Referent:
Korreferenten:

Tag der Einreichung:
Tag der miindlichen Priifung:

On mixed boundary conditions,
function spaces,
and Kato's square root property

Vom Fachbereich Mathematik

der Technischen Universitat Darmstadt
zur Erlangung des Grades eines
Doktors der Naturwissenschaften
(Dr. rer. nat.)

genehmigte

Dissertation

von

M.Sc. Sebastian Bechtel

aus Hanau

apl. Prof. Dr. Robert Haller-Dintelmann
Prof. Dr. Moritz Egert

Prof. Dr. Pierre Portal

Darmstadt 2021

29. Marz 2021
24. Juni 2021



Bechtel, Sebastian: On mixed boundary conditions, function spaces, and
Kato’s square root property

Darmstadt, Technische Universitat Darmstadt,

Jahr der Veroffentlichung der Dissertation auf TUprints: 2022

Tag der miindlichen Priifung: 24.06.2021

Veroffentlicht unter CC BY-SA 4.0 International
https://creativecommons.org/licenses/




Contents

Preface v
Zusammenfassung in deutscher Sprache xvii
1 Preliminaries 1
1.1 Brief background on interpolation theory . . . . . . . .. ... 1
1.2 Function spaces on the whole space . . . . . .. ... .. ... 3
1.3 Geometry . . . . ... 6
1.3.1 Measure theoretic thickness conditions . . . . .. . .. 6
1.3.2 Dimensions and porosity . . . . . . .. ... ... ... 9
1.4 Functional calculus for (bi)sectorial operators . . . . . .. .. 11
1.4.1 Transformed functional calculi . . . . . .. ... .. .. 13
1.4.2 Bounded H*®-calculus . . . . . ... ... ... ..... 17
2 Interpolation Theory 19
2.1  Main results and the precise geometric constellation . . . . . . 20
2.2 Function spaces with a partially vanishing trace condition. . . 24
2.2.1 Function spaces on the whole space with vanishing trace
condition . . . . ... 24
2.2.2  Function spaces on open sets with and without partially
vanishing trace . . . . .. .. ... oo 27
2.3 First interpolation properties. . . . . . . . ... ... 29
2.3.1 Symmetric interpolation results . . . . . ... ... .. 30

2.3.2  Gluing interpolation scales . . . . . . .. ... .. ... 31



Contents

2.3.3 Non-symmetric interpolation: The easy inclusion . . . 33
2.4 Proof of Theorem 2.1.4 . . . . . . . .. .. ... . ... .... 34
2.4.1 Road map to the proof . . . . . . ... ... ... ... 35
2.4.2  Spaces of functions vanishing on a full-dimensional subset 36
2.4.3 The case of pure Dirichlet conditions . . . . . .. . .. 38
2.4.4 Localization . . . . . .. .. ... ... ... .. 41
2.4.5 Extension and restriction operators for the half-space . 46
2.4.6  Conclusion of the proof . . . . . .. ... ... .. ... 49
2.5 A complex (Wp'”, W )-interpolation formula . . . . . . . . . 52
2.6 Real interpolation via the trace method . . . . . . . . ... .. 54
26.1 Roadmap . . ... ... ... . ... ... ... ... 54
2.6.2 Hardy’s inequality . . . . ... ... ... ... 56
2.6.3 Details of the proof . . . . . . ... ... ... . 58
Extension operators for Sobolev spaces with boundary conditions 65
3.1 Geometry and Function Spaces . . . . .. ... .. ... ... 67
3.1.1 Geometry . . . . ... 67
3.1.2 Function spaces . . . . . . .. ... ... 69
3.2 Comparison with other results and examples . . . . . . .. .. 70
3.3  Whitney decompositions and the quasihyperbolic distance . . 75
34 Cubesandchains . . . . . .. ... ... L. 78
3.5 Construction of the extension operator and exterior estimates 86
3.6 Approximation with smooth functions . . . .. ... ... .. 95
3.7 Conclusion of the proof of Theorem 3.0.2 . . . . . . .. .. .. 103
3.8 Extending Lipschitz functions which vanishon D . . . . . .. 105
3.9 Homogeneous estimates . . . . . . . ... ... 0L 107
Extension operators for fractional Sobolev spaces 109
4.1 Geometry and function spaces . . . . .. ... ... L. 111
4.1.1 Geometry . . . . .. ... 112
4.1.2 Function spaces . . . . . . . ... ..o 113
4.2 The extension operator . . . . . . .. .. ... 114
4.2.1 Embedding of O into an interior thick set . . . . . . . . 114
4.2.2 Zeroextension. . . . . . ... .. ... 115
4.2.3 Proof of Theorem 4.0.1 . . . . . . ... .. ... .... 116
4.3 Hardy’s inequality . . . . . . ... ... 118
4.4 Interpolation with intrinsic spaces . . . . . . . . ... ... .. 120
4.5 On necessary conditions for the existence of an extension operator121

1



Contents

5 Kato’s square root property: L2-Theory

5.1 Discussion of the geometric setup . . . . . . . . .. ... ...
5.1.1 Locally uniform domains . . . . . . . . ... ... ...
5.1.2  Corkscrew condition and porosity . . . . .. . .. ...
5.1.3 Sobolev extensions . . . . . ... .. ... ... ...

5.2 Definition of the elliptic operator . . . . . . .. ... ... ..

5.3 Higher regularity for fractional powers of the Laplacian . . . .
5.3.1 Fractional Sobolev spaces on open sets with vanishing

trace condition . . .. ... ..o
5.3.2 Interpolation scales . . . . . .. ... ... ... ....
5.3.3 Mapping properties for 1 —Ap . . . .. ...
5.3.4 Domains of fractional powers of the Laplacian . . . . .

5.4 Proof of Theorem 5.0.1 on interior thick sets . . . . . . .. ..
5.4.1 The idea of Axelsson—Keith—-McIntosh . . . . . . . ..
5.4.2 Quadratic estimates for Dirac operators . . . . . . ..
5.4.3 The additional Dirac operator hypotheses . . . . . ..

5.5 Elimination of the interior thickness condition . . . . . . . ..
5.5.1 Localization of the functional calculus to invariant open

subsets . . . ...
5.5.2  Projections coming from indicator functions . . . . . .
5.5.3 Embedding of O into an interior thick set. . . . . . . .
5.5.4 Proof of Theorem 5.0.1 . . . . . . ... ... ... ...

Kato’s square root property: LP—Theory

6.1 Boundedness properties of operator families . . . . . . .. ..
6.2 LP-estimates for operatorson L? . . . . . . . . ... ... ...
6.2.1 Beyond Calderén-Zygmund theory . . . .. ... ...
6.2.2 Good-A estimates . . . . . ... ...
6.3 MCIntosh approximation & functional calculus . . . . . . . ..
6.4 Bounded H*®-calculus . . . . . ... .. .. ... ... .....
6.5 Riesz transform . . . . . ... ..o Lo
6.5.1 Thecasep <2 ... ... .. ... ... ... ...
6.5.2 Local Poincaré inequalities . . . . . . . ... ... ...
6.5.3 Conservation property . . . . .. .. .. .. ... ...
6.5.4 Thecasep>2 . .. ... ... ... ... ...
6.6 A Calderon-Zygmund decomposition for Sobolev functions
6.7 Boundedness of the square root . . . . . . ... ... .. ...
6.7.1 The case p < 2: weak-type argument . . . . . .. . ..

125

1l



Contents

6.7.2 The case p > 2: duality with the Riesz transform . . . 217

6.8 Proof of Theorem 6.0.1 . . . . . .. ... ... ... ...... 218

A Appendix 221
A1l Poroussets . . . . . . ... 221
A.2 Background on Hardy’s inequality . . . . . . .. .. ... ... 225
Bibliography 229
List of notations 237
Index 246
Curriculum Vitae 251

iv



Preface

Taming non-smoothness has been a major theme in the analysis of partial
differential equations and other branches of analysis in the last decades. Mo-
mentarily, we will review some aspects of this journey and describe the contri-
butions of this thesis to the field. We will keep the focus on the general picture;
for a more thorough orientation concerning a particular topic in this thesis,
the reader is advised to consult the introduction to the respective chapter.

Rough geometry

Let us begin with a glance at non-smooth geometry. A first fundamental
question is the following: How could one measure the smoothness of an open
set? Certainly, there is no single answer to this question. For instance, one
may take into consideration the regularity of its boundary, either considered
as being locally the graph of a function or as the boundary of a manifold
with boundary [51]. Also, there are purely measure-theoretic concepts: For
the set itself, a common condition is the interior thickness condition, which
is tightly connected to the study of Sobolev spaces on an open set [55], but
there are also conditions for the boundary itself, for instance the notion of
Ahlfors—David regularity. Besides that, there are involved metric conditions
like the e-cigar condition of Jones [65], corkscrew conditions and many more.

As was just mentioned, there is a deep connection between concepts in
rough geometry and the theory of Sobolev spaces. In the smooth case, many
properties and constructions can be performed by “flattening the boundary”
and working in the regular configuration of a halfspace, where simple reflection
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arguments are feasible. In the non-smooth case, a considerably more involved
usage of the geometry is needed. Examples of this can be found in the works
of Calderdén [27] and Jones [65] on extension operators. The work of Jones
already allows one to treat very irregular configurations like the von Koch
snowflake [94]. But there are limits, for instance an open set has at least to
be interior thick to allow for the construction of an extension operator for
Sobolev spaces [55].

To establish further results in non-smooth geometry and in the theory of
Sobolev spaces, it is often handy to have notions of (fractal) dimension at
hand. In fact, there is a whole zoo of such dimensions, including that of
Aikawa, Assouad, Hausdorff, and many more [43]. They are of different na-
ture, for instance the Aikawa dimension is Euclidean and the Assouad di-
mension is purely metric. Furthermore, there are different purely metric di-
mensions which emphasize different aspects, and hence might not coincide for
certain sets. But there are also prominent examples where different notions
do coincide [71]. Often, these bridges lead to deep insights! And even if dif-
ferent notions are not equivalent, they occasionally obey interesting relations,
for example the relation between the concept of porosity and the dimension of
Assouad [73]: A set is porous if and only if its Assouad codimension is strictly
positive.

Fractional dimensions are also tied to the study of Hardy’s inequality [40,
54,70] and fractional variations thereof [34, 38|, the study of characteristic
functions as pointwise multipliers [44,88] and their regularity as functions [89],
or the existence of traces of almost everywhere defined functions [2,66].

Boundary conditions

All of the three mentioned tools — Hardy’s inequality, characteristic functions
as pointwise multipliers, and trace operators — can be used to introduce homo-
geneous Dirichlet boundary conditions, which is to say that a function vanishes
“in some sense” on the boundary, and we will give more details concerning
this point in a moment. Observe that for the existence of a trace operator,
some regularity of the function and the boundary are a priori needed, whereas
it is always possible to write down a Hardy’s term and ask for its finiteness.
This already highlights that different concepts for the treatment of boundary
conditions might not even be comparable, yet coincide in general, and each
of them has advantages and disadvantages.

In fact, all three methods will be used in the interpolation of Sobolev spaces

vi
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with boundary conditions in Chapter 2. The boundary conditions of the
spaces under consideration there are always formulated using a trace opera-
tor. We will see that this allows one to apply simple functorial arguments in
the treatment of these spaces. The usage of characteristic functions yields the
definition of so-called bullet spaces in Section 2.4.2. They are a powerful tool
in the theory of function spaces with boundary condition, and the interpola-
tion behavior of Sobolev spaces with pure Dirichlet boundary conditions in
a rough setting follows almost immediately from properties of these spaces.
Finally, Hardy’s inequality is a handy way to encode a vanishing trace condi-
tion in a manner that is accessible to direct computations. This is exploited
in Section 2.6, where a very general result concerning real interpolation of
Sobolev spaces with boundary condition is shown. Another example is the
“special” Calderén-Zygmund decomposition shown and used in Chapter 6. In
Chapter 4, a fractional Hardy term is even turned into the definition of a
“vanishing trace” for functions with a fractional order of Sobolev regularity,
and a very general extension result without usage of localization techniques
is established.

Besides homogeneous Dirichlet boundary conditions, there are other bound-
ary conditions that one could impose. For example, one could demand that
a function does not vanish at the boundary, but attains a prescribed function
defined on the boundary, which corresponds to non-homogeneous Dirichlet
boundary conditions. One could also require that the gradient of the function
satisfies some condition on the boundary. As with the trace operator, it is
again a non-trivial question how such a condition even has to be understood.
In the further course of this thesis, questions of this kind will not be addressed.
Instead, a third type of boundary condition is in the spotlight: We speak of
mized boundary conditions if a homogeneous Dirichlet boundary condition is
imposed on a portion of the boundary and natural boundary conditions are
imposed on the rest of the boundary, which just means that we do not pre-
scribe any boundary behavior on this complementary part of the boundary.
In fact, mixed boundary conditions are the driving motive of this work and
play a role in every chapter of this thesis.

A very useful geometric framework for the treatment of mixed boundary
conditions was introduced by Groger in [52]. In there, Groger investigated the
existence of weak solutions to an elliptic problem subject to mixed boundary
conditions in L? for the situation p # 2. Later, complex interpolation was
shown in this setting [49]. With these tools available, this geometric con-
stellation was used very successfully for the analysis of physically relevant

vii
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models [32,60,79]. The case of real interpolation is much easier to treat [38],
although the authors there have only treated the case p = 2. Much later, a
different framework based on Jones’ ideas was proposed by Brewster, Mitrea,
Mitrea, and Mitrea in [26]. It includes a rich theory of extensions and traces
and applications to the mixed problem in this setting.

We have already started to discuss Chapter 2 above, which is all about the
interpolation of Sobolev spaces with mixed boundary conditions. In there,
we suggest two geometric constellations. One is an extension of the result
concerning real interpolation in [38]. In Section 2.6, we extend this result
to unbounded and unconnected sets and to the case p # 2. However, the
heart of this chapter is an extension of Groger’s result. Groger reqular sets
are based on charts in which the interface between the two boundary parts is
a Lipschitz submanifold of the boundary. The result in Section 2.4 is much
more flexible. For instance, charts in any sense are only assumed to exist
around the Neumann part, which is to say, the boundary part on which natural
boundary conditions are imposed. Another advantage is that the interface is
only supposed to satisfy a porosity condition. We have already mentioned this
concept before: The interface is porous if and only if it is not full dimensional
in the sense of Assouad. The upshot is that one can work again with bullet
spaces inside the (flattened) boundary. Albeit this complex interpolation
result is not employed in other chapters of this thesis, the success of Groger
regular sets suggests that also this result will prove useful in many real-world
applications for it is much easier to check.

If we leave interpolation aside, the framework of Brewster, Mitrea, Mitrea,
and Mitrea [26] could be considered to be the state of the art in the treat-
ment of mixed boundary conditions. They use the (g, d)-domains introduced
by Jones in a clever way as “charts” around the Neumann part to localize
the mixed boundary constellation. This way, they can, for example, craft an
extension operator for their geometric framework. In Chapter 3, we also use
Jones’ ideas to build an extension operator in the case of mixed boundary
conditions. However, this operator is not based on localization but modifies
the original construction of Jones. To get good estimates for his extension
operator, Jones uses connecting chains of cubes between so-called interior
cubes. In our construction, there are interior cubes which are not connected
to other interior cubes, but “escape” the underlying set through the Dirichlet
boundary part. The whole construction is highly technical, but it allows to
consider constellations which are irregular arbitrarily close to the interface be-
tween Dirichlet and Neumann part, and hence are not feasible by localization
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methods.

The geometric setting of Chapter 3 is implied by the geometric setting of
Brewster, Mitrea, Mitrea, and Mitrea. We also introduce another geometric
framework in Chapter 5 which is intermediate between these two: This ge-
ometry also incorporates a “security area” around the Neumann part as is
the case in [26], but it nevertheless does not involve the usage of charts in
any sense, which is in accordance with the geometry from Chapter 3. We will
come back to this configuration later.

Differential operators with non-smooth coefficients and the
Kato problem

We leave the geometric aspects for a moment to have a look at differential
operators with rough coefficients. In a series of articles [67,68], Kato more-
or-less asked the question when for an (at least maximal accretive) operator
L on a Hilbert space one has the identity D(v/L) = D(v/L*). After a series
of examples and, in particular, counterexamples [72,74], the question was
refined to only consider the case where L is a second-order elliptic operator
in divergence form with bounded, measurable, complex coefficients — in the
first place as an operator on R%. In this case, L should be defined using a
sesquilinear form a: V x V. — C, in which case the question can be refor-
mulated as whether or not the identity D(v/L) = V holds. This identity is
called the Kato square root property. In the case of smooth coefficients, the
operator L itself has optimal elliptic regularity and the square root property
is an easy application of complex interpolation. Also, if the operator is self-
adjoint, the square root property follows readily from Kato’s so-called second
representation theorem [69]. In the rough and non-selfadjoint situation, the
square root property means that at least /L has optimal elliptic regularity,
even though this might not be the case for L itself. It turned out that the
fractional exponent 1/2 is the critical exponent for optimal elliptic regularity:
For exponents strictly below 1/2, optimal elliptic regularity follows from ab-
stract arguments and was already known to Kato [67]. On the other hand, it
is easy to construct counterexamples against optimal regularity for exponents
above 1/2 in dimension one [4].

Kato’s motivation for this question came from applications to elliptic and
hyperbolic equations, see [75] for more information. These ideas are nowadays
successfully used in what is called the first-order approach [6,7]. This under-
lines the relevance of Kato’s question, and in particular the deviation from

X
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his original question, which was ruled out by the counterexample of Lions and
M¢Intosh.

From the viewpoint of harmonic analysis, Kato’s square root problem asks
to bound certain singular integrals. Besides the square root problem, there
were other challenging problems of the same kind, like the boundedness of
the Cauchy operator on Lipschitz curves, which were summarized under the
name Calderdn program [16, p. 463]. Armed with many very novel techniques,
Kato’s square root problem was eventually solved in 2002 by Auscher, Hof-
mann, Lacey, M°Intosh, and Tchamitchian in their seminal paper [13]. For
more information we refer the reader to the excellent surveys of M¢Intosh
in [77,78] and to the introduction of [13].

To close the loop to rough geometry and mixed boundary conditions, we
take a look at a quote by Lions taken from a remark in [72], where he says
the following.

[...] par exemple, pour un opérateur elliptique A du 2éme ordre,
non auto-adjoint, avec condition aux limites de Dirichlet sur une
partie de la frontiere et condition aux limites de Neumann sur le
reste de la frontiere, on ignore si D(AY2) = D(A*1/2). Méme chose

d’ailleurs avec le probléme de Dirichlet et une frontiére irrégulicre.?

Phrased differently, Lions suggests to combine the challenges in rough geom-
etry and mixed boundary conditions with those in harmonic analysis coming
from rough coefficients of a differential operator.

The seminal work by Axelsson, Keith, and M¢Intosh [16] opened the door
to this problem. In that article, the authors provide quadratic estimates for
perturbed Dirac operators. This framework allows to solve several problems
from the Calderén program at once, including the Kato square root problem.
Thereby, it is flexible enough to also treat systems of equations, and it could
be adapted by the same authors to give a first answer [15] to the problem
posed by Lions. However, the class of admissible geometries in there is not
easily accessible.

This is why Egert, Haller-Dintelmann, and Tolksdorf refined the ideas
from [16]. They observed that it is possible to prove quadratic estimates

for example, if A is a second-order elliptic operator that is not self-adjoint and that
is subject to Dirichlet boundary conditions on a part of the boundary and Neumann
boundary conditions on the rest, then it is unknown if the identity D(A/2) = D(A*1/?)
holds. The same is true if the operator is subject to pure Dirichlet boundary conditions,
but the boundary is irregular.
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in a way that decouples harmonic analysis from geometry [39]. In a second
paper, they used their modified framework to prove a very general result con-
cerning Lions’ problem [38]. Compared to the application to Kato’s problem
in [16], the application here is far more involved: It requires hard work to
check the assumptions for the perturbed Dirac operator framework, including
interpolation theory for Sobolev spaces incorporating boundary conditions,
extrapolated optimal regularity for the Laplacian, or the construction of ex-
tension operators for Sobolev spaces with boundary conditions.

Extending the result of Egert, Haller-Dintelmann, and Tolksdorf is proba-
bly the deepest contribution of this thesis to the field. Their result is already
fairly general, but there is some margin for improvement. For instance, they
only treat bounded domains which satisfy the interior thickness condition.
Moreover, they assume that the whole boundary and not only the Dirichlet
boundary part are Ahlfors-David regular. In their setup, the latter is no
restriction because they require Lipschitz charts around the Neumann bound-
ary part, which in turn implies that the whole boundary is regular. Our
improvement in Chapter 5 is as follows: We allow the underlying set to be
disconnected and unbounded. Only the Dirichlet boundary part is supposed
to be Ahlfors—David regular, and regularity around the Neumann boundary
part is given by a local (g, 0)-condition, which does not involve the usage of
charts in any sense. This is the intermediate geometry that we already men-
tioned when comparing the setup from Brewster, Mitrea, Mitrea, and Mitrea
with our setup from Chapter 3.

In our discussion concerning Chapter 3 we already mentioned that this
condition must be satisfied in a neighborhood of the Neumann boundary part.
This is used to show porosity of the full boundary, which is our substitute for
Ahlfors—David regularity for the full boundary in [39]. Besides Ahlfors—David
regularity, Lipschitz charts around the Neumann part were needed for the
existence of a Sobolev extension operator in their setting. This is not an issue
for us since we can rely on the results from Chapter 3. The connectedness
assumption was in fact not needed in [39] and could hence be easily eliminated.

The most severe challenge is to eliminate the interior thickness condition.
In other words, this condition means that the underlying set is a space of
homogeneous type. For this type of spaces, Christ managed to craft “dyadic
grids” [28,80], which can be used as a substitute for dyadic cubes in R¢. The
existence of such a cube structure is essential for the harmonic analysis in
the proof of quadratic estimates and cannot be circumvented. Instead, we
employ an a posteriori argument in Section 5.5. This works in two steps:

x1
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First, we fatten the underlying set near the Dirichlet boundary part, thereby
ensuring the interior thickness condition without losing any other geometric
quality. Note that even if one starts with a connected set, this fattened set
will be disconnected, which shows that the deviation from domains opens the
road for a richer toolbox, even if one is only interested to apply the result
to domains in the end. On this auxiliary set we solve the Kato problem for
an “extension” of the elliptic operator. Second, we decompose the functional
calculus of this extended elliptic operator to transfer regularity of the square
root to the original elliptic operator. The reader is advised to also consult the
roadmap in Chapter 5 to get a better understanding of the strategy of proof.

Besides this, we also have to redo the arguments from [38] in the more
complex geometric constellation. A lot of this is already done in the chapter
on interpolation theory, but we also need some more involved potential theory
due to the lack of Ahlfors-David regularity for the full boundary.

Beyond Calderon-Zygmund theory

Another consequence of the rough nature of the coefficients is that extrapo-
lation to LP-spaces is much harder compared to classical Calderén-Zygmund
theory. In particular, it is in general not possible to show WP — 1P es-
timates for v/L for all 1 < p < oo. Nevertheless, extrapolation to p # 2
is possible and was pioneered, for example, by Blunck and Kunstmann [24].
In the situation of the classical Kato problem on R?, the LP-extrapolation
theory is well-understood [5]. These techniques go under the name “beyond
Calderén-Zygmund theory”. Extensions to the situation of mixed boundary
conditions were first obtained in [8] in the situation of real equations and later
extended in [36] to complex systems in a natural range of p < 2 + «.

The geometric assumptions in [8,36] were essentially dictated by the L2-
theory in [38,39]. Hence, it is only natural to generalize these results to the
situation from Chapter 5. This is performed in Chapter 6. Most arguments
work similarly, but the unbounded underlying set demands for some extra
care. The most innovative contribution of this chapter is the case p > 2. In
the reference works, only exponents up to 2 + ¢ were considered, where ¢ is
an abstract parameter. A quantifiable interval was only used in the work of
Auscher on R? in [5]. Essential tools in this case are a conservation property
for the semigroup associated with the elliptic operator, and local Poincaré in-
equalities. The conservation property restricts the usage of certain lower-order
terms, which is in accordance with Auscher’s work, and forces one to work

xii
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with pure Neumann boundary conditions. To show local Poincaré inequalites,
we rely on homogeneous estimates shown in Section 3.9 for the extension op-
erator from Chapter 3. Now the crucial point is: Homogeneous estimates hold
in general only in a strip around the underlying set. But for the arguments
in Chapter 6 we need scale-invariant local Poincaré inequalities... However,
there is a situation in which global homogeneous estimates, and hence scale
invariant local Poincaré inequalities, are available: When the underlying set
is unbounded. This is a strong argument that it is not only often unnecessary
to restrict oneself to bounded domains but might even bring certain results
completely out of reach!
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Zusammenfassung in deutscher Sprache

Die vorliegende Arbeit befasst sich mit Fragen der unglatten Geometrie und
den gemischten Randbedingungen, sowie der Anwendung jenes Frameworks
auf die Regularitatstheorie von elliptischen Differentialoperatoren in Diver-
genzform.

Den Start macht hierbei Kapitel 2, in dem es um die Interpolationstheorie
von Sobolevraumen auf irreguliren Gebieten mit gemischten Randbedingun-
gen geht. In jenem Kapitel werden zwei Hauptresultate bewiesen: Zum einen
stellt Theorem 2.1.4 ein Interpolationsresultat fiir die komplexe sowie fiir die
reelle Interpolationsmethode zur Verfiigung. Auflerdem ist die Interpolation
von Sobolevrdumen mit unterschiedlichen Integrabilitdtsparametern moglich.
Zum Anderen wird ein Resultat zur Interpolation mit der reellen Methode
unter Ausnutzen einer Spurmethode von Grisvard gezeigt, welches andere geo-
metrische Annahmen voraus setzt, die zumindest im Fall beschrankter Gebiete
strikt schwécher sind. Dieses Resultat findet sich in Theorem 2.1.7

Der Beweis des ersten Hauptresultats basiert auf zwei Hauptzutaten: Zum
einem steht ein punktweises Multiplikatorresultat auf Bessel Potentialraumen
von Sickel im Fokus, mit dem Interpolation auf irregularen Mengen mit rei-
nen Dirichlet Randbedingungen gezeigt werden kann. Zum anderen spielt das
Konzept von porosen Mengen eine Schliisselrolle. Die Interpolation mit ge-
mischten Randbedingungen in der Modellgeometrie des Halbraums kann nun
behandelt werden, indem man unter Ausnutzung der Porositat in Rdumen
mit negativer Regularitiatsordnung arbeitet.

Das zweite Hauptresultat von Kapitel 2 ist eine Verfeinerung des Beweises
aus [38], wobei hier vor allem ein verbessertes Verstédndnis von fraktionalen
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Zusammenfassung in deutscher Sprache

Hardyungleichungen eine wichtige Rolle spielt. Dieses Resultat ist eine wich-
tige Zutat fir Kapitel 5.

Ein weiterer Meilenstein in der Theorie von Sobolev-Raumen mit gemisch-
ten Randbedingungen ist Kapitel 3. Hier wird ein semiuniverseller Fortset-
zungsoperator fiir solche Rdume konstruiert, der nicht auf Lokalisierung ba-
siert. Die Konstruktion im Fall von natiirlichen Randbedingungen geht auf
Jones zuriick [65]. Es werden auch lokale und homogene Abschatzungen ge-
zeigt, die fiir die harmonische Analysis in Kapitel 6 essentiell sind, sowie eine
umfangreiche a priori Dichtheitstheorie.

Highlight der Dissertation ist Kapitel 5. Hier wird ein sehr allgemeines Set-
ting fiir elliptische Systeme in Divergenzform auf irregularen Mengen und mit
gemischten Randbedingungen présentiert, in dem die Kato’sche Wurzeleigen-
schaft gilt. Besonders hervorzuheben ist, dass die Regularitat der zugrundelie-
genden Menge ohne Verwendung jeglicher Karten formuliert wird, dass jene
unterliegende Menge nicht die interior thickness Bedingung erfiillen muss,
und dass sie unbeschrankt sein kann. Relevante Schritte im Beweis sind die
Lokalisierung und Zerlegung des Funktionalkalkiils des elliptischen Systems
auf “Zusammenhangskomponenten”, sowie die Andickung einer Menge um
den Dirichletrand, um die interior thickness Bedingung sicherzustellen, ohne
dabei weitere geometrische Qualitat zu verlieren.

Die Idee der Andickung einer Menge wurde in Kapitel 4 nochmals aufge-
griffen, um einen Fortsetzungsoperator fiir fraktionale Sobolevrdume der Ord-
nung s € (0,1) zu konstruieren, der ebenfalls nicht auf Lokalisierung beruht,
sondern iiber eine Hilfsmenge auf den Fall von reinen Neumann Randbedin-
gungen reduziert.

Schliefllich werden in Kapitel 6 noch LP-Abschiatzungen fiir die Wurzel von
elliptischen Systemen wie in Kapitel 5 hergeleitet. Besonders interessant ist
hier der Fall p > 2, da solche Aussagen bisher nicht fiir irregulire Gebiete
gezeigt wurden. Insbesondere die lokalen und homogenen Abschatzungen fir
den Fortsetzungsoperator aus Kapitel 3 sind hier essentiell.

xXviii



CHAPTER 1

Preliminaries

This chapter gives a brief background on interpolation theory, function spaces
on the whole space, certain geometric concepts, and functional calculus. Some
background on these topics is certainly helpful and each part contains refer-
ences to textbooks which the reader may conduct.

We have decided to keep the preliminaries short and to put some material
that could have been presented here into the individual chapters. Certainly,
this leads to some redundancy. On the other hand, the individual chapters
become pretty much self-contained this way. Also, we would like to use the
opportunity to mention that the same symbol might be defined in different
ways in different chapters. This applies in particular to the definition of func-
tion spaces. Whenever we need to use results from another chapter, we will
comment on why definitions coincide under the current geometric situation.

1.1. Brief background on interpolation theory

In the following, all Banach spaces are over the complex numbers. Though
some familiarity with real and complex interpolation of Banach spaces might
be helpful, and we refer to the textbooks [23,93] for further background,
understanding this thesis does not require the precise construction of interpo-
lation spaces. We shall only need the general methodology, their fundamental
properties, and standard results on interpolation of function spaces on R¢
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measuring smoothness to be recalled further below in Section 1.2.

Let (Xo, X71) be an interpolation couple, that is, a pair of Banach spaces
that are included in a common linear Hausdorff space. Then the following
Banach spaces can be defined between Xy N X7 and Xy + X; with respect to
continuous inclusion: For 6 € [0, 1] the complex interpolation spaces [Xo, X1]a
of Calderén-Lions [23, Sec. 4.1] and for 6 € (0,1) and p € [1,00) the real in-
terpolation spaces (Xo, X1)g,, obtained from Peetre’s K-method [23, Sec. 3.1].
In any of these spaces XoN X is dense [23, Thm. 3.4.2 & 4.4.2]. In particular,
the endpoints [ Xy, Xi];, j € {0, 1}, coincide with X; only if XN X; is dense
in X;.

One of the most important aides in interpolation theory is the retraction-
coretraction principle. Given two Banach spaces X and Y, a bounded linear
operator R : X — Y is called retraction if it has a bounded left-inverse
£ Y — X such that RE = 1 is the identity on Y. In this case & is called
the associated coretraction. It is instructive to think of R as a restriction

and £ a compatible extension operator. The following is a modification of
[93, Sec. 1.2.4].

Proposition 1.1.1 (Retraction-Coretraction Theorem). Let (Xo, X;) and
(Yo, Y1) be interpolation couples and R : Xo+ X7 — Yo+ Y1, E: Yo +Y, —
Xo+ Xy be linear operators such that R : X; — Y} is a retraction with associ-
ated coretraction £ :Y; — X, for j =0,1. Let (-,-) denote either a complex
or a real interpolation bracket and put X = (X1, Xs) and Y = (Y1,Y5). Then
R(X) =Y holds with equivalence of norms, where R(X) is equipped with the
quotient norm inherited from X/N(R). The implicit constants in the equiv-
alence of norms do only depend on 0 in the choice of (-,-) and the operator
norms of R and £ on the interpolation couples.

Proof. Though the proof is not too long, we proceed in three steps to make
this fairly abstract reasoning easier to follow.

Step 1: P = ER restricts to a projection on X. Let z € XN X;. On using
that RE = 1 on YyNY7, we deduce PPz = E(RE)Rx = Px. Since XoN X is
dense in X because X is an interpolation space of the couple (X, X;), and P
and P? are bounded on X by interpolation, the claim follows by continuity.

Step 2: The set equality P(X) = £(Y) holds. First, let z € P(X). Since
a projection acts identically on its range, z = Pz = ERz implies z € E(Y)
owing to the fact that Rz € R(X) C Y by interpolation. Conversely, let
z € Y and note that RE = 1 extends to Y with the argument from Step 1.
Consequently, £z = E(REz) = P(Ez) yields £z € P(X).
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Step 3: One has R(X) =Y topologically. The respective equality of sets
follows from Step 2 on applying R and using the cancellation of RE. For
the equivalence of norms pick y € Y. Recall that R(X) is equipped with
the quotient norm coming from X/ N(R). For the continuity of the inclusion
“D” we estimate, using that y = REy and that (-, -) is an exact interpolation
method of exponent 6 according to [93, Thm. 1.3.3 a) & Thm. 1.9.3 a)], that

Illreo < l€yllx < NEIGE O IENS - x, Iyly-

Conversely, let © € X be some (arbitrary) element with y = Rz. Then

lylly = IRzlly < RISy IRI%, v, 2l

Taking the infimum over all admissible x yields ||y||y < ||y|l=(x) with implicit
constant as claimed. O

Remark 1.1.2. Many proofs of this result appeal to the closed graph theorem
to show topological equality. Our direct calculation gives a better control on
the implicit constants.

An important special case arises when R = P is a projection and & = 1 is
the identity, compare with [93, Sec. 1.17.1].

Corollary 1.1.3. Let (Xo, X1) be an interpolation couple and P a bounded
projection in Xo+ X, with range Z. Then (ZNXy, ZNX4) is an interpolation
couple and if (-,-) denotes either a complex or a real interpolation bracket,
then up to equivalent norms

(ZNXo, ZNX1) =ZN (X, Xy).

1.2. Function spaces on the whole space

In this section, we introduce several function spaces on the whole space R
All spaces will be realized within the tempered distributions &'(RY). With
this ambient structure, tools like Fourier transforms and derivatives are a
priori well-defined on all our function spaces, and of course we can also use
these tools when defining norms. Another benefit of this approach is that
we automatically have a universe in which pairs of function spaces can form
interpolation couples, compare for Section 1.1.
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Convention 1.2.1 (Lebesgue spaces within the tempered distributions). Let
1 < p < oo. We say that a tempered distribution ¢ € S’(R?) belongs to
LP(RY) if there is a locally integrable function f which induces ¢ in the sense
of a regular distribution and satisfies f € LP(R?). From now on, we won't
distinguish ¢ and f.

Remark 1.2.2. Since S(R?) is dense in L' (R?), we could also have defined
LP(R?) within S'(RY) by duality with L' (R?).

Definition 1.2.3. Let £ > 0 be an integer and 1 < p < oo. The Sobolev
space W*P(R?) consists of all tempered distributions such that

d 1/p
T (Hfll’ﬂp iy Haffﬂfp) <o,
i=1

with the usual modification if p = oo.

We could equivalently have taken all derivatives up to order k£ into account,
see [93, Sec. 2.3.3 Rem. 2]. This definition is complemented by introducing
the scales of Bessel potential spaces and fractional Sobolev spaces.

Definition 1.2.4. Let s € R and 1 < p < oco. The Bessel potential space
H*P(R?) consists of those tempered distributions f € S'(R¢) for which the
norm

1l = (1F 1@+ |- 2)2F f e

is finite. Here, F denotes the Fourier transform.

Remark 1.2.5. (i) With 1/p’ := 1—1/p the spaces H™*?(R%) and H*?' (R9)
are in a sesquilinear duality extending the L? inner product [93, Sec. 2.6.1
Thm.].

(ii) If k& > 0 is an integer, then H*P(R?) coincides up to equivalent norms
with W*P(R?), see [93, Sec. 2.3.3 Thm.]. Note that we have HOP(R9) =
WOP(R?) = LP(RY).

Definition 1.2.6. Let 1 < p < oo and let s = k40 with k£ > 0 an integer and
€ (0,1). The fractional Sobolev space W*P(R?) consists of all f € S'(R?)
such that the norm

05 F@) = o5 fwl N
||fHWs,p(Rd) = Hf”Wk,p(Rd (Z//Rdx]Rd [ — i dz dy)

is finite, and the space W*P(R?) is equipped with that norm.
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Remark 1.2.7. We could also have restricted integration to |z —y| < 1.
Indeed, fix 1 < j < d, using Fubini’s theorem and polar coordinates we
obtain

|0 f(x) — 0} f(y)|P
RO e —ylter

dz dy

7 _gp dr 7 _gp dr 2
S [ss@p [rrLdes [105 @l [ dy = = 1081y
R4 1 r Rd 1 r Sp

Definition 1.2.8. Let s > 0 and 1 < p < co. The space W—*?(R?) consists of
the conjugate-linear functionals on W** (R%) and is equipped with the usual
norm for (anti-)dual spaces,

[Flweren = sup [{7.0)]
PEWSP
=1

el ys.p
where we have omitted to mention R in the supremum and p’ is the Hélder-
conjugate exponent to p.

This is in accordance with what we have seen for Bessel potential spaces.
We could have also given an equivalent intrinsic definition using the scale of
Besov spaces [93, Sec. 2.3.2/2.6.1] but the viewpoint of dual spaces is better
suited to our circumstances.

We collect all interpolation properties proved in [93, Sec. 2.4.2] that shall
be used “off-the-shelf” in the further course of this thesis. In [93] the nomen-
clature is H*? = F , and W*F = F}  for non-integer s.

Proposition 1.2.9. Let po,p1 € (1,00), so,81 € R, and 6 € (0,1). Let X
denote either H or W. Up to equivalent norms one has

() X0 (R, X717 (R = XPP(RY),
(i) (X0 (R, X (R o, = W (R),

with the two exceptions that in (1) for X = W either all or none of so, s1, s have
to be integers and that in (ii) integer s is only permitted when sy = s1(= s).

We conclude this section with a closer look at the case p = oo, at least in
the case when k =1
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Definition 1.2.10. The Lipschitz space is denoted by Lip(R?) and consists
of all bounded functions on R% which satisfy

f(@) = fy)
T —y

< 0Q.

I fluip@ey = [ f |lLoc(may + sup
z,ycRY
T#Y

We rely on the following fact from the theory of Sobolev spaces, see [58,
Thm. 6.12).

Proposition 1.2.11 (Rademacher’s theorem). The spaces WH*(R?) and
Lip(RY) coincide.

Remark 1.2.12. In [58], the notion of locally L-Lipschitz functions for some
L > 0 is used. A bounded function on a set £ C R? is locally L-Lipschitz
if for every = € E there exists a ball B = B(z,r) contained in E such that
|f(x)—f(y)| < Llz—y| for ally € B. In the case E = R this condition implies
Lipschitz continuity. Indeed, cover the connecting line segment between to
arbitrary points in R? by finitely many balls centered in that line segment.
Then the Lipschitz seminorm can be estimated by a bootstrapping argument
inside these balls. Note that this uses that the Lipschitz constant is uniform
across these balls. More generally, this correspondence holds if nearby points
can be connected by a comparably longer connecting path. Sets satisfying
this condition are called quasi-convez in the literature.

1.3. Geometry

This section is first concerned with measure theoretic thickness conditions.
These are closely related with the question of Sobolev extendability and the
existence of bounded traces. Afterwards, we will turn our focus to metric
concepts of fractional dimension, including the concept of porosity, which
characterizes sets which are not full-dimensional in a certain sense.

1.3.1. Measure theoretic thickness conditions

We start with a thickness condition for full-dimensional subsets of the Eu-
clidean space. This notion is crucial in the theory of Sobolev extendability of
functions and we will revisit it several times throughout this thesis.
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Definition 1.3.1. A measurable set E C R? satisfies the interior thickness
condition if it fulfills

Vee E,re(0,1] :  |B(z,r)NE| Z |B(z,7)|.

Example 1.3.2. An open set whose boundary satisfies a Lipschitz condi-
tion is interior thick. This is of course not necessary, consider for example a
punctured disc. On the contrary, cusps do not satisfy the interior thickness
condition.

To provide a similar notion on lower dimensional subsets, let us recall the
concept of Hausdorff measures. Fix an arbitrary set £ C RY. Given s € [0, d]
and € > 0, put

H(E) = inf{Zr(Bi)s B 2 E.x(B,) < g}.
Here, (B;); is a family of balls centered in E. The case ¢ = oo plays a central
role in potential theory and will be used in Appendix A.2, so we record it here
before coming to the Hausdorff measure.

Definition 1.3.3 (Hausdorff content). Let s > 0 and E C R?. Call the
quantity H:_(E) the s-dimensional Hausdorff content of E.

Remark 1.3.4. Note that in the definition of the Hausdorff content it suffices
to consider balls up to radius diam(FE), since in a covering with larger balls
we can replace these balls by concentric balls with radius diam(E), thereby
getting a smaller competing value for the infimum.

The quantity H(E) is decreasing when ¢ tends to zero. This makes the
following definition well-defined, compare also for [2, Sec. 5.1].

Definition 1.3.5 (Hausdorff measure). Let s > 0 and F C R%. Call the
quantity H*(E) = lim._,o H:(E) € [0, 00| the s-dimensional Hausdorff mea-
sure of E.

Example 1.3.6. Let 1 < k < d. Then the outer measure E — H*(E x {0})
on R¥ is a translation invariant Borel measure that assigns finite measure to
the unit cube [97, §27]. Here, H* is the k-dimensional Hausdorff measure in
R? and 0 the null vector of matching length. Hence, H* coincides with the
Lebesgue measure on R¥ embedded into R? up to a norming constant.
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Example 1.3.7. The measure H° coincides with the counting measure. In-
deed, if F is finite then we can cover E by #FE many balls of arbitrary radius.
Conversely, let ¢ > 0 and E an infinite set, then there is ¢ > 0 such that
¢ points in E have pairwise distance of at least €, hence H(E) > ¢ and
HO(E) = oo follows.

Definition 1.3.8. Let £ C R?. Call E an Ahlfors-David reqular set if
(1.1) Ve e B,r e (0,diam(E)]:  H"'(B(z,r)NE) =t

If condition (1.1) only holds with the restriction r € (0,1], call E a (d — 1)-
reqular set.

Example 1.3.9. If the boundary of some open set satisfies the Lipschitz
condition then it is (d — 1)-regular. If the boundary is given by only one chart
then it is moreover Ahlfors—David regular.

To stress the difference between Ahlfors-David regularity and (d — 1)-
regularity, consider logarithmically distributed line segments in the plane,
that is to say, consider the set E = U;5¢((27,0) + S) for some finite line seg-
ment S. This set is 1-regular because each line segment is, but a ball around
the origin with radius 2¢ hits only ¢ line segments, so H!(B(z,2°) N E) ~ /.

The notions of interior thickness condition, Ahlfors-David regularity and
(d — 1)-regularity are unified in the following definition. We decided to start
out with these special cases since they are the most important for this thesis
and their distinguished nomenclature is commonly used in the literature.

Definition 1.3.10. A set £ C R? is called ¢-Abhlfors regular or simply /-
reqular for 0 < ¢ < d, if there is comparability

H (BNE)~1(B)

uniformly for all open balls B of radius r(B) < 1 centered in E. If compara-
bility holds for r(B) < diam(F), then E is called uniformly (-regular.

Remark 1.3.11. Our /-regular sets are precisely the /-sets in the sense of
Jonsson-Wallin [66, Thm. II. 1]. Uniformly ¢-regular sets are f-regular and
the converse holds for bounded sets, see Lemma A.1.4. Many authors consider
only closed (uniformly) regular sets, but most considerations adapt verbatim
since in the situation of Definition 1.3.10 the closure E is still (uniformly)
(-regular and E \ E is an H’ null set [66, Prop. VIIL.1]. We shall frequently
use this result without further reference.
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Lemma 1.3.12. Let 0 < ¢ < d and Ey,E, C R be l-reqular. Then E =
E, U Ey is also (-reqular. That is to say, the class of (-sets is closed under
finite unions.

Proof. Let B = B(x,r) be a ball centered in E of radius at most 1. Without
loss of generality we may assume that © € E;. The lower bound for E is
for free by monotonicity. For the upper bound, first consider the case that
B does not intersect F5. Then the upper bound follows from /-regularity of
E,. Otherwise, let z € BN E,. Then B C B(z,2r) and we conclude by the
calculation

H{(BNE) <H{(BNE) +H (B(2,2r) N Ey) St

which uses that F; and F5 are f-regular in the final step. O

1.3.2. Dimensions and porosity

We investigate the notions of Assouad and Hausdorff dimension and explore
their relation with the concept of porosity. Whenever necessary, the reader can
refer to Appendix A.1 for further background on porous sets. It is instructive
to think of porous sets as lower dimensional compared to the ambient space.
This is made precise in Proposition A.1.9.

There is no ambiguity with uniformly /-regular sets since their dimension
is ¢ for any of these concepts, see Proposition A.1.6.

Definition 1.3.13. Let £ C R? and let AS(E) denote the set of A > 0 for
which there exists C' > 0 such that, if 0 < r < R < 2diam(F) and x € F,
then at most C(R/r)* balls of radius r centered in E are needed to cover
E N B(z, R). The number dimys(E) = inf AS(E) is called upper Assouad
dimension of E. The corresponding lower Assouad dimension is defined as
dim 45(F) == sup AS(F) with AS(F) the set of A > 0 for which there exists
C > 0 such that in the former situation at least C'(R/r)” balls are needed. In
the case where dims(E) = dim 45(F), we put dimys(E) = dimys(E) and
call it simply the Assouad dimension.

Example 1.3.14. Let £ C R%. Then dimys(E) < d. Indeed, let B be a
ball of radius R centered in E and consider the covering {B(z,7/5)}zennE
of BN E. Using Vitali’s covering lemma (which the reader can recall in the
Appendix, see Lemma A.1.2), we find a disjoint subfamily { B, };c; such that
BN E C UebB;. We denote by #; the cardinality of I and calculate

#icd(r/f))d = | UiEI Bll S |2.B| = CdeRd,
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where ¢, is the measure of the unit ball. This shows #; < 104(R/r)? and
consequently dimys(E) < d.

Example 1.3.15. Let £ C R? be open. Then dim 45(F) > d. To see this,
note first that we can replace balls by dyadic cubes (not necessarily centered
in E) in the definition of the (lower) Assouad dimension. Let @) be a dyadic
cube. Then dim 45(Q) > d can be derived from the grid structure of dyadic
subcubes. Finally, since E is open, there is some dyadic cube () such that
QN E = @, which allows us to conclude using that special case.

Lemma 1.3.16. Let E C R, then dim 45(F) < dimys(F).

Proof. Given A € AS(F) and p € AS(E) we have (R/r)* < (R/r)* for all
0 <7< R < diam(F) and hence A < p. O
Corollary 1.3.17. Let E C R? be open, then dim 45(E) = dimys(E) = d.

We continue with the Hausdorfl dimension. The Hausdorfl measure and
related concepts were recalled in Section 1.3.1.

Definition 1.3.18. Let £ C R% Call the number
dimy (E) = inf{s > 0: #H*(E) = 0}
the Hausdorff dimension of E.

The following example shows that the Hausdorff dimension is not stable
under taking closures, in contrast to the Assouad dimension or the notion of
being (-regular (see Remark 1.3.11).

Example 1.3.19. Consider £ := [0,1] N Q. Then H*(E) = 0 for any s > 0
by countability of E, hence dimy(E) = 0. However, E = [0, 1] and hence
Lemma 1.3.20. Let E C R, then dimy(F) < dimys(E).

Proof. Lett > dimys(F) and let B be some ball centered in £ with r(B) = 1.
Then we can pick a constant C' > 1 such that for any 0 < r < 1 we find a

covering (B;); of E N B consisting of at most Cr~* balls of radius . Now let
¢ € (t,d), we estimate

HU(ENB) <> 1(B) =#:r" < Cr' .
Taking the limit as r — 0, we arrive at H(E N B) = 0. Finally, a count-

able covering of E by such balls yields H*(E) = 0, so by definition we have
dimy (E) < t. Finally, letting t — dim4s(E) gives the claim. O

10
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Consequently, Example 1.3.14 yields also the following upper bound for the
Hausdorftf dimension of sets in Euclidean space.

Corollary 1.3.21. Let E C R?, then dimy(E) € [0, d].
This makes the definition of the Hausdorff co-dimension meaningful.

Definition 1.3.22. Let F C R% Call codimy(E) = d — dimy(E) € [0,d]
the Hausdorff co-dimension of E.

We recall with slight modification the notion of porous sets introduced by
Vaisala [95].
Definition 1.3.23. Let £ C FF C R% Then E is porous in F if there exists
a constant x € (0, 1] with the following property:

(1.2) Vee E;r <1 JyeB(x,r)NF : Bly,kr)NE =10.

If this holds for all » < diam(FE), then E is called uniformly porous in F. If
F =TR4 then E is simply called (uniformly) porous.

Remark 1.3.24. If E is uniformly porous with constant x, then it is porous
with constant min{x, xdiam(F)}. Condition (1.2) implies the seemingly
stronger statement

Vee F;r <1 3dyeB(x,r)NF : B(y,kr/4) C B(x,r) \ E.

This is seen by distinguishing whether or not B(x,r/2) intersects E. An
analogous remark applies to uniformly porous sets.

Example 1.3.25. If £ C R¢ is Ahlfors-David regular, then due to Propo-
sitions A.1.6 we have that dimys(E) = d — 1. Consequently, by Proposi-
tion A.1.9, it follows that E is uniformly porous.

1.4. Functional calculus for (bi)sectorial operators

We provide the essentials on functional calculi for (bi)sectorial operators in
Hilbert spaces that are needed for understanding this thesis. Functional cal-
culus theory is heavily and freely used in Chapters 5 and 6. The reader who
is not familiar with this theory can consult [53,76] and also [35,62] for the
bisectorial case for further guidance.

For w € (0,m) let S} .= {2z € C\ {0} : |arg z| < w} be the sector of opening
angle 2w symmetric about the positive real axis. It will be convenient to
set S§ = (0,00). The bisector of angle w € [0,7/2) is defined by S, =
SHU(=S?).

11
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Definition 1.4.1. A linear operator 1" in a Hilbert space H is sectorial of
angle w € [0, ) if its spectrum o(T') is contained in S} and if

C\%%E(H), 2 2(z—T)!

is uniformly bounded for every ¢ € (w,m). Abbreviate the bound for ¢ €
(w,m) by

M(T, @) = sup{[|2(z = T)"|lu-n: 2 € C\ ST }.
Bisectorial operators of angle w € [0, 7/2) are defined similarly upon replacing
sectors by bisectors.

Remark 1.4.2. In this thesis, bisectorial operators do only appear in the
Dirac operator framework described in Section 5.4. This part could also be
used as a blackbox, but we give a brief exposition to make things more trans-
parent to the reader. Therefore, we have decided to exclude the bisectorial
case in the sequel whenever the corresponding statements are not needed and
the notation becomes easier this way.

Sectorial and bisectorial operators are automatically closed and densely
defined [53, Prop. 2.1.1].

Example 1.4.3. Self-adjoint operators are bisectorial of angle 0, see [53,
Prop. C.4.2]. An operator T is called mazimal accretive if its resolvent exists
on the right half-plane along with the bound ||(z + T) 7! < (Rez)™! for all
z € C with Re z > 0. This implies sectoriality of angle 7 /2.

Throughout, we denote by M(U) and H*(U) the meromorphic and bounded
holomorphic functions on an open set U C C, respectively.

Let T be sectorial of angle w and let ¢ € (w,m). The construction of
its functional calculus starts from the subalgebra H{°(S7) of functions f €
H>(S7) satisfying |f(2)] < C'min(]z]%,|2|7) for some C,a > 0 and all z €
St. In this case fix v € (w, ) and define

1T) = 5 [ 1= T) e

where ~y is a positively oriented parametrization of dS}. The definition is
consistent in all admissible v due to Cauchy’s theorem. If the contour is clear
we will occasionally just write f< instead of [.. The mapping f +— f(T') yields
an algebra homomorphism Hg*(S}) — L£(H). The canonical extension to the
subalgebra

E(Sp) =Hy(s))e((1+z) ") e (1)

12



1.4. Functional calculus for (bi)sectorial operators

of M(S}) is well-defined and again an algebra homomorphism. Here, the
bracket (-) denotes the linear hull. By regularization this algebra homomor-
phism extends to an unbounded functional calculus within M(S7) as follows.
Introduce the algebra

M(ST)r = {f € M(S}) : there exists e € £(S]) such that

e(T) is injective and ef € S(S;)}

and define the closed operator f(T) for f € M(S7)r by f(T) = e(T) (e f)(T).
This definition does not depend on the choice of the regularizer e. The reason-
able generalization of the notion of algebra homomorphisms in this context is
to have f(T) + g(T) C (f + ¢)(T) and f(T)g(T) C (fg)(T) with equality if
f(T) is bounded. Indeed, this is the case for our construction [53, Thm. 1.3.2].

Example 1.4.4. The fractional powers T* for Rea > 0 are defined via the
regularizer (1 + z)™", where n is an integer larger than Re«a. They satisfy
the law of exponents 7%T% = Tt# and if T is invertible, then so is 7.
See [53, Prop. 3.1.1] for these properties.

Example 1.4.5. Let f € H*(S}). If T'is injective, then z(14-2) 2 regularizes

f. In general, there is a topological splitting H = N(T')®R(7T) and the part of
T in R(T) is an injective sectorial operator of the same angle [53, p. 24]. Hence,
J(T) is always defined as a closed operator in R(T') via f(T') == f(T'|ggz)-

The calculus for bisectorial operators is constructed in the same way upon
systematically replacing sectors by bisectors and (1 +2z)~! by (i+2z)"! It
shares the same properties except that instead of fractional powers one rather
considers (7?)* for Rea > 0. No ambiguity can occur when writing down
such expressions. Indeed, if T is bisectorial, then 7?2 is sectorial — and if
f(T?) is defined by the sectorial calculus, then f(T?) = [f(2*)](T), see [35,
Thm. 3.2.20].

1.4.1. Transformed functional calculi

We investigate the behavior of functional calculi under common operations like
duality or similarity. Most of the statements are well-known in the literature,
but we include proofs for convenience of the reader.

13



1. Preliminaries

Proposition 1.4.6 (Duality). Let T be a densely defined sectorial operator
of angle w € [0,7) in a Hilbert space H. Then T* is again sectorial of angle
win H, and if ¢ € (w, ) then

(1.3) F@) = f(T7)  (fe&S)))

where f* = f(Z) € £(S]).
Proof. For the sectoriality of 7™ use that one has p(T*) = {\: X\ € p(T)}
and that the identity

(1.4) (A=) =(A-T")"" (AeC\Sf)

holds [53, Cor. C.2.2]. Since conjugation leaves sectors invariant, we conclude
M(T*, ¢) = M(T, ¢) for ¢ € (w, ), which shows in particular that 7™ is again
sectorial of angle w.

Next, let us show (1.3). By linearity it suffices to consider the function 1,
the resolvent function (1 4 z)~' and Hg*(S])-functions separately. For the
function 1 the claim is immediate, whereas the case of the resolvent function
was already treated above (note here that [(1+2z)7!]* = (1 +2z)™').

Finally, let f € Hg°(S}). An expansion of f into a power series readily
reveals that f* is again holomorphic and the decay is clearly preserved. Let
x,y € H and compute using (1.4) and the orientation reversing transformation
w = Z that

/<f*(z)((z+T*)—1m‘y) dz = /<f(2)($|(z+T)‘1y) &
- _/<M(m|(w+T)_ly) dw = (x _/<f(w)(Z+T)_1ydw>,

Divide this identity by 27i to deduce (f*(T*)x|y) = (x| f(T)y). Therefore,
f(T)* = f*(T*) as claimed. O

Proposition 1.4.7 (Scaling). Let T be a sectorial operator of angle w € [0, )
in a Hilbert space H. For all s > 0 one has that sT is again a sectorial operator
of angle w in H with M(sT, p) = M(T, ) for all ¢ € (w, 7). Moreover,

(1.5) fi(T) = f(sT)  (s>0,f€E(S]))
holds, where [, = f(sz) is again in E(S}). Also, one has the bound

(1.6) sup £ (sT)ll—nr Sy 1 (f € E(S]))-

s>0

14



1.4. Functional calculus for (bi)sectorial operators

Proof. Let ¢ € (w,7)and A € C\S}. From A—sT = s(s 'A—=T) and s '\ ¢
St follows A € p(sT) with (A — sT)~" = s7'(s7'A — T)~". Multiplication by
A yields M(sT, ¢) = M(T, ). This completes the proof of the first assertion.

Let us come to identity (1.5). Fix again ¢ € (w,m). As usual, we con-
sider constants, resolvent functions and Hg°(S})-functions separately. For a
constant function ¢ we have ¢ = ¢, which shows ¢, € £(S7) and (1.5) is
then trivial. Next, let f = (A — z)™! with \ ¢ @ be a resolvent func-
tion. Then f, = (A —sz)™" = s7!(s7'A —2)~". From s7'A € S, follows
(s7'A—z)"' € £(S]), so f, € £(S]) as a multiple. Hence, using the resolvent
identity from above

fM) =5 (TN =2) (1) = s (sTIA=T) " = (A= sT) 7"

The right-hand side coincides with f(sT") by construction of the functional
calculus, which completes this case. Finally, if f € Hg°(S}) with implied
constants C,t € (0,00), then

|fs(2)| < Cmax(s', s™") min(|z|, |2| ") (z € S;),

hence f, € E(S}). To see (1.5), calculate using the substitution w = s7'2

that
2rif(sT) = /<f(z)(z —sT) tds = /<f(z)s_1(s_1z —T)dz
- /<f(sw)(w — T) dw = 2if,(T).

Finally, we come to the bound (1.6). As before, we consider the building
blocks of elementary functions separately. For constant functions, nothing
has so be shown. Also, the resolvent functions are clear since we have shown
at the very beginning of this proof that s7' is a sectorial operator with same
resolvent bounds as 7'. Lastly, for f € £(S), the bound follows immediately
from the respective bound for resolvent functions. n

The functional calculus for parts was already investigated in [53, Sec. 2.6.2].
However, the precise statement of (i) in the following Proposition seems to
be slightly stronger, and only this stronger version will allow us to perform
certain decompositions of the functional calculus later on in Section 5.5.1,
which is a central argument in this thesis.

Proposition 1.4.8 (Projections & Similarity). Let T be a (bi)sectorial oper-
ator in a Hilbert space H of angle w € [0, ).

15
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(i) Let P be an orthogonal projection in H and let P* : PH — H the
inclusion map. Suppose that PT C TP. Then TP* is a (bi)sectorial
operator in PH of angle w and one has

f(TP) = f(T)P* and Pf(T) < f(T)P
for every f in the functional calculus for T.

(ii) Let S : H — K be an isomorphism onto another Hilbert space. Then
STITS s again (bi)sectorial in K of angle w. It has the same alge-
bra of admissible functions f as T and f(ST'TS) = S7Lf(T)S with
D(f(S7'TS)) = STLD(f(T)) holds.

Proof. We begin with the proof of (i) and consider the sectorial case first.
Throughout, let ¢ € (w,7) be fixed.

Step 1: f = (A—z)"! with A € C\S}. The assumption implies P(A—T) C
(A—T)P and hence PN —=T)"' = (A—=T)"'P. On PD(T) we have A — T =
A —TP* and on PH we have (A —T)~! = (A= T)~'P*. With this at hand, a
direct calculation shows that (A — T)~!'P* is an operator on PH that acts as
a two-sided inverse for A — T'P*, that is to say, (A — TP*)~' = (A = T)~'P*.
In particular, TP* is a sectorial operator in PH of angle w.

Step 2: f € £(S}). As usual, we consider 1, (1 —z)~" and g € HF(S})
separately, then the claim follows by linearity. For 1, both assertions are
trivial and (1 — z)~! was already treated in Step 1. For g we compute using
Step 1 that

g(TP*) = 21m /g(z)(z — TP tdey = — /g(z)(z —T)'P*dz = g(T)P*.
( (

The second claim follows similarly.

Step 3: f € M(S])r. Let e be a regularizer for f. By Step 2 we have
e(T'P*) = e(T)P* and this operator is injective by composition of injective
maps. Then

F(TP) = e(TP") " (ef)(TP") = (e(T)P") " (ef)(T)P".

But this reduces directly to e(T)*(ef)(T)P* = f(T)P* since e(T) and
(ef)(T') preserve PH. Moreover, we obtain P f(T') C f(T)P by the respective
inclusions for (7)™ and (ef)(T') from Step 2.

In the proof of (ii) we directly have (A — S™'T'S)™! = S\ = T)S for
A € p(T') and the rest of the proof follows the same pattern as above. O

16



1.4. Functional calculus for (bi)sectorial operators

1.4.2. Bounded H®°-calculus

In Example 1.4.5 we have seen the inclusion H*(S}) € M(S7)r for a secto-
rial operator 7" of angle w and ¢ € (w, 7). The same is true for bisectorial
operators with the usual modification. In fact, we will focus on the bisecto-
rial case in the sequel due to its importance in Section 5.4. The functional
calculus provides “only” algebraic relationships in the first place. From the
viewpoint of analysis the question of good bounds seems natural. This is what
we investigate for the functional calculus on H*(S,) in the following.

Definition 1.4.9. Let T be a bisectorial operator of angle w in a Hilbert
space H and let ¢ € (w,n/2). If f(T') is a bounded operator on R(T") for
all f € H®(S,) and there is a constant C' > 0 such that the operator norm

estimate

LDl m < Clfle (f € HY(S,)

holds, then T is said to have a bounded H*-calculus of angle ¢ with bound

C on R(T"). An analogous version for sectorial operators can be obtained by
replacing bisectors with sectors.

The following fundamental theorem of McIntosh [76] characterizes this
property through quadratic estimates, see also [35, Thm. 3.4.11 & Cor. 3.4.14].

Theorem 1.4.10 (M¢Intosh’s theorem). Let T be a bisectorial operator of
angle w in a Hilbert space H and let ¢ € (w,7/2). Then T has a bounded
H®°-calculus of angle ¢ if and only if

o) _ dt -
(L7) [T+ T el (ue ROT)).

The bound for the H*®(S,)-calculus depends on ¢, the implicit constants in
(1.7) and M(T, ¢).

Example 1.4.11. Self-adjoint operators have a bounded H*>-calculus by the
spectral theorem. One can also check quadratic estimates in an elementary
manner [35, Ex. 3.4.15].

Bisectorial operators with a bounded H*-calculus satisfy the following ab-
stract square root estimate [35, Prop. 3.3.15]. This essentially follows from
considering the bounded operator (z/v/22)(T) and its inverse on R(T). Hence,
the norm bounds are explicit. Note that the operator v/I?2 is also often de-
noted by |T'| in the literature.

17



1. Preliminaries

Example 1.4.12. Let T be a bisectorial operator in a Hilbert space H with a
bounded H*-calculus of angle ¢ and bound C'. It follows that D(v/1?) = D(T)

with comparability

CHTully < [IWT*ullg < ClTullr  (ue D(T)).

18



CHAPTER 2

Interpolation Theory

The following question is the driving force of this chapter. Given an open
set O C R? and a piece D C 90 of its boundary, define the Sobolev space
W (O) as the W?(0)-closure of smooth functions whose support stays away
from D. Under which geometric assumptions can one determine explicitly the
interpolation spaces

[LP(0), W5 (0)]; and (LP(O), Wi (0))s,

defined through Calderéon—Lions’ complex method and Peetre’s real method?
The space W3P(0) should be thought of the collection of W(O)-functions
with homogeneous Dirichlet boundary condition on D.

Interpolation theory related to the spaces Wi (0) has recently been studied
in [8,15,26,38,49,56,86], but mostly with a focus on interpolating with respect
to integrability. Interpolation in differentiability appears only in [15,38] for
p = 2 and in [49] for general p on certain model sets. The main difficulty
comes from the fact that taking the boundary trace on D cannot be defined
in a meaningful way on the Lebesgue space L”(O). This forbids to treat the
question via purely functorial techniques.

We close this gap by establishing a full interpolation theory under geomet-
ric assumptions in the spirit of what has become standard for treating mixed
boundary value problems. In particular, we confirm the formula for the com-
plex interpolation spaces that was conjectured in connection with fractional
powers of divergence form operators in [8, Rem. 10.5] and listed as an open
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2. Interpolation Theory

problem in [33, Sec. 5.3]. We also treat interpolation simultaneously in dif-
ferentiability and integrability. Some of our results appear to be new even on
much more regular domains as we do not require that the interface of D with
the complementary boundary part 9O \ D can be parametrized by coordinate
charts in any sense.

The geometric setting in a nutshell

We shall work on open sets O C R?, not necessarily connected or bounded,
satisfying the thickness condition

IBNO|
¢ < <
|B|

for some constants 0 < ¢ < C' < 1 and all balls B of radius r(B) < 1 centered
at the boundary 00. This excludes that O has interior or exterior cusps. We
assume that the Dirichlet part D C 0O is a (d — 1)-regular, not necessarily
closed set. Only around the complementary boundary part 0O \ D we demand
Lipschitz coordinate charts with uniformly controlled bi-Lipschitz constants,
which on domains with compact boundary reduces to the usual weak Lipschitz
condition. Finally, the interface 9D between the two boundary parts should
be a porous subset of the full boundary. This means that there should exist
some k € (0,1) with the property that every ball B of radius r(B) < 1
centered in 9D contains a ball of radius xr centered in 0O that avoids 9D.
Porosity plays a fundamental role in our considerations. The necessary
background for this concept was recalled in Section 1.3.2. We often take
advantage of it in form of equivalent but less transparent conditions related
to Aikawa- and Assouad dimension. In particular, all our results hold if 9D is
(d — 2)-regular as in Figure 1. We believe that this setting is rather common
in applications, for it includes for instance the Groger regular sets [52]. Our
interpolation results are new even in this context since compared to earlier

(2.1) C

work [49] we remove the requirement that the Lipschitz coordinate charts
should be measure preserving.

2.1. Main results and the precise geometric
constellation

Before we start, let us agree on a notational convention. In most interpolation
results we shall have possibly different Lebesgue exponents pg, p1 € (1, 00) and
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2.1. Main results and the precise geometric constellation

@S

Figure 1.: The domain O C R? is obtained by transforming a cylinder such
that one lateral boundary part degenerates to a line segment touch-
ing the opposed side from outside. The dark-shaded boundary parts
carry the Dirichlet condition.

smoothness parameters sg, s; € R and we interpolate in both scales simulta-
neously. In order to straighten the presentation, we introduce here, given
6 € (0,1), the interpolating parameters p € (1,00) and s € R through

1 1—-0 40

2.2 - = + —, s:= (1 —0)sy+ 0s;.
( ) b Do 41 ( )0 '

In the presence of p;, s; and 0 as above we shall exclusively use the symbols
p and s in that very sense, sometimes without further mentioning.

To state the central result of this chapter (Theorem 2.1.4), we introduce a
set of assumptions below. The proof of this theorem is given in Section 2.4,
including an informal outline in Section 2.4.1.

Assumption 2.1.1. Let O C R? be open and D C 90.
(O) The sets O and “O are d-regular,
(00) the boundary 00 is (d — 1)-regular,
(D) the Dirichlet part D is (d — 1)-regular,
(OD) the interface 0D between D and 0O \ D is porous in 0O,

(N) the set O satisfies a uniform Lipschitz condition around 0O \ D, that
is, for every x € 00\ D there is an open neighborhood U, > x and a
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2. Interpolation Theory

bi-Lipschitz transformation ®, : U, — (—1,1)¢ such that ®,(x) = 0 and
(U, NO) = (0,1) x (-=1,1)" !, &,(U,NA0) = {0} x (—1,1)%1,

and there exists a number L that bounds the bi-Lipschitz constants of all
®,., where bi-Lipschitz constant refers to the maximum of the Lipschitz
constants of ®, and ®, .

The following two examples demonstrate that Assumption 2.1.1 is a reformu-
lation of the geometric situation described in the introduction to this chapter.

Example 2.1.2. A set O C R? satisfies the thickness condition (2.1) precisely
if O and “O are both d-regular. It suffices to check d-regularity of O and O
for balls centered in 00 = 9(°O), see Lemma 4.1.2. Assume that (2.1) holds,
then the lower bound for O is clear. For ‘O we start with the calculation

|IBNO| < C|B|=C|BNO|+C|BN°O|.

The first term can be absorbed as C' < 1, so we obtain (1 — C)|BNO| <
C|BN°0|. Now, d-regularity of O can be concluded from the d-regularity of
O. Conversely, the lower bound for (2.1) is clear by d-regularity of O and the
upper bound follows from

|IBNO|=|B|—|Bn°0| < (1-¢)|B|,
where ¢ € (0, 1] is the d-regularity constant of “O.

Example 2.1.3. If D is a (d — 1)-regular portion of the boundary of an open
set O C R, and O satisfies the uniform Lipschitz condition around 00 \ D,
then the full boundary 0O is also (d—1)-regular. Indeed, since the bi-Lipschitz
constants are uniformly bounded, we can use that bi-Lipschitz images have
comparable H? l-measure [97, Thm. 28.10 a)] to show that 00 \ D is (d —1)-
regular. We conclude by the observation that the class of (d — 1)-regular sets
is closed under finite unions, see Lemma 1.3.12.

Theorem 2.1.4. Let O C R? and D C 00 satisfy Assumption 2.1.1 and let
po,p1 € (1,00), so € [0,1/po), s1 € (1/p1,1], and for 6 € (0,1) define p and
s as in (2.2). If X denotes either H or W, then the complex interpolation
identity

Xp'(0) (if s>1/p)

(a) (X570 (0), X352P1(0)]p = {Xs,p(O) (if s < 1/p)
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holds up to equivalent norms as well as the real interpolation identity

W5'(0)  (if s > 1/p)

(b) (Xso,’po(O),X‘B’pl (O))G,p = {Ws’p(O) (ZfS < 1/]?)

with the exception that so # 0 and s; # 1 are required in (a) for X = W.

Interpolation theory for the spaces X*P(O) without boundary conditions
becomes apparent from the extension result of Rychkov [85] presented in
Proposition 2.2.9. Abstract techniques then lead us in Section 2.3.1 to the fol-
lowing interpolation results for two function spaces with Dirichlet condition.
In contrast to Theorem 2.1.4, this only requires O and D to be regular.

Theorem 2.1.5. Let O C R? be an open, d-reqular set, and let D C O be
(d_l)_re.QUZar' Letp(bpl S (17OO>7 So € (1/p07 1+1/p0)7 $1 € (1/p17 1+1/p1);
and for 6 € (0,1) define p and s as in (2.2). Let X denote either H or W. Up
to equivalent norms it follows that

() X57(0), X5 (0)]e = X5(0),
(d) (X57(0), X" (0))op = W5'(0),

with the two exceptions that in (c) for X = W either all or none of sg, s1, S
have to be 1 and that in (d) the value s = 1 is only permitted when sq = s; = 1.

As a cautionary tale, let us remark that a priori all function spaces are de-
fined by restrictions. In particular, Wh?(O) = H'?(O) might be smaller than
the collection of LP(O)-functions whose first-order distributional derivatives
are in L?(O) under the assumptions of Theorem 2.1.5. Under the full set of
geometric assumptions in Theorem 2.1.4, however, there is no such ambiguity.

Extensions and generalizations

Abstract reiteration and duality theorems [23,63,93] imply numerous further
interpolation results that invoke our Theorems 2.1.4 and 2.1.5 “off-the-shelf™.
We leave the care of writing them down to the interested readers. Here, we
only present one such result that turned out useful in the W—1P-theory of
divergence form operators and previously was available only in the restrictive
setup of [49, Lemma 3.4]. The proof of this result will be given in Section 2.5.
We write W,,'?(0) for the space of conjugate linear functionals on W (0),
where 1/p+1/p = 1.
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Theorem 2.1.6. Let O C R? and D C 00 satisfy Assumption 2.1.1 and let
p € (1,00). Up to equivalent norms it follows that

(e) (W5 "(0), W5"(0)]12 = LP(O).

In Section 2.6 we present a method tailored for real interpolation of frac-
tional Sobolev spaces with the same integrability. Though the geometric
setting of Theorem 2.1.7 is only strictly weaker in the case of bounded D,
it proves to be less restrictive in certain applications and we rely on it in
Chapter 5.

Theorem 2.1.7. Let O C R? be an open, d-reqular set with porous boundary,
and let D C O be Ahlfors—David reqular. Let p € (1,00), so € [0,1/p),
s1 € (1/p,1], and 6 € (0,1). Up to equivalent norms it follows that

W5'(0) (if s >1/p)

() (WP(0), W5"(0))ap = {stp(()) (ifs<1/p)

where s = (1 — 0)so + Os;.

Our proof simplifies [38, Sec. 7], where the case p = 2 was treated on
bounded domains with a Lipschitz assumption around 0O \ D.

The results of this chapter were published in a joint paper with Moritz
Egert [20].

2.2. Function spaces with a partially vanishing
trace condition

Let us start with precise definitions for the spaces used in the formulation
of our main results. We start with spaces on R? incorporating a vanishing
trace condition before turning to spaces defined on O. Important presented
tools include the trace theory of Jonsson—Wallin, the extension operator of
Rychkov, and the pointwise multiplier result of Sickel.

2.2.1. Function spaces on the whole space with vanishing
trace condition
With the notion of (d — 1)-regular sets £ C R? we define spaces of functions

with positive smoothness on R? which vanish on E. All this is based on
celebrated results of Jonsson-Wallin [66].
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We need the notion of fractional Sobolev spaces on E. They are denoted
B2P(E) in [66] but to keep the analogy with Section 1.2 we shall write WP (E)
instead. Having equipped F with the (d — 1)-dimensional Hausdorff measure,
we define for s € (0,1) and p € (1, 00) this space as the Banach space of those
f € LP(E) for which

1 lhweo(e) :—( L@ Hd‘l(dx)>1/ ’

(// wer ‘I_M; HY (da) ’H“(dy)>l/p < 00,

lz—y|<1

If E is closed and X = H, the following is proved in [66, Thm. VI.1 & VII.1].
The general case follows from the discussion in Remark 1.3.11 and real inter-
polation.

Proposition 2.2.1 (Jonsson-Wallin). Suppose E C R? is (d—1)-regular. Let
p€(l,0), s€ (1/p,1+1/p), and let X denote either H or W.

(i) If f € X*P(RY), then for H* '-almost every x € E the limit

Ref)e) = lim s [ 1) d

r—0 |B x, r

exists. The restriction operator Ry maps X*P(R%) boundedly into the
trace space W*~V/PP(E),

(ii) Conversely, there exists an extension operator Eg which is bounded from
We=VPr(E) into X*P(R?) and that serves as a right inverse for Rg. It
does not depend on p or s.

We often refer to Rg and g as the Jonsson—Wallin operators for E.

Definition 2.2.2. Let £ C R? be (d — 1)-regular. Given p € (1,00) and
s € (1/p,1+1/p), define

X (RY) = {f € X**(R) : Rpf =0},
where X denotes either H or W, and equip it with the norm inherited from
XsP(RY).

Lemma 2.2.3. Let E C R? be (d — 1)-reqular and let R and & be the corre-
sponding Jonsson—Wallin operators. Then P = 1—ER is a bounded projection
from XP(RY) onto X3 (RY) for any p € (1,00) and s € (1/p,1+ 1/p). That
is to say, XF'(R?) is a closed complemented subspace of X5P(RY).
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Proof. The operator ER is bounded on X*?(R%) by Proposition 2.2.1. Since
£ is a right inverse for R, we have (ER)?> = R, that is to say, ER is a
projection with the same nullspace as R. Now, on the one hand, the nullspace
of R is XZF(R?) and on the other hand, the nullspace of ER equals the range
of P. The conclusion follows. m

Next, we turn our focus to the density of test functions in these spaces.
Using Netrusov’s theorem, far more general results can be derived, compare
with Proposition 5.3.3, but the presented density result suffices for our needs
and illustrates a neat application of the closure of first-order Sobolev spaces
under truncation.

Definition 2.2.4. Given E C R?, define
CF(RY) = {f € CF[R?) : d(supp(f), E) > 0}.

Lemma 2.2.5. Let E C R? be (d—1)-regular. Forp € (1,00) and s € (1/p, 1]
the set C%(RY) is dense in X3 (RY).

Proof. We shall reduce the claim to the fact that any continuous function
[ € WHP(R?) that vanishes everywhere on a closed set F' C R? can be ap-
proximated by C%(R%)-functions in WH?(R¢)-norm. This is easily proved by
using that WHP(R?) is closed under truncation, see [2, Sec. 9.2].

Let P : X*P(RY) — X3P(RY) be the bounded projection provided by
Lemma 2.2.3. Since C3°(R?) is dense in X*?(RY), it suffices to approximate
elements in P(C$°(R?)) by test functions from C%(R?). Moreover, it suffices
to achieve this for the WP(R?)-norm, which is stronger than the X*P(R?)-
norm for we have s < 1. Since the projection P in Lemma 2.2.3 is the same
for all admissible values of s and p, we have in particular

P(C(R)) C P(WHHE A WH)(RY)) © (WHE 0 W) (RY).

Sobolev embeddings yield for every function in the right-hand space a con-
tinuous representative f that vanishes H¢ !-almost everywhere on E. By
(d — 1)-regularity the intersection of E with arbitrarily small balls centered
in E still has positive % '-measure. Thus every point on F := F is an accu-
mulation point of zeros of f. It follows that f vanishes everywhere on F' and
the above-mentioned approximation result kicks in. O
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2.2. Function spaces with a partially vanishing trace condition

2.2.2. Function spaces on open sets with and without
partially vanishing trace

Throughout, X denotes either H or W. Since for s > 0 we have X*P(R%) C
LP(RY), the pointwise restriction |o of functions to O is defined on X*P(R%).

Definition 2.2.6. Let O C R? be an open set and let s > 0, p € (1,00).
Define X*?(0) = {flo : f € X*P(R%)} with quotient norm

/]

If in addition £ C O is (d — 1)-regular, define X;7(0) := {flo : f € XF(R?)}
for s € (1/p,1+ 1/p) with quotient norm

/]

Introduce a set of test functions on O similar to Definition 2.2.4.

xsw(0) = inf {HFHxs,p : F e X*P(RY) and F|o = f}

XEP(O) = lnf {HFHXs,p  F c X%p(Rd) and F|O = f}

Definition 2.2.7. Given E C R? and if O C R is any open set, define
C5(0) = {flo: f € CER?}.

By construction |p : XZP(R?) — X3P(O) is bounded and onto. Thus,
density of C¥(0) in X3’(O) follows readily from Lemma 2.2.5.

Lemma 2.2.8. Let O C R? be open and E C O be (d — 1)-reqular. For
p € (1,00) and s € (1/p,1] the set C¥(0) is dense in X7’ (O).

To let X*P(O) inherit non-trivial properties of its whole space analogue,
a bounded linear right inverse is needed. If O is d-regular, this has been
constructed in a beautiful paper of Rychkov [85, Thm. 5.1]. Note that a
similar result was also achieved by Shvartsman [87].

Proposition 2.2.9 (Rychkov). Let O C R? be an open set satisfying the
interior thickness condition. Let X denote either H or W. For any s > 0
and p € (1,00) there exists a bounded linear extension operator £ : X¥P(0O) —
XP(RY) that serves as a right inverse for |o. Moreover, if m > 1 is an
integer, then € can be taken the same for all p € (1,00) and all s € (0,m).

Remark 2.2.10. Though not stated explicitly in [85], the consistency of the
extension operator becomes apparent from an inspection of the proof. We give
a guide on how to see this in that paper. In Step 1, Theorem 3.1 imports no

27



2. Interpolation Theory

restrictions and since s > 0, the embedding A7 C Bgl gives well-definedness

of L according to Remark 4.5, so the restriction s > m stated in [85, p.156
1.7] becomes void. In Step 2, Lemma 4.6 is used with L instead of L (compare
with Step 4), so m can be set to 0 in (5.17) and so the restriction s > m
in (5.18) also becomes void. Finally, in Step 3 the Li . argument can be
performed with m = 0 as mentioned at the end of Step 4.

By an argument similar to that in Lemma 2.2.5, we prove the surprising
feature that Rychkov’s extension operator automatically preserves Dirichlet
conditions on (d — 1)-regular sets. Once again, this comes as a byproduct
of consistency of the extension operator and Sobolev embeddings and has
nothing to do with the particular construction.

Lemma 2.2.11. Let O C R? be an open, d-reqular set, and let E C O be
(d — 1)-regular. Suppose p € (1,00) and s € (1/p,1+1/p). If £ : X*P(O) —
XsP(RY) is the extension operator of Proposition 2.2.9 constructed with m > 2,
then

£ X3P (0) — X3P (R

is bounded for the X5P(0O) — X*P(R?)-norm. In particular, XzF(O) is a closed
subspace of X*P(0).

Proof. By definition of the quotient norm we obtain X3”(0) C X*?(0O) with
continuous inclusion of Banach spaces from the fact that X37(R?) is a closed
subspace of X*F(R?).

We begin with the case s < 1. Since £ : X*P(0) — X*P(R?) is bounded, it
suffices to check that & maps a dense subset of XzF(O) into XzF(R?). Owing
to Lemma 2.2.8 we can take this subset to be C(0) = C¥(R%)|o. So, let f €
C®(RY). Since £ acts consistently, we obtain £(f|p) € (Whitl N XsP)(RY).
Due to Sobolev embeddings £(f|o) admits a continuous representative and we
need to check that it vanishes everywhere on E. To this end, we let B C R? be
an arbitrary open ball centered in E C O with radius r(B) < d(supp(f), E).
Since O is d-regular, B N O has positive Lebesgue measure but on this set we
have £(f|o) = f = 0 almost everywhere. The conclusion follows.

If se (1,1+1/p) and f € XE"(O), then we can use Proposition 2.2.9 to get
Ef € X*?(R?) and from the inclusion X37(0) C X;’(0) and the first part
of the proof we get £f € XpF(R%). According to Definition 2.2.2 this implies
Ef € XFP(RY).

For the final statement, given f € X3"(O) we have already seen || f
| fllx=r(0) and we have just proved || f[[xsr0) < [[€f|Ixsp@a) < 1]

xs7(0) =
Xs,p(o). D

28



2.3. First interpolation properties

Let us stress that Rychkov’s operator is not defined on L?(O). But in the
low-regularity regime s < 1/p we can simply extend X*P(0) — X*P(R%) by
zero as we shall see soon. The following definition goes back to Sickel [88] and
Jawerth—Frazier [64].

Definition 2.2.12. Let t € (0,1). An open set O C R? belongs to the class
Dt if

sup sup rt_d/ d(y,00)™" dy < oo.
€00 0<r<1 B(z,r)\0O
The relevant examples for us are as follows. For a proof we refer to Propo-
sition A.1.10 in the appendix.

Example 2.2.13. An open set with (d — 1)-regular boundary is of class D"
for any ¢ € (0,1). An open set with porous boundary is of class D! for some
te(0,1).

We cite the following multiplier theorem for characteristic functions [88,
Thm. 4.4].

Proposition 2.2.14 (Sickel). Let O C R? be of class D' for some t € (0,1).
Let p € (1,00) and 0 < s < t/p. If X denotes either H or W, then pointwise
multiplication by 1o is a bounded operator on X*P(R%). Fort(1/p—1) <s <0
the dual operator 1oy = @ o 1o is also bounded on X*P(RY).

Corollary 2.2.15. Let O C R? be an open set with porous boundary. Let X
denote either H or W. Then there existst € (0, 1) such that the zero extension
operator

f(x) (if € 0)

£+ X°P(0) = XP(RY),  Eof(a) = {O (i 5 € °0)

is bounded provided p € (1,00) and s € [0,t/p).

2.3. First interpolation properties

We establish first interpolation properties which follow mostly from a purely
functorial reasoning. Also, we present the technique of gluing interpolation
scales together, which is often used in the course of this chapter.
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2. Interpolation Theory

2.3.1. Symmetric interpolation results

We establish symmetric interpolation results for the spaces X*?(0) and X37(O).
Symmetric means that either both or none of the spaces are with vanishing
trace on F. In particular, we prove Theorem 2.1.5.

First, we obtain a result similar to Proposition 1.2.9 for spaces on d-regular
sets. The argument is well-known, but we repeat it in detail since it will be
re-used several times.

Proposition 2.3.1. Let O C R? be open and d-regular. Let po,p1 € (1,00),
S0, 81 € (0,00), and 0 € (0,1). Let X denote either H or W. Up to equivalent
norms it follows that

(i) [(X*0P(0), X2 (0)]p = X2P(0),
(i) (X*07(0), X PH0))gp = WH(0),

with the two exceptions that in (i) for X = W either all or none of sg, s1, S
have to be integers and in (ii) integer s is only permitted when sq = s1(= $).

Proof. We apply Proposition 1.1.1 with X; = X%*i(R%), Y; = X%?i(0),
R = |o the pointwise restriction, and £ Rychkov’s extension operator from
Proposition 2.2.9 constructed with an integer m > max{so, s1}.

Let us prove (i). According to Proposition 1.2.9 we have X = [X, Xi]p =
X*P(R?). By definition we have R(X) = X*P(0), where R(X) carries the
quotient norm inherited from X/N(R). Hence, [Y;,Yi]p =@ Y = X%(0)
with equivalent norms. The proof of (ii) follows verbatim from the identity
(Xo, X1)op = W*P(R?) also provided by Proposition 1.2.9. O

Remark 2.3.2. Suppose that in addition O has a porous boundary. In the
proof above we could then replace Rychkov’s extension operator £ with the
zero extension operator & discussed in Corollary 2.2.15. Consequently, Propo-
sition 2.3.1 remains valid for parameters s; € [0,t/p;), which includes the case
of Lebesgue spaces.

The same technique yields the

Proof of Theorem 2.1.5. First, we assume O = R?. Proposition 1.2.9 provides
the identities analogous to (c¢) and (d) for the spaces without Dirichlet condi-
tions. Hence, the claim follows from Corollary 1.1.3 applied to the projection
P provided by Lemma 2.2.3.
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2.3. First interpolation properties

Having established the interpolation identities on R¢, we can now, as in
the proof of Proposition 2.3.1, pass to the spaces on O via Proposition 1.1.1.
Indeed, if we take X; == XZ™(R?), Y; = XZ"(0) = (Xj)|o, R = |o, and
& as Rychkov’s extension operator, then the only property that needs to be
checked is that £ maps Y, boundedly into X,;. But the latter is precisely the
statement of Lemma 2.2.11. O

2.3.2. Gluing interpolation scales

We recall a general interpolation technique due to Wolff [96]. Here, we cite
(with adapted notation) the refined version proved in [63, Thm. 1&2]. The
statement is visualized in Figure 2 for complex interpolation.

Proposition 2.3.3 (Wolff). Let Xy, Xy, X,,, X1 be Banach spaces included in
a common linear Hausdorff space. Suppose 6,m, A\, € (0,1) satisfy 6 = An
and n = (1 — p)0 + p, and let pp, p, € [1, 0].
(i) If Xo = [Xo, Xylx and X, = [ Xy, Xu],, then also Xy = [Xo, X1]p and
X, = [Xo, Xily-
(ii) If Xo = (Xo, Xy))rpe and X, = (Xo, X1)p,, then also Xy = (Xo, X1)gp,
and )(77 = (Xo, Xl)

77,277; :

All equalities above are in the sense of equal sets with equivalent norms.

[X()a X’r]]A

Xoi XQT LX" TXl

1

[X97X1]u

Figure 2.: Assuming the interpolation identities indicated by dashed lines,
Wolft’s result recovers Xy and X, as interpolation spaces associ-
ated with the couple (Xj, X;) for the correct convex combination
parameters 6 and 7, respectively.

For further reference we demonstrate once in detail how the results of Propo-
sition 2.3.1 and Remark 2.3.2 can be patched together using Wolft’s result.

Proposition 2.3.4. If in the setting of Proposition 2.3.1 the boundary 00 is
porous, then the conclusion remains valid for sy, s1 € [0, 00).
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2. Interpolation Theory

Proof. In view of Proposition 2.3.1, Remark 2.3.2, and symmetry of the
assumption, we only have to treat the case sy = 0 and s; > 0. For any
n € (0,1) we abbreviate the relevant convex combinations by s, = ns; and
1/py = (L—=n)/po +n/p1.

We begin with (i). Since sg is an integer, we are only claiming something
new in the case X = H. We have to prove for all n € (0,1) the equality

(2.3) [H>#(0), B (0)]y = H*"(0).

Throughout, the reader should keep in mind Figure 2. Let us first suppose
sy < t/py, so that H*»Pn(R?) belongs to the regime covered by Remark 2.3.2.
We pick 6 € (0,n7) and A\, € (0,1) such that § = A\p and n = (1 — )0 + p.
The quadruple of spaces (X;); = (H*%:(0)); satisfies the assumption in part
(i) of Wolff’s result owing to Remark 2.3.2 and Proposition 2.3.1. Hence, we
obtain (2.3). Now, suppose s, > t/p,. Due to sy = 0 we can pick 6 € (0,n)
to arrange sy < 1/pg. The first part of the proof with s, in place of s; and
n replaced by A yields [Xo, X,|n» = Xg. Consequently, we can apply Wolff’s
result with the same numerology as before to obtain (2.3).

As for (ii), the claim for W-spaces follows verbatim on using part (ii) of
Wolft’s result with pg,p, corresponding to 6,71 as above and systematically
replacing H by W.

Real interpolation of H-spaces requires a different argument since the result
will be a W-space. We rely on the one-sided reiteration theorem in Propo-
sition 2.3.5 below. Indeed, given # € (0,1) we pick n € (0,0) and write
0 = (1 —XNn+ X with A € (0,1). Then we use in succession one-sided
reiteration, complex interpolation of H-spaces established above, and Propo-
sition 2.3.1, to give

(HSO,po(O)’ st (O))am _ ([sto<0>’ Ho1P1 (0)],), H P (O))
= (H*#(0), H" 7 (0))
= W?Pe (0).

Ao

Avpﬂ

Concerning the last line we remark that (1 —\)s, +As; = sg and (1—X)/p,+
A/p1 = 1/py hold by construction. O

The reiteration result that we have invoked above is as follows. We refer
to [93, Sec. 1.10.3, Thm. 2] for real interpolation and to [30] for complex
interpolation, noting that in the latter case the density of Xy N X; in X;
guarantees [Xg, X1]; = X;. In our application above, density is provided by
Lemma 2.2.8.
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2.3. First interpolation properties

Proposition 2.3.5. Let (Xo, X1) be an interpolation couple. Let n, A € (0, 1)
and put 0 = (1 — \)np+ A. The interpolation identity

([Xo, X1y, X1)x = (Xo, X1)o

holds up to equivalent norms in the following cases. If (-,-) is a (-, p)-real in-
terpolation bracket with p € [1, 00| fized or if (- ,-) is the complex interpolation
bracket and Xo N X, is dense in X;.

2.3.3. Non-symmetric interpolation: The easy inclusion

The main difficulty in Theorem 2.1.4 lies in proving the inclusion “27”. Indeed,
here we can already prove

Proposition 2.3.6. Let O C R? be an open, d-reqular set with porous bound-
ary, and let E C O be (d — 1)-regular. Let py,p; € (1,00), so € [0,1/po),
s1 € (1/p1,1], and 0 € (0,1). Define p and s as in (2.2). Then there are
continuous inclusions

| . XF(0) (if s>1/p)
i X*0Po(0), X3P (0)]s C

Q) xm(0) <>1C{Xw@n (if s < 1/p)
and

) . W (0) (if s> 1/p)
ii 0P(0), X" (0))op € :

(ii) (X5 (0), X5 "H(0))gp € {Ws,p<0) (if s < 1/p)

with the exception that sy # 0 and sy # 1 are required in (i) for X = W. If
Po = p1, then the result remains true for all s; € (1/p1,1 + 1/py) with the
additional exception that only in (i) for X = H the value s =1 is permitted.

Proof. First, we check that Proposition 2.3.5 applies in its real and its com-
plex version to the couple (X*0P(0),X*P1(0)). If s; < 1 then X*P(O) N
X7PH0) 2 CF(0) is dense in X3 (0) by Lemma 2.2.8 and if py = p; then
X0 (O)YNXFP(0) = X (0) for all s; € (1/p1,1+1/p;1). This being said,
we denote by (-, -) either the (-, p)-real or the complex interpolation bracket
and treat all assertions simultaneously.

By definition we have X73""*(0) C X*t*1(0O) and hence we get

(X (0), X3 (0))a € (X*7(0), X771 (O
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2. Interpolation Theory

with continuous inclusion. The interpolation space on the right has been
determined in Proposition 2.3.4. It coincides (up to equivalent norms) with
W#P(O) in case of real interpolation and with X*P(O) in case of complex
interpolation. In the case s < 1/p this already is the desired conclusion.

Let now s > 1/p. We fix n € (0,0) sufficiently close to 6, so to arrange
1/p, = (1 = n)/po + n/p1 and s, = (1 — n)sp + ns; satisfying s, > 1/p,.
We write § = (1 — A\)np + XA with A € (0,1). From Proposition 2.3.5 and the
reasoning in the first case we obtain

(X (0), X5 (0))o = (X*(0), Xy ™ (O)],. X (O]
C (X“171(0). X (O)s

with continuous inclusion. Let £ be Rychkov’s extension operator for O. From
Lemma 2.2.11 and the above we can infer by interpolation that

(24) £ (X0(0),XE(0) — (X7P(RY), XEP (R))r =V

is bounded. As before, we see that Y is continuously included into W*?(R?)
in case of real interpolation and into X*?(R?) in case of complex interpolation.

Consider the Jonsson—Wallin restriction operator to E, see Proposition 2.2.1.
It maps X*»P1(R?) boundedly into W ~1/PaP1(E) since we have s, > 1/p,
and it maps X3P (R?) into {0} by definition. By interpolation it maps Y
into (Wen=1/PaPn(E) {0}),. This interpolation space equals {0} since it con-
tains {0} as a dense subspace. Hence, we have continuous inclusion of Y into
W3P(R?) in case of real interpolation and into X3P(R?) in case of complex
interpolation. By (2.4) every function in (X*0:*(0), X7 (O))y has an exten-
sion in Y in virtue of a bounded extension operator. The required continuous
inclusion follows. O

2.4. Proof of Theorem 2.1.4

Throughout the whole section let X denote either H or W. We are given
Po,P1 € (1,00), so € [0,1/po), s1 € (1/p1,1], and 6 € (0,1). When concerned
with complex interpolation for X = W, we implictly restrict ourselves to
so # 0 and s; # 1. Our goal is to establish set inclusions

XP(O) (if s >1/p)

(2.5) [X#7(0), Xp " (0)]s 2 {Xs,p(o) (if s < 1/p)
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2.4. Proof of Theorem 2.1.4

and

S WiP(0)  (if s > 1/p)
‘ 50,20 (() 7 D17Pl O p = . ’
(2.6) (X (0),Xp7(0))ep 2 {Ws,p(()) (if s < 1/p)

This will complete the proof of Theorem 2.1.4 since under Assumption 2.1.1
the converse inclusions are continuous due to Proposition 2.3.6 and hence be-
come equalities with equivalent norms thanks to the bounded inverse theorem.

2.4.1. Road map to the proof

We give the outline for complex interpolation. The real case will be treated
in the same way up to replacing the complex interpolation bracket with the
(-, p)-real interpolation bracket and keeping in mind that real interpolation
spaces of X-spaces are always W-spaces.

First, we show in Section 2.4.3 that (2.5) and (2.6) hold in the case D = 00
of pure Dirichlet boundary condition. Then the inclusion with general D and
s € (0,1/p) follows readily:

X#(0) € [X(0), X35 (0)], € [X7(0),X57(0)],,
In the case s € (1/p,1) we localize in order to reduce the problem to pure
Dirichlet interpolation and interpolation with mixed boundary conditions, but
for a simpler geometry. Precisely, we will have O = Ri the upper half-space
and F; a transformed version of a portion of D with a security area for good
measure that is still (d — 1)-regular and has porous boundary in OR% = R*!.
Then we have to show that
(2.7) XF(RY) C [X0m(RY), X3P (R)]
The details of this localization procedure are presented in Section 2.4.4.

The heart of the matter lies in showing (2.7) in Section 2.4.6. To do so, we
decompose f € Xi'(RL) as f = (f —ERS)+ERS, where R is the restriction
to 8Ri and & is a corresponding extension operator. The term f — ERf is
in [Xsoro(R%), X3 (RL)]y because it satisfies pure Dirichlet boundary con-
ditions on OR?Z. The argument for ER f happens completely at the boundary
and is displayed in Figure 3.

Here, W5P(°E};) is a subspace of W*P(R?~!) with zero condition on the full
dimensional set E; C R~ and ¢, € and 7 are parameters yet to be determined.
We need to establish
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2. Interpolation Theory

X3 (RY) (X0 (R ), XZ™ (RY)],
reiteration
» {Xl/qfs,q (le_)7 Xi?livpl (Ri)] i
d

(©)

Wf—l/p7p<cE2.) [W.—evq (cEZ.), Wf1—1/p1,p1 (CEz):|

n

Figure 3.: Schematic presentation of the main argument to prove the inclusion
“2” in part (a) of Theorem 2.1.4.

o the construction of an extension operator £ from 8Ri to ]R‘fr which is
consistent in s € R\ Z and p € (1,00) and

o the precise definition of the spaces WP(°E;) for a suitable range of s
including verification of the interpolation identity ().

The passage through spaces of negative order in (©) is inevitable and can
be implemented in virtue of Proposition 2.2.14 only because 0D is porous in

00.

2.4.2. Spaces of functions vanishing on a full-dimensional
subset

For this part we work with a d-regular set U C R? whose boundary is a
Lebesgue null set and whose interior U is of class D' for some ¢ € (0,1),
compare with Definition 2.2.12.

We remark that most results stated in Section 2.2.2 for open sets still apply
in this context. Pointwise multiplication by the characteristic functions of U
and U coincide on LP(R?), for |9U| = 0. Moreover, U is d-regular by the same
argument and the corresponding Rychkov’s extension operators can also be
regarded as extension operators for functions defined on U.

Let R denote the pointwise restriction operator |y and let £ denote some
extension operator X*?(U) — X*P(R?). We will specify consistency require-
ments later on. For p € (1,00) and s € (0,00) we define the bullet space

36



2.4. Proof of Theorem 2.1.4

XP(U) = {f e X*’(R?) : Rf =0}

with subspace topology. This subspace is complemented in virtue of the pro-
jection 1 — ER.

The pointwise multiplier 1 is bounded on X*P(R) for t(1/p—1) < s < t/p
due to Proposition 2.2.14. This allows us to extend the definition of X5?(°U)
to such s by

XoP(U) = A{f — Luf : f € X*P(R)},

where the topology is again the subspace topology. Note that for s € (0,¢/p)
this gives the same space as above and that now 1 — 1 becomes the comple-
menting projection.

The following lemma captures the interpolation behavior of these spaces.

Lemma 2.4.1. Let py,p1 € (1,00), so € (t(1/po — 1),00), s1 € (t(1/p1 —
1),00), and 0 € (0,1). Up to equivalent norms it follows that

(1) (X3P (U), X (U] = XP(V),
(i) (X3P (U), X (U))gp = WP (),

with the two exceptions that in (1) for X = W either all or none of so, s1, s have
to be integers and that in (ii) integer s is only permitted when sy = s1(= s).

Proof. By symmetry we may assume sy < s;. In virtue of Corollary 1.1.3 we
shall transfer the interpolation identities of Proposition 1.2.9 for the X*?(R%)-
spaces to the X$P(°U)-spaces. We only have to identify suitable projections
P.

If s > 0, then we pick Rychkov’s extension operator £ that is consistent
up to a positive integer greater s; and use P :=1— ER.

Now assume so < 0. If s; < t/p;, then we can directly use P := 1 — 1y.
Otherwise, there are p € (1,00) and s € (0,¢/p) such that (s,1/p)" lies on
the segment connecting (s, 1/po)" and (s,1/p;)" in the (s,1/p)-plane. If
necessary, we can arrange that s is not an integer. We have just obtained in-
terpolation for the spaces on the segment connecting (so,1/p)" and (s,1/p) "
and in order to conclude, we patch this interpolation scale together with the
one for positive differentiability by the technique illustrated in the proof of
Proposition 2.3.4. O
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2. Interpolation Theory

2.4.3. The case of pure Dirichlet conditions

For this part we strengthen our previous requirements on U C R to the effect
that it should be a closed d-regular set with (d — 1)-regular boundary.

It follows that QU is a Lebesgue null set and we claim that U is of class D!
forall t € (0,1). Indeed, by Example 2.2.13 the open set U has this property
and since we have U C U = 9 (°U) with set difference of zero Lebesgue
measure, we see by the very definition that if U is of class D!, then so is U.

We start out with a reformulation of Corollary 2.2.15.

Lemma 2.4.2. Ifp € (1,00) and s € [0,1/p), then X3P (°U) = X3P (°U)
with equivalent norms.

cU

Proof. The inclusion X7 (°U)|ey € X*P(°U) is clear. For the converse let f €
X#P(¢U) and F an extension of f in X¥?(R?). We get 1.y F' € X*P(R?) owing
to Corollary 2.2.15. Hence, we have 1oy F' € X5P(°U) and f = (1ey F)|ey €
XsP(¢U)ley follows. For the boundedness, we calculate

/1

and take the infimum over all such extensions F'. OJ

x3? ey < 1Lev Fllxor@ay S |Fllxer@a

In order to proceed, we need a generic re-norming lemma and its conse-
quence for the pointwise multiplication by 1¢;. To fix ideas for the following,
we include a proof even though the result is known in the literature.

Lemma 2.4.3. Ifp € (1,00) and s € R, then

(2.8) /]

Proof. In the following all function spaces are on R? and we omit the de-
pendence. The operator Z_, f == F1(1+|¢|?)/2Ff is invertible from &' into
itself. By definition it restricts to an isomorphism Z_; : H*? — H*"1?, By
interpolation the same holds for Z_; : WP — W*~1P_gsee Proposition 1.2.9.
Hence, we find for all f € &,

/]

Comparing with (2.8), we see that it remains to prove

xen(@d) R [ fllxs-to@e) + IV Fixe-1o@a  (f € S'(RY).

xew & || F7HL A+ [€))V2F £

Xsfl,p.

d
xemte + D IIF T F fllxenw ~ [ F7H A+ [62) 2 F ]

j=1

(2.9) |7l

Xsfl,p.
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2.4. Proof of Theorem 2.1.4

To this end we consider Fourier multipliers f — F'mJF f, defined on &’ via a
smooth and bounded function m : R* — C, to pass from one side to the other.
If such a multiplier is also bounded on LP, then it is bounded on H*? for all
integers k since it commutes with Z_; and its inverse. Hence, it is bounded
on X*P for all s € R by interpolation. This being said, we obtain “<” in
(2.9) by considering the Fourier multipliers associated with (14 [£]?)~%/2 and
&;(1+]£]?)~1/2. Their L? boundedness follows easily from the Mihlin multiplier
theorem [23, Thm. 6.1.6]. Next, we pick a smooth function x : R — [0, 1] that
vanishes on (—1,1) and is identically 1 outside of [—2,2] in order to write

SN (RET L IS Y ETC LAMTHCT
1 = (e 5 (meaee) (e

Again by Mihlin’s theorem each bracket corresponds to an LP-bounded Fourier
multiplier. This yields the converse estimate “27. O

Lemma 2.4.4. Forp € (1,00) and s € (1/p,1+1/p), pointwise multiplication
by ey is X5H(RY) — X$P(°U) bounded.

Proof. For f € C%,(RY) we have that V(1ey f) = 1y Vf. Hence, we can
combine Lemma 2.4.3 and Proposition 2.2.14 to the effect that

[Lev f]

Ley f]

Xs—1,p + |

Ley V£

Xs.p R ‘

Xs—1,p
(2.10) Sl + 1V fllxs-10
~ || fllxer-

For s € (1/p, 1] we can use that Cg,(R?) is dense in X3%(R?) by Lemma 2.2.5
to conclude that 1y @ X35(RY) — X*P(RY) is bounded. That it actually
maps into the closed subspace X7 (°U) follows by construction. Suppose now
s € (1,1+1/p). The commutation V(Ley -) = 1y V(+) extends by density to
all f € X3P (R?). Hence, it holds in particular on X35 (R%) and the calculation
(2.10) re-applies. O

We get the analogue of Lemma 2.4.2 in the case s € (1/p, 1+ 1/p).

Lemma 2.4.5. If p € (1,00) and s € (1/p,1 + 1/p), then X55(°U) =
Xr(ev)

cy with equivalent norms.

Proof. The inclusion X3/ (°U) C X3P(°U)
Lemma 2.4.2 when using Lemma 2.4.4 instead of Corollary 2.2.15.

cy works exactly as in the proof of

39



2. Interpolation Theory

Conversely, let f € X$P(°U). Since f is in particular a member of X*P(R?),
we find a sequence (f,), € S(R?) that approximates f in the topology of
Xs5P(RY). Let £ be Rychkov’s extension operator for U, which, as we recall,
acts consistently on Wh4+1(IR?). We apply the projection P = 1 —ER to that
sequence. Since P projects onto X5P(°U), we get P f,, = 0 almost everywhere
on U on the one hand and Pf, € C(R?) in virtue of Sobolev embeddings on
the other hand. By d-regularity, the intersection of U with balls centered in
U has positive Lebesgue measure. Hence, the P f, vanish everywhere on U.
In particular they vanish on OU, which means Pf, € X35 (R?). Now, since
fn = fin X*P(RY), also Pf, — Pf = f in X*P(RY). Since X35 (R?) is a
closed subspace of X*P(R%), this gives f € X5 (R?). O

Eventually, we can transfer the interpolation settled in Lemma 2.4.1 to
the spaces incorporating pure Dirichlet boundary conditions. Since we can

take U = €O, this gives the full claim of Theorem 2.1.4 for pure Dirichlet
conditions.

Proposition 2.4.6. Let py,p1 € (1,00), so € [0,1/po), s1 € (1/p1,1], and
0 € (0,1). There are continuous inclusions

X0 (U)  (if s > 1/p)

() (X207 (T, X3 (U)]p 2 {XWU) AR

W55 (cU)  (if s > 1/p)
Wer(<U)  (if s <1/p)

with the exception that sg # 0 and s; # 1 are required in (i) for X = W. If in
addition U 1is d-regular, then both inclusions become equalities with equivalent

(i1) (X (U), X" (U)o p 2 {

norms.

Proof. Let (-, -) denote either the f-complex or (6, p)-real interpolation
bracket. Using Lemma 2.4.2 and Lemma 2.4.5, we get

(X (U), X (U ew S (X (U)|err, X3P (U)]ev)
= (X0 (U), Xpu™ (U))-
Lemma 2.4.1 identifies the space on the left-hand side with either X5 (°U)|ep
or WiP(°U)
The claim then follows from Lemma 2.4.2 in the case s < 1/p and from
Lemma 2.4.5 in the case s > 1/p.

The final statement on equalities in these inclusions follows from Proposi-
tion 2.3.6. O

<y, depending on the choice of the interpolation bracket above.

40



2.4. Proof of Theorem 2.1.4

2.4.4. Localization

We recall that O satisfies a uniform Lipschitz condition around N := 00 \ D
with bi-Lipschitz constant L as in Assumption 2.1.1 (N). We claim that
we can select countably many points z; € 0O\ D, i € I C N\ {0}, with
corresponding coordinate charts (U,,, ®,,) = (U;, ®;), and an open set U
that does not intersect N, with the following properties. With J := {0} U I,
the covering

(2.11) ocyu;
Jj€J

admits a smooth partition of unity by functions n; € C>°(R?) satisfying

(i) supp(n;) € Uj, (i) > my=1lonR?
JjeJ
(i) > 1y, <ConRY, (iv) mllee + V]l < €7,
jeJ

and there are auxiliary functions x; € C®(R?) with ||x:||re + || Vxi|Le < C
such that x; is 1 on ®;(supp7;) and supported in (—1,1)%, whereas xp is 1 on
supp 1o and supported in Uy. Here, C' and C’ are constants that depend only
on L and d.

The construction is as follows. For any z € N we extend ®, to a bi-
Lipschitz map U, — [—1, 1]¢ with the same Lipschitz constant not larger than
L. From ®,(z) = 0 we conclude that @, (U, NB(z, 57)) is contained in B(0, §)
and hence does not intersect the boundary of the unit cube. The inclusion
B, = B(xz, ﬁ) C U, then follows from the fact that bi-Lipschitz mappings
between closed sets preserve the boundaries. Starting from (J,cn %Bx O N, we
use the Vitali covering lemma (Lemma A.1.2) to extract a countable collection
(x;)ier € N such that Ujc; gBl- D N with the éBi mutually disjoint. We have
abbreviated as usual B; .= B,,.

If z € R? is contained in U, then U; C B(z;, Lv/d) C B(x,2LVd) by the
Lipschitz property and size of the unit cube. Due to B(z;, 5z) € U; and
mutual disjointness there are at most (32L2v/d)? such i. Bounded overlap
guarantees that Uy == R\ U;c; 2B, is an open set that pays for (2.11) and
we can take C' = 1+ (32L2V/d)? in (ii).

For i € I we pick ¢; € C5°(B;) with range in [0, 1], equal to 1 on %Bi, and
IV@illoo < ¢L for a dimensional constant ¢. We also pick a smooth ¢, with
range in [0, 1], support in R\ Ue; By, and equal to 1 on R\ U, £B;. For
any € R? the sum djet Pj (x) contains at most C' non-zero terms, one of
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2. Interpolation Theory

which is equal to 1. Hence, functions n; with the properties specified in (i),
(ii), (iv) are given by 1; := ¢;/ > ,cs ;. Observe that 7; is smooth since the
family (B;); is locally finite by the usual counting argument. For i € I we can
take the x; all the same since ®;(supp(;)) is contained in B(0,3). We pick
Xo € C(Up) equal to 1 on R\ Ujer £B; to complete the construction.

With this formalism at hand, we define the retraction-coretraction pair

(2.12) E: fr— (Xof7 (xi(fo q)i_l))zE])u
(2.13) R (9;)jes — mogo + Y ni(gi o ;).
iel

Indeed, we find REf = f for f € LP(O). It is implicitly understood that
functions with compact support are extended by zero and domains of defini-
tions are appropriately restricted to make these definitions meaningful. We
introduce natural function spaces for these mappings.

Definition 2.4.7. For p € (1,00) and s € [0, 1] define the Banach space

0= (Slalen)

jeJ

X*2(0) = X(0) x /(L X (RY)), g

Remark 2.4.8. The space X*?(0) is constructed by ¢P-superposition from
X*P(0) and X*P(R%). Real and complex interpolation behaves in the best
possible (componentwise) way under this operation [93, Sec. 1.18.1]. Precisely,
the spaces X*?(0) interpolate according to the same rules as do X*?(0) and
X*P(R%) according to Proposition 2.3.4.

Lemma 2.4.9. Forp € (1,00) and s € [0, 1] the maps € : X*?(0) — X*?(0)
and R : X*P(0) — X*P(0O) are bounded.

Proof. In view of Remark 2.4.8 we only have to treat the extremal cases
s = 0 and s = 1. For convenience we write L?(O) and W'?(O) instead of
X5P(0), respectively.

Given f € LP(O), we use the uniformity and support properties of the
partition of unity along with the uniform bi-Lipschitz property of the ®; when
applying the transformation formula [81, Sec. 2.3.1], to give

1) €70, = [, bl P e+ T [ l7 o @) e

el

< [ X tulfl de.

JjeJ
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2.4. Proof of Theorem 2.1.4

The right-hand side is bounded by C||f||7» due to the finite overlap prop-
erty (iii). Similarly, given g € L?(O), we can estimate

(2.15)
1RglEs0) < [ (Imgol + 3 I glo<1>>|) / (gl + 3 Il o @:)P)
el icl
S [P+ 32 [, 1ol = Nl
iel

where in the second step we have used again that for fixed x the sum contains
at most C non-zero terms and hence the ¢!-norm can be replaced by an
P-norm at the expense of a constant depending on C'. The previous two
estimates yield the claim in case s = 0.

We turn to the case s = 1 and recall that W!P-spaces are defined by restric-
tion. Let f € WHP(O) and let F € WHP(R?) be any extension. Calculating
V(EF) by the product and chain rules [81, Sec. 2.3.1], we can use the same
argument as in (2.14) to get

Z H 5F “ (R4) + ”V(SF) HLP(Rd) S HFHLP(Rd + ||VFHLz7 Rd)"

jeJ

Since each (£F'); extends (£f);, the left-hand side controls || f|lw.r(o) from
above and we can pass to the infimum over F' to obtain the required bound-
edness of £. Likewise, given G € X¥P(RY) x ((I; X*P(R%)) we can recycle
(2.15) to the effect that

||RG||LP Rd + ||VRG||Z£P(Rd) 5 Z ||Gj||ZI),P(]Rd + HVG ”LP(Rd

jeJ
and we conclude as before. O

To bring the boundary conditions into play, we introduce a modified version
of X*2(0). We set

(2.16) Ej=®;(D)u (R (=1,1)" ") (i€l
and define
(2.17) X3(0) = X55(0) x XXF(RY) (s> 1/p),

which we consider as a closed subspace of X*P(0O) in virtue of Lemma 2.2.11.
Let us make sure that these transformed Dirichlet parts are of the same geo-
metric quality as D.
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2. Interpolation Theory

Lemma 2.4.10. The set E; defined in (2.16) is (d — 1)-regular in R and
has porous boundary.

Proof. Let B C R%! be a ball of radius r(B) < 1 centered in E;. There are
two cases. The first one is that 1B intersects the complement of (—1,1)%".
Then there is a ball B’ of radius r(B)/4 contained in B\[—1, 1]¢~!. The second
one is that %B is properly contained in the domain of ®; ' and thus there is a
ball B” C R? centered in OO such that r(B) ~ r(B") and ®;'(B) 2 B"N 0.

(i) We show that E; is (d — 1)-regular. In the first case we have |B N
E;| Z (r(B)/4)%"1. In the second case we use that bi-Lipschitz images have
comparable Hausdorff measure [97, Thm. 28.10 a)] and that D is (d — 1)-
regular to conclude

BN E;| ~H"™ (&1 (BNE;)) > H"Y(B"nD) 2 1(B)*".

(ii)) We show that OF; is porous. Again, in the first case, already B’ does not
intersect OF;. Otherwise, we use porosity of D in 0O, taking Remark 1.3.24
into account, to find a ball centered in O and contained in B” which avoids
0D. Transforming this ball back using ®;, we find a ball centered in B with
comparably smaller radius that does not intersect 0F;. [

The next lemma shows that £ and R defined in (2.12) and (2.13) are well-
behaved with respect to the Dirichlet conditions defined in (2.16) and (2.17).

Lemma 2.4.11. Forp € (1,00) and s € (1/p, 1], the operators £ : X3 (O) —
X (0) and R : X3P (0) — X3P (O) are bounded.

Proof. For &, it suffices to consider f € C%(O) since the general case follows
by density, see Lemma 2.2.5. Since xq is smooth with support away from
00\ D, we get that yof is smooth with compact support away from 0O.
In particular, we have xo f € X35(0). We conclude from the bi-Lipschitz
property of ®; that

d(E;,supp(f o ®; 1)) = d(®:(D), ®;(supp f)) ~ d(D,supp f) > 0.

Hence, y;(f o ®; ') is a Lipschitz continuous function on RY whose compact

support has positive distance to E;. Thus, it is contained in W}EZP (RL) C
X3P (RY).

As for R, we take g = (g;)jes from C35(0) x X,_; C% (R%), which is dense
in X2"(0) due to Lemmas 2.2.5 and 2.4.10. As before, we only have to show
that the support of Rg has positive distance to D. But supp(n go) < supp(go)
has positive distance to D by construction and for supp(7;(g; o ®;)) we can
argue as above. O]
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2.4. Proof of Theorem 2.1.4

Remark 2.4.12. Observe that (R,€) is a retraction-coretraction pair for
the spaces X7'(0O) and X3”(O) since this was the case without boundary
conditions and R and & preserve the boundary conditions by the foregoing
lemma. In particular, R is onto in the situation with boundary conditions.

We formulate a reduction result based on this localization.

Proposition 2.4.13. The set inclusions (2.5) and (2.6) follow from the set
inclusions

X (RY) (i s> 1/p)

2.18 Xom(RE), X" (RE)]o 2 :
( ) [ ( +> : (R9)]e 2 {Xs,p(Ri) (if s < 1/p)

and

WE'(RY)  (if s > 1/p)

50,p0 (Tod 81,P1 (TRd
(219) (X7 (RY), X3 (R+)>97p9{ws,p(m) (if s < 1/p).

Proof. We apply Proposition 1.1.1 with the pair (£, R) defined in (2.12) and
(2.13). Owing to the mapping properties derived in Lemmas 2.4.9 and 2.4.11,
we get equal sets

XU(0), X5 (O)ly = RIK(0), K™ (0N
Remark 2.4.12 yields that the inclusion (2.5) holds provided that we can prove

XP(O) (if s>1/p)
XsP(0O) (if s < 1/p).

(2.20) (Xm0 (0), X ™ (0)]s 2 {

The ¢P-superpositions of spaces X*?(0) and Xz (R%) on the left interpolate
componentwise, see Remark 2.4.8. This being said, the above follows from
the assumption (2.18) for the components on R% and Proposition 2.4.6 for
the component on O.

The real case is the same upon using W-spaces on the right of (2.20) and
appealing to assumption (2.19) instead. ]

Remark 2.4.14. It stems from the interpolation on the left-hand side of
(2.20) that at least at this stage of the proof we prefer talking about set
inclusions only. Continuity of (2.20) would require continuity of (2.18) (which
we could obtain) — but with uniform bounds in I (which we believe to be
rather painful).
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2. Interpolation Theory

2.4.5. Extension and restriction operators for the half-space

We introduce the extension and restriction operators appearing in Figure 3.
As usual, X denotes either H or W.

The restriction operator R

Let F C OR?Z be (d — 1)-regular. We identify OR? with R whenever
convenient. Proposition 2.2.1 yields a restriction operator Rp : X*?(RY) —
We=1/pp(F) for p € (1,00) and s € (1/p,1+ 1/p). By construction, we have
for u € X*P(R?) N C(RY),

(2.21) Rru(z') = u(z’,0) (a.e. 2 € F).

In virtue of this formula Ry is well-defined on the quotient space X*?(R%) N
C(R%). The inclusion chain

O (RY)[zs € X*P(RY) NC(RT) € XPP(RY) = X°P(RY 50

and the density of the first space in the last space shows that we can extend
Rr to X*P(R%) by continuity. We abbreviate R = Reopd -

The extension operator &

For the extension operator we also need to consider spaces of negative smooth-
ness. They have been defined on the whole space in Section 1.2. We set
XsP(RT) = Xsﬁp(Rd)]Ri , where the restriction of distributions [gs : &' (RY) —
D'(R%) coincides with the pointwise restriction when s is non-negative.

We construct £ via the bounded analytic Cy-semigroup (e )¢ generated
by A == —(1 — Ay)"? in LP(RY1). Here, A, denotes the Laplacian in R
A reader who is not familiar with these notions may consult the textbook
[3], in particular Example 3.7.6 and Theorem 3.8.3. By means of the Fourier

—At

transform F in R%! the operators e ! are unambiguously defined on all of

S'(R*1) through
M SR 5 DIRY),  uwer FH (VIR Fu(S)).

We write D,(A*) for the maximal domain of A* in L?(R?) and equip it with
the graph norm | - [|1» + ||A* - ||L». By definition of Bessel potential spaces,
we have for k£ € N up to equivalent norms

(2.22) D,(A%) = H*P(RI™1) = WhP(RE).
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2.4. Proof of Theorem 2.1.4

Abstract semigroup theory [93, Thm. 1.14.5] provides an equivalent norm on
the real interpolation space W*=1/PP = (LP, Hk’p)l_% b
L,

(2.23) HafeiAt’U/”Lp(RJr;Lp(Rdfl)) ~ ”u“wkq/p,p(mdq) (u € Wkil/p’p(Rdfl)).
With this at hand, we fix x € C3°(R,) with x(0) = 1 and define the operator
(2.24) Eu(a’, 2q) = x(xq)e  u(z) (' € R 14 > 0).

Proposition 2.4.15. The operator & defined in (2.24) is WHP(R™1) —
XsH/Pe(RL) bounded for all p € (1,00) and s € R\ Z.

Proof. Our argument is an adaption of [93, Sec. 2.9.3] and divides into six
steps.

Step 1: £ : WI=/pr(RI1) — WIP(R?) is bounded. First, we note that
for o € C(Ry) the multiplication operator

(2.25) p(aa) IRy IP(R)) = LP(R 5 LV (RE))
is bounded. By boundedness of the semigroup the same is true for
(2.26) o(xg)e % LP(RIY) — LP(Ry; LP(RY)).

In particular, we get & : LP(R"!) — LP(R%) if we choose ¢ = x in (2.26).
Using the product rule and (2.25), we deduce from (2.23) that for k € N we
have

(227 [T L y——"
Using (2.22), (2.25), the identity Ae %t = —9ze~A%e and (2.27), we obtain

[Eullwir@ey = [|Eullie@.wirmar)) + [€ullwirm, pe@a-1))
~ || Eullpoge) + [Ix(za)Ae™ u(z) Lo ) + 10a€ullLrme)

SJ Hunwlfl/zﬂ,p(ﬂgd—g.

Step 2: £ : Wk=1/pp(RI-1) — WEP(RZ) is bounded for k € N. We argue by
induction. The case k = 1 was treated in Step 1. Recall from Definition 1.2.3
that we do not have to consider mixed derivatives. Moreover, the derivatives in
x4-direction are under control owing to (2.27). We fix 1 < j < d—1. As e A%
and 9; both are Fourier multipliers on &’(R%™!), they commute. Assume the

47



2. Interpolation Theory

claimed boundedness holds for k € N. Then 9¥& : WE—1/pr(R41) — LP(RY)
is bounded and we conclude from Lemma 2.4.3 that

||ag]'€+lgu|lLP(Ri) = ||a]]'€gaju”LP(]Ri) S ||aju||wk—1/w(Rdfl) S HUHW’““—UP’P(Rd*)'

Step 3: Lifting property. To bring negative orders of differentiability into
play, we introduce for m € N the lift operator Z,,, = F~ (1 + |¢'|*)""F
defined on S’(R¥1!). It is invertible and we write Z_,,, = Z,.. For s € R
the operator Zy,, is an isomorphism H*?(R4~1) — H¥*2mP?(R4-1) by definition
of the norms on Bessel potential spaces. Since the Fourier multipliers £ and
Z_5,, commute, we can decompose

(2.28) E =T oy 0E0Toy,

in order to lift the argument of £ into a space with positive order of differen-
tiability, where Z_,,, is the analogous operator in R¢.

Step 4: Z 5, in d-dimensional space. Since Z 5, = (1 — Ay)™ is a
differential operator of order 2m acting only in d — 1 coordinates, we have
T o, : H2mP(RY) — H¥P(RY) for integer s. Interpolation by means of
Proposition 1.2.9 yields Z_,, : X*t?™P(R?) — X*P(R?). The differential op-
erator Z_,,, is local in the sense that it commutes with the distributional
restriction. Hence, its restriction to the upper half-space is well-defined and
we get

(2.29) T o : XSP2MP(RY) — X*P(RY).

Step 5: Interpolation of Z,, and £. As before, we interpolate Z,,, :
HeP(RI-1) — Hs+2mP(R1) from Step 3 to obtain for all s € R bounded-
ness of

(2.30) Tom : WHP(RTTY) — Wet2mp(RITL),

Similarly, real and complex interpolation of the outcome of Step 2 with the
aid of Proposition 2.3.1 yields

(2.31) £ WeP(RITH) — Xo+1/po(RY )

if s >1—1/pis not an integer.

Step 6: Patching everything together. Let s € R\ Z. If s > 1 — 1/p,
then € : WP(RI-1) — Xs+1/PP(RZ) follows by (2.31). Otherwise, we choose
m € N such that 2m + s > 1 — 1/p. We use the decomposition (2.28) to
conclude £ : WoP(R4™1) — XsH/PP(RY) from (2.30), (2.31) and (2.29). O
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2.4. Proof of Theorem 2.1.4

The next lemma justifies calling £ an extension operator.

Lemma 2.4.16. Let F C OR% be (d — 1)-reqular and Ry the corresponding
restriction operator. Let p € (1,00) and suppose that s > 0 is not an integer.
If u € WoP(R4Y) | then RpEu = u holds almost everywhere on F

Proof. By density it suffices to prove the claim for v € CF(R?!). Due
to (2.22) we have u € D,(A*) for all k € N and p € (1,00). We pick k
and p such that D,(A*) is continuously included into C(R?"!) in virtue of
Sobolev embeddings. Since we have Afe Ay = e "M A*y for t > 0, the strong
continuity of the semigroup on LP(R4™!) implies Eu € C(RF;C(R4Y)) =
C(RZ) and Eu(a’,0) = u(z') for almost every 2/ € R%!. Proposition 2.4.15
guarantees Eu € X*T/PP(R?) and we conclude from (2.21) that Rpu = u
holds almost everywhere on F'. O]

2.4.6. Conclusion of the proof

Here, we will verify the set inclusions (2.18) and (2.19). Thereby we complete
the proof of Theorem 2.1.4.

We start out with the interpolation in the case s € (0,1/p), which we treat
slightly more generally for a later use.

Proposition 2.4.17. Let py,p1 € (1,00), so € [0,1/po), s1 € (1/p1,1], and
for 8 € (0,1) define p and s as in (2.2). Suppose s < 1/p. Assume that
U C R? is a closed d-reqular set with porous boundary. Moreover, assume
that U is also d-reqular and that F C OU is (d — 1)-regular. Then it follows
up to equivalent norms that

) XP(T), X (V) = X7(D),
(i) (XEP (U), X" (U)o = WH(V),
with the exception that sy # 0 and s; # 1 are required in (i) for X = W.

Proof. The “C”-inclusions follow from Proposition 2.3.6. For the converse
let (-, -) denote either the #-complex or (6, p)-real interpolation bracket. Using
the inclusion X7 (°U) C X7 (°U), we get

(X U)X () € (X0 (U)X (U))

We identify the space on the left-hand side according to Proposition 2.4.6 to
conclude. O
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2. Interpolation Theory

Since this proposition can be applied to U := RY and F == E;, we get (2.18)
and (2.19) in case s < 1/p.

In a next step we establish the rest of Figure 3. To this end, we shall appeal
to the theory of Section 2.4.2 with U = E; in R?"!. This requires E; to be
(d—1)-regular in R4"!, its boundary to be a Lebesgue null set, and its interior
to be of some class D*. The first requirement is met by Lemma 2.4.10, which
also guarantees that OF; is porous. Hence, so is its subset OE7. In view of
Example 2.2.13 the interior of F; is of class D' for some ¢ € (0,1). Finally,
the boundary of a porous set is a null set by Lemma A.1.1.

Due to Lemma 2.4.1 the spaces W3P(°E;) interpolate as expected. Next, we
check that the extension operator constructed in the previous section preserves
the zero condition when restricted to WP (°E;).

Lemma 2.4.18. Let p € (1,00) and let s > t(1/p — 1) not be an integer. If
X denotes either H or W, then £ : WP(°E;) — XEI/p’p(Ri).

Proof. Let u € WiP(°E;). Due to Proposition 2.4.15 we have Eu € X*H1/PP(RZ),
By Lemma 2.4.16 and the definition of WP (°E;) we know that Rg,Eu =u =0
holds. This means Eu € X‘El/ PP(RY). O

Let now pg, p1 € (1,00), so € [0,1/po), s1 € (1/p1,1], and 6 € (0,1). Let us
recall
1 1-6 0

— = —{—*, S:<1—9)80+981
p Po n

and that we assume s > 1/p. By these restrictions on the parameters there
are q € (1,00) and ¢ € (0,min{1/q,#(1—1/q)}) such that the point (1/q, —&)"
lies on the segment connecting (1/p1, s1—1/p1)" and (1/po, so—1/po) " in the
(1/p, s)-plane. Since we have by construction

1/p — 1/po L 1/ |

s—1/p so — 1/po s1—1/p1
we can fix n € (0,6) such that

1/p 1/q 1/m

s—1/p —€ s1—1/p
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2.4. Proof of Theorem 2.1.4

This yields identity (©) in Figure 3. Adding both lines of the previous equa-
tion gives

s=(1—=n)(1/q—¢)+ns.

We deduce

0—n 0—n
1— =1/q—c¢.
( 1_77)504—1_7]51 Jq—¢
In the following all function spaces are on RY and we omit the dependence.
Let (-,-) denote either the complex or the (-,p)-real interpolation bracket.
From Proposition 2.4.17 and Proposition 2.3.5 we deduce

(X107, X3, = (X0, Xy g, X2, = (X7, X5,

where sp # 0 and s; # 1 are required in case X = W. This establishes
Figure 3 in case of complex interpolation. It also establishes the analogue
that corresponds to real interpolation of H-spaces. As for real interpolation
of W-spaces, we invoke the following reiteration theorem [23, Thm. 3.5.3].

Proposition 2.4.19. Let (X, X1) be an interpolation couple. Let p € [1, 0],
6o, 61 € [0, 1] with Oy # 01, and A € (0,1). With 6 .= (1 — )0y + N0, it follows

that up to equivalent norms

((Xos X1)ao,p» (X0, X1)01,p)0p = (X0, X1)0,p;
subject to the interpretation (Xo, X1);, = X; in the endpoint cases j € {0,1}.
Indeed, in combination with Proposition 2.4.17 we can give
(WIS, W), = (WP W oy W = (W W),

without requiring sg # 0 or s; # 1. This completes Figure 3 in the remaining
case.

With this at hand, we complete the proof of Theorem 2.1.4. Let (-, -) denote
either the complex or the (-, p)-real interpolation bracket. With Lemma 2.4.16
we derive R(f — ERf) =0 for f € X*P, which means f — ERf € Xg’ﬂgi. We
have

<X807p0 ) X;}R:gl >9 g <Xso,po ) XSEI,;pl >97
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2. Interpolation Theory

s?p
d
oRd

for real interpolation. From the decomposition

where Proposition 2.4.6 identifies the left-hand space as X

S’p
d
oR?

for complex

interpolation and as W

f=(—ERf)+ERS

we conclude f € [X®0P0 X3Py for f € X3P in case of complex interpolation,
which completes the proof of (2.5), and f € (X*oP X3")y, for f € Wi,
which shows (2.6).

2.5. A complex (Wp5"?, WgP)-interpolation
formula

In this section we prove Theorem 2.1.6. We begin by defining spaces of neg-
ative smoothness with boundary conditions on an open set.

Definition 2.5.1. Let O C R be open and D C O be (d — 1)-regular. Let
p € (1,00) and s € [0, 1]. For X either H or W define

X=7(0) = (X (0))
and if s > 1 — 1/p define
Xp"(0) = (X3 (0))"

In the case O = RY, this is consistent with previous definitions.

We are concerned with interpolation spaces between W5"*(0) and W57(0).
These two spaces form an interpolation couple since we can naturally view
WP(0) as a subspace of W,,'?(O) by extending the L?(O) — L” (O) duality.
We also recall that as a consequence of Lemma 2.2.5 the inclusion lejp (O) C
L?(0) is dense.

As for interpolation of dual spaces, we have the following principle [23,
Cor. 4.5.2], see also [17, Cor. 2.15] for a proper treatment of the spaces of
conjugate-linear functionals indicated by a superscript asterisk.

Proposition 2.5.2. Let (X, X1) be an interpolation couple such that XoNX;
is dense in both Xy and X, and assume that Xq is reflexive. For 6 € (0,1) it
follows that with equal norms

[XT, Xgli-0 = ([Xo, Xi]o)"
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2.5. A complex (Wp'"?, WpP)-interpolation formula

Now, the idea of proof is to patch together the interpolation scale pro-
vided by Theorem 2.1.4 with its dual scale. This requires some overlap of
interpolation scales. The following lemmas use some notions introduced in
Section 2.3.1.

Lemma 2.5.3. Let O C R? be an open set with porous boundary. Let
p € (1,00), s € (1/p —1,1/p), and let X denote either H or W. There
is a retraction R : X*P(RY) — X*P(O) with corresponding coretraction & :
X5P(0) — X*P(R?). These operators are the same for all p and s.

Proof. If s € [0,1/p), then due to Corollary 2.2.15 we can take R = |o
and £ = & the extension by 0. By the usual identification of functions

with distributions, these operators consistently act on X*P also when s €
(1/p — 1,0]. Indeed, if f € X*P(R?) then for all ¢ € X~ (O) we set

(flo @)Xs,p(o),x—s,p’(O) = (/. 5090>X87P(Rd),X—SvP'(Rd)’

where (-,-) denotes the respective duality pairing. Well-definedness and
boundedness of | : X¥P(R?) — X*P(0) follows again from Corollary 2.2.15.
Conversely, given g € X*P(0), we let the zero extension &g act on ¢ €
X7 (RY) via

(€09, ¢>xsm(Rd),X7w’ (Rd) "= (9, ¢|O>Xs,p(0),xfw’(0)-

It is bounded since |o : X% (R?) — X~ (0) is bounded by definition of
the quotient norm. Finally, (&yg)lo = g follows by concatenating the two
identities above. O

Lemma 2.5.4. Let O C R? be an open set with (d — 1)-reqular boundary. Let
p € (1,00), so,81 € (1/p—1,1/p), 0 € (0,1), and set s .= (1 — 0)sg + Os1. If
X denotes either H or W, then up to equivalent norms

X*7(0), X" #(0)]s = X*7(0)
with the exception that s = 0 is only allowed if X = H.

Proof. The corresponding identities on O = R? are due to Proposition 1.2.9.
The conclusion follows from Proposition 1.1.1 applied with the retraction-
coretraction pair from Lemma 2.5.3. O]

With these tools at hand, we can give the
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2. Interpolation Theory

Proof of Theorem 2.1.6. We appeal to Wolft’s result, Proposition 2.3.3. All
function spaces will be on O and we omit the dependence. We fix some
s € (0,min{1/p,1 — 1/p}) and consider the following diagram.

5l

Hfs,pi LPT le,p ngp

The 1/2-interpolation is due to Lemma 2.5.4 and s-interpolation is due to
Theorem 2.1.4. Proposition 2.3.3 yields LP = [H_s’p,WBp]s/(Hs). Therefore
we can consider the diagram

W,;Lpi Hoere 5 ngp

[' ’ ']s/(1+s)

where the (1 — s)-interpolation follows from Theorem 2.1.4 by means of the
duality principle of Proposition 2.5.2. Another application of Proposition 2.3.3
completes the proof. O

2.6. Real interpolation via the trace method

Here, we present the proof of Theorem 2.1.7.

2.6.1. Road map

The main new ingredient is Grisvard’s trace characterization of real interpo-
lation spaces [50, Thm. 5.12] stated in Proposition 2.6.1 below.

For a Banach space X we need the usual Bochner-Lebesgue space LP(R; X))
of X-valued p-integrable functions on the real line and for s > 0 the respective
(fractional) Sobolev spaces W*P(R; X') that are defined as in the scalar case
upon replacing absolute values by norms on X. For s > 1/p such functions
have a continuous representative and in that sense W*P(R; X) C C(R; X)
holds with continuous inclusion [90, Cor. 26]. In particular, the pointwise
evaluation |;—o : W*P(R; X') — X is well-defined and bounded. All this was
already used in [50] and was known at the time by different proofs.
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2.6. Real interpolation via the trace method

Proposition 2.6.1 (Grisvard). Let Xg, X1 be Banach spaces such that X, C
Xo with dense and continuous inclusion. Let p € (1,00) and s > 1/p. Then

(LP(R, X1> N Wsup(R; X(])) |t:0 - (Xo, )(1)17L .
sp”

The strategy to obtain Theorem 2.1.7 is schematically displayed in Figure 4.
Owing to Proposition 2.3.6 and the bounded inverse theorem, we only need
to prove the set inclusion “2” in (f). As usual, it suffices to only consider the
case so = 0 and s; = 1.

Wt PP (RéH1) I yyst1/p(R; Lp(RY)) N LP(R; Wiy /P (R))

€olp leco
Ws?(0 L D) W/ (R 17(0)) N LP(R: Wi /P(0))
& lt=0
W*2(0) NL2(0,d,™) (Lr(0), Wi"(0)),
Hardy reiteration
Wi2(0) (L7(0), WBP(O))W

Figure 4.: Schematic presentation of the argument for obtaining the inclusion
“D” in Theorem 2.1.7 for s > 1/p. For s < 1/p the diagram would
start with W*?(O) instead.

The key observation is that functions in the second space of Figure 4 can
be extended by zero to the set

O L D:=(0x{0})u(DxR),

without losing Sobolev regularity. We shall see that O L D is, as expected, a

d-regular subset of R%*!. By means of the Jonsson-Wallin operator £ p we

can then extend to all of R™! and via a Fubini property we end up in a space

suitable for Grisvard’s result. Taking the trace yields the desired inclusion, up

to applying reiteration techniques from Proposition 2.4.19 in the final step.
Unless otherwise stated, we make the following

Assumption 2.6.2. The set O C R? is open and d-reqular. The Dirichlet
part D C O is Ahlfors—David reqular.
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2. Interpolation Theory

Only the final step will use the (d — 1)-regularity of the full boundary 0O
additionally assumed in Theorem 2.1.7.

2.6.2. Hardy’s inequality

In order to obtain the first inclusion in Figure 4, we establish a fractional
Hardy inequality adapted to mixed boundary conditions that might be of
independent interest. In contrast to related inequalities in [38] we completely
avoid the use of capacities.

Definition 2.6.3. A set U C R? is plump if there exists k € (0,1) with the
property:

Vz € U,r < diam(U) 3Jy € B(z,r) : B(y,xr) C U.

Remark 2.6.4. A comparison with Definition 1.3.23 yields first examples of
plump sets. Namely, if £ C R? is uniformly porous, then ¢FE is plump. This
example can be modified to the effect that E is bounded and (uniformly)
porous and @ C R? is an open cube containing E: Still we have that Q \ E is
plump.

We cite a result of Dyda—Viahakangas [34, Thm. 1]. Upper and lower As-
souad dimension have been introduced in Definition 1.3.13, and for uniformly
(-regular sets they coincide and equal £.

Proposition 2.6.5 (Dyda-Vahikangas). Let p € (1,00) and s € (0,1). Sup-
pose that U C R? is a proper, plump, open set in R. Assume one of the
following conditions:

(i) dimus(0U) < d — sp and U is unbounded.
(ii) dim45(0U) > d — sp and either U is bounded or OU is unbounded.

Then there exists a constant ¢ such that the inequality

|f (@)[” [f(z) = f()I”
/U d(x,0U)sr dz < C/U/U |z — y|sp+d de dy

holds for all measurable functions f for which the left-hand side is finite.

Remark 2.6.6. In the proof of the previous proposition, a clever absorption
into the term on the left-hand side is used. This is how the finiteness condition
enters the game.
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2.6. Real interpolation via the trace method

With this at hand, we can state and prove the Hardy inequality alluded to
above.

Proposition 2.6.7. Let p € (1,00) and s € (0,1), s # 1/p. Under Assump-
tion 2.6.2 there is a constant C' > 0 such that the fractional Hardy inequality

(2.32) [ a4 <l

holds for all f € W*P(O) if s < 1/p and for all f € WZ(O) if s > 1/p.

Proof. In both cases we shall reduce the claim to Proposition 2.6.5 on some
auxiliary set.

Case 1: s < 1/p. Since D is Ahlfors-David regular, so is D by Re-
mark 1.3.11. According to Example 1.3.25, D is uniformly porous. Hence,
U = R%\ D is plump. Since (d — 1)-regular sets have empty interior, we
conclude OU = D, which has upper and lower Assouad dimension d — 1. Part
(i) of Proposition 2.6.5 yields for all measurable f for which the left-hand side
is finite

|f(@)[” [f(z) = f(y)”
(233) /]Rd dD( ) /]Rd /Rd‘gj‘—y‘slﬂ'd dx dy < C”fHWSP(]Rd

Example 2.2.13 guarantees that z — dp(z)~* is locally integrable. Thus,
(2.33) applies to every f € CP(R?), a dense subspace of W*P(R?), and we
can use Fatou’s lemma to extend (2.33) to all f € W*P(R?). Restriction to O
yields (2.32) for f € W*P(O).

Case 2: s > 1/p and D is unbounded. Part (ii) of Proposition 2.6.5 applies
to U :=R?\ D and we can argue as before, except that now we have (2.33) a
priori for f € CX(R?), a dense class of f € W3'(R?) in view of Lemma 2.2.5.
Hence we get (2.32) for f € WF(O).

Case 3: s > 1/p and D is bounded. Let @) be an open cube that contains
D. As before we obtain that U := 2Q \ D is plump, where 2Q) denotes the
concentric cube with twice the sidelength. Moreover, 0U = 9(2Q) U D is
uniformly (d — 1)-regular as a finite union of sets with that property. Hence,
it has lower Assouad dimension d — 1. Part (ii) of Proposition 2.6.5 yields for
all measurable g for which the left-hand side is finite

lg(z) — g(y) P
(2.34) / = // —————— dr dy < o
; d(z, (3U sp E _y|sp+d z dy < gy

This applies to g € Cg,(U) and extends to g € W55 (U) as in Case 2.
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2. Interpolation Theory

Let now f € WP(O). Let us fix n € CF(2Q) equal to 1 on @ and let & be
an extension operator for O as in Proposition 2.2.9. We can bound

|f ()P n(2)E f(z)P |f ()P
o dp@)r S /omQ dD( ) d“/O\Q dp()® 1

|n(x)E f(z)” |f(x)[P
’q dv = I, + I
/ d(z, aU o T g dpmr T

where we have used O N @Q C U and D C OU to obtain I;. Since on
‘@ we have d(-,D) > d(D,0Q) > 0, we control I by [[f||7,)- Next,
Ef € WHF(R?) follows from Lemma 2.2.11. Pointwise multiplication by 7
is bounded on W*P(R?) and maps W3’ (R?) — W3F(RY) since this is true
for the respective dense subsets provided by Lemma 2.2.5. In conclusion, we
have n€ f € W3F(RY). Hence, the extension of (2.34) gives control on I; by
1€ flliys.s (ray- Lhe boundedness of € leads us to a desirable bound for I;. [

2.6.3. Details of the proof

We are in the position to give a precise meaning to Figure 4. The first inclusion
was established in Section 2.6.2. We continue with the zero extension part on
the left.

The following lemma is a straightforward consequence of a product formula
for the Hausdorftf measure [42, Thm. 2.10.45]. Full details are written out in
[38, Cor. 7.6].

Lemma 2.6.8. If O C R? is d-reqular and D C R? is (d — 1)-reqular, then
D xR, O x {0}, and O L. D C R? are d-regular.

Since O L D is a d-regular subset of R the fractional Sobolev spaces
W*P(O L D) are defined as in Section 2.2.1 and there is a corresponding
Jonsson-Wallin theory in R4*!. In the following, we systematically use bold
face to distinguish geometric objects such as points, balls, and Hausdorff
measures in R from their counterparts in R

Proposition 2.6.9. Let p € (1,00) and s € (0,1). Under Assumption 2.6.2
the zero extension operator
f@) (ifze€0,1=0)

(Eof)(w,t) = {0 (ifv € D, t € R)

is WoP(O) N LP(O,d,™) — W*P(O L D) bounded.
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2.6. Real interpolation via the trace method

Proof. Since the outer measure E + H*(E x {0}) on R? is a translation
invariant Borel measure that assigns finite measure to the unit cube [97, §27],
the induced measure coincides up to a norming constant c¢; > 0 with the d-
dimensional Lebesgue measure. Thus, & f € LP(O L D) is a consequence of
felrO).

We use Tonelli’s theorem to bound the remaining part of the W?(O L D)-
norm by

/AyeOLD bof (@) — Eofy)” H(dz) H(dy)

o—y|<1 |f"_ e
|f(z) — f(y)]P
2.35 <C//x F@) =P, dy
( ) d : ngl ’x_y’wsp
| f ()P d
+2 /yerR gy M) de

xO)|<1

The first integral on the right is bounded by || f |0 »(0)- 1f the inner domain
of integration in the second integral is non-empty, then there exists an integer
no > 0 such that 277! < dp(x) < 27™. We then split the integral into
dyadic annuli

C, = (D xR) N ((B((x,0),27") \ B((z,0),2""),

each of which satisfies H(C,,) < 279" since D x R is d-regular, to give

1
(z,0)|d+s Hd(dy)

2d+873
20 — 1

yeDxR
|y (z,0)|<1 ly —

5 Z 2(n+1)(d+sp)2—dn _
n=0

(25P(no D) 1),

By choice of ng, the right-hand side is controlled by dp(z)~*F. In conclusion,
the second integral on the right of (2.35) is bounded by

//yEDxR (iitg)‘)p’d+sp dx</o O]

x0\<1

The Fubini property appearing in Figure 4 is as follows. Throughout, we
canonically identify LP(R4™) with LP(R; LP(R?)) by means of Fubini’s theo-
rem.

Lemma 2.6.10. Ifp € (1,00) and s > 0, then up to equivalent norms

(2.36) WP (R = LP(R; WP (R?)) N WHP(R; LP(R?)).
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2. Interpolation Theory

Proof. For s > 0 an integer, the claim follows directly from Fubini’s theorem.
Let now s = k + o, where k > 0 is an integer and o € (0,1). According to
[93, Sec. 2.5.1] we can equivalently norm W*?(R%) by

e ||f||Lp+Z (//

where (e;); denotes the standard unit vectors in R%. This equivalent norm
only takes into account differences of f along the coordinate axes. Therefore

ok ok 1/p
St he) - S ae i)

’h’lJrsP

we obtain (2.36) from Fubini’s theorem if we equivalently norm all appearing
spaces as described before. O

The next lemma makes Figure 4 precise, except for the final step.

Lemma 2.6.11. Let p € (1,00) and s € (0,1). Under Assumption 2.6.2 the
set inclusion

(L7(0), W5 P7(0))g, 2 W#(0) N17(0, "),
holds for v € (0,1) satisfying U(s + 1/p) = s.

Proof. We fix a function f in W*?(O) N L*(O,d,™).

The inclusion W3I'/PP(0) C LP(O) is continuous and it is dense since
already C3%,(0) is dense in LP(O). In view of Proposition 2.6.1 it suffices to
construct a function

(2.37) F € LP(R; W3T/PP(0)) n W*H1/PP(R; LP(0))  such that Fl_o = f

For the construction we start by extending f to O L D by zero. This extension
Eof is in WP(O L D) due to Proposition 2.6.9. Since O L D is a d-regular
subset of R¥*! according to Lemma 2.6.8, we can use Proposition 2.2.1 to
extend & f to a function G € W*+/PP(R4*1) in virtue of the corresponding
Jonsson-Wallin operator. In view of Lemma 2.6.10 we have by canonical
identification

G € LP(R; WeH/PP(RT)) 0 WeH/PP(R; LP(RY)).
A closer inspection reveals the following.

(i) Let R be the Jonsson—Wallin restriction to the d-set D x R in R4, We
have RG = 0 by construction and therefore G € W5 //PP(R%1). Owing
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2.6. Real interpolation via the trace method

to Lemma 2.2.5, we approximate G € W57 /PP(R41) in that space by
test functions G,, € C%, x(R*1). By slicing

G, € LP(R; Wi, /PP(RY)) 0 WH/PP(R; LP(RY))

and due to the Fubini property of Lemma 2.6.10 the limit G is contained
in the same space, which is to say,

G € LP(R; Wi, /PP (RY)) 0 Wt /P2 (R; LP(RY)).

(i) Let R be the Jonsson—Wallin restriction to the d-set R? x {0} in R4*L.
This operator is bounded from W*+1/P(R¥*1) into LP(R?x {0} ) by Propo-
sition 2.2.1. On the other hand, we can look at the restriction |;—¢
defined on LP(R; Ws+/P2(R4)) 0 Ws+1/PP(R; LP(R?)) and bounded into
LP(R%). Identifying corresponding objects via Fubini’s theorem as be-
fore, it turns out that these two restrictions are the same since they
obviously agree on a dense class of continuous functions. Since RG and
f coincide ‘H%-almost everywhere on O X {0} by construction, we can
record

Gli=o = f almost everywhere on O.

The outcome of observations (i) and (ii) shows that F' = G|oxg verifies
(2.37). O

Together with Proposition 2.3.6 we obtain

Corollary 2.6.12. If in addition to Assumption 2.6.2 the set O has (d —1)-
reqular boundary, then the set inclusion in Lemma 2.6.11 is an equality with
equivalent norms.

Eventually, we can complete the

Proof of Theorem 2.1.7. In the following all function spaces will be on O and
we omit the dependence on O for clarity. In view of the reiteration theorem
above it suffices to treat the case sp = 0 and s; = 1 and prove for s € (0, 1)
that up to equivalent norms it follows that

WP (if s >1
(2.38) (L7 W), =4 P (if s > 1/p).
WsP  (if s < 1/p)
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2. Interpolation Theory

If s+ 1/p = 1, then the claim follows from Corollary 2.6.12. The proof for
s+ 1/p # 1 divides into four cases.

Case 1: s > 1/p and s+ 1/p < 1. We have a diagram suitable for Wolff
interpolation:

(' ) ')1971?
Lr l W3P T leDJrl/p,p T W}jp.
(' ’ ')u,p
Indeed, the (9, p)-interpolation is due to Corollary 2.6.12 and the (u,p)-
interpolation with suitable g € (0,1) is due to Theorem 2.1.5. The claim
follows by Proposition 2.3.3.
Case 2: s > 1/p and s+ 1/p > 1. We fix any t € (s,1) and let A € (0,1)

satisfy (1 —A)s+ A(s+1/p) = t. Applying one after the other Theorem 2.1.5,
Corollary 2.6.12, and Proposition 2.4.19, we obtain

, s, s+1/p, s+1/p, s+1/p, s ,
Wi = (Wi, Wi PPy, = (L2, WP Wi Pey, = (1P, Weti/eey,

with  =t/(s + 1/p). Once again by Proposition 2.4.19 and Corollary 2.6.12
we find

(L2, W) gep = (L2, (L2, W5 PPY g )iy = (L2 W PPY = WP

Thus we obtain the desired result (2.38) from Proposition 2.3.3 applied as
follows:

(' ) ')s/t,p
e Wy T ngp W

1

(' ) ')u,p

Indeed, we have obtained the (s/t,p)-interpolation above and the (u,p)-
interpolation for appropriately chosen p is due to Theorem 2.1.5. Note that
because of the exceptional case for real interpolation of Sobolev spaces we

cannot pick ¢ = 1 right away.

Case 3: s < 1/p and s+ 1/p < 1. We can apply one of the previous two
cases with s+1/p in place of s to obtain (L7, WH)s41/pp = Wi /P, Together
with Corollary 2.6.12 in the first and reiteration in the third step, we are led

to the desired result
WP = (vawg_l/np)ﬂ,p = (Lp7 (va WBp)S+1/pyp)ﬁ,p = (Lp7 ng)svp‘

62



2.6. Real interpolation via the trace method

Case 4: s <1/p and s+ 1/p > 1. We pick 1/p < A < k < 1. By one of the
first two cases along with Proposition 2.4.19, we find

(L2, W5 )xmp = (L (L WE ) p)ajmp = (L2, W5 ) = W

Together with Theorem 2.1.5 this establishes for suitable u the diagram

(' ) ')/\/n,p
Lpi ng ‘ 4WIBP TWSD—*—l/p’p'

1

(' ) ')MD

Proposition 2.3.3 yields Wp;" = (Lp,ijH/p’p)@m with § = /(s + 1/p). We
conclude by using one after the other Corollary 2.6.12, reiteration, one of the

first two cases, and again reiteration:

WP = (L2, Wi PP), = (12, (L7, W5 g ) = (L2, W) s
= (Lp, (Lp, ng)n,p)s/mp = (va WBP>S,P‘ A
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CHAPTER 3

Extension operators for Sobolev spaces with boundary
conditions

Sobolev spaces Wi”(O) that contain functions that only vanish on a portion
D of the boundary of some given open set O C R? play an eminent role in
the study of the mixed problem for elliptic operators. In the study of these
spaces, an extension operator is a crucial tool.

Early contributions to the history of Sobolev extension operators include
the works of Stein [92, pp. 180-192] and Calderdn [27] on Lipschitz domains as
well as the seminal paper of Jones [65] on (g, d)-domains. The latter work was
later refined by Chua [29] and Rogers [84]. Though all these constructions
aim at the full Sobolev space W'?(O), they restrict to bounded extension
operators on the space with vanishing trace on D and the extensions preserve
the trace condition on D if a mild regularity assumption is imposed, see
Lemma 2.2.11 (the lemma is formulated for Rychkov’s extension operator,
but the proof applies verbatim if s = 1).

All these constructions rely on regularity assumptions for the full boundary
of the underlying set O. However, if we consider a (relatively) interior point of
D, then it is possible to extend the function by zero around that point, so that
a relaxation on the boundary regularity is feasible. This effect was exploited
using localization techniques by several authors, see Brewster, Mitrea, Mitrea,
and Mitrea [26] for a very mature incarnation of this idea using local (g, d)-
charts, and [56] for a version using Lipschitz manifolds. We will present both
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3. Extension operators for Sobolev spaces with boundary conditions

frameworks in detail in Section 3.2 and show that they are included in our
setup.

One drawback of this method is that the regularity assumption for the
Neumann boundary part 9O \ D has to hold not merely on this boundary
portion but in a neighbourhood of it, which in particular contains interior
points of D. This forbids all kinds of cusps that are arbitrarily close to the
interface between the Dirichlet and the Neumann boundary parts.

In this work, we will introduce an (g,d)-condition that is adapted to the
Dirichlet condition on D. To be more precise, we also connect nearby points
in O by e-cigars, but these are with respect to the Neumann boundary part
00\ D and not the full boundary 0O, which means that e-cigars may “leave”
the domain across the Dirichlet part D to some extent that is measured by
a quasi-hyperbolic distance condition. This allows to have certain inward and
outward cusps arbitrarily close to the interface between the Dirichlet and
Neumann parts, see Example 3.2.5 for an illustrating example. However,
there are types of cusps that are particularly nasty and which are excluded
from our setting by the aforementioned quasihyperbolic distance condition. In
Example 3.2.7 we show that in these kinds of configurations there cannot exist
a bounded extension operator, which emphasizes that it is indeed necessary
that we have incorporated some further restriction in our setup. A detailed
description of our geometric framework will be given in Assumption 3.1.1.

Next, we give a precise definition of what we mean by the term extension
operator, followed by our main result.

Definition 3.0.1. Call a linear mapping £ defined on L}, _(O) into the mea-
surable functions on R? an extension operator if it satisfies £ f(z) = f(x) for
almost every z € O and for all f € L _.(O).

loc

Theorem 3.0.2. Let O C R? be open and let D C 9O be closed. Assume that
O and D are subject to Assumption 3.1.1. Moreover, fix an integer k > 0.
Then there exists an extension operator € such that for all 1 < p < oo and
0 < ¢ < k one has that £ restricts to a bounded mapping from Wff)p(O) to
W%p(Rd). The operator norm of € depends on geometry only via the implicit
constants and parameters in Assumption 3.1.1.

In addition, we will present a further improvement for the first-order case
in Theorem 3.8.3. We also show local and homogeneous estimates in Theo-
rem 3.9.2.

This chapter is based in a joint publication with Russell Brown, Robert
Haller-Dintelmann, and Patrick Tolksdorf, see [19].
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3.1. Geometry and Function Spaces

Outline of the chapter

First of all, we introduce our geometric setting in Section 3.1 and provide
examples of admissible geometries. We also give counterexamples for ng (0)
extension domains.

Right after that, we dive into the construction of the extension operator.
Sections 3.3 and 3.4 are all about cubes. In there, we will define collections
of exterior and interior cubes coming from two different Whitney decomposi-
tions, and will explain how an exterior cube can be reflected “at the Neumann
boundary” to obtain an associated interior cube. In contrast to Jones, not
all small cubes in the Whitney decomposition of O are exterior cubes. The
treatment of Whitney cubes which are “almost” exterior cubes are the central
deviation from Jones’ construction and are thus the heart of the matter in
this construction. These two sections are highly technical.

Eventually, we come to the actual crafting of the extension operator for
Theorem 3.0.2 in Section 3.5. This section also contains results on (adapted)
polynomials which are needed to define the extension operator via “reflec-
tion”. The proof of Theorem 3.0.2 will be completed in Section 3.7. Before
that, we introduce an approximation scheme that yields more regular test
functions for WXP(O) in Section 3.6. This additional regularity is crucial for
Proposition 3.7.1.

Finally, we present some additional first-order theory in Section 3.8, fol-
lowed by some short observations on locallity and homogeneity in Section 3.9
which build on an observation made in Remark 3.5.12.

3.1. Geometry and Function Spaces

3.1.1. Geometry

Let = C R? be open. For two points =,y € = their quasihyperbolic distance,
first introduced by Gehring and Palka [46], is given by

1

ke(z, ::‘f/i dz|,
=@y =il [ ey |4

where the infimum is taken over all rectifiable curves v in = joining x with y.
Notice that its value might be co. This is the case if there is no path connecting
x with y in =. The function kg is called the quasihyperbolic metric. If =/ C =
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3. Extension operators for Sobolev spaces with boundary conditions

define
kz(x, =) = inf{k=(z,y) : y € Z'} (x € 2).

To construct the Sobolev extension operator in Theorem 3.0.2, we will rely
on the following geometric assumption.

Assumption 3.1.1. Let O C R be open, D C 00 be closed, and define
N =00\ D. We assume that there exist € € (0,1], 6 € (0,00] and K > 0
such that for all points x,y € O with |x—y| < § there exists a rectifiable curve
7y that joins x and y and takes values in = := R4\ N and satisfies

(LC) length(y) < e Mo — 9y,
(CC) d(z, N) > 2 ‘ﬂyy‘_ 4 Gen,
(QHD) k=(z,0) < K (z € 7).

Furthermore, assume that there exists A > 0 such that for each connected
component Oy, of O holds

(DC) 00, NN £0 = diam(On) > .

Remark 3.1.2. Let (Z,,),, denote the connected components of =Z. From
d(z,0=,,) = d(z,0=) for z € E,, follows directly that kz(z,y) = kg, (x,y)
holds for all 2,y € =,,. Note that 9= = N since N C 9O contains no interior
points. Moreover, for z € Z,, and y € =,, with m # n one has kz(z,y) = o0
since there is no connecting path between those points. Finally, kga(z,y) =0
holds for all ,y € R? by the convention 1/0c0 = 0.

Remark 3.1.3. (i) Consider the pure Dirichlet case D = 00. Then the
e-cigars are allowed to take values in all of R%. In particular, we may
connect points by a straight line, so that (LC) is clearly satisfied. Condi-
tion (CC) is void and also (QHD) is trivially fulfilled, see Remark 3.1.2.
Moreover, the diameter condition is always fulfilled since there are no
connected components that intersect N = (). Consequently, if D = 90,
then Assumption 3.1.1 is fulfilled for any open set O.

(ii) Consider the pure Neumann case D = ) and fix £,d. The curve ~ can
only connect points in the same connected component of O. Thus, O
is the union of at most countably many (&, §)-domains, whose pairwise
distance is at least 6 and whose diameters stay uniformly away from
zero. In particular, if = oo, then O is connected and unbounded.
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3.1. Geometry and Function Spaces

(iii) A similar condition on the diameter of connected components was in-
troduced in [26, Sec. 2| in order to transfer Jones’ construction of the
Sobolev extension operator in [65] to disconnected sets. In the situa-
tion of Assumption 3.1.1 the positivity of the radius only ensures that
the connected components of O whose boundaries have a common point
with N do not become arbitrarily small. This is because our construc-
tion is global and not using a localization procedure. We will present a
thorough comparison with the geometry from [26] in Section 3.2.

3.1.2. Function spaces

Write WXP(O) for the collection of all LP(O) functions that have weak deriva-
tives up to the integer order k& and which are again in L”(0). Equip W*?(O)
with the usual norm. Recall that by Proposition 1.2.11 the space W1 (R%)
coincides with the space Lip(R?) of Lipschitz continuous functions. A partic-
ular consequence is that (locally) Lipschitz continuous functions are weakly
differentiable. We will exploit this fact in Section 3.7. Note that on domains
a mild geometric assumption is needed to ensure that W%*°(O) coincides
with Lip(O), see also Remark 1.2.12. This can be observed by considering
O =B(0,1)\ [0,1) as a counterexample.

Definition 3.1.4. Let O C R? be open and let D C O be closed. Define the
space of smooth functions on O which vanish in a neighborhood of D by

CE(0) = {f € C*(0): d(supp(f), D) > 0}.

Using this space of test functions, we define Sobolev functions vanishing
on D. Note that we exclude the endpoint case p = oo in that definition.
However, in the case k = 1, we will work with a related space in Section 3.8.

Definition 3.1.5. Let O C R? be open and let D C O be closed. For an
integer k and p € [1,00) define the Sobolev space W5P(O) as the closure of
C%(0) NWkP(0) in WEP(O).

In Section 3.6 we will see that even the space C%(R%)|o N WkP(O) is dense
in WhP(O) as long as we assume the geometry from Assumption 3.1.1; In
fact, we will approximate by compactly supported C%(R?) functions, which
are therefore in particular in W*?(0).
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3. Extension operators for Sobolev spaces with boundary conditions

3.2. Comparison with other results and examples

The most general geometric setup to construct a Sobolev extension operator
for the spaces ng (O) was considered in the work of Brewster, Mitrea, Mitrea,
and Mitrea [26, Thm. 1.3, Def. 3.4] and reads as follows.

Assumption 3.2.1. Let O C R? be an open, non-empty, and proper subset
of R, D C 9O be closed, and let N .= 00\ D. Let £,5 > 0 be fired. Assume
there exist an at most countable family {U;}; of open subsets of R satisfying

(i) {Ui}:i is locally finite and has bounded overlap,

(ii) there exists 1o > 0 such that for all i there exists an (g,0)-domain O; C
R whose connected components are all of diameter at least ro and O N

(iii) there exists r € (0,00] such that for all x € N there exists i for which
B(z,r) CU;.

Here, an open set O; is called an (g, d)-domain if there exist €,d > 0 such
that for all z,y € O; there exists a rectifiable curve ~ that joins x and y, takes
its values in O;, and satisfies (LC) and (CC) with respect to 0O; instead of N.
The standard example of a fractal (¢, §)-domain is the von Koch snowflake [94,
Fig. 3.5]. The following proposition is a special case of Proposition 5.1.4, which
also takes into account the geometry used in Chapter 5.

Proposition 3.2.2. Assumption 3.2.1 implies Assumption 3.1.1.

A common geometric setup which is used in many works dealing with mixed
Dirichlet /Neumann boundary conditions requires Lipschitz charts around points
on the closure of N and is presented in the following assumption.

Assumption 3.2.3. Let O C R? be a bounded open set and D C 9O be
closed. Put N == 0O \ D. Assume that around each point v € N there exists
a neighborhood U, of x and a bi-Lipschitz homeomorphism ®, : U, — (—1,1)%
such that ®,(z) =0, ®,(U, N O) = (—1,1)*! x (0,1), and ,(U, N O) =
(—1, l)df1 x {0}.

Proposition 3.2.4. Assumption 3.2.3 implies Assumption 3.2.1.

Proof. By [35, Lem. 2.2.20], for any # € N the set O, = U, NO is an (¢,)-
domain. Here, € and ¢ do only depend on d and the Lipschitz constant. The
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3.2. Comparison with other results and examples

compactness of N implies that there exist finitely many z,...,z,, € N such
that N C UL, Uy,. Define U; == U,, and O; == O,, for j = 1,...,m. Due
to the finiteness of the family {O;}7.,, the constants € and § can be chosen
to be uniform in j. Finally, if » > 0 is the Lebesgue number of the covering
{U,, }™,, then for all xy € N there exists 1 <7 < m such that B(zg,r) C U;.
Thus, all requirements in Assumption 3.2.1 are fulfilled. O

Next, we give an example of a two-dimensional domain that satisfies As-
sumption 3.1.1 but not Assumption 3.2.1. We further show that, within this
configuration, the geometry described in Assumption 3.1.1 is in some sense
optimal.

Example 3.2.5. Let 6 € (0,7) and let Sj C R? denote the open sector
symmetric around the positive z-axis with opening angle 26. Let O C R? be
any domain satisfying

ONSy ={(z,y) €Sy :y <0},
and define
D:z@Oﬂ{RQ\Sﬂ and N =00\ D = (0,00) x {0}

Essentially, this means that inside the sector S§ the domain O looks like the
lower half-space and the half-space boundary that lies inside S; is N. In the
complement of the sector S§, O could be any open set and the boundary of
O in the complement of SJ is defined to be D. See FIGURE 5 for an example
of such a configuration.

To verify that such a domain fulfills the geomteric setup described in As-
sumption 3.1.1, consider first the set

Ay = (R*\ S7) U{(z,y) e R* : y < 0},

which is an (g, d)-domain for some values £,§ > 0. Since O C Ay and N C
0Ay, the (g, d)-paths with respect to Ay for points in O satisfy (LC) and (CC).
Hence, to conclude the example, we only have to show that there exists K > 0
such that for all z € Ay and with = = R? \ N it holds

(3.1) k=(0, 2) < K.

Since the paths obtained above take their values only in Ay this will establish
the remaining condition (QHD). Notice that since

Sy N{(z,y) eR*:y <0} CO
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3. Extension operators for Sobolev spaces with boundary conditions

Figure 5.: A generic picture of a domain described in Example 3.2.5.

it suffices to show that there exists K > 0 such that for all z € Ay it holds
k=(Sy N{(z,y) e R* 1y < 0},2) < K.

We only describe one particular case in detail, the remaining cases are similar
and left to the reader. Assume that 6 < 7/2 and pick z = (v,w) € Ay
with v > 0 and w > 0. Choose (x,y) € 9S4 such that y == —w and let
Y=t +73 with

1 :[0,1] = R?, t s (z,y) + ty — 2,0),
Y21 [0,1] = Rt (y,y) + (0,0 —y),
v3:[0,1] = Rt (y,w) +t(v —y,0).

This construction is depicted in Figure 6. The path ~ then connects (z,y) to
(v, w) and

1 _ 1 . 1 _
kel o)) < [y 1 |y' as [0y

o |yl |y w
:4+x+v'
w

Notice that x = w/ tan(f) and that v < w/tan(6), so that

ke((2,y), (v, w)) < 2(2 + tanl(a))'
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3.2. Comparison with other results and examples

(v, w)

V3

V2

7 (Iv y)

Figure 6.: A path connecting (v, w) and (x,y) that is 'short’ with respect to
the quasihyperbolic distance.

In the remaining cases v < 0 and w > 0, v < 0 and w < 0, or v > 0 and
w < 0 the quasihyperbolic distance to O will even be smaller. This proves
the validity of (3.1) and thus, since O is connected and hence (DC) is void,
that O fulfills Assumption 3.1.1.

Remark 3.2.6. Notice that the geometric setup in Assumption 3.2.1 imposes
boundary regularity in a neighborhood of N, while in the situation described
in Example 3.2.5 the portion D of JO can be arbitrarily irregular as long as
it stays outside of Sy .

We conclude this section by giving examples of domains where the boundary
portion D fails to remain outside of a sector S§ and show that the W-
extension property fails for these types of domains. These examples show that
interior cusps that lie directly on the interface separating D and N destroy the
W}jp -extension property. The same happens with “interior cusps at infinity”,
that is to say, if D and N approach each other at infinity at a certain rate.

Example 3.2.7 (Interior boundary cusp in zero). Let o € (1, 00) and consider
O=R*\ {(z,y) €R*: 2 >0and —z* <y <0}
Define D and N via

D = {(x,y)ERQ:xZOand —z% =y} and N = (0,00) x {0}.

73



3. Extension operators for Sobolev spaces with boundary conditions

To prove that the W}jp -extension property fails, let 1 < p < oo and 0 < r <
0o. Let f. be a smooth function, that is supported in
Qr={(z,y) eR*:r/2<r<2rand 0 <y <1},
satisfies 0 < f,. < 1, and is identically 1 on
R, ={(z,y) €R*:3r/4 <2 <3r/2and 0 <y <r/2}.
Moreover, let f, be such that ||V f, ||~ < r~!. In this case
(3.2) 1l S (2 +727),

Next, employ the fundamental theorem of calculus and a density argument to
conclude that for all '€ WP(R?) it holds

3r/2 3r/2 3r/2
/ F(xz,0) d:c—/ F(x,—x dx—/ 8ny) dy dz.
3r/4 3r/4 3r/4 J—zo

If there exists a bounded extension operator £ : W5P(0) — W' (R?), put
F = £ f, and conclude that the second integral on the left-hand side vanishes
since £f, € WP (R?). Using further that by construction the trace of £f,
onto the set (3r/4,3r/2) x {0} is identically 1, one concludes

3 ,
T oyl dy de S r I o
T S

Dividing by r and using that £ is bounded delivers together with (3.2) the
relation

1< r(a+1)/p’—1(7,2/p + 7"2/”_1),

which results for » — 0 in the condition

1 2
Ol 2 900 =  a<l

P’ p
This is a contradiction since « is assumed to be in (1, 00). Thus, there cannot

be a bounded extension operator £ : Wi¥(0) — WiF(R?).
Example 3.2.8 (Interior boundary cusp at infinity). Let a € (0,00) and

consider
O = {(z,y) € R* : either y >0or z >0 and y < —z~“}.
Define D and N via
D= {(z,y) €R*:2>0and — 2 =y} and N =R x {0}.

The proof that in this situation there does not exists a bounded extension
operator £ from W(0) to Wi (R?) for any p € (1, 00) is similar to Exam-
ple 3.2.7 and we omit the details.
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3.3. Whitney decompositions and the quasihyperbolic distance

3.3. Whitney decompositions and the
quasihyperbolic distance

In this section, we introduce the Whitney decomposition of an open subset of
R? and show how condition (QHD) relates to properties of Whitney cubes. A
cube Q C R?is always closed and is said to be dyadic if there exists k € Z such
that @ coincides with a cube of the mesh determined by the lattice 27%Z¢.
Two cubes are said to touch, if a face of one cube lies in a face of the other
cube, and they are said to intersect if their intersection is non-empty. The
sidelength of a cube is denoted by [(Q). For a number a > 0 the dilation of
() about its center by the factor « is denoted by a().

Let F' C R? be a non-empty closed set. Then, by [92, Thm. VI.1] there
exists a collection of cubes {Q;}jen with pairwise disjoint interiors such that

(i) Ujen @5 = R? \ F,

(i) diam(Q;) < d(Q;, F) < 4diam(Q;) for all j € N,

(iii)  the cubes {Q,}en are dyadic,

(iv) §diam(Q;) < diam(Qy) < 4diam(Q;) if Q; N Qy # 0,
(v)  each cube has at most 12¢ intersecting cubes.

The collection {Q),};en is called Whitney cubes and will be referred to as
W(F). In connection with Whitney cubes, the letters (i)-(v) refer always to
the above properties. We say that a collection of cubes Q1,...,Q,, € W(F)
is a touching chain if (); and ;41 are touching cubes and that it is an
intersecting chain if Q; N Qj11 # O for all j = 1,...,m — 1. The length
of a chain is the number m.

Let us mention that for a cube @ € W(F') and x € @) we have diam(Q) >
+d(z, F). This follows from

4diam(Q) > d(Q, F) > d(x, F) — diam(Q),

and will be used freely in the rest of this chapter.

The following lemma translates (QHD) to the existence of intersecting
chains of uniformly bounded length. Notice that if (Z,,)nez denotes the con-
nected components of the set = = R%\ N, Gehring and Osgood [45, Lem. 1]
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3. Extension operators for Sobolev spaces with boundary conditions

proved that for any two points z,y € =, there exists a quasihyperbolic
geodesic 7, , with endpoints x and y satisfying

1
k': Z, = e — dZ .
=(2,y) G5 | dz|
Trivially, if = = R?, then any path connecting z and y is a quasihyperbolic
geodesic.

Lemma 3.3.1. Fiz k > 0. There exists a constant M = M(d, k) € N such
that for all x,y € Z with k=(z,y) < k there exists an intersecting chain
Q1. Qn € W(N) withz € Qy and y € Q,,, and m < M.

Conversely, if for x,y € = there exists an intersecting chain connecting x
and y of length less than M € N, then kz(z,y) < M.

Proof. Notice that k=(x,y) < oo implies that x and y lie in the same con-
nected component of =. Assume first that

1 .
(3.3) v —y| < 0va min{d(z, N),d(y, N)}.

Let Q.,Q, € W(N) with z € Q, and y € Q,, and let Q. denote the region
occupied by ), and all its intersecting Whitney cubes and similarly let @,
denote its counterpart for ¢),. Then by (iv)

1

4d
This combined with (3.3) yields

diam(Q,,) and d(y,°Q,) > 1 diam(Qy).

d(l’,ch) > 4\/8

A, Q) > o diam(Q2) > Sl — o]

4v/d
By symmetry, the same is valid for y instead of z. Consequently, Q, and @y
have a common point and thus,  and y can be connected by an intersecting

chain of length at most 4.
Now, let

|z —y| > 101/3 min{d(z, N),d(y, N)}.

Assume without loss of generality that d(x, N) < d(y, N). Fix a quasihy-
perbolic geodesic 7, , that connects x with y (see the discussion before this
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3.3. Whitney decompositions and the quasihyperbolic distance

proof). Then Herron and Koskela [59, Prop. 2.2] ensures the existence of
points yo = x, 91, ...,y € R?\ N such that v, is contained in the closure of
U‘_, B;, where B; := B(y;,r;) with r; .= d(y;, N)/(10v/d), and such that

(3.4) ¢ < 20Vdks(z,y).

Next, we estimate the number of Whitney cubes that cover each of these balls.
Denote the number of Whitney cubes that cover B; by W;. Let Q € W(N)
be such that Q N B; # (). Then,

1

d(Q,N) > Z[d(’yi?N) —7r; — diam(Q)],

NH

diam(Q) >
so that by definition of r;

(10v/d — 1) d(y, N)

diam(Q) > 50va

Moreover,

diam(Q) < d(Q,N) <d(B;NQ,N) <d(y;, N) +r; = ll + 10\/—1 d(ys, N).

Consequently,
d
10vd — 1) d(y;, N 1
QEW(N)
QNB;#)

which proves that W; is controlled by a constant depending only on d. We
conclude by (3.4) and the bound on each W; that there exists an intersecting
chain connecting x and y of length bounded by a constant depending only on
d and k.

For the other direction, let )q,...,Q,, be an intersecting chain that con-
nects « with y and with m < M. Thus, by definition Q; N Q41 # 0. Let
be a path connecting x and y which is constructed by linearly connecting a
point in @, N Q; with a point in Q; N Q;41. Thus, employing (ii) delivers

= diam(Q;)
=(x,y) <Z/ ng |dz|§j§diam(@j)—m. O
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3. Extension operators for Sobolev spaces with boundary conditions

3.4. Cubes and chains

In this section, we describe how to “reflect” cubes at N if O is subject to As-
sumption 3.1.1, and establish some natural properties of theses “reflections”.
This is an adaptation of an argument of Jones presented in [65]. Throughout,
assume in Sections 3.4 and 3.5 that O is an open set subject to Assump-
tion 3.1.1 which satisfies O # RY. (When O is dense in R? Theorem 3.0.2
follows in a trivial way. The details will be presented separately in the proof
of the theorem.) Recall that we assume diam(O,,) > A, where (O,,),, are
the connected components of O whose boundary hits N. This is in contrast
to [65] where Jones assumes without loss of generality (by scaling) that the
domain has connected components of diameter at least 1 and that ¢ is at most
1. This has the disadvantage that homogeneous estimates are only achievable
on small scales even if 6 = oo and the domain is unbounded. We will comment
on this topic later on in Remark 3.5.12.

Lemma 3.4.1. We have |[N| = 0.

Proof. Fix g € N and y € O with |zg — y| < g. Let @ be any cube in R?
centered in zy with 1(Q) < 3|zo — y|. We will show that [R?\ N] N Q has
Lebesgue measure comparable to that of Q. Let x € O with |z — x| < $1(Q).
Then, we have

15 17
(3.5) lz—y| > gl(Q) and v —y| < T6|$0 -yl

Let v be a path connecting = and y subject to Assumption 3.1.1 (note that
|z — y| < ¢ is either void if § = oo or otherwise it follows from the second
inequality in (3.5)). By virtue of (3.5), the intermediate value theorem implies
that there exists z € v with |z — z| = 1I(Q). This point lies in 1Q by
construction. Moreover, (CC) together with |y — z| > |x — y| — |z — 2| implies

(@) |z —yl— |z — 2] _ €l(Q) Q) Te
d(z,N) > > 1-— > —] .
Thus, limsup; gy %ﬂ > 0, where the limsup is taken over all cubes

centered at xo. Since lga\n(29) = 0 and lga\x € Ly, (R%), Lebesgue’s differ-

loc
entiation theorem implies |N| = 0. O

To proceed, we define two families of cubes. The family of interior cubes is
given by

Wi ={QeWN):QNO 0}
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3.4. Cubes and chains

These interior cubes will be the reflections of exterior cubes W,.. To define
W, we use numbers A > 0 and B > 2 whose values are to be fixed during
this section and define

W, ={Q € W(O) : diam(Q) < Ad and d(Q,N) < Bd(Q,D)}.

Remark 3.4.2. First, the collection W, is empty if and only if D = 00O.
Indeed, if D = 0O then the second condition in the definition W, can never
be fulfilled. To the contrary, if N is non-empty, then, using the relative
openness of N, one can fix a ball centered in N that does not intersect D, and
small cubes inside this ball will satisfy both conditions. Second, if D # 90O,
then for a cube @@ € W, we have

4(Q,0) = min{d(Q, N),d(Q, 00\ N)} > B d(Q, N)
what implies that for all QQ € W, it holds
(3.6) d(Q,0) <d(Q,N) < Bd(Q,0).
Thus, the diameter of () is comparable to its distance to N.

For the rest of this section, we assume that N # (). Before we present
how to “reflect” cubes, we prove a technical lemma that, given an exterior
cube ) € W.,, allows us to find a connected component of O whose boundary
intersects NV and which is not too far away from Q).

Lemma 3.4.3. Let Q € W,.. Then there exists a connected component O,, of
O with N N00O,, # 0 and x € O,, with

d(z, Q) < 5Bdiam(Q).

Proof. By (ii) and Remark 3.4.2, there exists 2/ € N such that d(2/,Q) <
4B diam(Q). Since 2’ € N there is 2 € N with d(z”,Q) < 2B diam(Q).
Denote the at most countable family of connected components of O whose
boundary has a non-empty intersection with N by {O,,},, and the connected
components whose boundary has an empty intersection with N by {Y,,},..
If there is O,, with z” € 00,,, then the proof is finished. If not, pick a
sequence (z,), in O that converges to ” € N C 9O. If all but finitely many
x, are contained in the union of the O,,, this concludes the proof as well.
Otherwise, choose a subsequence (again denoted by x,,) for which there are
indices m,, such that z,, € Y,, . Furthermore, 2” € ¢T,, for all m since N N
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3. Extension operators for Sobolev spaces with boundary conditions

OY,, = . Now, by connecting 2" and x,, by a straight line, the intermediate
value theorem implies the existence of a point z], € 9Y,,, with

"

2" — 2] < o = 2.

We have 2/, € D. Passing to the limit n — oo yields 2" € D by the closedness
of D and thus a contradiction. O

The following lemma assigns to every cube in W, a “reflected” cube in W;.
For the rest of Sections 3.4 and 3.5 we will reserve the letter M to denote the
constant M appearing in Lemma 3.3.1 applied with k£ = 2K, where K is the
number from Assumption 3.1.1. Notice that M solely depends on d and K.
For the rest of this section we make the following agreement.

Agreement 1. If X and Y are two quantities and if there exists a constant
C depending only on d, p, K, A\, and € such that X < CY holds, then we
will write X Y or Y 2 X. If both & < X < CY holds, then we will write
X=~Y.

Lemma 3.4.4. There exist constants C; = C1(M,e) > 0 and Cy = Cy(N\) > 0
such that if AB < C and B > Cy, then for every () € W, there exists a cube
R e W, satisfying

(3.7) diam(Q) < diam(R) < (1 + B + (AB)™1) diam(Q)
and
(3.8) d(R,Q) S (1+ B+ (AB) ") diam(Q).

Proof. Fix @ € W, and recall that diam(Q) < A by definition of W, and
that B > 2. By Lemma 3.4.3 there exists a connected component O,, of O
with N N 90,, # 0 and z € O,, with d(z,Q) < 5B diam(Q). We introduce
the additional lower bound B > 3/A, which is only needed in the case § < oo
but we choose B always that large for good measure.

So, in the case § < oo, since (AB) " 'diam(Q) < §B~! < min(5,\§/2) <
min(6, diam(0,,)/2) owing to (DC), we find y € O,, satisfying

(3.9) |z —y| = (AB) ! diam(Q) and |z —y| < 0.

If & = oo, then O is unbounded by (DC) and N # (), so we again find
y € O satisfying the first condition whereas the second becomes void for
Assumption 3.1.1.
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3.4. Cubes and chains

Hence, let v be a path provided by Assumption 3.1.1 connecting x and y,
and let z € v with |z — 2| = 1|z — y|. Estimate by virtue of (CC) and (3.9)

(310) d(N) > Sly— 2| > (o =yl — o — 2I) = S(AB) " diam(Q).

By Assumption 3.1.1 we have k=(z,0) < K, hence there exists 2z’ € O with
k=(z,2") < 2K. Thus, by Lemma 3.3.1 there exists an intersecting chain

Q1,.-,Qm € W(N) with Q,, NO # 0, z € @1, and m < M. Choose the
reflected cube as R = Q,,. Using (ii) and (iv), one gets

Adiam(R) > d(R.V) > d(=.N) - Y diam(@Q) > d(=, V) — 3. 4" diam(R).

Thus, by (3.10) and m < M

11 + 4M

diam(R) > ~(AB) ! diam(Q).

W~ ™

Consequently, there exists C' = C(M,e) > 0 such that AB < C' implies
diam(Q) < diam(R).

In order to control diam(R) by diam(Q), employ (ii) and (iv) and the
triangle inequality to deduce

417" diam(R) < diam(Q;) < d(z, N) < d(z, Q) + diam(Q) + d(Q, N).

The right-hand side is estimated by the triangle inequality, followed by (
and (ii), the choice |z — z| = |z — y| combined with (3.9), and d(z, Q
5B diam(Q), yielding

3.6)
) <

d(z,Q) + diam(Q) + d(Q, N) < |z — z| + d(z, Q) + diam(Q) + Bd(Q, O)

<|
< ((2AB)™"' + 1 + 9B) diam(Q).

Taking into account that d(z, R) < diam(R)(4™ — 1)/3 (estimate the sizes of
the cubes in the connecting chain using a geometric sum), the distance from
R to @) is estimated similarly, yielding

d(R, Q) < diam(R) + diam(Q) + |z — z| + d(z, R) + d(z, Q)

< (1+ (2AB)™! +5B) diam(Q) + i

diam(R).

Together with the previous estimate, this concludes the proof. O

81



3. Extension operators for Sobolev spaces with boundary conditions

For the rest of this chapter, we fix the notation that if Q € W, and R € W,
is the cube constructed in Lemma 3.4.4, then R is denoted by R = Q* and
Q" is called the reflected cube of (). The next lemma gives a bound on the
distance of reflected cubes of two intersecting cubes.

Lemma 3.4.5. If Q1,Q, € W, with Q1 N Q2 # 0, then
d(Q7,Q3) S (1+ B+ (AB)™") diam(Q1).

Proof. Fix z € Q1 N Q7 and let x1 € Q1, 22 € @9, ] € QF, and x5 € Q5.
One gets by the triangle inequality

|21 — 25| < [o] — @] + |oy — 2[ + |z — @] — |w2 — 23],
and taking the infimum then reveals

d(Q71, Q3) < d(Q1, Q1) + diam(Q1) + diam(Q2) + d(Q2, Q3).

The desired bound for the first term is just Lemma 3.4.4. For the third
term, employ (iv). Finally, the fourth term can be handled by combining the
previous two arguments. O

In the proof of the boundedness of the extension operator, one needs to
connect Whitney cubes by appropriate touching chains. The following lemma
presents a basic principle of how to build a chain out of a path v and how the
quantities length(vy) and d(y, N) translate into the length of the chain and
the distance of the cubes of the chain to N.

Lemma 3.4.6. Let Ry, Ry € W(N) with Ry # Ry and let x € Ry, y € Ry,
and 7y be a rectifiable path in RT\ N connecting x and y. Assume that there
exist constants Cp,Cy > 0 such that length(y) < C; diam(R;) and d(z, N) >
Cydiam(Ry) for all z € vy, then there exists a touching chain of cubes Ry =
Si,...,8m = Ry in W(N), where m is bounded by a number depending only
on d, Cy, and Cy. Moreover,

Proof. Let S be the finite set of cubes in W(N) intersecting . For S € S one
finds by (ii) and by assumption that diam(S) > < diam(R;). Fix z € SN,
then

d(z,N) < d(z,N) + |xr — z| < 5diam(R;) + length(v) < (5 + C) diam(R,),

82



3.4. Cubes and chains

so that diam(S) < (54 C}) diam(Ry) by (ii). This, together with length(y) <
(4 diam(Ry) implies that S C B(z, (54 2C}) diam(R;)). Because all elements
of § have mutually disjoint interiors, one finds

[B(x, (5 +201) diam(Ry)| _ (5\/3(5 + 201)>d
(% diam(Ry))d ¢ C, )
where £(S) denotes the cardinality of S and ¢; = |B(0,1)]. By (iii), the

elements of § are dyadic and thus one finds a subset of § which is a touching
chain starting at R; and ending at Rs. O

8(S) <

Lemma 3.4.7. There exist constants Cy,Cy > 0 depending only on €, d, A,
and K such that if A < Cy and B > Cy and if Q;,Qr € W, with Q; NQy, # 0,
then there exists a touching chain Fjj, = {Q5 = S1,..., 5, = Q4} of cubes in
W(N) connecting Q; and Q, where m can be bounded uniformly by a constant
depending only on ¢, d, K, A, and B. Moreover, there exist K1, Ky, > 0
depending only on €, d, K, A, and B such that

K; diam(Q;) < diam(S;) < K, diam(Q),) (t=1,...,m).

Proof. If Q) = @} there is nothing to show. Thus, assume @} # ()} and
let z € @} and y € Q}. We show in the following that the assumptions of
Lemma 3.4.6 are satisfied.

Using Lemmas 3.4.4 and 3.4.5 in conjunction with (iv) gives

(3.11) 2~ 4] < (@, Q}) + diam(Q}) + diam(Q})
< (1+ B+ (AB)™!) diam(Q;).

If 6 is finite we get from @); € W, that
lz —y| S (A+ AB + B4,

so we obtain |x — y| < 0 when we first choose B large enough and after-

wards A sufficiently small. Let v be a path connecting  and y according to
Assumption 3.1.1. By (LC), (3.11), and (3.7) one finds

length() < (14 B+ (AB)™") diam(Q}).

To estimate the distance between z € v and N, notice that if |z — z] <
%diam(@j), then d(z, N) > 5 dlam(Q ). Analogously, but by employing ad-
ditionally (3.7) twice and (1V) if |y — z| <=z dlam(Qk) then

(3.12) d(z,N) > dlam(Qk) > — 5 dl&Hl(Qk) > - 3 dlam(Qj)

2
<+B+ (AB)~ ) diam(Q?).

J
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3. Extension operators for Sobolev spaces with boundary conditions

In the remaining case, one estimates by (CC), the calculation performed
in (3.12), and (3.11) that

AN > diam(Q%)? S diam(Q5)

SUTBr@AB) ey~ 1+ B AR

The following lemma provides the existence of chains that “escape O” for
reflections of cubes Q € W(O) that are close to a relatively open portion of
D. These chains will be important to obtain a Poincaré inequality with a

quantitative control of the constants.

Lemma 3.4.8. There exist constants C1,Cy > 0 depending only on e, d, A,

and K such that if A < Cy and B > Cy and if Q € W(O) \ W, satisfies
diam(Q) < Ad and has a non-empty intersection with a cube in W,, then for
each intersecting cube QQ; € W. of Q there exists a touching chain Fp; =

{Q; = Si,...,8n} of cubes in W(N), where m is bounded by a constant
depending only on e, d, K, A, and B, and S,, N Q; is a dyadic cube that
satisfies

S N Q] Z diam(Q;)".
Furthermore, all S; € Fp; satisfy
K, diam(Q;) < diam(S;) < Ky diam(Q);) (i=1,...,m).
The constants K1, Ky > 0 depend only on ¢, d, K, A, and B.

Proof. Let QQ; € W, be an intersecting cube of (). Then, using properties of
the Whitney decomposition and @ ¢ W,, one estimates

(3.13) Bd(Q;,00\ N) <6Bd(Q,00\ N) < 6d(Q,N) < 36d(Q;, N).

Let B > 720, then (3.13) and Remark 3.4.2 imply that d(Q;,00 \ N)
d(Q;,0). Hence, using (3.13) again and (iv), one finds that d(Q;, N)
2d(Q;,0) > £ diam(Q;). Let zg € D be such that d(zo,Q;) = d(Q;,0)
4 diam(Q;). The properties collected above then imply

IN IV I

d(zo, N) > d(Q;, N) — d(w0,Q;) — diam(Q;) > (36"' B — 5) diam(Q;),

and if y is any point from B(z,5diam(Q);)) then the previous estimate de-
livers

d(y, N) > d(zg, N) — 5diam(Q;) > (36'B — 10) diam(Q;) > 10 diam(Q;).
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3.4. Cubes and chains

Fix y € B(xzo,5diam(Q;)) NO. Notice that the midpoint z of @); is contained
in B(zg,5diam(Q);)). Thus, each point on the line segment 7; connecting y
to z has at least a distance which is larger than 10 diam(Q);) to N.

For x € QF N O Lemma 3.4.4 together with {y} U Q; C B(zo, 6 diam(Q;))
implies

[z —y| < d(y,Q)) + d(Q;, Q) + diam(Q);) + diam(Q7)
S(A+B+(AB)™) diam(Q);).

If § is finite, we can ensure |x — y| < § using exactly the same argument as in
the proof of Lemma 3.4.7 and otherwise this condition is again meaningless.
Let 5 be the path connecting x and y subject to Assumption 3.1.1 and let ) €
W(N) with y € Q. Since d(Q, N) > C diam(Q5) for some C' > 0 depending
only on ¢, K, d, A, and B, one concludes as in the proof of Lemma 3.4.7 that
the path v, and hence, by the consideration above, also the path v = v 4+ 75
which connects x € Q0 with 2 € @, satisfies the assumptions of Lemma 3.4.6,
where Q7 fulfills the role of R; and Rj is some cube in W(IV) that contains
z. Note that the constants appearing in Lemma 3.4.6 depend only on ¢, K,
d, A, and B.

As in the statement of the lemma we write S,, for Ry and distinguish cases
for the relation between S, and @;. Since Q; N Sy, # 0 and since Whitney
cubes are dyadic, it either holds S, € Q; or @; C S,,,. If Q; C S, the proof
is finished. If S, C @);, then

4diam(S,,) > d(S,,, N) > d(Q;, N) > 36 ' B diam(Q);),
so that |S,, N Q;| = diam(Q;)%. O

The next lemma shows that for a fixed cube R € W; there are only finitely
many cubes in W, whose reflected cube is R.

Lemma 3.4.9. There is a constant C' € N such that for each R € W; there
are at most C' cubes QQ € W, such that Q* = R, where C' solely depends on d,
K, A, B, and €.

Proof. Let o denote the implied constant from (3.8) and let Q € W, be
a cube with reflected cube R, then it follows with (3.7) that d(R,Q) <
adiam(R). So, if zr denotes the center of R, every cube @) with Q* = R must
be contained in B(zg, (a + 3) diam(R)). Because for those cubes diam(Q)) is
controlled from below by diam(R) according to (3.7) and because cubes from
W, have disjoint interiors, the lemma follows by the usual counting argu-
ment. [l
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3. Extension operators for Sobolev spaces with boundary conditions

3.5. Construction of the extension operator and
exterior estimates

This section is devoted to the construction of the extension operator from
Theorem 3.0.2. We also already establish the respective estimates on R?\ O.
To do so, we start with a preparatory part on (adapted) polynomials, followed
by some overlap considerations. We proceed with the construction of the
actual operator, in which the adapted polynomials will appear, followed by
the exterior estimates, for which we will need the results on overlap.

Agreement 2. If not otherwise mentioned, the symbols k and p are supposed
to refer to these parameters in Theorem 3.0.2. The numbers A and B, which
were introduced in Section 3.4, will be considered as fixed numbers depending
only on ¢, d, K and X such that all statements in Section 3.4 are valid. From
now on we will use the symbols < and 2 in a more liberal way than described
in Agreement 1.

Polynomial fitting and Poincaré-type estimates

We record some results on polynomial approximation and Poincaré type es-
timates. Most of them stem from [29] and were used therein for a similar
purpose.

We start out with the following generic norm comparison lemma for poly-
nomials of fixed degree, see [29, Lem. 2.3].

Lemma 3.5.1. Let QQ, R be cubes with R C () and assume that there exists a
constant k > 0 such that |R| > k|Q|. Then for each polynomial P of degree
at most m one has

1Pllee@) S I1PllLe(r),

where the implicit constant does only depend on d, k, p and m. In particular,
if S is another cube with S C @ and |S| > k|Q)|, then the P norms over R
and S are equivalent norms on P,, and the implicit constants do only depend
ond, k, p and m.

The following lemma provides “adapted” polynomials together with corre-
sponding Poincaré-type estimates. A proof can be found in [29, Thm. 4.5,
Thm. 4.7 & Rem. 4.8]; Note that the proof of the remark still works when
replacing Whitney cubes by cubes of the same size.
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3.5. Construction of the extension operator and exterior estimates

Lemma 3.5.2. Let QQ be a cube, R a touching cube of Q) of the same size,
and k > 0 an integer. Then there exists a linear projection P : LY(Q) — Pr_1
that satisfies the estimate

(3.14) 10°P fllir@) S 110 fllir@)

for f € CF(RY)|g N WF(Q), |a| < k, and 1 < p < oo. Moreover, the
Poincaré-type estimate

10°(f — Pf)|lurury S diam(Q)1NIV* fllurunr),

holds for f € C%(RY)|qurNWFP(QUR), 0 < { <k, |a| <{, and 1 < p < oo,
The implicit constants depend only on d, k, and p. Of course, the case () = R
s also permitted.

Remark 3.5.3. (i) The polynomial Pf will be denoted by (f)g. The case
|a] = k in (3.14) was not stated in [29] but follows since the degree of
Pf is at most k — 1.

(ii) That the projection is always meaningfully defined on L!(Q) becomes
evident from (4.2) in [29].

(iii) In the case a = 0 we can drop the intersection with C%(R?) in both
estimates in Lemma 3.5.2. This follows from a direct computation using
the representation formula for the projection given in [29].

Combining these results gives a Poincaré-type estimate where the polyno-
mial is only adapted to a subcube of the domain of integration.

Corollary 3.5.4. Let () and R be cubes with R C Q) such that there is k > 0
with |R| > k|Q|. Then with f € CX(RY)|o NWFP(Q), 0 < € <k, |a| < ¢,
and 1 < p < oo we obtain

10°(f = (NR)llr@) S diam(Q) IV f ().

where the implicit constant does only depend on d, k, p, and k. We may also
replace Q) by the union of two touching cubes of the same size where one of
them contains R as a subcube.

Proof. Step 1. We start with the case that () is a single cube. Using
Lemma 3.5.2 and Lemma 3.5.1 we get from the fact that 0*((f)g — (f)r) is
a polynomial of degree at most k — 1 the estimate

10°(f = (f)r)llr@ < 10%(f — (F@)llLe@) + 197((fe — (f)r) e
< diam(Q) V! fllLr (@) + 10* (e — () r) e (-
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The first term is already fine so we focus on the second one. Using that R C @
and Lemma 3.5.2 twice, we estimate further

10°((F)a — (F)r)lemy < 10°(f = () leery + 10°(f = (Hr) @)
S10%(f = (N lluriq) + diam(R) 1V fllLo(r)
< diam(Q) 1V flLr()-

Step 2. Now assume that ) = Q1 U 5 is the union of two touching cubes
with R C @ and |R| > k|Q1]. We reduce this case to the already shown case.
Start with the triangle inequality to get

10°(f = (F)r)le@ < 10%(f = (f)r)llLr(@r) + [10%(f = (f)r)lILr(Qy)-

The first term is fine by Step 1 and for the second one we continue with

Haa(f - (f)R)HLp(QQ) < ||6a(f - (f)Q2)||Lp(Q2) + ”aa((f)Q2 - (f)R)HLp(Qz)'

Again, the first term is good and for the other one we exploit @)1 C 3Qs to
derive with Lemma 3.5.1

10%((F)@> = (Nr)llr@n S 10°((Nex = (Fr)lle@u
< 10°%(F = (Nax)llwr@ +110°(f = (fr)llr @)

The first term is good by Lemma 3.5.2 and the second one by Step 1. O]

Some overlap considerations

Let @Q; € W, and let Q € W(O) \ W, be such that it intersects a cube in W,
and satisfies diam(Q)) < AJ. Define

FQ)= U U285 and F@Q= U U 25

QrEW. SEF; ) QrEW. SEFp
QiNQr#0 RNQL#D

We count how many of these “extended” chains F'(Q;) and Fp((Q)) can inter-
sect a fixed point z € R?Y. We present the case of F(Q;) in full detail and
only sketch the necessary changes when considering Fp(Q).

By Lemma 3.4.7, we know that a chain Fj; has length less than a constant
M which does only depend on d, K, A, and €. If z € F(Q;), then there exist
k € Nand S € Fj; with z € 25. Assume R € W(N) is any cube such that
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3.5. Construction of the extension operator and exterior estimates

also x € 2R. By (ii) and an elementary geometric consideration one infers for
z € S that

Adiam(R) > d(R, N) > d(z, N) — |z — 2| ;)diam(R).
Pick some z that satisfies |z — z| < diam(.S)/2, then
Adiam(R) > d(5, N) | diam(s) — ‘;’ diam(R) > ;diam(S) - 2 diam(R).
By symmetry (interchange S and R), this implies that

(3.15) 111 diam(S) < diam(R) < 11 diam(S).

Now let F, 3 be another chain such that x € Usep‘a’BQS. This means that
there is a cube in F,, g that fulfills the role of R above. Since @)}, and R as
well as @} and S are connected by touching chains of Whitney cubes each
of length at most M, we deduce from (3.15) that diam(Q},) ~ diam(Q7}) and
conclude d(Qj, Q) S diam(Q;). Then the usual counting argument yields a
bound on such reflected cubes Q7. Finally, Lemma 3.4.9 implies that there
exists a constant C' > 0 that depends only on d, K, A, and & such that

(3.16) > g (x) <C.
Q]'GWe

Let us now sketch the case of Fp(Q). Fixz € Fp(Q) and let Q' € W(O)\W.
be another cube that intersects a cube in W, and satisfies diam(Q’) < AJ.
Assume that also z € Fp(Q'). This means that for some cubes @y € W,
with QN Q # 0 and Q, € W, with Q, N Q' # 0 we find cubes S € Fpj, and
R € Fpysuch that z € 25N2R. The lengths of these chains are again bounded
by a number M owing to Lemma 3.4.8 instead of Lemma 3.4.7. Hence, the
comparability argument from above yields again d(Q*, (Q')*) < diam(Q*).
Finally, employing the same counting arguments as before reveals the bound

(3.17) Y. 1) <C
QEW(O)\We
QNWe#D
diam(Q)<Ad

for some constant C' > 0 that depends only on d, K, A\, and &.
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Construction of the extension operator

Fix an enumeration (Q;); of W, and take a partition of unity (¢;); on
Ug,ew. @; valued in [0,1] and satisfying supp(p;) C 11Q; as well as the
bound [|0%p;||1 < diam(Q;)7!* for |a| < k and an implicit constant only
depending on k£ and d.

Let f be a measurable function on O and A C R? closed. Write £4f for
the zero extension of f to AU O. Clearly, £4 is isometric from LP(A N O) to
LP(A) for all 1 < p < oo. Moreover, if f € C¥(0O)N W P(0O) and ANN = 0,
then £4f is again in C§(A) N W*P(A). A relevant example is A = Q € Wi.
Note that then [[0“E4f]|ir(a) = [|0% f||Lr(ano) holds for any |a| < k.

Recall the notation introduced in Remark 3.5.3. Define the extension op-
erator £ on some locally integrable f by

f(x)v xr E O’
Ef(@) =10, r €D,
Yo,em. (Eq: fla:(2)p;(x), x € 0.

If W, is empty (which is the case if D = 0O according to Remark 3.4.2) then
the sum is empty and its value is considered to be zero.

Remark 3.5.5. One has supp(p;) N supp(px) # 0 if and only if Q; N Qy #
(. To see this, assume to the contrary that supp(y;) N supp(ex) # 0, but
(Q; and Q) are disjoint. Moreover, assume without loss of generality that
diam(Q;) > diam(Qy). It follows from the dyadic structure of the cubes that
diam(Qy) < = diam(Q;). Finally, use (ii) in a short computation to arrive at
a contradiction.

Remark 3.5.6. If f is locally integrable on O then £f is defined almost
everywhere on R¢ according to Lemma 3.4.1. Moreover, £f is smooth on
R?\ O by construction. Note that the sets supp(y;) for j € J have bounded
overlap according to Remark 3.5.5 and (v). Hence, due to Remark 3.5.3, £
restricts to a bounded operator from LP(0O) to LP(R?) for all 1 < p < co. If
€ CX(O)NW*P(O) then £ f vanishes almost everywhere around D. Indeed,
this follows from the support assumption on f and the fact that Q7 is close
to D if x € Q; is close to D, see (3.8).

Estimates for the extension operator

We show estimates for the extension operator on different types of cubes.
The overlap considerations from before will permit us to sum them up in
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3.5. Construction of the extension operator and exterior estimates

Proposition 3.5.11 to arrive at exterior estimates for the extension operator.

Lemma 3.5.7. Let f € CE(O)NWFP(0), 0 < ¢ <k, |a]| < ¢, and 1 <
p<oo. If Si,...,Sm is a touching chain of Whitney cubes with respect to N
whose length is bounded by a constant M, then

10°((Es1 sy = (s, f)s,) leresyy S diam(S) NV flloyr @s,)r0):

where the implicit constant does only depend on d, k, p, and M. The assertion
remains true if the chain consists of cubes in = = R\ N of fized size (not
necessarily Whitney cubes). In that case, the set U~ ,(2S,)NO in the LP-norm
on the right-hand side can be replaced by U,~, S, N O.

Proof. We focus first on the case of Whitney cubes.

Note first that the sizes of cubes from the chain are pairwise comparable due
to the bound on the chain length. Using Lemma 3.5.1 repeatedly in the sequel
(observe that the whole chain is contained in a comparably larger cube), we
begin with

m—1

10%((Es, f)sy = (Esnf)s) ey S D N10%((Es, f)s, = (Es,ir s, i) llus,)
r=1

Fixr =1,...,m—1 and estimate one summand from the right-hand side just
before by

S N0%((Es, f)s. — (Es,usmi1f)s)lLecs,)
+110%((Es,08,:11)s.) = (€841 F) s [Le(s,4)
S N0*((Es, f)s. = Es. F)llwsy + 10%(Es, [ = (Es,us,41f)s,) s,
+10%(Espn f = (Es,us,00 ) s ) lLw(s, i)
+10%((Esi1f) 5041 = €81 F)llLrs,i)
SN0%((Es, f)s, = Es, F)lluees,y + 10%(Es 080 f = (€08, F)s,) e (s,0s,00)
+ |‘aa((gsr+1f)sr+1 - 55r+1f)HLP(Sr+1)‘
By virtue of Lemma 3.5.2, the first and the last term on the right-hand side are
controlled by diam(S;) 1|V f||Lo(s,n0) and diam(Sy) 1|V f| Lo (s,.1n0)-
If S, and S,,; are of the same size, the second term can be controlled
using Corollary 3.5.4. Otherwise, assume without loss of generality that

diam(S,41) < diam(S,). Since the cubes are dyadic, it follows that S,US, 1 C
2S,.. Moreover,

1 1
d(2S,,N) > d(S,,N) — 5 diam(S,) > 5 diam(S,.).
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3. Extension operators for Sobolev spaces with boundary conditions

Hence, &y, f is a smooth extension of £g,us, ,, f to 25, in particular we have
(Es,u8,11f)s. = (Eas, f)s,. Invoking Corollary 3.5.4 yields

Haa<€5rUSr+1f - (gSTUSr-‘rlf)S’r)HLP(STUST'+1)
< |0%(Eas, | — (€5, £)s,) leces,) S diam(Sy) NV fllLe (s, )n0)-

The case of cubes of fixed size in R? \ N is even simpler. First, we do not
have to argue that the cubes have comparable size. Second, we can omit the
argument for the case diam(S, 1) < diam(S, ), which furthermore allows us to
estimate against S, N O instead of (25,.) N O. Besides that, the proof applies
verbatim to this case. O]

Lemma 3.5.8. Let f € C5(0)NW*P(0), 0 <l <k, |o| <l and1<p<
oo. If Q; € W,, then

10°E flle(@y) S diam(Qy) ™IV fllLr(ri@y)no) + 10° Flle@:no):

Proof. Observe that ¢, vanishes on Q; if Q,NQ; = 0. Hence, by definition it

holds £f =3 gew. (Eq: f)qrpr and 32 lewe ¢r = 1 on ;. Consequently,
Q;NQx#D Qr#D
using the Leibniz rule we get

10°€ flluray) < H > Y capd™?|(Eqif)a; — (Ea:if)a: |0
lewe BSO‘
Q;iNQLFAD

+[10*(Eq; fay

Lr(Qy)

L@ = 1+ 1L

We employ the estimate for 9%, and Lemma 3.5.1 (taking Lemma 3.4.4 into
account), followed by Lemma 3.5.7 and (v) to derive

1S Y Y diam(Q0) Moo [(€g; Na; — (o Far]

QrEWe pLa
Q;iNQL#0D

< diam(Q;) |V £ llLo(ro F(Q)NO)-

Lr(Q3)

Term II is controlled by [0 fl|rr(@:no) using (3.14) from Lemma 3.5.2; Note
that we can switch to ()7 using Lemma 3.5.1 as in the estimate for term I. [

Lemma 3.5.9. Let f € C5(0O)NWFP(0), 0 <l <k, |a| <l and1 <p<
oo. If Q € W(O) \ W, intersects a cube in W, and satisfies diam(Q) < Ad,
then

10°E fllur@) < diam(Q) |V f|lLo(rp@)no)-
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3.5. Construction of the extension operator and exterior estimates

Proof. Note that () satisfies the assumptions of Lemma 3.4.8. For Q); € W,
an intersecting cube of @ let QF = S1,..., Sy, be the corresponding touching
chain. Then

|0°Efloey S > S diam(Q) o7 [(£o: ]

QjeEWe BLa LP(Q;)
QNQ;#0
S Y X dinm(@) {0 [(Es ) — s, D
Qjewe BLla
QNQ;#0

10 Esu, Psu, I -

By virtue of Lemma 3.5.7 and (v) the first term in the sum is controlled
by diam(@)ﬂ—la\”VIZfHLP(U:ZI(QST)mO). For the second term in the sum, note
that &g, f = 0 on the cube Sy, N Q; and that |Sm, N Q;| 2 diam(Q;)?
by Lemma 3.4.8. By using Lemma 3.5.1 and the fact that (ngjf)gmijj
vanishes, estimate that

10°%(Es, Fsm,

a—p —
)5 10 [(5Smjf)5mj (gsmjf)smijj} LP (S, 0Q;)

LP(Sm;

Using Lemma 3.5.2 and diam(S,,,) ~ diam(Q);), we further estimate

< H@"‘_ﬁ [ngjf - (Ssmjf)smj} Lo(Sm,)

+ Ha%ﬂ [ngijjf - (5smjf)smijj}
< diam(Sy,,) NV fls,, o)

+ diam (S, N Q)Y flLas,., nq;n0)

< diam(Qj)g_‘an||Vef||Lp(Smij)-

With (v) and diam(Q);) ~ diam(Q) this concludes the proof. O

Lp(Sm]— mQ]')

Lemma 3.5.10. Let f € CS(O)NWH*P(0), 0< <k, |a] <l and1 <p<

oo. If @ € W(O) \ W, intersects a cube in W, and satisfies diam(Q) > Ad,
then

[0°E fllr(q) S max(1, 5*£)||f||wé,p<u Q,ew, @N0)"
QNQ;#0

Proof. Note that in fact diam(Q) = § because () intersects W,. The same is
true for its intersecting Whitney cubes. Hence, with a similar calculation as
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3. Extension operators for Sobolev spaces with boundary conditions

in Lemma 3.5.8 we derive

0°Efllriy S D0 D 6 W0* P (Eg: fe:
Qj eEWe BLa
QNQ;#0

S X YN0 fllesno)

Qj eEWe BLa
QNQ;#0

< max(1, 5_Z)||f||wlm(u Q;eW. QnO)’ 0
QNQ;#0

Lr(Q3)

Proposition 3.5.11. For all 1 < p < o0 and 0 < ¢ < k there exists a
constant C > 0 depending only on d, €, 6, k, p, A\, and K such that for all
feCx(0)NWFP(O) and |a| < € one has

(3.18) 10°€ f sz < Cll Iwercoy

Proof. The estimates for the derivatives in the case p < oo are deduced by
the following calculation based on Lemmas 3.5.8, 3.5.9, and 3.5.10

10°EF I}, gy = 2 0% iy + X 10°EfIRng
Q;EW. QEW(O)\We
QNWe#£D
< Z (dlam (2 led) pHW (F(Q;)N0) + HaafHLp Q*ﬂO))
Q,; EWe
+ Z max(l, 5_427) Hf”gvz,p(u 0:ew. @;N0)
QEW We , j 1
ngve);(i) QNQ;#0
diam(Q)>Aé
+ Z diam(Q); )(Z led) P||V€f||Lp (Fp(Q)NO)-
QEW(O)\We
QNWe#D
diam(Q)<Aés

Since ¢ — |a| > 0 and diam((Q);) is comparably smaller than ¢, we can get
rid of the factors in front of the norm terms to the cost of an implicit con-
stant depending on 0 and k. The estimate then follows from Lemma 3.4.9 in
conjunction with (v), (3.16), and (3.17).

The estimate in the case p = oo is even simpler because we can use the
same estimates but can omit the overlap argument. O

Remark 3.5.12. Assume that E and F are subsets of R% such that the
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3.6. Approximation with smooth functions

following versions of (3.16) and (3.17) hold true:

> lrg) <Clp and > e <Clp

Q;EWe QeW(0)\We
Q;NE#( QNWe#D
diam(Q)<Ad
QNE#D

Then we may replace the LP(R? \ O)-norm on the left-hand side of (3.18) by
an LP(E N (R?\ O))-norm and the W%?(O)-norm on the right-hand side by
an W (F N O)-norm. Moreover, if |a| = £ and E is contained in the neigh-
borhood N4s5(0), then it suffices to estimate against ||V f||1o(rno). Indeed,
in this case the second term in the final estimate in the proof of Proposi-
tion 3.5.11 vanishes. We will benefit from these observations in Section 3.9.

3.6. Approximation with smooth functions

In this section, we show that smooth and compactly supported functions on
R? whose support stays away from D are dense in CX(0) N W*?(0). In
particular, both classes of functions have the same W*?(O)-closure. We will
benefit from this fact in Section 3.7. To do so, we use an approximation
scheme similar to that introduced in [65, Sec. 4]. The arguments rely on
techniques similar to what we have used in the construction of the extension
operator.

To begin with, let f € C%(0) N W*P(0) and put x = d(supp(f), D) > 0.
Furthermore, let n > 0 quantify the approximation error. We need parameters
A, B, s, t, and p for which we will collect several constraints in the course of
this section (similar to what we have done in Section 3.4). Some parameters
depend on each other, but there is a non-cyclic order in which they can be
picked. This will enable us to show the following proposition.

Proposition 3.6.1. Let f, n, and k be as above. Then there is a function g
which is smooth on R, satisfies d(supp(g), D) > £/2, and || f — gllwrs0) S 1-
In particular, smooth and compactly supported functions on R whose support
have positive distance to D are dense in C%(0) NWHP(O) with respect to the
WHP(O) topology.

For brevity, put B; = N;(00) for the tubular neighborhood of size ¢ around
00 and choose s € (0, 1) in such a way that we have the estimate

(3.19) £ llwer(Ba.n0) < 1
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3. Extension operators for Sobolev spaces with boundary conditions

We may assume that s is smaller than /2. Furthermore, we define a region
near N that stays away from D and is adapted to the support of f, namely

B; = {x cR%: d(x,N) <t and d(z, D) > g}

Later on, we will only deal with ¢ € (0, 3s), so that (3.19) will in particular
be applicable on B; N O.
Denote the zero extension of f to

Op :=0U J B(z,3k/4)

zeD

by & f. Note that this function is again smooth since d(B(x, 3x/4), supp(f)) >
TforxeD.

Lemma 3.6.2. Let x € O\ By, then B(z,t) C Oq for all 0 <t < s/2.

Proof. Recall s < /2. We distinguish two cases.
Case 1: d(z, D) < k/2. Let z € D with |z — z| = d(x, D). For y € B(z,k/4)

we derive
ly—z| <|z—y|+ |z — 2| <k/4+ K/2 = 3K/4,
so by choice of s we see
B(z,t) C B(z,k/4) C B(z,3k/4) C O,.
Case 2: d(z,D) > r/2 and consequently d(x,N) > s. Then d(z,d0)

>
min(k/2,s) = s > t, therefore B(z,t) C O C Oq (keep in mind z € O). O

A family of interior cubes

Assume that p is a dyadic number and G is the collection of all dyadic cubes
of sidelength p. Recall = = R%\ N. As before, write (O,,), for the connected
components of O whose boundary intersects N and (Y,,),, for the remaining
ones. Write ¥’ for the collection of cubes in G that are contained in =.
Moreover, we introduce the collection of cubes

Y= {R € G: there exist S € W(N) and m: diam(S) > Ap, RC S
& RN Oy, # 0},
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3.6. Approximation with smooth functions

These cubes take the role of W; in the upcoming approximation construction.
Note that ¥ C Y. For R € ¥ define enlarged cubes

~

R=BR and R:=2BR.

We claim that if we choose p < 55 then R C Oyg. Indeed, if RN D = (), then
R is properly contained in O Smce 1t has a non-trivial intersection with O and
avoids its boundary. Otherwise, let z € RN D, then R C B(z,diam(R)) C
B(z,3k/4).

Before we turn to our first lemma, let us mention that for a cube @Q € W(N)
and 2 € Q we have diam(Q) > £ d(z, N). This follows from

4diam(Q) > d(Q,N) > d(z, N) — diam(Q)
and was already used in earlier sections of this chapter.

Lemma 3.6.3. There are constants Cy = C1(d) and Cy = Cy(A, s) such that

UOm\N )< U R,

ReX

provided A > Cy and p < Cs.

Proof. Let x € O,, \ Ns(N). In particular, x € = and hence there exists
S € W(N) that Contains x. Since d(z, N) > s by choice of x we conclude
diam(S) > £ d(x,N) > £. Hence, if we choose p < 2%, then diam(S) > Ap.
Let R be some cube in g that contains z. If we demand A > v/d, then R C S
because both are dyadic cubes, diam(S) > v/dp = diam(R), and they have a
common point. Finally, RN O,, # () since x € O,,, so R € . O

If we do not allow to keep some distance to N, then at least the enlarged
cubes R cover the whole Neumann boundary region where f is non-zero.

Lemma 3.6.4. There are constants Cy = C1(A,e) and Cy = Cy(A, 0, ¢, K, \)
such that

By, N UO c U R,
ReX
provided B > Cy and p < Cs.

Proof. Let © € By, N Oy,. Choose p < & min(5,A6). Then 224y < A§/2 <
diam(O,,)/2 by Assumptlon 3.1.1, hence there exists some y € O,, satisfying
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3. Extension operators for Sobolev spaces with boundary conditions

lz —y| = %p. Moreover, since |z — y| < 4, there is an e-cigar provided by
Assumption 3.1.1 that connects z and y. Let 2z € y with |z — z| = |z — y|.
Then

d(zN) = Sy — 2 = Jlr =yl = 54p.

Since ~y takes its values in Z, there exists a cube S € W(N) with z € S. We
deduce diam(S) > 1d(z,N) > Ap. If we require A > v/d, then as in the
previous lemma there is some cube R € G that contains z and consequently
is a subcube of S. To conclude that R € ¥ it suffices to ensure that ~ does
not escape O,,. To this end, let us assume that z € O,,. Since x € O,,, there
would be some Z € v with 2 € 90,,. Since Z ¢ N by definition of v, we must
have Z € D. Now recall that by definition of By, it holds d(z, D) > §. On

EZH

o1 we then get the contradiction

imposing the constraint p <
20A
d(w, D) < |z — 2| < length(y) < =-p < 7 < d(x, D).
£

So, indeed, z € O,, and therefore R € ¥. Denote the center of R by xr and
estimate

10A 1
|2 — ZRloo < |x— 2| + |2R — 2|00 < <€+2>p.

So, if we choose B > % + 1, then = € R. O]

We have already mentioned that the collection X is a substitute for W;, so
it is not surprising that we want to connect nearby cubes in ¥ by a touching
chain of cubes (which we even allow to be in ') of bounded length.

Lemma 3.6.5. There are constants C1, = Cy(B,d,¢), Cy = Csy(d,e), and

C3 = C3(B,d, ) such that any pair of cubes R, S € % with RNnS # 0 can be
connected by a touching chain of cubes in X' whose length is controlled by C1,
provided that A > Cy and p < Cs.

Proof. By definition of ¥ we can pick x € RN O,, and y € SN O,. By

assumption we moreover fix z € RN S. Let TR, ys denote the centers of R
and S, then

(8:20) |z =yl < V(e — wrlo + |28 = 2loc + Y5 = loc + [y — ys]o)
<Vd(1+2B)p.
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3.6. Approximation with smooth functions

If we choose p < ;=2 then |z —y| < § and we can connect x and y by

(1+B)’
an e-cigar. Fix any z € v and pick ) € G such that z € (). By symmetry

we assume without loss of generality that |z — z| < |y — z|. This implies, in
particular, that |z — y| < 2|y — z|.

Case 1: |[x—z| < A‘Eﬁp. Then, since R € ¥, we find Q € W(N) with R C Q
and diam(Q) > Ap. Using z € R C Q, it follows

d(z, N) > d(Q, N) > diam(Q) > Ap,
consequently
d(Q,N) > d(z, N) — |z — 2| — diam(Q) > (A — i — ﬂ)p.
We choose A > v/d(4/c + 2) to conclude d(Q, N) > diam(Q), in particular

Qey.
Case 2: |z — z| > 2 p We calculate using (CC)

d(Q,N) > d(z, N) — diam(Q) > g\x — 2| — Vdp > diam(Q).

So, as before, Q) € Y.
Taking (LC) and (3.20) into account, we get

2B +1

length(v) +diam(Q) < \/E( + 1)p & @ C B(x,length(y)+diam(Q)).
By the usual counting argument that we have already used in Lemma 3.4.6,
it follows that the number of such cubes ) can be bounded by a constant
depending only on B, d, and €. We select a touching chain out of that
collection of cubes to conclude the proof. m

Remark 3.6.6. There is a constant C' = C'(B, d, €, s) such that for R, S € 3
as in the foregomg lemma with R N By, # () we have that the connecting
chain stays in Bs, provided p < C. Indeed, let C' be the constant C; from
that lemma with dependence on B, d, and . If = is contained in some
cube from the connecting chain between R and S and y € R N Bsy,, then
d(x,00) < d(y, N) + CVdp < 2s + C/dp, so the claim follows if we choose
p < s(CVd)™

So far, we have seen that near N and away from D we can reasonably cover
the components O,,. The next two lemmas show that we will not have to
bother with the components T,,.
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3. Extension operators for Sobolev spaces with boundary conditions

Lemma 3.6.7. There is a constant C = C(B,d,d,e,k) such that for any
R € X with RN Bsy # 0 it follows RNU,, Ty = 0 provided that p < C.

Proof. Assume there exists y € RN T,,. Furthermore, let € RN O,. It
holds |z —y| < 2BV/dp, so z and y can be connected by a path in Z if we ensure
p < (4V/dB)7'4, and its length can be controlled by length(y) < e~z — y|
according to (LC). Since z and y are in different connected components by
assumption, there must Pe a point z € v which satisfies z € D. By assumption

we may pick some Z € RN Bsy,. Then
d(z, D) > d(R, D) > d(z, D) — diam(R) > x/2 — 2BV dp.
On the other hand,

|z — z| <length(y) <

p-

2BVd
E

If we choose p < - G%B as well as p < ﬁ, then we arrive at the contradiction

d(x,D)glx—z|§g<g§d(x,D). O

Lemma 3.6.8. Let © € Bos NU,y, T, then x & supp(f).

Proof. Let x € Bys N'T,,, then there is y € N such that |z — y| < 2s. Since
y & T,,, there is z € 9Y,, C D on the connecting line between z and y. Thus,

d(z,D) < |z —z| < |z —y| < 2s < Kk = d(supp(f), D).

Consequently, x & supp(f). ]

Construction of the approximation and estimates

Let 1) be a cutoff function valued in [0, 1] which is 1 in a neighborhood of B,
supported in Ny(By), and satisfies [0%¢| < s~lol for |a| < k. Moreover, fix
an enumeration (R;); of ¥ and let ¢; be a partition of unity on J; R; with
supp(yp;) C ]%]- and [0%¢;| < p~lol. The implicit constants depend on «a, d,
and B. Note that according to Lemma 3.6.4 this partition of unity exists in
particular on By, NU,, Om.

Now we may construct the approximation g of f for Proposition 3.6.1. With
Lemma 3.6.2 in mind, choose t € (0, s/2) small enough that

(3.21) 1f = &f = <I>t||wfm7(0\]_73) < ns",
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3.6. Approximation with smooth functions

where @, is a mollifier function supported in B(0,¢). Recall the notation for
adapted polynomials introduced in Remark 3.5.3 and put

g1 = Z(gof)RjSij g2 =& f * Py, and 9:=vg+ (1 —-1)g.

J

With a further constraint on p we see that g; vanishes near D.

Lemma 3.6.9. There is a constant C = C(d, B, k) such that d(supp(g1), D) >
3k /4 provided p < C.

Proof. Let z € R? with d(z, D) < 2. If 2 € supp(y;) then fix any y € R;.
We estimate (with z the center of R;)

3K

T

Chose p < j2ra. then d(y, D) < L < d(supp(f). D). s0 y & supp(€af)
and (& f)g, = 0 by linearity of the projection. But this means g;(z) = 0. [

1
d(y, D) < |y — 2| + |z — 2| + d(z, D) < 5\/Ep+f_f;¢c‘zp+

Finally, we get to the

Proof of Proposition 3.6.1. Assume that all constraints on the parameters col-
lected in this section are fulfilled. We split the proof into several steps.

Step 1: g is well-defined and smooth. We have already noticed after the
definition of ¥ that we can ensure that all its cubes are contained in Oy, so
the usage of polynomial approximations is justified and yields the smooth
function ¢g; on R?. By definition of the mollification, g, is a smooth function
in O\ B,. If z € O with d(z, D) < k/2, then we get as in Lemma 3.6.2 that
B(z,k/4) C B(z,3k/4) C Oy for some z € D and &) f vanishes on this ball,
so by definition of the mollification, g» vanishes in that neighborhood of D.
Together with the knowledge on the support of 1 — v we infer that (1 —)gs
can be extend by zero to a smooth function on R

Step 2: d(supp(g), D) > /2. First, we have d(supp(g1), D) > 3x/4 by
Lemma 3.6.9. On the other hand, we have already noticed in Step 1 that
d(supp(g2), D) > /2, which in total gives a distance of at least k/2 to D.

Step 3: Split up the terms for estimation. Let a be some multi-index with
|a] < k. Then

°(f — 9) = 0°((f — 1)) + (1L = ¥)(f — g2))
= > cap (070 (f = 91) + 0P (L= )I(f — g2))

B

= Z Ca,ﬂ(la,,é’ + IIa,B)-

BLa

101
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Clearly, it suffices to estimate for fixed o and 3 the terms I, g and I, 5 in the
L?(O)-norm. The estimate for 11, 5 is possible in a uniform manner whereas
for 1,5 we will have to carefully consider different relations between |a|, |3,
and k.

Step 4: Estimate for 11, 3. Owing to (3.21), this term is under control on
keeping |0% (1 — )| < 57178l < s7% in mind (recall s < 1).

Step 5: Reduction of the area of integration for I, 3. Since the support
of 9 is contained in N,(Bs), we only have to consider this region. Assume
x € N4(B,)\ Bas. Then we must have d(z, D) < k/2. But in this region f and
g1 vanish according to the definition of x and Step 2. So we only have to deal
with Bys. Furthermore, f vanishes on BosNJ,, T, according to Lemma 3.6.8
and the same is true for ¢g; owing to Lemma 3.6.7. So in summary, we only
need to estimate the term I, 3 on By, NU,, On.

Step 6: Estimate for 1,5 if |3| < |a|. Since ¢ =1 on B, and |a — | # 0,
we even only have to estimate the L” norm over (B \ Bs) NU,, Op,. Write
M for this set. The fact (Bas \ Bs) N Ng(N) = ) allows us to use Lemma 3.6.3
to cover M by cubes from ¥ to calculate

10°P00° (f = g0)[Enany < 22 P II7D10% (E0f = D2 (Eo ) raor) 1, -

Rjex Ryex
R;jNBas#0 RiNR;#0
Using that (¢y)x is a partition of unity on R;, we derive using the Leibniz
rule that on R; we have
0> (Eof)reen = 0% (Eof)r, +0° D [ Eof)r (gﬁf)Rj}@k

Rie¥ . Riex
RkﬂR]’#(b R/JTRJ?E@

Using Lemma 3.5.2 we can estimate the norm of 9° [80 f—=(&f) RJ} against
PFNIVEE, fllLo(r,)- From p < s <1 we obtain s/*I71%/p"=181 <1, so we infer
with (3.19) that

> P97 €0 f — (Eof)r, ) [y S UVEFIE w30y < -

RJ’EE
RjﬁBQs;ﬁ@

For the second term, we first expand using the Leibniz rule to obtain
3ﬁz [50f Ry — 80f)R]}90k

R Rpex
R;JWRj#@

= > Y ® 7 |(Ef)n ~ (Eof)r, |00k
_Ryex y<B
RkﬂRjyé@
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3.7. Conclusion of the proof of Theorem 3.0.2

According to Lemma 3.6.5 we can apply Lemma 3.5.7 to the effect that

10°~[(€0f ) = (E0f)i oy S 0PIV F oo,

where G 1, denotes the union over the cubes of the connecting chain from
Lemma 3.6.5 between R; and R;. The p factor compensates for sl®I=lel and
|07 x| as before. The sums in k and j add up by similar (but simpler) overlap
considerations as already seen in Section 3.5 for Fj ;. Finally, since G, stays
in Bs, by Remark 3.6.6, we get an estimate against 1 as was the case for the
first term.

Step 7: Estimate for 1, if |3| = |a|. The estimate follows the same ideas
as in Step 6, so we only mention which modifications are needed.

First of all, we have to estimate over the whole By, NU,,, O, According to
Lemma 3.6.4, this set can be covered by the enlarged cubes I%j. As there are

A

no derivatives on 1), this term can be ignored. For the L?(R;) norm of

0"y [(gof)Rk - (Eof)Rj}ipk
RpeX
ékﬂR]‘#@

we use Lemma 3.5.1 to estimate

107 [(€f)r = Eom oy S 107 (€0 = (Eo ), Inocmy,

where the implicit constant imports a dependence on B (which determines
in that lemma). Then this term can be handled as in Step 6.

For the term 9” { f—(&f) R]} we crudely apply the triangle inequality. Then
we can estimate 97 f directly with (3.19), and for 9°(&, f) g, we estimate with
Lemma 3.5.1 and Lemma 3.5.2 that

18 (o f)r, oy S 107 Eaf)mylliriry) S IV Fllirrsno)-

Step 8: Approximation by compactly supported functions. As we have seen
in the previous steps, g is an approximation to f that satisfies all properties
but the compact support. But if we multiply ¢ with a cutoff ¢, from B(0, n)
to B(0,2n) then this sequence does the job. O

3.7. Conclusion of the proof of Theorem 3.0.2

First, we show that the extension of a compactly supported function in
C%(RY)]|o N WHFP(O) constructed in Section 3.5 is weakly differentiable up to
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3. Extension operators for Sobolev spaces with boundary conditions

order k. More precisely, we show this for the larger class C%(R?)|oNW*>(0),
which makes this result also applicable for Section 3.8. Clearly, compactly sup-
ported functions in C%(R%)|o N W*P(O) belong to this class, though the in-
clusion is not topological. Combined with the exterior estimates from Propo-
sition 3.5.11 and the density result from Section 3.6, this will allow us to
conclude Theorem 3.0.2.

Proposition 3.7.1. Let f € CF(RY)|o N W5*(O) and |a| < k —1. Then
0°E f exists and has a Lipschitz continuous representative g, which satisfies
d(supp(ga), D) > 0.

Proof. Fix an extension F € C¥(R?) of f. We show the claim by induction
over |a|. By Proposition 3.5.11, £ f is well-defined and bounded. Now assume
that || < k and 0*Ef is well-defined and bounded. It suffices to show that
0°& f is given by a Lipschitz function. To this end, define g, to equal 0%F on
O and 9°€ f otherwise. We proceed in two steps.

Step 1: g, is a representative of 92€ f. That g, and 9 f coincide on OU°O
is by definition. It follows from Remark 3.5.6 that 0*€ f vanishes around D.
The same is true for F' by assumption. Consequently, Lemma 3.4.1 reveals
that g, is a representative of 0“E f.

Step 2: g, is Lipschitz continuous. By assumption, g, is Lipschitz on O.
Furthermore, g, is smooth on R%\ O and its gradient is bounded according to
Proposition 3.5.11. Hence, g, is Lipschitz on any line segment contained in
the exterior of O. The claim follows if we show that g, is continuous on 9O.
This is already established around D, so it only remains to show continuity
in z € N with d(z, D) > 0.

Clearly, it suffices to consider y € R4\ O close to x to show continuity. More-
over, using the positive distance of x to D, we may assume using Lemma 3.4.4
that y € (); for some cube (); € W, and that Q7 C O. Write y/ for the center
of Q. Fix some cube R which contains @; and @} with size comparable to
Q;. Also, note that £f(z) = (£q: f)q:(2) in a neighborhood of v’ by choice
of the partition of unity used in the construction of £, and that EQ]*- f=Fon
@] since Q] is properly contained in O. Then

9o () = ga(y)]
< |0°F(x) = 0°F(y)| + [(0°F — 0%(Eq: flo) ()| + 10°Ef(y") — 0“Ef(y)]

S ||8aF”Lip(Rd)|ZL‘ — yj| + ||80‘ (F — (F)Q;) |L°°(R) + H@O‘EfHLip(Qj) dlam(QJ)

Clearly, the first and the last term tend to zero when y approaches x. Fi-
nally, we estimate the second term using Corollary 3.5.4 to get decay of order
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3.8. Extending Lipschitz functions which vanish on D

diam(R) ~ diam(Q);). Hence, g, is indeed continuous in x. O
We are now in the position to prove Theorem 3.0.2.

Proof of Theorem 3.0.2. Let f € C%(R%)|o N"WFP(O) with compact support.
First, we treat the trivial case O = R?. In this situation, we extend f to
D by zero. This is a representative according to Lemma 3.4.1, it is weakly
differentiable of all orders by assumption on f, and the extension is isometric
with respect to the norm of W*?(0). Hence, this case can be completed by
continuity, compare with the conclusion of the general case below.

Otherwise, derive from Proposition 3.7.1 that £ f has weak derivates up to
order k and satisfies d(supp(€f), D) > 0. From the latter follows in particular
that 9°€ f vanishes in D. Proposition 3.5.11 yields the desired estimate on R?\
O. Taking Lemma 3.4.1 into account, these estimates sum up to an estimate
that holds almost everywhere on R?\ O, which completes the boundedness
assertion.

Because we have the positive distance of the support of £f to D, a convo-
lution argument shows that moreover £ f € WIBP (R%). Finally, we can extend
& by density to W5P(O) using the definition of that space and the density of
C%(R%)]o N W*P(O) shown in Section 3.6. O

3.8. Extending Lipschitz functions which vanish
on D

Definition 3.8.1. Let O C R? be open and D C O. Define
Lipp(0O) ={f:0 — C: f € Lip(O) and f vanishes on D}.

By the canonical identification of Lip,(O) as a subspace of Lip(O) a norm is
inherited.

The following approximation lemma for functions in Lip,(O) is a modified
version of an argument of Stein [92, p. 188] and is used as a substitute for the
result from Section 3.6.

Lemma 3.8.2. Let f € Lip,(O). Then there exists a bounded sequence
(fu)n C CS(RY)|o N WE2(O) that converges to f in L>=(O) and satisfies the
estimate || fullipo) S |1 fllLip(o), where the implicit constant does only depend
on d.
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3. Extension operators for Sobolev spaces with boundary conditions

Proof. By the Whitney extension theorem, it suffices to show the claim for
whole space functions. For convenience, we drop R¢ in the notation of function
spaces for the rest of this proof.

Pick a family of functions ¢, : [0, 00) — [0, 1] satisfying for y > x > 0

(i) ¢n=0o0n [0,1/n), (ii) ¢n =1on (2/n,00),
() lon(@) = oulw)] S e =yl

for an explicit construction see [56, Thm. 3.7]. Put ¢, (z) = ¢,(dp(z)).
By construction, 1, vanishes around D and, by Lipschitz continuity of the
distance function, (iii) yields for z,y € R? with dp(x) < dp(y) the bound

(3.22) [¥n(2) = ¥a(y)| < dpl@) "z —yl.

It suffices to show that there is a sequence of Lipschitz functions whose sup-
ports have positive distance to D which fulfill all claims but smoothness, since
then we can conclude using mollification. Note that the mollified sequence
still converges in LL*° owing to the Lipschitz continuity.

In this light, define the sequence of functions f, = 1, f. Clearly, these
functions are Lipschitz, and their supports stay away from D because v, has
this property. Next, we show that f,, converges to f in L>°. To this end, let
r € R? and pick z € D satisfying |z — 2| = dp(z). Since f(z) =0, we get

[f (@) = fu(@)| = (1= n(2))[f(2) = F(2)] < [[fllLip(1 = ¢on(2)) dp(2).

By definition of ¥, (1—,(z)) dp(x) < 2/n. Consequently, |f(x)— f.(x)| — 0
uniformly in x.

It remains to show that the Lipschitz seminorms of f,, can be estimated
against || f|lLip. The argument uses the same trick (using an element from D)
that we have just seen. So, let z,y € R%. Assume without loss of generality
that dp(z) < dp(y) and let z realize the distance from z to D. Using (3.22),
we obtain

(@) = ()] < 1F (@) = F@)|n(y) + [F (@) [hn(2) = ¢ (y)]
S W lluiple =yl + [f(2) = f(2)| dp(z) |z — yl.

The first term is fine and for the second we notice that

[f (@) = F(2)] < | flluiplz = 2| = [[flluip dp(2)- 0
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3.9. Homogeneous estimates

Theorem 3.8.3. Let O C R? be an open set and D C O be closed such that
O and D are subject to Assumption 3.1.1. Then there exists an extension
operator € which is bounded from Lip,,(O) to Lipp(RY).

Proof. Let f € Lip,(O) and let (p,), be the approximation in C%(R%)|o N
Wh(0) constructed in Lemma 3.8.2. Write £ for the extension operator
constructed in Section 3.5 for the case k = 1. According to Proposition 3.5.11
we have L> bounds for £ on ¢,,. In particular, this shows the L>°(R?) bound
for £ on f, where the latter is defined by approximation. Moreover, this
permits us to calculate for almost every z,y € R that

££() = £1()| = Jim. |E0n(z) — Epaly)].
By Proposition 3.7.1, £y, is Lipschitz and hence
lim |Epn(z) — Epnly)| < liminf [[VEQR, [~ @a)lz — yl-
Proceeding by Proposition 3.5.11 and Lemma 3.8.2, we obtain
lminf [VE@y [|re e S Mminf [on [wieo) S If]Lipo)-

So, £f satisfies a Lipschitz estimate against ||f||rip0) almost everywhere.
Hence, £f possesses a representative which is Lipschitz on R? and satisfies
the boundedness estimate. O]

3.9. Homogeneous estimates

We provide further estimates for the extension operator from Theorem 3.0.2
which concern homogeneous estimates and locality (see Definition 3.9.1 for
a proper definition). These results build on the observations made in Re-
mark 3.5.12.

Definition 3.9.1. An extension operator £ on Wi?(0) is called local if there
exist constants rg, x > 0 such that

IVE ey S I llwer OBy

for all z € 00, r € (0,79), and ¢ < k. Moreover, call £ homogeneous if one
can replace the right-hand side of that estimate by ||V*f||Ls0nB(,xm))-
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3. Extension operators for Sobolev spaces with boundary conditions

To verify that £ is local, we chose £ = B(z,7) in Remark 3.5.12 and let
Q; € W, with Q; N B(z,r) # 0. Using (3.7), (3.8), the bound on the chain
length from Lemma 3.4.7 as well as the properties of Whitney cubes, we see
that F(Q);) is contained in the ball B(x, xr) for some x depending only on
e, d, K, and X (as before, an analogous version for Fp(Q) holds on using
Lemma 3.4.8 instead of Lemma 3.4.7 and a similar reasoning). So, with
F = B(z,kr) we derive locality from Remark 3.5.12 with ry = oo. If we
restrict to rg = Ad, the same remark also yields that £ is homogeneous. Note
that in the case of 6 = oo this restriction is void. We summarize this result
in the following theorem.

Theorem 3.9.2. Let O C RY be open and D C 90 be closed such that O and
D are subject to Assumption 3.1.1, and fiz some integer k > 0. Then there
exist A,k > 0 and an extension operator € such that for all 1 < p < 0o one
has that & restricts to a bounded mapping from WEP(O) to WiP(R?) which is
homogeneous and local, that is, the estimate

||V€€f||LP(B(x,r)) 5 ||sz||Lp(B(:r,/~cr)ﬂO)

holds for f € WEP(O), ¢ < k, x € 9O, and r € (0,A8). The implicit
constant in that estimate depends on geometry only via the implied constants
and parameters in Assumption 3.1.1.
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CHAPTER 4

Extension operators for fractional Sobolev spaces with
boundary conditions

Let O C R? be open. For s € (0,1) and p € (1,00) the fractional Sobolev
space W*P(O) is defined in Definition 4.1.6 using an intrinsic norm. Under
the interior thickness condition

(ITC) Ve e O,r € (0,1] :  |B(x,r)NO| Z |B(xz,7)|

an extension operator for these spaces was constructed by Jonsson—Wallin [66],
see Proposition 4.1.13. In fact, the interior thickness condition is equivalent
for W*P(0O) to admit whole space extensions, see [98]. However, in case there
is a vanishing trace condition on 9O in a suitable sense, zero extension is
possible, so it is a priori clear that the thickness condition can be relaxed in
the presence of zero boundary conditions.

In Section 4.2 we will construct an extension operator which is adapted
to a vanishing trace condition on a portion of the boundary of O. More
precisely, let D C 0O and put N := 0O\ D. We incorporate a vanishing trace
condition on D into W*?(O) by intersection with the space L?(O,d ;™). On
this space, the interior thickness condition in N (see Definition 4.1.1) turns out
to be sufficient for the existence of an extension operator, and the constructed
extensions also vanish in D in the sense of Definition 2.2.2 if D is (d — 1)-
regular. An example of a now admissible configuration is a self-touching with
a cusp, see Example 4.1.3.
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4. Extension operators for fractional Sobolev spaces

Theorem 4.0.1. Let O C R be open and let D C 0O be closed, p € (1, 00)
and s € (0,1). If O satisfies the interior thickness condition in 0O \ D (see
Definition 4.1.1), then there exists a bounded extension operator

£ W*2(0) N LP(0, d5™) — W(RY).

If D is (d — 1)-regular and s € (1/p,1), then & maps even into the subspace
WP (R?) of WeP(RY).

Since the thickness condition does not hold in a neighborhood of N, lo-
calization techniques are not applicable. We will construct a superset O of
O which is enlarged near D to satisfy (ITC) and permits for zero extension.
Phrased differently, we reduce the case D # () to the case D = () by means of
zero extension. The enlargement is carried out in Section 4.2.1. This type of
construction will also be central in Chapter 5 later on. Afterwards, we will pro-
vide the aforementioned zero extension operator from O to O in Section 4.2.2,
which is bounded due to the additional fractional Hardy term coming from
the LP(O, d;)-norm. With this in hand, we can conclude Theorem 4.0.1 in
Section 4.2.3.

Using the pointwise restriction of W3 (R?)-functions to O the space WP (O)
was defined in Definition 2.2.6 (although the notation varies between the chap-
ters). We have already investigated their interpolation behavior in Chap-
ter 2. The next theorem shows that we can identify the intrinsic space
W=P(0)NLP(O,d;™) with WP(O) provided a scale-invariant thickness con-
dition for D holds.

Theorem 4.0.2. Let O C R? be open, D C 9O be closed, p € (1,00) and
1/p# s € (0,1). If O satisfies the interior thickness condition in 0O \ D and
if D is Ahlfors—David regular (see Definition 1.3.8), then

W(0) NLP(0,dp™) = Wp"(0)
holds up to equivalent norms.

The inclusion “C” follows immediately from Theorem 4.0.1, whereas the
converse inclusion is due to Proposition 2.6.7.

For the endpoint case s = 1 we work with the geometry from Chapter 3
described in Assumption 3.1.1, in which the space W5P(O) carries the usual
local Sobolev norm. Hardy’s inequality for these spaces is provided by the
following theorem, whose proof is given in Section 4.3. It builds on the ap-
proach from [37]; Our primary improvement lies in allowing unbounded open
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4.1. Geometry and function spaces

sets instead of merely bounded domains without demanding a scale-invariant
condition on D.

Theorem 4.0.3. Let O C R be open, D C 9O be closed and (d — 1)-regular,

p € (1,00) and assume that Assumption 3.1.1 is fulfilled. Then Hardy’s
inequality holds for W5P(O), that is, for all f € WiP(O) holds

/
e

Finally, we transfer the interpolation property of the WjP(O)-spaces to

p
dz 5 HfH]\DNLP(O)‘

arrive at the following purely intrinsic interpolation formula.

Theorem 4.0.4. Let O C R? be open and let D C 0O be closed. Put N =
00 \ D. If O satisfies the interior thickness condition in N, D is Ahlfors—
David regular and Assumption 3.1.1 is fulfilled, then

We2(0) NLP(0,dp™) = (LP(0), W (O))s s

where p € (1,00) and s € (0,1) \ {%} Moreover, the inclusion “2” holds also
if we relax the Ahlfors—David regqularity condition to (d — 1)-regularity and in
this case also s = 1/p is admissible.

To conclude, we consider the necessity of the geometric assumption from
Section 4.2 in Section 4.5. More precisely, we introduce a condition in Defi-
nition 4.5.1 that is strictly weaker than that from Definition 4.1.1 imposed in
Theorem 4.0.1. Proposition 4.5.2 shows that this condition is necessary for
extension operators on the space W*?(0) N LP(O,d,”). Example 4.5.5 is a
geometry in which such an extension operator is available but which is not
admissible in Theorem 4.0.1.

The results of this chapter were (partially) published in a journal article [18].

4.1. Geometry and function spaces

We are going to take a look on geometry and function spaces first, before
we continue with the construction of the extension operator in Section 4.2
afterwards.
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4. Extension operators for fractional Sobolev spaces

4.1.1. Geometry

We start with the definition of the interior thickness condition in a part of the
boundary and relate it to (ITC). We will give an example of an admissible
geometry that is not covered by the previous theory afterwards.

Definition 4.1.1. Let £ C R? and F C OF. Then E satisfies the interior
thickness condition in F if

Vee Fore (0,1] = |B(z,r) N E| Z |B(z, 7).

Lemma 4.1.2. Let E C RY. Then E satisfies (ITC) if and only if E satisfies
the interior thickness condition in OF.

Proof. Assume (ITC) and let x € 0E, r € (0,1]. Then pick some y €
B(z,7/2) N E and calculate

[B(z,r) N E| = [B(y,r/2) N E| Z [B(y,r/2)| = [B(x,7)].

Conversely, let x € E, r € (0,1] and E is interior thick in 0F. If B(z,r/2) C
E then the claim follows immediately. Otherwise, pick again some y €
B(z,7/2) N OF and argue as above. O

We stress that Definition 4.1.1 provides a way to formulate a sharp condition
at the interface between Dirichlet and Neumann boundary part. The following
simple example shows that a set can satisfy the thickness condition in some
closed subset of the boundary but fails to have it in any neighborhood. We
will later see the more elaborate Example 4.4.1 which additionally satisfies
Assumption 3.1.1. However, the example here is much simpler, so we include
it for good measure.

Example 4.1.3. Let O be the right half-plane touched by a cusp from the
left, for example this could mean

O ={(z,y) € R?: |y| < 2*,x < 0}U{(x,y) € R*: z > 0}.

Put D to be the boundary of the cusp and N is the y-axis except the origin.
Then the (ITC) estimate holds in N since each ball hits the half-plane with
half its area, but any proper neighborhood around N would contain a region
around the tip of the cusp, in which thickness does not hold (consider a
sequence that approximates the tip of the cusp and test with balls that do
not reach V).
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4.1. Geometry and function spaces

4.1.2. Function spaces

We start out with the classical (intrinsic) definitions of Lebesgue and (frac-
tional) Sobolev spaces up to order 1.

Definition 4.1.4. Let u be a measure, E C R? be measurable and p € (1, 00).
Then LP(E, p) is the space of p-integrable complex-valued functions on E with
respect to p. Write LP(E) if p is the Lebesgue measure and LP(E, w) if u is
the Lebesgue measure weighted by some positive function w.

Definition 4.1.5. Let O C R? be open and p € (1,00). The Sobolev space
WHP(O) consists of those f € LP(O) for which their distributional gradient
lies again in L?(O), normed by

1 lwiroy = (1 o0y + IV FEoi0y)” -

Definition 4.1.6. Let O C R? be open, p € (1,00) and s € (0,1). Then
WsP(0) denotes the fractional Sobolev space of order s, which consists of
those f € LP(O) for which

@ =P
1 lweso) = (Hfl! \+ //myeou_wdydx < oo,

lz—y|<1

Remark 4.1.7. Dropping the restriction |z — y| < 1 leads to an equivalent
norm, compare with the calculation in Remark 1.2.7.

We also define spaces with vanishing trace condition in this “intrinsic” con-
text.

Definition 4.1.8. Let O C R¢ be open and D C O. The set C%(R?Y) consists
of those smooth and compactly supported functions on R? whose support has
strictly positive distance to D. Then

C5(0) = {flo: f € CHRY}
and W¥(0) denotes the closure of C%(0) in W?(0), where p € (1,00).

Remark 4.1.9. Observe that Wy?(R?) = WLP(R?) by the Meyers-Serrin
Theorem.

Besides these intrinsic definitions we can also define spaces (with and with-
out boundary conditions) by means of whole-space restrictions. The following
proposition on traces is taken from [66, Thm. VI.1 & VII.1].
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4. Extension operators for fractional Sobolev spaces

Proposition 4.1.10. Let D C R? be (d — 1)-regular, p € (1,00), s € (}3, 1],
and f € WP(R?). For He '-almost every x € D the limit

) 1
(Rof)w)=lim s [ Fw)dy

exists, and the restriction operator Rp maps W*P(R?) boundedly into the trace
space LP(D, H®1).

Definition 4.1.11. Let D C R? be (d — 1)-regular, p € (1,00) and s € (%, 1].
Then W;P(RY) denotes the null space of Rp. Moreover, if O C R? is open,
put

Wi (0) = {flo: f € Wi (R%)}
and equip it with the quotient norm.

Remark 4.1.12. In the situation of Definition 4.1.11, the spaces W(R%)
and WP (R?) coincide, see Lemma, 2.2.5.

The following proposition is the full-dimensional case in [66, V.1.3]. Note
that the consistency becomes apparent from the formula for the extension
operator on p. 109 in [66].

Proposition 4.1.13. Let = C R? be a set that satisfies (ITC), p € (1,00) and
s € (0,1). Then W*P(Z) admits a bounded extension operator E to W*P(R?)
which is consistent in s and p.

4.2. The extension operator

The purpose of this section is to prove Theorem 4.0.1. This follows the plan
outlined in the introduction to this chapter. Throughout, O and D are as in
Theorem 4.0.1 and we put N := 9O \ D for convenience.

4.2.1. Embedding of O into an interior thick set

We construct an open set O C R? with O C O, 00 C 00, and that satis-
fies (ITC). According to the assumption on N and Lemma 4.1.2 it suffices
to check that O is interior thick in D and the “added” boundary. Of course
we could take O as R?\ 9O in this step but this would make zero extension
impossible in Section 4.2.2. Therefore, our construction will be in such a way
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4.2. The extension operator

that |z — y| 2 dp(z) whenever x € O and y € O \ O, which will do the trick
in the second step.

Let {Q;}; be a Whitney decomposition for the complement of N, which
means that the ); are disjoint dyadic open cubes such that

() UG=R\N (i) diam(Q)<d(@;N) < ddiam(Q,).
J
Using the Whitney decomposition we define

S ={Q;:0;N0#0} and O::Ou(U Q\D).

QeET

All claimed properties of O except (ITC) follow immediately by definition
(keep in mind N N @ = () when checking the inclusion of the boundaries). So,
let x € 0 and r € (0,1]. If x € N then we are done by assumption (argue
as in the proof of Lemma 4.1.2). Otherwise, either x € D or x € 9@ for some
@ € X (to see this, use that the Whitney decomposition is locally finite).
But if x € D then z € Q for some Q € ¥ by property (i) of the Whitney
decomposition and the definition of ¥. Hence, in either case z € Q for some
@ € X. Now we make a case distinction on the radius size compared to the
size of Q. If r > 4d(Q, N), pick y € Q and z € N with d(Q,N) = |y — z|.
Then with (ii) we get

hence B(z,r) contains a ball of radius r/2 centered in N and we are done.
Finally, if » < 4d(Q, N), then by (ii) we get r < 16 diam(Q) and the claim
follows from (ITC) for Q.

4.2.2. Zero extension

Let O denote the set constructed in the previous section. We define the zero
extension Operator & from O to O U D and claim W*?(0) N LP(O,d}) —
W#P(0O U D) boundedness. We start with a preparatory lemma.

Lemma 4.2.1. One has 2|x—y| > dp(z) whenever x € O andy € (O\O)UD.

Proof. The case y € D is trivial so let us consider y € O\ O. We distinguish
whether or not x and y are far away from each other in relation to diam(Q),
where ) € ¥ contains y.
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4. Extension operators for fractional Sobolev spaces

Case 1: |r —y| < diam(Q). Fix a point z € JO on the line segment
connecting x with y. Assume for the sake of contradiction that z € N. Then
using (ii) we calculate

d(@Q,N) < |y — 2| < |z — y| < diam(Q) < d(Q, N),

hence z € D. Thus, |z —y| > |z — z| > dp(x).
Case 2: |r —y| > diam(Q). By definition of ¥ and y ¢ O we can pick
2 € QN D. Then

2 =2 <z =yl +y — 2| < |z — y[ + diam(Q) < 2|z —y],
hence 2|z — y| > dp(z). O

This enables us to estimate &. Clearly, we only have to estimate the
WsP(0O)-seminorm since extension by zero is always isometric on LP. Let
feWs(0)nLr(O, dgsp), then

Eof(x) — Eof(y)IP
(4.1) AyeOUD |a: dy dx

|lz—y|<1 - |d+8p
|f(z) = fy)IP |f(z)|P
< [0 TSR dy+2 [ VG
//z yye\gl |J,‘ — y|d+8p EO,‘Ze_(yoli(l))UD |l’ IR y|d+5p

The first term is bounded by || f|[{y.s(0y, 50 it only remains to bound the
second term. On using Lemma 4.2.1 and calculating in polar coordinates we

find for x € O

1
|z =y~ dy < eq / t=rtdt < dp(x) .
Aegﬁ\fy’ dp(@)/2

Plugging this back into (4.1) yields that we can bound the second term therein

by the Hardy term HfHLp 0,d;")"

4.2.3. Proof of Theorem 4.0.1

We combine the results from above with the extension operator of Jonsson—
Wallin to conclude.

Proof of Theorem 4.0.1. Put £ = E o &, where E denotes the extension
operator from Proposition 4.1.13. From Section 4.2.1, O C OUD C O
and Lemma 4.1.2 follows that O U D satisfies (ITC), so by construction
E:WP(0)NLP(O,dp") — WP(RY).
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4.2. The extension operator

It only remains to verify the vanishing trace condition if D is (d—1)-regular
and s > 1/p. This amounts to showing that & maps into the kernel of Rp.
To this end, let f € W?(0O) N LP(O,d,™?), t € (1/p,s), and (f,), be the
approximation from Lemma 4.2.2 below. Fix n and let x € D for which
(Rp€ fn)(z) is defined. By assumption on the support of f,, we find an r > 0
such that B(z,r) is disjoint to supp(f,). Since the Whitney decomposition
is locally finite, it is moreover possible to choose r small enough that each
Whitney cube that intersects B(x,r) contains x in its closure. Consequently,
since

B(z,r) € (B, no)upu (U Q).
Qex
xeq)
we get Ef, = & fn = 0 almost everywhere on B(x,r). Therefore, it follows by
the very definition of Rp using mean values over small balls that Rp€ f,,(z) =
0. Finally, Rp&€ f = 0 by continuity and consistency of Rp and £. O

Lemma 4.2.2. Let O C R? be open, D C 90, p € (1,0), s € (1/p,1) and
f e W(0) N LP(O,d,™). Then for any t € (1/p,s) one has that f can
be approzimated in W P(O) N LP(O,dp") by a sequence (fo)n of functions
vanishing almost everywhere in a neighborhood of D.

Proof. For n > 1 define the cutoff function 4, : (0,00) — [0, 1] by

0, if v < 1/n,
On(x) =qnx—1, if1/n<x<2/n,
1, if > 2/n.

This sequence was already used for a similar purpose in [56, Thm. 3.7] and
it is known from that proof (or distinguishing cases) that

(12) u(e) )| S e =yl > >0)

Put f,, == 0,(dp)f. By construction, f,, vanishes identically in a neighborhood
of D. Moreover, since 9, (dp) converges pointwise and boundedly to 1, and
taking into account that L?(O, d;*)NLP(0O) C LP(0, d,"), we get convergence
of f, to f in both L?(O) and L?(O,d”*) by Lebesgue’s theorem.

It remains to show convergence in the W*?(O)-seminorm. For convenience,
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4. Extension operators for fractional Sobolev spaces

we put 7, = J,(dp) and obtain

[ =@ =0 =)Wl

o |.T,' _ y|d+tp
lz—y|<1
|7 (2 WP f(z |f(z) = Fy)P
// |x — [ drdy + // |a: — yjdtir de dy.
z,ye0 z,ye0
lz—y|<1 lz—y|<1

Again, the second term goes to zero by Lebesgue’s theorem. In case of
the first term, it is also evident that the integrand goes pointwise almost
everywhere to zero, but we have to show that there exists an integrable bound
for the sequence to apply Lebesgue’s theorem once more. To this end, we
calculate using |n,(x) — n,(y)] < 1 and with the aid of (4.2) along with
Lipschitz continuity of dp with constant 1 that

7 () = ()] < () = 10 (y)° S dp () dp(2) — dp(y)I*
< dp(z)*lz —y*.

Hence, the integral over y is not singular anymore and the integral over z can
be estimated by ||f||Lp(O7stp). O

Corollary 4.2.3. Under the assumptions of Theorem 4.0.1 one has W5P(O)N
LP(0,dp™) € Wi (0).

4.3. Hardy’s inequality

To prove Theorem 4.0.3, we show the following version on R¢\ D first. Then
the theorem follows readily using boundedness of the extension operator from
Chapter 3. The advantage is that by this decoupling the Hardy inequality
is immediately available whenever there is an extension operator ng (0) —
WP (RY).

Proposition 4.3.1. Let D C RY be closed and (d — 1)-reqular, and let
p € (1,00). Then Hardy’s inequality holds for WiP(R?), that is, for all
f e WP (RY) holds

8

dp

s S Ko ray-
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4.3. Hardy’s inequality

Before we turn to the proof of this proposition, we show how it implies the
theorem from the introduction.

Proof of Theorem 4.0.3. Let £ be the extension operator from Theorem 3.0.2.
Then Proposition 4.3.1 and boundedness yield

/ d</’

|

The proof of Proposition 4.3.1 relies on the following Hardy’s inequality with
pure Dirichlet boundary conditions, which is essentially contained in [70], see
also [54].

Proposition 4.3.2. Let O C R? with Ahlfors—David reqular boundary, where
either O is bounded or 0O is unbounded. Then we get the estimate

Jola

dz S €S Ira@ey S 1 a0y O

de S [[VFPde  (F € CR(0)).

The implicit constant depends on geometry only via the implied constants from
Ahlfors—David regularity of 00. The inequality extends to Wé’OP(O) owing to
Fatou’s Lemma.

Proof of Proposition 4.3.1. Let (Q)x be a grid of open cubes of diameter 1/4.
We consider the sets Oy = 2Qy \ D. Each Oy has an Ahlfors-David regular
boundary where the implicit constants depend only on the (d — 1)-regularity
constants of D and dimension.

To see this, take a ball B centered in 0Oy with radius r at most 1/2 (which
equals the diameter of Oy). The lower bound follows from the (d—1)-regularity
of 9(2Qy,) or the (d—1)-regularity of D depending on in which part the center
of B lies. The upper bound follows similarly if B doesn’t intersect either
0(2Qy) or D. Otherwise, say B is centered in 0(2Q);) and intersects D in x.
Then we estimate H? (BN 0O;) < H“H (BN I(2Qk)) + H* ' (B(z,2r)N D)
and the estimate follows again from the (d — 1)-regularity of the two portions
of the boundary. Note that all constants are uniform in k.

Now take a cutoff function y; which is supported in 2¢); and equals 1 on
Q. We can essentially use the same cut-off function for each k by translation.
Then we estimate for f € WP(R?) using Proposition 4.3.2 and the bounded
overlap of (Og)y that

£l
/Rd\D dz < Z/ dz < Z Xk S im0 S I IR agey-

dp
Note that at the first “<” we cru01ally use the dependence of the constant in
the Dirichlet Hardy inequality. O]
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4. Extension operators for fractional Sobolev spaces

4.4. Interpolation with intrinsic spaces

We combine Theorem 4.0.1, Theorem 2.1.7, Theorem 3.0.2 and Theorem 4.0.3
to conclude Theorem 4.0.4.

Proof of Theorem 4.0.4. Throughout, let £ denote the extension operator
from Theorem 4.0.1. Recall that €& maps into Wj'(R?).

We start with the inclusion “C”. To this end, let f € W?(O)NLP(O,d,™?).
Then we get with Theorem 2.1.7 that

Ef € Wi (RY) = (LP(RY), W5"(RY))s,p-

Here, we put the subscript D on the left-hand side whenever it is meaning-
ful. Consequently, f = (£f)lo € (LP(O), W5'(0))s,. This completes this
inclusion since W5*(0) = W3P(O) owing to Theorem 3.0.2.

Conversely, if f € (L?(0), W3"(O))s , then

£f € (LP(RY), WE'(RY))s, C (LP(R), WHP(RY)),, = WP(RY).

Restriction to O gives the embedding into W*?(O) C W*?(0). For the em-
bedding into L?(O,d;™”) we argue similarly using Theorem 4.0.3 and LP-
interpolation with weights (see [93, Thm. 1.18.5]) to obtain

(LP(0), W5 (0))sp € (LP(0), LP(0,d}"))s, = LP(0,dp™).
Note that this inclusion did not use that s # %. m

The following example is an elaboration of Example 4.1.3. We construct
an open set O and a Dirichlet part D C 0O which are admissible for The-
orem 4.0.4 but which do not fulfill the interior thickness condition in any
neighborhood of the Neumann boundary part 0O \ D.

Example 4.4.1. To construct O, we start with the lower half-space in R2.
We decompose the negative z-axis into dyadic chunks indexed by the integers,

that is, I == [-27%+1 —27%). For positive k& we add a hat to O above I}, with
height len([;,) and width 27*len(/;,). Finally, put N := (0,00) x {0} and
D =00\ N.

By Example 3.2.5, Assumption 3.1.1 is satisfied. Moreover, O satisfies the
interior thickness condition in N but not in any neighborhood of N since such
a neighborhood would contain arbitrarily peaked hats. Hence, it only remains
to verify Ahlfors—David regularity for D.
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Let @y be the closed dyadic cube over I;. Note that H'(Q, N D) = len(1},)
and that D C {J, Q. We verify Ahlfors-David regularity using cubes instead
of balls and using dyadic side lengths only. So, let x € D, ¢ = 2™ a dyadic
side length and ); a cube from above that contains x. We compare ¢ with the
side length of Q. If ¢ < 2%, the upper bound follows from the Ahlfors-David
regularity of @ and its adjacent cubes. Otherwise, Q(x,¢) intersects D at
most in U;<,, @j, so by a geometric sum we find the upper bound

HY(Qz, 0)ND) < S HYQ;ND) < > 21 =2m ~ 0.
js<m j<m
For the lower bound we start with the case ¢ < 2¥~1. Then the lower bound

follows again from the Ahlfors—David regularity of Q. Otherwise, Q(x,¢)
contains @),,_1 and we get the lower bound from this cube.

4.5. On necessary conditions for the existence of
an extension operator

In this final section we consider the necessity of the geometric assumption
in Theorem 4.0.1. We introduce a modified version of the interior thickness
condition in N C 9O that degenerates near 0O \ N in Definition 4.5.1 and
show that this conditions is necessary for W*?(O) N LP(O,d,”)-extension
domains. This condition also automatically holds whenever Assumption 3.1.1
is satisfied. Finally, we give an example of a geometry that satisfies the
degenerate thickness conditions but is not covered by Theorem 4.0.1.

Definition 4.5.1. Say that O satisfies the degenerate interior thickness con-
dition in N if O C R? is open, N C 9O and they fulfill

Vo € N,r < min(1,dgo\n(2)): [B(z,r) N O] 2 |B(x,7)|.

This condition is necessary for W*?(0) N L?(O,d,”)-extension operators
as the following proposition shows. The technique is due to Y. Zhou, see [98].

Proposition 4.5.2. Let O C R? be open, D C 9O be closed, p € (1,00),
s € (0,1) and put N == 00 \ D. If there exists an extension operator E :
WP(0) N LP(O,dp?) — WP(RY), then O satisfies the degenerate interior
thickness condition in N.

Before we come to the proof we provide a handy lemma needed therein,
see [98, Lemma 2.4].
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4. Extension operators for fractional Sobolev spaces

Lemma 4.5.3. Let O C R? be open, p € (1,00) and s € (0,1). For xz € O
and 0 <t <r <1 define the cutoff function f., on O by

1, ify € B(z,t) N O,
Fraly) =1 =55, ify € (B(a,r) N 0) \ Ba, 1),
0, ify € O\ B(x,r).

Then one has the estimate

1
IB(z,r) N OJ»
iy S A 2
I rillweror & =035

where the implicit constant does not depend on x.

Proof of Proposition 4.5.2. We only treat the case sp < d. The necessary
modifications of the proof in [98] become already apparent from this case and
we invite the interested reader to check the other cases himself.

Take z € N and a radius » < min(1l,dp(x)). We claim that whenever
0 <t < imin(1l,dp(z)) and b € (0,1) are such that

1
(4.3) [B(x,bt) N O] = 5[B(z,1)N O],
then
(4.4) t—bt < Bz, t)N Ol

Indeed, we calculate using the fractional Sobolev inequality [31, Thm. 6.5]
that

(4.5) 1 epell e 0 S 1B fepell e " S E foptllwer @may

d—sp ( d—sp (R

N ||ft,bt||ws7p(o) + ||ft,bt||Lp(o7dBSP)-

If y is in the support of f; 4 then dp(y) > dp(z) — |y —z| > 5 dp(x) by choice
of t. This is where the restriction of admissible radii enters the scene. Hence,
we get the estimate

B(z,t) N Ol

[ feetllio0.az7y S dp(@)*[B(z, 1) N O < (i —b)°

Now, we get a lower bound for the L%(O)—norm of fip in terms of |B(z, )N
O] by the definition of f;;; and (4.3), and an upper bound if we apply
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4.5. On necessary conditions for the existence of an extension operator

Lemma 4.5.3 to the first summand in the final estimate of (4.5) and use
the previously shown bound for its second term. This gives in summary

< |B(a:,t)ﬂO|5.

d—sp
B(z,t)NO| » < p
|B(z,t) |pd < Hft’bt”ersp(o) ST (= by

Sorting all terms gives (4.4) as claimed.

To conclude, we define a sequence of “halfing factors” as follows. Put by :=
1. Since the function ¢ : b — |B(z,bt) N O] is continuous on [0,00) for
any radius ¢ in virtue of Lebesgue’s theorem, we inductively find for j > 1
a factor b; such that |B(z,b;r) N O] = 3|B(z,b;—17) N O]. In particular,
|B(x,b;r)NO| = 277|B(z,r) NO|. By continuity of ¢ and ¢(0) = 0 we deduce
that b; is a null sequence. Moreover, with ¢ := b;_yr and b = b;/b;_; we can
employ (4.4), which leads to the calculation

r=> biir—bir $> Bz, br) N O|5
Jj=1 J=0
< S 279 B (2, 1) N O] = |B(z,r) N O],
Jj=20
Raising to the power of d concludes the proof. n
We also verify Definition 4.5.1 in the situation of Assumption 3.1.1.

Proposition 4.5.4. Let O C R be open and D C 0O be closed such that
Assumption 3.1.1 holds. Then O satisfies the degenerate interior thickness
condition in 0O \ D.

Proof. For convenience, put N := dO\ D and let x € N and r an admissible
radius. First, we note that it suffices to consider radii that obey the restriction
r < 3 min(d, A, 1) min(1, dp(z)) since we can put C' := 1 min(4, A4, 1) to get

B(z,r) N 0| > [B(z,Cr) N O] = (Cr)% ~ 1.

So we assume the aforementioned restriction on r and pick y € B(z, r/8)N0O.
We claim that there exists z € O such that

(4.6) r/2 <|y—z| <3r/4.

Otherwise, let O" denote the connected component of O that contains y and
let z € O'. We cannot have |y — z| > 3r/4 since then we could connect y and
z in O" by a path which would contain a point satisfying (4.6). Hence, O' C
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4. Extension operators for fractional Sobolev spaces

B(y,r/2) and consequently diam(0O’) < r/2 < c¢. But B(x,r)NO is connected
and contains y, so B(z,7) N O C O’ and z € 00’', which contradicts (DC) in
Assumption 3.1.1.

To proceed, fix some z € O satisfying (4.6). Due to |y — z| < 3r/4 < 0
there is some e-cigar v that connects y with z. By continuity we find w € v
with |w — y| = 1|y — z|. We calculate the distance of w to D and N. First,
condition (CC) in Assumption 3.1.1 and (4.6) yield

ely — z[|w — 2|

15
d > —Slw—z >y -2 >
wlw) 2 TS = S 2l 2 Jly — 2| 2 g

Second, from |w —y| = |y — z|/2 < 3r/8 follows
=] < Jw =yl +ly— 2] < 5r < 3 dola),
with which we derive
dmwﬂyb@%ﬂw—ﬂzidmwzr

Combining both estimates and using that w € O gives B(w,er/8) C O N
B(xz,r). Since |B(w,er/8)| ~ r¢, the assertion follows. O

The following example shows that the condition in Definition 4.5.1 is strictly
weaker compared to the interior thickness condition in N in the sense that
there is a geometry that allows for extension operators (and hence satisfies
the degenerate interior thickness condition), but is not admissible for Theo-
rem 4.0.1 (nor Theorem 3.0.2).

Example 4.5.5. Consider the cusp O = {(z,y) € R*>: x > 0,0 < y < 2%}
and put N := (0,00) x {0} and D := 90O \ N. To construct an extension
operator on W*?(0) N LP(O,d,™”), extend to the upper half-plane by zero
(the calculation is the same as in Section 4.2.2, use that in the mixed case
the connecting straight line intersects D) and extend to the whole space by
reflection (use here that upon reflection the distance of points increases). The
same construction yields a W (O)-extension operator. On the contrary, it is
easy to verify that O does not satisfy the interior thickness condition in N.

Remark 4.5.6. Note that the extension operator in Example 4.5.5 decom-
posed (similarly to our extension operator in Theorem 4.0.1) into a zero ex-
tension operator and an extension operator for the pure Neumann case.
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CHAPTER b

Kato's square root property: L2~Theory

Let L be a second order elliptic operator in divergence form on an open,
possibly unbounded set O C R? d > 2, with bounded measurable complex
coefficients, formally given by

d d

d

ij=1 i=1 j=1

Let D be a closed, possibly empty, subset of the boundary 00O. We com-
plement L with Dirichlet boundary conditions on D and Neumann boundary
conditions on 0O \ D. More generally, L can be an (m x m)-system in which
case u takes its values in C™ and each coefficient is valued in £(C™).

Let V := W;?(0)™ be the Wh2(0)™-closure of smooth functions that van-
ish in a neighborhood of D (Definition 5.1.11). Note that this definition of
W3 (O) coincides with Definition 2.2.6 in virtue of Corollary 5.1.12 under
suitable geometric assumptions, so that the results from Chapter 2 still ap-
ply. The superscript m indicates that we consider C™-valued functions. As
usual, we interpret L as the maximal accretive operator in L?(O)™ associated
with the sesquilinear form a : V x V' — C defined by

d

d d
(5.2) a(u,v) = / > aii0ju- v+ > biu-dv+ Y c;Ou-v+ du-vde,
i=1 j=1

O i=1
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5. Kato’s square root property: L?-Theory

which we assume to satisfy for some A > 0 the (inhomogeneous) Gdrding
inequality

(5.3) Rea(u,u) > A([[ul; + [Vulz)  (weV).

Then L is invertible and there is a unique maximal accretive operator v/L
in L2(O)™ that satisfies (v/L)? = L. We give a more detailed account in
Section 5.2. More generally, operators like /L arise from functional calculus.
Though we assume some familiarity with this concept, we have supplied the
necessary background for understanding this chapter in Section 1.4.

The Kato problem is to identify the domain of the square root operator as
D(vL) = V with equivalent norms. If L is self-adjoint, then this essentially
follows from the (formal) calculation

lull} ~ alu,u) = (Lu|w)z = (VLu| (VL)*u)s = ||V Lulj,

where the first step uses (5.3), the second step is the definition of L and the
final step uses self-adjointness in a crucial way. Indeed, this can be turned into
a complete proof, Kato’s so-called second representation theorem [69, VI.§2.6].
No such abstract argument can work when L is not self-adjoint [74]. The
problem becomes incomparably harder and tied to deep results in harmonic
analysis. On O = R? it was eventually solved by Auscher-Hofmann-Lacey—
MecIntosh—Tchamitchian in their 2001 breakthrough paper [13] and extended
by four of them to systems [14]. For a historical account and connections to
other fields of analysis the reader can refer to the introduction of [13].

On general open sets O the problem as posed above is wide open till this
day. Applications on sets with “rough” geometry come from various fields
including, with exemplary references, elliptic and parabolic regularity [25,57],
Lions’ non-autonomous maximal regularity problem [1,41] and boundary value
problems [7,11]. This motivates the search for minimal geometric assumptions
that allow to solve the Kato problem. The main result of this chapter improves
on all available results (to be reviewed momentarily) and reads as follows.

Theorem 5.0.1. Let O C R? be an open set and D C 00 a closed subset of
the boundary. Suppose that D is Ahlfors—David reqular and that O is locally
uniform near 90\ D (Definition 5.1.1). Then D(v/L) = W§5*(0)™ holds with

equivalence of norms
lulls + | Vulle = |VLul;  (u€ WSH(O)™),

and the implicit constants depend on the coefficients of L only through the
coefficient bounds.
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Here, coefficient bounds refers to the lower bound A in (5.3) and a pointwise
upper bound A for the coefficients. The geometric framework in Theorem 5.0.1
includes the one proposed by Brewster—-Mitrea—Mitrea—Mitrea in their influen-
tial paper [26] for treating various aspects of mixed boundary value problems
in vast generality. We have already had a look on it in Assumption 3.2.1
earlier on. It will be discussed in detail in Section 5.1. We do not require
coordinate charts around 0O \ D in any sense and we do not assume that O
satisfies the interior thickness condition

(5.4) de>0 VeeO,r<1: |B(x,r)N0O| > cB(x,r).

Those are two main points compared to all earlier results.

Indeed, for pure Neumann boundary conditions (D = (}) the solution of
the Kato problem was only known on Lipschitz domains [12,15]. Our as-
sumption reduces to O being an (g, )-domain (with positive radius if it has
infinitely many connected components, see Remark 5.1.5). For example, O
could be the interior of the von Koch snowflake [94, Fig. 3.5]. Pure Dirichlet
conditions (D = 00) were first treated in [12] on Lipschitz domains. The
Lions problem on mixed boundary conditions was solved in [15] on a class of
Lipschitz domains if D is a Lipschitz submanifold of 0O. An elaboration on
their method of proof in [38] yielded the solution on bounded interior thick
sets with Ahlfors—David regular boundary that are locally Lipschitz regular
around 00 \ D.

The proof of Theorem 5.0.1 divides into three steps. They correspond to the
three Sections 5.3 - 5.5. Here, we give an informal overview on the strategy
of proof and to fix ideas it will be somewhat more convenient to reverse the
order of Section 5.3 and Section 5.4.

Some parts of the chapter require that O satisfies (5.4) nonetheless. We
avoid any ambiguity by the following convention. In a context where the
underlying set is interior thick, we use bold letters for the relevant objects
and write for example O instead of O.

Step 1: Dirac operator framework

As many before us, we cast the Kato problem in the abstract first order
framework of perturbed Dirac operators that was introduced by Axelsson—
Keith—McIntosh in their remarkable elaboration of the original proof of the
Kato conjecture [16]. More precisely, we use the refinement in [39] that will al-
low us to work on interior thick sets with porous boundary (Definition 1.3.23).
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5. Kato’s square root property: L?-Theory

The latter holds true under our assumptions (Corollary 5.1.10) and for the
moment let us assume in addition that O is interior thick in the sense of (5.4).

Consequently, we can use the Dirac operator framework as a black box.
In Section 5.4 we explain what is going on “behind the scenes” in more de-
tail, but what basically happens is that harmonic analysis (present due to
the non-smooth coefficients) is decoupled from geometry (present due to the
rough nature of O). The harmonic analysis is taken care of by the Axelsson—
Keith—McIntosh framework. It then turns out that in order to prove our
main theorem, still under the additional assumption (5.4), we only need the
following higher regularity result for the Laplacian with boundary conditions
on O.

Step 2: Higher regularity for the Laplacian

In light of the growing interest in fractional Laplacians in other fields of anal-
ysis this might be of independent interest. The (componentwise) Laplacian
—Ap + 1 corresponds to a;; = d;;, b; =0=c¢;, d =11in (5.1). Definitions of
fractional Sobolev spaces W*2(0Q) and W*(0) will be given in Section 5.3.

Theorem 5.0.2. Let O C R be open and interior thick, let D C 0O be
closed and Ahlfors—David reqular and assume that O is locally uniform near
O\ D. Then there ezists € € (0, 3) such that

—Ap+1:W5H(0)™ - W5 2 (0)™

is an isomorphism for all s € (—e,€). Its fractional power domains in L*(O)
are given by

o 1
— 2 =
(=4 +1)%) {W%?(O)m if o (0,1).

We give the proof in Section 5.3 below. We remark that the results for s = 0
and o = 1 are elementary consequences of the Lax—Milgram lemma and the
Kato problem for self-adjoint operators, respectively. Hence, we are concerned
with a question of extrapolation. Compared to certain forerunners [15,38,83]
there are two new ingredients that allow us to relax the required geometric
quality of O: Improved complex interpolation theory for (fractional) Sobolev
spaces with boundary conditions, developed in Chapter 2, see also [20], and
Netrusov’s spectral synthesis [2, Ch. 10] replacing more naive measure theo-
retic considerations in [38].
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5.1. Discussion of the geometric setup

Step 3: Eliminating the interior thickness condition

At this stage the proof of Theorem 5.0.1 has been completed under the addi-
tional assumption (5.4). The final step, carried out in Section 5.5, consists in
eliminating this assumption by an ad hoc method.

First, we observe that if an open set O can be written as a countable union
of disjoint open sets O = |J; O; in such a way that the canonical identification

12(0)" = @17(0)"

also gives rise to a decomposition of form domains

WE(0)" = @W(0:)",

then a divergence form operator L on O with Dirichlet boundary part D
inherits a decomposition of its functional calculus as

F(L) = @ (L),

where L; == L|o, is subject to Dirichlet conditions on D; := D N 90;. Ob-
viously we are somewhat sketchy and some caution is needed to make such
decomposition precise, see Section 5.5. Solving the Kato problem for the triple
(L, 0, D) will therefore be equivalent to solving it for all triples (L;, O;, D;)
with uniform control of the constants in i (Proposition 5.5.8).

This being said, we reverse the order of reasoning. We let (Lg, O, Do) =
(L,0, D) be the original operator in Theorem 5.0.1 and construct an open
set O; disjoint to O with Dirichlet part D; = 90, such that O = Oy U O,
with Dirichlet part D := DyU D, is a “fattened version” of (O, D): It has the
same geometric quality and additionally satisfies (5.4). Then we set Ly := L
and L; = —Apyp, + 1. In the interior thick setting we have already solved
the Kato problem. Hence, we have the solution for (L, O, D) and obtain the
solution for (L, O, D) by restriction to that triple.

The results of this chapter were published in a joint paper with Moritz
Egert and Robert Haller-Dintelmann in [21].

5.1. Discussion of the geometric setup

5.1.1. Locally uniform domains

Definition 5.1.1. Let ¢ € (0,1] and § € (0,00]. Let O C R? be open and
N C 90. Set N;j == {z € R?: d(z,N) < 6}. Then O is called locally an
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5. Kato’s square root property: L?-Theory

(¢,0)-domain near N if the following properties hold.

(i) All points z,y € O N Ns with |z — y| < 0 can be joined in O by an
e-cigar with respect to 00 N Ny, that is to say, a rectifiable curve v C O
of length ¢(v) < e~ |z — y| such that

elz = zf|z -yl

5.5 d(z,00 N Ng) >
(55) ( R

(2 €7).

(ii) O has positive radius near N, that is, there exists A > 0 such that all
connected components O’ of O with 900'N N # () satisfy diam(O’") > Ad.

If the values of €, 9, ¢ need not be specified, then O is simply called locally
uniform near N.

Remark 5.1.2. Definition 5.1.1 describes a quantitative local connectivity
property of O near N. For an illustration of e-cigars with respect to 0O the
reader can refer for instance to [94, Fig. 3.1]. Having positive radius is of
course only a restriction if O has infinitely many connected components.

Remark 5.1.3. The positive radius condition is scale invariant in the sense
that & = oo forces O to be connected and unbounded in the case N # (). We
will only need this scale invariant formulation later on in Chapter 6. Hence,
we assume 0 < oo for the rest of this chapter. In particular, the positive
radius condition then reduces to the existence of a constant ¢ > 0 such that
all connected components O" of O with 00’ N N # () satisfy diam(O’) > c.

Condition (5.5) originates from Jones’ influential paper [65]. For his (g, ¢)-
domains he requires that all z,y € O with |[x — y| < ¢ can be joined by
an e-cigar with respect to d0O. Locally (g,0)-domains near a part of the
boundary have been pioneered in [26] using (e, d)-domains as charts around
N in analogy with how Lipschitz graphs give rise to the notion of sets with
Lipschitz boundary. Our novel definition avoids charts and is inspired by
Assumption 3.1.1. Let us give a concise comparison, which also includes the
proof of Proposition 3.2.2.

Proposition 5.1.4. Let O C R? be an open set and let N C 00.

(i) If O is locally an (g,0)-domain near N in the sense of Assumption 3.2.1
(which is Definition 3.4 in [26]), then it is locally uniform near N in
the sense of Definition 5.1.1.
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5.1. Discussion of the geometric setup

ii is locally uniform near N in the sense of Definition 5.1.1, then
ii) If O is locall ' N in th Definition 5.1.1, th
(O, N) is an admissible geometry for Assumption 3.1.1 in Chapter 3.

Proof. We start with (i). Besides further quantitative conditions, being an
(€,6)-domain near N in the sense of Assumption 3.2.1 means that there exist
(at most) countably many open sets U; and constants r, ¢ > 0 such that

(a) for each x € N there exists some i such that B(z,8r) C U; and

(b) for each i there is an (¢, §)-domain O; with connected components all of
diameter at least ¢ such that ONU; = O; N U;.

We take ¢’ := min(d,er). Note that in particular ¢’ < r. We show that O
is locally an (e,0’)-domain near N in the sense of Definition 5.1.1. To this
end, let z,y € O N Ny be such that |z —y| < §'. According to (a) there is
a ball B of radius r centered in N and an index ¢ such that x,y € 2B and
8B C U;. Due to (b) we have z,y € O;. Consequently, there is a rectifiable
curve v C O; of length ¢() < e7!|z — y| that joins z to y in such a way that

|z — x| |z — y
|z —y|

(5.6) d(2,00;) > © (z € 7).
From /() < r we obtain v C 3B and (b) yields v C O; N U; C O. Given
z € 7, we let 2 be a point in dO N Ny closest to z. We have |z — 2/| < 3r
since B is centered in N, which shows that 2z’ € 00 N 6B. Now, (b) yields
2" € 00;. Thus we proved d(z,00;) < d(z,00N Ng) and by (5.6) we see that
v is an e-cigar with respect to 0O N Ny.

Let O’ be a connected component of O with d0’ N N # (). We complete
the proof of (i) by demonstrating diam(O’) > min(2r,¢). Suppose we have
diam(0O’) < 2r. As above, we find a ball B and an index i such that O' C 2B
and 8B C U;. From (b) we obtain that O contains all z € O; with d(z,0’) <
6r and that O’ C O;. In particular, O is an open and connected subset of O;.
Since O is a maximal connected subset of O, we also get that no continuous
curve v C O; can join points from O; \ O" and O'. Hence, O’ is a connected
component of O; and diam(O’) > ¢ follows.

Let us prove (ii). Besides O having positive radius near N, for (O, N)
being an admissible geometry for Assumption 3.1.1 we need that there exists
g’,¢0', K > 0 such that

(c) allz,y € O with |[z—y| < ¢’ can be joined by an €’-cigar v with respect to
N, not necessarily contained in O, such that k(z,0) = infp k(z,-) < K
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for all z € ~y, where k(-,-) denotes the hyperbolic distance

k(x',y') = inf / d(2/,N)~t|d|.
4" CRI\ N rect. Jv/
curve from z’ to 3y’

Let €, 0 be as in Definition 5.1.1. We check (c) for ¢’ := 2, &' := ¢ and K := 1.
If z,y € Ns, then we can use the e-cigar provided by Definition 5.1.1, on
noting that for z € v C O we have k(z,0) = 0 and d(z,00 N Ns) < d(z, N).
Now, suppose x ¢ Njs. Let v be the straight line segment to y and take any
z € 7. First,

elz — x|z — g
|z —y|

) )

shows that 7 is an e-cigar with respect to N. Second, on taking 7/ as the
segment from z to x in the definition of hyperbolic distance, we find k(z,0) <
k(z,z) < 0(+)2 < 1. O

Remark 5.1.5. By definition, (O,00) is an admissible geometry in [19] if
and only if O is an (e, §)-domain with positive radius. Thus, all introduced
notions of locally (e,d)-domains near the full boundary imply that O has
positive radius. This observation sharpens [26, Lem. 3.7].

Remark 5.1.6. The proof moreover shows that if § = co in Definition 5.1.1
then the same is true for Assumption 3.1.1.

Bounded Lipschitz domains are locally uniform, see [38, Rem. 5.11] or [94,
Prop. 3.8]. In particular, the local (e, d)-condition near N in the sense of
[26] already comprises Lipschitz regular sets near N, see Proposition 3.2.4.
The standard example of a fractal locally uniform domain is the von Koch
snowflake [94, Fig. 3.5].

5.1.2. Corkscrew condition and porosity

We establish the corkscrew condition in our context. As before, we write Nj
for the set of points with distance to N less than ¢.

Proposition 5.1.7. Suppose that O C R% is open and locally an (g, §)-domain
near N C 00. Then there exists a constant r € (0, 1] such that:

Vo € NsjpnNO,r <1 3FzeB(x,r) : B(z,sr) CONDB(x,7).
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Proof. Let C':= ;min(d,c,1). It suffices to obtain some « that works for all
radii 7 < C' and all x € Ns/» N O. Indeed, for r < 1 we find z € B(z,Cr) C
B(z,r) with B(z, (kC)r) C O N B(x,r), so we only need to use xC instead of
k. Finally, with a constant strictly smaller than xC' and a limiting argument,
we can allow all x € N5/, NO.

Let z € N5/2 NO. We claim that there is y € O satisfying £ < |z —y| < 2.
Suppose this was not true and let O" be the connected component of O that
contains z. Then O' C B(xz, 5) € N5 and we also have B(z,5) " N;n O C O
since all points in the left-hand set can be joined to x via a curve in O. The
first inclusion gives diam(O’) < ¢, whereas the second one gives 00’ N N # ()
in contradiction with Definition 5.1.1.

We fix any y € O as above. Then |z —y| < % and in particular y € NsNO.
Let v C O be the joining e-cigar with respect to 0O N Ns. By continuity

we pick z € v with |z — z| = %|x — y| and verify the required properties for
k= £. First, we have B(z,xr) C B(z,r) by construction. Second, r < $
yields d(z, R?\ Ng) > § —|o— 2| > £. Third, |z —y| > iz —y|and [z —y| > %

plugged into (5.5) give d(z,00 N Ns) > kr. The last two bounds imply
B(z, kr) C R4\ 0O. But as z € O we must have B(z, kr) C O. O

Remark 5.1.8. If 6 = oo and N # (), then there exists a constant « € (0, 1]
such that

Ve e O,r >0 3ze€B(x,r) : B(z,kr) CONB(z,7).

Indeed, the positive radius condition then forces O to be a connected and
unbounded open set. In particular, there is y € O satisfying r/2 < |z — y| <
3r/4. Connect x and y by an e-cigar 7. By continuity, there is z € v with
|z—z| = 3|z —y|. Put s := /8. By the triangle inequality, B(z, xr) C B(z,r).
Also, it follows from (5.5) that d(z,00) = d(z,00 N Ns) > kr. Hence,
B(z,kr) C R4\ 90 and z € O lets us conclude B(z, kr) C O N B(x, 7).

The property above is closely related to porosity in the following sense.

Definition 5.1.9. A set £ C R? is porous if there exists x € (0,1] with the
property that:

Vee E,r<1 3ze€B(x,r) : B(z,k6r) CB(z,7)\ E.

Proposition 5.1.7 entails in particular that NV is porous. As a non-trivial ex-
ample let us mention that Ahlfors—David regular sets are porous by Lemma A.1.7.
This leads to the following important corollary of Proposition 5.1.7.

133



5. Kato’s square root property: L?-Theory

Corollary 5.1.10. Under the assumptions of Theorem 5.0.1 the full boundary
00 s porous.

Proof. In view of the examples given above, the claim amounts to showing

that the union of two porous sets Ey, E; is again porous. To this end, start

without loss of generality with a ball B centered in E and obtain a ball B’ C

B\ Ey with comparable radius. Then either B’ C B\ (EyUE)) or 1 B'NE; #

(). In the first case we are done and in the second case porosity of E;, applied
1

with 7 = r(B’) and z an intersection point, furnishes a comparably sized

ball B”gB,\El gB\(E()UEl) ]

5.1.3. Sobolev extensions

The Hilbert space W2(O) on an open set O C R? is the collection of all
u € L?(0) such that Vu € L*(0)? with norm

1/2
5.7 luliwsego) = (el + [ Vulltaion )
We introduce the subspace of functions that vanish on a subset of O as follows.

Definition 5.1.11. Let O C R? be open and D C O be closed. The Hilbert
space W5(0) is the WH2(O)-closure of the set of test functions

CH(0) = {u|o cu € CP(RY) and d(supp(u), D) > O}.

For pure Dirichlet conditions we recover Wy*(0) = W55 (0). If O is an
(¢, 6)-domain with positive radius, then Jones’ extension operator and density
of C*(R?) in W'2(R?) allows to obtain W'?(0) = Wy?(0). In view of
Proposition 5.1.4.(ii) we may state a special case of Theorem 3.0.2 in the
following

Corollary 5.1.12. Let O C R? be open and D C 0O be closed. If O is
locally uniform near O\ D, then there is a bounded linear extension operator
£ W5 (0) = W5 (RY).

There are further natural choices for the test function class C%(O) in Def-
inition 5.1.11 that all lead to the same W'?(O)-closure, see Section 3.6.
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5.2. Definition of the elliptic operator

Throughout, we assume that O C R? is open and D C 9O is closed. Identi-
fying L?(O)™ with its anti-dual space (L?(O)™)*, we have dense embeddings

V = WE(0)™ C L2(0)™ C (Wi (0)™)".

We assume that the coefficients a;j, b;,¢j,d : O — L(C™) in (5.1) are bounded
and measurable. We group them as A = (a;;);;, b = (b;); and ¢ = (¢;); in
the coefficient matrix

(58) d c :Oéc(cm)(l—l—d)x(l—l—d),

b A

and we introduce for a C™-valued function u the gradient Vu = (d;u); as a
vector in (C™)4. Here, i and j always refer to column and row notation, re-
spectively. With this notation, the sesquilinear form in (5.2) can be rewritten
as

d c u v
(5.9) a:VxV —=C, a(u,v) = / : dz.
©1b Al [Vu| |[Vv

Our ellipticity assumption is the lower bound (5.3). Note also that (|| - ||3 +
IV - [|2)"/2 is the Hilbert space norm on Wp*(0)™.

The Lax-Milgram lemma associates with a the bounded and invertible op-
erator

L:WE (O™ = (WBH0)™)*, (Lu,v) = a(u,v).

We define L to be the maximal restriction of £ to an operator in L*(O)™.
Then L is an invertible, maximal accretive, sectorial operator in L?(O) of
some angle w € [0,7/2), see [53, Prop. 7.3.4]. The adjoint L* is associated in
the same way with a*(u,v) = a(v,u), see [69, Thm. VI§2.5]. Consequently,
L is self-adjoint when the matrix in (5.8) is Hermitian.

The square root v/L is defined via the sectorial functional calculus for L. It
is invertible and maximal accretive [53, Cor. 7.1.13]. In particular, it coincides
with Kato’s original definition of the square root [69, Thm. V§3.35] as the
unique maximal accretive operator in L2(0)™ that satisfies (v/L)? = L.
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It will be convenient to write L as a composition of differential and multi-
plication operators, more in the spirit of the formal definition (5.1). To this
end, we introduce the closed and densely defined operator

(5.10) Vp: W5 (0)™ C L2(0O)™ = L}0)™™,  Vpu=Vu

and let —divp be its (unbounded) adjoint. In view of (5.9) it follows that

d ¢ 1

(5.11) L= {1 —divD}
b Al |Vp
with maximal domain in L?(O)™. Integration by parts reveals divp(u;); =
4 Osu; for (u;); € (CF(O)™)? but in this generality no explicit description
of D(divp) is available.

5.3. Higher regularity for fractional powers of the
Laplacian

The goal of this section is to show Theorem 5.0.2, thereby accomplishing
Step 2 from the introduction. In the whole section we fix O and D satisfying
the assumptions from Theorem 5.0.2. It suffices to treat the case m = 1 since
—Ap in L?(0)™ acts componentwise. We adopt the convention that function
spaces without reference to an underlying set are understood on the whole
space, e.g. we write W12 instead of WH2(R?).

5.3.1. Fractional Sobolev spaces on open sets with
vanishing trace condition

To make this chapter as self-contained as possible, we recall the (fractional)
Sobolev spaces of regularity s € (0,2) in the Hilbertian case. Whereas this is
a classical topic on R? and was presented in Section 1.2 in the preliminaries,
different definitions suiting different purposes are possible on O. We follow
the treatment from Chapter 2 with a focus on interpolation theory.

If s € (0,1), then W*? consists of all u € L? such that

[u(z) — u(y)?

puey =yl

ullye.z = [lullzz + dz dy < oo.
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If s € (0,3), then W2 consists of all u € L? with |lul[3ys.2 = [Jul[f2 +

| Vul|3ys2 < oo. It will be convenient to set W%? := L2, It follows from the
structure of the norms that these spaces are Hilbert spaces and that V maps
Wits2 into W2, The Bessel potential space

(5.12) H? = {u € L7 ¢ |fullge2 = [|(1 = A)3ullp2 < oo}

coincides with W*?2 by [93, Sec. 2.4.2. Rem. 2. Here, A is the Laplacian in R?.

Since D is a (d — 1)-set, see Remark 1.3.11 for this terminology, a ver-
sion of the Lebesgue differentiation theorem allows us to define traces on D.
The following is a weakened version of Proposition 2.2.1 that suffices for our
purpose.

Proposition 5.3.1. Let s € (%,%) and u € W*2. For H%¥ 1 -almost every
x € D the limit

(Rpu)(z) = lim |/“

r—0 |B(z, 1)
exists. The restriction operator Rp maps W2 boundedly into L2(D,H1).

With the trace operator at hand, we introduce the closed subspace Wf{f of
W#2 by

Wik = {u e W*?: Rpu = 0}.

In the case s = 1 this notion is consistent with Definition 5.1.11, see Lemma 2.2.5.
Finally, we denote the distributional restriction to O by |o and define frac-

tional Sobolev spaces on O by restriction. Let s € [0, f) and t € (2, 5) Put

W2(0) = {ulo : u € W*?} and W3 (O) = {ulo : u € W'} and equip

them with quotient norms.

Remark 5.3.2. These spaces are again Hilbert spaces by construction as
quotients of Hilbert spaces. Since O is interior thick, we have that W%Q(O)
is a closed subspace of W"?(0) with an equivalent norm, see Lemma 2.2.11.
As a cautionary tale, let us stress that in the context of this section W?(O)
is embedded into but possibly not equal to the collection of all u € L%*(O)
with Vu € L*(0)? and norm (5.7). However, as a consequence of Corol-
lary 5.1.12, the definition of W5’ (O) above coincides with the original one
from Definition 5.1.11 up to equivalent norms.
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Spaces of negative smoothness are defined by duality extending the inner
product on L*(0). For s € [0,2) and ¢ € (3, 2) let W—*2(O) and W52(0)
be the anti-dual spaces of W*2(0) and W5 (O), respectively.

We turn our focus to the density of test functions in these spaces. The
following proposition follows as a special case of Netrusov’s Theorem [2,
Thm. 10.1.1] if one replaces the appearing capacities by the Hausdorff mea-
sure using [2, Thm. 5.1.9]. To make the statement more concise, we use the

concept of Hausdorff co-dimension, defined by
codimy (E) = d — dimy/(E),

where

dimy(E) = inf{s € (0,d] : H*(E) = 0}

is the Hausdorff dimension of E C R?. For more information take a look at
Section 1.3.2.

Proposition 5.3.3 (A Version of Netrusov’s Theorem). Let 0 < s < ¢ and
let E CR? be closed. If 2s < codimy(E), then C¥ is dense in W52,

In order to show that this version of Netrusov’s Theorem is applicable in
our setting, we use the elementary covering lemma for porous sets presented
in Lemma A.1.8.

Proposition 5.3.4. There exists 0 < sy < 5 such that C3,(O) is dense in
W*2(0) and the zero extension operator & : WH2(0) — W*? is bounded for

0 < s < sp.

Proof. Since 0O is porous by Corollary 5.1.10, we can pick C' > 1 and
0 <t < dasin Lemma A.1.8. We take 0 < s < 1 such that 2s < d — t.
Then, let B be some ball centered in 0O with r(B) = 1 and let 0 < r < 1.
Given (B;); a covering of 0O N B provided by the lemma mentioned above
and ¢ € (t,d), we estimate

HA(OONB) <> 1(B) = #r" <Orf .

Taking the limit as 7 — 0, we arrive at H*(0O N B) = 0. Finally, a countable
covering of O by such balls yields H*(0O) = 0, so by definition we have
dimy(00) < t and therefore 2s < codimy(00). Now, Netrusov’s Theorem
gives density of C3, in W*? and the first claim follows by restriction to O.
Boundedness of the zero extension operator for s sufficiently small follows
from a result of Sickel presented in Proposition 2.2.14, take Example 2.2.13
into account. Inspecting the proof of Lemma A.1.8 reveals that the same
range of s as before would work but we do not need such precision. O]
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5.3.2. Interpolation scales

Some general background on interpolation can be found in Section 1.1. The
following notion of interpolation scale comprises a particular easy way to use
interpolation theory. We will see below that particularly nice interpolation
couples induce interpolation scales.

Definition 5.3.5. Let I C R be an interval and for each 7 € I let H; be a
Hilbert space. Call (H;); a complex interpolation scale if whenever iy < iy,
then H;, C H,, with dense and continuous inclusion and

(5.13) [Hiy, Hiylo = H1—6)io+6i,
for all # € (0,1) up to equivalent norms.

We could have introduced a similar notion for (6, 2)-real interpolation, but
it is also a good opportunity to note that this coincides with #-complex inter-
polation when working with Hilbert spaces [61, Cor. C.4.2.]. We will freely
use this fact. If Hy, H; are Hilbert spaces with dense inclusion H; C Hj, then
([Ho, H1lp)oepo,1) is a complex interpolation scale, see [93, Sec. 1.9.3. Thm. (c)
& (d)] and [93, Sec. 1.10.3. Thm. 2|. In this context (5.13) is called reiteration
in the literature and we use the convention [Hy, H;]; = H; for j =0, 1.

For the proof of Theorem 5.0.2 we need the following interpolation scales:

(a) (W%2<O))se(%,%)> (b) (W?)Q(O))se(—%,—%y
(C) (D((l - AD)%))SG[O,OO)'

Since 1 — Ap is self-adjoint we obtain (c¢) from [53, Thm. 6.6.9 & Cor. 7.1.6].
Also, (b) follows from (a) by duality [93, Sec. 1.11.2]. Parts (a) uses the
standing geometric assumptions and has been obtained in Theorem 2.1.5. It
will be important in the proof of Theorem 5.0.2 to identify some spaces in (c)
with fractional Sobolev spaces using Theorem 2.1.7.

5.3.3. Mapping properties for 1 — Ap

We start with mapping properties for the distributional gradient on spaces of
fractional smoothness.

Lemma 5.3.6. Let s, t > 0 satisfy t < % and s < sg, where so was determined
in Proposition 5.3.4. Then V is a bounded operator W'*42(0) — W42(0)¢4
and W=52(0) — W=*2(0O)“.
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Proof. For the first claim we simply note that V : W62 — (WH2)d g
bounded and that VEu € (W5?)¢ is an extension of Vu if Fu € W2 is an
extension of u € Wt2(0).

For the second claim let u € W'™%%(0) and let Eu € W!™*? be some
extension of u. Let i = 1,...,d. Given ¢ € C3y(0), we first rewrite the
duality pairing as

—(Oiu, ) = (u]0ip)12(0)

= (FEu|& ,gp)Lg
= (Fu| 0;&p)L2
=(1-8)%

where we used again the fractional powers of the Laplacian on R? and com-

(1= A)72(1 = A)3 &)

L2’

muted the respective Fourier multiplication operators. Since the Riesz trans-
form 0;(1 — A)_% is bounded on L? by Plancherel’s theorem and the Bessel
spaces in (5.12) coincide with the fractional Sobolev spaces, we obtain

(0w, )| < || Eullwr—
S [[Eullwi-—

50()0||st2

SOHWS’?(O)a

where the final step is due to Proposition 5.3.4. By passing to the infimum over
all extensions Fu we arrive at [(Oyu, p)| S ||u|lwi-s2(0)l|¢llw=2(0). But since
C%5(0) is dense in W*2(O) by Proposition 5.3.4, this shows d;u € W—*%(0)
with H(?iuHW_s,z(O) S Hu|]w1—s,2(0). ]

Proposition 5.3.7. Let 0 < s < sg with sg as in Proposition 5.53.4. Then
1 —Ap : WE(0) — Wp"*(0) restricts/extends to a bounded operator
WlDisQ(O) — WBlisQ(O).

Proof. By definition, we have
(1—Ap)u,v) = (u|v)2+ (Vu | Vv), (u,v € W5 (0)).

If in addition uv € W5*?(0) and v € W} **(0), then we control the first
part of the right-hand side by

] )2l < Nlallvlls < el ollv iy

whereas for the second part we first use that the W**2(0O) - WF*2(0) duality
extends the inner product on L?(0) and then apply Lemma 5.3.6 to give

[(Vu [ Vo)o| < [|Vullwe=2(0) [Vl wrs200) S HUHW}DiS’?(o)HUHw};Sv?(oy
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5.3. Higher regularity for fractional powers of the Laplacian

By virtue of the scale (a) from Section 5.3.2 the fractional Sobolev spaces
form a hierarchy of densely included spaces. This yields the claim. O

We continue by recalling an abstract extrapolation result due to énefberg
[9,91].

Proposition 5.3.8. Let a < b, let (H;)icap and (K;)icpap be complex inter-
polation scales and let T : H, — K, be a bounded linear operator that is also
H, — K, bounded. Then the set {i € (a,b) | T : H; — K; is an isomorphism}
1S open.

This enables us to complete the first part of Theorem 5.0.2 through the
following

) such that 1 — Ap is an isomor-
for all s € (—¢,¢).

Proposition 5.3.9. There exists € € (0,
phism between W1D+s’2(()) and W51+572(0

~— o=

Proof. We define 3 := %so and I = [—/3, 8]. According to Proposition 5.3.7,
1—Ap extends to a bounded operator Wp, ?2(0) — W5 ™#2(0). We denote
this extension by 7" and the same proposition shows that 7" also restricts to
a bounded operator Wi 72(0) — W5 "72(0). From Section 5.3.2 we know
that (W5 *%(0))se; and (W5 ™%*(0))ser are complex interpolation scales.
We know by the Lax—Milgram lemma that s = 0 is contained in the isomor-
phism set in énefberg’s Theorem, thus the claim follows. O]

5.3.4. Domains of fractional powers of the Laplacian

In this section we complete the proof of Theorem 5.0.2.

Proof of Theorem 5.0.2. In view of Proposition 5.3.9 it only remains to deter-
mine the fractional power domains in L?(O). The starting point is that 1—Ap
is a self-adjoint operator and therefore we have D((1 — Ap)z) = WE2(O) by
the Kato property for self-adjoint operators. Combining Proposition 2.1.7 and
the interpolation scale (c) in Section 5.3.2 we obtain

WH*(0)  (if a > 1/2)

D((1-Ap)2) = {Wa,z(o) (if @ < 1/2)

for o € [0, 1], all with equivalent norms. For the extrapolation we decompose
fractional powers of 1 — Ap above % into the inverse of the full operator and
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5. Kato’s square root property: L?-Theory

fractional powers of lower order. Since the fractional powers of 1 — Ap are
invertible, see Example 1.4.4,

l1—a

(1—Ap) = :Wp**(0) - L}0)

is an isomorphism for a € [0, 1). Using duality and self-adjointness, we more-
over get that (1 — Ap) 2" extends to an isomorphism between L2(0) and
W5 T?(0). In particular, with & from Proposition 5.3.9 and o € (0,¢),
(1— Ap)™=" maps into the domain of the extrapolated Lax—Milgram isomor-
phism. On the dense subset D((1 — Ap) =*) of L2(O) we have the decompo-
sition

1t+a 1—o

(1 — AD)_T = (1 — AD)_l(l — AD) 2.

Again by example 1.4.4, the left-hand side is an isomorphism from L?(O) onto
1+«

D((1 — Ap) 2z ). But the right-hand side extends to an isomorphism onto
WL 2(0), which reveals that indeed D((1 — Ap)™=") = W5 *?(0). O

5.4. Proof of Theorem 5.0.1 on interior thick sets

This section corresponds to Step 1 of the introduction. Throughout we assume
that O C R? is an open and interior thick set, that D C 9O is a closed and
Ahlfors-David regular portion of its boundary, and that O is locally uniform
near dO \ D. The proof heavily relies on [39], which can essentially be used
as a black box, but nonetheless the reader is advised to keep a copy of that
paper handy.

5.4.1. The idea of Axelsson—Keith—Mclntosh

On the Hilbert space H = L?(0)™ x L2(0)*™ x L2(O)™ introduce the closed
operators with maximal domain

0 00 10 0 00 0
(514) T=11 0 0ol, Bi=1]0 0 0|, Bo=1|0 d ¢/,
Vp 0 0 000 0b A

where Vp was defined in (5.10) and — divp is its adjoint. Then define the per-
turbed Dirac operator Ilg =T + B;I'*By on D(Ilg) = D(I") N D(B;I'"*Bsy).
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5.4. Proof of Theorem 5.0.1 on interior thick sets

It follows that

0 00 0 1 —divp| |0 0 0 L 0O
Mg=|1 0o0/+{00 0 0d c|, D=0 % *
Vp 0 0 00 0 0 b A 0 % x*

Here, coefficients are identified with the corresponding multiplication opera-
tors and, owing to (5.11), the second order operator L with correct domain
appears. The precise structure of the asterisked entries is not needed. The
operators in (5.14) have the following properties.

(H1) T is nilpotent, that is, closed, densely defined and satisfies R(I") C N(I").

(H2) B; and Bj are defined on H. There exist x;, K; € (0,00), ¢ = 1,2, such
that

Re(B U |U)y > k1| U3 (U € R(I')),
Re(BoU | U)sy > wa|| U3 (U € R(IN)),
|B:Ul2 < Kil|Ul2 (U € H).

(H3) ByBj; maps R(I'*) into N(I'*) and By By maps R(T") into N(I").

Indeed, in (H2) we can take k1 = 1 and kg = A, see (5.9) and also (5.3).
Abstract Hilbert space theory therefore yields that IlIg is bisectorial [16,
Prop. 2.5] and that the wnperturbed Dirac operator II = T' + I'* is self-
adjoint [16, Cor. 4.3].

Suppose that ITg even has a bounded H*-calculus on R(Ilg) C H. Then
D(@) = D(IIp) follows with equivalent homogeneous graph norms, see
Example 1.4.12. In both operators the first component acts independently of
the others and is defined on D(v/L) and W3*(O)™, respectively. In the light
of Proposition 1.4.8 (i), this gives D(v/L) = W5’ (0)™ and the Kato estimate

u u
lulle + [Vulls ~ O |o]| =~ [yIE {of| = VLZull: (u€ W5 (0)™).
0 0
2 2

Implicit constants depend on L only through the bound for the H*-calculus
for IIg. In order to prove Theorem 5.0.1 under the additional interior thick-
ness assumption we have to argue that Ilg indeed has a bounded H*°-calculus
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5. Kato’s square root property: L?-Theory

with a bound that depends on L only through its coefficient bounds, or what
is equivalent thereto by McIntosh’s Theorem 1.4.10, that Ilp satisfies the
quadratic estimate

o0 _ dt
(5.15) | ILe( 4+ 1) U & U3 (U € R{TLp)

with the same dependency of the implicit constants.

5.4.2. Quadratic estimates for Dirac operators

There are general frameworks of perturbed Dirac operators [15,16,39], each
of which starts from a triple of operators (I', By, By) on H that verifies the
assumptions (H1) - (H3). Additional hypotheses (H4) - (H7) on the operators
and certain geometric assumptions are required in order to obtain (5.15).

We will soon see that the operators in (5.14) verify (H4) - (H7) from [39].
For the time being, we take that for granted and discuss the geometric as-
sumptions. There are four of them [39, Ass. 2.1]:

(O) Comparability |B N O| ~ |B| holds uniformly for all balls B of radius
r(B) <1 centered in O.

(00) Comparability H41(B N AO) ~ r?~! holds uniformly for all balls B of
radius r(B) < 1 centered in 00.

(V) Multiplication by Cg°(R%)-functions maps V = W (0O)™ (the form
domain) into itself and there exists a bounded extension operator E :

V — WH2(RY)™,

() For some « € (0,1) the complex interpolation space [L?(O)™, V], coin-
cides with W*2(O)™ up to equivalent norms.

In [39] the terminology domain was used for non-empty proper open subset
and O was named . Their central result [39, Thm. 3.2] is as follows.

Theorem 5.4.1. Under the structural assumptions (H1) - (H7) and the ge-
ometric assumptions (O), (00), (V), («a) the operator Ilg is bisectorial and

satisfies (5.15). Implicit constants depend on By, By only through the param-
eters quantified in (H2).

Let us see how this relates to our geometric assumptions. Clearly (O)

is just the same as (5.4). Theorem 2.1.7 yields () for every a € (0,3).
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5.4. Proof of Theorem 5.0.1 on interior thick sets

(Complex interpolation of (at most) countable products of spaces works com-
ponentwise [93, Sec. 1.18.1]). Componentwise application of Corollary 5.1.12
furnishes the extension operator in (V') and the stability property follows since
multiplication by C$°(R?)-functions is bounded on W?(0O)™ and maps the
dense subset CF(0)™ C V into itself.

Our major point here is that (0O) can be replaced by the significantly
weaker assumption that 0O is porous. By Corollary 5.1.10 our boundary 0O
has the latter property.

Fortunately, the reader does not have to go through all of [39] in order to
see why this relaxation of geometric assumptions works. Indeed, as is clearly
stated in that paper before Lemma 7.6, (0O) is used only once, namely to
ensure validity of the following lemma (with a constant 7 > 0 that happens
to be 1 under (00)). Compare also with their Corollary 7.8.

Lemma 5.4.2. If O C R? is open and satisfies (00), then for each ry,ty > 0
there exists C' > 0 and ) > 0 such that

(5.16) < Cthrt

{xEO:’QJ—xO’ <7, d(z,R*\ O) gtr}

for all zog € O, 1 € (0,70] and t € (0,%).

Hence, our only task in relaxing (00) is to reprove that lemma under the
mere assumption that 0O is porous, which we will do now.

Proof of Lemma 5.4.2 assuming only that 0O 1is porous. Let E be the set in
(5.16). For t > 1 the trivial bound |E| < |B(zg,7)| < r? is enough. Thus, we
can assume t < 1.

To each z € FE there corresponds some xy € 00 with |z — x| < tr. Since
different x € E are at distance less than 2r from each other, we can pick a
ball B of radius 4r centered in JO that contains all z5. Temporarily assume
4r < 1. Then we can use Lemma A.1.8 and obtain C > 1 and 0 < s < d
such that B N JO can be covered by at most C(4/t)® balls B; of radius tr
centered in 00. Hence, each z € F is contained in one of the balls 2B; and
we conclude

|E| < (2tr)%4t; < 2745t 5p2,

In the case 4r > 1 we have the same type of covering property for B N 00O:
Indeed, first we use the Vitali lemma to cover BNOO by 10%(4r)¢ < 10%(4rg)?
balls of radius 1 centered in 0O and then we use Lemma A.1.8 with balls of
radius £ < ¢r. This affects the value of C' but we can still take 7} :=d—s. O
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5. Kato’s square root property: L?-Theory

The upshot is that Theorem 5.4.1 yields the quadratic estimates (5.15) for
ITp and hence the proof is complete once we have verified (H4) - (H7).

5.4.3. The additional Dirac operator hypotheses

Here are the additional hypotheses of [39, Sect. 5] that the operators in (5.14)
have to verify. It is convenient to set n = m(d + 2) for the number of
components of a function in H = L2(0)™ x L2(0)%™ x L*(0)™.

(H4) By, B are multiplication operators with functions in L>*°(O; £L(C")).

(H5) For every ¢ € C(R?) the associated multiplication operator M, maps
D(I') into itself. The commutator I'M,, — M,I" with domain D(I") acts
via multiplication by some ¢, € L>*(O; £L(C")) and its components sat-
isfy |5/ (z)| S |Ve(z)| for an implicit constant that does not depend on

@.

(H6) For every open ball B centered in O, and for all U € D(T"), V' € D(I'™)
both with compact support in B N O it follows that

‘/Orde
i/OI‘*de

(H7) There exist 8,7 € (0, 1] such that the fractional powers of Il =T" + I'*
satisfy

< IBIE|U s

1
S B[Vl

101l w20y, S 172012 (U € R(T*) N D(IT?)),
VI, S IATP)72V] (V€ R(T) N D(II?)),

where [-, -] denotes again the complex interpolation bracket.

In (H5) we have D(T') = W7 (0)™ x L?(0)%™ x L*(O)™. The mapping
property follows from (V') and the commutator assertion from the product
rule. By duality, (H5) also holds for I'* with commutators I'*M, — M, I'* =
—C5-

For (H6), take a unit vector e € C" and let ¢ € C(O) be valued in
[0,1] with ¢ = 1 on supp(U). We have |U - I'*(pe)| < |U| since divp(pe) =
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5.4. Proof of Theorem 5.0.1 on interior thick sets

div(pe) = 0 on supp(U), see also Section 5.2. Moreover, I'U = T'U follows
from (H5) using Vi = 0 on supp(U). So, we obtain

= |/OU-I‘*(<,oe)d:B

‘/ T'U -edx S/ U|dz < |B['?||U|ls,
o o

which suffices since e was arbitrary. For V we simply switch the roles of T
and I'*.

In (H7) we take § = 1. By choice of U we conclude U € W5 (0)™ x {0} x
{0}, so we obtain from the bounded H*-calculus for the self-adjoint operator
II and Example 1.4.12 that

(5.17) 1Ullwie oy = MU |2 = [|(T12) 20U |2.
We take v € (0,¢) with € as in Theorem 5.0.2. As IT? corresponds to I1%

with A =1,b=2¢c"=0, and d = 1, we discover —Ap + 1 in the upper left
corner and obtain with

v 0
W= |g| that V=| » |=010W,
0 VDU

where v € D(—Ap + 1). We conclude

HVH[Ij(,vv}jz(())n]7 X [|VI]wr2 0 S HUHW};%Q(O)
R I(=Ap + D)2 Ry = [[(I12) V225,

where the first step is due to Theorem 2.1.7, the second step uses Lemma 5.3.6
and the third one follows from Theorem 5.0.2. Using (5.17) and the ver-
sion of Example 1.4.4 for bisectorial operators, the last term compares to
[TL(IT) 2 W | = [|(TT2) 72V 5.

The proof of Theorem 5.0.1 is now complete under the additional assump-
tion that the underlying open set satisfies the interior thickness condition
(5.4). Note that here O takes the role of O in Theorem 5.0.1. At this point in
the proof, our result already fully covers all earlier results from the literature.
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5.5. Elimination of the interior thickness
condition

In this section we complete the proof of Theorem 5.0.1 with the strategy
sketched in Step 3 from the introduction to this chapter. In the whole sec-
tion we work with two triples of domain, Dirichlet part and elliptic sys-
tem: (O, D, L) will be satisfying the assumptions from Theorem 5.0.1 and
for (O, D, L) we start with O C R? open and D C 90 closed, but further
properties including interior thickness of O will be added in the course of the
proof.

5.5.1. Localization of the functional calculus to invariant
open subsets

Definition 5.5.1. A good projection is an orthogonal projection Q on L?(O)
that commutes with bounded multiplication operators and with Vp on W5’ (0).
In this case the inclusion map from the image QL?(O0) of Q back into L?(O)
is denoted by Q*.

Note that the inclusion map from Definition 5.5.1 coincides with the adjoint
of @ : L*0) — QL*(0), which justifies the usage of the symbol Q*. We let
good projections act componentwise on L*(O)™. The concrete example the
reader should have in mind is that Q is the multiplication by the characteristic
function of the union of connected components of O if the latter fulfills the
geometric requirements from Theorem 5.0.1. We shall come back to that. In
fact, we will only work with two good projections later on, but we believe that
the more general localization procedure that we are going to construct in this
section could prove useful elsewhere.

Let (Q;)ier, I € N, be a family of pairwise orthogonal good projections
which decomposes L?(0O)™ in the sense that

L*(0)" = ® Q;,L*(0)™ via the isomorphism S : U + (Q;U),.

The (*-tensor notation is explained in the list of notations. We remind the
reader that in such a context we also use ¢*-tensors of operators who act
componentwise on their natural domain. Since a good projection commutes
with Vp it is also bounded on W5*(0). Consequently, we have

(5.18) WE(0)" = @ QW5 (0)"
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5.5. Elimination of the interior thickness condition

via the same isomorphism S as before.

Lemma 5.5.2. Let Q be a good projection. Then Q commutes with L in the
sense that QL C LQ.

Proof. Recall the block decomposition (5.11) of L. By definition, Q com-
mutes with the second and third block of that decomposition. By duality and

self-adjointness of the projection, Q also commutes with the first block and
therefore with L. O

The lemma shows that LQF is an operator in Q,L?(O)™. More precisely,
it is the part of L in Q;L*(O)™ with maximal domain Q; D(L). An abstract
property of functional calculi stated in Proposition 1.4.8 allows us to pull the
projections in and out of the functional calculus, that is

(5.19) Qf(L) S f(L)Qi  and  f(LQ) = f(L)Q;.

As above we get in particular D(f(LQ})) = Q; D(f(L)). We use these calcu-
lation rules freely in order to give the following decomposition of the functional
calculus for L via good projections.

Proposition 5.5.3. One has
(5.20) f(L):S—l{@)f(LQ;)}S with D(f(L <®D FLQY)) )

where the equality of spaces is with equivalent norms.

Proof. If u € D(f(L)), then Quu € D(f(LQ})) and Q,f(L)u = f(LQ;)Q;u
hold for all i according to (5.19). We conclude

SF(L)u = (Qf(L)u); = (F(LQ)Qu Z:[®f (LQ))]su

and the inclusion “C” of operators in (5.20) follows as S is an isomorphism.
Conversely, let (u;); € D(®, f(LQ})). Then u = ¥, u; converges in the ¢?
sense and we have Su = (u;);. It remains to prove u € D(f(L)). From the
second identity in (5.19) we get u; € D(f(L)) for every i as well as

o ¥ uz-]z‘ > fLQ)u  (neN)

-----

f(L) is a closed operator, we conclude u € D(f(L)). O
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5.5.2. Projections coming from indicator functions

From now on we assume that O is locally uniform near N = 0O \ D and
that there is a decomposition O = |J; O;, where the O; are pairwise disjoint
open sets. Since O; is open and closed in O, it follows 00; C 0. We put
D; = D N d0;. We write P; for the orthogonal projection on L?*(O) induced
by multiplication with 1p,. We also use the zero-extension operators

& L2(0;) — PL*(0).

These are unitary with & the pointwise restriction of functions to O;. This
allows us to identify L*(O;)™ with P,L?(O)™.
We start by investigating how this identification extends to Wg'(O)™.

Lemma 5.5.4. Let ¢ € C3 (0;)™. If Ep € C3 (RN)™ is any extension, then
d(supp(Ep) N O;, 0\ O;) > 0,

Proof. For the first claim let z € supp(Ey)NO; and let 2’ € O \ O; = O\ O;
realize the distance of x to O\ O;. Hence, we can pick some z € 9O; on the
line segment connecting x and 2’. First, consider the case that z € D;. Then

d(x,0\ O;) = |x — 2| > |z — z| = d(supp F¢, D;) > 0.

Otherwise, we are in the case z € N. If d(z,0 \ O;) > 2, then we are
done, so let us assume d(z,0 \ O;) < g, so that in particular |z — z| < g.
Then there is y € O \ O; such that |z — y| < g. This gives z,y € Ns and
by Definition 5.1.1 we can join x and y by a continuous path in O. But as
x € O; and y € O\ O;, this path has to cross 00; C 9O, which leads to a

contradiction. Consequently, with p := min(d(supp Ey, D;), 2) we get

2
d(supp(Ep) N 0,0\ O;) > p.

For the second claim we fix a smooth function y equal to 1 outside the p-
neighborhood of O\ O; and equal to 0 on the respective £-neighborhood. Then
xEp € CF(RY)™ vanishes on O \ O;, whereas on O; we have yEp = Ep = ¢
by the choice of p. We conclude &¢ = (xE¢)lo and VEp = &V on
O. Finally, let + € D. Then either there is j # 4 with d(z,0;) < §, in
which case we have d(z,00 \ O;) < § and hence x = 0 in a neighborhood
of ». Else, we have d(x,0;) > & for all j # 4, so that + € D C 00
implies x € D N 00; = D; and hence Ep = 0 holds near z. This proves

xEp € CF(RH™. Now, ¢ € C(0)™ follows by restriction to O. O
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5.5. Elimination of the interior thickness condition

Proposition 5.5.5. The P; are good projections that satisfy P;W > (0) =
EWE(00).

Proof. By Lemma 5.5.4 we know that &; is an isometry from the dense subset
C%.(0;) of W5*(0;) into W2 (0). Therefore, & is W52 (0;) — WpH(O)
bounded. Since & maps into the range of P;, we arrive at &-W})’f(Oi) -
P,W5(0).

On the other hand, take ¢ € CF(0O). Then we have ¢

0; € CODOZ(OZ) and
(5.21) Pip = Ei(¢lo,)
is in C$H(0) due to Lemma 5.5.4 with gradient

0:) = &(Vy)

As a consequence, we get that P; is bounded on C$5(0) for the W7 (O)-norm.
By density, P; is bounded on W5’ (0) and the identity above extends to the
same space, thereby showing that P; is a good projection. We use this to have
a second look on identity (5.21). The left-hand side is bounded on Wg*(O)
by the foregoing argument and the right-hand side maps into &WB?(OZ-) by
the very first step of this proof. We conclude P;Wp’(0) C &Wg’(0;) by
continuity. 0

0, =PiVe.

From the preceding proposition and (5.18) we get the decomposition

(5.22) WHH(0)" = QPWE(0)" =R EWE(0)™
via the usual isomorphism S. Analogously to Section 5.2, we introduce in
L2(0;)™ the divergence form operator L; with coefficients Alp,, blo,, c|o,,
d|o, corresponding to the sesquilinear form

1o 19 d c u v
ai : Wp (0)" x W5 (0;)" = C,  a;(u,v) = / : dz.

%% b Al |Vu| |Vou

We will see momentarily that this operator is unitarily equivalent to LP;. As
in Section 5.3.3, the key lies in showing unitary equivalence for the gradients.

Lemma 5.5.6. The operators Vp, and VpP; are unitarily equivalent via
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5. Kato’s square root property: L?-Theory

Proof. The two operators have the same domain W}Jz(OZ) by definition and
Proposition 5.5.5. Moreover, they have the same action as both appearing
gradients are restrictions of the respective distributional gradient, which com-
mutes with the zero extension operator. O]

Proposition 5.5.7. The operators L; and LP; are unitarily equivalent via
&L, = LPE,;.

Proof. First of all, we note that D(L;) and D(LP}E;) are both subsets of
W})ZQ(OZ)’” For the first operator this holds by definition, whereas for the
second one it follows from D(L) € W5’ (0)™ and Proposition 5.5.5. Next, let
u,v € W5 (0;)™ and let Ev € W5*(O)™ be any extension of v. Lemma 5.5.6
yields

_d c_ [ Eu Ev
a;(u,v) :/ . dx
9 1b A| |&Vu]| |VEv

/ d c PrEu Ev
o A| |V(Pr&u)| |VEv

If u € D(L;), then the left-hand side becomes (L;u | v)12(0,m = (ELiu| Ev)i20ym.
Since Ev can be any function in W' (0)™, we conclude that P:&u € D(L)
with LP:Eu = & Lyu. Conversely, let u € D(LP;E;). We take Fv = &,
which is admissible by Proposition 5.5.5, and the right-hand side becomes
(LP;Eu| Ev)izopm = (EfLP;Eu|v)i20,m. This proves u € D(L;) with
Liu= &' LP;Eu. O

dz = a(P;Eu, Ev).

Let us summarize the situation. The set O is locally uniform near 0O \ D
and can be decomposed into pairwise disjoint open sets ;. The divergence
form operator L is given by coefficients A, b, ¢, d on O and L; is the diver-
gence form operator on O; whose coefficients are obtained by restricting the
coefficients of L to O;, and which is subject to a vanishing trace condition
on D; = D N 00;. Combining all intermediate steps, we derive the following
correspondence.

Proposition 5.5.8. The following are equivalent:
() DVI) = WE(0)™ with |VIull2 = [ullws 0y

(ii) D(VL;) = WIDZQ(OZ)’” with ||v/Liu|ls = ||ullwi20;m for all i, where the
implicit constants are independent of 1.
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Proof. Proposition 5.5.7 gives LP; = &, L;E;. Then we use Proposition 5.5.3
for f(z) = \/z and the compatibility of the functional calculus with unitary
equivalences in Proposition 1.4.8.(ii) to figure out that

D(VL <®D ﬁ)— *(@5@(@)).

On the other hand, we conclude from (5.22) that
W0 (@ PWE(0)") = 57 (@EWH(0)").

Both chains of equalities are topological. Now, (ii) is the same as saying that
the tensor spaces on the right-hand sides coincide up to equivalent norms.
Since S is an isomorphism, this is equivalent to (i). O

5.5.3. Embedding of O into an interior thick set

Now, we reverse the order of reasoning by embedding the geometric configu-
ration (O, D) in a “fattened version” (O, D) with the same geometric quality
but additionally satisfying the interior thickness condition. This is the con-
tent of the following proposition, the proof of which will occupy the rest of
the section.

Proposition 5.5.9. Let O and D be as in Theorem 5.0.1 and put N =
00\ D. Then there exists an open interior thick set O 2 O such that O\ O
is open and 00 C 00. With D = 00 \ N one has that D is closed and
Ahlfors—David reqular, D C D and O is locally uniform near N = N. In
particular, D N 0O = D.

By assumption O is locally an (g, §)-domain near N. Let 3 denote a grid
of open axis-parallel cubes of diameter g in R?. Let ¥/ contain those cubes Q
from ¥ for which @ intersects D but which stay away from N, say QN N, =
for good measure. Now, put

O:=0U [J(Q\00) and D:=080\N.

Qex’

Clearly O is an open superset of O. Moreover, D is a closed superset of D
because O \ O stays away from N and hence the relative openness of N in
00 is inherited to 0. We have to verify the following conditions:

(a) O\ O is open and 00 C 90,
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5. Kato’s square root property: L?-Theory

(b) O is locally uniform near N,
(c) O is interior thick, that is, it satisfies (5.4), and

(d) D satisfies the Ahlfors—David condition.

Then D C D C °N implies DN 0O = D.
Proof of (a). We have O\ O = Ugesy (@ \ O), which is an open set. Since
O is open as well, 00 C 00 follows. O

Proof of (b). From the construction of X' we get O N N5y = O N N4
This already gives the e-cigar condition with d replaced by §/4. Since O is
open and closed in O, connected components of O are also connected com-
ponents of O and hence satisfy the positive radius condition by assumption.
All remaining connected components keep distance to N and are therefore
not considered in the positive radius condition. Consequently, O is an (¢, g)—

domain near N = N. O

The boundary 9O is porous by Corollary 5.1.10. This implies |00| = 0,
see Lemma A.1.1. Since the cubes in ¥ are all of the same size, we can also
record the following observation. We will freely use these facts from now on.

Lemma 5.5.10. Fach cube () € ¥ is interior thick and has Ahlfors—David
reqular boundary, where implicit constants depend only on ¢ and d.

Proof of (c). Let B be a ball of radius r = r(B) < 1 with center z € O.
If x € Q for some Q € ¥, then |[BNO| > |[BNQ| = r¢ with implicit constant
depending on § and d. Otherwise, we must have x € O. If additionally
& € Nj /o, then Proposition 5.1.7 yields the desired lower bound |[BNO| 2 <.

It remains to treat the case x € O\ Nsjo. Let Q' be a cube in the grid X
whose closure contains x. Again, if Q' C O, then |[BNO| > |BNQ’'| and we
are done. If not, then @' intersects “O and from = € O we conclude that @’
contains some z € 00. By the size of Q' we infer Q" N Ns;s = (). Therefore,
we have z € D, which implies ()’ € ¥’ and we are back in the very first case. [

We continue with the following
Lemma 5.5.11. One has D = D UUges (0Q \ O).
Proof. We show that

00 =90 U J (0Q\ 0)

Qex’
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5.5. Elimination of the interior thickness condition

since then the lemma follows by intersection with N, taking into account
d(Q,N) > S for Q € ¥'.

Let z € 00. Then x ¢ O since O is open and contains O. If every
neighborhood of z intersects O, then x € 90.

Otherwise, there is some open ball B with center x that is disjoint to O.
However, as every neighborhood of = intersects O by assumption, there must
be some Q' € ¥’ such that BN Q' # 0. Since ¥ is a grid, the ball B only
intersects finitely many cubes in ¥'. We conclude that the sequence of balls
(£ B)nen hits some cube @ € ¥’ infinitely often. Thus, z is in the closure of
Q. But ¢ O and x ¢ O imply z ¢ Q, hence we must have x € 9Q \ O. This
completes the proof of the inclusion “C”.

Conversely, let z € 90 U Ugesy (0Q \ O). If z € 90, then z € JO follows
from (a). Otherwise, there is some @' € ¥’ such that z € 0@’ \ O. Since X
is a grid of open cubes, this implies x ¢ @ for every () € 3. Hence, we have
x ¢ O. But each neighborhood of = intersects @) and since the boundary of
an open set has no interior points, it also intersects ' \ 90 C O. Hence, we
have x € 00. O

Proof of (d). For the rest of the section let B be some ball with center x
in D and radius r = r(B) € (0, diam(D)). Our task is to show comparability

(5.23) HTH (DN B) ~rtt

and we organize the argument in the cases coming from Lemma 5.5.11. By
the same lemma we have diam(D) = oo if and only if we have diam(D) = co.
Hence, we can use the Ahlfors—David condition for D with balls up to radius
say 2diam(D) owing to Lemma A.1.4.

Case 1: x € D. The lower bound in (5.23) follows directly from the Ahlfors—
David condition for D:

HIY(DNB)>H" (DN B) 2 rt !

For the upper bound we need to make sure that B does not intersect too
many cubes in Y. Consider the subcollection

(5.24) Y, ={QeY :QnB+#0}

If r <9, then #¥'5 < 1 by the grid size of ¥ and we obtain

(5.25) H‘H( U 8QﬂB> < Y HTNOQNB) S (#Zp)rtt St

Qe Qexy,
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5. Kato’s square root property: L?-Theory

where the third step uses the upper bound in the Ahlfors-David condition
for the boundaries of the cubes ) € ¥ as in Lemma 5.5.10, even though B is
not necessarily centered in 9Q). This is not an issue because if Q) N B is not
empty, then B is contained in a ball with doubled radius centered in 0Q).

If » > ¢, then we need the following lemma to bound the size of ¥/5. Its
proof is similar to that of Lemma 5.4.2.

Lemma 5.5.12. Let x € D, r € (0,2diam(D)), h € (0,r) and consider the
set
Eppn={y € B(z,r) : d(y, D) < h}.

Then |E,p,| < hr®=Y, where the implicit constant only depends on D and d.

Proof. For convenience, put £ = E,;, and fix y € E. Associate to each
y € E some yp € D with |y —yp| < h. We claim that B := B(yp,4r) 2 {yp :
y € E}. Indeed,

lup —yp| <lyup —yl+ly =¥ |+ 1y —ypl < h+2r+h < 4r

Moreover, there is some C' > 0 such that BN D can be covered by C(r/h)*!
many balls B; of radius h centered in D, see Lemma A.1.5. Next, pick y € F.
Then yp € BN D and therefore yp € B; for some i € I. Thus, y € 2B; and
consequently F C J; 2B5;. Finally,

|E| <> 12B;| S #:h* < (r/R) 'Rt = et O

)

Coming back to finding a substitute for (5.25) in the case r > J, we claim
that UX; C Ey,5/5. Indeed, let Q € ¥ and y € Q. Since @ intersects D, we
have d(y, D) < diam(Q) = £, and by definition of X in (5.24) there is some
2z € QN B so that

4]
lz—y| < |z —z|+ |z —y| <r+ diam(Q) §r+§ < 2r.
Owing to Lemma 5.5.12, we can now do the following counting argument:

S ‘E2r,6/8’ 5 5rd71-

it~ Uz
It follows that #X% < (r/§)?"!, which in turn gives

Hd—1< U 8QﬂB> < 3T HINOQ) m (#X)0 T S

Qex’ Qexy
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5.5. Elimination of the interior thickness condition

This is the same upper bound as in the case r < 4, see (5.25). Hence, in both
cases the Ahlfors—David condition for D allows us to estimate

HIY (DN B) < Hd—l(DmB)+Hd—1< U anB> < it

Qexr

which gives the required upper bound in (5.23).

Case 2: x € 9Q\ O for some Q € ¥/. We distinguish whether %B is disjoint
to D or not. So, let us first suppose that %B ND # () and let z € %B ND.
Then B(z, §) is centered in D and contained in B, so that we obtain the lower
bound from the Ahlfors-David condition for D applied to B(z, ). For the
upper bound, we use Case 1 applied to B(z,2r) 2O B.

Now, suppose that %B N D = (). By construction of ¥’ we have d(z, D) < g
and d(z, N) > 2. Hence 5 < ¢ and 1B does not intersect 90 = DUN. Since
this ball is centered outside of O and does not intersect 0O, we must have
1B C 0. This shows 0Q N 1B = (0Q \ O) N 1B and the lower bound in
(5.23) follows from the Ahlfors—David condition for 0Q). For the upper bound
we argue as in Case 1 with radii r <.

This concludes the proof of (d) and hence the proof of Proposition 5.5.9. [J

5.5.4. Proof of Theorem 5.0.1
We combine Theorem 5.5.8 with Proposition 5.5.9.

Proof of Theorem 5.0.1. Given O and D, construct sets O and D according
to Proposition 5.5.9. To ease the connection with Section 5.5.2 we put Oy := O
and O; :== O\ O. Then Dy := DN OO = D and Dy := DN JO; = 00;. We
extend the coefficients A, b, ¢, d to coefficients A, b, ¢, d on O. For A and d
we put the corresponding identity matrix on O \ O to ensure ellipticity and
b, c are simply extended by zero. With those extended coefficients we define
the operator L with form domain W*(O) as in (5.11). Since by (5.22) the
form domain for L splits as

W5’ (0) = Wi (0p) ® WE(O1),

1

we get that the coefficients for L are again elliptic in the sense of (5.3) with
lower bound min(\, 1) and upper bound max(A,1). Here, A is an upper
bound for the coefficients of L. Proposition 5.5.7 reveals that L is unitarily
equivalent to LP}. It was shown in Section 5.4 that Theorem 5.0.1 is valid on
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5. Kato’s square root property: L?-Theory

interior thick sets. Consequently, we can apply that theorem to the operator
L on O. But this brings us into the business of Proposition 5.5.8 and we can
conclude the square root property for L. O
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CHAPTER 6

Kato's square root property: LP—Theory

As in Chapter 5, we consider a second order elliptic (m x m)-system L in
divergence form on an open and possibly unbounded set O C R?, d > 2, with
bounded measurable complex coefficients, formally given by

d d

d
Lu=— 3 9(aidju) =Y di(bu) + Y ¢;0;u + du.

ij=1 i=1 j=1

Here, (m x m)-system means that the coefficients are valued in £(C™) and
that u takes its values in C™. Let D be a closed, possibly empty, subset of
the boundary 00O. We complement L with Dirichlet boundary conditions on
D and Neumann boundary conditions on N := 9O \ D. The pair (O, D) is
always assumed to be regular in the sense of Chapter 5, which is to say that
D is Ahlfors—David regular and O is locally uniform near 0O \ D.

To be more precise, let V := W;*(O)™ be the WH2(O)™-closure of smooth
functions that vanish in a neighborhood of D, then we interpret L as the

maximal accretive operator in L?(O)™ associated with the sesquilinear form
a:V xV — C defined by

d d d
(6.1) a(u,v) = / Z aijO5u - O;v + Zbiu 00 + chaju U+ du-vde,
O =1 i=1 =1

which we assume to satisfy for some A\ > 0 the (inhomogeneous) Garding
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6. Kato’s square root property: LP—Theory

inequality
(6.2) Rea(u,u) 2 A([Jull; + [[Vul3)  (ue V).

The operator L possesses a square root L3 in virtue of its sectorial functional
calculus and it essentially follows from Theorem 5.0.1 that

L7 : WE(0)™ — L*(O)™ is a topological isomorphism.

In this chapter we cope with the question when L2 extends from WA (0)™n
WE(0)™ to a Wi’(0)™ — LP(O)™ isomorphism. The rough nature of ge-
ometry and coefficients leads to the inconvenience that such an extrapolation
is not possible for all p € (1,00) as would be the case in classical Calderén-
Zygmund theory. A review on relevant counterexamples can be found in [36,
Introduction].

Let us come to positive results. In the whole space situation, a pretty clear
picture was given by Auscher in [5]. Up to the endpoints, the range in which
L3 extends to an isomorphism is determined by boundedness properties of
the semigroup generated by —L and its gradient family. Put

J = {p € [1,00]: {e "}~ is LP-bounded},
T ={pell,o0: {ﬂve_tL}t>o is LP-bounded}.

The sets J and Z are intervals in virtue of interpolation. For brevity, write
S = S8(L) = {e}s0 and N == N (L) := {V/tVe t} - for the involved
operator families in the sequel. The precise meaning of boundedness of these
families will be clarified in Definition 6.1.1. With these families define the
critical numbers

p_(L) = inf 7, pi(L) =supJ,
q_(L) =infZ, ¢+ (L) =supZ.

For upper bounds for p_(L) and ¢_(L), lower bounds for p, (L) and ¢, (L),
and relations between these numbers the reader is advised to consult [5].
Eventually, it can be shown that L3 extends to a WhP — P isomorphism
when p_(L) < p < q4+(L).

A first major step towards a satisfactory LP-theory for the square root prop-
erty in the case of mixed boundary conditions was accomplished by Auscher,
Badr, Haller-Dintelmann, and Rehberg in [8]. They worked in bounded and
d-regular domains with a Lipschitz boundary around the Neumann boundary
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part and a (d — 1)-regular Dirichlet part. The most severe constraint in their
setting is that they only allow real, scalar coefficients, in which case p_(L)
is automatically 1. They showed the square root property for the interval
(1,2 4 ¢) for some € > 0.

This result was refined by Egert in [36]. In there, complex systems were
permitted and the isomorphism range is given by (p_(L),2 + ¢).

These two results have in common that the geometry is dictated by the
L2-result from [38]. Due to our improvement on the L2-theory in Chapter 5,
an improvement in the LP-theory is natural. In the range p € (p_(L),2), we
obtain an LP result only imposing the geometric constraints needed in the L2-
theory. For p > 2 we seek an “optimal” result in the spirit of the whole space
result in [5], that is to say, the upper bound shall be given in terms of ¢ (L)
and not merely some € which cannot be quantified in a useful manner. In this
situation we have to impose stronger requirements, namely pure Neumann
boundary conditions, that O is an (g, c0)-domain near the full boundary 90,
and that some of the lower-order coefficients vanish. We emphasize that our
notion of (e, 00)-domain near 9O forces O to be unbounded, and that this
unbounded nature plays a crucial role in the proof. Our main result of this
chapter then reads as follows.

Theorem 6.0.1. Let O C R? be an open set and D C 0O a closed subset of
the boundary. Suppose that D is Ahlfors—David reqular and that O is locally
uniform near N = 00 \ D (Definition 5.1.1). Then the following holds:

(i) If p_(L) < p < 2, then Lz extends to an isomorphism Wi (O)™ —
LP(o)™.

(i) If 2 < q < q.(L), O is an (g,00)-domain near 00, D = (), and
the coefficients b and d wvanish, then L3 extends to an isomorphism

Whe(0)™ — LI(0)™.

Upper and lower bounds depend on L only via its coefficient bounds and implied
constants from LP-bounds for S and L-bounds for N, respectively.

Here, coefficient bounds refers to the lower bound in the ellipticity condition
and the pointwise upper bound for the coefficients, see also Chapter 5.

Remark 6.0.2. In this thesis, we only allow systems in which each component
is subject to Dirichlet boundary conditions on the same portion D C 90O of
the boundary. In contrast, Egert’s work [36] allows Wg*(O) (Definition 6.6.1)
as the form domain, which roughly means that the kth component is subject
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6. Kato’s square root property: LP—Theory

to a vanishing trace condition on the set D, C 00. As is explained in [35,
Sec. 5.6], Steps 1 and 2 in Chapter 5 are perfectly compatible with such
systems. However, the construction of O in Step 3 depends on D, hence it
is not possible to perform Step 3 with varying Dirichlet parts. Therefore, the
L2-theory forces us to work in this restricted class of systems. However, the
Calderén-Zygmund decomposition in Section 6.6 is not touched upon this,
which is why we will perform it in full generality.

Outline of this chapter

We give a brief overview of this chapter. First, we deal with concepts of L? —
L9 boundedness and LP — L9 off-diagonal estimates of families of operators
on L? in Section 6.1. The highlight of this section is Proposition 6.1.5, in
which L? off-diagonal estimates for L are established. Afterwards, we present
“LP-extrapolation” results in Section 6.2. These are divided into the cases
p < 2, which is due to Blunck and Kunstmann, and p > 2, which is a very
mature version of a good-\ argument. Section 6.3 presents the MC¢Intosh
approximation, which is used to derive nice representation formulee for L3
and related operators. In Section 6.4, one of the LP-extrapolation results
comes into action and is used to show LP-boundedness of the H*°-calculus of
L. These bounds are used later-on in Section 6.7.

To extend the square root isomorphism on L? to LP, we essentially need
lower and upper LP-bounds. The key difficulty in the lower bounds are Riesz-
transform bounds. These are dealt with in Section 6.5. For the case p > 2 we
will need a conservation property and local Poincaré inequalities, which are
also established in that section. The conservation property will explain why
we need pure Neumann boundary conditions and is the reason why we have
to require that certain coefficients vanish. The local Poincaré inequalities use
the homogeneous extension theory from the end of Chapter 3. To get theses
inequalities in a scale-invariant way, the unboundedness of O enters the scene.

The upper bounds for the square root are shown in Section 6.7. The case
p > 2 follows easily by duality from the Riesz-transform bounds. For the case
p < 2 we have to work harder (the lower bound p_(L) < 2 is not enough for
a duality argument). The argument relies on a Sobolev Calderén-Zygmund
decomposition, which is performed in Section 6.6.

Finally, everything is assembled in Section 6.8.
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6.1. Boundedness properties of operator families

Notation

If B C R%is a ball, put C1(B) := 4B and, if j > 2, put C;(B) = 2/"'B\ 2/B.
Note that for j > 2 we have by the reverse triangle inequality d(B, C;(B)) >
27=1r(B). We employ the same convention with cubes instead of balls.

For p,q € (1,00), write

’qu::d‘p—q .

If ¢ = 2, write v, instead of v,,. The same goes for the case p = 2, in which
we simply write 7.

The upper Sobolev exponent p* of p € [1,00] is given as follows. If p < d,
then 1/p* .= 1/p — 1/d. Otherwise, p* := co. The lower Sobolev exponent p,
is determined by 1/p, == 1/p+ 1/d.

In the course of this chapter, we will occasionally work with the semigroup
generated by —L*. The operator L* is associated with the adjoint form

(6.3) a*(u,v) = a(v,u) (u,v € WBQ(O)’”),

see [82, Prop. 1.24]. Clearly, the coefficient bounds of a and a* coincide. The
functional calculi of L and L* are linked by Proposition 1.4.6.

6.1. Boundedness properties of operator families

In this section we investigate boundedness properties of several families of
operators associated with the elliptic operator L. These families will oc-
cur in integral kernels later-on. In classical harmonic analysis, such kernels
are usually assumed to satisfy at least weak size and regularity properties,
see [48, Sec. 5.3.2]. Boundedness of these families replaces the size condition,
whereas off-diagonal estimates permit us to do similar arguments as with
kernel regularity.

Definition 6.1.1. Let U C C\ {0} and 7 = {T(2)}.cv be a family of
bounded operators L?(Z)™ — L*(Z)™2, where my, my are natural numbers
and = C R? is a measurable set. Given 1 < p < ¢ < o0, say that T is LP — L4
bounded if there is a constant C' such that for all u € L*(Z)™ N LP(Z)™ and
z € U one has

(6.4) 1T (2)ul|raEme < Clz|™ 72 ||ul|urE)ym -
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6. Kato’s square root property: LP—Theory

Assume that in addition there is ¢ € (0, 00) such that whenever E, F' C = and
supp(u) C E the stronger estimate

pqg _ A(E.F)?

X C
(65) ||T(Z)u||Lq(F)"L2 S C|Z T2 e B ||u||Lp(E)'m1

holds. In this case, say that T satisfies I.? — L% off-diagonal estimates.
Finally, if p = ¢ in the above situation, we simply talk about LP-boundedness
and L? off-diagonal estimates.

Remark 6.1.2. If 7 is a family that satisfies L? — L9 off-diagonal estimates,
we say that ¢, C' € (0,00) are implied constants if the family 7T satisfies (6.5)
with this choice of constants.

We start out with L? off-diagonal estimates of Gaffney type. The proof
is an adaptation of that given in [5, Prop. 2.1]. The argument is based on
a perturbation and the Crouzeix—Delyon Theorem, which we will recall mo-
mentarily.

Definition 6.1.3. Let T be an operator on a Hilbert space H and w € [0, 7/2].
Say that T is m-w-accretive if its numerical range

W(T) = {(Tu|u)p: u e D(T)}
is contained in S} and T + ¢ is invertible for some & > 0.

A proof for the following result can be found in [53, Cor. 7.1.17].

Proposition 6.1.4 (Crouzeix—Delyon Theorem). Let T' be an injective and
m-w-accretive operator on a Hilbert space H for some w € [0,7/2]. If f €
H>(SY)) for some ¢ € (w,7), then f(T) is a bounded operator on H and one
has the estimate

2
LA < (24 ﬁ)HfHHm(s;)-

Let us come back to the Gaffney type estimates. For this, recall the meaning
of the families S and N from the introduction to this chapter.

Proposition 6.1.5 (Gaffney estimates). Given ¢ € [0,7/2 — w), the fami-
lies {e=*"'}.es,, {2Ve* ") cs, and {zLe "} ., satisfy L? off-diagonal es-
timates, and the implied constants do only depend on L wvia its coefficient
bounds.
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6.1. Boundedness properties of operator families

Proof. In the whole proof we abbreviate V := Wj*(0)™. The symbol “<”
will only be used for bounds independent of the function ¢ and the parameter
p, which we introduce in a moment. The argument divides into three steps.
Step 1: Reduction to real times.

Let z € S and write z = |z[e”. Recall the coefficients A, b, ¢, and d ap-
pearing in the form a from the definition of L. We multiply these coefficients
by € to define a new form ay. Its coefficients then have the same upper bound
as before and the lower bound (5.3) holds with A replaced by ¢y A, where ¢, is
some constant depending on . This latter fact follows by elementary trigono-
metric considerations. The L2 realization of ag is €L and we conclude that
this operator is again sectorial, but of a smaller angle. We emphasize that the
coefficient bounds of € L do only depend on the coefficient bounds of L and 1,
but not on . Now, since the sectorial functional calculus is compatible with

=L 2(L), Therefore, the estimate

scaling, we get 2L = |z[(¢”L) and e = ¢~
for, say, zLe >~ follows from the estimate for the family {¢(e?L)e 1L}, .
Step 2: Perturbation of the sesquilinear form. Let ¢ > 0, ¢ a bounded
Lipschitz function with Lipschitz constant at most 1 and let p > 0. Define
the form b,(u,v) = a(e ?u,e’v) for u,v € V. Observe that the right-
hand side is well-defined since the component-wise multiplication with e**¢
preserves V. We have omitted the dependence on ¢ to ease notation and since
all estimates will be independent of . Using the product and chain rule leads

to
by(u,v) = /o AVu - Vv — puAV - Vv + pvAVu - Vo + p*utAVy - Vo
+ bVuv — pubVev + ucVo + puveVe + duv dz
= a(u,v) + /o —puAV - Vv + pvAVu - Vi + p*ut AV - Vo

— pubV v + puvcVe dz
=: a(u,v) + c,(u,v).
Observe that b, is a perturbation of a. Write A and X\ for the upper and
lower bounds of a. The upper bound can be chosen in such a way that is

also dominates the coefficient functions. We claim that there is a constant
¢ € (0,00) depending only on d, A and A such that

: A .
(i) Reby(u,u) > Slully = epllullz, (i) b(u, w)] < 2A[[ully; + cp®[lull;.

In the course if this, we will furthermore see that b,(-,-) is a bounded form,
but we only care for the precise constants when both arguments coincide.
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6. Kato’s square root property: LP—Theory

It suffices to show that there exists such a constant ¢ for which |¢,(u, u)| <
min(A/2, A)||u||? +cp?||ul|3. Then (ii) follows from the definition of A and the
triangle inequality, whereas (i) is a consequence of

Reb,(u,u) = Rea(u,u) + Rec,(u,u) > Rea(u, u) — |c(u, u)|

and the definition of a lower bound as in (6.2).

We estimate the terms of ¢, separately. The first-order terms are estimated
in the same way, so we will only demonstrate the calculation on one of them.
This being said, use the triangle inequality, the bound on the Lipschitz con-
stant of ¢, the Cauchy-Schwarz inequality and comparability of the 2-norm
with the 1-norm to get

[ puaVie - o < o3 [ 1ul(X laisdiel) 050l < VpdAlulla o]y
7 7

Now, specialize to u = v and apply Young’s inequality with € to the right-hand
side to deduce

1
< dVAAZ (e ull3 + €ully).

Choosing ¢ small enough so that dv/dAie? < lmin(\/2,A) concludes this
term. Note that the factor 1/5 is because ¢, consists of 5 terms.

We continue with the zeroth-order terms. For the term with factor p?, the
Cauchy-Schwarz inequality and the almost everywhere bound on |V | readily

reveal
‘/o pzuUAVgo-W’ < pPdPA||ulla][v]l2,

which is already fine. The zeroth-order terms with a factor p are estimated
similarly, followed by the same argument using Young’s inequality with ¢ as
above.
Step 3: Operators associated with the perturbed form. It follows from (i)
that Reb,(u, u) + 2cp?||ul|3 is strictly positive, hence we can calculate with (i)
and (ii) that

[T b (1, 0) + 2cp2|lull3] _ 4A

. b 900> < < — .
| tan (b, (u, u) + 2cp™(u | u)z)| < Reb,(u, u) + 2c2ulf = A +3

This means that the numerical range of the sesquilinear form b,(u,u) +
2¢p?(u|u)g is contained in the sector S, where 6 := arctan(4A/\ + 3). Also,
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6.1. Boundedness properties of operator families

(i) and the Lax-Milgram Lemma reveal that u — b,(u, - ) 4+ 2cp*(u| - )2 is an
isomorphism V' — V*.

Let L, denote the L?-realization of b,(-,-). As for b,, we omit again the
dependence on ¢ for the same reason. Then the numerical range of L, + 2cp?
is also contained in § and, since L, 4 2¢p? is the part of an isomorphism, it
is itself invertible. But this means nothing else than that L, + 2cp? is m-6-
accretive. Therefore, by Crouzeix—Delyon’s theorem (Proposition 6.1.4), its
H*(S})-calculus is bounded with a universal constant for every ¢ € (6, ).

Let ¢ == 7/4+6/2 € (0,7/2) and consider the functions e™* and tze ",
First, their H*(S}))-norm is independent of ¢ because scaling is a bijection
on S{[ . Second, the norm is finite because 1) < w/2 and only depends on the
coefficient bounds and dimension for they fully determine 1. Therefore, the
bounded H*-calculus of L, + 2¢p? yields

(6.6) le™ |[Lamrz + 1L, + 260 osre S 77

To deduce a similar estimate for the gradient of the semigroup, use the ellip-
ticity property (i) and the fact that the semigroup maps into the domain of
its generator to get

Ve rul3 < = Reb,(eru, e ru) + 2¢0% e ol

Re((L, + 2¢cp?)eLru | e thry).

S>> N

Multiply this identity by ¢, take absolute values and use the Cauchy-Schwarz
inequality together with the bounds from (6.6) to conclude

2 2
[ViveTEoull3 < SI(H(L, + 2cp*)e™ Fru e ru)| < Xe‘lc”QtHuH%-
Next, we apply the square root to this inequality and take the supremum over
||u|l2 = 1 to deduce the operator norm bound

H\/Eve—tLpHLQ_>L2 5 e2cp2t7

that is, the operator family {\/fVe_tLP}DO satisfies the same bounds as the
families in (6.6).

Step 4: Conclude using similarity between L and L,. Fix E,F C O and
u € L2(0) with supp(u) € E. We specialize ¢ and p from above. Define
the bounded Lipschitz functions ¢, (z) = min(dg(z),n) for n > 1. Their
Lipschitz constants are at most 1, which follows from [dg|Lp < 1 and the
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6. Kato’s square root property: LP—Theory

fact that Lipschitz constants add up when taking the minimum of Lipschitz
functions on R¢. Also, put p = 4%, where d = d(E, F). Let L,, be the
operator from Step 2 with these choices of ¢, and p.

As already noted in Step 1, multiplication with e®%" leaves V invariant.
By duality we get extensions to V*. Note that e ¥ is the inverse of e”#",
Reinterpreting b, ,,(u, v) = a(e” " u, e’#rv) in this light, we see that the form
operators V' — V* induced by these forms are similar. Since e™¥» is also
an isomorphism pair on L?, this similarity inherits to L and L, , for they are
parts of the form operators.

Using the aforementioned similarity, it follows from Proposition 1.4.8 (ii)
and e %" =1 on F that

ety = e PPnerPreTtlemrony — oPPreTthomny,

On F we have the crude estimate |e=?%| < e=P™n(d(EF)n) - Hence, applying
the L2(F)-norm to this identity gives

HeitLuHLQ(F) < efpmin(d(E,F),n)HeftLp,nuHQ'
Using (6.6) and the support property of u gives

< e—p(min(d,n)—2cpt) ||U||L2(E’) - e_éiTQt

~Y

ullizg)y  as n — oo.
Similarly, we derive the identity
tLe "y = e PPrtL, e oy
=e "t(L,, + 2cp?)e thomy — e PP i2cp’e ey,

Taking the L?(F)-norm and estimating as above yields
2

_ _d® d
[tLe P ul| L2y S e 5 (1 + @)HUHLQ(E)-

Boundedness of the function z + (14 z)e™2 for positive = then leads to
2
||tLe_tLu||L2(F) 5 e_ﬁHUHLZ(E).

Finally, rewrite v/tVe ** using similarity to L, , apply the product rule, and
estimate (taking |[Vy| < 1 into account) the appearing semigroup and gradient
semigroup terms as before. Then boundedness of the auxiliary function z —

22
(14 £x)e 7 lets us conclude as before

- 2
HﬂVe tLUHLQ(F) S e 10 ||ullpe(g).- -
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6.1. Boundedness properties of operator families

In Proposition 6.1.12 we will establish and relate various L? and LP — L2
(respectively L? — L) bounds and off-diagonal estimates. Our last result
is the L2 anchor for this, and the next two lemmas give, on the other hand,
L? — L? respectively L? — LP bounds for S or /. Then Proposition 6.1.12
will be a straightforward consequence of composition (see Lemma 6.1.9 below)
and interpolation.

Lemma 6.1.6. Let p € [1,2). If S is LP bounded, then S is LP — L? bounded.

Proof. Let u € L?(0)™ N LP(O)™ with normalization |jul[, = 1 for conve-
nience. Also, let 6 € (0,1) be such that
1 1-6 4

6.7 —=—+ —

(6.7) 2 P + AN

which is possible due to p < 2. Using the classical Gagliardo-Nirenberg in-
equality on R? and the extension operator from Theorem 3.0.2 we get the
following inhomogeneous estimate on O:

1,2
[vll20) S ol llvllizfe, (v € W5 (0)).

The estimate remains true on W5*(O)™ by component-wise application. Use
this version with v = e~**u. Squaring both sides of the inequality, using nor-
malization of ||u||, combined with L? boundedness of the semigroup, applying
the ellipticity assumption (6.2) and using that the semigroup maps into the
domain of its generator gives

lle |2 < |le u||W12 ym < A Rea(e™Fu, e Hu)?

< [(Le™ tLu\e u)2|9.

The analyticity of the semigroup gives in particular that ¢ — e *fu is dif-
ferentiable with derivative —Le *fu, see [53, Prop. 3.4.1 b)]. Hence, if we
put f(t) = |le"*ful|2, then the above estimate translates into the differential
inequality f(t) < C(—f'(t))?, where t > 0 and C' € (0,00) is the implied
constant from above.

We may assume f(s) # 0 on (t/2,t), since otherwise f(t) = 0 by the
semigroup property and the L? — L? estimate is then trivially satisfied. Then
we can take the differential inequality to the power of 1/6 and divide by f(¢)
to get —Cf'(t)/f(t)"/? > 1. Integrating this expression from /2 to t gives

!
t tf(s) < Co

L < _
2~ ¢ t/2 f(s)/9 "=1-9

( )1 1/0'
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6. Kato’s square root property: LP—Theory

Rearranging this inequality and plugging in the definition of f gives
(6.8) lo™Fulla = f(1)"> S ¢35,

Write out the definition of 2* in (6.7) and rearrange terms to see

0 1 1

-—=1-0)(--=).

;= 1=0(-3)
Plug this back into (6.8), then the normalization of ||ul||, yields that this is
the desired L” — 1.2 bound. ]

We continue with the case p > 2. Here, we need one of the geometrical
extra assumptions in Theorem 6.0.1 (ii), which permits the usage of global
homogeneous estimates on O.

Lemma 6.1.7. Assume that O is an (g,00) domain near 0O. Let p € (2,00)
and assume that N is LP bounded. Then S is 1> — LP bounded.

Proof. Step 1: Boundedness of S up to 2*. Let ¢ > 0, p € (2,2*) and
u € L*(O)™ with normalization |ju|]ls = 1. The ellipticity condition (6.2),
e 'y € D(L) and the Cauchy-Schwarz inequality yield

(6.9) )\He_tLU||%Vl,2(O)m < Rea(e™Fu, e u) < ||Le ™ ullo|le ™ ul,.

By choice of p there is § € (0,1) such that 1/p = (1 —0)/2 + 6/2*. Using
the classical Gagliardo-Nirenberg inequality and the extension operator for O
(compare for the proof of Lemma 6.1.6) we get the following inhomogeneous
interpolation inequality:

_ 2 m
[olly S ol [vllfrzom (v € WE(O)™).

Divide (6.9) by A and combine this with the interpolation inequality applied
to v = ey € D(L) € W5*(0)™ to deduce

e~ ully S 2o~ Fully™ " ltLe™  ull5”.

~ 2

Now, using contractivity of the semigroup and L2-boundedness of the family
{tLe™*'},.0, which is a consequence of Proposition 6.1.5 (or can be deduced
from the Crouzeix-Delyon theorem), and the normalization of ||u||s, this re-
duces to ||e™*ul|, < 2. If we write out the definition of 2* in the defining
equality for 6 and solve the expression for 0, this reveals 6 = ~,, which com-
pletes the proof of L? — L? boundedness.
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6.1. Boundedness properties of operator families

Step 2: Going farther using Sobolev embeddings. If d = 2 then L2 — L
boundedness follows directly from Step 1 since then 2* = co. Hence, we may
assume d > 3. Also, we assume p > 2* since otherwise the claim is again
trivial by Step 1. Then there is a finite sequence qq, . .., g such that ¢; = p,
gj+1 = ¢; for all j and qo € [2,2%). By Step 1, the semigroup is L2 — L4
bounded. In the sequel, we show that {e *},o0 is L% — L% bounded for all
j. Then the claim follows using composition, see Lemma 6.1.9 below.

Fix ¢ > 0 and some index j. For brevity, write ¢ := ¢;. By construction,
q € [2,p] N[2,d]. The latter is a consequence of ¢* < ¢; = p < oo. Hence,
{VtVe '} is L%-bounded by interpolation of the assumption with the L2-
bound, which holds always (see Step 1). Write C' € (0,00) for the implied
constant, C' depends on L via the respective L”-bound. Since O is an (g, 00)
domain near 90, the Sobolev inequality on R? together with the homogeneous
estimates for the extension operator in Theorem 3.9.2 yield a homogeneous
Sobolev embedding on O. Then we get for u € LI(O)™ the bound

_ _ _1
e~ ullier @y Ve Fullaiorm < Ct~ ulluaopn-
Since 744+ = 1, this completes the claim. O]

Corollary 6.1.8. Assume that O is an (g,00) domain near 00. Let p €
(2,00) and assume that N is LP bounded. Then N is also L? — LP bounded.

Proof. Write v/2tVe 2L = /2\/tVe tLe~tL. Then the claim follows from
Lemma 6.1.7 and the assumption on using composition, see Lemma 6.1.9
below. []

Lemma 6.1.9 (Composition of off-diagonal estimates). Let U C C and let
S ={52)}iev, T =A{T(2)}.cv be operator families such that T is 1P — L1
bounded and S is LI — L" bounded for 1 < p < q <r < oo. Then the family
{S(2)T(2) },ev is P — L7 bounded. If both families even satisfy the respective
off-diagonal estimates, then the same is true for the product family.

Proof. We start with the case of mere boundedness, which is fairly easy. Let
z € U and C, C' the implied constants of LY — L™ and L? — L% boundedness.
Then

1S(2)T(2)||Lrsrr < Clz] 72| T(2)||Lrore < CC'|2|Yor/2| 2| wal2,

When summing up 7,, and 7,,, the terms £1/¢ cancel out to give +,,, which
completes this part.
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6. Kato’s square root property: LP—Theory

For the off-diagonal estimates, let E, F C O be measurable and u € L?(O)™
supported in E. We assume d(E, F') > 0 since otherwise (6.4) already im-
plies (6.5) by the support property of u. Therefore, Lemma 6.1.10 below is
applicable with ambient set O in place of =. Let GG denote the auxiliary set
from that lemma. Moreover, write C,c € (0,00) and C’, ¢ € (0,00) for the
implied constants from the LY — L" and L? — L? off-diagonal estimates.
Then, using the decomposition 1o = 1¢ + 1leg and the properties of the set
G we obtain

1S(2)T (2)ullLr ey
< [S()16T (R)ullrym + 15(2)1ea T (2)ul[rym

Fc2

_edrma)? _AECE)?
< Cle| (e TH T (Rullaiey + 7 7| T()ullioee)

dre? s aE.e)? aFLe)? L d(BG)?

S CC’|Z|_7qr/2|z|_7pq/2 (e_c Ee c T2] + e—c 2T e Hi )HUHLP(E)
< CC'|z| 7w/ A | e G
> Z| (e +e 2] )HUHLP(E) 0

Lemma 6.1.10. Let E,F C = C R? be measurable sets with d(E,F) #
0. Then there is an open set G C = such that E C G, F C °G and
A(E,*G),d(F,G) = d(E, F)/2,

Proof. Define G = {z € Z: d(z, F) > d(FE, F)/2}. The inequality d(F, G) >
d(E, F)/2 follows directly from the definition of G.

To see the analogous bound for d(E, °G), argue by contradiction and assume
there were some z € °G and x € F with |z —z| < d(E, F')/2—¢ for some € > 0.
By definition of G, there would exist y € F' satisfying |y —z| < d(E, F)/2+e¢.
Then the triangle inequality yields the contradiction

dE,F)<|z—y|<|zr—z|+|y—z| <d(E,F).

Consequently, d(E,°G) > d(E, F)/2.

The inclusion E C G is a consequence of d(z, F) > d(E,F) > d(E, F)/2
for z € E. Note that we use here that d(E, F') # 0. Finally, x € F implies
d(z,F) =0<d(E,F)/2,so F C “G. O

For later use, we also treat duality of off-diagonal estimates.

Lemma 6.1.11 (Duality). Let U C C and let T = {1.},ev be an operator
family on L? which is 1P — L9 bounded for 1 < p < q < oo. Then T* =
{T*}.ev is LY — L¥ bounded. Moreover, if T satisfies LP — L9 off-diagonal
estimates, then T* satisfies LY — LY off-diagonal estimates. In both cases,
the implied constants for T and T* coincide.
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6.1. Boundedness properties of operator families

Proof. We focus on the off-diagonal estimates since all steps needed in the
verification of boundedness are included in the calculation for off-diagonal
estimates.

So, let E, F C = be measurable and let u € LY NL? with support in E and
write C, ¢ € (0,00) for the implied constants of L” — L9 boundedness of 7.
Then for z € U we get using duality and the identity ~,, = 74, the estimate

1T ullw () = sup [(LrTZufv)] = sup |(u|1pT:(1Fv))]

lvllp=1 l[ollp=1

< sup [ullg | T2(Lp0) ogey < sup Cllullg|z| e/ 2e W H o)l )

llvll,=1 vllp=1

< C|z’f'yq/p//Qefcd(E,F)Q/MHuHLq,(E). N
It (more or less) just remains to patch all the preparatory work together.

Proposition 6.1.12 (L? — L? off-diagonal estimates). Let py € (1,2) and
Qo € (2,00). Then the following holds.

(i) If S is LP bounded, then S, N and {tLe™"F},~q satisfy LP — L2 off-
diagonal estimates for all p € (po,2).

(i) If O is an (e,00) domain near OO and N is L® bounded, then S and
N satisfy L? — L9 off-diagonal estimates for all q¢ € (2, qo).

Proof. We begin with the proof of (i). We first claim that these families are
Lo — L2 bounded. For S this is just Lemma 6.1.6. In the other cases, we
re-use the trick from Corollary 6.1.8. Write v/2tVe 2 = /2(/tVe tF)etF
and 2tLe™ %L = 2(tLe 't)e L. Then the claim follows by composition of the
L» — L2 boundedness for & with the L2-boundedness of A" and {tLe *t};.

In the end, we use interpolation to get off-diagonal estimates. We present
this technique with all details once and use it freely afterwards. Let p € (po, 2)
and write

(6.10) 1/p=(1-0)/po+06/2

for some 6 € (0,1). Moreover, let ¢ > 0 and T'(¢) be some operator to the
index ¢ in one of the three families. Also, fix E, FF C O measurable. Then we
get with u € LP(O)™ N L2(0)™ supported in E that

(6.11)  NTOullezry < NTONzo(e)-rem ITONL )12 Tl @)

d(E,F)?

S (C/)1—9t_(1_9)’ypo/2068_90 t ||u||LP(E)a
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6. Kato’s square root property: LP—Theory

where we have used the LP* — L2 boundedness from above with implied
constant €’ € (0,00) and L? off-diagonal estimates with implied constants
C,c € (0,00). Note that we have considered T'(t) as an operator from L?(E) —
L%(F) to “encode” the off-diagonal bounds in the operator norm, which makes
it accessible for interpolation.

Let’s have a closer look at the exponent of ¢. Expand 7, and use (6.10) to
get

1—-60 1-46 1 6 1 0
(1_8>7po_d< _) = ( ***** +> = Yp.
Po 2

Hence, the scaling in (6.11) is correct, which completes the proof of (i).

The proof of (ii) is similar, but relies on Lemma 6.1.7. Indeed, the interpo-
lation argument to obtain off-diagonal estimates works the same provided we
have established L? — L? boundedness for S and A/ beforehand. For S, this
is directly Lemma 6.1.7 and for A/ we argue by the same decomposition as
in (i). Note that the decomposition argument now uses not only the L? — L¢
boundedness of the semigroup as a non-trivial ingredient, but also the L4
boundedness of N. Therefore, boundedness of {tLe~*L'},~( does not come for
free as was the case in (i). O

Remark 6.1.13. Given ¢ € [0,7/2 — w), we can replace real times ¢t > 0 in
the conclusions of Proposition 6.1.12 by z € S,. This means, for instance,
that in (i) we get L? — L? off-diagonal estimates for {e"**}.cq.. To see
this, take 0 € (p,7/2 — w) and let z € S,. Let w denote the intersection
point between 0Sy and the axis passing through z that is parallel to the real
axis. Put t := z — w. By construction, t > 0, arg(z) < ¢, and |w| < |z|.
Consequently, t > |z|(cos(p) — cos(f)). Hence we can write z = ¢t + w, and
conclude by composition with the complex L? off-diagonal estimates from
Proposition 6.1.5.

Lemma 6.1.14 (Exponential decay). Assume S is L?-bounded for some q €
[1,00] and p € (q,2) or p € (2,q), respectively. Then

le™ ull, S e llull,  (¢>0,ueL?NLP),

where the implicit constant depends on L wvia its coefficient bounds and the
implied constant from Li-boundedness of S.

Proof. It follows from (6.2) that L — A\/2 is still m-6-accretive for some an-
gle 6 € [0,7/2) only depending on the coefficient bounds of L. Hence, the
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6.2. LP-estimates for operators on L?

A2l e7tE || 212 < 4. Complex interpolation

Crozeix-Delyon theorem yields e
of this bound with the L%-boundedness of & from the assumption gives the

claim. u

6.2. LP-estimates for operators on L?

In the following, we will present two results to establish LP-bounds for an
operator on L2. The first one goes back to Blunck and Kunstmann [24] and
deals with the case p < 2. The second one captures p > 2 and is a version of
a good-A argument established originally by Auscher, Coulhon, Duong, and
Hofmann in [10], but this argument has deep roots in harmonic analysis, see
the historical remarks in [5, p.2 footnote 7].

Some motivation

We believe this is a good spot to explain what we mean by “LP-bounds for
an L2-operator”, although we have already implicitly used this concept in the
section right before. Consider an operator 7' on L? and the dense subspace
L2NLP of LP. Let u € L2 N LP, then T is well-defined on u and T is in
particular a measurable function. Then the question is if there is a constant
C > 0 such that ||[Tul|, < C||ul|,. If this is the case, T' can be continuously
extended to an extension on L”, again with operator norm bounded by C'

Often, the operator T is given as the strong limit of bounded operators
T,, on L? which are more regular. For example, they might be given by a
nice representation formula, which already allows to show LP-boundedness for
all p. A reader who is familiar with the classical theory of singular integral
operators might think of 7}, as being given by a truncated kernel. In this
situation, though 7,, is already bounded on L”, the constant in the L”-bound
a priori degenerates when n — oc.

In such a situation, instead of establishing LP-bounds for the operator T'
directly, it suffices to show that there is a constant C' > 0 such that || T,u||, <
Cllull, for all uw € L2 N LP uniformly in n. Indeed, then the bounds for T
follow from Fatou’s lemma, since the L?-convergence also yields convergence
of |T,,ulP to |T'ul? almost everywhere along a subsequence.

The result in Section 6.2.1 could be applied directly to T, whereas the
result in Section 6.2.2 already requires that the operator is bounded on LP. Of
course, the LP-boundedness is only used in a qualitative and not a quantitative
way. Hence, this second method is definitely tailored to the situation with an
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6. Kato’s square root property: LP—Theory

approximating family {7, },. However, even in the first situation it is often
better to work with an approximation of good operators since the a priori LP-
boundedness makes it easier to perform certain calculations which are useful
when checking the assumptions in the extrapolation theorems.

6.2.1. Beyond Calderéon-Zygmund theory

The following proposition is due to Blunck and Kunstmann [24], a simplified
version on R? was shown in [5] and extended to arbitrary measurable subsets
using an extension-restriction argument in [36, Prop. 5.2].

Proposition 6.2.1 (Blunck & Kunstmann extrapolation). Let ¢ € [1,2),
p € (q,2), E C R be measurable and T : L2(Z)™ — L2(Z)™ be bounded,
where my, my € N. Assume there is a family (A,).~o of bounded operators on
L2(Z)™ such that for any open ball B C R with radius r and u € L2(Z)™
with supp(u) C B it holds

NI

(BK1) (/Cj(B)m;T(l—Ar)uF) <ot ([ )’ G2,

(BK2) ([ e |Arurz)% <o ([ )’ Gz

IfY =%, g(j)?g is finite, then T admits LP-bounds and the implied constant
depends on T only via the L2-bound for T and .

Remark 6.2.2. In the situation of Proposition 6.2.1, T" is actually of weak-
type (g, q), which then yields the strong LP-bounds. Since we won’t need the
weak-type estimate for T', we have decided to go with the simpler formulation.

Example 6.2.3. Assume —L is the generator of a semigroup e~*% on L2(Z)™
that satisfies LY — L? off-diagonal estimates. Consider the family A, =
1—(1—e 5" for some n € N and all » > 0, and let B and u as in the
Proposition. Clearly, A, is bounded on L*(Z)™. We claim that {A,},~¢
satisfies (BK2). To see this, expand

A - z”: (n) (—1)F+lehrL,
i1 \F
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With C,c € (0,00) the implied constants from the LY — L? off-diagonal
estimates we readily derive

1

Aul?) <cC vq/2 —cd/ =1 /k (/ q)"
([ alor?) <o (1) ol
< i Pt </ ’u|q>
BN=

So, with g(j) = 27~ w¥ " the summability condition in Proposition 6.2.1 is
clearly satisfied due to the double exponential decay in j.

6.2.2. Good-\ estimates

Definition 6.2.4. Let = C R? be measurable and f a locally integrable
function on Z. Define the maximal operator on = by

ME f(z) =supr(B) [ _|f@)ldy (v € RY),
B>z BN=

Remark 6.2.5. Note that M= f coincides with M (& f) up to a dimensional

constant, where & f is the zero extension of f to R%.

The following proposition is a consequence of the whole space version found
in [5, Thm. 1.2]. The trick is borrowed from [36] and was already mentioned
above Proposition 6.2.1. Omne has to apply the whole space result to the
operators 7" = ETR= and Al = E A, R=. Thereby, it is helpful to keep
Remark 6.2.5 in mind.

Proposition 6.2.6 (Good-\ extrapolation). Let ¢ € (2,00], = C R? be mea-
surable and T : L2(Z)™ — L2(Z)™2 be bounded, where my, my € N. Assume
there is a family (A,)ro of bounded operators on L*(Z)™ and a constant
C > 0 such that for any open ball B with radius r := r(B) and all u € L*(Z)™

it holds

) ([ - anR) <ot MR e B)

(GL2) (/Bm|TA u|q) < Cori ME(ITuP)?(y)  (y € B).

Then, if p € (2,q) and T maps L2(2)™ NLP(Z)™ into LP(Z)™2, there is a
constant ¢ > 0 that depends only on dimension, q, p and C such that

ITull, < cllull,  (weLXE)™ NLAE)™).
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Remark 6.2.7. As already mentioned in the motivation, note that Propo-
sition 6.2.6 already assumes that the operator is bounded on L”. However,
boundedness is only used qualitatively, and it is the aim of this result to give
good quantitative bounds which allow for a limiting argument.

6.3. MCIntosh approximation & functional
calculus

This section is dedicated to an approximation technique due to MC¢Intosh.
First, we show operator-adapted approximations to the identity. For a rough
operator this leads to approximations by operators with nice representation
formulee which have the a priori qualitative LP-boundedness and are suitable
to bring off-diagonal bounds into action.

Let us first introduce some terminology and relate it to the algebra of
functions H°(S7) introduced in Section 1.4. If f is a holomorphic function
on S;j, say that f is regqularly decaying in 0O if there are Cy, sg, 79 > 0 such that
|f(2)] < Colz|* for all z € ST with |z]| < ro. Similarly, say that f is regularly
decaying in oo if there are Cy, Soo, "o > 0 such that |f(2)] < Culz]|7*> for
all z € ST with [2] > ro. If f is both regularly decaying in 0 and oo, then we
say that f is reqularly decaying. Observe that f is regularly decaying if and
only if f € H§*(SY).

Proposition 6.3.1 (M¢Intosh approximation). Let T' be a sectorial operator
of angle w € [0,), ¢ € (w,m) and f € HF(ST). Put c:= [5° f(t) S and let
(@n)n, (bp)n be sequences with a, — 0 and b, — co. Then

/nf(tT)xit — cx (x e D(T)NR(T)).

Proof. For convenience, put f; := f(tz) and F,; = [’ f(tz) 4 for 0 <a<
b < oo on S¥. Write C,s € (0,00) for the implied constants coming from
f € HF(S7). The proof divides into several steps.

Step 1: Properties of Fj, ;.

Claim 1: F,p is holomorphic. Fix 0 < a < b < oo and let (z,), be a
sequence in S that converges to 2 € ST. One has f(z,) — fi(2) by continuity
of fand f;(w) is bounded for (¢,w) € [a,b] x ({z,: n € N}U{z}) by continuity
of f and compactness. Hence, Lebesgue’s theorem implies F,, ;(2,) — Fup(2),
which means that F}; is continuous in z.
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6.3. M¢Intosh approximation & functional calculus

Next, let A C ST be the boundary of a compactly contained triangle. Then
the Fubini-Tonelli theorem together with Cauchy’s integral theorem applied
to the holomorphic function f; yield

// (t2) —dz_//ft dz—

Altogether, Morera’s theorem yields that Fj; is holomorphic on S;.
Claim 2: Fyy is regularly decaying in 0 and oo. To see that F,; decays in
00, estimate

Fop(z !<C/ Z\_— C’

z|_5.
Similarly, |F,;(2)] < CZ|z|*. So altogether, F, € HSO(SZ;) with
(6.12) |Fup(2)] < Smax(a_s, b%) min(|z| 7%, |2|%).
Claim 3: F,; is in H*(S]) uniformly in @ and b. To see this, use a scaling

by |z|7! to derive

dt

(o) d 00 d 00
Ful@ < [T 181G = [T DT <0 [ mine e G

The integral on the right-hand side is clearly finite and independent of a, b
and z. For later use, we summarize this as

(6.13) Fup(2)] ST (0<a<b<oo,z€SY)

Step 2: Calculation of F, ,(T).
We use the Fubini-Tonelli theorem to calculate F, (7). Its application is
readily justified using (6.12). So

(6.14) QWi/abf(tT)d: - /ab</f(tz)(z— dz@
- //b F(t2) it(z ~T) N dz = 2miF,(T).

Observe that the integral on the left-hand side with a,b replaced by a,,b,
are precisely the integrals for which we want to show strong convergence to ¢
times the identity on D(T) N R(T).

Step 3: Convergence of F,, ;, (1) for z € D(T) N R(T).
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6. Kato’s square root property: LP—Theory

For convenience, put e := ﬁ on S7. Evidently, e € HF(S7).

Claim 1: Fy, s, converges locally uniformly to ¢ for n — co. We want to
appeal to Vitali’s theorem from complex analysis, see [53, Prop. 5.1.1].

First, we have to check that F, ;. is a locally bounded sequence. But
we have already seen in (6.13) that F, ,, is actually uniformly bounded for
the H*(S7)-norm, so this can be checked. Second, Fy,;, has to converge

pointwise on a set with a limit point in S¥. To see this, let r € (0, 00), then

bn rbn
Fon) = [ 1S = [ f) S e

Hence, by Vitali’s theorem, there is a holomorphic function g on S;ﬁ to which
F,, », converges locally uniformly when n — oo. But g coincides with ¢ on
(0,00), so the identity theorem reveals that F,, ;,, converges locally uniformly
to the constant value c.

Claim 2: R(e(T)) = D(T)NR(T). By the basic properties of the functional
calculus we can write

e(T)=TA+T)2=04+T)'T(1+T)"

This shows R(e(T")) € D(T)NR(T). Conversely, let x € D(T')NR(T). By the
latter, there is y € D(T") with x = T'y. But since y € D(T"), we can also write
y = (1+7T)7'z for some 2. Apply 1+7 to deduce z = (1+7T)y = y+x € D(T).
Consequently, there is some w such that z = (1 4+ T) " 'w. In total,

r=Ty=TA+T)'2=T1+T)*w e R(e(T)).

Claim 3: Fy,, p, (T)x converges to cx for x € D(T)NR(T'). Put f,, == F,, s, e
Since F,,, 5, is uniformly bounded, f, € HSO(S;;) for uniform implied constants
¢ s" € (0,00). So |fn(2) — ce(z)]| is uniformly integrable over the contour of
a sector. Also, f, — ce pointwise by Claim 1, so Lebesgue’s theorem yields

I52(7) = ce(T) oy < (20)°" [ 1) el T 0

||
Since e(T) is bounded, it follows f,(T) = F,, 5,(T)e(T). In particular,
Fo, p,(T) converges to ¢ strongly on R(e(T")), which coincides with D(T") N
R(T') by Claim 2.
Step 4: Upgrade to x € D(T) N R(T).
This follows from Step 3 with the usual £/3-argument provided we have
shown that {F,,(T") }oca<b<oo is uniformly bounded. To this end, rewrite

615)  Fu)= [ 4E@T [ 86T = h2) - hax),
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6.3. M¢Intosh approximation & functional calculus

where h(2) = [y f(tz) <.

We claim that i € £(SY). Some arguments are similar to arguments that
we have used before, so we keep them brief. First, h decays of order |z|*®
in zero, where s is the order of decay of f, see Step 1. Second, g = h —
¢ is a holomorphic function that decays of order |z|~® in infinity. Indeed,
derive the identity g(z) = [7° f(tz) % from the identity theorem by using the
substitution ¢’ = i for any real s in the defining integral for ¢. Then the
estimate can again be obtained by mimicking the calculation from Step 1.
Proceed with the decomposition

(6.16) h = (c(l +2z)7t + g) —c(l+z) " +e

The function ¢(1 4+ z)~! + ¢ is holomorphic and decays regularly at infinity,
because this is the case for each addend. But we can also write

cl+z) ' +g=(c+g)—cz(l+2z) ' =h—cz(l+2)",

so this function is also regularly decaying in zero. Altogether, we find that
c(1+2)~'+g € HP(SE), which yields i € £(S) by the decomposition (6.16).

Using linearity of the functional calculus and scaling (see Proposition 1.4.7),
this allows us to turn (6.15) into

Foup(T) = hy(T) — ho(T) = h(bT) — h(aT).

Moreover, (1.6) in the very same proposition on scaling shows that the op-
erators on the right-hand side have operator norms independent of a and b,
which concludes this proof. O

Remark 6.3.2. For a general function in H{® we have to work with 0 <
a < b < oo in Step 1 to ensure Fy;, € H°. However, with better decay, we
can do more. Consider f = z2e™* on S} for some ¢ € (0,7/2) and define

= [ f(tz) 4 for a > 0. Then, using I'(1/2) = /7, we get for z € S, and
with a suitable ¢ depending on ¢ that

- dt L
|Fo(2)] g/ (t|z|)ze 2et)z At < —ca|z|/ t|z| ct\z| _ ocals <7T)2‘

C

So indeed, F, € HgO(S;Q) and Proposition 6.3.1 holds with b,, ;== oo for all n.

Example 6.3.3. Let 7" be an injective sectorial operator of angle w < /2
on a reflexive Banach space X and let ¢ € (w,7/2). Then T is densely
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6. Kato’s square root property: LP—Theory

defined with dense range, see [53, Prop. 2.1.1 h)]. Hence, also D(7") N R(T)
is dense in X, see [53, Prop. 2.1.1 ¢)]. Recall [;° t%e*t% =1(1/2) = /7
and consider f = \/ze™* € H*(S}). Then [5° f(t) & = /7 and the M“Intosh
approximation (Proposition 6.3.1) in combination with Remark 6.3.2 yield

1 71 dt
(6.17) \/_/t2T2e_tT:z:t —x when n — o0
T

for all € X and all positive null sequences (a,)s,.

Example 6.3.4. Put T := L and X := L?*(0O)™. Then Example 6.3.3 is
applicable. By (6.14) we rewrite the left-hand side in (6.17) as F,, (7). The
substitution ¢ = s? gives

d d

Fa@)= [T 10 G =2 fal) S = Cule).

Of course, G, € HSO(Sg) since this is true for F,2. Hence, plugging L into
G,, and redoing the calculation from (6.14) gives

o
2 12
\/_/L2e5LudS—>u as n — oo
T
Qn

for all w € L2(0O)™ and all positive null sequences (a,),. We can always
replace u by L~ 3u to derive the representation formula

_% 71 00—52L 2 m
L u_ﬁ/o eIuds  (ue L} O)™)

in the sense of an improper Riemann integral in 0. The identity Lie L2 =
e"L is clear by the basic properties of the sectorial functional calculus. Sim-
ilarly, we obtain with u replaced by Lzu for u € D(L?) that

1 2 o0 1
(6.18) Liu= \/E/ LePludt  (ue D(L?))
0

in the sense of an improper Riemann integral. Note that we have used
Le "L = [z2e7"#23](L) D L2e~*"LL2 and the domain of the operator on
the right-hand side coincides with D(Lz).

Apply Lemma 6.1.14 to the representation of L™7 to arrive at the following
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6.4. Bounded H*°-calculus

Corollary 6.3.5. Assume S is LI-bounded for some q € (1,00) and p € (q,2)
or p € (2,q), respectively. Then

IL72ully S llull, — (ue€ L*O)™ NLP(O)™),

where the implicit constant depends on L wvia its coefficient bounds and the
implied constant from Li-boundedness of S.

Proof. Use the representation for L2 from the example above and the ex-
ponential decay from Lemma 6.1.14 with implied constants C, ¢ € (0,00) to
derive

1 20 oo g2
N A

The integral in s is finite and depends on L only via ellipticity and the implied
constants from L?-boundedness of S. n

6.4. Bounded H"°-calculus

The Crouzeix—Delyon Theorem yields that the H*-calculus of L on L? is
bounded. As a first application of the extrapolation theorem of Blunck and
Kunstmann, we moreover derive L? bounds for the H*®-calculus on L? N L? in
the case p < 2 and assuming suitable off-diagonal decay. These bounds are
extended to p > 2 using duality. The result of this section is interesting on
its own, but will also be needed in the proof of Proposition 6.7.1.

Proposition 6.4.1. Assume that S satisfies LP — L? off-diagonal estimates
for some p € (1,2) or L? — 1P off-diagonal estimates if p € (2,00). Then
there exists a constant C > 0 such that one has for all ¢ € (w, ) the estimate

6.19)  If@p < Cllfllollull,  (f € HX(S),u € LENLF).

The constant C' depends on L only via its coefficient bounds and the implied
constants from the off-diagonal estimates.

Proof. Step 1: Reduction to f € H3(S}) with ||f|l.c = 1. Let f € H*(S})
and define e := z(1 + z)~2. The normalization of the norm simply follows by
scaling. For convenience, put ¢ := [|e[|yu0 s)-
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6. Kato’s square root property: LP—Theory

. 1 .
Now consider the sequence f,, = fe,, where e, := en. Since e, has decay
. . 1
of order % in 0 and oo, f, € HF(S}). Moreover, the sequence of functions z»
converges pointwise to 1 as n — oo, hence f,, converges pointwise to f, and

1
(6.20) an“Hoo(s;) < ||f||Hoo(S;)C” S L

Since the H*(S7)-calculus of L is bounded on L*(0)™, we derive from (6.20)
that the family {f,(L)}, of operators on L? is uniformly bounded. Hence,
the Convergence Lemma (see [53, Prop. 5.1.4 b)], dense domain and range are
implied by the properties of L) shows that f,,(L) converges strongly to f(L) on
L*(0)™. So, if (6.19) holds for all f € H3*(S¥), we get for u € L*(O)"NL?(0)™

from Fatou’s lemma and with C,, the implied constant from (6.20) that

L (L)ully < Timinf || fo (L)ull, < Timinf Ol o, [lgoe s [l
< CCy|[ull,-

Density of L*(O)™ N LP(O)™ in LP(O)™ concludes this step.

Step 2: Reduction to p € (1,2), where S satisfies L? — L2 off-diagonal
estimates. Assume that S satisfies L2 — L? off-diagonal estimates for some
p € (2,00). Duality yields that the dual family S* = S(L*) satisfies L? —
L¥ off-diagonal estimates, see Lemma 6.1.11. Put ¢ = f*, then duality,
Proposition 1.4.6 and the assumption of this step yield

1A e = [F (D) N e = N9 (L) w5 < Cllgllaes sy
= Cllfllaoest)-

Step 3: The case f € H3*(S)), [|fllc = 1 and p € (1,2) where S satisfies
[P — L? off-diagonal estimates. We appeal to Proposition 6.2.1 with T =
f(L) and A, =1 — (1 — e F)" where n is such that 7, + 2n > d/2. The
smoothing operator A, was discussed in Example 6.2.3 and f(L) is a bounded
operator on L?(O)™ by definition of the functional calculus of L.

It remains to verify (BK1). For this, let B be a ball of radius r and u €
L2(0)™ with suppu C B. Since 1 — A, = [(1 — e "#)"](L) is bounded,
T(1 — A,) can be rewritten as [f(1 — e ""%)"](L). Using Lemma 6.4.2 below,
write
(6.21) T(1—A)u :/F ne(z)e *udz —/ n_(z)e " udz.

N _
For j > 2, take the L*(C;(B) N O)-norm in (6.21) and use the L? — L? off-
diagonal estimates (note that these are valid on I'y taking Remark 6.1.13 into
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6.4. Bounded H*°-calculus

account) with implied constants C, ¢ € (0, 00) to obtain

3
</C-(B)mo T - AT)UF) < CUj + i) |ullersro),
J
where
(622) ]j,:I: ::/ |77:t(2)||Z|_’Yp/26—c4j—1rr2/|z| d|Z|
Iy

To complete the proof, we have to show that [, . < g(j)r 7 with g¢(j)
summable against 2%/2. We proceed by establishing good estimates for 7.
For this, we will use the estimate

(6.23) 11— e 6" Smin(1, 2 EY) (€ € ),

which is a consequence of the complex path integral and that the exponential
function is its own complex primitive.

Recall s (2) = 2% [, €*g(€) d€ with g(¢) := f(£)(1—e™""¢)". The normal-

i

ization of f and (6. 23) give the pointwise bound [g(£)| < " min(1, r?"|¢[") for
¢ € I'y+. Moreover, for z € v and & € 'y one has

larg(z€)| = |£n/2F0L£n|=7/2+ (v —0) > /2.

Consequently, using the substitution u = |z|s, one has

In+(2)] S/ efc‘zlsg( i” 3</ —clz ISmm 1,0%s") ds
0
,',,72
(6.24) :/ e clelsp2ngn d3+/ e clzls 4

|Z’ 1(/ 7cu 2n‘z| nundu+ . cudu)

r2

In the case 7?"|z|™" < 1 we continue with

E
= \,z]l(/’"2 e Ur? 2| T du + <’ |> 2”\z|”du>
0
oo
< |z|_17“2”|z|_"/ e “u" du.
0

Otherwise, in the case r?"|z|™" > 1, proceed in (6.24) with

i .
< |z\1<r2”\z|”/r wdu+ | eC“du>
0 2

z
< |z|_1(LJ+1> <2027
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6. Kato’s square root property: LP—Theory

In summary, this shows |ni(z)] < |2|7'min(1,7%"|2|™™). Plug this back
into (6.22), split the integral according to the cases from the minimum, and
use the substitution s = t4~0=Yr=2 to derive

Ji</mm1ﬂw"ﬁwﬂﬂw”ﬂ?

r2

= /t*’Yp/QefcM—lr?/t ﬁ + /TZntfn*Wp/QefcM—lr?/t ﬁ
t t

r2

< e—c43 l/t 'yp/2 —cdi—1p2 )/ UL de _|_/ Znt—n 'yp/2 —cdi—1p2/p YU de

- t
0
< p W (eC4j1 /S*’Yp/2efc/3 % + 4~ =1 (n+vp/2) /8 n*’}’p/Qe*C/s dS) .
- S S
0 0

The integrals in both terms are finite and depend only on «, and implicit
constants from the off-diagonal estimates. Also, the factor r=7 appears in
both terms as desired. Finally, summability against 2%/2 is clear for the first
term due to the double exponential decay in 7, whereas the second term decays
sufficiently fast by the constraint on n introduced right at the beginning of
this proof. O

The following lemma was used in the proposition above. A proof can be
found in [36, Lemma 5.1]. The assertion can be seen as a special case of
compatibility between the sectorial calculus of the generator of an analytic
semigroup and its Phillips calculus, see [53, Sec. 3.3] for more information.

Lemma 6.4.2. Let w < 0 < v < ¢ < 7/2 and f € HF(S]). Let Ty
parameterize the rays from 0 to oo of angle £mw/2—0 and v+ the corresponding
rays of angle £v. Then one has the identity

o= | () dz - [ et (z)az,

where

%@:.Aﬁmm.

6.5. Riesz transform

We consider the operator VL2 called the Riesz transform. In the case of

classical Fourier analysis, the Fourier multiplier with symbol _1|£5]| is called the
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6.5. Riesz transform

jth Riesz transform. Recall that the Fourier symbols of d; and A are given
by i€ and —|£|?>. Then it immediately becomes apparent that the jth Riesz
transform is just the jth component of the operator VL 2 with L = —A,
which motivates the nomenclature above.

In Theorem 5.0.1 we have seen that D(L2) = WE?(O)™ and that L™z is a
topological isomorphism from L?(O)™ to W;*(O)™. This shows in particular
that the Riesz transform on L?(O) is well-defined and bounded.

The aim of this section is to establish LP-bounds for the Riesz transform.
Owing to Proposition 6.2.1, we derive these bounds in the case p < 2 in
Section 6.5.1. The arguments for this case are in a straightforward accordance
with the material in [36, Sec. 6]. The situation for p > 2 is more difficult. In
the pure Neumann case D = () we modify the arguments from [5, Sec. 4.1.2]
to get a result in our geometric situation. This is carried out in Section 6.5.4.
As a preparation, we will establish local Poincaré inequalities in Section 6.5.2,
which heavily use the properties of the extension operator from Theorem 3.9.2.
Also, we will need a conservation property. It will be shown in Section 6.5.3
and is the reason why we have to restrict ourself to the pure Neumann case
along with further restrictions already mentioned in the main result of this
chapter.

6.5.1. The case p < 2

Proposition 6.5.1. Suppose that N satisfies L — 12 off-diagonal estimates
for some q € (1,2) and let p € (q,2). Then

IVL 2ul, < ull, — (u€ LP(O)™ NL20)™),

and the bound depends on L only via its coefficient bounds and the implied
constants in the off-diagonal estimates.

Proof. To derive LP-boundedness of the Riesz transform, we employ Propo-
sition 6.2.1 with 7" = VL~ z. For brevity, write v := «,. Define the operator
family {A,},-0 as in Example 6.2.3 by A, == 1 — (1 — e )" but with the
additional constraint v+ 2n > d/2 on n, compare with Step 3 in the proof of
Proposition 6.4.1. Condition (BK2) was already checked in that example.
To establish (BK1), let B C R? be some open ball of radius » > 0 and
u € L2(0)™ with support in B. We derive a useful representation formula for
T first. Note that the Bochner integrals % I Lze Ly dt exist in L2(O)™
and converge to v as € — 0 for all v € L2(0O)™ according to Example 6.3.4.
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6. Kato’s square root property: LP—Theory

By L2-boundedness of the Riesz transform,

\/QE /:O Ve Ly dt = VL_é\/Q% /:O Lre Plydt — VL 20 ase — 0.
Specify v = (1 — A,)u to derive the identity
(6.25) \; /:O Ve I (1 — A)udt = T(1— A)u ase — 0.

We want to rewrite the integrand in the left-hand side of (6.25). To this end,
using the functional calculus of L and the binomial theorem, we get

2

e — e = e (L — e (L)

<Z> (_1)ke—(t2+kzr2)z (L)

" n 2 2
— < (_l)k‘e—(t +kr )L‘
- (1)

Keeping the definition of A, in mind, plug this into the left-hand side of (6.25)
to arrive at

2 oo N n 2 2
92 7/ ~1 k —(t*+kr?)L dt.
(6:26) V). ;;)(k)( ;e ¢

We claim that the limit ¢ — 0 of (6.26) exists in L*(C;(B) N O). Indeed, this
follows from Lebesgue’s theorem if the integral [5° ||Ve’(t2+k72)Lu||Lz(Cj( Byno) dt
is finite for ¥ = 1,...,n. We use the L? off-diagonal estimates for A/ from
Proposition 6.1.5 and the transformation s = (¢* 4+ kr?)~! to calculate

o —(24kr2)L R oyl Al
/0 Ve uHLz(C].(B)mO)dtSJ/O (t* + krH)te T ||ul|y dt
1 00
<5 [ s ds e
2 .Jo

which is indeed finite. Consequently, keeping (6.25) in mind, we derive in

L?(C;(B) N O) the identity

T(1—A)u = /0 - kz (Z) (—1)F Ve~ EHLy 4.
=0

Now, apply the substitution s = ¢2/r? + k to transform the right-hand side
into

r

I kzzo (Z) (=1 00 (75 = B)) Ve " s
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Using the auxiliary function

1
s—k’

h(s) =

N |

LS ()t

k=0

this can be rewritten as

Tl —A)u= /oo h(s)rVe " *lu ds,
0

For j > 2, we apply the L*(C;(B) N O)-norm to our representation of
T(1—A,) above and apply L? — L? off-diagonal estimates for N with implied
constants C, ¢ € (0,00) to derive

1 o)
(/c o |T(1 — Ar)u|2> < C’T‘”/ |h(5)|s_7/2_1/26_04371/8 ds||u||Le(Broy-
5 (B)N 5

We split the integral on the right-hand side into a local integral and a global
integral. To be precise, write

o0

° .4 4n

/‘h<5)|577/2’1/26704]_ /#ds :/ ..ods+ cods =11y + .
0

0

4an

We begin with an estimate for /;. We want to extract exponential decay (for
this, we need that s is small) by splitting the exponential term in the integral,
and remain with a finite term. Observe that s77/27%/2¢~3% remains bounded
for s — 0 by 'Hopital’s rule, and the bound on (0, 4n) depends only on v and
n. Thus, we get

4n an
cad—1 . g1 B
Iy<e e /|h(5)’5*7/2*1/2€*g ds < oS Z n /st
o \k s—Fk
0 0
-1 = 4n j—1 4in
< 8_64;” Z (n) / 3_% ds < e_C4;n 2”/ S—% ds.
k=0 k) Jo 0

The integral on the right-hand side is finite, so we have bounded I by a term
with double exponential decay in j.
To estimate I, we derive a better representation formula for A using the
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residue theorem. As a primer, calculate for fixed 0 < k£ < n that

n E_ 1 1
(k’)(_l) - !(—1)---(—76)1---(72—@
_nlni H —

i—oJ —k j= k+1j_

n
_n' H

=

S,
e

Plug this back into the definition of A and note that for s > 4n the indicator
functions in the definition of A all evaluate to 1, to get

1& (n 1 " 1
IORE)S @(—1)’“(5 — K= (- gl;[k —
Now, note that the function
1 1
z(z—1)...(z—n)\/s—z
has poles of order 1in k = 0,...,n with corresponding residues [[; Tijﬁ

Therefore, the residue theorem reveals

(—1)"n! / 1 1
21 Jp=s2z(z—1) ... (2 —=n) /s —z
Due to s > 4n and |z| = s/2 on the contour of integration, we have by the

reverse triangle inequality |z — k| > s/2 —n > s/4 for k = 0,...,n. Also,
|s —z| > s—5/2=15/2, 50

dz = 2h(s).

|h(s)] < s dy] S 52
~ Jiz=s/2 ~

Use this and the substitution s = 4/t to estimate I, according to

dt

I < Oos—n—'y/Qe—cM’l/s ds < 4 G—-1)( n+’y/2)/ L 'y/2 —c/t =¥
t

4n S
The integral on the right-hand side is finite, so I, decays like 4=0U=D(+7/2),

By our constraint on n, this shows sumability of I; + I, against 2¥/2. This
establishes (BK1). O
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6.5. Riesz transform

6.5.2. Local Poincaré inequalities

We show local Poincaré inequalities for W (O), which roughly means that
we estimate the LP-norm of a function on a ball centered in 0O against its
gradient norm on a slightly enlarged ball. If the ball is not centered in the
Dirichlet part D, we have to subtract the mean value to arrive at such an
estimate. The crucial point for a local inequality is that the implied constant
in this bound scales like the radius of the ball. In this thesis we will only use
the case D = (), but it felt natural to include the general case for the sake of
improving the general theory of mixed boundary conditions.

The starting point for these estimates is Theorem 3.9.2. However, we will
need properties beyond those implied by Assumption 3.1.1, like the corkscrew
condition near N coming from Proposition 5.1.7 or Remark 5.1.8, and Ahlfors—
David regularity of D. Note that if 6 = co in 5.1.1, then the same is true for
Assumption 3.1.1, see Remark 5.1.6.

Proposition 6.5.2 (Local Poincaré inequality, Neumann case). There are
constants R € (0,00] and ¢ € [1,00) such that for any ball B centered in N
with radius at most R it holds

1f = (Hprollirroy S BV Flliresnoy  (f € WE(O)).

Here, (f)pno is the mean value of f over BN O. If O is locally an (e, 00)-
domain near N, then R = oo.

Proof. For brevity, put r := r(B). We use the extension operator £ from

Theorem 3.9.2. The constant R is given by the radius bound in that result

and c is the enlargement factor in there. The structure of the radius bounds

gives R = oo in the situation when O is locally an (e, 0o)-domain near N.
Then, split

1f — (f)Brolleeroy < IEF = (Ef) Bl + IESf)B — (f)BrollLe(s)
=1+ 1L

Let S C B with |S| > 0. Since B is convex, we can use the classical Poincaré
inequality

| B
(6.27) lg = (Dsllrm) S 7”EHVQHLP(B) (9 € WH(B)),

see [47, Lem. 7.12 & Lem. 7.16]. Combined with Theorem 3.9.2, estimate

LSrlIVEfllirs) S IV I lluresno)-
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6. Kato’s square root property: LP—Theory

For the other term, use Jensen’s inequality, (6.27) with S := B N O, the
corkscrew condition (either from Proposition 5.1.7 if ¢ is finite or Remark 5.1.8
otherwise), and Theorem 3.9.2 as above, to give

= (&5 = (Dol
B
SﬁBmw

iy = 1€F = (ol

IVEfllurs) = rIVE flle) S IV fllLe(eBno)- O

The following result is the analogue for balls centered in the Dirichlet part.

Proposition 6.5.3 (Local Poincaré inequality, Dirichlet case). There are
constants R € (0,00] and ¢ € [1,00) such that for any ball B centered in D
with radius at most R it holds

(6.28) 1flerroy S 1BV fllresnoy — (f € W5(0)).

If O is locally an (e, 00)-domain near N, then R = cc.

Before we turn to the proof of the local Poincaré inequality on balls centered
in D, we need a comparison result for capacity and Hausdorff content.

The case p < d in the following proposition can be obtained from [2,
Thm. 5.1.13]; A simplified version can also be found in [35, Thm. 1.2.32].
The case p > d is treated in [35, Lem. 1.2.10 & Rem. 1.2.8], though the
uniformity of the constant is only implicit in the proof by translation in the
L” -norm for the convolution G, * ..

Proposition 6.5.4 (Lower bound for Cy,). Let 1 < p < oco. Then there is a
constant A > 0 such that for all E C R compact and non-empty one has

HEWE) < ACL(E) (p<d) and A <C(E)  (p>d).

Proof of Theorem 6.5.3. As in the proof of Proposition 6.5.2, the parameters
R and ¢ come from Theorem 3.9.2. Also, write again £ for that extension
operator. We follow the usual strategy to transform to a reference geometry.
Our preparatory work allows us to control the “perturbation” in the Dirichlet
part.

Let B = B(z,r) be a ball with z € D and 0 < r < R. By continuity it
suffices to show (6.28) for f € CF(0). Put g(y) = Ef(x+ry) for y € B(0, 1).
By consistency of the extension operator and Sobolev embeddings, ¢ has a
continuous representative which vanishes everywhere on K == r=*((DN B) —
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6.5. Riesz transform

We claim that Cy,(K) 2 1. Indeed, if p > d then this follows directly
from Proposition 6.5.4. Otherwise, note first that HS ! and He™! are com-
parable under Ahlfors-David regularity (the calculation is similar to that in
Lemma A.2.4). Then, we use that proposition in conjunction with the dilation
property of the Hausdorff measure [97, Thm. 28.1], translation invariance and
Ahlfors—David regularity to give

Cip(K) 2 HENK) = HYYK) = r' T H" (BN D) ~ 1.

Now, we can show (6.28). Using the extension operator and the transfor-
mation rule, we deduce

1 fllue ooy < € flluemy = 1Pl gllr@o,1))-

Applying Lemma 6.5.5 below with = := B(0,1) and using C; ,(K) 2 1 leads
to

SrPCL(K) TP Vgl moa) S PV alliemo,)-

Next, apply the chain rule to the definition of g and transform back to B to
deduce

= 1P [VEf(ry + @) lr@oay = IIVE fllem)-
Finally, Theorem 3.9.2 lets us conclude

N 7”||Vf||Lp(cBmO)- O

Lemma 6.5.5 (Simplified version of [2, Cor. 8.2.2]). Let = C R? be open,
bounded and conver. Then there is a constant A > 0 such that if K C =
is a compact subset with Cy,(K) > 0 and f € W'(Z) has a continuous
representative that vanishes identically on K, then

||f||Lp(E) < ACl,p(K)_l/pHVfHLp(E)'

6.5.3. Conservation property

Loosely speaking, the conservation property states “e”*1 = 1”. Since the
semigroup maps into W5*(0)™, this identity forces us to work with pure
Neumann boundary conditions. On unbounded domains, such an identity
cannot hold true in the L2-sense because the constant 1 is not even in that
space. But we can nevertheless show the following adjoint version.
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6. Kato’s square root property: LP—Theory

Proposition 6.5.6 (Conservation property). Suppose D = ), that the coeffi-
cients b and d of L vanish, and let u € L*(O)™ be compactly supported. Then
e Ly e LYO)™ and [pu = [,e " u holds for all t > 0.

Proof. Say u is supported in the ball B with radius r = r(B). Let ¢ be a
smooth, compactly supported cutoff function for B and put ¢, (z) = ¢ (x/2™)
for x € R%. Also, keep in mind that the form domain of a and a* reduces to
WH2(0)™ by D = . The proof divides into several steps.

Step 1: e '*"u € L'. This is a straightforward consequence of L? off-
diagonal estimates for S(L*) and Holder’s inequality. Write C, ¢ € (0, 00) for
the implied constants and estimate

ot :/ ety 4
/o| Y 4Bﬁ0‘ u Z

/ |eftL*u|
§>2 C;(B)NO

S Crt2 (14 32 202 [y
j>2

The series in j is convergent, which completes this step.
Step 2: e “"u — win L' ast — 0. As above, we employ a dyadic splitting
of the area of integration and use Holder’s inequality to find

ey — ] <2 |le gy — |y + / ety — ul.
L S0 o+ ] |

j>2
The first term is fine by the strong continuity of the semigroup on L2. For the
other term, keep in mind that u = 0 on C;(B) for j > 2, and assume ¢ < 1.
Then, off-diagonal estimates allow us to derive

/ ey — | = / et |
C;(B)nO C;(B)nO

< Oy, < Ol el e oy,

Then the sum over j is convergent, so we conclude

S gl u ul S
i>27¢%

which vanishes for ¢ — 0.

Step 3: t — a*(e L u,4,) is a uniformly bounded sequence in L>(0, c0)
which goes pointwise to 0 as n — oo. Recall the definition of a* in (6.3).
We have 1, € Wh2(O)™ by construction. Here, we need the pure Neu-
mann boundary conditions to be able to plug %, into a*. Moreover, e ** v €
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6.5. Riesz transform

D(L*) € WH2(O)™. Hence, since b = d = 0, we get from the definition (6.1)
of a the identity

(€ ) = 0]

d d
= /o Z Die ™y - ;05 + Z ey - c;0jty,.
=1

ij=1

(6.29)

Due to ¥, = 1 on 2"B, the gradient terms of v, are supported outside of
2"B. This is the reason why we had to restrict ourself to the case where b
and d vanish. Next, we take absolute values in (6.29) and use L? off-diagonal
estimates for N" and S with implied constants C, ¢ € (0, 00) to deduce

(™ )| S CE2 4 D) ul .

For fixed t, this goes to zero when n — oo, and t=1/2q-can /e < t=1/2g—c/t?
yields a uniform bound.

Step 4: [ye'l" uis constant int. Let 0 < s < t < oo. Since e 7y, e L7y €
L! by Step 1 and 1, is uniformly bounded and goes pointwise to 1, Lebesgue’s
theorem yields

/ ey —/ eIy = lim (/ e u, —/ e sl U@/Jn)
o o n—oo\Jo o

By analyticity of the semigroup, 9, = —L*e™™"" holds. This derivative
interchanges with the bounded functional v — [, v, on L?(O), hence

t t
= lim / 07/ e ™, dr = lim — [ a*(e”F u,1,) dr.
s O s

n—o0 n—oo

The limit is zero due to Lebesgue’s theorem and Step 3.
Step 5: [ye "u = [yu for all t > 0. Apply the limit s — 0 to the
identity from Step 4 and use the strong continuity from Step 2 to deduce

—tL* 7 —sL* =~
/Oe u_l,l_% Oe u—/ou. O]
6.5.4. The case p > 2

Proposition 6.5.7. Assume D = (), that the coefficients b and d of L vanish,
and suppose that N satisfies L9 — L? off-diagonal estimates for some q €
(2,00) and let p € (2,q). Then VL2 is bounded on LP(O)™, and the bound
depends on L only via its coefficient bounds and the implied constants in the
off-diagonal estimates.
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6. Kato’s square root property: LP—Theory

Proof. Note first that it suffices to show uniform L?-bounds for the truncated
operators T, = [~ t%Ve’tLu% for ¢ > 0, which is a consequence of the
strong convergence of ﬁTE — VL2 discussed in Example 6.3.3 and the
discussion in Section 6.2. To show L?-bounds independent of €, we appeal to
the extrapolation result from Proposition 6.2.6. As before, define the operator
family {A4,},~0 by 4, =1 — (1 —e L), where n > d/4.

Step 1: Verify assumption (GL1). Since the L?*norm is taken over B,
we use the decomposition v = 37~ 1¢;)u to bring off-diagonal decay into
business. For brevity, let us put u; = 1¢;p)u. Note that the sum converges
in L? by Lebesgue’s theorem. Hence, by L2-continuity of 7, with constant
independent of £ (which is a consequence of L*-boundedness of the Riesz
transform and uniform bounds for the M¢Intosh approximation, see the final
step of its proof), and the triangle inequality we have

6.30 </ T.(1—A 2) <SS IT.(1—A
( ) 50 T ( r)ul ]; | Ug||L2 (BNO)-

It suffices to show the bounds

, 3
(631) ||T5<1 — Ar)uj||L2(BﬂO) S Td/2g(])<]£j+1BﬂO |U|2>

for j > 1, where g(j) is summable over j > 1. Indeed, the mean value integrals
can be bounded by M (|u[?)'/?(y) for y € B and the sum over j in (6.30)
then reduces to an absolute constant.

For j = 1, L2-boundedness of {T.(1 — A,)}. -0 immediately gives

1

2

IT.1 = A)usleno) S lullaesmpor S 72, 1uf).
4BNO

Now let j > 2. Recall the identity

o dt S| dt
(6.32) T€(1—A,,):/E tﬁve—tL(1—AT)7:/ HVF(L) T

&€
where we use the auxiliary function f(z) = e (1 — e %)™ Let w < 0 <
v < ¢ < /2, then clearly f € H(S,), so that, owing to Lemma 6.4.2, we can
write

o= () dz [ et (z)az,
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6.5. Riesz transform

where

12 = 5 [ SH(Od (zeT)
and ', and v4 are defined as in Lemma 6.4.2. We want to derive pointwise
estimates for |n.| as in the proof of Proposition 6.4.1. To this end, we seek
good pointwise bounds the integrand e*¢ f(€) = =9 (1 — e 4)" in the defi-
nition of 7.. For its second factor, (1 — e "*¢)", we can rely on (6.23), so we
only need to control e~ From |arg(z — t)| > |arg(z)| one gets

|arg(§(z — 1)) > [arg(§) + arg(z — 1)| > [arg(§) + arg(z)| = /2 + (v — 0).

As v —0 > 0, it follows |e¢~8| < e~ll==! with ¢ > 0 depending on v — 6.
Finally, since t > 0 and —z € S, 5, the reverse triangle inequality on sectors
lets us conclude [ef7D| < e~z for some different ¢ > 0 as above. Now
we can essentially repeat the calculation in the proof of Proposition 6.4.1 to
derive the bound

ne(2)] < (Iz]+ ) min(L,r*"(|z[ +8)7") (2 €Ty),

the only difference is that we use the transformation u = s(|z| + t) instead of
u = |z|s after splitting the integrals.

Let us come back to (6.31) with j > 2. We use identity (6.32), insert the
definition of f(L), and commute V with the inner integral, to give

Tl 1o dt
||T5(1—Ar)uj|le<BnO)32//t2|z| 2 [+ (2)[122 Ve us 1amno) |2

EF:E

Using the bound on |n4|, and L? off-diagonal estimates, we control the last
quantity by

o0 11 2 1 on . dt
(633) /5 /FitQ‘Z’ 2¢e |2] (’Zl"‘t) 17"2 (lz‘ —|—t> d‘Z’7HU3HL2(O)

43¢2
t
|z| = s. Split the integral into s < ¢ and s > t. In the first case, we use the

trivial bounds (s +#)™! < s7! and (s +¢)™™ < ¢, to give

Next, we bound the inner integral. To ease notation, write g = , and

4jr2

! 7CM i -1 —1,.2n —n nA—jn ! —c i -
/e st2sT2(s+t) (s +t) "ds < 47 /e st2s
0 0

D=

ds
s
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6. Kato’s square root property: LP—Theory

Using the transformation u = 22,
with

. t 1
(6.34) 5"4—3"/ et tas—% L < gryings / ub
0

ds
S

To estimate the integral in u, we can either neglect the factor e™** to get an
estimate against %, or we split ¢ = ¢; + ¢o with ¢1,co > 0 to give

00
/ e Uy T2 — < 701,8/ —cau 75 D < 6*01,3'
B

In summary, as a consequence of A%~ < 1 for 3 > 1, we can bound the
term on the right-hand side of (6.34) by

BT min(e 4, B3) S 47 min (874, 57,

-1

In the second case, when s > ¢, use the inequalities (s +#)™* < s7! and

(s+t)™™ < s to give
r2\" ds
s s
We use again the transformation u = 4772

9] j .2 2\ " B . .
/ e—c4ﬂs t%S_ L % _ / e—cut% (4jr2)—%u%+n4—]n %
t S S 0 u

. B
b [t &t
0 u

[SIE

© 1 C437 1 2n 21
t35 30T (s 4 )P (s + £)” d3</ t3s
t

N|=

cu

The integral in u can be controlled by min(ﬁ%%, 1), either by neglecting e~
or by using integrability of e™“"u =3 over (0,00), so that we get in summary
00 4 49,2

ths5e T (s 1) P s 4 ) ds < 4" min(6", 53).
t

Going back to (6.33), this yields the bound

00 1o dt
IT(1 = An)ujllizsroy S 477" (27r)~ /E min(32*", 3 )*H%HL‘Z(O

The integral in ¢ is bounded by a universal constant, which can be seen by
splitting the integral at height 4772. Also

1
jd d 21\ 2
iz 5 2272 <]£j+1Bmo o > ’
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6.5. Riesz transform

so that in the end we get (6.31) with g(j) = 2/(¥>72") which is indeed
summable in j by the constraint on n. This concludes the proof of (GL1).

Step 2: Verify assumption (GL2). We continue with (GL2). Here, we need
the conservation property and local Poincaré inequalites, so this is the part
of the proof that brings the extra restrictions on coefficients and boundary
conditions into play. For the rest of the proof, conservation property will al-
ways refer to Proposition 6.5.6 and local Poincaré inequality to the Neumann
version Proposition 6.5.2. Note that the local Poincaré inequality works for
balls B with %B NO # (. To see this, distinguish whether the ball is prop-
erly contained in O or not. If this is the case, use the convex version stated
in (6.27). Otherwise, use an auxiliary boundary ball centered in an intersec-
tion point of 0O with B of radius 2r(B). To introduce the mean value on this
auxiliary ball, an estimate similar to that of term II in the proof of the local
Poincaré inequality can be used (since %B NO # 0, the corkscrew condition
can be applied to a ball centered in 0O of radius r(B)/2).

To ease notation, we will denote integrals over BNO only by [; and assume
tacitly that the integrand is extended outside O by zero.

Reductions. Let us start with three reductions. For this, take an arbitrary
ball B in R? of radius r = r(B) and let u € L*(O)™. First, we may assume
that 3B hits O. Indeed, if B does not hit O, (GL2) is void, and otherwise we
can replace B by 2B in (GL2). Second, it suffices to show the claim with A,
replaced by e L forall k = 1,...,n in virtue of the expansion of A,. Third,

with v == [ e "Ly dt it suffices to show

(6.35) Ve 0 g < e MOV ) 2(y)

for all y € B. Indeed, since the defining integral for v converges absolutely
in W2(O)™ by exponential decay and gradient estimates of the semigroup,
pull Ve **L into the integral and commute the semigroup terms to conclude
on the one hand that Ve *’Ly = Tge’k”zLu. On the other hand, Vv = T.u,
which completes this reduction step.

To estimate the left-hand side of (6.35) we test with ¢ € C(B N O).
Calculate first with the conservation property that

O:/ Vg:/ e*k’"QL*Vg,
B R
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6. Kato’s square root property: LP—Theory

where the semigroup is supposed to act componentwise. The integrand is
integrable by Step 1 in the proof of the conservation property, so Lebesgue’s
theorem yields

N—)oo

= lim / e kLY
Z C;(B)

The same stays true if we multlply the right-hand side by any constant. Hence

Ve Lyg = lim — / ve FrLT iy
/B g Z C;(B) g

N—oo

= lim — Z /Rd(lcj(B) [v — (0)43])e_k’"2L* div g

N—oo

= lim ) /Ve_kT2L c;3) (v — (v)aB)]g.

N—)oo

In accordance with our convention for integrals we write (v)4p for the mean
value of the zero extension &yv of v over 4B. Finally, use this identity to get
by duality
- 7‘2 —RT
Ve “ulliom) = sup | lim Z [, Ve = (sl

GCOO N—>OO

(636) ”gH /= 1
< h]f,n inf Z HVe_kT L(lo (B) [v — (v)48])

Li(B)’

We derive suitable bounds for the terms of the sum on the right-hand side
of (6.36) and start with the case j = 1. Using that A/ is L? — L? bounded
and the local Poincaré inequality, we readily get

Ve ™ "L (14p[v — (v)ap)) lLa) S 77 (272 |lv — (V)as|lL2@sno)

SVl easnoy S 7T MO(IVo?) 2 (y)
for all y € B. We continue with j > 2. We seek the bound
(6.37) [Ve™ L (1ol — sl S 96T MOV 2(y)

Li(B) ™~

for summable g(j) and all y € B. Using a telescoping sum we get the decom-
position

'U—(v)43:v— 2]+IB+Z 2@3— 2@+1B =:141II.
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6.5. Riesz transform

We start with term I. Using the L2 — L4 off-diagonal decay of N with implied
constants C, ¢ € (0, 00), calculate

_ 7,2 _ _ —c j—1
IVe™ ™  (1e,m)[v — (V)ar)) Loy S 7177 o = (V)22 ) -

Now estimate the L?(C}(B))-norm by the L?(2/*! B)-norm and apply the local
Poincaré inequality to obtain

S [Vl S riem TR0 MOV )

for y € B. We continue with the estimate corresponding to II. As a primer,
calculate using Jensen’s inequality and the local Poincaré inequality

2
|(V)ap = (V)aer1p|* = ’][ v — (V)penp| < ][ [ = (V)aer1 )
20B 20B

4 —Lld,.—d
S fony 1V = Waasl? ST V0 ariap)-

Take the square root and an estimate against the maximal operator to obtain
(6.38) [(V)2tp — (V)2e+1p| S 2r MO(’VU‘Z)UZ(?J)

for all y € B. Let us come back to the actual estimate. Using off-diagonal
bounds and Hoélder’s inequality we find

J
> Ve L Loy [(v)aep — (v)ae1p])[lLa(s)
=1
j j—1
S ZT_IT_%@_M]_ |CJ(B)|1/2|(U)2EB — (v)ar+1].
=1
Plugging in (6.38) leads to

Z 2£r—vqe—c4j’12jd/2,r,d/2 MO(|VU|2)1/2(y)

(=1
< rd/qefc4j_12j+l2jd/2 MOOVU’Q)UQ(Z/)

N

for all y € B. In total, we have obtained (6.37) with g(j) = e~*¥ ' 20+1d
Since ¢(j) is summable, we obtain from (6.36) the bound

IVe ™ Follag) S r/ MO (Vo) (y)

for y € B, which completes the proof of (GL2). O
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6. Kato’s square root property: LP—Theory

6.6. A Calder6n-Zygmund decomposition for
Sobolev functions

Calderén-Zygmund decompositions are a classical tool in harmonic analysis.
The idea is to decompose a function on all scales into good and bad functions,
where good means small in a certain sense and the bad functions are at least
localized in a good manner. The classical Calderén-Zygmund decomposition
happens at the level of Lebesgue spaces. Here, we show a decomposition in
Wﬁ»’p -spaces. A decomposition in homogeneous Sobolev spaces on the whole
space was performed in [5, Lem. 4.12]. This construction was modified for
mixed boundary conditions on domains in [8, Sec. 7], but only in the case
m = 1. A refinement for C"-valued functions was performed in [36]. In this
section, we first show a version for spaces Wg?(R%) which only uses (d — 1)-
regularity of Dy for each k. A version on domains then follows on any open
set for which an extension operator is at hand.

Definition 6.6.1. Let p € [1,00], m € N, = C R open and E}, C Z for
kE=1,...,m. With the array E := (Ej)}, define the space

W]Em ‘—‘ ® W a

m

equipped with the subspace topology inherited from Wl’p(E)
introduce the abbreviation || - [|wis(z) for the norm on Wg(Z).

Moreover,

Lemma 6.6.2 (Sobolev Calderén-Zygmund — whole space). Let D, C R? be
closed and (d — 1)-regular for k = 1,...,m, and let 1 < p < co. For every
u € WiP(R?) and every o > 0 there exist an (at most) countable index set J,
a family of cubes (Q;)jes and functions g,b; : RT — C™ for j € J such that
the following holds.

(i) u= g+ X;b; holds pointwise almost everywhere,

(ii) the family (Q;); is locally finite, and every x € R? is contained in at
most 12% cubes,

(111) Z |QJ| ~ apHU’HWlp (R4)’
(iv) g € Wﬁm(Rd) with ||g|lwie ey S @,

(v) b; € WEP(RY) with ||b;|lwmrmey S @|Q;]7 for every j,
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6.6. A Calderon-Zygmund decomposition for Sobolev functions

(vi) ||g||W1»P(Rd) + | 2je ijWLP(Rd) N ||UHW1vP(Rd) forall J"C J,
(vil) b; is compactly supported in Q; for every j,

(viti) if 1 < ¢ < oo, u € W5Y(RY) and J' C J, then Y jes by converges
unconditionally in Wg?(RY).

Before coming to the proof, let us shortly state the situation on O as a
corollary.

Corollary 6.6.3 (Sobolev Calderén-Zygmund — open set). Let O C R? be
open, Dy, C 00 be closed and (d — 1)-reqular for k =1,...,m such that O is
locally a uniform domain near OO \ Dy, for all k, and let 1 < p < co. Then
for every u € WgP(O) and every a > 0 there exist an (at most) countable
index set J, a family of cubes (Q;)jes and functions g,b;: O — C™ for j € J
such that the following holds.

(i) =g+ X;b; holds pointwise almost everywhere,

(ii) the family (Q;)jes is locally finite, and every x € O is contained in at
most 12% cubes,

(i) Sjes Q] S lullisio:
(iv) g € Lipy(0) with ||g|lLipioy S @,
(v) by € WEP(O) with ||bj]lwie0) S @|Q;]7 for every j € J,

(Vi) if p < d, then b; € LY(O) for q € [p,p*] with ||b;ly S a|Q;|'/P+0=0/1,
where 0 € [0,1] is such that 1/q = (1 —6)/p+6/p*,

(vii) llgllnso) + | Sy billwnsco) S lullansco) for all J' € J,
(vill) b; is supported in Q; N O for every j,

(ix) if 1 < g < oo, u € W5'O) and J' C J, then ¥ e, b; converges
unconditionally in Wg?(O).

Proof. Using the extension operators for WBZ (O) componentwise on W?(0)
we get an extension U = Eu € WEP(R?) of u. We apply the whole-space
Calderén-Zygmund decomposition (Proposition 6.6.2) to U to obtain an index
set J, cubes (Q;);es and functions G, B; : R? — C™ satisfying the properties
in that proposition. Define g = G|p and b; = Bj|o.
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6. Kato’s square root property: LP—Theory

Most properties listed in this corollary are clear by definition, we only
comment on the exceptions. For (iii) and (vii), use boundedness of the ex-
tension operator. In (iv), note that Wp°(R%) = Lip,(R%) C Lip,(O) by
Rademacher’s theorem.

Finally, to see (vi) we interpolate two bounds. First, we derive with the
Poincaré inequality on cubes (take the compact support assumption (vii) into
account) followed by (v) the estimate

1B o S 1Q1 B lnogeey S ol

Second, the Sobolev inequality in combination with (v) gives the bound
151+ < @|@;]/P. Therefore, if 1/¢ = (1~ 0)/p + 0/p* = 1/p — 6/d, then
16514 < a|@Q;|V/PH1=9/4 by the interpolation inequality. O

Now we return to the proof of the R? version.

Proof of Proposition 6.6.2. For brevity we omit R? in the notation for func-
tion spaces. If 1 < k < m then we write u® for the kth component of
u. Implicit constants expressed by the symbol “<” are always meant to be
independent of the scale a. The proof divides into 6 steps.

Step 1: Adapted maximal function and Whitney decomposition. To start
with, we consider the set

m (k)
U= {x € R%: M(|u|p + [Vul|P + Z‘L p)(ﬂi) > Oép}-
= do,

Since the maximal function is upper semi-continuous, U is open. If U is
empty, we put g = u, so that we don’t need bad functions at all. Then (i)
is fulfilled by construction and all other assertions except (iv) are void. To
show (iv), we use the definition of U and the fact that a function is dominated
by its maximal function almost everywhere (which is an easy consequence of
Lebesgue’s differentiation theorem) to conclude for almost every x € R? that

ul®) p
i

9(@)P + [Vg(@)l” < M([uf + [Vul + > |=—") (@) < a”.
k=1
This already yields g € W with the desired norm estimate. Moreover, since
u has vanishing trace on D by assumption, g € W]%;oo follows by consistency
of the trace operator.
Otherwise, consider the closed set F' :== R?\ U. We claim that F is a
proper subset of the Euclidean space, since then we can decompose U using a
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6.6. A Calderon-Zygmund decomposition for Sobolev functions

Whitney decomposition. For the construction of the Whitney decomposition
and further properties, the reader can consult [22, Lem. 5.1]. Indeed, it follows
from the weak-type estimate for the maximal operator and Hardy’s inequality
(Proposition 4.3.1) that

(k) 1
U p
") 5 gl < oo

1 m
6.39 Ul < < b /
639 1015 o5 (it + 3 L5

Starting from a Whitney decomposition of U and enlarging all cubes by the
factor %, we arrive at a family of cubes (Q);); with the properties

(a) Q; C U for every j, (b) (Qj); is locally finite,
(c) 8VdQ; N F # 0, (d) Y 1q, <124,

di ;
(e) Q; N Qx # 0 implies m < 4.

Indeed, (a) follows immediately from the properties of Whitney cubes. For (b),
fix x € U and employ a counting argument on B(z,d(z, F)/2). For (c),
calculate using the properties of Whitney cubes that a non-enlarged cube
has to be scaled by the factor 9v/d to hit F. Then the claim for (); follows
by definition. Property (d) can be looked up in [22, Lem. 5.2 (c)]. Finally,
for (e), check that the enlarged cubes intersect if and only if the original cubes
intersect. Then, the claim follows from [22, Lem. 5.2 (a)].

Properties (b) and (d) yield (ii). For brevity, put d; := diam(();). Moreover,
using that we have enlarged the Whitney cubes above, we can construct a
partition of unity (y;); on U such that

(6.40) supp(p;) € Q; and  [|9jlle + di[|Vjllee S 1.

We conclude this step with the proof of (iii), which follows readily from (a), (d)
and (6.39) with the calculation

1
Y101 [, 310, 1201 S el

Step 2: Estimates for u on cubes. In this short but crucial step we derive
estimates for u using the maximal function, which will turn useful in the
estimates for good and bad functions later on. For convenience, put @} =

8VdQ);.
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6. Kato’s square root property: LP—Theory

Fix j and pick z € @ N F', which is possible owing to (c). Then it follows
from the definition of F' that

m k) . m o, (F)
u u
/ lulP + [VulP + > ’7p< @] lulP + [Vul’ + > ’*p
Qj i=1'dp, i = b,

~ Q35 e

(641) < M p_'_v p+m@p
< 1Qi M(jul +|9u >[5, ] )
< a?|Qy].

Step 3: Definition of good and bad functions. Fix j and 1 < k < m. Say
that Q; is k-usual if d(Q;, Dy) > d; and that Q); is k-special if d(Q;, Dy) < d;.
The nomenclature is motivated as follows. In the k-usual situation we can
define and estimate the bad functions using a Poincaré argument and, hence,
don’t rely on the usage of boundary conditions. In the k-special case we
will benefit from the Hardy term in the maximal function. Since different
components of u are subject to different Dirichlet conditions, this also explains
the coupling between j and k in the classification of the cubes.

That being said, define the bad function b; on (); componentwise via

bg.k) = gpj(u(k) — ug?) if @), is k-usual, bg»k) = cpju(k) otherwise.

Here, ug? denotes the mean value of u® over Qj. Put g == u — >, b;, then
the validity of (i) is by definition. Note that there is no issue of convergence
according to (d). Furthermore, property (vii) holds by construction.

Step 4: Taking care of the bad functions. Fix some j and 1 < k < m. First,
we consider the case that @; is k-usual. Using the product rule and (6.40),
start with

k k k
160 0 = [, los(® = uG)P +[Vig; () —ul )P + ooVl

1
< /Q [P+ uy) [+ [ — )P+ [V
J J ’

Using Jensen’s inequality for the second term and Poincare’s inequality for
the third term, we obtain

< / WP 4 [Tu®)P.
Qj

This completes this estimate owing to (6.41) from Step 2.
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6.6. A Calderon-Zygmund decomposition for Sobolev functions

To the contrary, assume that @); is k-special. Note that if y € @Q);, then
dp,(y) < d(Qj,Dx) + dj. So, by definition of k-special cubes, it follows
2d; > dp, (y) for all y € @);, which allows us to estimate

off nwumz/’m%w@w+¢v¢mmw+¢¢vuww

</ dp|u ’p+‘vu(k)|p

S/Qj| +‘de‘ TP

Then we conclude using Step 2 as before.

To complete the proof of (v), we have to ensure the vanishing trace condition
on D. In any case, goju(k) € WB’; by assumption on u¥). In the k-usual case,
note that gojug? is a compactly supported Lipschitz function which vanishes
on Dy by the support property of ¢; and the fact that ); is a k-usual cube.
Hence, this term also lies in the correct space.

Step 5: Convergence of the series of bad functions. Let 1 < ¢ < oo be such
that v € Wﬂl)gq and let J' C J be an arbitrary subcollection. Observe that
V¥ erbj =3 e, Vb; due to (b). Hence, using (d) in combination with the
equivalence of /P-norms on finite sets and the calculations from Step 4, we get

I3 billns = [ 132 byl +1 3 Vs

jeJ’ jeJ’ jed’

SY [, bl + 19l

jeJ’

</ 21Q3(|u \q—i-‘d ‘ + |Vu®) )
jeJ’

The function 5;c; 1¢, is globally bounded by (d) and the Hardy term is
under control owing to Hardy’s inequality from Theorem 4.0.3. As a by-
product, with J' = J this gives the estimate for ||b||w.» in (vi). Of course,
the estimate for [|g|lw:» is then a trivial consequence of ¢ = u — b, which
completes (iv). Next, assume that .J inherits its ordering from the natural
numbers. Then, if we replace J' by J/ = J N {m,m +1,...}, the sequence
of functions 3 ;e 1o, converges pointwise to zero, so that we can appeal
to Lebesgue’s theorem to conclude that the partial sums of 3¢ b; form a
Cauchy sequence. Hence, the series converges in WI})"]. That the convergence
is unconditional follows by a similar argument (take two rearrangements and
subtract their partial sums from each other).
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6. Kato’s square root property: LP—Theory

Step 6: Controlling the good function. Fix again some 1 < k < m. On
I we have that ¢ and wu coincide by construction, so that the full Sobolev
estimate on F follows the same lines as in Step 1 for the case U = (0. So
from now on, fix € U. First, we show |¢"*)(z)|? < aP, which completes
the non-gradient estimates in (iv). Write J,, and J,, for the index sets of
k-usual and k-special cubes which contain z. Both sets contain at most 12¢
elements according to (d). Using that (¢;); is a partition of unity on U, we
calculate

g(k)(x) — u® (z) — Z b§-k)(x)
Z 90 (k) Z ‘PJ

]EJux ]GJsx

> vl

jeJu,z

Using the comparability of /7 norms on finite sets, Jensen’s inequality, Step 2
and the bound on #.J, , we derive

042 W@rs ¥ pdr< 3 (f ) s 3 f

J€Ju,x j€Ju,a j€Juz
D
S af.

Note that >°; Vo;(x) = 0 holds since (i;); is a partition of unity and the sum
is locally finite. Then a similar representation for the gradient follows using
the product rule and reads

VoP(z) = 3 uly) V().

j€Jue
Instead of estimating this term directly, put
k
=> uégj)Vgoj(x) and  hs( Z uQ] Vgoj( ).

Here, J, is the collection of cubes that contain x and coincides with the union
of Ju. and J,,. Consequently, Vg¥)(z) = h(x) — hs(x), and the bound for
g will follow from |h(z)[P + |hs(x)[? < oP. We show this latter claim in the
following.

With the same arguments as for (6.42), but taking the observation d; 2 dp,
on k-special cubes from Step 4 into account, estimate

@l S 3 (7 f, 1) s 5 f 13 s

J€Js,x
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6.7. Boundedness of the square root

To estimate |h(x)|?, fix some jy such that x € @), which exists by construction
of (Q;);. If Q; is any cube that contains z, then the sizes of @); and @), are
comparable by (e). In particular, there is a factor ¢ > 0 that does not depend
on j such that @; C c@Qj,. Furthermore, assume that ¢ > 8v/d, so that

Q;, = cQj, intersects F' according to (c). Now, extend the defining sum of

h(z) using the fact that >=; Vo(z) = 0 to obtain
=> u Vgoj => (ug) uQ* )Vgo]( ).
Jj€Jx JEJ2

As before, estimate

(6.43) SN pl ; |

jGJT

We proceed by estimating a fixed term in that sum, so pick some j € J,. Using
that ugj)o is just a constant, |Q5 | =~ |Q;|, Q; € Q7 and Jensen’s inequality,

W ”<][ K
=|f, o - af 5 f, o

Owing to the classical Poincaré inequality on @} and the comparability

calculate

|uQ uQ*

diam(Q3,) = d; we further estimate

< diam(Q7, ][ Vu®P ~ i ][ IVu®e,
@ @o
Plugging this back into (6.43), the factors d cancel out. The mean value
integral can be estimated against a” using the maximal operator trick from
Step 2. Finally, the bound on #.J, lets us conclude the estimates for (iv). O

6.7. Boundedness of the square root

We are going to show (upper) LP-bounds for the square root. These comple-
ment the lower bounds coming from the Riesz transform already shown. The
case p > 2 is fairly easy by a duality argument with the Riesz transform and
is presented in Section 6.7.2. The argument in the case p < 2 is much more
difficult. Of course we could also argue by duality in this case, but we would
have to invest LP-boundedness for A™*, which is a stronger requirement than
merely LP-bounds for S. The proof is again closely oriented at [36, Prop. 8.1].
Besides the necessary changes to treat unbounded sets, we have also corrected
a minor flaw that appears in the case d = 2 in that paper.
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6. Kato’s square root property: LP—Theory

6.7.1. The case p < 2: weak-type argument

The following proposition provides LP-bounds for L3 using a weak-type esti-
mate. The Calderén-Zygmund decomposition from Section 6.6 is an essential
tool in the proof.

Proposition 6.7.1. Let q € (1,2] be such that there ezists s € [q,q*) such
that S is L*-bounded, and let p € (q,2). Then one has the estimate

IL2ully < llullwinoyn — (u€ WE(O)" NWE(O)™),

where the implicit constant depends on L only via its coefficient bounds and
implied constants coming from the L®-bounds for S.

Remark 6.7.2. There are two remarks in order:

(i) On O = R? one can permit ¢ = 1. In our case, this is not possible
because the Sobolev Calderén-Zygmund decomposition is only available
in the reflexive range, which is an artifact of Hardy’s inequality.

(ii) Note that the boundedness assumption for S is strictly weaker than that
for the Riesz transform in Proposition 6.5.1.

Proof. Throughout, we will often omit the underlying set or number of com-
ponents in the notation of function spaces if that makes the notation easier,
for example we will write W'? instead of Wh2(O)™.

The representation formula (6.18) allows us to write L3 as an improper
Riemann integral. To be more precise, let u € Wh*(O)™ = D(Lz), then

N|=

(6.44) Lau = nh_}rgo\/é :1 Le "Ly dt,
where the limit is taken in L*(O)™. With this, we can divide the proof into
three steps. First, we show a weak-type estimate for the truncated operators
T, = [5°. Le~**L dt that is uniform in n. This step is subdivided into several
intermediate claims. Second, we conclude uniform LP-bounds for 7T}, and p €
(q,2) using complex interpolation. Finally, we conclude the L”-bound for L3,
Step 1: Weak-type estimate for T),. Let u € W5*(0)™ N W5P(O)™ and
a > 0. We want to show the weak-type estimate

(6.45) {z € 0: |Tu)] > a}| < a[ulléy..,
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6.7. Boundedness of the square root

where the implicit constant is independent of n. Using Corollary 6.6.3, per-
form a Calderén-Zygmund decomposition of wu, that is to say, decompose
u =g+ >,;b;. Put b= >;b; then b € WH(0)™ 0N W5(O)™ by prop-
erty (ix) in the corollary. For brevity, we will from now on only write (i)-(ix)
for the respective properties of the Calderén-Zygmund decomposition without
any further specification.

Split estimate into good and bad part. As usual in Calderén-Zygmund the-
ory, split the left-hand side of (6.45) into

(6.46) [{a: [Tyu(x)| > a}| < [{z: [Tug(x)] > %}\ + {1 Tub(@)] > %}\.

Note that = € O, but we omit this quantification to save space.

Handling the good part. The first term on the right-hand side is for free
from the L2-theory. Indeed, Tchebychev’s inequality and the L2-estimate for
the square root (which also yields uniform W*(0)™ — L?(0)™ bounds for
{T,}», compare with the beginning of the proof of Proposition 6.5.1) yield

{o: Tg(@)] > S} S a1 Tugll3 S @ 2llgle

To proceed, use the interpolation inequality for Sobolev spaces (which follows
from the interpolation inequality for Lebesgue spaces applied to function and
gradient separately) with § = 24, (iv) and (vii) to conclude

lglvie S @ llgllNna S @ llulliyra-

~Y Y

Combining the last two estimates completes the estimate for the good function
term on the right-hand side of (6.46).

Reduction to finitely many bad functions. Let Jy C J be finite. Split
b= (b—3jecsbj) + Xjes b and use Tchebychev’s inequality and the L*-
boundedness of {T},}, to deduce

(0%

{o: 1101 > Y 5 [{: I1( X 0) @) > S} + - S
Jj€Jo j€Jo

Thus, an estimate of the first term against a~?||u||}1,, with bound indepen-
dent of Jy yields the claim because the second term tends to zero by (ix) when
making Jy sufficiently large. As a slight abuse of notation, we still write b for
the sum >7;c; b;. Moreover, in the further course of this proof, the index j
will only range over the finite index set Jy and not anymore over J.
Decomposition of the bad part. Denote the sidelength of (); by ¢; and write
r; for the largest dyadic number less than ;. The integrand in the definition
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6. Kato’s square root property: LP—Theory

of T, is integrable in the L? — L2 operator norm away from 0, which is a
consequence of the boundedness of the family {tLe *‘},.5 on L?. Hence, we
can split the defining integral of 7T}, into a local integral from 27" to r; v 27"
and a global integral from r; V 27" to oo, and both integrals again yield
bounded operators on L?. Furthermore, since > bj is a finite sum by the
previous reduction, we can pull the summation out of the local and global
integrals. Altogether, this gives

{x €O: ’[7[/69%(14(5”)‘ > %}‘
< [ ool > Y+ ] sl §)
{5 el Yl [ weraiol - )
= T+1I.

Let us mention that making the truncation at a dyadic scaling and not at
height ¢; directly will only become handy when estimating the global integral
later on.

Handling the local integral. We continue with an estimate for the local
integral I. Assume r; > 27" since otherwise the term is trivial. The next step
is again classical in Calderén-Zygmund theory. We split O = J;(4Q; N O) U
(O \ U, 4Q;), and use additivity of the measure and Tchebychev’s inequality
to get

r; V27T 2
647  15[U4Q)| +a%1oy 10, Z/, Lo~ , d|.
j j
Using subadditivity of the measure and (iii), conclude
(6.48) U4Qs| £ 21051 S @ llullfya-
J J

Thus, the first term on the right-hand side of (6.47) is fine. To estimate the
L?norm, we test with v € L*(O)™ satisfying ||v]|; = 1 and use the triangle
inequality to deduce

<y / ’/Le_tQLbjdt“mda:.

J 0\4Q; 2—n

(6.49) ‘ [ 1000, % [ e tdtvds
1) -
J 9-n
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6.7. Boundedness of the square root

Note that we only ignore the enlarged cube in which b; is supported. The
reason is that we have introduced this restriction of integration area to bring
off-diagonal estimates into business. Hence, it is no surprise that we further
decompose O\4Q); into the annuli Ck(Q;)NO, where j is fixed for the moment.
With the Cauchy-Schwarz inequality, this gives

/ [ e b, dtjo] da
2777,
(6.50) O\Q;
’I’j )
< S [, ey dtlhacyianno €tz

k>2

Here, & is the zero extension of v. For the latter factor, continue with

HgoUH%%ck(Qj)) N 2kd€?][c N |Eov|* d < de@l/\/{(’govﬁ)(y) (y € Q).

w(Q
For the other factor, we claim that we can chose ¢ < r < min(2, ¢*) for which
the family {tLe "t} satisfies L™ — L2 off-diagonal estimates. Indeed, if ¢*
is larger than 2, we can simply put » = 2, which is admissible by Proposi-
tion 6.1.5. Otherwise, owing to the assumption on ¢, fix s € [q, ¢*) for which §
is L*-bounded. Then, for any r € (s, ¢*], we can rely on L — L? off-diagonal
estimates for the family {tLe~"r},-( thanks to Proposition 6.1.12 (i). (Note
for later use that this choice of r also yields " — L? off-diagonal estimates for
S.) In either case, we assume that the off-diagonal estimates are with respect
to the distance d(,-) instead of d(-,-) and we write C,¢ € (0,00) for the
implied constants. For the integrand of the local integral, this together with
the support property of b; and the definition of r; results in the bound

J— - - - k_
1Le™ b, om0y < CET 2612 .

Together with the bound (vi) for ||b;]|, this gives

| et ar

n

< [7 15 by a0
L2(Ck(Q;)NO) — Jo-n 7 1IL2(C(Q4)NO)

.
< agd/qﬂ—f)/ T2t gy

~ J .

where 6 = 7, Using the substitution s = 4¥2/t> and r; ~ (;, this results
using the definition of 6 in
Lo ajar1=0 ok \—ye1 [ (p—1)/2—cs/4
< 504@ (2%r;) ™" Ak sOr=D/2g=es/t 45

4
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6. Kato’s square root property: LP—Theory

Next, we use the lower bound on s to extract exponential decay by splitting
the exponential term. We have seen this trick several times in the course of
this chapter. This yields
< aﬁ?/Qz—k(%n-‘rl)e—cllk/S /OO S(%n—l)/Ze—cs/S ds.
0
The integral in s is finite and does not depend on j or k. We can plug this
estimate back into (6.50) to arrive at

Tj 42 1) —cdk 1
L e ol de S a3 2 et (o) ()
O\4Q; k22
where y € ();. The sum in % is convergent due to the double exponential
decay in k. Next, we average this over (); (which does not affect the left-hand
side) to get
" Le~"Lp, dt

I

< 2\ (/)3
L2cu@pno) < i ]éj M([&v|")(y)2 dy

=a [ M(gw)(w)* d.

J

Summing this bound over j yields a bound for (6.49), namely

’ [ 1000, Y [ e dtvds

J 9-n

Sa) [ MiéwP)dy
7 J

Sa  MllgwP)ay,
UjQj

where we have used the finite overlap property (ii) of the @), in the final step.

We apply Kolmogorov’s inequality with ¢ = 1/2 (see [48, Ex. 2.1.5]), followed

by (6.48) and the normalization of ||v||2 to get

1
b) — 2 — 2
a2 R (ol = o ful| 3,

1
S U@, [igowr
J

Square this and multiply by a2 as in (6.47) to get a bound against a9 ||u|[%1.,
for the whole local integral.

Controlling the global integral. As a preparation, consider the function
F = [ ze " dt. Recall the notation F, for t > 0. For r > 0 the substitution
t = sr yields

00 00 ds 00 dt
F,2 = / r2ze "% ds = r/ z(sr)e= (77 =2 = r/ zte % -
1 1 r

S
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6.7. Boundedness of the square root

Consequently, scaling and Fubini’s theorem (justified by F' € H§*(S}) for
all ¢ € (0,7/2), which can be seen by a calculation similar to that in Re-
mark 6.3.2) reveal

F(rPL) = Fa(L) =7 | T Le Pt at,

We will use this representation to decompose the global integral into a square
function. Also, introduce for each integer k the set J, = {j € Jo: r; V27" =
281 which groups bad functions supported on the same dyadic scale, so to
say. Recall that Jy and therefore all J; are finite, and only finitely many Jj
are non-empty. Hence, we can write

S reta=Y Y [retthde= Y FErL) (Y 27)
90 o b G€Tk . Jon k €

without worrying about convergence, rearrangement or whatsoever. Finally,
as for the local integral, chose ¢ < r < min(2, ¢*) such that S satisfies L — L2
off-diagonal estimates.

With these preparations at hand, we come back to term II for the global
integral and estimate it first using Tchebychev’s inequality to get

oSS T [T, el = LS retn(E )]
70 V2T T (6] & JeT r

Since S satisfies L” — L? off-diagonal estimates, the H*®-calculus of L on
L% admits L"-bounds by Proposition 6.4.1, so that Lemma 6.7.3 below is
applicable, and turns (6.51) into the square function

< FSIE ) = 5 (SIS )
k jeJi k je€Jk

Use r/2 < 1, and the finite overlap (ii) of the @); together with the support
condition (viii) for the bad functions to get

1 T 1
gf/ o~kp,[ < — 2—’“"/ bl
o Ozk:‘jgk ’ &Tzk:j;k O’ g

Using 2% > r; > (; for j € Ji, and the L'-estimate for bad functions (vi)

~Y

further gives

< — Z g ’Qj‘r/qff?r/dg}

]EJO
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6. Kato’s square root property: LP—Theory

where 6 € [0, 1] is appropriately chosen. Canceling out some factors and using
r/q — 0r/d = 1, which is easily seen by a rearrangement of the definition of
6, this becomes with (iii)
= > Qi S a™|ullfyra-
j€Jo

Bringing everything together, this completes the proof of the weak-type esti-
mate (6.45).

Step 2: LP-bounds for T,, by interpolation. For p € (1,00), introduce the
Marcinkiewicz space

LP>(0) = {f € LY(0) +L¥(0): ||f |r~(0) < o},

where
| flleee (o) = sg}ga‘{x €O0: |f(x)| > Oz} ?,
see [93, Sec. 1.18.6, Lemma]. Note that || - ||Lr. is only a quasi-norm, which

means that the triangle inequality only holds up to a constant. If 1 < ¢ < 2,
6 € (0,1) and 1/p = (1 —0)/q+ 0/2, then we get the interpolation identity

(6.52) (L*°(0),L*(0)),p = L7(0),

see [93, Sec. 1.18.6, Thm. 2] and take [93, Sec. 1.18.6, Lemma] into account.
Here, we use that the real interpolation method also works with quasi-Banach
spaces, that is to say, complete quasi-normed spaces. So, identity (6.52) has
to be understood as an equality of sets with an equivalence between the quasi-
norm on the left-hand side and the norm on the right-hand side.

With this nomenclature, the weak-type estimate (6.45) can be rephrased to

| T || Lase 0ym S [|ullwiaoym (u e WEHO)" N W5I(0)™),

with an implicit constant independent of n. Using Lemma 2.2.8, W5*(0) N
W5H(O) is dense in W5(O). Therefore, since L°(0) is complete, T}, extends
to a bounded operator W5?(0)™ — L#>°(0)™ with bound independent of n.
Also, T,, : W5*(0)™ — L?(0)™. This is because T}, decomposes into the
square root and a uniformly bounded approximation of the identity on L2,
and for the former we have shown the respective bound in Theorem 5.0.1.

Hence, we get from Proposition 1.1.1 (applied with R = |o and & from
Theorem 3.0.2), real interpolation, and (6.52) that 7}, is a map

W5 (0)™ = (WE(0)™, W5 (0)" ), — (LE*(0)™, L2(0)")g,, = LP(O)"™,

216



6.7. Boundedness of the square root

where we have used the compatibility of (real) interpolation with finite prod-
ucts, and equality is up to equivalent (quasi-)norms. Consequently,

(6.53) || Thullieoym S Jullwieoym (u e WEP(O)"NWEH(0)™),

where the implicit constants do not depend on n.
Step 3: Conclusion of the proof. Let p € (g,2), then estimate (6.53) and
identity (6.44) along with Fatou’s lemma readily reveal

1 .2 m m
Ll < lmint = | Tlly S [ulwiaop (u€ WE(O)" A WE(O)")

The correct dependence of the implicit constant on L was tracked throughout
the proof. O

Lemma 6.7.3 ([36, Lem. 8.2]). Let p € (1,00), = C R? be measurable and
m € N. Also, let T be an injective sectorial operator on L2(Z)™ such that for
some ¢ € (0,m) it holds

1 (Tyully < Coll fllscllull, — (f € HR(S)),u € L*(E)™" NLI(E)™).

If f € H(S)), then there is a constant C € (0,00) that depends on f and 1
such that

<Z |Uk|2)é

kEZ

ST AT

keZ

< ccw‘
p

p

for every sequence (ug)rez C L2(Z)™ NLP(Z)™ for which the right-hand side
is finite.

6.7.2. The case p > 2: duality with the Riesz transform

Proposition 6.7.4. Assume that O is an (e,00)-domain near 0O and let
q € (2,00) be such that N is Li-bounded and let p € (2,q). Then one has the
estimate

IL2ull, < llullwivo) — (w € WEH(O)" N WE(0)™),

where the implicit constant depends on L only via its coefficient bounds and
implied constants from Li-bounds.
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6. Kato’s square root property: LP—Theory

Proof. Since NV is L? bounded, it follows from Proposition 6.1.12 (ii) that S
satisfies L? — L? off-diagonal estimates. Using duality (see Lemma 6.1.11),
S* = S(L*) satisfies L” — L? off-diagonal estimates. The implied con-
stants are the same as the implied constants coming from the L? — LP off-
diagonal estimates for S. As usual, decompose operators in N* = N(L*)
as V2(v/tVe e " The L? off-diagonal estimates for A'(L*) provided by
Proposition 6.1.5 have good implied constants since L and L* have the same
coefficient bounds. Then, use the composition technique from Lemma 6.1.9
to conclude L?" — L? off-diagonal estimates for N*. Consequently, the Riesz
transform V(L*)’% admits L”-bounds by Proposition 6.5.1 applied with p’
instead of p.

To bring this into action, we claim the following two facts for u € W52(0)™n
WE(O)™ and v € W (0)™ N WE(O)™:

1 a1
(L2u|(L7)2v)2 = a(u,v) and |a(u,v)| < |lullwis©yn|[vllwie oym:

where the implicit constant depends on dimension and the upper coefficient
bound for L. The latter claim follows from Holder’s inequality and bound-
edness of the coefficients. For the former, start with v € D(L) and v €
WE2(O)™. Using the Kato result on L2 for L* we get v € D((L*)2). Hence,
since L is obtained from a by the form method, this implies

(6.54) (Lzu|(L*)20)s = (Lu|v)s = alu, v).

The right-hand side is a bounded sesquilinear form on W5*(O)™ and the same
is true for the left-hand side since L? and (L*)% are topological isomorphisms
from WE2(0)™ — L2(0)™. To conclude, notice that D(L) is dense in D(Lz) =
WEH(0)™, so identity (6.54) extends to u € W57 (O)™ by continuity.

With these preparations, the proof is almost done. Let u € WEP(O)™ N
WE2(O)™ and v € L¥ (0O) N L%(0). Decompose v = (L*)2(L*)"2v. Then,

1 _1 _1
(L2ufv)| = la(u, (L) 72 0)] S [lullwee (L) 72 0llwiw S lullwee ([0l

where we have upgraded the boundedness of the Riesz transform in L? to
a full WtP-bound for (L*)_% using Corollary 6.3.5. Thus, testing yields the
claim. O

6.8. Proof of Theorem 6.0.1

Now the proof of the main theorem of this chapter is essentially a combination
of the results from Sections 6.5 and 6.7, mixed with some standard arguments.

218



6.8. Proof of Theorem 6.0.1

Proof of Theorem 6.0.1. We start with the proof of (i). Chose p_(L) < r <
q < p. On the one hand, since § is L¢-bounded, Proposition 6.7.1 is applicable
(with s = ¢) and yields the LP-bound

(6.55) IL2ull, < llullwin) (v € WE(O)" N WE(0)™).

Since W*(0O)™ and LP(O)™ are Banach spaces and W5*(0)™ N W57 (0)™
is dense in WE?(O)™, the bound (6.55) reveals that L2z has a continuous
extension to W5P(0)™, again denoted by L. The upper bound for Lz has
the correct dependence on L according to Proposition 6.7.1.

On the other hand, since § is L"-bounded by choice of r, it follows from
Proposition 6.1.12 that N satisfies LY — L? off-diagonal estimates. Hence,
Proposition 6.5.1 yields

VL 2ull, S llull,  (ue LP(O)"NLXO)™).

Combine this bound with the LP-bound from Corollary 6.3.5 to deduce the
inhomogeneous Sobolev bound

(6.56) 1L 5wl wieoym S lull,  (uw € LP(O)™ NL2(0)™).

To show that Lz is surjective, let u € LP(O)™ and let (u,), be a sequence
in LP(0)™ N L*(O)™ that converges to u with respect to the L” norm. The
Cauchy property of (u,), inherits to the sequence (L™2u,), in WE?(O)™ in
virtue of the estimate (6.56). Consequently, there is v € W5P(O)™ to which
L 3u, converges. Use the L? identity u,, = L%L’%un, the continuity of L3 on
W5P(O)™ and the aforementioned convergence of L~ 2u, to deduce u, — L2v
in LP. But u, converges also to u by construction, so u = L%v, which shows
ontoness.

To see that L2 is injective on WE(O)™, let u € WEP(O)™ with Lzu = 0
and let (up), € WEP(0O)™ N W52 (O)™ be an approximating sequence for u
with respect to the W2(0)™-topology. Use (6.56) with Lzu, and continuity
to get

1 1
[nl[wizoym S NI L2unllp = |L2ull, = 0.

Thus, (), is a null sequence and u = 0 as desired.

Finally, an application of (6.56) with Lzu for u € WE(O)™ N W (O)™
shows that the lower bound depends as expected on L according to Proposi-
tion 6.5.1 and Corollary 6.3.5.

Assertion (ii) follows by the very same argument but with Proposition 6.7.4
instead of Proposition 6.7.1 and Proposition 6.5.7 instead of Proposition 6.5.1.

O
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APPENDIX A

Appendix

A.1. Porous sets

We provide a streamlined approach to the geometry of porous sets. All this
is known to the experts but some results require going through existing liter-
ature in a rather opaque way. The reader may look up relevant definitions in
Section 1.3.

Lemma A.1.1. Every porous set E C R? is a Lebesque null set.

Proof. By Remark 1.3.24, each ball B centered in E contains a ball of com-
parable radius that does not intersect E. Hence, there is § € (0, 1) depending
only on £ such that

BNE
| | <1-09.
| B
By Lebesgue’s differentiation theorem this implies 15 = 0 almost everywhere.

]

We recall the Vitali covering lemma that will be used frequently in the
following, see [58, Thm. 1.2].

Lemma A.1.2. Let {B;}icr be a family of open balls with uniformly bounded
radii. Then there exists a subfamily {B;},c; of disjoint balls such that

UB: € J5B;.
( J
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Corollary A.1.3. Let E C R? and 0 < r < R < oo. For any ball B of
radius R the set EN B can be covered by 104(R/r)? ball of radius r centered
in ENB.

Proof. Consider the covering {B(z,7/5)},epne of BN E. We find a disjoint
subfamily { B; };es such that BOE C U,;¢/5B;. We denote by #; the cardinality
of I and calculate

#ica(r/5)" = || Bi| < [2B| = 2" R,

icl
where ¢4 is the measure of the unit ball. This shows #; < 10%(R/r)". O

We continue with the simple observation that the radius bound by 1 in the
definition of f-regularity is arbitrary.

Lemma A.1.4. Let E CR% and 0 < ¢ < d. If for some M € (0,00) there
is comparability H'(B N E) ~ v(B)" uniformly for all open balls B of radius
r(B) < M centered in E, then the same is true for any M € (0, 00).

Proof. Suppose we have uniform comparability for balls up to radius r(B) <
m. Given M > m, we need to extend it to balls B centered in F of radius
r(B) < M. Let ¢ :=m/M. The calculation

m'r(B)*

TS H (¢cBNE)<HYBNE)

gives the lower estimate. For the upper one, we cover BN E by 10¢/c? balls
of radius cr(B) centered in B N E according to Corollary A.1.3 and conclude
HY(BNE)<r(B). n

We come to computing the Assouad dimensions of Ahlfors-regular sets.

Lemma A.1.5. Let E C R? be (-reqular for some 0 < ¢ < d and let M < oo.
There exist constants ¢,C' > 0 such that, if v € F and 0 < r < R < M,
then in order to cover E N B(z, R) by balls of radius r centered in E, at
least c(R/r) and at most C(R/r)" balls are needed. If E is unbounded and
uniformly (-reqular, then this also holds for M = oo.

Proof. Let {B;}ic; be some cover of E N B(z, R) by balls of radius r. We
use Lemma A.1.4 to calculate

R SHYB(z,R)NE) < H (Uit BN E) <Y HYB.NE) S #,

iel
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A.1. Porous sets

which shows #; > (R/r)’ and gives the constant c. As for O, we select a
subfamily of disjoint balls B; from the covering {B(z,7/5)}sepng of BN E.
Then we estimate, using Lemma A.1.4,

#;(r/5)" S D_H(B;NE) <H(2BNE) < (2R)*

jeJ
and conclude #; < (R/r)". O

Proposition A.1.6. Let E C R? be uniformly (-reqular. It follows that
dim 45(E) = dims(E) = L.

Proof. We can rephrase Lemma A.1.5 in the language of Definition 1.3.13. It
precisely asserts that ¢ € AS(E) N AS(E). Hence, we get dim 45(F) > ¢ and
dimys(E) < £. The claim follows since dim 45(E) < dim4s(F) holds for any
set E. Indeed, given A\ € AS(E) and pu € AS(E) we have (R/r)* < (R/r)*
for all 0 < r < R < diam(F) and hence A < p. O

We turn to porosity. The following result was already mentioned in the
introduction to Chapter 2.

Lemma A.1.7. Let E C F CR®. If F is (-reqular and E is m-reqular with
0 <m < {<d, then E is porous in F. Likewise, if dims(F) < dim 45(F),
then E is uniformly porous in F.

Proof. We begin with the first claim. Lemma A.1.5 yields some C' > 1 such
that, if x € F and 0 < r < R < 1, then at most C'(2R/r)™ balls of radius
r centered in E are needed to cover E N B(z,2R). It also yields some ¢ > 0
such that at least ¢(R/(2r))" balls of radius 2r centered in F are needed to
cover F'N B(x, R). We use this observation with » = kR, where x € (0,1)
satisfies ¢/(2k)* > C(2/k)™. This is possible due to m < .

Let {B;}icr be a family of #; < C(2/k)™ balls of radius r centered in
E that cover E N B(x,2R). By choice of k the balls {2B;};c; cannot cover
FNB(z,R). Pick y € FNB(z, R) that is not contained in any of the 2B;.
By construction we have B(y,r) C R?\ Ujc;B; but due to r < R we also
have B(y,r) C B(z,2R) and hence £ N B(y,r) C U;B;. Thus, we must have
ENB(y,r) =0 and conclude that E is porous in F.

The proof of the second claim is identical, but we do not assume R < 1
and have the covering properties for some m € AS(E) and ¢ € AS(F) with
m < ¢ by assumption. n
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Lemma A.1.8. If E C R? 4s porous, then there exist C > 1 and 0 < s < d
such that, given x € E and 0 < r < R < 1, there is a covering of EN B(x, R)
by C(R/r)® balls of radius r centered in E. Moreover, if E is uniformly
porous, then dims(E) < d.

Proof. We only show the porous case since the uniform case again just follows
by dropping all restrictions on the radii. In the following all cubes are closed
and axis-aligned. We can equivalently replace balls by cubes and radii by
side lengths in the definition of porosity and Assouad dimension. Likewise, it
suffices to establish the claim of the lemma with cubes.

In view of Remark 1.3.24 we can fix n € N such that for every cube Q C R?
there is a cube ' C @ \ E of sidelength £(Q") = ¢(Q)/n. We fix a cube @
centered in F of side length R < 1. Let 0 < r < R and fix £ € N such that
R/(2n)k1 <r < R/(2n)*. We claim that we can cover Q by ((2n)? — 1)**!
closed cubes of side length R/(2n)**1. Put s := log((2n)? — 1)/log(2n) < d.
Then

((2n)" = 1) = (2n)*(20)" < (2n)*(R/r)*

shows the assertion.

For the claim we start with & = 1. There is a cube Q' C @ \ E of side
length R/n. Then there is a cube @ in the grid of (2n)¢ cubes with sidelength
R/(2n) covering ) that is contained in @’. This means that we only need
(2n)? — 1 cubes of side length R/(2n) to cover E. We conclude by applying
this argument inductively on each cube of the previous covering. O

Combining the uniform cases of the two preceding lemmas lets us re-obtain
a result of Luukkainen [73, Thm 5.2]. Note that dim 45(R?) = d due to
Proposition A.1.6.

Proposition A.1.9. A set E C R? is uniformly porous if and only if its
upper Assouad dimension is strictly less than d.

We can use the non-uniform cases to show that some open sets are of class
D'. The argument is a slight adaption of [71, Thm. 4.2].

Proposition A.1.10. Let O C R? be open. If OO is porous, then O € D! for
some t € (0,1). If OO is L-reqular for some 0 < £ < d, then O € D' for all
t € (0,max{1,d — (}).
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A.2. Background on Hardy’s inequality

Proof. If 00 is porous, then we pick C' > 1 and 0 < s < d according to
Lemma A.1.8 such that for each j > 0 and for any ball B with radius r <1
centered in JO we can cover B N OO0 by at most C27¢ balls of radius r277. If
00 is (-regular, then Lemma A.1.5 guarantees that we can take s = ¢. In any
case, fix max(s,d — 1) < u < d. Put E; = {z € B :d(z,00) < r277} and
A; = E; \ Ej;1. By construction, the covering property for B N 0O implies
that we can cover E; by at most C'27* balls of radius 72~U~V. The d-regularity
of the Lebesgue measure then implies

(A1) 4] < |By| S 2origiit
We use that {A,};>0 is a disjoint cover of B\ 00, comparability d(z,00) ~
7277 on A;, estimate (A.1), and s < u to calculate
[ domytay <3 [ 000y S 3|42
B\0O =4 r

< Zr“2j(5_“) <rt
J
Setting t :==d — u € (0, 1), we write this in the form

sup sup rt’d/ d(y,00)™" < o,
€00 0<r<1 B(z,r)\00O

which just means that O € D!. In the case of {-regular boundary, every
u € (max{f,d —1},1) and thus every t € (0, max{1,d —¢}) was admissible in
the proof. n

A.2. Background on Hardy’s inequality

In the sequel we provide the essential notions and calculations to derive Propo-
sition 4.3.2 from the material in [70]. The Hausdorff measure, Hausdorff con-
tent and related notions were presented in Section 1.3.

Definition A.2.1. Let E C R? be closed. Call E uniformly p-fat if there
exists a constant b > 0 such that

cap,(E NB(z,r),B(z,2r)) > br* .

Here, cap,(-,) is the relative p-capacity. A definition is provided in [70, Sec.
2].
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Definition A.2.2. Let O C R? be open. Then O satisfies the inner boundary
density condition with exponent X if there exists a constant ¢ > 0 such that
for all z € O holds

H2 (B(z,2dpo(x)) NO) > cdyo(z).

It is shown in [70, Thm. 1] that “O is uniformly p-fat if O satisfies the inner
boundary density condition with exponent A > d — p. The result there is for-
mulated for domains but an inspection of the proof shows that connectedness
is superfluous. Moreover, the constant for the uniform p-fatness condition
depends on O only via A and c.

Now Hardy’s inequality follows from the uniformly p-fat complement con-
dition and the constant depends on O only via b, or by the previous consid-
eration, via A and c. This follows since the constants were explicitly traced
in [54] and this observation was also confirmed by the author of [70].

To relate the inner boundary density condition with Ahlfors—David regu-
larity, we introduce the notion of /-thickness.

Definition A.2.3. Let E C R be a Borel set and 0 < ¢ < d. Call E ¢-thick
if

(A.2) Vo€ E,0 <r < diam(E): H (B(z,r)NE) >

Lemma A.2.4. Let E C RY be Ahlfors-David reqular. Then E is (d — 1)-
thick and the implicit constant in (A.2) depends only on the implicit constants
in the Ahlfors—David reqularity condition.

Proof. Let FF C E be a Borel set and let z; € F', 0 < r; < diam(F) such
that (J; B(z;,7;) covers F. Then

ST 2 S M (B, my) N E) > HITHF O B) = HOUE).
j J

Taking the infimum over all such coverings yields HeH(F) = HY(F). Now
if we take F' to be B(z,r) N E the claim follows. O

Lemma A.2.5. Let O C R? be open. If 0O is A-thick and either O is bounded
or 00 is unbounded, then E satisfies the inner boundary density condition with
exponent \. Again, the constant c in the inner boundary density condition
depends only on the implicit constant in the definition of \-thickness.
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A.2. Background on Hardy’s inequality

Proof. Let z € O and y € B(z,2dgo(z)), then
HA(B(z, 2 dao() N 90) > HA,(B(y, doo(x)) 190).

If O is bounded, then so is the function dgo on O and we can apply the -
thickness condition to get the desired lower bound. If 0O is unbounded, then
all radii are permitted in the A-thickness condition and we are also done. [

Remark A.2.6. If O is unbounded and 90 is bounded, we can obtain Hardy’s
inequality by considering the auxiliary set B(z, 2 diam(90)) for some z € 90.
The key steps for this argument are contained in the proof of Theorem 4.0.3.
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