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Abstract

Magnetic materials are of fundamental importance to the welfare of our society since
they find use, among others, in energy harvesting applications. The rapid technological
development requires the generation of new environment friendly methods to power up
novel devices, therefore, thermoelectric materials become vital for future applications. A
particular class of magnetic materials that can be used in thermoelectric devices is those
with nontrivial band topology, such as Weyl and nodal line semimetals, that have recently
attracted intensive attention due to their interesting properties.
The anomalous Hall (Nernst) effect, being the generation of a transverse spin polarized

charge current as a response to a longitudinal charge current (thermal gradient), was
initially associated to ferromagnets. Recently however, it was demonstrated that collinear
and non-collinear antiferromagnets can induce finite values, making them interesting for
novel applications. These findings though, not only challenged the current understanding
of the theoretical background but also the conditions of their existence, being till nowadays
pending problems.
In this work, a computational framework to construct maximally localized Wannier

functions in an automatic way is provided and subsequently used to calculate the anoma-
lous Hall and Nernst conductivities of ferromagnetic and non-collinear antiferromagnetic
intermetallic compounds, with a high success rate of 92%. Detailed symmetry analysis
is performed in order to reveal the vanishing anomalous Hall and Nernst conditions in
certain ferromagnetic and antiferromagnetic compounds. It is demonstrated that the large
values of anomalous Hall and Nernst conductivities are due to the presence of Weyl nodes,
nodal lines and small gap areas and that they can further be tuned by means of external
stimuli, leading to further enhancement of the anomalous Hall and Nernst conductivities.
In the future, the automated Wannier function workflow can be used to construct the

maximally localized Wannier functions of any 3d transition-metal based system, with or
without the inclusion of spin-orbit interaction with minimum human intervention and
external stimuli can be used to further enhance the topological transport properties of a
compound.
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Zusammenfassung

Magnetische Materialien sind wichtige Pfeiler für den Wohlstand unserer Gesellschaft, da
sie unter anderem Anwendung in der Energiegewinnung finden. Schneller technologischer
Fortschritt wird begünstigt durch die Entwicklung neuer umweltfreundlicher Methoden
zum Betrieb neuartiger Bauteile. Thermoelektrische Materialien sind so gesehen unerset-
zlich für die Anwendungen der Zukunft. Eine bestimmte Klasse magnetischer Materialien,
welche in thermoelektrischen Komponenten verwendet werden kann, zeichnet sich durch
komplexe Bandstrukturen aus: Weyl- und Knotenlinien-Halbmetalle, welche aufgrund
ihrer interessanten Eigenschaften große Aufmerksamkeit erregt haben.
Der anomale Hall (Nernst) Effekt, sprich die Erzeugung eines transversal spin-polarisierten

Ladungsflusses als Reaktion auf einen longitudinalen Ladungsfluss (thermischer Gradi-
ent), wurde ursprünglich mit Ferromagneten in Verbindung gebracht. Kürzlich konnte
jedoch gezeigt werden, dass kollineare und nichtkollineare Antiferromagneten endliche
Werte induzieren können, was eine Perspektive für neue Anwendungen eröffnet. Jedoch
hinterfragen diese Ergebnisse nicht nur gegenwärtige Theorie, sondern auch die Exis-
tenzbedingungen des anomalen Hall/Nernst Effekts, und stellen damit bis heute ungelöste
Probleme dar.
In der vorliegenden Dissertation wird ein numerisches Gerüst zur automatisierten Kon-

struktion maximal lokalisierter Wannier-Funktionen geliefert und mit einer Erfolgsquote
von 92% auf die Berechnung der anomalen Hall- und Nernst-Leitfähigkeiten ferromag-
netischer und nichtkollinearer antiferromagnetischer, intermetallischer Verbindungen
angewandt. Eine detaillierte Analyse der Symmetrie wird genutzt, um das Verschwinden
anomaler Hall- und Nernst-Zustände in bestimmten ferro- und antiferromagnetischen
Verbindungen aufzuzeigen. Es wird gezeigt, dass große anomale Hall- und Nernst-
Leitfähigkeiten aufgrund von Weyl-Knoten, Knotenlinien und kleinen Bandbereichen
auftreten und dass diese darüber hinaus extern gesteuert werden können, um die anoma-
len Hall- und Nernst-Leitfähigkeiten noch zu verstärken.
Zukünftig kann die automatisierte Routine zur Erzeugungmaximal lokalisierter Wannier-

Funktionen auf jedes System angewandt werden, welches auf einem 3d Übergangsmetall
basiert, unter optionalem Einbezug der Spin-Bahn-Wechselwirkung, minimaler Nutzerin-
teraktion und dem Einsatz möglicher externer Steuerung zur Verstärkung der strukturellen
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Transporteigenschaften einer Verbindung.
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1. Introduction

Topology is the branch of mathematics that describes the properties of geometric objects
that are preserved under continuous (smooth) deformations. In general two objects have
identical topological properties if they there exists a continuous deformation from the one
to the other called homotopy. Taking as an example the geometrical objects of Fig. 1.1,
we note that the key ingredient of topological characterization is the number of “holes"
existing in each object. For this reason, the sphere and the muffin (part (a) and (b),
with zero “holes") belong to the g = 0 topological equivalence class, having the same
topological properties, whereas the coffee mug and the doughnut (part (c) and (d), with
one “hole"), belong to the g = 1 topological class.
From the historical point of view, the topological field started in early 70s when Thouless

and Kosterlitz, working on a 2D Ising model [94, 95], found a new type of phase transition,
in which the topological defects played an important role, the so called BKT transition. The
existing, at that time, knowledge signified that all ordered phases could be understood as
low temperature “symmetry-breaking" of high temperature disordered phases, according
to the theory of Grinzburg-Landau (GL) [44]. The basis of the successful GL theory was
the presence of a local order parameter that determined the phases of the system and the
transitions among them. However, the new finding posed new challenges to the theory since
it evaded the traditional GL theory due to the fact that there was no spontaneous symmetry
breaking. A decade later, the discoveries of integer and fractional quantum Hall effects [88,
208] verified phases of matter that cannot be identified by symmetry breaking patterns. It
was later that integer and fractional quantum Hall effects were described by a topological
invariant known as Chern number (or Thouless-Kohmoto-Nightingale-Nijs number) [205],
which is a global parameter that depends on the topological structure of the enclosing
manifold. The key concept lies in the Berry phase that describes a geometric phase acquired
by the electron wavefunction when adiabatically evolving in parameter space. Since
then, many topological phases and states, either with or without time reversal symmetry
have been discovered including quantum spin Hall states [83], quantum anomalous
Hall states [58], topological insulators [42, 132], topological crystalline insulators [41],
topological Kondo insulators [32], topological semimetals [218], high order topological
states [10, 192, 179] and Skyrmions [134] among others. A timeline with the most

3



Figure 1.1.: Topology of objects (a) Sphere (b) Muffin (c) Coffee mug (d) Doughnut

important breakthroughs of the field of topological materials is illustrated in Fig. 1.2.
Focusing on semimetals, it is known that a small density of states around the Fermi

energy is expected. This special feature is associated to the presence of band touching
nodes, the dimensionality of the touching surface of which and its degeneracy determine
the type of the semimetal. Specifically, for non degenerate points touching (0D of touching
surface) Weyl semimetals emerge while for degenerate band touching Dirac semimetals.
Additionally, for touching nodes forming lines or closed loops (1D touching surface) nodal
line semimetals emerge. By breaking time reversal symmetry, we further restrict ourselves
to magnetic topological materials, in which we observe that the touching nodes act as
sources or sinks of Berry curvature. In a current carrying conductor, the Berry curvature
acts as an internal fictitious magnetic field that generates a transverse current, the so-
called anomalous Hall effect [136]. Replacing the initial longitudinal charge current
with a thermal gradient results in the thermal counterpart of the anomalous Hall effect,
the anomalous Nernst effect. Even though the anomalous Hall and Nernst effects were
initially associated with ferromagnetic materials, further research proved that non collinear
antiferromagnets [27] can also induce anomalous Hall/Nernst currents under certain
symmetry conditions [180, 198] and recently the collinear antiferromagnet RuO2 was
suggested to exhibit non vanishing values [36].
Climate change combined with the increasing needs to power devices make the devel-

opment of methods using renewable sources of energy imperative. The idea of converting
waste heat to useful electric current is called thermoelectric conversion. Thermoelectric
generators are nowadays the key ingredient for versatile energy harvesting being used

4



to power Internet of Thing (IoT) devices [45, 62] and manufacture wearable devices as
well as heat flow sensors, being used in thermal management applications [121, 246].
Conventional devices make use of the Seebeck effect for the thermoelectric generation,
however materials with high anomalous Hall/Nernst conductivities can be promising
compounds for novel thermoelectric applications since the transverse geometry of the
underlying effects has some advantages compared to the conventional longitudinal [247,
131]. The goal of the current dissertation is to implement an automated Wannier function
construction workflow in order to compute the anomalous Hall and Nernst conductivities
in ferromagnetic and non-collinear antiferromagnetic transition-metal based compounds
with the inclusion of spin orbit coupling and investigate their origin and their tunability
under external stimuli such as doping, biaxial strain and magnetization direction changes.
The present dissertation is organized as follows. In Chapter 2 a brief overview of the

Density functional theory is given followed by a brief discussion of different approximations
used such as the local density approximation and the generalized gradient approximation.
Additionally, some existing exchange correlation functionals are briefly summarized. Sub-
sequently, in Chapter 3 the notions of Berry phase, Berry connection and Berry curvature
are introduced and the rest of the chapter is dedicated to the anomalous Hall and Nernst
effects alongside some basic symmetry rules that govern their existence. Next, in Chapter 4
and Chapter 5 the anomalous Hall and Nernst conductivity results in several noncollinear
antiferromagnets and ferromagnets are discussed and further detailed analysis of the
workflow used is provided. Finally, in Chapter 6 an overview and the outlook of my work
is provided.
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2. Density Functional Theory

2.1. Many-body problem

The non-relativistic many-body Hamiltonian of a quantum system that describes interac-
tions between electrons and nuclei reads:

H =−
∑︂
i

h̄2

2m
∇2
i −

∑︂
I

h̄2

2MI
∇2
I −

∑︂
i

∑︂
I

ZIe
2

|ri −RI |
+

+
1

2

∑︂
i

∑︂
j ̸=i

e2

|ri − rj |
+
∑︂
I

∑︂
J

ZIZJe
2

|RI −RJ |
,

(2.1)

with m, r and e being the mass, the position vector and the charge of electrons,M and R
that of the nuclei respectively and Z the atomic number. From now on, the lower case
letters in summation will refer to the electrons whereas the capital letters to the nuclei,
unless specified differently. The Hamiltonian of Eq. 2.1 consists of five terms, the first two
of which describe the kinetic energy of the electrons and the nuclei respectively. The third
term is the attractive interactions between electrons and nuclei. Finally, the last two terms
denote the repulsive interactions between electrons, excluding self interaction, and the
repulsive interactions between nuclei.
In principle, the ground state of the system can be found by solving the Schrödinger

equation using this interacting Hamiltonian:

HΨ = EΨ. (2.2)

Even though this task might sound straightforward and easy, in reality though, it is
extremely challenging. The problem arises from the fact that the Hamiltonian of Eq. 2.1
describes a quantum system of 3(Nelec +Nnuc) degrees of freedom (3 degrees of freedom
for each of the electrons and nuclei), giving rise to an extremely large number of degrees
of freedom for real materials, making it intractable even by using the most powerful
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supercomputers. Given this complexity, it is obvious that certain approximations have to
be considered in order to proceed.
The first approximation used is the so-called Born-Oppenheimer approximation [16].

Motivated by the fact that the mass of a nucleus is much larger than that of an electron
(Mnuc >> me), it is possible to separate the motion of an electron from that of the
nuclei. As a consequence, the kinetic energy of the nuclei (second term in Eq. 2.1) is
neglected and the nuclear-nuclear repulsion (fifth term in Eq. 2.1) is a constant and
therefore neglected. Hence, the remaining three terms constitute the electronic part of
the Hamiltonian, according to:

Hel = −
∑︂
i

h̄2

2m
∇2
i −

∑︂
i

∑︂
I

ZIe
2

|ri −RI |
+

1

2

∑︂
i

∑︂
j ̸=i

e2

|ri − rj |
. (2.3)

Under the current approximation, the Schrödinger equation of the electronic part of the
Hamiltonian is:

Hel (r,R)ψi (r,R) = U (R)ψi (r,R) . (2.4)

with U being the electronic eigenvalues for the fixed nuclei. Solving Eq. 2.4 for different
fixed values of nuclei positions, we get the form of the effective mean field potential for
the electronic states, also called adiabatic potential energy surface.
The potential energy surface describes the electronic states on which the nuclei move

and it is important for the nuclear degree of freedom, where the Hamiltonian reads:

Hnuc = −
∑︂
I

h̄2

2MI
∇2
I + U (R) . (2.5)

It is noted that the potential energy surface can be expanded according to:

U (R) = U (R0) +
∂2U

∂δ1∂δ2
, (2.6)

with δ being a small displacement giving rise to the interatomic force constant and hence
phonons.

2.2. Hartree approximation

One of the simplest approximations to solve the many problem is the Hartree approxima-
tion [63]. Within this framework we consider that the electrons are independent (they
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do not interact), which allows us to write the total wavefunction as a product of electron
wavefunctions according to:

ψ (r1σ1, ..., rNσN ) =

N∏︂
i=1

ψi (riσi) , (2.7)

where it is noted that the antisymmetry of the wavefunction is neglected. Then, the
variational principle is applied according to:

⟨H⟩Ψ = ⟨Ψ|H|Ψ⟩ . (2.8)
Therefore, we have to find Ψ minimizing the average Hamiltonian that reads:

⟨H⟩Ψ =
∑︂
σ

∑︂
i

�
drψ∗

i (r, σ)

(︃
−1

2
∇2 + uion (r)

)︃
ψ∗
i (r, σ)+

+
1

2

∑︂
(j,σ′) ̸=(i,σ)

�
drdr′

1

|r− r′|
|ψi (r, σ) |2|ψj

(︁
r′, σ′

)︁
|2,

(2.9)

with uion =
∑︁

I
ZI

|ri−RI | . Using the Lagrange multipliers method to the wavefunction:

F
[︁
{ψ (r, σ)}, λi

]︁
= ⟨H⟩Ψ −

∑︂
i

λi

(︄∑︂
σ

�
dr|ψ (r, σ) |2 − 1

)︄
, (2.10)

and after applying the functional derivative minimization condition δF
δψ∗

i
= 0, we end up

to the Hartree equations:

−1

2
∇2ψi (r, σ) + uion (r)ψi (r, σ) +

∑︂
(j,σ′ )̸=(i,σ)

�
dr′

|ψj (r′, σ′) |2

|r− r′|
ψi (r, σ) = ϵiψi (r, σ) .

(2.11)
The three terms of the Hartree equations correspond to the kinetic energy of the electrons,
the ionic contribution and the potential energy that an electron can see due to the presence
of the others, also known as Hartree term respectively.

2.3. Hartree-Fock approximation

In Hartree approximation one neglects the antisymmetric nature of the wavefunction
under the exchange of two electrons. Another approximation that takes into account this

9



property is the Hartree-Fock approximation [188, 39]. In this picture, the electrons are
still independent therefore the total wavefunction is written by the slater determinant:

ψ (r1σ1, r2σ2, ..., rNσN ) =
1√
N !

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓
ψ1 (r1σ1) ψ1 (r2σ2) . . . ψ1 (rNσN )
ψ2 (r1σ1) ψ2 (r2σ2) . . . ψ2 (rNσN )
...

... . . . ...
ψN (r1σ1) ψN (r2σ2) . . . ψN (rNσN ) .

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓ (2.12)

In this case the average Hamiltonian is:

⟨H⟩Ψ =
∑︂
σ

∑︂
i

�
drψ∗

i (r, σ)

(︃
−1

2
∇2 + uion (r)

)︃
ψi (r, σ)+

+
1

2

∑︂
σ,σ′

∑︂
i,j

�
drdr′ψ∗

i (r, σ)ψ
∗
j

(︁
r′, σ′

)︁ 1

|r− r′|
ψi (r, σ)ψj

(︁
r′, σ′

)︁
−

− 1

2

∑︂
σ

∑︂
i,j

�
drdr′ψ∗

i (r, σ)ψ
∗
j

(︁
r′, σ

)︁ 1

|r− r′|
ψj (r, σ)ψi

(︁
r′, σ

)︁
.

(2.13)

Eq. 2.13 consists of three terms being the single body expectation values, the Hartree
(direct) and the Fock (exchange) respectively. The direct term involves the Coulomb
interaction between electrons while the exchange includes the Pauli exclusion principle.
An immediate observation in both direct and exchange terms is the absence of the i = j
restriction, allowing electrons to interact with themselves, giving rise to the so called
self interaction. This issue is bypassed though due to the sign difference, leading to the
complete cancellation of the respective self interaction terms. Similarly to the Hartree
case, the variational condition δF

δψ∗
i
= 0 applied to Eq. 2.10 with ⟨H⟩Ψ from Eq. 2.13 leads

to the Hartree-Fock equations:

[︃
− 1

2
∇2 + uion (r) +

∑︂
j

∑︂
σ′

�
dr′ψ∗

j

(︁
r′, σ′

)︁
ψj
(︁
r′, σ′

)︁ 1

|r− r′|

]︃
ψi (r, σ)−

−
∑︂
j

�
dr′ψ∗

j

(︁
r′, σ

)︁
ψ∗
i

(︁
r′, σ

)︁ 1

|r− r′|
ψj (r, σ) = ϵiψi (r, σ) .

(2.14)

The presence of the exchange term makes the equations nonlinear integro-differential
and hence their solution intractable. Since the electron density is given by n (r) =
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∑︁
σ

∑︁
i |ψi (r, σ) |2, the Hartree-Fock equations can be written as a function of density.

Self-consistent methods are used to solve these types of equations. This is achieved
by guessing an initial density, n (r), constructing a potential, solving the Hartree-Fock
equations and obtaining the new density. If the new density is not consistent with the
initial, it is inserted in the equations again. The process is repeated until the initial and
the new densities are consistent with each other. From the final density, the wavefunction
is obtained.

2.4. Density functional theory

The techniques based on wavefunctions discussed so far are complicated and hence
intractable for large systems, therefore the need to switch to a different fundamental
variable becomes of vital importance. In density functional theory, the electron density
is used as the main variable which leads to a reduction of the degrees of freedom from
3N to just 3. The first attempt to apply density functional theory in practice for quantum
systems was performed in 1927 by Thomas [204] and Fermi [37]. Although the approach
is not accurate enough, it illustrates the simplest example of density functional theory.
The idea is to approximate the kinetic energy of the system of electrons with the functional
of density of non interacting electrons in a homogeneous gas with density equal to the
local density at any given point. The main core of the density functional theory is the two
Hohenberg-Kohn theorems. [70]

2.4.1. Hohenberg-Kohn theorems

Theorem 1:
There exists an one to one correspondence between the ground state energy density and the
external potential.

Proof of theorem 1:
Suppose that there are two different external potentials V (1)

ext and V
(2)
ext that lead to the

same ground state density n0 (r). As a consequence, the Hamiltonians H(1) and H(2)

containing these external potentials will also be different as well as the ground state wave
functions ψ(1) and ψ(2) being the solutions of them.
Since ψ(1) ̸= ψ(2), ψ(2) is not the ground state wave function of H(1), therefore it obeys [5,
106, 105, 31]

E(1) = ⟨ψ(1)|H(1)|ψ(1)⟩ < ⟨ψ(2)|H(1)|ψ(2)⟩ , (2.15)
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usingH(1) = H(2)+H(1)−H(2), we can rewrite the right part of the inequality of Eq. 2.15
as follows:

⟨ψ(2)|H(1)|ψ(2)⟩ = ⟨ψ(2)|H(2)|ψ(2)⟩+ ⟨ψ(2)|H(1) −H(2)|ψ(2)⟩

= E(2) +

�
dr
(︂
V

(1)
ext (r)− V

(2)
ext (r)

)︂
n0 (r) .

(2.16)

So, combining 2.15 and 2.16, we get:

E(1) < E(2) +

�
dr
(︂
V

(1)
ext (r)− V

(2)
ext (r)

)︂
n0 (r) . (2.17)

Similarly, for E(2), we have

E(2) < E(1) +

�
dr
(︂
V

(2)
ext (r)− V

(1)
ext (r)

)︂
n0 (r) . (2.18)

Adding the inequalities 2.17 and 2.18, we get:

E(1) + E(2) < E(1) + E(2), (2.19)

which is not valid, therefore the initial assumption cannot be met and different external
potentials lead to different densities.

Theorem 2: A universal functional for the energy E
[︁
n
]︁
in terms of the density n (r) can be

defined, for any Vext. The exact ground state energy of the system is the global minimum,
and the density that minimizes this functional is the exact ground state.

Proof of theorem 2:
We consider a system with ground state density n(1) (r) corresponding to V (1)

ext . The energy
is then given by:

E(1) = E
[︁
n(1)

]︁
= ⟨ψ(1)|H(1)|ψ(1)⟩ . (2.20)

Now we consider a different density n(2) (r), which necessarily corresponds to a different

12



wavefunctionψ(2). It follows that the energy of the stateE(2) is greater thanE(1), according
to:

E(1) = ⟨ψ(1)|H(1)|ψ(1)⟩ < ⟨ψ(2)|H(1)|ψ(2)⟩ . (2.21)

Thus, the energy E
[︁
n(1)

]︁
is lower than the value of the expression of 2.21 for any other

density. Minimizing the energy functional in respect to the electronic density will give us
the ground state density.
As a corollary, the outcome of the Hohenberg-Kohn theorems is that the ground state

electron density completely determines all the properties of the system. Additionally, an
energy functional E

[︁
n (r)

]︁
that determines the ground state energy and density of the

form:

EHK
[︁
n
]︁
= T

[︁
n
]︁
+ Eint

[︁
n
]︁
+

�
drVext (r)n (r) =

= FHK
[︁
n
]︁
+

�
drVext (r)n (r) ,

(2.22)

can be constructed. It is noted that Hohenberg and Kohn themselves named their paper
“inhomogeneous electron gas"" in their attempt to build on the top of the already existing
“homogeneous electron gas" approach. Additionally, their original theorems are valid at
T = 0. Later, Mermin extended the theorems to finite temperature [129].

2.4.2. Kohn-Sham ansatz

Even though the two Hohenberg-Kohn theorems simplify the many-body problem by
proving that all the properties of a system are uniquely described by the energy functional,
they do not give any recipe on how this functional should be constructed. In their attempt
to deal with this problem, Kohn and Sham came with the idea of replacing the difficult
interacting problem with a new different fictitious, non interacting system that could
be solved easier. In this approach, the electrons do not interact with each other but
instead with an effective potential originating from the nuclei and the other electrons.
Kohn-Sham ansatz assumes that the ground state of the two systems is equal to each other
and all difficult terms are included in a single term, the so-called exchange-correlation
functional. [92] A visual representation of the Kohn-Sham ansatz is illustrated in Fig. 2.1.
The Hamiltonian of the fictitious non interacting system is given by:

Hfic = −1

2
∇2 + V (r) . (2.23)
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Figure 2.1.: Schematic representation of the Kohn-Sham ansatz

The first term on the right hand side of Eq. 2.23 is the usual kinetic operator whereas the
second one is the effective local potential that includes the external potential, the Hartree
term and the exchange correlation functional according to:

V (r) = Vext (r) + VHartree (r) + VXC (r) . (2.24)

It is noted that using the one-electron Hamiltonian for the fictitious system is sufficient
since all electrons are equivalent. Considering a quantum system of N non interacting
electrons, the density obeys:

n (r) =
∑︂
i

|ψi (r) |2, (2.25)

and the energy functional of the Kohn-Sham approach, using the Hamiltonian of the
fictitious system of Eq. 2.23, is given by:

EKS
[︁
n
]︁
= Ts

[︁
n
]︁
+

�
drV (r)n (r) =

= Ts
[︁
n
]︁
+

�
drVext (r)n (r) + EHartree

[︁
n
]︁
+ EXC

[︁
n
]︁
=

=
1

2

∑︂
i

�
dr|∇ψσi (r) |2 +

�
drVext (r)n (r) +

1

2

�
drdr′

n (r)n (r′)

|r− r′|
+ EXC

[︁
n
]︁
,

(2.26)

where the Hartree term includes the classical Coulomb interaction of the electron density
with itself and Vext the external potential due to nuclei and other electrons.
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2.4.3. Kohn-Sham equations

The solution of Kohn-Sham system is obtained using the variational principle to the
Lagrangian, that respect the conservation of particles, as expressed by:

L = EKS −
∑︂
i

λi

(︃�
drψ∗

i (r)ψi (r)− 1

)︃
. (2.27)

Minimizing with respect to the wavefunction ψi (r), we get:

δL

δψ∗
i (r)

= 0. (2.28)

Since the kinetic term is only a function of the wavefunction, we only have to apply the
chain rule to the rest in order to obtain:

δTs
δψ∗

i (r)
+

δEext
δψ∗

i (r)
+
δEHartree
δψ∗

i (r)
+

δEXC
δψ∗

i (r)
= 0 ⇔

δTs
δψ∗

i (r)
+
δEext
δn (r)

δn (r)

δψ∗
i (r)

+
δEHartree
δn (r)

δn (r)

δψ∗
i (r)

+
δEXC
δn (r)

δn (r)

δψ∗
i (r)

= 0.

(2.29)

The functional derivatives of Ts and density n (r) in respect to the wavefunction, are given
by:

δTs
δψ∗

i (r)
= −1

2
∇2ψi (r)

δn (r)

δψ∗
i (r)

= ψ∗
i (r) .

(2.30)

Using the Lagrange multiplier method and the above functional derivatives, we lead to
the Kohn-Sham Scrödinger like equation that is written as follows:

(HKS (r)− ϵi)ψi (r) = 0, (2.31)

where ϵi, HKS denote the energy eigenvalues and the effective Kohn-Sham Hamiltonian
respectively. The latter is given by:
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HKS (r) = −1

2
∇2 + VKS (r) =

= −1

2
∇2 + Vext (r) +

δEHartree
δn (r)

+
δEXC
δn (r)

=

= −1

2
∇2 + Vext (r) + VHartree (r) + VXC (r) .

(2.32)

Eq. 2.31 and Eq. 2.32 are the so-called Kohn-Sham equations.
The Kohn-Sham equations can be solved self-consistently. In short, an initial guess

of the electron density is provided and the calculation of the effective potential follows.
Subsequently, the Kohn-Sham equations are solved and a new electron density is found.
The process is repeated until the desired convergence criteria regarding the initial and the
new densities are reached. Finally, the ground state and density that leads to the physical
properties is obtained. As becomes clear, Kohn-Sham method results to the exact ground
state and energy of the interacting system provided that the exact exchange correlation
functional is known. In other words the accuracy of the method depends on the choice of
the exchange correlation functional.

2.4.4. Exchange-correlation functionals

As previously discussed, the choice of the correct exchange correlation functional is of
great importance and determines the accuracy of the results obtained from the Kohn-Sham
method. In an attempt to probe the exchange correlation term, we look closer to Eq. 2.26
that reveals the presence of self interaction terms within the Hartree potential. Obviously
these terms have to be excluded, therefore one compensates for them in the exchange
correlation functional. Additionally, the differences between the kinetic energies of the
non interacting and the interacting systems are included too. In general, the exchange
correlation functional includes all the unknown terms, can be decomposed in two terms
i.e. the exchange term and the correlation term based on:

EXC
[︁
n
]︁
= EX

[︁
n
]︁
+ EC

[︁
n
]︁
, (2.33)

and can be further approximated as a local, semi-local or nonlocal functional of the density.
A schematic representation of the accuracy of the exchange correlation functional is the
Jacob’s ladder illustrated in Fig. 2.2. The bottom of the ladder represents the absence of the
exchange correlation functional, whereas the top the exact exchange correlation functional
that gives the exact energy density of the Kohn-Sham equations. Starting from the bottom,
each step in between corresponds to different exchange correlation functionals that are
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Figure 2.2.: Jacob’s ladder of exchange correlation functionals and their building blocks

used for calculations and their building blocks depend on different functions of the density
functional. It is noted that the complexity, the accuracy as well as the computational cost
increase as we move higher in the ladder. Below we briefly introduce the local density
approximation (LDA) and the generalized gradient approximation (GGA). The interested
reader can find more information regarding the exchange correlation functionals in the
following textbooks [124, 183].

Local density approximation
In this approximation, the exchange correlation energy of an inhomogeneous gas with
density n is assumed to be equal to the exchange correlation energy of the homogeneous
electron gas with the same density n [70], as given by:

ELDAXC

[︁
n
]︁
=

�
drn (r) ϵhomXC (n (r)) , (2.34)

where ϵhomXC denotes the exchange correlation energy density of the homogeneous gas.
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Since the exchange term is given by:

EX
[︁
n
]︁
= −1

2

�
drdr′

n2

|r− r′|
, (2.35)

following Ref. [159], we obtain the expression of the homogeneous gas:

ϵhomX

[︁
n
]︁
= −3

4

(︃
3

π

)︃ 1
3

n
1
3 . (2.36)

Unfortunately, there is no analytical expression to describe the correlation term, similar to
the exchange. Therefore, if one calculates the total energies of the homogeneous gas, then
it will be possible to obtain the correlation energies simply by subtracting the exchange
energies from the total energies. Quantum Monte Carlo simulations have been performed
in order to compute the total energy of the fully interacting homogeneous electron gases
for several densities [24, 3], which were subsequently used to design local functionals of
the density by fitting the obtained results.
The local density approximation gives good results in systems that adopt covalent, ionic

or metal bonds but it underestimates the exchange energy and overestimates the binding
energy. Despite these deficiencies, several LDA exchange correlation functionals such as
VWN [217], PZ81 [160], CP [29], PW92 [159] are used in modern day density functional
theory calculations.

Generalized gradient approximation
The next step to construct an exchange correlation functional beyond the local density
approximation is to start from the homogeneous gas, introduce a weak external potential
and expand the exchange correlation energy in terms of the density, according to the
general formula:

ϵXC (r) = ϵ
(0)
XC (r) + ϵ

(1)
XC (r) + ϵ

(2)
XC (r) · · ·+, (2.37)

where the index in the parenthesis corresponds to the gradient order. Even though this
expansion, known as gradient expansion approximation (GEA) [187], contains higher
order density correction terms, it does not have the desired results. It was later found
that the reason of this failure was the violation of the so-called sum rule of the correlation
density (

�
nC (r, r′) dr = 0) and the non-positivity constraint of the exchange density

(nX (rr′) ≤ 0). Detailed explanation is provided in Ref. [170]. The problem was later
solved by Perdew in Ref. [156] by introducing delta functions cutoffs that terminated
the GEA exchange correlation hole in real space and hence restoring the summation rule
and the non-positivity constraint. This technique provided the basis of the generalized
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gradient approximation (GGA). As a result the exchange correlation functional within the
GGA is written as:

EGGAXC

[︁
n
]︁
=

�
drn (r) ϵhomXC

[︁
n (r)

]︁
FXC

[︁
n (r) ,∇n (r)

]︁
. (2.38)

with FXC
[︁
n (r) ,∇n (r)

]︁
being known as the enhancement factor that modifies the LDA

exchange correlation potentials.

Since the enhancement factor is not a unique function of the density, different ap-
proaches to the GGA exchange correlation functionals exist. On the one hand, the func-
tionals with empirical parameters that are found by fitting with experimental results, such
as B88 [8], FT98 [38] and on the other hand the functionals without empirical parameters,
directly obtained from first principles calculations, such as B86 [7], PBE [157].

One of the most widespread exchange correlation functionals is the Perdew-Burke-
Ernzerhof (PBE) [157], where the exchange and the correlation terms are given by:

EGGAX =

�
drn (r) ϵhomx (n)FPBEX (s)

FPBEX (s) =

[︃
1 + κ− κ

1 + βπ2s (r)2 /3κ

]︃
s (r) =

|∇n (r) |
2n (r) kF (r)

κ = 0.804

β = 0.066725

(2.39)

and
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EGGAC =

�
drn (r)

[︃
ϵhomC (r) +HPBE (rs, t)

]︃
HPBE (rs, t) =

β2

2α
ln

(︃
1 +

2α

β

t2 +At4

1 +At2 +A2t4

)︃
A =

2α

βe
−2αϵhom

C
(n)

β2 − 1

t =
|∇n (r) |
2ksn

ks =
√︁

4kF /π

α = 0.0716

β = 0.066725

(2.40)

Local density approximation vs generalized gradient approximation
A natural question that needs to be addressed is which of these two aforementioned
exchange-correlation functionals has better agreement with the experiment. Despite the
fact that there is no functional to perfectly describe all properties of all materials, a few
comparisons of them are possible.
Starting from the LDA, an underestimation of the order of 10% is observed for the

exchange functional and an overestimation of the order of 100% for the correlation
functional. Since the exchange term is much larger than the correlation, LDA’s under-
estimation/overestimation is compensated, giving rise to accurate results. Despite the
error cancellation of LDA, GGA has a much better performance by underestimating both
exchange and correlation terms by approximately 1% and 5% respectively [102], giving
rise to more accurate results.
Considering the crystal structure, LDA and GGA have comparable performance, with the

first one underestimating the bond lengths and the second one overestimating them [55].
The lattice constants of alkali metals are 4% smaller in LDA but right in GGA [161] Similar
behaviour is observed in the third-row elements (K, Ca, V, Fe, Cu) presented in Ref. [4]
and in transition metals [150].
Another the quantity in which GGA has a better performance over LDA is the total energy.

Studies have shown that LDA predicts that the non magnetic bcc Fe state is energetically
more favorable than the ferromagnetic fcc when LDA is used. The experimental result is
attained by employing the GGA [4].
Regarding the cohesive [162, 151, 128], atomization [157] and binding energies [243,

154, 155], GGA has once again better performance.
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In general, despite being computationally more expensive, GGA exchange correlation
functionals has a better performance over LDA [89]. Some examples are illustrated in
Tab. 2.1.

Table 2.1.: LDA and GGA
Property LDA GGA

Exchange energy 10% underestimation 1% underestimation
Correlation energy 100% overestimation 5% underestimation
Cohesive energy 15% overestimation 4% overestimation
Bond length 2% underestimation 2% overestimation

Activation energy 100% underestimation 30% underestimation

2.5. Spin-polarized density functional theory

The density functional theory discussed so far provides the framework to perform calcula-
tions on non magnetic systems. The existence of magnetism in nature however requires
slight modifications to the current theory, therefore in early 70s the spin polarized exten-
sion of the theory was introduced [216, 153, 50]. In this framework, the functionals were
formulated in terms of the spin density matrix ρ, given by:

ραβ (r) = n (r) δαβ +m (r) · σαβ, (2.41)

where n (r) is the electronic density, m (r) the magnetization density originating from the
spin polarization and σ the Pauli matrices. Expanding the spin density formula by using
m (r) · σ = mxσx +myσy +mzσz, we can write it in a matrix form as:

ρ (r) =

[︃
n (r) +mz (r) mx (r)− imy (r)
mx (r) + imy (r) n (r)−mz (r)

]︃
. (2.42)

In spin-polarized framework, the orbitals are spinors given by:

Ψi (r) =

[︃
ψiα (r)
ψiβ (r)

]︃
, (2.43)

with α and β corresponding to the spin directions. The spin density in terms of the spinors
is given by:

ρ (r) =
∑︂
i

[︃
ψiα (r)ψ

∗
iα (r) ψiα (r)ψ

∗
iβ (r)

ψiβ (r)ψ
∗
iα (r) ψiβ (r)ψ

∗
iβ (r)

]︃
. (2.44)
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While in the spin density functional theory framework, only the Zeeman term is taken
into account, there exist another generalization of density functional theory, namely the
current density functional theory, that deals with the coupling of the magnetic field to the
orbitals allowing treatment of systems in strong magnetic fields [213, 212, 214, 167]. An
exact connection of these two frameworks has been established by Capelle and Gross in
Ref. [22].
The orientation of the spin quantization axis in a magnetic material determines the

type of the material. Specifically, in case there is a common spin quantization axis, the
material exhibits a collinear nature, whereas in the absence of it, a non-collinear. Next,
we briefly discuss the differences in the formulation of the Kohn-Sham equations in these
two types of magnetic materials.

Collinear magnetism
For collinear magnetic materials, it is noted that the non diagonal terms of the spin density
matrix of Eq. 2.42 vanish, therefore the spin and magnetization density read:

n (r) =
∑︂
i

Ψ†
i (r) IΨi (r)

m (r) = µB
∑︂
i

Ψ†
i (r)σΨi (r) ,

(2.45)

with I and σ being the identity matrix and the Pauli matrices respectively. Following the
same procedure as in the non spin polarized case, we obtain the energy functional for the
spin polarized case:

EKS
[︁
ρ
]︁
= T

[︁
ρ
]︁
+ EH

[︁
n
]︁
+ Eext

[︁
ρ
]︁
+ EXC

[︁
ρ
]︁
=

= T
[︁
ρ
]︁
+

�
drdr′

n (r)n (r′)

|r− r′|
+
∑︂
αβ

�
drV αβ

ext (r) ραβ (r) + EXC
[︁
ρ
]︁
,
(2.46)

and also the spin-dependent Kohn-Sham equations:

∑︂
β

[︃
− δαβ

1

2
∇2 + V αβ

ext (r) + δαβ

�
n (r′)

|r− r′|
dr′ + V αβ

XC (r)

]︃
ψiβ (r) = δαβϵiψi,β (r) , (2.47)

with:

V αβ
XC (r) =

δEXC
[︁
ρ
]︁

δραβ (r)
. (2.48)
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Non-collinear magnetism
For non-collinear magnetic materials, each electron must be treated as a two-component
spinor, such as in Eq. 2.43. Its quantization axis is given by the spin-1/2 rotation matrix:

U (θ, ϕ) =

[︃
cos (θ/2) eiϕ/2 sin (θ/2) e−iϕ/2

−sin (θ/2) eiϕ/2 cos (θ/2) e−iϕ/2

]︃
, (2.49)

where θ and ϕ are the polar and the azimuthal angles of the spherical coordinates re-
spectively that determine the direction of each spin. As a result, the form of the spinor
obeys:

[︃
ψα (r)
ψβ (r)

]︃
= U (θ (r) , ϕ (r))

[︃
1
0

]︃
, (2.50)

and the non diagonal spin density matrix is given by:

ρ (r) =

[︃
ραα (r) ραβ (r)
ρβα (r) ρββ (r)

]︃
. (2.51)

Comparing with the collinear case we observe that the off-diagonal terms are responsible
for the non-collinearity of the magnetic structure. Additionally, since the Kohn-Sham
equations of Eq. 2.47 do not include any magnetization direction constraints, the two
cases share the same Kohn-Sham equations.

2.6. Relativistic effects

Since the origin of electron’s spin and several other phenomena is of relativistic nature, a
generalization of the density functional theory is substantial. The goal of the full relativistic
treat of a quantum system is to efficiently describe molecules and solids by solving the
many body Dirac equation (instead of the non relativistic Schrödinger equation):

HDψi = Eiψi, (2.52)

with
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HD = cα · p+ βc2 + V (r)

p = −i∇
i = (x, y, z)

αi =

[︃
0 σi
σi 02

]︃
β =

[︃
I2 02
02 −I2

]︃
,

(2.53)

with σi being the Pauli matrices and I2 the 2× 2 identity matrix.
The notion of the density as a key variable as well as the existence of the Hohenberg-Kohn

theorems form the basis of the density functional theory, as has already been discussed. In
complete analogy, the one-to-one correspondence between the ground states |Ψ0⟩ (differ
only by gauge transformation) and the associated four-current jµ0 , given by:

jµ0 (r) =
∑︂
k

Θkψ
†
k (r)α

µψk (r) , (2.54)

with

Θk =

⎧⎪⎨⎪⎩
0 for ϵk − 2mc2

1 for − 2mc2 < ϵkϵF

0 for ϵF < ϵk

(2.55)

render the latter as the key variable [165, 164, 119, 34] and combined with the general-
ization of the Hohenberg-Kohn theorems by Rajagopal and Callaway [165]:

E
[︁
j0
]︁
< E

[︁
j
]︁
, (2.56)

with:

E
[︁
j
]︁
= ⟨Ψ0

[︁
j
]︁
|H|Ψ0

[︁
j
]︁
⟩ , (2.57)

form the basis of the relativistic counterpart. It is noted that the radiative corrections are
ignored, a gauge ambiguity and nontrivial UV divergences exist, making the relativistic
approach more challenging. Detailed analysis and explanation are outside of the scopes of
this work, however, the interested reader can findmore information in relevant sources [47,
33].
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Plugging in the Dirac Hamiltonian in Eq. 2.57, we are able to decompose the energy
functional of the current density to the kinetic, the external, the Hartree and the exchange-
correlation parts according to:

E = Ts + Eext + EH + EXC , (2.58)

with:

Ts =
∑︂
k

Θk

�
drψ†

k (r)
[︁
− icα · ∇+ βc2

]︁
ψk (r)

Eext =

�
drjµ (r)V

µ (r)

EH =
1

2

�
drdr′

jµ (r) j
µ (r′)

|r− r′|
.

(2.59)

The minimization of the total energy functional, similarly to the non-relativistic case, leads
to the relativistic Kohn-Sham equations [164, 119]:

[︁
− icα · ∇+ βc2 + αµu

µ
s (r)

]︁
ψk (r) = ϵkψk (r) , (2.60)

with:

uµs (r) = V µ (r) + uµH (r) + uµXC (r)

uµH (r) = e2
�
dr′

jµ (r′)

|r− r′|

uµXC (r) =
δEXC

[︁
j
]︁

δjµ (r)
.

(2.61)

In practice, relativistic effects are treated as perturbations from DFT codes [90]. For
instance, VASP package performs fully relativistic calculations (solving relativistic Kohn-
Sham equations) on the core electrons and treats the valence electrons in a scalar relativistic
approximation [201], in which the relativistic contribution terms are included in the given
pseudopotential [75, 203] and the spin orbit coupling [56] by using the second variation
method.
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Spin orbit coupling
The spin orbit coupling (SOC), as its name indicates, is a quantum mechanical interaction
relating the spin of an electron with its motion inside a potential. Despite its weak
magnitude, it is directly related to several interesting spintronics effects such as the
magnetocrystalline anisotropy and the spin Hall effect. A simple way to explain this
interaction follows.
Imagine an electron of nonzero orbital angular momentum (l ̸= 0), orbiting around a

nucleus. From the electrons perspective, the positively charged nucleus is rotating around
itself, generating a positive current loop. As known from electromagnetism, any circular
current induces a magnetic field, the direction of which is normal to the plane of the
trajectory of the moving particle, pointing towards the direction determined by the right
hand rule, given by:

B =
µ0ZeL

4πmer3
. (2.62)

The electron includes a fundamental and inseparable quantum mechanical property called
spin that in turns create the spin angular momentum and the spin magnetic dipole moment,
being anti-parallel to the spin angular momentum. The simultaneous presence of the spin
magnetic dipole moment and the magnetic field, creates a torque that tends to rotate the
spin magnetic dipole moment and hence altering its energy by:

∆E = −ξS · L. (2.63)

Therefore, the interaction between the orbital angular momentum L of the nucleus and
the electron spin angular momentum S is called spin orbit coupling with strength:

ξ =
Zee

2

8πϵ0mec2r2
. (2.64)

Since the strength of the spin orbit coupling is proportional to the atomic number, it
becomes clear that the spin orbit interaction is stronger in larger atoms. Below we extract
the spin orbit coupling formula starting from the Dirac equation.
The Dirac equation of Eq. 2.53 with the time independent scalar potential −eV (r) and

the vector potential A (r) can be written in matrix form as:[︃
−eV (r) +mc2 σ · (cp+ eA (r))
σ · (cp+ eA (r)) −eV (r)−mc2

]︃ [︃
ϕ
χ

]︃
= E

[︃
ϕ
χ

]︃
, (2.65)

considering the definitions of α and β of Eq. 2.53. Performing the mathematical calcula-
tions, we obtain the following system of coupled equations:
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(︁
E′ −mc2 + eV (r)

)︁
ϕ = σ · (cp+ eA (r))χ(︁

E′ +mc2 + eV (r)
)︁
χ = σ · (cp+ eA (r))ϕ.

(2.66)

The second equation can be solved for χ to give:

χ =
σ · (cp+ eA (r))

E′ +mc2 + eV (r)
ϕ ≈ σ · (cp+ eA (r))

2mc2
ϕ. (2.67)

where we have used eV (r) << E′ + mc2 ≈ 2mc2. Substituting Eq. 2.67 to the first
equation of 2.66 leads to:[︃

E + eV (r)− 1

2m

(︂
p+

e

c
A (r)

)︂2 ]︃
ϕ = 0. (2.68)

Following similar procedure but retaining terms up to order
(︁
u
c

)︁2, we obtain the Pauli
equation:

[︃
E + eV (r)− 1

2m

(︂
p+

e

c
A (r)

)︂2
+

1

2mc2
(E + eV (r))2+

+ i
eh̄

(2mc)2
E (r) · p− eh̄

(2mc)2
σ · (E (r)× p)− eh̄

2mc
σ ·B (r)

]︃
ϕ = 0,

(2.69)

where the sixth term is the spin orbit coupling term:

σ · (E (r)× p) = σ · (∇V (r)× p) =
1

r

dV (r)

dr
σ · (r× p)

=
1

r

dV (r)

dr
(σ · L) = ξσ · L.

(2.70)

2.7. Limitations of DFT

Despite the continuous improvement of the exchange-correlation functionals used, DFT
remains an approximation, meaning that there are known cases with limited accuracy [77,
250, 28, 79], some of which are briefly discussed below.
As already analyzed, the core of DFT is the two Hohenberg-Kohn theorems which link

the electron wavefunctions with the energy density, providing the basis to construct the
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theory. The subtlety arises from the fact that the Hohenberg-Kohn theorems are only
valid for the ground state of a quantum system and therefore excited states cannot be
calculated in this framework. It is important to note that there are a methodologies to
deal with excited stated. A popular one is the so-called time-dependent density functional
theory, which makes an one-to-one link between the time dependent density and the
external potential, based on the Runge-Gross theorem [169]. An alternative approach
is the so called GW approximation which is based on the expansion of the self energy in
terms of the screened interaction quasiparticle [67, 68].
One of the most known DFT failures is the accurate description of the van der Waals

interactions. The source of the error directly comes from the perturbation theory argu-
ments [114] that demand an attractive part of the energy decaying as 1

R6 for the limit
R→ ∞ for the accurate description. However, this condition cannot be fulfilled by any
of the already existing LDA or GGA exchange-correlation functionals due to their local
behaviour. As a result, the van der Waals interaction still remain a challenge for modern
DFT [73].
Even though one electron systems are straightforward by solving the Schrödinger

equation, the DFT technique still remains unchanged, using the density instead. This
definition though includes interactions of the electron with itself, known as self-interactions,
which are not physical and therefore have to be excluded. A successful exchange correlation
functional must include terms to exactly cancel out the self interaction. Despite the
improvement of the exchange-correlation functionals, there exist such delocalization and
static correlation errors in simple systems, leading to wrong band gaps calculations [78,
23, 194, 17].
Standard DFT techniques have limited accuracy in describing strongly correlated sys-

tems. The Kohn-Sham ansatz relying on replacing the real interacting system with a
fictitious non interacting one with the same density. This technique however includes
a very cruel approximation that the net electron density of a single Slater determinant
is a good approximation of the total electron density. In systems with partially filled f-
orbitals however, the wavefunctions have contributions from multiple Slater determinants,
making the theory less accurate [6, 158]. Since correlated systems can host interest-
ing phenomena including superconductivity [19] and Mott transition [96], an accurate
methodology is desirable. The nature of strongly correlated materials is nowadays treated
using the dynamical mean field theory (DMFT) which maps a lattice problem to an
impurity problem [18].
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3. Topological properties

Let us consider a quantum system described by the Hamiltonian H (r,λ), where λ are
parameters. The eigenvalues of the system are given by solving Schrödinger’s equation:

H (r,λ) |n (r,λ)⟩ = En (λ) |n (r,λ)⟩ . (3.1)

An interesting question is how are the eigenfunctions of the system modified if the
parameters λ are slowly changed in time.

3.1. Adiabatic evolution

The answer to the previous question leads to the adiabatic theorem of the quantum sys-
tem [15].

A physical system remains in its instantaneous eigenstate if a perturbation is acting on it
slowly enough and if there is a gap between the eigenvalue and the rest of the Hamiltonian
spectrum.

We consider a Hamiltonian H and its eigenstate |ψn⟩. By evolving in time, the state of
the system at time t picks up a phase factor given by:

|Ψn (t)⟩ = e−iEnt/h̄ |ψn⟩ . (3.2)

Therefore, the Schrödinger equation becomes:

H (t) |ψn (t)⟩ = En (t) |ψn (t)⟩ , (3.3)

with a general solution of the form:

|Ψ(t)⟩ =
∑︂
n

cn (t) e
iθn(t) |ψn (t)⟩ , (3.4)

where θ is the dynamic phase factor, given by:
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θn (t) = −1

h̄

� t

0
En
(︁
t′
)︁
dt′. (3.5)

Substituting Eq. 3.4 to Schrödinger equation, one obtains:

ih̄
∑︂
n

[ċn |ψn⟩+ cn |ψ̇n⟩+ icn |ψn⟩ θ̇n]eiθn =
∑︂
n

cn (H |ψn⟩) eiθn ⇔

ih̄
∑︂
n

[ċn |ψn⟩+ cn |ψ̇n⟩ −
i

h̄
cnEn |ψn⟩]eiθn =

∑︂
n

cnEn |ψn⟩ eiθn ⇔

ih̄
∑︂
n

ċn |ψn⟩ = −
∑︂
n

cn |ψ̇n⟩ .

(3.6)

Acting with ⟨ψm| where m ̸= n from the left, we get:

∑︂
n

ċnδmne
iθn = −

∑︂
n

cn ⟨ψm|ψ̇n⟩ eiθn ⇔

ċm = −
∑︂
n

cn ⟨ψm|ψ̇n⟩ ei(θn−θm).
(3.7)

In order to compute the bra-ket term on the right hand side of Eq. 3.7, we consider the
time derivative of the Schrödinger equation

Ḣ |ψn⟩+H |ψ̇n⟩ = Ėn |ψn⟩+ En |ψ̇n⟩ ⇔
⟨ψm|Ḣ|ψn⟩+ ⟨ψm|H|ψ̇n⟩ = Ėn ⟨ψm|ψn⟩+ En ⟨ψm|ψ̇n⟩ ⇔
(En − Em) ⟨ψm|ψ̇n⟩ = ⟨ψm|Ḣψn|⟩ ⇔

⟨ψm|ψ̇n⟩ =
⟨ψm|Ḣψn|⟩
En − Em

.

(3.8)

Hence Eq. 3.7 becomes:

ċm = −cm ⟨ψm|ψ̇m⟩ −
∑︂
n ̸=m

cn
⟨ψm|Ḣ|ψn⟩
En − Em

e−
i
h̄

� t
0 [En(t′)−Em(t′)]dt′ . (3.9)

In the adiabatic approximation Ḣ is by definition small therefore the second term is
dropped, leading to:
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ċm = −cm ⟨ψm|ψ̇m⟩ . (3.10)

Eq. 3.10 can be written as:

dcm
cm

= −⟨ψm|ψ̇m⟩ dt→ lncm = −
� t

0
⟨ψm

(︁
t′
)︁
| ∂
∂t′

ψm
(︁
t′
)︁
⟩ dt′ + C, (3.11)

leading to:

cm (t) = cm (0) eiγm(t), (3.12)

where

γm (t) = i

� t

t
⟨ψm

(︁
t′
)︁
| ∂
∂t′

ψm
(︁
t′
)︁
⟩ dt′. (3.13)

The full time solution is thus:

|Ψ(t)⟩ = eiθm(t)eiγm(t) |ψm (t)⟩ , (3.14)

with γm being the geometric phase factor. If we consider a parameter λ (t) in the Hamilto-
nian that varies very slowly with time, then using the chain rule ∂|ψn⟩

∂t = ∂|ψn⟩
∂λ

dλ
dt we can

rewrite the geometric phase as:

γm (t) = i

� t

0
⟨ψn|

∂ψn
∂λ

⟩ dλ
dt′
dt′ = i

� λf

λi

⟨ψn|
∂ψn
∂λ

⟩ (3.15)

which is zero if λi = λf . For multiple parameters λ = (λ1, · · ·λN ), using the chain rule
∂ψn

∂t = ∂ψn

∂λ1
dλ1
dt + · · · ∂ψn

∂λN
dλN
dt , we can define the geometric phase as:

γn (t) = i

� λf

λi

⟨ψn|∇λψn⟩ · dλ. (3.16)

If λi = λf , the geometric phase becomes:

ϕ = i

�
⟨ψn|∇λψn⟩ · dλ = i

�
A (λ) · dλ. (3.17)

The quantities ϕ and A are called Berry phase and Berry connection respectively and their
importance will become clear later. Some articles discussing the adiabatic theorem, the
geometric phase and the Berry phase include [227, 12, 199].
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3.2. Berry phase

A Berry phase describes the global phase acquired by a complex vector when it is carried
around a path in a complex vector space [12]. In order to explain this definition we
consider two simple quantum systems, a discrete one and a continuous one.

Discrete system
Let us first consider a closed loop, illustrated in Fig 3.1, where |ui⟩ correspond to the
states at each position along the path with |u12⟩ = |u0⟩. This condition implies that the
initial and final positions are identical and therefore the Berry phase is defined in a path
(loop), the importance of which will become clear later. Since a complex number z can be
written as z = |r|eiϕ, with r and ϕ representing its magnitude and its phase respectively,
solving for the phase ϕ, we get ϕ = Imln (z). This formula is particularly useful since it
helps us express the phase as a function of the states |ui⟩ of the quantum system, giving

Figure 3.1.: Evolution of a quantum system along a closed trajectory in parameter space

ϕ = −Imln
[︁
⟨u0|u1⟩ ⟨u1|u2⟩ . . . ⟨uN−1|u0⟩

]︁
, (3.18)

or in a more compact form as:

ϕ = −
N−1∑︂
j=0

Im
[︁
ln ⟨uj |uj+1⟩

]︁
. (3.19)

Since the states |ui⟩ for a quantum system are not uniquely defined, multiple choices
are possible. However, in order for the Berry phase to be a meaningful observable quantity,
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it has to be independent of the equivalent selected states. To verify it, we introduce the
new states |ũj⟩ = e−iβj |uj⟩, with β being the gauge transformation. Indeed the Berry
phase of Eq. 3.19 remains unchanged because each state appears twice, once in its ket
form and once in its bra form, consequently, the exponential parts from the ket and the
bra cancel out each other. As a result, the Berry phase is a gauge invariant quantity and
hence can be related to physically observable phenomena when it is defined on a closed
loop, whereas it is gauge dependent for any open path in the parameter space.

Continuous system
Let us consider a real variable λ ∈

[︁
0, 1
]︁
such that |uλ=0⟩ = |uλ=1⟩ and further that |uλ⟩

is a differentiable function of λ. Under these conditions, the right hand side of Eq. 3.19
reads:

ln ⟨uλ|uλ+δλ⟩ = ln ⟨uλ| (|uλ⟩+ dλ∂λ |uλ⟩+ . . . ) =

= ln (1 + dλ ⟨uλ|∂λuλ⟩+ . . . ) =

= dλ ⟨uλ|∂λuλ⟩+ . . . ,

(3.20)

where we only keep first order terms. Substituting Eq. 3.20 to Eq. 3.19, we get the
expression of the Berry phase for a closed path (loop) for the continuum limit:

ϕ =

�
⟨uλ|i∂λuλ⟩ dλ, (3.21)

where, we have taken into account that ⟨uλ|∂λuλ⟩ is a purely imaginary quantity. The
integrand of Eq. 3.21 is known as the Berry connection A (λ):

A (λ) = ⟨uλ|i∂λuλ⟩ . (3.22)

Next, we evaluate the transformation of Berry connection and Berry phase under the
gauge |ũλ⟩ = e−iβ(λ) |uλ⟩. For the Berry connection, starting from Eq. 3.22, we have

Ã (λ) = ⟨ũλ|i∂λ|ũλ⟩ =
= ⟨uλ|eiβ(λ)i∂λe−iβ(λ)|uλ⟩ =
= ⟨uλ|i∂λ|uλ⟩+ ∂λβ (λ) =

= A (λ) + ∂λβ (λ) ,

(3.23)

implying that it is gauge-dependent quantity. Regarding the Berry phase, we recall that
|uλ=0⟩ = |uλ=1⟩, which after integration, based on Eq. 3.21, implies:
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� 1

0

β (λ)

dλ
dλ = βλ=1 − βλ=0 = 2πm, (3.24)

that leads to:

ϕ̃ = ϕ+ 2πm. (3.25)

It is noted that since the Berry phase is a phase angle, it is well defined as modulo 2π,
meaning that it is gauge-independent quantity in a closed loop whereas it is gauge-
dependent in any open path.

3.3. Berry curvature

As we have seen from Eq. 3.23, the Berry connection is not a gauge invariant quantity and
therefore cannot be measured. In order to overtake this obstacle, an alternative quantity,
namely the Berry curvature, should be used instead.
Starting from the parameter space, the function λ is denoted as λ = (λ1, λ2, . . . ) and

the Berry connection becomes A (λ) = (A1, A2, . . . ), with Eq. 3.22 being written as:

Aµ = ⟨uλ|i∂µuλ⟩ . (3.26)

Consequently, the Berry phase of Eq. 3.21 is written as a dot product of the Berry connection
and dλ

ϕ =

�
A · dλ. (3.27)

The Berry curvature Ω (λ) is then defined as the Berry phase flux, i.e. the Berry phase
per unit area in the parameter space, expressed by the curl of the Berry connection in the
continuum limit as:

Ω = ∇×A. (3.28)

The Berry phase flux is then given by:

ϕ =

�
(∇×A) · dλ. (3.29)
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The main motivation of multi-dimensional space generalization was to create a gauge
invariant quantity as the integrand. In order to verify this, we apply the gauge transfor-
mation |ũλ⟩ = e−iβ(λ) |uλ⟩ to the Berry curvature. The multi-dimensional generalization
of the gauge transformation of Berry connection of Eq. 3.23 reads:

Ã (λ) = A (λ) +∇β (λ) , (3.30)

therefore, acting with the curl in both sides, will give the gauge transformation of Berry
curvature:

∇× Ã (λ) = ∇× (A (λ) +∇β (λ)) =
= ∇×A (λ) +∇×∇β (λ) =
= ∇×A (λ) ,

(3.31)

where we have taken into account that the curl of a divergence is zero, leading to the
conclusion that the Berry curvature is a gauge invariant quantity.
It is noted that for a system evolving in parameter space, the overlap of two infinitesimally

close states is called “quantum geometric tensor" and it is given by:

⟨ψα (λ) |ψα (λ+ δλ)⟩ = Fα (λ) eiϕα(λ), (3.32)

with F being the fidelity. In order to be able to draw connections to known quantities, we
expand the left hand side of Eq. 3.32:

⟨ψα (λ) |ψα (λ+ δλ)⟩ =1 +
∑︂
i

⟨ψα (λ) |∂iψα (λ)⟩ dλi+

+
1

2

∑︂
ij

⟨ψα (λ) |∂ijψα (λ)⟩ dλidλj +O (dλ) ,
(3.33)

which can be written as:

F2
α (λ) =[Re ⟨ψα (λ) |ψα (λ+ dλ)⟩]2 + [Im ⟨ψα (λ) |ψα (λ+ dλ)⟩]2 =

= 1−
∑︂
ij

[Re ⟨∂iψα (λ) |∂jψα (λ)⟩ −Aα,i (λ)Aα,j (λ)]dλidλj +O (dλ) ,

(3.34)

with Aα,i being the Berry connection. Eq. 3.34 helps us define the quantum metric tensor
gα,ij:
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gα,ij = Re ⟨∂iψα|∂jψα⟩+ ⟨ψα|∂iψα⟩ ⟨ψα|∂jψα⟩ , (3.35)

and the Berry curvature Ωα,ij :

Ωα,ij = ∂iAα,j − ∂jAαi , (3.36)

demonstrating that they are parts of the quantum geometric tensor. Specifically, the metric
tensor corresponds to the real part and expresses the distance between the quantum states
and the Berry curvature corresponds to the imaginary part.

3.4. Bloch’s theorem

So far, we have discussed the notions of Berry phase and Berry curvature in an arbitrary
quantum system (arbitrary parameter space). Since we are interested in crystals, from
now on we specialize the parameter space to the wavevector components kj that are
labeling the states in the Brillouin zone. Hence, we start from the Bloch’s theorem to find
the eigenstates (Bloch states) of a system in a periodic potential.
Let’s consider a quantum system, described by the Hamiltonian:

H = − h̄2

2m
∇2 + V (r) , (3.37)

where the potential, obeying the relation

V (r) = V (r+Rn) , (3.38)

is periodic in respect to the Bravais lattice:

Rn = n1a1 + n2a2 + n3a3. (3.39)

The solution of the Schrödinger equation:

Hψk (r) = E (k)ψk (r) , (3.40)

with H being the Hamiltonian of Eq. 3.37, can be written as:

ψk (r) = eik·ruk (r) , (3.41)

with uk (r) being a periodic function with the same periodicity as the lattice:

uk (r) = uk (r+Rn) . (3.42)
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We distinguish two cases:

• If k lies within the Brillouin zone, then the wavefunctions take the form ψk (r) =
uk (r) e

ikBZ ·r.

• If k lies outside the Brillouin zone, then k = G+ kBZ and the wavefunctions take
the form ψk (r) = uk (r) e

iG·reikBZ ·r, with G being a reciprocal lattice vector.

As a result, the Bloch theorem allows us to write the eigenstates in the form:

ψnk (r) = unk (r) e
ik·r. (3.43)

The immediate question that follows up is whether we should express the Berry curvature
(and phase) as a function of the Bloch states ψnk (r) or of the periodic function unk (r). It
has been proven that the periodic function unk (r) is the only choice because the exponen-
tial factor within the definition of the Bloch’s theorem causes issues to the evaluation of
the integral during the computation of ⟨ψnk|ψn,k+b⟩. As a result, the Berry phase becomes:

ϕn =

�
An (k) · dk =

�
S
Ω · dS, (3.44)

with n denoting the band index, Ω the Berry curvature and An (k) being the Berry
connection, that reads:

An (k) = i ⟨unk|∇unk⟩ . (3.45)

Considering that the Berry curvature is given by the curl of the Berry connection, we have:

Ω = ∇×An = i∇× ⟨unk|∇unk⟩ =
= i ⟨∇unk| × |∇unk⟩+ ⟨unk| ∇ × |∇unk⟩ =
= i ⟨∇unk| × |∇unk⟩ .

(3.46)

Inserting the completeness relation:∑︂
m

|umk⟩ ⟨umk| = 1, (3.47)

into Eq. 3.46, we get:

Ω = ∇×An = i
∑︂
m

⟨∇unk|umk⟩ × ⟨umk|∇unk⟩ . (3.48)
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Since ⟨∇unk|umk⟩ is the complex conjugate of ⟨umk|∇unk⟩, we only need to simplify
the first one. Starting from the Schrödinger equation:

H |unk⟩ = En |unk⟩ , (3.49)

we apply the spatial gradient to obtain:

∇ (H |unk⟩) = ∇ (En |unk⟩) ⇔
∇H |unk⟩+H |∇unk⟩ = ∇En |unk⟩+ En |∇unk⟩ ⇔

⟨umk|∇H|unk⟩+ ⟨umk|H|∇unk⟩ = ⟨umk|∇En|unk⟩+ ⟨unk|En|∇unk⟩ ⇔
⟨umk|∇H|unk⟩+ ⟨umk|H|∇unk⟩ = ∇Enδmn + En ⟨unk|∇unk⟩ ⇔
⟨umk|∇H|unk⟩+ Em ⟨umk|∇unk⟩ = ∇Enδmn + En ⟨unk|∇unk⟩ ,

where in the last step, we used ⟨umk|H|∇unk⟩ = ⟨umk|Em|∇unk⟩ = Em ⟨umk|∇unk⟩ .
For m ̸= n, we obtain:

⟨umk|∇unk⟩ =
⟨umk|∇H|unk⟩
En − Em

. (3.50)

So the final expression for the Berry curvature, using Eq. 3.48, is:

Ω = Im
∑︂
m̸=n

⟨unk|∇H|umk⟩ × ⟨umk|∇H|unk⟩
(En − Em)

2 . (3.51)

An important observation is that the Berry phase of Eq. 3.44 and the Berry curvature of
Eq. 3.51 do not depend on the gradient of the state ∇n , making them unrelated to the
choice of the states n and m.

3.5. Wannier functions

The most widely used selection of orbitals in study of crystals is the Bloch states that
describe the electronic ground state of a set of one-particle orbitals within the independent
particle approximation of a periodic system. Wannier functions that were discovered a
long time ago [223, 91, 30] are the Fourier transforms of the Bloch wavefunctions, over
the whole Brillouin zone and further constitute an alternative to the Bloch states. They
are mathematically defined by:

|w0 (r)⟩ =
V

(2π)3

�
BZ

|ψk (r)⟩ d3k, (3.52)
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with V denoting the volume of the cell. Since the function eikr (that appears in the defini-
tion of Bloch’s theorem) has different forms at each k, the constructed Wannier functions
obtained by superposing Bloch orbitals at different k points are localized. Eq. 3.52 is very
restrictive since it only defines the Wannier functions at the original unit cell. A more
general definition that includes the translational operator follows:

|wR (r)⟩ = V

(2π)3

�
BZ

e−ik·R |ψk (r)⟩ d3k, (3.53)

with R being the lattice vector. Using the Bloch’s theorem |ψk (r)⟩ = eikruk (r), we can
prove that the Wannier function of different unit cells are identical copies of each other.
Namely, the wannier function at a lattice vector R+R′ is equal to the wannier function
at a lattice vector R:

|wR+R′ (r)⟩ =
�
uk (r) e

−ik(R+R′)eikrd3k =

=

�
uk
(︁
r−R′)︁ eik[(r−R′)−R]d3k =

= |wR

(︁
r−R′)︁⟩ ,

(3.54)

demonstrating their periodic nature.
It in noted that Eq. 3.52 and Eq. 3.53 are valid for a single isolated band (a band that

does not become degenerate at any k point). Additionally, they can be used for a group of
bands that are degenerate among themselves but isolated with the rest, called composite
bands. In this case, an index n, denoting the band, has to be included in the Wannier
function and the Bloch wave function.
It is well known that despite the fact that Wannier functions form a good replacement

of the Bloch wave functions, their choice is not unique. To overcome this obstacle, for a
system with composite bands, we transform the Bloch states according to the formula:

|unk (r)⟩ =
∑︂
m

U (k)
mn |umk (r)⟩ , (3.55)

with U (k)
mn being an arbitrary unitary rotations that mixes the bands for every point in

k-space. Then, the Wannier functions of Eq. 3.53 are defined as:

|wnR (r)⟩ =
�
BZ

∑︂
m

U (k)
mn |ψmk (r)⟩ e−ikRd3k. (3.56)
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The simplest choice for the unitary rotation matrix is a diagonal matrix consisting of
phase ϕ that acts on each band n, such as eiϕn(k). It happens that this selection breaks
the localized character of the Wannier functions and therfore it is not a good choice.
We can instead find another (non-diagonal) form of U (k)

mn matrix to minimize the sum
of the quadratic spreads of the Wannier probability distributions |wn (r) |2, the so-called
maximally localizedWannier functions. In such a way the problem becomes a minimization
problem of the spread functional Ω, given by:

Ω =
∑︂
n

[⟨wn0 (r) |r2|wn0 (r)⟩ − ⟨wn0 (r) |r|wn0 (r)⟩2]. (3.57)

The choice of maximally localized Wannier functions resolves the uniqueness problem
of the Wannier functions [126, 193]. It is noted that there are still three trivial degrees
of freedom left that are unimportant [125]. The technical procedure of obtaining the
maximally localized wannier functions is described in Ref [133].

3.6. Weyl points and nodal lines

Topological metals are materials with nontrivial band topology and are further classified
in certain classes based on their band structures. Below, we briefly investigate the most
important classes based on general Hamiltonians.
We start by considering the following four-band low-energy Hamiltonian [21]:

H3D = uτx (σ · k)+mτz+bσz+b′τzσx =

[︃
m1+ bσz + b′σx uσ · k

uσ · k −m1+ bσz − b′σx

]︃
, (3.58)

with u being the velocity parameter, 1 the 2 × 2 identity matrix, k = (kx, ky, kz) the
momentum vector, σ = (σx, σy, σz) the Pauli matrices for the spin and τ = (τx, τy, τz) the
Pauli matrices for the pseudospin. Finally, m denotes the mass parameter, b and b′ the
Zeeman fields (viewed as magnetic fields parallel to z and x axes respectively) that break
time-reversal symmetry (T ). It is noted that the Hamiltonian of Eq. 3.58 is a decomposed
version of a full Dirac Hamiltonian based on γ matrices that requires two Zeeman fields
according to [21]. The Hamiltonian matrix can alternatively be written as a 4× 4 matrix,
the general analytical diagonalization of which is not possible due to the parameters
involved. For this reason, we consider the following cases [1, 93]:
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• b′ = 0

The diagonalization of the Hamiltonian matrix results in the following energy
spectrum:

E (k) = ±
√︂
m2 + b2 + u2k2 ± 2b

√︁
u2k2z +m2. (3.59)

The parameters m and b significantly affect the outcome, therefore, the following
cases are noted:

– m = b = 0
In this case, the energy dispersion becomes:

E (k) = ±u2k2 = ±
(︁
u2xk

2
x + u2yk

2
y + u2zk

2
z

)︁
, (3.60)

which corresponds to a degenerate band touching at point (kx, ky, kz) =
(0, 0, 0), dubbed Dirac point, as illustrated in Fig. 3.2(a). Materials with such
kind of dispersion are called Dirac semimetals. It is emphasized that the simul-
taneous presence of vanishing b and b′ implies the presence of T , forcing Dirac
semimetals to be nonmagnetic. Many Dirac semimetals have been predicted
and/or confirmed including Na3Bi [221, 113], Cd3As2 [222, 141, 14].

– |m| > |b|
In this case, a gap is created between the inner bands, as illustrated in Fig. 3.2(b)
and the materials with such dispersion are called semiconductors.

– |m| < |b|
In this case, the two inner bands are touching at two points with coordinates
(kx, ky, kz) =

(︂
0, 0,±

√
b2−m2

u

)︂
, creating, unlike the first case, non-degenerate

nodes, called Weyl nodes, as illustrated in Fig. 3.2(c). Materials with such
dispersion are called Weyl semimetals and it is further noted that Weyl nodes
always appear in pairs. The first materials that were proposed to realize a mag-
netic Weyl semimetal phase were the pyrochlore iridates R2Ir2O7 (R=yttrium
or lanthanide element) [218].

• m = b = 0, b′ ̸= 0
In this case, the energy dispersion becomes:

E (k) = ±
√︃
u2k2x +

(︂
u
√︂
k2y + k2z ± b′

)︂2
. (3.61)
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Interestingly, the two inner bands touch along a circle, given by the equation k2y+k2z =
b′2

u2
at the plane kx = 0, as illustrated in Fig. 3.2(d). The touching points are non-

degenerate and materials with such dispersion are called nodal line semimetals.
Many materials with such dispersion have been predicted and/or confirmed some of
which include Cu3PdN [86, 236], Ca3P2 [229, 26] and CaAgX with X=(P,As) [231].

Figure 3.2.: Classes of topological materials (a) Dirac semimetal (b) Semiconductor (c)
Weyl semimetal (d) Nodal semimetal. All figures are at kx = 0.

In general, inversion symmetry (P ) and time revesal symmetry (T ) determine the
presence of Weyl semimetal phase. Specifically, at least one has to be broken. If T is
broken (magnetic system), the simplest case is realized, in which a pair of Weyl nodes
of opposite chirality is sufficient. On the other hand, if P is broken, the presence of T
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does not change the chirality of the symmetry equivalent Weyl node [135], therefore two
additional Weyl nodes of opposite chirality are required to make the net chirality vanish,
giving rise to (at least) four Weyl nodes in total [57]. Lastly, Weyl semimetal phase is also
realized when both P and T are broken [251]. It is further noted that the change of a
topological phase is possible when a pair of Weyl nodes associated with opposite chirality
are combined in the same spatial position. The presence of both P and T leads to the
Dirac semimetal phase [113, 141].

3.6.1. Topological protection

After briefly discussing the Dirac nodes and the Weyl nodes, we focus on their stability
upon applying perturbations on the Hamiltonian of the system, which will reveal their
nature and we demonstrate that unlike Dirac nodes, Weyl nodes are robust in perturbation
and hence have a topological nature.

Weyl nodes
Starting with the Weyl nodes, we consider a simple two-band model in 2D and 3D k-space,
given by the Hamiltonians:

H2D (k) = u (kxσx + kyσy) =

[︃
0 (kx + iky)

u (kx − iky) 0

]︃
H3D (k) = u (kxσx + kyσy + kzσz) =

[︃
ukz u (kx + iky)

u (kx − iky) −ukz

]︃
,

(3.62)

where u is a constant and σx, σy, σz the Pauli matrices. The eigenvalues of these Hamilto-
nians are given by:

E2D = ±u
√︂
k2x + k2y

E3D = ±u
√︂
k2x + k2y + k2z .

(3.63)

Weyl nodes, being the solutions of ∆E2D,3D = 0 with ∆E expressing the difference
between the energies of the two bands, are obtained at (kx, ky) = (0, 0) and (kx, ky, kz) =
(0, 0, 0) for the 2D and 3D case respectively.
The nature of the Weyl nodes in materials depends on the dimensions of the k-space.

In order to elucidate this behavior, we add a small mass term mσz as a perturbation to
the Hamiltonians 3.62, in order to obtain:
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Hper
2D = u (kxσx + kyσy) +mσz =

[︃
m u (kx + iky)

(kx − iky) −m

]︃
Hper

3D = u (kxσx + kyσy + kzσz) +mσz =

[︃
ukz +m (kx + iky)

u (kx − iky) ukz −m

]︃
,

(3.64)

where the “per" superscript denotes the perturbed Hamiltonians. The obtained eigenvalues
are given by:

Eper2D = ±
√︂
u2k2x + u2k2y +m2

Eper3D = ±u
√︃
k2x + k2y +

(︂
kz +

m

u

)︂2
.

(3.65)

It is noted that in the 2D case, there is no real solution to the equation∆Eper2D = 0, therefore
no Weyl nodes are possible, however, in the 3D case, the k-point (kx, ky, kz) =

(︁
0, 0,−m

u

)︁
is the solution of ∆Eper3D = 0. As a consequence, the perturbation term applied to the
Hamiltonian destroyed the Weyl node by opening the gap in 2D case, whereas it displaced
the spatial position of the Weyl node in the 3D case, demonstrating that the Weyl nodes are
robust against perturbations and hence they are topologically protected, having topological
nature.

Dirac nodes
Regarding the Dirac nodes, we consider the following Hamiltonian:

H (k) = kxΓ1 + kyΓ2 + kzΓ3, (3.66)

where Γi=1,2,3 are 4 × 4 matrices obeying Γ2 = I and ΓiΓj = −ΓiΓj (for i ̸= j). The
energy spectrum is given by:

E (k) = ±
√︂
k2x + k2y + k2z , (3.67)

where, we can observe the existence of a degenerate Dirac node at (kx, ky, kz) = (0, 0, 0).
After adding a mass perturbation of the formmΓ4 to the Hamiltonian, we get the perturbed
Hamiltonian that reads:

Hper (k) = kxΓ1 + kyΓ2 + kzΓ3 +mΓ4, (3.68)

which leads to the following energy dispersion:
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Eper (k) = ±
√︂
k2x + k2y + k2z +m2. (3.69)

We notice that after applying the perturbation, the energy gap has opened, proving that
the Dirac nodes are not robust against perturbations.

3.6.2. Types of Weyl nodes

Until recently it was believed that the Weyl nodes were similar to the ones depicted in
Fig. 3.3(a), having a point-like Fermi surface, as illistrated in Fig. 3.3(c). It was later
found that if the Weyl nodes are tilted enough (see Fig. 3.3(b)), they have electron-hole
pockets Fermi surface, as the one illustrated in Fig. 3.3(d)). The former type is called
type-I, whereas the latter type-II. The first type-II Weyl semimetal predicted was WTe2 in
Ref [191] and the authors present the following dispersion relation:

E (k) = Akx +Bky ±
√︂
e2k2z + (akx + cky)

2 + (bkx + dky)
2, (3.70)

where A, B, a, b, c, d and e being constants.

Figure 3.3.: Type-I Weyl point (a) and type-II Weyl point (b) with their respective Fermi
surfaces (c) and (d)
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3.6.3. Connection to Berry curvature

The eigenfunctions of a Hamiltonian describing a Weyl semimetal are given by:

u± (k) =

⎛⎝√︂k±kz
2k e−i

δ
2

±
√︂

k∓kz
2k ei

δ
2

⎞⎠ , (3.71)

with δ = arctan
(︂
ky
kx

)︂
. As we have already discussed, Eq. 3.51 describes the Berry

curvature of a system consisting of many bands. The equivalent expression for a Weyl
system with only 2 bands (denoted by “+" and “-") reads:

Ω± (k) = Im
⟨u± (k) |∇H (k) |u∓ (k)⟩ × ⟨u∓ (k) |∇H (k) |u± (k)⟩

(E+ (k)− E− (k))2
. (3.72)

After performing the calculations, we end up with:

Ω± (k) = ∓1

2

k

k3
. (3.73)

Since Eq 3.73 is equivalent to that of a Dirac magnetic monopole, with the magnetic field
being replaced by the Berry curvature, Weyl nodes can be viewed as sinks or sources of
Berry curvature in momentum space.

3.6.4. Chern number

A topological charge that corresponds to the Chern number can be defined. This Chern
number, being the integral of the Berry curvature flux over any closed 2-dimensional
manifold, is quantized to be 2π times integer and can be mathematically expressed by:

C =
1

2π

�
S
Ω · dS, (3.74)

where the integration is performed in the surface S.
The Chern number, being the exchange of Berry curvature between two bands is zero

in gapped states and nonzero for gapless states like Weyl nodes. In order to show that
the nonvanishing Chern number is originating from the Weyl node, we insert the Berry
curvature of Eq. 3.73, obtained for the Weyl node, to the definition of Chern number in
Eq. 3.74 and after performing the integration, we find C = 1.
Since the topological charge must be zero in the whole Brillouin zone due to the fermion

doubling problem [142, 143, 144], Weyl points are only allowed to be in pairs of opposite
chirality. A sketch of opposite chirality Weyl points is illustrated in Fig. 3.4.
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Figure 3.4.: Weyl points of opposite chirality

In general the treatment of the Berry formalism has a lot of similarities with electro-
magnetism with the most important equivalencies being summarized in Tab. 3.1.

Table 3.1.: Equivalent quantities in Berry formalism and electrodynamics.
Berry formalism Electrodynamics
Berry connection Vector potential

A (k) = ⟨unk|i∇k|unk⟩ ↔ A (r)

Berry curvature Magnetic field
Ω (k) ↔ B (r)

Berry phase Aharonov-Bohm phase�
lA (k) dk =

�
dSΩ (k) ↔

�
lA (r) dr =

�
dSB (r)

Chern number Dirac monopole
1
2π

�
dSΩ (k) = integer ↔

�
dSB (r) = integer he

3.7. Charge and spin currents

Before proceeding to the Hall effects, a short discussion of spin and charge currents is
essential. Since both charge and spin are fundamental properties of electrons, the notions
of charge and spin currents take place in transport properties. We consider a material with
equal number of spin-up and spin-down electrons. In case both electron’s spin channels
move towards the same direction, a charge current Jc is observed, antiparallel to the
direction of the motion, since the electrons are negatively charged particles. This current
is alternatively called pure charge current (see Fig. 3.5(a)). In case the spin-up and spin-
down electrons move towards opposite directions, the charge current is zero, however,
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the spin imbalance between the two sides of the conductor gives rise to a spin current Js,
the pure spin current (see Fig. 3.5(c)).
A natural question is whether charge and spin currents can simultaneously be present.

In order to answer to this question, we consider a ferromagnetic material in which there
is an imbalance of spin-up and spin-down electrons. When the electrons, irrespective of
their spin channel, move towards the same direction, then a charge current, due to the
motion of electrons and a spin current due to the imbalance of spin-up and spin-down
electrons are observed. The combined currents are dubbed spin polarized charge current
(see Fig. 3.5(b)).

Figure 3.5.: Different types of current: (a) Pure charge current, jc ̸= 0, js = 0 (b)
Spin-polarized current jc ̸= 0, js ̸= 0 (c) Pure spin current jc = 0, js ̸= 0.

Source: [Czeschka, Franz Dominik. “Spin currents in metallic
nanostructures" (2011)]

Mathematically, the current J (either spin or charge) is given by Ohm’s law

J = σE, (3.75)

with E being the applied electric field and σ the conductivity tensor which is a matrix:

σ =

⎛⎝σxx σxy σxz
σyx σyy σyz
σzx σzy σzz

⎞⎠ . (3.76)

An alternative notation used is: σxy = σz, σxz = σy and σyz = σx.
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3.8. Anomalous Hall effect

In 1879, Edwin Hall discovered that, due to the Lorentz force in the presence of an external
magnetic field, electrons are pushed towards the one side of a current-carrying conductor,
generating a transverse current, dubbed (ordinary) Hall effect [60], as illustrated in
Fig. 3.7(a). Later, he discovered that this effect is ten times larger in ferromagnetic iron than
in non-magnetic conductors [61]. This result was explained by the simultaneous presence
of the already discovered (ordinary) Hall effect, alongside an additional contribution,
dubbed “anomalous Hall effect" and the following empirical relation was later introduced
to describe the resistivity that governs the effect:

ρxy = R0Hz +RsMz, (3.77)

with R0, Rs and Hz being an independent of material constant, a material dependent
constant and the magnetic field respectively.
Interestingly, the Hall resistivities of magnetic and non-magnetic materials, exhibit a

drastically discrepant behavior, as shown in Fig. 3.6. On the one hand, in non magnetic con-
ductors the Hall resistivity increases linearly with the applied magnetic field, as expected
from the Lorentz force. On the other hand, for magnetic conductors, a steep increase is
observed for small magnetic fields, followed by an almost constant value regardless of the
magnetic field for large values of magnetic field.

Figure 3.6.: (a) Ordinary Hall effect (b) Anomalous Hall effect. Source:
[arXiv:1508.02967]

The anomalous Hall effect [136], being the transverse Hall voltage obtained by the
transverse velocity electrons acquire can be understood by considering a ferromagnet,
in which there is an imbalance of spin-up and spin-down electrons. In this ferromagnet,
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the application of an electric field creates a potential difference that forces electrons to
move parallel to the direction of the electric field, generating a longitudinal current. In
addition to this, a transverse spin polarized charge current (charge current and spin
current) is observed, as illustrated in Fig. 3.7(b), originating from spin orbit coupling
mechanisms where the role of the external magnetic field is played by the Berry curvature.
In other words, the anomalous Hall effect can be viewed as the generation of a transverse
spin-polarized current in response to an applied longitudinal electric field.
The spin orbit coupling dependent mechanisms leading to the transverse generation of

the spin polarized charge current are classified in two categories, namely intrinsic and
extrinsic. On the one hand, the intrinsic contribution is only dependent on the Berry
curvature [84, 136]. On the other hand, the extrinsic are further divided in skew scattering
and side jump contributions. One can think of the skew scattering as an effective field
gradient that causes force towards or away from the scattering plane, depending on the
spin direction and the side-jump as an effective displacement due to spin dependent
acceleration and deceleration. Further analysis of the extrinsic contributions is outside of
the scopes of this work and the interested reader can findmore information in the following
literature [136, 190, 11]. From now on, with the term anomalous Hall conductivity, we
exclusively refer to the intrinsic part.

Figure 3.7.: Illustration of (a) Ordinary Hall effect (b) anomalous Hall effect

From all the above discussion it becomes clear that the role of spin orbit coupling is
critical in the mechanisms generating the anomalous Hall effect. One can argue though
that an additional mechanism that is not dependent on spin orbit coupling, may give
rise to finite Hall effect in ferromagnets having topologically nontrivial spin texture, such
as skyrmions and pyrochlore ferromagnet with geometrically frustrated lattice structure.
This effect is solely originating from Berry phase acquired by an electron moving in a
smoothly varying magnetization and has been dubbed “topological Hall effect" [20] and
has been reported, among others, in MnSi [140, 108], MnGe [82], FeGe [237, 72].
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The intrinsic contribution to the anomalous Hall conductivity is given by:

σintij = e2h̄
∑︂
n̸=m

�
dk

(2π)3
[︁
f (ϵn (k))− f (ϵm (k))

]︁
Im

⟨unk|vi (k) |umk⟩ ⟨umk|vj (k) |unk⟩[︁
ϵn (k)− ϵm (k)

]︁2 ,

(3.78)
with u, f and ϵ being the state, the Fermi-Dirac distribution and the energy band of
occupied (n) and empty (m) states respectively and v the anomalous velocity given by:

v (k) =
1

h̄
∇kH (k) . (3.79)

What makes Eq. 3.78 special is its connection to the topological properties of Bloch
states [80, 148] and more specifically proportional to the integration of the Berry curvature
over the Fermi sea [59, 220], expressed by:

⟨unk|∇k|umk⟩ =
⟨unk|∇kH (k) |umk⟩
ϵm (k)− ϵn (k)

. (3.80)

Combining Eq. 3.78, Eq. 3.79 and Eq. 3.80, we extract the final expression used for our
calculations that reads:

σij = −ϵijl
e2

h̄

∑︂
n

�
dk

(2π)d
f (ϵn (k)) Ω

l
n (k)

Ωn (k) = ∇k ×An (k)

An (k) = i ⟨unk|∇k|unk⟩ ,

(3.81)

where Ω (k) and An (k) being the Berry curvature and the Berry connection defined in
Eq. 3.28 and Eq. 3.45 respectively, demonstrating the topological nature of the anomalous
Hall effect. Since the units of Berry curvature in three dimensions are “length2", we extract
that the anomalous Hall conductivity is given in units of Ω−1cm−1 = S/cm.
Since the anomalous Hall effect is linked to ferromagnetic materials, the term “spon-

taneous Hall effect" is used in some articles to describe the transverse current obtained
from the transverse velocity that electrons acquire in the absence of external magnetic
fields in ferromagnetic and antiferromagnetic materials.

3.9. Anomalous Nernst effect

In complete analogy to the anomalous Hall effect, its thermoelectric counterpart, the
anomalous Nernst effect [139, 228], being the generation of a transverse spin-polarized
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current in response to an applied thermal gradient, as illustrated in Fig. 3.8 can be
defined [172]:

αij =
1

e

�
dϵ
∂f

∂µ
σij (ϵ)

ϵ− µ

T
, (3.82)

with σij , e, f , µ and T being the anomalous Hall conductivity at T = 0, the electron
charge, the Fermi-Dirac distribution function, the chemical potential and the temperature
respectively. At low temperatures, the above relation reduces to Mott relation:

αij (ϵ) =
π2

3

k2BT

e
σ

′
ij (ϵF ) , (3.83)

with kB, ϵF and σ
′ being the Boltzmann’s constant, the Fermi energy and derivative of

the anomalous Hall conductivity with respect to the energy respectively.

Figure 3.8.: Illustration of Anomalous Nernst effect

3.10. Computational techniques

Having discussed about the nature of the anomalous Hall and Nernst effects and their
dependence on the Weyl nodes, nodal lines and avoided crossing sections, we are ready
to deal with their computational challenges. As we have seen, the anomalous Hall conduc-
tivity is dependent on the Berry curvature, which is given by Ωn (k) = ∇k ×An (k), that
can be written as a second-rank antisymmetric tensor as:
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Ωn,γ (k) = ϵαβγΩn,αβ (k)

Ωn,αβ (k) = −2Im ⟨∂unk
∂kα

|∂unk
∂kβ

⟩ ,
(3.84)

with ϵαβγ being the Levi-Civita tensor. Recently, following the increased demand for
accurate, fast and large scale calculations, several codes, written in different programming
languages, that can compute the anomalous Hall conductivity were released, with the
most famous being “Wannier90" [133], “Wanniertools" [226] and “Wannierberri" [207].
In the following we briefly discuss two of the most famous methodologies of evaluating
Berry curvature, namely Kubo formula and Wannier interpolation.

Kubo formula
The simplest way to evaluate Berry curvature is to directly use Eq. 3.84. The presence
of the derivatives in k-space however poses some difficulties which are circumvented
by replacing the derivatives by sums over states [104, 205], getting the so-called Kubo
formula:

Ωn,αβ (k) = −2Im
∑︂
m̸=n

unm,α (k)umn,β (k)

[ωm (k)− ωn (k)]2

ωn (k) =
ϵnk
h̄

unm,α (k) =
1

h̄
⟨unk|

∂H (k)

∂kα
|unk⟩ .

(3.85)

Due to the fact that the Berry curvature is enhanced at the vicinity of Weyl nodes, nodal
lines and avoided crossing areas, monopole behavior is expected close to these areas.
As a consequence, a high number of computationally expensive ab-initio calculations
to evaluate the Berry curvature on a dense grid is required to guarantee convergence.
Despite the tremendous computational effort required, the anomalous Hall conductivity
of Fe,NixPd1−x, bcc Fe and SrRuO3 have been calculated by Lowitzer et al. [116], Yao et
al. [235] and Fang et al. [35] respectively.

Wannier interpolation
Since the computational effort of the Kubo formula method is enormous, an alternative
technique that allows faster calculations is desired. Themethod relies onWannier functions,
discussed in a previous sections, and it is called Wannier interpolation. In this section, we
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shall discuss the method in the anomalous hall conductivity context, even though its use
is more extended.
The idea of Wannier interpolation is to obtain the Berry curvature (hence anomalous

Hall conductivity) on a dense k grid using Wannier functions, based on first-principles
calculations of energy and wavefunctions on a coarse grid q. Since the Wannier functions
are defined as the Fourier transform of the Bloch states, based on Eq. 3.53, we can obtain
the Bloch states, in the Wannier gauge, by using the inverse Fourier transform:

|ψ(W )
nk ⟩ =

∑︂
R

e−ik·(r−R) |wnR⟩ , (3.86)

where the superscript W corresponds to the Wannier gauge. The form of Eq. 3.86 is
the same as the tight binding Bloch formula, demonstrating that the Wannier functions
can play the role of atomic orbitals in the tight-binding theory. The Hamiltonian matrix
elements of the Bloch states are then obtained by:

H(W )
nm (k) =

∑︂
R

eik·R ⟨wn0|H|wmR⟩ , (3.87)

which are diagonalized by:

[U † (k)H(W ) (k)U (k)]nm = ϵnkδnm, (3.88)
where U is a rotation matrix, to obtain the energy eigenvalues. A graphical illustration of
the procedure is provided in Fig. 3.9.

Figure 3.9.: Wannier interpolation technique
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The wannier interpolated Bloch eigenstates are represented by rotating the Bloch states
with the same matrix that diagonalized the Hamiltonian, according to:

|ψn⟩ =
∑︂
j

|ψ(W )
j ⟩Ujn. (3.89)

Expressing the Berry curvature in terms of the Bloch functions, we obtain:

Ωn = −Im ⟨∇kun| × |∇kun⟩ . (3.90)

The ingredient needed to compute the Berry curvature is the k-derivative of the Bloch
wavefunction that can be written as:

|∇kun⟩ =
∑︂
m

|um⟩Dmn +
∑︂
j

|∇ku
(W )
j ⟩Ujn, (3.91)

with D matrix being equal to:

Dnm =
[U † (︁∇kH

(W )
)︁
U ]nm

ϵm − ϵn
. (3.92)

Combining Eq. 3.90 and Eq. 3.91 allows us to express the Berry curvature in terms of D
matrix, which is indeed the interpolated Berry curvature. More detailed description of
the method is found in Refs [219, 115].

3.11. Symmetry analysis

An immediate observation is that the anomalous Hall and Nernst conductivities, given by
Eq. 3.78 and Eq. 3.82 respectively, explicitly depend on Berry curvature. As a consequence,
determining the behavior of Berry curvature in the Brillouin zone will reveal the presence
(or absence) of anomalous Hall and Nernst conductivities. Next, we discuss in detail how
the Berry curvature transforms under each symmetry operation.
The Berry curvature behaves as a pseudovector under any symmetry operation and

its basic spatial and directional transformations are illustrated in Fig. 3.10. Firstly, it is
noted that the length of the pseudovector remains unchanged under the application of
any symmetry operation. Unlike its length, the direction depends on the nature of the
symmetry operation and it is further discussed below. As shown in Fig. 3.10, the identity
(part a) and the spatial inversion (part b) have no impact to the orientation of the Berry
curvature pseudovector, while the mirror planes (part c), the rotation axes (part e), the
roto-inversions (part f) and the time reversal (part d) operators do have.
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In order to elucidate the direction change of the Berry curvature pseudovector under
the underlying symmetry operations, we create Fig.3.10(c-e). For a mirror plane, the
component of the pseudovector which is parallel to the plane is flipped, whereas the
perpendicular component remains unchanged (see part c). As for the rotation axis, it
rotates in such a way that the vector always remains tangential to the circular plane with
normal the rotation axis (see part e). Finally, in order to visualize the impact of the time
reversal symmetry, we associate a current to each pseudovector flowing circularly on the
plane that has normal the pseudovector, with its direction being determined by the right
hand rule, as illustrated in part d. Therefore, the time reversal operator flips the direction
of the current and hence the direction of the pseudovector. As it becomes clear though,
time reversal is never by itself a symmetry of any magnetic system.

Figure 3.10.: Spatial and directional transformation of pseudovectors (arrows) under the
application of identity (a) inversion (b) mirror plane (c) time reversal (d)

rotation (e) and roto-inversion (f) operators. Black arrows correspond to the
initial spatial positions whereas red (or blue) to the final positions of the

respective symmetry operator

In general, it is possible, using the linear response theory presented in Ref. [180], to
express mathematically the transformations of the Berry curvature pseudovector for an
arbitrary symmetry operation. Considering the Berry curvature as a pseudovector with
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coordinates Ω = (Ωx,Ωy,Ωz), each symmetry operation will transform it based on the
formula:

sΩ (r) = det (D (R))D (R)Ω
(︁
s−1r

)︁
, (3.93)

withΩ being the Berry curvature,D denoting the three-dimensional matrix representation
of a symmetry operation without the translation part and s an arbitrary symmetry opera-
tion. Tab. 3.2 presents the most common symmetry operations, their three-dimensional
matrix representations and the resulting Berry curvature transformations. Since the mag-
netic Laue group of a compound governs its reciprocal lattice symmetries, the shape of the
anomalous Hall and Nernst conductivities tensors will be determined by the symmetries
of the magnetic Laue group.

A quick look at the Berry curvature transformations of Tab. 3.2 reveals the first obvi-
ous condition of vanishing anomalous Hall effect. Since the Berry curvature under the
application of T (time reversal symmetry) transforms according to Ωn (k) = −Ωn (−k),
it is obvious that the resulting anomalous Hall effect must vanish. This observation is
understood from the fact that the anomalous Hall conductivity is proportional to the sum
of Berry curvature in the whole Brillouin zone hence summing up Ωn (k) with −Ωn (k)
gives rise to the vanishing result.

Another condition that forces Berry curvature to be zero is the combination of P and T .
In this case the Berry curvature is transformed under the application of the P according
to Ωn (k) = Ωn (−k). Hence, it becomes clear that for a system that preserves PT (both
inversion and time reversal), the Berry curvature must obey Ωn (−k) = −Ωn (−k). This
condition is valid only if Ωn (−k) = 0 hence the Berry curvature is forced to vanish, giving
rise to zero anomalous Hall conductivity.
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Table 3.2.: Transformation of the Berry curvature pseudovector under the application of
the most common symmetry operations. 1 (unity operator), P = −1 (spatial
inversion), 2001 (2-fold rotation axis along z-direction),m001 (mirror plane with
normal parallel to z-direction), −4+001 (4-fold counter clockwise rotoinversion
along z-direction), T = 1′ (time reversal)

Number Symmetry Matrix Representation Berry Curvature

1 1

⎛⎝1 0 0
0 1 0
0 0 1

⎞⎠ Ωx
(︁
kx, ky, kz

)︁
= Ωx

(︁
kx, ky, kz

)︁
Ωy

(︁
kx, ky, kz

)︁
= Ωy

(︁
kx, ky, kz

)︁
Ωz

(︁
kx, ky, kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
2 −1

⎛⎝−1 0 0
0 −1 0
0 0 −1

⎞⎠ Ωx
(︁
−kx,−ky,−kz

)︁
= Ωx

(︁
kx, ky, kz

)︁
Ωy

(︁
−kx,−ky,−kz

)︁
= Ωy

(︁
kx, ky, kz

)︁
Ωz

(︁
−kx,−ky,−kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
3 2001

⎛⎝−1 0 0
0 −1 0
0 0 1

⎞⎠ Ωx
(︁
−kx,−ky, kz

)︁
= −Ωx

(︁
kx, ky, kz

)︁
Ωy

(︁
−kx,−ky, kz

)︁
= −Ωy

(︁
kx, ky, kz

)︁
Ωz

(︁
−kx,−ky, kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
4 m001

⎛⎝1 0 0
0 1 0
0 0 −1

⎞⎠ Ωx
(︁
kx, ky,−kz

)︁
= −Ωx

(︁
kx, ky, kz

)︁
Ωy

(︁
kx, ky,−kz

)︁
= −Ωy

(︁
kx, ky, kz

)︁
Ωz

(︁
kx, ky,−kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
5 −4+001

⎛⎝ 0 1 0
−1 0 0
0 0 −1

⎞⎠ Ωx
(︁
ky,−kx,−kz

)︁
= Ωy

(︁
kx, ky, kz

)︁
Ωy

(︁
ky,−kx,−kz

)︁
= Ωx

(︁
kx, ky, kz

)︁
Ωz

(︁
ky,−kx,−kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
6 1′

⎛⎝1 0 0
0 1 0
0 0 1

⎞⎠ Ωx
(︁
−kx,−ky,−kz

)︁
= −Ωx

(︁
kx, ky, kz

)︁
Ωy

(︁
−kx,−ky,−kz

)︁
= −Ωy

(︁
kx, ky, kz

)︁
Ωz

(︁
−kx,−ky,−kz

)︁
= −Ωz

(︁
kx, ky, kz

)︁

So far the role of spin orbit coupling has been of significant importance to the presence of
finite anomalous Hall and Nernst conductivies. In an inspiring work by Suzuki et al. [198],
it is argued that for a general magnetic structure, the combined RST symmetry (effective
T-symmetry, combination of spin rotation and time reversal) must be broken in order to
observe finite anomalous Hall conductivity. Even though the spin orbit coupling is necessary
to break RST in coplanar magnetic orientations, it is not required in non-coplanar cases.
This result demonstrates the presence of finite anomalous Hall conductivities in certain
magnetic structures without spin orbit coupling.

3.12. Materials

The anomalous Hall effect has been theoretically calculated and experimentally measured
in many different types of materials. Below we discuss several classes of compounds
that anomalous Hall effect was measured or calculated and highlight the most promising
compounds.
As previously discussed, the anomalous Hall effect is proportional to the Berry curvature

and since it behaves as a pseudovector under any symmetry operation, we can extract
that the presence of T by itself or the combined presence of P and T symmetries force
its cancellation. As a consequence, in order to realize the anomalous Hall effect besides
the presence of magnetic ordering, T and the combined PT symmetries should not be
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present.

• Non magnetic materials
Since the anomalous Hall effect is coupled to the magnetic ordering, it becomes
clear that nonmagnetic materials do not exhibit anomalous Hall conductivity values.
It is noted that anomalous Hall signals have been measured in ZrTe5 [109] and
KV3Sb5 [233] that are centrosymmetric nonmagnetic material, however, this non-
spontaneous Hall signal requires the application of an external magnetic field hence
it does not belong to the same category.

• Magnetic materials
The presence of magnetic ordering breaks T hence non-vanishing anomalous Hall
conductivities are in principle allowed in magnetic materials

– Ferromagnets
The largest reported value of roughly 2000 S/cm was calculated for Fe [235]
followed by Co3Sn2S2 [112, 48]. Finite values ave been calculated in many
other compounds including HgCr2Se4 [232], XPt3 with X=(V,Cr,Mn) [123],
Fe3GeTe2 [85], Co2MnGa [49, 9, 171, 145, 117] and Fe2MnX with X=(P, As,
Sb) [147]. Recently though accurate high-throughput techniques allowed large
scale calculations, as a result the anomalous Hall conductivity was calculated
in several classes of materials such as antiperovskites [184], Fe-based binary
ferromagnets [172], itinerant ferromagnets [130] and Heuslers [146, 100, 122]
in an attempt to find promising compounds. Regarding the anomalous Nernst
conductivity, non-zero values have been calculated for several compounds such
as Co3Sn2S2 [233], CuCr2Se4−xBrx [103], Fe3O4 [166], MnSi [69], FePt, Co,
Fe [224], Co2MnGa [168] and many others [64, 130].

– Antiferromagnets
Even though the anomalous Hall effect (and anomalous Nernst effect) was
initially linked to the ferromagnets, the symmetry conditions discussed in a
previous section do not forbid its presence in antiferromagnets.
∗ Collinear
Even though it was originally believed that the anomalous Hall effect
cannot appear in collinear antiferromagnets, recent studies demonstrated
the presence of the so called “crystal Hall effect" in certain magnetic point
groups [189]. Further analysis is outside of the scopes of this work.

∗ Non-collinear
Chen et al were the first to calculate finite anomalous Hall conductivity
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Table 3.3.: Most notable compounds with large anomalous Hall conductivity
Compound Magnetic ordering AHC (S/cm) Reference
Rh2MnGa Collinear ferromagnet −1862 [146]
Rh2MnAl Collinear ferromagnet −1723 [146]
Co2MnAl Collinear ferromagnet −1631 [146]
Co2VSn Collinear ferromagnet −1489 [100]
Co3Sn2S2 Collinear ferromagnet 1130 [112, 48]
Mn3PtN Non-collinear antiferromagnet 799 [74]
Mn3GeN Non-collinear antiferromagnet −624 [74]
Mn3IrN Non-collinear antiferromagnet −575 [74]
Mn3Ge Non-collinear antiferromagnet −298 [242]
Mn3Rh Non-collinear antiferromagnet −284 [242]

Table 3.4.: Most notable compounds with large anomalous Nernst conductivity
Compound Magnetic ordering ANC (A/mK) Reference
Co3PtN Collinear ferromagnet 6.27 [184]
Co2MnGa Collinear ferromagnet −5.00 [146]
Ru2FeP Collinear ferromagnet −4.23 [146]
Ru2FeAs Collinear ferromagnet −4.07 [146]
Fe2MnSb Collinear ferromagnet −4.00 [146]
YbMnBi2 Non-collinear antiferromagnet 10.0 [152]
Mn3NiN Non-collinear antiferromagnet 2.00 [248]
Mn3Sn Non-collinear antiferromagnet −1.16 [51]
Mn3Ge Non-collinear antiferromagnet −1.18 [51]

in Mn3Ir [27] and after this achievement many others compounds have
followed, including the rest of the members of the Mn3X family with
X=(Sn, Ge, Ga, Rh, Pt) [195, 101, 138, 51, 87, 242], the Mn3XN family
with (X=Ag, Au, Co, Ga, Hg, In, Ir, Ni, Pd, Pt, Rh, Zn) [74, 186, 13, 54,
248, 249, 137], and the Cr3XN family with X=(Ir, Pt, Rh) [186]. The
anomalous Hall conductivity was also in calculated in isolated compounds
including Mn5Si3 [197, 196], Pr2Ir2O7 [120, 211], and Nd2Mo2O7 [200].
Regarding the anomalous Nernst conductivity, the obtained values for Mn3X
family [76, 107, 51, 51] are in principle smaller than their ferromagnetic
counterparts, however very recently, a giant value has been reported for
YbMnBi2 [152].

The most notable anomalous Hall and Nernst conductivity values are presented in
Tab. 3.3 and Tab. 3.4 respectively. It is noted that further details related to the magnetic
structure and the temperature the Nernst conductivity was calculated can be found within
the corresponding literature.

3.13. Applications

Conventional thermoelectric devices are based on the Seebeck effect (see Fig. 3.11(a))
which is the generation of a longitudinal electric current in response to an applied longitu-
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dinal thermal gradient. In reality, two (semi-)conductors (one of type n and one of type p)
with different Seebeck coefficients are electrically connected, as shown in Fig. 3.11(b) [46],
and a thermal gradient is applied from the one side of the thermocouple. The electron flow
from the n to the p type (semi-)conductor generates the electric Seebeck current. Since
the generated current from one pillar is small, the Seebeck module in real applications
consists of multiple thermocouples that are connected in series to increase the Seebeck
voltage, as shown in Fig. 3.11(c). The longitudinal nature of the Seebeck effect however
requires thick and high enough conductors, imposing limitations to the construction of
the module since it increases the size of the device along the thermal gradient direction
and hampers its flexibility and durability.
An alternative module, utilizing the anomalous Nernst effect instead, can be constructed

as illustrated in Fig. 3.11(d). The main advantage originates from the transverse geom-
etry of the anomalous Nernst effect that allows to enlarge the thermoelectric output by
elongating the total length of the wire, without increasing the height along the thermal
gradient direction [131, 174]. As a consequence, more durable and flexible generators
are possible. A particular example of utilizing anomalous Nernst effect module features is
the construction of a coil-shaped generator [234] and of a flexible heat flux sensor [246].
Despite the remarkable progress in search of materials with large anomalous Nernst con-
ductivities, the current record at room temperature is smaller than 10 A/mK, rendering
the newly proposed module to have 1-2 orders of magnitude smaller thermopower than
the conventional Seebeck module [210]. Therefore novel approaches of using this module
in combination with searching new materials with even largee anomalous Nernst values
could in principle be beneficial for future thermoelectric applications.
Since applications of transverse thermoelectric generation require a thermopower of

at least 20µV/K [173], an attempt to increase the thermopower by proposing a new
module named Seebeck-driven transverse thermoelectric generation (STTG) [247] has
been proposed. In short, a thermoelectric (TE) and a ferromagnetic (FM) material are
electrically connected and a thermal gradient is applied, as illustrated in Fig. 3.11(e). As
we have already discussed the presence of the thermal gradient generates a longitudinal
Seebeck current in the TE material that in turns generates a transverse anomalous Hall
current, due to the anomalous Hall effect, when passing through the FM material. The
effective thermopower of this module is larger than the one of anomalous Nernst effect
module and suggests that materials with large values of anomalous Hall conductivities are
useful for thermoelectric conversion [210, 127].
Since the use of thermoelectric modules provide green energy technology without

production of hazardous for the environment wastes and contain no moving parts, they
are used in several applications, some notable of which include, portable camping stoves,
jet engines, pavements, oil and gas pipelines, space exploration and automobile [52, 65,
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Figure 3.11.: (a) Schematic illustration of Seebeck effect (b) Seebeck thermopile (c)
Seebeck thermoelectric module (d) Anomalous Nernst thermoelectric

module (e) Seebeck-driven transverse thermoelectric generation (STTG)

241, 25]. Despite the advantages of the new modules, the current figure of merit is still
low [209] compared to the conventional one and therefore more research to the field is
required.
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4. Topological properties of non-collinear
antiferromagnets

The term Perovskites includes all ceramics with the generalized formula M3AB with M
denoting non metallic anions whereas A and B atoms being metallic cations. Reversing
the positions of anions with that of cations in the arrangement leads to the antiperovskite
structure that is illustrated in Fig. 4.1. Both perovskites and antiperovskite have cubic crys-
tal structures belonging to the Pm3̄m (221) space group. Antiperovskite materials have
attracted attention due to their interesting properties and applications including supercon-
ductivity [149, 225], negative thermal expansion [202, 53, 71], magnetostriction [182],
barocaloric [181], thermoelectric [110], solid state batteries [245] among others. For
instance, the first oxygen-free superconductor is the antiperovskite Ni3MgC [66]. Man-
ganese based antiperovskites form an interesting subclass of magnetic antiperovskites with
interesting properties [206] such as piezomagnetism [239] and magnetostriction [185]
and magnetoresistance [81]. Additionally they offer a great variety of magnetic configura-
tions and transitions [40] that motivated me to investigate the tunability of their transport
properties.

Figure 4.1.: Antiperovskite structure
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Figure 4.2.: (a) Γ4g magnetic configuration of Mn3NiN (b) View from (111)-plane

In this chapter, the anomalous Hall and Nernst conductivities of the non-collinear anti-
ferromagnetic antiperovskites Mn3NiN and Mn3GaN are calculated and their dependence
on applied biaxial strain and magnetization direction rotations is investigated. A complete
methodology of obtaining the shape of the anomalous Hall/Nernst conductivity tensors
based on the symmetries of the magnetic point group of the compound is provided. My
results further demonstrate that the Weyl nodes and nodal lines located in the proximity
of the Fermi energy significantly contribute to the calculated anomalous Hall and Nernst
conductivities and they can be further tuned by means of external stimuli in order to
further enhance their topological properties. The current chapter is based on Ref. [175]
and Ref. [13].

4.1. Magnetic configurations

Mn3NiN
The magnetic ground state configuration of Mn3NiN is found to be of Γ4g-type. Explicit
DFT calculations reveal a smaller than Mn3GaN magnetocrystalline anisotropy energy
with the Γ4g state lying 0.15meV below the Γ5g, in agreement with literature [186]. The
magnetic moments in the Γ4g state exclusively originate from Mn atoms and lie on the
(111)-plane (see Fig. 4.2(a)), facing towards the N atom (see Fig. 4.2(b)). The small
magnetocrystalline anisotropy energy allows easy rotation of the magnetic moments on
the (111)-plane.

Mn3GaN
In contrast to the Γ4g-type non-collinear antiperovskite Mn3NiN, the ground state of
Mn3GaN is of Γ5g-type. In this magnetic configuration the magnetic moments originate
exclusively from Mn atoms and lie on the (111)-plane (see Fig. 4.3(a)) facing the adjacent
Mn atom (see Fig. 4.3(b)). My results compare the energies of Γ5g, Γ4g, ferromagnetic,
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Figure 4.3.: (a) Γ5g magnetic configuration of Mn3GaN (b) View from (111)-plane

in-(111)-plane rotation and out-of-(111)-plane tilting configurations. It is found that
the Γ5g is the ground state being 0.5meV lower than the Γ4g and 0.11eV lower than
the ferromagnetic, in agreement with literature [186]. Moreover, it is noticed that the
magnetocrystalline anisotropy within the (111)-plane of Mn3GaN is larger than that of
Mn3NiN, which can be attributed to the larger spin orbit coupling of Ga atoms compared
to the spin orbit coupling of Ni atoms. Additionally, it is noted that the energy of in-
(111)-plane rotation of the magnetic moments, that follows a typical sinusoidal behaviour,
is energetically more favorable than the out of-(111)-plane tilting, as considered for
Mn3Ir [27]. Specifically, an energy lift of 1.1 meV is required for a 2◦ out of (111)-plane
tilt.

4.2. Symmetry analysis

The presence of spin orbit coupling in combination with the symmetry of the magnetic
configuration describes the shape of the anomalous Hall conductivity tensor for Mn3NiN
and Mn3GaN. The dependence of the spin orbit coupling is analyzed first. In an inspiring
work by Suzuki et al [198], the role of RST symmetry (combination of spin rotation
RS and time reversal T ) is discussed. Specifically it is noted that for any magnetic
configuration that is invariant under the RST symmetry, the anomalous Hall effect is
forced to vanish. This happens because the Berry curvature transforms according to
Ωa (kx, ky, kz) = −Ωa (kx, ky, kz)making sum of the Berry curvature zero after integrating
over the whole Brillouin zone. The absence of spin orbit coupling does not break RST
symmetry and forces the topological Hall effect to vanish. My results verify the the validity
of the RST rule demonstrating zero topological Hall effect for any angle of rotation within
the (111)-plane, as shown in Fig. 4.4(b).
The presence of spin orbit coupling breaks the RST symmetry therefore further analysis

of the symmetries of the underlying system is required. The absence of T and PT are
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necessary but not sufficient conditions for finite anomalous Hall conductivity. Since
the anomalous Hall conductivity is proportional to the Berry curvature, the symmetry
transformations of the latter determined the former. As already discussed, Berry curvature
behaves as a pseudovector and transforms under any symmetry operation according to
Eq. 3.93. For the Γ5g state with magnetic space group R3̄m (166.97) and corresponding
magnetic point group (3̄m), the presence of M11̄0 mirror plane transforms the Berry
curvature according to:

Ωx (kx, ky, kz) = Ωx (−ky,−kx,−kz)
Ωy (kx, ky, kz) = Ωy (−ky,−kx,−kz)
Ωz (kx, ky, kz) = −Ωz (−ky,−kx,−kz) ,

(4.1)

leading to vanishing z-component of anomalous Hall conductivity after integrating over the
whole Brillouin zone. Similar conditions from the symmetry equivalent planesM1̄01 and
M011̄ imply the vanishing x and y components. In contrast, for Γ4g and strain-distorted-Γ4g

configurations, the magnetic space group changes to R3̄m′ (166.101) (magnetic point
group 3̄m′) and C2′/m′ (12.62) (magnetic point group 2′/m′) respectively, there are no
symmetries imposing vanishing conditions to the Berry curvature, therefore the anomalous
Hall effect is allowed to exhibit finite values. Similarly, for magnetic configurations
deviating from Γ5g by a finite angle, the magnetic space group becomes R3̄ (148.17)
(magnetic point group 3̄) and there is also no symmetry operation which prohibits finite
anomalous Hall conductivity. Finally, for distorted-Γ5g configurations, the magnetic space
group changes to C2/m (12.58) (magnetic point group 2/m) and therefore only theM11̄0

remains that forces the z-component to vanish, while leaves x and y unrestricted.

The results based on the symmetry analysis are fully consistent with our numerical
values of anomalous Hall conductivity which is further confirmed by explicitly constructed
conductivity tensors following Ref. [111] for the magnetic space groups. The form of the
anomalous Hall conductivity tensor for all the above mentioned magnetic configurations
are shown in Tab. 4.1.

It is noted that the anomalous Hall conductivity tensor depends on the geometry of
the measurements. The symmetry analysis of the magnetic point group of the underlying
magnetic configurations uses the Cartesian basis a||

[︁
100
]︁
, b||
[︁
010
]︁
and c||

[︁
001
]︁
. However,

a change of the basis will affect the vanishing conditions hence extra care is required.
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Table 4.1.: Anomalous Hall conductivity tensor for different magnetic configurations. The
symbols as well as the numbers of the magnetic space groups correspond to
the Belov-Neronova-Smirnova (BNS) settings

Magnetic Magnetic Anomalous Hall
configuration space group conductivity tensor

Γ5g R3̄m (166.97)

⎡⎣ 0 0 0
0 0 0
0 0 0

⎤⎦
Γ4g R3̄m′ (166.101)

⎡⎣ 0 σxy −σxy
−σxy 0 σxy
σxy −σxy 0

⎤⎦
θ ̸= 0, 90 R3̄ (148.17)

⎡⎣ 0 σxy −σxy
−σxy 0 σxy
σxy −σxy 0

⎤⎦
Distorted Γ5g C2/m (12.58)

⎡⎣ 0 0 −σzx
0 0 −σzx

σzx σzx 0

⎤⎦
Distorted Γ4g C2′/m′ (12.62)

⎡⎣ 0 σxy −σzx
−σxy 0 σzx
σzx −σzx 0

⎤⎦

4.3. Magnetization induced anomalous Hall/Nernst
conductivities

The possibility of tuning the anomalous Hall and Nernst conductivities by rotating the
magnetization direction on the (111)-plane, as shown in Fig. 4.4(a), is investigated.
Despite the small energy difference between the Γ5g and the Γ4g magnetic states, the
behaviour of the corresponding anomalous Hall conductivity is very distinct. Fig. 4.4(b)
shows the calculated anomalous Hall conductivity for several angles of rotation θ, starting
from the Γ5g state that corresponds to θ = 0. First of all, it is noted that all components of
the anomalous Hall conductivity (σx/y/z) exhibit a sinusoidal behaviour with a maximum
absolute value of 62S/cm that corresponds to the Γ4g state. Additionally, the magnitude
of the absolute value of the anomalous Hall conductivity is symmetric in respect to the
x = 180 line, meaning that configurations that correspond to angles having the same
distance from θ = 180◦ (for example θ = 150◦ and θ = 210◦) are forced to exhibit
the same absolute value anomalous Hall effect, regulated by symmetry, according to:
σ(M) = −σ(−M). My results verify that increasing the absolute value of the anomalous
Hall conductivity from 0 to 62S/cm by means of in plane rotation of the magnetic moments
is possible in Mn3GaN, similar results are obtained for Mn3Ir [27].
Similarly to the anomalous Hall, the anomalous Nernst coefficient is also tunable by

rotating the magnetization direction. Since the anomalous Nernst coefficient is expressed
as the energy derivative of the anomalous Hall conductivity dσidϵ , based on Mott relation [2],
it is straightforward to calculate it for several magnetization directions. It is observed that
the magnitude of the anomalous Nernst coefficient follows a sinusoidal behaviour, being
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Figure 4.4.: Mn3GaN: (a) Crystal structure and magnetic configurations for in-plane
rotation of Mn magnetic moments. Red arrows correspond to angle θ = 0,
whereas black to θ = 90. (b) Anomalous Hall conductivity and its energy

derivative for different in-plane rotation angles θ of Mn magnetic moments

zero at Γ5g state (θ = 0) and exhibiting its maximum value of ≈ −500 S
cm·eV at the Γ4g

state, as illustrated in Fig. 4.4(b). The maximum value of ≈ −500 S
cm·eV , found for the Γ4g

state, is very comparable to the value of −527 S
cm·eV , calculated for Mn3Sn in Ref. [51],

indicating that tunable anomalous Nernst coefficients by means of in plane rotation of
magnetic moments is doable in Mn3GaN. Further enhancement of the anomalous Nernst
coefficient is possible by means of doping and values of the order of ≈ 9000 S

cm·eV are
expected.

A change of basis modifies the calculated anomalous Hall conductivity values. The
calculated anomalous Hall conductivity for the Γ4g magnetic configuration allows finite
values in all three components. It will be beneficial however to have an alternative basis
in which only one component is finite and the rest are forced to vanish. This is achieved
by using the so-called hexagonal geometry, i.e., a||

[︁
11̄0
]︁
, b||
[︁
101̄
]︁
and c||

[︁
111
]︁
. My results

verify the presence of one non vanishing component when the magnetic configuration is
deviated from the Γ5g. Specifically, the non vanishing component of the anomalous Hall
conductivity for the Γ4g state is calculated to be 102 S/cm, corresponding to

√
3 times the

σx/y/z in the Cartesian basis, being consistent with the value of 96.3 S/cm calculated in
Ref. [74].
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4.4. Strain induced anomalous Hall conductivities

An alternative to magnetization rotation mechanism to tune the anomalous Hall and Nernst
conductivities is the applied strain. Below, the tunability of these transport properties in
Mn3GaN and Mn3NiN is discussed.

Mn3GaN
Finite net magnetization is observed in the distorted Γ5g unit cell. In the unstrained
Γ5g magnetic configuration, the magnetic moments are explicitly originating from Mn
atoms, lie on the (111)-plane and face towards the adjacent Mn atom. As a result the net
magnetization is forced to be zero. Upon applied biaxial strain in the Γ5g configuration,
the net magnetization deviates from zero, as shown in Fig. 4.5(a). Specifically, it is found
that a value as large as -0.04 µB (0.03 µB) for c/a = 0.99 (c/a = 1.01) is obtained, being
consistent with previous studies, the results of which (≈ 0.04 µB) [118, 239, 240] match
my outcome. The finite value of net magnetization has its roots in the applied strain. By
distorting the unit cell, even though the local magnetic moments of all Mn atoms still lie
on the (111)-plane, it is observed that the magnitude of all local moments is altered and
additionally, the direction of magnetic moments of the atoms Mn2 and Mn3 are canted
inwards or outwards depending on the strain (compressive or tensile), forcing the net
magnetization to be finite (see inset of Fig. 4.5(c)).
Similarly, finite net magnetization is induced in the distorted Γ4g state. The application

of biaxial strain (either compressive or tensile) induces net magnetization with its values
being as large as ∓0.007 µB for c/a = 0.99 and c/a = 1.01 (see Fig. 4.5(b)), one order of
magnitude smaller than those induced in the Γ5g. These finite values occur due to the
canting of the local magnetic moments. As in the Γ5g case, when strain is applied, the
magnetic moments of all Mn atoms lie on the (111)-plane and have the same magnitude.
In contrast, there is a smaller tilt of the magnetic moments of Mn2 and Mn3 atoms which
is calculated at around -0.5◦ (0.5◦) for -1% (1%) strain, as illustrated in Fig. 4.5(d).
As previously discussed, magnetic space group symmetries determine the shape of

the anomalous Hall conductivity tensor. It is observed that the canting of the magnetic
moments in the Γ5g state alters the magnetic space group from R3̄m (166.97) to C2/m
(12.58) and that in the Γ4g state from R3̄m′ (166.101) to C2′/m′ (12.62). As a con-
sequence the new symmetries impose σz = 0 while the leave σx and σy unrestricted.
The calculated anomalous Hall conductivity for several values of compressive and tensile
strain and for both Γ5g and Γ4g magnetic configurations are illustrated in Fig, 4.5(c)
and Fig. 4.5(d) respectively. Interestingly, for the distorted Γ5g state, σx and σy are the
additive inverse of each other while for the distorted Γ4g state, σx and σy are identical.
My results are in complete agreement with the symmetry imposed form of the anomalous
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Hall conductivity tensor for the magnetic space groups C2/m and C2′/m′ as well as with
the ones for R3̄m and R3̄m′, reported in Ref. [54], all constructed using Ref [111] and
shown in Tab. 4.1. Since the applied strain alters the anomalous Hall conductivity in both
magnetic states, a change of 138 S/cm in the σx = σyz is observed as a response to an
applied strain of 3.5% for the Γ5g and a change of 60 S/cm for a compressive strain of 3.5%
in the Γ4g, it is suspected that significant anomalous Hall conductivities is universal for the
whole family of antiperovskites and also other materials systems, where piezomagnetic
effect is observed. [239]

Mn3NiN
In contrast to the relatively small anomalous Hall conductivity calculated for the Γ4g

state of Mn3GaN, Mn3NiN has a significantly larger value at its unstrained Γ4g state.
Specifically, a value around −170S/cm is calculated in its ground state, which is further
tuned to almost 300S/cm by applying compressive strain, as shown in Fig. 4.6(a). Since
the magnetic space group is independent of the compound, the same arguments for the
vanishing components hold in this case. Focusing on Fig. 4.6(b), it is noticed that a sharp
peak of the anomalous Hall conductivity is created and shifted in respect to the Fermi
energy by applying strain. This observation is particularly important because even though
it is not stable for applied compressive strains in Mn3NiN, its presence could potentially
lead to large anomalous Hall conductivity changes in other compounds.

4.5. Origin of anomalous Hall conductivity

In order to investigate the physical reason of the anomalous Hall conductivity peak and its
tunability, detailed analysis on the electronic structure was performed. Next we discuss
the origin of the peak in Mn3GaN and the same principles apply to Mn3NiN.
An interesting question to address is what is the origin of the anomalous Hall conductivity

peaks. Focusing on the 3.5% applied compressive biaxial strain, explicit band structure
analysis reveals the occurrence of Weyl nodes, located at (-0.02,0.02.-0.4996) (in the
k-space with the unit of 2π/a) (and symmetry equivalent). In order to calculate the
contribution of these Weyl nodes to the total value, a cube of acme 0.08 with the Weyl
point in its centre for each symmetry related Weyl node was constructed in the Brillouin
zone. Subsequently, the anomalous Hall conductivity was calculated for each of those
cubes, therefore the sum shows the contribution exclusively originating from the vicinity
of the Weyl nodes. Fig. 4.7 shows the calculated total anomalous Hall conductivity from
the whole Brillouin zone (solid lines) as well as the sum of the Weyl nodes contribution
(dot-dashed lines). My results demonstrate the Weyl nodes significantly contribute to
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Figure 4.5.: Mn3GaN: (a) Magnetic moments of Mn atoms in both Γ5g and Γ4g

configurations for different c/a values. (b) Net magnetization for different
c/a values for Γ5g and Γ4g configurations. (c) Anomalous Hall conductivity in
the Γ5g configuration for different c/a values. Configuration canting due to
strain is illustrated in the inset where the red arrows correspond to the initial
unstrained configuration whereas blue arrows correspond to compressive

and black arrows to tensile applied biaxial strain respectively. (d)
Anomalous Hall conductivity in the Γ4g configuration for different c/a values.
Configuration canting due to strain is illustrated in the inset where the red
arrows correspond to the initial unstrained configuration whereas blue
arrows correspond to compressive and black arrows to tensile applied

biaxial strain respectively
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Figure 4.6.: Mn3NiN, Γ4g: (a) Anomalous Hall conductivity at the Fermi energy as a
function of strain in Mn3NiN (b) Anomalous Hall conductivity as a function

of energy for different strain values.

the total value by being responsible for 68 S/cm out of 76 S/cm, as shown in Fig. 4.7.
Similarly, for the case of 3% applied strain, 95 S/cm out of 138 S/cm is originating from
the vicinity of the Weyl nodes.
Focusing on Fig. 4.7, it becomes clear that the applied strain tunes the energy position

of the anomalous Hall conductivity peak in respect to the Fermi energy. Specifically, the
position of the peaks moves from 0.075 eV above to 0.010 eV below the Fermi energy for
applied compressive strain between 1.0% and 3.5%. Detailed analysis reveals that the
same Weyl nodes are responsible for the enhanced value of anomalous Hall conductivity
for all values of applied strain and additionally their energy positions are matching the
energy positions of the peaks in relatively good agreement. Therefore, it is observed
that the energy position of the Weyl nodes are tuned due to the applied strain leading to
anomalous Hall contribution peaks which are also tuned in energy. The most significant
contribution the anomalous Hall conductivity at the Fermi energy is observed in 3.0% and
3.5% compressive strain where the position of the Weyl nodes are located 0.024 eV and
-0.014 eV in respect to the Fermi energy. For larger values of strain there is no contribution
to the anomalous Hall conductivity at the Fermi energy (from these specific Weyl nodes)
due to the large distance between the Weyl node and the Fermi energy. It is stressed that
my results witness that a difference of 0.024eV in energy between the Fermi level and
the Weyl point is enough to have significant contributions to the total anomalous Hall
conductivity in contrast to Ref. [74], according to which Weyl points located more than
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Figure 4.7.: The x-component of total (solid line) and Weyl point driven (dashed line)
anomalous Hall conductivity for different applied strain in Mn3GaN

0.001eV away from the Fermi level have negligible contribution to the total anomalous
Hall conductivity.
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5. Topological properties of ferromagnets

The anomalous Hall and Nernst conductivities of ferromagnetic compounds and their
dependence on applied biaxial strain, doping and magnetization direction changes were
investigated. Similar symmetry arguments to the non-collinear ferromagnets are extracted,
demonstrating the universality of the analysis. My results further demonstrate that the
Weyl nodes, nodal lines and small gap areas located in the proximity of the Fermi energy
significantly contribute to the calculated anomalous Hall and Nernst conductivities and
they can be further tuned by means of external stimuli in order to further enhance
their topological properties. The current chapter is based on Ref. [176], Ref. [177] and
Ref. [178].

5.1. Workflow

The topological transport properties of all compounds have been calculated using an in-
house developed Python scheme that is available in github1. The scheme links VASP [99,
97, 98] and Wannier90 [163] software to construct Wannier functions in four steps and
subsequently Wanniertools [226] to compute the topological properties. It is applicable
for any transition metal based compound, with or without the inclusion of spin orbit
interaction. It is further noted that code offers an error detection functionality which
is able to identify partially finished or problematic calculations and resubmit only the
missing parts.
The complete process is illustrated in Fig. 5.1 and each step of the process is briefly

discussed. A detailed explanation is provided in Ref. [244]

• In the first step, a self consistent first-principles calculation is performed.

• In the second step, an accurate projected density of states for all orbitals is performed.

• Subsequently, the Wannier functions are constructed. Bloch states are projected on
maximally localized Wannier functions with the selection of the projected orbitals

1Github link: https://github.com/TMM-TUDA/Automatic-wannier-flow
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Figure 5.1.: Automated wannier flow

and the inner and outer windows used for disentanglement and wannierization by
Wannier90 are determined automatically based on the projected density of states in
order to minimize human intervention.

• Then, the band structure of the DFT is calculated and compared to the one obtained
from the Wannier functions.

• Finally, the anomalous Hall and Nernst conductivities are calculated

The workflow was used to construct the Wannier functions of 289 ferromagnetic com-
pounds, resulting in good agreement of wannier-functions-based band structures and
DFT-based-band structures in 266 of them, giving rise to a success rate of 92%. In compar-
ison, a success rate of 93% and 97% is achieved in Ref. [43] and Ref. [215] respectively.
My results provide an alternative to the existing automatic construction of Wannier func-
tions [146, 172, 43, 215, 238] and enabled me to perform further calculations to evaluate
the desired physical properties.
Since unexpected errors can occur while running different software, it is important to

anticipate of them. The scheme is equipped with an automated error handling functionality
that can identify several errors in the procedure, adjust the input files, if necessary, and
resubmit the missing parts. In this way, computational resources are saved and the results
are delivered faster.
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5.2. Notable anomalous Hall/Nernst values

The aforementioned workflow has been used to construct the maximally localized Wan-
nier functions that were subsequently used to compute the anomalous Hall and Nernst
conductivities of the 266 ferromagnetic compounds shown in Tab B.1 in supplementary
for two magnetization directions ([001] and [100]). Fig. 5.2 shows the z-component
of the anomalous Hall and Nernst conductivities of the most notable compounds when
the magnetization direction is parallel to [001] axis. It is noted that 11 compounds
exhibit absolute value of anomalous Hall conductivity larger than 1000S/cm, with the
most notable being -2051S/cm for Ni3Pt and 2040S/cm for CrPt3. It is noted that these
compounds exhibit anomalous Hall conductivities that are larger than the -1862S/cm for
Rh2MnGa and -1723S/cm for Rh2MnAl, [146] which are the largest reported, arising
the question whether there is an upper limit and opens up the possibility to engineer
materials with more significant magnitudes. Similarly, the anomalous Nernst conductivity
of 16 compounds exceeds 3A/(m ·K), with the most notable values being -7.29A/(m ·K)
and 5.83A/(m ·K) that are attributed to Ni3Pt and BCo4Y respectively.
Concomitant, the x-component of the anomalous Hall conductivity, with the magnetiza-

tion direction being parallel to [100]-axis, is calculated and the results are illustrated in
Fig. 5.3. There exist also 11 compounds with anomalous Hall conductivity larger than the
absolute value of 1000S/cm and also 16 with anomalous Nernst larger than the absolute
value of 3A/(m ·K) while the differences arise in the case of non cubic compounds in
which the symmetries towards these directions are discrepant.
It is noted that even though the total anomalous Hall and Nernst conductivities are not

dependent on the choice of the unit cell, their projected values along the unit cell axes
are. This fact makes comparisons with the literature difficult and sometimes inaccurate.
However, my results are, in general, in good agreement agreement with the literature
with some examples being Co3Sn2S2 with a reported value of 1130S/cm [112] that was
calculated 988S/cm in my work, the Heusler compounds Co2VGa and Co2MnSn with
reported values of 137S/cm in Ref. [122] and 118S/cm in Ref. [100] that were calculated
140S/cm and 200S/cm in my work and the XPt3 family with X = (Cr,Mn) where
the reported cases of 2040S/cm and 1400S/cm [123] are reproduced by my values of
2000S/cm and 1471S/cm. As for the anomalous Nernst conductivity, the parameter
of temperature is an additional factor that makes comparisons difficult although the
calculated value of 4.58A/(m · K) for MnPt3 is consistent with the reported value of
4A/(m ·K) in Ref. [123].
Magnetism might generate anisotropic responses. In the absence of time reversal

symmetry (magnetic materials), after considering spin orbit coupling, the symmetry
and the electron structiure is dependent on the magnetization direction. The relation

77



Figure 5.2.: The z-component of anomalous Hall conductivity and anomalous Nernst
conductivity for the most promising ferromagnetic compounds. Existing
values in literature are marked in red while the results of this work in black
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Figure 5.3.: The x-component of anomalous Hall conductivity and anomalous Nernst
conductivity for the most promising ferromagnetic compounds. Existing
values in literature are marked in red while the results of this work in black
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between the direction of the induced vector and the magnetization has been studies in
Ref. [238], challenging the commonly assumed formula jAHE =M ×E. In my work, I
quantify ferromagnetic materials based on the difference of the induced anomalous Hall
conductivity for two different magnetization directions i.e. [100] and [001] by using the
anisotropy. Specifically, the ratio σx,M∥[100]/σz,M∥[001] or αx,M∥[100]/αz,M∥[001] is calculated
and subsequently the compounds are classified into anisotropic or isotropic depending
on the resulting anisotropy. Clearly large “large” values signify large changes in favor
of the [100] direction while “small" values (excluding the cases where both anomalous
Hall conductivity values are lower than 10S/cm and both anomalous Nernst conductivity
values lower than 0.05A/(m · K) and therefore considered negligible) are in favor of
the [001] magnetization direction. The most anisotropic compounds in favour of the
[100] direction are Rh2MnSb and Fe3Se4, with anisotropy values of 53.32 and -33.39
respectively and the most anisotropic in favour of [001] are PFe and Fe2Ge with values
of -0.01 and 0.004 respectively. In Tab. B.1 the anisotropy values of all compounds are
presented.

5.3. Symmetry analysis

The simple ferromagnetic nature of the compounds allows detailed analysis of the Berry
curvature transformations that will give an insight on the anomalous Hall conductivity.
In the following, I discuss in detail the transformations of the Berry curvature and their
impact to the anomalous Hall conductivity of a compound that belongs to the magnetic
space group P4/mm′m′ (123.345) with the corresponding magnetic point group being
4/mm′m′ (15.6.58). Tab. 5.1 shows the resulting Berry curvature under the application
of all symmetries of the magnetic point group 4/mm′m′. It is noted that the application
of 2001, m001, 2′100 and m′

100 reverses the sign of the x-component of the Berry curvature
and similarly the application of 2001, m001, 2′010 and m′

010 the sign of the y-component,
whereas no symmetry reverses the sign of the z-component. Since the components of the
anomalous Hall conductivities are proportional to the summation of the respective Berry
curvature in the whole Brillouin zone, the sign reverse in x- and y- components of Berry
curvature implies σx = σy = 0, however z-component is allowed to exhibit finite value.
In order to further investigate the importance of each symmetry on the previous example,

I consider a random point with spatial coordinates k = (kx, ky, kz) and corresponding
Berry curvature pseudovector Ω = (Ωx,Ωy,Ωz), denoted by the red triangle, square and
circular shapes respectively, as illustrated in Fig 5.4. The transformations of each of the
16 symmetry operations of the magnetic Laue group are marked with numbers from 1
to 16 and the order matches with the order presented in the Tab. 5.1. Symbols with red
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represent positive Berry curvature values, whereas the negative ones are denoted with
blue. In panels (a), (b), (c) and (d), cuts of the Brillouin zone along the kz and −kz planes
for the Ωx and Ωy components of the Berry curvature are illustrated and the presence of
equal number of the opposite colored symbols forces Ωx and Ωy components of the Berry
curvature to vanish. On the other hand, no symmetry reverses the sign of Ωz component
of the Berry curvature as illustrated in panels (e) and (f), therefore it is allowed to exhibit
finite value. Since the anomalous Hall conductivity is proportional to the sum of the Berry
curvature in the whole Brillouin zone, the x and y components are expected to vanish,
whereas the z component is allowed to have finite value.

Table 5.1.: The matrix representation and the Berry curvature transformation of the sym-
metry operations of the magnetic point group 4/mm′m′ (15.6.58)

Number Symmetry Matrix Representation Berry Curvature

1 1

⎛⎝1 0 0
0 1 0
0 0 1

⎞⎠ Ωx
(︁
kx, ky, kz

)︁
= Ωx

(︁
kx, ky, kz

)︁
Ωy

(︁
kx, ky, kz

)︁
= Ωy

(︁
kx, ky, kz

)︁
Ωz

(︁
kx, ky, kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
2 4+001

⎛⎝0 −1 0
1 0 0
0 0 1

⎞⎠ Ωx
(︁
−ky, kx, kz

)︁
= Ωy

(︁
kx, ky, kz

)︁
Ωy

(︁
−ky, kx, kz

)︁
= −Ωx

(︁
kx, ky, kz

)︁
Ωz

(︁
−ky, kx, kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
3 4−001

⎛⎝ 0 1 0
−1 0 0
0 0 1

⎞⎠ Ωx
(︁
ky,−kx, kz

)︁
= −Ωy

(︁
kx, ky, kz

)︁
Ωy

(︁
ky,−kx, kz

)︁
= Ωx

(︁
kx, ky, kz

)︁
Ωz

(︁
ky,−kx, kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
4 2001

⎛⎝−1 0 0
0 −1 0
0 0 1

⎞⎠ Ωx
(︁
−kx,−ky, kz

)︁
= −Ωx

(︁
kx, ky, kz

)︁
Ωy

(︁
−kx,−ky, kz

)︁
= −Ωy

(︁
kx, ky, kz

)︁
Ωz

(︁
−kx,−ky, kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
5 −1

⎛⎝−1 0 0
0 −1 0
0 0 −1

⎞⎠ Ωx
(︁
−kx,−ky,−kz

)︁
= Ωx

(︁
kx, ky, kz

)︁
Ωy

(︁
−kx,−ky,−kz

)︁
= Ωy

(︁
kx, ky, kz

)︁
Ωz

(︁
−kx,−ky,−kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
6 −4+001

⎛⎝ 0 1 0
−1 0 0
0 0 −1

⎞⎠ Ωx
(︁
ky,−kx,−kz

)︁
= Ωy

(︁
kx, ky, kz

)︁
Ωy

(︁
ky,−kx,−kz

)︁
= −Ωx

(︁
kx, ky, kz

)︁
Ωz

(︁
ky,−kx,−kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
7 −4−001

⎛⎝0 −1 0
1 0 0
0 0 −1

⎞⎠ Ωx
(︁
−ky, kx,−kz

)︁
= −Ωy

(︁
kx, ky, kz

)︁
Ωy

(︁
−ky, kx,−kz

)︁
= Ωx

(︁
kx, ky, kz

)︁
Ωz

(︁
−ky, kx,−kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
8 m001

⎛⎝1 0 0
0 1 0
0 0 −1

⎞⎠ Ωx
(︁
kx, ky,−kz

)︁
= −Ωx

(︁
kx, ky, kz

)︁
Ωy

(︁
kx, ky,−kz

)︁
= −Ωy

(︁
kx, ky, kz

)︁
Ωz

(︁
kx, ky,−kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
9 2′100

⎛⎝1 0 0
0 −1 0
0 0 −1

⎞⎠ Ωx
(︁
−kx, ky, kz

)︁
= −Ωx

(︁
kx, ky, kz

)︁
Ωy

(︁
−kx, ky, kz

)︁
= Ωy

(︁
kx, ky, kz

)︁
Ωz

(︁
−kx, ky, kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
10 2′010

⎛⎝−1 0 0
0 1 0
0 0 −1

⎞⎠ Ωx
(︁
kx,−ky, kz

)︁
= Ωx

(︁
kx, ky, kz

)︁
Ωy

(︁
kx,−ky, kz

)︁
= −Ωy

(︁
kx, ky, kz

)︁
Ωz

(︁
kx,−ky, kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
11 2′110

⎛⎝0 1 0
1 0 0
0 0 −1

⎞⎠ Ωx
(︁
−ky,−kx, kz

)︁
= −Ωy

(︁
kx, ky, kz

)︁
Ωy

(︁
−ky,−kx, kz

)︁
= −Ωx

(︁
kx, ky, kz

)︁
Ωz

(︁
−ky,−kx, kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
12 2′1−10

⎛⎝ 0 −1 0
−1 0 0
0 0 −1

⎞⎠ Ωx
(︁
ky, kx, kz

)︁
= Ωy

(︁
kx, ky, kz

)︁
Ωy

(︁
ky, kx, kz

)︁
= Ωx

(︁
kx, ky, kz

)︁
Ωz

(︁
ky, kx, kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
13 m′

100

⎛⎝−1 0 0
0 1 0
0 0 1

⎞⎠ Ωx
(︁
kx,−ky,−kz

)︁
= −Ωx

(︁
kx, ky, kz

)︁
Ωy

(︁
kx,−ky,−kz

)︁
= Ωy

(︁
kx, ky, kz

)︁
Ωz

(︁
kx,−ky,−kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
14 m′

010

⎛⎝1 0 0
0 −1 0
0 0 1

⎞⎠ Ωx
(︁
−kx, ky,−kz

)︁
= Ωx

(︁
kx, ky, kz

)︁
Ωy

(︁
−kx, ky,−kz

)︁
= −Ωy

(︁
kx, ky, kz

)︁
Ωz

(︁
−kx, ky,−kz

)︁
= Ωz

(︁
kx, ky, kz

)︁
15 m′

110

⎛⎝ 0 −1 0
−1 0 0
0 0 1

⎞⎠ Ωx
(︁
ky, kx,−kz

)︁
= −Ωy

(︁
kx, ky, kz
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16 m′
1−10

⎛⎝0 1 0
1 0 0
0 0 1

⎞⎠ Ωx
(︁
−ky,−kx,−kz

)︁
= Ωy

(︁
kx, ky, kz

)︁
Ωy

(︁
−ky,−kx,−kz

)︁
= Ωx

(︁
kx, ky, kz

)︁
Ωz

(︁
−ky,−kx,−kz

)︁
= Ωz

(︁
kx, ky, kz

)︁

SiMnY
From the materials point of view, considering SiMnY with the magnetization direction to
be aligned along [100]-direction, as an example, we find that the magnetic space group is
Pmm′n′ (BNS: 59.410) with corresponding magnetic point group m′m′m (8.4.27). As a
consequence the presence of the m100 symmetry forces σy and σz components to vanish,
whereas leaves σx unrestricted, according to:

Ωx (−kx, ky, kz) = Ωx (kx, ky, kz)

Ωy (−kx, ky, kz) = −Ωy (kx, ky, kz)

Ωz (−kx, ky, kz) = −Ωz (kx, ky, kz) .

On the other hand, the magnetic space group of SiMnY changes to P4/nm′m′ (BNS:
129.417) with corresponding magnetic point group 4/mm′m′ (15.6.58), for the magneti-
zation direction parallel to [001] axis. As a result, the Berry curvature behaves as an odd
pseudovector under the application of 2100 obeying:

Ωx (−kx,−ky, kz) = −Ωx (kx, ky, kz)

Ωy (−kx,−ky, kz) = −Ωy (kx, ky, kz)

Ωz (−kx,−ky, kz) = Ωz (kx, ky, kz) .

In this case, the summation over the whole Brillouin zone forces σx = σyz and σy = σxz
to vanish, leading to the conclusion that for the high-symmetric magnetization directions,
the direction of the anomalous Hall conductivity tensor (for this magnetic space groups)
is always aligned with the magnetization direction. Since the anomalous Hall and Nernst
conductivities depend on the distribution of the Berry curvature in the Brillouin zone that
originates from the band topology, it is not uncommon for a system to exhibit incidental
zero value despite the lack of symmetries forcing their cancellation. In other words, the
absence of symmetries forcing specific components of Berry curvature does not necessarily
mean its finite value. For instance, negligible anomalous Hall conductivity is calculated in
PFe with magnetization direction parallel to [001]-axis (Pn′a2′

1, BNS: 33.146) despite the
absence of symmetries forcing the cancellation of σz component. In Fig. 5.5(a) and (c) the
distributions of σz in the whole Brillouin zone, evaluated at E = Ef and E = Ef − 0.2 eV
are illustrated respectively.The negligible values at the Fermi level are due to the presence
of opposite-signed anomalous Hall conductivity in non-symmetry related positions, which
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Figure 5.4.: Transformation of every component of the Berry curvature for each of the 16
symmetries of the magnetic point group 4/mm′m′ (15.6.58) (labeled with
numbers from 1 to 16) for Brillouin zone cuts along kz and −kz planes.

Triangles, squares and circles correspond to Ωx, Ωy and Ωz component of
the Berry curvature respectively with red color denoting positive Berry

curvature values and blue negative
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Figure 5.5.: PFe, M//[001]: (a) Distribution of σz in the whole Brillouin zone at E = Ef (b)
Distribution of σx in the whole Brillouin zone at E = Ef (c) Distribution of σz

in the whole Brillouin zone at E = Ef − 0.2 eV

does not occur at E = Ef − 0.2 eV. Finally, I present the distribution of σx in the whole
Brillouin zone, evaluated at E = Ef in Fig, 5.5(b) as a clear indication opposite-signed
anomalous Hall conductivities at symmetry related positions.
Since the same symmetry principles apply to both anomalous Hall and Nernst conductiv-

ity tensors, it is natural to think that negligible value of the one guarantees negligible value
of the other. This is true for components forced to vanish by symmetry, however, there are
some conditions which allow zero anomalous Nernst conductivity in the presence of finite
anomalous Hall conductivity. As the anomalous Nernst conductivity is proportional to the
energy derivative of the anomalous Hall conductivity, the first obvious case appears when
the anomalous Hall conductivity is constant for a large energy range around the Fermi
energy.

5.4. Origin of anomalous Hall/Nernst conductivities

In this section, I investigate what gives rise to large anomalous Hall conductivity. Recent
works have shown that Weyl nodes and nodal lines, behave either as sinks or as sources of
the Berry curvature [136, 186, 230] and hence they are expected to contribute to the total
anomalous Hall conductivity. The presence of one of them does not exclude the presence
of the others therefore there are systems with mixed contributions. The methodology to
identify the mechanism of the enhanced anomalous Hall and Nernst conductivity values
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is discussed. The Brillouin zone is cut in 6× 6× 6 = 216 cubes of acme 0.166 (in units of
2π/a) and the anomalous Hall conductivity is calculated in each of them. Hot-spot areas
(if they exist) are identified and the band gap of all band pairs within a specified energy
range are evaluated. The shape of the band gaps in three dimensional k space witnesses
the type of the contribution mechanism. Below, I discuss in detail some compounds in
which the contributions are originating from different mechanisms.

MnZn
The anomalous Hall and Nernst conductivities as a function of energy for MnZn with
magnetization direction parallel to [001]-axis are shown in blue curves of Fig. 5.6(a)
and (b) respectively. A sharp peak of 1082S/cm, at the anomalous Hall conductivity
curve, located about 4meV below the Fermi energy, is noted. In order to investigate the
origin, we split the Brillouin zone in 216 cubes, as already discussed and evaluate the
anomalous Hall conductivity in each of those. The results are illustrated in Fig. 5.7. Several
hot-spot areas are identified, such as the cube kx ∈ [0.000, 0.166], ky ∈ [0.333, 0.500], kz ∈
[−0.333,−0.166]. However, deeper analysis of the magnetic point group of the compound,
reveals that all these hot spot areas are symmetry related with each other, therefore
analyzing one is sufficient. Focusing on the aforementioned cube, the band gap of all
pairs of bands within E ∈ [−8, 0] meV from the Fermi level is calculated and the results
for different kz planes are shown in Fig. 5.8(a)-(c). Using a much denser kz mesh, it is
possible to extract the shape of the touching points that happens to form nodal lines of the
form of Fig.5.8(d). Hence the contribution to both anomalous Hall and Nernst around the
nodal lines are evaluated and turns out to be 73% (782S/cm out of 1082S/cm), similarly
to the role of Weyl nodes in Mn3PdN [186] and 95% of the total conductivities respectively,
as shown in red curves Fig. 5.6(a) and (b).

Ni3Pt
Significantly different anomalous Hall and Nernst conductivity curves than the one dis-
cussed are calculated for Ni3Pt. An increasing negative value without the presence of
any notable peaks close to the Fermi energy is observed in Fig. 5.9(a) and (b). Using
the same methodology described above, the distribution of the anomalous Hall conduc-
tivity for Ni3Pt with magnetization direction parallel to [100] axis for the 216 cubes
was evaluated and it is shown in Fig. 5.10. In contrast to the MnZn case, Ni3Pt does
not show any notable hot spot area, instead almost every cube significantly contribute
to the total anomalous Hall conductivity. This result is supported by the Weyl nodes
search that resulted in more than 200 Weyl nodes within an energy range of 2meV above
and below the Fermi energy, making the explicit analysis challenging. Additionally, two
snapshots of the band gap at different kz planes shown in Fig. 5.11(a) and (b) confirm

85



Figure 5.6.: MnZ, M//[001]: (a) Total and nodal line driven anomalous Hall conductivity
as a function of energy (b) Total and nodal line driven anomalous Nernst

conductivity as a function of energy

the rich bevaviour of Weyl nodes, nodal lines and small gap areas. Despite the difficulties,
it is possible to identify several nodal lines as well as small gap areas, as the one with
kx ∈ [0.333, 0.500], ky ∈ [0.000, 0.166] proving that compounds without hot-spot areas are
able of exhibiting large anomalous Hall and Nernst conductivities of -2051S/cm and -7.29
A/mK respectively.

Re2MnTa
A large anomalous Hall conductivity has been found in Re2MnTa 2, where a value of almost
2060 S/cm has been calculated at the Fermi energy, as shown in Fig. 5.12. The distribution
of the anomalous Hall conductivity within the Brillouin zone, indicates 16 symmetry
related hot-spots, similar to the one with kx ∈ [0.166, 0.333], ky ∈ [−0.166, 0.000], kz ∈
[0.333, 0.500] shown in Fig. 5.13. Explicit Weyl point search indicates the presence of Weyl
nodes within the hot-spot cubes that comprise almost 3/4 of the total anomalous Hall
conductivity, illustrated in Fig. 5.12, despite being only 7.4% of the total volume of the
unit cell, demonstrating that anomalous Hall conductivity can originate from areas around
Weyl nodes.

2The calculations of anomalous Hall conductivity for Re2MnTa were performed by Farhan Tanzim during his
master thesis project in the group of theory of magnetic materials, under the supervision of Dr. Ruiwen
Xie and myself.
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Figure 5.7.: MnZn, M//[001]: Distribution of σz in the whole Brillouin zone at E = Ef
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Figure 5.8.: MnZn, M//[001]: (a)-(c) The gap of a pair of bands for cuts of Brillouin zone
at different kz planes. (d) Shape of reconstructed nodal lines

Figure 5.9.: Ni3Pt, M//[100]: (a) Total anomalous Hall conductivity as a function of
energy. (b) Total anomalous Nernst conductivity as a function of energy
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Figure 5.10.: Ni3Pt, M//[100]: Distribution of σx in the whole Brillouin zone at E = Ef
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Figure 5.11.: Ni3Pt, M//[100]: The gap of a pair of bands for cuts of Brillouin zone at
different kz planes

Figure 5.12.: Re2MnTa, M//[001]: (a) Total anomalous Hall conductivity as a function of
energy (b) Total anomalous Nernst conductivity as a function of energy
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Figure 5.13.: Re2MnTa, M//[101]: Distribution of σz in the whole Brillouin zone at E = Ef
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Figure 5.14.: Schematic illustration of the induced anomalous Nernst conductivity
direction change for (a) magnetization direction parallel to [001] axis (b)

magnetization direction parallel to [100] axis.

5.5. Magnetization induced anomalous Hall/Nernst
conductivities

In the presence of spin orbit coupling, the magnetization direction can have significant
impact to the anomalous Hall conductivity as it was already discussed. Additionally, the
magnetic space group of the compounds discussed implies anomalous Hall and Nernst con-
ductivities to be parallel to the magnetization direction, offering in such a way interesting
possibilities of different geometries, as shown in Fig. 5.14. In this section the possibility of
inducing different value of anomalous Hall conductivity for two magnetization directions
[100]-axis and [001]-axis is discussed. It is expected that for cubic systems there will be
no difference between the anomalous Hall conductivity of the two discrepant directions.
Some interesting cases follow.

YCo5
Magnetization direction significantly affects the induced anomalous Hall and Nernst
conductivities. One of the most subtle changes is observed in YCo5 where a change of
almost 900S/cm (from 250S/cm to 1142S/cm) while changing the magnetization from
[001] to [100] axis, as illustrated in Fig. 5.15(a). Interestingly, the anomalous Nernst
conductivity not only exhibits a large change of more than 7A/(m·K) (from -3.83A/(m·K)
to 3.33A/(m ·K)) but also a change of sign. As shown in Fig. 5.15(b), YCo5 exhibits one
of the largest reported anomalous Nernst conductivity values (-11.54A/(m ·K)) that is
located 0.078eV above the Fermi level. Since the peak is located close enough to the Fermi
energy, applied mechanical deformations can tune the position of the peak in respect to
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Figure 5.15.: YCo5: (a) Anomalous Hall conductivity for different magnetization
directions. (b) Anomalous Nernst conductivity at T = 300K for different

magnetization directions

the Fermi energy, rendering it as a promising compounds for thermoelectric applications

TiMnP

The anomalous Hall conductivity of TiMnP for magnetization direction parallel to [100]-
axis and [001]-axis has been calculated and the results signify an increase of more almost
three times in favour of the [100]-axis (from 224S/cm to 624S/cm). In order to investigate
the origin of the difference, the kz axis is split in 50 parts (kz ∈ [0.00, 0.50] is sufficient
since the symmetry indicated that the negative part is equivalent) and the anomalous
Hall conductivity is calculated within. The percentage of anomalous Hall conductivity
difference between the twomagnetization directions, namely [100] and [001] is illustrated
in Fig. 5.16. It is clear that the largest difference originates from kz ∈ [0.00, 0.01] that is
responsible for almost 15% of the whole difference. Detailed calculations demonstrate
an increase of the anomalous Hall conductivity calculated for M//[100] in comparison
to the value calculated for M//[001] in the regions kx ∈ [−0.2, 0.2], ky ∈ [0.0, 0.1] (and
symmetry equivalent), as shown in Fig. 5.17, which is possibly linked to the creation of
Weyl nodes, nodal line or small gap areas in these areas. Despite this observation, as it
is obvious, the difference is quite uniform in the whole Brillouin zone and it cannot be
attributed specifically to these regions. Surprisingly, the anomalous Nernst conductivity
exhibits a peculiar behavior, where the negligible value at magnetization parallel to [001]
axis becomes -2.08 A/mK for magnetization parallel to [100]-axis.
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Figure 5.16.: TiMnP: Percentage of anomalous Hall conductivity difference evaluated for
M//[100] and M//[001] for different kz ranges

Figure 5.17.: TiMnP: (a) x-component of anomalous Hall conductivity for the specified
part of the Brillouin zone for magnetization direction along [100]-axis. (b)
z-component of anomalous Hall conductivity for the specified part of the

Brillouin zone for magnetization direction along [001]-axis
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5.6. Tunable anomalous Hall/Nernst conductivities

Materials with large anomalous Hall and Nernst conductivity values are desirable for being
part of thermoelectric devices. There are cases though that the large values are not at
the charge neutral point. In these cases, several mechanisms of tuning these values to
the charge neutral point are used. In this chapter, mechanical strain and doping will be
discussed as potential mechanism for tuning the anomalous Hall and Nernst conductivity
values.

5.6.1. Strain induced anomalous Hall conductivity

Applying biaxial strain can potentially lead to significant changes to the anomalous Hall
conductivity curve die to the changes in the crystal and band structure of the material.
CoSe4 is discussed as an example of tuning the anomalous Hall conductivity.

CoSe4
The anomalous Hall conductivity curve of CoSe4 exhibits a peak of almost 500S/cm,
located 5 meV above the Fermi level, as shown in Fig. 5.18(a). Therefore, an interesting
question to ask is whether tuning of this peak is possible by applying biaxial strain to the
system. My result demonstrate that not only the energy position of the peak is moved
closer to the Fermi energy by applying biaxial strain, but also the maximum of the peak
is increased from 500S/cm to 750S/cm for 1.5% compressive strain, as illustrated in
Fig. 5.18. It is also noted that even though the unit cell changes due to the applied strain,
the x-component of the anomalous Hall conductivity is always allowed to be finite, in
contrast to the non-collinear cases discussed in the previous chapter.

5.6.2. Doping induced anomalous Hall/Nernst conductivities

Doping, being the replacement of some occupied sites of a specific element with another
changes the band structure of a compound and therefore it might influence the induced
anomalous Hall and Nernst conductivities. Below, I discuss Fe3Sn doped with Mn as a
tentative example.

Fe3Sn
The first principles calculations on Fe3Sn with the magnetization direction being parallel
to [100]-axis resulted in an anomalous Hall conductivity of around 700S/cm as well as
an anomalous Nernst conductivity of -2.86A/mK. A closer look at the respective curve
reveals a sharp peak of 1308S/cm located at 60 meV below the Fermi level, therefore
an interesting question is whether the position of the peak (and possible its value) can
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Figure 5.18.: CoSe4, M//[100]: (a) Anomalous Hall conductivity as a function of energy.
(b) x-component of anomalous Hall conductivity as a function of energy for

different applied strain

be tuned by doping Mn at Fe sites. In order to investigate this possibility the compound
Fe1−xMnx)3Sn was considered with the values of x indicating the percentage of Mn doping
to the system and being within the specified range x ∈ [0, 0.2]. It is observed that for
increasing values of x that corresponds to the percentage of dopant Mn, the position of
the peak is moved closer to the Fermi level with the value of x = 0.15 making the energy
of the peak and that of the Fermi energy practically coincide (see Fig. 5.19(a)). It is also
noted that for 0.0 < x < 0.15 the energy position of the peak is smaller than that of the
Fermi level but for x > 0.15 the energy of the peak becomes larger. The outcome of this
observation is the sign change of the anomalous Nernst conductivity due to the opposite
slope of the peak, as illustrated in Fig. 5.19(b). Therefore, with Mn doping of Fe3Sn,
tuning of the anomalous Hall conductivity curve has been succeeded that corresponds to
change of the anomalous Nernst conductivity sign, making Fe3Sn interesting for potential
spintronics applications.
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Figure 5.19.: Fe3Sn, M//[100]: (a) The x-component (σx = σyz) of the full anomalous Hall
conductivity as a function of energy for different doping concentrations x
of (Fe1−xMnx)3Sn (b) The x-component (αx = αyz) of the full anomalous
Nernst conductivity as a function of energy for different doping concentra-
tions x of (Fe1−xMnx)3Sn
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6. Conclusion and Outlook

To sum up, based on first principles calculations, we have obtained the anomalous Hall
and anomalous Nernst conductivities for several ferromagnetic and non-collinear anti-
ferromagnetic transition-metal based compounds, using an in-house developed Python
scheme. We demonstrated that the large localized anomalous Hall conductivity values
were attributed to the presence of Weyl nodes, nodal lines and extended small gap areas
that could be tuned in respect to the Fermi energy by either magnetization direction
manipulations or by applied perturbations such as doping and biaxial strain.
The basic tool to obtain our results is the successful development of a Python scheme that

links VASP, Wannier90 and Wanniertools software to construct Wannier functions for any
transition metal based compound, with or without the inclusion of spin orbit interaction
and with a success rate of 92%. The human intervention is minimized by automatically
generating the required input files for the forthcoming steps based on the output files of
the previous steps and additionally including an error handling “SMART_SEARCH" part
for the automatic recognition and solution of several known errors.
Using the aforementioned automated algorithms we calculated surprisingly large anoma-

lous Hall conductivity values. Namely, Pt3Cr holds our record of the highest anomalous
Hall conductivity, being equal to 2060 S/cm, while Ni3Pt has both the second highest
anomalous Hall conductivity (-2044 S/cm) and the highest anomalous Nernst conductivity
(-7.2 A/mK). Detailed analysis on the transformations of the Berry curvature under the
symmetry operations of the magnetic point group was performed and the shape of both
anomalous Hall and Nernst conductivities tensors were extracted, offering useful insights
on determining the non vanishing components prior the calculation. Our results were in
complete agreement with the symmetry imposed shape of the tensors.
The origin of the anomalous Hall conductivity (and the anomalous Nernst conductivity)

was investigated. The localized large anomalous Hall conductivity values were associated
with the presence of also localized Weyl nodes and nodal lines in the Brillouin zone, with
the most characteristic example being the ferromagnetic MnZn, in which, 73% of the
total anomalous Hall conductivity value was originating from the vicinity of nodal rings,
occupying less than 10% of the whole Brillouin zone. In contrast, spread anomalous Hall
conductivity peaks were associated with the presence of small gap areas which may also
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include localized Weyl nodes and nodal lines, with the most characteristic example being
the ferromagnetic Ni3Pt.
Further, it is demonstrated that even in cases where the anomalous Hall conductivity is

vanishing (or small) in the ground state, altering the magnetization direction can lead to
enhanced anomalous Hall and Nernst conductivity values. Particular examples include
the ferromagnetic Mn5Ge2, where a change of more than 600S/cm (from 185S/cm to
791S/cm) is observed for changing themagnetization direction fromM//z toM//x and to
the ferromagnet Fe3S4, in which a sign change is also observed, witnessing an anomalous
Hall conductivity jump of 1191S/cm (from -353S/cm to 837S/cm) by changing the
magnetization fromM//x toM//z.
The outcome of applied perturbations such as biaxial strain and doping to the magnitude

and energy position of the anomalous Hall conductivity of ferromagnetic and antiferro-
magnetic systems was investigated. Our results showed that such perturbations tune the
energy position of the Weyl nodes that in turn tune the energy position of the anomalous
Hall conductivity. Specifically, we found that for the non-collinear antiperovskite Mn3GaN,
the anomalous Hall conductivity is increased by almost 130S/cm, when a compressive
biaxial strain of 3.5% is applied and that for the ferromagnetic CoSe4, a much smaller
compressive biaxial strain of 1%, tunes the anomalous Hall effect spike by 5meV. Utilizing
doping, we were able to tune the energy position of the anomalous Hall conductivity spike,
after doping Mn at Fe sites in metastable Fe3Sn.
In conclusion, with the development of automatic algorithms, large scale calculations

that can result in the increase of the record anomalous Hall and Nernst conductivities
values are feasible and moreover desirable since they can be used as parts of transverse ther-
moelectric generation devices. Additionally, understanding the underlying mechanisms of
inducing large anomalous Hall and Nernst conductivities by altering magnetization direc-
tion, applying biaxial strain and doping leads to the techniques of engineering compounds
with even larger values, useful of future applications.

100



Appendices
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A. Numerical details

In order to perform the self consistent first-principles calculations, I used the projected
augmented wave (PAW) method, as implemented in VASP and the generalized gradi-
ent approximation (GGA), as parametrized by Perdew-Burke-Ernzerhof (PBE), for the
exchange-correlation functional. Spin-orbit coupling was included in all calculations and
additionally, an energy cutoff of 500eV was selected. The kmesh was set to 50 in respect
to the lattice parameters for the self consistent part and to 60 for the projected density
of states part. The anomalous Hall conductivity was calculated by integrating the Berry
curvature in the whole Brillouin zone by using Wanniertools software and the anomalous
Nernst conductivity using a Python script to perform the integration based on the formula:

αij (T, µ) = −1

e

�
dϵ

(︃
∂f

∂ϵ

)︃
σij (0, ϵ)

ϵ− µ

T
(A.1)

with e, f , µ, ϵ and T being the electron charge (without the negative sign), the Fermi-
Dirac distribution function, the chemical potential, the band energy and the temperature
respectively.
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B. High throughput results

Tab. B.1 summarizes all calculated AHC & ANC values for two different magnetization
directions (M//x and M//z) and the respective anisotropy defined by σx,M//[100]

σz,M//[001]
and

αx,M//[100]

αz,M//[001]
respectively.

N Compound SPG σx αx σz αz Anisotropy Anisotropy[︂
S
cm

]︂ [︂
A

m·K

]︂ [︂
S
cm

]︂ [︂
A

m·K

]︂
in AHC in ANC

1 Cr3Te4 12 27.58 1.06 315.96 0.52 0.09 2.05
2 Te16Cr14 12 441.73 -1.29 291.11 -1.00 1.52 1.28
3 Se16Cr14 12 240.75 0.22 146.16 -1.40 1.65 -0.16
4 Fe3Se4 12 114.49 -1.47 469.53 0.04 0.24 -33.39
5 Cr3Se4 12 301.94 0.87 -36.22 0.36 -8.34 2.46
6 Hf2Co7 12 817.75 0.37 402.61 -0.14 2.03 -2.65
7 Mn6As4 12 820.61 -0.03 373.57 2.46 2.20 -0.01
8 K4Mn4F16 14 0.00 0.00 -0.00 -0.00 -0.54 -0.24
9 C4Fe10 15 703.86 -1.96 554.15 0.56 1.27 -3.48
10 Ba2V2S6 20 67.11 0.29 -12.88 0.12 -5.21 2.34
11 Se8Ag4Ge2Mn2 31 -0.61 -0.02 7.70 -0.11 -0.08 0.15
12 Co2Nb1Sn1 51 -15.15 -0.59 91.57 0.17 -0.17 -3.41
13 C8N12Co2 58 18.70 -0.60 20.68 0.19 0.90 -3.13
14 C8N12Ni2 58 -0.06 -0.04 0.01 0.00 -9.30 -14.21
15 P4Mn4 62 154.64 -0.63 160.07 -1.58 0.97 0.40
16 Mn4Co4Ge4 62 155.18 -0.85 113.56 -0.27 1.37 3.19
17 Mn4Co4Si4 62 6.31 0.79 -14.53 0.74 -0.43 1.07
18 Fe12C4 62 432.26 0.82 690.77 0.67 0.63 1.22
19 Mn4Co4P4 62 408.78 0.39 -45.07 1.11 -9.07 0.35
20 Si4Mn4Ni4 62 116.73 0.43 451.49 0.61 0.26 0.71
21 Cr4Ni4P4 62 78.51 -0.24 237.27 0.14 0.33 -1.64
22 B4Fe4 62 78.15 2.12 31.24 0.63 2.50 3.38
23 Fe4Co4P4 62 329.66 0.72 26.17 -0.08 12.60 -9.20
24 P4Fe4 62 0.46 0.16 -48.42 -0.38 -0.01 -0.42
25 Fe12B4 62 924.23 -2.96 522.07 -1.72 1.77 1.72
26 Si4S16Mn8 62 0.01 -0.04 0.03 -0.14 0.31 0.31
27 F8K4Cu2 64 0.06 -0.00 0.05 -0.00 1.13 0.32
28 Mn3Pd5 65 223.49 0.19 155.85 0.17 1.43 1.12
29 Mn10Ge4 72 791.05 1.77 185.03 1.52 4.28 1.17
30 P4Fe12 82 238.85 -1.39 276.83 -1.63 0.86 0.85
31 Ni12P4 82 12.64 0.24 -7.57 -0.02 -1.67 -10.04
32 Mn1Au4 87 272.27 0.24 154.49 0.40 1.76 0.61
33 V1Au4 87 1152.27 3.13 1036.60 1.11 1.11 2.83
34 Cu4Fe4Se8 112 515.61 -0.77 761.76 -3.62 0.68 0.21
35 Fe1Pt1 123 440.96 -0.71 861.79 -0.60 0.51 1.18
36 Pt1Cr1 123 403.08 -0.29 -105.21 0.91 -3.83 -0.32
37 Fe2Ni2 123 313.37 0.01 153.52 -0.29 2.04 -0.05
38 Co2Pt2 123 233.05 -4.69 79.55 -2.35 2.93 2.00
39 Fe2Pd2 123 122.29 -0.09 290.13 -0.21 0.42 0.42
40 Mn4Ga10 127 294.98 0.09 345.73 1.04 0.85 0.08
41 Rh10Sc4B4Fe2 127 -14.85 1.23 83.92 0.05 -0.18 22.55
42 Mn4Sb2 129 440.31 2.25 445.24 1.86 0.99 1.21
43 Al2Mn2Ge2 129 121.35 0.69 62.23 0.18 1.95 3.80
44 Si2Mn2Y2 129 -20.19 -0.84 223.91 -0.16 -0.09 5.11
45 Al8Fe4Y1 139 36.33 -3.13 327.58 -0.11 0.11 27.92
46 Y2Fe24N2 139 106.23 3.45 29.26 0.76 3.63 4.56
47 Tl2Cu4Se4 139 -4.99 -0.03 -1.97 -0.04 2.54 0.65
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48 Rb2Cr1Cl4 139 0.15 -0.00 -7.57 -0.05 -0.02 0.00
49 S2Co2Tl1 139 43.58 -0.27 -200.52 -0.27 -0.22 1.01
50 Fe8W8Fe8Y2 139 936.06 -0.72 316.07 -1.97 2.96 0.37
51 Co1Sn1Rh2 139 311.28 1.45 337.86 1.13 0.92 1.28
52 Fe1Sn1Rh2 139 -204.19 -1.23 436.68 0.48 -0.47 -2.58
53 V1Pt3 139 314.51 -0.31 -292.64 1.27 -1.07 -0.25
54 Mn2Ge2Y1 139 83.68 0.27 266.29 0.25 0.31 1.10
55 Be12Cr1 139 25.24 0.38 24.54 0.07 1.03 5.36
56 Rh4Co2Sb2 139 217.67 -0.31 87.49 -0.92 2.49 0.34
57 Rh4Fe2Sb2 139 124.62 -0.32 81.72 -1.10 1.53 0.29
58 K1Co2Se2 139 168.66 -0.08 -180.69 -0.28 -0.93 0.29
59 Mn1Sb1Rh2 139 245.36 -0.52 4.60 0.73 53.32 -0.71
60 Rb2Cu1F4 139 -1.35 0.00 -1.12 0.00 1.21 0.45
61 Se4Co4Tl2 139 106.36 0.00 -148.57 -1.33 -0.72 -0.00
62 Fe2Ge4 140 256.17 0.02 304.81 0.39 0.84 0.04
63 Co4B2 140 703.07 -0.15 581.86 1.23 1.21 -0.12
64 Fe4B2 140 414.57 -0.84 483.77 -1.49 0.86 0.57
65 Te6Cr2Ge2 148 0.00 0.02 -0.00 -0.02 -0.49 -0.77
66 Si2Cr2Te6 148 -0.00 -0.02 -0.00 -0.01 1.03 2.65
67 F6V1Nb1 148 -2.75 -0.07 24.14 0.75 -0.11 -0.09
68 Ni1Pt1F6 148 -0.10 -0.00 -0.06 0.03 1.72 -0.07
69 F6Pd1Pt1 148 0.01 -0.11 6.49 -1.04 0.00 0.10
70 Mn1Zn1F6 148 0.00 -0.00 -0.04 0.03 -0.00 -0.00
71 S8V4Ga1 160 4.02 -0.02 3.93 -0.03 1.02 0.70
72 Ga1Mo4S8 160 0.05 0.01 0.37 -0.02 0.12 -0.66
73 Ga1Mo4Se8 160 -0.07 -0.00 0.26 -0.01 -0.28 0.17
74 N3Fe6 162 436.08 0.11 190.10 0.88 2.29 0.12
75 Cr8Te12 163 -163.44 -0.98 -18.91 0.56 8.64 -1.76
76 Cr10S12 163 -79.64 0.05 -70.59 -0.01 1.13 -6.47
77 S2Ta1 164 -3.96 -0.00 -9.27 -0.12 0.43 0.02
78 Y3Fe9 166 304.96 -0.64 64.59 1.92 4.72 -0.33
79 Co3Sn2S2 166 757.13 1.01 72.17 1.64 10.49 0.62
80 Tl2Fe6Te6 176 -252.63 -0.17 -77.75 -0.30 3.25 0.57
81 Se16Nb8Mn2 176 -34.74 -0.81 216.66 2.57 -0.16 -0.32
82 N2Fe6 182 234.04 0.27 111.88 0.21 2.09 1.31
83 Cr2Nb6S12 182 -2.26 -0.14 -53.97 -0.15 0.04 0.97
84 S12Mn2Nb6 182 -12.32 0.18 -64.10 0.07 0.19 2.67
85 Se12Ta4Cr2Ta2 182 -137.59 0.07 -195.55 -0.22 0.70 -0.34
86 Fe2Ta6S12 182 -190.51 -0.35 -363.98 0.36 0.52 -0.98
87 S2Cd2 186 -2.39 0.00 -0.21 0.01 11.17 0.27
88 Se2Cd2 186 0.00 0.03 0.00 0.03 1.28 0.98
89 P3Fe6 189 217.79 -0.86 -51.95 -0.71 -4.19 1.21
90 Mn3As3Rh3 189 442.21 -1.04 -143.21 1.27 -3.09 -0.82
91 Cr3Ni3As3 189 89.23 -0.36 270.38 0.62 0.33 -0.58
92 Mn3P3Rh3 189 202.71 0.26 -120.82 -0.30 -1.68 -0.89
93 Pd3Cr3As3 189 78.81 -0.43 163.64 -3.66 0.48 0.12
94 Mn3Fe3As3 189 33.99 -0.92 -177.30 0.15 -0.19 -6.21
95 Mn3As3Pd3 189 148.17 -0.91 236.86 0.68 0.63 -1.34
96 Mn3Ge3Pd3 189 463.46 -0.39 420.74 -0.98 1.10 0.40
97 Mn3As3Ru3 189 499.62 -2.28 226.23 -3.38 2.21 0.68
98 B2Co8Y2 191 554.19 -2.93 -938.76 5.83 -0.59 -0.50
99 Y1Co5 191 1142.26 -3.84 256.80 3.33 4.45 -1.15
100 Fe11B4Y3 191 269.20 0.73 919.22 -2.81 0.29 -0.26
101 Y2Fe2Co6B2 191 34.83 0.63 -385.88 1.18 -0.09 0.53
102 Y3Co11B4 191 997.23 -0.45 -201.09 1.77 -4.96 -0.26
103 Y4Co14B6 191 716.92 2.29 -28.26 0.11 -25.37 20.85
104 Ni13Y3B2 191 403.96 -0.67 -264.76 -2.65 -1.53 0.25
105 Mn6Sn6Mg1 191 175.79 0.21 -6.25 -0.82 -28.14 -0.26
106 Mn1B2 191 66.43 0.85 -107.00 0.58 -0.62 1.46
107 Y1Ni5 191 -246.34 -0.73 113.57 0.25 -2.17 -2.87
108 Zr1Mn6Sn6 191 993.71 1.29 346.42 -0.82 2.87 -1.57
109 Mn10Ge6 193 196.23 -1.18 964.93 1.69 0.20 -0.70
110 Si6Fe10 193 209.47 -0.57 -8.44 -2.41 -24.82 0.24
111 Cr4Te4 194 -521.03 0.44 -513.33 0.58 1.01 0.76
112 Y2Fe17 194 374.01 -0.63 474.77 -0.96 0.79 0.66
113 Fe6Ge2 194 417.80 -0.85 197.21 0.29 2.12 -2.94
114 Mn2As2 194 -38.70 0.02 178.43 -1.63 -0.22 -0.02
115 Sc4Fe8 194 213.10 -1.09 189.90 1.09 1.12 -1.00
116 Sc6In2 194 -6.66 -0.75 -139.79 0.04 0.05 -20.09
117 Hf4Fe8 194 284.54 0.45 415.10 2.42 0.69 0.19
118 Be8Fe4 194 475.24 -1.00 385.15 -3.91 1.23 0.26
119 Co2 194 38.95 -0.13 482.78 0.05 0.08 -2.39
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120 F6Ni2Cs2 194 0.06 -0.02 -0.00 0.00 -3023.06 -7987.00
121 Fe2Co2Ge2 194 -26.92 -2.25 706.25 0.85 -0.04 -2.65
122 Mn2Bi2 194 1599.55 -1.42 849.95 2.35 1.88 -0.60
123 Mn2Co2Sn2 194 382.66 -3.65 -280.30 -3.20 -1.37 1.14
124 Mn2Ga2Pt2 194 -1081.62 -3.63 611.59 -0.97 -1.77 3.75
125 Mn6Ga2 194 119.35 1.73 1605.63 3.91 0.07 0.44
126 Zr4Fe2V6 194 -27.76 1.02 -205.58 0.28 0.14 3.59
127 Fe6Sn2 194 802.88 -1.04 822.55 -3.13 0.98 0.33
128 Mg4Co8 194 -871.05 1.02 204.33 0.07 -4.26 14.89
129 Fe4Ge2 194 -464.24 -0.01 1182.00 -2.35 -0.39 0.00
130 Mn2Ni2Ge2 194 213.35 0.65 90.35 1.63 2.36 0.40
131 Nb4Fe8 194 1212.37 4.01 1029.89 -1.23 1.18 -3.25
132 Cl6Rb2Fe2 194 -4.69 -0.66 0.81 0.05 -5.81 -13.57
133 Ti4Fe8 194 821.15 3.21 96.72 5.68 8.49 0.56
134 Al6Fe2Y4 194 534.80 -1.07 33.74 1.81 15.85 -0.59
135 Mn4Si4 198 147.21 -0.76 138.30 -0.73 1.06 1.05
136 Fe4Ge4 198 121.17 0.00 147.02 0.01 0.82 0.10
137 Fe4Sb4Pt4 198 208.60 -1.72 177.74 -1.63 1.17 1.05
138 Fe4Si4 198 75.57 0.12 14.09 0.16 5.36 0.70
139 Na1Fe4Sb12 204 617.22 -3.18 850.48 -2.78 0.73 1.14
140 S8Co4 205 -365.66 2.15 -351.35 2.19 1.04 0.98
141 Co4Se8 205 510.92 -1.22 196.23 -1.59 2.60 0.77
142 Se8Ni4 205 1.42 -0.08 10.07 0.07 0.14 -1.23
143 Pd8Mo12N4 213 -3.28 -0.07 146.90 0.14 -0.02 -0.49
144 Mn1Ni1Sb1 216 164.64 0.09 164.65 0.09 1.00 1.06
145 Ti1Co1Sn1 216 150.77 0.11 149.37 0.18 1.01 0.65
146 Mn1Co1Sb1 216 2.36 -0.39 20.23 -0.30 0.12 1.31
147 Mn1Sn1Pt1 216 138.68 0.85 -42.11 1.06 -3.29 0.80
148 Mn1Sb1Au1 216 397.47 0.45 424.26 0.09 0.94 5.30
149 Mn1Sb1Pt1 216 81.37 0.50 143.12 0.39 0.57 1.29
150 V1Co1Sb1 216 103.27 0.40 59.07 0.51 1.75 0.77
151 Mn1Sn1Au1 216 -58.80 0.18 -50.28 0.60 1.17 0.30
152 Bi8Mn10Ni4 216 321.82 -1.63 329.89 -1.09 0.98 1.49
153 Al4Cr4Fe4Co4 216 -250.90 -0.03 -129.23 0.61 1.94 -0.04
154 Cr4Cu1Se8In1 216 36.00 -1.14 57.99 -1.10 0.62 1.03
155 Rh4Mn4Sn4 216 49.09 0.81 28.53 0.81 1.72 0.99
156 Mn1Fe1Co1Ge1 216 23.56 1.27 21.73 1.18 1.08 1.07
157 Mn2Co1Sb1 216 29.20 -0.11 28.58 -0.07 1.02 1.73
158 Mn2Fe1C6N6 216 0.00 0.19 0.00 -0.40 0.40 -0.49
159 Zr1In1Ni4 216 335.04 -0.02 363.00 -0.27 0.92 0.09
160 Ni5Zr1 216 -220.27 1.50 -202.99 1.76 1.09 0.85
161 As12 220 891.79 1.24 536.22 2.98 1.66 0.42
162 P12 220 0.00 -1.08 0.00 -1.08 2.69 1.00
163 Al1Ni3 221 206.19 -2.74 208.74 -2.15 0.99 1.28
164 Fe1Pt3 221 -318.04 -1.83 -318.40 -1.73 1.00 1.06
165 Cr1Pt3 221 2060.08 -0.10 2040.21 -0.24 1.01 0.42
166 Al1Fe1 221 -302.83 -1.59 -310.86 -1.62 0.97 0.98
167 Fe1Ni3 221 -127.38 0.02 -80.97 -0.01 1.57 -1.17
168 Fe1Rh1 221 809.19 -0.13 794.39 -0.12 1.02 1.05
169 Ga1Co1 221 -9.13 0.08 -16.84 0.08 0.54 0.95
170 Fe1Pd3 221 -201.61 1.56 -217.08 1.61 0.93 0.97
171 Mn1Pt3 221 1342.88 -4.06 1471.55 -4.58 0.91 0.89
172 Mn1Zn1 221 339.81 -1.64 1059.69 -0.78 0.32 2.10
173 Fe4N1 221 631.04 0.45 557.85 -0.60 1.13 -0.75
174 Mn1Ni3 221 45.87 0.94 43.37 0.76 1.06 1.23
175 Mn4N1 221 119.34 -0.04 884.35 1.93 0.13 -0.02
176 V1Fe1 221 61.81 -2.93 59.98 -1.80 1.03 1.62
177 Co1Pt3 221 -978.05 -0.50 -933.11 -0.58 1.05 0.87
178 Mn3Ge1 221 -130.51 4.78 -57.15 4.93 2.28 0.97
179 C1Mn3In1 221 -52.54 -0.98 -157.79 0.63 0.33 -1.57
180 Ni3Pt1 221 -2044.52 -7.24 -2051.84 -7.29 1.00 0.99
181 Ti1Co3 221 -125.38 -1.46 -139.69 -1.61 0.90 0.90
182 B6Ba1 221 -0.80 0.01 51.03 -0.12 -0.02 -0.07
183 C1Al1Mn3 221 181.58 -0.48 180.17 -0.50 1.01 0.96
184 Ni3Al1C1 221 -4.68 0.02 -3.32 0.04 1.41 0.56
185 Mn1Ni2Ga1 225 9.84 0.41 -41.73 0.46 -0.24 0.89
186 Mn1Ni2Sn1 225 -83.45 -0.83 -60.95 -0.80 1.37 1.03
187 Ni1 225 -2038.91 0.99 -2444.07 0.76 0.83 1.29
188 Mn1Ni2In1 225 -50.86 0.20 -60.36 -0.03 0.84 -7.38
189 Mn1Ni2Sb1 225 -60.65 0.06 -86.11 0.04 0.70 1.52
190 Mn1Pd2Sn1 225 110.43 0.86 122.81 0.89 0.90 0.97
191 Ti1Co2Sn1 225 130.36 0.04 134.33 0.03 0.97 1.34
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192 Al1Fe3 225 216.26 -1.54 218.06 -1.65 0.99 0.93
193 Mn1Co2Sn1 225 180.14 -0.00 200.08 -0.00 0.90 0.62
194 Al1Ti1Co2 225 112.53 -0.31 77.67 -0.56 1.45 0.56
195 Ga1Fe3 225 743.55 -1.71 797.26 -1.65 0.93 1.04
196 Fe3Si1 225 341.40 -0.28 331.33 -0.11 1.03 2.48
197 Mn1Rh2Sn1 225 293.61 0.46 398.36 0.48 0.74 0.95
198 Mn1Pd2Sb1 225 376.96 -0.76 314.12 -0.90 1.20 0.84
199 Mn1Al1Cu2 225 185.04 -0.18 168.81 -0.10 1.10 1.79
200 Fe1Co2Si1 225 -138.85 -4.85 -509.80 -6.69 0.27 0.72
201 Al1V1Fe2 225 8.61 0.06 8.48 0.08 1.02 0.73
202 Fe23Y6 225 231.13 1.68 272.00 1.03 0.85 1.62
203 In2Au1 225 3.80 -0.01 84.77 0.00 0.04 -4.93
204 Mn6Cu8Bi8 225 714.73 -0.10 718.54 1.02 0.99 -0.10
205 V1Co2Sn1 225 108.60 -1.23 -79.60 -1.42 -1.36 0.86
206 Al1Co2Zr1 225 126.80 -0.34 157.87 -0.44 0.80 0.77
207 Zr1Co2Sn1 225 75.28 0.01 83.65 0.01 0.90 1.16
208 Al1Mn1Au2 225 84.91 -0.16 80.77 -0.53 1.05 0.30
209 Al1Cr1Co2 225 815.94 1.17 657.72 1.34 1.24 0.87
210 Fe8Cr4Si4 225 720.50 -2.33 892.13 -2.83 0.81 0.82
211 Mn4Sn4Cu8 225 198.14 0.40 190.94 0.31 1.04 1.26
212 Ga1Fe2Ni1 225 1239.52 -1.49 1487.77 -2.33 0.83 0.64
213 Fe4Ru8Si4 225 1044.72 -1.12 1037.94 -1.67 1.01 0.67
214 Co2Sn1Hf1 225 43.87 0.58 69.77 0.43 0.63 1.35
215 Mn1Co2Si1 225 194.27 -0.50 166.22 -0.55 1.17 0.90
216 Al1Mn1Ni2 225 -162.87 0.91 -128.55 0.80 1.27 1.13
217 Mn1Ni2Ge1 225 110.38 -1.05 104.19 -1.07 1.06 0.99
218 Mn1Pd2Ge1 225 289.20 0.35 294.26 0.45 0.98 0.76
219 Mn1Rh2Pb1 225 -119.31 -0.93 -297.19 -1.09 0.40 0.86
220 Ni1Ge1Rh2 225 -0.00 0.00 -0.07 0.00 0.01 0.14
221 Ti1Co2Ga1 225 146.02 -0.68 149.46 -0.83 0.98 0.81
222 Al1Ti1Fe2 225 72.93 -0.28 69.22 -0.24 1.05 1.16
223 Al1V1Mn2 225 59.25 -0.47 70.56 -0.40 0.84 1.17
224 Cr1Ga1Co2 225 618.69 1.64 654.20 1.81 0.95 0.91
225 Al1Cr1Fe2 225 -120.08 -0.88 103.73 0.11 -1.16 -8.21
226 Cr1Fe2Ga1 225 -166.65 2.76 -138.68 1.03 1.20 2.67
227 N2Cr2 225 -171.32 -1.69 -123.82 -0.71 1.38 2.39
228 Al1Cr1Ni2 225 -498.01 -1.06 -512.11 -1.00 0.97 1.06
229 Mn1Cu2In1 225 57.88 0.34 41.52 0.49 1.39 0.69
230 Fe1Sn1Ru2 225 201.04 -1.22 204.57 -0.99 0.98 1.23
231 Ga1Fe2Co1 225 -227.40 2.19 -208.68 3.28 1.09 0.67
232 Al1Co2Hf1 225 216.34 -0.24 250.96 -0.17 0.86 1.42
233 Mn1Ga2Co1 225 32.25 -1.33 120.81 -0.72 0.27 1.84
234 Mn1Co2Ge1 225 307.22 -0.11 306.85 -0.12 1.00 0.93
235 Mn1Co2Sb1 225 -7.43 -0.97 -11.80 -0.98 0.63 0.99
236 Al1Mn1Fe2 225 743.00 1.74 731.70 1.52 1.02 1.14
237 Mn1Fe2Si1 225 118.95 0.68 163.44 0.75 0.73 0.91
238 Al1Co2Nb1 225 28.90 0.17 31.29 0.23 0.92 0.74
239 Ni1Rh2Sn1 225 20.26 -9.11 105.76 -9.06 0.19 1.01
240 Sc1Co2Sn1 225 129.93 -0.41 137.74 -0.38 0.94 1.08
241 Sr8Ru4 225 -88.51 1.19 -106.15 1.00 0.83 1.18
242 Al1Co2Ta1 225 -76.07 0.75 -72.56 0.70 1.05 1.06
243 Ti1Co2Si1 225 151.41 0.58 113.08 0.36 1.34 1.63
244 Al1V1Co2 225 151.02 0.15 167.09 0.10 0.90 1.44
245 V1Co2Ga1 225 142.59 0.06 140.34 0.03 1.02 2.39
246 Si1V1Co2 225 309.01 -1.06 284.71 -1.40 1.09 0.76
247 Si1V1Fe2 225 39.61 1.00 35.00 0.78 1.13 1.28
248 V1Fe2Sn1 225 330.15 0.34 307.39 1.03 1.07 0.33
249 Mn2V1Ga1 225 63.89 1.02 109.90 1.06 0.58 0.96
250 Mn2Sn1W1 225 49.45 -4.99 708.77 -2.23 0.07 2.24
251 Zn4Zr2 227 -165.25 -0.47 -181.43 -0.33 0.91 1.40
252 Y2Fe4 227 4.82 -0.97 41.57 -0.75 0.12 1.29
253 Cr4Se8Cd2 227 0.00 -0.83 0.00 -0.79 70.09 1.05
254 S8Cr4Cd2 227 -0.83 0.10 -0.63 0.17 1.32 0.59
255 Fe4Zr2 227 215.31 0.90 237.03 1.10 0.91 0.82
256 Cr4Cu2Se8 227 28.35 -0.41 13.44 -0.46 2.11 0.89
257 S8Cr4Fe2 227 -280.51 2.08 -51.36 2.40 5.46 0.87
258 Cr4Se8Hg2 227 137.25 -0.91 30.13 -0.76 4.55 1.20
259 Cr4Cu2Te8 227 -47.44 -0.35 -145.88 -0.46 0.33 0.75
260 S8Cr4Cu2 227 -24.72 -0.98 -40.91 -1.07 0.60 0.91
261 Co4Zr2 227 -147.93 1.10 -163.83 1.42 0.90 0.78
262 S8Cr4Fe1Cu1 227 -420.86 0.11 -140.60 0.27 2.99 0.39
263 Fe4F12 227 0.00 0.05 0.03 -0.00 0.00 -20.80
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264 Fe6S8 227 -353.69 2.47 837.63 -2.56 -0.42 -0.97
265 Y2Co4 227 662.69 -1.05 855.03 -1.32 0.78 0.80
266 Fe1 229 862.83 -0.69 833.57 -0.92 1.04 0.76

Table B.1.: AHC at T=0K and ANC at T=300K for the two magnetization directions (σx,
αx for M//x and σz , αz for M//z) and the anisotropy of each ferromagnetic
compound. Values highlighted in blue signify the most interesting cases while
the ones in green exhibit the largest anisotropy in either direction.
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