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Abstract

In a recent paper, Bauschke et al. study p-comonotonicity as a generalized notion of
monotonicity of set-valued operators A in Hilbert space and characterize this condition
on A in terms of the averagedness of its resolvent J4. In this note we show that this
result makes it possible to adapt many proofs of properties of the proximal point
algorithm PPA and its strongly convergent Halpern-type variant HPPA to this more
general class of operators. This also applies to quantitative results on the rates of
convergence or metastability (in the sense of T. Tao). E.g. using this approach we
get a simple proof for the convergence of the PPA in the boundedly compact case
for p-comonotone operators and obtain an effective rate of metastability. If A has a
modulus of regularity w.r.t. zer A we also get a rate of convergence to some zero of
A even without any compactness assumption. We also study a Halpern-type variant
HPPA of the PPA for p-comonotone operators, prove its strong convergence (without
any compactness or regularity assumption) and give a rate of metastability.

Keywords Generalized monotone operators - Proximal point algorithm -
Halpern-type proximal point algorithm - Rates of convergence - Metastability - Proof
mining

1 Introduction

A central theme in convex optimization is the computation of zeros z € zer A :=
A~1(0) of (maximally) monotone set-valued operators A € H x H in Hilbert space
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H. This stems from the fact that for A being the subdifferential d f of a proper,
convex and lower semi-continuous function f : H — (—00, 00], zer A coincides
with the set of minimizers of f.

An important algorithm for the approximation of zeros of A is the Proximal Point
Algorithm PPA [17,20]

Xpt1 = n AXn s (Yn) C (0, 00),

where J,, = (I + )/,,A)’1 : R(I 4+ y,A) — D(A) is the single valued resolvent of
¥n A and A is assumed to satisfy some range condition such as D(A) € R(I + 1A)
for all A > 0 so that the iteration is defined for xo € D(A) € R(I +ypA). Here D(A)
and R(A) denote the domain and range of A respectively as defined for set-valued
mappings (see e.g. [4,22]).

The range condition trivially holds for maximally monotone operators A such as
d f since then R(I + 1A) = H.
The crucial relation between A and Jj 4 is that the set of zeros of A coincides with the
fixed point set of Jj 4 (which, therefore, in particular does not depend on the choice of
A > 0). If A is monotone, then J; 4 is firmly nonexpansive so that many results from
metric fixed point theory apply (see e.g. [4] for all this).
In order to be able to treat functions f which are not necessarily convex, one needs to
weaken the requirement of A to be monotone from

(+H) V(x,u), (y,v) e A({(x —y,u—v)>0)
to e.g. stipulating
(+4) ¥(x, 1), (3, v) € A((x — y,u —v) = pllu —v]?),

where now p may also be negative (see e.g. [7,8]).

In the recent paper [5], this condition—called p-comonotonicity—is thoroughly inves-
tigated and related to properties of J4 . One key result is that J4 is an averaged mapping
whenever (++) holds with p > —%. The averaged mappings form a larger class of
mappings than the firmly nonexpansive ones but still have nice properties, e.g. they
are strongly nonexpansive.

In the recent papers [12,13], we studied from a quantitative point of view the PPA
as well as a strongly convergent so-called Halpern-type variant HPPA (in Banach
spaces) making use essentially only of the fact that all firmly nonexpansive mappings
have a common so-called modulus for being strongly nonexpansive (see [10]). This
also holds true for the class of averaged mappings if we have some control on the
averaging constant (see [21]). Putting all this together, it is rather straightforward to
see that the main results on the PPA and HPPA established in [12,13] generalize (in the
case of Hilbert spaces) to p-comonotone operators which is the content of this short
note. While the PPA has been considered for p-comonotone operators before (even
for sequences of operators, error terms and relaxations, see [7]) our note shows that
by the connection between the comonotonicity of A and the averagedness of J4 as
established in [5], many proofs for properties of the PPA and the HPPA for monotone
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operators can be easily adapted to cover the p-comonotone case. We also provide new
quantitative results on the convergence. For the HPPA, to the best of our knowledge,
our note provides the first results in the absence of monotonicity.

2 Preparatory results

Throughout this paper H is a real Hilbert space and A € H x H aset-valued operator
with the usual definitions of D(A) and zer A. D(A) denotes the topological closure
of D(A). We always assume that D(A) # .

Definition 2.1 [5] Let p € R. A is called p-comonotone if
V(x,u), (y,v) € A((x — y,u —v) > pllu — v||*).

In the case where p < 0 which we are interested in, p-comonotonicity has been studied
before in [7] under the name of |p|-cohypomonotonicity in the context of proximal
methods as discussed in the introduction (see also Remark 3.4 below).

Let J4 := (I + A)~! be the resolvent of A.

Proposition2.2 Let p € R, A > 0 and A be p-comonotone. Then D(Jy4) = R(I +
rLA),

x € Jhax <> x € zer Aand, if p > —1, J4 is at most single-valued and zer A =
Fix(Ja).

Proof [4, Proposition 23.2] and [5, Proposition 2.13]. O

Lemma2.3 [f A is p-comonotone for p € R, then for » > 0 we have that LA is
p/A-comonotone.

Proof If u € AAx, v € LAy, then § € Ax, € Ay and so

u vH2
A

( )=a{r—y. 2 -2)z2 2 = o]
X—yY,Uu—v)=A{x —y,———)>A- = —|lu —v|*.
y y)» p Y

A

O

The following proposition, which is well-known for monotone operators, extends to
p-comonotone operators:

Proposition2.4 Let A C H x H be p-comonotone with p € R. Let A, u > 0.

1. If p > —% then JyA is nonexpansive.
2. Jya satisfies the resolvent equation in the following form: if p > —\, —u, then

L

"
LAX wA )Lx + .

)JAAx), x € D(Jra).
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n
I = Juaxll = (24 ) I = Juaxl

forallx € R(I +XA) N R + nA).

Proof (1) By the assumptions and Lemma 2.3, LA is —%—comonotone and so—by [5,
Proposition 3.11(iii)] - Jj 4 is nonexpansive.

(2) follows as in [3][p.105] using Proposition 2.2 which is applicable since—by
Lemma 2.3 - J; 4, J, 4 are > —1-comonotone.

(3) Using (1) and (2) we get

[x = Jpax| < llx = Jaxll + | Jrax — Juax|

Ix = Hoaxll + || Jua (5x + (1 = 2 Jrax) — Juax||

[lx = Jax| + %x + - %)JAAX —x”

Ilx = Jaxll + |1 = & lIx = Jaxl < (24 %) lx — Juax] .

1Al

O

Definition 2.5 [6]. Let C € H be a nonempty subset of H and T : C — H be a

mapping.

1. T iscalled a-averaged witha € (0, 1) if T = (1 — )l + oS, where S : C — H
is nonexpansive.

2. T is called strongly nonexpansive (SNE) if 7' is nonexpansive and for all sequences
(xn), (yp) in H the following implication is true:

if ((x, — yn) bounded A |lx, — yull = IT X, — Ty, — 0), then
(xp —yn) — (Txy, — Ty,) — 0.

Lemma 2.6 [10, Lemma 2.2] T : C — H is strongly nonexpansive iff T has as an
SNE-modulus o : (0, 00)2 — (0, 00), i.e.

Vb,e >0Vx,y € C (lx =yl <bAlx =yl = IITx =Tyl < w(b,e¢)
> x=y)=Tx =Tyl <e).
The proof of [21, Proposition 2.7] establishes:

Proposition 2.7 [21]. Let C € H be some subset of H and T : C — H be an
a-averaged mapping for some o € (0,1). Then T is strongly nonexpansive with
SNE-modulus

l—«o
.62

we(b, &) ==

Proposition 2.8 Let (y,) C (0,00),y > 0 be such that y, > y > 0 foralln € N.
Let p € (—%, 0]l and A € H x H be p-comonotone.
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Then for eachn € N, J, o : R(I + y,A) — D(A) is strongly nonexpansive with
common SNE-modulus wy, where o := m € (0, 1).

In particular, if D(A) C C C ﬂZO:O R(I + vy A), then (Jy, 4) (restricted to C) is a
strongly nonexpansive sequence of mappings C — C in the sense of the papers [1,2].

Proof By the assumptions and Lemma 2.3, y,, A is (p/y,)-comonotone and so, since

Y
>0 >3

r
Vn
it a fortiori is n-comonotone with n := £ > —%. Hence by [5, Proposition 3.11(v)]

applied to y, A, the resolvent Jy, 4 : R(I + y,A) — D(A) is a-averaged. The claim
now follows from Proposition 2.7. O

3 The proximal point algorithm PPA for comonotone operators
Let A € H x H be p-comonotone, (y,,) C (0,00) and assume that D(A) C
Mo2o R(I + y,A). We assume that zer A # ). The Proximal Point Algorithm PPA
for A and (y,) isdefined by (n e N={0, 1,2,...})

Xpy1 = Jy,axn, X0 € R(I + pA).

Throughout this section we also assume that ¥, > y > 0 for all n € N and that
p e (=%.0l
Proposition 3.1 |.

lim |lx, — Jypaxall = lim [lx, — xp411l = 0.
n—0oo n—00
Moreover, with a = W € (0, 1), wy as in Proposition 2.7 and b >

llxo — pll for some p € zer A,
Ae,L,b) :=T[b/wy(b, )]+ L+ 1
is a modulus of liminf (in the sense of [14]) i.e.
VLeN,e>03n (L<n<A(L,b)and||x, — xy41]l < €).
2. Define

Xn — Xn+41
Yn

Uy =

Then u, € Axpy1, lim u, = 0and
n—oo

dn < p(e,b,y) :=Ae-y,0,D) (lunll <e).
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Proof 1) Let p € zer A. Then by Propositions 2.2 and 2.4 (using that y,, A is > —% >
—1 comonotone)

lxnt1 —pll < llxn —pl <b, neN,

and so (x;) is Fejér monotone w.r.t. zer A = Fix(Jy,4) and (||x, — p||) is convergent.
Thus

1y, a%0 = Jy,apll = 1% = pll| = lIXn+1 = plIl = llxa = plll = 0.
Hence by Proposition 2.8
lxnr1 — xull = ”Jy,len —xu|l = 0.

By Proposition 2.4(3) (which is applicable in the nontrivial case where n > 1 due to
Xxn € D(A) and the range condition)

Yo
llxn — JyoAxn” = (2 + ?) llxn — JVnAxn”

and so also lim |lx, — Jyyaxsll = 0.

n—o0
The lim inf-bound is proved as in [13, Proposition 2.1] using Proposition 2.8. We
include the proof here for completeness: Let L € N and § > 0. Then there exists an
neNwithL <n <L+ [b/§]+ 1 such that

X0 — pll = 1Sy, a%n — Jy,apll = llxn — pll = X041 — pIl <6
since, otherwise,
b= llxp —pll = llxL = pll = IxL41p/5141 — Pl = ([6/81 + 1) - 6 > b.

Now fix § := wy (b, ¢). Then Proposition 2.8 implies the existence of an n with
L <n < A(e, L, b) such that

X0 — Xnt1ll = 1Gen — p) — (Jy,a%n — Jy,aP) |l < €.
2) is immediate from 1). O

The PPA for maximally monotone operators, while being weakly convergent, fails
to be strongly convergent as shown in [9]. In the boundedly compact (i.e. finite dimen-
sional) case there is in general no computable rate of convergence unless some strong
metric regularity assumption is made (see [19] and [11]). However, in the boundedly
compact case, one can get effective rates W of metastability in the sense of T. Tao
[24,25] for the Cauchy property of (x;), i.e.

Ve >0Vg:N— NIn <W(eg)Vi,je[n,n+gn)l (||x,- —xjll < 8).
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Note that, noneffectively, this property implies the Cauchy property of (x,) and hence
the existence of a limit x but does not allow one to convert W into an effective rate
of convergence. One can additionally ensure that for i € [n,n 4+ g(n)], x; is an
approximate zero of A which guarantees that x is a zero of A.

We now extend our rate of metastability for the PPA from [13] to the p-comononotone
case:

Theorem 3.2 Let A be as above and assume additionally that D(A) C ﬂ;’;o R(I +

YnA) is boundedly compact and xy € D(A). Then (x,) strongly converges to a zero
of A. Moreover, the rate of metastability W from [13, Theorem 2.12] also holds in our
current situation with A being replaced by our definition in Proposition 3.1(1), i.e.

(*) Vk e NVg e NN 3n < Wk, g, B)Vi, j € [n,n + gn)]

1 -
<||)Ci —xjll < 1 and x; € Fk>,

where

F -—ﬂ xe€DA) : |x—J x||<L
el ' A=

and B is a modulus of total boundedness (in the sense of [13, Theorem 2.12]) for
D(A) N B(0, M), where B(0, M) := {x € H : ||x|| < M}, with M > b + ||p|| and
b > |lxo — pll for some p € zer A.

If C C H is closed and convex with D(A) CCC ﬂflozo R(I + y, A), then without
compactness assumption, (x,) converges weakly to a zero of A.

Proof The proof of [13, Theorem 2.12] for the rate of metastability of (x,,) can be taken
without any changes observing that [14, Lemma 8.1] holds with the same proof in our
context and that @ can be shown to be an approximate F-bound as in [13, Proposition
2.11] using Propositions 2.4(3) and 3.1(1) instead of [13, Prop.2.3(ii),Prop.2.1].
Since (x,) is metastable (the first part of (x)), it is a Cauchy sequence and hence
convergent with x := lim, x, € D(A). By the extra clause ‘x; € Fi’ in (%), which
strengthens the usual formulation of a rate of metastability, we can conclude that
x € zer A. Indeed, choosing in (k) for given N € N the function g(n) := N we get
anny > N with [lx,, — Jypyaxpyll < k]? Using the nonexpansivity of J,, 4 this
implies that x € Fix(Jy,4) = zer A.

For the weak convergence in the noncompact case we reason as follows: let w be a
weak sequential cluster point of (x,,). Then there is a subsequence (x,,, ) which weakly
converges to w. By Proposition 3.1(1) (x,,) is an approximate fixed point sequence
of Jy, 4. Hence by Browder’s demiclosedness principle ([4, Corollary 4.28]) applied
to Jy,4 and C it follows that w € Fix(Jy,4). Hence we can—using again the fact
that (x,) is Fejér monotone w.r.t. Fix(Jy,,4)—conclude that (x,) weakly converges
tow € Fix(Jya) = zer A by [4, Theorem 5.5]. O

Remark 3.3 The range condition in Theorem 3.2 is trivially satisfied if A is maximally
p-comonotone (in the sense of [5, Definition 2.4.(iv)]) since then by Lemma 2.3 1 A
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is maximally (p/X)-comonotone with p/A > —1 for A > y so that by [5, Corollary
2121 R(I + AA) = H.

Remark 3.4 Note that the conditions on p, y,, made in [7] on their general PPA in the
case of a single operator A and without relaxation (i.e. A, := 1) imply our condition
that p > —w : observing that p in [7] corresponds to our —p, the conditions
(iii),(iv) in [7, Theorem 3.1] state the existence of an ¢ € (0, 1) s.t.

1
— <2—¢, Yy >—p, nelN.
L+ p/vn v

An easy calculation shows that this implies that
. 2—¢
inf{y, : n € N} > —pl— > —=2p.
—¢

Also the converse holds: let § > 0 be such that y > —2p + §. Then the condition

1
1+ 2

Vn

<2-—¢

2y
y+4°
Error terms u,, subject to the condition that Y |lu,| < oo (implied by condition (vi)
in [7, Theorem 3.1]) can be incorporated even in the quantitative part of our theorem
(similar to [15, Theorem 4.5]). Our approach makes the relevance of the averagedness

of Jy, 4 explicit which only implicitly occurs in the proof of [7, Theorem 3.1].

is satisfied with ¢ := 2 —

Definition 3.5 [16] Let A be as at the beginning of this section with p € zer A and
define F(x) := dist(Oyx, A(x)) (with F(x) := oo for x ¢ D(A)). A function ¢ :
(0, 00) — (0, 00) is called a ‘modulus of regularity for A w.r.t. zer A and E(p, r)
withr > 0 if foralle > Oand x € B(p,r) :={y € H : ||y — p|| < r} one has

F(x) < ¢(e) — dist(x, zer F) < e.

As [13, Lemma 2.6] (but reasoning in the proof of zer F' C zer A with - say-ypA and
Jyoa instead of A, J4) one shows that

Lemma 3.6 With F as defined in the previous definition, zer F = zer A and so (x,)
as defined by the PPA for A is Fejér monotone w.r.t. zer F = zer A, i.e.

Vp € zer F¥n € N(||xp+1 — pll < lxn — pID-
As in the case of [13, Theorem 2.8] one now gets
Theorem 3.7 Let A and (yy) be as above and assume that D(A) C ﬁ R(I + ynA).
Let p € zer Aand b > ||xo — p||. If A has a modulus ¢ of regu?a:}f)ity w.rt zer A

and B(p, b), then (x,) converges to a zero z := lim x,, of A with rate of convergence
p(p(e/2), b, y) + 1, where p is as in Proposition 3.1(2).
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Proof The proof is largely identical to that of [13, Theorem 2.8]. We only have
to observe that in that latter proof it suffices to have the existence of an n <
pE, b, y) (|F(xpt1)| < |lunll < &) (rather than that this holds for all n > p(e, b, y))
and that this follows from Proposition 3.1(2). O

4 The Halpern-type proximal point algorithm HPPA for comonotone
operators

Whereas the PPA even for monotone operators A in general is not strongly convergent
([9]) a Halpern-type variant strongly converges also for p-comonotone operators as
we show in this section.

Again we assume that (y,,) C (0, 0o) with y,, > y > 0 for all n € N and that A is
p-comonotone with p € (—%, 0] with zer A # . Let C € H be a nonempty closed

and convex subset such that D(A) C C C ﬂzozo R(I + v, A).

Definition 4.1 [2,18,23]. Let S € H be some nonempty subset of H and 7' : § — H
a mapping and (S,) be a sequence of mappings S, : S — H. Let F((Sp)) =
(nen Fix(S,) be the set of all common fixed points of S, for all n. (S,) is said
to satisfy the NST condition (I) with 7 if F((S,)) # @, Fix(T) € F((S,)) and
xn — T'x, — 0 whenever (x,,) is a bounded sequence in S with x,, — S,x, — 0.

Proposition4.2 Let T := Jya : C — Cand S, := Jya : C — C. Then (S,)
(strictly speaking the sequence of the restrictions of Sy, to C) satisfies the NST condition
@M with T.

Proof Clearly, Fix(T) = Fix(S,) = zer A # (. Let (x,,) be a bounded sequence in
C with lim,, ||x, — S,x, || = 0. Then by Proposition 2.4(2) also lim,, ||x, — Tx,]| = 0.
O

Theorem 4.3 Let (o) C (0, 1] be such that lim, a,, = 0 and Zzio o, = 00. For
u, xo € C define the Halpern-type proximal point algorithm (HPPA) by

Xpt1 = auu + (1 —ay)Jy,ax, € C.

Then (x,) strongly converges to the zero of A which is closest to u. Moreover, the rate
of metastability from [12, Theorem 4.1] also holds for our current situation if wy, is
replaced by wy from Proposition 2.7 above with o := m and wj(b, €) := ¢.

Proof The strong convergence follows from [2, Theorem 3.1] whose assumptions are
satisfied by Propositions 2.4(1), 2.8 and 4.2 using also that H has the fixed point
property for nonexpansive mappings. The strong convergence also follows using [12,
Theorem 4.1] which, moreover, gives the rate of metastability stated in the theorem.
For this we only have to observe that the proof of [12, Theorem 4.1] only uses properties
of J,,, 4 which by the results stated above also hold true for p-comonotone operators
A where now we use w, and Proposition 2.8 instead of w, and [12, Lemma 2.4].
Finally, we note that we can take w; (b, €) := ¢ as modulus of uniform continuity for
the normalized duality map on B(0, b) since we are in a Hilbert space. O
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Remark 4.4 Remark 3.3 applies here as well: if A is maximally p-comonotone, then
the range condition is satisfied for any closed and convex subset C € H satisfying
D(A) C C.
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