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Abstract

The transient start-up flow solution with slip is a useful tool to verify computa-

tional fluid dynamics (CFD) simulations. However, a highly accurate, open-

source black box solution does not seem to be available. Our method provides

a fast, automated, and rigorously verified open-source implementation that

can compute the hydrodynamic eigenmodes of a two-dimensional channel

flow beyond the standard floating-point precision. This allows for a very accu-

rate computation of the corresponding Fourier series solution. We prove that

all roots are found in all special cases for the general flow problem with differ-

ent slip lengths on the channel walls. The numerical results confirm analyti-

cally derived asymptotic power laws for the leading hydrodynamic eigenmode

and the characteristic timescale in the limiting cases of small and large slip.

The code repository including test cases is publicly available (DOI: 10.5281/

zenodo.6806351). The Navier slip boundary condition for numerical simula-

tions in OpenFOAM is also publicly available (DOI: 10.5281/zenodo.7037712).
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1 | INTRODUCTION

The no-slip condition for the flow of a viscous liquid
along a solid boundary is one of the cornerstones of clas-
sical hydrodynamics. However, it is an assumption that
cannot be derived from first principles[1] and there are
indeed examples of flow configurations where it seems to
break down. Maybe the most prominent example is the
‘moving contact line paradox’ in dynamic wetting.[2]

Here, one considers the two-phase flow of a viscous fluid
displacing a second fluid to form a dynamic ‘contact line’

moving along the solid boundary. It has been shown that
this fundamental process, which is present in typical
dynamic wetting flows such as drop spreading or capil-
lary rise, cannot be described in the classical hydrody-
namic model based on the no-slip condition.[2] In
particular, a singularity emerges in the viscous dissipa-
tion, which would require an infinite force to move the
contact line. There have been numerous approaches to
resolve this apparent contradiction to the experimental
observation of dynamic wetting flows (see, e.g., the works
of de Gennes,[3] Shikhmurzaev,[4] and Bonn et al.[5]).
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One important example is the introduction of a tangen-
tial slip boundary condition at the solid boundary. Origi-
nating from the classical work by Navier in the 19th
century, the tangential slip at the solid boundary is mod-
elled proportional to the viscous stress, that is:

λuþη∂yu¼ 0 , uþL∂yu¼ 0, ð1Þ

where u is the velocity component along the solid bound-
ary and y is the coordinate normal to the solid boundary.
The ratio of the dynamic viscosity η and the friction coef-
ficient λ has the dimension of length and is called the
‘slip length’ L = η∕λ. Note that this boundary condition
can also be motivated as a closure relation for the entropy
production along the solid boundary.[6] In particular, the
second law of thermodynamics only allows non-negative
values of the slip length. It has been shown that any
L > 0 allows for a moving contact line (with integrable
viscous disspation)[7] and thereby resolves the moving
contact line paradox. It should be noted that a weak sin-
gularity at the moving contact line remains if the slip
length is finite; see the works of Huh and Mason[7] and
Fricke et al.[8] for more details. Hence, even a tiny
amount of slip can drastically change the macroscopic
prediction of the model. This is why the slip parameter is
of such a crucial importance in dynamic wetting.

Remarkably, there is experimental evidence that tan-
gential slip is present and measurable even in single-
phase flows where its impact on macroscopic quantities
is, however, typically much smaller; see the works of
Neto et al., Lauga et al., and Vega-S�anchez and
Neto[1,9,10] for a comprehensive review of the topic. For
example, the volume flow rate of a Newtonian liquid
through a cylindrical channel of radius R and length l is
proportional to[9]:

Q/ΔpR4

ηl
1þ4L

R

� �
: ð2Þ

Hence, the correction due to slip is very small if the slip
length is much smaller than the channel radius. In this
case, it is hard to distinguish the slip effect from the vari-
ation that comes from the uncertainties in the other
physical parameters such as the radius. Remarkably, the
method introduced recently by Chen et al.[11] can unam-
biguously distinguish boundary slip from other effects by
analyzing the spectrum of hydrodynamic eigenmodes in
molecular dynamics simulations of a channel flow. At
the same time, the method allows one to independently
determine the position of the hydrodynamic boundary.
This shows that the spectrum of eigenmodes is a rich

source of information about the physical system under
consideration.

Careful experiments show that the slip length (if it is
measurable) lies typically in the range of a few nano-
metres; see the work of Vega-S�anchez and Neto[10] for an
overview. There are some exceptions like lubricated
(or lubricant-infused) surfaces where the effective slip
length (measured at the interface between the working
fluid and the lubricant) can be much larger than the
thickness of the lubricant layer; see, for example, the
work by Vega-S�anchez et al.[12] In this case, the effective
slip can significantly reduce the amount of energy
required to transport the liquid through the channel. In
the case of dynamic wetting, the very small length scale
of slip introduces substantial challenges regarding the
computational feasibility of numerical simulations. The
introduction of a nanoscale parameter (in this case, the
slip length) requires one to bridge many orders of magni-
tude up to the process scale, which can be millimetres or
even larger.

On the macroscopic scale, the slip boundary condi-
tion can be applied as an effective boundary condition to
incorporate the influence of roughness or porosity,[13] the
interaction of dense particulate emulsions (suspensions,
foams, polymer solutions),[14] interaction with chemically
treated hydrophobic surfaces,[15] or the interaction with
rarefied gases.[16,17] On intermediate scales in the micro-
to nanometre regime, the slip boundary condition is used
in the layout of micro-electro-mechanical systems.[18,19]

The applications even reach down to atomic length scales
to account for wall friction effects.[20]

The instationary flow of a Newtonian liquid in a two-
dimensional channel in the presence of boundary slip
has been studied based on Fourier series expansions by
Matthews and Hastie.[21] The Fourier series solution can
be used, for example, as a verification for the implemen-
tation of the Navier slip boundary condition in a compu-
tational fluid dynamics (CFD) method. However, in
practice, this requires the accurate computation of the
hydrodynamic eigenmodes and the corresponding Fou-
rier coefficients describing the initial condition. The
eigenmodes (or eigenvalues) and expansion coefficients
are frequently computed for selected cases ‘by hand’ and
the accuracy of the results is often omitted. Therefore, an
automated, freely available, and well-tested implementa-
tion seems to be required. Such a black-box implementa-
tion can then be used to produce reliable reference data
for continuum and lattice-Boltzmann simulations.[16,21–
23] Moreover, we show below that it gives interesting
insights into the spectrum of hydrodynamic eigenmodes
and characteristic time-scales of instationary chan-
nel flow.
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The remainder of this article is organized as follows:
In Section 2, the series solution for a starting channel
flow with slip boundary conditions from Matthews and
Hastie[21] is recalled and different limit cases are out-
lined. In particular, asymptotic formulas are derived in
the limit of very small and very large slip. The imple-
mented algorithm including special cases is described
in Section 3. We provide both a Python and a C++

implementation of the algorithm in an open research
data repository.[24] The two implementations are veri-
fied against each other and highly resolved CFD data in
Section 4. Finally, we study the characteristic time-
scale for the start-up flow based on the previously
derived asymptotic scaling laws and compare it with
the time-scale computed from the Fourier series
expansion.

2 | MATHEMATICAL MODEL

2.1 | Channel flow with non-equal
wall slip

In the following, we consider the starting flow of an
incompressible Newtonian liquid with a constant temper-
ature, which is moving between two infinitely extended
parallel plates. The origin of the coordinate system
is placed in the centre of the channel where the
x-coordinate points in the direction of the flow and the
y coordinate is orthogonal to the channel walls. Note that
a different choice of coordinate systems leads to a differ-
ent form of the solution and a slightly different character-
istic equation to be solved for the series coefficients. The
overall algorithm developed below can also be adapted
for this difference, though in the following, we will
consider the case with a coordinate system in the centre
of the channel. We consider a Stokes flow regime
leading to:

ρ∂ tu¼ μ∂yyuþG ð3Þ

for the momentum conservation equation. The velocity
u is pointing in the channel direction, ρ is the liquid den-
sity, μ is the dynamic viscosity of the liquid, and
G = �rp is the constant pressure gradient in x direction.
The initial conditions

u¼ 0 at t¼ 0 for �R≤ y≤R ð4Þ

are used. At both wall boundaries, a Navier slip boundary
condition

∓L�∂yu¼u at y¼�R for t≥ 0, ð5Þ

is applied. To ensure consistency with the second law of
thermodynamics, we require L± ≥ 0. Note that the no-
slip condition is recovered in the limit L± ! 0. Con-
versely, the limit L± ! ∞, i.e.,

∂yu¼ 0 at y¼�R,

is known as the ‘free-slip’ condition.
To reduce the number of parameters and represent

the results in the following sections in a compact format,
we scale Equation (3) as well as the initial and boundary
conditions (4) and (5) by introducing the following
dimensionless variables:

u� ¼u=
GR2

2μ
, y� ¼ y=R, t� ¼ t=

ρR2

μ
, S� ¼L�=R,

ð6Þ

Here, u* is the velocity, y* is the cross-section coordinate,
t* is time, and the slip lengths are described by the
parameters S±, which are all dimensionless. This yields
the dimensionless form of Equation (3):

∂�t u
� ¼ ∂y�y�u

� þ2 ð7Þ

with initial and boundary conditions:

u� ¼ 0 at t� ¼ 0 for �1≤ y� ≤ 1, ð8Þ

∓S�∂y�u� ¼ u�at y� ¼�1 for t� ≥ 0: ð9Þ

A series solution of Equations (7)–(9) is, for example,
available in the work of Matthews and Hastie.[21] We
shall briefly recall the mathematical derivation in the
following.

Please note that from here on we drop the *-notation
and only deal with dimensionless quantities if not stated
otherwise.

2.1.1 | Decomposition of the solution

The full solution is split into a stationary and transient
contribution u and ũ, respectively, in the form

u t, yð Þ¼u yð Þ�eu t, yð Þ, ð10Þ

where

u yð Þ¼ 1� y2þ2 SþþS�ð Þþ4SþS�
SþþS�þ2

� 2 S��Sþð Þ
SþþS�þ2

y ð11Þ
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solves the stationary problem

0¼ ∂2yuþ2

subject to the boundary conditions (5). Consequently, the
transient part ũ satisfies

∂ teu¼ ∂2yeu, t>0, y� �1, 1ð Þeu 0, yð Þ¼ u yð Þ, y� �1, 1½ �,eu�S�∂yeu¼ 0, t>0, y� �1, 1ð Þ:
ð12Þ

The transient part can be obtained using separation of
variables based on the ansatz

eu t, yð Þ¼T tð ÞY yð Þ

leading to the eigenvalue problem

T 0 tð Þþ λT¼ 0,

Y 00 yð Þþ λY ¼ 0, Y �1ð Þ�S�Y 0 �1ð Þ¼ 0

for the linear operators ∂∕∂t and �∂2∕∂y2. Restricting our
attention to bounded solutions, we may require non-
negative eigenvalues

λn ¼ k2n for kn ≥ 0,

that is, we define kn as the square root of the n-th eigen-
value of �∂2∕∂y2 subject to the Navier slip boundary
condition.

2.1.2 | Decay time of eigenmodes

Clearly, the solution for Tn reads as

Tn tð Þ¼ e�λnt ¼ e�k2nt

and, hence, the decay time τn of an eigenmode Tn(t)Y n(y)
with eigenvalue λn ¼ k2n is proportional to 1=k2n

e�k2nτn ¼ α , τn ¼ ln 1=αð Þ
k2n

: ð13Þ

Choosing (by convention) α = 0.1, we obtain

τn ¼ ln10

k2n
ð14Þ

for the non-dimensional time that the n-th eigenmode
takes to decay to 10% of its initial amplitude. Conse-
quently, the smallest positive eigenvalue λ1 ¼ k21 corre-
sponds to the largest decay time. Note that the specific
choice of α = 0.1 is arbitrary. For any other choice of α,
the more general formula (13) applies.

Note that because of the decomposition (10), the
‘decay time’ of ũ is the same as the ‘start-up time’ for u,
that is, the time necessary for u to approach the station-
ary u from zero initial velocity. This is the formal link
between the start-up problem (7)–(9) (driven by a pres-
sure gradient) and the decay problem (12) studied, for
example, in the work of Chen et al.[11]

2.1.3 | Characteristic equation and Fourier
series expansion

Evaluation of the Navier slip condition at y = �1 leads to
eigenfunctions of the form

Y yð Þ¼ sin kn yþ1ð Þð ÞþS�kn cos kn yþ1ð Þð Þ

and the characteristic equation

1�SþS�k2
� �

sin 2kð Þþk SþþS�ð Þcos 2kð Þ¼ 0 ð15Þ

which results from the Navier slip condition at y = 1.
Any non-negative solution kn of (15) yields an eigenfunc-
tion (called a ‘hydrodynamic eigenmode’) with eigen-
value λn ¼

ffiffiffiffiffi
kn

p
.

The full solution to the initial-boundary value prob-
lem (12) can then be obtained from a Fourier series
expansion:

eu t, yð Þ¼
X∞
n¼1

An sin kn yþ1ð Þð ÞþS�kn cos kn yþ1ð Þð Þexp �k2nt
� �� �

:

ð16Þ

The formula for the coefficient An from Matthews and Has-
tie[21] can be significantly simplified by multiple insertions
of the characteristic equation Equation (15), yielding:

An ¼
8sin knð Þ sin knð ÞþS�kn cos knð Þð Þ k2nS

2
þþ1

� �
k3n 2S2þS

2
�k

4
nþ S2þ S�þ2ð ÞþS2� Sþþ2ð Þ� �

k2nþSþþS�þ2
� � :

ð17Þ

Note that An explicitly depends on S+, S�, and kn. In con-
trast, no such explicit formula for the coefficients kn is
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available in the general case. Except for some limiting
cases (see below), these coefficients have to be obtained
by some sort of numerical algorithm, which is the main
focus of the present article.

In the work of Matthews and Hastie,[21] the character-
istic equation is used in the form:

tan 2kð Þ� k SþþS�ð Þ
k2SþS��1

¼ 0: ð18Þ

However, as shown below, this form of the equation is
not applicable in the general case. Note that the solutions
of Equation (15) are also required for the analytic start-
up solution in a Couette flow setup.[25] We also give a fac-
torization of the characteristic equation Equation (15) to
be used below:

cosk�Sþk sinkð Þ sinkþS�kcoskð Þ…
…þ cosk�S�k sinkð Þ sinkþSþkcoskð Þ¼ 0:

ð19Þ

In the following, we review several special cases of the
general flow considered above. These are used as refer-
ence solutions in the results section.

2.2 | No-slip boundary conditions

For S+ = S� = 0, the boundary conditions Equation (9)
reduce to u = 0 at y = ±1, which are the no-slip bound-
ary conditions that are typically used for liquid–wall
interactions on the macroscopic scale. This allows one to
evaluate the full solution Equation (10) to

u t, yð Þ¼ 1� y2�
X∞
n¼1

An sin kn yþ1ð Þð Þexp �k2nt
� �

: ð20Þ

In contrast to the case with Navier slip boundary condi-
tions, the coefficients can be explicitly computed, giving:

kn ¼ nπ=2, n�ℕ: ð21Þ

Hence, the eigenvalues kn are equally spaced for the case
of no-slip boundary condition. This is not true if a finite
slip is present at the solid boundary (see below). Hence, a
quantitative analysis of the spectrum of hydrodynamic
eigenmodes allows to unambiguously distinguish
between slip and no-slip.[11] Moreover, (17) reduces to

An ¼ 4=k3n fornodd

0 forn even:

(
ð22Þ

This solution can, for example, be found in collections for
analytic solutions, such as the monograph by Brenn.[26]

2.3 | Channel flow with equal wall slip

For the case where Sþ ¼ S� ≕ S, the stationary solution
simplifies to:

u yð Þ¼ 2Sþ1� y2: ð23Þ

In this case, Equation (15) gives:

1�k2S2
� �

sin 2kð Þþ2kScos 2kð Þ¼ 0:

The formula for the series coefficients An can be simpli-
fied to:

An ¼
4sinkn sinknþknScosknð Þ

k3n k2nS
2þSþ1

� � fornodd

0 forn even:

8<: ð24Þ

Note that the case of unequal but finite slip lengths is
considered in Section 4.4.1 (see Figure 6).

2.4 | Free slip at both boundaries

For S± ! ∞, the Navier slip boundary condition is equiv-
alent to the free slip boundary condition:

∂yu¼ 0 at y¼�1: ð25Þ

In this case, we only obtain the unbounded solution

u t, xð Þ¼ 2t,

for the overall problem. Even though this solution does
not require the computation of any series coefficients, we
note for a later comparison that in this case, the solution
of the characteristic equation is

kn ¼ nπ, n�ℕ: ð26Þ

2.5 | Symmetry and partial slip

It is more interesting to consider the case where free-slip
holds only on one boundary (either top or bottom).

By rewriting the characteristic Equation (15) as
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sin2k
S�

þk
Sþ

S�
cos2k¼ k Sþk sin2k� cos2kð Þ,

we obtain the form of the characteristic equation in the
limit S� ! ∞ and S+∕S� ! 0

0¼ k Sþk tan2k�1ð Þ:

Hence, any solution k > 0 satisfies

Sþk tan 2kð Þ¼ 1: ð27Þ

2.5.1 | Asymptotic limits for small and
large S+

We are interested in the asymptotic behaviour of the
smallest positive solution k1, since it corresponds to
the leading eigenmode with the largest decay time. In
particular, we consider the limiting cases

Sþ !∞ and Sþ ! 0

in (27).

1. We assume S+ � 1 such that

k tan 2kð Þ¼ 1
Sþ

is close to zero. In this case, we may apply a Taylor
expansion k tan 2kð Þ¼ 2k2þO k4

� �
to find

k1 ¼ 1ffiffiffiffiffiffiffiffi
2Sþ

p ð28Þ

asymptotically as S+ ! ∞. In this case, the non-
dimensional decay time is proportional to S+

τ1 ¼ ln10=k21 ¼
ln10
2

Sþ:

2. Conversely, if S+ ! 0 in (27), we are looking for solu-
tions of

Sþ ¼ 1
k tan2k

≕ f kð Þ:

Approximating f(k) linearly near its smallest root π∕4,
that is,

f kð Þ¼�8
π

k�π

4

� �
þO k�π=4ð Þ2� �

,

leads to

k1 ¼ π

4
1�Sþ

2

� �
ð29Þ

asymptotically as S+ ! 0. So in this case, the (non-
dimensional) decay time behaves like

τ1 ¼ 16 ln10
π2

1�Sþ

2

� ��2

¼ τ01þ
16 ln10

π2
SþþO Sþð Þ2

� �
,

ð30Þ

where

τ01 ¼
16 ln10

π2

is the non-dimensional decay time for S+ ! 0.

2.5.2 | Asymptotic formulas in the case of
equal slip length

Note that the free-slip condition can also be understood as a
symmetry condition. Therefore, the problem is equivalent
to a channel of twice the height with equal slip length on
both sides. Hence, the results above can be transformed to
the case S = S+ = S�. This transformation basically rescales
all quantities with 2R instead of R, that is, by making use of
the mirror symmetry. By this procedure, we obtain

k1 ¼ π

2
1�Sð Þ ) τ1 ¼ 4ln10

π2
1�Sð Þ�2 ¼ 4ln10

π2
1þ2Sð ÞþO S2

� �
:

ð31Þ

in the limit of small slip (S ! 0) and

k1 ¼ 1ffiffiffi
S

p ) τ1 ¼ ln 10ð ÞS ð32Þ

in the limit of large slip (S ! ∞).
A comparison of the exact value of k1 (computed up

to numerical tolerances with the algorithm described in
Section 3) with the asymptotic formulas is shown in
Figure 1. It is found that k1 is well-described by the
asymptotic formulas (31) and (32) for S ≲ 0.1 and S ≳ 3,
respectively. Moreover, a regime transition from large to
small slip exists in between where none of the asymptotic
formulas are applicable.
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3 | AN ALGORITHM FOR THE
STARTING FLOW WITH SLIP
BOUNDARY CONDITIONS

In order to evaluate the series solution given in Equa-
tion (16) at some point in time and space, it is necessary
to obtain the coefficients kn. We first analyze the proper-
ties of Equation (15) and, based on this analysis, we give
an algorithm that obtains all series coefficients in increas-
ing order. We consider Equation (15) for Sþ, S� ≥ 0 and
distinguish two cases for cos(2k):

Case 1. If cos(2k) ≠ 0, we can divide by cos(2k)
and obtain

1�SþS�k2
� �

tan 2kð Þþk SþþS�ð Þ¼ 0: ð33Þ

Assuming that k¼ 1ffiffiffiffiffiffiffiffi
SþS�

p is a root of Equation (33) gives
the contradiction

0< SþþS�ð Þ=
ffiffiffiffiffiffiffiffiffiffiffi
SþS�

p
¼ 0: ð34Þ

Hence, k¼ 1=
ffiffiffiffiffiffiffiffiffiffiffi
SþS�

p
is not a root of Equation (33). A

similar argument can be made for k = (2n+ 1)∕4π. To
proceed, we define the set

Φ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffi
SþS�

pn o
[ 2nþ1ð Þπ=4 jn�ℕ0f g ð35Þ

and the function

f :ℝþnΦ!R

k 7! tan 2kð Þþ k SþþS�ð Þ
1�SþS�k2

: ð36Þ

This function is illustrated by the blue line in Figure 2.
The singularities of f are marked by triangles on the x-
axis, which correspond to the elements of Φ. The
upward- and downward-pointing triangles indicate the
location of a singularity caused by the tangent-term and
the fraction term in Equation (36), respectively. Hence,
the triangles indicate the elements of Φ. The black dots
show the locations of the roots of Equation (36). Between
every two points where f is singular, there is a root of f.
The inset in Figure 2 highlights the case where two sin-
gularities are nearly coinciding. Note that for such a case,
the corresponding root could easily be missed with a
manual approach. This is not the case for the systematic
algorithm described here, which is able to reliably find
the root even if the two singularities are very close
together.

We note that only k > 0 is admissible for the case of
the Sturm–Liouville problem leading to Equation (16),
see the Appendix of Matthews and Hastie.[21] As shown
above, the set Φ does not contain any roots of the charac-
teristic equation Equation (15). Hence, in this case, the
roots of Equation (36) are the roots of Equation (15). The
elements of Φ can be ordered such that

0<ϕ1 <ϕ2 <… 8ϕn �Φ: ð37Þ

The function f is strictly monotonic in ℝnΦ, as

f 0 kð Þ¼ 2
cos2 2kð Þþ SþþS�ð Þ 1þSþS�k2

1�SþS�k2
� �2 > 0 8k �ℝþnΦ:

ð38Þ

Furthermore, we have for all singularities of f:

lim
k#ϕn

f kð Þ¼�∞ and lim
k"ϕn

f kð Þ¼∞ 8n�ℕ: ð39Þ

As ℝþnΦ is open, it follows from Equation (39) that there
exist an, bn � (ϕn, ϕn+1) such that f(an) < 0 and f(bn) > 0.
Hence, the intermediate value theorem applied to the
restricted function f̃ n = fj[an,bn] guarantees the existence
of a root kn for which an< kn< bn. As f is monotonic, so
is f̃ n, and consequently, the root of f̃ in (ϕn, ϕn+1) is
unique. Given the input for the left and right bounds as
above, the bisection algorithm converges to the root of a
strictly monotonic function. A proof of the convergence
of the bisection method under the given conditions can
be found in the work of Burden and Faires (chapter
2, p.51, theorem 2.1).[27]

Case 2. It follows from cos(2k) = 0 that
2k = (2n + 1)π∕2, n�ℕ0, as k>0. In this

slip
slip

FIGURE 1 Leading coefficient k1 ¼
ffiffiffiffiffi
λ1

p
as a function of

S¼ Sþ ¼ S�. Comparison with asymptotic formulas for small and

large slip
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case, we also have sin(2k) = (�1)2n+1. Plug-
ging these into Equation (15) leads to

k¼ 2enþ1
4

π¼ 1ffiffiffiffiffiffiffiffiffiffiffi
SþS�

p : ð40Þ

Hence, this case gives a single coefficient k if and only if
a natural number en�ℕ0 exists such that

SþS� ¼ 16

2enþ1ð Þ2π2 : ð41Þ

Otherwise, this case does not provide any coefficient at all.
Considering Figure 2, Case 2 can be illustrated as fol-

lows: if the slip length values are continuously changed,
the singularity due to the fraction term in Equation (36)
is moving on the x-axis. When Equation (41) is satisfied,
the singularity due to the fraction term of Equation (36)
is coinciding with one of the singularities caused by the
tangent-term, that is, the downward pointing triangle is
located at the same location as one of the upward-
pointing triangles. Even if Equation (41) is only approxi-
mately satisfied, the root of Equation (36) is located
between nearly coinciding singular points and could eas-
ily be missed if the coefficients kn would be obtained by a
manual approach. Note that this case also occurs for the
special case Sþ ¼ S�.

To automatically compute all coefficients kn, we pro-
pose the following algorithm:

Algorithm 1. Start-up coefficient computa-
tion (SCC)

1. Start: Given Sþ, S� ≥ 0 the algorithm computes
the first N coefficients k1,… kN. We start by ini-
tializing eΦ¼ 2nþ1ð Þπ=4 jn�ℕ0f g.

2. The index ñ of the root caused by the fractional
term in Equation (36) is obtained by

m≔
1

SþS�
� 1

SþS�
mod

π

4

� �� �
=
π

4
ð42Þ

from which we set

en≔ m�1ð Þ=2 ifm is odd

m�2ð Þ=2 ifm is even:

	
ð43Þ

If ñ > N, then kñ > kN and the root caused
by the fractional term does not coincide with
any of the first N roots, and we continue with
Step 3. Otherwise, based on the considerations

for Case 2, Equation (41) is used to identify the
case where two singular points of Equation (36)
coincide by

j π2SþS� 2enþ1ð Þ2�16 j ≤ 3ulp: ð44Þ

Here, ulp is the unit in the last place. If
Equation (44) is not satisfied, we add
1=

ffiffiffiffiffiffiffiffiffiffiffi
SþS�

p
to Φ˜ and continue with the next

step. Otherwise, the root with index ñ is set to
1=

ffiffiffiffiffiffiffiffiffiffiffi
SþS�

p
due to Equation (40) and roots with

indices 1, …, ñ� 1, ñ+ 1, …, N are computed
in the next step.
3. All remaining coefficients are obtained using

the bisection method to obtain the unique root
ki of f in the interval (ϕi, ϕi+1) where ϕ are
defined in Equation (37). The initial values for
the bisection method

ai ≔ϕiþulp and bi ≔ϕiþ1�ulp ð45Þ

are used.

Roots of Equation (36) can be located arbitrarily close
to singularities, so that in these cases, the precision of the
used floating-point arithmetic becomes relevant. Due to
the finite floating point precision available on the hard-
ware, we recommend to increase the used floating point
precision when required. For this purpose, we provide
two different implementations: one using Python that is
based on a standard double floating point standard, and
one using C++ that provides an arbitrary precision
implementation. The C++ implementation is built using
the boost multi-precision library.

4 | RESULTS

4.1 | Verification against arbitrarily
precise results

A comparison of our results to coefficient values from the
literature showed that the provided precision is relevant
when comparing coefficients for different values for S+
and S�. We refer to Section 4.3 for a detailed comparison
and take this observation as a motivation to shortly com-
pare between different implementations of our algorithm
with respect to their accuracy.

To provide a reliable reference, improve computa-
tion speed, and extend the range of applicability of the
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implementation, the algorithm has been implemented
using the C++ programming language in combination
with the boost arbitrary precision library. With this
implementation, it is possible to compute an arbitrary
number of coefficients with arbitrary accuracy. The two
independent implementations (double-precision python
based and C++ based arbitrary precision) will be com-
pared in the following using the arbitrary precision
implementation with 50-significant decimal digits. The
bisection method is using a rTol¼ 10�40, while the dou-
ble-precision implementation is using the scipy default
settings. The precision requirement will become more

evident in the comparison to literature values further
below.

A comparison of absolute and relative errors for kn
and An for Sþ ¼ S� ¼ S can be seen in Figures 3 and 4,
respectively. The errors are obtained using the arbitrary
precision implementation in C++, as reference. The
comparison includes those coefficients for even n to dem-
onstrate that the accuracy of the non-zero coefficients is
the same as for those that are analytically zero.

While the absolute errors in Figure 3 increase for kn
with increasing n, the relative error in Figure 4 is
between 10�15 and 10�16 for all kn. For the An-

FIGURE 3 Absolute errors for coefficients from the python implementation for kn and An for S = 10�8, 10�6, 10�4, 10�2, 1, 102

FIGURE 2 The blue line illustrates the modified characteristic equation Equation (36) for Sþ ¼ S� ¼ 1:25. The singular points arising

from the first and second terms of f are marked by upwards and downwards pointing triangles, respectively. The vertical dashed lines mark

the location of singularities, while the interval in between two such consecutive points is guaranteed to contain a single zero of f. The black

dots show the roots of Equation (36). The inset shows a root that can easily be missed by a manual coefficient computation.
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coefficients, the absolute error decreases while the rela-
tive error increases with increasing n. The fluctuation of
the errors can be explained by an accumulation of round-
off and cancellation errors, as these values are close to
the double-precision machine-tolerance.

The computation of the An coefficients is based on
the computation of kn which shows a small though posi-
tive absolute error. The error for An is well below 10�15

for nearly all coefficients. Furthermore, the trend for the
absolute error is inverse to the one for kn as with increas-
ing index, the error decreases. This indicates that the for-
mula for An is dampening the error introduced by kn. The
relative errors for kn are similar to the absolute errors
close to machine tolerance and of the same order as for
those coefficients that are analytically zero. Again, all
errors are on the same order of magnitude; nearly all of
them are between 10�15 and machine tolerance at 10�16.
These errors are satisfactory for the used double-precision
floating point numbers. The seemingly random distribu-
tion is likely due to the round-off errors.

The situation is somewhat different for the relative
error for An depicted in Figure 4. The relative error for
the coefficients corresponding to the case for S = 100
show relative errors on the order of 10�6 (brown dots).
With decreasing S, the relative error is on the order of
10�13, which can be seen in the inset in Figure 4. This
behaviour can be explained as follows: for increasing S,
the coefficients An quickly decrease in magnitude. Hence,
they are barely distinguishable from zero and further
decrease with increasing index number. This behaviour
makes arithmetic operations between large S and small
kn prone to round-off errors.

Based on an accurate computation of kn, the
An-coefficients are obtained and shown in a semi-
logarithmic plot in Figure 5. It can be seen that the
results from the Python and C++ implementation show
excellent agreement. The numerical results for the coeffi-
cients with even index are also shown in the plot. As
the Python implementation is based on a double preci-
sion, the absolute values for the An-coefficients are
approximately 10�16, which corresponds to machine preci-
sion for this case. The results using the arbitrary precision
C++ implementation have a relative tolerance of 10�40,
which is reflected in the results for the coefficients with an
even index obtained from the C++ implementation.

4.2 | Verification of Navier slip boundary
conditions

While the comparison in the former section shows an
excellent agreement between the two different imple-
mentations of the solution algorithm presented in
Section 3, this section compares the results of the start-up
algorithm to the full direct numerical solution (DNS) of
the single phase Navier–Stokes equations between two
plates. Here, the fully resolved flow provides an ‘external’
reference solution for the implementation. To solve the
single phase Navier–Stokes equations in a channel flow
geometry, the CFD-framework OpenFOAM extend ver-
sion 3.1 is used. Specifically, the single phase Navier–
Stokes solver icoFoam is applied for this purpose. In the
following, the solutions obtained by the DNS of the
Navier–Stokes equations are referred to as ‘CFD-

FIGURE 4 Relative errors of the python implementation for kn and An for S = 10�8, 10�6, 10�4, 10�2, 1, 102
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solution’, while the result of the start-up algorithm is
referred to as ‘analytic solution’.

As Equation (3) neglects the influence of the convection
term, we consider a verification case with a vanishing Reyn-
olds number. Furthermore, as the solution depends only on
time t and the spacial y-direction, no changes in the velocity
field in x-direction have to be expected. Hence, it is suffi-
cient to only resolve the domain in y-direction, where Ny is
the number of cells used in the cross section of the channel.
As input parameters for the OpenFOAM solver icoFoam,
we use a kinematic viscosity of ν¼ 0:1 m2s�1 and a chan-
nel height of H¼ 1 m.

To demonstrate the applicability of the start-up algo-
rithm for a wide range of parameters, a large variety of
slip lengths ranging from L = 10�8 to 1 m are considered.
To analyze the mesh convergence for each of these slip
lengths, mesh resolutions between Ny = 5 and Ny = 160
have been used, where the resolution has been increased
by a factor of two each time.

The results of these mesh convergence studies are illus-
trated in Figure 6. The velocity field from the analytic solution
(abbreviated as ANA) obtained from the start-up algorithm
and results from the full numerical solution of the transient
Navier–Stokes equations using OpenFOAM (abbreviated as
NUM) are compared. The developing velocity fields are
shown for two different length scale ratios. The left figure
illustrates the case with S� ¼ 0:2 on the left and S+ = 2 on
the right wall. The right figure shows the results for the
case with an equal slip length of Sþ ¼ S� ≕ S¼ 2. All
quantities have been scaled using Equation (6). The
results obtained from the full numerical solution of the
velocity field are depicted by empty circles. Note that
only a subset of the CFD-solution has been plotted to
allow for a better comparison to our solution, which is

shown as dashed lines. The different times at which the
velocity field is shown is indicated by different colours.
The colours repeat periodically with increasing time. The
different evaluation times vary between the initial time at
t = 0 to nearly twice the characteristic time of the no slip
solution (R2∕ν), which is 2.5 in this case.

Starting from an initially identically zero velocity
field, the velocity increases in magnitude over time and
converges to the stationary solution (continuous black
line). Comparing the two start-up solutions on the left
and on the right, one can observe the influence of the dif-
ferent slip lengths on the solution. With increasing slip
length, the slip at the channel walls at y = ±1 increases,
as well as the maximum velocity in the centre of the
channel. Both effects contribute to an overall increased
volume flux through the channel. Also note that the
characteristic time scale increases with increasing S. This
effect is further detailed below. Overall, an excellent
agreement between the numerical and analytical velocity
fields can be observed for all times, including the limit
for the stationary solution.

A mesh convergence study has been performed for
the parameter set described above. An exemplary result
for Sþ ¼ 2�10�4 and S� ¼ 2�10�2 is shown in Figure 7.
The horizontal axis shows the mesh resolution in the
cross section of the channel. The vertical axis depicts the
error of the CFD-solution that is defined by

e¼ unum�uanak k∞ ð46Þ

where unum is the vector containing the velocities in
x-direction as a function of y direction obtained from the
CFD-solution and uana is the vector containing the results
of the analytic solution.

P

FIGURE 5 Comparison of An-

coefficients between Python and C++

implementation for S = 10�2. Python

results can be obtained up to an absolute

error of 10�16, while the C++

implementation provides results with an

error smaller than 10�40. The results for

An reflect this accuracy with absolute

values smaller than 10�16 and 10�40 for

the Python and C++ implementations,

respectively, whereas it follows

analytically that A2n ¼ 08n�ℕ, see

Equation (24).
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The plot contains results for a variety of dimensionless
times between t = 0.5 and 4.5. Each of the continuous lines
corresponds to the mesh convergence for different meshes
at a certain dimensionless time. Each dot on the line corre-
sponds to a certain mesh resolution Ny where the error has
been computed by applying Equation (46). A comparison
of slope of the error curves to the second order (dashed) ref-
erence curve shows a second order convergence of the
CFD-results. This is also the expected convergence order

based on the choice of the spatial discretization schemes of
the CFD-solution. Similar results have been obtained
for arbitrary combinations of S+ and S� with
Sþ, S� � 0, 2 �10�8, 2 �10�4, 0:02, 2, 20f g. Hence, it can be
concluded that not only the two implementations of the
start-up algorithm are consistent with each other but all
are also consistent with the numerical solution of the full
continuum mechanical problem. It should be noted that
with increasing S+ and S�, the problem becomes more
challenging for a CFD-solution as required accuracy for
the solutions of the involved linear solvers increases.

4.3 | Parameter studies for S+ and S�

As discussed in Section 2, the first root k1 of the charac-
teristic equation Equation (15) (i.e., the square-root of the
leading eigenvalue) is central to all the characteristic
time-scale of the start-up flow. Hence, the dependence of
k1 on S+ and S� is valuable information. This depen-
dence is illustrated in Figure 8. Without loss of generality
(we could switch the placement of S+ and S� in Equa-
tion (15)), we place S+ on the x-axis and use S� as param-
eter for different curves. The horizontal axis depicts the
variation of S+ for approximately 10 orders of magnitude.
The different coloured lines show the value of k1 for dif-
ferent values of S�. The values for S� vary between 102

FIGURE 6 Comparison of non-dimensional results obtained from the analytic solution (ANA) using the start-up algorithm and results

from the full numerical solution of the transient Navier–Stokes equations using OpenFOAM (NUM). In the left plot, results for S+ = 2 and

S� ¼ 0:2 are shown. The right plot illustrates the case for Sþ ¼ S� ¼ 2. The time interval between two subsequent velocity profiles is 1.0. The

first six velocity profiles are labelled in the legend.

FIGURE 7 Mesh convergence study using OpenFOAM’s
icoFoam solver with Navier slip boundary conditions for

Sþ ¼ 2�10�4 and S� ¼ 2�10�2. The results of the start-up

algorithm have been used as an analytic reference solution.
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and 10�2 and have been selected to give a good represen-
tation of the k1 dependence.

Several limit cases can be seen. Firstly, fixing the value
for S�, the value for k1 levels off at a constant value when
increasing or decreasing the value of S+. Secondly, if S� is
approaching zero, the different curves approach the curve
for S� ¼ 0. This limit curve is illustrated by a dashed line
in Figure 8 and represents the maximum for values of k1.

All curves show a transition region between their two
limit values that begins at Sþ ≈ 10�1. This transition
region increases in width with increasing S�. In this
region and for much greater values of S� than shown in
Figure 8, we find an excellent agreement with the asymp-
totic power law (28) derived in Section 2 in the limit
S�!∞ and S+� 1, that is,

k1 ¼ 1ffiffiffiffiffiffiffiffi
2Sþ

p :

This relation is shown by the dash-dot line in Figure 8
and the transition region is well described by this relation
for all curves with S� >10.

4.3.1 | Comparison with data from the
literature

To improve the comparison, we consider the rescaled
coefficients

bkn ¼ nπ=2�knð Þ= π=2ð Þ¼n�2kn=π: ð47Þ

This scaling yields the normalized difference to the coeffi-
cients for the no slip solution Equation (21). Applying
this scaling yields the coefficients as depicted in Figure 9.
The coefficients vary between 0 and 1, as can be expected
for a normalized quantity. The line connecting several
coefficients does not indicate intermediate values but has
been added to group the coefficients for certain values of
S. For S ! 0, the coefficients bkn approach 0, which corre-
sponds to the limit case with no slip Equation (21). For a
diverging S, the coefficients approach unity, which corre-
sponds to the limit case for free slip boundary conditions
and therefore Equation (26). It can be seen that the coef-
ficients, and thereby the results, are converging to the
two limit cases. Furthermore, differences in the solutions
are hard to quantify for extremely large or small
values of S.

FIGURE 8 Comparison of the solutions for the first root of

(15) by application of Algorithm 1. The horizontal axis depicts the

values for S+, and the different colours of the curves represent the

different values for S�.

FIGURE 9 Comparison of the

coefficients bkn for various values of S for

the case Sþ ¼ S� ¼ S. The limit cases for

the no slip and free slip cases are given

by Equations (21) and (26), respectively.

The lines have been added to guide

the eye.
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Figure 9 also shows a comparison to coefficients from
literature. In the work of Matthews and Hatie,[21] five coef-
ficients are given for S = 0 and S = 0.5, and in the work of
Ng,[25] five coefficients are provided for the case S = 2.
However, as An = 0 if n is even, two of those coefficients
are not required for the computation of the velocity field
and hence have been omitted in Figure 9. The coefficients
from literature are shown in the same colour as the corre-
sponding results (for the same slip value) obtained by the
C++ implementation of the start-up algorithm. While the
results coincide for the analytically available case S = 0, a
significant difference for the two other cases S = 0.5, 2 can
be observed. Even though the results provided in the works
of Matthews and Hatie and Ng[21,25] agree with the results
obtained here up to the last significant digit, the precision
provided in Matthews and Hatie and Ng[21,25] is not suffi-
cient to accurately distinguish between different slip
lengths. In this case, the first coefficient for S = 0.5 from
Matthews and Hatie[21] coincides with the results for
S = 0.2, with a similar error for the results with S = 2 from
Ng.[25] Apparently, with increasing n, the error decreases.
For future reference, a selection of coefficients for a wide
range of values for S is given in Appendix A with 16 signifi-
cant digits in a normalized floating point format.

4.4 | Characteristic time scales

As reported in the works of Kaoullas and Georgiou, Avra-
menko et al., Ng, and Abou-Dina et al.[16,25,28,29] the time
scale required to reach a certain fraction of the stationary
velocity field increases with increasing slip length
(S = S+ = S�) on the channel walls. However, these time
scales have not been quantified like in the case of no-slip.[30]

We compare the time scale obtained from the Fourier
series solution with the decay time of the leading eigenmode:

τ1 ¼ ln 1=αð Þ
k21

: ð48Þ

This can be expected to be a good approximation to the
start-up time if α is small enough (such that the leading
eigenmode is the dominant term). In particular, from the
considerations in Section 2.5, we know asymptotic expan-
sions of the decay time of the leading eigenmode in the
limit of very small and very large slip, that is, (for α = 0.1)

k1 ¼ π

2
1�Sð Þ ) τ1 ¼ 4ln10

π2
1þ2Sð Þ as S! 0

and k1 ¼ 1ffiffiffi
S

p ) τ1 ¼ ln 10ð ÞS as S!∞:

4.4.1 | Numerical results

Using our algorithm, a parameter study for different
values of S = S+ = S� has been performed, yielding the
coefficient k1 and the dimensionless time to reach 90% of
the stationary velocity.

The results for the dimensionless time scales can be
seen in Figure 10. Here, we have compared the maxi-
mum velocity in the centre of the channel. Again, it is
found that the numerical results for the start-up time
agree very well with the asymptotic formulas for S ≲ 0.1
and S ≳ 3. In between these values, we observe a non-
linear relation between slip and start-up time, and the
asymptotic formulas show some deviations. However, the
overall agreement with the small slip asymptotics (31)
extended to arbitrary S > 0 (neglecting higher-order
terms) over the entire parameter range is remarkable.

5 | CONCLUSION

Navier slip boundary conditions are applied to a wide
variety of different flow problems and analytic solutions
for corresponding cases are relevant, among others, as
reference solutions for CFD-solvers. An algorithm has
been presented that provides an automated and robust
solution to compute the required eigenmodes and expan-
sion coefficients for the general case of different slip
lengths on the channel walls from the corresponding
non-linear characteristic equation. Two implementations,
one limited to double-precision and one that can provide
arbitrarily accurate results, are presented. A comparison
confirms that both implementations deliver the same
results up to the standard double precision machine

FIGURE 10 Characteristic relaxation time (to reach 90% of

the stationary velocity) for startup flow with slip. Comparison with

asymptotic formulas for the small and large slip limits
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tolerance. Furthermore, they are consistent with the full
DNS of the underlying hydrodynamic problem. The arbi-
trary precision implementation can provide benchmark
results with arbitrary accuracy even for cases with
extremely small or large ratios between the slip length
and the channel height. The algorithm can be conve-
niently used as a black box, meaning that no additional
work of the user is required for the computation of the
coefficients. This replaces the tedious and errorprone
manual solution, especially in the case of nearly coincid-
ing singularities. Moreover, the algorithm was used to
verify the derived asymptotic formulas for the leading
eigenmode and the characteristic time-scale in the limit
of small and large slip.
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APPENDIX A: REFERENCE COEFFICIENTS

Tables 1–4 provide highly accurate results for the coeffi-
cients kn and An computed with the arbitrary precision
arithmetic implementation introduced above and are
intended to extend the coefficients available in the works
of Matthews and Hatie and Ng[21,25] to a much wider
range of parameters. For each table, the row gives the

corresponding value of S between 10�9 and 102, while
the column gives the value of the coefficient with indices
between 1 and 19. The values are provided for the first
16 digits with rounding to nearest. These results are
expected to be sufficiently accurate for a computation
with standard double-precision. Coefficients for which
analytically An = 0 have been omitted. Note that the coef-
ficients can also be used for the computation of a starting
Couette flow as noted in the work of Ng.[25]

TABLE 1 Coefficients kn for different length ratios S, part 1

S n = 1 n = 3 n = 5 n = 7 n = 9

1e�09 1.570 796 325 224 100 4e0 0 4.712 388 975 672 301 0e0 0 7.853 981 626 120 501 3e0 0 1.099 557 427 656 870 2e0 1 1.413 716 692 701 690 3e0 1

1e�08 1.570 796 311 086 933 4e0 0 4.712 388 933 260 800 9e0 0 7.853 981 555 434 667 2e0 0 1.099 557 417 760 853 5e01 1.413 716 679 978 240 1e0 1

1e�07 1.570 796 169 715 279 7e0 0 4.712 388 509 145 839 1e0 0 7.853 980 848 576 398 4e0 0 1.099 557 318 800 695 8e01 1.413 716 552 743 751 7e0 1

1e�06 1.570 794 756 000 140 5e0 0 4.712 384 268 000 422 0e0 0 7.853 973 780 000 703 0e0 0 1.099 556 329 200 098 4e01 1.413 715 280 400 126 6e0 1

1e�05 1.570 780 618 988 708 1e0 0 4.712 341 856 966 155 3e0 0 7.853 903 094 943 695 4e0 0 1.099 546 433 292 139 0e0 1 1.413 702 557 089 930 2e0 1

1e�04 1.570 639 262 869 901 1e0 0 4.711 917 788 640 697 3e0 0 7.853 196 314 504 475 4e0 0 1.099 447 484 052 322 3e0 1 1.413 575 336 675 892 7e0 1

1e�03 1.569 227 100 981 972 9e0 0 4.707 681 333 828 0239 e00 7.846 135 659 316 748 2e0 0 1.098 459 013 919 778 1e0 1 1.412 304 483 520 254 4e0 1

1e-02 1.555 245 129 256 166 6e0 0 4.665 765 141 727 248 1e0 0 7.776 374 077 846 952 6e0 0 1.088 713 010 214 771 3e0 1 1.399 808 973 515 508 2e0 1

1e-01 1.428 870 011 214 077 1e0 0 4.305 801 413 119 223 0e0 0 7.228 109 771 627 249 1e0 0 1.020 026 258 829 590 5e0 1 1.321 418 568 384 291 9e0 1

1e00 8.603 335 890 193 797 3e-01 3.425 618 459 481 728 3e0 0 6.437 298 179 171 946 8e0 0 9.529 334 405 361 963 1e0 0 1.264 528 722 385 664 3e0 1

1e01 3.110 528 482 002 977 2e-01 3.173 097 176 692 869 5e0 0 6.299 059 359 895 646 4e0 0 9.435 375 975 760 846 9e0 0 1.257 432 316 103 786 9e0 1

1e02 9.983 363 855 112 635 5e-02 3.144 772 523 110 166 0e0 0 6.284 776 452 327 979 4e0 0 9.425 838 873 902 098 0e0 0 1.256 716 633 852 005 7e0 1

TABLE 2 Coefficients kn for different length ratios S, part 2

S n = 11 n = 13 n = 15 n = 17 n = 19

1e�09 1.727 875 957 746 510 2e0 1 2.042 035 222 791 330 5e0 1 2.356 194 487 836 150 5e0 1 2.670 353 752 880 970 4e0 1 2.984 513 017 925 790 7e0 1

1e�08 1.727 875 942 195 627 0e0 1 2.042 035 204 413 013 7e0 1 2.356 194 466 630 400 1e0 1 2.670 353 728 847 786 8e0 1 2.984 512 991 065 173 5e0 1

1e�07 1.727 875 786 686 807 7e0 1 2.042 035 020 629 863 6e0 1 2.356 194 254 572 919 5e0 1 2.670 353 488 515 975 5e0 1 2.984 512 722 459 031 4e0 1

1e�06 1.727 874 231 600 154 8e0 1 2.042 033 182 800 183 2e0 1 2.356 192 134 000 211 5e0 1 2.670 351 085 200 239 5e0 1 2.984 510 036 400 267 9e0 1

1e�05 1.727 858 680 887 749 2e0 1 2.042 014 804 685 602 4e0 1 2.356 170 928 483 496 1e0 1 2.670 327 052 281 436 1e0 1 2.984 483 176 079 428 9e0 1

1e�04 1.727 703 189 327 357 3e0 1 2.041 831 042 012 914 9e0 1 2.355 958 894 738 764 5e0 1 2.670 086 747 511 104 3e0 1 2.984 214 600 336 132 9e0 1

1e�03 1.726 149 980 903 696 6e0 1 2.039 995 512 237 421 2e0 1 2.353 841 083 684 742 2e0 1 2.667 686 701 404 246 5e0 1 2.981 532 371 549 069 5e0 1

1e�02 1.710 930 725 972 694 3e0 1 2.022 083 418 741 040 7e0 1 2.333 2718 796 715 039 e01 2.644 500 575 184 336 8e0 1 2.955 773 580 687 663 9e0 1

1e�01 1.625 936 122 550 415 4e0 1 1.932 703 429 160 271 1e0 1 2.241 084 832 844 342 9e0 1 2.550 638 298 897 743 5e0 1 2.861 058 193 655 589 6e0 1

1e00 1.577 128 487 481 588 2e0 1 1.890 240 995 686 002 3e0 1 2.203 649 672 793 856 6e0 1 2.517 244 632 664 666 4e0 1 2.830 964 285 445 201 2e0 1

1e01 1.571 432 680 177 634 5e0 1 1.885 485 954 430 770 4e0 1 2.199 569 488 801 127 2e0 1 2.513 671 945 159 862 6e0 1 2.827 787 020 178 461 6e0 1

1e02 1.570 859 986 183 620 7e0 1 1.885 008 642 303 554 2e0 1 2.199 160 329 410 365 5e0 1 2.513 313 910 975 615 1e0 1 2.827 468 755 552 073 9e0 1

TABLE 3 Coefficients An for different length ratios S, part 1

S n = 1 n = 3 n = 5 n = 7 n = 9

1e-09 1.032 049 103 926 481 9e0 0 3.822 404 088 616 599 6e�0 2 8.256 392 831 411 853 8e�03 3.008 889 515 820 646 4e�03 1.415 705 218 006 147 6e�03

1e�08 1.032 049 122 503 365 4e0 0 3.822 404 157 419 864 7e�02 8.256 392 980 026 875 2e�03 3.008 889 569 980 622 0e�03 1.415 705 243 488 813 7e�03

1e�07 1.032 049 308 272 188 9e0 0 3.822 404 845 451 796 8e�02 8.256 394 466 172 621 6e�03 3.008 890 111 577 162 2e�03 1.415 705 498 312 965 3e�03

1e�06 1.032 051 165 959 073 0e0 0 3.822 411 725 698 893 2e�02 8.256 409 327 183 659 6e�03 3.008 895 527 221 113 7e�03 1.415 708 046 303 641 4e�03

1e�05 1.032 069 742 692 977 9e0 0 3.822 480 520 947 387 6e�02 8.256 557 892 651 424 4e�03 3.008 949 651 515 680 7e�03 1.415 733 501 126 399 9e�03

1e�04 1.032 255 496 538 456 9e0 0 3.823 167 751 185 851 9e�02 8.258 039 083 070 939 0e�03 3.009 487 679 970 849 5e�03 1.415 985 540 959 267 2e�03

1e�03 1.034 111 685 642 384 6e0 0 3.829 967 830 780 645 8e�02 8.272 404 592 421 652 2e�03 3.014 546 558 827 339 8e�03 1.418 255 155 553 646 6e�03

1e�02 1.052 538 701 831 705 4e0 0 3.890 764 383 893 836 9e�02 8.371 719 653 190 572 5e�03 3.033 411 616 240 653 7e�03 1.416 404 812 548 071 6e�03

1e�01 1.223 776 911 914 263 9e0 0 3.898 162 672 952 790 2e�02 6.528 492 703 424 488 3e�03 1.760 840 926 003 631 7e�03 6.090 899 640 814 077 5e�04

1e00 2.292 351 607 471 298 6e0 0 7.244 671 968 063 378 0e�03 3.452 003 397 500 092 0e�04 4.980 648 261 055 778 3e�05 1.221 850 933 842 476 1e�05

1e01 6.428 413 250 778 782 6e0 0 1.230 053 901 375 982 6e�04 4.022 343 490 494 251 8e�06 5.342 292 477 636 676 6e�07 1.271 554 177 168 760 7e�07

1e02 2.003 328 342 729 642 1e0 1 1.299 183 517 348 386 2e�06 4.078 493 558 973 143 6e�08 5.375 397 261 786 345 4e�09 1.275 984 508 060 273 0e�09
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TABLE 4 Coefficients An for different length ratios S, part 2

S n = 11 n = 13 n = 15 n = 17 n = 19

1e�09 7.753 937 670 371 762 7e�04 4.697 538 024 244 339 7e�04 3.057 923 270 893 277 8e�04 2.100 649 509 315 044 0e�04 1.504 664 096 699 928 4e�04

1e�08 7.753 937 809 942 411 6e�04 4.697 538 108 799 830 6e�04 3.057 923 325 935 7290e�04 2.100 649 547 126 587 2e�04 1.504 664 123 783 749 7e�04

1e�07 7.753 939 205 628 348 2e�04 4.697 538 954 337 327 5e�04 3.057 923 876 345 139 9e�04 2.100 649 925 228 689 2e�04 1.504 664 394 610 032 9e�04

1e�06 7.753 953 160 431 971 6e�04 4.697 547 407 971 162 7e�04 3.057 929 378 929 368 1e�04 2.100 653 704 916 928 6e�04 1.504 667 101 680 041 6e�04

1e�05 7.754 092 502 894 288 5e�04 4.697 631 770 196 317 5e�04 3.057 984 253 783 257 5e�04 2.100 691 368 521 036 9e�04 1.504 694 053 097 738 6e�04

1e�04 7.755 465 370 193 428 4e�04 4.698 457 981 208 583 4e�04 3.058 517 903 576 576 3e�04 2.101 054 676 839 283 2e�04 1.504 951 639 153 800 0e�04

1e�03 7.767 138 991 951 299 8e�04 4.704 979 772 324 487 2e�04 3.062 345 455 578 167 6e�04 2.103 356 040 014 109 2e�04 1.506 335 863 486 393 0e�04

1e�02 7.684 810 039 876 667 5e�04 4.603 692 063 057 796 7e�04 2.958 299 367 964 403 4e�04 2.002 773 547 425 508 5e�04 1.411 545 923 628 001 4e�04

1e�01 2.485 719 923 658 363 2e�04 1.145 874 603 038 385 9e�04 5.804 423 057 041 160 2e�05 3.169 355 737 634 335 9e�05 1.839 362 892 161 379 1e�05

1e00 4.066 741 111 810 669 1e�06 1.648 351 805 236 348 2e�06 7.665 883 806 619 362 2e�07 3.945 156 774 235 195 5e�07 2.194 348 479 537 628 1e�07

1e01 4.172 416 686 595 579 9e�08 1.678 066 338 351 298 5e�08 7.767 349 136 661 435 3e�09 3.985 119 978 245 997 7e�09 2.211 906 523 330 418 9e�09

1e02 4.181 718 841 193 886 7e�10 1.680 664 080 912 372 9e�10 7.776 182 747 156 422 8e�11 3.988 589 780 777 107 9e�11 2.213 428 165 820 413 3e�11
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