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Abstract

While computational power has been steadily increasing throughout the recent decades, computational
modeling in terms of atomistic molecular dynamics simulations is still limited in scope with respect to
length and time scales. Thus, there is a need for the development of coarser models which allow to study
molecular systems for which relevant length and time scales are not accessible with typical atomistic
models with a reasonable expenditure of computational resources. In the quite well established field of
systematic bottom-up coarse-graining many methods have been developed for the derivation of effective
coarse-grained interactions from fine-grained reference models. On the one hand, these models, used in
conjunction with standard molecular dynamics simulations, allow to study structural and thermodynamic
properties of the underlying reference more efficiently. On the other hand, the correct representation
of dynamic properties with coarse-grained models poses additional distinct challenges. The reduction
of complexity due to the reduced number of modeled degrees of freedom inevitably leads to a loss of
friction in the coarse-grained representation. Subsequently, this leads to a speed-up of dynamics and
thus to a misrepresentation of time scales. In particular, whenever the chosen level of coarsening is kept
moderate the speed-up can affect different processes to different degrees. This is due to the fact that
whenever the time scales of the dynamics of fine-grained and coarse-grained degrees of freedom are not
sufficiently separated, friction due to the fine-grained degrees of freedom, acting on the coarse-grained
degrees of freedom, becomes time (frequency) dependent and thus non-Markovian. To correct for these
effects in coarse-grained models, modified equations of motion, which explicitly incorporate friction or,
if required, time dependent friction have to be utilized in coarse-grained simulations. A common class
of such equations of motion are generalized Langevin equations, which are non-Markovian stochastic
integro-differential equations explicitly incorporating time dependent friction via, the so called, memory
kernels. While the field of structural coarse-graining is quite well established, methodological development
for deriving dynamically consistent coarse-grained models falls behind in comparison.

The focus of the work reported within this thesis is the furthering of methods for parametrizing optimal
memory kernels for generalized Langevin equations to achieve dynamic consistency in coarse-grained
simulations. Simultaneously this endeavor allows to further the understanding of the role of memory
effects in coarse-grained modeling.

This thesis is structured as follows. Chapter 1 gives a short introduction on and motivation of non-
Markovian models in coarse-graining. In chapter 2, a peer-reviewed review article is presented, which
provides a detailed overview on Markovian and non-Markovian coarse-grained modeling and numerical
evaluation of memory kernels. Chapter 3 summarizes the key theoretical background, relevant for the
understanding of the following chapters.

Chapters 4-6 contain the main results of this thesis, based on 3 peer-reviewed research articles. In all
three chapters, coarse-grained models are developed to yield consistent dynamic properties. In chapter 4,
a novel route for a-priori bottom-up estimation of memory kernels is presented. In this study it is shown
that by splitting the memory kernel of an exactly solvable single-particle interpretation of a coarse-grained
degree of freedom into different contributions stemming from conservative coarse-grained interactions
and residual fluctuating interactions, a good choice for the memory kernel in many-body coarse-grained
generalized Langevin simulations can be estimated. In particular, it is found that the contributions from
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coarse-grained conservative and fluctuating interactions are strongly correlated. These cross-correlations
have a strong impact on the overall dynamics and thus have to be considered in the parametrization of
coarse-grained models. This method is developed and tested on a prominent test case for coarse-grained
methods: a generic star-polymer melt. While this approach has shown to be quite accurate, small deviations
between fine-grained and coarse-grained dynamics persist. The data presented in this chapter indicates
that these residual deviations might mainly stem from modeling errors in the coarse-grained conservative
interactions.

To improve the understanding of the role of the accuracy of coarse-grained conservative interactions,
the work presented in chapter 5 aims at illuminating the origin of the remaining discrepancies by deliberately
choosing a test case, the well known Asakura-Oosawa model, for which it is a-priori known that very
accurate coarse-grained conservative interactions can be derived. By doing so, one generally hard to
control error source is removed and the previously proposed methodology is examined under idealized
circumstances. The data presented in this chapter validate the general soundness of the proposed approach
and confirms that inaccuracies in conservative interactions are likely to be the main error source in
non-idealized applications. At the same time, subtle but relevant limitations of using a simple isotropic
thermostat in many-body simulations are discussed. The chosen equation of motion includes hydrodynamic
interactions only in an averaged sense. This can can yield to errors in the hydrodynamic scaling of e.g.
velocity autocorrelation functions, in particular, in systems with low viscosity. Thus, a key insight from
this study is that bottom-up informed approaches for the derivation of memory kernels are useful for a
better interpretation of the origin of memory effects. At the same time, for the practical development of
coarse-grained models, even subtle error sources due to both modeling errors in coarse-grained potentials
and general limitations of the chosen coarse-grained equation of motion can not always be safely ignored. As
a way to circumvent these limitations, three novel, simple, iterative optimization procedures are presented
for optimizing the generalized Langevin thermostat parametrization to match the references velocity
autocorrelation function exactly.

In chapter 6, the newly developed methods are applied for coarse-graining a realistic molecular
system, namely water. The complex local structuring and strong electrostatic interactions in water poses
additional hurdles in developing consistent coarse-grained models. Despite that, it is demonstrated
that bottom-up informed memory kernels can correct dynamic properties quite well. To get an exact
match between fine-grained and coarse-grained velocity autocorrelation functions, the most promising of
the newly developed iterative methods (in this chapter referred to as iterative optimization of memory
kernels (IOMK)) is successfully employed. Also, it is demonstrated that the IOMK method is roughly
ten times more efficient than the best alternative previously proposed optimization scheme in literature.
By studying dynamic properties beyond single-particle time correlation functions, the distinct Van Hove
function as a measure of the relaxation of pair structure, it is found that the IOMK method yields very
accurate results and, in particular, that Markovian models are not sufficient to achieve comparably good
results. By furthermore comparing different coarse-grained conservative interactions, the role of multi-body
interactions on structural relaxations is discussed.

A few preliminary and unpublished results and ideas, which can serve as motivation for further
research, are discussed in chapter 7. In section 7.1, the challenges in a naive application of the IOMK
method to systems which include bonds are discussed. Such mapping schemes give rise to high frequency
modes in mapped trajectories. A smoothing approach is proposed, to access the most relevant features and
thus to obtain memory kernels which yield comparably good results as in single-bead mapping schemes. In
section 7.2 an implementation of the IOMK method as a Gauss-Newton method is proposed, which allows
to directly optimize a few parameters which serve as input of the auxiliary variable generalized Langevin
thermostat. Such an approach would further simplify the procedure of the IOMK method and thus improve
its applicability as a out of box tool for dynamically consistent coarse-graining.
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A summary and an outlook into future research is provided in the final chapter.
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Zusammenfassung

Während die Rechenleistung in den letzten Jahrzehnten stetig zugenommen hat, ist die Modellierung
mit Hilfe von atomistischen Molekulardynamiksimulationen in Bezug auf Längen- und Zeitskalen immer
noch begrenzt. Daher besteht ein Bedarf an der Entwicklung gröberer Modelle, die es ermöglichen, mo-
lekulare Systeme zu untersuchen, für die relevante Längen- und Zeitskalen mit typischen atomistischen
Modellen nicht mit vertretbarem Rechenaufwand zugänglich sind. Auf dem recht gut etablierten Gebiet
der systematischen Bottom-up-Vergröberung sind viele Methoden zur Herleitung effektiver vergröberter
Wechselwirkungen aus hochaufgelösten Referenzmodellen entwickelt worden. Einerseits ermöglichen
diese Modelle in Verbindung mit Standard-Molekulardynamiksimulationen eine effizientere Untersuchung
der strukturellen und thermodynamischen Eigenschaften der zugrunde liegenden Referenz. Andererseits
stellt die korrekte Darstellung der dynamischen Eigenschaften mit vergröberten Modellen eine zusätzliche
Herausforderung dar. Die Verringerung der Komplexität aufgrund der reduzierten Anzahl von modellierten
Freiheitsgraden führt unweigerlich zu einem Reibungsverlust in der vergröberten Darstellung. In der Folge
führt dies zu einer Beschleunigung der Dynamik und damit zu einer falschen Darstellung von Zeitskalen.
Insbesondere dann, wenn der gewählte Vergröberungsgrad moderat gehalten wird, kann die Beschleuni-
gung verschiedene Prozesse in unterschiedlichem Maße betreffen. Dies ist darauf zurückzuführen, dass,
wenn die Zeitskalen der Dynamik von hochaufgelösten und vergröberten Freiheitsgraden nicht ausreichend
voneinander getrennt sind, die Reibung durch die hochaufgelösten Freiheitsgrade, die auf die vergrö-
berten Freiheitsgrade einwirkt, zeit-(bzw. frequenz-)abhängig und somit nicht Markov wird. Um diese
Effekte in vergröberten Modellen zu korrigieren, müssen in vergröberten Simulationen modifizierte Bewe-
gungsgleichungen verwendet werden, die die Reibung oder, falls erforderlich, die zeitabhängige Reibung
explizit einbeziehen. Eine gängige Klasse solcher Bewegungsgleichungen sind verallgemeinerte Langevin-
Gleichungen, bei denen es sich um nicht Markov’sche stochastische Integro-Differentialgleichungen handelt,
die explizit die zeitabhängige Reibung über Gedächtnisfunkionen (engl. memory kernel) einbeziehen.
Während das Gebiet der strukturellen Vergröberungsmethoden recht gut etabliert ist, sind Methoden zur
Entwicklung dynamisch konsistenter vergröberter Modelle weniger gut untersucht.

Der Schwerpunkt dieser Arbeit liegt auf der Weiterentwicklung von Methoden zur Parametrisierung
optimaler Gedächntisfunktionen für verallgemeinerte Langevin-Gleichungen, um dynamische Konsistenz
in vergröberten Simulationen zu erreichen. Gleichzeitig soll mit dieser Arbeit das Verständnis der Rolle von
"Gedächtniseffektenïn der vergröberten Modellierung verbessert werden.

Diese Arbeit ist wie folgt gegliedert. Kapitel 1 gibt eine kurze Einführung in und Motivation für die
Verwendung von nicht-Markov’schenModellen vergröbertenMolekulardynamiksimulation. In Kapitel 2 wird
ein begutachteter Übersichtsartikel vorgestellt, der einen detaillierten Überblick über die Markov’sche und
nicht-Markov’sche vergröberte Modellierung und die numerische Auswertung von Gedächtnisfunktionen
gibt. Kapitel 3 fasst die wichtigsten theoretischen Hintergründe zusammen, die für das Verständnis der
folgenden Kapitel relevant sind.

Die Kapitel 4-6 enthalten die wichtigsten Ergebnisse dieser Arbeit, die auf 3 von Experten begut-
achteten Forschungsartikeln basieren. In allen drei Kapiteln werden vergröberte Modelle entwickelt, um
konsistente dynamische Eigenschaften zu erhalten. In Kapitel 4 wird eine neue Methode zur Bottom-up-
Abschätzung von Gedächtnisfunktionen vorgestellt. In dieser Studie wird gezeigt, dass durch Aufteilung
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der Gedächtnisfunktion einer exakt lösbaren Ein-Teilchen-Interpretation eines vergröberten Freiheitsgrades
in verschiedene Beiträge, die aus konservativen vergröberten Wechselwirkungen und fluktuierenden Rest-
wechselwirkungen stammen, eine gute Wahl für die Gedächtnisfunktion in vergröberten verallgemeinerten
Langevin-Simulationen mit vielen Teilchen abgeschätzt werden kann. Insbesondere wird festgestellt, dass
die Beiträge von vergröberten konservativen und fluktuierenden Wechselwirkungen stark korreliert sind.
Diese Kreuzkorrelationen haben einen starken Einfluss auf die Gesamtdynamik und müssen daher bei
der Parametrisierung von vergröberten Modellen berücksichtigt werden. Diese Methode wird an einem
prominenten Testfall für vergröberte Methoden, einer generischen Sternpolymerschmelze, entwickelt und
getestet. Obwohl sich dieser Ansatz als recht genau erwiesen hat, bleiben kleine Abweichungen zwischen
hochaufgelöster und vergröberter Dynamik bestehen. Die in diesem Kapitel vorgestellten Daten deuten
darauf hin, dass diese Restabweichungen hauptsächlich auf Modellierungsfehler bei den vergröberten
konservativen Wechselwirkungen zurückzuführen sein könnten.

Um das Verständnis der Rolle der Genauigkeit der konservativen Wechselwirkungen zu verbessern,
zielt die in Kapitel 5 vorgestellte Arbeit darauf ab, den Ursprung der verbleibenden Diskrepanzen besser
zu verstehen, indem bewusst ein Testfall, das bekannte Asakura-Oosawa-Modell, gewählt wird, für das
bereits bekannt ist, dass sehr genaue konservative Wechselwirkungen abgeleitet werden können. Auf diese
Weise wird eine im Allgemeinen schwer zu kontrollierende Fehlerquelle beseitigt und die zuvor vorge-
schlagene Methodik unter idealisierten Bedingungen untersucht. Die in diesem Kapitel vorgestellten Daten
validieren die allgemeine Validität des vorgeschlagenen Ansatzes und bestätigen, dass Ungenauigkeiten in
konservativen Wechselwirkungen eine der Hauptfehlerquellen in nicht-idealisierten Anwendungen sind.
Gleichzeitig werden subtile, aber relevante Einschränkungen der Verwendung eines einfachen isotropen
Thermostaten in Vielteilchensimulationen diskutiert. Die gewählte Bewegungsgleichung beinhaltet hydrody-
namische Wechselwirkungen nur in einem gemittelten Sinn. Dies kann zu Fehlern in der hydrodynamischen
Skalierung von z.B. Geschwindigkeits-Autokorrelationsfunktionen führen, insbesondere in Systemen mit
niedriger Viskosität. Eine wichtige Erkenntnis aus dieser Studie ist daher, dass Bottom-up-Ansätze für die
Ableitung von Gedächtnisfunktionen für eine bessere Interpretation des Ursprungs von Gedächtniseffekten
nützlich sind. Gleichzeitig können bei der praktischen Entwicklung von vergröberten Modellen selbst subtile
Fehlerquellen aufgrund von Modellierungsfehlern in vergröberten Wechselwirkungen und allgemeinen
Einschränkungen der gewählten vergröberten Bewegungsgleichung nicht immer sicher ignoriert werden.
Um diese Einschränkungen zu umgehen, werden drei neuartige, einfache, iterative Optimierungsverfahren
vorgestellt, mit denen die verallgemeinerte Langevin-Thermostat-Parametrisierung so optimiert werden
kann, dass sie eine genaue Reproduktion der Geschwindigkeitsautokorrelationsfunktion der Referenz
ermöglicht.

In Kapitel 6 werden die neu entwickelten Methoden zur Vergröberung eines realistischen molekularen
Systems, nämlich Wasser, angewandt. Die komplexe lokale Strukturierung und die starken elektrostatischen
Wechselwirkungen in Wasser stellen zusätzliche Hürden bei der Entwicklung konsistenter vergröberter
Modelle dar. Dennoch kann gezeigt werden, dass Bottom-up informierte Gedächtnisfunktionen dynamische
Eigenschaften recht gut korrigieren können. Um eine exakte Übereinstimmung zwischen hochaufgelösten
und vergröberten Geschwindigkeitsautokorrelationsfunktionen zu erreichen, wird die vielversprechendste
der neu entwickelten iterativen Methoden (in diesem Kapitel als iterative optimization of memory kernels
(IOMK) bezeichnet) erfolgreich eingesetzt. Außerdem wird gezeigt, dass die IOMK-Methode etwa zehnmal
effizienter ist als das beste alternative, zuvor in der Literatur vorgeschlagene, Optimierungsverfahren.
Durch die Untersuchung dynamischer Eigenschaften jenseits von Einzelteilchenzeitkorrelationsfunktionen,
der Van-Hove-Funktion als Maß für zeitabhängige Korrelationen der Teilchendichte, wird festgestellt, dass
die IOMK-Methode sehr genaue Ergebnisse liefert und insbesondere, dass Markov’sche Modelle nicht
ausreichen, um vergleichbar gute Ergebnisse zu erzielen. Durch den Vergleich verschiedener vergröberter
konservativer Wechselwirkungen wird außerdem die Rolle von Mehrteilchenwechselwirkungen auf die
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strukturelle Relaxation von Wasser diskutiert.
Einige vorläufige und bisher unveröffentlichte Ergebnisse und Ideen, die als Motivation für weitere

Forschung dienen können, werden in Kapitel 7 diskutiert. In Abschnitt 7.1 werden die Herausforderungen
bei einer naiven Anwendung der IOMK-Methode auf Systeme, die Bindungen auf der vergröberten Skala
enthalten, diskutiert. Solche Abbildungsschemata führen zu hochfrequenten Moden in den vergröberten
Skala. Es wird ein Glättungsansatz vorgeschlagen, um auf die relevantesten Merkmale zuzugreifen und so
Gedächtnisfunktionen zu erhalten, die vergleichbar gute Ergebnisse wie bei Einteilchenabbildungsschemata
liefern. In Abschnitt 7.2 wird eine Implementierung der IOMK-Methode als Gauß-Newton-Methode vorge-
schlagen, die es ermöglicht, einige wenige Parameter direkt zu optimieren, die direkt als Eingabeparameter
für den genutzten Thermostaten genutzt werden können. Ein solcher Ansatz würde das Verfahren der
IOMK-Methode weiter vereinfachen und damit seine Anwendbarkeit als standardisiertes Werkzeug für
dynamisch konsistente vergröberte Modelierung verbessern.

Das letzte Kapitel enthält eine Zusammenfassung und einen Ausblick auf zukünftige Forschung.
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1 Introduction

As humans, our experience of every day life is based on the perception of objects on a macroscopic scale. At
the latest with the confirmation of the atomic theory of matter it is well accepted that any observation or
measurement on length and time scales of human perception can only yield a coarse description of reality,
neglecting many details at a higher resolution. Within the modern sciences many different sub-fields
emerged, wherein nature is studied on all perceivable length and time scales, ranging from the very small
subatomic constituents of matter to motion of galaxies and the evolution of the whole universe. Arguably,
the holy grail of theoretical physics is to develop a "theory of everything"; this is to find a description of
nature based on simple and irreducible fundamental principles from which every other effective theory
can be deduced, at least in principle. While this reductionist perspective has been very successful in
the recent centuries in furthering our understanding of nature, in practice it often is of little use to
describe physical systems beyond a few molecules in terms of the evolution of the systems wave-function
following Schrödinger’s equation. Different problems on different scales can be successfully described
and understood based on different effective theories, using different mathematical and experimental
tools. While it can be reasonably assumed that every observation which is beyond the reach of a quantum
mechanical description can be understood as emerging from more fundamental descriptions, it is often
useful to rely on effective theories which allow to directly incorporate emergent phenomena as essential
constituents of the coarse-grained (CG) theory.

The concept of coarse-graining is ubiquitous in physics, even if the term is not always employed
explicitly. One of the oldest and maybe most prominent examples in modern physics is the description of
planets as point masses following Newtons laws. A hierarchy of theories and associated computational
methods allows to describe condensed matter systems on different length and time scales. Starting from
quantum dynamics for the description of the evolution of electronic degrees of freedom, to molecular
dynamics with classical atomistic force-fields, for the description of the motion of nuclei, to stochastic
mesoscopic models as Brownian dynamics, for the description of micron sized constituents, to for example
fluid dynamics for the description of macroscopic systems.[1] The mentioned examples (which is an
incomplete list of relevant theories and methodologies) follow very distinct rules and at every step of
coarsening the description, certain assumptions and approximations have to be made which neglect details
from the more fine-grained (FG) descriptions. Being confronted with this hierarchy, one can take two
distinct approaches to model a given system of interest. One can start from the top-down, and ask the
question of how one can model a given system at a length and time scale of interest with the appropriate
theory. Alternatively, one can start from the bottom-up and ask the question of how do CG properties
emerge from the underlying FG constituents.

In the field of molecular dynamics (MD) simulations, CG modeling refers to the reduction of com-
plexity in the representation of the system by reducing the number of explicitly modeled interaction sites.
These interaction sites are often referred to as beads and are typically used to represent a collection of
atoms.[2–7] The strategies of modeling the interactions between such CG beads in CG models can also be
roughly categorized into top-down and bottom-up methods. Herein, a top-down approach is comparable
to the common approach of deriving all-atom molecular dynamics models, that is, one chooses a set of
experimentally accessible properties of the system one wishes to reproduce and optimizes the parameters of
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the model accordingly. The same can be done for top-down CG models. A prominent example for top-down
derived CG models is the Martini force field in which the non-bonded interactions are modeled to reproduce
experimental partitioning of free energies between polar and apolar phases.[8] Bottom-up CG models
are derived directly from FG, often all-atom (AA), models. Here the parameterization of the CG model
is informed by reference FG MD simulations. Herein, different strategies can be employed. In structural
coarse-graining iterative optimization methods are used which systematically adjust CG pair-potentials
until the pair structure in terms of the radial distribution function (RDF) of the mapped reference system
is reproduced. Prominent methods following this strategy are the iterative Boltzmann inversion (IBI)
method,[9] the inverse Monte Carlo (IMC) method[10] or the hypernetted-chain (Gauss-) Newton method
(HNC(G)N).[11, 12]

CG potentials, if appropriately constructed, when used in conjunction with standard molecular
simulation methods as MD, can capture certain features of the underlying reference system. But whenever
a physical system is described on a CG scale, one has to ask the question: what emergent phenomena occur
on the CG scale which are not explicitly part of the underlying FG theory and how should an effective
theory on the CG scale look like, to appropriately capture these emergent features?

In the context of MD simulations of e.g. molecular liquids, the thermal motion of molecules leads to
a perpetual exchange of energy between different molecules which, on a CG scale, occur as friction and
random fluctuations. In the underlying theory, Hamiltonian mechanics, there is no notion of friction and
randomness. These features only emerge on the CG scale. Thus, naively using the same equation of motion
(EoM) from Hamiltonian mechanics to describe the dynamics on a CG scale is bound to fail.

Consequently, it is well known[13–15] that CG-MD simulations fail to capture dynamic properties.
Due to the neglect of friction and random fluctuations, standard CG-MD models always yield a mismatch
of timescales compared to the FG reference due to accelerated dynamics. This can be utilized as a positive
feature, as it allows for more rapid equilibration, more efficient sampling and thus, adding to the reduction
of DoFs, further decreases computation time and thus costs. Also, there are attempts to improve the
understanding of speed-up in CG-MD simulations with the aim to predict the correct speed-up factors in
CG models such that the predictive power for dynamical properties can be preserved through rescaling of
timescales. [16–21]

An alternative to the rescaling of time-scales, is to explicitly adjust the EoMs governing the dynamics
of CG molecular systems by explicitly introduce friction and noise. The derivation of such effective CG
EoMs has been formalized in terms of the Mori-Zwanzig theory (often referred to as projector operator
formalism) [22–25]

The Mori-Zwanzig theory is a general and exact formalism, which allows to derive an effective EoM
for an arbitrary set of CG variables of interest from the Hamiltonian dynamics of the FG DoFs. It is the
exactness of the Mori-Zwanzig theory which makes its application for CG modeling quite challenging, as it
effectively encompasses all details and thus complexity of the underlying FG Hamiltonian description. Thus,
in practice approximations have to be employed to ensure tractability. Nonetheless, the Mori-Zwanzig
theory allows to understand the emergent features of CG EoMs and thus can inform the process for accurate
CG modeling. When applied in the context of molecular coarse-graining, the Mori-Zwanzig theory yields
integro-differential equations, which can be interpreted as variants of generalized Langevin equations
(GLEs), a non-Markovian generalization of the well known Langevin equation.

While different forms of GLEs are applied in different contexts, the current work focuses of the
application of GLEs of the form

FFF I(t) = FFFC
I (t)−

∫︂ t

0
dsK̃(t− s)PPP I(s) +FFF̃

R
I (t), (1.1)

whereby FFF I(t) is the force acting on a CG bead I, FFFC
I (t) is a conservative force contribution (typically from
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a CG potential approximating the multi-body potential of mean force (MB-PMF)), PPP I(t) is the momentum
of CG bead I and FFF̃R

I (t) is a random force, at time t.
The GLE includes an explicit dependency on the history in the second term and thus for the time

propagation of the system knowledge about the current state is not sufficient, in contrast to Markovian
equations. This dependency on the past is encoded in the memory kernel K̃(t). Additionally, the stochastic
term (FFF̃R

I (t)) in GLEs is modeled in terms of colored noise; this means random terms which have finite
correlations in time.

Non-Markovian behavior (memory/memory effects) arise due to the change of resolution, because the
response in the dynamics of FG DoFs upon the dynamics of CG DoFs has a finite lifetime. When "aggressive"
coarse-graining is applied, i.e. the change of scales between FG and CG resolution is large, the relevant
time scales of the CG DoFs might be well separated from the time scales of FG relaxation processes and thus
Markovian behavior can be assumed. Whenever the timescales of FG and CG dynamics have a significant
overlap, memory effects have a significant impact upon CG dynamics and thus cannot safely be ignored in
CG modeling without introducing significant errors.

In recent years, substantial progress has been made towards deriving systematic approaches for
deriving Markovian and non-Markovian dissipative models for reproducing dynamic properties of FG
reference models in CG molecular simulations.[15] To a larger extent, the focus has been on Markovian
approaches with the aim to correctly model long time diffusion processes. The literature on non-Markovian
CG modeling of molecular systems is comparably sparse but in recent years the interest on this topic
seems to be on the rise.[15, 24, 25] For example, Karniadakis et al.[26–28] and Voth et al.[29] developed
methodology to parameterize and simulate non-Markovian dissipative particle dynamics (NM-DPD) models
and Jung et al.[30] worked on developing non-Markovian CG implicit-solvent models of colloids with
an explicit consideration of non-Markovian hydrodynamic interactions. These approaches encode the
effects of FG DoFs on CG dynamics to a very high detail through configuration dependent memory terms
and the introduction of cross-correlations between CG DoFs. While fundamentally very promising, the
derivation of such CG models is quite sophisticated and CG simulations are quite costly. Eq. 1.1 however,
due to its relative simplicity, can be integrated very efficiently while preserving the capability of explicitly
modeling memory effects. Models utilizing Eq. 1.1 were also explored by different groups.[31, 32] For
the parameterization of the memory kernel, Han et al.[31] used a bottom-up approach based on the
inversion of Volterra Equations (see chapter 3 for more details) while Wang et al.[32] used a data-driven
optimization process. The bottom-up approach, while yielding good results for the test case studied by the
authors, tends to underestimate diffusion coefficients [33] and introduces errors in the detailed dynamics
on shorter time scales.[34] The approach proposed by Wang et al.,[32] by construction, allows to reproduce
the single-particle velocity autocorrelation function (VACF) and thus also the diffusion coefficient very
accurately, but its parameterization relies on up to thousands of CG test simulations for the optimization
process and is thus quite expensive.

Also, while it is understood that Eq. 1.1 can only be approximate[35] the range of applicability and
limitations of Eq. 1.1 for dynamic CG modeling is not well explored. The work described in this thesis
attempts to advance methodological developments while also improving the understanding of potential
short-comings of the chosen approaches to guide future research. Thus, the current work attempts to
illuminate the following questions:

1. How can a CG GLE model of the form of Eq. 1.1 be parameterized in a purely bottom-up approach to
accurately represent dynamic properties of the FG reference model?

2. How can we understand and improve upon shortcomings of previously proposed bottom-up methods?
3. Similar to iterative methods in structural coarse-graining, can we derive an efficient and stable iterative
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procedure to optimize GLE-thermostat parameterization to match target dynamic properties?

4. How does the introduction of memory effects in CG models affect dynamic properties?

5. What is the role of the CG conservative potential in the representation of dynamic properties and on
the reliability of parameterization strategies of the GLE-thermostat?
a) What are the effects of errors in the CG potential on dynamic properties in CG models?
b) What are the limitations due to inherent approximations of the chosen approach?

6. To what extent does the agreement between targeted properties (the VACF in the context of the
current work) translate to agreement between other dynamical quantities that were not explicitly
targeted in the model?

This thesis is based on four peer-reviewed articles, which constitute the main chapters. Thereby one
article, reproduced in chapter 2 is a review, which provides a broad overview on the literature of Markovian
and non-Markovian modeling in dynamic CG molecular dynamics. The other three articles, reproduced in
chapters 4-6 constitute original research addressing the aforementioned questions, and constitute the main
part of this thesis.

In chapter 4, a novel purely bottom-up approach for the parameterization of GLE-thermostats for CG
modeling is presented. This work was motivated by the Work of Lei et al.,[36] who derived CG Markovian
Langevin models by explicitly neglecting the cross-correlations in the friction. The authors found that their
approach leads to a significant underestimation of diffusivities, hinting to the fact that some effectively
accelerating contribution to the friction were not considered. The aim of chapter 4 is to better understand
the effect of the neglected contributions to the overall friction and to find a way to estimate the missing
contributions in a bottom-up approach. Using the test case of a generic star polymer melt in chapter 4, a
method is proposed to identify these missing contributions. With that, questions 1. and 2. are addressed.
Alongside these key findings, question 4. is addressed by discussing the difference in long-time diffusivity
in non-Markovian models compared to otherwise equivalent Markovian models. A key hypothesis, based
on the results of chapter 4, is that modeling errors in the conservative potential are the main contributors
of remaining errors in dynamic properties, namely the single-particle VACF, in the developed CG models.

To test this hypothesis, a test system is needed in which the quality of the conservative potential can
be well controlled. To that end, in chapter 5 the newly developed approach is applied to coarse-grain
(continuous) the Asakura-Oosawa model, where the MB-PMF can be exactly derived (within numerical
accuracy).[37, 38] In these models, modeling errors in the conservative potentials are negligible and thus
a better understanding of the bottom-up parameterization methodology and potential limitations of the
chosen EoM can be achieved. With that, questions 5. a) and b) are addressed, in addition to serving as a
validation of the results of chapter 4. Additionally, three novel iterative optimization schemes for memory
kernels in many-body simulations are developed, which allow to target and achieve an exact match of the
single-particle VACF in many-body CG simulations.

While in chapters 4 and 5 idealized, generic systems are considered, coarse-graining realistic molecular
systems poses additional challenges. In chapter 6, the application of of the prior developed methods is
explored for coarse-graining an atomistic water model. Attractive interactions, electrostatics, and strong
multi-body correlations increase the difficulty in deriving accurate CG models. In particular in water, in
which the dynamics is governed through quite stable transient hydrogen bond networks, it is not a-priori
clear how well the proposed methods perform in this context. As the bottom-up informed models rely on
accurate CG potentials modeling errors have to be expected. Different potentials for CG water models are
explored to further the understanding of the influence the choice of the CG potential has upon dynamic
properties, when used in non-Markovian GLE simulations. The most promising of the iterative optimization
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schemes, introduced in chapter 5 (IOMK method), is compared to iterative methods for memory kernel
optimization proposed by Jung et al..[30, 39] Finally, structural relaxation in terms of the distinct Van
Hove function is studied to evaluate how well dynamic properties which are not explicitly considered in
the parametrization process can be reproduced with models following Eq. 1.1, thus tackling question 6.
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2 Introducing Memory in Coarse-grained Molecular
Simulations.

Abstract

Preserving the correct dynamics at the coarse-grained (CG) level is a pressing problem in the development
of systematic CG models in soft matter simulation. Starting from the seminal idea of simple time scale
mapping, there have been many efforts over the years towards establishing a meticulous connection between
the CG and fine-grained (FG) dynamics based on fundamental statistical mechanics approaches. One
of the most successful attempts in this context has been the development of CG models based on the
Mori-Zwanzig (MZ) theory, where the resulting equation of motion has the form of a generalized Langevin
equation (GLE) and closely preserves the underlying FG dynamics. In this review, we describe some of
the recent studies in this regard. We focus on the construction and simulation of dynamically consistent
systematic CG models based on the GLE, both in the simple Markovian limit and the non-Markovian case.
Some recent studies of physical effects of memory are also discussed. The review is aimed at summarizing
recent developments in the field while highlighting the major challenges and possible future directions.
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2.1 Introduction

The development of methods for dynamically consistent systematic coarse-grained simulations is a relatively
new and promising research area in the field of soft matter simulations. In this review, we discuss the current
state of affairs of introducing memory effects in coarse-grained molecular simulations. We particularly
focus on recent methodological advances, highlighting the underlying challenges and capabilities. For
alternative approaches in the field of dynamic coarse-graining and systematic coarse-graining methods
based on structural and thermodynamic properties, we refer the reader to other recent reviews.[4, 15,
40–42]

The 1998 twin papers by Tschöp et al.[13, 14] have been seminal in the field of systematic coarse-
graining of soft matter systems. They paved a new route for linking chemistry and properties of polymers
based on ideas to map between a fine-grained (FG: high resolution) and a coarse-grained (CG: low
resolution) configuration space in, both, forward and backward directions. Regarding the dynamics of
the CG system, they made two important observations. First, they showed that structural quantities
equilibrate faster and more efficiently in CG models, which is a good news from a sampling point of view.
Second, in order to recover quantitatively reliable information on the dynamics of the system as well, they
introduced the novel concept of time scale mapping: They proposed to identify the (reduced) time scale in
the asymptotic long time regime of the CG molecular dynamics (MD) simulation with the corresponding
experimental time scale by comparing the predicted melt viscosity (within the Rouse model) with its
experimental counterpart.[13, 16] In later approaches, monomer mean-square displacements of the FG
and CG models were used to define a so-called time-mapping (or speed-up) factor, effectively accounting
for the lost friction of the fast atomistic degrees of freedom (DoF) in the CG model.[16, 43–45]

Applying this a posteriori time mapping procedure to CG MD simulation trajectories led to several
successful quantitative predictions of dynamical properties on time and length scales, which went far beyond
those that could be addressed with detailed atomistic simulations. These include dynamic chain scattering
functions, [43] self-diffusion coefficients and viscoelastic properties of unentangled and entangled, high
molecular weight, polymer melts.[46] Furthermore, the diffusive dynamics of small penetrant molecules in
a polymer matrix (ethylbenzene in polystyrene) could be described with CG models and time mapping
procedures in quantitative agreement with experiments, achieving transferability over a wide range of
temperatures.[47, 48] This, heuristic, time mapping technique was the first to successfully link chemistry
and dynamic properties of polymers used in daily life. However, the applicability of the approach was
mostly limited to homogeneous single component systems. In the case of small penetrant diffusion in
a polymer matrix, even though the temperature dependence of penetrant diffusion coefficient was in
agreement with experiments, the scaling factor differed for the two components (polymer and penetrant)
within the same system and depended on the composition of the binary system.[19]

The scale (or speed-up) factors, in general, depend on the simulation state point and system properties
such as polymer tacticity, solvent volume fraction, etc. Several studies have attempted to predict this
speed-up factor in simulations based on relative entropy, interactions, and mechanical considerations. [20,
49, 50] While this speed-up factor allows to quantify the dynamics at the CG level in agreement with the
FG counterpart, its choice is rather empirical. Moreover, it relies on the existence of a single CG time scale
corresponding to the long time diffusive limit. However, in multi-component systems where the overall
dynamics of a system is governed by relaxation mechanisms on distinct time scales, coarse-graining affects
the various energy barriers differently, thereby accelerating the dynamics of the various component to
different extents. In realistic chemical systems with moderate degree of coarse-graining, such effects are
expected to be more pronounced and therefore, the use of a simple time scale mapping approach is severely
limited.

One way of preserving the real FG dynamics in a CG system is to apply the fundamental statistical
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approach based on the generalized Langevin equation (GLE), where the friction resulting from the lost DoF
upon coarse-graining is explicitly taken into account. Over the past two decades, such an approach has
been formalized based on the Mori-Zwanzig (MZ) theory, [22, 23, 51, 52] which can, in fact, be viewed as
one of the first rigorous theories of systematic coarse-graining. Starting from an underlying microscopic
system with Hamiltonian dynamics, the MZ formalism uses projection operators to derive an exact equation
of motion (EoM) for a reduced set of relevant variables at the CG level. The resulting EoM has the form of
a GLE, with frictional and random forces coupled through the fluctuation-dissipation theorem (FDT). The
GLE is non-Markovian as the instantaneous force depends on the entire dynamical history of the system,
unlike the Hamiltonian EoM. However, depending on the nature of the system of interest this ‘memory’
can sometimes be short lived, in which case it can be replaced by an instantaneous friction term. The GLE
can then be approximated by a simpler stochastic equation: the Langevin equation (LE). While analyzing
the non-Markovian GLE in simulation is nontrivial and computationally demanding, several studies have
attempted to employ this approach to investigate the dynamical properties of various chemical systems. In
this review, we will highlight some of the recent works along this line.

The aim of this review is to summarize the recent methodological developments in the field of
dynamically consistent systematic coarse-graining. We particularly focus on studies which employ GLEs to
analyze and/or simulate physico-chemical systems based on the underlying FG dynamics. A concise, but not
exhaustive, list of studies are briefly discussed to motivate the fundamental background and methodological
progress. For a more general discussion on consistency of dynamics in CG simulations, readers are referred
to another recent review. [15]

The present review is organized as follows. The GLE as derived from the MZ formalism is briefly
discussed in Section 2.2. Section 2.3 describes selected studies that employ a Markovian approximation to
the GLE. While highlighting the usefulness of the Markovian assumption, these studies also demonstrate the
need to explicitly include memory effects depending on the nature of the underlying FG system. Section 2.4
discusses various possible ways to extract the memory kernel from FG trajectories with special focus on
single diffusing particles. Strategies to go beyond single-particle systems and use GLE-based modeling in
coarse-graining and multiscale modeling are reviewed in Section 2.5. A crucial issue in such simulations
is the availability of efficient GLE integrators. Different approaches have been proposed, some based on
straightforward integration and some based on techniques that introduce auxiliary variables to map the
GLE on a system of coupled Markovian Langevin equations in an extended space. These are discussed
in Section 2.6. Section 2.7 highlights selected recent studies of systems where memory effects have a
qualitative impact on the dynamical behavior. We conclude in Section 2.8 with a discussion on open
questions and possible future directions.

2.2 Mori-Zwanzig Formalism

The Langevin equation (LE), introduced by Paul Langevin in 1908,[53] is a prototypical example of a CG
EoM. It is used to model the dynamics of a heavy Brownian particle dispersed in a fluid and describes it
solely via a dynamical equation for the momentum of the Brownian particle itself, while its interactions
with the fluid particles are modeled implicitly by frictional dissipation and impacts. For a given viscosity of
the fluid and size of the Brownian particle, dynamical properties can be derived from the LE. The formal
connection between the atomistic description of Brownian dynamics based on the Hamiltonian equation
with all DoFs and a CG description of the form of a LE was established by Mori[22] and Zwanzig[51]
based on a projection operator formalism. [23] In this section, we briefly summarize the main ideas behind
the Mori-Zwanzig (MZ) theory as discussed in Ref. [23] and recent extensions in the context of dynamic
coarse-graining.

The projection operator formalism is based on the idea that any dynamical variable for a given
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Hamiltonian system can be described as a vector in a Hilbert space, consisting of a vector space spanned by
a set of orthonormal basis functions and an inner product. The choice of the inner product is crucial for a
consistent coarse-graining procedure. In equilibrium the most common choice is the phase space integral

(A,B) =

∫︂
dXfeq(X)A(X)B∗(X) = ⟨AB∗⟩eq , (2.1)

for two arbitrary observables A(X) and B(X), phase space points X, and equilibrium probability distribu-
tion feq. The inner product, (A, 1), thus corresponds to the usual phase space average.

In general, not all dynamical variables are of interest. For example, in coarse-graining, the central idea
is to average over the fast microscopic processes and just keep a small number of slow effective variables that
can represent a system on larger length and time scales. Having defined an inner product in the microscopic
system now allows us to formally select some variables to be relevant (i.e., slow representatives) and others
to be irrelevant via the introduction of a projection operator. Based on Eq. (2.1), a projection operator, P,
can be defined, which projects any dynamical variable B onto the subspace of relevant variables {Aj}, as

PB =
∑︂
j

∑︂
k

(B,Aj)
[︁
(A,A)−1

]︁
jk
Ak. (2.2)

Here, (A,A) denotes the n × n matrix of inner products (Ai, Aj), where n is the dimensionality of the
relevant subspace. In the following, we will restrict ourselves to the one-dimensional case, which can easily
be generalized to n dimensions.

PB = (B,A)(A,A)−1A. (2.3)
With these definitions and starting from the Liouville equation

∂

∂t
A(t) = LA(t), (2.4)

after some mathematically exact reordering which is described in detail in Ref. [23], a CG EoM for A(t)
can be derived as

∂

∂t
A(t) = iΩA(t)−

∫︂ t

0
dsK(s)A(t− s) + FR(t), (2.5)

which has the form of a generalized Langevin equation (GLE). Here we have introduced the frequency
matrix,

iΩ = (LA,A)(A,A)−1, (2.6)
and the “noise”,

FR(t) = etQLQLA, (2.7)
where Q = 1 − P is the projector on the irrelevant dynamical variables. The extended time-evolution
operator, etQL, is often referred to as “orthogonal”, “projected” or Q-dynamics. Finally, the memory kernel
is formally given by,

K(t) = −(LFR(t), A)(A,A)−1. (2.8)
Eq. (2.5) is an exact reformulation of the original Liouville equation. Being in the form of a GLE,

the interpretation of FR(t) as a random process allows to model the irrelevant variables of the original
problem by a stochastic process with equivalent statistical properties. To illustrate the meaning of the
separate terms in Eq. (2.5), we can assume the simplest case, in which the relevant variable is given by the
momentum of a single particle A(t) = p(t). We can then write the frequency matrix Ω as

iΩ = (Lp, p)(p, p)−1 =
⟨Fp⟩
mkBT

= 0, (2.9)
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where F = d
dtp = Lp is the total force on the tagged particle. Here, Ω vanishes due to the fact that

the dynamics are time-translationally invariant and the Liouville operator is anti-Hermitian1. The scalar
memory function, in this case, is given as

K(t) = −(LFR(t), p)(p, p)−1 = (FR(t),Lp)(p, p)−1 =

⟨︁
FR(t)FR(0)

⟩︁
mkBT

, (2.10)

where we have exploited PFR(t) = 0 and FR(0) = (1− P)Lp. Eq. (2.10) relates the random force FR(t)
with the memory kernel K(t) and is usually referred to as the second fluctuation-dissipation theorem
(FDT). It should be noted that the derivation of the FDT only requires the assumption of an anti-Hermitian
Liouville operator L and the definition of an inner product. The second FDT should thus be seen as a
mathematical identity, which is valid independent of the specific choice of the inner product and which can
even be extended to non-stationary systems [54]. Having identified the different contributions to the GLE,
we can rewrite the full EoM for the single Brownian particle as

d p(t)
dt = F (t) = −

∫︂ t

0
ds Γ(s) v(t− s) + FR(t). (2.11)

with Γ(t) = mK(t).
If A(t) stands for a set of momenta of different particles rather than the momentum of a single tagged

particle in one dimension, the vector ΩA(t) in Eq. (2.5) represents linearized interaction forces between
the particles. Importantly, since the MZ formalism is a purely linear theory, any non-linear contributions
to the associated potential of mean force (PMF) or any non-linear friction terms will be absorbed in the
distribution of the random forces and a renormalized memory kernel.

This structure is difficult to reconcile with standard philosophies of coarse-graining, where a clear
distinction is typically made between external driving forces, conservative interactions that determine the
stationary distribution of the variables at thermodynamic equilibrium (the Boltzmann distribution), and
dissipative forces that determine the dynamics and the entropy production in non-equilibrium. [55, 56]
Making such distinctions helps to devise coarse-grained models that are thermodynamically consistent by
construction, and are thus clearly desirable.

To overcome these shortcomings of the MZ formalism, modified projection operator formalisms have
therefore been proposed [57, 58], which allow to separate conservative and dissipative forces. Kinjo and
Hyodo derived the equation of motion (EoM) for CG clusters of microscopic particles. A monoatomic fluid
served as the microscopic system, while clusters of several atoms formed the CG particles, with centers at
the respective center of masses (CoMs). The resulting CG EoM has the form of a GLE,

dPPP I(t)

dt = FFFC
I ([XXX(t)])−

N∑︂
J=1

∫︂ t

0
ds ΓΓΓIJ(t− s)VVV J(s) +FFFR

I (t), (2.12)

where [XXX,PPP ] defines the 6N -dimensional phase space of CG particles. The first term on the r.h.s. represents
the conservative force on the CG particle I, which now, indeed, corresponds to the gradient of the PMF. The
second term represents the friction force (dissipation) due to the removed DoFs and involves the integral of
the product of the memory kernel matrix, ΓΓΓIJ , with the velocities VVV J(t) = M−1

J PPP J(t) of all other particles.
In general, ΓΓΓIJ may be different for all pairs I, J and depend on their state (i.e. on the relative distance
between particles I and J). The third term represents the random force, which is related to the friction
term via the FDT ⟨︁

FFFR
I (0)FFF

R
J (t)

⟩︁
= kBT ΓΓΓIJ(t). (2.13)

1If the microscopic dynamics is diffusive and not Hamiltonian, a similar formalism can be applied. In this case, the frequency
matrix Ω might not vanish.
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In structural coarse-graining, multibody contributions to the PMF are often neglected and the conservative
forces are pairwise decomposed, FFFC

I ≈∑︁J ̸=I FFF
C
IJ . If one additionally neglects many-body correlations in

the friction forces, Eq. (2.12) can be reformulated as [27]

dPPP I(t)

dt =
∑︂
J ̸=I

[︃
FFFC

IJ(XXXIJ(t))−
∫︂ t

0
dsΓΓΓDPDIJ (t− s)VVV IJ(s) +FFFR

IJ(t)

]︃
, (2.14)

with relative positionsXXXIJ(t) =XXXI(t)−XXXJ(t) and velocities VVV IJ(t) = VVV I(t)−VVV J(t) of particles I and J .
This pairwise GLE corresponds to a non-Markovian formulation of the EoM of dissipative particle dynamics
(DPD).[59]

All generalized Langevin equations presented in this section are clearly non-Markovian, but they can
be reduced to Markovian variants under specific assumptions (see Section 2.3 for details). In the case of a
freely diffusing Brownian particle, the Markovian variant of the GLE (2.11) is the standard LE,

d p(t)
dt = −γv(t) + FR(t), (2.15)

where γ =
∫︁∞
0 dt Γ(t) is the friction coefficient. The random force, FR now describes uncorrelated white

noise and is related to the friction coefficient via the usual FDT,⟨︁
FR(0)FR(t)

⟩︁
= 2kBTγδ(t). (2.16)

In a similar way, the Markovian version of the pairwise GLE as derived in Eq. (2.14) can be reduced to the
DPD EoM,

dPPP I(t)

dt =
∑︂
J ̸=I

(︂
FFFC

IJ(XXXIJ(t))− γIJVVV IJ(t) +FFFR
IJ(t)

)︂
. (2.17)

Since they are based on an underlying systematic coarse-graining procedure, these EoMs are thus
suitable starting points for the parameterization of molecular CG models in simulations. Examples will be
discussed in the following section.

2.3 The Markovian Assumption

While the evaluation of the memory kernel is a central step when constructing dynamically consistent
coarse-grained models based on the GLE Eq. (2.12), its implementation in CG simulations is technically
nontrivial and computationally expensive. Therefore, Markovian approximations to the GLE have been
widely used in simulations.[36, 57, 60–65] The approach assumes the fluctuating forces to be delta-
correlated in time, and not temporally correlated as in the non-Markovian case (which similarly holds
for the memory kernel). The resulting EoM has the structure of a DPD equation, as defined in Eq. (2.17)
and can be implemented in a relatively straightforward manner. This assumption, however, is valid only
in the case where the time scales of the fast and slow variables in the system are completely separated:
The time scale of the random force fluctuation must be sufficiently fast compared to the time scale of the
CG bead motion. Intuitively, such an approximation should hold for high degrees of coarse-graining or
systems at low density, where the atomic collisions happen on a much smaller time scale than the change in
momentum of the CG beads. Whether or not this is the case can be inferred in simulations from the decay
of the force and velocity autocorrelation functions (FACF and VACF): The time scales are well-separated
if the former decays much faster than the latter. In contrast, in chemically specific molecular CG models
with low to medium degrees of coarse-graining, the time scales of the slow and fast dynamics (the P- and
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Q-DoF) are not fully separated and thus, the Markovian assumption breaks down. [63–65] Nonetheless, the
Markovian DPD has been extensively used in molecular CG models. Some examples are briefly discussed
in this section.

The GLE, as derived following the MZ formalism, takes into account the projected dynamics of the
underlying FG system, which is different from the real FG dynamics that one observes in a molecular
dynamics (MD) simulation. In such a case, one workaround is the so-called Q-approximation, where the
projected (or Q-) dynamics is approximated by the real dynamics, i.e., one assumes for the orthogonal
time-evolution operator etQL ≈ etL [36, 58, 65]. This implies ∫︁∞

0 dt
⟨︁
FR(t)FR(0)

⟩︁
≈
∫︁ τ
0 dt ⟨F (t)F (0)⟩ on

intermediate time scales τ . While this approach allows for an easier implementation of the CG EoM, it also
leads to the well known ‘plateau problem’, where the friction for finite mass CG particles, as determined
from Green-Kubo integrals of the FACF, vanishes on long time scales rather than converging to a finite
plateau. [66–68] The existence of a plateau is guaranteed in the infinite mass limit, where the correlation
function of the random forces in a GLE equals the correlation function of the total forces.[69] In this limit,
the large inertia of the heavy particle ensures a good separation of the time scales of the slow and fast
DoFs. In this line, Sanghi et al. used the GLE to characterize memory effects in fullerene nanoparticle
dynamics and investigated the scaling of the memory kernel with the nanoparticle mass, shape and size.
They observed that the FACF and the random force ACF are indeed comparable in the large nanoparticle
mass limit. [70] Nonetheless, for finite mass CG models, an intermediate plateau can be found in several
cases, and the plateau values can then be taken to determine the friction coefficient.[64, 65]

To circumvent the issue of time scale separation, Hijón et al. [60] proposed a scheme in which,
by appropriately constraining the MD trajectory of the FG system, the CG dynamics was made exactly
Markovian and the resulting Green-Kubo integrals were shown not to suffer from the plateau problem. The
theoretical background was developed following the MZ formalism and a star polymer melt was considered
as a specific example. The modified dynamics was obtained by constraining the relevant variable, i.e.,
the CoM of the polymers to their respective positions in a set of configurations and carrying out short
independent MD runs from each configuration. The resulting time averaged FACF and its integral (friction),
calculated using the constrained MD trajectories, were found to exhibit well-defined plateaus as opposed
to those calculated using unconstrained trajectories. Also, the radial distribution function (RDF) and VACF,
calculated in the CG simulation, were found to be comparable to their FG counterparts.[60]

Trément et al. [62] used the Markovian DPD approach to coarse-grain n-pentane and n-decane
molecules as single DPD beads with degree of coarse-graining (number of carbon atoms per CG bead)
λ = 5 and 10, respectively. The conservative force was calculated in constrained MD simulations as the
PMF, and the normal and transverse pair frictions were calculated following Hijón et al.[60] The random
forces were calculated from the FDT as linear combination of Wiener processes. [71] As expected, the
conservative interaction was found to be softer, while the decay of friction became slower with increasing λ.
The ratio of the transverse to radial friction also increased, highlighting the role of molecular anisotropy.
The models could well reproduce the RDF, the diffusion coefficient, and the viscosity of underlying MD
systems of n-pentane at 293 K and n-decane at 393 K. However, the results of the low temperature n-decane
DPD simulation were less convincing, owing to the anisotropic shape of the molecules and the fact that
the time scales were not well separated. To check the possible transferability of the DPD force field, the
authors modeled n-decane as a dimer of two n-pentane blobs, and interestingly, it could reproduce the low
temperature MD results quite well.

Lei, Karniadakis and co-workers [36] employed the GLE EoM as derived by Kinjo and Hyodo [58] to
study the behavior of mesoscopic clusters of Lennard-Jones (LJ) particles, constrained within a constant
radius of gyration (Rg). Under the Markovian assumption, they investigated the performance of three
distinct CG models: 1) using only conservative forces, 2) using a Langevin thermostat and 3) using a MZ
DPD thermostat. The first model could only capture the FG structural properties such as the RDF and the
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pressure, but not the dynamical properties such as the diffusion coefficient and the viscosity. Furthermore,
the resulting dynamical quantities could not even be matched with the corresponding FG results by simple
time scale mapping approaches.[19, 46] In the Langevin dynamics, the friction coefficient was calculated
using the autocorrelation function (ACF) of the fluctuating forces, and the random force on CG particles
were assumed to be independent. The resulting diffusion coefficient was found to be four times smaller
than that of the underlying FG system, which was attributed to the missing contribution of the configuration
dependence of the frictional and random forces. In the MZ DPD model, the random force was considered
to be pairwise additive. For each pair, the memory kernel and the random force were decomposed into
the radial and perpendicular contributions. The resulting EoM had the form of a DPD equation, with a
transverse friction[72] term in addition to the standard DPD friction term. This CG model could well
capture the mean-square displacement (MSD), the diffusion coefficient, and the VACF of the FG system,
except in the case of high Rg and high density where many-body correlations are important. In these cases,
the Markovian assumption was also found to be inaccurate due to the lack of a clear time scale separation.

In their following work, Li, Karniadakis and co-workers [61] studied melts of star polymers with
CG centers at the corresponding CoM. Based on unconstrained MD simulation, they derived various DPD
models with increasing degree of complexity: from the standard parameterized DPD model to DPD with
radial and transverse forces and frictions and finally DPD with interactions in all three spatial directions
that include explicit rotational motion of the CG particles. According to their findings, the absence of
transverse interaction at the CG level leads to an underestimation of friction, whereas including it leads to
an overestimation in the absence of rotational motion. When the rotation of the CG particles was accounted
for in the presence of spatially resolved interactions, the DPD model could reproduce both the short and
long time dynamics of the system. As one might expect, all DPD models except for the standard one were
able to reproduce the static structure of the FG system in terms of the RDF. Yet again, the results were most
satisfactory in cases where the many-body correlations could be neglected and the Markovian assumption
is valid, i.e., star polymers with short arms at low density.

With an aim to extend the conditional reversible work (CRW) model [73, 74] to retain dynamical
properties, Deichmann et al.[63] used a Markovian DPD approach to coarse-grain a set of model molecular
liquids, where the dissipative interactions were obtained using constrained simulations [36, 60, 62]:
Neopentane, tetrachloromethane, and cyclohexane were coarse-grained into a single interaction site each,
with centers at their respective CoMs, and a two site mapping was chosen for n-hexane. Based on the
integral of FACF, they showed that the Markovian assumption was most inaccurate in the case of n-hexane,
where the orientation of the CG n-hexane was a slow DoF explicitly present at the CG level. For this system,
the radial and transverse frictions were found to be comparable, similar to Trément et al., [62] whereas
in the other three cases the latter was insignificant. The resulting dynamics in the CRW-DPD simulations
showed varying accuracy in comparison to the FG results. The diffusion coefficient of all molecules, except
neopentane, were found to be smaller than their FG counterpart when both the radial and transverse
frictions were used, mainly due to the overestimation of the friction as previously observed by Lei et al.[36]
In case of neopentane, however, the agreement with the FG result was very good. As we will discuss later,
one possible reason for the varying performance could be the imposed constraints, [75] which affect the
dynamics of these molecules to different extents. Nonetheless, the work of Deichmann et al. highlighted
the issues of long-time tails in the FACF and the lack of time scale separation in molecular models that
involve small to medium degree of coarse-graining and multiple CG sites. These factors are relevant in
chemical specific coarse-graining of polymers, where the time scales of the FG and CG systems may not be
well separated.

Lemarchand et al.[64] employed the framework of Hijón et al.[60] to coarse-grain cis- and trans-
1,4-polybutadiene and investigated the validity of the underlying Markovian and the pairwise interaction
assumptions. They systematically studied the effect of the degree of coarse-graining (λ) on the ability of
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the CG simulation to reproduce the correct dynamical and structural properties of the FG system. They
observed that the dynamical properties improved with λ, owing to the better separation of the CG and FG
time scales, and thereby, the accuracy of the Markovian assumption. However, the structural properties
were found to deviate from those of the FG system with increasing λ due to the presence of many-body
effects. Their study also highlighted the effect of constraints on the CG dynamics, where the slow rotation
of the CG beads lead to a slower decay of the FACF, an artifact that is not present in unconstrained FG
trajectories and had also been observed in previous studies. [63]

In their following work, Deichmann and Van der Vegt [65] performed MZ-DPD simulations of liquids,
polymer solutions, and melts, comprising single- and multiple-site CG models of monomers, dimers, and
24mers based on 2,2-dimethylpropane repeat units. They used the effective-force coarse-graining (EF-CG)
method[76] to extract the conservative interactions, which also included bonded potentials in the case of
the dimer and 24mer. The Q-approximation[36, 58] was employed to calculate the frictional forces from
the FACF. [60] They observed long-time tails in the FACFs, which were noticeable in the dimer case and
most significant for the 24mer case. These were attributed to the slow rotation of the CG beads which led
to a non-zero average fluctuating force on short time scales. The study, thus, highlighted one of the major
challenges in multiple-bead representations of small molecules and polymers: Constraining the slow DoF by
means of introducing bond connectivity in CG models also slows down the relaxation of intra-molecular DoF
of the chemical repeat unit removed upon coarse-graining. The long tails were a posteriori fitted to linear
functions and subsequently subtracted from the original FACFs, resulting in converging integrals. However,
as shown in Fig. 2.1, the authors reported noticeable differences between the FG-MD and MZ-DPD VACF
for all the systems under study. At short times, the particle motion is ballistic in FG-MD and dissipative in
MZ-DPD, leading to faster decay of the VACF in the latter. On the other hand, elastic collisions of particles
lead to a faster decay of the VACF in FG-MD at longer times. The resulting diffusion coefficients were
however in good agreement with those calculated from the atomistic MD simulation of the pure liquids of
monomers (see the inset of Fig. 2.1a) and dimers. The MZ-DPD model was also found to describe polymer
diffusion in polymer solutions (mixtures of dimers and 24mers), especially at low polymer density, in good
agreement with FG-MD, as shown in the inset of Fig. 2.1b. Finally, the authors investigated the dynamics
of penetrants (monomers and dimers) in networks of long poly(2,2-dimethylpropane) chains in MZ-DPD.
As shown in Fig. 2.1c, the resulting long time dynamics in this case was found it to be inconsistent with
the FG-MD results. The authors concluded that in case of molecular liquids or polymer solutions, where
particle collisions govern their dynamics, the Markovian MZ-DPD approach satisfactorily reproduces the
dynamics of the FG system on long time scales, in spite of the deviations at short time scales (as apparent
in the VACF). However, when many-body contributions are important (the case of polymer solutions at
high polymer concentration) or the dynamics is governed by activated barrier crossing [75, 77, 78] (the
case of penetrant diffusion in polymer matrix), the explicit inclusion of memory effects becomes necessary.

These studies, while exploring the viability of the Markovian assumption in molecular coarse-graining,
also highlight its limitations. In spite of the relative simplicity, its application has so far been mostly limited
to model systems with high degrees of coarse-graining, such as LJ clusters and star polymers at low density,
where the Markovian approximation remains relatively accurate. However, this approximation breaks down
in cases where chemically specific CG models are used with small to medium levels of coarse-graining.
The results of Trément et al.,[62] Deichmann et al., [63] and Lemarchand et al.[64] have emphasized
this point. The work of Deichmann and Van der Vegt [65] has been a step forward towards the use
of Markovian DPD in molecular coarse-graining of systems where time scale separation is incomplete.
Contrary to standard DPD with soft conservative interactions, their work illustrated that MZ-DPD can
be used to serve as a bottom-up-informed thermostat that fixes the long-time diffusive dynamics in the
coarse-grained simulations of molecular liquids in which hard-core repulsions are retained. Their work
additionally emphasized on the need to incorporate memory effects in the CG model when the dynamics is
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Figure 2.1: VACFs calculated using FG-MD, CG-MD, and MZ-DPD for various poly(2,2-dimethylpropane)
systems: VACFs of the CoM of (a) monomers in single component system, (b) 24mers in 25%
24mer - 75% dimer solution, (c) monomers in a network of long poly(2,2-dimethylpropane)
chains. The insets compare the corresponding diffusion constants. The right panel shows a
representative configuration from each system where monomers are shown as blue beads
and 24mers are shown as green chains. In spite of the apparent differences in the VACFs
at shorter times, the long time diffusion constants are better reproduced with MZ-DPD than
CG-DPD in the first two cases. The CG-MD and MZ-DPD models fail to reproduce the FG-MD
monomer diffusion coefficient in the polymer network. Adapted from J. Chem. Phys. 2018,
149, 244114, with the permission of AIP Publishing.
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governed by activated barrier crossing as opposed to particle collisions as in molecular liquids.

2.4 Reconstruction of Memory Kernels

While the original MZ theory was developed already in the early 60’s,[22, 51] recently it has regained a lot
of attention in the context of dynamic molecular coarse-graining, where the memory kernels are extracted
from FG trajectories. As discussed in the previous section, the Q-approximation has been extensively used to
parameterize CG DPDmodels of chemical systems with varying success [60, 62, 65] and the limitations have
also been discussed. Recently, attempts are also being made to find solutions for the plateau problem. [79]
Nonetheless, the most straightforward way to calculate friction coefficients is to formulate an appropriate
GLE for the system under consideration, from which methods for the extraction of the memory kernel
can be developed. This not only allows a more accurate determination of friction coefficients, but also
enables the study of time- or frequency-dependent phenomena based on the memory kernel. In the case of
low-dimensional GLEs, e.g., GLEs for single diffusing particles, it is possible to exactly reconstruct memory
kernels (within numerical and statistical errors) from FG simulation trajectories. Several methods have
been developed, some of which are reviewed in this section.

We begin with some general remarks. A typical problem in memory reconstruction is to determine
memory kernels from a given autocorrelation function CAA(t) = ⟨A(0)A(t)⟩ of a target CG observable A
that is taken to evolve according to a GLE, Eq. (2.5). Multiplying (2.5) with A(0) and taking the thermal
average, one derives an equation for CAA(t)

∂tCAA(t) = iΩCAA(t)−
∫︂ t

0
ds KA(s) CAA(t− s). (2.18)

In the case Ω = 0, Eq. (2.18) has the form of a Volterra equation of the first kind. It can be inverted
numerically, e.g., by Laplace transform. However, from a point of view of numerical stability, it is often
more convenient to first take the time derivative, thus converting Eq. (2.18) into a Volterra equation of the
second kind [80]

∂ttCAA(t) = iΩ∂tCAA(t)−KA(t) ⟨A2⟩ −
∫︂ t

0
ds KA(s) ∂tCAA(t− s) (2.19)

for which more stable algorithms exist. We note that the time derivatives ∂tCAA(t) = CȦA(t) and
∂ttCAA(t) = −CȦȦ(t) can often be determined directly from simulations, so that it is not necessary
to numerically calculate the derivatives of CAA(t).

Alternatively, one can also integrate Eq. (2.18), [81–83] which yields an equation for the running
integral over the memory kernel, GA(t) :=

∫︁ t
0 ds KA(s),

CAA(t) = ⟨A2⟩+
∫︂ t

0
ds CAA(s)

(︁iΩ−GA(t− s)
)︁
. (2.20)

Replacing the origin of time t = 0 by t = t0 throughout and taking the derivative with respect to t0 for
t0 → 0, one can derive an implicit equation [82] for the quantity JA(t) = iΩ−GA(t):

JA(t) = j0(t)−
∫︂ t

0
ds j0(s) JA(t− s) (2.21)

with j0(t) = 1
⟨A2⟩∂tCAA(t). It can either be solved directly by matrix inversion after discretization in

time[83] or iteratively[82] by successive application of Eq. (2.21),

J
(n)
A (t) = j0(t)−

∫︂ t

0
ds j0(s) J (n−1)

A (t− s) with J (0)
A (t) = j0(t). (2.22)
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This method can also be used to determine memory kernels K(t, t0) in non-stationary non-equilibrium
situations.[82] In that case, the Eq. (2.21) for JA(t, t0) = iΩ(t)−

∫︁ t
t0
ds KA(s, t0) reads

JA(t, t0) = j0(t, t0) +

∫︂ t

t0

ds S0(s0, s) JA(s, t) (2.23)

with j0(t, t0) = 1
CAA(t0,t0)

∂t0(CAA(t0, t0)− CAA(t0, t)) and S0(t0, t) =
1

CAA(t0,t0)
∂t0CAA(t0, t).

The methods described above have been developed for linear GLEs and cannot easily be extended
to GLEs that contain anharmonic conservative force terms (as may occur in Eq. (2.12)). In that case,
numerical reconstruction methods can be applied that rely on an iterative refinement of KA(t) based on
successive GLE simulations, [30, 39] similar to the iterative Boltzmann inversion (IBI) method in structural
coarse-graining.[9]

In the next sections, we will now present specific examples of memory reconstruction methods for
low-dimensional GLEs. In multi-dimensional systems, e.g., multi-particle systems, further approximations
are necessary, which are mainly discussed in Section 2.5.

2.4.1 Freely Diffusing Particles

In the simplest case of freely diffusing particles, the EoM of a system can be formulated in terms of a GLE
without any conservative interactions. For simplicity, we will consider one-dimensional systems. The GLE
then takes the form

mv̇ = F (t) = −
∫︂ t

0
ds Γ(t− s) v(s) + FR(t). (2.24)

It describes the CoM dynamics of a tagged particle with velocity v in an isotropic solvent. As discussed
earlier, in the limit of large particle mass, Eq. (2.24) can be reduced to a Markovian LE, which describes
the motion of a heavy Brownian particle. In the Markovian case, the dynamics is governed by the scalar
friction coefficient γ, which determines the diffusion coefficient via the Stokes-Einstein relation, and leads
to a VACF that shows an exponential decay and determines the MSD. In a similar way, the memory kernel
Γ(t) determines the dynamics of a single tagged particle with memory. According to Eq. (2.20), the VACF
obeys the relation

m ⟨v(t)v(0)⟩ = m⟨v2⟩ −
∫︂ t

0
ds γ(s) ⟨v(t− s)v(0)⟩, (2.25)

where γ(s) =
∫︁ s
0 ds′ Γ(s′). Using ⟨︁∆x2(t)

⟩︁
=
∫︁ t
0 dt′

∫︁ t
0 dt′′ ⟨v(t′)v(t′′)⟩ and the equipartition relation

m⟨v2⟩ = kBT , one can derive an equation for the mean square displacement (MSD)[81]

m
⟨︁
∆x2(t)

⟩︁
= kBTt

2 −
∫︂ t

0
γ(s)

⟨︁
∆x2(t− s)

⟩︁ds. (2.26)

On long time scales, once the memory function has fully decayed, the dynamics becomes uncorrelated,
thus fulfilling the Stokes-Einstein relation. The friction coefficient governing the diffusion on long time
scales is then given by γ =

∫︁∞
0 Γ(t)dt. The MSD for a memoryless LE exhibits a ballistic regime at time

scales t ≈ 0 and smoothly transitions into a linear regime for larger time scales. Anomalous diffusion with
different scaling exponents can thus be attributed to the memory kernel, as given by Eq. (2.26). It is known
that sub-diffusive dynamics, in which the MSD scales as ⟨︁∆x2(t)

⟩︁
∝ tα with α < 1, can be described in

terms of a GLE with a memory kernel of the form Γ(t) ∝ t−α at large times. [84] This especially occurs in
viscoelastic materials such as polymer melts, in which stresses relax very slowly.

Over the last couple of decades, different methods have been proposed to extract the memory kernel
of a tagged particle from trajectories based on higher resolution (FG) models. [39, 80, 81, 85–91] One
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approach is to discretize Eqs. (2.25) or (2.26), calculate γ(t) from the time evolution of the position of
a tagged particle,[81] and then take the time derivative. Another widely used approach [27, 80, 92] is
based on the Volterra equations (2.18) and (2.19), which here can be written in the form

⟨F (t)v(0)⟩ = −
∫︂ t

0
Γ(t− s) ⟨v(s)v(0)⟩ds. (2.27)

and
⟨F (t)F (0)⟩ =

∫︂ t

0
Γ(s) ⟨F (t− s)v(0)⟩ds+m Γ(t)

⟨︁
v2
⟩︁
. (2.28)

The force-velocity correlation function (FVCF) and the FACF can be computed directly from the FG
trajectories. Subsequently, Γ(t) can be calculated from Eq. (2.28) by discretization in the time-domain
[80, 89, 92] or by exploiting the convolution theorem to extract Γ(t) in the Fourier or Laplace space. [57,
88, 93–95] Additional relations can be formulated in the Fourier space such as

Γ̃(ω) = 2Re

(︄
kBT

C̃
vv
+

)︄
, (2.29)

and[96]
C̃FF (ω) =

kBT Γ̃(ω)

|1− iω Γ̃+(ω)/(mω2)|2
. (2.30)

where C̃vv
+ is the one-sided Fourier transform of the VACF and C̃FF (ω) is the Fourier transform of the FACF.

While Γ(t) can be obtained from Eq. (2.29) by means of an inverse Fourier transform, Eq. (2.30) can
be solved by assuming a functional form of Γ(t) and optimizing the fitting parameters, which reproduce
C̃FF (ω). [96] Kowalik et al. [81] compared the performance of approaches derived from Eqs. (2.25)
through Eq. (2.30) for calculating the memory kernel of a freely diffusing methane particle in water. The
authors found that the methods described by Eqs. (2.25, 2.26, 2.29, 2.30) perform equally well, while
methods based on Eqs. (2.27) and (2.28) are prone to numerical instabilities at long times. In general, the
high-frequency contributions of the memory kernel are usually better reconstructed by methods that are
directly based on the force autocorrelation function, while discretization errors in the long-time dynamics
can commonly be reduced using slower decaying correlation functions such as the VACF. Recently, this
observation has been used to construct a high-precision hybrid method. [97]

While the memory kernel at thermal equilibrium can be described in terms of the FDT, kBT Γ(t) =⟨︁
FR(t)FR(0)

⟩︁, the above mentioned methods to extract the memory kernel do not require the direct
calculation of the projected dynamics defined in the MZ formalism. They rather exploit general properties
of the GLE which are independent of its MZ theory background. Carof et al. derived a method to explicitly
calculate the projected force correlation function from the FG trajectories based on a rigorous application
of the MZ theory. [85] The original numerical schemes applied first order approximations for numerical
discretizations, while second order schemes were shown to be significantly more accurate. [39, 86] While
the extracted memory kernels should be the same as those obtained with the other methods discussed above
(within the numerical error), the projected dynamics scheme by Carof et al. offers more general insight as it
also allows to calculate the projected dynamics for other dynamical variables that depend on the chosen CG
variables. This allows, for example, to separate interactions into different contributions and independently
calculate their contributions to the memory kernel and thus, to the total friction. This was applied in the
same study to calculate the contributions of short range repulsive and long range attractive interactions and
their cross-correlations to the memory kernel. Based on their results, the authors concluded that friction in
LJ fluids is dominated by the short range interactions, which is expected as the repulsive interactions are
much steeper and thus contribute to dissipation through a stronger transfer of momentum.
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Recently, two works have explored the possibility of using fine-grained trajectories to extract extended
Markov models[32, 98] from which the memory kernel can be calculated. The idea of extended Markov
models is to artificially include a coupling of the CG variables to additional degrees of freedom with
Markovian interactions, which mimic the non-Markovian dynamics of the system. This approach thus
directly combines reconstruction of memory with the construction of models that can be integrated very
efficiently, as will be discussed in detail in Section 2.6.2.

2.4.2 Particles Diffusing in Harmonic Potentials

Studies of particles diffusing in harmonic potentials are of special interest, because such potentials can
model typical setups of single-molecule force spectroscopy and/or microrheological experiments. In such
experiments, optical or magnetic tweezers are used to trap large molecules such as DNA, proteins, or
colloids. The tweezers can be calibrated such that effectively, a harmonic external potential is applied to
the trapped tracer particle. Monitoring the trajectory allows to calculate the rheological properties of the
fluid in which they are suspended. However, the temporal resolution in experiments is typically limited to
a timescale of ≈ 0.1 ms, which is too large to resolve atomistic fluctuations, therefore an interpretation in
terms of GLEs is appropriate.

In the analysis of experimental data, the motion is typically taken to be overdamped. If the mass of
the tracer particles is large, memory effects can be neglected. This approximation is well justified for tracer
particles of size around ≈ 0.25-0.5 µm.[99] The standard procedure in the analysis of force spectroscopy
measurements is thus to fit the power spectrum of positional noise by a Lorentzian function, from which the
viscosity of the fluid can be deduced. Taking memory effects into account in the analysis of the experimental
data can give further information on the properties of the fluid. For example, the measurement of the
frequency-dependent viscosity gives insight into the viscoelastic properties such as the storage and the loss
moduli.[100] In order to understand such experiments, one must understand the effect of confinement on
the measured rheological properties.

Daldrop et al.[96] and Kowalik et al.[81] have studied memory effects of solutes whose CG EoM is
given by the GLE

m
d v(t)
dt = F (t) = FC(t)−

∫︂ t

0
ds Γ(t− s) v(s)ds+ FR(t), (2.31)

where FC(t) is the force due to an external harmonic potential, FC(t) = k x(t). The case k = 0 describes a
freely diffusing particle and the case of k = ∞ can be implemented by constrained dynamics. In Ref. [96]
the authors carried out atomistic MD simulations of a single methane molecule in water, wherein a harmonic
confinement potential was applied to the CoM of the molecule. To extract the memory kernel, they derived
a generalized variant of Eq. (2.30)

C̃FF (ω) =
kBT Γ̃(ω)

|1− iω Γ̃+(ω)/(mω2 − k)|2
(2.32)

from which the friction coefficient for k ̸= 0 can be evaluated as

γ =
Γ̃(0)

2
=

C̃FF (0)

2kBT
=

1

kBT

∫︂ ∞

0
dt CFF (t). (2.33)

Here Γ̃(0) and C̃FF (0) are the Fourier transforms of the memory kernel and the FACF at frequency
ω = 0, which can be evaluated as the time integrals over Γ(t) and CFF (t). Eq. (2.33) shows that the
friction coefficient can be extracted directly from the integral of the FACF for weak confinement forces.
As mentioned in Section 2.3, this is not possible for unconfined dynamics due to the plateau problem. By
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varying the strength k of the confining potential, its influence on the friction coefficient can be evaluated. It
is important to stress that Eq. (2.33) only holds for the frequency ω = 0 and thus only relates the integrals
of the memory kernel and the FACF, but not the functional form itself.

Daldrop et al.[96] analyzed the influence of the confinement on the form of the FACF and the memory
kernel independently. For weak confinement, the integral over the FACF exhibits a distinct maximum value
followed by a decay to zero similar to the unconfined case. On larger time scales, the weak confining
forces induce a long lived positive tail in the FACF which generates a finite plateau in the running integral
over the FACF on large time scales. Harmonic potentials were shown to slow down the relaxation of the
FACF on intermediate time scales. This leads to an increase in the plateau value of the integral in confined
simulations, and thus to an increase in the apparent friction coefficient. In the limiting case of a constrained
particle, the friction coefficient was found to be overestimated by a factor of ≈ 1.5. The authors note that
this enhancement of the friction due to confinement does not result from any structural changes in the
solvation shell, as the confinement forces do not affect the equilibrium structural properties. However, the
confinement of the methane molecule influences the relaxation of the water molecules in the hydration
shell, effectively increasing the local viscosity in the first hydration shell. They observed a similar effect
when artificially increasing the mass of the methane molecule.[101] Higher solute masses also resulted in
a slowdown of hydration shell dynamics and a local increase of the viscosity.

In the above approach the memory kernel Γ(t) was extracted by parameterization, which allowed
a separation of contributions to the memory kernel on different time scales. The authors could attribute
them to distinct molecular processes[96] and concluded that the imposed confinement mainly affects
the hydrogen bond breaking processes. The time scale analysis furthermore suggested that the impact
of confinement on the local viscosity is only significant if the inertial time scale of the tagged particle
is comparable to or smaller than the time scale of the memory kernel. In the Markovian limit of heavy
particles, confinement is not expected to influence the measured friction.

In a follow-up study,[81] the authors studied the influence of harmonic potentials on the memory
kernel for a broader set of solutes and solvents with varying viscosities. The solutes under study were
methane, water, sodium cations, "sodium" anions and glycerol, while the viscosity of the solvent was varied
by changing the composition of a water-glycerol mixture. When comparing different solutes for a fixed
solvent, the confinement effects on the friction were found to be negatively correlated with the amplitude
of the friction coefficient of the free solute. On the other hand, when varying the solvent for a fixed solute
(i.e., a confined glycerol molecule), the correlation was positive. This can be understood in terms of time
scale separation due to size effects: The larger the solute and the less viscous the solvent, the clearer is the
time scale separation and hence, the smaller the memory-induced confinement effects on the friction.

As mentioned above, the computational studies of Daldrop and Kowalik et al.[81, 96] can give insight
into the dynamical processes in typical single-molecule force spectroscopy experiments. The numerical
findings[81] suggest that significant confinement effects are unlikely in typical optical trap experiments,
as the applied harmonic potentials are too weak and thus introduce modes which have larger time scales
than the memory kernel. However, the spring constants applied in atomic force microscopy experiments
can be orders of magnitude higher and thus can couple with the dynamical modes of the solvent, thereby
introducing confinement-dependent frictional effects.

2.4.3 Iterative Reconstruction

The memory reconstruction methods described above are restricted to freely diffusing particles and particles
in harmonic potentials. Jung et al. introduced two techniques for the iterative reconstruction of memory
kernels (IMR) from FG simulations, [39] which can be applied more generally.

The methods take their inspiration from the iterative Boltzmann inversion (IBI) method, which was
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introduced for structural coarse-graining.[9] The memory reconstruction methods use either the force
correlation function (IMRF) or the velocity correlation function (IMRV) as the target function in the iterative
schemes. The IMRF method is based on the fact that in the infinite mass limit the force correlation function
is exactly proportional to the memory kernel. This can be used to motivate an iterative optimization scheme
for the memory kernel which is linear in the deviations of the force correlation functions determined from
the FG input and CG simulations using the current guess for the memory kernel. The iterative procedure is
initialized using the Q-approximation, i.e. the memory kernel is initialized as the FACF. Starting from the
IMRF method, the IMRV method exploits the fact that the second derivative of the VACF is proportional to
the FACF, hence the FACF is replaced by the finite-difference representation of the second derivative of the
VACF in the IMRV scheme. To enhance convergence of the optimization procedure, a time dependent and
adaptive choice for the step size of any given iteration was introduced.

The method was evaluated using the example of a freely diffusing colloid in a LJ particle bath. Both
IMRV and IMRF were applied for the reconstruction of the memory kernel starting with the FACF as the
initial guess. Both schemes reasonably converged after 100 iterations. The IMRV was found to be more
stable, i.e., exhibiting less noise in the resulting memory kernel and resulted in a better representation of
the VACF in the final model. The memory kernel obtained by the IMRV was also compared to the memory
kernel as calculated from inverting the Volterra equation (Eq. (2.27)) or determining the projected force
correlation function following Carof et al., [85] and the results were found to be virtually equivalent. In
terms of reproducing the VACF of the underlying system, the IMRV scheme, by construction, proved to
be less prone to errors due to discretization. Moreover, the IMRV method optimizes, also by construction,
the representation of the memory kernel in the target GLE integration scheme, and thus automatically
accounts for time-discretization effects at the GLE level. In the example above, the time step in the GLE
simulations could be chosen 200 times larger than that in the FG simulations, making the integration of
the GLE efficient, despite the need of explicitly calculating the convolution integral (see also Section 2.6).
In a follow-up paper, Jung et al. applied their method to the reconstruction of pair memory kernels.[30]
This work will be discussed in more detail in Section 2.5.

The recent work by Wang et al. [32] is based on a similar iterative approach and optimizes the CG
model via a Bayesian optimization scheme.

2.4.4 Generalized Variables

The Mori-Zwanzig formalism and the memory reconstruction methods quoted above are clearly not
restricted to particle-based descriptions, but can similarly be applied to generalized coordinates. Some
popular examples are molecular hydrodynamic or fluctuating hydrodynamics descriptions[102–105], in
which the distinguished variables are density, energy density, and longitudinal current modes and the
corresponding correlation functions are, e.g., intermediate scattering functions (ISF). In this subsection we
will briefly discuss such techniques.

Deriving molecular hydrodynamic equations is one of the oldest applications of the memory function
formalism.[102, 103] Originally, it was believed that certain correlation functions (i.e. the VACF) must
decay exponentially in time due to the molecular chaos assumption, which states that collisions experienced
by a particle in a fluid are uncorrelated. However, in a pioneering work in the 70s, Alder and Wainwright
unmistakably demonstrated the existence of long-time tails already in hard-sphere fluids.[106] Their
observation could be explained based on a molecular hydrodynamic description, in which the memory
kernel is approximated using mode-coupling theory.[107] Similar anomalous properties of various im-
portant transport coefficients have been studied extensively since then, also in the context of the glass
transition.[108] For detailed discussions we refer to recent reviews and standard textbooks on related topics
such as anomalous transport,[109] molecular hydrodynamics [103] and memory in glassy systems.[108,
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110, 111]
Amati et al.[112, 113] used the Mori-Zwanzig formalism to study memory effects in the density

fluctuations of a Fermi-Pasta-Ulam model, i.e., a linear chain with anharmonic bond potential. The
reconstruction technique was based on a series expansion of the numerically calculated ISF. The detailed
analysis of the short-time behavior of both the classical and the quantum mechanical versions of the
Fermi-Pasta-Ulam model revealed zero-point energy effects that affect the mobility of the particles.

Chen et al. investigated the non-Markovian conformational motion of large proteins such as HIV-1
protease, which consists of nearly 200 residues, [114] showing that the conformational motion of proteins,
which is usually modeled via Markov models, can exhibit memory effects, depending on the degree of
coarse-graining. This study was based on an analysis of the potential energy of the protein only and did
not yet include solvent effects. Later, Ma et al.[115] and Lee et al. [116] used molecular simulations to
reconstructed the non-Markovian conformational motion of chignolin[115] and Alanine dipeptide.[116]

Memory kernels have also been reconstructed for non-equilibrium non-stationary GLEs.[54] Meyer et
al. used their memory reconstruction methods (Eq. (2.22)) to study the fundamental problem of nucleation.
[82, 117] In this case, the time-dependence of the nucleation-cluster size was chosen to be the relevant
generalized variable. The authors found intriguing non-Markovian effects in the dynamics of the cluster
size, which explicitly depend on the age of the sample.

2.5 GLE-based Coarse-Graining and Multiscale Modeling

In the previous section, we have discussed how FG systems can be mapped onto (mostly low-dimensional)
GLEs in order to study the non-local effects in the friction (memory kernel) and properties of colored noise.
In dynamic coarse-graining, the goal is often to construct dynamically consistent high-dimensional CG
models with many interacting CG variables. Such efforts will be discussed in this section.

Smith et al. [118, 119] and Tuckerman et al.[120] were among the first to derive effective GLE type
EoM from MD simulations and employ it in CG simulations. While the foundations of this approach were
thus already laid quite some time ago, in recent years increasing efforts have been dedicated to deriving
methods for non-Markovian CG models using bottom-up approaches. So far, successful models in this
direction include models on freely diffusing Brownian particles with single-particle friction kernels, [27,
92] dilute and dense particle systems with pairwise friction interactions, [26, 27, 30, 121] and also models
based on generalized CG variables that do not have a (CG) particle interpretation such as density fields.
[122, 123]

2.5.1 Particle-based Coarse-Graining

The earliest attempts to solve stochastic differential equations with interactions that are non-local in
time date back to the beginning of the 80s with the works of Ermak and Buckholz[124] and Ciccotti
and Ryckaert.[125] Details of the numerical implementations will be discussed in Sec. 2.6. Smith et al.
[118, 119] were the first to apply these ideas to real systems and to thus propose a systematic dynamic
coarse-graining procedure. They applied their methods to the vibrational relaxation of iodine suspended in
LJ Xenon at T = 300K. The integration of the generalized Langevin equation is based on an autoregression
model, which has been shown to be equivalent to the method of Ciccotti and Ryckaert [125] and related to
the auxiliary variable approaches discussed in Section 2.6.2. They compared the results of their GLE model
to MD simulations, showing that such a simple model is indeed able to describe the FG dynamics in full
detail, thus laying the foundation for future works on dynamic coarse-graining. One year later, Tuckerman
and Berne[120] used methods derived earlier by Berne et al. [90, 91] to extract the memory kernel of a
constrained diatomic LJ harmonic oscillator immersed in a LJ particle bath. Later, they generalized this
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to anharmonic coupling,[126] thus providing the first dynamically consistent coarse-grained model in a
complex energy landscape.

Only recently, this idea was brought back to life and generalized to multi-particle systems. The simplest
approach is to neglect particle correlations in the friction terms and assume that the motion of CG particles
can be described by a single effective “self-friction kernel” according to the EoM [27, 31, 92]

dPPP I(t)

dt = FFFC
I ([XXX(t)])−

∫︂ t

0
dsΓΓΓI(t− s)VVV I(s) +FFFR

I (t), (2.34)

where ΓΓΓ(t) is a single-particle memory kernel and particles can only interact via the conservative forces
FFFC

I ([XXX(t)]).
Recently, Wang et al.[32] showed that for star polymer systems, Eq. (2.34) suffices to reproduce

dynamical properties of the underlying FG system over density ranges from dilute solutions to a melt. In
this study, all memory effects were described by an average scalar self-friction memory kernel, which can
be modeled by the auxiliary variable approach (see Section 2.6.2). The authors used a Gaussian process
based Bayesian optimization scheme[127] to optimize the memory kernel to match the VACF of a single
particle. The fundamental idea is comparable to the IMRV scheme, however, it is better suited for the
auxiliary variable approach, because the parameters of the integrator are optimized directly instead of
being fitted a posteriori to a memory kernel. A similar Bayesian approach was used to parameterize CG
DPD models in Ref. [128].

While these models can well reproduce the tagged-particle motion, it is expected that pair diffusion
will not be appropriately described. Already in 1990, Straub et al. showed that the relative motion between
two bounded LJ particles can be described by a GLE with a memory kernel that strongly depends on the
particle distance.[129] An alternative approach is thus to assume that the friction forces can be decomposed
into pair friction terms that solely depend on the relative velocity VVV IJ of the interacting particles I and J ,
[27, 129] resulting in the approximation (cf. Eq. (2.14))

dPPP I(t)

dt =
∑︂
J ̸=I

[︃
FFFC

IJ(XXXIJ(t))−
∫︂ t

0
dsΓΓΓDPDIJ (t− s)VVV IJ(s) +FFFR

IJ(t)

]︃
. (2.35)

As discussed in Section 2.2, this corresponds to a non-Markovian extension of DPD like models. For such
models an additional fundamental problem arises: Pair memory kernels typically depend on the distance
between particles, which changes with time. Therefore, the problem of determining pair frictions is only
well-defined in cases where the distance between the particles is confined by a potential, e.g., a bond
potential or if the CG sites belong to the same molecule.[129] In all other cases, one must make the
additional approximation that the particle distance is roughly constant on the time scale of memory decay
– i.e., one must assume that the time scales of the memory kernel and the characteristic diffusion time
of particles are well separated. If this is indeed the case, pair memory kernels can be extracted from FG
simulations in the same way as single particle memory kernels [27, 28, 129] (Section 2.4).

Li et al. considered a GLE of the form of Eq. (2.35) and introduced a pairwise decomposition of
conservative interaction and the memory kernel. [26–28] The EF-CG approach[76] and the IBI [9] method
were used to derive the conservative interactions, while a pairwise variant of the Volterra equation (2.27)
was used for the derivation of the pairwise memory kernels. Furthermore, for numerical simplicity, the
time and distance dependence of the memory kernels were assumed to be separable. In all cases, the star
polymer systems were considered with varying polymer sizes and densities.

In Ref. [26], Li et al. considered star polymers consisting of 11 beads interacting through Weeks-
Chandler-Andersen interactions at reduced densities of 0.4 and 0.7. They found that at both densities, the
non-Markovian DPD approach performed well in reproducing the VACF of the underlying FG system (see
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Fig. 2.2). A comparison with Markovian DPD simulations further showed that the improvement due to the
incorporation of memory effects was stronger for the dense systems, which lacked time scale separation.
However, the Markovian DPD simulations also performed relatively well at both densities, which highlighted
the possibility of using Markovian approximations in a wide range of implicit solvent polymer systems,
depending on the desired accuracy. Only for high frequencies (i.e., small times), one can observe clear
deviations between the non-Markovian and the Markovian DPD models, as highlighted in the insets in
Fig. 2.2.

Yoshimoto et al.[28] combined a non-Markovian DPD model with the IBI [9] and EF-CG[76] methods
and applied it to a dense system of LJ colloids. They found that the dynamic properties did not depend
on the specific coarse-graining strategy for the conservative interactions. Furthermore, they compared
two different approaches for extracting the memory kernel: First, approximating the memory kernel by
the force autocorrelation function (Q-approximation), and second, by inverting the Volterra equation.
Since the chosen system was dense, a time scale separation cannot be assumed and the memory kernel
extracted from the Volterra equation led to a better representation of the dynamics. Being exact for t = 0,
the Q-approximation shows good agreement for the short-time behavior, however, for long times, the
force autocorrelation function significantly deviates from the real memory kernel and also suffers from the
plateau problem[66, 68] as discussed earlier.

Another interesting more qualitative approach to include memory on the pairwise level to coarse-
grained simulations has been suggested in Ref. [130] and applied several times since then in the context
of star polymer melts [131] and polymer solutions [132]. The idea is to include additional, physically
motivated degrees of freedom to the system which mimic the slow structural relaxation of the orthogonal
variables. This approach is thus connected to the data-driven auxiliary variable approach, in which these
additional degrees of freedom, however, usually do not have any physical interpretation.

The “pure self-friction kernel” models (Eq. (2.34)) and the non-Markovian DPD models (Eq. (2.35))
discussed so far can be implemented efficiently, but they impose rather severe restrictions on the form of
the multi-particle memory kernel, compared to Eq. (2.12). Moreover, they are not even compatible with
each other. In particular, the self-friction contribution of the memory kernel in non-Markovian DPD model

ΓΓΓI =
∑︂
J ̸=I

ΓΓΓDPDIJ (rIJ), (2.36)

depends solely on the surrounding particles and may either become very large (in dense systems) or very
small (in dilute systems). This causes problems, e.g., when looking at colloidal suspensions where the
dominant friction stems from the interaction with the (implicit) solvent, but collective memory effects[133]
(frequency-dependent hydrodynamic interactions) may, nevertheless, not be neglected. Theoretical and
numerical studies of a system containing two colloids only reveal an intriguing dependence of both the pair-
and the self-memory on the inter-particle distance. [133] Methods that are purely based on self-memory
or on DPD-type pair-friction are thus expected to fail. To solve this problem, Jung et al. [30] proposed a
generalization of the non-Markovian DPD models. In this study, the memory matrix as defined in Eq. (2.12)
consists of a self memory matrix coupling to the velocity of the particle and a set of pair matrices coupling
to the velocities of the other particles in the system.

ΓΓΓIJ(t) =

{︃
ΓΓΓself[{RRRIK(t)}, t] : I = J
ΓΓΓp[RRRIJ(t), t] : I ̸= J.

(2.37)

The self memory matrix is assumed to depend on the configuration, as the friction with respect to the
background medium can be altered by nearby particles.[133] It thus has a configuration-independent
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Figure 2.2: Non-Markovian coarse-graining procedure for a star polymer melt.[26] a) Illustration of the
coarse-graining procedure in which each polymer is replaced by a single CG particle, which
interacts with the other particles via the EoM (2.35). b, c) VACF for the non-Markovian DPD
(NM-DPD) model in comparison to the MD results and a Markovian DPD model for low (b) and
high density (c). Reproduced from J. Chem. Phys. 2015, 143, 243128, with the permission of
AIP Publishing.
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“bare” component and a contribution that depends on the relative positions of other particles in the vicinity
ΓΓΓself[{RRRIK(t)}, τ ] = ΓΓΓs(τ) +

∑︂
K ̸=I

∆ΓΓΓs[RRRIK(t), τ ]. (2.38)

The set of Eqs. (2.37, 2.38) is still less general than Eq. (2.12), but it can interpolate between Eqs. (2.34)
and (2.35) and includes them both as special cases. Using this framework, Jung et al. studied a dilute
system of repulsive nanocolloids (radius Rc = 3σ) in a LJ liquid (diameter d = 1σ) as illustrated in Fig. 2.3.
The memory kernel was reconstructed using the iterative reconstruction.[39] As an initial guess for the
memory kernel, a generalization of the Volterra equation (2.27) including distance-dependent velocity
auto- and cross-correlations for a system containing only two particles was used, similar to Ref. [133].
Effective many-body effects in multiparticle systems were then implicitly introduced by optimizing the
memory matrix via the IMRV method. In order to validate and test the approach, the authors compared
the distance-dependent velocity autocorrelation and crosscorrelation functions from the original FG system
to those in their model, with excellent results, as shown in Fig. 2.3 b) and c). The authors also compared
the reconstructed memory kernel to fluid dynamics theory, obtained by analytically solving the linearized
Navier-Stokes equation for two embedded spheres [133]. The simulation and theoretical results are in
quantitative agreement (see Fig. 2.3d), which not only validates the assumptions made for the simulation
model but also highlights the importance of using distance-dependent memory kernels to capture the
relevant physics of the fluid. Moreover, for the first time, the authors also analyzed the transferability of
the CG model to different colloid densities. They found that the model not only describes the dynamic
properties of one particular system, but indeed captures the fundamental non-Markovian interactions of
colloids suspended in a Lennard-Jones fluid over a wide range of colloid densities. A significant gain in
performance could be achieved for colloid number densities corresponding to dilute systems compared to
FG simulations, not only due to the reduction of the number of particles, but also because the time step
could be chosen about 50 times larger than that in the reference FG simulations.

The portfolio of methods for bottom-up non-Markovian CG simulations with consistent dynamics has
grown quite substantially over the last decade. The choice of the method strongly depends on the system
under study and the properties of interest. The general method proposed by Jung et al. [30] can be applied
to a large set of systems, and is most efficient in cases where the relevant particles only represent a very
small fraction of the microscopic degrees of freedom, e.g. in implicit solvent models. In the opposite case,
in which the coarse-grained system incorporates most of the microscopic degrees of freedom, as is the case,
for example for the coarse-graining of polymer melts, the non-Markovian DPD approach by Li et al.[27]
might, however, be more suitable due to its numerical efficiency. Both methods are clearly less efficient
compared to the pure self-friction models that have been applied in Refs. [26, 31, 76]. These simplified
models are able to describe tagged-particle motion in a numerically efficient and dynamically consistent
manner. Many physical and chemical processes, such as hydrodynamic motion or diffusion in complex
environments, however, crucially depend on the relative motion of molecules. An additional problem is the
transferability of these models. Since the single-particle memory does not include any information on the
(local) density of the system, one would expect that the models can only reproduce the correct dynamics
in exactly the same system in which they were reconstructed, and that any change of state variables will
require a re-evaluation of the memory kernel. Furthermore, any information on dynamic heterogeneities in
the system will be lost due to the averaging over all particles. These problems will have to be discussed in
the future in order to improve the practical use of dynamically consistent coarse-grained models.

2.5.2 Coarse-Graining with Generalized Collective Variables

Much of the work on GLE-based coarse-graining so far has addressed particle-based CG models. In Sec.
2.4.4, we have discussed some recent works where memory kernels were reconstructed for GLEs operating
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Figure 2.3: Non-Markovian coarse-graining procedure for a colloidal suspension. a) Illustrates the coarse-
graining procedure, in which every colloid is represented by a single CG particle, and the
interaction with the solvent is incorporated purely implicitly. b) Shows the velocity auto-
correlation function, Cvv(R, t), for colloids which have a nearest neighbor at a distance R. c)
Shows the velocity cross-correlation function, Cc

vv(R, t) for pairs of colloids at distance R.
Results in b)+c) are compared between MD results and the non-Markovian coarse-grained
model (CG) d) Compares the reconstructed memory kernels Γ(R, t) of the CG model (see
Eqs. (2.37) and (2.38)) with fluid dynamics (FD) theory [133]. This also shows the importance
of the introduction of distance-dependent memory kernels. Figure adapted from Ref. [30] with
permission from The Royal Society of Chemistry.
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with generalized collective variables, focusing on the interpretation of memory effects in dynamics, and not
on the construction of CG models for actual non-Markovian simulations. In the following we will highlight
a few examples where GLE-based coarse-graining was applied to derive CG models with generalized CG
variables.

One example is the set of non-Markovian models that were constructed to describe the conformational
motion in proteins, [114–116] which were already mentioned in Sec. 2.4.4. Chen et al. studied a high-
dimensional model, where the coarse-grained variables correspond to low frequency eigenmodes of HIV-I
protease (the authors also provided results for more standard, particle-based coarse-graining). In terms of
complexity, the model operates on a similar level as Ref. [30], introducing dissipative forces for both the
self- and the pair-interactions in the system.

Other examples are the non-Markovian dynamic density functionals, which are attracting growing
attention. Very recently, Russo et al. [134] developed a multiscale framework for describing reacting
multi-species fluids in equilibrium and non-equilibrium. They started from an already coarse-grained
GLE-system of particles with pure self-memory, and then performed ensemble averages over local densities,
momenta, and reaction sources, applying a local equilibrium assumption. The resulting theory had the
form of a fluctuating non-Markovian dynamic density functional and was used to study, e.g., the diffusion
of a gas in a double well potential and the influence of memory on Turing patterns.

Memory effects are particularly prominent in polymer systems where the dynamics of density fluctu-
ations is governed by chain relaxation processes on multiple time scales. [135–137] Wang et al. [138]
recently investigated the influence of memory on the kinetics of relaxation and structure formation in
copolymer melts and polymer blends. They derived an analytic expression for the memory kernel in
random-phase approximation and constructed a non-Markovian dynamic density functional theory (NM-
DDFT) based on this kernel. They showed that NM-DDFT calculations can quantitatively reproduce the
collective disordering dynamics of particle-based reference simulations. Based on this work, Rottler and
Müller[139] used the method of Meyer et al.[82] (Eq. (2.22)) and further approximations regarding the
collective dynamic structure factor to derive a memory kernel for block copolymer melts, and applied it to
study pattern formation in thin block copolymer films.

Memory is also a central ingredient in the recently proposed hydrodynamic models for fluctuating
viscoelasticity. [140–142] The Oldroyd-B and related models for viscoelastic flow of polymeric melts are
examples of multiscale models with memory, where the memory is approximated by a physically motivated
auxiliary variable, which is usually denoted as an extension tensor that basically “memorizes” the local
extension of polymers. This description has been generalized to a GLE-based model in two works by
Hohenegger et al..[122, 123] Instead of applying a single mode Maxwell model for the stress tensor (which
would result in the Oldroyd-B model), they assumed that the memory can be expressed as a series of
exponentials (see also Sec. 2.6). In this way they were able to describe, in very general terms, the movement
of passive tracers in a viscoelastic medium.

2.6 Implementation of GLE Simulations and Efficient Integration

In the previous section we have introduced and discussed various different models to incorporate non-
Markovian dynamics into complex coarse-grained models. We have mostly skipped details of the numerical
implementation and efficient integration of the equations of motion. These will be discussed in this section.

The first papers on the integration of stochastic differential equations based on the GLE date back to
the 80s. In a seminal contribution, Ermak and Buckholz proposed two novel approaches for the integration
of a GLE in an arbitrary external potential.[124] The first is based on a direct integration scheme that
can be applied to arbitrary memory kernels, in which the memory integral is discretized in time using a
standard mid-point rule and the noise is calculated using a convolution approach, similar to the Fourier
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transform method which will be introduced below.[143] The second approach is based on the assumption
that the memory kernel is exponential, which allows to replace it by an equivalent extended Markovian
model with one additional variable. This method is based on an idea presented one year earlier by Ferrario
and Grigolini [144] and it is the precursor of the auxiliary variable technique discussed below (see Section
2.6.2). In the same year, Ciccotti et al. published two works [125, 145] in which they integrated the GLE
by assuming a truncation of the continued fraction representation of the memory kernel, [146] which is
equivalent to the autoregression model used by Marchesoni et al. [147] and Smith et al..[118]

Generally, one faces two main issues when trying to integrate a GLE: First, the integration of the
friction force which, in principle, requires the storage and evaluation of the entire past of all coarse-grained
particles, and second, the generation of suitably correlated random numbers. In the most complex situation,
where the system is governed by non-Markovian interactions between different particles, these random
numbers must be correlated in space and time. [30, 114] Two distinct types of approaches have been
used to solve these problems, the direct integration and the auxiliary variable methods. Both have their
advantages and disadvantages, which we will discuss in the following.

2.6.1 Direct Integration

In the direct integration approach, the convolution integral appearing in the friction force is integrated
numerically using a time cutoff tcut, which effectively corresponds to multiplying the memory kernel with a
Heaviside Theta function Θ(tcut − t). This allows for a straightforward and easy evaluation, however, it can
introduce artifacts. The most obvious artifact is that any long-time tails in the dynamics will be disregarded,
which can be problematic in situations involving hydrodynamic tails (see discussion in Ref. [30]). In most
applications, however, in which the introduction of memory is supposed to be an improvement compared
to the idealistic Markovian assumption, the cutoff is not expected to lead to serious errors.

One major challenge in direct integration methods is to produce suitably correlated random forces.
The most popular approach is based on the original idea of Ermak et al.[124] to express the colored
noise as a convolution of an unknown function with a white noise variable. The method was successfully
applied by Barrat et al.[143] using a Fourier transform approach, but the function can also be determined
by autoregressive techniques[118] or optimization.[27] For non-interacting particles, the scaling of the
method is similar to that of the direct integrator of the friction force, i.e., the computational costs increase
linearly with the particle number N and the number of memory steps, Nt = tcut/∆t (where ∆t is the time
step) with the scaling O(Nt ·N).

Producing colored random numbers becomes much more problematic when simulating interacting
particles or integrating multi-dimensional GLEs, in which the random force also has cross-correlations,
described by the off-diagonal terms in the memory kernel matrix. This problem was addressed by Chen et
al. [114] and Jung et al. [30] and, in both cases, was solved using the Lanczos method. [148] In short, the
Lanczos method can be used to approximate highly-dimensional matrices by tridiagonal matrices in Krylov
subspaces with significantly reduced dimension, thus allowing for efficient matrix inversion and Cholesky
decomposition. If one can further assume that every coarse-grained dimension only interacts with a fixed
number of “connected” variables (e.g. neighbors in particle-based descriptions), this method allows to
reduce the computational time to O(Nt ·N), making it suitable for applications in large-scale simulations.

The last remaining problem is the choice of an efficient GLE integrator. Generally, one can use any
standard Langevin integrator, since the time-retarded contributions to the force can just be added to the
total force on the coarse-grained variables. Addressing specifically GLEs, Tuckerman and Berne have derived
a multiple time-stepping algorithm in 1991, which can be used in cases where the typical frequencies
related to the conservative forces differ very much from the time scale of the memory. [120] Jung et al.[30,
39] derived an alternative integrator which generalizes the Grønbech-Jensen/Farago Langevin (GJ-F)
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thermostat [149] and was found to perform very well for both non-interacting and interacting particles.
The direct integration method is thus very flexible and can be applied to basically all non-Markovian

models that were discussed in the literature. However, in cases where Nt is large, the computational
overhead for the evaluation of the friction and the random force is significant.

2.6.2 Methods Based on Auxiliary Variables

The central idea of auxiliary variable approaches is to introduce additional stochastic variables and replace
a GLE by an equivalent extended system of Markovian LEs. Let us consider a Markovian LE for two
coupled degrees of system. As we will show below, integrating out one of them automatically results in the
emergence of a memory kernel in the dynamical equation for the other.[23] Inverting this procedure, one
can transform a system with exponential memory into an extended Markovian system with an additional,
auxiliary variable that mimics the effect of the memory. The auxiliary variable approaches use this fact to
construct extended Markovian models for the GLE. The idea is to expand the memory kernel into multiple
exponentials, and then represent each one by an additional auxiliary variable.

Related approaches were already proposed in some of the very first works on numerical GLE inte-
grators[144, 147]. In these studies, the auxiliary variables were constructed by a truncation of Mori’s
continued fraction expansion. [146] The method was revived about 10 years ago, mainly due to the work
of Ceriotti et al. who used it as a practical numerical tool, in which the expansion is determined by a fitting
procedure. [150–159] Recently, two works have also extracted extended Markov models directly from
fine-grained trajectories, with great success [32, 98].

To introduce the technique, let us consider the following two-dimensional linear differential equation,
[23]

∂

∂t

(︃
a1
a2

)︃
=

(︃
L11 L12

L21 L22

)︃(︃
a1
a2

)︃
. (2.39)

Solving Eq. (2.39) for the variable a2 and putting the result back in the equation for a1 gives

∂

∂t
a1 = L11a1(t) + L12

∫︂ t

0
ds exp (L22(t− s))L21a1(s) + L12 exp(L22t)a2(0) (2.40)

In Eq. (2.40), the dynamics of a1 now only depends on the initial conditions of a2 and not its time
evolution. Instead, an integral term appears, which involves the history of a1. This procedure is exact and
reversible. Since the Markovian Eq. (2.39) and the non-Markovian Eq. (2.40) are equivalent, it is evident
that it should in many cases be possible to rewrite non-Markovian integro-differential equations such as
GLEs in a Markovian form by the introduction of additional variables. Such a procedure allows to describe
the evolution of the convolution integral in a GLE in terms of a set of auxiliary variables, thus rendering the
EoM Markovian.

This method was used by Ceriotti et al. to introduce a general framework for exploiting the GLE as a
flexible thermostat in MD simulations. [150–155] Following their scheme, a non-Markovian GLE of the
form

mv̇ = F (t) = FC(t)−
∫︂ t

0
Γ(t− s) v(s) ds+ FR(t), (2.41)

can be rewritten in a Markovian form as(︃
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where, AAA and BBB are the drift and the diffusion matrices, respectively. For canonical sampling BBB is fully
determined by AAA in terms of the FDT. The noise term ξξξ is a vector of uncorrelated Gaussian random
numbers with zero mean and variance one, which can be implemented rather efficiently compared to
correlated noise. The vector sss is a set of auxiliary variables, which effectively "stores" the dynamical history
of v, while the drift matrix AAA includes the self- and cross coupling of the momentum and the auxiliary
variables. The matrix AAA must satisfy the requirement that AAA+AAAT is positive (semi-)definite to ensure that
BBB can be chosen in a manner consistent with the FDT, and that a stationary distribution of (v,sss) exists.
This can be ensured by choosing the non-diagonal elements in the drift matrix to be antisymmetric and the
diagonal elements to be positive, Aii > 0.

As long as this specific condition is met, one has some freedom in the choice ofAAA. For certain functional
forms of the memory kernel Γ(t), equivalent parameterizations for Eq. (2.42) were proposed. Ceriotti et al.
proposed parameterizations for exponential memory kernels and memory kernels that are δ-correlated in
Fourier space. [151] The total memory kernel can also be constructed as a sum of contributions, which
allows, for example, to use a sum of exponentials to describe memory decaying on different time scales
[160] or to approximate a power-law memory kernel. [155] The δ-like memory kernel is defined by its
amplitude, mean value and a line width in Fourier space, which allows to define a memory kernel with an
arbitrary power spectrum by a sum of δ-like functions. [151]

As a side note, we remark that Ceriotti et al. did not have dynamic coarse graining in mind in their
work, but rather the development of enhanced sampling schemes for MD simulations. Applying thermostats
with memory and colored noise allows to control and optimize the correlation times of modes with different
frequencies independently.[151] Ceriotti et al. also proposed to use nonequilibrium GLEs (with colored
noise that does not fulfill the FDT) to mimic the effect of nuclear quantum fluctuations.[152]

Similar approaches can be used to parameterize memory kernels in GLE simulations.[27, 32, 92] Li
et al. considered a star polymer melt with the dynamics of a single star polymer mapped on to a GLE
and exploited the Volterra inversion method (Eq. (2.27)) for the extraction of the memory kernel.[27] In
the CG simulations, they compared the results obtained using a discretized calculation of the convolution
kernel with those using the auxiliary variable approach due to Ceriotti.[151] Both methods were found to
reproduce the VACF with small deviations on large time scales, which were, however, more pronounced in
the discretized convolution integral approach. The direct calculation of the convolution integral necessarily
involves cutting off the number of time steps considered in the evaluation of the GLE. In particular, if the
memory kernel exhibits a slowly decaying tail, this will always lead to a overestimation of the dynamics due
to the truncation of the long time friction. The auxiliary variable approach shows a similar but slightly lower
deviation. For the parameterization of the auxiliary variable approach, a set of damped oscillators was used.
This fitting procedure allows to represent the memory kernel for larger time scales, which can enhance the
representability of the long time scale behavior. Even though the memory kernel is not truncated in the
auxiliary variable approach, approximating long tail memory kernels by a finite sum of exponentials still
implicitly results in a, though less severe, truncation error.

The same approach was also applied to solutions ranging from generic star polymer solutions to
a solution of tri-n-butyl phosphate in chloroform.[92] In these systems, it was possible to capture the
long time scaling of the memory kernel accurately enough to match the VACF over all time scales with a
reasonable number of fitting functions for the memory kernel. Furthermore, the authors established a GJ-F
integrator[149] for the auxiliary variable approach, thus enhancing the performance of the CG simulation
due to larger time steps.

Li et al. also extended the auxiliary variable approach for the case of non-Markovian DPD equations
and derived it in a pairwise-decomposed form, including also complex exponentials which allows for a
better representation of the memory kernel.[27] Here, the auxiliary variables were coupled to the relative
velocities of the bead pairs, instead of the absolute velocity of a single particle. This leads to an increase in
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the computational cost compared to the GLE-thermostat, as auxiliary variables must now be introduced for
each bead pair. Nonetheless, it was found that this approach is roughly 20 times more efficient than the
direct evaluation of the convolution integral in the same system.[26] The authors demonstrated that both
approaches can well capture the dynamical properties of the underlying FG system.

The auxiliary variable approach is thus clearly more efficient than the direct integration technique
which we have discussed in Section 2.6.1. One challenge is an accurate reconstruction of the non-Markovian
dynamics, which often requires fitting of memory kernels with a series of (complex) exponentials. This
problem, however, might be not very severe, because it is often not necessary to reproduce memory kernels
in full detail. Furthermore, recent work on direct optimization has demonstrated that it is possible to
faithfully represent self-friction memory kernels over several orders of magnitude in time with auxiliary
variables.[32]

On the other hand, when looking at multidimensional memory kernels with distance-dependent
pair memory contribution, the approach may also fail and it may not be possible to find an equivalent
representation of the form Eq. (2.42). The problem is that the different entries in the memory kernel matrix
then depend on the relative distances between all particles in the system, and there is no (obvious) way to
ensure that this memory kernel matrix is always positive (semi)-definite (see discussion in the Appendix of
Ref. [30]).

2.7 Physical Impact of Memory

From the point of view of dynamic coarse-graining, it is clear that memory effects should be included in
CG models in many cases in order to quantitatively reproduce the dynamics of the underlying FG model. In
addition, memory can have a significant impact on the qualitative behavior of materials. One particularly
prominent example is the glass transition, which has been the subject of intense research for almost a
century now and will not be discussed here (see Refs. [108, 110, 161–165] for recent advances and
reviews). Another important field where memory plays a central role is anomalous diffusion (see Sec.
2.4.1), which has also attracted enormous interest due to its many applications in physics and biology
and will also not be discussed here (for Reviews see, e.g., Refs. [84, 109, 166]). There are many other
cases where memory has a physical impact on systems, and we will now illustrate this using a few selected
examples.

Mankin and coworkers studied the influence of memory on the motion of trapped Brownian particles
in oscillatory viscoelastic shear flow with a power-law-type memory kernel.[167, 168] Among other things,
they discovered a dynamic phase transition from a trapped to a diffusive state when increasing the memory
exponent. Moreover, the cross-correlation of the particle motion in flow and shear direction changed sign
twice with increasing exponent.

Lesnicki et al.[86] gave a beautiful example of how the analysis of memory kernels can enhance the
understanding of physical phenomena. They performed an accurate calculation of the memory kernel
of a tagged LJ particle in a bath consisting of equivalent particles on long time scales, using the method
of Carof et al.[85], and numerically derived the algebraic long-time tail for the memory kernel. They
related this result to the Basset-Boussinesq hydrodynamic force equation, which is typically used to model
colloidal spheres in suspension.[169, 170] Thus, they showed that the Basset-Boussinesq equation is also
applicable in the microscopic regime, with parameters that can be directly derived from the memory
function.[86] Seyler and Presset[171, 172] investigated the influence of this “Basset history force” on
the motion of microspheres in oscillatory flow and a periodic potential. They showed that hydrodynamic
memory significantly enhances the mobility of microspheres and helps them to escape potential wells in
which they would otherwise remain trapped for much longer times.
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Figure 2.4: The effect of memory on the barrier crossing dynamics of a single particle.[75] a) Illustrates the
simulation setup. b) Highlights the important regimes for the mean first passage time, τMFP:
the Markovian regimes for overdamped and underdamped dynamics in which the memory has
no effect, as well as the regimes in which the memory introduces a speedup or a slowdown
compared to the Markovian results. τm and τD: inertial and diffusive time scales, τΓ: time
scale of the memory kernel. Reproduced from J. Chem. Phys. 2018, 148, 014903, with the
permission from AIP Publishing.

Goychuk[173, 174] considered the effect of hydrodynamic memory on the diffusion in so-called
washboard potentials, where the diffusion is enhanced by orders of magnitude already in the absence of
any memory.[175] He showed that hydrodynamic forces can enhance the diffusion even further in such
systems and induce a transient, but long-lived superdiffusion regime, where the mean-square displacement
scales with t3.

The above situations have in common that the memory kernels were long-range in time. However,
memory effects may also qualitatively affect the dynamics of systems if the memory kernels are short-range,
i.e., decay exponentially. One such example was recently discussed by Kappler et al.,[75] who analyzed
the influence of memory with an exponentially decaying memory kernel on the mean first passage time
(MFPT), τMFP in a generic symmetric double well potential (see Fig. 2.4). For fixed inertial and diffusive
time scales, τm and τD, they reported an intriguing non-monotonous behavior as a function of the time
scale τΓ of the memory kernel, where the MFPT first decreases with τΓ (“memory speedup” regime in
Fig. 2.4) and then grows as τ2Γ for large τΓ (“memory slowdown” regime in Fig. 2.4). If multiple memory
time scales τΓ,i with different associated friction constants γi are involved, then the behavior of the MFPT is
dominated by the time scale τΓ,j for which γj/τ2Γ,j is the largest.[160, 176] This study demonstrated that,
remarkably, memory effects in the presence of conservative interactions can affect the long time dynamics
far beyond the time scale of the memory. It further showed that this effect strongly depends on the chosen
barrier height.

The findings of Kappler and coworkers might provide a possible explanation for the observation that
Markovian DPD models can capture the long time dynamics rather well in simple liquids with low viscosity,
in which energy barriers are significantly smaller than kBT , whereas they tend to overestimate the diffusion
coefficient in systems, in which energy barriers due to conservative interactions are rather high – as is
the case for polymer melts and solutes in polymer networks.[65] In both cases, the separation of time
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scales is incomplete. However, the diffusion of the polymer should not depend much on the local relaxation
processes in dilute polymer solutions and thus can be well captured by a Markovian approximation after
appropriate time scale mapping.[65] In the case of penetrant diffusion in a polymer matrix, which is
closely related to the MFPT problem in a double-well potential, one observes significant deviations from
Markovian DPD models. A potential enhancement of the barrier crossing rate resulting from the Markovian
approximation can accumulate over time and effectively translate into an enhanced diffusion coefficient, as
was observed by Deichmann and Van der Vegt. [65]

Memory effects can also be prominent in driven and active systems. Russo et al.[134] derived a
generalized dynamic density functional framework for reactive multicomponent fluids with memory and
showed that reaction-diffusion equations for components with dissimilar memory kernels exhibit novel
Turing patterns. Two examples of memory effects in systems of microswimmers were recently discovered
by Nagai and coworkers[177] and by Narinder and coworkers.[178] Nagai et al.[177] investigated the
effect of memory (colored noise) on the pattern formation in fluids of microswimmers and showed that
memory can induce a whole spectrum of novel patterns in such systems, including vortex lattices and
laning. Narinder et al.[178] studied the motion of colloidal microswimmers in a viscoelastic fluid both
experimentally and theoretically and showed that memory can induce spontaneous circular motion.

These examples show how memory can fundamentally influence the dynamical behavior of systems.
In many cases, properly accounting for memory effects in coarse-grained simulations is not just necessary
to establish a proper quantitative link between the fine-grained and coarse-grained systems. It may also be
crucial to capture the essential characteristics of the dynamics at the coarse-grained level.

2.8 Outlook

Over the last decade a lot of progress has been made toward improving dynamical consistency in CG
simulations based on the Mori-Zwanzig theory. While the Markovian approach has been exploited with
varying success, in most cases the systems under study were chosen such that the approximation is evidently
valid. In such cases, even though the methodology could be validated, its applicability to real physical
systems remains questionable. In general, for moderate level of coarse-graining at a high density, the
Markovian approximation is not valid. Interestingly, the approximation could still capture the long time
dynamics of simple liquids where the time scales are not well separated. [65] For multi-bead mapping
schemes in polymer systems at high densities the approximation introduces errors in the long time dynamics,
probably due to the comparable timescales of memory effects and chain relaxation processes that govern
diffusion. In principle, this could be circumvented by choosing a higher degree of coarse-graining, which
would enhance the time scale separation. However, such models will ultimately loose their predictive
capabilities as the mapping scheme for a given physical question is chosen based the corresponding length
and time scales of interest.

On the other hand, non-Markovian CG models are more flexible and can be applied to a broad range of
physical problems, with an obvious increase in computational overhead. Among the existing methods, the
generalized Langevin dynamics method [30] proposed by Jung et al. is rather general and can be applied to
any physical system with arbitrary mapping schemes, however, at a relatively high computational cost. The
assumption of pairwise-additivity of the frictional forces as proposed by Li et al. allows to formulate non-
Markovian DPD-type models, which can be integrated more efficiently using auxiliary variable approaches.
[27] While this circumvents the computational overhead of explicit memory evaluation to a large extent,
the non-Markovian DPD models with moderate degree of coarse-graining can still be less efficient compared
to fine-grained MD simulations, again limiting their applicability to coarser models.

Unfortunately, there are no studies yet in which the predictive capabilities of non-Markovian DPD
models are demonstrated conclusively. If the corresponding memory kernels (which only depend on the
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direct interactions and thus, local correlations) can be assumed to be short lived compared to the diffusive
time scales and the dynamics on longer time scales are partially encoded in the conservative interactions,
it is reasonable to assume that non-Markovian DPD models can be parameterized with relatively short
fine-grained MD simulations, while the dynamics on long time scales can be sampled with the CG models.
One possible application of this kind would be the penetrant diffusion in polymer melts or polymer networks,
for which it was shown that Markovian DPD approaches do not correctly reproduce diffusion. [65] However,
to the best of our knowledge, no study has applied any of the discussed non-Markovian CG approaches to
predict dynamical properties of such materials or related molecular processes. One possible reason is the
nontrivial derivation of the memory kernels and the rather complicated and computationally expensive
implementation of the CG model.

Transferability of CG models is another important issue that requires future attention, in particular
with respect to dynamical properties. In the field of systematic polymer coarse-graining, transferable pair
potentials have been developed based on approaches that minimize the contributions of average, and
strongly state-dependent, multibody effects. The CRW pair potential[73, 74], as well as the EF-CG pair
potential,[76] represent the free energy associated with the interactions among the internal DoF of two
beads at a fixed distance, excluding contributions of the non-bonded environment of the two beads. CRW
models for linear alkanes are shown to be transferable between the melting and boiling points of the
materials,[74] reproduce the liquid surface tension, have been used to study wetting problems [179], and,
applied to syndiotactic polystyrene [180], have been successfully used to study crystallization in the bulk
[181] and at the surface of a thin polymer film [182]. These studies rely on the transferability of the
potential and have been applied to static aspects of problems whose dynamics is of significant interest, too.
The Markovian MZ-DPD approach of Deichmann and Van der Vegt has, with an eye to transferability, been
derived based on EF-CG interactions, while neglecting (state-dependent) multibody contributions to the
DPD pair frictions.[65] This approach, in principle, requires time scale separation, i.e. distances between
beads are fixed on the time scale of the memory kernel, and is expected to work for polymer-based systems
such as polystyrene in which rotations of side groups occur on time scales where the monomeric units
hardly move. This system is also a good example for testing the temperature transferability of memory
kernels employed in a non-Markovian extension of the work in Ref. [65] , e.g. with respect to reproducing
temperature dependent segmental and chain dynamics of polystyrene. [183]

While the parameterization of the original DPD model, which is often applied to simple bead-spring
polymer systems, is generic (not chemistry specific), it can still capture some fundamental dynamical
properties of well known theoretical models in polymer physics, even though it fails to capture reptation
dynamics for long polymer chains in melts.[184] In this line, it is conceivable that an in-depth under-
standing of friction and memory kernels and its coupling to the conservative interactions can be utilized
to establish a similar top-down procedure to derive CG models with realistic dynamics. The realm of
non-Markovian simulations, in principle, allows to tune dynamical properties of generic CG models with a
greater flexibility, opening new possibilities in the development of empirical models with a broader range
of possible applications.

Beyond the realm of equilibrium systems, the MZ theory and the application of GLEs has been extended
to non-equilibrium and non-stationary processes [82, 83]. For example, non-Markovian dynamics emerges
naturally when looking at ”hot Brownian motion”, i.e., the motion of heated colloids in a fluctuating
thermodynamic environment[185, 186]. Non-Markovian interactions with time delay offer interesting
opportunities for a feedback control of Brownian motion and create intriguing novel equilibrium states
[187, 188]. These examples illustrate that a modification of dissipative and stochastic interactions in non-
equilibrium can have a qualitative impact on the structural properties of the system (see, e.g., Ref. [177]).
One problem along this line will be that in nonequilibrium, a clear distinction between systematic and
random forces is missing [189, 190], which makes it challenging to establish a meaningful, systematic
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dynamic coarse-graining procedure.
In the following an (incomplete) list of open questions and problems is given, that could potentially

guide future research towards practical applications of non-Markovian models.

• Understanding the transferability and predictive power of (equilibrium) non-Markovian models.

• Implementation of (distance-dependent) pairwise friction kernels could be essential to achieve a
high level of transferability. Potential issues of currently proposed (particle-based) techniques that
should be addressed are

– the assumption of a time-scale separation between the decay of the memory kernel and the
characteristic diffusion time of the particles,

– the usage of auxiliary variable approaches for models with self- and pair-memory kernels,
– and the handling of long-range and long-time interactions.

• The practical application of the coarse-graining techniques in non-stationary and non-equilibrium
systems. This will include

– analysis of the FDT for non-equilibrium processes and in non-stationary situations,
– the development of practical computational tools for the time-integration of non-equilibrium
coarse-grained models,

– and further development of reconstruction techniques for non-stationary memory kernels.

• The application of state-of-the-art techniques to the problem of non-Markovian coarse-graining. This
mainly includes the usage of machine-learning tools[32], which have the potential to be a powerful
methodology to approach some of the above listed open problems.

A multi-disciplinary, collaborative effort will be needed to standardize the methodologies and exploit
their potential, while reaching a broader community of researchers. Concrete application to relevant
physical questions would help drive continuous improvements on the methodological front and broaden
their capabilities.
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3 Theoretical Background and General Approach

In this chapter, the most relevant technical aspects necessary to understand the following chapters are
condensed and a description of the general workflow for the parametrization of Eq. 1.1 is provided. Basic
aspects of molecular dynamics (MD) simulations and of coarse-graining for static properties are not covered,
as there are well established literature on them. [2–7, 191, 192]

3.1 Defining Coarse-grained Degrees of Freedom: Mapping of Fine-Grained
Trajectories

Consider a typical FG molecular dynamics model for which the phase space is defined in terms of the
positions and momenta of n particles, rrr = {rrr1, ...rrrn} and ppp = {ppp1, ...pppn}. The canonical probability
distribution of the FG DoFs are determined by a Hamiltonian

H(rrr,ppp) =
n∑︂

i=1

1

2mi
ppp2i + UFG(rrr) (3.1)

with the particles masses mi and a potential energy function UFG(rrr) encompassing all bonded and non-
bonded interactions in the system. The canonical probability density is then given by

pr(rrr) ∝ exp
(︁
−UFG(rrr)/kBT

)︁ (3.2)

pp(ppp) ∝ exp

(︄
−

n∑︂
i=1

1

2mikbT
ppp2i

)︄
(3.3)

where kB is the Boltzmann constant and T is the temperature.
In systematic bottom-up coarse-graining, a mapping operatorMMM̂ determines how to define positions

and momenta of N coarse-grained beads (RRR = {RRR1, ...RRRN} and PPP = {PPP 1, ...PPPN}), such that

MMM̂{rrr,ppp} = {RRR,PPP}. (3.4)

A typical choice for an mapping operator is a linear combination of FG DoFs, as e.g. a center of mass
mapping, where

RRRI =

∑︁
iϵI mirrri
MI

(3.5)

PPP I =
∑︂
iϵI

pppi (3.6)
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whereby iϵI picks out all FG atoms which are part of the CG bead I. ApplyingMMM̂ on a FG trajectory yields
a mapped trajectory in terms of CG DoFs governed by the FG Hamiltonian. The corresponding FG canonical
probability densities of CG DoFs are given via

pR(RRR) ∝ exp (−W (RRR)/kbT ) (3.7)

pP (PPP ) ∝ exp

(︄
−

N∑︂
I=1

1

2MIkbT
PPP 2

I

)︄
. (3.8)

where
W (RRR) = −kBT ln

∫︂
drrr exp

(︁
−UFG(rrr

)︁
δ(RRR−MMM̂(rrr)) (3.9)

is the multibody potential of mean force (MB-PMF), a free energy function governing the probability
density pR(rrr).

In constructing typical CG molecular models, a CG potential UCG(RRR) applied in CG simulations has to
be defined. In CG simulations, UCG(RRR) governs the canonical probability density via

PR(RRR) ∝ exp
(︁
−UCG(RRR)/kbT

)︁
. (3.10)

For the CG model to be consistent with the underlying reference the to probability density PR(RRR) and
pR(RRR) have to coincide and thus the goal of a constructing UCG(RRR) is to mimic the MB-PMFW (RRR).[193]
In practice, for many-body systems the MB-PMF cannot be computed, nor be represented in CG simulations
in terms of pair-potentials. Also, this consistency criterion only holds for static properties. Dynamic
consistency is a distinct problem and the main topic of this thesis. At the same time, the discrepancies
between UCG(RRR) andW (RRR) influence both static and dynamic properties, and therefore, the CG potential
has to be parameterized carefully. In Eq. 1.1 and throughout this thesis conservative interactions due to a
coarse-grained potential are denoted as FFFC

I = −∂UCG(RRR)
∂RRRI

.

3.2 Hierarchy of Non-Markovian Generalized Langevin Equations for
Coarse-Grained Simulations

As discussed in chapter 2, different forms of GLEs have been explored for coarse-graining with the aim to
faithfully represent dynamic properties of the reference FG system. These GLEs can be roughly organized
in a hierarchy along the dimension of complexity and accordingly the incorporation of physical details.
Fig. 3.1 summarizes this hierarchy.

Eq. (M1) in Fig. 3.1 represents a very general form of a GLE for a many-body CG description, which can
be derived with the application of a non-linear projection operator.[58] The the total force FFF I(t) on some
CG bead I consists of three distinct contributions. The first term, the conservative force FFFC

I (t), represents
a systematic force determined by the configuration of the total system RRR at time t, associated with the
(in general non-linear) potential of mean force. The second term represents a non-Markovian frictional
force which depends on the history of all velocities VVV . The third term, δFFFQ

I , represents the so called
Q-projected force, a force contribution, which is statistically independent of the relevant DoFs {RRR,VVV } and
thus is interpreted as a random force contributions. In Eq. (M1),KKKIJ(t,RRR) is a complex high-dimensional
memory(friction) tensor, encoding the coupling of all the systems velocities VVV (or momenta PPP ). For
modeling purposes, Eq. (M1) is in general too complex due to the high dimensionality of the memory tensor
in which (in principle) every entry depends on the configuration of the whole system. The most direct
implementation of Eq. (M1) is found in the work of Jung et al..[30] To make Eq. (M1) tractable, Jung et al.
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Figure 3.1: Overview of GLEs for non-Markovian CG modeling. In parenthesis, examples for authors
discussing or utilizing the corresponding EoMs are noted. The corresponding references
are: Kinjo and Hyodo[58], Jung[30, 39], Li[27], Yoshimoto[28], Han[29, 31], Wang[32, 92] and
Klippenstein[33, 34, 194] / the current work.

proposed to construct thememory tensor by only considering its dependence on pair-distances. This idea was
successfully applied for deriving an implicit-solvent model of a dilute system of colloids, whereby the friction
due to the solvent DoFs was modeled in terms of a self memory kernel (− ∫︁ t

0 dsMIKKKII(t− s, {RIJ})VVV I(s)).
Hydrodynamic interactions, i.e. solvent mediated interactions due to the motion of particle J on particle I,
were modeled via a pair memory kernel (− ∫︁ t

0 dsMIKKKIJ(t− s,RIJ)VVV J(s)).
It has to be noted that the validity of the derivation of (M1) in Ref. [58] is debated in literature,[25]

but recent derivations by Vroylandt and Monmarché[195] seem to indicate that, in equilibrium, CG EoMs
following the form of (M1) can be derived, as long as the memory tensor is considered to be configuration
dependent.

By applying a pairwise decomposition to Eq. (M1), assuming KKKII = −∑︁J ̸=I KKKIJ and enforcing
Newton’s third law, the momentum conserving non-Markovian dissipative particle dynamics (NM-DPD)
model (Eq. (M2)) can be derived.[26] In NM-DPD, the random forces δFFF IJ and δFFF IK are uncorrelated for
J ̸= K, which simplifies the construction of random forces in CG simulations.[30] NM-DPD is particularly
useful for mapping schemes where momentum is conserved in mapped FG trajectories. In such a case,
assuming KKKII = −∑︁J ̸=I KKKIJ is not a limitation. The main approximation on the level of the EoM is
the neglect of many-body correlations. NM-DPD has been successfully tested for coarse-graining generic
star-polymer melts.[26, 27] The limitation in NM-DPD lies in the fact that it is computationally expensive.
This can to some extent be alleviated by applying the auxiliary variable approach,[27] a technique to render
non-Markovian EoMs Markovian,[151] but for molecular coarse-graining where only few FG DoFs are
mapped onto CG DoFs, the computational overhead due to the complexity of the CG EoM might outweigh
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the computational gain due to the reduced number of DoFs.
The computationally least complex non-Markovian EoM which can be used for CG modeling of many-

body systems is given by Eq. (M3). To derive Eq. (M3) from Eq. (M1), it has to be assumed thatKKKIJ = 0
for I ̸= J . By doing so, hydrodynamic interactions in implicit solvent systems, or more generally, inter
bead correlations of friction and noise, are neglected. Lei et al. tested this approach by deriving CG models
of Markovian analogs of Eq. (M2) (DPD) and Eq. (M3) (Markovian Langevin thermostat), and found that
the explicit neglect of these correlations yields too low diffusion coefficients in CG Markovian Langevin
models[36] while DPD models yield better results.

To construct models of the form of Eq. (M3) such that dynamic properties are faithfully represented,
the effects of the cross-terms of the memory tensor (KKKIJ for I ̸= J) have to be incorporated into K̃ in an
averaged sense.

The problem with going from complex to more simple (Eq. (M1)→Eq.(M3)) is that contributions with
a significant effect on the overall dynamics have to be neglected. The alternative approach, chosen in this
thesis, is to start with an even simpler EoM, which is the single-particle GLE due to the Mori projection,
given by Eq. (M4). Eq. (M4) can be, contrary to Eq. (M3), formally exactly derived and thus the memory
kernelK is numerically accessible. In the following sections, strategies are presented, which allow to derive
parametrizations of K̃ in Eq. (M3), with the aim to be consistent with the single-particle EoM Eq. (M4).

3.3 Single Particle Dynamics in Equilibrium: The Mori-Projection Operator

This section is an adaptation from the supporting information (SI) of Ref. [34]. The respective section in
the SI of chapter 5 is accordingly removed.

A prototypical coarse-graining problem is the dynamics of a single heavy Brownian particle immersed
in a solvent consisting of molecules of much smaller size. In the absence of external forces the total force
acting upon the Brownian particle can then be described as drag, exerting friction upon the movement of the
particle, and random collisions of the solvent molecules due to thermal fluctuations. The phenomenological
EoM often used to describe this type of dynamics is the Langevin equation (LE).

FFF I(t) = −γPPP I(t) +FFFR
I (t) (3.11)

Here FFF I(t), FFFR
I (t) and PPP I(t) are the total force, the random force and the momentum of the Brownian

particle at time t, respectively and γ is the friction coefficient. To describe the dynamics of a Brownian
particle in thermal equilibrium, γ and FFFR

I (t) have to be related via the fluctuation-dissipation theorem[69]⟨︁
FFFR

I (t)FFF
R
I (t

′)
⟩︁

3MIkBT
= 2γδ(t− t′). (3.12)

Eq. 3.11 can be formally justified in terms of the Mori-Zwanzig theory. The main ideas behind the the
projection operator formalism, following the description in Ref.[23], are summarized in the following
paragraph.

Consider the EoM of the vector of "relevant" (for the purpose of this thesis, real valued) dynamical
variables AAA0 ≡ AAA(t = 0) in terms of the Liouville equation

dAAAt

dt
= iLAAAt (3.13)

with the formal solution
AAAt = eiLtAAA0. (3.14)
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Different projection operators P can be defined such that PP = P . In this work the projection operator
as defined by Mori is considered, which, applied on a vector of real valued observables BBBt ≡ BBB(t), reads

PBBBt =
⟨︁
BBBtAAA

T
0

⟩︁ ⟨︁
AAA0AAA

T
0

⟩︁−1
AAA0. (3.15)

The superscript T denotes transposed vectors and ⟨...⟩ denotes the canonical ensemble average.
The projection operator for the orthogonal projection can be defined as

Q = (1− P) (3.16)

with which the Liouville operator can be split up as

iL = PiL+QiL. (3.17)

Additionally one has to introduce the following operator identity:[23]

eiLt = eQiLt +
∫︂ t

0
dseiL(t−s)PiLeQiLs. (3.18)

By applying both sides of Eq. 3.18 to QiLAAA0, the left-hand side reads

eiLtQiLAAA0 = eiLtiLAAA0 − eiLtPiLAAA0

=
∂

∂t
eiLtAAA0 − eiLt

⟨︁
(iLAAA0)AAA

T
0

⟩︁ ⟨︁
AAA0AAA

T
0

⟩︁−1
AAA0

=
∂

∂t
AAAt −

⟨︁
(iLAAA0)AAA

T
0

⟩︁ ⟨︁
AAA0AAA

T
0

⟩︁−1
AAAt

=
∂

∂t
AAAt − iΩΩΩAAAt.

(3.19)

In the first step, it is exploited that Q = (1 − P); in the second step, P is applied and noted that
∂
∂te

iLtAAA0 = eiLtiLAAA0. In the third step, the propagator is applied to AAA0 and in the last step the frequency
matrix is defined as follows:

iΩΩΩ =
⟨︁
(iLAAA0)AAA

T
0

⟩︁ ⟨︁
AAA0AAA

T
0

⟩︁−1
. (3.20)

The right-hand side reads

eiLtQiLAAA0

= eQiLtQiLAAA0

+

∫︂ t

0
dseiL(t−s)

⟨︁(︁
iLeQiLsQiLAAA0

)︁
AAAT

0

⟩︁ ⟨︁
AAA0AAA

T
0

⟩︁−1
AAA0

= eQiLtQiLAAA0

+

∫︂ t

0
ds
⟨︁(︁
iLeQiLsQiLAAA0

)︁
AAAT

0

⟩︁ ⟨︁
AAA0AAA

T
0

⟩︁−1
AAAt−s

= eQiLtQiLAAA0

−
∫︂ t

0
ds
⟨︁(︁
eQiLsQiLAAA0

)︁
iLAAAT

0

⟩︁ ⟨︁
AAA0AAA

T
0

⟩︁−1
AAAt−s

= AAȦ
Q
t −

∫︂ t

0
ds
⟨︂(︂

AAȦ
Q
s

)︂
AAȦ

T
0

⟩︂ ⟨︁
AAA0AAA

T
0

⟩︁−1
AAAt−s.

(3.21)
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First P is applied, followed by the application of the propagator eiL(t−s) in the integral. In the third
step it is noticed that iL is an anti-hermitian operator, so for any two vectors of observables AAA and BBB one
can write: ⟨︁

AAAiLBBBT
⟩︁
= −

⟨︁
(iLAAA)BBBT

⟩︁
. (3.22)

In the last step, a Q-projected time derivative of AAAt (which later will be a Q-projected force) is defined as

AAȦ
Q
t = eQiLtQiLAAA0. (3.23)

Eqs. 3.19 and 3.21 can be combined and reordered to give

∂

∂t
AAAt = iΩΩΩAAAt −

∫︂ t

0
ds
⟨︂(︂

AAȦ
Q
t−s

)︂
AAȦ

T
0

⟩︂ ⟨︁
AAA0AAA

T
0

⟩︁−1
AAAs +AAȦ

Q
t (3.24)

The derivation can now be finalized by choosing the relevant DoFs. For a single diffusive Brownian
particle, its position is unbound. Thus it cannot be used as a relevant variable in the Mori-projection, as
the normalization matrix ⟨︁AAA0AAA

T
0

⟩︁−1 is not defined for that case. Choosing AAA0 ≡ PPP I,0 for a single tagged
particle I, the frequency matrix iΩΩΩ =

⟨︂
FFF I,0PPP

T
I,0

⟩︂⟨︂
PPP I,0PPP

T
I,0

⟩︂−1
vanishes and Eq. 3.24 reads

FFF I(t) = −
∫︂ t

0
dsKKK(t− s)PPP I(s) +FFFQ

I (t) (3.25)

withKKK(t) =
⟨︂
FFFQ

I,tFFF
T
I,0

⟩︂⟨︂
PPP I,0PPP

T
I,0

⟩︂−1
. In this thesis only isotropic systems are considered, in which case all

Cartesian coordinates are equivalent and independent. ThusKKK(t) will be a diagonal matrix with equivalent
entries along the diagonal. This allows to replace the memory kernel matrix by a scalar memory kernel,
which yields

FFF I(t) = −
∫︂ t

0
dsK(t− s)PPP I(s) +FFFQ

I (t). (3.26)

From Eq. 3.24 and Eq. 3.26 the fluctuation-dissipation relation is defined:

K(t) =

⟨︁
FFFQ

I (t)FFF
Q
I (0)

⟩︁
3MIkBT

. (3.27)

Eq. 3.26 can be interpreted as a non-Markovian version of Eq. 3.11. To recover Eq. 3.11 from Eq. 3.26,
a separation of time scales between the memory kernel and the momentum has to be assumed. The memory
kernel K(t) and the friction coefficient γ are then related via

γ = lim
t→∞

∫︂ t

0
dsK(s) = lim

t→∞
G(t), (3.28)

where γ determines the diffusion coefficient D of the Brownian particle via the Einstein relation:

D =
kBT

MIγ
. (3.29)
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3.4 Extracting the Single-Particle Memory Kernel from Volterra Equations

The previous section described how one can derive an effective CG EoM for a diffusing particle, using the
Mori projection operator. In Eq. 3.26 all information from the FG reference is condensed into the memory
kernel K(t), which can be easily extracted from FG simulations. First, by multiplying Eq. 3.26 with PPP I(0),
taking the ensemble average, and using the relation⟨︁

FFFQ
I (t)PPP I(0)

⟩︁
= 0 (3.30)

a Volterra equation of the following form can be derived:

CFP (t) = ĊPP (t) = −
∫︂ t

0
dsK(t− s)CPP (s). (3.31)

Here, CPP (t) = ⟨PPP I(t)PPP I(0)⟩ /3 and CFP (t) = ⟨FFF I(t)PPP I(0)⟩ /3 are the momentum autocorrelation func-
tion and the force-momentum correlation function, respectively. By dividing Eq. 3.31 twice by the mass
MJ of the relevant particle J , the Volterra equation can be rewritten as

ĊV V (t) = −
∫︂ t

0
dsK(t− s)CV V (s). (3.32)

As CV V (t) and ĊV V (t) = CFV (t)/MI are easily accessible from FG trajectories, the effective single particle
memory kernel K(t) can be numerically derived through inversion of Eq. 3.31 or 3.32.[81]

Alternatively, for numerical stability, Eq. 3.32 can be integrated, yielding

CV V (t) = CV V (0)−
∫︂ t

0
dsG(t− s)CV V (s). (3.33)

As Eq. 3.33 involves only CV V (t), which is typically less noisy than ĊV V (t), its numerical inversion tends
to yield numerically more stable results. [81]

3.5 Defining Dynamic Consistency and Friction and Memory due to
Conservative Interactions

Whichever way K̃(t) is chosen in CG GLE simulations, one can always evaluate the VACF CCG
V V (t), whereby

CG here indicates the evaluation based on a CG trajectory. As shown in sec. 3.4, the knowledge of a VACF
is sufficient to extract some memory kernel KCG(t) via

Ċ
CG
V V (t) = −

∫︂ t

0
dsKCG(t− s)CCG

V V (s), (3.34)

whereby a single-particle GLE simulation parameterized with KCG(t) would reproduce CCG
V V (t). This

suggests a straight forward definition of dynamic consistency in CG GLE models following Eq. 1.1, that is

KCG(t) ≈ K(t). (3.35)
So the aim of finding an optimal K̃(t), is to satisfy Eq. 3.35, as this will simultaneously yield an accurate
representation of e.g. the VACF. This is a harder problem than the direct evaluation of K(t) from a FG
VACF, as, in contrast to Eq. 3.26, Eq. 1.1 cannot be exactly derived from first principles. The reason for
that is that FFFC

I (t) is due to some CG potential approximating the MB-PMF. This conservative force, in

47



general, is highly non-linear. The combination of non-linear conservative forces with a linear frictional
forces can formally only be an approximation to the "exact" CG EoM,[35] and in the context of this work
has to be considered a modeling tool. The implication of the approximate nature of Eq. 1.1 is that there is
no formally exact way to find a memory kernel K̃(t) directly from a FG trajectory, such that the dynamics
of the FG model can be recovered exactly in CG simulations.

To circumvent these limitations and to derive at least a good approximate a-priori tool for estimating
an optimal K̃(t), it is insightful to consider the role of conservative interactions in CG GLE models.

From Eq. 1.1, an alternative Volterra equation can be derived which reads

Ċ
CG
V V (t) = CCG

FCV (t)/MI −
∫︂ t

0
dsK̃(t− s)CCG

V V (s). (3.36)

By equating Eq. 3.34 and 3.36, it follows:

CCG
FCV (t)/MI = −

∫︂ t

0
ds(KCG(t− s)− K̃(t− s))CV V (s) = −

∫︂ t

0
ds∆KCG(t− s)CV V (s). (3.37)

Herein,∆KCG(t) is the memory kernel contribution which is not explicitly modeled through the thermostat
and thus can be interpreted as the friction and memory induced on particle I in CG simulations due
to conservative forces FFFC

I (t). So in many-body CG simulations subject to an isotropic GLE thermostat
and conservative interactions, the effective single-particle memory kernel KCG(t) consists of two distinct
contributions, namely the memory kernel of the GLE-thermostat (K̃(t)) and the memory kernel from
conservative interactions (∆KCG(t)) and thus KCG(t) = K̃(t) + ∆KCG(t).

In order to find an estimate for the optimal choice of K̃(t) in an a-priori bottom-up approach, i.e.
solely based on the analysis of a FG trajectory of the underlying reference system, a method to predict
∆KCG(t) is needed. A method to do so is described in sec. 3.6.2, and is tested throughout chapters 4-6 for
different systems.

Alternatively, K̃(t) can be optimized iteratively in successive CG GLE simulations, until Eq. 3.35 is
satisfied. A systematic procedure is described in sec. 3.7 and tested in chapters 5 and 6.

3.6 Bottom-up Estimation of Memory Kernels for Many-Body Coarse-Grained
Models

3.6.1 Parameterizing Generalized Langevin Thermostats from Volterra Equations

In sec. 3.4 it is described how to derive a the single-particle memory kernel K(t) from a FG trajectory using
Volterra equations of different forms. A similar approach has been suggested to parameterize K̃(t) for
Eq. 1.1 and was applied both for the derivation of Markovian[196] and non-Markovian[31] models. Under
the assumption that Eq. 1.1 is formally exact, following the same rationale as in sec. 3.4, the following
Volterra equation can be derived:

ĊV V (t) = CFCV (t)/MI −
∫︂ t

0
dsK̃(t− s)CV V (s). (3.38)

Note that the form of Eq. 3.38 is analogue to Eq. 3.36. The difference lies in the trajectories used
for the analysis evaluation of the time correlation functions. Where Eq. 3.36 relies on time correlation
functions from CG simulations due to Eq. 1.1, Eq. 3.38 relies on time correlation functions from mapped
FG trajectories. To evaluate CFCV (t), a rerun of the mapped trajectory has to be carried out. In the rerun
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a time series for the conservative forces FFFC
I (t) is evaluated based on a predetermined coarse-grained

potential. By defining δFFF I(t) = FFF I(t)−FFFC
I (t), Eq. 3.38 can be rewritten as

CδFV (t)/MI = −
∫︂ t

0
dsK̃(t− s)CV V (s). (3.39)

Eq. 3.39 can be numerically solved for K̃(t) in the same way as Eq. 3.32.
Due to the approximate nature of Eq. 1.1, Eq. 3.39 typically does not yield an optimally accurate

memory kernel for dynamic consistency. The problems which arise due to the approximate nature of Eq. 1.1
are demonstrated and discussed in chapters 4 and 5.

3.6.2 Direct Evaluation of Projected Time-Correlation Functions: the Backward-Orthogonal
Dynamics Method

This section is an adaptation from the SI of Ref. [34]. The respective section in the SI of chapter 5 is
accordingly removed.

In chapter 4, an approach to fully account for the cross correlations between FFFC
I and δFFF I is proposed

and tested. This approach is based on the backward orthogonal dynamics (BOD) method due to Carof et
al.[85]. The BOD method allows to evaluate Q-projected time correlation functions based on Mori’s GLE
(Eq. 3.26), using Mori’s linear projection operators P and Q as defined in sec. 3.3.

As will be discussed below, the BOD method allows to get a good estimate of ∆KCG(t) and thus yields
an alternative route to a bottom-up parameterization of Eq. 1.1.

The Q-projected time-correlation function of two observables A and B is defined as

C̃AB(t) =
⟨︁
A0e

iQLtB0

⟩︁
=
⟨︁
e−iLQtA0B0

⟩︁
=
⟨︁
A−

t B0

⟩︁ (3.40)

where At ≡ A(t) and A−
t = e−iLQtA0, i.e. A0 is propagated backwards over a time t according to the

orthogonal dynamics. Due to stationary of the time correlation function in equilibrium one can write

C̃AB(t) =
⟨︁(︁
eiLtA−

t

)︁ (︁
eiLtB0

)︁⟩︁
=
⟨︂
Ã

−
t Bt

⟩︂
, (3.41)

where Ã−
t = eiLtA−

t . Carof et al. have shown,[85] that this auxiliary variable evolves as

dÃ
−
t

dt
= iLeiLt(P)e−iLtÃ

−
t . (3.42)

Applying the definition of the projection operator P yields

dÃ
−
t

dt
= iLeiLtPPP I,0

⟨︂
PPP I,0e

−iLtÃ
−
t

⟩︂
⟨︂
PPP 2

I,0

⟩︂
= iLeiLtPPP I,0

⟨︂
eiLtPPP I,0Ã

−
t

⟩︂
⟨︂
PPP 2

I,0

⟩︂
=

⟨︂
PPP I,tÃ

−
t

⟩︂
⟨︂
PPP 2

I,0

⟩︂ FFF I,t.

(3.43)
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In Eq. 3.43, while applying the projection operator, the notation is simplified by assuming an isotropic system,
in which all Cartesian components are equivalent and independent. This allows to replace

⟨︂
PPP I,0PPP

T
I,0

⟩︂
by

the scalar product
⟨︂
PPP 2

I,0

⟩︂
.

The variable Ã−
t cannot be directly evaluated for any given point in phase space, as it depends on the

chosen initial conditions. Thus it has to be iteratively propagated following Eq. 3.43 for a sufficiently large
set of time origins to evaluate

⟨︂
PPP I,tÃ

−
t

⟩︂
. In practice, different numerical strategies can be employed. A

first-order scheme proposed in the original publication reads

Ã
−
t+δt = Ã

−
t +

⟨︂
PPP I,tÃ

−
t

⟩︂
⟨︂
PPP 2

I,0

⟩︂ FFF I,tδt. (3.44)

In this thesis a second order scheme, as proposed by Jung et al.[39], is employed:

Ã
−
t+δt = Ã

−
t + α(t)FFF I,t

δt

2
+

FFF I,t+δt

1− δt
2 κ

[︃
ζ(t) + ϵα(t)

δt

2

]︃
δt

2
, (3.45)

with

α(t) =

⟨︂
PPP I,tÃ

−
t

⟩︂
⟨︂
PPP 2

I,0

⟩︂ (3.46)

ζ(t) =

⟨︂
PPP I,t+δtÃ

−
t

⟩︂
⟨︂
PPP 2

I,0

⟩︂ (3.47)

κ =
⟨PPP I,0FFF I,0⟩⟨︂

PPP 2
I,0

⟩︂ (3.48)

ϵ =
⟨PPP I,δtFFF I,0⟩⟨︂

PPP 2
I,0

⟩︂ . (3.49)

By choosing A = B = FFF I , the memory kernel K(t) can be evaluated as

C̃FF (t) =
⟨︁
FFF I(0)FFF

Q
I (t)

⟩︁
= 3MIkBTK(t) (3.50)

While the BOD approach described in this section and the Volterra-inversion approach described in
Sec. 3.4, yield the same memory kernel,[33, 39, 85] the BOD-method can be used to evaluate any arbitrary
Q-projected correlation function.[85] In particular, by choosing A = B = FFFC

I , A = B = δFFF I = FFF I −FFFC
I

or A = FFFC
I and B = δFFF I , the total memory kernel can be split into different contributions as in Eq. 3.51.

K(t) =

⟨︂
FFFC,Q

I (t)FFFC,Q
I (0)

⟩︂
3MIkBT

+

⟨︁
δFFFQ

I (t)δFFF
Q
I (0)

⟩︁
3MIkBT

+ 2

⟨︂
FFFC,Q

I (t)δFFFQ
I (0)

⟩︂
3MIkBT

= KC(t) +Kδ(t) + 2KX(t)

(3.51)
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The three contributions KC(t), Kδ(t) and KX(t) can be interpreted as the memory and friction due to
effective conservative interactions between the CG DoFs, due to interactions with the lost DoFs, and due to
the cross-correlations between these interactions. Due to the analogue physical interpretation, it can be
assumed that

∆KCG(t) ≈ KC(t). (3.52)
This suggests that for a purely bottom-up approach the optimal choice of K̃(t) to ensure dynamic

consistency in the sense of Eq. 3.35 is given by

K̃(t) ≡ Kδ(t) + 2KX(t). (3.53)

3.7 Iterative Optimization of Memory Kernels (IOMK)

An alternative to a purely bottom-up informed parametrization of Eq. 1.1, is to iteratively optimize the
parameterization of the memory kernel K̃(t) in CG GLE simulations, such that the FG reference dynamics
is approached in successive steps. By explicitly tuning the memory kernel K̃(t) to match the FG dynamics,
such an approach circumvents the main problem of bottom-up approaches, which is the need for a set
of more or less justified assumptions. The challenge herein lies in finding an appropriate recipe for a
systematic procedure, which determines how to choose an update scheme. This approach is well established
in structural coarse-graining for the optimization of pair-potentials, and gave rise to several methods as
IBI,[9] IMC,[10] REM[197] and HNC-N.[12] Jung et al., inspired by the IBI method for structural coarse-
graining, proposed several update schemes for the optimization of memory kernels. In these methods, the
target function, with respect to which the memory kernel is optimized, is either the force autocorrelation
function ("IMRF")[39] or the VACF ("IMRV")[30, 39].

In particular in many-body simulations with conservative interactions and memory, the relation
between the memory kernel of the GLE thermostat and dynamical quantities, for example the VACF, can be
quite complicated. Thus, the IMRV method can suffer from numerical instabilities. In order to optimize
the stability in the IMRV method the step size has to be tuned by empirical parameters. If done carefully,
this can yield good results. Still, the number of iterations needed for sufficient convergence can be quite
high.(See Refs. [30, 39] and chapter 6 in this thesis.) Slow convergence in terms of the number of CG
iterations is of little concern as long as the degree of coarse-graining is high and thus CG simulations are
efficient compared to FG simulations. If however a mapping scheme is chosen such that the resolution is
only moderately reduced, the computational overhead due to the need of many iterations can be significant.

An alternative iterative scheme, which allows to define an update step which is simultaneously stable,
efficient (fast convergence) and generic (no empirical tuning parameters) would greatly simplify the
parametrization process and improve the applicability as a out of the box tool for dynamic CG. The main
problem of the IMRV method for parametrizing K̃(t) is that the relation between the VACF and K̃(t) is quite
complicated and potentially highly non-linear. (See sec. 6.6.2 for a detailed discussion.) The consistency
condition given by Eq. 3.35 suggests an alternative choice for the target function, which is KCG(t). This
choice is in principle equivalent to targeting the VACF directly. The advantage lies in the fact that the
memory kernels K̃(t) and KCG(t) are related via simpler relations than K̃(t) and the VACF. Thus it is
easier to derive iterative schemes with favorable convergence behavior.

In the following, three novel iterative procedures are presented. For their formulation, it is useful to
reformulate the consistency condition Eq. 3.35 in terms of integrated memory kernels:

GCG(t) ≈ G(t) = Gtgt(t). (3.54)
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Arguably, the most straight-forward approach to construct an iterative update scheme, is to derive an
(approximate) Newton scheme of the form

G̃i+1(t) = G̃i(t) + (GCG′
i (t))−1(Gtgt(t)−GCG

i (t)) (3.55)
whereby

GCG′
i (t) =

∂GCG
i (t)

∂G̃i(t)
. (3.56)

Note, that this formulation is not of the most general form, but already assumes that GCG
i (t) at time

t is only affected by G̃i(t) at the same time t. This is an assumption, which will be made throughout all
three of the methods presented below.

The task now is to find a reasonable approximation for GCG′
i (t).

The first approach

Consider a CG simulation using Eq. 1.1 with a integrated memory kernel G̃i(t) used in the parametrization
of the GLE thermostat. The total integrated memory kernel is given by

GCG
i (t) = ∆GCG

i (t) + G̃i(t). (3.57)
If one assumes that ∆GCG

i (t) ̸= f(G̃i(t)), so that the friction and memory introduced through conservative
interactions do not depend on the parameterization of the GLE thermostat, then the derivative GCG′

i (t) is
given by

GCG′
i (t) = 1 (3.58)

and the approximate Newton scheme reads

G̃i+1(t) = G̃i(t) + (Gtgt(t)−GCG
i (t)). (3.59)

With this update scheme one attempts to compensate for any deviations from the target just by changing
the GLE-thermostat parameterization. Eq. 3.59 will always yield the correct direction for the update. But
as the parametrization of the GLE thermostat affects the structural relaxation in many-body simulations,
it will simultaneously affect the friction induced through conservative interactions, typically in the same
direction. This can, as will be demonstrated in chapter 5, yield to oscillatory convergence.

At the same time, this approach very clearly demonstrates the advantage of constructing an iterative
scheme from the consistency condition 3.54: in the limit where conservative interactions are weak and
their influence on the total effective friction is negligible, Eq. 3.59 converges trivially within one iteration.
In contrast, the IMRV method can take up to hundreds of iterations, even in an idealized case.[39]

The second approach

For the second approach, assume that GCG
i (t) ∝ G̃i(t), such that

GCG
i (t) ≈ b(t)G̃i(t). (3.60)

In this case, the derivative GCG′
i (t) is given by

GCG′
i (t) = b(t). (3.61)
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In practice, it would be tedious to derive b(t) from a linear regression. It is easier, to let b(t) depend on the
current iteration i and to utilize Eq. 3.60 to get

GCG′
i (t) =

GCG
i (t)

G̃i(t)
, (3.62)

from which the approximate Newton scheme is given by

G̃i+1(t) = G̃i(t) +
G̃i(t)

GCG
i (t)

(Gtgt(t)−GCG
i (t)). (3.63)

Eq. 3.63 can be further simplified to

G̃i+1(t) =
Gtgt(t)

GCG
i (t)

G̃i(t). (3.64)

As can be seen, this update scheme applies a rescaling of the thermostat memory kernel according the
the ratio of the target to the current effective integrated memory kernel. The implications, in comparison
the the first update scheme, are the following: as in the first approach, if friction and memory due to
conservative interactions are negligible, Eq. 3.64 converges within a single iteration as in such a case
G̃i(t)

GCG
i (t)

= 1 and thus, the first update scheme is recovered. Whenever the contribution of friction due
to conservative interactions becomes significant (this means GCG

i (t) > G̃i(t)), GCG′
i (t) increases and

accordingly the stepsize decreases automatically. Thus, this update scheme can circumvent oscillations in
the update procedure with the drawback of smaller stepsizes and thus potentially slower convergence in
some cases.

Adding some physical intuition: iterative optimization of memory kernels (IOMK)

The approximations on which Eqs. 3.59 and 3.64 are based, are clearly not optimal. While the former case
neglects the dependence of ∆GCG

i (t) on G̃i(t), the latter case can, in principle, yield infinitesimally small
stepsizes when ∆GCG

i (t) is very large compared to G̃i(t). To derive a better approximate Newton scheme,
an accurate approximation for the dependence of ∆GCG

i (t) on G̃i(t) is needed. As already indicated,
∆GCG

i (t) should be positively correlated with G̃i(t), but is non-zero for G̃i(t) = 0. Thus one can assume

∆GCG
i (t) ≈ a(t) + b(t)G̃i(t). (3.65)

Herein, a(t) is the effective integrated memory kernel in a CG-MD simulation, if G̃(t) is set to zero.
From that, the full approximation for GCG

i (t) is given by

GCG
i (t) ≈ a(t) + (1 + b(t))G̃i(t), (3.66)

from which the derivative GCG′
i (t) can be derived as

GCG′
i (t) = (1 + b(t)). (3.67)

Again, the need for performing a linear regression can be circumvented by reordering of Eq. 3.66,
which yields

GCG′
i (t) =

GCG
i (t)− a(t)

G̃i(t)
. (3.68)
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Thus, the third update scheme reads

G̃i+1(t) = G̃i(t) +
G̃i(t)

GCG
i (t)− a(t)

(Gtgt(t)−GCG
i (t)). (3.69)

Eq. 3.69 can be further simplified to yield

G̃i+1(t) =
Gtgt(t)− a(t)

GCG
i (t)− a(t)

G̃i(t). (3.70)

This method, referred to as the iterative optimization of memory kernels (IOMK) method, in contrast
to Eq. 3.64, accounts for the fact that even for G̃i(t) → 0, the total integrated memory kernel GCG

i (t) has
a lower bound of a(t). This effectively increases the stepsize compared to Eq. 3.64, while still reducing
oscillations compared to Eq. 3.59. A thorough comparison of all three schemes is carried out in chapter 5,
while a comparison of the IOMK and the IMRV method due to Jung et al.[30] is provided in chapter 6.

3.8 General Approach

3.8.1 Modeling Non-Markovian Dynamics Through Markovian Equations: The Auxiliary
Variable Approach

This section is partially an adaptation from the SI of Ref. [34]. The respective section in the SI of chapter 5
is accordingly removed.

To correct the dynamics in CG-MD simulations, a dissipative EoM of motion has to be employed. This
work focuses on the application of a non-Markovian GLE thermostat of the form

FFF I(t) = FFFC
I (t)−

∫︂ t

0
dsK̃(t− s)PPP I(s) +FFF̃

R
I (t). (3.71)

With this particular choice for the CG EoM, thermostatting by means friction and noise is employed
independently on every CG DoF. More complex non-Markovian models have been explored in this con-
text[26, 27, 30], but these come with the drawback of high computational complexity and thus reduced
efficiency.

Eq 3.71 can be efficiently integrated by casting it into a Markovian Langevin EoM in extended phase
space[150]

(︃
FI

sssİ

)︃
=

(︃
FC
I

000

)︃
−AAA

(︃
PI

sssI

)︃
+BBBξξξ

=

(︃
FC
I

000

)︃
−
(︃

0 AAAT
Ps

−AAAPs AAAss

)︃(︃
PI

sssI

)︃
+

(︃
0 000
000 BBBss

)︃
ξξξ,

(3.72)

For notational simplicity, Eq. 3.72 represents the EoM for a single CG DoF, for one Cartesian dimension,
and can be trivially extended to three dimensions in isotropic systems. The DoF of interest is PI , so the
EoM of motion of PI can be singled out as

FI = FC
I −AAAT

PssssI . (3.73)
To show how Eq. 3.72 relates to Eq. 3.71, the auxiliary variables have to be integrated.[155]
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sssI(t) =

∫︂ t

0
e−(t−t′)AAAss

[︁
AAAPsPI(t

′) +BBBssξ(t
′)
]︁
dt′ (3.74)

Eq. 3.74 can now be plugged into Eq. 3.73, which yields

FI(t) = FC
I (t)−

∫︂ t

0
K(t− t′)PI(t

′)dt′ + F̃
R
(t) (3.75)

with

K̃(t) = −AAAT
Pse

−tAAAssAAAPs (3.76)
and

F̃
R
I (t) = −

∫︂ t

0
AAAPse

−(t−t′)AAAssBssBssBssξ(t
′)dt′. (3.77)

From Eq. 3.76 it is evident that the choice of the coupling matrix A in the auxiliary variable EoM determines
the functional form of the memory kernel which it effectively mimics. As a simple example, consider

AAA =

⎛⎝ 0 −
√︂

γ
τ√︂

γ
τ

1
τ

⎞⎠ . (3.78)

Using this definition in Eq. 3.76,

K̃(t) =

√︃
γ

τ
e−

t
τ

√︃
γ

τ
=

γ

τ
e−

t
τ , (3.79)

thus a exponentially decaying memory kernel with a time scale of τ and a total integral corresponding to
the total, long time, friction coefficient of γ =

∫︁∞
0 K̃(t)dt .

In principle, the coupling matrixAAA can be chosen to model more complex functions. Its dimensionality
NxN , determines the number of auxiliary momenta which is given by N − 1. For canonical sampling the
fluctuation dissipation theorem[151]

BBBBBBT = kBT (AAA+AAAT ) (3.80)
has to be satisfied. This limits the choice of the coupling matrix AAA to cases where AAA+AAAT is positive-

(semi)definite. The easiest way to enforce that is by using a skew symmetric matrix with positive diagonal
entries.

In molecular systems memory kernels, even in the case of simple single particle systems, typically
exhibit quite complicated behavior and cannot be easily represented in a closed analytical form. Even
less is it possible to give an exact analytical prescription to construct the matrix A to represent arbitrary
memory kernels with an unknown functional form. A numerical scheme, based on which the AAA matrix for,
in principle, arbitrary (well behaved) memory kernels can be reconstructed for one dimensional problems,
was given by Bockius et al..[98] Their approach cannot be trivially extended to the purpose of the current
work, that is for CG simulations of many particle systems. An alternative approach, chosen in the current
work, is to represent the memory kernel in terms of basis functions for which the form of the AAA matrix is
known.

Herein, for CG simulations the desired memory kernel can be fitted by as sum Nosc of dampened
oscillators
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K̃(t) ≈
Nosc∑︂
i=1

K̃i =

Nosc∑︂
i=1

exp
(︂
−ai

2
t
)︂
(bi cos(dit) + ci sin(dit)), (3.81)

which allows to model a broad range of memory kernels. A single dampened oscillator corresponds to the
coupling to two auxiliary momenta with a coupling matrix given by

AAA =

⎛⎜⎜⎜⎝
0

√︂
b
2 − cd

a

√︂
b
2 + cd

a

−
√︂

b
2 − cd

a a 1
2

√
4d2 + a2

−
√︂

b
2 + cd

a −1
2

√
4d2 + a2 0

⎞⎟⎟⎟⎠ . (3.82)

For a sum of dampened oscillators, two respective auxiliary variables per dampened oscillator are cou-
pled to PI and uncoupled to the auxiliary variables of the other dampened oscillators. Thus, AAAT

Ps =
(AAAT

Ps,1,AAA
T
Ps,2, ...,AAA

T
Ps,N ) is a vector of length 2N and

AAAss =

⎛⎜⎜⎜⎝
AAAss,1 000 . . . 000
000 AAAss,2 . . . 000
... ... . . . ...
000 000 . . . AAAss,N

⎞⎟⎟⎟⎠ (3.83)

is a skew-symmetric, block diagonal matrix with N blocks of size 2× 2.
In practice, the fitting process can be improved by considering the integrated memory kernel G̃(t) =∫︁ t

0 K̃(t′)dt′ and the fitting function accordingly reads

G̃(t) ≈
N∑︂
i=1

(︃
2
aibi + 2cidi
a2i + 4d2i

−2e−
ait

2 ((aibi + 2cd) cos(dit) + (aici − 2bidi) sin(dit))

a2i + 4d2i

)︄. (3.84)

3.8.2 General Workflow

In this section, the general workflow for development of dynamic CG, as applied in Chapters 4-6 is shortly
summarized.

As the current work addresses systematic approaches, the first step is to choose the reference fine-
grained (FG), often all-atom (AA) model. Standard molecular dynamics simulations are carried out with
the reference model. Then a mapping with the desired resolution is chosen and applied on FG reference
trajectories. This results in mapped trajectories governed by the references Hamiltonian, from which
structural and dynamic properties can be computed on the desired CG level.

In the next step, the CG conservative potential has to be chosen. To do so, in principle any available
systematic coarse-graining method, as e.g. IBI,[9] IMC,[10] REM,[197] HNCN,[12] FM,[193] EFCG,[76]
CRW[74] etc., can be used to directly use information from the reference model to parameterize the CG
conservative potential. In principle, also top-down parameterized models can be chosen. While the overall
workflow does not prescribe a strict strategy for the choice of the conservative CG potential, its choice can
greatly affect the the representation of dynamic properties in CG model and thus a judicious choice has to
be made in practice, as is discussed throughout chapters 4-6.
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In the next step, the memory kernel for the GLE thermostat has to be derived. In the current work,
two distinct strategies are applied: a purely bottom-up informed approach and an iterative optimization
approach.

For the bottom-up approach, the BOD-method due to Carof et al.[85] is applied to analyze mapped
reference trajectories. Therein the total memory kernel K(t) is separated into different contributions, as
described in Sec. 3.6.2. Based on the argument thatKC(t) will be implicitly contributed due to conservative
interactions in CG simulations, it is found that

K̃(t) = K(t)−KC(t) = Kδ(t) + 2KX(t) (3.85)
yields the best results. The BOD-method allows for different choices of contributions to explicitly include
in the thermostat memory kernel. For comparison, Kδ(t) and Kδ,X(t) = Kδ(t) + KX(t) can also be
considered as potential parameterization for the GLE-thermostat. In passing, it should be noted that the
memory Kδ,X(t) is equivalent to the memory kernel which can be derived based on Eq. 3.39. This is
demonstrated numerically in chapter 4 and has recently been confirmed based on theoretical considerations
by Vroylandt.[198]

For an iterative approach, an initial guess has to be made, from which the memory kernel can be
optimized in successive iterations of CG simulations. In Chapters 5 and 6, different prescriptions for the
the update step are tested and discussed.

As described in Sec. 3.8.1, the memory kernel for the GLE thermostat has to be translated into a
coupling matrix for the auxiliary variable thermostat due to Ceriotti.[150, 151] This step, naturally, can be
omitted if the non-Markovian GLE models is directly integrated as e.g. in Ref. [31].
Finally, the FG and CG models can be analyzed.
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4 Cross-Correlation Corrected Friction in
(Generalized) Langevin Models

Abstract

We propose a route for parameterizing isotropic (generalized) Langevin ((G)LE) thermostats with the
aim to correct the dynamics of coarse-grained (CG) models with pairwise conservative interactions. The
approach is based on the Mori-Zwanzig formalism and derives the memory kernels from Q-projected time
correlation functions. Bottom-up informed (GLE and LE) thermostats for a CG star-polymer melt are
investigated and it is demonstrated that the inclusion of memory in the CG simulation leads to predictions
of polymer diffusion in quantitative agreement with fine-grained simulations. Interestingly, memory effects
are observed in the diffusive regime. We demonstrate that previously neglected cross correlations between
the "irrelevant" and the CG degrees of freedom are important and lie at the origin of shortcomings in
previous CG simulations.
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4.1 Introduction

To reduce the numerical complexity in computer simulations of soft matter, coarse-grained (CG) models
are commonly used. The systematic derivation of these models frequently targets at structural and
thermodynamical properties based on procedures that map a high-dimensional space of atomistic degrees
of freedom (DoF) on a lower dimensional space of CG DoF. The interaction sites ("beads") of the resulting
CG models usually correspond to the centers of mass of several atoms grouped together to represent, e.g.,
a small molecule, functional group, monomer, thermal blob, or an entire macromolecule.[9, 10, 44, 57,
73, 193, 197, 199] Contrary to static properties, the dynamic properties of these CG models are usually
poorly represented in standard molecular dynamics simulations.[15, 19, 200, 201] Despite progress made
in recent years, challenges remain, in particular in representing the dynamic properties of material-specific
CG models on all relevant time scales.

The Hamiltonian dynamics of a fine-grained (FG) system can be represented with a CG model when
non-Markovian interactions, represented by friction and noise terms, are introduced in the equation of
motion (EoM). The Mori-Zwanzig theory[22, 23, 51] provides an exact theoretical framework to link the
FG and CG dynamics and has been explored in recent years with varying success.[26, 27, 60, 62–65, 121]
The difficulties encountered are usually caused by incomplete time scale separation of the relevant (CG)
and the removed DoF. Therefore, configuration-dependent frictions, e.g, pairwise, distance-dependent
and time-independent friction coefficients in dissipative particle dynamics (DPD) models, cannot readily
be computed. A conceptually simpler approach involves the use of configuration-independent friction
coefficients or memory kernels in a Langevin (LE) or a generalized Langevin (GLE) thermostat coupled to
the CG DoF.[32, 36]

Methods for constructing (G)LE thermostats, which do not rely on a a posteriori optimization scheme,[30,
32, 39] have in common that FG trajectories are analyzed by separating forces into contributions from an
assumed conservative force-field, governing structure and thermodynamical properties, and fluctuating
contributions which are assigned to frictional and random interactions.[26, 27, 60, 62–65, 121] In early
studies Lei et al.[36] attempted by this approach to correct the self-diffusivity of a liquid composed of CG
fluid particles representing clusters of Lennard-Jones (LJ) particles. A Markovian Langevin thermostat was
applied where the friction coefficient was parameterized based on the integral of the force auto-correlation
function (FACF) of the fluctuating forces. This approach was derived based on the EoM derived by Kinjo
and Hyodo[58] by neglecting cross-correlations between different CG beads and subsequently assuming
Markovian behavior. The authors found that the self-diffusion coefficient was underestimated by a factor
of four in the CG Langevin models while DPD-type models performed significantly better for the same
system,[36] indicating that the mismatch was due to missing configuration dependency in the frictional
and random forces. In the following years, the same research group focused their efforts on improving the
methodology to derive more accurate DPD-type models by e.g. the introduction of memory effects.[26, 27,
121] Yet the magnitude of the mismatch in self-diffusion coefficients in the Langevin models is intriguing
as one could reasonably assume that configuration dependencies would average out in isotropic systems,
similar to the case of single-particle implicit solvent GLE models which can capture the underlying FG
dynamics exactly in the absence of conservative interactions.[92] In principle, the parametrization of
(generalized) Langevin models can be optimized iteratively until the fine-grained dynamics is matched.[30,
32, 39] While this is a valid approach and widely used in the derivation of conservative interactions for
CG models,[9, 10, 202] such methods obscure the origin of the poor performance of bottom-up derived
friction coefficients and memory kernels for LE and GLE models.

Herein, we will demonstrate that through the splitting of interactions into conservative and fluctuating
forces on the CG level, frictional contributions arise, which were not accounted for in earlier studies. The
calculation of these contributions from Q-projected time correlation functions provides a route to compute
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memory kernels with which dynamic consistency is achieved in GLE simulations. It furthermore provides
improved insight in interactions that lead to memory effects in soft matter systems manifested on diffusive
timescales.

We shall be interested in a GLE of the form

F (t) = FC(t)−m

∫︂ t

0
dsK̃(t− s)v(s) + F̃

R
(t), (4.1)

in which F (t) is the total force on a CG particle, FC(t) is a conservative force corresponding to a CG force
field,m is the particle mass, and v(t) its velocity. One-dimensional descriptions are used throughout, which
for isotropic systems trivially hold for all Cartesian dimensions. The random force F̃R

(t) and the memory
kernel K̃(t) are related through the fluctuation-dissipation theorem (FDT)[23, 69] and represent the GLE
thermostat. The question of interest herein is how the microscopic interactions encode K̃(t).

To this end, it is instructive to first consider the GLE for a single particle in an isotropic medium.
Expressed in the Mori-Zwanzig formulation, the EoM is

F (t) = −m

∫︂ t

0
dsK(t− s)v(s) + FQ(t), (4.2)

in which FQ(t) denotes the Q-projected total force on the particle.[23, 85] Its relation to K(t) is provided
by the FDT according to

K(t) = ⟨FQ(t)FQ(0)⟩ /mkBT, (4.3)
where kB is the Boltzmann constant, T the temperature, and ⟨...⟩ denotes averaging over configurations of
the microscopic (FG) system. To make the evaluation of Eq. 4.2 tractable in computer simulations, FQ(t)
has to be interpreted to be a random force FR(t), in which case the EoM reads

F (t) = −m

∫︂ t

0
dsK(t− s)v(s) + FR(t). (4.4)

The Q-projected total force in Eq. 4.3 can be written as FQ(t) = FC
Q (t) + δFQ(t). The kernel can therefore

be expressed as

mkBTK(t) = ⟨FQ(t)FQ(0)⟩
=
⟨︁
FC
Q (t)FC

Q (0)
⟩︁
+ ⟨δFQ(t)δFQ(0)⟩+ 2

⟨︁
FC
Q (t)δFQ(0)

⟩︁
= mkBTKC(t) +mkBTKδ(t) + 2mkBTKX(t).

(4.5)

A similar splitting of contributions to K(t) in terms of attractive and repulsive interactions in a LJ fluid
was carried out by Carof et al..[85] The above splitting of FQ(t) in Eq. 4.2, generally leads to correlated
Q-projected conservative- and fluctuating forces, i.e.

⟨︂
FC
Q (t)δFQ(0)

⟩︂
̸= 0. The random force, F̃R

(t), in
Eq. 4.1 is often interpreted to stem from the same fluctuations that determine δFQ(t).[36] This however
leads to the tacit assumption that

⟨︂
FC
Q (t)δFQ(0)

⟩︂
= 0, and, correspondingly, KX(t) = 0 , which can only

be assumed if FC
Q (t) and δFQ(t) evolve on separated time scales.

The above analysis of the single-particle model has consequences for interpreting the memory kernel in
Eq. 4.1. The CG conservative forces are explicit in Eq. 4.1 and, therefore, do not contribute to the friction
represented by the kernel K̃. We may therefore approximate K̃(t) as

K̃(t) ≈ Kδ(t), (4.6)
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Table 4.1: Summary of important definitions and relations of the memory kernels considered.
backward orthogonal dynamics Volterra equations auxiliary relations
K(t) = ⟨FQ(t)FQ(0)⟩ /mkBT ⟨F (t)v(0)⟩ = −m

∫︁ t

0
dsKV (t− s) ⟨v(s)v(0)⟩ Kδ,X(t) = Kδ(t) +KX(t)

KC(t) =
⟨︁
FC
Q (t)FC

Q (0)
⟩︁
/mkBT ⟨δF (t)v(0)⟩ = −m

∫︁ t

0
dsK̃

V
(t− s) ⟨v(s)v(0)⟩ K̃(t) = Kδ(t) + 2KX(t)

Kδ(t) = ⟨δFQ(t)δFQ(0)⟩ /mkBT
⟨︁
FC(t)v(0)

⟩︁
= −m

∫︁ t

0
dsKV

C (t− s) ⟨v(s)v(0)⟩ KC,X(t) = KC(t) +KX(t)
KX(t) =

⟨︁
FC
Q (t)δFQ(0)

⟩︁
/mkBT KV (t) = K(t)

K̃
V
(t) = Kδ,X(t)

KV
C (t) = KC,X(t)

if we assume that KX(t) = 0. In the Markovian limit, the Q-projected forces may be replaced with the real
forces ("Q-approximation") so that

K̃(t) ≈ ⟨δF (t)δF (0)⟩ /mkBT. (4.7)
Based on these approximations, Lei et al.[36] performed Langevin dynamics simulations of CG LJ clusters
in which the applied friction coefficient γFACF was obtained from

γFACF =

∫︂ τ

0
dt ⟨δF (t)δF (0)⟩ /mkBT. (4.8)

In the general case, Eq. 4.5 however suggests that the kernel K̃ in Eq. 4.1 should be written as
K̃(t) = Kδ(t) + 2KX(t). (4.9)

It thus contains a contribution of Q-projected correlations between fluctuating forces, encoded by the
term Kδ(t) = ⟨δFQ(t)δFQ(0)⟩ /mkBT , and a contribution corresponding to Q-projected cross-correlations
of fluctuating and the conservative forces, encoded by KX(t) ≡

⟨︂
FC
Q (t)δFQ(0)

⟩︂
/mkBT . The remaining

contribution KC(t) =
⟨︂
FC
Q (t)FC

Q (0)
⟩︂
/mkBT encodes the friction and memory due to the conservative

interactions FC(t). The Q-projected time correlation functions are herein computed on the basis of
the backward orthogonal dynamics method proposed by Carof et al.[85] while using the second order
integration scheme proposed by Jung et al.[39] for numerical evaluation.

Alternatively, different memory kernels can be defined by multiplying Eq. 4.1 or 4.4 with v(0) and
subsequent averaging, leading to Volterra equations. These equations can be numerically inverted to derive
memory kernels from time correlation functions of mapped FG trajectories. In particular we define the
memory kernels KV (t), K̃V

(t) and KV
C (t) linked to the force-velocity correlations functions ⟨F (t)v(0)⟩,

⟨δF (t)v(0)⟩ and ⟨︁FC(t)v(0)
⟩︁, respectively. The Volterra inversion approach is discussed in more detail in

the Supporting Information (SI). In Tab. 4.1 definitions of memory kernels both in terms of the backward
orthogonal dynamics method and the Volterra inversion method are listed, as are their interrelations.
Memory kernels derived from the inversion of Volterra equations are denoted by the superscript V . We
note that a Volterra inversion applied to Eq. 4.4 provides KV (t) = K(t).[80, 89, 92, 94, 95] Solving the
Volterra equation corresponding to Eq. 4.1 however yields K̃V

(t) = Kδ(t) +KX(t) ̸= K̃(t). This will be
demonstrated numerically in Sec. 4.2.1 and discussed analytically in the SI.

4.2 Results

As a test case for the proposed methods we consider a generic star-polymer melt system, where every
star-polymer in the microscopic (FG) description consists of one central bead with ten arms and three
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Figure 4.1: The FG and CG representation of a single star-polymer molecule. In the CG process all 31
beads are mapped on the center of mass asRRRI =

∑︁
i
mi
mI

RRRI,i, and accordingly the CG velocity
and the total force are calculated as vvvI =

∑︁
i
mi
mI

vvvI,i and FFF I =
∑︁

iFFF I,i respectively, where the
sum runs over the FG beads and mI =

∑︁
imi. Here the subscript I refers the a CG to the Ith

star-polymer molecule and I, i to the ith monomer bead within molecule I.

beads per arm, following Wang et al..[32] We use the iterative Boltzmann inversion (IBI) method for the
derivation of conservative CG model in which every star polymer is represented as a single interaction
site. A visualization of a single star-polymer in its FG and CG representation is shown in Fig. 4.1. Further
details can be found in the SI.

4.2.1 Memory Kernels

We first demonstrate the equivalence of the derived memory kernels based on Volterra equations and the
backward orthogonal dynamics method. In particular we want to validate that the cross contribution
KX(t) contributes equivalently to KV

C (t) and K̃
V
(t) obtained by a Volterra equation approach (see SI).

The memory kernels obtained by these methods are compared in Fig. 4.2. Except for small numerical
deviations we find that KV (t) = K(t), KV

C (t) = KC,X(t) and K̃V
(t) = Kδ,X(t) holds.

Fig. 4.3 shows all memory kernels evaluated based on the backward orthogonal dynamics method
and their respective integrals Γ(t). It can be seen that on small time scales the total memory kernel K(t)
is mainly governed by the fast degrees of freedom, i.e. Kδ(t). On longer time scales, the conservative
CG interaction, i.e. KC(t), dominates. The contributions from cross-correlations, i.e. KX(t), overall are
small in amplitude. Yet, over long time scales, the mainly negative contributions accumulate giving rise
to an effective decrease of the total friction. A similar behavior was found for the cross-correlations of
long-ranged and short-ranged interactions in LJ fluids.[85]

For the parameterization of the GLE-thermostat models we fit the integrals of the memory kernels
K(t), Kδ(t), Kδ,X(t) and K̃(t) with 6 damped oscillators respectively (see SI for details). We chose to
fit the the integrals rather then the memory kernels to account for the accumulative nature of memory
effects which effectively govern the qualitative behavior. Furthermore, we want to emphasize the long time
dynamics. In Fig. 4.4 the fitted functions are overlayed as dotted lines. For K(t), Kδ(t), Kδ,X(t) the fitted
functions well reproduce the integral of the memory kernels up to a time of t = 50. For K̃(t) we chose to
fit the function only up to t ≈ 20. The reason for that is that the cross contributions KX(t) show a long
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Figure 4.2: Comparison of the memory kernels obtained from Volterra equations (KV , KV
C , K̃V ) and the

corresponding kernels obtained from the backward orthogonal dynamics method of Carof et
al.[85] (K , KC,X , Kδ,X).

lived negative tail, leading to divergence in the plateau of the integral. All memory kernels which can be
derived from Volterra equations seem not to suffer from that problem.

4.2.2 Langevin Dynamics Simulations

For the parameterization of Markovian LE models, we chose to derive the friction coefficient from the plateau
value of the fit functions. By that the effective friction coefficient employed in the Markovian LE models
is consistent with the memory kernels of the non-Markovian GLE models discussed in Sec. 4.2.3, which
allows for an analysis of the relevance of memory effects. We will below refer to the different Markovian LE
models as "γ-models" and adjust the notation for "γ" according to the corresponding kernels (i.e. γ-model
↔ K, γδ-model↔ Kδ, γδ,X -model↔ Kδ,X , γ̃-model↔ K̃, γFACF -model↔ ⟨δF (t)δF (0)⟩ /mkBT ).

In Fig. 4.5 the mean square displacement (MSD), scaled by 1
6t is plotted in the linear regime and

compared to the FG results. The scaled MSD is constant for the shown time scale for all models and
represents the self-diffusion coefficient. As expected, the γ-model, for which all interactions are encoded
in γ obtained by integrating K(t), accurately reproduces the self-diffusion coefficient of the FG system
and can be seen as a validation of the method for calculating the memory kernels. For the remaining
models the LE-thermostat is used in conjunction with CG conservative interactions based on the IBI method.
For the γFACF -model (Eq. 4.8) we find that the self-diffusion coefficient is underestimated by ≈ 25%.
This is in line with the findings of Lei et al.,[36] who found an even larger deviation of approximately
a factor of 4 for LJ-clusters. The finding that LE models based on the FACF of the fluctuating forces
δF (t) show significantly too slow dynamics appears to be quite general. Comparing the result for the
γFACF -model with the γδ-model shows that the main error source for the deviation does not lay in the
Q-approximation, as the γδ-model predicts even lower self-diffusion coefficients. The γδ,X -model, in which
the friction coefficient is identical to the one obtained by integrating the kernel K̃V

(t) obtained from the
Volterra equation (cf. Table 4.1), improves the result significantly, but still leads to an underestimation of
the self-diffusion coefficient. The γ̃-model further enhances the dynamics compared to the γδ,X -model, but
is found to overshoot, effectively leading to an overestimation of the self-diffusion coefficient by a similar
margin as the γδ,X -model shows an underestimation of the self-diffusion coefficient.

The too fast self-diffusion of the γ̃-model can be understood in terms of memory effects, which are
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Figure 4.3: Left: The memory kernel K(t) and all its contributions derived from the backward orthogonal

dynamics method. Contributions from fluctuating forces (Kδ) decay quite fast, giving rise
to quasi-instantaneous friction, while contributions from CG interactions (KC) show a slow
decay. Contributions from cross-correlations (KX) are small in amplitude on all time scales,
being positive on short time scales with a negative slowly decaying tail on long time scales.
Right: Integrals Γ(t) =

∫︁ t
0 dsK(s) of the memory kernel and its contributions. For t → ∞

these integrals represent the friction coefficients in the Markovian approximation. The total
integral of KX(t) is negative, effectively reducing the total friction. The inclusion of KX(t) in
the parameterization of CG models thus should increase the self-diffusion coefficient.

neglected in Markovian models. Generally, when applying a non-Markovian GLE-thermostat the effects
on the dynamics depend on the density of states governed by the conservative interactions. [154, 203]
In a simple model system this feature of GLE-thermostats was nicely demonstrated by Kappler et al. by
applying a GLE-thermostat to a particle in a one-dimensional double well potential.[75, 160] They showed
that the application of an exponential memory kernel, which decays on much longer time scales than the
typical time scale of fluctuations within one minimum of the double well, leads to a slow down of the
barrier crossing dynamics. Especially the introduction of a second exponential term in the memory kernel
has shown that the effects of the shorter lived memory kernel dominate.[160] This underlines the feature
that dynamic modes in the system more strongly couple to a memory kernel which relaxes on comparable
time scales.

Differences in the self-diffusion coefficients obtained from Markovian and non-Markovian models
parameterized based on the same memory kernel provide indications for memory effects in the long time
dynamics. The preceding arguments applied to the CG model used in this work can be used to explain the
role of memory. The IBI-model is effectively purely repulsive. As we consider a dense star-polymer melt,
the overall dynamics is dominated by short-lived collisions of the beads with their nearest neighbors. The
positive amplitudes of the memory kernel on short time scales couple strongly to the dominant dynamic
modes. The introduction of the cross contributions KX(t) in the memory kernel, as demonstrated in Fig.
4.3 and Fig. 4.4, introduces negative amplitudes on long time scales, which should mostly decouple from
the short-lived fluctuations due to collisions. Including contributions on all time scales indiscriminately in
the derivation of the friction coefficient of the LE-thermostat leads to an increase of the diffusion coefficient
compared to non-Markovian models which correctly account for the frequency or time scale dependence of
dissipative interactions. We will validate this interpretation of the data in the next section.
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Figure 4.4: Left: Memory kernels applied in CG simulations. The black dotted lines represent the fit
functions used for the parameterization of the GLE-thermostat. Right: Respective integrals of
the memory kernels and their fit functions (black dotted lines).

4.2.3 Generalized Langevin Dynamics Simulations

The dynamics of the non-Markovian models are evaluated based on the velocity auto-correlation function
(VACF) and compared to the FG model in Fig. 4.6. We do not show the non-Markovian counterpart of
the γFACF -model for which the functional form of the memory kernel is assumed not to be physically
meaningful due to a lack of time scale separation. The model without conservative interaction (K, blue
line) reproduces the FG VACF and its integral D(t) =

∫︁ t
0 ds ⟨v(s)v(0)⟩ on all time scales and is shown here

to validate the method for the calculation and fitting of the memory kernel K(t). For the non-Markovian
models we again find that the models not including the cross-correlation contributions (Kδ(t)) or including
it only once (Kδ,X(t)) lead to an underestimation of the self-diffusion coefficient. The self-diffusion
coefficient is well matched for K̃(t). With this kernel, the VACF is also better matched in terms of its
amplitudes on small time scales compared to Kδ(t) and Kδ,X(t). The origin of the remaining deviations
from the FG VACF can be attributed to errors in the conservative interactions and are discussed in the SI.

A comparison of the derived self-diffusion coefficients between the Markovian and non-Markovian
models allows to asses the importance of memory effects in the models at hand. Most evidently we find
that the K̃(t)-model shows a significantly slower self diffusion than the Markovian γ̃-model. The same
holds true to a lesser extent when comparing the Kδ,x(t)-model and the γδ,x-model, while the self-diffusion
coefficients for the Kδ(t)-model and the γδ-model are comparable. This finding is exactly in line with the
discussion presented in Sec. 4.2.2.

4.3 Conclusion

In this work we have presented a new method for the parameterization of LE-thermostats and GLE-
thermostats for dynamic consistency in CG models. Recently it was demonstrated that GLE-thermostat
models can be parameterized by means of optimization schemes,[32, 39] which ensure that dynamical
properties such as the VACF of CG beads are reproduced. We instead aimed to illuminate the main origins
of the deficiencies in early attempts[36] of constructing Langevin-thermostat based CG models based on
Mori-Zwanzig theory. We have found that cross-correlations of CG and FG degrees of freedom must be
considered to consistently model friction and memory effects on a CG level. In non-Markovian models,
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Figure 4.6: VACFs and their integrals D(t) =
∫︁ t
0 ds ⟨v(t)v(0)⟩ for the FG simulation compared to the GLE

CG models.

inclusion of the cross-correlated contribution to the memory leads to improved representability of the
dynamics, also on short time scales. Neglecting the cross-correlated contribution to the memory kernel
leads to dynamic inconsistencies of the CG model and fully accounts for the too slow dynamics predicted
with methods solely based on correlations of fluctuating forces.

Additionally, the comparison of Markovian and non-Markovian models has shown that in the CG
system studied in this work memory effects manifest on the diffusive timescale. This has shown to be only
the case for memory kernels which exhibit a significant negative contribution on large time scales. In the
SI we demonstrate that this memory effect is inverted for positive long-lived memory kernels and is less
pronounced in dilute (implicit solvent) CG systems.

For the proposed approach to perform optimally, in principle the conservative interactions would
have to represent the exact multi-body potential of mean force. Deviations can lead to a discrepancy
of the friction caused by the CG conservative interactions in sampling governed by the CG force-field
compared to the sampling of the microscopic (FG) system (see SI). Generally, the loosest requirement to
have a fully dynamically consistent model, independent of the choice of how to model friction and random
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interactions, is an exact representation of the multi-body potential of mean force on the CG level.[15,
204] This is, of course, not generally feasible and compromises have to be made. While an iterative
optimization technique[32, 39] can be used to optimally reproduce a single measure such as the VACF, this
procedure does not guarantee that all conceivable dynamical properties are reproduced. This is related to
the representability problem of CG conservative interactions,[205–207] where, e.g., the IBI-method only
guarantees the reproduction of the radial distribution function (RDF), but is known to, e.g., overestimate
the pressure, underestimate isothermal compressibilities,[208, 209] and does not guarantee to represent
higher-order correlations.

In cases in which the exact reproduction of the VACF is required, the memory kernel obtained with the
method proposed in this work can be used as an optimal initial guess for the memory kernel in iterative
reconstruction methods, which have shown to need up to hundreds of iterations to reach convergence,
when the initial guess is far from the optimal solution.[39]

While in the past a lot of effort has been put into the development of new methods for parameterizing
CG methods with conserved dynamical properties,[15] predictive modeling of the dynamic properties of
material-specific soft matter system still poses challenges. For non-Markovian models, the form of Eq. 4.1
is computationally the least demanding in both derivation and implementation with a Mori-Zwanzig based
CG modeling approach. These type of models are not as rigorous as formulations including configuration
dependent memory kernels,[30] but the ease of its implementation in principle allows for the application
to more complex problems. For future endeavors within this field of research, it is desirable to extend the
efforts to more complex systems, such that predictive capabilities of the existing approaches can be tested.

SUPPLEMENTARY MATERIAL

See supplementary material for more details on the setup of the simulations and the derivation of the
coarse-grained models. In the supplementary material we also provide complementary data and discussions
on memory effects, the origin of remaining inaccuracies in the coarse-grained models and the Markovian,
high mass limit for coarse-grained generalized Langevin models.

Data Availability

The data that supports the findings of this study are available within the article and its supplementary
material. Input parameters for simulations, analysis scripts and raw data of the shown figures are available
from the corresponding author upon reasonable request.

4.4 Supporting Information

4.4.1 Evaluation of Memory Kernels

Backward Orthogonal Dynamics

In the main text we defined a set of memory kernels based on correlation functions of Q-projected forces as

K(t) =
⟨FQ(t)FQ(0)⟩

mkBT
(4.10)

Kδ(t) =
⟨δFQ(t)δFQ(0)⟩

mkBT
(4.11)
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KC(t) =

⟨︂
FC
Q (t)FC

Q (0)
⟩︂

mkBT
(4.12)

KX(t) =

⟨︂
FC
Q (t)δFQ(0)

⟩︂
mkBT

(4.13)

KC,X(t) = KC(t) +KX(t) (4.14)

Kδ,x = Kδ(t) +KX(t) (4.15)

K̃(t) = Kδ(t) + 2KX(t) (4.16)
Q-projected correlation functions can be calculated from an analysis of Hamiltonian trajectories as

described by Carof et al.[85]. In particular in this study we have applied the backward orthogonal dynamics
method, which will be summarized below. For an in depth derivation the original publication should be
consulted.

For two arbitrary Q-projected dynamic variables A(t) and B(t) the Q-projected correlation function
has the symmetry

⟨A(0)BQ(t)⟩ = ⟨AQ(−t)B(0)⟩ (4.17)
where we made use of the fact that AQ(0) = A(0) and BQ(0) = B(0). The backward orthogonal

dynamics method builds on the right hand sight of Eq. 4.17. By defining a auxiliary property Ã(t) =
eiLtAQ(−t) we can rewrite the Q-projected correlation function as⟨︁

AQ(−t)B(0)
⟩︁
=
⟨︂
Ã(t)B(t)

⟩︂
. (4.18)

Ã(t) is propagated in time through

Ã(t) = A(0) +

∫︂ t

0
dsF (s)

⟨︂
mv(s)Ã(s)

⟩︂
⟨m2v(0)2⟩ . (4.19)

The value of Ã(t) is not solely determined by the state of the system at time t but depends on the
choice of the time origin when evaluating Eq. 4.19. For the numerical evaluation of Eq. 4.19 we applied
the second order discretization scheme derived by Jung et al.[39].

Ã(t+∆t) = Ã(t) + F (t)α(t)
∆t

2
+

F (t+∆t)

1− ∆t
2 κ

[︃
ζ(t) + ϵα(t)

∆t

2

]︃
∆t

2
(4.20)

κ =
⟨mvF ⟩

⟨m2v(0)2⟩ (4.21)

ϵ =
⟨mv(∆t)F (0)⟩
⟨m2v(0)2⟩ (4.22)

α(t) =

⟨︂
mv(t)Ã(t)

⟩︂
⟨m2v(0)2⟩ (4.23)
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ζ(t) =

⟨︂
mv(t+∆t)Ã(t)

⟩︂
⟨m2v(0)2⟩ (4.24)

A and B can now be replaced by any of the force contributions to calculate the respective Q-projected
correlations functions. For the numerical evaluation we chose ∆t = 0.01 (ten time steps of the simulation)
and in total 9000 time origins with a spacing of 0.1 time units (100 time steps). We calculated the
correlation functions up to a time of tcut = 50 (50000 time steps). The averages in Eqs. 4.21 and 4.22
were evaluated from the respective time window from t = 0 to t = tcut, while also averaging over all
particles and spatial dimensions. For Eqs. 4.23 and 4.24 the averaging was carried out only over all particles
and dimensions. We note here that the averages can also be evaluated over the time dimension, but we
found that our scheme leads to good results, especially to a good consistency between KV (t) and K(t) as
demonstrated in the main text.

The Volterra Equation Approach

For the single particle GLE

F (t) = −m

∫︂ t

0
dsK(t− s)v(s) + FR(t) (4.25)

a Volterra equation can be derived by multiplying Eq. 4.25 with v(0) and taking the average.

⟨F (t)v(0)⟩ = −m

∫︂ t

0
dsK(t− s) ⟨v(s)v(0)⟩ (4.26)

Eq. 4.26 can be evaluated by discretizing the integral, which gives a solvable linear system of
equations.[92] In our work we employed the convolution theorem to Eq. 4.26. The convolution theorem
states that in general a function of the form of Eq. 4.26

y(t) =

∫︂ t

0
dsh(t− s)x(t) = (h ∗ x)(t), (4.27)

where ∗ is the convolution operator, can be equivalently written in Fourier space

Y (ν) = H(ν) ·X(ν), (4.28)
where we denote Fourier transforms in capital letters. By simple reordering we get

X(ν) =
Y (ν)

H(ν)
(4.29)

which by an inverse Fourier transform gives x(t) in the time domain. Similar to the approach by
discretizing Eq. 4.26,[92] in this approach K(0) is not well defined, but can be either evaluated by
interpolation or by noting that K(0) =

⟨F 2⟩
mkBT .

In the main text we refer to K(t) calculated through Eq. 4.26 as KV (t).
Further Volterra type equations can be derived by considering GLE-models including conservative

interactions FC(t).

F (t) = FC(t)−m

∫︂ t

0
dsK̃(t− s)v(s) + F̃

R
(t) (4.30)

By subtracting FC(t) and defining δF (t) = F (t)− FC(t) we get
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δF (t) = −m

∫︂ t

0
dsK̃(t− s)v(s) + F̃

R
(t) (4.31)

from which a Volterra equation can be derived as

⟨δF (t)v(0)⟩ = −m

∫︂ t

0
dsK̃

V
(t− s) ⟨v(t)v(0)⟩ . (4.32)

As described in the main text, K̃V
(t) in Eq. 4.32 does not give the optimal parameterization for K̃(t)

in Eq. 4.30, which is why we do make the distinction in nomenclature.
A third Volterra equation can be derived by rewriting Eq. 4.32 as

⟨F (t)v(0)⟩ =
⟨︁
FC(t)v(0)

⟩︁
−m

∫︂ t

0
dsK̃

V
(t− s) ⟨v(t)v(0)⟩ . (4.33)

and equating Eq. 4.33 with Eq. 4.26. Some restructuring leads to
⟨︁
FC(t)v(0)

⟩︁
= −m

∫︂ t

0
ds(K(t− s)− K̃

V
(t− s)) ⟨v(s)v(0)⟩ . (4.34)

We define KV
C (t) = K(t)− K̃

V
(t) to emphasize its relation to the conservative interactions FC(t).

⟨︁
FC(t)v(0)

⟩︁
= −m

∫︂ t

0
dsKV

C (t− s) ⟨v(s)v(0)⟩ . (4.35)

Now we want to shortly motivate analytically that K̃V
(t) = Kδ,X(t) and KV

C (t) = KC,X(t) as numer-
ically demonstrated in the main text. This can be done by taking the time derivative of Eq. 4.32 which
yields

⟨δF (t)F (0)⟩ = mkBTK̃
V
(t) +m

∫︂ t

0
dsK̃

V
(t− s) ⟨F (s)v(0)⟩ (4.36)

If time scale separation can be assumed, the integral on the right-hand side vanishes. We can then write
⟨δF (t)F (0)⟩ ≈ mkBTK̃

V
(t) (4.37)

Eq. 4.37 suggests that in the Markovian limit
K̃

V
(t) = Kδ,X(t) = Kδ(t) +KX(t). (4.38)

The same argumentation can be made for the equivalence of KV
C (t) and KC,X(t). We note that this is

not a strict proof for the case in which a time scale separation cannot be assumed, but in conjunction with
the numerical evidence shown in the main text it indicates that the relation does hold in general.

4.4.2 Computational Details

Microscopic Model

As microscopic model we set up the same system as used by Wang et al. for parameterization of GLE-
thermostat models based on an optimization scheme.[32] The microscopic system consists of a star-polymer
melt consisting of beads interacting by a Weeks-Chandler-Anderson (WCA) potential given by[210]

UWCA(r) =

{︄
4ϵ
[︂(︁

σ
r

)︁12 − (︁σr )︁6]︂+ ϵ, r ≤ rc

0, r > rc
(4.39)
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Figure 4.7: Radial distribution function of the center of mass of the star-polymers in the FG and CG model.

with a cutoff radius rc = 21/6σ. Reduced units are defined such that the mass of a bead is m = 1, and
the LJ-parameters are σ = 1 and ϵ = 1. Every star-polymer consists of 31 beads, where one central bead
is connected to 10 arms with 3 beads each. The beads within a star-polymer are connected through
FENE-bonds[211].

UFENE(r) =

⎧⎨⎩−1
2kr

2
0 ln

[︃
1−

(︂
r
r0

)︂2]︃
, r ≤ r0

∞, r > r0

(4.40)

The spring constant for the FENE-bonds are set to k = 30 and the maximum length to r0 = 1.5.
The total system consists of 2500 star-polymers in a cubic box of length 57.8647. Simulations were

carried out using GROMACS version 2018.2[212–214] at a temperature of kBT = 1 using the Nosé-Hoover
thermostat and time step of 0.001.

Coarse-Grained Models

Coarse-Grained Conservative Interactions

Conservative interactions for the CG models were derived using the iterative Boltzmann inversion (IBI)[9]
method implemented in the VOTCA-package.[202, 215, 216] Starting from well equilibrated configurations
the RDF was calculated from runs consisting of 107 time-steps where every 1000th time step was saved.
The RDF was calculated based on the center of mass of the star-polymers, with a spatial discretization of
0.02. The conservative interactions were iteratively optimized for 600 iterations. The cutoff radius for the
IBI model as set to 6.4. To validate the resulting conservative interactions, we compare the RDF of the
atomistic simulations with the CG model in Fig. 4.7.

Langevin Thermostat Models

The CG Markovian LE-thermostat simulations were carried out with GROMACS version 2018.2[212–214]
and the stochastic dynamics implementation. In total we derive 5 Markovian LE models. The relaxation
time for the stochastic dynamics integrator are derived from the inverse of the integrals of the respective
memory kernel or of the FACF given by Eqs. 4.41 - 4.45. Due to the softer interactions in the CG model, a
higher time step of 0.01 was used for CG simulations and each run consists of 106 time steps. The friction
coefficients were calculated from integrals of the respective memory kernels or force correlation function.
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γ =

∫︂ ∞

0
dtK(t) (4.41)

γδ =

∫︂ ∞

0
dtKδ(t) (4.42)

γδ,X =

∫︂ ∞

0
dtKδ,X(t) (4.43)

γ̃ =

∫︂ ∞

0
dtK̃(t) (4.44)

γFACF =

∫︂ τ

0
dt ⟨δF (t)δF (0)⟩ /mkBT (4.45)

In the γ-model no conservative interactions were considered, as all interactions of the fine-grained
model are incorporated in the friction coefficient.

Generalized Langevin Thermostat Models

For the evaluation of the memory kernel the total force F (t) for every star-polymer and in every dimension
is evaluated based on a mapped FG trajectory. The force contribution FC(t) is evaluated based on a rerun
of the mapped FG trajectory and δF (t) is evaluated by the difference δF (t) = F (t)− FC(t) of the mapped
FG trajectory and the rerun evaluating FC(t) based on the IBI interactions.

In total we derive 4 non-Markovian CG models with the memory kernels given by Eqs. 4.46 - 4.49.

K(t) =
⟨FQ(t)FQ(0)⟩

mkBT
(4.46)

Kδ(t) =
⟨δFQ(t)δFQ(0)⟩

mkBT
(4.47)

Kδ,X(t) =
⟨δFQ(t)δFQ(0)⟩

mkBT
+

⟨︂
FC
Q (t)δFQ(0)

⟩︂
mkBT

(4.48)

K̃(t) =
⟨δFQ(t)δFQ(0)⟩

mkBT
+ 2

⟨︂
FC
Q (t)δFQ(0)

⟩︂
mkBT

(4.49)

In Eq. 4.46, all interactions are incorporated in the memory kernel, such that the FG dynamics is
reproduced in simulations without conservative interactions. The other memory kernels were applied in
conjunction with conservative interactions due to the IBI model.

The Auxiliary Variable GLE-thermostat

The simulations with a the various GLE-thermostat models were performed using the auxiliary variables
approach derived by Ceriotti [150, 151, 155] in its current implementation in LAMMPS.[217] For a
thorough discussion of the auxiliary variables approach the reader should consult the original publications
by Ceriotti et al..[150, 151, 155]
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The basic idea is to render the non-Markovian contributions in Eq. 4.30 Markovian, by the coupling of
a set of auxiliary variables to the velocities (or momenta) of any single particles. This means

F (t) = FC(t)−m

∫︂ t

0
dsK(t− s)v(s) + FR(t), (4.50)

can be rewritten in a Markovian form as(︃
F
ssṡ

)︃
=

(︃
FC

000

)︃
−AAA

(︃
mv
sss

)︃
+BBBξξξ (4.51)

Here sss is a vector of auxiliary variables with the unit of momentum. AAA is referred to as drift-matrix,
giving rise to defining the coupling between sss and v. The frictional force on a given particles thus does
not only depend on the velocity of the particle but on the state of the auxiliary variables, which implicitly
encodes memory effects in a Markovian equation of motion. The diffusion matrixBBB determines the coupling
strength of the vector of Gaussian random numbers ξξξ, which consists of random numbers with zero mean
and a unit variance. The formulation in terms of Eq. 4.51 has two main advantages compared to the direct
evaluation of Eq. 4.50. Firstly, a direct numerical evaluation of the non-Markovian formulation of Eq. 4.50
necessitates the storage of historical data, which is costly in terms of storage and computation. Secondly,
this implies a cut-off in time for the evaluation of the integral term, which can lead to truncation errors.[26]

Fitting of Memory Kernels and Parameterization of the Drift Matrix

To make the Markovian description of GLEs given by Eq. 4.51 practical, a relation between the memory
kernel and the drift matrix has to be established. For that a functional form of the memory kernel has
to be assumed. In the original formulation Ceriotti et al. established formulations of the drift matrix
such that exponentially decaying memory kernels and δ−like memory kernels in Fourier space can be
represented.[150, 153] In the realm of coarse-graining the functional form of memory kernels can have
quite complex forms. It was found that a sum of exponentially damped oscillators can be related to the
drift matrix and is a good choice to fit to arbitrary memory kernels.[27, 32, 92]

For our systems we assumed a sum of exponentially damped oscillators of the form

K(t) = e−
at
2 (b cos(dt) + c sin(dt)) (4.52)

which can be translated to a drift matrix as[32]

AAA =

⎛⎜⎜⎜⎝
0

√︂
b
2 − cd

a

√︂
b
2 + cd

a

−
√︂

b
2 − cd

a a 1
2

√
4d2 + a2

−
√︂

b
2 + cd

a −1
2

√
4d2 + a2 0

⎞⎟⎟⎟⎠ . (4.53)

In practice we found that it is simpler to fit the integrals of memory kernels with

Γ(t) =

∫︂ t

0
dsK(s) = 2

ab+ 2cd

a2 + 4d2
− 2e−

at
2 ((ab+ 2cd) cos(dt) + (ac− 2bd) sin(dt))

a2 + 4d2
, (4.54)

instead of the memory kernel itself. This can introduce small errors in the representation of the
memory kernel on small time scales, but allows for a more accurate representation of the accumulative
effect of the memory kernel over larger time scales.

The fitting parameters have to obey the boundary conditions a > 0, b
2 + cd

a > 0 and b
2 − cd

a > 0. For
fitting the memory kernels shown in the main text, 6 damped oscillators were used respectively.
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4.4.3 Memory Effects in Dense and Dilute Systems

In the main text we discuss that fast fluctuations governed by conservative interactions in coarse-grained
models lead to a partial decoupling from the long time scales of the memory kernels. In the case of a
negative long lived tail in the memory kernel, this effectively leads to a decrease in the diffusion coefficient
compared to its Markovian approximation. To further corroborate that the memory effects observed in the
bottom-up coarse-grained models are due to the long tail, memory kernels with long lived positive tails can
be considered which should invert the effect. To that end we consider exponential memory kernels of the
form

K(t) =
γ

τ
exp

(︃
− t

τ

)︃
(4.55)

where we fix γ = 0.097815 and vary τ . In Fig. 4.8, the memory kernels considered are shown. K̃melt

denotes the fit to K̃ of the main text. For τ = 0.1 the GLE is quasi-Markovian. From K̃melt to τ = 50 the
amplitude of the memory kernel on short time scales decreases while the amplitude on long time scales
increases. In Fig. 4.9, the VACF and its integral for all memory kernels in the CG star-polymer melts are
shown. Comparing the plateau of D(t) =

∫︁ t
0 ds ⟨v(s)v(0)⟩ of the K̃melt-model with τ = 0.1 shows the

behavior already described in the main text. An increase in τ leads to an further increase in the diffusion
coefficient. This corroborates the finding that in the CG star-polymer melt model the overall coupling
strength of a memory kernel can depend on its functional form when its integral is fixed. In particular,
a positive long-lived tail shows an inversion of the memory effects compared to a memory kernel with a
negative long-lived tail.
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Figure 4.8: Memory kernels and its integrals considered for the demonstration of the effect of long lived
tails on the diffusion coefficient.

In the main text we made the argument that the coupling to long tails in memory kernels in the CG
star-polymer melt systems is reduced due to the dominance of fast fluctuations governed by the conservative
CG force-field. To test that, we derived a CG IBI model for a star-polymer solution in which we coarse-
grained 1000 star-polymers which are desolved in 46500 single WCA-beads, following Wang et al..[32]
In this implicit solvent model, the time scale of collisions is enhanced due to the lower polymer number
density. The resulting VACFs and polymer diffusion coefficients D(t) are shown in Fig. 4.10. These results
were obtained applying the same memory kernels as in the case of the melt. While in the polymer melt the
change in the self-diffusion coefficient comparing K̃melt and τ = 50 is ≈ 35%, this is reduced to ≈ 20%
in the implicit solvent model. The total difference in the diffusion coefficient is higher in the implicit
solvent model due to the overall higher diffusion coefficient. To evaluate the extent of memory effects it is
more meaningful to compare the change in the effective friction coefficient in terms of the Stokes-Einstein
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relation γeff = kBT
D . Here we find a relative change of ≈ 27% and an absolute change of ≈ 6.5 in γeff in

the melt, while we find a relative change of ≈ 17% and an absolute change of ≈ 1.2 in γeff in the implicit
solvent model. This is in line with the interpretation that an increase of the time scale of collisions should
increase the coupling to long lived tails of the memory kernel and thus mitigate memory effects. Overall
the implicit solvent model is still quite dense. In the fine-grained representation, the system still consists
to 40% of the star-polymer particles. For that reason, memory effects still alter the diffusion coefficient
significantly in the implicit solvent model. In Fig. 4.11, the VACFs and D(t) for an implicit-solvent system
with 100 star-polymers is shown. The particle density is now reduced to 4%. For this system the polymer
diffusion coefficient does not significantly change with the form of the memory kernel and memory effects
are negligible on long time scales.
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Figure 4.9: VACFs and its integrals for a CG star-polymer system with using the same conservative
interactions as in the model discussed in the main text. The parameterization of the GLE-
thermostat is varied such that the integral of the memory kernel is equivalent for all models.
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Figure 4.10: VACFs and its integrals for a implicit solvent CG star-polymer system with 1000 CG beads.
The conservative interactions were derived from the IBI-method. The parameterization of
the GLE-thermostat is varied such that the integral of the memory kernel is equivalent for all
models.
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Figure 4.11: VACFs and its integrals for an implicit solvent CG star-polymer system with 100 CG beads.
The conservative interactions applied in this model were taken from the 1000-bead implicit
solvent model. The parameterization of the GLE-thermostat is varied such that the integral of
the memory kernel is equivalent for all models.

4.4.4 Origin of Remaining Inaccuracies

In the main text we demonstrated that physics based methods, that means methods which do not rely on a
posteriori optimization of parameters, for the parameterization of CG LE and GLE models have to take into
account cross-correlations between FG and CG interactions in Q-space. The question is, if it is possible to
further pin down the origin of the remaining inaccuracies.

The formulation in the main text assumes that the frictional effects on the CG scale in the FG system
(governed by the memory kernel KC(t)), is the same as in the CG-GLE model. That, of course, can only by
true if the conservative interactions in the CG GLE model represent the multi-body potential of mean force.
That suggests that the proposed method assumes⟨︂

FQ
C (t)FQ

C (0)
⟩︂
FG

=
⟨︂
FQ
C (t)FQ

C (0)
⟩︂
CG−GLE

(4.56)

where the subscripts FG and CG refer to sampling of the FG and CG model, respectively.
While the particular form of the correlation functions defined by Eq. 4.56 in principle are prone

to a several different error sources, a more loose requirement is
⟨︂
FQ
C FQ

C

⟩︂
FG

=
⟨︂
FQ
C FQ

C

⟩︂
CG−GLE

. This
requirement is independent of time and thus of the dynamics of the model. In Fig. 4.12 we compare
the memory kernel KC(t) from the conservative interactions in the CG-GLE-model with KC(t) and KX(t)
and KC,X(t) from the FG model. Due to proportionality this is equivalent to comparing Q-projected force
correlation functions.

We find that in fact at time t = 0 the memory kernel calculated from the CG-GLE-model differs
significantly from KC(0) calculated from FG trajectories. In particular the memory Kernel KC(t) for the
CG-GLE-model has a higher magnitude than KC(t) at times lower than t ≈ 5 while it is lower on larger
time scales. This is in line with the finding that the VACF in CG-GLE-model is slightly too strongly damped
at times smaller than ≈ 6 while it exhibits slightly to high values at times larger than ≈ 6.

An additional curious finding of Fig. 4.12 is thatKC,X(t) = KC(t)+KX(t) for t = 0, within numerical
accuracy, is equivalent toKC(0) from the CG-GLE-model. The findings of this sections indicate that assuming
the IBI-potentials as an approximation for the multi-body potential of mean force leads to an incomplete
decoupling of the CoM and the internal degrees of freedom of the star-polymers. In this particular case,
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Figure 4.12: Memory kernels calculated from different contributions from the FG simulation and the CG
GLE simulation.

the fact that KC(0), and thus the variance in coarse-grained forces, is larger in the CG-GLE-model than in
the FG model indicates that the FG system does not sample the full configuration space accessible in the
IBI-model for the same temperature.

4.4.5 Analysis of the High-Mass Limit

In the main text we discuss that the cross-correlation contribution KX(t) to the memory kernel should
decline for systems in which the timescales of the FG and CG degrees of freedom are separated. This
implies that for systems in which time scales are separated the memory kernel derived based on the Volterra
inversion technique (K̃V

(t)) should yield dynamics of the CG models of comparable quality as the approach
explicitly including cross-correlations (K̃(t) = Kδ(t) + 2KX(t)). This can be, in principle, studied by
considering very coarse mapping schemes. The coarseness of the mapping scheme has its natural upper
boundary by the size of the considered molecules. Here, as a proof of concept, we artificially enforce a
better time scale separation by increasing the mass of the central bead of every star polymer in the melt. By
doing so, we preserve the time scale of the fluctuations on a FG level while slowing down the center of mass
dynamics and thus the dynamics on a coarse-grained level. We consider 4 different systems with different
masses mc =1, 10, 100, 1000 for the central bead. For mc = 1 we reuse the data for the system discussed
in the main text. For mc ̸= 1 we again constructed conservative interactions applying the IBI-method
and derive KV

δ (t) based on the Volterra equation Eq. 4.32. For mc = 1 we consider the data gathered for
Kδ,X(t) as it was demonstrated to be equivalent to K̃V

(t).
In FIG. 4.13, we show the VACFs for the different systems. We find that for mc = 1 and mc = 10 the

VACF decays significantly faster in the CG GLE-model, indicating slower dynamics. This effect is found to
be less pronounced for mc = 100 and very weak for mc = 1000.
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Figure 4.13: VACF for FG (solid lines) and CG GLE simulations (dashed lines) for star polymer melts with
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5 Cross-Correlation Corrected Friction in Generalized
Langevin Models: Application to the Continuous
Asakura-Oosawa Model

Abstract

The development of dynamically consistent coarse-grained models for molecular simulations is often based
on generalized Langevin equations, motivated by the application of the projection-operator formalism
(Mori-Zwanzig theory). While Mori’s projection operator yields linear generalized Langevin equations
which can be computationally efficiently implemented in numerical simulations, the downside is that Mori’s
generalized Langevin equation does not encompass the multi-body potential of mean force required to
correctly encode structural and thermodynamic properties in coarse-grained many-body systems. Zwanzig’s
projection operator yields non-linear generalized Langevin equations including the multi-body potential of
mean force, while remaining force-contributions are not as cheaply to implement in molecular simulation
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without making formally hard to justify approximations. For many-particle coarse-grained models, due to
computational and conceptual simplicity, an often used approach is to combine non-linear conservative
interactions with linear expressions to model dissipation. In a previous study (J. Chem. Phys. 154,
191102 (2021)), we proposed a method to parameterize such models to achieve dynamic consistency in
coarse-grained models, allowing to reconcile Mori’s and Zwanzig’s approach for practical purposes. In
the current study, by applying the same strategy, we develop coarse-grained implicit solvent models for
the continuous Asakura-Oosawa model, which under certain conditions allows to develop very accurate
coarse-grained potentials. By developing coarse-grained models for different reference systems with varying
parameters, we test the broader applicability of the proposed procedure and demonstrate the relevance of
accurate coarse-grained potentials in bottom-up derived dissipative models. We study how different system
parameters affect the dynamic representability of the coarse-grained models. In particular, we find that the
quality of the coarse-grained potential is crucial to correctly model the backscattering effect due to collisions
on the coarse-grained scale. As hydrodynamic interactions are not explicitly modeled in the presented
coarse-graining approach, deviations are observed in the long-time dynamics. The Asakura-Oosawa model
allows a tuning of system parameters to gain an improved understanding of this limitation. We also propose
three new iterative optimization schemes to fine tune the generalized Langevin thermostat to exactly match
the reference velocity-autocorrelation function.
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5.1 Introduction

In recent years there has been an increasing interest in developing methods to systematically derive coarse-
grained (CG) models for molecular simulations which reproduce dynamic properties.[15, 25, 201] Several
systematic approaches have been proposed to derive CG force-fields in a systematic way,[4, 41, 218] which
(ideally) allow to describe specific fine-grained (FG) reference systems. Applying CG force-fields in standard
equilibrium molecular dynamics (MD) simulations allows to reproduce structural and thermodynamic
properties of the FG reference system, if the CG force-field sufficiently well represents the multi-body
potential of mean force (MB-PMF).[193] Independent of the quality of the CG force-field, standard MD
methods however do not correctly represent dynamical properties, as coarse graining leads to a reduction
of the number of degrees of freedom (DoFs) and to a corresponding reduction in friction and noise.[15]

With an eye to representing both structure and dynamics, the coarse-graining process can be split
up into two separate tasks. The first task is to derive the conservative interactions in the CG model and
construct a potential, UCG(RRR), that closely approximates the equilibrium probability distribution in the
space of CG configurational variables RRR,[193]

e−UCG(RRR)/kBT ≈ e−W (RRR)/kBT

∝
∫︂

drrr exp(−UFG(rrr)/kBT )δ(M̂R(rrr)−RRR)).
(5.1)

Here, W (RRR) is the MB-PMF. The quantity M̂R(rrr) represents a mapping operator, which defines the CG
configurational DoFs RRR = {RRR1, ...,RRRN} and usually is a linear function of FG (i.e. atomic) Cartesian
coordinates rrr = {rrr1, ..., rrrn} with n > N . Multiple points in the FG configurational space spanned by rrr map
onto a single point in the CG space spanned by RRR. The FG potential energy is denoted by UFG(rrr), and
kB is the Boltzmann constant and T the temperature. Bottom-up coarse-graining methods implicitly or
explicitly aim to construct a CG potential that best approximatesW (RRR). For non-bonded interactions, the
CG potential, due to computational and conceptional simplicity, is usually modeled in terms of two-body
potentials.

UCG(RRR) =

N∑︂
I

N∑︂
J<I

UIJ(RIJ) (5.2)

Here UIJ(RIJ) is a CG pair-potential for a pair of CG particles I and J , and RIJ is the distance between
particles I and J . The force evaluation for standard CG-MD simulations is then

FFFC
I (RRR) = −∂UCG(RRR)

∂RRRI
= −

∑︂
J ̸=I

∂UIJ(RIJ)

∂RIJ
êêêIJ , (5.3)

where êêêIJ is the unit vector parallel to the distance vector between particle I and J .
The second task is to account for the effects of the FG DoFs removed by the coarse-graining process on

the dynamics of the remaining CG DoFs. To this end, the total force, FFF I , on the CG particle I is augmented
with a dissipative and random force according to

FFF I = FFFC
I +FFFD

I +FFFR
I (5.4)

The superscripts C, D and R denote conservative, dissipative and random forces, respectively. In practice
Eq. 5.4 can be realized by augmenting standard MD algorithms with a dissipative thermostat which
simultaneously controls the temperature and adjusts the dynamics. To this end, different types of models
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have been proposed, such as Markovian Langevin[36, 196] or Markovian dissipative particle dynamics
(DPD) models,[36, 61, 63, 65]and non-Markovian isotropic generalized Langevin,[32, 33] non-Markovian
DPD[26, 27, 29] or non-isotropic generalized Langevin models.[30] The strategies for the parametrization
of the dissipative and random forces are typically based on either an iterative optimization strategy[30, 32,
219, 220] (comparable to IBI,[9] IMC,[10] HNCN[12] methods in structural coarse-graining) or the direct
reconstruction of friction coefficients or memory kernels from time-correlation functions.[26, 27, 29, 33,
36, 196]

The phenomenologically intuitive form of Eq. 5.4 is often motivated by the Mori-Zwanzig theory,[22,
23, 25] which formalizes the coarse-graining process in terms of the projection operator formalism. The
mathematical form the terms in Eq. 5.4 formally take depends on the choice of the projection operator.[25]
While the projection operator of Mori leads to a CG equation in which all terms are linear in the CG DoFs,
applying Zwanzig’s projection operator leads to a CG EoM in which both the terms FFFC

I and FFFD
I can be

non-linear in the CG DoFs.[25]
In fact, Zwanzig’s projection operator allows to derive an EoM in which the conservative force FFFC

I

is the negative gradient of the MB-PMF.[35] This makes it a good candidate to use in conjunction with
established coarse-graining methods, but simultaneously the non-linearity of the dissipative term in general
complicates the justification of computationally tractable models.[35]

Mori’s projection operator allows to derive a linear generalized Langevin equation (GLE) for which
the dissipative and random forces can be efficiently implemented in molecular dynamics simulations as a
non-Markovian GLE-thermostat.[151, 221] This comes with the drawback that the conservative forces in
Mori’s GLE are not in general equivalent to the negative gradient of the MB-PMF and thus structural and
thermodynamic properties generally can not be modeled purely based on this approach.

From a modeling perspective, a combination of both approaches would be optimal. In this study we
parameterize models of the form

FFF I(t) = FFFC
I (t)−

∫︂ t

0
dsK̃(t− s)PPP I(s) +FFF̃

R
I (t), (5.5)

where PPP I(t) is the momentum of the CG particle I and K̃(t) is an isotropic, configuration independent
memory kernel, which is related to the random force FFF̃R

I (t) via the fluctuation-dissipation relation

K̃(t) =

⟨︂
FFF̃

R
I (t)FFF̃

R
I (0)

⟩︂
3MIkBT

, (5.6)

whereMI is the mass associated with the Ith CG DoF.
In Ref.[33], we proposed a method to parameterize K̃(t), which is motivated based on the single

particle GLE
FFF I(t) = −

∫︂ t

0
dsK(t− s)PPP I(s) +FFFQ

I (t), (5.7)

which can be rigorously derived using Mori’s linear projection operator for a freely diffusing particle in an
isotropic environment. We keep the subscript I, as we will use Eq. 5.7 to motivate the parametrization of
many-body models following Eq. 5.5, while de facto Eq. 5.7 arises as CG EoM for a single tagged particle.
FFFQ

I (t) is called Q-projected force, which is propagated in time in the subspace which is orthogonal to the
CG momentum at the time origin PPP I(0) and is related to the memory kernel K(t) via

K(t) =

⟨︁
FFFQ

I (t)FFF
Q
I (0)

⟩︁
3MIkBT

. (5.8)
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Eq. 5.7 is an exact CG EoM and the memory kernelK(t) can be readily obtained from a reference trajectory
of a single tagged particle.[39, 81, 85, 92, 95, 96, 101] TheQ-projected force in Eq. 5.7 is often interpreted
as random force, which allows to construct a single particle CG model reproducing e.g. the velocity
auto-correlation function (VACF) of the reference.[39, 92]

In general, models of the form of Eq. 5.5 with a non-linear conservative force term and linear friction
can only under certain conditions be derived exactly from microscopic dynamics,[35, 222] while the
validity of assuming these conditions can in principle be numerically assessed as recently demonstrated by
Ayaz et al..[222]

In a recent study we have proposed a link between the exact EoM Eq. 5.7 and Eq. 5.5, which allows
to parameterize K̃(t) such that single-particle dynamic properties are well reproduced in many-body CG
simulations following Eq. 5.5, which we have shown for a star-polymer melt system.[33]

The proposed parametrization scheme is based a method called backward orthogonal dynamics
(BOD), introduced by Carof et al.,[85] which allows to directly evaluate Q-projected correlation functions.
This method can be used to determine the effective single particle memory kernel K(t) by analyzing the
trajectory of a tagged particle. The crucial difference to other methods is that the BOD-method allows to
derive Q-projected correlation functions for any observable. For our purpose, we analyze a mapped FG (e.g.
atomistic) trajectory, i.e. we apply M̂R(rrr) to a FG trajectory. Hence, we track the evolution of the CG DoFs
in a many-body FG system, in which we split the total force on any CG DoF I as FFF I(t) = FFFC

I (t) + δFFF I(t).
Here FFF I(t) is the total force on the CG DoF I in the mapped FG reference trajectory, FFFC

I (t) is the force a
priory defined CG potential would yield for the same CG configurations and δFFF I(t) is the residual force,
not captured by the CG potential. For each force contribution, and for their cross correlation, a Q-projected
correlation function can be calculated following the BOD-method. This allows to split the total memory
kernel in Eq.5.8 into different contributions, as shown in Eq.5.9.

K(t) =

⟨︂
FFFC,Q

I (t)FFFC,Q
I (0)

⟩︂
3MIkBT

+

⟨︁
δFFFQ

I (t)δFFF
Q
I (0)

⟩︁
3MIkBT

+ 2

⟨︂
FFFC,Q

I (t)δFFFQ
I (0)

⟩︂
3MIkBT

= KC(t) +Kδ(t) + 2KX(t)

(5.9)

In the CG target model, Eq. 5.5, the conservative forces will effectively exert friction on any particle I, in
addition to the friction due to the GLE-thermostat. This has to be taken into account in the parametrization
of K̃(t). Eq. 5.9 suggests a relation between KC(t) and the conservative interactions. Assuming that the
additional friction and memory effects due to the conservative interactions in the multi-body CG simulations
is well estimated by KC(t), we suggest[33] that

K̃(t) ≡ K(t)−KC(t) = Kδ(t) + 2KX(t) (5.10)

should yield an optimal parametrization for dynamic consistency. One requirement for this approach to
work optimally is that the CG model samples the same distribution ρ(RRR) ∝ e−W (RRR)/kBT as the FG reference,
as only then the overall force fluctuations can be consistent.

We applied the sketched approach to coarse-grain a star-polymer melt system and were able to
reproduce the overall mobility and the form of the velocity auto-correlation function (VACF) reasonably
well.[33] Still, some deviations were observed, especially around the first minimum of the VACF. We argued
that the residual deviations of the VACF in our CG model compared to the reference were mainly due to
the fact that the conservative forces in the CG model did not optimally represent the MB-PMF, as higher
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order correlations cannot be accounted for in CG force-fields based on pairwise potentials. This is the main
hypothesis we want to test in the current work, for which we need a CG particle based model, with an
accurate representation of the the MB-PMF in terms of pairwise interactions.

To this end, we herein study the (continuous) Asakura–Oosawa[37, 38, 223, 224] (AO) model for
which we parameterize a GLE-thermostat for the CG representation. The AO model by itself is a generic
CG representation which models a colloidal suspension in a polymer solution. Both colloids and polymers
are modeled as purely repulsive single beads. Due to entropic effects, the colloid beads effectively attract
each other. It was shown that these effective interactions can be exactly described in terms of pairwise
interactions if the size ratio of polymer beads to colloid beads is small enough.[37, 223] For this case an
implicit solvent model, only resolving the colloid beads, can be derived for which the MB-PMF can be
exactly reproduced. By changing the polymer-colloid bead size ratio, the quality of the CG model can be
readily tuned and our main hypothesis can be tested.

The remainder of this paper is structured as follows: Sec. 5.2.1 describes some routes to evaluate the
effective single particle memory kernel based on the inversion of Volterra equations. Sec. 5.2.2 sketches
the main ideas behind the BOD-method.[85] In Sec. 5.2.3, we elaborate more detailed the choice for
the parametrization of K̃(t). In Sec. 5.2.4, we propose three different iterative optimization schemes to
optimize the parametrization of GLE-thermostats to correct for residual deviations in the VACF from its
reference. In Sec. 5.2.5, we provide a summary of the general coarse-graining procedure. In Sec. 5.3, we
summarize how we model the FG and CG continuous AO-model. In Sec. 5.4, we report the main results. In
particular we compare dynamic properties of the FG reference and CG GLE models for three different AO
models with different polymer-colloid bead size ratios. We also demonstrate the performance of the newly
proposed iterative optimization schemes for memory kernels. In Sec. 5.5, we discuss our findings and its
implications and conclude with a short summary and outlook in Sec. 5.6.

5.2 Theory

5.2.1 Evaluation of the Memory Kernel Through Inversion of Volterra Equations

In order to evaluate the memory kernel in the exact single-particle EoM Eq. 5.7, we multiply both sides
of the equation with PPP I(0) and subsequently take the canonical average. Due to the definition of the
projection operator ⟨︁

FFFQ
I (t)PPP I(0)

⟩︁
= 0 (5.11)

and thus
CFP (t) = −

∫︂ t

0
dsK(t− s)CPP (s), (5.12)

or equivalently

CFV (t) = −MI

∫︂ t

0
dsK(t− s)CV V (s), (5.13)

where we have defined the time correlation functions CFP (t) =
1
3 ⟨FFF I(t)PPP I(0)⟩, CPP (t) =

1
3 ⟨PPP I(t)PPP I(0)⟩,

CFV (t) = 1
3 ⟨FFF I(t)VVV I(0)⟩ and the VACF CV V (t) = 1

3 ⟨VVV I(t)VVV I(0)⟩. These correlation functions can be
directly evaluated from molecular dynamics trajectories and thus allow to evaluate K(t) through inversion
of Eq. 5.13. This can be done by discretization.[81, 92] In our previous study,[33] we exploited the
convolution theorem to recover K(t) in Fourier-space.
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Generally, schemes to deriveK(t) from Eq. 5.13 tend to be numerically unstable. This can be improved
by integrating Eq. 5.13.[95]

CV V (t) = CV V (0)−
∫︂ t

0
dsG(t− s)CV V (s) (5.14)

Here, G(t) is the integrated memory kernel

G(t) =

∫︂ t

0
dsK(s). (5.15)

Following Ref.[95], Eq. 5.14 is discretized as

Gi =
1− CV V,i/CV V,0

δt/2
− 2

i−1∑︂
j

GjCV V,i−j/CV V,0 (5.16)

where Gi ≡ G(iδt) and CV V,i ≡ CV V (iδt), with δt being the discretization step of the VACF. To further
increase the numerical stability, a predictor-corrector scheme is employed as

Gi := (Gi−1 + 3G∗
i +G∗

i+1)/5 (5.17)
where the superscript ∗ indicates values calculated in the predictor step and Eq. 5.17 is the corrector
step. In addition to improved numerical stability, this scheme has the advantage that it can be used to
evaluate the memory kernel from trajectories in which the total force is not stored, which is often the
case in standard MD software when stochastic thermostats are used. We apply it to derive reference
memory kernels, against which the results of the BOD-method can be compared and to derive effective
single-particle memory kernels for CG-GLE trajectories.

5.2.2 Direct Evaluation of Projected Time-Correlation Function: The Backward-Orthogonal
Dynamics Method

Two alternative routes to evaluate memory kernels based on the GLE in Eq. 5.7 were proposed by Carof et
al.,[85] called the forward and backward orthogonal dynamics (BOD) method. As in Ref.[33], we apply
the BOD method in this study, which is summarized in the SI. The main idea behind the BOD-method is to
express Q-projected correlation functions in terms of properties which are easily accessible form FG MD
trajectories. Accordingly, arbitrary projected correlation functions of the form

C̃AB(t) =
⟨︁
A(0)BQ(t)

⟩︁ (5.18)
can be evaluated.

By choosing A = B = FFF I , the memory kernel K(t) can be evaluated as

C̃FF (t) =
⟨︁
FFF I(0)FFF

Q
I (t)

⟩︁
= 3MIkBTK(t). (5.19)

While the BOD-method and the Volterra-inversion approach described in the previous section yield the
same memory kernel,[33, 39, 85] the BOD-method can be used to evaluate any arbitrary Q-projected
correlation function.[85] In particular, by choosing A = B = FFFC

I , A = B = δFFF I = FFF I −FFFC
I or A = FFFC

I

and B = δFFF I , the total memory kernel can be split into different contributions (Eq. 5.9) as described in
the introduction.

The three contributions to K(t), namely KC(t), Kδ(t) and KX(t), can be interpreted as the memory
and friction due to effective conservative interactions between the CG DoFs, due to interactions with the
lost DoFs, and due to the cross-correlations between these interactions.
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5.2.3 Definition of Dynamic Consistency

In this work we define dynamic consistency in terms of the reproduction of single particle correlation
functions. In practice we can map the dynamics of any single particle I onto a GLE of the form of Eq. 5.7,
where the memory kernel K(t) determines all other time-correlation functions. By replacing FFFQ

I (t) with
a random force FFFR

I (t), which fulfills the fluctuation-dissipation theorem, single-particle CG simulations,
in which, e.g., the VACF is correctly reproduced, can be readily carried out.[39, 92] The EoM for such a
model is

FFF I(t) = −
∫︂ t

0
dsK(t− s)PPP I(t) +FFFR

I (t) (5.20)

with 3MIkBTK(t) =
⟨︁
FFFR

I (t)FFF
R
I (0)

⟩︁. Equivalently, the memory kernel K(t) can always be represented by
a sum of n functions with n independent random forces,

FFF I(t) = −
∫︂ t

0
ds

n∑︂
i=1

Ki(t− s)PPP I(s) +
n∑︂

i=1

FFFR
I,i(t) (5.21)

where every random force term has to fulfill its own fluctuation-dissipation relation 3MkBTKi(t) =⟨︂
FFFR

I,i(t)FFF
R
I,i(0)

⟩︂
. As long as K(t) =

∑︁n
i=1Ki(t), Eq. 5.20 and Eq. 5.21 are equivalent in the sense that

they yield the same single particle time-correlation functions, such as the VACF.
Analogously, we interpret the target model, Eq. 5.5, as a many-particle model in which the dynamics

of any particle I is governed by the memory and friction due to the sum of two contributions, namely due
to the conservative interactions and due to the memory kernel K̃(t). Considering such a CG simulation
based on Eq. 5.5, the trajectory of any particle in the system can be mapped onto a GLE of the form of
Eq. 5.7, and an effective single-particle memory kernel KCG(t) can be derived from the Volterra equation

CCG
FP (t) = −

∫︂ t

0
dsKCG(t− s)CCG

PP (s), (5.22)

(or its integrated form as in Eq. 5.14) where the superscript CG denotes evaluation from a CG trajectory.
From Eq. 5.5 we can also derive,

CCG
FP (t) = CCG

FCP (t)−
∫︂ t

0
dsK̃(t− s)CCG

PP (s). (5.23)

Equating Eq. 5.22 and 5.23, and reordering yields

CCG
FCP (t) = −

∫︂ t

0
ds∆KCG(t− s)CCG

PP (s). (5.24)

Inversion of Eq. 5.24 allows to evaluate ∆KCG(t) = KCG(t) − K̃(t), which is the memory and friction
effectively added through the conservative interaction FFFC

I (t). The question now is how to parameterize
K̃(t) such that KCG(t) ≈ K(t). Here the BOD-method described in Sec. 5.2.2 can be exploited.

The physical interpretation that ∆KCG(t) is due to conservative interactions suggests

∆KCG(t) ≈ KC(t), (5.25)

if KCG(t) ≈ K(t). Because of the additivity of memory kernels implied by Eq. 5.21, this furthermore
suggests, that

K̃(t) ≡ Kδ(t) + 2KX(t) (5.26)
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should be an optimal a-priori choice for the parametrization of the target model, which we will validate in
Sec. 5.4.

One might be tempted to replace the CG correlation functions in Eq. 5.23 with correlation functions
from reference simulations to derive a memory kernel for the target model. This approach was used in
the past to parameterize a Markovian Langevin thermostat.[196] The assumption in the derivation of
Eq. 5.23 is ⟨︁FFFR

I (t)PPP I(0)
⟩︁
= 0, similar to the assumption in Eq. 5.11, and holds true for the GLE-thermostat

by construction. Contrary to the single particle GLE, the target EoM Eq. 5.5 from which Eq. 5.23 is derived
is not equivalent to a formally exact CG EoM[35] and thus the link between the Volterra equation Eq. 5.23
and the FG dynamics, without further justification,[222] is at least ambiguous.

5.2.4 Iterative Optimization

Similar to structural coarse-gaining,[9, 10] memory kernels in GLE-models can be iteratively optimized
to match certain target properties, where the VACF is the most prominent target to this day.[32, 39] As
the VACF is a single particle property, it can always be related to an effective (integrated) single particle
memory kernel following Eq. 5.14. For an iterative optimization scheme, G(t) can be directly used as
target. The rationale is that the relation between the optimal memory kernel K̃(t), or its integrated form
G̃(t) =

∫︁ t
0 dsK̃(s), to the effective integrated single-particle memory kernel GCG(t) is less complex and

thus straight forward, hopefully stable, iterative schemes, can be established. Here we want to present
three different update schemes for the task. First we notice that in a CG simulation

GCG(t) = ∆GCG(t) + G̃(t). (5.27)
Assuming that the residual between the integrated target memory kernel Gtgt(t) ≡ G(t) and the CG
integrated effective single particle memory kernel GCG(t), both evaluated based on the VACF using
Eq. 5.14, can be compensated by a change in G̃(t) suggests the update scheme

G̃i+1(t) = G̃i(t) +
(︁
Gtgt(t)−GCG

i (t)
)︁
. (5.28)

In the limit where conservative interactions are negligibly weak, we have
GCG

i (t) ≈ G̃i(t) (5.29)
and thus Eq. 5.28 would converge within a single step. When conservative interactions play a significant
role in the dynamics of the system, Eq. 5.28 would converge within a single step, only if ∆GCG(t) is
independent of G̃(t).

As we will demonstrate in Sec. 5.4.4,∆GCG(t) in fact depends on G̃(t), which can lead to an oscillatory
approach of the target. To prevent that, a step-size parameter can be included in Eq. 5.28 to increase the
stability. As the optimal step parameter is not known a-priori, an update scheme which is generally less
prone to suffer from oscillations might be preferable. We therefore consider

G̃i+1(t) =
Gtgt(t)

GCG
i (t)

G̃i(t) (5.30)

or by using GCG
i (t) = ∆GCG

i (t) + G̃i(t)

G̃i+1(t) =
Gtgt(t)

∆GCG
i (t) + G̃i(t)

G̃i(t). (5.31)

In a case where ∆GCG
i (t) = 0 this update scheme again should trivially converge within one step. For the

case of large ∆GCG
i (t) we expect that also the absolute change of ∆GCG

i (t) will be large. The formulation
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of Eq. 5.30 automatically decreases the step size in this case, and thus should prevent oscillatory behavior.
As will be demonstrated in Sec. 5.4.4, Eq. 5.30 can yield slow convergence in some cases.

We consider a third update scheme to further improve the convergence by approximately quantifying
the dependence of ∆GCG(t) on the GLE-thermostat parametrization due to G̃(t). We start from GCG(t) =
∆GCG(t) + G̃(t), and assume the linear relation ∆GCG(t) ≈ a(t) + b(t)G̃(t). In this expression, b(t)
accounts for the fact that application of a GLE-thermostat affects the friction due to particle collisions
(conservative interactions). Without a GLE-thermostat, the approximation yields ∆GCG(t) = a(t), with
a(t) corresponding to the overall single-particle friction in a CG-MD simulation, i.e. a(t) = GCG−MD(t).
To derive an iterative scheme, we apply these assumptions and write

GCG
i (t) ≈ a(t) + (b(t) + 1)G̃i(t) (5.32)

for each iteration and
Gtgt(t) ≈ a(t) + (b(t) + 1)G̃

tgt
(t) (5.33)

for the target. Solving Eq. 5.32 for b(t), using the result in Eq. 5.33 and replacing G̃tgt
(t) by G̃i+1(t) yields

G̃i+1(t) =
Gtgt(t)− a(t)

GCG
i (t)− a(t)

G̃i(t). (5.34)

For this third update scheme an additional CG-MD simulation has to be carried out to predetermine a(t).
For negligible conservative interactions a(t) vanishes, in which limit Eq. 5.34 is equivalent to Eq. 5.30

and again should converge within one iteration step. For strong conservative interactions, the correction
term a(t) takes care of the case where friction due to conservative interactions is quite dominant. This
effectively leads to larger steps close to the target, while still preventing oscillatory behavior.

5.2.5 Summary of the Bottom-up Coarse-Graining Procedure and of Notations

Here we want to shortly summarize the procedure needed to derive coarse-grained models for the target
EoM Eq 5.5. The first step is always to derive a conservative CG potential. For the parametrization of the
GLE-thermostat the following steps need to be carried out.

1. Generate trajectories for the FG reference model.

2. Generate a mapped trajectories, representing the reference dynamics in terms of CG DoFs.

3. Analyze the mapped trajectory to compute KC(t), Kδ(t) and KX(t) according to the BOD-method.

4. Run CG simulations following Eq. 5.5, with K̃(t) = Kδ(t) + 2KX(t).

5. Evaluate dynamic properties from CG trajectories, as e.g. ∆KCG(t) from Eq. 5.24 to test the
assumption KC(t) ≈ ∆KCG(t).

The above summary is generic. In practice, before carrying out step 4., we fit the respective memory
kernel with dampened oscillators to parameterize the auxiliary variable GLE-thermostat due to Ceriotti.[221]
(See SI for a detailed description.) To study the relevance of the cross-correlation term, KX(t), in step 4.
we also consider Kδ(t) and Kδ,X(t) = Kδ(t) +KX(t) for the parametrization of the GLE-thermostat.

As we have introduced many different memory kernels with slightly differing notations, a short recap
follows:
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• K(t), Kδ(t), KC(t) and KX(t) always refers to the single particle memory kernel and its different
contributions, as defined by Mori’s linear single particle EoM (Eq. 5.7). These memory kernels are
always evaluated from FG trajectories based on the BOD-method.

• K̃(t) refers to the proposed optimal bottom-up parametrization of the target EoM Eq. 5.5.

• ∆KCG(t) refers to the memory added through conservative interactions in CG simulations following
Eq. 5.5. ∆KCG(t) is evaluated based on the inversion of Eq. 5.24.

• KCG(t) refers to the effective single-particle memory kernel in CG simulations. In practice, we
evaluate only its integral, GCG(t), directly from CG VACFs, following Eq. 5.14.

• G generally refers to integrated memory kernels, with the respective subscripts, superscripts, etc.
denoting the particular memory kernel we refer to.

For the iterative optimization schemes we additionally introduced the following notations:

• Gtgt(t) refers to the target integrated memory kernel, equivalent to G(t), but evaluated from the FG
reference VACF following Eq. 5.14.

• G̃i(t) refers to the parametrization of the GLE-thermostat of the ith iteration. In particular G̃0(t) is
the initial guess, which can be chosen in different ways.

• GCG
i (t) refers to the integrated effective single-particle memory kernel, evaluated based on the VACF
from the ith CG simulation.

• ∆GCG
i (t) refers to integrated memory implicitly introduced due to conservative interactions in the

ith CG simulation. (Has not to be explicitly evaluated.)

5.3 Models

5.3.1 Fine-Grained Reference: The Continuous Asakura-Oosawa Model

The Asakura-Oosawa (AO) model[37, 38] is a well known generic model for the description of colloid-
polymer mixtures.[223] In this model, colloids and polymers are described respectively by single beads
of different radii σcc and σpp, where σpp < σcc. The colloid-colloid and the colloid-polymer interactions
are described by hard-sphere interactions, while there are no polymer-polymer interactions. While all
interactions in this model are repulsive, the effective (depletion) interaction between the colloids is
attractive and related to the translational entropy of the polymer. For a sufficiently small size-ratio
q = σpp/σcc < 0.1547,[223, 225] it can be shown that these effective interactions can be described exactly
in terms of pair-interactions. This means that a CG implicit-solvent model can be derived, for which the
MB-PMF can be exactly represented with pairwise CG potentials.

For our purpose the hard-sphere description is not very useful, which is why we use a continuous
variant of the AO-model, similar to Ref. [224]. We model the colloid-colloid and colloid-polymer interaction
via purely repulsive Weeks-Chandler-Andersen (WCA)-interactions,[226] i.e.,

Ucc(R) = 4ϵcc

[︃
(σcc/R)12 − (σcc/R)6 +

1

4

]︃
, R < 21/6σcc, (5.35)

Ucp(R) = 4ϵcp

[︃
(σcp/R)12 − (σcp/R)6 +

1

4

]︃
, R < 21/6σcp, (5.36)
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q nc np ρc ρp ηc ηp mp

0.15 2000 60000 0.73 21.87 0.38 0.039 1
0.150.150.15 200020002000 600006000060000 0.730.730.73 21.8721.8721.87 0.380.380.38 0.0390.0390.039 333
0.40.40.4 200020002000 100001000010000 0.730.730.73 3.643.643.64 0.380.380.38 0.1220.1220.122 333
0.60.60.6 200020002000 100010001000 0.730.730.73 0.360.360.36 0.380.380.38 0.0410.0410.041 333

Table 5.1: System parameters for all AO systems discussed in themain text. The bold entries represent the
systems discussed in Sec. 5.4.3-5.4.3. The systems for which we applied iterative optimizations,
discussed in Sec. 5.4.4, are underlined. The parameters for all studied systems (in total 19) can
be found in the SI.

and
Upp(R) = 0. (5.37)

Throughout this work, we use a system of reduced units by defining the energy, length, mass and
time units as ϵ = σ = m = 1 and τ = σ

√︁
m/ϵ. Furthermore we set the Boltzmann constant kB = 1.

(In this section we will make the choice of the unit system explicit. In the following sections, tables and
figures we will omit the units.) For all systems we set kBT = 1ϵ, σcc = 1σ, σcp = 0.5(σcc + σpp). For the 4
reference systems reported in the main text we always use a cubic simulation box of length 14 σ, yielding a
box volume of V = 2744 σ3, and nc = 2000 colloid particles, which amounts to a colloid number density
ρc = 0.73 σ−3. The colloid-bead mass is chosen as mc = 10m. We summarize the parameters which are
discussed in the main text in Tab. 5.1, where we also report the volume fractions ηc/p = (πσ3

cc/pp/6)ρc/p.
In total we studied 19 different systems. The parameters and results for the systems not discussed in detail
in the main text, are reported in the SI. In the remainder of this paper we refer to the three bold systems in
Tab. 5.1 as q = 0.15-, q = 0.4- and q = 0.6-system respectively.

The FG reference simulations were carried out using GROMACS version 2018.2..[212, 214] We used a
simulation step of ∆t = 0.0005τ . Trajectories, which were used for the calculation of radial distribution
functions and as input for the coarse-graining procedure, were run for 4 · 106 steps, generated using the
stochastic dynamics integrator with a time constant of 4 τ while snapshots were saved every 1000 steps.
For the evaluation of VACFs simulations were run for 2 · 106 steps using the velocity-verlet integrator and
the Nosé-Hoover thermostat with a time constant of 4 τ . Snapshots were taken after every 20 simulation
steps. For the application of the BOD-method, we generated 5 independent trajectories per system with
2 · 105 steps per trajectory and snapshots were taken after every 2 steps. Memory kernels derived based on
the BOD-method were averaged over these 5 trajectories.

5.3.2 Coarse-Grained Asakura-Oosawa Model

Conservative Interactions

The CG AO model can be understood as an implicit solvent model, in which the DoFs of the polymer beads
are removed and effective colloid-colloid interactions are employed. Thus the mapping operator is defined
as

M̂R(rrr) = RRR, (5.38)
with rrr = {rrr1, ..., rrrnc , rrrnc+1, ..., rrrnc+np}, RRR = {RRR1, ...,RRRnc} and RRRI = rrrI . The CG momenta and masses
are accordingly equivalent to the FG colloids momenta and masses. While the exact analytical effective
interactions for small values of q are known for the hard-sphere AO model,[223] in principle it should also
be possible to describe the MB-PMF for the continuous AO-model in terms of pairwise interactions. The
CG force-field can be derived by any established coarse-graining method for conservative interactions. A
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natural choice for the system at hand is the force-matching (FM) (also referred to as multi-scale coarse-
graining)[193] method, which optimizes the pairwise-interactions such that the MB-PMF is optimally
represented.[193] For small values of q, the FM-method should yield exact (within numerical accuracy)
CG potentials. We derived effective pair-potentials for the three studied systems, using the FM-method
implemented in the VOTCA software package.[202] For the FM-method we set the cut-off distance to 1.31,
2.6 and 2.0 for the q = 0.15-, q = 0.4-, q = 0.6-system, respectively.
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Figure 5.1: Summary of FG and CG (FM) potentials for the q = 0.15-, the q = 0.4- and the q = 0.6-system.
Note that the colloid-colloid interactions in all FG systems are equivalent.

In Fig. 5.1 we show show the FG colloid-colloid and colloid-polymer interactions, alongside the CG
potentials derived via FM. As expected, in the CG picture, the colloid-colloid interactions are effectively
attractive.

Coarse-Grained Simulations

To test the CG potentials and the calculation of radial-distribution functions we generated trajectories again
using GROMACS version 2018.2..[212, 214] The stochastic dynamics integrator was used with a smaller
time constant of 0.625, to efficiently obtain uncorrelated snapshots.

All CG trajectories used to evaluate time-correlation functions were obtained using LAMMPS.[227]
CG-MD trajectories were generated using the Nosé-Hoover thermostat with a time-constant of 5. GLE-
thermostat simulations were carried out using the auxiliary-variable GLE-thermostat by Ceriotti[151] as
implemented in LAMMPS. After equilibration, CG simulations for the calculation of VACFs were carried
out for a total simulation time of 1000 with a spacing between frames of 0.01. Additional trajectories
were generated to evaluate ∆KCG(t) based on Eq. 5.24 with a total simulation time of 100 and a spacing
between frames of 0.001.

For the application of the iterative schemes discussed in Sec. 5.4.4 the simulation time was reduced to
500 to save computational costs.
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Figure 5.2: Radial distribution functions g(R) for FG and CG simulations of the AO-model for the a)
q = 0.15-, b) q = 0.4- and c) q = 0.6-system.

5.4 Results

5.4.1 Accuracy of Conservative Interactions and Structure

In the CG AO model, we assume that the FM method yields accurate conservative interactions as long as
q ≤ 0.15. For larger q values, multi-body correlations contribute to the MB-PMF which cannot be captured in
terms of pairwise interactions. In Fig.5.2 we compare the radial distribution functions g(R) from FG and CG
simulations for the considered systems. For q = 0.15 we find that the FM-method yields a potential which
perfectly reproduces the g(R), as expected. For q = 0.4 the structure is also very accurately represented.
Only minor deviations can be found. This indicates that for the system with q = 0.4 many-body effects
might be present, but they still might be comparably weak. While the RDF is also quite well reproduced for
the q = 0.6-system, we find a slightly too small first peak in this case. By varying the value of q we can
thus control the accuracy of the representation of the MB-PMF, while still reproducing the main structural
features, and thus test the relevance of the quality of the conservative interactions on the representability
of dynamic properties in the CG models.

5.4.2 Memory due to Conservative Interactions

Here we want to test the hypothesis that KC(t) ≈ ∆KCG(t), to further justify our strategy for the
parametrization of K̃(t).

In the supporting information of Ref. [33] we have made the equivalent comparison for a star-polymer
melt. While we found a qualitatively good agreement, quantitatively the two functions showed some
non-trivial deviations. Accordingly, small but significant deviations have been found in the VACF of the CG
model. We suggested that the deviations stem from inaccuracies in the conservative interactions.

The comparison between KC(t) and ∆KCG(t) for the systems discussed in Sec. 5.4.1 is shown in
Fig. 5.3. Indeed, overall a good agreement between KC(t) and ∆KCG(t) is found for all the three systems.
In the q = 0.15- and the q = 0.4-system the initial decay matches perfectly. For the q = 0.6 system we, find
the most significant deviations on short time scales. In particular the mismatch KC(0) ̸= ∆KCG(0) directly
indicates, that different probability distributions ρ(RRR) are sampled in the FG and CG simulations, which is
in line with the small deviations in the radial distribution function found in Fig.5.2. From Fig. 5.3 it can be
inferred that the VACF will be well reproduced on short time scales for q = 0.15 and q = 0.4. For q = 0.6
deviations, especially on short time scales, can be expected.
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Figure 5.3: Comparison of the memory kernel contribution KC(t) from FG and ∆KCG(t) from CG simula-
tions with a GLE thermostat parameterized with K̃(t) for the a) q = 0.15-, b) q = 0.4- and c)
q = 0.6-system.

An interesting finding is, that in the q = 0.15-system, the tail behavior of KC(t) and ∆KCG(t) differs
noticeably. We will discuss this finding and its implication in more detail in Sec. 5.4.3.

5.4.3 Dynamic Properties in Coarse-Grained Models

In the previous section we have shown that the validity of the assumption that KC(t) ≈ ∆KCG(t) depends
on the accuracy of the conservative interactions and is more generally system dependent on longer time
scales. The AO model has some free parameters which can be independently chosen. A detailed study of
the full parameter space is out of the scope of this study and we only sparsely screen the bead-size ratio q
in the main text. Varying colloid density, polymer density and mass of the polymer beads are reported in
the SI.

The q = 0.15-system

As a first example we study a system with accurate CG conservative interactions (q = 0.15), high colloid
density (ρc = 0.73), high polymer density (ρp = 21.87) and a polymer bead mass of mp = 3. For this
system it can be expected, that the overall friction on a single colloid particle is neither dominated by
the colloid-colloid collisions nor solely by its collision with the polymer beads. This ensures that both the
conservative and dissipative interactions in the CG model are relevant to accurately represent dynamics.

In Fig. 5.4 the full memory kernel K(t), and its contributions as defined by Eq. 5.9, are shown. We
also show the integrals G(t) =

∫︁ t
0 dsK(s) to evaluate the contributions to the total friction. We find that

the total memory kernel on very short time scales is dominated by Kδ(t), which is mostly decayed at t = 1.
While the amplitude of KC(t) is smaller on short time scales, it is the dominant contribution already at
t = 0.15. The cross-correlation contribution KX(t) is the smallest in amplitude. At times t < 0.5 it shows
some complex behavior, while it exhibits a long lived negative tail.

One interesting feature of the full memory kernel is that it is purely positive, and thus retarding on all
time scales. Especially in dilute colloid suspensions this is typically not the case. In Ref. [39], correlations at
larger time scales were found for the single-particle memory kernel of colloids, modeled by Lennard-Jones
interactions. A negative, persistent tail of the memory kernel in colloids is induced by a backflow effect in
the solvent. For the AO model, with the chosen parameters, we do not find this feature in the full memory
kernel. The Kδ(t) and KX(t) contributions indicate that a similar correlation enhancing mechanism is
present but counteracted by the retarding effect of colloid-colloid collisions. The fit functions for Kδ(t) and
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K̃(t) are shown as dotted black lines. The integrals of the memory kernel and its contributions are shown
in inset. At long times the integrals represent the effective friction coefficient and its contributions. For this
system, the overall contributions to the total friction due to Kδ(t) and KC(t) are comparable. As also found
in Ref. [33], KX(t) effectively reduces the overall friction.

We have already discussed the physical interpretation of KC(t). Now we can try to infer the physical
meaning of Kδ(t) and KX(t) by considering the data shown in Fig. 5.4, while noting, that this can only
provide a qualitative picture. Kδ(t) can be straight-forwardly interpreted as being the actual solvent
contribution, as it is explicitly related to the orthogonal projection of the residual forces δFI(t) and it
encodes for the viscoelastic response due to the lost DoFs. The definition of the KX(t) indicates that it
is physically not only linked to the lost DoFs, but it describes the coupling between the irrelevant and
the relevant DoFs. The physical interpretation of this coupling somewhat depends on the type of system
and the mapping scheme. In the current system, we consider the dynamics of some colloid-particle I. Its
motion will induce a sound wave in the solvent DoFs, which will interact with other colloid particles in
the vicinity. On short time scales (but not instantaneous) this solvent mediated colloid-colloid coupling
will modulate the dynamics of colloid-particle I in some complex way. On longer time scales it will yield
persistent coherent collective motion of the colloids and the solvent, effectively increasing the diffusivity of
particle I. In Fig. 5.4 we find thatKX(t) on short time scales shows some complex fluctuations and on long
time scales ultimately has a long lived negative tail, which would fit the described physical picture. In our
CG model, we do not include solvent mediated hydrodynamic colloid-colloid interactions explicitly, instead
the incorporation of KX(t) in the GLE-thermostat accounts for these phenomena in an averaged way.
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In Fig. 5.5 the VACFs from CG simulations and FG reference simulations are shown. We find that the
VACF is almost perfectly reproduced when using K̃(t) as defined by Eq. 5.26 in the GLE thermostat. We
find that even zooming into the data by about a factor of 10, as found in the inset of Fig. 5.5 a), does not
reveal any significant deviations. The FG VACF shows a pronounced backscattering effect, indicated by a
negative region of the VACF. While this behavior is qualitatively captured by all three parametrizations,
using Kδ(t), Kδ,X(t) = Kδ(t) + KX(t) and K̃(t), it is best captured with K̃(t), demonstrating that the
cross-correlation contribution KX(t) has to be taken into account to capture the VACF accurately. In this
system we see two sign changes in the VACF, and accordingly two local extrema. In KX(t) we find similar
features, exhibiting first a local maximum, which shifts the local minimum in the VACF to smaller values,
and a local minimum, which shifts the local maximum in the VACF to higher values. While the initial decay
can be well captured without taking KX(t) into account, the intermediate fluctuations are modulated
through the cross-correlations.

While in our earlier study on a star-polymer melt[33] the back scattering effect was not as well
reproduced as in the AO model, it was also found that taking KX(t) into account strongly improves
the representation of the backscattering effect and in particular a neglection of KX(t) leads to too slow
dynamics. This was previously indirectly shown in a study by Lei et al.[36] and is now confirmed for the
AO model.

As discussed in e.g. Refs. [35, 195, 222], Eq. 5.5 can only be an approximate EoM and we do expect to
find some discrepancies in the CG dynamics. The inset of Fig. 5.5 b) shows the data zoomed in by another
order of magnitude on a larger time scale. On a time scale on which the VACF is almost fully decayed (by
more than 99%), small but persistent deviations can be found in the tail region. In Fig. 5.5 b) the log-log
plot reveals that in fact the hydrodynamic tail is not described accurately in the CG systems.

The q = 0.4-system

By varying the bead size ratio q multi-body effects can be introduced into the effective colloid-colloid
interactions and the quality of the CG potentials based on pair-interactions can be investigated in a
controlled way. In this section we study the dynamic properties of the q = 0.4-system. In Fig. 5.2 we have
shown that despite the increased bead-size ratio q the RDF can be accurately captured by the FM-potentials.
While many-body effects should in theory be present, the volume per polymer bead is still only 6.4% of the
volume per colloid bead and the pairwise potential seems to be a good approximation of the MB-PMF.

This is also reflected in Fig. 5.3, where we have found that∆KCG(t) in CG GLE models matchesKC(t)
from the reference simulations quite well on all time scales. In particular, we do not see the divergence in
the tail region as found in the q = 0.15-system and it can be assumed that the CG GLE model parameterized
with K̃(t) should capture the reference VACF on short and long time scales.

In Fig. 5.6 we compare the memory kernel K(t) and its contributions. Qualitatively, the contributions
show a comparable behavior as in the q = 0.15-system, but we find that KC(t) yields a more significant
contribution to the total friction. This is firstly due to the more attractive and longer ranged CG potential,
and secondly due to the reduced number of polymer beads in the reference system. Still the contribution to
the total friction due to the removed DoFs is far from negligible and the reproduction of dynamic properties
in CG simulations is non-trivial.

In Fig. 5.7 we compare the FG and CG VACFs and find, as one would expect, a slower decay in the CG-
MD simulations without a GLE-thermostat, indicating overall faster dynamics. While the parametrization
with Kδ(t), Kδ,X(t) and K̃(t) all lead to a significant improvement in the reproduction of the reference
VACF, zooming into the the first minimum and into the tail region reveals again that neglecting the
cross-correlation contribution KX(t) in the parametrization of the GLE-thermostat leads to errors is the
representation on intermediate time scales. For this particular system, even the long time tail is very well
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Figure 5.6: The memory kernel K(t) and its con-
tributions for the q = 0.4-system. In-
set: Integrals of the memory kernels.
We plot G(t) evaluated from Eq. 5.14
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used for the parametrization of the GLE-
thermostat are shown as black dotted
lines.
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Figure 5.7: VACFs for FG and CG AO models with
q = 0.4. a) Overview of the VACFs up
to t = 4. Inset: Detailed plot of the first
minimum of the VACFs. b) Log-log-plot
of the absolute values of the VACFs to
emphasize the hydrodynamic scaling
of the tail. Inset: Detailed plot of the tail
region up to t = 4.

captured with K̃(t) which can be best seen in the log-log representation.

The q = 0.6-system

In this section we study the dynamic properties of the q = 0.6-system. In Fig. 5.8 we show the memory
kernel K(t) and its contributions. In this system, the KC(t)-contribution decays significantly faster, while
theKδ(t)-contribution shows a more persistent tail, compared to the other systems. OverallKC(t) accounts
for the most part of the total friction.

For this system the volume of a polymer bead is about 22% of a colloid bead, and multi-body effects
can be assumed to be more relevant.

As shown in Fig. 5.2 the radial distribution function is not perfectly matched in CG simulations, which
indicates that the MB-PMF is not exactly reproduced in this system. In Fig. 5.3 we have found, that while
the overall form of KC(t) and ∆KCG(t) qualitatively still match quite well a discrepancy at time zero is
found. As both KC(t) and ∆KCG(t) are proportional to the variance of the forces due to the CG potential
in the FG reference simulation and the CG simulation, respectively, this, additionally to slight deviations
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in the RDF, directly indicates that the CG simulations do not sample the correct probability distribution
ρ(RRR). If the hypothesis we proposed in the introduction and in Ref. [33] is true, this should introduce some
deviations in the VACF in the K̃-model.

In Fig. 5.9 we compare the VACF of CG simulations with the FG reference. Even though the overall
friction should be dominated by the conservative interactions, we find that the CG-MD simulation still
leads to a too slow decay of the VACF in CG simulations, indicating too fast dynamics, and thus necessitates
the introduction of friction. We again find that all three GLE-models lead to an improvement of the
representation of the VACF, but for this system by zooming into the first minimum and the tail, we find that
the K̃(t) cannot fully capture the VACF on short and intermediate time scales. Still the K̃-model performs
significantly better than the Kδ- and Kδ,X -model, which show a strong underestimation of the VACF at
times t > 1, and is thus found to be the optimal purely bottom-up informed choice for the parametrization
of the isotropic GLE-thermostat.
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Figure 5.8: The memory kernel K(t) and its con-
tributions for the q = 0.6-system. In-
set: Integrals of the memory kernels.
We plot G(t) evaluated from Eq. 5.14
as dashed blue line. The fit functions
used for the parametrization of the GLE-
thermostat are shown as black dotted
lines.
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Figure 5.9: VACFs for FG and CG AO models with
q = 0.6. a) Overview of the VACFs up
to t = 4. Inset: Detailed plot of the first
minimum of the VACFs. b) Log-log-plot
of the absolute values of the VACFs to
emphasize the hydrodynamic scaling
of the tail. Inset: Detailed plot of the tail
region up to t = 4.

100



5.4.4 Iterative Optimization

Here we want to apply the three iterative optimization schemes for memory kernels as described in Sec. 5.2.4
(see Eqs. 5.28, 5.30 and 5.34). We start with the first system in Tab. 5.1. This system is equivalent to the
q = 0.15-system discussed in Sec. 5.4.3, except for the reduced polymer bead mass mp = 1. We made this
choice, as we have found that the deviations in the tail in the VACF are more pronounced with reduced
polymer bead mass and thus an optimization is more relevant.
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Figure 5.10: Iterative optimization of the parametrization of the CG GLE-thermostat model for q = 0.15
with mp = 1 using the update scheme described by Eq. 5.28. G̃0(t) ≡ G̃(t) is used as initial
guess. a) Integrated effective single particle memory kernel GCG

i (t). Inset: Tail region of the
VACFs up to t = 4. b) Integral of the VACFs D(t) =

∫︁ t
0 dsCV V (s), where the plateau value

represents the diffusion coefficient. Inset: Log-log-plot of the absolute values of the VACFs
to emphasize the hydrodynamic tail.

In Fig. 5.10 we show that the first update scheme (Eq. 5.28) improves the tail behavior of the VACF,
while it maintains the previously already accurate dynamics on shorter time scales. But we also find
that the residual in the effective kernel GCG

i (t) is overcompensated in the first steps. The reason for this
behavior is found in the fact that ∆GCG(t) depends on G̃(t). To get an intuition on how the effective
friction and memory due to conservative interactions is affected by friction added through a thermostat,
we can compare the integrals of Gδ(t) =

∫︁ t
0 dsKδ(s), which is related to the friction due to collisions with

polymer beads, and GC(t) =
∫︁ t
0 dsKC(s), related to the friction due to effective interactions with colloid

beads.
In Fig. 5.11 we plot GC(τ) against Gδ(τ), with τ = 4 for 18 different systems. For otherwise equivalent

systems, an increase in the polymers mass naturally leads to an increase in the friction due to colloid-
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Figure 5.11: Here we plot GC(τ) =
∫︁ τ
0 dtKC(t) against Gδ(τ) =

∫︁ τ
0 dtKδ(t), with τ = 4 for 18 different

systems, as defined in the SI. Data points with the same color indicate equivalent systems for
which only the polymer bead mass mp was varied. The symbols, circle, square and triangle,
represent systems with polymer bead mass of 1,3 and 6, respectively.

polymer collisions and thus the plateau value of Gδ(t) increases. We find that at the same time also the
other contributions to the total memory get more pronounced. In particular the plateau values of GC(t)
are increased. This indicates that an increase in the viscosity of the implicit solvent also increases the
effective friction exerted due to effective colloid-colloid interactions. This is not surprising as the reduction
in the mobility of the colloids leads to a slower decorrelation of the conservative interactions, and thus
increases the friction due to these interactions. The relation between GC(τ) and Gδ(τ) seems to be almost
linear if only the polymer mass is changed. This qualitatively explains the oscillatory nature of the iterative
scheme due to Eq. 5.28. In CG simulations, ∆GCG(t) will dominantly change in the same direction as the
correction applied to G̃(t).

In Sec. 5.2.4, with Eq. 5.30, we proposed an update scheme which should be less prone to oscillations.
We show the first iterations using Eq. 5.30 in Fig. 5.12, and indeed, both the effective memory kernel and
the VACF smoothly approach the target.

The results for the third update scheme (Eq. 5.34) are found in Fig. 5.13. Here the target is approaches
faster than with Eq. 5.30 and simultaneously does not show any oscillatory behavior, indicating that
Eq. 5.34 constitutes the most promising optimization scheme.

The choice G̃0(t) ≡ G̃(t) already provides a good initial guess. Jung et al.[39] in their iterative scheme
based the initial guess on force-autocorrelation functions. To test our schemes for an initial guess which
is not as close to the optimal parametrization, we also started from G̃0(t) ≡

∫︁ t
0 ds

CδFδF (s)
MIkBT . The results

obtained with this choice are summarized in the SI. While the initial guess in this case is not as close to the
optimal choice, all three iteration schemes yield quite good results within the first few steps.

In summary, all three iterative schemes perform quite well for the q = 0.15-system with mp = 1.
As already discussed, this is a system in which the contribution to the total friction due to conservative
interactions is highly relevant, but not dominant. We would expect to see a stronger difference in the
performance of the different schemes in a case in which the conservative interactions yield the dominant
part of the overall friction. This is the case in the q = 0.6-system. Furthermore, the deviations in the q = 0.6
are not limited to the tail region in the VACF, which makes it a good complementary test case. For reference
we show the results for G̃0(t) = G̃(t) as initial guess in the SI. We find that all three update schemes
yield good corrections. Yet, as in this system friction due conservative interactions are more dominant,
for the scheme of Eq. 5.30 the target is approached quite slowly, which is not the case for Eq. 5.28 and
Eq. 5.34. This becomes more evident by again using G̃0(t) ≡

∫︁ t
0 ds

CδFδF
MIkBT (s) as initial guess. The results
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Figure 5.12: Iterative optimization of the parame-
trization of the CG GLE-thermostat
model for q = 0.15 with mp = 1 us-
ing the update scheme described by
Eq. 5.30. G̃0(t) ≡ G̃(t) is used as
initial guess. a) Integrated effective
single particle memory kernel GCG

i (t).
Inset: Tail region of the VACFs up to
t = 4. b) Integral of the VACFs D(t) =∫︁ t
0 dsCV V (s), where the plateau value

represents the diffusion coefficient. In-
set: Log-log-plot of the absolute values
of the VACFs to emphasize the hydro-
dynamic tail.
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Figure 5.13: Iterative optimization of the parame-
trization of the CG GLE-thermostat
model for q = 0.15 with mp = 1 us-
ing the update scheme described by
Eq. 5.34. G̃0(t) ≡ G̃(t) is used as
initial guess. a) Integrated effective
single particle memory kernel GCG

i (t).
Inset: Tail region of the VACF up to
t = 4. b) Integral of the VACF D(t) =∫︁ t
0 dsCV V (s), where the plateau value

represents the diffusion coefficient. In-
set: Log-log-plot of the absolute values
of the VACF to emphasize the hydro-
dynamic tail.

for optimization following Eq. 5.30 and Eq. 5.34 are shown in Fig. 5.14 and Fig. 5.15, respectively. We find
that for Eq. 5.30 the target is approached only slowly, while Eq. 5.34 automatically optimizes the step size,
such that the target is well reproduced within 3-4 iterations.

5.5 Discussion

In the previous sections we have demonstrated that a parametrization of a CG model following Eq. 5.5
based on the splitting of contributions to the single particle memory kernel as introduced in Ref. [33] and
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Figure 5.14: Iterative optimization of the parame-
trization of the CG GLE-thermostat
model for q = 0.6 using the update
scheme described by Eq. 5.30. G̃0 =∫︁ t
0 dsCδFδF (s)/(MIkBT ) is used as ini-

tial guess. a) Integrated effective sin-
gle particle memory kernel GCG

i (t). In-
set:Tail region of the VACFs up to t =
4. b) Integral of the VACFs D(t) =∫︁ t
0 dsCV V (s), where the plateau value

represents the diffusion coefficient. In-
set: Log-log-plot of the absolute values
of the VACFs to emphasize the hydro-
dynamic tail.
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Figure 5.15: Iterative optimization of the parame-
trization of the CG GLE-thermostat
model for q = 0.6 using the update
scheme described by Eq. 5.34. G̃0 =∫︁ t
0 dsCδFδF (s)/(MIkBT ) is used as ini-

tial guess. a) Integrated effective sin-
gle particle memory kernel GCG

i (t). In-
set: Tail region of the VACFs up to
t = 4. b) Integral of the VACFs D(t) =∫︁ t
0 dsCV V (s), where the plateau value

represents the diffusion coefficient. In-
set: Log-log-plot of the absolute values
of the VACFs to emphasize the hydro-
dynamic tail.

Sec. 5.2.3, generally yields a good representation of the VACF in coarse-grained implicit solvent continuous
AO models.

We have found that the assumption that ∆KCG(t) ≈ KC(t) is generally well justified in the studied
systems, and reinforces the interpretation of KC(t) as the memory and friction introduced by the CG
potential in multi-body simulations. The results of the q = 0.6-system have shown that indeed this
assumption is less accurate if the MB-PMF is not fully captured by the CG potential.

This confirms our interpretation of the data in Ref. [33]. An increase in q introduces errors in the radial
distribution function and accordingly our CG models cannot exactly reproduce FG VACFs on short time
scales. The reason lies in the assumption Eq. 5.25. In the evaluation of KC(t) trajectories which sample the
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actual MB-PMF are used. When the conservative interactions in the CGmodel do not reproduce the MB-PMF
well enough, the CG model will sample different structures and subsequently different force fluctuations. A
change in the force-fluctuations directly translates to a change in the effective friction introduced by the
conservative interactions. While this point is typically not deeply discussed in the literature on CG dissipative
models, in other contexts the importance of accurate CG force-fields for dynamical properties is discussed.
For example, the relevance of accurate energy barriers in CG models is discussed in Ref. [204]. This is
particularity crucial, as this fact does not specifically apply to our approach, but to any parametrization
scheme of dissipative models, which is based on the analysis of mapped reference trajectories, as e.g. in
Refs. [27, 29, 61, 65].

In Ref. [61] the authors derived different types of Markovian DPD models for star-polymer melts
with different numbers of beads per molecule. The authors found that the quality of their DPD models
depends on the number of beads per molecule. In particular, in these models the VACF could be very
well reproduced for small star-polymers, in which also the structural properties were well reproduced.
For a similar star-polymer-system as used in our previous study,[33] the minimum of the VACF could
not be matched while simultaneously also structural properties were less accurately reproduced. The
authors mentioned the potential relevance of many-body correlations[61] and our findings reinforce this
interpretation.

In Ref. [29] the authors derived Markovian and non-Markovian CG DPD models for fluid blobs with an
adaptive mapping scheme. They were able to reproduce the pair-structure quite accurately by employing
local-density dependent potentials. While their non-Markovian models reproduce the initial decay and
the long time scale of the VACF of the reference model accurately, the back-scattering effect could only
be reproduced qualitatively.[29] While the complexity of the model complicates the interpretation of this
finding, we propose that our method of comparing KC(t) and ∆KCG(t) could in principle be used as an
indirect test for the origin of the mismatch in the VACF on intermediate time scales for such models.

The bottom-up derivation of dynamically consistent particle based CG models is thus not only compli-
cated by finding an appropriate, tractable EoM and its formal relation to the FG reference, but in some
sense also limited by the quality of the CG potential.

We have found that for the q = 0.15-system the long time tail cannot be fully captured without a-
posteriori optimization of the parametrization, while the q = 0.4-system does not suffer from this problem.
In the SI we report the results for a broader spectrum of parameters of the reference AO model. We find
that the accuracy of our CG models, in particular with respect to the hydrodynamic tail, is strongly system
dependent. In particular the discrepancy in the tail behavior is less severe for high polymer-bead density and
for high polymer mass. So an increase in the viscosity of the "solvent" improves the long tail representability
in our CG models. This finding reflects the screening of hydrodynamic interactions: In the FG reference
systems the collision of colloid beads with polymer beads induces a flow of polymer beads, which can
subsequently transfer momentum to other colloid beads. These hydrodynamic interactions are not explicitly
encoded in our CG models. At high viscosity these hydrodynamic interactions are dampened and thus less
relevant.[228] Both the increase in the polymer beads mass or the increase of the polymer beads number
density leads to an effective increase in viscosity. It can thus be assumed that the indirect momentum
transfer through hydrodynamic interactions is reduced and the modeling in terms of independent friction
and fluctuating forces on the colloid beads is better justified.

We want to stress that the averaged effects of hydrodynamic interactions, which typically lead to an
increase in diffusivity through collective motion, is implicitly included in K̃(t) via KX(t). The origin of the
mismatch in the tail behavior for some systems comes from the fact that the friction and noise is modeled
independently for each bead. This potentially reduces the inter-bead correlations, which leads to a change
in the temporal fluctuations in the structure. This in turn determines the fluctuations in conservative
interactions and on long time scales can lead to errors in the induced contribution to the total effective
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memory kernel.
Qualitatively the question if the hydrodynamic tail can be correctly modeled by Eq. 5.5 following our

parametrization scheme, boils down to the question if the colloid-colloid momentum transfer is dominated
through the conservative interactions or through colloid-colloid hydrodynamic interactions. If the former is
the case, the inter-bead correlations should be less dependent on the choice of the form of the thermostat.
If the latter is the case, the loss of cross-correlations will be evident in the tail of the VACF.

To validate this intuition we can calculate velocity cross-correlation function CX
V V (t;Rcut) between

pairs of particles as defined by

CX
V V (t;Rcut) = ⟨VVV I(0)VVV J(t)⟩RIJ (0)<Rcut

. (5.39)
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Figure 5.16: Here we plot the the velocity cross-correlation function as defined by Eq. 5.39 for the q = 0.15-,
q = 0.4- and q = 0.6-system, respectively for two cut-off values Rcut = 1.2 and Rcut = 1.8 for
FG reference simulations and CG GLE-thermostat simulations parameterized with K̃(t).

In Fig. 5.16 we compare Cx
V V (t;Rcut) for Rcut = 1.2 and Rcut = 1.8 for all three systems. In the

q = 0.15-system we find that in the CG model the maximal cross-correlations are approximately half of the
reference, while in the q = 0.4-system and the q = 0.6-system, the CG model captures the cross-correlations
significantly better. This is not surprising, as the depth and range of the CG conservative potential in the
q = 0.4- and q = 0.6-system are larger, which allows for an increase in correlations between neighboring
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beads due to conservative forces. Thus in the q = 0.15 the colloid-colloid momentum transfer through
hydrodynamic interactions is more prominent than in the other systems and cannot be fully captured in CG
models without explicit hydrodynamic interactions. Thus the modeling errors evident in the VACFs in the
q = 0.15- and the q = 0.6 are of different origin and affect different time scales. In either case the proposed
iterative optimization schemes, especially Eq. 5.34, can be applied to correct these residual deviations to
match the target correlation functions.

5.6 Conclusion

In this article, we bottom-up derived CG implicit solvent models for different continuous AO models. For
the derivation of CG pair-potentials we used the FM-method. We applied an isotropic GLE-thermostat
based on the auxiliary variable approach to correctly represent single particle time-correlation functions.
The parametrization of the GLE-thermostat to achieve dynamic consistency is based on the splitting of
the effective single particle memory kernel into different contributions. We have shown that our scheme
generally leads to a good representation of single particle dynamics. By deliberately choosing the parameters
in the reference AO models we have shown that an accurate representation of the MB-PMF in terms of the
CG potential is crucial in purely bottom-up derived models, as only then the collision and back-scattering
dynamics can be accurately captured. We have shown that the application of an isotropic, configuration
independent thermostat in many-body simulations can lead to errors in the long tail of VACFs, as such
a thermostat does not explicitly consider inter-bead correlations in dissipation and random forces. This
implies a lack of inter-bead momentum transfer, which can lead to a reduction in collective motion. Based
on inter-bead velocity cross-correlations functions we have have shown that this limitation of isotropic
thermostats applies to different extents for different systems, and can be expected to be most crucial when
the momentum transfer between the CG DoFs in the FG reference models is dominantly mediated through
the removed DoFs. In implicit solvent models, as in the studied systems, this is the momentum transfer
mediated by an induced flow in the solvent. More generally one cannot expect to capture all dynamic
properties in full detail when using a CG model of the form of Eq. 5.5. This is not unique to dynamic
coarse-graining as also in structural coarse-graining e.g. the reliance on non-bonded pair potentials limits
the accuracy of CG models and the interpretation of results from CG simulations have always to be assessed
carefully. For practical purposes always a balance between feasibility and accuracy has to be found. In
particular, in molecular coarse-graining, in which few atomistic degrees of freedom are mapped onto CG
beads, and the molecular structure is maintained in the CG representation, a perfect representation of
the MB-PMF with simple CG potentials is not possible due to e.g. the representation of non-symmetric
molecule segments in term of spherically symmetric interactions. This fact alone poses limitations to the
derivation of dynamically consistent coarse-grained models in a purely bottom-up manner. For the case in
which single particle time correlation functions need to be reproduced accurately despite of the intrinsic
limitations of the target model, we have proposed three different iterative optimization schemes for the
parameterization of the optimal memory kernel. We used the integrated effective single-particle memory
kernel, which can be readily obtained from a VACF, as the target property, as this memory kernel fully
determines other correlation functions and allows the usage of very simple update schemes.

In future it is of interest to investigate how well the CG models of the form studied in this paper can
perform for realistic molecular systems. For example the speed-up upon coarse-gaining in mixtures can
lead to inconsistent relative diffusivities in different species,[48] which could be accounted for by coupling
different CG DoFs to distinctly parameterized GLE-thermostats. Another example where non-Markovian
dissipative models might be particularly useful is the study of the dynamics of polymer chains, as anomalous
diffusion found in e.g. polymer melts is an intrinsically non-Markovian process,[137] which cannot be
fully captured through Markovian models.
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SUPPLEMENTARY MATERIAL

See supplementary material for complementary data and discussion on additional systems not discussed in
the main text. We also provide short summaries of Mori’s projection operator, the BOD-method and the
parametrization of the auxiliary variable GLE-thermostat.

Data Availability

The data that supports the findings of this study are available within the article and its supplementary
material. Input parameters for simulations, analysis scripts and raw data of the shown figures are available
from the corresponding author upon reasonable request.

5.7 Supporting Information

5.7.1 Auxiliary Variable Generalized Langevin Thermostat

A generalized Langevin thermostat can be implemented by explicitly integrating the convolution term for
the evaluation of the friction and by constructing correlated noise.[39] Alternatively the non-Markovian
GLE can be rendered Markovian in an extended phase space, by introducing auxiliary variables (auxiliary
momenta).[33, 92, 151]

The target equation of motion in the main text can be rewritten in terms of the Markovian equation

(︃
F
ssṡ

)︃
=

(︃
FC

000

)︃
−AAA

(︃
P
sss

)︃
+BBBξξξ

=

(︃
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)︃
−
(︃

0 AAAT
Ps

−AAAPs AAAss

)︃(︃
P
sss

)︃
+

(︃
0 000
000 BBBss

)︃
ξξξ,

(5.40)

where the matrix AAA defines the coupling of the auxiliary momenta sss to the particles momentum, ξξξ is a
Gaussian noise vector, and AAA and BBB are related through the fluctuation dissipation theorem

BBBBBBT = kBT (AAA+AAAT ) (5.41)
This formulation allows to model different functional forms of memory kernels. E.g. for a memory

kernel of the form of a dampened oscillator

K(t) = exp
(︂
−a

2
t
)︂
(b cos(dt) + c sin(dt)) (5.42)

the matrix AAA takes the form[92]

AAA =

⎛⎜⎜⎜⎝
0

√︂
b
2 − cd

a

√︂
b
2 + cd

a

−
√︂

b
2 − cd

a a 1
2

√
4d2 + a2

−
√︂

b
2 + cd

a −1
2

√
4d2 + a2 0

⎞⎟⎟⎟⎠ . (5.43)

Eq. 5.43 implies, that two auxiliary variables are needed to represent a dampened oscillator memory kernel.
For the parametrization of our CG models, we can fit the memory kernel K̃(t) with N dampened oscillators,
i.e.,
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K̃(t) ≈
N∑︂
i=1

K̃i =
N∑︂
i=1

exp
(︂
−ai

2
t
)︂
(bi cos(dit) + ci sin(dit)). (5.44)

Thus, AAAPs = (AAAPs,1,AAAPs,2, ...,AAAPs,N ) is a vector of length 2N and

AAAss =

⎛⎜⎜⎜⎝
AAAss,1 000 . . . 000
000 AAAss,2 . . . 000
... ... . . . ...
000 000 . . . AAAss,N

⎞⎟⎟⎟⎠ (5.45)

is a skew-symmetric, block diagonal matrix with N blocks of size 2× 2.
In practice, for the parametrization of AAA for CG simulations, we fitted G̃(t) =

∫︁ t
0 dsK̃(s) rather then

K̃(t). The fitting function then reads

G̃(t) ≈
N∑︂
i=1

(︃
2
aibi + 2cidi
a2i + 4d2i

−2e−
ait

2 ((aibi + 2cd) cos(dit) + (aici − 2bidi) sin(dit))

a2i + 4d2i

)︄. (5.46)

The parameter space is limited by two boundary conditions: the matrix (AAA + AAAT ) has to be positive
(semi-)definite, such that matrix BBB can be determined. Furthermore, matrix AAA has to be real valued. We
thus use three different constraints on the parameter space: ai > 0, bi2 − cidi

ai
≥ 0 and bi

2 + cidi
ai

≥ 0.
For the studied systems N ≤ 6 dampened oscillators were sufficient to accurately fit the memory

kernels. In practice we applied the curvefit function of the scipy library,[229] and applied the trust region
reflective algorithm[230] for the constrained optimization of the parameters.

5.7.2 Overview of All Studied AO-Systems

Here we report the memory kernels and VACFs for FG and CG simulations of all studied AO systems. In
Tab. 5.2 we present the parameters for every reference system. In the main text we have mainly discussed
the influence of the bead size ratio q and thus of the accuracy of the CG potentials. Through a sparse but
broader screening of other parameters as the polymer beads mass mp, the number of colloid and polymer
beads, nc and np, we can qualitatively asses the system dependency of the quality of our GLE-thermostat
models.

In Figs. 5.17-5.21 we report the results for systems in which we have q = 0.15. As one would expect
an increase in the number density of colloids and of polymers increases the overall friction, indicated by
the plateau of the integral of the total memory kernel. A sole increase in the density of colloids increases
the dominance of KC(t) over Kδ(t) while a sole increase in the density of polymer beads has the opposite
effect. In any case, the overall form of the VACF is well matched for every system, and only a detailed
look at the tail behavior reveals system dependent deviations. In particular we find that an increase of the
polymer bead mass leads to a better match of the long-time tail. The same holds true for an increase of the
number of polymer beads. In both cases this is due to an overall increase of the viscosity of the "solvent"
which dampens hydrodynamic interactions and thus improves the applicability of models which do not
explicitly include hydrodynamic interactions.

The main additional insight from the results of Figs. 5.22-5.26 is, that the longer range interactions
and reduced number of polymer beads in q = 0.4-systems allow for an quite accurate match of the long-time
tail in the VACF, while maintaining accurate short-time dynamics.
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q nc np ρc ρp ηc ηp mp

a 0.13 2500 30000 0.91 10.93 0.48 0.013 1
b 0.13 2500 30000 0.91 10.93 0.48 0.013 3
c 0.13 2500 30000 0.91 10.93 0.48 0.013 6
a 0.15 1500 30000 0.55 10.93 0.29 0.019 1
b 0.15 1500 30000 0.55 10.93 0.29 0.019 3
c 0.15 1500 30000 0.55 10.93 0.29 0.019 6
d 0.15 2000 30000 0.73 10.93 0.38 0.019 1
e 0.15 2000 30000 0.73 10.93 0.38 0.019 3
f 0.15 2000 30000 0.73 10.93 0.38 0.019 6
g 0.150.150.15 200020002000 600006000060000 0.730.730.73 21.8721.8721.87 0.380.380.38 0.0390.0390.039 111
h 0.150.150.15 200020002000 600006000060000 0.730.730.73 21.8721.8721.87 0.380.380.38 0.0390.0390.039 333
i 0.15 2000 60000 0.73 21.87 0.38 0.039 6
d 0.15 2200 60000 0.80 21.87 0.42 0.039 1
e 0.15 2200 60000 0.80 21.87 0.42 0.039 3
f 0.15 2200 60000 0.80 21.87 0.42 0.039 6
g 0.4 2000 10000 0.73 3.64 0.38 0.122 1
h 0.40.40.4 200020002000 100001000010000 0.730.730.73 3.643.643.64 0.380.380.38 0.1220.1220.122 333
i 0.4 2000 10000 0.73 3.64 0.38 0.122 6
0.60.60.6 200020002000 100010001000 0.730.730.73 0.360.360.36 0.380.380.38 0.0410.0410.041 333

Table 5.2: Parameters for all studied AO-models. The results for the red systems are reported in Figs. 5.17-
5.21. The results for the black systems (except for the q = 0.6-system) are reported in Figs. 5.22-
5.26. The letter in the very first column denotes the sub-figure in which the results for the
system are reported in the respective figures. The systems, the iterative optimization schemes
were tested on, are underlined.
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Figure 5.17: Memory kernels and its contributions, obtained via the BOD-method. The respective parame-
ters and the assignment to the respective sub-figure are denoted in red in Tab. 5.2.
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Figure 5.18: Integratedmemory kernels and its contributions, obtained via the BOD-method. The respective
parameters and the assignment to the respective sub-figure are denoted in red in Tab. 5.2.
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Figure 5.19: VACFs for FG and CG AO models. The respective parameters and the assignment to the
respective sub-figure are denoted in red in Tab. 5.2.
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Figure 5.20: VACFs for FG and CG AO models highlighting the tail region. The respective parameters and
the assignment to the respective sub-figure are denoted in red in Tab. 5.2.
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Figure 5.21: Log-log-plot of absolute values of the VACFs for FG and CG AO models. The respective
parameters and the assignment to the respective sub-figure are denoted in red in Tab. 5.2.
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Figure 5.22: Memory kernels and its contributions, obtained via the BOD-method. The respective parame-
ters and the assignment to the respective sub-figure are denoted in black in Tab. 5.2.
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Figure 5.23: Integrated memory kernels and its contributions, obtained via the BOD-method. The respec-
tive parameters and the assignment to the respective sub-figure are denoted in black in
Tab. 5.2.
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Figure 5.24: VACFs for FG and CG AO models. The respective parameters and the assignment to the
respective sub-figure are denoted in black in Tab. 5.2.

114



−0.02

−0.01

0.00

0.01

V
A
C
F

a) b)

FG K̃

c)

−0.02

−0.01

0.00

0.01

V
A
C
F

d) e) f)

0 1 2 3 4

t

−0.02

−0.01

0.00

0.01

V
A
C
F

g)

0 1 2 3 4

t

h)

0 1 2 3 4

t

i)

Figure 5.25: VACFs for FG and CG AO models highlighting the tail region. The respective parameters and
the assignment to the respective sub-figure are denoted in black in Tab. 5.2.
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Figure 5.26: Log-log-plot of absolute values of the VACFs for FG and CG AO models. The respective
parameters and the assignment to the respective sub-figure are denoted in black in Tab. 5.2.
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5.7.3 Iterative Schemes

In the main text we introduced three different update schemes for the iterative optimization of the target
model.

G̃i+1(t) = G̃i(t) +
(︁
Gtgt(t)−GCG

i (t)
)︁ (5.47)

G̃i+1(t) =
Gtgt(t)

GCG
i (t)

G̃i(t) (5.48)

G̃i+1(t) =
Gtgt(t)− a(t)

GCG
i (t)− a(t)

G̃i(t) (5.49)

As target Gtgt(t) we used the integrated total memory kernel. To evaluate the optimization process
we compared the the integrated memory kernel GCG

i (t), the VACF and the integrated VACF D(t) in any
iteration with the target system. We applied the three optimization schemes Eqs. 5.47-5.49 to the two
underlined systems in Tab. 5.2 and show all results in Figs. 5.27-5.30. The results for the q = 0.15-system
are shown in Figs. 5.27-5.28 and the results for the q = 0.6-system are shown in Figs. 5.29-5.30. In
Fig. 5.27 and Fig. 5.29 we used G̃0(t) ≡ G̃(t) as initial guess while we used the force-correlation function
G̃0(t) ≡

∫︁ t
0 dsCδFδF (s)/(MIkBT ) as initial guess in Fig. 5.28 and Fig. 5.30. In every of these figures we

compare the results of all three iterative schemes Eqs. 5.47-5.49, while for the left column we applied
Eq. 5.47, for the middle column Eq. 5.48 and for the right column Eq. 5.49.

In Fig. 5.27 we find that all three schemes yield good results within three to five iterations when
using G̃(t) as initial guess, while Eq. 5.47 exhibits some oscillatory behavior, Eq. 5.48 shows the slowest
convergence and Eq. 5.49 seems to be both stable and fast. Comparable behavior is found when using the
force-correlation function as initial guess.

As indicated in the main text, it can be expected that the performance of three update schemes will
differ more strongly if friction due to conservative interactions in the CG simulations is dominant, as it is the
case for the q = 0.6-model. In Fig. 5.29 we see that that this is indeed the case. Eq. 5.47 and Eq. 5.49 both
perform quite well, especially in correcting the minimum of the VACF. The plateau values of GCG

i (t) and
D(t) tend to scatter quite strongly for successive iterations for Eq. 5.47, which seems not to be a problem
when using Eq. 5.49. Using Eq. 5.48 leads to quite small updates. Interestingly, in Fig. 5.30 we find that
Eq. 5.47 and Eq. 5.49 perform comparably well. As the initial guess is further from the ideal solution, the
slow convergence of Eq. 5.48 becomes more evident.

In summary, our results show that the update scheme Eq. 5.49 does not show oscillatory behavior
while still maintaining very fast convergence. Without a formal mathematical analysis of the stability and
convergence properties of the three schemes we can not judge conclusively that any of these schemes is
in general superior. But the presented test cases allow to obtain some intuition which might prove to be
useful in more complex systems.
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Figure 5.27: Iterative optimization of the CG GLE model for q = 0.15, using the update schemes Eqs. 5.47-
5.49, with the initial guess G̃0(t) ≡ G̃(t).
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Figure 5.28: Iterative optimization of the CG GLE model for q = 0.15, using the update schemes Eqs. 5.47-
5.49, with the initial guess G̃0(t) ≡

∫︁ t
0 dsCδFδF (s)/(MIkBT ).
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Figure 5.29: Iterative optimization of the CG GLE model for q = 0.6, using the update schemes Eqs. 5.47-
5.49, with the initial guess G̃0(t) ≡ G̃(t).
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Figure 5.30: Iterative optimization of the CG GLE model for q = 0.6, using the update schemes Eqs. 5.47-
5.49, with the initial guess G̃0(t) ≡

∫︁ t
0 dsCδFδF (s)/(MIkBT ).
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6 Bottom-Up Informed and Iteratively Optimized
Coarse-Grained Non-Markovian Water Models with
Accurate Dynamics

Abstract

Molecular dynamics (MD) simulations based on coarse-grained (CG) particle models of molecular liquids
generally predict accelerated dynamics and misrepresent the time scales for molecular vibrations and
diffusive motions. The parameterization of Generalized Langevin Equation (GLE) thermostats based on
the microscopic dynamics of the fine-grained model provides a promising route to address this issue in
conjunction with the conservative interactions of the CG model obtained with standard coarse graining
methods such as iterative Boltzmann inversion, force matching or relative entropy minimization. We
report the application of a recently introduced bottom-up dynamic coarse graining method, based on the
Mori-Zwanzig formalism, which provides accurate estimates of isotropic GLE memory kernels for several
CG models of liquid water. We demonstrate that with an additional iterative optimization of the memory
kernels (IOMK) for the CG water models based on a practical iterative optimization technique, the velocity
auto-correlation function of liquid water can be represented very accurately within a few iterations. By
considering the distinct Van Hove function, we demonstrate that with the presented methods an accurate
representation of structural relaxation can be achieved. We consider several distinct CG potentials to study
how the choice of the CG potential affects the performance bottom-up informed and iteratively optimized
models.
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6.1 Introduction

In the field of molecular simulations, methods that involve systematic coarse-graining in space, i.e. structural
coarse-graining, are well established.[3–6] The quality of the coarse-grained (CG) models obtained by
these methods depends on how well they represent the multibody potential of the mean force (MB-PMF) of
the parent fine-grained (FG), often all-atom (AA), model mapped in terms of the CG coordinates/degrees
of freedom (DoFs). Over the past two decades, significant progress has been made in the development
of representative models for soft matter systems, opening up possibilities for computer simulations at
increasingly large length scales and corresponding time scales.

Despite the progress made, molecular dynamics (MD) simulations with CG models generally overesti-
mate the dynamic properties of the systems of interest.[15, 19–21, 201] This occurs because conservative
interactions become "softer" upon coarse-graining and (free) energy landscapes become smoother. While
this is beneficial for equilibration purposes and studies of stationary structural properties, it often leads to
a misrepresentation of the characteristic time scales and the kinetic properties that depend on them.

To overcome this shortcoming, methods for coarse-graining in time have been explored by different
groups.[27, 29–34, 36, 57, 60, 64, 65, 158, 196, 231–234] Conceptually, the coarse-graining of a FG model
with time reversible dynamics invariably leads to a CG model with time irreversible stochastic dynamics
which often includes memory. The corresponding equation of motion (EoM) most commonly takes the
form of a non-Markovian generalized Langevin equation (GLE) and is often motivated by the Mori-Zwanzig
theory.[23]

While in principle the Mori-Zwanzig theory allows to derive exact CG EoMs for an arbitrary choice of
CG DoFs its derivation and exact parameterization in the context of CG MD is often not feasible. Different
approximations have to be employed to derive feasible CG models. A common approach is to assume
separation of time scales between FG and CG DoFs which allows to render non-Markovian GLEs Markovian.
This assumption allows to motivate the parameterization of e.g. Markovian Langevin[36, 196] or dissipative
particle dynamics (DPD) thermostats[60, 63–65, 235]. These kind of Markovian dissipative models have
been successfully applied to improve the diffusive dynamics in CG models in both generic systems[36,
60, 61] and realistic, chemically specific systems.[63–65, 196, 235] The Markovian approach has the
advantage that the CG EoM is comparably inexpensive to evaluate but it cannot represent the dynamics on
all time scales if the Markovian approximation is not well justified.

To achieve consistency on all time scales memory effects have to be introduced.[201] In several studies
non-Markovian GLEs have been used as target CG EoM. The parameterization strategies used therein were
developed and tested on generic models such as star-polymer melts with purely repulsive interactions,[26,
27, 32, 33] or on Lennard-Jones fluids.[29–31]

If the aim is to retain a high degree of detail in the physical description, memory effects can be encoded
in configuration dependent memory kernels[26, 27, 29, 30] for example by employing non-Markovian DPD
(NM-DPD) models.[26, 27, 29] Both the parameterization and numerical simulation of such models are
quite involved and computationally costly. This is particularly unfeasible if the degree of coarse-graining is
kept moderate as in the current work.

More feasible, less detailed non-Markovian modeling approaches have been proposed. A noteworthy
example, not explicitly based on a GLE, which allows to mimic non-Markovian friction in CG models is the
dynamic force matching technique.[158, 234] Herein the friction and memory lost upon coarse-graining is
reintroduced in CG models by coupling fictitious Brownian particles to the CG DoFs via a harmonic potential.
This strategy has been applied in CG models of liquid methanol and would in principle be applicable to the
system studied in the current work. Still, in the original publication a quantitative agreement with the
fine-grained reference simulations could not be achieved.[158, 234]

The approach we focus on in the current work is based on parameterizing a non-Markovian, isotropic
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and configuration independent GLE thermostat in combination with a CG potential obtained with one of
the established structural coarse-graining methods.[32–34]

The corresponding EoM reads

FFF I(t) = FFFC
I (t)−

∫︂ t

0
dsK̃(t− s)PPP I(s) +FFF̃

R
I (t), (6.1)

in which FFF I(t), FFFC
I (t), FFF̃

R
I (t) and PPP I(t) are the total force, the force due to conservative interactions, the

random force and the momentum of a CG particle I. The integral term, involving the memory kernel K̃(t),
represents a non-Markovian, dissipative force. To achieve canonical sampling at a constant temperature
the random force and the memory kernel have to fulfill the fluctuation dissipation theorem⟨︂

FFF̃
R
I (t)FFF̃

R
I (0)

⟩︂
= 3MIkBTK̃(t), (6.2)

in whichMI , kB and T are the CG bead mass, the Boltzmann constant and the temperature.
This application of Eq. 6.1 allows to introduce memory effects in CG simulations while being computa-

tionally cheaper than for example NM-DPD. In several studies, Eq. 6.1 has been used as target CG EoM. The
used parameterization strategies were developed and tested on generic models such as star-polymer melts
with purely repulsive interactions,[32, 33] or on Lennard-Jones fluids.[31, 34] An exact parameterization
of Eq. 6.1 in a purely bottom-up approach is not generally possible and some system dependent deviations
from the FG reference have to be expected.[34, 35] We recently demonstrated that these deviations can
be kept small with a judicious choice of K̃(t) (described below) parameterized in combination with a
structural CG model which closely represents the FG MB-PMF.[34] In general, but in particular in systems
with more complicated directional interactions (e.g. hydrogen bonding), we however expect that this
approach leads to larger discrepancies in comparison with the generic models studied so far.

In this paper we, for the first time, apply the dynamic coarse-graining strategies described in Refs. [33]
and [34] to a realistic molecular system. As a FG reference we consider the SPC/E water model, using
a single-site center-of-mass mapping scheme. The coarse-graining of molecular water is a prominent
test case in the development of structural coarse-graining methods.[12, 202, 236–240] Also in dynamic
coarse-graining, single-site CG models of water have been considered as test-case for Markovian dissipative
models.[232, 235, 241, 242]

The coarse-graining of water is a challenging task as the many-body correlations present in liquid
water due to strongly directed hydrogen bonds complicates an accurate description of the MB-PMF based
on simple pair potentials,[238] and the implications of the choice of the CG potential on dynamic properties
are not a-priori assessable.

We will examine the accuracy of the memory kernel parameterized with the approach described in
Ref. [33] and with improvements thereof achieved by iteratively optimizing the memory kernel.[34] Jung
et al. proposed an iterative optimization scheme for memory kernels with the velocity autocorrelation
function (VACF) as target (iterative memory reconstruction from VACF (IMRV)).[30, 39] While in principle
applicable to the current task, the IMRV method can suffer from the need for many iterations or instabilities
if the step size of the optimization scheme is not well tuned. In Ref. [34], we proposed three novel iterative
optimization schemes in which the integrated single-particle memory kernel, G(t) =

∫︁ t
0 dsK(s) (see Eq. 6.3

below), was used as a target. In this paper, we apply the most promising of these schemes, which we now
refer to as iterative optimization of memory kernels (IOMK). We also compare the performance of this
scheme to the IMRV method.

While the VACF is the most prominent measure to assess dynamic consistency in CG models over
different time scales, it ultimately is a descriptor for the dynamics of single particles and neglects details on
collective behavior. The target model given by Eq. 6.1 introduces independent friction and noise for every
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DoF. This approach by construction can only be approximate[34, 35] and thus it is not a-priori evident if
collective behavior can be correctly modeled.

This is why we also study the distinct Van Hove function (VHF), which is a measure for the relaxation
of pair-structure and which is accessible through experiments by e.g. inelastic x-ray scattering experi-
ments.[243–247] Iwashita et. al.[243] and Matsumoto et. al.[247] concluded that classical MD water
models as SPC/E qualitatively reproduce the pair-structure relaxation in space and time quite well. This
makes the SPC/E model a good reference target and a CG water model reproducing the VHF of SPC/E
water accurately will simultaneously keep a close link to the dynamics of real water.

To further the understanding of the relevance of the choice of the CG potential on the dynamic
properties of CG GLE models based on Eq. 6.1, we study four different CG potentials. We consider two
two-body potentials derived based on force-matching[193] (FM) and iterative Boltzmann inversion[9]
(IBI). We also consider two models which include three-body interactions to more accurately represent the
tetrahedral structure of water. These models are based on the Stillinger-Weber (SW) potential.[248] We
consider the bottom-up derived SW model based on the relative entropy[197] method (SW-RE)[249] and
a bottom-up derived SW model based on the FM method (SW-FM).[238]

6.2 Theoretical Background

6.2.1 Memory Kernels in the Single-Particle Representation

Before we introduce the parameterization schemes for the memory kernel in Eq. 6.1 it is instructive to first
consider an (numerically) exactly solvable case. The Mori-Zwanzig theory, by applying a linear projection
operator, allows to derive an exact CG EoM for a single freely diffusing particle from Hamiltonian dynamics
which takes the form of the following GLE:[23, 25, 201]

FFF I(t) = −
∫︂ t

0
dsK(t− s)PPP I(s) +FFFQ

I (t) (6.3)

In Eq. 6.3, K(t) =
⟨︁
FFFQ

I (t)FFF
Q
I (0)

⟩︁
/3MIkBT denotes the single-particle memory kernel describing the

dynamics of a CG DoF from an all-atom (AA) reference. The Q-projected force FFFQ
I (t) has an exact relation

to the microscopic dynamics. We will not reiterate the derivation and refer the interested reader to the
well established literature on that topic.[23–25]

For our purpose, the relevant property of the Q-projected forces is its orthogonality (its statistical
independence) to the relevant CG DoF, which is the momentum PPP I(0) of a particle I, which can be
expressed as

⟨︁
FFFQ

I (t)PPP I(0)
⟩︁
= 0. (6.4)

This allows to derive relations between the memory kernel K(t), which is related to the orthogonal
dynamics, and readily accessible time-correlation functions, which can be expressed in a Volterra equation
of the form

CFV (t) = −
∫︂ t

0
dsMIK(t− s)CV V (s), (6.5)

where we defined the VACF CV V (t) = ⟨VVV I(t)VVV I(0)⟩ /3 and the force-velocity auto-correlation function
CFV (t) = ⟨FFF I(t)VVV I(0)⟩ /3.
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Eq. 6.5 establishes the connection between the single-particle memory kernel K(t) and all single-
particle time-correlation functions. For example, K(t) is related to the long time diffusion coefficient D
via

D =
kBT

MIγ
(6.6)

where
γ = lim

t→∞
G(t) (6.7)

with G(t) =
∫︁ t
0 dsK(s). The integrated memory kernel G(t) can also be uniquely related to the VACF, by

integration of Eq. 6.5, which yields

CV V (t)− CV V (0) = −
∫︂ t

0
dsG(t− s)CV V (s). (6.8)

Eq. 6.8 can be numerically inverted[95] to determine G(t) directly from a measured VACF.

6.2.2 Memory and Friction due to Conservative Interactions in Many-Body Coarse-Grained
Simulations

In the previous section we have discussed how the single-particle memory kernel can be evaluated from
Hamiltonian reference simulations. In CG GLE models following Eq. 6.1 the total memory and friction
exerted on some tagged particle I consists of the memory explicitly introduced through the GLE-thermostat
(K̃(t)) and an additional contribution due to the effective particle-particle interaction as implicitly introduced
due to the conservative interactions FFFC

I (t). The memory kernel due to conservative interactions (∆KCG(t))
can be evaluated from CG simulations through a relation analogous to Eq. 6.8, which reads[34]

CCG
FCV (t) = −

∫︂ t

0
dsMI∆KCG(t− s)CCG

V V (s). (6.9)

Here we define the conservative force-velocity correlation function CCG
FCV

=
⟨︁
FFFC

I (t)VVV I(0)
⟩︁
/3. We

use the superscript CG to denote correlation functions from CG simulations. The explicit evaluation of
∆KCG(t) from Eq. 6.9 is not needed in the application of the proposed CG schemes, but it allows to
numerically test the validity of certain assumptions made in the following sections.

6.2.3 Parameterizing Generalized Langevin Thermostats from Q-Projected Correlation
Functions

In our previous work,[33, 34] we used the backward orthogonal dynamics (BOD) method proposed by
Carof et al.[85] to compute the memory kernel in Eq. 6.1 from Q-projected force-force time correlation
functions. As discussed in Ref. [33], this approach should yield the best results when the conservative CG
potential (which gives rise to FFFC

I (t) in Eq. 6.1) accurately represents the MB-PMF, even though the target
EoM Eq. 6.1 by itself comes with limitations.[34, 35] The idea behind the parameterization scheme is the
following: in Eq. 6.1 the overall dynamics of particle I is governed by two contributions, the friction and
memory induced by the interaction with other particles encoded in FFFC

I (t) and the friction and memory
explicitly included through K̃(t). The dynamics of a diffusive DoF in CG simulations can always be mapped
onto a simple single-particle GLE of the form

FFF I(t) = −
∫︂ t

0
dsKCG(t− s)PPP I(s) +FFFR

I (t), (6.10)
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where with KCG(t) we denote the effective single-particle memory kernel of a particle following the CG
EoM Eq. 6.1. In KCG(t), both K̃(t) and the additional contribution through FFFC

I (t) are included, which we
denote as ∆KCG(t), so we can write

KCG(t) = K̃(t) + ∆KCG(t). (6.11)
The relevant conclusion from this discussion is that the many-body EoM given by Eq. 6.1 will yield

the same single-particle time correlation functions, as for example the VACF, if, and only if, the effective
single-particle memory kernel from the CG simulation (KCG(t)) and the single-particle memory kernel from
the AA reference (K(t)) coincide. To be able to optimally parameterize K̃(t) in a purely bottom-up way, a
good a-priori estimate of ∆KCG(t) is needed. Here we employ a strategy often used in bottom-up dynamic
coarse-graining.[26, 28, 29, 31, 33, 34, 36, 61, 63, 65, 196] That is, we first derive CG conservative
interactions determining FFFC

I (t) and governing the equilibrium structure in CG simulations, and split the
total forces FFF I(t) in a mapped AA reference simulation into the CG conservative force FFFC

I (t) and a residual
force δFFF I(t), such that

FFF I(t) = FFFC
I (t) + δFFF I(t). (6.12)

The BOD method allows to directly evaluate K(t) based on a mapped rerun of a AA-simulation, but
also to split the memory kernel into different contributions. Based on the splitting of forces in Eq. 6.12, the
memory kernel can then be separated according to

K(t) = KC(t) +Kδ(t) + 2KX(t), (6.13)

in which the three kernels on the right-hand side are defined as KC(t) = α
⟨︂
FFFC,Q

I (t)FFFC,Q
I (0)

⟩︂
, Kδ(t) =

α
⟨︁
δFFFQ

I (t)δFFF
Q
I (0)

⟩︁ and KX(t) = α
⟨︂
FFFC,Q

I (t)δFFFQ
I (0)

⟩︂
with α = (3MIkBT )

−1.
In the AA reference, KC(t) is related to the conservative forces, which suggests the approximate

relation

∆KCG(t) ≈ KC(t), (6.14)
implying

K̃(t) ≡ Kδ(t) + 2KX(t) (6.15)
as an optimal a-priori choice for the parameterization of Eq. 6.1. As this procedure relies on the analysis
of mapped AA trajectories, the implicit assumption of course is that the CG model samples the same
configurations as the mapped reference model, as the fluctuations of FFFC

I (t) are both related to KC(t) and
∆KCG(t). A sampling of different configurations in the CG model and the mapped AA reference will
introduce errors. To some extent this is a limitation which applies to all bottom-up derived dynamic CG
models.

6.2.4 Iterative Optimization of Memory Kernels (IOMK)

It is generally a non-trivial task to parameterize Eq. 6.1 such that the VACF is reproduced on all timescales.
Different iterative optimization schemes to achieve an accurate representation of the VACF have been
proposed in literature.[30, 32, 39] We recently proposed three optimization schemes, which use the
integrated effective single-particle memory kernel Gtgt(t) = G(t) =

∫︁ t
0 dsK(s) as target function.[34]

Gtgt(t) can be easily obtained from the VACF (Eq. 6.8) of the mapped AA reference simulation and
accordingly GCG

i (t) for every iteration can be derived from the VACF of the i-th iteration. Considering
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that the effective integrated memory kernel for any iteration (GCG
i (t)) is composed of the contribution

from the GLE thermostat (G̃i(t)) and some residual friction due to the conservative interactions (∆GCG
i (t))

suggests to account for any deviations from the target by a corresponding change in G̃i(t).[34] While
this ansatz is applicable in principle,[34] it assumes that ∆GCG

i (t) is independent of the parameterization
of the GLE thermostat. This in generally not the case, as the thermostat affects the relaxation of CG
particle configurations and thus indirectly the relaxation of the conservative interactions, which can lead
to oscillatory behavior or slow convergence in naive approaches for optimizing the memory kernel.[34]
This is why we proposed a more promising iterative optimization scheme[34] which previously has shown
to be both quite stable and fastly converging.[34] For the justification of this scheme (to which we will
now refer to as iterative optimization of memory kernels (IOMK)), the dependence of ∆GCG(t) on the
parameterization of the thermostat has to be established. We will demonstrate by a numerical experiment
that the linear relation

∆GCG
i (t) ≈ a(t) + b(t)G̃i(t) (6.16)

is a reasonable ansatz. Note that in Eq. 6.16 the parameters a(t) and b(t) are functions of time. In this
approximation, a(t) is given by the integrated memory kernel from standard CG-MD simulation and has to
be predetermined. From Eq. 6.16, the following update scheme can be derived:[34]

G̃i+1(t) =
Gtgt(t)− a(t)

GCG
i (t)− a(t)

G̃i(t). (6.17)

Eq. 6.17 can be understood as a quasi-Newton method using an approximate Jacobian. We provide a
derivation and analysis of Eq. 6.17 in terms of a quasi-Newton method in the SI. If Eq. 6.16 were exact, the
IOMK method would be an exact Newton method applied to a linear problem and thus converge within a
single step, even when a significant fraction of the total friction is due to conservative interactions. The
interplay of the thermostat parameterization and the friction due to conservative interactions might in
general be more complex in more complicated systems and is also complicated through the application
to non-Markovian thermostats. This makes it crucial to evaluate the applicability of the IOMK method to
different systems and in particular to compare it to other proposed methods.

This is why we also study an alternative approach, proposed by Jung et al.,[39] and called IMRV,
which is analogous to the IBI method in structural coarse-graining, and utilizes the VACF directly as target
property. The IMRV method was originally proposed for the reconstruction of single-particle memory
kernels,[39] instead for the parameterization of multi-particle models. In a later study, Jung et al. observed
that the original IMRV method tends to be unstable for multi-particle models with conservative pair
potentials[30] and proposed an improved version. In the following, we will refer to the original version
as IMRV-1 and to the improved version as IMRV-2. Technical details on the IMRV method are described
in the section on computational details. From a practical point of view, the main difference between the
IOMK method and the IMRV methods is that the IMRV methods rely on hyperparameters to stabilize the
optimization procedure and for which the optimal values are not a-priori known. To achieve good results,
these parameters have to be manually predetermined. In the IOMK method, a(t) has to be predetermined,
but as a(t) has a clear physical interpretation, it can be unambiguously fixed from a single cheap CG
simulation by utilizing Eq. 6.8.
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Å

2
fs

−
2

0 100 200

t/fs

0.0

2.5

5.0

7.5

ke
rn
el

/
1
0
−
4
fs

−
2

KC(t)

∆KCG(t)

AA

K̃

CG-MD

Figure 6.1: VACFs of the IBI water model, parame-
terized with K̃(t) (Eq. 6.15) calculated
based on the BOD method, compared
to the AA reference. For comparison we
also show the result of non-dissipative
CG-MD simulations. Inset: The mem-
ory kernel contribution KC(t) from the
reference simulation compared to the
memory due to conservative interac-
tions (∆KCG(t)) in CG GLE simulations
parameterized with K̃(t).
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Figure 6.2: Friction introduced by conservative in-
teractions in NVT simulations using a
Langevin-thermostat, as a function of
the applied friction coefficient. The
shown data is based on simulations of
the IBI model. A almost perfect linear
dependence is found, which is empha-
sized by the linear fit, shown as black
dotted line.

6.3 Results and Discussion

6.3.1 Dynamics of the Bottom-Up Parameterized IBI Model

To test the capability of the bottom-up scheme based on the BOD method, we start by considering the IBI
water model. Fig. 6.1 shows the VACF of the CG GLE thermostat simulations, parameterized with K̃(t)
(Eq. 6.15), in comparison to the reference AA and the standard CG-MD simulations. As one would expect,
the CG-MD VACF decays much slower than the AA VACF, indicating the expected increased diffusivity.
Applying a GLE thermostat with K̃(t) leads to a considerable improvement in the representation of the
VACF. In particular, the initial decay is perfectly matched. Also the first local minimum and maximum is
qualitatively well represented. The AA VACF exhibits a broad local well, between ≈ 200 fs and 300 fs. This
region cannot be fully captured by the GLE model. Overall this leads to a residual overestimation of the
diffusivity in the GLE model.

The main assumption of the applied parameterization scheme lies in Eq. 6.14. In the inset of Fig. 6.1
we show that KC(t) from the reference model and ∆KCG(t) from the CG GLE simulation indeed coincide
very well on short time scales, but KC(t) exhibits a long positive tail, which is not captured by ∆KCG(t).
This explains the residual deviations in the VACF on longer time scales. If Eq. 6.14 would strictly hold,
the target VACF would trivially match exactly. Still, combined with the results of earlier studies,[33, 34]
the overall well match between KC(t) and ∆KCG(t) underscores the general soundness of the applied
approach, at least as an a-priori approximation.

The origin of the residual deviations can generally be two-fold: Firstly, at t = 0 both KC(t) and
∆KCG(t) are proportional to the variance of the CG conservative forces acting upon a CG DoF. This
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variance is determined by the CG potential and the sampled configurations. As the same CG potential
in determining KC(t) and ∆KCG(t) is used, deviations at t = 0 can only arise due to deviations in the
static structure between AA and CG model. Secondly, on long time scales the EoM given by Eq. 6.1 poses
inherent limitations, as the noise and friction on any CG DoF is modeled independently. In reality, the CG
DoFs exchange momentum via the neglected DoFs, which cannot be captured in terms of Eq. 6.1. This in
turn can affect the structural relaxation, which respectively induces deviations in ∆KCG(t). Any deviation
at times t > 0 cannot be exactly assigned to one of the two mechanisms, except for well controlled model
systems.[34]

Still, despite these limitations, we find that this approach yields good results in conjunction with the
IBI potential, without additional optimization of the parameterization.

6.3.2 Dynamics of the Iteratively Optimized IBI Model

Residual deviations of CG models from the AA reference due to the inherent approximations of the
pure bottom-up approach can be reduced by iterative optimization of the parameterization of the GLE
thermostat. Here we apply the iterative optimization schemes (IOMK, IMRV-1 and IMRV-2) to optimize
the parameterization of the memory kernel for the IBI model. But first, to justify the IOMK method
given by Eq. 6.17, we will demonstrate the validity of the assumption given by Eq. 6.16. To do so we
carried out CG simulations using the IBI potential applying a Markovian Langevin thermostat with varying
friction coefficients (γlang). By evaluating the integrated memory added through conservative interactions
(∆GCG(t) =

∫︁ t
0 ds∆KCG(s)), Eq. 6.16 can be tested.

In Fig. 6.2 we show the result of this analysis. We find that the friction due to conservative interactions
does span over a full order of magnitude for the tested values of γlang. The relation between ∆GCG(t =
10 ps) and γlang is found to be well described by the linear fit

∆GCG(t = 10 ps) ≈ a+ bγlang, (6.18)
where a can be interpreted as the single-particle friction coefficient in standard CG-MD simulations in
the absence of a Langevin thermostat and b encodes the dependence of the friction due to conservative
interactions on the friction coefficient applied through the thermostat. For the IOMK method we extrapolate
this finding to Eq. 6.16, assuming the linear relation holds true on all time scales.

In Fig. 6.3, we compare the results of the three iterative schemes, while starting from G̃0(t) = G̃(t) =∫︁ t
0 dsK̃(s) as initial guess. We first note that the IMRV-1 method does not yield any significant improvement
in the representation of the VACF while the IMRV-2 method allows to achieve good results. This is in line
with the findings in the original publication.[30] The IOMK method yields satisfying results within 2-3
iterations, while the IMRV-2 method needs around 30-40 iterations to match the target.

This indicates that the IOMKmethod converges fast compared to the IMRV-2 method. To further test the
reliability of the IOMK method, we also applied two different initial guesses: G̃0(t) =

∫︁ t
0 dsCδFδF (s)/kBT

and G̃0(t) = 0.1
∫︁ t
0 dsCδFδF (s)/kBT , and present the data in the SI (Figs. S13 and S14). In the former

case, the initial guess slightly overestimates optimal friction, yielding too slow dynamics. Herein the
IOMK method converges within 3-4 iterations, while the IMRV-2 method requires ten times the number of
iterations. In the latter case, the initial guess strongly underestimates the optimal friction, yielding too
fast dynamics. Here, the IOMK method also converges within 3-4 steps, while the IMRV-2 method again
requires ten times the number of iterations. For the presented system, the IOMK method shows to be very
stable and fastly converging, independent of the initial guess for the memory kernel.
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Figure 6.3: Results for iterative optimization of memory kernels for the IBI water model. a), b) and c):
Comparison of the VACF for the IOMK, IMRV-1 and IMRV-2 method, respectively. d), e) and f):
Comparison of D(t) =

∫︁ t
0 dsCV V (s) for the IOMK, IMRV-1 and IMRV-2 method, respectively.

6.3.3 Structural Relaxation: The Distinct Van Hove Function

Both the bottom-up parameterization approach and the IOMK method are motivated by the goal to match
dynamic properties of single particles. No information on multi-body correlations are considered in the
parameterization of the memory kernels. Thus, it is not a-priori clear inhowfar collective dynamic properties
involving multiple particles can be captured by applying independent thermostatting to every CG DoF, as
e.g. inter-particle correlations can be altered due to the independent thermostatic of every DoF.[34] In this
section we want to study the collective dynamics of the CG systems by evaluating the distinct VHF

g(R, t) =
1

4πρNR2

⟨︄
N∑︂
I

N∑︂
J ̸=I

δ (R− |RRRI(0)−RRRJ(t)|)
⟩︄
. (6.19)

In Fig. 6.4 we compare the distinct VHF of the IBI water model with standard CG-MD, the GLE with
K̃(t) and the GLE optimized using the IOMK method. In CG-MD simulations without a GLE thermostat
structural correlations relax faster then in the AA reference. Especially in the short distance region, the
value of the VHF increases too fast, which is expected as with an increased diffusivity a particle can be
more readily displaced and consequently be replaced by its neighbors. Additionally we find that also the
pair structure, especially the first peak, relaxes faster than in the AA reference. By introducing friction
through the GLE thermostat, the structural relaxation is slowed down and the pair-structure is preserved for
longer time scales. The K̃(t) model overall reproduces the VHF quite accurately at least up to 400 fs. The
increased long time diffusivity of the K̃ model compared to the AA reference on short length scales leads
to a speed-up in the relaxation beyond 400 fs. The optimization of the memory kernel through the IOMK
method does not significantly alter the VHF for the first peak, but by matching the long time diffusivity the
relaxation on short length scales is better reproduced.
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Figure 6.5: Distinct VHF at a) R = 0.276 nm and b)
R = 0.2 nm, for different CG IBI models
compared to the AA reference.

In Fig. 6.5 a), we present a slice through the VHFs at R = 0.276 nm for a better time resolution of
the relaxation of the first peak. Here we see more clearly that the VHF decays too fast for CG-MD, which
is improved with the GLE thermostat for both the K̃- and the IOMK model. We additionally present the
result of a Markovian Langevin-thermostat model, in which we optimized the friction coefficient such the
diffusivity matches the AA reference. Herein we find that in such a Markovian model the relaxation of the
pair-structure is too slow.

In Fig. 6.5 b) we present a slice through the VHF at R = 0.2 nm, where we again find that the CG-MD
model yields too fast relaxation. On short timescales, both the K̃ model and the IOMK model match the
reference significantly better, while the Markovian model again relaxes too slowly. On long timescales, the
K̃-model relaxes too fast, while the AA, the IOMK model and the Markovian model converge onto each
other.

6.3.4 Comparison of the Different CG Water Models

Up to now we only discussed the dynamics of IBI water models. We have shown that the purely bottom-up
informed approach allows a semi-quantitative representation of the reference dynamics, while the IOMK
method allows to reproduce the VACF quantitatively, while also the representation of collective dynamics
in terms of the distinct VHF is significantly improved.

In this section we will compare how the choice of the CG potential influences the dynamic properties
of purely bottom-up informed water models. The properties of the memory kernel contributions for the
different conservative potentials are shown and discussed in the SI (Fig. 6.13).
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Figure 6.6: VACFs fromGLE simulations of CGmodels with a) two-body potentials b) three-body potentials,
parameterized with K̃(t), compared to the AA reference.

Dynamics of Generalized Langevin Models

In this section, we study the dynamics of the different CG water models applying a GLE thermostat. The
VACFs for the two-body and the three-body models are shown in Figs. 6.6 a) and 6.6 b), respectively. In
Fig. 6.6 b), only the SW-FM model is considered, as for the SW-RE model the bottom-up approach predicts
a nonphysical memory kernel K̃(t) (see SI Sec. S6 for a discussion on the origin of this behavior). We
also studied GLE models parameterized with Kδ,X(t) = Kδ(t) +KX(t) and Kδ(t), to study the relevance
of the cross-correlation term KX(t). Note that Kδ,X(t) is equivalent to a memory kernel which can be
evaluated from a Volterra equation derived from Eq. 6.1[33] and has been proposed as a straight forward
parameterization for both Markovian Langevin[196] and non-Markovian GLE thermostats.[31] Using
Kδ(t), thus neglecting cross-correlations all together, can be understood as a non-Markovian variant of the
approach proposed in Ref. [36]. The data on these models can be found in the SI (Figs. S6 and S7).

In all shown cases in Fig. 6.6, the GLE model yields a significant improvement of the representation of
the reference dynamics, when compared to the standard CG-MD simulations (Fig. 6.14). The FM model
cannot fully capture the fast initial decay of the VACF. The SW-FM model and the IBI model captures the
initial decay quantitatively. The local features around 75-150 fs are qualitatively well matched for the IBI
models and the SW-FM models, while the depth of the broad negative valley 200-300 fs is underestimated
in all cases, indicating again too fast overall mobility.

A comparison of KC(t) and ∆KCG(t) (as shown in the insets of Figs. 6.6 a) and b)) again reveals the
origin of the remaining discrepancies. In the FM model, the onset of the memory kernel due to conservative
forces in CG simulations is lower than KC(t) would predict. This is due to mismatch of the pair structure
in the FM model, which yields a reduction in the variance of conservative forces. This discrepancy on short
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Figure 6.7: Error estimate of the VACF based on Eq. 6.20, for all CG simulations.

time scales leads to the too slow initial decay on small time scales. Also the valley of KC(t) is not as well
reproduced as in the IBI model, leading to larger discrepancies in the VACF on similar time scales. For the
SW-FM model, the assumption of Eq. 6.14 is well justified up to 100 fs.

In all cases the overall mobility is overpredicted with K̃(t). The origin trivially arises from deviation
from the assumption of Eq. 6.14.

Additionally to the bottom-up approach, we also applied the IOMK method to optimize the parame-
terization of the SW-FM and the SW-RE model. We find that the IOMK method can also be successfully
applied to optimize the memory kernels in SW-type models. Fig. 6.7 shows an overview over all studied
CG models, by defining an error measure as

χV ACF =

⌜⃓⃓⎷ 1

N + 1

N∑︂
n=0

(Ctgt
V V (n∆t)− CCG

V V,i(n∆t))2, (6.20)

with N = 1000 and ∆t = 2 fs.
For the pure bottom-up approach, K̃(t) yields the best results for both CG pair potentials whileKδ,X(t)

yields better results for the three-body potentials.

Structural Relaxation

We calculated the distinct VHF for all combinations of CG potentials and GLE thermostat parameterizations.
A prerequisite for reproducing the VHF on all time scales is that the static pair structure is reproduced.
Because the FM model does not reproduce the static pair structure (see SI Fig. 6.12) we only consider
the IBI, the SW-FM and the SW-RE model in this section. Additionally, to single out the influence of the
choice of the CG potential, we first consider the simulations optimized through the IOMK method. This
allows to study the influence of the CG potential on structural relaxation, given that the static structure
and the single-particle dynamics is accurately represented. In Fig. 6.8 a) we show the VHF for the first
peak for the described systems, compared to the AA reference. For the relaxation of the first peak, all
three models match the AA almost quantitatively. Still, the SW-RE model matches the reference data best,
which can be seen by amplifying the plot, as shown in the inset. A more significant deviation between the
different models is found for shorter length scales (R = 0.2 nm) in Fig. 6.8 b). Here the IBI model deviates
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Figure 6.8: The VHF for the IOMK models with the IBI, the SW-FM and the SW-RE model compared to the
AA reference for a) R = 0.276 nm and b) R = 0.2 nm.

significantly from the AA reference, while both SW-type models reproduce the structural relaxation almost
quantitatively.

To compare the performance of all different combinations of CG potentials and thermostats we define
the error measure

χV H =

√︄
1

NiNj

∑︂
i

∑︂
j

(g(R0 + iδR, jδt)− gref (R0 + iδR, jδt))
2
, (6.21)

where Ni and Nj are the considered number of distance bins and time steps, respectively, R0 is the minimal
considered distance, δR is the bin width and δt is the spacing is the resolution in time.

In Fig. 6.9 we summarize the estimated deviations from the reference for the considered CG potentials
for all thermostat parameterizations. This allows to draw the following conclusions:

1. In all cases, introducing a dissipative thermostat improves the representation of the VHF.
2. For the IBI potential, the IOMK model performs better than the Markovian model, while having

the same diffusivity. One can conclude that matching the diffusivity is not sufficient to correctly model
structural relaxation and memory effects have to be taken into account.

3. For all CG potentials, the optimization of the VACF via the IOMK method leads to an improved
representation of the VHF.

4. Given that the single-particle dynamics is well matched, as ensured by the IOMK method, and the
static structure is well reproduced, the representation of the structural relaxation still depends on the choice
of the CG potential. The introduction of an angular potential for coarse-graining SPC/E water, improves,
under the stated conditions, the representation of the VHF. Additionally, the SW-RE model performs better
than the SW-FM model.
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6.4 Summary and Outlook

We have demonstrated that the previously proposed bottom-up approach for the parameterization of
GLE thermostats based on the BOD method is applicable to molecular systems with complex interactions
by coarse-graining SPC/E water using effective single-site interactions. In conjunction with pairwise
conservative interactions, the proposed parameterization of the GLE thermostat yields good results for
most CG potentials. In particular, in accordance with previous studies,[33, 34] taking into account the
Q-projected cross-correlations is necessary to correctly reproduce the VACF on short time scales, and
its neglection typically yields too slow dynamics. At the same time, we found that for coarse-graining
SPC/E water on a single interaction site, considering the cross-correlation term twice (using K̃(t) for the
parameterization of the GLE thermostat) tends to overpredict the diffusivity. This is in line with our findings
in Ref. [34] and is due to the independent thermostatting of every CG DoF which leads to a reduction of
the correlation of the dynamics between different CG DoFs.

Using the example of the IBI potential, we have demonstrated the applicability of the IOMK method
to optimize the VACF for molecular liquids and have demonstrated its stability and good convergence
properties compared to previously proposed iterative optimization schemes. Our results indicate that
the IOMK method converges fast, even when the initial guess is far from optimal. An additional benefit,
compared to other methods, is that the IOMK method does not rely on any parameters which have to be
manually predetermined to improve convergence behavior, which significantly increases its applicability as
an out of the box tool for dynamic coarse-graining.

By studying the distinct VHF, we have demonstrated that despite of the conceptional limitation of an
isotropic and configuration independent thermostat, the application of a GLE thermostat in CG models
allows to model structural relaxation quite accurately. This is a non-trivial finding, as nowhere in the
parameterization process collective dynamics is considered and indicates that a faithful connection to the
underlying AA reference can be established under certain conditions. Of course the prerequisite is that at
least the pair structure is well reproduced by the CG potential. By comparing the pairwise IBI potential
with two three-body Stillinger-Weber type potentials (SW-FM and SW-RE) we found that an accurate
representation of three-body correlations can further improve the accuracy of the distinct VHF, given an
accurate representation of single-particle dynamics.

In principle, the choice of the target for the IOMK method is not limited to FG MD models. The
single-particle memory kernel is accessible from the mean-squared displacement[81] which by itself can
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be calculated from the self-part of the VHF from experiments.[246] This would allow to use the IOMK
method in combination with top-down parameterized CG potentials, to improve the representation of
dynamic properties in empirical CG models as for example the Molinero-Water model.[250] This would
necessitate high quality experimental data with a high resolution in space and time, and methods to
accurately extract the center of mass dynamics from experimental measurements. In practice such an
approach has to to evaluated carefully, as it is unclear if current experimental data is sufficiently reliable to
be used as quantitative reference. For example, the reported VHF in Ref. [247] does not quantitatively
agree with earlier results in Refs. [243, 244].

In summary, we have shown that it is possible to derive good estimates of memory kernels in a purely
bottom-up approach, which allow to maintain a direct link between the parameterization of the GLE
thermostat and the underlying AA reference. For the considered system the bottom-up approach performs
more reliably for CG pair potentials than for three-body potentials. Arguably this is due to the increased
complexity of the CG energy landscape as in such a case even small discrepancies in the sampling of
configuration space between AA and CG models can lead to significant errors in the prediction of memory
due to conservative forces. The IOMK method allows to efficiently circumvent these issues by allowing
to derive CG models which exactly reproduce the single-particle dynamics. Our results indicate that also
collective dynamics can be accurately described by applying optimized memory kernels as long as the CG
potential accurately reproduces the pair-structure.

6.5 Methods

6.5.1 All-Atom Water Simulations

As a FG reference we consider atomistic water at ambient conditions, applying the SPC/E model.[251]
The atomistic simulations were carried out using the GROMACS[212, 214] package, using a time step of
2 fs integrated via the velocity Verlet method. We use a cutoff of 1.2 nm for short-range van der Waals
and electrostatic interactions and long-range dispersion corrections for energy and pressure. Long-range
electrostatic interactions are treated with the particle mesh Ewald method with a grid spacing of 0.12 nm.
The reference system was set up by preparing a cubic simulation box with 3000 water molecules. The box
was equilibrated under NPT conditions at 1 bar and 298 K using the velocity-rescale thermostat with a
time constant of 1 ps and the Berendsen barostat with a time constant 2 ps and compressibility parameter
of experimental water of 4.5x10−5 bar−1 . The average box-length of a NPT simulation was chosen to fix
the box length to 4.47934 nm for further simulations.

For the evaluation of structural properties (the radial distribution function) a NVT-run was carried out
for 200 ps. Snapshots were stored every 20 fs. To efficiently obtain sufficiently uncorrelated snapshots, a
the stochastic dynamics integrator was applied with a time constant of 1 ps.

For the evaluation of dynamic properties (VACF, memory kernels, distinct VHF), 10 independent
NVE-simulations were carried out from different initial conditions drawn from a sample of NVT-snapshots.
Here, every run was carried out for 50 ps using the velocity-Verlet integrator. Frames were stored every
timestep.

6.5.2 CG Simulations

We derived all tabular CG pair potentials using the VOTCA-CSG[202] package. We applied a center of mass
mapping scheme for the CG representation.

For the IBI model, we set cutoff distance for the CG pair potential to 1 nm. For every IBI iteration,
simulations were carried out for 120 ps under NVT conditions using the stochastic integrator with a time
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constant of 0.5 ps. Snapshots for the evaluation of the RDF were taken every 20 fs. We stopped the
optimization process after 300 iterations. For the derivation of the FM potential we set the range of the
potential to 0.24 nm to 0.9 nm, with a spacing of 0.012 nm. The three-body SW-type potentials were
obtained from literature. See Ref. [238] for details on the SW-FM potential and Ref. [249] for details on
the SW-RE potential.

CG simulations were carried out using the LAMMPS[227] package. All CG simulations were carried
out under NVT conditions, with 3000 CG beads, at 298 K, a box length of 4.47934 nm and a time step of 2
fs.

For every CG system, we generated ten 20 ps trajectories. Dynamic properties were evaluated for
every distinct trajectory, and averaged to reduce statistical uncertainty.

For standard CG-MD simulations the the Nosé-Hoover thermostat was applied with a time constant
of 2000 fs. For GLE simulations the GLE thermostat due to Ceriotti[151] was applied. This thermostat is
based on an auxiliary variable approach, which allows to simulate non-Markovian dynamics by applying a
Markovian EoM in extended phase space. For its application in the context of CG, the coupling between
the CG momenta and the auxiliary momenta has to be defined in terms of a coupling matrix. This matrix
can be determined from a given memory kernel, by fitting with exponentially dampened oscillators. For all
CG GLE models we chose to fit six exponentially dampened oscillators, yielding 12 auxiliary momenta for
the Markovian embedding. In practice we fitted the integrals of the memory kernels. For all BOD method
based parameterizations the memory kernels were fitted up to t = 800 fs. For the IOMK method we fitted
the memory kernels up to t = 2000 fs, to better capture the hydrodynamic tail of the VACF. Further details
on the Markovian embedding of GLEs can be found in our earlier publications[34, 201] or for example in
Refs. [27, 32, 92, 221].

6.5.3 Bottom-Up Derivation of Memory Kernels from Backward-Orthogonal Dynamics

Details on the BOD method can be found in Refs.[33, 34, 39, 85], so we will only shortly summarize
the overall workflow. The first step is always to carry out FG (AA) simulations, where frames are stored
sufficiently frequently (every time step in the current work) to reduce numerical errors in the BOD method.
Both velocities and total forces for every DoF have to be stored. Next we apply the center of mass mapping
on the AA trajectory (using the VOTCA-CSG software[202]) to obtain a mapped reference trajectory. Based
on this mapped trajectory, a rerun is carried out using the required CG potential to obtain a trajectory
for the conservative interactions FFFC

I (t), which through δFFF I(t) = FFF I(t) − FFFC
I (t) also yield a time series

for the residual forces. From the time series of FFF I(t), FFFC
I (t), δFFF I(t) and VVV I(t) the respective Q-projected

force-correlation functions can be obtained applying the BOD method. As a numerical scheme we utilize
the second-order scheme proposed by Jung et al..[33, 34, 39]

6.5.4 The IMRV Method

The update scheme for the IMRV-1 method and the IMRV-2 method is given by

K̃i+1(t) = K̃i(t) + hi(t)∆ϕi(t). (6.22)
The update function ∆ϕi(t) is given by

∆ϕi(t) = ϕtgt(t)− ϕi(t), (6.23)
where the superscript tgt denotes the target function and the subscript i denotes the current iteration. For
IMRV-1 the function ϕi(t) is defined by the respective VACF CV V,i(t) as
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ϕi(t) = −MI
CV V,i(t+∆t)− 2CV V,i(t) + CV V,i(t−∆t)

kBT∆t2
, (6.24)

and analogously for ϕtgt(t). The function hi(t) defines the step size for the iterations and can be tuned to
improve the stability of the scheme. Jung et al.[39] proposed

hi(t) =

⎧⎪⎨⎪⎩
1, if t/tcorr ≤ i

2

1− t/tcorr + i/2, if i/2 < t/tcorr < i/2 + 1

0, if t/tcorr ≥ i/2 + 1.

(6.25)

The IMRV-2 method defines a different function ϕi(t) (and accordingly ϕtgt(t)), which reads[30]

ϕi(t) = −MIα
CV V,i(t+∆t)− CV V,i(t)

kBT∆t
. (6.26)

Note that for the IMRV2 method, an additional constant α has to be set. After manual optimization we
applied tcorr = 80 fs and α = 0.05 fs−1.

Data Availability

The data that supports the findings of this study are available within the article and its supplementary
material. At https://doi.org/10.48328/tudatalib-937 we provide all results (memory kernels, VACFs etc.)
as text files. We also provide input data for the AA model and the CG models discussed in this work
including tabular potentials and the coupling matrices for the application of the auxiliary variable GLE
thermostat.

At https://github.com/vklip/IOMK we provide a minimal working example for the application of the
IOMK method to derive optimized GLE thermostat models, based on the IBI potential. An implementation
of the IOMK method within the VOTCA software will be developed at https://github.com/vklip/votca-iomk.
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Supporting Information

In the supporting information we discuss the relation of the IOMK and the IMRV-2 to the Newton method.
Additionally, we present most of the data shown in the main text alongside the results for two additional
CG potentials which is an IBI potential where we applied a pressure ramp (IBI-p) and the well known
SW-type model due to Molinero et al.[250] (MW).

In Fig. 6.11 we show the CG pair potentials derived for this study and in Fig. 6.12 we compare the
structure (in terms of the RDF and the angular distribution function) of all CG water models with SPC/E
water. In Fig. 6.13 we show all memory kernels derived from the BOD-method and, where applicable,
the optimized IOMK memory kernels. In Fig. 6.14 we show the VACFs from CG-MD simulations for all
CG potentials. In Figs. 6.15-6.17 we show the VACFs from CG GLE thermostat simulations, including
parameterizations of the GLE thermostat withKδ(t) andKδ,X(t) = Kδ(t)+KX(t). In Fig. 6.18 we compare
the memory due to conservative interactions in the SW-RE and the MW model to the predictions (KC(t))
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due to the BOD-method, to demonstrate why for these models a meaningful parameterization of the
GLE thermostat, using K̃(t) is not possible. In Fig. 6.19 we again show all VACFs and the corresponding
integrals (D(t) =

∫︁ t
0 dsCV V (s)) to compare long time diffusion coefficients. In Fig. 6.20 we summarize the

modeling errors of all CG models, including the IBI-p and the MW models.
In Fig. 6.21 we visualize the convergence of the IOMK, IMRV-1 and IMRV-2 method. In Figs. 6.22

and 6.23 we show the results for the IOMK and IMRV-2 method with alternative initial guesses. In Figs.
6.24-6.26 we show the results for the IOMK method for the SW type potentials.

In Figs. 6.27-6.38 we show all VHFs and in Fig. 6.39 we summarize the modeling errors of the VHFs
for all models, including the results for the IBI-p and MW models.

6.6 Supporting Information

6.6.1 Overview of Supporting Information

In the following supporting information we present additional data, not presented in the main text to
allow to focus on the key results. Most of the data shown in the main text, is duplicated in this supporting
information, to allow for a direct comparison to the additional data.

In the main text, we discussed CG models using four different CG potentials (FM, IBI, SW-FM, SW-RE).
We additionally studied an IBI model, for which we applied a pressure correction (IBI-p) and the prominent
top-down parameterized Stillinger-Weber type Molinero water (MW) model.[250] We applied the same
techniques described in the main text to study these models.

Additionally, in Sec. 6.6.2 we discuss the relation of the IOMK method and the IMRV-2 method to the
Newton method.

6.6.2 The IOMK and IMRV Method as Quasi-Newton Iterations

Some general remarks and notations

The Newton method is a numerical algorithm to find the root of a function, or in its multi dimensional
generalization to find a solution for a system of equations. In its generalized form, Newton’s method in
vector notation is given by

xxxi+1 = xxxi − (JJJ(xxxi))
−1yyy(xxxi) = xxxi − JJJ−1

i yyyi (6.27)
where yyy is the vector of functions for which the roots have to be found, xxx a vector of parameters to

optimize and JJJ is the Jacobian and the subscript i denotes the current iteration. The Jacobian, a NxN
matrix, for the i-th iteration is given by

JJJ i = JJJ(xxxi) =

⎡⎢⎢⎣
∂yi,1
∂xi,1

· · · ∂yi,1
∂xi,N... . . . ...

∂yN
∂xi,1

. . .
∂yi,N
∂xi,N

⎤⎥⎥⎦ . (6.28)

We denote distinct entries in the Jacobian as

Ji,nm =
∂yi,n
∂xi,m

(6.29)

where yi,n and xi,m are the n-th and m-th element of the vectors xxxi and yyyi respectively. We use a
analogue notation for all other vectors and matrices in the following sections.
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The IOMK method as quasi-Newton iteration

In the IOMK method we want to minimize the residual between Gtgt(t) and GCG(t) with respect to
the thermostat memory kernel G̃(t). These time-dependent functions are discretized in the numerical
implementation, so we can represent them as vectors in which the n-th element of the vector corresponds
to time t = (n− 1)∆t with n = 1, ..., N .

yyyi =GGGCG
i −GGGtgt (6.30)

xxxi =GGG̃i (6.31)
For this inverse problem, the exact Jacobian is not known, so it has to be approximated.

To do so, we start from the ansatz

GCG
i (t) ≈ a(t) + (1 + b(t))G̃i(t) (6.32)

or written in vector notation

GGGCG
i ≈ aaa+ (III + bbb̂)GGG̃i. (6.33)

Here III is the identity matrix and

bbb̂ =

⎡⎢⎢⎢⎢⎣
b1 0 · · · 0

0 b2
. . . 0

... . . . . . . ...
0 0 · · · bN

⎤⎥⎥⎥⎥⎦ . (6.34)

As III + bbb̂ is a diagonal matrix, the approximate Jacobian is given by Ji,nm = 1 + bn for n = m and
Ji,nm = 0 for n ̸= m. Eq. 6.33 implies that the update of every entry G̃i,n is independent of all other entries
G̃i,m and we can write

G̃i+1,n = G̃i,n − (1 + bn)
−1(GCG

i,n −Gtgt
n ). (6.35)

Finally, we replace (1 + bn) by GCG
i,n −an

G̃i,n
to get the quasi-Newton update

G̃i+1,n = G̃i,n − G̃i,n

GCG
i,n − an

(GCG
i,n −Gtgt

n ) (6.36)

which can be reformulated as

G̃i+1,n = G̃i,n −
GCG

i,n −Gtgt
n

GCG
i,n − an

G̃i,n

=

(︄
1−

GCG
i,n −Gtgt

n

GCG
i,n − an

)︄
G̃i,n

=
Gtgt

n − an

GCG
i,n − an

G̃i,n.

(6.37)

This recovers the original formulation of the IOMK method
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G̃i+1(t) =
Gtgt(t)− a(t)

GCG
i (t)− a(t)

G̃i(t). (6.38)

Note that from Eq. 6.35 to Eq. 6.36 we reintroduced a dependence of the Jacobian on the current iteration.
Thus the IOMK method is a quasi-Newton scheme, where an approximate Jacobian is used based on
Eq. 6.32. From numerical experiments for Markovian CG water models we found that Eq. 6.32 is very
well justified for the tested case, in the Markovian limit. If Eq. 6.32 were exact, the IOMK method would
be an exact Newton scheme, applied to a linear problem and always yield to convergence within a single
iteration. The number of required iterations will naturally grow if the relation between GCG(t) and G̃(t)
becomes non-linear or if the cross-terms of the (unknown) exact Jacobian become significantly large.

Note that the IOMK method can also be understood as a variation of a secant method. The secant
method for the given problem reads

G̃i+1,n = G̃i,n − G̃i,n − G̃i−1,n

GCG
i,n −GCG

i−1,n

(GCG
i,n −Gtgt). (6.39)

By fixing one point of the secant, by replacing G̃i−1,n by 0 and accordingly GCG
i−1,n by an, again the

IOMK method can be directly recovered.
In general, both exact and approximate Newton methods can become unstable under certain conditions,

especially if the initial guess is far from optimal and the optimization problem is highly non-linear. For now
it is unclear if under relevant conditions the IOMK method might become unstable.

In the following, by considering hypothetical non-linear relations between ∆GCG(t) and G̃(t) we will
visualize the IOMK process to better understand the IOMK method in non-ideal applications.

In the most general case, we can write

GCG
n = an + G̃n + fn(GGG̃), (6.40)

where an + G̃n represents the effective integrated single particle memory kernel for the idealized case
where∆GCG(t) = a(t) and is therefore independent of G̃(t). The function fn(GGG̃) captures all non-idealities,
including linear and non-linear contributions from G̃n and potential codependencies between GCG

n and
G̃m for m ̸= n.

Let us consider the following cases:

a) GCG
n = an + G̃n + 4

√︂
G̃n (6.41)

b) GCG
n = an + G̃n + 2 sin

(︂
G̃n

)︂
(6.42)

c) GCG
n = an + G̃n + 0.1G̃

2
n (6.43)

d) GCG
n = an + G̃n + 0.5G̃

3
n (6.44)

The IOMK iterations for these cases are visualized in Figs. 6.10 a)-d), whereby we set an = 1, G̃0,n = 20,
Gtgt

n = 10.
From Fig. 6.10 it is evident that for non-linear problems the update of the IOMK method is determined

by the x-intercept of the secant determined by the points (0,an −Gtgt
n ) and (G̃i,n, G

CG
i,n −Gtgt

n ). We find,
that for Eqs. 6.41-6.43 (Fig. 6.10 a)-c)) the IOMK update finds the root within a few steps. Herein case b)
is of particular interest, as the presence of many local extrema would cause problems in an exact Newton
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Figure 6.10: Results for the IOMK method, applied to the functions given by Eqs. 6.41-6.44. The black line
is the function for which the root has to be found, the colored markers show the points of
respective iterations and the colored dashed lines show the secant which determines the
update step.

method if the initial guess is far from the optimum, as the step size would become infinitely large at the
extrema. For very strong non-linearities on the other hand, as in Eq. 6.44, the IOMK update can lead to
stable oscillations, which prevent the process from finding the root.

In summary, for linear problems the IOMK method is an exact Newton update, whereas for non-linear
problems it can be understood as a modified secant method. In practical problems, the performance of the
IOMK will depend on the magnitude and type of non-linearities and can be either more or less stable than
an exact Newton method. The relevance of this insights for practical applications in coarse-graining can
not be easily predicted and more testing has to be done in future research.

The IMRV-2 method as quasi-Newton iteration

In the IMRV-2 method, effectively the first derivative of the VACF is used as target. In this section, we thus
redefine ϕ(t) as

ϕ(t) =
CV V (t+∆t)− CV V (t)

∆t
. (6.45)

Accordingly, in discretized vector notation, yyy reads

yyy = ϕϕϕ−ϕϕϕtgt. (6.46)
The input vector xxx is given by
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xxx =KKK̃. (6.47)

The vector notation of the IMRV-2 update reads

xxxi+1 = xxxi + α
M

kBT
hhĥiyyyi, (6.48)

whereby

hhĥi =

⎡⎢⎢⎢⎢⎣
hi,1 0 · · · 0

0 hi,2
. . . 0

... . . . . . . ...
0 0 · · · hi,N

⎤⎥⎥⎥⎥⎦ . (6.49)

Thus, with the window function

hi(t) =

⎧⎪⎨⎪⎩
1, if t/tcorr ≤ i

2

1− t/tcorr + i/2, if i/2 < t/tcorr < i/2 + 1

0, if t/tcorr ≥ i/2 + 1,

(6.50)

the Jacobian is approximated by

JJJ i ≈ −kBT

αM
hhĥ
−1

i . (6.51)

Similar to the IOMK method, the assumed approximate Jacobian in the IMRV-2 method is diagonal.
Also the Jacobian does not depend on the input vector xxx, and the slope for every time at any given iteration
is predetermined by the parameters tcorr and α. While a proper tuning of tcorr and α allows to iteratively
improveKKK̃ in successive iterations, without a good understanding of the relation betweenKKK̃ and ϕϕϕ, rapid
convergence cannot be guaranteed. In our numerical experiments, we tuned α and tcorr such that the
initial iterations yields rapid changes without introducing instabilities. Still, in subsequent iterations the
rate of change strongly decreases.

Deriving an exact Newton scheme for IMRV-2

Let us now consider how an exact newton scheme for the IMRV-2 method could be in principle derived.
The strategy we use here is to first establish a relation between ϕϕϕ andGGGCG =GGG̃+∆GGGCG .

To do so, we use the Volterra equation

CV V (t) = CV V (0)−
∫︂ t

0
dsGCG(t− s)CV V (s) (6.52)

which can be discretized using the trapezoid rule as

CV V,n = CV V,1 −∆t
n∑︂

m=1

αmGCG
1+n−mCV V,m, (6.53)
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wherein t = (n+ 1)∆t, α1 = αn = 0.5 , αm = 1 for m ̸= n and m ̸= 1. To conform with the definition of yyy,
we multiply Eq. 6.53 by −1, add CV V,n+1 and divide by ∆t.

ϕn =
CV V,n+1 − CV V,n

∆t

= −CV V,1/∆t+ CV V,n+1/∆t+

n∑︂
m=1

αmGCG
1+n−mCV V,m

(6.54)

In vector/matrix notation we thus have

ϕϕϕ = − 1

∆t
CCC0

V V +
1

∆t
MMMCCCV V +

1

∆t
GGĜCCCV V . (6.55)

where C0
V V,n = CV V (t = 0) = CV V,1 for all n, and

GGĜ =

⎡⎢⎢⎢⎢⎣
0.5∆tGCG

1 0 . . . 0

0.5∆tGCG
2

. . . . . . ...
... . . . . . . ...

0.5∆tGN ∆tGCG
N−1 . . . 0.5∆tG1

⎤⎥⎥⎥⎥⎦ (6.56)

and

MMM =

⎡⎢⎢⎢⎢⎣
0 . . . . . . 0

1
. . . . . . ...

... . . . . . . ...
0 . . . 1 0

⎤⎥⎥⎥⎥⎦ . (6.57)

With this definition of the matrix M, we assume that CV V,n = 0 for n = N , with N being the total number
of entries in CCCV V .

We can also rewrite Eq. 6.53 as a vector/matrix relation as

CCCV V = CCC0
V V −GGĜCCCV V (6.58)

and thus

CCCV V = (III +GGĜ)−1CCC0
V V (6.59)

By combining Eq. 6.59 and Eq. 6.55, we get

ϕϕϕ = − 1

∆t
CCC0

V V +
1

∆t
MMM(III +GGĜ)−1CCC0

V V +
1

∆t
GGĜ(III +GGĜ)−1CCC0

V V

=
1

∆t
(−CCC0

V V + (MMM +GGĜ)(III +GGĜ)−1CCC0
V V )

(6.60)

The inverse matrix (III +GGĜ)−1 can be evaluated from the characteristic polynomial of (III +GGĜ) and thus

ϕϕϕ =

1

∆t

⎛⎝−CCC0
V V + (MMM +GGĜ)

⎛⎝− 1

det
(︂
III +GGĜ

)︂ N∑︂
n=1

cn(III +GGĜ)n−1

⎞⎠CCC0
V V

⎞⎠ .
(6.61)
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From GCG
1 = 0 it follows that det

(︂
III +GGĜ

)︂
= 1. Similarly the the coefficients cn of the characteristic

polynomial of (III +GGĜ) can be easily computed because (III +GGĜ) is a triangular matrix where the diagonal
elements are 1. The coefficients are given by

cn = (−1)N−n

(︃
N
n

)︃
, (6.62)

where
(︃

N
n

)︃
is a binomial coefficient. Thus Eq. 6.61 can finally be transformed into

ϕϕϕ =

1

∆t

(︄
−III + (MMM +GGĜ)

(︄
N∑︂

n=1

(−1)N−n−1

(︃
N
n

)︃
(III +GGĜ)n−1

)︄)︄
CCC0

V V

(6.63)

Any further formal derivation of an exact Newton scheme for the IMRV-2 method becomes notationally
cumbersome, so we will only sketch the remaining steps and make some general remarks.

Up to now we only have derived a relation between ϕϕϕ and GGGCG. To derive a relation with respect
toKKK̃, by using the trapezoid rule, we can set GCG

1 = 0 and replace every entry GCG
n with n ̸= 1 in GGĜ by

GCG
n =

∑︁n
m=1 αmKCG

m =
∑︁n

m=1 αm(K̃m +∆KCG
m ). Finally one would have to derive the Jacobian, so one

would have to compute every partial derivative

Jnm(xxx) =
∂yn
∂xm

=
∂ϕn − ϕtgt

n

∂K̃m

=
∂ϕn

∂K̃m

. (6.64)

As in general, as can be seen from Eq. 6.63, ϕn depends on higher powers of the entries in KKK̃, also the
Jacobian will non-linearly depend on the entries of KKK̃. Furthermore, the Jacobian will clearly involve
non-trivial non-diagonal terms. Due to these complications, it is not a-priori clear if, and how efficiently, an
exact Newton method for the chosen problem would converge. Additionally, one would have to evaluate
partial derivatives of the form

∂∆KCG
n

∂K̃m

. (6.65)

As there is no known exact relation between ∆KCG(t) and K̃(t), some approximation has to be invoked
for multi-particle systems. One could make use of the same approximation used in the IOMK method,
which would in principle allow for a closed form for a quasi-Newton scheme with a well defined Jacobian.
If this approximation holds true exactly, both the IOMK method and the reformulation of the IMRV-2
approach would constitute exact Newton methods. Because the relation between the target function and
the optimized function in the IOMK method is so simple, the formulation of the IOMK method in such a
case guarantees convergence within a single step while for the Newton variant of the IMRV-2 method the
Jacobian would still be non-linear in the input function and will have non-trivial non-diagonal elements
and thus convergence is not guaranteed even in an ideal case.

Summary

The preceding discussion hints to the origin of the favorable properties of the IOMK method, compared to
IMRV-2. By directly optimizing one integrated memory kernel GCG(t) through another integrated memory
kernel (G̃(t)) we greatly simplify the relation between the input and the output function and thus a simple
path to the optimal input can be found more easily. Even when using exactly the same approximations and
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Figure 6.11: Coarse-grained pair potentials.

assumptions, the relation between input and output in the IMRV-2 method are much more complex and the
optimization of the input automatically becomes less efficient, even if one would take the considerations of
the preceding sections into account. The IMRV-2 method as described in Ref. [30], invokes a Jacobian which
is independent onKKK̃i, neglecting the the complex relation between ϕϕϕi andKKK̃i and thus its performance is
fully determined by tuning parameters.

6.6.3 Pair Potentials and Structure

In Fig. 6.11 we present the CG pair potentials derived using the VOTCA-CSG software.[202] IBI potentials
tend to yield too high pressures. Applying a pressure ramp in the derivation of the IBI-p potential reduces
the pressure by making the potentials more attractive, without significantly affecting the structure under
NVT conditions.

Now we want to evaluate the accuracy of the six CG models in reproducing the structure. In Fig. 6.12
we compare the radial distribution function (RDF) and the angular distribution function (ADF) of the CG
models and the AA reference. The ADF is given by

P (Θ) =

⟨︄
1

NinΘ

Ni∑︂
i

nc∑︂
j

nc∑︂
k>j

δ(Θ−Θijk)

⟩︄
, (6.66)

where Ni is the number of molecules, nc is the number of neighbor around an atom i within the cutoff
radius of 0.32 nm, Θijk is the angle formed by the connecting vector of molecules i and j to the connecting
vector between molecules i and k. nΘ is given by the total number of angles evaluated in the respective
frame.

The IBI and the IBI-p model both reproduce the pair structure exactly, as expected. FM yields a CG
potential which shows a significantly lower first peak in the RDF and overall yields less structuring. This is
inline with findings in literature.[238] Adding three-body contributions allows to achieve a more accurate
pair-structure using the FM-method,[238] as is demonstrated with the SW-FM model. This indicates, that
the MB-PMF is overall better captured in this model. Also the SW-RE model captures the main features of
the pair structure quite well. In particular the first peak is matched. The MW model does not reproduce
the structure of SPC/E water, as it was parameterized top-down to recover properties of real water and not
to reproduce SPC/E water. The MW model is thus a very good water model but a bad CG SPC/E water
model.[249]

In SPC/E water, the maximum of the ADF is found at 104°, which is close to the tetrahedral angle of
109.5°. A minor secondary peak is found at 56 °. For all two-body CG potentials we find that the ADF is
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Figure 6.12: RDFs and ADFs of the CG models compared to SPC/E water (AA). In a) and c) we compare
the RDFs and ADFs for the pair potentials. In b) and d) we compare the RDFs and ADFs for
the SW-type potentials.

not well captured. For the IBI model, we find that the location of the two peaks are well captured, but
the relative intensity is interchanged. The lower angle configurations are thus less penalized in the IBI
model. The ADF of the FM model is comparable to the IBI model, but shows a slightly shifted and broader
second peak. The three-body potentials yield a stronger penalization of small angles, effectively yielding a
more pronounced peak at θ > 100. Qualitatively the SW-FM and the SW-RE model capture the ADF very
well, inline with the literature.[238, 249] The MW model shows a significant overstructering in the ADF
compared to the AA model.

Overall, the structural properties in our simulations are well inline with previous findings in literature,
validating the correct implementation of the models.

6.6.4 Memory Kernels

In Fig. 6.13 in the left column we present the memory kernels and its contributions as derived based on
the BOD method for all six CG potentials. We also show K̃(t) = Kδ(t) + 2KX(t) and, where applicable,
the optimized memory kernel from the IOMK method. (Here we respectively show the memory kernel of
the fourth iteration.) In the right column we show the integrals, of the memory kernels, to discern the
relative contribution to the total friction.
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Figure 6.13: Left column: all memory kernels due to the BOD method for all potentials. We also show K̃(t)
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Å

2
fs

−
2

AA

FM

IBI

IBI-p

0 250 500

t/fs

AA

SW-FM

SW-RE

MW
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column) compared to the AA refer-
ence.

6.6.5 Dynamics of Non-Dissipative Models

In this section, we study the dynamics of the different CG models using standard molecular dynamics
simulations, without taking dissipation into account. This allows to get an basic intuition of the influence
the different conservative potentials have on the dynamics of the final GLE models. In Fig. 6.14 the VACFs
for the two-body and three-body respectively are compared with the AA reference.

For the IBI model, between 75 fs and 150 fs the VACF exhibits a pronounced kink. This feature is
present on a comparable time scale, as the first local minimum and local maximum of the AA VACF. For
the FM model, no comparable feature is found. This can be explained by the fact that the FM model is
less structured than the IBI model, exhibiting a lower first peak in the RDF. The dynamics at 75-150 fs is
thus probably linked to the collisions of the water molecules within cage of neighboring water molecules.
The three-body potentials all yield significantly more pronounced features on this time scale which is
related to the increased tetrahedral structuring. In particular the VACF of the SW-FM and the SW-RE model
qualitatively reproduce the position of the first local minimum and the local maximum of the VACF of in
the AA model. On times smaller than 100 fs the VACF of the FM model decays significantly slower than for
the IBI model.

The VACFs of the SW-type models shown in Fig. 6.14 exhibit additional distinguished features. In
particular the VACFs here show a local minimum around 100 fs. This feature is also found in the AA model.
This indicates that this feature in the AA reference can, at least partially, be attributed to features in the
MB-PMF and is not purely due to the internal DoFs. Still, as shown in the main text, K̃(t) encodes these
features and allows to correct the VACF on these time scales.

6.6.6 Dynamics of Dissipative Models

In Figs. 6.15-6.17 we present the VACFs for all bottom-up parameterizations based on the BOD method
(Kδ, Kδ,X = Kδ +KX and K̃ = Kδ + 2KX) for all CG potentials (including IBI-p and MW). This allows to
discern the effect of including or excluding the cross-correlation term KX(t) in the parameterization of
the GLE thermostat. In the left column Fig. 6.19 we show the VACFs of all studied models, including the
IOMK models (for IBI, SW-FM, SW-RE and MW), while we respectively show the the fourth iteration. For
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Å

2
fs

−
1

KC(t)

∆KCG(t)

KC(t)

∆KCG(t)

Figure 6.18: Memory due to conservative interactions (∆KCG(t)) the the SW-RE and the MW model, in
GLE thermostat simulations parameterized with Kδ,X(t), compared to the prediction due to
the BOD method (KC(t)).

the IBI potential we also present the VACF of the Markovian model mentioned in the main text. In in the
right column of Fig. 6.19 we present the integrals D(t) of the respective VACFs. The plateau values of D(t)
represent the diffusion coefficient.
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Å

−
2
fs

−
1IBI

0.0

0.5

1.0

V
A
C
F
/
1
0
−
5
fs

−
2 IBI-p CG-MD

Kδ

Kδ,X

K̃

AA

0.0

2.5

5.0

7.5

D
(t
)/
1
0
−
4
Å
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Figure 6.19: All VACFs (left column) and respective integrals D(t) (right column) for all CG potentials and
GLE thermostat parameterizations, including the optimized Markovian IBI model, compared
to the AA reference.
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Figure 6.20: Error estimate of the VACF, for all CG simulations.

For all pair potentials, and for the SW-FM model, the K̃-model yields the most accurate representation
on short and intermediate time scales, which is inline with earlier findings.[33, 34] In particular the shape
of the VACF at ≈70-150 fs is modulated by introducing KX(t), such that the match with the AA reference
is significantly improved. For t > 250 fs the Kδ,X models tend to perform better. For the SW-RE model
and the MW model, a meaningful parameterization with K̃(t) is not possible. This is directly evident by
comparing GC(t) and G(t) in Fig. 6.13. For these two models the BOD method predicts that GC(t) > G(t),
which is incompatible with the fluctuation-dissipation theorem and incompatible with the idea that the
reduction of DoFs should decrease friction. This indicates that the BOD method clearly overestimates the
friction induced due to conservative interactions, which we can validate by comparingKC(t) with∆KCG(t)
for the SW-RE and the MW models (in Kδ,X -simulations) as shown in Fig. 6.18.

Interestingly, by considering Kδ,X(t) for the SW-RE potential, very good results can be achieved.
Arguably this is, to some extent, due to error cancellation. The complete neglection of KX(t), by parame-
terizing the GLE thermostat using Kδ(t), always yields significant discrepancies.

As discussed in the main text and as can be seen from the plateau values of D(t) in Fig. 6.19, the
diffusion coefficient is typically overpredicted with K̃(t). Using Kδ,X(t) instead generally, at least for the
pair potentials, tends to underpredict the diffusion coefficient. Still, for practical purposes, Kδ,X(t) might
be a reasonable estimate for the parameterization of CG GLE models as it can be readily derived from
alternative approaches.[33]

A summary of the error estimates for all studied models is shown in Fig. 6.20.

6.6.7 Further Results from the IOMK Method

Convergence

In Fig. 6.21 we present the error χV ACF for the the three iterative methods (IOMK, IMRV-1, IMRV-2), over
successive iterations. In this representation, one can see clearly that the IOMK method converges much
faster that the IMRV-2 method, while the IMRV-1 diverges.
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Figure 6.21: Here we illustrate the convergence properties of the three applied iterativemethods by plotting
the estimated error against the iteration.

Alternative initial guesses

In the main text we discussed, that the IOMK method can also be applied with alternative initial guesses for
the memory kernel. A prominent estimate for such a memory kernel can be readily computed from the force-
correlation function of fluctuating forces δF [36, 39] and is given by G̃0(t) =

∫︁ t
0 dsCδFδF (s)/(MIkBT ). To

further test the dependence of the convergence of the IOMK method on the initial guess, we also considered
G̃0(t) =

∫︁ t
0 ds0.1 · CδFδF (s)/(MIkBT ) as initial guess. The results for both the IOMK and the IMRV-2

method are given in Figs. 6.22 and 6.23, respectively. We find that the number of needed iterations does
not strongly depend on the initial guess, for either of the two methods. The IOMK-method again converges
within the first few steps, while the IMRV-2 method needs roughly ten times as many iterations to yield
comparable results.

IOMK for SW-type potentials

In the main text we discussed the IOMK models for the SW-FM and the SW-RE potentials. In Figs. 6.24
and 6.25 we present the VACFs and the integrals D(t) for all iterations. We find that also for the SW-type
potentials the IOMK-method yields satisfactory results within few iterations.

We also applied the IOMK method to the top-down MW model. By trying to match the dynamic
properties of SPC/E water in combination with an empirical CG model one has to consider the caveat,
that it is not guaranteed that a parameterization of the GLE thermostat can be found to match the SPC/E
water dynamics exactly. Still, as the SPC/E model reproduces some dynamic properties of real water quite
accurately,[243, 249] matching the dynamics of SPC/E water with MW would simultaneously allow to
derive a model more closely representing experiments.

In Fig. 6.26 we show the results from applying the IOMK-method to the MW model. The MW water
model, on certain time scales, exerts friction due to conservative interactions exceeding the total friction in
the SPC/E model. The IOMK-method in such a case yields memory kernels, which are not easy to fit with
dampened oscillators. Thus we could not derive a GLE thermostat parameterization which yields an exact
match of the target VACF. Still, the IOMK-method allows a closer representation of the reference and in
particular allows to match the plateau of the integral of the VACF and thus the diffusion coefficient.
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Figure 6.22: Results for iterative optimization of memory kernels for the IBI model. a) and b): Comparison
of the VACF for the IOMK and IMRV-2 method, respectively. c) and d): Comparison of D(t)
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Å

2
fs

−
1

c)

0 500 1000 1500

t/fs

d)

Figure 6.23: Results for iterative optimization of memory kernels for the IBI model. a) and b): Comparison
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Å

2
fs

−
1

b)

Figure 6.24: Results for iterative optimization of
memory kernels by means of the
IOMK-method for the SW-FM model.
a): VACFs of successive iterations. b):
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Å

2
fs

−
1

b)

Figure 6.25: Results for iterative optimization of
memory kernels by means of the
IOMK-method for the SW-RE model.
a): VACFs of successive iterations. b):
D(t) of successive iterations. Here
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Figure 6.26: Results for iterative optimization of memory kernels by means of the IOMK-method for the
MW model. a): VACFs of successive iterations. b): D(t) of successive iterations. Here
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6.6.8 Van Hove Function

In the main text we have presented the distinct Van Hove function (VHF) for a limited set of studied
systems. Here we show the VHF for all CG models, compared to the AA reference, including the FM and
the MW model, which do not correctly represent the pair-structure of the AA reference and thus naturally
cannot fully capture the structural relaxation (at least on short time scales). For completeness we also show
the VHF for the IBI-p models, while the IBI and the IBI-p model do not show any significant deviation
on any measure studied in this work. In Figs. 6.27, 6.29, 6.31, 6.33, 6.35 and 6.37 we show all VHFs
for the FM, IBI, IBI-p, SW-FM, SW-RE, and MW models in the same representation as in the main text,
and in Figs. 6.28, 6.30, 6.32, 6.34, 6.36 and 6.38 the respective slices at R = 0.278 nm and R = 0.2 nm.
Finally, in Fig. 6.39 we summarize the errors χV H as defined in the main text, including the FM-, IBI-p-
and MW-modles.

The results for the IBI-p models do not differ significantly from the results for the IBI models.
For the FM and the MW model we find, that due to the difference of the pair structure compared

to the AA reference, the VHF cannot be matched on short time scales. Still, the application of the GLE
thermostat, parameterized with K̃(t) (FM) or Kδ,X(t) (MW) significantly improves the match of the
structural relaxation with the AA reference. In particular, the relaxation of the first peak, beyond a certain
time scale, is well matched in both cases.

The optimization of the MW model with the IOMK method further improves the match with the AA
reference for the MW potential, especially for shorter length scales.
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Figure 6.27: Distinct VHF for all FM models, com-
pared to the AA reference.
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to the AA reference.
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Figure 6.29: Distinct VHF for all IBI models, com-
pared to the AA reference.
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Figure 6.30: Distinct VHF at a)R = 0.276 nmand b)
R = 0.2 nm, all IBI models compared
to the AA reference.
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Figure 6.31: Distinct VHF for all IBI-p models, com-
pared to the AA reference.
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Figure 6.32: Distinct VHF at a) R = 0.276 nm and
b) R = 0.2 nm, all IBI-p models com-
pared to the AA reference.
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Figure 6.33: Distinct VHF for all SW-FM models,
compared to the AA reference.
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Figure 6.34: Distinct VHF at a) R = 0.276 nm and
b)R = 0.2 nm, all SW-FMmodels com-
pared to the AA reference.
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Figure 6.35: Distinct VHF for all SW-RE models,
compared to the AA reference.
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Figure 6.36: Distinct VHF at a) R = 0.276 nm and
b) R = 0.2 nm, all SW-RE models com-
pared to the AA reference.
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Figure 6.37: Distinct VHF for all MW models, com-
pared to the AA reference.
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R = 0.2 nm, all MWmodels compared
to the AA reference.
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7 Preliminary Results and Conceptualization of Ideas
for Future Research

In this chapter, preliminary results and ideas for not yet fully solved problems are discussed. In Sec. 7.1, the
potential hurdles in applying the IOMK method to systems with bonds on the CG scale are discussed and
potential solutions proposed. In Sec. 7.2, a reformulations of the IOMK-method in terms of a Gauss-Newton
method is proposed, which would allow for a direct optimization of parameters in an auxiliary variable
GLE-thermostat rather than optimizing the memory kernel in a non-Markovian GLE.

7.1 Extending the IOMK-Method for Mapping Schemes Involving Bonds

In the previous chapters, only mapping schemes were considered in which no bonded interactions are
present on the CG scale. In coarse-graining soft matter systems, e.g. polymers, depending on the properties
of interest, it may be desirable to retain a certain degree of detail in the CG model, such that the molecular
nature of the studied system is preserved. In such cases, it was shown that additional complications in
dynamic coarse-graining can occur.[65] The specific complications may depend on the chosen EoM and on
the strategy in its parametrization. This is why in this section one of the systems described in Ref. [65] is
revisited.

Deichmann in Ref. [65] applied a bottom-up strategy for the parameterization of different CG Marko-
vian DPD models for neopentane and N-mers of neopentane repeat units. While this work was very
successful in the development of CG models which faithfully represent diffusion coefficients in the systems
with low viscosity (monomeric and dimeric liquids and a low concentration polymer solution), this could
not be achieved in systems with high viscosity (the polymer melt, high concentration polymer solution
and penetrant diffusion in polymer networks). Interestingly, even in the case of the dimeric liquid, the
correct representation of the diffusion coefficient does not seem to translate to a correct representation of
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Figure 7.1: a) Comparison of the radial distribution function between the COM of NEP units and b) bond
distribution for FG and CG simulations of DNEP.
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rotational dynamics of the molecules.
To better understand the origin of this shortcoming, the IOMK method is extended in this section for

systems with bonds on the CG level, by revisiting the dimer system (dineopentane (DNEP)) of Ref. [65].
The FG reference system is modeled by using the TraPPE-UA[252] force field with flexible bonds.

As the previous chapters indicate, an exact match of structural properties usually also improves
dynamic properties. Thus the CG interactions are derived using the IMC method,[10] as implemented in
the VOTCA[202] software package. In Fig. 7.1, the structural properties in terms of the RDF (g(R)) and
the bond length probability distribution (P (R)) are compared between the FG and the CG model and it is
found that structural properties are successfully reproduced.

7.1.1 High Frequency Modes in Bonded Mapping Schemes

In Fig. 7.2 the VACFs from FG simulations are shown, both for the center-of-mass (COM) motion of the
whole molecule, and for the CG beads based on the mapping scheme of Ref. [65].

While the VACF for the COM-mapping is very smooth, as is the case for all systems studied in the previous
chapters, for the two-bead mapping the VACF shows high-frequency modes induced by intramolecular
interactions between the mapped beads. With a naive application of the IOMK method, the target effective
memory kernel would be given by the inversion of the VACF (see Eq. 3.33) of the two-bead mapping. The
respective integrated memory kernel G(t) is shown in Fig. 7.3 a) (FG two-bead), alongside the integrated
memory kernel for the COM mapping and a CG-MD simulation.

As expected, the memory kernel for the COM mapping is very smooth, and would make an easy target
for the IOMK method. The memory kernel for the two-bead mapping scheme on the other hand, appears
to be noisy. The direct comparison of the two memory kernels implies that the origin of the high-frequency
modes lies in the intramolecular interactions. Due to Newton’s third law, intramolecular interactions do
not have any direct effect on the center of mass motions of the molecule, as all intramolecular forces
are symmetrically counteracted by an equal counterforce. The motion of the individual bead however
contains high-frequency components due to its intramolecular bond defined by the two-bead mapping.
Now the intramolecular forces on the first bead due to interactions with the second bead, do affect the
dynamics of the former. These intramolecular forces are dominated by high frequency bonded interactions.
The single-particle memory kernel (Eq. 3.26) from a FG trajectory with a two-bead mapping captures all
high-frequency intramolecular interactions alongside the interactions with the medium. This results in an
apparently noisy memory kernel as seen in Fig. 7.3 a). Using this memory function as a target in the IOMK
method introduces a set of potential problems. Two technical problems arise from the complexity of the
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mapping scheme based on FG trajectories. For comparison, also the integrated memory kernel
from CG-MD simulations are shown. As the CG model involves a bonded interaction, the
fluctuations induced by the bond are also represented in G(t), leading to strong fluctuations.
b) Fourier-transform of the VACF for the COM and two-bead mapping scheme based on FG
trajectories. For comparison, also results from CG-MD simulations are shown. The CG-MD
results indicate increased diffusivity and a blue shift in the bond frequency at ≈ 200 cm−1.

target memory kernel itself. Firstly, the IOMK method is based on the assumption given by Eq. 3.66, which
was demonstrated to hold very well at long time scales. Still, it is not clear if this relation holds to the same
extent for memory kernels of such a complex form as in the current case. Secondly, a problem arises due to
the fitting of memory kernels needed for the parameterization of the auxiliary variable GLE thermostat. It is
unclear if it is meaningful to attempt to match the high frequency modes to a high degree of accuracy. The
reason for that is that they originate from intramolecular interactions. The simple isotropic GLE thermostat
applied in the current work, cannot capture this fact, as it applies friction and noise independently to
every bead. So even if one were able to capture the correct VACF on the single bead level (in the two-bead
representation) through matching the respective integrated single particle memory kernel, the effect of the
GLE-thermostat would not capture the momentum conserving nature of the interactions from which the
high frequency modes arise. This would predictably lead to spurious features in the COM dynamics.

A more promising strategy might be to neglect the high-frequency interactions due to intramolecular
interactions in the first place. As the goal is to have a CG model it is not necessarily desirable to preserve
all features from the FG scale if they do not affect any relevant features on the CG scale. So the question is,
how can the IOMK method be extended to CG models with bonds, while only targeting the low frequency
modes of the dynamics. Some kind of "smoothing" has to be applied to the memory kernel, and clearly there
are different approaches which could be explored. In the following, a single straight-forward approach is
described.

Firstly, the reference VACF is Fourier transformed (CVV in Fig. 7.3 b)). In this representation, the
features which shall be neglected in the CG process are easy to distinguish. From the Fourier transform
of the CG-MD simulation the bond-stretching mode can be easily identified. This bond-stretching mode
is the lowest frequency mode, which shall be neglected. Thus the Fourier transform is set to zero, for all
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Figure 7.4: Demonstration of the effect of the filtering process on the VACF (a)) and the integratedmemory
kernel (b)) from FG mapped trajectories and CG-MD trajectories.

wavenumbers larger than 133 cm−1. Inverting this altered Fourier-transform back to the time domain,
results in a filtered VACF Cfilt

V V (t) as shown in Fig. 7.4 a), from which smooth integrated memory kernels
Gfilt(t) can be obtained as shown in Fig. 7.4 b).

When using the smoothed integrated memory memory kernels in the IOMKmethod, the target property
to match is now not the full VACF but only the low frequency modes while high frequency modes are either
introduced through bonded interactions or fully neglected as being "irrelevant".

It has to be noted, that this approach is an ad-hoc attempt to treat bonded systems. The complete
neglect of high-frequency modes in the VACF reduces the temperature that the VACF represents. At the
same time, as the evaluation of G(t) from a VACF effectively relies on a normalized VACF (see. Eq. 3.33),
this might not constitute a serious drawback and is worth testing.

The bonded IOMK update scheme can now be summarized as

G̃i+1(t) =
Gtgt

filt(t)− afilt(t)

GCG
i,filt(t)− afilt(t)

G̃i(t), (7.1)

where the subscript filt indicates that the respective integrated memory kernel is derived from a filtered
VACF. By consistently using the same filtering procedure to all integrated memory kernels used as input,
inconsistencies due to the filtering process are mitigated.

7.1.2 Results

The described procedure was applied to optimize a memory kernel for the CG DNEP model with two-bead
mapping.

The resulting (unfiltered) VACFs, after three optimization steps are shown in Fig. 7.5 a), while the
improvement is better visualized as integral (Fig. 7.5 b)) or in Fourier space (Fig. 7.6 a)) .

It is found that indeed by using the filtering technique on the VACFs, the IOMK method can be applied
to at least very well reproduce the low frequency modes on the chosen resolution. The lowest frequency of
the high-frequency modes is introduced by the bonded potential, and is found to be slightly too high and
too sharp.

The question now is if the dynamics of the COM motion of the DNEP molecules is correctly modeled.
In Figs. 7.7 a) and 7.7 b) the COM VACFs and their respective integrals are compared. See Fig. 7.6 b) for
the Fourier transform of the COM VACFs. It is found that the COM dynamics in terms of the VACF can be
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Figure 7.5: a) Two-bead VACFs of GLE and CG-MD simulations compared to the FG reference. b) The
respective integral D(t).
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Figure 7.6: Fourier transforms of FG, GLE and CG-MD simulations of VACFs from a) two-bead and b) COM
representation.
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integral D(t).
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CG-MD simulations.

reproduced quantitatively by using the filtered IOMK method. In comparison, this accuracy cannot be
reached with Markovian DPD models even when the diffusion coefficient is well matched.[65]

Finally, the main purpose of this section is the improve our understanding of the significant problem is
rotational dynamics which was found in the original work of Deichmann.[65] In Fig. 7.8, the normalized
end-to-end autocorrelation function is shown for the mapped AA trajectories and for the GLE and the
standard CG-MD simulations. While the GLE-thermostat leads to an increase of the correlation time
scale of the rotational dynamics compared to the standard CG-MD model, these correlation times are still
significantly too low compared to the FG reference. This shortcoming thus shows persistence between
very different approaches (DPD-thermostat[65] and isotropic GLE-thermostat). The current data allows
for a better understanding of this phenomenon. In the next section, two hypothesis on the origin of the
misrepresented rotational dynamics will be discussed from which a path forward for future research can
be drawn.

7.1.3 Origin of the Speed-Up of Rotational Dynamics in Dissipative Coarse-Grained Models

The role of accurate conservative forces

As stressed many times throughout this thesis, to preserve accurate dynamics in CG models, it is important
to keep in mind that the accuracy of the CG potential plays a significant role for dynamic properties
beyond the diffusion coefficient, even when a dissipative thermostat is carefully optimized. A (in principle)
quantifiable way to asses the quality of a CG potential is how well it reproduces the MB-PMF of the FG
reference system, mapped onto the CG scale. In general, systematic coarse-graining procedures tend to
show reduced potential energy barriers compared to the "real" MB-PMF[15] which can lead to a dynamic
speed-up which cannot be attributed to a lack of friction.

A very nice illustration of one potential mechanism of this reduced energy barriers can be found in the
work of Bereau and Rudzinski.[204] Consider a scenario in which a complex dynamic system gives rise to
a probability distribution P (x, y) of two observables of interest x and y, with corresponding probability
distributions P (x) and P (y). In general, x and y can be correlated, such that

P (x|y = y1) ̸= P (x|y = y2) (7.2)
for two distinct values of y. In such a case, only the individual probability distributions P (x) and P (y) can
be reconstructed by using an additive potential of the form
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U(x, y) ≈ U(x) + U(y). (7.3)
whereby U(x) ∝ −ln(P (x)) and U(y) ∝ −ln(P (y)). With this approximation of the MB-PMF, the joint
probability distribution is approximated by a product as

P (x, y) ≈ P (x)P (y). (7.4)
While this approach guarantees a correct representation of the individual probability distributions, the
neglect of cross-correlations can lead to spurious potential energy minima on the two-dimensional energy
landscape.[204] These can introduce transition paths with lowered energy barriers and thus alter the
relative transition times for the hopping between energy basins in dynamic simulations.[204] Based on
the study of mean-first-passage times of the dihedral dynamics of tetraalanine the authors demonstrated
that it is necessary to consider cross-correlations between intramolecular distances and dihedral angles to
correctly model the relative transition time scales between "extended" and "helical" states.[204]

Similarly, in Chapter 6 of the current work, it was demonstrated that the introduction of many-body
interactions in CG water models allows for a more accurate modeling of dynamic properties.

Based on these considerations, it cannot be ruled out that one contribution to the enhanced rotational
dynamics is due to the choice of too simple pair-wise interactions in the conservative potential used for CG
modeling of DNEP. At the same time, the TraPPE-UA force field does not include any electrostatic interactions
and the NEP repeat unit is close to being spherical. Thus, the relevance of many-body interactions are
expected to be small and errors in dynamic properties cannot be assumed to dominantly stem from the
choice of the CG potential.

Rotational libration and intramolecular memory

In order to better understand the origin of the discrepancies in rotational dynamics between FG and CG
models with type of dumbbell two-bead mapping scheme, it is insightful to consider what mechanisms are
involved in the rotational motion in the mapped representation of FG reference simulations. Bernhardt et
al.[253] carried out such an analysis for a set of molecular liquids, from which relevant insights can be
drawn for the problem of this section.

In Ref. [253] the authors studied the density of state (DoS) of different molecular liquids, while
separating the total DoS into translational, rotational and vibrational contributions. What was found is that
the rotational DoS for the molecular liquids are mainly diffusive showing only low frequency contributions.
By running the same analysis on mapped trajectories, also using a two-body dumbbell mapping scheme as is
the case for the DNEP system of this work, the authors found that the rotational DoS exhibits high frequency
peaks which are not present in the FG representation of the same trajectory. These high frequency peaks in
the mapped rotational DoF occur because vibrational motion on the FG scale can occur as librations of
rotational motion on the mapped scale.

This means that in a mapped FG trajectory, a change of the orientation of a molecule can be governed by
(crudely) two very distinct mechanisms. Firstly, an actual rotation of the whole molecule takes place giving
rise to low frequency and diffusive motion. This mechanism is mainly determined through intermolecular
interactions. Secondly, an intramolecular reorganization, governed mainly by intramolecular bonded and
non-bonded interactions.

While the first mechanism can be in principle represented in standard CG models, the second cannot
be represented with standard CG potentials. This means that the total kinetic energy stored in rotation
motion in the mapped FG system is distributed between diffusive and libration modes. As the libration
modes are quasi-harmonic, they only contribute to fluctuations around some transient mean orientation
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but do not contribute to an irreversible change in orientation. In CG-MD simulations on the other hand,
the total kinetic energy of rotation is stored in diffusive modes and thus a strong increase in orientational
diffusion is observed. In the context of this work, the question is if one can construct a (generalized)
Langevin type thermostat such that these high-frequency libration modes can be mimicked.

A naive straight forward approach would be to just increase the friction in a LE-, GLE-, or DPD-
thermostat, until at least the rough timescale of rotational dynamics is corrected. This approach would
simultaneously dampen translational motion and thus yield errors in diffusivity.

A more promising approach is to distinctly enforce the excitation of modes at the frequency range of
observed librations.

This can in principle be achieved with a GLE. Ceriotti et al. demonstrated, how to deliberately excite
arbitrary modes in molecular simulations using the same GLE-thermostat used in the current work.[153]
This is achieved by constructing a memory kernel which has a δ-like shape in Fourier-space, centered
around the desired frequency.[153] So, with a careful construction of the coupling matrix in the auxiliary
variable GLE-thermostat, one can induce fluctuations at the frequency range of the librations in mapped
trajectories. But as the GLE-thermostat is coupled to every DoF independently, high-frequency modes
would be induced in the overall motion of any DoF, and not specifically in librations.

To target this problem, adjustments to the GLE-thermostat have to be made. In the following, a possible
solution is proposed. The isotropic GLE-thermostat approach is mainly suitable to mimic dissipation and
memory effects due to intermolecular interactions. To directly control rotational and vibrational modes in
CG simulations, intramolecular dissipation and memory effects have to be treated explicitly. In principle,
this can be achieved by adding non-Markovian dissipative interactions between bonded DoFs in a similar
way as in NM-DPD.

FFF b−NM
IJ (t) = −

∫︂ t

0
dsMJKKK

b
IJ(t− s)VVV b

IJ(s) +FFFR
IJ(t) (7.5)

The total bonded non-Markovian (b−NM) force can be split up into a parallel and a perpendicular part
by decomposing the memory matrix accordingly.[27, 28] Then parallel and perpendicular contributions
can be treated independently as

FFF
b−NM,||/⊥
IJ (t) = −

∫︂ t

0
dsMJK

b,||/⊥
IJ (t− s)VVV

b,||/⊥
IJ (s) +FFF

R,||/⊥
IJ (t). (7.6)

By adding these kind of interactions, it should be possible to utilize Ceriotti’s δ-like kernels[153] to
correctly model vibration and libration modes. As the rotational DoS typically has also diffusive modes, the
filtering strategy discussed above can be applied complementary, via explicitly neglecting low frequency
modes, to distinctly model librations via Eq. 7.6. If the frequencies of librations are well separated from
translational modes, the parameterization ofKb,⊥

IJ (t) can be carried out independently of the GLE-thermostat
parameterization, and the modified filtered IOMK strategy can be applied subsequently. Similarly, the blue
shift of the bond stretching mode seen in Fig. 7.6 can be accounted for, by introducing appropriate memory
effects.

7.1.4 Summary

In this section, the problems arising from a naive application of the IOMK method for bonded CG models
were discussed. High frequency modes are present in single-bead based memory kernels in multiple-bead
mapping schemes. A modification based on a filtering of VACFs in Fourier space was proposed, which
allows for a straightforward parameterization of an isotropic GLE-thermostat, with which dynamics on low
frequency scales can be reproduced accurately. In particular, while the GLE-thermostat acts on every CG
DoF independently, it was found that this approach allows for an accurate representation of the center
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of mass dynamics, for which it was not explicitly parameterized. In this respect, the IOMK approach
outperforms the bottom-up DPD approach.[65] At the same time, the timescale of rotational dynamics
could not be fully fixed and the current approach performs comparably to the bottom-up DPD approach
in this respect.[65] To fix this short-coming, libration modes have to be deliberately introduced in the
CG model, as these would take out parts of the rotational energies from diffusive modes and thus restrict
rotational motion in a way which is consistent with the reference system.

Inspired by Ceriotti’s[153] work and non-Markovian DPD,[27, 28] a potential solution was proposed,
which entails the introduction of high-frequency with non-Markovian bonded interactions. This approach
should be compatible with the application of the isotropic GLE-thermostat parameterized with the modified
IOMK method. Working out the details and the implementation of non-Markovian bonded interactions is
out of the scope of this thesis and for now remains a task for future research.

As a final note, one could ask why one should combine an isotropic GLE-thermostat with interactions
similar to NM-DPD, if one could just use a complete NM-DPD description. There are at least three potential
downsides to a full NM-DPD description.

• Up to now, the NM-DPD approach has been only tested on systems without bonds on the CG scale. It
is unclear, how well strategies for extraction of memory kernels in more complex cases perform.

• The NM-DPD EoM involves configuration-dependent memory kernels. The use of NM-DPD assumes a
time-scale separation between configurational changes on the CG scale and typical timescales of the
memory kernels, both in typical parameterization strategies[27, 28] and in CG simulations.[30] The
validity of this assumption has to be tested in chemically specific coarse-graining.

• NM-DPD is in general much more computationally expensive than an isotropic GLE-thermostat, even
if the auxiliary variable approach is utilized. By restricting the use of pairwise memory to bonded
interactions, the computational overhead can be minimized.

7.2 An Iterative Gauss-Newton Method for Optimizing Memory Kernels in
Extended Phase Space

While the IOMK method has been established to be a very efficient procedure, one remaining downside is
that if applied in combination with the auxiliary variable approach the coupling matrix has to be determined
independently in every iteration by fitting G̃i by a sum of several dampened oscillators. While this fitting is
typically computationally cheap compared to simulations, it is a potential source of errors. It would be
convenient, if one could use an optimization scheme which gives a prescription on how to optimize the
auxiliary variable coupling matrix directly. In fact, an approach that does exactly that was proposed by
Wang et al.[32] but compared to the IOMK method, which typically needs less than 5 iterations to achieve
satisfactory results, the method proposed in Ref. [32] relies on up to thousands CG GLE simulations to
find the optimal parameters. Ideally, one should find a way to utilize the efficiency of the IOMK method in
a method which would allow a direct optimization of parameters. In this section, a Gauss-Newton (GN)
method is derived, which in principle would allow to directly optimize the GLE-parameters instead of the
memory kernel, while applying the same assumptions as the IOMK method.

In Sec. 6.6.2, a description of the IOMK method as a approximate Newton method has been established.
A Newton step for minimizing |yyy|2 for some vector yyy with respect to an input vector xxx can be written as

xxxi+1 = xxxi − JJJ−1
i yyyi, (7.7)
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where i indicates the ith iteration step. Such an update can only be used when the Jacobian JJJ is a NxN
matrix, where N is the dimensionality of vectors xxxi and yyyi. When the dimensionalities of the vectors xxxi
and yyyi are not equal, Eq. 7.7 is not applicable.

One can formally derive a Gauss-Newton (GN) method, which allows solve non-linear least-squares
problems where the dimensionality of xxxi is smaller than the dimensionality of yyyi, to directly optimize the
parameters of a sum of Nosc (integrated) dampened oscillators

G̃(t) ≈
Nosc∑︂
i=1

(︃
2
aibi + 2cidi
a2i + 4d2i

−2e−
ait

2 ((aibi + 2cidi) cos(dit) + (aici − 2bidi) sin(dit))

a2i + 4d2i

)︄
.

(7.8)

(Note that in Eq. 7.8 i refers to the ith dampened oscillator, not to be confused with the enumeration of
iterations in e.g. Eq. 7.7) For simplicity, one can start with the case of simple curve fitting of a single-particle
integrated memory kernel Gtgt(t) (orGGGtgt in vector notation). The least-squares problem which needs to
be solved is then given by

min
xxx

{1
2
|GGG̃−GGGtgt|2} = min

xxx
{1
2
|yyy|2}, (7.9)

where xxx = (a1, b1, c1, d1, ..., aNosc , bNosc , cNosc , dNosc)
T The GN update reads as follows:

xxxi+1 = xxxi − (JJJT
i JJJ i)

−1JJJT
i yyyi, (7.10)

where (JJJT
i JJJ i)

−1JJJT
i is the pseudo-inverse of JJJ i. For numerical stability, Eq. 7.10 is typically not explicitly

solved, but rather rewritten in the form of a system of linear equations as

JJJT
i JJJ i(xxxi+1 − xxxi) = −JJJT

i yyyi. (7.11)
Eq. 7.11 can be solved for (xxxi+1 − xxxi) by standard methods for systems of linear equations. For the
minimization problem given by Eq 7.9 the Jacobian JJJ i is defined via

Ji,mn =
∂G̃i,n

∂xi,m
. (7.12)

The partial derivatives can be either evaluated analytically or numerically via finite differences.
As can be seen, at least for the purpose of plain fitting, a GN method can be derived straight-forwardly

for the case of optimizing memory kernel. In practice, additional considerations have to be made:

1. The space of xxx is restricted for physically meaningful models. So appropriate bounds have to be
incorporated into the GN method.

2. A GN method can become numerically unstable, in particular when JJJT
i JJJ i has very small singular

values. In such cases the problem should be regularized.

3. For a simple fitting problem, the Jacobian can be easily evaluated (analytically or numerically via
numerical finite differences) from Eq. 7.8. In order to derive a GN scheme for optimizing memory
kernels for many-body molecular simulations a suitable approximation for the Jacobian has to be
found.
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Concerning 1., the relevant bounds are given by ai > 0, b
2 − cidi

ai
>= 0 and b

2 + cidi
ai

>= 0.[92] (For
numerical stability, it might also be useful to include upper bounds for all variables, in particular for the
frequency di.) In Eq. 7.8,the parameters bi and ci, can be substituted with ei = b

2 − cidi
ai
and fi = b

2 + cidi
ai
.

By redefining xxx accordingly as xxx = (a1, e1, f1, d1, ..., aNo , eNo , fNo , dNo)
T , the GN method can be simply

reformulated. By using this transformed set of variables, strategies to enforce the bounds can be explored.
Concerning 2., different regularization strategies might be explored. A straight-forward way to

regularize Eq. 7.11 is by using a Tikhonov regularization[254] such that the update step reads

(JJJT
i JJJ i + αIII)(xxxi+1 − xxxi) = −JJJT

i yyyi, (7.13)
where α is a small positive constant and III is the identity matrix. By adding a positive constant to the
diagonal elements of JJJT

i JJJ i, in the case where JJJT
i JJJ i is (close to) singular, the update scheme is stabilized

and unreasonably large update steps can be prevented. A potential downside of regularization is that the
efficiency of convergence may be slowed down. Thus, it is important to choose the regularization parameter
α sufficiently small to not deteriorate performance, but sufficiently large to ensure stability.

Finally, concerning 3., in order to approximate the Jacobian JJJ i for using the GN scheme for the
optimization of a auxiliary variable GLE-thermostat for many-body CG simulations, an approximation for
the partial derivatives

Ji,mn =
∂GCG

i,n

∂xi,m
. (7.14)

has to be found. For that, one can use the assumption, as introduced in the IOMK method:

Gi(t) ≈ a(t) + (1 + b(t))G̃i(t,xxxi) ≈ a(t) +
Gi(t)− a(t)

G̃i(t)
G̃i(t,xxxi). (7.15)

Herein, the trick is to ignore the dependency of G̃i(t) in the prefactor and use it as a scalar function for
scaling the Jacobian, which can be calculated from G̃i(t,xxxi) the same way, as in simple fitting. Thus, as an
approximation the partial derivatives can be expressed as

∂GCG
i,n

∂xi,m
=

GCG
i,n − an

G̃i,n

∂G̃i,n

∂xi,m
. (7.16)

In summary, in this section a GN variant of the IOMK method (IOMK-GN) is proposed. Implementation
and analysis of convergence is a task for future research. But as the IOMK-GN method relies on the same
approximations as the IOMK method, it seems reasonable to assume that such a GN might prove useful in
dynamically consistent CG molecular simulation.
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8 Conclusions and Outlook

In this work, novel strategies for the parameterization of simple isotropic, non-Markovian generalized
Langevin (GLE) thermostats for coarse-grained (CG) models have been developed with the aim of accurately
representing the dynamics of the underlying reference system. The GLE models parameterized with these
new methods were tested on a set of different problems. The backward-orthogonal dynamics method
due to Carof et al. was exploited to separate the memory and friction on a single bead level into different
contributions stemming from conservative forces on the CG scale, fluctuating forces on the fine-grained
(FG) scale, and their cross-correlations. This splitting of contributions to the total memory kernel was used
to estimate the optimal parametrization of isotropic GLE-thermostats for CG simulations purely based on
the analysis of reference FG simulations. In chapter 4, it was demonstrated that it is the neglection of the
cross-correlation of interactions on the CG and FG scale, which in previously published approaches led to
an underestimation of diffusivities[36] and thus the inclusion of the cross-correlations can be considered a
correction term. While a rigorous interpretation of the physical meaning of the cross-correlation term is
not straight-forward, in the case of implicit-solvent models the cross correlation term can be interpreted
as effectively (implicitly) incorporating the effects of hydrodynamic interactions between CG degrees of
freedom (DoFs). (See chapter 5) As discussed in chapter 4, a non-zero cross-correlation term in the memory
kernels hints to the fact that time scales are not separated and significant memory effects can be expected.

Throughout chapters 4-6, the assumptions, approximations and potential shortcomings of the bottom-
up approach are discussed, and their relevance for different systems explored. In chapter 5, it is established,
that the bottom-up approach yields particularly accurate CG models when conservative CG interactions
are used which capture the many-body potential of mean force accurately. In particular, the short time
dynamics in such cases can be quantitatively captured. This was demonstrated based on the development
of implicit solvent Asakura-Oosawa (AO) models. Simultaneously, the study of AO models revealed some
conceptional limitations of using a thermostat which couples to all DoFs independently. In such models, the
exchange of momentum through DoFs which are coarse-grained away is only considered in an averaged
manner. Thus, in the CG model, the dynamics of a set of DoFs is less correlated than in the corresponding
FG reference. This gives rise to subtle, but persistent deviations of e.g. the velocity auto-correlation function
(VACF) on long time scales.

To account for these residual deviations from the target dynamics, three novel iterative optimization
schemes are presented. The conceptual novelty of all three schemes, compared to previously reported
approaches, is the utilization of the (integrated) effective single particle memory kernel as direct target
function. This greatly simplifies the relation of input and target property and thus allows for a very
efficient optimization of the GLE-thermostat parametrization. The one-to-one correspondence between the
effective single-particle memory kernel and the VACF ensures that the correct representation of the former
corresponds to a correct representation of the latter.

The three presented optimization schemes differ in the formulation of the update step. The most
promising of these, the IOMK method, explicitly takes into account that the usage of a dissipative thermostat
in CG simulations alters the structural relaxation and thus the effective friction exerted through conservative
interactions. The IOMK method has been shown to be very simple in its implementation, as it does not
rely on any arbitrary tuning parameters to stabilize the optimization procedure and in all tested cases
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yields satisfactory results within a single digits number of iterations. The advantages of the IOMK method,
compared to the previously proposed IMRV method,[30] were demonstrated based on the coarse-graining
of liquid water. The results in chapter 6 indicate that the IOMK method needs an order of magnitude less
iterations to yield satisfactory results. The origin of these favorable results can be ascribed to its relation to
the Newton method. The IOMK method constitutes an approximate Newton method, with a well-informed
approximation for the Jacobian, while in the IMRV-method, when understood as an approximate Newton
method, the Jacobian has to be manually tuned to stabilize the procedure.

Whenever a CG model is developed reproduce a particular target property, one legitimate question is, to
what extent the correct representation of this specific property translates to an accurate representation of
observables for which the model is not explicitly optimized for. Throughout this thesis the target property
for all models was, explicitly or implicitly, the single particle VACF. As the single-particle memory kernel
optimized for that purpose does not include any information about the systems configuration, it is not
a-priori clear if an optimization of the VACF automatically allows a correct representation of e.g. collective
dynamics. In chapter 6 the newly developed methods have been applied to a realistic molecular system.
By studying the distinct van Hove function, which is a measure for the relaxation of the pair structure, it
was demonstrated that parameterizing the GLE thermostat such that the VACF is reproduced also greatly
improves the structural relaxation. This finding is crucial, as it indicates a more general representability
of the type of studied GLE models, beyond single-particle dynamics. Furthermore, the data in chapter 6
reinforce the importance of a careful choice of the conservative potential for the correct representation of
dynamic properties . While on the level of single particle dynamics an appropriate tuning of the memory
kernel allows to compensate for errors in the CG potential to a large extent, the structural relaxation in
many-body systems strongly depends on the chosen conservative interactions. As a rule of thumb the current
results seem to indicate, that when one is concerned with dynamic properties, structural coarse-graining
yields favorable results compared to force-based approaches as, for example, force matching. It has also
been demonstrated, that the structural relaxation is strongly affected by memory effects. The application
of a Markovian Langevin thermostat has shown to yield significantly too slow structural relaxation, even if
tuned to exactly match the long time diffusive behavior.

In summary, due to the work presented in this thesis the toolbox for dynamic coarse-graining has
gained additional methods which are comparably simple in their implementation and quite efficient. Still,
a lot of work has to be done to allow the systematic development of CG models of predictive power. The
remainder of this chapter shall be dedicated to discuss open questions for future research.

So far, to a large extent, including the work presented in this thesis, the methodological development
of systematic procedures in non-Markovian dynamic coarse-graining was carried out on quite simple
test cases. In particular, all methods involving generalized Langevin thermostats, both with and without
configuration dependence of the memory kernels, so far were only applied to systems without bonded
interactions on the CG scale. A natural progression of the field would involve to extend the available
methods to bonded systems. This would allow to illuminate the origin of the insufficient accuracy of
Markovian approaches, which have been tested for bonded CG models. For example, Ref. [65] reports
bottom-up informed CG DPD models for monomers, dimers, polymers, polymer solutions and penetrants
in a polymer matrix. It was found, that the long time dynamics in terms of the diffusion coefficients could
be well reproduced with the proposed procedure for low viscosity systems, namely the monomer-, dimer-
and a low concentration polymer solution. But even if the diffusion coefficient is correctly matched in
bonded systems, rotational dynamics could not be quantitatively captured. Also, the proposed approach
did not perform well for reproducing the diffusion coefficients of the penetrant in the polymer matrix. It
is still an open question if the inaccuracies of previous approaches can be ascribed to the neglection of
memory effects, errors in the modeling of CG conservative potentials or in other unknown errors sources. In
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chapter 4 it was demonstrated, that inclusion of memory effects can alter the long-time diffusive behavior
compared to otherwise equivalent Markovian models. Depending on the form of the memory kernel, this
can lead to a memory induced increase or decrease in diffusivity. For a more complex energy landscape
on the CG level, it can be anticipated that memory effects become more complex, as different dynamic
modes dictated by the conservative interactions couple to different degrees to a non-Markovian thermostat
and thus are distinctly affected. Thus in more complicated setups, namely where bonded interactions
and energy barriers larger than kBT are present in the CG representations, it can be anticipated that
memory effects might become more complex. In particular, studying how a simultaneous representation of
diffusion, structural relaxation, conformational dynamics of intramolecular DoFs, collective dynamics of
different species, etc. can be achieved in an efficient way, poses the opportunity for novel methodological
developments and physical insights into the effects of memory in relevant applications. With sec. 7.1,
a small step into the direction of modeling complex CG non-Markovian systems is taken. The results
therein seem to indicate that dissipative interactions between bonded interactions need to be modeled
explicitly. The high-frequency nature of dynamic modes on a CG scale can in principle only be captured by
a non-Markovian approach, but an independent thermostatting of distinct DoFs does not suffice. It can be
anticipated that the explicit introduction of memory effects in bonded interactions might yield better results.
Alternatively, the discussion in sec. 7.1 hints to an alternative approach: the 2PT-method[253] would allow
to investigate different mapping schemes, before an explicit development of CG models. Based on short test
runs, different mapping schemes can be screened. This would allow to identify mapping schemes, which
minimize the "leakage" of energy into librations while maintaining sufficiently highly resolved molecular
structure. For optimal mapping schemes, the application of an isotropic generalized Langevin thermostat
might suffice for an accurate representation of different dynamic properties beyond the center of mass
motion.

Also, a thorough comparison of the isotropic GLE-thermostat, as applied in the current work, to
momentum conserving formulations as non-Markovian DPD has to be carried out. Non-Markovian DPD
simulations in principle allow to correctly preserve the cross-correlations of frictional and random forces
of pairs of beads and additionally, through configuration-dependent memory kernels, allow for a more
detailed description. Thus it would be of significant interest to study in depth what aspects of dynamics
are explicitly lost due to the simplified formulation of an isotropic thermostat.

Finally, a major problem in dynamic coarse-graining is transferability. Memory kernels, friction
and noise in any system are strongly state point dependent. Thus, it is not sufficient to parameterize a
models memory kernels at e.g. a single temperature to find a parametrization which is accurate for a
broad temperature range. For interpolation and extrapolation between different thermodynamic state
points, machine learning approaches might proof to be useful in future applications.[255] At the same
time, these kind of data driven approaches typically rely on a quite substantial set of training data. An
improved understanding of the state point dependence of memory kernels is needed, to develop general and
tractable interpolation and extrapolation strategies for transferable CG models with dynamic consistency.
Transferability along the dimension of chemical composition, might be improved by incorporation of some
level of configuration dependence in the memory kernels,[30] while the trade off between complexity of
the CG model and accuracy has to be kept in mind.
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