects. The algorithms are
compared in terms of various criteria such as stability, vibration reduction performance,
computational complexity and robustness to model/plant uncertainties.

This chapter deals with the study of simplified versions of SIMO-FxLMS with the aim of
achieving an acceptable level of multi-point control. The objective of multi-point control
in the context of gearbox vibration is to avoid a significant increase in the transfer of
gearbox vibration from each of the mounting points to the car body. Since the downstream
path of vibration transfer from the mounting point to the body is outside the scope of
the system, the objective is to reduce the vibration of each of the seven mounting points
introduced in Figures 4.11 and 4.12 as much as possible.

From the review of state of the art hardware for control system implementation, it was
determined that a microcontroller would be used to implement the control algorithms to
drive the actuators. An appropriate control strategy needs to be designed which can be
deployed on a microcontroller that has a relatively limited computing capacity compared
to laboratory real-time systems. The simultaneous tasks of data acquisition and real-time
control is preferred, hence a simple yet effective algorithm is be developed.

In the subsequent sections of this chapter, the mathematical basics of the standard
Single-Input Single-Output (SISO) FxLMS algorithm. Then using this basis, the SIMO-
FxLMS is introduced which would serve as the baseline to compare the improvised versions
of the subsequent proposed algorithms. Based on the status-quo algorithms, an improved
version of the simplified multi-point control is suggested for the practicality of application
in the gearbox scenario, using a projection (prediction algorithm) also known as the
projected-FxLMS in this thesis. This is discussed in Section 7.2.

The important tuning parameters for each of the algorithms are studied in detail. The
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algorithms are experimentally validated on the demonstration gearbox, with the actuator
positioned at Position 10, determined from the previous chapter.

6.1 Mathematical basis of SISO FxLMS algorithm

In the context of this thesis, the target sensor will be called the error sensor from here
on, and would refer to the sensors at the mounting locations of the gearbox housing that
transfer energy due to structural vibrations to the downstream components such as the
car frame and body.

To understand the mathematics of the FxLMS algorithm, the quantities of vibration
and voltage are realised using complex quantities and are denoted with ( ·̂ ) 1. This is
because the secondary path transfer function is a complex quantity and a function of the
frequency of gear mesh excitation ωn. Let the vibration recorded at each of the mounting
location of the gearbox using the MFC sensor be denoted by q̂n(t), where n corresponds
to frequency ωn. The voltage generated by the control algorithm to drive the inertial
mass actuator is denoted by Ûan

(t), also known as the control voltage. The secondary
path, i.e. from the IMA control voltage to the error sensor, has a frequency-dependent
transfer behaviour denoted by Ĥ = Hneiφn at each frequency ωn. This frequency response
function is already estimated in the previous chapter, based on which the actuator location
was finalized for control. The term φn is the phase lag experienced by the signal that
travels from the controller to the IMA location and then to the mounting (sensing) point
(via the secondary path) at particular frequency ωn. This phase lag is a combination of
mechanical and electrical delays.

During the operation of the gearbox under active vibration control, vibration at an error
sensor in time domain is obtained as a result of both primary excitation caused by the
gearbox, denoted by d̂n(t) and secondary control excitations Ĥn ∗ Ûan

(t), where * denotes
convolution. The resultant vibration measured at the sensor is given as follows:

q̂n(t) = d̂n(t) + Ĥn ∗ Ûan
(t) (6.1)

Gear-whine is harmonic in nature, hence the control voltage would also be harmonic,
i.e., a combination of sine and cosine components at the gear mesh frequency ωn. The
control voltage in terms of sine and cosine components in complex form provided to its
associated is power amplifier given as follows:

q̂n(t) = d̂n(t) +Hneiφn (U c
an
+ iU s

an
) ei(ωn t) (6.2)

The unknowns in the above equation are the control voltage components, U c
an

and U s
an

,
which will be adapted in an iterative manner. In experimental implementation of the
control algorithm, only the real part of the sensor quantity is measured. Henceforth, only
the real quantities resulting from Equation (6.2) will be used for further development of

1Vectors are denoted with bold letters and complex quantities with ( ·̂ )
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Figure 6.1: Schematic of SISO FxLMS algorithm

the algorithm. The real part of the control voltage is denoted by Uan
(t), can be rewritten

in vector notation as follows:

Uan
(t) = U c

an
cos(ωn t) + U s

an
sin(ωn t)

=
�

cos(ωn t) sin(ωn t)
�

�

U c
an

U s
an

�

= Xn(t)

�

U c
an

U s
an

�

(6.3)

The negative sign resulting at U s
an

in the expansion of Equation 6.2 is absorbed as an
unknown. In the above equation, the separation of terms of the real part of the control
voltages, results in the reference signal, Xn(t). This reference signal is correlated with the
corresponding harmonic of the gear mesh frequency to be controlled ωn. In the case of
the gearbox, this is derived by multiplying the input rotation speed of the gearbox with
the number of teeth on the pinion of the gear pair. The frequency of excitation can be
derived directly from the operational gearbox via CAN signals from the test-bench and
the gear teeth information for the transmission is readily available from the manufacturer.
The two components of the reference signal along with the frequency-dependent lag can
be generated in vector form as: Xn(t) =

�

cos(ωn t) sin(ωn t)
�

.
The objective of the control algorithm at each target gear mesh frequency ωn is to

minimize the instantaneous squared quantity of the vibration signal, i.e., ξ = (qn(t))2.
The steepest gradient descent algorithm [75] is employed to update the coefficients of
Uan
(t) to minimize the vibration error signal. The gradient of the vibration signal for each
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of the coefficients of Uan
(t) given as:

Ïξ=
dξ

d(Uan
(t))
= 2qn(t)

(

d(qn(t))
d(U c

an )
d(qn(t))
d(Us

an )

)

= 2qn(t)
§

Hn cos(ωn t +φn)
Hn sin(ωn t +φn)

ª

(6.4)

The coefficients
�

U c
an

U s
an

�T
are initialized to zero at the beginning of the adaptation.

According to the algorithm, they are updated for each time step ∆t as follows:
�

U c
an

U s
an

�

t+∆t

=

�

U c
an

U s
an

�

t

−
1
2
µ∆t Ïξ

=

�

U c
an

U s
an

�

t

−µ∆t qn(t)
§

Hn cos(ωn t +φn)
Hn sin(ωn t +φn)

ª

(6.5)

The terms
�

Hn cos(ωn t +φn) Hn sin(ωn t +φn)
�

are similar to the nature of the ref-
erence signal including the secondary path delay. This is called the filtered-reference,
hence the name FxLMS. To control multiple harmonics of the gear-mesh frequency, par-
allel FxLMS loops need to be implemented. The control voltage would then be a linear
combination of the control voltages at each of these gear mesh harmonics.

The important parameters in a SISO-FxLMS algorithm are the step size µ and the phase
angle of the secondary path φn. Several applications of the FxLMS algorithms exists
where the phase delay is identified online to avoid divergence [45, 49]. The algorithm
is robust if the actual secondary path phase delay during the operation is within 90 ◦ to
−90 ◦ of the actual phase delay in operation [19].

The influence of step size on the convergence of the FxLMS algorithm has been ex-
tensively studied in several studies including geared transmissions [142]. Empirical
formulations for choosing step size are based on the input power of the reference signal
[58] also known as normalised FxLMS is also very popular. Variable step size algorithms
have also been studied, where the step size is adapted according to various criteria [17].
In this study the step size is kept constant. It is further revealed how in multi-point control
the step size gets implicitly customized by weighting of the sensors.

6.2 SIMO-FxLMS algorithm

When multiple target sensors need to be controlled simultaneously, the quantity of vi-
bration measure q̂(t) is transformed into q̂n(t), which is a column vector of vibration
measurements from the distributed sensors at the ns = 7 mounting points. Each of the
mounting points is denoted by sk for control formulations. As introduced before, Hsk Piωn

is
the ns×1 frequency response matrix of the secondary path atωn. For notational simplicity,
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Figure 6.2: Schematic of multi-channel FxLMS algorithm

the frequency ωn is simply denoted as n. Pi is the control actuator. Since there is only
one actuator present, Pi = 1.

The schematic of the SIMO system is depicted in Figure 6.2. For the sake of simplicity,
the mathematics of the system is derived using only two of the seven sensors as shown
in the figure S1 and S2. During implementation on the demonstration gearbox, it can
be easily extended to all the seven mounting point sensors. Since only a single actuator
system is explored which is positioned at Position 10 as derived from previous chapter,
the secondary path notations are all referenced with the number 1. Hence, the secondary
path transfer function between S1 and actuator is termed as H11,n.

The total vibration at each of the sensor can be written using Equation 6.1, where d1n

and d2n are the primary path disturbances from the gear whine through the transfer path
of shafts and bearings to the housing surface.

q̂1n(t) = d̂1n + Ĥ11,n ∗ Ûan
(t)

q̂2n(t) = d̂2n + Ĥ21,n ∗ Ûan
(t)

(6.6)

The objective function for the SIMO-FxLMS algorithm is to minimize the following:

ξsimo = q̂n(t)
T Wsq̂n(t) (6.7)

where Ws is a ns × ns is a diagonal weighting matrix for each error sensor, where ns is the
total number of sensors. For a 2-sensor example shown in Figure 6.2, the error function
transforms to:

ξsimo = w1(q̂1n(t))
2 +w2(q̂2n(t))

2 (6.8)

where w1 and w2 are the weights assigned to the error sensors S1 and S2 respectively.
Using similar formulation for the real parts of the signal as the SISO algorithm formulation
and the real part notation of the control voltage directly from Equation 6.3 along with
the same reference signal Xn(t), the gradient of the SIMO-FxLMS algorithm is computed
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as follows:

Ïξsimo =
dξsimo

d(Uan
(t))
= 2qn(t)

(

d(qn(t))
d(U c

an )
d(qn(t))
d(Us

an )

)T

= 2qT
n (t)Ws

�

H11,n cos(ωn t +φ1n) H11,n sin(ωn t +φ1n)
H21,n cos(ωn t +φ2n) H21,n sin(ωn t +φ2n)

�

(6.9)

The cosine and sine coefficients of the control voltage are updated for each time step
∆t as follows:
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w1q1n(t)H11,n sin(ωn t +φ1n) +w2q2n(t)H21,n sin(ωn t +φ2n)

ª

(6.10)
After each update, the control voltage is updated using Equation 6.3. The coefficients are
considered as converged, when no significant further increase occurs due to the ξsimo → 0.
It may also happen that the maximum voltage limit of the power amplifier is reached,
which limits the maximum amount of vibration reduction that can be achieved by the
IMA.

Weighting of error signals

The weighting of the sensors is performed in various ways in literature. Of particular
interest is how the step size affects the convergence capability of individual secondary
paths Hk1,n. Out of the various weighting techniques, the weighting using the relative
ratios of secondary path transfer functions [48] is implemented in this study. The main
idea is to have smaller step size for secondary paths with smaller magnitudes. Hence, the
weights implicitly tune the step size in the individual terms of the gradient update.

The weights for each error sensor sk is given by:

wk =
Hk1,n

∑ns
k=1 H2

k1,n

(6.11)

The weights at each frequency need to be tuned using the frequency dependent transfer
function. The frequency dependency of the weights is not denoted as a subscript here.
The complexity is quantified in terms of number of multiplications performed during the
implementation of the control loop at each incremental time-step∆t. The total number of
multiplications and additions will grow with consideration of all seven points in the q(t)
vector sevenfold in each step:i.e. calculation of the gradient, update of the coefficients
and the control voltage calculation. The complexity is summarised in Table 7.1 later in
this chapter after implementing it on the gearbox. The need for reducing the controller
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Figure 6.3: Schematic of Switched-Error FxLMS algorithm

complexity results from constraints on the computational resources in real time for high
frequency vibrations. Therefore the important scientific question has to be raised here is
whether the multi-point control strategy be simplified with similar performance (vibration
reduction capabilities) and robustness as SIMO-FxLMS? Through simplification can some
benefits be defined for a complex system such as a gearbox?

In the next sections, three simplifications of the SIMO-FxLMS are proposed. The main
idea is to achieve global reduction but with converting effectively the SIMO-FxLMS into a
SISO-FxLMS. In Section 6.3 a switching scheme algorithm is introduced followed by a
mixed-error approach in Section 6.4. Each of the important parameters and assumptions
are analysed in detail.

6.3 Switched-error FxLMS algorithm

The idea of a switched-error FxLMS is to effectively have only one error sensor (out of
the multiple sensors), to adapt the control voltage to the actuator at any given instant
of time. This significantly reduces the computational complexity when compared to the
SIMO-FxLMS. From the time when control is activated, each error sensor will be used
sequentially to adapt the force for a certain time period called the switching period,
denoted by ts. After all the sensors in the set are used once, the error sensor is again reset
back to the first sensor in the set. This is called round-robin sequence of switching.

The objective function for the switched-error FxLMS can be defined as ξsw = (q̂sw(t))2.
The q̂sw is the instantaneous error sensor that is actively used to adapt the control voltage
in time. In Figure 6.3, the algorithm is demonstrated with two sensors.

ξsw =

¨

(q̂1n(t))2, time 0 to ts

(q̂2n(t))2, time ts to 2ts
(6.12)
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The adaptation of the control voltage is time dependent with each update essentially a
SISO-FxLMS, and the gradient incorporates the active error sensor at that particular time
instant. Using the real parts of the signals, gradient of the objective functions is defined
as follows

Ïξsw =
dξsw

d(Uan
(t))
= 2qsw(t)

(

d(qsw(t))
d(U c

an )
d(qsw(t))
d(Us

an )
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= 2qsw(t)
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Hn cos(ωn t +φn)
Hn sin(ωn t +φn)

ª
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2q1n(t)
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«

, time 0 to ts

2q2n(t)

¨

H21,ncos(ωt +φ2n)
H21,nsin(ωt +φ2n)

«

, time ts to 2ts

(6.13)

Using the gradient above, adaptation each of the coefficients of the control voltage can
be calculated iteratively using the following:
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q2n(t)H21,n cos(ωn t +φ2n)
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«
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(6.14)

The control voltage is tuned as a summation of voltages tuned for each sensor. When
the error sensor is switched, only coefficients of the voltage corresponding to the selected
error are tuned. The last tuned values for the sensor before the switching event keeps the
vibration at the previous sensor from growing in case the phase angle of the next sensor
differs by more than ±90 ◦.

Selection of switching time

The concept of error switching for noise control has been demonstrated by Marek et al.
[92] for active casings but detailed discussion about the effect of parameters such as
the switching period on the effectiveness of the algorithm is absent in literature. The
only statement stated in previous literature so far is that the switching time has to be
"fast enough". It has been claimed in previous works by the same authors [91] that the
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convergence speed of the switched-error FxLMS algorithm is slower compared to the
MIMO-FxLMS. Despite the loss in convergence speed, the reduced complexity makes it
the switched error algorithm a viable choice to implement for multi-point control with
the selection of an appropriate switching time.

There could be two logical ways of selecting the switching time from the formulation
of the algorithm:

1. Upper limit is based on the time taken to achieve convergence of weights, i.e.
coefficients U c

an
and U s

an
of the control.

2. Lower limit is decided by the frequency of the signal to be controlled. It was
empirically introduced in the previous work [91], i.e the switch shouldn’t happen in
each sample. This indicates that the switching is related to the sampling frequency.
For example, if Fs is the sampling frequency of the controller, then the sample time
Ts =

1
Fs

. In other to ensure that the switching does not occur in each sample, the
switching time should at least be 2× Ts.

For each of the above, the experimental study is performed for the control of vibrations
on the gearbox. The switching time is studied on two different levels, 0.1 s and 0.001s.

6.4 Mixed-error FxLMS algorithm

Another simplification that can be made to the SIMO-FxLMS algorithm is to combine the
sensor information from multiple mounting points into a single quantity. This reduces
the number of inputs required to adapt the actuator voltage using the control algorithm
given in Equation 6.10. Combining sensors allows each control force to be optimized
when the number of error sensors is greater than the number of control sources [128].
The combination of sensors into one mixed sensors can be termed as agglomeration. The
sensor set is divided into two subsets - MPFs and MPBs as already introduced in Chapter 5.
Sensors from each side of the gearbox will be "mixed" to form a virtual sensor. The main
assumption based on which the "mixing" can be performed is the physical proximity of
the sensors. The mixing of sensor information is done by simple addition of the absolute
magnitudes of the sensor quantities, multiplied by a weight as shown in Figure 6.4. The
actual number of physical sensors present in the system remains unchanged as they need
to be present to calculate the real-time mixed error for adapting the control voltage for
the actuator.

The objective of the mixed-error algorithm is defined as ξmix = (q̂mix ,n(t))2, where
q̂mix ,n(t) is given by

q̂mix (t) = w1 | q̂1n(t) | +w2 | q̂2n(t) | (6.15)

The mixed-error is treated as a new virtual sensor point with its own secondary path
transfer function Ĥmix ,n = Hmix ,ne jφmix ,n . The physical effect of the actuator force at each
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individual sensors remains exactly as given in Equation 6.6. In addition, the mixed
vibration can be written as:

q̂mix (t) = w1 | d̂1n(t) + Ĥ11,n ∗ Ûan
(t) | +w2 | d̂2n(t) + Ĥ21,n ∗ Ûan

(t) | (6.16)

It is evident from above that Ĥmix ,n is just a weighted sum of Ĥ11,n and Ĥ21,n. The idea
behind the assumption of mixing using physical proximity of the sensors, the secondary
path phase delay from the actuator to each of the sensors in the subset does not differ.
Therefore, once combined, the mixed phase φmix is not very different from the originally
identified phase delays of the individual sensors φ1n and φ2n . The convergence criteria
of the mixed error algorithm can be derived from the robustness of SISO-FxLMS with
respect to the phase delay, φmix ,n being in the range of ±90 ◦ of each of the individual
secondary path phases in the mixture.

The adaptation of the sine and cosine components of the IMA control voltage is again a
SISO-FxLMS with a slightly modified computation of the gradient. The gradient of the
objective of mixed-error using the real parts of the signals can be written as:
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d(Uan
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d(U c
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§
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w1H11,nsin(ωn t +φ1n) +w2H21,nsin(ωn t +φ2n)

ª

(6.17)
Using the gradient above, the adaptation each of the components of the control voltage
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can be calculated iteratively using the equations:

�

U c
an

U s
an

�

t+∆t

=

�

U c
an

U s
an

�

t

−
1
2
µ∆tÏξmix

=

�

U c
an

U s
an

�

t

−µ∆t
2
∑

k=1

wkqkn(t)

�∑2
k=1 wkHk1,ncos(ωn t +φkn)

∑2
k=1 wkHk1,nsin(ωn t +φkn)

�
(6.18)

It should be noted that during implementation in hardware, the qmix ,n =
∑2

k=1 wkHk1,n

is calculated externally before hand and feed into the control loop, along with the pre-
determined Hmix ,n. This leads to an equivalent SISO-operation in the control loop and
gradient calculation hence reducing the computational complexity.

The main difference between the calculation of weights in the SIMO-FxLMS and the
mixed-error approach is the multiplication of the individual secondary path transfer
functions in the gradient. Let nmix < ns indicate the number of sensors mixed. The
gradient for the mixed-error is compared with the SIMO algorithm using the same nmix

sensors to understand the difference in the gradient computation. Only the cos term
gradient is shown as follows:

Ïξsimo,c =
nmix
∑

k=1

wkqkn(t)Hk1,ncos(ωn t +φkn)

Ïξmix ,c =
nmix
∑

k=1

wkqkn(t)
nmix
∑

k=1

Hk1,ncos(ωn t +φkn)

(6.19)

It is to be noted that there are the additional terms of multiplication in the gradient
of the mixed-error essentially leading to a difference between the two algorithms. If the
output of each of the mixed sensor is identical and the secondary path transfer functions of
each of them is identical to each other then the gradient Ïξmix ,c would be proportional to
Ïξsimo,c . Due to the small wavelengths of vibration at frequencies in the order of kHz, the
vibration would differ even with a 1 mm change in distance making this proportionality
of gradients highly unlikely.

6.4.1 Selection of weights in mixed-error FxLMS

From Equation 6.15, the mixed-error is a weighted sum of the errors. Similar to the
SIMO-FxLMS, the weighting of the individual errors is dependant on the secondary path
transfer functions of each of the individual error sensors, given by Equation 6.11.

Apart from the magnitude of the individual weights, the sign of weights is also very
important in the mixed-error approach. For example, in case of a group of sensors that
are physically proximate, the assumption of phase delay similarity may not be valid with
high frequency vibrations. Continuing the example of the two-sensor mixing, if the phase
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Figure 6.5: Weighting of mixed-errors. Left (a): Phases of secondary path FRFs within
90 ◦ range - all positive weights in mixing; Right (b): Phases of secondary
path FRFs outside ±90 ◦ range - negative weight assigned to second sensor
to flip the phase by 180 ◦

angle of the sensor S2 falls within the range of ±90 ◦ of the sensor S1, this would still lead
to convergence based on the behaviour of the FxLMS algorithm. In this case the φmix ,n

would lie in between the two angles φ11,n and φ21,n and the mixing can be done using
only positive weights, shown in Figure 6.5 (a).

In the case, where the secondary path response of the second sensor falls outside the
φ1 ±90 ◦ range then the weight of the sensor can be multiplied by -1. As shown in Figure
6.5 (b), the multiplication with -1 flips the phase by 180 ◦ of the original phase, aligning it
in the direction of the sensors of the group. This aids the convergence of the mixed-error
algorithm.

All the three algorithms discussed here are validated together with the developed AVC
on the 7HDT300 transmission. The performance and complexity of implementation are
all discussed in the following chapter.
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7 Experimental validation

The validation of each algorithm was conducted on the demonstration gearbox. During
the experimental investigations, an unexpected short circuit event rendered one of the
load machines non-operational. Therefore, to ensure accurate and reliable results, the
non-functioning load machine was promptly isolated from the test bench to prevent any
interference with the ongoing tests.

This meant there were two possibilities for the operational tests:

1. The non-operational load side would be electrically disconnected but mechanically
still present. The unloaded side would be freely rotating. But due to the limitation
of the test-bench system, no input torque can be applied in any operational case.
The only torque generated would be due to drag torque caused by gear friction and
oil churning.

2. The non-operational load side is disconnected mechanically from the test-bench
and replaced by a frame essentially locking one side of the differential. In this
condition, input torque can be applied to the gearbox. This mode of operation
although non-idealistic, generates significant observable gear mesh harmonics that
can be controlled. This is shown in Figure 7.1.

For the experimental performance evaluation of the control algorithms, the locked
condition is used. The transmission was engaged in 3 rd gear and run in steady state
at 500RPM. Higher speeds are not recommended for the locked condition. Figure 7.1
shows the vibration recorded at mounting points both on the clutch and transverse case
by MPF2 and MPB2 sensors respectively. The gear mesh frequencies observed clearly are
1958 Hz, 2500 Hz, 2936 Hz and 4056Hz. Of all the peaks, the 2500Hz has the highest
magnitude and also corresponds to a prominent resonance point observed from the speed
ramp experiments from Chapter 3, Figure 3.19. Therefore all the algorithms will be tuned
to control the 2500 Hz gear mesh frequency.

Performance of SIMO-FxLMS

The SIMO-FxLMS was applied to the 2500Hz gear mesh frequency both with equal
weights and with weights given by Equation 6.11 to tune the IMA control voltage. The
results are presented in Figure 7.2 for all the mounting points on the clutch case and in
Figure 7.3 for all the mounting points on the transverse case. The left column in each
figure represents the equal weights assigned to each of the mounting points when the
objective is calculated according to Equation 6.8. The results on the left column of Figures
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Figure 7.1: Vibrations recorded for free (a) and locked (b) test bench condition at IMS
Connect

7.2 and 7.3 show that assigning equal weights, caused the vibration in all points except
MPF2 to increase, hence proving that equal weights is a very bad choice for multi-point
control. The weights calculated using the secondary path transfer function using Equation
6.11 showed that the appropriate control voltage magnitudes to improve the reduction of
vibration at the mounting points is possible.

It is to be noted that the SIMO-FxLMS would not always cause a reduction among
all points. Since it is the weighted sum of squares objective, it is not necessary that the
individual quantities will be reduced but the global sum would be reduced. Hence, similar
result as for 2500 Hz may not be expected for other frequencies.

Performance of Switched-Error FxLMS

Using the SISO-FxLMS algorithm on each of the errors, the order of time of convergence
for adapting the weight is about 0.1 s - 0.5 s. Hence, the upper limit of switching time is
ts = 0.1 s. The lower limit was set based on the sampling frequency in the experiment
(20 kHz), and therefore to allow sufficient switching time ts = 0.001 s is chosen which
switches after 20 samples.

During the implementation of the switching-error, the control voltage is given as a
sum of 7 voltages. Each voltage corresponding to each of the seven sensors. When the
algorithm is "switched" to a particular error sensor, the voltage coefficients are adapted
only for that sensor. After the time ts when the error switches, the adapted coefficients
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Figure 7.2: Performance of SIMO-FxLMS algorithm at MPF1-3. Left (a): all sensors
weighted equally. Right (b): Sensors weighted according to Equation 6.11
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Figure 7.3: Performance of SIMO-FxLMS algorithm at MPB1-4. Left (a): all sensors
weighted equally. Right (b): Sensors weighted according to Equation 6.11
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Figure 7.4: Convergence of coefficients with switching time: Top (a) ts = 0.1 s co-
efficients converge within 1s of start of AVC. Bottom (b) ts = 0.001s
coefficients converge within 10 -20 s of start of AVC.

for the previous sensor are held constant until that sensor is active again. This is done to
make sure when the adaptation of coefficients take place on a sensor, whose secondary
path phase is outside the range of ±90 ◦ of the other sensors, instability is avoided. Hence,
it can be seen that the coefficients in Figure 7.4 are held for a certain period of time. For
the coefficient when ts = 0.001s, the holding period is not very apparent due to the short
switching time.

Similar to the SIMO-FxLMS results, the Switched-error FxLMS are also organised in
two separate plots: Figures 7.5 and 7.6. In each figure, the left column corresponds to
the switching time ts = 0.1 s and the right column corresponds to the switching time
ts = 0.001 s.

The main disadvantage of slower switching time, ts = 0.1 s is during the time the force
adapts using one error sensor as the objective, there could be an increase in vibration in
another sensor in the error set. Therefore it was observed that vibration at only two of
the seven sensors, MPF1 and MPF3 were reduced by 5 dB and 4 dB respectively. One way
of dealing with overcoming this problem is to alter the sequence of error sensors in the
round-robin sequential technique gradually increasing phase angles. But this would have
to be customised for each frequency point and would eventually be a cumbersome tuning
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Figure 7.5: Switched error FxLMS validation on mounting points on clutch case
MPFs:Left side (a): ts = 0.1s ; Right (b): ts = 0.001s
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process. Lower switching time although guarantees a faster convergence of individual
weights as seen in Figure 7.4 (a). However, this may lead to global instability when the
phase delay of the error sensors are not oriented in a favourable manner i.e within ±90 ◦

of one another.
The advantage of a faster switching time, ts = 0.001 s is that the control signal quickly

adapts instantaneously to each of the error signals, leaving less time for the vibration at
unfavourably placed error sensor (in terms of secondary path phase delays) to increase.
With faster switching time, vibration at all mounting points except MPB2 were controlled
- refer right hand column of Figure 7.6. For the front points the faster switching time
also lead to greater reduction in MPF2 (10dB compared to the slower switching time
response) However, the increase in vibration at MPB2 is relatively low compared to the
case of the slower switching time. Hence, the faster switching time i.e. ts = 0.001 s is
preferred for high frequency control applications.

Performance of mixed-error-FxLMS

From the derivation in Section 6.4, there are two cases of mixing validated on the
gearbox:using only the mounting point sensors on the clutch case - MPFs and using
only the mounting points on the transverse case. It is to be noted that the mixed-error
experiments for MPFs and MPBs were conducted independently and no simultaneous
mixing was done. Which means that when the front mounting points are mixed, the
transverse case mounting points are not taken into consideration, hence the vibration
there is not tracked. Same condition was also valid for when the mixed-error experiment
was performed with the transverse case mounting points. This was done because of the
assumption on which the mixed-error algorithm is based, spatial proximity. Having two
clusters of mixed points will lead to SIMO-control which is again a different class of
multi-point control which is not dealt here.

When the front points are mixed with equal weights, the vibration is reduced in all
three sensors as seen in Figure 7.8. Both with equal weighting and using the weights
given by Equation 6.11, a reduction across all the mounting points is possible. This is
because the phase of the secondary paths of these mounting points are within the ±90 ◦

range of one another as shown in Figure 7.7 (a). The individual weighting using the
secondary path information helped in achieving greater reduction in the mounting point
MPF2 from 7 dB to 12dB.

In the experiment with the mixing of the mounting points on the transverse case, the
vibration could be reduced at all points with equal weighting except for mounting point
MPB2. This is because of the orientation the phase angle of MPB2 with respect to the
phase of MPB3 as shown in Figure 7.7(b). For this experiment, the phase angle of MPB3
was used as a reference. Even with assigning a negative weight to MPB2 meant it would
be on the other end of the stability margin. Hence, a negative weight is assigned as well as
a slight shift in the phase angle was made so that it would be in the stability range of the
mixed phase angles as shown in Figure 7.7(b). With this weight correction, a reduction
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Figure 7.6: Switched error FxLMS validation on mounting points on transverse case
MPBs:Left side (a): ts = 0.1 s ; Right (b): ts = 0.001s
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Figure 7.7: Weighting of mixed-errors at 2500Hz. Left (a): Phase of secondary path for
mounting points MPFs. ; Right (b): Phase of secondary path for mounting
points MPBs.

in vibration at mounting MPB2 of 4dB could be achieved.
Another solution could have been to use MPB4 as the reference and then negatively

weight the MPB1 and MPB2 phase angles. Therefore there are various possibilities to
obtained the mixed-error.

7.1 Comparison of algorithms

To summarize and compare the performance of the control algorithms introduced in this
chapter, the assessment is made on different aspects. Firstly the summary of vibration
reduction achieved at all the mounting point is presented in Figure 7.10. The summary
here is presented for the weighed SIMO, Switched-error with ts = 0.001s and weighted
mixed-error algorithms. It can be seen that, mixed-error algorithm provides the greatest
reductions at the mounting points.

Computational complexity is calculated in the order of number of multiplication op-
erations performed for each of the algorithms. In digital computation, multiplications
are more resource intensive as they consist of multiple additions hence only the number
of multiplications are listed out in the steps in each algorithm listed in Table 7.1. As
mentioned before ns = 7 represent the total number of error sensors. The number of
reference signals used is denoted by nr = 2, since only sine and cosine components of
the input RPM are used in signal Xn(t). Number of actuators here is na = 1 with two
coefficients of the control voltage. All calculations are presented for one actuator input.

The algorithms are then compared on aspects such as computational complexity, number
of parameters to tune and stability criteria in Table 7.1. In the second column, the
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Figure 7.8: Mixed-error FxLMS validation on mounting points on clutch case MPFs.
Left side (a): Mixed with equal weights, i.e. wk = 1 ; Right (b): Mixed with
weights according to Equation 6.11
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Figure 7.9: Mixed-error FxLMS validation on mounting points on transverse case MPFs.
Left side (a): Mixed with equal weights, i.e. wk = 1 ; Right (b): Mixed with
weights according to Equation 6.11
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Figure 7.10: Summary of vibration reduction achieved at 2500Hz using the three
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Table 7.1: Number of multiplication operations in each control algorithm

Algorithm Step 0 Step 1 Step 2 Step 3

Calculation
of error
signal

Calculation
of filtered
secondary
path

Gradient
Update

Calculation
of voltage
output

SISO-FxLMS
Baseline

- 2 2 2

SIMO-
FxLMS

2 ×ns 2 ×ns 2

Switched-
error
FxLMS

- 2 2 2

Mixed-error
FxLMS

nmix 2 2 2
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computational complexity is obtained by adding the rows in Table 7.1 for each algorithm.
It is noted here that the computational complexity of mixed-error algorithm is calculated
using nmix = 4 as a conservative case.

Table 7.2: Summary control algorithm comparison; All calculations carried out for
ns = 7 number of mounting points to be controlled

Algorithm Computational
complexity

Parameters
to tune

Robustness
criteria

SIMO-
FxLMS

30 7 weights,
7 phase angles

For each φki,n

the estimated
value should be
within ±90 ◦ of
the actual delay

Switched-error
FxLMS

6 7 phase angles same as SIMO

Mixed-error
FxLMS

10 1 phase angle per
mix , 4 weights in
the mixed-error

For each φmix ,n

the estimated
value should be
within ±90 ◦ of
the all the mixed
sensors

As a overview from the analysis, the mixed-error algorithm offers the best solution due
to best performance , low parameters to tune and compared to SIMO-FxLMS. Although,
the switched-error is least computationally intensive, the number of parameters to tune
simultaneously makes it the next best option.

7.2 Projected FxLMS algorithm

There is an apparent drawback in the previous three algorithms discussed in this chapter.
All points that are to be controlled need to be actively monitored with a sensor. This con-
tributes to additional cost of the system and could be infeasible for industrial applications.
In the given scenario, that a correlated model of the gearbox is available, the opportunity
of predicting responses of unmeasured points can be leveraged. This gives rise to the
idea of Projected Error FxLMS. The main idea is to predict the value of vibration at the
targeted point of vibration reduction and use this for control.

Using the transmissibility concept presented in Section 3.2, the primary path vibration
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Figure 7.11: Schematic of Projected -Error FxLMS Algorithm, vibration at S2 is predicted
from S1

at S2 is predicted from S1. The prediction of vibration at S2 is given as follows:

d̂2,pred(t) = T FS21 ∗ d̂1n(t) (7.1)

The quantity T FS21,n represents the transmissibility of primary path vibrations between

S1 and S2 given as
D̂2n D̂∗2n
D̂1n D̂∗1n

, where D̂1n and D̂2n are Laplace transformations of q̂1n(t) and

q̂2n(t) respectively. D̂∗ represents the complex conjugate. It should be noted that this
approach can be used to predict multiple sensors from a single reference sensor S1, but
the example with only one sensor is presented here.

The total vibration at S2 predicted from S1 under the influence of control is given by:

q̂2,pro j = d̂2,pred(t) + Ĥ21,n ∗ Ûan
(t)

= T FS21,n ∗ d̂1n(t) + Ĥ21,n ∗ Ûan
(t)

= T FS21,n ∗ (q̂1(t)− Ĥ11,n ∗ Ûan
(t)) + Ĥ21,n ∗ Ûan

(t)from Equation 6.6

(7.2)

Using the above equations in frequency domain and writing the prediction in terms of
total vibration at S1:

Q̂2,pro j = T FS21,n ∗ Q̂1n + (Ĥ21,n − T FS21,nĤ11,n)Ûan
(7.3)

Due to the prediction capability, the sensor S2 can be eliminated, thereby reducing the
number of actively mounted sensors on the gearbox. There are two main ideas based on
which the reference sensor S1 is selected so that vibration at the required sensor S2 can
be predicted accurately:

1. Physical proximity: S1 and S2 being close to each other ensures there is not much
change in the secondary path influence and also the transmissibility T FS21,n is close
to 1. This will ensure that the behaviour of S2 is exactly same as S1 according to
Equation 7.3. Therefore no additional parameters need to be calculated for S2.
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Figure 7.12: Projected Error with MPB4 as reference and controlling MPF1

2. Minimal actuator influence on S1: In contrast to the above reasoning, if the active
control cancels the vibration at S1, then according to Equation 7.3, the prediction
of vibration at S2 will be zero. This will halt the adaptation of control voltage,
although actual vibration at S2 is still present.

Following the second idea, the projected error FxLMS is applied to the demonstration
gearbox to control the vibration at MPF1 (S2). The reference sensor chosen is MPB4 so
that actuator influence is minimal in comparison to other mounting points, because it had
the least magnitude of the secondary path transfer function. It can be seen from Figure
7.12(a), the vibration at MPF1 before control was predicted with reasonable accuracy.
After the control was activated, the prediction stated that the vibration went down to
103 dB, while in reality the vibration was 115 dB. This discrepancy arises because the
vibration at reference sensor MPB4 itself was reduced by a great amount (by 9 dB), which
lead to erroneous prediction after the control was activated.

Even though the proposed projected algorithm presents a promising way of reducing
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Figure 7.13: Cost (left) and Weight (right) analysis of the designed AVC system

cost in an active vibration control system, inherent disadvantages like the inability to
predict the vibration accurately upon activation of control makes is undesirable to use
at high frequencies. Looking for a position with minimal actuator influence so that the
second part of Equation 7.3 can be purely be determined from the controlled sensor
position, is highly unlikely for a complicated system like a transmission.

7.3 System level economics

The developed system level model can be used to develop an active vibration control
system for any kind of transmission or gearbox by replacing the dynamic model in the UUT
block. In fact, this is also applicable to any mechanical system for example a beam, plate,
etc. Several control algorithms can be tested in the same system-level and simultaneously
various control actuators can be integrated to prove their concepts before even proceeding
to the hardware prototyping stage. This kind of plug and play modelling at system level
enables accelerated the product design process for next generation products of a series
production.

The costs of the system is depicted in Figure 7.13 and is analysed for prototyping
stage. The prototype development incurred a cost of 360€. Each of the sensors costs
35€ per piece (Source : Smart Material website), however mass production up to 100
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Figure 7.14: Schematic showing the integration of the proposed dual mode shear
actuator in the gearbox housing

units can bring down its costs to 5€ per piece (as per quote provided by Smart Material
GmbH). 71% of the costs are incurred by the actuator and the power amplifier. These
costs therefore need to be optimized for series production.

The total mass added to the transmission with the current developed AVC concept
was estimated to be about 225g out of which the actuator weighs about 60g, which
is considered of importance in terms of the added weight implications to a lightweight
transmission.

Cost reduction strategies

1. Sensor: There are two ways, the cost associated with the sensors can be reduced.
One way is to perform an optimisation of the number of sensors which would lead to
minimum number of sensors that could predict the vibration at the mounting points
accurately. Sensors can be miniaturised and embedded in the bolting connections
of the mounts if needed. An optimisation of the number of sensors can also be
performed which has been demonstrated as part of a publication [100].

2. Actuator: Another integrated concept of actuator based on dual mode shear actuator
was proposed as a part of the research of the collaborating researcher in the project.
Directly using the housing thickness as the inertial mass would be both cost effective
and would not add any additional weight to the gearbox. This actuator principle is
shown in Figure 7.14.

3. Miscellaneous electronics: The microcontroller including the signal conditioning
circuit and the power electronics can be merged into the TCU for compact elec-
trical integration. This can help to reduce the PCB prototyping indicating the
miscellaneous cost in Figure 7.13.
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8 Conclusions and outlook

In this thesis, each of the Chapters 3 to 6 dealt with sequentially building an active
vibration control system to efficiently control the vibrations transferred from the mounting
points of a gearbox housing. The thesis systematically addressed each subsystem of the
system-level model in sequential chapters. Prior to the development of each subsystem,
a comprehensive analysis of the state-of-the-art was conducted, encompassing relevant
tools and algorithms.

The main results and contributions of this thesis are summarized by addressing the
research questions introduced in Chapter 1, Section 1.4. This approach provides a
structured overview of the key insights and advancements achieved through this research
work.

RQ 1: Modelling approach

The goal of the modelling of gear-whine was two fold. One was to model the level of
vibrations generated on the housing due to gear whine. The second was to generate a
system level model to provide a unified modelling approach for the development of the
AVC system, specifically in regards to the actuator design and its placement.

In Chapter 1, two main models were introduced: the prototype gearbox and the
demonstration gearbox. From the review of state of art of modelling approaches, it was
established that Finite-Element approaches were still suitable for quantifying frequency
ranges 500 - 5000 Hz. For the prototyping gearbox, although no realistic excitation was
imposed, comparable levels of vibration were able to be reproduced using the artificial
piezo-exciter. The experimental method however revealed that only the vibrations up to
2000 Hz, transferred to the housing structure via the bearing while the high frequency
vibrations transferred through the test-rig fixture. The accuracy of prediction of vibra-
tion peaks matched the resonances observed from experimental data. Mismatch in the
magnitude was attributed to the simplification of the contacts and boundary conditions.

For the demonstration gearbox, however it was possible to test with real-operating
conditions with rotating gears. Romax was chosen to be the best analysis tool for modelling
the high frequency gear whine. Due to the implicit nature of the gear whine excitations, the
correlation of the developed model was performed using transmissibility function with the
EOL position as the reference sensor. Major resonances correlated well with experiment
and the model at all the measured points. However due to the stated assumptions and
simplifications made to the model, deficiencies in predicting gearbox housing vibration in
certain frequency ranges were identified.
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Another major outcome of the modelling of the gearbox housing vibrations was the
need for a single model for the AVC development. Since the control actuator would
be mounted on the housing and would not interfere with gear-whine transfer path, the
secondary path model was not affected by the operational condition (speed and torque in
operation) of the gearbox. Hence, only one single model was needed to develop further
subsystems of the AVC system.

RQ 2: Actuator force requirements

In Section 3.1.4, using the model of the prototyping gearbox. It was determined that most
of the vibrations lie in the frequency range of 1500 - 5000Hz. The result of the analysis
of mounting point vibration showed that an actuator that could generate a force of 100 N
on the housing in this frequency range would be suitable to control the vibration at the
mounting points.

In parallel investigation of this study within the framework of the project, it was proven
that piezoelectric inertial mass actuators were ideal in generating this level of forces while
adding minimal weight to the system. Hence, the further development of the actuator
was performed with the established requirement. The design of the actuator however was
not in the scope of this thesis.

RQ 3: Alternate sensing approach

In review of the industrially accepted sensors for measuring vibrations, it was found that
MFCs were the most suitable components to establish a sensing scheme for a complex
geometry like an automotive gearbox. Due to their conformability to complex surfaces
and high bandwidth they were chosen as sensors to capture the structure borne vibrations.
Based on the comparison of MFC types, the M0714P2 type was chosen for this study. A
charge amplifier circuit was built that converted the charge to readable voltage output in
the range of 0 - 2.5V. The microcontroller based data acquisition system can read and
record these values at a sampling frequency of up to 25kHz. This data acquisition unit
can be easily integrated into the existing Transmission Control Unit (TCU) in the vehicle.

A systematic calibration of the MFCs was performed to predict the vibrations at the
mounting points in terms of acceleration using the transfer function given by Equation
4.13. The decision of selecting MFCs was based on the cost to utility benefit provided by
the number of sensors that would be used in the AVC system. Despite their low cost, the
reliability and seamless integration into the gearbox housing proved beneficial of their
usage for measuring high frequency gearbox vibrations.

RQ 4: Actuator position

The inclusion of actuator dynamics with the gearbox model proved important to consider
due to the coupling of dynamics at the actuator attachment point. Adding the spatial
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dimension to the controllability concept proved effective in determining the actuator
position. The process of selecting an actuator position described in Chapter 5, was
ultimately based on the modal and spatial controllability scores. The derivation of a
single actuator and 2- actuator combination was derived systematically. The derivation of
position was compared with the strategy applied to the experimentally derived secondary
path transfer function. Even though the secondary path transfer functions were not
perfectly accurate with experiment due to the generalisation of the joint stiffness, it did
not effect the position derived. Same position could be derived for single and 2-actuator
layouts.

RQ 5 : Control Algorithm

The control algorithm and data acquisition were deployed in hardware using a 600 MHz
microcontroller development board. This called for implementation of control algorithms
that had low computational complexity to achieve the simultaneous control and data
acquisition at a high rate of 20kHz.

Based on the SISO-FxLMS, three algorithms were compared for multipoint control
in Chapter 6. The SIMO-FxLMS served as a baseline for comparison for the proposed
switching and mixed error algorithms. In each of the algorithms, the relevant parameters
were analysed in detail. For the SIMO algorithm, the weighting of the error sensors
as a function of the secondary path transfer function improved its vibration reduction
performance.

Both the mixed and switching error algorithms simplified the SIMO-FxLMS into a SISO-
FxLMS thereby reducing the computational complexity by more than half in each case.
For the switched error algorithm, using a faster switching time provided better vibration
reduction performance but at the expense of slow convergence in adaptation of control
coefficients in the order of 5 - 10 s.

For the mixed-error, in addition to the weights calculated similar to the SIMO-FxLMS
approach, the sign assigned to each individual weight was also important for the stability
and performance of the algorithm. From overall comparison of the three algorithms,
mixed-error algorithm provided the best computational complexity to performance benefit.

The projected error control algorithm was introduced based on remotely predicting
the vibration at the desired control location. This algorithm promised the reduction of
the number of sensors to be actively placed on the gearbox. The limitations of erroneous
predictions at high frequency vibrations was shown. This proved that the projected-error
algorithm was ineffective by using only one reference sensor. Further optimisation of
number of sensors and their positions is necessary to exploit the full potential of this
algorithm using the system level model.
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RQ 6 : System level economics

The developed system level model can be used to develop an active vibration control
system for any kind of transmission or gearbox by replacing the dynamic model in the UUT
block. In fact, this is also applicable to any mechanical system for example a beam, plate,
etc. Several control algorithms can be tested in the same system-level and simultaneously
various control actuators can be integrated to prove their concepts before even proceeding
to the hardware prototyping stage. This kind of plug and play modelling at system level
accelerates the product design process for next generation products of a series production.

Given the trade off of vibration increase with about 1 kg reduction in gearbox weight
with the use of lightweight materials, the addition of 225g with the developed AVC
represents a lesser percentage of increase in weight, given the functional benefit. Out of
the electronics, the power amplifier contributes to the majority of the weight, where there
is great scope for optimization and integration into the current on-board electronics.

Outlook and future work

The study performed in this thesis identified major avenues for development of the AVC as
future work. From the modelling point of view, the commercial software could implement
the damping update routine as demonstrated in Chapter 3. Also the consideration of inertia
and apparent stiffness of the neglected components of the gearbox could be implemented
in future iterations of the software update.

MFCs could not only be used as sensors but also effective actuators. There are studies
undertaken to have MFCs as actuators themselves [106] proving some potential for
application of these elements as actuators for high frequency structure borne vibrations.
Since the inertial effect to produce the external force similar to the IMA is lacking in an
MFC, careful design and integration of it in the structure needs to be undertaken. One
such example is demonstrated in the thesis of Schmitt [113], where the author stacked
multiple piezo-foil actuators to generate a direct excitation at the gear-tooth. Similar
direction could be undertaken, keeping in mind the cost factor of using multiple actuators.

The major aim in Chapter 6 was to provide simplifications to the already established
multi-point control methods based on the basic FxLMS algorithms with nominal step size
and known secondary path transfer function. However, there are several variations in
terms of variable step-size and online secondary path identification methods applied in
literature which have not been addressed in this thesis. As a future direction the switched
error and mixed error algorithms can be developed further with online phase identification
or even model-free methods.

The mixed error approach was independently testing on mounting points on the clutch
case and transverse case. Another possibility of investigation is the simultaneous applica-
tion of mixed error on mounting points on the clutch and transverse case and employing
either SIMO or switched error algorithm.

The projected error algorithm proposed at the end of Chapter 6, still provides some
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potential to implement with relevant virtual sensing techniques and reference sensor
optimisation. However a detailed investigation into both the approaches needs to be
undertaken.

The active vibration control system developed as part of this thesis is not only restricted
to automotive transmissions. It can be extended to any kind of vibrating structure where
the vibrations need to be monitored actively.
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A Hardware details of developed AVC system

A.1 Sensor data and actuator data

Piezoelectric
Accelerometer

86450AT from KISTLER IEPE

Range : ±5g
Sensitivity : 1000mV g−1

Resonance frequency : 17kHz
Mass : 3.5g

Macro fibre
composite

MFC0714P1 from SMART MATERIAL

Capacitance: 11nF

Dimension : 7mm× 14mm

Piezoelectric coefficient d31: 170 pC/N

Inertial Mass
Actuator

PA4FLW from THORLABS

Maximum driving voltage : 150V
Piezoelectric stack dimensions : 5mm× 5mm× 5mm
Dimensions of the IMA : φ 25mm× 20 mm
Blocking Force (N) : 1000N
Piezoelectric stack stiffness : 180Nµm−1

Piezoelectric stack capacitance : 460 50nF
Displacement (Free Stroke) at 150 V :6.1 15µm
IMA weight : 59.6g
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A.2 Data Acquisition (DAQ) board

The data acquisition was performed using a board custom developed for this thesis.
The acquisition and control algorithms are deployed using a Teensy 4.1 microcontroller
development board. The ADC on this board is limited to 10bit, hence an external ADC
consisting of 8 channels is used. The 8 signal conditioning units based on the circuit shown
in Figure 4.6 are highlighted in Figure A.1. The microcontroller also lacks a Digital to
Analog Converter, hence an external DAC is incorporated in the board which can support
upto two actuators simultaneously. The DAQ board can be powered externally with 15 -
20 V power. All the data is stored on an SD card that can be accessed via the USB cable.

Teensy 4.1
Developement board

SD card for data
storage

Signal conditioning unit
8 sensors can be connected

MFC

ADC

DAC

+20 V

Control Signal
to actuator
Can control 2
actuators

Figure A.1: DAQ Board schematic
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A.3 Details of IC chips used

Analog to Digital
Converter

AD7928 from ANALOG DEVICES

Range : 0 - 2.5V
Channels : 8
Resolution : 12 - bit
Single-supply operation: 2.7 - 5.5V
Throughput rate: : 1 MSPS
Interface : SPI

Digital to Analog
Converter

MCP4922 from MICROCHIP TECHNOLOGY

Range : 0 - 3.3V
Resolution : 12 - bit
Single-supply operation: 2.7 - 5.5V
Throughput rate: : 1 MSPS
Interface : SPI
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B MADYN analysis for bearing stiffness

In this chapter, a short overview of the analysis of the load dependent behaviour of the
bearings in the static test-rig is presented.

The model of the gear train of the static test-rig was built in MADYN 2000, extensive
rotor-dynamic program, which is suited for general rotor-gear-bearing systems for lateral,
torsional and coupled analyses with all types of bearings [2]. The aim here is to simulate
the load dependant nature of the bearings in the gear-train of the 7DCT300 gearbox for
correlating the modal damping of the test-rig.

The bearing positions are shown in Figure B.1

Figure B.1: Bearing nomenclature in Prototyping gearbox

The housing and test rig frame is also included in the analysis via ANSYS SPMWrite
export into MADYN2000. Dynamic analysis model of the whole gearbox is linearised
at each input torque case, using load dependent bearing properties. The static analysis
performed on the shaft interpolate the bearing stiffness behaviour. Bearing outer ring is
fixed in the housing while the inner ring will deflect in radial or axial direction.

The bearing stiffness matrix used in rotor dynamics is a 5× 5 matrix, contains useful
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information of bearing stiffness like radial stiffness, axial stiffness and tilting stiffness. It
can be represented as:

Kbea =











K11 K12 K13 K14 K15

K21 K22 K23 K24 K25

K31 K32 K33 K34 K35

K41 K42 K43 K44 K45

K51 K52 K53 K54 K55











(B.1)

where the directions 1 and 2 are the radial directions in the plane (also indicated as X
and Y as shown in Figure B.2 and 3 represents the axial direction. 4 and 5 are the angular
deflections around the 1 and 2 axes respectively.

Figure B.2: Bearing stiffness nomenclature in prototyping gearbox
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