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Abstract: We apply the technique of convex integration to obtain non-uniqueness and
existence results for power-law fluids, in dimension d > 3. For the power index g
below the compactness threshold, i.e. ¢ € (1, %), we show ill-posedness of Leray—

Hopf solutions. For a wider class of indices g € (1, 3;'%22) we show ill-posedness of
distributional (non-Leray—Hopf) solutions, extending the seminal paper of Buckmaster
& Vicol [10]. In this wider class we also construct non-unique solutions for every datum

in L2,

1. Introduction

This paper studies non-uniqueness and existence of solutions of the following model of
non-Newtonian flows in d dimensions, d > 3

o;v +div (v ® v) — div A(Dv) + V =0,
divv =0, (D
Vt=0 = V0,

where the velocity field v and and the pressure 7 are the unknowns, Dv = % (Vu+VTy),
and the non-Newtonian tensor A is given by the following power law

A(Q) = (o + 11107720, 2)
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for some vg, v1 > 0 and g € (1, 00). A natural energy associated with the system (1) is

t
e(t)=/|v(t)|2+2/ /A(Dv(s))Dv(s)ds. 3)
0

Let us consider a distributional solution v to (1), (2) with spatial mean zero, on a d-
dimensional flat torus. The formula (3) together with A(Q)Q ~ | Q14 explains why v €
L®°(L?) N L2(W"4) is called an energy solution. If such solution satisfies additionally
the energy inequality e(?) < e(0) (¢-a.e.), then it is called a Leray—Hopf solution.

For the problem (1) we show two non-uniqueness and one existence result. In short:

(A) Intheregime | < g < 2d/(d + 2): There are non-unique Leray—Hopf solutions.

(B) Intheregime | < g < (3d+2)/(d+2): There are non-unique distributional solutions
dissipating the kinetic part of the energy.

(C) In the regime 1 < g < (3d +2)/(d + 2): For any initial datum a € L? there are
infinitely many distributional solutions of the Cauchy problem.

Our results are sharp concerning the power-law index g. The regime 1 < g <
(3d +2)/(d + 2) includes the case of the incompressible Navier—Stokes equation in
d > 3. The precise formulations can be found in Sect. 1.3.

1.1. Background of power-law flows. Model (1) with a slightly different choice of A(Q),
namely

AQ) = (v + 11101779 0, 4)

with ¢ > 2 was introduced to wide mathematical community by Ladyzhenskaya at her
1966 Moscow ICM speech; her formula (30) in [24] corresponds exactly to (1), (4). With
q = 2, both models (1), (2) and (1), (4) reduce to the (incompressible) Navier—Stokes
equations.

The Ladyzhenskaya’s choice: (4) with ¢ > 2 and our (2) with ¢ > 2 are analytically
equivalent. In particular, the non-Newtonian tensor A(Q) is in both cases nonsingular
at Q = 0, and distributional solutions are well-defined for velocity fields in the class

vel}, Dvel]. (5)

The difference between (4) and (2) plays a role for g < 2. Firstly, vg + v{| Q9 2 of (4)
is singular at | Q| = 0, while our (vo +v1|Q 9=2 for vy > 0 is not. More importantly, in
(4) a linear dissipation is present. Thus, distributional solutions to (1)-(4) make sense
provided Dv € leoc' So the choice (2) isolates the ‘pure L9-dissipation’ behaviour,
while (4) involves ‘L2-L4 dissipation’.

Ladyzhenskaya’s rationale for analysing (1) was twofold: on the one hand, relaxation
q > 2 helps to avoid the traps of the Navier—Stokes case ¢ = 2. At the same time, the
choice of power-laws for the tensor A is both consistent with first principles of continuum
mechanics and widely used in applications. Let us elaborate on each of these points.

The model (1) with power-law for A of type (2) or (4) agrees with the constitutive
relations for incompressible, viscous fluids. Recall that in deriving the Navier—Stokes
equation one restricts the admissible relations between the Cauchy stress tensor 7 and D
(dictated by the material frame indifference) by the Ansatz of linear dependence between
T and D (i.e. by the Stokes law), cf. [22]. The power law model relaxes this Ansatz, but
remains well within the frame indifference principle.
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Of course studying an arbitrary model that is merely consistent with the first principles
may be applicationally void. This is not the case of (1) however. The power-laws have
been proposed independently in 1920’s by Norton [33] in metallurgy and by de Waele
[19] and Ostwald [34] in polymer chemistry. The related timeline can be found in section
1 of [36]. For details, the interested reader may consult also the monographs [3,28,37,38]
and the recent survey [4] with its references. Just in order to fix the hydrodynamical
intuition, let us observe that ¢ < 2 in (1) models the case when the fluid is more viscous
(roughly, ‘solid-like’) for small shears (‘external forces’) and less viscous (‘liquid-like”)
for large shears e.g. ice pack, ketchup, emulsion paints, hair gel, whereas g > 2 means
reverse behavior e.g. cornstarch-water solution, silicone-based solutions.

Let us note that, despite the mathematical interest in ¢ > 2 in context of gaining
regularity compared to Navier—Stokes equations, the ‘shear-thinning’ case ¢ < 2 appears
to be more meaningful for applications, where models of type (1) with vgp > 0 appear
as Bird-Carreau-Yasuda models (or called by a subset of those names). In particular,
experimental fits for the threshold value 6/5 and above can be found on p. 174 of [3].
Furthermore, even parameter choices well-into our Leray—Hopf non-uniqueness regime
are suggested, cf. p.18 of [39]. (In both [3] and [39] n = q¢ — 1, d = 3. A discrepancy
between appearing there a and our model is insignificant for our results.)

From the applicational perspective, our result may be seen as invalidating certain
choices of parameters and data.

1.2. Essential analytical results for power-law fluids. Consider the system (1), (2). For
q > C% the space W 19 of system’s energy embeds compactly into leoc of the convective
term div (v ® v). Hence one may expect an existence proof of Leray—Hopf solutions
via compactness methods. Indeed, a relevant statement can be found in [20], which is
itself the final step in a chain of attempts of many authors, including Frehse and Necas
with collaborators [21,29] to improve the lower bound on ¢. To be precise, the energy
inequality e(t) < e(0) is not stated explicitly in [20]; however it can be proven e.g. along
the lines of proof of Theorem 3.3 of [4].
Observe that (1) with vy = 0 is invariant under the scaling
o a+l : qg—1
vy = A% (Ax, AT ) with o = n (6)

Consequently, the energy of v, vanishes on small scales iff ¢ < 3d+2

d+2
that the case ¢ > 3;:22 of (1) is a perturbation of the problem (1) without the convective

term. Indeed, for g > % uniqueness in the energy class (at least for tame initial data)

holds, cf. [28], section 5.4.1; see also [11].
What is known about existence and uniqueness of solutions to (1) can be thus sketched
as follows

. This suggests

1.3. Our contribution. The short version of our results presented at the very beginning
of the paper, recast graphically to facilitate comparison with Fig. 1, reads

Observe that Fig. 2 complements Fig. 1 sharply with respect to g.

Let us now present the detailed statements of our results. We always consider system
(1) on the d-dimensional flat torus T4, with v having its spatial mean zero, and we define
the notion of distributional solution in the usual way.
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existence of a Leray-Hopf solution

uniqueness of energy solutions

1 2d 2
d+2
compactness threshold scaling threshold

Fig. 1. Known results

Multiple Leray-Hopf solutions possible (Theorem A).

Multiple energy solutions possible (Theorem B).
For each L2 datum there are many weak solutions

Q// (Theorem C).  . /

2d ‘ 2 3d+2 q
32 d+2 ¥~

compactness threshold scaling threshold

Fig. 2. Our results

Definition 1. Let ¢ € (1,00). A vector field v € L (T? x (0,1)) with Dv €
Lmax{l,q—l} (Td

loc

T4 x (0, 1) if

x (0, 1)) is a distributional solution to (1), (2) on the space-time domain

1
/ / —v-0p —vQuvVep+ ADv)Ve =0, Yieo,1] / v(t) -V =0
0 JTd Td

for any divergence-free ¢ € C'(T? x [0, 1]) vanishing at = 0 and r = 1, and any
v e CH(TY).

max{l,g—1
loc

The condition Dv € L ) guarantees that A(Dv) € L

loc®

1.3.1. Non-uniqueness in the Leray—Hopf class Our first theorem and its corollary show
that below the compactness exponent, i.e. for g < %’ multiple Leray—Hopf solutions

may emanate from the same L initial data. In fact, we produce solutions v € C(L?) N
C(Wh4) with quite arbitrary pre-determined profile e of the (total) energy (3).
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Theorem A. Consider (1), (2) on the space-time domain T x (0, 1). Let q < %.

Fix an arbitrary e € C>([0,1]; [1/2, 1]). There exists v € C([0, 1]; L>(T%)) N
C([0, 11; Wh4(T)) such that

(1) v solves (1) distributionally;
(2) the total energy equals e, i.e.

t
/Td BIRG) +2/O /;rd A(Dv)Dv = e(t). (7

Moreover, fix0 < T) < T < 1 andtwo energy profiles ey, e> as above, such that e1(t) =
ex(t) fort € [0, T]. There exists vy, vy satisfying (1), (2) and such that vi(t) = va(t)
fort € [0, T1]. In particular, choosing T1 = 0, T = 1/2 and ey, e to be as above, non-
increasing and ey # e, the corresponding vy, vy are two distinct Leray—Hopf solutions
with the same initial datum.

Analysing the proof of Theorem A one realises that choosing an infinite family of non-
increasing energy profiles {eq }oc With a common C! bound, one can produce infinitely
many distinct Leray—Hopf solutions with the same initial datum.

1.3.2. Non-uniqueness of distributional solutions 1If we drop the ambition to control the
energy and require only to pre-determine the profile of the kinetic part of the energy

de [v|2(1), then we produce non-unique solutions for exponents below the scaling-

critical one, i.e. forg < 3;:22 . Moreover, they enjoy the regularity v € C(L?)NC(W ")

2d o .
for any r < 5. This is our second result.

Theorem B. Consider (1), (2) on T¢ x (0,1). Let ¢ < 3::22. Fix any e €

C*([0,1];[1/2,1]) and r € (max{l,q — 1}, %). There exists null-mean v €
C ([0, 11; L*(T%)) n C ([0, 11; W' (T9)) such that

1) v solves (1) distributionally;
2) the kinetic energy equals e, i.e.

/;rd 2 (1) = e(r). (8)

Moreover, fix 0 < 77 < T < 1 and two energy profiles e, e, as above, such that
e1(t) = ex(t) for t € [0, T]. There exists vy, vy satisfying 1), 2) and such that vy (¢) =
va(t) fort € [0, T1]. In particular, choosing 77 = 0, T = 1/2 and ¢1, e; to be as above,
non-increasing and e; # e, the corresponding vy, v2 are two distinct distributional
solutions, which belong to C(L%) N C(W!-7), dissipate the kinetic energy, and share the
same initial datum.

1.3.3. Existence of multiple solutions for any L?* data In Theorems A, B the initial
data are attained strongly (in particular we can add initial values to the distributional
formulas for solutions, extending test functions to non-vanishing ones at# = 0), but they
are constructed in the convex integration scheme, thus possibly non-generic. This issue
is addressed in our third theorem. It shows existence of energy solution emanating from
any solenoidal vector field in L2, for power laws below the scaling exponent.
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Theorem C. Consider (1), (2) on T¢ x (0, 1). Let g < %2 r € (max{1, g — 1}, 25).
Fix an arbitrary nonzero vy € L*(T%), divvg = 0. There exist continuum of v €

C((0, 17; LA(T9) N L” ((0, 1); WY (T%)) such that

(1) v solves (1) distributionally;
(2) v];=0 = vo, in the sense that ast — 0%, v(t) — vy weakly in L? and strongly in
L9, any gg < 2.

Remark 1. Theorems A, B, C hold for Ladyzhenskaya’s choice (4) instead of our choice
(2), in the case g > 2. On the contrary, for ¢ < 2, they do not hold for (4), since (4)
contains also linear dissipation (see Sect. 1.1). However, Ladyzhenskaya’s interest was
limited to ¢ > 2 (as a vehicle to mitigate Navier—Stokes difficulties), and in this range
the theorems hold both for (2) and for (4), whereas, for ¢ < 2, our choice (2) is more
common in applications than (4).

1.4. Differences between our non-uniqueness and existence results. Thenon-uniqueness
Theorems A, B, focus on possibly strongest notions of solutions: they allow, respectively,
for full- or kinetic energy inequality and strong attainment of a (constructed) initial
datum, but they do not produce non-unique solutions for any initial datum. Conversely,
Theorem C provides existence of many weak solutions for an arbitrary solenoidal initial
datum in L. In particular, this is the first existence proof for the case of ¢ < %. The
obtained solutions are, however, much weaker than that of Theorems A, B : they do not
allow for any kind of energy inequality (in fact, even their kinetic energies are in a sense
pathologically large) and the initial datum is attained merely in a weak sense.

For the Euler equations a result similar to our Theorem C (existence of distributional
solutions for any initial datum, with unnaturally high energy) was first proven in [40]. The
difference with our Theorem C is that, in the case of the Euler equations (no dissipation),
the problem of controlling higher order derivatives is completely absent.

1.5. The 3d Navier—Stokes case. Theorems B, C cover also the case of non-unique
weak solutions of three-dimensional Navier—Stokes equations, first proven in [10]. Our
Theorem B shows that Vv € L3~ This probably holds for solutions constructed in
[10] as well, though the best regularity claimed there is curl v € L'. Theorem C produces
infinitely many weak solutions for any divergence-free datum in L? (but with unnaturally
high energies).

1.6. Methodology and plan. Our approach follows the convex integration methods intro-
duced to inviscid fluid dynamics in [18,25], culminating in [7,23], and extended to the
Navier—Stokes case in the important paper [10]. Results on a system involving frac-
tional laplacian can be found in [16,26,35]. Other related interesting results include
[2,8,9,12-15].

We stay close to the concentration-oscillation method developed for the transport
equation in [31,32], and localised to avoid dimension loss in [30], see also [5].

The basic picture of the construction, as in any convex integration scheme applied
to the equations of fluid dynamics, is the following. Given an exact flow (v, 7), i.e. a
solution to (1), one tries to distinguish the good (‘laminar’, ‘averaged’) component of
v, i.e. (v) and the remainder, thought to be responsible for turbulence (interestingly, the
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case g = 3 in (2), where scaling (6) fails, is the Smagorinsky model for turbulence). A
typical averaging process (-) does not commute with nonlinear quantities, thus applying
() to (1) yields for u = (v)

oru +div (u @ u) — div. A(Du) + V(i)
=div(u ® u — (v®v)) — div (A(Du) — (A(Dv))) =: div R.

Above, u is a well-behaved flow and the Reynolds stress R encodes the difference
between u = (v) and the exact v itself. The rough idea behind producing non-unique
solutions to (1) is to reverse-engineer the above picture. We can thus consider the fol-
lowing relaxation of (1)

oru +div (u ® u) — div A(Du) + Vo = —div R,

divu = 0. ©)

Assume we have identity (9) with certain (ug, 7o, Rg). It is easy to find at least one
smooth solution of (10), since Ry is at our disposal. If one can produce another u1, ¢
such that (11, g1, R1) solves (9) and R; is strictly smaller than Ry, there is a hope to
iteratively diminish the Reynolds part R, to O with n — oo. Consequently, in the limit
one produces an exact solution v, 7. Non uniqueness in the above procedure may be
specified in at least two ways:

e cither by enforcing v to be equal at some times, say for ¢ € [0, 1/3], to a given
regular solution vy and for ¢ € [2/3, 1] to another regular solution vy, as for instance
in [6] or [31].

e or by specifying a kinetic energy profile, see e.g. [10, 18], or the present work.

1.7. Organisation of proofs. In Sect. 2, we state the main proposition of the paper, i.e.
Proposition 1, which contains the inductive step described above, from (ug, 7o, Ro) to
(u1, my, R1), with Ry “much smaller” than Ry. Section 3 gathers preliminary material.
In Sect. 4 we introduce a generalisation of Mikado flows that serves as a building block
for u; given ug. Next, in Sect. 5, assuming a solution (uq, g, Ro) to (9) is given, we
define (11, 71, R1). Estimates for (1| — ug) and R occupy Sect. 6. Section 7 concludes
the proof of the main Proposition 1. Having it in hand, we prove Theorem A in Sect.
8. The proofs of Theorems B—C follow similar lines and therefore are only sketched in
Sects. 9-10.

1.8. Notation. We use mostly standard notation, e.g. T¢ denotes the d-dimensional torus
[0, 1]d , Wl is a homogenous Sobolev space, C(‘)X’ (']I‘d; B) are smooth functions with
mean zero, domain T¢ and values in set B (the target set will be sometimes omitted).
We take N = {1,2,...}.

We suppress the variables and the spatial domain of integration, if no confusion arises.
We use | - |. instead of || - ||. for norms. For L”-norms on the torus T¢, we will abbreviate
| “ ILp(ray to | - |Lr Or even to | - |,. In other cases, e.g. when taking the L”-norm on

R4, we will explicitly write the underlying domain, where the norm is calculated, e.g.
| - |Lr(ra)- The finite-dimensional norm is | - [. The projection onto null-mean functions
is Puof == f — fpa f-

We will call d x d (symmetric) matrices (symmetric) tensor. For a tensor T, we
denote its traceless part by 7 := T — ciitr (T)1d. The space of symmetric tensors will
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be denoted by S, its open subset of positive definite tensors by S;. If R is a symmetric
tensor, div R is the usual row-wise divergence.

We use two types of constants M’s, which are uniform over iterations, and C’s which
are not (both possibly with subscripts), for details see Sect. 6.1. All constants may vary
between lines.

Further notation is introduced locally when needed.

2. Main Proposition: An Iteration Step

Recall that S is the space of symmetric tensors.

Definition 2. A solution to the Non-Newtonian-Reynolds system is a triple (u, 7w, R)
where

ueC®(q0,1] x T RY, 7eC(0,1]xT¢ R) ReC(0,1] xT¢S)
with spatial null-mean u, 7, satisfying

oru +div (u @ u) — div A(Du) + Vr = —div R,

10
divu = 0. (10)

in the sense of distributions.

Remark 2. Despite smoothness of u, we can not require that (10) is satisfied in the
classical sense or 7z, R are smooth (in space), because of non-smoothness of A(Du).

Remark 3. (R vs R) Use of the trace-free Reynolds stress simplifies computation, in
particular proof of the energy iterate Proposition 14. The difference between R to R is
facilitated by the ambiguity of pressure: (u, 7w, R) solves (10) <— (u, 7w — %trR, I%)
solves (10).

As observed in the introduction, the crucial point in the convex integration scheme is,
given (ug, qo, Rp), to produce an appropriate correction (#1, g1, R1) which decreases
R;, improves the energy gap, and retains as much regularity as possible. This single
iteration step is given by

Proposition 1. Let vg,v; > 0 and q < % be fixed. Fix an arbitrary e €

Cc>([o0, 1]; [%, 1]). There exist a constant M such that the following holds.
Let (ug, mo, Ro) be a solution to the Non-Newtonian-Reynolds system (10), as in
Definition 2. Let us choose any 8, n, € € (0, 1]. Assume that

—de(t) <e(t) — f luo|=(t) +2/ / A(Duo)Du()) < —de(t) (11
4 Td 0 J1d 4

and 5
[Ro(H)I1 < PR (12)
Then, there is another solution (u1, w1, R1) to (10) (as in Definition 2) such that
(1 — uo) (1) 2 < M2 (13a)
[(1 —uo)®)lwia <1 (13b)

IR1 (D[ = 1. (13¢)
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Furthermore
3 < 2 ! 5
=de(t) <e(t) — / lug]“(t) +2/ / A(Dui)Duy | < =8e(t). (14)
8 Td 0 Td 8

3. Preliminaries

3.1. Control of A. We collect the needed growth estimates for .A(Q) and for A(Q) Q.

Lemma 1 (Growth estimates for A). Let A := (vo+v1|Q)472Q, with vo, vi > 0. Then

Cy|Q — P forvg=0,q <2
LA(Q) — A(P)| < | CwlQ — PI forvg>0,qg <2
Cnn|@ =PI (141072 +P172) forq =2

(15)

|AQ)Q — A(P)P| < Cyqypy (1 #1017 +1P197)|Q = PI. (16)

The proof is standard. For convenience of the reader, we added it in Appendix.

-2
Remark 4. Lemma 1 extends to other tensors A4, e.g. (vo+v1|Q 1) = Q, or to ones given
by an appropriate N-function. Consequently, our result extends to such tensors.

3.2. Nash-type decomposition. Letus denote the set of positive-definite d x d symmetric
tensors by S;. We recall Lemma 2.4 in [17]

Lemma 2. For any compact set N' C S, there exists a finite set K C Z¢ and smooth
functions Ty : N'— [0, 1], such that any R € N has the following representation:

R=>"T{Rk®k.
keK

3.3. The role of oscillations. The convex integration paradigm is to use fast oscillations
of corrector functions (correcting u; to u;+1 in our case, roughly speaking) to inductively
diminish error terms (in our case Reynolds stresses R;). Thus for a function f and A € N
let us define

H(x) = f(rx).

Observe that f; has the same L” norms as f since we work on T¢, and a factor A appears
for each derivative, i.e.

IV fulp = A° IV fl,p, s € NU{0}.
It holds

Proposition 2 (Mean value). Let a € C®(T4;R), v € Cgo(Td ; R). Then for any
rell, oo]

\f av| <27'CIval ol (17)
'ﬂ"d
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Proof. The case r = oo follows the proof of Lemma 2.6 in [31]. For the case r < oo,
since v is null-mean, let us solve the Laplace equation div Vi = v and define G := Vh.
It holds (div G), = A~ !div (G;) and thus, integrating by parts and using Holder

(/T av| =17 /T adiv G, | < 27" 1al, Gyl = 27! 1Val, |G,

The Sobolev embedding for the null-mean G yields |G|, < C|VG]| pminG d+D) =
C| v2h | ; min.a+1) - This is controlled thanks to Calderén-Zygmund theory by [v|; min¢ a+1) -
O

Even when the Lh.s. of (17) is replaced with fw |av, |, the decorrelation between
frequencies of a and v, allows to improve the generic Holder inequality to (for the proof
cf. Lemma 2.1 of [31]):

Proposition 3 (Improved Holder). Let f, g be smooth maps on T%. Let r € [1, 0o].
Then

1
|fgrlr = 1 fIrlglr + CrA7r | flctlglr (18)

3.4. Antidivergence operators. We provide now various inverse divergence operators,
needed for construction of R in Proposition 1, with appropriate estimates. The purpose
of the bilinear inverse divergences below is to extract oscillations of one function, say
g5, out of the product fg;. The last of them, R%V, is an operator with symmetric tensor

values, such that div div R%V f = f for every null-mean real function f; it facilitates
construction of the Ry;, term of Ry, cf. (60).

iti 1_ 1,1
Proposition 4. Let p,r, s € [1, oo] and =5+

(i) (div—': symmetric antidivergence) There exists div™' Ccse (T4; Ry — Cy° (T?; S)
such that divdiv—'u = u and fori > 0 one has

IVidiv_'ul, < Cr.pIViul,, (19)

and for the fast oscillating u,
IVidiv_'ul, < Cp pA 7' Viul,. (20)
(ii) (Rn: improved symmetric bilinear antidivergence) For any N > 1 there exists

a bilinear operator Ry : C®(T¢;R) x Cgo(Td; RY) — C(‘)X’(Td; S) such that
divRy(f,u) = fu—f fuand

1 1
R (f, MA)|p = Cd,p,s,r,N|u|s (X|f|r + )L_N|VNf|r) . (21)
(iii) ( 7~€N: improved symmetrichilinear antidivergence on tensors) For any N > 1 there
exists a bilinear operator Ry : C®(T¢; R?) x C(C)’O(Td; Réxdy _ Cy° (T4 8) such

that div Ry (v, T) = Tv — f Tv and

- 1 1
R (v, Tk)lp = Cd,p,s,r,N|T|s (X|v|r + )L_N|VNU|r> . (22)
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(iv) ( R%V improved symmetric bilinear double antidivergence) For any N > 1 there
exists a bilinear operator R%V 1 C®(T4; R) x Cce (T4; R) — Cy° (T9; S) such that
divdivR3(f. g) = fg — f fg and for any j € NU{0}

. . 1 1 . 1 ;
IVIRY (f80)1p < Cudopus.rNM 18l yis (A—zmr + IV I+ |v2N+ff|r> :
(23)
The proof is standard, cf. [18,30,31] and can be found in Appendix.

Remark 5. (RfV # Ry o Ry ) For the operator defined in (iv), we use the notation R%, to
denote that this operator acts as a double antidivergence. It does not coincide in general
with Ry o Ry.

Remark 6. (Ro) The above bilinear antidivergences may be thought of as approxima-
tions of ‘ideal antidivergence’ operators Rqo, Rgo satisfying

1 . i
[Roo (f, un)lp S 5 lulsf1r, IVIRZ(f, g)lp S M 2glwisl flrn (24)

where the gap between Ry and R closes as N — oo, similarly for R%v and Rgo

4. Mikado Flows

In this section we introduce the building blocks of our construction, namely the concen-
trated localized traveling Mikado flows. This section is essentially a rearrangement of
known material: Mikado flows were first introduced in [17] in the framework of the Euler
equations; the concentrated Mikado flows (or fields) were defined in [31], inspired by
the intermittent Beltrami waves of [10]; the traveling version of concentrated Mikados
we present here is close in spirit to the intermittent jets introduced for the first time in
[6], and resemble the construction in [30].

The original Mikado flows of [ 17] are fast oscillating pressureless stationary solutions
to Euler equations having the form

WKk = Wk ok, (25)

where k € Z4 is a direction. For a finite set of directions K (given by the decomposition
Lemma 2) one can choose functions WX Ccse (T, R) so that the following holds for
any k, k' € Kand A € N

(i) div wrk =0,
(i) div(¥k @ wkk) =0,

(iii) ][ (WH2 =1 thus ][ Vi @ Wk =k @ k,
Td Td
(iv) Wk and \Ill)f/k/ have disjoint supports for k # k. (26)

Satisfying property (i) is equivalent to choosing WX so that VW . k = 0, then also
(i1) follows. Having (iii) is a normalisation of de(lIJk)z. Disjointness of supports (iv)
is ensured in d > 3 via an appropriate choice of an anchor point ¢ for the cylinder
B,(0) + {gk + sk}ser + Z4 (which is the periodisation of the cylinder B, (&) + {sk}ser
with radius p and axis being the line passing through ¢ with direction k). Such choice
is possible in view of the first part of the following lemma.
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Lemma 3. (Disjoint periodic tubes and blobs) There exist {Ci}rex < RY and p >0
such that forall k, k' € K, k #k':

(i) ifd = 3,
(B (&) + sk +Z) N (By (&) +s'K +Z7) = (27)

foreverys,s' € R;
(ii) ifd = 2,
(B (2) + sk + Zz> N (By(Ge) + 5K + 22) — (28)

for every s € R.

Notice the difference between (27) and (28): in (27) there are two free parameters s, s/,
whereas in (28) there is only one free parameter s.

Part (ii) of the statement is not strictly needed for our proof (because we are always
assuming d > 3). We think however that Part (ii) could be of interest in view of future
applications to two dimensional problems, and thus we decided to include it in the
statement. Proof of the Lemma can be found in Appendix.

The convex integration approach uses the properties (i)-(iv) to diminish a given
Reynolds stress Rp of a given solution (ug, g, Rp) to the Non-Newtonian-Reynolds
system (10) by correcting u( roughly as follows. Thanks to (iii), we can decompose Ry
via the Nash Lemma 2 into

Z T2 (Ro)k ® k = Z F,%(Ro)][d Uk ® Wik (29)
X X T

Let us add to ug the corrector it = I'y, (Ro)\ll)]fk. Recall the notation Pxq f := f — de f.
Thanks to (iv) and (ii)

div (i @i — Ro) = Y Pyo (wfk ® \y’;k) VI2(Ro).
k

Since the term P (W5k ® W¥k) is A-periodic and null mean, applying R of (24) to
the r.h.s. above yields R; of order A ™!, such that div Ry = div (it ® it — Ry). So picking
A large, i.e. letting \IJ)]\C oscillate fast, allows to deal with the error Rg. The property (i)
allows to control div i.

4.1. Concentrated Mikado flows. Since
\VUSK| o pay = M VIWRk| pray = CA > 00 as A — oo,

fast oscillations, in general, blow up derivatives of the corrector #. Thus controlling
Sobolev norms of velocity fields appearing over convex integration steps seems prob-
lematic. This issue may be circumvented by a concentration mechanism, introduced in
[31] and critically inspired by [10].

Let us briefly explain it. For n < d, take a compactly supported smooth function
[ R" — R, rescale it to fj,(x) = u®f(ux), u > 1, and periodize without renaming
to fu : T¢ — R. This is concentrating and results in

n
p

i +i—2 i +i—n ; C avi—
IV fulpperay = 1 TPV flop@ey = Cu™ TP and IV fualpeerny = CAT T
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This procedure yields the ‘concentrated Mikado’ \Illlik satisfying

n

IV WK Ly = CA ™70

Having now an interplay between A and p one can expect to control certain Sobolev
norms by choosing a, p appropriately. However, to preserve the properties (i) and (ii)
of (26),i.e. V f, - k = 0 (or in other words: lIJl’ik being the Euler flow), the underlying
function f;, cannot depend on the direction k. It means that the underlying real function
is not compactly supported in R?, but at best in R¢~!. Thus at best n = d — 1, but then

1

|Vi\yllik|Lp(Td) == C)\.i,uva-'—i_ P

The quantity fr, W5k ® Wk k shall be of order k ® k, cf. (29). Therefore f | W | should

be A- and w-independent, cf. (iii) of (26). This leads to the choice a = d%l above and

consequently to
. .ood—1 . d-1
) VWil Lpney = CAl 20 (30)

Scaling (30) would force us to prove our results with d substituted by d — 1, so thate.g.
q could vary only in the interval 1 < g < (?1(51_)22 (which in particular requires d > 4,
as in [27]).

Summing up, the concentrated Mikado Wk k satisfies properties (26) (i)—(iv) of the
original Mikado, but has unsatisfactory scaling (v).

4.2. Concentrated localized Mikado flows. A natural idea to deal with the ‘loss of dimen-
sion’ in (30) is to localise the Ansatz (25). Let us thus take a smooth radial cutoff function
¢ and define ® : RY — R via ®(x) = ¢(|x|). We want to retain gains stemming from
concentrating, and since now ® : R — R, while W of (25) allowed merely for d — 1
concentrations, it is better to concentrate in ®, thus producing ®,,. We periodize this
function without renaming it and allow to oscillate at an independent frequency Aj.
Hence our new Ansatz reads

E @k (31)

Let us now state and prove a result gathering needed properties of the cutoff @, ;.

Lemma 4. Let K C 74 be a fixed finite set of directions. There exists p > 0 such that
forevery A1 € Nyu € N, u > ,0_l there is Qﬁ,h € COO(']Td; R) with the following
properties

]frd(cbfm)zdx =1, @8, lwireray < Mippdin™*277, (32)
supp & ; (- —sk)Nsupp®X , (- —sk) =0 forall kK € K.k#K,seR.
(33)

Proof. Take ® € Cé’o(]Rd), with supp ® € B{(0) C R4 such that fRd ®2 = 1. Let us
concentrate ® to &, : TY — R, hence fp4(®,)? = /ﬂ_%. Choosing a = % yields
the desired de CIJlZde =1 and |q)ﬂlwi,r(']1'd) < C,-,r,u”%_%. Concentration gives also
supp @, < By, (0) +Z¢.
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Let p > 0 and {¢k}kex be given by Lemma 3. We now set for every k € K and
A €N,

QZ,M(X) =P, (A1 (x — &)

Property (32) now follows from the scaling properties of ®,, whereas (33) from
supp ®,, € By, (0) + 74, (27), and assumed p > ,0_1 . m]

4.3. Concentrated localized traveling Mikado flow. Unsurprisingly, introducing d-
dimensional cutoff ® destroys the properties (i)—(iii) of standard Mikados. The most
severe loss, due to its critical scaling, is not having (ii) anymore. A crucial idea how to
handle this issue, introduced in [10], is to let the cutoff function @ travel in time along
I¥ with speed w. This leads to a corrector term Y k (see below), whose time derivative
compensates lack of (ii). At the same time Y is of order é, so it can be controlled by
choosing w large.

The concentrated localized traveling Mikado flow is our final Ansatz. It will be
denoted by W*, but it is important to bear in mind that it is determined by the parameters

WA, A, 0 e N

The next proposition concerns our final Mikado flows W* and Mikado correctors Y.

Proposition 5. Let K C 74 be a fixed finite set of directions. Let \If)lfz be the function
used to produce the standard Mikado (25) with its properties (i)—(iv). Let ® ;, be the
localisation provided by Lemma 4.

Define the functions wk T4 x[0,1] - RY, Yk : T x [0, 1] - R4 by

W, 1) = (W, 0k, k) mork), YR = (é(\l’fz)z(@k )2k)(x—wtk).

A oAl
(34)
There exists p > O such that for every i, L1, Ay, w € N satisfying
1 A A 1
w>—, 2eN anad 22 (35)
P Al Ao 2
the functions W, Y* are spatially 1i-periodic are have the following properties:
: d
;d_d Al
) |Wk(f)|wi1r(1rd) <M A prr, |Yk(t)|wi-r(qrd) <M, T; (36)
e k k )\.] 2z
@iii") ‘][W OQW ) —k®k SM]A_; 37)
2
(v)  fork,k € K, k # k'supp W* N supp WK = ¢;
Gi") 8 YF+div(wke wh =o. (38)

Proof. The spatial A1-periodicity of W¥, Y* follows from the assumption A>/A; € N.
Since WX, Y* are obtained from stationary functions by means of a Galilean shift, for
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(36) and (37) it suffices to estimate the respective stationary functions.

i
k xk
|‘Isz¢ﬂ,)\lk|wi,f(1rd) < Mk Z I\D)L2|Wi—j.oo('ﬂ'd)|®ﬂ’)\l |Wj.r('ﬂ"d)
=0

i
Cod_d
< Mi,r,kE Mu/ 27 ag (39)
j=0

with the second inequality due to (25) and (32). Since by assumption A1 < Ap, we
obtain (36) estimate for WX. A similar computation yields the estimate for Y*. For (37)
we compute

'][ W)@k, VP k@ k) — ®k>' = '(k ®k>][ ()7 ((wh)? — 1)‘ =1

with the equality valid because the normalisation of (32) holds. Since the normalisation
(iii) of the standard Mikado W* implies that (\IJi‘Z)2 — 1 is null-mean, and it oscillates at
the frequency X,, by Proposition 2 we have

My ko2 k2 A
1<—‘v(c1> )‘ WA < MM
< o |V (@02 | 1005 = too = M=
via (32). We reached (37).
Disjointness of supports of follows from (33): Assume that for some (x, ¢) € T x
[0,1]and k, k' € K, k # k', W¥(x, )WK (x, 1) # 0. Hence in view of the definition
(34)

k
AL

1

x — wtk € supp ® R

x — wtk” € supp @

thus contradicting (33).
The Mikado functions have the form

1
W x, 1) = F(x — wth)k, Y*(x,t) = —G(x — wth)k,
(0]

with F? = G. Therefore div (WX ® WX) = (VG(x — wtk) - k)k, whereas 3, Y* =
—(VG(x — wtk) - k)k. Hence (38). O

Remark 7. Let us compare our W* with the concentrated Mikado.

(a) Wk isnot divergence free, i.e. (i) does not hold. Furthermore Wk is now time depen-
dent.

(b) WK does not satisfy (ii). There appears Mikado corrector Y* to compensates this
deficiency, see (38). This means however that the new term Y* must be appropriately
estimated.

(c) Property (iii) holds approximately, see (37).

(d) Supports are pairwise disjoint (now in space-time).

(e) The scaling with a dimension loss (30) is now improved to (36), which is our main
gain.
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Proposition 5 yields the following estimates in relation to (b), (c), (e):

a2 a4
2 k I
vk ~E kol o~ ,
‘ @ L2(T4) w @ L4(Td) 2w
ALl d_d
‘][ Wk ® W) —k ®k' ~ 5 YW Ol ~ dant e

In order to deal with (a), let us recall the heuristics of an ideal antidivergence operator
Roo of Remark 6. A short computation involving (34), (36), and (32) yields

L
L2y Ay’

MU

‘Roo(de) e~ e T

‘Rmat Wk

Therefore, seeking smallness of

i/

A
o A

d_d
o MU o

A , . 40

will motivate the choice of the relations between the parameters i, A1, A2, @ in Sect. 7.
d

Notice that we did not add the term A, & > L to the list (40), as it is the product of the

first and the third term in (40), and thus its smallness is implied by smallness of these
terms. O

5. Definition of (uy, 71, Ry)

Let (1o, 7o, Rp) be a solution to the Non-Newtonian-Reynolds system (10), and §, n €
(0, 1] as in Proposition 1. We define

up = u0+u,,+uc, Ty = 7'[0+7Tp,

where

e 1, is a perturbation based on the Mikado flows of Sect. 4, aimed at decreasing Ry,
e u. is a corrector restoring solenoidality of u; and compensating for our Mikado
flows not solving Euler equations.

Since (g, o, Ro) solves (10), it holds in the sense of distributions

Oruq +div(uy @ uy) — div A(Duy) + Vmy
= 0 (up +ue) +div(ug @ up +up  uo)
+div (o Q@ ue +ue Quo+upy Quue+ue Qup +ue & Ue)
+div (1, ® u, — Ro)
—div (A(D(uo +up +uc)) — A(Dug)) + V. (41)
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5.1. Decomposition of Ry and energy control. In general, Ry is only continuous (recall
Definition 2 and Remark 2). Since it is convenient to work with smooth objects, we
regularize Ry (extended for times outside [0, 1] by Ro(x, 0) and Ro(x, 1), respectively)
with the standard mollifier ¢, in space and time. Thus

RS := Ro * ¢e. (42)

2 d ’ ’ ’

Next, we decompose 1%5 into basic directions. In order to stay within S; of Lemma 2,
we shift and normalise I%S via

R§(x, 1)
o(x, 1)’

o(x,1) 1= 2,/€2+|R§(x, 2 + (1), (44)

e(t) (1= 3) = (i [0012(0) +2 f§ fra ACDuo) D
g .

Id + with

yo(t) := (45)

The role of v/€2 + .. is to avoid the degeneracy |I%o(x, t)] = 0, whereas the role of
is to pump energy into the system, thus facilitating the step (11) — (14). Observe that

yo > 0 because of (11). The choice (44) yields in particular o > 2|1%5 (x, t)| and hence

1 RS
—d<Id+-2 <
2 o

| W

Id. (46)

Remark 8. The set N' C S, of Lemma 2 is fixed by (46) uniformly over the convex
integration iterations.

Define
1 R§(x. 1)
ap(x,t) :=02(x, )k (Id + . @7
o(x, 1)
Thanks to Lemma 2 it holds
. R¢
old+R§ =Y o7 [ld+ 2 |k®@k =) aik®k. (48)
keK e keK
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5.2. Choice of u,. Now we choose the principal corrector, motivated by the corrector

il that appeared in the initial part of Sect. 4. Let W be the Mikado flow of Proposition
5 with a; defined by (47). Let

wp(x.1) ==Y ar(x, HWh(x, ). (49)

keK
The disjoint supports of WX (z), WX (1), k # k' imply

up®up:Za,%Wk®Wk. (50)
keK

Recall the notation Pg f := f — de f. Use (48) and (50) to write

up®up—§8=QId+Za,§<Wk®Wk—k®k>
keK

(51
=old+ Y aPr(W' @ Wh +a; ( wk @ wk —k®k>
keK
We therefore have
div(up, ®u, — R§) =Vo+ Y Pro(W'® WHVa;
keK
+y° ( wk @ wk —k®k> Vai + ) apdiv(WE @ W)
keK keK
(52)

Remark 9. Observe that for the original Mikados, or their concentrated version, the
second line of (52) vanishes. These additional terms will be taken care of by (37) and
(38).

In order to avoid troublesome solenoidality correctors of the last X in (52), let us
(Helmholtz) project it onto divergence free vectors by Py = Id — VA~ !'div and
balance the identity by incorporating VA~ !div into the pressure, with the new pressure

6:=0+A \div Y a} div (Wk ® Wk) .
keK

Applying P to both sides of the resulting identity, we arrive at

div(up ®up — R§) = Vo + Pro Yy Pro(W' @ WHVa;
keK
(53)

+ Ps Y < wk e wh —k ®k> Vai + PPy Y apdiv(WE @ WF).
keK keK



Non Uniqueness of Power-Law Flows 217

5.3. Choice ofu.. The corrector term u. has the following roles: (i) to cancel the highest-
order bad term ‘div (Wk ® Wk )’ of (53) via (38), (ii) to render the entire perturbation
u, + u. solenoidal and (iii) null-mean.

For (i), observe that (38) implies

PuoPy Y @i Y* + PooPy Y apdiv(Wk @ wh) =o. (54)
keK keK
Thus taking
ul = PxPy Y aiv* (55)
keK

will allow to cancel, with a part of the time derivative of u g , the bad term ‘div (Wk ® Wk) ’
of (53).

For (ii), observe that thanks to Py, u g is already solenoidal. Therefore it suffices to
compensate lack of solenoidality of u,. We will now define ugl accordingly. By the
definition (49) of u ,, the definition (34) of W¥, and since div \I!’A‘Zk = 0 (cf. the property
(i) of (26)) we have

divu,(x,0) = 3 div (ak(x, 1 (\pfz d>l’i’xlk> (x — wtk))
keK

=Y WE (@) k- V(@ (x — wth)).

keK
Therefore we define
ull (1) == —div '} Rfv(k v (ak(z)cpi;m(- — wtk)) : xpfz), (56)
keK

where R%V is the double antidivergence given by Proposition 4, and N will be fixed later
(see the discussion at the beginning of Sect. 6).
Since div div R, = Id Py, divul! +divu, = 0.

T are null-mean, to take into account the condition (iii), it suffices to define

I
Asu,,u,

Up = (u£+ugl)—][up. 57

5.4. Reynolds stresses. Let us distribute 9 (u! +ul") and R§ in (41) as follows
Orur +div(u; ® uy) — div A(Duy) + Vi
= 0 <P7g()up +u£1> +div (o @ up +up ® up)
+div (o @ e +ue Quo+up Qe +ue up+ e @ uc) (58)
+ul +div(u, @u, — 1%6)
+div (RS — Ro)
— div (A(D(uo +up+ uc)) — A(Duo)) - Vrm,
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We rewrite the r.h.s. of (58) further, recasting it into a divergence form.
(i). First line of r.h.s. of (58)) The definition (49) of u, the definition (34) of wk,

and0 =k - V\IJ])f2 (x) via property (i) of (26), give together

dup(t) = > WE ko (ak(-, DOk, (- — a)kt)) . (59)
keK

Using the above formula and the definition (56) of u’!, we define the antidivergence of
the first line of r.h.s. of (58)

Rin = 3 Ruv (8 (ax . 0®F, ¢ — ki), Wh k)
kek

(60)
— Ry (k- v (a0, — k), W)
+ (o @ up +up  uop).
(i1). Second line of r.h.s. of (58))
Reorr =ug @ ue+uc Quo+up Que+ue @up+ite @ Ue. (61)

(iii). Third line of r.h.s. of (58)) Here we use an important idea of [10]. Via the
definition (55) of u L’ and the property (54) we have

dul = PPy Y af div (Wk ® Wk) + PPy Y (a])Yr.
keK keK

Adding the above identity to (53) that expresses div (u, ®u  — 135), the ‘div (Wk @ Wk’
term cancel out and one has

dul +div(uy, @u, — R§) — Vo

=Y (Wre Wk —kek) Va + PuPy Y (0aDY:.
keK keK

Let us thus define, leaving out Vo since it will be accounted for by the pressure pertur-
bation ¢,

unadr = ZkeK 7‘é'l (Va,%, P#O (Wk ® Wk)) +a13 (JC Wk ® Wh—k ® k) (62)
+div—! P#()PH ((ata,f)Y") s (63)

so that div Ryuqar = 8[u£ +div(up, @u, — 1%8) — Vo.
(iv. Fourth line on r.h.s. of (58)) Let

Ryon := 1%6 — 1%0. (64)
(v. Last line of r.h.s. of (58)) Let

Ra = — (A(DGo +16p + 1)) — ADu)) (©3)
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5.5. Pressure. In order to balance for Vg and ensure null-trace of R, we choose Tp
such that

1
Vr, = Vo +div gtr(Rl,-,, + Reorr + Rguaar + R4)1d, ie.

.1
”p(x, H+c@) =0+ Etr(Rlin + Reorr + Ryuadr + R y),

having freedom in choosing c¢(¢), we set it so that 77, (x, ¢) is null-mean.

5.6. Conclusion. Comparing our choices (60), (61), (62), (64) and (65) for r.h.s. of (58)
with its L.h.s. we have reached

dui +div (u @ uy) — div A(Duy) + Vi, = —div R, (66)

with
Ry := —(Rjin + Reorr + unadr + Rinotr + RA)- (67)

Notice that tensor R is symmetric, since its components are symmetric (cf. respective
definitions and Proposition 4).

6. Estimates

We continue the proof of the main Proposition 1. In the previous section, given
(10, o, Ro) solving the non-Newtonian-Reynolds system, we defined u1 = ug+up+u,
1, and the new Reynolds stress Ry, required by Proposition 1. The perturbation u ,, the
corrector u, and the error R; depend on the six parameters

€e>0, u,r,A,weN, NeN, (68)

which satisfy the condition (35). The mollification parameter € helps to avoid degenera-
cies or singularities of .A. Let us immediately fix it so that

5 .. .
€< = [Ro (1) = Ro(D]1 =

L for every ¢ € [0, 1], (69)

N3

where 1 > 0 is the parameter appearing in the statement of the main Proposition 1.

In this section we estimate u, u., Ry and the energy gap of the new solution u; in
terms of the remaining five parameters i, A1, A2, @, N. They will be appropriately cho-
sen in Sect. 7 so that (13a)—(14) hold, thus concluding the proof of the main Proposition
1.

Remark 10. (Silent assumptions) For results of this section, we assume without writing it
explicitly at each occasion: (11, 1, Ry) is the triple constructed in the previous section,
the set of directions K is fixed by Remark 8, the relations (35) hold, the assumptions of
Proposition 1 hold, the choice (69) holds.
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6.1. Constants. We distinguish two types of constants: the uniform ones (M’s) and the
usual ones (C’s). None depend on wu, A1, A2, w.

More precisely, we denote by M any constant depending only on the following
parameters

Vo, V1 the parameters entering in the definition of the non-Newtonian tensor field.4

q the exponent entering in the definition of the non-Newtonian tensor field A
e the energy profile fixed in the assumptions of Proposition 1
@, U the profiles used in the definition of the Mikado functions in Sect. 4
K the fixed set of directions, cf. Remark 8.
(70)

Consequently, any universal constant M remains uniform over the convex integration
iteration. We will not explicitly write the dependence of M’s on the objects in (70).

On the other side, we will denote by C (possibly with subscripts) any constant depend-
ing not only on the universal quantities (70), but also on

(uo, 7o, Ro), 8, n  given in the assumptions of Proposition 1, 71)
i,r if we are estimating the W norm

72
N  the (not yet fixed) parameter in (67), (72)

Constants C will be controlled within each iteration step (i.e. in the proof of Proposition

1) by appropriate choices u, A1, A2, @.

6.2. Preliminary estimates: control of a.

Proposition 6. Coefficients ay defined via (47) satisfy

lax (1), < 287, (73)
lalei , = Ci fori=0 (74)

Proof. The definition (45) of yy, assumption (11), and the assumed bounds on the energy
profile e € [%, 1] yield yo(t) € [%, 8]. This and the choice (69) of € give, via the
definition (44) of o,

0(x, 1) < 2e +2|R5(x, )| + (1) < 3(IRG(x, )| +8).

Therefore, since a,% = QF,% by its definition (47), whereas [y < 1 by Lemma 2,

lax(1)]3 = waFi <30 +|R51)]1),

The last inequality together with (43) yields (73).

Using smoothness of 'y supported in the compact set (46) and that o > yp > %,
one has (74). O
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6.3. Estimates for velocity increments. We will use now the improved Holder inequality
(18) and the preliminary estimates to control up, uc.

Proposition 7 (Estimates for the principal increment u ). For every r € [1, 0]

SR

d
up®lr < Crut=?, (75)
up@Olyir < Criap 7. (76)

Moreover, there is a universal constant M > 0 such that

_1
lup(t)a < M8Y? +Cxr[ 2. (77)
Proof. The definition (49) of u, yields
upOlr <Y larOWHD),. (78)
keK

Using (74) to control |ak |~ and (36) to control |Wk (t)|r, we obtain (75). An analogous
computation gives (76).

Notice that for » = 2 the power of w in (75) is O: for this reason, to reach (77), one
needs more care. Recall from Proposition 5 that W is A-periodic. Therefore we may
apply improved Holder inequality (Proposition 3) to the r.h.s. of (78) and use (36) for
|Wk(1)]5 to obtain

1
up®l2 < MY lar )l +r 2lar ()l

keK
Let us now use (73), (74) to control ai, reaching (77). |
Now we deal with the corrector u.. In order to shorten the related formulas, let us
introduce
Md_% MU d_d 5 (AN
L(r) = +—pu2 [ 1+25 | — (79)
w A2 A2

Observe that r — L(r) is a non-decreasing map.

Proposition 8 (Estimates for the corrector u.). For every r € (1, 00) it holds
lue(O]yyir < Cidr NASL(r). (80)

Proof. Recall that uc = (ul +ul’) — 14 up, by its definition (57), with u! defined by
(55) and u!! defined by (56).
The Calderén-Zygmund estimate, (74), and (36) give

i _d
)Jzud v

lul ()| yyir < Cr (81)

For the estimate of u!! in W we use the inequality (23) for j = i + 1, s = 0o, which
yields

11 i+l
|’/‘c |Wi,r = Cj,d,r,N)Lz

1 1 1 .
< | S IV@®) )l + — IV @@, )l + S IV @ d) )1 ) -
Ay ’ Ay ’ A ’
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Now we estimate a; by (74) and \IJl]i, % by (32). Using the assumption (35), we arrive at

N
i A d_d ALl
! Vi < Crapnih——p277 [1+25 (== |. (82)
Ao Ao

Recall u, = (ug + ugl ) — JCW u,, by its definition (57). Therefore, putting together (81),
(82), and

valid via (17) withr = 1 and v = wk, yields (80). |

6.4. Estimates on the Reynolds stress. Recall (67)
R1 := —(Ryin + Reorr + Ryuadr + Rmnoil + R A).

In this section we estimate each term of R;. For our further purposes L' estimates suffice,
but due to using Calder6n-Zygmund theory, some estimates are phrased as L” ones.

Proposition 9 (Estimates on the principal Reynolds Ryyqar). For every r € (1, 00), it
holds

— _d —
Ryuaar Ol = C; (@7 277 457 2 (83)

Proof. Recall the definition (62) of Ryyqqr. Let us estimate its three terms in order of
their appearance.

(i) The first term of Ryyqqr is the sum over k of R (Va,f, P¢0(Wk ® WX)). The
term P¢0(Wk ® WH)) is null mean and it oscillates at the frequency A1, since Wk does.
Therefore (21) with (74) and (36) give

~ d
IR1(Vag, Peo(W* @ W)l < Coap ! [Pro(WE @ WL IV (@)oo < Coay ™7
(84)
(ii) The second term of Ry qqr is the sum over k of a,% (f WEk@ Wk —k® k). We use
estimate (74) to control a; terms and (37) to control the Mikado terms

(a,%(][ wk @ wk —k®k>‘r < laglr

A
][Wk®Wk—k®k‘ 5C,A‘—2“. (85)

(iii) The last term is the sum over k of div_! Py (P¢0(8,a,%)Y k ) We deal with div—!
via (19) and with Py via Calderén-Zygmund, control d;a; using (74), and use (36) to
estimate Y*. Hence

d
-7

div=" Py (P#o(ata,%)Yk)‘r " <C,

W
Pa@a)Y*| @ < CIYwl, <C

“(86)
Together, (84), (85), (86) yield (83). |

Proposition 10 (Estimate on Ry;,,). It holds

' 4 Mp 2o 2 (AN
|Rlzn|1(t)§CN|:,U~ 2+T(1+A2(T2) )} 87)
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Proof. Recall the definition (60) of Rj;;. It involves three terms, which we estimate in
order of their appearance.
(i) The first term of Rj;;, is the sum over k of
Ry (@) @S, 5, +wark - VO, , W k).
Using (21) with |u|; = |W¥| o, the assumption (35), and disposing of aj as usual, one
has

o (0 (o194, — k) W R) 1) = Ca P (")
(i1) The second term of Rj;;, is the sum over k of ©
Ry (k- Vo (ax @}, , (- — wkt), ¥}).
‘We observe that
V10, (ax @k, (= okn)) I < [, Ly + 0lkllar VDL, Tiyin
< Cori2pi*2-1, (89)

Using the computation (89) in (23) with j = 0 and |u|; = |\IJk|oo, we get

_a () AN
|R?\7 <k~V31 (ak‘bﬁ,)q(' —a)kt)),‘lffz) |1 <Cynwp 2 (;72) |:1+A%<£72) :|
(90)

(iii) The third term of Ry;;, equals ug ® u, +up ® ug, so we write using (75)

_d
luolooluply < Cp=2. oD

Putting together (88), (90), (91), and observing that the right-hand sides of both (88)
and (90) are estimated by Cy,x a)u’% A)f—zﬂ[l + A%(AA'—Q“)N] thanks to (35), one has (87). O

Proposition 11 (Estimates on R.,;). Let L(2) be given by (79). It holds

| Reorr ()11 < C(L(2) + L*(2)). 92)
Proof. By the definition (61) of R, we have

| Reorr 1 (1) < C(luolalucla + luplalucls + lucl3) (@),
since |up|p < C via (75) and |uc|2 < CyL(2) via (80), we have (92). |
Proposition 12 (Estimates on the dissipative Reynolds R 4). For g € (1, 00) being the
growth parameter of A it holds
d_d. 41 —1
C(au?™m) 4 L)) forvg =0, g<2, anyr > 1,

C(K2M%_% + X2 L(r)) forvg > 0,¢<2, anyr > 1.
RAM), <
[RA(®)]r < Coﬂ%-ﬁ +(A2M%—ﬁ)q—1
+3aL(r(g — 1) + (o L(r(g — 1)))‘1*1) forqz2, —anyrig=1>1.
(93)
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Proof. By definition (65), we have
IR 4| = |A(Dug + Dup + Du.) — A(Dug)|.

Therefore the inequality (15) gives the pointwise estimate

Cy,|Dup + Duc|?™" forvg = 0,q <2
R4l < CV0|DMP+DMC| forvg > 0,qg <2
Cyuvpvy | Ditp + D] (1 +|Dug|?2 + |Du1|q_2> forg > 2

Using Jensen inequality and ﬁ >1 in the first case, and Holder inequality with g — 1,

% in the last case, one has

1=

C|Du, + Du|! ™! for v = 0, <2

IRAlF < C|Dup + Duc|, for vy > 0, g<2
-2 -2

CIDup + Duclrig-1) (1+1Duolf 2+ 1Duild ) forq > 2

For any s € (1, 00) the estimate (80) controls |Du.|s via A> L(s), whereas )Lz,ud/z’d/s
controls |Du |y thanks to (76). This closes the case ¢ < 2 of (93). Recalling that
uy = ug+up, +u. and that C may contain norms of uo, we obtain the case ¢ > 2. O

Remark 11. For the current purpose of proving Proposition 1 and thus Theorem A, the
case g < 2 of (93) suffices. We included already the case ¢ > 2, because it is needed to
prove Theorem B.

Immediately from the definition of R, in (64) and the choice of € in (69) we have
Proposition 13 (Estimate on R,,,;). It holds
[ Rmoti (1)1 < n/2 (%94)

where 1 is the parameter appearing in the assumptions of Proposition 1.

6.5. Estimates on the energy increment. We intend to approach the desired energy profile
e(t), i.e. perform the step (11) — (14). Let us thence define § E as follows

t
e(t)(l - g) — (f |u1|2(t)+2/ /A(Dul)Dul) ‘ (95)
0

Recall quantities L of (79). We will show

SE(t) =

Proposition 14 (energy iterate). For g € (1, 00) being the growth parameter of A it
holds
)61

+22L(q) + (h2L())?). (96)

d
2

=R

) 1 _d 5 d_d
BE(1) < —ce()+Cy (A + 172 + L@ + L)+ ou? q+(,\m
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Proof. Recall (51). Taking its trace and recalling that I%f) is traceless we have

|up|2=dg+2a,%P¢o|Wk|2+a,%< |Wk|2—|k|2). (97)
keK

By the definition (44) it holds dpo = 2d,/€? + IIOQS |2 + dyy, therefore

upl® = dyo = 2d\/ €2+ |R§ 12+ Y~ ai Pool W | +af ( |Wk2 — |k|2)

keK

Integrating and using /€2 + |x|? < € + |x|, we have

‘/ lupl® —dyo| < 2de +2d [R5 + /a,%P#mka + a3 ][ [WH? — [k
keK
(98)
We estimate the first two terms of the r.h.s. of (98) using (69) and (43) as follows
o 8 8 8
2de +2d|R0(f)|1 < i + % < ?e(l‘),

where in the second inequality we used the assumption e(t) > % This in (98) yields

8
‘/|up|2 —dyo| = e + > /a,%P#O|Wk|2 + |a|3 ][ W52 — k12 (99)
keK
The first integral of r.h.s. of (99) involves a Aj-oscillating function P¢0|Wk|2, recall

Proposition 5. Therefore, using (17), then (74) to control a; and (36) for WK, we have

‘/a,%P¢0|Wk|2

For the integral following the second sum in (99), we use (37) and (74) to get

< O M ai ool (P2olWHDI5 < Cay (100)

A
|ak|§][|wk|2— k2| < c 22 (101)
A2
We plug (100) and (101) to (99) and obtain
8 1 A
2 14
/|up| —dyo 52_4€(t)+c()\,_1+)\_2> (102)

Use uy = ug +u) + u. in the definition (95) of E to write for the time instant ¢

SE(t) < /|up|2—dy0 + /|uc|2+2(uouc+u0up+upuc)

+2

)

t
/ fA(Du1)Du1 — A(Dug)Duyg
0
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where a cancellation occurs, thanks to the definition (45) of yy. Inequality (102) allows
to control the first term of the r.h.s. above. For the last term we use (16), next Holder
inequality with ¢, qu, and finally u) = ug + up + u. to get

/ |A(Duy)Duy — A(Dug)Dug| < C (|Du, + Duclg +|Dup + Ducl]) .

Thus, integrating in time over [0, ¢] < [0, 1],

t
/ /|A(Du1)DM1 — A(Dug) Duy|
0

< C sup (|Du,,(t) + Duc(t)lg + [Dup(t) + Duc(r)|3) .
7€(0,1]

Consequently

1) 1 p
SE(t) < —me(t)+C | —+ —
()_24e()+ <A1+ M)

2
+C (Jucl3 + luolalueela + woloolutpli + luclalutpl2) (1)

+C sup (|Du,,(r) + Duc(t)lg + [Dup(t) + Duc(r)|3) .
7€[0,1]

The terms in the second line above are estimated, using (80) for u. and (75) for up, by
CN(L(2)? + L(2) + n~/?). Observe that L(2) of this term can absorb A5 ' A1 of the

d _d d _d
first line. The terms in the last line are estimated by Aopu2™ ¢ + (A2M7_5)q + 1L (q) +
(A2L(q))4, using (76) for Du p, (80) for Du.. We thus arrived at (96).

7. Proof of the Main Proposition 1

Having at hand the estimates of the previous section, we are ready to show that
(u1, q1, R1) constructed in Sect. 5 satisfy the inequalities (13a)—(14).

The estimates of the previous section have at their right-hand sides two type of terms:
ones where the parameters Ay, A1, U, w are intertwined, and the remaining ones. These
remaining ones can be made small simply by choosing the relevant parameters large.
The terms with A, A1, i, @ interrelated need more care, so let us focus on them. They
contain two little technical nuisances: (i) appearance of N and (ii) estimates for some
parts of R not holding in L'. Let us ignore these nuisances for a moment, which is
easily acceptable after recalling (i) Roo of Remark 6 (which heuristically cancels the
terms involving N) and that (ii) estimates for R hold in L" for any r > 1, whereas
an € of room is assured by the assumed sharp inequality g < %. So for a moment
let us consider estimates of Sect. 6 allowing for |R|; and disregarding the terms with
N. After inspection, we see that smallness of their right-hand sides where A», A1, u, @
are intertwined, needed for Proposition 1 is precisely the smallness of (40), Remark 7.
Therefore we will proceed as follows.

Firstly, guided by (40), we will choose relation between magnitudes of A2, A1, 1, .
To this end we postulate

Mi=A, wi=AY wi=A o i=ac (103)
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and choosing relation between magnitudes means picking a, b, ¢ so that (40) are strictly
decreasing in A.

Secondly, we will need to make sure that when » > 1 and N appear, the relations
between magnitudes do not change. This will be achieved by choosing N large and r
small in relation to a, b, c.

Finally, we will send A — oo to reach (13a)—(14).

7.1. Picking magnitudes a, b, c. The requirement that powers in (40) rewritten in terms
of (103) are negative reads

A :
e = p\l+a—c ie. l+a—c <0,
A2
M O wi-fased gy (1 - é)a —c+b <0,
Ay il 2
4 (104)
W _ jadf2=b ie. —a—b <0,
W 2
d_d w(d_d d d
App? 4 = Atz ie. c— (— — —)a < 0.
q 2
These conditions on a, b, ¢ can be simultaneously achieved as follows.
(1) The conditions not involving » amount to the requirement
d d
tva<c<(>-3)a (105)
q 2
From the assumption ¢ < % of Proposition 1 it follows that d/q — d/2 > 1.
Therefore satisfying (105) is possible with a large. More precisely, let us pick
3 1
a > m ( 06)
q 2d

Then between 1 + a and (d/q — d/2)a there are at least two natural numbers. We
then fix ¢ € N as the largest natural number satisfying (105). Notice that there is still
at least one natural number between 1 + a and c.

(2) Letus fix b € N so that

d d
§a<b<<§—l)a+c—l. (107)

This is possible, because, as observed in point (1), there is at least one natural number
between 1+a and ¢ and thus also between ad /2 and (d /2 — 1)a+c — 1. The condition
(107) automatically verifies the two conditions concerning b.

Let us denote by —¢ < 0 the largest power of those appearing in (104). We have just
showed

d/2 d—g .
LS)\*C’ )QM ! E)fg, MS)\*Z’ )QM%_JiS)\*C’ M,&SA*C.
w w 2 A2 Md/2
(108)
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7.2. Fixing N and ro > 1. Letus fix N € N so that
c—¢N <0. (109)

This choice yields
)Y :
1+22 (—/\1“) < 1422°%N <o (110)
2

Using the definition (79) of L with (108) and (110), one has
L(g) <CA™%, L(Q2)<CA ™%, XL(g) <CAS. (111)

Importantly, fixing the gauge N freezes all C’s in estimates to C.
Let us fix also an exponent ¢ € (1, 0o) (close to 1) such that

(d—i>a§l. (112)
ro 2

This is possible because the 1.h.s. above vanishes as rg — 1.

7.3. Obtaining (13a)—(14). Recall that §,  are given small numbers. Since u| — ug =
up +uc, we have by (77) and (80)

|y — o) (]2 < M8? +C(AT 2+ L) < Ms2 + (A2 +27F),  (113)

recalling for the latter inequality that A1 = A via (103), and (111). Choose A € N large
in relation to C we thus have

(w1 — u)(1)] 2 < 2M8? = Mod?,

defining My := %, hence (13a). Notice that My depends only on the universal constant
M. Thus M, itself is universal, i.e. it may depend on the quantities (70), but not on the
quantities (71).

Similarly to obtaining (113), using (76), (79) and (80) we have

lur — uolyra < C(hop®?79 + L(g) + 1L(g)) < CA75, (114)

where for the term A, u?/2=4/4 we used (108). Estimate (13b) follows by choosing A
big enough.

Recall that Ry = —(Ryin + Reorr + Rquadr + Rmott + R 4) by its definition (67). By
(87) we have, with Cy now fixed to C by the choice (109) of N

d
mpl 2w A
g W_(l +)2<1—”“

N
) — —ad/2 -
IRzmll(t)SC[u + = 2 Az) )]SC(A +2752). (115)

where for the second inequality we invoked u = A% by (103), (108), and (110).
Similarly, using (92) and (111)

|Reorr ()1 < CATE. (116)
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For the L!-estimate of Rguaar we need to switch to the L™ estimate, where ro was
fixed in (112). We have, using (83)

_d
|Rguadr 1 < [Rguaar sy < C@™ "+ 27?70 + €A hip
< c(@—d/rya=b 4 3 (d=d/ro)a=1y L ;=%

Thanks to the choice of rg in (112), we hence have
|unadr(t)|1 = C)L_% +CL 5. (117)

Similarly, for the estimate of R 4 we use (93) with g € (1, 2), obtaining

d_d 4] g—1
c((xwz 7) +A2L(q)) forvg =0,q < 2,
[RADI = [RA()]y < o
C(X2u7_5 +AzL(q)) forvg > 0,9 < 2.
Therefore by (108), (111)and g — 1 € (0, 1)
|[Ra()1 < CA7¢7D, (118)

Together, the terms Rjiy, Reorrs Ryuadr, R4 are bounded in view of, respectively,
(115), (116), (117), and (118) by C)~¢" with certain ' > 0:

| Riin ()11 + | Reorr (D11 + | Rguaar )1 + [RA0] < CA™E
Therefore, using for the remaining R,,,;; the estimate (94), we have
n ¢!
IRi@O = 5 +CA7° (119)
thus showing (13c) by taking A large.

Let us show the last remaining inequality (14). By (96), with Cy fixed to C by the
choice (109) of N, we have in view of (108) and (111)

s wd 5 5 8
BE(1) < ce(t) +C (rl T +,\—q<) < e+ 55 < cel)

The proof of Proposition 1 is concluded.

8. Proof of Theorem A

We will iterate Proposition 1. Let us start at the trivial solution (ug, g, Rg) = 0 with
80 = 1. At the nth step we take §,, := 27" and 1, := 52’;;;} ,hence |Ryy1 ()11 < pa1 =
32 This and [A| < |A| + Jltr Al[ld| < |A] + $/d|A|Vd give [Ry (1)1 < 2L,
wﬁich is the assumption (12) of the step n + 1. Similarly, for any ¢ € [0, 1] at the n-th
step we get, by (14)

3 2 ! 5
gane(t) <e()— /|Mn+1| () +2/0 fA(DunH)DunH =< §8ne(t)
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which is the assumption (11) of the step n + 1, since

3 3 5 5
5 ne(t) = n+1€(t) 5 ne(t) = n+1e(t)-
Consequently we obtain iteratively, as n,, < 27",

sup | (nse1 — n) (1)1, < Mo27"/2,
tel0,1]
sup |(Ups1 — un) ()| yig < 2_(n+1), (121)
t€[0,1]
sup |Rps1 (1], < 27D
tel0,1]

Inequalities (121) mean that {u,,};° , is a Cauchy sequence in C(LHNC(Wh4). Denote
its limit by v € C(L?) N C(W'9). Send n — oo in the distributional formulation of
(10). In particular, in order to pass to the limit in the dissipative term, take a test function
¢ and use (15) for g < % < 2 and the Holder inequality to obtain

t
'/ / [A(Du,) — A(Dv)] Vedxdt
0

|V¢|L}LZ sup |Duy, —Dv|‘£;1(t) for vy =0,
<C

|V<p|L 14 sup |Duy, — Dv|pa(t)  forvy > 0.

* telo,

The right-hand sides tend to 0 as n — oo thanks to (121). Consequently we see that v
satisfies the distributional formulation of (1).
For the 2 fot | A(Duy)Du, term of energy we use (16) to write

t t
/ / | A(Du,)Du,, — A(Dv)Dv| < C/ / (1 + |Du, |97 + |Dv|q_1)|Dun — Dv|.
0 0

which via Holder inequality and (121) allows to pass with n — oo. This and
lim,— o Uy, — U|C(L2) =0 provided by (121) yields (7).

Let us now focus on proving the last part of Theorem A, i.e. the non- uniqeness
statement. Letus take the two energy profiles e, e and the respective triples (un, ,} R,ll)
and (un, ol R,%) of our convex integration scheme (in what follows, superscripts denote
the cases of eq, ez, respectively). At each iteration step n — n + 1 one picks value of )\fl
(= A of Sect. 7.3) that works for (un, ) R‘ ). Observe that choosing X, = max (Al Aﬁ)
works simultaneously for both triples. Thus without renaming the triples, let us make
the choice A, for both (u), ) R‘) i = 1, 2. It results in using identical Mikado flows
WK for both iterations.

Now we want to inductively argue that, thanks to the assumed e () = ex(t) for
t € [0, T], it holds ul(t) = uz(t) forevery n and r € [0, T — 27d] Let us assume

thence that u (t) = u2(t) and R! L (1) = Rz(t) for times t € [0, T — Z -0 7 ] (This
holds for n = 0, since we begin Wlth the zero triple). Formula (47), with (44) and 45)
shows that a;C ae1 (@) (e every a,i(t) k € K at the stepn — n + 1) depends on e(¢),

R €(t) and u' with € <

bemg the mollification parameter, cf. (69) with the

n|[0,z] 27d
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choice 8,41 := 27"*Dand the uﬁ;—dependence being nonlocal due to the dissipative
term in (45). So by our inductive assumption we see that a,i OGS a,f 41 (1) for times

tel0, T— Z:’;g) %]. Consequently, via the definition (49), the principal perturbations
u’},(t), i = 1,2 at the step n — n + 1 are identical for times ¢t € [0, T — Z:z(l) %].
o o 1 2—i .
Therefore u,lHl(t) = u,zﬁl(t) and R;H(t) = R,ZHI(Q fort. e.[O, T — Z?;o 57_51]’ since
the correctors and the new errors are defined pointwisely in time.
Under the assumption that eq, e> are identical on [0, T'], we produced iteratively

u,l, (1), uﬁ (#) that agree forr € [0, T — ﬁ] thus also their limits satisfy v () = v2 ()
fort € [0, T — 5-1.
Replacing T — with any fixed number T strictly smaller than 7" requires only

L
27d*

1
27d
mollifying at the scales below 7" — T instead of

9. Sketch of the Proof of Theorem B

Let us indicate changes needed in proofs of Proposition 1 and Theorem A to reach

Theorem . Now, we extend the allowed range of growths of A to ¢ € (1, %:22) at the

cost of abandoning the control over the dissipative term 2 fot [ A(Dv)Dv of the energy.
Recall that r € (max{1, g — 1}, %) is an additional exponent, fixed in the assumptions
of Theorem B. The main observation is that

| < 2d
_ < —
17 =" 0
is subcritical in the sense of choices made in Sect. 7.1.

Let us first consider modifications in proof Proposition 1. Replacing in Sects. 7.1,
7.2 g of Proposition 1 with r implies the following analogue of (111):

L(r)y<Cr7%, LQ)<Cr%, ML) <Crt.

for some positive { > 0. Consequently, (114) holds now also with r in place of ¢q. Next,
since ¢ now may exceed 2, to control |R 4(¢)|; we use the entire (93) to write

d_d —
RAOI = C((2n2™7) 7 4 0aL@)™")  forwg =0, g =2,
d_d
IRAMr < C(han2™7 + 1L (1)) forvg > 0, ¢ <2,

IRA(M1 < P . ‘e
[RA(M §C<A2p,2 T+ (hou? q71)q

+32L(g =)+ 0aLig = 1)) forg > 2.

In any of these cases, right-hand sides are controlled by powers of A, ,u%’% and Ao L(r),
therefore we can reach (119). Finally, since we abandon the control over the dissipative
term in the energy inequality, (45) and § E of (95) (let us rename it to § E') loose their
dissipative terms. The consequence of the latter is that (96) simplifies to

= 8 -1 -4 2
SE(t) < Re(t) +CN(A1 +u 2+L12)+LQ2) ) (122)

Inequality (122) allows to prove (120) for SE as in Sect. 7.
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The above modifications allow to prove Theorem B along Sect. 8 with the difference
that now {u, };’O:O forms a Cauchy sequence in C(Lz) NC(W'") and, in the case q > 2,
we pass to the limit in the dissipative term via (15) for ¢ > 2 and the Holder inequality
that give

t
/0 /[A(Dun) — A(Dv)]Vg| < C|Du, — Dvl g1 (1 +1Duy|? 2 + |Du|‘z;21).

10. Sketch of the Proof of Theorem C
Let us first introduce the following modification of Definition 2

Definition 3. Fixa € L2(T¢). A solution to the Non-Newtonian-Reynolds Cauchy prob-
lem is a triple (u, 7w, R) where

ue L°(LHNLIWH), 7eD, Rel!
with spatial null-mean u, solving the Cauchy problem

du +div (u ® u) — div A(Du) + Vo = —div R,
divu =0, (123)
u(0) =a,

in the sense of distributions, where the data are attained in the weak L2-sense.

The drop of regularity between objects of Definition 3 and objects of Definition 2
stems from a different starting point for our iterations. To prove Theorems A, B, we
started the iteration at the smooth triple (ug, mo, Ro) = (0, 0,0) and added smooth
perturbations in each iteration. To prove Theorem C we will start iterations with
(Va, TTa, =04 ®v,), Where v,, 77, solves the Cauchy problem of a non-Newtonian-Stokes
system:

0rvg — div A(Dv,) + Vi, =0
divy, =0 (124)
v,(0) =a

The smoothness of such v,, 7y is in general false, so even though at each step we
again add smooth perturbations, the regularity at each step cannot be better than that of
Va, g solving (124).

The starting point of our iterations is given by

Proposition 15 (Leray—Hopf solutions for non-Newtonian Stokes). Fix a € L2(T%).
There is

ve € L°LHNLIWHY, 7, €D

solving the Cauchy problem (124) in the sense of distributions, so that lim;_,¢ |v,(t) —

alp =0and
t
/|va|2(r>+2/ / A(Dvawvas/ e
Td 0 Td Td
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The proof uses monotonicity of .4 and for strong attainment of the initial datum, the
energy inequality.

The main ingredient of proof of Theorem C is a version of Proposition 1 tailored to
deal with the Cauchy problem.

Roughly speaking, given a solution to the Non-Newtonian-Reynolds system (123),
which assume the given initial datum, we construct another solution to (123) with the
same initial datum, and with a well-controlled Reynolds stress. The price we pay to keep
the initial datum intact is growth of energy. More precisely, energy of the ultimately
produced solution to the Cauchy problem with datum a for (1) is much above an energy
of a non-Newtonian Stokes emanating from the same a. Hence we cannot reach energy

inequality, even for merely the kinetic energy in the range ¢ < %. This is why we do

not distinguish the subcompact range g < 2d_in Theorem C.

d+2
We are ready to state

Proposition 16. Let vy, v > 0and g < 3[;{:'22, r € (max{l, g — 1}, %) be fixed. Fix an

arbitrary nonzero initial datum a € L*(T¢), diva = 0. There exist a constant M such
the following holds.

Let (ug, o, Ro) be a solution to the Non-Newtonian-Reynolds Cauchy problem with
datum a. Let us choose any §,n,0 € (0, 1] and y > 0. Assume that

. 5
Ro(0)|11 < 57 forallt € [20.1]. (125)

Then, there is a solution (uy, 71, R1) to Non-Newtonian-Reynolds Cauchy problem with
same datum a such that

M83 + My} ¢ € [4o, 1],
@ = u0) (D2 = ) M(8+SUP (/4 140/4) |Ro(0)]1 + J/)% t €o/2,40],
0 t €[0,0/2],
(126a)
n forallt € [0, 1],
— o) (Dlwir = 126b
G =) Olwr =190 o, 21, (126b)
n, t €lo, 1],
[Ri()|p1 < { R0 |1+ 1, t€lo/2,0], (126¢)
[Ro(D]p1, t €[0,0/2].
and
; 2—d <2 4o, 1 127
lutly — luoly — V(l)_ﬂ t € [40, 1], (127)

Proof. (Sketch of the proof of Proposition 16) Let us indicate the changes we need to
make in the proof of Proposition 1.

The constant y will be used instead of the energy pump y(¢) of (45). This changes
(44) and gives

o(x,1) < 2e+2|R5(x, 1) +y

and thus alters (73) to
o 1
lak()l2 =208 + [Ro()|1 +¥)2. (128)



234 J. Burczak et al.

Define up, u. by (49), (57) respectively (with the new ). Let us introduce a smooth
cutoff

=0 t<o0/2,
x@®) 3€[0,1] te(0/2,0)
=1, t>o.

and define the perturbations i , it as follows

i) = x(Oup(t),  dc(t) = x> (Ouc(t).

Due to (128), the new version of (77) reads
o _1
lup(t)a < MS+|Ro(0)]1 + ) /?+ 1, % C. (129)

Since (125) holds only on [20, 1], and recalling the fact that kf) is the mollification in

space and time of Ry, we can follow the lines of Proposition 1 only on [4c, 1]. This
gives the first line of (126a). Concerning the case [0/2, 40] of (126a) let us compute,
using (128)

liip (D175 < lup®)]7, < M +|Ro()]1 +)

Our assumption now does not control R(E) (t) for t < 20, but we can always write,
choosing € K o

@y, = M(s+  sup |Ro(mi+7),
te(t—o/4,t+0/4)

which, together with the smallness of |i.(¢)|;2, cf. (80), gives the case [0/2, 40] of
(126a). On [0, 0/2], it holds u; = ug, as there x = 0, thence the respective part of
(126a).

The estimate (126b) holds on the whole time interval, because the Mikado flows are
small in W17 for r < % by construction.

The estimate on the new Reynolds stress (126¢) on [o, 1] is analogue to the cor-
responding estimate (13c) of Proposition 1, as on [o, 1] the time cutoff x = 1. The
estimate on [0, o/2] is trivially satisfied, as on this time interval the cutoff x = O (here
ug = ug, S0 Rp = Rp). On the intermediate time interval [0 /2, o], Ry is decomposed
as Ry = Ro(1 — x?) + Rox?. The term Rox? is canceled by it , ® i, = x*(up ® up),
as in the proof of Proposition 1, thus giving the 7 in the second line of (126¢), whereas
the term Ro(1 — x2) is responsible for [Rp(¢)|;1 in the second line of (126¢). There
is, however, in the new Reynolds stress R; an additional term coming from the time
derivative of the cutoff:

div Rewrofr (1) i= x' (O () + (XD (Ouc(1). (130)
For the first term in (130) we just use (75) with r = 1:

C C
div = (x'(Ou, )11 < X' Oup@) < —p4? < =379
o o
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where we used the choice u© = A%, as in Sect. 7. For the second term in (130) we have,
invoking (19)

C
Idiv =1 (D) Ouc )l < 1div ™ () Ouc®)l2 < 13 Oue®)r < ~LQ)

Since by (111) L(2) < CA~¢, both terms of (130) are estimated by negative powers of
A. Thus they can be made as small as we wish by picking A big enough.

Let us now justify (127) along the proof of Proposition 14. In (98) yp changes to
y. Now we do not control |I%8 (t)]1 on the entire time interval [0, 1], only on [40, 1]
via (125). On this interval x = 1 and hence for any ¢ € [40, 1] one has the following
counterpart of (102)

ALl
‘|u,,|2 dy‘_2—5+C(M o ) (131)

We use now u| = ug + it + i to write for any ¢ € [40, 1]

1 MM
d ‘ < —+c( )+
lur15 — luol3 — dy| < 5 T

ﬁ~|§+2/(uoﬁc+uozz,,+ﬁpﬁc) . (132)

The r.h.s. above can be made arbitrarily small in view of (131) and arguments analogous
to that leading to Proposition 1, which yields (127). O

Iterating Proposition 16, we can now complete the proof of Theorem C. Let us choose
o, := 27" along the iteration. We will choose §, = 27" and n, = 2= g—1 a5 in
proofs of Theorems A, B. There are two main differences between the current iterations
and the iterations leading to Theorems A, B. Firstly, we initiate the iterations with
the triple (v, 74, —V4 ® v,), Where v,, 77, are given by Proposition 15. Secondly, we
will choose the now additional free parameter y just to distinguish between different
solutions. Namely, let us choose y, = d '8, except for y3, which we require it to be a
large constant, say K.

The condition (125) for the initial triple is void (empty interval where it shall hold)
and over iterations it is satisfied thanks to the first case of (126¢) and our choices for
Nns 8, 0p. The third iteration produces u3 out of u; such that

lusl3 — uz)3 —dK| (1) <277 te[1/2,1].

At this step the energies of the iteratively produced solutions branch: choosing two K’s
that considerably differ, we will see that the kinetic energies on ¢ € [1/2, 1] of the finally
produced solutions differ considerably.

From step n = 4 onwards y,, = §,, thus the first line of (126a) is analogous to (13a).
Iterating Proposition 16 we thus obtain convergence of the sequence {«, — v,}, to some

Voo € C((0, 11; L*(T%)) N C ([0, 1]; W (T9)).

Note the open side of an interval above. Taking into account the regularity class of v,
and r < ¢, we thus have

Up = Vg + Voo :=v  stronglyin L>((0, 1); L>(T) N L ((0, 1); W' (T¢)),

which allows to pass to the limit in the distributional formulation of (124), since by
choice r > max (1,q — 1).
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Concerning the attainment of the initial datum a, for any gg < 2 the estimate (126b)
yields [voolgo (£) — 0as ¢t — 0. Therefore v = voo + v, satisfies [v — algy(r) — 0 as
t — 0. From this and the fact that the L2 norm of v(¢) is uniformly bounded in time on
[0, 11, it follows that v(f) — a weakly in L? as t — O™,

Let us finally argue for multiplicity of solutions. At the step n = 3 let us choose two
different K, K'. Let us distinguish the resulting u,,’s and their limits v by, respectively,
u, and u),, and v and v'. On ¢ € [1/2, 1] (127) yields forn > 4

[l =l 1B () < 276 427 N B =y B (1) = 27 27,
whereas

1033 = w2} —dk| ) =277 [l — Wy - dk'| (1) <27

So, since up = u

uj 3 — lual3 — dK'| (1) < 1/2.

junl} = 2} — dK | (1) = 172

The same inequalities hold for the strong limits v, v’. Therefore, for d|K — K'| > 1 they
must differ.
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11. Appendix
11.1. Proof of Lemma 1. Let us first consider a scalar function f : R — R
F@) = (o + it 1.

It is Lipschitz for vy = 0. In the range g € (1, 2] f is (¢ — 1)-Holder continuous for
vo = 0, v > 0; and locally Lipschitz for vy > 0, v; > 0. By the last statement we mean
that

|£(6) = f()] < Cylt — s|(vo +vi (] +|s))? 2. (133)
It is proven by writing

1
@) = F$)] < Iq 1||r—s|/0 (v + vis +x(t — )7 2dx

1

<lg - 1||r—s|<vo+v1<|t|+|s|))q+“/ (vo +vils +x(t — s))°'dx,
0

(134)
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with the second inequality given by splitting g —2 = (¢ — 1 — &) + (6 — 1) so that
g — 1 — 68 > 0 and thus the function  — t9~!79 is increasing. For the integral in the
second line of (134) we use that for y € (—1, 0] and |¢| + |s| > 0 it holds

1
/ (o +vils +x(t —s)D*"Tdx < C, (vo + i (|t] + Is])Y . (135)
0

Computation for (135) is contained in proof of Lemma 2.1 in [1]. Using (135) in (134)
we obtain (133).

In the range ¢ > 2 for f, the function t — ¢ 2 s increasing and integrable at 0, so
(133) holds for any vg > 0, v; > 0. Altogether

Cylt — 577" forvg=0,g <2
Lf@) — F(s)| < Cylt — 5] forvg > 0,qg <2 (136)
Cqmpn |t = 5] (1 +el97 + |s|q_2) forqg >2

Replacing scalars with tensors in (136) will give (15). Details follow.

Let us consider first the (global Holder) case vg = 0, g < 2, i.e. the first line of (136).
We show the respective first line of (15) by considering two cases: (i) Q, P lie along a
line passing through the origin and (ii) Q, P lie on a sphere centered at the origin. The
case (i)is Q = tQq, P = sQq for some s, € R and |Qg| = 1, thus (15) here follows
immediately from (136). The case (ii) is |Q| = | P| = [ for some [ > 0. Here

A(Q) = Qi)?™%, A(P) = P(mil)?7?,

SO

lAQ) — AP)| |Q — P _ (1@ = PIN2=a _ (2012
|0 — Pl=t (nD)?>79|Q — Pla~! _( vl ) S(uﬂ)

and the latter is a /-independent constant. Both cases (i), (ii) yield for every nonzero

o, P

4@ - AP =A@ -A({ )]+ [A((5P) - A

arguments lie: on the sphere 9B)g|(0) on the same line through origin

S

We have just proven the first v) = 0, g < 2 case of (15).

The second (global Lipschitz) case vp > 0, ¢ < 2, i.e. the tensorial version of the second
line of (136), can be proven analogously. But in fact the computation leading to (133)
works well when applied immediately to tensor mappings both in the case vg > 0,g < 2
and ¢ > 2, giving the remainder of (15). Estimate (16) follows from an argument that
gave the case ¢ > 2 in (15), applied to f(t) = (vo + v1]t])? %12,

11.2. Proof of Proposition 4 on antidivergence operators.
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(i). div=! : C(TY RY) — C§°(T?; S)) Let A~'v denote the null-mean solution
u to Au = v on T?. Recall that Df := W+Tva (symmetric gradient), and recall
Py f := f — VA~ldiv f (Helmholtz projector). Take

div'v:= DA v+ DPHA_lv,

which is symmetric, because D is symmetric. (Compare div—! with the inverse diver-
gence %DA_IU + %DPHA_lv — %div A~"vId of Definition 4.2 [18], which is auto-
matically traceless. We use the simpler choice for div™!, since trace zero is provided by
a pressure shift.) Since 2div D = A + Vdiv, we have for Au = v

1
div (Du + DPyu) = 5 (Au +Vdivu+ A — VA" divu) + Vdiv w — VA~ Ndiv u))

= Au =v.

Estimates (19), (20) follow from arguments analogous to that of [31], proof of Lemma
2.2, so we only sketch them. The estimate (19) for p > 1 follows from Calderén-
Zygmund theory, suboptimally, because div™! is —1-homogenous. This suboptimality
yields the borderline cases. In particular p = oo holds, since Vdiv™! is 0-homogenous
thus, via Sobolev embedding and Calderén-Zygmund for Vdiv™! one has |div™! f|o <
C|Vdiv™! flgs1 < C|flas1 < C|floo. The other borderline case p = 1 follows from
the fact that the operator dual to div—! is —I-homogenous and from duality argument.
The claim (20) uses (19), —1-homogeneity of div™! that yields

div ' (w) = 27 divw);, (137)
and that we are on a torus, so the L” norms remain unchanged under oscillations.
(ii). Ry : C®(T; R) x C3°(T94; RY) — C$°(T9; S)) (Compare [18], Proposition 5.2

and Corollary 5.3.) We construct the two-argument improved symmetric antidivergence
iteratively upon div~!. Let us commence with

Ro(f, u) := div™! (fu —][ fu) . (138)

Our aim is an antidivergence that extracts oscillations of u; out of the product fu;.
Therefore (137) suggests to apply div_! to u;, and correct the remainder. Let us thence
compute

d
div (fdiv_1u> = fu+ o f@div T we (139)
k=1

and define Ry (f,u) := fdiv_'u — 3¢_, Ro (8 f, (div_"u)ex) . The choice (138) of
Ro and (139) yield

divRi(f,u) = fu —][ fu. (140)
Define inductively Ry (f, u) := fdiv_'u—Y"4_, Ry_1 (9 f, (div_"u)ex) , per analo-

giam with the construction Ry — R;. Using induction over N, one proves now that
R is bilinear, symmetric, div Ry (f, u) = fu — fw fu, satisfies Leibniz rule:

WRN(f,u) =Rn(f, %u) + Ry O f, u)
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and estimates (21), similarly to proof of Lemma 3.5 of [30]. For instance, to
show divRy(f,u) = fu — JCTd fu we have (140) as the initial step. Assuming

divRy—1(f, u) = fu — fa fu, one has
d

div Ry (f. u) = div (fdiv'u) = Y (akf(div—lu)ek —][ hf ((div_lu)ek>>

k=1
=fu—][fu

with the second equality due to (139).
The estimate (21) holds for N = 1 since (19) and Jensen imply [Ro(f, u)|, < C| fl,|uls
and thus

d
RS w0l < CLAAdV s+ D 1Ro (0 £, (@iv= e ) 1
k=1

. . 1 1
< CUF Ly s s + CIV £l @iv™" )y < Cluls (171 + 219 17 ),

with the last inequality due to (20). For the inductive step N — 1 — N, let us compute,
using (137)

d
1
Ry (foulp < LIV unls + = D7 Ryt (8 f. (@iv ") Goper) I
k=1

d
1 L 1/1 1 _

= Cluls 1 f1r + Cap.s.rn-1 > Idiv 1u|sx(x|akf|r+ kN_le 1akf|r),

k=1

with the second inequality valid via the inductive assumption, i.e. (21) for N — 1. The
estimate (19) and interpolation yield the inductive thesis.

(iii). Ry : C®(T9; RY) x C°(T9; RI*dy - C2(T9; S)) Take
0 0

d
Ry, T):=Y Ry, Tex).
k=1

Then divRy (v, T) = ZZ:l vk T e — fpa viTex = Tv — £, Tv and since it is a linear

combination of R y’s, it retains all its properties.

(iv). R%, : C®(T?; R) x C° (T R) — C§°(T¢; S)) Weredo the reasoning of (i)(iii),
starting from the following ‘standard double antidivergence’ div™? : Cy° (T4; R) —
C5o (T4 S)

div=2p 1= V2A_2v,
where V? is the (symmetric) tensor of second derivatives, and thus div divdiv =2 f = f.

Analogously as for div—! we have |div_2v|W1.p < |v|pCp. Since it is —2-homogenous,
it holds div—2(v;) = A~2(div_2v),, thus

IVidiv2(u) e < A2 VI0|10 Cr p. (141)
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Upon div=2 we build now R%,, starting with

R3(a, b) = div> <ab - ][ ab) (142)

and the computation

d
div div (a div‘zb) =ab+ Y _ 20/(div>b)" o + (div b ofa, (143)
k=1

where we used symmetry of div—2. Hence let us define by recursion

d
R (. b) i=adiv b — 3 2R3, (oka, ai(@iv20)") + R, (03a, @iv20)) ].
k=1

Let us inductively prove that
div div R% (a, b) = ab — ][ ab. (144)

The initial statement for N = 0 is (142). Assuming (144) for N — 1, we use (143) to
compute

d
divdivR (a, b) = ab + ][ 3 (28ka 3y (div 26K + a,%,a(div—zb)’d) .
k=1

We see again via (143) that the mean value above equals —f ab.

Via induction over N, one proves that R%V is bilinear, symmetric, and satisfies Leibniz
rule. Concerning the estimate (23), let us first prove it for j = 0. The proofis by induction
on N. For N = 1, the estimate is true, since |Rg(a, b)|p < Clal|b|s and thus

IR3(a, b))y < Clal |div b5 + C|Val |(Vdiv —2by)|s + C[VZal,|div by s
1 1 1,
< Clbl(55lal- + 51Val, + IV2al,)

with the last inequality due to (141). For the inductive step N — 1 — N, let us compute
using —2-homogeneity of div=2, —1-homogeneity of its derivatives, bililnearity of R>

1
IR (a, by, < Clbly 5 lalr

d
1 L 1 o
Y 25 1RAy (Bka, 3 (div 2b)’;’) b+ 531 RAs (a,f,a, (div 2b)’;’) I
k,l=1

using to the r.h.s. above the j = 0 inductive assumption (23) for N — 1 and interpolation
yields (23) for j = 0. Finally, estimate (23) for any j € N is proven by induction on
j. We already know that (23) holds for j = 0. Assuming it is valid for j, one has by
Leibniz rule and linearity

VIR (a,by) = VIR (Va, by) + AV R (a, (Vb),),

which via the inductive assumption yields (23) for j + 1.
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11.3. Proof of Lemma 3. The proof of part (i) is by induction on |K|. For |K| = 1
the proof is trivial. Let us now assume |K| > 2. Let us write K = K’ U {k}, where
|K'| = |K| — 1. By inductive assumption, {{;'}xcg’ and p’ > 0 are already defined, so
that the periodization of the cylinders with radius o” and axis {¢p + sk'}ser, fork’ € K’,
are pairwise disjoints. It is then enough to find ¢ € R4 and o € (0, p’) such that (27)
holds for all ¥ € K'. Notice that (27) is equivalent to

B, (&) N (Bp (0) + { ¢ + sk + sk'}5 yem + Zd) = 0.

Since d > 3, the countable union of planes {{ + sk +5'k'}s yer + Z4 has zero measure
and, since k, k¥’ € Z¢, it is closed in R¢. Therefore, for any p € (0, p'), also

U Bo©) + {a + sk +5'k )y yer + Z¢
k'eK’
is closed in R? and, if p small enough, it is strictly contained in R?. We can thus find ¢;
and p € (0, p’) such that
B,() CRY\ ( U Bo@ + {u + sk +5'k = 5,5 € R) +Z‘1),
k'eK’

with the superset being open, thus concluding the proof of part (i).
For part (ii), consider the set of directions in Z> given by

K :={k,1) : ke K)CZ.
By part (i), we can find {Ek}keK C R? and p > 0 such that (in R3),

(B,,(Ek) +5(k, 1)+Z3) n (Bp(g‘k/) +5 (K1) +Z3) .y (145)
— —
ek ek

forallk, K’ € K ands € R (the balls above are in R3). Observe that, forevery (k, 1) € K s
the axis of the cylinder B, (&) +s(k, 1) + 73 < R3 is never lying on the horizontal plane
X1, x2. Therefore we can assume w.l.0.g. that each Ek has the form

& = (&, 0).

Let us now show (28), with such choice of {{; }rex . Assume by contradiction that there
are two distinct directions k, kK’ € K and s € R such that

(B, (k) + sk + Zz) N (B, (Lw) + sk’ + Zz) £ .
Then there are x € B,({x) € RZ, y € By(tr) € R2, 1,1’ € 72, such that
x+sk+l=y+sk+1 € R%
This implies that
x,0) +sk, D+ (1,00 = (y,0) +s(k', D+ {',0) € R3,
R— —— N — N —’
€B) (&) €Z® B, () ez

contradicting (145).
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