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COORDINATED MOTION PLANNING AND
OPTIMAL FORCE DISTRIBUTION FOR
ROBOTS WITH MULTIPLE COOPERATING
ARMS

H. Bruhm
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Abstract. This paper is concerned with the problems of inter-arm coordination
which arise when multiple robot arms attach their end effectors to a single
payload in order to perform a manipulation task. The approach taken is to let
the arms cooperate with egual rights, and to exploit the redundancy present
in the system for the minimization of a quadratic cost criterion.

The main elements of the proposed control system are generators for coordi-
nated nominal motions and force/torque interactions with the payload, and an
active compliance scheme capable of resolving kinematic conflicts and incon-
sistencies between motion and force/torgue commands. The paper yives a de-
tailed mathematical description of both the motion and the force/torque gene-
rators. The proposed active compliance scheme is presented in summary form.
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[. INYTRODUCTION the master/slave method of /1/. In the se-
cond one, both arms are force servoed and
cooperate with egual rights. They receive
their commands from a coordination control-
ler which enforces tracking of the desired
load trajectory with a prescribed dynamic
behaviour in operational coordinates,
Ishida states that the second method is su-
perior (though slower) in the case of the
rotational transfer task. The problem of
force distribution between the cooperating
arms, which has not been addressed in the
publications mentioned so far, has been
studied intensively by Orin and Oh /5/,

who treat it as a linear programming prob-
lem in the joint torgue space. The objec-
tive function penalizes energy consumption
and terminal reaction force imbalance.

The reader will be aware, out of personal ex-
perience, that precise handling of large and
heavy objects is much more easily achleved
with two arms than with one. We can learn
from this ubservation that the performance
features of robots could be improved, and
their field of application widened, if they
could be made to usc their arms cooperative-
ly in a similar way. The main problem to be
sulved on the way to such advanced manipu-
lation systems is that of fast and precise
inter-arm coordination. Bad coordination may
cause Jamaue Lo the payload or the arms
themselves.

Up to now the problem of inter-arm coordi-
nation for multi-armed robots has not re-
ceived much attention in the control lite-
rature. Some researchers have proposed (and
partly demonstrated) master/slave systems as
a solution to the problem. Nakano et al. /1/
use a position-controlled master arm together
with a force-controlled slave which supports
the motion enforced by the master. Alford

and (2 Wave developed a predictive
cocrdination method where both master and
slave are position-controlled. The slave
comnerands are nodified on the basis of pre-
dicted pousition values for the next step. The

The objective of the work presented in our
paper was to construct, as an extension and
further elaboration of Mason's work /6/, a
general theory of multi-arm cooperative ma-
nipulation which would, to the larcest pos-
sible extent, incorporate the ideas intLro-
ducead in the aforementioned publications
We have carried out our studies under the
following yeneral assumptions, guldelines
and constraints:

- The theory shall be valid for any number
of

goal of this contrel strategy is to keep the
relative wosition of the two end-effectors
constant. account is taken of interactive
forces between the arms, which may occur due
0 minematic modelling errors. In 1975, Fuji
and Kurono /3/ have introduced the first me-
thod where two arms cooperate with egqual
rights. Their approach, called the method of
"yirtual rence”, is based on position
error feedback and leads to compliant beha-
viour of the two position contrulled arms.
Ishida /4/ describes and compares two alter-
native control methods applied to two refe-
rence tasks called parallel transfer and rota-
tional transfer. The first control method is

i
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cooperating arms.

- Both the motion and the force/torque as-
pect of manipulation shall be represen-
ted by the theory.

- No dependence on special features of any
specific robot arm. The theory shall Le
formulated in terms of "ideal effectors”.
The ideal effector is the most general
abstraction of a manipulator arm: a

£10C
titious device which can ideally exec
force/torgue or motion commands, cr ehi-
bit a specified compliance Lehaviour in
all six spatial directions.

- We have assumed a rigid body lcad with a
grapple interface for each arm. Grappling

©1985 International Federation of Automatic Control (IFAC).
Posted under a CC BY-NC-ND 4.0 license https://creativecommons.org/licenses/by-nc-nd/4.0/ Original publication in
IFAC Proceedings Volumes (now IFAC-Papers online), https://doi.org/10.1016/S1474-6670(17)59982-6



S 1L Brubm

is assumed to lock the end-effectors to
the load so that they behave like une ri-
gid body.

= In addition to the common internal sensors,

each arm must be equipped with a sensor
system to measure force/torque interaction
with the load (usually a wrist sensor).

- The control system to be developed shall
be modular in the sense that every robot
shall be addressed by the coordination
controller through the same “"virtual robot
interface" (i.e. from the coordination
level, the robots shall all look the same).

II. A GENERIC CONTROL HIERARCHY FOR MULTILI-
ARMED ROBOTS

In the generic control hierarchy for multi-
armed robots shown as fiy. 1, three func-
tional levels can be distinguished:

= On the intelligence level, the robot task
is decomposed into a sequence of opera-
tions, and the required motion of the load
and its required forcve/torque interaction
with the environment are planned for each
operation.

= On the dynamic control level, nominal mo-
tion and force/torque commands are derived
for each arm. An active compliance scheme
eliminates un-wanted counter-active forces
exchanged between the arms and resulves
possible conflicts(due to imperfections
of the task model used in the planning
process) between motion and force/torgue
commands. The corrected commands are then
sent to the individual arm servo-control-
lers.

- The machine level comprises power electro-
nics (or any other power source and con-
ditioning unit) and the arms themselves.

This paper deals only with the dynamic con-
trol level, with emphasis on the yeneration
of coordinated nominal motion and force/
torgue trajectories, and on the theoretical
basis for the active compliance scheme.

III1. GENERATION OF NOMINAL MOTION
TRAJECTORIES

Given the load's geometry and its desired
motion trajectory we can derive the nominal
motion commands for each of the cooperating
robot arms in an open loop process. 'The ma-
thematical description of the coordinated
motion gencrator will be derived in the fol-
lowing two paragraphs.

II1.7 Task Geometry

For the purpose of gencration of coordina-
ted desired trajectories for the coopera-
ting manipulator arms we consider the load
as a rigid Lody w 1 yrapple interfaces.
As in /7/, the frame concept a homoge=
neous transformations will bLe used to de-
scribe the spatial relations between the

n manipulator arms, the load, and an iner-
tial reference frame referred to as the
task frame. All relevant franes and trans-—
formations are shwown in fig. 2.

The following names will be used for the
coordinate frames in fiy. 2:
(g, 35, K, : {inertial) reference
R IR’ *n ) )
fraine, task frase
{in g ®y) : load frame
W T $al : load center frame (a co-
g’ der e T ] :
ordinate system with iis
crigin in the load's cen-
ter of mass and its axes
aligned with the load's
principal axes)
£ 3" o . vy gy 1 a3 - i
1lGi' g ‘Glj Pogrdpbie rrame 1
i i <. .1 i base frame i
{lul, I kull s¢ frame

Clpie dyir By

)+ hand frame 1

The transformations G, are constant because
of the riyid body assimption. The transfor-
mations Bj are also constant as long as the
bases of the arms are inertially fixed. The
transformations L and H;, being input and
outputs of the motion trajectory generator
of fiy. 1, are changing in time.

111.2 Derivation of Kinematic Eguations

‘The kinematic wguations depend on how the
load is grasped by the hands. the general
from of the yrasping condition reads:

L(t) G Ry = B, W (t); i=Tm (1)

The transformation Rj, which closes the
transformation yraph of fia. 2, describes
the relative position and orientation of
hand and grapple interface in the grasped
condition. Sometimes the contact between
hand and yrapple interface can be estab-
lished in different ways, with different
values of R. The choice may have important
consequences for collision avoidance, but
it doesn't make any difference for the con-
siderations in this paper, where R can be
treated as a constant, retaining the value
it had upon closure of the hand.

Solving (1) for H;(t) we obtain a set of
equations describing the coordinated de-
sired motion trajectories in terms of ho-
mogeneous transformations:
. ) . —_—

Hy(t) =B L(t) G R;; 1=Tpn (2)
The spatial relationship of hand and base
of a manipulator can be specified more con-
cisely by a vector of generalized coordi-
nates

Lo
Xy o= {p1i,p21,p3iawi,01,¢1} (3)

where p,,p,,p3 are the position coordi-
nates, and™%¥,0,% three angles determining
the orientation (pseudo-coordinates). With
% lt) denoting the desired trajectory of
the lovad in yeneralized coordinates we can
formally write

zittl = Eisz[L’}5 i= 1,n (4)

The bundle of functions f; comprises (2)
and the conversicon from generalized coor-
dingtes to hovogeneous transformations and
vice versa. UCcocncatenation of the n egua-
tions of (4) into one column vector yields

n
i) = COliEif:JJ = Eiilitll 13)
i=1 #

This is tiwe
the motion ¢
Fia. L.

N to Le implemented in
=jectory eenerator block of

RATION OF XOMINAL FORCE/TORQUE
TORIES

Just as for tie motion we can calculate nomi-
nal values for the force/torgque interaction
- cooperating robot arms with the pay-
2l force/torgue to be applied
{uired for the desired

on between load and en-
eleration/deceleration

ively. Chapter IV.1 shows
ient can be determined
rted load dynamics.

apters g IV.3 deal with force
distrivution, i.e. with the guestion how the
requiread force, torgue effort is to be shared
by the rcbot arms.
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IV.1 Load Dynamics

With the notation introduced in fig. 3, and
using the laws of rigid body dynamics, the
equations of motion of the load read

n
n _ (6a)
i1 £; * foxe T B

n &

i I - . =
1;1 lEi+§t£i EC} Ei]+-r=ext Ec (6b)

Explanations:

£.7 &y 3 force and torque vector applied
to the load by arm i (line of
action through the center of
grapple frame i)

t : external reaction force and
torque vectors acting on the
lead (line of action through
the center of mass c)

Ber 1 linear and angular momentum of
the load, both with respect to
its center of mass

Eila : position vectors from the iner-
tial reference frame to the
grapple interfaces and to the
load's center of mass

All vectors are expressed with respect to
the inertial reference frame. The "dot"
operator performs differentiation by time,
and the operator X builds up the skew-sym-
metric matrix

[ =
& . £y Xy
§(£I=§Itr1.r2.r3l ] = g (o] 1

-r (7
G O o]

DRE——

which is used for the computation of the
cross product when vectors are represented
by the calculus of matrices:

t=rxf <=> t =X(r) - §£ (8)

After arranging the forces £ and torgques
ti in one column vector

[R5
i
)
o3
—

we can re-write equations (6a,b) in the
simple form

Bt=h (10)
n
with B = row (B,)
- & -1
i=1
I3 9343
B, = ; £=1,n
-1
BEFE) 1
A R
=c Zext
h =
1 -
=c “ext

(I: identity wmatrix, O0: null matrix)

The matrices Bj are all of erder 6xé and,
conseguently, B is a 6xén matrix. It is
easily seen that

rank (B.) = 6 H i=
* (1
rank (B) =6

{10) is hence a system of & independent
equations in the 6n unknown elements of !.

In other words, the problem of moving a
load with more than one arm is dynamically
underdetermined. The open guestion is, how
the effort h necessary to move the load is
to be shared by the arms. We shall take
this fact as a chance to optimize the oper-
ation.

1V.2 Optimal Distribution of Generalized
Forces

Let the optimal distribution of generalized
forces among cooperating robot arms be
governed by a gquadratic cost function

c = 3t C4 (12)

The 6nx6n matrix of cost coefficients
("cost matrix") is assumed to be symmetric
and strictly positive definite, and thus
regular.

The force distribution problem can now be
formulated as the following constrained
optimization problem:

Find the vector of generalized
forces 4 that minimizes

criterion (12) and fulfils the
constraints (10) (13)

This problem can be sclved with the classi-
cal methods of constrained optimization.

Intreducting the vector A of Lagrangian
multipliers we combine (10) and (12} and
obtain the Lagrangian function
t
L=g"ca+2fiBe-ni (14)
The necessary conditions for a constrained
local extremum are

=2C4% +B ) =0 (15a)

This is a system of 6n+6 linear equations_
for the 6n+6 unknown elements of ¢* and 1.
Solving (15a) for ¢~

T e e S

L= 22 B™ A (16)
and substituting this into (15b) yields

Bc'e fram=o0 (17)

It can be shown that, with C stric?ly posi-
tive definite and rank (B)=6, B E' Et is
recular:
Tk A
rank (B C B7) =6 (18)
Therefore, (16) and (17) have one unigue
solution:

Vo= o—2¢Big ' BY s (19a)

T =ph with p=¢ 'B%m 8H7

{19b)
The 6nx6 matrix D is called the optimal

force distribution matrix. An analysis of
its rank shows

rank (D) = rank(B) =6 (20)
Tihis follows from (19b) and the fact that
both 2"1 and (B §-1Btl are regular.

Althouch conditions (15a,b) were only nec-
essary for the existence of a local extre-

mum, it can be shown that i‘ is indeed the
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global minimum of the constrained optimi-
zation problem. This is the case because
the cost function is positive definite and
the constraints are linear.

IV.3 Computational Simplification of the
Optimal Force Distribution Law

It is generally not necessary to penalize
cross terms containing products of gene-
ralized forces applied to the load by dif-
ferent arms. Hence we assume from here on
that the cost matrix C has block diagonal
form

n
C = diag (C
i=1

1} (21)

with 6x6 matrices C; stating the cost of
forces and torques applied by arm i. The
total cost of (12) is now obtained by ad-
ding up the individual cost components

8
c= ] 8¢ @ (22)
shy 858
t t .t
of = (g5, tH: 1 =T

Using (21) we can reduce the number of ope-
rations required to calculate the force
distribution matrix D:

n n n 3
c'8" = aiag (¢]')-col (B}) = col (¢]'Bf,
i=1 i=1 i=1

n n n
Bc™ ' =row(p,) -colc] B = | B.c] '8}
i=1 i=1 i=1
n n
I =1,t -1,t, -1
=3 b = EZ%(Ei gi)<i51gici B) (23)

Splitting D into 6x6 matrices Ei according
to

D (;) (24a)

—1

L}
-0
Q
—

puts the result into a slightly different
from:
-1

p, = ¢! B¢
-1 —1 L

-1 _t. =1 ————
Ej & Ejl ;7 i=1,n (24b)

-1

=1

Dj assigns a portion of the total forces
and torgues to be exerted on the load to
arm number 1i:

Hix = gi h ; i=1,n (24¢)

The advantace of (24b) over (19b) is two-

fold: There are fewer computations, and on
a multiprocessor system the n eguations of
(24b) can be evaluated in parallel.

IV.4 Some Features of the Optimal Force
Distribution Law

1) From (19h) we can draw the important
conclusion that the nominal forces and
torgques are all zero in the absence of
accelerations and external forces and
torques on the load. This means that the
forces distribution law eliminates all
static internal forces in the load.

2) It further follows from (19b) that the
optimal force vector E* is always con-
tained in a six-dimensional subspace
s* RGN, This subspace wili be referred
to as the space of co-active forces. It
is spanned by the six columns of the
ferce distribution matrix D. Co-active
force vectors f-S* will be marked f*.

3) The orthogonal complement of st is
called the space of counter-active
forces S™-RPN, Measured counter-active
force vectors f<5~ will be marked f~,
accordingly. -

H. Bruhm

4) It is interesting to analyze the rela-
tion between the spaces of co-active and
counter-active forces, and the space 5,
which is spanned by the rigid body mo-
tion modes of the system, i.e. the ad-
missible combinations of arm motions
under the constraints imposed by the
interconnection via a rigid load, which
is free to move in all six degrees of
freedom. It can be shown that the
rigid body motion modes of the system
are given by the columns of the matrix
Bt. On the other hand,we can see from
{19b) that c~1.BY spans the same space
as D, which means that its columns may
be used as an alternative basis of the
space of co-active forces. In the spe-
cial case of C being a multiple of the
identity matrix, the space of co-active
forces will coincide with the space of
admissible rigid body motions:

c=ala>0 +s =5, (25)

In general, s* ana S, are different, but
never orthogonal, because it follows
from (19b) that B D = I, i.e. D is a
pseudo-inverse of B.

5) The optimization criterion (12) can be
formulated in coordinate frames other
than the inertial reference frame, i.e.
costs can be assigned to force components
along the axes of some other coordinate
frame. An obvious possibility would be
the load frame. It is also possible to
specify the cost of forces/torques ex-
erted by each arm in the respective ro-
bot base frames. The resulting force
distribution will be different in each
case, but it is always possible to
transform the problem back to the iner-
tial space so that the force distribution
law retains the same form and everything
said about it remains valid.

6) It is sometimes opportune to transform
the force distribution law to another
coordinate system, where the calculation
of the force distribution matrix may be-
come much simpler. This is the case, for
example, when both the cost function and
the force distribution law are formulated
in load coordinates.

Example:

The following example of optimal force dis-
tribution in a very simple manipulation task
will help to visualize the relations dis-
cussed in points 2-4 above. The task is
illustrated by fig. da:

N total force h parallel to the X-axis nas
to be applied to a rigid body. The task is
shared by two ideal effectors capable to
exert forces E1 anu f2 along the X-axis.

In this case the constraints (10) read
B = (1,1)

iz ' - o= (f.,6"
£ Rl

We choose a cost matrix

1 e I
c'=
o] 2
and calculate the force distribution matrix
according to (19b):

- = =1

b= (1.1
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fz
[1

The only rigid motion mode of the system is

[ 1
D= *(1.5)7 " =
10.5)

[

11 €
V=V, =V ey = v =8"v
)
with V : wvelocity of the load
V.: velocity of effector 1

Vi velocity of effector 2

Fig. 4b shows the subspaces S', S~ and §
for this case, and the splitting up of a
measured force vector f into co-active and
counter-active components.

IV.5 The General Linear Force Distribution
Law

It is not necessary to view the force dis-
tribution law (19b) as the result of an
optimal approach. If we had just postulated
a linear force distribution law, we could
have written down the first part of equation
(19b) right away, with the force distri-
bution matrix D free, but subject to the
constraint constituted by the equations of
motion of the load (10):
1

B¢ =BDh= h for arbitrary h
T (26)

=>BD=1

This constraint is difficult to fulfil,
however, if D is to be specified directly.
(Remember that B was defined in (10) as a
function of r, - r 1t varies, therefore,
with the orxentatign of the load, except

if the force distribution law is specified
in load coordinates, in which case the
transformation of the constralnt £26) to the
same coordlnatE system yields Lg. D=1,
with constant “B.} The optimal approach, on
the other hand, has the advantage that the
constraint {26) is fulfilled automatically
by the force distribution matrix calculated
according to equation (19b).

We have not studied non-linear force distri-
bution laws, as we think they are too diffi-
cult to handle analytically and therefore
not suitable for our purposes.

V. SUMMARY OF THE ACTIVE COMPLIANCE SCHEME

The active compliance law that we propose
for cooperating manipulator arms distin-
guishes internal compliance and external
compliance. The role of internal compliance
is to nullify any counter-active forces ex-
changed between the arms. It has no effect
on the contact between load and environment.
External compliance, on the other hand, is
used to control contact forces between load
and environment. The two compliance laws can
be specified separately and then unified.

The external compliance law is formulated

in terms of linear and angular velocities

of the load, and of generalized contact
forces with the environment, just as if
there were only one manipulator arm in-
volved. It is a direct application of Mason's
method /6/, which doesn't need further dis-
cussions here.

The internal compliance law is formulated
in terms of the combined terminal force/
torque and generalized VelOClty vectors of
the n arms. In the ideal domain®, the arti-
ficial constraints read:

® The notion of the "ideal domain® has been
introduced by Mason in /6/.

A®¢ =0 (27)

where the matrix A forms a basis of S, the
space of counter-active forces. The ortho-
gonality of § and S* (for which the force
distribution matrix D forms a basis) yields

" a=0 (28)

Egquations (27) and (28) show that the force
distribution law determines the characteris-
tic directions for the internal compliance

law. These two functions are therefore very
closely interrelated in our control approach
for cooperating robot arms.

A unified compliance law is obtained by
transformation of the external compliance
law from load level to the level of the n
ideal effectors. It can be shown that the
combined internal and external, natural and
artificial constraints are consistent and
non-singular, which means that the task is
fully and unambiguously specified in the
ideal domain.

Our opinion concerning the realization of
the active compliance scheme is, that the
only methods having some practical impor-
tance at present are those sketched by

Mason in /6/: the generalized spring and

the generalized damper method, or a combina-
tion of the two. Other implementation meth-
ods may become feasible in the near future,
however.

The mathematical relations describing the
generalized spring and generalized damper
methods for manipulator arms with position
or rate servo may be inverted, for example,
and applied to force-servoed arms. The best
performance would probably be obtained with
arm control systems implementing an adjust-
able end-effector compliance behaviour on
the joint control level.

VI. CONCLUSIONS

Our study of the problems of inter-arm co-
ordination in cooperative manipulator tasks
has yielded a generic theory of coordinated
motion planning and inter-arm distribution
of generalized forces. This theory has been
shown to be applicable as a basis for auto-
matic control of multi-armed robots. Its
strength lies in the fact that it is entire-
ly formulated in the cartesian task space
and hence, in principle, applicable to any
combination of different manipulator arms,
independently of their particular kinematic
structures. This means, on the other hand,
that quite a high computational burden for
kinematic transformations is placed on the
individual arm controllers. The performance
requirements concerning dynamic accuracy are
also very high (at least for high speeds of
motion), so that the application of the con-
trol method will lie some way in the future.
We are presently preparing a low-speed im-
plementation of the control method for two
laboratory arms in order to give a first
demonstration of its capabilities.
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