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Abstract

Vat Photopolymerization-based additive manufacturing methods, such as stereolithography
and digital light processing, typically use a single material to fabricate structures, presenting a
limitation of this printing method. A potential solution to this constraint involves the utilization
of grayscale masked stereolithography (gMSLA) for the purpose of 3D printing functionally
graded materials using vat photopolymerization. Adjusting the grayscale values of the masks
allows precise control over light intensity throughout the material, affecting crosslink density
and photopolymer solidification. This control significantly influences the mechanical properties
and dimensions of the printed components. In vat photopolymerization, besides grayscale
values of the mask, it is crucial to recognize that the resin’s curing process is also influenced
along the thickness and on curing plane by two other key controllable parameters: layer
thickness and exposure time.
In this dissertation, the relationship between gMSLA process parameters and material prop-

erties is examined, which results in the development of parametric constitutive models that
are dependent on process parameters. A unified parameter, exposure intensity, that combines
process parameters to enhance gMSLA for parametric constitutive models is introduced. De-
pending on the specific application of interest, parametric hyperelastic, visco-hyperelastic,
and elasto-visco-plastic constitutive models, all in terms of exposure intensity, are developed
and validated through experiments. Subsequently, the study systematically investigates the
influence of user-controllable process parameters on geometrical deviations due to overcuring
and undercuring. The constitutive parameters and geometrical deviations are represented
using hyperbolic tangent functions in terms of exposure intensity. The optimized choice of
process parameters enables the engineering design of parts with controllable and graded
mechanical behaviors, as well as reliable geometric dimensions using gMSLA. Remarkably,
selecting an appropriate parameter set significantly reduces the print time while maintaining
identical mechanical behavior. Furthermore, the developed constitutive models are used to
analyze energy dissipation in graded shell lattice structures at various strain rates, including the
establishment of complementary functions for approximating viscoelastic material dissipation.
The observations of material behavior regarding applications in energy absorption show that
the tough photosensitive resins suffer from limitation of small failure strain and low plastic
deformation. To overcome this limitation the tough resin is blended with a flexible resin to
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Abstract

enhance the structure’s flexibility for energy absorption applications significantly, and these
systematic studies establish essential relationships for determining constitutive parameters in
resin mixtures.
The framework proposed in this dissertation extends the capabilities of photopolymerization-

based additive manufacturing, allowing for the creation of intricate structures with customized
material behaviors, including mechanical properties, flexibility, and precise geometric di-
mensions. During the development of this framework, a remarkable consistency is observed
between experimental findings and numerical models, suggesting that the obtained results
can be transferred to similar material systems and 3D printing technologies.
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Zusammenfassung

Vat Photopolymerisationsbasierte additive Fertigungsmethoden, wie Stereolithografie und
Digital Light Processing, verwenden in der Regel ein einziges Material zur Herstellung von
Strukturen, was eine Einschränkung dieser Druckmethode darstellt. Eine potenzielle Lösung für
diese Beschränkung besteht in der Verwendung der grauskalierten maskierten Stereolithografie
(gMSLA) zum Zweck des 3D-Drucks funktional abgestufter Materialien unter Verwendung der
Vat-Photopolymerisation. Die Anpassung der Grauwerte der Masken ermöglicht eine präzise
Kontrolle über die Lichtintensität im gesamten Material, was die Vernetzungsdichte und die
Aushärtung des Photopolymers beeinflusst. Diese Kontrolle hat einen erheblichen Einfluss
auf die mechanischen Eigenschaften und Abmessungen der gedruckten Bauteile. Bei der
Vat-Photopolymerisation ist es neben den Grauwerten der Maske entscheidend zu erkennen,
dass der Aushärteprozess des Harzes auch entlang der Dicke und auf der Aushärteebene von
zwei weiteren wichtigen steuerbaren Parametern beeinflusst wird: der Schichtdicke und der
Belichtungszeit.
In dieser Dissertation wird die Beziehung zwischen den Prozessparametern des gMSLA-

Verfahrens und denMaterialeigenschaften untersucht. Dabei werden parametrische konstitutive
Modelle entwickelt, die von den Prozessparametern beeinflusst werden. Ein vereinheitlich-
ter Parameter, die „Belichtungsintensität“, der Prozessparameter kombiniert, um gMSLA für
parametrische konstitutive Modelle zu optimieren, wird vorgestellt. Je nach spezifischem
Anwendungsbereich werden parametrische hyperelastische, viskohyperelastische und elasto-
visko-plastische konstitutive Modelle, alle in Bezug auf die Belichtungsintensität, entwickelt
und durch Experimente validiert. Anschließend untersucht die Studie systematisch den Einfluss
von benutzersteuerbaren Prozessparametern auf geometrische Abweichungen aufgrund von
Überhärtung und Unterhärtung. Die konstitutiven Parameter und geometrischen Abweichun-
gen werden in Bezug auf die Belichtungsintensität mithilfe hyperbolischer Tangensfunktionen
dargestellt. Die optimale Auswahl von Prozessparametern ermöglicht es, Bauteile so zu gestal-
ten, dass ihre mechanischen Eigenschaften genau gesteuert und abgestuft werden können.
Gleichzeitig werden zuverlässige geometrische Abmessungen durch den Einsatz von gMSLA
erreicht. Bemerkenswerterweise führt die Auswahl eines geeigneten Parameter-Sets zu einer
signifikanten Reduzierung der Druckzeit bei gleichbleibendem mechanischem Verhalten. Dar-
über hinaus werden die entwickelten Materialmodelle dazu verwendet, die Energiedissipation
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Abstract

in abgestuften Schalengitterstrukturen bei verschiedenen Dehnungsraten zu analysieren. Hier-
bei werden ergänzende Funktionen festgelegt, um die Dissipation viskoelastischer Materialien
anzunähern. Die Beobachtungen des Materialverhaltens in Bezug auf Anwendungen im Bereich
der Energieabsorption zeigen, dass die zähen photosensitiven Harze unter einer Einschränkung
bezüglich kleiner Versagensdehnungen und geringer plastischer Verformung leiden. Um diese
Einschränkung zu überwinden, erfolgt die Vermischung des zähen Harzes mit einem flexiblen
Harz. Dies dient dazu, die Flexibilität der Struktur erheblich zu steigern, insbesondere im
Hinblick auf Anwendungen in der Energieabsorption. Die durchgeführten systematischen
Studien etablieren wesentliche Zusammenhänge zur Bestimmung der konstitutiven Parameter
in Harzmischungen.
Der in dieser Dissertation vorgeschlagene Rahmen erweitert die Möglichkeiten der photo-

polymerisationsbasierten additiven Fertigung und ermöglicht die Erstellung von komplexen
Strukturen mit maßgeschneiderten Materialeigenschaften, einschließlich mechanischer Eigen-
schaften, Flexibilität und präziser geometrischer Abmessungen. Während der Entwicklung
dieses Rahmens wurde eine bemerkenswerte Übereinstimmung zwischen experimentellen
Ergebnissen und numerischen Modellen beobachtet, was darauf hindeutet, dass die erziel-
ten Ergebnisse auf ähnliche Materialsysteme und 3D-Drucktechnologien extrapoliert werden
können.
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1. Introduction

1.1. Motivation

Additive manufacturing1, is rapidly gaining popularity as a favorable manufacturing technology.
This innovative approach allows for the creation of intricate 3D structures with remarkable pre-
cision and efficiency. Numerous studies have highlighted the potential and diverse applications
of 3D printing in various fields. Notably, in the realm of bioengineering, it has proven to be
promising [1–6]. The utilization of 3D printing in bioengineering opens up new possibilities for
advanced tissue engineering and regenerative medicine. The significant advancements in 3D
bioprinting technology and its applications in various fields, particularly regenerative medicine,
are studied [2]. The research emphasizes the practical applications of 3D bioprinting, such as
generating transplantable tissues and organs and developing tissue models for research, drug
discovery, and toxicology studies. Furthermore, 3D printing has made significant contributions
to the food production industry, where the relationship between process parameters and the
properties of printed food products is investigated, and an efficient and precise food manufac-
turing process using 3D printing technology is established [7]. High-performance materials
have also benefited from the advancements in 3D printing technology [8, 9]. The capability
to precisely control the microstructure and composition of printed materials has enhanced
mechanical, thermal, and chemical properties, opening doors to developing advanced materials
with exceptional performance characteristics. The development of microarchitected materi-
als with consistent stiffness per unit mass density, even at ultralow density levels, through
additive manufacturing techniques is investigated and demonstrated [8]. The research [8]
aims to achieve this goal by exploring the design, production, and mechanical properties of
micro-lattices produced through projection micro stereolithography, allowing for the creation
of ultra stiff materials across a wide range of densities and constituent materials using additive
manufacturing processes. The integration of 3D printing with robotics has brought about
remarkable advancements in the field [10, 11]. This combination has led to the creation of
complex robotic structures and components, thereby enhancing the capabilities and versatility

1Throughout this dissertation, the terms ‘additive manufacturing’ and ‘3D printing of polymers’ refer to additive
manufacturing using photopolymerization of photosensitive resin. Extending this concept to other additive
manufacturing methods, as mentioned in the text, would require related investigations.
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1. Introduction

of robotic systems. A novel ink suitable for 3D printing of highly stretchable elastomers with
shape memory and self-healing properties using UV-light-assisted direct-ink-write printing is
developed [11]. The functional properties and potential applications of these 3D-printed mate-
rials in soft robotics, 4D printing, and biomedical devices, specifically in the context of vascular
repair devices, are studied in the research [11]. Moreover, 3D printing has played a significant
role in the emergence of 4D printing and functional materials [12–17]. By incorporating smart
materials that can change shape or exhibit specific functionalities in response to external stimuli,
4D printing opens up exciting possibilities for dynamic and adaptive structures. A desktop
digital light processing (DLP) 3D printer capable of fabricating multiple-sized soft pneumatic
actuators with high precision and speed using the projection micro stereolithography method
is developed [17]. Additionally, the printer’s capability to create and test various pneumatic
actuators and a soft pneumatic gripper, highlighting the convenience and efficiency of integral
fabrication for micro-sized soft pneumatic actuators through DLP 3D printing, is demonstrated
in the study. The world of electronic devices has also undergone the significant effect of 3D
printing [18–20]. The ability to fabricate intricate electronic components and devices using 3D
printing techniques has led to advancements in flexible electronics and personalized electronic
devices. Fully 3D printed lithium-ion batteries with thick semisolid electrodes that possess
a high areal capacity are designed, fabricated, and evaluated [18]. The aim is to develop
semisolid cathode and anode inks, along with ultraviolet (UV) curable packaging and separator
inks, to enable the direct printing of lithium-ion batteries in arbitrary geometries, showing their
potential for integration within 3D printed objects while maintaining excellent electrochemical
performance.

The production and fabrication of 3D printed polymers include three distinct additive
manufacturing concepts: filament, powder based, and resin based [21]. Filament based
contains the extrusion and fusion of solid filaments, namely Fused Deposition Modeling
(FDM), see Figure 1.1 (a). This method is generally slower and offers decent surface quality
but it exhibits good mechanical properties and is economically efficient to construct. The
second concept is the Laser sintering of solid powders, referred to as Powder Bed Fusion
(PBF), which is another technique. This method is faster than filament-based methods and
offers enhanced mechanical properties. However, the build cost is higher than filament-based
methods [21]. Finally, there is the photocuring of liquid resins using vat photopolymerization
methods, commonly known as stereolithography. Laser-based stereolithography (SLA) tends to
be slower due to the movement of a single laser beam across the printing area, while digital
light processing (DLP) and masked stereolithography (MSLA) provide faster alternatives, see
Figure 1.1 (b) and (c). MSLA utilizes the photocuring of liquid, photosensitive polymer resin. In
MSLA, a layer of liquid resin is selectively exposed to UV light, filtered by a liquid crystal display
(LCD), resulting in the crosslinking of polymer molecules and the fabrication of solid objects in
a layer-by-layer manner. This technique allows for the production of complex geometries with

2



1.1. Motivation

high accuracy on different scales [22]. MSLA and DLP have similar procedures; however, DLP
utilizes a light projector, while MSLA relies on LED arrays in conjunction with LCD photomasks.
As a result, DLP and MSLA are better suited for large-scale applications.

(a) (b) (c)

Figure 1.1. Schematic of (a) Fused Deposition Modeling printer, (b) Digital Light Processing, and (c)
Stereo lithography with laser. The plot is adapted from [23].

In the vat photopolymerization processes, which is the focus of this research, the influence
on the crosslinking process of a polymer under exposure to UV light, as well as the resulting
crosslink density, is generally affected by several factors. These factors include light intensity,
exposure time, layer thickness, curing temperature, oxygen inhibition, and post-curing tem-
perature [24–28]. In the case of grayscale masked stereolithography (gMSLA), the incident
light intensity can be controlled by the user using masks. These masks are not limited to black
and white but also allow for intermediate grayscale pixel values [15, 29, 30]. Adjusting the
grayscale values of the mask results in a controlled degree of photopolymerization within the
resin, thereby enabling precise customization of mechanical properties at individual material
points [15]. Moreover, the process parameters of layer thickness and exposure time per layer
are readily adjustable.
Recent studies have uncovered that the manipulation of these process parameters has a

notable impact on the ultimate mechanical characteristics [31–33]. Consequently, by utilizing
grayscale values of pixels, as well as adjusting the exposure time and layer thickness, it becomes
possible to regulate the mechanical properties at specific points within each layer. Additionally,
this approach enables the control of mechanical properties across multiple layers. As a result,

3



1. Introduction

(a)

(b)

Figure 1.2. The utilization of graded metamaterials created through gMSLA for multifunctional
applications. (a) Controlled deformation: designing, printing, conducting compression tests, and FEM
analysis of a 2D lattice and cellular metamaterial for controlled buckling. (b) 3D Lattice metamaterial:
designing and printing parts for a 3D lattice metamaterial with desired properties and functionalities.
The example is adapted from [15].

gMSLA offers the capability to fine-tune mechanical properties throughout a structure, thereby
overcoming the limitation associated with vat photopolymerization’s single-material printing.
An example of fabrication of graded structures is shown in Figure 1.2.A newly developed
two-dimensional lattice architecture matrix was fabricated using a grayscale pattern [15]. This
pattern consists of a triangular region (G80) and a blank region underneath in Figure 1.2
(a). During the compression experiment, it was observed that the deformation predominantly
occurred within the soft material present in the triangular region, while the area underneath
remained relatively unaffected. This deliberate buckling phenomenon served as a protective
shield, effectively safeguarding the material located beneath the triangular region. This
distinctive design played a crucial role in enhancing energy absorption, as evidenced by the
consistent decline in stress observed in the stress-strain curve, indicating a stable stress drop.
A 3D lattice structure Figure 1.2 (b) was designed with different grayscales assigned to each
layer. Compression tests revealed that when compressed along the graded layer direction, the
lattice exhibited high initial stiffness but quick failure. In contrast, compression perpendicular
to the soft layer resulted in sequential deformation, allowing for lower initial stiffness but a
significantly larger reversible strain. This multilayer structure demonstrated the potential of
sequential deformation for energy absorption.

Recognition of the physical behavior under loading and the mechanical properties of 3D
printed polymer materials play a fundamental role in determining their functionality and
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1.1. Motivation

suitability for various applications. A thorough understanding of the constitutive behavior
of these materials is essential for purposes such as design, optimization, and simulation.
Therefore, it is essential to develop a comprehensive constitutive model that encompasses
the diverse typical behaviors exhibited by polymers. Polymers can generally be categorized
as rubber-like elastomers, characterized by a nonlinear stress-strain relationship and have
nearly incompressible behavior. Moreover, it is necessary to account for different mechanical
behaviors, including the elasticticy, the viscoelastic behavior (resulting from energy dissipation),
and plastic deformations. Modifying process parameters such as light intensity, exposure time,
and layer thickness have a significant impact on the degree of monomer conversion within
the liquid resin, consequently leading to variations in mechanical properties. Therefore, it is
essential to investigate their influence on the mechanical properties of the printed polymers.
Understanding the correlation between process parameters and mechanical properties is
critical, as it facilitates process optimization and enables control over the performance of the
printing process. Additionally, it is necessary to establish a link between mechanical behavior
and process parameters, which can be accomplished by developing parametric constitutive
models that incorporate these variables. From this perspective, it is crucial to study the impact
of process parameters on the ultimate mechanical properties. Finally, the limitations of 3D
printed polymers using MSLA, e.g. single material printing and low strain to break, have to be
improved. The motivation behind this dissertation is to discover suitable solutions and address
the challenges associated with the design and modeling of 3D printed polymers using gMSLA
through systematic comprehensive numerical and experimental investigations.

5



1. Introduction

1.2. State-of-the-art

One disadvantage commonly associated with vat photopolymerization methods, in comparison
to FDM and material jetting techniques, is their inherent limitation of printing only a single
material at any given instance [34–37]. This constraint imposes restrictions on the fabrication
of multi-material objects featuring heterogeneous properties and functionally graded material
characteristics [38–40]. Inkjet 3D printing of photopolymers, in particular, has successfully
demonstrated the creation of such objects, despite with limitations associated with small strains
and stresses [38–40]. Developing systems that incorporate multiple vats and materials presents
a complex challenge [41, 42]. Nevertheless, gMSLA offers a solution by allowing the control
of the photopolymer’s curing degree through the regulation of light intensity using grayscale
masks [15, 43–45]. As a result, functionally graded objects can be achieved not only via vat
photopolymerization with digitally defined masks that generate microstructures [45–48], but
also through the intentional underexposure of the material using grayscale pixels. It should
be noted that this approach generally leads to reduced stiffness due to the lower cross-linking
density [13, 15, 29, 49]. Hence, by manipulating the light intensity using grayscale masks,
it becomes feasible to regulate the mechanical properties of individual material points or
pixels. This capability opens up opportunities for fabricating graded structures with adjustable
mechanical material properties, as well as the creation of high-performance and meta-materials
[13, 16, 50].
While previous studies have demonstrated the tunability of mechanical properties in printed

materials through grayscale values and variations in printing time [15, 29, 31], there have
been limited efforts in developing constitutive models that incorporate grayscale values and
process parameters for both small and finite deformations. Notably, a recent investigation
proposed a physically-based visco-hyperelastic model to describe the influence of light intensity
on a photocured polymer [51]. Similarly, constitutive models, including (visco-) hyperelastic
formulations, have been developed for FDM-printed thermoplastic elastomers (TPEs) [52] and
inkjet-printed photopolymers [53, 54]. The viscoelastic properties of a commercial photopoly-
mer resin used in DLP 3D printing has been further investigated employing experimental tests
and model equations to predict material behavior based on the degree of cure and temperature
[55]. Moreover, experiments conducted in the research by [56] aimed to establish a relation-
ship between viscoelastic material properties and crosslinking density in photopolymerized
materials. In a comprehensive study conducted by [57], an extensive review of constitutive
modeling approaches for soft materials, including polymers, is provided.
Previous researches have focused on developing microscopic models to estimate mechanical

properties during the curing process [31, 51, 58–61]. Recent studies have explored the detailed
investigation of how the formation of polymer chains during the photopolymerization process
impacts mechanical properties [31, 62, 63]. However, modeling the complete kinetics of

6



1.2. State-of-the-art

Photopolymerization kinetics

Concentration of 
functional groups

Evolution of initiators

Evolution of radical 
components

Degree of conversion Crosslink density Mechanical properties

Process parameters

Exposure time

Light intensity

Figure 1.3. Relationship between process parameters and final mechanical properties of a photopolymer
material. The dashed line represents the proposed pathway in this thesis, connecting the essential
process parameters to the resulting mechanical properties. The solid lines represent typical constitutive
modelling path using physically-based models. Similar diagram is shown in [82].

photopolymerization is a complex task that demands extensive experimental characterization
of the chemical reaction parameters. Additionally, in the existing literature, the relationship
between the degree of conversion and resulting mechanical properties is understood to be only
capable of beingmodeled in a phenomenological manner [31, 64–67]. Therefore, in applications
where the emphasis is placed on the final mechanical properties of a specific polymer material
fabricated via SLA, it is believed that the characterization of the mechanical behavior in terms of
the fundamental parameters, is considered to be the most effective approach. These parameters
include the light intensity, the exposure time per layer, and layer thickness, as illustrated in
Figure 1.3, and they have a significant influence on the polymerization process and can be
easily controlled and adjusted during fabrication. In addition, implementing macroscopic
models can offer greater simplicity and numerical efficiency, making them more practical for
industrial applications. This concept is demonstrated in Figure 1.3.
In general, elastomers undergoing finite deformations are commonly modeled using consti-

tutive equations of (visco-) hyperelasticity, where a scalar valued energy function describes
the material response to deformation and is often expressed in terms of invariants of the right
Cauchy-Green tensor [68–72]. The generalized Rivlin model, a three-parameter polynomial
hyperelastic material model formulated based on the invariants, is widely employed to charac-
terize elastomers and rubber-like materials [68, 73–75]. Additionally, viscoelastic models [76–
78] have been developed to predict and model the mechanical behavior of printed materials.
Recent studies have shown that these viscoelastic models exhibit superior accuracy compared
to other hyperelastic constitutive models in the modeling of hydrogels [79]. Furthermore,
it has been successfully applied to the modeling of 3D printed soft metamaterials [80] and
extended to the modeling of 4D printed shape memory polymers [81].
Moreover, the process parameters in gMSLA printing, including light intensity, exposure time,

and layer thickness, also affect the geometric accuracy of the printed parts. While previous
studies have explored the influence of light intensity on geometrical deviations [29], and the
use of grayscale printing methods to control and enhance print quality [45, 83], a systematic
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1. Introduction

study on the influence of exposure time, grayscale, and their combined effect on geometrical
deviations is still needed.
The developed material models mentioned earlier are employed to address practical en-

gineering challenges, including the design and simulation of graded structures. One of the
primary objectives in the design of multi-material and graded polymeric structures lies in their
capacity for energy absorption applications. Therefore, the examination of energy absorption
and dissipation within these materials is essential, particularly in industries such as aerospace,
automotive, and packaging. By understanding the underlying mechanisms and properties, the
design of materials and structures can be optimized to enhance safety, impact resistance, and
overall performance in various applications. By emerging additive manufacturing methods,
complicated structures can be explicitly fabricated as polymeric structures. New materials and
structures are designed to increase the absorption properties using lattice structures [84–88],
multistable structures [89–92] and meta structures [93–96]. Lattice structures, valued for their
lightweight and flexible geometry, are investigated for energy absorption. Variation of unit cell
topology at different strain rates [84] and hybrid unit cells [88] improve absorption perfor-
mance. A grading strategy, changing unit cell height and diameter [86], and graded lattice
structures with diverse topologies [85] also enhance energy absorption. Lightweight structures
exploit element instability to reduce strain peaks [91], while artificial structures with bi-stable
units absorb energy through stable configurations. Dual-material auxetic meta-sandwiches
fabricated through 4D printing are introduced in [90], which exhibit non-linear stiffness and
dissipate energy through mechanical hysteresis. Dual-material auxetic meta-sandwiches, which
display non-linear stiffness and dissipate energy through mechanical hysteresis, are introduced
through 4D printing [93]. These reversible structures, utilizing the hyperelastic and elasto-
plastic properties of polymers, hold promise for 4D printing applications in tunable energy
absorption systems.
Upon comparing the literature, it becomes apparent that the establishment of constitutive

models is crucial for accurately modeling 3D printed materials in the vat photopolymerization
3D printing method, particularly phenomenological constitutive models that account for large
and small deformations. These models should not only encompass the elastic and hyperelastic
behavior of the material but also incorporate inelastic behavior, specifically visco-hyperelasticity
and plasticity. Furthermore, it is important to investigate the influence of process parameters
on the photopolymerization process and express the constitutive relations in terms of these
parameters. Additionally, a systematic study needs to be conducted on the geometric deviations
that arise from undercuring and overcuring, with a specific focus on the impact of process
parameters. The resulting models should not only be theoretically sound but also applicable
for practical applications. They should be capable of being implemented within numerical
frameworks to facilitate design, optimization, and simulations.
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1.3. Aims, Scope, and Structure of this Thesis

The aim of this research is to develop and validate parametric constitutive models to describe the
mechanical behavior of gMSLA 3D printed materials. Specifically, it involves the development
of a grayscale-dependent hyperelastic model in the initial phase, followed by the investigation
and modeling of inelastic behavior under finite deformations, considering the influence of
exposure time, light intensity, and layer thickness as process parameters. Furthermore, the study
aims to explore the correlation between these process parameters, optimize the fabrication
process, establish a strain rate-dependent relationship for energy dissipation, and investigate the
potential enhancement of flexibility in 3D printed materials for energy absorption applications.
The scope of this research includes the following key aspects:

• Hyperelastic Constitutive Modeling: This study will focus on the development of a
hyperelastic constitutive model for gMSLA 3D printed materials in the initial phase. It
involves determining constitutive parameters through curve fitting and expressing them
as functions of grayscale values. The scope will include the calibration of a parameterized
Mooney-Rivlin model based on experimental data, highlighting the grayscale-dependent
nature of constitutive and physical parameters.

• Visco-Hyperelastic Constitutive Modeling: This research aims to extend the investiga-
tion of the inelastic behavior of 3D printed polymers using gMSLA, with a primary focus
on materials undergoing finite deformations in the context of viscoelasticity. A paramet-
ric visco-hyperelastic constitutive model will be developed. The study will explore the
influence of process parameters, including exposure time and light intensity, on material
properties and investigate their correlation through a systematic study to unify them into
a single design parameter.

• Linear Elasto-Visco-Plastic Model: This study includes also the development of an
Elasto-Visco-Plastic constitutive model to describe material behavior from initial loading
to failure, incorporating layer thickness as process parameter into exposure intensity.
It will explore the correlation between process parameters, aiming to optimize the
fabrication process for enhanced performance.

• Geometrical Deviations: The investigation will also address geometric deviations arising
from process parameter variations leading to overcuring and undercuring in the material.

• Rate Dependent Dissipation of Viscoelastic Materials: This thesis will analyse en-
ergy dissipation in graded structures under different strain rates using the developed
parametric constitutive model implemented in Ansys.

• Flexible 3D Printed Materials: The thesis will investigate the combination of tough and
flexible resins to increase the flexibility of 3D printed materials, especially in the context
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1. Introduction

of energy absorption applications. The scope extends to examining the feasibility and
potential benefits of such combinations.

This dissertation is outlined as follows: Chapter 2 introduces the photopolymerization process
and methodology, detailing the experimental setup. Chapter 3 focuses on constitutive modeling
in small and large deformations, covering rate-independent and rate-dependent constitutive
models. Moving on to Chapter 4, the influence of process parameters on mechanical properties
and the validation of parametric constitutive models are discussed. The impact of process
parameters on geometrical properties and techniques for correcting geometrical deviations
are presented in Chapter 5. Furthermore, Chapter 6 investigates rate-dependent energy
dissipation in 3D printed graded structures, examining their mechanical characterization and
energy absorption behavior. Chapter 7 focuses on enhancing the flexibility of tough resins by
incorporating flexible resins to investigate their impact on key mechanical properties, aiming to
find the ideal resin proportion for energy-absorbing applications. Finally, Chapter 8 summarizes
key findings, field contributions, and suggests future research.

The research presented in this dissertation has resulted in the following journal publications,
oral and poster presentations, and student’s thesis:

• Journal Manuscripts:

1. Valizadeh, I., Weeger, O. "Rate-dependent energy dissipation of 3D printed graded
viscoelastic structures" Preprint submitted to Smart Materials and Structures, (2023).

2. Valizadeh, I., Tayyarian, T., Weeger, O. "Influence of process parameters on geometric
and elasto-visco-plastic material properties in vat photopolymerization" In: Additive
Manufacturing, 72 (2023), DOI: 10.1016/j.addma.2023.103641.

3. Valizadeh, I., Weeger, O. "Parametric visco-hyperelastic constitutive modeling of func-
tionally graded 3D printed polymers" In: International Journal of Mechanical Sciences,
226 (2022), DOI: 10.1016/j.ijmecsci.2022.107335.

4. Valizadeh, I., Al Aboud, A., Dörsam, E., Weeger, O. "Tailoring of functionally graded
hyperelastic materials via grayscale mask stereolithography 3D printing" In: Additive
Manufacturing, 47 (2021), DOI: 10.1038/s41467-023-36909-y.

• Conference Presentations:

1. XVII International Conference on Computational Plasticity. Fundamentals and Appli-
cations, Barcelona, Spain, September 5-7, 2023.

2. International Design Engineering Technical Conferences & Computers and Information
in Engineering Conference, Boston, USA, August 20-23, 2023.
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3. The Fourth International Conference on Simulation for Additive Manufacturing, Munich,
Germany, July 26-28, 2023.

4. 93rd GAMM Annual Meeting, Dresden, Germany, August 30-2 June, 2023.
5. 4D Materials Design and Additive Manufacturing Conference , Virtual, September 1-2,

2022.
6. 92nd GAMM Annual Meeting, Aachen, Germany, August 15-19, 2022.
7. 15th World Congress on Computational Mechanics & 8th Asian Pacific Congress on

Computational Mechanics, Yokohama, Japan, July 31 - August 5, 2022.
8. 18th European Mechanics of Materials Conference, Oxford, United Kingdom, April 4-6,

2022.
9. The 6th European Community on Computational Methods in Applied Sciences Young

Investigators Conference, Valencia, Spain, July 7-9, 2021.
10. 91st GAMM Annual Meeting, Kassel, Germany, March 15-19, 2021.

• Poster Presentations:

1. Graduate School Annual Retreat , Grasellenbach , Germany, May 9-10, 2023.
2. International Conference on Programmable Materials, Berlin, Germany, July 12-14,

2022.
3. Graduate School Annual Retreat, Grasellenbach , Germany, May 2-3, 2022.

• Master’s, Bachelor’s & Project Theses:

1. A Collection and Comparison of Yield Strength Models and Viscoelastic Analysis in
Large Deformation, 2023, Author: M. Newton.

2. Finite element implementation of material models for graded, 3D-printed structures,
2022, Author: A. Kohlstetter.

3. Experimentelle Untersuchung des Einflusses der Prozessparameter auf die ge-
ometrischen Eigenschaften beim Stereolithographie-3D-Druck-Verfahren, 2022,
Author: C. Hammes.

4. Finite cell implementation of finite deformation hyperelasticity with a parametric
material model for the analysis of graded structures, 2022, Author: S. Qian.

5. Experimentelle Untersuchung des Einflusses Lichtintensität auf das Energieaufnah-
mevermögen des Materials beim Stereolithographie-Verfahren, 2021, Author: D.
Tiraspolski.
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6. Experimental characterization of minimum feature sizes in grayscale stereolithogra-
phy 3D printing, Master project, 2020, Author:W. An.

7. Experimental investigation of the influence of process parameters on the material
properties in the stereolithography 3D printing method, 2020, Author: N. Hogen.
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2. Vat photopolymerization

This chapter provides an explanation of the research methodologies employed, including
photopolymerization process and 3D printing, experimental setup, and analytical methods. An
introduction to photopolymerization process regarding 3D printing MSLA method is given in
Section 2.1. Section 2.2 focuses on the concept of unification of process parameters. Subse-
quently the experimental methodology, which includes sample preparation, testing procedures,
and data analysis, is explained in Section 2.3.

2.1. Introduction to Photopolymerization

This section provides an overview of the theory of photopolymerization and its relationship to
the mechanical properties of materials fabricated through masked stereolithography (MSLA).

LCD

Figure 2.1. The process of vat photopolymerization is depicted schematically. (a) The structure of
the printer. (b) The distribution of light intensity within the layers. (c) The constituents of the liquid
resin prior to the photopolymerization process. (d) The constituents of the solidified resin following
photopolymerization. The representation is adapted from [97].

A typical MSLA printer, as depicted in Figure 2.1 (a), comprises a vat filled with photosensitive
polymer, a platform, and projection equipment. The printing process begins with the creation
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2. Vat photopolymerization

of the desired objects using computer-aided design (CAD) software, which are then exported as
STL file format. These STL files are subsequently imported into slicer software, where grayscale
image files, known as masks, are generated for each printing layer. Each mask represents a
layer with the desired thickness. Within the slicer software, various printing parameters such
as exposure time, layer thickness, and initial exposure time for initial layers are configured.
Figure 2.2 provides a more detailed schematic illustration of the MSLA 3D printer architecture,
including components such as a UV light source, an LCD module, projection and zoom lenses,
a resin tank with a transparent bottom, the printing platform, and grayscaled masks.
In this particular printer, the transmission of light onto the LCD chips is facilitated by the UV

light source. This UV light source radiates ultraviolet rays that are directed toward the LCD
chips, where masks are uploaded to adjust the light intensity. These masks are designed to
selectively block or allow the passage of light based on the desired pattern.

LCD

Figure 2.2. A schematic diagram of a projection-based Masked Stereolithography (MSLA) printer. The
printer setup typically includes: a UV light source, an LCD module comprising liquid crystals, zoom and
projection lenses, and a printer platform. In this setup, the grayscale value G regulates the intensity of
light transmitted through the LCD mask, which enables precise control over the curing process during
printing. A similar representation is shown in [82].

Afterwards, the light is filtered by the masks and reflected towards the optic lenses. Once
the digital mask is uploaded to the LCD, the alignment of the liquid crystals changes based
on the color of the pixels in the mask. This determines whether the respective pixel is either
fully irradiated or remains uncured. Once the light passes through the filters, it is directed
towards the optic lenses, which further concentrate and shape the light beams. The regulation
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2.1. Introduction to Photopolymerization

of the transmitted area is accomplished through optic lenses, whereby the incident light is
concentrated onto the liquid photopolymer resin tank. The optic lenses play a crucial role
in focusing the light onto a specific area within the resin tank. By carefully controlling the
position and intensity of the light, the printer can determine the exact location where the
photopolymerization process will occur.
From the bottom interface of the transparent tank, the light penetrates the liquid resin,

leading to photopolymerization and subsequent solidification of the resin. Once the concen-
trated light passes through the bottom of the transparent resin tank, it interacts with the liquid
photopolymer resin. The photopolymerization process is triggered, causing the resin to solidify
and transform from a liquid state into a solid object.
To capture the solidified material, a platform is immersed in the tank, enabling the first

layer of polymer to adhere to the platform. As the resin solidifies layer by layer, the platform is
incrementally lifted to allow the formation of the next layer. During this process, the first layer
of the polymer adheres to the platform, providing a stable foundation for subsequent layers.
Hence, the exposure time for the initial layers is a distinct parameter from the layer exposure
time, which needs to be configured in the slicer software.
By repetitively raising the platform and activating the light source, layer-by-layer construction

of 3D structures is achieved, see Figure 2.1 (b). After each layer solidifies on the platform,
the platform is raised, and a new layer of liquid resin is spread across the previous layer. The
light source is then activated again, causing the photopolymerization process to occur for that
specific layer. This layer-by-layer process is repeated until the entire 3D structure is completed,
resulting in a fully formed and solid object. It has to be noticed that, as the layer thickness
increases, the bonding between the layers decreases as a result of light attenuation along the
thickness [58, 60].
Figure 2.1 (c) schematically illustrates the principal chemical constituents of a photopolymer

resin. A photopolymer resin is fundamentally composed of two main components: monomers
and photoinitiators. Monomers are the building blocks of the polymer, while photoinitiators
play a crucial role in initiating the polymerization process upon exposure to light. When light
penetrates the photopolymer resin, the photoinitiators undergo a process of decomposition,
generating active radicals. These active radicals then initiate reactions with the monomers
present in the resin, transforming them into active monomers. These active monomers are
highly reactive and undergo further reactions with other monomers in the resin.
As the reactions between the active monomers progress, polymeric chains begin to form.

These chains undergo a process known as crosslinking, where the chains become interconnected
through chemical bonds. This crosslinking process occurs throughout the entire volume of
the resin, resulting in the formation and propagation of polymeric chains. The initiation
and propagation of radicals in a broader region enable the synthesis of long-chain molecules,
further increasing the crosslinking density within the resin. This process ultimately leads to
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2. Vat photopolymerization

the production of a solid-state material with enhanced rigidity, see Figure 2.1 (d). The reaction
mechanism of photopolymerization, particularly in the context of photopolymerization, is a
complex and well-studied area of research. For a more in-depth understanding of the reaction
mechanisms involved in photopolymerization refer to the additional references such as [31,
65, 98].
In the context of the photopolymerization procedure, the extent of monomer conversion

plays a vital role. The degree of monomer conversion refers to the percentage of monomers
that have undergone polymerization and transformed into polymer chains. Higher monomer
conversion results in a greater crosslinking density within the resin, thereby enhancing the
rigidity and mechanical properties of the final fabricated material. It is important to mention
that the influx of light energy into the photoinitiators directly influences the degree of monomer
conversion. When a higher amount of light energy is applied to the photopolymer resin, more
photoinitiators undergo decomposition, leading to a higher concentration of active radicals
and ultimately increasing the degree of monomer conversion. This relationship highlights
the importance of controlling the light energy during the photopolymerization process to
achieve the desired properties in the final printed material. More information on evolution of
mechanical properties in photopolymerization can be found in [15, 51, 97, 99].
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2.2. Unification of Process Parameters: Exposure Intensity

As previously mentioned, the objective of this research is to study the impact of the process
parameters on the material and geometric properties of gMSLA-printed parts. In commercial
MSLA 3D printers, the exposure time t and layer thickness h can typically be adjusted within the
slicer or print job preparation software, enabling precise adjustments of the printing process.

To control the light intensity incident on each pixel of the printing layer, RGB or grayscale
values G are utilized in the form of masks, as described in Section 2.1. These masks, commonly
generated by slicer software and stored as image files, play a crucial role in determining the
amount of light that reaches each pixel during the printing process [15, 99]. It is important to
note that the relationship between the RGB or grayscale value G and the corresponding light
intensity is generally nonlinear [11, 16, 82]. The specific characteristics of the printer structure
and the UV light source influence this relationship. For the printer under consideration in this
study, the light intensity is measured on the LCD using various grayscale masks. It has been
determined in this work that a quadratic correlation exists between the grayscale value G and
the irradiance Ie, as illustrated in Figure 2.3. This relation is expressed as

Ie(G) = Imaxe ·G2 . (2.1)

Here, Imaxe represents the maximum irradiance achieved when G = 1.0. This quadratic
relationship captures the behavior of the specific LCD used in the printer being studied. However,
it is important to recognize that the relationship between grayscale values and light intensity
may vary for other types of 3D printers, as different printer structures and UV light sources
can yield distinct characteristics and response patterns. Therefore, it is necessary to consider
the specific characteristics of each printer type when investigating the relationship between
grayscale values and light intensity.

As mentioned in the previous section, the crucial factor in the photopolymerization process
is the degree of monomer conversion, as it directly impacts the crosslinking density and,
consequently, the stiffness of the fabricated material. It is evident that a higher degree of
monomer conversion is achieved as more light energy penetrates the photoinitiators. In the
stereolithography method, the radiant energy absorbed by the polymer resin, or the local
radiant energy density, is primarily influenced by three key parameters: irradiance Ie(G)
(also referred to as light intensity), duration of irradiation per layer t, and layer thickness
h. For constant layer thickness, increasing the light intensity and exposure time leads to a
greater degree of monomer conversion and subsequently enhances the mechanical properties,
specifically the stiffness of the final material. The correlation between light intensity regulated
through grayscale, and exposure time is schematically depicted in Figure 2.4. This relation
between light intensity and duration of irradiation is described by the concept of exposure

17
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Figure 2.3. The relationship between the surface light intensity Ie on the printer LCD and the grayscale
value G of the masks. Through these measurements a quadratic function is determined between light
intensity and grayscale values. Similar diagram is shown in [97].

Figure 2.4. Schematical illustration of the correlation of grayscale and exposure time in grayscale
Masked Stereolithography. Similar Figure is shown in [82].

intensity, denoted as Hv. To comprehensively capture the interdependence of grayscale value,
exposure time, and layer thickness, the concept of exposure intensity is formulated as

Hv(G, t, h) = Imaxe ·G2 · ln (t/t0)

ln (h/h0)
. (2.2)

Here, a logarithmic relationship with respect to layer thickness and exposure time is adopted,
inspired by previous investigations [15, 27, 49, 65] and based on experimental observations.
In this equation, t0 and h0 are model constants that need to be determined. The inclusion of
a minimum exposure time t0 ≤ t acknowledges the needed time for radical activation, chain
formation, and network development during the photopolymerization process. Similarly, the
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minimum layer thickness h0 ≤ h ensures that excessive light penetration through layers is
prevented. Exposure intensity is a type of energy density that represents the amount of radiant
energy per unit volume absorbed by the polymer resin during the irradiation process. This
single unified parameter is calculated based on the process parameters under study, which
serve as design parameters.
The maximum irradiance Imaxe plays a critical role in determining the absolute value of Hv

and is influenced by factors such as the printer model, UV light source, and LCD type employed.
It is important to recognize that the maximum irradiance can vary over the lifespan of a 3D
printer and may experience degradation with prolonged operation. As a result, it is highly
recommended to conduct regular measurements of the maximum irradiance during practical
applications. This helps ensure the reliability, accuracy, and consistency of the obtained results.
Establishing a correlation that captures the geometrical deviations and constitutive parame-

ters, such as coefficients of the material model for different exposure intensity values is crucial
for designing parts with graded or optimized properties. To achieve this, a hyperbolic tangent
function is employed to approximate a generic parameter Φ as

Φ(Hv) = Φmax tanh (aH
2
v + bHv + c) . (2.3)

In Equation (2.3), Φmax, a, b, and c are model coefficients that can be determined by fitting the
hyperbolic tangent function to experimental data for each specific parameter Φ. This allows
for the characterization and prediction of various material and geometrical properties based
on the exposure intensity parameter.
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2.3. Experimental Methodology

Sample preparation

The specimens were manufactured using the commercial MSLA-printer "Original Prusa SL1s",
see Figure 2.5 (a). The printer properties and the print parameters utilized are listed in
Table 2.1. Additionally, the commercially available UV-sensitive "Orange Tough Resin" by Prusa
Research a.s. was used, see Figure 2.5 (b). The manufacturer provides the material composition
as consisting of epoxy resin (40%-50%), monomer (20%-40%), color pigment (2%-5%), and
photoinitiators (3%-5%). For the flexible resin the commercially available flexible resin "Siraya
Tech Tenacious -Flexible Resin" by Siraya Tech was used, see Figure 2.5 (c). The test samples
undergo a design process using CAD software, and are then exported as Standard Tessellation
Language (STL) files. These files are subsequently imported into the "PrusaSlicer" software,
which generates PNG images of desired layer thickness to be used as masks. This software is also
used to set printing parameters, such as the initial layer exposure time and the number of initial
layers, as well as the default exposure time for subsequent layers. The initial layers are printed
with initial exposure time facilitating a robust adhesion of the layers to the platform substrate.
It has been shown that the light intensity, regulated either through grayscale values or exposure
time, can have an identical influence on the curing of photopolymers when exposed to UV light
[45, 100]. However, while changing the exposure time affects a whole layer, changing the
grayscale value affects the curing of each pixel separately. Therefore, in order to control the
degree of polymerization at each material point, the exposure time is fixed and the grayscale
values of the pixels are varied. In the study of the influence of exposure time and layer thickness,
the other two parameters are held constant, and the samples are printed with variations in only
one parameter. Since all samples are printed in the center region of the platform, it is assumed
that all material points with a certain assigned grayscale value are subject to the same dose of
light and exhibit the same degree of cure, even for samples with graded grayscale values.

As previously mentioned, the masks generated by the slicer software contain only black
and white pixels, where the white pixels illustrate the shape of the geometry to be printed
at the respective layer. Theoretically, the light illuminates through the white pixels at full
intensity. Tailoring of material properties is carried out by changing the RGB grayscale values
of the pixels, which reduces the light intensity during the printing process [15, 99]. In general,
the images used in this study are 8-bit bitmaps, where the full light intensity is represented
by white pixels with RGB = (255, 255, 255), resulting in maximal curing of the material at
the respective point. On the other hand, black pixels with RGB = (0, 0, 0) cause the liquid
resin at the corresponding material point to remain uncured by blocking the light exposure.
Furthermore, intermediate levels of curing can be achieved by specifying grayscale RGB values
with R = G = B. Here, the grayscale value G corresponds to the light intensity and is used in
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(a) (b) (c)

Figure 2.5. Printer and resins: (a) Commercial MSLA-printer Original Prusa SL1s (picture taken from
[101]), (b) Tough resin: UV-sensitive "Orange Tough Resin" by Prusa Research a.s. (c) Flexible resin:
UV-sensitive Tenacious-Flexible Resin by Siraya Tech.

this study. Subsequently, MATLAB (version R2020a, The MathWorks Inc.) is used for image
processing and adjusting the grayscale values of white pixels. The details of a simple grading
code, which alters the color of pixels, are explained in Appendix A.1.

In gMSLA printing, it is important to ensure that the process parameters fall within certain
minimum and maximum ranges, which are specific to the printer and material being used. On
one hand, if the resin is undercured, it fails to solidify adequately, resulting in poor adhesion
between layers and the platform, leading to unpredictable geometric deviations. On the other
hand, if the resin is overcured, the printed part may adhere excessively to the glass surface of the
resin tank, causing defects and other issues e.g. extensive geometrical deviations. Furthermore,
it will be shown in this thesis, that the material’s mechanical behavior no longer undergoes
additional changes once a certain degree of over-curing is reached. The research conducted in
different parts of this study involves variations in grayscales, exposure time, and layer thickness,
which are influenced by factors such as the resin, printer projector, and other fundamental
parameters that impact the degree of cure and final results. The specific details regarding
these variations and their corresponding values can be found in the respective sections of the
dissertation, where the effects and implications of these parameter changes are thoroughly
discussed and analyzed.
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Mechanical testing and measurements

The constitutive model for each grayscale value G is characterized by conducting three mechan-
ical tests: uniaxial tension, uniaxial compression, and volumetric compression. The uniaxial
tensile test is conducted in accordance with the ASTM D638 standard, using sample type IV and
a test speed of 5 mm/min. The compression and volumetric tests are carried out in accordance
with the ISO 7743 standard, using test type A and method A on a cylindrical specimen with a
diameter of 29±0.5 mm and a height of 12.5±0.5 mm. The volumetric compression test is
conducted using test type B and method B on a cylindrical test specimen with a diameter of
17.8±0.15 mm and a height of 25±0.25 mm. The length changes of the test specimens are
measured using a length gauge with 0.2 µm repetition accuracy to calculate the strain in the
uniaxial tensile tests.
To perform the tests, a T500-1200-5kN (MFC Sensortechnik GmbH) one column machine

according EN ISO 7500-1 is used, which has 1 µm travel resolution accuracy, see Figure 2.6
(a). At least three different test samples, relaxation tests, and cyclic loadings are applied to
obtain the elastic, viscoelastic, and elasto–plastic material response. Then, the experimental
results from each type of test are averaged for specific G-values, and the averaged value is
used for the curve fitting process.
The light intensity Ie(G) is measured on the LCD surface with a slim photodiode power

sensor (PM100D with S120VC sensor, Thorlabs Inc., Newton, NJ) with 5% measurement
uncertainty Figure 2.6 (b). As can be seen in Figure 2.3, the maximum light intensity1 of the
printer at hand is Imaxe = 3.6 mW/cm2. The geometrical dimensions are measured by optical
measurement through image processing. The weight of resin for the mixture is measured
using the Foraco Pocket Scales 500 g, a commercial digital scale with a precision of 0.01 grams
Figure 2.6 (c).

Data Analysis and Curve Fitting

After collecting data points from the testing machine, the stress and strain values are calculated
as follows:
The experimental first Piola-Kirchhoff stress, denoted by s ∈ R, is calculated using the

equation

s =
f
A0

. (2.4)

where f represents the force vector from the test machine, and A0 is the cross-sectional area in

1The structure of the printer, the LCD, UV light source, and the photosensitive resin have been modified during
the course of this thesis. As a result, the absolute values of quantities and results may vary for different parts of
this thesis. However, these changes do not impact the core concepts and methodology of this research.
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(a)

(b) (c)

Figure 2.6. Test machine and measuring equipment: (a) T500-1200-5kN MFC Sensortechnik GmbH
one column machine. (b) Power sensor PM100D with S120VC sensor produced by Thorlabs Inc. (c)
Foraco Pocket Scales 500 g, a commercial digital scale with a precision of 0.01 grams.

its initial configuration. The engineering strain, denoted by ε, is calculated using the equation

ε =
∆l

l0
=
l − l0
l0

= λ− 1 . (2.5)

Here, ∆l represents the length change, λ is the stretch, and l0 is the initial length. It should
be noted that additional strain measures can be calculated regarding the constitutive model,
which will be explained in the next chapter.

After obtaining experimental stress-strain data and numerical results from the constitutive
model, the subsequent step involves fitting the numerical data to the experimental data through
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Light source UV LED
Wavelength 405 nm
Light intensity ca. 3.6 mW/cm2
Mask LCD
LCD display size 120× 68 mm
Print volume 120× 68× 150 mm
XY-Resolution 0.047 mm
Layer thickness 0.050 mm
Initial exposure time 20 s
Initial exposure layers 10

Table 2.1. Technical data of MSLA 3D printer [101] and the print parameters used.

curve-fitting processes. Briefly, curve fitting is a mathematical technique used to compare
experimental stress-strain data with numerical results. It involves adjusting a mathematical
curve to closely match the observed data points, aiming to capture the stress-strain relationship
accurately. The process begins by selecting a mathematical model that represents the expected
stress-strain behavior, which is referred to as a constitutivemodel within the theory of continuum
mechanics. The model’s parameters are then iteratively adjusted to minimize the difference
between the predicted values and the actual experimental data. Here the least squares method
(LS) is employed to optimize the curve fitting process, which involves minimizing the sum of
the squared differences between the predicted and actual data points. Once the curve fitting
is complete, the fitted curve can be utilized to estimate stress values for untested conditions
and analyze the material’s behavior under different scenarios, which aids in understanding
material properties, validating models, and making predictions for real-world applications.
The curve fitting as non-linear least squares problem is explained briefly in the following.

λ = (λ1, λ2, . . . , λm)T represents the vector of stretch values (λi = li/l0) for the considered
deformation, while s = (s1, s2, . . . , sm)T denotes the corresponding stress values, which,
depending on the deformation, can be Cauchy or first Piola-Kirchhoff stress. Therefore, (λ, s)
represents the given data pairs.
The material model is defined by the strain-energy function Ψ, which is used to calculate

stress as σ(λ,p) : R × RN → R, where p depends on N material parameters denoted by
p = (p1, p2, . . . , pN )T . Further details about stress and the constitutive parameters will be
explained in the following sections. To proceed, the objective function is defined as the squared
2-norm

SF (p) = ∥σ(λ,p)− s∥22 =
m∑︂
i=1

(σ(λi,p)− si)
2 (2.6)

Thus, the minimization problem is formulated as

min
p
SF (p) . (2.7)
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2.3. Experimental Methodology

This problem can be classified as a non-linear least squares problem, if σ(λ,p) exhibits non-
linear behavior with respect to p [70]. In this research, fminconwith ’interior-point’ algorithm
within MATLAB (version R2020a, The MathWorks Inc.) is utilized for solving the minimization
fitting problem.
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This chapter will explore the constitutive modeling of 3D-printed polymers. To begin, fun-
damental concepts in continuum mechanics, including kinematics and balance laws, will be
explained. Subsequently, various material behaviors in finite deformations, such as hypere-
lasticity, visco-hyperelasticity, and plasticity, will be addressed through constitutive modeling
methods. Additionally, the linearized constitutive models will be discussed. This comprehensive
discussion will not only clarify these models but also illustrate how they can be parameter-
ized to account for the influence of various process parameters on the material’s behavior.
A foundational understanding of the construction of parametric constitutive models will be
provided, enhancing the comprehension of the relationship between 3D printing parameters
and material responses.

3.1. Kinematics

Consider a continuum body denoted as B0 ∈ R3, which is initially in its material configuration at
time t = 0, as illustrated in Figure 3.1. Over time, at t > 0, the body B0 undergoes deformation
and transfers to a spatial configuration Bt ∈ R3. This deformation is enabled by a deformation
map denoted as φ(X, t), which maps points from the material configuration to the spatial
configuration, i.e., φ : B0 → Bt. The deformation gradient F, defined as the gradient of the
deformation map φ, serves to transform line elements dX from the material configuration to
their counterparts in the spatial configuration, denoted as dx, through the relationship

dx = F dX . (3.1)

The concept of volume transformations denoted by J is introduced to account for changes
in volume resulting from the deformation. Here, J corresponds to the determinant of the
deformation gradient F and represents the Jacobian of the deformation map. The Jacobian
J relates the volume element dV in the material configuration to its corresponding volume
element dv in the spatial configuration according to the equation

dv = J dV . (3.2)

27



3. Continuum Mechanical Modeling

Figure 3.1. The deformation map, denoted as φ, governs the motion of the body B0 from its material
configuration at t = 0 to the spatial configuration Bt at t > 0. Additionally, the linear tangent map
F := ∇φ maps the line element dX from the material configuration to dx in the spatial configuration.
Similar representation is given in [102].

A displacement vector u(X, t) is defined as the difference between the position vectors of
the spatial and material configurations.

u(X, t) = φ(X, t)−X. (3.3)

Now, the deformation gradient can be expressed as

F = ∇X[X+ u(X, t)] = I+∇Xu = I+H . (3.4)

Here, the tensor H is referred to as the displacement gradient and ∇ represents the gradient
operator.

In the context of the material configuration denoted as B0 the first strain tensor is mathe-
matically defined as follows

C := FTF , (3.5)

which represents the right Cauchy-Green tensor. Here (·)T represents the transpose operation
applied to the deformation gradient tensor. It quantifies the square of the line element dx in
terms of the material line element dX, specifically

dx · dx = dX ·C · dX . (3.6)

It is important to note that C is both symmetric and positive definite for every X belonging to
the set Rn.
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3.1. Kinematics

The other important strain measure in material configuration is defined as follows

E :=
1

2
(FTF− I) =

1

2
(C− I) , (3.7)

which is commonly known as the Green-Lagrange strain tensor and it is formulated in a manner
that its linearization leads to the classical linear strain measure. The Green-Lagrange strain
tensor E can be generalized according to [103] as

Eα =
1

α
(Uα − I), α ∈ R . (3.8)

Notably, when α = 0, the strain tensor E(0) corresponds to the Hencky strain tensor, which
is defined as the natural logarithm of the stretch part of the deformation gradient U. This
relationship can be expressed mathematically as

E(0) = ln(U) . (3.9)

Here, ln(•) denotes the natural logarithm function, and U represents the symmetrical stretch
tensor. U can be calculated by the spectral decomposition as

U =
3∑︂

i=1

λiNi ⊗Ni . (3.10)

Within these equations, the principal values of the stretch tensors, denoted as λi, represent
the principal stretches, and Ni is the normal eigenvector in principal direction in material
configuration. Consequently, the right Cauchy-Green tensor C in Equation (3.5) can be written
as

C = U2 =

3∑︂
i=1

λ2iNi ⊗Ni . (3.11)

In many analytical investigations, the Green-Lagrange strain tensor E is conventionally
expressed using the displacement gradient. However, when employing a numerical approach,
this expression becomes dispensable. E can be derived from Equation (3.4) as shown below

E =
1

2
(H+HT +HTH) . (3.12)

The presence of the higher-order term HTH highlights the nonlinearity inherent in the
Green-Lagrange strain tensor. In the realm of geometrically linear theory, this term is neglected
under the assumption that the displacement gradient is of a negligible order (O(∥H∥) ≪ 1).
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3. Continuum Mechanical Modeling

Under such circumstances, the strain tensor E simplifies to the linear strain measure ε

ε =
1

2
(H+HT ) =

1

2

(︁
∇u+ (∇u)T

)︁
. (3.13)

3.2. Balance Equations

3.2.1. Balance of Mass

In this section, consideration is given exclusively to processes in which the mass within a system
is conserved. This requires that the rate of mass change remains at zero (ṁ = 0). As a result, it
is necessary for the infinitesimal mass elements in both the material and spatial configurations
to be identical. This requirement leads to the derivation of the following relationship

ρ dv = ρ0 dV . (3.14)

Here, ρ0 and ρ are used to represent the densities in the material and spatial configurations,
respectively. By employing Equation (3.2), the volume elements dV and dv can be transformed,
resulting in the establishment of the Lagrangian representation of mass balance

ρ0 = Jρ . (3.15)

For the sake of completeness, the rate-based form of mass continuity in spatial terms is presented
as

ρ̇(x, t) + ρ(x, t)divv(x, t) = 0 , (3.16)

where v(x, t) is the velocity of a material point at spatial configuration and ρ̇(x, t) is the spatial
time derivative of density. This equation is derived from the evaluation of

ṁ =
D

Dt

∫︂
Bt

ρ(x, t) dv = 0 . (3.17)

3.2.2. Balance of Linear Momentum

The linear momentum is described in both the spatial and material configurations using
Equation (3.14) as follows

L =

∫︂
Bt

ρv dv =

∫︂
B0

ρ0v dV . (3.18)

This expression applies to the continuous case. The balance of linear momentum can be
stated as follows: The variation in linear momentum L over time, indicated as the material
time derivative, is equal to the summation of all external forces (comprising volume and
surface forces) acting upon body B. From a mathematical standpoint, this expression can be
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represented as
L̇ =

∫︂
Bt

ρb dv +

∫︂
∂Bt

t da . (3.19)

In this context, ρb denotes the volume force, such as gravitational force, and t signifies the
stress vector acting upon the surface of the body B. Cauchy’s theorem is employed to establish
the relationship between the stress vector t and the surface normal n through a linear mapping,
which is expressed as

t = σn . (3.20)

This allows the expression of the stress vector in terms of a stress tensor σ. Subsequently, the
local balance equation for linear momentum is derived from Equation (3.19) by applying the
divergence theorem. This results in the following local relationship, with respect to the spatial
configuration

divσ + ρb = ρv̇. (3.21)

In this context, the stress tensor σ is referred to as the Cauchy stress tensor, while inertial
forces, represented by ρv̇, can be disregarded in purely static investigations.

3.2.3. Balance of Angular Momentum

The angular momentum with reference to a point O defined by x0 with position vector r is
expressed concerning both the spatial and material configurations using Equation (3.14) as
follows

M =

∫︂
Bt

(r − x0)× ρv dv =

∫︂
B0

(r − x0)× ρ0v dV. (3.22)

The balance of angular momentum can be expressed as: The time rate of change (material time
derivative) of angular momentumM with respect to a point O is equivalent to the summation
of all moments originating from external volume and surface forces concerning point O. This
can be mathematically expressed as

Ṁ =

∫︂
Bt

(r − x0)× ρb dv +

∫︂
∂Bt

(r − x0)× t da . (3.23)

In this context, ∂Bt represents the boundary of Bt. Following some algebraic manipulations,
this equation leads to the local balance of angular momentum, which essentially demands the
symmetry of the Cauchy stress tensor

σ = σT . (3.24)
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3. Continuum Mechanical Modeling

3.2.4. First Law of Thermodynamics

Another principle governing the conservation of energy in thermodynamic processes is known
as the first law of thermodynamics. It is expressed as: the change of the total energy denoted
as E over time corresponds to the summation of the mechanical power P originating from all
external loads combined with the supply of heat denoted as Q.

Ė = P +Q . (3.25)

The mechanical power resulting from volume and surface loads is represented as

P =

∫︂
Bt

ρb · v dv +
∫︂
∂Bt

t · v da. (3.26)

The heat source, denoted as Q, is defined as

Q =

∫︂
Bt

ρr dv −
∫︂
∂Bt

q · n da . (3.27)

This supply comprises heat conduction through the body’s surface, characterized by the heat
flux vector q and the surface normal n, as well as a distributed inner heat source r (specific
heat source).
The total energy consists of kinetic energy

K =
1

2

∫︂
Bt

ρv · v dv, (3.28)

and internal energy
U =

∫︂
Bt

e dv, (3.29)

where e signifies the specific internal energy. Substituting these relationships into the Equa-
tion (3.25) and performing various manipulations yields the local form of the first law of
thermodynamics in spatial configuration as

ė = σ : d+ r −∇ · q. (3.30)

where d is the rate of deformation tensor. By using piola transformation Q = J F−1q, the first
law of thermodynamics in material configuration is written as

ė = P : Ḟ+R−∇ ·Q. (3.31)

whereQ and R are heat flux vector and distributed inner heat source in material configuration
respectively. The second order stress tensor P is the first Piola-Kirchhoff stress tensor and the
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3.2. Balance Equations

term P : F is referred to as stress power.
In the special scenario where no heat is supplied to an elastic body, and no external forces

act on it, the conservation of total energy holds true

Ė = K̇ + U̇ = 0 ⇒ E = const. (3.32)

3.2.5. Second Law of Thermodynamics

Another essential constraint for constitutive equations arises from the second law of thermody-
namics. According to this law, heat cannot flow itself from a system with lower temperature
to one with higher temperature. A crucial observation is that a substance with uniform tem-
perature distribution, free of heat sources, can only receive mechanical energy but cannot
release it [104]. These observations result in two inequalities that encompass mathematical
expressions concerning both local entropy generation and the production of entropy through
heat conduction. A fundamental principle states that within irreversible processes, the entropy
η of closed systems always increases, and it is essential to determine the direction of the process.
By introducing the absolute temperature θ (θ > 0), the entropy production is expressed as

Γ =
d

dt

∫︂
Bt

ρη dv −
∫︂
Bt

ρr

θ
dv +

∫︂
∂Bt

1

θ
q · n da . (3.33)

which is known as the Clausius-Duhem inequality in spatial configuration. By elimination of
heat source and substitution and mathematical calculation the local form of the Clausius-Duhem
inequality in material configuration is written as

P : Ḟ− ė+ θη̇ − 1

θ
Q · ∇θ ≥ 0 , (3.34)

where Ḟ denotes the rate of the strain tensor, and the final term is entropy production by
heat conduction. When a uniform temperature distribution is observed, denoted as Q = 0, it
implies that there is no heat flux in the absence of a temperature gradient. As a result, the
Clausius-Duhem inequality is transformed into a more robust expression of the second law of
thermodynamics, often referred to as the Clausius-Planck inequality as

Dint = P : Ḟ− ė+ θη̇ ≥ 0 , (3.35)

with the internal dissipation or local production of entropy, denoted as Dint, which must be
non-negative at any point within a body and at all times. In the context of constitutive theory,
the free Helmholtz energy Ψ is often introduced using the relation

Ψ = e− ηθ . (3.36)
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By applying Legendre transformation and time derivative the so-called reduced form of the
second law of thermodynamics can be defined for an isothermal process as

Dint = P : Ḟ− Ψ̇ ≥ 0 , (3.37)

in which Ψ̇ is the material time derivative of the energy function. This inequality asserts that
the scalar product of the stress tensor and the rate of strain tensor (stress power) must be
greater than (for irreversible process) or equal to (for reversible process) the ratio of the rate
of internal energy. This inequality describes the dissipation of energy within the material due
to irreversible processes.
The Clausius-Planck form of the second law of thermodynamics in Equation (3.37) is reduced

to an equality for the class of perfectly elastic materials. The time derivative of the strain
energy function is calculated as

Ψ̇ =
∂Ψ(F)

∂F
: Ḟ . (3.38)

Inserting Equation (3.38) in Equation (3.37) results in

Dint =
(︃
P− ∂Ψ(F)

∂F

)︃
: Ḟ = 0 . (3.39)

As F and, therefore, Ḟ can be selected arbitrarily, the expressions within the parentheses must
be reduced to zero, which leads to the first Piola-Kirchhoff stress for a hyperelastic material as

P =
∂Ψ(F)

∂F
. (3.40)

This method is mostly called Coleman–Noll procedure [105, 106].
The Cauchy stress tensor can be calculated from the first Piola-Kirchhoff stress using Nanson’s

formula as
σ = J−1PFT . (3.41)

3.3. Constitutive Modeling

In the study of deformable bodies, the equations mentioned are insufficient to determine
the material response. To address this, additional constitutive laws are required to precisely
define the material’s behavior under specific conditions. These laws aim to approximate the
observed physical behavior of the material, considering both linear and nonlinear regimes. In
this context, purely mechanical theories are examined, omitting thermodynamic variables like
entropy and temperature.
Here, first, a parametric hyperelastic constitutive model is established to describe the mate-
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rial’s behavior, which is valid for applications subjected to one-time loading until the failure
point and at a constant strain rate. Next, the loading rate-dependent behavior is included,
and a visco-hyperelastic constitutive model has been developed. Finally, a comprehensive
constitutive model is formulated, which can be used to represent the material behavior within
elastic-plastic regions, including rate-dependent behavior. This constitutive model aligns with
Ansys, which is employed for finite element simulations in this dissertation.

3.3.1. Hyperelasticity

As previously stated, the classification of printed photopolymers primarily focuses on their
inherent nature as elastomers with rubber-like characteristics. These materials show a non-
linear correlation between stress and strain and exhibit a near-incompressible behavior when
subjected to external loads. It has been observed that these materials possess the ability to
undergo finite elastic deformations while maintaining minimal alterations in volume during
compression [74]. Additionally, it is often assumed that these materials demonstrate isotropic
behavior, meaning their properties are direction-independent [32, 107]. To model the be-
havior of such incompressible or nearly-incompressible materials under finite deformations,
hyperelastic constitutive models are commonly employed. These models depend on an energy
function and can be formulated in terms of deformation invariants [68]. One well-established
hyperelastic constitutive model for elastomers and rubber-like materials is the generalized
Rivlin model, which employs a three-parameter polynomial formulation based on invariants of
the right Cauchy-Green tensor [68, 73, 74].
This representation is particularly applicable in cases of isotropy, where only the invariants

of the strain tensor are considered. Consequently, the Helmholtz free-energy function can be
written as

Ψ(C) = Ψ(I1, I2, I3) . (3.42)

Here, Ia, with a = 1, 2, 3 represents the invariants of C and can be defined as follows

I1 = trace(C) = λ21 + λ22 + λ23,

I2 =
1

2

[︁
trace(C)2 − trace(C2)

]︁
= λ21λ

2
2 + λ21λ

2
3 + λ22λ

2
3,

I3 = det(C) = λ21λ
2
2λ

2
3 .

(3.43)

Here, λi, i = 1, 2, 3 represents the principal stretches of the material. The incompressibility
condition for elastomers is denoted by J = det(F) = λ1λ2λ3 = 1. This condition implies that
the volume ratio of an infinitesimal volume element in the spatial and material configurations,
represented by J , remains constant during deformation. The symmetry of the strain energy
density function is ensured by its invariant based formulation [108].
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In certain cases, materials exhibit distinct behaviors in bulk and shear, and the incompressibil-
ity constraint directly relates to volumetric strain. To better capture these characteristics, it is
advantageous to express the strain energy function as two separate components: one account-
ing for volumetric (volume-changing) effects and the other for isochoric (volume-preserving)
effects [74, 109]. Thus, for nearly incompressible materials, for which J ≈ 1 holds, Equation
(3.42) can be redefined as

Ψ = Ψ(Ī1, Ī2, J) = Ψvol(J) + Ψiso(Ī1, Ī2), (3.44)

where Ψvol and Ψiso represent the dilational and distortional terms, respectively. Furthermore,
Ī1 = J−2/3I1, Ī2 = J−4/3I2 are the isochoric invariants.

Regarding the first Piola-Kirchhoff stress for a hyperelastic material in Equation (3.40), it can
be obtained for a hyperelastic material from the strain energy function in terms of invariants as

P =
∂Ψ(I1, I2, I3)

∂F
=

3∑︂
i=1

∂Ψ

∂Ii

∂Ii
∂F

= Pvol +Piso,

with Pvol =
∂Ψvol
∂F

and Piso =
∂Ψiso
∂F

PiJ =
∂Ψ(I1, I2, I3)

∂FiJ
,

(3.45)

where Pvol and Piso are the contributions from the dilational and distortional terms of the
first Piola-Kirchhoff stress tensor, respectively. It can be observed from the index notation in
Equation (3.45) that PiJ represents a two-point tensor wherein one index signifies the spatial
coordinates xi, while the other denotes the material coordinates XJ . For a more detailed
understanding of stress tensors and their derivations, additional information can be found in
continuum mechanics references such as [109], where further insights into the mathemati-
cal formulations and principles underlying the study of materials’ mechanical behavior are
provided.

The specific formulation of the energy function, whether in terms of F, C, or the invariants,
determines the material behavior under loading within the framework of constitutive theory in
finite elasticity. Hence, the choice of a material model depends on its intended application and
its inherent behavior observed in experimental tests. To fit the experimental characterization
data for the material being studied, it is most appropriate to use the Mooney-Rivlin hyperelastic
material model, owing to its well-established suitability for modeling elastomers experiencing
significant deformations. However, for different materials, other models may need to be
explored and found to be more suitable. The general formulation of the Mooney-Rivlin model
for incompressible materials is given [73, 74] as
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Ψ = Ψ(Ī1, Ī2, J)

=
1

d
(J − 1)2 +

M∑︂
m=0

N∑︂
n=0

Cmn(Ī1 − 3)m(Ī2 − 3)n,
(3.46)

where d represents the incompressibility parameter, and Cmn are additional material co-
efficients. These material parameters need to be determined through curve fitting using
experimental test data. In this thesis, the three- and two-parameter Mooney-Rivlin material
model is adopted. Derived from Equation (3.46) by setting M = N = 1 and C00 = 0 for
tree-parameter model follows as

Ψ(Ī1, Ī2, J) =
1

d
(J − 1)2 + C10(Ī1 − 3)

+ C01(Ī2 − 3) + C11(Ī1 − 3)(Ī2 − 3).
(3.47)

The primary objective here is to develop a material model that can be parameterized based
on the process parameters, specifically the exposure intensity Hv. It is assumed that the
constitutive parameters are the only variables influenced by the process parameters, and they
establish a connection between photopolymerization and the final stiffness of the printed
materials. Additionally, these coefficients are assumed to be time-independent, thereby not
contributing to the dissipation inequality in Equation (3.37). The parametric expression of the
energy function in terms of exposure intensity Hv can be formulated as

Ψ(Ī1, Ī2, J ;Hv) =
2

d(Hv)
(J − 1)2 + C10(Hv)(Ī1 − 3)

+ C01(Hv)(Ī2 − 3) + C11(Hv)(Ī1 − 3)(Ī2 − 3) .

(3.48)

Here, the four material coefficients, d, C10, C01, and C11, become functions of Hv. To
achieve this, the constitutive parameters fitted for different discrete values of Hv will be
interpolated. Furthermore, these Mooney-Rivlin coefficients can be converted into physical
material parameters, also called Lamé parameters, specifically the bulk modulus κ and the
shear modulus µ as

κ =
2

d

µ = 2(C01 + C10) .
(3.49)

In the first step of establishing the constitutive model, the degree of compressibility of
the material must be determined by measuring the incompressibility variable d. Once the
material is confirmed to be incompressible, as will be demonstrated in the results chapter, the
constitutive model can be employed in its incompressible formulation.

The first Piola-Kirchhoff stress in Equation (3.45) for incompressible material, for which
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J = 1 holds, can be written as

P = pF−T +
2∑︂

i=1

∂Ψ

∂Ii

∂Ii
∂F

. (3.50)

where p represents the hydrostatic pressure. The stress state can be calculated for a given
strain state using Equation (3.50)

P(F) = pF−T + 2
∂ψ

∂I1
F+ 2

∂ψ

∂I2
(I1F− FC)

= pF−T + 2 (C10 + C11(I2 − 3))F+ 2 (C01 + C11(I1 − 3)) (I1F− FC) .

(3.51)

The unidentified variables in Equation (3.51) are determined by fitting the stress state P(F)

obtained from the model to the stress state acquired from experimental observations under
various loading conditions, with known strain states F and through fitting process explained in
Section 2.3. To completely determine the material parameters, multiple experiments involving
diverse loading conditions are required [70, 108]. A volumetric compression test is conducted
to determine the incompressibility parameter d, whereas uniaxial tension and compression tests
are performed to investigate the material’s response along Cartesian directions and determine
the material parameters Cmn.
During a uniaxial tension experiment conducted on an incompressible material with a value

of J = 1, the principal stretches exhibit the following characteristics

λ1 = λ

λ2 = λ3 = λ−1/2 ,
(3.52)

where λ is the stretch in tension direction. Consequently, the expression for the right Cauchy-
Green tensor, denoted as C in Equation (3.11), can be written as

C =

⎛⎜⎝λ
2 0 0

0 λ−1 0

0 0 λ−1

⎞⎟⎠ . (3.53)

The invariants, which are utilized in the determination of the first Piola-Kirchhoff stress, are
expressed as

I1 = λ2 +
2

λ
, I2 = 2λ+

1

λ2
. (3.54)

3.3.2. Visco-hyperelasticity

In this thesis, the 3D-printed polymers, much like the majority of polymers, display rate-
dependent behavior. Consequently, it is important to develop constitutive models that accurately
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consider this rate-dependent nature of the material. The fundamental characteristic of inelastic
material is the existence of non-equilibrium states that undergo changes over time. Two
common instances of irreversible phenomena observed in classical mechanics, which govern
these non-equilibrium states, are relaxation and creep. Relaxation denotes the gradual return
to an equilibrium state following a disturbance. Generally, stress decreases over time at a
fixed strain, process commonly known as relaxation. Conversely, during a creeping process,
strain increases over time at a constant stress level, see [109, 110] for further information.
For an illustration of relaxation processes refer to Figure 3.2 (a). The viscoelastic behavior of
a material is characterized by hysteresis, wherein the loading and unloading curves do not
coincide, see Figure 3.2 (b). This reveals the irrecoverable energy dissipated when a material
is loaded to a point and then unloaded. In the following the relaxation behavior of materials is
discussed and the mathematical formulation within finite deformations is derived.

(a) Relaxation (b) Hysteresis

Figure 3.2. Schematically illustration of relaxation behavior and hysteresis of a viscoelastic material.

The starting point toward establishing visco-hyperelastic constitutive model is to incorporate
an additional tensor-valued internal variable, denoted as γ, into the formulation of the free
energy function for an inelastic process in finite deformations [109, 110]. This internal variable
γ accounts for the irreversible changes occurring during the inelastic process. Similar to the
approach taken in the previous section regarding hyperelasticity, the free energy function can
be expressed in terms of the symmetric right Cauchy-Green strain tensor C = FTF and in the
isotropic case by utilizing its invariants in Equation (3.43). Consequently, the expression for
the free energy function with a single internal variable, denoted as Ψ(C,γ), can be written as
follows

Ψ(C,γ) = Ψ(I1, I2, I3,γ) . (3.55)

As mentioned in hyperelasticity, by formulating the strain energy density function based on
these invariants, both objectivity and isotropy can be ensured [108, 109]. Moreover, the
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volumetric response of the material can be considered as purely elastic [110]. Therefore,
it is advantageous to decompose the strain energy function into two distinct components,
following the formulation of hyperelasticity: volumetric and isochoric contributions [74, 109].
Consequently, for nearly incompressible materials, Equation (3.55) can be expressed as

Ψ(Ī1, Ī2, J,γ) = Ψ∞
vol(J) + Ψ∞

iso(Ī1, Ī2) + Υv(Ī1, Ī2,γ) , (3.56)

where Ψ∞
vol and Ψ

∞
iso represent the elastic volumetric and isochoric terms, respectively, and the

viscoelastic contribution Υv is assumed to be purely distortional.

Similar to hyperelasticity, the first Piola-Kirchhoff stress can be derived from the energy
function as shown in Equation (3.45). However, for the energy function Ψ(C) in terms of C, it
is advantageous to calculate the symmetrical second Piola-Kirchhoff stress as

S = 2
∂Ψ(C)

∂C
, (3.57)

which is related to the first Piola-Kirchhoff stress and Cauchy stress through

S = F−1P = JF−1σF−T . (3.58)

The decomposition of the second Piola-Kirchhoff stress is obtained from substituting Equa-
tion (3.56) in Equation (3.57) as

S = 2
∂Ψ

∂C
= S∞

vol + S∞
iso +Q with

S∞
vol = 2

∂Ψ∞
vol(J)

∂C
, S∞

iso = 2
∂Ψ∞
iso(Ī1, Ī2)

∂C
, Q = 2

∂Υv(Ī1, Ī2,γ)

∂C
,

(3.59)

where S∞
vol and S∞

iso are volumetric and isochoric parts of the second Piola-Kirchhoff stress,
respectively, and Q represents the non-equilibrium stress contribution of the viscoelastic part.
Following [109], Q is furthermore assumed to be conjugate to γ, so that

Q = −2
∂Ψ

∂γ
= −2

∂Υv(Ī1, Ī2,γ)

∂γ
. (3.60)

Thus, the model can be formulated by using Q as a stress-like internal variable, for which the
following complementary equation of evolution is employed

Q̇+
Q

τ
= Ṡ

v
iso . (3.61)

Here, τ is the relaxation time of the viscous element and Sv
iso is the isochoric second Piola-

Kirchhoff stress corresponding to the strain energy Ψv
iso(Ī1, Ī2) related to the relaxation process
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of the system, with

Sv
iso = 2

∂Ψv
iso(Ī1, Ī2)

∂C
. (3.62)

In this way, an explicit definition of Υv in Equation (3.56) is not required. A detailed derivation
of non-equilibrium stress contribution and its evaluation can be found in [71, 109, 111, 112].

For the specific problem under consideration, the determination of the required viscoelastic
elements for modeling the photocured polymer, as depicted in Figure 2.1 (c) and Figure 2.1
(d), is based on previous research works [31, 51, 113, 114]. The composition of the molecular
network comprises fully crosslinked solid sections, partially cured portions, and uncured
regions. The equilibrium response of the printed polymer is assumed to be represented by the
fully crosslinked part, where the monomers are connected through crosslinkers from both sides.
This part demonstrates the system’s equilibrium response. However, certain areas of the printed
material may remain uncured or partially cured, depending on the exposure intensity Hv, and
exhibit distinct behavior compared to the cured parts. These partially cured or uncured regions
can be realized as monomers linked to the molecular network from one side or as free from
both sides [31, 51]. In this study, the viscous component of the printed material is considered
to consist of monomers at the microscopic level with free sides. Consequently, an appropriate
expression of material behavior can be achieved through a visco-hyperelastic constitutive
model, which encompasses an elastic element parallel to one viscoelastic element to capture
the inelastic response of the material. The utilization of this formulation offers simplicity and
reduces the number of inelastic elements, thus facilitating its numerical implementation. It
should be noted, however, that extending the model to incorporate multiple inelastic branches
can be accomplished in a straight forward manner.

Now, the explicit definition of the energy function Ψ should be elaborated. As discussed
previously, the response of a material to loading within the context of finite inelasticity is
governed by the particular formulation of the energy function Ψ, which is expressed in terms of
the tensor C (or its invariants) and the tensor γ (orQ) in the constitutive theory. Consequently,
the choice of the constitutive model depends on its intended application and the material’s
behavior in experimental tests. In accordance with previous section, the Mooney-Rivlin model
is selected to describe the hyperelastic constitutive behavior of grayscale 3D printed polymer
materials in Equation (3.56), as it is a well-established model for elastomers subjected to
large strains [68, 73, 74]. Through the analysis of various formulations in this study, it has
been determined that the experimental characterization data of the material at hand can be
accurately fitted by this particular material model. However, it should be noted that different
materials may require the selection of other more appropriate material models [57].

The Mooney-Rivlin material model with two parameters (or Mooney model [115]) for a
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(near) incompressible, visco-hyperelastic material is given [73, 74] as

Ψ∞
vol(J) =

1

d
(J − 1)2 ,

Ψ∞
iso(Ī1, Ī2) = C∞

10 (Ī1 − 3) + C∞
01 (Ī2 − 3) ,

Ψv
iso(Ī1, Ī2) = Cv

10(Ī1 − 3) + Cv
01(Ī2 − 3) ,

(3.63)

where d is the incompressibility parameter and C∞
10 , C

∞
01 , C

v
01 and Cv

10 represent the further
material parameters, which have to be determined through curve fitting of experimental test
data. As mentioned previously, the objective of constitutive modeling here is to parameterize
the material model as a function of exposure intensity Hv, hence Equation (3.63) can be
rewritten as

Ψ∞
vol(J ;Hv) =

1

d(Hv)
(J − 1)2 ,

Ψ∞
iso(Ī1, Ī2;Hv) = C∞

10 (Hv) (Ī1 − 3) + C∞
01 (Hv) (Ī2 − 3) ,

Ψv
iso(Ī1, Ī2;Hv) = Cv

10(Hv) (Ī1 − 3) + Cv
01 (Hv) (Ī2 − 3) ,

(3.64)

where the terms d(Hv), C∞
10 (Hv), C∞

01 (Hv), Cv
10(Hv), and Cv

01(Hv) represent functions of
exposure intensity Hv that characterize the Mooney-Rivlin material parameters. Inspired by
[31, 51], it is proposed that these material parameters are dependent on their maximum values,
which are determined by the maximum exposure intensity denoted as Hv,max represented by
Φmax in Equation (2.3). The next chapter will provide a detailed discussion on how higher
mechanical stiffness can be achieved and its implications.
The second Piola-Kirchhoff stress is determined by substituting Equation (3.64) into Equa-

tion (3.59) and using the evolution equation (3.61) for Q as

S∞
vol = J

∂Ψ∞
vol(Ī1, Ī2, J ;Hv)

∂J
C−1 =

2

d(Hv)
J(J − 1)C−1 ,

S
∞/v
iso = J−2/3(I− 1

3
C−1 ⊗C) : S̄

∞/v
iso ,

(3.65)

with
S̄
∞
iso = 2

∂Ψ∞
iso(Ī1, Ī2, J ;Hv)

∂Ī1
I+ 2

∂Ψ∞
iso(Ī1, Ī2, J ;Hv)

∂Ī2

(︁
Ī1I− C̄

)︁
= 2C∞

10 (Hv) I+ 2C∞
01 (Hv) (Ī1I− C̄) ,

S̄
v
iso = 2

∂Ψv
iso(Ī1, Ī2;Hv)

∂Ī1
I+ 2

∂Ψv
iso(Ī1, Ī2;Hv)

∂Ī2

(︁
Ī1I− C̄

)︁
= 2Cv

10(Hv) I+ 2Cv
01(Hv) (Ī1I− C̄) ,

(3.66)

where I = δikδjl is the fourth order identity tensor, and the operator ⊗ stands for the dyadic
product.
Finally, the non-zero tensile component of the first Piola-Kirchhoff stress, comparable to
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the experimental results where the measured force is divided by the area in the undeformed
configuration, is derived by utilizing the symmetric second Piola-Kirchhoff stress. The equation
provides this component is given as

P11 = λS11 . (3.67)

3.3.3. Elasto-Visco-Plasticity

This section focuses on developing a comprehensive constitutive model that can accurately
capture the material behavior within purely elasto-plastic regions, taking into account the rate-
dependent behavior of the material, including viscoelasticity. The finite element simulations in
the majority of this dissertation are carried out using Ansys. Therefore, the following section
will concentrate on constitutive modeling based on the principles of Ansys theory reference
[116], which was utilized during the course of this thesis. The presented constitutive model
can be used in a pure elastic regime, where the stress in the material is below the yield point,
and the strain rate is small enough for viscoelastic effects to be disregarded. Additionally, the
viscoelastic component of the constitutive model can account for the rate-dependent behavior
of the material below the yield point. Finally, incorporating the plastic part of the model enables
the description of the material’s behavior beyond the yield point.

Kinematics

Inspired by the model of single crystal for metals’ plasticity, an alternative approach to the
conventional additive splitting of strain rates into elastic and plastic components [104, 110] is
proposed. This alternative approach employs a multiplicative decomposition of the deformation
gradient, as expressed by the equation

F = FeFp . (3.68)

Here, an additional intermediate configuration is introduced, complementing the initial and
spatial configurations, as depicted in Figure 3.3. This intermediate configuration, referred to
as the incompatible configuration, is assumed to be free of any internal stresses. In the case of
axisymmetric deformations, the multiplicative decomposition can be described using principal
stretches as follows

λi = λeiλ
p
i . (3.69)

With the inclusion of logarithmic strains, which correspond to the eigenvalues of the Hencky
tensor, as referenced in Equation (3.9), the following relationship emerges

εi = lnλi . (3.70)
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Figure 3.3. Kinematics of plasticity with multiplicative decomposition of deformation gradient into
elastic Fe and plastic Fp parts. The plastic part Fp maps the body B0 into an intermediate configuration,
which is in general incompatible, and the elastic part of the deformation gradient maps the body Bp

into a stressed spatial configuration Bt. Similar representation is given in [102].

One can rephrase the multiplicative decomposition discussed in Equation (3.69) as an additive
decomposition

ε = εe + εp . (3.71)

where ε is the Hencky strain. More detailed information about phenomenological plasticity
models based on the notion of an intermediate stress-free configuration can be found in [104,
110, 117].

Constitutive model

In the elastic-plastic regime, the material reaches a critical point beyond which it can no
longer sustain additional loads and thus experiences plastic deformation. A one-dimensional
rheological model is depicted in Figure 3.4, where a linear elastic spring is in parallel with
a Maxwell viscoelastic element, incorporating a frictional component, which represents an
elasto-visco-plastic material model. In this system, when a constant strain rate is applied, the
stress increases until it reaches certain values known as the yield stress σy = Y0. At this point,
the elastic element is no longer able to sustain additional loads, resulting in the occurrence of
plastic irreversible strain within the frictional element. In addition, the viscoelastic behavior of
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the material before the yielding point can be described using the rheological model in Figure 3.4.
It is assumed that the model possesses standardized dimensions of unit area and unit length,
enabling the interpretation of stresses as forces and strains as extensions, respectively [109,
110, 118]. A set of springs, which respond elastic, is assumed to model the solid behavior. The
stiffnesses of the free spring on one end and the spring for the Maxwell element are determined
by positive Young’s modulus, denoted as E∞ and Ei, respectively, where i takes values from 1
to n and represents the number of Maxwell elements. The flow behavior is represented by a
Newtonian viscous fluid that acts like a dashpot. The viscosity of the fluid in the ith-Maxwell
element is adequately specified by a positive material coefficients denoted as ηi. All these
parameters, based on physics, are confirmed to be positive.

Empirical evidence often justifies the assumption of incompressible plastic deformations [71,
104]. In such cases, the volumetric behavior of the material is considered purely elastic, and
consequently, the bulk modulus κ does not contribute to the plastic behavior of the material
[109]. Hence it is appropriate to use the isochoric strain measure. Regarding the reological
model in Figure 3.4, the elastic strain can be determined from Equation (3.71) as

εe = ε− εp . (3.72)

By incorporating the plastic behavior in the material, the assumption of a Helmholtz free energy
potential can be written as

Ψ(ε, εp, γ1, . . . , γn, α) = Ψe(εe) +
n∑︂

i=1

Ψv
i (ε, γi) + Ψh(α) , (3.73)

which is defined in terms of the total strain ε, as well as internal variables denoting the plastic
strain εp, the viscous strains γi in a generalized Maxwell rheological model with n branches,
and the isotropic hardening variable α. Using a rate-independent von Mises plasticity model,
the plastic strains and the hardening variable α are governed by the associated flow rules

ε̇p = λp
∂Φ

∂σ
, α̇ = λp

∂Φ

∂β
, (3.74)

which depend on the yield function

Φ(σ, β) = ∥σ∥ −
√︃

2

3
(σy − β), (3.75)

where β = −Hα with isotropic hardening modulus H. The plastic multiplier λp describes the
amount of plastic strain in the system and can be determined by the following Kuhn-Tucker
conditions

λp ≥ 0, λpΦ = 0, Φ ≤ 0. (3.76)
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Figure 3.4. One-dimensional rheological model representing elasto-visco-plastic material behavior.

The Cauchy stress tensor σ can be expressed within a generalized Maxwell rheological model
comprising n viscoelastic branches for elasto–visco–plastic system shown in Figure 3.4 as

σ = p I+ Ce : (εiso − εp) +
N∑︂
i=1

Cv
i : (εiso − γi) , (3.77)

where Ce and Cv are fourth-order elastic and viscoelastic stiffness tensors, respectively. In
consideration of the observation that only the isochoric component of an incompressible
material contributes to viscoelastic deformation [104, 110], the material’s behavior can be
described using (isochoric) fourth-order stiffness tensors as

Ce = 2µe I, Cv
i = 2µvi I = βiCe, (3.78)

where µe represents the elastic shear modulus, µvi = βiµ
e corresponds to the viscoelastic shear

modulus, and I denotes the fourth-order identity tensor. The total shear modulus, denoted as
µ, can be defined as

µ = µe +
N∑︂
i=1

µvi . (3.79)

It worth noting that in case of finite plastic deformation but small elastic strains a linear energy
function can be used [104, 116, 119]. In Equation (3.77) the isochoric strain component εiso

is defined as
εiso = ε− 1

3
trace(ε)I

(3.80)
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The total strain in Maxwell elements in the rheological model shown in Figure 3.4 is equal to
the strain in the elasto-plastic element. Hence, the strain in the spring in ith-Maxwell element
is

εi = ε− γi . (3.81)

The complementary equation of evolution of the viscous strains γv
i is governed by the

following linear equations

γ̇i =
1

τi
(ε− γi), with i = 1, 2, ..., n . (3.82)

The material parameters Young’s modulus and Poisson’s ratio can be written in terms of
Lamé parameters κ and µ using the Lamé parameter conversion formulas

E =
9κµ

3κ+ µ
,

ν =
3κ− 2µ

6κ+ 2µ
.

(3.83)

Furthermore, in addition to the investigation of the exposure intensity of the Mooney-Rivlin
coefficients, the exposure intensity of these physical material parameters will also be explored
in this thesis. Further information regarding the theory of elasticity can be found in references
[118, 120–123].
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4. Influence of Process Parameters on
Mechanical Properties

In this section, the influence of process parameters on mechanical properties is studied. The
main process parameters, as mentioned previously, are grayscale values, exposure time, and
layer thickness. The grayscale value regulates the light in each pixel on the LCD, the exposure
time changes the degree of monomer conversion throughout the entire layer, and the layer
thickness changes the mechanical properties at intersections horizontal to the print direction.
Changes in the process parameters result in variations in the degree of monomer conversion,
thereby impacting the elastic, visco-hyperelastic, and plastic behavior of the printed material.
In Section 4.1, a thorough investigation is conducted to analyze the impact of grayscale on the

hyperelastic constitutive model, followed by the validation of the parametric constitutive model
through experimental cases. Furthermore, Section 4.2 explores the study of the influence of
exposure time and grayscale value on the visco-hyperelastic constitutive model. In Section 4.3,
a detailed examination is carried out to assess the influence of the unified process parameter,
exposure intensity, on the elasto-visco-plastic constitutive model. Lastly, the acquired findings
are utilized to optimize the process specifically for a lattice structure in Section 4.4.

4.1. Rate Independent Parametric Constitutive Modeling

4.1.1. Hyperelastic Constitutive Parameters

In real-world applications, different scenarios exist in which exposure intensity in Equation (2.2)
can be modified and utilized. While determining the optimal values for exposure time and layer
thickness, grayscale remains the only parameter that can customize mechanical properties at
each point within the material. This section focuses on a case in which grayscale is the sole
parameter influencing the degree of monomer conversion in the resin. Additionally, this section
demonstrates how a hyperelastic material model can be employed to describe the material’s
behavior under one-time loading and constant strain rate.
When exposure time and layer thickness remain constant, the only process parameter

considered as a design parameter is light intensity. Therefore, the exposure intensity can be
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(c) Volumetric compression

Figure 4.1. The stress-strain curves obtained from (a) uniaxial tension, and (b) uniaxial compression,
and (c) volumetric compression experimental tests for variation of grayscales ranging from G = 1.0 to
G = 0.5. Similar results are shown in [99].

expressed as
Hv(G, t) = Ie(G) = Imaxe ·G2 . (4.1)

As it was mentioned previously, the light intensity can be controlled in each point of material
by changing the grayscale value of the mask. This method facilitates fabrication of graded
structure by controlling degree of monomer conversion in resin. To achieve this goal, the
material response must first be determined for various values of exposure intensities using
Equation 4.1. As mentioned earlier, the light intensity may vary for different types of 3D
printers. Therefore, the relationship between material properties and exposure intensity is
expressed in terms of grayscale value G. To characterize the mechanical response of grayscale
3D printed materials under different deformation states, samples are printed withG = 1.0, G =

0.9, G = 0.8, G = 0.7, G = 0.6, and G = 0.5 and tests were conducted to measure volumetric
compression, uniaxial tension, and uniaxial compression. Here the exposure time is t = 10

s, and the thickness is h = 0.05 mm, resulting in exposure intensity values from Hv = 1.1

to Hv = 0.28. The resulting stress-strain curves are presented in Figure 4.1 (a) for uniaxial
tension, Figure 4.1 (b) for uniaxial compression, and Figure 4.1 (c) for volumetric compression.
The uniaxial tension test presented in Figure 4.1 (a) reveals that the materials demonstrate
a nonlinear behavior with noticeable softening at higher strains. Additionally, there is a
correlation between the grayscale value and stiffness, where an increase in grayscale value
generally corresponds to a higher stiffness and consequently higher stress levels. Moreover,
as the grayscale value increases, both failure strains and stresses also increase. Similarly, the
volumetric compression responses, as illustrated in Figure 4.1 (c), show a close similarity due
to the nearly incompressible characteristics of the materials.

In order to establish a parametric constitutive model, the Mooney-Rivlin coefficients in
Equation (3.48) have to be determined as a function of grayscale values, namely d,Cij = f(G).
The determination of Mooney-Rivlin coefficients is performed by fitting the numerical stresses
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(f) G = 0.5

Figure 4.2. The stress-strain curves obtained from experimental tests were compared to the hyperelastic
material model that was fitted, specifically for uniaxial tension and uniaxial compression tests conducted
on grayscales ranging from G = 1.0 to G = 0.5. Similar results are shown in [99].

obtained from the material model Equation (3.51) to the experimental averages of the stress-
strain curves for each grayscale G. This fitting process utilizes a least-squares optimization
technique for (nearly) incompressible hyperelastic material models, as described in Section 2.3.
First the volumetric compression test data are used to determine the incompressibility parameter
d. Then, the remaining parameters C10, C01, C11 are determined by fitting the numerical stress
to the uniaxial tension and compression tests. Figure 4.2 shows the results of the curve fitting
process, revealing a significant alignment between the experimental average curves for uniaxial
tension and compression and the Mooney-Rivlin models across all grayscalesG. The constitutive
parameters d,C01, C10, and C11 obtained from the fitting process are presented in Figure 4.3
and detailed in Table 4.1.

As it can be seen in Figure 4.3, there is a non-linear relationship between material parameters
and grayscale values G. The parameters d and C01 exhibit a positive monotonic increase with
G, while C10 displays a negative trend, resulting in an increase in magnitude as G decreases.
Regarding C11, which also shows a positive value, the trend is less evident but generally
shows an increasing pattern with G. However, despite this behavior, these parameters can be
reasonably approximated based on linear or quadratic fits utilizing the experimentally obtained
data points for various grayscale values G.
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Figure 4.3. The Mooney-Rivlin coefficients d,C01, C10, C11 were obtained through curve fitting of
the experimental results corresponding to each grayscale. Linear and quadratic approximations were
employed to parameterize the grayscales between the experimental data points. Similar results are
shown in [99].
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Figure 4.4. The physical material parameters, namely the bulk modulus κ, shear modulus µ, Young’s
modulus E, and Poisson’s ratio ν, were derived by curve fitting the experimental results for each
grayscale. In order to capture the variations within the grayscales between the experimental data points,
linear and quadratic approximations were employed. Similar results are shown in [99].
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G d [1/MPa] C10 C01 C11 κ µ E ν [·]

1.0 1.57 · 10−3 −141.1 182.5 41.02 1274 82.68 242.8 0.4682

0.9 1.67 · 10−3 −130.2 162.8 44.72 1194 65.14 191.9 0.4732

0.8 1.74 · 10−3 −113.8 137.9 45.43 1151 48.60 143.8 0.4791

0.7 1.83 · 10−3 −65.29 81.08 26.49 1091 31.41 93.34 0.4857

0.6 1.85 · 10−3 −50.71 58.25 26.22 1082 17.19 51.30 0.4921

0.5 1.91 · 10−3 −7.587 10.07 0.014 1048 4.936 14.79 0.4976

Table 4.1. The obtained Mooney-Rivlin coefficients and physical material parameters (all measured in
MPa, except for d and ν) were derived through the process of curve fitting applied to the experimental
results for each grayscale.

The physical material parameters, including Young’s modulus E, bulk modulus κ, shear mod-
ulus µ, and Poisson’s ratio ν, which are derived from the provided relations in Equation (3.83)
are shown in Figure 4.4 and are also presented in Table 4.1. Although the Mooney-Rivlin
material model parameters, namely d,C01, C10, C11, exhibit distinct behavior, the Lamé param-
eters show a more consistent trend. Specifically, Young’s modulus, shear modulus, and bulk
modulus demonstrate almost linear growth as grayscale ranges from G = 0.5 to G = 1.0, while
Poisson’s ratio decreases with increasing G. The relationship between these Lamé parameters
and G is effectively captured by fitting linear and quadratic approximations, as demonstrated
in Figure 4.4.
The increase in stiffness with higher grayscale values can be attributed to the increased

cross-linking density. Consequently, this contributes to the observation of elevated failure
strains and stresses during the uniaxial tension tests shown in Figure 4.1 (a). Furthermore,
lower cross-linking density implies a more liquid state of the material, which explains the
convergence of the Poisson’s ratio toward 0.5 as G decreases. It has to be noticed that for
G < 0.5, the cross-linking density is significantly low, leading to the material remaining in a
liquid state.

4.1.2. Verification and Validation of the Parametric Constitutive Model

A finite element method can incorporate the parametric material model along with its coeffi-
cients and parameters, obtained in the previous section, to predict and analyze the behavior
of printed structures at different grayscale values under arbitrary loading conditions. The
grayscale printing technique offers a significant advantage by enabling the tailoring of material
properties throughout a structure through arbitrary variation and grading of grayscale values.
Hence, the Mooney-Rivlin coefficients obtained for different grayscale values are currently
parameterized using linear and quadratic approximations, as depicted in Figure 4.3. The

53
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computation of the Lamé parameters from the interpolated constitutive parameters displays a
consistent trend, as illustrated in Figure 4.4. While there are various possible interpolations or
approximations, the behavior of the Lamé parameters is not highly sensitive to these changes,
and the combinations of coefficients result in similar overall constitutive responses of the
material. Therefore, for the remainder of this chapter, the quadratic parametrization in terms
of G is employed. For instance, the curve for G = 0.95 lies between the curves for G = 1.0 and
G = 0.9.
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Figure 4.5. The stress-strain curves acquired through experimental fitting for different grayscale values,
G = 1.0, G = 0.9, G = 0.8, G = 0.7, G = 0.6, and G = 0.5, were compared with the interpolated models
representing G = 0.95, G = 0.85, G = 0.75, and G = 0.65. Similar curves are plotted in [99].

Now, the verification of the constitutive model is desired to ensure that the interpolated
Mooney-Rivlin coefficients produce reasonable stress–strain curves for any 0.5 ≤ G ≤ 1.0.
In other words, it needs to be determined whether the parametric hyperelastic constitutive
model can be applied to arbitrary grayscale values as they may appear in functionally graded
objects. Thus, a comparison is made between the stress-strain curves obtained for uniaxial
tension. The curves are derived for the experimentally fitted and validated grayscale values of
G = 1.0, G = 0.9, G = 0.8, G = 0.7, G = 0.6, and G = 0.5, which were utilized to calibrate the
constitutive models. Additionally, the arbitrary values of G = 0.95, G = 0.85, G = 0.75, and
G = 0.65 are considered, for which the curves are generated by interpolating the coefficients for
the given G (as depicted in Figure 4.3) and subsequently numerically evaluating the Mooney-
Rivlin model using Equation (3.51). It can be observed from Figure 4.5 that the stress-strain
curves for the interpolated grayscales assume reasonable values, with each curve lay between
the range of the calibrated models.
To validate the parametric hyperelastic constitutive model for grayscale MSLA-printed mate-
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(e) Stress–Strain curves: Experimental vs. Simulation

Figure 4.6. A rectangular structure with a gradient in grayscale, ranging linearly from G = 0.6 to
G = 1.0, is considered. Additionally, the material properties vary orthogonally to the direction of tension.
This configuration is illustrated in (a) and (b). The simulated distribution of stress and deformation
is depicted in (c). The shape of the structure after failure in the experimental setup is presented in
(d). Finally, a comparison between the experimental and numerical stress-strain curves is shown in (e).
Similar plot is shown in [99].

rials in practical applications, three examples with continuously graded grayscale designs are
being investigated. Tension tests are chosen to minimize the impact of geometrical nonlineari-
ties and instabilities and to capture the material behavior until failure. These tests allow for a
comprehensive assessment of the material’s performance and enhance the reliability of the
model for predicting the mechanical properties of grayscale MSLA-printed materials in real
applications. The numerical simulations are carried out using MOOSE (Multiphysics Object
Oriented Simulation Environment) open-source software [124].
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Graded rectangular plate In Figure 4.6, a rectangular plate with dimensions 50 mm (width),
120 mm (height), and 2 mm (thickness) is shown. The grayscale value of the plate linearly
varies from G = 0.6 to G = 1.0 from left to right, as shown in Figure 4.6 (a). Consequently, the
material properties also change accordingly, as shear modulus µ is illustrated in Figure 4.6 (b).
The plate is clamped in a tensile testing machine and subjected to stretching in the direction
perpendicular to the material variation.
Simulation results of the grayscale material model for the sample at an applied strain of 9.5%

are displayed in Figure 4.6 (c) , where the stress component P11 is visualized. Figure 4.6 (d)
shows the sample after material failure at 10% strain. A comparison between the failed sample
and the simulation indicates the presence of stress concentrations in the right corners, where
the grayscale value is G = 1.0, indicating the highest stiffness. However, the failure stress
is already reached in this region due to the stress state being between uniaxial tension and
compression states, as depicted in Figure 4.2 (a). Additionally, the comparison of the numerical
and experimental stress-strain curves in Figure 4.6 (e) demonstrates a good agreement. To
obtain the numerical stress, the stress at the boundary of the geometry is averaged, while the
experimental stress is calculated by dividing the reaction force measured by the tensile test
machine by the cross-sectional area of the sample. The strain is determined by dividing the
displacement prescribed by the tensile testing machine by the height of the sample. The same
evaluation methodology is applied to subsequent test cases. For higher strain values, some
deviations are observed, resulting in maximum and average absolute errors of approximately
0.78 MPa and 0.47 MPa, respectively. Nevertheless, this corresponds to a maximum relative
error of 6.5%, indicating a reasonably accurate approximation.

Graded plate with hole The subsequent validation involves the examination of a classical
example: a rectangular plate with a hole. Similar to the previous case, this configuration is
subjected to tensile loading, as depicted in Figure 4.7. The geometric parameters remain the
same as in the previous example, with the addition of a centrally located hole with a diameter
of 22.5 mm. The grading follows a linear pattern orthogonal to the tension, ranging from
G = 1.0 to G = 0.6, as shown in Figure 4.7 (a). Consequently, the material properties of the
printed sample vary from left to right, as shear modulus is demonstrated in Figure 4.7 (b).
Figure 4.7 (c) displays the simulation of the sample using the grayscale material model at

an applied strain of 5.3%, with the stress component P11 visualized. A picture of the printed
sample in Figure 4.7 (d) shows the sample after material failure at 5.6% strain. Additionally,
the stress distribution in the simulated sample highlights stress concentrations in the failed
area during the experiments, where G ≈ 90% and P11 ≈ 15 MPa. Furthermore, Figure 4.7
(e) compares the stress-strain curves obtained from numerical and experimental calculations,
revealing a satisfactory alignment between the two sets of results. Similarly, for higher strain
values, certain deviations are observed, resulting in maximum and average absolute errors of
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(e) Stress–Strain curves: Experimental vs. Simulation

Figure 4.7. A graded rectangle with hole with a gradient in grayscale, ranging linearly from G = 0.6
to G = 1.0, is considered. Additionally, the material properties vary in the direction of tension. This
configuration is illustrated in (a) and (b). The simulated distribution of stress and deformation is
depicted in (c). The shape of the structure after failure in the experimental setup is presented in (d).
Finally, a comparison between the experimental and numerical stress-strain curves is shown in (e).
Similar plot is shown in [99].

approximately 0.8 MPa and 0.24 MPa, respectively, along with a maximum relative error of
about 12%.

Graded trapezoidal structure The final case for validation involves a trapezoidal structure
with grading, as illustrated in Figure 4.8. The trapezoid has a height of 120 mm, a bottom
width of 60 mm, a top width of 20 mm, and a thickness of 2 mm. In this configuration,
the grayscale value varies linearly from bottom to top, ranging from G = 0.6 to G = 1.0,
as shown in Figure 4.8 (a). Consequently, the material properties change along the tensile
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direction, as shear modulus µ is depicted in Figure 4.8 (b). Figure 4.8 (c) displays the simulated
deformation at 5.3% strain. Interestingly, the failure in Figure 4.8 (c) does not occur at the
point of maximum stress but rather towards the bottom, where the softer material is more
prone to failure. Comparing the stress-strain curves obtained from numerical and experimental
calculations in Figure 4.8 (e) reveals a very good agreement between the numerical model and
experimental results. The maximum and average absolute errors are approximately 0.24 MPa
and 0.17 MPa, respectively, resulting in a maximum relative error of 2.5%. This indicates a close
approximation to the experimental results and demonstrates the reliability of the numerical
model in capturing the behavior of the graded trapezoidal structure.
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(e) Stress–Strain curves: Experimental vs. Simulation

Figure 4.8. A trapezoidal structure with a gradient in grayscale, ranging linearly from G = 0.6 to
G = 1.0, is considered. Additionally, the material properties vary parallel to the direction of tension.
This configuration is illustrated in (a) and (b). The simulated distribution of stress and deformation
is depicted in (c). The shape of the structure after failure in the experimental setup is presented in
(d). Finally, a comparison between the experimental and numerical stress-strain curves is shown in (e).
Similar plot is shown in [99].
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4.2. Rate Dependent Parametric Constitutive Modeling

In this section, the concepts of constitutive modeling from previous section are extended
to develop a phenomenological visco-hyperelastic constitutive model for grayscale masked
stereolithography printed materials undergoing finite deformations. The focus of this section is
on the relationship between the constitutive parameters and the grayscale values of the mask, as
well as the exposure time. The correlation between exposure time and grayscale is systematically
investigated, specifically their influence on the rate-dependent mechanical properties of MSLA
printed materials at large deformations. This analysis provides a comprehensive understanding
of the relationship between these parameters. To simplify the design process, grayscale and
exposure time, which are the two main process parameters in MSLA, were unified into a
single, easily adjustable design parameter exposure intensity, as explained in Section 2.2.
This unification aimed to ensure consistent and predictable mechanical properties of the final
manufactured material. A parametric visco-hyperelastic constitutive model is developed to
express the rate-dependent material behavior as a function of the exposure intensity. This model
allowed for the design of functionally graded structures with spatially varying material behavior
by appropriately parametrizing the constitutive parameters. The developed constitutive model
is valid for scenarios in which plasticity is not considered (as in the case of one-time loading)
and for situations where the material behavior displays rate-dependent characteristics. Then,
these parameters of the developed model are experimentally identified and verified, ensuring
its accuracy and applicability in practical scenarios. Through this chapter, a comprehensive
understanding of the influence of process parameters, exposure time and grayscale, on the
mechanical properties of MSLA printed materials is achieved. The unified design parameter and
parametric visco-hyperelastic constitutive model contribute to advancements in the design of
functionally graded structures with customizable material behavior in additive manufacturing.
The characterization of the printed material with varying exposure times and grayscales

is conducted as the initial step, and the experimental results for different strain rates are
presented in Section 4.2.1. Following this, the constitutive parameters are obtained by fitting
the mathematical formulation to the experimental data across all ranges of grayscale and
exposure time. Subsequently, the proposed concept of exposure intensity is validated, and the
constitutive model is established for all exposure intensity ranges in Section 4.2.2. Finally, the
constitutive model is validated for different exposure intensity values and at varying strain
rates, as outlined in Section 4.2.2.

4.2.1. Visco-hyperelastic Constitutive Parameters

In the previous chapter, three distinct mechanical tests were conducted to determine the mate-
rial’s mechanical response under various loading conditions. The material’s incompressibility
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G \ t 20 s 15 s 10 s 8 s 6 s

1.0 1.86 1.68 1.43 1.29 1.11
0.9 1.51 1.36 1.16 1.05 0.90
0.8 1.19 1.08 0.92 0.83 0.71
0.7 0.91 0.82 0.70 0.63 0.55
0.6 0.67 0.61 0.52 0.47 —

Table 4.2. Values for exposure intensity Hv, Equation (2.2), by variation of grayscale G and time t for
constant layer thickness h = 0.05 mm.

was established through a volumetric compression test. Consequently, for the remainder of
this study, the material will be treated as incompressible, and the volumetric compression
test will not be reiterated. The objective of this work is to examine the impact of process
parameters on the final mechanical properties and develop parametric constitutive models.
Therefore, conducting only a uniaxial tension test is adequate to demonstrate the dependence
of mechanical properties on the process parameters. However, it is important to note that in
practical applications, different mechanical tests are necessary to fully characterize the material
being studied. The uniaxial tension tests in this section aim to assess the mechanical response
of the materials with varying grayscale levels, including G = 1.0, G = 0.9, G = 0.8, G = 0.7,
and G = 0.6, while exposing them to different exposure time intervals such as t = 6 s, t = 8

s, t = 10 s, t = 15 s, and t = 20 s. The layer thickness is considered to be h = 0.05 mm
throughout this section. A summary of the resulting exposure intensity, Equation (2.2), can
be found in Table 4.2. Additionally, in order to explore the viscoelastic behavior, tension tests
are conducted at different strain rates: ε̇ = 0.002 s-1 (quasi-static), ε̇ = 0.02 s-1, and ε̇ = 0.2

s-1. In general, the outcomes exhibit a broad range of maximum stress values, ranging from
approximately 1.5 MPa for the softest printed material (G = 0.7 and t = 6 s) to nearly 50 MPa
for stiff material (G = 1.0, t = 20 s), and ε̇ = 0.2 s-1. These findings demonstrate the feasibility
of manufacturing graded materials with a diverse range of stiffness.

The average stress-strain curves obtained from the quasi-static tests are depicted in Figure 4.9
and Figure 4.10, showing the influence of grayscale and exposure time variations, respectively.
Figure 4.9 demonstrates that increasing grayscale value leads to a corresponding increase in
the stiffness of the material. Similarly, Figure 4.10 illustrates that an increase in exposure time
value results in an enhanced stiffness of the material. Analysis of Figure 4.9 (a) indicates that,
regardless of whether G = 0.9 or G = 1.0 is employed, the material appears to be fully cured
when the exposure time is t = 20 s. Consequently, the grayscale variation does not considerably
impact the mechanical behavior. However, for shorter exposure times, the stiffness becomes
more sensitive to grayscale variation. This can be observed by comparing the curves for G = 1.0
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(d) t = 6 s

Figure 4.9. The experimental stress-strain curves were averaged for quasi-static uniaxial tension tests,
considering a grayscale variation with constant exposure times ranging from t = 20 s to t = 6 s. Similar
results are shown in [82].

and G = 0.9 in Figure 4.9 (a) with those in Figure 4.9 (d). Additional experimental results
are accessible in Appendix A.3. A similar trend is evident when examining the exposure time
variation for constant grayscales in Figure 4.10. The changes in stiffness are less sensitive to
exposure time variation for higher grayscale values. Notably, increasing the exposure time of UV
light for lower light intensity values enhances the degree of curing in the material. As a result,
the duration of exposure significantly affects the polymeric network due to insufficient light
energy. Figure 4.11 displays the stress-strain curves obtained from the experiments conducted
for some selected combination of grayscale and exposure time at the three different strain
rates. It is observed that as grayscale and exposure time increase, the curves for various strain
rates converge, indicating a reduction in viscous properties due to increased crosslinking of the
polymer chains.

The determination of the Mooney-Rivlin parameters involves fitting the material model
presented in Equation (3.65) to the experimental data obtained from the tension tests. This
fitting process allows for the identification of the coefficients necessary to establish the material
model and subsequently compute the numerical stresses, specifically the first Piola-Kirchhoff
stress tensor by Equation (3.67). Initially, the curve fitting procedure focuses on the quasi-
static strain rate ε̇ = 0.002 s-1. Similar to previous chapter, this is accomplished through
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(d) G = 0.6

Figure 4.10. The experimental stress-strain curves were averaged for quasi-static uniaxial tension tests,
considering an exposure time variation with constant grayscale values ranging from G = 1.0 to G = 0.6.
Similar results are shown in [82].

a least-squares optimization technique, aiming to optimize the parameters of the (almost)
incompressible hyperelastic material model Ψ∞, as described in Section 2.3. Furthermore, this
technique is extended to fit the experimental data to the visco-hyperelastic material model,
with simultaneous parameter optimization for the other strain rates, ε̇ = 0.02 s-1 and ε̇ = 0.2

s-1, as discussed in [51, 54]. The numerical first Piola-Kirchhoff stress resulting from the fitting
process is then compared with the experimental data, as depicted in Figure 4.11. Additional
experimental results are accessible in Appendix A.3.

The Mooney-Rivlin parameters C∞
01 and C∞

10 , which are obtained through fitting the equilib-
rium part of the material model, are depicted in Figure 4.12. It is evident that the magnitudes
of these constitutive parameters increase as grayscale and exposure time increase. As previously
mentioned in Equation (3.49), the shear modulus µ can be calculated from the Mooney-Rivlin
material parameters using the relationship µ = 2(C01 +C10). Consequently, the shear modulus
also increases with grayscale and exposure time, indicating an increase in material stiffness.
Figure 4.13 illustrates the variation of the shear modulus with respect to grayscale and exposure
time. Initially, it exhibits low values for t = 6 s and G = 0.7, then experiences a rapid increase
towards higher values, and eventually converges at approximately 380 MPa in Figure 4.13
(a). Beyond this point, further increasing the exposure time has minimal impact on the shear
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(d) t = 6 s, G = 0.8

Figure 4.11. Experimental stress-strain curves were averaged and combined with a fitted material
model of visco-hyperelastic for the purpose of uniaxial tension tests. The grayscales varied from G = 1.0
to G = 0.6, while the exposure time ranged between t = 20 s to t = 6 s. Additionally, different strain
rates were considered, including ε̇ = 0.002 s-1 (quasi-static), ε̇ = 0.02 s-1, and ε̇ = 0.2 s-1. Similar results
are shown in [82].

modulus, as the polymerization process is already fully completed.
An important finding, as depicted in Figure 4.13 (a), is that various combinations of grayscales

and exposure times can yield identical stiffness values. This observation is further supported
by Figure 4.13 (b), which displays the iso curves representing constant shear modulus values
across different grayscale and exposure time combinations. Quantitatively, it can be concluded
that higher grayscale values combined with shorter exposure times exhibit equivalent stiffness
compared to lower grayscale values paired with longer exposure times. This significant result
opens up possibilities for manufacturing graded structures with varying stiffness by manipu-
lating the grayscale and exposure time, ultimately reducing the overall printing duration. As
previously mentioned, however, that while the exposure time influences the curing of the entire
printed layer, altering the grayscale impacts the curing of individual material points within the
layer.
After evaluating the shear modulus using the Mooney-Rivlin material parameters through
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Figure 4.12. The Mooney-Rivlin coefficients C∞
01 and C∞

10 were derived by performing a fitting process
between the hyperelastic part of the material model Ψ∞ and the experimental data. This fitting was
conducted considering various grayscales ranging from G = 1.0 to G = 0.6, as well as exposure times
ranging from t = 20 s to t = 6 s. Similar results are shown in [82].
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(a) 3D demonstration of shear modulus over
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Figure 4.13. A correlation was established between grayscale, exposure time, and shear modulus.
Similar plots are shown in [99].

fitting the visco-hyperelastic model, it becomes apparent that longer exposure times and higher
grayscale values result in increased polymer chain conversion, leading to a stiffer printed
material. The values corresponding to exposure intensity for varying exposure times and
grayscales, can be found in Table 4.2. Additionally, for a visual representation of the correlation,
please refer to Figure 4.14.

TheMooney-Rivlinmaterial parameters corresponding to the equilibrium and non-equilibrium
parts of the constitutive model are displayed in Figure 4.15 for different exposure intensity
values. For lower grayscale values, such as G = 0.6, where the light intensity is relatively low,
a gradual chemical reaction takes place. Consequently, the impact of increasing the exposure
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Figure 4.14. An illustration of exposure intensity in three dimensions is presented. Similar plots are
shown in [99].

time on the reaction is minimal compared to higher grayscale values, for example, G = 1.0,
where the liquid resin can rapidly solidify upon curing.
As it has been previously mentioned, the determination of the constitutive parameters C∞

10

andC∞
01 for the equilibrium part of the constitutive model, through fitting the experimental data

at a quasi-static strain rate of ε̇ = 0.002 s-1. These parameters are showed in Figure 4.15 (a) and
Figure 4.15 (b), corresponding to different values of exposure intensity. Additionally, the shear
modulus µ∞ for the equilibrium part of the material model is calculated based on C∞

10 and C∞
01 .

The relationship between µ∞ and exposure intensity is depicted in Figure 4.15 (c). The values
of C∞

10 , C∞
01 , and µ∞ exhibit rapid growth for lower values of exposure intensity. This behavior

arises from the initiation of polymerization and a high degree of monomer conversion [31].
Conversely, for higher exposure intensity values, where the uncured phase is reduced, further
curing becomes challenging, leading to minimal changes in the shear modulus. This trend is
particularly evident in Figure 4.15 (d) to Figure 4.15 (f), which represent the non-equilibrium
part of the material model. With increasing exposure intensity, the constitutive parameters
related to the non-equilibrium part undergo rapid increments compared to the equilibrium
parameters until they reach a maximum value. This can be attributed to the rise in monomer
conversion, resulting in fewer free monomers within the printed polymer’s polymeric chains
that can transform into a viscous solid. Consequently, the material properties associated with
the non-equilibrium part cannot be further enhanced by increasing exposure intensity. Instead,
higher exposure intensity values lead to an enhanced crosslinking density in the equilibrium
state.
In relation to the constitutive parameters presented in Figure 4.15, it is predicted that

these parameters vary based on their maximum value, which is attained when the material
is completely cured. Consequently, a material parameter denoted as Φ in Equation (2.3) can
be used as a function of exposure intensity to fit to the experimental constitutive parameters
in Figure 4.15 in order to determine the parameters for any arbitrary exposure intensity
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Figure 4.15. The experimental constitutive parameters of various exposure intensity values were
subjected to fitting procedures using hyperbolic functions. Similar results are shown in [99].

values. The hyperbolic tangent function in Equation (2.3) is utilized for approximation of all
Mooney-Rivlin coefficients, as provided in Equation (3.64), as well as for the relaxation time τ .
It should be noticed that the exposure time was extended to 20 s, with the assumption that
this duration of UV light would be sufficient to obtain the maximum crosslinking density for
each layer, which is evident in Figure 4.15. Nevertheless, it is worth noting that the exposure
time could potentially be further increased, taking into account considerations such as printer
capacity, technology, and resin properties.

Correspondingly, the hyperbolic tangent function of Hv in Equation (2.3) is utilized to fit
each constitutive parameter, enabling the determination of their respective maximum values
and variables a, b, and c. The results of this fitting process are presented in Table 4.3. It is
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Φmax a b c

C∞
01 1070 0.351 0.269 -0.188

C∞
10 -889.1 0.351 0.274 -0.197
µ∞ 359.4 0.364 0.229 -0.139
Cv
01 440.7 0.615 0.336 -0.270

Cv
10 -381.3 0.536 0.319 -0.275
µv 154.9 -0.307 2.145 -0.822
τ 2.792 0.161 0.381 0.107

Table 4.3. Hyperbolic tangent function coefficients are determined through fitting to experimentally
derived constitutive parameters. Similar table is shown in [99].

important to note that the maximum value derived from the fitting procedure coincides with
the maximum values observed in the constitutive parameters curves illustrated in Figure 4.15.
Attention should be given to the fact that the accuracy of the fitting results is dependent on
the initial guess for the parameters. Thus, it is essential to select appropriate initial values that
have physical significance. Specifically, when considering the Mooney-Rivlin material model,
special consideration is given to ensure the consistency of the fitting for the parameters C10

and C01 with the physical properties.
Here, the hyperbolic tangent function is applied to Cv

10 and Cv
01 of the non-equilibrium part

of the model. Consequently, the shear modulus µv can be calculated using the relationship
µv = 2(Cv

10+C
v
01). The results are displayed in Figure 4.16 as represented by the dashed-dotted
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Figure 4.16. The material parameters of the Mooney-Rivlin model were subjected to a comparative
analysis of various fitting strategies. Similar results are shown in [99].

lines. While the fitting results appear satisfactory upon visual inspection, differences can be
observed in the shear modulus. In order to address this issue, a simultaneous fitting approach
can be employed to obtain optimal results for both the constitutive parameters (Cv

10, Cv
01) and

the shear modulus µv. This simultaneous fitting process ensures a comprehensive optimization
of all parameters. The results obtained from the simultaneous fitting, depicted by the solid
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Hv t [s] G

1.0 8 0.90
0.9 9 0.85
0.9 10 0.80

(a) Hv ≈ 0.9

Hv t [s] G

1.3 8 1.00
1.2 9 0.95
1.2 10 0.90

(b) Hv ≈ 1.2

Hv t [s] G

0.9 12 0.75
1.4 12 0.95
1.5 18 0.90
(c) Further cases

Table 4.4. exposure intensity values, grayscales, and exposure Times for constitutive model verification
and validation. Similar tables are shown in [99].

lines in Figure 4.16, are in agreement with the optimum fitted function for the shear modulus,
represented by the dashed line in Figure 4.16.
Finally, it is desired to demonstrate that the assumption of a quadratic model for G as defined

in Equation (2.2) introduces only a minor error when compared to using the measured light
intensities for different grayscales from Figure 2.3. Figure 4.15 (h) shows the coefficients
C∞01 for different combinations of G and t plotted against Hv. In one case, the analytical
relation Hv = G2 · ln (t/t0)/ ln (h/h0) is employed, while in the other case, the experimentally
determined relation Hv = Ie(G)/I

max
e · ln (t/t0)/ ln (h/h0) is utilized. Subsequently, a fitting

process is carried out to determine the hyperbolic function representing C∞01(Hv). As predicted,
the markers for Hv in both approaches closely align with each other, and similarly, the fitted
curves exhibit a high degree of similarity.

4.2.2. Validation of Parametric Constitutive Model

The obtained results from the previous section are utilized to validate the definition of the
exposure intensity denoted as Hv, as stated in Equation (2.2), serving as a unified parameter.
Additionally, these results are employed to determine the coefficients of the parameterized
constitutive model. It should be noticed that the model constants t0 and h0 in the definition of
Hv in Equation (2.2) are determined by fitting the Hv model to the constitutive parameters
corresponding to different Hv values. In this case, t0 is found to be 1 s and h0 is determined as
0.01 mm.
The proposed parametric constitutive model requires further experimental investigations

to validate its effectiveness. One significant advantage of the proposed material model for
grayscale MSLA is its parametrization based on the exposure intensity as a single design
parameter, as indicated in Equation (2.2). This parameterization allows for the unification
of grayscale and exposure time dependencies. As a result, the exposure intensity can be
adjusted to achieve a balance between different exposure times and grayscales. This balancing
is achieved by satisfying the equation

Hv(G1, t1) = Hv(G2, t2) ⇔ G2
1 · ln (t1) = G2

2 · ln (t2) , (4.2)
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where G2
1, t1, G

2
2, t2 represent arbitrary values whose multiplication yields the same Hv.
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Figure 4.17. The constitutive model is validated using new exposure intensity values, as well as pairs
of grayscale and exposure time. Similar plots are shown in [99].

The examination of Table 4.2 reveals that a value of G = 0.8 and t = 10 s produces an
equivalent exposure intensity value as G = 0.9 and t = 8 s, with Hv = 0.9. Consequently,
it is anticipated that comparable polymerization and mechanical behavior can be attained
due to the similarity in exposure intensity. To verify this assumption, a new combination
of grayscale and exposure time, specifically G = 0.85 and t = 9 s with Hv = 0.9, is chosen
for the purpose of printing and conducting the uniaxial tension test. Additionally, in order
to validate the interpolation functions presented in Figure 4.15, the coefficients of this new
grayscale-exposure time pair are interpolated and the first Piola-Kirchhoff stress is plotted
as numerical results. The relevant details are given in Table 4.4 (a). The outcomes for these
three distinct grayscale-exposure time pairs, all resulting in a similar exposure intensity, are
shown in Figure 4.17 (a) for strain rates of ε̇ = 0.002 s-1, ε̇ = 0.02 s-1, and ε̇ = 0.2 s-1. It is
evident that there exists a satisfactory agreement among the experimental results for different
grayscale-exposure time combinations. Nevertheless, a slight difference is observed at higher
strain rates, which may arise from the material’s solid nonlinear behavior at higher rates or the
inherent experimental uncertainty associated with soft materials, particularly under high-rate
conditions. Moreover, a more extensive characterization of the material could be accomplished
by employing a greater number of test samples, thereby reducing the uncertainty.
The validation process was repeated for higher values of exposure intensity by comparing

three sets of grayscale and exposure time with an approximate value of Hv ≈ 1.2, as presented
in Table 4.4 (b). The corresponding results are displayed in Figure 4.17 (b). Once more, it is
evident that the experimental results align well with the numerical model across various strain
rates, indicating a consistent agreement between them.
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Figure 4.18. Validating the constitutive model with new exposure intensity values and pairs of grayscale
and exposure time. Similar results are shown in [99].
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Figure 4.19. Comparison of experimental and numerical stress–strain curves in uniaxial tension test to
validate constitutive model with different strain rates. Similar results are shown in [99].

The validation of the constitutive model is now performed, where stress-strain curves are
estimated for arbitrary exposure intensity values across various strain rates. To include the
complete spectrum of exposure intensity, the selections were made as Hv = 0.9, Hv = 1.4, and
Hv = 1.5. Additionally, new combinations of exposure times and grayscales are determined and
utilized, as shown in Table 4.4 (c). The results are illustrated in Figure 4.18. It is observable that
the numerical stress-strain curves exhibit a good agreement with the experimental counterparts
for different strain rates, while maintaining an acceptable margin of error. Overall, there is a
better agreement between the numerical and experimental curves observed at higher values
of exposure intensity, indicating greater stiffness in the material. In the final phase of the
validation process, the constitutive model is compared across different strain rates to encompass
the material’s inelastic behavior. For this purpose, uniaxial tension tests are performed at the
strain rates ε̇ = 0.01 s-1 and ε̇ = 0.1 s-1, while keeping the grayscale G = 1.0 and exposure
time t = 10 s constant. The results are displayed in Figure 4.19. It is evident that the numerical
stress-strain curves corresponding to strain rates not included in the model calibration exhibit a
strong agreement with the experimental findings. Overall, it can be deduced that the parametric
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visco-hyperelastic constitutive model has been effectively verified and validated, demonstrating
its capability to accurately predict the mechanical behavior of grayscale MSLA 3D printed
polymers in terms of a single parameter, namely the exposure intensity, across a range of strain
rates.
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4.3. Elasto-Visco-Plastic Constitutive Parameters

In this section, the study focuses on examining how the elasto-visco-plastic behavior of the
gMSLA 3D printed parts is affected by the process parameters including layer thickness. In
this way, the impact of process parameters on both the elastic and inelastic behavior and
the corresponding parameters of the constitutive model outlined in Section 3.3.3 is studied.
In the first step, the elasto-visco-plastic material model is characterized through conducting
experimental uniaxial tension tests, considering various process parameters. Additionally, a
correlation between the exposure intensity as defined in Equation (2.2) and the experimentally
derived constitutive parameters is presented, providing evidence that exposure intensity serves
as a suitable combination of the process parameters. The results and parametrization utilizing
the exposure intensity from this section are employed to shows the potential for reducing
printing time in the next section.
Uniaxial tension tests were conducted to failure at a speed of 5 mm/min, following the ASTM

D638 standard, for various combinations of grayscale, exposure time, and layer thickness. To
validate the relationship expressed by Equation (2.2), test samples are printed by varying
one parameter among G, t, and h while keeping the other two constant. The resulting
mechanical characterization data obtained for different exposure intensity values are then
utilized to determine the constitutive parameters. Figure 4.20 depicts selected stress-strain
curves obtained from experimental measurements, representing different process parameters.
Additional experimental results are accessible in Appendix A.3. The experimental results
consistently demonstrate a high level of reproducibility, with standard deviations ranging from
5.3% for the soft material (Hv = 0.91) to 1.98% for the stiff material (Hv = 5.71). Moreover,
Figure 4.20 also includes the stress-strain curves for the fitted linear elastic and elasto-plastic
constitutive model, as described in Equation (3.77). The quality of the fit is excellent, as the
elasto-plastic model (represented by solid lines) closely corresponds to the experimental values
(indicated by red circles) up to the point of failure. The dashed lines in Figure 4.20 represent
the purely elastic part of the constitutive model.
The fitted parameters of the elasto-plastic constitutive model, namely the shear modulus

µ, yield stress σ0, and isotropic hardening modulus Ah, are presented in Figure 4.21. These
parameters are shown for different exposure intensities Hv. Additionally, the influence of layer
thickness (h = 0.1 mm, h = 0.05 mm, and h = 0.02 mm) on material strength is depicted. It is
observed that thicker layers result in weaker material due to light attenuation, as schematically
illustrated in Figure 2.1 (b) [58]. The stiffness, represented by the shear modulus, increases as
the layer thickness decreases, as shown in Figure 4.21 (a). This variation in layer thickness
allows for a wider range of stiffness, however with longer print times. To approximate the shear
modulus, the hyperbolic tangent function in Equation (2.3) is employed, and the corresponding
coefficients are determined as Φmax = 220.6, a = −0.027, b = 0.476, and c = −0.072.
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Figure 4.20. Characterization of uniaxial tension behavior of materials through varying grayscale,
exposure time, and layer thickness. Averaged experimental stress-strain curves (dots), linear elastic
models (dashed), and elasto-plastic models (solid) enable comprehensive analysis and comparison of
mechanical properties. Similar results are shown in [97].

0 1 2 3 4 5 6 7 8 9
0

40

80

120

160

200

240

Exposure intensity Hv

Sh
ea
rm
od
ul
us
µ
e
[M
Pa
]

Exp. h = 0.02 mm
Exp. h = 0.05 mm
Exp. h = 0.1 mm
Fit µe(Hv)

(a) Shear modulus µe

0 1 2 3 4 5 6 7 8 9
0

4

8

12

16

20

24

28

32

Exposure intensity Hv

Yi
el
d
st
re
ss
σ
0
[M
Pa
]

Exp. h = 0.02 mm
Exp. h = 0.05 mm
Exp. h = 0.1 mm
Fit σ0(Hv)

(b) Yield stress σ0

0 1 2 3 4 5 6 7 8 9
100

120

140

160

180

200

220

Exposure intensity Hv

H
ar
de
ni
ng
m
od
ul
us
A

h
[M
Pa
]

Exp. h = 0.02 mm
Exp. h = 0.05 mm
Exp. h = 0.1 mm
Fit Ah(Hv)

(c) Isotropic hardening modulus Ah

Figure 4.21. Dependencies of (a) shear modulus, (b) yield stress, and (c) isotropic hardening modulus on
the exposure intensity. Experimental values for different process parameters are denoted by dots, while
the solid lines represent fitted hyperbolic tangent functions µe(Hv), σ0(Hv), and Ah(Hv), respectively.
Similar results are shown in [97].

The yield stress σ0 is plotted against different values of Hv in Figure 4.21 (b). Similar to the
shear modulus, the yield stress exhibits an increasing trend with Hv, eventually converging
for higher values of Hv. This behavior can be attributed to the fact that higher Hv values
lead to increased material stiffness. The yield stress is approximated using a hyperbolic
tangent function, as given by Equation (2.3), with coefficients Φmax = 33.42, a = −0.016,
b = 0.323, and c = 0.042, which yields a good agreement with the experimental data. The
hardening modulus is observed to decrease as Hv increases, as depicted in Figure 4.21 (c).
The experimental results are effectively captured by a modified hyperbolic tangent function
Φ(Hv) = Φmax/ tanh(aH

2
v + bHv + c), with coefficients Φmax = 105, a = 0.001, b = 0.08, and

c = 0.5. This fitting demonstrates a satisfactory agreement with the experimental values.
Subsequently, the reliability of the constitutive model is evaluated through a relaxation test,
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Figure 4.22. Materials printed with different Hv values (a) 2.4, (b) 3.2, and (c) 6.8 are characterized
for stress relaxation behavior. Experimental stress-strain curves are compared with viscoelastic model
predictions for three strain rates:ε̇ = 1.2 · 10−5 s-1, ε̇ = 4.1 · 10−4 s-1, and ε̇ = 4.1 · 10−3 s-1. Similar
results are shown in [97].

G t [s] h [mm] Hv µ [MPa] β1 β2 β3
∑︁
βi τ1 [s] τ2 [s] τ3 [s]

1.0 3.0 0.05 2.4 226 0.135 0.369 0.135 0.639 4.47 122 182
1.0 5.0 0.06 3.2 259 0.125 0.125 0.308 0.558 4.04 108 109
0.9 5.0 0.02 6.8 314 0.103 0.103 0.237 0.443 1.85 47 47

Table 4.5. Viscoelastic material parameters and process parameters for the relaxation tests shown in
Figure 4.22.

and the variation of viscoelastic parameters is examined for different values of Hv. It involves
subjecting a material to a constant deformation and subsequently monitoring the phenomenon
of stress relaxation, which refers to the gradual decrease in stress over time under a constant
strain condition as explained in Section 3.3.2. By analyzing the behavior of stress relaxation, it
becomes possible to determine the viscoelastic properties of the material.
In the present study, the chosen strain level for the relaxation tests is set at 2% based on

the observed linear elastic behavior in the preceding uniaxial tension tests, as illustrated in
Figure 4.20. Notably, no plastic deformation was observed within the tested strain range,
indicating that the material exhibited solely elastic behavior up to a strain of 2%. This strain
level is considered appropriate for conducting relaxation tests because it allows the material
to experience a significant deformation while still remaining within the linear elastic range.
However, it is crucial to be conscious that the specific strain chosen for relaxation tests may
vary depending on the material under study. Different materials exhibit diverse elastic and
viscoelastic responses, necessitating the careful selection of an appropriate strain range for
accurate and meaningful determination of viscoelastic parameters from relaxation test results.
By conducting uniaxial tension tests at three different strain rates, the influence of strain rate
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on the viscoelastic parameters of the constitutive model can be examined. Strain rate is a
significant factor affecting the viscoelastic behavior, as the material’s response to deformation
can differ based on the rate at which the deformation is applied.
In Figure 4.22, the experimental data for three distinct Hv values, along with the corre-

sponding fitted viscoelastic models, are presented. The stress reduction observed during the
relaxation test, under constant applied strain, can be attributed to the relaxation process of the
non-equilibrium stress contributions, as described by the summation term in Equation (3.77).
This relaxation process causes the stress to gradually approach the equilibrium state. It is
worth noting that a higher strain rate results in a more rapid reduction in stress due to the
presence of greater non-equilibrium stresses within the material. The increased strain rate
accelerates the relaxation process, leading to a faster convergence of stress towards the equi-
librium state. The experimental data and the fitted viscoelastic models shown in Figure 4.22
provide an understanding into the viscoelastic behavior of the material under different Hv

values, highlighting the significance of strain rate on the relaxation process and stress evolution
during the relaxation test.
The process of determining the constitutive parameters involves several steps. Firstly, the

elastic part of the material is fitted to the purple curve obtained at a low strain rate to minimize
the influence of inelastic effects and determine the elastic constitutive parameters [51]. This
allows for the characterization of the material’s elastic behavior. Subsequently, the inelastic
part of the constitutive model is fitted to the stress-strain curves obtained at strain rates of
ε̇ = 4.1 · 10−4 s−1 and ε̇ = 4.1 · 10−3 s−1. By comparing the numerical stress-strain curves with
the experimental data, a good agreement is observed, indicating that the constitutive model
effectively approximates the experimental behavior. The fitting is performed by analyzing the
logarithmic scale of stress-strain curves over time. The corresponding constitutive parameters
are presented in Table 4.5. Notably, an increase in Hv results in an elevation of the total shear
modulus µ and a decrease in the relative modulus β1, β2, and β3. This behavior, similar to the
behavior explained in the previous section, can be attributed to the fact that an increase in Hv

leads to a higher incorporation of free monomers into the crosslinked network, subsequently
increasing the crosslinked density. As a consequence, the shear modulus of the equilibrium part
of the material increases, while the shear modulus of the non-equilibrium part decreases. A
similar trend is observed for the relaxation times τi, which decrease as Hv increases. This can
be explained by the fact that an increased Hv corresponds to a higher degree of crosslinking,
resulting in shorter relaxation times for thematerial. Overall, the characterization of constitutive
parameters highlights the influence ofHv on themechanical behavior and viscoelastic properties
of the material.
In order to assess the suitability of the elasto-visco-plastic constitutive model for applications

involving energy absorption, the material’s response under cyclic loading conditions is investi-
gated. Uniaxial tension tests involving loading and unloading up to strains of 3%, 6%, and 8%
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4.3. Elasto-Visco-Plastic Constitutive Parameters
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Figure 4.23. Materials printed with Hv values of (a) 2.4 and (b) 5.8 are characterized for their cyclic
behavior. Experimental stress-strain curves are obtained for loading-unloading conditions at strains of
3%, 6%, and 8%. These experimental curves are then compared with predictions from an elasto-visco-
plastic model to analyze and evaluate the material’s cyclic response. Similar results are shown in [97].

are conducted, with a strain rate of ε̇ = 1.2 · 10−5 s-1. Figure 4.23 presents the experimental
results against the model predictions for two different exposure intensities, specificallyHv = 2.4

and Hv = 5.8. It is evident that as the maximum strain increases, the material exhibits more
significant plastic deformation, resulting in an increased deviation between the loading and
unloading paths. The elasto-visco-plastic constitutive model effectively captures this behavior,
both qualitatively and quantitatively. The model’s predictions agree well with the experimen-
tal results, accurately representing the observed deviations between loading and unloading
paths as the maximum strain increases. This successful correspondence between the model
predictions and experimental data demonstrates the applicability of the elasto-visco-plastic
constitutive model in scenarios requiring energy absorption. The model’s ability to accurately
capture the material’s response under cyclic loading conditions further supports its potential
for various practical applications.
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4. Influence of Process Parameters on Mechanical Properties

4.4. Process Optimization

As previously stated, the relationship between process parameters within the exposure inten-
sity can be employed to optimize the efficiency of the printing process for a given structure. The
underlying principle revolves around the understanding that different combinations of process
parameters, resulting in equivalent exposure intensity values, will yield similar mechanical
behavior in the final product. This realization opens up opportunities for controlling the
printing duration by manipulating three key factors: grayscale G, exposure time t, and layer
thickness h.
To illustrate this concept, the manufacturing of a shell lattice structure is considered, as

shown in Figure 4.24. The finite element simulations are carried out using Ansys software
(2021 R2, 2021, ANSYS Inc., Canonsburg, PA, USA). In this particular example, three different
combinations of process parameters are employed to fabricate the structure, while ensuring
that each variant possesses an identical exposure intensity value, as outlined in Table 4.6.
The dimensions of the lattice structure are set at 30 mm × 30 mm × 30 mm, with the shells
within the unit cells having a thickness of 1.2 mm. To evaluate the mechanical behavior of
the printed samples, force-displacement curves are obtained by subjecting the structures to
compressive loading at a strain rate of ε̇ = 0.002 s-1 until failure. These curves, depicted
in Figure 4.24, provide insights into mechanical behavior of structures printed with various
parameters. As expected from previous investigations, despite being produced using different
process parameters, the samples exhibit remarkably similar mechanical responses when exposed
to identical exposure intensities.

G t [s] h [mm] Hv Print time [min]

1.0 2.0 0.03 2.27 90
1.0 3.1 0.06 2.27 57
1.0 3.4 0.07 2.26 52

Table 4.6. Printing parameters for shell lattice structures can be adjusted to achieve a 42% reduction in
printing time without compromising the exposure intensity and mechanical behavior.

Moreover, it is worth noting that the experimental force-displacement curves exhibit a
remarkable agreement with the results obtained from a finite element simulation forHv = 2.27.
However, upon closer examination of Table 4.6, it becomes evident that this desired mechanical
behavior can be achieved with a significant reduction of 42% in printing time by selecting the
process parameters t = 3.4 s and h = 0.07 mm instead of t = 2.0 s and h = 0.03 mm. This
application effectively demonstrates the practical and industrial significance of utilizing the
exposure intensity as a single unified process parameter, coupled with parameterized material
and geometric models, to optimize printing time, a crucial factor in gMSLA applications.
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Figure 4.24. The compressive behavior of shell lattice structures was investigated using experimental
force-displacement curves. Three sets of process parameters were used to fabricate the structures, all
having identical exposure intensity values. The results obtained from the experiments were compared
with numerical finite element simulations using an elasto-visco-plastic material model. The agreement
between the experimental and numerical data was found to be very good. Similar results are shown in
[97].
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5. Influence of Process Parameters on
Geometric Accuracy

As previously indicated, changes in process parameters influence the degree of cure of the pho-
topolymer resin during the photopolymerization process, which can result in both overcuring
and undercuring of the material. These changes have an impact not only on the mechanical
characteristics, due to their influence on the density of crosslinking, but also on the ultimate
solidified area within each layer. Consequently, the selection of suitable process parameters
becomes essential in order to prevent deviations in shape from the initial computer-aided
design (CAD). In the subsequent analysis, the effects of exposure time, grayscale, and exposure
intensity on the deviation from the originally designed geometry are explored in depth. Finally,
it is demonstrated that the geometric precision of a printed component can be enhanced by
applying CAD correction.

5.1. Characterization of Geometrical Deviations

In the previous chapter, the influence of process parameters on mechanical properties was
studied. Changes in the mechanical properties occur as a result of altering the process pa-
rameters, leading to over- and undercuring in the resin. To thoroughly investigate the impact
of exposure time and light intensity on geometrical deviations for constant layer thickness,
it is necessary first to study and characterize the geometrical changes for different values of
process parameters. For this purpose, a lattice structure was specifically designed and printed
for characterization, as shown in Figure 5.1. The lattice consists of interconnected trusses, each
having a nominal diameter of 1.0 mm. The overall dimensions of the structure were set at 10
mm in length and 6 mm in height. During the printing process, grayscale values ranging from
0.6 to 1.0 were utilized, representing varying levels of light intensity. Moreover, the exposure
time, which plays a crucial role in the solidification process, was varied and tested across a
range of values between t = 1.5 s and t = 6.0 s. It is important to note that the layer thickness,
denoted as h, was maintained constant at 0.05 mm throughout the experiments. By employing
these carefully chosen parameter settings, it became possible to explore a broad spectrum of
exposure intensities, denoted as Hv, ranging from 0.4 to 3.3.
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5. Influence of Process Parameters on Geometric Accuracy

To accurately evaluate the geometrical deviations of the printed lattice structures in compar-
ison to the original CAD design, precise optical measurements of pixels were performed on
four different sides of the structure. This approach allowed for a comprehensive evaluation of
any variations in dimensions. The measurement process was repeated three times for each
of the three different lattice samples that were examined, ensuring robust and reliable data
collection. The resulting geometrical deviations were then quantified as ∆, representing the
difference between the measured diameters and their corresponding nominal values. This
quantification enabled a precise analysis of how exposure time and light intensity affected the
overall dimensional accuracy of the printed lattice structures. The optimal process parameters
required to achieve the desired level of precision in lattice structure fabrication can be obtained
by formulating these deviations.

10 mm

1 mm

Figure 5.1. The lattice structure was employed in the investigation of the relationship between
geometrical deviations and variations in grayscales and exposure times. Similar figure is shown in [97].

The impact of variations in grayscale values and exposure time on the sensitivity of geometric
deviations is demonstrated in Figure 5.2. The graph in Figure 5.2 (a) shows that when
grayscale values are increased (while keeping exposure time constant) or when exposure
time is prolonged (while maintaining a constant grayscale), there is a noticeable increase in
deviations. Additionally, it is observed that longer exposure time values lead to a heightened
sensitivity of geometrical discrepancies to changes in grayscale values. This phenomenon can
be attributed to two factors. Firstly, the prolonged exposure time allows for an extended period
of monomer conversion, leading to a more significant increase of the crosslinked network. The
additional time enables the monomers to react and form a more extensive network structure,
resulting in increased deviations from the original design. Secondly, the increased in amount
of light during prolonged exposure contributes to the enhanced crosslinking process, further
influencing the geometrical discrepancies.
Moreover, it is evident from Figure 5.2 (a) that larger exposure time values generally lead to

overcuring over shorter exposure times, while undercuring dominates for shorter exposure
times. In other words, when exposure time is too short, the curing process is incomplete,
resulting in deviations from the intended geometry. On the other hand, excessive exposure
time can lead to overcuring, causing distortions and deviations from the original design. These
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Figure 5.2. The measured geometrical deviations ∆ (represented by colored circles) and the fitted
function (indicated by dashed lines) under different conditions. In panel (a), the deviations are observed
for variation of grayscale and exposure times. In panel (b), the deviations are plotted over the exposure
intensity. Similar curves are shown in [97].

patterns are also clearly demonstrated in Figure 5.2 (b), where the measured geometrical
deviations are plotted against exposure intensities.
Analyzing Figure 5.2 (b), it can be observed that for smaller exposure intensity values, the

geometrical deviations approximate almost -0.1 mm, indicating a shrinkage of 10% from the
initial design. However, as the exposure intensity increase, the geometrical deviations also
increase, reaching approximately +0.2 mm, which corresponds to a 20% increase from the
original design.
To effectively model the experimentally measured deviations, the hyperbolic tangent function,

as defined in Equation (2.3), is employed to represent the relationship between the measured
deviations and the exposure intensity values. The constants in the hyperbolic function, Φmax =

−208, a = −0.01208, b = 0.00589, and c = 0.04314, are determined to achieve a acceptable
agreement between the model and the experimental data.
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5. Influence of Process Parameters on Geometric Accuracy

5.2. Geometrical Corrections

In practical scenarios, the derived function ∆(Hv) can prove to be highly beneficial in reducing
geometric deviations by enabling adjustments to the geometry based on the selected process
parameters. This capability allows for the optimization of 3D printing processes to achieve
the desired dimensional accuracy and quality of printed structures. To exemplify the practical
application of this concept, a representative structure is presented in Figure 5.3. This structure
shows a graded middle truss that spans a range of exposure intensity values from Hv = 1.6 to
Hv = 0.4 by varying the grayscale G from 1.0 to 0.5. Throughout this variation, the exposure
time is kept constant at t = 2.5 s, and the layer thickness is maintained at h = 0.05 mm. The
structure’s dimensions consist of a height and width of 10 mm and 12 mm, respectively, with a
thickness of 1 mm and a circular cross-section of 1 mm in diameter.
Upon printing the representative structure, the impact of reduced exposure intensity values

becomes evident in Figure 5.3 (a). This figure illustrates that the printed structure with
decreased Hv values exhibits noticeable shrinkage in the middle section of the truss. This
shrinkage arises due to the inherent characteristics of the printing process, where lower
grayscale values correspond to reduced exposure and, consequently, less complete curing and
crosslinking of the material.

(a) Original design (b)With correction

Figure 5.3. Graded structure illustrating (a) geometrical shrinkage in the middle truss during printing
of the original design and (b) enhanced accuracy obtained by implementing a geometric correction.
Similar plot is shown in [97].

To resolve this issue and achieve the desired geometry, an improved design approach is
implemented, as showed in Figure 5.3 (b). In this enhanced design, the cross-sectional area is
adjusted by incorporating the ∆(Hv) function to effectively prevent the deviations associated
with decreasing grayscale values. As a direct consequence of these adjustments, the corrected
structure exhibits resolution of the shrinkage issues observed in Figure 5.3 (a). By treating
for the predicted shrinkage using the ∆(Hv) function, the design ensures a consistent cross-
sectional area throughout the graded truss. Consequently, the printed structure achieves the
desired geometry with improved dimensional accuracy.
By employing the function∆(Hv) derived from the experimental data, it becomes possible to

predict the expected geometrical deviations and adjust the design accordingly. For instance, if
a specific level of accuracy is desired, the function can be utilized to determine the appropriate
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5.2. Geometrical Corrections

exposure intensity values needed to achieve the desired geometry. Conversely, if a target
grayscale value is predetermined, the function can be utilized to the adjustment of other
process parameters, such as exposure time or layer thickness, to compensate for the expected
geometrical deviations and achieve the desired output.
This approach allows for more precise and efficient control of the 3D printing process,

enabling the production of structurally and dimensionally accurate components. By utilizing the
insights gained from the relationship between grayscale values, exposure time, and geometrical
discrepancies, manufacturers can optimize their processes and reduce the occurrence of
defects or inaccuracies in the printed structures. Ultimately, this contributes to advancing and
adopting additive manufacturing technologies in various industries, ranging from aerospace
and automotive to healthcare. It should be noted that the geometrical deviations vary among
different 3D printers and are influenced by the photosensitive resin. Therefore, the proposed
framework needs to be calibrated for practical applications, and the range of deviations must
be determined for a specific printer and photosensitive resin.
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6. Rate Dependent Energy Dissipation of 3D
Printed Graded Structures

Viscoelastic structures possess unique properties that enable them to effectively dissipate and
absorb energy, making them valuable in various engineering and materials applications. Energy
dissipation refers to the ability of a material or structure to convert mechanical energy into
other forms, such as heat or deformation, during loading conditions. Viscoelastic materials
exhibit both viscous and elastic behaviors, combining the features of a fluid and a solid as
explained in Section 3.3.2. This characteristic allows them to dissipate energy through internal
molecular rearrangements, and relaxation processes, making them highly efficient in absorbing
and dissipating mechanical energy. As mentioned in Section 3.3.2, the viscoelastic nature
of a material is defined by hysteresis, which means that the loading and unloading curves
do not overlap, as shown in Figure 6.1. This phenomenon illustrates the energy dissipated
irreversibly when a material undergoes loading and subsequent unloading. The area under
stress–strain curve is associated with absorbed energy, while the area between two curves in
loading and unloading shows dissipated energy. This phenomenon is utilized for the purpose
of mitigating vibrational energy. Certain materials, notably certain polymers and soft metals
like lead, exhibit a pronounced capacity for damping vibrations [125].
The energy absorption capacity of viscoelastic structures is closely linked to their ability to

decrease the effects of dynamic loading. As mentioned previously, when subjected to external
loads, viscoelastic structures undergo time-dependent responses that involve both elastic and
viscous deformations. The elastic component allows them to store and recover energy, while
the viscous component facilitates energy dissipation through evolution of internal variable with
time and energy loss mechanisms. This energy dissipation is an effect of energy loss in the
material as a result of internal friction and molecular rearrangements during deformation. The
combination of these properties enables viscoelastic structures to effectively dampen vibrations,
reduce impact forces, and enhance overall structural integrity. This makes them highly desirable
in applications such as shock absorbers, noise reduction systems, and structural components
subjected to dynamic loading conditions.
In this chapter, the rate-dependent energy dissipation of 3D printed graded materials is

investigated. To achieve this, samples with different grayscales are first printed and tested
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to characterize their mechanical properties. This step involves repeating the characterization
process in terms of grayscales as described in Section 4.1, because the resin has been changed
and needs to be recalibrated. Next, a complex graded lattice structure is printed and tested
under uniaxial compression. The numerical framework is validated by comparing numerical
results from Ansys with experiments. Finally, the influence of different grading strategies and
strain rates on energy dissipation is studied.

Figure 6.1. Schematic representation of hysteresis as a results of non-recoverable energy in loading–
unloading. The absorbed energy is related to the region under the stress-strain curve, whereas the
dissipated energy can be determined by the area between the loading and unloading curves.

Mechanical Characterization of Samples

In the previous chapters, the relationship between changes in exposure intensity and the
mechanical properties of 3D printed materials was discussed. In this chapter, while layer
thickness and exposure time are constant during the print process, grayscale is the only
parameter that can be controlled in the production of graded structures. To establish a
constitutive model for the materials, four different grayscale values, specifically G = 1.0, 0.85,
0.75, and 0.6, were chosen for calibration. The exposure time for calibration process was set
to t = 5 s, and the layer thickness was maintained at h = 0.05 mm. The viscoelastic material
model, represented by Section 3.3.3, was fitted to experimental curves obtained under three
different strain rates. Initially, the elastic part of the model was calibrated using a uniaxial
tensile test conducted at a strain rate of ε̇ = 2.1 · 10−5 s-1.This allowed for the determination of
the shear modulus µ. Subsequently, the viscoelastic constitutive model was fitted to higher
strain rates of ε̇ = 2.1 · 10−3 s-1 and ε̇ = 4.2 · 10−3 s-1 to determine the relaxation time τ and
relative modulus β. The resulting constitutive parameters for the different grayscale values are
presented in Figure 6.2. Notably, the behavior of the constitutive parameters demonstrates
nearly linear characteristics across the range of grayscale values. Consequently, a linear function
can be employed to approximate the constitutive parameters for arbitrary grayscale values
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Figure 6.2. Determination of constitutive parameters as a function of grayscale values with variation of
G = 1.0 to G = 0.6 for constant exposure time and layer thickness.

between G = 0.6 and G = 1.0 as
Γ(G) = aG+ b . (6.1)

The parameters of fitted linear function in the form of Equation (6.1) are given in Table 6.1.
It is worth mentioning that the use of linear interpolation functions does not contradict the
utilization of the hyperbolic tangent function Equation (2.3) discussed in previous chapters.
This is due to the fact that the only variable affecting the exposure intensity in this case is
the grayscale G, while the other parameters, such as the exposure time and layer thickness,
remain constant. Therefore, a linear interpolation approach is applicable for predicting the
mechanical properties based on grayscale variations within the given range, as demonstrated
in Section 4.1.

Parameter a b

µ 330.5 -16.55
β -0.123 0.455
τ 23.16 -7.368

Table 6.1. Coefficients of linear interpolation function to determine constitutive parameters for arbitrary
values of grayscale G.

Validation of Numerical Models for Energy Absorption

In order to avoid repeating physical experiments, simulations can be validated and used to study
different physical conditions and grading strategies. The primary objective is to validate the
framework using a graded 3D printed complex structure. In this case, a shell lattice structure
consisting of 5 × 5 × 3 cells, with dimensions of 50 mm × 50 mm × 30 mm, was chosen for
this purpose, as depicted in Figure 6.3 (a) and (b). To achieve gradation within the lattice,
grayscale variation was employed, ranging from G = 1.0 to G = 0.6. The gradation starts from
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6. Rate Dependent Energy Dissipation of 3D Printed Graded Structures

the bottom, with the first layer of unit cells printed using G = 1.0, followed by the second layer
using G = 0.9, and finally with G = 0.6 in the top layer. The gradation is shown in Figure 6.3
(c). The APDL programming language in Ansys is utilized to implement material grading. The
APDL code is presented in Appendix A.2.

(a) (b) (c)

Figure 6.3. To establish the numerical framework, a graded 3D complex lattice structure was printed
with 5× 5× 3 cells, with dimensions of 50 mm× 50 mm× 30 mm. (a) and (b) 3D printed graded lattice
structure. (c) Linear cell grading of lattice structure from bottom to top.

Two test case scenarios have been considered to validate the finite element simulations.
The first scenario involves cyclic loading, where the graded lattice structure is subjected to a
2% strain and then immediately unloaded. The strain rate for this scenario is ε̇ = 1.56 · 10−3

s-1.The corresponding force-strain and force-time curves are depicted in Figure 6.4.
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Figure 6.4. Validation of numerical simulations in Ansys through experiments in a cyclic loading.

It is evident from the graph that there is a high level of agreement between the experimental
results and the numerical simulations conducted using Ansys. Moving on to the second scenario,
where the relaxation behavior of the material is examined. In this case, the graded lattice
structure is loaded to a 2% strain and held at that strain for a duration of 30 seconds before
being unloaded. Once again, a comparison between the numerical and experimental data
demonstrates a satisfactory level of agreement in Figure 6.5.
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Figure 6.5. Validation of numerical simulations in Ansys through experiments in a cyclic loading with
relaxation.

Investigation of Rate Dependent Energy Dissipation of Graded Structures

In this section, the study focuses on the investigation of rate-dependent energy dissipation
in 3D printed graded structures, following the validation of the numerical framework and
simulations in Ansys. To begin with, the mechanical behavior of the complex lattice structure
depicted in Figure 6.3 (a) is examined to understand the influence of grading. It is important
to note that while the grading method can be modified, it is essential to maintain consistency
by ensuring a constant average grayscale value across the entire domain. This consistency
is crucial for comparing identical effective stiffness in structure. To ensure similarity in the
materials being compared, the effective material distribution, denoted as Ḡ, must be consistent.
The condition of consistency can be mathematically expressed as

Ḡ =
1

vol(Ω)

∫︂
Ω
G(x)dV ∀x ∈ Ω . (6.2)

Consequently, various graded lattice structures are designed as illustrated in Figure 6.6. In the
first case, the lattice structure depicted in Figure 6.6 (a) undergoes grading from G = 1.0 at
the bottom to G = 0.6 at the top. This grading method involves assigning a specific grayscale
value to each cell layer, resulting in a discontinuous transition between layers. The second
case involves a continuous linear grading of the lattice structure, progressing from G = 1.0

at the bottom to G = 0.6 at the top, as shown in Figure 6.6 (b). In this scenario, the cells
are linearly graded, in contrast to the first case in Figure 6.6 (a), where the cells maintain a
constant grayscale value. Moving on to the next case presented in Figure 6.6 (c), the structure
is graded from left G = 1.0 to right G = 0.6. In this arrangement, each vertical layer of cells
possesses a uniform, constant grayscale. Figure 6.6 (d) demonstrates a disordered grading
strategy where the stiffest layer is positioned in the middle of the lattice structure. Finally,
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(a) (b) (c)

(d) (e) (f) Grayscale values

Figure 6.6. Design of various graded lattice structures with identical effective material distribution
Ḡ = 0.8: (a) Case 1: Layer grading from bottom to top. (b) Case 2: Linear grading from bottom to
top. (c) Case 3: Layer grading from left to right. (d) Case 4: Inhomogenous layer grading. (e) Case 5:
Inhomogenous cell grading.

Figure 6.6 (e) shows the lattice structure with inhomogeneous and random grading. In all
the schematic illustrations provided in Figure 6.6, the dark cell color corresponds to G = 0.6,
while the brightest color represents G = 1.0. In addition, the effective material distribution is
identical for all grading cases as Ḡ = 0.8.

In the initial phase, a comparative analysis is conducted on force-displacement curves
corresponding to different gradings, as illustrated in Figure 6.7. This enables the investigation
of the mechanical response influenced by diverse gradings. Figure 6.7 also presents the reaction
force-displacement curves up to 2% strain with strain rate ε̇ = 1.56 · 10−3 s-1 for various cases,
referred to as Figure 6.6. It can be observed that the mechanical behavior remains mostly
unchanged when the effective grayscale values are identical, thus indicating minimal impact of
the grading strategy.

In the subsequent stage, the dissipated energy of the graded structure depicted in Figure 6.6
(a) is investigated. The structure is subjected to compression up to 2% strain at various strain
rates, ranging from quasi-static conditions at ε̇ = 1.5 · 10−5 s-1 to higher velocities at ε̇ = 0.3

s-1. The normalized dissipated energy for different strain rates is represented by the red dots in
Figure 6.8. It can be observed that the dissipated energy is relatively low for lower strain rates.
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Figure 6.7. Comparison of reaction force-displacement curves for various grading cases in cyclic loading
to 2% strain with strain rate ε̇ = 1.56 · 10−3 s-1.
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Figure 6.8. Energy dissipation for different strain rates in simulation and fit rational function.

However, as the strain rate increases, the dissipated energy reaches maximum values before
decreasing again and converging to very small magnitudes. Understanding this behavior and
the energy dissipation across different strain rates is crucial for designing structures intended
for energy absorption applications.

In this context, a rational function can be employed to fit the energy dissipation for various
strain rates, following the form

Ed(ε̇) =
p1 · ε̇+ p2

ε̇2 + q1 · ε̇+ q2
, (6.3)
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where the coefficients are

p1 = 0.04848 ,

p2 = −3.843× 10−5 ,

q1 = 0.07236 ,

q2 = 0.002545 .

The fitted dissipated energy is depicted by the solid line in Figure 6.8. To determine the strain
rate at which maximum dissipation occurs, the derivative of Equation (6.3) must be set to zero

dEd(ε̇)

dε̇
=
p1 · ((ε̇)2 + q1 · ε̇+ q2)− (p1 · ε̇+ p2) · (2ε̇+ q1)

((ε̇)2 + q1 · ε̇+ q2)2
≡ 0 . (6.4)

Solving Equation (6.4) yields ε̇ = 8.6 · 10−4 s-1 as the strain rate at which maximum dissipation
takes place. This behavior can be attributed to the fact that, for lower strain rates, the
viscoelastic element in Figure 3.4 moves freely and cannot withstand any stress. Consequently,
the rheological system behaves like an elastic element with an elastic modulus of E∞. On the
other hand, for higher strain rates, the dashpot in the viscoelastic element behaves like a rigid
element, resulting in an effective modulus of E = E∞ + Ei. However, it is important to note
that plastic deformation of the material is not considered in this investigation. Hence, when
designing structures, it is important to consider that at higher strain rates, the material may
undergo plastic deformation.
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7. Enhancing Resin Flexibility for Energy
Absorption applications

One drawback of the tough resins utilized in this research is their inherent lack of flexibility
and low strain-to-failure characteristics, making them inappropriate for energy absorption
applications. The primary objective of this chapter is to regulate the flexibility of the resin
material. One proposed solution involves the incorporation of a flexible resin into the tough
resin to reduce its toughness. Consequently, the aim is to investigate the impact of combining
these two resin types on several crucial mechanical properties, including failure stress, failure
strain, ultimate tensile strength, yield stress, and flexibility. The ultimate goal is to determine
the optimal resin proportion that achieves the desired mechanical performance, striking a
balance between strength and flexibility. Such findings would have significant implications for
the design of energy-absorbing structures. To accomplish this objective, the elasto-visco-plastic
properties of the material are examined for various resin combinations. Subsequently, an
elastic-visco-plastic constitutive model is developed to establish a relationship between the
resin proportions and the mechanical properties of interest. This model enables the prediction of
the mechanical behavior of different resin proportions under deformation, thereby facilitating
the identification of the optimal resin proportion for the intended application.

In the initial phase, it is essential to determine the mechanical response of various resin
mixtures under standardized loading conditions. The combination of two distinct resins,
namely flexible and tough, is determined based on their weight proportions. To establish a
new parameter denoting the ratio of the two resins, the weight fraction of the flexible resin is
utilized. This parameter, denoted as θf , is defined as the weight of the flexible resin divided
by the total weight of both resins. Consequently, θf assumes values ranging from 0 to 1. The
weight fraction of the flexible resin, θf , is calculated as follows

θf =
wf

wf + wt
, (7.1)

where wf and wt denote the weights of the flexible and tough resins, respectively. The total
weight of the resin is represented as wtot = wf + wt. The weight fraction of the tough resin,
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denoted as θt, can be determined using the following equation

θt =
wt

wtot
= 1− θf . (7.2)

In Equation (7.2), θf is the weight fraction of the flexible resin. In the subsequent parts of
this chapter, various percentages of the proportions of the flexible resin, θf , are considered.
Specifically, the following proportions are examined: θf = 0% (pure tough resin), θf = 25%,
θf = 50%, θf = 75%, and θf = 100% (pure flexible resin).
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Figure 7.1. The stress-strain curves obtained from uniaxial tension experimental tests for variation of
resin proportions ranging from θf = 0% to θf = 100%.

Uniaxial tension tests were carried out on various combinations of resins to investigate their
behavior under axial loading until failure occurred. The tests were conducted at a controlled
speed of 5 mm/min, following the ASTM D638 standard, to ensure consistent and reliable
results. The stress-strain curves for the complete range of resin combinations are shown in
Figure 7.1, including pure tough resin, varying proportions of flexible resin, and pure flexible
resin. During the experiments, the specimens were subjected to increasing tensile loads until
they reached the point of failure. These curves serve as a fundamental basis for evaluating
the mechanical performance and failure behavior of the resin mixtures under uniaxial tension,
which is important for understanding their structural integrity and potential applications. As
shown in Figure 7.1, the relationship between the proportion of flexible resin and the material’s
yield stress is evident. With an increase in the proportion of flexible resin, there is a noticeable
decrease in the yield stress of the material. This finding suggests that the incorporation of
more flexible components renders the material more flexible under tension. Conversely, as the
mixture becomes more flexible, another significant observation is the corresponding increase
in the failure strain. Specifically, the material’s failure strain shows a remarkable rise from
approximately 0.13 to well over 1.0. This substantial improvement in the failure strain indicates
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that the material becomes considerably more resistant to breaking and can withstand higher
levels of deformation before reaching its breaking point. The results of the strain-to-break
analysis are illustrated in Figure 7.2. This analysis further confirms the favorable impact of
incorporating flexible resin into the material, as it highlights the significant enhancement in the
material’s overall tensile properties. This graph provides a clear visual representation of how
the failure strain increases in conjunction with the proportion of flexible resin, demonstrating
the positive correlation between these two factors.
However, the main objective of this study is to enhance the flexibility of the tough resin,

which has been the base material utilized throughout this research. Therefore, the resin mixture
will only be increased up to θf = 50%. By limiting the mixture to θf = 50% (half flexible) and
keeping it within the range from θf = 0% (pure tough) to θf = 50%, the base material can be
retained as tough. As a result, the experimental data will consist of θf = 0%, θf = 25%, and
θf = 50% resin mixtures.
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Figure 7.2. Strain to break for different resin proportions from θf = 0% (pure tough) to θf = 100%
(pure flexible).

To conduct a comprehensive study of the material’s behavior, both viscoelastic and plastic
properties need to be investigated. Consequently, relaxation tests were conducted at different
strain rates, as discussed in the previous section. These relaxation tests involved subjecting the
material to controlled strains at varying rates and monitoring the stress response over time.
The results of the material’s relaxation behavior for various resin proportions are illustrated
in Figure 7.3. The relaxation tests reveal interesting trends in the material’s stress response
concerning flexibility. As the proportion of flexible resin increases, the stress peak observed
during the tests decreases. This suggests that incorporating more flexible components leads to
a reduction in the material’s overall stiffness, making it more yielding under applied stresses.
Additionally, when examining the distance between stress peaks for two distinct strain rates,
ε̇ = 4.1 · 10−4 s-1, and ε̇ = 4.1 · 10−3 s-1, it becomes evident that greater material flexibility
results in an increased gap between these peaks. This indicates that the material’s viscose
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Figure 7.3. Experimental stress-time relaxation curves of samples printed with different tough–flexible
resin proportions ranging from θf = 0% (pure tough) to θf = 50% for two strain rates: ε̇ = 4.1 · 10−4

s-1, and ε̇ = 4.1 · 10−3 s-1.

behavior contribution increases with enhanced flexibility. The presence of a higher proportion
of flexible resin raises concerns regarding the material’s susceptibility to plastic deformation
under such conditions. This needs further investigation into the plastic properties of the
material to understand the limits of its mechanical stability under different loading scenarios.

To have better understanding of the plastic behavior of the material, an investigation under
cyclic conditions, similar to Section 4.3, was conducted. In this part, different resin mixtures
with varying proportions were considered, namely θf = 0% (pure tough), θf = 25%, and
θf = 50%. These resin mixtures were subjected to cyclic loading and unloading to different
strain levels, as illustrated in Figure 7.4. The cyclic loading involved progressively increasing
the applied strain to 6%, 8%, 10%, and 12% and immediately unloading the samples without
any pause. The results of the cyclic loading tests yielded perspectives on how the material’s
plastic behavior is affected by the changing ratios of flexible resin. As the flexible proportion θf
increases, a notable trend emerges, where the maximum stress experienced by the material
during the loading cycles decreases. This reduction in maximum stress reveals that materials
with higher proportions of flexible resin tend to exhibit a lower overall strength under cyclic
loading conditions. This observation has significant implications for applications where cyclic
loading play a crucial role, as the material’s endurance may be affected by the presence of
flexible components. Moreover, the cyclic loading tests make the behavior of the plastic strain
of the samples more clear. It is evident that as the proportion of flexible resin in the mixture
increases, the plastic strain experienced by the samples during the loading and unloading cycles
also increases. Understanding this relationship between flexible content and plastic strain is
necessary for designing materials that can endure cyclic loading without experiencing excessive
deformation or failure, ensuring their reliability and durability in practical applications.

The influence of flexible resin on material properties was investigated by fitting the elasto-
visco-plastic constitutive model given by Equation (3.77) to the experimental data. In this
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Figure 7.4. Experimental stress-strain curves in cyclic loading test for samples printed with different
tough–flexible resin proportions ranging from θf = 0% (pure tough) to θf = 50%. These curves are
obtained for loading-unloading conditions at strains of 3%, 6%, 8%, and 12%.

chapter, the material modeling approach involved utilizing the elasto-visco-plastic constitutive
model designed as explained in detail in Section 3.3.3. Initially, the viscoelastic part of
the constitutive model was fitted to the relaxation data presented in Figure 7.3, and the
corresponding constitutive parameters were determined. These constitutive parameters are
illustrated in Figure 7.5, showing how the material’s viscoelastic response changes with the
proportion of flexible resin.

As evident from Figure 7.5 (b), the increase in the flexibility of the resin results in a nearly
linear decrease in the elastic shear modulus of the samples. This decrease can be attributed to
the occurrence of flexible bonds in the material’s microstructure, leading to reduced elastic
behavior and increased susceptibility to plastic deformation. Consequently, this higher flexibility
in the material contributes to the observed higher strain to break, as deduced from Figure 7.2.
The trend of linear changes with increasing resin flexibility is also evident in Figure 7.5 (c),
Figure 7.5 (d), and Figure 7.5 (e), where the relaxation time τ , isotropic hardening modulus,
and relative modulus β, respectively, also exhibit linear variations. As the proportion of
flexible resin increases, these material properties show consistent and proportional changes,
indicating a clear relationship between the amount of flexible resin and these constitutive
parameters. In Figure 7.5 (f), the yield stress limit σy is shown for different percentages of
flexible resin. Gradual decreases in the yield stress limit are observed with increasing flexibility
in the mixture. Overall, it can be inferred from Figure 7.5 that the constitutive parameters
demonstrate consistent behavior as the flexibility of the material in the mixture changes. In the
next phases, it should be feasible to further customize the flexibility of the material according
to the specific application of the printed structure. Achieving an optimized resin mixture for
real-world applications requires not only precise blending of the flexible resin but also the
ability to tailor the material properties to meet specific performance criteria. To this end,
it is essential to determine the elasto-visco-plastic constitutive parameters for any arbitrary
weight percentage of flexible resin θf . Different interpolation functions can be employed to
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Figure 7.5. Parameters of the elasto-visco-plastic constitutive model for different percentages of the
flexible resin, θf = 0%, θf = 25%, θf = 50%. Interpolated functions are used to determine the
parameters for arbitrary values of resin combination.

approximate the constitutive parameters accurately. Here, linear interpolation functions are
then applied to fit the experimental data shown in Figure 7.5. As observed, the quality of the fit
appears to be satisfactory, indicating that the interpolation methods can effectively predict the
constitutive parameters for intermediate values of θf . This capability holds great promise in
enabling precisely design materials with desired mechanical properties for specific applications,
providing enhanced control over the performance and functionality of 3D printed structures.

In the final stage of this chapter, the constitutive framework for the tough-flexible resin
mixture must be validated through experiments for an intricate case. To achieve this, the
lattice structure from the previous chapter is chosen due to its complexity, nonlinearity, and
its successful validation in ANSYS in the previous chapter. For the validation process, two
different weight percentages of flexible material, θf = 30% and θf = 40%, are selected, and
the constitutive parameters are interpolated based on the data presented in Figure 7.5. The
shell lattice structure consists of 5× 5× 3 cells, with dimensions of 50 mm× 50 mm× 30 mm,
as illustrated in Figure 6.3 (a). The domain is meshed with tetrahedral second-order elements
including 220000 elements in ANSYS Mechanical. In the experimental setup, the lattice
structure is compressed at a constant velocity until it reaches the failure point, which is at
almost 6 mm displacement in this case. The compression test aims to evaluate the structural
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Figure 7.6. Validation of constitutive framework by comparing experimental and simulated force–
displacement curves for interpolated constitutive parameters of θf = 30% and θf = 40%.

(a) Finite element simulation (b) Experiment

Figure 7.7. Qualitative illustration of lattice structure in simulation and experiments by almost 11%
strain.

integrity and load-bearing capacity of the lattice structure under practical operating conditions,
validating the accuracy and reliability of the constitutive model for the tough-flexible resin
mixture. This validation process ensures that the developed constitutive model can predict
the mechanical response of the lattice structure, allowing for its effective application in design
scenarios.
The Ansys software is used to implement the constitutive model and simulate the lattice

structure until the point of failure. The force-displacement curves obtained from experiments
and finite element simulations are depicted in Figure 7.6. The qualitative deformation in
experiments and simulations is also shown in Figure 7.7. As seen, there is a good agreement
between simulations and experiments for θf = 30% in Figure 7.6 (a). However, after reaching
5 mm of displacement, the experimental curve deviates from the simulation, resulting in
noticeable discrepancies during the final phases of the experiments. This difference is attributed
to the geometry failure in the experiments, which is not accounted for in the simulations. The
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simulated and experimental force-displacement curves are also presented for θf = 40% in
Figure 7.6 (b). Initially, there is good agreement between simulations and experiments, but the
deviations between the two curves increase as the deformation progresses. One possible reason
for this could be that as flexibility increases in the material, the cells of the lattice structure
become more prone to geometrical instabilities. These instabilities may lead to non-linear
and unpredictable behavior in the experimental results, causing the deviations between the
simulated and experimental force-displacement curves observed during the latter stages of the
test. It is essential to thoroughly analyze these observed deviations and consider the effects of
geometrical instabilities and other potential factors that could influence the structural response
of the lattice under increased flexibility conditions. In future, addressing and understanding
these complexities will enable the constitutive model to be refined and improved further,
ensuring its accuracy and reliability in predicting the mechanical behavior of lattice structures
made from the tough-flexible resin mixture for a wide range of applications.
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The application of grayscale masked stereolithography (gMSLA) for the manufacturing of
functionally graded engineering parts with varying material properties was explored in this
dissertation, with a focus on elastic and inelastic behavior in finite and small deformations. For
this purpose, the dependencies of material behavior and geometric deviations on the process
parameters were experimentally investigated and modelled computationally for a specific
commercial gMSLA 3D printer and photopolymer resin. The feasibility of gMSLA in creating
graded parts with customizable mechanical behavior, particularly elastic, viscoelastic, and
plastic properties, was successfully demonstrated, thereby presenting new opportunities for
designing polymer structures.
In the first stage, a hyperelastic constitutive model was developed, considering the parametric

dependence on grayscale value, which controls the intensity of light and consequently the
curing of UV-curable photopolymer materials. The Mooney-Rivlin hyperelastic constitutive
model with three parameters was utilized for this purpose. Experimental tests, including
uniaxial tension and compression, as well as volumetric compression, were conducted on
specimens printed at different grayscale levels to determine and interpolate the constitutive
parameters. The grayscale-dependent behavior of the Mooney-Rivlin parameters was observed
to be mostly monotonic and linear, resulting in a linear relationship between the physical
material properties (Young’s modulus, bulk modulus, shear modulus, and Poisson’s ratio) and
grayscale value G. Consequently, these approximately linear in grayscale coefficients provided
valid and reasonable physical properties and stress-strain curves. Finally, the resulting material
model was implemented in a finite element framework and experimentally validated using
three test cases involving plate-like geometries with continuous, linear grayscale grading. The
validity of the resulting material model was established through these three test cases.
Next, the correlation between light intensity, determined by the grayscale of the mask, and

exposure time per layer, which together control the radiant exposure crucial for photopoly-
merization and the resulting mechanical properties of grayscale MSLA printed materials, was
demonstrated in this research. To describe the dependency of mechanical behavior on the print-
ing process parameters, a single design parameter, referred to as the exposure intensity, was
introduced, combining grayscale values and exposure time. A visco-hyperelastic constitutive
modeling framework for gMSLA 3D printing of functionally graded photopolymers under finite
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deformations and dynamic loading conditions was presented. Experimental results confirmed
the suitability of the exposure intensity parameter in capturing the relationship between the
degree of curing of photopolymer materials and the process parameters. Consequently, the
visco-hyperelastic constitutive model was formulated concerning parametric dependency on the
exposure intensity value. The Mooney-Rivlin energy function with two parameters was utilized
for the non-equilibrium and equilibrium parts of the model, aiming to minimize complexity for
characterization, fitting, and numerical implementation without compromising solution stabil-
ity and convergence. Constitutive parameters were determined by fitting the model to uniaxial
tension tests conducted on printed samples with different combinations of grayscale values and
exposure times. These coefficients were then parameterized in terms of the exposure intensity.
Hyperbolic tangent functions were employed to express the functional dependency of each
material parameter on the exposure intensity. This choice aligned with physical considerations,
as the stiffness and relaxation time of the material were expected to monotonically increase
with the degree of polymerization and exposure intensity, eventually reaching a level when
full curing occurred. Validation of this parametric visco-hyperelastic constitutive model was
performed through experiments involving various exposure intensity values and strain rates.
Stress-strain curves were compared for different strain rates using couples of grayscale values
and exposure times with identical exposure intensity. Subsequently, tests were conducted
on couples with exposure intensity values not included in the initial data-set used for fitting,
allowing for a comparison against model predictions. Finally, the inelastic behavior of the
proposed visco-hyperelastic constitutive model was validated for different strain rates under
identical exposure intensity.

In the final stage of constitutive modeling in this research, the influence of the process
parameters on the resulting geometric and elasto-visco-plastic properties was systematically
investigated and characterized. By including the layer thickness, the investigations focused
on three critical process parameters that can be easily configured in the preprocessing stage:
light intensity in terms of grayscale value, exposure time, and layer thickness. For this purpose,
different process parameters were combined, samples were printed, and various mechanical
tests were performed. The results showed that a linear elasto-visco-plastic constitutive model
accurately approximates the material behavior in uniaxial tension tests to failure, relaxation
tests, and cyclic loadings. The unified parameter, the exposure intensity, which captures the
influence of all process parameters on the mechanical properties is extended and it is shown
that it can be used for optimizing process parameters in practical applications. With this single
adjustable design parameter, it is shown that total print time can be reduced by 42% while
maintaining identical mechanical behavior for an intricate shell lattice. Furthermore, the
impact of process parameters on geometrical deviations using a simple unit cell was examined,
showing that smaller exposure intensity values result in shrinkage due to undercuring and
larger ones lead to expansion due to overcuring. In addition, these findings are used to show
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that deviations can be corrected by changing the original CAD design and grading of the
structure according to the exposure intensity. To express the dependency of the constitutive pa-
rameters and geometrical deviations in terms of exposure intensity values, again the hyperbolic
tangent functions are used. This approach demonstrated good agreement with experimental
results in all investigations and can be utilized in practical structural design applications.
Nevertheless, the proposed framework of unifying the process parameters and establishing
functional relationships with the resulting material properties is generally applicable to other
vat photopolymerization 3D printers and materials. Here, numerous experiments were carried
out to demonstrate the reliability of the exposure intensity as the unified adjustable process
parameter, but in subsequent investigations for other materials significantly less experiments
would be sufficient to calibrate the model parameters. Once these parameters are determined,
constitutive models can be used to design, simulate, and optimize functionally graded struc-
tural designs, geometric deviations can be accounted for in the CAD designs, and the process
parameters can be adjusted to minimize printing times.
Afterwards, the developed constitutive model was used to investigate the rate-dependent

dissipative behavior of 3D printed graded structures under various strain rates. It was shown
that if the average grayscale is identical, the grading strategy does not significantly affect
the mechanical behavior of a graded lattice structure under small deformations. Next, the
influence of different strain rates on the energy dissipation was studied. A rational function
was employed to fit the dissipated energy data, enabling the determination of the strain rate at
which maximum dissipation occurs. In general, this research offers insights into the mechanical
dissipation behavior of graded 3D printed structures. It also allows for more studies and
improvements to make these structures better at absorbing energy.
Finally, this research addressed the challenge posed by the inherent lack of flexibility and low

strain-to-failure characteristics in tough resins, limiting their suitability for energy absorption
applications. By incorporating a flexible resin into the tough resin, this study aimed to regulate
the material’s flexibility while reducing its toughness. Through a comprehensive investigation of
various mechanical properties, the optimal resin proportion was explored to achieve a balance
between strength and flexibility. The development of an elastic-visco-plastic constitutive
model allowed for the prediction of mechanical behavior under deformation, facilitating the
identification of the ideal resin combination for the intended application. The findings from this
study hold significant implications for the design of energy-absorbing structures, potentially
opening up new possibilities in material engineering and industrial applications.
In future works, the parameterized constitutive model could be implemented into open-

source or commercial finite element software for design, simulation, and optimization of
3D printed graded structures. Investigation of process parameters and their influence on
mechanical properties facilitates optimal choice of process parameters toward optimization of
the whole printing process. Furthermore, the correlation of geometrical deviations and process
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parameters could be implemented into a CAD or slicer software to adjust the geometry according
to the expected shrinkage or expansion during printing. The concept of unifying process
parameters can be extended to other additive manufacturing methods for polymers, such as
SLA, in which process parameters like laser power and laser speed impact the final mechanical
properties. Additionally, the energy absorption of graded structures can be investigated,
including an analysis of structure failures. This approach enables the exploration of failure
control through grayscale manipulation, controlled deformation, and grading strategies aimed
at optimizing energy absorption. In this study, a commercial flexible resin was employed to
enhance the flexibility of the tough resin. This notion of blending resins can be further expanded
to enhance the stiffness of rubbery resins without sacrificing their flexibility. Furthermore, the
concept of how process parameters impact mechanical properties can be extended to include
other material behaviors, such as damage. Mullin’s effect can also be examined by varying
process parameters to investigate its influence during cyclic loading.
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A.1. Grayscale Pixel Modification and Color Transformation in Matlab

The provided Matlab code allows for modifying the grayscale values of pixels within a mask.
This code enables uniform color transformation for white pixels. It should be noted that
additional grading techniques, such as linear and inhomogeneous grading, can be incorporated
into this framework. Within the code below, the mask is read layer by layer. The code imports
the pixels in the x and y directions and verifies the RGB value of each pixel. If the color is
determined to be white, the code replaces it with the color G. Note that the following code
is a simplified representation of grading. Additional functions and grading strategies can be
implemented in the same way.

Listing A.1 Matlab code for changing grayscale values of the masks.

1 % specify input file names and location

2 file_name = ’Box’;

3 dir_path = ’img’;

4 file_path = fullfile(dir_path, file_name);

5 output_path = fullfile(dir_path, ’out’);

6 num_layers = numel(dir(fullfile(dir_path,sprintf(’%s*.png’,file_name))));

7
8 % define Grayscale value G

9 G= 0.5;

10
11 [status, msg] = mkdir(output_path);

12 if ~isempty(msg)

13 fprintf(’%s: %s\n’, msg, output_path);

14 delete(fullfile(output_path,sprintf(’%s*.png’,file_name)))

15 end

16
17 for i = 0:(num_layers−1) % loop over masks

18 strIn = sprintf(’%s%05i.png’,file_path,i); % Read png data

19 [img, map, alpha] = imread(strIn); % img = rows x columns

20
21
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22 % Change map

23 for m = 1:size(img,1)% loop over rows

24 for n= 1:size(img,2) % loop over columns

25 if (img(m,n)>200) % identify white pixels

26 img(m,n) = G * 255; % change grayscale value

27 end

28 end

29 end

30
31 % Write png output

32 strOut = sprintf(’%s\\%s%05i.png’,output_path,file_name,i);

33 imwrite(img,strOut);

34 end

A.2. Ansys APDL Code for Material Grading

The provided Ansys APDL code demonstrates a method for material grading within a structural
analysis. Material grading involves assigning varying material properties to different elements
based on their position or other criteria. This code allows for the grading of materials along the
x-direction of the structure. The code begins by selecting all elements that will undergo grading.
The element selection is saved to a component for further use. Material properties, such as the
minimum and maximum Young’s modulus (E_min and E_max), are defined. The geometry
parameters, specifically the length of the structure in the x-direction, are also set. The grading
process begins with a loop that iterates over a large number of elements. The x-coordinate
of each element’s centroid is obtained. All elements at this x-coordinate location are then
selected and assigned to a separate component. The material parameters at the current x
position are computed based on the defined grading formula. A new material is created with
the computed material properties, and the material number attribute of the selected elements
is updated accordingly. The code then proceeds to the next iteration, repeating the process
until no more elements are selected. Upon completion of the grading process, the material
assignment for all elements is finalized. Finally, the code concludes by saving and sending the
defined materials. Note that the following code is a simplified representation of linear grading.
Additional functions and grading strategies can be implemented in the same way.

Listing A.2 Ansys parametric design language for material grading.

1 /wb,mat,start ! starting to send materials
2 /com,*********** Send Materials ***********
3 Temperature = ’TEMP’ ! Temperature
4 !-----------------------------------------------------!
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5 ! Step 1: Setup !
6 !-----------------------------------------------------!
7
8 ! Select all elements to be graded
9 esel,all
10
11 ! Save the selected elements to a component
12 cm,remainingElem,elem
13
14 ! Define material properties
15 E_min = 100000
16 E_max = 200000
17
18 ! Set the geometry
19 lengthx = 50
20
21 !-------------------------------------------!
22 ! Step 2: Grading Loop Initialization !
23 !-------------------------------------------!
24
25 *DO, matID, 1, 10000000
26
27 ! Get the element ID of the next lowest element that is still selected
28 nextElem = ELNEXT(0)
29
30 ! Get the x-coordinate of the element’s centroid
31 *get, elemXposition, ELEM, nextElem, CENT, X
32
33 ! Select all elements at this centroid location
34 esel, R, CENT, X, elemXposition
35
36 ! Assign component name to these elements for later reference
37 cm, elementXgroup, elem
38
39 ! Compute material parameters at the current x position
40 factor = elemXposition / lengthx
41 Ex = E_min + factor * (E_max - E_min)
42
43 ! Create material with computed Young’s modulus
44 MP, EX, matID, Ex, ! Pa
45 MP, NUXY, matID, 0.3,
46
47 ! Change material number attribute of elements

109



A. Appendix

48 MPCHG, matID, all
49
50 ! Restore the original element selection (excluding the graded elements)
51 cmsel, S, remainingElem !S - Select a new set (default).
52 cmsel, U, elementXgroup !U - Unselect a set from the current set.
53 cm, remainingElem, elem
54
55 ! Get the number of selected elements
56 *GET, num_elem_sel, ELEM, , COUNT
57
58 ! Exit the do-loop if no more elements are selected
59 *if, num_elem_sel, eq, 0, exit
60
61 *ENDDO
62
63 allsel, all
64
65 !------------------------------------------!
66 ! Grading Completed !
67 !------------------------------------------!
68
69 /wb,mat,end ! done sending materials
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Figure A.1. The experimental stress-strain curves were averaged for quasi-static uniaxial tension tests,
considering a grayscale variation with constant exposure times ranging from t = 20 s to t = 6 s.
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Figure A.2. The experimental stress-strain curves were averaged for quasi-static uniaxial tension tests,
considering an exposure time variation with constant grayscale values ranging from G = 1.0 to G = 0.6.
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Figure A.3. Experimental stress-strain curves were averaged and combined with a fitted material model
of visco-hyperelastic for the purpose of uniaxial tension tests. The grayscales varied from G = 1.0
to G = 0.6 for constant exposure time t = 20 s. Additionally, different strain rates were considered,
including ε̇ = 0.002 s-1 (quasi-static), ε̇ = 0.02 s-1, and ε̇ = 0.2 s-1.
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Figure A.4. Experimental stress-strain curves were averaged and combined with a fitted material model
of visco-hyperelastic for the purpose of uniaxial tension tests. The grayscales varied from G = 1.0
to G = 0.6 for constant exposure time t = 15 s. Additionally, different strain rates were considered,
including ε̇ = 0.002 s-1 (quasi-static), ε̇ = 0.02 s-1, and ε̇ = 0.2 s-1.
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Figure A.5. Experimental stress-strain curves were averaged and combined with a fitted material model
of visco-hyperelastic for the purpose of uniaxial tension tests. The grayscales varied from G = 1.0
to G = 0.6 for constant exposure time t = 10 s. Additionally, different strain rates were considered,
including ε̇ = 0.002 s-1 (quasi-static), ε̇ = 0.02 s-1, and ε̇ = 0.2 s-1.
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Figure A.6. Experimental stress-strain curves were averaged and combined with a fitted material model
of visco-hyperelastic for the purpose of uniaxial tension tests. The grayscales varied from G = 1.0
to G = 0.6 for constant exposure time t = 8 s. Additionally, different strain rates were considered,
including ε̇ = 0.002 s-1 (quasi-static), ε̇ = 0.02 s-1, and ε̇ = 0.2 s-1.
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Figure A.7. Experimental stress-strain curves were averaged and combined with a fitted material model
of visco-hyperelastic for the purpose of uniaxial tension tests. The grayscales varied from G = 1.0
to G = 0.6 for constant exposure time t = 6 s. Additionally, different strain rates were considered,
including ε̇ = 0.002 s-1 (quasi-static), ε̇ = 0.02 s-1, and ε̇ = 0.2 s-1.

116



A.3. Data sheets

0.00 0.02 0.04 0.06 0.08 0.10
0

5

10

15

20

25

Strain [mm/mm]

St
re
ss
[M
Pa
]

Experiment
Linear elastic
Elasto-plastic

(a) Hv = 0.91 (t = 1.5, G =
1.0, h = 0.05)

0.00 0.02 0.04 0.06 0.08 0.10
0

5

10

15

20

Strain [mm/mm]

St
re
ss
[M
Pa
]

Experiment
Linear elastic
Elasto-plastic

(b) Hv = 1.57 (t = 3, G = 0.8, h =
0.05)

0.00 0.02 0.04 0.06 0.08 0.10
0

5

10

15

20

25

30

Strain [mm/mm]

St
re
ss
[M
Pa
]

Experiment
Linear elastic
Elasto-plastic

(c) Hv = 3.60 (t = 5, G = 1.0, h =
0.05)

0.00 0.02 0.04 0.06 0.08 0.10
0

5

10

15

20

25

30

Strain [mm/mm]

St
re
ss
[M
Pa
]

Experiment
Linear elastic
Elasto-plastic

(d) Hv = 5.71 (t = 3, G = 1.0, h =
0.02)

0.00 0.02 0.04 0.06 0.08 0.10
0

5

10

15

20

25

30

Strain [mm/mm]

St
re
ss
[M
Pa
]

Experiment
Linear elastic
Elasto-plastic

(e) Hv = 5.35 (t = 5, G = 0.8, h =
0.02)

0.00 0.02 0.04 0.06 0.08 0.10
0

5

10

15

20

25

Strain [mm/mm]

St
re
ss
[M
Pa
]

Experiment
Linear elastic
Elasto-plastic

(f) Hv = 3.01 (t = 5, G = 0.6, h =
0.02)

0.00 0.02 0.04 0.06 0.08 0.10
0

5

10

15

20

Strain [mm/mm]

St
re
ss
[M
Pa
]

Experiment
Linear elastic
Elasto-plastic

(g) Hv = 1.43 (t = 2.5, G =
1.0, h = 0.1)

0.00 0.02 0.04 0.06 0.08 0.10
0

5

10

15

20

25

Strain [mm/mm]

St
re
ss
[M
Pa
]

Experiment
Linear elastic
Elasto-plastic

(h) Hv = 1.72 (t = 3, G = 1.0, h =
0.1)

0.00 0.02 0.04 0.06 0.08 0.10
0

5

10

15

20

25

Strain [mm/mm]

St
re
ss
[M
Pa
]

Experiment
Linear elastic
Elasto-plastic

(i) Hv = 2.52 (t = 5, G = 1.0, h =
0.1)

Figure A.8. Characterization of uniaxial tension behavior of materials through varying grayscale,
exposure time, and layer thickness. Averaged experimental stress-strain curves (dots), linear elastic
models (dashed), and elasto-plastic models (solid) enable comprehensive analysis and comparison of
mechanical properties.
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