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Abstract
Droplet vibration is an important phenomenon in many technical applications.
Correctly predicting the occurring behaviour such as droplet detachment is a
challenge for numerical simulations. In this work, a so-called Navier-Stokes-
Korteweg model that couples a gas-liquid phase field to the Navier-Stokes
equations is used to simulate a droplet on a horizontally vibrating surface. Addi-
tionally, the equilibrium state of a static droplet on a fixed wall is simulated and
the eigenshapes of the static system are investigated. It is found that this static
eigenvalue analysis yields possible modes of the dynamic system, and some of
the obtained eigenshapes can be recovered in the dynamic simulation.
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1 INTRODUCTION

The wetting behaviour of vibrating droplets plays an important role in technical applications such as the cooling of
electronic devices [1–3]. Due to the high underlying non-linearity, the behaviour of vibrating droplets is still not fully
understood. Especially for the case of small micro-droplets, experimental investigations are difficult to perform and it is
therefore challenging to investigate the influence of all relevant parameters such as viscosity, density, surface tensions,
and so forth. Hence, numerical simulations are a crucial tool in order to improve the understanding of the phenomenon
of droplet vibration.
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In this work, the phase field model developed by Diewald et al. [2, 4] is used where an order parameter distinguishes
between the gas and the liquid phase. Both the static model from [4] and the extended dynamic model from [2] are
employed here.

2 BASIC CONCEPTS OF THE PHASE FIELDMODEL

In this work, the phase field model from [4] is used to describe the continuous transition between gas and liquid. It is
characterised by the phase field parameter 𝜑 that can be understood as a dimensionless density

𝜑 =
𝜌 − 𝜌g
𝜌l − 𝜌g

,

where 𝜌 is the density and 𝜌g, 𝜌l are the bulk densities of the gas and liquid phase, respectively. With this definition, 𝜑 = 0
describes the gas and 𝜑 = 1 the liquid phase.
The free energy density 𝑓 is described as

𝑓(𝜑,∇𝜑) = 𝑓1(𝜑) + 𝑓2(∇𝜑) = 12
𝛾lg
𝑙𝑒

𝜑2(1 − 𝜑)2 +
3
4
𝛾lg𝑙

𝑒|∇𝜑|2 (1)

and is composed of a local term 𝑓1(𝜑) and a non-local term 𝑓2(∇𝜑). In earlier works of our group, we have also used a
model from molecular thermodynamics in this phase field approach [2, 5–7]. For the present concept model study, the
more simple double-well potential is used as 𝑓1(𝜑). In Equation (1), 𝛾lg is the surface tension between liquid and gas and
𝑙𝑒 is the width of the interface.

3 STATICMODEL

To calculate the equilibrium state for a given initial density distribution, a static model that neglects dynamic effects can
be used. For this purpose, a free energy functional 𝐹 can be computed from the free energy density in Equation (1):

𝐹 = ∫Ω 𝑓(𝜑,∇𝜑)d𝑉 + 𝜆 ∫Ω[𝜑 − 𝜑0]d𝑉 + ∫𝜕Ω𝑆

𝜙(𝜑)d𝑆 , (2)

whereΩ is the calculation domain and 𝜕Ω𝑆 the part of its boundary that is defined by a solid wall. In addition to the contri-
bution from the free energy density of the domain, a constraint with the Lagrange multiplier 𝜆 is added in Equation (2) to
ensure mass conservation in the domain, given by the initial distribution 𝜑0. Furthermore, a surface energy contribution
𝜙(𝜑) is added. It is an integral over the surface tension on the solid boundary of the domain:

𝜙(𝜑) = ℎ(𝜑)𝛾sl + (1 − ℎ(𝜑))𝛾sg, with ℎ(𝜑) = 𝜑3
(
6𝜑2 − 15𝜑 + 10

)
, (3)

where the interpolation function ℎ(𝜑) from [8] is used to interpolate between the surface tensions of the solid-liquid and
solid-gas interfaces 𝛾sl and 𝛾sg.
In order to find the equilibrium solution, the free energy functional 𝐹 from Equation (2) is minimised and the equation

𝛿𝐹 = 0 ⇒
𝜕𝑓

𝜕𝜑
− div

𝜕𝑓

𝜕∇𝜑
= 0 (4)

is solved with the finite element method. As this proves numerically challenging depending on the initialisation, an
evolution equation of Allen-Cahn type is used to approach this solution state:

𝜕𝜑

𝜕𝑡∗
= −𝑀

[
𝜕𝑓

𝜕𝜑
− div

𝜕𝑓

𝜕∇𝜑

]
, (5)
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where 𝑀 is a mobility constant. As dynamic effects were neglected in the derivation of this model, 𝑡∗ in Equation (5)
is a pseudo time used to relax into the static solution rather than a physical time. When the solution field has evolved
sufficiently close to the static solution, Equation (4) can then be solved directly.

4 DYNAMICMODEL

The dynamic behaviour of the fluid system can be described by the Navier-Stokes equations:

𝜑̇ + 𝜑div𝑣 = 0 (6)

𝜑 ̇⃗𝑣 = div𝝈 , (7)

where 𝑣 is the velocity vector and𝝈 is the stress tensor. Body forces and gravity are neglected inEquation (7). In comparison
to standard Navier-Stokes equations, Equation (6) and (7) are written in terms of the phase field parameter 𝜑 that takes
on the role of the density.
The stress tensor 𝝈 in Equation (7) is used to couple the Navier-Stokes equations to the phase field as described in [2].

To achieve this, the stress tensor is decomposed as follows:

𝝈 = 𝝈𝐯 + 𝝈𝝍 (8)

𝝈𝐯 = 2𝜂(𝜑)

(
∇𝑠𝑣 −

1
3
𝑡𝑟
(
∇𝑠𝑣

)
𝟏

)
(9)

𝝈𝝍 = (𝑓 − 𝜑𝜇)𝟏 −

(
𝜕𝑓

𝜕∇𝜑
⊗∇𝜑

)
(10)

𝜇 =
𝜕𝑓

𝜕𝜑
− div

𝜕𝑓

𝜕∇𝜑
, (11)

where𝝈𝐯 is the viscous stress tensor that accounts for the stress in the bulk phases, and𝝈𝝍 is the so-called Korteweg stress
tensor which incorporates the stress in the gas-liquid interface. In Equation (10), the chemical potential 𝜇 is introduced
as an additional variable. It can be expressed in terms of the free energy density as written in Equation (11). The viscosity
𝜂 is modeled as a simple exponential function of the order parameter:

𝜂(𝜑) = exp (𝑎𝜑) + 𝑏 , (12)

with 𝑎 and 𝑏 as material constants. The approach from Equations (10)–(11) was first introduced by Korteweg in 1901
[9] and presents an efficient way to formulate the dynamic model for the gas-liquid phase field as it comes without an
additional diffusion equation. As shown in [10], the static model described by Equations (2)–(4) can be derived from the
dynamicmodel as a special case where 𝑣 = 0⃗. The chemical potential 𝜇 then plays the role of the Lagrangemultiplier with
𝜇 = −𝜆. To incorporate the surface tension contributions from the solid-fluid boundary, the surface energy function from
Equation (3) is included in the model via a Neumann boundary condition:

𝜕𝑓

𝜕∇𝜑
⋅ 𝑛 +

𝜕𝜙

𝜕𝜑
= 0 , (13)

with 𝜙 from Equation (3).

5 EIGENVALUE ANALYSIS

As a numerical example, the static equilibrium solution of a two dimensional droplet on a planar solid wall is calculated.
The surface tensions were chosen as 𝛾lg = 0.581 and 𝛾sl = 𝛾sg = 0.1, which yields a resulting static equilibrium contact
angle of 90◦.
The eigenshapes of the resulting droplet are then investigated. For this purpose, an eigenvalue analysis of the system

matrix of the finite element system is conducted. The same procedure was used by Diewald et al. in order to analyse the
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F IGURE 1 (A) Static solution of a droplet on a flat surface with a contact angle of 90◦. (B)–(F) Eigenshapes 𝜑 + 𝑘𝑢𝑖 of the first five
eigenvalues. The white contour indicates 𝜑 = 0.5 in the solution state.

F IGURE 2 Snapshots of the simulation of a droplet with a static contact angle of 90◦ on a vibrating wall with 𝐴 = 10 and 𝜔 = 0.1. The
black and white contours show eigenshapes of the static solution.
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F IGURE 3 Snapshots of the simulation of a droplet with a static contact angle of 90◦ on a vibrating wall with 𝐴 = 10 and 𝜔 = 0.3.

stability of the obtained solution state, details of the approach can be found in [11]. The corresponding eigenshapes to
the first five eigenvalues are depicted in Figure 1. The figure shows the solution state 𝜑 (Figure 1A) and the eigenshape
𝜑 + 𝑘𝑢𝑖 (Figure 1B–F) where 𝑢𝑖 is the eigenvector and 𝑘 is a scaling factor to increase visibility. In all subfigures, a white
contour indicating an order parameter of 𝜑 = 0.5 in the static solution is shown to highlight the approximate location of
the gas-liquid interface in the solution state. A qualitative comparison of the obtained eigenshapes with known shapes of
oscillating droplets, as published by Shin et al. [12] , shows good agreement.

6 NUMERICAL EXAMPLE FOR AN OSCILLATING DROPLET

The dynamic model given by Equation (6)–(11) is used in simulations of vibrating droplets. Like the static example in sec-
tion 5, the dynamic simulations were carried out in a two-dimensional domain. The vibration is achieved via an oscillation
of the solid walls on the top and the bottom of the calculation domain. For this purpose, the Dirichlet boundary condition
𝑣 = [𝐴𝜔 sin (𝜔𝑡), 0]𝑇 is prescribed on the solid walls. For 𝜑, the Neumann condition given by Equation (13) is imposed,
such that the surface tensions between the fluid phases and the solid phase are taken into account. All simulations are
carried out with the same values for the surface tensions as the static simulation in section 5 such that the results can be
compared in a meaningful way (𝛾lg = 0.581 and 𝛾sl = 𝛾sg = 0.1). For the viscosity function in Equation (12), 𝑎 = ln (1.09)
and 𝑏 = −0.99 are chosen. On the left and right boundary, periodic boundary conditions are used.
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Figure 2 shows snapshots of the simulation with a wall vibration of amplitude𝐴 = 10 and frequency𝜔 = 0.1. The black
and white contours show eigenshapes of the static solution from section 5. The contours correspond to the eigenshapes
in Figure 1C and 1E. The eigenshapes are in good agreement with the results from the dynamic simulation. The analysis
of the static system thus yields information about the dynamic droplet behaviour.
For the simulation results shown in Figure 3, a higher vibration frequency of 𝜔 = 0.3 is chosen as a boundary condition

while the other parameters remain unchanged. It is visible in Figure 3 that the droplet shrinks over time. As the mass
in the whole calculation domain is conserved, the shrinkage leads to an oversaturated gas phase which is manifested by
a darker coloured gas domain in Figure 3. This is due to the high vibration frequency generating a high kinetic energy
which dissipates and contributes to the evaporation process.

7 CONCLUSION

In this work, dynamic simulations of droplets on a horizontally vibrating solidwall as well as static simulations of a droplet
on a fixed solid wall are carried out. This is done by combining the free energy density of a gas-liquid phase field with
the Navier-Stokes equations via the Korteweg stress tensor. It is found that the eigenvalue analysis of the static system
yields the possible modes of an oscillating droplet, some of which are recovered by the results of the dynamic simulations.
For a high vibration frequency, it is observed that the increased kinetic energy leads to an evaporation process of the
liquid droplet.
Further research is needed to systematically analyse the influence of the input parameters, such as the amplitude and

the frequency of the wall vibration as well as the surface tensions, the interface width and the viscosity of the fluid, on the
resulting droplet behaviour. This should also reveal if the other eigenshapes from the static simulations can be recovered.
Furthermore, it might be interesting to study vibrating droplets on non-smooth surfaces to achieve a transition between
wetting states, as it was shown experimentally in [13].
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