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I\l;stl'act. This paper is concerned with the problems of inter-ann coord inat ion 
which arise when mu l t iple robot arms attach their end effectors to a single 
payload in order to perform a manipulat i on task . The approach taken is to let 
the arms cooperate with eyual rights, and to exploit the redundancy presunt 
in tile system for the minimization of a lluadratic cost criterion . 
The mai n elements of the proposed control system are generators for coordi
nated nominal motions and force/torque i nteractions with the payload , and an 
active compliance scheme capable of resolv in g kinematic confl i cts and incon 
sistenc i es between mot i on and force/toryue commands . The paper gives a de 
tai l ed mathematical description of both the mo tion and the force/torque gene 
r ators . The proposed acti ve compliance scheme is presented in summary form . 

~ ::~·~····: ·~) E.0 .::;...:. ~':Ui)0ls ; CU0 lH~l-alLIl 'J roiJuL ~11 - :1!:"; ; ~ 'o r,-" _' ui.::.;tril)Ll~i(..JII ; ,"1 L' Lj ''- '': C(_'lil 
i.)i. jdjh:~ ; llic r .::trclJic.::tl sysl ,~::ts ; process cOIl L r o.l ; I!lothC I:l.:lticCll ClIILlJ·;'sis . 

. ~~::~F:'~~\'~ 1 ~'i;~li'~:~ l ~:s ~~h~c;~ ~~: c}~ r~~~ ~(~~~~; i ! \~~' r ~: t':/ ~~l' d~~:~O!j):; ;H~ 9 ~ ~~ c:'~ : I?::: 3~~ ~~'~ ~~ ~I \:Il!~~; 
'1· · ·'::Jl , u lu ·~;~ ' 1.'L: 1ILL·[ ( l.::ST1: C) i! l ::r) ord· .... .Lj~'. ( 1IulL..t!!d: . Suppurl fru:n 'ILi U .... lrJ il:.:-: t ... ll~ L 
is ... 11so (j r,J.tc!:"llll ~' ,J.C}:;i O 'd ]L'd~lC"U . 

I. I NTROD UCTION 

Tile re ader will be aware , out of personal ex
perience, that precis e handling of large and 
heavy oujects is much more easily achieved 
with two arms than witll one. We can learn 
from this uuservation that the perfor mance 
features of robots could be improved, and 
their fi~ld of application widened, if they 
could be mdde to use llleir arms cooperative 
ly in a simi lar way. The Il1ain problem to be 
solved on lhe way t o such advanced manipu
laLion systems is that o f fasL and precise 
irlter- arm coo rdill ation. Bad coo r diIlation nlay 
cause Ja':lage LO the pay load or the arms 
th~!1Ise 1 V~S . 

Cp to nl.)\.o/ lht:! pro lJlt:!!1I of inter -ar m c oordi 
n~tion for mu l t i- anlleJ robots has not re
ceiv-..:d Dluch attenlion in the control lite 
rature. Some reseal'chers ha ve proposed (and 
part.ly cl0!1l0nstl-ated) mastcr/sla \'e syst~rns as 
a s o luti on to the problem . Nakano ~t al. / 1/ 
;..:. se a f:.J o sitl. on - controlled master arm t ogt::!lher 
'with.). forc..;: - cuntrollt2u slave which s Ul,J po rts 
the : !~O !.:.i O !1 E::!l:Ol.'c~J DV the P.last.er . Alf ord 
dlld b~l ve~ / 2 / !ltlV~ J~v~loped a predi ct ive 
cucrdi:;~lion Illl,;::t! loa 'd! lere uo t h master and 
sla\'..;:: arc o o sill.On - controlled . The slave 
c O!1!.!!: a:h-:s art.: :'i\.)L~i:i~d on the basis of pre 
dicc.ec! :)o si:...i on '!alues for the next step. Th. e 
goal of ~ tj~is cuntrol strateyy is to keE!p the 
relative Lo siti on of t!lC two end- effectors 
co r:s~ant . ~ :; 0 account is taken of intt::ractive 
furces Dc!t'tJccn t~le ar nl S , v;hlch may occur due 
:'0 f..i:';I2n:atic rlodcl lin g errors . I n 1~75, Fuji 
and ;.(U[O!lO / 3/ havt2 introGuced the flrst me 
thod '..Jherl2 two arms coope rate with equal 
rl~ht:3. TLcir approad-" call~j the method of 
"\'irtual re~erellce " , is based on position 
erro r fecdLac~ arid l ~ads to compliant beLa 
vi ou r of t~l~ t~o Dosition controlled arms . 
I s h ida / ~ i cescriGt2s and compa r es twO a lte r 
native control methods applied to two refe 
rence tasks called parallel transfer and rota
tional transfer . The first control method is 
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t h e master/slave method of /1/. In Lhe se
cond one , both arms are fo rce servoed and 
coope rate with equal rightti . Th ey recei ve 
their commands from a coordination control
ler which enforces tracking of the desired 
load trajectory with a prescribed dynamiC 
behaviour in operationa l coor dinates . 
Ishida s ta t es that the second method is su
pe r ior(though slower ) in the case of the 
rotational transfer task . 1~e problem of 
fo r Ce distribution between the cooperating 
arms, which has not been addressed in the 
~uGl i catio lls mentioned so far , tlas beel) 
studied i ntensiv",ly Ly Orin and Oh /5/ , 
who treat it as a linear programminy prob 
lem in the joint torque space . Tile objec
tiv~ function penalizes energy consumption 
and te rmi nal reacti o n force imbalance. 

The objective of the wo rk presented in ou r 
paper was to construct , as an extensi o n and 
fu r the r elaboration of ~las on ' s work / 6 / , a 
general theory o ~ multi - arm coope raL ive ma
n i?ulation which v/ ou ld , to the larLJest pos 
sible exten t , incorpo rate the ideas inl r o 
duc~! in the afo relnentioned ? ub l ications. 
~oJe have carried ou t ou r studies under tht! 
following ~ent:!ral assumptions , guidt21in~s 
and constraints : 

- The theory shall be valid for ar:y n 1..!lr~~ r 

of cooperatins arms. 
- Both the motion and the force/torque as 

pect of manipulation s!la ll be r~prese :1-
ted by tile theot·y . 

- No dependence on special feat~res of allY 
specific robot arr:~ . The tr.eory s:la::'l Le 
f0r!l\ulatec. in terms of "i deal e:£ecto!:s ". 
The ideal effector is the ~~ost ~c::era~ 
abstraction of a manipulator ar~ : a fic 
titious device which can ideally execute 
force / torque or motion commands , er ehi 
bit a specified c omp liance behavio u r ill 
all six spatial directions . 

- We have assumed a ri g id body load with a 
g r apple inter face for each arm. Grapplin~ 
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is assumed to lock the end - effectors to 
tile load so that lhey behave like one ri 
gid body. 

- In addition to the cor.mlon internal Sensors I 

each arm mus t be equipped wi th a sensor 
systenl to nleasure force/to rque illt8 raclion 
with the load (usually a wrist sensor). 

- The control system to be develooed silall 
be modular in the sense that ev~ry robot 
shall be addressed by tile coordination 
controller through the same! ··virtual robot 
interface " li .e. from the coordination 
level, the robots shall all look the same). 

11. A GJ::t~J::RIC CONTROL HIEHhRCllY FOR NUL'l'I
ARNED ROBOTS 

In the generic control hierarchy for Illulti 
armed robots shown as fiy. 1, three func
t i ona l levels can be distinguished: 

- On the intelligence h,vel, the robot task 
is decomposed into a sequence of opera
tions, and the required motion of the load 
and its required force/torque interaction 
with the environment are planned for each 
operatlon. 

- On the dynamic control level , nominal mo 
tion and force/torque conunands are derived 
for each arm . An active complianCe scheme 
e l iminates un-wanted cQunter-activ0 forces 
exchanged between the arms and rcsulves 
possible conflictsldue to imperfections 
of the task model used in the planning 
process) between motion and force/ torque 
commands. '1'he corrected conulldnds are then 
sent to the individual arm servo- control 
lers . 

- The machi n e level comprises power electro
nics lor any other power source and con 
ditioning unit) and the arms themselves . 

This paper deals only with the dynamic con
trol level , witl! emphasis on tile yeneration 
of coordinated nominal motion and force/ 
torque trajectories, and on the theo r etical 
basis for the active compliance scheme. 

Ill . GENERATION OF NO~UNAL NOTION 
TRAJECTORIES 

Given the load ' s geomelry and its desired 
motion trajectory we can derive the nominal 
motion commands for each of the cooperatin<) 
robot arms in an open loop process. The ma 
thematical descriplion of the coordinated 
motion geI: c rator v/ill be derived in tl le f01 -
lowiny two parayraphs. 

111.1 Task Georn8try 

For the pllri?os~ of gt::Jh..!ration o£: ...:oordino.
ted desired trajt2ctori~s for the coupe ra 
tiny manipulCltor dr::1S we conside r the load 
as a ril..liJ Lody \·.'iLh 11 ~rdPl.J10 jnl~rfacL:s. 
As in /7/ I t!l~ frJ!!l2 conCe:)~ UllG. homullc 
nt20LlS tra:1s:ormati011s ·.·.'ill~bt: lJ~eJ to"'\.!~
scribe the spatial rt:laLions bt2t'.vGell lhe 
n nlanipulator arms, tl!8 load, and an i n~l

lial reference fra!l~ ref~rred t o as t!1e 
tdsk frarr.c . All relevdI:t franll;~s and t.rans 
formatiol ls art2 shwo·,.;n i!1 fi ':! . 2 . 

The follov/ing nan,es v/ill Le useJ for the 
coordinate fra~e s 1!1 fiy . 2: 
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l o ad center fl-ar.~e (a. co 
o r di!l.3.te s'/stem \\'it:l i~s 
o ri.:;i:1 in Ll.e loac! ' s Ct2!1 -
t.:er of mass and its aXes 
aligned wit~l ti1e load ' s 
princi?al a:-:es ) 

base: frame 1 

The trans formations G. are constant because 
of the ri'lid loody assGmption. The transfor
",ations Hi are also constant as long as the 
loases of the arms are inertially fixed. The 
transformations L and Hi ' being input and 
outputs of t!18 n~tion trajectory yenerator 
of fiLJ. 1 , are cha:1ying in time. 

111.2 Derivation of Kinematic Equations 

The kinemalic ",quations depend on how the 
load is grasped by the hands. the general 
from of the yraspiny condition reads: 

LIt) G. R = B 1I. It); 
_ . -1 -1 -1-1 

i = 1;n 11 ) 

The transformation Ri , which closes the 
transformation yraph of fig. 2 , describes 
the relative position and orientation of 
hand and yrapple interface in the grasped 
condition . Sometimes the contact between 
hand and grapple interface can be estab
lished in different ways , with different 
values of R. The cho i ce may have i mportant 
consequences for collision aVOidance , but 
it doesn ' t make any difference for the con 
siderations in this paper , where R can be 
treated as a constant , retaining the value 
it had upon closu re of the hand. 

Solviny (1) for !ii It) 'Ne obtain a set of 
equations describing tile coordinated de 
sired motion trajectories in terms of ho
mogeneous transfornlatioJ1s: 

i = ~ (2 ) 

The spatial rela tionship of hand and base 
of a manipulator can be specified more con 
cisely loy a vector of generalized coordi 
nates 

l 
X. 
-1 

(3 ) 

where Pl,P2 , PJ are the position coordi 
nates , and \f' , O,11 three anyles determining 
the orientation Ipseudo- coordinates) . With 
.'::Llt) denotiny the> desired trajectory of 
the load in yeneralized coordinates we can 
formally vlrite 

i = ~ (4 ) 

The bundle 0 f funct ions : i comprises (2) 
dl1J t!1e conv~rsi011 fro!n ~~neralized coor
dind tes to ho!:.o~jencous t ra!:s forma tions and 
ViC02 versa . Cc..:1cat02nation of the n equa
lions of (..;) into onc coluf!:n v~ct.or yields 

n 
co 1 \ ~1 I t i ) = !. (.'::J It) ) 
i = 1 ~ 

15) 

'1'~ 1 1.5 is t.::t.; :'...l!1c':i t::m l O Lle iil:pltI!~en'--ed in 
t!!l.! :nGt i o :1 '....ra je-..:tor ~' ~:(;nL:rato.r block of 
f if} . 1_ 
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JJst as for t i.e motion we can calculate nomi 
•. 2. .'... ':al'Je s :or t:1e :orce / torque interaction 
0: the ccopera~:~g r obot ar~s ~it!l tile pay 
l:;~"H.~. 'I'::e :-,c;-;·,i;-.a l. : o rce / :. o rq",Je to be applied 
;·, 2.S ~·,·;0 cOj:'.~'. Q :-.c?;1 '_S req'J.i !:""ec :or t:le desired 
force ,: torq~e i:1teractio11 ~et~een load and en 
':iro ;:;;,e :-.::, a:1d ;:.-:.;- :: ' ,-:-e ~el"aLion/deceleration 

c ~ ::1e lo~d , rcs?ecti\·el~' . Chapter IV.l shows 
:~ c ·,·; tht.? ':"3tter C0 ~· ?O;-;.e:-;t can be deter:7lined 
:ro~ ~;'0~ :1 e r esti~nted load d~·namics . 
C:~.')ptel·s L': . 2 :::.::ro~;'::;l IV. 5 deal ' .. ii th force 
dis~ i~ution, i . e_ witll ti1e question tlOW tl1e 
re(!u red fcrc2 ; t o rq~e effort is to be shared 
by tlE r o bot ar~iS . 
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IV.l Load Dynamics 

l'iith the notation inlroduced in fig. 3 , and 
using the laws of rigid body dynamics , the 
equations of motion of the load read 

n 
1 -c 

(6a) 

(Gb) 

Explanations : 

1 -c 

r -c 

force and torque vector applied 
to the load by arm i (line of 
action through the center of 
grapple frame i) 

external reaction force and 
torque vectors acting on the 
load (line of action through 
the center of mass c) 

linear and angular momentum of 
the load , both with respect to 
its center of mass 

position vectors from the iner 
t ial reference frame to the 
grapple interfaces and to the 
load ' s center of mass 

All vectors are expressed with respect to 
the inert i al reference frame . The !'dot " 
operator performs differentiation by time , 
and the operator X builds up the skew - sym
metric matrix 

r
l 

r 2 1 
- r ! 1 . 

o J 

(7 ) 

which i s used for the computation of the 
cross product when vectors are represented 
by the calculus of matrices: 

t = r x f <=> ( 8) 

After arranging the forces 
~i in one column vector 

< . 
.':.1 and torques 

we can 
simple 

S ' 

with 

n 
col 
i=l 

' f I I-i ' , I 
i t, I 

- .1 . 

re- write equations ( 6a , b) in the 
form 

h 

Il 

B 
-1 

n 
ro'"" 
i=l 

I X ( r. - r ) 
- - 1 C 

I 
-c 

< 
-':'ex l 

( I : i de n tit Y rr.a t 1" i :-: , Q: r. . ...; 1 1 ~; a t.. r i x ) 

(9 ) 

( 10) 

Tile matrices Ei are all o ~ o ~de r 6x6 and , 
consequent l Y/-~ i s a 6x6n ~a t rix. It is 
easily seen that 

rank (~i) 

rank (~) 

6 

6 
(1 11 

(10) is hence a system of 6 independent 
equations in the 6n unknown eleme Ilts o f 

In ot her words , the problem of mOving a 
load with more than one arm is dynam i cally 
underdetermined. The open question is , how 
the effort ~ necessary to move the load is 
to be shared by the a r ms. We shall take 
this fact as a chance to optimize the oper
ation. 

IV.2 2.£timal Di str i bution of Generalized 
Forces 

Let the optimal dist ribution of generalized 
forces among cooperating robot arms be 
governed by a quadratic cost function 

(12 ) 

The 6nx6n matrix o f cost coefficients 
( "cost matrix " ) is assumed to be symmetric 
and st r ictly posit i ve definite , and thus 
regular. 

The force distribu t ion problem can now be 
formulated as the following constra i ned 
optimization p r oblem : 

Find the vector of generalized 
forces t that minimizes 
criterion (12) and fulfils the 
constraints (10) ( 13) 

This problem can be solved with the classi 
ca l methods of constra ined optimizat i on. 

Introducting the vector A of Lagran gian 
mul tipliers we combine (10) and (12) and 
obtain the Lagrangian function 

( 14 ) 

The necessary conditions for a constrained 
loca l extremum are 

d L

1 
2 * Bt * 

:1 q. * = c ! + \ 
-,!=l. 

o (15a ) 

),=>.* 

;1L

1 

B 1. * h 
'1I 1=1:.* 

0 ( lSb ) 

\=.\ 

Tilis is a system of 6n+6 linear eq~ations * 
for the 6n+6 unknown elements of 4> and \ 
Solving (15a) for ~. * -

(16 ) 

and substituting this into (15b) yields 

+ 2h = 0 (17 ) 

It can be slFy..;n that, with ~ stri::rly posi -
ti\'e de~inite and rank (~)=6, 8 C Bt is 
reClU la r : 

(18 ) 

There fo re , ( 16) a:1d (17) have one unique 
solution: 

- 2(~ ~- 1 §.t) - l ' h (19a) 

D h witil D C- 1Il t (U C- 1Bt ) - 1 

( 19b) 

The 6nx6 natrix D is called the optimal 
~orce distributi~n matrix. An analysis of 
its rank sho',.-JS 

rank (Q) = rank(S) = G (20) 

'ihis follo''';s from (19b) and the fact that 
b o th C- l a:1d (§. ~- Ist) are regular. 

AlttlOUgt1 conditi o ns (lSa , b) were only nec 
essa~ for the existence of a local e x tre 
mu~l , it can be show'n that.:.. is indeed the 



:l !( i 

~lobal min i mum of the constrai ned optimi
zation problem. This is the case because 
the cost function is positive definite an d 
the const r aints are linear. 

IV . 3 Computational S i mp l ification of the 
Opt i ma l Force Distri but i on Law 

It is generally not nece s s a ry to penali ze 
cross terms containi n g products of ge n e 
ralized forces appl i ed to the load by dif
ferent arms . Hence we assume fronl here on 
~Iat the cost matrix C has b l ock d i agonal 
form 

n 
C = diag (C.) 

i =l - J. 
(2 1 ) 

with 6x6 matrices ~i stating the cost of 
forces and torques app l ied by a r m i. The 
total cost of (12) is now obtained by ad
ding up the ind i vidual cost components 

(22 ) 

i = ~n 

Using (21) we can r educe the n umber of ope
rations required to ca l culate the force 
distribution mat r ix D: 

n - 1 n t n -1 t 
diag (C. ) ' col (B.) = col (~i ~i) 
i=l - J. i= l -J. i= l 

- 1 t n n -1 t n - 1 t 
BC B = r ow(B.) . co l (~J. ~ i ) =. I ~i~i Qi 

= > D 

i= l - J. i=l J.=1 

n - 1 t n 1 t -1 
colIC. B ) ( I B . C-:- B.) 
1 =1 - 1 -1 i= 1- 1 1 -1 

(23) 

Splitting D into 6x6 matrices D. according 
to - J. 

D 
n 

col (!2i) 
i=l 

(24a) 

puts the result into a slightly different 
from: 

D -J. i= l ,n (2 4b) 

21 assi gns a portion of the total forces 
and torques to be exerted on the load to 
arm number i: 

(24c) 

The advantaae of (24b) over ( 19b) is two 
fold: Tllere - are [ewer computations, and on 
a multiprocessor system the n equations of 
(24b) can be evaluated in parallel . 

IV .4 Some Features of the Optimal Force 
Distriuution Law 

1) From (19h) we can draw the important 
conclusion that the nominal forces and 
torques are all zero in the absence of 
accelerations and external forces and 
to rques on the load . This means that the 
forces distribution law eliminates all 
static internal forces in the load . 

2) It fClrther follows from (19b) that the 
opti~al force vector f* is always con 
t.ail1ed in a six - dimeniional subspace 
S~ ' R6n . This subspace will be referred 
to as the space of co- active forces. It 
is spanned by the six columns of the 
force distribution matrix D. Co - active 
force ve c tors f · 5+ will be-marked f+. 

3) The orthogonal complement of s+ is 
called the space of counter - active 
forces S - - R6n . Measured counter - active 
force vectors f'5 - will be ma r ked ! -, 
accordingly. 

H . Brllhlll 

4 ) It is interesting to analyze the rela 
tion between the spaces of co- active and 
counter- active forces , and the space Sr 
wh i ch is spanned by the rigid body mo 
tion modes of the s ystem, i . e. the ad
miss i ble combi nat i ons of arm motions 
under the const r aints imposed by the 
in t erconnection via a rig i d l oad, Wllich 
i s f r ee to move in all six degrees of 
freedom. I t can be shown that the 
r i g i d body motion mode s of the system 
are given by the columns of the matrix 
Bt. On the othe r han d , we can see f r om 
(19b) that C-l· Bt spans the same space 
as D, which-means that its columns may 
be used as an alte r nat i ve basis of the 
space of co- active forces . In the spe 
cial case of C being a mul tip l e of the 
identity matrIx , the space of co- active 
forces will coincide wi th the space of 
admissible rigid body motions: 

C = a ·I (a 0) (25) - -

In general , s+ and S r are different , Ullt 
neve r orthogonal , because lt follows 
from ( 19b) tha t B D = !, i.e . D is a 
pseudO- inverse of B. 

5) The optimization criterion (12) can be 
formulated in coordinate frames other 
than the inertial refe r ence frame , i.e . 
costs can be aSSigned to force components 
along the axes of some other coordinate 
frame. AA obvious possibility would be 
the load frame. It is also possible to 
specify the cost of forces/torques ex 
erted by each arm in the respective ro
bot base frames. The resulting force 
distribution will be different in each 
case, but it is always possible to 
transform the problem back to the iner
tia l space so that the force distribution 
law retains the same form and everything 
said about it remains valid . 

6) It is sometimes opportune to transform 
the force distribution law to another 
coordinate system , where the calculation 
of the force distribution matrix may be
come much simpler. This is the case , for 
example, It/hen both the cos t function and 
the force distribution law are formulated 
in load coordinates. 

The following example of optimal fo rce dis 
tribution in a very simple manipulation task 
will help to visualize the re lat ions dis 
cussed in pOints 2-4 above. The tusk is 
illustrated by fig. 4a: 

1\ total force h parallel to the :{ - Q.xis ilc1S 

to be applied to a ri gid body. The task is 
shared by t·NO ideal effectors capable to 
exert forces f, and f2 along tile X- axis. 

In this case the constrain ts ( 10) read 

f 1 Il (1,1) 

(1,1) = i: 
- f t i: 

! .I,.2 ; ( r l' 2) 

We ciloose a cost matrix 

o 
C 

o 

and calculate the ~o rce distributio!~ ~atr ix 

according to (19b) 

o . - 1 
- - 1 

LJ 11 , 1) 
· 0 , 0 0.5 · 
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[) ( 1 1 i . ( 1. 5) -1 

to.S 

The on ly rigid motion mode of the sys tern is 

[
11 

V1 ~ V
2 

~ V ~ ~ ~ Iv ~ Bt V 
(1 ) --

with V: velocity of the load 

V1 : velocity of effector 

V2 : velocity of effector 2 

Fig . 4b shows the subspaces s+ , Sand Sr 
for this case , and the splitting up of a 
measured force vector! into co - active and 
counter- active components . 

IV.S The General Linear Force Distribution 
Law 

It is not necessary to view the f o rce dis 
tribution law (19b) as the result of an 
optimal approach . If we had just postulated 
a l i nea r force distribution law, we could 
have written down the first part of equation 
(19b) right away , with the for ce distri
bution matrix D free, but sub ject to the 
constraint constituted by the equations of 
motion of the load (10): 

for arbitrary h 
(26) 

~ > B D ~ I 

This constraint is diff i cult to fulfil, 
however, if D is to be specified directly. 
(Remember t hit B was defined in ( 10) as a 
function of r. = r . It varies, therefore , 
with the oriefltatI5n of the l oad , except 
if the force distribution law is specified 
in load coordinates , in which case the 
transformation of the constraint L26) to the 
same coordinati system yie l ds LB. D ~ I , 
with constant B.) The optimal ipproach, on 
the other hand ,-has the advantage that the 
constraint (26) is fulfilled automatically 
by the force distribution matrix ca l culated 
according to equation (19b) . 

We have not studied non-linear force distri 
bution laws, as we think they are too diffi
cult to handle analytical l y and therefore 
not suitable for our purposes. 

V. SUMMARY OF THE ACTIVE CO~IPLIANCE SCHE~;E 

The active comp liance law that we propose 
for c ooperating manipulator arms distin 
guishes internal compliance and external 
compliance. The role of internal compliance 
is to nullify any counter active forces ex 
changed between the arms. It has no effect 
on the contact between load and environment. 
External compliance , on the other hand , is 
used to control contact forces between load 
and env ironment. The two compliance laws can 
be specified sepa rate l y and then unified. 

The external compliance law is fo rmulated 
in terms of linear and angular velocities 
of the load , and of generalized contact 
f o rces with t he environment, just as if 
there were only one manipulator arm in
volved . It is a direct a~plication of Mason ' s 
method / 6 / , which doesn 't need further dis 
cussions here. 

The internal compliance law is fo r mulated 
in terms of the combined terminal force / 
torque and gene ralized velocity vectors of 
the n arms . In the ideal domain*, the arti 
ficial constraints r ead : 

The notion of the "ide al domain" has been 
introduced by Mason in /6/ . 

(27 ) 

where the matrix A forms a basis of S-, the 
space of counter-ictive forces. The ortho
gonality of S- and s+ (for which the force 
distribution matrix D forms a basis) yields 

(28 ) 

Equations (27) and (28) s how that the force 
distribution law determines the characteris 
tic directions for the internal compliance 

law. These two functions are t herefore very 
closely interrelated in our control approach 
for cooperating robot arms. 

A unified compliance l aw is obtained by 
transformation of the external compliance 
law from load level t o the level of the n 
ideal effectors. It can be sh own that tile 
combined internal and external , natu ral and 
artificial constra in ts are consi stent and 
non- singular , which means that the task is 
fully and unambiguously specified in the 
ideal domain . 

Our opinion concerning the reali zation of 
the active compliance scheme is , that the 
only methods having some practical impor
tance at present are those sketched by 
Mason in /6/ : the genera li zed spring and 
the generalized damper method , or a combina
tion of the two . Other implementation meth 
ods may become feasible in the near future, 
however . 

The mathematical relations describing the 
generalized spring and generalized damper 
methods for manipulator arms with position 
or rate servo may be inverted , for example, 
and applied to force - servoed arms. The best 
performance would probably be obtained with 
arm control systems implementing a n adjust 
able end-effector compliance behaviour on 
the jOint control level. 

VI . CONCLUSIONS 

Our study of the p r oblems of inter-arm co
ordination in cooperative manipulator tasks 
has yielded a generic theory of coordinated 
motion planning and inLer-arm distribution 
of generalized forces. This theory has been 
shown to be applicable as a basis for auto
matic contro l of multi - armed robots. Its 
s trength lies in the fact that it is entire 
ly formulated in the cartesian task space 
and hence, in principle , applicable to any 
conmination of different manipulator arms , 
independently of their particular kinemaLic 
structures. This means , on the other han d , 
that quite a high comput a tional burden fo r 
kinematic transformations is placed on t he 
indi vidual arm con trollers. The per forman c" 
r equirements concerning dynamic accuracy are 
also very high (at least for h i gh speeds o f 
motion), so that the application o f the c o n
trol method will lie some way in the future . 
We are presently preparing a low- speed im
plementation of the control meth od for two 
laboratory arms in order to give a first 
demonstration of its capabilities. 
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Fig . 1: Generic control hierarchy 
f o r multi-armed robots 
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