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Abstract

The dynamics of solid particles of complex shapes such as airborne snowflakes are governed by aerodynamic drag forces
that are a function of the relative velocity of the particle in the flow and the particle drag coefficient, which depends on the
particle geometry and its orientation. In this study, artificial snowflakes are produced by additive manufacturing and their
drag coefficients are obtained by measuring the terminal velocity in a liquid container, matching the Reynolds number typi-
cally encountered in natural occurrences. The experimental results show that the convex hull of the particle is suitable to
accurately predict the drag force with existing correlations. Since it is unfeasible to accurately measure the three-dimensional
geometries of natural snowflakes, the approximation with the convex hull provides a useful simplification. Furthermore, the
known shapes of the artificial snowflakes are used to develop correlations to estimate the most relevant three-dimensional
descriptors to predict the drag of snowflakes from a two-dimensional projection onto an arbitrary plane.
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1 Introduction

For computationally based weather predictions or ice accre-
P4 Kilian K6bschall tion phenomena, the dynamics of a single ice crystal or
koebschall @sla.tu-darmstadt.de snowflake have to be accurately described (Saunders and
. ) ) . . Peck 1998; Farzaneh 2008; Currie et al. 2012). However,
Institute of Fluid Mechanics and Aerodynamics, Technische . . .. . . .
Universitit Darmstadt, Alarich-Weiss-Strasse 10, this problem is not trivial since in many cases atmospheric
64287 Darmstadt, Germany particles assume very different, complex shapes. Figure 1
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Fig. 1 Photographs of natural snowflakes captured using a high-resolution camera. Exemplary images from the database of Grazioli et al. (2021)

shows examples of natural snowflakes during free fall
recorded with a stereographic camera system, as described
by Garrett et al. (2012) and Pilcher (2013).

The dynamics of natural snowflakes are mainly charac-
terized by their relative velocity U, apparent size and form,
particle orientation (which determine the drag force vector
F ;) and their particle mass m. These parameters can strongly
vary as shown by Langleben, who determined the terminal
velocity of snowflakes and ice crystals for various particle
masses (Langleben 1954). Data on fall speeds, correspond-
ing average particle diameters and snowflake densities can
be found in the work of Garrett et al. (2012) and preceding
studies (Magono and Nakamura 1965; Locatelli and Hobbs
1974; Barthazy and Schefold 2006; Garrett et al. 2012). It
is common to express the terminal velocity of ice particles
and snowflakes in terms of the particle Reynolds number
and its Davies (or Best) number (Heymsfield and Kajikawa
1987; Mitchell 1996).

Snowflakes may assume a preferred orientation during
free fall (Garrett et al. 2015). However, the orientation and
rotation of particles with complex shapes are usually time
dependant and influenced by the stability of the solid body
rotation (Leine et al. 2021; Van Damme et al. 2017). A rota-
tional motion of free falling natural snowflakes has been
observed and measured for various Reynolds numbers by
Kajikawa (1989).

The translation dynamics of a solid particle of an arbi-
trary shape in a fluid flow are determined by the net drag
force F 4. Its magnitude F,; can be expressed in dimensionless
form by means of the drag coefficient defined as

¢ /’Arefl]2
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where p is the fluid density, A, is a reference area and U
is the relative velocity between the particle and the fluid.
The drag coefficient C, is a function of the geometry of the
particle, its orientation and the Reynolds number

_ud

v

Re @
with a characteristic length scale d and the kinematic vis-
cosity v.

For a steady incompressible flow around a solid spherical
body of diameter d, the drag coefficient is only a function of
the Reynolds number. Clift and Gauvin (1970) proposed an
equation for the drag coefficient of a solid sphere, given by

24 Y . 5
C,==—(1 Re") + ———— with R 3x10°,
P Re( +p e)+1+5Re—le e <3 X 3)
p=0.15 »n=0.687, y=042,
4 “4)
6=425%x10", w=1.16.

This equation covers a wide range of Reynolds numbers
including the Newton regime and up to the sharp drop of the
drag coefficient associated with the boundary layer transition
to a turbulent state.

The most recent and detailed overview of the existing
empirical models for the drag coefficients of irregular par-
ticles of various shapes can be found in Roostaee and Vaezi
(2022). The drag coefficient of non-spherical particles is
often described by using geometric descriptors aimed at rep-
resenting the complex shape of the particles by a finite num-
ber of parameters. The most widely used geometric descrip-
tors of the particle shape are the volume equivalent diameter

dq, the sphericity @ and the crosswise sphericity @,
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with the volume V, the surface area A and the area A, of the
projection of the body onto the plane normal to the direction
of the relative velocity.

Numerous studies about the drag coefficient of irregular
particles based on various particle shapes are available in the
literature. Among the most advanced models are the correla-
tions of Haider and Levenspiel (1989), Ganser (1993) and
Holzer and Sommerfeld (2008). In all these models, the vol-
ume equivalent diameter is used as a length scale, d = d,
and correspondingly the reference area is defined as
A= ﬂdgq /4. In the models of Haider and Levenspiel
(1989) and Ganser (1993), the drag coefficient is expressed
in the same form as for spherical particles given in Eq. 3,
while the coefficients g, #, y, 6 and w are given as functions
of the sphericity @.

The model of Holzer and Sommerfeld (2008) takes into
account the fact that the particle sizes can be different in
the directions parallel to the fluid stream and normal to it.
This dependence is taken into account through the use of the
crosswise sphericity, determined in Eq. 5. The correlation
proposed by Holzer and Sommerfeld (2008) reads

8 16 3
Re\/®@,  Rer\/® +/Red3/*
0.42 x 1004 logio @)
+ .
(Dl

(6)

It should be noted that Holzer and Sommerfeld also sug-
gest a formulation involving the lengthwise sphericity @,
calculated from the analysis of the particle projections in
the planes parallel to the fluid flow direction. However, it
has been shown that the correlation given by Eq. 6, based
only on the crosswise sphericity @, agrees very well with
experimental data.

In recent studies (Tran-Cong et al. 2004; Loth 2008;
Bagheri and Bonadonna 2016; Wang et al. 2018), differ-
ent empirical correlations for the drag coefficient have been
proposed which involve the characteristic geometrical prop-
erties of the projected area. The drag force on a blunt body
induced by a fluid flow results from the pressure distribution
and the viscous shear stresses at the body surface. At high
Reynolds numbers, the flow is influenced by flow separa-
tion, leading to the formation of a wake behind the body. A
snowflake however can be better approximated as a porous
body. The force on a porous body or on a body of very com-
plex geometry is influenced also by the flow in the pores.
Moreover, the effects associated with the flow through the
porous body may lead to a significant change of the outer

flow, especially the shape and the type of wake (Castro 1971;
Bhattacharyya et al. 2006).

The drag force on a flat porous mesh has been studied
theoretically by Taylor (1944). In this model, the plate is
represented as an array of local resistances to an incompress-
ible potential flow. This model agrees very well with the
experimental data for rather high values of plate porosity.
The plate porosity is characterized by the open area ratio,
defined as the ratio of the open area to the solid area.

In the study of Cumberbatch (1982), the drag force is
modeled for a given pressure jump at the porous plate, where
the effect of the flow through the mesh is modeled using
Darcy’s law. The drag force of the porous plate has been
more recently analyzed theoretically by Steiros and Hult-
mark (2018). The proposed model for the drag coefficient is
valid for an arbitrary value of the open area ratio. In addi-
tion to the plate resistance, the model of Steiros and Hult-
mark (2018) also takes into account the crosswise velocities
before and after the plate, as well as the effect of the plate
porosity on the wake velocity. These models are valid for
relatively large Reynolds numbers Re,.. > 10°, based on
the pore size (Hoerner 1952).

Heymsfield and Westbrook (2010) proposed a model
for estimating the drag coefficient of snowflakes based on
the maximum Feret diameter d,,,, and the area of a projec-
tion. The model is an adaption of the model for the drag
coefficient of a sphere from Abraham (1970), which is then
modified with the Pentland roundness defined as 44 | / ﬁdrzmx
(Pentland 1927).

Tagliavini et al. (2021) performed computational fluid
dynamics simulations to predict the drag of single snow-
flakes and validated the results with experiments conducted
with 3D-printed snowflakes. The difficulty associated with
the unknown orientation of the particle was accounted for
by averaging the drag coefficient from two orientations. In
another study, Tagliavini et al. (2021) investigated the wake
of falling snowflakes and identified a contribution of the
particle pores to the drag.

A rather large number of different existing empirical
models for irregular non-spherical particle shapes indicates
that the main physical factors influencing the drag coeffi-
cients are not yet completely captured in current models,
especially for extremely complicated shapes such as those of
snowflakes. Moreover, it is not feasible to accurately meas-
ure the full three-dimensional shapes of snowflakes, which
would be required for the evaluation of most drag models.
The lack of reliable and accurate models makes the predic-
tion of the dynamics of clouds of snowflakes in an air flow
a very difficult task.

Therefore, the main objective of the present experimental
and theoretical study is the development of an approach that
allows computation of the trajectories of snowflakes accu-
rately in an airflow, utilizing a statistical approach. For this,

pore
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two main steps are performed. In a first step, an experimental
reference data set is created for which the drag coefficients
of artificial snowflakes of known shape and orientation are
determined. Utilizing this data set, existing models for the
drag coefficient of irregular particles are evaluated, demon-
strating that the main geometrical parameters to be involved
in the correlations for reliable predictions should be deduced
from the convex hull of the particles.

In a second step, an algorithm for the generation of
three-dimensional shape descriptors of snowflakes from
two-dimensional images is presented. The statistics of the
geometrical parameters of the shapes are determined from
the assumption of a random particle orientation. This algo-
rithm has an important practical value, since in many cases
in practice only a collection of two-dimensional images is
available from the observation of meteorological particles
such as snowflakes.

2 Experimental methods

The experimental methods include the design and fabrica-
tion of the artificial snowflakes utilized in the experiments,
measurements of the terminal velocity of the artificial

(b) 10 crystals, 0.7 kgm™2 lig-
uid water path

(a) 10 crystals, 0.3 kgm™~2 lig-
uid water path

snowflakes in a water reservoir and post-processing of the
data for the estimation of the drag coefficient.

2.1 Digital models of snowflakes and their
fabrication

An accurate description of the dynamic of irregular parti-
cles, like ice crystals or snowflakes, requires information
about the velocity of the air flow, the particle velocity and
the exact shape and mass of the particle. All these data are
difficult to measure or cannot be measured at all under natu-
ral conditions since the air flow is difficult to control and
measure, the shape is complex and the mass can usually be
measured only after complete melting of the particle.

In this study, three-dimensional digital models of snow-
flakes are generated in order to create solid artificial snow-
flakes, produced by additive manufacturing, which are then
utilized for the drag force measurements. Furthermore, the
digital models are used for the analysis of statistics of their
geometrical properties.

The digital models are generated using a code developed
by Leinonen et al. (2013). In this code, single ice crystal
monomers of various types are stochastically combined to
aggregates. Subsequently, these aggregates are subjected to

2 mm

(d) 5 crystals, 0.1 kgm~2 lig-
uid water path

(¢) 25 crystals, 0.1 kgm ™2 lig-
uid water path

Fig.2 Exemplary digital models of snowflakes showing the variety of the generated snowflakes. While all snowflakes are composed of dendritic
ice crystals, the number of monomers and the riming determined by the liquid water path have been varied

10 mm

(a) Three-dimensional digital model

(b) Snowflake model produced by additive manufacturing

Fig. 3 Digital model and manufactured model of an exemplary snowflake composed of 15 dendritic ice crystals subjected to a liquid water path
of 0.1kg m™2, which corresponds to only slight riming. The depicted snowflake has been scaled up from its original size by a factor of five
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Fig.4 The experimental setup
consisting of a container filled
with a glycerol-water mixture,
cameras, light sources with
diffusing sheets, a temperature
sensor and the artificial snow-
flake. The snowflake is shown
here once fixed at the bottom of
the container prior to the experi-
ment and once in the field of
view of the cameras

temperature sensor

cameras

riming. The monomer type, i.e., the shape of the single ice
crystals forming the snowflake, the distribution of the mono-
mer sizes and the number of monomers as well as the liquid
water path responsible for riming can be specified. More
information on the algorithm can be found in the work of
Leinonen et al. (2013).

With a focus on aggregates composed of dendritic ice
crystals, the number of monomers in a snowflake has been
varied from 3 to 25 crystals and the liquid water path cov-
ers a range from 0.1 kg m~2 to 0.7 kg m~2. The liquid water
path can be interpreted as the liquid water content integrated
along the path of the snowflake through the air. The utilized
values of liquid water paths correspond to a span of barely
rimed aggregates up to highly rimed aggregates. These
parameter ranges yield a vast variety of different snowflakes
of which some examples are shown in Fig. 2. The shapes of
the artificial snowflakes appear similar to the natural parti-
cles depicted in Fig. 1.

The triangulated digital models are manufactured by
selective laser sintering of a polyamide powder. The resolu-
tion of the utilized machine is 100 pm in each direction in
space. To reach sufficient detail in the printed flake, the digi-
tal models were scaled up by a factor of five. A comparison
of the upscaled digital model and the manufactured model
is depicted in Fig. 3.

2.2 Experimental setup
The experimental setup consists of a container with a

water—glycerol mixture, a mechanism to fix and release the
artificial snowflakes, two light sources, two cameras and a

light sources with
diffusing sheets

artificial snowflake with
release mechanism

temperature sensor. An illustration of the setup is depicted
in Fig. 4.

The container is manufactured from acrylic glass to allow
optical access from all sides. The inner width and depth are
0.4 m each and the liquid height is 0.6 m. The liquid inside
the container is composed of water and glycerol to reach
appropriate Reynolds numbers with the artificial snowflakes.
The Reynolds numbers were chosen such that they approxi-
mately coincide with the Reynolds numbers at the terminal
velocities of natural snow. Two different mixing ratios of
the two liquids have been used to widen the range of Reyn-
olds numbers. All investigated Reynolds numbers are in the
intermediate regime in the order of 10 to 10°.

In total, 78 different snowflakes have been manufactured,
as explained in Sect. 2.1, and tested in multiple runs.

In preparation for the experiment, the snowflake under
investigation is fixed at the bottom of the container and the
setup is left alone for a minimum period of five minutes.
This serves to let the liquid come to rest and minimize the
effect of vortices of residual secondary flow in the container
on the snowflake trajectory. To start the experiment, the
snowflake is released from the bottom of the container and
rises upwards due to buoyancy. The snowflake rises through
the field of view of two cameras capturing its motion from
two orthogonal views; back lighting with two light sources
and diffusor plates provide shadowgraphy of the body.

2.3 Post-processing

The videos captured by the two cameras are used to evalu-
ate the snowflake velocity, its orientation and the projected

@ Springer



4 Page6of15

Experiments in Fluids (2023) 64:4

relative fluid velocity

10~
6
oview 1
view 2
ol @ 7
E 7/
= @ .
<4 o
< | ’ N
£
<
=
2
Q
2,
2
&
)
E
£
<
(5]
I~
w2
0 |
4 6
side view area A in m? 1074

(a) Illustration of the area projected in streamwise direction and (b) Area projected in the direction of flow versus the areas seen

an area projected in a direction perpendicular to the flow

from two perpendicular side views

Fig.5 Characterization of the particle orientation in the flow. Area A projected on the plane normal to the streamwise direction of the relative
fluid flow, as a function of the projected area A on a plane parallel to the fluid flow
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Fig. 6 Probability density function of the ratio A /AH of the area A
projected onto a plane normal to the relative velocity vector to the
area A projected onto a parallel plane. The experimental data are
compared with the theoretical predictions from Sect. 6

areas. Following the binarization of the video frames, the
binary images are post-processed to extract these values.
Due to the constant velocity of the snowflakes within the
field of view, an accurate measurement of the rise speed can
be evaluated by a linear regression of the snowflake centroid
position. The orientation of the snowflake during its rise is
evaluated by matching the projection of the digital model
with the shape in the binarized video frame. To match the
projections, the digital model is stepwise rotated around all
three axes. After each step, the projections are compared.
A refinement is performed around the orientation with
maximum agreement. Given the orientation of the rising
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snowflakes
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drag coefficient Cy
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Fig. 7 Drag coefficients of the snowflakes calculated from the experi-
ments versus the corresponding Reynolds number, which is based on
the volume equivalent diameter of the flake. For comparison, the drag
coefficient of a sphere at the corresponding Reynolds number calcu-
lated from the correlation of Clift and Gauvin (1970) is shown with
the solid line

snowflake and the full three-dimensional geometry from the
digital model, the area of the snowflake projection in the
direction of flow, i.e., as it would be seen from the top, can
be evaluated. With this quantity, the crosswise sphericity of
the snowflake can be calculated according to Eq. 5.
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3 Orientation and drag coefficient
of snowflakes

In order to identify a possible preferable orientation of the
particles the projected areas A and A, defined in Fig. 5a
of each particle are compared. The areas A are captured by
two cameras, providing the front view and the side view of
the particle. The dependence of A | on Ais shown in Fig. 5b.
Each symbol in Fig. 5b corresponds to one experiment. The
dashed line corresponds to the case A; = A. These results
clearly demonstrate that under stable conditions, the area
A of the preferred particle orientation is close to the maxi-
mum projected area of the particle. This indicates that the
particles tend to orient such that the area projected in the
direction of flow is maximized. Willmarth et al. (1964)
showed that the stability of a settling disk also depends on a
dimensionless moment of inertia. While snowflakes resem-
ble far more complex shapes, this effect could also affect
their orientation.

A normalized histogram of the ratio A /A is shown in
Fig. 6. The data from both cameras, the side view and the
front view, are used in computing these statistics. The deci-
sion to combine these views is based on the assumption that
there is not a preferential particle orientation in the paral-
lel plane and the contribution of both of these views to the
statistics are equal. Moreover, for many of the investigated
snowflakes, a rotation around the vertical axis was observed.

Next, the drag coefficients C, of the artificial snowflakes
are calculated from the force balance accounting for the fact
that the terminal snowflake velocity is constant

20 e -

15

drag coefficient Cy from model
S
T

e Haider and Levenspiel (1989)
= Ganser (1993)
7 Holzer and Sommerfeld (2008)

0 | I I
0 5 10 15 20

drag coefficient Cy from experiment

Fig.8 Comparison of the drag coefficient predicted by the models of
Haider and Levenspiel (1989), Ganser (1993) and Holzer and Som-
merfeld (2008) and the drag coefficient in the experiment

2 mm

Fig.9 Digital model of a snowflake and the corresponding convex
hull enclosing it. The hypothesis is, that in the investigated Reynolds
number range, both bodies experience approximately the same drag
force

_2(Vp—-m)g
¢ pAref(]2 (7)

where m denotes the snowflake mass, V is its volume, U is
the constant terminal velocity of the particle in the resting
fluid and g is gravitational acceleration, respectively.

In Fig. 7, the measured data on the drag coefficients,
determined using Eq. 7, are shown as a function of the Reyn-
olds number. Here, the reference area for the drag coefficient
is given by the projected area of a volume equivalent sphere
and the Reynolds number is based on the volume equivalent
diameter of the snowflake. The decrease in drag coefficient
with increasing Reynolds number can be clearly recognized.
Due to the unique snowflake geometry and the large differ-
ences in the geometric descriptors, a large scatter can be
seen in the data. This scatter highlights the need for correct
incorporation of the appropriate geometric descriptors in any
model. The drag coefficient of a sphere poses a lower bound
for the drag coefficient of the snowflakes.

The knowledge of the exact geometry of the snowflakes
allows the computation of all geometric descriptors that are
incorporated in the models for drag coefficients existing in
literature. The drag coefficients predicted by the models
can then be compared with the experimental data. In Fig. 8,
the predictions of the models of Haider and Levenspiel
(1989), Ganser (1993) and Holzer and Sommerfeld (2008)
are shown in comparison with the experimental data. The
dashed line corresponds to perfect agreement. Among these
models, only the predictions of the model of Holzer and
Sommerfeld (2008) agree well with the experiments.

@ Springer
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4 Convex hull approximation of the particle
shape

The main idea of the newly proposed approach is in the
representation of the snowflake as a porous body, whose
shape is a convex hull of the particle. An example of such a
porous body is shown in Fig. 9. The drag coefficient of the
snowflake can then be modeled based on the correlation for
the drag coefficient of the much simpler geometry of the
convex hull shape.

In the experiments conducted in the present study, the
Reynolds number of the particle is in the range 10 < Re < 103,
which corresponds to real snow conditions. The estimated
Reynolds number of the pore is Re,, < 102, since the
intrinsic velocity of the fluid in the pores is much smaller than
the relative velocity of fluid in the outer flow. Viscous effects
therefore play an important role in the problem. The perme-
ability « of the porous convex hull of porosity ¢ can be roughly
estimated by the Carman-Kozeny equation (Crowe 2005)

(p3 2

K= 18001 = g P ®

where d,,. is a typical pore size.

The pressure difference Ap at the particle surface can be
estimated from the Bernoulli equation neglecting suction in
the porous body

1
Ap ~ 5pU”. ©)

The average fluid velocity u through the porous body can
now be estimated from Darcy’s law

2 3
U= KAp U dpore(p

Re. 10
vpd U 360d2(1— )¢ (10

Estimations for the set of parameters of a snowflake and the
flow conditions, d,,,./d ~ 0.3, ¢ ~ 0.5 and Re ~ 103, yield
the value of the upper bound for the average fluid velocity
entering the porous body u/U ~ 107!, The corresponding
reduction of the pressure at the part of the particle surface
exposed to the outer fluid flow is pu? /2 < Ap. The effect of
the suction of the flow on the value of the drag coefficient is
therefore negligibly small. Under these conditions, the drag
coefficient of the snowflake should be well approximated by
the drag coefficient of its convex hull. These considerations
are in qualitative agreement with the results of Tagliavini
et al. (2021), who found a drag contribution of the pores
of dendritic ice crystals that was attributed to a thicken-
ing of the boundary layer, which reduced the flow through
the pores. A similar effect was observed by Cummins et al.
(2018) for the pappus of a dandelion.
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Fig. 10 Comparison of the models of Haider and Levenspiel (1989),
Ganser (1993) and Holzer and Sommerfeld (2008) based on the
three-dimensional convex hull geometry as an input with the drag
coefficients from the experiment

It should be noted that the effects of permeability can
be significant at very high Reynolds numbers or for highly
porous snowflakes. This issue will require a further gener-
alization of the developed model, which is out of scope of
the present study.

In Fig. 10, the theoretical predictions of the drag coef-
ficients using the models of Haider and Levenspiel (1989),
Ganser (1993) and Holzer and Sommerfeld (2008) applied to
the convex hull are shown in comparison to the experimental
data. The straight dashed line corresponds to perfect agree-
ment. In comparison to Fig. 8, a significant improvement
in the predictions of the models of Haider and Levenspiel
(1989) and Ganser (1993) can be seen. Furthermore, the
predictions of the Holzer and Sommerfeld (2008) model
improved as well.

The results of this study indicate that for a reliable mod-
eling of the drag coefficient of particles of complex shape,
like snowflakes, the choice of a reliable empirical model
with a proper shape simplification is crucial. The results
of the present study suggest the usage of the model of
Holzer and Sommerfeld (2008) in combination with the
convex hull approach. This approach is valid when the
flow through the porous body is negligibly small.
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[__1Holzer and Sommerfeld (2008)
log-normal distribution, ¢ = 0.2

: fﬁ
0 A

0 0.5 1 1.5 2

probability density

Fig. 11 Distribution of the values of y representing the ratio of the
measured and the average modeled drag coefficients. The data are
approximated by a log-normal distribution given by Eq. 12

5 Generation of snow clouds
for computations

Numerical simulations of snow clouds require algorithms
to generate representative particles of the cloud. The
method described in this section aims to introduce the
natural variation of snowflakes in artificial snow clouds.

The scatter of the data presented in the previous section
reflects the fact that dynamic effects associated with the
real shape of the particle also play a role. To account for
this effect when generating snow clouds for computations,
a coefficient

Cd, experiment

X (1)

Cd, model
is defined. This coefficient describes the ratio of the drag
coefficient of a real particle (obtained from the measure-
ments) and that of a simplified particle geometry represented
by its convex hull. In this study, the values of the coefficient
y are calculated using the model of Holzer and Sommerfeld
(2008) for the estimation of Cy .4¢- In Fig. 11, the prob-
ability density function of the values of the coefficient y is
compared with the log-normal distribution

1 In’ y
f) = mew Ty (12)

where the standard deviation parameter o = 0.2 is obtained
through a fit to the obtained data.

Therefore, the drag coefficients Cy; of the i-th particle
in a cloud of real snowflakes of various shapes can be
generated accounting for the mean value Cy 4.1, Which
is predicted using the corresponding convex hull and the

stochastic part associated with the variety of the particle
forms

Cai = XiCdmodets  Xi = €XP [\/EUCYFI(ZR,' - 1)], (13)

where R is a random number between 0 and 1 and erf™!(-) is
the inverse error function. Using this method, representative
particles can be generated for use in numerical simulations
of snowflake trajectories.

6 Prediction of the drag coefficient
from two-dimensional projections

It is obvious that not all details of the shapes of real snow-
flakes can be taken into account in computer simulations
of a snow cloud. Only the main parameters of the particles
governing the particle dynamics in an air flow can be con-
sidered. Besides the snowflakes mass, these parameters
include those determined in Eq. 5. For the estimation of
the drag force, the equivalent diameter of the convex hull
of the particle and its sphericity must be known.

In most in-flight or ground measurements, only a single
photograph of each snowflake is available. The geometry
of a single projection of a complex three-dimensional
particle is not sufficient for the reconstruction of a three-
dimensional convex hull. Even a set of images of a single
particle does not enable the reconstruction of the exact
three-dimensional shape of the particle. In order to extract
information about the quantities relevant for trajectory
calculations from two-dimensional images, the simplified
shapes of convex hulls are analyzed. The focus of this
analysis is to determine whether some correlations can
be identified for the particle convex hull diameters and
sphericities. A comparison of the correlation coefficients
of various two-dimensional descriptors with the volume
equivalent diameter and the sphericity results in the fol-
lowing two quantities used for the correlations: The area
equivalent diameter to approximate the volume equivalent
diameter and the Cox roundness (Cox 1927) to approxi-
mate the sphericity. These two-dimensional descriptors are
defined as

44, 1o 4rA, (14)
T P =

dyp =
with the projected area A, and the perimeter P of the
projection.

In the following subsections, a simplified model of a con-
vex hull is developed and the relation of its three-dimen-
sional shape descriptors to the parameters of its two-dimen-
sional projection is derived. Subsequently, a complementing
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(a) Element of the three-dimensional convex hull

(b) Element of the projection

Fig. 12 Models of a simple convex hull and its projection. a a three-dimensional element of the convex hull, approximated by a tetrahedron, b an

element of the projection

Monte Carlo experiment is conducted with a data set of
artificial snowflakes and their projections. This enables the
estimation of the three-dimensional properties of the convex
hull from its two-dimensional projection.

6.1 Theoretical construction of convex particles

Consider an element of a simplified convex shape as a tetra-
hedron, shown in Fig. 12a, with the four vertices A, B, C and
O. The vertices A, B and C are at the surface of a sphere of
the radius R with the center at the vertex O. The triangular
face ABC is an equilateral triangle of the length L = [R, with
the dimensionless shape parameter /, which determines the
convex shape sphericity. The characteristic length L deter-
mines the variety of the shapes of the geometric body con-
sisting of multiple tetrahedrons representing the convex hull.
The volume of the tetrahedron V,,, the area of its outer
face A, and the solid angle £2,,, which is defined as the area
of the segment of a unit sphere the tetrahedron covers, are
determined from the geometrical considerations

3
A =11i212\/3 — 2 with [ < V3 (15)
V3

A<> ZleRz (16)

Q,, =4arctan 4 /tan % tan3 g with 8 = 2 arcsin é, 17

@ Springer

respectively. The average number of these tetrahedrons in
the convex hull body can be estimated accounting for the
solid angle of a sphere 47

4
Ny = 2, (18)

Now the equivalent diameter and the sphericity of the body
can be estimated as

5 [6Ve N 3 [224/3 - 12
=/ % _ b S 19
dy(D) =1/ . R 2.0 19)
nd? [4Q,()3 -1
¢(l)=A 4 _ o (D( ). 20)
oo lz\/ﬁ

Consider now a projection of the convex hull, as shown in
Fig. 12b. The element of the projection can be approximated
by an isosceles triangle with the legs R and the base S = Rs
with s being the dimensionless ratio of the base to the radius.
The area A 5, the vertex angle 2  and the average number
N p of the triangles in the circle of the radius R are

R2%s 52

AN =—1/1-= 21
AT 4 @b
_ .S
0 =2arcsin 3 (22)
2r
Na=g, (23)
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(a) Diameter ratio deq/d>p as a function of the Cox roundness
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(b) Ratio @/P,p as a function of the Cox roundness P,p

Fig. 14 Theoretically predicted correlations of convex hull properties with the projection properties. Both ratios of the three-dimensional proper-

ties to the two-dimensional property depend on the Cox roundness

Now the equivalent diameter of the projection and the Cox
roundness can be estimated as

4A AN sV4 — 52
dyp(s) =1/ AﬂA =R\/—

5 24
arcsin -
2
4rAANA 2 52 .S
¢2D(S) =W = ; 1- Z arcsin 5 (25)

Finally, the relation between the characteristic lengths L and
S can be determined by considering the projection of the
characteristic equilateral triangle ABC of the side length L
on an arbitrary plane normal to the triangle plane, as shown
in Fig. 13. The average length of the projection is estimated
using the assumption that the inclination angle « is distrib-
uted uniformly between 0 and 7 /6.

Fig. 13 Projection of the triangle ABC on an arbitrary plane. Defini-
tion of the inclination angle a and the projection length S

/6
S=é/ Lcosada=3—L,i.e.,s=y (26)
0 T T

T

The integration limits are determined accounting for the
symmetry of the triangle ABC.

The theoretically predicted ratios @ /®,p, and d,, /d,, are
shown in Fig. 14 as functions of the Cox roundness @,.
These correlations can be used for the modeling of the distri-
butions of d,, and @ if the values of d,, and ®,, are known
from the image processing of the particle convex hull.

The predicted Cox roundness of the projection is in the
range @, € [0.66, 1]. The approximation is not applicable
to cases where the Cox roundness of the projection is smaller
than 0.66. Therefore, this model can be used if the number of
projections with @, < 0.66 is much smaller than the total
number of the images and therefore the cases which can-
not be interpreted using present approximation is negligibly
small.

6.2 Monte Carlo simulations of two-dimensional
projections of digital snowflakes

In order to evaluate the shape distribution of snowflakes, a
data set of three-dimensional and two-dimensional descrip-
tors is developed for the digital snowflake models. A Monte
Carlo simulation is performed based on this data set to find
a correlation for the relevant parameters of the three-dimen-
sional convex hull and the parameters of the two-dimen-
sional convex hulls of the projections.

An ensemble of 102 three-dimensional digital snow-
flakes are generated and analyzed. For each snowflake,
100 two-dimensional projections of random orientations
are produced. This procedure yields 10200 projections of
which correlations between equivalent diameter and pro-
jected diameter as well as sphericity and Cox roundness are
extracted.
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Fig. 15 Evaluation of the main geometrical properties of the shapes of the digital snowflakes from the Monte Carlo computational simulations.
The plus signs in each figure correspond to the mean of the two-dimensional descriptor of the 100 projections for each snowflake

In Fig. 15a, the values of the convex hull volume equiva-
lent diameter from the simulations are shown as a function
of the area equivalent diameters d,, of the corresponding
projections. The average values of d, and d,, correlate best
as (dq) ~ 0.910(d,p), which indicates that the particle con-
vex hulls are similar and their shapes do not change signifi-
cantly with particle size. As illustrated in Fig. 14a, it was
shown that the diameter ratio depends only on the particle
sphericity. This means that the ratio (d.q)/(d,p) ~ 0.910,
obtained from the Monte Carlo simulations, is not a univer-
sal constant, but depends on the distribution of the particle
sphericities.

In Fig. 15b, the sphericity of the convex hull of the
digitally generated snowflakes is shown as a function of
the Cox roundness of an arbitrary projection in compari-
son with the theoretical prediction, expressed in Eqs. 20,
25 and 26. The agreement between the simulations and
the theory is rather good within the investigated spheric-
ity range, which is relevant for the generated snowflakes.

The developed correlations can be used to estimate the
volume equivalent diameter and the sphericity of the con-
vex hull of a particle from the area equivalent diameter and
the Cox roundness of the two-dimensional convex hull of a
projection of the particle. These pseudo-three-dimensional
descriptors can then be used to estimate the drag coeffi-
cient of the body.

Finally, the orientation of a free snowflake in a flow can
be determined. The difficulty is in the estimation of the
possible areas A from the statistics of the particle projec-
tions. The largest possible projected area of a convex hull
is equal to the projected area of the circumscribed sphere

@ Springer

of the radius R. Therefore, the ratio of the areas can be
estimated as A, /A ~ 4R2/d§q. The value of 4R2/d§q can
be estimated from the theoretical considerations, Eqgs. 19
and 25 as a function of the Cox roundness of the projection
@,y The values for the digitally generated snowflakes are
computed and then compared with the experimental data
in Fig. 6. The agreement is rather good for the larger val-
ues. Some over-prediction of the theory for the values
A, =~ A is explained mainly by the fact that in a few
observed cases A was slightly smaller than A, which is

T
g 12| .
8
> L i
]
3
j=%
Z 081 B
3
0.6 - o artificial snowflakes -
+ mean of all projections
0.4 O natural unrimed aggregates -
® natural rimed aggregates
0.2 - - - natural unrimed aggregates trendline ||
natural rimed aggregates trendline
0 | | | T T T T
0 2 4 6 8 10 12 14

maximum dimension of the projection in mm

Fig. 16 Comparison of fall speeds obtained for the artificial snow-
flake data set with the data set of Locatelli and Hobbs (1974) gath-
ered with natural snow. The latter data set contains aggregates of
dendrites and aggregates of radiating assemblages of dendrites both
unrimed and densely rimed
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not accounted for in the theory. On the other hand, for all
the cases where A, ~ A the possible error in the predic-
tion will be small, since the areas are similar.

As a final validation, the correlation between fall speed
and maximum dimension of the snowflake projection is
tested. With these quantities, the synthetic data can be com-
pared with measurements obtained with natural snow. Since
literature on the drag coefficients of natural snowflakes is
sparse, the fall speed is used as an indirect measure of drag
to validate the data. Locatelli and Hobbs (1974) measured
the fall speed of snowflakes and suggested correlations for
the mass-size relationship of these snowflakes. Locatelli and
Hobbs shielded the falling snowflakes in a tower to mini-
mize the influence of the wind; however, data sets of natural
snowflakes can be subjected to the effects of turbulence,
which are discussed in detail by Nemes et al. (2017) and Li
et al. (2021) and may lead to increased scatter in collected
data. These effects are not accounted for in the drag mod-
eling in the present study and did not occur in the experi-
ments due to the resting fluid. Figure 16 shows the modeled
terminal velocity as a function of the maximum dimension
of its projection in comparison with the data of Locatelli
and Hobbs (1974). The modeled values are computed by
solving the equation of motion for each snowflake with the
drag coefficient calculated based on the projection of the
snowflake convex hull and the mass obtained from the mass-
size relationship for rimed aggregates of dendrites given by
Locatelli and Hobbs (1974). Thus, only information that can
be drawn from two-dimensional projections of the snow-
flakes is used. This is done for each of the more than 10000
generated projections. In addition, the plot shows the mean
value of all the projections created for each snowflake. The
comparison shows a good agreement of the artificial snow-
flakes with the natural snowflakes. Both the artificial and
the natural data set exhibit a significant scatter with com-
parable variability in the size range covered by the artificial
flakes. This is attributed to the large variety of snowflake
geometries. The overall trend and magnitude of the data are
comparable, which confirms that the generated snowflakes
were representative of natural snow and that the calculation
of the drag coefficient from the convex hull from a two-
dimensional projection yields satisfactory results. However,
the data shown in Fig. 16 represent only the simplest possi-
ble validation with data for natural snow. Further efforts are
required for the model validation under more complicated
flow conditions. It should be noted that the snowflake mass
has a significant influence on the fall speed. To guarantee
consistency of mass and fall speed, both are taken from the
same source.

7 Summary

The work presented comprises the modeling of drag coef-
ficients of snowflakes and the reconstruction of snowflake
geometries from its projections. An experimental investiga-
tion of the drag coefficient of digitally generated snowflakes
has been conducted. An approximation of the snowflake
geometry with its convex hull has been proposed and it has
been shown that the predictions of the drag force can be
improved significantly with this approach. Furthermore, a
method for the generation of synthetic snow clouds with
representative drag coefficients for numerical calculations
has been presented. Finally, a theory and a corresponding
Monte Carlo simulation have been described, which enable
the estimation of the three-dimensional parameters relevant
for drag calculations from two-dimensional projections of
snowflakes.
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