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Abstract

We consider the Dirichlet-to-Neumann operator associated to a strictly elliptic oper-
ator on the space C(d M) of continuous functions on the boundary d M of a compact
manifold M with boundary. We prove that it generates an analytic semigroup of angle
7, generalizing and improving a result of Escher with a new proof. Combined with the
abstract theory of operators with Wentzell boundary conditions developed by Engel
and the author, this yields that the corresponding strictly elliptic operator with Wentzell
boundary conditions generates a compact and analytic semigroups of angle 7 on the

space C(M).

Keywords Dirichlet-to-Neumann operator - Wentzell boundary conditions - Analytic
semigroup - Riemmanian manifolds
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1 Introduction

Differential operators with dynamic boundary conditions on manifolds with boundary
describe a system whose dynamics consisting of two parts: a dynamics on the manifold
interacting with an additional dynamics on the boundary. This leads to differential
operators with so called Wentzell boundary conditions, see [17, Sect. 2].

On spaces of continuous functions on domains in R” such operators have first been
studied systematically by Wentzell [39] and Feller [26]. Later Arendt et al. [8] proved
that the Laplace operator with Wentzell boundary conditions generates a positive,
contractive Co-semigroup. Engel [20] improves this by showing that this semigroup
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is analytic with angle of analyticity 7. Later Engel and Fragnelli [17] generalize this
result to uniformly elliptic operators, however without specifying the corresponding
angle of analyticity. For related work see also [11-14,22,23,38,39] and the references
therein. Our interest in this context is the generation of an analytic semigroup with the
optimal angle of analyticity.

As shown in [9,17] this problem is closely connected to the generation of an ana-
lytic semigroup by the Dirichlet-to-Neumann operator on the boundary space. More
precisely, based on the abstract theory for boundary perturbation problems devel-
oped by Greiner [25], it has been shown in [9,17] that the coupled dynamics can be
decomposed into two independent parts: a dynamics on the interior and a dynamics
on the boundary. The first one is described by the differential operator on the manifold
with Dirichlet boundary conditions while the second is governed by the associated
Dirichlet-to-Neumann operator.

On domains in R” the generator property of differential operators with Dirichlet
boundary conditions is quite well understood, see [7,29,32]. On compact Riemannian
manifolds with boundary it has been shown in [10] that strictly elliptic operators with
Dirichlet boundary conditions are sectorial of angle 7 and have compact resolvents
on the space of continuous functions.

Dirichlet-to-Neumann operators have been studied e.g. by [30,32,37] and
[36, App. C]. For the operator-theoretic context see, e.g., the work of Amann and
Escher [4] and Arendt and ter Elst [5-7]. In particular, on domains in R"” Escher [19]
has shown that such Dirichlet-to-Neumann operators generate analytic semigroups
on the space of continuous functions, however without specifying the correspond-
ing angle of analyticity. Finally, ter Elst and Ouhabaz [16] proved that this angle is
7 and extended the result of Escher [19] to differential operators with less regular
coefficients.

In this paper we study such Dirichlet-to-Neumann operators on the space of con-
tinuous functions on Riemannian manifolds and show that they generate compact and
analytic semigroups of angle 7 on the continuous functions.

We first explain our setting and terminology. Consider a strictly elliptic differential
operator A,, : D(Ay) C C(M) - C(M), as given in (4.3), on the space C(M) of
continuous functions on a smooth, compact, orientable Riemannian manifold ‘M with
smooth boundary d M. Moreover, let 2. D(a%) C C(M) — C(dM) be the outer

Javé
conormal derivative, 8 > Oand y € C(dM). We consider B := —ﬂ~%f+yof|aM :
D(B) C C(M) — C(dM), as in (4.4), and define the operator AZ f := A,, f with

Wentzell boundary conditions by requiring
feDA?) = feD(Am)ﬂD(B)andAmf|aM=Bf. (1.1)

For a continuous function ¢ € C(dM) on the boundary the corresponding Dirichlet
problem

Amf = 0,

1.2
flam = o, (-2
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40 T.Binz

is uniquely solvable by Corollary A.4. Moreover, by the maximum principle, see
Theorem A.1, the associated solution operator Ly : C(0M) — C(M) is bounded.
Then the Dirichlet-to-Neumann operator is

a

Ny = —
@ ﬂaug

-Lop foro e DIN):={p € COM): Lop € D(B)}. (1.3)

That is, N¢ is obtained by applying the Neumann boundary operator — ,8% to the
solution f of the Dirichlet problem (1.2).
Our main results are the following.

(i) The Dirichlet-to-Neumann operator N in (1.3) generates a compact and analytic
semigroup of angle 5 on C(dM);

(ii) the operator A® with Wentzell boundary conditions (1.1) generates a compact and
analytic semigroup of angle 5 on C(M).

This extends the results from Escher [19] and Engel-Fragnelli [17, Cor. 4.5] to
elliptic operators on compact manifolds with boundaries and gives the maximal angle
of analyticity 5 in both cases. In the flat case the result for the Dirichlet-to-Neumann
operator coincides with the result of ter Elst-Ouhabaz [16] in the smooth case. The
techniques here are different and our proof is independent from theirs.

This paper is organized as follows. In Sect. 2 below we recall the abstract setting
from [9,17] needed for our approach. Based on [20, Sect. 2], we study in Sect. 3 the
special case where A,, is the Laplace—Beltrami operator and B the normal derivative.
In Sect. 4 we then generalize these results to arbitrary strictly elliptic operators and
their conormal derivatives. Moreover, we use this to obtain uniqueness, existence and
estimates for the solutions of the Robin-Problem. Here the main idea is to introduce
a new Riemannian metric induced by the coefficients of the second order part of the
elliptic operator. Then the operator takes a simpler form: Up to a relatively bounded
perturbation of bound 0, it coincides with a Laplace—Beltrami operator for the new
metric. Regularity and perturbation theory for operator semigroups as in [9, Sect. 4]
then yield the first part of the main theorem in its full generality. The second part
follows from [17, Thm. 3.1] and [10, Thm. 1.1]. In the Appendix we collect some
results about elliptic operators on manifolds with boundary.

In this paper the following notation is used. For a closed operator T: D(T) C X —
X on a Banach space X we denote by [D(T)] the Banach space D(T') equipped with
the graph norm || e ||7 := || @ || x + ||7(e) || x and indicate by < a continuous and by

c

< a compact embedding. Moreover, we use Einstein’s notation of sums, i.e.,

n
k. k
Xky -:§ XKy
k=1

forx := (x1,..., %),y = (V1y -+ Yn)-
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2 The abstract setting

The starting point of our investigation is the abstract setting proposed first in this
form by [25] and successfully used, e.g., in [11,12,17] for the study of boundary
perturbations.

Abstract Setting 2.1 Consider

(i) two Banach spaces X and 90X, called state and boundary space, respectively;
(ii) adensely defined maximal operator Ay, : D(A,) C X — X;
(iii) a boundary (or trace) operator L € L(X, 0X);
(iv) afeedback operator B: D(B) € X — 0X.

Using these spaces and operators we define the operator A% : D(A8) c X — X
with generalized Wentzell boundary conditions by

APf = Anf, D(AP):={f e DA, NDB):LA,f = Bf}. .1

For our purpose we need some more operators.

Notation 2.2 We denote the (closed) kernel of L by X := ker(L) and consider the
restriction A of A,, given by

Ag: D(Ag) C X — X, D(Ao) :={f € D(An) : Lf =0}.
The abstract Dirichlet operator associated with A, is, if it exists,
-1
Lg’” = (L|ker(Am)) 90X — ker(A,,) C X,

ie., Lg "@ = f is equal to the solution of the abstract Dirichlet problem

{A’"f =0, (2.2)

Lf = o.

If it is clear which operator A,, is meant, we simply write L.
Moreover for A € C we define the abstract Robin operator associated with
(A, Am, B) by

-1
Ry == ((B — AL)lker(a,))  : X — ker(A,) N D(B) C X,

i.e., Ryp = f is equal to the solution of the abstract Robin problem

(2.3)

Amf:Os
Bf —ALf = ¢.

If it is clear which operators A,, and B are meant, we simply write R;,.
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42 T.Binz

Furthermore, we introduce the abstract Dirichlet-to-Neumann operator associated
with (A, B) defined by

NAmBy .= BLI"g, D(N*"B):=|p e dX:Lyi"¢p e D(B)}. (2.4)

If it is clear which operators A,, and B are meant, we call N simply the (abstract)
Dirichlet-to-Neumann operator. This Dirichlet-to-Neumann operator is an abstract
version of the operators studied in many places, e.g., [19], [36, Sect. 7.11] and [35,
Sect. I1.5.1].

The Dirichlet-to-Neumann and the Robin operator are connected in the following
way.

Lemma 2.3 If L exists, we have A € p(N) if and only if R) € L(0X, X) exists. If
one of these conditions is satisfied, we obtain

R, = —LoR(A, N).
Proof Assume that R, € L£(3X, X) exists. By the definition of N the equation
Ap—Nop =1y
for ¢ € D(N), ¥ € 0X is equivalent to
AMLLop — BLop = ¢ 2.5
for ¢ € D(N), ¢ € 9X. This again is equivalent to
—Ry Y = Log.
Therefore, we have for ¢ € D(N), ¥ € 90X the equivalence
pe —Ne =y < Ry =—Lop.
Since R; : dX — ker(A,;) N D(B) exists and Lgy : dX — ker(A,,) is an isomor-
phism, there exists a unique ¢ € D(N) for every ¥ € 9X. Moreover its given by
¢ = —LR,,_ ;¥ and therefore the boundedness of the inverse follows from the bound-
edness of L and R;,. The formula for the resolvent of N follows, since L|ker(a,,) 1S an
isomorphism with inverse L¢ and the image of R) is contained in ker(A,,).
Conversely, we assume that & € p(N). Then (2.5) has a unique solution ¢ € D(N)

for every ¥ € 0X. Considering f := —Lyg we obtain a unique solution of (2.3) and
hence R; exists. Boundedness follows from R, = —LoR(A, N). O

3 Boundary problems for the Laplace-Beltrami operator

In order to obtain a concrete realization of the above abstract objects we consider
a smooth, compact, orientable Riemannian manifold (M, g) with smooth boundary
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oM, wheg g denotes the Riemannian metric. Moreover, we take the Banach spaces
X := C(M) and 0X = C(dM) and as the maximal operator the Laplace—Beltrami
operator

Anf = AL f. DA =1 f e [\ Wel(M)NnCM): A, f € C(M)
p>1
3.1
As feedback operator we take the normal derivative

Bf :=—g(Vi;f.vs). DB):=={fe[) Wil (M) nC(M): Bf € COM) |,
p>1
3.2)
where Vf,l denotes the gradient on M, which in local coordinates is given as

(V4 5) = eof

for f € N p>1 W1-P(M). Moreover, v, is the outer normal on d M given in local
coordinates by
I __ k]
Ve =8 V.

Furthermore, we choose L as the trace operator, i.e.,
L: X — 00X, f+ flom,

which is bounded with respect to the supremum norm. Later on we will also need the
unique bounded extension of L to W!12(M), denoted by L: wWL2(M) - L2(OM),
and call it the (generalized) trace operator.

3.1 The Laplace-Beltrami operator with Robin boundary conditions

In this setting we consider the Laplace—Beltrami operator with Robin boundary condi-
tions and prove existence, uniqueness and regularity for the solution of (2.3). Moreover,
we show that this solution satisfies a maximum principle.

For this purpose we need the concept of a weak solution of (2.3). If f € D(A,;;) N
D(B) is a solution of (2.3) we obtain by Green’s Identity

/M g(V5 . V5) dvol§, = — /BM BfL¢ dvolf,, = — /BM ALfL¢ dvolf,, — /BM ¢L¢ dvol;
for all ¢ € W'-2(M). This motivates the following definition.
Definition 3.1 (Weak solution of the Robin Problem) We call f € W'2(M) a weak
solution of (2.3) if it satisfies

a(f, ¢) :=/ g(V5, f.V5,0) dvol,gv[—{—/ ALfLé dvol§,, = —/ gL dvol§,, =: F(¢)
M oM oM
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for all p € WH2(M).

Definition 3.2 We call f € D(A,,) N D(B) a strong solution of (2.3) if it satisfies
(2.3).

Next we prove the existence of such weak solutions.

Lemma 3.3 (Existence and Uniqueness of the weak solution of the Robin problem)

For each Re(A) > 0 and each ¢ € W%'Z(Z)M) the problem (2.3) has a unique weak
solution.

Proof We consider a and F as defined above. Obviously a is sesquilinear and F is
linear. By the Cauchy—Schwarz Inequality we have for f, ¢ € W2(M) that

la(f, P)| < ||V15t,/IfHL2(M)||V§4¢”L2(M) + |)‘|HZfHLZ(gM)HZ‘ﬁ”LZ(gM) = C”f”WIvZ(M)”¢HW1‘2(M)’

hence a: WH2(M) x WH2(M) — C is bounded. Next we show that a is coercive. If
not, there exists a sequence (#x)reN C WL2(M) such that

itk I3y1.2pp) > K Re(alux, ug))

for all k € N. We consider
wo= ——k w2
kw2 ar

and remark that [|vg [lw1.2(3y) = 1 and therefore

Re(a(vk, vk)) < %

for all k € N. Since (vi)ren is bounded, by Rellich—Kondrachov (cf. [27, Cor. 3.7])
there exists a subsequence (vy, )/en converging in L%(M) to v € L2(M). On the other
hand we have

IV5vk 2y < Re(a(ug. vg)) < o
hence (V3 v, )ien converges to 0 in L2(M). This shows v € W!2(M) and V§,v = 0.
Moreover, we obtain

1V 5wk I 2an) = /M 8ij8'" 87 0y vy, ds vy, dvolfy = /M 8" O vy ds gy dvoly = 1V v 2

where Vg, denotes the covariant derivative of vg,. Therefore, (vy,);en converges in
W12(M) to v with lvllwi.2(ay = 1. Moreover, we have

B 1
L = ReOks
I Lvi L2 om) Re(M)k;
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and therefore

+Cllv— Uk, ”WIZ(M) —0

— [ — — 1
”LU”LZ((')M) <ILv— kal ”Lz(bM) + Hka] I|L2(3M) < m

andhence Lv = 0. Since Vv = 0, we conclude v = 0, which contradicts lvllwi2on =
1. Hence, a is coercive. Since

|F @) < el 2 1Ll 20 < Clldllwrzaarn

for all $ € WH2(M) we conclude that F: W2(M) — C is bounded. By the Lax—
Milgram and Fréchet—Riesz theorems it follows that a(f, ¢) = F(¢) for all ¢ €
WL2Z(M) has a unique solution f € wLhZ(pm). O

Next we prove that every weak solution is even a strong solution.

Lemma 3.4 (Regularity of the Robin problem) If ¢ € C(d M), every weak solution of
(2.3) is a strong solution.

Proof By [36, Chap. 5., Prop. 1.6] we have f € C2(M) C (. Wyl (M).

Therefore, we obtain by the fundamental lemma of the calculus of variation that
A%, f =0, in particular A, f € C(M). Furthermore we have

Bf =ALf +¢ € C(0M).

Moreover we need a maximum principle for the Robin problem.

Lemma 3.5 A solution f € D(A,) N D(B) C X of (2.3) satisfies the maximum
principle

[Re)[- 1 fllx = llellax
forallRe(A) > 0and ¢ € 0X = C(OM).
Proof We considerapoint p € M, where | f| and therefore | f |2 assumes its maximum.

By the interior maximum principle (cf. Theorem A.1) it follows that g € d M. Hence,
we have

@ (V51 f17(q), vg(q)) = 0.

From

g(ViiIf P ve) = g(VE(F ). ve) = 2Reg((V5 T vg) = 2Re(((V5 ). 1) F)
— —2Re((Bf)f) = —2Re(¢f) — 2Re(M)| /12,
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we obtain

Re(W)|f1*(q) < —Re(p(@) f(@) < lol@)]f1(q).

Since Re(A) > 0, this implies

[Re()[ - I fllx = [Re)[ - [fI(p) < lol(p) = ll¢llax-

Summing up we obtain the following.

Corollary 3.6 (Existence and Uniqueness of the solution of the Robin problem) For
allRe(X) > 0 and ¢ € C(0M) the problem (2.3) has a unique solution.

Proof If ¢ € W%'z(BM) N C(d M) the claim follows by combining Lemmas 3.3 and
34.

For general ¢ € C(dM), the claim follows by density of W%’Z(E)M) NCOM) C
C(0dM) and the maximum principle Lemma 3.5. O

3.2 Generator property for the Dirichlet-to-Neumann operator

Now we are able to prove our main result: The Dirichlet-to-Neumann operator gener-
ates a contractive and analytic semigroup of angle 7 on dX = C(dM). To do so we
represent the Dirichlet-to-Neumann operator as a relatively bounded perturbation of

W= — /=A%,
We first need the existence of the associated Dirichlet operator.

Lemma 3.7 The Dirichlet operator Ly € L(0X, X) exists.
Proof This follows by [36, Chap. 5. (2.26)], Theorem A.1 and Corollary A.4. O
Next we prove a first generation result for the Dirichlet-to-Neumann operator.

Proposition 3.8 The Dirichlet-to-Neumann operator N defined in (2.4) generates a
contraction semigroup on 0X.

Proof By elliptic regularity theory (cf. [36, Chap. 5.5. Ex. 2]), we have the inclusions
LoC*(9M) c C'(M) c D(B).

Since C?(d M) is dense in dX, N is densely defined. By Lemma 2.3 and Corollary 3.6

it follows that the resolvent R (A, N) exists for all Re()) > 0. By the interior maximum

principle Llker(a,,): ker(A,;) C X — 90X is anisometry. Therefore, Lemmas 2.3 and
3.5 imply

1
||R()w N)(P”ax = m”‘ﬂ”ax
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for all Re(X) > 0 and ¢ € 9X. Hence, the claim follows by the Hille—Yosida theorem
(cf. [18, Thm. 11.3.5]). O

Now we prove the main result of this subsection.

Theorem 3.9 The Dirichlet-to-Neumann operator N given by (2.4) for (3.1) and (3.2)
generates an analytic semigroup of angle 5 on 9X.

We proceed as in the proof of [20, Thm. 2.1]. Let ‘N and W be the closure of N and W,
respectively, in ¥ := L?(d M). Moreover we need results from the theory of pseudo
differential operators. We use the notation from [35] and denote by OPSk(aM ) the
pseudo differential operators of order k € Z on dM.

Step 1 Then the part N|x coincides with N.
Proof By Proposition 3.8 the Dirichlet-to-Neumann operator N is densely defined and

A — N, considered as an operator on Y, has dense range rg(A — N) = 0X C Y for all
A > 0. By Green’s Identity we have

/ g(Vf,lf, Vf/lf) dvoly —i—/ fApMfdvoly = / g(Vf,If, vg)Lf dvolyy.
M M oM
Hence, for f := LS‘"’(p with ¢ € D(N) we obtain

0 5/ g(V5 f. Vi f)dvoly = —/ @N@dvolyy
M aM

since Aﬁ,l f = 0. Hence, N as an operator on Y is dissipative. By the Lumer—Phillips
theorem (see [18, Thm. I1.3.15]) the closure N of N exists and generates a contraction
semigroup on Y. This implies that on 9 X we have

(1=N) S (1—=N)x,

where 1 — N is surjective and 1 — N is injective on 9 X. This is possible only if the
domains D(1 — N) and D(1 — N) coincide, i.e., N|gx = N. O

Step 2 The operator W := —,/ —A‘g  generates an analytic semigroup of angle 5 on
0X.

Proof By [10, Cor. 3.6] the Laplace—Beltrami operator A‘g ) generates an analytic
semigroup of angle 7 on C(3M) = 9X. Hence, the assertion follows by [1,
Thm. 3.8.3]. O

Step 3 The operator W= —/ —A‘gM satisfies W = W|jx.
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48 T.Binz

Proof By [35, Chap. 8, Prop. 2.4] the space C*°(d M) is a core for A‘gM and by [1,

Prop. 3.8.2] the domain D(A‘gM) is a core for W. Hence, C*®(d M) is a core for W
and since C>®(dM) C D(W) we obtain that D(W) is a core for W on Y. This implies
that W is indeed the closure of W in Y. Moreover, we obtain

(1—W) < (1-W)lyx,

where 1 — W is surjective and 1 — W is injective on 9 X. This is possible only if for
the domains we have

D(1—W)=D(-W),

ie., Wlpx = W. o

Step4 The domain of W can be compactly embedded into the Holder continuous
functions, i.e., [D(W)] <> C*(M) for all & € (0, 1).

Proof Consider R := (1 + W)~!. Then, by [35, Chap. XIL.1], R € QPs—l(aM) and
since ¢ € 0X = C(0M) we have by [35, Chap. XI, Thm. 2.5] that Rp € WP (M)
for all p > 1. Hence, D(W) = RC(OM) c W!?(3M). Moreover, by Sobolev
embedding (see [2, Chap. V. and Rem. 5.5.2])
WP (M) < C(OM)
for p > n — 1, where n := dim(M). By the closed graph theorem we obtain
[D(W)] — WP (M)
for p > n — 1. Since Rellich’s embedding (see [2, Thm. 6.2, Part III.]) implies
WP @M) <S C* (M)

forp > ¢

j;, the claim follows. 0

Step5 The differenc_e P:=N—WeOPS°(OM)isa pseudo differential operator of
order 0. Moreover, P considered as an operator on Y is bounded.

Proof This follows from [36, App. C, (C.4)] and [35, Chap. XI, Thm. 2.2]. O

Step 6 The part P := ?|C“(8M)3 C*(0M) — C%(0M) is bounded. Moreover, the
operator P considered on 0X is relatively W-bounded with bound 0.

Proof Form [35, Chap. XI, Thm 2.2] it follows P € L(C*(dM)). By Step 4 we have
[D(W)] <> C*(AM) — C(IM). (3.3)
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Therefore, by Ehrling’s lemma (cf. [34, Thm. 6.99]), for every ¢ > O there exists a
constant C; > 0 such that

lelicem) < ellellw + Cellello

for every ¢ € D(W), i.e. P is relatively W-bounded with bound 0. O
Step 7 (Proof of Theorem 3.9)

Proof First we note that by Step 5 we have
N=W-P,
and therefore using the Steps 1, 3, 6 it follows that
N=Nlogx =W —P)logx 2W[sx —P=W — P. (3.4

On the other hand, by Steps 2, 6 and [18, Lem. I11.2.6], W — P generates an analytic
semigroup of angle 7 on 3 X. Moreover, A € p(N) N p(W — P) for A large enough.
This implies equality in (3.4) and hence the claim. O

Remark 1 After we finished this paper, a different proof of Theorem 3.9 came to our
mind, based on the work of ter Elst and Ouhabaz [15].

First, note that by the remark at the end of [15, Sect. 1] all results in [15] still
be true on Riemannian manifolds. Applying the same arguments as in the proof of
[16, Prop. 2.3], using [15, Thm. 2.6] instead of [ 16, Thm. 2.1], we get that the Dirichlet-
to-Neumann operator generates a strongly continuous semigroup on C(dM). Using
[15, Cor. 5. 14] one obtains in the same way as in the proof of [16, Prop. 3.3] that
the Dirichlet-to-Neumann operator generates a holomorphic semigroup of angle 5 on
C(0M). Combining these two results implies that the Dirichlet-to-Neumann operator
generates an analytic semigroup of angle 5 on C(dM).

Corollary 3.10 The Dirichlet-to-Neumann operator generates a compact semigroup
on C(OM).

Proof By (3.3) the operator W has compact resolvent. Since the Dirichlet-to-Neumann
operator N and W differ only by a relatively bounded perturbation of bound 0, it has
compact resolvent by [18, III.-(2.5)]. Hence the claim follows by Theorem 3.9 and
[18, Thm. 11.4.29]. O

Remark 2 We can insert a strictly positive function 0 < B € C(dM) and consider
B := B - B. Then by multiplicative perturbation theory (cf. [31, Sect. III.1]) the same
generation result as above holds true.

3.3 The Laplace-Beltrami operator with Wentzell boundary conditions
In this subsection we study the Laplace—Beltrami operator with Wentzell boundary

conditions and prove that it generates an analytic semigroup of angle 5 on X = C(M).
To show this, we verify the assumptions of [9, Thm. 3.1].
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50 T.Binz

Lemma 3.11 The feedback operator B is relatively Ay-bounded with bound 0.

Proof By [36, Chap. 5., Thm. 1.3] and the closed graph theorem we obtain
[D(A0)] = WP (M).
Rellich’s embedding (see [2, Thm. 6.2, Part II1.]) implies
W22 (M) < ch M) <SS (M)
for p > %, where n ;= dim(M), SO we obtain

[D(Ag)] < Cl(M) — C(M).

Therefore, by Ehrling’s lemma (cf. [34, Thm. 6.99]), for every ¢ > O there exists a
constant C; > 0 such that

I f e, < €l Fllag + Cell Fllx

for every f € D(Ag). Since B € L(C'(M), 3X), this implies the claim. m]

Now we prove the generator result for the operator with Wentzell boundary condi-
tions.

Theorem 3.12 The operator AB with Wentzell boundary conditions given by (2.1) for
(3.1) and (3.2) generates a compact and analytic semigroup of angle % onX = C(M).

Proof We verify the assumptions from [17, Thm. 3.1]. The operator Ay with Dirichlet
boundary conditions is sectorial of angle 5 with compact resolvent by [10, Thm. 2.8]
and [10, Cor. 3.4]. Moreover the Dirichlet operator L exists by Lemma 3.7 and the
feedback operator B is relatively Ag-bounded of bound 0 by Lemma 3.11. Lastly,
the Dirichlet-to-Neumann operator N generates a compact and analytic semigroup of
angle 7 on C(d M) by Theorem 3.9 and Corollary 3.10. Now the claim follows from
[17, Thm. 3.1]. O

Remark 3 Asin Remark 2 we can insert a strictly positive, continuous function 8 > 0
and the same result as Theorem 3.12 becomes true.

4 Strictly elliptic operators on continuous functions on a compact
manifold with boundary

In this section we consider strictly elliptic second-order differential operators with
generalized Wentzell boundary conditions on X := C(M) for a smooth, compact,
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orientiable, Riemannian manifold (M, g) with smooth boundary d M. To this end, we
take real-valued functions

af =a] e C*(M), bjeCc(M), ceC(M),deC@M), 1<jk=<n,
4.1)
satisfying the strict ellipticity condition

a5 ()8’ (@) Xk (@) Xi(q) > 0

for all co-vectorfields Xy, X; on M with (X, @), ..., Xn(q)) # (O,...,0). Further,

denote |a| := det(a]j‘. ). Then we define the maximal operator in divergence form as
- 1
Ap f = +/|a|div <—an f) + (b, Vi ) +cf 4.2)
m 8 \/m M M
D(A) = {f € ﬂ Wol(M)yNC(M): Ay f € C(M)}. 4.3)
p>1

As feedback operator we take

loc

Bf :=—gaV5, f,vo)+dLf, D(B):= {f € ﬂ W2P(M)NC(M): Bf C(BM)}.
p>1
4.4
Corresponding to L we choose X := C(dM).

The key idea is to reduce the strictly elliptic operator and the conormal derivative
on M, equipped by g, to the Laplace-Beltrami operator and to the normal derivative
on M, endowed by a new metric g.

For this purpose we consider a (2, 0)-tensorfield on M given by

~kl kil
g =aig".

Its inverse g is a (0, 2)-tensorfield on M, which is a Riemannian metric since a’j‘. g/lis
strictly elliptic on M. We denote M with the old metric by (M, g) and with the new

metric by (M, £) and remark that (M, g) is asmooth, compact, orientable Rignannian
manifold with smooth boundary 9 M. Since the differentiable structures of (M, g) and
(M, g) coincide, the identity

is a C*°-diffeomorphism. Hence, the spaces

X :=C(M) :=C((M, g)) =C((M, g))
and 90X :=COM) :=C((0M, g)) = C((0M, g))
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coincide. Moreover, [28, Prop. 2.2] implies that the spaces

LP(M) :=LP((M, 8)) =L"((M, g)).
WEP(M) = WEP (M, §)) = WP (M, 8)).
Lf(’)c(M) = Llpoc((M 8) = L{f)c((M 8),
Wil (M) = Wil (M, 2) = Wil (M. g)) 4.5
forall p > 1 and k € N coincide. We now denote by A,, and B the operators defined

as in Sect. 3 with respect to g. Moreover we denote A,, the operator defined in (4.3)
forby =c=0.

4.1 The associated Dirichlet-to-Neumann operator and the Robin problem

In this subsection we study the Dirichlet-to-Neumann operator N An'B gssociated with
» and B. First we prove that the generator properties of the Dirichlet-to-Neumann
operators associated with (Am, B) and (A, B) are closely related.

Lemma 4.1 The operators A,y and A, differ only by a relatively A,,-bounded pertur-
bation of bound 0.

Proof From (4.5) we define
Pif :=big" o f

for f € D(Ay) U D(Am). Morreys embedding (cf. [2, Chap. V. and Rem. 5.5.2])
implies

[D(A,)] < C' (M) — C(M). (4.6)
Since b; € C.(M) we obtain

1P fllcar < sup bi(g)g" (@) (3 f)(@)]
qgeM

= sup |b1(@)" (@) (3 ) (@)
qgeM

n
<CY o fllcwn
k=1

and therefore P € LZ(C (M), C(M)) Hence D(Am) C D(A,,). Further D(Am) D
D(Am) follows from Amf = Amf — Pf. By (4.6) we conclude from Ehrling’s
Lemma (see [34, Thm. 6.99]) that

1P fllcar < Cllf ey < elAmFllean + el fllean + C@ILf llcan
< ellAm fllcar + COIF llcan
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for f € D(Am) and all ¢ > 0 and hence Pj is relatively A,,-bounded of bound 0.
Finally, remark that

Pfi=c-f, D(P):=C(M)
is bounded and that
Anf =Anf +Pif+Pof
for f € D(Ap). O

Lemma 4.2 The operator Ay, equals to the Laplace—Beltrami operator Af;,.

Proof We have to verify this equality for all g € M. Choose local coordinates around
q € M and calculate

N 1 ;
Anf = —=1/lald; (¢|g| d'/gklakf>
" el ! lal !
] — ~
= ——; (Viglg"of) = ahs
Vgl
for f € D(Am) = D(Af;), since |g| = |al - |g|. 0O

Lemma 4.3 The operators B and B differ only by a bounded perturbation.

Proof_ Note that the Sobolev spaces coincide. We have to verify this equality for all
q € M. Choose local coordinates around g € M and compute

Bf =—gijg’afd fg" v +dLf
—3i;8" 0 f8"" vm + boLf
= 88" 0 f§"vm +dLf
=Bf +dLf

for f € D(B). Sinced - Lf € C(0M) we obtain D(B) = D(f?) and B and B differ
only by the bounded perturbation d - L. O

Lemma 4.4 The Dirichlet-to-Neumann operator N AnsB gssociated with A, and B
generates a compact and analytic semigroup of angle « > 0 on 30X if and only if
NAn-B gssociated with A, and B does so.

Proof Let P be the perturbation defined in the proof of Lemma 4.1. By Lemma 4.1
P is relatively A,,-bounded of bound 0. Moreover, B and B only differ by a bounded
perturbation by Lemma 4.3. Hence, the claim follows by [9, Prop. 4.7]. O

Theorem 4.5 The Dirichlet-to-Neumann operator NAnB given by (2.4) for (4.3) and
(4.4) generates a compact and analytic semigroup of angle 5 on X = C(dM).
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Proof The claim follows by Theorem 3.9 and Lemma 4.4. O

Remark 4 Asin Remark 2 we can insert a strictly positive, continuous function 8 > 0
and the same result as Theorem 3.9 becomes true.

Remark 5 Theorem 4.5 improves and generalizes the main resultin [19]. If we consider
M = Q C R" equipped with the euclidean metric g = §, we obtain the maximal angle
7 of analyticity in this case. This is the main result in [16] for smooth coefficients.

Now we use Theorem 4.5 to obtain existence and uniqueness for the associated
Robin problem (2.3). Moreover, we obtain a maximum principle for the solutions of
these problems.

Corollary 4.6 (Existence, uniqueness and maximum principle for the general Robin
problem) There exists w € R such that for all A € C\ (—00, w) the problem (2.3) has
a unique solution u € D(A,;,;) N D(B). This solution satisfies the maximum principle

|x| max |u(p)| < CIA| max |u(p)| = C|A||Lullsx < Cllgllax = C max |p(p)|.
peM peoM pedM

Proof The existence and uniqueness follows immediately by Theorem 4.5. The first
inequality is the interior maximum principle. The second inequality is a direct conse-
quence from Lemma 2.3 and Theorem 4.5. O

4.2 The associated operator A8 with Wentzell boundary conditions

Lemma 4.7 The operator AB generates a compact and analytic semigroup of angle
o > 0 on X ifand only if AB does.

Proof As seen in the proof of Lemma 4.4, the operators A,, and 5,,1 differ only by
a relatively A,,-bounded perturbation with bound 0 while B and B differ only by a
bounded perturbation. Therefore, the claim follows by [9, Thm. 4.2]. O

Theorem 4.8 The operator AB given by (2.1) for (4.3) and (4.4) generates a compact
and analytic semigroup of angle % on X = C(M).

Proof The claim follows by Theorem 3.12 and Lemma 4.7. O

Remark 6 Asin Remark 2 we can insert a strictly positive, continuous function 8 > 0
and the same result as Theorem 4.8 becomes true.

Remark 7 Theorem 4.8 improves and generalizes [17, Cor. 4.5]. If we consider M
Q C R” equipped with the euclidean metric g = §, we obtain the maximal angle
of analyticity.

ISEN|
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Corollary 4.9 By Theorem 4.8 the initial boundary problem

Futt, p) = Viapldive (7d=a(p)Viu(. p))

+(b(p), Viu(t, p)) + c(p)u(t, p) fort>0,peM,
Lu(t, p) = —Bg(a(p)Viu(t, p), vg(p)) +d(pu(t, p) fort>0,pe M,
u(0, p) = uo(p) forpe M

fora,b,c,d asin(4.1), B > 0and uy(p) € D(AP) has a unique solution on C(M).
This solution is governed by an analytic semigroup in the right half-plane.

Finally, we consider the elliptic problem

Amf_)\fzh (47)
LA, f = Bf, ’

for f € D(Ap,) ND(B)and h € X = C(M). Then the following holds.

Corollary 4.10 There exists w € R such that for all A € C \ (—o0, w) the problem
(4.7) has a unique solution u € D(A,;,) N D(B). This solution satisfies the maximum
principle

|Amax | f(p)| = M fllx = Cllhllx = Cmax |h(p)].
peM peM

Proof This follows immediately by Theorem 4.8. O
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Appendix A

In the appendix we collect some results about elliptic differential equations. Even if
the proofs follow by standard localization arguments from the analogous results on
bounded domains we will give it here for the sake of completeness and convenience
of the reader.
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Consider a smooth, compact, Riemannian manifold (M, g) with smooth boundary
dM of dimension n and a strictly elliptic second order differential operator. To this
end, we take real-valued functions

a’; = a,{ € C¥(M), bjeCc(M), ceCM),deCOM), 1<jk<n,
(A.1)
satisfying the strict ellipticity condition

a5 ()¢ () Xi(@)Xi1(g) > 0

for all co-vectorfields Xy, X; on M with (X @), ..., Xn(q)) # (O,...,0). Further,

denote |a| := det(a]]‘.). Then we define the formal operator in divergence form as
= /l|a|div ( —aV? ) + (b, VS +c. (A.2)
An *\Vlal M
Consider the inequality .
Anf>honM. (A3)
Since M is compact, there exists a finite atlas (U;, ¢;) withi = 1,...,r, i.e. M =

,
J Uiand ¢;: Ui — V; C R” are diffeomorphisms. Let (x;);i—1
i=1

of unity subordinated to the covering (U;);e1,...r,1.€. Xi € COO(U,, R) xi(q) € [0, 1]

and Y"/_, x; = 1. Denote by f; := xi - f.hi == xi -h, fi := frog; ' hi = hijog; .

Further let
A= 1y @gk’a,’;al +br g +c.
gl lal

Since by definition Af = ) _'_, A; f;, we obtain

+ be the partition

,,,,,

A,‘fi > h,‘ on U;

foralli € {1,...,r}. Using

all = (gikaja-xa-x) o !

k V1 J
Bk = gtra’{aZ + |a|a[ |g|gkl ! 3le o ¢—1
gl lal

c:= C°¢_1
and A; := a'/ Bizj + b* 9y + ¢ we obtain
(Aif)od™" =A;fionV,

and therefore

]

A

\
Nb‘x

i onV; (A4)

i =

@ Springer



Analytic semigroups generated by Dirichlet-to-Neumann... 57

fori € {1, ..., r}. Note that since ¢; are smooth diffeomorphisms and the operators A;
are strictly elliptic, we obtain that the operators A; are elliptic. Thus our strictly elliptic
partial differential equation (A.3) is the collection of finitely many strictly elliptic
differential equations (A.4) on bounded sets V; with piese-wise smooth boundary.
Since every (second-countable) manifold (with boundary) admits an adequate atlas,
we can even choose V; = B1(0)" := {x € B{(0): x, = 0} C R,. Further, let f*
be the positive part of f. Since yx is positive, we obtain fl.Jr = x; - f1. The following
weak maximum principle is a direct consequence of [24, Thm. 9.1].

Theorem A.1 Assume ¢ < 0. Let Ay, f > hon M for f € D(Ay) "Wy (M)NC(M).
Then

sup f(q) < sup fT(q) + Cllhlusm),

qeM qgeIM

where |@| = det(a), C > 0. In particular for h = 0 we obtain

sup | f(@)l < sup |f(q@)l]
qeM qedM

Proof Applying the weak maximum principle [24, Thm. 9.1] to (A.4) yields

sup fi(x) < sup fi7(x) + CllhillLaey),
xeV; xedV;

Denote by I'; := {x, = 0} N V;. Since f; vanishes on M\ V; we obtain

sup fi+(x) = sup fi"’(x).

xedV; xel;

We conclude

sup fi(q) sup fi(x) < sup f;7(x) + Clhillnvy = sup  fi7(q) + Cllhillrw,)-
qeU; xeV; xel; qeU;NM

Usingu =Y ._, fiand h =) '_, f; the claim follows.

Since the proofs of the a priori bounds (cf. [24, Thm. 9.11, Thm. 9.13 & Lem. 9.16])
use localization techniques they can be easily generalized to manifolds with boundary.
We obtain the following result.

TheoremA.2 Let 1 < p,q < oo and T C M a CY! boundary portion. Let f &
W2P (M) be a strong solution of A, f = h with h € LY(M) with | = 0. Then
f € W24(M) and for all compact subsets K C M U T we have

I fllw2aky = € - Ul f Loy + IR llLa ).

Now we prove unique existence of the Dirichlet problem as in [24, Cor 9.15].
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Theorem A.3 The inhomogeneous Dirichlet problem

Anf =h
flam =9

for h € LP(M) and for ¢ € W>P(M) with p € (1, 00) admits a unique solution
f e W2P(M).

Proof By considering f — ¢ we can assume without loss of generality ¢ = 0. Since
fi vanishes outside of U; and on U; N 9 M we conclude that f; = 0 on 9 M. From
(A.4) it follows that

Aifi=0onV, (A.5)
fi=0onaV;.
To apply [24, Thm 9.15] we need a Cl1.domain, but V; = {x € B1(0): x, < 0} is
not a C!-!'-domain. Using the extension operator

fi(x) for x, > 0,

—filxt, ...y Xn—1, —xn) forx, <O,

(E fi)(x) == {

for x € B;(0). We extend A; to A; = affafj + b*dy + ¢ with

oij ai(x) for x, > 0,
a = i i ..
(Db (=Dbal ey, . xuy, —x) forx, <0,
o 13’<(x)k ) for x, > 0,
(_I)L;ka(-xl» ce X1, —x,)  forx, <0,
- c(x) for x, > 0,
C =
c(xt, ..., xp—1,—x,) forx, <O0.

Then a%/ is strictly elliptic on B1(0) and symmetric. Note that all coefficients are L>°-
functions on B1(0) and osc(a")(x) := infy~0 SUPy 2B, (x) la (y) —a" (z)| < e for

all x € B;(0). Moreover E f; satisfies the elliptic equation

{AiEfl. = Eh; on B1(0), (A.6)

Efi =00ndB;(0)

with Eh; € LP(B1(0)). Note that B;(0) is smooth and we can now apply [24, Thm.
9.15]. This implies the unique existence of a solution E f; € W2P(B1(0)) of (A.6).
Since filsy;, = 0 we conclude $ f; € W2ZP(V;) is the unique solution of (A.5). Hence

A; fi = hj onU;
fi=0o0naU;.
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admits a unique solution f; = fi o € W24 (U;) and the claim follows from f =

Yo fie

Using the same approximation technique as [24, Section 9.6] we conclude the
following statement.

Corollary A.4 The inhomogeneous Dirichlet problem

A =h
mf (A7)
flam =¢
forh € LP(M) and ¢ € C(dM) admits a unique solution f € C(M) N W120Cp (M).

Proof For the uniqueness consider two solution fi, f> € c(M) N leéf (M). Then
fi — f» € C(M) N WP (M) satisfies

loc

An(fi— f2) =0
(fi = P)Nsem =0.

Now the maximum principle (Theorem A.1) implies f; = f>.
For the existence choose a sequence (¢;);en C W2P (M) with ¢ — ¢ in C(OM).
By Theorem A.3 there exists unique solution f; € W27 (M) of

Anfi =h
filoam = a1

The differences (f; — fi) satisfies

An(fi—fi) =0
(i — flem =1 — @k

Now the a priori bounds (Theorem A.2) and the maximum principle (Theorem A.1)
yields

/i = fillw2rgy < C - W fi = fillieany = C - fi = filleagry = € - lor — gillcom)
for all compact subsets K C M. Hence ( fi);en converges in C(2) N W27 (Q) to a

loc
solution f € C(Q) N leo’f(Q) of the Dirichlet problem (A.7).
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