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Abstract

Regulations of zero emission passenger cars appear on the horizon, and battery electric vehicles
(BEV) are the main solution from the current market. It has been a focus of both academia and
industry to extend their range. One of the main approaches is to reduce their energy consumption.
Recent studies have shown that the two-drive topology and the multi-speed topology help to do
so. It is natural to combine both concepts and to design a two-drive multi-speed topology for BEVSs.
Due to its more than one degree of freedom, an online energy management strategy (EMS) con-
trolling torque set points of both electric motors and target gear positions is necessary to exploit
its potential for reducing total energy consumption in real-world applications. There are numerous
studies on EMSs for BEVs and hybrid electric vehicles. The overwhelming majority of them shared
the same assumption: shift processes are neglectable. Based on the shift duration statistics, the
shift processes of the most common transmissions in today’s market are too long to be ignored for
an EMS with an operation frequency of at least 1 Hz. How to develop an EMS that considers shift
processes? Suppose that an EMS is developed. It controls the powertrain in favour of low energy
consumption, and the parts and the components are loaded accordingly. Some parts might fatigue
and fail much faster than others, not because of poor construction dimensioning, but because of
excessive use. What can an EMS do to prevent such an extreme scenario? Furthermore, is there a
general way to design EMSs for multi-drive BEVs?

This thesis is initiated by developing an online EMS for a two-drive multi-speed BEV called
“Speed4E”, and tends to address the questions raised earlier. A predictive EMS in a Model Predic-
tive Control framework is developed. A hybrid system considering the shift processes is proposed.
Based on it and the Hybrid Minimum Principle, a solver and its algorithms are developed. The
Principle is chosen for its accuracy and low time complexity, the two most important attributes of
an online EMS. Minimizing the instantaneous Hamiltonian in the Principle is mathematically ana-
lysed. Several Lemmas that reduce the time complexity considerably are produced. Compared to
an EMS that minimizes instantaneous energy consumption and ignores shift processes, the predic-
tive EMS reduces the energy consumption in the Worldwide Harmonized Light Vehicles Test Cycle
(WLTC) by 0.26 % and the shift count by 63.41 %. The hybrid system, the predictive EMS and the
mathematical analysis are, as far as the author knows, first of their kinds. A novel multi-criteria
operation strategy (MCOS) considering powertrain service life is proposed. Thanks to the hybrid
system, the influence of the shift processes on fatigue is included. The MCOS extends the power-
train service life by several times but sacrifices the energy consumption. A general multi-drive (at
least two) multi-speed electric powertrain is proposed. Its hybrid system is formulated. The Prin-
ciple is applied to produce the optimality condition. It is showcased, how to modify certain sets
and sample space in the formulation to have the general model and problem represent certain
electric powertrains. A unified framework to design EMS for the general multi-drive electric power-
train is proposed, where the algorithms developed for the predictive EMS can be applied.
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1 Introduction

Within the scope of “The European Green Deal” [1], the European Union (EU) strives to be the
first climate-neutral! continent without net emissions of greenhouse gases by 2050. Electric vehi-
cles (EV) are the key technology to decarbonise road transport, a sector that accounts for 16 % of
global emissions [3]. The worldwide EV market, including Battery Electric Vehicles (BEV) and
Plug-in Hybrid Electric Vehicles (PHEV), has witnessed an exponential growth, as their sales ex-
ceeded 10 million in 2022, while the share of EV in the total vehicle sales has tripled from 4 % in
2020 to 14 % in 2022 [4]. Figure 1.1(a) illustrates the annual sales of EV from 2016 to 2023 in
the world. The EV Sales in Europe have grown steadily to 2.7 million in 2022, and are estimated

to reach 3.4 million in 20232

20

I china [JusA
I urope [ Rest of the world

o
w

EV sales in million
=

o

EV sales in EU in million
= N

0 o]
2016 2017 2018 2019 2020 2021 2022 2023 2018 2019 2020 2021 2022
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Figure 1.1: EV sales volumes [4]. (a) EV worldwide sales from 2016 to 20233, (b) BEV and PHEV
sales in EU from 2018 to 2022.

A more progressive regulation, the revised rules on CO2-emission performance standards [5],
entered into force under the agreement of EU member states in March, 2023. Under the new reg-
ulation, from 2035, all new cars and vans registered in the EU are set to be zero emission. In the
current market, BEVs are the one of the main solutions to the regulation. Figure 1.1(b) illustrates
the BEV sales in the EU, which has risen steadily from 0.1 million in 2018 to 1.4 million in 2022.
BEVs took up more than 10 % of total vehicle sales in 2022. If the regulation stays in force and

1 Climate neutrality refers to the idea of achieving net zero greenhouse gas emissions by balancing those emis-
sions so they are equal (or less than) the emissions that get removed through the planet’s natural absorption
[2].

2 At the time of writing, the EV sales in 2023 are not yet available from the International Energy Association.

3 2023 sales are estimated based on market trends through the first quarter of 2023.
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major breakthroughs in other technologies are absent, BEV sales will soar in the near future.

Range of BEVs was considered one of the main drawbacks that keep consumers from choosing
BEVs, claimed a study conducted in 2015 [6]. Though further developed since then*, range of
BEVs still falls short of conventional vehicles. It is essential to further extend range of BEVs so that
they can replace conventional vehicles as main cars and vans newly registered in the EU under the
new regulation from 2035.

1.1 Motivation

Additional to increasing battery capacity, reducing energy consumption helps to increase range of
BEVs. It was reported in multiple works [7-10] that powertrains with multi-speed transmissions
can reduce energy consumption of BEVs. It was shown in recent studies [11-13] that, under the
same requirements of dynamic performance, two-drive powertrains, i.e. powertrains consisting of
two electric motors (EM), consume considerable less energy in Worldwide Harmonized Light Ve-
hicles Test Cycle (WLTC) than their single-drive counterparts. Powertrains with either concept
gain an extra degree of freedom (DoF), thanks to which operating points of components in power-
trains can vary in favour of a lower total energy consumption, either through changing gear posi-
tion or through splitting total output power differently between both EMs.

Necessity of energy management strategies

To combine the benefits of both concepts, two-drive multi-speed powertrains are proposed for
BEVs. A control strategy is essential for such powertrains with more than one DoF to fulfil basic
requirements, e.g. requested acceleration, comfort, and most importantly to achieve minimal en-
ergy consumption. Such a control strategy is called an Energy Management Strategy (EMS)>. Figure
1.2 shows a typical control scheme of a BEV powertrain, in which the EMS functions as a high-
level control that determines control set points for low-level controls, i.e. the EM torque (7rg) for
the MCU and the target gear position (Garger) for the TCU, based on the driver requested power
(Preq), the vehicle speed (vy.), the EM rotational velocity (wgy), the current gear position ( Geurrent)
and the state of charge (SOC). In general, low-level controls regulate the components in a power-
train based on the set points provided by a high-level control.

4 For instance, the Worldwide Harmonized Light Vehicles Test Procedure range of BMW i3 has increased from
235 km (model year 2018) to 308 km (model year 2022), largely thanks to the battery capacity increasing
from 94 Ah (model year 2018) to 120 Ah (model year 2022).

51t is also referred to as supervisory control strategy in the literature, e.g. [14] and [15].
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Figure 1.2: EMS as high-level control in a typical BEV powertrain control scheme
Observations of relevant energy management strategies in the literature

To design an EMS that minimizes energy consumption is to answer the question: given a mathe-
matical model of a powertrain and a vehicle as well as constraints of components, how can their
speed, torque and gear position be controlled so that minimal energy consumption and other addi-
tional performance criteria can be achieved? Such a problem falls into the category of Optimal Con-
trol Problem (OCP), which is to determine the control function that causes a process to satisfy the
physical constraints and at the same time minimize (or maximize) some performance criteria [16,
p. 3]. More specifically, due to the presence of Garget and Geurrent, @ discrete control and a discrete
state, a two-drive multi-speed powertrain is naturally a Hybrid System®, a system that has contin-
uous controls, e.g. EM torques, but at the same time makes discrete decisions, e.g. target gears,

instead of a pure continuous system. Consequently, the OCP in question is a Hybrid Optimal Control

Problem (HOCP)” [19, 20].

There are numerous studies on EMSs that consider powertrains with more than one power

source® and multi-speed transmissions. However, such powertrains were mostly not explicitly

6 A continuous system that can switch between different subsystems, i.e. differential equations describing the
time derivative of continuous states, can also be modelled as a hybrid system, e.g. A bouncing ball in Section
2.1.1.

7 In the optimization community, it is more commonly referred to as mixed-logic dynamic optimization [17] or
mixed-integer optimal control problem [18]. Such terminologies highlight the mixed-integer optimization
characteristic in the problem.

8 Machines designed to convert other types of energy, e.g. chemical energy and electric energy, to mechanical
energy.
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modelled as hybrid systems in the literature, for example [14, 21-23] to name but a few. The
resulting EMSs were often treated with solution methods for continuous OCPs. Such treatment
does not necessarily indicate flawed results. For instance, results principally derived from the dis-
crete Dynamic Programming (DP), e.g. [24], [25] and [21], hold, since the method is inherently
able to deal with systems involving discrete variables. Nevertheless, proper system formulation
and problem solution are desirable.

For the goal of real-world applications, it is necessary to design an EMS that does not consider
speed profiles a priori. Such an EMS is called an online EMS. Furthermore, due to the limited
computational resources in real-world applications, it is essential to design an EMS achieving high
performance, i.e. the controlled vehicle consumes as little as possible energy in evaluations, and

requiring short computational time®.

As far as the author knows, other than [26], EMSs of powertrains with multi-speed transmissions
were developed in the literature with an assumption: “shift processes are ignored”. The most com-
mon transmission types in today’s market are automatic transmissions (AT), dual clutch transmis-
sions (DCT) and automated manual transmissions (AMT). Shift durations!® of some examples
from these types of transmission are 0.8 s — 1.6 s [27, 28], 0.4 s— 0.7 s [29, 30], and 0.7 s— 1.3 s
[31, 32], respectively. Though not covering all models from the mentioned transmission types, the
statistics show that shift durations of ATs and AMTs can exceed 1 s, while shift durations of DCTs
are smaller than but not distant from 1 s. It might not be most rigorous to develop EMSs with a
frequency of at least 1 Hz ignoring shift processes for powertrains with above mentioned transmis-
sion types in [24, 25, 33-35], to name but a few. Though the EMS developed in [26] considered
shift processes, it was based on a predefined shift sequence in a time span of ca. 6 s for a single-
drive BEV, whose results lacked association to energy consumption. An EMS with proper consid-
eration of shift processes is valuable but absent.

Today’s EV market has witnessed not only two-drive BEVs but also three-drive BEVs, e.g. the
Tesla Model S plaid, the Tesla Cybertruck Cyberbeast and the Lucid Air, and four-drive BEVs, e.g.
the Zeekr 001 FR. In the future, vehicles—not necessarily passenger cars but ground vehicles,
heavy-duty vehicles, water vehicles etc.—might be equipped with electric powertrains with even
more EMs for their specific purposes. Is there a general way to design their EMSs? If so, how? The
questions are ambitious. It might be a good idea to start with the EMS of a two-drive BEV and try
to extend the results to a general multi-drive multi-speed BEV. Specifically, the general multi-drive
powertrain has M EMs and transmissions parallelly coupled, M > 2, M € N.

9 Evaluation of computational time will be more technically discussed in Section 2.4.4.

10 shift duration is a period between the moment when a shift is signalled and the synchronization of transmis-
sion input speed into its new value according to target gears.
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Suppose that an EMS is designed. Under its control, the parts and the components in a power-
train are loaded—some more than others!!—in favour of lower total energy consumption. One
can imagine, these more loaded parts, e.g. gears, would reach their service lives earlier than other
same kind of parts, if they would be designed to reach the same service life under the same loads.
Such an outcome limits the service life of the powertrain, since the reliability and the service life
of a powertrain is dependent on those of its parts and components [36, p. 251]. Though this is
often addressed in design processes [36, p. 279], it is beneficial to design an EMS considers service
life aspect, since it is the EMS that controls a powertrain on a high-level and determines loads of
its parts to an extent. It is noteworthy that such an attempt is unseen in the literature other than
in the previous work of the author [37].

1.2 Goals and Contributions

Firstly, a proper mathematical model is to be formulated for a two-drive multi-speed BEV in such
a way that captures its continuous and discrete dynamics, and the shift processes are properly
considered.

Secondly, an online EMS is to be designed. A proper accurate solution method is to be imple-
mented, whose algorithm operates with lower time complexity compared to its peers. The algo-
rithms of the EMS are to be presented.

Thirdly, the solution of the HOCP and the developed algorithm are studied from a mathematical
point of view with the goal of reducing time complexity.

As far as the author knows, a hybrid system formulation of a two-drive multi-speed powertrain
is missing in the literature. Furthermore, an EMS that considers shift processes and incorporate
proper numerical methods was not reported in the literature. More importantly, reducing the time
complexity of a solution method through mathematical analysis provides great value and can be
transferred to other problems with a similar setting.

The system formulation and the solution of the HOCP shall be able to be extended to accommo-
date multi-drive multi-speed electric powertrains. For this purpose, a general multi-drive multi-
speed electric powertrain is proposed with the general hybrid system and the general HOCP. The
solution method and the algorithm for the online EMS are developed in such a way that can be
applied to the general HOCP. As a whole, a unified framework to design an EMS for the general

multi-drive multi-speed BEV is to be obtained, which is unseen in the literature.

Lastly, a multi-criteria operation strategy considering both energy consumption and service life

11 See Section 8.1 for a more systematic discussion of loads.
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of a powertrain is to be developed. Such a concept is only seen in the previous work of the author
[37]. This thesis addresses this topic in a more systematic way, thanks to the consideration of shift
processes and a more inclusive service life model.

1.3 Structure of the Content

This thesis is organized as follows:

In Chapter 2, background knowledge is provided. Hybrid systems are introduced with a simple
example. Formulation of a HOCP is shown, so that the meaning of “solving a HOCP” is clear.
Thereafter, solution methods for HOCPs are reviewed in Section 2.4 regarding their main princi-
ples, which will be supplemented with simple examples. Solution methods are compared against
each other w.r.t. relevant properties to online EMS.

EMSs developed in the literature will be reviewed in Chapter 3, where, among other aspects,
the treatment of continuous and discrete variables will be discussed. A proper solution method for
the online EMS is to be identified after the review.

In Chapter 4, a two-drive multi-speed powertrain is modelled as a hybrid system, which provides
a specific model for the formulation of the HOCP in this chapter and the EMS in the later chapters.

Based on the mathematical model, an online EMS is developed in Chapter 5. The algorithms
including the numerical methods are presented. The optimal control problem is evaluated. The
time complexities of the developed algorithms are analysed.

In Chapter 6, the online EMS is evaluated from two perspectives: 1) individual solution pro-
cesses and 2) driving cycle simulations.

A general multi-drive multi-speed powertrain is presented in Chapter 7. It is showcased, how to
modify several small parts of the general hybrid system to achieve different operation complexity.
The general HOCP is presented and analysed. A unified framework to design an EMS is presented.

In Chapter 8, the online EMS is systematically further developed to incorporate the view point
of powertrain service life, whose results are reported.

Conclusion and outlooks are presented in Chapter 9.

14 Acronyms and Abbreviations

There are plenty of acronyms and abbreviations in this thesis. To avoid confusion, this subsection
clarifies, how they are categorized and treated in the writing.

“EM”, “EMS”, etc. are considered initialisms. They take the definite article and their plural forms

6 1 Introduction



end with an “s”. In some cases, they are indexed, e.g. “EM1”, but still considered initialisms.

A powertrain developed in a project called “Speed4E” will be mentioned repeatedly. Speed4E is
considered an acronym and, therefore, does not take the definite article.

In Chapter 8, the bearings and gears in Speed4E powertrain are labelled. For instance, a bearing
is labelled “B1.1.1”, and it is considered an acronym.
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2 Background Knowledge

This chapter provides the necessary background knowledge about hybrid systems and HOCPs. The
first part of this chapter provides the definition of hybrid systems. The second part formulates
HOCPs. Discretization and integration schemes are discussed in the third part, which are funda-
mental for numerical solutions. The fourth part reviews the mathematical principles that are used
to solve HOCPs with abstract but illustrative examples. Their properties are outlined to provide

arguments for selecting one of them to be implemented in this work.

2.1 Hybrid Systems and Regularity Conditions

The first subsection gives the definition of hybrid systems with a simple example. A hybrid system
must fulfil certain conditions, so that an optimal control for a HOCP regarding the hybrid system
exists. These conditions are called regularity conditions. They are provided with little discussion
in the second subsection. The readers that are interested in the existence and uniqueness of optimal
controls can refer to [38—40].

2.1.1  Hybrid Systems

A hybrid system consists of both continuous and discrete states. It is formally defined by:

Definition 2.1 Hybrid System [41, p. 14]: a general hybrid system is a 9-tuple

H = (Q,X,U,F,A,B,1,M,O0). (2.1)

Q denotes a finite set of discrete states. The discrete state of the hybrid system q € Q represents a
subsystem of the hybrid system H. X := {X, € R} is a collection of continuous-valued state
spaces, where x is a N,-dimensional continuous-valued state vector. It’s called continuous states in
this thesis. U := {U, € RM} is a collection of continuous-valued control spaces for each discrete
state. u is a N,,-dimensional continuous-valued control vector. It’s called continuous controls in
this thesis. For each q € Q, one vector field f,: X X U — X is defined. ¥ denotes an indexed collec-

tion of them F := {f:Xx U > X|q € Q}. A:= {Aqi.q,- lai.q;€0,q; # q,-} is a set of state-jump
functions. [1: X x @ x [1; — Q is a discrete transition function. B := {Bq |q € Q} is a collection of
discrete sets B, € Q, in which admissible discrete controls edges @, € B, are defined. M :=
{Mqier | qi,q; € 0,q:#q j} denotes a set of time-dependent switching manifolds, which determines

autonomous switching. € is a collection of constraint functions. It includes mixed control-state

constraints, pure state constraints and pure control constraints.
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A hybrid system can be interpreted as a collection of N, number of subsystems, which are in-
dexed by the discrete state and whose dynamics are determined by the respective vector field.
There are a continuous state space X, ¢ R"* and a continuous control space U, c R for each
subsystem. In this thesis, the dimension of the continuous state space and that of the continuous
control space are assumed constant. The continuous states and the continuous controls are con-
strained by the constraints from €, which forms an admissible continuous state space X and an
admissible continuous control space U. They are discrete state dependent, i.e. x € X; and u € U,

q € Q, if the constraints are discrete state dependent.

The dynamics of the hybrid system are switched among the subsystems on the time interval
[to, tf], where t, and t; denote the initial and final times. In this thesis, they are considered fixed
and finite. There are in total 0 < N, < c number of switching happened in the time interval,
which form a discrete control function @w(-) = (@, @y, ..., @}, ..., @y, )- The time instances that the
switching happen form a strictly increasing sequence t = (t;,t,, ..., tj, ..., ty, .. ), tj € [to, t;]. Based
on the discrete control, the discrete state, and the continuous states at a time instance, the discrete

transition function /T determines the coming discrete state,
a(t") = 1(x(5°) a (&), @), (22)

where the minus and the plus signs in the superscripts of the time instances refer to the right before
and right after the time instances. Four types of switching can happen: autonomous switching,

autonomous jumps, controlled switching, and controlled jumps [42].

A transition is named a “switching” if the state-jump function A does not exist or it pro-

quf.q[}r
duces a zero when the transition in (2.2) happens. Otherwise, a “jump” happens, which causes the
continuous states to exhibit discontinuity at the time instance of the transition. “Autonomous” in-
dicates that the discrete state at t; changes in a predefined way that is determined by the transition

function /1, when the continuous states meet a switching manifold Mg, ,. It is called internally
i

forced switching in [43]. “Controlled”, on the other hand, indicates that the discrete control is
consciously chosen. It is called externally forced switching in [43]. From the point of view from
control, autonomous switching and jumps are completely described by the transition function 11,
whereas controlled switching and jumps need the discrete control @ to initiate the transition.

Most of the real systems operate with physical constraints on the continuous controls and the

continuous states. The set € in H by Definition 2.1 may possess different types of constraints:

Definition 2.2 Mixed constraints, State constraints, and Control constraints: The mixed constraints

depend on both x and u at the same time,
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cmix,i(x(t),u(t),q(t)) <0, i=1,...m x@®)eX u()elU qeQ, Vte [to, tf], (2.3)

where i indexes the constraints and m is the total number of the constraints. For compactness,
(2.3) is rewritten as

cmix(x(t),u(t),q(t)) <0, x(t)eX, gqe€Q, Vte [to,tf], (2.4)

where cgie: X X Q - R™ produces a m-dimensional vector and 0 is a m-dimensional zero vector.
The inequality “<” is evaluated elementwise.

State constraints: The state constraints depend on x, i.e.,

Corare(X(1),q()) <0, x(DEX, q€Q, VtE|tots] (2.5)
Control constraints: The control constraints depend on u, i.e.,

Coontrol (W), q(®)) <0 u(t) EU, q€Q, VtE [ty t]. (2.6)

A

Under the constraints from the set €, x and u of the system H by Definition 2.1 are restricted in
certain spaces, which are called admissible state sets and admissible control sets.

Definition 2.3 Admissible State Sets and Admissible Control Sets: the admissible state sets that de-
pend on the constraints given by (2.4) and (2.5) are defined by

X (u(®),q(®) = {x(t) € X | iy (x(0), u(), (1) < 0, €rare (¥(6), q(D) < 0,}.  (2.7)
The admissible control sets depending on the constraints (2.4) and (2.6) are defined by

U(x(®), q(1)) = {u(t) € X| e (2(), u(8),q(1)) < 0, Ceonwrar(w(®),q(0)) <0,}.  (2.8)

In this thesis, Zeno-behaviours, i.e. infinite switching in finite time, are excluded.

It is necessary to elaborate how a hybrid system evolves, so that the definition above is under-
standable. Imagine a dimensionless small ball released at the height of h, and it bounces at the
floor, as shown in Figure 2.1. The continuous states of the ball are its height and the velocity x =
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(h, h)T. To have the modelling process simplified, the contact between the ball and the floor is

considered instant, at which a constant proportion 1 — 2y? of the kinetic energy is lost.

Fall Bounce back

e

W M

_—
>

)

Figure 2.1: A bouncing ball

The bouncing ball can be modelled as a hybrid system with Q := {"Fall", "Bounce back"}, X :=
R?, U := @. The vector fields of both discrete states are determined by the gravity acceleration g

X = fran = (_hg)' (2.9)

. h
X = fBounce back = (_g)- (2.10)

The discrete control w(tj) = “Bounce back” is chosen, when the discrete state is “Fall” and the
manifold Mgg(h) = 0 is hit. The discrete transition function I1 determines the system to switch to

“Bounce back”
q(tf) =11 (x,q(tj"),w(t,)) = “Bounce back”, (2.11)

where t; denotes the time point, when a switch takes place. At the instant of the transition from
“Fall” to “Bounce back”, the state-jump function Apg determines the continuous states at the right
side of the time point based on the energy loss characterized by “coefficient”

“_. (1 0 (e
x(tj ) = Aws = (—1 coefficient) x(t’ )- (212)

The transition is categorized as an autonomous jump.

Likewise, the discrete control w(tj) = “Fall” is chosen, when the discrete state is “Bounce back”

and the manifold MBF(h) = 0 is hit. The discrete transition function IT determines the system to
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switch to “Fall”
q(t)) =11 (x,q(t;), @ (t;:) ) = “Fall’, (2.13)

where t;s is used to differ from t;. The state-jump function Ag is an identity matrix of size 2. The

transition is categorized as an autonomous switching.

The continuous states can be constrained by the discrete-state-dependent linear inequalities as

Xean={xl (3" 9) - x=<(Q)}

XBounce back = {xl (_01 _01) xS (8)}'

which form the collection € := {Xg.11, Xsounce back}- The rest of the collections in Definition 2.1 are
F = {fraw founcebactd > A = {App, Apr} , B = {Bpay = {Fall, Bounce back}, Byounce back =
{Fall, Bounce back}} and M := {Mgg, Mgs}. Though identical, the discrete sets Bg.y and Bgounce back
are explicitly defined for clarity. The hybrid system can be illustrated as a hybrid automaton, as
shown in Figure 2.2, in which the autonomous transitions, either switching or jumps, are marked
with red arrowed curves. Controlled transitions, either switching or jumps, are marked with blue
arrowed curves in the hybrid automata in this work.

(2.14)

Mrg

Bounce back

fBounccback

Apr

Figure 2.2: Hybrid automaton of a bouncing ball

Since the vector fields of both discrete states are identical and the state-jump function Agg is an
identity matrix, the hybrid system can be reduced to a system of one discrete state with modifica-
tion of the above defined hybrid system with two discrete states.

What is of particular interest for this work are hybrid systems that exhibit no state-jump at
switching. Such systems can be obtained from Definition 2.1 by setting the set of state-jump func-
tion A in Definition 2.1 empty. The definition of a hybrid system without state-jump is obtained
as follows:
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Definition 2.4 Hybrid System without State-Jump: a hybrid system without state-jump consists of
an 8-tuple

H, = (Q,X, U, F,B, I, M, C). (2.15)

2.1.2  Regularity Conditions

A prerequisite for the existence of an optimal control is the uniqueness of the trajectories of hybrid
systems, i.e. the trajectory pair (x(-),q(-)), see Definition 2.5 and Definition 2.7, is unique on the
time interval [to, tf] for every choice of the initial continuous and discrete states (x(ty),q(t,)) as
well as every admissible continuous and discrete control functions (u(-),w(-)). This subsection

firstly lays out the relevant concepts and secondly provide the assumptions, based on which the
uniqueness holds.

Definition 2.5 Continuous state trajectory: The continuous states x on the time interval [to, tf]
forms a Continuous state trajectory x(+), which can be considered a function from [to, tf] to X. Itis
also called a solution in other literatures. The continuous states are bounded by the contraints from
the set €, which forms an admissible function space X (u(-),q(-)) for the continuous state trajec-
tory x(-).

A

Definition 2.6 Continuous control function: The continuous controls u on the time interval [to, tf]
forms a continuous control function u(-), which can be considered a function from [to, tf] to U. The
continuous controls are bounded by the contraints from the set €, which forms an admissible func-

tion space ’u(x(-), q(-)) for the continuous control function u(-).
A

Definition 2.7 Discrete control function and discrete state trajectory: A hybrid time trajectory is a
strictly increasing sequence ¢ = (to,ty, ..., tj, ..., ty,,. ) With t; € [to,t] and ty_, = t;, where 0 <
Ngye < o0 denotes the amount of switching in the time interval. The discrete control @ on the time
interval [ty, t;] forms discrete control functions @ () = (@, @y, ..., @;, ..., By,,,~1) With piecewise
functions w;: [t;, tj;) — Q. The discrete state q on the time interval [to, tf] forms a discrete control
trajectory q(-) = (4o, 41, e ...,quxe,l) with piecewise functions q;:[t;, tj4,) = Q. The discrete
control is bounded by the discrete set I1 depending on g, which imposes an admissible function
space By, on the discrete control function @(-). The admissible function space of the discrete state

trajectory q(-) is Q ().
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A

The assumptions of the hybrid system H to ensure the uniqueness are listed as following, which
are considered to hold in the rest of the work.
Assumption 2.1: All continuous control spaces U, are compact sets, i.e. they are closed and

bounded!2. The continuous control function u(:): [to, tf] — U is measurablel3.

Assumption 2.2: All vector fields f: X x U — X are at least once continuously differentiable w.r.t.

the continuous states x and the continuous control u. They fulfil a uniform Lipschitz condition?.

Assumption 2.3: For fixed time ¢, switching manifolds do not interest, i.e. My, ®NMg 0@ =0

with q; # gy for i,j,k € Q.

2.2 Formulation of Hybrid Optimal Control Problems

The saying “A problem well put is a problem half solved” may be an exaggeration, but it shows the
importance of problem formulation. Three elements are required to formulate an OCP as well as
a HOCP: 1) a mathematical description of the system to be controlled, 2) a set of constraints of
the system, 3) a measure to evaluate the performance.

A hybrid system H is formulated in the previous subsection to provide the mathematical descrip-
tion. At the same time, the collection € provides the constraints for the HOCP. In what follows,
performance measures and boundary conditions are discussed. The HOCPs are formulated.

2.2.1 Performance Measures for Hybrid Optimal Control Problems

The performance measure is selected by the hybrid optimal control designer based on the goal to
be reached, e.g. to move an object to a given position with least time. In the case of EMSs, the goal
is often to have the least energy consumed while following a given speed profile—the continuous
states are normally related to it—over a given time interval. With the dependency on the time in
mind, the performance of a hybrid system H can be measured in the form

124 nonempty set £is said to be bounded, if it fulfils The Completeness Axiom [44, p. 9] The definition of Closed
Set can be found in [44, pp. 16-17]

13 Let X and Y be two measurable sets equipped with respective o-algebra £, and Z,. A function f: X - Y is said
to be measurable, if for all E € 3,, f"1(E) = {x € X | f(x) € E} € %;.

14 The function f is said to be Lipschitz continuous on a set £, if there is a L = 0 for which ||[f(x") — f()|| < L -
|lx" — x| for all x’, x € E [44, p. 25].
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t
J=m(x(t))+ ft "1, u(), (0, w®))dt
" e (2.16)

+ Z i (x(), a(t), @ (1)),

where t, and t; are the initial and final time. m, | and lsy;cy are scalar functions, which are called
endpoint function, instantaneous cost and switching cost respectively. The endpoint function assigns
a real value to the continuous states at the final time. The instantaneous cost is a function that
assigns a real value to a point (x(t),u(t), q(t),w(t)). The switching cost is a function that assigns
a real value to a point (x(tj), q(tj),w(tj)), where t; is the time instance of a switching, indicating
the cost caused by an autonomous or controlled switch. In [45], the endpoint function is also called
as an endpoint functional or Mayer functional. The integral of the instantaneous cost is called an
integral functional. A functional consisting of both functionals is called a Bolza functional.

It is necessary to review briefly the definition of a function, so that the concept of functionals is
easier to be understood.

Definition 2.8 function [46]: Let S1 and S2 be two sets. A function f from S1 to $2,i.e. f: S1 - S2,
is a relation between them that for each s; € S1, there is one and only one associated s, € $2. The
set S1 is called the domain of the function, which is written as domS1. The set S2 is called its

range.
A

A scalar function assigns a real number to each point or vector in its domain. The definition of
a functional parallels that of a function.

Definition 2.9 functional [16]: Let F be a class of functions and S be a set of real number. A func-
tional J from F to S is a relation between them that for each function f € F, there is one and only
one associated s € S. The class F is called the domain of the functional. The set S is called its range.

A
Loosely speaking, one may consider a functional a “scalar function of a function”.

With the idea in mind, that a functional measures function, the arguments of J in (2.16) are

complemented with the Boundary conditions and the functions defined in Definition 2.7 as
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J(x(to), u(), q(t0), @ ()
= m (x(t)) + f "0, u(), 4@, 5 (©)dt
to

Nexe

+ Z Lswitch (x(tj), a(t), w(tj))’

(2.17)

which says that the Bolza functional J assigns a performance measure to the quadruple consisting
of the initial continuous states, the initial discrete state, the continuous control function, and the
discrete control function. Often, the initial discrete state and the continuous states are omitted in

the argument of the functional and supplied in boundary conditions.

In the rest of the work, a functional measuring the performance is called a cost functional, re-
gardless of its composition and type.

2.2.2 Boundary Conditions

Boundary conditions define initial and / or final values of the desired trajectories. For a system of
ordinary differential equations, it is usually necessary to predefine one boundary condition per
differential equation. For a HOCP, up to 2N, number of boundary conditions can be predefined,
due to the necessary conditions provided by the Hybrid Minimum Principle described later. Bound-
ary conditions can be defined as

Definition 2.10 Boundary Conditions: The boundary conditions 1,(-) imposes Ny, equality con-
straints on the initial continuous states x(t,), while the boundary conditions 1;(-) imposes

Ny, equality constraints on the final continuous states x(t;) as

Yo(x(t)) =0, (2.18)
W (x(t)) = 0. (2.19)

A coupled boundary conditions is defined as
Y (x(to),x(tf)) =0, (2.20)

if both the initial and the final continuous states are constrained by equality constraints.

In the context of the EMS problem, the boundary conditions are most often linear and can be
stated as
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x(to) = xq, (2.21)

x(tf) = xp. (2.22)

2.2.3 Problem Formulation

For a hybrid optimal control problem, the goal is to find the continuous control function u(-) €
u(x(-), q(-)) and the discrete control function q(-) € By, such that 1) all constraints from the set

C are met; 2) the boundary conditions are satisfied; 3) the cost functional is minimized.
The optimal control problem for a hybrid system can be stated as follows:

Definition 2.11 Hybrid Optimal Control Problem [41, p. 14]: Given a hybrid system H by Definition
2.1, an optimal control problem stated with a cost functional (2.17) as

Jw o )= u(-)eu(?(l-)i?mezaq(,) m (x(tf))

+ frf 1(x(0),u(®), q(0), w(t))de
t

o (2.23)

Nexe

+ Z lswitch (x(tj); q(tj), w(tj))

j=1
subject to #(t) = fa(x@®,u®), tE [t t] (2.24)
o) =1 (xa(t)o(t)), et (2.25)
x(4) = x(t7) + Ayer)aler) (x(tj‘)) (2.26)
x(ty) = x, (2.27)
x(tf) = x¢ (2.28)
q() € 9,x() € X(q(). (2.29)

A

For hybrid systems without state-jumps, the HOCP is stated as follows:

Definition 2.12 Hybrid Optimal Control Problem without State-Jumps : Given a hybrid system H,
by Definition 2.4, an optimal control problem stated with a cost functional (2.17) as
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](u*(-),w*(-)) = u(l)Eu(;?)i)r}menq(.) m (x(tf)) + J.

t

t
fl(x(t),u(t),q(t),w(t))dt (2.30)

subject to
() = fom (x@®,u(®)), te[totf] (2.31)
a(5) =11 (xq(5)@(y)), et (2:32)
x(ty) = xg (2.33)
x(t;) = x; (2.34)
q() € 9,x() € X(q(). (2.35)

The switching cost functions are omitted, due to the absence of state-jumps. The cost caused by
switching is considered in the integral functional.

A

This work focuses on the solution and the applications related to HOCPs without state-jumps,
since it is the class of HOCPs relevant to the hybrid system in this work.

For the hybrid optimal control problem with state-jumps, more regularity conditions need to be
considered to ensure the existence and uniqueness of the solution [47].

23 Discretization and Integration Schemes

If the ordinary differential equations (ODE) (2.31) describing the system dynamics cannot be
solved analytically, the initial value problems (IVP) has to be formed on discrete-time and its nu-
merical solution is fundamental to the solution of HOCP.

The time ¢ in the time interval [t,, t] can be discretized into N, steps, as

thg =to + k- hyg, k=012,..,N, (2.36)
hio) =0, (2.37)

Ry = tygg = tge—ap kK =1,.,N,, (2.38)

where k is the time index and hy, is the step-length. The squared brackets stress that the integer
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in-between indexes a point on a discretization grid, may it be time or continuous states. As a re-

sult, a discretization grid G,
gt = {t[o], t[l]’ t[z], ey t[Nt]} (239)

is obtained. A discretization scheme approximates the exact solution x(tp,)) = xp; on the dis-
cretization grid. For the ODE (2.31) with given initial condition x[;), the simplest discretization

scheme, namely Euler method, approximates the exact solution x(t[k+1]) by

Cier) (2.40)
%(tier)) = Xpg + f faw(x@©,u@®)dt,
ti
Xern) = Xpig + b~ Fopg (Ko wpg), k=012, N, — 1, (2.41)
o) = %(tg0))- (2.42)

Runge-Kutta (RK) methods [48] are often used to approximate the integral in (2.40). RK meth-
ods with different orders are widely discussed in the context of optimal control problems [49-
51]. One property that attracts the attention is the adjoint consistency of RK methods [52]: RK

methods provide a discretization grid whose discrete adjoint!®

is a consistent approximation of
the infinite® dimensional adjoint function. Based on this advantage, RK methods are applied as
integration scheme in this work. The fourth order RK integration scheme (RK4) [53, pp. 15-37]

follows the following steps:

Xieer) = Xpa + by * (%, G Ui i), k= 01,2, N = 1,

h
=Xy + % - (K, + 2K, + 2Kk; + k), (2.43)
Ky = £ oy (Xpi, ), (2.44)
k

ko = fop (x[kl th 71,“[1:]), (245)
K, (2.46)

ks = fau (x[k] + h'7'u[k])'
(2.47)

Ky = fauy(xpg + h ks, upg),

15 An efficient numerical way to compute the gradient for optimal control.

16 A continuous time interval leads to an infinite dimensional vector of time.
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where Z; denotes an operator that uses RK method to approximate the integral of function f in
(2.40). k denotes the estimation of the function f in the interior of the time interval [¢,, tf]. Fig-
ure 2.3 illustrates an example of using RK4 method to estimate x,; for a one-dimensional
(1-D) dynamic system. k;-k, are sequentially calculated. xj;,) from (2.43) for this example is

1.9754, whose relative error is 6.90 x 10, compared to the analytical result.

z(t)

}
y i
= L

Figure 2.3: RK4 integration scheme performed on a 1-D system, whose dynamic is x =
0.4x + 0.1. Analytical solution is x(t) = €®**¢ — 0.04 withC =0, ty; =1and h = 0.1.

24 State of the Art Solution Methods

After the hybrid systems defined with necessary prerequisites in Section 2.1 and the HOCP stated
in Section 2.2, this section gives an overview of the solution methods, followed by a general com-
parison of their properties. The methods are categorized in three main types: dynamic program-
ming (DP), direct methods (DM), and indirect methods (IM). They are discussed with a focus on
the hybrid system H, by Definition 2.4.

2.4.1 Dynamic Programming

The DP was formulated for continuous nonlinear systems by Bellman!” in 1960s based on Bell-
man’s optimality principle, which states “An optimal policy has the property that whatever the
initial state and initial decision are, the remaining decisions must constitute an optimal policy with
regard to the state resulting from the first decision” [54, pp. 81-86]. It is extended to HOCPs with
autonomous and controlled switching in [56]. Optimal control law for hybrid systems with con-
trolled switching is approximated based on DP in [57] and [58].

17 Original work of Bellman see [54]. There are excellent textbooks on DP, for instance, Bertsekas [55] and Kirk
[16].
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The discrete DP, i.e. the DP with a system operating on discrete time, is often referred to as “DP”
in the literature, since it is the natural implementation on a digital computer [16, p. 86]. Its core
is called Bellman equation, whose variation for hybrid systems can be stated as following recur-

rence relation

V-1 (-1 die-n1) = u(-)eu(f&l-)iywezeq(.) L T L ) (2.48)
+ Vi (¥pi ap)}

Xpg = Xpe-q) + B Ep(Xpe-1), Q1) W1, h),s (2.49)

qi = qi-11 T Be-11, (2.50)

where V(X[—y), qix-17) denotes the value function of the hybrid state (%[}, q—q]) at time tp_j.
A value function is the smallest possible value of the performance measure of the subproblem that
initiate with (X_y), qp—q)) Starting with time t,_y). If the performance measure represents a cost
that is to be minimized, which is true for this work, a value function is also referred as cost-to-go
function [59]. Once the value function at each time point is determined, the corresponding con-
trols represent the optimal control.

In order to have (2.48)-(2.50) solved, the continuous states are discretized on the discretization
grid g,’j’ *. Together with the discrete state and the discretized time, a discretization grid
GM¥x x Q x G, is generated. At the same time, the continuous controls are discretized, and together
with the admissible discrete control set, a discretization grid Go* x I, is generated. Figure 2.4
illustrates a discretization grid of a hybrid system, on which the value function is calculated based
on the Bellman equation. At each time point, the 1-D continuous states and the discrete state form
a discretization grid G, X 9, Q = {q,95, q3, 4}, on which the hybrid state is a pair {x;;, ¢;}® with
i indexing the points on G, and j indexing the elements out of Q. In conjuncture with the discreti-
zation of time, a pair {x[i]_[k], q ,_[k]} indicates any point on the discretization grid of the hybrid sys-
tem. To have the value function (2.48) of the hybrid state {x[3], q,} at time tk—1) determined, the
state transitions, i.e. (2.49) and (2.50), from [k — 1] to [k] are calculated based on the discretiza-
tion grid of controls GN* x Il,, (not shown in the figure), which are marked as red and blue arrows.
At the same time, the cost function ! of each state transition is calculated by inserting the hybrid
state and the controls into I(x(z) k1) Wim,k—1] G1,fk-1] P k—1])> in which m and n index the dis-
cretization grid of controls. The value functions on the discretization grid G, x Q at time [k] are

already known from last step of recursion. The Bellman equation to determine the value function

18 q; does not contain square brackets, since j indexes the element out of Q.
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at time [k — 1] is completed.

In Figure 2.4, the continuous states at time [k] calculated by (2.49) are marked as crosses, which
are not necessarily at the discretization grid G, X Q at time [k]. The value function of them is ap-
proximated with nearest-neighbour or interpolation of the value function on the discretization grid
G, % Q at time [k]. The accuracy of the approximation, naturally, is dependent on the fineness of
the discretization. The calculated continuous states can fall out of the admissible continuous state
space X. A penalty is in practice assigned to (2.48), which requires delicate attention to ensure
accuracy, if the value function has big gradient at the boundary of the admissible space [59].

Figure 2.4: An example of discrete Bellman equation on a discretization grid G, X @ X G,. A
transition to discrete state q, or q; is not admissible, which is defined by the admissible dis-
crete control set B, .

The Continuous DP, i.e. the DP with a system operating on continuous time, transfers the original
optimal control problem to a nonlinear partial differential equation system [16, p. 86]. Since it is
less relevant to most modern applications on digital computers, the discussion of it is omitted. See
[16, pp. 86-100] for more information.

2.4.2 Indirect Methods
Indirect methods root in Calculus of Variations, which traces back to Johann Bernoulli’s solution to

his challenge to his peers of the Brachystochrone Problem!? at the end of 17 century (see [61]

19 To find a curve lying on the plane between a point A and a lower point B that is not directly below A in such
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for a survey of the historical perspectives of optimal control). In 1950s, though considered a minor
addition to calculus of variations and not highly regarded at the time, the Pontryagin Minimum
Principle®® was developed in the Soviet Union [62, pp. 9-69]. Conventional wisdom holds it to be
the birth of optimal control, since it is the first that addresses constrained states and controls,
which are major concerns of control problems. Instead of minimizing a functional that integrates
cost function over time, a continuous OCP is solved by finding the continuous control function and
the continuous state trajectory that satisfy the optimality conditions. The optimality conditions

lead to a Two-Point or Multi-Point Boundary Value Problem (TPBVP or MPBVP)2!, which includes
differential equations of continuous states and costates22, algebraic equations of continuous con-

trols, boundary conditions of continuous states, transversality condition®® and time.

Remark: costates are introduced for mathematical purpose, which have no physical meaning [16,
pp- 161-166]. In a continuous OCP, a functional of N, + N, functions, i.e. u(-) and x(-), is to be
minimized. However, only u(:) is independent. Costates are necessary to provide further optimal-
ity conditions for indirect methods, so that Boundary Value Problems are solvable. They can be
interpreted as Lagrange multiplier that are introduced in optimization problems to include con-
straints into cost function [63, pp. 215-232]. When the OCP is solved, the corresponding costates
have strong correlation with the gradient of the value function in continuous DP [62, pp. 69-75].

The Minimum Principle for hybrid cases were derived by Sussmann for a general class of systems
[20]. HOCP of Hybrid systems that share similar definition with Definition 2.1 were studied in
[64, 65]. For hybrid systems with strictly continuous states that are similar to hybrid systems H,
defined by Definition 2.4, Shaikh [66] and Xu [67] have derived optimality conditions and con-
ceptual algorithms. It was shown in [68] that Hybrid Minimum Principle is an extension of
Pontryagin Minimum Principle. More detailed review on HMP can be found in [69, pp. 159-163].

The Theorem of the Hybrid Minimum Principle (HMP) [68]: consider a hybrid system H, by
Definition 2.4 and define the family of indexed Hamiltonians for HOCP (2.30)

a way that a bead slides from A to B under gravity without friction within shortest time [60]. Giants such
as Newton, Leibniz, I'Hopital and Jakob Bernoulli participated the challenge and published their solutions.

20 Pontryagin’s original work, the theorem was stated as the Maximum Principle. They are equivalent to the
Minimum Principle, since to minimize a function or functional is merely to maximize a function or functional
that is formed by putting a negative sign in front of the one that is to be minimized.

2116 solve (mostly) first order differential equations with boundary conditions specified at two or more distinct
points.

22 Gostates are also called adjoint states in some literature [41, p. 32].

23 Transversality condition is the boudnary condition of states and costates.
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H(xu,2,) = 1;(x,u) + A7 - fo(x,0), (2.51)

where 4,(,) € R are indexed costates and T denotes transpose operation. The solution to HOCP

(2.30) satisfies following conditions:

The continuous state trajectory corresponding the optimal control x"(-) and the costates 45, (*)

follow
q(t)
¥ =578 (x (), (6), A () (2:52)
=fro (X*(f),u*(t)),
O,
P ow®) = ——29 (x*(0),u (£), % (1)), (2.53)
a®) 3%y (x @), w (), A5 ( ))
fort € [tj,tj41),) = .» Ngy¢ with the boundary conditions x*(t,) = x, and x*(t;) = x;.
The Hamiltonian minimum condition,
w*(t),u (t)) = argmin H,(x,ul,),
( ) w()eB(q())ueu o ) (2.54)
holds for t € [t;,tj41),j = 0,1, ..., Ny
At the final time t;, the transversality condition,
. T
e (t) = Vem (x'(17)) (2.55)
holds.
At the time ¢;, the discrete state switches. The following conditions are satisfied
llq(t;)(tj_) = Aq(t;)(tf), (2.56)

ey (R ) 2y () = (D)2 ) @D
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Figure 2.5: An example of a solution with HMP to a HOCP with a 1-D continuous state. (a)
shows continuous state trajectory. (b) shows costate trajectory.

Figure 2.5 shows an example of 1-D continuous state and costate trajectories of a solution de-
termined by HMP on a discretized time grid G, with N, steps. 1-D continuous control is not shown
in the figure. Unlike discretize DP, continuous states and continuous controls are not discretized.
The time derivatives % and A at any time point are determined by differential equations (2.52) and
(2.53), in which @* and u" are obtained by minimizing the Hamiltonian #, at the time point

(2.54). By doing so, both trajectories evolve from tq) to ty,)- As long as @y, is not zero, q switches
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to a new value determined by @}, as the system changes from g, (red curve) to g, (blue curve)
and q, to g5 (green curve) at different time points in Figure 2.5. (2.52) and (2.53) are indexed,
which says that the dynamics of the system depend on q. State-jumps happen, when g switches
from g, to g3, which exemplifies the situation that state-jump functions defined in a hybrid system
are not empty. As long as a solution is obtained, the boundary conditions of x at tj5; and ty,; are
fulfilled and A at t[y,; finds the transversality condition®# defined by (2.55). Importantly, Alo) is un-

known. Therefore, to obtain a solution with HMP is to solve a TPBVP of A(+) and x(-), whose time
derivatives follow (2.52) and (2.53) with boundary conditions of

x(to) = x19) = X0, (2.58)

(2.59)
x(t) = Xy = %y,

om(x(t 0 N
Aty) = Ay = (ax( ). ) (2.60)

The Shooting method is often applied to solve a BVP [69, p. 218]. In principle, it proposes itera-
tively initial values, starting with which the time derivatives are integrated from the initial time
point to the final time point, until the value at the final time point converges to the terminal con-

dition. Formally, a guess 4 is proposed to form the initial value of the extended state vector y :=
T, AD7T ie.

y(t,) = (9%0) (2.61)

25

>

in such a way that the nonlinear equations

Xr

y(t) —| am (x(t)) | =0, (2.62)
ox

are solved. Figure 2.6 schematically exemplifies the shooting method, which acquires different
x(t;) and A(t;) with different 1. After four iterations modifying 4, (2.62) is solved. To have the

illustration easy to comprehend, discrete state remains constant and is omitted in Figure 2.6. In

24 Should a cost functional not include an endpoint function m, 2 would have to end with 0.

250 in the equation is a 2N,-dimensional zero vector.
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most cases, sequence of discrete state changes at different iterations, which further complicates
the process to solve (2.62), as the function of time derivatives (2.52) and (2.53) changes, due to

the change of discrete state.

e

= 1st iteration 3rd iteration
------ 2nd iteration == - 4th iteration

to f‘f
(®)

Figure 2.6: Schematic of shooting method to solve a TPBVP transformed from a HOCP of 1-D
continuous state by HMP. (a) continuous state trajectories in different iterations. (b) costate
trajectories in different iterations.

In HMP, the minimization (2.54) is often not solved analytically. A numerical minimization of
the instantaneous Hamiltonian is necessary to determine u; with appropriate methods, e.g. Se-
quential Quadratic Programming (SQP)26, after which @* can be determined [69, p. 229]. The
numerical minimization is non-trivial for the solution of the HOCP, since 1) their precisions are

strongly connected?’, and 2) their computational complexities are strongly connected?®. However,

26 SQP is a class of algorithms for solving nonlinear programming (NLP) problems by iteratively solving a se-
quence of optimization subproblems. See [70, pp. 529-562] for more information of it.

27 If 3¢ has multiple local minima, the minimization can be hard to converge.

28 [69, p. 229] suggests evaluating H on a grid and using the smallest value to initiate SQP, so that the precision
of the minimization can be improved. This, on the other hand, increases the computational complexity.
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the minimization is rarely investigated, either in theoretical studies—which is understandable,

since they focus on optimal control but not optimization—or in application studies.

Roots of (2.62) can be particularly difficult to find, since costates offer generally no physical
interpretation, which makes even the order of magnitude of 4 hard to be approximated. For the
most simple cases, where 1-D state or 1-D costate can be removed from (2.62), regula falsi meth-
ods, e.g. bisection, scent and Pegasus [71], are recommended for the resulting 1-D TPBVP [69, p.
230]. For (2.62) with higher dimension, Newton type methods are classical methods to consider
[69, p. 219]. Quasi-Newton methods avoid computations of Jacobian and Hessian, which makes it
generally operates with higher efficiency than Newton type methods for root finding problems [72,
pp. 49-56]. Similar to the minimization of instantaneous Hamiltonian, few works mentioned the
method applied to find the root of (2.62): Passenberg applied Newton method in [41, 72; 79];
Boehme applied regula falsi methods in [73]. Furthermore, the initialization of 4 is non-trivial but
lacks investigation. Passenberg proposed two initialization concepts: 1) use the results of Direct
Method to generate 4 [41, pp. 80-811; 2) use the results of Min-H method, a gradient method that
finds local minima, to generate Ain [41, pp- 87-110] and [74]. Both concepts have HOCP solved
with optimization methods to ensure the solution of (2.62). A simpler initialization method is
necessary, if the efficiency of the solution with HMP is desired, especially for an online EMS.

2.4.3 Direct Methods

With direct methods, the HOCP is treated as a Mixed-Integer Nonlinear Programming (MINLP)2?
problem, which optimizes the cost functional directly, as the name of the methods indicate. The

30

continuous parts in the original HOCP, i.e. time, continuous controls and continuous states", are

discretized. The problem is transformed to a finite-dimensional MINLP.

Figure 2.7 exemplifies the discretization through single direct shooting®! of a hybrid system
defined by Definition 2.4 with 1-D continuous state and 1-D continuous control on the time grid
G,. It is assumed that the discrete control directly changes discrete state, as

qt*) =@ (o). (2.63)

2 1tis obviously a Mixed-Integer Linear Programming, if its prerequisites are fulfilled. However, what concerns
this work is nonlinear cost function. Only MINLP is discussed.

30qf shooting methods are used, only continuous controls are discretized. If collocation is used, both continuous
states and continuous controls are discretized [75, pp. 123-134].

31 see [18, pp. 36-41] for general formulation of direct methods: single direct shooting, multiple direct shooting
and collocation. Details regarding constraints are omitted in this example to simplify the formulation, so
that a stronger intuitive idea of direct methods can be achieved.
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By doing so, discrete control is omitted in the optimization.

T T T T T T T T T T

= 1-D continuous state
= Discrete state
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| = Piecewise constant control

to) tn) te tiw,)
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Figure 2.7: Schematic of direct shooting method to a HOCP with 1-D continuous state to MIP.
(a) 1-D continuous state and discrete state. (b) Piecewise control out of discretized continuous
control grid G,,.

The continuous control space is discretized to form the grid G,,, and the continuous control func-
tion u(-) is approximated with piecewise constant control #(-), whose value is selected out of G,,,

ie.,
a(®) = Gufpnb €€ [ty tyan), J=01 N =1, (2.64)
Gudpij} € 6w Py =12, .00, (2.65)

where py; indexes the point on G,,, and N;, denotes the amount of element in G,,. The vector P :=

(proy Py ...,p[Nt,l])T encodes 2(*). The vector X = (xqop, X1, ...,x[Nt])T represents the continuous

state on G, in which each value is obtained through numerical integration, e.g. RK4 in subsection
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2.3. Avector of integer represents discrete state Q = (qjq), g1}, ---» q[Nt])T. The HOCP (2.30) is trans-

formed to the following problem32

min @(X,P,Q), (2.66)
subject to GX,P,Q)=0, (2.67)
H(X,P,Q) < 0. (2.68)

The objective function ®(X, P, Q) is calculated based on the vectors on the discretization grid and
represents the cost functional (2.17). The equality and inequality constraints G(-) and H(") are the
transformations of the constraints in the original HOCP (2.31)-(2.35).

To have the MINLP problem (2.66)-(2.68) solved, it often involves fixing the sequence Q and
solving the remaining problem, which has an obvious drawback, as the sequence is typically un-
known in advance. A naive approach is to enumerate all possible combination of Q [78, pp. 31-
60]. To reduce the enumeration domain, tree search methods such as Branch-and-Bound [79] are
applied. See [80] for more advanced methods for same purpose3. See [18, pp. 86-124] for appli-
cations of MINLP in HOCP.

In practice, one searches for available and proper solvers and formulates a MINLP based on the
HOCP and the requirements of the solver. See [76] for a review of solvers for convex MINLP.

2.44 Comparison among Dynamic Programming, Indirect Method and
Direct Method

The advantages and disadvantages of DP, IM and DM for HOCP are discussed. The comparison is
conducted regarding four questions: 1) How long does it take to find the solution? 2) What is the
property of the solution in theory and how accurate is the solution in practice? 3) How much
mathematical knowledge is required? 4) How difficult is the convergence and the initialization?
The following outlines the answers to these questions based on [41, pp. 26-30] and [18, pp. 23-
50] . Please be aware that this subsection is only a generalized comparison, which might not reflect
all properties of a specific method.

32 Formulation of the MINLP transformed from a HOCP is not unified in the literature [18, pp. 85-107, 69, pp.
250-257, 76, 771. The formulation (2.66)-(2.68) is not necessarily most suitable for problem solving but for
conveying a clearer idea of direct methods.

33 The methods in [80] work on small discretization grids.
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e Time complexity3*

The time complexity is the total amount of steps taken by an algorithm to execute, as a func-
tion of the length of input data [81, pp. 31-67]. As shown in (2.48), the time complexity of
DP increases only linearly with the length of time horizon, i.e. N; in (2.39), and linearly with
the number of discrete states with autonomous and controlled switchings Ny, i.e. the size of
the discrete set Q in Definition 2.1 and Definition 2.4. The complexity is not directly corre-
lated to the number of switching N,,. in the time horizon (see Section 2.1.1). To have higher
accuracy achieved, continuous state space and continuous control space can be discretized
finer, which results in larger N;_and N;, . DP has a polynomial complexity in N;_and Ng, .
Famously, DP has an exponential complexity in the dimension of continuous state and con-

tinuous control, i.e. N, and N,,, which is called “curse of dimensionality”.

In contrast, DM has a time complexity growing exponentially with N, for controlled switch-
ing, since every discrete state at a time point has to be evaluated. An exception is the algo-
rithm for binary control problem with convexification in [18, pp. 67-84], which has a poly-
nomial complexity. The complexity of DM increases in the form of polynomials with Ny. DM
has a combinatorial complexity in the number of autonomous switchings in the time horizon,
while its complexity is not directly correlated to the number of controlled switchings. With
increasing accuracy, the time complexity grows with N; and Ng, with low polynomial order.

It only grows with N, and N, in the form of polynomials.

A longer time horizon increases the time complexity of IM in the form of moderate polyno-
mials. The complexity grows linearly with the number of discrete states with controlled
switchings but is not directly correlated to the number of controlled switchings. It grows in
the form of polynomials with the number of discrete states with autonomous switchings,
while IM has a combinatorial complexity in the number of autonomous switchings. The time
complexity grows with N, and N,, in the form of polynomials.

In summary, IM has the lowest time complexity among the three.
e  Optimality property in theory and accuracy in practice

A solution found by DP is global optimal, since the Bellman’s optimality and Hamiltonian
Jacobian Bellman equation provide sufficient optimality conditions, which is a major strength
of DP. The accuracy of the solution of DP is strongly dependent on the fineness of the grid.

Due to sampling, its accuracy is relatively low compared to DM and IM, in the case of small

34 The worst case of time complexity is discussed, i.e. big-O notation [81, pp. 31-67]. Linear complexity implies
that time complexity increases linearly with the variable n, if time(n) = ¢ n. Polynomial complexity:
time(n) = n°. Exponential complexity time(n) = ¢™. Combinatorial complexity: time(n) = c - n!.
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Ng, and Ng, [21]. Additionally, the time complexity of DP grows rather fast, when higher

accuracy is desired.

A solution found by DMs is local optimal. DM often provides solution with acceptable accu-

racy.

A solution found by IMs is local optimal. A major advantage of IMs is its high accuracy. It was
reported in [21] that an EMS with IMs achieved same, if not lower, energy consumption
compared to an EMS with DP, even when its continuous state space and continuous control
space are fine discretized.

e  Convergence and initialization

DP algorithms are globally convergent on the discretization grid with an easy initialization

with zeros.

DMs have larger convergent domains, compared to IMs. Their initialization is also easier than
IMs.

IMs have the smallest convergent domains. Due to the non-intuitiveness of costates [16, pp.
161-166], the initialization of IMs is difficult. Difficulty of convergence and initialization is a
major drawback of IMs.

e  Required mathematical knowledge
Applying DP requires a lot of mathematical knowledge of optimal control theory.

It is a major advantage of DMs that their applications require the least mathematical
knowledge, since their applicatiosn mostly focus on finding an appropriate solver and direct
transcription, i.e. to transform a HOCP to a MINLP, as it is exemplified in Section 2.4.3.

Applying IMs requires expertise knowledge in optimal control theory and also numerical
methods to develop algorithms that find the solution stably. This is a disadvantage of IMs.

25 Summary

In this chapter, hybrid systems and HOCPs are introduced. The solution methods for HOCPs,
namely DP, IM and DM, are reviewed. Their applications to HOCPs without state-jumps are dis-
cussed at length with the goal of helping the reader to develop an idea of the process of their
solutions in practice. The solution methods are compared among one another regarding four as-
pects that are relevant to an online EMS: 1) time complexity, 2) accuracy, 3) convergence and
initialization and 4) required mathematical knowledge. Based on their properties and the review
of EMS in the next chapter, a solution method will be chosen for the online EMS.
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3 State of the Art

As mentioned in Section 1.1, an EMS provides the set-points for the controllers of the power
sources>® and the transmission(s) in an electric vehicle in such a way that achieves the minimal

energy consumption and some other performance criteria of the vehicle. Often, it operates with a
low frequency as low as 1 Hz [82], and considers only longitudinal dynamics [83-85].

Two-drive multi-speed powertrains and their EMSs are relative recent. It is necessary to broaden
the horizon of the literature research. EMSs of HEVs and PHEVs are of the most interest for inspi-
ration, since they operate with at least two power sources and are often equipped with multi-speed
transmissions. This chapter discusses EMSs of BEVs, HEVs and PHEVs with focuses on: 1) how the
continuous and the discrete dynamics were addressed, 2) how the EMS were designed, 3) how are
they related to online EMSs for two-drive multi-speed powertrains. The discussion determines the
method to be adopted in the online EMS in this thesis. Since a second aspect is to be considered
in this work, multi-criteria operation strategies (MCOS) are reviewed. The terminology is intro-
duced to differentiate MCOS and EMS.

Vehicles and Buses are not differentiated. If not explicitly mentioned, the referenced works in
this chapter did not consider shift processes. The powertrains mentioned in this chapter include at
least one EM. To design an EMS that minimizes energy consumption or fuel consumption is re-
ferred to as the problem.

3.1 Topology and Optimal Control Problem

Before diving into the review of EMSs, it is necessary to shortly discuss topologies of powertrains
from an EMS perspective, since they determine DoFs of powertrain power flows and, therefore,
number of controls of EMSs. Furthermore, the differences of OCPs—see Section 2.2.3 for an ex-
ample—for BEVs, HEVs and PHEVs need to be pointed out so that it can be clear, how EMSs of
HEVs and PHEVs discussed in the later subsections are connected to those of BEVs, especially two-
drive multi-speed BEVs.

3.1.1 Topology

Typical powertrain topologies of BEVs are presented in Figure 3.1 [10, 86], where the transmis-
sions and the sub-transmissions (ST) can be multi-speed transmissions. A BEV with in-wheel mo-
tors requires an EMS with 2 controls, i.e. the torques in the front-wheel EMs and those in the rear-
wheel EMs. The OCP is continuous. A BEV with M-drive and N multi-speed transmissions requires

35 Machines that convert other types of energy to mechanical energy, e.g. engines and electric motors.
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an EMS with M + N controls. The problem contains a discrete part, i.e. gear selection problem, and

is a HOGP, if N > 036,

See [10, 86] for the analysis of the topologies and a list of series production BEVs with above
mentioned topologies. With extra EMs and STs parallelly added into the system, two-drive power-

trains can be further extended to multi-drive powertrains.

Wheel Wheel Wheel Wheel Wheel Wheel Wheel Wheel

el d 00

Wheel Wheel Wheel Wheel Wheel Wheel Wheel Wheel
(@ (b) (© (d

Figure 3.1. Typical powertrain topologies of BEVs. (a): BEV with in-wheel motors. (b) Single-
drive BEV. (c): Centralized two-drive BEV. (d): Separated two-drive BEV T: Transmission. ST:
Sub-transmission. FD: Final Drive.

There are three main topologies for HEVs and PHEVs: series hybrid, parallel hybrid and series-
parallel®” hybrid [83, 88]. Detailed explanation of these topologies can be found in the just-men-
tioned references. The examples of the vehicles in series production are listed in [83] and [89]. In
the series topology, an EM propels the vehicle alone. An engine is used to charge the battery
through a generator. The problem is continuous, if the EM is connected to a single-speed transmis-
sion [24]. In the parallel topology, an EM and an engine can propel the vehicle together38. A multi-
speed transmission is necessary for the engine to achieve higher fuel efficiency. A parallel topology
as shown in [91] requires two continuous controls and one discrete control. The problem is a HOCP.
In the series-parallel topology>?, an engine and two EMs are connected to the sun gear, the carrier

and the ring gear in a planetary gearbox, whose schematic is shown in Figure 3.2, according to the

36 Continuous variable transmission is not considered, due to its disadvantage in efficiency [87].
37 Also called power-slit hybrid.

38 Depending on different relative positions of the EM in the powertrain, there are different configurations under
the parallel topology. See [90] for detailed description and analysis.

39 Depending on how the engine and the EMs are configured w.r.t. the planetary gearbox(es) and the output
shaft, there are different configurations under the series-parallel topology. See [83] for detailed description.
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specific powertrain design [92]. Thanks to the speed coupling mechanism of the planetary gear-
box, the series-parallel topology allows the engine speed being varied in favour of higher fuel
efficiency without a multi-speed transmission [93]. A series-parallel topology as shown in [94]
requires three controls in the EMS and the problem is continuous with the preliminaries: 1) The
engine speed is regulated instantly and the transient characteristics of the engine is ignored; 2)
The planetary gearbox is controlled through its brakes instantly; 3) The rotational inertia of the
powertrain does not change. Other works such as [94-96] shared the preliminaries.

Remark: The controls mentioned in the above paragraphs are those that are necessary to determine
the powertrain power flows. During the formulation of an OCP, the equality constraints w.r.t the
total output torque and the vehicle speed bring certain correlations among the controls, because
of which the number of controls in the literature can be one less than described in this subsection.

Ring gear

o~
Planetary gear
8 <

Carrier

Sun gear

|_|

ﬂHHM
|

Figure 3.2: Schematic of a planetary gearbox

3.1.2 Optimal Control Problem

In EMSs of HEVs and PHEVs, minimizing fuel consumption is the primary goal. The SOC is con-

sidered a state. Its boundary conditions*?

are to be fulfilled. Rigidly speaking, the vehicle speed
should also be part of the states so that the status of a vehicle can be determined. If shift processes
are ignored and acceleration does not interrupt, the vehicle speed within a time step can be seen
as predefined and removed from the states. An EMS assigns powers for the EM(s) as well as the

engine. It also involves gear positions, if a multi-speed transmission exists.

For BEVs, the SOC does not have to be included in the EMS, if its goal is to minimize battery
depletion. Minimizing battery depletion is equivalent to minimizing electric energy consumption
and, therefore, only electric power needs to be evaluated. For an EMS of a two-drive multi-speed

40 For instance, under the charge-sustaining mode, SOC may fluctuate but ought to maintain a certain level over
a period of drive. In the most research on HEV EMS, the terminal SOC equals the initial SOC.
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BEV that considers shift processes, the angular velocities of both EMs are necessary in the contin-
uous states, while the gear positions are necessary in the discrete states, so that the status of the
vehicle can be determined. The boundary conditions of the angular velocities are to be fulfilled.
The EMS assigns torques for both EMs and decides the gear position to propel the vehicle following
the speed profile. Due to the potential acceleration changes during the shift processes, the vehicle
speed within a time step is not predefined.

3.2 Energy Management Strategies

According to review articles, such as [83-85], EMSs can be divided into two basic categories: rule-
based EMSs and optimization-based EMSs. Rule-based EMSs are identified as those EMSs that
operate based on rules and criteria that has been defined by the system, so that certain perfor-
mance goals can be achieved. The rules were obtained through heuristics and/or mathematical
models. Rule-based EMSs often cost higher energy consumption, compared to optimization-based
EMS, for lack of optimization over the whole system considering driving conditions. As the primary
goal of the EMS in this thesis is to minimize energy consumption, rule-based EMSs are ruled out
from further discussion.

Optimization-based EMSs are those that generate controls through minimizing a cost functional
or a cost function. The optimization-based EMSs that require the information of driving cycles as
a priori are referred to as offline EMSs, while those that do not are referred to as online EMSs*!.
Importantly, they are not isolated from each other. The solution methods that have been discussed
in length in Section 2.4 all require the information of driving cycles to complete the formulation
of the HOCP. The EMS that apply them directly are offline. On the other hand, a group of online
EMSs are developed by embedding these solution methods in a Model Predictive Control (MPC)
framework, which will be elaborated in Section 3.2.2.1. Another group of online EMSs, Equivalent
Consumption Minimization Strategy (ECMS) and its alike, are developed by the simplification of
IMs, which will be discussed in Section 3.2.2.2.

Stochastic optimization-based EMSs involve stochastic optimal control. More specifically, in
[97-101], stochastic dynamic programming (SDP)*2 was applied for HEVs and PHEVs. They re-

quire too high time complexity (see [103]) to be considered for online EMSs in this thesis.

41 Online and offline EMSs are also referred to as non-causal and causal EMSs [83].

42 Speed profiles and corresponding variables, such as requested power, are modelled as Markov process, whose
decision problem is solved by Bellman equation. The expected discounted cost functional in infinite time
horizon is minimized [102, pp. 125-132]. It is called the expected total discounted reward in the literature
on SDP and markov dicision problems.
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EMSs for HEVs and PHEVs will be reviewed non-exhaustively under different categories of optimi-
zation-based EMS to provide a general overview of the EMS research and inspirations for EMSs
for BEVs. After that, EMSs for BEVs will be reviewed.

3.2.1 Offline Energy Management Strategies

3.2.1.1 Dynamic Programming

Given a speed profile, the DP can find the global optimal control functions for an EMS. The discrete
DP was used in [24], one of the earliest studies, to tackle the problem of a series HEV. To have the
boundary condition of the state satisfied, a penalty term that requires parameterization was intro-

duced. The Hamiltonian-Jacobi-Bellman equation3

was applied in [91] to develop an EMS for a
two-speed parallel HEV. It provided the first order and the second order optimality conditions to
reduce the complexity of calculus. The problem included gear selection but ignored shift processes.
The boundary conditions of the SOC was incorporated in the cost functional with the help of a

Lagrangian multiplier.

The DP was adopted in [104] for a series-parallel PHEV that was modelled as a hybrid system,
in which different operating modes were considered discrete states: 1) pure electric propelling, 2)
pure electric regenerating, 3) hybrid propelling and 4) electric propelling with battery charging.
Worth mentioning, the dynamics in all discrete states were the same and the switching was instant,
i.e. shift processes were ignored.

Remark: Though the studies on DP-based EMSs for HEVs and PHEVs have not fully incorporated
the goals of this thesis reasoned in Section 1.2, the DP can be used in the EMS in this thesis, as
long as the hybrid system can be modelled to meet the goals of this thesis.

3.2.1.2 Indirect Method

Both the DP and the PMP were applied in a comparative study [21] for a parallel HEV with an
AMT. The gear selection problem was considered, while the shift processes ignored. The fuel con-
sumption of the HEV controlled by both EMSs were close to each other, while the computation
duration of the PMP was less than one fourth of that of the DP. How the TPBVP and the initializa-
tion problem were solved was not disclosed. Worth mentioning, the gear position and the shift
command, though being discrete, were included in the states and the controls in the formulation
of the PMP—a solution method for continuous OCPs. Though not rigorous, the study could still be
valid under the assumption that shift processes are neglectable. After all, the HMP is an extension
of the PMP (see Section 2.4.2). For a series PHEV in [35], the DP and the PMP were applied to

43 Continuous counterpart of Bellman equation. See [16, pp. 86-90] for details.
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generate two offline EMSs. The one based on the PMP outperformed the one based on the DP#

w.r.t. the cost evaluated in driving cycle simulations by 0.5 % and the computation duration by
several folds.

Under the simplification same as the one for the ECMS (see Section 3.2.2.2), the HMP was
adopted in [73] for a parallel HEV that is modelled as a hybrid system. The algorithm was evalu-
ated on several driving cycles, which provided evidence to show that the time complexity of IMs
is far less than DMs. The operating modes and the gear positions formed the discrete state. It is
noteworthy that, with the simplification, the TPBVP was reduced to 1D. Shift processes were not
considered. The initialization of the problem was not disclosed.

Remark: The above-mentioned references provide the evidence for the advantages of IMs men-
tioned in Section 2.4.4. Applying IMs, more specifically the HMP, for an EMS of a two-drive multi-
speed BEV still faces following challenges: 1) A mathematical model including the shift processes
needs to be solvable for the HMP; 2) A multidimensional TPBVP needs to be solved, whose solution

and initialization in the context of EMSs were not discussed in the literature.

3.2.1.3 Direct method

The EMS of a series HEV was studied in [105] systematically. Under several simplifications45, the
convex optimization problem in continuous time was formulated, which was further approximated
to be a Linear Programming (LP) problem in discrete time. Its equivalent standard LP problem was
identified and solved by “PCx”, a readily available software. The offline EMS was used to provide
the minimum fuel consumption given the specification of a vehicle and a speed profile.

Designing EMSs for parallel HEVs and PHEVSs requires solving HOCPs. One way of simplification
to apply NLP is to use a rule-based strategy to deal with the gear selection problem, so that it is
separated from the HOCP, for instance in [106] and [107]. The former ignored the engine on/off
scenario and applied convex optimization to solve the residual continuous OCP, while the latter
considered the engine on/off scenario and applied LP sequentially and iteratively to solve the re-
sidual HOCP.

Approaching the HOCPs in the EMSs without separating the gear selection problem was re-
ported. [108-110] proposed to reform the HOCPs to large scale NLP that can be solved by readily
available solvers. [77] proposed to solve the HOCPs with certain decomposition techniques, so that
readily available solvers for Mixed Integer Linear Programming can be applied. These studies have

44 The fineness of the grid was not disclosed.

451) The voltage on the electric bus remains constant; 2) The engine transient performances ignored; 3) The
battery storage efficiency is constant.
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pointed out that the challenging aspect of applying DMs is the high time complexity of solving
MINLP.

Remark: Additional to the drawback in time complexity, DMs require readily available solvers that
are applicable both in a simulation environment and in a control unit, if an EMS is eventually
implemented in a hardware. The latter implementation is nontrivial in practice.

3.2.2 Online Energy Management Strategies

3.2.2.1 Model Predictive Control

An online EMS does not consider speed profiles a priori. One natural way to develop it is to use
the methods applied in the offline EMSs to solve the OCP on a predicted speed profile in the future
based on the current and the history information. It is, more concisely speaking, to embed a solu-
tion method in an MPC framework. The EMSs with such a concept are called predictive EMSs in
this thesis. Please refer to the book [111] for the theory and the studies of MPC itself.

Figure 3.3 shows the general idea of a predictive EMS. At the current time point j, the driver’s
request in the prediction horizon, i.e. j~j + N,, is predicted based on the current and the past
information, so that a predicted trajectory (the red curve with circles) is generated. A solution
method is applied to solve the OCP with the predicted trajectory, which results in the control
function in the predicted horizon (the light blue stairs). The control function in the control horizon,
i.e. j~j + N, is provided by the EMS to the powertrain.

=6~ Past trajectory = Past control
-©- Predicted trajectory Control in predicted horizon
Past 1 __Future

1 Prediction Horizon '
1 Control Horizen 1
1 1

Figure 3.3: Schematic of MPC

Figure 3.4 illustrates the typical components of a predictive EMS for continuous OCPs. The
driver’s request (r), may it be acceleration, power or torques, in the prediction horizon is predicted
in the predictor based on the current driver’s request and the outputs of the powertrain (y). The
model calculates the outputs in the predicted horizon and the solver determines the optimal con-
trol (u*). Note that the controls at j + N, — 1 forms the states at j + N... Often, the control horizon
is one, which can be seen in the references mentioned later.
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Figure 3.4. Typical components of a predictive EMS for continuous OCPs.

For a series PHEV, a predictive EMS embedded with the PMP was reported in [35]. The pure
continuous OCP in the prediction horizon was transformed into a 1-D TPBVP that was solved with
the secant method. The driving cycle simulation showed that the predictive EMS with the PMP
reduces considerable computation duration but caused 1 % higher cost, compared to the offline
EMS based on the DP.

For a parallel HEV, a predictive EMS with a direct method was reported in [112]. The gear
selection was separated, as mentioned in Section 3.2.1.3, so that the OCP is continuous. SQP from
the optimization toolbox in Matlab/Simulink was used to perform the optimization. Interestingly,
it considered the transient characteristics of the engine in the form of look-up tables.

To develop a predictor is nontrivial. Several predictive EMSs with different predictors were de-
veloped for a series-parallel HEV and their simulation results were compared against each other
in [113]. It was reported that the one with the least prediction error scored the least fuel consump-
tion. The conclusion indicates the importance of a high-performance predictor.

3.2.2.2 Equivalent consumption minimization strategy

The ECMS was originally reported in [22] as an EMS for a parallel HEV. Its relationship to the
PMP was analysed in [23] and [114]. By assuming that the dynamics of the SOC is not dependent
on the SOC itself, the PMP is simplified and an EMS that only requires the optimization of an
instantaneous cost function consisting of the fuel consumption rate and the battery electric power
is generated. The equivalent factor in the cost function needs to be parameterized. Adaptive ECMSs
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were proposed in [115-117]. They used different variables, such as the SOC and the predictive
driving condition, to modify the equivalent factor in a closed-loop.

Remark: Since only the electric energy in the battery concerns an EMS for BEVs, the ECMSs is not
in particular interest of this thesis.

3.2.3 Energy management strategies for BEVs

For single-drive multi-speed BEVs, simple EMSs are sufficient, if shift processes are neglected. In
[118] and [119], rule-based shift strategies were developed by minimizing instantaneous energy
consumption. Offsets based on requested torques were introduced to avoid frequent shifting. For
a single-drive two-speed BEV, a predictive EMS with enumeration was developed In [120].

For a two-drive multi-speed BEV, an EMS that minimizes the instantaneous energy consumption
was developed in [121]. Gear positions and torques are variables. Under the assumption that shift
processes are ignored, the EMS scored indeed the minimum energy consumption. Realistically, the
energy consumption might not be optimal, if the EMS is evaluated with a vehicle model that con-
siders shift processes.

An EMS that considers shift processes was developed in [26] for a single-drive two-speed BEV
with an automated transmission with planetary gearsets developed in [122] and [123]. The HMP
was applied to solve the HOCPs with predefined shift sequences. The solution of the TPBVP and
the initialization of the problem were not disclosed.

Remark: Determining the controls through minimizing instantaneous energy consumption is insuf-
ficient for this thesis, since it does not incorporate shift processes. The HMP from [26] provides
inspiration but cannot be taken over, due to its requirement of predefined shift sequences. Fur-
thermore, the algorithms for the solution process were not disclosed in the literature. It is im-
portant to analyse and reduce the time complexity of the algorithms for an online EMS.

33 Multi-Criteria Operation Strategies

A MCOS considers energy or fuel consumption and other aspects. The often-considered secondary
aspects are discussed in the following paragraph with non-exhaustive examples. The realization of
a MCOS is later discussed.

Many MCOSs for HEVs and PHEVs considered the pollutant emission, e.g. [15] and [124]. Some
considered the noise of engines, e.g. [125] and [126]. Some considered the aging of battery, e.g.
[127] and [128]. Some works tried to reduce the shift count by adding a penalty, so that the
drivability was not compromised too much, e.g. [25] and [33].

The main approach to realize a MCOS is to formulate the OCP with a multi-criteria cost function
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[ that is defined as
l = lenergy + ﬁ : lzrld aspectr (31)

where B is a weighting factor. The arguments of the cost functions are omitted for simplicity. Some
secondary aspects are considered in the EMS by introducing extra constraints on states and con-
trols. For instance the noise constraints was introduced in [125] and [129, pp. 115-122], because
of the masking effect (see the references for more information). Another way to include a second-
ary aspect is to consider it as an endpoint functional in the cost functional as

tr
] = Mynd aspect + f lenergydtr (32)
t

0

where J is the multi-criteria functional and m;nq aspect is the endpoint functional that evaluates the
continuous states and the discrete state at the final time point. The arguments of the cost function
and the functionals are omitted for simplicity.

34 Summary and Other Aspects
Summary

The online EMS in this thesis is constructed in an MPC framework. The research of the EMSs for
HEVs and PHEVs have provided the evidence for the theoretical comparison of the solution meth-
ods in Section 2.4.4 from an application point of view. The HMP is to be embedded in the predictive
EMS for its advantages in time complexity and close-to-optimum solution. This thesis needs to
overcome its disadvantages regarding convergence and initialization by adopting a proper numer-
ical method and developing an initialization strategy. Importantly, the method developed in this
thesis shall cast no constraint on the shift sequences. After the review of EMSs for HEVs, PHEVs
and BEVs, the EMS to be developed in this thesis is unseen in the literature. Additionally, this
thesis is to provide the algorithms of the HMP solution method, which has not been properly dis-
closed in the literature.

For the reasons provided in Section 2.4.2, the minimization of the instantaneous Hamiltonian
at (2.54) is important for the HMP in terms of accuracy and time complexity, but was not discussed
in the literature. Other than the algorithm of the online EMS, this thesis will provide mathematical
analysis of the instantaneous Hamiltonian with the goal of reducing time complexity.

A two-drive multi-speed BEV can be seen as an example of multi-drive multi-speed BEVs, in
which more EMs and STs are coupled in the two-drive BEVs in Figure 3.1. It is worth studying,
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how the developed EMS can be transferred to multi-drive multi-speed BEVs. Such an attempt is

unseen.

A MCOS considering the service life of the powertrain is to be developed. The multi-criteria
HOCP is to be formulated in such a way that the algorithms in the predictive EMS require little to
none change. The service life is to be modelled and evaluated, so that the multi-criteria cost func-
tional can be formulated accordingly.

Other aspects

The importance of a predictor for a predictive EMS has been stressed in Section 3.2.2.1. Different
applications of speed prediction with various input information have been reviewed in [130].
Speed prediction is principally time series prediction, which may have been a dream of human
since the dawn of time. Nowadays, the time series prediction is attempted mainly through machine
learning and statistics. Books on this topic include [131] and [132]. A large range of methods were
compared against each other using the M3-competition data in [133, 134] w.r.t. their accuracy,
necessary preprocessing methods, computational requirements etc. This thesis chooses to use the
Markov Chain model, a widely used statistical modelling method with proper accuracy and fairly
few parameters*®, but not to invest a large amount of time into adopting and developing a neural
network (NN) with a complicated architecture. The reasons are: 1) Advanced NNs under the cat-
egory “deep learning”, especially the transformer model [136], have emerged in recent years and
have led to the breakthrough in application in 2023, which makes it difficult to identify a state-of-
the-art NN for time-series prediction; 2) On the other hand, the motivations and goals of this thesis
are mainly relevant to the components “model” and “solver” in the predictive EMS shown in Figure
3.4, which makes a state-of-the-art prediction model not a prerequisite. However, the influence of
the prediction model is not neglected. Section 6.3.4 investigates the influences of the accuracy of
the prediction.

One may ask, if machine learning methods can replace the EMSs that are based on mathematical
solution methods. According to Andrew Ng, for generating optimal control function, current ma-
chine learning methods still fall short of the performance of the mathematical solution methods
[137]. Even if the situation would change one day, training machine learning methods might still
require reference values generated by the EMS developed by mathematical solution methods.

46 The statement is based on the comparative study [135], in which several methods chosen from [133, 134]
are adopted to perform the acceleration and speed prediction with the driving data collected from a test
vehicle of the Institute of Mechatronic Systems at the Technical University Darmstadt.
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4 Hybrid System and Problem Formulation

In this chapter, a two-drive multi-speed powertrain called “Speed4E” is modelled as a hybrid sys-
tem with proper consideration of its shift processes. Thereafter, a HOCP with a cost functional of
energy consumption is formulated.

4.1 Speed4E Powertrain

Institute of Mechatronic System (IMS) is part of the research project Speed4E that desires to de-
velop a high-speed two-drive multi-speed powertrain (see Section 4.1 for its topology). Beside
combining the advantages of two-drive and multi speed powertrains, high-speed EMs can improve
the energy density of the powertrain. Figure 4.1 qualitatively shows the benefit of the application
of high-speed EM w.r.t. weight. Speed4E powertrain, consisting of EMs with a maximum speed of
50.000 rpm, is anticipated to reduce half of the mass compared to a Reference Design from [138]
and to reduce 10 % of the mass of the Speed2E powertrain*” developed in the proceeding project.
The downsize makes Speed4E powertrain possible to be fit into the engine compartment of
BMW i3s, a front-wheel drive test vehicle provided by Speed4E project partner BMW group.

Reference Design

100% +

66%

'

Weight of active components

30,000 50,000

10,000
Maximum Drive Speed in min™!

Figure 4.1: Advantages of high-speed e-drives w.t.r. weight of active components [139].

As shown in Figure 4.2, Speed4E powertrain consists of two EMs propelling the vehicle through
two respective sub-transmissions (ST). The ST1 is a planetary gear transmission with a fixed ring
gear. The ST2 is a three-stage two-speed spur gear transmission that enables three gear positions
(G): the 1%, the 2™ and the neutral gear position. Their overall gear ratios can be calculated by
sequential multiplications as

g =15 "1y Upp, (4.1)

47 The project Speed2E developed a powertrain consisting of EMs with maximum speed of 30.000 rpm that was
successfully validated on the testbench.
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lp1 " lg2, "l23 " ipp, G =1, (4.2)
Iy =§la1 22, " l23 lppy G =2,
0, G =3,

Gef1,23), (4-3)

where i, ; denotes the gear ratio of the planetary gear and i, , the gear ratio between the final
drive and the carrier; ir, denotes the gear ratio of the final drive; i,,, i,, and i, ; denote the gear
ratios of the first, the second and the third stage of the spur gear pairs respectively; i,, ; and i,, ,
denote the gear ratios of the second stage in 1% and 2™ gear positions, respectively; when both
gear positions are disengaged, namely G = 3, the ST2 is in the neutral position. Please note that
its gear ratio is set to zero for a computational purpose, i.e. the output torque of the ST2 with G =
3 is simply zero. The reduced rotational inertia of the vehicle about the rotational axis of the wheels
(Ieq) is dependent on G. See Appendix A for its calculation and necessary parameters.

An innovative dual coil permanent excited linear actuator (LA) is developed to perform fast
shifting between these gear positions [140]. The shift sleeve (SS) is moved by the LA to engage or
disengage the dog clutches (DC) according to the requested gear position.

5T2

iy
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Figure 4.2: Topology of Speed4E powertrain [141]

4.2 Longitudinal Dynamics

The output torque of the powertrain overcomes the driving resistances and provides acceleration,

Teotal = p(G,v, D) = (masseq (G) v+ crop(v) -mass - g+ 0.5+ ¢, * pair * As* vz)r, (4.4)

Ieq(G
masseq(G) = mass + %g), (4.5)
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where T, is the total output torque on the wheels that is determined by a function p with pa-
rameters the gear position G, the vehicle speed v and the acceleration v. The vehicle is considered
driving on an even ground so that slope resistance is omitted. In the context of EMSs, the function
p can be used to determine the requested total torque Ty, req based on the requested acceleration
Vreq- MASSeq is the equivalent mass, which considers mass, the vehicle mass, and /4. The rolling
resistance is calculated according to the coefficient c,,; and the gravity force normal to the ground.
The aerodynamic resistance is calculated according to the coefficient c,, the air density p,;,, the

frontal aero A¢ and v. r is the dynamic radius of the wheel. See Appendix A for their values.

If the total output torque is given, the acceleration can be determined by

T,
_b(G T )_ t;)Atal_croll(v)'nlass'.g_O'S'Ca\'pa\ir"Af'Vz (46)
v= ' Vr broral) = masseq(G)
The total output torque is provided by both EMs
Trotat = Tst1 - i1 + Tstz * 12(G), (4.7)
PLgri(w4,Ty)
Tsty = ¢1(wy, ) =T — %, (4.8)
1
Plsro (W, To)
T, ———————, ifG=1or2,
Tstz = $a6(wy, T2) = 2 w,
0, ifG =3, (4.9)

where Tgr denotes the effective torque of a ST, i.e. the input torque having the torque loss de-
ducted, which is described by the function ¢: R> —» R. w and T denote the angular velocity and
the torque of an EM. i is the gear ratio, which is gear position dependent in the case of the ST2.
Power losses PL are modelled as look-up tables (see Appendix B) based on the simulation results
from the project partners (see Appendix B). By performing interpolation, the function ¢": R> - R
that determines the input torque based on the effective torque can be numerically acquired, as

T, = ¢1(w1, Ts1)s (4.10)
T, = ¢3,6(wy, Tsra)- (4.11)
The function ¢ is formally examined in Appendix D.

The total electric power includes the mechanical powers and the power losses PLgygpr that sum
up those of EMs and PEs that are modelled as look-up tables (see Appendix B),
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Peje = w1 * Ty + PLgmgper (01, T1) + @y Ty + PLpmgpez (W2, T2) - (4.12)

4.3 Shift Processes

The angular position control (APC) is the core of the shift processes. The main idea is to use the
EM2 to regulate the relative angular position between the DC and the SS, so that a) the friction
between the teeth of the SS and those of the DC during the DC disengagement does not occur, and
b) teeth-to-teeth situations during the DC engagement do not occur [141].This subsection de-
scribes the shift processes modelled for the use of the EMS based on the experiment and simulation
results that was presented in [142].

Figure 4.3 shows a shift process used in the EMS from the 1* to the 2™ gear position with an
initial speed of 50 km/h and an acceleration of 3.6 m/s% Before the APC takes place, Tgy; ramps
up to take over all propelling torque, while Tgy, ramps down towards zero in the “Balance” phase,
in which the total output torque on the wheels remains constant. In this specific example, Tgy,
reaches its maximum before Tgy, reaches zero, after which Tgy; remains at its maximum through-
out the whole shift process and Tgy, further ramps down to zero in “Decrease” phase, as the total
output torque on the wheels and the vehicle acceleration (blue curve) decrease. As soon as Tgy;, is
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Figure 4.3: Shift process from 1st to 2nd gear position in the EMS
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zero, APC starts with the first “Synchronize” phase, during which Tgy, is regulated between 0 Nm
and 0.05 Nm in the real-world application [142] to minimize the friction between the SS and the
DC. In the model for EMS, Tgy, is simplified to be zero in this phase. Thereafter, the SS is disen-
gaged from the DC1, which shifts the ST2 into its neutral position. In the second “Synchronize”
phase, w, is firstly decelerated towards the new value in the 2" gear position, i.e. W, arget = V/T -
iy (Gtarget). The angular position of the EM2 is then regulated, through Tgy, with small value [142],
to ensure no teeth-to-teeth situation in the “Engage” phase. In the model for EMS, Tgy, is firstly
its minimum during deceleration then simplified to be zero during APC (green solid curve). After
the APC finishes, i.e. the ST2 being shifted into the 2™ gear position, Tgy; and Tgy, ramp to their
new control values determined by the EMS with the second “Balance” and “Increase” phases in a
mirror manner to the first “Balance” and “Decrease” phases. During the APC, minor changes of the
acceleration can be noticed, since the change of gear position causes the change of rotational in-
ertia of the powertrain and therefore the equivalent mass m,,.

Figure 4.4(a) and (b) show a shift process from 1% to neutral gear position and a shift process
from neutral to 1* gear position with respective speed and acceleration conditions. Shifting into
or out of the neutral position can be considered the first half, namely from the first “Balance” phase
to the “Disengage” phase, or the second half, namely the second “Synchronize” phase to the end,
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Figure 4.4: Shift process in the EMS. (a): from 1st to neutral gear position. (b): from neutral
to 1st gear position.
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of the shift process between 1% and 2" gear position. The differences is that the EM2 decelerates
to standstill or accelerates from standstill without further synchronization or previous
synchronization, respectively.

Table 4.1. Durations of different phases in a shift process

Phase Duration

First “Synchronize” 0.1s

Second “Synchronize” velocity and shift process dependent look-up table
“Disengage” 0.02s

“Engage” 0.02s

The simplifications of the shift processes used in the EMS are: 1) The change of torque is con-
sidered linear. 2) During synchronization, the torque of EM2 is considered zero, though it’s a minor
value close to zero to regulate the angular position. 3) When the angular velocity of EM2 is accel-
erated or decelerated, the torque jumps to its maximum or minimum without ramps. 4) The dura-
tions of the “Disengage”, “Engage” and the “Synchronize” phases are simplified to be constant
based on the experiments from [141] (see Table 4.1), while the duration of the second “Synchro-
nize” phase, including deceleration and APC, is modelled as a vehicle speed and shift process de-
pendent look-up table based on the simulation results [142].

4.4 Hybrid System Formulation

Speed4E Vehicle described so far is modelled as a hybrid system Hgpeeqsr according to Definition
2.4. The continuous states consist of the angular velocities of EM1 and EM2 x := [w;, w,]7. The
torques of both EM are the continuous controls u := [u,u,]" = [T, T,]". Figure 4.5 shows the hy-
brid automaton of Hgpeeqsr With the discrete states g,, g, and g5 represent the 1%, 2 and neutral

gear positions, and qy, gs, ..., qo represent the shift processes among different gear positions.

The admissible discrete controls for q,, g, and g5 are summarized in Table 4.2. They cause con-
trolled switchings, which are marked with blue color in Figure 4.5. It is considered equivalent to
write ¢ = q4,43, ...,q9 and g = 1,2, ...,9, respectively. Each row represents a discrete set B,, from
which an admissible discrete control @, is chosen. For instance, when the current discrete state is
q,, the discrete control can command the system to remain g, or to enter either g, (shift from the
1 to the 2" gear position) or g (shift from the 1% to the neutral gear position), i.e. By, =
{41, 44, g6} A shift process is divided into several phases. They are called sub-states for differentia-
tion from the discrete states {q,q,, ..., 4o}. When a discrete state representing a shift process is

selected, the discrete control switches among the corresponding sub-states sequentially according
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Figure 4.5: Hybrid automaton of Speed4E powertrain

to the corresponding switching manifolds M (marked red). Table 4.3 lists the autonomous admis-
sible discrete controls. Note that the possible discrete control is singular at any discrete state or
sub-state. It is considered equivalent to write @ = q4,q,,q; and @w = 1,2,3, respectively. The dis-
crete set of Hgpeeqqr includes discrete states and sub-states Q = {ql,qz, w19y Qaqr e Qg ...,qg_d}.

The discrete transition function is simply defined as
q(t?) =@ (t). (4.13)

Table 4.2. Admissible discrete control set B, controlled switching

q Admissible discrete control (B,)
1 1 4 6
2 2 5 7
3 3 8 9
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Table 4.3. Admissible discrete control set B, autonomous switching

9 | Bgl a | B | 9 [ Bo 1l 9 | Bil a9 | B | a | B

4 4a | 5 5a ] 6 6,a |7 7,a | 8 8¢c | 9 9,c

4a | 4b ]| 5a |5b]6a |6b]7a |7b]8c |8d]9% |9d

4b | 4¢c | 5b | 5¢c | 6b [ 6c |7b | 7c]8d |1 9d | 2

4c | 4d | 5¢c | 5d])6,c [6d]|7c |7d]- - - -

4d | 2 5d |1 6d | 3 7d | 3 - - - -

The following elaborates the dynamics of the hybrid system.

4.4.1 Discrete States q4,q, and g3

The ST2 stays in the 1%, 2™ or neutral position, respectively. The indexed system dynamics can be
derived from (4.6) as

xq = fq (x, Ttotal)

] 4.14

_ b(G,v;Tmtal) . (L21(1G)) . Vte [tO,qftf,q]’ ( )

Tiotal = $1(w1, T1) * &y + o6 (w2, T2) - 12 (6G), (4.15)
wq

veEg (4.16)

G=gq (4.17)

x(toq) = Xoq (4.18)

where t,, and t;, denote the start and end time of g; the initial state x, 4 is given. Since q =

q1,92, 93 and q = 1,2,3 are defined equivalent, there is, for instance, G = q; = 1.

4.4.2 Discrete States q4,4s, ..., q9

Table 4.4 shows the representation of each sub-state in a SP. q, and g5 represent the shift pro-
cesses from the 1% to 2" gear position and its reversed order, in which all four sub-states take
place. g4 and q, represent the shift processes from the 1% and 2" gear position to the neutral po-
sition, respectively. As Figure 4.4 shows, they consist of sub-states a and b. qg and g, represent the
shift processes from the neutral position to the 1% and 2™ gear position, respectively. As Figure
4.4(b) shows, they consist of sub-states ¢ and d. Regardless of sub-states, the continuous control
during a shift process is predefined. Therefore, the dynamics of x,, g € Q\{qy, 9., 95} are autono-

mous. “\” indicates “exclude”.
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Table 4.4. States in a shift process

Sub-states Phases in a shift process
4ja “Balance” and “Decrease”
4» First “Synchronize” and “Disengage”
Qjc Second “Synchronize” and “Engage”
qja “Increase” and second “Balance”

Shift processes can be divided into four categories that are the combinations of two conditions: 1)
positive or negative output torque on the wheels, i.e. Tiyy > 0 or i.e. Tyoy < 0 and 2) upshift or
downshift, i.e. W, targer < W2 OF Wy target > W,. The following subsections (from 4.4.2.2 to 4.4.2.4)
describe the mathematical model of each sub-state in the case of a upshift with positive output
torque, i.e. Teorar > 0 and Wy garger < W,. The changes required for the shift processes in the rest

three categories are shown in 4.4.3.

4.4.2.1 "Balance” and “Decrease” phases

As discussed in Section 4.3, the duration of the “Balance” phase is the smaller one between the
duration for T; to reach its maximum (7, paqe) and the duration for T, to reach zero (7, paqe). They
are determined by

_ (Tl,max(wl) - Tl(to,j)) . il

T1,Fade = TSB ) i (4-19)
2
(Ta(to0)) - 12 ((t5))) (4.20)
T2 Fade — TSgar »
a
Tgal = min(Tl,FaderTZ,Fade)r (4.21)

where TSg, denotes the rate of the change of output torque on the wheels in the “Balance” phase;
to,; the time point when discrete state enters q;.

A “Decrease” phase takes place, if T; reaches its maximum before T, reaches zero. The duration
of the “Decrease” phase is

Ty(to, + Tea) “ L2 (q(f&j))
Tpecr = TSDecr » TBal < TZ,Fadel

0, TBal = T2,Fade (4'22)

Tq = Tgal + Tpecrs (4.23)
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where T'Sp... denotes the slope of the change of output torque on the wheels in the “Decrease”
phase. If the duration of the “Balance” phase equals 7, a4, the “Decrease” phase does not take
place, which means 7p,, equals zero. The duration of the sub-state q;, (z,) is the sum of the du-
ration of the “Balance” and “Decrease” phases. In this sub-state, the torque variables in u are de-
termined by

TSBal

Ty(tog) +

i (¢ =to )it € (toj to + Tsall,
=

Tl,max(w1),t € (tO,j + Tgan tO,j + Ta]:

(4.24)

Teotal — P1 (w1, Ty) " 0
¢,z,G Wy, total. ¢1 _1 1 1 te (tO,jrtO,j + TBal]!
T, = iz (a(25,)) (4.25)
TS,
| T (b0, + Tpar) = ——— ) (&= to,; — Toa). t € (to; + Tran to,; + Tal,

{ i (‘? ()

where T, fades to its maximum with a slope dependent on TSg,;, while T, fades to zero firstly com-
pensating the change of T; and secondly dependent on TSp,.,, if necessary. Since the DC is not
disengaged, (4.15) holds with

G=q(ty;), te€ (toito;+Tal (4.26)

An autonomous transition from state q;, to q;, happens, when the time-dependent switching
manifold M, (t) = 0, which is defined as

Mgy (t) =t — to; — Tq4. (4.27)

4.4.2.2 First “Synchronize” and “Disengage” phases

In g; 5, the first “Synchronize” phase takes place, followed by the “Disengage” phase. Both phases
are assumed to last for constant time, as discussed in Section 4.3. The duration of this sub-state
(1) and the torques are
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Tp = Tsynl + TDisengage (428)

Tiotar (Q(to_,j)) ) alty; (w2,0) - i, (‘I(to_,j))
T, = Zq(;l’]) , L E (tojp tojp + Tl (4.29)

T, =0, tE€ (tojptojp+Tsl (4.30)

where EM1 propels the vehicle alone, also compensating the drag torque of ST2. t, ;, is the time

point when the sub-state q; ,, is activated. Since the DC is not disengaged, (4.14)-(4.18)hold with
G =q(t5;), tE (tojptojp+Tsl. (4.31)

An autonomous transition from sub-state q;, to q;. happens, when the time-dependent switching
manifold M,.(t) = 0, which is defined as

My () =t —tgjp — Tp- (4.32)

4.4.2.3 Second “Synchronize” and “Engage” phases

In g;, the second “Synchronize” phase with a duration 7y, takes place, followed by the “Engage”
phase with constant duration, as discussed in Section 4.3. T, depends on the vehicle speed and
the shift process gq;. It includes a) the duration for EM2 to accelerate 7,., negative acceleration in
this case, and b) the duration of the APC t,p¢. The duration of this sub-state (r.) and the torques
are

T¢ = Tace T Tapc + TEngage = Tsynz,qj(v) + TEngage’

(4.33)
. A Teorar(G)
Tl = min (Tl,max(wl)r ¢1 <w17 %)) ) tE (tOerC7 tO,]',C + TC]' (434)
1
T, =0, t€ (tojetojctTcl (4.35)
G=3 te (to,j,c' tO,j,c + Tc]y (4.36)
where the gear position is neutral, since the DC is disengaged. The dynamics follow
¥q=fq(x)
/b(G' v, ¢1(:)1'T1) ) Ll) . ’-1\ (437)
= \ T, . VEE [togtrgl
ISTZ,input
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Ve (4.38)
51
T, = {Tz‘mi"’ te (tO,j,c' tO,j,c + Tacc]: (439)
=
0te (tO,j,c + Tacor o jc T Tc],
w .
(1_11 L2 (w‘lj,d) — W, (fo,j,c)) Is12,input
Tace = T ) (4.40)
2

where gty inpyt is the rotational inertia around the EM2 rotor axis including the rotor, the first and
the second stages of the ST2. For q; € {q4, s, ..., @0}, @, is equivalent to the target gear position
(see Table 4.3).

An autonomous transition from the sub-state q;. to q;, happens, when the time-dependent

switching manifold M., (t) = 0, which is defined as

M) =t— tojc — Te- (4.41)

4.4.2.4 "Increase” and second “Balance” phases

In q; 4, both torques fade to T ey, and T, ey, respectively, which are determined by the EMS for
the new gear position. Similar to the sub-state q;,, both “Balance” and “Increase” phases might

take place. Their durations are determined by

_ (Tl(to,j,d) - Tl,new) iy (4.42)
T1,Fade = TSB ) 4
al

(Tamew = Ta(to0)) 12 (@) (4.43)

T2 Fade — TSgal )

a
Tgal = min(rl,Fade'TZ,Fade) ’ (4_44)
(Tz,new - T2 (to,j,d + TBal)) ' i2 (wqj'd)
Tiner = TSimar » TBal < T2,Fades (4.45)
0,Tpa = T2 Fade’

Tqg = Tal t Tiners (4.46)

where g, 15 equivalent to the target gear (see Table 4.3). In this sub-state, T, is determined by
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TSBal

Ty(toja) +—— (t —toja)t € (toja toja + Toalls
T1 — 1( 0,},d) iy ( 0,},d) ( 0,j,d»%0,j,d Bal] (4.47)
Tl,new' te (to,j,d + Tgal» tO,j,d + td]l
' Teotal — P1 (w1, T1) " iy
26| w2 = . ( ) ’ te (tOJ,d’ tojat tBal]'
T, = 2@ (4.48)
TS,
ITZ(tO,j,d + TBal) + i (t —toja— TBal)' te (tO,j,d + Tgan bo,ja + Td]-
k L2 (wqj,d)
Since the DC of the new gear position is engaged, (4.14)-(4.18) hold with
G = @g;0 LE (to,jar to,ja T Tal. (4.49)

Since @ = q4,q,,q; and @w = 1,2,3 are defined equivalent, there is, for instance, G = q; = 1. An au-
tonomous transition from the sub-state g; 4 to the next discrete state @, , happens, when the time-

dependent switching manifold M5 (t) = 0, which is defined as
J

Mjwa. @) =t—tyja—Ta (4.50)

4.4.3 Shift Process in Other Categories

In the case of Ty, < 0, replace Ty pay With Ty iy in (4.19), (4.24) and (4.34). In the case of

W3 target > Wa, replace Ty min with Ty 1,y in (4.39).

4.5 Hybrid Optimal Control Problem of Minimal Energy
Consumption

On a given time interval [ty, ¢;], Speed4E vehicle is controlled by an EMS to minimize its energy
consumption. The torques are the continuous controls, i.e. u = (uy,u,)T = (Ty, T)T, of the system
H modelled in Section 4.4. The problem is formulated as a HOCP defined by Definition 2.12 as

@Ow0) = argmin | J10x0u0) (451)
J(aO,x0),u) = m (x(t7,)) + f "1, u@)de, (4.52)
to
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1(x,u) = xT - u + PLgyy (@1, 4) + Pl (02, 45),

- (4.53)

m(x(t)) = B ||x(¢) — x| ", (4.54)
T

X, = Ucy%e(tf) (l&,iz (q(tf))> , (4.55)

where the cost function (4.53) determines the electric power based on (4.12), which is not indexed
(discrete state dependent), since the calculation of electric power based on the variables of the
EMs does not require gear position. ||-|| calculates the Euclidean distance of a vector. The endpoint
functional m imposes the endpoint constraint to the optimization, i.e. the angular velocities of both
EM should correspond the speed from the driving cycle (vcy.) and the gear position. § is a coef-
ficient in the endpoint functional, whose value in the EMS is discussed in Section 5.2.1. The opti-
mization subject to the hybrid system dynamics elaborated in Section 4.4 and the admissible dis-
crete control set B, of the hybrid system H. Additionally, following constraints need to be met,

q(to) = qo (4.56)
x(to) = xo, (4.57)
x(ty) = xe,, (4.58)
Uy € [Ty min (1), Ty max(@1)], (4.59)
Uy € [Tomin(@2), Tomax (@3], (4.60)
w, € [wl,minrwl,max]' (4.61)
W3 € [W2mins W2max], (4.62)
qE€Q. (4.63)

where subscripts “0” and “f” indicate initial and final time point. Subscripts “min” and “max” indi-

cate lower and upper bounds.

Please be aware that u and T are used interchangeably in the rest of the thesis.

4.6 Summary

In this chapter, hybrid system formulation in the context of HOCPs and EMSs for a two-drive multi-
speed powertrain is presented. The discussion focuses on a specific example, Speed4E powertrain,
whose shift processes are represented in the hybrid system formulation by the corresponding dis-
crete states. With the goal of reducing computational intensity, certain simplifications are intro-
duced in such a way that the shift processes are primarily time dependent instead of solely contin-
uous states dependent. The latter approach requires a small time step and a small convergence
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tolerance, which are luxuries for algorithms developed for online operations. The duration param-
eters in the time dependent model are based on the simulation and experiment data from [141]

and [142]. The HOCP for Speed4E powertrain is formulated based on the mathematical model of
Speed4E powertrain.
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5 Development of Energy Management Strategy

The hybrid model Hgj,eeq4 has been developed in Chapter 4. This Chapter develops the predictive
EMS embedded with the HMP solution method, whose structure is shown in Figure 5.1. There are

two main components “Speed predictor” and “HMP solution” to be developed.

Driver's regyest EMS Conirols Powertrain Olgpgts
Ureq, ") el
_-*" OnlineEMSin - wf}'] bl
- a MPC framework  *s -
4 |20 I
_ Speed
Ureq predictor
93] [Vpred.[j) ™ Upred,[j+Ny ]
Hybrid system|
Cost H
functional |
HMP solution
Contraints

@) ~ wi?mp—ulufjﬂufﬂ ~ UGN, ]

Figure 5.1: Basic structure of the predictive EMS embedded with the HMP solution method.

In the above illustrated control loop, the outputs of the powertrain are identical to the states
(x). At the time t};), the driver requested acceleration (%.q) and the current continuous states xi;)
are the inputs of the speed predictor to generate the predicted speed in the prediction horizon
(Vpred,[j1~Vpred[j+ Np]). Given the predicted speed, the current discrete state (q;;) and the hybrid
system H, the HMP solution method determines the optimal continuous control function
(Upred,[j1~Upred,j +Np_1]) and the optimal discrete control sequence (@pred,[j]~@pred,[j +Np-1])- See

Section 3.2.2.1 for “N,, — 1”. Their values in the first time step are provided to the powertrain.

5.1 Vehicle Speed Prediction

A Markov chain (MC) model predicts the speed in the prediction horizon vp,eq. It's an important
method to model stochastic processes on discrete time [102, pp. 587-601]. Let {mc(n),n =

0,1,2, ...} be an infinite sequence in a discrete finite state space. It is a MC if the probability of
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moving to the next state depends only on the current state. A Transition Probability Matrix (TPM)
can define the probability between MC states by

tpm;; = P(mc(k + 1) = mcj| me(k) = mci), (5.1)

where tpm;; denotes the i-th row and j-th column in the TPM and k the discrete time index. i and

j index the MC states.

- -
o (]
=] =]

s
o

Vehicle velocity in km/h

0 500 1000 1500 2000

Time in s

Figure 5.2: WLTC speed profile

Given a speed profile such as WLTC in Figure 5.2, a two-dimensional grid is generated by dis-
cretizing speed v (0 to 36.5 m/s, interval 0.75 m/s) and acceleration v (-1.6 to 1.6 m/s?, interval
0.032 m/s?). The speed and acceleration at each second are assigned to a point on the grid by
nearest-neighbour method. A point on the grid is denoted by indexed MC state mc;, which repre-
sents a pair (v, v). The TPM can be estimated as

__count(me(k + 1) = mg;| me(k) = mc;)
v count(mc;)

tpm (5.2)

y

where “count(-)” counts the occurrences of the event in the argument. The MC states over the
prediction horizon that is discretized into N, time steps are sequentially

j =max(tpm;;), me(k) =me;, (5.3)
j
mc(k+1)=mc;, k=01,..,N,. (5.4)

The speed at each time point can be calculated according to the grid assignment. In what fol-
lows, the procedure to generate predicted speed with the MC model is referred to as predMC with
the current states, the requested acceleration and the length of prediction horizon as its inputs.
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5.2 Hybrid Minimum Principle Solution Method

In this subsection, the general HOCP in Section 4.5 in the prediction horizon is formulated, after
which the specific formulation of the optimality conditions derived from HMP discussed in Section
2.4.1 is given. The TPBVP that is transformed from the HOCP is provided, which is followed by its
numerical solution method. All algorithms are presented.

5.2.1 Hybrid Optimal Control Problem in the Prediction Horizon

The torques are the continuous controls, i.e. u = (u;,u,)" = (T}, T,)7, of the system Hspeeqsr- The

HOCP (4.51) is solved in the prediction horizon [tolp, tf,p], which is formulated as

(@ Ouw®)=argmin  J(g(),x(),u()), (5.5)
BBy u(EUC)
trp
7@, xOu))=m (x(tf_p)) + f W(x(@®), u(®))dt, (5.6)
lxw) =x"u+ PLEMl(a;lrul) + PLgmz (@2, u,), (=-7)
m ("(tf'v)) =5 ”"(tfrp) T Xy ” ’ (5:8)
Vpred(trp) (. . T .
xi,, = % ) (11,12 (q(tf,p))) ) (5.9)
subject to q(top) = dopr (5.10)
x(top) = Xop, (5.11)
x(trp) = %o, (5.12)
Uy € [Tl,min(wl)l Tl,max(wl)]f (513)
up € [Tz,min(wz): TZ,max(wz)]l (5.14)
w1 € [wl,minlwl,max]J (5.15)
w3 € [wz,mim wz,max]J (5.16)
€9 (5.17)

The algorithm predictiveEMS describes the predictive EMS. The function solveHMP solves the
HOCP with the HMP that is elaborated in the following sections. The square brackets at the sub-
scripts convey the idea that the numerical calculations are performed in discrete time. [0] indicates

the current time point. Based on xq) and the requested acceleration 4, predMC provides the

unconstrained predicted speed profile V' := [Ull)red,[o]’ Vpred 1] = Véred,[zvp]] and the predicted accel-

eration V' == [ﬁ’pred,[o], V' pred a]r s li.'pred’[Np]]. B in (5.8) is parameterized to make sure that x(t;,,)

5 Development of Energy Management Strategy 61



from the solution correspond to the predicted speed, which is discussed in Section 6.3.1. It is nec-

essary to have the solution process less sensitive to (5.8), so that the minimal of fttf P l(x(t), u(t))dt
o,p

can be stably found. Therefore, V' and V' are constrained in vehConstraints considering the max-

imum and minimum output torque of the powertrain given vehicle speed. The constrained pre-

dicted speed  profile V:= [vpred‘[o], Vpred 1] = vpred‘[Np]] and acceleration V=

[vpred,[o],vpred,m, ...,l.Jpred’[Np]] serve as the input for calculation of the requested torque in (4.4).

The constrained predicted speed is referred to as predicted speed in what follows.

predictiveEMS

input: x[O]? u[0]> q[o] 1.7req; Np

w, V’) = predMC(x[g}, Vreq, Np)
(V,V) = vehConstraints(V’, V")
(@ (), u' () = solveHMP(V, V, uyq}, q1o})

Return @* () and u*()

5.2.2 Conditions of the Hybrid Optimal Control Problem
To apply the HMP to the problem (5.5) with the constraints (5.10)-(5.17) specifically, the indexed

T . . . .
costates A, = (A;4,4,,) are introduced to formulate the indexed Hamiltonians

Hy(xw, ) = 1(x,u) + 43 - f,(x,0),

b(G,v,T, i
5(G, v Trota) “’tal)-(. p ) if g € Q\{g;l3 <j <9},
i,(6) ’

[l(x,u) + A7
b(G, v, Tioral) . (5.18)
1
I(x,w) + 47 - Tuz . ifqe{ql3<j<9}

®ST2,input

where the gear position G is determined by the discrete states and sub-states by (4.17), (4.26),
(4.31), (4.36) and (4.49). Function b from (4.6) calculates the vehicle acceleration. The backlash
means exclude. The second condition is activated, only when the sub-state q;.,3 <j <9, is acti-
vated (see Section 4.4.2.3). The dynamics of the indexed costates that defined in HMP (2.53) are

%,

A, = —W(x*,u*,lq), (5.19)
q
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. OPLpiy ab
Al,q =-T,— P (w1, uq) = /1111 P (G Y, Teotal)s (5.20)
Aag
aPL ab
(T2 = 5 @21) = hag 5 (60, T, i € O\{acl 3 <) <9}
= { aPL (521)
EM2 . .
( - (w2, up), ifq €{q;.13<j<9}
2

= and 34, are fully expressed in (C.6) in Appendix C. Use an extended state y, := (27 AT) to

dwq

keep the notation compact, whose dynamics follow

( ) fq(x,u;)
Vo=T(youg)=| 0Hq, . ., . (5.22)
q a\Vq %q _Wq(x’uq’ q)

The hybrid controls (w"(¢),u"(¢)) from (2.55) are determined by firstly

u, = ai%rergn}fq (2 ug 2y), (5.23)

subject to the constraints (5.13) and (5.14). Secondly, the discrete control is determined by

@ = argmin M, (x,uj, 4,), (5.24)
well,
W= (5.25)

The transversality condition (2.55) of the problem (5.5) is
Ay (tr) = 28 (x(ty) — x,,) = 0, (5.26)
which is evaluated by its error

@ = 2g()(t) = Vam (x°(t))- (5.27)
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5.2.3  Algorithm for Solving the Hybrid Optimal Control Problem

The function shootHMP determines a candidate solution of HMP, which produces a pair of con-
tinuous control function and discrete state sequence on the discrete time (U*,Q*), given a pre-
sumed initial costate i[o] and the initial state, discrete state and control (x[g}, q[o) and uy,)). The
dynamics from (5.22) are calculated by explicit fourth-order Runge-Kutta integration scheme
(RK4) described in Section 2.3. Its algorithm is omitted. The candidate is considered a solution,
when the norm ||®|| is smaller than the convergence limit ¢, which is evaluated in the function
solveHMP.

Figure 5.3 shows the flowchart of shootHMP. The timestep size of the discrete state sequence

(h) is 1 5. At every timestep, @ is enumerated in the set By, listed in Table 4.2. When the power-

ape
train stays in the same gear, the function “argmin” returns both the minimum value of the indexed

T'w,h —hsp - Nsp)

*
w )

RK4(ypy, v

w,d
,[Nsp]
Nsp]
uw
L7
w

=Y
B[]

false[ Ysp (o] -

qnext,w .

Foreachw € 'Bq[k]
true

Yo, [k+1]
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Hamiltonian #, and the corresponding control uy, (marked margenta), which is used to calculate
the dynamics for the indexed extended states at next timestep ¥ x+1]- During a shift process, i.e.
@ > 3, the state trajectory is calculated with a time step (hgp) of 0.01 s. The controls is predefined
by the shift process in 4.4.2 and the dynamics of the state are therefore autonomous. Ngp is the
time index, when the autonomous switching manifold (4.50) is met, i.e. a shift process finishes.
Gnext 1S the gear position at which the shift process ends. It is defined by B 4 in Table 4.3. uz; is
determined by minimizing the Hamiltonian in the target gear, which gives the T} ;¢\, and T, ey, in
Subsection 4.4.2.4. A “while” loop is performed until the control (ug) and the state (Ysp,ygp))
converge, which is evaluated by the relative change of their Euclidean norm (||-]|). The dynamics
are calculated in the rest of the time (h — hgp * Nsp) to determine yg .41)- His approximated by

the values during the shift process and the Hamiltonian in the g, together (marked margenta).
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After the enumeration of @, @" is chosen by finding the smallest indexed Hamiltonian. ujy, qjy;,

qi+1) and Yp.q) are determined accordingly.

Broyden method [143], a quasi-Newton method, is used to find the root of ®. The initial costates

are updated iteratively according to

Aopnsr = Aojn = J5 * Py (5.28)
Mgrn —Ji_, - AD,
S g Mt UL L Rkl Yy Y L (5.29)
]n ]n 1 AA-[[(-)]’n '];:_1 K A‘Dn [o]n ]n 1
3 3 3 (5.30)
Aljojn = Aoin — Ajoln-1,
AR, =@, — @, _,, (5.31)

where n is the iteration index. J;;, the pseudoinverse [144] of the finite-difference approximated
Jacobian matrix J,,, can be iteratively obtained without updating the Jacobian matrix. J is initial-
ized with a 2 x 2 identity matrix I,. See [143] for detailed explanation. The pseudoinverse is used
to replace the inverse in the original algorithm, so that the Broyden method can be executed, even
when the matrix J,, is non inversible. The Broyden method is implemented in solveHMP, whose
flowchart is shown in Figure 5.4, where broydenJacobian calculates J} based on (5.29)-(5.31).
The convergence criterion depends on the initial guesses 4y}, which are generated by the function

genlnitialCostate described in Subsection 5.2.4.

5.2.4 Initialization Inspired by Bang-Bang Controls

The guesses are initialized based on bang-bang controls, i.e. the control switches between upper
and lower bounds [145]. For the problem in question, it can be interpreted as that either EM
provides the total output torque on the wheels alone.

Figure 5.5 shows the flowchart of the function genInitialCostate. The Broyden method requires
two initial guesses, which eliminates g5, with which only one candidate with EM1 propelling the
vehicle is available. If the system starts with g, the discrete state q that is used in genInitialC-
ostate is either g, or g,, chosen by the smaller cost function at the initial time point. The state
trajectory over the prediction horizon X = [x[g), X[1], -, x[Nt]] is determined by the predicted speed
without calculating the dynamics. The output torque on the wheels over the prediction horizon
Total, Similarly defined as X, is determined by (4.4)-(4.6). An example of X and T, are shown
in Figure 5.6(a). Based on it, the torques of the EM1 and the EM2 providing the total output torque
on the wheels alone, T one and T, oneare calculated and are used to form the control functions
U a10ne and U006, respectively. The power losses in STs are neglected. Should the total output
torque on the wheels be not reached in either case, it is complemented by the other EM.
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Figure 5.4: Flowchart of solveHMP

~ Apn,u, = REA((@fy, Ay ,) " w0, Toy —h)
a T
~ Ap1,u, = REA((@fy, Ay p,) T w00 Doy —h)

Figure 5.5: Flowchart of genlnitialCostate

The control function for the first guess U, is formed by choosing the controls from U, o, and
Ua10ne When they cause a smaller cost defined by (5.7). T1,0ne denotes the set of the time indexes
when the condition in “find” is fulfilled. [0,1, ..., N;] / T1ai0ne denotes the set of the time indexes
that are not included in T,4ne. SWitch the sets and form the control function U, for the second
guess. Figure 5.6(b) shows an example of Uy,1one, Uzaione and the deviation of cost function along
the prediction horizon, (X, Uiaone) — [(X, Usaione)- Uy iS Uiaione, When the deviation is smaller
than or equal to zero, and U,,ne, When the deviation is positive. U, is the opposite order. An
example is shown in Figure 5.6(c). The initial values of costates are calculated backwards by (5.19)
with explicit Euler method, whose example is shown in Figure 5.6(d).
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Figure 5.6: An example of the initialization for a predicted speed profile with constant accel-
eration and the system is in q,. (a): predicted X and T ;. (b): approximated U, o, and
U a10ne- COMpare the cost function over the prediction horizon. (c): form U, and U,. (d) esti-

mate Ag)5,, 4010, by backwards integration.

5.2.5 Minimization of the Hamiltonian

Given (5.18) and a determined g, the minimization of the Hamiltonian (5.23) is expressed as

. o .
WL}In}[q(x,uq,lq)—nl)lzn 1(x,w) + 27 -

b (G, v, p(G, v, I}pred))

b (G, v,p(G, v, ﬂpred)) ) ( iy )

= n:lzn (l(x,uq)) +27- "

i>(q)

. (izi(1Q))'

(5.32)

which tells that the task is to minimize the cost function (5.7) over the control u, (torques of EM1

and EM2) for a given discrete state q.

In Section 5.3, the minimization of the cost function is studied.
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5.3 Minimization of the Cost Function
The minimization of the cost function is formulated as
rrlllin I(xu,),
l(;, w) = xT - u+ PLgy (01, ) + PLgy, (w,,u5),

subject to u € [Tl,min (wl)rTl,max(wl)]r
u, € [T2,min(w2)fT2,max(w2)]’
X, = fq(x' Tiotal)
_ b(q,v, Teorar) . ( iy )
r i(q))’
Totar = D1 (w1, Uy) * iy + Py g (w2, up) * i5(q)
q€{12}

(5.33)
(5.7)

(5.8)
(5.9)
(4.14)
(4.15)
(4.16)

*)

where in (*) only g, and g, are considered, since the torques are determined by (4.7)-(4.9) in
neutral gear position and the continuous controls are predefined during a shift process (g €
9\{q1, 42, q3}). The minimization is subject to the inequality constraints (5.8) and (5.9) as well as
the equality constraint (4.16). (5.15) and (5.16) are not considered, since x and q are given. Due
to the nonlinearity of the power losses functions in the cost function, the best-case scenario is to
have the problem solved with efficient algorithms for convex optimization problems (see discus-

sion in Section 5.5). Convex optimization problems refer to optimizing convex functions on convex
sets [63, pp. 136-137]. The cost function and the constraints of the problem (5.33) is shown in
Figure 5.7(a). The axes are the torques of both EM. The black square sketches the contour of the

— Tiotar = 1wy, w1} - i1 + ¢o(wa, u2) - i2(q)

= = Supporting line for linearity

[— Tt = Tors i1 + Torz - ia()|

60 60
40 40
4 20 g 20
2 z
g 0 E 0
& 20 & 20
-40 -40
-60 -60
-60 -40 -20 0 20 40 60 60 40 -20 0 20 40 60
T; in Nm TsT1 in Nm
@ (b)

x10°
1.5

Figure 5.7: The constraints of the minimization problem with following parameters: v = 60

km/h, Tioea = 1000 Nm, g = q;. (a) problem (5.33); (b) equivalent problem.
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cartesian product [Ty min(@1), Ty max(@1)] X [Tomin(@2), To max ()] from (5.8) and (5.9), which is
a convex set. The blue solid curve represents the equality constraint (4.16), while the dotted line
represents a line segment connecting both ends of the curve. Evidently, the optimization domain
that is constructed by (5.8), (5.9) and (4.16) is not a convex set (see its definition in [63, pp. 21-
26]). The problem (5.33) is not a convex optimization problem. An NLP problem needs to be
solved at each time step in shootHMP.

The minimization (5.33) can be proved to be equivalent to a convex optimization problem in
standard form, i.e. minimizing a convex function subject to convex inequality constraints and af-
fine equality constraints [63, pp. 136-137], which makes the use of efficient and broadly available
optimization algorithms, e.g. newton’s method [63, pp. 525-531] and interior-point method [146,
pp. 412-415] possible. Furthermore, additional inequality constraints can be found to make the
optimization domain smaller. The proofs are elaborated in Appendix D. The following subsections
provide the results of the proofs and the main idea of the proofs for better understanding.

5.3.1 Equivalent Convex Optimization

Lemma 1: the problem (5.33) is equivalent to a convex optimization problem in a standard
form.

Proof: See Proof of Lemma 1 in Appendix D.

Main idea of the proof: change the variables to the effective torques of both STs, i.e.

(TSTT}?TZ)T leq (¢1_Z)1 (Tst1), Prioyq (TSTZ))r (5.34)

leq (¢1_¢101 (Tst1), ¢2_,1wz,q (TSTZ))
= wy * 1, Tsr1) + 02" P74, 4 (Tsr2) (5.35)

+ PLgmy (wp Do, (TSTl)) + PLgyv, (wzrd)z_,zluz,q (TSTZ))l

subject to Tsr1 € {dsr1,0, (M) | T € Timro, ) (5.36)
Tsry € {¢ST2,mz MI|TEe TEMZ,mZ}J (5.37)
Xq=fq (x, Tyotal) (5.38)
_ b(q,v, Tioral) iy
=T () (539
Teotal = Tst1 " & + Tsrz2 " 12(q), (4.7)
q€{1,2}, (*)

where x and q are subscripted in (5.34) and (5.35) to avoid confusion, since the cost function is

optimized w.r.t. torques. The function ¢: R?> - R in (4.16) is more rigidly defined as
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Since the angular velocity w is given, the function is rewritten as ¢,,: R - R

Ty = ¢p(w,T) =T

PLsp(w,T)

T(w) ={T ER | Tpin(@) < T < Trpax(w)}.

TST = ¢m(T) =T

PLer(w,T)
1)

TET,,

Tm = {T ER | Tmin(w) <T< Tmax(w)}f

, T €T (w),

(5.40)

(5.41)

(5.42)

(5.43)

where the domain 7, is bounded by the maximum and the minimum torque of the EM depending

on w. ¢zt is the inverse function of ¢,,. Its existence and properties are discussed in Appendix D.

Figure 5.7(b) shows the cost function on the axes of the effective torques of both STs. The blue

line represents the equality constraint (4.7), which is affine. The optimization domain constructed
by (5.36), (5.37) and (4.7) is convex. By definition of convexity and the examination of ¢!, the
function to be minimized in (5.34) can be proved to be convex. (5.34) is a convex optimization

problem in standard form. The equivalency is shown in Appendix D.

5.3.2

Upper and Lower Bounds of the Torques

Tiotal = Tinf,max

NN
RS /

NANNNNRNNRNNN
0 Zone I Zone 1
SN Trotal < Taero Tiotal = Tinf,max
\\\\\ T\|T: 20 T\|T: =0

NN NN
NN
Y
RN \ \ N\

AN -
/////// / Thotal
/ Zone m / Zone IV

Tun al < Tpero Tiotal 2 Tinf,max

Figure 5.8: Torque range divided into several zones
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The domain of the optimization problem (5.33) and (5.34) are studied and reduced, so that the
optimization can be faster. According to (5.13) and (5.14), uj falls into the cartesian product of
the space [T min (1), Ty max(@1)] X [To.min(@2), Tomax(w,)] with given x = (wy, w,)" and q. To re-
duce the domain is to prove that ug only falls into a subset of the cartesian product of the space.
Furthermore, with the equality constraint (4.16) in mind, Ty, also needs to be considered. Intu-
itively, if Tyoq is @ large positive real number, both u; and u, are likely to be positive, and vice

versa. Therefore, instead of (u;,u,)", two vectors (Tyorap, Uy)T and (Tyopan )T are examined.

For a given x and g¢<3 , the (cartesian product of the space
[Ttotal,min (wlv wz)! Ttotal,max (wll (‘JZ)] X [Tl,min ((1)1), Tl,max(wl)] iS rnarked Wlth a blaCk square in Flg'
ure 5.8 with Ty as x-axis. For simple display, T; and T, share y-

axis. [Tmta],mi“ (w1, W2), Teotarmax (W1, a)z)] X [Tz,min (w2), T2 max (wz)] with a black square. By equality
constraint (4.16), there is

Trotamin (W1, @2) = ¢ (‘Ul: T1,min(w1)) i+ oy (wzr Tz,min(wz)) i (), (5.44)

Trotamax (@1, W2) = ¢ (‘Ul: Tl,max(wl)) i+ oy (werZ,min(wZ)) i (q). (5.45)

The torque of an EM minimizing the power loss of an EM or a ST individually is expressed as

Ty EMinf = argn%in Plgy; (w1, Ty), (5.46)
Ty EM2,inf = argn%in PLgyz (w5, Ts), (5.47)
TyisTainf = argn%in PLgry (w1, Ty, (5.48)
Ty s12inf = argngn Plgraq (w3, T2), (5.49)
Tijing = maX(TI,EMl,infr Tl,STl,inf) = T1 EM1,int (5.50)
Tyinf = maX(TZ,EMZ,infr TZ,STZ,inf) = T2 Emz,infs (5.51)

where the subscript “inf” denote infimum. For instance, T; gy, inf denotes the torque of EM1 that
minimizes the power loss of EM1. Examine the power losses of both STs and both EMs (see Figure
D. 1), 0 < Ty s71inf < Toemiine A0d 0 < Ty 19 inf < T2 gmz,ine> Which gives (5.50) and (5.51). The out-
put torques that is solely provided by either of the EM with the torques in (5.50) and (5.51) are

Ttotal,l,inf = ¢a)1,ST1 (Tl,inf) i+ ‘sz,STz,q(O) : iz(‘l)' (5-52)
Tiotalzinf = Py sT1 )i + Dy T2 (Tz,inf) “i,(q), (5.53)
Ttotal,inf,max = maX(Ttotal,l,ian Ttotal,z,inf)r (5.54)

where Toparinfmax iS the bigger one of the two output torques. Additionally, define the output
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torque on the wheels that both EM output zero torque according to (4.16) as

Trero = ¢w1,ST1 0)- i + ¢)mz,ST2,q 0) - i (Q)

(5.55)

The lines Tyora1 = Tinfmax aNd Tiotal = Trero are marked red in Figure 5.8. The cartesian product of
the spaces are then divided into several zones. It is firstly proved for Lemma 2, that (Tyo,), #7) and
( Tyorar, u3) fall into certain Zones, when Tigra < Thero OF Tiotal = Trotalinfmax> Which gives additional
constraints for the problems (5.33) and (5.34). T,ero < Tiotal < Ttotalinfmax 1S later addressed in

Lemma 3, since the domain of the optimization problem in this zone is different from the rest.

T
Lemma 2: Suppose (Tir1, Tsr2)" solves (5.34) and (uj, u3)" = (¢§T11,,,,1(T§T1),¢§T12,a,2(T§TZ)) is

the equivalent solution to (5.33). Following inequality holds

(1 € [0, Tymax(w1)],
I * Ttotal = Ttotal,inf,maxr
{uz € [O, TZ,max(wz)]:

U} € [Ty min(@,),0], T < (5.56)
kuz e [Tz,max(wz): 0], total zero’
Tsrq € [(pml,STl(O)' Do, sT1 (Tl,max(wl))]J
N Ttotal = Ttotal,inf,maxr
TSTZ € [¢w2,ST2,q (0)1 ¢w2,ST2,q (Tz,max(wz))] ’
Tsri € [¢w1,ST1 (Tl,min(wl)):¢w1,ST1(0)]r
N total < Tzero- (5 57)
TSTZ € [qbwz,STZ,q (Tz,max(wz)) ’ ¢m2,ST2,q (O)] ’ ’
— Thoeal = P1lwi, 1) - 41 + Pa(wa, us) - inlq) \ 108
15
4
1
2 05 .
é 0 Uy, Uz ) o E:
o uy + duy, up — dug) 5
2 0.5~
-1
-4
36 38 40 42 44
Ty in Nm
Figure 5.9: lllustration for Proof of Lemma 2.
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Proof: See Proof of Lemma 2 in Appendix D.

Main idea of the proof: Consider Tiota = Tipgmax, at least one of (Tyoeap, u3) and (Tyora), u3) fall in
“Zone I”. Due to the equality constraint (4.16), they cannot fall in “Zone IV” together. It can be
proved by contradiction that they fall in “Zone I”.

Assume u; > 0, i.e. “Zone I”, and uj < 0, i.e. “Zone IV”. Choose a u, € [0,u}) in such a way that

u, = 0 can be determined by (4.16). A point (u; + Suy,u, — 6uy)™, Su; > 0,8u, > 048, fulfils
(4.16) and locates between (u;,u,)" and (uj,u3)". These three points are marked in Figure 5.9,
an enlarged view of Figure 5.7(a) without the supporting line.

@, s11 and @, 124 Map (ug, ux)", (uy + Suy,up — 6uy)™ and (uf, u3)™ to (Tsry, Tsra) ™, (Tsry +
8Tsr1, Tsta — 8Tst2)T and (Téry, Tér,) T, respectively, where 6Tgr, > 0 and 6Tgr, > 0. They fulfil the
affine equality constraint (4.7). Since (5.34) is a convex function,

Leg (¢£¢1L)1(TST1)' Droa (TSTZ)) = Leg (¢1_Z)1 (Tst1 + 6Ts11), D2.00,.0 Tst2 = 6Ts12) ). (5.58)

However, (5.58) is shown to be false in Proof of Lemma 2. Ergo, the assumption does not hold.

The above process is repeated with modification for the case of uj < 0, i.e. “Zone IV”, and u} >
0, i.e. “Zone I”.

Therefore, (Tyoa, t1) and (Tyorar, 43) cannot fall in “Zone I” and “Zone IV” separately. When
Tiotal = Tinfmax> POth (Tioan, u1) and (Tyopay, u3) fall in “Zone I7.

The same is done for the case that Tigra < Tyero-
For the range that T,er < Tioral < Ttotalinfmaxs the following constraints can be found:

T
Lemma 3: Suppose (Tir1, Tsr2)" solves (5.34) and (uj, u3)™ = (¢;_},,1 (T;Tl),¢;},,z(T§T2)) is the

equivalent solution to (5.33). Following inequality holds

. 1 (Trotal = P2,004(T2in, “i,(q)
u; € [‘pl,}ul( = wzq(. = maX) 'Tl,inf,max )

21

T T i Tzero = Ttotal < Ttotal,inf,maxt
. 1 total — ¢1,w1( 1,inf,max) 151
u; € ¢Z.(U2rq i2 (q) ’ Tz,inf,max ’

(5.59)

48 See Proof of Lemma 2 for rigid definition.
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Ttotal - ¢Z,w2,q (TZ,inf,max) ) iZ (q)

TS*Tl € i ’ ¢)1,w1 (Tl,inf,max)] ’
1
. Tzero < Ttotal < Ttotal,inf,max' (560)
Tiotal — $1 w1 (Tl infmax) L
Tr, € o ¢35 (Taintmax)
ST2 i2 (q) »¥2,0,2,9\ 1 2infmax/ |/

Ty intmax aNd Ty inemax denote the torque of the EM1 and the EM2 providing a total output torque

of Tiotalinfmax, Which are

Tiotalinfmax — 0)-i
T1,inf,max - (l)l_,é)l( total,inf max ¢.)Z,a)2,q( ) 2(q)>, (561)

1

(5.62)

T.. — ¢_1 (Ttotal,inf,max - ¢1,m1 (O) ) il)
2,infmax 2,w2,9 .

i2(q)
Proof: See Proof of Lemma 3 in Appendix D.
Main idea of the proof: Lemma 3 can be proved by contradiction.

Assume u; > T jnemax- By doing so, (4.16) determines u; < 0 (torque of the EM2). Choose a
small increment §u, > 0 in such a way that uj — du; > Ty jy¢max- The equality constraint (4.16)
determines the new torque of EM2 corresponding to u; — §u, and is denoted as uj; + §u,, fu, > 0,
which satisfies u; + du, < 0. By optimality,

Leq((uy — 8ug, uy + 6uy)™) = 1, ((ug,up)™), (5.63)

which can be shown false in Proof of Lemma 3. Therefore, uj < T infmax-

Ttotal—¢wz,STz,q(Tz,inf,max)'iz(q))

Similarly, it can be shown that u; > ¢i}, ( p
1

5.4 Time Complexity of the Predictive EMS

The variables that influence the time complexity of the algorithm solveHMP are listed in Table
5.1. As discussed in Section 5.2.3, Ngp is dependent on the shift durations. Since the worst-case

4

time complexity, i.e. big-O notation?’, is discussed, it is assumed that a shift process takes up a

time step h. An integration scheme of Ngy order is applied to calculate the dynamics.

49 To state that the time complexity considering n as its variable is 0(g(n)) means that there exists a constant C
and C - g(n) is an upper bound of the time complexity [81, pp. 34-37].

5 Development of Energy Management Strategy 75



Table 5.1: Variables influencing the time complexity of solveHMP

Variable Description
Nopgve Number of the iterations to solve the TPBVP
N, Length of the prediction horizon
Nz Size of the admissible discrete control set
Nep = b Number of the time steps with a length of
hsp hsp that a shift process takes
Npg = 4 Order of the RK integration scheme
Ng, Number of the intervals of the time discretization grid for a time step in
the RK integration scheme
Nyhile Number of the iterations for the “while” loop in Figure 5.3 to converge
N, Dimension of the continuous controls
N, Dimension of the continuous states
N, Dimension of the extended states consisting of x and 4

The time complexity of solveHMP is the summary of five parts that are listed in Table 5.2.
time iy, and time,;ns are the time complexity of the minimization of the cost function and of the
Hamiltonian, respectively. They will be elaborated in the next paragraph. It is assumed that the
time complexity of all mathematical operations and logic operations cost the same complexity. In
shootHMP, the admissible discrete control set is enumerated. (5.65) estimates the time complexity
of determining the trajectories of x and 4 as well as uy through min# for @ < 3, i.e. the gear po-
sition does not change. (5.66) estimates the time complexity of the same procedure but for @ > 3,
i.e. the gear position changes. After each time step, “Evaluate” takes places. It finds the smallest
J out of a vector of Ny elements.

Nk - Ny, - Ng, - Crg calculates the complexity of the RK scheme. € denotes a constant, which is
used to summarize the number of the computation steps in a process that are independent on the
variables in Table 5.1. The subscripts of € indicate the process within which the operations are
summarized. For instance, Cyy is the constant for the RK integration scheme, whose value is esti-
mated to be 36 for calculating & and 4 at each step in the RK integration scheme. The time com-
plexity of searching in a look-up table grows linearly with the number of the points in its discreti-

zation grid, which is included in Cy<3, Cp>3 and Cgya-
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Table 5.2: Time complexity of each part in solveHMP

Initialization: timeyin; + Ny = Ny * Cini + Ny - (Ng - Ny, * N, - Crg) (5.64)

@ <3 Nrpgyp * Np - [timepminge + (Nrk " Ny * Ng, * Cri) + Carss ) (5.65)

Nrpgyp - Np . (NB -1 Nonite

shootHMP | @ > 3: . (5.66)
: [tlmeminw + Ngp - ((NRK *N, - Ng, - Cri) + Cm>3)]

Evaluate: Nrpgyp * Ny * (Ng + Crya) (5.67)

Broyden method: (Nepgyp — 1) - (NZ + N) - Coroyden (5.68)

The values of time,;,,; and time,;,;; depend on what kind of problems they are and how they
are solved. Without Lemma 1, both problems are treated as NLP problems, due to the nonlinear
equality constraints. A broadly available solution method in commercial software, e.g. Matlab, is
SQP. A SQP method was examined in [147], which showed that it takes no worse than 0(e™%)
iterations to solve a constrained nonlinear problem to e accuracy, where € € (0,1) is the accuracy
of the first-order necessary conditions for optimality [148]. Given the complexity of quadratic pro-
gramming at each iteration to solve a quadratic subproblem is 0(n?), the complexity of the whole
solution is approximately 0(n®¢~2), where n is the number of the inputs. Please be aware, this is
not a strict evaluation, since the approximation of the constraints has not been discussed. With
Lemma 1, both problems are treated as convex optimization problems in a standard form, which
can be solved by the interior-point method, an efficient method to solve convex optimization prob-
lems (see [63, pp. 561-620] for more information of the method). It was reported in [149] that
the complexity of using it to solve a convex optimization problem to € accuracy is 0(n>5log(1/¢)).
The default value of € in Matlab is 1x10® [150]. Given the small number of inputs of the optimi-
zation problem analysed in this Chapter, Lemma 1 reduces the complexity. Lemma 2 and Lemma
3 modify the inequality constraints so that the feasible set of the inequality constraints becomes

smaller, through which the interior-points method requires less iterations®® [63, pp. 592-594]. The

50 Assume that the feasible set of the inequalities is contained in a Euclidean ball of radius R. The complexity is
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reduction of time,;,; and time,;,5 through Lemma 2 and Lemma 3 is less significant than Lemma
1.

The first two most dominant parts in Table 5.2 are those involving the minimization and the RK
integration scheme. In big-O notation, their time complexities®! are O(Nrpgyp - Ny, Ng - Nyypjje 1% -
€72) and O(Nrpgyp - Ny * Ng * Nyhite * Nrg - Ny - Ng, ), respectively. With Lemma 1, the former is re-
duced to O(Nppgyp * Ny - N * Nyyyije - 12 - log(1/6€)).

Nrpgyp depends on the algorithm applied to solve the TPBVP and the initialization strategy. They
are the Broyden method and the Bang-Bang controls inspired strategy. A theoretical analysis is
difficult to perform. Their effects will be evaluated in a numerical simulation in Section 6.3.1.

5.5 Summary

This chapter has adopted the HMP and has developed a predictive EMS embedded with the HMP
solution method. The developed predictive EMS is schematically illustrated in Figure 5.10, in
which the major components for the algorithm are presented. The Broyden method has been ap-
plied for the first time for the solution of the HMP in the context of EMSs. The shooting process is
innovatively initialized by a strategy inspired by Bang-Bang controls. Importantly, the instantane-
ous Hamiltonian has been mathematically analysed, which produces Lemma 1, 2 and 3. The be-
haviour of the predictive EMS is to be evaluated in Chapter 6.

It should be pointed out that the algorithms in the predictive EMS are suitable to multidimen-
sional problems. On the other side, the works that used IMs that concern 1D problems—which are
in most cases in the literature, as mentioned in Section 2.4.2 and Section 3.2.1.2—are difficult, if
not impossible, to be extended to higher dimensional problems.

The HMP solution method involves the minimization of the instantaneous Hamiltonian, a non-
linear function, at each time step. The foremost advantage of showing the minimization is a convex
optimization problem is that the problem can be solved reliably and efficiently with the interior-
point method or other special methods for convex optimization [63, preface]. Furthermore, most
of these efficient and available algorithms require a standard formulation. Unfortunately, the prob-
lem (5.33) turns out not to be a convex optimization problem, let along one in a standard form.
Lemma 1 resolves the difficult situation with the prerequisite: the power losses of both EMs and
both STs are convex in the direction of torque. The power losses in this thesis are the simulation
data provided by the project partners. They fulfil the prerequisite (see Proof of Lemma 1).

dependent on logR.

51 Big-O notations ignore constants and lower order terms.
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Figure 5.10: Structure of the predictive EMS embedded with the HMP solution method, supple-
mented by Lemma1, 2 and 3. TPBVP solved by the Broyden method with the Bang-Bang con-
trols inspired initialization.

The convexity of the power losses might not hold if, among other possibilities, measured power
losses are used, due to measure errors etc. It can happen when either angular velocity or torque is
close to zero. One possible way to use the Lemmas would be separating the optimization domain.

The time complexity of the algorithm of the predictive EMS is analysed. It is noticed that Lemma
1, 2 and 3 have reduced the worst-case complexity of the algorithm. They can be transformed to
the proofs and the treatments for the optimization problems with similar settings in other applica-
tions and studies, even those that are not relevant to EMSs.
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6 Simulation Results of the Predictive Energy
Management Strategy

A predictive EMS embedded with the HMP solution method is developed in Chapter 5. The time
step h is set to 1 s and the time step during shift processes hgp is set to 0.01 s. This chapter discusses

the simulation results of the developed EMS.

The first part introduces two reference EMSs: (a) EMS naive optimal, an EMS that minimizes
instantaneous energy consumption but ignores shift processes and (b) EMS global optimal, a global
optimal provided by the DP, given the speed profile a priori. The EMS global optimal determines
the theoretical optimum for the HOCP, for which the predictive EMS strives. Note that both refer-
ence EMSs are identical, if the shift processes are neglected in evaluation, which is used in [13].

The second part investigates the solution process of the predictive EMS. In particular, it sheds
light on the process of solving HOCP through minimizing the instantaneous Hamiltonian. To show-
case the advantages of the HMP in the context of EMS, its solutions at several representative driv-
ing conditions are compared to those of EMS naive optimal. Furthermore, the iteration process is
presented. The convergence behaviour of solveHMP with the Broyden method is compared to a
commonly available Quasi-Newton method that requires little effort to implement.

The third part shows the result of driving cycle simulation. The WLTC is chosen as the speed
profile for the simulation, which is widely used as a standard driving cycle for evaluating EMSs.
The predictive EMS is compared to the reference EMSs. Additionally, the predictive EMS is studied
w.r.t. accuracy of predicted speed and length of the prediction horizon.

6.1 Reference Energy Management Strategies

Both reference EMSs are presented in the following subsections.

6.1.1  EMS Naive Optimal

A reference EMS minimizes the instantaneous cost function (5.7) subject to the constraints on the
EM torques and the angular velocities (5.13)-(5.17), the equality constraint on the total output
torque (4.16) and the dynamics of the continuous states (4.14)-(4.18). It assumes that a shift
process takes place instantly without energy consumption or recuperation, which limits the dis-
crete state to q € {qy, q,, q3}. With this setting, the EMS naive optimal has two DoFs and two inputs:
the vehicle speed and the total output torque. Optimization is performed over the whole input
space to obtain the look-up tables of the target gear positions and the EM torques. Figure 6.1 shows
the look-up table of the target gear positions.
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Total output torque in Nm

0 50 100 150 200
Vehicle speed in km/h

Figure 6.1: Target gear position look-up table

6.1.2 EMS Global Optimal

For a given driving cycle, the forward discrete DP>2 is implemented to solve the HOGP (4.51)
under the constraints (4.56)-(4.63). The length of time step is set to be 1 s. At each time step ¢,

the discrete control @y, is enumerated in the admissible discrete control space B, (see Table

(k)
4.2). For the discrete control representing the fixed gear positions, u, ) represents the EM1 torque
at tp. For the discrete control representing the shift processes, u, ) represents the EM1 torque
after the shift process in the new gear position, i.e.T; ey in (4.42). The torques during the shift
processes are predefined, as shown in Section 4.4.2. The admissible continuous space of u, }, i.e.
[Tomin(@10)s Tomax(@1x7)], is discretized to generate a grid G,,, of 1000 points, so that the incre-
ment on the grid is smaller than 0.1 Nm. u, ) is enumerated on the discretization grid G,,, [x]- Uz x]

can be determined according to u, ], the gear position G and the constraint (4.16).

6.2 Solution Process of the Predictive EMS

Given a combination of current speed and acceleration, the predicted speed profile in the predic-
tion horizon, N, = 10 in this subsection, are generated by predMC starting from t = 0 s, as de-
scribed in Section 5.1. Several examples of representative driving conditions are presented in Fig-
ure 6.2, in which (a) and (b) are the vehicle operating points from WLTC to represent launch with
small acceleration and deceleration at low speed, respectively. A speed profile of constant high
acceleration is formed in Figure 6.2(c). They are chosen to demonstrate the properties of the HMP

52T solve an OGP with the discrete DP is to solve the Bellman equation (2.48)-(2.50). Due to its recursive
nature, it is natural to perform the calculation in backwards time direction, i.e. in the order of t[y,j, t{y,—1]---
t[o]- As a result, states are calculated with backwards integration. In the case of free terminal conditions but
fixed initial conditions, e.g. the gear position is unknown at t[y,) but known at t(g, it is tricky to assign
reasonable values for states at t[y,] to obtain the global optimal. To avoid such inconveniency, the HOCP in
question is solved in forward time direction, which is equivalent to using backward discrete DP to solve the
HOCP with reversed speed profile and switched boundary conditions. Since its equivalency, the Bellman
equation for the forward DP is omitted.
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solution process that reaches different solutions compared to the EMS naive optimal.
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Figure 6.2: Predicted speed of individual solutions. (a) t = 512 s in the WLTC. (b) t = 376 sin
the WLTC. (c) high speed and moderate acceleration.

Given the predicted speed V := [vpred,[o], Vpred,[1]s = vpred,[,vp]] , solveHMP, shown in Figure 5.4,
solves the TPBVP transformed from the HOCP iteratively. At an iteration, shootHMP, shown in
Figure 5.3, determines the discrete control sequence and the continuous control functions by min-
imizing the instantaneous Hamiltonian through the prediction horizon. The following subsections

discuss this process.

6.2.1 Minimizing the Instantaneous Hamiltonian

This subsection discusses the difference between minimizing the instantaneous Hamiltonian and
minimizing the instantaneous cost with the examples from Figure 6.2, and does minimizing the
instantaneous Hamiltonian minimize the cost functional in the whole time interval.

Launch with small acceleration

Figure 6.3 presents such a process at the 1* second of an intermediate iteration of solveHMP
solving the HOCP given the predicted speed profile in Figure 6.2(a). Starting with the neutral gear
position, i.e. q(toyp) = q5, the powertrain can stay in the neutral or shift to the 1% or the 2" gear
position, i.e. the admissible discrete control set B, = {qs, s, 9o}. Figure 6.3(a) shows the angular
velocities of both EMs for each admissible discrete control. Since the ST1 is single-speed, the dis-
crete control does not change w,. w, evolves differently according to the different discrete con-
trols. Due to low vehicle speed, the shift durations in gz and g, at this instance are short. Thereaf-

ter, uy = (Tf_q,Tz“_q)T are determined through minimizing #, and are presented in Figure 6.3(b).
As shown in Section 5.2.5, it is equivalent to minimizing the instantaneous cost with a fixed q.
(5.19) determines the costates, which are illustrated in Figure 6.3(c). Though w, evolves the same
regardless of the discrete control, A, evolves differently, due to the different torques. The cost
function and the Hamiltonian as well as their cumulated values are presented in Figure 6.3(d) and

(e). The shift processes of gz and g, consume energy and, therefore, [, and l,, as well as their
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cumulated values are higher than those of g; in the first 0.2 second. However, the system con-
sumes less energy in the 1* and the 2" gear position for the rest of the time, so that the cumulated
cost of g5 at the end of 1* second is the highest among the three. An EMS that minimizes the
instantaneous cost, i.e. the electric power, may it consider shift processes or not, chooses qg. Inter-
estingly, under the HMP, the predictive EMS chooses g5, since the resulting Hamiltonian of g, i.e.

Hy, =1+ 4L, " fq, (see (5.18) in Section 5.2.2), is averagely and cumulatively the lowest.
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Figure 6.3: The instantaneous Hamiltonian in the 1 second: (a) angular velocities, (b) tor-
ques, (c) costates, (d) cost function and (e) Hamiltonian.
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Figure 6.4: Comparison of the solution by minimizing the instantaneous cost, (a) and (b), to
the one by minimizing the instantaneous Hamiltonian, (c) and (d). (a) and (c): states and
costates. (b) and (d): continuous and discrete controls. (e) Deviation of cumulated cost.

One might ask: is minimizing the instantaneous Hamiltonian beneficial? Figure 6.4 compares
the solution of minimizing the instantaneous cost to the one generated by the HMP over the whole
prediction horizon. Figure 6.4(a) shows the continuous states of the former solution. To achieve
the lowest cost at each time step the system remains in q,, after it shifts from the neutral to the 1*

gear position, i.e. qg at the beginning of the time interval. The corresponding controls are pre-
sented in Figure 6.4(b). On the other hand, under the HMP, the system remains in q; over the time
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interval, as the discrete control sequence in Figure 6.4(d) shows. The state and the costate trajec-
tories are presented in Figure 6.4(d). solveHMP finds a solution, as the costates in Figure 6.4(c)
evolve to zero and fulfil the transversality condition. Figure 6.4(e) compares the cumulated cost
over the time interval. The blue curve represents the value of minimizing the instantaneous cost
and the brown curve shows the deviation between both solutions. A negative deviation at t = 10 s
means that the solution by the HMP reduces cumulated cost over the whole time interval. The
HMP manages to minimize the integral, though the cost during the time interval are not always
the minimal, which is indicated by a positive deviation in Figure 6.4(e).

It is worth mentioning that 4 plays an important role during the process. Only when 4*(+) fol-
lows its dynamics in (2.53) and meets the transversality condition in (2.55), the HMP locates a
minimal for the HOCP?3. Figure 6.5 shows the Hamiltonian in the 1% second with negative
2,(t = 0) and 2, (t = 0) values, which are randomly initialized instead of using the initialization
inspired by Bang-Bang control developed in 5.2.4. x,("), u,(*) and [, () are the same as Figure
6.3(a), (b) and (d). At this iteration, shootHMP chooses gg for the 1% second, since Hy, 1s the
smallest, which leads to the same controls as Figure 6.4(b). Section 6.2.2 will present the results

of the iteration process of solveHMP, through which A1*(+) is found.
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Figure 6.5: Hamiltonian given different costates in 1st second. (a) costates. (b) Hamiltonian.

Deceleration at low speed

For the predicted speed profile in Figure 6.2(c), the solutions generated by the EMS naive optimal
and by the predicted EMS are presented in Figure 6.6. The system starts with the 1% gear position.
Figure 6.6(b) shows that the EMS naive optimal requested 2 shifts, the 1* to the neutral gear
position (ge) and the neutral to the 1* gear position (gg). On the other hand, the predicted EMS
requests a constant gear position during the time interval, as Figure 6.6(d) shows. It has the vehicle

consume 326 J less energy (3.5 %).

53 See [16, pp. 184-189] and [16, pp. 228-236], if the reader wishes to understand the mathematical role of
costates and Hamiltonian.
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Figure 6.6: Comparison of the solution by minimizing instantaneous cost, (a) and (b), to the
one by minimizing instantaneous Hamiltonian, (c) and (d). (a) and (c): states and costates. (b)

Moderate acceleration at high speed

and (d): continuous and discrete controls. (e) Deviation of cumulated cost.

The requested acceleration in the above mentioned two predicted speed profiles is within the range
of the admissible output torque of the powertrain. The example shown in Figure 6.2(c) includes a

combination of speed and acceleration outside that range.

Starting with the 1% gear position, under the EMS naive optimal, the system shifts to the 2™
gear position (q,) in the first second, as shown in Figure 6.7(a) and (b), for the combination
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Figure 6.7: Compare the solution by minimizing instantaneous cost, (a) and (b), to the one

by minimizing instantaneous Hamiltonian, (d) and (e). (a) and (d): states and costates. (b)

and (e): continuous and discrete controls. (c) deviation of vehicle speed. (f) deviation of cu-
mulated cost.

of speed and output torque enters the “2" gear position” area of the look-up table in Figure 6.1.
During the shift process, T; is limited by its upper bound that lowers as w, increases (see Figure B.
1), and cannot compensate the change of T, to accelerate the vehicle as requested. Consequently,
controlled by the EMS naive optimal, the vehicle speed (blue curve in Figure 6.7(c)) lags after the
shift process in the first second. In order to restore the vehicle speed, the acceleration is modified
to a higher level, and the combination of speed and output torque moves upwards in the look-up
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table in Figure 6.1. The 1% gear position is selected as the target gear. Same to the first shift process,
the second shift process causes a speed lag. The EM1 continuous to provide torque until w, reaches
its upper bound (5.15). On the other hand, under the predictive EMS, the system stays in q,, as
shown in Figure 6.7(d) and Figure 6.7(e). The HMP generates a solution with a higher vehicle
speed that is closer to the reference speed. It consumes more energy, as shown in Figure 6.7(f).

The EMS naive optimal does not consider the information of the system dynamics, which can
cause consecutive shifts between two gear positions and worsen the drivability of the vehicle.

6.2.2 Convergence of the Solution

The algorithm solveHMP initializes the solution, evaluates the outputs of shootHMP iteratively
through the Broyden method and determines the optimal control.

For the solution process of the speed profile in Figure 6.2(a), Figure 6.8(a) shows the iterations
of the error of the transversality condition on a logarithmic scale, in which the subscript denotes
the index of elements in a vector. The absolute values |®,| and |®,| shrink to 2.44 x 107'* and
0.63 x 10~* with 7 iterations, respectively. The convergence behaviour for this solution is com-
parable to a fast 1-D method called “Pegasus” reported in [71] that finds the root of x3 + 1 =0
with an error of 107'* magnitude with 9 iterations. Figure 6.8(b) shows the indexed iterations
with the initial costates on the x- and y-axis. The z-axis shows the Euclidean norm of the error ||®||
on a logarithmic scale. The first two guesses, marked green, are generated by genInitialCostate
(see Section 5.2.4), and the rest is updated by the Broyden method in solveHMP. The norm of the
error at the final iteration, marked red, reaches a magnitude of 10714,
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Figure 6.8: Convergence behaviour for the speed profile in Figure 6.2(a). (a) The error of the
transersality condition at each iteration. (b) The initial costates vs. the Euclidean norm of er-
rors at each iteration

The error does not necessarily have to converge to a magnitude of 107'*. As described in
solveHMP in Figure 5.4, the limit for convergence is positively correlated to the norm of ;1[0]_1 and

z[o],z, i.e. the first two proposed costates. Figure 6.9 shows the iteration of errors of the solution
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process for the speed profile in Figure 6.2(b). The error reaches a magnitude of 1075 at the 10"
iteration. Since the 6™ iteration, the discrete and continuous control functions presented in Figure
6.6(d) is found. At the 8" iteration, the error meets the convergence limit, i.e. |®|| < . Figure
6.10 shows the iteration of errors of the solution process for the speed profile in Figure 6.2(c).
||®|| reaches a magnitude of 10~ at the 6" iteration.
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Figure 6.9: |®,| and |®,| of the solution process for the speed profile in Figure 6.2(b).
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Figure 6.10: |®,| and |®,| of the solution process for the speed profile in Figure 6.2(c).

6.2.3 Convergence Behaviour Compared to SQP

As mentioned in Section 2.4.1, Quasi-Newton methods are suitable for the TPBVP. SQP, one of
Quasi-Newton methods, is available in various software, e.g. Matlab and Python. It is implemented
in an EMS in Matlab with its standard optimization toolbox>. Figure 6.11 presents the structure
of the EMS, in which the only difference is that Z[OJ in solveHMP (see Figure 5.4) is iteratively
proposed by SQP instead of the Broyden method. The convergence behaviour of solveHMP with

54 Solving the TPBVP is considered minimizing the error of the transversality condition (5.27), rglinlltbll, with
0

the SQP active-set algorithm proposed in [151, 152]. The minimization is initialized with point (0,0)T and
executed with default setting in Matlab.
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SQP is compared to the one developed in Chapter 5, i.e. solveHMP with the Broyden method.
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Figure 6.12: Comparison of the iterations of error

For the same predicted speed profile as in Figure 6.2(a), convergence of the solution can be
reached through solveHMP with SQP. Figure 6.12 compares the iterations of error of both algo-
rithms. The error of the transversality condition of the solutions proposed by solveHMP with SQP
shrinks gradually and steadily. It meets the convergence limit, i.e. ||®|| < ¢, in 25 iterations, which
is slower and less accurate than solveHMP with the Broyden method.
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6.3 Driving Cycle Simulation

Driving cycle simulations with the WLTC (see Figure 5.2) are performed. The vehicle model follows
the dynamics of the hybrid system described in Section 4.4. Its EMS is called once every 1 s. The

length of the prediction horizon is 10 s and that of control horizon is 1 s.

6.3.1 Iteration Statistics

At each time point in the WLTC, predictiveEMS developed in Section 5 is carried out. Figure 6.13
summarizes the iteration number, i.e. Nypgyp in Section 5.4, that each solution from solveHMP
takes to converge. The solutions at standstill are discarded. With the Broyden method and the
initialization developed in Section 5, 1429 out of 1575 solutions (90.6 %) require less than or
equal to 7 iterations. The convergence behaviour in the WLTC remains unchanged with different
value of coefficient 8 in (5.8), since the speed calculated in the solveHMP is close to the con-
strained predicted speed. 8 = 1 is chosen for the simulation study in the rest of this work. On the
other hand, with SQP, the predictive EMS in Figure 6.11 requires at least 20 iterations to converge.
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Figure 6.13: Iteration numbers for solutions to converge. (a): solveHMP with the Broyden
method. (b): solveHMP with the SQP.

6.3.2 Comparison to EMS Naive Optimal

This subsection compares the predictive EMS to the EMS naive optimal. The comparison focuses
on the energy consumption and the shift count in the driving cycle.

Overall evaluation

Figure 6.14 compares the discrete state sequences of the EMS naive optimal, upper half, and the
predictive EMS, lower half. Each discrete state is marked with a colour listed in the legends. In the
WLTC, the reference EMS requests in total 123 shifts, while the predictive MPC requests in total
45 shifts. The energy consumption of the EMS naive optimal in the WLTC driving cycle simulation
is 11.55 kWh/100 km, while the value of the predictive EMS is 11.53 kWh/100 km. The predictive
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EMS reduces 0.26 % energy consumption and 63.41 % shift count.
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Figure 6.14: Discrete state sequences of the EMS naive optimal and the predictive EMS

Although the predictive EMS has reduced a large number of shifts successfully compared to the

EMS naive optimal, 10 unnecessary shifting instances happen, at which the ST2 shifts between

two gear positions within 2 seconds. They are caused by the change of the sign of requested accel-

eration, which is not reflected by the predicted speed profile. Figure 6.15 shows two examples.
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Figure 6.15: Predicted speed vs. real speed at (a) 663 s and (b) 797 s.
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Figure 6.16: Gear distribution of (a) the EMS naive optimal and (b) the predictive EMS.
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Gear distribution and EM operating points

Figure 6.16 compares the gear distribution of both EMSs in the WLTC. Based on Figure 6.14 and
Figure 6.16, it is easy to notice that the ST2 primarily stays in the neutral gear position, when it is
controlled by the predictive EMS. It only shifts to the 1% gear position under negative acceleration.

The vehicle, under the control of the EMS naive optimal, shifts to the 2" gear position at high
speed and positive acceleration. Figure 6.17 shows the control and the resulting energy consump-
tion of both EMSs between 1560 s and 1580 s of WLTC, during which the ST2 appears in the 2™
gear position. Energy is consumed and is recuperated, when the ST2 shifts to the 2" gear position
and back to the neutral gear position in Figure 6.17(c), respectively. It consumes more energy
compared to the predictive EMS, which is shown by a negative deviation in Figure 6.17(b).

Figure 6.16(a) shows that, under the EMS naive optimal, the ST2 shifts to the 1* gear position,
when either the absolute value of acceleration is higher than or equal to 1 m/s? or the speed is
close to zero. The predictive EMS, on the other hand, requests the same, when the acceleration is
lower than or equal to -1 m/s? or the speed is close to zero. Figure 6.18 summarizes the operating
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Figure 6.17: Control and energy consumption between 1560 s and 1580 s. (a) Speed and ac-
celeration. (b) Energy consumption and its deviation. (c) Torques and gear positions of the
EMS naive optimal. (d) Torque and gear positions of the predictive EMS.
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duration of both EMs at different operating points. On the X and Y axes, the power losses of EMs
are illustrated. It can be noticed that, with the EMS naive optimal, the EM2 operates at the oper-
ating points with 20 Nm and -20 Nm longer than the case with the predictive EMS, which corre-
spond to the areas of 1% gear position above 1 m/s? and below -1 m/s? in Figure 6.16(a).
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Figure 6.18: Operating durration of both EMs. (a) and (b): the EM1 and the EM2 of the EMS na-
ive optimal. (c) and (d): the EM1 and the EM2 of the predictive EMS.

Figure 6.19 shows the control and the resulting energy consumption of both EMSs between 255
s and 295 s of WLTC, during which the ST2 appears in the 1* gear position. With the EMS naive
optimal, The ST2 shifts back and forth between the neutral and the 1* gear positions, as shown in
Figure 6.19(c). The energy saved in the 1% gear position and the recuperated energy does not
compensate the energy consumed for shifting.

6.3.3 Comparison to the EMS Global Optimal

This subsection compares the predictive EMS to the EMS naive optimal.
Overall evaluation

Figure 6.20 compares the discrete state sequences of the EMS global optimal, upper half, and the
predictive EMS, lower half. The sequences of both EMSs largely coincide with each other. Thanks
to the information of the speed profile as a priori and the hybrid formulation including the shift
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processes, the EMS global optimal only requests in total 27 shifts in WLTC, which is lower than
that of the predictive EMS. The total energy consumption of the EMS global optimal in the WLTC
driving cycle simulation is 11.51 kWh/100 km, while the value of the predictive EMS is
11.52 kWh/100 km. The predictive EMS falls short by 0.018 kWh/100 km (0.18 %) compared to

the global optimal.
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Figure 6.19: Control and energy consumption between 255 s and 295 s. (a) Speed and accel-
eration. (b) Energy consumption and its deviation. (c) Torques and gear positions of the
EMS naive optimal. (d) Torque and gear positions of the predictive EMS.
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Figure 6.20: Discrete state sequences of the EMS global optimal and the predictive EMS.
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Gear distribution

After comparing the gear distribution of the EMS global optimal in Figure 6.21 and that of the
predictive EMS in Figure 6.16(b), it can be noticed that the EMS global optimal requests the 1*
gear position with acceleration larger than 1 m/s? e.g. near 765 s, 960 s and 1160 s in Figure 6.20.

o 2
E % 1st Gear
E= % 2nd Gear
2 1 Neutral
el
i

0 50 100 150

Vehicle speed in ki /h
Figure 6.21: Gear distribution of the EMS global optimal.

Figure 6.22 shows the control and the resulting energy consumption of both EMSs between
1150 s and 1170 s of the WLTC. With the EMS global optimal, the ST2 appears in the 1* gear
position for ca. 8 s, as shown in Figure 6.22(c). The deviation in Figure 6.22(b) between 1153 s
and 1161 s declines, which indicates that the vehicle consumes more energy in the 1% gear position
(controlled by the EMS global optimal) than in the neutral gear position (controlled by the predic-
tive EMS). However, with the control shown in Figure 6.22(c), the EM2 recuperates much more
energy at the shift from the 1* to the neutral gear position than it consumes at the shift from the
neutral to the 1% gear position, since the former shift process has a larger angular velocity differ-
ence. The energy consumed and recuperated during both shift processes are compared against
each other in Figure 6.23. As a result, the predictive EMS consumes more energy between 1150 s
and 1170 s. The predictive EMS falls short in this case, due to its less accurate speed prediction.
At 1153 s when the EMS global optimal requests an upshift based on the WLTC as a priori, a
predicted speed profile below the real speed profile in the prediction horizon is generated for the
predictive EMS, which is shown in Figure 6.24. The same situation happens at 765 s and 960 s.
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Influence of the Prediction Accuracy

Sections 6.3.2 and 6.3.3 have shown the negative influence of inaccurate prediction on the control
with examples. To investigate the influence of the accuracy of the predicted speed profile, this
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subsection replaces the MC predictor in the predictive EMS in Figure 5.10 with a zero-error pre-
diction model, as shown in Figure 6.25. At t[;, the speed from the driving cycle are considered the

predicted speed in the prediction horizon, as

[vpred,[j]' Upred,[j+1]s > vpred,[j+Np]] = [vcycle,[j]r Veycle,[j+1] =**» vcycle,[j+Np]]' (6-1 )
Driver's request EMS C(;ilt%rols Powertrain Ol;tngts
/Ureq’ R [4] [4]
,/’ Online EMS in \\\
-’ a MPC framework <
4 R I

Zero-error
predictor
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Hybrid system|
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K lum\“m ~ ’u[j+Np—y

Figure 6.25: Structure of the predictive EMS with zero-error prediction.

The discrete state sequences of the EMS global optimal and the predictive EMS with the zero-
error prediction are compared in Figure 6.26. The unnecessary shifting instances between 600 s
and 1000 s that are noticed in the lower part of Figure 6.14 and Figure 6.20 are absent. At 767 s
and 1153 s, both EMSs request the same gear position, which was not the case for the predictive
EMS, as discussed in Section 6.3.3. With zero-error prediction, the predictive EMS reduces energy
consumption in WLTC compared to the one with the MC predictor. It falls short by 0.01 kWh/100
km (0.10 %) compared to the EMS global optimal.
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Figure 6.26: Discrete state sequences of the EMS global optimal and the predictive EMS with
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6.3.5 Influence of the Length of the Prediction Horizon

As mentioned in Chapter 3, the length of the prediction horizon N, influences the performance of
a predictive EMS [37]. Figure 6.27 shows the WLTC simulation results of the predictive EMS with
N, growing from 1 till 30. The energy consumption decreases from 11.540 kWh/100km to
11.528 kWh/100 km, as the N, increases from 1 to 10. At the same time, the shift count is reduced
from 101 to 45. Rising N, further reduces the energy consumption and the shift count until they
saturate at the level of 11.525 kWh/100 km and 39, respectively. The predictive EMS with N,, = 1

is equivalent to minimizing the instantaneous energy consumption including the shift processes.
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Figure 6.27: Energy consumptions and shift counts of the predictive EMS with different pre-
diction horizon.

Figure 6.28 summarizes the elapsed time of the driving cycle simulations of the predictive EMS
with different N,,. N,, = 1 is not included, since it requires no iteration. As analysed in Section 5.4,

6 Simulation Results of the Predictive Energy Management Strategy 99



the time complexity of solveHMP grows primarily linearly with the iteration number (Nypgyp) and
N,,. The elapsed time grows almost linearly between N,, = 2 and N,, = 12 in Figure 6.28, since their
iteration numbers of each solution change little. Their average values are presented in Figure 6.29.
Between N,, = 2 and N,, = 12, the average iteration numbers are close to 6. As N, continues to
increase, the elapsed time grows faster than linearly, since the average iteration number grows
with N, in the form of polynomials, as Figure 6.29 shows. Figure 6.30 summarizes the iteration
number that each solution from solveHMP with N,, = 30 takes to converge. Averagely 10.2 itera-
tions are required, which is marked by a red line. 917 solutions require 5 iterations to converge,
while there are 1429 solutions in the case of the predictive EMS with N,, = 10, whose results are

presented in Figure 6.13.
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Figure 6.28: WLTC Simulation elapsed time>® of the predictive EMS with different prediction
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Figure 6.29: Average iteration numbers of the predictive EMS with different prediction hori-
zon.

55 The simulations are performed on a computer with Intel i5-8600K CPU with 3.60 GHz.
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Figure 6.30: Iteration numbers for solutions in the predictive EMS to converge. N,, = 30.

With the saturation of the predictive EMS with N,, = 12~30 in Figure 6.27 in mind, it is only
necessary to consider a N, smaller than 14. For a real-world application that requires the predictive

EMS to response at a fast pace, N,, is limited by the computational capacity of hardware.

6.4 Summary

In this chapter, the predictive EMS developed in Chapter 5 is investigated in a simulation environ-
ment from two perspectives: the solution process and the performance in the driving cycle simu-
lation.

The solution processes for several representative driving conditions show how minimizing the
instantaneous Hamiltonian leads to minimizing the cost functional. It also prevents consecutive
shiftings between two gear positions that worsen the vehicle’s acceleration at high vehicle speed.
The Broyden method with the Bang-Bang inspired initialization in solveHMP shows comparable
convergence behaviour to the Pegasus method for a 1-D root finding example. It also shows obvi-
ous advantages, compared to applying the optimization tool box in Matlab to solve the 2-D TPBVP.

The energy consumption and shift count in the WLTC simulation of the predictive EMS is com-
pared to those of the EMS naive optimal and the EMS global optimal, which are summarized in
Figure 6.31. It is worth mentioning that the EMS naive optimal is a global optimal if shift processes
of the vehicle model for evaluation are neglected, i.e. shifts happen instantly and shift processes
consume or recuperate no energy. The metrics of the predictive EMS fall between the EMS naive
optimal and the EMS global optimal. As the prediction horizon elongates, the performance of the
predictive EMS approaches that of the EMS global optimal, until it meets a limit. Although not
realistic, the limit can be exceeded by replacing the speed predictor to a zero-error predictor. Its
performance represents the limit of pursuing a more accurate vehicle speed predictor for the pur-
pose of predictive EMS.
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Figure 6.31: Energy consumptions and shift counts of all mentioned driving cycle simulation.

The elapsed time for simulation is analysed. Figure 6.32 presents its relationship to the multi-
plication of N,, and Nrpgyp, the average iteration number of all solutions in a simulation. A sup-
porting dashed line is generated by linear regression. It shows that the computation duration grows
almost linearly with N, - Nppgyp, Which provides evidence for the complexity analysis in Section
5.4. The nonlinearity is caused by the less dominant parts in the algorithm analysed in Section 5.4

as well as the different discrete state sequences in the simulations.
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Figure 6.32: WLTC Simulation elapsed time of the predictive EMS.

It is observed that the EM1 propels primarily the vehicle through the WLTC. Furthermore, under
the control of the predictive EMS, the ST2 stays away from the 2" gear position. One reason is
that Speed4E vehicle rarely drives with high speed and high acceleration under the WLTC. Figure
6.33 presents the discrete state sequences of the predictive EMS and the EMS naive optimal in a
driving cycle simulation whose speed profile comes from the real-world driving data collected on
a test vehicle of the IMS. The speed predictor is based on a Radials Function Neural Network
chosen out of the comparative study [135]. Figure 6.32 compares their gear distributions. With
high speed and high acceleration, both positive and negative, the predictive EMS requests the
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vehicle to shift into the 2™ gear position. The predictive EMS reduces 84 % of the shift count (from
126, under the EMS naive optimal, to 20) in the driving cycle simulation. The energy consumption
is reduced by 0.55 % (from 16.64 kWh/100 km to 16.55 kWh/100 km). However, it is still the EM1
that primarily propels the vehicle the ST2 in the neutral gear position. This information can be
used to optimize the powertrain (selecting EMs and gear ratios).
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Figure 6.33: Discrete state sequences of the predictive EMS and the EMS naive optimal.
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Figure 6.34: Gear distribution of (a) the EMS naive optimal and (b) the predictive EMS.
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7 General Multi-Drive Multi-Speed Electric Vehicle

This chapter extends the results from Chapter 4 and Chapter 5 to propose a unified framework for
designing EMSs for a general multi-drive multi-speed BEV with M EMs that each connect with a
ST, M =2, M € N. It can be imagined as the two-drive electric powertrain shown in Figure 3.1
with more EMs and STs parallelly coupled. However, as mentioned in Section 1.1, the general
multi-drive multi-speed electric powertrain is meant for vehicles in a general sense, but not neces-
sarily passenger cars. The continuous states of the system are the angular velocities x =
(wy, wyy, -, wy)- The continuous controls are the EM torques u := (T}, Ty, ..., Ty)-

71 Hybrid System Formulation

The general multi-drive multi-speed BEV is modelled in this part with the assumption that all STs
are either single-speed or share topology with the ST2 in Speed4E powertrain. Different classes of
multi-drive electric powertrains can be achieved with different complexity. In the first two follow-
ing subsections, all STs are multi-speed. Under such a setting, two different complexity levels can
be realized through two assumptions. The first assumption for the lowest complexity: one ST shifts
at a time. The second assumption for the highest complexity: As many as possible STs shift at the
same time. The third subsection extends the model with the highest complexity. It is assumed that
the number of multi-speed STs is smaller than M—the class that Speed4E powertrain belongs.

7.1.1  One ST Shifts at a Time

It is assumed that one ST shifts at a time. Based on Hgpeeqsr in Section 4.4, the M-drive multi-speed
powertrain can be represented by the hybrid automaton in Figure 7.1, in which M sub-automata
help to model M EMs with their respective STs. Each sub-automaton takes over the model from
Figure 4.5, whose switching conditions and sub-states are omitted for simplicity.

Importantly, the discrete state of the whole hybrid system is determined by a combination of
the discrete states of all sub-automata, i.e.

7 = (qy, qu - qm)s (7.1)
n €9y, ne€ll, (7.2)
= {L1,..,M}, (7.3)
9n = {1 Gnz ) Anor Anar Db - Anoa)- (7.4)

qy is the discrete state of n-th sub-automaton, which is determined by w;,,, the discrete control in

the n-th sub-automaton. The discrete set Q,, includes the discrete states and the sub-states of the
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sub-automaton that are defined in the same way as in Section 4.4. The discrete set of the whole
hybrid system is Q := {Q, Qy;, ..., Oum}- For compactness, the discrete states and the sub-states rep-
resenting the shift processes form a set Qgyi. For the n-th sub-automaton, there is a set Q,, spif-
Roman numbers are used for indexing to differentiate g; and q, in the hybrid system of Speed4E
powertrain. They are also used for indexing entries in vectors.

<3 M€ OM shift

a1 <3 qu € Qi shifs g1 <3 gu € Omshi

q1 € Qrsnite qur <3

q1 € Qrshife o <3

qu1 € Qrshife gv < 3

Figure 7.1: Hybrid automaton of a M-drive multi-speed powertrain with the first assumption.

Table 7.1: Admissible discrete control set, controlled switching.

qn Admissible discrete control (B, )
1 1 4 6
2 2 5 7
3 3 8 9
vn' ell,qyt7) <3

Suppose that the n-th ST performs shifts, q,, changes to a discrete state representing shift pro-
cesses. Given the assumption that one ST shifts at a time, the rest qp,,, remains at their last values.
The prerequisite is that all sub-automata are at their discrete states representing fixed gear posi-
tions. More specifically, at a time point t, a controlled switching can happen, if and only if V n €
11, g, (t7) < 3. For intuitive understanding, a controlled switching can be seen as the activation of
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a sub-automaton. If the last activated sub-automaton is at a discrete state representing a fixed gear
position (the red conditions outside the sub-automata in Figure 7.1), a controlled switching can
activate a new sub-automaton (the blue arrows outside the sub-automata in Figure 7.1). Table 7.1
defines the admissible control set for controlled switching of the n-th sub-automaton including the
prerequisite for w,(t) € {%,4' Qn,s5r s q",g} in the red cell. The subscript n’ is for differentiation
from n in the table. Together with the admissible control set for autonomous switching from Table
4.3, the admissible discrete control set B,, is formulated for the n-th sub-automaton. Note that B,
evaluates the combination 7 for the prerequisite of the controlled switching.

At this stage, there can be multiple STs shifting at a time. To exclude this possibility, the sample

space of i is defined as Q, = {(ql,qn, ...qm)|at most one q,, € Qp, pige 1 € ILIT := {, 1], ...,M}}. The

discrete control @, is determined by m through B,,. The discrete dynamics of the system is con-
strained by By, By, ... By and Q. The discrete transition function of the n-th sub-automaton is

G (th) = @, (1) (7.5)

The dynamics of the hybrid system can be modelled similarly as in Section 4.4. The mathemat-
ical model is presented in Appendix C. The major difference is that the change of T,, during a shift
process is compensated by the torques of all EMs excluding the n-th EM. The value of each torque
remains to be determined by the EMS, which can be considered an optimization problem. Addi-
tionally, the reduced inertia of the powertrain depends on the discrete states of all sub-automata.

Similar to the HOCP in Section 4.5, the HOCP for the multi-drive multi-speed powertrain is

(wl*(')lwll*(')! wM*()lu*()) = argmin )](Tl’(),x(),u()) ’ (76)

()EQ,@n(VEBg,, () u()EUC

J(m(),x(,u0)) = m (x(t;,)) + f " 1(x (), )t (7.7)
to

lx,u) =x"u+ ) Plgyp(wpuy), (7.8)

(7.9)

m(x()) = 8 xe)) %, |
=D (1 (0.t (006). () O

- qn(to) = qno, ME T, (7.11)
subject to

x(to) = xo, (7.12)

x(ty) = xe, (7.13)
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ne, (7.14)

Uy € [Tomin(@n), Tymax(@y)], n € T, (7.15)
Wy € [Onmin Wpmax) 7 E TI, (7.16)
4n€Qn nell (7.17)
7 = (qy, qup, - qm)- (7.18)

The cost functional is optimized over M number of discrete state sequences and a continuous
control function. At a time point when the prerequisite of controlled switching is fulfilled, in total
of 3M discrete instances can happen considering n € I1 and @, € B,,.

7.1.2 As Many as Possible STs Shift at the Same Time

The previous assumption can be loosened so that a M-drive multi-speed powertrain possesses more
DoFs. It is assumed that at most M — 1 STs can shift at the same time. At least one EM propels the
system during shift processes.

Figure 7.2: Hybrid automaton of a multi-drive multi-speed powertrain with the second assump-
tion.

Figure 7.2 shows the hybrid automaton with the just-mentioned assumption. Activation and
prerequisite conditions are no longer clear enough to be illustrated. All variables and conditions
of Section 7.1.1 are taken over but the sample space. All sub-automata activate according to their
admissible control sets By, By, ... By and a new sample space (),. The admissible control sets pre-

vent any ST enters a shift process when other STs are shifting. To make sure that at most M — 1

STs shift at a time, the sample space of m is defined as Q, = {(ql,qn,...qM)|atleast one q, €
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9n\Qnsniru € LI := (L 1L .., M}}.

At a time point t, the indexes of the sub-automata in shift processes form a set Ilg;r. Those
remain in their fixed gear positions form a set IT\[1,;r, which can not be an empty set according
to Q,. The change of the torques in the sub-automata from Ilg,;s is compensated by the torques in
the sub-automata from IT\Ilg;r. The dynamics and the predefined control modelled for the system

in Section 7.1.1 can be taken over. The necessary modification is presented in Appendix C.

The HOCP in Section 7.1.1 is taken over with the change of the sample space from €, to €,

(wl*('): @ (), om0, u*(-)) = argmin )](Tl'('), x(), u(-)). (7.19)

()EQ,,@n()EBy,, () u(IEU(

In total of M - 3M~1 discrete instances can happen at a time point, when the prerequisite of con-

trolled switching is fulfilled.

7.1.3 There are N multi-speed STs and N is smaller than M

Under this assumption, there are M EMs and N STs, M > 2, 1 < N < M, M, N € N. The hybrid sys-
tem is formulated based on the one in Section 7.1.2. In total of N STs are allowed to shift at the
same time, for there is at least one EM connected with a single-speed ST propelling the vehicle.
Figure 7.3 shows the hybrid automaton with the just-mentioned assumption.

Figure 7.3: Hybrid automaton of a multi-drive multi-speed powertrain with the third assump-
tion.

Since N < M, the combination 7 needs to be changed. m; defines the discrete state of the whole
system under the third assumption. It is defined as
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3 = (qy, qu, - v (7.20)

qn € Qn, n€lly, (7.21)
My = {L11,..,M}, (7.22)
My ={LII,..,N}, (7.23)
On = {%,1: An2s - qn9 Inaar dnap qn,9,d}- (7.24)

The STs indexed by N+I~M are single-speed. All variables of Section 7.1.2 are taken over but the
sample space. Replace II in Table 7.1 by [Ty and take over Table 4.3 to obtain the admissible dis-
crete control sets. All sub-automata activate according to their admissible control sets By, By, ... By
and a new sample space ();. The admissible control sets prevent any ST enters a shift process when
other STs are shifting. At most N STs shift at a time, the sample space of w5 is defined as Q; =

{(ququ, — an)}-

At a time point t, the indexes of the sub-automata in shift processes form a set Ily gpir.. Those
remain in their fixed gear positions form a set [Ty, \ITy snirt, Which can not be an empty set, since
N < M. The change of the torques in the sub-automata from Iy g is compensated by the torques
in the sub-automata from Iy \Iy gif.- Take over the dynamics and the predefined control modelled
for the system in Section 7.1.2 but replace Igy;e and M\IMgyie With Ty gpise and My \ITy sife, Tespec-
tively, to obtain the dynamics and the predefined control for the hybrid model with the third as-

sumption.

Similar to the HOCP in Section 7.1.1 the general HOCP with the third assumption is

(@ Oy (), oy (O w () = argmin J(m3(), x(),u®), (7.25)
3 (-)Eng,wn,(-)eliqn,(,),u(-)e'u(-),n’e My
t
J(m),x(),u0)) = m (x(ty,)) + f "0, u()at. (7.26)
' (7.27)
I(x,u) =xT-u+ PLeyin (Wp, ),

n;M EM
2 (7.28)

m(x(5)) = 8 [lx(6) = x|
eycle ) ) _ ) ) (7.29)

%, = ”y%(tf) (i (@t)) e () o (A () i)
. qn(to) = qno, M E Iy, (7.30)
subject to

x(to) = xo, (7.31)
x(ty) = xe, (7.32)
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n € Iy, (7.33)

Up € [Tomin(@p), Tymax(@p)], 1€ Ty, (7.34)
w, € [wn‘min,wn,max], n € Iy, (7.35)
Gn € Qn, n€ Iy, (7.36)
13 = (q1, qun, - qn)- (7.37)

Note the fixed gear ratios of the STs indexed by N+I~M in (7.29). The additional difference to
the HOCPs (7.6) and (7.19) is that the discrete set in (7.25) is [Iy and in everywhere else is ITy.
In total of N - 3N discrete instances can happen at a time point, when the prerequisite of controlled
switching is fulfilled.

Set N to 1 and M to 2, the hybrid system represents Speed4E powertrain.

7.2 Hybrid Optimal Control of the General Multi-Drive Multi-
Speed Electric Vehicle

The HOCP of Speed4E BEV is studied and a predictive EMS based on the HMP is developed for it.
This subsection applies the HMP to the HOCPs of the general multi-drive multi-speed BEV under
different assumptions whose hybrid systems formulated in Section 7.1. The HOCPs can be solved
by the algorithms developed in Section 5.2 with optimality conditions produced in what follows.

7.2.1  One ST Shifts at a Time

In this subsection, all variables are defined according to Section 7.1.1.

As mentioned in Section 7.1.1, a combination 7 := (qy, qy;, -.- qu) describes the discrete state of
the whole system. (), is the sample space of 7. q,, n € Il, denotes the discrete state of a sub-au-
tomaton that represents an EM and a ST, and there are in total M STs. For the HOCP (7.6), a
costates vector A € RM, 4 := (4}, 4y, ..., Ay) T is introduced to formulate the Hamiltonians. The dis-
crete controls @y, @y, ... wy change within their admissible sets By, By, ... By, respectively, and
changes within . This causes The Hamiltonians, the costates, the continuous states and the con-
tinuous controls indexed by 7. The indexed Hamiltonians are defined as

Based on the hybrid model in Section 7.1.1 and Appendix C, The n-th entry of f,(x,, u,) is
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b(G,v,p(G,v, Ve
I ( ( z d)) ' in(qn) ifqn € Qn\{qn,j,cl 3<j< 9},
fn,n(xm un) =

' (7.39)
uTl',Tl ) )
\ C— if G € {dncl 3 </ <9},
n,input
U, denotes the n-th entry of u,. The dynamics of the indexed costates in (7.38) are
. e 7.40
Ael®) = = (i 3 ), (7.40)
whose n-th entry is
A
dPL ab . .
_ 4{—“11,1’1 - ﬁ(xn,nrun,n) - A"'"a_wn (G0, Toora),  if gy € Q\{anjcl 3<j <9} e
dPL - .
k “Ugn — ﬁ (xn,n. un,n)' if qn € {qn.j,cl 3< j < 9}.
n

;Tb is fully expressed in (C.6).

Use an extended state y, == (x%, AT )T to keep the notation compact, whose dynamics follow
le (xT[’ uTl)

Vr=TaOmup) = 03,
dax

(7.42)

(x5 up A) |

The hybrid controls consist of the combination @, @y*, ..., wy" and u*. Similar to (5.23), (5.24)
and (5.25), they are determined by

u;‘[ = argmln}[ﬂ(‘xﬂ" uT[' )’Tl') . (7.43)
u €U
@, oy, ., oy = argmin 3 (O, up, Ay), (7.44)
neﬂl,mnEBq",nEH
W= (7.45)

The transversality condition is
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(e (tr) = 28 (x(ty,) — x.,,) = 0. (7.46)

The HOCP (7.6) can be solved by the algorithm developed in Section 5.2 with the conditions
(7.38)-(7.46) provided by the HMP.

7.2.2 As Many as Possible STs Shift at the Same Time

For the HOCP (7.19), the HMP provides the same conditions as in Section 7.2.1 but replace (7.44)
with

o, oy, .oyt = argming Hop (X, wh, A,), (7.47)
nenz,mnEBqn,nel'l

where the sample space is changed from , to Q,.

7.2.3 There are N multi-speed STs and N is smaller than M

The optimality conditions by the HMP for the HOCP (7.25) is largely same to those in Sections
7.2.1 and 7.2.2. The necessary modification focuses on the discrete sets Iy and ITy. A costates
vector A € RM, 4 := (A}, Ayy, ..., Ay) T is introduced to formulate the Hamiltonians. The discrete con-
trols @y, @y, ... wy change within their admissible sets By, By, ... By, respectively, and m; changes
within Q5. This causes The Hamiltonians, the costates, the continuous states and the continuous
controls indexed by m5. The indexed Hamiltonians are defined as

7{713 (xﬂ3'uﬂ3'l"3) = l(xﬂ3'u"3) + Aﬁs ’ f"z (xﬂs'uﬂs)' (7'48)
Based on the hybrid model in Section 7.1.3, The n-th entry of fy,(%Xz,, Uz, ), n € Ty, is

fasn (xns , uns)

(b (G, v, p(G, v, 1-7pred))

= r
u.

: in(Qn) ifqn € Qn\{qn,j,cl 3 <j < 9}v (7-4’9)

ian € {qn,j,cl 3 <j = 9}'

T3 N

»
GSTn,input

Uy, » denotes the n-th entry of u,,. The n-th entry of f, (x,,3,u,,3), n € [y \Ily, is the same to the
one with the condition g,, € Qn\{qn_j_c| 3<j< 9} in (7.49).

The dynamics of the indexed costates in (7.48) are

112 7 General Multi-Drive Multi-Speed Electric Vehicle



, 0H,
Ay (6) = = (¥ Uiy A, (7.50)

whose n-th entry, n € Iy, Ay, , equals

aPL ab _ ,
_ung,n - aLjMn (xn3,nﬁun3,n) - An3,n w (G' v, Ttotal)' if qn € Qn\{qn,]’,cl 3< ] < 9}'
n n (7.51)
dPL . ,
“Unzn T aaf:n (xﬂs.n'ung,n)' if qn € {qn,j,cl 3< ] < 9}-

;Tb is fully expressed in (C.6). The n-th entry of 1"3, n € [y \Ily, is the same to the one with the

condition q,, € 9,\{qn; | 3 <j <9} in (7.51).

T . .
Use an extended state y,,, = (;:;3,1;3 ) to keep the notation compact, whose dynamics follow

fﬂs(xﬂz’uﬂz)
,}.’1[3 = F"s(yﬂs'ujls) = _ aj{n3

. (7.52)
W (x:fs' u:fs' A‘"z)

The hybrid controls consist of the combination @;*, @y, ..., wy* and u*. Similar to (5.23), (5.24)
and (5.25), they are determined by

u;, = argmin H, (x,, Uy, A,) . (7.53)
uz€U
@, oy, e, Ty = argmin M, (x,uy, 4,), (7.54)
TEQ3,WnE€Bg, nElN
U= U oyt (7.55)
The transversality condition is
)'Q(tf)(tf) —2B (x(tf.p) - xtf,p) =0, (7.56)

The HOCP (7.6) can be solved by the algorithm developed in Section 5.2 with the conditions
(7.48)-(7.56) provided by the HMP.

Set N to 1 and M to 2, the optimality conditions from this subsection is identical to those of

Speed4E powertrain in Section 5.2.2.
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7.3 Summary

A general multi-drive multi-speed electric powertrain is proposed. Its hybrid system formulation is
presented. In the formulation, each EM is connected to a ST that is either single-speed or shares
the same topology with the ST2 in Speed4E powertrain. By doing so, the methodology to model
the shift processes is taken over. The mathematical models of the multi-drive multi-speed power-
train under two assumptions are separately presented. It is noticed that they share the majority of
their hybrid system formulation. The lowest and the highest complexity caused by the different
assumptions is expressed through the admissible discrete control sets and the sample space of the
combination that defines the discrete state of the whole system. In the same way, the general
multi-drive multi-speed electric powertrain with other complexity can be modelled. The HOCPs
for the multi-drive multi-speed powertrain are presented. They are in nature under the same cat-
egory as the HOCP for Speed4E powertrain.

The multi-drive multi-speed powertrain in Section 7.1 does not cover the powertrains that con-
sist of STs with different topologies to the ST2 of Speed4E powertrain. Though the difference is
seemingly giant, the powertrains that are not explicitly included in Section 7.1 can be modelled in
the same way as in Section 7.1, as long as the shift processes are modelled with the same method-
ology as in 4.4.2, i.e. simplifying the shift processes to be primarily time dependent. On the level
of hybrid automata, the sub-automata in Figure 7.1 and Figure 7.2 are to be modified, but the
switching conditions among sub-automata remain. The HOCPs in Section 7.1 remain.

Lemma 1, 2 and 3 from Section 5.3 can be extended to higher dimensional problems obtained
in Section 7.2. The corresponding problem is formulated as

minl(x,u,), (7.57)
U

l(x,u,,) =" Uy + Z PLEMn(wnrun)r (7.58)

nell

. . _ b v, T (. , , T
subject to Xng = fmtal ' (ll (ql(tf))r b (%(tf)) vt (QM(tf))) , (7.59)
Teoral = Z O (@0n, up) - in(qn), (7.60)

nell

:={1],..,M}, (7.61)
u, € [Tn,min(wn)an,max(wn)]J ne I, (7-62)
wy € [a’n,minl a’n,max], ne€ I, (7-63)
= (qp qin - C[M), (7.64)
g €{1,2}, ne Il (*)

114 7 General Multi-Drive Multi-Speed Electric Vehicle



The HMP is applied to the HOCPs of the general multi-drive multi-speed BEV from Section 7.1.
The difference between the optimality conditions of both HOCPs is the sample space of the com-
bination. A unified framework for modelling and optimal control of the general multi-drive multi-
speed electric powertrain takes shape based on the hybrid system formulation and the HOCP for-
mulation in Section 7.1 as well as the optimality conditions from the HMP in Section 7.2.

The predictive EMS developed in Chapter 5 and both reference EMSs in Chapter 6 can be ap-
plied. Compared to the EMS naive optimal, it can be expected that the predictive EMS reduces the
shift count and the energy consumption of a multi-drive multi-speed BEV, since the advantages of
the predictive EMS over the EMS naive optimal is not Speed4E powertrain specific.

Due to the lack of data, the HOCP of the general multi-drive multi-speed BEV is not numerically
studied.
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8 Multi-Criteria Operation Strategy Considering
Service Life

As Figure 6.18 shows, the vehicle is propelled mostly by the EM1 through the ST1 in the WLTC,
may it be controlled by the predictive EMS, the EMS naive optimal or the EMS global optimal. One
can imagine that the EM1 and the ST1 would reach their service lives earlier than the EM2 and
the ST2, if they would be designed to reach the same service life under the WLTC. Such a hypo-
thetical case leads to two possible outcomes: 1) if certain parts in the EM1 or the ST1 that reach
their service lives are not independently repairable or replaceable, the EM1 or the ST1 is discarded;
2) if they are independently repaired or replaced, maintenance and re-calibration costs occur. Both
outcomes are undesirable, which are addressed often during design processes [36, p. 279]. This
chapter proposes a solution to avoid such a hypothetical case from an operation strategy point of
view. With such a goal in mind, this chapter does not pursue innovative or comprehensive methods
but conventional and proved in practice methods to characterize service life.

Firstly, the relevant fundamentals surrounding the concept “service life” are introduced and
discussed, which leads to a quantitative service life estimation model of Speed4E powertrain. Sec-
ondly, with the help of the service life estimation, the goal of avoiding the hypothetical case in the
previous paragraph is translated to mathematical language and a multi-criteria operation strategy
(MCOS) is formed. Thereafter, the influence of the controls on the service life is investigated.
Lastly, the driving cycle simulation results of the developed MCOS are discussed.

8.1 Service Life Estimation

8.1.1 Introduction

Service life is more precisely defined as B, -service life, which indicates a service life B, within which
x % of the products of a production batch fail [36, p. 59]. It may have a unit of duration, e.g. the
service life of an electric motor in hour, or a unit of distance, e.g. the service life of a transmission
in km. In some literatures, they are called lifetime and B,-lifetime, respectively [153]. B,-service
life describes the failure and reliability characteristics of a product. Two core ideas are: Reliability
is the probability that a product does not fail during a defined period of time under given functional
and surrounding conditions [153, p. 21]; Failure rate is the complement of the reliability.

Figure 8.1 qualitatively illustrates a typical bathtub curve of failure rates along service life. The
bathtub curve can be divided into three regions: region 1 of early failures, region 2 of random
failures and region 3 of wearout failures. In Region 1, the failure rate decreases, as the service life
increases. Early failures are mostly caused by errors in assembly, production, materials or by design

flaws. The failure rate remains constant in Region 2. Often, incorrect operation, maintenance and
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dirt particles are the main causes for random failures. They are difficult to predict and happen with
a low probability. The failure rate increases rapidly, as the service life increases and enters Region
3. As mechanical parts fatigue and decayable materials age, a wearout failure takes place with an
increasing probability.

The actions taken to reduce failure rates of early failures and random failures must be taken
into consideration in design processes. From a system design perspective, the improvements in
Region 3 take place at the stage of construction dimensioning [36, p. 35]. Wearout failures are
most interesting for design and reliability analysis, for B,-service life is largely determined by their
failure rates. They can be reduced substantially by taking special account of possible causes and
designing the parts and the systems accordingly, which leads to service life calculation [153, p.
635].

Wearout Failures
(Region 3)
e.g. fatigue failures,
aging, pittings

Random Failures
(Region 2)
e.g. caused by
operational failures,
dirt particles,
maintenance failures

A Early Failures
(Region 1)

e.g. faulty assembly,

production failures,

wrong material,

clear design flaws

Failure rate

Service life

Actions

Actions
-—

Actions

correct operation
and maintenance, calculations,
correct use and test-rig trails
application

test-rig trails, pilot
series, production
and quality control

Figure 8.1: The bathtub curve

The service life of a product depends on the service lives of its individual parts and their collab-
oration. For instance, a passenger car with a 5-speed transmission drives on a given driving cycle,
during which different gears are engaged for different time. Figure 8.2 shows the proportion of
time of all gears. To calculate the service life of the transmission in the example is a combined
consideration of the service lives of the parts corresponding the power flow of each gear position.

Other than time, loads and, hence, stresses on a part is also crucial to the service life calculation.
They depend on its functionals and the surrounding conditions. For the transmission in the exam-

ple, the loads and stresses on each part depend on the driving cycle. Considered over time, indi-

8 Multi-Criteria Operation Strategy Considering Service Life 117



vidually variable load curves of all parts are obtained. They are compared against the parts’ re-

sistance to loads and stresses to obtain accumulated fatigue and service lives [36, p. 251].

40%

w
=]
B

10%

Proportion of time
N
o
B

0%

1st  2nd
Gear position

3rd 4th 5th

Figure 8.2: Proportion of time that different gears are engaged, when the vehicle drives with

8.1.2

an example driving cycle.

Parts Selection for Service Life Estimation

For electric powertrains, EMs and transmissions are prone to wearout failures. In order narrow

down the subjects for service life estimation, their parts are analysed and divided into three cate-

gories, as shown in Table 8.1. A-parts are defined as critical to reliability and their service lives can

be calculated corresponding reality. B-parts are defined as critical to reliability, but the service life

is hard to be calculated with confidence. Often, these parts are loaded by friction, abrasion (syn-

chronizers and brushes), dirt and corrosion (seals). C-parts are neutral to risk and not considered

in further discussion. Service life estimation focuses on A-parts.

Table 8.1 Preselection of parts for fatigue estimation

A-parts

Prone to risk

B, -service life calcula-
tion possible

B-parts

Prone to risk

B,- service life calcula-
tion impossible or does
not reflect reality

C-parts

Neutral to risk

Mostly random and
early failures

Electric motor
[154], [155]

Winding insulation
Bearing

Brush (if exists)
Rotor and end ring

(asynchronous mo-

tors)
Transmission Shaft Synchronizer Housing
[153, p. 99], | Gear Seal
[36, p. 6471 Bearing

In the category “A-parts”, winding insulation is different from the rest for its main purpose. It

protects winding from electrically shorting, contamination, mechanical and thermal stress [156,

pp. 7-12]. The electrical endurance of insulation materials is affected by temperature and time in
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such a way that obeys Arrhenius chemical rate equation, i.e. the thermal service life® of insulation

is halved for each increase of 10 °C>7 in the exposure temperature [158, 159]. It is natural and
essential, in the case of any electric powertrain, to take the cooling system of the electric motor
into the consideration. The mathematical modelling of the complex thermal management system
developed for Speed4E powertrain is, unfortunately, beyond the scope of online MCOS in this
work. However, another work of the author [160] showed that a goal-oriented thermal manage-
ment control can not only reduce the energy consumption but also extend the thermal service lives
of both EMs in Speed4E powertrain.

The rest of the A-parts are designed either for operational fatigue strength or for endurance
strength [36, pp. 294-296]. To design a part for operational fatigue strength is to have it designed
to endure an expected load profile for a certain time of use [36, p. 250]. To design a part for
endurance strength is to base the design on the maximum anticipated load [36, p. 279].

Shafts are often conservatively designed for endurance strength, for the typical shaft configura-
tion of vehicle transmissions is particularly unfavourable from the point of view of strength. The
long distance between bearings causes large bending moments, and the contacting parts such as
shoulders, grooves, collars, bearing seats etc. cause notches [36, p. 280]. As a result of conservative
designs, shafts in transmissions are often found fatigue resistant, i.e. infinite service life, in service
life estimation for normal expected load profile, as shown in a typical example in Table 8.2. There-
fore, shafts are not considered in the service life estimation in this work.

Table 8.2. An typical example of calculated B, and B, service life of A-parts in a transmis-
sion [153, p. 102]

Components Estimated service life
Input shaft Fatigue resistant
Output shaft Fatigue resistant

Gear tooth failure: first stage gearset | B; service life: 70,000 to 120,000 cycles

Gear tooth pitting: first stage gearset | B, service life: 500,000 cycles

Rolling bearing B, service life: 1,500,000 cycles to fatigue resistant

The B, service lives of the first stage gearset for tooth failure and pitting are listed in Table 8.2.

56 1n the literature [157], thermal service life is called thermal life and thermal lifetime.

57 In actual testing, the increment often deviates from 10°C.
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There are different types of failures for a part, and their failure rates and B,-service lives are dif-
ferent. Rolling bearings, depending on the configuration, can operate with a B, service life vary-
ing from 1,500,000 cycles to an infinite service life. Typical service lives of gears and bearings that
are reasonably designed for a system are not decidedly separated, which suggests that both types
of parts are necessary to be considered in service life estimation.

In summary, gears and bearings are selected as the subjects of the service life estimation. During
operation, the fatigue of these parts accumulates, as they withstand loads. The following elabo-
rates, how the fatigue and its accumulation are modelled.

8.1.3 Maechanical Fatigue Calculation and Its Accumulation

Gears and bearings are exposed to different types of failures, among which some are caused by
fatigue and under the category of wearout failures, while others are not.

8.1.3.1 Main Damages of Gears and Rolling Bearings

Gear

The service life of a gear is basically limited by four types of damages [36, pp. 239-243]: 1) tooth
failure, 2) macropitting and micropitting, 3) hot scuffing and 4) cold scuffing. Both tooth failure
and macropitting can lead to gear failure. Micropitting is surface pitting in a microscopic scale. It
does not lead to gear failure but can increase noise emission. Hot scuffing and cold scuffing are
related to lubrication condition and seldom occur in vehicle transmissions. They do not cause gear
failure. For their seriousness and relevancy, tooth failure and macropitting are necessary to be
considered in the service life estimation. Read [36, pp. 239-243] for more information.

Figure 8.3: Typical damage examples. (left) Macropitting. (right) Tooth root breakage—tooth
failure [161]

Tooth failure is that the whole tooth or part of a tooth breaks off, which leads to gear failure.
Figure 8.3 (right) shows an example of tooth root breakage, which will cause the whole tooth to
break off. The tooth operates under pulsating load and the maximum bending stress occurs at the
tooth root, which suggests that the fatigue at the tooth root, i.e. tooth root breakage, needs to be
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modelled to represent tooth failure [36, p. 242].

Damage to the tooth flank by pitting is indicated by the appearance of pin holes and extended
tooth flank spalling, which is a symptom of material fatigue at the tooth flanks. See Figure 8.3
(left) for an example. It is considered mostly caused by the stresses between the flanks of the
pinion and the wheel during meshing. The fatigue on the tooth flanks is to be modelled.

Rolling Bearing

Loads on bearings in transmissions result primarily from the meshing forces of the gears mounted
on the same shafts and preload forces with adjusted bearing arrangements [36, p. 423]. Rolling
bearing damages can be divided into following categories: adhesive wear, abrasive wear, fatigue,
corrosion, and further failures (electric erosion, plastic deformation etc.) [162]. Only fatigue is
considered in the service life estimation, since adhesive wear, abrasive wear and corrosion are
mainly caused by false installation, operation, and maintenance; methods to estimate the failures
caused by electric erosion, plastic deformation etc. are out of the scope of the service life estimation
for online MCOSs [163].

Figure 8.4: Spalling on the inner ring of a rolling bearing [167].

Fatigue occurs at surfaces of rolling elements and rings, due to cyclic stresses from rolling and
sliding between rolling elements and rings. They cause microstructural alterations and lead to
pitting and spalling on surfaces [164]. Figure 8.4 shows an example of the spalling on the inner
ring caused by fatigue.

Fatigue to be modelled in the service life estimation

So far, tooth root breakage and macropitting (it is called “pitting” in what follows) are selected
as the failures considered in the service life estimation for gears. It was stated in [36, p. 239] that
gears for vehicle transmissions are now almost without exception designed so that tooth root breakage
is eliminated, for it causes serious and immediate gear failure. It will be evaluated in Section 8.1.4
to decide, if tooth root breakage remains in the service life estimation. Bearing fatigue is selected

as the failure considered in the service life estimation for bearings. In a vehicle, gears and bearings
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withstand loads caused by both positive and negative torques generated by its power source(s).
For conventional vehicles, [165] and [166, pp. 110-111] suggested that loads and fatigue caused
by negative torques are low enough to be neglectable in the service life estimation. Such a practice,
however, loses its prerequisite in the case of BEVs, since they primarily use their EM(s) to recuper-
ate their kinetic energy while decelerating. In this case, loads and fatigue caused by positive and
negative torques are comparable, which is verified later in Section 8.1.4. It is necessary to discuss
the available methods to model fatigue caused by both positive and negative torques.

e  Tooth root breakage

Bending stress is considered the only stress that is critical for modelling tooth root breakage
[36, p. 243]. Bending stress on a tooth root is schematically illustrated in Figure 8.5. The
bending stress caused by the normal force on the right flank (F, igy) is marked blue and the
bending stress caused by F, e is marked red, both of which contribute to the tooth root
breakage. It was suggested in [161] to consider the alternating loads on both flanks and the
residual stresses in the tooth core to model the fatigue of the tooth root breakage. Addition-
ally, DIN 3990—part 6 suggested four methods:

1
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1
1
1
|
1
|
1
1
1
1
1
|
|
[

Bending stress M

Figure 8.5: Schematic of the bending stress on the tooth root.

= Method FA: the fatigue is estimated with a damage characteristic curve, i.e. a S-N
curve discussed in next subsection, based on calculation or experiment that con-

siders the frequency of the alternating loads.

= Method FB: the fatigue is estimated with a S-N curve that is modified considering
the frequency of the alternating loads.

= Method FC: the loads caused by negative torques are added to the loads caused by
positive torques with a factor of 0.7. The combined loads are used to estimate the
total fatigue based on a S-N curve.
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= Method FD: the loads caused by negative torques are multiplied with 0.7 and the
resulting loads are used to estimate a partial fatigue based on a S-N curve. The
partial fatigue is added to the fatigue that is estimated with the loads caused by
negative torques based on a S-N curve.

The method from [161] and the methods FA and FB are not applicable, since the complexity
exceeds the scope of the service life estimation for MCOSs. The methods FC and FD were
mostly applied to conventional vehicles, which decelerates majorly through brakes, while
gears in transmissions only transmit small negative torques generated by engines. In this case,
there is a decided distinction between the loads caused by the positive and the negative tor-
ques, which is not the case for BEVs. For the purpose of conservative estimation, the method
FC is adopted but with a conservative factor of 1.0 for the loads caused by negative torques.

e  Tooth flank pitting

Pitting is caused by slip/roll stresses on flank surfaces and incipient cracks due to high shear
stresses in the area below surfaces [36, p. 239]. The schematic of the stresses on the surface
is shown in Figure 8.6. It is assumed none interference between the slip/roll stresses on both
flanks, as well as between the shear stresses below both flanks. The loads caused by positive
torques and negative torques are, therefore, separately calculated and the resulting fatigues
are separately accumulated.

Figure 8.6: Schematic of the Hertzian stress on the tooth flanks
e  Bearing fatigue failure

The theory for assessing material deformation in rolling bearings is adopted from [167],
which assumes that cracks are caused by the maximum orthogonal shear stresses initiated in
the risk volume illustrated in Figure 8.7. Under the assumption from [167], for a standard
bearing configuration, i.e. two bearings mounted on a shaft, the assessment of stresses, risk

volume and resulting fatigue is simplified to be free from the directions of torques. The loads
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caused by positive and negative torques are linearly accumulated.

Lundberg-Palmgren
stressed volume

v~azZol2are)

Figure 8.7: Risk volume of rolling bearing fatigue suggested by [113]. Figure taken from [114].

After analysis, tooth flank pitting and rolling bearing fatigue are chosen to be the subjects of the
service life estimation. The fatigues caused by positive and negative torques on the former are
separately accumulated and those on the latter are linearly accumulated.

8.1.3.2 Fatigue Estimation

To estimate the fatigue resulting in a certain kind of failure is to compare the load causing the
fatigue to the resistance of the load, i.e. load capacity. It is standard to be modelled as a S-N curve,
i.e. a Stress-Life Cycle curve. It is a stress-controlled Wéohler curve, which describes the load capac-
ity of a component. It is attained through experiments®® to reflect the relationship between the
cyclic stress amplitude and the permissible cycle number under the cyclic stress [168, pp. 21-25].
Figure 8.8 shows the typical shape of S-N curves on double logarithmic scales. The curves of dif-
ferent failure rates are marked with different colours, among which the one of B,,-service life is

Short-time Fatigue

5 " ) — U\(l
o strength strength — By
; = By
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g o Endurance
- strength
0m
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571

N
n T . -
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Figure 8.8: S-N curves of different B-service life of an example part for a certain failure. Figure
modified from the one from [32, p. 254].
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mostly used for gears and bearings. The permissible cycle number N; of B,-service life can be read

from a curve for a given stress amplitude o;. Three zones can be identified:

Short-time strength, permissible cycles up to ca. 101~103 cycles: also called low cycle fatigue
domain. Fatigue in this zone is caused by irreversible plastic deformations in materials due
to high stress [153, p. 321, 169].

Fatigue strength, permissible cycles up to the cycle number at fatigue limit N, = 10°~107:
also called high cycle fatigue domain. In this zone, the S-N curve can be simplified as a straight
line in double logarithmic coordinates, as

N, =Ny - (ﬁ)_k, (8.1)

where o}, is the fatigue limit stress amplitude and k is the gradient of the straight line in dou-
ble logarithmic coordinates [36, p. 254].

Endurance strength, the stress amplitude is smaller than op: no failure is expected in this zone
for a wide range of materials, e.g. ferritic steels. Some materials, e.g. austenitic steels, do not
show a distinct endurance strength [153, p. 321].

A part is ideally designed in such a way that the expected operational stresses do not fall into

the short-time strength zone and avoid the endurance strength zone, avoiding short expected ser-

vice life and over dimensional design, respectively. S-N curves are often simplified to be horizontal

on double logarithmic scales in the short-time strength and the endurance strength zones.

Tooth root breakage

DIN 3990—part 3 provides the standard method to calculate S-N curves of B, service life
of tooth root breakage. See [36, pp. 243-245] for a detailed explanation. See Appendix E for
the calculated S-N curves in this thesis.

The effective bending stress o characterizes the local stress of a tooth root. According to
DIN 3990, o can be determined by considering Fi,, the tangential component of the normal
force, and various parameters,

Ftn

b-m,

op = "ZpatZsatZeZptKp Ky Ko K, (8.2)

where the parameters are defined in Table 8.3.
Tooth flank pitting

DIN 3990—part 2 provides the standard method to calculate S-N curves of B, service life
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off tooth flank pitting. See [36, pp. 245-246] for a detailed explanation. See Appendix E for

the calculated S-N curves in this thesis.

Hertzian stress oy characterizes slip/roll stresses on flank surfaces According to DIN 3990,

it can be determined by considering the nominal force on the tooth flank F, and various pa-

rameters,

FG+1)
G—H=ZB/D'ZH'ZE'Z€'ZB' W'KA'KV'KG'KB,

where the parameters are defined in Table 8.3.

(8.3)

Table 8.3. Parameters to calculate oy

Parameter Meaning Source
Zgp pinion/wheel contact factor DIN 3990—Part 2, Pages 8
Zy zone factor DIN 3990—Part 2, Page 6
Zy elasticity factor DIN 3990—Part 2, Page 8
Z, contact ratio DIN 3990—Part 3 for oy and Part 2 for
OH
Zg helical overlap DIN 3990— Part 3 for oy and Part 2 for
OH
dy Pitch circle diameter of the pinion gearset design
b contact face width gearset design
m, standard module gearset design
i gear ratio gearset design
Ka application factor DIN 3990—Part 1, Page 55
Ky dynamic factor DIN 3990—Part 1, Page 16-17
K, transverse factor DIN 3990—Part 1, Page 45
Kg longitudinal load distribution fac- DIN 3990—Part 1, Page 19
tor for surface stress
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e  Bearing fatigue failure

DIN ISO 281 provides the standard method to calculate B, service lives of rolling bearings

directly. N, the permissible cycle number under an equivalent dynamic load L, is
_(C
v=(2) 24
L=X- Fradial +Y- Faxiall (85)

where the variables and the parameters are defined in Table 8.4.

Table 8.4. Parameters to calculate N

Parameter Meaning Source
c basic dynamic load rating in N Bearing catalogues
L equivalent dynamic load in N calculation
k service life exponent DIN ISO 281. Bearing type dependent
X radial factor DIN ISO 281. F,. and F, dependent
Fradial radial load in N calculation
Y axial factor DIN ISO 281. F,. and F, dependent
Fayial axial load in N calculation

8.1.3.3 Fatigue Accumulation

The fatigue accumulation hypothesis describes, how the fatigues caused by cyclic stresses inte-
grate, whose foundation is Miner’s rule [170]. It assumes that the absorbed work during operation
causes fatigue and the proportion of the already absorbed work w out of the permissible work to
absorb W measures the fatigue. Its proportion is equal to the one of the cycle number of a cyclic
stresses with constant amplitude n to the permissible cycle number N. Under such an assump-

tion®, every load cycle causes a constant fatigue, which accumulates linearly. Furthermore, the

59 Methods with the assumption of nonlinear accumulation showed high accuracy (see the review

article [171]). However, they were targeted at specific use cases and demand high computation
resources [166, p. 26], which makes them unfavourable for the service life estimation in MCOSs.
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accumulated fatigue D caused by cyclic stresses with j amount of stress amplitudes, i.e. a load

profile, can be summed up as

j
wy  w, wi ony o, n; n;
D:_+_+...+_:_+_+...+_:E_, 8.6
w W W Ny N, N; N; (86)

where i indexes the stress amplitude. The part in Figure 8.8 has operated under o; and g; for n;
and n; cycles, respectively. D is the sum of the fractions of the areas with the width of n; and n;

out of the areas with the width of N; and N;. In continuous time, D can be determined by

(¥ n@®)
D _ft(, Vo) dt. (8.7)

A failure is expected, when D reaches 1 [170, 172]. In reality, a failure often occurs with a
calculated fatigue smaller than 1. In order to use (8.6) to perform an accurate prediction, the
knowledge of the total fatigue, when an actual failure happens, is necessary [36, p. 258].

With a simplified S-N curve that is horizontal in endurance strength zone, the fatigues caused
by the stresses under the fatigue limit stress can be ignored, since an infinite service life would be
expected. However, it contradicts the results reported in [173, 174], which stated that, in a mixed
load profile, stresses under the fatigue limit stress cause fatigue. Therefore, Miner’s rule, together
with a simplified S-N curve, is yet incomplete for the service life estimation.

Several hypotheses were developed to address this issue, e.g. Miner’s rule without endurance
strength [168, p. 285], Miner’s rule modified by Haibach (Miner Haibach hypothesis) [175],
Miner’s rule modified by Liu and Zenner [176]. They carry over the linear accumulation assump-
tion, but use a modified S-N curve (see [153, pp. 327-329] for a review).

Miner Haibach hypothesis considers the slope of S-N curve on double logarithmic scales in the
endurance strength zone to be 2k — 1. It is adopted for the fatigue accumulation in this work, since
it is supported by the experiments, especially in the automotive industry [36, p. 260, 153, p. 328].

8.1.4 Speed4E Powertrain Service Life Estimation

In the rest of this Chapter, “service life”, “fatigue” and “S-N curve” are meant for those relate to

B, service life.

The bearing and the gearset configuration are schematically illustrated in Figure 8.9. All bear-
ings are labelled in Figure 8.9(a) and their types are listed in Table E. 2 in Appendix E. All gears
are labelled in Figure 8.9(b) and their meaning are listed in Table 8.5.
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Figure 8.9: Bearing and gearset configuration of Speed4E powertrain.

Table 8.5: The Gears in Speed4E powertrain

Gear label Description Gear label Description
G1.51.5G ST1 sun gear G2.52.1P ST2 stage 2 1* gear pinion
G1.S1.PG ST1 planet gear G2.S2.1W ST2 stage 2 1* wheel
G1.S1.RG ST1 ring gear G2.52.2P ST2 stage 2 2™ gear pinion

G1.S2.P ST1 stage 2 pinion G2.52.2W ST2 stage 2 2" wheel
G1.52.wW ST1 stage 2 wheel G2.S3.P ST2 stage 3 pinion
G2.51.P ST2 stage 1 pinion G2.S3.W ST2 stage 3 wheel
G2.S1.W ST2 stage 1 wheel

B1.1.1 and B1.1.2 support the shaft of the EM1 on which G1.51.SG is mounted. Three planet
gears (G1.S1.PG) on three needle bearings (B1.2.1~3) are mounted on the planetary carrier. The
ring gear (G1.S1.RG) is fixed on the housing. The planetary carrier and the pinion are supported
by B1.3.1 and B1.3.2. B2.1.1 and B2.1.2 support the shaft of the EM2, which is connected to the
input shaft of ST2 with a shaft coupling. B2.1.3 and B2.1.4 support the input shaft of the ST2 on
which G2.S1.P is mounted. The shaft coupling is considered a torque transferring part. Therefore,
B2.1.3 and B2.1.4 are assumed to withstand all loads on the input shaft of the ST2. G2.S1.W,
G2.S2.1P and G2.S2.2P are mounted on the counter shaft that is supported by B2.2.1 and B2.2.2.
G2.S2.1W, G2.S2.2W and G2.S3.P are mounted on the output shaft that is supported by B2.3.1
and B2.3.2. G.FD.W is the wheel that is coupled with G1.S2.P and G2.S3.P that are supported by
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B3.1.1 and B3.1.2, respectively. They are part of the final drive and differential. The parameters
of the gears and the bearings are listed in Appendix E.

Based on the Miner Haibach hypothesis described in Subsection 8.1.3.3, the modified S-N curves
of G1.51.SG and B1.1.1 are determined and shown in Figure 8.10.

5 - 4 A4
a 104 E‘m 10 é-m 10
z 10 3. e
2 3 = =2 £ E
P ,Z-. 10 = E 102 = E 108
E = 102 Fz Pz
é:' 10 z & g
100 0 5 10 15 20 25 = 102 0 5 10 15 20 25 102 0 5 10 15 20 25
10 10 10710107 10 10° 10° 1010710 10 10° 10° 1071010 10
Number of cycles Number of cycles Number of cycles
(a) (b) ©

Figure 8.10: Modified S-N Curves of (a) B1.1.1, (b) G1.51.SG pitting and (c) G1.51.5G tooth
root breakage.

For a gear, or and oy are calculated based on (8.2) and (8.3), respectively, in which the normal
force F, and its tangential component F,, are determined by analysing the meshing force that is
schematically illustrated in Figure 8.11(a). With the geometry of the gear, namely helix angle «,
pressure angle B and pitch diameter, F, can be decomposed into the transverse force F;, the radial
force F. and the axial force F, (see Figure 8.11(b)). F; is obtained through the torque T;, and the
pitch diameter, which tells that F, o« T;, and F, « T;,. Express F, as a function of T, and combine
all parameters from (8.2) and the geometry of the gear (see Table E. 3) to obtain a coefficient cg.
the relationship between o and Ty, is

op = " Tin. (8.8)

Figure 8.11: Schematic of meshing force

Express F, as a function of T;, and combine all parameters from (8.3) and the geometry of the
gear (see Table E. 3) to obtain a coefficient c. The relationship between oy and T, is
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oy = ¢y "/ Tin- (8.9)

Forces and torques on bearings need to balance meshing forces of the gears. An example is
schematically illustrated in Figure 8.12. The resulting F, on a bearing is its axial load and the com-
position of the resulting F, and F, is its radial load in (8.4). Express F, and F, as two functions of
Tin and combine all parameters of the gears on the shaft supported by the bearings in question and
the spatial locations of all parts (see Table E. 3 and Table E. 4) to obtain a coefficient cg, the
relationship between the equivalent dynamic load L and Ty, is

L=cgTpn. (8.10)

2’ Fax
Fy

Bearing

Zx
L

Figure 8.12: An example of forces on bearings

With the service life model presented so far, Figure 8.13 summarizes the accumulated fatigue
(blue bars) and the corresponding service lives (orange squares) of the bearings and the gears in
Speed4E powertrain on a logarithmic scale. The vehicle drives in the WLTC under the control of
the predictive EMS. Figure 8.13(a), (b) and (c) present the values of bearing fatigue, tooth root
breakage and tooth flank pitting, respectively. In Figure 8.13(b), “pos” and “neg” represent the
tooth flank that transmit positive and negative torques, respectively.

In Figure 8.13(a), the accumulated fatigue of B1.1.1 is negligible, since the radial forces on the
teeth of G1.S1.SG, the sun gear in the ST1, are balanced and B1.1.2, a fixed bearing, undertakes
axial load (see Table E. 2 and Table 8.5 for information of the bearings and the gears). In Figure
8.13(b), the accumulated fatigue of several gears is so small that their service lives exceed the
range of the diagram. The values of G2.52.2P are absent in Figure 8.13(b) and (c), since the ST2
has not engaged in the 2" gear position in the driving cycle. After comparing Figure 8.13(b) and
(c), it can be noticed that the gear service lives w.r.t tooth root breakage are multiple orders of
magnitude larger than those w.r.t tooth flank pitting. The simulation result matches the gear de-
sign practice mentioned in Section 8.1.3.1 that tooth root breakage is almost eliminated in modern
gear design, and it is the tooth flank pitting that is critical to gear service life. Tooth root breakage
is not further discussed in this chapter. On the other hand, it can be noticed that the service lives of

the bearings are multiple orders of magnitude smaller than those of the gears on the same shafts.
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The service lives of the bearings limit the powertrain service life of Speed4E powertrain.

B1.1.2 and B2.1.3 have the lowest service life among the bearings in the sub-powertrain 1
(SPT1) and the sub-powertrain 2 (SPT2), respectively. A SPT consists of its corresponding EM and
ST. G1.S1.SG and G2.S1.P have the lowest service life among the gears in the SPT1 and the SPT2,
respectively. The load spectra of both bearings and the stress spectra of both gears are shown in
Figure 8.14 orange bars, while their modified S-N curves are shown as the blue curves.
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Figure 8.13: Accumulated fatigue after a WLTC and corresponding service lives of the bear-
ings and gears in Speed4E powertrain. (a): Bearing fatigue. (b): Tooth root breakage. (c)
Tooth flank pitting.
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Figure 8.14: Load and stress spectra under the WLTC of (a) B1.1.2, (b) G1.51.SG breakage,

(c) G1.51.SG pos pitting, (d) G1.51.SG neg pitting, (e) B2.1.3, (f) G2.51.P breakage, (g)

G2.51.P pos pitting, and (h) G2.51.P neg pitting.
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It is worth mentioning that the service life of B1.1.2 is the shortest among the bearings of the
SPT1, regardless of speed profiles and controls, since they do not change the relationship between
the bearing loads and T;,. For the same reason, the service life of B2.1.3 is the shortest among the
bearings of the SPT2. The accumulated fatigue regarding bearings of both SPTs (Dgspr) is

Dgspry = min{Dg, } = Dp;,,, B1, € {B1.1.1,B1.1.2,..,B1.3.2}, (8.11)
Dgspr2 = min{DBzx} = Dg,13, B2, €{B2.1.3,B2.14,...,,B2.3.2}. (8.12)

For the gears, though the relationship between oy; and EM torque in (8.3) is nonlinear, they are
positively correlated. As a result, the service life of G1.51.SG remains the shortest among the gears
in the SPT1, and the service life of G2.S1.P remains the shortest among the gears in the SPT2. It
is affected by gear selection, whether the service life of G2.52.1P is longer than that of G2.S2.2P.
The accumulated fatigue regarding gears of both SPTs (Dg spr) are

Dgspr1 = min{Dg; } = Dgys1s6, Gly € {G1.51.SG,G1.S1.PG, ...,G1.S2.P},  (8.13)
Dgspr, = min{Dgy, } = Dgasip. G2y € {G2.S1.P,G2.S2.P, ..., G2.S3.P}. (8.14)

In what follows, only B1.1.2 and B2.1.3 are discussed in terms of bearings, and G1.51.SG and
G2.S1.P in terms of gears. The fatigue of other parts are presented in Appendix H, when necessary.

The service life (distance) SL in km is calculated by

Dist (8.15)
L ="
S D
where Dist denotes the distance that a vehicle travels, while the part operates under the load pro-
file. In the case of the parts listed in Figure 8.13, Dist equals the distance of the WLTC. The service
life of the powertrain is limited by the part with the shortest service life, i.e.

SLpr = min{SLG,SPTl'SLG,SPTZJSLB,SPTlJSLB,SPTZ}' (8.16)

8.2 Development of the Multi-Criteria Operation Strategy

As mentioned in Section 8.1.1, the service life of a powertrain depends on the service lives of its
parts. The service life of Speed4E powertrain under the WLTC equals the one of B1.1.2, the bearing
supporting the input shaft of the ST1, since it has the lowest service life in the SPT1 and in the
powertrain (see Figure 8.13(a)). When its value is reached, B2.1.3, the bearing supporting the
input shaft of the ST2 with the least service life in the SPT2, has only fatigued for less than 1 %.
The goal of the MCOS is to increase the shortest service life in the powertrain, through which the
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powertrain service life is extended. It ought to have the load spectrum of B1.1.2 in Figure 8.14(a) to
shrink and that of B2.1.3 in Figure 8.14(c) to expand. As a result, the deviation decreases and the
powertrain service life is extended. Meanwhile, the energy consumption can undesirably increase,
which causes a trade-off. As shown Section 8.1.4, the bearing service lives limit the Speed4E
powertrain service life, which makes the MCOS considering the service lives of the bearings the
focus. The one for gears are provided for the applications where the gears are the bottlenecks.

8.2.1 Formulation of the Multi-Criteria HOCP

The multi-criteria HOCP takes over the one in (5.5) with a reformulated cost functional that en-
codes the goal of the MCOS. The original cost functional is

J(aOx0,u0) = m (x(t)) + f e u0)dt, (5:6)
lxw) =x"u+ PLEMl(Z:,ul) + PLigyiz (w2, 1), (5.7)
m(x(trp)) = B ||x(trp) = 3, ||2 (5.8)

iy = 2 2) (1 (o(er,))) (59)

which considers solely energy consumption. To align with the minimization nature of the HOCP,
the MCOS considers reducing fatigues instead of maximizing service life. /.1, the cost functional
of the multi-criteria HOCP, defined as

trp
Janate = m (x(t,)) + f " 1O, u®)dt +¥ e (8.17)

top
is to be minimized, where Je,igue denotes the fatigue cost functional and y is the fatigue coefficient.

8.2.1.1 Fatigue Cost Functional for Bearings

Jratigue €an be either endpoint or integral functional. Three options are available:

e  Option 1: Minimize the deviation between Dy spr; and Dy spr,, as in

2
]fatigue = ”DB,SPTl — Dgspr2 | , (8.18)
trp
Dgspry = f dB,SPTl(x(t):u(t))dt: (8.19)
top
Wy Wy
d x(t),u(t)) = = ,
B'STl( ) 21 Ny g (PBI.I.Z(ul)) 27 Npy.12(Cpraz * [us]) (8.20)
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trp

Dgspr2 =f dB,SPTZ(x(t)lu(t))dt: (8.21)
tﬂ,p

w5 W,

7" Npais (PB2.1.3 (uz)) T 2m- Np213(c213 " |u2|)'

dyst2(x(0), u(t)) = > (8.22)

where d denotes the fatigue rate function, whose integral is fatigue. cg, 1, and cg, ;3 are the
constant coefficients described in (8.10) for B1.1.2 and B2.1.3. Ng, ;, and N, ; 5 represent
the functions that determine the permissible cycle numbers through (8.1). Since the fatigue
caused by the positive and negative torques are linearly accumulated, the absolute value of
the torques are used. It was reported in [37] that minimizing the deviation of fatigue reduced
the largest fatigue until y reached a certain threshold, beyond which the deviation was fur-
ther reduced but not the fatigue.

e  Option 2: Minimize the average value of Dy spy; and Dgspr,, as in

Dgspr1 + Dpspr
]fatigue = ! 2 2- (823)

Due to the exponential correlation of (8.4), the average value depends hugely on the larger
accumulated fatigue. Therefore, the larger accumulated fatigue decreases together with the
average value, which aligns with the goal.

. Option 3: Minimize the larger one of Dgspr; and Dgspr, as in

Jtatigue = maX{DB,SPTp DB,SPTZ}' (8.24)

Option 3 is equivalent to the goal.

Option 2 can be implemented either as an endpoint functional or as an integral functional, while
Option 3 needs to be implemented as an endpoint functional, due to the max{-} operation. Though
the HOCPs with both kinds of functional are theoretically solvable, a new state vector X, =

T, . . .
(wl,wz,DB,SpTl,DB,SpTZ) is mandatory in the case of an endpoint functional. Consequently, the

dimension of the new costates is four and a 4-D TPBVP needs to be solved.

The crux of the choice is the convergence of the numerical solutions. Recall that the convergence
of the HMP is determined by the transversality condition of the HOCP that is a function of the

states at the final time. With Option 2 as an integral functional, there are
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trp
]fatigue = f lfatigue(x(t):u(t))dt: (825)

top
lfacigue(x(t),u(t)) _ dgspra (2(8), u (1)) '; dg spra (2(8), u(1)) , (8.26)
¢
]multi =m (x(tf.l))) + f ’ l(x(t)' u(t))dt +vy ']fatigue (8'27)
¢
= m(x(tp)) + [ DEOuO) 47 gt (B28)

The transversality condition is a function of angular velocities, while the time derivatives of the
.. . Blfati .
costates are the sum of the original ones in (5.19) and y - %. Large y can cause extreme diffi-
q
culty for convergence.

On the other hand, with Option 2 as an endpoint functional and a 4-D states x,,;;, there are

trp
]multi = Mnuldi (xmulti(tf,p)) + J. l(x(t)' u(t))dt’ (829)
top
D, D,
Mot (2(t7)) = B||x(t7) — o, ||2 +y- w (8.30)

Note that x := (w,, w,)”. The indexed Hamiltonian of the HOCP with ], ; is

j{mUItirlI(xmultiru: lmulti,q) = ernulti,q * Emuie + 1, u) (8.31)
= Amuiting * @1 Amuitizg * D2 T Amuitizg

- dgspr (01, U1) + Anutiag * desprz (W2, Up) + L(x, )
= Ho(x,u,25) + Anuizg * dospra (@1, 14)

+ Amultig - Desprz (@2, Uz),

where #,(x,u,4,) and 4, = (Al_q,lz_q)T are the indexed Hamiltonian and the costates of the orig-
inal HOCP described in Section 5.2.2. A4, denotes the indexed costates of the HOCP with Jp, i,

whose time derivatives are

. . . . . T
Amulti,q (t) = (Amulti,l,qr Amulti,z,qr Amulti,3,qr Amulti,4,q) (8_32)
OH murig , .
== %‘q (xmulti'u ’ lmulti,q)r
q
j'multi,l,q = j'l,qJ (833)
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j'multi,Z,q = j-z,q, (834)
Amuttizg =0, (8.35)

/imulti,zl-,q =0. (8.36)

Amuttiz,q () @nd Apyieiaq () are two horizontal lines. Their values can be determined by the trans-

versality condition, which is

amulti,q(tf) = v)t:mumn’l'multi (xmulti(tf))' (837)

The first two entries of Ayt (t7) are the same to 4,(t;) . The third and the fourth entries are

14
Amulti,S,q (tf) = El (838)
14
Amulti,zl,q (tf) = El (839)
which indicates that
14
Amulti,3,q () = E' (840)
14
Amulti,zl,q () = E (841)
Replace Apyitiz,q and Apytizq in (8.31) to obtain
14 14
j{multi,q(x! u, }'multi,q) = }[q (x, u, Aq) + E . dB,SPTl (wl' ul) + E : dB,SPTZ (wlv ul)- (842)

In summary, the differential equation system with x,,, ;4 and 4,4 is equivalent to the one with
x and A. The transversality condition is the same to the original predictive EMS, which is free from
y. The instantaneous Hamiltonian is changed to H,,iq- Option 2 as an endpoint functional is

preferable to that of an integral functional.

The max({-} operation makes the HOCP with Option 3 more difficult to be solved. Only under
the assumption that Dggpr+ (t;) = D spra(ty) is guaranteed, the HOCP can be shown to be equiv-
alent to Option 2 as an endpoint functional (See Appendix F). The assumption can be interpreted
as the MCOS “wishes” to bring D sprq and D spr to the same value.

8.2.1.2 Fatigue Cost Functional for Gears

Replace Jiaigue in (8.30) with [0, the fatigue cost functional for gears,
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Dg spr1 + Dgspr2 _ Jdgspridt + [ dgspradt

]f’atigue = 2 2 ) (843)
! !
dgs x(t),u(t)) = = ,
i ) 27 - Ng1s156 (UH,GLSLSG(HJ) 27 * Ngisise(Croisise \/u1) (8.44)
) 1)
de serz (x(6), u(t)) = : = (8.45)

21 Ngasip (UH,GZ.S1.P(U1)) 21+ Nezsip(Cugzsip Vi)

where ¢y 615156 and cygzs1p are the constant coefficients described in (8.8) for G1.51.SG and
G2.S1.P. Ng; 5156 and Ng, g1 p represent the functions that determine the permissible cycle num-
bers of given Hertzian stress through (8.4) and (8.5).

8.2.2 Solution of the HOCP for the Multi-Criteria Operation Strategy

The HOCP with the fatigue cost functional for bearings is firstly discussed. The HOCP with J, i
from (8.29) and (8.30) is solved by the algorithms in Chapter 5. The instantaneous Hamiltonian
to be minimized is changed to Hyyyq in (8.42). It is in nature a predictive MCOS. However, since

the predictive aspect is less relevant to this chapter, the word “predictive” is omitted.

In the case of the HOCP with the fatigue cost functional for gears, replace dgspr, and dggpr, in

(8.42) with dgspry and dgspr,, respectively.

8.3 Effect of Energy Management Strategies on Service Life

Before evaluating the MCOS developed in Section 8.2 in a driving cycle simulation, it is necessary
to have a clear view on how a MCOS influence the service lives of the parts. More specifically, how
do the torques of both EMs, the gear positions and the shift processes influence the fatigue rate
function of different parts?

8.3.1 Torques and Gear Positions
Express w as a function of the vehicle speed, i.e. w = v - é, and move v to the left side of (8.20),

(8.21) (8.22), (8.44) and (8.45) to obtain %, fatigue rate over vehicle speed. For instance, there is

dpspr1 _ iy (8.46)
v 2mr - Nppa2(cgraz - lwal)

It evaluates how fast a part fatigues w.r.t. the torques.

As a MCOS changes T, and TZ,%of G1.S1.SG, G2.S1.P, B1.1.2 and B2.1.3 change. Figure 8.15

8 Multi-Criteria Operation Strategy Considering Service Life 139



presents the influence of the torques on %, while the powertrain outputs in total 1000 Nm torque
and the ST2 is in the 1% gear position. In each diagram, the x-axis and the y-axis are the torques,
and the z-axis is % in a logarithmic scale. The z-axes in Figure 8.15(a) and (b) share the same range
for a better comparison between the gears and the bearings in question. The z-axis in Figure
8.15(c) is in a smaller range to show a detailed view of % of the bearings. T; and T, are constrained

by the inequality constraints, (5.13) and (5.14), as well as the equality constraint, (4.16). The
admissible control space of (T;,T,) (see Section 5.3.1) forms a black curve in each diagram. Note

k
that dg « T2,T = 0,k > 20 and dg « |T|¥,k > 3 are convex, in which k is the service exponent of

the part in question. The curves in Figure 8.15 seem concave, due to their logarithmic scales.

In Figure 8.15(a), the solid curves and the dashed curves represent the tooth flank “pos” and

— (G1.51.5G pos =—— G2.S1.P pos

= = G1.81.5Gneg — — G2.S1.P neg ‘ B1.12 —B2.13

3 0 .0 0
T, -2 W g -40 220 T
Y 60 60 0 g ] Yy, 60 60 40 g aw?
(@ (b)
‘ —B1.12 —B2.13

4p 50

20
o

0
40 a0 20 .
60 60 40 T g w

(©

Figure 8.15: Fatigue rate over angular velocity of (a): gears, (b): bearings and (c): bearings
zoom in. The total output torque is 1000 Nm. The ST2 in the 1 gear position.

“neg”, respectively. Clearly, either flank fatigues, only when it transmits torques. When total output
torque is positive, Lemma 2 and Lemma 3 have shown that the minimal of the power consumption
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almost® falls out of the range where T, - T, < 0. Following the same procedure, it can be proved
by contradiction that the minimals of the average fatigue rate over vehicle speed, i.e.

05('1“11]@) +'1“%(T2)), and the minimal of the highest fatigue rate over vehicle speed, i.e

, fall out of this range®!. The proofs are omitted, since they are repetitions of

d,
max{ 61(T1) , dg,2(T2) }
v v

the proof for Lemma 2. Intuitively, in the range that T, - T, < 0, both functions in question are
larger than at the closest point where T; - T, = 0.

As (T;,T,) moves from the point that T, = 0 to the point that T, = 0 in Figure 8. 15(a) of
G1.S1.SG pos increases and that of G2.S1.P pos decreases. The minimal of the functlon

d d . . d d
max {—G'lv(m , —G'Zv (12) } is at the point where —G'lv(m = —Grzv(m

, which can verified by the observation in
Figure 8.16, which presents max {dc%(m,dc%@} and 0.5 (me(Tl) + dGZT(TZ)) in the admissible con-

trol space. Furthermore, by observation, the minimals of both functions fall at the same point.

| — 05 (L + %) —— max{%, &} ‘

0
-20
40
60 -60

20 20 0

ais
iy \
WA .

, \N

I‘\\\

Figure 8.16: The average and the larger values of % of G1.51.5G pos and G2.51.P pos. The total
output torque is 1000 Nm. The ST2 in the 1% gear position.

With a rising y, the MCOS with the fatigue cost functional for gears shifts the torques towards

d1(T1) dz(Tz)

the point where —* , assuming the discrete control unchanged.

As shown in Figure 8. 15(b) of B1.1.2 and B2.1.3 are significantly larger than those of the

60 When the total output torque in a small range, it can happen that T; - T, < 0. See Section 5.3.2.

61 prove by contradiction: Suppose for the purpose of contradiction that a point (T, T,) with T; * T, < 0 mini-
. d, d, . . . .
mizes max {— —}. Show that, with a small increment of the negative torque towards zero, the new point

finds a smaller max {d— —} Same can be done for 0.5 ( dz).
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f Bl( 1) .

gears just mentioned. The change rate of the logarithmic value o jumps at T; ® —8 Nm and

T, = 8 Nm in Figure 8.15(c). The dynamic loads of B1.1.2 correspondlng these torque values are
the fatigue limit loads. The same situation happens to B2.1.3, whose fatigue limit loads correspond
to T, = £9 Nm. It can be verified by Figure 8.14(a) and (c). On the other hand, when transmitting

the admissible torque, all gears in Speed4E powertrain operate in their endurance strength zone.

dg,1(T1) and dg,2(T3)
v v

Therefore, the derivative of the logarithmic value of are continuous.

. . .. d .
The discussion w.r.t. the minimal of the average and the larger value of =< can be carried over.
v

A similar result is obtained: The minimal of both functions of B1.1.2 and B2.1.3 falls at a point

dg, 1(71) dB,z (T3)
v

(T,,T,) that satisfies === , which can be verified by the observation in Figure 8.17, a

dp,1(Ty) - dp»(T) and dg,1(Ty) - dg,2(Tz)
v

counterpart of Figure 8.16. Please be aware that are not satis-

fied simultaneously. With a rising y, the MCOS with the fatigue cost functional for bearings shifts

d1(T1) dz(Tz)

the torques towards the point where ——— , assuming the discrete control unchanged.

| — 05 (% + %) —— max{%, £}

Vertical lnu ”lx(]\l;.,]l

0

2y, 2049 200
2 60 -60 1y

Figure 8.17: The average and the larger values ofg of B1.1.2 and B2.1.3. The total output
torque is 1000 Nm. The ST2 in the 1% gear position.

Figure 8.18 presents the influence of the torques on %. The total output torque is 1000 Nm and

the ST2 is in the 2" gear position. All settings are the same as in Figure 8.15. Since i, changes to
the value in the 2™ gear position, the admissible control space (the black curve) changes. Under

the equality constraint (4.16), fix T; and the output torque, the EM2 needs to provide more torque
dg,2(T2)

when G =2 than G =1 . Consequently, increases. Recall that the minimal of

max {—dc'lv(m ,—dG'Zv 12) } and 0.5 (—dG'lv(Tl) + —dG'ZV(TZ)) are at the point where —dG’lv(Tl) = —dG'zv(Tz). The increase

of dG%(TZ) cause both minimals to rise, which can be verified by the observation of Figure 8.19(a)

and (b), the counterparts of Figure 8.16 and Figure 8.17, respectively.
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— (G1.51.5G pos =—— G2.S1.P pos
= — G1.81.5Gneg — — G2.81.P neg

\ —B1.12 —B213

(©
Figure 8.18: Fatigue rate over angular velocity of (a): gears, (b): bearings and (c): bearings

zoom in. The total output torque is 1000 Nm. The ST2 in the 2" gear position.
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Figure 8.19: The average and the larger values of g. (a): G1.51.5G pos and G2.51.P pos. (b):
B1.1.2 and B2.1.3.
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8.3.2 Shift Processes

Two different operation strategies generate two different discrete state sequences for a simple
speed profile in Figure 8.20. To show the influence of shift processes on service life, the accumu-
lated fatigue between t = 12 s and t = 18 s is compared against each other.
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Figure 8.20: Two discrete state sequences.
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Figure 8.21: The continuous controls, the gear position and the continuous states between
12 s and 18 s. (a) and (b): the strategy 1. (c) and (d): the strategy 2.
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Figure 8.21 compares the torques, the gear positions and the EM angular velocities of both
strategies between t = 12 s and t = 18 s. After 3 seconds of constant speed, the vehicle starts to
decelerate at t = 15 s. Figure 8.21(a) and (b) show the operation of both EMs with the ST2 stays
in its 1** gear position. Figure 8.21(c) shows that, with the strategy 2, the EM2 generates its mini-
mal torque and its maximal torque during the shift processes at t = 12 s and t = 15 s, respectively,
to change w, to its target values in the target gear positions in the respective shift processes (see
Section 4.4.2 for the shift processes). Figure 8.21(d) shows the corresponding angular velocities.
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Figure 8.22: The Hertzian stresses on the gears and the resulting fatigue between 12 s and
18 s. (a) and (b): the strategy 1. (c) and (d): the strategy 2.

The Hertzian stresses on G1.S1.SG and G2.S1.P—the solid curves for the tooth flanks “pos”, and
the dashed curves for the tooth flanks “neg” —as well as the resulting accumulated fatigue between
t=12s and t = 18 s are presented in Figure 8.22. All y-axes are in logarithmic scale. Note that
the accumulated fatigue of the gears in Figure 8.22(b) and (d) is associated with different axes
according to their colours. The curves of Hertzian stresses in Figure 8.22(a) and (c) reflect the
torques in Figure 8.21(a) and (c). Most noticeably, the Hertzian stress spikes on G2.S1.P pos and
G2.S1.P neg in Figure 8.22(c) caused far severer fatigue compared to the milder Hertzian stresses:
The accumulated fatigue in Figure 8.22(b) is hardly noticeable; The accumulated fatigue of
G2.S1.P pos hardly changes after the jump at t = 15 s. It is caused by the negative exponent with
a large magnitude in (8.1) for the permissible cycle numbers of gears and, consequently, a large
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exponent is implicit in (8.44) for the fatigue rate. For the same reason, G1.51.SG neg fatigues
between 15 s and 16 s more than between 16 s and 18 s in Figure 8.22(d). However, it fatigues
multiple orders of magnitude less than G2.S1.P.

The dynamic loads on B1.1.2 and B2.1.3 as well as the resulting accumulated fatigue between
t =12 s and t = 18 s are presented in Figure 8.23. All y-axes are in logarithmic scale. Comparing
Figure 8.23(c) and (d), the load spikes cause jumps in accumulated fatigue. However, their ratios
to the accumulated fatigue caused by the milder loads, e.g. those between 15 s and 18s, are much
less than the ratios of the accumulated fatigue caused by the stress spikes to that caused by the
milder stresses in the case of the gears.
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Figure 8.23: The dynamic loads on the bearings and the resulting fatigue between 12 s and
18 s. (a) and (b): the strategy 1. (c) and (d): the strategy 2.

8.4 Driving Cycle Simulation

The MCOS is to be evaluated in the WLTC driving cycle simulation as described in Section 6.3.
More specifically, the results of a set of driving cycle simulations of the MCOS with different y in
(8.29) are examined, since it indicates how much the MCOS “wishes” to reduce the average accu-
mulated fatigue so that the service life of the powertrain is extended. The predictive horizon of the
MCOS is set to 12, based on the results of the predictive EMS with different predictive horizon in
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Section 6.3.5.

It is noteworthy that the multi-criteria HOCP with the speed profile as a priori can also be solved
by the DP to obtain a global optimal solution. Such a reference MCOS has been investigated in the
previous work of the author [37]. Thanks to the known speed profile, it outperformed a MCOS in
the form of Option 1 in Section 8.2.1.1. Similar comparison is omitted in this chapter.

” o«

For compactness, “energy consumption”, “accumulated fatigue” and “service life” in the follow-
ing subsections refer to their values subject to the WLTC without explicitly stating it.

The results from Figure 8.13 and Section 8.3.1 have shown that the service life of Speed4E
powertrain is limited by those of the bearings, i.e. SLpr = min{SLgspry, SLgspr2}- The following
subsections focus on the MCOS with the fatigue cost functional for bearings. The results of the
counterpart for gears from Section 8.2.1.2 are presented in Appendix H. The main difference is
that it does not manage to extend the powertrain service life as far as the one for the bearings,
since the gear service life is not the bottleneck for the powertrain service life.

8.4.1 Overall Evaluation

Figure 8.24 presents the values of the sampled y for the evaluation on a logarithmic scale with the
index of y as the x-axis (See Appendix G for the exact values). The indexed y is used as the fatigue
coefficient in the MCOS with the same index. It can be noticed that less amount of y are sampled,
wheny < 10'% or y = 10" In either case, ¥ * Jiatigue iS €ither so much larger or so much smaller

than [ ldt that the minimization of (8.17) is unsensitive to y.
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Figure 8.24: The values of y sampled for the simulation study

Figure 8.25 summarizes the vehicle energy consumption and the average accumulated fatigue
of a set of WLTC driving cycle simulations. Note that the average accumulated fatigue is the fatigue
cost functional. Each circle represents an indexed simulation with an indexed MCOS. For instance,
the circle under the annotation “y;;” shows that, under the control of the MCOS with y;3, the
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vehicle consumes energy at a rate of 12.46 kWh/100 km, while the average value of the accumu-

lated fatigues of the SPT1 and the SPT2 regarding bearings is ca. 107,
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Figure 8.25: The simulation results of the MCOS with the indexed y: Average accumulated
fatigue vs. Energy consumption.

As y increases in Figure 8.25, the vehicle consumes more energy, while the average accumulated
fatigue declines. Due to the sensitivity of the HOCP to y that has been discussed earlier, plenty of
the data points assemble in the range of y € [y;,¥20] U [V40, ¥s0], notwithstanding the larger expo-
nentially increment of y. In the case of y > y,,, the average accumulated fatigue saturates at
4.23Xx10°°, Between y,, and yss, both the energy consumption and the average accumulated fa-
tigue remain unchanged. They are equivalent to the result of a predictive operation strategy con-

sidering solely service life.

Figure 8.26 shows the powertrain service life, i.e. min{SLg spry, SLgspr2 }, Of the same set of sim-
ulations on a logarithmic scale. Through increasing y and, consequently, minimizing the average
accumulated fatigue, the powertrain service life extends. The design of the multi-criteria functional
realizes the goal of the MCOS. The MCOS with y,, in Figure 8.26 is equivalent to a predictive
operation strategy considering solely service life. Compared to the predictive EMS (equivalent to
the MCOS with y,; ), it consumes 22.12% more energy (from 11.52kWh/100km to
14.08 kWh/100 km) but extends the powertrain service life by more than 9 times (from

4.10x10° km to 4.24x10°km). It is noticed that logiLl(—P;éz increases almost linearly with a slope

1

1 .
of 76.75 Tovh/i00Tm before y3,, while the slope changes to 1.25 owh 100k between y;; and ys,. At

the elbow point y3,, the vehicle consumes 5.72 % more energy (from 11.52 kWh/100km to
12.19 kWh/100 km) but extends the powertrain service life by more than three times (from

62 The argument of a transcendental function, e.g. a logarithmic function, should be dimensionless.
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4.10x10° km to 1.80x 10°km), compared to the predictive EMS.
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Figure 8.26: The simulation results of the MCOS with the indexed y: Powertrain service life
vs. Energy consumption.

8.4.2 A Closer Look at the Bearings

Figure 8.27 presents the accumulated fatigue of B1.1.2 (the blue curve with circles) and B2.1.3
(the red curve with circles) on a logarithmic scale. They determine Dy spr; and Dg spr,, as discussed
in Section 8.1.4. In the range of y € [y;,¥1,], the data points of B1.1.2 nearly coincide, due to the

D
B112 decreases
1km

unsensitivity discussed earlier. So do the data points of B2.1.3. When y = y, 3, log

DB2.13
1km

gradually. On the other hand, Dg, , ; doubles, and log increases by 1, as y rises to y,,, while

the energy consumption changes little to none. This will be discussed together with the gears in

D213
1km

Section 8.4.3. As y rises further, log changes with a derivative w.r.t. energy consumption that

©-B1.12

Accumulated fatigue -
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Figure 8.27: The simulation results of the MCOS with the indexed y: Bearing accumulated fa-
tigue vs. Energy consumption
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decreases gradually from a positive to a negative value. Dg, ; 5 reaches its maximum at y,,. With

Y = V47, Dpy13 remains almost unchanged, while the energy consumption increases slowly.

Service life in km

1.5 12 12.5 13 13.5 14
Energy Consumption in kWh/100 km

Figure 8.28: The simulation results of the MCOS with the indexed y: Bearing service life vs. En-
ergy consumption.

Figure 8.28 presents the service lives of B1.1.2 (the red curve with circles) and B2.1.3 (the blue
curve with circles). They determine SLgspr; and SLgspr,, as discussed in Section 8.1.4. The image
of the curves in Figure 8.28 are the mirror images of those in Figure 8.27 over a horizontal line,
since SL « % by (8.15) and both y-axes are in logarithmic scale. The curve of the powertrain service

life in Figure 8.26 is the combination of the curve SLg, , when y € [y,,¥5,] and SLg,,; wheny €
(¥31,¥s0], which causes two different slopes in Figure 8.26.

Figure 8.29 summarizes the gear distribution under the MCOS with y,, y5; and yss. Figure 8.30
summarizes the operating duration of both EMs.

As y changes from y; to y;;, the ST2 operates in the 1™ gear position in a larger area compared
to the neutral gear position (see Figure 8.29(a) and (b)), since the MCOS has the SPT2 take over
part of the loads. Compare Figure 8.30(b) to Figure 8.30(a): With y3,, the EM1 operates only in
the range of T, € [—20,20]. On the other hand, the EM2 provides the necessary torques, as T, re-
duces (see Figure 8.30(e)). As a result, most noticeably, the loads with a dynamic load of 2100 N
do not appear in the load spectrum of B1.1.2 in Figure 8.31(b), while the load spectrum of B2.1.3
expands at different levels of dynamic load, e.g. 2500 N and 2100 N.
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Figure 8.29: Gear distribution of the predictive MCOS with (a) y4, (b) Y31 and (c) y5s, respec-

tively.

Figure 8.29(c) shows that the ST2 stays only in the 1™ gear position, unless the vehicle speed is
close to zero and the acceleration is small. Through avoiding shifts, with yss, the MCOS has the
EM2 hardly operate with its maximum or minimum torques (see Figure 8.30(f)). Furthermore, the
MCOS has both SPTs divide the loads as even as possible. Compare Figure 8.30(c) to Figure
8.30(b): With yss, the EM1 operates only in the range of T; € [-10,10]; The operating duration at
the points with small torques rises. On the other hand, the area of operating points of the EM2
narrows in the direction of torque and elongates in the direction of rotational speed (see Figure
8.30(f)), and the operating duration at the area with small torques rises.

The load spectra of B1.1.2 and B2.1.3 change accordingly (see Figure 8.31). The change of the
load spectra from y; to y5, clearly follows the change of the operating duration of both EMs dis-
cussed earlier. To understand the change of the load spectra from y3, to yss, the load spectra with
y3, are provided additionally in Figure 8.31(c) and (g). As y increases, the MCOS requires both
EMs divide the total output torques more evenly so that the average accumulated fatigue can be
further reduced. As a result, there are less instances that either EM provides a major part of the
output torque and the other EM complements it. The bars of large dynamic loads in Figure 8.31(c)
and (g), therefore, narrow, in compared to Figure 8.31(b) and (f). For instance, those of 1500 N
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and 1300 N of B1.1.2 as well as those of 2500 N and 2100 N of B2.1.3. At the same time, the rest
of the bars widen. These changes further develop until the load spectra fall in the state as shown

in Figure 8.31(d)and (h). Another reason is related to the shift processes, which will be discussed

together with the gears in Section 8.4.4.

See Appendix H for the accumulated fatigue and the service lives of all bearings and gears at

Y31 and yss.
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Figure 8.30: Operating duration of both EMs with different y: (a), (b) and (c): the EM1. (d),
(e) and (f): the EM2.
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Figure 8.31: Load spectra of B1.1.2 (left side) and B2.1.3 (right side) with different y.

8 Multi-Criteria Operation Strategy Considering Service Life

153



8.4.3 A Closer Look at the Gears

As y increases, the gears fatigue differently. Figure 8.32 presents the service life of G1.51.SG, i.e.
SLgys1s¢ (the blue curves), and that of G2.S2.P, i.e. SLg,s,p (the red curves), on a logarithmic
scale, where the circles represent the tooth flanks “pos” and the diamonds represent the tooth
flanks “neg”. SLg, s p drops to the level of SLg, g1 56 at y1g, While the similar situation happens with
the bearings at y5,, for the fatigue of the gears is more sensitive to the torques, which has been
discussed in Section 8.3. As y further increases, SLg, s, p decreases until y,4 and rises thereafter.
The service lives of both gears saturate after y reaches y,q. Between y,¢ and y5s, the energy con-
sumption increases slowly. The relationship between the service life curves and the accumulated

fatigue curves has been discussed in 8.4.2. See Figure H. 3 in Appendix H for the accumulated
fatigue of the gears.

10"f
-©- G1.81.5G pos -©- G2.51.P pos

= 10'6F - G1.51.5G neg 9~ G2.51.P neg
= T,
= 2 N e
= 14 7
o 10 g
£ 10"
g
w2 1010
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11.5 12 12.5 13 13.5 14
Energy Consumption in kWh/100 km

Figure 8.32: The simulation results of the MCOS with the indexed y: Gear service life vs. En-
ergy consumption.

Most noticeably, after y,3, SLg,s1p increases drastically until saturation at y,¢. This is mainly
caused by the change of the shift count from 42 at y,5 to 5 at y,s. The shift counts out of all driving
cycle simulations are summarized in Figure 8.33. The positive correlation between the accumu-
lated fatigue of G2.S1.P and the shift count in the driving cycle is presented in Figure 8.34, where
the y-axis is in a logarithmic scale. The data points in terms of Dg, sqp pos are omitted, since they

mostly coincide with Dg; g1 p neg Until y,5 in Figure 8.32.
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Figure 8.34: The simulation results of the MCOS with the indexed y: Gear accumulated fatigue
vs. Shift count.

The drastic change of SLg, ¢, p from y,; to y,s is caused not only by the shift count but also by
the vehicle speed when the shifts happen. Comparing the gear distribution with y,; to that with
V45 (Figure 8.35(a) and (b)), it can be noticed that the shift processes with y,s only take place with
vehicle speed either close to zero or slightly larger than zero, while those with y,5 take place with
larger vehicle speed. With lower vehicle speed, the EM2 accelerates and decelerates for extremely
short period with its maximal and minimal torque, and the EM2 angular velocities during these
processes are low. The fatigue rates in these cases integrate to low values. It is verified by the stress
spectra of SLg; 51 pneg With ¥,3 and y,s in Figure 8.36—Note that Figure 8.36(b) is slightly shifted
to show the bar with 1050 N-mm™.

Figure 8.34 shows that, as y changes from y,s to y,e, the shift count does not change, but
Dg2.51.p neg does. Comparing the gear distribution with y,5 to that with y,, (Figure 8.35(b) and
(c)), it can be noticed that the shift processes from the 2" gear position to the neutral gear position
in Figure 8.35(b) cease to happen. Consequently, G2.S2.P neg is free from the stresses caused by
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the negative torque spikes at the beginning of these shift processes. It is verified by the disappear-
ance of the narrow bar with 962 N-mm™ in Figure 8.36(c). However, the MCOS with y,, still re-
quests the shift processes from the neutral gear position to the 1% gear position. SLg; s1.p pos Stays

at the same level, as y changes from y,s t0 y,¢.
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Figure 8.35: Gear distribution of the MCOS with (a) y,3, (b) Y45 and (c) y46.

On the other end of the y index, as the shift count rises from 43 at y,3 to 61 at ¥4, SLg, 13 in
Figure 8.28 and SLg; s1p neg in Figure 8.32 halve. The change of SLg, ; 5 is more obvious, for Figure
8.27 is in a smaller scale. They are caused mainly by the torque spikes during the shift processes,
which can be verified by the widening of the bars with 962 N-mm in Figure 8.36(d) and (e), as
well as those with 2100 N in Figure 8.37(a) and (b).

As y rises from y3g t0 Y40, SLG151.56 neg TiS€S above SLgy 5156 pos» Since the operating duration of
the EM1 with negative torque reduces, which can be observed by comparing Figure 8.38(a) and
(b). Due to the logarithmic scale in Figure 8.32, the change of SLg; 51 p neg is unnoticeable, though
the EM2 provides the negative torque that compensates for the reduced negative torque of the
EM1.
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Figure 8.37: Load spectra of B2.1.3 with different y.
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8.4.4 Evaluation Summary

At y,, the parts in the SPT1 fatigue more severely, since it is mostly the EM1 that propels the
vehicle, and the ST2 stays mainly in the neutral gear position. As y increases, the MCOS seeks
lower average accumulated fatigue in the prediction horizon. The MCOS requests, firstly, the ST2
to shift out of the neutral gear position more often. It, secondly, reduces T; and increases T,. Due
to the exponential nature of the fatigue (see Sections 8.1.3, 8.2.1, and 8.3), the average value of
Dy, 1, and Dg, , ; decreases, notwithstanding the rise of Dg, ; 5. The shift count in the WLTC rises
until the level near y;, (see Figure 8.33), with which Dg, , , and Dy, , 5 are closest to each other in
Figure 8.25.

As y rises further, Dg, , 5 is larger than Dg, ;, (see Figure 8.25). The MCOS further reduces the
average value of the accumulated fatigue primarily through reducing Dg, , 5, which is sensitive to
the torque spikes in the shift processes (see Section 8.3.2). Therefore, less shifts are requested and
the shift count in Figure 8.33 decreases after y;;. At the same time, the torques of the EM1 and
the EM2 are arranged in such a way that Dg, ; ,, Dg, 13, and their average value decrease (see the
discussion of the load spectra change from the state with y5, through y3, to yss in Figure 8.31).

8.5 Summary

This chapter explores MCOSs considering both energy consumption and powertrain service life. It
addresses the issue that EMSs can cause more heavily loaded parts to be the service life bottleneck
of a powertrain. In some unwanted cases, the value of the bottleneck can be several orders of
magnitude smaller than the service lives of other parts.

The MCOS in question requires a service life estimation model. With the requirements for online
MCOSs and the characteristics of electric powertrains in mind, the subjects of the service life esti-
mation are narrowed down to bearing fatigue failure, gear tooth root breakage and gear tooth
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flank pitting. The method for calculating accumulated fatigue is determined. Under their respective
assumptions, bearing fatigue caused by positive and negative torques is simplified to be accumu-
lated linearly; gear fatigue of tooth flank pitting caused by positive and negative torques is sepa-
rately accumulated; and gear fatigue of tooth root breakage caused by positive and negative tor-
ques is accumulated with a conservative factor 1.0. The simulative evaluation on Speed4E power-
train in Section 8.1.4 supports the statement in [36, p. 239] that tooth root breakage in modern

vehicle transmission is reduced to the minimal®® through modern design processes, and pitting

limit is critical. Therefore, tooth root breakage is excluded from the MCOS.

The formulation of the multi-criteria functional in the MCOS is cautiously discussed. The proce-
dure is, arguably, necessary and recommended for all optimal control problems and optimization
problems, especially those in application. The fatigue cost functional is decided to be the average
accumulated fatigue as an endpoint functional. The differential equation system of the multi-cri-
teria HOCP is shown to be reducible in such a way that the original formulation can be carried

over with only modification of the instantaneous Hamiltonian.

The algorithms developed in Chapter 5 are applied as the solver of the MCOS, which shows the
versatility of the algorithms.

Speed4E powertrain is used as an example for the formulation of the MCOS as well as its eval-
uation. As the fatigue coefficient in the cost functional increases, the MCOS has both SPTs share
the loads more evenly. As a result, the powertrain service life extends, while the vehicle consumes
more energy. The load spectra and the operating duration of both EMs are investigated to interpret
and reason of the results. Interestingly, the MCOS requests firstly more shifts and later reduces
shifts during the WLTC, as the fatigue coefficient increases. Due to the exponential nature in the
mathematical expression of the fatigue phenomena, the MCOS have both EMs avoid the situation
that either one provides a major part of the output torque.

The rise of the shift count is, frankly, undesirable but inevitable in the case of Speed4E power-
train. The predictive EMS has the ST2 mostly in its neutral gear position. As the fatigue coefficient
rises yet not large enough to make y - Jraigue OVerweigh [ ldt in (8.17) by orders of magnitude, the
MCOS has the ST2 shifts out of the neutral gear position at a certain portion of the time so that
the fatigue cost functional is reduced and the energy consumption is not totally sacrificed. The
larger the fatigue coefficient, the larger the portion of the time. If the MCOS is applied on other
powertrains, the shift count does not necessarily rise. It depends on powertrain parameters, e.g.

EM parameters, gear ratios, parameters of gears and bearings.

The MCOS can be applied with an adaptive fatigue coefficient. For the one with the fatigue cost

63 The original reference used the word “eliminate”.
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functional for bearings, the adaptive fatigue coefficient can be formulated as

logy = exponent, + exponentslope(log(max{o, Dg:in})

+ log(max{0, Dy 35, }),

flag = { 1, Dgspr1 < Dpspras
—1, Dgspr1 = Dpsprz-

(8.47)

(8.48)

They tell that y grows exponentially as both fatigue distance from each other. exponent, is the

exponent when Dg spry and Dg spr, are identical. exponentg,,. describes how fast y changes as the

difference between both fatigue changes. Dy spr; and Dy spr, can be evaluated every thousand kil-

ometres or hundred days. The results of energy consumption and powertrain service life of such

an adaptive MCOS moves along the curve in Figure 8.26, as y changes. exponent, and

exponenty,p, can be parameterized for some performance measure with methods such as Bayesian

Optimization.
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9 Conclusion and Outlooks

Before concluding the results, it is worth recapping the background and the main contents.

BEVs are the main solution to the future EU regulation of zero emission passenger cars. It has
been a focus of both academia and industry to extend their range. One of the main approaches is
to reduce their energy consumption. Recent studies have shown that the two-drive topology and
the multi-speed topology help to do so. It is natural to combine both concepts and to design a two-
drive multi-speed topology for BEVs. Due to its more than one DoF, an EMS is necessary to exploit
the potential of such a topology for reducing total energy consumption. On the other hand, a multi-
speed topology brings a discrete variable, i.e. gear positions. Shift processes are involved in EMSs.
They are mostly assumed neglectable. [25] and [33] have pointed out that such a practice can
cause frequent shifting.

This thesis is initiated by developing an online EMS for a two-drive multi-speed BEV (Speed4E).
With its continuous and discrete dynamics in mind, to design an EMS is categorized as an HOCP.
For the purpose of online operation, an MPC framework is adopted. Speed4E powertrain is formu-
lated as a hybrid system that considers its shift processes. The HMP is applied and the algorithms
for the whole solution process are developed. The predictive EMS embedded with the HMP takes
shape. The minimization of the instantaneous Hamiltonian is mathematically examined, and Lem-
mas 1, 2 and 3 are produced. The time complexity of the algorithms is analysed. In the WLTC
driving cycle simulation, the predictive EMS outperforms the EMS naive optimal w.r.t. energy con-
sumption, reduced by 0.26 %, and shift count, reduced by 63.41 %. Due to its online characteristic,
the predictive EMS falls short of the EMS global optimal mildly. The durations of the driving cycle
simulations support the results of the time complexity analysis.

Through managing power flows, EMSs influence load profiles of parts and components in a
powertrain and, therefore, their service lives. As the service life of a powertrain is limited by its
part with the shortest service life, it is undesirable to have its parts and components loaded in such
way that their service lives is several orders of magnitude apart.

A MCOS is developed in this thesis. Through more evenly dividing loads between the SPT1 and
the SPT2, the MCOS extends the powertrain service life. It carries over the same algorithms devel-
oped for the predictive EMS embedded with the HMP solution. Tooth flank pitting and bearing
fatigue are considered in the service life estimation model. The bottleneck of Speed4E powertrain
w.r.t. service life in the WLTC is B1.1.2. With an increasing fatigue coefficient, the MCOS extends
the service lives of all parts in the SPT1—B1.1.2 belongs to the SPT1—and, therefore, the service
life of Speed4E powertrain. On the other hand, the service lives of all parts in the SPT2 reduced,
and the vehicle consumes more energy.

Multi-drive multi-speed electric powertrains are natural further development of two-drive multi-
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speed electric powertrains. It seems incomplete to stop with developing EMSs for the latter.

The hybrid system formulation of Speed4E powertrain is generalized to accommodate multi-
drive multi-speed electric powertrains. A general multi-drive multi-speed electric powertrain is
proposed. The hybrid system formulation for different operation complexity and the corresponding
HOCPs are presented.

The detailed discussion of the results can be found in the summary sections in their correspond-
ing chapters. In what follows, a summary and conclusions on the contribution of this thesis as well
as an outlook on future works are provided.

Conclusion
This thesis explores EMSs for two-drive multi-speed BEVs “vertically” and “horizontally”.

The “vertical” results are those relate to the two most important attributes of an online EMS: 1)
how good can its performance measure be, i.e. how low can energy consumption be? 2) how fast

can it compute? They are developed and evaluated with Speed4E BEV as an example.

The popular assumption of neglectable shift processes is examined. It is discarded in this thesis
based on two reasons: 1) An EMS normally generates controls of torques and gear positions with
a frequency of at least 1 Hz. The shift durations of most common transmissions in today’s market
are too long to be ignored; 2) The EMSs with the assumption cause so high shift count that impair
drivability (see Sections 1.1 and 3.3 for the reasons, respectively). Through considering shift pro-
cesses, the hybrid system model from this thesis captures the dynamics of a powertrain more

properly. It provides a new perspective to model two-drive multi-speed electric powertrains.

The HMP is adopted as the solution method in the predictive EMS for its accuracy and low time
complexity. The idea of Bang-Bang controls inspires a novel initialization strategy for the solution.
It helps the algorithms in this thesis to overcome the shortcoming of IMs in term of initialization,
and its time complexity is low. Such an initialization strategy for IMs in the context of EMSs is
unseen in the literature. The Broyden method is adopted to find the solution of the 2-D TPBVP that
is transformed from the HOCP by the HMP. It is worth mentioning that the hybrid system is mod-
elled in such a way that excludes state jumps and, therefore, relieves the solver from the require-
ment of predefined shift sequences that is found in the literature (see Section 3.2.3). Furthermore,
the algorithms for the whole solution process are suitable for multidimensional problems, while
most works on EMSs in the literature focused on 1-D problems and their methods are difficult to
be extrapolated into multidimensional problems, if possible at all (see Sections 3.2.1.2 and
3.2.2.1). As aresult, it holds promises for applying the solver to other HOCPs with the same setting.

A more proper model and an accurate solution method in the MPC framework contribute to the
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first attribute. Compared to an optimal EMS that ignores shift processes, i.e. the EMS naive opti-
mal, the predictive EMS reduces energy consumption both in the WLTC and in a real-world driving
data based driving cycle simulations. At the same time, the predictive EMS reduces the shift counts
significantly in both cases. A predictive EMS embedded with the HMP is novel.

The hybrid system model together with the shift processes has increased the complexity of the
HOCP and, frankly, raised the time complexity of the algorithms. To mitigate the effect, the con-
tinuous control function during the shift processes are modelled mainly time dependent. Further-
more, the Bang-Bang controls inspired initialization and the Broyden method contribute to the
second attribute. They as a whole outperform SQP w.r.t. the iteration number for solving TPBVPs.
SQP is chosen as the bench mark for its wide availability. Most importantly, the minimization of
power consumption is mathematically analysed. With the prerequisite of convex power losses w.r.t.
torques, the minimization is proved to be equivalent to a convex optimization in a standard form.
Additionally, the optimization domain is proved to be reducible. The Lemmas produced by the
proofs reduce the time complexity of the algorithm of the predictive EMS. They can be transformed
to the proofs and the treatments for the optimization problems with similar settings in other ap-
plications and studies, even those that are not relevant to EMSs. These Lemmas are, as far as the

author knows, unseen in the literature.

The convexity of the power losses w.r.t. torques might not hold, e.g. when either angular velocity
or torque is close to zero. One alternative to apply the Lemmas is to separate the optimization
domain. By doing so, only the minimization in a small optimization domain needs to be solved as
an NLP problem. Furthermore, if the nonconvexity only occurs in a small enough domain, e.g.
when the torque is between -0.01 Nm and 0.01 Nm, and the minimal increment of the torque set
points in application is beyond that range, the nonconvexity can be ignored.

As mentioned in Section 3.2.2.1 and verified in Section 6.3.4, an accurate vehicle speed predic-
tor helps a predictive EMS to reduce energy consumption. Developing and training a deep NN
model for the purpose of speed prediction has gained traction in academia. This thesis chooses to
use a statistical mode for that purpose and to focus on other components in a predictive EMS. The
reason is twofold: 1) The model and the solution method relate more directly to EMSs. A proper
model benefits all EMSs for two-drive multi-speed BEVs. The solution method, the developed al-
gorithms and the mathematical analysis benefit all problems that can be formulated with a similar
setting as the HOCP in the thesis; 2) Theoretical analysis and empirical rigor of contemporary
machine learning, especially deep learning, is a matter of debate in recent years [177]. It is out of
the scope of this thesis to develop a state-of-the-art NN model systematically to predict vehicle
speed.

The “horizontal” results are those relate to broadening the scope of the thesis in two aspects: 1)

to generalize and to extend the hybrid system formulation and the EMS developed in this thesis;
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2) to incorporate a neglected perspective, i.e. powertrain service life in a MCOS.

Based on the hybrid system of Speed4E powertrain, the general multi-drive multi-speed electric
powertrain is modelled for the first time. Specifically, the general multi-drive powertrain has M
EMs, M > 2, M € N. Each EM is connected with either a single-speed or a multi-speed ST with the
same topology as the ST2 of Speed4E powertrain. The model does not cover all multi-speed trans-
mission topologies. However, the hybrid automaton (the model structure) and the switching con-
ditions among sub-automata—a sub-automaton represents a ST—remain, as long as the discrete
states representing shift processes are modified according to other types of shift processes. One
has to change the sub-automata, if n-speed STs are considered, n > 3, n € N.

The HOCP for the general multi-drive multi-speed powertrain is proposed for the first time,
which can be solved by the algorithms developed for the predictive EMS with the optimality con-
ditions by the HMP provided in Section 7.2.

The hybrid system and the HOCP of the general multi-drive multi-speed powertrain provides a
unified framework for modelling and designing EMSs for a multi-drive multi-speed powertrain. It
is noteworthy that the complexity of the general multi-drive multi-speed powertrain is encoded in
the hybrid system, the HOCP and the optimality condition mainly through the admissible discrete
control sets and the sample space of the combination of the discrete state of the whole system. It
is showcased, how to achieve different operation complexity through modifying them. This under-
lines the adjective “unified”. It is not mandatory to apply the algorithms developed in this thesis.
Notwithstanding the time complexity growing exponentially with M, the DP can solve the proposed
HOCP.

Due to the lack of powertrain data, the general multi-drive multi-speed powertrain is not eval-

uated in simulation environment in this thesis.

With the previous work [37] in mind, this thesis is the second to propose a MCOS considering
powertrain service life. With the exponential nature of fatigue w.r.t. torques in mind, the MCOS
can extend the powertrain service life by several times, but sacrifices energy consumption by at
most less than one quarter, compared to the predictive EMS.

A service life estimation model that follows DIN 3990 and DIN ISO 281 is developed for the
MCOS. The simulation study in Section 8.1.4 shows that, for BEVs, loads and fatigue caused by
positive and negative torques are comparable. Therefore, operational fatigue strength under alter-
nating loads is essential to service life estimation of electric powertrains, while it is suggested to
be neglectable in the case of powertrains of convectional vehicles (see Section 8.1.3.1). Fatigue
caused by alternating loads is modelled under the assumptions summarized in Section 8.5. With
more refined models, fatigue caused by alternating loads can be more accurately determined.

The influence of the torques and the shift processes on the service life is investigated in Section
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8.3. Due to the exponential nature of fatigue rate w.r.t. torques, the torque spikes during the shift
processes cause the relevant parts to fatigue noticeably. A similar situation can be expected, if one
evaluates a powertrain in which some parts withstand a high load for a short period of time in
shift processes or other transient processes.

The multi-criteria HOCP is systematically formulated, for which different formulations are eval-
uated. This procedure is nontrivial. EMSs with whatever solution methods stress numerical con-
vergence, which can be compromised by extra coefficients and functionals/functions introduced
by multi-criteria cost functionals/functions. For better convergence, the fatigue cost functional is
decided to be in the form of an endpoint functional, unlike the common practice of MCOSs that
adds a second cost function multiplying a coefficient. It is worth mentioning that formulation and
its benefits are individual to problems. It is not recommended to incorporate a second cost func-
tional in the form of an endpoint functional blindly but to follow the same train of thought for
evaluation and analysis.

Outlooks

The predictive EMS can be improved by a more accurate vehicle speed predictor. It can be achieved
through not only deploying an advanced NN model but also incorporating holistic information into
the inputs of the predictor, such as route information and information from smart city internet of
things networks. It is worth researching, how sensitively prediction accuracy influences the perfor-
mance of a predictive EMS. Furthermore, studies on efforts for building a vehicle speed predictor
vs. its benefit to the performance in both quantitative and qualitative ways can be helpful for out-
lining future research focuses of predictive EMSs.

At the current stage, the HMP under the category IMs is identified as the suitable solution
method for the predictive EMS. There is always room for improvement in convergence rate and
accuracy. One can improve the algorithms listed in Chapter 5. Other solution methods can be more
suitable when their relevant algorithms evolve. One can also research on other solution methods
and produce Lemmas under which other solution methods compute with lower time complexity
for the purpose of EMSs, just like Lemmas 1,2 and 3 in this thesis.

To avoiding frequent shifting, it is a common practice in engineering to define a minimal wait

time between shifts. One can include this aspect in a comparative study.

The predictive EMS with the HMP solution method can be flashed into a control unit. Hardware-
in-the-Loop can be used to verify the simulation study in this thesis, which provides value in engi-
neering.

Fatigue of electric powertrains can be more accurately calculated with the help of experiments
and more accurate modelling methods, especially those for determining fatigue caused by alter-
nating loads. EM thermal lifetime can be incorporated in the service life estimation model with the
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help of a model of the closed loop dynamics of the thermal management system. On the other
hand, if lower accuracy can be tolerated, one can assume that the temperatures of both EMs remain
unchanged in a short prediction horizon. Such an assumption is not sound at all for offline EMSs
solving a multi-criteria HOCP with a lengthy speed profile.

An adaptive MCOS like the one proposed in Section 8.5 is worth researching.

The predictive EMS and the MCOS developed in this thesis can be integrated in design processes
for future powertrains. Design parameters of EMs and STs can be optimized iteratively based on
driving cycle simulations. The results of the MCOS can be considered during construction dimen-
sioning.

Studies on ownership costs of powertrains can be performed to evaluate the benefit of the ser-
vice life extension. Construction dimensioning can even be less conservative, if the MCOS helps to
extend the powertrain service life to an acceptable extent. Such an approach is less attractive for
passenger cars, for their consumers are sensitive to energy consumption. It might be attractive for
heavy-duty vehicles, whose owners value ownership costs more, if the approach is proved to reduce

ownership costs.

A unified framework to model the general multi-drive multi-speed powertrain and to design its
EMS provides plenty of room for research. It can be used to build an automatic optimization tool
for electric powertrain topology optimization and component design. It can be used to build an
automatic EMS generation tool.
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Appendix A The Parameters of Speed4E Power-
train and the vehicle

The reduced rotational inertia about the rotational axis of the wheels are
Ired = Ired,PTl + Ired,PTZ +4- IWheel' (A1)

The rotational inertia of the sub-powertrain 1 (PT1), EM1 and the ST1 combined, about the rota-
tional axis of the wheels can be calculated by

Ired,PTl = (IEMl + ISun + IInputShaft) . l% + (ICarrier + ISplineShaft + IPinuinFD) (A 2)

Lj2 .2
U2 lFp:

The rotational inertia of the sub-powertrain 2 (PT2), EM2 and the ST2 combined, about the rota-
tional axis of the wheels is gear position dependent, which can be calculated by

1red,PT2
L2
(Temz + Ipinionst + IInputShaft) i5(6)
Iwheels2G2 i5(6)
+ (]Whee151 + IPinionSzGl + IPinionSsz + i2 + ICounterShaft) : i2
) 1
G=1,
+(1 + Ipinionss + Iss + 1 ) i35 - i
WheelS2G1 PinionS3 SS OutputShaft 2,3 'FD»
.2
(IEMZ + IPinionSI + IInputShaft) 13 (G) (A3)
IWheels2G2 i3(6)
+ (IWhee151 + Ipinions261 T Ipinions2gz T i, + ICounterShaft) a, G=2,
+(1 + Ipinionss + Iss + I ) i35 - i
WheelS2G1 PinionS3 SS OutputShaft 2,3 'FD»
Lj2_ .42
(lPinionSS + Iss +IOutputShaft) 153" lfp,
G=3

The rotational inertias of the components in Speed4E powertrain are listed in Table A. 1.
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Table A. 1: Rotational inertia of the components in Speed4E powertrain

Component Symbol Value Unit

Rotor of the EM1 Tema 371.1x10° kg-m?2

Sun gear of the ST1 Isun 9%x10° kg-m?2
Input shaft (EM1 to sun Lnputshaft 25x10° kg-m?2
gear)

Carrier of ST1 Icarrier 270010 kg-m2
Spline shaft (carrier to FD) Isplineshatt 3730x10° m/s?
Pinion of the gear set with IpinoinFD 480x10° kg/m?

the ratio i, ,

Rotor of the EM2 Iemz 371.1x10° kg-m2
Pinion of gear set stage 1 Ipinions1 35x10° kg'm?2
Wheel of gear set stage 1 Twheels1 14660x10°° kg-m?

Counter shaft IcounterShaft 134x10° kg-m2

Pinion of gear set stage 2 Ipinions261 418x10°° kg-m?
in 1% gear

Wheel of gear set stage 2 Iwheels261 67500x10° kg-m?
in 1% gear

Pinion of gear set stage 2 Ipinions2G2 3065x10°° kg-m?2
in 2™ gear

Wheel of gear set stage 2 Twheels2G2 25600x107° kg-m?2
in 2™ gear

Output shaft Ioutputshafe 1052x10° kg-m?

shift sleeve Isg 15%x10° kg-m?2

Wheel Twheel 4.2 kg-m2

The parameters for calculation of longitudinal dynamics are listed in the following table.
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Table A. 2: Parameters of longitudinal dynamics

Parameter Symbol Value Unit
Vehicle mass m 1320 kg
Fronted area Ag 2.38 m?

Aerodynamic coefficiency Caero 0.294 -
Rolling coefficient Croll Velocity dependent function -
Acceleration of gravity g 9.8 m/s?

Density of air Dair 1.2 kg/m?®

The vehicle parameters are provided by the BMW Group. The parameters of the parts in the

powertrain are provided by the Gear Research Center (FZG) from Technical University Munich

and the Institute for Drive Systems and Power Electronics from Leibniz University Hannover.
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Appendix B Speed4E Powertrain Power Losses
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Figure B. 1: Power loss maps of (a) the ST1, (b) the ST2 in the 1st gear position and (c) the ST2
in the 2nd gear position.

The power losses of both STs, shown in Figure B. 1, are provided by the Gear Research Center,
Technical University Munich. The power losses of both EMs, shown in Figure B. 2, are provided by
the Institute for Drive Systems and Power Electronics, Leibniz University. The results of both LEs,
shown in Figure B. 2, are provided by both the Institute for Drive Systems and Power Electronics,
Leibniz University Hannover and the Lenze SE. The maximal and minimal torques are marked by

black curves.
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Figure B. 2: Power loss maps of (a) the EM1, (b) the LE1, (c) the EM2 and (d) the LE2.
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Appendix C Dynamics of a M-Drive Multi-Speed
Powertrain

Longitudinal Dynamics

Suppose a BEV is propelled by a powertrain with M EMs that are connect to M STs. A discrete set
Its longitudinal acceleration can be determined by

Ttotal
v = b(G, v, Tioral) = r

2

— Cron(v) *mass - g — 0.5 ¢, " pair " A" v

(cn

mass,q(G)
The total output torque is provided by all EMs
Ttotal = Z TSTn ) in ’ (Cz)
nell
PLgr (0, Ty) (C3)
TSTn = (pn(wann) = Tn - %:
n
c4
= {11, ..., M}. (c4)
The derivative of the angular velocity over itself of an EM can be determined by
ow dob
Bw: = m (G, v, Teora) (C.5)

Note that v is related to w,, and, with (C.8) and (C.9) in mind, Ty, is related to w,. There is

dw, 0b 6o, Toe)
awn - awn Uy Ttotal
dv 0b 0, 0Tt Ob
== (6,0, Thora) + 5 ot =—(G,, T,
awn 017( v total) + awn ad’n aTtotal( v, total)
in in OPLgry r (elcr ) (C.6)
- _ . , (=T - A .
TM,q(Gy) (rcu,z1 dw, (@ u")+in dv @)-m-g +capAy

Necessary modifications to model the hybrid system with the first assump-
tion Section 7.1.1

It is assumed that one ST shifts at a time.
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An additional discrete variable n € I1, 11 := {I,1I, ..., M}, is introduced to index the sub-automata.
Let G, represents the gear position of the ST to which the n-th sub-automaton corresponds. The
function to calculate the effective torque for each ST is ¢, ,. The function to calculate the input
torque based on the effective torque is ¢, ¢, . The gear ratio of the n-th ST at G, gear position is
i,(G,) . The angular velocities and the torques of the EMs form the continuous states

x = (wp, @y, ..., wy)T and the continuous controls (T}, Ty, ..., Ty) T, respectively.

The reduced inertia /.4 in (4.5) is dependent on the gear position of each ST. They are encoded
in a combination G = (G}, Gy, ... Gy)-

In the 7 sub-automaton, a discrete set Q,, = {qn,qun,Zr s Onor Qnaa Qnap - qnygyd} includes the
discrete states and the sub-states of the sub-automaton that are defined in the same way as in
Section 4.4. w, denotes the discrete control in the n-th sub-automaton. Table 4.2 and Table 4.3
are taken over to formulate B,, the admissible discrete control set in the m sub-automaton, in
which q is replaced by q,,. The manifolds M,, are defined in the same way as in Section 4.4.2. The
dynamics of the n-th sub-automaton are defined in the same way as in Section 4.4.1 and Section
4.4.2.

Discrete states 4, 1,4y 2 and qy, 3

All STs stay in their fixed gear positions. Therefore, there is V n € I, g, = G,,. The indexed system
dynamics can be derived in a similar way to (4.14) from (4.6) as

xq = fq (x: Ttotal)

_ b(G' v, Ttotal) PR . T
- r ’ (lGI'lGII’ e lGM) , VEtE [tﬁrqn’tfﬂn]' (C.7)

G = (G, Gy, ... Gr),

(C.8)
Tiotal = Z iGn : ¢n,Gn (wn: Tn) ,

nen (C.9)
v="1, (C.10)

ig,
x(toq,) = Xog, ©m

where t,, and t;, denote the start and end time of q,,; the initial state x4, is given.
Discrete states q,, 4, qy s, ..., qno: the n-th ST performs a shift

“Balance” and “Decrease” phases

As discussed in Section 4.3, the duration of the “Balance” phase is the smaller one between the
duration for T, to reach zero (7,p,q.) and the duration for the rest to reach its maximum
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(Tmn,Fade)- \ denotes “exclude”. They are determined by

1
Tr\n,Fade = FB] : (ToutMax,H\n(tO,n,j) - Tout,l‘l\n(to,n,j))r (C.12)
a

ToutMax,l’[\n(t) = Z in’(qn') : ¢n’,Gnr (wn’(t): Tn',max(wn’)) ’ (C13)

n'e Mn
Touma® = Y i @u) b, (00 (O, T (©), (C.14)

n'eMn
(Tn (to,qn)) . in (qn(t(;,n,j)) (C1 5)

Tn,Fade = TSB ) )
al

TBal — min(TH\n,Fader Tn,Fade)r (C 1 6)

where T, m, denotes the output torque provided by all EMs excluding the n-th EM. T, yvaxmn

denotes the maximum value of T,y my,- By (C.12),

(C.13) and (C.14), all EMs excluding the n-th EM ramp up their torques in such a way that they
reach their maximal torques at the same time. Since all STs other than the n ST are in fixed-gear
position, given the assumption that one ST shifts at a time, i,/(q,’) that appears in the following
texts is the gear ratio of the n’-th ST. TS, denotes the rate of the change of output torque on the
wheels in the “Balance” phase; t,,, ; the time point when q,, enters g, ;.

A “Decrease” phase takes place, if 3 n’ € I1\n, T, reaches its maximum before T, reaches zero. The
duration of the “Decrease” phase is

Tn (to,n,j + TBal) . in (qn (to_,n,j))
Tpecr = TSpecr

» TBal < Tn,Fade ) (C-17)

0, Tgal = Tp,Fade (C.18)
Ta = Tpal T Tpecrs

where TSp... denotes the slope of the change of output torque on the wheels in the “Decrease”
phase. If the duration of the “Balance” phase equals 7, r.q4., the “Decrease” phase does not take
place, which means 7p, equals zero. The duration of the sub-state q,, , (z,) is the sum of the
duration of the “Balance” and “Decrease” phases. In this sub-state, the torque variables in u are

determined by
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Tout,l‘[\n (to,qn) + TSgar (t - to,n,j)' te (to,n,j' ton,j + TBal]l

Tout,l’l\n = {
ToutMax,l‘l\n(tO,n,j + TBal)' te (to,n,j + TBals to,n,j + Ta]v

C.19
TSpa= Y. TSpaw (€19

n'eM\n (C.20)

in’(qn’) . [Tn’,max(wn’) - ¢)n',6nr (wn’(to,n,j)' Tn’(to,n,j))]

TSgan’ = IS we M
al,n ToutMaX,H\n (to,n,j) - TOHt,H\n(to,n,j) a
TSgain’
T, (t + - P (t =ty )t € (tom i ton: + Trall,
Typ=4 " ( o,qn) i (qnr) ( 0,11,]) ( on,jrton,j Bal] (c21)
T max (@), t € (ton; + Toal ton; + Tal,

d);l,Gn Wp, = N ,t E (tO,n,jr ton,j + TBal]v

T, = ln (q(to,n,j)) (C.ZZ)
TS,

T (foms + Toa) = o ) “(t = ton; = Tea) t € (ton; + Tran tonj + Tal,

( " ln (q(to_,n,j)

where T/, one of the torque of the EMs other than n-th EM, fades to its maximum with a slope
dependent on TSy, ,/, while T, fades to zero firstly in accordance to the rising of the other EMs
and secondly dependent on TSp,, if necessary. TSg, » is a part of TSg,, where the proportion is
dependent on the deviation of T, to T,/ 1,a«. Since the DC is not disengaged, (C.7)-(C.9) hold with

G = (G, Gy, - G), Gy =q(t5,;)s t € (tomjstonj + Tal- (C.23)

An autonomous transition from state q,, ; , to g, ;, happens, when the time-dependent switching
manifold M, (t) = 0, which is defined as

Mgy (t) =t — tou; — Tq. (C.24)

First “Synchronize” and “Disengage” phases

In q, 5, the first “Synchronize” phase takes place, followed by the “Disengage” phase. Both phases
are assumed to last for constant time, as discussed in Section 4.3. The duration of this sub-state
(1) and the torques are
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Tp = Tsynl + TDisengage (CZS)

Tout,l’l\n = Ttotal - ¢"'q(tn_nj) ((1)", 0) ) in (qn (t(;,n,j)) ’ te (tO,n,j,b: to,n,j,b + Tb]: (C26)
h Cc.27
Ttotal = P(Gr v, 1.7) ( )

T, =0, tE€ (onjp tonjpt Tl (C.28)

where the rest EMs propel the vehicle, also compensating the drag torque of ST. The requested
output torque is determined by p(-) based on (4.6), in which G determines I,.4. The value of each
torque remains to be determined by the EMS, which can be considered an optimization problem.
tom;p 1S the time point when the sub-state g ;, is activated. Since the DC is not disengaged, (C.7)-
(C.9) hold with

G = (G, Gy, .Gy, G, = q(t(]_,n,j)r t € (tom,jpr tomjp T Tol- (C.29)

An autonomous transition from sub-state q,, ;;, to q,, ;. happens, when the time-dependent switch-

ing manifold M, (t) = 0, which is defined as

My (6) =t —tonjp — Tp- (C.30)

Second “Synchronize” and “Engage” phases

In gy, the second “Synchronize” phase with a duration 7y, takes place, followed by the “En-
gage” phase with constant duration, as discussed in Section 4.3. 7y, depends on the vehicle speed
and the shift process g, ;. It includes a) the duration for EM2 to accelerate 7,, negative accelera-
tion in this case, and b) the duration of the APC 7,p¢. The duration of this sub-state (z.) and the

torques are

Tc = Tace + Tapc + Tengage = Tsynzqy,; (V) T Tengage (C.31)
Tourma = MIN(Toumaxmm Teota) ¢ € (Comjer bomje + Tc)r (C.32)
Tiotal = P(G, v, 7), (C.33)
T, =0, tE€ (tonjelonjctTcl (C.34)

G, =3, t€ (tonjetonjct el (C.35)

where the gear position is neutral, since the DC is disengaged. The dynamics follow
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_ b(G, v, Tout,l’l\n) i

Xyt = - (@), n' € T\n, Vt€ (tonetonjctTe) (C.36)
. T,
Xn = I , Vte (tO,TL,j,Cl tonjc T 7], (C.37)
n,input
[
=- -, n' € I\n, (C.38)
ln/ (qn’) \
T = {Tn,minrt € (tO,n,j,u tO,n,j,c + Tacc]' (C-39)
n O, te (tO,n,j,c + Tacer tO,n,j,c + Tc] ’
v .
_ (F “ly (qu,j,d) — Wy (to,n,j,c)) ISTZ,input (C 40)
Tacc = T ) .
n

where I, is the rotational inertia around = EM rotor axis including the rotor of 7 EM, the first
stage and the second stage of the  ST. For q,,; € {@ns Qns - Qnobs @, 4 15 equivalent to the tar-

get gear position. All torques other than T, remain to be determined by the EMS.
An autonomous transition from the sub-state g, ;. to g, ;4 happens, when the time-dependent

switching manifold M., (t) = 0, which is defined as

Mg(t) =t —topjc— Te- (C.41)

“Increase” and second “Balance” phases

In 4> Toumn, Ty @nd Ty, fade to Touenew,mns Tn/,new @A Ty new, respectively, which are deter-
mined by the EMS for the new gear position. Similar to the sub-state gy, ;,, both “Balance” and

“Increase” phases might take place. Their durations are determined by

_ Tout,l‘l\n (to,n,j,d) - ToutNew,l‘l\n (C'42)
TH\n,Fade - TSB ) ’
a
(Tn,new - Tn(to,n,j,d)) : in (qu,j) (C-43)
TpFade — TSgal )
a
Tgal = min(TH\n,Fader Tn,Fade) , (C.44)
(Tn,new - Tn (to,n,j,d + TBal)) . in (qu,j,d)
Tiner = TSier »TBal < Tpn,Fades (C.45)
0, Tgal = Tn,Fades
Ta = Tgal T Tiners (C.46)

where @, 14 15 equivalent to the target gear, which is defined by the autonomous admissible con-

trol set. In this sub-state, the torques are determined by
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in’(qn’) : [Tn’,new - (pn’,Gnr (wn’(to,n,j)l Tn’(to,n,j))]

TSgain’ = “TSga, 1 € M\n (C.47)
Baln ToutNew,l'l\n - Tout,l’[\n(to,n,j,d) Bal
TSgan
To(tonia) ¥ ——2(t —=tonia)t € (tomid tonia + Toall
Tn’ — n ( O,n,],d) ln’(Qn’) ( O,n,],d) ( on,jd *on,j,d Bal] (C48)
Tn’,new: te (to,n,j,d + Tgal, to,n,j,d + Td]v
T,
, Teotal — Tougmn ()
¢n,Gn wmw ’ te (tO,n,j,dr tO,n,j,d + TBal]v
_ i (qu,,',.i) (C.49)
I Tslncr
T, (to,n,j,d + TBal) t—" (t —tonja— TBal)' te (to,n,j,d + Tgan ton ja T Td]-
\ 2 (@0,
Since the DC of the new gear position is engaged, (C.7)-(C.9) hold with
G=ay, . tE (tonjatonsa+ Tal (C.50)

An autonomous transition from the sub-state q,, ; ; the next discrete state @, 4 happens, when the

time-dependent switching manifold M; d(t) = 0, which is defined as

quvl.

Mjqu'j'd O=t- ton,ja — Ta- (C.51)

Shift process in other categories

In the case of Ty < 0, replace Ty pmax With Ty iy in (C.12), (C.13), (C.20) and (C.21).
Toutmaxmn 18 consequently Tyyeminmn In the case of Wy target > @y, T€place Ty min With Ty oy in
(C.39).

Necessary modifications to model the hybrid system with the second as-
sumption in Section 7.1.2

It is assumed that at most M — 1 STs can shift at the same time.

Further restriction is applied to the system: the controlled switching of all sub-automata take place
at the same time. More specifically, at a time point ¢, V n € Il, @, (t) can be different to @, (t7), if
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and only if g,(t7) < 3.

At a time point t, the indexes of the sub-automata that are in a shift process form a set I1,;r,. Those
that remain in their fixed gear positions form a set IT\I1g;r. The first strategy to control the shift
processes is to have each phase in a shift process of all sub-automata in Il finish at the same
time. For a sub-automaton 7 that enters a shift process, the dynamics and the predefined control
in (C.7)-(C.51) hold but with the following changes:

e  The set [1\n is replaced by I\Ilg;s-

e  Since all the phases in the shift processes are aligned, the time point during a shift process
can be expressed by the time variable of any sub-automaton.

e T, is not directly determined. An example in “Balance” and “Decrease” phases, i.e. subscript

75

a”, is shown:

The duration was calculated by (C.12)-(C.18). They are changed to

1 (C.52)
TI\Mgpif, Fade — FB]. (TOUtMaXH\Hshift(tO,n.f) - Tout,n\nshift(to,n.f)) ’
a

ToutMax,l‘I\l‘Ishift(t) = Z in'(qn') . ‘Pn’,cn; (wn’(t)' Tn’,max(wn’)); (C.53)
n'e Mn

. C.54

Tout,l‘l\l‘lshift @® = Z ln’(qn’) ) ¢n',Gny(wn’(t); Tn'(t)) , ( )
n'eM\n

1 . ) (C.55)

Tlghif Fade = TSgal ) (Tout,l'lshm (tO,n,j) - ToutZero,Hshift (to,n,j))'

, C.56

ToutZero,l‘Ishift(t) = Z ln(qn(t)) : ‘bn,Gn (wn(t)' 0), ( )
n€ Mspift

. (C.57)

Tout,nshift(t) = Z ln(Qn(t)) : (bn,Gn (wn(t)rTn(t))

n€ Mspife

= mi (C.58)

Tgal = mln(TH\Hshift,FadeJ Tnshift,pade);
Tout,l'lshm (to,n,j + TBal)
= »Tgal < TnFade

Tpecr = TSpecr ' ! C.59

0, Tal = Tp,Fade (C39)

Ta = Tgal T Tpecrs (C.60)

The torques T,,,n’ € I\Ilgf are determined in the same way as in (C.19)-(C.22). The tor-
ques Ty, n € Il are determined
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Tout,l‘lshift

_ { Teotal — Tout Mgy (E) £ € (to,n,j'to,n,j + TBal]r (€.61)
TOut,nshift(tO,n,j + TBal) - TSDecr ) (t - tO,n,]’ - TBal):t € (to,n,j + Tgal, tO,n,j + ‘L'a],

i toni))" @ (ton i), Tulton:
Factors. - 2 (40 (6501)) Bnn(@nClon) TaCon)) e (€6

TOUtrnshift(tO_yﬂ.]') - TOHtZel‘O.Hshifc(tO_,n,j) '

T, = (rl);t,Gn(wanFaCtorBal,n ) Tout,l‘lshift)r (C.63)

where TFactorg,, is a factor that considers the deviation between T,, and 0. By doing so, the

sub-states g, j 5, € Tgyig, j € {4,5,6,7} of all sub-automaton in Mgy end at the same time.

e  The duration of the second “Synchronize” and “Engage” phases, i.e. subscript “c”, is the high-
est value of the all sub-automata in Igp;e:

T, = max {Tsynz,qn,j} + TEngager N € Mghife- (C.64)

The strategy to control the shift processes can also be changed. For instance, T, ,n € Mgy,
changes individually with a factor. (C.61) remains. (C.62) and (C.63) are replaced by the equa-

. . s
tions that have T,; changes with a slope ofNT Lal

— where Ny is the size of g The duration of
shift

“Synchronize” and “Engage” phases is individually decided, after which T,, changes with individual
slope. Touem gy, COMpensates the change of Ty, .- The formulation is omitted.
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Appendix D Cost Function Minimization

Minimization of the cost function is formulated as

min{(x,u,), (D.1)

Uq
I(x,u) = x" - u+ PLgyy (01,uy) + PLgy, (w5, up), (5.7)
subject to Uy € [T min(01), Tymax(@1)], (5.13)
u; € [Tz,min(wz)n TZ,maX(wZ)]r (5.14)
%q = fq(x, Trora) (4.14)

b(q' vthotal) ( i1 )

=——"-f. , 4.15
. i2(4) (415)
Ttotal = ¢1(w1ru1) : il + ¢2,q(a)2,u2) - iz (q) (416)
q€{12}, (*)

where in (*) only g, and g, are considered, since the torques are determined by (4.7)-(4.9) in
neutral gear position and the continuous controls are predefined during a shift process (q €
O\{q1, 42, q3}). The minimization is subject to the inequality constraints (5.8) and (5.9) as well as
the equality constraint (4.16). (5.15) and (5.16) are not considered, since x and q are given.

Equivalent convex optimization

Lemma 1: the problem (D.1) is equivalent to a convex optimization problem in a standard form.
Proof of Lemma 1:

Firstly, the power losses are examined. For studies of EMS, power losses are often considered
quadratic polynomial with two variables (angular velocity and torque), in which the parameters
of the 2™ degree terms are positive [26]. In such settings, the power loss is convex. In this work,
the power losses are modelled as look-up tables based on the simulation results. The power losses
of both EMs and both STs at different angular velocities are illustrated in Figure D. 1, which are a
clearer view of the contour plots Figure B. 1: in Appendix B. By observation, PLg; and PLg,, are
convex functions in the direction of torque T.
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= 523.6rad/s - 1570.8 rad/s = 2618.0 rad/s
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= 523.6rad/s = 1570.8 rad/s = 2618.0 rad/s
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== 523.6rad/s = 1570.8 rad/s = 2618.0 rad/s = 523.6rad/s = 1570.8 rad/s == 2618.0 rad/s
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Figure D. 1: Power loss at different angular velocities of (a) ST1, (b) EM1, (c) ST2 and (d)
EM2
Secondly, change of variables of the optimization problem:
The function ¢: R? - R in (4.16) is more rigidly defined as
PLer(w,T)
To = dp(@,T) =T ——"2 T € T(w), (D:2)
w
T(@) = (T € R| Typin (@) < T < Trnax(@)}- (D:3)

Since the angular velocity w is given for the optimization problem, the function is rewritten as
bR - R

T =4, =1 -1 ey (0.4)
Tw = {T €R | Tmin(w) < T < Tmax(w)}r (D'S)

where domain T, is bounded by the maximum and the minimum torque of the EM depending on
its angular velocity. T, , a continuous 1-D line, is a convex set. In this domain, ¢, is concave, as
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PLg; is convex. By definition of concavity, V ¢ € [0,1], ¥V T,, T, € T, the following holds
Po(c Ta+ (A=) Tp) 2, (Ty) + (1 =) ¢, (Tp). (D.6)

Figure D. 2(a) and (b) show the output of ¢, of ST1 and ST2at first gear, i.e. ¢, and ¢, 4,, at
different w, which can be observed to be monotonic. The inverse function ¢ therefore exists.

The domain of ¢! is the range of ¢,,

dom¢g' ={¢,(T) | T €T}, (D.7)

which is continuous and bounded by ¢, (sup T (w)) and ¢, (inf T (w)) on R. “sup” and “inf” repre-

sent supremum and infimum. (D.7) is a convex set.

—523.6 rad/s 1570.8 rad/s = 2618.0 rad/s
— 10472 rad/s =— 2094 .4 rad/s 3141.6 rad/s

—523.6 rad/s 1570.8 rad/s — 2618.0 rad/s
— 1047.2 rad/s =—2094.4 rad/s 3141.6 rad/s

o
o
j51]
o

o

=)
\\
\

&
=]
I\

&
=]

-50 0 50 -50 0 50
Torque 7} in Nm Torque 15 in Nm

(@ (b)

Figure D. 2: Effective torques of the ST1 (a) and the ST2 in 1st gear (b) at different angular
velocities

Effective torque Tgp; in Nm
\\
Effective torque Tgra in Nm

Vcel[01],VT,,T, € [¢,(infT(w)), p,(supT (w))], two real numbers a and f are defined as

=¢,' (c' T+ (1A —-0)'T), (D.8)
B=c s (T)+ (1 —c) ¢ (T, (D.9)

]
|

which still belong to 7' (w). Place a in ¢,

$o(@=cTp+1—-0c)T,

= ¢ 9u(95* () + (1= ) 9 (65" (). (b-10)

By the inequality from (D.6)

bo(@) < ¢, (c- 5" (T) + 1 = ) - 951 (1) = $u,(B)- (D.11)
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Since ¢ strictly increases, there is a < B, i.e.
Gt e T+ (1 —¢) T <c 5 (T) + (L —¢) - 3 (T, (D.12)

Vc€e[01],V T, T, € Tr(w). ¢3! is therefore a convex function.

Use ¢, (Tsr) to substitute T; and T, (u := (T, T,)) in (5.7) and the cost function is transformed to

lx,q ((pl_i)l (TSTl)I ¢2_,ng,q (TSTZ))
= w; * P1, Tor1) + @5 * P20, o (Tor2) (D.13)

+ PLgmy (‘1’1: o (TSTI)) + PLgmz (wzr Drorna (TSTZ))v

whose minimization is

(TSTT,}?TZ)T g (¢1_(1u1 (Tst1), D200 (TSTZ)): (D.14)
subject to Tsrq € {¢ST1,m1(T) |T € %MLwl}r (D.15)
Tsrz € {Ps120, (1) | T € Tomz, ) (D.16)
:Vq = fq(ertotal) (D.17)
_ b(q, v, Teora)) iy
= () .19
Trotat = Tst1 " i1 + Tstz " 12(q), (4.7)
q€{12}, (*)

where x and q are subscripted in (D.13) and (D.14) to avoid confusion, since the cost function is
optimized w.r.t. torques. The last two terms in (D.13) are convex functions, since they are function
composition of convex functions. (D.13) as a whole is a convex function, since it’s a sum of convex
functions with non-negative weights. Same as the reasoning for (D.7), (D.15) and (D.16) are con-
vex sets. (4.7) is an affine function. Therefore, (D.14) is a convex optimization in standard form
[63, pp. 136-137].

Lastly, the equivalency. The control u, in (D.1) and the effective torques (Tsry, Tsy,)" are one-to-

one, since ¢sry,, and gy, are monotonic. If (Tér1, Tép)T  solves  (D.14),

T
(¢5_T11,w1(T§T1)' ¢5_T12,m2(T§T2)) solves (D.1). The original problem (D.1) is therefore equivalent to
the problem (D.14) by change of variables [63, pp. 130-131].

Remark: To obtain the function ¢'(w, Tsp)introduced at (4.7)-(4.11), firstly perform ¢;*(Tsy) on

the discretized w, then perform interpolation.
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Upper and lower bounds of the torques

[Tz
Tiotal = Toero  JA] Ttotal = Tinf,max
Zone 1l Zone I
Tiotal < Taero Tiotal = Tinfmax
T =0 T, =0

2.

/////////

Zone Il 7 Zone IV
Tiotal < Trero Tiotal 2 Tinf,max
Ty|T2 < 0 T[Tz <0

//////

Figure D. 3: Torque range divided into several zones

T
Lemma 2: Suppose (Tsrq, Tsrz)" solves (D.14) and (uj,u3)™ = (¢§%1,w1(T§T1)» ¢§1!2,w2 (TgTz)) is

the equivalent solution to (D.1). Following inequality holds

(1 € [0, Ty man(@)]
’ Tiota = T; )
u; c [0' Tz,max(wz)]: total infmax (D.19)
u; € [Tl,min(wl)ro]r
€ [Tzlmax(wz), 0],

T511 € [$usn @ duyom (Bm@)]
Tits € [Buns120 (0, Pusrag (Tomar ()],
Térs € [Buysr1 (Timin(@1), By 511 (0],
\Tsr2 € [Bustan (Tomax(@2)), By 5120 (0]

Ttotal < Tzero'

D.20
total < Tzero- ( )

Proof of Lemma 2:
(D.20) is the mapping of (D.19) through ¢sry,,, and @grz4, 4. It's necessary to only prove (D.19).

(Teotan 41) and (Tyorar, u5) are not in “Zone II” or “Zone IV” at the same time, since it contradicts the

equality constraint (4.16).
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If Lemma 2 holds, both points (Tioa, 41) and (Tyoa, u5) fall in either “Zone I” or “Zone I11”, which
is proved by contradiction in what follows.

Step I: consider the Tyoa = Tinfmax- Assume uj = 0, i.e. “ZoneI”, and u; < 0, i.e. “Zone IV”. Choose
au, €[0,u;)in such a way that u, = 0 can be determined by (4.16). Choose a small increment
du, > 0 in such a way that u; + du; < uj. The equality constraint (4.16) determines the new
torque of EM2 corresponding to u, + du, and it is denoted as u, — du,, u, > 0. As (4.16) is not

affine, (u; + 6uy,u, — du,)T does not lie on the line segment between (u,,u,)T and (uj,u3)".

The functions ¢, sr1 and ¢, sr24 map (uy,uy)", (uy + 8wy, u, —6u,)™ and (ui,u3)T to
(Tsr1, Tst2) > (Tsry + 6Tsry, Tsro — 8Ts12)T and (Tery, Tér,)T, respectively, where §Tgr, > 0 and
8Tsto > 0. (Tsre, Tst2) s (Tsr1 + 6Tsr1, Tstz — 8Tsr2) T and (Tépy, Tér,)T all satisfy the affine equal-
ity constraint (4.7), which indicates that ( Tgpy + 6Tsrq, Tst2 — 6Tst2)" lies on the line segment be-
tween (Try, Tst2)T and (Téry, Tér,)T. Since (D.13) is a convex function,

leg (¢1_i;1 (Tst1), D200, (TSTZ)) = Leg (4’1_(1;)1 (Tsr1 + 6Ts71), $3.09, 0 (Ts12 —

(D.21)
8Ts12) )-
Substitute (Tgry, Tst2)T with (ug,u,)T
Leguy, up) 2 Log(uy + Suy, up — 8uy). (D.22)
Consider the deviation between the left- and right-hand sides of (D.22)
Leg(uy + 8uy, up — 8uy) — L (ug,u,) <0, (D.23)
Wy - 6Uy — Wy - 6Uy + Pl (w1, Uy + 6uy) — Plgy (w4, u4) (D.24)
+ PLgyz (W3, U — 8U,) — Plgyz (w3, u,) <0,
subject to
Tiotal = ¢1,w1 (u) iy + ¢2,wz,q (up) - iy (D.25)

=10, (uy +6uy) - iy + D2.02q (up = 8uy) - iy.

Since Tyotal = Trotalintmax and u, = 0, there is u; > T ¢, Where % (wy,u4) > 0, by observation
1
of Figure D. 1(c). By observation of Figure D. 1(b), %(wz,uz) <0, for u, = 0 and du, > 0.
2

Therefore,
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PLgyq(wq,uy + 8uy) — PLgyy (w5,u5) >0, uy = Tyjpeand Suy > 0, (D.26)

PLgya (g, Uy — 8uy) — PLgyp (w5, u;) >0, u, = 0and Su, > 0. (D.27)

OPLsT1
ouq

Furthermore, by observation of Figure D. 2(a) and (b), (wy,uy) >0, for Ty = Ty, and

%(wz,uz) <0, for u, < 0. Based on (D.4) and the convexity of the power losses, there are
2

d d -
%‘1"1 <1, for uy = Tyjne > Ty sT1inr, and %“;2” > 1, for u, < 0 < Thgran¢ (see the beginning of

this proof). Rearrange (D.25) to get

0 = By, + 80) = 1,0+ 2 (B0, = 50) = B,
_ d¢1,w1 (ul) Suy — ﬂ . d¢2,wz,q(u2) - Su, (D.28)
du, iy du,
i>(q) .

< déu, — Su, = P (wq - 6uy — w, - 6uy).

1 1

Considering (D.26)-(D.28), the left-hand side of the inequality (D.24) is greater than zero. This
gives a contradiction to (D.24) stemmed from the convexity. Therefore, the situation that uj > 0
and u; < 0 does not exist, if Tyoa1 = Tinfmax-

Step II: still consider the case that Ty,ia = Tiotalinfmax- ASSume uj < 0, i.e. “Zone IV” and u; > 0,
i.e. “Zone I". Choose u; = 0 and 0 < u, < u; can be determined by (4.16). Choose a small incre-
ment du,; >0, so that uj < u; —6u,; < 0. The equality constraint (4.16) determines the new
torque of EM2 corresponding to u; — §u, and it is denoted as u, + du,, fu, > 0. As (4.16) is not
affine, (u; — 6uy,u, + du,)T does not lie on the line segment between (u;,u,)" and (uj,u3)".

The functions ¢, sr1 and ¢, sr24 map (uy,ux)™, (uy — 6uy,u, +6uy)™ and (uj,u3)”™ to
(Tst1, Tst2)™5 (Tst1 — 8Tsty, Tsrz + 8Tsrz) ", where 8Tgry > 0 and 8Tsy, > 0, and (Tgyy, Tep,) " re-
spectively, which all satisfy (4.7). The point ( Tsr; — 8Tsrq, Tst2 + 6Tst2)T lies on the line segment
between (Tsrq, Tsr2)T and (Térq, Tépz)T. Since (D.13) is a convex function,

leq (¢1_,¢101(TST1)r¢2_,1wzrq(TST2)) = lx,q((bl_,tlol(TSTl - STSTl)r(bZ_,}oz,q(TSTZ + (D.29)
8Tst2) )-

A contradiction can be found by considering the deviation of the left and right sides of (D.29) and
following the rest of Step I. Therefore, the situation that uj < 0 and u; > 0 does not exist, if
Tiotal = Tinfmax- Together with the conclusion from Step I, the following holds
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Ui € [0, Ty max(@1)],

T =T . D.30
u; € [0, Tz,max(wz)]. total inf,max ( )

Repeat Step I and II to prove Lemma 2 by contradictions for the case that Ty < Tyero-

The torque of EM1 providing a total output torque of Tyytainfmax iS determined by

Trotal - 0)-i
T infmax = ¢1_Z)1( total,inf,max ﬁfz,mz.q( ) z(q)>’ (D.31)
1
while that of EM2 is similarly determined by
- Tiotal inf, - ¢1, (0)-i;
TZ,inf,max = ¢2,i}z,q< e ma); @ w . (D.32)
2

T
Lemma 3: Suppose (Térs, Torz)T solves (D.14) and (uj,u3)T = (¢;;1(T§T1),¢;§,2(T§T2)) is the

equivalent solution to (D.1). Following inequality holds

Tiotal — Ty; -i,(q)
u,{ € |:¢;i,1 < total ¢2,w2,q(i Z,mf,max) 2q ),Tl'mf'max] ,
1
Thero = T < Tiotali ,
. . thal _ ¢1,w1(T1,inf,max) . i1 zero total total,infmax (D.33)
u; € ¢2!w2rq i (q) rTZ,inf,max ’
2
« Ttotal - ¢2,wz,q (Tz,inf,max) : i2 (Q)
TS'I‘1 € i ’ ¢1,a)1 (Tl,inf,max) ’ (D.34)
1
. Tzero = Trotal < Trotalinfmax-
* Tioral — ¢1,w1 (Tl,inf,max) st 1 sere o oteimbmax
TSTZ € i (q) l¢2,w2,q(T2,inf,max) ’
2

Proof of Lemma 3:

Step I: Assume uj > T inrmax- By doing so, (4.16) determines uj < 0 (torque of the EM2). Choose
a small increment u; > 0 in such a way that uj — du; > T} jnrmax- The equality constraint (4.16)
determines the new torque of EM2 corresponding to u; — du, and is denoted as uj + du,, fu, > 0,
which satisfies u; + du, < 0. By optimality,

Leq(Quy = 8wy, uy 4+ 6uy)™) = 1 o (Wi, u3)™). (D.35)
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Consider the deviation between the left and right sides of (D.35) and follow the steps in the proof
of Lemma 2, this gives a contradiction. Therefore, uj < T; jnrmax. Because of the equality constraint

(416), u; > ¢27'(£)2,q (Ttotal’¢1,n;21((:)1,inf,max)'ll)'

Step II: Assume u; > Ty jnemax- By doing so, (4.16) determines uj < 0. Carry on the rest of Step I,

a contradiction can be found. Therefore, u; < u;yfmax, Which gives the lower bound for u; >

1 (Ttotal=Puw,,572,4(T2,infmax) iz (@)
¢1,m1 .

iy

Step III: Show the range is not empty. The deviation between the upper and lower bounds is

Ty imtmax — ¢1_.11u1 (Ttotal — P2.00q (Zz,inf,max) "y (q))l (D.36)
Since ¢ is monotonic, (D.36) is bigger than zero if
¢1’w1(T1'mf’max) > Tiotal = P2,w,q (iTZ,inf,max) "l (q), (D.37)
which is true, since
1,0, (Toinemax) * i1 + ¢2,mi2,q (Toinfmax) - 12(@) — Trotal S Ttotal,inf,miax — Trotal > 0. (D.38)
1 1

Ttotal=$2,02,q (T2 infmax) 2 (@)

Therefore, the range [¢7 i,l( ),Tl_mf_max] is not empty. Same can be done

iy
Trotal=®1,0; (T1infmax) i1 T
—— »42,infmax |+

for the range [d){ 2 ( )
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Appendix E The Bearings and Gears in Speed4E
Powertrain

Tooth flank pitting

The calculated S-N curve is defined by two points: 1) the boundary stress oy, i.e. the stress under
which the fatigue strength zone starts, and the boundary cycle number Nyg; 2) the fatigue limit

stress oyp and the fatigue limit cycle number Nyp. gy is determined by

OuG = Onp " Zn1 " ZL " ZR " Zy " Zw " Zx, (9.39)

where the parameters are defined in the following table.

Table E. 1 Parameters to calculate oy

Parameter Meaning Source
Nyg boundary cycle number DIN 3990—Part 2, Pages 12-13
Oxp fatigue limit stress DIN 3990—Part 5, Pages 3
Nyp fatigue limit cycle number DIN 3990—Part 5, Pages 3
Znt service life factor DIN 3990—Part 2, Pages 11-12
Zy lubricant factor DIN 3990—Part 2, Page 13
Zy roughness factor DIN 3990—Part 2, Page 15
Zy velocity factor DIN 3990—Part 2, Page 14
Zw material mating factor DIN 3990—Part 2, Page 16
Zy size factor for surface stress DIN 3990—Part 2, Page 1
Table E. 2: Bearings used in Speed4E powertrain
Bearing type Bearing label
Hybrid bearing®* B1.1.1, B1.1.2, B2.1.1, B2.1.2, B2.1.3, B2.1.4
Needle bearing B1.2.1,B1.2.2,B1.2.3

64 Ceramic rolling elements and steel rings. They are essential for applications with high rotational frequency.
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Cylinder bearing B2.2.1, B2.3.1

Deep groove bearing B1.3.1, B1.3.2, B2.2.2, B2.3.2, B3.1.1, B3.1.2

Table E. 3: Parameters of the gears in Speed4E powertrain.

G1.51.SG G1.51.PG G1.S1.RG G1.S2.P G1.52.W

Number of teeth 25 62 149 24 91
Gear width in mm 17 17 17 38 38
Helix angle in ° 25.65 25.65 25.65 23 23
Pressure angle in ° 17 17 17 20 20
Base diameter in mm 27.577 68.39 164.357 53.341 202.253
Pitch diameter in mm 32.1 74.07 172.2 63.4 224.182

G2.S1.P G2.S1.W G2.52.1P | G2.52.1W | G2.52.2P

Number of teeth 19 76 24 74 34
Gear width in mm 22 22 28 28 27

Helix angle in ° 30 30 30 30 30
Pressure angle in ° 17.5 17.5 17.5 17.5 17.5

Base diameter in mm 32.985 141.939 58.383 164.599 136.942

Pitch diameter in mm 40.75 143.1 62.8 177.5 150.25

G2.S2.2W G2.S3.P G2.S3.W

Number of teeth 59 31 91
Gear width in mm 27 38 38
Helix angle in ° 30 23 23
Pressure angle in ° 17.5 20 20
Base diameter in mm 78.916 70.092 202.253
Pitch diameter in mm 90.5 79.8 224.182
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Table E. 4: Parameters of the bearings in Speed4E powertrain

B1.1.1 | B1.1.2 | B1.2x | B1.3.1 | B1.3.2 | B2.1.1 | B2.1.2

Basic dynamic 13700 | 14400 | 22000 | 18500 | 35500 | 13700 | 14400
load rating in N

Basic static 5600 6400 32000 | 16100 | 19100 5600 6400

load rating in N

Fatigue limit load in N 455 520 5700 890 1290 455 520

Service life exponent 3 3 10/3 3 3 3

B2.1.3 | B2.1.4 | B2.2.1 | B2.2.2 | B2.3.1 | B2.3.2

Basic dynamic 13700 | 14400 | 26500 | 35500 | 86000 | 35500

load rating in N

Basic static 5600 6400 | 11500 | 19100 | 75000 | 19100
load rating in N

Fatigue limit load in N 455 520 790 1290 13200 1290

Service life exponent 3 3 3 3 10/3

B3.1.1 | B3.1.2

Basic dynamic 65000 | 65000

load rating in N

Basic static 21000 | 21000

load rating in N

Fatigue limit load in N 1070 1070

Service life exponent 3 3
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Appendix F  Multi-Criteria HOCP with Option 3

The continuous states for the HOCP with Option 3 in (8.24) are x := (wl,wz,DB'SpTl,DB'SPTZ)T.
Note that the definition of x is only valid in this appendix. The rest of the variables follow the

original HOCP in Section 5.2.2. The multi-criteria cost functional with Option 3 is formulated as

tf

S = s (3(5) + [ 10, u@), (F.1)
to
T T2 (F.2)
Mt (x(tf)) =p ||(w1(tf)'w2(tf)) - (“’Lff' “)Z'ff) ” ty
' max{DB,spr DB,SPTZ}'
The indexed Hamiltonian of the HOCP with [, 4 is

}[multi,q (x' u, amulti,q) = aE‘nulti,q "X+ l((wv wZ)T: u) (F3)

= 2'multi,l,q cwp + Amulti,z,q Ty t+ ﬂ-multi,3,q : dB,SPTl
T
+ Amuttiag " dpsprz + L((w1, 02)", u)
= ‘7{11 (x' u, Aq) + Amulti,3,q . dB,SPTl (wlr ul) + AmultiA—,q

* dg spr2 (W3, Up),

where #,(x,1,4,) and 4, = (4,4, 1,,) " are the indexed Hamiltonian and the costates of the orig-
inal HOCP described in Section 5.2.2. See Section 8.2.1.1 for the definition of the function d.
Amuii,q denotes the indexed costates of the HOCP with Jp,i, Whose dynamics are

. . . . . T
lmulti,q ®) = (Amulti,l,qr Amulti,z,qj Amulti,3,qJ Amulti,4,q) (F.4)
ag{multi,q .

= —Tq(x U, Amurtig)s (F.5)

imulti,l,q = /il,ql (FG)
imulti,z,q = /iz,q: (F7)
)imulti,3,q =0, (F-8)
imultiA,q =0. (F.9)

Amuitiz,g () and Ay yeiaq () are two horizontal lines. Their value can be determined by the transver-

sality condition, which is

Amultig (ff) = VMuu (x(tf))- (F.10)

The first two entries of A,y q (tf) are the same as discussed in Section 4.5. The third and fourth
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ones are

a
Amultizg (tf) =y mmaX{DB,SPTl(tf)' DB,SPTZ(tf)}

_ {O, DB,SPTl(tf) < Dgspr2 (tf)r
Y, DB,SPTl(ff) = Dgspr (tf)'

a
Amuttiag (&) =7~ mmax{DB,SPTl(tf) Dy spr2(t7)}

_ {Y, DB,SPTl(tf) < Dgspr2 (tf)'
0, DB,SPTl(tf) > Dgsprs (tf)r

which indicates that

0, DB,SPTl(tf) < DB,SPTZ(tf)I
v, DB,SPTl(tf) 2 DB,SPTZ(tf)'
Y, DB,SPTl(tf) < DB,SPTZ(tf)I
0, DB,SPTl(tf) > DB,SPTZ(tf)-

Amulti,B,q () = {
Amulti,é&,q () = {
Importantly, Dgspr; and Dggpr, at t; are unknown.

Replace Apyitis,q and Amytiz,q in (F.3) to obtain

j{multi,q (x, u, }'multi,q)

Hy (x, u, Aq) + 7 dpspr2 (W2, Up), Dgspr1 (tf) < DB,SPTZ(tf)J
= ﬂq(i\ﬁ u, }'q) + v - dpspri(wy,uy) + ¥ - dgspra (W, us), DB,SPTl(tf) = DB,SPTZ(tf)v
Hy (x, u, Aq) + v - dgspri (@1, uy), Dgspr1 (tf) > DB,SPTz(ff)-

(F.11)

(F.12)

(F.13)

(F.14)

(F.15)

The condition depends on the states at t;, which are unknown in ¢ € [ty, ¢;). There is no evidence

to show that Dggpry(t7) = Dgspr(tf) and, therefore, one of the condition 1 and 3 has to be ran-

domly chosen without any confidence to initialize the costates in (F.13) and (F.14) and determine

the formulation of the Hamiltonian in (F.15). The minimization of the instantaneous Hamiltonian

only considers either dpspry Or dgspr,, Which causes the relation between DB,SpTl(tf) and

DB,spTz(tf) inevitably contrary to the condition considered for the Hamiltonian. A convergence is

difficult to reach, if ever possible. One possible work-around is to assume that DB,spTl(tf) =

Dy spr2(ty) for all cases, which makes (F.15) equivalent to the multi-criteria cost functional with

Option 2 in Section 8.2.1.1.
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Appendix G Fatigue Coefficient

Table G. 1 Values of the fatigue coefficients in MCOS with the fatigue cost functional for bear-

Appendix G

ings.
V1 Y2 Y3 Va Vs Ye Y7 Vs Yo Y10
10! 10? 10° 10* 10° 10%° 106 106° 107 107°
Y11 Y12 Y13 V14 Vis Y16 Y17 Vis Y19 Y20
108 108.5 109 109.5 109.6 1097 1098 109.9 1010 1010,1
V21 V22 V23 Y24 Y2s Y26 Y27 V28 Y29 Y30
1010.2 1010.3 1010.4 1010.5 1010.6 1010.7 1010.8 1010.9 1011 1011.1
V31 V32 V33 Y34 V3s V36 V37 V38 V39 Yao
1011.2 1011.3 1011.4 1011.5 1011.6 1011.65 1011.7 1011.75 1011.8 1011.85
Ya1 Yaz Va3 Vaa Vas Yae Va7 Yas Yao Vso
1011.9 1011.95 1012 1013 1013.5 1014 1014.5 1015 1015.5 1016
V51 Vs2 Vs3 Vsa ¥ss
1016.5 1017 1018 1019 1020
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Appendix H Accumulated Fatigue and Service Life

Supplementary Results for the MCOS with the Fatigue Cost Functional for Bearings
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Figure H. 1: Accumulated fatigue after a WLTC and corresponding service lives of the parts

in Speed4E powertrain, controlled by the MCOS with y3,. (a): Bearing fatigue. (b): Tooth
root breakage. (c) Tooth flank pitting.
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Figure H. 3: The simulation results of the MCOS with the indexed y: Gear accumulated fatigue
vs. Energy consumption.

Results for the MCOS with the Fatigue Cost Functional for Gears

The MCOS with the fatigue cost functional for bearings has been discussed in length in Sections
8.3 and 8.4. The same analysing approach can be applied to its counterpart for gears. This part
does not reiterate the similar outcomes but points out the difference.

Figure H. 4 presents the values of the sampled y for the evaluation on a logarithmic scale with the
index of y as the x-axis. The indexed y is used as the fatigue coefficient in the MCOS with the same

index. See 8.4.1 for the reason of different sampling density.

x X
X
x X
20 xx

xxxxxxXXXXXXXX
X

X 1 1 1 1
0 5 10 15 20 25 30 35 40

Sample index

Figure H. 4: The values of y sampled for the simulation study

Figure H. 5 summarizes the vehicle energy consumption and the gear service lives of a set of
WLTC driving cycle simulations. presents the service life of G1.S1.SG, i.e. SLg;5,5¢ (the blue
curves), and that of G2.S2.P, i.e. SLg, s, p (the red curves), on a logarithmic scale, where the circles
represent the tooth flanks “pos” and the diamonds represent the tooth flanks “neg”. As y increases
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starting from y;, SLg,s, p Starts to decrease and reach it minimal at y, 4, after which it rises gradu-
ally. At the other end of the index y, SLg, 51 p rises drastically, for the same reason discussed in
Section 8.4.3. From one end to the other end of y, the gear service life considering both gears and
both “pos” and “neg” extends by more than two orders of magnitude (from 3.18x10°km to
1.16x 10" km). Similar results have been achieved by the MCOS with the fatigue cost functional
for bearings presented in Section 8.4.3. At the same time, 20.67 % more energy is consumed. It
has extended the powertrain service life to 3.27x10° km, which is limited by the shortest bearing
service life presented in Figure H. 6.

102
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Figure H. 5: The simulation results of the MCOS with the indexed y: Gear service life vs. En-
ergy consumption.
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Figure H. 6: The simulation results of the MCOS with the indexed y: Bearing service life vs. En-
ergy consumption.
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