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Abstract 

In this work, the recently developed split-based Extended Quadrate Method of Moments (S-EQMOM) is combined 

with a LES/presumed PDF-based flamelet/progress variable approach to achieve the predictions of soot particle size 

distributions in a turbulent non-premixed jet flame. The advantage of the S-EQMOM is that a continuous soot particle 

number density function (NDF) is able to be reconstructed by superimposing kernel density functions (KDFs) of 

presumed shape (gamma or log-normal distribution) that interact through the particle coagulation. Moreover, the S-

EQMOM primary nodes are determined individually for each KDF yielding improvement in the numerical robustness 

compared to classical EQMOM.  The above numerical framework is employed to predict soot particle formation in 

the Delft Adelaide flame III, which is a benchmark flame of the International Sooting Flame (ISF) workshop. The 

target flame is featured by low/high sooting propensity/intermittency and by relatively comprehensive flow/scalar/soot 

data available for validating the model framework. Simulation results are compared with the experimental results and 

discussed for both the gas phase and the particulate phase. A satisfactory quantitative agreement has been obtained 

especially in terms of soot volume fraction. The ability of the S-EQMOM to provide information on particle size 

distribution indicates a dominant unimodal distribution along the flame centerline.   

Introduction 

Carbon particulate produced by the combustion of 

hydrocarbon fuels is not only one of the major causes of 

global warming and accelerated ice melting, but also an 

increased risk for human health due to particle inhalation. 

Accurate predictions of particle number concentration as 

well as size distribution are necessary to meet stringent 

pollutant regulations and develop potential ways to 

reduce the health effects of particulate matter. However, 

modeling soot particle formation and growth pathways in 

turbulent reacting flows still represents a challenge due 

to the complex multiscale interaction between 

turbulence, chemical reactions, and particle evolution 

that is characterized by a particle number density 

function (NDF). Sectional methods (SMs) [1]–[4] and 

method of moments (MOM) [5]–[8] are the most widely 

used approaches to determine the soot NDF in turbulent 

reacting flows.  

SMs are based on the discretization of the internal 

coordinates of the NDF resulting in a set of transport 

equations for the soot evolution and provide local 

information of particle size distribution (PSD).   

On the other hand, the MOM does not discretize the NDF 

directly but provides a good approximation of the NDF 

by solving transport equations for the low-orders 

moments of the NDF, in combination with an appropriate 

reconstruction method. This results in a computationally 

efficient strategy to evaluate soot population, suitable to 

be combined with reacting LES. However, the 

transformation of the PBE to moment transport equations 

leads to unclosed terms, which for soot application have 

been closed with different approaches as MOMIC, 

HMOM [5], [6], [9], or quadrature-based method of 

moments (QMOM) [10]–[14].  Among the different 
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QMOM, the extended QMOM (EQMOM) approach [10] 

has shown to be suitable for soot prediction, since it 

provides a continuous reconstruction of the NDF, 

particularly important when soot particle oxidation needs 

to be considered. However, the EQMOM algorithm has 

shown some numerical issues that make the approach 

difficult to be integrated in complex three-dimensional 

reacting simulations.  

Recently, following the idea of Megaridis and Dobbins 

[15] to consider the NDF as a sum of KDFs interacting

via the coagulation term, Salenbauch et al. [16]  have

formulated an alternative extended QMOM, the so-called

split-based Extended QMOM approach (S-EQMOM), to

overcome the numerical difficulties of the EQMOM.

The S-EQMOM yields a continuous NDF by

superimposing kernel density functions (KDF), similarly

to the EQMOM, but solving transport equations for the

lower moments of each coupled KDF (or sub-NDF as in

[16]).

Therefore, the S-EQMOM provides a numerically robust

algorithm to reconstruct the soot particle NDF. The

validity of the method has been demonstrated by

simulating laminar premixed flames with uni- and bi-

modal soot particle distribution and a two-stage burner

flame configuration with significant soot oxidation [17].

Nevertheless, the performance of S-EQMOM in

modeling soot formation in turbulent flames has not been

examined. With this background, the focus of this work

is to integrate the S-EQMOM method in the LES context

for simulations of turbulent sooting flames and

investigations of the soot particle evolution and size

distribution. The numerical framework is validated by

simulating the Delft Adelaide Flame III that is one of the
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target flames of the 'International  Sooting Flame 

Workshop' (ISF) [18], [19]. 

In the following, the numerical modeling is presented 

first. The flow field and soot properties are discussed and 

compared with the experimental data [18], [19]. Finally, 

the particle number density function is reconstructed and 

analyzed.  

Numerical Modeling   

Soot Modeling  

The evolution of the soot particle number density 

function (NDF) is governed by the population balance 

equation (PBE) [16], [20]. The NDF 𝑛(𝑡, 𝒙; 𝝃) depends 

on time 𝑡 , space 𝒙 , and internal coordinate 𝝃 . In this 

study, soot particles are considered spherical. Thus, the 

vector of the internal coordinates 𝝃 is defined as 𝝃 = [𝑉], 
leading to a univariate model formulation. 

The S-EQMOM method, recently developed in [16] is 

used. In the S-EQMOM the moments 𝑚𝑘
𝑠𝛼 

 of 𝑁𝑠  sub-

NDFs 𝑛𝑠𝛼(𝑉) are considered instead of the moment of

the entire NDF, 𝑛(𝑉), as in standard EQMOM [10], [13]. 

A generic sub-NDF moment is defined as  

(1) 

where 𝑠𝛼  is the index of the sub-NDF. The entire NDF 

may then be approximated as  

(2) 

In S-EQMOM the moment inversion procedure consists 

in the analytical evaluation of the nodes’ positions 𝑉𝑠 𝛼,

their weights 𝑤𝑠 𝛼 and the scale parameters 𝜎𝑠𝛼
directly

from the first three moments [𝑚0
𝑠𝛼 , 𝑚1

𝑠𝛼 , 𝑚2
𝑠𝛼]

𝑇
 of the 𝑁𝑠

sub-NDFs. Note that this corresponds to the inversion of 

a series of one-node EQMOM systems using the solution 

algorithm proposed in [10].  

The main advantage of the S-EQMOM over the 

EQMOM is that the inversion procedure produces a 

system of equations which is solved analytically and has 

a unique solution [16], while the inversion in the 

EQMOM is an iterative and non-unique procedure [10], 

[21], [22] applied to a set of low and high order moments 

of the entire NDF. This greatly improves the stability of 

the inversion algorithm, allowing a computationally 

efficient and robust reconstruction of the soot particle 

NDF. 

The source terms of the moment equations include 

particle nucleation from dimerization of two PAH 

molecules, surface growth by condensation of PAH 

molecules on soot particles and H-abstraction-C2H2-

addition (HACA) mechanism, coagulation and particle 

oxidation by reactions with O2 and OH. 

Further details regarding the S-EQMOM formulation and 

the moment source terms definition can be found in [16]. 

Combustion Modeling 

In the present study, the FPV framework [23], [24] based 

on steady laminar diffusion flames manifold is employed. 

The flamelet solutions are generated by solving the 

steady-state flamelet equations [25] with different 

stoichiometric scalar dissipation rates ranging from 

thermochemical equilibrium to quenching conditions. 

The kinetic mechanism presented in [26], [27] is utilized 

here. The thermochemical state is parametrized by the 

mixture fraction 𝑍, the scalar dissipation rate 𝜒𝑠𝑡, which 

is mapped to the progress variable defined as 𝑌𝐶 =
𝑌𝐻2𝑂 + 𝑌𝐻2

+ 𝑌𝐶𝑂2
+ 𝑌𝐶𝑂 in this study.  Note, that

radiation effects are neglected here.  

Coupled LES-FPV approach 

The flow field is described by the Favre-filtered Navier-

Stokes equations. The turbulence closure is achieved 

using the eddy viscosity hypothesis employing the 𝜎-

model [28], with model constant dynamically determined 

with the procedure described in [29]. The suitability of 

this LES-FPV coupling for turbulent jet flames was 

previously shown in [30]–[32]. The Favre-filtered 

transport equation of mixture fraction and progress 

variable are 

(3) 

(4) 

Here, 𝐷𝑍 and 𝐷𝑌𝐶
 denote the diffusion coefficient of the

mixture fraction and progress variable, respectively, 

which are evaluated under the assumption of unity Lewis 

number as  𝐷𝑍 ≡ 𝐷𝑌𝐶
= 𝛼, with the thermal diffusivity 𝛼

determined from the flamelet table. Furthermore, 𝜐𝑡 

represents the eddy viscosity, the turbulent Schmidt 

number 𝑆𝑐𝑡  is set to 0.7, and �̅̇�𝑌𝑐
 is the filtered source

term of the transported variable, which is also obtained 

from the look-up table. The variance of the mixture 

fraction is calculated using an algebraic equation 

following [23].  

The thermo-chemical state is retrieved using a 

normalized progress variable 𝐶 [33] defined as   

(5) 

Here, the minimum and maximum progress variable 

values are functions of the mixture fraction and are 

determined from the tabulated flamelet solutions. The 

manifold is parametrized as �̃� = (𝑍,̃ 𝑍′′2 , �̃�). To account

for non-resolved fluctuations, a presumed 𝛽 -shaped 

filtered density function (FDF) is used for the mixture 

fraction, whereas a 𝛿 -FDF is applied for the progress 

variable.  
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To model the slow PAH chemistry and the mass transfer 

from gas to solid phase due to nucleation of soot 

particles, a filtered transport equation for the PAH mass 

fraction is solved following [6]  

 

 

(6) 

Here �̃�𝑃𝐴𝐻  is the sum of the PAH soot precursors 

considered. According to [6], [34] the filtered source 

term �̇�𝑃𝐴𝐻
̅̅ ̅̅ ̅̅ ̅  is decomposed in three components: a 

chemical production term  �̇�𝑃𝐴𝐻
+, which is independent 

of the PAH species concentration, a chemical 

consumption term �̇�𝑃𝐴𝐻
−,    which scales linear with the 

PAH species concentration, and a consumption term 

representing the mass transfer rate from gas-phase to soot 

�̇�𝑛𝑢𝑐 , which scales quadratically with the PAH species 

concentration, 

 

 (7) 

 

The filtered source term will be decomposed analogously 

to [35]    

 
(8) 

 

where the superscript 𝑇 indicates the value obtained from 

the flamelet table. It is important to note that the rate of 

soot particle nucleation �̇�𝑛𝑢𝑐  can be determined in the 

laminar flamelet calculation since it is only dependent on 

the gas-phase soot precursor concentrations. Therefore, it 

can be easily obtained along with the thermo-physical 

state. 

 

Results and Discussion 

Experimental and numerical setup 

The experimental setup under investigation is the Delft-

Adelaide Flame III from the International Sooting Flame 

workshop. The burner was first described in [18] and 

consists of a central main fuel jet of 6 mm diameter. It is 

surrounded by a rim containing 12 pilot flames 

stabilizing the main flame, a primary air annular coflow 

with inner and outer diameters equal to 15 mm and 45 

mm, respectively, and a secondary coflow. The fuel jet 

has a bulk velocity of 21.94 m/s, the coflow streams of 

4.4 and 0.3 m/s, respectively. The fuel composition is 

varying between the different experiments performed on 

this burner. As mentioned by [19], the sensitivity to the 

temperature is small with respect to the variation in fuel 

composition. On the other hand, since the evolution of 

soot precursors depends strongly on the fuel mixture, the 

Dutch natural gas composition, used to perform the soot 

measurements, was chosen in the current investigation. 

Experimental data for the gas-phase are reported by [18], 

[35], [36]  while the soot measurements are available in 

[19].     

The numerical simulations are performed using the foam-

extend 4.0 version of OpenFOAM to solve the filtered 

Navier-Stokes, transported scalar, and moment 

equations. The in-house QMOM library is coupled to the 

CFD solver for the determination of the moment source 

terms and the reconstruction of the soot particle NDF.  

The domain is discretized by a block-structured mesh 

with approximately 11 mio. cells.  

Second-order backward discretization scheme is used for 

the time and a second-order CDS scheme is applied for 

the velocity. A TVD scheme utilizing the Sweby  [37] 

limiter is used for discretization of the convective scalar 

flux.  

In the S-EQMOM the NDF is described using a gamma 

distribution for each of 𝑁𝑠 = 2 sub-NDFs, which is a 

proper number to approximate typical bimodal soot 

particle distribution, as shown in [16]. This yields six 

additional transport equations to solve the first three 

moments of each sub-NDFs.  

For the generation of the turbulent inflow boundary 

conditions at the main jet and the first coflow, the 

upstream geometry of the burner is simulated. 

 

Simulation results  

In this section, the simulation results of the gas-phase 

compared to the experimental data from [35], [36] are 

first introduced. Then, the soot-related quantities 

compared with the measurements from [19] are presented 

and discussed. 

Figure 1 shows the mean radial profiles for the axial 

velocity, mixture fraction, temperature and their rms at 

three axial locations 𝑥/𝐷=16.66, 25 and 41.66 close to 

nozzle, where experimental data for the flow variables 

are available. It can be observed that the simulation 

results are in very good with the experimental data at all 

axial locations.  

 
Figure 1 Mean radial profiles of the axial velocity, mixture 

fraction and temperature and their rms at three axial positions 

compared with the experimental data [36]. Line: LES; Symbols: 

Exp. data.  

Mean radial profiles of the major species H2O, CO2 and 

minor species, CO and H2, are shown in Fig. 2. Here, a 

good comparison is also achieved. At 𝑥/𝐷 =8.3 CO2 

appears overpredicted. This is due to the slightly different 
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composition of the natural gas used to perform those 

experimental measurements and is in line with previous 

numerical publications [6], [9].  

 

 
Figure 2 Mean radial profiles of CO, CH4, H2O and H2 mass 

fraction at three axial positions compared with the experimental 

data [35]. Line: LES; Symbols: Exp. data.  

Mean contours of the temperature, PAH mass 

fraction, soot volume fraction, and number density are 

shown in Fig. 3. The superimposed black line represents 

the stoichiometric mixture fraction isoline (𝑍𝑠𝑡 = 0.073).  

 

 
 

Figure 3 Contour plot of the mean temperature, PAH mass 

fraction, soot volume fraction and particle number density. The 

black line represents the stoichiometric mixture fraction.    

It can be observed that the soot precursor YPAH is 

present in an appreciable amount in the region 0.15 m <
𝑥 < 0.8 m. A significant soot volume fraction is obtained 

downstream in the flame for 𝑥 > 0.3 m. Moreover, the 

number density contour indicates that the number of 

particles per LES cell increases due to particle nucleation 

for 𝑥 > 0.15 m, while decreases rapidly for 𝑥 > 0.6 m 

where coagulation and subsequently particle oxidation  

(𝑍 < 𝑍𝑠𝑡) are active. Similarly, particle surface growth 

(i.e., condensation + HACA) is active for 𝑥 > 0.15 m, 

where a large number of particles and PAH molecules are 

present. In Fig. 4 the mean profile of soot volume fraction 

along the flame centerline is compared with the 

experimental data. A quite good agreement can be 

observed in terms both of peak value and peak position. 

Soot particles are completely oxidized at 𝑥/𝐷 = 120, 

upstream the location showed in the experiments.  

Although the peak value is slightly overpredicted and the 

peak position is located upstream compared to the 

experimental data, these results represent a dramatic 

improvement compared to some recently published 

results of the same flame [38]–[40]. A comparable 

agreement is, instead,  observed with the results reported 

by Mueller and Pitsch [6] and by Han et al. [9],  based on 

the hybrid method of moments (HMOM) approach. 

Compared to the HMOM approach, S-EQMOM provides 

a unique advantage that the continuous soot PSD can be 

directly reconstructed. Figure 5 shows the instantaneous 

PSD at five axial locations along the centerline. The plots 

indicate a dominant unimodal distribution. Along the 

centerline, the number of small particles (𝑑𝑝 ≤ 100 nm) 

first increases due to the soot particle nucleation between 

𝑥/𝐷 =30 and 𝑥/𝐷 =60, where a high amount of PAH 

molecules is formed. For 𝑥/𝐷 > 60 the particle number 

decreases due to particle coagulation and then oxidation. 

It can be observed that at  𝑥/𝐷 = 99 the particle number 

is significantly reduced with a small diameter due to 

particle oxidation.   

 
Figure 4 Mean soot volume fraction along the centerline 

compared with the experimental data [19].  

 
Figure 5 Instantaneous particle size distribution (PSD) at five 

positions along the centerline.  
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Conclusions  

In this study, a novel split-based EQMOM (S-EQMOM) 

approach that is capable of reconstructing continuous 

particle size distributions is coupled with the LES/FPV 

model, in order to predict soot formation and evolution 

in the turbulent sooting Delft-Adelaide Flame III. 

Numerical results of the gas-phase show very good 

agreement with the experimental measurements available 

in the lower portion of the flame, close to the nozzle exit.  

While a monovariate approach is used, the current 

numerical framework provides a significant 

improvement in predicting soot volume fraction. It is 

noted that the S-EQMOM is able to reconstruct 

instantaneous and continuous particle size distributions 

(PSD), which is not directly available in the classical 

method of moments.  The investigation of PSD along the 

centerline shows that a unimodal particle distribution is 

dominant in this turbulent flame, with particle diameter 

smaller than 100 nm, which is different from a bimodal 

distribution commonly observed in laminar flames.  

Finally, this work demonstrates the good predictive 

capability of the S-EQMOM both in terms of soot 

volume fraction and NDF, which is encouraging for the 

study of carbon-neutral sustainable combustion devices. 
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