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Abstract

Active particles and active suspensions are a relatively new field of research. The study of such
complex flows promises to yield interesting new results and possible applications range from
medicine to the neutralisation of pollutants in water or soil. The term active particle refers
in general to any object capable of self-driven motion. Thus, large animals such as the blue
whale (Balaenoptera musculus) or technical devices such as planes are active particles, just like
microscopic organisms capable of self-driven motion, e.g. Escherichia coli.

Active suspensions, i.e. a mixture of active particles and a fluid, are investigated from three
different angles in the present work. The focus is on microscopic particles; the Reynolds num-
ber of the resulting suspension is therefore very small. This in turn allows the assumption of a
Stokes flow, i.e. the convective term of the Navier-Stokes equation can be neglected. Despite
the small Reynolds number, the behaviour of an active suspension under certain conditions is
called active turbulence by some researchers. This designation inspires to apply methods from
turbulence research to an active suspension. The aim is to reveal the nature of the collective
behaviour of an active suspension. In particular, the question is whether the behaviour is more
chaotic or more deterministic, or whether both types of behaviour occur and an intermittent
system is present.

First, a model for active particles is developed that serves as the basis for all subsequent in-
vestigations. It is assumed that the fluid is Newtonian and described by the unsteady Stokes
equation and the rigid particles are governed by the Newton-Euler equation. A special bound-
ary condition at the particle surface is used to accelerate the particle. While one half of the
particle surface is considered as passive, i.e. a no-slip condition is used, the other half is an
active surface, where an active stress accelerates the surrounding fluid. Due to momentum
conservation, the particle will move in the opposite direction of the active stress.

The model is used to derive Lie-symmetries, which are later used to analyse simulation data.
Furthermore, a statistical description of an active suspension is derived based on the Lundgren,
Monin and Novikov (LMN) hierarchy used in turbulence research. Additional symmetries arise
for the resulting Probability Density Function (PDF) hierarchy, which transport important
information about the physical system.

As already mentioned, the symmetries are used to analyse and interpret simulation data. To
generate the data, a solver was developed on the basis of the eXtended Discontious Galerkin
(XDG) methods implemented in the Bounded Support Spectral Solver (BoSSS) framework.
The necessary extensions of the existing solver described in this paper include the implementa-
tion of a particle solver, the active boundary conditions and a collision model for the particles.

The third method for the analysis of active suspensions, which is examined in the present work,
is a homogenised model. In contrast to the particle-resolved approach, which was realised in
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the BoSSS framework, average values of the physical quantities are investigated. Similar to
the Reynolds-Averaged Navier-Stokes (RANS) equations, unclosed terms arise in the model
equations that describe statistical moments of higher order. These additional terms are mod-
elled on a phenomenological basis, i.e. observations from the particle-resolved model are used
to derive closure conditions.

Simulation results generated with both models are linked to the theoretical results of the sym-
metry analysis. It becomes apparent that the behaviour of an active suspension is determined
in particular by the phenomenon of intermittency, i.e. a constant alternation between deter-
ministic and chaotic behaviour exists.
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Zusammenfassung

Aktive Partikel und aktive Suspensionen sind ein relativ neues Forschungsgebiet. Die Untersu-
chung solcher komplexen Stromungen verspricht interessante neue Ergebnisse, und die mog-
lichen Anwendungen reichen von der Medizin bis zur Neutralisierung von Schadstoffen im
Wasser oder im Erdreich. Der Begriff aktive Partikel bezieht sich im Allgemeinen auf jedes Ob-
jekt, das zu einer selbststindigen Bewegung fahig ist. So sind grof3e Tiere, wie zum Beispiel
der Blauwal (Balaenoptera musculus) oder technische Apparate wie Flugzeuge, aktive Partikel,
ebenso wie Mikroorganismen, die sich selbst antreiben konnen, z. B. Escherichia coli.

Aktive Suspensionen, d. h. ein Gemisch aus aktiven Partikeln und einer Fliissigkeit, werden
in der vorliegenden Arbeit aus drei verschiedenen Blickwinkeln untersucht. Der Schwerpunkt
liegt dabei auf Suspensionen mit mikroskopisch kleinen Teilchen; die Reynoldszahl der resul-
tierenden Suspension ist daher sehr klein. Dies wiederum erlaubt die Annahme einer Stokes-
Stromung, d. h. der konvektive Term der Navier-Stokes-Gleichung kann vernachlassigt wer-
den. Trotz der kleinen Reynoldszahl wird das Verhalten einer aktiven Suspension unter be-
stimmten Bedingungen von einigen Forschern als aktive Turbulenz bezeichnet. Diese Bezeich-
nung regt dazu an, Methoden aus der Turbulenzforschung auf eine aktive Suspension an-
zuwenden. Ziel ist es, die Natur des kollektiven Verhaltens einer aktiven Suspension aufzu-
decken. Insbesondere geht es um die Frage, ob das Verhalten eher chaotisch oder eher de-
terministisch ist, oder ob beide Verhaltensweisen auftreten und ein intermittierendes System
vorliegt.

Zunéachst wird ein Modell fiir aktive Partikel entwickelt, das als Grundlage fiir alle weiteren
Untersuchungen dient. Es wird angenommen, dass ein Newtonisches Fluid vorliegt, welches
durch die instationédre Stokes-Gleichung beschrieben wird. Die Partikel, welche als starre Kor-
per angenommen werden, werden mit den Newton-Euler-Gleichungen modelliert. Speziel-
le Randbedingungen an der Partikeloberflache beschleunigen die Partikel. Wahrend die eine
Halfte der Partikeloberfldche als passiv betrachtet wird, d. h. es wird die Haftbedingung als
Randbedingung verwendet, ist die andere Hélfte eine aktive Oberfldche, an der eine aktive
Spannung das umgebende Fluid beschleunigt. Aufgrund der Impulserhaltung bewegt sich das
Teilchen in die entgegengesetzte Richtung der aktiven Spannung.

Das Modell wird zur Bestimmung von Lie-Symmetrien verwendet, die spater zur Analyse
von Simulationsdaten herangezogen werden. Dariiber hinaus wird eine statistische Beschrei-
bung einer aktiven Suspension auf der Grundlage der in der Turbulenzforschung verwende-
ten Lundgren-Monin-Novikov (LMN) Hierarchie abgeleitet. Fiir die resultierende Hierachie
von Wahrscheinlichkeitsdichtefunktionen ergeben sich zusatzliche Symmetrien, die wichtige
Informationen {iber das physikalische System enthalten.




Die Symmetrien werden zur Analyse und Interpretation von Simulationsdaten verwendet. Um
die Daten zu generieren, wurde ein Solver auf der Grundlage der eXtended Discontious Galer-
kin (XDG) Methode entwickelt, welche im Bounded Support Spectral Solver (BoSSS) Frame-
work implementiert ist. Die notwendigen Erweiterungen des bereits vorhandenen Losers, die
in dieser Arbeit beschrieben werden, umfassen die Implementierung eines Partikellosers, der
aktiven Randbedingungen und eines Kollisionsmodells fiir die Partikel.

Die dritte Methode zur Analyse von aktiven Suspensionen, die in der vorliegenden Arbeit
untersucht wird, ist ein homogenisiertes Modell. Im Gegensatz zu dem partikelaufgelosten
Ansatz, der im BoSSS Framework realisiert wurde, werden nun Mittelwerte der physikali-
schen GroRen untersucht. Ahnlich wie bei den Reynolds-gemittelten Navier-Stokes Gleichun-
gen entstehen in den Modellgleichungen ungeschlossene Terme, die statistische Momente
hoherer Ordnung enthalten. Diese zusatzlichen Terme werden auf phinomenologischer Basis
modelliert, d. h. Beobachtungen aus dem teilchenaufgelosten Modell werden zur Ableitung
von SchlieBungsbedingungen verwendet.

Die mit beiden Modellen erzeugten Simulationsergebnisse werden mit den theoretischen Er-
gebnissen der Symmetrieanalyse verkniipft. Es zeigt sich, dass das Verhalten einer aktiven
Suspension insbesondere durch das Phdnomen der Intermittenz bestimmt wird, d. h. es be-
steht ein stdndiger Wechsel zwischen deterministischem und chaotischem Verhalten.
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1. Introduction

But then the other machines gained the upper hand. [...] I consider them to be
small pseudo-insects that can combine as needed, in the common interest so to
speak, to form a superordinate system precisely in the form of clouds. This is how
the evolution of mobile automatons took place. (Lem [133] pp. 83-85)

Small, autonomous machines - nano-robots - as described by Stanislaw Lem, are a long known
and popular motif in science fiction literature. Such machines with their own propulsion mech-
anisms are, at their core, active particles. Research is still a long way from such advanced and
according to science fiction literature even dangerous machines. However, active particles sur-
round us in our daily lives, in fact we humans are active particles ourselves. In the most general
definition, an active particle is an object capable of self-driven systematic motion [172]. In this
work, swimming and flying active particles are investigated in particular. If such particles are
combined with a fluid, an active suspension is obtained. In Fig. 1.1 a wide range of exemplary
active particles is given. From the largest living animal on earth - the blue whale (Balaenoptera
musculus) - to one of the smallest known organisms, the green algae Micromonas pusilla [6],
many living organisms are capable of self driven motion. This trait is so important that it is
often used to distinguish animals from other life forms, although there are stationary animals,
e.g corals, as well as mobile plants, such as the green algae mentioned above.

On a macroscopic scale, artificial active particles are well known. Cars, trains, ships and planes
transport people and goods every day. The focus of this work is, however, on microscopic
particles similar to Lem’s nano-robots, i.e. the particles are not visible by the naked eye. Such
particles represent a new field of research, where various pioneering ideas and approaches
exist. Possible applications, which are currently only investigated on a laboratory scale, range
from medicine to the purification of polluted water and soil, combating the effects of climate
change and neutralising chemical warfare agents. In medicine, active particles can be used
as carriers for targeted drug delivery. Core idea is to deliver the medical agent, e.g. a cancer
drug, directly to the origin of the disease [101]. Consequently, side effects of the medication
can be alleviated. In addition to developing a reliable actuator capable of operation in vivo,
biocompatibility and toxicity are a particular challenge [87, 176]. Artificial active particles
might also be used to detect and degrade pollutants [115, 161, 192]. For example a TiOs/Au
coating at the surface of an active particle triggers a catalytic reaction, which degrades dye
pollutants, while at the same time driving the particles forward [212].

Any microscopic active particle, whether artificial or biological in nature, has to cope with
the special conditions resulting from its small size. To better understand these conditions one
might define the Reynolds number
Frrere
pt UL
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Fig. 1.1.: Active particle come in all sizes. The diagram shows the relationship between the
length L¢ and the Reynolds number Re of different biological and artificial active
particles. (a) Motile strains of Escherichia coli are often used as model organism
for active particles. Photo courtesy of USDA ARS [70]. (b) The green algae M.
pusilla is one of the smallest known biological active swimmers. Reproduced from
Alsante et al. [6]. (c) Silica Janus particles with platinum coating accelerate a micro-
gear. Reproduced from Maggi et al. [144]. (d) Artificial stomatocytes are able to
trap catalytical nano-particles, which are used as motor. Reproduced form Wilson
et al. [207]. (e) Large swimming or flying artificial structures such as planes can be
considered as active particles. Photo by Hope, M. [100]. (f) The largest biological
active particle is the blue whale (B. musculus). Photo courtesy of NOAA [136].

where U¢ is a characteristic velocity, L¢ a characteristic length, p*" is the fluid mass density and
pf" the dynamic viscosity of the fluid. Assume a particle with a length L¢ = 10~%m swimming
in water (pf" = 103kgm 3, pf" = 10~3kgm~—'s~!) with a velocity of U¢ = 10"*ms~'. The re-
sulting Reynolds number Re = 10~* is small. By considering Fig. 1.1, a more precise definition
of the term microscopic scale can be derived by means of the Reynolds number. The condition
Re < 1 needs to be upheld, thus, all particles presented in the diagram with a characteristic
length a < 10~3m are in the microscopic range. Given that Re can be interpreted as the ratio
between the inertial and viscous forces, a small Reynolds number indicates dominating vis-
cous forces. Inertia is defined as the resistance towards a change in motion. Subsequently, in
case of vanishing inertial forces no resistance exists and any velocity change is instantaneous.
In other words, in a system with negligible inertia, time does not matter [171]. This has major
implication for the motion of microscopic active particles. Purcell [171] explains the impact
of the high viscous environment with the example of scallops. These swim by opening their




shells slowly and closing them again quickly. The difference in speed of the two processes
causes the scallop to move forward, a process which is called reciprocal motion [171]. The
same process at small Reynolds numbers in a Newtonian fluid would have no effect, since
the time in which the opening and closing process takes place does not matter. The scal-
lop would merely oscillate about a stationary point. It should be noted, that a micro-scallop
in a non-Newtonian fluid is quite capable of moving, since such fluids show non-linear and
time-dependent behaviours [18].

Escherichia coli or Bacillus subtilis are often used as model organisms in experiments [59, 62,
191, 211]. They are able to propel themselves in Newtonian fluids at low Reynolds numbers
by using a bundle of flagella, which are able to rotate continuously in one direction [181].
Hence, the propulsion is non-reciprocal and the bacteria can move forward. Archaea use a
simpler structure, which is also capable of continuous rotation, the so-called archaellum [3].
Larger eukaryotic unicellular organisms use, among other mechanisms, a large number of cilia
for locomotion. In contrast to the flagellum, these can only perform planar movements [214].
Due to their flexible structure, however, their motion is also non-reciprocal [171].

Probably the simplest way to artificially produce an active particle is the Janus particle ap-
proach. They were named after the two-faced Roman god Janus, who was supposed to repre-
sent the contradictions of the world. Following the naming, Janus particles have two or more
surface regions with different optical, chemical, electronic or magnetic properties [197]. The
different properties of the surfaces cause a flow of the surrounding fluid. For example, in case
of the aforementioned particle with TiO/Au coating, where one half of the particle surface is
coated with titanium dioxide and the other half with gold, the reaction which degrades the
dye pollutants is responsible for an electric potential difference, which causes the fluid flow.
Due to momentum conservation the particle will move in the opposing direction [212].

A different group of artificial active particles is driven by an external field, e.g. a magnetic field.
The particles activated by this field follow a similar structure as their biological counterparts,
where, both, the rotational movement of the flagella is mimicked as well as the rowing of the
cilia [41, 117, 216]. Instead of only mimicking biological structures, bio-hybrid active particles
directly employ the biological mechanism by modifying bacteria or eukaryotes [87]. One
possibility to control bio-hybrid particle is to use the natural behaviour of bacteria to follow
gradients of nutrients or pollutants. Another possibility is to genetically modify the bacteria
to become sensitive to a certain mechanism. For example, Frangipane et al. [77] present
photosensitive E. coli that can be made to reproduce complex two-dimensional structures like
grayscale images.

Depending on their propulsion mechanism, active particles produce characteristic flow fields
in their vicinity. Such fields can be approximated with singularities of different order. An
active particle driven by an external force causes a flow field, which can be approximated by a
Stokeslet, i.e. a force singularity in a viscous incompressible flow. The corresponding solution
of the Stokes equation in three spatial dimension is [18, 25]

ud (r) = P ieslr-r- + e (1.2)
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where u?! is the fluid velocity induced by the Stokeslet, F*! is the magnitude of the point
force, efl is the orientation of the Stokeslet, r; is the distance vector towards the origin of the
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Fig. 1.2.: The flow in the vicinity of active particles can be approximated using singularities.
All three particles in this figure move on the horizontal axis in the right direction. (a)
A particle driven by an external force produces a flow field equivalent to a Stokeslet.
(b) A pusher particle driven by a force exerted by the particle onto the fluid produces
the flow field equivalent to a Stokes dipole. (c) An inversed Stokes dipole is produced
by a puller particle. Illustration based on Bechinger et al. [18]

points force and r the length of the distance vector. The resulting flow field is given as a sketch
in Fig. 1.2a.

In case of self-driven active particles, i.e. the particle exert a force on the fluid, one needs to
distinguish two cases. Either the particle is pushed by its propulsion system, e.g. flagella, see
Fig 1.3a or the particle is pulled, see Fig 1.3b. An approximation for the corresponding flow
fields is a Stokes dipole, which is generated by two nearby opposing point forces [18]. The
solution of the Stokes equation for a Stokes dipole in three dimensions is

Sd
uf (r) F (3 (efd'rj)2 — 1) Tis (1.3)
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where u7? is the fluid velocity induced by the dipole, /¢ is the strength of the force dipole
and €7 its orientation [18]. In case of the pusher particle F/°? is positive, whereas in case of
a puller particle the sign is negative. Both velocity fields are sketched in Fig. 1.2b+c.

In two dimensions the velocity of the singularities changes compared to three dimensions.
The induced velocity u?'! of the Stokeslet becomes [43]

FSl
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Furthermore, the induced velocity of the Stokes dipole is [43]
FS’d 3 2
Sd _ 2 (.Sd. \" _ ,
u?(r) = Ty <r2 (ej 1“]) 1> Ty, (1.5)

Notably, the order of the rate of decay with increasing distance r is reduced by one compared
to the three dimensional case.

In order for the aforementioned new technologies to be used not only in the laboratory but
also in medicine or industry, it is necessary to describe the collective behaviour of active sus-
pensions. In general, the behaviour of an active suspension depends on its density [16, 149],
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Fig. 1.3.: Two different categories of propulsion exists for self-driven active particles, i.e. par-
ticles with an internal source of force. In both images, v, is the particle velocity and
F?¢ is the active force induced by the particle on the fluid. (a) A pusher particle, e.g.
E. coli or B. subtilis, uses its a bundle of flagella to push the cell body forward. (b)
The propulsion mechanism of a puller particle is mounted at the front of the particle
and pulls the cell body through the fluid. An example for such a particle would be
the algae Chlamydomonas reinhardtii. Tllustration based on Bechinger et al. [18]
and Saintillan [181].

the material law of the fluid phase [18, 155], the geometrical properties of the active particles
[17, 73, 204] and of the enclosure [56, 210]. Due to the visual resemblance to turbulence at
high Reynolds numbers, some authors established the term active turbulence for the chaotic
behaviour of an active suspension for certain particle densities, e.g. Alert et al. [4], Bratanov
et al. [34], Dombrowski et al. [59], and Sokolov and Aranson [191]. While both phenomena
- hydrodynamic turbulence and active turbulence - share similarities, the differences are ap-
parent. Classical hydrodynamic turbulence occurs at high Reynolds numbers and is driven by
inertia. Energy is transferred from large to small scales and only at the smallest scales, viscos-
ity becomes the dominant parameter, leading to the dissipation of energy. Such a process is
described as energy cascade [123, 124]. In case of an active suspension, energy is injected at a
certain scale, defined by the motor of the particles, and dissipated on any scale. Subsequently,
no energy cascade is present [4]. Similarities between both phenomena can be found in the
Probability Density Function (PDF) of the velocity. The PDF show non-Gaussian heavy tails,
resembling the behaviour of the velocity and vorticity PDF in hydrodynamic turbulence [112,
205], a phenomenon which is also visible in the results of the present work.

Expanding the understanding of the collective behaviour and providing techniques to study
active suspensions is the goal of the present work. The aim is to investigate the extent to which
an active suspension behaves deterministically, chaotically in the sense of the aforementioned
active turbulence, or as an intermittent system. The term intermittency describes a constant
change between deterministic and chaotic behaviour and is known, for example, from the field
of classical hydrodynamic turbulence research [135, 206]. Three different approaches, tools
so to speak, are developed to describe an active suspension, which are all based on the same
Janus particle model. Different modelling strategies for active suspensions are presented in




Sec. 2, including the Janus particle model used throughout this work. Despite the fact that the
term active turbulence itself might be misleading due to the differences towards classical hy-
drodynamic turbulence, it is worthwhile to apply techniques known from turbulence research
to active suspensions. Hence, classical and statistical Lie-symmetries of an active suspension
are investigated in Sec. 3. In order to obtain statistical symmetries a probability theory is pre-
sented employing the joint PDF of the velocity, particle position and particle orientation. The
theoretical results can be subsequently used to analyse simulation data. In Sec. 4 a particle-
resolved solver is presented based on the eXtended Discontious Galerkin (XDG) method, em-
ploying high order ansatz polynomials. Simulations for large systems with this solver would
exceed the available computation power. Hence, we introduce a second solver based on Eu-
lerian volume averaging theory in Sec. 5. Results for both numerical approaches are given in
Sec. 6. To analyse the data obtained by the simulations the classical and statistical symmetries
are used. Subsequently, it will be shown, that it is possible to connect the phenomena visible
in the simulations, such as the formation of particle clusters, to the theoretical foundations.
In the final Sec. 7, the previously obtained results from theory and numerics are summarised
and discussed.




2. Modelling active suspensions

Several different approaches exist to model complex organisms and apparatuses which are
summarised under the term active particles. For a small number of particles it is possible to
use detailed models. For example, for E. coli bacteria, models can be formulated that resolve
the cell body and the flagellum in detail [104]. However, such detailed models are not useful
for simulations of a suspension with many hundreds, thousands or even millions of particles.
On the one hand, the available computing power is limited, and on the other hand, in the
case of a suspension, one may not be interested in the detailed behaviour of the individual
particles, but in the collective behaviour of the entire suspension. Hence, to examine the
collective behaviour it is useful to simplify the model of the individual particles. The different
structures of an active particle such as the cell body and the flagellum are replaced by a simpler
geometrical structure.

In this section, first, a general introduction into the employed notations is given (Sec. 2.1),
followed by an overview of different models for active particles (Sec. 2.2). While three dif-
ferent approaches to investigate active suspensions are examined in this work, the underlying
model for an active particle is kept the same to ensure comparability. The model is an exten-
sion of the simpler models presented in Sec. 2.2. It is based on the assumptions to model the
particles as rigid Janus particles and the fluid as a Newtonian fluid. A detailed presentation
of the model assumptions and its derivation are presented in Sec. 2.3.

2.1. Notations

This section introduces notation conventions that will be used in the present work. An arbitrary
scalar physical quantity is denoted by u?¥; bold characters u¥ are used for tensor quantities.
The superscript ‘3 refers to the phase related to the physical quantity, having either the value
F for the fluid phase or S for the solid particle phase. Moreover, subscripts are used to refer
to elements of a tensor u‘f j» Where the number of indices i...j indicates the tensor order of
u¥. The Einstein summation convention is always applied to such indices. Hence, if an index
appears twice in a term, a summation is implied over the entire set of values of the specific
index.

Variables describing particle properties are grouped into first and second order tensors, im-
plying that they have two subscripts, where the first index refers to the spatial dimension and
the second index to the number of particles. The tensor y;,, which describes the position of




all N particles in the three dimensional space, has the from
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Each column vector defines the position of a single particle. Similarly, quantities such as the
particle orientation e;, or the particle velocity v;, are grouped together in tensors. In the case
of two spatial dimensions, the tensor order of some of the particle quantities is reduced. In
the three-dimensional space, the orientation of each particle is described by three angles of
orientation, which are grouped together in the second order tensor f3;,. In the case of two
dimensions, a single orientation angle is sufficient to describe the orientation of a particle,
leading to a first order 1 x N tensor (,. Again, as the subscript p describes the element of a
tensor, the summation convention is applied. If neither a superscript 33 referring to the specific
phase nor a subscript referring to the particles is given, the variable in question describes the
entire system of both phases.

Furthermore, it is necessary to consider quantities at multiple points ;;, ..., ,@;, ..., j-@; of the
global domain Q. Such points are specified by a preceding index. The notation ;u = u (;x)
denotes that the physical variable is evaluated at the point z;, while ,u = u(,x) means
evaluation at the point , x;. All variables in an equation are evaluated at the same point if no
preceding index is used.

Most physical quantities u depend on multiple independent variables such as one or multiple
points |, ..., . T4, ..., g ; and the time ¢. Thus, to describe derivatives with respect to a single
independent variable, the partial differential operator

ou ou
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is used. To describe the change of a physical quantity of a material element alongside its path
through the domain €2, the material or total derivative is introduced [194]

du  Ou ou

a - a'f‘Uiaixia (2-3)

where U; is the velocity at the point z;. Hence, it describes the local change ou/dt of u and
the convective flux U;0u/dx;.

Generalised functions or distributions are used to describe different domains and interfaces.
The multidimensional Dirac delta distribution § (x) = Hle d (z;) is a generalised function,
which allows to identify specific points of the domain (2, such as the particle surface I". Its
integral measure returns the value of a test function f («) at the point = 0

/Qé (x) f(x)dx = f(0), (2.4)

where the integration [,dxz = [,dz;...dz, is executed in the infinite domain Q with the
dimension d. The test function f is smooth and compactly supported, i.e.

lim f(z)=0, lim f(x)=0. (2.5)
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It should be noted that throughout this work most physical relations are given in a differential
form, hence, the integration [, d is not necessarily written down but implied. By shifting
the argument of the Dirac delta distribution by some point ;« it is possible to retrieve the
evaluation of f (x) at a this point ;x

/Qa (@ — ) f (@) de = f(,2). 2.6)

Furthermore, we introduce a shortened notation for the evaluation of f at multiple different
points. LetI' = {,x, ..., ., ..., , ¢} be a set of K points, then the integration

/Qé(az—F)f(m)dme(km) Vx el 2.7)

yields the value of f at all points in T'.

It is possible to derive the derivative of the Dirac delta distribution using integration by parts,
which in the one-dimensional case reads

/ § (2) f () dz = 6 (2) f ()], - / 5 (@) f (2)de = — ' (0). 2.8)
Q Q

where the first term on the right hand side vanishes due to (2.5). In the multidimensional
case, one obtains

/ 04 (6 () f () dx = / 5 ()04 (f (@) de = — Baf ()], (2.9)
Q Q

where again the test function f (x) vanishes at infinity due to (2.5) and the operator 9, is

defined as
0 0 0

(2.10)

In order to derive the integral of the Dirac delta distribution, it is necessary to introduce the
Heaviside function

1 >0
H(x){o o0 (2.11)
The d-dimensional Heaviside function is defined as the product
d
H(x) = [[H () (2.12)
i=1

in analogy to the d-dimensional Dirac function (2.4). Integration by parts of the derivate of
the Heaviside function yields

/ dH () f (x) dz = / H (2)0uf (2) da
Q Q
:—f(a;—>oo)+f(0):/Q(S(az)f(:l:)dw, (2.13)

where (2.5) was used. Thus, the distributional derivative of the Heaviside function is the Dirac
delta distribution.
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Fig. 2.1.: A selection of models for active particles. (a) Vicsek model: Each particle is repre-
sented by a point and the orientation vector e;;,. The velocity of the particles is the
product of the orientation vector and a constant speed [200]. (b) Dumbbell model:
Two connected beads form a dumbbell. The action of a flagellum is represented by
the eccentric pair of forces F¥" and F°. FT is the force exerted by the flagellum onto
the fluid, F° is the reaction forces exerted by the fluid onto the particle [93, 94]. (c)
Generalisation of the dumbbell model using an ellipsoidal particle [84, 85]. (d) Slip
velocity and active stress models: The boundary conditions at the particle surface
are modified by imposing a slip-velocity v“¢ or by applying an active stress f¢ [27,
116, 143]. (e) Janus particle: This is the model used throughout the present work.
One half of the particle surface is active, i.e. an active stress f°¢ is applied to the
particle surface, whereas the other half is passive, i.e. a no-slip boundary condition
is applied [51, 116, 182]. Illustrations (a)-(e) are based on Saintillan and Shelley
[182]

2.2. Models of active particles

Several different approaches exist to simplify the structure of complex active organisms. In
this section an exemplary selection of models well-known in the literature is presented. Vicsek
et al. [200] introduced a minimalist model where the particles are represented by a single
point, the orientation e;, and the velocity v;, = ve;,, see Fig. 2.1a. No fluid is considered in
this model. The speed v, i.e. the absolute value of the velocity, is kept constant. Accordingly
a change of the particle position y;), is described by

Xip (t + At) = xip + vepAt, (2.14)

where At is a single time-step. In the two-dimensional space, the orientation vector can be
described by an angle 3,, i.e. the angle between the orientation vector and the first unit vector
of the reference coordinate system. The orientation angle is obtained from

By (t + At) = (B,), + By, (2.15)

where (8,),. is the average orientation angle of all particles within a certain radius r around the
particle p and Bp is a noise term [200]. Despite its minimal design, the model shows collective
behaviour depending on the density of the suspension and the strength of the noise term Bp.
This includes unordered states, the formation of local clusters with similar orientation or a
globally ordered suspension occurring in the case of high densities and low noise [200].

The dumbbell model (Fig. 2.1b) is a minimal swimmer model, considering both the fluid
and the particle phase. Each rigid particle consists of two connected beads, resembling a
dumbbell. A propulsion mechanism such as a flagellum is represented by an eccentric pair of
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forces, consisting of the force Ff" acting on the fluid and the force F}° acting on the second
bead [93]. Inertia is neglected, hence, the force balance on the second bead of the dumbbell
reads

FP = ¢ (ka —ui (xa)) + FC =0, (2.16)

where ¢ = 3nu!a is the friction coefficient according to Stokes’ law, a is the diameter of one
bead, x; is the position of the first bead, u! (x1) is the fluid velocity at x; and EC is the
connection force between the two beads, ensuring the rigidity of the particles [93]. The force
balance for the first bead is equivalent, however, the propulsion force F}° is only applied to
the second bead. The fluid is described by the Stokes equation

opt 1 9*uf

0=— =
Ox; +Re Bx?’

(2.17)

where p!" is the fluid pressure and u!" the fluid velocity. By simulating a suspension of dumb-
bell particles, Hernandez-Ortiz et al. [93] found that particles agglomerate at the channel
walls solely due to hydrodynamic interactions, an effect which can be theoretically explained
by a mirror system at a no-slip wall, see Blake [25]. The model sketched in Fig. 2.1c is a
generalisation of the dumbbell model used by Haines et al. [84, 85] to determine the effective
viscosity of an active suspension, where the dumbbell was replaced by an ellipsoidal particle.

Models based on boundary conditions (Fig. 2.1d) do not rely on point forces. Instead, either a
slip velocity v{“ or a mechanical active stress f{¢ is prescribed at the particle surface. Thereby,
such a model can be considered as a model for active particles driven by cilia, e.g. eukaryotic
single cell organisms, and is also used as a general model for active particles [182]. Active
particles of the type depicted in Fig. 2.1d are called squirmer and were first introduced by Blake
[26] and Lighthill [141]. In this model the surface of the squirmer is impermeable, however,
a slip velocity in tangential direction is prescribed. In case of an axisymmetric particle the
tangential active slip velocity is given by

V" (0) =) Bugn(cos () (2.18)

n>1

where B,, are Legendre coefficients given by Lighthill [141] and ¢, (cos (f)) depends on the
angular cosine cos (). The functions ¢,, are determined by the Legendre polynomials P,
according to [141, 182]

Pn(cos () = — sin (0) P, (cos (0)), (2.19)

(n+1)
where 6 is the polar angle of the particle, see Fig. 2.2. The resulting particle velocity as given

by Saintillan and Shelley [182] is v = 221,

Propulsion mechanisms such as cilia or flagella do not directly generate a velocity, but rather
exert a force on the surrounding fluid. Hence, instead of prescribing an active velocity, a
mechanical stress with the magnitude f%¢ is imposed at the particle surface, see Fig. 2.1d. In
the case of a real active particle the magnitude f* would be time-dependent, because it might
change during the cycle of a flagellum or the stroke of a cilium. However, in the model it is
assumed to be constant, effectively being the average of the stress exerted by the real active
particle during one cycle of the propulsion mechanism [181]. The active stress permits a fluid
slip velocity at the surface, which in return induces a particle velocity. Kanevsky et al. [116]
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define the boundary conditions for a stress-driven particle as follows. The particle exerts a
certain active stress on the surrounding fluid given by f¢ = f*“¢; and

ti = €ijk (Ejime nm) ny = (e?nj) n; — e, (2.20)

where ¢; is the tangential vector at the surface, n; is the outward pointing normal vector at
the surface and e! is the orientation vector of a specific particle p. Due to the inner product

Pty = (ePn;)” — (ePel) <0, (2.21)

the tangential vector faces in the backwards direction of the particle, i.e opposing the orien-
tation vector. Hence, the boundary condition for the stress f; at the particle surface defined
by the tangential stress f{ is given by

(05 — nymj) <5jk — tﬁﬁ) fro =", tF = €ijk€ N, (2.22)

with the unit tensor §;;, see Fig. 2.1d. The vector ¢;- is tangential to the particle surface and
perpendicular to the normal vector n;, the orientation vector e? and the tangential vector ¢;.
The boundary conditions are defined with respect to the body reference frame, hence, all
velocity components beside u' = u;t; vanish at the particle surface, implying

u =umn; =0, u = uieiL =0. (2.23)

The complete set of boundary condition is, thus, formed by the active stress condition (2.22)
and the conditions in (2.23). Furthermore, the particle is considered to be force and torque
free

F; = fids =0, T; = / kT =0, (2.24)

T, Ty

which is a necessary condition to close the model. Forces and torques are obtained by a surface
integration of the stress f;, exerted by the fluid on the particle, where I',, is the particle surface,
r; =z —x:, Va €T, isthe radial vector and x? is the centre of mass of the specific particle
p. For more details see Kanevsky et al. [116].

2.3. Janus particle model

The model used throughout this work is closely related to the squirmer model presented by
Kanevsky et al. [116]. However, for many active particles, only a part of the body is responsible
for propulsion. In the case of E. coli, which is a pusher particle, multiple flagella are situated
at the back of the bacterium, whereas the propulsion mechanism of a puller particle, e.g.
C. reinhardtii, is mounted at the front of the particle body, see Fig. 1.3. Thus, instead of
prescribing the active stress at the entire surface I',, the particle surface is split into two
halves. One half I'}¢ is active and has a prescribed active stress, whereas on the other half a
no-slip boundary condition is used without an additional stress, i.e. it is a passive surface I'b”.
Hence, the model resembles a Janus particle as presented in Fig. 2.1e. For a rod-like particle
this idea was examined by Saintillan and Shelley [182]. Building on the two publications
mentioned before [116, 182], a Janus particle model for ellipse-shaped two-dimensional and
ellipsoidal three-dimensional particles is used throughout the present work. The suspension
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Fig. 2.2.: (@) Depiction of a two-dimensional particle: The particle geometry is defined by
the two axes a and b and the orientation vector e; = e;7,, where ~, is the particle
indicator function. The normal vector n; and the tangential vector ¢; at a point of the
particle surface are both functions of the polar angle 6. The surface of the particle
I, is split by the axis b into a passive part I',* at the front and an active part at the
rear I';°. (b) Depiction of a three-dimensional particle: The particle geometry is
defined by the three axes a, b and c and the orientation vector e; = e;»7,. The polar
angle 6 and the azimuth angle ¢ define the position of the normal vector system
on a surface point consisting of the normal vector n;, the tangential vector ¢; and
the perpendicular tangential vector ¢;-. Analogous to the two-dimensional case , the
particle surface is split by the axes b and ¢ into a passive part I';* at the front and an
active part at the rear I';¢. For better readability ¢ = 0 was chosen in this sketch.

is considered to consists of N identical Janus particles in a Newtonian fluid. For the geometric
description of the particles, it applies that a two-dimensional particle is defined by its two axes
a and b, see Fig. 2.2a. This leads to the definition of the aspect ratio

e = —. (2.25)

A three-dimensional ellipsoid on the other hand contains an additional axis ¢, see Fig. 2.2b.
However, it is assumed that b = ¢, hence, the definition of the aspect ratio (2.25) is still valid.
The particles are considered to be rigid and it is required that two particles do not overlap,
giving rise to the relation

QN0 =3, p#q, (2.26)

where (2, is the domain occupied by a rigid particle. Accordingly, the union of all IV particle
domains is the solid phase domain

0° =9, (2.27)
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which, together with the fluid domain QF, forms the global domain Q. It is required that Q°
and QF do not intersect, leading to

QSuf =0, Onof =o. (2.28)

Thus, at any space-time point (x, t) only a single particle or the fluid is present. Furthermore,
the subset Q' € 2 is a closed set
Qf =caf, (2.29)

i.e. it contains its own boundary. To distinguish between the two domains a phase indicator
function v¥ is introduced, reading

p_[1 ¥ VP € {F, S} (2.30)
— e {FS}. .
! 0 inQ\Q¥

Single particles are identified by a particle indicator function

Y = 1 inQ, 2.31)
PTl0 inQ\Q,’ '

The indicator functions of all particles form a vector v = [y1, ..., Vp, ..., 7], i.e. the function ~,
is an element of the particle indicator vector «. The absolute value of ~ gives the solid phase
indicator function

3 =]. (2.32)

It should be noted that due to the non-overlapping nature of the particles only one element of
the vector v can be non-zero at any space-time point (x,t). Hence, all possible vector norms
deliver the same result for 4°. Due to the condition that both phases do not intersect, see
(2.28), the fluid phase indicator function is

o~ (2.33)

which is known as saturation condition.

The surface of a particle p is denoted by I',. The union of all particle surfaces delivers the
interface I'S between the two phases

N
r¥=|]Jr, T,NT,=0 Vp#gq, (2.34)
p=1

where the condition I',NT'y = @ is enforced by the non-overlapping condition for the particles
(2.26). The orientation vector of the particles is necessary to define the normal vector system
depicted in Fig. 2.2. The orientation vectors of all particles form a tensor

€11, --+y €1p, -5 €1IN
e=lel, ... €, ..., en| = |e, ..., €2p, ..., €2N | - (2.35)
€31y «-ey €3p, .oy €3N

The inner product e;,7, (x,t) of this tensor with the particle indicator function delivers the
orientation vector of the particle at the space-time point (x, t), i.e. an individual column vector
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ei = ejp7p of the tensor (2.35). At each point of the surface I', an outward pointing normal
vector n; is defined, see Fig. 2.2. The perpendicular tangential vector t;- is defined by the
cross product of the normal vector and the orientation vector

tf‘ = €ijkCipVpTik, (236)

which is the vector perpendicular to the Euclidean plane in the case of two spatial dimensions.
The cross product of the normal vector n; and the perpendicular tangential vector ;- yields
the tangential vector ¢;, meaning

ti = eijktj‘nk =" (ninjejp - eip) . (237)

Due to the definition (2.37), the tangential vector ¢; always points in the opposite direction
of the particle orientation, i.e. the sign of the scalar product of the orientation vector and the
tangential vector is always negative

tieipr = (nieip7p)2 — €ipVp€igTVq <0, (2.38)

a property which is used later to define the active stress at the particle boundary. Note that,
due to the non-overlap condition (2.26), the second term on the right hand side of (2.38) is
non-zero only if v, and ~, refer to the same particle, because only one element of the indicator
function vector is non-zero at a specific point x;. The different indices solely ensure the correct
employment of the summation convention.

Due to the nature of a Janus particle, each particle has a passive surface I')* and an active
surface I')¢ (Fig. 2.2), separated by the half axes b and c. Together, I'i* and I';" form the
entire particle surface and do not overlap

N N
[, =T uTh, TN =g, I*“=[]Jry, =[] (2.39)
p=1 p=1
Since there is no slip velocity permitted on the passive surface I';", the local particle velocity
uf , which is defined in the next section in (2.51), and the fluid velocity uf must be equal

ul’ uZS Ve € T'P?, (2.40)

1; pu—
At the active part of the surface I'* this relation only holds in normal direction, because the

surface is considered to be impermeable and a slip velocity is permitted in the tangential
diraction, meaning

uf'n; = ufn; Va e (2.41)
Following Kanevsky et al. [116], the active stress at I'*“ is defined by
fie = f*; Vax eI (2.42)

which depending on the sign of f¢, opposes the direction of the orientation vector e;;, (f*“ pos-
itive) or points in the same direction (¢ negative), as follows from the definition of the tan-
gential vector (2.37). The sign of the active stress magnitude f°¢ defines whether the particle
is a pusher or puller particle. In correspondence to the solution for the Stokes dipole, (1.3)
in three dimension and (1.5) in the two-dimensional case, a positive sign leads to a pusher
particle, whereas a negative sign produces a puller particle. Using the fluid density p’" and a
characteristic particle velocity and length, delivers the dimensionless active stress magnitude

qeo I (2.43)

pF (U
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2.3.1. Solid particle phase

All N particles together form the solid phase of the active suspension. As each particle occupies
an exclusive space of the domain (2, see (2.26), they are clearly identifiable by their position
Xp = Xp (t) and orientation angle 3, = 3, (t), which are both solely functions of the time ¢.
The positions of all particles form a tensor, as established in (2.1)

X115 -++5 X1ps -5 X1IN
X = [Xla sy Xpy ey XN] = | X215 «+-5 X2ps -+ X2N
X315 +-+y X3py +++» X3N

In three dimensions the orientation angles also form a 3 x N tensor

6117 seey /Blpa ooy 51]\[
B - [517 ceey pr ceey IBN] == 6217 ceey /82})7 ceey 62]\[ 5 (244)
ﬂ31> ceey ﬁ3pa ) 53]\7

where each element is defined by its cosine and the scalar product of the basis vectors eg ,j =
1,2, 3 of the coordinate space and the orientation vector

cos (ij) = 6?61‘}), VJ € {17 27 3} . (245)

Due to (2.45) both formulations (2.44) and the tensor of orientation vectors (2.35) can be used
equivalent. However, in three dimensions the usage of the orientation vector is advantageous,
whereas in two dimensions the tensor (2.44) is reduced to a 1 x N vector 3,, because a single
cosine is sufficient to describe the direction of the orientation vector. Thus, the orientation
angle 3, delivers a more simple description.

The temporal derivative of the particle position delivers the translational velocity

dy;
—dtp = Vjp. (2.46)
The rotational velocity is obtained by
dg;
dtzp = wip. (247)

where in the case of two dimensions the second order tensors are reduced to vectors. Thus,
in the case of a single particle, (2.47) becomes a scalar equation. The temporal derivative of
the orientation vector (2.35) is

de;
Tp d;p = €ijkWipTpCkqVg> (2.48)

where the indicator function -, was used to select the correct particle. Again, the right hand
side is non-zero only if the indicator functions v, and -, refer to the same particle, because
of the non-overlapping condition (2.26). The different indices p and ¢ ensure the correct
application of the summation convention.

The density p° is constant for all particles. Thus, the material derivative dp®/ dt = 0 vanishes
and the mass balance g 5 g g g
0 op°u; d ous;

14 + 14 i 4 + pS 7

875 8:17@ dt 81)@

=0 (2.49)
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is reduced to g
o7 _ (2.50)
83:1-

The local velocity u; of any point within the solid phase domain is

uf (x,t) = vp (2, 1) [vip () + €jpwip (B) 71 (,1)], (2.51)

where v is a function of space and time in contrast to the translational and rotational veloc-

7

ities, which only depend on time. Here, we introduce the radial vector

i (x,t) = 2 — Xip (£)7p (2, 1) (2.52)

to refer to points within the particle domain relative to the position x;,, of the particles. Form-
ing the material derivative yields the acceleration of the solid phase

duf  Ou? ous dv, dws
T T oz, :77’[ Qi Eijkdiprk} — (Wiprp) 2 74, (2.53)

where the derivatives dgj;p and dﬁgl’ are defined by the Newton-Euler equations

dv;
P F
Vi = /r i 45 (2.54)
and
s dw;p S F

Ofi—q; T CrOnwiptigVe = |  €ijiTimup ds. (2.55)

p

Note that not only the particle velocities v;;, and w;, are second order tensors, but also 7;).
The column vectors of the latter tensor n; = n;,y, are the normal vectors at a specific point at
the surface of a specific particle p. Both, the normal vector n; and the normal vector tensor n;,
are derived in Sec. 2.3.3. Furthermore, the definition of O as a closed set, see (2.29), was
used. The fluid stress tensor Tg is only defined on QF, which does contain its own boundary,
including the particle surface I',, allowing the integration as presented in (2.54) and (2.55).
The non-dimensional mass m = VD of each particle is formed with the density ratio ® =

p°/p' and the non-dimensional particle volume

VP — / 1 der, (2.56)
Q

p

which is the volume enclosed by the particle domain €,,. It is assumed that all N particles
are identical. Hence, while each particle occupies an individual domain Q,, the volume V' is
identical for all particles.

The non-dimensional moment of inertia 6;% is a second order tensor in three dimensions and
defined by

0 = 9/ (rrydij —riry) de. (2.57)
QP

The rotational Newton-Euler equation (2.55) is given in a rotating body reference frame. It
is assumed that the axes of the coordinate frame align with the principle axis of inertia, thus,
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the tensor @fj is diagonal. Furthermore, because all particles are identical, @sz is the same for
all particles. In the two-dimensional case, (2.55) is reduced to a vector equation

deP _

®dt

/ 631’;'7‘1'7]@”@ ds, (2.58)
r

P

where ©° = ©%;. Again, because all particles are identical, each particle is described by
the same moment of inertia ©°. The notation e3;; of the Levi-Civita symbol refers to the
two-dimensional cross-product, where the result is a scalar, which would be the vector per-
pendicular to the R?-plane in three dimensions. The second term on the left hand side of
(2.55) vanishes in (2.58) due to the occurrence of the Levi-Civita symbol with two identical
subscripts €;3303;w3,WsqY = 0.

Due to the small size of the considered particles, they have to be assumed to be Brownian
particles. By the latter term a particle is meant where Brownian motion [67, 188] has a sig-
nificant effect, i.e. the particle shows a random motion based on collisions with fluid molecules.
However, throughout the present work it is assumed that the effects of the active stress are
significantly larger than the diffusive transport of the Brownian motion. Consider the Péclet
number as defined by Bechinger et al. [18]

Pe= —— (2.59)

where 1% is the speed of the particle due to the active motion and D and D are the trans-
lational and rotational diffusion coefficient due to Brownian motion. Throughout the present
work it is assumed that the Péclet number is large Pe > 1 and Brownian motion can be ne-
glected. In the reversed case, i.e. the active transport has diminishing effects on the particle
and diffusive transport dominates, stochastic terms would have to be considered in the particle
equations of motion, see Bechinger et al. [18].

2.3.2. Fluid phase

Momentum conservation in any continuum, i.e. also in a fluid, is described by the Cauchy
momentum equation [194]

opful N apFufuf (97’5 (2.60)
ot 8a;j N 8a;j ’ ’
where u!" is the fluid velocity, o’ the mass density of the fluid and 7-5 the stress tensor. External
forces such as gravity are neglected. The conservation of angular momentum [194]

F F F
Op” €ijpxjug | Op” €jpTjupuy  O€ijpTiTy
8t 83:1 833[

= fijkT]g' =0 (2.61)

delivers the symmetry of the stress tensor 75 = Tf; , which has to be further defined by a

material law. Throughout this work we will assume the fluid phase to be Newtonian, hence,
the stress tensor of the fluid phase is defined by

7‘5 = —pF(Sij + ,UF

)

(2.62)

ouf oul’ ]
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where ;% is the constant fluid viscosity.
Conservation of mass is described by

ap"  9p"ul dp"  pouf
ot " om  dt TP o

=0, (2.63)

where LF . h
do” _ 9" |, r

dt ot 8:1}1

is the material derivative of the mass density p’". Assuming incompressibility dp’ / dt = 0, i.e.

the mass density of the observed fluid element does not change along its path [194], yields

the continuity equation

(2.64)

3
% —0. (2.65)

Using (2.60) and (2.62) together with (2.65) delivers the Navier-Stokes equation for an in-
compressible Newtonian fluid

duf’ u oul’ opt’ 0*ul
pdul o (Oui o pOui pOU 2.
T <8t " axj> o M a2 (2.66)

Non-dimensionalisation of (2.66) yields

8uf Fauf opt’ 1 82uZF
ot "z, 9z  Re 02’ (2.67)
with the Reynolds number (1.1)
Frrere
p"U°L
Re = .
1

If the characteristic length scale L¢ and velocity U¢ of the problem are small or alternatively
the viscosity p!” is large, the Reynolds number becomes small. Applying Re < 1 to (2.67)
delivers the Stokes equation (2.17)

opt' 1 9%uf
+ e ——k
0x; Re 8x?

0=-—

Due to the motion of the particles, the particle surface and, thus, the boundary conditions

at the surface are time-dependent in the present problem. Hence, it might be useful to still

consider the temporal derivative, leading to the unsteady Stokes equation
oul"  opf 1 8%l

o~  om  Re 0z

(2.68)

It is implied throughout this work, that, whenever a solution of the Stokes or Navier-Stokes
equation is mentioned, it also solves the continuity equation. At the external surface I'’"' =
0QF N 09 of the fluid domain O boundary conditions need to be applied. The boundary
conditions are either of Dirichlet- or Neumann-type, where a boundary with a Dirichlet con-
ditions is notated as I'” and I'"V refers to a boundary with a Neumann condition. A Dirichlet
boundary is defined by

ul' =uP vaer? (2.69)

7
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and a Neumann boundary is defined by

&%]‘ 8a:i

) n; = —pNni Vo € I‘N, (2.70)

where uP and p? are prescribed functions, see for example Smuda [189]. It should be noted
that in the case of the Neumann condition the pressure is prescribed, i.e. defined by a Dirichlet
condition.

Either the Navier-Stokes equation (2.67) or the unsteady Stokes equation (2.68) together with
the continuity equation (2.65) and the particle equations (2.46), (2.47) (2.54) and (2.55)
form a complete model for an active suspension, where both phases are coupled by the hydro-
dynamic forces and torques occurring as integral terms in the Newton-Euler equations (2.54),
(2.55) and the passive (2.40) and the active (2.41), (2.42) boundary conditions.

2.3.3. Level-Set method

In both, numerical simulations and theoretical considerations, the level-set method is used
to represent the surface of the particles. The level-set method allows to represent a sharp
interface between solid and liquid [163]. This exact approach makes it superior to other
methods, such as the volume of fluid method [96] or the phase-field approach [129].

The particle surface I',, is represented by the zero level set ¢, = 0 of the function ¢, =
op (x5 xp (t),Bp (t)). The particles are considered to be rigid, hence, their shape does not
change and subsequently ¢, does not depend directly on the time ¢. Instead it is a function of
the Eulerian spatial coordinate x, the centre of mass x;, and the orientation angles 3, of the
particles. The two latter variables are solely functions of the time ¢, thus, ¢, depends implicitly
on time. A vector is used to represent all functions of all particles

¢: [¢17"'7¢p7~"7¢]\7]7 (271)
which are defined by
<0 in€,
pp4=0 onT, (2.72)

>0 elsewhere.

The normal vector at the surface of p is defined by the gradient of ¢,, leading to a second
order tensor, where each column vector is a normal vector related to a specific element of the
vector ¢,
nip = %
81,‘1'
Here, the normal vector at the surface of the particle p is normalised instead of a normalisation
of the entire tensor n;),.

V|t (2.73)

Instead of using the single-particle function ¢, and the tensor n;,, it is advantageous to define
a global function ¢ by the infimum
¢ = inf(®P), (2.74)
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where

O (1) = {¢1 (®,1), P2 (,1) -, Pp (@, 1) , ... O (2, 1)} (2.75)
is the set of all particle distance functions [51]. The normalised gradient of ¢ is the general
normal vector at the interface 96
- 695,

see Fig. 2.2. The normal vector n; and the column vectors of n;, are equivalent for a specific
particle p and related by (2.74).

Vo, (2.76)

n;

By introducing the Heaviside function # one obtains a relation between ¢, and the particle
indicator function ~,

1 if¢, <0

_ 2.77
0 if¢,>0 2.77)

T =H(=¢p) = {

The functions ¢, and ¢ and the indicator functions ~,, 7v° and ! are material constants,
hence, their material derivatives vanish

doy _ 06y ., 00,

) _ dyp O O dop
& o Yon =% @ T TV, T e =0 (.78)
where ¢ (-) indicates the Dirac delta function and U; is the combined velocity of both phases,
which will be introduced in detail in Sec. 2.3.4. While (2.78) is given for the single-particle

functions ¢, and v,, analogous statements can be made for the remaining functions ¢, v° and
F

.
The function ¢ and the level-set method allows to rewrite surface integrals, occurring e.g.
in the Newton-Euler equation (2.54) and (2.55), into volume integrals, where the following
derivation is based on Chang et al. [40]. A second function ¢ is introduced, tangentially to ¢

¢ O 0 o
6:@- 8l‘z - 8([)1

£ 0. (2.79)

Both functions ¢ and ¢ allow the introduction of the new coordinates [40]
=y (z,t), y=0o(z1), (2.80)

whose transformation to the Cartesian coordinate system is well defined since

9@ y)] _
det b(wy)] = [V¥| |Vo| #0. (2.81)

Let s be an arc length variable along the interface I'®. The derivative of the new coordinate
«' with respect to s along ' is

dz’  dyp Oy Ox;
& " ds omas VUL @:82)

Here, the derivative 0x;/0s is the unit tangent vector [40]. The vector 0v/0z; is by definition
(2.79) parallel to the unit tangent vector, hence, the result of (2.82) is the length of the
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gradient of ¢). The surface integral of an arbitrary function f; is, thus, transformed into a

volume integral
/ fmidSZ/ fini |Vep| ™" da’
rs ¢=0

0 —1 3.7 4.7
- [ s ‘? (1991 Vo))~ da dy,
/5 fz 8% = Qfl o dez, (2.83)

where the definition of the normal vector (2.76), the determinant (2.81) and equation (2.82)
are used. Due to the non-overlapping condition (2.26) and the definition of ¢ in (2.74), the
function ¢ and the specific element ¢, of the ¢ vector are equivalent at a particle p. Thus, the
transformation derived in (2.83) can be applied to surface integrals of the following form

flnlpdS— / 5 (o) f ad’p - / fza'ypd (2.84)

Ox;

for the individual particles. Thus, it is possible to apply the level-set method to the Newton-
Euler equations. The translational equation (2.54) with transformed integrals is

vPD dg;p - - / ik g”p da, (2.85)

and the rotational equation (2.55) becomes in three dimensions

dw; FO,
@‘Z dzp + eijk@,“jlepwlq'yq = —/ngk( — XjqVq) Tkl a2, P de. (2.86)

The rotational Newton-Euler equation in the two-dimensional case reads

dw r 0y
@Sd—tp = /63”( qu’yq) 7* gz, —P de. (2.87)

2.3.4. Single field velocity description

The indicator functions for the solid phase (2.32) and the fluid phase (2.33) can be used to
define a global single-field velocity in two dimensions

Ui = 7" ulf’ +75uf = vFul’ + 9, (vip + €iskwp (Tk — XkaVq)) » (2.88)

where uZF and uf (Eq. (2.51)) are the local fluid and solid phase velocities. The ansatz has
been introduced by Deulen et al. [51], a publication which will be followed closely in this
section. The following derivation is done for two spatial dimensions, hence, the rotational
velocity w,, and the orientation angle /3, are vector variables. In case of three dimensions it is
necessary to extend the rotational velocity to a vector for a single particle and a second order
tensor w;, for the combined particle phase. Due to the non-overlap condition (2.26) of the
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particles, both 7, and ~, in (2.88) refer to the same particle despite different indices, which
are necessary to fulfil Einstein’s summation convention. The material derivative of (2.88) is

dU; _ pduf gdvy®

F S
ude gdu;

a - e T T e T
duf7 dv; dw
"G+ (g e =) ) — O = xan) (289)

where (2.78) was used to eliminate the derivatives of the indicator functions dy*'/dt and
dy®/dt. The goal of the following considerations is to express each term in (2.89) in terms
of the single field velocity U;. The material derivatives duf'/dt, dv;,/dt and dw,/dt can
be expressed via the Navier Stokes equation (2.67) or unsteady Stokes equation (2.68) and
Newton-Euler equations (2.54), (2.55) respectively. However, in (2.89) the rotational velocity
wy, occurs directly, which cannot expressed by any of the aforementioned equations. Consider
,x; to be an arbitrary point within a particle p, then the velocity of the same particle at the
centre of mass is

wit = lim LU = /5(2:1: — X 17) Ui d oz, (2.90)

2TX 1Y

i.e. the translational velocity of the particle. Subsequently, the rotational velocity w, of the
particle at ;z; is

€31i7% g
1%p = 17p ’;J’zl (1Uj 1Y )

€3i5 \1Ti — Xiq 17

= ] (1 i iq 12q) (1Uj—1vz‘s)
|1ZC—X-1‘7|
A — v

:ﬂpe:m (1 i — Xiq 127q) (lUj—/5(233—X‘1’7)2Ujd233>- (2.91)
|15’3—X'1’Y|

The single field velocity U; is defined for the entire domain €2, thus, the boundary conditions
defined at the particle surface for the fluid domain Q" are positioned inside (2 and take the
form of continuity and jump conditions. The passive particle boundary is a no-slip wall (2.40)
hence, the single field velocity U; is continuous at the interface

1Ui - hm 2Ui le € FPCL. (2.92)

2213—)1113
Similarly for the condition of an impermeable active surface (2.41) one obtains

1Ui 1n; = 2:1lcil>l}m2Ui oM le e I, (2.93)
While the velocity in normal direction is continuous, a slip velocity exists in tangential direc-
tion, permitted by the active stress. The active stress acts as a source of momentum for the
fluid phase, subsequently, we define the active source term by using the level-set approach
outlined in Sec. 2.3.3. The non-dimensional active force 2A¢ exerted by the particle on the
fluid is obtained by a surface integration

Q[f = Q[ceip’yp = At;ds = /(5 (m — F(w) A%t; d:I), (2.94)
F(lC
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where 2(° is the magnitude of the active force, defined by

AC = 2a6A / sin (0) \/52 sin? (6) + cos? () dd (2.95)

in two dimensions. Here, the elliptical integral is carried out with respect to the polar angle #
(Fig. 2.2) within the interval [r/2, 7], which includes the entire active surface of the particle.
By adding (2.94) as a source to the integral form of the Navier-Stokes equation one obtains

duzF 67—5 ac c
/QF L (- T Aftiy da = 0. (2.96)
J

For a valid choice for the source term, I'“ is defined on all points at the active interface within
the fluid domain, where the fact was used that QF is a closed set, see (2.29). Eq. (2.96)

together with the Newtonian stress tensor (2.62) and the Reynolds number (1.1) yields the
differential form

duf otk aes re ot 1 0%l
F:a—x;Jr(S(gc—r VAU = =5t po A (2.97)
g J

which will be call active Navier-Stokes equation with the active source term
A; =0 (x —T%) A%,;. (2.98)
Again by neglecting the convective term, one obtains the active unsteady Stokes equation

oul’ opt 1 9*uf
ot Oxy * Re 83:? + 4 (2.99)

which, in the steady case, becomes

opt" 1 9%uf
oz, + Re 695? + A;, (2.100)

0=-—

Using the active Navier-Stokes equation (2.97) and the Newton-Euler equations (2.54) and
(2.55) to express the temporal derivatives in (2.89) delivers the momentum balance for the
entire suspension

d,U; 0 Tii acs e 1 0 ~
ét =" <811xj 125 + 0 (1 = T%) A% (ninjejp — eip)%) 1 |:VP© /2%’3’82&; dyx
LTk — Xkr 1 05y
—|-€i3k(1k@>ékﬂ)/€3ij (2331‘ — Xig Q’Yq) ZTjka2ij2$k dyx (2.101)
( ) i
€35k L1053 — Xjq 17
+ 11 S Jqlg . <1U;€—/5(2m—x'17)2de2m> (i = Xir17) |
hx —x 17

which contains the single-field velocity U; and the particle position tensor x;, as unknown
variables. Additionally, the orientation /3, enters (2.101) via I'* and e;,. The equation is
closed by the equations for the evolution of the particle position (2.46) and orientation (2.47).
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To obtain a relation for the conservation of mass the divergence of the single field velocity is
formed, leading to

ou; afyFuZF n OVpUip

oul Ou; oy o
_ F % wp F . p
=7 al’Z + T 61’1 + ti 8:@ + Yip (91‘1

i Auip F . Iy Iop
=7 Dz, + oz, +u; ];5(%) oz, Uipd (¢Pp) z;

x" + [Usni] 6 (¢) = 0, (2.102)

where the continuity equations for the fluid phase (2.65) and the solid phase (2.50) and the
impermeability of the particle surface

ufnz = uZSnZ = [Umn] =0 (2.103)

are used. The brackets [u] = uf’ — u¥ indicate a jump of the enclosed variable .
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3. Lie symmetry analysis in the physical and
sample space

In this section the theoretical foundation for the examination of the classical and statistical
symmetries in the context of an active suspension is established. Sophus Lie first applied the
concept of a symmetry transformation to differential equations, which is employed here to
generate insights about the behaviour of an active suspension [137, 138, 139]. Basic defi-
nitions and transformation rules for a symmetry transformation are introduced in Sec. 3.1,
including the introduction of invariant solutions in Sec. 3.1.2.

The physical behaviour of an active suspension is described by the balance equations intro-
duced in the previous section. The equations describing the fluid are examined based on their
symmetries in Sec. 3.2. The fluid is either described by the Navier-Stokes equation (2.67) or
the Stokes equation, where one might choose the steady (2.17) or unsteady (2.68) version.
To describe the motion of the rigid particles, the Newton-Euler equations (2.54) and (2.55)
are sufficient. The symmetries of the full system are subsequently discussed in Sec. 3.3.

The aforementioned equations describe the Euclidean physical space, i.e. the outcome of an
individual experiment. The sample space on the other hand contains all outcomes of an en-
semble of experiments in the form of probabilities. A description of an active suspension in
the sample space based on PDFs is established in Sec. 3.4. The symmetries of the resulting
hierarchy of transport equations are presented in Sec. 3.5. The set comprises new statistical
symmetries, which are not present in the physical description of the suspension, see Sec. 3.6.
Nevertheless, they describe important patterns of behaviour, visible in the physical space. Both
statistical and classical symmetries are later used to analyse data obtained by simulations, see
Sec. 6.

3.1. Lie-Symmetries

A symmetry is, generally speaking, an operation to map a certain object onto itself. The nature
of this object is not specified, most commonly the term is applied to geometric objects. For
example the rotation of a cylinder around its centreline is a symmetry transformation because
the result is a cylinder with the exact same properties. An equivalent concept can be applied
to mathematical expressions, especially but not exclusively to differential equations. Let

Fk (mvyayby?a'“my]\/) :07 k:1a2a"'aK (31)
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be as system of K differential equations with the independent variables «, the dependent
variables y and the derivatives y,, up to Nth order

_ [8% oy yi ]
Y= \|\53_>3 )

Ox1’ Oxo’ 7 Oy
0? 0 0%y;
Yo = [ay?l’ AN ] (3.2)
x{  O0x1072 O0x;0xy,
A transformation
Ty : x;k =, (wv Y, O‘) ) y: =Y, (wu Y, 04) (3.3)
is called a symmetry acting on [z, y] if the resulting system of equations
F. (.’13*,y*,yf,y;,...,,y}k\7>:0 < By (x7y7y17y27--~77yN):0 (3.4)

has the same form as (3.1), i.e. (3.1) is form invariant under the transformation (3.3). A group
G is a set of elements «, 3, v, ... together with a binary operation (%) [28]. The construct G
needs to satisfy a number of conditions in order to be called a group [28, 89]:

* the result of the operation (x) applied to two elements of the group is another element
of the group a x 5 =+,

* the operation (x) is associative, i.e. a * (8 * ) = (a* ) * 7,

* the group G contains a unique identity element / which maps any element of G onto
itself a * I =1 xa = a,

* the group G contains for any element « a unique inverse element a~! such that

axat=atlxa=1

Let the variables [z, y| of F}, lie within a region D C R™. The set of transformations (3.3) with
the parameter o € S C R and the operation (%) form a one-parameter Lie group if [28, 106,
159]

* the set S and the operation (x) form a group G,

* the transformations (3.3) map [z, y] € D onto [z*, y*], where the transformed variables
also lie within D,

* the parameter o € S is continuos, i.e. S is an interval on R,
* the successive application of the transformations
To: z; =% (z,y,0), y; =Vi(z,y,0),
Tg: xi" =0i(x"y% 8), v =iz y",p)
yields T,: a*=®;(z,y,y=axp), y*=¥;(x,y,y=axp),
* v =« [ is an analytical function of « € S and § € S,

* &, and ¥, are infinitely differentiable with respect to [x, y] in a region D and analytical
functions of the group parameter a.
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Without loss of generality o = 0 corresponds to the identity element. A Taylor expansion of
(3.3) with respect to the group parameter « yields

aq)l (fE, Y, OZ)

i =9 (z,y,a=0)+ « +0 (a?), (3.5)
Do a=0

yi =, (x,y,a =0) + O‘W +0(a?). (3.6)
a=0

Due to the identity element o = 0, one obtains the identity transformations [159]
® (x,y,a=0)=2; and VY;(x,y,a=0)=y;. 3.7)
Furthermore, the infinitesimals

8@1 (CC, Yy, Oé)
Oa ’

a=0

aq]z (IE, Y, CM)

90 (3.8)

§i(z,y) = ni (x,y) =

a=0

are introduced. Following Lie’s first theorem, the infinitesimals uniquely define the global
form (3.3) of the symmetry transformation [159]. Egs. (3.5) and (3.6) can be reformulated

7l =zi+a&+0(?), g =yit+an+0(a?). 39
Eq. (3.8) together with the definition of the transformation (3.3) leads to [159]

Orf| ey OUF
aa azo_gl(aj 7y )7 aa

= (", y"). (3.10)

a=0

In a geometrical interpretation, the vector formed by the infinitesimals [¢;, 7;] is tangential to
the differentiable curve defined by ®; and V¥; in a C*° manifold. Any tangential vector field
can be expressed by the directional derivative [106]

(3.11)

0 0
X=¢ — +n
€’L (93, y) axz + 772 (33, y) ayZJ
called infinitesimal generator or Lie operator. The system Fj, is, hence, invariant under the
transformation (3.3) if the directional derivative of F}, vanishes [106]

XFylp_o = 0. (3.12)

A proof for the equivalence of (3.4) and (3.12) can be found in Appendix A.1. The operator
(3.11) only considers the independent and dependent variables, however, the action of the
transformation on the derivatives of the dependent variables is yet unknown. In the next
section the transformation of the derivatives is introduced and the definition of the operator
is extended to account for said derivatives.

3.1.1. Prolonged operator

The total differential operator is defined as [28]

D 0 0 0
L 3.13
Dx; Ozx; Y Oy, t Vs, "0y, + ( )
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Here, the notation
dy; 0%y;

i = e, = 3.14
y]7xl axl ) y]@’z@k 895169% ) ( )

for the derivatives is introduced, i.e. the derivatives are treated as variables similar to y;. Such
an extension of the space of independent and dependent variables [z, y| to also include the
derivatives [x,y,y1, ..., yn] up to a finite order N, is called jet space [28]. Analogously to
(3.13), the transformed total operator is defined as

D 0

= o T Vi T Yiea e T (3.15)
Dzy  Oxp  “Poy;  TMTURoyr
Both operators are connected by the chain rule
D D
— =Jji— 3.16
Dx; 7 Da:;f ( )

where J;; = D®;/Duz; is the Jacobian matrix of ®;. Applying (3.16) to the transformed
variable y = V; delivers the transformed first order derivative

DY,
* _ _ 71 7
yi,:vj - \Iji,x]' - ka ka . (317)
Higher order derivatives are obtained by applying (3.17) recursively [28],
D\I/z',a: O
y;xkl,...,ka = \Iji7$k1,---,$k1\, = Jj_z‘l h PN (318)

Dzxy,,

Instead of the application of a matrix it is favourable to directly transform the derivatives anal-
ogously to the independent and dependent variables, see (3.5) and (3.6). The infinitesimals
of the derivatives of y are

y:::cJ = \Iji,z]- (x7 Y, Yy, = O) -+ aa\l’iwj (z’ay’ yu a) . + (@) (Oé2)
a=
= Yia, +ami;+ O (a7), (3.19)
y;;k,xj,xk = \I/i@jvfk (:B? Y, Y1,Y2, ¢ = 0) + aa‘lji@j’xk (agay7 YL Y2, a) . + O (a2)
a=
= Vi, + i + O (a?) (3.20)

Any infinitesimal 7; 1, ..., related to the Nth order derivative Yig,, , can be calcu-

Lho Tk
lated by
I Dni@kl@kgv--wl’kl\;,1 ”i D¢; 3.21)
?,R1,R2,.- ., KN T =YX Ty T Ty .
ka'N 1 2 kaN

which is derived in the appendix (App. A.1.2). The new infinitesimals can be used to construct
a prolonged operator

Xy=¢ 0 +1 0 + 7 0 +otn -
N=Ei— A et Nig, = oot Tk sk
Zl‘z’ ’8.%' o ayi,:ﬂj T " ayivxkvka”’x

, (3.22)

kN

30



which again describes the tangent space at any point [z, y,yi, ..., yn]. A Lie-transformation
group G exists if the system F (z,y,y1,¥y2,...,,yn) = 0 is invariant under the action of the
prolonged operator Xy, see for reference Def. 1.4 in Ibragimov [106]. Hence, to obtain the
infinitesimals it is necessary to solve

%N Fk’|Fk:O = 07 k= 1’ 2a "'aKa (323)

in analogy to (3.12), which in practice is often delegated to a computer algebra system. It is
important to note that all variables in the jet space, including the derivatives y1,yo, ..., , YN,
need to be treated as independent variables when applying the prolonged operator [159].
Once (3.23) is solved, the resulting infinitesimals &; and 7; can be used to determine the
global form of the symmetry transformation by applying (3.10). In conclusion, (3.23) can be
viewed as a determining equation allowing one to obtain the symmetries of the differential
equation system Fy.

In the following example the process of obtaining a symmetry transformation is reversed. A
known transformation is chosen and it is shown that it fulfils (3.23). Applying the rotational
operator V x to the unsteady Stokes equation (2.68) delivers the vorticity equation. In two
dimensions this is a scalar equation

1
F (m,t,wF,wf,wF ) = th ——wl' =0, (3.249)

Tj,Tj R.e Xj,Tj

which is equivalent to the heat equation. The occurring variables are the vorticity w’ and its
derivatives w/ and wfi,xj according to the previously introduced notation. The scaling

Tsey: tF=e¥seat,  gf = eSsety; W™ = emsetgylf (3.25)

is a symmetry of (3.24), see Ibragimov [106]. Here, csc4 is the group parameter. The infinites-
imals are calculated by

=2, &, = oz, = — —WF. (3.26)

t =
6CSC4 csea=0 8CSC4 csea=0 8CSC4 csca=0

The infinitesimals of the derivatives are obtained using (3.21) and read

Mo = =30\ Nuoase; = —3Wh, o0, (3.27)
leading to the prolonged operator
x= ztaat + aii - “FawaF _ Wfawaf — 3wl awgzi (3.28)
Using (3.12) together with (3.28) and (3.24) yields
XF (w,t,wF,wf,wgwj)’ =3 [—wf + 1“5,-,@} =0, (3.29)
F=0 Re (wf—in ):0

Re 7x;,x;

hence, the transformation (3.25) is indeed a symmetry of the vorticity equation (3.24).
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3.1.2. Invariant solutions

The symmetries obtained from (3.23) can be used to construct similarity or invariant solutions
Y: = yr (x). An expression Y}, is an invariant solution if the auxiliary function Hy = Yy —y; (x)
is invariant under the action of the prolonged operator Xy and if Y}, solves F}, [28]. Thus,
the equation

XnHyly, o =0. (3.30)

yields possible invariant solutions of the system of differential equations Fj. Invariant solu-
tions obtained from the symmetries presented in the following sections are used to analyse
data obtained from simulations as presented in Sec. 6.

3.2. Symmetries of the Navier-Stokes equation and the Stokes
equation

The symmetries of the Navier-Stokes equations were first derived by Bytev [37]. The transfor-
mation group in the form given by Bytev [37] and Klingenberg et al. [119] for the single-phase
problem are

Ty: t'=t+c, af=ux, ul*=uf, pf*=pl, (3.31a)
Trot : tF =1, i = Qijxj, uf* = Qijuf, pF* = pF, (3.31b)
To: t'=t, af=zxi+fo:(t), ul"=ul +f6;(t), p"*=p" —aifd;(t), (3.31c)
T,: t'=t, af=uwz, ul*=ul, pf™ =p"+ £ 1), (3.31d)
Tser: t*=tes gf =gt yf* =yllemesa  pl = plie=2esa (3.31e)

where the ¢; denote group parameters and the f; are free time-dependent functions. Each
symmetry transformation is related to certain physical properties of the Navier-Stokes equa-
tion. The transformation 7; describes the invariance of the Navier-Stokes equation under a
time shift. Hence, the outcome of an experiment is independent of the start time ¢3. The
rotation matrix in the symmetry Tgro;, Which, in the two-dimensional case, reads

(3.32)

is applied to the reference frame in case of T;,;. The entire coordinate system is rotated by the
angle ¢, where ¢ can be interpreted as group parameter. The generalised Galilean symmetry
T transforms the spatial coordinate, the velocity and the pressure by applying a free function
fa,i (t), which might be time-dependent. Hence, the entire coordinate system moves with
a velocity f5 . (t). As a special case it contains the spatial shift fg; = cg;. A second free
function f, (t) is applied to the pressure in 7},. This transformation is related to the fact that
the absolute value of the pressure can be chosen arbitrarily in an incompressible fluid. The
last transformation T is a scaling of the entire experiment. This is often exploited in order to
simplify wind-tunnel experiments, because it makes possible a downsizing of the model under
investigation. Furthermore, this scaling symmetry is equivalent to the principle of free choice
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of the system of units as well as the transformation of results between different systems. The
Lie operators related to the symmetry transformations (3.31) are [107]

0
%= (3.332)
XiRot = €jkiTjm— + €jritth —=, 3.33b
Rot = €jkiTj Br + €jkit; uf ( )
o9 O 9
‘%Gﬂ - fG,l (t) O + fG,i (t) 8ulF Ti]G,i (t) apF’ (3.33¢)
0
Xp=fp () apF (3.33d)
I N )

The simplifications leading to the steady (2.17) and unsteady (2.68) Stokes equation also
affect the symmetries. The partial time derivative is not Galilean invariant, hence, the general
transformation 7 is not applicable to the unsteady Stokes equation because an additional
term arises, i.e.

Oul _ O L0l 0w g e OO0 L O (3.34)
ot Oz Re dx? T ot 9V 7 0wt 0Ox]  RedwiOx)’ '

where (3.16) was used to obtain the transformation of the temporal derivative du} /0t =
Ou; [Ot* + f ; (t) Ouj /Ox}. In the case of the Navier-Stokes equation this additional term
would vanish due to the convective term. Subsequently, the first derivative of fg; needs to
vanish, hence, 75 is a symmetry of the unsteady Stokes equation, only if fg; = cg; is a
constant. Interestingly, one obtains from (3.34), by assuming a steady system Ju/0t* =
with a single particle moving with the constant velocity féﬂ. = ¥;, the Oseen equation [162]

_ ouf opt 1 9%uf
Pt = — L
J Ox; odx; Re ijz

(3.35)

where the asterisk was omitted.

For the unsteady Stokes equation, while the generalised Galilean symmetry reduces to a con-
stant spatial shift, additional symmetries arise due to the linearity of the equation. The full
transformation group is

Ty: t'=t+ec, af=ux, ul*=auf, p*=pl, (3.36a)
Trot: t=t, af =Quyxj, ul =Qiyuf, p'™ =p", (3.36b)
Tg: t'=t, zj =+ cq,, uf* =l pf™ =pf, (3.360)
Ty: t"=t, x=uwx, uf* = uZF, pf* =pf' + fp(t), (3.36d)
* * Fx _  F _csc2 Fx _ F _csc2
Tseo: t5=t, xj=uwm;, wu; =u; e, p'"=p es2 (3.36¢e)
Tseg 1 t* = te?eses, x; = x;efs3, uf* = uZFeCSC?’, pf™* = pt, (3.36f)
ﬂin t* = t, .T;k = Xy, UZF* = ’LL,LF + fi’u (CC, t) s pF* = pF + fp (CC, t) . (3.36g)

The transformations 7}, Trot, and 7}, are the same as for the Navier-Stokes equation. The
Galilean invariance T is reduced to a constant spatial shift ¢ ; due to (3.34) and explained
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in the latter. Furthermore, two additional scaling symmetries arise, where a combination of
Tse2 and Tscs delivers the classical scaling symmetry of the Navier-Stokes equation

Xsc1 = —2Xsc2 + Xse3, (3.37)

where the operators Xs¢; and Xsc3 are given below in (3.38). The free functions f; , (x,t) and
fp (z,t) in the last transformation 7j;, are solutions of the unsteady Stokes equation (2.68).
Such symmetries occur in any linear equation and allow to construct solutions by a linear
combination of other solutions, which is known as superposition principle. The Lie operators
corresponding to the transformations (3.36) are

0
X =2 (3.38a)
0 0
XiRot = Ejkixjaixk + Ejkiuf@, (3.38b)
Xgi = 9 (3.380)
8{[:7;
9 d
0 0
F F
%SCQ = U; W —|—p apﬁj (3386)
) o 50
Xsceg = 2ta + x; oz, + u; ﬁ’ (3.380)
0 0

Xiin = fiu (z,1) 9uf + fp (z,t) BpF (3.38g)

The steady Stokes equation contains a set of symmetries similar to the symmetries of the
unsteady Stokes equation (3.36). The time-dependent function of the generalised Galilean
symmetry might depend linearly on time fg; = cg;t, because the derivative dul' /ot = 0
needs to vanish for a steady problem. Subsequently, the transformation for 7 in the case of
the steady Stokes equation reads

Tg: t'=t, .%';k = x; + cgt, U;< =U; + CG,i» pF* = pF, (3.39)

while the other symmetries are identical to (3.36).

3.2.1. Symmetries of the vorticity equation

Applying the rotation operator V x to the unsteady Stokes equation (2.68) delivers an equa-
tion for the vorticity of the fluid field
Ow"’ B i62wF
ot  Re ox?’

(3.40)

which is a scalar equation for two dimensional Stokes flows. As mentioned in example (3.24)
the vorticity equation is equivalent to the linear heat equation whose symmetries are known,
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see Ibragimov [106]. The symmetries in two dimensions are

Ty: t'=t+c, zf=ux, w™=uf, (3.41a)
Tp: t'=t, zj=uz;+cgi, wh* =Wl (3.41b)
Trot : t' =t, zj = Qijxj, wi™ = wF, (3.41¢0)
Tg: t'=t, af =x;+2tcg,; wi™* = er_(I#CG*it)CGJ, (3.41d)
Tsew: tH=t, af=umx; w™=wle>, (3.41e)
Tsen : tF=teset, g = petsa, oI = F (3.411)
* t * i Fx F 7_%_(96%%2%)
T,: t"= m, x; = 1_740@7 wt=w" (1 —4cyt) e H-t6ent® (3.419)
Tin: t'=t o=z w*=wl+f, (21). (3.41h)

The spatial coordinates z, x5 are transformed independently of each other in any symme-
try transformation given by (3.41). The first four symmetries are already known in primitive
variables, i.e. a time shift 7}, a spatial shift 7,,, a rotation Tro and a variant of the Galilean
invariance Tg. It is especially interesting that the transformation for the spatial coordinate x;
in Tg depends linearly on time, whereas the counterpart in the case of the unsteady Stokes
equation is not a function of the time. Both spatial coordinates in T are transformed inde-
pendently from each other, i.e. the symmetry transformation for an individual component is
equivalent to the one-dimensional transformation given by Ibragimov [106]. The invariant
solution obtained with T in the one-dimensional case is [106]

p_ C o
wr, = %e_ﬂ, t>0, (3.42)

which differs from the fundamental solution of the heat equation only by a constant factor.
Tsc., is a scaling symmetry for the vorticity and Tsq4 a scaling symmetry for the independent
variables. The symmetry transformation 7, differs from the equivalent transformation in the
one-dimensional case given by Ibragimov [106]. Considering only a single spatial dimension
yields
cpz?
T, : t*zl—télcut’ xle_xicut, wF*:wF\/leLcutel—li‘l#%. (3.43)

The symmetry describes dissipation and decay of the vorticity, which is revealed by the general
invariant solution obtained form 7}, in the one-dimensional case [106]

12
Wi —tTreu (%) . (3.44)

The symmetry 7T}, contains a singularity at t = (4%)_1’ which must be taken into account if
invariant solutions are to be generated. The last transformation in (3.41) Tj;, is again the gen-
eral linear transformation, revealing the superposition principle, where f,, (x,t) is a solution
of (3.40).

3.3. Lie symmetries for an active suspension

The system of equations describing an active suspension consists of the equations for the fluid
and for the solid particle phase. The fluid is either described by the active Navier-Stokes

35



equation (2.97) or the active unsteady (2.99) or steady (2.100) Stokes equation. In each of the
aforementioned equations an additional term occurs to account for the source of momentum
due to the active stress at the particle surface. Additionally the continuity equation (2.65)
needs to be upheld. The particle phase is governed by the evolution equations for the particle
position (2.46) and orientation (2.47) and the Newton-Euler equations (2.54) and (2.55),
which describe the translational and rotational particle velocity. The fluid velocity u!” and the
particle velocity u; always transform in the same way in order not to violate the boundary
conditions at the particle surface (2.40) and (2.41). Hence, the single-field velocity U;, which
combines the velocities of both phases, see (2.88), is used in the subsequent symmetries. Due
to the occurrence of the radial vector r; = (x; — Xip7p) in the definition of the particle velocity
(2.51) and in the rotational Newton-Euler equation (2.55), it is necessary that the spatial
coordinate z; and the particle position y;, obey identical transformations.

3.3.1. Navier-Stokes equation

In the case of an active suspension, the set of symmetry transformations of the Navier-Stokes
equation (3.31) is extended to

T, : t*:t+Cta x;‘:$i7 U'*:Uz' pF*:pF,

7

Xip = Xips By =Bp,  Aj = As, (3.45a)
Trot: t=t, af =Qyz;, US=QiUi, p™=p",
Xip = QijXjp, By =0p—w, Aj =4, (3.45b)
To: t'=t, ai=xi+fei(t), Uf=U+fo;t), p'=p"" —zifl; (1),
Xip = Xip + fai () vp, By =B, Af = A, (3.45¢)
Tp: t'=t, zi=wz, U7=U p=p"+ fo(t),
Xip = Xips By =Bpy Al = Ay, (3.45d)
Tser : % =te?st, g} =get, U =Uje 1, pf* =ple s,
Xip = Xip€™", By =PBp, Ai = Ajem3eser, (3.45e)

Two additional symmetries exist

Tg: t"=t, zj=uwz, U5 =U,, pf™* = pf,

Xip = Xips By = Bp+cp, A7 = Ay, (3.45f)
Tac: t"=t, x;,k = T4, Uz* :Uz+fo (t)d(m_rac% pF* :va
Xop = Xips Bi=DBp Al = A+ [ ()6 (x — T°), (3.45g)
where the free functions fU and f/! have to fulfil the condition
off ) | v Ui 4 ac
g TN W, =M veel™ (3.46)

Consequently, the transformation 7. provides a way to determine the slip velocity caused by
the active stress by solving (3.46) for a known velocity field U; and active stress modification
f#. The additional Lie operators are

Tae= L 6@ -1 0 L pAms@-r 0 @an

*p.5 = U, OA;

9By’
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The new transformation 73, which affects only the orientation of the particles, is univer-
sally applicable in a passive suspension with disk-shaped two-dimensional or spherical three-
dimensional particles in an infinite domain. In fact, it might even be time-dependent. In the
case of arbitrarily shaped active particles 7 is no longer a Lie symmetry, because additional
discrete symmetries are necessary. Hence, the Lie-operator (3.11) is not defined, because it is
derived with a Taylor expansion (3.6). Each particle needs to possess at least one geometrical
symmetry where -, (ﬁ;) = 7p (Bp). Otherwise, the fluid and particle domains would change,
leading to a change in the single-field velocity U;. Furthermore, the active stress term must
be invariant A; (6;) = A; (Bp), which ensures that the active Navier-Stokes equation (2.97)
is form invariant at each point & € . For elliptical active particles the aforementioned condi-
tions are fulfilled for the transformation 5* = 8 + 7, where additionally the sign of the active
stress magnitude is reversed A“* = —A°. In other words, the orientation of the particles is
reversed and pusher particles are replaced with puller particles and vice versa. Despite the
fact that T is not a Lie-symmetry in the case of an active suspension, invariant solutions for 73
in the case of a passive suspension with disk-shaped particles can be used to describe limiting
cases of an active suspension, which is done in Sec. 6.2.3.

The scaling transformation (3.45e) implies additionally the transformation of the particle
quantities w,, V¥ and @Z Due to the scaling of time and velocity, the particle rotational
velocity becomes w, = wpe 2%t whereas the translational particle velocity vy, = vpe” Sl
has the same scaling factor as the single-field velocity U;. The particle volume is obtained by
the integration J;, 1dw. Therefore, the resulting scaling is VP = VPedesa where d is the spa-

tial dimension. Analogously, the scaling for the moment of inertia tensor @fj* = @fje@*d)c&fl
is obtained, which reduces to a scalar ©°* = ©5¢®ese in two dimensions.

The generalised Galilean symmetry (3.45c¢) is only valid for suspensions with equal mass den-
sities of the separate phases, i.e. ® = 1. Otherwise, the application of (3.45c) to the equation
for the translational particle velocity delivers

@VP dQXip @VP " " _ Fa’)/p d " " VP (3 48)
a fG,z‘()Vp—* Tij%j wifG,z‘()Vp ) .

where the asterisks are omitted for better readability. The additional terms on the right and
left side of the equation vanish either if ©® = 1 or if the second derivative f{, (t) = 0 is zero.
For © # 1 the function fg; in (3.45c¢) is reduced to the linear function

fai(t) =cgit, [, (t) = cay, (3.49)

where cg; is a constant. If f£.(t) # 0 the entire system would be accelerated. Due to dif-
ferent mass densities © # 1 the resulting forces and momentum on the two phases would be
different, hence, the invariance is violated.
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3.3.2. Unsteady Stokes equation

The symmetries for a suspension, where the fluid is governed by the active unsteady Stokes
equation (2.99), are

Ti: t"=t+cy, x::xi’ Ul’*:Uiy pF*:pF,

Xip =Xip: By =DBp, Aj =4, (3.50a)
Trot: 1=t =Qyx;, U =QuUi p'™=p",
Xip = QijXjp, By =DBp—p, Af = A, (3.50b)
To: t'=t, zi=zi+ces, Uf=U, p"™=p",
X;'kp = Xip t CG,iVp 5; = Bp, Af = A, (3.50¢)
Tp Dot =t, x: = Zi, Ui* = Ui, pF* :pF + fp(t)7
Xip =Xip: By =DBp, Aj =4, (3.50d)
Tser: t* =t af =we™t, Uf =Upe s, pi* =ple?ea,
X;(p = Xipe™, By = By, A = Azem3cset, (3.50e)
Ty: t'=t, o=z, U=U, -
Xip = Xipy By =Pp+cs, Al =4, (3.50)
Tac: t°=t, af =z, U7 =U+f#)d(@—-1%), p™=p"
Xip = Xips By =B8p, Af =Ai+ f(t)6 (@ —T). (3.50¢)

The unsteady Stokes equation for a single-phase flow contains additional symmetries com-
pared to the single-phase Navier-Stokes equation. The additional symmetries in the single-
phase low-Reynolds system (3.36€)-(3.36g) do not occur in the system of equations describing
a low-Reynolds active suspension. This can easily be seen by applying (3.36e)-(3.36g) to the
equation for the particle position (2.46). Considering the fact that the particle position x;,
needs to be transformed the same way as the spatial coordinate z;, as explained in Sec. 3.3,
and the transformation for the translational particle velocity is equivalent to the transforma-
tion of the local velocity U;, dy;,/ dt = vy is not invariant under the given transformations.
The slip velocity equation (3.46) simplifies to

off (t)
ot
i.e. due to the assumption of a Stokes flow, the equation (3.51) for the slip velocity is accord-

ingly also linear. Furthermore, while the vorticity and the rotational velocity of the particles
are related by

= 1 (), (3.51)

S
. auk_z S
ezjka - = W
Lj

the additional symmetries of the vorticity equation, transforming the vorticity itself, are not
generally applicable to a two-phase system. Due to their time-dependency, (3.41d), (3.41g)
and (3.41h) are broken by (2.47). The time-dependent transformations of the vorticity are
closely related to the particle rotational symmetry 73, as the vorticity clearly influences the
orientation of the particles via (3.52) and (2.47). Similar to T}, (3.41d), (3.41g) and (3.41h)
are universally applicable in a passive suspension of rotationally symmetric particles, such as
disks in two dimensions and spheres in three dimensions.

(3.52)
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3.3.3. Steady Stokes equation

A steady state in an active suspension is only reached if all particles are uncorrelated. This re-
quires sufficiently large distances between individual particles, i.e. a dilute suspension. Thus,
each particle can be observed separately. The particle motion is steady if the translational
velocity becomes a constant v; and the rotational velocity vanishes. The latter requirement is
necessary, because a changing orientation /3, would lead to a change in the particle transla-
tional velocity v;, due to the active stress. Subsequently, all particle equations except for the
position equation (2.46) deliver trivial identities. The generalised Galilean transformation is
less restricted in case of the steady Stokes equation and the linear form fg; = cg ;t is allowed.
Using fg; = ¥;t to describe a moving reference frame allows to set the origin at the particle
position. Thus,the solution of the particle position equation (2.46) also becomes trivial. In
contrast to the unsteady case, no symmetries are broken because of the triviality of the particle
equations. Hence, the transformation group for the steady state contains all symmetries of the
Stokes equation and the particle rotational transformation

Trot: t"=t, af =Quyx;, U =QuUi, p™=p",

Xip = QijXjps By =Bp— w0, Al = A, (3.53a)
To: t'=t, af=x;+cit, U =U+cgy, p'*=p",
Xip = Xip + C6it o, By = Bp,  Af = Ay, (3.53b)
T,: t'=t, af=uwx, U'=U, p"*=p'+f),
Xip = Xips By =Bp, A = A, (3.53¢)
Tseor: t'=t, af=uwm, UH=Uges2 p*=plese
Xip = Xipy By = Bp,  Aj = Ajese (3.53d)
Toes: t°=t, af =mess, Up=Ues, pb*=pF,
Xip = Xip€™®, B = Bp,  Af = Aje 5 (3.53e)
Tin: t'=t, af=x; U=U+fiv(x), p'*=p"+f(z)),
Xip = Xips By =DBp, A7 =4, (3.53f)
Ty: t'=t, al=uax;, Uf=U; p™*=p"
Xip =Xips By =PBp+ecs Af=A:. (3.53g)

The time shift transformation vanishes due to the steadiness of the problem, however, it is
still applicable per definition of the terminology steady. The scaling symmetry 7Ts.; can be
obtained by employing (3.37). As a direct consequence of the constant particle velocity, the
active symmetry 7 is no longer a symmetry of the system, since a changing active force results
in a change of velocity. Furthermore, it should be emphasised that the linear symmetry 7j;, is
still valid in the steady case of an active suspension, in contrast to the unsteady case discussed
in the previous section.
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3.4. Probability density functions

In the study of hydrodynamic turbulence a statistical approach based on PDFs was introduced.
Lundgren, Monin and Novikov (LMN) derived a statistical framework known as LMN hierarchy
based on first principles [142, 153, 157]. An infinite set of equations of motion for the multi-
point velocity PDF forms the LMN hierarchy. The PDF contains information about all statisti-
cal moments, subsequently, the Reynolds-Averaged Navier-Stokes (RANS) equation and other
statistical models can be directly derived from the LMN hierarchy. Furthermore, it reveals, in
combination with the Lie-symmetry approach, further information about the structure of the
flow. The application of the PDF approach is not restricted to single-phase turbulent flows. It
has been extended to magneto-hydrodynamics [79], to reactive flows and combustion [168]
and to compressible turbulence [170]. In this section a PDF hierarchy for an active suspension
is derived. The results were published in DeulRen et al. [51], which forms the basis for this
section.

The starting point for the derivation are the Newton-Euler equations (2.54), (2.55) and the
active Navier-Stokes equation (2.97), describing the solid and fluid phase, respectively. The
separate equations of motion are combined into a single-field velocity description using the
level-set method and the phase indicator function v° and +¥, see equation (2.101). This
single-field system is then transferred from the physical space into the sample space by em-
ploying ensemble averages. In the derivation of the PDF hierarchy of equations only two spatial
dimensions are considered. The main difference compared to a three-dimensional system is
the scalar nature of the rotational velocity of the particles.

3.4.1. General properties of a PDF

A PDF describes the statistical behaviour of a system. Instead of observing a single experiment
and describing its outcome with physical equations as for example the Navier-Stokes equation
(2.67), an ensemble of experiments is observed. An ensemble is an infinite number of experi-
ments with the same physical properties, i.e. the same number of active particles in the same
domain with the same fluid viscosity and mass densities. The initial conditions might vary
in each experiment and perturbations exist, hence, the outcome of each experiment is differ-
ent. The PDF is used to describe the statistical behaviour of the entire ensemble and contains
information about all statistical moments and outcomes of each experiment of the ensemble.

A single manifestation of the ensemble, i.e. a single experiment, is described by the fine-
grained PDF

where u(x,t) is a physical variable dependent on the space-time point («,¢) and 4 the cor-
responding independent variable in the sample space. Subsequently, the probability for an
event

By = {u < 4%} (3.55)
is obtained with the integral
~ ua
P = 0 (M —u(x,t))du (3.56)

40



whose result is either zero if U* < u(a,t) or unity if 4* > u(x,t). Hence, the event is either
impossible or certain as the outcome of the single experiment is deterministic.

The PDF is obtained by forming the ensemble average, indicated by the brackets (-), of (3.54)
[169]

J(8) = (Fls)) = (3 (st = u(,1))) . (3.57)
The probability for the event E; in the case of the ensemble-PDF is obtained by
L[(L
P, :/ (6 (U —u(zx,t)))du, (3.58)

whose result is a value between zero and unity 0 < P; < 1, i.e. the outcome is stochastic. The
probability of a second event

By = {t <u<u} (3.59)
is determined by

o
sz/ub (6 (8 — u(a, t)) ddl, (3.60)

again resulting in a value between zero and unity. Already implied in the given intervals for
the exemplary calculation of the probabilities, i.e. 0 < P; < 1, are important properties of any
PDF. The integral over the entire sample space yields unity

/ FOdd =1, 3.61)
and in the limiting case
lim f(4) =0, lim f(M) =0 (3.62)
U—o00 U——o00

the PDF vanishes. Furthermore, the PDF is always non-negative for all values of £l

F(8) >0 WAL (3.63)

So far the PDF was only considered at a single point , z; within 2. Correlating multiple points
delivers multi-point PDFs. The correlation of the variable ${ at two points ;z; and ,; delivers
the two-point PDF

o f (14 o) = (6 (10— qu) 6 (o8 — ou)), (3.64)

where the dependency of the physical variables ;u = u (;,¢) and ,u = u (yx, t) on space and
time was omitted for better readability. The preceding subscript of the PDF , f describes the
number of points correlated. Extending (3.64) leads to the K-point PDF

K
k=1
Applying (3.61) to the multi-point PDF delivers the reduction property

/ kG s ) d el = g F(4, s i), (3.66)
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i.e. each integration with respect to a single sample space variable ;-4 reduces the order of
the PDF by one. The order of the points ;& to . is arbitrary, i.e. any point in the domain
can be marked by K. Hence, the integration can be carried out with respect to the sample
space variable related to any point x € ().

Two physical variables at two points at infinite distance are assumed to be statistically inde-
pendent [142]

lim o f (G4 o8) = 1 f (1) 1 f (W) (3.67)

|1$_2$‘—>‘X’

which is the separation property of the PDF. Hence, for the K-point PDF one obtains

lim Kf (luv 7Ku) = K—lf (lu’ ~-'7K—1u) lf (Ku) Vk = {17 7K - 1}7 (368)

|k(E*K(E|*)OO

where the order of the points is irrelevant and thus any point could be marked by the index
K. Again, the index preceding the PDF refers to the number of points correlated, i.e. ; f (x4l)
is a single-point PDF at the K'th point. The separation property is the only occurrence in the
present work of a PDF , f (,-41), i.e. a PDF where the highest index of the sample space variable
K is unequal to the order of the PDF. In the following derivations the separation property is,
however, not used directly. Hence, the order of the PDF is always equal to the highest index
of the sample space variable, which allows to introduce the shorthand notation

wfh = FOY, L ). (3.69)

A direct consequence of the reduction property (3.66) is the coincidence property [142]

lim " = M (U —4), (3.70)

|y z—p2|—0
which refers to the fact that the physical variables at a single point are identical and, sub-

sequently, the probabilities and sample space variables need to be identical. Similarly, one
obtains for the K-point PDF

lim o fY = M=), ke{l,...K—1}. (3.71)

|, z— |0

Derivatives of the PDF

In general, the multi-point PDF j f% = o f(4L, ..., g8 @, ..., -, t) is a function of space and
time. Derivatives with respect to both independent variables are formed with the chain rule.
The temporal derivative of the multi-point PDF is

8Kfu_ KakuaKfu 9 Y Au
ot __< ot 0,4 Zu< > (3.72)
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The gradient of the multi-point PDF with respect to the kth point is

9 i f* <8kuaKP‘> a<8ku m>
=- = iF

8kxi 8kxi akﬂ 8kﬂ kai
0 Ot
= aa ([l ) g )
) ) y
o4 0 (k1% — ) B oo k1l kattd g d g, (3.73)

which was mentioned in Ulinich and Lyubimov [199] as consistency condition. Here, the Dirac
distribution was used as an expression for the limit

K+1w_>k$

3.4.2. Marginal PDF

Three multi-dimensional physical variables are sufficient to describe the entire active suspen-
sion. These variables are the unified single-field velocity U;, the position of the particles x;,
and the orientation angle of the particles /5,. While x;, is a tensor of second order, the orien-
tation angles of all particles are organised in a vector. Accordingly, three multi-dimensional
sample space variables exist to describe the statistical behaviour of an active suspension. Cor-
responding to the single-field velocity U; is the sample space variable V;. The particle variables
translate to X;, and b, for the position and angle, respectively. Marginal PDFs for the individ-
ual variables only describe the probabilities of said variable without referencing the entire set
of sample space variables

S =Y = v o), = () = 0(x =X,
fr={f)=60e-p), (3.75)

where 1]‘"V, fX and ﬁ’ are the fine-grained PDFs. It will become visible in the transport equa-
tions for the marginal PDFs that they are not sufficient to fully describe the system. Instead,
each equation for the marginal PDFs depends on a joint PDF containing information about all
three variables. The velocity U;, the particle position y;, and the particle orientation angle 5,
are, hence, statistical dependent. The multi-point joint PDF is

K
Kf:<H5(kv_kU)5(X_X)5(b_B)>’ (3.76)
k=1

whose equations of motion will be derived based on the equations of the marginal PDFs, see
Sec. 3.4.3.
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Velocity marginal PDF

The single-point velocity marginal PDF , fV describes the statistical behaviour of the single-
field velocity U; at a single point ;x;. The material derivative of ; f (;V;x, ) is [142]

d Y Jduo v\ 9 /4l )

dt dt 0,v; /  9,V;\ dt !
_ 9 JoaU )\ 0 Ui sy
B 81‘/;< 1f> 01V <1U]81$j1f>

_ 0 04U 4y 9,1V
- alw< et >+ V<81$¢
d.fv a1
ot Ox; '

(3.77)

+1Vi

where (3.72) and (3.73) where used. The structure of the physical material derivative, con-
sisting of a term describing the local change and a convective term, is preserved in the sample
space.

The equation of motion for ; fV is obtained by using the single-field velocity momentum bal-
ance (2.101) together with (3.77). The individual terms of (2.101) are multiplied with the
fine-grained velocity PDF 1fv, furthermore, the ensemble average and the derivative with
respect to the sample space variable ,V; are taken according to (3.72). In the following para-
graphs each term of (2.101) is transformed into the sample space individually. The stress
tensor 7;; = — pd;; + 1/Re (0U;/0x; + 0U;/Ox;) consists of a pressure term and a viscous
term. Using Green’s function, the pressure can be expressed in terms of the velocity

A | gz — 2| 0925 0 9x;

1P = d2$. (3.78)

Subsequently, the pressure term in the sample space becomes

0 0 1 1 0,U; 0,U; -
< 1P 1J’ﬂ/>: < 2 2 szwlfv>

0.Vi \0; 47r(’3 Vi 1xz \Qw—1w|(‘)2xj 05T
o \2
47r8 V/ 8 1T 2:1:—1zc| < %82@) 2f dy@d,V dX db.

(3.79)

Due to the non-locality of the pressure, see (3.78), two points are correlated in (3.79). Fur-
thermore, due to the presence of the indicator function ;~!", which is a function of the position
and orientation of the particles, the velocity marginal PDF depends on the two-point joint PDF
of of all three variables. The function ;¢ = ;¢ (X}, b,) is the sample space version of the
indicator function

(AT FPY = g 1 (3.80)

which is the reason for the integration with respect to X and b in (3.79). The sample space
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version of the viscous term is

1.9 FO* U v\ #0%,5U;
Re 0.V, <1’Y 81 ;2 1S >_ Red,V; </5 z) 1y 0,7 fded VdX db
- Rea V/(S 2T — 1T) 19 QV(;? 2/ 5 dozd,V dX db, (3.81)
275°

which also depends on the two-point joint PDF. Apart from the reference to the sample space
fluid indicator function ; g%, both terms (3.79) and (3.81) are equivalent to the pressure and
viscous terms given by Lundgren [142] for the single phase velocity PDF.

Four new sample space functions are necessary to describe the active stress. The particle
indicator function ~, and the function ¢, are transformed into the sample space by

(o fX Py = 1ant X 1% (OF ) = hg X p (3.82)
and the set of all points at the active and passive surfaces becomes
<1—\ac}i\be> _ fCLCfb’ <Fpa.]/c\(X)fb> _ fpafb' (3.83)

The orientation vector, necessary to define the direction of the active stress at the boundary
retains its structure and is defined by €;, = [cos (b,)sin (b,)]. The active stress term in the
sample space is

a ac
8, V <5(15‘C — 1) A° (”z”jejp — €ip) Vp 1JW>

_Ac </5 z — %) (glliaalljiejp—eip> 'Vpldedb>
d1h O1h .
- V —rac ( 811: 5 i eip> gp1fdX db (3.84)
17t~ 177

and depends only on the single-point joint PDF of all three sample space variables. To de-
fine the normal vector n; in the sample space, it was assumed that [V¢| = 1 holds at the
entire particle surface. Thus, the normalisation with \Vd)]_l was omitted in (3.84) for better
readability.

The particle translational velocity term in (2.101) already contains a second point ,x;. Hence,
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the sample space version depends on the three-point joint PDF

0 1 d 457, ~v
_81V;<VP@1%/27”8 Byz, 07 f>

s (e [ (o= (320 520) ) 52 4 7)
:8(19‘/% <47T;P© 1p |q i | gz;];i gzgj gzlf 1fvd3$d2m>
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_4771/1’3’38181/1» |3$i2w’gz?j <3V}‘afj)zgfd3wd2xd3Vd2Vdde

1 9 9 59p 93f 3f
v +,V; Vd,VdX db.
ReVPD 3,V 1990 (3 — o) ) 3 ; 5,2, dsxdyxdsVd,VdX db

(3.85)

Analogously, one obtains the sample space version of the particle rotational velocity term,
depending on the three-point joint PDF

0 T = Xja1%a) 05
"o <’Ypei3j(lfesf‘11q/63kl (9T — Xkr 27r) QTlmajTZ dyz

_ Ci3j€3kl 0 / (125 — Xjq19¢) T — Xir 99r) 0 59p v o \° f
4705 9,v; | 1P 4T — o] 9,7 \>'"0 3
X d3$d2wd3Vd2Vdde

€i3j€3kl O 0,9
- Rej@s W / 19p (1333’ — Xjq 19q) (27 — Xir 29r) 0 (3 — o) 8;1; X

x ( 3V; 3f+ Vi 05/ dsxd,xd;Vd,VdXdb. (3.86)
aSJ 831

3+m

The second particle rotational velocity term in (2.101) becomes

2
0 €3k (175 = Xjg 1)

Vi <<17p 3]| (:; ]X Jj/|12 q) (1Uk_/5(253—X'1’7)2de2$>> X (125 — Xir 1’Yr)>

¢ 1~ X1

2

0 €3ik (127 — Xig 19

:811/-/(19‘” ]| Evl JX j;|12 q) <1Vk_/5(2ﬂ3—X'19)2de2m>> X
¢ 14— 1

in the sample space. As it does not contain gradients or references to the fluid pressure it only
depends on the two-point joint PDF.

Combining the different sample space terms (3.79)-(3.87) delivers the transport equation for
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the velocity marginal PDF
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(3.88)

As expected, the marginal velocity PDF is not solely sufficient to describe the system, it de-
pends on different multi-point joint PDFs, ranging from the single point PDF in the active stress
term to the three point PDFs in the particle translational and rotational velocity terms.

Particle position marginal PDF

The material derivative of the particle position marginal PDF is

df¥ _ 9 dxip 2x\ _ 9 X
ar _8Xip< a )" "ax, <””’f >

o) ~
e ([otm e m it de)

_ 8le/5 91V o1 fdizd, Vdb (3.89)

Note that the PDF f¥ is not a function of the Eulerian coordinate z;. Hence, it is necessary to
introduce the integration with respect to ;x; in order to introduce the single point joint PDF.
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Similarly to the velocity marginal PDF, the particle position marginal PDF depends on the joint
PDF of the velocity, particle position and particle orientation. Due to the Lagrangian nature
of the particle position, only the single-point joint PDF appears in (3.89).

Particle orientation marginal PDF

The material derivative of the particle orientation marginal PDF leads to the following equation
of motion

dfb dﬁp - 0 ~
dat 6b<dt _ab<Pf>
_ 7& 1’Vp€3ij (1% szﬂp) <1U3 /5(2:2 - x- 17) 2Uj d2w> fb
dby @ — 1’7"

5, €34 iEz'—Xi g
by hz—X 9|

(3.90)

where (2.91) is used to express the rotational velocity of the particle in terms of the single-
field velocity. Due to the dependency of the rotational velocity w, = e3;;7;U;/ |r| on the radial
vector r; = T; — Xip 17p the two-point joint PDF occurs in (3.90). Nevertheless, the PDF fo
itself does not depend on the Eulerian coordinates of the domain.
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3.4.3. Multi-point joint PDF

The equations of motion for the marginal PDFs (3.88), (3.89) and (3.90) all depend on multi-
point joint PDFs ;- f, which are necessary to fully describe the statistical behaviour of an active
suspension. The single-point joint PDF is

1LV, X,0) =0V —1U)6 (X —x)0(b—P)). (3.91)
It should be noted that the joint PDF is not the product of the marginal PDFs, i.e.
F GV X,0) #  fU PR (3.92)

but instead the averaged product of the marginal fine-grained PDF

1f (1V1X7b) = <1fvfxfb>7 (393)

because the three variables are statistically dependent. The K-point PDF is

K

GV, V. X, b) = <5 (H LV - 1U) §(X —x)d(b —,8)> . (3.94)

k=1

Subsequently, the material derivative of , f is obtained with the product rule

K
ddff=<H5<kV—kU>‘W§t_X)5<b—ﬂ>>

k=1
K k—1 K
+Z<H6(ZV—¢U) dé(’f‘gt_kU) I1oGv-,u)6(x —x)a(b—ﬂ)>.
k=1 \i=1 j=k+1

_ 9 Jdxip wvoax 0 /dBy vaxm 9 d Ui 2vax
—aXip< X | FV f>+abp<dff<f i f>+;am< O VT f>

(3.95)

Hence, it is possible to construct the multi-point joint PDF for all three sample space variables
from the marginal PDFs for the individual variables. The hierarchy of equations of motion for
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the K-point PDF is
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This equation depends on the K'-point PDF and the (K + 1)- and (K + 2)-point PDF, leading to
an infinite hierarchy of equations, similar to the LMN-hierarchy [142, 153, 157]. Thus, similar
to the statistical equations of turbulence research, the equations for an active suspension show
a closure problem. Furthermore, within each term of the equation, the PDF appears only in a
linear form. This is an important property, which will be used to obtain additional statistical
symmetries in Sec. 3.6.
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3.4.4. Continuity conditions

Continuity conditions are necessary to define in analogy to the side conditions of the LMN
hierarchy. The divergence of the single-field velocity is

gigj = 17F3811“£ + 1’75% + (g = i) ?91115
= ﬂF %111;{ + 17521115 + (1“5J - 1“13) 5 () gllfz (3.97)
G+ )
where in the last step |[V¢| = 1 was assumed. The first two terms in (3.97) refer to the

single-phase continuity equations for the solid phase (2.50) and the fluid phase (2.65), the
last term describes a jump condition of the velocity in normal direction at the particle surface.
Due to the no-slip condition (2.92) at the passive surface and the impermeability (2.93) of
the active surface the jump (1uZF — 1%‘5 ) n; vanishes. Both surface continuity conditions can
be transformed into the sample space. At the passive boundary the no-slip condition (2.92)

turns into
and the impermeability condition at the active boundary (2.93) is

/5 (1:13 —f‘w) gﬁlvidlm

N 05h
= /5 (1$ — Fac> 1) (233 — 1%) ﬁ 2Vi QfdedlmdQV. (3.99)
2

Due to the vanishing jump in (3.97), the only remaining terms are the two continuity equa-
tions for the fluid and solid phase. Thus, forming the ensemble average delivers the continuity

condition
01U\ 0Ui - _8/ v B
<51$i>_/< ox; if >d1v_31xi WVilf"d, V=0 (3.100)

As a result of this, the multi-point version of the continuity equation is given by a simple
integration with respect to the missing sample space variables

P K
m/kVindeVddezo Y,z e Q. (3.101)
j=1

Both formulations (3.100) and (3.101) are equivalent because of the reduction property (3.66).
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3.4.5. Entropy of an active suspension

The statistical information about the probability of a certain event is related to the physical
quantity of entropy. The entropy serves as a measure to compare two different random systems
and is defined as

K
S:—/Kflog(Kf)Hdedde (3.102)
k=1
based on Boltzmann’s equation [32]. Temporal derivation delivers
dS [ dgf a
—~ =" / — (og (i f) +1) kl;[ldkv dX db. (3.103)

Thus, the transport equation (3.96) of the multi-point PDF hierarchy also describes the evo-
lution of the entropy.

Consider two suspensions, one contains active particles and the second one consists of other-
wise identical passive particles, i.e. A° = 0. The only difference in (3.96) is the existence of
the active stress term in the case of active particles. Thus, the difference between the rate of
change of the entropy of an active and a passive suspension is

K

dsac dsre 9 R o hoh
— — A¢ _ pac gh 9h s

a dt /; ak‘/ié(kw )(8kxi6k:cje]p ep) k9p 1 J ¥

K
x (log (g f) +1) [[ d,V dX db. (3.104)
k=1

The main question arising from this expression and in fact one of the main questions in re-
search on active suspensions is the sign of the integral term in (3.104), or, in other words,
whether the active stress causes states which occur unlikely in a passive suspension.

3.5. Classical symmetries of the PDF hierarchy

Classical symmetries, as found in the physical equations, are preserved in the multi-point PDF
hierarchy (3.96) with some modifications. The symmetries are [202]

Ti: t'=t+ Ct, .%';k = x;, V;* =1V, Xz*p = Xipa

by="bp, kf"=rgf AT =A° (3.105a)
Trot : @) = Qijzj, Vi'=QuVi, p™™=p", X} =QiXjp
by="0by—w, gf'=gf A=A (3.105b)
Tg: t'=t, zj=x;+cgs, Vi=V, X{“p = Xip + ¢G>
by="by, gf"=gf AT=A° (3.105¢)
Toer: tF=te?s,  g¥ =gt VF = Ve o, X, = Xipe™S,
by =by, g ff = gfetfoa, A% = Ao s (3.105d)
Tg: t'=t, x=ux; V=V, XZ-*p = Xip,
by="0p+cy, gf"=gf, AT =A" (3.105e)
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The temporal shift transformation (3.105a) and the rotational transformation (3.105b) are
identical to the equivalent symmetry transformation of the Navier-Stokes or Stokes equation.
The only difference is that the physical variables are replaced by their counterparts in the
sample space. The generalised Galilean symmetry can no longer be applied in the form given
in (3.45¢). As already stated in Wactawczyk et al. [202], the function fg; = cg it to be added
to x; can only depend linearly upon time, because a time-dependent transformation would
require the transformation for the pressure

" =p" —mifd (1) (3.106)

in the physical space, see (3.31c). The expression (3.106) is unbounded and, thus, not com-
patible with the integral representation (3.78) of the pressure introduced in the PDF-hierarchy
[202]. Furthermore, the velocity sample space variable occurs explicitly in the first term of the
right hand side of (3.96). Therefore, only a constant spatial shift cg ; is possible, see (3.105c);
thus, the Galilean symmetry of (3.96) is identical to the Galilean symmetry (3.50c) of the
suspension, where the fluid is described by the unsteady Stokes equation.

The scaling symmetry (3.105d) was derived by Wactawczyk et al. [202], where it is espe-
cially important for the multi-point PDF to be scaled as well. They wrote the scaling as
wof* = g fe’esa however, the exponent depends on the number of spatial dimensions un-
der consideration. Let us assume that the exponent of the scaling exponential function of the
multi-point PDF is unknown and denoted by C. From the reduction property one obtains

/1de1V = /1fV*ecl d,V*edsa =1, (3.107)

hence, the scaling exponent of the single-point PDF is C; = dcsc1, where d is the number of
spatial dimensions. Due to the restriction to two dimensions we have d = 2. For an arbitrary
order of the PDF the relation becomes

/K+1fv d,V = /K+1fv*€_CK+1 d g Viedosa = e fV = fY, (3.108)

leading to Cx = Ck41 — dcse;. Combined with the previous result (3.107) one obtains
Cx = dKcsep and Cxy1 = d(K + 1)csc1, which, subsequently, leads to the transformation
(3.1054d).

While ,V; appears directly in (3.96) and cannot be shifted, resulting in the constant spatial
shift in 7g, the orientation sample space variable does not occur directly in (3.96). Hence,
the shift in the orientation is preserved from the physical equations, see (3.105e). However,
because b, dictates the behaviour of g, T'% and €;p in (3.96), the same restrictions as in the
physical system apply, i.e. (3.105e) is only applicable in a passive suspension with disk-shaped
particles.

The pressure was expressed in terms of the velocity by Green’s function (3.78), thus, the
pressure related transformation (3.31d) of the Navier-Stokes equation is not applicable to the
PDF hierarchy. For the same reason, the active stress transformation 74, is not a symmetry of
the PDF hierarchy, because the sample space variable ;- , ,V; occurs quadratic in the pressure
term.
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Fig. 3.1.: The two diagrams visualise the action of the free function v on an initial PDF. (a)
The initial PDF (—) is a normal distribution in this example, the integral of ) (---)
over the entire domain vanishes. (b) The transformed PDF f* = f + . Illustration
based on Wactawczyk et al. [202].

3.6. Statistical symmetries

Additional symmetries occur in the statistical description of the problem, which are not present
in the physical equations. Nevertheless the statistical symmetries carry information about
physical properties of the problem. An infinite number of statistical transformation groups of
the multi-point correlation equation were discovered by Oberlack and Rosteck [158] and Ros-
teck and Oberlack [177]. Building on this, Wactawczyk et al. [202] found a symmetry transfor-
mation group for the LMN hierarchy, which will serve as a basis for the following examinations:
the equations of motion for the multi-point PDF are entirely linear, hence, it is possible to add
any solution of the equation hierarchy to the multi-point PDF, similar to the linear symmetry
of the Stokes equation (3.36g). However, the properties of the PDF, especially the reduction
property, restrict the possible solutions to be added. In order to obey the reduction property
either the integral value of the added solution ) needs to vanish, i.e. [~ ¢ (4)dU = 0 or,
both, the multi-point PDF , f and the added solution needs to be rescaled. Both possibilities
were explored by Wactawczyk et al. [202] and are discussed in the following two sections for
the case of an active suspension.

3.6.1. Shape symmetry

The first statistical symmetry given by Wactawczyk et al. [202] is the shape symmetry. An
exemplary shape symmetry transformation, changing the PDF, is given in Fig. 3.1. Extending
the symmetry to the sample space spanned by the sample space variables for the velocity V;,
the position X;, and the orientation b, delivers

K N

To: wf =rf+00GV.X0,00) [[oGV - V) [[6(X, - X1)6(bp—b1).  (3.109)
k=2 p=2
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The only known constraint for the free function ¢ (;V, X1,b;) is
/zp(lv,Xl,bl)d1VdX1db1 =0 (3.110)
to ensure that , f* complies to the reduction property (3.66). Furthermore, (3.66) requires

/¢(1V,X1,bl)d1V2¢Xb (X1,01), /¢Xb (X1,b1)dX; =40 (b)), (3.111)

where analogous statements result from integration with respect to the other sample space
variables. Subsequently, it can be assumed that the free function ¢ (; V', X1, b;) can be written
as a linear combination

YV, X1,b) =9V (V) + 9™ (Xq) + 40 (b)), (3.112)

where the integral on an infinite domain of each of the functions ", X and " vanishes
according to (3.110). The Lie operator corresponding to the transformation (3.109) is

K N

X=vV,X1,0) [[6 GV —1V)[]6(Xp— X1) 6 (b, — b1) 88. (3.113)
k=2 p=2 Kf

Forming the marginal PDFs by an integration with respect to the different sample space vari-
ables delivers the transformations

K
k" =k OV WV [[IGV —1V), (3.114a)
k=2
N
For= e (x) o (x, - X)), (3.114b)
p=2
N
=+ o) [T oy —b1). (3.1140)
p=2

Especially in the case of the particle position and orientation PDF an interesting property of an
active suspension directly follows from (3.114b) and (3.114c). The functions X and @Z)b only
depend on the respective sample space variable for the first particle, whereas the transformed
PDFs fX* and f** describe all particles. The choice of the particle described by the sample
space variables X7 and b, is arbitrary. Hence, the global PDF and the statistical behaviour of
any particle only depends on the global state of the suspension and not on the individual state
of a single particle.

The function ) does not depend on space or time. Subsequently, the separation property of
a PDF (3.67) is broken, which, however, was not used in the derivation of the PDF equation
hierarchy. It follows that, especially in the physical interpretation of the symmetry, it can only
be valid in a spatially confined area, since the separation property is a necessary condition of
a PDF.
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Separation of space and time

A linear combination of the operators of the shape symmetry (3.109) and the temporal shift
(3.105a) delivers

P K N

X=_-+v4V,X1,b) H 5§,V —,V) H 5 (X, — X1)6(by — bl) 0 (3.115)
ot s e Okt

According to (3.30) the operator needs to be applied to an auxiliary function, which in the
present case is defined as

H(w,t,KV,X,b; Kf) = Kf — Kf (x,t,KV,X, b) = 0. (3.116)

Applying the operator (3.115) to H and solving the resulting differential equation XH|,_, =
0 delivers the invariant solution

Kf = fx (1.'177 ...,K:B, 1V, ...,KV,X, b)
K N
+tp GV, X0,00) [T0 GV = V) ] 6(Xp — X1) 8 (b — b1). (3.117)
k=2 p=2

The free function f, (1, ..., xz,;V,..., kV, X, b) has to be a PDF, because an integration of
1 with respect to all sample space variables delivers zero, see (3.110), and the solution , f
has to fulfil all properties of a PDF. Hence, the dependency of the PDF on space and time
has been split between the functions f, and ¢i). The PDF f, describes the initial state of the
ensemble and the product ¢¢ its development in time. Consider two ensembles, one where
the boundaries of the otherwise identical domain are periodic and one where the boundaries
a solid walls: given an identical initial distribution f,, the shape function ) then describes the
different developments of the two ensembles.

3.6.2. Intermittency symmetry

As already mentioned, the second possibility to add a solution of the PDF hierarchy to j f,
besides adding the shape function 1), is to rescale both functions accordingly. Hence, the
general version of the intermittency symmetry transformation, compliant with the properties
of a PDF, is

xkJ" = cne g f + (1 = cint) g9, (3.118)

where ;g is a solution of (3.96) and a multi-point PDF and 0 < ¢j < 1. In the single point
case the general formulation (3.118) and the shape symmetry (3.109) are connected by

Y =1—=cint) G f —19) - (3.119)

Considering the two PDFs - f and g, fulfilling the reduction property (3.66), it becomes
clear that the integral of ) necessarily vanishes, see (3.110). Wactawczyk et al. [202] defined
k9 as a product of Dirac functions

K
Kf = Cint g f + (1 — cint) H (X —x)d(b-pB), (3.120)
k=1
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i.e. the second PDF . ¢ is a deterministic or fine-grained PDF describing a specific solution
LU, ..., xU, x,B] of the physical system. Necessarily, it is also a solution of the hierarchy
of PDF equations (3.96). The choice of , g might reveal interesting behaviour of an active
suspension, because the resulting symmetry transformation allows distinguishing between
chaotic states and deterministic states, which justifies the formulation of the second symmetry
transformation additionally to the shape symmetry. Adopting the terminology of turbulence
research, the expression cin ;- f describes the probability of a turbulent, i.e. chaotic, stochas-
tic, behaviour. The term (1 — cjy) Hle 0V —,U)dé(X —x)d(b— ), on the other hand,
describes laminar, i.e. deterministic, behaviour, because the Dirac functions are equivalent to
the fine-grained PDF (3.54). A system which often switches between chaotic and determin-
istic behaviour is called an intermittent system, which explains the name of the symmetry. A
second definition of intermittency is the sudden outburst of an otherwise rare event as men-
tioned by Li and Meneveau [135] and Wilczek and Friedrich [206]. It will be shown in Sec. 6.2
that the intermittency symmetry can be used to describe heavy-tailed probability distributions,
i.e. PDFs where rare events in the tails of the function are more likely than in the case of a
comparable normal distribution, thus, complying to the second definition of intermittency.

The Lie operator of the symmetry transformation is

xm:<Kf—Kg>:<Kf Ha )6(X ~x)6(b- B)) G (312D

Again by integration with respect to the different sample space variables, marginal PDFs are
formed

K
w IV = Cint g f + (1= Cint H (3.122a)
2 = Cinef N+ (1= cine)d (X —x), (3.122b)
f7 = Cinef? + (1 — cine)d (b— B) . (3.1220)

The first marginal PDF (3.122a) is equivalent to the symmetry transformation given by Wactawczyk
et al. [202], where it is related, as mentioned, to the different behaviour of a turbulent and
laminar flow. While inertia driven turbulence is impossible to occur in the given setup of a low-
Reynolds active suspension, some researchers describe the behaviour of an active suspensions

as active turbulence, see Sec. 1. In Sec. 6 the transformation is used to analyse simulation
data and indeed reveals chaotic and deterministic behaviour, i.e intermittency.
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4. Direct numerical simulation

Particle resolved Direct Numerical Simulations (DNS) are carried out within the Bounded
Support Spectral Solver (BoSSS)! [127]. The BoSSS-framework provides a high-order Dis-
continuous Galerkin (DG) method to solve the fluid equations. The DG method is extended to
account for a two-phase flows, leading to the eXtended Discontious Galerkin (XDG) method,
which is able to represent the particle surface accurately on a sub-cell level, where cells of the
numerical grid, which are cut by the particle surface, are called cut-cells. The combined fluid-
particle solver, called eXtended Navier-Stokes plus Rigid Object (XNSERO) solver, enables the
solution of an active suspension. As part of the BoSSS framework, XNSERO is able to use all
methods implemented by BoSSS for solving the fluid phase. Thus, it employs, as the name
states, the Navier-Stokes equation (2.67) to describe the fluid. However, it is possible to reduce
the computational load by using the unsteady Stokes equation (2.68) as a linearisation of the
problem. Due to the low Reynolds number of a microscopic active suspension, the unsteady
Stokes equation is an appropriate choice and used throughout this section. The boundary
conditions for the fluid phase at the particle surface, especially the active stress, are imple-
mented by modifying the numerical fluxes at the interface. In addition, XNSERO provides a
solver for the particle phase and a collision model for direct interactions between particles.
An earlier implementation of the solver has been used to obtain results in the publication
Deullen et al. [50]. While some methods, i.e. the XDG-method and the physical equations,
have not changed compared to Deul3en et al. [50], the implementation of the active boundary
conditions, the numerical side of the collision model and the numerical methods to solve the
particle equations differ significantly.

In this section, the fluid-particle solver is presented, starting with general properties and def-
initions of the DG method in Sec. 4.1. Its extension XDG is introduced in Sec. 4.2, including
an introductory example of the spatial discretisation. The semi-discrete formulation of the
unsteady Stokes equation (2.68) is presented in Sec. 4.3 and the implementation of the active
boundary conditions is given in Sec. 4.3.1. Due to the importance of sub-cell accuracy for the
representation of the particles, an introduction to the algorithm used for integration on cut-
cells is given in Sec. 4.3.2. The discretisation of the Stokes equation is completed in Sec. 4.4
with a presentation of the temporal discretisation. The particle solver is presented in Sec. 4.5,
followed by a discussion of the collision model in Sec. 4.6. The three parts of the solver - the
fluid XDG solver, the particle solver and the collision model - are put together to a combined
solver in Sec. 4.7.

https://github.com/FDYdarmstadt/BoSSS
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4.1. Discontinuous Galerkin methods

The DG method unifies properties of the Finite Volume Method (FVM) and the Finite Element
Method (FEM) Similar to FVM it employs a locally conservative discretisation and numerical
fluxes based on the physical problem. By using local ansatz functions, DG provides high-order
methods on arbitrary meshes. Due to the local ansatz functions and the flux formulation,
cells only need to communicate with their direct neighbour, simplifying the implementation
of multi-core, High-Performance Computing (HPC) ready applications. In contrast, high-order
FVM needs larger stencils of several neighbouring cells and FEM defines global mass matrices.
The DG method also provides good handling of hanging nodes, hence, local Adaptive Mesh
Refinement (AMR) can be used straightforwardly. The above advantages are offset by the
disadvantage of an increased number of unknowns or Degrees of Freedom (DoF) [126].

Reed and Hill [173] developed the first DG method to solve the neutron transport equation on
triangular meshes to describe the hexagonal structure of contemporary nuclear reactors. DG
methods to solve fluid flows were developed, firstly for steady first-order partial differential
equations [134] and later for steady three dimensional boundary layer problems [38]. Hyper-
bolic equation in the context of DG were analysed by Chavent and Cockburn [42], Cockburn
and Shu [46], and Jaffre et al. [111]. Diffusive terms were first introduced by Nitsche [156].
The development of Symmetric Interior Penalty (SIP) methods [9, 12, 13, 61] finally enabled
the usage of the DG method in the context of incompressible convective-dissipative fluid flows
[44, 45].

The spatial discretisation of the domain {2 is governed by the following basic definitions, given
by Di Pietro and Ern [58] and Kummer [126]

* the two-dimensional domain 2 C R? is polygonal and simply connected,

* the numerical mesh consists of cells K, = {K1, ..., K}, which cover the entire domain
Q= U}]:1 K; and do not overlap K; N K, = @, Vj #k,

* QO =clQand K; = clK; are closed sets, i.e. they contain their own boundary,

* the mesh size is defined as h’* = Ir?a)é h;, where h; is the diameter of the cell K,
i€
J

* the set of all edges of the cells I'* = U}]:1 OK; is split between internal I'"t = 'K\ 9Q

and external edges I'™** = I'’ N 90, where the latter receive boundary conditions of
either Dirichlet or Neumann type '™t = TP U TV,

. K . Xt .
* a field of normal vectors n! "~ at T'X exists. At the external surface n! ™ is the outward
pointing normal vector,

* the inner u™ and outer values u°"t of the general physical quantity u at I'X are

u(z) = limu (z — en') Vz eTF, (4.1)
e—0
out 1 T int
u (w)—lgl[l)u(w—i—en ) Veel™, (4.2)
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e the jump operator at I' is

[u] () = 1i_r)r(1) ul () —u®t (z) Va e '™ (4.3)
[u] () = lim ul (x) Vo eI, (4.4)

* the average operator at I'X is

(u} (z) = g%% (4" (@) + v (@) v e T, 4.5)
{u} (z) = lim ult (x)  Va e I (4.6)

Within each cell a polynomial function space is constructed, which forms the broken polyno-
mial space of the entire mesh with the degree k [126]

Pr (8r) = {f € L?(Q);VK; € &, : f|kis polynomial and deg (f|x-) < k}. 4.7)

The local approximation u; in the cell K; of a general physical field variable u is obtained by
the summation

NE
Uj (1) =i (8) 0 (@), (4.8)
=1

where 11;; (¢) are called unknowns or DoFs and (f;;),_; n» € P ({Kj}) is the local polynomial

basis [189]. The summation Y/ kl within each cell is carried out for all ansatz functions f;,
with the maximum degree of N*. The ansatz function are modal and fulfil the orthogonality
condition [189]

/ fj,mfj,n dx = 5mn7 (49)
K;

where 0,,,,, is the Kronecker delta.

Due to the presence of two phases, the fluid phase and the particle solid phase, the standard
DG method is not sufficient to model the problem. Hence, in order to proceed further, a
representation of the phase interface is introduced in the next section, enabling the modelling
of multi-phase flows in general and fluid-solid suspension in particular.

4.2. Extend Discontinuous Galerkin methods

A representation for interfaces is necessary to model the particles in an active suspension. The
aforementioned level-set method is used to represent such interfaces, see Sec. 2.3.3, leading
to the XDG method [126]. The position of the interface with respect to the background mesh
is arbitrary, i.e. the interface does not follow the edges of the numerical mesh. Hence, some
cells of the mesh are cut by the interface, such cells are referred to as cut-cells. In general the
amount of DoFs is doubled in the cut-cells, as a solution is necessary for the physical variables of
both phases. In the present work, however, the solid particle phase is described by the Newton-
Euler equations (2.54) and (2.55), hence, no field variables are required. Subsequently, the
solution simplifies, because the cells occupied by the particles can be considered void. The
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shape of the cut-cells is arbitrary and they might become infinitely small or ill-shaped. In
such cases, obtaining a solution becomes difficult due to high condition numbers. BoSSS
averts this problem by employing a cell agglomeration method, i.e. small cut-cells are added
towards larger neighbours, see Kummer [126]. An algorithm capable of handling cut-cells,
provided by Saye [183], is employed to carry out the integration on the cut-cell mesh, see
Sec. 4.3.2.

In a general two-phase setting the domain is split between the part occupied by the phase 2
and the part occupied by the second phase B

Q=" UQ® @), Q*ONQP () =2, T(t)=0%() NoN® (t) (4.10)

where the interface I' (¢) separates the two phases, which do not overlap. As only two dimen-
sions are considered 2 C R? the interface I' (¢) is a one-dimensional manifold [126]. It is
represented by the zero level set of the function ¢ given in (2.74). In a general multi-phase
setup the level-set evolution is governed by the transport equation (2.78)

d¢9  0oU;
a-ﬁ- B2, =0.

In case of rigid particles, however, the interface motion is purely governed by the particle
position and orientation, hence, the particle function ¢, = ¢, (x;,8y) is prescribed and the
global function ¢ is obtained by (2.74). The normal vector at the interface can be determined

by (2.76) 0

- 61‘1
Due to the representation of the level set by a broken polynomial space, see (4.7) it might not
be smooth. However, smoothness of ¢ is necessary for a well-defined interface I" (¢) [127].
Hence, BoSSS employs a continuity projection for the level set, where an introduction is given
in Sec. 4.4.

Vo .

ng

Each cell contains two time-dependent sub-domains

Kjﬂ:Kj‘mQﬁ(t) andKj,%:KjﬂQ% (t), 4.11)

if it is cut by the interface. Otherwise, the cell K; is fully occupied by one phase, e.g. Ko =
K; N K;% = @. Hence, the time dependent cut-cell mesh & (¢) contains up to twice as
many entries as the background mesh &, [127]

i () = {K1a(t), Kig ), ... Ko (t), Ky ()} (4.12)

Applying the DG polynomial space (4.7) to the cut-cell mesh delivers the XDG polynomial
space [127]

Py (8, t) =Py (R (1))
={f € L*(Q);VK,q € &, : flk, is polynomial and deg (f|x,,,) < k}. (4.13)

Subsequently, the XDG local approximation u; of a physical property u is

Nk

i (@,t) = D [63(6) T (@) 7™ (,0) + 65 (0 5 ()77 (@,1)] (4.14)

=1
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where the number of DoFs ﬁ;pl is doubled compared to the single phase approximation, given
by (4.8). The local ansatz functions f?fl () = §;, (z)+* and ffl () = fji(x)~* ensure a
sub-cell accurate representation of the interface as visualised in Fig. 4.1 for a second order
polynomial in the phase 2. The indicator functions v*, v% are defined in the same way as
the general phase indicator function 4%, see (2.30). In case of the present fluid-particle solver

@ (b)

..‘.----..------
\

-’\-.------

\

Fig. 4.1.: (a) A cut-cell contains the interface I" and two sub-domains occupied by the phase
2 and B respectively. The depicted two dimensional ansatz function for the entire
cell on the left hand side is multiplied with the indicator function 4* of the phase
2, leading to the sub-cell accurate representation (b) of the ansatz function for the
sub-domain occupied by 2.

phase ‘B is the particle phase, which is not solved based on the XDG method, i.e. is considered
void by the fluid solver. Hence, the cell-local approximation of the fluid phase 2l = F' in the
context of the XNSERO solver is

Zuﬂ ) §ia (@) (2, 1) (4.15)

Apart from the phase indicator function v, the approximation (4.15) is equivalent to the DG
approximation (4.8), due to the second phase being void. Solely the computational domain
changes from © to Q" as indicated by the function v*".

The following example for a discretisation in an XDG setup builds on Hesthaven and Warburton
[95] and Smuda [189]. Consider the one-dimensional conservation law

8u of (u)

=0 VYzeQ=|L R (4.16)

where f (u) is the flux of u and (2 is a one-dimensional domain with the boundaries L and R.
The initial distribution of u in Q is u (z,0) = up and the boundary conditions are of Dirichlet
type

u(z=1L,t)=uP, u(z=Rt)=ul. 4.17)
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To find an approximation u for the general physical quantity u, the ansatz (4.15) is used.
Hence, the global approximation 1 is obtained by the summation

J Nk

J
U, t)=> 1 ZZuﬂ ) §i0 ()Y (2,), (4.18)
J J

where 1 is the cell-local approximation of u in the jth cell, the first summation symbol on the
right hand side refers to the different cells and the second one to the ansatz functions of the
polynomial basis. Using the ansatz (4.15) together with (4.16) delivers the cell-local residual

ou; | of (u))

N T

(4.19)

which is in general non-zero. To obtain a numerical solution it is necessary for the weighted
residual to vanish [184]

/ Mg, de =0 Vi=1,.., N~ (4.20)
Q

where g;; is a weight function. Core feature of any Galerkin method is to use the ansatz
functions f;,; as weight functions, see for example Schéfer [184], leading to

/ R;fjde =0 VI=1,..N" (4.21)
Q

i.e. the residual is required to be orthogonal towards the ansatz functions. Written out, the

equation is
;o of (u )
/Kj ot i dw+/;<j

This formulation is the semi-discrete form, because, while it is discretised in space, the deriva-
tive with respect to time is still continuos. Integration by parts delivers the cell local weak
formulation of I

=0 Vli=1,.. N (4.22)

aujfjldac—/ f(ﬁj)afj’ld:v—i-/ e f(@)fuds =0 Vi—=1,..NF.  (4.23)
K; Ot K; Ox 0K, 7

The normal vector n = +1 in one dimension is a scalar, nevertheless the dot product notation
was used to account for a generalisation to higher dimensions. At the edges 0K of the cell
K, the value of the flux n- f (u;) is not uniquely defined, because by definition discontinuities
are allowed at the cell boundaries. Subsequently, the numerical fluxes

F (@ n) ~n- f (@) (4.24)

are introduced to obtain a unique definition of the surface integral in (4.23) [189]. Using
(4.23) and (4.24) together with (4.15) delivers

Ojm T Ofjm 7 (win —ou
/K~ 8Jt’ fj’nfj’mdx_/[(,f(uj’”fj’") ;]573 dCli-i-/(?K'f(uJ 7AO ' )f]mds—o (4.25)
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It is apparent, that this equation can be written in a matrix form, where (M;) = = fjmfjn is
called cell local mass matrix. Its global version is a diagonal matrix

My 0 ... 0
0 My, ... 0

M= . . (4.26)
0 0 ... My

The two following terms of (4.25) form the cell local operator vector

- of; ~(~in ~o
Y4 _ . i J,m n ut .
(Oj) = /j f(Wnfin) o dx +/a j f (uj U5 ,n) fim ds, 4.27)

leading to the global system of equations

ait” +OP = 2, (4.28)

Mn
0

where the vector z,, contains additional forcing terms and boundary conditions. Solving this
system for the solution vector u,, = [fl1,1, UL 2, ey Ujy ey T Nk] delivers an approximation for
u in the entire domain ). In the next section the mass matrix M,,,, the operator vector O},
and the right hand side vector z,, for the unsteady Stokes equation with an active boundary
condition at the particle surface are presented.

4.3. Discrete variational formulation of the Stokes equation

The condition of a low Reynolds number Re <« 1 allows to substantially simplify the Navier-
Stokes equation (2.67) to the unsteady Stokes equation (2.68), see Sec. 2.3.2. As the non-
linear convection term is neglected, it is no longer necessary to find an appropriate linearisa-
tion of the equations. This is advantageous in terms of computational resources and leads to
a significant speed up of the simulation runtime. Hence, only the discretisation of the linear
Stokes equation is presented here. The discrete form of the full Navier-Stokes equation in
an XDG environment can be found, for example, in Kummer [126]. In order to satisfy the
Ladyzenskaja-Babuska-Brezzi (LBB) condition [11, 35] the polynomial order of the pressure
field is reduced by one compared to the velocity field. A discussion of the stability of the LBB
condition can be found in Kummer [126]. The resulting discretisation reads: find

ul = (uF,pF) € Py (R, t) X P, (R, t) = V. (4.29)

such that [125, 126, 127, 189]

duf’ F F ac (, F F
/ v+ b (0,9") —a (u0) — 0 (u”0) ~ b (3, u")
QF

=s(v)+7r(Q) V(b,9) €Vy, (4.30)

where V;, is the function space of the ansatz and test functions and the function v; is a
vector, whereas ¢ is a scalar. Clearly, a temporal discretisation is necessary for the integral

Jor ag—;nl- dx, which is introduced in Sec. 4.4. Due to the rigidity of the particles, only the
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fluid domain Q" is considered for the integration. Furthermore, following the definition of the
Janus particle surface (2.39), the interface I' is split into two parts, where I'?* is the passive
surface and ' is the active surface. The bilinear forms b (b, p’') and b (9, u’") describe the
pressure gradient and the velocity divergence, whereas the bilinear form a (uF ) u) represents
viscous terms in the bulk, at Dirichlet boundaries and the passive surface I'?* of the particles
[126]. The second viscous bilinear form a%¢ (uF , n) represents the action of the active bound-
ary condition at the active particle surface I'*“. On the right hand side of (4.30) the term
s (v) represents boundary conditions for the Stokes equation and r (q) boundary conditions
for the continuity equation. In case of the discrete Navier-Stokes equation additional terms
occur on both sides of (4.30), one trilinear form to describe convection on the left hand side
and one term to describe boundary conditions for the convective terms on the right hand side,
see Krause and Kummer [125] and Kummer [126].

To define the bilinear forms in (4.30) it is necessary to introduce the piecewise defined bro-
ken gradient du;/0x;|, and the broken divergence Ou;/dx;|;,, where u; is at least one time
continuously differentiable, i.e. u; € C! (Q\I'\0Q) [126]. The pressure gradient bilinear form

is [126]
ov;
F _ F Y
b(p",0) = /QFp e

Analogously, the velocity divergence is

b(q,u") = /Q g o

F 8:51

dx — / [v:] ns {p" } ds. (4.31)
h rintyrPur(t)

de — / [ui] ni {9} ds, (4.32)
h rintyrPyur(t)

i.e. the pressure p/ was replaced by the scalar test function q and the test function v was
replaced by the velocity u’" compared to (4.31). The jump [u;] in the normal direction at
the particle surface in (4.32) is defined by [u;]n; = (ul” — u?’) n; where u? is the product
of the translational and rotational part of the particle velocity, see (2.51). Hence, the fluid
solver depends on the results of the particle. However, the particle solver also depends on the
results of the fluid solver, thus, leading to the necessity to implement an iterative scheme for
the coupled solver, see Sec. 4.7. The active stress only occurs in tangential direction and has
no effect on the bilinear forms of the pressure and divergence.

The viscous term is formed with a SIP method, which imposes coercivity and positive defi-
niteness of the viscous form a (uF , n) [9, 10, 126]. The penalty parameter is defined as

7 = max {MRin’ MF,out} max {ﬁin7 ﬁout} on Tint (4.33)
n = pmy" on AQUT (t), (4.34)
where
- 0K 3]
7= nok? =" (4.35)
| Kjsp]

is the local penalty factor, constant within each cut-cell Ky [189]. A discussion of the safety
factor 1y = 4.0 and the geometrical property |0Kj|/|K ;3| can be found in Kummer [126].
The viscosity is assumed to be constant within the entire fluid domain Q¥ hence, the maxi-
mum function max { p", pFut} = ;¥ returns the fluid viscosity. Once the penalty parameter
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is obtained, the viscous bilinear form can be written as [126]
Oou; | 0v;
F F 7 )
v) =—
a(u ’ ) /QF'u (al'jhal'j
8ui
—i—/ /AF{ + }n v;
Fintul"pa(t) 81'] h 81.1 h J [[ Z]]

(o (5] + 2] )} oaa

h axz
- / | 0 [ui’] [od], (4.36)
Fmtul"pa (t)

au]'
h 81’2

)
Ouj

ov;
n O

which covers the domain Qf and the boundaries I'"* and I'™ but not the active surface I'®¢,
whose bilinear viscous form is introduced in Sec. 4.3.1.

Due to the properties of the Frobenius product, i.e.

Ov; | 0oy
h 833j h B 8xz

8Uj
8332'

8ui
p Oz

(4.37)

h
the viscous bilinear form (4.36) is symmetric. The symmetry property comes with a disad-
vantage, because the velocity components in (4.36) are coupled. According to Kummer [126]

no ansatz for the viscous form exists, which preserves the symmetry and is decoupled at the
same time.

The source terms of the Stokes equations s (v) exclusively stem from Dirichlet boundary con-
ditions at the external boundary 052 [126]

ov;
_ D i
s(v) = /FDuZ <8xj

because volume forces such as gravity and surface tension are neglected. The reason for the
negligence of the latter one is the rigidity of the particles. The source term due to the Dirichlet
boundary in case of the continuity equation is [126]

Onj
hnj + 6—% hnj - 7701) , (4.38)

r@) = [ quPn;ds. (4.39)
D

4.3.1. Active boundary conditions

The bilinear forms b (p*,v), b(q,u”) and a (u”,v) contain integral terms describing the
phase interface, which in case of an active suspension is the union of the active and passive
boundary of the particles. So far, only passive surfaces have been considered and no active
stress was introduced. The active stress only acts in the tangential direction of the particle
surface. In the normal direction the surface is still an impermeable wall, the same as for the
passive surface. Hence, it is necessary to distinguish between the two directions and formu-
late the boundary conditions separately. The bilinear pressure form does not depend on the
velocity, thus, it remains unchanged. The bilinear velocity divergence only considers the nor-
mal component of the velocity [u;] n; = [ul” —uf]n; Va € T'(t). Accordingly, it does not
change at the active surface compared to the passive one. In conclusion, only the viscous form
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(4.36) is affected by the change of the boundary condition towards an active boundary. The
viscous form at the active boundary is

ou; ou
ac F _ F . J k N
o (uf ) = [t (axk o h> njbin:
ov; oo
F_. J k T
+p'n; (@$k o, h) ng [w;] n; ds
—/ m; [[uﬂ] [vo;n;]ds
l"ac
+/ ijf]gcpjibi ds. (4.40)

The first two integrals are responsible for the impermeability of the wall in the normal direction
(2.41) and the third integral accounts for the active stress in tangential direction (2.42). The
tensor P;; in (4.40) is defined as

-Pij = 61’]’ — ninj. (441)

It should be noted, that the implementation of the active boundary condition is similar to the
implementation of the generalised Navier boundary condition given by Smuda [189], due to
the identical separation into a normal and tangential component with an additional stress in
the tangential direction.

Furthermore, it is important for the implementation, that the level set does not carry any
information about the location of the passive and active surfaces of the particles. Hence, to
distinguish between the two different boundaries, additional information are necessary. The
condition for the active surface is

nieipYp < 0, (4.42)

where the definition of the normal vector (2.76) is used. Note that this relation depends on
the definition of the function ¢. In the present work it is negative within the particle domain,
hence, n; points from the particle towards the fluid. However, it is entirely possible to reverse
the sign of ¢, which subsequently requires a reversed sign in (4.42).

4.3.2. Numerical integration on cut-cells

In order to obtain a solution on cut-cells and retain the sub-cell accurate representation of the
surface, high order integration methods for integrals of the types

/ fdx and / gds (4.43)
Kjp(t) I(t)

J

are necessary. BoSSS supports two different methods for cut-cell integration. Hierarchical
Moment Fitting (HMF) is a method proposed by Miiller et al. [154], capable of handling
different cell types. The second method was proposed by Saye [183] and is generally faster
than HMF, however, it is restricted to hyperrectangular cells. During the present work, the
cells are restricted to a two-dimensional quadratic shape, hence, the Saye-method is solely
used. In the following paragraphs the idea of the method will be briefly outlined based on
Saye [183].
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As before, we restrict the spatial dimension to d = 2, however, Saye [183] derived the method
for general d-dimensional hyperrectangles. Thus, the two-dimensional rectangular cell is de-
fined by

Kj = (zf,2Y) x (2%,25) c R?, (4.44)

where the notation introduced by Saye [183] for the upper and lower bound of the cell is
followed, see Fig. 4.2. Core idea is to reduce multi-dimensional integrals such as the volume
integral || Kjo(t) f dx to one-dimensional integrals, which can be approximated by Gaussian
quadrature rules with the order g, leading to an order of accuracy of 2¢ [183]. The approxi-
mation is obtained by the summation

Fdo~ S wif (). / gds ~ S g (7). (4.45)
/K',m(t) ; T'() ;

J

with strictly positive weights w;, w; and the quadrature nodes x;, T;. Given the order ¢ of the
Gauss quadrature, O (¢?) quadrature nodes are required for the volume integral and O (q)
nodes are required for the surface integral.

Let e with k € {1,2} be a coordinate direction where |0y¢| = |0¢/dz)| > 0 on K;. Then
a height function h = h (z;) = h(z) with i € {1,2} \ k exists, describing the local interface
JNKj as

$:R* =R, ¢(z,h(2)=0. (4.46)

Based on the sign of dy¢, which is constant by assumption, one can determine whether a
certain region, say the region where ¢ < 0, is below or above the graph z;, = h(Z), see
Fig. 4.2. To find a suitable direction, the gradient d,¢ () at the cell centre ¥ is tested for its
maximum component

00 ()|

oz, (4.47)

k = argmax;_; ,

A direction e* is suitable if two conditions are met. To ensure the existence of the height

function |0;¢| > 0 must be true. Furthermore, the quotient |V¢| / |0x¢| < C must be smaller
then a predefined constant C, where Saye [183] gives C' ~ 4. The conditions ensure good
results for the Gaussian quadrature used to evaluate the integrals. If one of these two condi-
tions cannot be met by any direction, a subdivision algorithm is applied. In Fig. 4.3 a circular
level set is depicted, fully enclosed by a single cell. The cell is now divided into halves until
the interface is sufficiently flat within a single subdivision. Once a suitable height function is
found, including possible subdivisions, the new functions ¢V and ¢’ are defined (Fig. 4.2)

oV, " R R, ¢V (@) =¢(@dae), ¢ (@) =0¢(Fdale), (4.48)

which are used to introduce a new dimensional reduced integration domain. In case that the
sub-domain in question, say the region where ¢ < 0, is below the height function x;, = h (Z)
Saye [183] defines

VU={¢" (@) <0u¢” () >0}, VE={¢"() <0}, (4.49)

see Fig. 4.2. In the opposing case, i.e. the region is above the height function the new domains
are reversed
VU=1{¢"(z) <0}, VE={¢"(3)<0uUs”(z)>0}. (4.50)
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Fig. 4.2.: A region ¢ < 0 lies either below (a) or above (b) the height function h (Z), which is
equivalent to the zero level set of ¢. The horizontal axis represents the R?~! space
and the vertical axis the direction of the height function ej. Illustration based on
Saye [183].

In both definitions (4.49) and (4.50) the zero level set of ¢ was excluded to ensure that the
function f is smooth on any connected domain. The dimensional reduced volume integral is

/ fdx = / / f(Z @ yey) dy dz, (4.51)
Kjp(t) vV JI(z)

where V = VU N VL and

I(z)=

{ye{al ak} s (zDyey) >0} ifs==+1
, (4.52)

{ye{al,al} :p(aDyep) 0} ifs=0

where s = sgn (¢) with sgn (0) = 0 is a sign parameter. The surface integral is treated similar

[ gt [T
T(O)NK; 7" |0k

Gaussian quadrature is used to obtain a solution for the integrals | I(x) f(Z @ yex)dy in (4.51)
and [y g [Vo|/|okoll; +h(z)e, 42 n (4.53), which requires a root finding algorithm to obtain
the height function. In case of the volume integral an additional integration step [i; dz is
necessary to obtain the final result. An in depth explanation of the method and algorithm
can be found in the aforementioned publication Saye [183]. The implementation into the
BoSSS-framework is described by Beck [19].

dz. (4.53)
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@ (b)

Fig. 4.3.: (a) The circular level set is positioned in a single numerical cell. (b) Through multiple
subdivisions of a single cell a favourable level set within each sub-domain is obtained.
Ilustration based on Saye [183].

4.4. Temporal discretisation of the fluid equations

An implicit second-order Backward Differentiation Formula (BDF2) is used to approximate the
temporal derivative in the semi-discrete unsteady Stokes equation (2.68). The entire time-
span of the simulation is divided into M time-steps of the constant size At. A single time-step
is denoted by ¢ with m = {1,2,..., M }. The discretisation of the temporal derivative of the
unsteady Stokes equation (2.68) with BDF2 delivers [86, 125]

4 pem 1 pomer | 2
ufmtt = g“zF e guf el g AL e e Qf (1) (4.54)

where f/"*1 is the right hand side of the Stokes equation

8pF,m+1 1 aQuF,m—l—l

m+1 __ _
fi o Oxy Rel 8:3? ' (4.55)

Additionally the continuity equation (2.65) needs to be fulfilled in every time-step

— =0 Vxecf (tmtl). .56
oz, 0 Vxe ( ) (4.56)
The spatial discretisation of the right hand side fimle of the unsteady Stokes equation and the
continuity equation can be found in the previous Sec. 4.3.

The fluid domain QF (¢) itself is time dependent due to the motion of the phase interface
T (t). Hence, the current solution u; ™+, V& € QF (#"*+1) and the solution of the fluid field
at previous time-steps u; " Va € QF (") and u; "™ Va € QF (t™~1) are defined on different
domains. It is assumed that the displacement of the interface is small within a single time-

step, i.e. smaller than the cell diameter h! at the interface. Thus, the solutions uf “™ and
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uf =™~ ysed in (4.54) are approximated by
uf o = yFrg € F (1t noF (im) (4.572)
and
W R g € 0F (141 0 (17 (4.57)

The solution in the missing parts of the domain Q¥ (¢™+1)\QF (t™) and QF (r™+1)\QF (1)
are obtained by a polynomial extrapolation [125].

Level-Set evolution

Due to the assumption of rigid particles, the level-set evolution is simplified compared to a
non-rigid surface. Instead of applying the level-set equation (2.78)
d¢  OU;

we use that the single-particle function ¢, = ¢, (X, 5p) is solely a function of the position of
the centre of mass x;, and the orientation 3, of the particles. Thus, by using the results of the
particle solver, see Sec. 4.5, one can project the new level-set field gb;"*l in every time-step for
every particle. Following (2.74) and (2.75) the new field is obtained by

"t =inf(@™), @M = {@ o Lot Lo (4.58)

The exact shape of ¢Z”1 is given by analytical expressions, which might be only piecewise
defined to enable complex particle shapes. In the context of this work elliptical particles are
used, leading to the following definition of ¢, during the time-step m + 1

pym+1 cos (ﬁp,m+l) + pm+1 o) sin (5p,m+1) 2
mal X1 T1 X2 2
" =

a2

g2 ((XI{’mJrl - :L'l) sin (gPmtl) — (Xg’mﬂ - 1'2) cos (Bp’m“))2

+ 2

-1, (4.59)

a
where we used the notation x” and S” to refer to the properties of a specific particle p. Note
that in (4.59) qb;”“ is not a signed distance function, i.e the gradient of qb;”l has to be
normalised in order to return the normal vector, see (2.76). It is entirely possible to reverse
the sign of the expression (4.59), which would result in a positive sign of the function ¢,
within the particle domain €2,,. Necessarily, the inf (-) operation in (4.58) needs to change
accordingly to a sup (-) operation.

The particle level-set function qﬁgl“ is continuous and differentiable. While the combined
level-set function ¢™*! is still continuous it is no longer globally differentiable due to the
use of inf(®™*!) in the definition (4.58), which introduces kinks. While ¢/"*! is of second
polynomial order in case of an elliptical particle and, thus, can be approximated by second
order ansatz functions, this is no longer the case for the combined level set. Subsequently,
¢™*! might contain jumps at the cell boundaries I'X, which is a generally undesirable property
in the context of the description of an interface.
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Smuda and Kummer [190] developed a method to enforce continuity of the level set in a
DG-context. A general discontinuous level-set function is $”“ € Py, (8),). The goal of the con-
tinuity projection is to find the optimal Lo-projection of ¢ onto the level-set field $°° € Py
such that ¢“° e C° is continuous [190]. This conditions can be reformulated as constraints of
a quadratic optimisation problem

min quco - ¢DGH§ on £, (4.60a)
such that ¢8| e = 65 oue|prcime YT (4.60b)

The solution for the optimization problem can be found by solving the equivalent system of
equations

~ 1~ ~ ~
such that 4;;¢; = 0. (4.61b)

Here, the vector product ¢’C* = b;¢; is the projection of ¢’“ onto Py and the vector ¢ is the
desired solution, defined by ¢“° = ¢¢;, where ¢; € P_; (8,). A single row of the constraint
matrix A;; is defined by

k+1 _ k+1 _ .
Z ¢j,n,in¢j,n,in (m) - Z d)j,n,outd)j,n,out (m) = 07 S FK’mt, (462)

for a sufficient amount of points z; on the internal surface I'™ [190]. An in depth discussion
of the construction and solution of the optimisation problem can be found in Smuda [189]
and Smuda and Kummer [190].

4.5. Particle solver

In contrast to the fluid, which is described by the unsteady Stokes equation (2.68) and is solved
using the XDG method, the particle equations can be solved with a much simpler method.
The translational and rotational motion of the particle is described by the two-dimensional
Newton-Euler equation (2.54) and (2.58)

dUZ'
VP© dtp — /Fp ngnjp dS = Ep

dw
@Sd—tp = /F €3ij (Ti — XigVq) Tf};nkp ds =1T,.
P

The integral terms, which are the hydrodynamic forces Fj, and torque 7}, acting on the par-
ticles, are obtained from fluid variables. Thus, it is only necessary to discretise the temporal
derivative. Discretisation is carried out using an implicit Adams method

At
vt = o+ g (OFR T+ 8FE - F ), o5
m+1l _  m At 5Tm+1 {T™ Tm—l (4 63b)
“poo T 12@s( P F R '
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which is a method of third order [86]. The forces Fi’g“ and torque TZ;”“ are obtained by a nu-
merical integration over the particle surfaces, using the Saye-method described in Sec. 4.3.2.
It should be noted that the surface integration is the computationally most expensive function
in the particle solver. Due to the implicit character of the Adams method, both, current and
previous results for the hydrodynamics are necessary to obtain the particle quantities. Hence,
it is necessary to solve the fluid equations before solving the particle equations. The depen-
dency of the particle solver on the results of the fluid solver leads to the implementation of an
iterative solver scheme, see Sec. 4.7.

In a second step, the new position and orientation of the particles is determined, again by
employing the third order implicit Adams method

At

X' =X+ 35 (51}5?1 + 8y —vp 71) ’ (+-642)
At

Byt = By + 35 (et 8w — ). (4.64b)

4.5.1. Particles at periodic boundaries

Periodic boundary conditions require a special treatment for the particle phase. Consider a
rectangular computational domain €2 in two dimensions. Eight virtual domains exists, one for
each domain edge Qz, and one for each vertex (2y;, see Fig. 4.4. Within each virtual domain

Fig. 4.4.: Each rectangular periodic domain {2 is extended by four virtual domains at the edges
Qp, —Qg, and by four virtual domains at the vertices 2y, — {2y, . Any particle exists
in the original domain 2 and in every virtual domain Qy,, Qg,. Once a particle in
Q) approaches a periodic boundary, its counterparts in the virtual domains automat-
ically appear at the correct opposing boundary as depicted by the dashed particles.

any particle of the original domain exists at the same position relative to the origin of the
virtual domain as in the original domain. The particles within a virtual domain automatically
appear at the correct opposing boundary once a particle in the original domain €2 reaches
a periodic boundary. Subsequently, it is not necessary to track additional data, because the
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position of the virtual particle can be easily calculated from the position of the original par-
ticle, the origin of 2 and the origin of the virtual domain. In the context of calculating the
hydrodynamic forces and torques, a sum needs to be formed to obtain the correct results for
particles present at the periodic boundary.

4.6. Collisions

Given an infinite resolution of the numerical mesh, i.e. h* — 0, and an infinite temporal res-
olution At — 0, no collisions will occur in an incompressible Newtonian fluid. Instead, the
fluid pressure between two approaching particles will increase until it pushes the two parti-
cles away from each other. However, if the gap between two approaching particles becomes
to small, the unsteady Stokes equation (2.68) is no longer an appropriate model to predict
the behaviour of the fluid within the gap. Molecular forces between the particle surfaces,
surface roughness, breakdown of lubrication and entanglement of the cilia and flagella might
dominate the solution. Furthermore, the continuity assumption no longer holds for very small
gaps between the particles, i.e. the Stokes equation becomes invalid.

Besides the physical restriction, a numerical restriction to the minimal distance between two
particles exists. As long as the surfaces of two particles are in different cells of the numerical
grid, the Saye-algorithm [183] as described in Sec. 4.3.2, is able to distinguish between the
separate interfaces. As soon as both particles occupy space in the same cell K this is no
longer possible, leading to errors in the calculation of the solution for the fluid phase and in
the calculation of the hydrodynamic forces and torques acting on the particles. Subsequently,
the numerical limit on the minimal distance between two particles is h", where hl' < h¥ is
the diameter of the cell at the particle surface.

A collision algorithm is, hence, necessary to

* account for the different physical behaviour of two close particles due to molecular in-
teraction forces, surface roughness, breakdown of lubrication and entanglement of the
cilia and flagella,

 prevent that the surfaces of two particles are within the same cell for numerical reasons.

To fulfil this conditions, the collision algorithm needs to contain a physical model for the
interaction between two close particles (Sec. 4.6.1) and it is necessary to track the minimal
distance between each particle (Sec. 4.6.2). The implementation presented here is highly
modular, i.e. one can freely replace the physical model without changing the minimal distance
algorithm and vice versa.

4.6.1. Physical collision model

A collision is an interaction between two or more bodies that occurs within a very short period
of time compared to a characteristic time interval of the system at hand. The fundamental
assumption of the present collision model is conservation of momentum. While each individual
particle may have a different momentum before and after the collision, the total momentum
of all particles involved remains the same. The surface of the particles is considered smooth,
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(b)

Fig. 4.5.: (@) The geometrical setup for a collision between two particles is defined by the n-t

coordinate system. The base vector for the n-axis is the collision normal vector n¢'.
(b) A collision between two particles p and ¢ with smooth surfaces is characterised
by the exchange of momentum F; in the direction of the collision normal vector n;.

Ilustration based on Gross et al. [82].

hence, momentum F; is only exchanged in the direction of the collision normal vector n{ with
the magnitude F = F;n{, see Fig 4.5.

Another key assumption is that collisions involving multiple particles can be broken down into
individual binary collisions. Thus, it is assumed that a many-body collision is in fact simply
the rapid succession of multiple binary collisions. As a consequence, the physical model only
has to be able to describe the collision between two particles.

To describe the behaviour of a two-particle collision, Gross et al. [82] is followed closely in
the current section. A collision consists of two phases. During the compression phase, the
particles are pressed into each other and possibly deformed. Quantities describing this phase
are indicated by a +. The inter-particle forces reach their maximum at ¢ = t*. Hence, the
magnitude of the momentum exchanged in the normal direction during this phase can be
expressed as
e
Ft = / F (t)dt, (4.65)
tt
where the first contact occurs at ¢ = ¢* and F'(t) is the force between the two particles.
After the maximum of the inter-particle forces is reached at ¢* the restitution phase follows,
in which the particles separate from each other and, depending on their elasticity properties,
regain their original shape. Quantities describing the second phase are indicated by —. The
momentum exchange during the restitution phase is

-
F = / F (t)dt, (4.66)
t

*

where the particles loose direct contact at ¢ = ¢~. Subsequently, the complete momentum
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exchange during the collision of two particles is

-
F = / F(t)dt=F* + F. (4.67)
t

+

Only in the case of ideal elastic behaviour F* and F~ are equal. Under real conditions, it is
expected that during the collision kinetic energy is converted into thermal energy and F'~ is
smaller than F'*. This is expressed by the means of the coefficient of restitution &

F~=kF", 0<k<l1. (4.68)

The coefficient k represents dissipation of energy due to the interaction forces between the
particles and deformation, elasticity and plasticity of the individual particles.

The next assumption is that the area of contact between the two particles is small compared
to the particle surface. Hence, it can be considered as a single point of contact ¢. The normal
velocity of the particle p at this point is

c,p_

ut =ngu; = nicfyp (vip + €i3jWp (%C - chﬂq)) (4.69)

and the tangential velocity is u'? = u eigjnf. The change of linear momentum between two
arbitrary states t! and ¢?> during the collision is described by

Fl2 _ Py (uPl — ymP2) (4.70)

where «P! is the normal velocity at :cZC of the particle p at the time ¢;. Using (4.67), (4.68)
together with (4.70) delivers the collision hypothesis

un7p7_ — un7Q7_

k= ————— 4.71)

- un’q7+ —_ un,p7+

for a collision between two particles p and q.

During the collision, momentum is only exchanged in normal direction, i.e. the surface is
assumed to be smooth. Conservation of linear and angular momentum for the first particle p
delivers

F=vFPD (P — P (4.72)
aPF = —0° (wp’+ — wp’f) (4.73)

with the eccentricity a? = (wZC — Xipfyp) €i3jnjc (Fig. 4.5). For the second particle ¢ one obtains

F=-VPD (umtt —yme7) (4.74)
alF = 0° (wq’+ — wq’_) (4.75)

With (4.71) and (4.72)-(4.75) five equations exists for the five unknowns ﬁ, TR TIEE S
wP~ and w?~, leading to

~ unzp’Jr — un7q7+ + apwp7+ — aqquJr

F=(1+k) (4.76)

2 2
VI%Q + (ap)gs(aq)
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The respective velocities after the collision follow from (4.72)-(4.76)

F F

uPT = Pt 4 VPR’ WP = WP 4 ap@, (4.77a)
F F

uhdT = un’q’+ - VP@, w?™ = wq’+ — aq@ (477]3)

The velocity of the centre of mass of the particles is obtained by adding the normal velocity
after the collision and the undisturbed tangential velocity

Uf = u”’p’*nic -+ ut’p’JreZ-gjn]C. (4.78)
It should be noted, that this model is purely based on the kinetics of a rigid body. Molecular
effects, such as van der Waals forces are only taken into account indirectly via the coefficient
of restitution. Furthermore, entanglement of flagella or cilia is not directly taken into account.
All such additional effects need to be taken care of by k. Nevertheless, due to the mentioned

modularity of the system it is easily possible to change the physical model without needing to
change the entire algorithm.

4.6.2. Numerical implementation

The calculations of the physical model described in the previous section can be carried out
explicit, i.e. they are comparably cheap in terms of computation power. The tracking of the
distance between all particles is a much more demanding task. For this reason, the track-
ing algorithm is divided into two parts. In a first step, particles, which are already close to
each other, are selected. In a second step the exact distance between those particles is calcu-
lated, which is used to decide whether the particle will collide in the current time-step of the
simulation.

Pre-selection algorithm

Core of the pre-selection algorithm is the R-tree R, proposed by Guttman [83]. The latter
publication forms the basis for the current section. The particles are grouped into a self-
balancing tree, where each node N; of the tree is related to a Minimal Bounding Rectangle
(MBR) M ; This tree consists of the following elements

¢ the root node N, corresponding to the MBR MY, where all lower-level MBRs are en-
closed in M?,

* the branch nodes, which enclose a subset of MBRs,
* the leave nodes of the tree, which contain the MBRs of the physical particles.

The root node and the branch nodes contain a number of ¢ child-nodes. The number of child-
nodes allowed per parent node is capped by a maximum C, where in the example in Fig. 4.6
C = 2. Hence, in the example the root node N°, which is associated with the MBR M?,
contains two child-nodes N, NJ and their corresponding MBRs M, M;. The superscript
refers to the level of the tree, where 0 indicates the root level. The subscript on the other
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Fig. 4.6.: The lowest level MBR Mg’ of the R-tree R contains a particle p, described by a set of
points P € ) and the same particle at the new position and with the new orientation
in the next time-step, described by a second set P’ € . The superscript refers to
the level of the tree, where 0 indicates the root level and 3 is the lowest level in this
example. The subscript is a counting variable, in case of the lowest level particle
MBR it is always equivalent ot the particle ID in the array P. On the right side
an exemplary R-tree is constructed for seven particles. Each node contains m = 2
MBRs and beside the child-node of M} every node is fully filled. Due to the low
number of MBRs per node M} and M; are equivalent. Collisions are detected by
finding overlaps between the MBRs, hence, only the particles belonging to M} and
M3 might collide.

hands is a simple counting variable. The child nodes of N{ and N4 again contain up to C = 2
child-nodes and so forth. Note that a parent node is not required to contain ¢ = C' child-nodes.
In the example, the branch node M? only contains a single child-node M.

The leaves of the tree, which are at the third level in the given example, contain the physical
particles. Due to the self-balancing property of the R-tree, a parent node, which contains a
leave node, necessarily only contains leaves. Each particle p is geometrical described by the
set of points P € ). The set P’ € (2 describes the geometry of the particle at the next time-
step, where the new position and orientation are predicted with the current particle velocities.
The union P = P U P’ of the two sets P and P/, is enclosed by a single MBR, see Fig. 4.6.
Subsequently, a collision can only occur if two of the single-particle MBRs intersect. Particle
MBRs between different branches of the tree can only intersect with each other if the higher-
level branch node MBRs intersect. Hence, it is, in the most cases, not necessary to check for
intersection between all nodes of the tree, leading to a decrease in computational cost.

In the following paragraphs the implementation of the R-tree in BoSSS is presented. The
initialisation routine of the R-tree, see Alg. 1 requires two additional recursive sub-algorithms:

* the insertion algorithm, which inserts a single-particle MBR M, to the tree, see Alg. 2
and Fig. 4.7,
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* the split algorithm, which splits a node if the number of child-nodes ¢ exceeds a prede-
fined maximum C, see Alg. 3 and Fig. 4.8.

The initialisation starts with the creation of the root node NY. MBRs M, are calculated for
each particle. The single-particle MBRs are subsequently inserted to the tree by employing the
method INSERTMBR (Alg. 2). Periodic boundaries of the computational domain 2 require an
additional step in the initialising routine. The twins p"4 of a particle p in the virtual domains
Qy, and Qp, automatically appear in the domain (2 if p oversteps a periodic boundary, see
Sec. 4.5.1. Thus, the initialisation algorithm (Alg. 2) checks for each particle p¥d in a virtual
domain, whether it has overstepped a periodic boundary and lies within the original domain
Q. If this is the case the MBR corresponding to the particle p'd is added to the R-tree.

Algorithm 1 Pseudocode implementation of the construction of the particle R-tree.
procedure INITIALISETREE(P, At) > P is an array, which contains all particles.
Initialise root node N°
for p=0; p<P.length; p++do
M, =CALCULATEPARTICLEMBR(P [p| , At) > see (4.84)
INSERTMBR (M}, N°) > See Alg. 2
for all p'4, vd € {1,2,...,8} do > p'4 is the twin of p in a virtual domain to realise
periodic boundaries.

if IsINsIDEPERIODICDOMAIN (p*?) then > p'd is partly within the domain Q.
M va=CALCULATEPARTICLEMBR(P [p] , At) > see (4.84)
INSERTMBR (M0, NV) > See Alg. 2
end if
end for
end for

end procedure

The insertion algorithm (Alg. 2, Fig. 4.7) distinguishes two cases. If the node N?, in which
the particle MBR )/, shall be inserted, contains leaves of the tree, the MBR M,, corresponding
to the particle p is added as an additional leaf. Subsequently, the node-level MBR M ‘ needs
to be recalculated. The new MBR M’ contains M, and the old MBR M?, related to the node
N'. Thus, the new MBR M is defined by

M,cM' v M cM v |M|- min, (4.79)

where the expression |M ’] — min ensures that the area enclosed by M* is minimal and, thus,
the rectangle M’ is actually a MBR.

In the second case N is a branch node of the tree. Hence, ¢ < C child-nodes N}“ exist, which

again contain child-nodes NV, /*2_ Thus, M, needs to be inserted into one of the child-nodes
N;“ of N*. To prevent unnecessary calls to the collision algorithm, we require that the MBRs
of the branch nodes should intersect as little as possible. Hence, in Alg. 2 we search for the
child-node N ;“ of N* where the minimal bounding rectangle M ;eSt minimizes

i Mt.ESthi—‘rl viell . 450
k#j,zfreli?,...,c}‘ J Pl vie {1, (4.80)

80



€)) i1 ‘ (b i1 . © i+1 .
- M{Jr D - MiL+ D - M{+ D
i+ it it
M Mg M
it M At M it M
3 T+ 3 En| 3 1
M, M, M,
i+2 i+2 i+2
M Mg M

Fig. 4.7.: (@) The MBR Mé“ shall be inserted into one of the two MBRs M; or M&, which
contain already the lower-level MBRs Mf“ — Mé“. (b) The insertion is tested for
both upper-level MBRs. By requiring a minimal intersection between all MBRs, see
(4.80), the MBR M { is chosen for insertion, leading to the result visible in (c).

where
M,C MF v MF M v M = min, je{l,..¢c}, (4.81)

i.e. M;** is the union of one of the child-node MBRs M;“ and of M,,. In Fig. 4.7 the condition
of minimal intersection (4.80) is visualised. Here, two MBRs M{ and Mg need to be tested.
If Mt is added to Mj, the resulting upper level MBRs M} and Mj do not intersect. In the
case of the insertion of M "' into Mj the resulting MBRs M} and M3 would clearly inter-
sect. Thus, M is inserted into Mj as visualised in Fig. 4.7c, which requires the method

INsErTMBR (Mp, N ;*1) to be called again.

Algorithm 2 Pseudocode implementation of the recursive insertion of a new MBR or node.
procedure INSERTMBR(M,,, N i)

if IsSLear (V] ') then > N contains only leave nodes.
Add M, to N',Update M*
if c > C then > ¢ is the number of child-nodes of N*
SpLIT(NY)
end if
else > Nt has ¢ < C child-nodes

Find child-node N;*' of N’ such that
’M;est N M;jl‘ Smin Vi ke {l,..,cl, k#j
INSERTMBR (Mp, N}“) > Recursive call

Update M]’?“
if ¢ > C then
SpLIT(NY)
end if
end if
end procedure
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Fig. 4.8.: (a) The MBR M contains ¢ = 5 children, however, it is assumed that the maximum is
C = 4. Thus, the node needs to be split. The edge of M? in the horizontal direction is
the longest, indicated by d™®*. (b) The children are sorted by their left upper corner
in the direction of the vector d™#e!, as indicated by the Roman numbers I — V. The
new parent MBRs M} and M3 are initialised by the two MBRs at the left and right
end of the sequence [ — V,. i.e Mi"! initialises M and M, initialises M}. The
remaining MBRs M, 1!, M;™' and M:™! are added to the new parents under the
condition of minimal intersection, leading to the result presented in (c).

If the node N;f is overflown, i.e. its MBR encloses ¢ children and ¢ > C, it is necessary to
split a node. The split algorithm (Alg. 3, Fig. 4.8) is based on the longest edge d™® of the
MBR M} corresponding to the node N to be split. Hence, either the horizontal e' or the
vertical direction e? are chosen in two dimensions, where e! and e? are the unit vectors of
the coordinate frame. Each child-node NV, ,i“ of N ; is sorted according to the d™®*-coordinate

of the left upper point of the MBR M,i“, see Fig. 4.8b. The sorted sequence of MBRs is
indicated by Roman numbers and the subscript of the constituting MBRs is changed M, l”l, le
{I,1I,111I,...,c}. Inthe example given in Fig. 4.8, the nodes are sorted into the sequence I—V'.
In the next step, the node N sz’ which will be split, is temporarily removed and reinitialised by
the first child-node in the sorted sequence of child-nodes. Furthermore, a new node N7, is
initialised with the last child-node of the sorted sequence. In the case of the example given
in Fig. 4.8, the child-node M:™! is the first node in the sequence I — V' and reinitialises the
node N} corresponding to the MBR Mj. The node N4 corresponding to M; "' on the other
hand is the last node in the sequence I — V and, thus, initialises the new parent MBR M.
The remaining child-nodes Nl”l, le{ll,....c— I} are added to either of the two nodes N J’f,

N, under the condition of minimal intersection

min {| (MU M)) N M|, |[(MFTT M) N M|} (4.82)

Hence, in the example given in Fig. 4.8, the two MBRs M| "' and M,™! are added to M} and
the remaining MBR Mé“ is added to M:. It should be noted that the strategy for splitting a
node differs from the original R-tree. Guttman [83] proposed a split algorithm, which requires
that the area enclosed by the MBRs is minimal, whereas the present implementation requires
that the intersections between MBRs are minimal. In most cases, however, both strategies will
lead to the same result. For example, the strategy proposed by Guttman [83] would lead to
the same results for the MBRs M ™! and M:*" in Fig. 4.8.

To obtain the parent node of N} and N’

741, two cases need to be considered. If N Jl was the
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Algorithm 3 Pseudocode implementation of the splitting of a node.

procedure SpLiT(N ;)

Find longest edge ™ of M;

Sort child-nodes N;™' ke {1,..,c}into NJ™', 1 € {I,II,III,....c} > Sequence
indicated by Roman numbers

Remove child-nodes N/*',i>1 from NI

Initialise Ny, add N/T' to NI,
for all N;“, le{ll,..,.c—1}do > Insert child-nodes with minimal intersection

if | (M U ) (M | < | (MU ML) 0 M| then

Add N/*' to N

else
Add N/™' to NI,
end if
end for
if N} is root node 1=0 then
Initialise new root N°, add Nj, N/, to N’ > Increase tree depth
else

Add N},, to parent N'°!
if (Number of child-nodes in N'"!) > C then
SpLIT(N'1) > Recursive call
end if
end if
end procedure

old root node ¢ = 0 of the tree, a new root node is created as a parent to the split nodes N ;
and N;,,, see Alg. 3. If N/ and N/, are branch nodes both are added to the parent N*~'.
However, the SpLIT(N'~!) algorithm might be called again to account for an overflown parent
node N1,

The calculation of the particle MBRs requires the knowledge about the most extreme point on
the particle surface in the directions of the unit vectors e', —e', e and —e?. Such a point
p; is called support point and is also necessary for the calculation of the minimal distance
between two particles. The derivation to obtain the support point can be found in Sec. 4.6.2,
see Eq. (4.87). For now we assume that the four necessary support points on the combined

set P = P U P’ of the particle p and its projection to the next time-step are
pit(e), pit (—e'), p* () and pi? (=€) (4.83)
Thus, one obtains the four vertices of the particle MBR

Vi=[p 0%, V2= [ppd?], VP = [pf ] and V= [prhp %] (4.84)

The position and orientation of the particles change within each time-step. Hence, it is neces-
sary to update the R-tree constantly. Beside the necessity of updating the particle MBRs the
tree itself needs to be restructured to provide an efficient search. However, the reinitialisation
of the tree is a costly procedure. Assuming that the displacement of a particle during a single
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time-step is small, it is not necessary to reinitialise the tree at each time step. Hence, the MBRs
are updated within each time-step, following (4.84), and the the tree itself is reinitialised ev-
ery n time-steps using Alg. 1. No general value of n can be given, however, it has been proven
useful to choose a value between ten and one hundred time-steps.

A potential collision is identified by determining overlapping particle MBRs. The search algo-
rithm is presented in Alg. 4. Starting with the root node N each level of the tree is checked
for an overlap with the particle MBR 1), leading to a list of particles, which potentially collide
with each other.

Algorithm 4 Pseudocode implementation of the search in a R-tree.
procedure SEARCHFOROVERLAP(particleMBR M,, particleID p, currentNode
NY)
List<int> overlappingParticles=new List<int>
for all Child-nodes N/*'in N‘do
if M, N M* # () then > Intersections between M,, and MBR M°® of N*
if IsLeaf(N;™') && j # p then > N/*! is a leaf and contains a different
particle with the ID j
overlappingParticles.Add (j)
else
overlappingParticles.AddRange(SearchForOverlap (M, p, N;“ )
end if
end if
end for
return overlappingParticles
end procedure

Distance algorithm

The pre-selection algorithm returns all currently close particles. To determine whether or not
this particle collide and to calculate the effects of such an collision it is necessary to determine
the minimal distance between the particles. To ensure fast determination of the distance
the Gilbert-Johnson-Keerthi (GJK) algorithm [80] is employed. The algorithm computes the
distance between convex objects and returns the minimal distance and the closest point on
the other object of the two participating objects p and ¢. An object in case of the present
setup might be either a particle or the domain wall. An overview of the algorithm is given in
the pseudocode implementation Alg. 5 and a visualisation of a single iteration of GJK can be
found in Fig. 4.9.

Instead of comparing every point ” € P, ¢ € Q in the sets P, Q, corresponding with the
objects p, ¢, to find the minimal distance, the problem is reduced to computing the minimal
distance between a simplex and the origin. A simplex is a polytope with n + 1 vertices, where
the order n < d of the simplex is restricted by the spatial dimension d of the problem. Thus,
in two dimension, GJK generates simplices of maximal second order, i.e. a triangle, in each
iteration.
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Fig. 4.9.: The image series shows a visualisation of a single step of the GJK-algorithm. In the
first panel (a), p? = s¢ (v™) is the most extreme point on the set C in the direction of
v?, where s is the support mapping of C. The point p? is added to the simplex S™
in (b), resulting in the intermediate simplex Sntl — gnyy p". The minimal distance
between S™+! and the origin is the lower vertex, i.e. p} itself. In (c) the new vector
v?“ = —p}' is drawn which is used in the next iteration (d) to determine the new
support point p/"! = s§ (v"*!). The simplex S™*! only contains the vertex p} of

the intermediate simplex S™*!.

To obtain the simplex, the Minkowski-difference of the two particles is introduced. The
Minkowski-difference C is defined as the difference between each vector of one set P with
each vector of the other set Q

C=P-Q={z=a" -2z e P,2% € Q}. (4.85)

Hence, the minimal distance vector ;7% is the vector ;¢ € C closest to the origin. Thus, the
problem at hand is to find

ri? = {z;¢ | min ‘wc‘ va© eC}. (4.86)

It is, however, not necessary to calculate the entire Minkowski-difference. Instead, the support
mapping of the particles is used. It returns the most extreme point p; on the surface of the
object C in the direction of a vector v;. A point p; is called support point of a convex set C if

pi = s¢ (v) (4.87a)

with
v;p; = mMax {Uixichfc € C} R (4.87b)
where s{ (v) is called support mapping of the set C, see Fig. 4.10a. Furthermore, it is known

[80] that the support mapping of a Minkowski-difference can be obtained with the support
mappings of the constituting sets P and Q by

¢ (v) = 5T (v) — 5% (—v). (4.88)

For geometric primitives, e.g. spheres and ellipses, an algebraic support function exists, which
allows to reach machine precision for the distance vector within a finite number of iterations.
The support mapping for a disk with the centre of mass y; is [21]

Xi 5 if o] £ 0
2|v| (4.89)
0 otherwise,

S99 (v) =
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Algorithm 5 Pseudo-code implementation of the GJK-algorithm [80] to determine the mini-
mal distance between two convex particles.

procedure GJK(P, Q) > Input: Two sets P, Q defining the geometry of two particles
Initialize the Simplex °S with an arbitrary point ‘v =2¢ cC=P-Q
Calculate %p; = sic (Ov) = sf) (Ov) — sl-Q (— Ov) > See (4.88)
while — "v; "v; < "p; "v; do > See (4.97)
S —ngu "p; > See (4.93)

Calculate the min. distance "*'u; between "5 and the origin>
See (4.94)

Reduce order of n+1§ > See (4.96)
Calculate "tlp; = s¢ (”‘Hv) =sP (”+1v) — s? (— ”+1v) > See (4.88)
end while

Output: Minimal distance rP? =ntly,
end procedure

where «a is the diameter of the disk and v; is the direction vector to be tested. The support
mapping of objects derived from a disk with an affine transformation

can be obtained with [21]
st =T; (saisk (BT0)) . (4.91)

For particles with an arbitrary shape, i.e. with a non-existing explicit formulation of the support
mapping, a binary search is employed to find the current support point p;. Consider the three

points {x, xleft mright} € P, where P is again the set of points describing the surface of the

particle p. The points 2! and x?ght are the left and right neighbour of z; at the surface I'.

The support point p; in the direction of v; is found if the two conditions

zv; > oy, (4.92a)

7 )

and '

Tiv; > x?ghtvi (4.92b)
are fulfilled, leading to p; = x;. Otherwise the search is continued on the left or right part
of the surface, depending on which of the two scalar products 2!, x?ghtv,- has the larger
result. Since the support mapping only has a unique solution if the particle is convex, GJK is
limited to convex particles. Nevertheless, by dividing a concave particle into multiple convex
sub-particles, the algorithm may also be employed to arbitrary shapes.

From now on a preceding superscript n indicates the current iteration of the GJK algorithm.
After finishing the calculation of the support point, the resulting point "p; = s{ ("v) is added
to the simplex of the previous iteration ™S

" _ngyunp, (4.93)

which is the intermediate simplex of the n + 1 iteration of the distance algorithm. As stated
earlier, the order of the simplex is restricted by the dimension of the problem, i.e. in two di-

. n+ls . . . T . .
mensions S contains maximal three points. The restriction is enforced by removing points
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Fig. 4.10.: (a) The graphic visualises the support mapping. p; = s; (v) is the most extreme
point of the object in the direction of v;. (b) A second order simplex is a triangle.
Seven Voronoi-regions [72] are related to the simplex, the face region F, three
edge regions E* and three vertex regions V* where k € {a,b, c}.

from the simplex at a later state in the algorithm, see (4.96). In the first iteration the simplex
08 = 2% € C is initialised with a single arbitrary point of the set C.

The distance between the simplex " - {p®, p’, p°} and the origin is obtained by employing
Voronoi-regions [72]. The different regions R = {F, E%, E®, E¢, V', V® V¢} are visualised in
Fig. 4.10b for a simplex of second order. To determine the relative position of the simplex
towards the origin, each region is tested whether it contains the origin. After the correct region
is obtained the distance between the origin and the related sub-simplex can be calculated. A
vertex region, say V¢ associated with the point p® € "1 contains the origin O = (0, 0) if the
following conditions are fulfilled

pip} — pip} <0, (4.94a)

pipi — pip; < 0. (4.94b)

To test whether the origin is contained in one of the edge regions, e.g the region £ belonging
to the edge between p¢ and p?, the following conditions have to be fulfilled

pipd — pip? > 0, (4.94¢)
pepl — pipt >0, (4.94d)
PY€ijk€jim (p? — p?) (pfn —~ pf’n) (pi - p%) > 0. (4.94€)

If the origin is neither in one of the edge regions nor in one of the vertex regions it must be in

the face region of the 2nd-order simplex. Thus, the particle would overlap. In case of higher
order simplices in higher dimensions there might be multiple face regions and additionally
volume regions, which have to be checked individually. An example for a 3rd-order simplex
is given by Ericson [72].
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. . . . . n+1~
After the correct region is obtained, the distance between the related sub-simplex R’ C S

and the origin can easily be calculated. If the origin lies within a vertex region, the vertex
itself is the new vector "*lv; = —pF &k € {a,b,c}, see Fig. 4.9. In case of an edge region
the distance vector must be perpendicular to the edge. Let ¥, k € {a, b, c} be the unit vector
parallel to the edge related to the Voronoi-region E*. Thus, in two dimensions one obtains
the distance vector with

ety = :|:€ij36? k€ {a,b,c}, (4.95)

where the sign of the right hand side depends on the relative position of the origin towards
the edge.

The simplex "1 is now reduced to the sub-simplex

g g "8 (4.96)
Thus, the order of the simplex is reduced after one iteration to two in case of an edge region
or one in case of a vertex region. Accordingly, this reduction enforces the restriction of the
order of the simplex to n < d. The distance vector "*'v; between the sub-simplex R’ and the
origin is used in the next iteration to calculated the following support point "*'p;. However,
once the condition

is fulfilled, the algorithm ends and returns the minimal distance vector rf 4 = ntly. [80].

Collision algorithm

The complete collision algorithm is presented in pseudocode in Alg. 6. It is initialised with
all particles determined by the pre-selection algorithm to be close to each other. Based on the
minimal distance between those particles it is determined whether the particles will collide
pairwise in the current time-step At. A safe time-step At is computed, where no collision
between any particle occurs

Apnp.a’

Agsafe — inf{AtM\ pq=1,2..N,p+# q} . AP =g (4.98)
where N < N are all particles selected by the pre-selection algorithm. Within each cycle
of the while-loop while A#? < At do in Alg. 6 the safe time-step is accumulated At?¢ =
At + Asafe If at some point in the collision routine the accumulated time-step is larger
than the time-step of the simulation A#** > At, no collision is triggered and the simulation
will proceed with the next time-step. The velocity Av™P4 in (4.98) is the difference of the
normal velocities of two particles

AP — vgnic _ U?n?, (4.99)

where the normal vector n{’ is approximated with the normalised distance vector

p,q
.
né ~ L

v ’rth"

(4.100)

The numerical parameter « in (4.98) is used for scaling. Due to the approximation (4.100),
At¥*¢ might be too large, leading to overlapping particles. Overlapping particles need to be
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Algorithm 6 Pseudocode implementation of the complete collision algorithm.
procedure CarLcuraTECoLLISION(Particles P, R-tree R, Time-step At)
A = (), Atsafe = 00
while At3¢ < At do
‘,,,min‘ = 00
while [r™?| > \ do
for all particle p € P do
Update particle state: x;, (t™ + At*C), B, (" + At*)
M, =CALCULATEPARTICLEMBR(p, At) > see (4.84)
Q=R .SearchForOverlap(M,, p, N°) > See Alg. 4, N is root node of R
for all ¢ € Q do
rP1=GJK(P, Q) > P, Q are sets related to the particles p, ¢, see Alg. 6
if |rP4| < |r™"| then

min __ ,.P,q
i =Ty

r
end if
AP = o|rPa| /| Ap™Pa
if AtP4 < At then
Atsafe — AP4
end if
end for
end for
A — A Atsafe
end while
for each particle pair p, ¢, sorted by AtP4, starting with the smallest A¢?4. do
if u™? — u™P > 0 then
Calculate post-collision velocities based on (4.77a)-(4.78)
end if
end for
end while
end procedure

reset to a non-overlapping state, leading to additional iterations of the collision algorithm.
Hence, a smaller o might reduce the number of iterations resulting from particle overlaps.
Overlapping effects result only from the rotational velocity of the particles and different local
radii r; = x; — xip7p. Hence, for spherical particles with a constant radius o can be chosen
close to unity. For elongated, rod-like particles a smaller value for « < 0.5 has to be used.
Dense suspension might cause high rotational velocities due to the high number of collisions.
Thus, in a dense suspension the value of o might be chosen as small as 0.01.

The safe time-step is subsequently used to determine new positions and orientations for the
particles X, ("™ + At?¢), B, (t™ + At?), where t" is the current time of the simulation. No
new hydrodynamic forces and torque are calculated, as the collision forces are expected to
dominate the solution. Following each update of the position and orientation the minimal
distance and the safe time-step has to be calculated again. Only if the euclidean norm of the
minimal distance vector

min

| = inf {r79] p,g = 1,2.N,p # q (4.101)
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Fig. 4.11.: (@) The collision model is tested by a simple setup. Similar to Newton’s cradle,
three particles are placed in a quadratic 10 x 10 domain, where the cell diameter
is h = 0.1. (b) The left particle is displaced and moves towards the other two
particles. The colour scale indicates the absolute value of the fluid velocity and
vectors are used to represent the velocity field. (c) After the collision only the right
particle is moving with the same velocity as the left particle before the collision.

is smaller than a certain threshold A = h! the physical collision is calculated.

If one or more particle pairs p, ¢ have been determined with a smaller minimum distance than
the threshold |77 < X a collision takes place. The particle pairs in question are sorted, start-
ing from the pair with the smallest At?? to the largest. Therefore, effects of early collisions
on subsequent collisions can be considered. Due to this hierarchy of collisions the velocities
of a particle, which participates in a collision, might have changed. Hence, it is necessary to
check for every binary collision whether the velocity difference in normal direction between
the two particles is positive u™% — u™P > 0. Otherwise, the particles are already moving away
from each other. The post-collision velocities of each binary collision are determined using
(4.77a)-(4.78). As long as the accumulated time-step A¢?“¢ is still smaller than the simulation
time-step At the collision algorithm will be restarted. Hence, even previously undetected col-
lisions which are only possible due to velocity changes in previous collisions are considered
and executed.

It should be noted, that the given collision algorithm is highly modular. Thus, the different ele-
ments of the entire procedure, the pre-selection algorithm, the GJK algorithm for the distance
calculation and the collision model can be changed without interfering with the remaining
elements.

4.6.3. Tests for the collision model

The collision model should provide reliable results in accordance to known experiments. In
this section simple numerical experiments are presented to show the correctness of the solu-
tion. The setup of the first experiment is similar to Newton’s cradle, see Fig. 4.11a. Three
particles are placed in a 10 x 10 domain, where the cell diameter is » = 0.1. The domain
boundaries are defined by a pressure-outlet condition, i.e. a Neumann condition as defined in
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Fig. 4.12.: The image shows the initial setup of the single circular particle moving in the neg-
ative vertical direction towards a solid wall. The numerical grid is refined at the
particle surface using four refinement levels.

(2.70). The two right particles do not move initially. The left particle is placed with a small
distance towards the other two particles and initialised with a velocity of v>!*ft = [1,0]. All
particles are passive disk-shaped particle with a diameter of a = 1. It is expected, that after
a series of two collisions between the particles the velocities of the two left particle vanish
and the right particle moves with the initial velocity of the left particle, because the coefficient
of restitution k£ = 1 is chosen to be unity. Two simulations are carried out. In the first one
the fluid is entirely neglected, only the particle solver and the collision model is active. The
velocity of the right particle after the collision is v"8" ~ [1, 0] with an error of 10~'° towards
the expected value. Two binary collisions are necessary to shift the momentum from the left
particle to the right particle. Both collisions take place within the same time-step, proofing
the applicability of the collision algorithm presented in the previous section.

In a second simulation the fluid phase is added. The values of the fluid properties density and
viscosity are set to unity. Due to the existence of the fluid it is expected that the combined
momentum of all particles is decreased due to dissipation of energy. The resulting flow fields
for the situation before and after the collision are shown in Fig. 4.11b and Fig. 4.11c. The
velocity of the right particle at t> = 0.4, the time-step right after the collision, is v>"ight —=
[0.991,1.535 - 10~°], whereas the velocity of the left particle immediately before the collision
is v*1eft = [0.993,4.511 - 10~5]. Here, the vertical velocity, which ideally would be zero, can be
used as a measure for the error, which is mainly introduced by the fluid solver. In the situation
depicted in Fig. 4.11c at t*3 = 2.2 the right particle has lost almost no additional momentum
and the velocity is v?3i8ht = [0.991, —2.23 - 10~°].

Further numerical experiments are carried out. A circular passive particle with a = 0.1 is
placed in a 5 x 1 domain with a grid size of h = 1/6, see Fig. 4.12. Four levels of adaptive
mesh refinement are applied, where the cell diameter is halved for every level. No external
force such as gravity are applied. The particle is initialised with a velocity of v* = [0, —2]. A
collision is expected to take place at the impenetrable wall at the lower boundary with Dirichlet
boundary condition wu.,; = 0. The left, right and upper boundaries are Neumann boundaries,
defined by (2.70). The numerical restriction on the distance between two particles does not
play any role in this setup, because only one particle is observed. Thus, it is possible to choose
the minimal distance threshold for the collision model more freely and we employ A = 3-1073.
Following Davis et al. [48] and Gondret et al. [81] the relevant parameter for the behaviour
of the particle after the collision is the Stokes number

_lﬁWH:hWMZQM

St =
9 uf 9p5 9

(4.102)
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Fig. 4.13.: The diagram shows the dependency of the effective coefficient of restitution k°ff on
the Stokes number St. Numerical results obtained with XNSERO are compared to
experimental [81] and theoretical results [114].

In a series of experiments the density ratio © is varied while Re is kept constant. The effective
coefficient of restitution £ = v, /v is measured. Note that it is calculated with the initial
velocity of the particle and not the velocity right before the collision. Hence, all effects occur-
ring during the approach of the particle are captured by the effective coefficient of restitution.
If the particle reached a vertical velocity of vy < v..;; = 10~* without colliding with the wall,
it is assumed that k*f = 0. In order to fit the results to the experimental results of a particle
colliding with a wall [81] a dry coefficient of restitution of k£ = 0.8 is employed. The term dry
refers to an experiment where the density ratio © is large, e.g. the particle is falling in air and
no fluid is present. In Fig. 4.13 we compare the present results with the results of Gondret
et al. [81] for Teflon particles. As a result of the experimental study a critical Stokes number
St of 10 is calculated. The coefficient of restitution for experiments with a smaller Stokes
number is always zero. A similar behaviour is observed in the numerical results, where the
critical Stokes number is St ~ 10 and the first value with £*ff > 0 is obtained for St = 11. In
the initial area of a bouncing particle St < 30 the numerical and experimental results align.
However, in a medium interval around St = 100 the numerical results for the effective coef-
ficient of restitution tend to be larger than the experimental results. For even larger Stokes
numbers, the values converge again and finally reach the dry coefficient of restitution k£ = 0.8.

An analytical model for kff was developed by Barnocky and Davis [15] and Joseph et al.
[114]. Core assumption is the breakdown of lubrication between the colliding particles at a
length-scale z. in the order of the roughness of the surface. Joseph et al. [114] calculated a
relation for the effective coefficient of restitution based on the inital position x, the length
scale z. and the initial Stokes number St

geff — o =" % n €, (4.103)

In Fig. 4.13 the results of the present numerical study are compared with the results of (4.103).
The parameter z. is used to fit the results. The deviation between the numerical and theo-
retical results is minimized with . = 4.24 - 1073, which is in the same order of magnitude
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as the peak roughness of the particles used by Gondret et al. [81] and of the same order of
magnitude as the numerical threshold A\. Hence, the initially purely numerical parameter \
can indeed be used to model the direct interactions of the particles.

4.7. XNSERO-solver scheme

The XNSERO solver contains the XDG fluid solver, the particle solver and the collision proce-
dure presented in the previous sections. A pseudocode implementation of the entire solver
can be found in Alg. 7. Due to the coupling of both phases through the hydrodynamic
forces and torques in (4.63a) and (4.63b) and the boundary conditions, as implemented in

Sec. 4.3 and Sec. 4.3.1, the system is only given implicitly. Let S* be the solver for the fluid

Fm+1 _ Fm+1 | Fm+l Fm+1
mt - ul 7“2 7p mt

udmHl = Lyt it it o et Wit ). Due to the aforementioned coupling,
the dependencies are

properties u } and S° the solver for the particle velocities

ubrmt+l — gF (uF’mH, ubom yfim=1, us,m+1) (4.104)

uySm+l — ¢S (uF,erl,uS,m) ) (4.105)

The fluid solver depends on the current fluid and particle solution, i.e. additionally to the
implicit formulation of the BDF2-method, the solver depends also implicitly on the particle
state. In (4.105) only the particle state u®™ appears as an explicit dependency. Nevertheless,
due to the occurrence of u®**! in (4.105), the particle solver depends also on the current
state of both the fluid and the particles. Hence, it is necessary to introduce an iteration scheme

to solve for uf"™*+1 and ySm+1
k1, Fmtl _ gF (kuF,erl,uF,m?uF,m*l, kus’mﬂ) (4.106)
k1, Sm+l _ ¢S (k—s—luFm—&-l’uS,m) : (4.107)

where the preceding index k refers to the iteration step. The new fluid properties *+1uf"m+1

can be used for the particle solver, because both solvers are called sequentially, i.e. the call to
the particle solver comes after the call to the fluid solver.

4.7.1. Relaxation

Inertia plays a minor role in the present system and any change in the system triggers an
immediate reaction. Hence, it is expected that the iteration scheme as presented in (4.106)
and (4.107) is unstable. To increase the numerical stability a relaxation method is used. A
straightforward implementation delivers the under relaxation method

RLym+l — 5 BHgmtl (1 —g) byl 0 <o < 1. (4.108)
The final result of the current iteration step **'u*! is a linear combination of the preliminary
result ¥ +1 obtained directly from the solver (4.106) and (4.107) and the result of the
previous iteration step *u*1. Both terms are linked by the constant relaxation coefficient o.
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Algorithm 7 Pseudocode implementation of a single time-step of the XNSERO-solver.

procedure RUNSOLVERONESTEP(m, t™, At) > Solve for uf»m+1 ySm+1
Increase time-step counter m — m + 1, t™T! =™ + At
if (m + 1)%10 == 0 then > Re-initialise R-tree every 10 time-steps
INITIALIZETREE(P, At) > Initialise R-tree
else UpDATETREE(P, At > Update MBRs
end if

ParTICLEMPICHECK (P, GridData, MPISize, m + 1) > Consistency check of the particle
properties on different processes
procedure TIMESTEPPING.SOLVE((t" 1, At))

"t =UPDATELEVELSET() > level-set update, see Sec. 4.4
Perform cell agglomeration > see Kummer [126] and Kummer et al. [127]
O M™+! =CompuTEMASSMATRIX() > see (4.26)
OyFim+1 =ExrrAPOLATE (uf"™, 1)) > see (4.57)
while 1] > e do > convergence criterion e

Increase iteration counter &k — k + 1
k+lgpm+l k+1pm+l = CompuTEOPERATORMATRIXANDRHS (Fuf>m+1)
> see (4.27), (4.28)

FrlyFmtl = QU (kyFimetl yFim g Fim=1 ky Sm+1) > Call to the fluid solver
k+1 - 1
§m+ =CaLcuLATEHYDRODYNAMICS (K 1y fomtl
k+1~ k~
k1l gm+1 =AITKENRELAXATION( Tlamt1 Famtl k_13m+1> > see (4.111)
k+1ySm+l—UppareVELOCITY (FH1FmH!) > see (4.63a) and (4.63a)
R=CoMPUTERESIDUAL (FH1yfomtl kyFm+l)
end while
end procedure
CALCULATECOLLISION (P, At) > see Alg. 6
CALCULATEPARTICLEPOSITONANDANGLE (P, At) > see (4.64a) and (4.64b)

end procedure

Depending on the system in question it might be necessary to choose a small ¢ to obtain a
stable iteration scheme, leading to a slow convergence rate.

It is possible to speed up convergence significantly by introducing a variable relaxation coeffi-
cient. A method based on Aitken’s A2-process is employed to calculate the coefficient [108].
The present implementation of the relaxation process is based on Kiittler and Wall [128]. The
hydrodynamic forces and torques acting on the particles are used to determine the variable
coefficient o, because all other particle properties, i.e. the velocities, position and orientation,
follow directly and explicitly from the hydrodynamics. The forces and torques acting on all
particles are written in a single vector § = [F11, Fb1, 11, ..., Fin, Fon, Tn]. The relaxation
coefficient is calculated from results of two previous iteration steps of the XNSERO solver
[128]

g ‘k+1m _ km}Q ’

bl —

(4.109)
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Fig. 4.14.: Comparison between the number of iterations necessary to reach the convergence
limit |R| < € = 10~". An iteration with an Aitken relaxation process and an initial
coefficient 16 = 1.0 needs five iterations, an iteration with a static ¢ = 0.75 re-
quires 30 iterations and the iteration with ¢ = 0.50 does not reach the convergence
limit within 50 iterations.

where the residuals *9%; and *T19R; are defined as

kx _ k1~ _
"Ro=TE s TR =TT - (4.110)
The resulting relaxation scheme is
k-i-lgi _ k:-i-lU k+1§i + <1 _ k+10_> kgz (4111)

Two previous values of §; are necessary to calculate the relaxation coefficient. Hence, in the
first iteration a constant pre-defined coefficient is used 'c = const. In the second step it is
already possible to apply (4.109) as the iteration is initialised with the results of the previous
time-step "g"*! = 7. In Fig. 4.14 static underrelaxation-methods with ¢ = 0.5and o = 0.75
are compared to the Aitken relaxation method. The test setup is a 18 x 18-domain with periodic
boundaries and 216 active particles. The particle length is « = 1 and their aspect ratio ¢ = 2.5.
Results of the same setup are presented in Sec. 6.2. The convergence limit is ¢ = 10~7 and
the maximal number of iterations is 50. Clearly the number of iterations necessary to reach
convergence is reduced substantially by the Aitken-relaxation. For o = 0.5 no convergence is
reached within the limit of 50 iterations. It should be noted, that relaxation methods might
increase the number of iterations necessary in some cases compared to o = 1.0. However, in
many cases no solution can be found in case of the non-relaxated method, as the multi-body
system is very sensitive against small perturbations.

4.7.2. Multi-core computing

The solver is HPC-ready;, i.e. able to compute the solution on multiple processing cores. Mes-
sage passing interface (MPI) is used as a standard for inter-process communications. The
mesh of the fluid solver is split evenly over all processes. Due to the local ansatz functions
of the XDG method inter-process communication is only necessary for the cells at the process
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Fig. 4.15.: The diagram shows the comparison of the runtime ¢™" of the most costly algorithms
of the XNSERO solver and the overall runtime for the first five time-steps of four
different simulations. The numerical backround grid has 38, 416 square numerical
cells and 48, 128, 208, 480 particles are placed within the domain respectively. The
simulations are discussed in detal in Sec. 6.2.

boundaries. Consider a grid distributed on two processes p; and p,. Information is shared
between both processes about the cells located at the process boundaries. The cells of p,,
which are shared with p; are called external cells of p; and vice versa. To obtain the necessary
numerical fluxes at the cell boundaries, the external cells are treated as source of information
the same way as if they were part of the sub-mesh on p;.

While the fluid solver is completely parallel, this does not fully apply to the particle solver.
The integration over the particle surface to obtain hydrodynamic forces and torques acting on
the particles is carried out on the sub-meshes of the processes, i.e. in parallel. The relaxation
(4.111) and the solution for (4.63a), (4.63b), (4.64a) and (4.64b) are obtained on a single
process and afterwards shared with the other processes to minimise inter-process commu-
nication. As all mentioned relations are given explicit for each iteration the computational
demand is low compared to the potential communication costs, which justifies the sequential
approach.

4.7.3. Runtime test

The runtime of the XNSERO solver is mainly governed by the linear fluid solver S*" and the
integration routines. In Fig. 4.15 the runtime for different simulations for five time-steps
is compared. All simulations are carried out in a domain with solid wall boundaries and
38,416 square cells. The number of particles is varied. Each simulation is discussed in detail,
including a figure of the initial conditions, in Sec. 6.2. The polynomial order of the fluid
velocity is k = 2, the polynomial order of the pressure field is £ = 1, subsequently, the number
of DoFs is 576, 240. The DoFs are distributed over eight processes, hence, each process need
to solve a system of approximately 72,030 DoFs. The exact number of DoFs per process might
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change based on the load balancing, which is done by a BoSSS method, see Kummer et al.
[127]. Each simulation is carried out on a machine with an Intel® Core® i7-9700K CPU and
32GB installed physical memory (RAM). In Fig. 4.15 the most costly procedures are compared,
based on their runtime on the first process.

The number of DoFs in the fluid phase changes with the number of particles considered. For
a dilute suspension N — 0 one obtains the limiting case of 576,240 DoFs, however, with
increasing density, the number of DoFs declines. Hence, the computational costs for the linear
fluid solver, where the PARallel DIrect Solver (PARDISO) is used for all simulations [2, 29, 30],
decrease with increasing particle density. A plateau is reached for high density suspension,
because, while the number of DoFs in the fluid phase is decreased further, the costs for the
communication between processes does not decrease with the same rate. At the same time,
the amount of cut-cells increases, hence, it is necessary to formulate quadrature rules for an
increased number of complex-shaped cells, see Sec. 4.3.2. Subsequently, the load caused by
the formulation and execution of the quadrature rules increases with increasing number of
particles. Both procedures, the linear solver and the quadrature, account for approximately
2/3 of the overall runtime. The remaining 1/3 is mostly consumed by the computation of the
mass- and operator matrix, i.e. other methods to solve for the fluid properties. The particle
solver, including the tracking of the distance of the particles by the R-tree and GJK-algorithm
account for less then one percent of the runtime in the given example.
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5. Homogenised two-phase model

The particle-resolved model presented in the previous section requires enormous amounts of
computation power for large systems, see Sec. 4.7.3. In order to simulate systems with a large
number of particles, i.e. N > 1000, it is therefore necessary to further simplify the model by
using a coarse-grained representation. Coarse-grained models are widely used in the fields of
chemistry and physics. Core idea of a coarse-grained model is to represented several smaller
entities, e.g. atoms or molecules, by a larger imaginary entity, which groups the individual
atoms together, see for example Kmiecik et al. [122]. In a similar way, the individual ele-
ments of the active suspension, a specific number of particles and the fluid, can be combined
into a new pseudo-material that has the same statistical properties as the individual compo-
nents. The idea is similar to the transition from the molecular representation of a fluid to
a continuum. The properties of the suspension, such as the velocity of the particles and the
fluid, are averaged over a representative volume element, a technique known as Eulerian spa-
tial averaging [63, 102, 109, 174]. A similar approach has been chosen by Wolgemuth [208]
to model an active suspension, whose phenomenological approach leads to similar equations
of motion. However, the model is restricted to particle volume fractions below 20% and does
not consider important interactions forces such as the Saffman lift force [180]. Other studies,
e.g. Dunkel et al. [65, 66], restrict themselves to an incompressible suspension, i.e. changes
in the particle density are not considered.

Eulerian spatial averaging has been applied to a wide variety of systems, e.g debris flows
and avalanches [33, 167], partially molten material [20, 150] and bubble induced turbulence
[64, 179]. To the authors knowledge, besides our own publication DeulRen et al. [55] no
direct application of the Eulerian spatial averaging theory to active suspensions based on first
principles exists. By considering the mean value, it is possible to observe very large numbers of
particles. However, information about the behaviour of the suspension on small scales is lost,
making it necessary to model corresponding fluctuation terms. This problem is thus related
to the modelling of the Reynolds stress terms in turbulence research. The derivation of the
spatially averaged model equation and the closure relations were presented first in Deuf3en
et al. [55], which is, thus, closely followed in the present section.

5.1. Spatial averaging

Let the representative averaging volume element V' be a subset of (2
V c. (5.1)

The volume element V' needs to be significantly smaller than the domain 2 and at the same
time larger than the the particle volume V7, where V¥ is defined as the area enclosed by the
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particle domain (2, see (2.56). Both phases are present in V. The number of particles in V'
is N’, where we assume that 1 < N’ <« N is fulfilled. Hence, by applying the condition of
non-overlapping particles (2.26) and phases (2.33), the averaging volume is defined by

Nl
v=vFfuvi=vFul]a, (5.2)
p=1

where V' is the subdomain of V occupied by the fluid. In Fig. 5.1 V is visualised in two

Fig. 5.1.: A visualisation of the averaging volume in two dimensions. The representative aver-
aging volume element V' is a subset of {2. In this section the local Eulerian coordinate
is denoted by z* = = + ¢, where «x is the centre of V and ( is the position vector
within V. Reproduced from Deulden et al. [55], with the permission of AIP Publish-
ing

dimensions. While it is depicted as rectangular in the figure, the choice of the shape of V is
arbitrary. The Eulerian coordinate of the averaged model is & which is the centre of V. The
local coordinate «* = x + ¢ consist of the position vector & and the relative position ¢ within
the averaging volume V' [174]. In general the boundary 0V might cut through particles.
Subsequently, it might be necessary to consider stresses within the rigid particles. However, it
is assumed that the number N’ of particles within V is large and one can neglect the particles
cut by 0V. Consequently, all particles are completely immersed within V. Each particle and
each phase occupies a certain fraction of V. The resulting volume fractions are defined as

VP N’ VS VF
Oépzv, OZSZPE_:IOKPZV, OéF:7:1—OéS, (53)

where the saturation condition (2.33) was used to relate of" and .

Two different averages are necessary to derive the model. Volume integration of the arbitrary
non-dimensional physical quantity u¥ over the representative volume element V' delivers

<uq3>(m,t) - ‘1// u® (2%, 1) 7® (z*, 1) da*, (5.4)
\%
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where the indicator function v¥ is defined in (2.30). In the most simple case u* = 1, one
obtains the previously introduced volume fractions

1
— B dr* — B
v /ny dx ar. (5.5)

The particles are rigid, hence, one can assume that the property u, is constant within the
particle volume V. Subsequently the volume average delivers for the solid phase

(%) (1) = (5.6)

where the summation convention is applied. The second necessary average is called the true
physical average, which only considers the volume occupied by the phase 3
—= 1

u¥ (x,t) = s /V ¥z, 1) ¥ (x*,t) dz*. (5.7)

Both averaged quantities are related via the volume fraction of 3

<u‘¥>_v‘¥¥_ T
= =57 =¥ (5.8)

As mentioned, in the context of the Eulerian spatial averaging theory a new pseudo-material
is considered, which consists of the particles and the fluid [63]. Thus, transport equations
for each property of the new material are derived using the volume average (5.4). The aver-
aged quantities describe the continuous material similar to the replacement of the individual
molecular velocity by the continuous velocity and pressure in a fluid continuum. Nevertheless,
the true physical average (5.7) is the desired result of the examination. Subsequently, (5.8)
is used to replace the volume average in the newly derived equations.

5.1.1. Reynolds decomposition

Similar to the Reynolds decomposition in turbulence research, Reis and Wang [174] intro-
duced the decomposition o

i.e. the physical quantity u* can be described as a sum of its true average and the fluctuations
i*. Again, in analogy to the derivation of the RANS equation in turbulence research, one
obtains

WL P2 ® =  LF 2% LB 2% 4 gbP 23 4 o BFR2® = 1328 4 oM P ¥ (5.10)

for a product of two physical quantities ul"¥* and u>¥. In order to obtain this result, some
basic calculation rules for averaged variables must be followed [174]. First, the average of the
fluctuations vanishes

¥ =0 (5.11)

and the average of the average returns

uP =B, (5.12)
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Subsequently, one obtains
ubPu2P = yLP 2P, (5.13)

The first term on the right hand side of (5.10) is the product of two averages and as such part

of the desired results. The second term i'"*1*%* introduces new correlation quantities. The
closure problem at hand is related to the infinite hierarchy of the PDF-equations, see Sec. 3.4.
Similar to the closure problem in turbulence, models are required, because the information
about the fluctuations are lost during the averaging process.

5.1.2. Volume averaged derivatives

It is necessary to express averages of derivatives as derivatives of averages for the derivation of
the transport equations for the quantities of the new pseudo-material. Hence, in the present
section relations are derived to change the sequence of averaging and derivation. By using the
transport equation for the phase indicator function v¥ (2.78), one obtains for the temporal
derivative .
N = %5 ()i =
t oz}
where n; is the normal vector at the surface, see (2.76). Throughout this section it is assumed
that the condition |V¢| = 1 holds. The sign of the right hand side is negative for the fluid
phase 8 = F' and positive for the solid phase 8 = S. Due to the rigidity of the particles, the
surface velocity u!' = u; equals the particle velocity. The averaging volume is static, i.e. it
does not change over time. Subsequently, it is possible to switch a temporal derivative and a
spatial integration. Leibniz product rule yields

ou?¥ 1 ou?¥ 10 1 ov¥
— V== —A¥dx* = ¥ da /"13 dx* 5.15
<8t> v ), o Vat/u v LY e (5.13)
Rewriting the integrals as volume averages and using (5.14) and the definition of the phase
interface (2.34) delivers

ou¥ 8<u‘43 9 9 (w¥)
2]3 S x
<6t> /5 Za*d 5 VE / unlds (5.16)

where the sign of the integral term is positive for a fluid property u!” and negative for a solid
phase property u®. The additional integral term in (5.16) represents the transport of u¥* at
the phase interface [63].

= 70 () ul ny = 76 (¢) uiny, (5.149)

Similarly, one obtains for the averaged gradient

ou?¥ 10 1 ov¥
- — B ¥ de* — — B dx*
<am;.*> V@xi/u T V/V“ dar °F

_owd) oo Q)
= /5 s VZ/F nzds (5.17)

7

where 0z /0z; = 1 and

37‘13 0¢

— £6(6) 5

7 7

= 16 () ng (5.18)
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are used. The sign of the additional surface integral in (5.17) is negative for the fluid phase
B = F and positive for the solid phase P = S.

5.2. Averaged transport equations

A general transport equation for the arbitrary physical quantity u* and the flux \11?3 of the
same variable is
ou¥ n 31;43“;13 _ (9\11218
ot ox* ox*

K3 K3

+10F, (5.19)

where 1'[?3 is a source of the quantity u¥. The variable u¥ is of arbitrary tensorial order. The
tensorial order of the flux and the source term is, accordingly, increased by one. Forming the
volume average (5.4) of the general transport equation (5.19) yields

ou¥ nFPur ow¥ .
< - >+< ot > - <ax;< + (1), (5.20)

The averaged derivatives (Ou¥/9t) and (Ou¥/9z}) can be transformed into derivatives of
averages 9 (u¥) /0t and 0 (u¥)/dz; by applying (5.16) and (5.17). The resulting transport
equation for the volume average of u¥ is

/ L N
o) 1 g o 00 X
5 iV;/Fpu uinidS—l—&Ui:FVZ/ uru; n; ds

p= 1 FP

o (wF N’

_ <ax ) - % Z/F w¥n;ds + (1IF). (5.21)
p=1"""p

The velocity of both phases in normal direction at the interface is equal due to the imperme-

ability condition (2.41) at the entire particle surface I',. Subsequently, both surface integrals

at the left hand side of (5.21) vanish due to opposing signs. As before, the upper sign of the

combined plus-minus refers to the fluid phase and the lower sign to the solid phase.

In the next step, the true physical averaged is introduced. Using (5.8) and the decomposition
(5.9) yields

HaPu® n 80/13117‘13? B aam\?f ﬁamﬂma?
ot ox; T Oxy Ox;

N/
—x5_ 1
+ a‘BH?} T v Z/ \I/;an ds, (5.22)
p=1"1»

which is the transport equation of the true physical average of u¥. In the following sections
(5.22) is used to obtain averaged balance equations for the fluid mass, the solid mass, fluid
and solid linear and rotational momentum and the particle orientation. With the exception
of the mass balance equations, all equations will require models for the Reynolds-stress type

~ ~ . . /
term (’9aq31ﬂ3u?3 /Oz; and for the interaction term V! 25:1 r, \Il?nZ ds.
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5.2.1. Averaged mass balance

The transport equations are derived in a dimensionless form. The mass densities of the fluid
phase p!" and solid phase p° are non-dimensionalised by using the fluid density itself. Hence,
the dimensionless fluid density is unity and the dimensionless solid density is the density ratio
D = p° /p¥. As a result, one obtains from (5.22) together with (5.5) the fluid phase mass
balance
E N dat'ul
Ot (9:131

o, (5.23)
where the general variables in (5.22) are set to uf’ = 1, ¥/ = 0 and I/’ = 0.

In case of the solid phase, the mass balance is formed with u¥ = ®, U9 = 0 and II¥ = 0. The
mass densities are considered to be constant in {). Hence, the true average of the mass density
ratio is

D=29. (5.24)

Using aforementioned values together with (5.22) delivers the solid phase mass balance

da® n 3()45@
ot 8951

= 0. (5.25)
The true physical average of the solid phase velocity uTg equals the average of the translational
velocity v} of the particles

% (o Q -
— /V €ijkWip (Tk — XkqVq) Vp dx™ = % = vf. (5.26)

The rotational velocity is constant within each particle, leading to a vanishing contribution to
the average

/ €ijkWip (mk - qu’Yq) Yp dz* = 6z‘jlcwjp/ (37k - qu’yq) Yp dz® = 0. (5.27)
1% 1%

Therefore, as expected, the rotational velocity of the particles does not contribute to the con-
vection of the particle mass. Accordingly, the mass balance (5.25) together with (5.27) yields

da® 8asvf

The saturation condition (2.33) has to be followed, hence, the sum of the volume fractions
returns unity

a® +aof = 1, (5.29)

delivering an additional equation. This relation is necessary to retrieve an equal number of
unknowns and equations, due to the occurrence of the fluid pressure in the momentum balance
equations.
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5.2.2. Averaged linear momentum balance

The local linear momentum balance of the fluid phase can be either described by the Navier-
Stokes equation (2.67) or the unsteady Stokes equation (2.68). In case of the particle resolved
model the unsteady Stokes equation was used, mainly to reduce the computational load of the
solver. In case of the spatially averaged model the linearisation might no longer be possible,
because an additional length scale is introduced by the representative Volurne element V. The

volume averaged Navier-Stokes equation is obtained from (5.22) with ui = uF \I/F = Tg
and IT7" = 0.
dafuf  dafuFul  9aFulal  daf7f 1 X
o u; n U U, n i Y5 ij +Z/ TiFnjds:(), (5.30)
ot oz ox;j Ox; \% =, J

It is, alternatively, possible to obtain the volume averaged momentum balance by averaging
the Navier-Stokes equation directly. The averaged fluid stress tensor 75 depends on a material
law. Throughout the present work a Newtonian fluid is assumed; the average of the respective
material law is formed in Sec. 5.3.5.

Two unclosed terms enter (5.30). The term do uF uF /Ox; resembles the Reynolds stress term

in the RANS equation and has to be modelled. The surface integral V! Zp 1 fr nJ ds
represents interaction forces between the fluid and the solid phase and will be represented
by a linear combination of known forces, see Sec. 5.3.2 [109]. Contrary to the approach used
to derive the PDF equations, where the active Navier-Stokes equation (2.97) was employed,
the active stress does not directly appear in (5.30). Because of the volume averaging process,
the active stress enters the equation as a force. Hence, the active force is merged into the
interaction force term, i.e. the surface integral. Alternatively, it is entirely possible to add
the active stress as a production term, which would need to be introduced to the momentum
balance of the solid phase accordingly.

The linear momentum of the solid phase is uy = DuZ. Due to the rigidity of the particles and
the assumption, that all particles cut by the surface V can be neglected, the flux S = 0
vanishes. The only source of momentum in the system is the active stress, however, it is
introduced into the model via the interaction force term. Thus, no source occurs IT¥ = 0. At
the surface of the particles the jump condition

[rijn;] =0, V' eT, (5.31)

/1“T5njds_/r Tgnjds. (5.32)

P P

is applied, leading to

Using (5.22) together with (5.27) and (5.32) delivers the averaged solid phase linear momen-
tum balance equation

DS S dadv ff aa

i
ot oz,

Z / 7hn;dS = 0. (5.33)
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The unclosed integral term —V ~ 1Zp vr, n]dS is equal to the surface integral term in

(5.30) with reversed sign. Again, an additional Reynolds stress type term O« vS vS /Ox; en-
ters the equation, which has to be modelled. As for the fluid phase, (5.33) can be obtained
from the local physical equations, i.e. the translational Newton-Euler equation (2.54). While
the local quantity of the translational velocity v;, = v;;, (t) only depends on the time ¢, the
averaging process introduced a spatial dependency via the phase indicator function v¥* in
(5.4). Subsequently, the averaged equation for the linear momentum contain a convective
term, which is not the case in the local linear momentum balance.

5.2.3. Averaged angular momentum balance

The local angular momentum of the fluid phase with respect to the centre of V is ul’ =
eijk(juf . The flux is \I/f; = €;xCjTr. Using (5.20) delivers the averaged angular momen-

tum balance
ou F 6u otk
<61]k<] ot > + <€ij<] O * > — <€Uk<]a;;*l> + <€”k k> 0. (534)

The first three terms in (5.34) represent the angular momentum of the linear momentum. Us-
ing Navier-Stokes equation (2.67) these terms vanish and one obtains with (5.8) the symmetry
of the fluid stress tensor

k=1l (5.35)

which is a property of a Newtonian fluid and preserved during the averaging process.

The angular momentum of the solid phase with respect to the coordinate origin is ”Deijkx;fuf .
The averaged angular momentum is

N/
Deijkx;uf = D¢k a:;‘v;f + €k Z Xipv,f + @ijwf , (5.36)
p=1

where the first two terms on the right hand side are contributions of the angular momentum
of the linear momentum. Subsequently, their contributions to the balance equation for the
angular momentum vanish similar to the fluid phase angular momentum. The last term @l 7 j
describes the average angular momentum of the part1cles with respect to their centre of mass.
In general, both, the moment of inertia tensor @ and the rotational velocity o.; are functions
of the time ¢ . Changing the reference frame to a body-fixed frame delivers a constant @ZSJ.
Furthermore, it is assumed that the axes of the body reference frame align with the primary
axes of the particle, leading to a diagonal moment of inertia tensor @fj However, due to the
rotating nature of the body reference frame the temporal derivative changes. Let e®" with
a = 1,2,3 be the body reference frame and the principle axes of inertia. In this case the
moment of inertia tensor contains only diagonal elements. Due to the rotation the temporal

derivative of the unit vector system e®’ is
de?P a,P
3 = Gakwiey Va € {1,2,3}. (5.37)
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Using (5.37), the general averaged transport equation (5.22), the decomposition (5.9) and
the definition (2.52) of the particle radial vector r; one obtains the transport equation for the
averaged particle angular momentum

Oa Sws aSw3 vd 8aSwS1)S — ——
S S k S k SaS SaS ~S~S
@ 8t @ Tjk + @UW + €ijkCX @klwf wls + €ijkCX @kle wy
1
v Z/ €z‘jk7“j7'15nl ds =0, (5.38)
=171

where the fourth and fifth terms on the right hand side arise due to the temporal change
of the body reference frame (5.37), similar to the local three rotational Newton-Euler equa-
tion (2.55). The moment of inertia tensor @fj is constant, hence, it is no longer necessary

to include it in the averaging process. Both terms eijkas@,flwf wi + €ra’ OO O] van-

ish in case of a two-dimensional problem, reducing the amount of modelling necessary. The
integral term V! Zévzl frp €ijk7;TindS represents hydrodynamic torques acting on the par-
ticles. Similar to the hydrodynamic forces in case of the linear momentum balance, it will be
modelled as a linear combination of well known torques. Additionally, the fluctuation terms
eg_aas %3 v /0z), and €, @klw ¥ need to be modelled as they are unclosed.

5.2.4. Particle orientation balance

Although the orientation of the particles is not a conservation variable, it has a great influence
on the behaviour of an active suspension. For several of the interaction forces and torques,
which will be used to model the surface integrals in the momentum equations, the orientation
vector defines the direction of the forces respectively the torque. As we will see, the behaviour
of the averaged orientation differs significantly from the orientation of the individual particles.
The volume averaged model is derived for three dimensions, hence, the orientation vector e;,
is used as the transport variable. Its local temporal derivative is (2.48)

deip

dr kWip€iqTg-

Subsequently, (5.22) is used together with u® = e?, ¥ = 0 and II{ = €;;5wjpeiq74, leading to

& =0. (5.39)

The length of the particle orientation vector e; = e;,7, is always unity. However, the averaged
orientation vector, which transport and change is described by (5.39), has a variable length.
As such, it measures not only the orientation, but also the orderliness of the particles. In
the case that all particles are orientated parallel and in the same direction, the length ¥ =

S = () approaches zero. While the term eijkasws ef is a source term for the element e of

the averaged orientation vector, it does not change the length of the vector. Hence, the two
unclosed fluctuation terms da°é 39 /0z; and ewkaS 3 ek in (5.39) are responsible for the
length change and need to be modelled.
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5.2.5. Relation between the PDF equations and the volume averaged equations

The PDF equations derived in Sec. 3.4 contain all information about the averaged equations
derived in the present section, hence, they provide an alternate way to derive the averaged
equations. The average or expectation value of a general variable u can be defined by using
the PDF f4

= / st (5.40)

i.e. by an integration with respect to the sample space variable il. As an example, the averaged
fluid linear momentum equation (5.30) is derived. The velocity marginal PDF equation is
given for the single-field velocity U;. Considering only the velocity in the bulk of the fluid phase
by multiplying (3.88) with the sample space indicator function ;g% delivers the following
reduced equation

/819 1f a19 1V”dedb
ox;

1 90 p 0 1 9 \2
4w 01V /19 017 |y — x| <2V82xi> ofdoxd,V dX db

0%, f
Re@ v /5 —1%)19 2V82 5 doxzd,V dX db, (5.41)

which, apart from the indicator function ;g', is equivalent to the equation for the single point
PDF given by Lundgren [142]. Applying (5.40) to (5.41) and integrating by parts delivers

0 0
/lgFl‘/ZldeVdde—{_ax/lgFl‘/jll‘/}ldeVdde
J

ot
2
:_1/19F o 1 (Qviaa ) FGV)dyad,VdX db

47 1xi lox — x| oL
+ L ot Vie—LL 1f d,VdX db, (5.42)
Re 8256]

where , f (V) is the single-point PDF at ,&. The equation (5.42) can be rewritten as

F,F vFuFuF F F 92, F ..
O w) | 2 ) :_<7F3P>+<’Y‘9“z >:<7F8”J,>. (5.43)

ot 833]' axz Re 8u§ 833]'

The averaged occurring in (5.40) and (5.43) are ensemble averages in contrast to the volume
averages in (5.30). It is possible to transform the averages by using the ergodic hypothesis
[31]. A statistically stationary random process is called ergodic, i.e. the PDF of the respective
process does not depend on a time-shift At

) = A+ A (5.44)

In case of such a process both the time average and the ensemble average are equivalent.

T
lim 1/ u(a:,t)dt:/ﬂfudu. (5.45)
T—)OOT 0
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Transferring this idea to a volume average delivers

lim 1/ u(x,t) da = /ufLl s, (5.46)
Voo V v

which requires an infinite averaging volume V' — co. In a real system the domain and sub-
sequently the averaging volume are finite. To ensure that still a large number of possible
realisations of the ensemble occur in the averaging volume, it is required that the number
of particle within the averaging volume is large. This requires V"' /V <« 1, leading to the
approximation

1
/ u(z,t)de ~ /ﬂfﬂ dsl. (5.47)
Vv
Using this approximation (5.47) together with (5.16), (5.17) and (5.43) delivers
0 (ui") 8<ufuf> d(my) 1<

where the averaging operator (-) now again refers to the volume average (5.4). Introducing the
decomposition (5.9) and the true physical volume average (5.7) delivers the volume averaged
linear momentum balance for the fluid as given in (5.30).

5.3. Closure relations

The different transport equation of both phases for the mass (5.23), (5.28), linear momen-
tum (5.30), (5.33), angular momentum (5.38) and the orientation of the solid phase (5.39)
contain different unclosed terms. All terms can be grouped into two different types. The first
type of unclosed terms contains the interaction terms between the two phases, represented
by the surface integrals

N’ N’
1 / F 1 F
= 7i:njds and — / €ijkTj Ty ds. (5.49)

The second type of unclosed term contains the fluctuations of the physical variables. The
equations (5.30), (5.33), (5.38) and (5.39) contain such terms, which will be modelled by
phenomenological considerations. Additionally, the averaged fluid stress tensor 75 needs to
be defined in this section.

5.3.1. Mixture viscosity and mixture Reynolds number

Up until know, friction, dissipation and viscosity does not explicitly enters the volume averaged
model, it is, however, implied due to the occurrence of the averaged stress tensor 75 . The
rigid particles cause additional resistance against deformation, which leads to an increase of
the Reynolds number compared to a single phase fluid flow [109]. This was first described

by Einstein [68, 69], who introduced a mixture viscosity 1, leading to a mixture Reynolds
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number Re . For small volume fractions o® < 1 and spherical particles the mixture viscosity
is [69]

5
yM = (1 + 2a5> . (5.50)

Ishii and Hibiki [109] extended this relation by using a power law to account for higher particle
densities

v r oS\ ~H M omax
pe = (1— 5 ) ; (5.51)
amax
where a3, is the maximum volume fraction of the solid phase. In general, o)., is smaller than

unity, because even at the highest density packing cavities still exist. Spherical particle have
a maximum random packing fraction of o3 ., = 0.64 [198], whereas for ellipsoidal particles
this value increases up to 0.74 [39, 60]. The intrinsic viscosity uim in (5.51) accounts for the
shape of the particles. For ellipsoidal particles Pabst et al. [164] gave the following relation

0 P
pint = 5 0123 (e - 1)0-925 (5.52)

with the aspect ratio ¢ of the particles. In case of spherical particles the intrinsic viscosity
becomes p™ = 5/2, subsequently, the linear expansion of (5.51) delivers (5.50).

The particle Reynolds number is

pF'Uc
pt

where the particle length «a is used as the characteristic length scale L¢ = a. Using the mixture

viscosity delivers the mixture Reynolds number

pFUCCL - pFUCCL (1 aS >Mimaﬁgqax

pM pt Uhax

ReM = (5.54)

which will be used throughout the following sections.

5.3.2. Interface forces

The integral terms in the transport equations for the linear momentum (5.30) and (5.33)
represent forces at the phase interface. The forces acting on the solid phase are

P
<FZ.S>_F”’Q v Z/ 5in;ds (5.55)

Due to momentum conservation the forces acting on the fluid phase have the same absolute
value but opposing sign

(Ff) =—(Ff) (5.56)
The interface forces are modelled as a linear combination of well establish forces
(FP) = (F{Y + (FP) + (FP) + (FY) + (FF) + (F). (5.57)

The active stress at the particle surface causes the averaged active force <FiA>. The averaged
drag force <FiD > is caused by the friction between the two phases. The averaged Basset-force
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(FP) and the virtual mass force (F,” ) have their origin in the relative acceleration of the two
phases. However, due to the low Reynolds number assumed in an active suspension, it will
be shown, that both force contributions can be neglected. The averaged lift force <FlL> has
three contributions, the Saffman-force (F*°), the Magnus-force (F*) and the circulation
lift force (F*“). The last contribution to (5.57) is the averaged pressure force (F}"), caused
by a pressure gradient at the interface.

Active force

The active stress at the surface of the particles is a source of momentum, necessary to drive
the particles forward. According to the definition of the active source term (2.98) the local
active stress exerted on the fluid phase is

A; =6 (z" — %) A%, (5.58)

with the non-dimensional active stress magnitude A°. Forming the average delivers

vP VPN’
— [ §(x" —T%) A%, dx” = — At; d
AL R D W L

. 2G,AC eZpr T . : 2
—_ Evﬁ 51n(9)\/€2 sin”(6) + cos?(0) do

2
- _ a%e@ (5.59)

for a two-dimensional pusher particle, where 6 is the polar angle, see Fig. 2.2. In case of
a puller particle, the sign in (5.59) has to be reversed, leading to an particle moving in the
opposite direction. Alternatively, the integration domain of the elliptic integral can be change
to fO’T/ ?, effectively switching the active and passive part of the particle. Instead of using
the magnitude A° and the elliptic integral directly, the active force magnitude, see (2.95) is
introduced

AC — 26:4 / sin(0) \/62 sin2(0) + cos?(6) d6.

The averaged active force 24¢ simply can be prescribed, removing the necessity to distinguish
between cases of different spatial dimensions. The force derived in (5.59) is the force acting
on the fluid, hence, due to momentum conservation the averaged active force on the particle
is

(Ff) = a . (5.60)
As stated in Sec. 5.2.4, the averaged orientation e is not a unit vector. Thus, the length
of the averaged orientation might vanish e¢® = 0, leading to an suspension with no effective
averaged active force, despite the existence of active particles. The fluctuation correlations in
the averaged transport equations will be used to model effects of the active stress on smaller
scales, where information are lost in the averaged system.
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Drag force

The averaged drag force (F”) accounts for the friction between the two phases. It ensures
that velocity differences are evened out. The drag force on a single particle in an uniform
flow has two contributions, the form drag Fif"mrl and the friction drag Fifri“ion [132] and it is
proportional to the relative velocity between the two phases

wf = uf —uf. (5.61)

The form drag is caused by the pressure and the friction drag by viscous forces. Leith [132]
wrote Stokes’ law for a spherical particle in the following form
3 -

ED — RZICi /wf — Eform + Fifrlctlon’ (562)
where FP is the drag force acting on a single particle, F°™ = 1/3F and F/ricton = 2/3FP.
The form drag is proportional to the cross sectional area A of the particle perpendicular to
the relative velocity vector w?. The friction drag on the other hand is associated with the
longitudinal cross sectional area A parallel to w;. For an non-spherical particle, the deviation
of the spherical form is measured by the sphericity

2
2 3 P\3
a w3 (6V
Q=== (F ) , (5.63)
as p
where q, is the diameter of a volume equivalent sphere with respect to the particle and a
is the diameter of a surface equivalent sphere. Furthermore, the cross sectional sphericity is

defined as

a2

¢, =, (5.64)
ay

where a is the diameter of the disk with the same surface area as A, of the particle. While

a, and as are constants depending on the geometry of the particle, a, is a function of the

relative velocity w; and the orientation of the particle. Using the sphericity (5.63) and the

cross sectional sphericity (5.64) together with Stokes’ law for a spherical particle (5.62), one

obtains for a non-spherical particle [132]

p__ Ta 1 2 g
F; = ReP <m+m> w; . (5.65)

Holzer and Sommerfeld [98] derived a more complex relation for the drag on a non-spherical
particle, however, for low Reynolds number their relation also reduces to (5.65).

So far, only a passive particle with a uniform no-slip boundary condition in an infinite domain
has been considered. Both, the active boundary of the Janus particle and the possible no-slip
boundary condition at the outer surface of the domain 2 might influence the effective drag
on the particle. Considering an ideal slip-sphere, Happel and Brenner [90] gave a correction
factor of 2/3 compared to a no-slip sphere, i.e. the friction drag F/T°" vanishes due to the
slip boundary, however, the form drag F°'™ is increased by a factor of two. The active surface
of a Janus particle is not an ideal slip boundary. Hence, the relation between the no-slip drag
F and the slip drag force F©'™P is not clear. However, a numerical study [57] suggests, that

112



FJanus — .5 (Fl-no'Shp + thp). Subsequently, the correction factor for an active Janus particle
with two equally sized surfaces I'*“ and I'?* is

- % (5.66)

Domain boundaries might have two separate effects. On the one hand, they might influence
the general behaviour of a particle independent of its position. On the other hand, the drag
on a particle close to a solid wall is generally increased. However, numerical studies [92] for
a particle in a duct showed that if the size of the particle is much smaller than the height of
the duct -3; < H, the influence of the relative position towards the wall is negligible. The
general increase of the drag force due to the solid walls of a duct according to Hensley and
Papavassiliou [92] is

D 2 a
=14233e5 — 5.6
CH + 656H, ( 7)

which again is close to unity for small ratios a/eH. With ¢, = c& ¢l one obtains the drag

force on a Janus particle

D 1 2
FD — T%orr S, 5.68
C =R \vaL T gm ) (5.68)

So far, the particle Reynolds number Re’” was used, because only a single particle was consid-
ered. In the next step, the drag force is extended to an active suspension, hence, the mixture
Reynolds number ReM is used. Averaging (5.68) delivers

aSrac 1 2 —=
<FiD> = corr < + ) wf, (5.69)
Re"  \VE&. V¥

where all correlations of fluctuations where neglected and the average of the relative velocity
is defined as

aswif =af (@ — @) . (5.70)
Note that, due to the fact that the cross sectional sphericity is a function of the orientation and
the relative velocity, it is also an averaged variable. Specifically, in (5.69) the average of the
square root /@ is formed. The sphericity ®| on the other hand is constant and no average
has to be taken.

The circulation lift force F;*¢ will be defined as a function of the drag coefficient C”. Hence,
by considering a three dimensional particle with the longitudinal cross sectional area ma?/4e
one obtains

8ec, 1 2
cP = —cor —+ , (5.71)
a‘ws ReM (\/‘I)i \/(I)>
which leads to
S, 2 o
(FP) = S0P |ws| wy. (5.72)
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Basset-force and virtual mass force

The Basset-force arises due to viscous effects of the relative acceleration of the two phases,
whereas the virtual mass force accounts for inertia effects of the relative acceleration [109]. As
mentioned, both contribution to the interface forces can be neglected due to the low Reynolds
number condition, which will be shown in the following assessment. According to Ishii and
Hibiki [109] the Basset-force on a spherical particle is

0 dw dt/
\ / ReP dt’ Nt (5.73)

where the relative acceleration between the two phases is

dw?® S awfus
wi _ vy, 5 (5.74)

dt ot 8:1:;‘»

Comparing F}Z to the drag force on a spherical particle delivers the proportionality coefficient

VRef a2 =0 (1077?), (5.75)

where Re”” = 1073 and a micrometer sized particle a = 10~5 was assumed.
The virtual mass force is [109, 110, 218]
ap 1+ 20 dw?

EY = ST s a (5.76)
Again, by considering the drag for a spherical particle, one obtains the coefficient
i P 2 —15
7D a® =0 (107") (5.77)

with the above values for Re”’ and a. Subsequently, the Basset-force and the virtual mass force
are negligable for small particles and small Reynolds numbers.

Lift force

The lift force acting on a single particle comes from three contributions. A fluid velocity
gradient causes a lift force at the particle, called Saffman-force F*. If the particle itself has
a rotational velocity the Magnus-force F/*M is induced. The third component of the lift force
is caused by the circulation of the fluid F/C, similar to the lift force acting on an airfoil.

Saffman [180] established a formulation for the lift force due to a fluid velocity gradient acting

on a spherical particle
s [a | F|I~3% S F

where we used a non-dimensional formulation given by Ishii and Hibiki [109]. Here, wf is

the rotation of the fluid flow -
oF = e 24 (5.79)
! K oxy,
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Results of Holzer and Sommerfeld [99] indicate, that (5.78) also holds for non-spherical par-

ticles under the condition Re < 1. To obtain the average of (5.78) it is assumed that the fluid

rotation (5.79) is constant within the averaging volume
_ a@

i Cijk oxr (5.80)

Thus, no products of the form u>¥u2¥ occur and one obtains for the averaged Saffman-force

1
—
(FI%) = 16150 | =57 [P eigpd o (5.81)

where the mixture Reynolds number is used to account for the suspension.

The relative rotation of the fluid and the particle 1/2w/ — w? determines the Magnus-force.
It causes a drift in the perpendicular direction of the relative translational velocity and the
relative rotational velocity. For spherical particles the non-dimensional relation reads [178]

T 1
FP = Tibe (quf o ) uf. (5.82)

Similar to the Saffman-force, Holzer and Sommerfeld [99] showed that Rubinow’s theory is in
good agreement with the numerically obtained values for the Magnus-force of an ellipsoidal
particle. Averaging and neglecting any terms arising due to fluctuations delivers

5.3
a’mTa 11— —<\—=<
<ELM> — 3 €ijk <2wZF — wf) u}]*g, (5.83)
which is the averaged Magnus-force acting on the active particles in the suspension. Note
that the Magnus-force also depends on the fluid density, however, throughout this work it is
assumed that the non-dimensional fluid density is unity. Hence, it does not explicitly appear
in the relations for the Magnus-force (5.82) and (5.83).

A non-spherical, ellipsoidal particle experiences an additional lift force FC, if the orientation
vector ¢; = e;,7, does not align with the vector of the relative velocity w;. The resulting
circulation is the main source of the lift on an airfoil. In the theory of airfoils the Kutta-
Joukowski theorem relates the magnitude of FC to the circulation G

FEC = pFy’a, (5.84)

which is based on invisicid theory and not applicable to an active suspension due to its high-
viscous, low-Reynolds nature. The lift force on a single particle with an angle of incidence ¢!
towards the relative velocity is [151]

T
FiLC = sgn(wiseip’yp)gaQCLeijk (eklmwlsemq'yq) w,f, (5.85)

where the angle of incidence ¢! is

. S
cos gpl = M. (5.86)
leq7ql |'wS|
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It should be noted, that the relative velocity of the two phases is expected to be rather small
due to the low Reynolds number. Hence, as the circulation lift force depends quadratically
on the relative velocity w;, compared to the linear dependency of the Magnus- and Saffman-
force, the influence of the circulation lift force is expected to be smaller. The drag coefficient
CP is used to define the lift coefficient C* and subsequently the magnitude of the circulation
lift force. Hoerner [97] derived the relation

Ct = 0P sin? (p') cos (¢7) . (5.87)

To improve the calculation of the lift coefficient a fit based on Hoerner [97] and numerical
data is derived

ct (gol) = CDao sin (algol) sin (algol + ag) cos (aupl + ag) (5.88)

with the coefficients a1, a3 and a3. Simulations in BoSSS for a single particle with a diameter
a = 1 and an aspect ratio £ = 2 are used to obtain exemplary values for the coefficients. The
particle is placed in a uniform flow with an inflow a the right and an outflow at the left side
of the domain 2. Boundary conditions at the upper and lower side are periodic. The resulting
coefficients are

ag=0.92, a1 =0.647, a9 =0.351mw, a3z=0.177m, (5.89)
which do not depend on the particle Reynolds number Re”.

Especially the signum function in (5.85) is difficult to model, because the result of the average
sgn(w?eipp) is unknown. The assumption

CL(p) sgn (weipyy) ~ ccOF (&) sgn (@ : wTS) (5.90)

is used as an approximation. The additional model parameter ¢¢ = ¢ (e¥) is a function
of the length of the averaged orientation vector ¢°. The parameter is meant to introduce a
dependency on the orderliness of the suspension state. Perpendicular orientation vectors of
many particle pairs and an effective orientation of each pair parallel to the relative velocity
leads to a vanishing averaged signum function. Thus, the parameter ¢ has a minimum in case
of ¢® = 1/2/2, because the probability for all particles to be perpendicular to each other in
pairs reaches a maximum. However, it is not possible to assume a vanishing circulation lift
force in general, leading to the model constant c{, accounting for the minimum circulation lift.
In the case ¢° = 1 all particles move parallel. Hence, the averaged signum function reaches
its maximum value and ¢ = 1. The opposing case ¢® = 0 delivers a second maximum, which
is defined by the second model parameter ¢§ < 1. This behaviour is mapped by the ansatz

e [c5—cf Qis c5 + ¢ B S_Q
c—< 5 cos<\/§e>+2 ><1 ”H(e 5

1—cf 27 g c5 +cf s V2
—|—< 5 cos<2_\/§(e —1)>+ 5 >H<e —2>. (5.91)

Furthermore, it is necessary to define a model for the averaged angle of incidence. The fol-
lowing approximation is used

e wy

T (5.92)

~I\ __ %
Mo
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where the circumflex indicates an approximated quantity obtained from averaged quantities
and not a mathematical average. Using the two approximations (5.90) and (5.92), one obtains
the averaged circulation lift force

2 e
ma’c N ——
——cr (gol)eijkejlmwls s wy, (5.93)

(FI9) ~ a%sgn (efS : ﬁ) <

where any fluctuations were neglected.

Pressure force

A pressure gradient over the surface of a particle causes an additional force. Assuming the
pressure gradient to be constant at the entire surface, delivers for a single particle

F
FP— —yPoP (5.94)
ox}
Averaging (5.94) delivers
daSpF
(FPy=-vPE (5.95)
8.%'2'
where a constant pressure gradient within the averaging volume was assumed.
5.3.3. Interface torques
The torque at the interface
VP
(T;) = A Z/r eijkro,f;nl ds (5.96)
p=1-"7

emerges as a source in the solid phase angular momentum balance (5.38). The torque has
two contributions. For spherical particles or particles with an aspect ratio close to unity the
main contribution is the drag torque T}°, caused by the friction between the two phases. For
elongated particles the pitching torque 7"’ becomes more important, caused by an off-centred
point of attack of the interface forces. Hence, the averaged torque is

(T) =(T") + (T) . (5.97)

Pitching torque

Depending on the angle of incidence ! and the aspect ratio ¢ of a particle, the centre of
pressure is the point of attack of all interface forces <FZ-S ). Rosendahl [175] gave the expression

rPe") = 10" = xp) Wl = 7 (1—¢'79) (1 —sin’ ) (5.98)

a
4
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for the length of the distance vector ric P between the centre of mass Xip and the centre of
pressure x of a single particle. It is assumed that the direction of r{'"" is defined by the
orientation vector e; = €;,7,

TZCP = sgn (wfejp’yp) r¢P (gol) €ipVp- (5.99)

Similar to the circulation lift force, a signum function and the angle of incidence occurs in
(5.99). Thus, it is necessary to find an approximation for the averaged distance vector r¢'”.
The angle of incidence is again approximated by (5.92) and it is assumed that the averaged

distance vector can be described by

r¢P = sgn (;fg) r¢r (@I) ?. (5.100)

Following Mandg and Rosendahl [145] the cross product
T] = eijur§ T FY. (5.101)

defines the pitching torque. Averaging and neglecting any emerging fluctuation term delivers
the averaged pitching torque L
() = eijur§™ (FY)- (5.102)

Drag torque

The cause of the drag torque is solely the friction in tangential direction at the interface be-
tween a particle and the surrounding fluid. In case of a single spherical particle the drag
torque is [75, 118]

U Re? 2%
There is no form component of the drag torque as it is in the case of the drag force. Sub-
sequently, by using the sphericity ®|| one obtains the drag torque for a non-spherical passive
particle

371
Tp - T ( wF—w§>. (5.103)

3

TP = " <1w-F —w$>. (5.104)
Re” @

An additional correction factor is necessary to account for the active boundary condition and

the slip velocity caused by it. For an ideal slip-particle the entire drag torque vanishes. While

the active boundary is not an ideal slip boundary condition due to the active stress, the latter

is symmetric. Hence, it does not contribute to the net torque on the particle and the correction

factor is ¢, = 0.5, leading to

3.DT 1

TiD _ waPCcor; (2%1? _ WZS> ) (5.105)

2

Re <I>”

Averaging yields
S...3.DT 1— —

(TP) = O‘#Cc%orr (2%;? - %5) : (5.106)

Re™ @

[
where the mixture Reynolds number accounts for the suspension. The averaged drag torque

(5.106) is proportional to the difference of the rotation %wZF — wis and aims to reduce said
difference.
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5.3.4. Fluctuation correlation tensors

The averaged balance equations for the linear momentum (5.30), (5.33), for the angular
momentum (5.38) and the particle orientation (5.39) contain tensors of fluctuation correla-
tions. These terms transport information about smaller scales influencing the macroscopic
behaviour of the suspension. The information about small scales is lost during the averaging
process, hence, it is necessary to describe the fluctuation correlations by model relations. The
most simple model would be to neglect any fluctuation correlation. However, important and
characteristic behaviour of an active suspension can not be mapped by such a model. For
example, the averaged active force only acts on the suspension if e° # 0. Nevertheless, the
active stress of the particles in such a suspension still acts as a source for the linear momentum,
which has to be introduced by a model for the fluctuation tensors. The tensors it} &> are of
an equivalent type as the Reynolds stress tensor in the RANS equation describing turbulent
flows. Following the line of thought employed in turbulence research, a Boussinesq ansatz is
formulated in analogy to the fluid stress tensor 7,

w2 ¥ ow
~P~P 4 . S 7 J
uiu; = 3K5,] —u (8:1:]- + 2, | (5.107)

which is employed as a model for the fluctuation correlations in all of the transport equations

mentioned before. Here, K = 0.5 ﬁ?}ﬁ? is a generalised turbulent kinetic energy, analogously
to turbulence research. The diffusion coefficient ;° is introduced in analogy to the turbulent
eddy viscosity.

Translational velocity correlation

The correlation tensor

S»S~8
0”07 05
8xj

occurs in the averaged solid phase linear momentum balance (5.33). It is assumed that it
describes interactions between individual particles. The diffusive part of the Boussinesq ansatz
(5.107) describes collision effects, which in a low-Reynolds flow have a negligible effect on
the particle distribution but a large effect on the momentum equilibrium due to friction. It is
assumed that the mixture viscosity accounts for the momentum diffusion p° = FIM, i.e. the
lubrication of the particle surface does not break.

(5.108)

The turbulent kinetic energy 0.5 o797 is a measure for the energy stored in the fluctuations of
the flow field. It is assumed that the main source of such fluctuations is the active stress at the
particle surface. The flow in the vicinity of each particles resembles the flow field of a force
dipole (1.3), decaying with 1/72 in three dimensions, where r is the length of the distance
vector r; = ,x; — ;. The dipole is situated at ,z; and induces a velocity at ,z;. Using the
magnitude of the active force ¢ as strength of the dipole in (1.3) and introducing the angle
k, defined by cos (k) = je;p 7p7i, delivers [217]
e — A¢aReM

F = B2 g oy (Beos” (k) = 1) (5.109)
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where ,u{“ is the velocity induced due to the active stress at the point ,z;. In (5.109) a model
parameter ¢ is used to flatten the velocity gradient in the closest proximity to the particle sur-
face in order to resemble experimental results of the flow field around an active particle [62].
This modification is especially necessary within a distance of half a particle length around the
surface. Hence, ¢/ = (a/2)? is chosen. A second particle at ,x; is accelerated by the action of
the force dipole (5.109). By moving the second particle closer to the first particle at ,z] the
work per volume
Fac D ( A°ReMa
87 (r2 + k)

2
is done. In order to find the average of K¢, it is assumed that the average of r is

by
r:(;\;) :<‘;S> . (5.111)

Furthermore, to obtain the average

2
) (3cos? (k) — 1)2 (5.110)

5 \2 11
(3 (cos (k)" — 1) = 9cos? (k) — 6cos? (k) + 1 = 5 (5.112)

an equal distribution of all particles within the averaging volume is assumed, leading to the
averaged kinetic energy

Kac — _

11 c M 2
D <Ql Re a> (5.113)

(?2 4 CK)2 327

Similarly, if a particle is positioned close to a solid wall, wall and particle will interact through
the fluid. The so called mirror system of a force dipole at a solid wall consists of a superposition
of a force dipole, a force quadrupole and a source quadrupole [22, 25]. Subsequently, one
obtains the averaged work done by moving a particle closer to the wall

W D 3A¢aReM \ > W 2
KW:_2(h2+cK)2< 6dr > (1=3cos” (x))", (5.114)

by using Berke et al. [22] as a basis. The cosine cos (nW) =nlV @ is defined by the averaged
orientation vector e and the normal vector n}” of the wall and # is the distance of the particle
towards the wall.

The sum of K% and KW is K = Ka¢ 4 KW leading to the following Boussinesq ansatz for the
translational velocity correlation tensor

—<- ¢ 2 o— 0’ [ ovs s
) S~S~8 _ < SK(S.._ 2 J . 5.115
GO = 3 R0 T R \ B, T B (5.115)
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Rotational-translational velocity correlations

The expression

~S~8
8& wj oy,

i] O, + e”kas@klw @f (5.116)

occurs in (5.38). The following model is derived under the assumption, that the first term
represents interactions between particles based on the active stress and transfer of rotational
kinetic energy into translational kinetic energy due to collisions and vice versa. The latter
assumption was made due to the occurrence of both the translational and the rotational par-
ticle velocity in the first term. The second term on the other hand only contains fluctuations
of the rotational velocity, connected by the Levi-Civita symbol. Hence, it is assumed that it

represents transfer of rotational kinetic energy between particles during collisions. Because

of the Levi-Civita symbol only the antisymmetric part of the tensor @ 100’ wf is necessary to

model.

Similar to the translational correlations the Boussinesq ansatz is used to model the term

@fjaa%f 7 /0zy.. 1t should include interactions due to the active stress and transfer of en-
ergy between the translational and the rotational velocities. Hence, it is proposed based on
the Boussinesq ansatz
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where W = Wa¢ + WW represents the interactions between other particles due to the active
stress and interactions with a solid wall. The second term in the Boussinesq approximation
introduces collision effects by applying the mixture Reynolds number to model diffusion. Both
contributions of the parameter W are modelled in analogy to K% and K. Following Zottl
and Stark [217] the magnitude of the rotational velocity induced by the particle ¢ to another
particle p at a certain distance r is

AcqReM e2—1

w = 87r< 3> cos (k) sin (k) {3 ~ 2 (6cos(/-@)2 + 1)] , (5.118)

34 (k)2

which is directed perpendicular to the e,-r-plane. Subsequently, we obtain for the averaged
rotational kinetic energy

as c M\ 2 2 1 2
I — (2[ afic ) <3—452> . (5.119)

Here, the moment of inertia ©% . is the component of the tensor @S related to the perpendicular
direction of the e,-r-plane. However, due to the averaging process the information about the
parameters of this plane are lost. The moment if inertia is, thus, modelled by taking the
average of the elements of the known tensor of inertia @ZS], leading to the averaged moment of
inertia ©5.. The rotational energy obtained by moving a particle closer to the wall is derived
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from the induced rotational velocity due to the mirror system as given by Berke et al. [22] and
the distance from the wall A, leading to

as c M\ 2
WW = S (32{ alie ) X (5.120)
2 (h3 + (cK)%) Gdm
2 _

X COS (HW)2 sin (HW)Z [1 + 2(652—1—11) (1 + cos (nw)Z)} i )

As mentioned in the introduction of this section, the second term of (5.116) is meant to rep-
resent further collision effects. It should be noted, that due to the Levi-Civita symbol and the
antisymmetric nature of the tensor the term will only have an effect in fully three dimensional
systems. We propose the ansatz
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In the second last step of (5.121) a modified version of the Boussinesq approximation was
used
5 ouF  ou? 1
SFoF s[4 Y S_ 5.122
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which will be called antisymmetric Boussinesq approximation.

Orientation-velocity correlations

In the transport equation for the averaged particle orientation additional fluctuation terms

0a el vy R

— €07 Wjey, (5.123)

ij

occur. The first term is a correlation between the fluctuations of the orientation vector and

the fluctuations of the translational velocity. Accordingly, it is straightforward to assume, that

it represents the influence of the translational velocity on the orientation due to collisions and

the active stress. In the second term the rotational velocity occurs, hence, it represents the
interactions between the rotational velocity and the orientation during collisions.
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In analogy to the velocity correlations the Boussinesq approximation is used to model the
translational velocity-orientation correlation

2 1 [0S 0e?
S58 — Z0SKES.. — i J . 5.12
7 UJ 30[ ) ReM (ax] + 6%'1 ( 4)

The first term accounts for interactions due to the active stress and the second term represent
collisions between particles. It is a viscous term modelled with the mixture Reynolds number
ReM | i.e. in this model collisions enforce realignment of particles. The diagonal part K7 is
modelled by introducing the quantity

A°qReM

ac __
Cipti = &r (r?2 + cK)

(3 (cos (k)2 — 1) FiCip, (5.125)

representing the influence of the active fluid velocity, i.e. the velocity induced by a force dipole
(5.109), on the orientation. It vanishes during the averaging process in the domain far away

from the wall, because (3 (cos (k))? — 1) rie;p = 0, where it is necessary to neglect fluctuations

and to assume an equal distribution of the particles within the averaging volume. In the near
wall region the averaged orientation-velocity correlation becomes

ﬁ o BSuW o 3QlcaReM

i

~ Gdm (A2 + oK) (3 (cos (™))" 1) cos (™), (5.126)

which completes the Boussinesq approximation (5.124).

The rotational velocity-orientation correlation in (5.123) is modelled by the antisymmetric
Boussineq ansatz, introduced in the previous section Sec. 5.3.4. Because of the occurrence of
the Levi-Civita symbol in (5.123) only the non-diagonal, antisymmetric elements of the tensor
are relevant, leading to

- 1 0 1 de e
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Similar to (5.121) the antisymmetric correlation (5.127) only occurs in fully three dimensional
systems.

Fluid velocity correlation

The transport equation for the averaged fluid velocity contains the correlation of the fluctua-
tions of the fluid velocity a*@; @} . It is the well-known Reynolds-stress term from turbulence
research, which occurs in the RANS equation due to the ensemble average and in large eddy
simulations due to the spatial filtering. Hence, it can be modelled in analogy to turbulent eddy
viscosity models by a Boussinesq ansatz

2 ouf  out
F~F~ F F
ofwfu] = 2o Koi; — o ! (axlj + axj,- : (5.128)

The diagonal term K of the ansatz is modelled by — K% in analogy to the particle translational
velocity. The assumption behind this ansatz is, that fluctuations in a low-Reynolds active
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suspension mainly originate from the active stress at the fluid-particle interface. The eddy
viscosity in turbulence research u' represents energy dissipation on small scales. However,
due to the condition of a low-Reynolds flow Re <« 1 and in general small scales, it can be
assumed that ;! < . Subsequently, it is possible to neglect the eddy viscosity for a model
of an low-Reynolds suspension.

5.3.5. Fluid stress tensor

Beside the Reynolds stress tensor discussed in the previous section, the averaged fluid velocity
equation also contains the averaged stress tensor 75 . Throughout the entire work a Newtonian
fluid is assumed, hence, the local stress tensor is

1
Re

7'5 = —pF(Sij +

(5.129)
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where the derivatives are taken with respect to the local spatial coordinate x*. The first step
is to replace the fluid Reynolds number Re by the mixture Reynolds number Re to account
for the increased resistance against deformation due to the rigid particles. The average of of
the stress tensor is
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where it is assumed that o® is constant within the averaging volume V. Thus, the mixture
Reynolds number ReM is not averaged. The integral terms result from the average of the
gradient of the velocity, see (5.17). The particles are rigid, hence, the contribution of the
integral terms vanish. Subsequently, one obtains for the divergence of the averaged stress
tensor

30F7’5 B _801%? 0 of

Ty 5r " B e (5.131)
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5.3.6. Closed system

In the previous sections closure relations for the entire system of averaged transport equations
are derived. The system consists of fifteen equations for fifteen unknown variables in three
dimensions. The averaged variables are the volume fractions of both phases o', o, the
fluid pressure p¥, the fluid velocity uf, the solid translational velocity v?, the solid rotational

velocity ﬁ and the solid orientation vector ?. All equations necessary to solve for the given
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variables are, including the saturation condition (2.33),
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5.4. Implementation

Results in this work, see Sec. 6.3, are obtained for steady planar flows. Thus, the model
is implemented using MATLAB’s (Version 9.2.0.556344, R2017a) built-in one-dimensional
partial differential equations solver pdepe.m. It employs a finite difference method (FDM)
[187] for the spatial discretisation. Another built-in method odel5s.m provides the numerical
integration in time, based on numerical differentiation formulas up to fifth order [185, 186].
This implementation can be used to obtain stationary results for planar flows, leading to the
results given in Sec. 6.3. The MATLAB-scripts related to the publication Deulen et al. [55]
are publicly available via TUdatalib [54]. The scripts in [54] form the basis for the scripts
used in the present work, which are also publicly available, including the results presented in
Sec. 6.3, via TUdatalib [52].

In order to make the numerical procedure more robust and to comply with the limits
0<a®<ai., 0<e’<1 (5.133)

additionally auxiliary functions are introduced. Especially for iterative procedures it is nec-
essary to provide additional limitations to prevent overestimations. Furthermore, due to the
dependency of the mixture Reynolds number Re™ on the particle volume fraction o°, the
inverse Reynolds number 1/Re™ might become very large. This singularity is a numerically

125



unfavourable behaviour, because it leads to non-converging solutions. Lets assume that the

particle volume fraction o is a function of an auxiliary variable ¢
s
o8 = Cmax (5.134)
1+ exp(—g*)

This equation represents a logistic function, which image a° is restricted to the interval
(0,5 x). Introducing (5.134) into the transport equation for the mass of the solid phase
(5.28) delivers o
dg*  —0g° vy
— vy == =0. 5.135
ot " o, Bz (5.135)
Solving the new transport equation for ¢* instead of the unmodified mass balance delivers a
numerically stable procedure to determine the solution of the system (5.132).

+ (exp (9%) + 1)

Analogously, a logistic function is introduced for the length e° of the orientation vector ef
g 1
= (5.136)
1+ exp (—g°)

restricting e to the interval (0, 1). However, no equation is known which directly describes the
behaviour of ¢°. Forming the dot product of e? and the transport equation for the orientation
(5.39) delivers such an equation

a® [ 0e® 8eS§ — 0 a®UAReM  — 0 S B 8@ 3@
| =T =e; — e o | =+
2 ot Ox; v Ox; 962 ' Ox; Ox;  Ox;

—  eam O 1 [0eF e
—aSGSGijk L M <8x’§ - 3mlk> =0. (5.137)

The solution of (5.137) is then used to rescale the solution provided by (5.39) for the individual
components of the orientation vector.
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6. Results

Results for the particle-resolved model and for the homogenised model are presented in this
section. Starting with a single-particle setup solved with BoSSS, basic properties of active
particles are investigated and discussed (Sec. 6.1). With the help of the single particle sim-
ulation, it can be shown how individual particles interact with a solid wall and how pusher
and puller particles differ in this respect. Furthermore, the correctness of the approximation
of the active particle by a Stokes dipole is shown by using a line-out plot. In the course of
the section, the complexity of the system is continuously increased. In the next step, a system
with two particles in a domain with periodic boundaries is examined (Sec. 6.2.1). Special
attention is paid to the mutual attraction or repulsion of the particles, which is predicted by
the velocity equation of the Stokes dipole and was already used in the modelling process of
the homogenised model, see Sec. 5.3.4.

Based on these simple systems, suspensions with multiple particles can be analysed. For this
purpose, nine particles are first investigated in a channel domain in Sec. 6.2.2. The differences
between pusher and puller particles will be discussed again, where the focus is on the stability
of the trajectory followed. This investigation will lead to the conclusion that pusher particles
have a significantly more unstable behaviour than puller particles. Since the main focus of this
work is on the examination of chaotic systems, the following numerical experiments will only
be carried out with pusher particles. Real suspensions with many particles are investigated
in the last section on particle-resolved systems (Sec. 6.2.3). A large number of particles are
introduced into a domain closed with walls, whereby the number of particles and, thus, the
particle density is varied between different experiments. Due to the high number of parti-
cles, it is possible to determine statistical values such as the PDF. Therefore, the theoretical
findings from Sec. 3 can be used to directly link the occurring phenomena with the physical
and statistical equations. Limitations in the available computing power force a switch to the
homogenised model presented in Sec. 5 for even larger systems. Results for various planar
flows are examined in Sec. 6.3. It is found that in the presence of velocity gradients of the
background flow, additional forces occur that amplify known effects such as wall attraction.
Furthermore, it can be observed that different aggregate states of the solid phase occur, a
finding that also results from the analysis of the statistical Lie symmetries.

6.1. Single particle simulation

In this simple setup a single active particle is placed in the centre of a closed domain 2. As
the name implies, all outer boundaries 92 of the domain are impermeable, no-slip walls. The
particle is of elliptical shape; its length is « = 1 and the aspect ratio is ¢ = 2.5. The dimen-
sionless active stress at the active boundary I'*“ is A, = 10. This particle is used throughout
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Fig. 6.1.: The flow field in the vicinity of a particle changes during the acceleration phase. The
vectors indicate the fluid flow and the colour scale the absolute value of the fluid
velocity. A slow moving particle accelerates (a) by pushing fluid in the opposing
direction. (b) Due to the movement of the particle, the fluid in front of the particle
also starts to move together with the particle. This slows down the acceleration. (c)
The particle has reached its cruising speed. The flow field now resembles the flow
field of a force dipole, see Fig. 1.2.

multiple numerical experiments, which are presented in the current and following sections.
Hence, it will be referred to as standard particle. The domain is a square with the edge length
aqn = 19.6, subdivided into 38,416 square numerical cells, where the cell diameter is h = 0.1.
Again, this domain is used throughout multiple numerical experiments and will be referred
to as standard domain. The polynomial order for the velocity is set to two, subsequently, the
polynomial order for the pressure is one. This leads to a maximum number of 576, 240 DoFs
for the fluid solver. This number is, however, reduced by the presence of the particles, because
cells fully occupied by the particles are considered void.

In Fig. 6.1 the acceleration phase of a single pusher particle is shown, where the colour scale
refers to the speed of the fluid, i.e. the absolute value of the velocity, and the vectors indicate
the velocity field. This combination of colour and vectors is used throughout all figures in this
section. The particle is orientated in the right direction, hence, the active surface is located
at the left half of the particle surface. At the beginning of the simulation the particle velocity
is zero, hence, the fluid is solely accelerated in the left direction by the active stress. Once
the particle starts moving, fluid material is accelerated in the right direction together with the
particle due to the no-slip boundary condition at the passive half of the surface (Fig 6.1a+Db).
The flow field of the particle resembles that of a two-dimensional Stokes dipole (Fig 1.2) once
the particle has reached its terminal velocity (Fig 6.1c). A line-out plot of the fluid velocity
during the terminal phase is shown in Fig. 6.2. The plots are taken at the right and left side
of the particle as well as at the upper and lower side, which will be referred to by compass
directions. The characteristic behaviour of a Stokes dipole, which decays with 1/r in two
dimensions, is especially visible in the Northern and Southern direction. In a large area, both
plots decay with an exponent m = 1 similar to the Stokes dipole. The behaviour is only
different close to the particle surface r/a — 0 and close to the domain wall /a — 10. The
latter one is caused by the no-slip and impermeable wall, which causes the velocity to decay
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Fig. 6.2.: The velocity of the fluid is plotted into four directions starting at the surface of a
single particle. The direction of the plots are given using compass directions.

faster. Close to the particle surface, the approximation of a Stokes dipole is no longer valid,
which is known throughout the literature, see for example Bechinger et al. [18]. A stagnation
point is visible at the Northern and Southern direction, directly at the particle surface, which
is indicated by a decrease in the velocity in Fig. 6.2. It is caused by the connection between the
active and the passive surface, where the active surface accelerates the fluid in one direction
and the passive no-slip boundary condition accelerates the fluid in the opposing direction,
which is the direction of the particle velocity.

The Western plot shows a singularity at r/a ~ 0.1, which is caused by the active boundary
condition. At the Northern and Southern surface of the particle the fluid is accelerated in the
Western direction alongside the particle surface. Due to the curvature of the surface, the two
flows at the Northern and Southern side have an opposing direction at the westernmost point of
the particle, leading to a stagnation point. On both sides, the Western and the Eastern one, the
decay of the velocity is overall smaller and subsequently increased in the wall region compared
to the Northern and Southern side. Note that the particle was initialised at the centre of the
domain and has since then moved in the Eastern direction. Hence, the distance to the wall for
the Eastern line-out plot is shorter than the Western one. Furthermore, the particle has started
to slowly rotate, causing the velocity difference in the Northern and Southern direction in the
proximity of the particle.

The cause of the rotation of the particle, i.e. its unstable orientation, is a small perturbation,
e.g. a numerical error. Pusher particles in general are sensitive towards even very small per-
turbations, a fact which will be examined further in Sec. 6.2.2. The instability is reinforced
by the interactions between the particle and the domain wall. Active particles aligning and
being attracted to solid walls is a well known behaviour, see for example Volpe et al. [201]
and Zottl and Stark [217]. In the exemplary image strip Fig. 6.3 the three main phases of
the interactions between a active pusher particle and a wall are visible. As described by Volpe
et al. [201] the three phases are approach (Fig. 6.3a-e), contact (Fig. 6.3f) and detachment
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Fig. 6.3.: A single particle approaches a solid wall at the right side of each image. (a) The
particle is tilted and moves in the upper right direction. (a)-(e) Due to the wall the
fluid flow towards the particle at the side facing the wall is cut off. Hence, due to the
remaining flow on the other particle side, the particle moves towards the wall. (f)
The particle has aligned towards the wall, moving even closer will lead to a collision
between particle and wall. (g)-(h) A collision has taken place and the particle slowly
leaves the wall.

(Fig. 6.3g+h). During the process, the particle orientation first aligns parallel to the wall.
During the detachment, the particle rotates further and detaches from the wall, i.e. one could
say that the particle is reflected at the wall, in analogy to the behaviour of waves. The ac-
tive stress causes the particle not only to move in the direction of its orientation, but also in
the normal direction of the wall, where hydrodynamic interactions between wall and particle
cause the particle to be attracted towards the wall. Subsequently, even after the detachment
of the particle from the wall, the particle will, over time, realign and again approach the wall
starting the process depicted in Fig. 6.3 anew. The attraction towards the wall can be ex-
plained by a so called mirror system. The idea is to replace the wall by flow singularities
similar to the Stokes dipole, which represents the particle. In order to fulfil the no-slip bound-
ary condition, it is necessary to introduce a Stokes dipole, a force quadrupole and a source
quadrupole as a mirror system [25]. Berke et al. [22] derives the velocity induced on the
particle in the wall-normal direction, which has been used in the present work to determine
the translational velocity correlations of the homogenised model, see (5.114). If the angle x"V'
between the particle orientation vector and the wall normal vector is "V > arccos (1 / \/3),
the particle is attracted towards the wall, otherwise it is repulsed [22]. Hence, a particle mov-
ing in an already tilted manner towards the wall, as given in Fig. 6.3, will, most likely, move
constantly alongside the wall, repeating the three phases approach, contact and detachment
if no additional perturbations exist [18].

A puller particle can be obtained by reversing the orientation vector and changing the sign
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Fig. 6.4.: The fluid flow around a puller particle (see Fig. 1.2), which swims into the right
direction, is reversed compared to flow in the vicinity of a pusher particle (Fig. 6.1).
(@) Fluid is moved primarily in the left direction during the acceleration phase of the
pusher particle. (b) The particle approaches the domain wall at the right boundary of
the image. Note, that the flow field closely resembles the ideal flow field of a Stokes
dipole, however, the fluid flow on the Eastern side of the particle is suppressed due
to the wall. (c¢) The particle approaches the wall in the horizontal direction. The
small angle visible in (b) vanished.

of the active stress. The resulting flow field (Fig. 6.4) is reversed compared to the pusher
particle, i.e. fluid is accelerated towards the particle in the Western and Eastern direction and
accelerated away from the particle in the Northern and Southern direction. During the ac-
celeration phase (Fig.6.4a) the particle velocity is small, hence, the flow field differs from the
ideal Stokes dipole. Once the acceleration is finished (Fig.6.4b), the flow field more closely
resembles the singularity. While perturbations still lead to changes in the orientation of the
particle (Fig.6.4b), the interaction with the vertical wall at the right side of the image causes
the particle to realign with the horizontal axis. The parallel alignment of the particle orien-
tation vector and the wall normal vector holds even after the particle has reached the wall
(Fig.6.4c), i.e. the particle is trapped at the wall. The alignment towards the normal vector of
the wall is again a well observed property of puller particles, see for example Bechinger et al.
[18] and Lauga and Powers [130].

6.2. Multi particle simulations

While the behaviour of a single particle is certainly interesting, the main focus of this work is
the behaviour of a suspension, i.e. a multi-particle system and the emergence of chaotic and
deterministic states. The increased sample-size enables the usage of statistical quantities and,
subsequently, the possibility to apply the results of the probability theory and Lie-symmetry
analysis to the numerical results. First, in Sec. 6.2.1 interactions between two particles are
investigated. From this, fundamental properties of active particles can be derived, which then
explain the behaviour of larger systems. The differences between pusher and puller particles
are further examined in a series of numerical experiments in a periodic channel. The length
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Fig. 6.5.: Initially, two particles are placed close to the centre of the periodic domain. The
diameter of the numerical cells is h = 0.1 and the particles are standard particles.
(a) Two parallel particles with a horizontal distance of two. (b) Two parallel but
opposing particles with a horizontal and vertical distance of two. (c) Two opposing
particles with a horizontal distance of two.

of the averaged orientation vector (Sec. 5.2.4) is used to indicate chaotic and deterministic
behaviour. In a third series of numerical experiments the complexity of the system is further
increased. While the channel experiments only contain nine particles, now suspensions with
up to 480 particles are examined. The domain is fully closed, hence, it is possible to observe

» wall agglomeration effects,
* bulk agglomeration effects,
* orientational alignment.

The particle volume fraction of the suspensions is varied by changing the number of parti-
cles within the domain, while keeping the size of the domain constant. The effects are first
described qualitatively by analysing snapshots of the simulations at certain time-steps. In a
second step, the analysis is carried out quantitatively by using different statistical measures.

6.2.1. Two particle interactions

In this section, numerical experiments with two standard particles in a periodic 10 x 10 domain
with h = 0.1 are discussed. In the first experiment two pusher particles are initially placed
close to the centre of the domain, see Fig 6.5a. The distance for each particle from the centre is
unity, i.e. one particle length. Subsequently, the centres of mass for both particles are separated
by a distance of » = 2. Both particles are initially orientated in the vertical direction. The
active part of the surface is facing downwards and the orientation vector is facing upwards.
The results for this experiment are presented in Fig. 6.6. Relatively quickly, the particles begin
to move towards each other and deviate from their original trajectories. The orientation vector
of each particle points more strongly in the direction of the other particle (Fig. 6.6b). As soon
as the particles are close, they again begin to move in an approximately parallel direction,
while still attracting each other (Fig. 6.6¢). This behaviour is well-known in the literature, see
for example Bechinger et al. [18] and Berke et al. [22]. It is a property which can be directly
deduced from the velocity field around a Stokes dipole (1.5). In the case of the two particles
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Fig. 6.6.: Two particles are placed in a periodic domain. (a) Initially, the particles are placed
parallel towards each other with a horizontal distance of two particle lengths be-
tween the centre of mass. (b) The particles reorientate towards another at ¢t = 4.3.
(c) At t = 12.3 the particles are positioned closely and start to realign in a parallel
direction.

in the experiment, the distance vector r; between the particles and the orientation vectors
are approximately perpendicular to each other due to the initial arrangement. It follows from
(1.5) that each particle induces a velocity in the opposite direction of r;. Hence, both particles
are attracted towards each other. This circumstance was used, for example, in this work to
model the velocity correlations in the homogenised model, see (5.113).

In the next experiment, both particles are placed in an opposing direction on parallel trajecto-
ries. The vertical and horizontal distance between the centre of mass is equal to two particle
lengths, see Fig. 6.5b. In the first time-steps of the simulation, both particles move undisturbed
from their opponent on their initial path (Fig. 6.7a). The particle p is orientated upwards, i.e.
the active stress accelerates the surrounding fluid in the downward direction. The right par-
ticle ¢ on the other hand, moves downwards, hence, the active stress acts upwards. Once the
particles reach a similar vertical position, they start to reorientate towards another (Fig.6.7b),
similar to the previous experiment. However, because of the opposing movement, the attrac-
tion due to the active stress is not strong enough to cause direct contact between the two
particles. Instead, it induces a moment and, subsequently, a rotational velocity, which causes
the particles to leave their initial path. Once a particle has left the near field of its opponent,
it will follow the new trajectory undisturbed. The rotational velocity, induced by the moment,
will decline over time. Nevertheless, the particle trajectory is not a straight line. However,
the problem is symmetric, hence, both particle will always have an approximately parallel ori-
entation. For example, at ¢ = 12.4 (Fig. 6.7c) the orientation angle towards the horizontal
axis of the lower particle ¢ is 8, = 1.177 and the orientation angle of the upper particle p is
Bp = 0.167. The deviation from an actual parallel alignment of the particles is therefore only
0.01m.

In case of two directly opposing particles, see Fig. 6.8, the two pusher particles try to evade
another. The left particle p is orientated towards the right side, whereas its opponent ¢ faces
left. Both particles are initialised on the horizontal axis with a distance from the centre of the
domain of » = 1, i.e. the particles are separated by two particle lengths (Fig. 6.5c). Instead
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Fig. 6.7.: Two particles are placed in a periodic domain. (a) Initially, the particles are placed
parallel towards each other with a horizontal and vertical distance of two particle
lengths between the centre of mass. (b) The particles start interacting with another
att = 4.3. (c) At t = 12.3 the particles have left their initial vertical trajectory. The
new path of both particles is still parallel.

of rotating towards the other particle and thus facing in the direction of the other particle,
which was the case in the experiments investigating parallel particles (Fig. 6.6, Fig. 6.7),
the particle orientation vector starts pointing away from the opposing particle (Fig. 6.8b).
However, as both particles continuously move forward, at some point they are aligned parallel,
while still having opposing directions. Accordingly, the interaction from now on follows a
similar scheme as in the second experiment (Fig. 6.7) and the particles will follow parallel
trajectories in opposing directions. The absolute value of the orientation angle towards the
horizontal axis of both particles is approximately equal to 45°, where the angle of the upper
particle is 3, = 0.26m and the orientation angle for the lower particle is 5, = 1.287. The
deviation towards a perfect parallel alignment is again small and takes a value of 0.027. The
evading behaviour of the particles is again a result of the Stokes dipole nature of an active
pusher particle. The distance vector r; and the orientation vector of each of the particles
are initially parallel, hence, the resulting velocity induced by one particle on the other is
in the positive distance vector direction, see (1.5). Accordingly, both particles try to push
away the opposing particle. The own active stress of the particles acts against this push-
back and combined with the inherent instability of a pusher particle, as investigated in the
single-particle simulations and in the following Sec. 6.2.2, this leads to the evasion visible in
Fig. 6.8b+c. Once the particles are no longer aligned towards the horizontal axis, a moment
and, subsequently, a rotational velocity is induced by the respective opponent.

So far, the initial axes of orientation of both particles have been parallel in all three presented
experiments. The next two-particle experiment will show, that this is not a necessary property
in order to obtain parallel movement after the interaction. In Fig. 6.9 the results are presented.
The left particle p is initially placed with a vertical and horizontal distance of two towards the
right particle ¢. Furthermore the orientation angle towards the horizontal axis is 5, = 7 /4.
The second particle faces in the downward direction 3, = —=/2. The initial setup is preserved
until the two particles are close to each other, see Fig. 6.9. The left particle p induces a
negative rotational velocity on the right particle ¢, leading to a rotation to the left lower corner.
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Fig. 6.8.: Two particles are placed in a periodic domain. (a) Initially, the particles are placed
opposing towards each other with a horizontal distance of two particle lengths be-
tween the centre of mass. (b) The particles try to evade each other at t = 4.3. (c)
Both particles move on approximatly parallel trajectories in the opposing direction
att = 12.4.

The induced velocity on the first particle p, however, is minimal, because it is located in the
blind spot of the particle ¢. By blind spot the area is meant, where the outward pointing and
inward pointing flow of the Stokes dipole come into contact and, subsequently, the induced
velocity vanishes, see Fig. 1.2. Thus, the orientation angle towards the horizontal axis of
the particle p remains 5, = 7/4 and the orientation angle of the second particle ¢ becomes
By = 1.21m, see Fig. 6.9c. Additionally, the two particles are relatively close to the boundary
and already interact with another over the periodic boundary, leading to the asymmetrical flow
field visible in Fig. 6.9c. Independently of the initial setup, two particles show a clear tendency
of aligning their trajectories parallel to each other. While this behaviour might be disturbed by
the presence of solid walls or additional particles, it is expected to observe alignment towards
other particles also in multi-particle experiments.

6.2.2. Particles in a channel

The initial setup for all numerical experiments in this section is presented in Fig. 6.10. Nine
particles are placed in the left half of the domain, orientated towards the right side. Depending
on the experiment, the particles might be either pusher or puller particles and have different
geometrical properties. Depicted in Fig. 6.10 are nine standard particles. The upper and lower
domain boundaries are solid walls, whereas the right and left side are periodic boundaries.
The length of the channel is 19.6 and the height is 3.92, i.e. the length of the channel is the same
as the length of the standard domain and the height to length ratio is five. The cell diameter
is again h = 0.1, leading to 2,952 cells and a maximum of 44, 280 DoFs. Both numbers are
reduced by the number of cells occupied by the particles.

The series starts with an experiment containing nine pusher standard particles as depicted in
Fig. 6.10. The progression of the simulation is shown in Fig. 6.11. During the initial accelera-
tion phase (Fig. 6.11a) the fluid flow opposes the motion of the particles. While the particles
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Fig. 6.9.: Two particles are placed in a periodic domain. (a) Initially, one particle is tilted with
an angle of 8, = 7/4, whereas the other particle faces downwards 5, = —m/2. (b)
The particles keep their orientation at ¢t = 4.3. (c) At ¢ = 12.3 the particles move on
approximately parallel trajectories in opposing directions.

move approximately parallel in the right direction, the fluid is accelerated to the left. The
ordered initial state will eventually break down (Fig. 6.11b+c) and the particles will accumu-
late at the channel walls. Note, that the fluid flow is now reversed, i.e. the particles accelerate
each other indirectly via the fluid. However, due to the unordered, chaotic state of the par-
ticles, regions with vertical or reversed fluid flow might appear, leading to an overall slower
acceleration of the particles compared to the initial parallel motion.

Puller particles on the other hand show a much more stable behaviour. Nine puller standard
particles are placed in the domain as shown in Fig. 6.10. Compared to the pusher particles,
the puller particles are able to better hold the parallel formation, see Fig. 6.12. A direct results
from the parallel orientation is an increased averaged particle velocity compared to the system
with pusher particles.

The differences between pusher and puller particles can be quantified by analysing their av-
eraged orientation and velocity. The averaged quantities are obtained in each time-step by
calculating the mean value of all nine particles, similar to the procedure of obtaining the ho-
mogenised model (Sec. 5). The results for the absolute value of the averaged orientation
vector and velocity are presented in Fig. 6.13. The behaviour, which is visible in the already
discussed snapshots of the simulations, is clearly expressed in the diagrams. The averaged
length of the orientation vector decreases over time for the pusher particles, indicating the
chaotic orientation visible in Fig. 6.11. Maxima, as they appear in the diagram at ¢t = 35, are
the product of random equal orientation. In this case, several particles move simultaneously
and parallel to the upper wall (Fig. 6.11b). Despite such local peaks, e® trends downwards in
case of pusher particle until a steady state of e ~ 0.5 is reached. The overall orientation of
the puller particles on the other hand is almost constant, hence, e° ~ 1. The differences in
the orientation result in a significantly different averaged velocity. Due to the parallel motion
of the puller particles, almost no collisions occur and the particles are able to accelerate much
more efficiently than the pusher particles. Ergo, the acceleration phase lasts longer and the

averaged terminal velocity of the puller particles ‘uSvP l’ ~ 0.32 is higher than the terminal
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Fig. 6.10.: The initial particle position in the first time-step. Nine standard particles are placed
in the left half of the domain, which is five times longer than high. Upper and lower
boundary are solid walls, whereas a periodic boundary is used at the left and right
side. All particles are orientated towards the right side of the resulting channel,
leading to an initial motion in the right direction. This setup holds for both, pusher
and puller particle simulations.

velocity of the pusher particles ‘uSvP S‘ ~ 0.17 (Fig. 6.13b). In fact, the ratio between the

orientation of the pusher and the puller particle is approximately equal to the ratio of the
velocities. Hence, one concludes a linear relationship between the two quantities orientation
and velocity. Such a linear relationship can easily computed by setting I = F” and neglect-
ing all other interaction forces, where F;! is the active force and F” the drag force acting on
the particle. One obtains from (2.94) and (5.68)

FA = FP = 9%,y :Wacg’rr 1 + 2 w?. (6.1)
e PR \VEL T ey

Assuming ¢ ; = const. delivers a linear relationship between the orientation vector e; = e;,7,
and the relative velocity w?. Note that, in general the cross sectional sphericity ®, is not a
constant but itself a function of the relative velocity w;’ and the orientation. Nevertheless, in
the given example, it seems to play a minor role for the terminal velocity.

It should be noted that the attraction of the pusher particles towards the wall is not caused by
their elliptical shape. The shape of the particles might reinforce certain behaviour patterns,
however, the attraction itself is solely due to the pusher property. In the next experiment the
standard particles are replaced by disk-shaped pusher particles to show the shape indepen-
dency of the attraction. The volume of the particle is kept constant in order to not change the
particle volume fraction o®. Subsequently, the diameter of the disk is @ = v/0.4. Furthermore,
to account for the decreased particle surface, the dimensionless active stress is increased to
A€ = 11.85. All other parameters are kept constant compared to the previous simulations. A
snapshot of the simulation at ¢ = 93.4 is shown in Fig. 6.14a. Similar to the previous exper-
iment with pusher particles the disk-shaped pusher particles tend to move towards the wall.
Due to the different shape, however, their movement is slower despite the increased active
stress.

Going into the opposing direction, i.e. increasing the aspect ratio of the particles, leads to
similar results. In Fig. 6.14b, a snapshot for a simulation with elongated pusher particles is
shown. The particles have a length of « = 1.414 and an aspect ratio of ¢ = 5, i.e. the particle
volume fraction o is kept constant compared to the previous experiments. The active stress is
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Fig. 6.11.: During the progression of the simulation the initial, ordered state is replaced by
a more chaotic state in case of pusher particles. (a) At ¢ = 10 the particle setup
is almost the same as it was at ¢ = 0. (b) After a longer time-span (¢t = 35) the
particles lost their parallel alignment and orientate themselves towards the wall. (c)
The particles stay at the wall at ¢ = 70. The particle orientation is mostly random,
there is no longer a preferred direction.

decreased to A¢ = 7.75 to account for the increased particle surface. The snapshot was taken
at t = 50; the velocity of the particle has significantly increased compared to the previous
simulations. Most importantly, the particle again are attracted towards the wall. The particles
show an tendency to align parallel to the wall, a phenomenon which was not visible that clearly
in the simulation of the standard particles in the channel, however, has been deduced from the
single particle behaviour, see Fig. 6.3.

In the channel experiments, it became apparent that pusher particles show an overall more
unstable behaviour than puller particles. While pullers keep themselves on a stable trajectory
in the middle of the channel, pusher particles are attracted towards the wall and do not nec-
essarily keep a parallel alignment. Such a behaviour is well-known in the literature, see for
example Alonso-Matilla et al. [5]. To generate chaotic systems in the following section only
pusher particles are employed.

6.2.3. Many particles in a closed domain

In this section, the behaviour of many standard particles in the standard domain is examined,
where the data base is publicly available via TUdatalib [53]. The main parameter is the particle
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Fig. 6.12.: During the progression of the simulation with puller particles the initial, parallel
state is preserved over the entire simulation time. (a) At ¢ = 10 the particle setup
is almost the same as it was at ¢ = 0. Due to the initially strong acceleration of the
particles in the right direction, the fluid velocity vector faces the left side. (b) After
a longer time-span (¢ = 35) the particles mostly kept their parallel orientation. The
bulk fluid flow almost vanished and will in the following time-steps reverse into the
right direction. (c) The particles stay in the centre of the channel at ¢t = 70. The
preferred direction to the right side is kept and the overall fluid flow follows the
particle motion. Note that one particle has already reached the periodic boundary
and reappears at the left side of the domain.

volume fraction o, i.e. the density of the suspension. In Fig. 6.16 and Fig. 6.17, multiple
examples of the numerical experiment with different o® are shown. The Reynolds number
for all setups is of the order O (10_1). The initial orientation of all particles is horizontal,
facing either to the right or the left side, see Fig. 6.15. The distance between the horizontal
axes, which contain the particles, is varied to generate suspensions with different volume
fractions o°. The systems examined here were already analysed with respect to their run-
time behaviour in Sec. 4.7.3.

The particles in a dilute suspension a® = 0.04 (Fig. 6.16a) swim almost undisturbed, simi-
lar to a single particle experiment. However, if multiple particles reach a wall, the rotation
mechanism to leave the wall, as described in section 6.1, is prohibited by neighbouring parti-
cles. Subsequently, multiple particles form a stable cluster at the wall, which in the example
Fig. 6.16a is located at the lower boundary. The location of the cluster at the wall is a product
of chance, i.e. there is no mechanism such as gravity enforcing the particles to accumulate at
the lower wall. Increasing the volume fraction to o = 0.11 (Fig. 6.16b) preserves the clus-
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Fig. 6.13.: The diagrams show results for the averaged length of the orientation vector (a)
and the absolute value of the averaged particle velocity (b) for different channel
experiments. Puller particles are indicated by Pl, pusher particles by Ps.

ters at the lower boundary. Additionally, the particles in the bulk region also form clusters,
leading to some regions of the domain with no particles and other regions with a high particle
density. Compared to the structures emerging at the domain wall, the bulk-clusters are less
densely packed and also less stable. Similar to the attraction of active particles towards the
wall, which was investigated in the previous sections (Sec. 6.1- Sec. 6.2.2), active particles
are attracted towards each other, permitting the formation of clusters. The particle-particle
attraction has been used to find a model for the translational velocity correlation of the ho-
mogenised model, see Sec. 5.3.4. The clustering effect is reinforced by a further increase of
the volume fraction to o® = 0.17 (Fig. 6.17a). Apart from the pure density increase due to
the formation of local clusters, particles show a tendency to align towards the orientation of
their neighbours. This alignment strengthens with a further increase of the volume fraction
to o® = 0.39 (Fig. 6.17b). Because of the high particle density, the structure resembles crys-
talline lattices. Similar to crystals, small voids form in the lattice, which in the case of the
present suspension continue to ensure that the particles can move in a constrained manner.

Mean squared displacement

In this section, the previous qualitative statements are quantified. This requires the introduc-
tion of the mean square displacement (MSD), which is defined as follows

£(a8) = (Ixp (t+ A1) =3, D). (6.2
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Fig. 6.14.: (a) Disk-shaped pusher particles moving in a channel. Their movement is overall
slower comparded to elongated particles, however, they are also attracted towards
the channel walls. (b) Elongated pusher particles with ¢ = 5 align parallel towards
the wall.

where the average (-) is taken over all particles and the time. For a passive Brownian particle
a simple relation between the MSD and the time interval At exists

£ (At) = 2dDA, (6.3)

where d is the number of spatial dimension and D is the diffusion coefficient [67, 188]. Pro-
cesses described by (6.3) are often referred to as normal diffusion, implying that anomalous
diffusion exists. In fact, normal diffusion is only a special case, a more general formulation of
(6.3) is obtained by adding an exponent « [152]

€ (At) = D, AtF, (6.4)

where D, is the generalized diffusion coefficient and x = 1 leads to (6.3). In principle, x
can take any positive value, leading to the three diffusive regimes visualized in Fig. 6.18a.
Subdiffusion 0 < k < 1 occurs, for example, during molecular transport in cells and is caused
by molecular crowding [14, 203]. The transport due to diffusion is slowed down compared
to normal diffusion. The superdiffusive regime 1 < xk < 2 describes an accelerated diffusive
process, caused for example by an active stress. As we will see in the following results, ballistic
diffusion x = 2 occurs in the limiting case of a dilute active suspension. Superballistic diffusion
might occur in the transport of waves in photonic lattices, see for example Anderson [7] and
Hufnagel et al. [105], it is not visible in an active suspension.

The theoretical MSD for an active particle is known and given by [18, 78, 103, 147] in two
dimensions

2 (AL) = (4D +2(u)? Atg) At +2 (0F)? Atk (e*% -1), (6.5)
where v? is the particle speed and
F_3
R_TH a
T = T (6.6)
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Fig. 6.15.: Initially, all particle of the multi-particle simulation are placed in rows. Each parti-
cle has the opposing orientation of its neighbour in the same row, i.e. the orientation
angle of the first particle is 5; = 0, subsequently, the orientation angle of the sec-
ond particle is 8o = 7. Different particle densities are obtained by changing the
distance between the rows. (a) Setup with 128 particles, o® = 0.11. (b) Setup with
208 particles, a® = 0.17.

is a characteristic time-scale for the rotational diffusion of a spherical particle, see Bechinger
et al. [18]. The time-scale depends on the fluid viscosity pf, the particle diameter a, the
Boltzmann constant kp and the temperature 7. For short time scales At < 7%, (6.5) be-
comes the normal diffusion relation (6.3). For medium times At ~ 7%, the active particles
undergo ballistic diffusion and (6.5) becomes £ (At) = 4DAt + 2 (vP)? At>. For large time
scales At > 71 (6.5) again is a linear function of At [18].

In Fig. 6.18b the MSDs for five numerical experiments are presented. The time-step size of the
simulations is At = 1072, which is consequently the minimum value on the horizontal axis
of the diagram. For short and medium time intervals A¢, a power-law is found in accordance
to (6.4). For larger time intervals the assumption of a power law no longer holds. Crowding
leads to a decrease of the diffusion exponent . To obtain the exponent x, time intervals up
to 1000 time-steps, i.e. At = 10, are taken into account. Clearly, all examined systems lie
within the superdiffusive regime (Fig. 6.18c). Due to the accelerated motion of the particles
compared to passive Brownian particles this result is expected.

In case of a single particle x =~ 2, i.e. ballistic diffusion, is reached for medium time intervals
in accordance to (6.5). Particles can still move relatively undisturbed in a dilute suspension,
i.e. o = 0.04. Hence, the decrease of the exponent « is small compared to the single particle
simulation, see Fig. 6.18. The results for a single particle and the dilute suspension are in
good agreement with the theoretical MSD for active particles (6.5), where Bechinger et al.
[18] distinguished three different regimes, one for small, one for medium and one for large
time scales. In the short time regime normal diffusion is observed in experiments [215],
however, only if the strength of the propulsion mechanism is small [18]. In the presented
numerical experiments this regime is not visible, because the magnitude of the active stress
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Fig. 6.16.: The particle volume fraction o® is an important parameter for the behaviour of the

suspension. The particles in both images are identical with ¢ = 1 and ¢ = 2.5. (a)
Some particles accumulate at the walls of the domain in a dilute suspension with
o = 0.04. Particles in the bulk swim almost undisturbed from other particles. (b)
The volume fraction is increased to a® = 0.11. Distinct accumulations at the wall
are still visible. Additionally, particles form structures within the domain.

is comparably large and the short time regime is, subsequently, expected to be only visible on
time intervals smaller than the time-step of the simulation. In the medium time scale regime,
theory predicts an exponent x = 2, which is obtained for both, the single particle experiment
and the dilute suspension. Furthermore it is visible in Fig.6.18 that x decays for larger time
scales At > 10, which agrees with the theoretical examination (6.5). Note, however, that
the normal diffusion regime is not reached, i.e. the exponent is still larger than unity. With
increasing particle volume fraction o the behaviour of « changes. It decreases due to the
formation of clusters, which restrict the motility of individual particles, as visible in Fig 6.16b.
Increasing the volume fraction even higher than the given examples would lead to freezing, i.e.
all motion of any individual particle vanishes. In this case only bulk motion, i.e. the collective
motion by all particles in the same direction, is possible.

Minimal distance PDF and alignment PDF

In the previous section the formation of clusters has already been mentioned several times. A
cluster describes a number of particle close to each other. The particles within a cluster have
a tendency to align towards the same direction and move with similar velocities. Clusters can
break up and reassemble again and again. The exact behaviour depends on the parameters
of the simulation, especially the particle volume fraction. In the following paragraph the
formation of clusters is quantified by investigating the minimal distance PDF. All PDFs derived
in this work are obtained by using MATLAB-scripts, which are publicly available via TUdatalib
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Fig. 6.17.: Suspensions with higher particles densities form clearer structures. (a) The volume
fraction is ® = 0.17. Several particle cluster haven been formed. (b) High volume
fractions, in this example o® = 0.39, lead to almost crystalline structures.

[53]. The PDF is calculated by finding the position x, of the closest particle p towards a
probing particle

min

o <5 (tmm — rmin)> ™ =y, — xal s (6.7)

where x; is the position of the probing particle and ™" is the sample space variable. Fur-
thermore, lets define the particle near-field, which is bounded by a circle around :x; with the
radius a/2 + A, where X is the tolerance parameter necessary to numerically distinguish the
surfaces of different particles, see Sec. 4.6. As visible in Fig. 6.19 the behaviour of the PDF
in the near field area and the far field is substantially different, where the densest suspension
o = 0.39 constitutes a special case as the entire PDF lies within the near field region. The
splitting in the near and far field indicates the application of the shape symmetry (3.109),
relating two different fractions of the PDF towards each other. In the case of the minimal
distance PDF, the shape symmetry is given by

ftmm* _ ftmin ) (tmin>. (6.8)

On a side note, it might also be possible to use the general formulation of the intermittency
symmetry (3.118), because of the similarity of both symmetry transformation in the general
form, see (3.119). Apart from the reduction property (3.110) nothing is known about the
free function v (tmin). However, it is possible to derive properties from the data presented in
Fig. 6.19. Assume that f*" describes the PDF in the far field and ¢ (+™") modifies the PDF to

fit to the data in the near field. In the case of the far field PDF f*" it is possible to derive an
invariant solution from the intermittency symmetry for the particle position (3.122b) and the
constant Galilean symmetry, i.e. a constant spatial shift. This specific symmetries were chosen,
because it is apparent from the simulation snapshots that active suspensions form locally dense
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Fig. 6.18.: (a) The three diffusive regimes, the superballistic 2 < &, the superdiffusive 1 < k <
2 and the subdiffusive regime 0 < x < 1, exist. The three regimes are separated by
the special cases of ballistic diffusion x = 2 and normal diffusion x = 1. Illustration
based on Palyulin et al. [165]. (b) The Mean Squared Displacement (MSD) for
numerical experiments with different o°. The script necessary to obtain the data is
publicly available via TUdatalib [53]. (c) Active particles exist in the superdiffusive

regime. The particle volume fraction a® determines the value of x, where lsim K=
a”—0
2.

structures, i.e. show intermittent behaviour. Intermittency here refers to the phenomenon of
locally deterministic or ordered behaviour within an overall more chaotic system. Secondly,
the spatial shift was chosen, because it fits the intended result, which is a distance. The
result of the derivation of the invariant solution, which can be found in appendix A.2.1, is an
exponential distribution

F = O (e ) O ), ©9)

which contains two parameters a’ and C to fit the solution to the data. In Fig. 6.19 a fitting
for the far field region of the PDF is presented. The parameter C' is responsible for the slope in
the logarithmic diagram, i.e. the exponent of the PDF. As expected it increases with increas-
ing a¥, because the particles are more densely packed, thus, leading to more deterministic
states. The minimal distance PDF for the suspension with o = 0.39 does not reach the far
field, nevertheless, it is still possible to fit the exponential distribution (6.9) to the tail of the
PDF. Furthermore, it is straightforward to assume that in the limiting case o® — a2, the
distribution turns into a Dirac impulse at t™" = ¢/, turning (6.9) into the intermittency trans-
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Fig. 6.19.: (a) The structure of the minimal distance PDF f*" changes depending on the par-
ticle volume fraction o°. Furthermore, clear differences between the near and the
far field are visible. (b) Invariant solutions for the far field region are plotted in
orange. The employed coefficients are displayed in the table on the right.

formation (3.122a) with ¢;, = 0. The Dirac distribution can be reached from (6.9) by letting
C become infinitely large. At the other end of the density spectrum o® = 0.04, it is possible to
fit (6.9) to the entire distribution in the near and far field, indicated by the dashed extension
into the near field.

The variance of the exponential distribution (6.9) is defined as 1/C?. Subsequently, with
increasing particle volume fraction the variance decreases significantly, indicating a more and
more deterministic behaviour. For the high density suspension o® = 0.39, it is certain to find
the next particle in the near field region, which is enforced by the high density and missing
empty space. In a suspension of equally distributed particles, the distance towards the next
particle is 0.89, a value which is already within the near field region. The maximum of the PDF
is even closer to the minimal possible value at t™" = (.6, indicating an additional attraction
of the particles towards each other. For the medium density suspensions o = 0.11 and
o = 0.17, the variance is already significantly decreased compared to the dilute suspension.
Again, consider a suspension of equally distributed particles, for the suspension o® = 0.11
this leads to a distance towards the next particle of 1.73 and for the suspension a® = 0.17 to
distance of 1.36. Both values are in the far field region, nevertheless, the maximum of the PDF
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Fig. 6.20.: The alignment PDF f*""" is obtained by calculating the relative angle between a
probing particle and the particle closest towards the probing particle.

for both suspensions tJi% = 0.82, tfi = 0.81 lies within the near field region. Clearly, active
particles have a tendency to attract each other and form regions with high particle densities.

While the parameter C' can be interpreted straightforward as the influence of the particle
density on the PDF, the interpretation of o’ is a little more complex. In case of the dilute
suspension o® = 0.04, a’ = 0.6 is the minimal distance two particle can achieve due to the
smaller particle diameter b = 0.4 and the numerical tolerance parameter 4 = 0.1. The latter is
applied for each particle, hence, the minimal possible distance for each particle pair is b’ = 0.6.
In the diagram 6.19, b’ is the onset for the horizontal axis. The value of a’ increases with
increasing o® and seems to be related to the position of the local maximum of the PDF in the
near field region. While related to the maximum of the PDF, a’ does in general not equal the
position of the maximum. For medium densities the maxima lie in the centre of the near field
region. In case of the highest density suspension the local maximum is closer to ¥’ = 0.6, thus,
a’ is decreased compared to the previous suspensions. A second PDF is necessary to understand
the behaviour of the minimal distance PDF in the near field. Therefore, the alignment PDF
f¥"" is introduced, which describes the probability distribution of the relative angle 3, — 31
of the closest particle p towards a probing particle. The data is given in Fig. 6.20. For dilute
suspensions, e.g. a® = (.04, the probability between zero and  is almost equally distributed.
Maxima exists at ™" = 0 and b™" = r, however, the difference towards the rest of the
distribution is small. Such an PDF indicates a small preference of the particles to align parallel
towards each other, i.e. to obtain a relative angle of 5" = 0 or b™" = r, nevertheless, enough
space is available to allow mostly free rotation of each particle. The free rotation explains the
identical behaviour of the minimal distance PDF of the dilute suspension o = 0.04 in the
near and far field. Increasing the particle volume fraction leads to a stronger tendency of the
particles for a parallel alignment. The minimum at b = 7/2 and the two maxima become
stronger. Parallel aligned particles can be closer towards each other due to the ellipse shape
of the particles. Hence, one can observe a larger and distinctive maximum of the minimal
distance PDF f*"" in the near field region for higher particle densities, which shifts towards
the minimal possible distance ' = 0.6, see Fig. 6.19.

A constant PDF f*™"" = ¢(x,t) = 1/m independent of 6™ for the orientation angle is an
invariant solution of the orientation symmetry (3.50f), see appendix A.2.2. It is given by the
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blue constant in Fig. 6.20. The Lie operator X = 0/0b, is only defined for passive disks, i.e.
the active boundary condition and the ellipse-shape break the symmetry. Thus, the constant
PDF is a solution for passive disk-shaped particles and can only be considered as a limiting
case for an active suspension. Using the shape symmetry

J = P (). (6.10)
one obtains the PDF f b™x a5 a linear combination of the constant PDF f " and the shape
function ) (bm‘“). Hence, the shape function introduces the dependency on the particle shape
and the active stress. For the densest suspension a" = 0.39 the PDF is approximated by the
addition of the free function

_exp (c1 |cos (b™)| + 5|5 — b™") 1

ﬂ) (bmm) o T
e (feos (pm) M 1439 [5 0] 611
= 150 o ©1D

to the constant PDF. In Fig. 6.20 the approximate PDF for the highest particle volume fraction
o® = 0.39, obtained with the shape symmetry, is given in orange colour. For even higher
particle densities it is expected that the particles will align more and more towards each other,
which allows the maximum of the minimal distance PDF f*"" to shift closer to the minimal
possible distance ¥’ = 0.6. It is possible to retrieve the limiting case of only parallel aligned
particles from (6.11) by letting the exponent c; become infinite and choosing the other con-
stants c1, c3, ¢4 appropriately in order to not violate the reduction property (3.66). The result
is a deterministic distribution containing two Dirac impulses at 0 and 7. Thus, in the limiting
case the intermittency symmetry (3.122c)

7 = cinef” + (1 = cine)8 (b — B)
where ¢, = 0, is retrieved.

Clearly, the behaviour of the minimal distance PDF and the alignment PDF are related, leading
to the introduction of a joint PDF. Simulation data for the joint PDF, formed with the sample
space variable for the minimal distance t™" and the relative angle 4™, is shown in Fig. 6.21
for the two suspensions o® = 0.11 and o® = 0.39. The joint PDF clearly shows the different
behaviour of the particles in the near field 0.6 < t™" < 1.2 depending on the volume fraction
and confirms the previously made observations. In the case of the densest suspension o® =
0.39 the particles most likely are located in the closest proximity of each other. This is only
possible if the relative angle is either zero or m, i.e. the particle move either in the same or in
the opposing direction. The setup is symmetric, i.e. there is no significant difference between
the two maxima in Fig. 6.21b. The more dilute suspension on the other hand, has a much
wider range of possible outcomes. Two distinct maxima exist, one at approximately (0.6, 0)
and on at approximately (1.2, 7), see Fig. 6.21a. Thus, two different preferred state exist. The
first maximum is related to to configuration, where two particles are placed right next to each
other in parallel and facing in the same direction. Such a situation is most commonly found at
the domain wall, see Fig. 6.16. The second maxima is related to two particles opposing each
other and being located at the westernmost or easternmost point of the opposing particle,
similar to the situation shown in Fig. 6.8a. Particle states outside of the maxima regions
are relatively likely to happen compared to the denser suspension, which is similarly visible
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Fig. 6.21.: The joint PDF formed with the minimal distance and the alignment of two particles
towards each other reveals the reason for the different behaviour in the near field
region. (a) The joint PDF for o® = 0.11 contains two maxima, however, a wide
range of states are possible. (b) The joint PDF for o° = 0.39 shows two maxima.
All particles align parallel, either in the same direction ¥™" = 0 or in the opposing
direction p™" = 7.

in the marginal minimal distance PDF in Fig. 6.19. The joint PDF for all four suspensions
can be found in App. A.3. In conclusion, higher particle densities lead to more deterministic
probability distributions of the minimal distance and the relative orientation, whereas dilute
suspension show a chaotic behaviour with respect to the two variables mentioned before.

Particle velocity PDF

In the minimal distance and relative angle PDFs no clearly chaotic behaviour could be found
for dense suspensions. In fact, with increasing particle density the behaviour becomes more
and more deterministic. For the dilute suspension o® = 0.04, on the other hand, the alignhment
PDF shows behaviour which could be interpreted as chaotic, because no preferred direction
of alignment exists. The analysis of the particle velocity PDF in the following paragraph will
reveal partially deterministic and partially chaotic behaviour. The velocity PDF in its most
general form

Y=V -0) (6.12)

describes the probability of finding a certain velocity at a specific point in space and time in
both phases. In this paragraph, the focus lies on the probability distribution of the particle
velocity, hence, the particle velocity PDF is defined

V= (5 (VS —uf)). (6.13)
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Fig. 6.22.: The diagram shows the probability distribution for the speed, i.e. the absolute value
of the velocity, of the particles. Four suspensions and a single-particle experiment
are depicted.

The systems under investigation do not contain any preferred direction, due to the symmet-
ric shape of the physical domain. Hence, the velocity components in both directions of the
R2-space form the database. Furthermore, the speed PDF is defined, i.e. the probability dis-
tribution of the absolute value of the particle velocity

=00 -|U)). (6.14)
The speed PDF is depicted in Fig. 6.22 for a single active particle and four different active
suspensions. A single particle will reach its terminal velocity after the acceleration phase.
Subsequently, the PDF takes the form of an equal distribution for the lower velocities, de-
scribing the acceleration phase. The most likely state for such a system is the particle moving
with the terminal velocity, hence, one obtains a maximum at the right end of the distribution.
This behaviour changes completely once multiple particles are considered. Due to the inter-
actions between the particles, each particle is constantly accelerated and decelerated. Hence,
the maximum is shifted towards zero with increasing particle density. In dilute suspensions
(o® = 0.04 and o® = 0.11), the maximum speed exceeds that of the single particle. This
increase is caused by the interactions and collisions between particles. While some particles
might slow down, others might be accelerated further by their neighbours. Furthermore, in
the case of the suspension with o = 0.04 the behaviour of the single particle system is still
visible. The PDF forms a plateau around U = 0.1, reminiscent of the equal distribution of the
single particle for smaller speeds. Increasing the particle volume fraction o further leads to
a decreasing maximum speed and an increased probability of lower speeds, i.e. a maximum
of the PDF located close to zero.

The PDF for the velocity components shows, as expected, a similar behaviour to the speed-PDF.
The main difference is the maximum for all velocity-PDFs at V' = 0, which is not visible in the
speed-PDF. Components of the velocity vector might become zero while the particle is moving
parallel to one of the axes of the coordinate system. Thus, even if the speed of the particle is
non-zero, individual components might vanish, leading to the visible maximum at V' = 0. As
mentioned earlier, no preferred direction exists in the fully closed quadratic domain, hence,
the velocity PDF is symmetric. Subsequently, it is sufficient to show the PDF of the absolute
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Fig. 6.23.: (@) The diagram shows the velocity PDF for four different suspensions. (b) An
approximation for the velocity PDF is obtained by using a linear combination of
two functions of the type (6.16).

value of the velocity components, which is done in Fig. 6.23, where the absolute value of the
components is denoted by V. To investigate the velocity PDF, the invariant solution obtained
from the shape symmetry of the velocity PDF is used. This solution is the single-point shape
symmetry itself

V= vy (6.15)

The free function ¢ (V') allows the PDF to be represented as a linear combination of individual
functions. Again, the general intermittency symmetry (3.118) can be used equivalently due
to (3.119). Choosing the ansatz

e (V) _ Cl€7c2|V\c3 + wn+1 (V) (6.16)

permits to identify heavy and light tailed distribution. A heavy tailed PDF decreases more
slowly compared to a standard normal distribution, i.e. rare events become more likely. Such a
slowly decaying distribution indicates chaotic behaviour, because the system can enter a wider
variety of states. As such it is related to the definition of intermittency given in Sec. 3.6.2, i.e.
intermittency describes the sudden outburst of an otherwise rare event [135, 206]. A light
tailed distribution on the other hand decays faster than a comparable normal distribution.
Hence, it is related to more deterministic states. The ansatz function (6.16) can become a
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Tab. 6.1.: All coefficients necessary to define the function depicted in Fig. 6.23b are denoted
in this table.

oS | 0.04 0.11 0.17 0.39

1/}1 wZ wi’y wl wQ wl w2 wl w2

¢y | 13.19 2.85 4.52|14.73 833 |16.8 9.67 | 1.43 140
¢y | 161.12 90.36 0 16.92 66.54 | 27.16 85.91 | 272.84 79.00
c3 | 1.56 246 0 1.06 1.94 |1.18 192 | 1.53 1.00

normal distribution if ¢c3 = 2, hence, a heavy tailed distribution is obtained for c3 < 2 and a
light tailed one for c3 > 2. Necessarily, the next ansatz function /"1 (V) needs to ensure that
the reduction property (3.66) of the PDF is preserved.

In Fig. 6.23b, two functions !, ? are used to approximate the velocity PDF. A third function
Y3 = fV is used to preserve the reduction property leading to the PDF

=ty (6.17)
Only in case of the dilute suspension a® = 0.04, an additional free function is necessary,
which reduces to a constant. All coefficients are shown in Tab. 6.1. As already mentioned, to
distinguish between heavy and light tailed distributions, the coefficient c; is of interest. The
inner PDF, depicted in orange in Fig. 6.23b and described by !, and by ¢! + ¢ in case of
the dilute suspension a® = 0.04, is a heavy tailed distribution c3 < 2 for all given examples.
Nevertheless, significant differences are visible between the suspension. The second o® = 0.11
and third suspension o® = 0.17 have a much smaller exponent, i.e. heavier tails, than the
densest suspension o® = 0.39 and the dilute suspension o® = 0.04. Due to the comparably
small exponent c3 both inner PDFs for a® = 0.11 and o® = 0.17 have a wide range of possible
outcomes, thus, indicating chaotic behaviour. The inner PDF is a valid approximation of the
data in the interval 0 < V < 0.12. The maximum value of the inner PDF for both suspensions
is at V.= 0, where f};; (V =0) = 833 and f};, (V =0) = 9.67. The minimum values
within the given interval are fY;, (V = 0.12) = 2.81 and f};, (V = 0) = 2.23. Hence, both
suspensions behave similar, despite the visual differences between the suspensions (Fig. 6.16a,
Fig. 6.17a). Clusters are formed, as indicated by the minimal distance PDF. However, the
particle velocity shows a high variance even within such clusters, leading to the constant
break up and re-formation of local structures.

In case of the high density suspension a® = 0.39 on the other hand, the inner PDF is more
similar to a normal distribution with an exponent ¢5 = 1.53 compared to the suspensions with
medium densities. It is a valid approximation for small velocities 0 < V' < 0.05. While it is
still a heavy tailed PDFs, outcomes close to zero fY5, (V = 0) = 41.97 are up to 16.79 times
more likely than outcomes closes to 0.05, where f5, (V = 0.05) = 2.5. Hence, the densely
packed particles move much slower and with a smaller variance compared to the suspensions
with medium density, indicating the formation of stable structures.

It is already visible in the speed-PDF that the dilute suspension behaves differently. The inner
PDF is formed by a linear combination of the function 1! and the constant 1) and shows good
agreement with the data in the interval 0 < V' < 0.12. The maximum value at V' = 0 is 16.04,
i.e. it is 3.55 times higher than the value of 3. Compared to the densest suspension, the
distribution is much closer to an equal distribution, i.e. all events within the area of the inner
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distribution are approximately equally likely. This behaviour is reminiscent of the behaviour
of a single particle, see Fig. 6.22. Clearly, the time-span between particle-particle interactions
is large enough for the particles to constantly accelerate towards the single particle terminal
velocity, which itself is part of the outer PDF. In accordance to the almost equal distribution of
the PDF no cluster is formed in the centre of the domain (Fig. 6.16a). The increase of the PDF
towards zero and the maximum at zero is caused by the emergence of particle formations at
the domain wall, see Fig. 6.16a.

The outer PDF, depicted in blue in Fig. 6.23b and described by )5, shows a change in behaviour
for all suspensions. The heavy-tail behaviour of the densest suspension is reinforced, whereas
the other three suspensions get lighter tails. While the terminal velocity of a single particle
can be exceeded in a suspension, due to collisions and indirect particle-particle interactions,
a limit for the maximum velocity exists. This limit has to be understood as a soft limit, i.e.
higher velocities become simply unlikely, jet are not impossible. In order to comply with this
soft maximum limit, the decay of the velocity PDFs of the three more dilute suspension needs
to accelerate compared to the inner PDF, which is achieved by a higher exponent c3. In case
of the densest suspension, the inner PDF already decayed quickly. Hence, in the region of the
outer PDF no additional limitation exists, which would cause an increasing decay of the PDF,
leading to the exponent c3 = 1.0, i.e. a very light tail, indicating intermittent behaviour.

To further the understanding of the interactions of the particles, especially in a dense suspen-
sion, one might investigate a joint PDF. The PDF formed with the sample space variable of the
minimal distance t™", see (6.7), and the sample space variable v”¢ of the relative speed of
two particles

P = |1, — Y44 (6.18)

is

Fro = <5 (enin - rmin) 5 (077 — qu)> . (6.19)
Due to the correlation of the minimum distance ™" and the relative velocity v?9 in (6.19), it
is possible to derive conclusions about the stability of the structures visible in the snapshots
of the simulations, see Fig. 6.16 and Fig. 6.17. Data from the simulations for the joint PDF is
presented in Fig. 6.24 for two suspension. Results for all investigated systems can be found
in App. A.3. The differences between the two suspensions are immediately noticeable. The
lower density suspension, see Fig. 6.24a, shows two maxima, whereas the high density sus-
pension, see Fig. 6.24b, only shows one maximum. The latter maximum is a direct result of
the geometrical constraints in a dense suspension, which are also visible in the marginal PDF
for the minimal distance, see Fig. 6.19 and the joint PDF for the minimal distance and the
alignment, see Fig. 6.21b. Due to the low relative velocity in the dense suspension, struc-
tures such as clusters are relatively stable and the spatial configuration of the suspension only
changes slowly. Note that a structure formed with several particles might still have a signifi-
cant velocity, only the relative velocity between the particles vanishes. States outside of the
immediate near-field region are very unlikely for the suspension o® = 0.39, while the particles
in the other suspension o® = 0.11 have a wide range of possible states. Thus, any structure
emerging in a lower density suspension is relatively unstable due to the high relative velocities.
The maximum at approximately (1.2,0) for the suspension presented in Fig. 6.24 is related
to the maximum (1.2, 7) in the joint PDF for the minimal distance and the alignment, see
Fig. 6.21a. It is related to the two particle interaction investigated in Fig. 6.8. Two opposing
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Fig. 6.24.: (a) The diagram shows the joint PDF formed with the minimal distance and relative
velocity for the suspension o = 0.11. (b) Only the maximum in the lower left
corner remains for the densest suspension a” = 0.39.

particles block their paths, thus, leading to a decaying relative velocity. Hence, opposing par-
ticles might have a stabilising effect on clusters formed within the domain. The maximum in
the left lower corner, on the other hand, is mostly caused by particles at the wall. As visible
in Fig. 6.16b, particles directly at the wall align parallel and are orientated towards the wall.
Due to the blocking nature of the wall, the absolute and the relative velocities decay.

The behaviour of the velocity-PDFs is reminiscent of the definition of intermittency. This term
describes both the consistent alternation of deterministic and stochastic behaviour and the
sudden eruption of an otherwise rare event. Both definitions have already been used in the
definition of intermittency symmetry (3.122a). Forming the limiting case of the ansatz func-
tion (6.16) delivers the Dirac function

lim ce@VI® =5(v). (6.20)

C1,C2—00

Subsequently, by forming the limiting case for the inner PDF ! it is possible to retrieve the
single-point version of the intermittency symmetry (3.122a)

V=i + (1 —cin) 0 (V=T). (6.21)

Here, U represents the velocity of an ideal cluster, where all particle share the same velocity.
The parameter ¢, increases steadily for the three suspensions o® = 0.11, o® = 0.17 and
a® = 0.39 as visible in Tab. 6.1. Hence, it is expected for c; to increase further with increasing
particle density, leading to the limiting case (6.20). Accordingly, the parameter ¢; can be
directly related to cjy, i.€. Cint = C1.

A system with a global particle volume fraction o® = a2, freezes, hence, the velocity van-

ishes once the limiting case is reached. If a cluster of particles locally approaches the maxi-
mum volume fraction, but the overall domain is much larger than the cluster, motion is still
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possible. The velocity U in (6.21) then represents the cluster velocity U = U< which
is identical for all particles within the cluster as no relative motion between the particles is
possible. In other words, one would observe a phase separation, where the cluster is a solid
phase and the surroundings with lower particle density are occupied by a fluid phase of a new
pseudo-material, which contains the particles as molecules. Subsequently, while the name
intermittency symmetry was adopted from turbulence research, in the context of active par-
ticles cluster or phase-separation symmetry would be a more fitting name. Reformulating the
general intermittency symmetry (3.118) for an ideal cluster delivers

K N
Kf* = Cint Kf + (1 — Cint) H ) (kV _ UCluster> 5 (X o X) H 5 (bp o Bcluster) ) (6.22)
k=1 p=1

The two variables cluster velocity U’ and orientation "' are used to describe the deter-
ministic part of the PDF. Due to the separation property, the symmetry transformation (3.120)
is only valid in a finite domain, hence, this formulation of the symmetry transformation returns
the probability (1 — ¢ipe) of the formation of an ideal cluster with a uniform cluster velocity
and orientation. In reality small deviations from the cluster velocity and orientations might
exist, which are small enough to not break the cohesion of the cluster. Such a real cluster can
be, for example, represented by a product of normal distributions &, (z) = (2me) % ¢=2*/(20),
where the limiting case lgr(l) de (z) = d (x) returns the Dirac delta. Hence, the cluster-symmetry

transformation for real clusters reads

K N
Kf* _ Cinth + (1 o Cint) H 56 (sz _ Ucluster) H 5 (Xp _ Xp) 56 (bp _ ﬁcluster) (623)
k=1 p=1

where the parameter e, U and °1Uter peed to be chosen appropriately such that  f* is
a solution of the PDF hierarchy (3.96). Particle-resolved simulations of a system with visible
phase separation would require an enormous computational power due to the large number
of particles. Hence, to investigate the cluster- or phase-separation symmetry further, the ho-
mogenised model is used.

It should be noted that intermittency and shape symmetry also occur in systems with passive
particles without the presence of active particles. However, for the formation of clusters, es-
pecially in the centre of the domain without direct participation of walls, the activity of the
particles is mandatory. It can therefore be assumed that the parameters ¢, ¢y and cs are
functions of the active stress.

6.3. Results for the homogenised model

The homogenised model, as presented in Sec. 5, is used to simulate larger systems of active
suspensions. All data presented in this section is publicly available via TUdatalib [52]. Con-
sider a steady planar flow, i.e. all derivatives in the x; and x3 direction vanish. Furthermore,
the pressure gradient in the x» direction is considered to be zero, due to the steady state of
the system, which requires vanishing vertical transport of material. The domain setup is given
in Fig. 6.25. At first, classical planar flows with a constant initial particle distribution are ex-
amined. Difference and similarities between the behaviour of a Poiseuille flow, a Couette flow
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Fig. 6.25.: The setup for all planar channel flows. The upper and lower boundaries are solid
impermeable walls. All gradients in the x;-direction beside a possible constant
pressure gradient vanish, hence, one-dimensional profiles are sufficient to describe
the flow through the channel.

and the combination of both are investigated. A planar Poiseuille flow is driven by a constant
pressure gradient parallel to the walls. A Couette flow is a planar shear flow, achieved by
prescribing a velocity in the tangential direction at the wall. Special attention is given to the
influence of the different interaction forces between the phases. In a second series of numer-
ical experiments, the phase separation symmetry is investigated, which was already derived
from the behaviour of the multi-particle simulation in the previous section.

It is necessary to define boundary conditions for all physical quantities for both phases at the
domain boundary. The upper and lower boundaries are considered to be impermeable, hence,
all velocities in x,-direction vanish at the boundary. Furthermore, a no-slip condition is ap-
plied for the fluid velocity. Particles, however, tend to slide alongside the wall, which can be
deduced from numerical experiments using the BoSSS framework, see Sec. 6.2.2. Hence, a
Neumann condition is used for the averaged solid phase velocity v in the horizontal direction,
i.e. the derivative dvy /Oxy = 0 vanishes, permitting a slip velocity tangential to the wall. The

wall is still considered impermeable, hence, the velocity v5 = 0 vanishes at the wall. In this re-
spect, the results presented here differ from those presented by Deuf’en et al. [55, 54]. In the
aforementioned publication, a vanishing velocity at the wall was assumed for the horizontal
velocity of the solid phase. However, considering the results from the particle-resolved simu-
lations, see Fig. 6.11, a Neumann condition for the velocity parallel to the wall seems more
reasonable. Further quantities, i.e. the particle rotational velocity w?, the particle orientation

? and the solid phase volume fraction o are also bounded by a Neumann condition.

The first test case is a Poiseuille flow with a constant pressure gradient dp /9z; = —10% in
the 7 direction. The magnitude of the active force acting on the particles is varied between
the experiments. The averaged orientation of the particle is enforced to be constant. While
this is clearly an assumption, it is a physical one. In all numerical experiments shear flows
are investigated. It is known that under the presence of a shear flow particles in a suspension
tend to align towards another [47, 213]. Furthermore, the particle resolved simulations in
a channel indicate, that a steady state is reached for the averaged orientation, see Fig. 6.13.
The averaged orientation vector is chosen to be e® = [0.855, 0].

In case of a single-phase Newtonian Poiseuille flow, such an experiment results in a parabolic
velocity profile. The parabolic profile can be used to benchmark the implementation of the
model. While it is not possible to simulate single-phase problems due to the logistic function
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Fig. 6.26.: (a) The fluid velocity profile, (b) the solid phase velocity profile and (c) the volume
fraction o profile in case of a passive suspension for three classical flows.

bounding the particle volume fraction (5.134), a simulation with a® — 0 is possible. Com-
paring the solution obtained with o = 3.36 - 10~ with the analytical solution of a planar
Poiseuille flow u!" = x5/ (2Re) (—9pF /D) (H — x3), where H is the height of the channel,
and calculating the Lo-norm of the resulting Residual vector yields a relative error of 1.6-1073.

Similarly, passive suspensions, i.e. 2(° = 0, also develop a parabolic velocity profile as shown
in Fig. 6.26. As mentioned in Sec. 2.3.1 small passive particles are subject to Brownian mo-
tion, which was not considered in the derivation of the model equations in Sec. 5. However,
due to the volume average, the stochastic effect of the Brownian motion vanishes, because its
probability is normal distributed with an expectation value of zero, see Einstein [67]. In this
experiment and all following experiments the Reynolds number is set to Re’” = 10~%. Due to
the low value, passive particles are expected to closely follow the fluid phase. Subsequently,
the relative velocity w; between the two phases approaches zero and the interaction forces

vanish, because of their dependency on w?. It should be noted that w? does not become
exactly zero. However, the resulting deviation of the particle distribution from the initial, con-
stant distribution is small and, subsequently, negligible, see Fig. 6.26c. Besides the solution for
the Poiseuille flow of a passive suspension, Fig. 6.26 also presents results for a Couette and a
Couette-Poiseuille flow. In case of the Couette flow a linear velocity profile is obtained, equiva-
lent to the solution of a single phase fluid flow. The resulting profiles for the Poiseuille-Couette
flow are linear combinations of the two constituting flows. Due to the low Reynolds number,
the convective terms in (5.132) vanish, leading to a linearisation of the system. Furthermore,
the evolution equation for the particle position (2.46) was not used in the derivation of the
homogenised model, because the information about the exact position of the particles is lost.
Thus, the linear symmetry (3.36g) is present in the system, leading to the linear combination
of the results of the Poiseuille and Couette flow in case of the combined Couette-Poiseuille
flow.

In the case of active suspensions, the situation is different. The active force creates a velocity
difference between the phases. This permits the interaction terms to become effective. In
Fig. 6.27, the resulting velocity profiles and particle distributions are shown. As expected, the
active force causes a significant relative velocity w; between the two phases of the system.
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Fig. 6.27.: The velocity profiles of a planar active Poiseuille flow deviate strongly from the
classical parabolic profile with increasing active force. (a) On the left panel the
averaged fluid velocity is shown. (b) The averaged solid phase velocity increases
with increasing active force. (c) The velocity difference between the two phases
permits lift forces in the x2 direction, leading to an increase in particle density at
the boundaries and a depletion in the centre of the domain.

With increasing 2(¢ the gap between the two phases widens, as the particle velocity increases,
including the slip velocity at the boundary, whereas the fluid velocity decreases. Subsequently,
due to the dependency of the interaction forces between the phases on w?, vertical force
components cause an accumulation of solid material at the domain boundaries. Such an effect
is well-known in the literature, see for example Bechinger et al. [18], Berke et al. [22], and
Ezhilan and Saintillan [74], and was also observed in the particle resolved simulations, see
Sec. 6.2. Similar results were obtained by Deuf3en et al. [55], where as mentioned the only
difference to the present setup is the permitted slip velocity of the horizontal averaged particle
velocity. Due to the constant particle orientation parallel to the z; direction, the averaged
active force does not directly contribute to the movement of solid material in the vertical
direction. Rather, the lift forces are responsible for this behaviour. The velocity difference
is relatively small, hence, the circulation lift force F/*C is still negligible. Furthermore, the

difference 0.5 E — w3 vanishes due to the drag torque, leading to an negligible Magnus-force.

The attraction of the active particles towards the wall as modelled in (5.114) decays with
1/h*. Thus, in the centre of the present channel such effects play a minor role. Subsequently,
the Saffman-force is the only remaining cause of the shift in the distribution of the particles
[55]. Such an behaviour is unknown from passive suspensions, where Saffman-forces play
an overall minor role, i.e. no change in the particle distribution can be observed. Especially
for passive spheres, it was shown that the Saffman-force is negligible [1, 49, 131]. Other
examinations of active particles mainly focus on the active wall attraction [18, 22, 74, 208]
and do not consider the Saffman-force as a relevant parameter.

In the following paragraph, an active Couette flow is analysed. The particles are the same as in
case of the Poiseuille flow and their orientation is again fixed. A constant velocity v, = 1072
is prescribed as a boundary condition for the fluid velocity at the upper wall. The slip velocity
for the solid phase is still permitted at both walls. The resulting velocity profiles and particle
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Fig. 6.28.: The velocity profiles of a planar active Couette flow deviate from the classical linear
profile with increasing active force. (a) On the left panel the averaged fluid velocity
is shown. (b) The averaged solid phase velocity increases with increasing active
force. (c) The velocity difference between the two phases permits lift forces in the
x4 direction, leading to an increase in particle density at the fixed lower boundary
and a depletion at the upper moving boundary.

distributions are presented in Fig. 6.28. For vanishing active forces 2(¢ = 0, the linear velocity
profile of a Newtonian planar Couette flow is retrieved, see Fig. 6.26a+b. With increasing
active force the velocity profiles deviate from this linear profile. The fluid velocity is decreased
in the near wall region of the lower boundary and increased at the upper boundary compared
to a linear profile. The slip velocity of the particle phase becomes more dominant. At the lower
wall, the solid phase velocity profile deviates from a linear profile. The velocity decreases
faster than linear, corresponding with the increase of the particle volume fraction o°. At the
moving upper wall, the particle velocity increases stronger than linear, corresponding with
a decrease of the particle density in the same region. The depletion of the particle phase
at the upper wall shows that interaction forces, namely the Saffman-force, are dominant in
this setup. The active wall attraction is not able to counter the Saffman-force, hence, driving
particle material away from the upper wall towards the lower wall. Similar to the Poiseuille
flow, the active force exerted by the particles is indirectly responsible for the change in the
particle distribution. It creates the velocity difference between the two phases, which permits
the Saffman-force and is not visible in a passive suspension. Similar results have been obtained
for a setup with vanishing slip velocity [55], however, the slip velocity strengthens the effect
of the Saffman-force due to the higher velocity difference.

Combining the two previous classical flows delivers a Couette-Poiseuille flow, i.e. the flow is
driven by the pressure gradient dp¥ /9x; = —10% and the prescribed fluid velocity ul’  =1072
at the upper boundary. Results are shown in Fig. 6.29. Effects of both constituting flows are
visible. The depletion of solid material in the centre of the domain and the maximum of the
velocity profiles is shifted towards the upper wall compared to the Poiseuille flow. Particles
accumulate at both boundaries, however, the accumulation is stronger at the lower wall due
to the Couette part of the flow. Again, for small active forces (Fig. 6.29a+b) and passive
suspensions (Fig 6.26a+Db), the well-known profile of a Newtonian Coeutte-Poiseuille flow is
retrieved. In case of a single phase Newtonian fluid in a low Reynolds setup, the velocity
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Fig. 6.29.: The velocity profiles of a planar active Couette-Poiseuille flow deviate from the
classical profile with increasing active force. (a) On the left panel the averaged fluid
velocity is shown. (b) The averaged solid phase velocity increases with increasing
active force. (c) The velocity difference between the two phases permits lift forces
in the zo direction, leading to an increase in particle density at the fixed lower
boundary and a smaller increase at the upper moving boundary. The depletion of
material from the bulk flow is off-centred.

profile is a linear combination of the velocities of the Couette and the Poiseuille flow due to
the linearity of the Stokes equation. This linear feature of the single-phase unsteady Stokes
equation becomes visible in the symmetry (3.36g), allowing the addition of any solution of
the Stokes equation to another solution. As remarked in Sec. 3.3.2, this symmetry is not
generally applicable to a suspension. It is the temporal evolution of the particle position, see
(2.46), which breaks the symmetry. All information about the specific location of an individual
particle is lost due to the averaging process. Thus, (2.46) is not used for the derivation of the
homogenised system (5.132) and the symmetry transformation (3.36g) is applicable.

To analyse the differences between the three flows and the situation at the upper and lower
wall, a boundary layer thickness dy, is introduced. The length scale ¢, is defined as the distance
from the wall where o deviates only by 1% from the mean value of a°. A linear interpola-
tion is used to find the correct value of ¢, between grid-points. The results are presented in
Fig. 6.30. As expected J;, increases with increasing active force 2(¢, however, the behaviour
differs slightly between the different examined flows. In case of the Poiseuille flow, which is
used as a reference, the increase is linear with a proportionality constant ¢ = 1.29 - 1075, At
the lower boundary of the Couette flow, the thickness of the boundary layer also increases
linearly with ¢ = 1.48 - 10~°, whereas on the upper, moving wall a deviation from the linear
behaviour is visible. While for smaller values of 2(¢ it increases faster than the Poiseuille refer-
ence, for higher active forces it shows a tendency to align with the curve of the Poiseuille flow.
The boundary layer thickness §;, of the Couette-Poiseuille flow seems to behave similar to an
average of the Poiseuille and Couette flows in accordance to the aforementioned superposition
principle. The thickness is overall increased at the lower boundary compared to the aforemen-
tioned flows. However, the slope is decreased compared to the Couette case; the constant is
c = 1.34-1075. At the upper boundary the curve aligns more strongly towards the curve of
the Poiseuille flow for high active stresses, while it deviates similar to the Couette case from
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Fig. 6.30.: The boundary layer thickness ¢, behaves differently for the upper and lower bound-
ary. (a) In the left panel the situation for the Couette flow is shown and ¢, at the
lower boundary of the Poiseulle flow is used as reference. (b) In the right panel the
boundary layer of the Couette-Poiseulle flow is depicted.

the linear behaviour at lower 2(¢.

Until now the starting distribution of the particles was always constant over the entire height of
the domain. Uneven starting distributions might enforce interesting behaviour. In the next ex-
periment, a cubic polynomial is used to initialise the logistic function ¢, = (2.5 (0.5 — 1'2))3,
which defines the particle volume fraction. The flow is driven by the active force of the par-
ticles and a prescribed velocity at the upper wall ugau = 1072, i.e. it is a Couette flow. The
resulting velocities and particle distribution are presented in Fig. 6.31. Two things become
apparent on first sight. The magnitude of the fluid velocity in the x; direction might become
negative and o vanishes at the upper moving boundary for larger active forces 2°. The de-
pletion leads to an interesting behaviour of the fluid velocity. In the quasi single-phase region,
where almost only fluid is present, a linear velocity profile for the fluid phase is retrieved. The
flow in this region can be represented by a single-phase Couette flow with two moving walls.
The velocity of the upper wall would equal the prescribed boundary velocity of the present ex-
periment and the velocity of the lower wall equals the fluid velocity of the last point with two
phases present. Depletion is only reached for high active forces, i.e. the described behaviour
is only visible for 2(° = 2500 and 24 = 5000. Furthermore, the depletion is not complete, i.e.
there are still particles preset in very small numbers.

The single-phase and two-phase regions are separated by a jump in the particle distribution.
Subsequently, as predicted by the analysis of the shape and intermittency symmetry in com-
bination with the particle resolved simulations, see Sec. 6.2.3 and Eq. (6.21), separation into
different phases is a property of active suspensions. If one considers the suspension to be
a new pseudo-material, where the active particles are the equivalent to the molecules of a
physical material, the single-phase region is occupied by a gaseous phase of this new mate-
rial, leading to the name active gas phase. Fitting this analogy, the remaining particles in the
active gas phase move relatively fast, see Fig. 6.31b. Particle resolved simulations show that
in the case of dilute suspensions no structures are formed in the domain, see Fig. 6.16a. In
combination with the high averaged velocity it can be assumed that the particles move in a
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Fig. 6.31.: Unevenly distributed particle material can lead to interesting phase separation be-
haviour. A cubic polynomial was used as initial particle distribution, leading to a
complete depletion of the particle phase at the upper moving boundary.

Tab. 6.2.: The position of the phase interfaces between the three active phases in the experi-
ment shown in Fig. 6.31 are shown in this tabular.

PI liquid/solid | gas/liquid
500 | 0.044 -

1000 | 0.033 -

2500 | 0.02 0.973
5000 | 0.013 0.957

chaotic manner. Hence, the particle behaviour in the active gas can be related to the stochastic
term of the phase separation symmetry (6.23) and the fluid behaviour can be related to the
deterministic term in the aforementioned symmetry.

In large parts of the two-phase region, the state of matter of the pseudo-material is liquid, i.e.
it is an active liquid. The active particles are packed much more densely than in the active gas
phase, but velocity gradients on large and small scales are still possible. Not quite as obvious
as in the case of the transition from gaseous to liquid, the suspension near the lower wall
changes to a state resembling a solid. There is no visible jump in the particle distribution.
However, the particle velocity at the lower wall decreases to an almost constant value close
to zero. In analogy to the molecules in a solid, which from a macroscopic point of view
all move at the same speed, we call the material in this region an active solid. It should be
noted, that the change of the particle volume fraction in this region from the initial state is
negligible, i.e the pseudo-material is frozen, which is the main reason for the missing jump
and the clear separation between liquid and solid phase. Hence, in this experiment the active
solid behaves like a glass, i.e. a frozen melt. For the purpose of this examination the position
of the interface will be defined as the point where the local velocity gradient is smaller than
10% of the averaged velocity gradient of the two-phase region. The position of the phase
interfaces is given in Tab. 6.2. The active solid phase is another example for the action of
the phase separation symmetry, given by (6.23) for a realistic cluster. While in other regions
of the domain the gradient of the velocity is large and might change quickly, the velocity in
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Fig. 6.32.: Unevenly distributed particle material can lead to interesting phase separation be-
haviour. A cubic polynomial was used as initial particle distribution, leading to a
complete depletion of the particle phase at the upper moving boundary.

the active solid phase is approximately constant, i.e. related to the cluster velocity introduced
in Sec. 6.2.3. The fluid phase on the other hand behaves much more dynamic, including a
region of backflow for high averaged active forces. Thus, it is related to the stochastic part of
the phase separation symmetry. The observation of phase separation in an active suspension is
well documented, including the terminology active gas, active liquid and the glass-like active
solid, see for example Berthier and Kurchan [23], Buttinoni et al. [36], Henkes et al. [91],
Marchetti et al. [146], and Paoluzzi et al. [166]. To the authors knowledge, the connection,
which is derived with the help of Lie symmetries, between the simulation results showing
clustering and phase separation and the underlying theory is a new idea, developed in the
present work. A further discussion of this connection can be found in the final section of this
thesis, see Sec. 7.5.

A second experiment with a non-constant particle distribution delivers an even clearer picture
of the phase separation. The particle volume fraction is initialised by a parabolic profile for
the logistic function ¢g® = 20 (x4 — 0.5)2 — 3, i.e. most particles are already at the boundaries,
whereas the centre of the domain contains a smaller number of particles. Additionally to the
activity of the particles, the flow is driven by a pressure gradient dp!'/0z; = —10%. The results
for the velocities in the z; direction and the particle distribution are given in Fig. 6.32. In the
centre of the domain, the active gas is present for high active forces. Similar to the linear profile
in case of a Couette flow, the fluid velocity forms a parabolic profile in the region occupied by
the active gas, which is known from single-phase Newtonian flows and passive suspensions,
see Fig. 6.26. Especially for large active forces, the transition between the active liquid and
the active solid also becomes clearly visible in the form of a kink in the particle distribution.
In the active solid region, the particle distribution shows almost no deviation from the initial
distribution and the particle velocity is close to zero, i.e. the suspension is frozen. In the active
liquid region, the particle distribution profile deviates clearly for high active forces from the
initial parabolic profile, which is still intact for suspensions with lower active forces 20° < 1000.
In the present experiment the active gas only develops for the highest active force 21 = 5000,
the interfaces are located at 2o = 0.28 and x2 = 0.72. The kinks in the particle distribution are
located at x5 = 0.08 and x2 = 0.92 for 2¢ = 5000 and at x5 = 0.07 and z3 = 0.93 for 2(¢ = 2500.
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It should be noted that this position differs from the position of the interface resulting from
the previously used definition, i.e. the local particle velocity gradient being smaller than 10%
of the averaged velocity gradient. The positions of the interfaces resulting from this definition
are x5 = 0.03 and z5 = 0.97 for 2A¢ = 5000 and x5 = 0.04 and z5 = 0.96 for 2A¢ = 2500. The
position of the kink should, however, be considered as a more reliable definition, because it is
based on a single, deterministic feature of the suspension. From Fig. 6.32 it becomes apparent,
that the phase separation symmetry (6.21) acts differently on the solid and on the fluid phase.
In the subdomain occupied by the active gas, the fluid velocity profile is deterministic, as the
well-known parabolic profile of a Newtonian fluid is retrieved. Due to the low number of
particles present, local fluctuations are expected to be minimal for the fluid velocity. Hence,
the deterministic part of the symmetry is dominant in this region for the fluid velocity. On the
other hand, it is known from the particle resolved simulation of a dilute suspension that the
particle velocity PDF is wider than for a dense suspension, i.e. a more chaotic state is reached,
see Fig. 6.23. In the region occupied by the active liquid and the active solid, the variance of
the particle velocity PDF shrinks, i.e. more deterministic states are reached, as indicated by
the velocity PDF for denser suspensions, see Fig. 6.23. The fluid velocity, however, behaves
more chaotic, including areas with reversed averaged flow. Furthermore, it can be expected
due to the densely packed particles, that the microscopic fluctuations of the fluid velocity are
large.
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7. Discussion

Several different methods to examine an active suspension have been derived in this work. One
could consider the different methods as tools in a toolbox, which contents can help gaining
a deeper understanding of active suspensions. The classical symmetries, the PDF approach
and the statistical symmetries developed in Sec. 3 represent the first tool in the toolbox. The
second tool is the particle resolved XNSERO solver presented in Sec. 4. Last but not least we
have the homogenised model, which represent the third tool (Sec. 5). All tools for itself have
been proven valuable to provide insight on the behaviour of active suspensions. However, they
become even more powerful in combination as shown in Sec. 6. The present section serves as
a conclusion, to discuss the achieved results and the interaction of the individual tools.

7.1. The model

First, the underlying model is discussed, which is identical for all the different methods men-
tioned above. To the authors knowledge, most models for active particles consider only the
solid phase, see for example Bechinger et al. [18], Jayaram et al. [113], and Vicsek et al.
[200]. Models, which do consider the fluid, often simplify the motor of the particle and only
apply a point force [84, 85, 93, 94]. In contrast, in the presently used model the particles are
considered as extended objects, which exert an active stress on their surroundings. Thus, it
belongs to the same model family as used for example by Kanevsky et al. [116] and Saintillan
and Shelley [182]. The active stress is motivated by biological structures such as flagella and
cilia [116]. Due to the increased level of detail, the computational costs increase compared
to simpler models. This becomes especially apparent during the usage of the particle resolved
XNSERO solver. Nevertheless, while dry models, i.e. models which do not consider the fluid
phase, show interesting behaviour such as phase separation and the formation of large-scale
cluster [36, 113], the fluid-particle interactions and particle-particle interactions provide an
additional level of information. The presented model employs a sharp interface approach by
representing the particle surface with the level-set method, see Sec. 2.3.3. The sharp interface
representation combined with the sub-cell accuracy of the XDG method is especially useful for
the particle resolved DNS. Disadvantages of the level-set method such as the necessity for high
order implicit solvers for the transport equations of ¢ vanish due to the explicit formulation of
¢ based on the particle geometry.

Probably the biggest assumption of the model is the rigidity of the particles. Artificial active
particles often consists of polymers [18] or of metallic compounds [212]. Thus, the assump-
tion of rigidity is close to reality of artificial particles, because the small forces acting on each
particle are not able to deform such artificial structures. Biological and, by extension, bio-
hybrid active particles, on the other hand, mostly consist of soft tissue and fluid material.
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Nevertheless, microorganisms are able to keep their body shape stable and will recover their
native state after strong deformations [209]. Hence, the rigid model is also valid for many
biological particles. However, species of the genus Amoeba [148] and similar organisms, who
change their shape in order to drive themselves forward, might need a different modelling
approach. Nonetheless, if the body deformations are sufficiently small, for example in the
case of Euglena gracilis, experiments show a flow field similar to a Stokes dipole in the vicinity
of the particles [71], as it is the case with the presented model. In fact, Ergin [71] mentions
the necessity to remove the body features of E. gracilis for micro particle image velocimetry,
because the movement of the organism is not related to the motion of the fluid. Accordingly,
while small scale deformations of the particle body might exist, their effect on the hydrody-
namics is negligible or possibly unrelated to the motion of the fluid, supporting the choice of
a rigid particle model.

Active stress as a model for the particle motor is derived from organisms with cilia [116].
These micro-paddles are much smaller than the actual organism and exert a force on the
surrounding fluid. The model of a mechanical stress distributed over the surface is, thus, a
natural choice. Artificial Janus particles are closely related, because such particles rely on a
slip velocity at the surface, caused by chemical reactions [212], as method of propulsions. A
slip velocity is permitted by the active stress in the present model. However, the chemical re-
action at the surface of artificial Janus particles might create a gradient of a chemical species,
which, additionally to the hydrodynamic interactions, influences the behaviour of the active
suspension [140]. Another method of propulsions is the helical movement, as exerted by the
flagella of Escherichia coli [62] or Euglena gracilis [71]. As shown by the aforementioned au-
thors Drescher et al. [62] and Ergin [71], the far-field approximation of the Stokes dipole
is valid for such active particles. Far field in this context refers to the domain surrounding
the particle with a diameter of only a few particle diameters, i.e. still in a close range of the
particle. It excludes the region in the closest vicinity of the particle surface, which cannot be
approximated by a Stokes dipole, see Fig. 6.2 and Bechinger et al. [18]. Thus, while differ-
ences might exist in the closest vicinity of the particle, the overall hydrodynamic behaviour of
many active particles can be described by a Janus particle model with active stress as method
of propulsion.

To reduce computational cost, especially in the case of the DNS, the Stokes approximation for
the Navier-Stokes equation was introduced, see (2.17) for the steady case and (2.68) for the
unsteady case. The non-linear convective terms of the Navier-Stokes equation are neglected,
which is a reasonable approximation due to the condition of low Reynolds numbers Re < 1.
However, in the case of only two spatial dimensions no non-trivial steady solution exists for
a particle in a uniform flow in an infinite domain, which is known as Stokes paradox [196].
Oseen [162] solved the paradox by introducing an additional term, which accounts for the
inertia in the far field of the fluid flow. In the present work, the resulting Oseen equation
(3.35) was derived from the symmetries of the unsteady Stokes equation, see (3.34). While
no solution for a steady, uniform flow in two dimensions exists, solutions for unsteady [76]
and non-uniform [43] flows are known, including solutions for the Stokes dipole, see (1.5)
[43]. Due to the use of the unsteady Stokes equation (2.68), a finite domain and the general
non-uniformity of the local fluid flow in an active suspension, see for example Fig. 6.17, the
Stokes paradox poses no problem in the present work.

Brownian motion [67, 188] is neglected entirely in the present model, see Sec. 2.3.1. The term
Brownian motion describes the random motion of a small particle dispersed in a fluid due to
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the collisions of the particle with the molecules of the fluid. The particles in consideration
in the present work are certainly small enough to experience relevant accelerations due to
Brownian motion. It is, however, assumed, that the Péclet number Pe = v%/v/ DT D as given
by Bechinger et al. [18] is large, i.e. the strength of the active transport, represented by the
velocity v?, is larger than the diffusive transport due to Brownian motion, represented by the
two diffusion coefficients v DT D%, Hence, any random term in the model system containing
the Navier-Stokes respective Stokes equation and the Newton-Euler equation is neglected.
For systems with small Péclet number it might be necessary to consider stochastic terms in the
defining equations. Throughout this work, systems with small Péclet numbers are analysed
only with the homogenised model. Here, passive suspension with Pe = 0 are considered,
see Sec. 6.3. However, Brownian motion is described by a normal distribution with vanishing
expectation value, see Einstein [67]. Thus, due to the averaging process, the diffusive effects
of Brownian motion are not depicted in the homogenised model.

7.2. Symmetries

In Sec. 3 Lie-symmetries of the physical and statistical descriptions of the systems were pre-
sented, starting with the symmetries of a single-phase fluid system. The generalised Galilean
symmetry of the Navier-Stokes equation is unavailable for the unsteady Stokes equation and
reduced to a constant spatial shift. The steady Stokes equation, on the other hand, contains
the classical Galilean symmetry, i.e. a function linear in time can be added to the unmodified
Eulerian coordinate x;. Due to the linearity of the Stokes equation, an additional symmetry
appears, which is related to the superposition principle of linear differential equations. Fur-
thermore, the scaling symmetry Ts.; of the Navier-Stokes equation is split into two scaling
symmetries Tsc2 and Tsc3, where the combination of the latter two results in the first scaling
symmetry Ts1, see (3.37).

Applying the rotation operator V x to the unsteady Stokes equation delivers a transport equa-
tion for the vorticity. It is equivalent to the heat equation, which symmetries in the one-
dimensional case are given by Ibragimov [106]. In Sec. 3.2.1 the set of symmetries in two
spatial dimensions for the vorticity equation was presented. Interestingly, while derived from
the unsteady Stokes equation, the vorticity equation has a time-dependent Galilean symmetry,
where the spatial shift depends linearly on the time [106]. Furthermore, the transformation
group of the vorticity equation contains a symmetry directly related to the dissipation of the
vorticity, see (3.41g).

Once the solid phase is added to the system and an active suspension is observed, most of the
additional symmetries (3.36) of the unsteady Stokes equation (2.68) are broken by (2.46)
and (2.47). The symmetry breaking affects the two scaling symmetries Tsc2, Tsc3 Which only
appear in the combined form 7Ts.; and the linearity symmetry Tj,. Furthermore, all addi-
tional symmetries of the vorticity equation are broken due to the evolution equation of the
orientation angle (2.47). They might be, however, applicable to a passive suspension of disk-
shaped particles in two dimensions or spherical particles in the three-dimensional case. As
such they are related to the shifting symmetry of the orientation angle (3.50f), which is also
only present in the isotropic case of non-polar disk-shaped or spherical passive particles. While
not applicable to an active suspension, due to the polarity of an active particle, the orientation
symmetry (3.50f) serves as a limiting case in the investigation of multi-particle suspensions,
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see Sec. 6.2.3. As mentioned earlier in this section in case of the unsteady Stokes equation the
choice of f; ; is restricted and only a constant space shift is allowed. This is not the case if the
full Navier-Stokes equation is employed. In this case the system of equations contains either
the classical Galilean symmetry if ©® # 1 or the generalised Galilean symmetry if © = 1.

It is necessary to emphasise that although the unsteady Stokes equation itself is linear, the
linear symmetry (3.36g) is broken by (2.46) and (2.47), i.e. it is no longer a symmetry of
the entire system of equations. Nevertheless, as the information about the exact position of
the particles is lost in the homogenised model (see Sec. 5), the system of averaged equations
(5.132) contains the linearity symmetry (3.36g) if the convective terms are neglected. The
Couette-Poiseuille flow (Fig. 6.29) is an example for the application of this symmetry, because
it can be considered as a superposition of a Couette and a Poiseuille flow. Notably, the linearity
symmetry of the vorticity equation is still not part of the transformation group of the averaged
system, because (2.47) has been used directly to derive the transport equation for the averaged
orientation (5.39). On a side note, in case of a passive suspension with circular or spherical
particles the additional symmetries of the vorticity equation might be applicable, a setup,
which is outside the scope of the present work.

7.2.1. Statistical theory

In the next step, a statistical description of an active suspension is derived. Solely based on
the three multi-dimensional sample space variables V;, X;, and b,, which are related to the
three physical variables velocity Uj;, particle position y;, and orientation (3, the PDF descrip-
tion of a system contains all statistical information. The derivation is based on first principles,
i.e. the conservation of mass and momentum. It should be noted, while the derivation for
the PDF hierarchy was carried out in two dimensions, the adaption to three dimensions is
straightforward, as only the terms describing the particle rotation need to be adapted. Sim-
ilar to the LMN hierarchy [142, 153, 157] an infinite hierarchy of transport equations for
the multi-point joint PDF for the three aforementioned variables is derived [51]. Comparably
to turbulence research the PDF hierarchy for an active suspension reveals a closure problem,
due to being an infinite hierarchy. While it is not solvable directly, the PDF hierarchy shows
interesting properties. First and foremost, it consists only of linear equations, even though it
contains an equivalent term Zszl ViO i f/0 ,x; to the convective term in the physical space.
Furthermore, the PDF transports information about the entire statistic of the system, hence,
containing all statistical moments. Subsequently, it is possible to derive statistical models for
an active suspension directly from the PDF hierarchy, which has been shown in Sec. 5.2.5 for
the homogenised two-phase model. In fact, all statistical models are part of the PDF equa-
tions. In order to derive such a model one needs an appropriate termination condition for
the hierarchy and model equations for terms of a higher order. In case of the homogenised
model, the desired output is the average of the physical quantities, i.e the first moment of the
single-point PDF. Accordingly, all information about higher moments such as covariance or
multi-point correlations is lost. It is necessary to find an appropriate model for the emerging
unclosed terms, which are multi-variable moments of second order.

In combination with the Lie symmetry theory the PDF hierarchy can be used without solving
the equations and without introducing artificial termination conditions for the hierarchy of
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equations. Similar to the Stokes and vorticity equation, all equations in the hierarchy are lin-
ear. Hence, additionally to the classical symmetries of the physical space (Sec. 3.5), it contains
a linear symmetry, which allows to form the sum of arbitrary solutions of the hierarchy. Due to
the specific properties of a PDF, particularly the reduction property (3.66), two variants of the
linear transformation are possible. One was introduced by Wactawczyk et al. [202] as shape
symmetry, the other as intermittency symmetry.

7.3. Particle-resolved simulations

In Sec. 4 a solver for the Janus particle model, implemented as part of the BoSSS framework,
is presented. No additional simplifications were introduced, hence, the XNSERO solver car-
ries out DNS. The solid phase and the fluid phase are solved separately. The two phases are
connected by the interface interactions, i.e. the boundary conditions acting on the fluid phase
at the particle surface and the hydrodynamic forces and torques acting on each particle. All
equations considered separately are linear, because the fluid phase is described by the un-
steady Stokes equation. For a single phase problem a direct linear solver such as PARDISO
might be sufficient to obtain a solution. As revealed by the symmetry analysis, the linear
symmetry does not exists in the system of equations describing an active suspension. Due to
the aforementioned interface interactions, precisely the active and passive boundary condi-
tion and the hydrodynamic forces and torques, an iterative procedure is necessary, which is
presented in Alg. 7. In terms of computational costs, the fluid solver and the formulation and
execution of the quadrature rules dominate the runtime of the solver, see Fig. 4.15. Especially
for high numbers of particles the performance of the Saye-algorithm (Sec. 4.3.2), responsible
for the integration on cut-cells, becomes increasingly important. As the Saye-algorithm relies
on a subdivision routine for the handling of unfavourable surface configurations in cut-cells,
see Fig. 4.3, the number of recursive levels necessary might become large especially for dense
suspensions. Improvements to the algorithm in general and the subdivision routine in partic-
ular are necessary in order to solve larger problems than presented in this work and to extend
the solver to three dimensions.

For the present problem size a direct solver such as PARDISO is the most efficient choice to
obtain a solution for the fluid phase as a sub-routine of the XNSERO solver scheme presented
in Alg. 7. For even larger systems it might be necessary to switch to more complex solvers,
e.g. multigrid solvers, to obtain a solution in a reasonable time span. Consider the presented
standard domain with 576,240 DoFs. In case of the highest particle volume fraction, i.e. a® =
0.39, this leads to approximately 43,938 DoFs per process in the fluid phase if eight cores
are used. In case of such a comparably small number of DoFs, PARDISO is still on par with
multigrid solvers, see Kummer et al. [127].

Besides the performance challenges, the model itself poses difficulties to the implementation,
which are necessary to discuss. When considering the flow field of a Stokes dipole, four singu-
larities immediately catch the readers attentions. Two singularities are located at the Northern
and Southern side of the particle surface, where the active and passive boundaries are con-
nected. The other two singularities are located at the westernmost and easternmost points of
the surface, where the up- and downstream of the Northern and Southern side of the particle
meet. Due to the discontinuous nature of the XDG method, such singularities are handled
well by the fluid solver, especially if located directly at a cell boundary. If the singular point is
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located within a numerical cell the ansatz polynomials need to be capable of capturing the sin-
gularity. While this necessarily introduces an error into the problem, this error can be reduced
by either increasing the polynomial order of the ansatz functions or by choosing a sufficiently
small cell size h'' < hX at the surface of the particles. To achieve small values of h' it might
be useful to employ AMR techniques, which are readily available in BoSSS. AMR is most use-
ful in dilute suspensions, where enough particle-free spaces exist where larger grid sizes are
acceptable. For dense suspensions the additional costs of the AMR routines might outweigh
the benefits of a coarser background grid. Hence, for the multi-particle suspensions no AMR
technique was applied (Fig. 6.15), whereas AMR is used to investigate the collision between a
particle and the wall, see Fig. 4.12. If no AMR is applied, an appropriate global mesh size has
to be selected to minimize the error, while keeping the complexity of the problem contained.

The purpose of the collision model is twofold. On the one hand, it is necessary to ensure a
minimal distance between the particles based on the numerical grid of the fluid solver. The
minimal distance is defined by the cell diameter A at the particle surface, because the Saye-
algorithm requires the particles to be at least one cell apart to be able to distinguish between
particles. Hence, with smaller cell diameters particles are allowed to come closer towards
each other. In the hypothetical case of infinite spatial and temporal resolution, i.e A" — 0 and
At — 0, no collision model would be necessary. The reason is, that in an ideal incompressible
flow no collision between two objects can occur. The pressure would become large and forces
the two objects to separate. However, physical effects, such as surface roughness, breakdown
of lubrication, weak interaction forces and entanglement of cilia and flagella require a differ-
ent handling of small gaps between particles than the bulk fluid phase. For very small gaps
between particles the assumption of a continuum is no longer valid. However, assuming a
particle size of @ = 107% and a mean free path of the molecules in the surrounding fluid of
the order of A ~ 107!9 delivers a minimum gap size of r = 10~3a where one would expect
the onset of a Knudsen flow with a Knudsen number of Kn = A\/r ~ 0.1, the Navier-Stokes
(2.67) and Stokes equation (2.68) are no longer valid. Direct interaction forces such as the
van der Waals force are in general short ranged. Thus, interactions based on van der Waals
forces between ideal surfaces also require small gap sizes. However, given non-ideal surfaces
and ciliated particles, such forces might become relevant on much larger scales. It is known,
that cilia can increase adhesion by van der Waals forces, which was studied by analysing the
foot of the golden mussel Limnoperna fortunei [8]. The length of an individual cilium might
vary depending on the organism. Let’s assume a length of L& = 0.1¢ for a microorganism
[160]. Hence, already for a gap size of a tenth of the particle length one can expect weak
interaction forces. Furthermore, cilia or flagella of neighbouring particles might entangle,
leading to additional mechanical interactions forces between two particles. Hence, the choice
of h® = 0.1a in the multi-particle simulations (Sec. 6.2) is reasonable.

The particle solver of XNSERO contains a formulation for the Newton-Euler equations (2.54),
(2.55) and the evolution of the position and the orientation of the particle (2.46), (2.47)
which depends only on the previous particle solutions and the current solution of the flow
field. A method of third order is chosen, given by (4.63a)-(4.64b). For the presented results
the simulations were carried out with a polynomial order of £ = 2 for the fluid velocity. If
the polynomial order of the XDG ansatz polynomials is increased it might be necessary to
also change the integration method of the particle solver in order to preserve the high-order
characteristics of the entire XNSERO solver.

170



7.4. Homogenised fluid-particle simulations

Due to high computational costs, large systems with thousands of particles are currently not
possible to simulate with the XNSERO solver. Hence, the homogenised model is introduced,
which is based on volume averaged physical quantities of both phases, see Sec. 5. Results are
presented for a planar configuration, leading to one-dimensional profiles. Nevertheless, the
underlying system, including the particle behaviour, is modelled in three spatial dimensions.
The averages of the fluid and particle velocities, the fluid pressure, the particle rotational
velocity, the particle orientation and the volume fraction of the fluid and the particle phase
together describe a new pseudo-material, which occupies the entire domain. The transport
equations for all aforementioned variables need to be solved for all space-time points, i.e. at
any point in the domain both constituting phases are always present.

Instead of using the fluid Reynolds number Re, the mixture Reynolds number Re" is intro-
duced. It is defined by the mixture viscosity x*, which accounts for the increased resistance
towards deformation due to the presence of the particles [110]. The concept of a mixture
viscosity was first introduced by Einstein [68, 69], however, to account for non-spherical par-
ticles a version introduced by Ishii and Zuber [110], Ishii and Hibiki [109], and Pabst et al.
[164] is employed, see (5.51). The mixture viscosity is a function of the aspect ratio ¢, the
local solid phase volume fraction o® and the maximum volume fraction o ... Depending on
the exact shape of the particles, o, takes values between zero and unity. The limiting case

max
of a .. = 11is only reached for ordered rectangular cuboids in three dimensions. Packings of
other particles exhibit gaps that cannot be filled with evenly shaped particles. For example,
the highest possible packing fraction for uniform spheres is .., = 7/1/18 = 0.74, which is
known as Kepler conjecture [88]. This value is only reached in an ordered state, the maximum
random packing fraction is ), ~ 0.64 for spherical particles [198]. For ellipsoidal particles
the maximum random packing fraction is increased up to a2, = 0.74 [39, 60]. The mixture
Reynolds number vanishes in the limiting case, where o® = «3... Thus, the viscosity be-
comes infinite and the suspension behaves similarly to a solid object. But even before o), is
reached, the suspension begins to freeze, i.e the suspension glassifies. This effect is noticeable
in an active suspension, for example, when the state of an active solid is reached, see Fig. 6.31
and Fig 6.32. In the opposing case, where the solid phase volume fraction vanishes, i.e. a sin-
gle phase flow is obtained, the mixture Reynolds number equals the unmodified fluid Reynolds
number. The influence of the averaged particle orientation was not taken into account when
modelling the mixture viscosity and the mixture Reynolds number. It is known [47], that some
suspensions show shear thinning behaviour, especially if elongated particles are present. Due
to the shear rate, the particles orientate themselves towards each other, assuming a sufficient
particle density. Layers of particles on top of each other can simply slide off, thus decreasing
the mixture viscosity. This would not be the case in a disordered system, as the particles would
block each other. Incorporating the dependency on the orientation would surely increase the
applicability of the entire model. However, in the present work only planar flows between
two infinite planes are considered. Given the results of the DNS for a channel flow with elon-
gated pusher particles (Fig. 6.14) one can assume, that after some time a steady state for the
length of the averaged orientation vector is reached (Fig. 6.13). Hence, for the channel flows
presented in Sec. 6.3 a constant length of the averaged orientation vector is assumed, thus, it
is not necessary to model the mixture viscosity based on the particle orientation.

Due to the averaging process additional unclosed terms occur in the equations for the ho-
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mogenised model. One type of terms describes interface interaction forces, which are mod-
elled as linear combination of known forces. Such a procedure is well established in the deriva-
tion of volume averaged models, see for example Ishii and Hibiki [109]. The other class of
unclosed terms are of the same type as the Reynolds stress tensor in the RANS equations of
turbulence research. In the present work a phenomenological approach to model these terms
is chosen. The Boussinesq ansatz is used (5.107) as a foundation. Phenomena such as the
attraction of active particles towards each other and towards solid walls are then used to de-
scribe the generalised turbulent kinetic energy. The diffusion coefficient is modelled on the
assumption that collisions between particles have a diffusive effect on the distribution of the
linear and rotational momentum. Thus, the mixture Reynolds number is employed to model
collisions and friction within the solid phase. The results obtained with this model are in good
agreement both with the DNS carried out in this work and the literature about similar planar
flows. However, there is no guarantee that such an approach results in a complete model,
which is applicable to a wide range of configurations. A forward-looking approach to define
model equation is presented by Klingenberg and Oberlack [121] in the context of turbulence
research. Based on a full set of Lie-symmetries, i.e. containing both classical symmetries of the
Navier-Stokes equation and statistical symmetries, Klingenberg and Oberlack [121] derive a
more general turbulence model compared to existing models. The resulting modified k£ — ¢
model is capable of improving the results of classical models [121, 120]. Due to the struc-
tural similarities of the classical and the statistical symmetries of an active suspension towards
their counterpart in turbulence research it is expected that this approach is transferable to the
present problem.

7.5. Connecting data and theory

The classical and the statistical symmetries are used to analyse data provided by simulations
carried out with the XNSERO solver and the homogenised model. The focus is particularly
on the statistical symmetries. The shape symmetry is applied to the PDF of the minimal dis-
tance towards the next particle (6.8), the relative orientation (6.11) and the particle velocity
(6.16). The intermittency symmetry is used to derive the exponential distribution of the far-
field section of the minimal distance PDF, see (6.9). It also appears as the limiting case for the
shape symmetry in case of dense suspensions, see for example (6.20). Thus, it is possible to
connect commonly known phenomena of active suspension, such as the formation of cluster
or emerging chaotic states, to the theoretical foundations.

In case of the joint intermittency symmetry the new names cluster or phase separation symme-
try are proposed. The ideal, discrete version of this symmetry is given by (6.22). Considering
that the boundaries between different active phases might not necessarily be sharp, a second
version of the symmetry is given (6.23), which allows a range of values for the velocity and
orientation within the cluster or phase. The usage of the term cluster or phase separation de-
pends on the size of the emerging structures. While clusters in the comparably small systems
analysed with the BoSSS code are restricted to a small space, active phases in the results for
the homogenised model might consist of a large number of particles and occupy significant
percentages of the domain. It is possible to identify three different active phases in analogy
to the aggregate states of normal matter. In this analogy, the particles are molecules of a new
pseudo-material. An active gas is characterised by a particle density close to zero, i.e. the mean
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free path between particles is large, and the fluid behaves similar to a single phase flow with
the same characteristic velocity profiles. The interface towards the active liquid is sharp and
kinks and jumps are visible in the velocity profiles, see Fig. 6.31 and Fig. 6.32. The active solid
phase is characterised by high particle densities and almost constant velocities, especially for
the particle phase. The interface towards the active liquid phase is, however, less sharp than
the interface between the active gas and active liquid phase. Nevertheless, while observing
the Poiseuille flow with non-uniform initial particle distribution, a kink in the profile of the
particle density at the solid-liquid interface becomes visible, see Fig. 6.32. In fact, in the pre-
sented simulations, the active solid behaves similar to a glass in the sense that it represents
a frozen melt. The active liquid phase poses a intermediate state, where fluid and particles
can move relatively freely, which becomes visible in the averaged quantities by comparably
large gradients. The deterministic term of the phase separation symmetry describes both, the
deterministic behaviour of the fluid phase in the active gas and the constant particle velocity
in case of the active solid phase. The behaviour of the other phase, i.e. the solid phase in the
active gas and the fluid phase in the active solid, is then described by the chaotic term of the
phase separation symmetry. Furthermore, the separation into two phases, especially the sharp
interface between the active gas and the active liquid represents an action of the phase separa-
tion symmetry (6.22). The deterministic term is related to the almost constant dilute volume
fraction of the particles in the active gas and the active liquid and the active solid are described
by the stochastic term.

A separation into different phases has also been observed in experiments and other numerical
studies [24, 36, 193, 195]. For example, Buttinoni et al. [36] observed in experiments the
formations of clusters and, with increasing particles density, the formation of separate phases.
They found the main reason for the clustering mechanism to be the self-blocking behaviour
of opposing particles. In the present work such a behaviour was examined with a simulation
of two particles, see Fig. 6.8. In this minimal example, the particles are able to evade and no
blocking occurs. Thus, no stable clusters form in the bulk of a dilute suspension (Fig. 6.16a).
Due to the low number of particles, most interactions between particles only involve two par-
ticles, hence, evasion is possible. By adding more particles to the experiment, the evasion
path might get blocked by the additional particles. The joint PDF of the minimal distance and
the alignment reveals the blocking mechanism in case of denser suspensions. In Fig. 6.21a
a clear maximum for the joint PDF is visible at (1.2, ), i.e. for a state where two particles
are in contact at their westernmost or easternmost points with opposing orientation vectors.
According to Buttinoni et al. [36] the blocking mechanism is the sole reason for the formation
of clusters in the case of their experiments with spherical Janus particles. In the case of ellipse
shaped particles, alignment effects reinforce the formation of clusters, as indicated by the joint
PDF of the minimal distance and alignment for the densest suspension, see Fig. 6.21b. In the
current setup, hydrodynamic interactions play a role in the formation of clusters, in contrast
to a setup with spherical particles Buttinoni et al. [36]. According to the flow field of a Stokes
dipole (1.5) particles with a parallel or opposing orientation attract each other, whereas a
perpendicular relative orientation of two particles causes a repulsion. Due to the most likely
parallel or opposing alignment of the particles (Fig. 6.21), particles are mostly attracted to-
wards another by the hydrodynamic interactions, especially in the case of denser suspensions.
Hence, stronger connections within a cluster are formed. Furthermore, if an additional back-
ground flow is present, e.g. the Poiseuille flow caused by the pressure gradient in the case of
the experiments presented in Fig. 6.27 and Fig. 6.32, interactions forces between the fluid and
the particles have to be taken into account. The difference between the averaged fluid and
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particle velocities causes lift forces, which in return cause phase separations. In the presented
results for the homogenised model, see Sec. 6.3, the Saffman-force was the main cause for
the phase separation in Fig. 6.31 and Fig. 6.32. In conclusion, by using the phase separation
symmetry it is possible to connect a well known phenomenon such as the clustering and phase
separation of an active suspension to the underlying theory.

In the introduction to this work (Sec. 1) the term active turbulence was mentioned. While
the seemingly chaotic behaviour of an active suspension explains the choice of the term, dif-
ferences towards classical hydrodynamic turbulence are readily apparent. In a low-Reynolds
active suspension no energy cascade exists [4], which is one of the defining features of inertia
driven turbulence. Furthermore, clear structures are visible in the results of the simulations,
which in a way contradict the previously made assumption of chaotic or turbulent behaviour.
These structures are so pronounced that the terms active gas, active liquid and active solid were
introduced. These active aggregate states are not products of chance, but are linked to the
underlying theory via the phase separation symmetry (6.22), (6.23). The PDFs of the velocity
and the minimum distance also show a decreasing variance with increasing particle density for
the investigated systems. However, especially the particle velocity PDF shows a heavy-tailed
behaviour. By this term, a PDF is described, which in the outer areas or tails decreases more
slowly than a comparable Gaussian normal distribution. The heavy-tailed nature of the PDF
makes comparably large velocities more likely and it can be assumed that intermittency occurs.
In this context, intermittency means the sudden outbreak of large velocities in a previously
uniform velocity field [135, 206], i.e. chaotic behaviour in a otherwise deterministic system.
While emergent structures indicate a deterministic system, the presence of a non-Gaussian
particle velocity PDF, where the non-Gaussian behaviour is reinforced by increasing particle
densities, and the resulting assumed intermittent behaviour indicate a chaotic state of the ac-
tive suspension. Both states - chaos and determinism - are present in an active suspension; an
active suspension is, thus, a truly intermittent system.
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A. Appendix

A.1. Lie symmetries

This section of the appendix contains the proofs for two statements made during the definition
of an Lie-symmetry, see Sec. 3.1.

A.1.1. Lie operator

An approximation for the directional derivative of an arbitrary function f (x) is

xf (@) = Jim TEHI 2T @) _ 01 (@) (A1)
Resorting delivers
fx+hE)=(1+hX)f(x), (A.2)

where h — 0 is implied. Hence, by introducing the finite step size « = Nh and applying the
operator (1 + hX) N-times, one obtains

fla) = f(@+ag) = (1+5%) f(@), (*3)

where we made use of the successive property of the one-parameter group 7,73 = T4 3.
With N — oo (A.3) becomes

)= @) =3 O ) a4

where X" = XX"~!. Requiring invariance of f (x) = f (z*) under the transformation z} =
x; + a&; delivers

X"f (z) =0, (A.5)

as a solution of (A.4). Subsequently, (A.5) is equivalent to the invariance of the function f (x).
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A.1.2. Infinitesimals of derivatives

Using the chain rule on obtains

DV; Dy DO, Doy,

= . tat. A.6
Dxz;  Daj Dz; V"™ Daj’ (A.6)
where D/Dux; is the total differential operator, see (3.13). Let
X 2
yi7a;k1 7xk27_”7ka == \Ili,iﬂkl,l'k2,4..,$kN - yi,xkl,er,...,ka + ani,k,‘l,kg,...,kl\] + O (a ) (A'7)

be the N-th order derivative of the dependent variable y;. Subsequently, the above chain rule
delivers

D
m (yivxklvxkzv"-vzkj\] + ani,kthw,kN)
D
= (yiﬂ»‘kl gy T Oﬂ']i,khkz,.,,,j) m (zj + a&;) (A.8)
leading to
Dyi»zkl Lho »"'7ka
D$kN+1 - yi,xkl Tho s Thy 41
ij Dni,zkl g sThe 9
; S ; — (@] =0. A9
+a (yz,mklka,...,xJ kaN-H + Mk ko, kN1 kaN-H + (a ) (A.9)
Subsequently, one obtains the relation
) kg lk N J
Mi k1 koyeknsr — = Yi g Ty T (A.10)
1,K1,R2 N+1 kaN-'—l ’LiEkl ka Zj D$kN+l
to calculate the infinitesimal 7; x; ... ky ., -
A.2. Invariant solutions
In this section derivations for invariant solutions used in Sec. 6 are given.
A.2.1. Distance PDF
A distance PDF is introduced
f'rmin _ <5 (Fnin _ Tmin)> ’ (A.11)

where 7™ s the sample space variable corresponding to the physical variable r™n = |pmin|,
The vector »™" is intended to describe the distance from the surface of a probing particle
towards the closest particle next to the probing particle. Lets consider a two-particle problem,
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where the first axis of the reference frame is aligned towards the distance vector 7", Subse-
quently, the distance r™" = y15 — 11 is defined as the difference between the e'-coordinates
of two points x; and x2. The one-dimensional position PDF, obtained from (3.75), is

£ = 60— ) = [ (5 (Xa =X =) 506 - ) ) dXa
_ / (5 (Fmin —rmin) 6 (X, — xa) ) dXs. (A.12)

Without loss of generality, lets assume that y; = 0 is known and deterministic. Hence, f¥ in
(A.12) equals ™" . The operator for the constant Galilean symmetry or spatial shift symmetry
is

0 0
Xgu = — A.13
Gal = C1,G <8x1+8X1> (A.13)
in case of the one dimensional position PDF. The operator for the intermittency symmetry is
- min (9
Xine =f" —6(Xi2—Xn) W (A.14)

Applying the combined operator X = Xgu + Xint = f’”min towards the auxiliary function
H (™ ™) = ™ ™ (i) (A.15)
delivers the solution

min 1
0 =OH (X1 — X11)e X275 g (o 4 ag b, —aq + X12) e, C = P (A.16)
1,

The first term on the right hand side is an exponential distribution for C > 0, hence, the
function g necessarily needs to vanish. As the intention was to derive the PDF to describe
the position of a particle towards its closest neighbour it is assumed that bmy; is the point at
the particle surface, where the distance vector r; = x12 — x}; cuts the surface and x/; is the

position of the centre of mass of the probing particle. The second point ;2 is the position of
the centre of mass the closest neighbour. Subsequently, (A.16) becomes

;= o (rmin) ™) — on (rmin = @)= pmin i (a17)

Here, »' ™" is the distance between the two centres of mass and a’ accounts for the extensions
of the particle. In case of a disk-shaped particle a’ is equal to the particle length a, whereas it
depends on the orientation of r; towards the probing particle for arbitrarily shaped particles.

A.2.2. Equally distributed orientation PDF
Active particles posses a geometrical symmetry due to the axisymmetry of the flow field of a
Stokes dipole (3.50f). The operator related to this symmetry is (3.47)

0
fp”g - Tﬁp
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The symmetry is valid for single-particle experiments and dilute suspension due to the appli-
cability of the Stokes dipole as an approximation. In case of the PDF the operator needs to be
transformed into the sample space, leading to

)
%)

= —. Al
’ 0b, (4.18)

Subsequently, differential equation necessary to solve in order to obtain the orientation PDF
fbis

X H (m,t, b; fb>‘ —0 or _, (A.19)

= - =

H=0 ob,
Hence, the PDF is constant with respect to the sample space variable. Restricting the possible
orientation angles to the interval [0, 7| delivers

fo=—. (A.20)
T
I would like to emphasise again that this solution is only valid for single particles and thin
suspensions. For more densely packed particles, the assumption of a Stokes dipole is no longer
sufficient and it must be assumed that the flow field takes on more complicated forms.

A.3. Joint PDFs

Joint PDFs are formed by the ensemble average of a product of fine-grained PDF. The joint
PDF for the minimal distance and the relative angle between two particle

fo= <ftmmﬁmi"> , (A.21)

as used in 6.2.3, are presented in Fig. A.1 for all examined suspensions. Apart from the densest
suspension o® = (.39, all PDFs in Fig. A.1 have two distinct maxima at approximately (0.6, 0)
and (1.2,7). Hence, the most likely state for any particle is a parallel alignment. Parallel
particles might either face in the same direction or oppose each other. The configuration
examined in Sec. 6.2.1 with two opposing particles as visualised in Fig. 6.8 is related to the
second maximum. The first maximum is especially related to the structures visible at the
domain walls, see Fig. 6.16. In case of the densest suspension o® = 0.39 both maxima are
located at the left corners of the diagram. The next particle to a probing particle is always
located in the near field, a property which geometrically requires a parallel orientation.

A second joint PDF can be formed by combining the sample space variable of the minimal
distance ™" with the sample space variable v”? for the relative speed

v = |pvp — gy (A.22)

of two particles. The joint minimal distance and relative velocity PDF is, thus,
fw _ <]/[\,tminfnpcl> . (A23)

Opposing particles in a configuration similar to Fig. 6.8 block the way of their opponent, thus,
no relative velocity is possible, which explains the maxima at (1.2,0) in the joint PDFs for
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the three suspensions in Fig. A.2a-c. Additionally, particles with a parallel orientation, which
face into the same direction are most likely to be present at the particle walls for the dilute
suspensions o = 0.04 and o® = 0.11, hence, resulting in a second maximum at (0.6, 0) due to
the vanishing velocity. The latter maximum vanishes completely for the suspension o® = 0.17,
which does not show any preferred relative velocity for two very close particles. Thus, while
cluster emerge and are distinctive due to the parallel alignment of the particles, such clusters
tend to be unstable if only particles facing in the same direction are present. The densest
suspension is almost frozen, hence, in the closed domain used for the numerical experiment,
high values for relative velocities are unlikely.
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Fig. A.1.: (@) The joint minimal distance and relative angle PDF f* for the dilute suspension

o® = 0.04. Two maxima exist; one describes two parallel particles facing in the
same direction at (0.6, 0), the other one describes two opposing particles similar to
the configuration shown in Fig. 6.8 at (1.2, 7). (b) The joint PDF for the suspension
a® = 0.11. The previously mentioned maxima still exists, additionally a wide range
of particle states is possible. (c) The two maxima become more distinct for the
suspension o° = 0.17 compared to the case of a® = 0.11. Furthermore, a third
maximum is formed at (0.6, 7), which was not clearly visible before. (d) In the case
of the densest suspension a® = 0.39 the maximum at (1.2, 7) vanishes. All particles
are in the closest proximity towards each other.
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0.04. Two maxima exist; one at (0.6,0), which is related to the situation, where
two particles are aligned parallel to each other and facing the same direction. The
other one is related to two opposing particles similar to the configuration shown in
Fig. 6.8 at approximately (1.2,0). In the latter case, both particles block the path
of their opponent, thus, no relative motion is possible. (b) The joint PDF for the
suspension a® = 0.11. The previously mentioned maxima still exists, additionally a
wide range of particle states is possible. (c) The maximum at (0.6, 0) vanishes, i.e.
for particles in the closest proximity no discrete value for the relative velocity exists.
(d)In the case of the densest suspension a® =0.39 only the maximum in the lower
left corner of the diagram remains. The most likely state for a particle pair is, hence,
that both have a similar velocity.
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