TECHNISCHE
UNIVERSITAT
DARMSTADT

Asymptotic Analysis and
Numerical Approximation of some
Partial Differential Equations on Networks

Vom Fachbereich Mathematik
der Technischen Universitat Darmstadt
zur Erlangung des Grades eines
Doktors der Naturwissenschaften
(Dr. rer. nat.)
genehmigte Dissertation

von
Nora Marie Philippi, M.Sc.

aus Wiesbaden

Referent: Prof. Dr. Herbert Egger
1. Korreferent: Prof. Dr. Jan Giesselmann
2. Korreferent: Prof. Dr. Giinter Leugering
Tag der Einreichung: 5. Juli 2023
Tag der miindlichen Priifung: 28. August 2023

Darmstadt 2023
D17



Asymptotic Analysis and Numerical Approximation of some Partial Differential
Equations on Networks

Accepted doctoral thesis by Nora Marie Philippi, M.Sc.
Darmstadt, Technische Universitat Darmstadt

Date of thesis defense: August 28, 2023
Year of publication on TUprints: 2023

Please cite this document as / Bitte zitieren Sie dieses Dokument als:
URN: urn:nbn:de:tuda-tuprints-247329
URL: https://tuprints.ulb.tu-darmstadt.de/id /eprint /24732

This document is provided by / Dieses Dokument wird bereitgestellt von:
TUprints, E-Publishing-Service der TU Darmstadt
http://tuprints.ulb.tu-darmstadt.de

tuprints@ulb.tu-darmstadt.de

This work is licensed under a Creative Commons License:
CCBY-SA 4.0

Attribution — ShareAlike 4.0 International
https://creativecommons.org/licenses/by-sa/4.0/deed.en

Die Veroffentlichung steht unter folgender Creative Commons Lizenz:
CCBY-SA 4.0

Namensnennung — Weitergabe unter gleichen Bedingungen 4.0 International
https://creativecommons.org/licenses/by-sa/4.0/deed.de



Abstract

In this thesis, we consider three different model problems on one-dimensional networks
with applications in gas, water supply, and district heating networks, as well as bacte-
rial chemotaxis. On each edge of the graph representing the network, the dynamics are
described by partial differential equations. Additional coupling conditions at network
junctions are needed to ensure basic physical principles and to obtain well-posed systems.
Each of the model problems under consideration contains an asymptotic parameter € > 0,
which is assumed to be small, describing either a singular perturbation, different modeling
scales, or different physical regimes. A central objective of this work is the investigation of
the asymptotic behavior of solutions for € — 0. Moreover, we focus on suitable numerical
approximations based on Galerkin methods that are still viable in the asymptotic limit
€ = 0 and preserve the structure and basic properties of the underlying problems.

In the first part, we consider singularly perturbed convection-diffusion equations on
networks as well as the corresponding pure transport equations arising in the vanishing
diffusion limit ¢ — 0, in which the coupling conditions change in number and type. This
gives rise to interior boundary layers at network junctions. On a single interval, corre-
sponding asymptotic estimates are well-established. A main contribution is the transfer
of these results to networks. For an appropriate numerical approximation, we propose a
hybrid discontinuous Galerkin method which is particularly suitable for dominating con-
vection and coupling at network junctions. An approximation strategy is developed based
on layer-adapted meshes, leading to e-uniform error estimates.

The second part is dedicated to a kinetic model of chemotaxis on networks describing
the movement of bacteria being influenced by the presence of a chemical substance. Via
a suitable scaling the classical Keller-Segel equations can be derived in the diffusion limit.
We propose a proper set of coupling conditions that ensure the conservation of mass and
lead to a well-posed problem. The local existence of solutions uniformly in the scaling
can be established via fixed point arguments. Appropriate a-priori estimates then enable
us to rigorously show the convergence of solutions to the diffusion limit. Via asymptotic
expansions, we also establish a quantitative asymptotic estimate.

In the last part, we focus on models for gas transport in pipe networks starting from the
non-isothermal Euler equations with friction and heat exchange with the surroundings.
An appropriate rescaling of the equations accounting for the large friction, large heat
transfer, and low Mach regime leads to simplified isothermal models in the limit ¢ — 0.
We propose a fully discrete approximation of the isothermal Euler equations using a mixed
finite element approach. Based on a reformulation of the equations and relative energy
estimates, we derive convergence estimates that hold uniformly in the scaling to a parabolic
gas model. We finally extend some ideas and results also to the non-isothermal regime.






Zusammenfassung

In dieser Arbeit betrachten wir drei verschiedene Modellprobleme auf eindimensionalen
Netzwerken mit Anwendung in Gas-, Wasser-, und Fernwérmenetzwerken sowie in bakte-
rieller Chemotaxis. Auf jeder Kante des Graphen, welcher das Netzwerk beschreibt, ist die
Dynamik durch eine partielle Differentialgleichung beschrieben. Zusétzliche Kopplungs-
bedingungen an inneren Knoten werden zur Erhaltung von physikalischen Grundprinzi-
pien gebraucht. Jedes der drei Modellprobleme enthilt einen asymptotischen Parameter
€ > 0, der entweder eine singulédre Storung, verschiedene Groflienskalen oder physikalische
Regimes beschreibt. Zentrales Ziel der Arbeit ist die Untersuchung des asymptotischen
Verhaltens von Losungen fiir € — 0. Dariiber hinaus betrachten wir geeignete numerische
Approximationen basierend auf Galerkin Verfahren, die auch fiir € = 0 giiltig sind und die
Struktur sowie grundlegende Eigenschaften der Probleme erhalten.

Im ersten Teil befassen wir uns mit singulér gestorten Konvektions-Diffusionsgleichungen
auf Netzwerken und die dazugehorigen Transportgleichungen, die wir im Grenzwert ¢ — 0
fiir verschwindene Diffusion erhalten. Die Anzahl und der Typ von Kopplungsbedingungen
dndern sich, was zu Grenzschichten an inneren Netzwerkknoten fiithrt. Auf einem Inter-
vall sind zugehorige asymptotische Abschétzungen wohlbekannt. Ein wesentlicher Beitrag
unserer Arbeit ist die Erweiterung auf Netzwerke. Fiir die numerische Approximation
schlagen wir eine hybride Discontinuous Galerkin Methode vor, die besonders fiir domi-
nierende Konvektion sowie die Kopplung an Netzwerkknoten geeignet ist. Eine adaptive
Approximationsstrategie auf layer-adapted Gittern liefert e-uniforme Fehlerschranken.

Im zweiten Teil der Arbeit geht es um ein kinetisches Modell fiir Chemotaxis auf Netz-
werken, welches die Fortbewegung von Bakterien unter Einfluss einer chemischen Substanz
beschreibt. Mittels einer geeigneten Reskalierung erhalten wir das klassische Keller-Segel
Modell im Diffusionsgrenzwert. Wir schlagen geeignete Kopplungsbedingungen an Netz-
werkknoten vor, die zu einem wohlgestellten Problem fiithren. Die lokale Existenz von
Losungen uniform in € kann mittels Fixpunktargumenten gezeigt werden. A-priori Schran-
ken erlauben es uns dann die Konvergenz von Losungen zum Diffusiongrenzwert zu zeigen.
Wir leiten auflerdem eine quantitative asymptotische Abschétzung her.

Im letzten Teil der Arbeit untersuchen wir Modelle fiir den Gastransport in Rohrnetz-
werken. Ausgehend von den nicht-isothermen Eulergleichungen mit Reibung und Warme-
austausch mit der Umgebung fiihrt eine geeignete Reskalierung hinsichtlich grofler Rei-
bung, hohem Wirmeaustausch und kleiner Geschwindigkeiten zu vereinfachten isothermen
Modellen im Grenzwert ¢ — 0. Wir analysieren eine gemischte Finite Elemente Metho-
de fiir den isothermen Gastransport. Mittels relativen Energieabschitzungen kénnen wir
Konvergenz des Verfahrens mit Raten uniform in e zeigen. Schliellich erweitern wir unsere
Betrachtungen auf den nicht-isothermen Fall.
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Introduction

Partial differential equations on networks model a variety of processes of interest. In this
thesis, we consider three different model problems with applications to gas networks, water
supply and district heating networks, and bacterial chemotaxis on networks. Part of this
work was developed within the Collaborative Research Center TRR 15/ on Mathematical
modelling, simulation, and optimization using the example of gas networks.

A network is described as a one-dimensional graph that consists of vertices connected
by edges. On each edge, the dynamics of interest is modeled by partial differential equa-
tions. In order to obtain a well-posed problem, additional coupling conditions at interior
vertices connecting the solutions in the edges are needed. The derivation of a proper set of
conditions ensuring that basic physical principles hold, in particular conservation of mass,
is crucial. The main focus of this work is on asymptotic aspects, i.e., all model problems
contain a scaling parameter € > 0, which is assumed to be small, describing either a sin-
gular perturbation, different length or time scales, or different physical regimes. We are
interested in the well-posedness of the problems, i.e., in the existence and uniqueness of
solutions as well as the stability with respect to data, uniformly in the scaling parame-
ter €. The investigation of the asymptotic behavior of solutions for ¢ — 0 is a central
objective of this work. We also focus on the appropriate numerical approximation of the
model problems based on Galerkin methods that, in particular, preserve the underlying
structure and basic properties. This enables us to exploit techniques from the continuous
analysis for the error estimation of the methods. Special emphasis is on the asymptotic
behavior and stability, in particular, the schemes should still be viable in the asymptotic
limit € = 0.

Let us now give a brief overview of the content and main contributions of each chapter.
A self-contained and thorough introduction to each of the three model problems under
consideration is given at the beginning of the corresponding chapter.

Chapter 1: Transport and convection-diffusion equations on networks

In the first chapter, we consider singularly perturbed convection-diffusion equations on
networks and the corresponding pure transport equations that arise in the vanishing diffu-
sion limit € — 0. Applications can be found in the context of water supply, district heating,
and gas networks. The well-posedness of both problems can be established via semigroup
theory. We are particularly interested in the asymptotic behavior of solutions. An essential
feature of this problem is that coupling conditions at network junctions change in number
and type in the limit € = 0 leading to additional interior layers. On a single interval and for
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appropriate initial conditions, it is well-known that solutions to the convection-diffusion
problem converge to the limiting transport problem with order O(1/2) in the L>°(L?)-norm
[8]. A main contribution of our work is the extension of this observation to networks. Our
results were published together with a complete analysis of the pure transport and the
convection-diffusion problem in

H. Egger and N. Philippi. On the transport limit of singularly perturbed
convection-diffusion problems on networks. Math. Methods Appl. Sci., 2021.

The second part of this chapter is dedicated to an appropriate numerical approximation.
We propose a hybrid discontinuous Galerkin (dG) method that is particularly well-suited
for convection-dominated problems and can handle the coupling conditions at network
junctions. Moreover, it yields a viable approximation for the transport limit ¢ = 0. The
hybrid-dG scheme for the pure transport problem was first presented in

H. Egger and N. Philippi. A hybrid discontinuous Galerkin method for trans-
port equations on networks. In Finite volumes for complex applications I1X—
methods, theoretical aspects, examples—FVCA 9, Bergen, Norway, June 2020,
volume 323 of Springer Proc. Math. Stat., Springer, Cham, 2020.

A complete analysis on the continuous level, as well as error estimates for the method, are
given therein. In a second publication

H. Egger and N. Philippi. A hybrid-dG method for singularly perturbed
convection-diffusion equations on pipe networks. ESAIM: M2AN, 2023.

we then investigated the hybrid-dG semi-discretization for singularly perturbed convection-
diffusion equations on networks. We proposed a suitable approximation strategy on layer-
adapted meshes, which are a well-known tool to handle boundary layers [109], and we
provided e-uniform error estimates. As a new aspect in this thesis, we give a complete
analysis of the fully discretized problem using a dG approach for the time discretization,
leading to high-order approximations for all values of € > 0.

Chapter 2: Kinetic chemotaxis and diffusion limits on networks

The second chapter is concerned with chemotaxis on networks describing the movement of
bacteria or cells that is influenced by the presence of a chemical substance. Applications
can be found in dermal wound healing and the growth of slime molds. A way to model these
processes is by kinetic equations where variables additionally depend on the velocity [99].
In the diffusion limit, chemotaxis can be described by the classical Keller-Segel equations
[66, 69], which can be derived from the kinetic model by an appropriate scaling and
asymptotic expansions [19]. On networks, coupling conditions at interior vertices ensuring
the conservation of mass are needed. We propose suitable conditions that converge to the
corresponding ones for the Keller-Segel system on networks; see e.g. [9, 113]. The main
focus of this chapter is the asymptotic analysis of the kinetic model and its diffusion limit
on networks. We show the local existence of solutions uniformly in the scaling via Banach’s




fixed point theorem and standard arguments. Suitable a-priori estimates enable us to show
that solutions converge to weak solutions of the Keller-Segel system on networks in the
diffusion limit ¢ — 0. Moreover, by exploiting asymptotic expansions [27], we derive a
quantitative asymptotic estimate stating that solutions to the kinetic model converge to
the diffusion limit with order O(y/2) in the L®(L?)-norm. The content of this chapter is
joint work with Herbert Egger, Kathrin Hellmuth, and Matthias Schlottbom. A publication
is in preparation.

Chapter 3: Gas Transport in pipe networks

In the last chapter, we focus on models for gas transport in pipe networks starting from
the non-isothermal Euler system with quadratic friction law and heat exchange with the
surroundings. A suitable rescaling of the equations to the relevant scales in gas networks,
i.e., long pipes and time scales, large friction and heat transfer, as well as small velocities
(low Mach), leads to simplified models [15]. In the limit ¢ — 0, we obtain a parabolic gas
transport model that is widely used and has been thoroughly investigated [3, 105], whereas
an intermediate simplification is given by the isothermal Euler equations with friction.
In the first part of this chapter, we consider the isothermal gas transport in pipe net-
works. The stability and, in particular, the asymptotic behavior of solutions has recently
been investigated in [37]. The analysis therein is based on a suitable reformulation of
the model equations having an “energy structure” that allows the use of relative energy
estimates [26] for measuring the distance between (perturbed) solutions. Here, we present
a suitable numerical approximation of the isothermal gas transport model based on a
mixed finite element approach in space and an implicit Euler time discretization that, in
particular, yields a viable approximation method for the parabolic problem in the limit
¢ = 0 and preserves the underlying structure of the system. This in turn allows us to use
the relative energy for deriving rigorous error estimates with convergence rates that are
uniform in the scaling parameter ¢ and hold under the assumption that sufficiently regular
subsonic solutions bounded away from vacuum exist. This result was published in

H. Egger, J. Giesselmann, T. Kunkel, and N. Philippi. = An asymptotic-
preserving discretization scheme for gas transport in pipe networks. IMA
Journal of Numerical Analysis, 2022.

The second part of this chapter is dedicated to the extension of the main ideas to the
non-isothermal gas transport in pipe networks. Suitable coupling conditions at junctions
that ensure basic physical principles are introduced. Moreover, we propose a structure-
preserving discretization scheme that extends the mixed finite element method for the
isothermal gas transport and is complemented with a hybrid discontinuous Galerkin ap-
proach for the additional entropy transport. This method fulfills global balance laws and
can be shown to dissipate energy under the assumption of subsonic flow bounded away
from vacuum. A rigorous asymptotic analysis as well as the derivation of error estimates
for the proposed method might be possible with similar techniques as for the isothermal
gas transport but is left for future research. The results concerning the non-isothermal
gas transport are first presented in this thesis.







Transport and convection-diffusion
equations on networks

Transport processes in network structures model various physical phenomena including
the transport of gas mixtures in pipe networks [78], the contaminant transport in water
supply networks [85] or networks of 1D cracks [96], as well as the heat transport in district
heating networks [64]. Related problems also appear in the modeling of traffic flow [55].
This chapter is devoted to the analysis and the numerical treatment of transport and
convection-diffusion problems on finite networks described by one-dimensional graphs. In

the following, we give an overview of the content and highlight the main contributions.

Problem setting

Let us first consider a single edge or interval on which the transport is described by
a(x)opu(z,t) + boyu(x,t) =0, z € (0,0), t>0 (1.1)

with u being the quantity of interest, e.g., the fraction of one gas component in the gas
mixture, the concentration of the contaminant solved in the water flow, or the water
temperature. The parameters a > 0 and b > 0 then model the network topology and the
background flow. Equation (1.1) has to be complemented by suitable initial as well as
boundary data at the inflow boundary x = 0 of the edge, i.e.,

u(0,t) = g(t), t>0. (1.2)
Adding diffusion to (1.1) leads to the following problem

a(z)owus(x,t) + boyus (x,t)
u®(x,t)

£0zu” (x, 1), x € (0,0), t>0, (1.3)
g(t), x € {0,4}, t>0 (1.4)

with diffusion parameter ¢ > 0 that is assumed to be small. In contrast to the pure
transport problem, boundary data now has to be prescribed at both ends of the edge.



1. Transport and convection-diffusion equations on networks

Asymptotic analysis

We are particularly interested in the behavior of solutions to (1.3)-(1.4) for vanishing
diffusion ¢ — 0. It is well-known that the obsolete boundary condition at the outflow
boundary z = £ in the limit problem (1.1)—(1.2) leads to a boundary layer. Initial layers are
also possible but can be avoided by appropriate compatibility conditions on the boundary
and initial data. Moreover, the derivatives of the convection-diffusion solution blow up
within the boundary layer, i.e.,

070k U (2, 8)| < C(1 4 e Feblt-)/e), (1.5)

see [77, 104]. In contrast to the limiting pure transport problem (1.1)—(1.2), where solu-
tions are smooth but violate the boundary condition at the outflow boundary x = £. It is
well-known that the following asymptotic estimate holds

[u () — w(t) [ £2(0,0) < CVE. (1.6)

The proof is based on the construction of suitable boundary layer functions. We refer
to [8] for the original reference and to [109, Ch.IL.2] for a complete investigation of the
asymptotic behaviour on a single interval.

Extension to networks

In this chapter, we consider transport problems on networks described by finite, connected,
and directed graphs, and assume that (1.1) and (1.3) are satisfied on all edges which are
identified by intervals. Additional coupling conditions at interior vertices are needed in
order to connect the solutions in the individual edges and to ensure the conservation
of mass. The well-posedness of both problems on networks can be established using
semigroup theory. We refer to [46, 100] for a comprehensive overview. Semigroup methods
for flow problems on networks have been widely investigated in the literature; see [94] for
a thorough study of general evolution problems. Transport processes similar to (1.1) on
networks were considered in [33, 79], wave and diffusion phenomena in [80], and convection-
diffusion problems similar to (1.3) on networks in [96]. As the change in the number of
boundary conditions on a single interval indicates, we also have a change in the number,
but also in the type, of coupling conditions at network junctions in the asymptotic limit
of vanishing diffusion ¢ — 0. This leads to additional interior layers at junctions, more
precisely at the outflow boundary of each edge. As a main result of this chapter, we show
that the asymptotic estimate (1.6), as well as the bounds on the derivatives (1.5), carry
over to networks. Related singularly perturbed problems on networks have been considered
by other authors, we refer to [60] for the study of a general class of coupling conditions
and to [4] for results concerning the optimal control. Singularly perturbed stationary
reaction-diffusion problems on networks have been investigated in [82], and, very recently,
a singularly perturbed stationary convection-diffusion problem on networks with non-
constant coefficients has been analyzed in [83]. Vanishing diffusion approximations for
scalar conservation laws in the context of traffic flow have been considered in [21].




Numerical approximation

The numerical approximation of pure transport and singularly perturbed convection-
diffusion equations on networks is another main focus of this chapter. We first consider the
spatial semi-discretization and apply a hybrid discontinuous Galerkin approach. Discon-
tinuous Galerkin (dG) methods are well-suited for convection-dominated problems due to
the build-in upwind mechanism for the transport part. We refer to [29] for a comprehen-
sive overview. The hybrid variant of the dG method introduces additional hybrid variables
at all grid points. Neighboring elements then only couple via these hybrid variables; see
[20] for the original reference and [45, 53] for the application of a hybrid-dG method to
convection-diffusion problems in dimension d = 2,3. It turns out that this method allows
for a very natural handling of the coupling conditions at network junctions. Moreover,
by formally setting € = 0 we obtain a viable method for the limiting transport problem.
In order to obtain a fully discrete scheme, we need a suitable time discretization. For a
balanced approximation order in space and time, we employ a high order dG method; see
[48, 117].

Error analysis

We are particularly interested in the case of vanishing diffusion € — 0, where we know from
(1.5) that the derivatives of the convection-diffusion solution blow up within the boundary
and interior layers. Hence, a straightforward error analysis as elaborated in [29, 117]
does not yield e-uniform convergence on uniform grids. A standard way to overcome
this issue is the use of layer-adapted meshes. We refer to [109] for a profound survey.
Various numerical methods on such meshes were studied in the literature. Finite element
approximations on layer-adapted meshes were widely investigated, e.g., by [24, 34, 107]
and in the context of higher-order methods by [110]. Discontinuous Galerkin schemes on
different layer-adapter meshes were considered by [114, 122]. In [83], an upwind finite
difference method for a singularly perturbed stationary convection-diffusion problem on
networks with a suitably set up Shishkin mesh on each edge was analyzed. In this work,
we utilize a layer-adapted mesh similar to the one proposed by Gartland in [56] and later
investigated in [108]. By defining a transition point z*(¢) =~ ¢log(1/e), we split each edge
into two parts, a smooth part (0, z*(¢)) away from the boundary layer where the derivatives
of u® up to a desired order are bounded, and a layer part (z*(¢),¢). The spatial mesh is
then chosen to be uniform in the smooth part and geometrically refined in the layer part.
The choice of this transition point simplifies the error analysis on this layer-adapted mesh
significantly, compared to the classical analysis on Shishkin-type meshes; see e.g. [110].
Since we know from the asymptotic estimate (1.6) that the solution to the pure transport
problem is already a good approximation for small €, we define the approximation uj to
the convection-diffusion problem adaptively as

2 uj, €= h2*,
=
u%, e < h?*
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with uj being the solution to the hybrid-dG method for € > 0 on the layer-adapted
mesh, u% being the corresponding solution for € = 0 on a uniform mesh, and k£ being the
polynomial approximation order. This choice enables us to show the following e-uniform
error estimate

|us (") — a5, (") || 2 < C’max(hk"’l, min(v/e, hk)) + C”Tk+1/2, (1.8)

which holds under verifiable smoothness assumptions on the solution u®. Here, " are
the time grid points. For this approximation strategy, we can verify that the number
of elements in the layer-adapted mesh is of optimal order @(h~!). Let us note that the
convergence rate in time in (1.8) is suboptimal by a factor 1/2 in comparison to the results
for the dG time-stepping obtained in [48, 117]. The numerical tests presented at the end of
this chapter, however, indicate an optimal order convergence in time. It might be possible
to prove this by other techniques in the context of Runge-Kutta methods since the dG
time-stepping can be shown to be equivalent to the Radau ITA Runge-Kutta scheme; see
[1, 119]. Finally, let us stress that all results are valid for single intervals as well as finite
networks of general topology which can also include cycles.

Main contributions

Before going into the details, let us briefly summarize the main contributions presented in
this chapter.

e We extend the well-known asymptotic estimate (1.6) for single intervals to networks.
The main difficulty in the analysis is the additional boundary layers at the interior
vertices of the network that arise from the change in the number and type of coupling
conditions. Since the values of the solution at network junctions are not known a-
priori, the asymptotic analysis requires a delicate choice of boundary layer functions
in order to handle the interior layers. This result was published together with a
complete analysis of the pure transport and the convection-diffusion problem in

H. Egger and N. Philippi. On the transport limit of singularly perturbed
convection-diffusion problems on networks. Math. Methods Appl. Sci.,
2021.

e We propose a hybrid-dG method that is particularly well-suited for convection-
dominated problems and can handle the coupling conditions at network junctions.
The hybrid-dG scheme for the pure transport problem was first presented in

H. Egger and N. Philippi. A hybrid discontinuous Galerkin method for
transport equations on networks. In Finite volumes for complex applica-
tions IX—methods, theoretical aspects, examples—FVCA 9, Bergen, Nor-
way, June 2020, volume 323 of Springer Proc. Math. Stat., pages 487—495.
Springer, Cham, 2020.

A complete analysis of the transport problem on the continuous level and an error es-
timate on uniform meshes has been given therein. The hybrid-dG semi-discretization
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for the singularly perturbed convection-diffusion problem on networks, the corre-
sponding approximation strategy (1.7) on the layer-adapted mesh, and the uniform
error estimate (1.8) were proposed and investigated in

H. Egger and N. Philippi. A hybrid-dG method for singularly perturbed
convection-diffusion equations on pipe networks. ESAIM: M2AN, 2023.

As a new aspect not contained in this publication, we give a complete analysis of
the fully discretized problem using a dG approach for the time discretization.

Outline

In Section 1.1 we present the pure transport and the convection-diffusion problem on net-
works and establish their well-posedness via semigroup theory. Section 1.2 is dedicated
to the asymptotic analysis. The main result is the extension of the asymptotic estimate
(1.6) to networks. Further, we derive bounds on the derivatives similar to (1.5), which will
later be needed for the error analysis of our numerical scheme. The numerical approxima-
tion is discussed in Section 1.3. We first investigate the spatial semi-discretization via a
hybrid-dG approach, before we consider the full discretization using the dG time-stepping
method. The main result of this section is the uniform error estimate (1.8) employing the
adaptive approximation strategy (1.7) on a layer-adapted spatial mesh. In Section 1.4 we
illustrate our theoretical findings with some numerical tests. We conclude this chapter
with a short discussion and an outlook.

1.1. Model problems

The first section is based on our publication [40]. We present the pure transport problem
and the convection-diffusion problem on networks. Suitable coupling conditions at network
junctions are proposed leading to well-posed problems. We start by introducing the basic
notation that will be used throughout this chapter.

1.1.1. Notation and function spaces

Following the notation from previous publications, see e.g. [39], a network is described
by a finite, connected, and directed graph G = (V, ) with vertices V = {vy,..., vy} and
edges &€ = {e1,...,e;} CV x V. Let us note that networks can include cycles. For each
vertex v € V we define the set of incident edges by £(v) = {e€ & :e = (v,-) or e = (-, v)}.
We further distinguish between boundary vertices Vs = {v € V : |£(v)| = 1} and interior
vertices Vo = V\Vy with |€(v)| denoting the cardinality of the set £(v). In order to
indicate the start and end vertex of an edge e = (v;,v;), let us introduce the outward
normal on the network by n.(v;) = —1, ne(v;) = 1, and ne(v) =0 for v € V\{v;,v;}. An
illustration of the notation for a simple network is given in Figure 1.1. Each edge e € £ is
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Figure 1.1.: A network with edges e; = (v1,v2), €2 = (ve,v3), e3 = (v3,v4), €4 = (v4,v5),
es = (v4,v6), and eg = (vg,v2), boundary vertices Vy = {v1,v5}, and inte-
rior vertices Vy = {v2,v3,v4,v6}. The incident edges to the vertex vy are
collected in the set £(v2) = {e1,e2,es}, which can be split into the sets
EM(vy) = {e1,e6} and E°(vg) = {ea} of edges carrying flow into or out of
the vertex vo. The inflow and outflow boundary vertices of the network are
given by V' = {v1} and V§"! = {vs}.

identified by an interval e ~ (0, ¢,) with £, > 0 being the length of the edge. The space of
square-integrable functions on the network can then be defined by

LX) = L*(e1) x --- x L*(e)) = {u : ue € L*(0,£,) for all e € £}

with ue = ule denoting the restriction of a function u onto the edge e. The associated
scalar product and norm are given by

(u, w)p2(gy = Zeeg(u, w)rae)  and 7o) = (u,u) (e

In a similar way, we can define the broken Sobolev spaces of piecewise smooth functions
on the network by

H;fw(f,') = {u:u. € H¥(e) for all e € &}.

Let us note that functions in H;fw(g) are continuous along edges for £ > 1 but may be
discontinuous at junctions. We thus denote by H'(£) the space of functions in Hy,(€)
that are additionally continuous across junctions. Each u € H'(€) takes a unique value
u(v) at v € V which belongs to the space ¢2(V) of possible vertex values.

1.1.2. Transport problem

We are now in the position to introduce the transport problem on a network G = (V, ).
On each edge e € £ the dynamics is described by

ae(2)O¢te(x,t) + beOpuc(x,t) = 0, x € (0,4), t>0. (1.9)

Like on a single interval, we need one boundary condition at the inflow boundary of each
edge. We thus introduce for each interior vertex v € Vy the sets of edges carrying flow
into or out of the vertex by

EM(w) = {e € E(v) : bene(v) >0} and E%(v) = {e € £(v) : bene(v) < 0},

10
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respectively. Moreover, the spaces of inflow and outflow boundary vertices are defined by
Vit ={v € Vs : bene(v) <0} and V= {v € Vs : bene(v) > 0};

see Figure 1.1 for an illustration where the flow and the edge direction coincide. We
prescribe Dirichlet conditions at the network inflow boundary, i.e.,

Ue(v,t) = Go(t), veE VY, ec&(v), t>0. (1.10)

At interior vertices, however, we need additional conditions that couple the solutions in
incident edges. Since one boundary condition is required for each outflow edge, we set

Ue(v, 1) = Uy(t), v €V, e € EMv), t>0 (1.11)

with mixing value 4, determined by the solutions in inflow edges, i.e.,

Zeegi"(’u) beue(v, t)
Zeegi” (v) be ’

We call i, hybrid variable in the sequel. The transport problem on networks is now fully
described by (1.9)—(1.12) when complemented by suitable initial data.

G (t) = v eV, t>0. (1.12)

Let us now state some assumptions on the parameters a and b as well as the boundary
data ¢ that are supposed to hold throughout this chapter.

Assumption 1.1. Let a € H;,?U+1(8) with 0 < a < ac(z) < @ as well as [Hac(z)| < a for
all z € (0,4.), e € £, and j < 2m for some m > 0. Further, let b > b > 0 be constant
and positive for all edges e € £, i.e., the flow direction corresponds to the direction of the
edges, and it holds that

Zeeg(v) bene(v) =0 (B)

at all interior vertices v € V), which ensures the conservation of the background flow at
junctions. Moreover, the boundary data satisfies § € C™ ([0, tnaz]; £2(Vs)) up to some
time point tyq, > 0, and 0;*g(0) =0 for 0 < n < m.

Remark 1.2. Together with the conservation condition (B) for the background flow the
coupling conditions (1.11)—(1.12) guarantee conservation of mass at junctions. The re-
striction on b being positive could easily be relaxed to b being bounded away from zero,
because otherwise (1.9) degenerates to an ordinary differential equation. The assumption
on the boundary data § ensures consistency with trivial initial data u(0) = 0 which in
turn avoids the occurrence of initial layers.

Example 1.3 (Contaminant transport in water supply networks).

The transport of a solved contaminant in a water supply network can be modeled by
(1.9)—(1.12). The concentration of the contaminant is then given by u and we assume that
the contaminant is injected into the network at inflow boundary vertices v € Vé”. Since
water is an incompressible fluid with a constant density, the conservation of mass principle
implies that the averaged flow velocity modeled by b, is constant in each pipe e € £ and
that condition (B) is satisfied at junctions. The parameter a equals 1 in this example.
Hence, Assumption 1.1 is fulfilled. A possible scenario is investigated in Section 1.4.1.

11



1. Transport and convection-diffusion equations on networks

As a first step of our analysis, we now establish the well-posedness of the pure transport
problem on networks (1.9)—(1.12).

Theorem 1.4. Let Assumption 1.1 hold. Then, (1.9)-(1.12) has a unique solution
u € C™ ([0, tmaa); L*(€)) N CO([0, tmaz]; Hy ' (€)), @ € C™([0, tmaa]; L2(Vo))

with initial condition being chosen as u(0) = 0. Moreover, “mass” is conserved up to flux

over the network boundary, i.e.,

d .
S (au(t), 1) pae) = ZUEW bedu (t) — Zvevm betie(v,t), (1.13)
o 1o]
and “enerqy” is dissipated due to mizing at junctions, i.e.,
d, 1/ 2 _ . 2 2
%Ha u(t)z2(e) = Zvevgn be|Gu(t)[” — Zvevgut be|ue(v,t)| (1.14)

B — 4 2
ZUGVO Zeegin(v) be’Ue ('U, t) Uy (t)| .

Proof. In order to show well-posedness, we transform (1.9)—(1.12) into an inhomogeneous
abstract Cauchy problem of the form

Z(t) = Az(t) + f(t), t>0, z(0) = 2o (1ACP)
with operator (A, D(A)) on a reflexive Banach space X. For f € CY([0,tmaz); X) and
20 € X, existence of a unique solution z € C([0, tpmaz]; X) N C°([0, tinaz); D(A)) is guar-
anteed if (A, D(A)) is the generator of a strongly continuous semigroup; see [46, Ch. VI,

Cor. 7.6]. This in turn can be verified using a variant of the Lumer-Phillips theorem for
reflexive Banach spaces that can be found in [46, Ch.II, Cor. 3.20].

Step 1 (Transformation into (1ACP)). As a first step, we transform (1.9)—(1.12) into
a problem with homogeneous inflow boundary data. For this let us introduce a function
w(t) e HY(E) N ng(é') for 0 <t < tpaa, which is affine linear on every edge and satisfies
w(v,t) = go(t) at v € V§* and w(v,t) = 0 at v € V\V5". Then, any solution of (1.9)-(1.12)
can be split into u = z — w with z satisfying

e ()0 ze (2, 1) + beOpze(x, ) = fe(x,t) (1.15)

forallz € (0,4.), e € £ with fe(x,t) = ac(x)0iwe(z, t)+be0pwe(x, t). Moreover, z vanishes
at the network inflow boundary due to the construction of w, i.e.,

Ze(v,t) =0, veVY ec&(v). (1.16)

Since w vanishes at junctions, z satisfies the same coupling conditions (1.11)—(1.12) as the

original solution w, i.e.,
ze(v, 1) = Z,(1), v €V, e € EM(v) (1.17)

with mixing value

Zeegi"(v) bez@ (U7 t)
Zeefin(v) be

Zy(t) = (1.18)

12



1.1. Model problems

At the initial time, we have z(0) = 0. Then, z solves (IACP) with z(0) = 0 on the Hilbert
space X := L?(&) with norm and scalar product defined by

1/2

Iz||x = ||a ZHLZ(g) and (z,w)x == ((IZ,’U))LQ(g), (1.19)

which are well-defined since a is strictly positive and uniformly bounded from below and
above by Assumption 1.1. Note that each Hilbert space is a reflexive Banach space. The
operator (A, D(A)) is given by

D(A) == {z € H,,,(€) : = satisfies (1.16)—(1.18) for some 2 € £(Vy)}, (1.20)

which is a dense subspace of X', and
be
A:DA) CX = X, Az|e = —a—axze. (1.21)

On each edge e € & the source term satisfies f € C1([0, tyaz); X') by construction of w.

Step 2 (Application of the Lumer-Phillips theorem). In order to establish the
existence of a unique solution to (1IACP), we have to verify that (A, D(.A)) is the generator
of a strongly continuous semigroup. According to [46, Ch.II, Cor.3.20] (A, D(A)) even
generates a contraction semigroup if (A, D(A)) is dissipative, i.e.,

A= A)zllx > Nz]lx forall A >0, z€ D(A) (1.22)
and A\ — A is surjective for some A > 0. For each z € D(A) it holds that
- _ 1 2 _
(Az,2)x = —(b022,2) [2() = — Zvev Zeeg(v) 5be|ze(v)]*ne(v) = Zvev<*)'

Using the coupling conditions (1.17)—(1.18) we find that at interior vertices v € Vy the
right-hand side equals

() =D oy 206l = D0 Bbelze(@)® <0,

where we used that by definition of 2 as mixing value (1.18), the flow conservation condition
(B), and Jensen’s inequality, the first term can be estimated by

Y ecgin(y) beze(v)
A2 ec&m(v)
Zeegout(v) be‘ZU‘ - Zeegout(v) be

Zeegm(v) be
< be < be| 2 (v)|*.
> Zeegout(v) Zeegm(v) be — Zeegi”(v) ‘Z (U)‘

2

Zeeein(v) Delze(v)[?

Since z vanishes at inflow boundary vertices by (1.16) and be > 0, we find that

1 s |12 1 2
(Az, 2)x < ZU%” 1be|20)? — Zvevgut $be|z(v)? < 0.

This immediately implies that (1.22) is satisfied for all A > 0, since

IO = Dzllxllzlle > (A= Az, 2)x = (A2, 2)x = (Az, 2) > Allz] - (1.23)

13



1. Transport and convection-diffusion equations on networks

It remains to show that A — A is surjective for some A > 0. On each edge e € £ and for
every y € X we can solve (A — A)|eze = \ze + Z—Z@xze = 9. analytically, and obtain

e

2e(x) = zo(0)e Ao ae(s)ds/be +/0 a%(s)ye(s)e_’\ JSac(@)da/be gg. (1.24)

Using the fact that z.(0) = z.(v) = 0 for v € Vi* by (1.16) as well as z.(0) = z.(v) = 2, for
v €V, e € E%(v) by (1.17) with 2, specified as mixing value (1.18), finding 2, reduces
to solving the following linear system of equations

Z beZy — Z bezyie™ Ade(fe) Z / e~ acl@)do/be g

ec&out(v) e=(vi,v)EE™ (v) ec€in (v

The system matrix can be seen to be strictly diagonally dominant due to the flow conser-
vation condition (B) and the bounds on the parameters in Assumption 1.1. Consequently,
the system is uniquely solvable and the nodal values (Z,)yey, are uniquely determined. It
holds that z € D(A) by its construction in (1.24), so we proved that A — A is surjective
for A > 0. Consequently, [46, Ch.II, Cor.3.20] implies that (A, D(A)) generates a con-
traction semigroup. This in turn guarantees well-posedness of (iIACP), i.e., the existence
of a unique solution z € C1([0, tmaz]; X) N CO([0, timaz); D(A)).

Step 3 (Well-posedness and regularity). By the construction and regularity of w
we obtain the existence of a solution u = w — z of (1.9)—(1.12) with

u € CH([0, tmag]; L*(€)) N C([0, tmaal; Hl w(€))-

Uniqueness can be deduced from the fact that the difference of two solutions z = u; — us
of (1.9)—(1.12) satisfies (iIACP) with f = 0 and 2y = 0. Since (iACP) is well-posed as
shown above, this implies z = 0.

Higher regularity of the solution in turn follows from the fact that by differentiating
(1.9)—(1.12) with respect to time we find that 0/'u is also a solution with boundary data
0;'g and initial data 0f'u(0) = 0. Due to the regularity and compatibility conditions on §
in Assumption 1.1, we obtain

oMu € CH[0, timaz); L2 (£)) N CY([0, tmas); H;w(é’)) for all 0 <n <m,

ie, u € C™M([0, tmae); L2(€)). Using the fact that dyu. = Z—:@tue and the regularity
assumption on a, we find that u € CO([O,tmax];H;Zjl(E)). From the definition of the
mixing values 4, in (1.12) we then deduce that 4 € C™([0, timaz]; €2(Vo)) by the trace
theorem, which eventually yields the desired regularity of the solution.

Step 4 (Conservation of mass and energy identity). Conservation of mass (1.13)
follows by integrating (1.9) over each edge e € £, summing up, and using the boundary
and coupling conditions (1.10)—(1.12), i.e

d
T (au(), Ve = —(00u(t), Diaey == D Zeeg bette (v, 1)

= ZUEV@” egv - Zvevguf beue(v7 t)'

14
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In a similar manner, multiplying (1.9) with u and integrating over the network yields

d
aHal/Qu(t)H%‘Z(g) = 2(adu(t), u(t))2(e) = —2(b0zu(t), u(t)) L2(e)
:—Z b|uevt|ne(v)
_ _ 2
= Zvevg” be|gw(t) Zvevgut beue(v,t)] Zvev()(**)

using the boundary condition (1.10). The latter term equals

_ 2 2

06) =3 g el @ O =3 belue(w,)
N 2
=3 gy Veluev O = [ ()

— 2 T 2
o Zeegm( b ‘ue v t) U/U | + 22665’” b ue v t)uv( ) be’uv(t)‘ )7

where we used (1.11) as well as the flow conservation condition (B). The last term in
the last line vanishes due to the fact that 4, does not depend on e € &(v) and that
Dcegin(y) bete(v,1) = D cgin(y) bell(t) by (1.12), which then leads to (1.14). This con-
cludes the proof of Theorem 1.4. O

1.1.3. Convection-diffusion problem

The pure transport problem does not account for diffusive effects and might thus not
capture all features of the process. As a next step, we therefore consider the incorporation
of diffusion. On each edge e € £ we assume that

ae(x)Opul(x, t) + beOyul(x,t) = e0ygui(z,t) (1.25)

holds for all z € (0,/.) and ¢ > 0 with small diffusion coefficient ¢ > 0 being constant.
Note that with minor changes in the arguments, it is also possible to choose € to be
space-dependent. Dirichlet conditions are prescribed at the whole network boundary, i.e.,

us(v,t) = gu(t), veVs, ec&(v), t>0. (1.26)
At interior vertices we now enforce continuity by

ug(v,t) = u5(t), vely, e€é(v), t>0, (1.27)
which is caused by the infinite spread of diffusion, as well as conservation of the total flux

Z c£(v) (bets(v,t) — e0pui(v,t))ne(v) =0, v eV, e€&(v), t >0, (1.28)

ensuring conservation of mass at junctions. When complemented with suitable initial data,
the convection-diffusion problem on networks is fully described by (1.25)—(1.28).

Remark 1.5. At each junction v € V), the number of coupling conditions (1.27)—(1.28)
equals |E(v)| + 1, which suffices to enforce continuity of the solution and to guarantee
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1. Transport and convection-diffusion equations on networks

conservation of mass at junctions. In contrast to the coupling conditions (1.11)—(1.12) for
the transport problem, which account for |£°%(v)| + 1 conditions and only ensure outflow
continuity and conservation of mass. We thus observe a change not only in the type
but also in the number of coupling conditions in the limit of vanishing diffusion ¢ — 0.
This eventually leads to boundary layers at the outflow boundary of each pipe. A closer
investigation will be given in Section 1.2, and an illustration can be found in Figure 1.2.

With similar arguments as for the transport problem, we can show well-posedness of
the convection-diffusion problem (1.25)—(1.28) via semigroup theory.

Theorem 1.6. Let Assumption 1.1 hold. Then, for any € >0 there exists a unique solution

u® € C"™([0, tinaal; L2(€)) N CO[0, tmaz]; How™2(€) N HY(E)),
i€ € C™([0, timaz); L20V0))

of (1.25)—(1.28) with initial condition u(0) = 0. Moreover, “mass” is conserved up to
fluz over the network boundary, i.e.,

S () e = 3 (= befult) + <0s(0, ) (o), (1.29)

and “enerqy” is dissipated due to diffusion, i.e.,
=S 0 2u(t)|2ae) = — el (O)lage) (1.30)
_ 1p 5 _ € P
> oy, (Bbedo(t) = 0z (0.)) 3o (B)me(v).

Proof. Similar to the transport problem on networks, we can prove the well-posedness of
(1.25)—(1.28) by transforming it into an abstract Cauchy problem (iACP).

Step 1 (Transformation into (iACP)). Let us first transform (1.25)—-(1.28) into a
problem with homogeneous boundary data by introducing a function w(t) € H'(£) which
is constructed as follows: On a network that has at least one interior vertex, we define
we as quadratic polynomial for all v € Vy, e € E(v) with we(v,t) = G,(t) for v € Vs and
we(vo,t) = 0, Jpwe(vo,t) =0 for vg = eNVy. On the remaining edges, we set w. = 0. If
the network consists of only one edge then w is affine linear with w(v,t) = §(t) for v € V.
We can then split any solution u® to (1.25)—(1.28) into u® = w — z with z solving

ae(7)0pze (2, 1) + beOpze(x,t) — €0ppze(x,t) = fe(z,t), x € (0,4.), e €E. (1.31)

The right hand side is given by fe(z,t) == ae(2)Owe(x,t) + beOrwe (2, t) — €0ppwe(z, t) for
each e € &, and satisfies f € C([0, tmax); L2(€)) due to the construction of w and the
regularity of §. At the network boundary z vanishes, i.e.,

Ze(v,t) =0, v EVy, e€&(v), (1.32)

and at interior vertices z satisfies the same coupling conditions (1.27)—(1.28) as the original
solution u° due to the construction of w. Moreover, z(0) = 0. The problem for z can then
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be rewritten as (1IACP) with spaces X' := L?(€) equipped with norm and scalar product
introduced in (1.19), operator (A, D(A)) defined by

D(A) ={z € ng(g) : z satisfies (1.32) and (1.27)—(1.28) for some Z € ¢3(Vy)},
which is a dense subspace of X', and
A:DA) CX - X, Az|.:= —aie(beaxze — €0pzZe)-

The source term and initial condition in (iIACP) are given by f above and zp = 0.

Step 2 (Application of the Lumer-Phillips theorem). As a next step, we will
verify that (A, D(A)) generates a contraction semigroup. First, we show that (A, D(.A))
is dissipative, i.e., satisfies (1.22). For z € D(A) it holds that

(Az, 2)x = —(b022 — €0222, 2) 12(g)
_ 2 1 2
o Y ZUGV Zeeg(v) (3be|2e(v)|? — £0p2e(v) 2e (v)) e (v).
The first term is negative, and since z vanishes at the network boundary v € Vy due

to (1.32) it remains to estimate the second term at interior vertices v € Vy. Using the
coupling conditions (1.27)—(1.28) and the flow conservation condition (B) we find that

=D v Dy (Belze (@ — €0az(0)ze(0))me(v)
T ZUEVO %|év‘2 Zeef(v) beme(v) + Zvevo 2 Zeeg(v) €0zz¢(V)ne(v) = 0,

which ultimately yields
(Az,2)x = —[|022]72() <O

This in turn implies that (1.22) holds for all A > 0 due to (1.23). It remains to verify that
A — A is surjective for some A > 0. By (1.23) and the Lax-Milgram Lemma, the problem
Az — Az = f can be shown to have a unique weak solution

z€ HY(E) ={we H'Y(E) : w(v) =0 for all v € Vy}
for all f € X, i.e., z solves
(adz, w)r2e) — (b2, Opw) 2(e) + (€022, Opw) [2(e) = (af, w)L2(¢) (1.33)

for all w € Hi(&). Note that the coupling condition (1.27) is strongly enforced in the space
HZ (&), whereas the coupling condition (1.28) appears naturally in (1.33). The nodal values
(20)vey, are well-defined for H'(E)-functions due to the trace theorem. We further see
that z € H2,(£) by integrating (1.31) over each edge e € € since f € X = L*(£). This
shows that z € D(A), which then implies surjectivity of A — A for A\ > 0. Hence, all
conditions of [46, Ch.II, Cor.3.20] are satisfied, and (A4, D(A)) generates a contraction
semigroup, which in turn guarantees well-posedness of (1ACP).

Step 3 (Well-posedness and regularity). Well-posedness and higher regularity of
the solution are obtained with the same arguments as in Step 3 of the proof of Theorem 1.4.
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1. Transport and convection-diffusion equations on networks

Again, the regularity and construction of w yields the existence of a solution u* = w—z to
(1.25)-(1.28) with u® € C([0, tmaz]; L*(€)) N CO([0, timaa); H (€) N H},(E)). Uniqueness
follows from the fact that the difference of two solutions z = uj — u§ of (1.25)—(1.28)
satisfies (1IACP) with zg = 0 and f = 0, whose unique solution is z = 0.

By differentiating (1.25)—(1.28) with respect to time, we find that 0] is also a solution
for boundary data 9;'¢ and initial data 9]u®(0) = 0. Due to the regularity and compatibil-
ity conditions on ¢ in Assumption 1.1, semigroup theory yields the existence of a unique so-
lution 97'uf € CH([0, tmaz); L*(€))NCO([0, tmaz); Hay (E)NH(E)) for all 0 < n < m, which
immediately implies u® € C™L([0, taz]; L2(€)). By the trace theorem we deduce that
€ € C™([0, tmaz); €2(Vo)). Using the fact that e0y,us = ac0pu + bed,us and the bounds
on a and its derivatives in Assumption 1.1, we find that u € C°([0, tmac]; Hym t2(E)).

Step 4 (Conservation of mass and energy equality). Conservation of mass (1.29)
follows from integrating (1.25) over each edge, summing up and use the boundary and
coupling conditions (1.26)—(1.28), more precisely

d
ﬁ(aua(t), D2y = — (00,0 (t) — €0ppus (1), 1) 2(g)

= =D Dy (DeUe(0:) — €0, ) ne(v)
= — Zveva (bego(t) — €0pu (v, t))ne(v).

In the same spirit, multiplying (1.25) with «® and integrating over the network yields
1d
a2 (1) ey = (a0 (0) 4 (1) e
= —(b0pu"(t), u (1)) L2(e) + (€0pau™ (1), u” (1)) 12(e)
= 0 O = 3y Dy (el O — 20uv, (v, ) me0)

= _(SHaxu ||L2 ZUEV@ Zeeé'(v 2 egv ) B 58zui(v,t))gv(t)ne(v),

where we applied integration-by-parts onto the last term in the second line and used the
fact that O,u*u® = 10,/uf|>. The contributions at interior vertices cancel due to the
coupling conditions (1.27)—(1.28). This concludes the proof of Theorem 1.6. O

1.2. Asymptotic analysis

This section is devoted to the analysis of the asymptotic behavior of solutions u® to the
convection-diffusion problem on networks (1.25)—(1.28) for vanishing diffusion £ — 0 and
is based on our publication [40]. The main result is the extension of the well-known
asymptotic estimate (1.6) for singularly perturbed convection-diffusion problems on a sin-
gle interval to networks.

Theorem 1.7. Let Assumption 1.1 hold, and let u® be the solution to (1.25)—(1.28) with
e >0 and u the solution to (1.9)—(1.12) with initial conditions u®(0) = u(0) = 0. Then,

[ = ul| Loo (0, nansz2(8)) < CVE (1.34)

18



1.2. Asymptotic analysis

with a constant C that only depends on tp.. and the bounds on the parameters in As-
sumption 1.1 but is independent of €.

Before we prove this theorem, we state some auxiliary results that are needed for the
proof as well as for later investigations.

1.2.1. Auxiliary results

In the following, we will derive bounds on the solution to the convection-diffusion problem
on networks and its derivatives, which will then be needed for the proof of the main result
and later on for the analysis of the numerical approximation. A key step for this is the
derivation of a weak maximum principle on networks.

Lemma 1.8 (Maximum principle). Let Assumption 1.1 hold, and let
u € CH[0, tmaz]; L2(£)) N CY([0, tymaal; Hp2w(5) NHYE))

be a given function that satisfies

e () O (2, 1) + beOrte(x,t) — €0ppue(x,t) > 0, z € (0,£.), e€ &, (1.35)
ue(v,t) >0, v € Vy, e € &(v), (1.36)
Zeeg(v) £0zue(v, t)ne(v) =0, vely (1.37)

for all0 < t < tyae with initial value w(0) > 0. Then, uc(z,t) >0 forall0 <x </{., e€ &
and 0 <t < tmaz-

Proof. Following standard procedure [49], we multiply (1.35) with w = min(u,0) and
integrate over the network to find that

0 > (adpu, w)r2(g) + (b0zu, w) r2(gy — (€0zzu, W) 12(g)
= (adyu, w) r2(gy — (bu, Ozw)2(g) + (€0zu, Opw) 12(g), (1.38)

where we applied integration-by-parts to the second and third terms in the first line.
Contributions at interior vertices v € Vy vanish due to the continuity of u and w across
junctions, condition (B), and (1.37), whereas contributions at boundary vertices v € Vy
vanish due to w(v) = 0 which holds by (1.36). Let us now define the set

E_(t) ={x €]0,0c,] s ue, (x,t) <0} x -+ x {z €[0,l,] : ue, (z,t) <0}

of the spatial domain where u is negative at time ¢. Then, w(t) = u(t) on £_(t) and
w(t) = 0 and d,w(t) = 0 on its complement due to the definition of w. From this and the
inequality (1.38) we deduce that

0 > (adpu(t), u(t))r2e_ ) — (bu(t), Ou(t)) r2(e_ (1)) + (€0zu(t), Oru(t)) 2(s_ )

(adpu(t), u(t))L2e_ (o)

AVARLY,
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1. Transport and convection-diffusion equations on networks

transport transport
—-=-=conv-diff —=-===conv-diff
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Figure 1.2.: Snapshots of solutions u and u® to the transport (blue, solid) and the
convection-diffusion problem (red, dashed) on a tripod network with edges
e1, eo carrying flow into and edge e3 carrying flow out of the interior vertex
for a larger (left) and a smaller (right) value of e. The change in coupling
conditions and the occurrence of boundary layers are clearly visible.

at time ¢, where we used that the third term in the first line is positive, and the second
term vanishes. This holds since bud,u = %b@x\u|2 and by integrating this expression the
vertex contributions cancel out due to continuity of u at junctions, flow condition (B), and
the fact that uw = 0 on the boundary of £_(¢) by definition and (1.36). Integrating with
respect to time then leads to

OZ/O(a&gu(s),u(s)) )ds—/ 2dt/5 " z)|u(z, s)|? dz ds
= —a(x)|u(z,t)* da.
- [, g0 a

Note that the first equality holds due to the fundamental theorem of calculus, the fact
that u vanishes on the boundary of £_(s) for all 0 < s < ¢, and £_(0) = { } since u(0) > 0.
From a(x) > a > 0 we can then conclude that v = 0 on £_(t) for all 0 < ¢ < 4, and
thus u > 0 . O

We are now in the position to derive bounds on the solution of (1.25)-(1.28) and its
derivatives using similar arguments as in [77, 104], where the stationary and the time-
dependent convection-diffusion problem on an interval were investigated; also see [115].
An illustration of the behavior of the convection-diffusion solution is given in Figure 1.2.

Lemma 1.9. Let Assumption 1.1 hold, and let u® be the solution to (1.25)-(1.28) with
initial condition u®(0) = 0. Then,

07 01us (2, 1) < C(1 + e T belle)/2y (1.39)

holds for allm < m, j <2m—n)+1, and 0 <z < b, e € £, 0 < t < tymae with a
constant C that is independent of €.
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1.2. Asymptotic analysis

Proof. We divide the proof into two steps, where we first show (1.39) for j = 0 and n > 0.
Bounds on higher derivatives can then in a second step be derived via induction over j.

Step 1 (Boundedness of u° and its time derivatives). We first show that « and
Ofu® are uniformly bounded independently of ¢, which follows from the weak maximum
principle with standard arguments. We define a function w with

We (T, 1) = MaX peV,, 0<s<t maq |9v(8)] £ u(2,1)

for e € £, which by construction satisfies the conditions from Lemma 1.8. It immediately
follows that w > 0 and we conclude that u® can be bounded by the maximum of its
boundary data. By differentiating (1.25) n-times with respect to time, we see that 9j'u®
also solves (1.25)—(1.28) with boundary data ;¢ and initial data 0f'u®(0) = 0. The same
argument applies again and it turns out that 07u® can be bounded by the maximum norm
of 0{'g. The bounds for higher spatial derivatives are then established via induction over
J in the next step.

Step 2 (Induction over j). Let us now assume that (1.39) holds for all n < m and
0 <i < j—1. We show that it then also holds for j and all n < m. As a first step we
prove that [97'0%us (L, t)| < ce™7. By the mean value theorem, we know that there exists
y € (be — &, L), so that

OOIE . 1) = —(OF O (Lo t) — OO (b — 1)) < e,

which holds due to the induction hypothesis. By differentiating (1.25) with respect to
space and time we find that

ae(2) 0,07 0 s (2, 1) + be0y 0P Ul (, 1) — €0, 0ROl (2, 1) = f2(x,t) (1.40)

with right-hand side given by

Jj—1

foat=—3Y (j . 1>a;ae(x)ag;—i—1apug(x, .

=1

Using (1.40) and the fundamental theorem of calculus we deduce that
le .
07 0ug(Le,t) = 0f Oug(y,t) +/ Dy 0701 Ml (2, 1) da (1.41)
y

Le . )
= 0 0lul(y,t) + 81/ ae(2)OP T I uE (2, 1) + bOPOIuE (o, t) — fE(2,t) da
y
<ce 7+ max (Jae(x)0/ T (z, )| + | £2(7,8)]) + max 28 be|0) 0T ul (2, )|
z€(y,Le) z€(y,Le)

< de I,
Note that the last three terms in the third line are bounded by ¢’e =7 due to the induction
hypotheses and the bounds in Assumption 1.1. We now fix a time point 0 < ¢ < ¢4, and

define on each edge e € & a function we(z) = Ous(z,t), which by (1.40) is a solution
to the ordinary differential equation

bewe(z) — ewe(w) = ni(x) = —ac(2)0; 10 ug (x, 1) + f2(x,1) (1.42)
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1. Transport and convection-diffusion equations on networks

with value at the endpoint of the edge given by we(fe) = 87'd%us(Le,t). The right-hand
side can be estimated by

)] < (1 + U Deteltenlle), (1.43)

using the induction hypothesis and the bounds in Assumption 1.1. Solving (1.42) by means
of the variation-of-constants-formula, we find that

Le
we($) = we(ge)e—be(ie—x)/s + 5_1/ e—be(cr—m)/ene(a) do

x

IN

e
clgjebe(éex)/s+61/ ebelo-D/eg(] 4 g~V gbelle=0)/e) gy

T

< Cle—je—be(ﬁe—x)/a + Ce—je—be(ﬁe—x)/s(g o l’) + i(l _ e—be(ﬂ—w)/e)

< C//(1+€—je—be(£e—x)/a)’

where we used (1.41) and (1.43) throughout the estimations. This shows that (1.39) holds
for j and all n < m. By induction, the proof of Lemma 1.9 is completed. O

1.2.2. Proof of Theorem 1.7

The proof of Theorem 1.7 for a single pipe is given in [109, p.159-166]; see [8] for the
original reference. The main idea is to introduce a boundary layer function w® which
approximates the difference between the convection-diffusion and the transport solution
with accuracy O(/¢), i.e., we split the error into

[ = ull Lo (0, tmansz2)) < 107 = U = W[ Loo (0 tmawsz2(€)) T 10 L0 (0 tmaniz2(e))  (1-44)

and want to show that both terms on the right-hand side can be estimated by C+/e with
a constant that is independent of €. We proceed similarly as on a single pipe, but since
the construction of the boundary layer function is more involved on networks, we present
the complete proof.

Step 1 (Construction of boundary layer function). Let us define the boundary
L,v9) € € by

layer function w® on e = (v}, v2

WE(,t) 1= (fyo (t) — ue(v2, t))ebellema)/e, (1.45)

Note that at boundary vertices Vs the nodal value 4, does formally not exist, but for ease
of notation we set 4, = g, at v € V5. The particular construction of the boundary layer
function is motivated in Figure 1.2. We immediately see that w® solves

beOpws — 0z,ws = 0 (1.46)
and further satisfies

[0 | Loo (0,tmaniL2(6)) < CVE. (1.47)
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1.2. Asymptotic analysis

By the error splitting (1.44) it remains to estimate the norm of the remainder 7° =

€

u® — u — w® for which we find by inserting n° into the convection-diffusion equation,

testing with n°, and integrating over the network that

thH a'/?n ”L2(5 (@0, ") L2(e) (1.48)

—(b9:n", 0% ) p2(g) + (02an® 1) 12(6) + (E0natts ) 2y — (AOpw®, M%) 2(e)
= (@) + (44) + (444) + (iv).
Here, we used that u, u® and w® satisfy (1.9), (1.25) and (1.46), respectively. Before we
estimate the terms (i) — (iv), we investigate the remainder 7° in more detail.

Step 2 (Investigation of 1°). In the following, we compute the values of 7° at initial
time t = 0 and at all vertices v € V of the network. At ¢ = 0 it holds that n°(0) = 0 since
u®(0) = u(0) = 0. Let us note that this also holds true as long as u® and u have the same
initial condition. At inflow boundary vertices v € Vj" and corresponding edges e = (v, v?)
we find that

n°(v,1) = gu(t) = Gu(t) — (gu(t) — ue(vvt»e_bege/a < cg, (1.49)

—bele /e

since the transport solution does not depend on € and e can be estimated by c’e. At

outflow boundary vertices v € V3" with corresponding edges e = (vZ, v), however, n°(v,t)
vanishes, more precisely

17(0,8) = go(t) = ue(v,t) = (§u(t) = ue(v,)) = 0. (1.50)

It remains to investigate the values of n° at interior vertices v € Vy for which we find that

ne(v,t) = a5 (t) — y(t), e= (vé, v) € EM(v), (1.51)
ne(v,t) = g (t) — Uy(t) — (oo (t) — ue(vg,t))e_beee/e, e=(v,v0) € E%(v).  (1.52)

Step 3 (Estimation of (i) — (iv)). We are now in the position to estimate the terms
in (1.48) by exploiting the properties of ° derived in the previous step.

Estimation of (i). Using the fact that 0,1°n° = $0,|n°|* the first term equals

(i) = =001 1) 120 = = Dy Dy SME@PR(0) = 3 (9)

At inflow boundary vertices v € V4* we conclude from (1.49) that (x) < ce, whereas at
outflow boundary vertices it holds that (x) = 0 by (1.50). At interior vertices v € V) using
(1.51)—(1.52) and the flow conservation condition (B) we find that

— Ly (0 — o — (Tho — o\, —bele/e\2 1 (re )2
(0= D P = G DL = e )
- Zgout(,u) %be(”&f} - ﬂv>2 + %be(ai — av)(’&vg — ue(vg))e_beee/e
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1. Transport and convection-diffusion equations on networks

The first term in the second line and the last term in the third line cancel because of the
flow conservation condition (B). Additionally, we used the uniform boundedness of u°
shown in Lemma 1.9. Overall, we obtain (i) < ce.

Estimation of (i1). Applying integration-by-parts, the second term in (1.48) can be
transformed into

(i4) = (200an®, 1) 12(8) = — (200", e 1) + D L, Dy 20 (I (W) ()
= —el0an 72y + D, 0y, (%)-

The first term is negative and will be needed later on for stability. Before we estimate (k)
at boundary and interior vertices, let us evaluate the spatial derivative of the boundary
layer function w®, i.e.,

DpwE(v) = = (Ty — ue(v)) < ce™ 1, e € EM(v), (1.53)

oS oS

Opwi(v) = —(lye — ue(vé’))e_b"‘e’i/6 </, e=(v,v?) € Eout(v). (1.54)

For e € £°“!(v) we can deduce from Lemma 1.9 that 9,uS(v) is uniformly bounded inde-
pendently of . Together with (1.54) this yields uniform bounds for n:(v). At boundary
vertices, using (1.49)—(1.50), we can therefore conclude that

_ R .
ZUEVB(**) B Z’UGV@" 661'176(1})773 (/U)ne(v) S CE.
At interior vertices, (1.51)—(1.52) leads to

() = ) €0emE(0)(AE(v) — the(V))me(v) + Y 0pmE (V) (fhg — ue(v?))e P/,

ec&(v) ec&out(v)

The fact that 9,mZ(v) is bounded independently of & for e € £°%(v) allows us to bound
the second term by ce?. The first term can be split into the following three terms

Zeeg(v) e0pug(v) (a5 (v) = de(v))ne(v) = D (v S0te (V) (@ (0) = ke (v) e (v)
=D ey L) (V) — de(v)ne(v) = (@) + (6) + ().

The first term (a) vanishes due to the coupling conditions (1.27)—(1.28) and the flow
cee(v) E0zug (v)ne(v) = 0. By the
boundedness of u, 9;u and u® independent of ¢, the second term (b) can be bounded by ce.
Using (1.53)—(1.54) the last term can be rewritten as

() = = 37 pin Dol = e(0))(G(0) — iie(v))
+ Zeegout(w be iy — e (v2))e ™"/ (E (v) — i (v)).

conservation condition (B), which together imply that

The first term on the right-hand side vanishes due to the coupling conditions (1.11)—(1.12)
and the flow conservation (B). The fact that v and u® are bounded independently of ¢
allows us to estimate the second term by ce. In total, we obtain (i7) < ce.
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1.3. Numerical approximation

FEstimation of (ii1). The third term in (1.48) can be estimated by

(”Z) = (88951&6, 776)L2(5) = _(5896'“7 81’775)L2(8) + ZUEV Zeef(v) 5896“6(’”)775(7))”6(”)
< §l0:ul ey + 5107 120y + 3,0y Dy SOt (O (00,

where we applied integration-by-parts and used Young’s inequality. The first term can be
bounded by ce, the second term absorbed into (i) and the contributions at the junctions
can also be estimated by ce due to the uniform boundedness of d,u and n°. Overall, we
find that (iii) < ce.

Estimation of (iv). Applying Young’s inequality to the last term in (1.48) yields
(iv) = —(adpw®, 7%) 12(e) < 3|00l |72y + 310" *n% 12 e

On each edge e € £ the first term can further be estimated by

Le
m”wm@@=/<uwm@%wwf%%Mk<m
0

because dyu, 9 are uniformly bounded independently of € by Lemma 1.9. Since the graph
is finite, this estimate extends to the whole network.
Step 4 (Application of Gronwall’s Lemma). By (1.48) and the estimates for the
appearing terms (i) — (iv), we obtain
1d

1
§£\|a1/277€”%2(5) <eet gHal/z?fH%%g)-

Integrating over (0,¢) and applying Gronwall’s Lemma, see e.g. [116, Lemma 2.7], imme-
diately leads to

H?f(t)H%g(g) < 2ace'e < 2ace'™ e (1.55)

for all 0 < t < tpqa, since n°(0) = 0. The error splitting (1.44) and the estimate for w®
in (1.47) then yield (1.34) with a constant C' that depends on ¢4, and the bounds in
Assumption 1.1 but which is independent of &. O

The proof of Theorem 1.7 concludes our analytical considerations. In the next section,
we focus on a suitable numerical approximation with special emphasis on asymptotic
stability for vanishing diffusion € — 0.

1.3. Numerical approximation

In the following, we investigate the numerical approximation of the pure transport and
the convection-diffusion problem on networks described by (1.9)—(1.12) and (1.25)—(1.28),
respectively. We first propose and analyze the spatial semi-discretization by a hybrid
discontinuous Galerkin approach that turns out to be particularly well-suited for handling
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1. Transport and convection-diffusion equations on networks

the convection-dominated regime and the coupling conditions at network junctions. After
that, we present the fully discrete scheme, where we apply the discontinuous Galerkin
method also for the time discretization. In order to overcome convergence issues due to
boundary and interior layers and degenerate derivatives of the convection-diffusion solution
u®, see Section 1.2, we investigate the numerical treatment for vanishing diffusion € — 0
by layer-adapted meshes. This section is based on our publications [39, 41].

1.3.1. Mesh and approximation spaces

We split each edge e ~ (0,4.) € & into sub-intervals 0 = z! < 22 < --- < zMe = ¢, and
collect them in the spatial mesh
Th={T! = (25" al):i=1,., M, e€E}.

The local and global mesh sizes are denoted by hl = 2! — 25! and h = max,; h. We
also write hr for the size of T' € T}, and define hjoe|7 = hp. For each T = (2™, 2°%) € Ty,
we call 2" the inflow and 2 the outflow boundary of 7', since by Assumption 1.1 the
direction of the edges coincides with the flow direction. We collect the inflow and outflow
boundaries of all elements T' € Ty, in the sets 872” and 8’7;{"”, respectively. Let us further
introduce the outward normal on the mesh by n|7 (™) = —1 and n|p(2°%) = 1. The set
of interior grid points is given by

Xy ={zl:i=1,...,M,— 1, ec E}.

Note that G, = (V U &, Tp) can be understood as a refinement of the original graph
G = (V,&). We will thus treat all grid points in V U &}, in the same manner. On the
spatial mesh Ty, let us now define the following discrete space

Wi, = {wy, € L*(€) : wy|r € Pp(T) for all T € T}

with P; being the space of polynomials of degree < k. We now seek to approximate
the solutions u®(t) and u(t) at 0 < t < tq, by a discrete function in W), that can be
discontinuous at grid points. In order to approximate the corresponding nodal values at
Vo U Xy, we further introduce the space of hybrid variables

Wy, = {top, € L(VU X,) : i (v) = 0 for all v € Yy}

Note that the hybrid variables at all boundary vertices are set to zero and have only been
introduced for ease of notation. In comparison to the continuous problems where hybrid
variables only existed at network junctions v € Vy, we now additionally introduced them at
all interior mesh points z% € Aj,. An illustration of their placement is given in Figure 1.3.
Let us further introduce the mesh-dependent scalar products

() =3 )y, (wwon, = > (et el + ulabw(al)
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1.3. Numerical approximation

Figure 1.3.: Placement of hybrid variables indicated in (cyan, circles) in a simple spatial
mesh with two sub-intervals per edge for the network depicted in Figure 1.1.

with corresponding norms Hw||%L = (w,w)7; and |w](f297-h = (w,w)aT,. The latter scalar
product and norm can also be defined on the sets 8773” and 97,°"*. We will also make use
of the broken Sobolev spaces on Ty, that are given by

wa(ﬁ) ={w e L*(&) : wp € H¥T) for all T € Tp,}

with corresponding norms ”wuil,’;‘w(ﬁ) =Y rer, ||wH§Ik(T).

1.3.2. Semi-discrete hybrid-dG method

Let us first introduce and analyze the spatial semi-discretization using a hybrid discontin-
uous Galerkin approach.

Problem 1.10. Find u5 € C([0, tyaz); W), @5 € C°([0, tmaz); Wi) with 5 (0) = 0 and
(aOypug,(t), wn) 7, + bn(uj (), 45, (t); wp, wr) + edp(uy, (t), a5, (t); wp, wn) = 1, (t;wy)  (1.56)
for all wy, € Wy, wy, € Wy, and 0 < t < tyae with bilinear and linear forms defined by
b, (U, Op; wh, W) = —(bop, Opwp )T, + (nbvy? Wi, — Wp)aT;,» (1.57)
dp(vn, On; wh, Wh) = (Opvn, Opwp) T, — (NOZUR, W, — Wh)aT; (1.58)

+ (n(vh — On), Oxwn)om, + (5o (Vh — On), wWh — Wh)oT;,,
Ut wn) = —(nbg(t), wn)yin + £(ng(t), dewn)v, + e(gr=g(t), wa)v,.  (1.59)

Furthermore, we denote by nbv,” = max(nb,0)v), + min(nb,0)?;, the convective upwind
flux, by hiee|T = hr the local mesh size for T' € T, and by o > 0 a stabilization parameter.

Remark 1.11. By formally setting ¢ = 0, Problem 1.10 yields a viable approximation
for the pure transport problem on networks described by (1.9)—(1.12). In particular, the
method is able to handle the change in the number and type of coupling conditions in the
transition from the convection-diffusion to the pure transport problem. One may thus call
the scheme formally asymptotic preserving.

Basic properties

Let us collect some basic properties of the method described in Problem 1.10.
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1. Transport and convection-diffusion equations on networks

Lemma 1.12. The bilinear forms defined in (1.57) and (1.58) satisfy
b (wpy, 3w, p) = &[0 (wy, — W) 37,

dp(wp, Wh; why Wh) = 1|8zwn |7, + |52 (wn — )37,
for all discrete functions wy, € Wy, Wy € W

Proof. For the bilinear form b;, we find that

bh(wh, Tf)h; Wk, ﬁ)h) = —(bwh, E)xwh)Th + <nbwzp, wp — wh>a7’h
= —%<nbwh, wh>a7’h + <nbwh, wp, — wh>87—out + <nbwh, wp, — ’Lf)h>87-};m

_ %‘b1/2 |b1/2

whl37., — (bwp, ©n)oT, + 310" *nl3T

= 1162wy, — p) 37

where we used that |b1/2ﬁ)h|87'hin = \blmwh\m-’?ut due to the flow conservation condition (B)
and the fact that @y (v) = 0 for all v € Vy. The equation for d; immediately follows from
its definition, since for v, = wy,, U = Wy, the second and third terms in (1.58) cancel. [

As a next step, we investigate the well-posedness of the semi-discrete method as well as
the uniform boundedness of its solution.

Lemma 1.13. Let Assumption 1.1 hold. Then, Problem 1.10 has a unique solution
uf, € C"H0, timae); W), @5, € C™([0, timaz); Wa)

for all e > 0. Moreover, ||0]u5 (t)||7;, < C for all0 <n < m and 0 < t < e, with a
constant C only depending on § and the bounds in Assumption 1.1, but not on € and Ty,.

Proof. By testing (1.56) with wy, = 0, W, = x, for z € X UV we find a unique rep-
resentation of 45 in terms of uj. From Lemma 1.12 we deduce that by, + edj, is elliptic
on W), x W,,. The hybrid variables can thus be eliminated from the semi-discrete prob-
lem on the algebraic level. Now, choosing a suitable basis of the finite-dimensional space
W}, we can transform (1.56) into an ordinary differential equation for uj. The existence
of a unique solution w5 € C([0,tmaz]; Wn), 45 € CO([O,tmam];Wh) then follows from
the Picard-Lindel6f theorem; see e.g. [116, Theorem 2.2]. By differentiating (1.56) with
respect to time we obtain higher regularity of the solution with the same arguments.

It remains to verify the uniform boundedness of the solution v} and its time deriva-
tives. For this let us define a function g(t) € HY(E) for all 0 < t < tyas, SO that
gn(t)]e € Pi(e) for all e € &, gp(v,t) = Gu(t) at v € Vy, and gp(v,t) = 0 at v € V. Note
that g, € C™ ([0, timaz); Wh) due to the regularity of g. We further set gp,(z,t) = gn(z,t)
at x € X UV and gp(v,t) = 0 at v € Vy, ie., gy € C’m“([O,tmax];Wh). We can then
write the solution to Problem 1.10 as uj = g5, — 25, 45 = gn — 25 with (2}, 27) satisfying

(adezp, (), wh) T, + bn(25(t), 25, (8); wh, Wh) + edn (25 (1), 25 (); wh, Wh) (1.60)
= (adgn(t), wn)7, + (b0zgn(t), wn)T,
+ (029 (1), Oxwn) 7, — €(nOugn(t), wn — Wn)oT,
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1.3. Numerical approximation

for all w, € Wy, wyp € Wh, where we used the continuity of g, within edges and across
junctions as well as the fact that g, = g at the network boundary. Now, by testing (1.60)
with (25, 27) and multiplying by 2 we find that

d R .
aHal/QZZ(t)H%I +[6M2(z5, = 20) 37, + ell0nzilIT, + el 2) 2 (3, — 20 3,
< a2 ougn ()17, + |78z 0:9n ()17, + la' 225017, + €llegn (D17,
hoc 5
+el|0 25, (1)1, + el (M22) 20, g0 (8) 57, + el ()2 (25(8) — £7.(D) 37,0

where we used the discrete stability of the bilinear forms in Lemma 1.12 to estimate the
left-hand side of (1.60), and Cauchy-Schwarz and Young’s inequality for the right-hand
side. Note that the first and the last term in the last line can be absorbed into the first
line. Integrating over (0,¢) and applying Gronwall’s lemma, see e.g. in [116, Lemma 2.7],
then yields

t
wwﬁm&sémwﬁmﬁﬁﬁﬂ(MW%MM%+M%%%@%
2] 0egn(5)113, + £l(2e=) 2090 (5) 37, ds

with 2 (0) = g5(0). Due to the definition of g, the bounds on the parameters in Assump-
tion 1.1 and the fact that € and h;,. are supposed to be small, we can bound the right-hand
side by a constant that depends on g and ;g but not on ¢ and 7j,. Since uj, = g5, — z},, this
already yields boundedness of uj. Observing that 0f'u;j solves (1.56) with boundary data
07'g, we can show boundedness of 0/'uj, independent of € and 7}, in the same way. O

Finally, we verify the consistency of the proposed method, which means that the exact
solution of the transport problem (1.9)—(1.12) and convection-diffusion problem (1.25)—
(1.28) also solve Problem 1.10 for e = 0 and & > 0, respectively.

Lemma 1.14. Let (u,@) and (u,af) be the solutions to (1.9)—(1.12) and (1.25)—(1.28)
with nitial values w(0) = 0 and u®(0) = 0, respectively. We set u(x) = u(x) and
W (z) = uf(z) for x € X and 4°(v) = Gu(v) = 0 for v € Vy. Then, (u,a) and (u®,0°)
solve (1.56) for all w, € Wy, wy, € Wy, for e =0 and € > 0, respectively.

Proof. We test the bilinear form b, with w;, and w, = 0 and observe that

by (u®, 45wy, 0) = —(bu, Opwy) 15, + (Nbu™"P, wp) a7, = (bOzu®, wy) T, — (nbg, wh>vgn,
since u® is continuous within edges and across junctions by (1.27) and therefore
nbus'? = nbu® at X, UVoUVS" and u® = g at Vj'. This identity also holds for (u, ), since
u is continuous within edges and outflow continuous across junctions, see (1.11), which
suffices to ensure nbu"? = nbu. Consequently, (u,a) solves (1.56) for all wy € W}, and

wp, =0 and € = 0. In the same manner, testing the bilinear form dj with wy, and wp =0
we find that

dp(u®, 0% wp, 0) = (0yu, Opwp) T, — (NOLU, Wh)aT;,
(il = @), 0aun)om, + (52 (uF — ), wh)or;

= —(0zzu®, Ozwp)7;, + (nU, Opwp) v, + (57=u", W) v,,

loc
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1. Transport and convection-diffusion equations on networks

where we applied integration-by-parts to the first term in the first line. Note that element
boundary contributions cancel with the second term in the first line. Due to the continuity
of u® at interior mesh points and across vertices, the first and second terms in the second
line vanish except at the network boundary. Comparing with {f (¢;wp) in (1.59), we find
that (u®,4%) solves (1.56) for all wy, € W), and w, = 0 and € > 0. It remains to verify
the variational identities for w, € W), when testing (1.56) with wp = 0, Wy = x, for
x € Vo UAXy. They readily follow from the coupling conditions (1.11)—(1.12) as well as
(1.27)—(1.28). This concludes the proof. O

Preliminary error estimate

We are now in the position to derive a first localized error estimate for the semi-discrete
scheme given in Problem 1.10.

Lemma 1.15. Let Assumption 1.1 hold and tya, > 0. Further, let (u®,4°) and (uf,a%)
be the solutions to (1.9)—(1.12) and (1.25)—(1.28) with initial condition u°(0) = u*(0) = 0,
and let (uj,4;) be the corresponding solution to Problem 1.10 for e > 0. Then,

[[u (¢) — up(t ”L2 CZ "‘ h%“k+2)“u€"§{1(0,t; HF+1(T)) (1.61)
for all 0 <t < timaz, € > 0 and k < m with constant C being independent of € and Ty,.

Proof. Following [117, Ch. 12] we introduce the upwind projection 7, : H;w(cf’) — Wy, by

mpw(zt ) = w(zl) foralli=1,...,M., e€é&, (1.62)

e

/(w —muw)p dr =0 for all p € Pp_1(T), T € Tp, (1.63)
T

where mw (2l _) = lims_,0 s>0 mpw(al — s) denotes the upwind value of m,w. The projec-
tion error can be estimated by standard estimates; see [72, App. C]. More precisely, for any
element T = (2", 2°%) € T}, and function w € H**1(T) we have mpw(x°") = w(z°%) and
|w = Thwl|p2(r) < CthHw”HHl (T)s
|0z w — 70y w||L2 <C’hTHw||Hk+1 (T)> (1.64)
w(@™) = mpw(a™)] < Chz 2wl iy,

k—1/2
|8ﬂcw - 8;1871'l7,w|8T < ChT / HU}HH"‘H(T)
We can then split the error u® — uj, into a projection and a discrete component, i.e.,
[ () = wp ()l 2y < () = mpu (1) lz2(e) + [lun () — mau(t) [l 12(e)-
—_— —_—
= (t) =:ep(t)

Note that we understand 7,u® pointwise in time. The projection error 7;, can be estimated
by (1.64) and summing over all elements T' € T;,. It remains to investigate the discrete
error component. We set 45, = 0 at v € Vy and 4, = u®(x) at © € A}, as well as 7pu’ = 4°.
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1.3. Numerical approximation

By testing (1.56) with wy, = e and W, = é, and using consistency of the method, see
Lemma 1.14, we find that

s glle e @7, = (aden(®), en(t) 7, = —bn(en(®), én(t); en(t), én(t)

—edp(en(t), én(t); en(t), en(t)) + (adimn(t), en(t)) T,
+ bn (M (t), 0 (t); en(t), en(t)) + edn(nn(t), Mn(t); en(t), én(t))
— (i)t ().

By the discrete stability of the bilinear forms given in Lemma 1.12, it holds that

(i) + (i) = =3 16"*(en(t) — en ()37, — ellOuen )l — el (5) " (en(t) — én(t)) 3, -

Using Cauchy-Schwarz and Young’s inequality, the projection error estimates (1.64), as
well as the fact that dympu® = m,0pu®, we can estimate the third term by

(iii) < 3[la'20m(t)][5, + 3lla'Pen(t)5;,
1 2k+-2 2 1 1/2 2
<30 :TGTh 200 () G oy + Slla'Pen(®)1F, -

By the properties of the upwind projection 7, we find that

(iv) = —(na(t), Ozen(t)) 7, + (nbn," (1), en(t) — én(t))or, =0,

where the first term vanishes due to (1.63) and the second term since 1,” = 0 which follows
from (1.62). Using Cauchy-Schwarz and Young’s inequality as well as the discrete trace
inequality, see e.g. [120], we can estimate the last term by

(v) = €(0ann(t), Ozen(t)) 7, — €(Denn(t), en(t) — en(t))or,
+ (n(t) — M (t), Oeen(t))om, + (g (mn(t) — n(t), en(t) — én(t)))om,

< el|@zen(t)lI, + €I(ﬁ)m(eh(t> —én(®)) 57, + 510z,
+ 5(C2 + @)l hygy (mn(t) = () 3, + 51(2=) " 200mn (1) 37

The first two terms cancel with (i) 4 (¢i), whereas the remaining terms can be estimated
using the error estimates (1.64) for the upwind projection. In summary, we obtain

Sl en(n), < la2en(0l, + - (CE2100 () 3peis gy + CenBE N Ol persiry )
TETh

Intergrating over (0,¢) and applying Gronwall’s lemma, see e.g. [116, Lemma 2.7], yields
la"en(t)l[7;, < €'lla'2en(0)]17; + C"e tz W+ ) 6 1 0 ot oy

Note that e;(0) = 0 since u(0) = m,u®(0) and a > a by Assumption 1.1. This concludes
the proof of Lemma 1.15. O
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1. Transport and convection-diffusion equations on networks

Remark 1.16. On uniform meshes hy =~ h the localized error estimate (1.61) in Lemma 1.15

yields order optimal convergence for the pure transport problem, i.e.,
0 0 k+1
1u? = | Lo (0 g 2(e)) < CHTT

For small € > 0, however, the derivatives of u® degenerate as shown in Lemma 1.9, and
(1.61) leads to

1w = uf, || oo (0,tmans22(£)) < Co(eh® + hFH)

with a constant C. that depends on ¢ and, in particular, blows up for € — 0. Consequently,
(1.61) does not provide e-uniform convergence estimates on uniform meshes. We can
overcome this issue by using suitably adapted meshes; see Section 1.3.4.

1.3.3. Fully discrete hybrid-dG method

For the time discretization, we apply the discontinuous Galerkin time-stepping method
as presented in [117, Ch.12]. We consider discrete time points 0 = t* < t! < ... <
tN = t,0: with local and global time step sizes 7" = t" — t"! and 7 = max, 7",
and denote by 8™ = {(t""1,#"] :n =1,...,N} the corresponding temporal mesh. We
search for piecewise polynomials in time of degree < k and define for w € Py(S7), i.e.,
w|(gn-1,4m) € Pr((t"1,¢"]) for all n = 1,..., N, the following expressions
W)= Yo w(+s) and ] = () — (),

denoting the downwind limit value and the jump over the time interface at t". We now
propose the following fully discretized scheme.

Problem 1.17. Find u;" € P(S™; W},) and @;" € P(S™; W) with u;’"(0) = 0, so that

[ (a0 O O+ bl 0,7 (03 k0, 7 0) (1.65)

n—1

+ edn(uy” (£), up, " (£); wi (1), wg(t))) dt + (alu, """ wi (7)),

~ [ titsuie)

n—1

holds for all w] € Pp((t" ', t");Wy), @ € Pp((t"~1,¢"; W) and n = 1,..., N with
bilinear and linear forms by, dj, l; defined in (1.57)—(1.59).

Remark 1.18. Just like the semi-discrete method, the fully discrete scheme is formally
asymptotic preserving, i.e., by setting ¢ = 0 in (1.65) the solution of Problem 1.17 yields
a viable approximation for the pure transport problem on networks (1.9)—(1.12).

Basic properties

Let us first investigate the well-posedness and consistency of the fully discrete method.
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1.3. Numerical approximation

Lemma 1.19. Let Assumption 1.1 hold. Then, Problem 1.17 is well-posed for all € > 0.

Proof. By choosing a basis of the trial spaces Pg((t"~1,"]; W}) and Pp((t",t"]; Wy,),
equation (1.65) can be transformed into a linear system of equations for which solvability
is equivalent to the uniqueness of solutions to the homogeneous system. We thus have to
show that for fixed n = 1,..., N and u;" (t"~!) = 0 equation (1.65) with zero right-hand
side has a unique solution. Testing with wy, = u;7, @, = 4;7 and using the discrete
stability of the bilinear forms in Lemma 1.12, we find that

n—1

t”’b
[ (@@ i+ 302 = 5, + el ) T — 6 (166)
tn

el ) e+ (aluy P @ g < [ ) de=o

P
We further observe that

tn
/t (adpu " uy )7, dt + (alus T us T () (1.67)

n—1

= glla!2ui ("I, + slla P (@ OIF, - (auy T (@), ().

The last term vanishes for u;" ("~1) = 0, and the solution u;" of the homogeneous system
thus satisfies

n

‘ .
sllat a7 @I, + gllat a7 (2 1)\%+/tn_l (320" = w3 (168)

el () 2 (T = @) B + 9 I, ) dt = o.

l

This yields uniqueness for € > 0. In the case ¢ = 0, i.e., for the pure transport problem, we
can only conclude that uy ™ (%) = u)" (#771) = 0 as Well as S0V (u) " (8) — )7 (¢ N3 = 0.
In order to obtain uniqueness, we test (1.65) with w, = 7 (e*tug ), Wy =7 (e*tugT)
with 77 being the L2-projection in time. The first and the fourth term on the left-hand

side of (1.65) then equal
" m
[ @0 wn) e+ @l P o ) = [ (a0 e ) de
tn—1 tn—

tn s tn
- 07 - 07 - 07
=/ g TN, dt+ ge T lu TN | :/t ae I dt,

tn— tn—1

where we used that the second term in the first line and the second term in the second
line both vanish due to (1.68). Again, using the property of the L%-projection as well as
Lemma 1.12, we find that the second term on the left-hand side of (1.65) equals

/ by T ) dt = / Cze Oy = ), dt =0,
tn— tn—
which holds due to (1.68). In summary, we obtain
Ty 02
—ty. 0,7
[ e de=o

e

from which we conclude that u?f = 0, i.e., uniqueness of the solution for £ = 0. O
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1. Transport and convection-diffusion equations on networks

A key ingredient for our analysis is the consistency of the fully discrete scheme, which
almost readily follows from the consistency of the semi-discrete method.

Lemma 1.20. Let (u®,4%) and (uf,0%) be the solutions to (1.9)—(1.12) and (1.25)-(1.28)
with initial values u®(0) = u¢(0) = 0, respectively. We set 1°(z) = u®(x) and 0 (z) = u(x)
for x € &y and @°(v) = 4°(v) = 0 for v € Vy. Then, (u°,4°) and (uf,a) solve (1.65) for
e =0 and € > 0, respectively. Moreover, the corresponding semi-discrete solution (uj,u5)
to Problem 1.10 also satisfies (1.65) for all € > 0.

Proof. We observe that

tn t’n/
/ (aOpu®, wy)T;, dt + ([ue]"fl,wh(tf__l))n = / (aOpu®, wy)T;, dt,
t

n—1 tn—1

since u® is continuous in time for € > 0. The same holds for the semi-discrete solution uj .
Since u° and u® are consistent with the semi-discrete scheme, see Lemma, 1.14, consistency
of the fully discrete scheme then immediately follows by integrating (1.56) over time. [J

Preliminary error estimate

By splitting the error into a spatial and a temporal component, and using Lemma 1.15
for the former, we can prove the following localized error estimate.

Lemma 1.21. Let (u°,4°) and (uf,4%) be the solutions to (1.9)~(1.12) and (1.25)-(1.28),

respectively, and let (uZ’T, QZT) be the corresponding solution to Problem 1.17. Then,

s (87) = T (#)aey < €3 (€hFF + W) [l |2 g pmopis gy + €T (1.69)
TeT,

foralln=1,...,N and € > 0. The constants C,C" are independent of ¢, Ty, and T.
Proof. We split the error into a spatial and a temporal error component, i.e.,
[u (") = u " () p2(e) < 1w (") — uf, (") |2 + Nun (87) — ui" (")l 22 ()

with (uj,4;) being the corresponding semi-discrete solution to Problem 1.10. Then,
Lemma 1.15 yields an estimate for the first term. For the second term, we will show

lu, (8") = wi, " () 26y < CT V2 i |l s o minzeyy < O3, (1.70)

where the second inequality already follows from the bounds on the semi-discrete solution
in Lemma 1.13. In order to prove the first inequality, we introduce the L2-projection in
time by 77 : L%(0, tjaz) — Pr(ST) such that

tn
/ (w—rwpdt=0  forall pe Pu((t" L"), n=1,....N,
tn—l

and we understand 77 uj, and 7745 pointwise in space. We split the error into a projection
and a discrete component, i.e.,

o, (87) = w, " () |2y < N up () = 7 up (87) 2y + | up " (87) = 77ug () [lz2ce)-

=mj (t") =€, (t")

34



1.3. Numerical approximation

The projection error n; can be estimated by standard estimates leading to
k+1/2 k+1/2
174 )| L2(e) < CT / [uf || w1 0,0msL2(6)) < C'T 172,

see [72, App. C], where the second inequality again follows from the bounds in Lemma 1.13.
It remains to investigate the discrete error. Testing (1.65) with w] = e}, W} = €] yields

tn
| @trcicm, i+ @l e ), (1.71)
tm tm™
= _/ (bh(ez,ég;eﬁ,eﬂ + edh(ez,éz;ez,eﬁ) dt —|—/ lj(t;ep,) dt
tn—1 tn—1

n—1

tn
—/ (@D us, )y dt — (alru " ()
t

tn

T, E _THNE. T T T, E _THNE. T T

—/ ) (bh(w ug,, T Ug; e, ep) + edp (T Uy, ™ umeh,eh)) dt
tn=

= (i) + - + (vid).

By Lemma 1.12 the first two terms equal

tn
(Wﬂm=jl (1812(ef, — 0B + ellueh |3, + el52(ef, — )3y, dt < 0.

n—1

The definition of the L?-projection then leads to

t’rL
(00) 4 (0i1) = = [ (o 537 ) + o 7, )
T
t" t"
— [ (@t dt+ li ey - [ e at
T tn—

where we used consistency of the method, which was established in Lemma 1.20. The last
term cancels with (#¢7). The first two terms together with (iv) + (v) then equal

t”l
A‘mwm@ﬁw+wwnwwrwn

n—1

tn
=—[ (an, BueE) s dt + (an(E), (")

— (anp (), ep (), + (alnf]" ™ en ()7,
= (anp(t"), ep ()7, — (anf (8" 71), ef (¢471)) 7.

Note that the first term in the second line vanishes due to the definition of the projection
and the fact that a does not depend on the time. Summing (1.71) over n leads to

§;1/ @%%nﬁ+<[ﬁwam; (1.72)
<3 (@), (), — (@ (), (),
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1. Transport and convection-diffusion equations on networks

The left-hand side of (1.72) equals

(1hs) = Sl e )3, + 300 (3la 2B, - Sla2eh (F)I3, + (aleh)’, i) )
= a2 ()1 + (e ()

= gl 2ef ()17, +Z . Ll 2R B, + SllaM e ()1, — (aef (1), ()

For the right-hand side of (1.72) we find by using Young’s inequality that

szmWWﬁﬂm—ZZ%W5M%~@Wﬂ%@mz

< a2 ) 5, + Sl 2en @3, + S0 (a2 13, + Haleh) 3, )

+ a2y ()7, + $la'en ()17 -
Together, this yields
Hla' e (t™))7, + Z (e I, < lla*/%e T(tO)HTh + [la! 2y ()1,
+Z a2 3, + lla 0 ()5

From standard projection error estimates, see [72, App. C], and the bounds on a in
Assumption 1.1 we deduce

k
a6, 5, < e 2er ()3 + D Nt le) I, < O s s o maey

where we used the fact that [|a'/2e] (t2)||7;, = 0, since u;” (0) = 77us,(0). Since a > a > 0,
this proves (1.70). O

Remark 1.22. The convergence rate in time stated in Lemma 1.21 is sub-optimal by a
factor of 1/2. In [48, Ch. 69, Thm. 69.18] and [117, Ch. 12, Thm. 12.1] the authors showed
an optimal order error estimate for the dG time-stepping applied to the parabolic problem
Osu+ Au = f, where the spatial operator A is supposed to be elliptic and continuous with
respect to a certain norm. For the proof, they used an upwind projection in time similar to
the one that was utilized for the proof of the preliminary error estimate for the semi-discrete
scheme in Lemma 1.15. Since our problem degenerates to a hyperbolic one for ¢ — 0, the
assumptions on A do not hold uniformly in €. Applying the upwind projection is thus not
leading to optimal order convergence rates uniformly in €. In particular, we do not obtain
reasonable error estimates in the limit € = 0. However, this does not happen in the lowest
order case of k = 0 in time, which corresponds to the implicit Euler time-stepping, since the
upwind projection in time equals the pointwise interpolation at the endpoint of each time
interval. For higher order k£ > 1, we ensure e-uniform convergence estimates by using the
L2-projection in time, but ultimately lose 1/2 order. Moreover, in [117, Ch. 12, Thm. 12.2]
error estimates in the L2-norm in time could be derived from the error estimates at the time
grid points. A key assumption is that the spatial operator A is symmetric, which is not
the case here. So far, we were not able to transfer these results to our problem. It might be
possible to analyze our method in the framework of Runge-Kutta methods and derive order
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1.3. Numerical approximation

optimal error estimates as well as superconvergence results at the time grid points since
the dG time-stepping using the Radau quadrature to approximate the time intervals can
be shown to be equivalent to the Radau ITA Runge-Kutta method; see [1, 119]. We refer to
[63, Ch.IV.5] for the analysis of implicit Runge-Kutta methods.

1.3.4. =-Uniform error estimates

As outlined in Remark 1.16, the localized error estimate (1.69) in Lemma 1.21 for the fully
discrete hybrid-dG method does not yield e-uniform error estimates on uniform meshes
hr = h, since derivatives of the exact solution blow up at the outflow boundary of the
edges; see Lemma 1.9. To overcome this issue we will set up a suitably adapted mesh on
which we can derive e-uniform convergence under reasonable regularity assumptions on
the solution.

Construction of the layer-adapted mesh

The starting point for the construction of the adapted spatial mesh is a quasi-uniform
mesh ’7;? with step size hy =~ h for all T € 7;0 We now distinguish between two cases.
If ¢ < k% ie., € is very small compared to h, then we keep the uniform mesh and set
Th = T}? If ¢ > h?* we construct a layer-adapted mesh similar to the one proposed by
Gartland in [56], which is fine close to the outflow boundary of each pipe and coarse away
from it. More precisely, for every e € £ we introduce a transition point

., k+1

e

elog(1/e). (1.73)

In [0, z%] we take the corresponding grid points from the uniform coarse mesh ’720 and add
the transition point 1< = x}, where M} indicates the number of grid points in [0, z}].
Note that M* < ¢.h~1. All points in the coarse part are collected in 7;?’1. In the boundary

layer region (z%, ¢] the grid points are defined recursively by
hi = ehebellemae)/e(btl) — pi=l — gi _pi i < M, with aMe = ¢,. (1.74)

The index M, is chosen so that azéw T is the last point that is strictly larger z7. We collect
these points in 7?2. The full mesh is then given by 7,f = 7716’1 U 7;5’2 and we set Tj, = 7.
An illustration of the layer-adapted mesh is given in Figure 1.4. Note that we will use a

uniform temporal mesh S™ with 7" ~ 7 in both cases.

e-Uniform error estimate

Let us now set up a suitable approximation strategy exploiting the previously introduced
layer-adapted mesh, which leads to the following e-uniform error estimates.

Theorem 1.23. Let Assumption 1.1 hold, and let (u°,4°) be the solution to (1.9)-(1.12)
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} } } } } ——HH Tr
0 xh Ke

Figure 1.4.: Quasi-uniform mesh TO for a Slngle interval (top) and corresponding layer-
adapted mesh 7;F = 7, 1 UT7,” * (bottom) with layer region (z*,£¢) in cyan.

and (uf,4%) be the solution to (1.25)-(1.28) with u®(0) = u(0) = 0. We define

0,7 2k
~ET._{uh , €< h*¥,

U 1.75
h uy, €2 h2k ( )

with (uh ,uh ") being the solution to Problem 1.17 for e =0 on T? x 8™ and (u;", ;")
being the solution to Problem 1.17 for e >0 on T, x 8T. Then,

[uf (£") — @57 (t") || p2(e) < C max (k¥ min(y/z, h*)) + C'rFH1/2 (1.76)

holds for allmn =1,...,N. Moreover, the number of elements in T;; is bounded by C'"p1
for all e > 0. The constants C,C’,C" are independent of €, T, and T.

Proof. We consider both cases ¢ < h%* and € > h?¥ separately and exploit the construction
of the layer-adapted mesh and of the approximation ﬁZ’T in the investigations.

Case 1 (¢ < h?!). By the triangle inequality, we can split the error into
~E,T 0,7
lu (8") = @ (") z2qey < (") = (™) | 2oy + [u®(t") = uy, " ()| 2(e)

where we inserted the definition of @;" given in (1.75). For the first term, we use the
asymptotic estimate in Theorem 1.7, i.e.,

() = (") | 2gey < eV,

whereas the second term can be estimated by the localized error estimate (1.69) in
Lemma 1.21 which yields in the case € = 0 on the uniform mesh T,? that

[0 (E) = w7 (") 2oy < HEF O,

Overall, by combining the two estimates, we obtain (1.76) for the case € = 0.

Case 2 (¢ > h?). By the localized error estimate given in Lemma 1.21 it holds that
(87 = 57 () 3oy < ¢ D0 (R B2 B g sy + O

with constants ¢/, C’ that are independent of ¢,7;, and 7. Moreover, by Lemma 1.9 we
know that for T¢ = (227! 2%) it holds that

e

tn A " A
/ 107 09w ()| da dt < / / A1+ eTebellem2)/ey g dt
0 JT 0 JTy

< C2tnhTé(1 _|_€—j€ e(le—al )/a)
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1.3. Numerical approximation

for s = 0,1 and j < k+ 1. For T! ¢ 7715’1, le., x
immediately deduce that

< z¥ as defined in (1.73), we can

%
e
tn . .
/ . 07 0Tl (z,t)* dadt < 2¢*t"h!.

0 Jr

Hence, by summing over 1" € ’7?1 it follows that
Z 2k 2k+2 2 2k 2k-+2
TeTs,l(ghT + hT + )”uEHHl(O,tn;Hk+1(T)) S C”(tn)<€h + h, + )
h

For T! = (271, 2%) € 7f’2, i.e., v > 2%, the spatial mesh is defined recursively by (1.74).
Similarly as above, the bounds (1.39) yield for small € that

ZTieTE’Q (E(hi)% + (hi)%—ﬂ)||u6||§{1(0,t";H’“+1(Té))
e h

< ZTie’Y;L&Q C//(tn)(g(hé)Qk_i_ (hi)2k+2)/ € 672(k+1)62be(557‘r)/5 dr = (Z) + (ZZ)

zi!

Inserting the definition of hi = hebelle—ae)/e(k+1) then yields for the first term

1
e

. xr
(Z) — E . , 6—1h2k€2kbe(£e—1‘é)/€(l€+1) €2b5(£5—x)/8 dr
TieTy zi1
Le
< 6—1h2k} e2be(£e—$)/8(k‘+1) d.T < h2k‘k+1 < C”/h2k-
- Zeeg . — Zeeg be —

*
e

The second term can be estimated in a similar way, i.e.,

7
e

N 242 2o (Co—ai) felbt1) [ € belle—z)/e
(44) ZTgeT,f’z h*" e /11 e dx

Te

2k+2 * my 2k+2
§Zeegh (be —al) < RTEL

Finally, combining the estimates for 7;?1 and 7715’2 yields (1.76) in the case ¢ > h2*.

Bound on number of elements in 7, . It remains to derive a bound on the number
of elements in 7;5’2. Following the arguments in [56, p.645] and [110, p.8], we first show
that the number of elements M® in |J,cg(22,€) N 77?72 with Shishkin transition point
T kb—tlelog(l/h) can be bounded by ch~!. It holds that

i-1 i
M = Zees Zz a8 <ai<l, hieﬂe h]gfl' (1.77)
By the definition of the mesh sizes in (1.74) and of the Shishkin transition point, we find
hi < chebelle—d)/e(k+1) _ .
and the first fraction can thus be estimated by

hi—1 i
< - gheht/e(kt1) < cbe/(k+1),
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1. Transport and convection-diffusion equations on networks

Inserting this into (1.77) and using the construction of the mesh (1.74) yields

- Z e& Z S< i<y ebe/(k+1)hé(gh)_le_be(ee_xé_l)/ﬁ(k-‘rl)

e
< Zeeg ebe/(k+1)(€h)1/ o belle—a) (k1) g,

xg

be/(k+1) k+13 —1 -1
< e R hT < ch .
- Zeeg be -

The last estimate holds since the network is finite. It remains to investigate the number
of elements M* in (J, ¢ (2}, 25) N 7;5’2. By construction of the mesh in (1.74) we conclude
that hy > ¢ for T C (x%,27). Consequently, the number of elements is larger than

S @ —ae< S K (log(1/e) — log(1/h) < |El(2k — 1) log(1/h),

where we used that ¢ > h?*, which is crucial in order to get a bound that is independent
of . In summary, the number of elements in 7;?2 can be bounded by

c(h™! 4+ log(1/h)) < h71,

and since the number of elements in the coarse part 775’1 is bounded by ¢’h~! by con-
struction, we obtain the desired bound for 7. O

1.4. Numerical illustration

In order to illustrate our theoretical findings, we conclude this chapter with some nu-
merical experiments. We first consider the contaminant transport in water described in
Example 1.3, before we have a look at the transport of gas mixtures. We both verify the
asymptotic estimate from Theorem 1.7 as well as the uniform error estimate for the fully
discrete hybrid-dG approximation presented in Theorem 1.23.

1.4.1. Contaminant transport in water supply networks

As a test instance, we consider the GasLib-11 network that consists of 11 pipes and vertices
with 3 entries, 2 exits, and one loop. The topology is depicted in Figure 1.5. We assume
that each edge has length ¢, = 1. From Example 1.3 we know that a. = 1 in all edges
e € &, since water is an incompressible fluid with a constant density. Moreover, the flow
velocities are constant in each pipe and given by

Dey = bey = bes = beg = beg =2, ey = beg = beyy = beyy =1, bey = bey = 3,

so that the flow conservation condition (B) at junctions is satisfied. We choose

. 2 . . . 3 . 5
gv1( ) 3 t37 oy (t) = Guvr (t) =0, gvm( ) opd t4v gvn( ) 243 e t’
max max max
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1.4. Numerical illustration

Figure 1.5.: GasLib-11 network from [112].

transport
==== conv-diff

Figure 1.6.: Solution to the convection-diffusion problem for ¢ = 0.05 (red, dashed) and
the limiting transport problem for ¢ = 0 (blue, solid). Discontinuities at
junctions in the transport limit are clearly visible. They are smoothed out
for small € > 0 by diffusion, leading to the expected boundary layers at the
network outflow boundaries and interior vertices. Outside of the layer regions,
both solutions more or less coincide.

as boundary data, which are compatible with trivial initial conditions u*(0) = u°(0) = 0
and fulfill Assumption 1.1 for m = 2. As time horizon we pick tax = 6. For the numerical
approximation, we set k = 2, i.e., piecewise quadratic polynomials in space and time. The
stabilization parameter in (1.65) is chosen as o = 1.

Asymptotic estimate. At all network junctions having more than one ingoing pipe,
i.e., at v3, vg and vg, we expect the solution of the pure transport problem to be discontin-
uous and the solution to the convection-diffusion problem to have interior layers for small
€. Moreover, at all outflow boundary vertices, we predict boundary layers. An illustration
of this behavior for the chosen data is given in Figure 1.6. We now compare the solutions
to Problem 1.17 for ¢ > 0 and ¢ = 0 on a fine grid with h = 7 = 1072, For solving
the convection-diffusion problem we use the corresponding layer-adapted mesh in order to
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1. Transport and convection-diffusion equations on networks

e \ 1 \ 101 \ 10-2 \ 10-3 \ 104 \ 105 \ 10-6 \ 107
err | 8.608¢-1 | 2.538¢-1 | 7.155¢-2 | 2.2200-2 | 7.039¢-3 | 2.225¢-3 | 7.037e-4 | 2.225¢-4
rate - 0530 | 0550 | 0506 | 0501 | 0500 | 0500 | 0.500

Table 1.1.: Error and convergence rates between solutions to Problem 1.17 for different
values of ¢ > 0 and the pure transport limit € = 0 on a grid with h = 7 = 102.

resolve the boundary layers. The error is computed by
err = maxp—o,.. N |[uf,(t") — u%(t")HLz(g).

Our observations are displayed in Table 1.1, and we clearly see the asymptotic convergence
of order O(1/¢) that was shown in Theorem 1.7 on the continuous level.

Discretization error. Let us now investigate the convergence behavior of the hybrid-
dG method for various choices of € > 0 as well as mesh sizes. For our choice of parameters
and data, the error estimates from Theorem 1.23 are valid with & = 2. The dG time-
stepping method with quadratic polynomials was implemented as Radau ITA Runge-Kutta
method with 3 steps. Both methods are equivalent when approximating all integrals in
the dG method using the corresponding Radau quadrature rule. For details, we refer to
[1, 119]. In order to give an estimate on the error, we generate a reference solution on a
finer mesh 7',fef with N,.s uniform time steps, where 7',fef is given by the layer-adapted
mesh 77 for ¢ > 0 and the uniform mesh 7;? for € = 0, both obtained by two uniform
refinements of the finest mesh considered in our tests. The number of reference time steps
Nyer equals two times the number of time steps applied in the finest mesh. The error is
then approximated by

[0 =t [lrey = maxn=o, . .N,.; [[trep (1) = Lreptiy,(t")]| L2 (e)

with I,.y being the interpolation operator onto the reference mesh. In the tests depicted
in Figure 1.7 we choose h = 7, i.e., the uniform spatial and the time step size coincide.

The left plot in Figure 1.7 shows the error for 4} = uj on the layer-adapted mesh 77,
which is relevant in the regime € > h?*. We observe second-order convergence as indicated
by the uniform error estimate (1.76) in Theorem 1.23. Only for € = 1075 on a coarse mesh,
we have a slight increase in the convergence, which can be justified by the fact that the
diffusion term can be considered as a perturbation for small € and large h. The number of
elements in the Shishkin part (xf ,Le) of the layer-adapted mesh 7,7 is at most 4h~! with
not more than 5 extra elements per edge in the transition region (x*,x?).

In the right plot in Figure 1.7 we see the error for the transport approximation uj = u?l
on the uniform mesh 7',? This case is relevant in the regime ¢ < h%*. Theorem 1.23
yields [[u® — ul)|l,ey < Cmax(RF1\/g) + C'7F+1/2_ If ¢ is small compared to h, we
see a convergence of order k +1 = 3. When /¢ becomes the dominating term in the
error estimate, i.e., when h becomes smaller and smaller compared to €, we observe a
saturation that culminates in a constant error. There is no suboptimality in convergence
for the time discretization visible indicating that our estimates are not sharp. In the limit
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1.4. Numerical illustration

€ = 0 we observe a slight increase in the convergence rate, which might be caused by the
superconvergence properties of the Radau ITA Runge-Kutta method; see [63, Ch.IV.5].
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Figure 1.7.: (Left) Error for @5 = uj on layer-adapted mesh 7, with 7 = h. (Right) Error
for 45 = uY on uniform mesh 7,2 with h = 7.

1.4.2. Transport of gas mixtures in pipe networks

Let us present a second numerical test that is motivated by the transport of gas mixtures
in pipe networks. In comparison to the previous experiment, the parameter a. in the
model equations (1.9) and (1.25) will now depend on the spatial position in the network.
The steady flow of gas in a pipe network can be modeled by the following system

Orme(z) =0,

Ae(2)0zpe(z) =

(1.78)

A
—m’me(ﬂﬁ)m(%)

(1.79)
for x € (0,4), e € & with me, pe,ve denoting mass flow rate, pressure, and flow velocity
of the gas, A., D. being cross-sectional area and diameter of the pipe, and A is a friction
parameter. The gas density p is a function of the pressure and vice versa, i.e., p = p(p),
and me = Aepeve. At pipe junctions v € Vy, conservation of mass and energy is ensured
by the following coupling conditions

ZeES(U) mene(v) =0

At network boundary vertices Vy either the mass flow rate or the density has to be pre-

and  pe,(v) = pe,;(v) forallv eV, e;e; € E(v). (1.80)

scribed. Note that in order to get a unique solution, the density has to be fixed at least at
one vertex v € Vy. This model, which is also known as the Weymouth equations, is widely
used for simulation and optimization of gas flow in pipe networks; see e.g. [78]. Note that
a solution can be computed explicitly. We now assume that the gas is a mixture of j com-
ponents that have the averaged density p and are transported within the total gas flow.
Then, (1.9)-(1.12) models the transport of the gas mixture with u’ being the fraction of
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gas density

=== mass flow rate

0.8

0.6

04

Figure 1.8.: (Left) Solution to the Weymouth equations (1.78)—(1.80) on the network
topology depicted in Figure 1.5. (Right) The corresponding solution to the
transport problem for ¢ = 0 (blue, solid) and the convection-diffusion prob-
lem for e = 0.1 (red, dashed) on the same network with reversed direction of
edges e3 and eg. The expected discontinuities and boundary layers at network
junctions vz, vg, and vg as well as at the outflow boundary vertices v4 and vy
are clearly visible.

the i-th component for: =1,..,j—1and 1 —Zg;ll u! being the fraction of j-th component.
The corresponding densities of the gas components are given by pu’, i = 1,..,5 — 1 and
p(l— z;ll u'). The parameters a and b in (1.9)—(1.12) and (1.25)—(1.28) equal

e = Aepe and be = me forall e € €.

Assumption 1.1 is satisfied since b, = m, is constant in each pipe e € £ due to (1.78) and
conserved at junctions due to (1.80), i.e., condition (B) is fulfilled. Moreover, a. = Acpe
is supposed to be uniformly bounded from below and above and sufficiently smooth. Let
us now again consider the network structure from Figure 1.5 and assume that each edge
has length £, = 1, diameter D, = 1 and cross-sectional area A, = 7(D./2)?. As boundary
data for the gas flow we prescribe the mass flow at the inflow boundary vertices v € V"
and the gas density at the outflow boundary vertices v € V3", more precisely

m(vy) =2, p(w) =2, plvr)=1, m(vy) =1 m(vi1) =1

with the density to pressure relation p(p) = c?p, where c is the speed of sound that is
rescaled to 1. The solution to (1.78)—(1.80) that corresponds to this choice of boundary
data is shown in Figure 1.8 (left). The flow rate in the edges e3 and eg is negative, i.e.,
the direction of the flow and the edge do not coincide. For simplicity, we thus change the
direction of the edges e3 und eg, so that Assumption 1.1 holds. Let us now assume that
the gas is a mixture of two components with fractions ' and u? = 1 — u'. The boundary
data for u' is chosen as

R 1 4 1 3 1, . 3
G, (t) = 2 Gu(t) =5, Gur(t) =~ Guolt) = %, Gu, () =
v Qt%’LQCE U4 2 v 4 oo 4t%1ax o 4t§na:c

An illustration of the corresponding solution on the network, where the direction of the
edges e3 und eg is changed, is given in Figure 1.8 (right). We performed the same ex-
periments for the asymptotic and the discretization error as in the previous section and
obtained similar results. We thus omit their presentation here.
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1.5. Discussion and outlook

Let us conclude this chapter with a short discussion on open problems and possible future
research directions.

Asymptotic analysis. The consideration of more general coupling conditions as pro-
posed in [60] and, in particular, a corresponding asymptotic analysis might be of interest.
We expect that all results transfer with no major difficulties. Moreover, nonlinear prob-
lems and their asymptotic convergence in different metrics could be considered. We think
of models appearing in the context of traffic flow [55] or cross-diffusion systems [75]. A
possible tool for the analysis is given by entropy methods; see [75] for an introduction.
Similar techniques will also be exploited for the analysis of a numerical scheme for gas
flow in pipe networks in Chapter 3.

Numerical approximation. Some open problems appeared in the investigation of
the numerical approximation. The error analysis of the fully discrete method given by
Problem 1.17 in the spirit of [48, 117], which was presented in Section 1.3.3, only yielded
a suboptimal convergence rate in time. A thorough analysis via techniques for Runge-
Kutta methods might restore order optimal estimates and even lead to superconvergence
results; we refer to [63, Ch.IV.5] for a comprehensive overview of implicit Runge-Kutta
methods. Moreover, for some numerical tests not presented here, we observed superconver-
gence in space for the lowest-order approximation with piecewise linear polynomials in the
diffusion-dominated regime. This behavior could be worth investigating. Furthermore,
our way of handling transport problems on networks by introducing additional hybrid
variables at junctions could in principle be applied to other discretization approaches like
standard discontinuous Galerkin, upwind finite differences, or streamline upwind Petrov-
Galerkin (SUPG) methods. Possible other research directions include the application of
our numerical method to problems with more general coupling conditions or nonlinear
problems.
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Kinetic chemotaxis and
diffusion limits on networks

The movement of bacteria and microorganisms, or more generally cells, is influenced by
external stimuli. If they react to the presence of a chemical substance, the process is
called chemotaxis. If the chemical substance acts as an attractor, we speak of positive
chemotaxis and call the substance chemoattractant. Chemotactic phenomena are widely
studied, in particular for Escherichia coli [2] and various slime mold species [32], but they
also appear in other biological phenomena like embryological development, where cells
migrate to form complex organisms [32], and in the immune system, where leukocytes
react to substances present at the center of inflammation, e.g., bacterial toxins [121]. We
are particularly interested in chemotactic processes on one-dimensional networks. These
problems find application, e.g., in dermal wound healing and the growth of slime molds.

Dermal wound healing. The structural component of the skin is the so-called extra-
cellular matriz (ECM) which is a 3D network of fibrous proteins such as collagen. If the
skin is injured, the fibroblasts create a new provisional ECM and, driven by chemotaxis,
migrate on the ECM to fill the wound. Certain diseases, such as diabetes, can cause
wounds to heal extremely slowly or not at all. The use of artificial scaffolds that consist of
networks of crossed polymeric threads can accelerate wound healing. These scaffolds are
inserted into the wound supporting the fibroblasts to migrate. Chemotaxis on networks
allows us to model this process. Here, the network represents the artificial scaffold and
the evolution equations approximate the propagation of the fibroblasts on this scaffold;
for details we refer to [14] and the references therein.

Slime molds. Driven by chemotaxis, the slime mold Physarum polycephalum grows in
a network structure. Thickened irregular nodes are connected by thin tubes that are used
for the transport of nutrients and the transfer of chemical signals through the organism.
The interesting characteristic is that it grows in the shortest path manner toward food
or other attractors. A possible way to model this growth process is to consider a fixed
network that connects attractors with each other and to approximate the evolution by
chemotaxis on this predefined network; see [9] and the references therein.



2. Kinetic chemotaxis and diffusion limits on networks

Problem setting

On the microscopic level, we model chemotaxis by kinetic equations; see e.g. [19, 99, 102].
We assume that the evolution of the bacteria or cell density u(x,w,t) at the point z €
X = (0,¢) and time ¢ > 0 having velocity w € W = (—1, 1) is described by

du(z, w,t) + woyu(z, w,t) = o(z)(u(z, t) — u(z,w,t)) + awdye(z, t)u(z, t) (2.1)

with @ = % fW u(w) dw being the velocity average of the bacteria density. The transport
part on the left-hand side describes the movement in a straight line with velocity w € W,
whereas the right-hand side models a spontaneous reorientation called tumbling. We
distinguish between aimless reorientation and chemotactically oriented tumbling, which is
driven by the presence of a chemoattractant with concentration ¢. Here, the bar symbol
is misused to indicate that ¢ does not depend on the velocity. The chemoattractant itself
is produced by the bacteria and we assume that

Oz, t) — DOyyc(x,t) + dé(x, t) = yu(x,t) (2.2)

for x € X and t > 0. Here, D is the diffusion coefficient, and § and  are the decay and
production rate, respectively. The equations (2.1)—(2.2) have to be complemented with
suitable boundary conditions. We assume that the chemoattractant and the bacteria are
confined to X, which is modeled by no-flux boundary conditions for ¢, i.e.,

0x¢(x,t) =0 for x € {0,¢}, t > 0. (2.3)

For the kinetic transport equation (2.1) we need one boundary condition at the inflow
boundary of the phase space @ = X x W which depends on the moving direction; see
Figure 2.2 for an illustration. We prescribe the following reflection condition

u(z,w,t) = u(x, —w,t) for (z,w) € {0} x (0,1]U{¢} x [-1,0), t >0, (2.4)

which ensures that bacteria do not leave the domain X. Local existence of solutions to
(2.1)—(2.4) can be shown by standard arguments for nonlinear evolution equations; see
e.g. [49]. For the kinetic chemotaxis model in dimension d = 3, no global existence results
are available if the tumbling depends on V¢; see [19, 70]. In dimension d = 1, however,
there are more promising results. In [67, 68, 71] a general class of kinetic models for
chemotaxis on the full state space X = R is studied with W = {—1,1}. The tumbling has
a general structure depending on ¢ and d,¢. The local existence of solutions is proven via
the method of characteristics or the vanishing viscosity method and fixed point arguments.
Furthermore, suitable conditions for the tumbling are derived in order to guarantee the
global existence of solutions. Let us note that these conditions are, however, not satisfied
for the choice in (2.1). In this work, we only consider the local in time existence of
solutions.

Asymptotic analysis and diffusion limit

We introduce a small parameter € > 0 and make the following assumptions:
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e The aimless tumbling occurs more frequently than the chemotactically oriented tum-
bling, i.e., we set 0 = o/e.

e The mean free path between tumbling events goes to zero, i.e., we rescale the bacteria
density by u®(z,w,t) = u(z,w,t/e).

This leads to the rescaled kinetic transport equation
20 + ewdpuf = o(a° — u°) 4+ eqwdus. (2.5)
The dynamics of the chemoattractant ¢ = ¢ is not affected by the scaling, i.e.,
04 — DO, C° + dc® = yut. (2.6)

We refer to [19, 27] for details. By formal asymptotic expansions, the classical Keller-Segel
equations, which are given by

oy’ — 9,(ad,u’ — x0,c%u°) = 0,
e — DO, + 620 = 4’

with coefficients a = [}, w? dw and x = [},, o~ 'w? dw, can be obtained in the diffu-
sion limit ¢ — 0. Note that the bacterial density 4 = @’(x,t) does not depend on the
velocity anymore. This model was first introduced by Keller and Segel [76] and has been
widely investigated in the literature; a good overview can be found in [66, 69]. Let us
note that in dimension d = 1 solutions to (2.7)—(2.8) can be shown to exist globally in
time [97], whereas in d = 2,3 a finite time blow-up can occur; see [69] and the references
therein. A purely formal derivation of the limit problem in d = 1 for W = {—1,1} given
by a Keller-Segel type equation is provided in [68], whereas the rigorous convergence of
solutions u¢ to the limit @° is investigated in [71]. The proof is based on the derivation
of e-independent a-priori bounds and asymptotic expansions. For similar results in the
multidimensional case let us refer to [19, 71]. The asymptotic analysis and the derivation
of quantitative convergence rates by asymptotic expansions are based on arguments from
[5, 27] where the neutron transport was investigated. Here, we closely follow the approach
of [43] for stationary monokinetic linear transport problems in dimension d = 3, which is
based on variational arguments and energy estimates. This will turn out to be particularly
well-suited for the extension to networks.

Extension to networks

We consider networks described by finite, directed, and connected graphs. Edges are iden-
tified as intervals and (2.5)—(2.6) are assumed to hold on each edge. In order to connect
the solutions across network junctions, additional coupling conditions are required that
ensure the conservation of mass for u® and ¢¢. For a proper choice of these conditions,
the local existence of solutions can be established by semigroup theory [46, 100], Galerkin
approximations [49], and fixed point arguments [49]. Recently, a kinetic model for chemo-
taxis on networks with flux-limited chemotactically oriented tumbling was considered in
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[10] leading to the corresponding flux-limited Keller-Segel model in the diffusion limit
[103]. The authors proposed a set of coupling conditions at network junctions and for-
mally derived the corresponding ones for the limiting Keller-Segel problem proposed in [9].
However, no rigorous asymptotic analysis was given. The Keller-Segel model on networks
was then further investigated in [44] and local and global in time existence of solutions
were proven. A hyperbolic-parabolic model for chemotaxis was studied in [14, 59, 61, 89].
By writing the system in Riemann variants, one recovers the kinetic model considered by
[68] with velocity w € W = {—1,1}. This model was extended to networks and suitable
coupling conditions were proposed that ensured conservation of mass. The coupling for the
chemoattractant, however, differed from the corresponding coupling conditions proposed
in [9, 10, 44]. The local existence of solutions was proven via semigroup theory and fixed
point arguments. Moreover, conditions that guarantee global existence were derived, e.g.,
the smallness of initial data [59] or positivity of solutions [61]. So far a rigorous asymptotic
analysis for the kinetic chemotaxis model on networks to its diffusion limit seems to be
missing to the best of our knowledge and we attempt to close this gap with our work.

Main contributions

Let us now summarize the main contributions of this chapter, which are not yet published
and are first presented here. This is joint work with Herbert Egger, Kathrin Hellmuth and
Matthias Schlottbom, a publication is in preparation.

o We extend the rescaled kinetic model for chemotaxis (2.5)—(2.6) to networks and
propose suitable coupling conditions at network junctions that ensure the conserva-
tion of mass. We then establish the existence of solutions up to a time point 7" > 0
uniformly for all € > 0 via Banach’s fixed point theorem and standard arguments.
Moreover, based on energy estimates we derive a-priori estimates for the local solu-
tions that are uniform in € and play a crucial role in the asymptotic analysis.

e Based on the a-priori estimates we then prove that solutions converge to correspond-
ing weak solutions of the Keller-Segel system on networks in the diffusion limit € — 0.
Moreover, for suitably regular parameters and data we show the following quantita-

tive convergence estimate
[u® = @l oo (0,7322) + 115 = €°l oo 0,751y < Ce'/?. (2.9)

The proof is based on energy estimates and asymptotic expansions. We closely follow
[27, 43] where the Neutron transport in dimension d = 3 and its diffusion limit were
investigated. In [27], however, no energy estimates are used, whereas in [43] only
the stationary problem was considered.

Outline

In Section 2.1 we introduce the kinetic model for chemotaxis on networks and propose suit-
able coupling conditions at junctions. The local existence of solutions is then established
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2.1. Model problem

in Section 2.2 and a-priori estimates are derived that will be crucial for the asymptotic
analysis presented in Section 2.3. Therein, we first present the Keller-Segel model on
networks, before we rigorously show the convergence of solutions. Finally, we prove the
quantitative asymptotic estimate (2.9), and close this chapter with a discussion of open
problems and an outlook on further research directions.

2.1. Model problem

In the first section, we present the rescaled kinetic model for chemotaxis on networks and
propose suitable coupling conditions at network junctions. We start by introducing the
basic notation that will be used throughout this chapter.

2.1.1. Notation and function spaces

Following the notation from Chapter 1, a network is described by a finite, connected, and
directed graph G = (V, &) with vertices V = {v1,...,v,} and edges €& = {e1,...,¢e} C
Y x V. We allow for a rather general topology that can include circles. The set of incident
edges to a vertex v € V is given by £(v) ={e€ £ :e= (v,-) or e = (-,v)}. If a vertex has
only one incident edge, it belongs to the set of boundary vertices Vo = {v € V : |E(v)| = 1}
with |€(v)| denoting the cardinality of £(v). Otherwise, the vertex is contained in the set
of interior vertices Vy = V\Vjy. In order to indicate the start and the end of an edge e € &£,
we define the outward normal n with n|. = n. that for e = (v;,v;) € £ takes the values

ne(v;) = —1, ne(vj) =1, and ne(v) =0 for v e V\{uv;,v;}.
Moreover, we introduce the sets of edges pointing into or out of each vertex v € V by
EMw) ={e€ & :ne(v) =1} and M (v) ={e € € 1 ne(v) = —1},
and the sets of ingoing and outgoing boundary vertices by
VIt ={v € Vs :n.(v) = 1} and  V§ ={v € Vy:n.(v) =1}.

An illustration is given in Figure 2.1. Every edge e € & is identified by an interval
e = (0,£.) with £. > 0 being the length of the edge. We abuse the notation & = ] (0, £¢)
for the state space and further introduce the velocity space W = (—1,1) and the phase
space @ = & x W on the network. The inflow and outflow boundaries of the phase space
depend on the Velocity and are given by

Qi = Vi x (0,1]U Vg™ x [-1,0) and Q% = Vi x [~1,0) UV x (0, 1].

For each interior vertex v € V) the sets of edges carrying flow into or out of the vertex
also depend on the velocity and we introduce

Q" (v) = £7(v) X (0,1]U 7 () x
Q7 (v) = £"(v) X [~1,0) UE™(v)

[~1,0),
x (0,1].
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2. Kinetic chemotaxis and diffusion limits on networks

Figure 2.1.: A network with edges e; = (v1,v2), €2 = (ve,v3), e3 = (v3,v4), €4 = (v4,v5),
es = (v4,v6), and eg = (vg,v2), boundary vertices Vy = {v1,v5}, and inte-
rior vertices Vy = {v2,v3,v4,v6}. The incident edges to the vertex vy are
collected in the set £(v2) = {e1,e2,es}, which can be split into the sets
EM(vy) = {e1,e6} and £°%(vy) = {es} of edges pointing into or out of the
vertex vo. The ingoing and outgoing boundary vertices of the network are
given by V' = {v1} and V§“! = {vs}.

1

—_—
—

—
>
<
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%
%
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Figure 2.2.: Inflow and outflow boundary for a single pipe e = (0,¢) and velocity space
W = (—1,1) depicted in (red, solid) and (blue, dotted), respectively.

An illustration of the in- and outflow boundary for a single edge is provided in Figure 2.2.
Let us further introduce function spaces on the network. The spaces of square-integrable
functions on the state and the phase space are given by

L*(&) = {¢: ¢ € L*(0,4,) for all e € £},
L*(Q) = {u: u. € L*((0,£.) x (—1,1)) for all e € £},
respectively, where ¢, = ¢|. denotes the restriction onto the edge e € £ and the bar

symbol indicates that the function ¢ does not depend on the velocity w. We also use the
bar symbol to denote the velocity average of a function u € L?(Q) by

i = ;/W w(w) duw.

The L?-scalar products and norms are given by

(€8 2(¢) = /g o(2)2(x) da and  elZae) = (@),

(u,2)2(0) = /QU(%M)Z(%U’) d(z,w) and ||UHQL2(Q) = (u,u)r2(g),

where we abbreviate

/gc(aﬁ) dr=3" /Oee é.(z) dz  and /Qu(ac,w) d(x,w)—/g/wu(x,w) dw da.
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2.1. Model problem

Other LP-spaces can be defined in the same manner. We will further make use of the
following abbreviations

1 0
/le w(w,t) dw = Zvevg"/o te(v,w, t) dw + Zvevg"t /_1ue(v,w,t) dw,

! 0
9 7t d - . e 9 ,t d + / e , ,t d
/Qin(vo) u(vg, w,t) dw Zeegm(vo)/o ue(vo, w, t) dw Zeeg‘”“t(fuo) _lu (v, w, t) dw

with vy € Vy that can similarly be defined for Qg“t and Q°“!(vg). The broken Sobolev
spaces on the state space of the network are given by

HY () ={ce L*() : e € H*(0,L) for all e € £}
with associated norm and scalar product
@D, e) = D, o(Cerbmrey and el o) = @O up, o).

Note that functions in Hzl,fw(é') are continuous within edges for k& > 1/2, but might be
discontinuous at network junctions. We thus denote by

HYE)={c e H},(E) : e,(v) = e, (v) for all v € Vo, ej,e; € E(v)}

the space of Hzl,w (€)-functions that are additionally continuous at network junctions. Each
¢ € HY(E) then takes a unique value ¢(v) at v € Vy.

For t > 0 and some Banach space X with norm ||-||x, the corresponding Bochner spaces
are defined in the usual manner, i.e., the space of measurable functions with values in X
is given by LP(0,t; X) and equipped with the norm

t
[l = | Il ds, 1< p< oo, and [ulligoe = ess sup )]
0 0<s<t

In the same spirit, the spaces of weakly differentiable functions in time with values in X
are given by W"P(0,t; X), and H*(0,¢; X) for p = 2, equipped with their natural norms.
Furthermore, we introduce the spaces C*([0,t]; X) equipped with the norms

_ 0
1wl ek (j0,0:x) iglg@igtﬂu (s)llx

that include all k-times continuously differentiable functions in time with values in X.

2.1.2. Kinetic model for chemotaxis on networks

We are now in the position to introduce the kinetic model for chemotaxis on networks.
Let G = (V,€) be as above. On each edge e € £ and for some T > 0 we assume that the
bacteria density u® and concentration of the chemoattractant ¢¢ satisfy

e20pE + ewdyus + oo(uf — 1) = eqewdpcius  in (0,4e) x (—1,1) x (0,T),  (2.10)
04CE — DeOpoCS + 0cCo = el in (0, %) x (0,7). (2.11)
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2. Kinetic chemotaxis and diffusion limits on networks

For the bacteria density u® we further require that

ug (v, w, t) = ul(v, —w, t) for (v,w) € QI e € E(v), t € (0,T) (2.12)
at the network inflow boundary, and

ug (v, w, t) = u(|w|, t) for v € Vo, (e,w) € Q°(v), t € (0,T) (2.13)

at network junctions with mixing value defined by

1
~AE € €
u; (lwl], t) = 7]8(v)| ( E ccgin(w) ug (v, |wl|, t) + E ccEnt (o) ug (v, —|w|,t)). (2.14)

The initial condition is chosen as
u®(0) = ur on Q. (2.15)
The concentration ¢¢ is assumed to satisfy
xS (v,t) =0 for v e Vy, ec &(v), t € (0,T) (2.16)
at the network boundary. Additionally, we impose coupling conditions at junctions by

Ce, (v, 1) = ¢¢ (v,t)  forv €Wy, e e5 € E(v), t€(0,T), (2.17)
~e
Zeeg(v) D.0yc (v, t)ne(v)

0 for v €V, t € (0, 7). (2.18)
Finally, at the initial time we set
cc(0) = ¢ on €. (2.19)

Remark 2.1. As for a single interval, we need to prescribe one boundary condition at
each end of every edge for the chemoattractant ¢* and one boundary condition at the
inflow boundary of each edge for the bacteria density u®. Moreover, we assume that the
network is closed, which is guaranteed by no-flux boundary condition (2.16). The coupling
conditions (2.17)—(2.18) for ¢ ensure the continuity of the solution and the conservation of
mass at network junctions. Furthermore, we assume that bacteria entering a vertex v € V
do not change their speed and leave the vertex through one of the incident edges e € £(v)
with the same probability. At the network boundary, this is modeled by the reflection
boundary condition (2.12), and at the junctions by the mixing conditions (2.13)-(2.14)
that also guarantee the conservation of mass.

For the rest of this chapter, we make the following assumptions on the parameters and
data that could, however, be relaxed to some extent.

Assumption 2.2. Let 0 € L*®(E) with 0 < 0pnin < 0e(2) < Oppar forall0 <z < /l., e € &
and further let ae, De, d¢, Ve = 0 be constant on each edge e € £ and bounded from above
by @mazs Dmazs Omazs Ymae > 0. Additionally, let 0 < Djin < De. Moreover, let 0 < e <1
be constant. Further, let i;,¢; € H'(E) be independent of € and let the compatibility
condition Dd,.¢r — 6¢; + vy € H'(E) hold.

54



2.2. Existence of solutions

2.2. Existence of solutions

As a first step of our analysis, we state and prove the existence of a unique solution
(uf,¢®) to (2.10)—(2.19) up to a certain time point 7' > 0 independent of € and establish

corresponding a-priori estimates.

Theorem 2.3. Let Assumption 2.2 hold. Then, there ezists a time point T > 0 so that
for all e > 0 the system (2.10)—(2.19) has a unique solution

u® € CH([0,T); L*(Q)) N C°([0,T}; Z),
¢® e Wh(0,T; HY(E)) N H*(0,T; L*(€)) N H'(0,T; H, (€)).

The solution space Z for the bacteria density u® is defined by
7 ={z€ L*(Q) : wd,z € L*(Q), z satisfies (2.12) — (2.14)}. (2.20)
Moreover, the following a-priori bounds hold

(a) |lufllcoory;z2(0) < C,
(b) v =@ z20.1,22(0)) < Ce,
. 2
() Suevs Jy Jainguy lol[uf (v w,t) = @ (|wl, 6)]* dwdt < Ce,
(@) %l Lo 0,12 (e)) + €% 1m0, 028 + 1€l 20,312, (8)) < €
(e) lle0lcoo.ry;2(0)) < C.
(f) Nwdauf|[r2(0,;22(0)) < C

with a generic constant C' that only depends on T and the bounds in Assumption 2.2, but
not on €. Finally, the global balance laws

/ng(x,w,t) d(z,w) :/ﬁ[(x) dz, (2.21)

&

t
/cg(a:,t) dx = / cr(x) da:+/ /’yug(x, s) —dcc(x,s) dx ds (2.22)
£ £ 0 JE
are valid for all 0 <t < T.

Outline of the proof. In order to prove the local existence of solutions, we follow
standard procedure: We linearize the nonlinear system (2.10)—(2.19) and replace u® on
the right-hand sides of (2.10) and (2.11) by a function 2¢ € C'([0,7]; L?*(Q)). Then,
the kinetic transport and the parabolic problem for the chemoattractant decouple. The
well-posedness of both linearized systems and suitable a-priori bounds are established sep-
arately in Section 2.2.1 and 2.2.2. Via a fixed point argument, we then show the existence
of solutions to (2.10)—(2.19) that satisfy the a-priori bounds (a)—(f) in Section 2.2.3. For

ease of presentation, let us in the following choose a-priori T' < 1.
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2. Kinetic chemotaxis and diffusion limits on networks

2.2.1. Linearized problem for the chemoattractant
Let 2 be given. On each edge e € £ we consider
O4CE — De0yppCS + 06C5 = ezt in (0,4,) x (0,7) (2.23)

complemented by the network boundary and coupling conditions (2.16)—(2.18) and initial
condition (2.19). Note that this system does not depend on u° anymore. Well-posedness
is guaranteed by the following result.

Lemma 2.4. Let Assumption 2.2 hold and let 2 € C*([0,T]; L*(Q)) with 2°(0) = .
Then, there exists a unique solution

c® € Wh(0,T; HY(E)) N H?(0; T; L*(€)) N H'(0,T; H}, (€))
to (2.23) with boundary and coupling conditions (2.16)—(2.18) and initial condition (2.19)
that satisfies
||at58”%2(0,T;L2(8)) + |’8xx66”%2(0,T;L2(€)) + HEE||2L°°(O,T;H1(S)) + HaﬂcEsH%‘l(o,T;Lw(S))
< C(HEIH%H(&) + TH5€||2CO([0,T];L2(5)))» (2.24)
10ue=I1Z2 (0 o2 (e)) + 1022t Z20 er2 o)) + 102 oo 0.mim ey + 100aC Lo o100 o))
< C'(||Ddxwer — b + 7111!@{1(5) + TH@tZa|]200([07T];L2(5))) (2.25)
with constants C, C' that are independent of ¢ and T < 1.
Proof. The existence of a unique solution
¢® € L=(0,T; HY(E)) N H' (0, T; L*(€)) N L*(0, T Hy,(€))
to (2.23), (2.16)—(2.19) can be proven by Galerkin approximations and energy estimates;
see [44, Lemma B.1]. Moreover,
Haﬁa”%%oj;m(g))"‘ HEEH%OO(QT;Hl(E)) < C(HEIH?{l(g)"' THZaH%O([o,T];m(g))) (2.26)

with a constant C' that only depends on the bounds on D, ¢, and v in Assumption 2.2.
The estimate for 0;,¢¢ in (2.24) can be derived from (2.23) and the bounds on 9;¢° and
¢f in (2.26). By interpolation theory [6, Thm. 5.1.2, Thm. 6.4.5] and embedding results
in dimension d = 1 [28] one can see that

L(0, T3 LA(€)) N LX(0, T3 Hy,y (€)) = LH(0, T5 HRLH(E)) = LH(0, T5 L2(€))
are continuous. From (2.26) we can thus deduce that

1022 240,100y < C" (et r1e) + TIE oo, 11:02(6))

with €’ being independent of € and T since T' < 1 is assumed a-priori. In summary,
this yields the estimate (2.24). The higher regularity of the solution and the estimate
(2.25) for 0;¢€ then follow by the same arguments, since 9;¢¢ solves (2.23) with right-hand
side 0;2° € C°([0, T]; L%(£)), network boundary and coupling conditions (2.16)-(2.18) and
initial condition 9;¢¢(0) = Dy.er — d¢y + vy € HY(E) due to (2.23) and (2.19), the fact
that 2°(0) = ur, and Assumption 2.2. O
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2.2.2. Linearized kinetic problem

Let z¢ as above and ¢¢ be the corresponding solution to (2.23), (2.16)—(2.19). We assume
200E + ewdpus + oo(uf — U) = eqewdycfze  in (0,4.) x (—1,1) x (0,T)  (2.27)

on each edge e € £ with network boundary and coupling conditions (2.12)—(2.14) and
initial condition (2.15). The existence of a unique solution and corresponding a-priori
estimates are provided by the following lemma.

Lemma 2.5. Let Assumption 2.2 hold and let 2 € C1([0,T); L*(€)) with 2°(0) = iy be
given, and c© be the corresponding solution to (2.23), (2.16)—~(2.19). Then, there ezists a
unique solution

u® € CH([0,T); L*(Q)) n C*([0, T1; Z)

to (2.27), (2.12)—~(2.15) with Z defined in (2.20) that satisfies for all0 <t <T

lu* ()]|720) + Zv% /Of /Qin@) e Y w||uf (v, w, s) — @ (Jw], s)|> dw ds (2.28)
+e 202w — )| T2 001200 < N@rlF2e) + llo ™ Pawd,e2 720 1.12(0)):
ledeu® ()[32(0) < wdalis — awdnriy|fs g, (2.29)
+[leac™ Pw(01ae 2 + 0,012 ) |I72 (0 112(0))-
Proof. Step 1 (Existence of a unique solution). We rewrite (2.27), (2.12)—(2.15) as
an abstract inhomogeneous Cauchy problem of the form
d
prl
with operators (A%, D(A®)) and (B¢, X') given by

S(t) = (A5 + BE)wE () + f5(t) for0<t<T, u(0)=ay (iACP)

A DA)CX - X, AW = —éw@mua,
B X =X, B = —;%(ug — ),
spaces X := L%(Q) and D(A%) := Z with Z defined in (2.20), and right-hand side
fE(t) = e tawd,ec ()Z°(t).

Note that D(A?) is dense in X, i.e., A° is densely defined. Since @i; € H'(€) is independent
of w € W by Assumption 2.2 and thus in D(A%) and f¢ € H*(0,T;X) due to Lemma 2.4
and the regularity of 2, the existence of a unique solution

u® € CH([0,T; 2) N C°([0, T); D(A))

to (1ACP) is guaranteed by [46, Ch. VI, Cor. 7.6] if (A° + B°, D(.A%)) generates a strongly
continuous semigroup (S(t))o<t<7 on X, which will be verified in the sequel.
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2. Kinetic chemotaxis and diffusion limits on networks

Step 1.1 (A® and (A®)* are dissipative). By definition of A® it holds that

. __1 LS 2
(A%z,z)x = 6(w(?:,;z: z / 25wd |z(z, w)|* d(z,w) (2.30)

= ZUEV Zees / —w]ze(v w)|? ne(v) dw.

Since z € D(A®) satisfies the reflection boundary condition (2.12) at the network inflow
boundary Qé” we observe that

_Zveva /Wzlgw]ze(v,w)lzne(v) dw (2.31)

1 1
:—/ 2—w| 2(—w)|*n dw—/ —w|z(w)*n dw =0

by definition of the inflow and outflow boundary of the phase space Q. At network
junctions v € Vy we deduce from the coupling condition (2.13) that

1 9 1 )
- o9 e\ e = - = , 2.32
Zeeg(v) /W 28“""5 (v, w)|* ne(v) dw /m(v) 2€’w|z(v w)|“n(v) dw (2.32)

B /Q( ) %w’ﬁv(!wm?n(v) dw = (al) + (a2).

By definition of Q°%(v) and the mixing value in (2.14) the second term equals
2) = T L >d "L > d
(02) = =3 ey [ gl dw+ 37 ] Szl du

1

1 N
= | gon (2, 2ol do
' 01
= Zeegin(v)/o 2—€wzv(|w|)ze(v,w) dw — Zeegout(v) /_1 2—€wzv(|w\)ze(v,w) dw
1

—/ —wZy,(Jw|)z(v, w)n(v) dw,

an(v) 28

where we used that Z, does not depend on e € £(v) and that }- ce,)1/[E(v)|=1. In
summary, we obtain

(al) + (a2) = — /Qm( );w|z(v w)|* n(v) dw—l—/Qm( )iwiv(|w|)z(v,w)n(v) dw

1
4 / Loz (ul) 2 (o) dw
Qout(v) 26

:_/Qm( )21w|z(v w) = 2,(jw])Fn(v) du

N _/gw ) 21 |w||z(v, w) = 2,(Jw])[* duw, (2.33)

where we used that

1 1
S-w|z([w])Pr(v) dw = —/ S-w|2(Jw])Pr(v) dw.
/Qout(,u) 2e Qin(v) 2e
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From (2.30)—(2.33) we can then conclude that for z € D(.A®) it holds
1
(A%2,2)x = — Zve% /Qm(v) 2—€|w||z(v,w) — Z(Jw|)|? dw < 0. (2.34)
Since X is a Hilbert space, this implies that (z, (A%)*)x < 0 holds as well. Moreover, from

I3 = Azl llzllae > (A =A%)z, 2)x = (A2, 2)x — (A2, 2)0 > Al2]l%

then immediately follows that A% and (A%)* are dissipative; see [46, Ch.II, Def. 3.13].

Step 1.2 (A® is closed). Let (yn)n C rg(A — A%) be a sequence in the range of the
operator A — A% : D(A®) — X for some A\ > 0 with y,, = (A — A%)z, and y, > y € X. We
then have

1Ym — ynllZ = [(A = A7) (2m — 20) I3
= [|A(zm — zn)H?\f = 2MA*(2m — 2n), 2m — Zn)x + [| A% (2 — Zn)”%(

2 [IM(zm — zu) |5 + 72wz (2m — 20) |1,

where we used that (A°z,2)xy < 0 for all z € D(A®). Consequently, (z,) is a Cauchy
sequence in the space D(A%) that is a Hilbert space equipped with the scalar product
(u, 2)pasy = (4, 2)12(g) + (WOru, wypz)12(g) and the corresponding norm. Hence, (zn)
converges in D(A%) with limit z € D(A°) and (A—A%)z = y. We have thus shown that the
range rg(A — A%) is closed in X for some A > 0, which by [46, Ch.II, Prop. 3.14] implies
that the dissipative operator (A%, D(.A%)) is closed.

Step 1.3 (A + B® generates a strongly continuous semigroup). From Step 1.1 and
Step 1.2 we can conclude that (A%, D(A%)) is the generator of a contraction semigroup;
see [46, Ch. I, Cor. 3.17]. Since B¢ is linear and bounded by ||B|| < 20142/€%, the bounded
perturbation theorem [46, Ch.III, Thm.1.3] yields that (A® + B%, D(.A%)) then generates
a strongly continuous semigroup.

Step 2 (A-priori estimates). Let us now derive a-priori estimates for the solution
u® to (2.27), (2.12)—(2.15) respectively (1IACP) via energy estimates. Multiplying (1ACP)
with u and integrating over Q x (0,¢) with 0 <¢ < T yields

1 (td
2/0 %HUs(S)H%%Q) ds = (AU, u%) 1200 12(Q)) + (B U, u%) 12(0.4,22(0))
+ (f5,u) L2 (0,6,02(0)) = (i) + (44) + (iid).

We know from (2.34) that

t
) = 1 € ~g 2
(Z) - _ZUGVO/O /m(v) 26|UJHU (’U,’LU,S) - UU(|UJ"S)| dw dS,

since u®(t) € D(A°

~—

for all 0 <t <T'. Moreover,

3 o ) ~ )
(i) = =(5 (" =), w) 20 22(0)) = —€ 2ot (uF = )32 (0,022
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2. Kinetic chemotaxis and diffusion limits on networks

where we used that the velocity average of u® — @° is zero. Since f& = e~lawd,écz¢ = 0,
the third term can be estimated by Holder’s and Young’s inequality, more precisely

(iii) = (f* — f5,u’ — @) 20 n12(0)) = (f5 0" — @) 12(0,0.22(0))
e
2

IN

— 1 u
lo ™2 F a0 e200) + 5ozl = 820120y

where the last term can be absorbed into (i¢). In summary, this yields (2.28).
In order to derive the estimate (2.29) we observe that dyu® is mild solution to (1ACP)
with right-hand side 8, f¢ € L?(0,T; X) and initial condition

Ot (0) = Qg = —e twdyiy — e tawd,erur € L*(Q),

which holds due to (2.27), (2.19), (2.15), and the fact that 2°(0) = @, which is independent
of w € W by Assumption (2.2). To be able to apply the energy estimates, we approximate
the right-hand side 0; f¢ by a sequence of functions (9,f%), C H'(0,T; X) with f5(t) =0
and the initial condition by (9ug ,)n C D(A®) so that

\fe — f€||L2(07T;X) -0 and Hatu?n — Owi|lx — 0 for n — oo. (2.35)

We denote the corresponding classical solution to (IACP) for 9;f; and du7,, by dug,
which satisfies dyus, € C1([0, T]; X)NCY([0, T]; D(A?)) by the same arguments as in Step 1.

Moreover, since the mapping (0;f¢, dyuj) — Opu® is linear and (S (t)) is strongly

0<t<T
continuous, we have

max,e|o,7) ||Osur, () — Opus (t)[|x — 0 for n — oo. (2.36)
By similar energy estimate as for u® derived above, testing with d;u;, now leads to
105, (0)1[72(0) < 1060t l1720) + €20 2Be fill T2 (0.0:12(0))-
Via (2.35)—(2.36) and the triangle inequality, we finally deduce that
100" (8)1172(0) < 10euill20) + 2 No ™20/ I 20,4120

which shows (2.29) and concludes the proof of Lemma 2.5. O]

2.2.3. Proof of Theorem 2.3

By using the results for the linearized problems derived in Lemma 2.4 and 2.5, we are now
in the position to establish the existence of a unique solution to (2.10)—(2.19) via a fixed
point argument and show the corresponding a-priori bounds (a)—(f).

Step 1 (Existence of solutions). Let us define the mapping
d: Sr — CLH([0,T); L*(Q)), 25 = uf
with u solving (2.27), (2.12)—(2.15) for ¢¢ solution to (2.23), (2.16)—(2.19) on the space

Sr={z* € CY([0,T; L*(Q)) : 2°(0) = ur, |Iz°[Z7 < Cs}
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2.2. Existence of solutions

for some constant C's and with e-weighted norm defined by

1212 2 == 121120 o722 @)y + €2 0062" 120 (0,752 (0))-

By Lemma 2.4 and 2.5, ® is well-defined.
Step 1.1 (®(Sr) C St). Let u® = ®(2°) for 2° € Sp. Then, by (2.15) it holds that
u®(0) = uy. Moreover, by (2.28)—(2.29) we obtain

~1/2

w27 < HEIH%%@) + [loo waxéaz‘s”%%o,:r’;w(g)) + [[wdpur — awa&lal”%%g)

+ ||5cm_1/2 (02" + Oy 56&55&)“%2(0 T;L2(Q))

< ||ﬂIH%2(g) + m‘””a Ca||L4(0TLoo(5) [ ||L4(0TL2(Q))

Omin

+ |lwo,ur — OéwaxélﬂIHLz(Q) + 2(,:;?;” <||65t:I:EEHL4(o,T;Loo(5))HZSH%%O,T;H(Q))
+ HaocEE”%‘l(o,T;LOO(S))Hfatzs||%4(o,T;L2(Q))>a

where we applied the triangle and Holder’s inequality. By (2.24)—(2.25) we have

1022102, ey < C (et ey + T Boozyacey )
||€8t$EEH%4(O7T;L°°(€)) < C, (Hg(Dammcl 50[ + ’YUI)”Hl + TugatZEHCO ([0,17; LQ(g)))

This enables us to estimate

112 < sl e + lw0aiis — awdcriiglBa o)
+ C”Tl/Q||ZEH%'0([O,T];L2(Q)) + C'"Tl/z||€6tZEH%:O([o,T};L2(Q))
with constants C”, C"" that only depend on ||Z8||CO([D,T];L2(Q)) and ||58t26HCO([O,T];LQ(Q))v
the initial data, and the bounds on the parameters, that are all bounded independently of &
by Assumption 2.2 and since z¢ € Sy. Consequently, for Cs large enough but independent
of &, more precisely Cs > ||ﬂ1|]%2(5) + [|woyur — aw@mEmIH%Q(Q), and T sufficiently small,
but also independent of ¢, it holds that ||u5\|§T < Cs, ie., u® € Sr.

Step 1.2 (® is a contraction). Let (uj,c¢f) and (u§,¢5) be the solutions for z{ and
25 € St, respectively. Then, uf —u§ solves (2.27), (2.12)—(2.15) with zero initial condition
and right-hand side f¢ = eaw(0,¢{ 27 — 0,¢575) in (2.27). Proceeding similarly as above,
(2.28)~(2.29) yield

lus — w512 < llo™2aw(B:8f 21 — 022575) 1220 i12(0))

+ 2|0 V2w (B, 25 + 0nClOZ — Orais 25 — 025 0:75) | 220,120y = (i) + (id).
Applying the triangle and Hélder’s inequality, the first term can be estimated by

(3) < 2020007 (10525 1 a0 e 1 = 5310212200

+ [0z — aa?EQEHL‘l(O,T;LOO(S))Hzg”%‘l(O,T;L?(Q)))'
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2. Kinetic chemotaxis and diffusion limits on networks

From (2.24) we further conclude that

’\3x515H%4(0,T;Loo(5))”Zf - 2§\|%4(0,T;L2(Q)) < CITWHZT - ZSH%'O([O,T];L?(Q))a

_ —e12 2 3/2 2
10257 = 0225 | Za(0 e 125 Ta 0. zi2(0)) < CoT* P15 = 251G o 1722 )
In the same way, we estimate

L 2e%a? o . en en
(ii) < o @ax (Hamcfzi - atxc2€Z§||%2(o,T;L2(g)) + [02810e 21 — azcgatzg)||%2(0,T;L2(5)))a
mwn

where we applied the triangle inequality. Holder’s inequality and (2.25) then allows us to
estimate the first term by

217, =c= ez . ey 2
e|0kCi 2] — O3 25\ 1200, 12(e)) < 201€(0tall — Ol ) 1a(o, 100 e 121 1 240,702 0))
+ 2H58tx625||%4(0,T;L°°(8)) |27 — Z§||2L4(0,T;L2(Q))

< CoT*P||e(Du21~025) 120 qo.7,02(0)) + CaT N1 = 25120 o.17:02(0))
In a similar manner, (2.24) yields for the second term

21027071 — 0:850125) 220,12y < 2010287 — 0085 | Fa (o 100 e0) 120621 | 20,1222 ()
+2||3x52€”%4(0,:r;1:oo(5))||5(atzi - atzg)”%A(O,T;L?(Q))

< CsT*2||21 = 25120 o.1y,02(0)) + CoT 2 lle(@ez1 — 9:25) 1200, 17:2(0))

By carefully tracking the constants, we see that C1 — Cg only depend on ||z [|co(jo,7;22(0))
and [|e9¢2{ || co(jo,17;2(0)), @ = 1,2, which are bounded independently of ¢ since 2§, 25 € Sr,
as well as the bounds on the initial data and parameters that are independent of £ by
Assumption 2.2. In summary, we can thus estimate

luf — w52 < CTV?121 — 2512 1

Consequently, there exists a time point 1" sufficiently small but independent of € so that
® is a contraction.

Step 1.3 (® has a fized point). For T sufficiently small but independent of ¢ and all e > 0
the mapping ® has a fixed point in Sz by Banach’s fixed point theorem, i.e., (2.10)—(2.19)
has a solution

u® € CY([0, 71, L*(Q)) n C°([0,7}; 2),
¢® e Wh(0,T; HY(E)) N H?(0,T; L*(€)) N H'(0, T3 H,(€))

up to T that satisfies

12 = w160 qo,r:22(0)) + 7190 o po,22(0)) < Cs

where Cs does not depend on e. This already proves the a-priori bounds (a) and (e).

Step 2 (A-priori bounds). Let us now verify the remaining a-priori bounds. The
bound (d) on ¢¢ directly follows from (2.24), (a), and Assumption 2.2. The bounds (b)
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2.2. Existence of solutions

and (c) are a direct consequence of (2.28), since the right-hand side can be bounded
independently of € due to (a), (d), and Assumption 2.2, more precisely

o™ 20w, 0| 12(0.7:22(Q)) < Tt Vonaa 1026 | 120,151 () 18 | Lo (07322 0)) < C

where we applied Hélder’s inequality and used the embedding H},,(£) < L>(£) in di-
mension d = 1. In order to verify (f), we deduce from (2.10) that

o _
lwdau®llr20m:12(0)) < lledeullrzomin2(0)) + 117 (u” = @)ll2(0,7;22(0))

+ HOé’waxéaaaHLQ(O’T;L2(Q)) S C,

where we used that the first term on the right-hand side is bounded by (e), the second
term by (b), and the last term can be bounded as above.

Step 3 (Proof of the mass balances). We integrate (2.10) over Q and obtain

d

o7 e2uf (z,w,t) d(z,w) = —/ ewdyus (z,w,t) d(x,w) +/ caw0yc u” d(z,w)
Q

Q Q

—/ o(x)(u (z,w,t) — a°(z,w,t)) d(z,w)

Q
T veY Zeeg(v) /W ewul (v, w, t)ne(v) dw =0,

where we used that the velocity average of u® — 4® and wd,¢¢uc is zero, and that the sum
over the vertices vanishes due to the reflection boundary condition (2.12) at the network
inflow boundary and the mixing condition (2.13)—(2.14) at network junctions. Integrating
over (0,t) then yields (2.21). Similarly, integrating (2.11) over £ leads to

d

- / ¢ (z,t) de = / DOyc(x,t) — 0t (z,t) + yu®(z,t) dx

= ZUEV Zeeg(v) D.0yc® (v, t)ne(v) + / yas (z,t) — d¢cc(x,t) dx.

&

The sum over the vertices vanishes due to the no-flux boundary conditions (2.16) at the
network boundary and the coupling condition (2.18) at the network junctions. Integrating
over (0,t) proves the mass balance (2.22) for ¢©. O

Remark 2.6. Local solutions to (2.10)—(2.19) can be extended in time with initial condi-
tions u®(T) € Z and ¢°(T) € H'(£). However, the time of existence T that we obtain in
the fixed point argument of the proof can go to zero. Theorem 2.3 thus only guarantees
the local existence of solutions uniformly in € up to a time point 7' that is independent
of . However, by replacing (2.10) with

e20puE + ewdpus + o(uf — 1) = eqewb(0,E5 ), in (0,4.) x (—1,1) x (0,7)
on each edge e € £ with cut-off function b that can be chosen, e.g., as
b(u) = max(B, min(—B,u))

for some constant B > 0, one can show via energy estimates that the bounds (a) and (e)
hold for all time points T' > 0, which implies the existence of global solutions.
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2. Kinetic chemotaxis and diffusion limits on networks

2.3. Asymptotic analysis

This section is dedicated to the analysis of the asymptotic behavior of solutions (uf, ¢¢) to
(2.10)—(2.19) for € — 0. We first introduce the limiting problem for ¢ = 0, whose solution
is denoted by (@, ). In a second step, we show that (uf,c%) — (a°,¢°) and then derive

quantitative convergence rates.

2.3.1. The limit problem

The limit problem of (2.10)—(2.19) for ¢ — 0 is given by the classical Keller-Segel system

on networks [9, 44]. On each edge e € £ it holds that

Ol — 0y (ae0, 1l

e — D.0ypcd + 6.0

- Xeaxégﬂg) =

0
'Yea(e)

with network boundary conditions

e (0) D5 (0, 1) — Xe (V)0 (v, 1) (v,

9.0 (v,

)
)

and coupling conditions at network junctions v € Vy given by

0 forveVy ecé(v), te(0,T),
0

t
t for v e Vy, e€ &E(v), t € (0,T),

g, (v,1) = @, (v,1) for er,e; € E(v), t € (0,T),
Eg(v,t) = Egj (v,t) for e;,e; € E(v), t € (0,T),
as well as
Zeeg(v) (@ (v)05ul (v, t) — Xe(v) 0280 (v, 1)l (v,))ne(v) =0 for t € (0,7T),
Zeeg(v) De0ycd (v, t)ne(v) =0 for t € (0,T).

At the initial time, we have

on &,

on €&.

The coefficients a and ¥ are defined by
de(x) = Je(x)lf w? dw and Xe(x) = aeae(x)l/ w? dw
w w

for z € (0,¢.) and e € €.

(2.47)

Sufficiently regular solutions (u, ") that satisfy (2.37)—(2.46) in a pointwise sense, e.g.,

continuously differentiable in time and twice continuously differentiable in space, can be

characterized by the following weak formulation.
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2.3. Asymptotic analysis

Lemma 2.7. Let (@°,c°) be a sufficiently regular solution to (2.37)-(2.46). Then,
(0i1°, ) + (@0, u” — X0, ", 021 r2(0 7 12(8)) = 0, (2.48)
(0:2°,0) L2(0.7512()) + (DO2E°, 020) 12(0,7512(6)) (2.49)
+(62°, @) 120 12(8)) = (V5 D) 12 (0,1:12(8))
holds for all test functions 1, ¢ € L?(0,T; H'(E)) with (-,-) denoting the duality bracket
in L2(0,T; H(E)*) x L*(0,T; H'(£)).
Proof. Multiplying (2.37) by ¢ € L?(0,T; H'(€)) and integrating over £ x (0, T) yields

0= (8%, ) 207 12(8)) — (0r(@021° — X002 "), ) 120, 15128
= (08°, ) 12(0,1512(8)) + (@0, 0° — X02E°0°, 02 120 7312 (e))

T
_ Zvev Zeeg(v)/o (de(v)(‘)xﬂg(v,t) — )’(e(v)(‘)xéeo(v,t)ﬂg(v,t))zﬁe(v,t)ne(v) dt,

where we applied integration-by-parts in space to the second term in the first line. The
contributions at network boundary vertices v € Vy vanish due to the boundary condition
(2.39) and at interior vertices v € Vg due to the coupling condition (2.43) and the fact
that 1 is continuous over junctions. Consequently, (a’,c”) satisfies (2.48) since L%(&) C
HY(&)*. Testing (2.38) with ¢ € L?(0,T; H*(£)) and integrating over £ x (0,7 leads to

0= (02", @) r2(0.7:12(8)) — (DP2e’, @) 20,1512y + (08° — 7%, &) 120,128 -
Applying integration-by-parts in space to the second term yields

—(D8yac?, &)LQ(O,T;LQ(S)) = (D8,c°, aa:@m(o,T;L?(E))
T
J— _0 s
YOI D /0 D0 (v, £) e (v, e () dt.

The contributions at the boundary vertices v € Vs vanish due to the no-flux boundary
condition (2.40) and at the interior vertices v € V due to the coupling condition (2.44)
and the fact that ¢ is continuous over junctions. This shows that (u°,¢°) satisfies (2.49),
and concludes the proof. O

The equations (2.48)—(2.49) are also well-defined for less regular functions. We call a
pair of functions

a® e L2(0,T; H'(&)) N HY(0,T; H'(€)*),
¢ e L=(0,T; H' (£)) N H'(0,T; L*(€)),

that satisfies (2.48)—(2.49) for all ¢, ¢ € L?(0,T; H'(£)) and @°(0) = @z, ¢°(0) = ¢7, a
weak solution to (2.37)—(2.46).

Theorem 2.8. Let Assumption 2.2 hold. Then, there exists a unique local weak solution
(@°,e% to (2.37)(2.46). Under the additional reasonable assumption of positive initial
data, one can even guarantee the global existence of a unique weak solution.

Proof. One can show the local existence of weak solutions by Galerkin approximation,
energy estimates, and fixed point arguments. Global existence can then be verified by
deriving sharper estimates for solutions exploiting positivity and mass conservation. For
details we refer to [44, Thm. 3.1 and Thm. 3.2]. O
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2. Kinetic chemotaxis and diffusion limits on networks

2.3.2. Convergence to the limit problem
Let us now investigate the asymptotic behavior of (u®,¢%) for € — 0.

Theorem 2.9. Let Assumption 2.2 hold and let (u®, %) be the unique solution to (2.10)-
(2.19) in the sense of Theorem 2.3. Then, there exists a weakly convergent subsequence
with limit (a°, ) that is the (unique) weak solution to (2.37)—(2.46).

Proof. Step 1 (Convergent subsequences). From the bounds (a), (d), and (f), and the
Banach-Alaoglu Theorem, see e.g. [25], we conclude that (u®, ¢®) has a weakly convergent
subsequence with limit

(u’,e%) € L*(0,T; L*(Q)) x H'(0,T; L*(€)) N L*(0,T; H'(E) N Hy, (€)),

so that wd,u’ € L?(0,T; L*(Q)) and

uf — u° weakly in L2(0,T; L*(Q)), (2.50)
wdyu® — wdyu’ weakly in L(0,T; L*(Q)), (2.51)
RNy weakly in H'(0,T; L*(€)) N L*(0, T; H'(E) N HZ,(E)).  (2.52)

It further holds that H'(0,T;L*(€)) N L*(0,T; H'(£) N H,,(£)) is compactly embedded
in L2(0,T; H'(€)) by the Aubin-Lions lemma; see e.g. [111, Lemma 7.7]. Hence,

et — el strongly in L2(0,T; H(£)), (2.53)

which immediately follows from (2.52). From (b) and the weakly lower semicontinuity of
norms, we can further deduce that u° is independent of w, since

u® — @l p20.1,22(0)) < Hminfe [[u® — 4[| p2(0 7, 12(0)) = O-

In the following, we thus write u® = @’. From (2.51) we further deduce that d,u’ =
0.’ € L*(0,T; L*(£)). On each edge e = (0,£,) € & let us now define the trace operator
that evaluates a function at the start or end of e by

Vo i Lo —> L2(W X (0,7)), ter> ue(v)

for v € {0,£.} with Z, = {u. € L% (e x W x (0,T)) : wdyue € L*(e x W x (0,T))} and
w-weighted norms associated to the spaces given by

||u5||2Ze = HUCH%Q(eXWX(O,T)) + HwaxueHQLQ(eXWX(O,T)) and |||w’1/2u||L2(W><(07T))'

By the fundamental theorem of calculus we then see that at the start of the edge it holds
x x
[w|ue(0)? = |wlue(z)? —/ ]w\@x(ue(s)Q) ds = |wl|ue(x)* — 2/ |w|ue(s)Opue(s) ds.
0 0

Integrating over e x W x (0,T') and applying Holder’s and Young’s inequality to the last
term yields

H\w|1/2ue(0)H%2(wX(o,T)) <@ +€g1)||u6‘|%2(exWx(0,T)) + Hwaxue”QLQ(exWx(o,T))-
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2.3. Asymptotic analysis

The same holds at the end ¢, of the edge. Consequently, v, is continuous. From the fact
that «® and woyu® are bounded by (a) and (f) we can then conclude

ug (v) — a0 (v) weakly in L2(W x (0,T))

1/2

associated with the norm [[|w|*“ul| 2y 0,1y for all v € V, e € E(v). This also allows us

to introduce the value @0 as the weak limit of 45 which was defined as the mixing value
in (2.14) for v € V,. Note that @) does not depend on w anymore. Then, the coupling
condition (2.13) and (c) yield

1/2(—0

e (v) = @720,y = ]2 (@ (v) = @) 22w 0.1y

< timinf. ||l (uE(v) — 65) 22 ovxcory — 0

for e — 0 and all v € Vy, e € £(v), i.e., Gg is continuous across network junctions.

Step 2 (Convergence to the limit). Let us now show that the limit (@°, &) is the
weak solution to the limit problem (2.37)(2.46), i.e., (u°, %) solves the weak formulation
(2.48)—(2.49) and satisfies u°(0) = @; and ¢°(0) = ¢;.

Step 2.1 ((u°,E°) solves (2.49)). Let ¢ € L%(0,T; H*(£)). It then holds that

(0:2°,0) L20,12(e)) + (DO2E°, 020) 12(0,1512(8)) + (62° — 7%, 0) 12003128
= lim, ((31555, QE)L2(O,T;L2(8)) + (Dot 8ar:@iﬂ(o,T;LQ(s)) + (6¢° —~us, (ZE)LQ(O,T;LQ(E)))
=0

by (2.50) and (2.52), i.e., (@°, %) solves (2.49). The last equation holds by testing (2.11)
with ¢ and integrating over £ x (0,T), which leads to

0= (0%, @) r2(01.12(8)) — (D02aC®, 00) 120 12(6)) + (625 — Y%, @) 120 7:12(8)) -

Applying integration-by-parts in space to the second term then yields
—(D0ya®, 0:0) 12(0,1:12(6)) = (D%, 0) L2(0,1512(5))
T
J— 75 s
> ey Zeem /0 Dyl (v, 1) e (v, t)ne(v) dt.

The contributions at the boundary vertices v € Vy vanish due to the no-flux boundary
condition (2.16) and at the interior vertices v € Vy due to the coupling condition (2.18)
and the fact that v is continuous over junctions.

Step 2.2 (€°(0) = ¢7). Testing with ¢g € CL([0,T]; H'(£)) so that ¢o(T) = 0 and
applying integration-by-parts in time, we can conclude from (2.49) that

0= (8:e°, do)r2(0,m:12(8)) + (D0’ Budbo) L2 (0,m:12(8)) + (92° = 7@’ o) 2 (0,1:12(8)
=—(°,00) 12(0.7:12()) — (€°(0),00(0)) 12y + (DO, 0ed0) r2(0,7:12(8))
+ (62 = vu®, do) 207 12(€))-
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2. Kinetic chemotaxis and diffusion limits on networks

With similar arguments as above and by applying integration-by-parts in time we have

0= lim, ( N (55,3t<50)L2(0,T;L2(6)) — (er, CZBO(O))B(E) + (D0Oyc®, aac‘lg())L?(O,T;LZ(E))
+ (0¢° — ~u®, @50)L2(0,T;L2(8)))
=—(€°, 0o) 12(0.1:12(8)) — (€1, P0(0)) 12(8) + (DI’ Dxdo) r2(0,7:12(8))
+ (550 — ’yﬂo, ¢0)L2(0,T;L2(5))’

where we used that ¢(0) = ¢7 by (2.19). As ¢¢(0) is arbitrary, comparing the terms yields
¢%(0) = ¢r. Since ¢; € HY() by Assumption 2.2 and @° € L%(0,T; L%(Q)), by standard
existence and regularity theory [49] we find that, additionally, ¢ € L>°(0, T; H'(£)).

Step 2.3 ((u°,c°) solves (2.48)). Let ¢ € C§°([0,T]; Coo(€) N HY(E)) with Cpg(€)
denoting the set of edgewise smooth functions on the network. It then holds that
(wdy, a*1w8$1/;)L2(07T;L2(5)) = lim, (wo,u®, ailwaxzﬁ)Lz(QT;Lz(Q))
= lim, ( — (e0wu®, 0 W) 120/mi12(0)) — (67 (uF — T°), wdet)) L20/7,12(0))
+ (qwd,ccu’, Jflw(‘)xzﬁ)Lg(QT;Lz(Q)))
— lim, <(i)5 + (i) + (z'n')f) (2.54)

by (2.51) and (2.10). Let us consider the terms separately. Applying integration-by-parts
in time and using the fact that 1) and its derivatives vanish at ¢t = 0, T yields

(i) = (eu®, 0 W) 12(0,1:12(0)) < €0 min Ul L2007 22(0)) 100l 22 (0,7522(0)) — O
for ¢ — 0 due to (a). Since the velocity average of w9, is zero, it holds that

(11)° = (5_1waxUE,%E)L2(o,T;L2 Z Z / / wu (v, w t)¢e(v t)ne(v) dwdt

veV ee€(v)

(ii.1)° + Z (ii.2)¢ (2.55)

where we applied integration-by-parts in space. By (2.10) the first term equals

(i0.1)° = = (0, 9) p20,502()) — (20 (uF = @), ) p2(0,1:12(0))
+ (Eilozw@xésﬂg, T/J)LQ(O,T;LQ(Q)) = —(8tu6, ’l/J)L2 (0,T;L2(Q))-

Note that the last term in the first line and the first term in the second line vanish since
their velocity average is zero. In order to estimate the second term in (2.55), we distinguish
between network boundary and interior vertices. For the former, we find by the reflection
boundary condition (2.12) at Q’é” that

Z (13.2)5 = — /OT</M e wus (—w, ) (t)n dw + / » e wus (w, )Y (t)n dw) dt = 0.

vEVy
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Here, we used that v is independent of the velocity w. At network junctions v € V, the
coupling conditions (2.13)—(2.14) and the fact that v is continuous over the junctions yield

T
(13.2)5 = —/0 5_112(11,@(/Qm(v)wug(v,w,t)n(v) dw + /Qout(v)wdf,(w,t)n(v) dw) dt =0,

since by definition of the mixing value in (2.14) it holds that

1
€ (Jw), yn(v) dw = — s (Jwl,t) d
e ) = =37 il 0 do

1
_ 1 . L
B Zeeg(v) /0 v |5(’U)| (Zeegm(v) ue(v, ‘w|’ t) + Zeegout(v) Ue(’U, |w|’ t)) dw
0

1
- Zeegm(v)/o wug (v, w,t) dw + Zeesout(v)/ wug (v, w,t) dw

~1
= _/ wu’ (v, w, t)n(v) dw,
Q™" (v)

where we used that 3 c¢(,) 1/1€(v)| = 1. From (2.55) we can then conclude that

(1) = — (0", ) 120 1:12(0)) = (U5, 0 120 12(0)) — (@0, 000) 20,7 12(0))  (2.56)
for e — 0, where we applied integration-by-parts in time and used (2.50). For the third
term in (2.54) we exploit (2.50) and the fact that 9,¢° € L?(0,T; L?(Q)) in order to obtain

(i01)° = (cwdpe @, 0~ 'wdut)) 20,1 12(0)) + (Qw(8:E° — 8,8°)0%, 0™ W) 12(0,7512(0))
— (a0 'w?0,e%°, 83;1;)L2(07T;L2(Q))
for ¢ — 0, where we used that the second term vanishes since
(Qw(0,e° — 0,2°)u%, 0 wdet) L20,1;22(0))
< ao, i 10.6° — 0:2° 120,220 18] 12 0,1502(0)) 1050 | Lo 0,752.50(€)) = O

for € — 0 which holds due to (2.53) and (a). In summary, we find that

(waxﬂo, U_lwaxlg)LQ(O’T;Lz(Q)) = (ﬂo, 8t1/;)L2(0,T;L2(Q)) + (040_111)233650@0, 8x72))L2(0,T;L2(Q))'

Since 9,¢% € L>(0,T; L?(€)) and @p € L*(0,T; H'(E)) C L?(0,T; L>=(£)), the term on
the left-hand side and the second term on the right-hand side are well-defined and bounded
for ¢» € L%(0,T; H'(£)), i.e., @’ has a weak time derivative dyu’ € L?(0,T; H'(&)*).
Replacing v by its representative in L?(0,7; H*(£)) and due to the definition of the
coefficients in (2.47) we see that (a",c?) solves (2.48).

Step 2.4 (@°(0) = 7). From the above considerations, we know that
a’ € L*(0,T; H (£)) n HY(0,T; H'(£)"),
which yields a° € C°([0, T]; L?(€)); see e.g. [11, Thm. IL.5.12]. Consequently, evaluations
at t = 0 are well-defined. Testing (2.48) with ¢g € C([0, T]; C>®(E)) so that df)o(T) =0
for all £ > 0 and applying integration-by-parts in time yields
—(@”, 0o) r2(0,2(e)) — (1°(0), %0 (0)) r2(e) (2.57)
+(C_Laxﬂ0 — )_gaméoﬁo,811;0)L2(0,T;L2(5)) =0.
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2. Kinetic chemotaxis and diffusion limits on networks

Let us now revisit the computations from above with test function 1)y. Starting from
(2.54), we consider the terms (7)°—(7i7)¢ separately. For the first term, we obtain

(i) = —(€8tu€,O’ilwax’(ﬁo)Lz(O’T;Lz(Q))
= (eu®, 0 wdt0) L2 (0,1512(0)) + (€01, 0 wy0(0)) 12(g)

Bt L2(0,712(8)) + ETminltr |l L2() 19200 (0) || 12(g) — O

<eopi vl 200200

for ¢ — 0 by (a), where we used the initial condition (2.15) for u°. All computations for
(#9)° remain valid. Starting from (2.56) it now holds that

(i1)° = (ii.1)° = —(0pu®, v0) 2(0.1:22(0)) = (U7, o) L2(0,1312(0)) + (11, %0(0)) L2(e)
— (@°, 0iho) r2(0.7:12(0)) + (1, P0(0)) r2(e)

for e — 0 by (2.50) and (2.15). The computations for (iii)¢ are also still valid. In summary,
we obtain

(w8,a°, 0~ wdyo) 2(0.1:22(Q)) = (@, Betho) L2(0.1312(0)) + (@1, Po(0)) L2(e)
+ (o 'w?9,c a0, 020 L2(0,7312(Q))

which is by definition of the coefficients in (2.47) equivalent to
— (@, 0cb0) 20,75 2(8)) — (1, %0(0)) 12(g) + (@021° — X002 °, Butho) 12(0,7512(2)) = O-

Since 9(0) is arbitrary, comparing with (2.57) shows that 4°(0) = 4;. This concludes the
proof of Theorem 2.9. O

2.3.3. Quantitative convergence estimates

We will now establish quantitative convergence rates for (u®,¢) — (a° &%) under the
following additional assumptions:

(A1) o e Wbh®(&) with |04(2)] < Opmaz forall 0 <z < /L, e €&,
(A2) adyur — XO0ycrur € Ho(div; E)

with Ho(div;€) = {¢ € H}, () : 2ece(w) Ce(V)ne(v) = 0 for all v € V}. One can then
show that the weak solution to the limit problem (2.37)—(2.46) enjoys higher regularity;
see [44, Theorem 3.4].

Lemma 2.10. Let Assumption 2.2 and (A1)-(A2) hold. Then, the solution (u°,c°%) to
the limit problem (2.37)—(2.46) from Theorem 2.8 additionally satisfies

u’ e H'(0,T; H'(£)) N L*(0,T; H, (),
¢? e Wheo(0,T; H'(€)) N L®(0,T; Hy,(€)).

Let us now state the second main result of this section.
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2.3. Asymptotic analysis

Theorem 2.11. Let Assumption 2.2 and (A1)-(A2) hold and let (u,¢*) be the solution

0 (2.10)—~(2.19) in the sense of Theorem 2.3 satisfying the bounds (a)-(f) uniformly in €
up to the time point T and let (a°,c°) be the corresponding solution to the limit problem
(2.37)—(2.46). Then,

[u® = @°|| oo 0,752 (0)) + 1185 = €0l Lo 0,71 () < CEM?
holds with a constant C' that is independent of €.

Proof. The proof follows the arguments in [43]. We make use of the asymptotic expansions

u =@’ 4 eul 4 ¢° with o' = -0 wd, @’ + ac wd,&’a’,

These equations in fact define the remainder terms ¢° and 7. Since @’ and ¢° do not
depend on ¢, u! is bounded independently of . By (A1) and the regularity of the limit
solution, we see that u' € H'(0,T;L*(Q)) N L*(0,T; H,,(Q)). Due to the continuous
embedding H! < CY in dimension d = 1, pointwise evaluations in space or in time are
well-defined. It remains to show that ¢° and 7° tend to zero as ¢ — 0 with appropriate
rates.

Step 1 (Investigation of 77°). Inserting the expansion of ¢ into (2.11) and using the
fact that &€ solves (2.10)—(2.19) and &° solves (2.37)—(2.46), we find that 7 is solution to

i1 — DeOuaTl; + 8eTl = Ve in (0,£) x (0,7),
0o (v,t) =0 for v e Vy, e &E(v), t e (0,T),
e, (v, 1) = 1T, ( t) for v € Vo, ei,e5 € E(v), t € (0,T),
Zeeg( )D 021 (v, t)ne(v) = for v € Wy, t € (0,7),
7°(0) = on &.

Here, we used that @' = 0 and hence ¢° = @°—a°. With similar arguments as in Lemma 2.4
one can see that

177\l oo 0,11 (8)) + 1067 | 120,75 128)) + 102 N 120,75 028)) < CNO° Il 1200, 12(8))s (2:58)

which can be shown by appropriate energy estimates; see [44, LemmaB.1]. By the con-
tinuous embedding H! < L* in dimension d = 1 we further have

10277 || 20,7520 (8)) < CNT L2 (0,7512,,8)) < C'N %N L20.1:12(8)) - (2.59)

Note that all constants are independent of ¢.

Step 2 (Investigation of ¢¢). Since u® solves (2.10) and @’ solves (2.37), we have

20105 + ewdp¢f + o (¢S — ¢F) = eewd,CEu — 204l — ewdy, 1l

— 30l — 2wdul — eo(ul —al) = f¢
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2. Kinetic chemotaxis and diffusion limits on networks

with right-hand side defined by
£ = eaew(0,e5us — 0,6012) — €% (05(ac0p U2 — Xet20,E0) + wypul) — e20puy.

Here, we used the fact that @' = 0 and cou! = —ewd, @’ + cawu’d,c®. Note that by

regularity of (uf, ) and (4, ¢°) it holds that f¢ € L?(Q). At the network inflow boundary
(v,w) € Q" we deduce from the reflection boundary condition (2.12) for u¢ that

02 (v, w) = ug(v,w) — g (v) — eug (v, w) = ug(v, —w) — 4 (v) = ¢ (v, ~w).

Here, we used that u!(v,w) = u!(v, —w) = 0 due to the boundary condition (2.39) for
(u°,¢%) and the definition of @ and y in (2.47). At the junctions v € V, of the network,
the coupling conditions (2.13)-(2.14) and (2.41) for u¢ and @ yield

92 (v, w) = 5 (Jw]) — ul(v) — eue(v, w)
= 71 ( ey G0 )+ 3 0 ) = 2w,
for (e, w) € Q"“t(v). We additionally used that by (2.43) and (2.47) we have

Zeegm v, |w]) Jrzeegout e v, —[w],?)

|Ze€€(v ()05@2(v, t) + aeo,t (v) Al (v, )90 (v, 1)) ne(v) = 0.
Consequently, the remainder ¢° solves the following system: On each edge e € £ it holds
SOE + ewdadh +0u(0E— 35 = F£ i (0,6) x (—1,1) x (0,T)  (2.60)

with inflow boundary conditions

oL (v, w,t) = ¢ (v, —w, t) for (v,w) € QW', ec E(v), t € (0,T), (2.61)
coupling conditions at v € Vy

6 (v, w, 1) = Gl 1) — eud(v,w,t)  for (e,w) € Q(v), t € (0,T) (2.62)

with mixing value

A 1
¢i(‘w|at) = ‘g(U)| (Zeegi"(v) d)i(U’ |’LU|,7f) + Zeegout(v) d)i(l), _|w|7t))a (263)

and initial condition

¢*(0) = —eu'(0) on Q. (2.64)

Step 3 (Energy estimates for ¢°). By multiplying (2.60) with ¢g, integrating over
(0,€c) x (—=1,1) x (0,¢) with 0 < ¢ < T and summing over all edges e € £, we obtain

22 2 _
SO 3a0) — SO0y + 10726 = )20 12(0) (2.65)

t
_ € 5 2 e JE
= - ZUGV Zees(v)/o /W §w|¢e(%w, )" ne(v) dw ds + (%, %) 12(0,12(Q))
= (Z) + (ZZ)
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2.3. Asymptotic analysis

We proceed by estimating the two terms on the right-hand side.
Estimation of (i). At the network inflow boundary Q%' condition (2.61) yields

B ZUGVZJ /ot /W %w|¢§(v’w’3)|2”e(v) dw dt
- _/Ot (/Qm §w|<l55( ,s)Pn dw+/Qout §w|¢€(w s)*n dw) ds = 0.

At junctions v € Vjy, however, by using the coupling condition (2.62) we find that

t e 5 ¢
_ZGEE(U)/O /W iw’¢e(v7w73>‘2ne(v) dw ds = _/0 </Qm(v) 2U1‘(Z5€(U w 8)\2n(v) dw

—w |5 (Jw —cul(v,w, s)|"n(v) dw) ds = (a
[ 30166l 9) — (e, o)) dw) ds = @)+ 0

The term (b) can be further split into

- / t / “w (165wl ) = 2eul(v,w, )85 (], 5) + eul (0,0, 5) ) n(v) dw ds
0 Qout(,u) 2
= (b1) + (b2) + (b3).

The definition of the mixing value in (2.63) and Jensen’s inequality enable us to estimate

= e [ [ Guldittul. o dw as
/ 3 /w|¢5vws2dw+ S /wd»fv—w S dw) ds

ecEn(v) e€Eout(y

:/0 /m( )§w‘¢i(v,w,s)]2n(v) dw

where we used that ¢¢ does not depend on e € £(v). Consequently, (a) + (b1) < 0. Since

u! = —owd,u® + acwulo,e°, we have

t, rl X
)= [ ([ ewrdituls) do- ¥ (=0 00s0.)

+aeo,  (v)al (v, 8)9:80 (v, 8))ne(v )) ds = 0.

The sum vanishes due to the coupling condition (2.43) for (4", ¢°) and the definition of the
coefficients @ and y in (2.47). Since u'! is bounded independently of £ by Lemma 2.10, the
remaining term can be estimated by (b3) < Ce® with a constant C' that does not depend
on e. In summary, we conclude that (i) < Ce3.

Estimation of (ii). Using the fact that f& = 0 since wd,u; = —0,(a0,u’ — Yu’,c")
and @; = 0, the second term can be expanded by

(f5 09 r2002(0)) = (F5 67 = %) 1200,12(0))
%Hail/Qf‘gHLQ(O,t;LQ(Q)) + 4026 - SN 7200020

IN
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2. Kinetic chemotaxis and diffusion limits on networks

where we applied Holder’s and Young’s inequality. The last term can be absorbed into
the right-hand side of (2.65). Now, dividing (2.65) by €2, and using our findings for (i)
and (i7) we obtain
16° ()220 < 16502 0 + Ce + €2 lo™ 2 221220
It remains to estimate the norm of f¢ for which the triangle inequality yields
e o™ 2 ¥ a0 a0y < o™ Paw(@ae®a® — Bae @) 1220 1120
+ EQHJ_l/Qam(dam’L_LO — Xﬁoawéo) + 0_1/2’11)(9IU1 “%2(07,5;[12(9))
+etllo™ 20 720 020
= (c1) + (c2) + (c3).
The third term can be estimated by (¢3) < O(g?) since dyu; is bounded independently
of € by construction and Lemma 2.10. Similarly, the second term can be estimated by

(c2) < O(£?) since u° and ¢ as well as their derivatives are bounded independently of e.
It remains to investigate the first term for which we find that

(c1) < a?naxo—;}n(”axée = 022012201100 (e 145 1T 0 0,122 (0
102 o0 pneiepll — 8 a1y
Note that 9,¢° € L>(0,t; L>°(€)) due to the regularity of ¢° in Lemma 2.10 and the

continuous embedding H' < L> in dimension d = 1. Moreover, |[u®||? ., (0.4L2(Q)) = C by

the a-priori bound (a). By the definition of the remainder 77° we have

10:6° = 82|20 1.rooe)) = 10T | F20 100y < CNO N T20 02260 < ClO 20,0220
where we additionally used (2.59). Moreover, using that ¢° = @ —a° due to the definition
of ¢° and the fact that u' = 0, we can estimate

= =012 ) 2
12° = @l z20,122e)) = 197220, 2208)) = 19772005220

In summary, we thus obtain

t
165 OBz 0y < 167022y + C + €' /0 16°(5)1132(g ds.

By (2.64) and the definition of u! we have HgZ)E(O)HiQ(Q) = Haul(O)H%Q(Q) < Ce% Note
that pointwise evaluations of u! in time are well-defined due to the regularity of the limit
solution; see Lemma 2.10. Applying Gronwall’s Lemma [116, Lemma 2.7] then yields

|65 ()I3a(0) < C"e
with a constant C” that is independent of e. From (2.58) we can then deduce that
1 = %l Loz ey) = 1T Lo s (e)) < ClO Nl 2026y < 2.
This concludes the proof of Theorem 2.11. O
We are now at the end of our investigations for the kinetic chemotaxis on networks.

Some open problems arose in the course of this chapter, which will be discussed in the
following.
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2.4. Discussion and outlook

Let us end this chapter with a short discussion of open problems and possible future
research directions.

Existence of global solutions. In Theorem 2.3 we only proved the local existence
of solutions up to a time point 7' that is, however, independent of €. The proof was
based on energy estimates and fixed point arguments. We expect the need for other
techniques in order to verify global existence of solutions. In [44], the Keller-Segel model
on networks was investigated and global solutions were derived by highly exploiting the
positivity and mass conservation property that led to sharper bounds on solutions, which
were crucial for the proof. In [71], the global existence of solutions for a general class
of kinetic models for chemotaxis on the real line with velocity space W = {—1,1} was
proven by deriving sharper estimates via the fundamental solution to the heat equation
and the Fourier transform. However, the assumptions on the tumbling kernel therein are
not satisfied by our model. Let us also refer to [59, 61] where a hyperbolic-parabolic model
for chemotaxis on networks was studied and global existence of solutions was derived for
small initial data or positive solutions. The possible extension of these results leaves room
for future research.

Optimal asymptotic convergence. In the asymptotic convergence result in Theo-
rem 2.11 we lose a factor @(¢'/2) at the network junctions in the estimation of () in Step 3
of the proof. A similar phenomenon also appeared in [43], where the stationary monoki-
netic linear transport problem on a domain in dimension d = 3 with Dirichlet boundary
data and its asymptotic convergence to the diffusion limit were investigated. With L2-
energy estimates, the same convergence reduction appeared at the domain boundary but
could be overcome by an alternative L°°-analysis. It seems not surprising that our analysis
also leads to a convergence reduction, but it might be possible to apply similar techniques
to restore the full order.

General coupling conditions. Our coupling conditions for the kinetic model (2.10)—
(2.19) are a special case of the more general ones proposed in [10]. More precisely, the
coupling for the chemoattractant ¢° is identical, whereas a more general mixing condition
is prescribed for the bacteria density u®, i.e., at v € V) it is assumed that

uE (v, w, t) = Ze/egm(v) €L oS (v, lwl, t) + Zelegwt(m € uls (v, —|w|, t)

holds for (e,w) € Q°“*(v) and ¢t > 0 with (oo = 0and 3 e, &0 = 1 ensuring the
conservation of mass at junctions. Our coupling conditions correspond to the choice
oo = 1/|€(v)|. Similar general mixing conditions were considered in [14, 61]. The exten-
sion of our results to these more general coupling conditions could be of interest.

Numerical approximation. So far, we have not considered a proper numerical ap-
proximation of the kinetic chemotaxis model on networks. In particular, the asymptotic
behavior of discrete solutions toward the diffusion limit is of interest. Galerkin methods
based on Py-like approximations could be investigated; we refer to [42] where the sta-
tionary radiative transfer equation on a domain in dimension d = 2,3 was considered.
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2. Kinetic chemotaxis and diffusion limits on networks

The transfer to networks where coupling conditions play a crucial role and the asymptotic
behavior for ¢ — 0 needs to be studied. In [10] the numerical approximation of a kinetic
model for chemotaxis on networks via relaxation methods was considered and a suitable
incorporation of the coupling at network junctions was proposed. The diffusion limit,
i.e., the Keller-Segel model on networks, was investigated in [9, 44], where the numerical
treatment by a finite volume and a finite element approach was considered, respectively.

Finally, the consideration of other kinetic equations (on networks) and corresponding
asymptotic investigations leave room for further research; let us refer to the survey [101].
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Gas transport in pipe networks

The modeling, simulation, and optimization of gas transport in pipe networks are of high
practical and scientific interest. In the course of the energy transition, new challenges
arise which make fundamental research in this field even more important. This chapter
contributes to the analysis and numerical approximation of transient gas flow models and
their simplifications, which then in turn can be useful for the operation and optimal control
of gas networks [15, 78, 98].

Problem setting

We consider the non-isothermal Euler system with friction and heat exchange with the
surroundings on a single pipe of length ¢. The balance equations for mass, momentum,
and energy are given by

alp + 0,m = 0, (3.1)
orm + Oy (apv® + ap) = —%|m\v, (3.2)
DU + D (0(E +ap)) = ~ (0 — %) - %\mw, (3.3)

see [15]. The space- and time-dependent variables of interest are the gas density p, the
gas velocity v and mass flux m = apv, the gas pressure p, its temperature 6, and the
total energy density F = %amﬂ + ape with e being the specific internal energy. The
parameters a and d denote the cross-sectional area and diameter of the pipe, whereas A
and « are the friction and heat transfer coefficients. The ambient temperature is given
by #° and is assumed to be constant. To close the system, we prescribe e, p, and 6 as
functions of density p and specific entropy s via

e=¢e(p,s) with  p = d,e(p, s)p? and 0 = 0se(p, s). (3.4)

We refer to [17, 58] for further details on the thermodynamic modeling.
The typical situation in networks is long pipes and time scales motivating the rescaling
r — x/e% and t — t/e? with a scaling parameter £ > 0 that is assumed to be small. After



3. Gas transport in pipe networks

the division by €2 in (3.1)-(3.3) we see that \/e? — A = O(1/e?) and a/e? — a = O(1/€?),
i.e., friction and heat exchange with the ambient medium are large. Let us now introduce
the following rescaled quantities
1 9 5 a
= 8t7 = -, = £ —, = £ )
T w ev 0 5 I} @ 7
which correspond to a long time, low Mach, as well as the large friction and heat transfer
regime. This leads to the following rescaled non-isothermal gas transport model

adrp + Oym = 0, (3.5)
£20,m + 0,(%apw? + ap) = —v|m|w,
30, FF 4 30, (w(E° + ap)) = —B(0 — 0°) — &3y|m|w? (3.7)

with rescaled total energy density E° = %aZa,owQ + ape(p, s). Details on the rescaling can
be found in [15]. In the limit ¢ — 0 the third equation (3.7) reduces to 6 = 6°, i.e., an
isothermal regime. In this case, the specific entropy s can be expressed as a function of the
density p by (3.4) and so can the internal energy e and the pressure p. The two remaining
equations (3.5)—(3.6) then yield the following parabolic system

alrp + 0ym = 0, (3.8)
adyp = —y|m|w,

that is closed via the state relation p = p(p). This model is widely used in the community to
model gas transport in long pipes and pipe networks [3]. Existence results are established
both on a single pipe [30, 105] and on networks [113] based on a reformulation of (3.8)-
(3.9) into a single doubly degenerate parabolic equation of second-order. The uniqueness
of solutions is a more delicate issue and seems to be not completely settled yet; see [113]

3

and the discussion therein. Since €® converges faster to zero than €2, an intermediate

simplification is given by the rescaled isothermal Euler system with friction

adrp + Oym = 0, (3.10)
e20,m + 0, (% apw?® + ap) = —v|m|w. (3.11)

The formal rescaling in the isothermal regime for gas pipelines and networks has also
been investigated in [98]. Local existence of smooth solutions for appropriate data and
constitutive relations can be guaranteed for both the non-isothermal and the isothermal
model; see [95] and the references therein. An investigation for the isothermal gas transport
in pipe networks is given in [62]. Due to the stabilizing effect of large friction and heat
transfer, solutions in gas pipelines and networks are expected to remain smooth for all
time. A rigorous justification of this observation seems to be missing up to date.

Isothermal gas transport

In the first part of this chapter, we consider the isothermal gas transport in pipe net-
works. We assume that (3.10)—(3.11) are satisfied on each pipe. In order to prescribe
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the behavior at entries, exits, and junctions of the network, appropriate boundary and
coupling conditions are required; see e.g. [35, 106]. As a basis for the analysis and nu-
merical approximation of our model problem, we use a suitable weak characterization of
solutions that turns out to have the structure of a dissipative Hamiltonian system. This
particular structure allows for a simple proof of global balance laws. We refer to [92, 118]
for similar structures that arise in the context of port-Hamiltonian modeling. The stabil-
ity of solutions with respect to perturbations in parameters and data, in particular the
asymptotic behavior of solutions for ¢ — 0, has been studied in [37]. The key for the
investigations therein was the underlying energy structure of the problem which allowed
the use of so-called relative energy estimates to measure the distances between (perturbed)
solutions and by that derive stability. Relative energy estimates are a well-known tool for
the analysis of quasi-linear evolution problems. A summary of results concerning parabolic
equations can be found in [75] and an introduction to the application for hyperbolic bal-
ance laws in [26]. An example for the investigation of asymptotic limits via relative energy
estimates is given in [52], where low Mach limits of Euler and Navier-Stokes equations are
considered. The parabolic limit to the isothermal Euler equations with linear damping
was also studied in [74, 87, 91].

Main contributions

Let us now give an overview of the main contributions presented in this chapter. The
focus lies on a suitable numerical approximation of the isothermal gas transport that
preserves the underlying structure of the problem. This in turn yields the foundation for a
convergence analysis. In the second part, we investigate the non-isothermal gas transport
and extend some results from the isothermal case.

Structure-preserving discretization of the isothermal gas transport

The first main contribution of this chapter is the proposition and rigorous analysis of a
suitable numerical method for the isothermal gas transport model (3.10)—(3.11) on pipe
networks. The results have been published in

H. Egger, J. Giesselmann, T. Kunkel, and N. Philippi. = An asymptotic-
preserving discretization scheme for gas transport in pipe networks. IMA
J. Numer. Anal., 2022.

The variational formulation of model equations allows for a structure-preserving discretiza-
tion via Galerkin projection [36]. For the spatial discretization, we use a mixed finite ele-
ment approach and approximate the density p with a piecewise constant function pp and
the mass flux m with a piecewise linear function my. The method is then complemented
by the implicit Euler time-stepping leading to a fully discrete scheme that resembles the
standard approximation for related wave propagation problems [57, 73]. A closely related
scheme for isothermal flow problems on networks has been proposed in [35, 36]; also see
[18, 90] for similar approaches. Our method is formally asymptotic preserving, i.e., by
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3. Gas transport in pipe networks

setting e = 0 we obtain a viable approximation of the parabolic limit problem (3.8)—(3.9)
on networks. A rigorous convergence analysis leads to the following error estimate

lo(r") = o[22 + €¥llm(r™) = mp|Fe + Y Arlm(r*) —mj|Fs < C(h* + A7?)  (3.12)
k=1

with h and A7 being the spatial and temporal mesh size, respectively, and pj, mjy the
discrete solutions at the time point 7". This result holds under the assumption of subsonic
flow and sufficiently smooth solutions, which are in particular bounded away from the
vacuum. Moreover, no shocks or discontinuities are allowed, which is reasonable for gas
flow in pipe networks where typical flow velocities are around 10 — 20m/s [98]. Let us
stress that the error estimate (3.12) holds uniformly for all ¢ > 0 sufficiently small, in
particular also for the limit € = 0. The key for the proof is the preserved energy structure
of the method that allows us to derive discrete stability of the scheme via relative energy
estimates, where we closely follow the continuous stability analysis derived in [37]. Relative
energy techniques have been successfully used for the analysis of numerical schemes in
the literature, we refer to [50, 54, 84] and [7] for the application to the compressible
Navier-Stokes equations and to the Euler equations in the large friction limit, respectively.
Numerical tests demonstrate the validity of the error estimate (3.12).

Extension to the non-isothermal gas transport

The second part of this chapter is dedicated to the extension of some ideas and results
for the isothermal gas transport in pipe networks to the non-isothermal regime. The
content is first presented in this thesis. On each pipe, we assume that (3.5)—(3.7) hold
and complement the equations by suitable boundary conditions at the network boundary
and coupling conditions at interior junctions that ensure basic physical principles, i.e.,
conservation of mass, no energy production, and no entropy dissipation. The choice of
the correct set of coupling conditions, however, seems to be not fully settled. We refer
to [22, 23, 65, 86] for different proposals and corresponding investigations. The system
(3.5)—(3.7) can be reformulated and a corresponding variational characterization of smooth
solutions turns out to have a similar “energy structure” as the isothermal model, which
allows for a simple proof of global balance laws. A rigorous stability and asymptotic
analysis, however, is not yet available and left for future research.

We then focus on a suitable numerical approximation. We propose a structure-preserving
discretization via a Galerkin method based on the variational formulation, which extends
the mixed finite element scheme for the isothermal gas transport. For the approximation
of the additional entropy transport we use a hybrid discontinuous Galerkin approach that
is particularly well-suited for handling coupling conditions at network junctions; see Chap-
ter 1 and [39]. By setting ¢ = 0 we obtain a viable scheme for the parabolic limit problem.
Moreover, discrete global balance laws are valid and the method can be shown to dissipate
energy under the assumption of subsonic flow bounded away from vacuum. Numerical
tests on a simple network are presented for illustration. An error analysis in the spirit of
the isothermal gas approximation might be possible but remains to be investigated. Our
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3.1. Isothermal gas transport

approach is not standard for the numerical approximation of inviscid compressible flow
problems, which has been studied intensively in the literature. Finite volume methods are
most commonly used and a rather complete theory has been developed for scalar conser-
vation laws. Only partial results are however available for systems; we refer to [81, 88|
and the references therein. A higher-order generalization of finite volume schemes is pro-
vided by discontinuous Galerkin methods [31]. For the approximation of gas flow in pipe
networks, finite volume methods based on local Riemann solvers are a common approach.
We refer to [93] for the application to the isothermal Euler system. The extension to the
non-isothermal regime, however, seems not fully settled; some approaches in this direction
can be found in [13, 65].

Outline

In Section 3.1 we introduce the isothermal gas transport model on pipe networks and
investigate its basic properties. Moreover, we revisit some results from [37] and present the
main assumptions that will be made throughout the first part of this chapter. Section 3.2
is dedicated to the numerical approximation of the isothermal gas transport. The main
result is the rigorous error estimate (3.12) of our proposed mixed finite element method.
We then focus on the extension of ideas and results to the non-isothermal gas transport.
The model problem on pipe networks and its basic properties are presented in Section 3.3,
whereas a suitable structure-preserving discretization is proposed in Section 3.4 and the
proof of discrete global balance laws is given therein. We conclude this chapter with some
numerical tests illustrating our theoretical findings, which are presented in Section 3.5.

3.1. Isothermal gas transport

In this section, we consider the isothermal gas transport in pipe networks. We present the
model problem and introduce suitable coupling conditions at network junctions. Then,
basic properties as well as the asymptotic behavior of solutions are investigated under
suitable assumptions that are reasonable for gas flow in pipe networks.

3.1.1. Preliminaries

Let us first introduce the notation which will be used throughout this chapter and present
a transformation of the model equations.

Notation and function spaces

Following the notation from previous publications [39] and Chapter 1.1.1, we represent
the gas network by a finite, directed, and connected graph G = (V,&) with vertices
V ={v1,...,vn} and edges or pipes £ = {e1,...,e;} C V x V. We allow for a rather
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3. Gas transport in pipe networks

general topology that, in particular, can include cycles. Every pipe is identified by an
interval (0, %) with ¢, depicting its length. For each vertex v € V we collect all incident
edges in the set E(v) = {e € & : e = (v,-) or e = (-,v)}. Moreover, the set of vertices
is split into the sets of boundary vertices Vg = {v € V : |E(v)| = 1} and interior vertices
Vo = V\Vs with |£(v)| denoting the cardinality of £(v). To each edge e = (v;,v;) we
associate two numbers n.(v;) = —1 and n.(v;) = 1 to indicate its start and end vertex,
and we set n.(v) = 0 for all v € V\{v;,v;}. An illustration of a network is given in Fig-
ure 3.1. Let us further introduce the space of square-integrable functions on the network

Figure 3.1.: A network with edges e; = (v1,v2), e2 = (ve,v3), e3 = (v3,v4), €4 = (v4,v5),
es = (v4,v6), and eg = (vg, v2), boundary vertices Vy = {v1,v5}, and interior
vertices Vo = {v2,v3,v4,v6}. The set E(ve) = {e1, €2, e} contains all incident
edges to the vertex vs.

by L?(€) = {u : ue € L?(0,4,) for all e € £} with u. = ul.. The corresponding scalar
product and norm are given by

(u, w)r2e) = Zeeg(%w)m(o,ee) and  lul|F2e) = (u,0) L2e),

and we will make use of the short-hand notation (u,w)s = (u,w)r2(e). Other LP spaces
on networks can be defined in the same way. Occasionally, we abbreviate

/gu(m) dx = Zeeg /Ofe ue(x) dx.

Similarly, we define by H} (£) = {u:u. € H*(0,() for all e € £} the broken Sobolev
spaces on the network with associated scalar products and norms

(an)ng(g) = Zeeg(uvw)ng(o,ee), HUH%{gw(E) = (U»U)ng(g)-

By standard embedding theory for fractional Sobolev spaces [28], functions in Hllfw (&) are
continuous along edges for & > 1/2 but may be discontinuous at network junctions. We
thus denote by H'(£) the corresponding space of functions in Hy,,(£) that are additionally
continuous across junctions. Each u € H'(€) then takes a unique value u(v) at v € V
which belongs to the space ¢5(V) of possible vertex values.

Transformation of model equations

In the following, we transform the rescaled isothermal gas transport model (3.10)—(3.11)
into a system having the structure of a dissipative Hamiltonian system. By the chain rule

82



3.1. Isothermal gas transport

of differentiation, it holds that

g2 g 1
= ——0y(wm) + —wdpm — =0yp(p) — vw|w
ap ap p

2
€ 1
= _Eaxwz - ;axp(p) - ’7|w‘w7

where we used (3.10)—(3.11) and the fact that 9,(wm) = wdym + Jywm, as well as
wo,w = %89671)2. We further introduce the pressure potential

p
P:Ry — R, P(p)::p/pq(a;a)dr,
1
for which we find that

9.P'(p) = ax< /1 ? pg) i + p(;)) _ pf)g) Dup + Ozi(p) _pp) g aplp)

We can then replace (3.11) by

62

20w + 81(51112 + P'(p)) = —v|w|w.

By introducing a new variable h = h® := %wz + P'(p) being the total specific enthalpy of
the system, we finally obtain the following reformulated equations

adrp + 0ym =0, (3.13)
e20,w + 0,h° = —y|w|w. (3.14)

For solutions that are sufficiently regular, both systems (3.10)—(3.11) and (3.13)—(3.14)
are equivalent.

3.1.2. Model problem

We assume that (3.13)—(3.14) hold on each pipe e € £ of the network, i.e.,

ae0rpe + Opme = 0, (3.15)
20, we + OrhS = —Ye|we|we (3.16)

for 0 <x < ¥, e &, and 7 > 0 with

2

€
Me = GePelle and hi = sz + P'(pe). (3.17)

At the boundary vertices, we prescribe Dirichlet data for the total specific enthalpy, i.e.,

RE(v,7) = hY(1), we Vs ec&(w), T>0. (3.18)

83



3. Gas transport in pipe networks

In order to couple the solutions across the network junctions, we require that

Z el )me(v,T)ne(v) =0, veVy, T>0, (3.19)
he(v,7) = hi(r), veVy, ec), T>0. (3.20)
An additional degree of freedom Hf, has been introduced at all junctions v € Vy in order to

enforce continuity of the total specific enthalpy h®. The coupling conditions (3.19)—(3.20)
ensure the conservation of mass and energy at interior vertices. A pair of functions

p; W E Cl([Ovaal‘]; L2(5)) N CO([O’Tmaxh H;w(g))

is called a classical solution of (3.15)—(3.20) up to time Ty,q, > 0 if the above equations
are satisfied in a pointwise sense. Note that the mass flux m(7) lies in the space

H(div; &) = {r € Hy,(£): re(V)ne(v) =0 Yv €V} (3.21)

ec€(v)

of functions in H;w (€) that are additionally conserved at network junctions for all 7 > 0.

3.1.3. Weak formulation

The analysis and numerical approximation of the model problem (3.15)—(3.20) is based on
the following weak characterization of solutions.

Lemma 3.1. Let (p,w) be a classical solution to (3.15)—(3.20). Then,

(a0-p(7),@)e + (0um(7),q)e = 0, (3.22)

(20;w(r),r)e — (h (), 0ar)e + (Mw(P)|w(r),r)e = =Y hi(r)re(v)ne(v) (3.23)

VvEVy

holds for all g € L*(E), r € H(div;&) and T > 0.

Proof. Multiplying (3.15)—(3.16) with suitable test functions ¢ € L*(€) and r € H(div; €),
integrating over each edge e € £, and summing up immediately yields the first equation
(3.22). In order to verify the second equation (3.23), we additionally apply integration-
by-parts to the second term, i.e.,

(Ouh®,m)e = =(h5,0m)e + 3 D o Be(@)re(v)ne(v).

The contributions at interior vertices v € Vy vanish due to the continuity condition (3.20)
for h® and the fact that r € H(div; E). O

Note that the coupling condition (3.19) for the mass flux is strongly enforced in the
space H(div; &), whereas the coupling condition (3.20) for the total specific enthalpy is
weakly imposed in the variational formulation (3.22)—(3.23) via integration-by-parts.
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3.1. Isothermal gas transport

3.1.4. Basic properties

The associated physical energy of the system (3.15)—(3.20) is given by the functional

Le 2
HE (p, w) = Zeee/o ae<%pe(m)wg(:ﬁ) + P(pe(ac))> dx. (3.24)

The state variables (p,w) and co-state variables (h®,m), also called energy and co-energy
variables, are linked via the variational derivatives of the energy functional, i.e.,

S, H (p,w) = ah® and SwHE (p,w) = m. (3.25)

This reveals the underlying “energy structure” of the system (3.22)—(3.23), which can also
be written in the following abstract form

C°0ru+ (J + R(u))z®(u) = by, (3.26)
2%(u) = (C°) M (HF) (u) (3.27)
with state variables u = (p,w), co-state variables z°(u) = (h, m), and operators
(Cou,v) = (ap, ) + (e*w, e, (T2%(u),v) = (9xm,q)e — (A%, 0zq)e,
(R (W), 0) = Glotw.re, (o)== 3 Wre(w)ne(v).

Here, v = (g, ) is a time-independent test function and (-,-) denotes the duality bracket
for the corresponding function spaces. The operator C¢ is positive definite, J is skew-
symmetric, and R(u) is positive semi-definite. This structure turns out to be essential for
our analysis and can be preserved under Galerkin projection. Moreover, it allows for a
simple proof of the following global balance laws.

Lemma 3.2. Any classical solution (p,w) to (3.15)—(3.20) satisfies
d

ar Je ap(x,T) do = — ZUEVa Me(v, T)Ne(v), (3.28)
SH(plr),wlr)) + Dlplr)w(r) == 3 By melo nele) (329
with dissipation functional
w) = a XI)|lwlxr 3 Z. .
D(p, w) /g (@) w(@)? d (3.30)

Consequently, mass is conserved up to flur over the network boundary and a change in
total energy is only caused by friction at pipe walls and flux over the boundary.

Proof. The mass balance (3.28) immediately follows by testing (3.22) with ¢ = 1. The con-
tributions at interior vertices then vanish since m € H(div; ). By formal differentiation
of the energy functional and exploiting the identities (3.25), we find that

d
7?—[8(:0’ w) = (617%57 0rp)e + (6wH*, 0rw)e = (ah®, 0rp)e + (EQma &—M)g

dr
= (he, axm)g - (’Y|w|w’ m)g - Z’uEVa

where we used (3.22)—(3.23) in the third identity. The first and the last term on the
right-hand side cancel. This yields the energy identity (3.29). O

hre(v)ne(v) — (Bpm, hS)e,

85



3. Gas transport in pipe networks

3.1.5. Main assumptions

For the analysis of the isothermal gas transport, we make the following assumptions.
(A1) The pressure potential P : R, — R is smooth and strongly convex with
P"(p) > cp, (3.31)
which holds for all relevant densities p < p < p for constants p, p > 0.

(A2) The parameters a and 7 are edgewise constant and bounded by 0 < a < a. < a and
0 <y <7 <7forall e € £ Moreover, ¢ is constant and bounded by 0 <e < &. It
further holds that

pP"(p) > 4% wl? (3.32)
for all p < p < p and |w| < 3w/2.
(A3) For all 0 < e < ¢ there exists a classical solution (p, w) of (3.15)-(3.20) that satisfies
0<p<pe(r,7)<p and |we(z,7)] <w

forall0 <z < /., e€ & and 0 < 7 < Typaz. We call such solutions subsonic bounded
state solutions.

In order to obtain quantitative convergence rates, we additionally assume higher regularity
of the solution in the analysis of the numerical scheme in Section 3.2.

(A4) The solutions in (A3) are bounded independently of ¢ in W?2>°(0, Tpae; L2(£))? and
WEo(0, Toae; HH(E))?.

Remark 3.3. Assumption (A1) implies strict monotonicity of the pressure function p(p)
since P"(p) = p'(p)/p, which is a natural thermodynamic requirement and guarantees
that the isothermal Euler equations are a hyperbolic system [26, Ch.4.8]. The speed of
sound is defined as c¢(p) = \/p'(p) = /pP"(p); see [58, Ch.IIL.1]. Hence, the assumptions
(A2) and (A3) ensure that the flow is subsonic. Note that (3.32) is automatically satis-
fied for € < ﬁ\/ng Moreover, the densities are bounded away from the vacuum. In

this case, exactly one boundary condition at each end of every pipe is needed; see [123].
Consequently, (3.18)—(3.20) give the correct number of boundary and coupling conditions.
Under standard operating conditions in a gas network, solutions are assumed to be suf-
ficiently smooth. Moreover, the scaling suggests that solutions are close to the parabolic
model for which solutions exist under suitable assumptions on parameters and data; we
refer to [113]. Assumptions (A3)—(A4) can thus be considered reasonable.

3.1.6. Relative energy

Under the assumptions (A1)—(A2), the energy functional H* defined in (3.24) is uniformly
convex with respect to an e-weighted L?-norm, which will be shown in Lemma 3.4 below.
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3.1. Isothermal gas transport

This important property allows us to use the concept of relative energy in order to measure
the distance between exact and perturbed solutions to (3.15)—(3.20). Let u = (p, w) and
@ = (p,w) be two pairs of functions. The relative energy is then defined as

HE(ula) = HE(u) — HE(@) — () (@), u — 4) (3.33)

and equals the second-order remainder of the Taylor expansion of H®. Before we collect
important properties, we introduce the following e-weighted norms

Jul|2 = ||PH%2(5) + 52||w\|%2(5) and ulle,co = [|pll oo (e) +ellwll Loy (3.34)
that will be used throughout this chapter.

Lemma 3.4. Let assumptions (A1)-(A2) hold. Then, the energy functional HE defined
in (3.24) is well-defined, smooth and uniformly convex on the set of admissible states

AS = {(pw) € LX) p < p < p. | < 3/2)
with respect to the e-weighted L?-norm defined in (3.34). It further holds that
Cretl|u — al|2 < HE (ultt) < Crellu — |2 for allu, i € AS, (3.35)

i.e., the relative energy is positive and introduces a distance measure that is equivalent to
| - |2. Moreover, for all x € L>(E)?, y € L*(E)? it holds that

((H)"(u) = (H)"(@)z, y) < Cllu = alle]|z]lc00lly]le- (3.36)
The constants ce;, Crel, C only depend on the bounds in the assumptions (A1)—(A2).

Proof. Let us first prove that ¢ is uniformly convex and that the lower bound in (3.35)
holds. In order to show the latter, we define F'(s) := H®(su+ (1 — s)a) for 0 < s < 1. By
Taylor’s theorem and the chain rule, we find that

He(ula) = F(1) — F(0) — F/(0) = §F"(s%) = J(H)Y (w)(u — @), (u— @) (3.37)

holds for some 0 < s* < 1 and u* := s*u + (1 — s*)4, which lies in the set AS due to its
convexity. An closer investigation of (H®)” reveals that

(Hg)ll(u> _ <6PPH€ 5pw/H€> _ <aP,;(p) a€2w> ) (338)

OwpH®  dwuwH® ac’w  ag?p
Using this, Young’s inequality, and the assumptions (A1)—(A2), we can estimate

(u—a) " (H*)"(u*)(u— @) = aP"(p*)(p — p)* + 20ew*(p — p)(w — ©) + ac”p* (w — b)?

> aP"(p")(p — 9)? — va? L (p - p)? — Lac?p* (w — ) + ae®p* (w — )2
> (1= B)aP"(p") (p— )% + (1 1)
> (1= %)acp(p— p)* + (1 — L)ae’p(w — b)°.
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3. Gas transport in pipe networks

By integrating over all edges e € £ and choosing v = 2 we obtain the uniform convexity of
H® with respect to || || as well as the lower bound in (3.35) with ¢, = min(acp/2,ap/2).
The upper bound in (3.35) readily follows from (3.37)—(3.38) using the fact that P is
smooth, the bounds in AS, and Holder’s and Young’s inequality. It remains to prove the
second assertion (3.36). It holds that

(K" (u) — (HO)"(@))m,y) = (a(P"(p) — P"(p))z1,y1)e + (ae®(w — w)z1,y2)e
+ (ag*(w — W)w2,y1)e + (ae(p — p)w2, yo)e
< Callp = pllr2)llzille @) llyillceey + alle(w — @) L2 ey 121l oo o) lev2ll 2 e

+@H€(w—w)HL2(5)H€$2HL°° HylHLZ +a”/) PHL2 H5$2”L°°(5)H5y2HL2(E)

where we used that P is smooth and its derivatives are bounded on AS. By the definition
of the e-weighted norms, we can conclude (3.36). O

3.1.7. Asymptotic analysis

For completeness and later reference, let us recall the main result of [37], where the general
stability of solutions to (3.15)—(3.20) with respect to perturbations in model parameters
and initial and boundary data was studied. We present the asymptotic estimate, which
is a special case of the more general stability estimate given in [37, Thm. 18], and provide
a brief sketch of the proof since similar techniques will later be used for the convergence
analysis of the proposed numerical method in Section 3.2.

Theorem 3.5. Let (A1)-(A3) hold and let (p°,w®) and (p°,w°) be classical solutions
o (3.15)=(3.20) for € > 0 and € = 0, respectively, having the same boundary data hy
and initial data p°(0) = p°(0) and w®(0) = w®(0). Moreover, let (p°,w°) be bounded in
WE2(0, Tonae; L°(€))? and let additionally w® be bounded in L°°(0, Traz; HY,(€)). Then,

L
19°(7) = (g + 2l (7) = w0l + [ 05(5) = P(6) ey s < Coes?
holds for all 0 < T < Tyaz. Moreover, if |[w|, [w®| > w > 0, then

16°(7) = POl age) + (1) = w* (Do) + [ 105(5) = w9 s < Cheset

All constants only depend on the bounds in (A1)-(A3) and the bounds on (p°, w°).

Sketch of the proof. We only sketch the main ideas of the proof, which is based on the
abstract energy structure (3.26)—(3.27) that allows us to use the relative energy introduced
in (3.33) for measuring the distance between the two solutions (p°,w®) and (p°, w®). We
can understand the solution to the parabolic limit problem as a perturbed solution to
(3.26)—(3.27) for € > 0, i.e., u’ = (p°, w") solves

Ce0u’ + (T + R(u®)) 2% (u°) = by + res’, (3.39)
25(u) = (C) T (HE) () (3.40)
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with residual

2

<'I"eSO,U> = (5287-11)0, T‘)g - (%(w0)27 817“)5 (341)
defined for test functions v = (q,7) € L?(£) x H(div;£). Now, formally differentiating the
relative energy H®(uf|u®) with respect to time yields

d
%’Hs(usluo) = (1) (") = (H°)' (u°), B7u® — B;u”) (3.42)
(M) (1) = () (u°) — ()" (") (" — u®), 8-u).

Using the fact that u® and u° solve (3.26)—(3.27) and (3.39)—(3.40), respectively, the first
term equals

(1) (u)— (M) (u°), Oyuf — D) = (CE0u — CuP, 2°(uf) — 25 (u?))
= —(R(u*) = R(u"), 2% (u°) — 2°(u”)) + (res’, 27 (u°) — 2°(u”)),
where we used the skew-symmetry of J and the fact that both problems have the same
boundary data. The statements of Theorem 3.5 then immediately follow from the norm

equivalence for the relative energy (3.35) and by applying Gronwall’s Lemma, see e.g.
[116, Lemma 2.7], to (3.42) under the following three assumptions:

(B1) (M) () = (HF)'(u®) = (1) (u°) (u® — u?), Oru®) < CrHe(uf[ul),
(B2)  —(R(u%) — R(u’), z°(v") — 2°(u”)) < CoH® (u[u’) — 2D(u"[u’),
(E3)  (res’, 2°(uf) — 2°(u?)) < O3HE (uf|u) + D(uf|u’) + Cye?
with relative dissipation functional defined by

o) = § S [ vl + B~ o> gl — w0l (349

ect
Let us note that if [w®], [w®| > w > 0, then D(uf|u’) can alternatively be estimated by
D(u[u”) > Jaypwlur — w|2ae) (3.44)

The estimate (E3) of the residual can then be improved to Cse? instead of Cye? leading
to the better asymptotic estimate stated in Theorem 3.5. Let us stress that the additional
dissipation provided by friction is crucial for the stability of the problem. For the sake of
completeness the verification of (E1)—(E3) is presented in Appendix A.1. O

3.2. Numerical approximation

For the discretization of the isothermal gas transport model (3.15)-(3.20), we propose
a mixed finite element method for the spatial semi-discretization complemented by an
implicit Euler time-stepping. As we will see, this allows to preserve the underlying energy
structure of the problem. The content of this section is based on our publication [38].
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3. Gas transport in pipe networks

3.2.1. Mesh and approximation spaces

On every edge e € £ we define the spatial grid points by x% = ih, for i = 0,..., M, with
local and global mesh sizes h, = f./M, and h = maxecg he, respectively. The complete
spatial mesh is then given by

Th={T!= (" ad):i=1,...,M,, ec &}
and we introduce the approximation spaces on 7y by
Qn="Po(Tn) and Ry, =P (Th)N H(div;&)

with Py being the space of piecewise polynomials of degree < k. The space Q);, consists
of piecewise constant densities, whereas the space Rj contains all piecewise linear fluxes
that are continuous within edges and satisfy the conservation condition (3.19) at network
junctions. We further denote by IIj, : L?(£) — Qp and Ij, : H(div;E) — Ry, the L%
orthogonal projection and the linear interpolation operator, which are defined via

/q—thdsz for all T € Ty, q € L*(E),
T

Iyr(al) = r(zl) foralli=0,...,M,, ec &, re H(div;E).

e

Let us note that the conservation property (3.19) is preserved under linear interpolation,
i.e., Inr € H(div;E). For the time discretization, we make use of the discrete time points
™ =nA1, n=0,..., N with AT = 7,4, /N. The backward difference quotient is denoted
by d;u™ = (u™ — u""1)/Ar, where we abbreviate u" = u(r").

3.2.2. Structure-preserving discretization scheme
For the approximation of the solution to (3.15)—(3.20), we propose the following method.

Problem 3.6. Let pg = II;,p(0), m% = I;m(0). Then, for n =1,...,N find p} € Qp,
mjy € Ry, so that

(adrp}, an)e + (Oami, qn)e = 0, (3.45)

(*drwpy, rh)e — (W, Bzrn)e + (Vwhlwprn)e = =Y hg(r)re(v)ne(v)  (3.46)

vEVy

holds for all ¢, € Qp, and 1, € Ry,. For abbreviation, we introduced

n __ () ny __ mz d hn_hs n n _62 mZ 2 P/ n 3.47
wy, = wp(pp, mp) = 7ap" an = hy,(ph, myp) = B} 7ap” + P'(pp)- (3.47)
h h

Remark 3.7. The above scheme (3.45)—(3.47) preserves the energy structure of the weak
formulation (3.22)-(3.23) and can thus be written as an abstract system of the form
(3.26)—(3.27). Basic properties like the balance laws in Lemma 3.2 are thus conserved as
we will see below. The coupling conditions at network junctions are incorporated just
like in the weak formulation, i.e., the conservation condition (3.19) on the mass flux m is
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3.2. Numerical approximation of the isothermal gas transport

strongly enforced in the space Rj, whereas the continuity condition (3.20) on the enthalpy
h is weakly imposed in (3.46). Moreover, by formally setting € = 0 we obtain a viable
scheme for the parabolic limit problem, which, however, does not coincide with the method
proposed in [113] that is based on a reformulation of the model equations into a single
parabolic equation of second-order.

For the rest of this section, we make the following additional assumption.
(A3h) There exists a discrete solution (p, m})o<n<n to Problem 3.6 that satisfies
p<pp(x) <p and |wpy ()| < 3w/2

for all 0 < x < /., eeSandn:O,...,NWithwh:;%b.

This assumption allows us to estimate distances between discrete solutions via the relative
energy since (py,wy) € AS, i.e., the statements of Lemma 3.4 are valid. Moreover, global
balance laws immediately hold for the discrete solution.

Lemma 3.8. Let (A1)-(A2) and (A3h) hold with (p}, m})o<n<n being a corresponding
solution to Problem 3.6. Then,

/gadTpZ(x) de = — Zveva my, (v)ne(v), (3.48)

drH (o, wh) + Doy, wi) < = h(r™ymj(v)ne(v) (3.49)

vEVy

holds for alln =1,..., N with dissipation functional defined in (3.30).

Proof. The discrete mass balance (3.48) immediately follows by testing (3.45) with ¢ = 1.
The contributions for interior vertices vanish since m} € H(div;€). Let us abbreviate
uy = (p, wy) in the following. Due to the convexity of H® on AS we have

HE(up) — H(up ™) < ((HF) (up), upy — up ™).
From this we can conclude that
CZTHE (p;LLv wiTLL) S (5/7%5 (pz’ ’LUZL), CZTPZ)?J + (6107—[8 (pZL? wiTLL)v CL—’UJZ)(S
= (hj,ad-pp)e + (miy, €°drwpt)e
= —(h}, Oemi)e + (M}, Oumip)e — (Ylwhlwy,mi)e =Y hp(r™)mp (v)ne(v)

vEVy
= —D(ph, wy) — ZvEV@ he(1")mp, (v)ne(v).
Here, we used the variational identities (3.25) for the energy as well as the equations
(3.45)—(3.46). Since d,p}! and 9, m} are piecewise constant, d,p} = d,m} holds pointwise
due to (3.45), i.e., we can test (3.45) with any L?-function. This proves (3.49). O
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3. Gas transport in pipe networks

3.2.3. Uniform error estimate

We are now in the position to state the main result of this section.

Theorem 3.9. Let (A1)-(A4) hold with (p,w) being a corresponding subsonic bounded
state solution to (3.15)~(3.20) and m = apw. Moreover, let (A3h) hold with (p}, m}}) being

a corresponding discrete solution to Problem 3.6. Then,
o) = R ey + 2Im(r™) = mlZagey + D2 Arlm(r*) — mb s ) < O + Ar?)
k=1

holds for all m = 1,...,N with a constant C' that only depends on the bounds in the

assumptions, but not on e, h or Ar.

Remark 3.10. Since the constant C' in the above statement is independent of ¢, the error
estimate holds uniformly in e, in particular also in the limit € = 0. We thus obtain optimal
convergence behavior which is asymptotically preserved. The validity of the Theorem,
however, is conditional on the existence of a subsonic bounded state solution to (3.15)—
(3.20) and a discrete solution to Problem 3.6 satisfying Assumption (A3h). In practical
computations, the latter can be checked explicitly.

3.2.4. Proof of the uniform error estimate

The proof of Theorem 3.9 is based on relative energy estimates exploiting the preserved
energy structure of the numerical method, which allows us to proceed similarly as in the
proof of Theorem 3.5. Let us first give the key steps (Step 1 — Step 3). The proofs of
Lemma 3.13 and Lemma 3.15 stated in Step 3, which are quite technical, are postponed
to Section 3.2.5.

Step 1 (Error splitting). Following the standard procedure in the error analysis for
Galerkin methods, we introduce projections

on = pn(t") =Tpp(t") and my = my(r") = Iym(t")

of the exact solution (p,m). Recall that IIj, is the L?-orthogonal projection onto @, and
I, the piecewise linear interpolation onto R;. By applying the triangle inequality we can
then split the error into a projection error and a discrete error component, i.e.,

(") = pllee@) < o) = PhllLee) + 108 = phllLece). (3.50)
[m(7") = mpllLo(ey < Im(7") — millLe(e) + g — mp e e (3.51)

for 1 < p < co. Both components are now estimated separately in Step 2 and Step 3.

Step 2 (Estimation of the projection error). The following estimates can be
derived by standard arguments; see e.g. [12, Ch.4] or [72, App. C].
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3.2. Numerical approximation of the isothermal gas transport

Lemma 3.11. Let z € WYP(T) for T € Ty, and 1 < p < co. Then,
Ou(Inz) = Mp(0:2),  |Mn2llpery < 2llLeer), and [ Inzllzes(r) < (2]l Loc (). (3-52)
Furthermore,
I = Wazliogry < CRIOu2 ey and |2 — Inzllioiry < ChIOuzlinry (353)
hold with constants C,C" that are independent of z, p and h.

Proof. The first property in (3.52), also known as commuting diagram property, follows
from the properties of the projections and the fundamental theorem of calculus, i.e.,

I1),(0y2) = hp' /Tﬂh(f)xz) dr = h3! /T@xz dr = hit (z(a:z) — z(z" 1)) 0z (Inz)

with T = (271, 2%) and hy = ' — 2=, Since IIj,z is constant, it holds that I,z = 2(&)
for some ¢ € T. Due to the definition of I;, we have |I,z(z)| < max(|z(z?)|,|z(z*~1)|) for
x € T. From this, we can immediately deduce the L°°-bounds on the projections. The
error estimates (3.53) can be shown by standard arguments and found in the references
stated above. O

From the previous lemma, we can derive estimates for the projection error components.

Lemma 3.12. Let (A1)-(A4) hold. Then, for alln=1,...,N it holds that
lp(r™) = Al Z2e) + €7Ilm(T") = pll72ge) + D ATlm(r*) = mk[|7s ) < OB (3.54)
k=1

with a constant C that only depends on the bounds in the assumptions but not on €, h
or At. Moreover, the projections are bounded by p < pp < p and |m}| < apw. For any
0 < h < hg sufficiently small it further holds that |W}}| < 3w/2 with W} = m}/apy.

Proof. Since the network is the sum of the elements T' € Ty, the first two terms in (3.54)
can immediately be estimated by the previous lemma using the extra regularity of the
exact solution provided by (A4) as well as the bounds in (A3). For the third term in
(3.54) we see that

Zk:l AT|lm(r*) =1 175y < Z lm(r*) = 1 || oo ) [ (77) = ]| T2 gy
< 207—maxapwh )

where we exploit the fact that ZZ’:l AT = Tjae as well as the bounds on m and 7} and
the projection error estimates (3.53). The bounds on p and 7; immediately follow from
the construction of the projections, the bounds (3.52), and assumption (A3). Using the
triangle inequality, we can estimate wj by

[0 || oo (e) < lw(T") = Wi llLoee) + [[w(T") | Lo ey,
where the latter term is bounded by w due to (A3). For the former term, we find that
. 1 . apw
lw(7") = WhllLe(e) < ;pllm(T") — Mg Leo(e) 2 (") = pillLoee) < Ch

by (3.53) and (A3)—(A4). For sufficiently small h we obtain the desired bounds on w;. O
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3. Gas transport in pipe networks

Step 3 (Estimation of the discrete error). The main challenge for our analysis
is the estimation of the discrete error components. We proceed similarly to the proof of
the asymptotic estimates in Theorem 3.5. We use the relative energy (3.33) to measure
the distance between (pj',mj) and the projections (py,m}), which are both in the set
AS of admissible states for sufficiently small 0 < h < hg due to (A3h) and the bounds
in Lemma 3.12. We understand the projections as perturbed solutions to Problem 3.6
satisfying (3.45)—(3.46) with residuals on the right-hand side defined by

(rest,qn) = (ad;py, qn)e + (et qn)e, (3.55)

(resy,rn) = (2drip,rn)e — (hfy, Ourn)e + (YIWRIOR, ra)e + Y (") an(v)ne(v) (3.56)
vEVy

for g, € Qn, v € Ry, with W) = M} /ap) and iLZ = 2e2(wM)? + P'(p). We now first
estimate the discrete time derivative of the relative energy by exploiting the energy struc-
ture of the problem. In the second step, we successively give estimates for all appearing
terms. Finally, the application of a discrete Gronwall-type lemma yields the desired error
estimate.

Lemma 3.13. Let (A1)-(A2) hold and let uf, W € AS for k =n—1,n. Then,

drHE (up i) < ((HF)' (up) — (HF)' () — ()" () (uh, — i), driy) (3.57)

—11~n—1 7 oA ~ ~n—112
i) + O\l dritleoo gy — g2
is valid with constants C, C' that are independent of €, AT and uz, zlfl
The proof of this technical result is postponed to Section 3.2.5.

Remark 3.14. Note that the first two lines also appeared in the estimate of the continuous
time derivative of the relative energy in (3.42). The additional terms in the last line of
(3.57) are thus perturbations caused by the time discretization. Let us also mention that
the above result only depends on strong convexity and smoothness of the energy functional

but not on the particular functions uﬁ, f‘ﬁ

It now remains to estimate the terms on the right-hand side of (3.57). The first two
lines also appear in (3.42) and we exploit the energy structure of (3.45)—(3.46) as we have
done in the proof of Theorem 3.5. This leads to the following estimate. Since the proof is
quite technical it will also be postponed in Section 3.2.5.

Lemma 3.15. Under the assumptions of Theorem 3.9 it holds that
dHE (up|ay) < CHE (up|ay) + C'H (up = ag ™) + a7 (h — s pn — e |
+C" (R + AT?) — %D(umﬂ’ﬁ)

(3.58)

Tn
Tn—1

for all 0 < n < N with up = (p),my), ap = (pp,m}), and relative dissipation functional
defined in (3.43). Note that h is the total specific enthalpy of the exact solution (p,w).
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3.2. Numerical approximation of the isothermal gas transport

We are now in the position to complete the proof of Theorem 3.9. By multiplying (3.58)
with A7 and summing over the time steps, we obtain

M (uplay) < HE(uplaf) + ATy

1 (Cl’;'-[g(u'ﬁ\aﬁ) + CyHE(uk =Yk (3.59)

+ Cy(h? + AT2) = AD(RIE) ) + (b — s on — pwe |7

The last term in the second line vanishes at 7 = 0 since p2 = ﬁ%. By Holder’s and Young’s
inequality, we further deduce that
7 A -1 P2 An |2
(R(™) = hiys i = Bh)e < 5CgqllR(T™) = hill72(e) + 5cralloh — Pl 72
< Cyh® + HE(uplay), (3.60)

where we used the norm equivalence for the relative energy (3.35) as well as the fact that

(™) = ipll 26y < C2llw (™) = @jllae) + C'llo(T") = il 2(e)
< C"|lm(7") — il 2 ey + C"llp(T") = Phllze) < C"'h

holds by the projection error estimates and bounds in Lemma 3.12 as well as (A1)—(A4)
with constants that only depend on the bounds in the assumptions. The last term in (3.60)
can be absorbed into the left-hand side (3.59). We can now apply the discrete Gronwall
Lemma A.1 with

a™ = HE(URGR), b = 27mazCs(h? + AT?) + C4h?%, ¢ = 2max(Cy, Cy), d" = D(u}|a}).
Since a’ = 0 by the choice of initial data, b” > 0 and n7 < Tyes, We obtain

HE(upla) + AT DS Dluplaf) < C(h* + Ar?)

with a constant C' that only depends on the bounds in the assumptions and 7,4, but is
independent of . The equivalence of norms for the relative energy (3.35) and the estimate
for the relative dissipation functional (3.43) then yield

n
oK — Ph”2L2(g) + &% ||wp — "‘UZH%Z(g) + Zk:l Arllwy — "wh”?iii(g) < C'(h? + AT?).

Due to the uniform boundedness of pj;, pp and wy, W}, the same estimate holds for wy, W}
replaced by mj, m}. Together with the estimate for the projection error in Lemma 3.12,
the error splitting (3.50)—(3.51) yields the final error estimate and concludes the proof of
Theorem 3.9. O

3.2.5. Proof of the technical results

Let us now present the proofs of Lemma 3.13 and Lemma 3.15.
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Proof of Lemma 3.13

For ease of notation, we write H = H°. In the first step, we rearrange the terms and apply
Taylor’s theorem leading to

d-H(uplap) = 2= (H(up) — H(up™") — H(d >+H<A" Y
— (H' (), up — ap) + (H (a1, up =t —ap 1))

= (H'(up), drup) — §F(H" (up) drupy, drugy) — (' (@ >quh> %(H”( n) d-ap, driy)
— (H'(afy), druy — drii) — A= (H () — H/ (@), up ™t —ap™h),

where uy = up, + (1 —&up ! and 4} = f@Z +(1— é)ﬂﬁfl denote intermediate values
for some &, € € (0,1). Note that u}, 4y € AS. As the next step we add and subtract the
terms (H'(u}), d,4}), (dH' (A7), ut — a7, and (H" () (ul — %), d, a3y, which yields

(H'(up) — H' (i), druy, — dray) (3.61)
+ (H' (up) — H' () — H"(ap) (ufy, — ap), d-a)

— 8L (" (up)drupy, drupt) + SE(H" () dra, d.
— (d-H' () — H" (ay) drag, ujy, — ) ‘*’AT@

dH(aig) =

i)
(@), douf — doal).

The first two lines already appear in the desired estimate (3.57). By applying Taylor’s
theorem again the last two lines equal

(¥) = — AT () druf, dyaf) + B (W () d i, 4o )
— (a5 — M) dri, uf, — ) + Ar (R (a7)d i, doady — dr )

with a7 = £ ay + (1 — £ )uy~ L' e AS for some £ ( 1). Adding and subtracting the
terms m(%”(u;)&a;;, dyull) and BT (H" (u})d 4}, d4F) then leads to

& I

(¥) = = SH(H" (up)dru, druy) + AT(H" (u},)d; beﬂﬂﬁ@ — SE(H (uj,
+AT((H"(a57) — H (uf)) dragy, drupy) + SE(H" (@
)

+ ST((H" (wy) — H' (7)) dray, drayy — (K (a3

Due to the convexity of H on the set AS, which was shown in Lemma 3.4, the first line is
non-positive. The last two lines can then be estimated using (3.36). We obtain

(¥) < C(lldraleoolluf, — a5l lluhy —up ™o + |-, =yl —ap )l
+ || d-ay, — ay |lellay — ™ 1||s+IIdTuth-:ooH — " [|e lfup, — uh”s)-
The appearing expressions can then be further estimated by
g, = a5l < lluh — ahlle + llag —ap ="l + flup ™ = a ",
lufy = up e < lluft — @ lle + @y —ay ™ e + lup ™ — a3,
lay, — @ lle < oy —ay ™ ek —a3*lle < llah — a3~ "

From the norm equivalence (3.35) for the relative energy we can then deduce the desired
estimate (3.57). O
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3.2. Numerical approximation of the isothermal gas transport

Proof of Lemma 3.15

In the following, we consider the estimate (3.57) for the discrete time derivative of the
relative energy in Lemma 3.13 and estimate the three lines on the right-hand side of
(3.57) separately. We abbreviate them by

(€1) = ((H°) (up) — (H°)'(ag) — (M) (ag) (upy — i), d-ig),
(€2) = (M) (up) — (H°)' (), drujy — drity),
(€3) := Cldrtih]le.co (K (whlap) +H (up iy ™)) + C'lldrif e oolly — a2

Estimation of the first line (¢1). The definition of H* in (3.24) yields

aP' (pp|p) + Sag? (wp — wm?)

(H7) (uh) — (H)'(aR) — ()" (ap) (up, — ty,) = ( 5
e*(ppy — Pp)(wy — wy)

with P'(p}|py) == P'(pp)—P'(p})—P"(py)(p} — pi). By Taylor’s theorem, we can estimate

P'(pilon) < IP" (oi)l(pr = pi)* < Clph — ph)?

with intermediate value pj = £pi + (1 — £)p) for some £ € (0,1). The latter inequality
holds since the pressure potential P is smooth due to (Al) and p} and pj are bounded
due to (A3h) and Lemma 3.12, respectively. Moreover, by Young’s inequality we have

ag”(pp — pp)(wiy — df) < gaelpl — prl* + sae’lwy — wpf*.
This enables us to estimate
(£1) < C'|lupy — aplZlldr g e 00 < C"HE (uplig),
where we used that
drihlle,o0 < 1070R oo (0 mmans Lol o)) < 107Ul Lo0 (0 7mans Lo (€5l en0)) < C

by the construction of the projections, Lemma 3.11, and assumption (A4).

Estimation of the third line (¢3). Using Taylor’s theorem, the properties of the
projections, and (A4), we find that

@, — a2 < CATI0raR T s gy < CAT2[Orul e s gy < C7ATE
Together with the estimate for ||d, 4} || from above, (¢3) can be estimated by
(63) < € (HE (i) + HE (i) + O AT

Estimation of the second line (¢2). The term in the second line of (3.57) also
appears in the continuous estimate for the relative energy in (3.42). Hence, we proceed
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similarly as in the proof of Theorem 3.5 and exploit the energy structure of (3.45)—(3.46).
As before, the relations (3.25) for the variational derivatives of the energy yield

(02) = (adyp} — ad, 7, B — BM)e + (2drw] — e2drd}, ml} — 1])e
— (e}, — By, b — W)e — (resi, b — B + (b — B pmfy — durinf)e
— (Ywi|wy = [y [y, myy, — mp)e — (resy, my — my)
— (Ylwp|wit = A|dp [y, my — mp)e — (rest, by — hit) — (resh, miy — mj)

= (02.1) + (£2.2) + (£2.3),

where we used that (p}, m}) solves (3.45)—(3.46) and (p},m}) can be understood as per-
turbed solution with residuals given by (3.55)-(3.56). Note that since d,p} and d,m]!
as well as CZT[)Z and 0,mj} are all piecewise constant, (3.45) and the corresponding per-
turbed equation can be tested with any L?-function. Let us now estimate the three terms
(£2.1), (£2.2), and (£2.3) separately.

Estimation of (¢2.1). We observe that

1
slwfluf - laRlof =2y [ [af + €Gup o) d€ (o], - )
0
since (|£[€)" = 2|¢|. The integral can further be estimated from below and above by

The upper estimate follows directly from the triangle inequality. The lower estimate can
be shown by minimizing the functional F'(w}) = fo [y 4+ E(wp —wp)| d€ for fixed wy.
Since F' takes its minimum for wj = —wy, it holds that

1
[ 1+ Gt = )] d = min Fup) = 3faf] + o
0
We can further write

my, — My = apywy, — appwy = alpy, — pp)wy + apy (wy, — Wwy),

which together with the previous considerations leads to
1
(Y luwf, — Alop g (], — f) = 2ayu; /0 [+ €(wf; — )| dE (pf — ) (wh — )
1
w20y [ f + 6w~ R dE (wf, — iR = () + (i)
0

Using (3.62) and Young’s inequality we deduce that
(wiy

(i) = —qayph(Jwp| + g ) (wh — @p)? — 2a7 (Iwhlehl)( — )%

(i1) > gavph(Jwp| + o} ]) (wh — wp)?.
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With the bounds in (A3h), Lemma 3.12, and assumption (A3), this finally yields

CRIESS S / -

Y / ace (| + [af]) (wf —if)? de -+ 5ay | of, — 12

< —2D(ujuy) + CH (up|iy)

| /\

with relative dissipation functional D(:|-) defined in (3.43).

Estimation of (¢2.2). From the definition of res; in (3.55) and the fact that d,p} and
0,y are piecewise constant we conclude that resf = adTph + 01y, holds pointwise and
can thus be tested with any L2-function. We find that

(02.2) = —(res?, Al — b)) = —(adp + Opin}, A — h})e
—(ad,py — ad-py, byt — hi)e — (ad-py + Ourinft, hit — Bif)e.

The last term vanishes due to the definition of the projections and the commuting diagram
property in (3.52) as well as equation (3.22), which imply that

(ad-ph, Qe + (Owmifi, q)e =0 for all g € L*(). (3.63)
Applying Hélder’s and Young’s inequality to the first term yields
—(adrpfy = 0n P, Wy — WR)e < G |depfy — 0 PRl Tace) + 3lIME — hRlIZ2(e)

Taylor’s theorem allows us to estimate the first term by

=2 7 A N =2 ~

%Hdmﬁ - 8TPZHQL2(8) < GIAT2”aTTph”%00(771—1,7-”@2(5))

=2
g %AT2||87'Tp(7-n)||%°°(T"*1,T";L2(€)) S CATQ’

where we used the property of the projection Il in (3.52) as well as assumption (A4). In
order to handle the second term, we observe that

(hfe = bl = 5 ([wp? = @5 ) + P'(ph) = P'(37)] < C2|wh —pi| + C'lpjy —

with constants that only depend on the bounds in the assumptions, where we used (A3h),
the bounds on the projections in Lemma 3.12, and the fact that P is smooth by (Al). By
the norm equivalence of the relative energy (3.35) it then holds that

45, = B2age) < C"HE(uplig).
In summary, the term (£2.2) can be estimated by
(02.2) < CAT? + C"HE (u|af).
Estimation of (£2.3). By definition of ress in (3.56) it holds that
(02.3) = — (resy, my —mp) = —(2d, 0}, mlf — m)e + (hlY, Opml — Opii})e
(1) (mp (v) = 1 (v))ne (v).

~ (gl mi — e =Y
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Since (p, w) solves (3.22)—(3.23), we can add (3.23) tested with r = mj —m} to (£2.3) and
obtain
(02.3) = (20, w" — E2d W, m — e — (B — B, Opm} — 8y} e (3.64)
+ (VW™ |w" = y|wy by, my, —mp)e = (i) + (i) + (i)
Here, we abbreviate p" = p(7™), w™ = w(r™), m"™ = m(7") and A" = h(7"). In the
following, we estimate the terms (i) — (i7i) separately and exploit the projection error
estimates (3.53) in order to get convergence rates. By applying Holder’s and Young’s
inequality, the first term can be estimated by
(1) < G10rw" — drdf|Fogey + 5 it — |
1) S 2 W T Wp, L2(€) 2 my, my, L2(&)
The second term on the right-hand side can be further estimated by CH®(u}}|a}) due to the
norm equivalence (3.35). The constant C' only depends on the bounds in the assumptions
and Lemma 3.12. For the first term in this expansion, applying the triangle inequality
and the projection error estimates (3.53), we deduce that
2 7. . . 7.
F0rw™ — driy 1726y < €%107w™ = Bripy |72 e) + (|07 0), — driy |72 g
< O(I0" = Billege) + 100" = Orhlliz(ey + IIm™ — imhll72(e) + 10rm™ — Opiing||72(e))
+ C'AT €8m0 Foo (zn1 pnop2(e)y < C"h* + C" AT

with constants that only depend on the bounds in the assumptions and Lemma 3.12. In
summary, we find that

(i) < CHE(up|af) + C'(h* + AT?).
Using the fact that (3.45) can be tested with any L?-function as well as (3.63) we find for
the second term in (3.64) that
(i1) = (h™ — R}, ad.pl — adrpyr)e
= (A" — B}, adyp} — ad.pi)e + (W™ — B2, ad pi — adpi)e.
The second term in this expansion can be estimated by Holder’s and Young’s inequality

n n 7 an n n n a7 an n
(R — hiy, ad-pl — adrph)e < 5|0 — hH%2(5) + S lldrpy — 8Tph||%2(8) < O(h* + AT?),

since |h™ — ﬁm < Clew™ — ewy| + C'|p™ — pi| holds due to the fact that P is smooth by
assumption (A1l). All constants only depend on the bounds in the assumptions and in
Lemma 3.12. The rates follow from the projection error estimates (3.53). For the first
term, we utilize the discrete integration-by-parts formula

dT’LLnUn — _un—IJTUn + ﬁ(unvn _ un—lvn—l),
which yields
(W™ — A, adyp} — ad.p})e = —(d-h™ — JJLZ,@,OZ_I —app e

n

+ 2 (h = hn,apn — apn)e|n s
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3.2. Numerical approximation of the isothermal gas transport

By Holder’s and Young’s inequality, we further deduce that
—(d-h"™ = dehip,apy ™t — app e < g0 — ||L2(g) + L lppt - ﬁZ_1||%2(5)'

The second term can be estimated by CH®(u}|a}!) due to the norm equivalence (3.35),
whereas the first term can be split into

b — Aol 2ae) < B(IdI" = 00 [Baqe) + 10" — 00 2o + 100 — drhf |2 er)-

By Taylor’s theorem, the projection error estimates (3.53) and the bounds in the assump-
tions, the individual terms can be estimated by

|d-h"™ — O, h”HLQ < CAT? 0| (rn1 pmsp2(ey) < C'AT?,

1870 = O hj||72(e) < C'R|0-R [ Fa () < C'R2,

1077y — dehi | 2y < CAT O hnl[Foc (s o2y < C'AT,
where we used that ||0r+hs|| and ||0r-hp|| can be estimated by the bounds for the time
derivatives of p and m in (A4). Overall, we find that

n

(1) < CHE(uplay) + C'(h* + AT?) + 2= (h — by, apn — app)| -

It remains to estimate the third term (7i7) in (3.64). Note that we need to be careful with
the asymptotic parameter € and are going to exploit the extra stability provided by the
relative dissipation functional in (£2.1). First, we expand

(ii) = (y(lw"| = [@h|)(w" — @), my —g)e + (y|@y[(w" — @), my — y)e
+ (y(Jw"| — |wp )Wy, myy —my)e = (4i4.1) + (i4i.2) + (443.3).
Holder’s and Young’s inequality as well as the bounds in the assumptions and in Lemma 3.12
enable us to estimate

n_wZ)QHL3/2(£ |wp — whHL3 +‘WPH( —wZ)QHLZ HPZ—/};}HB(E)

a
< 2(@yp)3 2673w — Wf |73y + %53!\% WhllZs () + CB? + C"HE (ujy|ay)
< C"(0)h® + 1D(u}| i) + Ch? + O"HE (up|ay)

for some § > 0 sufficiently small so that the second term in the second line can be
bounded by the relative dissipation functional (3.43). Here, we used the projection er-
ror estimates (3.53) and the norm equivalence for the relative energy (3.35). Similarly, we
estimate

(i1.2) + (i11.3) < goyalwf — a7 |Faqe + 30 (mi; = mlaf 2]

By the projection error estimates (3.53) the first term can be bounded by C(8’)h?. The
second term equals

41k = AR e = 530 Y [ 08— 10 -+ OOk = e
ec&

< 3D(uplapy) + C'(8")H (uplap),
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3. Gas transport in pipe networks

which holds for ¢’ > 0 small enough due to the definition of D(+|-) in (3.43). In summary,
we obtain

n

(02.3) < CHE(up|ap) + C'H (up Hap ™) + C"(h* + At?) + 2= (h — hp, app — app)| s

The final estimate for (¢2) then follows from the separate estimates for (£2.1) — (¢2.3),
which then together with the estimates for the other two lines (¢1) and (£2) yields the
assertion of Lemma 3.15. O

This completes the proof of Theorem 1.23 and closes our investigations for the isothermal
gas transport in pipe networks.

3.3. Non-isothermal gas transport

In this section, we aim to extend some of the ideas and results from the previous sections to
the non-isothermal gas transport in pipe networks. In particular, we derive a reformulation
of the governing equations (3.5)-(3.7) and propose a suitable set of coupling conditions at
interior junctions. It turns out that the resulting system has a similar “energy structure”
allowing for a simple proof of global balance laws.

3.3.1. Preliminaries

We make use of the notation introduced in Section 3.1.1 and again start with deriving a
different set of equations that allows us to alternatively characterize smooth solutions of
(3.5)—(3.7) on a single pipe. As a first step, we observe that the variational derivatives of
the total energy density E¢(p,w,s) = %52apw2 + ape are given by

0,E° = ah®,  0,E° =&*m,  0,E° = apé, (3.65)

where we used the constitutive equations (3.4) and introduced the total specific enthalpy
he = %wg +e+ %. By (3.5)—(3.6) we further find that

2 2 2
20,w = 5287(6%) = Z—p@Tm — aa—p2m(‘)7p = —%8$(62pw2 +p) — vy|w|lw + a‘g7m8$m.
Using the relations for the specific internal energy (3.4), one can see that
%@Cp = 85,;(%) + [‘% P = 81;(%) + 0,e0,p = 896(% +e) — 00,s.
We further observe that
%(%(puﬂ) — ﬁ@zm = aﬂp@xm + %amw — aﬂpaxm = wh,w = %896(102).

In summary, this shows that

£20,w 4 9,h° — 00,5 = —v|w|w.
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3.3. Non-isothermal gas transport

From (3.5), (3.65), and the above equation we deduce

d
d—EE = 0,E°0:p + 0w E 07w + 0,E°0; s
-

= ah®0,p + e2md-w + aphd;s
= —h®0;m — mO,h® — ym|w|w + mO9d,s + apfO;s
= —0,(mh®) — yIm|w? + mOd,s + abpd, s.

By (3.7) we know that

€ d—E‘E = — 30, (w(E® + ap)) — B(O — %) — 3y |m|w?
T

=— 53850(%771102 + apwe + awp) — B(6 — 0°) — 3 |m|w?
= — 30,(mh?) — B(0 — 0°) — 3y|m|w?.

Comparing the two equations for %ES shows that

6 —6°
0

must hold and we can replace (3.7) by this equation, leading to the following system

e3ap0rs + e3mbys = —f

adyp + Bym = 0, (3.66)

20w + 0rg° — (0 — 0°)0ps = —y|w|w, (3.67)
3 3 6 —6°

€ap0rs + €°mys = —f3 7 (3.68)

where we introduced a new variable, the specific free enthalpy or specific Gibb’s free energy
2

¢ = hE—OOS:%wQ"Fg‘Fe_QOS' (3.69)

For sufficiently smooth solutions the system (3.66)—(3.68) is equivalent to the original
system (3.5)—(3.7) with constitutive equations (3.4).

3.3.2. Model problem

We now turn to describing the full model on the pipe network. Let (3.66)—(3.68) be
satisfied on each edge e € &, i.e.,

ae0rpe + Orme = 0, (3.70)
20, we + Onge — (0 — 00)83356 = —Ye|we|we, (3.71)
3 3 0 — 6"
E°UePeOrSe + €MDy Se = — e 7 (3.72)
forall 0 < x < l, e € £ and 7 > 0 with
e? o, Plpesse) 0
Me = AePeWe, o = Ewe + 07 + e(pe, Se) — 08¢, B = 0(pe, Se)- (3.73)
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2 in | out 2 @ out | in :
in | in @ out | out
OO —Q

Figure 3.2.: Number of boundary conditions that are needed for different flow situations.
The arc direction corresponds to the flow direction.

The system has to be complemented by suitable boundary and coupling conditions. In
the subsonic regime, which is assumed to be of relevance in gas pipelines, two boundary
conditions have to be prescribed at the inflow boundary of each pipe, while only one
condition is needed at the outflow boundary [123]; see Figure 3.2 for an illustration. Let
us thus introduce the sets

Vén(T) ={v € Vy:me(v,T)ne(v) <0} and VI(1) = {v € Vg : me(v,T)ne(v) > 0}

of inflow and outflow boundary vertices at time 7 > 0. Moreover, for each interior vertex
v € Vy we define the sets

EM(v, 1) = {e € £(v) : me(v, T)ne(v) > 0},
E% (v, 1) = {e € E(v) : me(v, T)ne(v) < 0}

of edges carrying flow into or out of the vertex. Note that the above spaces depend on the
time 7 in comparison to the corresponding spaces introduced in Chapter 1.1.2. The choice
of appropriate boundary conditions that give rise to a well-posed problem is in general
not an easy task; a review can be found in [123]. At the network boundary, we prescribe

g (v, 1) = g5(71), vEVy, ec&(v), T>0, (3.74)
se(v,T) = 85(7), v EVI(T), e € E(v), T > 0. (3.75)

In order to ensure basic physical principles at network junctions, we impose the following
coupling conditions

Z o )me(v,T)ne(v) =0, veVy, >0, (3.76)
(v, 1) = go(m), veVy, ec&(v), >0, (3.77)
Se(v,T) = 84(7) veVy, ec v, 1), T>0 (3.78)

with mixing value

Zeegi”(v,ﬂ me(v, T)se(v, T)ne(v)

Zeefi" (’U,T) Me (’U, T)ne (’U)

Su(T) = , veVy, T>0. (3.79)
The first coupling condition (3.76) guarantees conservation of mass at junctions and en-
sures that m € H(div; ) defined in (3.21). By introducing additional degrees of freedom
g5 and §, at interior vertices v € V), the second condition (3.77) enforces continuity of the
free enthalpy, wheres the third condition (3.78) ensures outflow continuity of the specific
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3.3. Non-isothermal gas transport

entropy which ultimately guarantees conservation of entropy at junctions. We then call
any triple of functions

pyw, s € CH[0, Tmaz); L*(€)) N CO([0, Traz); H;w(é’))

a classical solution of (3.70)—(3.79) if the model equations are satisfied in a pointwise sense
up to some Tyq: > 0.

Remark 3.16. The fact that entropy is conserved at network junctions might not be
physically correct since we would expect that entropy is produced due to the mixing. The
coupling condition (3.78)—(3.79) for the entropy could be replaced by

N(se(v, 7)) = My (7) vEVy, e€ &, T), T>0 (3.80)
with mixing value

Zeeei"(v ) Me (v, T)n(se(v, 7))ne(v)
Mo(T) = : , vEVy, 7>0 (3.81)
Zeegm(vﬂ') me(v, T)ne(v> 0

for some convex and strictly monotonically increasing function 1 : R — R. This condition
now allows for entropy production at junctions if 1 # id.

Example 3.17 (Ideal gas). Let us consider the case of a simple ideal gas that fulfills the
following thermodynamic relations

R

p = Rp0, e=cyd = ——0
v—1
with specific heat at constant volume ¢, = 771}1’ specific gas constant R = pR, where
R = 8.314- i 7 1s the universal gas constant and p the mole-mass fraction, as well as

1 <y <5/3; see [58, Ch.III.1]. Let us note that v = 5/3 corresponds to a monatomic gas
in dimension 3. From (3.4) we deduce that

elp,s)=p "t/ and  6(p,s) = ¢ elp,s) = ¢t e

The latter relation can be transformed to

cyt
s(p,0) = ¢, log (/ﬂ_l) .

The function 7 : R — R, s — %/ is convex and strictly monotonically increasing. For
this choice the coupling conditions (3.80)—(3.81) correspond to a mixing of the quantity
c,0/p?Y~1 and entropy will be produced at network junctions.

3.3.3. Weak formulation

Our analysis and numerical approximation for the non-isothermal gas transport in pipe
networks are again based on a weak characterization of classical solutions.

105



3. Gas transport in pipe networks

Lemma 3.18. Any classical solution (p,w,s) of (3.70)—(3.79) satisfies

(a0rp; q)e + (0zm, q)e = 0, (3.82)
(£20,w,m)e — (95, 0ur)e — (0 — 0°)0as,m)e + (Ywlw,m)e = = > Ghre(v)ne(v), (3.83)

7 , 2)E (3.84)
for all q, z € L%(&), r € H(div;&) and 0 < T < Tiae-

Proof. The weak formulation immediately follows from multiplying (3.70)-(3.72) with
q, r, z, integrating over each edge e € £ and summing up. In the second equation, we
further apply integration-by-parts to the second term, i.e.,

(Ou" ) = ~(070u)e + 30 D7 i ()re(o)ne (o).

The contributions at interior vertices v € Vy vanish due to the continuity of ¢g° by (3.77)
and the fact that r € H(div;E). O

3.3.4. Basic properties

Let us now derive some properties of solutions to the non-isothermal gas transport problem.

Energy structure and formal asymptotics to the parabolic limit

We associate the following exergy or ballistic free energy functional

Le 2
£
Ho(p,w,s) = Zeeg/o GE(EPewg + pee(pe, se) — P65690> dx (3.85)
to the system (3.70)—(3.79); see [47, Ch.1.3]. The variational derivatives are given by
O H® = ag®, SwH® = e%m, SsHE = ap(h — 6°). (3.86)

Similar to the isothermal case, we call (p,w,s) the state and (g°,m, p(f — 6°)) the cor-
responding co-state variables; these will play an important role in the following consid-
erations. By formally setting ¢ = 0 in (3.72) we observe that 0(p,s) = 6° is constant.
Consequently, s = s(p; 0") is a function of p only. The inversion of this equation is always
possible since 950(p, s) > 0 holds under the assumption that the gas is in a local thermo-
dynamic equilibrium, which implies that 6(p, s) is invertible w.r.t. s; see [58, Ch.IIL.1.1].
Moreover, the pressure p = p(p) then also depends on p only. We further deduce from
(3.4) that

r2

e(p,s) = /1P p(r) dr + 6's. (3.87)
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3.3. Non-isothermal gas transport

The exergy functional thus becomes

Zeg/ aepe/pe dr dx Zeg/ aP(pe) d

with pressure potential P(p) = p f .- T(T dr that was already introduced in Section 3.1.1.
In the limit € = 0, the system (3.70)—(3.72) thus reduces to the transformed parabolic gas
transport model that on each edge e € £ is given by

eOrpe + Ozme = 0,
azP,(pe) = 776|w6‘w67

with s = s(p; 0°) and associated energy H°. Here, we used that for ¢ = 0 we have

¢ = P +e(p,s) — 0% = p—i—/pp(g) dr = P'(p)
p p 1T
by (3.87). The coupling conditions for the mass flux m and the free enthalpy g in (3.76)—
(3.77) reduce to the corresponding ones for the parabolic limit problem, i.e., m € H(div;E)
and p being continuous across junctions; compare with (3.15)—(3.20) for ¢ = 0 and [113].
From the previous considerations, we see that the system (3.82)—(3.84) has an “energy
structure” and can be written as the following abstract system

C°0ru+ J(u)z®(u) + R (u)z°(u) = by, (3.88)
25(u) = (C°) 7 (H°) (u) (3.89)

with state variables u = (p,w, s), co-state variables z°(u) = (g°,m, p(6 — °)), and opera-
tors defined by

(CZu,v) = (adrp,q)e + (€20;w,7)e + (adys, 2)e,

(T ()2 (), 0) 1= (@, Qe — (4 ar>g—<app<e 0°), r)e <8jfm,z>g,

B

(RE()32(0), 0 = (0 e + (5000 = ), 2

(by,v) = _Z VeV gare(v)ne(v),

where v = (q,r,2) € L?>(€) x H(div;&) x L?*(€) is a test function. Note that the third
equation (3.84) was divided by p. The operator C¢ is positive definite, R(u) is positive
semi-definite, and J(u) is skew-symmetric. In comparison to the abstract form (3.26)—
(3.27) of the isothermal gas equations, both systems have a similar structure, but the
operator J now depends on the state variable w.

Global balance laws

Based on the weak formulation of the equations and the above relations between state and
co-state variables, one can immediately derive the following global balance laws.
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Lemma 3.19. Let (p,w, s) be a classical solution to (3.70)—(3.79). Then,

% /5 apdr = — Zveva Me(V)ne(v) (3.90)

_ p0y2
i’l—[E (p,w,s) Z gome(v)ne(v /'y|m|w2 dx — / fSM dz, (3.91)
E &

dr 0
vEVy

d apsdr = — ZUGV& Me(V)Se(V)ne(v) —

dr Je

B0
553 0

da. (3.92)

If the coupling conditions for the entropy are replaced by (3.80)—(3.81), it holds that

d B o—0
. /g apsdr < — Zveva Me(V)Se(V)ne(v) — R

dz. (3.93)
Remark 3.20. The total mass of the system is conserved up to flux over the network
boundary. The change in total exergy of the system is only caused by flux over the net-
work boundary and dissipation by friction at pipe walls and by heat exchange with the
ambient medium. The total entropy changes only due to flux over the network boundary
and temperature exchange with the ambient medium. Depending on the choice of cou-
pling conditions (3.78)—(3.79) or (3.80)—(3.81), entropy is either conserved or produced at
network junctions.

Proof. The conservation of mass (3.90) immediately follows from equation (3.82) by testing
with ¢ = 1. The appearing contributions at interior junctions vanish due to the coupling
condition on the mass flux (3.76). In order to prove the energy identity (3.91), we use that

d
E’Hs(p, w, s) = (0rp,ag®)e + (Orw, e2m)e + (0rs,ap(d — 6°))e

holds due to the relations in (3.86). Using the test functions ¢ = g%, r = m, z = ¢ 3(6—6°)
in the variational identities (3.82)—(3.84) then leads to

d
—H (p,w,5) = — (0um, ¢%)e + (95, 0um)e + (0 — 0°)ps,m)e — (Yw|w, m)e

dr
0 — 6
,E

7 30— 6%))e.

— Z G5me(V)ne(v) — (MOys, 0 — 00)5 — (B

vEVy

By canceling the terms with opposite sign, we obtain equation (3.91). Choosing ¢ = s,
r=0,and z = ¢3 in (3.82)(3.84) directly leads to

ddT / aps dz = (ad-p, s)e + (3apdrs,e3)e

6 —6°
0

B 56O—0°
— ZUEV Zeeé’(v) Me(V)Se(V)ne(v) — . P dx.

—(0zm, s)g — (egmazs, 6_3)5 — (B ,5_3)5
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The contributions at v € Vy vanish due to (3.78)—(3.79), more precisely

Z Me(v,7)se (v, T)ne(v) = Z Me(V)Sy(T)ne(v) + Z Me (v, T)Se (v, T)ne (V)

e€&(v) ec&out(v,1) ecEM(v,T)

=2 me(v,7)n (U)Ze/egi”(vf) Me (0, T)Ser (0, T)Mer (V)
ec&out (v,7) e\U, e Ze/egm(v,r) me’(U,T)ne/ (1))

+ Zeegin(vﬂ_) me(’U, T)Se(v, T)ne(’lj) = 0.

Here, we additionally used the fact that by (3.76) we have

Zeesm(u,r) Me(v, T)ne(v) = — Zeesout(v,r) Me(v, T)ne(v).

If the entropy coupling conditions are replaced by (3.80)—(3.81), it holds that
_ - _ 1/
Z:eeé’(v)me(v7 T)Se(v7 T)ne (U) Zeegout(vﬂ_) Me (U, 7)77 (771;(7'))% (U)
o Zeégm(v,r) Me (U7 T)Se (Uu T)ne (U)
> egin Mer (U, T)N(Ser (0, 7))Ner (V)
— -1 e'efin(v,r)
- Zeegout(vﬂ_) me(v’ T)ne('l}) 77 < )

D eregin(u,r) Mer (U, T)Ner (V)
N Zeec‘?i”(vﬂ') Me (U’ T)Se (U’ T)ne (U)

Iccin Mer (U, T -1 Ser (U, T)))Ner (U
.y (0 7 (1) € ) e (0TI (15 (0, ) 0)
ec&out(v,1) Ze’egi"(v,T) me/(v, T)nel(’l})

3y e ) =0

1

where we applied Jensen’s inequality and used the fact that n~" exists and is concave since

7 is convex and strictly monotonically increasing. O

3.4. Numerical approximation

For the discretization of the system (3.70)-(3.79), we extend the mixed finite element
method proposed in Section 3.2 and in [38] for the isothermal gas transport to the non-
isothermal regime. A hybrid discontinuous Galerkin approach with upwinding is used to
approximate the additional transport equation (3.72) for the entropy. Such methods have
shown to be especially suitable for handling the coupling conditions at network junctions;
see Chapter 1.3 and [39].

3.4.1. Mesh and approximation spaces

We approximate the density p and the entropy s by piecewise constant and the mass flux
m by piecewise linear, edgewise continuous functions in space on the spatial mesh

Th={T!= (" 2d):i=1,...,M,, 20 =0, M =4, ec &}
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Figure 3.3.: A simple spatial mesh with two sub-intervals per pipe for the network given
in Figure 3.1. The degrees of freedom for density and entropy are depicted in
(cyan, bar) and for the mass flux in (red, dot). The placement of the hybrid
variables is illustrated in (blue, star).

The grid points are given by x! = ihe, i = 0,..., M, with local and global mesh sizes
denoted by h. = £./M. and h = maxecg h.. Interior grid points are collected in the set

Ay ={al:i=1,...,M, —1}.
We further introduce the outward normal n on the mesh 7;, that takes the values
TL|T;'(ZL'Z_1) =-1 and n|T€z(:UZe) =1 fori=1,...,M,., ec€&.
The spatial approximation spaces are defined by
Qn = Po(Th), Ry, = P1(Tn) N H(div; £), and  Zy = Po(Th)

with Py (75) denoting the space of piecewise polynomials of degree < k on the mesh. More-
over, we introduce additional degrees of freedom called hybrid variables at all vertices and
interior grid points that lie in the space Zj, = £5 (VUA}); compare with Chapter 1.3. In Fig-
ure 3.3 we present an illustration of the degrees of freedom for density, mass flux, entropy,
and the hybrid variables. The discrete time steps are given by 7" = nAr, n =0,..., N
with A7 = 7p4:/N and we abbreviate u™ = u(7"). In order to approximate the time
derivative, we will make use of the backward difference quotient d,u" = (u" — u"~1)/Ar.
Let us further introduce the following grid- and time-dependent scalar products

(u, w)Th = ZTGTh (u, w)LQ(T)’ (u, w>377L = ZTGTh Z:}:E@T ulr(z)wl|r(z)

with 9T! = {221, 21} being the element boundary of T} = (271, 21), as well as

<u7w>87'}/lmﬂ" - ZTGTh ZxEQTi”v" un‘T(x)wn‘T<m)7
<'LL, w>a7-};)ut,n = ZTG'Th eraTout,n UH‘T(x)wn}T(x%

where the in- and outflow boundary of T' € T, at time 7™ is defined by
OT™" = {x € T : m}(x)n|r(z) <0} and OT°“"™ = {x € AT : m}}(x)n|r(z) > 0}.

Note that mj is edgewise continuous. Similarly, the network inflow and outflow boundary
at time 7" will be denoted by Vén’n and ng’", respectively, i.e., for v € Vy it holds that

in,m Vout,n

v e Vy " if mi(v)ne(v) <0and v e Vy™" if mj(v)ne(v) > 0.
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3.4. Numerical approximation of the non-isothermal gas transport

3.4.2. Structure-preserving discretization scheme
For the approximation of solutions to (3.70)—(3.79), we propose the following method.

Problem 3.21. Let ,0(,)Z € Qn, m% € Ry, and 52 € Zp be given. Then, forn=1,...,N
in,n

find pf € Qp, my € Ry, s} € Zy, 5} € Zy, so that §}(v) = §4(1™) at v € V)" and

(aJTp27 q}l)Th + (83277712, Qh)Th =0, (394)
(R — (6" e, — ((6F — 0°)(GE = ), )y (3.95)

+(ywpwp, i)+ Y gh(T ) ra(v)ne(v) = 0,
o — 6"

Oh

vEVy

17 ~
(Pap)~ e, )7 + (MR — s1), A mor, + (B2 2)7 =0 (3.96)
for all g5, € Qp, 11, € Ry, and 2z, € Zy, 2p, € 7y, with wy, gi’”, and 60} being functions of
the discrete approximations pj}, my, and sy, i.e.,
My en €2 a2 PORSh)
g = S BT

— +e(pr,sp) — 0% and 0 = 0(p}, s}).
apy, Ph

wy =

The convective downwind flux is defined by m}z#“n = max(m}n, 0)2;, + min(mpn, 0)zy,.

Let us note that the structure of the weak formulation (3.82)—(3.84) is preserved by the
above scheme. Moreover, by formally setting ¢ = 0 we obtain a viable method for the
parabolic limit problem, which equals the method provided by Problem 3.6 for e = 0. The
coupling condition for the mass flux (3.76) is strongly included in the approximation space
R}, whereas the continuity of the free enthalpy (3.77) is weakly included in (3.46). The
mixing condition for the entropy at junctions (3.78)—(3.79) is enforced by the additional
hybrid variables §;, and Z; and thus naturally included in the method. More precisely, by
formally testing (3.96) with z;, = 0 and 2, = x,, for v € V), we find that

. Zeegi”(vﬂ'") mZ,e(v)SZ,e(U)ne(v)
Zeegi"(v,ﬂ-”) mﬁ,e(v)"e (1))

: (3.97)

i.e., 5}'(v) equals the mixing value (3.79) and serves as upwind value for all outgoing pipes.

Remark 3.22. When one wants to replace the coupling conditions for the entropy by
(3.80)—(3.81), the method can be modified as follows: We replace equation (3.95) by

7 n ,n n 77 ‘§n - 77 Sn
(o, — (67" 0ern) — (6~ 0"y 398)
h

el + S gh (e (o)ne(v) = 0

vEVy
and equation (3.96) by

n—1, 1/

(Papy 0 () dr s za)7, + () — n(s))). 2o (3.99)

or — o
+(8' (1)
h
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3. Gas transport in pipe networks

Note that since 7 is a strictly monotonically increasing function, it holds that 7'(s) > 0

for all s. Again, testing (3.99) with z =0, 2, = xv, v € W, we find that

Zeegi”(v,r") mz,e (U)n(sz,e(v))nt? (U)
Zeefi”(v,‘r”) mz,e(v>n€(v)

n(sp(v)) = , (3.100)

which equals the mixing value (3.81).

3.4.3. Discrete balance laws

Next, we show that the solution (pj,m},s}) of Problem 3.21 satisfies discrete global
balance laws. In order to do so, we make the following assumptions:

(B1) There exist constants p, p > 0 so that p < p <pforalln=0,...,N.

(B2) The function (v,s) — é(v,s) with v = 1/p and é(v, s) = e(p, s) is strictly convex
and there exists a constant 0 < ¢ < 1 so that

(" (v,5)(x,y), (x,y)) > COue(v, s)a”
for all z, y, and all p =1/v and s.
(B3) The flow satisfies the subsonic condition
3€°(oRwi)?* < COue(vy, s4)

for all v} = glé +(1— gl)pn—l,l, st =&osh + (1 —&)sp ! with &, & € (0,1) and all
h
n=20,...,N.

Remark 3.23. Following common practice, see e.g. [17, 58], we write the internal energy
in terms of the specific volume v = 1/p instead of the density p. It then holds that

de(v,s) = —p(v,s) = —p(p, s), 6sé(v,s) = 0(v, s) = 0(p, s). (3.101)

Assumption (B2) corresponds to one of the basic assumptions in thermodynamics, namely
that the flow is in a local thermodynamic equilibrium. Assumption (B3) enforces the flow
to be subsonic since the speed of sound c is defined by

¢ =v\0,€(,s).

We refer to [58, Ch.III.1.1] for details. The assumptions are reasonable for flow in pipe
networks, which is supposed to be subsonic, and for the example of an ideal gas, which
will be demonstrated in the following example.

Example 3.24. Let us revisit the case of a simple ideal gas from Example 3.17 which
fulfills the following thermodynamic relations

p = Rpf and e =c, = ——0.
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3.4. Numerical approximation of the non-isothermal gas transport

From (3.4) and (3.101) we deduce that
e(p,s) = p'~tes/e and (v, s) = v e,
Differentiating € twice with respect to v and s shows that
(z,9)"e" (v, s)(x,y) = (v — 1)fyy7177es/c“w2 —2(y— 1)61711/7763/6”.%@ + C;2V177€S/va2.

By applying Young’s inequality, the second term on the right-hand side can then further
be estimated by

20y — ey v e ay > —(1 = Q) (v — Dy e/ @a? — L o2yt es o2,

We now require that ﬁ% < 1l and 0 < ¢ < 1, which is satisfied for 0 < { < %

Consequently, € is a strongly convex function that satisfies assumption (B2).

Theorem 3.25. Let the assumptions (B1)-(B3) hold. Then, a solution (p},m},sy) of
Problem 3.21 satisfies the following discrete global balance laws

W dr = nldr — A r(v)ne(v), 3.102
/E app do /g agp ! de = AT ST mi(o)ne(v) (3.102)

HE(of o) < G i i) = AT YD G R ) (v)

on — 90 2
- AT/ aypr|wi|? dx — AT/ i(hgn) dr,  (3.103)

£ S h
on — 90
/apﬁsz dx = /apz_lsz_l dac—AT/ % hen dx
£ £ Ee€ h

_Ar (<mz, S youen + (mi, sa(T")n>Vm,n). (3.104)

17}

If the equations (3.95)—(3.96) in Problem 3.21 are replaced by (3.98)—(3.99), the corre-
sponding solution (py,my, s}) satisfies the mass and energy balance (3.102) and (3.103)
as well as the following entropy balance

on — 6°
/apﬁsz dx > /apzlszl d:E—AT/ % h—— d
£ £ g’ Op

- m(mg, i) ot + (mi. ga(rﬂ)m%n,n), (3.105)

i.e., entropy at junctions is produced instead of conserved.

Proof. Conservation of mass. The first identity (3.102) follows directly from testing (3.94)
with g, = 1, i.e.,

/g“dfph dr = — /C, Opmip dz = =3 | D ey THOIM):

The contributions at interior vertices vanish since mj € Ry, C H(div;€).

113



3. Gas transport in pipe networks

Dissipation of exergy. By definition of the exergy in (3.85) it holds that

2
@H%ﬁw&%ﬁa;éazwm%> w2

+ appe(py, sp) — apy, 16([’”71 - (apysy, — apy,~ 152 He° dz
- )
= (adyp, Z (w])® + e(of, 57) — 52607 + L /f aZ N (wf)? — (Wi )?) da
4 A;.Jétzpz elof o) — et 57 1)) do — L g(zpz L — 5P 160 da

= (4) + (it) + (di1) + (v).

Let us first consider the term (4i7). By assumption (B2) and (3.101) we observe that

e — ep Tt < S — ) + SR (sh — sy ) — Ol s — 1)
p _ 1 C(suue 1\2
< pnpﬁ r(Ph — Py D+ Op(sp — sy, ) — W(Pn Py )

with v} = flé (1—&)— T sy = &asp 4+ (1 —&2)sp ~1 for some &1, & € (0,1), where we

*

abbreviated e}l = e(p}, sh) and €y = €(py,sy). From this we directly deduce that

... 7 7 173 [
(i) < (adepf Bm, + (o desi00)s = & [ ageedin (= )2 da
= (idi.1) + (idd.2) + (iii.3).
We observe that
(i) + (i4i.1) = (ad-p}, 977" )75, and (iv) + (i33.2) = (ap}'d, s}, 0 — 0) 7,

It remains to estimate the last term (7i7.3) together with (i7), i.e.,

.. n n n Oyy€ 7
(i) + (1i13) = 2 [ %o (i) = (™)) = 2 [t (o — )R do.

Let us note that

2 _
a5 P H(wp)? = (wp™h)?) = a?ppwy (wh — wi )
—ag?(p} — pp D (w — wph) — a5 pp T (wf — wp )

The first term equals Are2d,wim}. Under assumption (B3) and using Young’s inequality,
we can show that the remaining terms are negative, i.e,

Couv€ 1 -1 -1 2 n—1 -1
—WTB’L(p” o) =2 (pp — pp Dwi(wpp —wi ™) = Sop (wpp — wph)?
(ppwi)? —1y2 | &2 (wp)? 1,2
< %(ph’;pzl(ph—pﬁ ) +%pz’11(p§i—p2 )
2 1/ n

n— 1)2_ QPZ 1( nfl)Q

which allows us to estimate (i) + (iii.3) < (e2d,;w}, m})7,. Overall, we obtain

A (o wf 1) < (adepft, g5+ (2druft,mf) 7, + (aphy ™ drsh, 07 — 09)7,. (3.106)
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3.4. Numerical approximation of the non-isothermal gas transport

Testing (3.94) with g;"" € L*(€), (3.95) with m} € Ry, and (3.96) with e=3(07 — 6°) € Z,
then yields

AHE (ol sR) < — (Dol 67"V + (95" D) + (6] — 6V) (3 — s}), mEm) i

n n n AU n n
— (Y|wylwy, my) 7, — Zveva 95(m")my, (v)ne(v)

n/an n n 05 — 60 — n
— (mp (8, — sp), (O — 90)”>@T;‘nm — (B hen € S(Hh - 90))%
h
. or — 90 2
= 3 i) [ gt ar [ SOZIT g,
£ g€ 9h

vEVy
Let us note that (3.94) can formally be tested with L2-functions since d,p} as well as
Oymj are piecewise constant and (3.94) thus holds pointwise.

Balance of entropy. By formally testing (3.94) with r;, = s} € Q) and (3.96) with
2, =3 € Zy, 2, =0, we estimate
1 n.n n—ln—ld:(dnn 3n—lgn—3
Ar gaphsh app s, dx = (adrpy, sp)7, + (aep)dresy, e )7,

n o n n(an n en - 90 _
= — ((%;mh,sh)Th - <mh(8h - Sh)7n>67—;f'n,n — (,8 hez ,E 3)7—h

. o —0° _
= = (myish, mom, — (Mf,(3h = k), n)gpunn — (B~ g, )7,
' h
o —6° g
= <stZ,n)Vgut,n - (stg(T”),mvén,n — (B o € )T,
h

where the contributions at interior vertices and grid points cancel due to the fact that 3p
equals the upwind value within pipes and the mixing value (3.97) at junctions, and m}} is
continuous, from which we can conclude that (m} s}, n) OTImT\Vy = —(mj'sp,n) AT\ V-

Balance laws for n. Conservation of mass trivially holds since the first equation (3.94)
is unchanged. In order to prove that the energy balance (3.91) is still valid, we start from
(3.106) and test (3.94) with g;" € L?*(€) which is an admissible test function, (3.98) with
mi € Ry, and (3.99) with e73(07 — 6°)/n/(s?) € Zp, and 2, = 0. This leads to

d
——H(ph wis sp) < =(Qamiy, 9" )7 + (9, Oemipy) s, — (YIwh [wh, mi) T,

dr
+ (05 = 0")(n(3h) = n(si)) /0 (i), my, ) ginn — Zveva 9o (7" )mi; (v)ne(v)

— (mi((3R) = n(sp)), (0 = 0°) /1 () m) grinn — (7°B(Oh — 0°) /67, 0}, — 0°) 5.

By canceling the terms with opposite signs, we already obtain the energy balance (3.91).
Similarly as above, we find

L /g aplsi — apilsp =t dx = (adepl, S2)7s + (gl (P)de s (52) "V
o — 00
o

= — (@amiy, sh)7, — (my(0(35) = n(s5)), 0 (7)™ n)ginen — (B )
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3. Gas transport in pipe networks

Since s} is piecewise constant, the first term equals —(m}}, s} n)s7;, . Using that mjn < 0 at
AT,™" and that 7 is convex, i.e., n(8}) —n(s}) > n'(s7) (87 —s}), and strictly monotonically
increasing, i.e., n’(s}) > 0, we can estimate the second term by

—(my(n(35) = n(sh)), 0 (7)™ n)ginn = —(mh (5], = 5h), 1) grinn.
At interior grid points A7, it holds that 5} is given by the upwind value and m} is continuous

within edges, we can thus conclude that —<m2§’[{,n>87’5n,n\v = <m282,n>87—;ut,n\v. At
interior junctions v € Vy, however, it holds that

- Zeegout (U’Tn) mZ,e (U) ‘§Z7e (v)ne (U)

_ n -1
= =2 iy @m0

> D" oy Mhe (V)5F(0)e(v),

Ze’egi"(vﬂ'”) m;ll,e’ (”)77(52,6/ (U))ne’(v))
Ze’efji"(v,‘r”) mZ7e’(v)n6'(U)

where we used the fact that 7(87) is given by the mixing value (3.100), that n~! is concave,
as well as Jensen’s inequality. In summary, we thus find that

nan ) n.n
_<thh, n>87—zn,n\va Z <mh5h,n>87-hout,n\va.
Together with the previous considerations we can thus estimate

—(Oamiy, sp)75, — (M (3 — sp), 7' (7)™ n)grinn

> —(mp, shm)or, — (Mp(8h — sh), 1) gyinn

> —(my, sZn)Vguz,n — (mjp, ga(T”)n>Vén,n,
i.e., additional entropy is produced at junctions due to mixing. This yields (3.93). O

This concludes our theoretical investigations for the non-isothermal gas transport in
pipe networks. Open questions that occurred will be discussed at the end of this chapter.

3.5. Numerical illustration

Let us conclude this chapter with some numerical experiments illustrating our theoret-
ical findings. We again consider the GasLib-11 network from Chapter 1.4 depicted in
Figure 3.4. This network consists of 11 pipes and vertices from which 5 are boundary
vertices. We assume that all pipes have the rescaled length ¢ = 1, diameter d = 1, and
cross-sectional area a = m/4. According to the data in [112] that corresponds to the
GasLib-11 network, the length of the pipes is about 55 km with diameters of 0.5m. Rel-
evant time scales range from hours to days and usual mass fluxes are 10 — 20m/s [98].
This corresponds to a scaling parameter € ~ 0.1 — 0.01.
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3.5. Numerical illustration

Figure 3.4.: GasLib-11 network from [112].

3.5.1. Isothermal gas transport

We first consider the isothermal gas transport and choose v = 1 as the friction coefficient.
We assume that the pressure-to-density relation is given by p(p) = ¢%p, which holds for an
ideal gas in the isothermal regime, with the rescaled speed of sound ¢ = 1. As boundary
conditions, we prescribe the enthalpy at the network boundary vertices by

Ryt (1) = 0.28In(277 /Timaz)® + 1, By (T) = 0.38in(277 /Tmaz)® + 1,
hy (1) = hy'°(1) = hy'' (1) =1

for a time horizon T,,q, = 5. The initial conditions are given by the stationary states
corresponding to the boundary data at 7 = 0. Let us note that for ¢ < 1, fixing the
enthalpy at the boundary vertices is more or less equivalent to fixing the density since
he = %wQ + P'(p) =~ P'(p). We solve the nonlinear system of equations, which we obtain
from (3.45)—(3.46) after choosing suitable basis functions for the discrete spaces, using
Newton’s method. In our computations, we obtained convergence within 4 — 5 steps up

to a tolerance of 10~12.

Asymptotic convergence

In order to illustrate the asymptotic estimate from Theorem 3.5, we compare the solutions
for different £ > 0 with the solution to the parabolic limit problem € = 0. Since we cannot
explicitly compute the exact solutions, we approximate them using the method proposed
in Problem 3.6 for small mesh sizes h and A7. Our results are shown in Table 3.1. The
distances depicted therein are computed as

dist(u) = max [lup™ — up” || 2 e

=Vu,...,

with u = p or u = m. For ¢ sufficiently small, we obtain second-order convergence with
respect to € in density and also in mass flux. These observations are in accordance with
the theoretical findings from Theorem 3.5, where a second-order convergence in £ was
proven if the velocities are bounded away from zero. Although in our scenario velocities
change sign, we still observe this convergence.
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3. Gas transport in pipe networks

e | 1 [t 102 [ w?® [ w0t | 107 10-5

dist(p) | 1.22e-1 | 6.62e-3 | 6.92e-5 | 6.98e-7 | 6.98e-9 | 6.98e-11 | 6.98e-13
rate - 1.27 1.98 2.00 2.00 2.00 2.00

dist(m) 5.35 8.32e-1 | 6.56e-2 | 9.20e-4 | 9.54e-6 | 9.54e-8 | 9.56e-10
rate - 0.81 1.10 1.85 1.98 2.00 2.00

Table 3.1.: Distance to the parabolic limit and convergence rate with respect to . The
mesh sizes are chosen as h = A1 = 276,

errp(p) | 5.41e-2 | 4.55e-2 | 3.41e-2 | 2.38¢-2 | 1.57e¢-2 | 9.89¢-3

f1 rate - 0.25 0.42 0.52 0.60 0.66
errp(m) | 3.90e-2 | 3.35e-2 | 2.35e-2 | 1.64e-2 | 1.10e-2 | 7.06e-3

rate - 0.22 0.51 0.52 0.58 0.64
errp(p) | 1.07e-2 | 5.76e-3 | 3.02e-3 | 1.56e-3 | 7.99e-4 | 4.06e-4

- 10-1 rate - 0.90 0.93 0.95 0.96 0.97
errp(m) | 4.03e-2 | 2.41e-2 | 1.38e-2 | 7.61e-3 | 4.06e-3 | 2.11e-3

rate - 0.74 0.81 0.85 0.91 0.94
errp(p) | 9.34e-3 | 4.78e-3 | 2.46e-3 | 1.25e-3 | 6.30e-4 | 3.17e-4

- 10-2 rate - 0.97 0.96 0.98 0.99 0.99
errp(m) | 3.53e-2 | 2.10e-2 | 1.53e-2 | 7.88e-3 | 4.40e-3 | 2.39¢-3

rate - 0.75 0.45 0.96 0.84 0.88
errp(p) | 9.34e-3 | 4.77e-3 | 2.46e-3 | 1.25e¢-3 | 6.30e-4 | 3.16e-4

c—10-3 rate - 0.97 0.96 0.98 0.99 0.99
errp(m) | 3.53e-2 | 2.19e-2 | 1.89e-2 | 1.06e-2 | 9.76e-3 | 4.84e-3

rate - 0.69 0.21 0.83 0.12 1.01
errp(p) | 9.34e-3 | 4.77e-3 | 2.46e-3 | 1.25e-3 | 6.30e-4 | 3.16e-4

c—0 rate - 0.97 0.96 0.98 0.99 0.99
errp(m) | 3.53e-2 | 2.20e-2 | 1.89¢-2 | 1.08e-2 | 9.95e-3 | 5.27e-3

rate - 0.68 0.22 0.81 0.12 0.92

Table 3.2.: Error and convergence rates with respect to h for different values of €. Space
and time discretization with h = A7 = 273" in refinement r =0, ..., 5.

Error estimates

We also investigate the simulation errors and convergence rates of the numerical scheme
given in Problem 3.6 for different scaling parameters € > 0. Since the exact solution to
(3.15)—(3.20) is not known, the numerical errors are approximated by

— n n
ertp(u) = max |luy —up ol r2(e)
with w = p or v = m and U’Z/Q denoting the solution on a finer mesh with h = h/2
and A7 = A7/2 at the same time point 7,, = nA7 in time. The results are depicted in
Table 3.2. As theoretically proven in Theorem 3.9, we observe linear convergence for the
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3.5. Numerical illustration

density for all choices of the scaling parameter ¢ sufficiently small, in particular also for
the parabolic limit € = 0. Linear convergence can also be seen for the mass flux for ¢
sufficiently small, but not too close to the limit ¢ = 0, which is also in accordance with
Theorem 3.9. Let us further highlight that the observed errors in the density are more or
less identical for e = 1072,1072 and € = 0, which underlines the asymptotic convergence
behavior of the exact solutions to the parabolic limit.

3.5.2. Non-isothermal gas transport

Let us now focus on the non-isothermal gas transport in pipe networks. We consider a
simple ideal gas, see Example 3.17 and 3.24, and choose v = 5/3 which corresponds to a
monatomic gas in dimension 3. Let us recall that e(p, s) = p?~'e*/® with ¢, = 7—}_21 and
R = uR with R = 8.314% being the universal gas constant. As rescaled mole-mass
fraction we choose p =1 72—;’[. Similarly, we can write the entropy s as function of density p
and temperature 6, i.e., s(p,0) = ¢, log(c,0) — Rlog(p). We choose the rescaled parameters
le=1,d.=1, ac =7%/4, fo =1, 7. = 1 for all e € &, a constant ambient temperature
of ° = 1 and a time horizon of 7,4 = 5. As boundary conditions we set

95 (7), 95 (7), 957 (T), 95'°(7), g5'* (7)] =[0.2 Sin(277 / Tinae ) + 1, 0.38i0(277 / Tz )® + 1,
1,1, 1] (e(1,s(1,1)) + dpe(l, s(1,1)) — s(1,1)),
89(t) = s(1,1) for all v € V(7).

The initial condition is given by the corresponding stationary solution to the boundary
conditions at time 7 = 0. By choosing a suitable basis for the discrete spaces Qy, Ry,
and Zj, we solve in each time step n = 1,..., N the system (3.94)—(3.96) using Newton’s
method, which usually converged within 4 steps using a tolerance up to 1079 in our
simulation.

Discrete balance laws

As a first step, we illustrate the validity of the discrete balance laws (3.102)—(3.104) for
various choices of 0 < ¢ < 1, which corresponds to different time and length scales. The
results are displayed in Table 3.3 with

ny .__ n 0 n J
AMp(t") = /g apy — apy, dx + At ijl ZUGV& my (v)ne(v),

e(.m\ . el n ,n n\_ /600 0 .0 n V(] J
AHG (") = HE(pp, wy, sp) — H(pp, wp, 5p) + AT Zj:1 queva 95(7 )my, (v)ne(v)

n o 3 (ej _ 90)2

n n.n 0.0 n B 9% —0°
AS; (™) = [ apyst — apys;, dr+ ATZ —=
19

- 3 v dx
J ee€ 0;,

AT ijl (<mil’ SpM)yguts + (1, Sén>vgn,j).
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3. Gas transport in pipe networks

e R 91 22 | 2% [ 2t
AM(Tmaz) | -3.33¢-16 | 1.47e-15 | 2.22¢-15 0 -1.55¢-15
AHE (Tmaz) | -1.82e-1 | -6.03e-2 | -6.06e-2 | -6.06e-2 | -6.06¢-2
ASE (Tmas) | 249e-14 | 4.17e-14 | 4.03e-11 | 1.66e-8 | 1.99¢-5

Table 3.3.: Differences AMj,(Timaz), AH (Tmaz), AS}(Tmaz) in total mass, exergy and
entropy at time Tyuqp = 5 for h = A1 = 276,

e |1 ] 2t ] 22 ] 2 | ot

AMp(Tmaz) | -2.11e-15 | -2.22e-15 | 1.89e-15 | -1.22e-15 | -6.12¢-16
AHF (Tmaz) | -1.82e-1 -6.0le-2 | -6.06e-2 | -6.06e-2 -6.06e-2
AS (Tmaz) 5.89e-5 1.13e-1 6.66e-1 6.70e-1 6.70e-1

Table 3.4.: Differences AMy,(Timaz), AHF (Tmaz), AS}(Tmaz) in total mass, exergy and
entropy at time T4 = b for h = A7 = 27° for coupling conditions (3.80)-
(3.81) with n chosen as in Example 3.17.

They are in accordance with our theoretical findings from Theorem 3.25. In a second
experiment, we changed to coupling conditions for the entropy to (3.80)—(3.81) with func-
tion n(s) = e*/* chosen as in Example 3.17. The method described in Problem 3.6 is
changed according to Remark 3.22. Our findings are depicted in Table 3.4. Let us stress
that entropy is now produced at junctions in comparison to the previous test.

Asymptotic convergence

Although a rigorous asymptotic analysis is not yet available, let us present a numerical
test. We compare the solutions for different ¢ > 0 with the solution to the parabolic limit
€ = 0. We measure the distance by

dist(u) = max |lu,™ — ug’"HLQ(S)

n=0,...,

for u = p,m,s on a fine mesh. Our results are depicted in Table 3.5. For e sufficiently

e | 1 [t 102 [ w?® [ w0t | w07 105

dist(p) | 2.67e-1 | 4.98e-2 | 2.31e-4 | 7.82e-7 | 8.24e-9 | 8.28e-11 | 8.29¢-13
rate - 0.73 2.33 2.47 1.98 2.00 2.00

dist(m) 3.28 2.86e-1 | 1.49e-2 | 1.19e-3 | 3.17e-5 | 3.19e-7 3.19e-9
rate - 1.06 1.28 1.10 1.57 2.00 2.00

dist(s) 4.57 5.32e-1 | 1.81e-3 | 6.22e-6 | 6.17e-8 | 6.17e-10 | 6.17e-12
rate - 0.93 2.47 2.46 2.00 2.00 2.00

Table 3.5.: Distance to the parabolic limit and convergence rate with respect to €. The
mesh sizes are chosen as h = A1 = 276,
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small the solutions are very close. We also displayed the convergence rates which for small

¢ indicate a second-order convergence.

3.6. Discussion and outlook

To conclude this chapter, we discuss our results and open questions and give an outlook
on possible future research directions.

Isothermal gas transport. The first part of this chapter was dedicated to the isother-
mal gas transport in pipe networks. For an appropriate numerical approximation, we
proposed the mixed finite element method given in Problem 3.6 using basis functions
of the lowest order. The extension to higher-order polynomials and, in particular, the
analysis of the discretization error by using similar techniques based on relative energy es-
timates could be of interest. We also see a lot of potential in analyzing structure-preserving
Galerkin methods for other nonlinear problems that have an underlying “energy structure”
by relative energy techniques.

Another topic that might be worth investigating is concerned with an alternative proof
of the well-posedness of the parabolic gas model. In [113], the existence of weak solu-
tions is shown based on the reformulation of the problem to the degenerate second-order
parabolic equation. A Galerkin approximation of the corresponding weak formulation
yields convergent subsequences whose limits turn out to be weak solutions. It would be
of interest to alternatively consider the approximation of the parabolic problem provided
by our method for ¢ = 0. It might then be possible to show that the limit also yields a
weak solution to the corresponding variational formulation (3.22)-(3.23).

Finally, the application of our method to calibration and optimal control problems
arising in the context of gas networks leaves room for future research [78].

Non-isothermal gas transport. We proposed a suitable transformation of the model
equations. The corresponding weak formulation (3.82)—(3.84) turned out to have an en-
ergy structure that could be written as an abstract system of the form (3.88)—(3.89). In
particular, the problem had a similar structure as the reformulated isothermal gas trans-
port model (3.26)—(3.27), but with one crucial difference, namely the skew-symmetric
matrix J depended on the state u. However, a rigorous asymptotic analysis is not yet
available. It might be possible to estimate the difference between the solution u® =
(p°, w*, s%) to the non-isothermal gas transport (3.70)—(3.79) and the parabolic limit solu-
tion u® = (p°,w?, s = s°(p")), which can again be understood as a perturbed solution to
(3.82)—(3.84), with similar techniques as for the isothermal case in Section 3.1.7. In order
to use the relative exergy that is given by

HE () = HE () = HE () — (M (a0), = )

with exergy functional defined in (3.85) as a distance measure, we have to ensure that
HE(+|) is equivalent to some norm, i.e., the exergy HE is strongly convex with respect to
a norm. In the isothermal case, this was true under a subsonic condition, and we expect
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3. Gas transport in pipe networks

that under similar conditions like (B1)-(B3), i.e., close to the parabolic limit, this also
holds in the non-isothermal case. For research in similar directions, we refer to [16, 51]
where the exergy was used to investigate the weak-strong uniqueness for the Navier-Stokes
and the full Euler system, respectively.

The next step could then be a rigorous error analysis of the method proposed in Prob-
lem 3.21. Since the energy structure is preserved by the discretization scheme, it might
be possible to investigate the error and convergence with similar techniques as in the
isothermal case presented in Section 3.2.
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Conclusion

In this thesis, we considered three examples of partial differential equations on networks
that each contained an asymptotic parameter € describing either a singular perturbation,
different modeling scales, or different physical regimes. The problem type and the type of
asymptotics differed forcing us to use various techniques and approaches for the analysis.
Let us summarize the focus areas and main tools, as well as comment on some open
questions and possible next steps. A detailed discussion and outlook for each of the three
model problems can be found at the end of the corresponding chapter.

Existence of solutions. In Chapter 1 and 2 we provided existence results of solutions
to the corresponding problems under consideration. As a main tool, we exploited semi-
group theory, which turned out to be particularly well-suited for problems on networks.
Energy estimates based on weak characterizations of solutions and fixed point arguments
in the case of nonlinear equations then enabled us to derive the existence and uniqueness
of solutions uniformly in the scaling parameter €. For the kinetic chemotaxis model in
Chapter 2, however, we could only prove local existence. The extension to global results
is a possible next step for our research; we expect the need for other techniques.

Asymptotic analysis. One main focus of this work was the investigation of the behav-
ior of solutions for € — 0. Different techniques were applied for the asymptotic analysis.
In Chapter 1 and 2 we made use of suitable boundary layer functions and asymptotic
expansions in order to derive quantitative estimates. A-priori bounds on solutions uni-
formly in the scaling parameter € were crucial for the analysis of the kinetic chemotaxis
model. The investigation of more general coupling conditions, as well as nonlinear models
in the context of traffic flow or cross-diffusion systems and other kinetic equations (on
networks) opens up further research fields. For the isothermal gas transport model in
Chapter 3, however, we needed different tools. Based on a suitable transformation of
the equations and a weak characterization of solutions having an “energy structure”, we
exploited relative energy estimates to obtain an asymptotic estimate. The extension to
the non-isothermal model, which has a similar “energy structure”, seems possible, but
remains to be studied.

Numerical approximation. Based on weak characterizations of solutions, we consid-
ered Galerkin methods that preserved the underlying structure and the basic properties
of the model problems. Moreover, methods were still viable in the asymptotic limit € = 0.
A special emphasis was on the proper handling of the coupling conditions at network
junctions. Introducing additional hybrid variables at vertices and grid points turned out
to be particularly well-suited. The application of similar methods to other (nonlinear)



Conclusion

problems on networks is of great interest. Moreover, a suitable numerical approximation
of the kinetic chemotaxis model on networks, that is still viable in the diffusion limit € = 0,
has not been considered yet and is thus a possible next step for our research.

Error analysis. In order to analyze the error of the proposed numerical methods, we
faced different challenges. In Chapter 1 boundary and internal layers made the use of
layer-adapted meshes on the edges of the network necessary, leading to e-uniform error
estimates. The particular construction and proposed approximation strategy could be
applied to other problems (on networks) forming layers for small scalings. A completely
different error analysis was performed for the isothermal gas transport in Chapter 3. Based
on the “energy structure” of our model problem that was inherited by the mixed finite
element method for the isothermal gas transport, we used relative energy estimates to
measure the discretization error. We further hope to analyze the error of the numerical
method for the non-isothermal gas transport with similar techniques. This is, however,
left for future research. In general, relative energy estimates are an extremely useful tool
for the error analysis of (structure-preserving) discretization schemes and could be applied
to other nonlinear problems having an “energy structure”.
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Appendix

A.1. Verification of (E1)—(E3) in the proof of Theorem 3.5

For the sake of completeness, we show that the estimates (E1)—(E3) are valid for u® =
(pf,w) and u® = (p°, w®) solving (3.26)—(3.27) and (3.39)-(3.40), respectively.
Verification of (E1). By definition of ¢ in (3.24) it holds that
P 0 1 2¢,,e _ ,,0)2
(Y () = () () — () () — ) = (4717100 s ur = v
0 (57 — o) — w®)
with P'(p%]p%) :== P'(p°) — P'(p°) — P"(p°)(p° — p°). Applying Taylor’s theorem then yields
P'(p°1p%) < |P"(p)|(p° = p°)? < Clp° — p°)?
with intermediate value p* := &p° + (1 — &)p° for some & € (0,1). The latter inequality

holds since the pressure potential P is smooth and p is bounded due to (Al) and (A3).
Young’s inequality further enables us to estimate

a€2(p€ _ pO)(we _ ,wO) S %C_L€|p€ _ p0|2 + %C_L€3|w€ _ wO‘Q

which then leads to
(1) (u¥)=(H) (u®) = (H°)" (u?) (u® — uP), O-u”)
< C'| 01 |e oo |lu” — w2 < CYHE (uf[u”)

with e-weighted norms defined in (3.34). In the last step we used the norm equivalence
(3.35) for the relative energy and the fact that u° is bounded in W1°°(0, 7,005 L(E))2.

Verification of (E2). Since (|£|¢) = 2[¢], it holds that
1
o =l =2y [l + gl - 0] dg (uF ~ ).
0
The integral can further be estimated from below and above by

€ 0 1 € 0
|w|l_|w|§/|w0+§(w€—w0)|d§§|w|+|w|.
0



1. Appendix

The upper estimate is an immediate consequence of the triangle inequality. The lower

estimate can be shown by minimizing the functional F'(w fo |w® + &(w® — w)| d¢ for

0

fixed w?. Since F takes its minimum for w® = —w?, we have

[ 10 g ) de > min ) = 3100+ 4o,
We can further write
me —m® = apfw® — ap®u® = a(pf — pO)wt + ap?(w® — wP),
which together with the previous considerations yields
(v [w? = 3w’ W) (m® —m?) = 2ayw /01 w® + E(w® —w)| d€ (p° — p")(w" —w”)
+2avp° /01 |w® + &(w® — w®)| d¢ (w® — w®)? = (i) + (i1).
From (A.1) and Young’s inequality we deduce that

(i) = =y (w] + [ |) (wF — ) — 20714 - (e |+ [w?)) (o — o),
(i1) 2 3ayp’(Jw’] + [w°)) (w® — w)*.

With the bounds in (A2)—(A3), we finally obtain

Lle
—(R(u)—R(u0), 25 (v¢) — 25 (u0)) < — Zees/o (i) + (i4) dx

IN

Le
1 0(,E 0 € 042 S S 0112
—42665/0 acvep” (|| + [w’)(w® —w®)” do +day<-|p° = p"ll¢
< —QD(U€|UO) + CQHE(U€|UO)

with relative dissipation functional defined by (3.43).
Verification of (E3). Inserting the definition of the residual in (3.41) yields

[N

(res®, 2°(uf) — 2°(u")) = (20,w’, m® —m%)e — (5 ("%, 0p(m® —m))e = (idi) + (iv).

The first term can be estimated using Holder’s and Young’s inequality, the bounds in
(A2)-(A3) as well as the fact that m® —m° = a(p® — p°)w® + ap’(w® — w®) which leads to

. ap)3/? 3/2
(iii) < Jaw(e]|0rulFaqe) +110° = 2'l7ce)) + § piabyrme 1001} e

+ Eaypllu® —w ||L3(S) < CHE (v [u) + $D(uf|u’) + C'e?,

where the latter inequality follows from (3.35), (3.43), the bounds on 9,u°, and the finite-
ness of the network. If |w®|, [w®| > w > 0, we can alternatively estimate

(i) < Jaw(e|0ruBage) + 167 — Pl3ae) + BEEcH0ruBaey  (A2)

+ ggaypwlw® — w|Fae) < OH (wf|u’) + §D(u|u’) + C'e?,
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1.2. Discrete Gronwall lemma

using (3.44) instead of (3.43). Similarly, by applying integration-by-parts we find that
(iv) = (2w9,w’, m* —m°)e < OH(u|u’) + D (ufu°) + C'e?,

where ¢ now depends on [|0,w°||2(g) which is bounded by assumption. This estimate
can again be improved if the velocities are bounded away from zero. In summary, this
proves (E3). O

A.2. Discrete Gronwall lemma

In the proof of the uniform convergence result from Theorem 3.9 in Chapter 3, we make
use of the following discrete version of the Grénwall lemma.

Lemma A.1. Let o™, b", d* > 0 forn =0,...,N, and let AT > 0 with cAT < 1 for a
given ¢ > 0. Moreover, for all 1 <n < N it holds that

a” + Zk:l Ardt < a® + b7 + Czk:l Ar(a* + aF 1), (A.3)

Then,

(1-2k)cAT

"k~ 0 fnelT (0 " k| pk—1
@'+ ATy dP<d b eATerar (@ £ ) e e (200 + 08 +847Y)).

Proof. Let us introduce

n k k— 1 - CAT
Sn = Zk:l(a —+a 1), SO = CLO, and w .= m

and rewrite (A.3) as
n __ n 0 n __ n k
a" —cAts" <a” +b E 1 Atd”. (A.4)

By defining a” := w"s™ we observe that

~n ~n—1 n.n n—lsn—l —

a” —a =w"s" —w ws"™ — s

wn—l(

n—l)

= w" N1+ cAT) (" — cATs" — s — cArstT)

=w" (14 cAr)™! ((a” — ¢ATS") + (a1 — cATs"_l))
n—1 —1,.0 | mn n k0, pn—1 n—l ki
<w" (14 eAr) Ha® + b —Zkzlmd +a°+b —Zkzlmd),

where we used (A.4) for the last inequality. Summing up over n then leads to
“n =0 o k-1 (o0 pk o ph—1 k j k=1 j
a" < a®+ Zk:1 w1+ A7) (20 + 07+ 0 — ZFI ATd’ — ZFI Ard’).

0

Since @° = a® and a@" = w"s" as well as d/ > 0, we see that

-n 0 - " k—1 —1(9,0 k k—1
s <w e fwm Yy w1 eAT) T (20 + 0 ).
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1. Appendix

In order to estimate the terms on the right-hand side, we make use of the fact that

w "= (1+cA‘r)n — (1 + 2cAT )n < 62ncA7'/(lch7')7

1—cAT 1—cAT

which follows from the exponential series. From this, we immediately conclude that

(2(n—k)+1)cAT

w w1 4 eAT) L = (ifﬁﬁ:)n_k(l —cAT) P <e  Tmear |

where we additionally used that (1 — cA7)™! =1+ % < e¢AT/(1=cAT)

(A.4) yields

. Inserting into

(1—2k)cAT

n 2ncAT n _
@+ A7y d < b eATeitar(a® £ ) e et (200 +0F 4 647Y),

which already proves the assertion. O
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