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Abstract

In this paper, we investigate the algebraic nature of the value of a higher Green func-
tion on an orthogonal Shimura variety at a single CM point. This is motivated by a
conjecture of Gross and Zagier in the setting of higher Green functions on the prod-
uct of two modular curves. In the process, we will study analogue of harmonic Maass
forms in the setting of Hilbert modular forms, and obtain results concerning the arith-
metic of their holomorphic part Fourier coefficients. As a consequence, we answer a
question of Zagier in his 1986 ICM proceeding.
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1 Introduction

Let j(z) be the modular j-invariant on the modular curve X¢(1) := SL,(Z)\H with
H the upper-half plane. Its values at CM points are algebraic integers called singular
moduli. They play an important role in the explicit construction of class fields of
imaginary quadratic fields.

1.1 Conjecture and results

The function G1(z1, z2) :=2log|j(z1) — j(z2)| is the automorphic Green function
on Xo(1) x Xo(1), and the limiting member of a family of automorphic functions

lz1 — yz2/?

(21 20) = =2 -\ 1+ 5. " L
Gy(z1,22) 26; Os-1 ( + 23(Z1)3(yzz)> 0=
z (1.1)

Os-1() 1=/ (t +v/12 — 1 cosh(u)) " du,
0

that are eigenfunctions with respect to the Laplacians in z; and z;. For integral param-
eters s =r + 1 € N, these functions are called higher Green functions, and played an
important role in calculating arithmetic intersections of Heegner cycles on Kuga-Sato

varieties [39]. Given a weakly holomorphic modular form f =3 o c(m)q™ €
M!—Zr on X((1), one can associate to it a higher Green function
Gri1.7@1,22) = ) c(=mm" G}y (21, 22),
meN
GY(z1,22) = Gs(21,22) | Tn (1.2)

B 2
S 0 <1+7|Zl el )

Y My (T), detly)mm Sz (yz2)

Although the theory of complex multiplication does not directly apply, the values
of G,11,r at CM points on Xo(1)? should be algebraic in nature, as in the case of

@ Springer



Algebraicity of higher Green functions at a CM point 377

the automorphic Green function. More precisely, these values should be algebraic
multiples of logarithm of algebraic numbers. This was conjectured in [24, Conjecture
(4.4)] when z1, 75 have the same discriminant, and mentioned as a question in [22,
section V.1] for the general case (see also [30] and [34]). In this paper, we prove the
following result, which in particular solves problem (ii) raised by Don Zagier at the
end of his 1986 ICM proceeding [38].

Theorem 1.1 Letr e Nand f € M!—Zr with integral Fourier coefficients. Suppose d,
d are negative discriminants, such that one of them is fundamental when r is odd.
For any CM point z; with discriminant d;, there exist k € N depending on dy, da, r
and f,and o = «(z1, z2) € H such that

1
(d1d2)"*Gri1, 1 (21, 22) = —loglal, (1.3)

where H = H\ Hy with H; the ring class field extension of E; := Q(/d;) associated
to z;. Furthermore, we have

a(z],25) =o(a(z1,22)) (1.4)

forany o € Gal(H/E), where E = E1E>.

Remark 1.2 The group Gal(H/E) can be embedded as a subgroup of Gal(H;/E}) x
Gal(H;/ E;), which then acts on the CM point (z1, 22).

There has been a lot of previous works concerning this question. The first such
result is due to Gross, Kohnen and Zagier [22], where r is even! and one considers
average of the whole Gal(H /E)-orbit of (z1, z2). In that case, the value is a rational
multiple of the logarithm of a rational number. When E| = E», this conjecture fol-
lows from the work of Zhang [39], under the assumption of the non-degeneracy of
certain height pairing of Heegner cycles on Kuga-Sato varieties. In [34], Viazovska
gave an analytic proof without this assumption. When E| # E;, Mellit [30] gave a
strategy to systematically verify this conjecture with one of the points fixed, and car-
ried it out for z; =i. In [28], we considered the average over the whole Gal(H/E)-
orbit with r odd, and were able to show that « € Q(y/d1d>) and give an explicit
factorization of the ideal it generates in the spirit of the seminal work of Gross and
Zagier on singular moduli [23]. Very recently, Bruinier, Ehlen and Yang made signifi-
cant progress and proved algebraicity result in the sense of Theorem 1.1 by averaging
over the Galois orbit of one of the two CM points with fundamental discriminant [11].
We have now removed this averaging in Theorem 1.1 to obtain an algebraicity result
at an individual CM point.

It is important to mention that one can replace SL;(Z) with a congruence subgroup
['o(N), define higher Green functions on Xo(N )2 analogously, and ask the same
question. This was in fact the setting that [22] and [39] were in. By viewing Xo(N )2
as the Shimura variety for the Q-split group O(2, 2), it is natural to generalize the

IFor odd r, they also obtain certain result, which turns out to be trivial in the case of level 1.
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378 Y. Li

setting to an arbitrary orthogonal Shimura variety, and ask the question about the
algebraic nature of the CM-values of higher Green functions on such varieties. This
framework, which was adopted in [11], will be the one we work in.

To be more precise, let V be a rational quadratic space of signature (n, 2), and

Xk (C) =Xy x(C)=H@Q)\Dy x H(Z)/K (1.5)

the Shimura variety associated to the algebraic group H = Hy = GSpiny, and an
open compact subgroup K C H (Z) (see Sect. 2.3 for details). Given an even, integral
lattice L C V such that K fixes L = L ®Z and acts trivially on the finite abelian group
)% / f,, one can associate a higher Green function @ (z, &, f) on Xk to each weakly
holomorphic modular form f € M Ln J2-2r 1 and r € N (see Equation (3.29)). It has
logarithmic singularity along special divisors on Xg.

For a totally real field F of degree d, a quadratic CM extension E/F be-
comes a binary F-quadratic space W with respect to a quadratic form aNmg,r for
some « € F*. Suppose W has signature ((0,2), (2,0),...,(2,0)) with respect to
the real embeddings o1, ...,04 of F and there is an isometric embedding Wg :=
Resg/oW < V. This not only implies

n+2>2d, (1.6)

but also gives CM points Z(Wg) C X g (see Equation (2.32)). This 0-cycle is defined
over F, and each individual point (zg, ) € Z(Wg) is defined over certain abelian
extension of E. We will prove the following result concerning the algebraic nature of
@’ at CM points in Z(Wg).

Theorem 1.3 In the setting above, suppose f has integral Fourier coefficients. Then
there exist algebraic numbers Lj € F and aj € E® for 1 < j <d such that

op, ()
o,y ()

d
@} (20, h1, f) — P (20, ha, f) =Y 1 log (1.7)

j=1

for any (zo, h;) € Z(Wg). Here oy, € Gal(E®™/E) is the element associated to h €
E* \E % via class field theory. In particular when F = Q(~/D) is real quadratic and
n—+2=2d =4, we can take A| = D’/Z/Kforsomefc e Nand M =0.

Remark 1.4 When (V, Q) = (M2(Q), N - det), the Shimura variety X g (C) becomes
Xo(N )2 for suitable K [37, Sect. 3.1]. In that case, for CM points z; with discrimi-
nant d;, the CM point (z1, z2) is in Z(Wg) with W certain F = Q(+/d1d>)-quadratic
space. These are called “big CM points”, resp. “small CM points”, when F is real
quadratic, resp. F = Q.

Remark 1.5 Theorem 1.3 applies even when Z(Wg) intersects the singularity of @7,
In that case, the function & (z, 1, f) — ®"(z, &, f) in z can be continued to a real-
analytic function in the neighborhood of the singularity, and its value at z = z( defines
the quantity on the left hand side of (1.7).
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Algebraicity of higher Green functions at a CM point 379

Previous results concerning any linear combinations of CM values of higher Green
function either assume n < 2 or d = 1. Theorem 1.3 is the first result where the cases
with n > 3 and d > 2 are addressed. In such cases, there is no known results even
when one averages the higher Green function over all the CM points in all Galois
conjugates of Z(Wg), unlike for Green functions studied in [13, 15]. Together with
Theorem 1.1, Theorem 1.3 naturally leads one to expect the following.

Conjecture 1.6 In the setting of Theorem 1.3, suppose f has integral Fourier coeffi-
cients and the singularity of ®'; (z, h, f) does not intersect Z(Wq). Then there exists
AjeFandaje Eabfor 1 < j <d such that

d
@ (z0.h. f) =) 1jlog|on(e,)| (1.8)
j=1

for all (zo, h) € Z(Wg).
When F is real quadratic, i.e. d = 2, we can confirm it in the following case.

Theorem 1.7 Conjecture 1.6 holds when F is a real quadratic field, r is even, n = 4,
and Z(Wq) is defined over Q, in which case we can take A1 € Q and A = 0.

Remark 1.8 When E /Q is Galois, there are many instances when Z(Wg) is defined
over Q (see e.g. Lemma 3.4 in [15]). In particular, the CM points on Xo(1)? sat-
isfy this condition (see Example 2.7). Therefore, the case for even r in Theorem 1.1
follows from Theorem 1.7.

Remark 1.9 In a recent joint work [8], we have proved Conjecture 1.6 when E/Q is
biquadratic.

1.2 General proof strategy

When F = Q, Conjecture 1.6 follows from Theorem 5.5 in [11]. Here we give a
sketch of its proof, which is analytic in nature. First, one expresses ® (z, i, f) as an
integral of f against a suitable theta kernel R, ®/ (7, z, h), where R is the raising
operator (see (2.5)). Then a CM point (zo, h) € Z(Wg) leads to a rational splitting of
V since F = Q. Suppose it leads to an integral splitting of L into L = L & N with
L and N definite lattices of signature (n,0) and (0, 2) respectively. Then the theta
kernel becomes?

Or (7,20, h) =0} (0)0N (7), (1.9)

Note that Oy is non-holomorphic and has weight —1. One can then construct a
preimage Oy of Oy under the lowering operator L.. It is a harmonic Maass form
of weight 1. The notion of harmonic Maass form was introduced in the seminal work

ZFor simplicity, we omit the detail about the modular forms being vector-valued.
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380 Y. Li

of Bruinier and Funke [12], and studied around the same time by Zwegers in the
context of modular completion of Ramanujan’s mock theta functions [40].

Applying the Rankin-Cohen operator (see (2.6)) to 6; and Oy then gives us a
preimage of R7(0;(7)0n (7)) under the L. Putting these together and applying
Stokes’ theorem gives us

@} (20,1, f) =/ F@ORLO7 (00N (T)du(T)
Xo(1)

= / F@LCnya,1),r 05 (), Oy (1))d ()
Xo(1)

={£ (1), Cny2,1).- (07 (), 65 (1))} = CT(f (x) - O (v)),

where {, } is a pairing of formal Fourier series (see (4.13)) and CT denotes the con-
stant term of a Fourier series. The function 67\7 is the holomorphic part of Oy, and the
modular form f in the last expression is weakly holomorphic with weight —1 and
rational Fourier coefficients.

The harmonic Maass form §N of weight 1 was studied in [19, 20, 35]. It was shown
that the term CT( f (7) - 5;;(1)) is the logarithm of an algebraic number. To see this,
let P1, P be positive definite, unimodular lattices such that 6p, — 6p, is holomorphic
on H. One can rewind the process above (with r = 0) and write

CT(f(x) -0, (1)) =/ F@on(D)du(r)
Xo(1)

= F(@)Op, () = 0p, (1)) (T)d 1 (7)
Xo(1)

= qDLl(Z], f) - <DL2(Z2’ f)a

where f = f Op, — 91:2)’1 is weakly holomorphic and L; = P; & N. The functions
Dy, (z, f ) are the regularized Borcherds lifts of f and are logarithms of rational
functions on Shimura varieties associated to L;. Their values at CM points z; are
logarithms of algebraic numbers by the theory of complex multiplication. This fin-
ishes the sketch of the proof. The process of multiplying and dividing by 8p, — 6p, a
manifestation of the embedding trick (see [6, Sect. 8]).

The partial averaging result in [11, Theorem 1.2] used the coincidence that the
average of G,11,r(z1, z) over the Galois orbit of z; is a higher Green function in z
on the modular curve, i.e. n + 2 = 3. This is a rather special phenomenon that only
happens when E/Q is biquadratic. By (1.6), one is reduced to the case of d =1 in
Conjecture 1.6.

For d > 2, the lattice L splits as L @ Resr/gN with N C W an O-lattice of sig-
nature ((0,2), (2,0)...,(2,0)), and the analogue of (1.9) is

OL(T, 20, h) =07 (1) (1), (1.10)
where 6 ,6 (7) is the diagonal restriction of the Hilbert theta function Oy (t1, ..., 74) of
weight (—1,1..., 1) associated to N. When one tries to execute the above strategy to
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Algebraicity of higher Green functions at a CM point 381

construct a preimage of 91$ under the lowering operator, it is necessary to work with
Hilbert modular forms, and there are some serious obstacles.

e The analogous 6y should be a Hilbert modular form that satisfies suitable prop-
erties similar to those of harmonic Maass forms in the setting of elliptic modular
forms. However, there is no suitable extension of the notion of harmonic Maass
forms to higher rank groups.

e As harmonic Maass forms have singularities at the cusps, one would expect the
same for the analogous 6. However, Koecher’s principle would imply that such
6y could not have singularity only at the cusps, but in the interior of the Hilbert
modular variety as well. This also holds for its diagonal restriction and complicates
the application of Stokes’ theorem.

e To extract information about the Fourier coefficient of éN, one needs the general-
ization of Borcherds’ lift over totally real fields. In a large part, this has been ac-
complished in [10] by considering regularized theta lifts of Whittaker forms. How-
ever, as the Shimura varieties appeared loc. cit. are compact, there is no Fourier
expansion and one has limited information about the rationality of the lift. Further-
more, it seems hopeless to direct generalize the embedding trick in [6] to totally
real fields.

Instead of studying the value at an individual CM point, one can average over
CM points in Z(Wg), and those in Z(W (j)g) for 2 < j < d, where each W(j) is
a neighboring F-quadratic space of W (see Sect. 2.3). Then the rational quadratic
spaces Resg;gW (j) are all isomorphic and

> Yo e =0;(D)® Y Ej;) (D).

l<j=d (z.h)eZ(W(j)q) l<j=d

EnG)(Tls-es Ta) = > ONGH (1. Ta) h (),
(2 hUNEZW ()

with N(j) C W(j) suitable lattices. The Hilbert modular form 60y j,) is holomor-
phic in 7; for j # jo and has weight (1,...,1,—1,1,...,1) with —1 at the jo-th
place. One can now explicitly construct an incoherent Hilbert Eisenstein series Ex
of parallel weight 1 that maps to Ey(;) under the lowering operator in 7; for all
1 < j <d. For d =2, this is the real-analytic Eisenstein series that appeared in the
seminal works of Gross and Zagier on singular moduli and the Gross-Zagier formula
[23, 24]. It also appeared in [15], and has been combined with the regularized theta
lifting of Borcherds to give fruitful generalizations of [23, 24] in [13, 16].

The advantage of Ey is that its Fourier coefficients can be computed explicitly,
and shown to be logarithms of rational numbers. They furthermore can be interpreted
as arithmetic intersection numbers. On the other hand, it provides limited information
about the arithmetic of higher Green function at a single CM point, as the differential
operator in the strategy for d = 1 does not readily generalize except in the case n =
2d = 4 and r even (see the discussion at the end of Sect. 5 in [11]). The higher Green
functions studied by Gross, Kohnen and Zagier in [22] happen to be in this single
case.
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382 Y. Li

1.3 Ideas

We now describe some ideas and observations that help to overcome the obstacles
mentioned in the previous section:

e For any holomorphic Hilbert cusp form g(7) and £ € N sufficiently large, the prod-
uct g(r)ZQN (t) has a modular preimage under the lowering operator in 7; with no
singularity in H. Furthermore, this preimage is harmonic in 7; and holomorphic
int,...,74.

e The generalization of Borcherds’ lift in [10] differs from the logarithm of an F-
rational function by a locally constant function, which can be canceled out when
considering differences of linear combinations of CM values.

e The embedding trick only needs to work along the diagonal of H“, and one can ap-
ply the Siegel-Weil formula to replace the difficult task of finding suitable positive
definite O-lattice P to the simpler one of analyzing Eisenstein series.

The first idea is inspired by Zwegers’ work [40], where the product of a mock theta
function and a classical theta function is completed to become a real-analytic modular
form without singularity in H. Such products are also called “mixed mock-modular
forms” in [18] and are natural objects to consider. Since the differential operators
in 11,..., 74 are all independent, this idea can be applied in the setting of Hilbert
modular forms. The existence of the modular preimage will be proved using complex
geometry (see Sect. 4.1), as done in the elliptic case in [12]. The parameter £ serves
to ensure certain cohomology group vanishes (see Theorem 4.1). The Rankin-Cohen
differential operator can also be generalized to be applied on such functions (see the
differential operator D, , in (2.13)).

The second idea is a compromise so that one can still use the generalization of
Borcherds’ lift in [10] to deduce algebraicity results. Considering differences is quite
effective in removing the so-called “normalizing constant” in the regularized theta lift
(see Theorem 1.1 in [9]), as different linear combinations could give rise to the same
normalizing constant. Furthermore, considering the difference turns out to simplify
many other situations as well. For example, it is enough to construct a preimage of
g(r)e (0N, (z) — On, (7)) with g() a holomorphic Hilbert cusp form. This is accom-
plished in Theorem 4.3, using the ampleness of twists of determinant of the Hodge
bundle on toroidal compactifications of Hilbert modular varieties, which is contained
in Theorem 4.1 and a result of independent interest.> Also, one does not need to
worry so much about the singularity of @’ (see Remark 1.5 and Lemma 4.5). The
linear combination we take will come from multiplying this preimage with an Eisen-
stein series E 5. This leads to the crucial algebraicity result in Theorem 4.10, which
is of independent interest.

For the embedding trick, the last idea reduces the problem of dividing by a Hilbert
cusp form g, which is constructed from theta series, to dividing by its diagonal re-
striction g, which is an elliptic modular form. Using the Siegel-Weil formula, we
can relate g to Hilbert Eisenstein series. By varying the weight, we will show that for
any finite set of points in H¢, there is a Hilbert Eisenstein series that does not vanish

3We thank the referee for a helpful suggestion that led to this result.
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Algebraicity of higher Green functions at a CM point 383

on this set (see Lemma 3.2). This observation has its root in the classical work [31] of
Rankin and Swinnerton-Dyer on zeros of elliptic Eisenstein series, and leads to the
“partition of unity” result in Proposition 3.4.

By putting these ideas together, we are able to overcome the obstacles and prove
Theorem 1.3. When it is specialized to the case in Theorem 1.1, we can combine this
result about differences with the result about partial averages in [11] to complete the
proof.

1.4 Outlook and organization

To prove Conjecture 1.6, one needs algebraicity results concerning sums of CM
points, in addition to the “difference result” in Theorem 1.3. For real quadratic F,
we have worked out such a “sum result” when E/Q is biquadratic in [8], which has
led to a proof of Conjecture 1.6 in this case. When d > 3, one can try to relate the
(in)coherent Eisenstein series to Eisenstein series on O(2, 1) over F, and realize them
as suitable theta lifts from SL;, over F'. We plan to pursue this idea in a future work.

The paper is organized as follows. In Sects. 2 and 3, we setup notations and col-
lect various preliminary notions from the literature. Results such as Lemma 3.2 and
Proposition 3.4 seem to be new, and form a crucial trick in the proof of Theorem 1.3.
In Sect. 4, we construct certain real-analytic Hilbert modular form in Theorem 4.3
and prove algebraicity result about linear combinations of their Fourier coefficients
in Theorem 4.10. Putting these together, we give the proofs of Theorems 1.1, 1.3 and
1.7 in Sect. 5.

2 Preliminary

Fix an embedding Q — C. Throughout the paper, F will be a totally real field of
degree d with ring of integers O, different ? and discriminant D. For 1 < j < d and
m € F, denote o : F < R the real embeddings of F and m; := o;(m). We write
m > 0if m € F is totally positive, i.e. mj > 0 for all 1 < j <d. For a number field
E with ring of integers Of, let Ag and E =E® 7 be the adeles and finite adeles
respectively. The subgroup Op =0 ®ZCEis open and compact.

Given T = (11, ..., tg) € H4, we write v = (vy, ..., vg) := 3(z) € (R=0)?. For a
function f on HY, we will write f A forits diagonal restriction to H C H?. Fora € C,
denote

e(a) 1= e?mie,
For x = (x})1<j<d» ¥y = (¥j)1=j<a € C¢, we denote
xy=(Xjyj)i<j<d € e, tr(x) := Z xj, Nm(x) := 1_[ xj.
l<j=d l<j=d
For a semigroup G and a G-graded ring R = ®;cc R;, we use
RO =R CR

ieGo
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384 Y. Li

for a sub-semigroup Go C G. Also, we denote N the positive integers and Ny :=
NuU {0}.

2.1 Modular forms

For a congruence subgroup I' C SL2(0), a finite dimensional, unitary represen-
tation p of I on a finite dimensional hermitian space (V, (-, -)), and weight k =
(ki,...,kg) € 79, let Ay p(T") denote the C-vector space of vector-valued, real-
analytic functions on H¢ invariant with respect to p on I' of weight «, and bounded
near the cusps of I'\H. It contains the subspaces S. o(I) C M, ,(I') of cuspidal

and holomorphic Hilbert modular forms. We also write 7 =(k, ..., k).
For any f € Ay, ,(I'), the function on H4

1S ()llpeg := (£ (©), f (x))Nm(v*) 2.1)

is '-invariant. Given f, g € A, ,(I") such that at least one of them has exponential
decay near the cusps, we can define their Petersson inner product

1 K
(f.0pa = = /F U EONmG R (), 22)

where du(t) :=du(ty)...du(ty) is the invariant measure on H (see Equation
(4.21) in [10]). For ¥ = (k1, ..., kg), denote the following related weights
ki=(=ki,ka,....kq), K :=Q2—ky, ko, ..., kq). (2.3)

We omit I, resp. p, from the notation when F is fixed and I' = ' := SL,(O), resp.
itis trivial. When F = Q, we will use the superscript ! to indicate modular forms with
singularities at the cusps.

When p is trivial, it is known that M, (I'r) = M, (I'r, Q) ® C, where M, (T'r, Q)
is the subspace of modular forms with rational Fourier coefficients. This is also the
case for M, , when p is a Weil representation defined below (see [29], [10, Sect. 7]).

For later purposes, we will be interested in the (N¢-)graded ring

Mp =P M (TF. Q. (2.4)

keNd

2.2 Differential operators

For k € Z, we have the usual raising, lowering and hyperbolic Laplacian operators
on H

k-
Rej:=2id; + —, Rey:=(@n)"'Rey, L= —2iv’d,
v
Avgi=—RejoLlejp=—Lrj2Rep—k (2.5)

= 0% (92 +0) + k(D +i0,).
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Algebraicity of higher Green functions at a CM point 385

They change the weight by 2, —2 and 0 respectively. For k = (k1, k) € Q% and r €
Np, we can define the Rankin-Cohen operator on a real-analytic function f(t1, 72) €
H? by

Cie,r (N)(T)

= @ri) "y (=1 (k‘ +Sr - 1) <k2 :'_rs_ 1) (ag—ﬂagv) (t, 1),
s=0

r
ki +r =W\ [(kp+r—1\/~._. =~
=Y (=1 < ) )( L )(R;,;;Riz,sz)(r,r),

s=0

(2.6)

where () := m(m_l)(m_n%)‘“(’"_"ﬂ) is the binomial coefficient. The equality in the
second line can be proved by considering the generating series constructed from the
differential operators d; and R,. The details are contained in Sect. 5.2 of [14], in
particular Propositions 18 and 19. The first expression shows that the operator pre-
serves holomorphicity. When « € Z2, the second expression shows that it preserves

modularity in the sense that

CK,r(f) |k|+k2+2r Y = CK,i’(f |K (7/7 V)) (27)

for any y € SLo(R). The same result holds in the metaplectic setting when « € %Zz.

Example 2.1 Suppose x = (1, 1) and f (11, 2) = e(a 71 + a2 12) for @ € Q(+/D) with
tr(a) # 0. Then

r 2
e(—tr(@1)Cer (@) =Y (;") o7 (—a)®

s=0

r 2 r—s K
_ r 200 —20 )
=tr(a) 27" E
( ) - (S) (Ol1+0l2) <Ol1+0l2

0

r 2
=tr(@) 27"y (:) (x+ 1" S(x = 1) =tr(@) Py (x)
s=0

with x = 5122 = VDue/vD) g P.(X) the r-th Legendre polynomial, which has
1+an tr(a)
parity (—1)". The last equality is a consequence of Rodrigues’ formula (see (8.6.18)

in [1]). This example will be used in the proof of Theorem 1.3.

When f(t1, ) = fi(t1) f2(r2) with f; modular forms of weight k; € %Z, the
function [ f1, f2] := C¢.»(f) is the usual Rankin-Cohen bracket of f1 and f> [14,
Sect. 5.2]. If f1 is harmonic of weight k; and f; is holomorphic of weight k;, then
we have

ki+r—1 ~ ki+r—1Y\ «
Lr[fl»fZ]rZ(l . )erlRI:gf2=(l . >R£1+k2—2Lr(f1f2) (2.8)
for any r € Np.
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Lemma 2.2 For real-analytic functions f, g : H — C, rational numbers k, £ and an
integerr >0, ifk+£ ¢ {—2r+2,-2r+3, ..., O},4 then there exists cy 4, j € Q such
that

.
RUFRT 6= cra iRy oLt 8l (2.9)
j=0
forall0<a<r.
Proof This is done by induction on r. The base case of r = 0 is trivial. For the in-
ductive~step~to prove the case r + 1, we have k + €~¢ {—=2r,—2r +1, ..., 0}. Denote
Xq:=ROfR17% for 0 <a <r+ 1. Applying R to (2.9) shows that x, + x441 is

a rational linear combination of R’+1_j[f, gli’sover0<j<rforany0<a<r.
From definition, we also have

r+1

k+r L+r
anxa =[f glr+1, ca = (_1)a .
= r+1—a a

Therefore, the right hand side below is a rational linear combination of Rr1-J Lf. glj
for 0 < j <r+1 and it suffices to show that the square matrix on the left is invertible

o X0 + X1 1100...0
< A ) ) _ : e 0110...0
CoCl...CrCral X'l Xr + Xp i1 T

r+ [f»g]r-l—l 00...011

The right kernel of A is spanned by the vector ((—1)*)o<q<r+1. On the other hand

. Ok N[l k+0+2r
D car(=1"=)] = ’
r+1—a a r+1

a=0 a=0
which is zero precisely when k + £ € {—2r, —2r + 1, ..., —r}. This is not possible
by the condition imposed on k 4 £. Therefore the matrix ( ot +l) is invertible. [

Now we will extend the Rankin-Cohen operator to functions on H? for any

d > 2 by first restricting it to H?, before applying the usual Rankin-Cohen op-
erator. This can be expressed as a linear combination of the generalized Rankin-

Cohen operators studied in [26]. For f : HY > C, k = (ky,...,kg) € Z%, denote
AU ) = f(r, T, ..., T), k(1) := (tr(k) — k1, k1) € Z?* and define
Co (@) = Ceyr (fAD(D). (2.10)

It is easy to check that (f |¢ (v, ..., ¥)™! = 21 ) (v, ¥) and

Cor () lutorrzr ¥ =Cop(f le (annan ) (2.11)

4We take this set to be empty for r =0.

@ Springer



Algebraicity of higher Green functions at a CM point 387

for all y € SLo(R). Suppose f (1) = qf” ...qj" with g; :=e(7;), aj € C, then

el (f) = Z(_l)x <k1 —i—Sr - 1) (tr(K) —ki+r— 1)a{_s(a Can'et. (212)

r—s
s=0

where o := o1 + - - - 4+ o¢g. Analogous definitions also make sense when the index 1
above is replaced by any j € {1,...,d}.
Finally for f, g € H? — C real-analytic and x € Z¢, we define

Der(f, 8) = (8" TH2CL, (f/9)

2.1
= Qi) r+13€1 5¢d ( 3)
= (2mi) Yo a0k (S )
e=(eq,..., ed)ENg
tr(e)=r

with a, € Z explicit constants given by

4, = (1)t ki +r—1 ko+--+kg+r—1 s! '
er+--+eyg el er!...eq!

From the definition, one sees that D, ,(f, g) is real-analytic on H and satisfies

Dy (f lear Wsee s ¥, 8 Vs oo s ¥) =D (f, ©) et )my12r v (2.14)

for k, A € Z¢ and y € SLy(R). The upshot of this operator is the following result.
Lemma2.3 Fork = (ki, ..., kq) € Z, let f :H? — C be a real-analytic function that

is harmonic in 11 of weight k1 and holomorphic in 12, ..., 14. For any holomorphic
function g : HY — C, we have

ki+r—1 ~
L:Der(f.8)= ( . )(gA>’“R{r<K>-2<(Ln NIt (@15
forall r € Np.
Proof This follows directly from the definition and equation (2.8). g

We can also componentwisely apply D, » when f is vector-valued, in which case
we also write D, ,(f, g), and the result above holds as well.

2.3 Quadratic space and Shimura variety

Let V be a finite dimensional F-vector space of dimension n + 2 > 0 with a non-
degenerate quadratic form Q. For our purpose, n is even when d > 2, i.e. F # Q.
Denote ch =V Fo; R for 1 < j <d, which is an R-quadratic space of signature

(pj,qj), and V(R) =V ®q R = @;V,; is an R-quadratic space of signature (p, q)
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with p=3_;pj, ¢ =73, q;. We say that V is totally positive if V(R) is positive
definite. The symmetric domain D associated to SO(V (R)) is realized as the Grass-
mannian of ¢g-dimensional negative definite oriented subspaces of V (R). It consists
of 2 components unless ¢ = 0, in which case it is a point.

Let GSpiny, be the general spin group of V. We will be interested in the Q-
algebraic group

H = Hy :=Resp,pGSpiny,, (2.16)
which fits into the exact sequence
1 — Z— H — Resp/gSO(V) — 1 (2.17)

with Z(Q) = F*. Denote v : C(V) — F* the spinor norm on the Clifford alge-
bra C(V) of V, which induces a surjection v : H — T := Resp;gG,, of algebraic
groups.

Example 2.4 More generally, the group GSpin can be defined for a quadratic module
M over a commutative ring R. For a nice example, we consider the hyperbolic plane,
where M = R? is a free R-module with quadratic form Q((a, b)) = ab. Furthermore
denote ey, ey the images of (1,0), (0,1) € M in the Clifford algebra C(M), and
ep:=ejep, e3:=eze1 € C(M). Then we have ey +e3 = 1 in C(M) and an R-algebra
isomorphism

3

C =R ¢; = Mx(R), (@, a1, a2, as) 1> (“0 ‘“).

a a
i=0 2 3

The even Clifford algebra C°(M) corresponds precisely to the diagonal matrices in
M>(R). The group GSpin then consists of invertible diagonal matrices, and the spinor
norm v is just the determinant.

For the rest of this subsection, suppose V has signature
((n,2), n+2,0),...,(n+2,0), 2|n. (2.18)

Then the hermitian symmetric space associated to H can be realized as the Grass-
mannian D = Dy = D UD~ of oriented negative-definite 2-planes of V,,. If we
denote V¢ :=V ®F,, C and extend the quadratic form C-bilinearly to V¢, then we
can identify D with the quadric

H:={[Z]1eP(Vc):(Z,2)=0, (Z,Z) <0}, (2.19)
in the projective space P(V¢) by sending [Z = X + iY] to the oriented 2-plane
spanned by the ordered basis {X, Y} C V,,. This endows D with a complex struc-

ture. We can furthermore identify the tube domain

H={ze VoQrC: 0((2)) <0},
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where V1=V, N at N bt for isotropic vectors a, b € V;, with (a,b) =1, with H
by sending z to the class of

w(z):=z+a— Q)b
in P(V¢). For y € H(R), we have the automorphy factor j(y, z) = (yw(z), b) from

yw(z) = jy, Dw(ya).

For z € D¥, denote 7 € DT the 2-plane with the opposite orientation. The sub-
group of H(R) fixing DV is the subgroup H (R) consisting of elements with totally
positive spinor norm. For a compact open K C H(Q), the C-points of the Shimura
variety associated to H

Xvk =Xx :=HQ\D x HQ)/K (2.20)

is a complex quasi-projective variety of dimension n, and has a canonical model over
o1(F) [32]. When V is anisotropic over F, the variety Xk is projective.

Example 2.5 For F = Q and (V, Q) = (M»(Q), det), we have

H>UH)> =D, (z1,22) — RRZ + RIZ,

where the line spanned by Z = Z(z1, z2) := (le 7_122) € V(C) is in the quadric H
defined in (2.19). For a congruence subgroup I' C SL»(Z), there exists compact open
Kt C H(Q) such that the connected component of the Shimura variety Xy, g can
be identified with the product of modular curves X1 x Xr. See Sect. 3.1 in [37] for

more details.

A meromorphic modular form on Xk of weight w € Z is a collection of mero-
morphic functions W (-, k) : 5 — C for each h € H(Q) satisfying

W(z,hk) =W (z,h) forallk € K,

2.21)
W(yz,yh)=j(y,z2)"¥(z, h), forally € H(Q)

and are meromorphic at the boundary.”> For such a meromorphic modular form, we
also denote
W (z, h)llper := [W (z, )| - |y]", (2.22)

which is a real-analytic function on X (see Sect. 2 of [10]).
To describe the connected components of X g, we write

HQ=]][H@;h;K,
J

5The boundary behavior is relevant for us when d = 1 as V will otherwise be anisotropic.
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where H(Q)+ = H(Q) N H(R)4. Then for n > 0, we have X = ]_[/ T, \D™ and
(1.8) of [25] gives us '

m0(Xk) = HQ 1 \H(Q)/K = FX\F*/v(K) = Gal(Eg [ F), (2.23)

where E /F is a finite Galois extension that the connected component Y :=I'j\D™

is defined over. Furthermore, for o € Gal(Eg /F) associated to v(hlfl), we have
o ~ X

Y = thh_fl over Ex and

XK;]_[Ythhflg ]_[ Yg.
i ocGal(Ex /F)

When restricted to the center Z in (2.17), the map v above is simply the square map
and its image consists of square elements in Gal(Ex / F).

When n = 0, the domain D has two points and the group GSpin,, can be identified
with EJj, for a totally imaginary, quadratic extension Ey over F, the norm from Ey
to F is simply the spinor norm, and

Xk =D x A} JEy(Ew)}K. (2.24)
For 1 < j <d, there is a unique F'-quadratic space V () with signature
siglV(j)=((n+2,0),...,(n+2,0),(n,2),(n+2,0),...,(n+2,0))

and isomorphic to V at all finite places. They are neighboring quadratic spaces of
an admissible incoherent quadratic space (V, Q) over F (see [9, Sect. 7]). One can
carry out the construction before (2.20) to define Xy (;), x, which is the C-points of a
Shimura variety defined over o (F). There is a quasi-projective variety Xg defined
over F such that the base change to o (F) is Xy }),k , and the union of Xy ;) x over
all j is the C-points of Xk considered as a scheme over Q (see Lemma 7.1 of [9]).

2.4 Unimodular lattice

An O-lattice L C V, i.e. a finitely generated O-module satisfying L ® » F =V, is
called even, resp. integral, if Q(L) is in 1, resp. O. For an even O-lattice (L, Q),
the quadratic form Qz(x) :=trp;gQ(x) is Z-valued, and we denote

L:={yeV:(y,L)yco '}, (2.25)

which is the dual of the Z-lattice L with respectto Qz.For u € L'/L and m € F, we
write

Ly ={,el+pu:00)=m}cClL’. (2.26)

which is empty if m ¢ 9~ + Q ().
Also, we denote

S11=®,,cj); Cu C S(V(F)). ¢y = char(L + 1) (2.27)
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the subspace of Schwartz functions with support on I''=L'"® O and constant on
L:=L®O. Note that L’ / L=L /L is a finite abelian group, and we write Lo =

Ly, ® O. For any he H (Q), the lattice®
Ly:=Vnh ' .Lcv (2.28)

satisfies »=! - L = L, and is in the same genus as L. Using the left action of 1!, we
identify

L'/JL=L'/L=L)/L,=L)}/Ly. (2.29)

The linear isomorphism ¢j, : S; — Sy, which sends ¢, to ¢, " then identifies py,
with PL,-
We say that a lattice L is Z-unimodular if L' = L. Then the set

={(L, Q) : L is an even Z-unimodular O-lattice} (2.30)

is a commutative monoid with respect to @. Let Z/l;f C UF denote the semigroup con-
sisting of totally positive, non-trivial lattices. This set is non-empty by the following
result.

Proposition 2.6 For any totally real field F, the semigroup Z/{fpr is non-trivial.

Proof For an integral O-lattice L C V, let 0(L) C O be the discriminant ideal of L
(see [17]). Then d(L) = O if and only if L¥ = L, where L* :={y e V : (y,L) C
O} is the O-dual of L. In this case, L is called unimodular. Satz 1 in [17] gives a
necessary and sufficient condition for the existence of definite unimodular O-lattices,
which is easily seen to be satisfied when V = We* with dimp (W) is divisible by 2.
Furthermore, for any one of the 2¢ possible signatures for definite spaces, there is
a space V having this signature and containing a unimodular O-lattice. So for any
a € F*, there is a definite space V such that it becomes totally positive definite after
scaling its quadratic form by «.

It is a well-known result of Hecke (see the last Theorem in [36]) that the class
of ? in CI(F) is a square. So we can write ' =a?@) withac O and § € F. Let
(L, Q) be a non-trivial, integral unimodular O-lattice such that § Q is totally positive
definite. Then (aL, §Q) is an even O-lattice and

S(h,al)co '=a?*®) & (L, a 'L)ycO

for all A € (aL). So » € aL* = aL and (aL, 8Q) is non-trivial, Z-unimodular and
totally positive definite. g

2.5 Special cycles

Now suppose V decomposes as W & U such that U is totally positive subspace of
dimension r. Then the Grassmannian Dy of U consists of one point zy, and Dy can

6The inverse in this definition makes the action of & a right action.
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be realized as an analytic submanifold of D via
zw = (2w, zv) € Dy.

Similarly, the algebraic group Hy := Resg;GSpiny,, resp. Hy := Resr/@GSping,
is isomorphic to the pointwise stabilizer of U, resp. W, in Hy, which induces Hy x
Hy <> Hy and we write’ (hw, hy) € Hy for hw € Hw, hy € Hy. Then for h €
Hy (@), the image of the natural map

Hyw (Q)\Dw x Hw(Q)/Hw(@Q) NhKh™", (z, k1)~ (z, hih)

defines a codimension-r cycle on X g, denoted by Z(W, h). A word of caution about
the notation: in [25], the items Dy, Hw and Z(W, h) were defined with W replaced
by U. We decide to change the notation here as U will be varying later and it is
important to keep track of W.

When r = n, the set Dy = {zf‘,} consists of two elements and points of Z(W, h)
are called (small) CM points. For a subfield Fy C F', we can consider the F-quadratic
space

WF() = ResF/FO w. (231)

For any Fy-quadratic space Vo = W, ® Up with Uj totally positive, the image of the
above homomorphism HWF0 < Hy,, is a torus denoted by T := Tw C Hy,. For any

open compact K C Hy, (@), the torus T gives rise to the CM O-cycle Z(Wg,, h) on
Xv,,k defined over F'. Its C-points are given by

Z(WEy, h)(C) = T(Q\zip} x TQ)/KE = Xy k. [z, 11+ [25,1h], (2.32)

where K# ‘=hKh~'nN T(@). These were called “big CM points” in [13] when Fy =
@ and Uy is trivial. We omit 4 from the notation when it is trivial.
To obtain a 0-cycle defined over @, one considers the 0-cycle

Z(W) := > T, (Z(Wg)), (2.33)

l<j<d, tj=cjo0] "R—>R

where W is the admissible incoherent quadratic space with neighbors W (j). Note that
Z(W) is Z(W) in Equation (2.13) of [13]. The O-cycles 7;(Z(W)) can be constructed
as above with W replaced by W (j) for 1 < j <d (see [13, Lemma 2.2]).

Example 2.7 We follow the discussions in [37, Sect. 3] and [27, Sect. 3.2] to realize
the CM points appearing in Theorem 1.1 as big CM points. Let d1, da < 0 be discrim-
inants such that F = Q(+/D) is a real quadratic field, where D := d1d> > 0. We label
the real embeddings o; : F — R such that oy (\/5) =+/D and 02(\/5) = —+/D.
Then E := E1E> is a CM extension of F and becomes an F quadratic space W

of signature ((0, 2), (2,0)) with respect to the quadratic form Q(u) := —N%[’}. For

TWe will sometimes view Hy, Hy as subgroups of Hy to lighten the notation.
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i=1,2,letz; = %ﬁ be a CM point of discriminant d;. Denote H;/E; the ring
class field corresponding to z;, H = Hi H, and

G; = Gal(H;/E;) C G; :=Gal(H; /Q). (2.34)

The group Gal(H /Q) embeds into G| x G, via restriction, under which the image
of Gal(H/E) is a subgroup of G| x G>.If (V, Q) = (M>(Q), det), then the map8

V- Wg, vy (v, Z(z1, 22)

is an isometry with N = ajaz. The CM 0-cycle Z(Wg) defined in (2.32) is given by

Zwy= Y (@2’ + (-, -0
oeGal(H/E)

2 : [oa] [op)) — —
= (Zl 7Z2 )+(_Z1019_Z202)7
(01,02)€G 1 xXG2
01|Hy=02|H,

where Hy = H; N H,. Note that Hy = Q when d{, d, are co-prime. On the other
hand, we have

ZWQe= Y (1.-2°+(-2.22)°.
oeGal(H/E)

Lemma 3.2 in [27] tells us that Hy/Q is abelian. Its proof even implies that every ele-
ment in Gal(Hy/Q) has order dividing 2. From these, we then know that the element
07 € Gal(H»/ E») satisfying 1‘272 = —77 is a square and hence trivial when restricted
to Hy. Therefore, Z(Wg) = Z(W(2)q), and Z(Wg) is already defined over Q.

On the other extreme, when r = 1, we have W = (Fx) for some xog € F with
Q(xg) =m > 0, and the cycle Z(W, h) is a divisor. We define a weighted divisor by
the finite sum

Zm.g)== > ¢ 'x)Z(W. h) (2.35)
Hy (Q\H(Q/K

for any ¢ € S(V(I:"))K. We also write
Z(m, ) :=Z(m, ¢y) (2.36)
forpeL’/L and L C V an even Op-lattice.

2.6 A helpful lemma

In this section, we record a result that will be helpful in studying zeros of definite
theta functions.

8Here (,) is the bilinear pairing on M, (C) induced by the determinant.
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Lemma 2.8 Let 0y, ...,0yN € R be Q-linearly independent irrational numbers, M €
N and b an integer with 0 <b < M — 1. For any a1, ...,an € R, there exists an
infinite subsequence {n; : i € N} C N such that

lim e((Mn; +b)6;) =e(a;)
11— 00
forall1<j<N.

Proof By replacing 6; with M6; and «; with a; — b6}, we can suppose that M = 1
and b = 0. We first prove the case a; =0 for all 1 < j < N by constructing the
sequence {n;} inductively. For any € > 0, by Kronecker’s approximation theorem [3,
Theorem 7.10], there exists n, h; € Z such that

[n6; —hj—e€/3| <€/3
forall 1 < j < N, which is equivalent to
0<nbj —hj; <2e/3.

By replacing n, h; with —n, —h;, we can ensure that n > 1 for € < 3/2, while
[nf; — hj| < € still holds. Denote n(e) :=n and n; :==max{n(1/i") : 1 <i’ <i}.
Then

lim e(ni6)=1, 1 <j <N,
1—>00

and the sequence {n;} is infinite since 6;s are irrational.

In the general case, we can first use Kronecker’s approximation theorem to pro-
duce a sequence {n}} C Z such that lim; ., e(n;6;) = e(a;) forall 1 < j < N. For
each i, we can find i’ > i such that n’ := n} 4+ n;s forms an increasing sequence in N,
where {n;} is the sequence we have constructed in the case all «;’s are 0. Then the
new sequence {n’} satisfies the condition of the lemma. O

Lemma 2.9 Suppose o;, c; € C for i € N satisfy the condition that the series defining

o (s) = Zaicf

ieN

converges absolutely for s = s € R and equals to 0 for all but finitely many s € 7.
Then we have

Y w=0 (2.37)

ieN, ¢j=c
for any ¢ € C*. In other words, ¢ (s) is identically zero.

Remark 2.10 If o; > O for all i € N, then ¢; =0 for all i € N. This strengths Lemma
5.6; in [21].
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Proof Without loss of generality, we take so = 0. After rearranging and scaling all the
¢;i’s, we can suppose that |c;| > |cj4+1| for all i € N, and 1 :=|c1| = |eim| > |em+1]-
Denote

P1(s) := Zaicf.
i=1

Using induction, it is then enough to prove the lemma for ¢ (s).
The condition ¢ (s) = 0 for all but finitely many s € N implies that
lim |1 (s)[ = lim [p(s) — ¢1(s)| =0.
§—>00 §—>00

For 1 <i <m with ¢; # 0, we can now write
N
ci=¢"0e| Y ri 6
j=1

with ¢ = e(1/M) for some M € N, (r; j)o<j<n € Z/MZ X ZN and 0; € R such
that 1,0y, ...,60y are Q-linearly independent. Then we have ¢; = ¢;/ if and only if
ri,j =ry jforall0 < j < N.For any integer 0 <b < M — 1, we have

d1(5) = fr(e(s0r),...,e(s0y)), s € MN+ b,

where fy(z1,...,2n) 1= > iy @i (¢P)i0 ]—ijzl Z;i'j € C[thf], cy ZN, z;,]]-
For any B € (R/Z)", Lemma 2.8 implies that there exists an infinite subsequence
{ny : k € N} C N such that

klim (e((Mny 4+ b)61),...,e(Mny + b)0y)) = B.
Since f} is continuous, we then have
fo(B) = klggo fo(e((Mny +b)0y), ..., e(Mng + b)) = Sl_i>rgo¢1 (s) =0.

This implies that the polynomial fj} is identically zero, or equivalently

> o (("0)" =0

I1<i<m, (ri j)1<j<N=T

for all r € ZV and b € Z/MZ. This then implies

Z O(l'=0

1<i<m, (ri,j)o<j<n=r’

for all ¥’ € Z/MZ x ZV and ¢;(s) is identically 0. So the lemma holds for ¢;, and
hence also for ¢ by induction. |

As an immediate consequence, we have the following result.
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Corollary 2.11 Let {c; :i e N}, {b; : j € N} be subsets of C, and
I'={ieN:c;#0}, J:={jeN:b; £0)}.

Suppose there is so € R such that the series
. — S . — S
f&)=) ¢l gs)=)_ b5
ieN jeN

converge absolutely for s = sy and f(s) = g(s) for all but finitely many s € Z~,,
then there is a bijection o : I — J such that ¢; = by ;) for all i € 1. In particular, 1
is finite if and only if J is finite, in which case they have the same size.

3 Functions
3.1 Weil representation and theta function

Let G :=Resf;@(SL2) and
I':=SL(Or) CGR) C G(A).

Also denote I' f := SL, (@) - G(@).

For an F-quadratic space (V, Q) of even dimension, let @ = wy be the Weil rep-
resentation of G(A) on the space of Schwartz functions S(V(Af)) =S (V(ﬁ ) ®
®1§ j<d S(Vs;), where ¥ is the standard additive character on F\Af.

At the infinite local place, suppose (W, Qw) is an R-quadratic space of signa-
ture (p,q) with 2 | (p 4+ ¢q). For a point w in the symmetric space Dy associated
to SO(W), we obtain an orthogonal decomposition W = wt ® w and a Schwartz
function

P9 (w, A) := exp(=2(Qw (A,1) + Qw (Aw))) (3.1
in S(W), which is acted on by SL,(R) via the Weil representation wy to produce
oV (r, w, 1) := v7%e(Q(hyy1)T + Q(M)T). (3.2)
Note that
" (z,w,2) =9V (r,w, 1) (3.3)

as it is independent of the orientation of w. If ¢ = 0, then the expressions in (3.1) and
(3.2) are independent of w and we omit them from the notation. In addition, we will
also be interested in the following “singular Schwartz function” when g > 1

&V (r, w, 1)
ey | AT QRN I (/2 ~ 1, ~4w Q). A gwt, B
- CT‘YZO%’ Acwt.
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Here I'(s, x) := f xoo t*~le~'dt is the incomplete Gamma function. Direct calcula-
tions yield

LoV (r,w, 1) =¢" (z, w, A). (3.5)

forall w e Dy and A € W.

To describe the finite local place, let L C V be an even lattice and Sp C S (V(ﬁ )
the subspace as in (2.27). Then I' acts on the space Sy via w, whose complex con-
jugate we denote by pr. Its explicit values on the generators of I' can be found in
Sect. 3.2 of [10]. Furthermore, it is unitary with respect to the hermitian pairing on
St

(@)= Y dWP), ¢V €5L. (3.6)

nel’/L

More generally, for lattices L, M and ¢ € Sygr, ¥ € Sy, we define (¢, ¥)r € St
by

(@, VL) = Y ¢, W)Y V), pel'/L, (3.7)

veM'/M

These pairings are then naturally defined for functions valued in Sy,.

For the rest of the section, suppose V;; is positive definite whenever j > 2. Then
Dy,

%

preS (V(ﬁ )), we define the Siegel theta function

is D for j =1 and a point otherwise. For T = (1;) € HY, zeD,he H((@) and

O 2. hipp)i= Y rh Moo(r, 2,4,

reV(F)

$oo(t.2.0) =0 1 (11.2,0) Q) ¢ (1. 4).

2<j=d

(3.8)

Note that O (7, z, h; ¢ ) = O(z, z, h; ¢ ) by (3.3). In the variable 7, this is a Hilbert
modular form of weight

c=k(V):=(p1—q))/2.,n/2+1....,n)2+1) eZ’. (3.9)
For any even lattice L C V, we also denote the associated theta function by

OL(t,z,h) =Y O(t,2,hi ¢u)by, (3.10)
nel’/L

which is valued in S;. When & = 1, we omit it from the notation. The definition of
®r implies that

OL(t,2) =0r,(t,2,h), (3.11)

where Ly, is defined in (2.28) and L'/L = L), /Ly, via (2.29).
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If V4, is definite, then ©y (7, z, #) is independent of z and we write
Or(t,h) =0 (t,z,h). (3.12)

In particular when L = P is positive definite and Z-unimodular, this is a scalar-
valued, holomorphic Hilbert modular form on I'r of parallel weight n/2 + 1. We
denote the graded subring

M6, :=Span{0p(v) : P €U} C Mp. (3.13)
For future convenience, we also define

O (t.z.hidp)i= Y dp(h~' 0" (11,2, 1) ®a<jza &7 (1), 1),
reV(F)

®}i(r,z,h) = Z ®*(T,Z,h§¢u)¢u~

uel’/L

(3.14)

The sums converge absolutely since the singular Schwartz function decays as a
Schwartz function and z+ N L’ is contained in a positive definite lattice. For fixed
(z, h), it defines a real-analytic function in 7, which satisfies the analogue of (3.11)
as well as

L ®)(t,2,h) =0OL(z,z,h) (3.15)

by (3.5). When V,, is negative definite, we have g1 = n + 2 and the function
07 (t, h) := ©] (, z, h) can be written explicitly as

0F(t., h)
=— Y e@(@mm)@r QM) AT (/2,471 Q (V1 [v1)g

Aeh(LNV, A0

s+n/2

v
CTy—g— . 3.16
+ S_Os+n/2¢0 (3.16)

Although 67 is not modular in 7, difference of such functions will become modular
after adding suitable holomorphic functions (see Theorem 4.3).

Remark 3.1 When dimp V is odd, all the constructions above still hold by working
with metaplectic covers. As this is not needed for most of the applications, we refrain
from introducing more notations and refer the readers to [10].

3.2 Eisenstein series and Siegel-Weil formula

Let B C SL, the standard Borel subgroup, and I(s,x) = ®uI(s, xy) =

Ind?&(ﬁF )x| - |* the induced representation of G(Ag) for x = xv the quadratic
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Hecke character associated to an F-quadratic space (V, Q) with signature ((p1, q1),
n+2,0),...,(n+2,0)). For a standard section ® € I (s, x), the Eisenstein series

E@g.s,®):= >  ®(ygs) (3.17)
Yy E€B(F)\SL2(F)

converges absolutely for 9i(s) > 0 and has meromorphic continuation to s € C.
When sg :=n/2, the map A : S(V(AFr)) — I(sg, x) defined by

r(@)(g) = (0(8)$)(0) (3.18)

is SLy (A F)-equivariant, and A(¢) can be extended uniquely to all s and produce a
standard sections in I (s, x). .

The infinite part ®1<;<41 (s, Xo;) is generated by functions @, := [] j @;j with
Kk = (k;) € Z4 satisfying k; =n/2 + 1 mod 2, where

Or(lko, 1) =€""?, —m <O <nm

is the image of ¢§o+2*‘1 defined in (3.1) under A for any g € N [9, Lemma 4.1]. For
¢reS(V(F)) and &k =k (V) as in (3.9), the Eisenstein series

E(t, ¢, &) =0 "E(gr, 50, M(¢ps) ® D) (3.19)
is a Hilbert modular form of weight k. For any even lattice L C V, we have

EL(r,@):= Y E(T ¢u00¢u € Az p, - (3.20)

puel’/L

Suppose g = 2. For any compactopen K C H (Q) stabilizing L and acting trivially
on L'/L, we have the Siegel-Weil formula [9, Lemma 4.3]

Ep(r,i)= Or(r,z,HQ", n> 1, (3.21)

vol(Xk) Jx,

where 2 is the Kihler form on X g normalized as in [10] and vol(Xg) = f Xk Q.
For n = 0, the Siegel-Weil formula yields

Ep(1,k) = > eL.zh. (3.22)

vol(Xk) e hleXx

When g =0, we have k = 59 + 1 and the lattice P = L is totally positive definite.
The classical Siegel-Weil formula yields

Ep(m=Ep)=cg' Y 6p(t.h),
heH@Q\H(Q)/K

CK = Z l1eN.

heH@Q\HQ)/K

(3.23)

Though 0p¢ = Hf,, the Eisenstein series E p¢ is almost never the same as E !
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Furthermore suppose that P € Z/{;f with rank 2t. Then Ep(7) is in .MHF and coin-
cides with the Hecke Fisenstein series for F' of parallel weight t =n/2 + 1. It can be
written as (see Sect. 2 in [5])

Ag-Nm(t+p8) BeF,

1 o (3.24)

Ep(m)= ) (B0 c(B,1) =

BEP!(F)

for certain non-zero integers Ag depending only on B. Note that since Pt e Z/I;
for any £ € N, we have Ep:(7) € M%. Applying Lemma 2.9, we can deduce the
following results about zeros of theta functions.

Lemma 3.2 Let P € Z/l;pF and S C HY a finite set of points. Then there exists £ > 1
such that E pe does not vanish on S.

Proof Since SL;(R)? acts transitively on H9, we can write S = {r0, 2170, ..., gNT0}
with 79 € H? and g; € SL»(R)?, where we set gg to be the identity. Assume that for
every £ > 1, there exists 0 <i < N such that Epe(g;t0) = 0. Then the function

N
fe@) =[] Ep: (&)

i=0

vanishes at T = 1 for all £ > 1. Using the expression (3.24) we can write

N
fim= Y (Hc(ﬁi,gir)>

BBy €PL(F) \i=0

-l

By Remark 2.10, we have ]_[lN:O c(Bi, gito)=0forall By,...,Bn € ]P’I(F), which is
clearly a contradiction since ]—LN= oc(00, gito) = 1. Il

Lemma 3.3 For any 19 € H9, there exist Py, Py € Z/Ijvr in the same genus such that
8p, (t0) # Op, (70)-

Proof Assume otherwise. Then for any P € U T the function 6 p(t, h) takes the same
value at 7o forall h € H (Q) and we have

Ep(m)=cx Y, Op(o,h)=6p(to)ex Y 1=0p(w).
heHQ\HQ@/K heH@Q\H(Q)/K

Therefore E p¢(10) = 0pe(10) = 0p(10)* = Ep(10)* forall € > 1 and P € U;". Using
expression (3.24), we obtain

> e(B.r) = Ep(0),

BEP!(F)

which contradicts Corollary 2.11 since (8, 7o) # 0 for all 8 € P(F). O
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Proposition 3.4 (Partition of Unity) Let F be a totally real field. Then there exist
m e N, 15,-, P, Pie Z/I;: with ranks 2%t; and 2v; for 1 <i <m such that P ; and
Py ; are in the same genus for all i and there is no vy € H such that (E B ©Op,; —
Op, )2 (r0) =0 for all i.

Furthermore for any dy,...,dy,e1,...,em €N, there exists elliptic modular

forms gi € M' L Giditriend with rational Fourier coefficients such
1 &1

m
> si(EG - (6p, —0p, ) =1. (3.25)

Proof Start with a point 79 € H, we can find P, P; € U;f in the same genus satisfying
Op, — QPZ)A(‘L'()) # 0 by Lemma 3.3. If (Op, — 01:2) has no zero on H, then we can
apply Lemma 3.2 to take Py, P, € U;" such that E 4 and E3 4 do not have common
zero on H. The forms E 5 - (0p, — 0p,) and E 5 (0131 9[22) satlsfy the first claim.
Otherwise, let 13,...,1, € H be the zeros of (6p, — 9192)A in a fundamen-
tal domain F of SL,(Z)\H. By Lemma 3.3, there exists P;; and P>; such that
Gﬁu(r,-) + 9192.1_ (t;) for all 2 <i <m. Let S C F be the finite set of the zeros of

[Ti<i<m (9191_1, — 9?‘,211,). Applying Lemma 3.2, we can find P € L{;F such that E 5 does
not vanish on S. Let S C F be the finite set of the zeros of EA [Ti<i<m (GA Op, ,)
We can apply Lemma 3.2 to find E 3 for 2 <i <m such that they do not Vanish on
S’. Now the forms Ep-(0p —0p) and EP (Op,; —Op,,;) with 2 <i < m satisfy the
first claim.

To prove the second claim, we can write

AT Cdeniedd (20 0, —0p, ))® = Ai(j) € My = QL]
with j = j(t) the j-invariant and A;(x) € Q[x]. The first claim implies gcd(Ay, ...,
A;) =1, i.e. there exists By, ..., B, € Q[x] such that

D BiAI) =1.
i=1

lld,

Setting g; := B; (j)A™ (tiditi “’)d(E Op,; — 09})2,1.)] leiyA proves the second claim.

O
3.3 Higher Green function

We follow [11] to recall higher Green function on the Shimura variety X g for F = Q.
Let V/Q be a quadratic space of signature (n,2) and L C V an even lattice with K
an open compact stabilizing L. Also, we denote

0y = (3.26)

NI
R —
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For p € L'/L and m € Z + Q(u), the automorphic Green function is defined by

QM,M(Z9h’S)
I'(s + 00) m\*to < m ) (3.27)
=2 F | s+ 00,5 — 00, 2s; ,
'2s) Aeh% » (Q()LZL)) s + 09,5 — 00, 28 000

where F(a,b,c; z) is the Gauss hypergeometric function [1, Chap. 15]. The sum
converges normally on X \Z(m, u) for s > o9 + 1 and defines an eigenfunction of
the Laplacian A on D, normalized as in [7], with eigenvalue %(s —o9— 1)(s + 09).
Furthermore, it has a meromorphic continuation to s € C with a simple pole at s =
oo + 1, whose constant term is denoted by ®,, ,,(z,h, o + 1) and the regularized
theta lift of Hejhal-Poincaré series of index (m, u) [7].

Ats =09+ 1+r with r € N, the function ®,, ,(z, &, 5) is called a higher Green
function. For the unimodular lattice L = M>(Z) and z = Z(z1, z2) as in Example 2.5,
we have

Oule 1r+ D= G (), 2) (3.28)
b ’r = b 9 .
where G7' is defined in (1.2). For a harmonic Maass form f = Zm, uclm, wg~mx

¢+ O(1) € Hy—»y 5, With k := —207, define
D} (z,h, f):=r! Z c(m, wym" @ (2, h, 00+ 14+7r) (3.29)

m>0, pel’/L

to be the associated higher Green function. Following from the work of Borcherds
[6] and generalization by Bruinier [7] (also see [11, 34]), the function &’ has the
following integral representation

@b, )= lim f (R £(2), Ot 2 ) du(r)
o (3.30)
=(-1" 1imf (f(0), RE®L (T, 2, h))du(7),
T—o0 Fr

where Fr is the truncated fundamental domain of I'g\H at height 7 > 1.

4 Real-analytic Hilbert modular forms and algebraicity of pairing

In this section, we will prove the existence of certain real-analytic Hilbert modular
forms by generalizing the proof of Theorem 3.7 in [12], and give some results con-
cerning their Fourier coefficients. The notations F, D, O, 0, d are the same as in
Sect. 2.
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4.1 Certain real-analytic Hilbert modular forms

Let p = pr be a Weil representation, x = (kq,...,kq) € 78 T cTFa congruence
subgroup, and X = X (I') = I'\H“ be the open Hilbert modular variety. By adding
finitely many cusps to X, we obtain the Baily-Borel compactification XBB. It can
also be constructed as the Proj of the ring of holomorphic modular forms on X, and
is a normal, Noetherian scheme over C. When I' is neat, we fix a smooth toroidal
compactification X of X. It is a compact complex manifold, and a desingularization
of XBB. We also have the natural map 7 : X — XPB and let E be the boundary divisor
on X. Suppose X is associated to a projective I'-admissible decomposition (see [4,
section I1.2]).

Denote O and £P9 the sheaf of holomorphic functions and smooth differential

forms of type (p, ¢) on X respectively, and take the subsheaf £ := ker(£%! e 0.2y,
Then the Dolbeault resolution of O gives us the short exact sequence

00— 2% ¢ 0. 4.1)

For a Cartier divisor D and quasi-coherent sheaf F on X, we write F(D) for the
corresponding twisting sheaf. Also, let £, , be the sheaf of modular forms of weight
« and representation p on X. It extends to XB® and X by Koecher’s principle, and
we use L, , and L. o to denote these extensions. In particular,

HYX,E%°® L, ,) D A p (D). 4.2)

Note that n*ﬁ,(’p =Ly p, T Lyp = ENK,p. When p is trivial and « = (1,..., 1),
L =Ly , is the determinant of the Hodge bundle and ample on X BB However, the
extension L is trivial at the fiber of a cusp, and in general not ample on X. Neverthe-
less, we can use it along with twisting by E to prove the following result.

Theorem 4.1 In the notations above, for any N € N, there exists no, k € Noy such
that the following map

HX 0@ Ly ® L (—B)®) " HORX, € ® Ly ® L2 (—E)®) (4.3)

is surjective for all n > ny.

Proof For simplicity, suppose XBB has only one cusp x. By Theorem 2.2 in Chapter
IV of [4]), X is the normalization of the blowing-up of XBB at certain coherent sheaf
7 of ideals concentrated at x. As XBB is Noetherian, so is X and 7 is quasi-compact.
We claim that ﬁ? (-B)=03(-B)® 7*L£®* is ample on X for some k > N.

Since normalization is a finite morphism in this case (see Lemma 33.27.1 in [33,
Tag OBXQ]), it preserves ampleness and we can suppose that X is the blowing-up
of XBB. By the discussion and Lemma 31.32.4(3) in [33, Tag 010F] and Lemma
29.38.2 in [33, Tag 01VL], we know that O (—E) = O3 (1) is m-relatively ample.
Since £ is ample on XBB Lemma 29.37.7 in [33, Tag 01VG] proves the claim.
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By considering the long exact sequence in cohomology associated to (4.1), we
see that the surjectivity of (4.3) is equivalent to the vanishing of H'(X, L, o ®
57 (—=E)®") for all n sufficiently large. This follows from standard vanishing re-
sult for cohomology (e.g. Lemma 30.17.1 in [33, Tag 01XO]), which finishes the
proof. g

Proposition 4.2 For k € 74, let &,k € Z¢ be as in (2.3). Suppose f € Az (') is
holomorphicint; for2 < j <d. Givenany g € S,/(I') of parallel weight, there exists

Lo € N and functions Gy e Ak e p(D) forall € > Ly such that they are holomorphic
intjfor2<j<d,

L,Ge=g"f, (4.4)

and Gg/ = ge/feég Sforall £/ > £ > .

Proof Suppose T is neat and g is non-zero. Let «’ = ? with k¥ € N and fix some
N > k’. Now choose ng,k > N as in Theorem 4.1 and set £y = nok. Given f €
Az p(I'), the differential form vl_zg(r)fo f(t)d7 is in the kernel of  ® 1 ® 1 since
f is holomorphic in 73, ..., tz. Furthermore, it is orders of vanishing at the cusps
are at least £ since f is bounded near the cusps. Therefore, it is a global section of
&' ® Lt ® L (—E)®%. Note that

F B — o (YO0 ~ (B0 — f () ®nok
Lo(=B)® = Loz (—kB)®"0 C Lo (K E)®™ = Lop (—B) 10

since k' < N < k and Oy (—kE) is a subsheaf of O3(—k'E). By Theorem 4.1,
there exists égo e H(X,&%0 @ Eﬂ,g,p ® E_k) (_E)nok’) such that 5(—21’@40) =
vl_zg[(’ fdti. As f, g are real-analytic, so is Gy,. So for any £ > £¢, the real-analytic
modular form G := gl%oézo € Ag 4, p is holomorphic in 7, ..., 74 and satisfies

Ly, Go(v) = —2iv}d: Go(v) = —2ig (1) 0018z, Gy, (1) = g(0)' £ (2).

From the construction, the last condition is also satisfied.

Finally for any congruence subgroup I' C I, there exists a neat, normal subgroup
I C T of finite index. Averaging the function G € Aituer,p(T'") constructed above
over I'/ T then gives the desired function in level . g

Now, we will apply this result to the case when f is the special value of a theta
kernel and g is the holomorphic theta function for a positive definite lattice.

Theorem 4.3 Let W be an F-quadratic space of dimension 2 with signature as
in (2.18), and Py, P € Z/{;f positive definite, Z-unimodular O-lattices of ranks 2t

qnd in the same genus. For an O-lattice N C W, there exi;sts Lo € N and S(r) =
S(t; N, h, P, P, 0) e Am o for all £ > £y and h € Hy (Q) having the following
properties.

1. It is holomorphic in 12, . .., T4 and has exponential decay near the cusps.
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2. It satisfies

Lyy8(1) = (0p,(t) = 0p, (1)) (On (1) — O (z, ) , 4.5

forallt e H9, h € Hy(Q) and £ > €.
3. We can write

() =87 (1) + (6, (r) — Op, ()" (65 (2) — 65 (x, b)) , (4.6)

where 91”\‘, (t, h) is defined in (3.16), and 5t is holomorphic in t and I' -invariant
with respect to py .
4. Given the Fourier expansions

§() =" amu(wDeltr(me)y, 5T (x.h) =Y "4} etr(mo))d,.

m, m, i

we have &,Jg’ﬂ =0 unless m > 0, and

NS _ o~
vlh_r)nooamyﬂ(v]) =d, , “@.7)
foralme Fand ueL'/L.
5. Foranyry,...,rq € Ny, we have
lim 971...874(5 —5T)=0. 4.8)
[v]—o00 ! d

Remark 4.4 Up to holomorphic cusp forms of parallel weight t£ + 1, the holomor-
phic part 5t is uniquely determined by the conditions above. We will show later in
Theorem 4.10 that certain rational linear combinations of the Fourier coefficients of
5t are logarithms of algebraic numbers.

Proof By the Siegel-Weil formula, 6 (t) and 6y (t, 1) have the same constant terms
at all cusps, and their difference decays rapidly towards all cusps (see e.g. Proposition
5.1 in [9]). By the same reason, 6p, — 6p, is a holomorphic cusp form, and we can
apply Proposition 4.2 above to f(t) =0y (t) —On(t,h) € A, and g =0p, —Op, €
S—. Note that £y a priori depends on /. Since Hy (Q)\Hw (@) /K is finite for any
open compact K C Hy (@), there are only finitely many possible % that give rise
to different O (t) — Oy (7, h), with possibly different £(’s. By taking the maximum
removes its dependence on /.

Notice that 8(t) — ©@p, (v) — 9p2(r))l(9;‘,(r) — 0y (7, h)) is annihilated by L,
by (3.15) and (4.5). Therefore, it is holomorphic in 7y, ..., tz. This proves part (3).
Equation (3.16) implies that 63, (z) — 0y (z, h) decays exponentially as v; — oo.
Therefore, the same holds for § and the holomorphic part 5, whose Fourier coef-
ficients are then supported only on totally positive indices. Equations (4.7) and (4.8)
now follows directly from (3.16). Il
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4.2 Whittaker forms

Suppose d > 2 for this section. We follow [9, 10] to recall Whittaker forms and their
regularized theta lifts. For an even O-lattice (L, Q) with signature as in (2.18) and
n > 2, denote

s0:=n/2, “4.9)

K=k(V)=(@o—1,s0+1,...,50+1)asin (3.9 andx =(1 —sg, 50+ 1,...,50 +
1) € Z%. Given n € L'/L and totally positive m € 9! + Q (1), the function

Nm(47m)*0
@Gmm )T (s0)? (T (s0) — T'(s0, 4wmyvy))

x MMVl e(—tr(mT)) gy,

m, ( )::
Imu® (4.10)

is called a harmonic Whittaker form of weight « in the sense of [10]. The space gen-
erated by such forms is denoted by Hy p,. Given f =3 c1//1 0, W) finpu €
Hy. 3, , the Fourier polynomial

PH= Y, D, cmmg ", (4.11)
HEL'/L med~1+Q(u)
m>>0

is called its principal part. It is invariant under ', := (1 [17 ) € SL,(0)} with re-
spect to pr. Conversely, given any polynomial of the above form, there is a unique
harmonic Whittaker form fp € H, 5, with this principal part. Note that such poly-
nomial only depends on the finite quadratic modular L’/L. We say that f or P(f) is
rational if the polynomial P(f) has rational coefficients.
Let k be the dual weight of « as in (2.3). There is a natural surjection & = ,51) :
He 5, — SI?,pL
P = Y 0T L @ s, v, (4.12)

y€le\l'F
where the sum above converges absolutely as n > 2. This induces a bilinear pairing

between g = Zn’v b(n,v)q" ¢, € M; ,, and f € H, ;, given by

(8. /1 =18. P(N)} = (8. £(N)per = CTUP(f). 8))
= Y. cmwbm, p. (4.13)

pel’/L, m>0

A harmonic Whittaker form f is called weakly holomorphic if £(f) vanishes iden-
tically, i.e. {g, f} =0 for all g € ¢ ,,. We use M,!(’pL C H, p, to denote the sub-
space of such forms. Using the last expression in (4.13), we can extend {, } to for-

mal Fourier series in the parameter e(tr(mu)). For a subfield F C C, let M,!(’ oL F)
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denote the subspace of M,!(’ 5, With Fourier coefficients in /. Then the fact that
Mg 5, (F) = Mg, (Q) ® F implies that

!

M. (F)=M,; (Q®&F. (4.14)

K,0L
4.3 Regularized theta lifts
For each f = fp = Zm‘/‘ c(m, w) fn,u € Hy, 5, , Bruinier computed its regularized

theta lift in [10] and constructed an Arakelov Green function ®(z, &, f) for the divi-
sor

Z(H)=Z(P):= Y.  clm, w)Zim, ¢, (4.15)

wel’/L, m>0

on the Shimura variety Xg. When so =n/2 > 1, Corollary 5.3 of [9] expressed this
as

q)L(Z’ h9 f)
1 reg
=75 ) \Hd<f(f), Or(t,z,h) — EL(t,8))(v2... v du(r)  (4.16)

+ BT 1) +s57),

where O € Az ,, with the weight k given (2.3), B(f) = B(P) :=={E.(t,k), P} €
C and

reg dv
G(t)d = G(t)du | —— 4.17
frm\Hd Rl -/ve(R>o)d </ue0\Rd © u) Nm(v)? (49

for any I'wo-invariant function G on H? such that the integral converges.
The integral in (4.16) converges for so = n/2 > 1. (see Proposition 5.2 of [9]).
Furthermore, Equation (3.11) implies that

DLz (W), f)=Pp, @ by o f) (4.18)

for any i, h' € H(@), where the isomorphism ¢/ : S, — Si,, is defined in Sect. 2.4.
By Theorem 5.14 of [10], for any (zq, o) € D x H(@), the function

SL@h )Y comp) Y log|QG)] (4.19)

m,p )‘ehO(Lm,u)ﬂZ(J)'

is real-analytic in a neighborhood of (zg, ¢). By inspecting its proof, we have the
following consequence.

Lemma 4.5 Suppose n > 2 and ho, h;, € H(Q) satisfy’

ho |vmz(}: hg |sz3 : (4.20)

9Via the diagonal embedding, we tacitly view elements in V (Q) as in V(@). The set of zg in D such that
vn zé is non-trivial has measure 0.
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Then ®1(z, ho, ) — ©L(z, hyy, f) is real-analytic in an open neighborhood of zg €
D, where it is given by

CDL(Za h()’ f) - @L(Z,hé), f)

reg : 5ot 1 4.21)
=75 rm\Hd(f(t)’G)L(r’Z’hO)_®L(T’Z’h°))(v2”'vd) du(t)

In particular, the integral above converges at 7 = z.

Proof Without loss of generality, we can suppose f = f,, .. From (4.20), we have
ho(Lun.g) N 25 = ho(Lmu N 25) = ho(Lnu N 2g) = ho(Lmu) N2

So the singularities of ® (z, h, f) and ®1(z, k', f) agree for (z,h) and (z,h’) in
open neighborhoods N7 x A2 and N x N} of (29, ho) and (zo, k) respectively.
Then @ (z, ho, f) — ®r(z, k), f) is real-analytic in the open neighborhood A :=
Ni NN, C D of zg, which could be made to satisfy hg(Ly,,) N 71+ = {0} for all
z € M\{zo0}.

Then convergence of the integral at z ¢ Z(m, ) follows directly from Proposition
5.2 of [9]. For such z, we can apply the unfolding calculation in the proof of Theorem
5.3 of [10] while evaluating at s = sp. Then the following integrals are identically
equal for any z € M\ {zo}

f o (0. B 2 ) = O ) 0 v) ™l
ucO\R

= /MGO\W(fm'“(T)’ ®) (1,2, ho) — O (t, 2, hp)) (V2 ... va) T du,

where O (t,2,h) = OL(T,2,h) = X, cr,, net $u(h™ Moo (T, 2, 1)y From
the second expression, we see that the integral in (4.21) also converges for z = zg. U

To evaluate the regularized theta integral, one can apply Stokes’ theorem when
certain primitive exist. The following lemma distilled from Theorems 6.3 and 7.2 in
[9] will be helpful for this purpose.

Lemma 4.6 Suppose n = 2sg > 2 and [ = Zm>>0, per/L €(m, W) fin, is a har-
monic Whittaker form in Hy 5, . Let n € Az ,, such that frfeg\Hd< f@),n@)(va...

va)*0tdu(t) converges. Suppose there exists

AT = Y buuDe(rnt)g, € Az,

meF, pel’/L
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such that Ly 5(t) = —21'v%3f1 n(t) = n(t) and the T p-invariant function ||7(7)||pet
is bounded on H? . Then

reg -
/ (f(@©), (@) (2...v0)"dp(r)
[oo \H4
R (4.22)
= — (A, £(f))per + Tllmoon; c(m, )by, (T).

Remark 4.7 Since £(f) is a cusp form, the integral defining the Petersson inner prod-
uct exists, and so does the limit in 7.

Proof We will give the proof for f = f,, ... The general case can be proved the same
way. Note that m is totally positive. By applying L, to the Fourier expansion of 7,
we can write

@ = Y buu@Der(nT)u, duybm (V1) =] by (V1)
meF, uel’/L

Substituting this into the left hand side of (4.22) gives us

1 reg -
— (F (@), @) (2 ... v)du(r)
VD Jro\H4
im [ b, oy D60 = Lo, dmivy) dvy
= lum v i
r=o0 Jp- T I (s0) w2

Using integration by parts, we can rewrite the integral as

r T'(s0) — ['(so, 4rmyvy) dvy
bm,u(vl) 2
T7-1 F(S()) Ul
@rmpo (T . 1 _4
= —71_‘“0) /\71 bm,u(vl)vio e~ mmivi gy,
A C(so) — D(so, 4rmiT) _1.T(s0) = T(so, drm T~ 1)
b (T — by (T
+ m,,u( ) F(S()) m‘/L( ) F(S())

As T — oo, the first term on the right hand side becomes — (7, £ ( f))pe after unfold-
ing, and the second term becomes limy_;, oo by, (T'). For the third term, the bound-

edness of (7, E)Nm(v)s‘ﬁ‘l implies that

b (1) = 007V a5t — 0,

while I'(sg) — " (sg, 4mmt) = O (%) as t — 0. Since sg > 1, the third term vanishes
as T — oo. This finishes the proof. O
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4.4 Algebraicity result

Fix a quadratic space W over F having signature as in (2.18) withn =0.Let N C W
be an even O-lattice, Ky C Hw ((@) an open compact fixing N and acting trivially
on N’ / N=S§ ~. Now, let f’, P, Pe Z/l;r be lattices such that P;, P, are in the same
genus. Denote their ranks by 2t and 2t with t, v € N. Given integers £ € N and 0 <
i </{, we write

0;=ﬁ®F,U:=Pf®F=P§®F, (4.23)
V=L

Note that p;; = py since P, Py, P, are Z-unimodular. For hy € Hy (@) C Hy (@),
we have

O, (T, 20, hw) = On (T, hw)0 5 (T)0p, (1) 0p, (1) € A— (4.24)

trl+(—1,1,....1), o5

for a CM point (z0, hw) € Z(W, 1) C Xv g defined over EaWb fora CM field Ew /F,
and K C Hy(A) an open compact fixing L; for all 0 <i < £. Note that zo depends
only on the rational splitting V=U @ U @ W.

Theorem 4.3 shows that for all £ € N sufﬁciently large, there exists H (t; N, hwy,

P, P, 0) € Arul for every hy € Hy (Q) such that

Ly 8(1) = (0p,(v) = 0p, (1) (O () — O (x, hw)) (4.25)

and L,jg =0 for 2 < j <d. Recall that §+(r) is the holomorphic part of S(r) as in
(4.6). We can now apply Lemmas 4.5 and 4.6 to the function

i5(0) = 05(0)-8(0), H5(x):=05(1)-67(v), (4.26)

and express linear combinations of the Fourier coefficients of f]; in terms of special
values of the regularized theta lift ®;,(z, &, f) for any harmonic Whittaker form
f € Hepy.

Proposition 4.8 Let L;, hyy, 5, Nl p be as above. Then

Z( 1)[ l() (DL (Zo’lvf) (DLi(ZO’hW7f))
0<i<t 4.27)

= — (i E(Ppet + (5, f)

Sfor any harmonic Whittaker form f € Hy 5\ with k = /Z/E\V/)

Proof 1t is easy to see that hg = 1, h6 = hw satisfy the condition (4.20). Since $
has exponential decay near the cusps, the function |75 (7)|lpet is bounded on He.
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Furthermore, equation (4.25) and the holomorphicity of 65 implies that
Lyfip(t) = Ly 05(0)8(2)) = 05(2) Ly, (5(7))
=05(0)(Op, (x) — 0p, (1) (O (1) — On (T, hw)).

If we denote I;m w(v1) and l;n*; . the Fourier coefficients of fp and f;jg respectively,
then we have

+
Ulhm bmu(vl)— o

by Theorem 4.3. Therefore Lemmas 4.5 and 4.6 together with (4.24) imply

> =D () @, (20, 1, /) = DL, (20, hw, f))

o<i<t
/ > (=nt ( ) f(©).01,(.20.1) = O, (t. 20 hw))
Foo\HY g 52¢
x (v2...v2)" du(r)
reg
=/ (f(©), On(T) = On (T, hw))05(T)(Op, (T) — Op, ()))
oo \H4
x (v2...v2)" du(r)
= —(ip £ Npea+ lim D cn, w)in u(T) = = 5. & e+ (5. ).
m,u
This finishes the proof. g

Remark 4.9 If we replace P by ﬁﬁ with h € H 7 (@), then 13,; is in the same genus as
PandN® P, @ Pl @ Py =(h"'L)NV =L, with h € Hy(Q) C Hy(Q). Fur-
thermore, ¢ o f = f since P is Z-unimodular. The proposition above and Equation
(3.11) imply that the function 7 A satisfies

> =D ( )(dn G0, (LA™, ) = @1, o, (BN, 1)
0si=t (4.28)

= —(p . §(pe + i o f)
h i
forall h € HU(@)~
If ¢c(m, ) € Z for all m and p, then Theorem 6.8 of [10] implies that there exists

a meromorphic modular form Wy (z, h, f) on Xg with weight —B(f) and a finite
order multiplier system such that

—log | WL (z, hy f)l3e = PL(z, By f). (4.29)
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Furthermore, the divisor of Wy (z, &, f) is the special cycle Z(f), which is defined
over F. Let M € N be the order of the multiplier system. Then up to a locally con-
stant function Cy (z, h, f) on Xk, the form Wy (z, A, f)M equals to a meromorphic
modular form Ry (z, h, f) of weight —B(M - f) € Z on Xk defined over o1 (F), and
we can write

2
Lz, h, f)=2log|CL(z, h, f)] = i log [Rr(z, h, f)pet- (4.30)

Now we let L =L; for 0 <i </{ as in Prgposition 4;8‘ Since the spinor norm
v: Hy — T is surjective, the subgroup Hy (Q) € Hy(Q) acts transitively on the
connected components of X g by (2.23). Therefore for any open compact K; C K N

Hy (Q), the quantity

Ci(Kg. f):= I1 Cr; (2. (hw. ). f) (4.31)
heHy(Q)\Hy(Q)/Ky

is independent of hy € Hy (@) and z € D.
Now, we are ready to state and prove the main result of this section.

Theorem 4.10 Let N, h, Py, P>, £ and 8(t N,h, P, P, 0) e A— i be the same

as in Theorem 4.3 and P, L;, V, k the same as in Proposition 4.8. For any weakly
holomorphic Whittaker form f = fp € M}(’ 5y With coefficients in a number field

F C C, there exists M, ..., Ay € F and a1, ...,0y, € E’;‘,}? independent of hy such
that
m
(E;@5(@).P) = A logla /o (@), (4.32)
i=1
where o € Gal(Edb/EW) is the element associated to hy € Hy (Q) W via class
field theory.

Remark 4.11 We can choose A;, «; above such that the index m is bounded by the
degree of F/Q. Due to the order the multiplier system of the meromorphic modular
form W(z, h, ) in (4.29), the denominator of A; depends on f even when it has
integral coefficients

Proof By (4.14), we can write f =) 1", A; fi with f; € M (Q) and suppose that
F = Q. By replacing f with M - f for some M € N, we can suppose that f has
integral Fourier coefficients and the modular form Wy, (z, i, f) in (4.29) has trivial
character for all 0 <i < €. Let Ry (z, h, f) and CL (z, h, f) be the same as in (4.30).
Let K C Hy (Q) be an open compact fixing Li, actlng trivially on L i/ Li=N' / N,
and K N Hy (Q) contains K. Denote K ;5 := KN Hy; (Q) an open compact in H; (Q)
and C;(Kg, f) the same as in (4.31). Fix Sy C HW(@) coset representatives of

Hw (Q)\Hw (Q)/Ky.
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Since f is weakly holomorphic, the cusp form &£(f) vanishes identically. Com-
bining the Siegel-Weil formula in (3.23), Proposition 4.8, Remark 4.9 and Equations
(4.30), (4.31), we can then write

(E5(@3" (1), Py =ck, > {051, )5 (1), P
heHy(Q\Hg(Q)/Ky

e ~ ~
—t X o () (entn i - @ o .. )

heHy(Q\Hy (Q)/Ky
0<i<t

_26*1 Z (_1)(—l’ <Z>
Ky i

0o<i<¢t

C.K..’ R~.,1’E7
o v D DI e o
1 Uv ﬁeHU(Q)\H[}(@)/K& Li (ZO’( W5 )5 f) Pet
2

o > log|Q(z0, (1, 1)/ Q(z0, (hw, M),

#Sw X
v heHg (Q\Hy(Q)/Ky

where Q(z, 1) is a meromorphic function on X g+ defined over o (F) given by

3 Rih f) VO
oem=[] [I <RLi(z,h(ho,1),f))

0<i<LhoeSw

with K’ := K Npyesy hoKhal. Since Hy is abelian, we have Ky x K7 C K'. There-
fore, the CM O-cycle Z(W) also lies on Xk’ and each CM point is defined over a
number field Ex, C E av‘vb . The function R, is defined over o1 (F'), as well as the nat-

ural map X g’ — Xk given by right multiplication with ko € Hy (@) C Hy (@) (see
[25, page 46]). Therefore, the modular function Q(z, k) is also defined over o1 (F).
Furthermore, it is non-zero at (z, h) = (zo, (hw, 1)) forall hy € Hy (@). These val-
ues are algebraic numbers satisfying

o (Q(z0, (1, 1)) = O(zo, (hw, 1))

as o fixes the function Q(z, h), which is defined over o (F), and acts on CM points
in the CM 0O-cycle Z(W, h) by Shimura’s reciprocity law (see Sects. 3.1 and 5.3 in
[2] for the relevant case here). Setting o = HﬁeHO(Q)\H[] Q/Ky 0(zo0, (1, h)) and

A=— m finishes the proof. g
U

5 Proofs of theorems

Now we are ready to prove the three theorems from the introduction.
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5.1 Proof of Theorem 1.3

Let N C W be a lattice such that K N HW(Z) fixes N and acts trivially on N’ /1\7 .
By passing to sublattice, we can suppose that L = L @ Ny with Ny = Resp/N
and L positive definite of rank 2 4+ n — 2d. Then for any (zo, h) € Z(Wg), we have
OL(r,20,h) =07 (1) ® 91$(t, h). By replacing N with NNV if necessary, we
can suppose that 71 = 1 and write h = hy. We can apply Lemma 2.2 to g = 65,
k=1—n/2-2r,=1+n/2—-dask+£¢=—d+2—2r <1—2r. This implies

(R £ (0). OL(x. 20, 1) = (R, £ (0). 0, @) 05 (2. 1)
=D crri (R 1), 63, ),
Jj=0

where ¢, ; € Q and
Fi(@) 1= Coe i (f (). 0L (@) Ny € My 4125,

has rational Fourier coefficients. From the integral representation (3.30), we see that
it suffices to prove the theorem with f = fy and L = Ny, in which case

(f (D), REOL(T, 20, b)) = (fo(T), RO (z, ).

Now for 1 <i <m, let P;, Pi, Py € Z/{+ be O-lattices of ranks 2%;, 2t; as in

Proposition 3.4. For any £ € N, it gives us g; € M" G+ such that

(fo(x), RL6R (z, )
. m
= (fo(0), RIOF (1. 1)) )~ i (D)(ER ()@, (1) —0p, (1)),
i=1
and it suffices to prove the theorem for each i. We drop the index i and have

@ (20,1, f) = P20, 1, f)
(.1

=Tli_>moo/7 (fo(r)g(x), (GA@) Ry (05 (t) — 65 (x, )))du(T).
T

where we set G := E5 - (0p, — sz)z. Fix an £ > £( as in Theorem 4.3 and we obtain a
real-analytic Hilbert modular form S () = $ (t;N,h, P, Py, 0) € Am with the
property

Lyyii(r) = G(x)(On(x) —On (T, b)), fi:=Ep-§ € Az p,, (5.2

where k ;== (1 =t —tf,T+v€+1,...,T+rf€+ 1) and k is defined as in (2.3). We can
now use the differential operator D—f . from (2.13) to define a real-analytic, elliptic
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modular form
Nr = D—1>’r(ﬁ, G) € Ak, py,» ki=d((1+r)E+tl) +1) +2r. (5.3)
By Lemma 2.3, this function satisfies
Lefiy = G () T R (L i/ G)® = GR () T R (0 (1) — O (. ).

We can now apply Stokes’ theorem to the right hand side of (5.1) and part (5) of
Theorem 4.3 to obtain

1 _
@} (z0, 1, f) = Py (20, . f)=— Tlimwfo (folwu+iT)gu~+iT), Ay (u+iT))du

=—{fog. 0},

where 7, := D—1> . (7T, G) is a formal Fourier series with coefficients being F-linear

combinations of those of 7 *. Note there exists a harmonic Whittaker form g, € Hy 5,
with Fourier coefficients in F such that

(fog. Dy ,(5.G)) = [g.5).

for any Fourier series 6(t) =)
with respect to py. If § € S¢

ueSy, meF c(m, wye(tr(ut))e, that is I'no-invariant
oN then D—1> r(S, G) is in Sk,pzvo and this pairing van-

ishes as fog € Mi_k B Therefore g, is weakly holomorphic and (1.7) follows from
*PINO

CDZ(Z(L 17 f) - CD}L(Z(), h7 f) = _{foga f]j_} = _{gr’ ﬁ+} = _{gr’ Eﬁ3+}

and Theorem 4.10.

When d =2 =n/2, we already have L = Ny and the reduction step in the first
paragraph above is not necessary. The function 7" is simply (G*)" +1C(1.1).,(71/G),
and the last claim follows from Example 2.1.

5.2 Proof of Theorem 1.7

As Z(Wg) is defined over Q, i.e. Z(Wg) = Z(W(2)g) on Xy g, we can apply The-
orem 5.10 in [11] to conclude that

B e 1 _ +
deg(Z(Wg)) ®} (Z(Wg). f)=CT{f.Can.rED.

where EZF is the holomorphic part of the derivative of an incoherent Eisenstein series,
which is a real-analytic Hilbert modular form of weight (1, 1). From Example 2.1,
we see that the constant term of C(, 1), (8;) vanishes when r > 1. Furthermore, since
f has rational Fourier coefficients, the term CT({f, C(l,l),r(é',f))) is a rational linear
combinations of the non-zero Fourier coefficients of EZF, which are rational multiple
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of logarithms of integers by Proposition 4.6 in [13]. Therefore, we have

1
Y. @Gk f)=logla (5.4)

(z0.meZ (W)

for some ¢’ € N and a € Q.
We can now apply Theorem 1.3to findce Nanda € E' C E 3},’ such that

1 o
" (zo, 1, f) — @ (zo, h, f) = — log | ——
Lo, 1, f) — @ (z0, h, f) ] s
for all (z0,h) € Z(Wg). Denote N := [Z(W@)|/2 € N and B =

[sccai(e/£y) (@) € Ew. The system of equations above has the unique solution

' (20, h, ) = log o (@)l

2Nc'c

with @ = «*Na/B% € E’. This finishes the proof.
5.3 Proof of Theorem 1.1

When r is even, this follows from the discussion in Example 2.7 and Theorem 1.7.
When r is odd and d; is fundamental, Theorem 7.13 of [11] gives the algebraicity
analogous to (5.4) with the left hand side replaced by certain partial average. Using
this and proceeding with the rest of the argument in the proof of Theorem 1.7 gives
Theorem 1.1.
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