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Abstract

We present completions of mock theta functions to harmonic weak Maass forms of
weight 1/2 and algebraic formulas for the coefficients of mock theta functions. We
give several harmonic weak Maass forms of weight 1/2 that have mock theta functions
as their holomorphic part. Using these harmonic weak Maass forms and the Millson
theta lift, we compute finite algebraic formulas for the coefficients of the appearing
mock theta functions in terms of traces of singular moduli.

Keywords Mock theta function - Harmonic weak Maass form - Theta lift - Traces of
singular moduli
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1 Introduction

Mock theta functions first appeared in Ramanujan’s last letter to his friend Hardy in
1920. In this letter he told Hardy that he had discovered a new class of functions
which he called mock theta functions. Ramanujan did not give any definition of what
a mock theta function should be, but listed 17 examples, divided into four groups of
orders 3, 5,7 and 10, respectively, given as g-hypergeometric series, and stated various
identities between them and some analytical properties. For example, the four mock
theta functions of order 3 that Ramanujan defined in his letter are
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Since then many mathematicians (especially Watson in his work [17]) have dealt
with Ramanujan’s 17 functions, and have proven many of the identities he had given.
A number of 16 further mock theta functions were later found in Ramanujan’s Lost
Notebook (see, e.g., [5,15]), including seven functions of order 6. Other mathemati-
cians have also discovered more mock theta functions that had not been considered
before: In [9] Gordon and Mclntosh found functions of order 8 while McIntosh also
studied mock theta functions of order 2 in [13].

Articles that offer a good first overview on this topic are, for example, [8,18]. A
more detailed survey over all mock theta functions of the different orders, including
their definitions, relations and transformation formulas is provided in [10]. In this
paper we will use the standard definitions of the mock theta functions as given in [10].

One major breakthrough in a deeper understanding of mock theta functions came
in 2002 when Sander Zwegers found a connection between mock theta functions and
harmonic weak Maass forms of weight 1/2. He proved that a mock theta function could
be completed to a harmonic weak Maass form of weight 1/2 by multiplying it by a
suitable power of ¢ and subsequently adding a certain non-holomorphic function to
it. Zwegers considered these completions for the fifth- and seventh-order mock theta
functions in his PhD thesis [20], and for two of the third-order mock theta functions in
[19]. Moore followed the work of Zwegers and found transformation laws for mock
theta functions of order 10 and their relation to harmonic weak Maass forms in [14].
Though Ramanujan had not explained what the order of a mock theta function should
be, it turned out that the order is related to the level of the corresponding Maass form.

We will present such completions to a harmonic weak Mass form of weight 1/2 for
22 different mock theta functions of orders 2, 3, 6 and 8. For example, we will show
for the sixth-order mock theta function

oo 1
q 7 (n+1D)(n+2) (—q: 9),

n=0 (C]; q2)n+l

o(q) :=

that the function q’% o (g) is the holomorphic part of a harmonic weak Maass form
of weight 1/2 for the subgroup
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{(y.¢) e Mpy(Z) | y € T(6)}

of the metaplectic group Mp,(Z), where I'(6) is the principal congruence subgroup
of level 6.
A further example of what we will prove is that, if

Sfo(o) \/gq_lﬁ o (@)
fi(0) 29% p(q)
_1 1
F(z) = fa(z) - q 148 ¢(q21)
f3(0) G B ¢p(—q?)
f1@ V247 Y(g?)
f5(t)

V2q T Y(—q7)

with ¢ := €277 ¢ ¢ H, and the mock theta functions o, p, ¢ and ¥ of order 6, then
the function

F(1) :=v2 fo(r) [=(e2 — e2) — (e10 — e14)] + 2 f1(7) [~ (e6 — e18)]
+ (f2(1) + f3(7)) [(e1 — e23) — (e7 — e17)]
+ (fa(r) — f3(r)) [(e5 — e19) — (e11 — e13)]

+ V2 (fa(r) + f5(1)) (e3 — e21) + V2 (fa(r) — f5(1)) [—(e9 — e15)],

where ¢, are the standard basis vectors of the group algebra C[Z/247Z], is the holomor-
phic part of a harmonic weak Maass form of weight 1/2 for the dual Weil representation.
This result opens up the possibility to use the powerful tool of theta lifts between spaces
of modular forms.

The Millson theta lift, which maps weight O to weight 1/2 harmonic weak Maass
forms, uses the Millson theta function as an integration kernel and was studied in great
detail by Alfes in her thesis [1] and by Alfes-Neumann and Schwagenscheidt [2]. In
particular, Alfes-Neumann found formulas for the coefficients of the holomorphic
part of the Millson theta lift in terms of traces of singular moduli. By writing the
harmonic weak Maass form of weight 1/2 containing the mock theta functions as the
Millson theta lift of a suitable weakly holomorphic modular form, we can derive finite
algebraic formulas for the coefficients of the considered mock theta functions in terms
of traces of singular moduli. Continuing our example from above, we will prove that
the coefficients a, (n) of the mock theta function o of order 6 are given by

i
— " (t+F
G = Va4 (2.

(4 —48n,2) —tr,  (4—48n,2)),

re(ﬁ),l
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where the trace functions tr) and tr; are given as in (2.4), and e(s),1 € M(!)(IZ)

€(6),1 €6),1
is defined as
e0.1(2) i= (M) . 16(W>2
© ' n(@z)n(12z) 1(2)n(2)

withn(t) = ¢ % ]_[;'LOZ 1 (1 —g") denoting the Dedekind eta function. Similar formulas
for the order 3 mock theta functions f and w (see, e.g., [7] for its definition) have
already been proven by Bruinier and Schwagenscheidt in [7].

This paper is organized as follows. We will start with the necessary definitions,
notations and results in Sect. 2, followed by the results on the completions and formulas
for the coefficients of the mock theta functions in Sect. 3. We will consider mock theta
functions of different orders separately and in Sect. 3.1, those of order 6, will be
worked out in detail. As the ideas and strategies for the other orders are very similar
to the case of order 6, the subsections corresponding to the other orders only contain
known results and no proofs.

Most of the results presented in this paper first appeared in our Master’s theses [12]
and [11] where they also have been proven in more detail.

2 Preliminaries
2.1 Lattices, the Weil representation and theta functions

Let N > 0 be an integer. We consider the lattice L = Z with the quadratic form
n + Nn?. The discriminant group D := L’/L can then be identified with Z/2NZ
together with the Q/Z-valued quadratic form r é% (mod Z). The associated
bilinear formon Dis (r, ') = 5—5\/, (mod 7).

For r € L’/L we define ¢, to be the standard basis vectors of the group algebra
C[L'/L] equipped with the standard inner product (-, -) satisfying (e, ¢,/) = 3, .
The associated Weil representation py, is defined on the generators 7 = (((1) } ), 1) and
S = (( 01y, VT ) of the metaplectic group Mp,(Z) by

e(=1/8)
pr(T)e, = e(Q(r))e, and pL(S)e, = — L2 Y e(=)e. 2D
2N r'(2N)

where e(z) = e?i% for z € C and V7= z% always denotes the principal branch of the
square root. The dual Weil representation corresponds to the lattice L with quadratic
form — Q and will be denoted by p; .

Let N be as above and a € Z. For t € H we define the unary theta function Oy of
level N as

2
On(7) = Z On.a(T) ¢q, where Oy q(7) := Z ngqiN = Z n 2Ty

a (2N) n=a (2N) n=a (2N)
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Completions and algebraic formulas for mock theta functions 1033

The definition of Oy , depends only on a (2N). If we consider the lattice above as
well as its associated Weil representation, then the vector valued theta function Oy is
a holomorphic vector valued modular form of weight 3/2 for this Weil representation.
Thus, the function 6y , is holomorphic on H and has the modular transformation
properties

2

Oya(t+1)=e <f—N) O .a(1) 2.2)

and

1 3 e (—l) ak
ON.a <—;> =712 \/% Z e <_ﬁ> On k(7). 2.3)

Let Q be an exact divisor of N, i.e. Q € Z~o with Q|N and gcd(N/Q, Q) = 1.
The Atkin—Lehner involution associated to Q is then defined by any matrix

N _ [(Qua B
WQ_<NV Qb‘)’

where «, B, ¥, § € Z with det(W]QV) = Q. The map

WS Mi(N) — My(N), [+ fliW)

does not depend on the choice of «, 8, y and 6 and defines an involution. For two
exact divisors Q, Q' of N we define the product

/. Q ) Q/
0= . oy

which is compatible with the action of the Petersson slash operator, i.e. we have
FiWgo = FUWH W

The automorphism group Aut(Z/2NZ) acts on vector valued modular forms f =
ZreZ/ZNZ fr ¢ for pg or p; by

7= Zfr €o(r)-

These automorphisms are all involutions, which are also called Atkin—Lehner invo-
lutions and correspond to exact divisors Q of N. The automorphism o corresponding
to Q is defined by the two equations

op(r)=—-r (2Q)andog(r) =r 2N/Q)
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1034 D. Klein, J. Kupka

for an element r € Z/2NZ.

2.2 Harmonic Maass forms and the &-operator

Vector valued harmonic weak Maass forms were first introduced by Bruinier and
Funke [6]. We will consider a more general setting than they have in their article.

Let V be a vector space over C of finite dimension d and let k € %Z with k # 1.
For 7 € H we put u := Re(7) and v := Im(t), so that t = u + iv. Moreover, recall
the weight k hyperbolic Laplace operator, given by

A ” + 2 ” ko (gi 2
=—U IKV _—
k a2 92 )

Let p : Mp,(Z) — GL(V) be a unitary representation of Mp,(Z) that satisfies
p(T)N =1d for some N € N, let f : H — V be a twice continuously differentiable
function and I' € Mp,(Z) a subgroup of finite index. We call f a harmonic weak
Maass form of weight k with respect to the representation p and the group I' if

(D) fr1) =¢@* p(y.¢) f(1) forall (y,¢) €T,

(2) there is a constant C > 0 such that for any cusp s € Q U {oo} of I" and (6, ¢) €
Mp, (Z) with oo = s the function f;(7) := o ()% p=1(8, ¢) f(87) satisfies
fs (1) = 0(€?) as v — oo (uniformly in u),

3) Axf=0.

Condition (ii) says that f increases at most linear exponentially at all cusps of I".

The space of these forms is denoted by Hy ,(I"). If we have I' = Mp,(Z), we write
as an abbreviation Hy ,(Mp,(Z)) =: Hi ,.Further, let M be its subspace of weakly
holomorphic modular forms, consisting of those forms i in Hk ,p that are holomorphic
on HL.

A harmonic weak Maass form f € Hj_, has aunique decomposition f = f*+f~,
where fT is the holomorphic part and f~ is the non-holomorphic part of f.If we
write the Fourier expansion of the holomorphic part of f € Hy , as

+(7) — + nt
fr@=3a me ()

where a™ (n) are vector valued coefficients, then the Fourier polynomial

PN@ = Y atme()

N
neZ,n<0

is called the principal part of f.
For f € Hy, , the differential operator & is given by

0
E(f)(x) = 2i vk =/
T
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Completions and algebraic formulas for mock theta functions 1035

The operator & is antilinear and defines a surjective mapping & : Hy , — Mé_ k7

with kernel given by M ,'( o+ We can use & to define the subspace

HY = {f € Hip | &(f) € Sri ),

so that Hk+ o consists of all harmonic weak Maass forms in Hy , that are mapped to
cusp forms under &. The holomorphic part f of f € H k+ 0 is sometimes also called

a mock modular form, and & f is called the shadow of f.
We will use the following lemma when we prove our formulas for the coefficients.

Lemma 2.1 [7, Lemma 2.3]. Let G be a harmonic weak Maass form of weight2 —k €
1/2 + Z for pp or p;, whose principal part vanishes and which maps to a cusp form
under & _y (or a holomorphic modular form if k = 1/2). Then G is a cusp form.

2.3 The Millson theta lift and traces of CM-values

For a discriminant D < 0 and r € Z with D = r? (4N) denote by On.p.r the
set of integral binary quadratic forms Q(x, y) = ax? + bxy + ¢y? of discriminant
D = b? — 4ac and satisfying N|a and b = r (2N). This set splits into the sets
of positive and negative definite quadratic forms, which we denote by Q;’ p.r and
Qy.p.,» respectively. The group I'o(N) acts on both of these sets with finitely many
orbits and the number wp = %|F0(N )ol is finite. For each Q € Q}C’ Dor the equation
Q(zp, 1) = 0 is solved by the associated CM-point zg9 = (—b + i/|D])/2a.

For a weakly holomorphic modular form F € M(!)(N ) of weight O for I'g(N) we
define the two trace functions

F F
tr;(D, r)= Z % and trp(D,r) = Z %
0}, /ToN) @ 00y /To) 2

(2.4)

The Millson theta lift M (F, 1) of a weakly holomorphic modular form F &
M(!)(N ) is defined as an integral

i dxdy
IM(F, 1) = — F(2) Opm(t,2) ,
VN Jrowv\H )’2

where we write z = x + iy and ® (7, z) denotes the Millson theta function. The
theta function ® (7, z) is 'o(N)-invariant in the variable z and transforms like a
modular form of weight 1/2 for the dual Weil representation p; in the variable t. The
assignment F +— IM(F, 7) then defines a map M . M(!)(N) — Hj 5, . For more
details see [1] or [2]. As it turns out, the coefficients of the holomorphic part of the
Millson theta lift can be computed using the trace functions which we defined above.
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1036 D. Klein, J. Kupka

Theorem 2.2 [1, Theorem4.3.1] Let F € HO+ (N) be a harmonic weak Maass form of
weight 0 for To(N), D < 0 adiscriminantandr € L' /L with D = r2 (4N). Then the
coefficient of index (— D, r) of the holomorphic part of the Millson theta lift " (z, F)
is given by

i

V=D

(rf (D, r) — trp(D, 1)).

3 Completions and algebraic formulas for the coefficients of mock
theta functions

3.1 Mock theta functions of order 6

We want to complete sixth-order mock theta functions to harmonic weak Maass forms
and want to derive algebraic formulas for their coefficients. For this aim we will first
construct two different vector valued Maass forms, one containing the sixth-order
functions o, p, ¢ and i and the other comprising @, A, v and &. Their definitions,
and also the definitions of the mock theta functions of other orders, can be found
in [10]. Afterwards we will derive the transformation behaviour of its components.
Starting from our vectors we will further construct two vector valued harmonic weak
Maass forms for the dual Weil representation. We will then be able to obtain algebraic
formulas for the coefficients of the mentioned mock theta functions.

Definition 3.1 For T € H we define the vector valued functions

x/quﬁ a(g) —ﬁql‘flz 1(q)
2611Z p(ql) —qﬁlk(q) 1
F —| ¢ Fe?) 4 F —| —2¢ Fvi?)
O1 = ot | R RS v(=g¥)
ﬁq_fﬁ via?) —/8 g1 £q?)
V2q7 16 Y (—q?) —V84q 16 £(—q2)
with g = €?7i7,

These two functions have the same modular transformation properties as the fol-
lowing lemma states.

Lemma3.2 For j = 1,2 and t € H the function Fg),; satisfies

;)00 0 0 0
0i0 0 0 0
000¢¢ 0 0
Fe),j(t+1) = I Fe),(7) (3.1)
/ 0 0gg' 0 0 0 J
000 0 0 ¢
000 0¢g 0
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Completions and algebraic formulas for mock theta functions 1037

and
0 0 % 0 \/g 0
0o 0 /3 o - 0
1 2
1 1 —= \/j 0 0 0 0
. _|lv3 V3 )
_Fe i (-1) = Fg),j(0) + Re)(0),  (3.2)
=it (6)J< t) 0 0 0 % 0 — % (6),j 6)
\/27% 0 0 0 0
2 1
0 0 0 /3 0 —%
where
—/8 Jy (82
—2 J (o)
Ro@ = YO | G
7) = i ,
© T K1
771G
V2K (T
and J, J1, K, K1 are given by
0o ,—ox? S cosh(%ax)
J(a) :/0 mdx, K(a) :/(; e 2 de

dx.

2 5 1
o 5 Cosh (gax> © | 5 cosh (gax) —cosh (Eax>
Ji(a) = / e ——— L dx Ki(a) = / e 2%
0 cos h(ax) 0 cos h(ax)

Proof Let j = 1. The formula (3.1) follows directly if we insert T 4 1.

If we use the transformation formulas for o (¢), p(g), ¢(—¢q) and ¥ (—¢q) in [10],
p. 123 with & = 37i/r (which implies ¢ = ¢™"/*, B = —nit/3 and q; = ¢”"'/%), as
well as the formulas for ¢ (¢) and ¥ (g) with o = 37i/2¢ (which yields ¢ = e i
B = —2rit/3and q; = ¢”™'"/?), we obtain (3.2).

For j = 2 the proof is analogous, using the transformation formulas for u, A, v and

&. ]

We can now write the function R from the previous lemma in terms of integrals
over sums of theta functions 6y , which have been defined in Sect. 2.1.

Lemma 3.3 For t € H we have

i1 /ioo 86)(2) dz
V2a lo =it —1

R (7) = (3.3)
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1038 D. Klein, J. Kupka

where 8(6) is the vector (g((,)’o, 8(6),1, 8£(6),25 8(6),3> 8(6),4» g(6),5)T and

26).0(2) = V2 (012,2(2) + 612,10(2)),

86),1(2) =2 012,6(2),

86),2(2) == —(012,1(2) + 012,5(2) — 012,7(2) — 012,11 (2)),
86),3(2) == —(012,1(2) — 012,5(2) — 012,7(2) + 012,11 (2)),
—V2 (012,3(2) — 012,0(2)),

—V2 (0123(2) + 012.9(2)).

86),4(2) :

8@),5(2) :

The integration over a vector valued function in the lemma means that we integrate
each of its components.

Proof Let
1 2
00 L o /2 oo
2 1
0 0 3 0 -% 0
1 2
e | \@ 0 0 0 0
© - 1 2
0 0 0 & 0 -2
2 1
-0 0 o0 0
2 1
0 0 0-/F 0 -

Replacing t by —1/z in the transformation formula for S and subsequently multi-
plying both sides by % Mg yields

1 1
R (7) = e M) Re) (-;) .

If we choose 7 :=ifr witht € R, t > 0, we get

. 1 i
R (it) = ~ 7 M) R <;> :

We consider the first component

1 3t 1 3t
@ (Ga(3)- 0 (5)
V3 2 NN
of this vector. If we use the identity Ji (@) = § J (@) + £ J(%) (see, e.g., [10], p. 122),
the partial fraction decomposition

1 i 1
cosh(my) __Z —i(2n+ 3 )_EZ i (2n+1)

nez y nez -y
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Completions and algebraic formulas for mock theta functions 1039

and the identity
00 efmyz 0o efnrzu
— dy = mir / du
/—oo y —ir 0 u-+t
forr e R,r #20andt € R,t > O (see,e.g.,[19, Lemma 1.18]), then a straightforward
computation yields

1 3t 1 3t
V& (-5 (5) -5 (%))
V3 2 V3 2
21% ico [ 13 e (2n+ %) £6in+1/2)%z e (2n+%) e%ni(2n+l/2)zz
= NN - + - dz.
" i) i)

The identity above is valid for all € R, r > 0; thus, the identity theorem for
holomorphic functions yields that for all T € H the first component of R (7) is equal
to

28 [ D G ) T By )
V3 0 =izt = 1)

To rewrite the numerator in terms of theta functions we note that
Z 2n + l e%ni(2n+l/2)zz - 3. Z o+ l eﬁni(2n+l/2)2z
2 2 ’
n=2 (3) nez
By a calculation this implies

1 . 1 .
3 Z <2n i 5) OTi2n+1/2)%2 | Z <2n i E) e 3min+1/2)%

nez nez
1
=7 (012,2(2) + 012,10(2))-
Hence the first component of identity (3.3) follows.
Using the appropriate partial fraction decompositions of the appearing functions,

the identities for the other components can be verified analogously. For more details
we refer the reader to [11]. O

Now we can define a non-holomorphic function G ) such that Fg) 1 — G) and
F6),2» — G ) are vector valued harmonic weak Maass forms.

Definition 3.4 For 7 € H let

G(@(‘[) = dz,

i / g (2)
V24 [ e V=it D)
with g () as defined in Lemma 3.3.
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1040 D. Klein, J. Kupka

Lemma 3.5 The function G ) has the same modular transformation properties under
T+ T+ 1 and v — =1/t as the one of F),1 and F(¢),2, stated in Lemma 3.2.

Proof Let
;)0 0 0 0 0
0i 0 0 0 0
00 ¢ 0 0
N = 0B
0 0gg' 0 0 0
000 0 0 ¢

000 0¢g 0
We use formula (2.2) with z replaced by z — 1 and obtain
8©) (@ —1) =N 86 (2)-
This leads to the identity
Ge)(t+1) = Ny Ge)(T)

by a transformation of the defining integral.
Using formula (2.3) we get the transformation behaviour

1
8() (-;) — (—i2)? (—=Ms)) g(6)(2)-

Via an integral transformation this gives us the identities

L 6, <_1>:_ i /’ M) 86) (1)
=iz ©O\"7 V22 Jo Joiwto
and

1 1
—— G [—= ) = M) Gie)(1) = R (7).
Ve <6)( T> © G© () = Rie(r)

O

Using the last lemma we now get that Fg 1 and Fig) 2 are the holomorphic parts
of two vector valued harmonic weak Maass forms of weight 1/2.

Theorem 3.6 The functions H),1 and H ) 2, defined for v € H by

He),1(1) := Fe),1(t) — G (1),
H)2(7) := Fg),2(t) — G (1),
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Completions and algebraic formulas for mock theta functions 1041

are vector valued harmonic weak Maass forms of weight 1/2 for the metaplectic group
Mp, (Z).
For j = 1,2 and v € H we have

¢,,0 0 0 0 0
0i 0 0 0 0
, B 00 ¢g 0 0 .
Hej(@+D=| g 0zl 0 0 0 H).; () (3.4)
000 0 0 ¢
000 0¢g 0
and
1 2
00 L oo fio
2 1
0 0 3 0 —% 0
1 2
1 L J2 0 0 0 0
He) j (—;):«/—it f \{E oo \F He) j(1). (3.5)
7 V3
2 1
-5 0 0 0 o0
2 1
0 0 0 —/3 0 -

Corollary 3.7 We have &/2(He),1)(1) = &1/2(H(6)2)(7) = — 75 8(6) (D).

Now we know the transformation behaviour of the functions H),1, H),2> under
the generators of the modular group as well as the explicit representations to which
they transform. We will see now that we can use the transformation properties in
Theorem 3.6 to obtain two functions that transform to the Weil representation.

More precisely, we consider the lattice L defined at the beginning of Sect. 2.1 with
N = 12, and its associated Weil representation (2.1). We find the following result:

Lemma 3.8 Suppose that the function H = (hg, h1, ha, h3, hq, hs)T satisfies the
transformation properties (3.4) and (3.5) in Theorem 3.6. Then the function

H :=v2 ho [—(e2 — e2) — (e10 — e14)] + 2 =y [— (e — e18)]
+ (hy + h3) [(e1 — e23) — (e7 — e17)] + (h2 — h3) [(e5 — e19) — (e11 — €13)]
+ V2 (hg + hs) (e3 — €21) + V2 (g — hs) [—(eo — ¢15)]

transforms like a vector valued modular form of weight 1/2 for the dual Weil represen-
tation py considered above.

From the last lemma we immediately obtain two vector valued harmonic weak
Maass forms ﬁ((,)’ 1, ﬁ(@,g of weight 1/2 for Mp,(Z) and the dual Weil representation
pp of level N = 12, if we apply the lemma for H = H),1 and H = H)2,
respectively. Hence Hg) 1, H(s),2 € H1+/2,EL'

@ Springer



1042 D. Klein, J. Kupka

Now we come back to our initial functions H),1 and H) > and want to relate
their components to scalar valued harmonic weak Maass forms. In order to do that we
consider the congruence subgroup

F(6)={(jfl)eSLz(Z)‘bECEO(@,azd51(6)}.

With the use of Sage [16] we determined a system of generators for this group,
decomposed the generators into products of S and 7', and multiplied the corresponding
matrices from Theorem 3.6 according to these products, to obtain the transformation
properties of H(g),1 and H(g) > under all generators. All of the appearing transformation
matrices are diagonal, so we get:

Theorem 3.9 For j = 1, 2 the components of the vector valued harmonic weak Maass
form H, j are scalar valued harmonic weak Maass forms of weight 1/2 for the sub-

group
{(y.¢) e Mpy(Z) | y € T(6)}
of the metaplectic group Mp,(Z).

Hence the sixth-order mock theta functions o, p, ¢, ¥, i, A, v and & are the holo-
morphic parts of scalar valued harmonic weak Maass forms.

Remark 3.10 The &-images of the harmonic weak Maass forms in Theorem 3.9 can be
easily obtained from Corollary 3.7 by looking at the components of &1,2(He),1)(T)
and &1 2 (Hg),2) (7).

As an application of the Millson theta lift, we can now compute the coefficients of
the treated mock theta functions in terms of traces of singular moduli by writing them

as the Millson theta lift of a suitable weakly holomorphic modular form.

Definition 3.11 We define the functions

n(2nB2) \* (n(4z)n(12z))2
= — 16 ———= 3.6
€©:1@) (n(4z)n(12z)) n@n(32) 3.6)
and
n1@nG2) \* z(n(4z)n(12z)>4
= —— — 165 ——mM8— ) . 3.7
€©2) <n(4z)n(12z)) 1(n(32) ©-7

These functions are weakly holomorphic modular forms of weight 0, level 12 whose
principal parts start with ¢ ~! and ¢ 2, respectively.
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Completions and algebraic formulas for mock theta functions 1043

Theorem 3.12 Let e(s),1(z) € M},(12) be defined as in (3.6).

(1) Forn > 0 the coefficients a, (n) of o (q) are given by

(4—48n,2) — (4 — 48n,2)).

6(6)‘1

i
o () = = (1.
(2) Forn > 0 the coefficients a,(n) of p(q) are given by
i

@ = R D =36
X (tr, (36— 48(n + 1), 6) —

(36 — 48(n + 1), 6)).

6(6).1

(3) Forn > 0 the coefficients ay(n) of ¢ (q) are given by

apn) = !ZW( L(G)l( —48n,1) — 5(6)1( —4811,1)), lfn l:seven,
Z«/Tj( 6(6“(25 48n,5) — e((,),.(25_48”’5))’ if n is odd.

(4) Forn > 0 the coefficients ay (n) of ¥ (q) are given by

trj(ﬁ)‘] (9 —48n,3) — trg(o)‘] (9 —48n, 3)), if n is even,

i
ay (n) = 4«/48n—'9(
i (18 gy, (B1 =481 +1),9) — treyg | (81 —48(n +1),9), ifn is odd.

A/ D—8T

Proof As already proven before, the function ﬁ(ﬁ),l is a vector valued harmonic weak
Maass form of weight 1/2 for the dual Weil representation. Using the series expansion
of o, p, ¢ and ¥, one immediately sees that its principal part is given by 2 q_éTlS (e1 —
e7+¢17 —e23). The function e(g) 1 is an eigenfunction of all Atkin—Lehner involutions,
with eigenvalue +1 for the operators Wi and W3 and eigenvalue —1 for W4 and Wis,.
Thus, the Fourier expansions of e 1 at the cusps of I'g(12) only differ by a possible
minus sign. Then the Millson theta lift maps the function e(),1 to a harmonic weak
Maass form of weight 1/2 transforming with respect to the dual Weil representation,
having the same principal part as H(G) 1. In the light of Lemma 2.1, this implies that
H(()) 1— 1 1(e(6) 1, T) isacusp form and thus H(6) 1= 1 1(e(6) 1,7)as 8125, = {0}
Using the result of Theorem 2.2, the holomorphic coefficients of M ’1(6(6),1, T) at
q(48”’r2)/486, for r> — 48n < 0 are given by
l

——(ir,, (7 — 48n.r) —

2
8(6) l( —48n, r)).

Comparing the coefficients of the holomorphic parts of both ﬁ(@,l and 7, f"”l (e6),1, T)
yields the stated formulas. O
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1044 D. Klein, J. Kupka

Theorem 3.13 Let e(6),1(z) € M{(12) and e 2(z) € My(12) be defined as in (3.6)
and (3.7) and put E6)(z) := e(),2(2) + 3e),1(2).

(1) Forn > 0 the coefficients ap, (n) of 2uu(q) are given by

— i + _ — _
[2m (n) = m (tI'E(()) (4 48}1, 2) trE(ﬁ) (4 4871, 2))

(2) Forn > 0 the coefficients a) (n) of L(q) are given by

a.(n) = (trF,, (36 —48n,6) — try, (36 — 48n,6)).

i
4./48n — 36

(3) Forn > 0 the coefficients a, (n) of v(q) are given by

+ — e
(trE(())(l —48n, 1) —trg (1 —48n, D), if n is even,

i
ay(n) = { SvaBn—1h e ) o
(trE<6) (25 —48n,5) — trE<6) (25 — 48n, 5)), if nis odd.

L
 8/481-25
(4) Forn > 0 the coefficients ag (n) of §(q) are given by

+ (g_ s (9— ifnis
rE(s) (9 —48n,3) trE(6) (9 — 48n, 3)), ifn is even,

—é(t
agny = 16489 ” o
81 —48(n+1),9) — trE(6) 81 —48(n+1), 9)), ifnis odd.

— L _(rf
16,/48(n+1)—81 \ E(6)
Proof The proof is analogous to that of Theorem 3.12. O

Remark 3.14 The stated formulas were checked numerically using Sage [16].

3.2 Mock theta functions of order 2

In this subsection we consider the mock theta functions A, B and u of order 2 and prove
similar results for their completions to harmonic weak Maass forms as in Sect. 3.1.
We omit the proofs here since all results of this subsection can be proven analogously
to the results of the previous subsection.

Definition 3.15 For t € H we define the vector valued functions

4q7T6 A(g?)
44776 A(—q?)
V84 B(g?)
e
q 1 M(qzl)
q- 16 u(—q2)
where g = €277 and
i 0 2)(2)
G (1) i= — —dz,
@)= "7 [f NE=Trr T he
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Completions and algebraic formulas for mock theta functions 1045

where g(2) is the vector (g(2).0; - - -» £2).5)7 with components

82),0(2) :=04,1(2) + 043(2),
82).1(2) :=04,1(2) — 043(2),
8222 == V2 6012(2),

802)3(2) 1= —V2042(2),
82),4(2) 1= —(04,1(2) — 04,3(2)),
82),5(2) := —(04,1(2) + 04,3(2)).

The so-defined functions F() and G(2) have the same modular transformation
properties. As before we can consider Fo) — G(2) which will be a vector valued
harmonic weak Maass form as the following theorem states:

Theorem 3.16 The function H»), defined for T € H by
Hp) (1) := Fo)(t) — G2y ()

is a vector valued harmonic weak Maass form of weight 1/2 for the metaplectic group
Mp, (Z).
For t € H we have

0 ¢ 00
tet 0 00
0 8 ?6 o | Ho® (3.8)
0000 ¢
0 00¢4 0

S O O

Hoy(t+1) =

| © OO O O

oS O O

and

00000 1
000100
1 —loo00010
Hm<_?>:’_” 010000 | H2@- 3.9)
001000
100000

Corollary 3.17 We have &1 /2(H2))(t) = —g(2)(7).

After we have constructed a vector valued harmonic weak Maass form that contains
mock theta functions of order 2, we again take a closer look at its components. We
consider

r@y:{Gz)eﬂdmwbzczoayazdzleﬂ,
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1046 D. Klein, J. Kupka

the principal congruence subgroup of level 2, and obtain the following result:

Theorem 3.18 The components of the vector valued harmonic weak Maass form H )
are scalar valued harmonic weak Maass forms of weight 1/2 for the subgroup

{(v.¢) e Mp2(Z) |y € T(D)}
of the metaplectic group Mp,(Z).

So we have interpreted all second-order mock theta functions as the holomorphic
part of a scalar valued harmonic weak Maass form.

Remark 3.19 As in the previous section, the £-images of the harmonic weak Maass
forms in Theorem 3.18 follow immediately from Corollary 3.17.

3.3 Mock theta functions of order 3

We now turn to the mock theta functions ¢, ¥ and v of order 3. As before, we omit
proofs in this subsection.

Definition 3.20 For v € H we define the vector valued functions

q—lﬁ ¢><q%l>

q % ¢(—q?)
27 Y(g?)
27 Y(—q?)
V2 g5 v(q?)
V2q5 v(=q?)

Fia) (1) =

where ¢ = €277 and

100

g3)(2)

i
G = — —_—
®() V24 )7 J=iz+1)

where g(3) is the vector (g(3),0, - - -, g(3)‘5)T with components

83),0(2) := —(012,1(2) + 012,5(2) + 012,7(2) + 012,11(2)),
83,1(2) == —(012,1(2) — 012,5(2) + 012,7(2) — 012,11(2)),
83,2(2) == 012,1(2) + 012,5(2) + 012,7(2) + 012,11 (2),
83,3(2) == 012,1(2) — 012,5(2) + 012,7(2) — 012,11 (2),
8(3),4(2) 1= =2 (12,4(2) + 012,5(2)),

83)5() = V2 (012.4() + 012.8(2)).
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Since these two functions have the same modular transformation properties, we
find for the function F(3y — G 3):

Theorem 3.21 The function H3), defined for t € H by
Hp) (1) = F3)(1) — G3) (1),
is a vector valued harmonic weak Maass form of weight 1/2 for the metaplectic group

Mp, (Z).
For t € H we have

0 ¢ 0 0 00
&g 0 0 0 00
0 0 0 500
Hay(t+1) = 48 Ha (T 3.10
3)( ) 0 0 ¢ 000 3 (1) (3.10)
0 0 0 0 0¢
0 0 0 0 &0
and
001000
000001
1 — 1100000
H(3) (—;) =V—IT 000010 H(3)(‘E). (3.11)
000100
010000

Corollary 3.22 We have & 2(H3))(7) = —ﬁ 23)(7).

We now want to complete the mock theta functions ¢, ¥ and v to scalar valued
harmonic weak Maass forms. We again consider the group I"(2) and obtain:

Theorem 3.23 The components of the vector valued harmonic weak Maass form H(3)
are scalar valued harmonic weak Maass forms of weight 1/2 for the subgroup

{(y.¢) e Mp,(Z) | y € T'(2)}
of the metaplectic group Mp,(Z).

Thus we have related the mock theta functions ¢, v and v to scalar valued harmonic
weak Maass forms.

Remark 3.24 Again we get the £-images of the harmonic weak Maass forms in The-
orem 3.23 from Corollary 3.22.

The mock theta functions f and w of order 3 have already been treated by Zwegers
[19], and Bruinier and Schwagenscheidt [7] and we state their results for completeness.

@ Springer



1048 D. Klein, J. Kupka

Theorem 3.25 [19, Theorem 3.6]. The vector

1
q /()
F3(t)=1 2¢3 w(g?)
245 w(—q?)
is the holomorphic part of a harmonic weak Maass form Hz = (ho, hy, h2)T € H1J72
of weight 1/2, transforming as

&' 00
Hy(t+1)=1 0 0 ¢ | H3(7)
0 &0

and

1 010
H3<——>=\/—i‘[ 100 Hi(7).
t 00—1
This result can be used to construct a harmonic weak Maass form that transforms
with respect to the dual Weil representation.

Lemma 3.26 The function
Hs = ho [e1 — es + ¢7 — eng] 4 (ha — hy) [e2 — e10] + (k1 + ha) [—eq + eg]

transforms like a vector valued modular form of weight 1/2 with respect to the dual
Weil representation p; of level N = 6.

Let E4 denote the normalized Eisenstein series of weight 4 for SL, (Z). We consider
the function
1 E4(2) +4E4(22) — 9E4(32) — 36E4(62)
40 (n(2)n(22)n(32)n(62))?

which is a weakly holomorphic modular form of weight 0, level 6 and whose principal

part starts with ¢~ !.

Theorem 3.27 [7, Theorem 3.1]. Let e3 € M(!)(é) be the function defined in (3.12).
(1) Forn > 1 the coefficients ay(n) of f(q) are given by

e3)(2) == — (3.12)

i
— + -
af(q) = Nﬁ(trea)(l — 2471, 1) — tI'eG)(l — 241’1, 1))
(2) Forn > 1 the coefficients a,(n) of w(q) are given by
8\/ﬁ(trz@(l(i —24(%5 +1),4) - trs, (16 — 24(% +1).4)). ifniseven,

o) = (i (- 2474 2) g (4 - 24741 2)), ifn is odd

8,/241Fl 4
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3.4 Mock theta functions of order 5

For the mock theta functions of order 5 the necessary completions and their trans-
formation properties have already been studied by Zwegers and Andersen [3,20],
respectively. Using their results we derive algebraic formulas for their coefficients.
The proofs are analogous to the corresponding proofs in Sect. 3.1.

We define the two matrices

o 0 0 0 0 0
0¢l o 0o o o
_ 0 0 0 &y O
0 04 0 0 0
0 0 0¢h 0 0
and
0 0 V2 sin(Z) V2 sin(Z) 0 0
0 0 V2 sin(Z) =2 sin(Z) 0 0
1 s 1 s 21
— sin(3) —5 sin(%°) 0 0 0
Moy = | Y* o ooy Y2
5 sin(5°) 7 sin(%) 0 0 0 0
0 0 0 0 sin(Z) sin(%)
0 0 0 0 sin(Z) sin(Z)
(3.14)

Theorem 3.28 [20, Proposition 4.10] The vector

4”@ folg)
4% filg)

g ™ (— 1+ Fy(q'?))
g7 Fi(q'/?)
g~ (—1 4 Fo(—q'/%)
g7 Fi(—q'7?)

Fi),1(7) =

is the holomorphic part of Hs).1 = (fa.1, fi9e.1, fi,1, f169,1. 81,1, 8169,1)7 € Hf;z,
which is a harmonic weak Maass form of weight 1/2, transforming as

Hsy1(t +1) = Ny Hsy () (3.15)
and
1 9
Hsy | — C)=v-it ﬁ My Hsy 1(t), (3.16)
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1050 D. Klein, J. Kupka

where the matrices N5y and M sy are defined as in (3.13) and (3.14).
Theorem 3.29 [20, Proposition 4.13]. The vector

1
2‘1_m Yo(q)
26160 1/f1(61)

q 243 o(— 612)
—q~ M @1 (— q2)
q 200 wo(qZ)
_ 49 1
q~ 240 §01(q2)

Fi5)2(t) =

is the holomorphic part of Hes) 2 = (fa2, f196,2, f1.2, f169.2, 812, 8169.2)" € H{Y,
which is a harmonic weak Maass form of weight 1/2, transforming as

Hs)o(t + 1) = N5y Hs) 2(7) (3.17)
and
1 )
Hesyo| — Z) = —IT ﬁ Msy Hs)2(7), (3.18)

where the matrices N5y and M sy are defined as in (3.13) and (3.14).

Lemma3.30 [3, Lemma 5] Suppose that (fa1, fi96.1, fi.1, f169.1, 81,1, £169.1)"
transforms with the representation given in Theorem 3.28, and that

(fa.2, f196.2, f1.2, f169.2: 81,25 g169,2)T transforms with the representation given in
Theorem 3.29. For j = 1,2 we define the function

2

ﬁ<5>,j = (ar f1,j +br g1,j) (&p —e—y) —

2

faj (er —ep)

0<r<60
r==+1 (10)
ged(r,60)=1

+ 2
0<r<60
r=+3 (10)

ged(r,60)=1

E f196,j (er —e_p),
0<r<60
r=+4 (10)
ged(r,60)=2

(ar f169,j + by g169,;) (er

where

a,:{

+1 if0 <r < 30,

. and b, =
—1 otherwise,

0<r<60
r==+2 (10)
ged(r,60)=2

- efr)

+1 ifr =+£1,+£13 (60),
—1 otherwise.

Then ﬁ(5),1 € H1+/2,EL and ﬁ(s),z € HIJ;Z’EL both transform like a vector valued
modular form of weight 1/2 for the dual Weil representation p; of level N = 60.
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Definition 3.31 We define the functions

e 1(2) = n(@n(122)n(152)n(20z)  n(32)n(4z)n(52)n(60z) (3.19)
©! n(3n@z)nG2)n602)  n2)n(122)n(152)n(20z) '

and

ey = (n(z)n(lzz)n(ISZ)n(ZOZ))2 B ( 1(32)n(42)n(52)n(60z)

2
) . (3.20)
n(3z)n(42)n(52)n(60z) n(z2)n(12z2)n(15z)n(20z)

These functions are weakly holomorphic modular forms of weight 0, level 60 whose
principal parts start with ¢ ~! and ¢ 2, respectively.

Theorem 3.32 Lete(s),1(2), e(5),2(2) € M(!)(60) be defined as in (3.19) and (3.20) and
put E5y(2) := —e(5),2 — e5),1-

(1) Forn > 1 the coefficients a s, (n) of fo(q) are given by

asp(n) = (trg(s) (4 —240n, 2) — try, | (4 —240n, 2)).

—i
24/240n — 4
(2) Forn > 1 the coefficients ay, (n) of f1(q) are given by

—i
2/240(n + 1) — 196
—try (196 —240(n + 1), 14)).

ap(n) = (tr'E"(S) (196 — 240(n + 1), 14)

(3) For n > 1 the coefficients ar,(n) of Fo(q) are given by

L — 2405 — 2402 I

4 240% 1( E(S)(] 240 D= Es) a 2402’1))v if n is even,
a0 = : ntl - ntl I

(trE(S)(IZI—2407,11)—trE<5)(121—240 £L11)), ifnis odd.

4,/240131 121

(4) Forn > 1 the coefficients ar, (n) of F1(q) are given by
(169 — 24052 13) — g, (169 = 240"42),13)), ifn is even,

i
4,/240"T+2—169( Ee)

(0} 49— 2402 7) —r, 40— 240131 7) ifn is odd.
4‘/240%—49( E@) Ees ).

Theorem 3.33 Let e(s)| € M} (60) be defined as in (3.19).

ar, (n) =

(1) Forn > 1 the coefficients ay,(n) of ¥o(q) are given by

—i

S 4—240n,2
@) = S =7 (e "2

(4 —240n,2)).

6(5),1
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(2) Forn > 1 the coefficients ay, (n) of ¥1(q) are given by

—i
2¢240(n+ D— 755 (e
(196 — 240(n + 1), 14)).

ay,(n) = (196 — 240(n + 1), 14)

6(5) 1

(3) Forn > 1 the coefficients ay,(n) of po(q) are given by

(trj;S),l 1- 240%, 1) — ’[re_(S)’1 1- 240%, 1)), if n is even,

2 /2410%—1

agy (n) = —i

2,/24031 121

(4) Forn > 1 the coefficients ay, (n) of ¢1(q) are given by

(trj(s),l(ul —240%, 1) —trg) (121 —240%, 1)), ifn isodd.

(tre(s) L (49 — 2405,7) — (49 — 240%, 7)), ifn is even,

—— tre,
w12 /240" —49 o)1
a n)= ; _ . .

‘1 (i, ; (169 — 24071, 13) —try | (169 — 2401, 13)), if n is odd.

2,/2404L 169

3.5 Mock theta functions of order 7

Similar to the previous subsection the necessary completion and its transformation
behaviour have already been studied by Zwegers and Andersen [4,20], respectively.
We use their results to derive algebraic formulas for the coefficients of the seventh-
order mock theta functions.

Theorem 3.34 [20, Proposition 4.5]. The vector
1
q- 1 Folq)

Foy(t) = | gis Fa(g)
25
q~ 18 Fi(q)

is the holomorphic part of a harmonic weak Maass form H7y = (f1, fi21, )T e
Hl—;z of weight 1/2, transforming as

Ceg 00
Hp(t+1) = 0 c168 0 Hey(T) (3.21)
0 O é’g

and
sin(%) sm(3”) sm(Z”)

H(7)<—l>= —iri s1n(3”)—sm(2”) sm( ) Hmp(r). (3.22)
t Vi sm(2”) sin(%) —sm(3”)
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Lemma 3.35 [4, Lemma 4]. Suppose that (f1, fi21, f25)T transforms with the repre-
sentation given in Theorem 3.34. Then the function

Hg) = Z Hyer = fi (&1 —e—1) + fi (ea1 — e_41)
re’Z,/1687

— > fra (er —ey)

2<r<40
r2 (168)e{1,25,121}

transforms like a vector valued modular form of weight 1/2 for the dual Weil represen-
tation py, of level N = 42, so that H7y € H1J72,5L'

Definition 3.36 We define the function

2 2
n(z)n(6Z)n(14Z)ﬂ(21Z)> _ (U(ZZ)U(3Z)n(7Z)’7(4ZZ)) . (3.23)

= <n(2z)n(3z)n<7z)n(42z> 1@n©)n 140 212)

This function is a weakly holomorphic modular form of level 42, weight O whose

principal part starts with ¢~

Theorem 3.37 Let e(7) € M\(42) be defined as in (3.23).

(1) Forn > 1 the coefficients ax,(n) of Fo(q) are given by

ax,(n) = ! 1(tr+ (1= 168n, 1) — try (1 —168n, 1)).

2J/168n —1° ‘7
(2) Forn > 1 the coefficients ar, (n) of F1(q) are given by

———(tr) (25— 168n,5) —tr
2/168n — 25

e

ar,(n) = €_<7) (25 — 168n, 5)).

(3) Forn > 1 the coefficients a, (n) of F2(q) are given by

—i
= tr) (121 —168(n + 1), 11
50 = e =Tt e (DD

— try (121 = 168(n + 1), 11)).

3.6 Mock theta functions of order 8
We now turn to the mock theta functions Sy, S1, Ty, 11, Uo, U1, Vg and V; of order 8.

They have the following linear relations between them which are an easy consequence
of the identities that are, e.g., given as (1.7) and (1.8) in [9].
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Lemma 3.38 We have

g% Upg) = ¢~ So(a®) +q7 Siq?),
0% Up(—q%) =g~ So(g?) — g™ Si(g?),
61_5 Ul(q%) = q_é To(q%) +q% Tl(q%),
q_ﬁ U1(—q%) = q_i To(q%) —q% Tl(q%).

Definition 3.39 For t € H we define the vector valued functions

Vo(q%l)
Vo(—g?)
VBq7F Vi(g?)
VB qTF Vi(—q?)
V247 Sy(g?)
V2477 So(—q?)
V247 Si(q?)
V247 Si(—q?)
VB4~ Ty(q?)
VBqT Ty(—q?)
V8q¥ Ti(q?)
V8q® Ti(—q?)

F(g)(‘l,') =

where ¢ = ¢2™'7, and

l' 100

G (1) = WG 2(8)(2)

—T7 A/ —l(Z =+ 'L') “

where g(s) is the vector (g(g).0, .- -, g(g)yu)T with components

88).0(2) = V2 65 4(2),

2).1(2) = =2 65.4(2),
8®),2(2) == 082(2) + 65,6(2),
8®),3(2) == 03.2(2) + 63.,6(2),
8®).4(z) == —(63,1(2) — 65,7(2)),
8®).5(2) == —(63,1(2) + 65,7(2)),
88).6(z) :=083(2) — 63,5(2),
8®),7(2) == —(0s,3(2) + 05,5(2)),
8®).8(z) :=031(2) — 63 7(2),
8®).9(z) :=03,1(2) + 637(2),
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8®),10(2) 1= —(08,3(2) — 05,5(2)),
8®),11(2) := 033(2) + 08 5(2).

Again the so-defined functions have the same modular transformation properties.
Considering the function Fgy — G (g) leads to the following theorem:

Theorem 3.40 The function Hg), defined for T € H by

Hgy (1) = Fg)(1) — Gy(r) (r € H),

is a vector valued harmonic Maass form of weight 1/2 for the metaplectic group
Mp, (Z).
For © € H we have

Hg)(t + 1) = Ng) H) (1) (3.24)
and
1 .
H,) (‘;) =~/ —it M) Hg)(1), (3.25)

where the transformation matrices N(gy and Mgy are defined as

010 0 0 0 00 0 0 00
100 0 0 0 00O 0 0 00
000¢&'0 0 00 0 0 00
005' 0 0 0 00 0O 0 00
000 0 0¢,00 0 0 00

N_0000§3—2‘0000000

®=1000 0 0 0 0¢, 0 0 00
000 0 0 0¢,0 0 0 00
000 0 0 0 00 0¢, 00
000 0 0 0 0 0¢,) 0 00
000 0 0 0 00 0 0 0¢&
000 0 0 0 00O 0 0¢,0
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and
1 1
000 0 0 % 0 0 0 0 0
00 0 00 0 0 0 5 0 G 0
000 0 0 —f 0 0 0 0 0
00 0 00 0 0 0 - 0 5 0
Lo L 00 0o 0o 0o 0 0 0 0
y 00 0 0 0 0 0 0 0 2 22
® =] L _ L
Lo0-L 00 0o o 0o 0 0 0 0
00 0 0 0 0 0 0 0 M2 _ o
1 1
0L o -0 o o o 0o 0 0 o0
00 0 0 02 o 222 o o o o
1 1
0oL 0 Lo 0 o 0 0o 0 0 0
00 0 0 02 o 322 ¢ o o o

Corollary 3.41 We have &,2(H))(7) = —% 8@ (1).

In the following we consider the congruence subgroup

F(8)={(iZ)eSLz(Z)‘bECEO(S),azdsl(S)}.

This leads to:

Theorem 3.42 The components of the vector valued harmonic weak Maass form Hg)
are scalar valued harmonic weak Maass forms of weight 1/2 for the subgroup

{(y.¢) e Mp,y(Z) | y € T'(8)}

of the metaplectic group Mp,(Z).

Remark 3.43 As before, the £-images of the harmonic weak Maass forms in Theorem
3.42 can be directly obtained from Corollary 3.41.

Finally we consider the yet omitted mock theta functions Uy and Uj. Using their
relations to Sp, S1, Tp and 77 in Lemma 3.38 and denoting the components of H gy by
/’l(g)’o, ey h(g),n giVCS us

h)a(t) £ h6(t) = ¢~ = Up(qH)
i /ioo 03,1(z) F 08,3(z) 08 5(z) — 03,7(2) dz
4 ) - J=iz +1) ’
h®)s(t) £ h 10(t) = ¢~ Uy(+q?)
/ioo —08,1(z) £ 083(z) F 08,5(z) + 08,7(2) dz.
—z V=iz+71)

+

+

0| ~-
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It can be shown via Sage [16] that h(g) 4 and h(g) ¢ have the same transformation
behaviour under all generators of I'(8), and also the two functions A gy g and h(g), 10
have the same transformation properties under all generators of I"(8). From this and
Theorem 3.42 we can conclude:

Theorem 3.44 The functions hsy 4 + hg)6 and hg) s £ h) 10 are scalar valued
harmonic weak Maass forms of weight 1/2 for the subgroup

{(y.¢) e Mpy(Z) | y € T'(8)}

of the metaplectic group Mp,(Z).

With the treatment of Uy and U; we have now related all eighth-order mock theta
functions to scalar valued harmonic weak Maass forms.

Remark 3.45 We get the £-images of the harmonic weak Maass forms in Theorem
3.44 from Corollary 3.41 by adding and subtracting the respective components of

&12(Hg)) (7).

3.7 Mock theta functions of order 10

The necessary completion and its transformation behaviour has already been studied
by Moore [14]. We consider the matrices

0 0 ¢o O 0 O
00 0¢y 0 0
o 0 0 0O O O
NlO = -1 (326)
a0 0¢,,0 0 0 0
00 0 0 ¢ 0
-9
00 0 0 0 ¢
and
0 0 0 0 sin(Z) —sin(%)
0 0 0 0 sin(Z) sin(%Z)
. 0 0 sin(Z) sin(%) 0 0
Mao = 0 0 sin() —sin(Z) 0 0 (3.27)
sin(Z) sin(Z) 0 0 0 0
—sin(%) sin(%”) 0 0 0 0
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Theorem 3.46 [14, Theorem 1] The vector
1 1
g7 ¢(qu)
g1 w(qf)

is the holomorphic part of H10) = (h(10,0, h(10),1 h(10).2. h(10).3. h(10).4. h(10),5)" €
H 172, which is a harmonic weak Maass form of weight 1/2, transforming as

Hqoy(t + 1) = Naoy Ho)(t)

and

1 2
H(10)< - ;) =+/—it ﬁ Moy Haoy (1),

where the matrices N0y and M) are defined as in (3.26) and (3.27).
The following result is a simple consequence from the statement above.
Lemma 3.47 The function
ﬁ(m) 2= (h0),0 + h10).2) [—e6 + e—6] + (2(10),0 — h(10),2) [—e4 + e_4]

+ (haoy,1 +hao),3) [—e2 +e_2] + (h0),1 — h10),3) [—eg + e_g]
+hqoy,aler —e—1 —eg+e_gl + h(o)5 [e3 —e—3 —e7 +e_7]

transforms with respect to the dual Weil representation p; of weight 1/2 and level
N =10.

Definition 3.48 We define the function

2 2
n@n(2) ) _25<M) , (3.28)

e (2) 1= (m n(2)n(22)

This function is a weakly holomorphic modular form of weight 0, level 10 whose

principal part starts with ¢~

Theorem 3.49 Let e(10)(2) € M(’)(IO) be defined as in (3.28).
(1) Forn > 1 the coefficients ax (n) of X(q) are given by

i
L o o _ ey _
ax(n) = W 1(tre(m)(l 40n, 1) tre(m)(l 40n, 1)).
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(2) Forn > 1 the coefficients a, (n) of x(q) are given by

i
ax(l’l) = m( 9(10)(9 40n 3) e(lO)(9 40n 3))

(3) Forn > 1 the coefficients ay(n) of ¢ (q) are given by

4‘/4O"+2—36
=L (trf (16 — 4075 4) — ) (16 — 40" 4)), ifn is odd.

+1
4,/4015 16

(4) Forn > 1 the coefficients ay (n) of ¥ (q) are given by

A‘\/ﬁ (tre(m) (4 4

n+3 n+'§ S
é‘\/ﬁ (tre(l()) (64 404= 8) tre(lo) (64 408712 8)) lfn is odd.
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ag(n) =
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