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A Algorithms

A.1 Enumeration of Structural Circuit Variants

The following pseudo codes depict the enumeration and pruning procedure for synthesizing

structural circuit variants and its recursive enumeration kernel.
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input : A gate library L containing gate types S, a Boolean function specification
φ, maximum circuit weight ω and depth δ

output: A set Cφ of circuits implementing φ covered by L
Initialization

1 new C ← ∅; Cφ ← ∅;
2 new γ ← ∅; γm ← ∅; Circuits are arrays of rows of gates and terminal

elements

3 new b ∈ B;

Enumerate with online pruning

4 enumerate(γ,S, ω, δ, n(φ),C); n() returns the support size of a Boolean

function

Wire combinations of primary inputs P and circuit inputs I
5 foreach γ ∈ C,m ∈M ⊂ P × I do
6 γm ← wire inputs(γ,m);

Match circuit and target function

7 if ¬(γm â φ) then
8 continue;
9 end if

Remove redundancies

10 foreach v ∈ V (γm) do
11 foreach u ∈ V (γm) do

f() returns the function of a gate with respect to P
12 if v ≠ u ∧ f(v) = f(u) then
13 substitute gate(v, u); Replaces u by a fan out of v
14 end if

15 end foreach

16 end foreach
Final check of library constraints

17 b← true;

18 foreach s ∈ S do
19 if ∣v ∈ V (γm) ∶ sv = s∣ > ∣g ∈ L ∶ sg = s∣ then
20 b← false;
21 break;

22 end if

23 end foreach
If circuit is implementable with L, add to output set

24 if b then
25 Cφ ← Cφ ∪ γm;
26 end if

27 end foreach

28 return Cφ;
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input: A circuit γ, gate types S, maximum circuit weight ω and depth δ, the
minimum number of inputs n

inout: A a set of fan-out free circuits C

1 Function enumerate(γ,S, ω, δ, n,C)
2 new l ← length(γ); l: depth of the circuit γ
3 new Iγ ← get unconnected inputs(γ); Iγ: set of unconnected gate

inputs of γ

Abort criterion

4 if l ≥ δ then
5 return;
6 end if

Iterate permutations of gates that match the number of unconnected

inputs

7 foreach r ∈ R ⊂ {S,∅}! ∶ ∣R∣ = max(∣Iγ ∣,1) do
8 new γ′ ← γ; Copy γ and add new row of gates

9 new Iγ′ ← get unconnected inputs(γ′);

10 γ′[l]← r;
Prune circuits that are too big

11 if ωγ′ > ω then
12 return;
13 end if

Check, if γ′ supports φ and prune isomorph circuits

14 if ∣Iγ′ ∣ ≥ n ∧ ¬∃γ ∈ C ∶ γ′ ≃ γ then
15 C ← C ∪ γ′;
16 end if

17 enumerate(γ′,S, ω, δ, n,C); Recurse

18 end foreach
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A.2 Generation of an Equivalent Envelope-Free Circuit

The equivalent envelope-free circuit is just a ’common’ circuit C∗, which is capable of carrying

out the propagation of intervals through an original circuit C. Exploiting the monotonicity of

all gate transfer functions in an extended gate library Le, which contains tuples (g, g, g) ∈ Le
for each g ∈ L, the circuit C∗ contains twice as many gates, only twice as many edges and

its result is valid on the whole input domain.

For details on envelopes and the interval-based scoring, please refer to the Methods

section from the original manuscript.
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input : A circuit C ≡ (γ, a), a gate library Le with additional envelope
specifications

output: A circuit C∗ ≡ (γ∗, a∗) propagating the intervals of C

Initialization

1 new V ∗ ← ∅; E∗ ← ∅; a∗ ← ∅;

Build new circuit

2 new D ← ∅; Helper D associates v∗ ∈ V ∗ with v ∈ V
γ ≡ (V, E) consists of vertices V and edges E ⊂ V × V

3 foreach v ∈ V do
4 new v∗h; v∗l ;
5 V ∗ ← V ∗ ∪ {v∗h, v∗l };

Associate new nodes with old ones to connect correctly later

6 D ←D ∪ {v, {v∗h, v∗l }};
Elements (v, g) ∈ a consist of a v ∈ V and a g ∈ {g, gh, gl} ∈ Le

7 a∗ ← a∗ ∪ (v∗h, gh);
8 a∗ ← a∗ ∪ (v∗l , gl);
9 end foreach

10 foreach v ∈ V do
Add crossed incoming edges between corresponding node pairs in

V ∗

11 foreach e ∈ E where e = (w, v), w ∈ V do
12 {v∗h, v∗l }← get associated(v, D);
13 {w∗h, w∗l }← get associated(w, D);
14 E∗ ← E∗ ∪ (w∗h, v∗l );
15 E∗ ← E∗ ∪ (w∗l , v∗h);
16 end foreach

17 end foreach

Done. Return new circuit

18 new γ∗ ← (V ∗, E∗);
19 new C∗ ← (γ∗, a∗);
20 return C∗
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B Synthesized Circuit Designs

B.1 Structural Variants, Classical Assignment Optimization

In the following, circuits synthesized by Cello and their structural variants synthesized by

the proposed method are depicted, together with the optimal gate assignment found using

the Cello score. Their corresponding final Cello scores are written below each. The diagrams

have been automatically generated from the synthesis results.

Function 0x80

Cello Structural Variants

B3_BM3R1S2_SrpR
P1_PhlF

A         A         

B         B         

C         C         

X        X        

B3_BM3R1S2_SrpR
P1_PhlF

X       X       A         A         

B         B         

C         C         

Score: 610.96 Score: 654.26

A1_AmtRS2_SrpR
Q1_QacRR1_PsrA
P1_PhlF

X       X       A         A         

B         B         

C         C         

Score: 654.26

Function 0x60

Cello Structural Variants

A1_AmtRimpl. OR
S2_SrpRH1_HlyIIR
B3_BM3R1P1_PhlF

A         A         

B         B         

C         C         

X       X       

H1_HlyIIRE1_BetI
S2_SrpRA1_AmtR
P3_PhlF

X       X       

B         B         

C         C         
A        A        

Score: 145.77 Score: 550.78

E1_BetIH1_HlyIIR
S2_SrpRP3_PhlF
B3_BM3R1A1_AmtR

X        X        

B         B         

C         C         A         A         

R1_PsrAB3_BM3R1
P1_PhlFQ2_QacR
A1_AmtRS2_SrpR
H1_HlyIIR

X       X       

B         B         

C         C         

A        A        

Score: 554.00 Score: 654.25
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Function 0x08

Cello Structural Variant

B3_BM3R1P1_PhlF
A1_AmtRS2_SrpR

A         A         

B         B         
C         C         

X        X        

P1_PhlFS2_SrpR
A1_AmtRB3_BM3R1

X        X        B         B         

C         C         

A         A         

Score: 610.96 Score: 671.49

Function 0xC8

Cello Structural Variant

P1_PhlFS2_SrpR
impl. OR

A         A         

B         B         

C         C         

X        X        

A1_AmtRS2_SrpR
E1_BetIP3_PhlF

X        X        B         B         

A         A         

C         C         

Score: 161.28 Score: 598.99

Function 0xE8

Cello Structural Variant

P1_PhlFimpl. OR
S2_SrpRQ1_QacR
B1_BM3R1A1_AmtRA         A         

B         B         

C         C         

X       X       

H1_HlyIIRE1_BetI
P3_PhlFS2_SrpR
A1_AmtRN1_LmrA
Q2_QacR

X       X       

A         A         
B         B         

C         C         

Score: 161.28 Score: 597.15
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Function 0x78

Cello Structural Variants

P3_PhlFimpl. OR
E1_BetIS2_SrpR
A1_AmtRB3_BM3R1

A         A         

B         B         

C         C         

X        X        

A1_AmtRP3_PhlF
S3_SrpRB3_BM3R1
H1_HlyIIR

X        X        

A         A         
B         B         

C         C         

Score: 83.54 Score: 308.10

E1_BetIS3_SrpR
P3_PhlFA1_AmtR
R1_PsrAB2_BM3R1

X        X        

B         B         

C         C         

A         A         

E1_BetIH1_HlyIIR
N1_LmrAA1_AmtR
B3_BM3R1P3_PhlF
S2_SrpR

X        X        

A         A         

B         B         

C         C         

Score: 324.49 Score: 593.95

Function 0x04

Cello Structural Variant

H1_HlyIIRP3_PhlF
S3_SrpRE1_BetI
A1_AmtRA         A         

B         B         
C         C         

X        X        

A1_AmtRS2_SrpR
P1_PhlFH1_HlyIIR
B3_BM3R1

X        X        

A         A         

B         B         

C         C         

Score: 327.87 Score: 671.47

Function 0xC4

Cello Structural Variant

B1_BM3R1S2_SrpR
P1_PhlF

A         A         

B         B         
C         C         

X        X        

B3_BM3R1S2_SrpR
E1_BetIP1_PhlF
A1_AmtR

X       X       

A         A         

B         B         
C         C         

Score: 671.16 Score: 671.43
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Function 0x1C

Cello Structural Variants

P1_PhlFH1_HlyIIR
R1_PsrAimpl. OR
Q2_QacRS2_SrpR
B3_BM3R1

A         A         

B         B         

C         C         

X       X       

P3_PhlFR1_PsrA
H1_HlyIIRS2_SrpR
A1_AmtRE1_BetI

X        X        

A         A         

B         B         

C         C         

Score: 146.34 Score: 325.05

P3_PhlFE1_BetI
N1_LmrAH1_HlyIIR
S3_SrpRB3_BM3R1
A1_AmtRR1_PsrA

X       X       

A         A         

B         B         

C         C         

Score: 327.34

Function 0xEA

Cello Structural Variant

impl. ORP1_PhlF
S2_SrpR

A         A         

B         B         

C         C         

X        X        

E1_BetIA1_AmtR
S2_SrpRP3_PhlF

X       X       

A         A         

B         B         

C         C         

Score: 161.28 Score: 598.99
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Function 0xF6

Cello Structural Variants

H1_HlyIIRA1_AmtR
N1_LmrAimpl. OR
E1_BetIP3_PhlF
S2_SrpR

A         A         

B         B         

C         C         

X        X        

Score: 91.18 Score: 161.51

H1_HlyIIRB3_BM3R1
P3_PhlFS2_SrpR
A1_AmtRE1_BetI
R1_PsrAF1_AmeR

X        X        

A         A         

B         B         

C         C         

R1_PsrAE1_BetI
P3_PhlFB3_BM3R1
F1_AmeRQ2_QacR
S2_SrpRH1_HlyIIR
A1_AmtR

X        X        

A         A         

B         B         

C         C         

Score: 593.91 Score: 593.91

Function 0x0E

Cello Structural Variants

P1_PhlFimpl. OR
B3_BM3R1S2_SrpR

A         A         

B         B         

C         C         

X        X        

E1_BetIH1_HlyIIR
A1_AmtRP3_PhlF
S2_SrpR

X        X        

B         B         

A         A         

C         C         

Score: 146.36 Score: 595.70

A1_AmtRP3_PhlF
B3_BM3R1R1_PsrA
E1_BetIS2_SrpR

X        X        

A         A         

B         B         

C         C         

Score: 597.02
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Function 0x8E

Cello Structural Variants

P1_PhlFimpl. OR
A1_AmtRS2_SrpR
B3_BM3R1

A         A         

B         B         

C         C         

X        X        

A1_AmtRP3_PhlF
E1_BetIF1_AmeR
Q2_QacRS2_SrpR

X        X        
B         B         

C         C         

A         A         

Score: 146.10 Score: 597.32

A1_AmtRS2_SrpR
F1_AmeRR1_PsrA
Q2_QacRE1_BetI
P3_PhlF

X        X        

A         A         

B         B         

C         C         

Score: 597.49

Function 0xAE

Cello Structural Variant

B3_BM3R1S2_SrpR
impl. ORP1_PhlF

A         A         

B         B         

C         C         

X       X       

E1_BetIS2_SrpR
P3_PhlFA1_AmtR
H1_HlyIIR

X        X        

C         C         

A         A         

B         B         

Score: 159.09 Score: 598.69

Function 0x6E

Cello Structural Variant

S4_SrpRA1_AmtR
P1_PhlFB3_BM3R1
impl. ORA         A         

B         B         

C         C         

X        X        
R1_PsrAP3_PhlF
E1_BetIS2_SrpR
B3_BM3R1A1_AmtR

X        X        

B         B         

A         A         

C         C         

Score: 87.07 Score: 597.17
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Function 0x01

Cello Structural Variants

E1_BetIH1_HlyIIR
P3_PhlFA1_AmtR
S3_SrpRF1_AmeRA         A         

B         B         
C         C         

X        X        

P3_PhlFS3_SrpR
Q2_QacRN1_LmrA
A1_AmtRH1_HlyIIR
B3_BM3R1

X        X        

A         A         

B         B         

C         C         

Score: 327.66 Score: 328.18

Function Consensus

Cello Structural Variants

E1_BetIB3_BM3R1
H1_HlyIIRA1_AmtR
S3_SrpRP3_PhlF
F1_AmeR

A         A         

B         B         

C         C         

X        X        

B3_BM3R1E1_BetI
P3_PhlFR1_PsrA
S3_SrpRH1_HlyIIR
Q2_QacRA1_AmtR

X       X       

A         A         

B         B         

C         C         

Score: 308.68 Score: 327.29

P3_PhlFA1_AmtR
H1_HlyIIRQ2_QacR
S3_SrpRF1_AmeR
B3_BM3R1R1_PsrA
E1_BetI

X        X        
A         A         

B         B         

C         C         

Score: 327.31

Function 0x41

Cello Structural Variants

S2_SrpRQ2_QacR
P3_PhlFA1_AmtR
H1_HlyIIRE1_BetI
N1_LmrA

A         A         

B         B         

C         C         

X        X        

S3_SrpRB3_BM3R1
E1_BetIF1_AmeR
Q2_QacRP3_PhlF
A1_AmtR

X       X       

A         A         

B         B         

C         C         

Score: 316.46 Score: 327.02

B3_BM3R1N1_LmrA
E1_BetIP3_PhlF
Q2_QacRA1_AmtR
H1_HlyIIRS3_SrpR

X        X        

A         A         

B         B         

C         C         

Score: 327.23
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Function 0x4D

Cello Structural Variants

S2_SrpRE1_BetI
impl. ORB3_BM3R1
A1_AmtRP3_PhlF

A         A         

B         B         

C         C         

X       X       
P3_PhlFA1_AmtR
B3_BM3R1S3_SrpR
H1_HlyIIR

X        X        
A         A         

B         B         

C         C         

Score: 85.40 Score: 326.25

R1_PsrAE1_BetI
B1_BM3R1P3_PhlF
H1_HlyIIRS2_SrpR

X       X       

A         A         

C         C         

B         B         

F1_AmeRS2_SrpR
A1_AmtRE1_BetI
B3_BM3R1P3_PhlF
H1_HlyIIR

X        X        

A         A         

C         C         

B         B         

Score: 327.39 Score: 595.79

Function 0xCD

Cello Structural Variants

E1_BetIA1_AmtR
P3_PhlFimpl. OR
S2_SrpRA         A         

B         B         

C         C         

X        X        

A1_AmtRS4_SrpR
P3_PhlFH1_HlyIIR

X        X        B         B         

A         A         

C         C         

Score: 91.93 Score: 308.48

S2_SrpRH1_HlyIIR
E1_BetIP3_PhlF
B1_BM3R1

X        X        
B         B         

A         A         

C         C         
H1_HlyIIRF1_AmeR
A1_AmtRE1_BetI
P3_PhlFS2_SrpR

X        X        

B         B         

A         A         

C         C         

Score: 327.29 Score: 597.10
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Function Multiplexer

Cello Structural Variants

E1_BetIH1_HlyIIR
P3_PhlFS2_SrpR

A         A         

B         B         

C         C         

X        X        

S2_SrpRP3_PhlF
H1_HlyIIRE1_BetI

X       X       

A         A         

B         B         

C         C         

Score: 327.75 Score: 327.79

F1_AmeRE1_BetI
S2_SrpRA1_AmtR
H1_HlyIIRP3_PhlF

X        X        A         A         

B         B         

C         C         

Score: 596.04

Function 0x3D

Cello Structural Variants

H1_HlyIIRE1_BetI
impl. ORP3_PhlF
S2_SrpRB3_BM3R1

A         A         
B         B         

C         C         

X        X        

E1_BetIH1_HlyIIR
P3_PhlFS2_SrpR
A1_AmtRF1_AmeR
R1_PsrA

X       X       

C         C         

A         A         

B         B         

Score: 83.82 Score: 595.88

Function 0xBD

Cello Structural Variants

P3_PhlFH1_HlyIIR
A1_AmtRS2_SrpR
impl. ORE1_BetI

A         A         

B         B         
C         C         

X        X        
R1_PsrAH1_HlyIIR
S2_SrpRA1_AmtR
E1_BetIF1_AmeR
P3_PhlF

X        X        

A         A         

C         C         
B         B         

Score: 88.30 Score: 596.60
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Function 0x0B

Cello Structural Variants

P3_PhlFA1_AmtR
H1_HlyIIRS2_SrpR

A         A         

B         B         

C         C         

X       X       

P3_PhlFH1_HlyIIR
S2_SrpRA1_AmtR

X       X       

A         A         

B         B         

C         C         

Score: 328.09 Score: 328.10

H1_HlyIIRA1_AmtR
P3_PhlFE1_BetI
F1_AmeRS2_SrpR

X       X       A         A         

C         C         

B         B         

Score: 595.70

Function 0x3B

Cello Structural Variant

P1_PhlFimpl. OR
S2_SrpR

A         A         

B         B         
C         C         

X        X        

B3_BM3R1S2_SrpR
A1_AmtRP1_PhlF

X        X        B         B         

C         C         

A         A         

Score: 428.50 Score: 678.07

Function 0xFB

Cello Structural Variants

A1_AmtRimpl. OR
P3_PhlFE1_BetI
S2_SrpRA         A         

B         B         

C         C         X        X        

P3_PhlFA1_AmtR
S2_SrpRimpl. OR
E1_BetI

X        X        

A         A         

C         C         

B         B         

Score: 418.52 Score: 418.53

H1_HlyIIRB3_BM3R1
S2_SrpRA1_AmtR
E1_BetIP1_PhlF

X        X        

A         A         

C         C         

B         B         

Score: 678.07
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Function 0x07

Cello Structural Variant

P3_PhlFS3_SrpR
A1_AmtR

A         A         

B         B         

C         C         

X        X        

H1_HlyIIRE1_BetI
A1_AmtRS2_SrpR
P3_PhlF

X       X       

B         B         

A         A         

C         C         

Score: 327.93 Score: 328.11

Function 0x87

Cello Structural Variants

S2_SrpRA1_AmtR
impl. ORP2_PhlF
B3_BM3R1

A         A         

B         B         

C         C         

X        X        

S2_SrpRB3_BM3R1
P3_PhlFA1_AmtR
E1_BetIH1_HlyIIR

X       X       

A         A         

B         B         

C         C         

Score: 75.54 Score: 593.62

S2_SrpRE1_BetI
F1_AmeRA1_AmtR
H1_HlyIIRP3_PhlF
Q2_QacR

X        X        

A         A         

B         B         

C         C         

Score: 596.57

Function 0xC7

Cello Structural Variant

S2_SrpRimpl. OR
P3_PhlFA1_AmtR
E1_BetI

A         A         

B         B         

C         C         

X        X        

N1_LmrAS2_SrpR
A1_AmtRP3_PhlF
E1_BetIH1_HlyIIR

X        X        

A         A         

B         B         

C         C         

Score: 91.50 Score: 597.08
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Function 0x37

Cello Structural Variants

E1_BetIimpl. OR
P3_PhlFA1_AmtR

A         A         

B         B         
C         C         

X        X        

A1_AmtRP3_PhlF
S3_SrpR

X       X       

A         A         

B         B         

C         C         

Score: 207.04 Score: 327.93

P1_PhlFA1_AmtR
B3_BM3R1S2_SrpR
H1_HlyIIR

X        X        

B         B         

A         A         

C         C         

Score: 678.05

Function 0xF7

Cello Structural Variants

S2_SrpRimpl. OR
P1_PhlFB3_BM3R1

A         A         

B         B         

C         C         

X        X        

B1_BM3R1S2_SrpR
impl. ORP1_PhlF

X        X        

A         A         

B         B         
C         C         

Score: 161.53 Score: 473.93

B3_BM3R1A1_AmtR
E1_BetIP1_PhlF
S2_SrpR

X       X       B         B         

A         A         

C         C         

Score: 678.07
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Function 0x7F

Cello Structural Variant

S2_SrpRP1_PhlF
impl. OR

A         A         

B         B         

C         C         

X        X        

P1_PhlFA1_AmtR
S2_SrpRB3_BM3R1

X        X        A         A         

B         B         

C         C         

Score: 183.04 Score: 677.91

B.2 Classical Structure, Uncertainty-Aware Assignment Optimiza-

tion

In the following, the three circuits mentioned in the main text 0x1c, 0x81 and 0x41 synthe-

sized by Cello (so the non-modified original circuit structure) are depicted together with the

optimal gate assignment found using the Cello score and the expectation-based score. The

least separated on and off output histograms and their resulting final Cello and expectation-

based scores are written below each.

Like explained in the main text, since the median gate outputs obtained via sampling

are of improved accuracy with respect to the true medians compared to those calculated by

Cello in the context of a circuit, the toxicity constraints for our assignment for function 0x41

are met using the E-score but not when using Cello’s score. Thus, we obtain an assignment

with high E-score, which would also exhibit a higher Cello score when calculating the toxicity

constraints using the improved accuracy from sampling.
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Function 0x1C

Assignment by Cello score Assignment by expectation-based score

P1_PhlFH1_HlyIIR
R1_PsrAimpl. OR
Q2_QacRS2_SrpR
B3_BM3R1

A         A         

B         B         

C         C         

X       X       

P1_PhlFimpl. OR
Q2_QacRE1_BetI
S2_SrpRA1_AmtR
B2_BM3R1

A         A         

B         B         

C         C         

X       X       

Cello-score: 146.34 Cello-score: 129.98
E-score: 2.95 E-score: 77.15

Function 0x81

Assignment by Cello score Assignment by expectation-based score

E1_BetIB3_BM3R1
H1_HlyIIRA1_AmtR
S3_SrpRP3_PhlF
F1_AmeR

A         A         

B         B         

C         C         

X        X        

H1_HlyIIRB3_BM3R1
S3_SrpRE1_BetI
A1_AmtRF1_AmeR
P3_PhlF

A         A         

B         B         

C         C         

X        X        

Cello-score: 308.68 Cello-score: 143.68
E-score: 52.48 E-score: 57.8

Function 0x41

Assignment by Cello score Assignment by expectation-based score

S2_SrpRQ2_QacR
P3_PhlFA1_AmtR
H1_HlyIIRE1_BetI
N1_LmrA

A         A         

B         B         

C         C         

X        X        

E1_BetIA1_AmtR
F1_AmeRS4_SrpR
Q2_QacRH1_HlyIIR
P3_PhlF

A         A         

B         B         

C         C         

X       X       

Cello-score: 316.46 Cello-score: 317.65 (see above)
E-score: 35.96 E-score: 81.10
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