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Abstract

Artificial Intelligence (AI) has made a huge impact on our everyday lives. As a dominant
branch of AI since the 1990s, Machine Learning (ML) has been applied to a wide range of
scenarios, including image recognition, speech recognition, fraud detection, recommenda-
tion systems, time series prediction and self-driving cars. Deep learning, backed up by
Deep Neural Networks (DNNs), is a major subfield of machine learning. DNNs are good at
approximating smooth functions, i.e., learning a mapping from inputs to outputs, which
is also known as the predictive or supervised learning approach. Sometimes, one is not
interested in a specific predictive task, but rather in finding interesting patterns in the
data. In this case, a descriptive or unsupervised learning approach is needed, and the task
can be formalized as density estimation. Deep probabilistic models have gained popularity
for density estimation because they maintain a good balance between expressivity and
tractability, whereas classical probabilistic models face an inherent trade-off.
Deep neural networks and deep probabilistic models are both deep models in the sense

that they are composed of multiple layers of computation units. They are essentially
computation graphs and consequently, it is hard for humans to understand the underlying
decision logic behind their behavior. Despite the representational and predictive power
deep models have demonstrated in many complex problems, their opaqueness is a common
reason for concern. In this thesis, we provide insights into deep models using high-level
interpretations and explanations of why particular decisions are made.
Explanations that contradict our intuitions or prior knowledge on the underlying domain

can expose a potential concern, which may imply some desiderata of ML systems are not
met. For example, a deep model may obtain high predictive accuracy by exploiting a
spurious correlation in the dataset, which can lead to a lack of robustness, or unfairness
if the spurious correlation is linked to a protected attribute. Built on the framework of
Explanatory Interactive Machine Learning (XIL), we propose to interactively improve
deep models based on the explanations we get. This way, we put users in the training
loop and take user feedback on explanations as additional training signals. As an effect,
the model can learn the rules that align with our intuitions or prior knowledge.
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1. Introduction

Nowadays, Artificial Intelligence (AI) has received an incredible amount of attention from
both academia and industry. Coined by John McCarthy in 1956, the term AI refers to “the
science and engineering of making intelligent machines, especially intelligent computer
programs” [142]. Since the 1990s, Machine Learning (ML) has become a dominant branch
in AI. ML refers to a set of methods that aim to automatically detect patterns in data, which
can in turn facilitate automated decision making [158]. Applications of machine learning
range from image recognition [236], speech recognition [248, 74], fraud detection [138,
227, 165], recommendation systems [253, 3], time series prediction [79] to self-driving
cars [16]. After AlexNet [113] won the ImageNet Large Scale Visual Recognition Challenge
by a phenomenally wide margin in 2012, deep learning has boomed and remains a major
subfield of machine learning until today. Loosely inspired by neuroscience, artificial neural
networks are the backbone of deep learning [69]. Another promising subfield of machine
learning is probabilistic reasoning, which provides a formalism for automated reasoning
in the presence of uncertainty [167]. Unlike neural networks, probabilistic models allow
for a full modelling of the domain instead of a specific input-output mapping, which in
turn enables reasoning beyond one specific target variable. Among probabilistic models,
probabilistic circuits have gained popularity because theymaintain a good balance between
expressivity and tractability, whereas classical probabilistic models face an inherent trade-
off.
Both probabilistic circuits and neural networks are deep models in the sense that they

are computation graphs composed of multiple layers of computation units. They provide
scalable solutions for specific tasks by learning heavily parameterized but unstructured
models. Despite their success on specific tasks in recent years [113, 80, 67, 134, 245, 55],
deep models still face doubts and critics in many ways. A frequently used argument against
deep models is that they lack interpretability and explainability. Deep models are to be
contrasted with conventional machine learning approaches, which are inherently easy to
interpret but lack representational and predictive power to deal with complex problems
without prior feature engineering. Take a linear regression model as an example. It learns
a linear relation between features and the outputs. The model’s weights associated with
each feature determine directly their contribution to the prediction, which can easily

3



be understood by humans, assuming the number of features remains a reasonable size
and the features correspond to intuitive concepts. However, such models are limited to
learn only linear relations. Other conventional machine learning models are interpretable
in different ways. Naive Bayes may be interpreted by their assumption of conditional
independence of the features given the class label [151]. Decision trees may be interpreted
by their feature splitting rules. However, interpretability is not a binary concept but a
spectrum. For instance, decision trees can in fact become less interpretable when their
model size grows. This is due to the finite span of our immediate memory [146, 35]. In
general, there is an intuitive trade-off between predictive accuracy and interpretability
which is illustrated in Figure 1.1.
Interpretability is desired due to the following reasons:

1. It increases the social acceptance of black-box models for daily uses [151].

2. It is helpful for humans to gain knowledge and insights about the underlying domain
[48, 151].

3. It can be used to verify auxiliary criteria, other than expected task performance, of
machine learning systems [48].

The desire for interpretability of black-box models has not only raised attention from the
research community, but also from the public. For instance, the General Data Protection
Regulation (GDPR) [246] that came into effect in 2018 requires automated decision-
making systems that legally affect EU residents to be able to explain themselves.

1.1. Interpreting and Explaining Deep Models

The definition of interpretability has largely been based on intuitions. One of the most
popular definitions is that interpretability is the degree to which a human can understand
the cause of a decision [14, 147]. Another popular definition is, that it is the ability
to explain or to present in understandable terms to a human [48]. Interpretability and
explainability are often used interchangeably. However, Gilpin et al. [66] and Arrieta et al.
[8] explicitly argue that these two concepts should be distinguished. Rudin posits that
interpretability is conferred by models that are considered inherently interpretable by
construction, and explainability refers to the ability to explain the black-box model based
on another post-hoc model [199]. In this work, we follow the terminology adopted by
Rudin.
In terms of scope, interpretability and explainability can be considered at a global level

and a local level. Global approaches focus on the entire behaviour of a model, which

4



Linear regression

Decision trees

Random Forests

Deep neural networks

Interpretability

Representational Power

Support Vector Machines

Research Interest O
ur R

esearch Focus

Figure 1.1.: Illustration of the trade-off between accuracy and interpretability, adapted
from [251].

can give general insights into the domain. Local methods are supposed to improve our
understanding of why a specific decision is made.

Deep models are not inherently interpretable, both on the global level and on the local
level. This is attributed to the fact that deep models lack rich structure with semantics and
their architecture is typically too large. In this thesis, we are interested in increasing the
interpretability and explainability of deep models on both the global level and the local
level, whereby we put our emphasis on post-hoc explanations but also touch upon intrinsic
interpretability. To induce more interpretable high-level structures for deep models, we
impose modular structures on high-dimensional joint distributions. In particular, we
propose to use tractable conditional probability distributions as building blocks for joint
probabilistic models. Modularity can be formed using the chain rule in probability theory,
which can in turn help us obtain a high-level interpretation of the underlying domain and
enable the integration of background knowledge or assumptions in the form of conditional
independencies in highly complex spaces. As such, deep models are beginning to explore
the spectrum between interpretability and representational power. Sometimes a general
interpretation of the domain is insufficient and more specific explanations based on the
situation are required. For example, knowing that the success of a loan application depends
on income, deposit, age and housing state etc. is not as helpful as a specific explanation
such as “your application is rejected because your income is too low”. Therefore, we also
delve into local explanations for deep models to understand individual inferences.

5



1.2. Debugging Deep Models

Deep models are good at learning for specialized tasks from a large quantity of data. They
do so by optimizing an objective function as performance metric on a task. However, other
important criteria, such as fairness, privacy, reliability, robustness, causality, usability,
and trust, of machine learning systems can be hard to formalize, which in turn makes
optimization and validation hard [48]. Explanations can help us to verify auxiliary criteria,
apart from giving insights. In particular, explanations that contradict our intuitions or
prior knowledge on the underlying domain can expose a potential concern about the
model, which may imply some desiderata are not met [48]. For example, by using Layer-
wise Relevance Propagation (LRP) [9] to explain a Fisher vector classifier trained on the
PASCAL VOC 2007 dataset [54], Lapuschkin et al. [117] found that this model actually
focuses on a source tag present in about one-fifth of the horse figures. This is of course
not desired, because the source tags are not the goal of classification, and these spurious
correlations between some features and the prediction target probably do not generalize
in a product environment. The reliance on such spurious correlations is typically referred
to as the Clever Hans phenomenon in psychology [173, 117]. The acquired spurious
correlations are a type of model bug caused by the contamination in the learning pipeline
[2]. Adebayo et al. [2] categorize model bugs into the following types based on their
source:

1. Data contamination bugs are caused by problems in the training data such as a
spurious correlation signal.

2. Model contamination bugs are caused by problems in the model parameters.

3. Test-time contamination bugs are caused by problems in test examples, for example,
domain shift at test time.

The ultimate goal of diagnosing model bugs is to correct the bugs. Diagnosing and
correcting model bugs—model debugging— is especially important as automated systems
are being deployed in high-stakes domains [2, 13, 84, 144]. In this work, we restrict our
attention to data contamination bugs that originate from the learning pipeline. In this
case, debugging defective models requires improving their learning pipeline. Therefore,
we ponder the question of whether explanations could be effectively used as debugging
tools to improve defective models during the learning stage. Assuming explanations
can faithfully reveal the bugs in the model, debugging amounts to adapting the model
to generate explanations that align with user intuitions or knowledge. In the standard
supervised learning setting, humans guide models to learn by providing annotated labels
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on each example. This information is however very restricted and does not contain much
complexity. In some cases, ambiguity may even arise. Take again the aforementioned
example, the source tags exclusive to the horse images in the PASCAL VOC 2007 dataset
make the labels for horse images and non-horse images ambiguous. Take another example,
if a classifier is trained to distinguish cats and dogs, but the training examples contain only
black cats and white dogs, then a single label for each image is obviously ambiguous for this
task. A direct consequence is that the models may exhibit the Clever Hans phenomenon or
learn entangled representations. However, explanations may encode more information and
be used as the training signal for imposing additional constraints. In this thesis, we present
various approaches to guide a variety of deep models using feedback on the explanations
provided by users, in addition to the labels, with the aim of learning models that align
with user explanations. We build our solutions using the explanatory interactive learning
framework [237] where the user and the machine can interact via the explanations inside
a training loop.

1.3. Outline and Summary of Contributions

This thesis is driven by the following three high-level scientific questions:

(Q1) How to improve the interpretability of deep networks on the global level?

(Q2) Can deep probabilistic models be explained?

(Q3) Can explanations be used to diagnose and correct model bugs?

This thesis is organized into three parts. In the first part, we prepare the background
knowledge on explainable AI. Then in the second part, we present some deep models that
will be employed later. These deep models include both neural networks and probabilistic
models. In the third part, we show how to interpret and explain deep models. Ultimately,
we provide solutions to interactively revise deep models to be right for the right reasons or
latent factors. The respective chapters can contain verbatim quotes from the corresponding
publications. A more detailed contribution for each chapter is given as follows.
Chapter 2 first gives an overview of the mainstream post-hoc explanation methods

for deep models, including both local approaches and global approaches. Based on the
introduced explanation methods, we present some approaches to revise the models using
user feedback on explanations. Then we have some general discussion about explainable
AI.

Chapter 3 presents deep neural networks by their model representation and learning
routines. Then some common regularization techniques are reviewed, some of which
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can potentially induce more interpretable models as a side effect. In the end, a neural
generative model is presented, which will be used in part III.
Chapter 4 introduces sum-product networks (SPNs), which are another type of deep

models we want to interpret in part III. This chapter covers the model representation,
inference and learning of SPNs, followed by a scalable variant of SPNs. In the end, some
perspectives on SPNs are given, which can be used to interpret SPN architectures by
drawing connections to classical probabilistic models.

Chapter 5 introduces conditional sum-product networks (CSPNs). This is a conditional
counterpart for sum-product networks (SPNs) to represent conditional probability dis-
tributions. Inheriting the advantages of SPNs, CSPNs achieve a good balance between
expressiveness and tractability. Besides, they maintain — at least on a high level — an
interpretable domain structure. More specifically, CSPNs can be used as building blocks to
impose a rich structure on high-dimensional joint distributions. This chapter is based on
the following publications:

Xiaoting Shao, Alejandro Molina, Antonio Vergari, Karl Stelzner, Robert Peharz,
Thomas Liebig, and Kristian Kersting. “Conditional Sum-Product Networks: Im-
posing Structure on Deep Probabilistic Architectures”. In: Proceedings of the 10th
International Conference on Probabilistic Graphical Models (PGM). 2020

Xiaoting Shao, Alejandro Molina, Antonio Vergari, Karl Stelzner, Robert Peharz,
Thomas Liebig, and Kristian Kersting. “Conditional Sum-Product Networks: Modular
Probabilistic Circuits via Gate Functions”. In: International Journal of Approximate
Reasoning 140 (2022), pp. 298–313

Chapter 6 demonstrates the effectiveness of CSPNs in building modular structures for
joint probabilistic models. The modular structures give high-level interpretability to deep
models, which helps us with domain understanding and integrating domain assumptions.
This work is related to the scientific question (Q1). This chapter is based on the same
publications as the previous chapter.
Chapter 7 presents a novel approach for explaining individual inferences of SPNs by

generating counterfactual examples, which is essentially a generative task. Compared to
the counterfactual literature that mainly focuses on neural networks, the big advantage
of studying SPNs is that the underlying density distributions are naturally useful for
generative tasks. Empirical study will show the effectiveness and efficiency of this approach.
This work is related to the scientific question (Q2). This chapter is based on the following
work:

Xiaoting Shao and Kristian Kersting. “Gradient-Based Counterfactual Explanations
Using Tractable Probabilistic Models”. In: arXiv preprint arXiv:2205.07774 (2022)
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Chapter 8 presents our work on interactively learning from user feedback on expla-
nations. Built on the work of Ross et al. [198], we teach the models to effectively learn
the right features by using user feedback on influence functions. This way, the models
do not only learn the right labels, but also learn the right features that are responsible
for the labels. We show with empirical evidences that this approach is very effective at
counteracting the Clever Hans effect, and improving adversarial robustness. This work is
related to the scientific question (Q3). This chapter is based on the following publications:

Xiaoting Shao, Arseny Skryagin, P Schramowski, W Stammer, and Kristian Kersting.
“Right for Better Reasons: Training Differentiable Models by Constraining their
Influence Function”. In: Proceedings of 35th AAAI Conference on Artificial Intelligence
(AAAI). 2021

Patrick Schramowski, Wolfgang Stammer, Stefano Teso, Anna Brugger, Franziska
Herbert, Xiaoting Shao, Hans-Georg Luigs, Anne-Katrin Mahlein, and Kristian Ker-
sting. “Making Deep Neural Networks Right for the Right Scientific Reasons by
Interacting With Their Explanations”. In: Nature Machine Intelligence 2.8 (2020),
pp. 476–486

Chapter 9 presents our study on the Clever Hans effect for deep generative models,
specifically VAEs. We show that confounded datasets are harmful for VAEs by causing
them to learn entangled representations. To improve the latent representations, user
explanations are given as a small set of examples back to the model inside the training
loop. Empirical evidences show the effectiveness of this approach on learning the right
latent factors. This work is related to the scientific question (Q3). This chapter is based
on the following work:

Xiaoting Shao, Karl Stelzner, and Kristian Kersting. “Right for the Right Latent
Factors: Debiasing Generative Models via Disentanglement”. In: arXiv preprint
arXiv:2202.00391 (2022)

Chapter 10 concludes this thesis, and points out some interesting directions to explore
in future work.
Apart from the publications mentioned above, there are additionally the following

publications that are relevant but not expanded in this thesis:

Robert Peharz, Antonio Vergari, Karl Stelzner, Alejandro Molina, Xiaoting Shao,
Martin Trapp, Kristian Kersting, and Zoubin Ghahramani. “Random Sum-Product
Networks: A Simple and Effective Approach to Probabilistic Deep Learning”. In:
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Proceedings of the 35th Conference on Uncertainty in Artificial Intelligence (UAI). ed. by
Ryan P. Adams and Vibhav Gogate. Vol. 115. Proceedings of Machine Learning
Research. PMLR, July 2020, pp. 334–344

Tjitze Rienstra, Matthias Thimm, Kristian Kersting, and Xiaoting Shao. “Indepen-
dence and D-separation in Abstract Argumentation”. In: Proceedings of the Interna-
tional Conference on Principles of Knowledge Representation and Reasoning. Vol. 17. 1.
2020, pp. 713–722

Xiaoting Shao, Zhongjie Yu, Arseny Skryagin, Tjitze Rienstra, Matthias Thimm, and
Kristian Kersting. “Modelling Multivariate Ranking Functions With Min-Sum Net-
works”. In: Proceedings of the 14th International Conference on Scalable Uncertainty
Management. Springer. 2020, pp. 281–288

Andrea Galassi, Kristian Kersting, Marco Lippi, Xiaoting Shao, and Paolo Torroni.
“Neural-Symbolic Argumentation Mining: An Argument in Favor of Deep Learning
and Reasoning”. In: Frontiers in big Data 2 (2020), p. 52
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2. Explainable AI

The topic about explanations can be found in vast and valuable bodies of research in phi-
losophy, psychology, and cognitive science [147]. In the field of psychology, explanations
are the currency in which we exchange beliefs, as noted by Lombrozo [133]. Miller argues
that explanation involves cognitive process and social process: The cognitive process in
explanation is the process of determining an explanation for a given event by identifying
the causes of the event and selecting a subset of these causes as the explanation. The
social process in explanation is the process of transferring knowledge between explainer
and explainee, with the purpose of providing the explainee with enough information to
understand the causes of the event [147].
In the field of AI, there is a surging demand for explanations for intelligent autonomous

systems. For instance, taking effect as a law across the European Union (EU) in 2018,
GDPR requires that individuals affected by algorithmic decisions have a right to ask for an
explanation of an algorithmic decision that was made about them [72]. What form such
an explanation may take and how such an explanation could be proven correct remain
to be researched [127]. Fortunately, the surging demand has given rise to increasing
research attention within the field of Explainable Artificial Intelligence [78], abbreviated
XAI.
AI, especially ML, has gained a lot of success and attention in the last decades and revo-

lutionized our way of life, from super-human performance in visual pattern recognition to
astounding achievements in natural language processing and intelligent agents. However,
current ML systems are also very fragile.
First, ML models are susceptible to adversarial perturbations [71, 23, 18, 252]. One

study points out that adversarial examples are features instead of bugs [96], which
implies the fact that machines learn different relations in the data as we humans do.
This adversarial behavior of AI systems seems counter-intuitive to us because humans are
inclined to humanize machines and think they make decisions the same way as we do.
Therefore machine explanations can give us an objective understanding of the machinery
of AI systems.
Second, ML systems may reinforce social stereotypes or exhibit bias towards a certain

group of people. Statistical translation tools such as Google Translate can exhibit gender
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biases and a strong tendency towards male defaults: By translating professional-related
sentences such as “He/She is an engineer” from gender-neutral languages into English,
the male defaults are found to be exaggerated in fields associated with gender stereotypes,
such as STEM (Science, Technology, Engineering and Mathematics) occupations [176].
An automated commercial facial recognition tool sold by major tech companies shows
substantial disparities in its performance on faces with different skin-tone and different
gender. Specifically, they perform overall best for individuals with a lighter skin tone and
males, and worst for females with dark skin [19].
The brittleness of ML models can cause severe consequences, e.g. when deployed in the

clinical domain. In a famous example, a ML model predicted a lower risk of pneumonia
for patients with asthma and a higher risk otherwise [24]. This counter-intuitive behavior
is explained by the fact that the model learns to pick up the correlations between patients
with asthma and their fatality rate [24]. The fatality rate of asthma patients is lower
because asthma patients tend to seek medical help earlier than other patients but obviously
their inherent risk is higher. Consequently, this model would make systematically wrong
predictions which could potentially bring real harm to those risk patients [24]. Another
example is a class of commercial risk-prediction tools for identifying patients who will
derive the greatest benefit from the “high-risk care management” programs. The tools,
employed to approximately 200 million people in the United States each year, are found
to exhibit significant racial bias: Black patients are much sicker than White patients at a
certain predicted risk level, as evidenced by signs of uncontrolled illnesses [161].
Trust is the cornerstone of major theories of interpersonal relationships in psychology

[223, 89]. Similarly, trustworthiness is also a desirable property for machines to have.
However, it is hard for machines to gain trust or social acceptance if there are significant
consequences for incorrect results, or the problem has not been sufficiently studied and
validated in real-world applications [48]. Due to the aforementioned counter-intuitive
behaviour and brittleness of ML systems, potential fairness and safety issues that come
along with it, the desire for improvements naturally arises. Explanations can help in
validating ML systems, which in turn guide the systems to improve and boost human trust.
Explainable AI is one of the sub-fields that augment the current ML systems, which is
of vital importance for combating these issues. Dating back to the early 1990s, a great
number of publications on explainable AI initially emerged [90, 57, 199]. This chapter,
however, deals primarily with the state-of-the-art research and not with the historical
background.
In the remainder of this chapter, we will focus on recent work on explaining black-box

ML models and give an overview of a number of state-of-the-art techniques in Section 2.1.
Subsequently, a collection of research work on using explanations to improve ML models
will be reviewed in Section 2.2 based on the explanation methods introduced in Section
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2.1.
In the following, we assume N input-label pairs {(x(i),y(i))}i=Ni=1 in the training set

where x(i) ∈ RD and y = f(x). Our goal is to explain a learner f̂(x; θ̂) parameterized
by θ̂ which approximates the target function f(·) and yields ŷ as its prediction for x,
i.e. ŷ = f̂(x; θ̂).

2.1. Explainable Methods

In this section, we discuss post-hoc techniques for explaining machine learning models.
Due to the quickly expanding volume of research in XAI, we do not enumerate all the
methods. Instead, we focus on the mainstream explainable methods in deep neural
architectures. As mentioned previously, explainable methods can be categorized as local
approaches and global approaches. Local approaches aim to explain the model in a local
context, for example explaining the decision on a particular instance [188, 10, 81, 206,
221, 122]. Global approaches are designed to study the aggregated behaviour that goes
beyond single instances. In particular, they aim to reveal insights and improve overall
understanding of a set of examples, an entire class of interest or the entire model [104,
58, 7].
We first review a variety of local approaches in Subsection 2.1.1, which concludes with

a unifying framework. Then we go through a few global approaches in Subsection 2.1.2.

2.1.1. Local Approaches

Perturbation-based: Local Interpretable Model-agnostic Explanations (LIME) [188]
is a modular and extensible method that interprets the decision for a sample x(i) based on
a linear model ĝ(·), which approximates the decision boundary of the original model f̂(·)
around a local vicinity. In order to induce the linear model ĝ(·), the following objective
function is minimized

ξ = argmin
ĝ∈G

L(f̂ , ĝ, πx) + Ω(ĝ), (2.1)

where L(f̂ , ĝ, πx) denotes the approximation loss over a set of local samples weighted by
kernel πx, and Ω(ĝ) regularizes the complexity of ĝ.
The main advantages of LIME are threefold. Firstly, it yields interpretable explanations

to a wider audience using the weights of linear models [188]. Secondly, it promotes
local fidelity, i.e. the explanations correspond to the model’s underlying behaviour in the
vicinity of the selected instance [188]. This is a desirable property that was formally
defined as local accuracy by Lundberg et al. [137]. Thirdly, it is agnostic to the underlying
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models because the model’s predicted outputs for a set of samples are sufficient for the
computation of LIME, regardless of the internal mechanism of the predictive models [188].
The model agnosticism in turn makes it flexible to use in a wide variety of problems.
However, the reliance on sampling process makes the method computationally heavy to
use. Moreover, LIME explanations are not stable when applied to complex models, meaning
that the explanations can vary significantly for neighbouring inputs [5]. In addition, it is
hard to know how far one can extrapolate the local model for the explanations [151].
Perturbation-based: Influence Functions [111] are used to understand a model’s

prediction through the lens of its training data by attributing a given prediction to training
points that are most responsible for it. According to Cook et al. [34], the influence of
upweighting an instance z on the parameters θ̂ by a small amount can be efficiently
approximated by

Iup, params(z) := −H−1

θ̂
∇θL(z, θ̂), (2.2)

where z = (x(i),y(i)) and L(z, θ̂) is the loss.
Koh et al. [111] derived a finer-grained version of Equation 2.2, which is given by

Ipert, loss(z, ztest) := −∇θL(ztest, θ̂)
TH−1

θ̂
∇x∇θL(z, θ̂). (2.3)

The statistic in Equation 2.3 approximates the influence of perturbing the instance z on
a specific test instance ztest = (x

(i)
test,y

(i)
test). In order to efficiently calculate this statistic,

especially inverting the Hessian matrixH−1

θ̂
, it is reformulated as −H−1

θ̂
∇θL(ztest, θ̂) ·

∇θL(z, θ̂) whereH−1

θ̂
∇θL(ztest, θ̂) is the implicit Hessian-vector products trick to prevent

explicitly computing H−1

θ̂
. Koh et al. [111] have demonstrated several use cases of

influence functions. Firstly, it can be used to interpret the model’s underlying behavior by
identifying the most helpful or harmful training instances. Secondly, it can reveal insights
when the training distribution does not match the test distribution, i.e. domain mismatch.
Thirdly, by spotlighting the most influential training point, it allows humans to inspect
and correct mislabeled training instances.

Gradient-based: Input Gradient [10] explains the prediction for a particular instance
in a similar scheme as LIME by approximating the local decision boundary in the vicinity
of the instance. It computes the gradient of the model’s output with respect to its inputs,
i.e.

ηf̂ (x) := ▽xŷ, (2.4)

where ηf̂ (x) ∈ RN×D by construction. For each instance x(i), the input gradient yields a
vector ofD dimensions which indicates the direction of a local perturbation that induces the
steepest transition in the output. For the purpose of explanation, the features associated
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Original Image Input Gradient Grad-CAM

Figure 2.1.: Saliency maps on an image from PASCAL VOC 2007. The explained classifier
is the VGG-16. The input gradient is noisier than the Grad-CAM.

with the bigger absolute values in the input gradient vector are considered more salient
for a particular input x(i). Input gradients align with sample-based methods such as LIME
but they are much faster to compute [198]. In addition, input gradients also guarantee
local fidelity and they are generally applicable for differentiable models [198]. However,
this approach can yield quite noisy explanations, that is, it does not always capture salient
features when used to generate explanations because the gradient becomes increasingly
smaller when the instance moves further away from the decision boundary [198, 219, 9,
152, 56].

Gradient-based: Gradient-weighted Class Activation Mapping (Grad-CAM) [206]
explains decisions of the output layer of Convolutional Neural Networks (CNNs) for a
particular instance using the gradient w.r.t. the feature maps of the last convolutional layer.
The importance weights of feature map c for target class k are formally formulated as

αkc :=
1

Z

∑︂
i

∑︂
j

∂yk

∂Acij
, (2.5)

where Z denotes the number of pixels in the feature map, yk denotes the output for class k
andAc denotes feature map activations of a convolutional layer. i and j denote width and
height dimensions respectively. Grad-CAM LcGrad-CAM is in turn defined as the weighted
combination of forward activation filtered by Rectified Linear Unit (ReLU) to account only
for a positive effect on the class of interest, i.e.

LcGrad-CAM = ReLU(
∑︂
c

αkcA
c). (2.6)

Grad-CAM is developed based on the following two facts about CNN architectures:
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1. Feature representations learnt in deeper layers in a CNN capture higher-level ab-
stractions of the visual features [206, 12, 139].

2. Convolutional operations excel at capturing spatial information [206].

These two facts imply that the last convolutional layer is supposed to have the optimal
balance between high-level semantics and detailed spatial information [12, 139].
Akin to input gradients, Grad-CAM is also based on gradients and operates on a local

level. The key difference is that Grad-CAM is designed for CNNs and input gradients can
be used for any differentiable networks. That means, Grad-CAM is tailored to explain
image classification tasks. In addition, Grad-CAM explains an intermediate layer of deep
networks while input gradients operate on the input layer. The saliency maps on the input
layer are generally noisier than those on an intermediate layer. See Figure 2.1 for an
example.

A Unified Approach: SHapley Additive exPlanations (SHAP) [137] provides a unified
framework for interpreting model predictions that are approximated by various existing
interpretation methods. This unification is based on a class of additive feature attribution
methods which refer to an explanation model that is a linear function

g(z′) = ϕ0 +

M∑︂
i=1

ϕiz
′
i, (2.7)

where z′ is a vector of binary values, i.e. z′ ∈ {0, 1}M , M denotes the number of input
features and ϕi ∈ R denotes the attribution of feature i. The function in Equation 2.7
describes a class of methods that aggregate feature attributions to approximate the original
function f̂(x), i.e. g(z′) ≈ f̂(x). This class of methods includes LIME [188], DeepLIFT
[219], layer-wise relevance propagation [9] and classic Shapley value estimation [125,
232, 41]. Lundberg et al. show that there is a unique additive feature importance measure
in this class of methods [137].
SHAP provides a new perspective of viewing explanation methods as another simple

and interpretable model, termed as the explanation model, approximating the original
model [137]. In addition, the unique additive feature importance measure given by SHAP
also adhere to three desirable properties — local accuracy, missingness and consistency
— that were previously only tied to classical Shapley value estimation methods [137].
Local accuracy suggests that the approximated explanation model is faithful to the output
of the original model [137]. Missingness restricts that absent features in the original
input contribute nothing to the explanation model [137]. Consistency implies that if a
model changes so that some simplified input’s contribution increases or stays unchanged
regardless of the other inputs, that input’s attribution should not decrease [137].
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Original Image Wachter et al. CEM

Figure 2.2.: Counterfactual explanations w.r.t. the digit class 8. The explained classifier
is a SPN.

Counterfactual Explanations are a novel type of explanation for automated decisions,
made popular by Wachter et al. [247]. Without loss of generality, we consider a binary
classifier f̂ and a reference example x whose class prediction is y. A counterfactual is an
alternative example x′ = x + δ that is predicted as a different class y′. Counterfactual
examples have a natural connection with adversarial examples in that both of them aim
to perturb the class prediction by perturbing the input. However, they are created with
different purposes and have different properties: Adversarial examples aim to mislead
the classifiers to yield wrong predictions, and adversarial perturbations should be so
small that they are barely perceptible by the human eye. Counterfactual examples reflect
counterfactual thinking in psychology, which is associated with mental representations
of alternatives to past events, actions, or states [193, 21, 53]. Wachter et al. describe
counterfactuals as “close possible worlds” that arrive at a different prediction y′ [247]. That
means, the counterfactual perturbation δ should be small and the induced counterfactual
example x′ should be possible w.r.t. the domain.
Wachter et al. frame the task of generating counterfactual examples as the following

optimization process:

x′ = argmin
x′

max
λ

λ yloss(f̂(x′), y′) + d(x,x′)

Here, yloss(f̂(x′), y′) is implemented as l2-loss, i.e. (f̂(x′) − y′)2. d(·, ·) is a distance
function that measures how far the counterfactual x′ and the reference example x are
from each other. l1 norm or Manhattan distance are suggested for the distance function,
however, the choice should be refined depending on the specific task [247].
Following Wachter et al. [247], Mothilal et al. [156] augmented the loss with a diversity
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constraint to encourage diverse solutions:

x′(1), . . . ,x′(k) = argmin
x′(1),...,x′(k)

1

k

k∑︂
i=1

yloss(f̂(x′(i)), y′)

+
λ1
k

k∑︂
i=1

d(x,x′(i))

− λ2 diversity(x′(1), . . . ,x′(k)).

Here, yloss(f̂(x′(i)), y′) is implemented as a hinge-loss functionmax(0, 1−z·logit(f̂(x′(i)))),
where z is -1 when y′ = 0 and z is 1 when y′ = 1. The diversity metric is built on
determinantal point processes (DPP) [114], which is the determinant of the kernel matrix
given the counterfactuals:

diversity = det(K),

where Kij =
1

1 + d(x′(i),x′(j))
. However, both of the above counterfactual approaches do

not have explicit knowledge of the underlying density or data manifold, which may lead
to unrealistic counterfactual examples.
Fortunately, the issue of density constraint has already been considered in a few recently

proposed methods, most of which learn an auxiliary density model to impose additional
density constraints on the optimization process. As a common choice for the density
approximator, Variational Autoencoders (VAEs) [108] and their variants [110, 97] are
used. For instance, Dhurandhar et al. [46] proposed Contrastive Explanations Method
(CEM) to find contrastive perturbations, in particular, additions, that should be necessarily
absent to justify the classification. CEM approaches this task by solving the following
optimization problem:

x′ = argmin
δ∈X\x

c · fnegk (x, δ) + β∥δ∥1 + ∥δ∥22 + γ∥x+ δ −AE(x+ δ)∥22.

f
neg
k is a loss function defined as

f
neg
k = max{[Pred(x+ δ)]t −max[Pred(x+ δ)]i,−k},

where t = argmaxi[Pred(x + δ)]i and [Pred(x + δ)]i is the i-th class prediction score
of x + δ. This loss function encourages the perturbed example x′ = x + δ to induce a
different class prediction than the original prediction y = argmaxi[Pred(x)]i. See Figure
2.2 for an example.
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2.1.2. Global Approaches

In contrast to local explanation methods, global approaches are designed on the model-
level or class-level to explain higher-level or aggregated behavior.
Testing with Concept Activation Vectors (TCAVs) [104] interprets the collective

behaviour of a model for a particular class using human-friendly concepts. This is realised
by quantifying the alignment of the model’s sensitivity with high-level concepts which are
represented as Concept Activation Vectors (CAVs).
Conceived and experimented in the domain of computer vision, the method of TCAVs

implicitly relies on the fact that deeper representations in a CNN capture higher-level
abstractions of the visual features [12, 139]. The higher-level abstraction captured in
deep layers is presented as CAV, which is defined by the normal vector of the decision
boundary of a binary linear classifier vlC . This linear classifier is induced by training on
the deep representations to distinguish the presence of a concept. In other words, CAVs
are defined by

SC,k,l(x) = lim
ϵ→0

hl,k(fl(x) + ϵvlC)− hl,k(fl(x))
ϵ

= ∇hl,k(fl(x)) · vlC

where fl(x) denotes the activations for input x at activation layer l and hl,k(x) denotes
the logit for x for class k. ∇hl,k(fl(x)) can be viewed as input gradients in the latent space
of layer l, which measures the sensitivity of the prediction w.r.t. the feature abstractions
at layer l. vlC aligns with the most sensitive direction for concept C which gives feature
importance in layer l. The dot product essentially measures similarity between feature
importance for prediction hl,k(fl(x)) and feature importance for concept C in layer l.
The TCAV score is in turn defined as

TCAVQ,C,k,l =
|{x ∈ xk : SC,k,l(x) > 0}|

|xk|
, (2.8)

which computes the proportion of inputs of class k that align with concept C among all
the inputs of class k, xk, as concept attribution. A variety of experiments demonstrated
that TCAV is a helpful tool for generating human-friendly explanations.

Partial Dependence Plot (PDP) [58] visualizes the partial dependence of the model’s
output on a subset of the input features. The partial dependence function of a machine
learning model f̂ for the selected features xS is defined as

f̂S(xS) = EXC
[f̂(xS ,XC)] =

∫︂
f̂(xS ,XC)dP(XC), (2.9)
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where XC are the rest features used in the model f̂ . A partial dependence plot helps
humans to understand the relationship between the target and a feature by marginalizing
the model’s output over the distribution of the features in set C [151].
Greenwell et al. [76] proposed a feature importance score based on partial dependence.

In particular, the importance of numerical features is defined as

I(xS) =

⌜⃓⃓⎷ 1

K − 1

K∑︂
k=1

(f̂S(x
(k)
S )− 1

K

K∑︂
k=1

f̂S(x
(k)
S ))2, (2.10)

where x(k)
S are the K unique values of XS . The importance of categorical features is

defined as
I(xS) = (max

k
(f̂S(x

(k)
S ))−min

k
(f̂S(x

(k)
S )))/4. (2.11)

This feature importance score should be interpreted with caution because it captures only
the main effect of the feature and ignores possible feature interactions [151].

Accumulated Local Effects (ALE) Plot [7] visualizes the average influence of a feature
on the model output. ALE plots average the changes in the predictions:

f̂S,ALE(xS) =

∫︂ xS

z0,S

E[f̂S(XS ,XC)|XS = zS ]dzS − constant, (2.12)

where f̂S(XS ,XC) =
∂f̂(XS ,XC)

∂XS
represents the local effect of XS on f̂(·) [7].

In contrast to PD plots, ALE plots have the following advantages: They are unbiased and
faster to compute [151]. However, ALE effects may differ from the coefficients specified
in a linear regression model when features interact and are correlated [151].

2.2. Learning from Explanations

In supervised learning, models are trained using a set of input and label pairs. However,
labels alone may not contain sufficient information in some cases, which can cause the task
to be ambiguous and the problem to be underdetermined. That means, there are infinitely
many solutions to the task. Sometimes, it is relatively easy to identify an underdetermined
task. For example, in a dataset that labels white male faces as one category and dark
female faces as another, ambiguity arises and one can identify this ambiguity by inspecting
the data. Nevertheless, in a high-dimensional domain, there may be a wide variety of
fundamentally different solutions to a task that can’t be easily identified, and models
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like deep neural networks are well known to be prone to learn a shortcut solution in
the data. Many solutions may lead the model to a low training error, but not all these
solutions generalize equally well outside of the training set. In fact, the shortcut solutions
oftentimes turn out to be spurious correlations that generalize poorly [117, 203, 212].
To counteract the aforementioned problem, many studies have been done to learn from

explanations. Learning from explanations means, that not only do models give machine
explanations to users, but users also help the model by giving human explanations as
additional supervision for training the model. Learning models that align with proper
user explanations can result in better generalization [198] and may substantially reduce
the sample complexity [22].
Allowing models to automatically learn from explanations can be implemented as using

explanations to regularize the model, which in turn can be implemented as penalizing
unwanted explanations. This is especially useful for deep neural networks which maintain
tremendous predictive capacity and often need more inductive bias than the training
data can provide. To penalize unwanted explanations, it is common to augment the
classification loss with an additional term that accommodates explanatory feedback. Then
the parameters can be learnt using standard gradient-based techniques. Given the ground-
truth target y and explanation e, the predicted target ŷ and machine explanation ê, the
loss generally takes the form

L(y, ŷ, e, ê, θ̂) = LTask(y, ŷ)⏞ ⏟⏟ ⏞
predictive loss

+ λ1 LExpl(e, ê)⏞ ⏟⏟ ⏞
explanatory loss

+ λ2 LReg(θ̂)⏞ ⏟⏟ ⏞
regularization

, (2.13)

where LTask is the task-specific loss to ensure predictive accuracy. LExpl is the explanatory
loss to penalize machine explanations that do not align with human explanations. Option-
ally, an additional regularization LReg may also be used. λ1 and λ2 control the balance
between each loss term.
In the remaining of this section, a variety of approaches for implementing the explana-

tory loss LExpl(e, ê) will be presented.

2.2.1. Passive Learning

In passive learning, both input and supervision are available prior to the training phase,
and no interaction takes place during training. This subsection presents a set of popular
approaches for learning from explanations in passive settings.

Right for Right Reasons (RRR) [198] is proposed by Ross et al. to learn models with
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right reasons using binary supervision on input gradients. The loss function is as follows.

LRRR =

N∑︂
n=1

K∑︂
k=1

−ynk log(ŷnk)⏞ ⏟⏟ ⏞
predictive loss

+ λ1

N∑︂
n=1

D∑︂
d=1

(And
∂

∂xnd

K∑︂
k=1

log(ŷnk))
2

⏞ ⏟⏟ ⏞
explanatory loss

+ λ2
∑︂
i

θ2i⏞ ⏟⏟ ⏞
regularization

,

(2.14)

where A ∈ {0, 1}N×D is a binary annotation matrix that encodes user feedback by using
1 to indicate irrelevant features and 0 to indicate absence of feedback. That means, large
input gradients ∇xŷ should be penalized for the features annotated as 1 by users. By
optimizing the parameters to reduce the predictive loss, user feedback can be propagated
back to the model, which constrains the model to align with user feedback. The explanatory
loss augments the predictive loss that uses the popular cross-entropy to ensure predictive
accuracy and the L2 regularization on the parameters θ. λ1 and λ2 control the strength of
the explanatory loss and the regularization. According to empirical evidence, λ1 and λ2
should be chosen such that the predictive loss and the explanatory loss are on the same
magnitude [198].
Empirical studies demonstrate that RRR can learn generalizable decision rules even

when ambiguities are present. Moreover, a range of qualitatively different solutions can
be discovered with find-another-explanation method when user feedback is not present.
Human Importance-aware Network Tuning (HINT) [207] leverages focused user

feedback to improve visual grounding by optimizing the alignment between human
attention maps and gradient-based network importances.
Human importance map Ad ∈ Rh×w indicates high support for an output d at location

(i, j) with a high value Adi,j . The normalized importance inside and outside a proposal
region r for decision d are given respectively by

Edi (r) =
1

ar

∑︂
(i,j)∈r

Adij and Edo (r) =
1

hw − ar

∑︂
(i,j)/∈r

Adij (2.15)

for a given proposal region r with area ar. The overall importance score for proposal k for
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decision d is in turn defined as

sdk =
Edi (k)

Edi (k) + Edo (k)
. (2.16)

Network importance is defined as the importance of spatial regions of the input for
making a specific prediction. This is computed by extending Grad-CAM [206, 205]
to compute importance over salient image regions and their features. In particular, the
importance of a proposal r for the ground-truth decision is computed based on the gradient
of one-hot encoded score for the ground-truth output ogt w.r.t. the embedding P:

αrgt =

|P|∑︂
i=1

∂ogt
∂Pi

. (2.17)

In order to enforce human importance and network importance to align with each other,
a ranking loss is used to search all possible pairs of proposals and penalize misranked
pairs, i.e. the pairs where the ranking based on network importance does not match the
ranking based on human importance. The loss is given by

L =
∑︂

(r′,r)∈S

|αr′− − αr+|, (2.18)

based on the set of all the misranked pairs r and r′. + indicates that the proposal r is
more important than r′ according to human importance, and − indicates otherwise.
Finally, the ranking loss in Equation 2.18 is combined with the original task loss to yield

a complete objective for training:

LHINT =
∑︂

(r′,r)∈S

|αr′− − αr+|+ λLTask, (2.19)

where LTask is the cross-entropy loss for Visual Question Answering (VQA) and the negative
log-likelihood for image captioning. λ controls the balance between explanatory loss and
predictive loss.
Empirical studies demonstrate that HINT is effective at improving visual grounding in

vision and language tasks, which in turn improves the generalization ability out of the
training distribution and boosts trust from the users.
Contextual Decomposition Explanation Penalization (CDEP) [190] is proposed by

Rieger et al. to improve deep learning models by incorporating domain knowledge using
a particular explanation technique — Contextual Decomposition (CD). CDEP works in a
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similar spirit as RRR and HINT — directly penalizing importances that are not relevant
according to user feedback. Yet the use of contextual decomposition for explanations
allows CDEP to account not only for feature importances but also for importances of
feature interactions [224, 157].
Originally conceived for Long Short-Term Memory (LSTM) [157], contextual decom-

position was later adapted to arbitrary DNNs [224]. This algorithm decomposes logits
g(x) into a sum of two parts. One part captures the importance score of the feature group
{xj}j∈S , denoted as β(x). The other part is the contributions to g(x) not included in β(x)
— γ(x) [190]. CD score is then given by applying decompositions gCDi (x) iteratively for
each layer gi(x) in a given DNN:

gCD(x) = gCDL (gCDL−1(. . . (g
CD
2 (gCD1 (x)))))

= (β(x), γ(x))

= g(x).

(2.20)

Applying SoftMax on gCD(x) to normalize the output yields a vector β(xj) for any
subset of features S ⊆ {1, . . . , D}. CDEP loss is in turn given by

LCDEP =

N∑︂
n=1

K∑︂
k=1

−ynk log ŷnk⏞ ⏟⏟ ⏞
predictive loss

+λ

N∑︂
n=1

∑︂
s∈S
∥β(xns)− ens∥1⏞ ⏟⏟ ⏞
explanatory loss

,
(2.21)

where ens is the ground-truth explanation for a subset of features S.
The main advantage of CDEP compared to RRR and HINT is that it allows for penalizing

complex features and feature interactions. Empirical studies demonstrate CDEP learns
solutions that align better with prior knowledge, which in turn improves predictive accuracy.
The efficacy of CDEP is also shown in combating bias on several datasets.

2.2.2. Explanatory Interactive Machine Learning (XIL)

The approaches in the previous subsection all view explanations as a simple heatmap.
However, they do not consider the fact that explanation is a conversation and conveying
explanation to someone is a social process [87, 237, 147]. As such, the importance of
interaction for explanation deserves research attention.
As a step towards extending explanations in an interactive fashion, Teso et al. propose

the framework of Explanatory Interactive Machine Learning (XIL), which establishes the
link between interacting, explaining and building trust [237]. In particular, they posit
that both interaction and explanations are essential for building trust in machine learners.
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In conventional interactive learning approaches, such as active [208], coactive [218],
and active imitation learning [101], interaction usually takes place only based on labels.
That is, the model can present decisions or query labels from humans to facilitate its
own learning process. As a step forward, explanatory interactive learning does not only
communicate with humans by labels, but also by explanations.
According to Teso et al. [237], interactions in XIL can be categorized into three scenarios:

1. Right for the right reasons: The prediction and the explanation are both correct, so
no interaction from humans is required.

2. Wrong for the wrong reasons: The prediction is wrong, therefore the explanation
must be wrong as well. In this case, humans are supposed to provide feedback.

3. Right for the wrong reasons: The prediction is correct but the explanation is wrong.
In this case, humans are required to give their explanations on this prediction.

These three scenarios are summarized into the framework CAIPI, see Algorithm 1 for the
high-level algorithm. It assumes black box access to the learner model f̂(·), its explanation
model Explain(·), as well as the strategy to transform human explanations to coun-
terexamples ToCounterExamples(·). CAIPI includes a simulated human annotator
in the training loop that repeatedly performs the following operations in each iteration
until the model is good enough or the iteration budget is used up: The learner selects an
instance x to query the user by giving x, its own prediction ŷ, and its own explanations
ê. As feedback, the user gives the label correction y and the explanation correction C. C
is further transformed into counterexamples {(x̄i, ȳi)}ci=1 to update the labeled training
data L, which in turn is used to update the current model.
In the original work, Teso et al. [237] instantiate the explanation model using LIME

[188] and automatically generate a set of augmented data, known as counterexamples, to
implicitly encode user explanations that can be consumed by the learner model. Specifically,
counterexamples are generated based on the query instance x by either randomizing
its j-th component, changing its j-th component to an alternative value or the value
of the j-th component observed in other training samples of the same class, for every
j ∈ C [237]. The counterexamples are labeled identically to the prediction ŷ. Intuitively,
counterexamples collectively express that predictions are invariant to perturbations of the
j-th component, which alludes to the fact that j-th component is of nearly no importance
to the prediction.
Empirical evidence confirmed that explanatory interactive learning can indeed boost

performance of the learner and promote user’s trust into the model.
Data augmentation provides great generality for propagating explanatory feedback from

the user to the model. However, it is worth noting that data augmentation is easiest for
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Algorithm 1: CAIPI(L,U , T ) [237]
Input :A set of labeled examples L, a set of unlabeled instances U , and iteration

budge T .
Output :A function f̂ .

1 f̂ ← Fit(L)
2 repeat
3 x← SelectQuery(f̂ ,U)
4 ŷ← f̂(x)

5 ê← Explain(f̂ ,x, ŷ)
6 Present x, ŷ and ê to the user
7 Obtain y and explanation correction C
8 {(x̄i, ȳi)}ci=1 ← ToCounterExamples(C)
9 L ← L ∪ {(x,y)} ∩ {(x̄i, ȳi)}ci=1

10 U ← U \ ({x} ∪ {x̄i}ci=1)

11 f̂ ←Fit(L)
12 until budget T is exhausted or f̂ is good enough;
13 return f̂

classification tasks and difficult for a density estimation task unless the density estimation
problem is solved already [69]. Apart from data augmentation, CAIPI is also compatible
with other more restrictive approaches, for instance, using contrastive examples [254]
or penalizing gradient-based explanations for differentiable models [198, 203, 212]. In
Chapter 8 another variant of explanatory feedback will be discussed in detail.
On the whole, CAIPI is instantiated and studied in [237] based on feature-attribution

explanations. That means, both the learner model and the user explain by attributing
importance to each feature. However, this form of explanation has limitations facing
explanations arising from a higher level of abstraction such as latent factors. In Chapter 9
CAIPI will be further extended to scenarios based on explanations of latent and abstract
features such as shape and color.
Neuro-Symbolic Explanatory Interactive Machine Learning (NeSy XIL) [228] is a

neuro-symbolic form of learning from explanations. In particular, this approach computes
machine explanations and interacts with user feedback at the concept level to correct
Clever Hans behavior that cannot be expressed by a saliency map on the features.
NeSy XIL consists of two modules: The concept embedding module h(x) = ẑ transforms

the input to a symbolic representation, and the reasoning module g(ẑ) = ŷ yields the final
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predictions given the symbolic representation.
The concept learner is instantiated by Slot Attention [132] for parsing the latent

representation into a set of slots, i.e. task-dependent output vectors, to yield an object-
based representation of a input image. The attention maps associate each slot with the
original input features and form visual explanations on the level of objects. The dot-product
attention for a sample x is then given by

B := σ(
1√
D′
k(F) · q(S)T ) ∈ RP×K , (2.22)

where σ denotes the softmax function, k(F) ∈ RP×D′ denotes a linear transformation of
the feature maps F for an image x, q(S)T ∈ RK×D′ denotes a linear transformation of
the slot encoding S. P and K are respectively the dimensions of the feature map and the
slots. D′ is the dimension which the key and query functions map to.
The symbolic explanation êh is in turn defined based on the attention map B as

êh :=
K∑︂
k=1

{︄
Bk if max(êgk) ≥ t
0 ∈ RP otherwise

(2.23)

for a threshold t as hyperparameter.
Given an explanation function E(m(·),o, s) for a specific module m(·), the module’s

input s and the module’s output o, êg := Eg(g(·), ŷ, z) represents the explanation of the
reasoning module for the predicted output ŷ, and êh := Eh(h(·), êg,x) represents the
explanation of the concept module given the explanation of the reasoning module êg,
whereby êh gives a visualization of a learned concept explanation.
The reasoning module is instantiated with the Set Transformer [121], which yields

the concept embedding as the output. To explain the concept embedding, Integrated
Gradients [234] are used to estimate the importance of each feature of a particular sample.
Specifically, Integrated Gradient for feature j of the sample z is defined as

IGj(z) := (zj − z̃j)×
∫︂ 1

α=0

∂g(z̃+ α× (z− z̃))

∂zj
dα, (2.24)

whereby z̃j is the baseline input for feature j and z̃ ∈ [0, 1]N×D is the input to the Set
Transformer. Applying a threshold at zero and feeding z̃ = 0 as input yields the importance
score

êg :=

D∑︂
j=1

min(IGj(ẑ),0) (2.25)
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Finally, the loss function arrives at

LNeSy-XIL = LTask⏞ ⏟⏟ ⏞
predictive loss

+λ

N∑︂
n=1

r(Av
n, ê

h
n) + (1− λ)

N∑︂
n=1

r(As
n, ê

g
n)⏞ ⏟⏟ ⏞

explanatory loss

(2.26)

where Av
n and As

n are respectively binary masks for the visual feedback and the semantic
feedback. r(·, ·) is the regularization function, and λ controls the balance between the
predictive loss and the explanatory loss.
Empirical evidence on several datasets confirmed that NeSy XIL allows for identifying

Clever Hans behavior on the concept level and counteracting Clever Hans behavior using
user feedback.

2.3. Caveats of Explainable AI

Amid the rapid development of explainable AI that aims to explain black-box models with
post-hoc methods, some researchers raise concerns about this group of methodology [199,
107]. One of the major concerns is that post-hoc explanations may not be faithful to the
original model, meaning that the explanations are simply wrong [148].
As it is hard to assess viable explanations directly, one can use invariance under certain

transformations to rule out the adequacy of certain explanations [1, 107]. Running exam-
inations on a number of explanation methods to date, numerous of them are found to
deviate substantially from the original model. On one hand, explanation methods may
be undesirably sensitive to certain perturbations. For instance, Kindermans et al. [107]
introduce input invariance as a prerequisite for reliable attribution, which requires the
saliency method to reflect the sensitivity of the original model to input transformations. In
particular, for models that are invariant to a constant shift in input by construction, their
explanations are supposed to be invariant to a constant shift in input as well. Unfortu-
nately, some saliency methods, such as Deep-Taylor Decomposition [152] and Integrated
Gradients [234], fail to satisfy this property [107]. On the other hand, explanation
methods may lack sensitivity to the model and the data generating process [1]. Ade-
bayo et al. [1] observe that some saliency methods, such as Guided Backpropagation
[226] and Guided GradCAM [206], are surprisingly invariant under model randomization
and label randomization, therefore they are incapable of capturing any pattern in the
decision-making process of the original model.
More worrisome than apparent infidelity, explanations are subject to purposeful and

visually imperceptible manipulations as well [47]. Dombrowski et al. [47] propose to
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manipulate input by optimizing the loss function

L = ∥êadv − etar∥2 + γ∥f̂(xadv)− f̂(x)∥2 (2.27)

w.r.t. xadv such that the manipulated image xadv = x + δx yields a similar prediction
as x, i.e. f̂(xadv) ≈ f̂(x), while its explanations êadv close to the target etar. Empirical
evidence on six different explanation methods and four network architectures show that
this method is very effective at manipulating images for an arbitrary explanation map.
Although theoretical considerations have been given to this phenomenon andmethods have
been proposed to improve the robustness of gradient-based explanation methods, rigorous
proof still lacks for neural networks that are deeper than one layer [47]. Consequently,
the robustness of the explanation methods is still not guaranteed and unfit for high-stakes
prediction applications [199].
Due to the aforementioned problems, it is important to properly evaluate the quality

of explanations before employing them in real applications. For evaluating predictive
quality there are a wide variety of principled metrics such as Mean Squared Error (MSE),
precision and recall, F1 score etc. However, there is little consensus on the definition of
what constitutes a viable explanation and how to evaluate an explanation for benchmarking
[48].
Doshi-Velez et al. [48] propose a taxonomy of approaches for evaluating the quality of

an explanation. Application-grounded evaluation requires experimenting with real humans
on real tasks, specifically in the context of its end task. This type of evaluation compares
machine explanations with human explanations for task-specific goals, which is most
costly to conduct and requires human experts for the explanations [48]. Human-grounded
evaluation requires experimenting with real humans while using simplified tasks that
capture the essence of the target task. For simplified tasks, explanations of laypeople
instead of domain experts suffice as the baseline. This type of evaluation does not consider
the end goal of a particular task but a general comparison between machine explanations
and human explanations [48]. Functionally-grounded evaluation further reduces the cost
of the previous two types of evaluation and experiments with no human and only proxy
tasks [48].
Functionally-grounded evaluation is most commonly used in the research of explanation

methods. The core problem lies in the design strategy of the proxy task [57]. As an
example, one may measure the improvement of the predictive power of interpretable
models, such as decision trees [57], based on explanations. Another widely used proxy
task is to remove the important features according to the explanations and measure the
drop in predictive performance [201]. However, this approach violates the key assumption
in machine learning that the training set and the test set should be identically and
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independently distributed, i.e. i.i.d. assumption. The consequence is that it is unclear
whether to attribute the performance drop to absent important features or the distribution
shift [38, 56, 91]. Therefore, Hooker et al. [91] propose RemOve And Retrain (ROAR) to
retrain the model after removing the supposedly informative features and measure the
performance drop of the retrained model to determine the efficacy of the explanations.
Extensive empirical evaluation implies that Gradients [10], Integrated Gradients [234]
and Guided BackProp [226] perform no better than random assignment of importance
[91]. The results partially correspond to the findings made by Kindermans et al. [107]
that Integrated Gradients fail to mirror the sensitivity of the original model to certain
input transformations. The evaluation of Guided BackProp reinforces the assessment of
Adebayo et al. [1] that Guided BackProp fails to respond to the change of both the model
and the input. Nevertheless, it is worth noting that ROAR may unfairly underestimate
the explanation quality. Think of a classification task being solved on a dataset with
a confounding factor, assume the target model learnt the confounder for a seemingly
good performance and the explanations correctly highlight the confounders as important
features. Removing these features and retraining the model would very likely not lead to
a performance drop because the model is capable of learning another solution in the data.
Yet, the explanations still maintain high quality.
This concludes Chapter 2. We started by discussing explainable methods for post-hoc

explanations, then we proceeded with the techniques using explanations as additional
signals for learning the predictive model. In the end, we discussed open research questions
in explainable AI.
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Part II.

Deep Models
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Deep models in machine learning have demonstrated impressive representational and
predictive power in many complex problems. They are featured as graphs composed of
multiple layers of computation units, hence the name “deep models”. Due to the fact that
humans cannot understand their underlying decision logic by inspecting the architecture
and parameters, they are also called black box models. In this part, we put the spotlight
on these deep black box models.
A dominant family of deep models are deep neural networks which have been used in

a wide range of successful applications since 2012. They are computational models of
multiple processing layers, designed to learn representations of data with multiple levels of
abstraction [119]. By learning from a large quantity of labeled data D = {(x(i),y(i))}Ni=1,
DNNs excel in approximating smooth functions y = f(x) that map an input to an output.
This is known as the predictive or supervised learning approach.
Sometimes, we are more interested in finding patterns from data D = {x(i)}Ni=1 instead

of predicting specific outcomes. This problem can be tackled by a descriptive or unsu-
pervised learning approach, which in turn can be formalized as density estimation using
probabilistic models. As opposed to DNNs, probabilistic models provide a rich language
to encode complex representations of the world and in theory allow for a wider range of
inference tasks that may require full modelling of the input distribution P (X), for example,
structured output prediction, density estimation under the data-generating distribution,
missing value imputation and sampling [69]. Probabilistic models not only lay a corner-
stone for advanced and automated reasoning but more importantly, they compute sound
and consistent probabilities in a principled way, hence they allow for making uncertain
statements or reasoning with uncertainty [69]. Among probabilistic models, Probabilistic
Circuits (PCs) are becoming increasingly popular because they maintain a good balance on
both tractability and expressivity. Therefore, we discuss PCs in this part for probabilistic
modelling. Similar to DNNs, PCs are essentially computation graphs composed of multiple
processing layers.
This part is organized as follows. We start with reviewing deep neural networks in

Chapter 3, where we cover model representation, learning and some common regular-
ization techniques. Then, we review Sum-Product Networks (SPNs) in Chapter 4 from
three aspects — representation, inference, and learning, which are critical components in
constructing an intelligent system [112]. Additionally, a deep learning approach for SPNs
is introduced, which is followed by different perspectives on SPNs. Finally, we present
our work on Conditional Sum-Product Networks (CSPNs) as a conditional counterpart for
SPNs in Chapter 5. CSPNs are designed for conditional density estimation. Apart from
pure conditional density estimation, CSPNs also have great use as modular building blocks
in joint probability distributions to impose structure on the high level for better global
interpretability.
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3. Deep Neural Networks

In this chapter, we briefly review a popular type of deep models — deep neural networks.
We start with the layered representation of classical DNNs in Section 3.1, which is also
the computation graph for inference routines. Then we review how deep neural networks
are learnt from data in Section 3.2, followed by common regularization techniques used
to improve learning in Section 3.3. Finally, we present a neural network-based generative
model in Section 3.4 — variational autoencoders — which will be employed later in
Chapter 6 and 9. Note that deep neural networks are a very broad and fast-growing field,
and we only bring up the essential building blocks here that will be relevant for this thesis.

3.1. Model Representation

Deep neural networks are computation graphs composed of multiple layers of different
simple functions f (i)(·) representing a more complex function

f(x) = f (n)(f (n−1)(· · · (f (1)(x))),

where f (1)(x) is the input layer, f (n)(x) is the output layer, and the rest are hidden
layers. They are also known as deep feedforward networks or feedforward neural networks.
They are called “deep” models due to the chained structure, which can be graphically
represented as directed acyclic graphs (DAG) (see Figure 3.1). Within each layer, there
are multiple processing units, which are called neurons because they play an analogous
role as biological neurons. In particular, they take inputs from the neurons of the previous
layer and compute activation values. The choice of the functions f (i)(·) used to compute
these representations is also loosely guided by neuroscientific observations about the
functions that biological neurons compute [69]. The number of hidden layers and the
number of neurons within each layer is a design choice.
To ensure that a neural network can represent more than linear functions, each layer

should compute a nonlinear function f (i)(·). This is because the composition of linear
functions still yields linear functions. Most neural networks introduce nonlinearity in each
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Input Layer
Hidden Layer

Output Layer

Figure 3.1.: The architecture of feedforward networks.

hidden layer using an affine transformation controlled by learnable parameters, followed
by a fixed nonlinear function called an activation function [69]. That is,

h = g(W⊤x+ b),

whereW is the weight vector of a linear transformation and b is the bias vector. The
activation function g(·) applied element-wise to the output of a linear transformation is
the source of nonlinearity. A common activation function for modern DNNs is Rectified
Linear Unit (ReLU) [99, 159, 68], i.e. g(z) = max{0, z}.
The universal approximation theorem [92, 37] states that a feedforward network with a

linear output layer and at least one hidden layer with any “squashing” activation function
can approximate any continuous function on a closed and bounded subset of Rn with
an arbitrarily small amount of error, given enough hidden units. Following the universal
approximation theorem, a feedforward network with a single layer is sufficient to represent
any function, but the layer may be infeasibly large and may fail to learn and generalize
correctly [69]. Montúfar et al. [154] investigated the advantage of depth for neural
networks with piecewise linear activations and showed that the layer-wise composition of
the functions re-uses low-level computations exponentially often as the number of layers
increases.
Feedforward networks are the most general-purpose neural networks. More specialized

neural networks emerged and keep emerging to solve particular tasks. The most estab-
lished example is probably Convolutional Neural Networks (CNNs) [118] that are dominant
for vision tasks. They are simply neural networks that use convolution, a specialized kind
of linear operation, in place of general matrix multiplication in at least one of their layers
[69]. For a two-dimensional image I and a two-dimensional kernel K, convolution in
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mathematics is

S(i, j) = (K ∗ I)(i, j) =
∑︂
m

∑︂
n

I(i−m, j − n)K(m,n).

Convolution commonly used in CNNs is slightly different:

S(i, j) = (K ∗ I)(i, j) =
∑︂
m

∑︂
n

I(i+m, j + n)K(m,n).

Convolution makes use of three key concepts that can help improve a machine learning
system: sparse interactions, parameter sharing and equivariant representations [69].
Interactions are sparse because only a small area of pixels that correspond to the kernel
are processed at each operation. A kernel with the same parameters is reused across
multiple functions, hence the name “parameter sharing". Convolution is equivariant to
translation. That means, translating input prior to a convolution is the same as translating
the output of the convolution [69].
There are many different architectures for CNNs, such as AlexNet [113], GoogLeNet

[235], VGGNet [222] etc. Another specialized family of neural networks are Recurrent
Neural Networks for sequence data, for example Long Short-Term Memory [88], Gated
Recurrent Unit [32], and Neural Turing Machines [75]. These are, however, less relevant
for this thesis and we do not expand on them here.

3.2. Learning

Once the number of hidden layers and the number of neurons within each layer are chosen,
the structure is fixed. Learning the network amounts to finding a set of parameters θ̂ to
approximate the smooth function y = f(x;θ), given a dataset D = {(x(i),y(i))}Ni=1. For
evaluation, one needs a test set which is a held-out dataset with data previously unseen
in the training set D. The ultimate goal of learning is generalization, i.e. the ability to
obtain high predictive accuracy on the test set. The basic assumption about the training
and the test set is that they are samples of the same underlying distribution, and they are
independently and identically distributed (i.i.d.).
A standard way to learn neural networks from a dataset is by descending a pre-defined

cost function L(·) w.r.t. the model parameters θ, i.e.

θ∗ = argmin
θ

Ex,y∼p̂DL(f̂(x;θ),y),
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where p̂D is the empirical distribution and

Ex,y∼p̂DL(f̂(x;θ),y) =
1

N

N∑︂
i=1

L(f̂(x(i);θ),y(i)).

A commonly used cost function is negative log-likelihood, which induces Maximum Like-
lihood Estimation (MLE) for the parameters. That means, the parameters of the neural
networks are learnt by

θ∗ = argmin
θ

−Ex,y∼p̂D log pmodel(y|x;θ),

where pmodel(y|x;θ) is the model distribution. Typically, this cost function is nonconvex
for neural networks, therefore it is usually iteratively reduced using gradient descent [25].
Due to the nonconvexity, global convergence is not guaranteed. In practice, we simply
optimize the loss to reach a low value and settle with that result.
Gradient descent is based on the idea that the gradient f ′(x) specifies how to scale a small

change in input to obtain a corresponding change in output: f(x+ ϵ) ≈ f(x) + ϵf ′(x),
for a small ϵ [69]. This algorithm specifically depends on the fact that f(x) can be
reduced by a gradient step x − ϵsign(f ′(x)). Stochastic gradient descent (SGD) may
accelerate pure gradient descent by using an approximate gradient of randomly selected
mini batches, which should be drawn i.i.d. from the data-generating distribution for an
unbiased estimation. SGD is given in Algorithm 2.
A model is called underfitting if it is not able to obtain sufficiently low cost on the

training set, which implies the model may not have enough capacity to represent the
underlying patterns of the given data. On the contrary, a model is called overfitting if the
cost is sufficiently low on the training set but high on the test set, which implies the model
has high capacity but memorizes the training set. In other words, the model generalizes
poorly. To counteract overfitting and reduce generalization error, a bunch of regularization
strategies are designed. This will be further explained in the following section.

3.3. Regularization

When a model has enough capacity, it can learn more than one solution on a given
dataset. These solutions may obtain similar training costs, but differ significantly in their
generalization ability. Regularization is a way to give a learning algorithm a preference for
one solution over another in its hypothesis space of solutions that the learning algorithm
is able to choose from [69]. The preference for a specific solution can correspond to
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Algorithm 2: Stochastic gradient descent (SGD) update [69]
Input :Learning rate schedule ϵ1, ϵ2, . . . .
Output : Initial parameter θ.

1 k ← 1
2 while stopping criterion not met do
3 Sample a minibatch of N examples from the training set

{(x(1),y(1)), . . . , (x(N),y(N))}
4 Compute gradient estimate: ĝ← 1

N

∑︁N
i=1 L(f̂(x

(i);θ),y(i))

5 Apply update: θ ← θ − ϵkĝ
6 k ← k + 1

7 end

prior knowledge about the domain. As a side effect, regularization may induce a more
interpretable model by learning a sensible solution.
Regularization can be realized by explicitly constraining the machine learning model

or by adding a penalty term in the cost function as a soft constraint on the parameters
[69]. Constrained optimization is an example of imposing explicit constraint. Another
example is parameter tying, which is a key design behind CNNs. Sometimes it is easier to
formulate our preference for certain solutions as soft constraints, i.e.,

L̃(f̂(x;θ),y) = L(f̂(x;θ),y) + λΩ(θ),

where λ controls the trade-off between the standard cost and the penalty Ω(θ). The
advantage of soft constraints is that the strength of the regularization effect can be flexibly
adjusted, where larger λ induces a stronger regularization effect. In case of noisy or
imprecise penalty, the optimization can be less influenced by tuning down λ.
A simple and commonly used penalty term is the L2 parameter norm penalty

Ω(θ) = ∥θ∥22 =
∑︂
i

θ2i .

Thus the cost function with the L2 penalty becomes

L̃(f̂(x;θ),y) = L(f̂(x;θ),y) + λ∥θ∥22,

the gradient update of which is

θ = θ − ϵ
(︁
∇θL(f̂(x;θ),y) + 2λθ

)︁
.
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This gradient update has the additional effect of linearly reducing the magnitude of the
parameters θ by a factor of 2ϵλ [69]. Therefore, L2 penalty is used when small size is
desired for the model parameters.
Another technique to penalize the magnitude of the parameters is L1 regularization,

i.e.

Ω(θ) = ∥θ∥1 =
∑︂
i

|θi|.

Thus the cost function becomes

L̃(f̂(x;θ),y) = L(f̂(x;θ),y) + λ∥θ∥1,

the gradient update of which is

θ = θ − ϵ
(︁
∇θL(f̂(x;θ),y) + λsign(θ)

)︁
.

This gradient update also shrinks the parameters, but the shrinkage does not scale linearly
with each parameter as L2 regularization does [69]. More importantly, L1 regularization
does not only shrink the parameters, but also encourage the parameters to be zero. That
means, L1 regularization promotes sparsity whereas L2 regularization does not.
In addition to the most basic and generic L1 and L2 penalty, designing more advanced

and specific penalties for encoding fine-grained preferences over certain solutions is also
an active research area. In Chapter 8 and 9, we will present some techniques for softly
constraining DNNs based on explanatory feedback from the user.
Data augmentation provides another way for regularization. The most successful

application of this technique has so far been seen for classification, especially object
recognition. In particular, some transformations on the training images can often greatly
improve generalization, for example, translating the training images a few pixels in each
direction, rotating or scaling the images [69]. Data augmentation will be used in Chapter
9 as explanatory user feedback in combination with a penalty constraint to regularize
latent representations for learning the right latent factors.

3.4. Variational Auto-Encoder

Variational Autoencoders (VAEs) [108] are generativemodels with latent variables. Assume
observed variables X, latent variables Z and parameters ψ of a generative model, a VAE
represents a probability distribution over observed variables and latent variables pψ(X,Z).
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Consider the posterior inference task pψ(Z|X), which can be answered given the generative
model via the chain rule:

p(Z|X) =
p(Z,X)

p(X)
.

However, the marginal likelihood p(X) is in general intractable because it requires
marginalizing out the latent variables Z, i.e. p(X) =

∫︁
p(Z,X)dZ. Therefore, the pos-

terior pψ(Z|X) is intractable as well. Variational Bayesian approach is one way to solve
this problem by optimizing an approximation qω(Z|X) of the intractable posterior. The
Kullback-Leibler (KL) divergence of the approximate posterior from the true posterior is

DKL[qω(Z|X)||pψ(Z|X)] = Eq[log qω(Z|X)]− Eq[log pψ(Z,X)] + log pψ(X). (3.1)

The optimal approximate posterior is given by minimizing Equation 3.1. However, di-
rectly minimizing Equation 3.1 is intractable due to log pψ(X). Note Eq[log pψ(Z,X)]−
Eq[log qω(Z|X)] as the evidence lower bound ELBO(ω), which is the variational lower
bound of log pψ(X), then

log pψ(X) = ELBO(ω) + DKL[qω(Z|X)||pψ(Z|X)]. (3.2)

Since KL divergence is greater or equal than zero by definition, maximizing the ELBO
is equivalent to minimizing KL divergence. Therefore, the ELBO is used as optimization
objective in variational Bayesian inference to approximate posterior inference. ELBO(ω)
can also be written as

−DKL[qω(Z|X)||pψ(Z)] + Eq[log pψ(X|Z)].

Taking the perspective of auto-encoders, pψ(X|Z) is captured by the decoder and
Eq[log pψ(X|Z)] can be interpreted as negative reconstruction error. qω(Z|X) is captured
by the encoder and DKL[qω(Z|X)||pψ(Z)] can be interpreted as a regularizer to enforce
the approximate posterior qω(Z|X) to be close to the prior distribution pψ(Z). The prior
distribution of the latent factors pψ(Z) is often assumed to be isotropic Gaussian, i.e. pψ(Z)
is fully factorial, and hence the encoder network performs mean-field inference. The
overall VAE model is a generative model pψ(Z,X) over the observed variables and the
latent variables, which is given by pψ(X|Z)pψ(Z). The directed graphical model behind
VAEs is given in Figure 3.2.
Learning VAEs involves approximating the intractable posterior pψ(Z|X) with qω(Z|X).

Kingma et al. [108] propose to rewrite an expectation w.r.t. qω(Z|X) using the reparam-
eterization trick such that the Monte Carlo estimate of the expectation is differentiable
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Figure 3.2.: The directed graphical model behind VAEs.

w.r.t. ω, which in turn yields a differentiable estimator of the variational lower bound.
The essential idea of the reparameterization trick is to make sampling deterministically
depend on parameters of the distribution. In other words, no stochasticity is involved in
the distributional parameters. Take univariate Gaussian z ∼ N (µ, σ2) as an example, a
valid reparameterization is z = µ+ σϵ, where ϵ ∼ N (0, 1) is an auxiliary variable. As a
consequence, EN (z;µ,σ2)[f(z)] = EN (ϵ;0,1)[f(µ+ σϵ)]. With the reparameterization trick,
a practical estimator for VAEs can be derived to optimize both ψ and ω jointly. In other
words, the optimization can simultaneously fit the generative model and perform amor-
tized posterior inference. The reparameterization trick will also be used for differentiable
sampling from Conditional Sum-Product Networks (see Algorithm 7) in Chapter 5.
This concludes Chapter 3. We reviewed the basic components of DNNs and regulariza-

tion, which is a common strategy to reduce generalization errors. In the end, we touched
upon a deep generative model based on DNNs.
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4. Sum-Product Networks

In this chapter, we review a deep probabilistic model — Sum-Product Networks (SPNs).
We start by introducing network polynomial in Section 4.1, which lays the foundation
for SPNs. Then, we give the structure representation of SPNs in Section 4.2, followed by
their inference routines in Section 4.3 and learning algorithms in Section 4.4. Then we
introduce a deep learning approach for SPNs in Section 4.5. In the end, we give some
perspectives on SPNs in Section 4.6, which can be used for interpreting the network
structure.

4.1. Network Polynomial

The notion of network polynomial was initially proposed by Darwiche [39] to parameterize
probability tables. In particular, a pair of evidence indicators λxi and λx̄i are respectively
introduced for each binary random variableXi and its negation X̄i. Each indicator variable
λxi and its counterpart λx̄i are respectively multiplied with the network parameters related
to their corresponding variables Xi and X̄i.
Following the notation of Darwiche [39], we let F = {X} ∪U be the family of variable

X and let f = xu be a corresponding observation. The conditional probability p(x|u) is
represented by θf or θxu. Let x ∼ f denote that observations x and f are consistent. Then
a Bayesian network N has a polynomial representation F as follows.

Definition 1 ([39]). Let N be a Bayesian network with variables X = X1, . . . , Xn and
families F1, . . . ,Fn. Then,

F(λxi , θfi) =
∑︂
x

∏︂
fi∼x

θfi
∏︂
xi∼x

λxi

is called the canonical polynomial of network N .

Take the Bayesian network X1 → X2 as an example [39], its probability tables are
given in Figure 4.1. Its canonical polynomial is:

F = θx1θx1x2λx1λx2 + θx1θx1x̄2λx1λx̄2 + θx̄1θx̄1x2λx̄1λx2 + θx̄1θx̄1x̄2λx̄1λx̄2 . (4.1)
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X1 p(X1)

0 θx̄1 λx̄1
1 θx1 λx1

X1 X2 p(X2|X1)

0 0 θx̄1x̄2 λx̄2
0 1 θx̄1x2 λx2
1 0 θx1x̄2 λx̄2
1 1 θx1x2 λx2

Figure 4.1.: A simple Bayesian Network and its probability table, adapted from [39]. λ are
evidence indicators.

This polynomial is depicted graphically in Figure 4.2. Note that the canonical polynomial
F of a Bayesian network is a multilinear function over its network variables X [39].
Besides, the size of F is always exponential in the number of X [39], however, Darwiche
also showed how to factor F using the technique of variable elimination. The factored
counterpart for the polynomial in Equation 4.1 is

F = θx1λx1(θx1x2λx2 + θx1x̄2λx̄2) + θx̄1λx̄1(θx̄1x2λx2 + θx̄1x̄2λx̄2). (4.2)

This polynomial is depicted graphically in Figure 4.3. We refer the reader to the original
paper for more details on the technique of compiling a factored polynomial representation
of a Bayesian network.
To do probabilistic inference using the network polynomials, the unnormalized proba-

bility of an evidence x is induced by setting λxi to 1 and λx̄i to 0 if xi is consistent with
the evidence, i.e. xi ∼ x. To marginalize an variable Xi, we set both λxi and λx̄i to 1 and
evaluate its network polynomial. The indicator variables in effect select which network
parameters to add together for inference [39].
The notion of network polynomial lays a cornerstone of sum-product networks, which

will be introduced in the following section.

4.2. From Network Polynomial to SPNs

The network polynomial introduced in the previous section can be compiled from Proba-
bilistic Graphical Models (PGMs) to represent unnormalized probabilistic inference. The
partition function is the value of the network polynomial when all evidence indicators are

44



Figure 4.2.: The canonical polynomial for the BN in Figure 4.1.

Figure 4.3.: The factored polynomial for the BN in Figure 4.1, given by [39].

set to 1 [174]. However, the complexity of the partition function induces an exponential
blowup in the worst case, i.e., the network polynomial has a size exponential in the
number of network variables [174, 112]. This leads to difficulties in inference, and in
turn in learning. Driven by the question of finding general conditions under which the
partition function is tractable, Poon et al. [174] proposed Sum-Product Networks (SPNs)
to potentially represent and evaluate network polynomials in polynomial space and time.
This model belongs to the Probabilistic Circuits (PCs) family, along with arithmetic circuits
[39], AND/OR-graphs [140], Cutset Networks (CNets) [180], and Probabilistic Sentential
Decision Diagrams (PSDDs) [109]. The formal definition of SPNs is given by definition 2.

Definition 2 ([174]). A Sum-Product Network S over variables X1, . . . , Xd is a rooted
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directed acyclic graph whose leaves are univariate random variables X1, . . . , Xd and whose
internal nodes are sums and products. Each edge (i, j) emanating from a sum node ni has
a non-negative weight Wij . The value of a product node is the product of the values of its
children. The value of a sum node is

∑︁
cj∈Ch(ni)

WijVj for each child of ni Ch(ni), cj , and
its value Vj . The value of a SPN S is the value of its root which represents a function of the
univariate variables S(X1, . . . , Xd). The scope of an arbitrary node sc(ni) in a SPN is a
subset of the univariate variables which its value is propagated from, i.e.

sc(n) =

{︄
Xi, if ni is a univariate distribution over Xi

∪cj∈Ch(ni)sc(cj), otherwise.

The scope of a SPN is the set of variables that appear in S.

In contrast to PGMs, where nodes represent random variables, nodes in SPNs represent
computations instead. With edges denoting data flow, the whole SPN structure then builds
a computational graph representing the network polynomial [39], which in turn yields
a multilinear function of the univariate variables. As noted previously, the fundamental
difference between neural networks and PGMs is whether the graphical units are to be
considered as computational nodes or random variables [12]. In this sense, SPNs are more
like neural networks in which hidden neurons can only compute two types of arithmetic
operations: weighted sums and products, and input neurons are Probability Density
Functions (PDFs) [244]. However, SPNs also have a probabilistic interpretation for their
graphical structures [170]. This will be further elaborated in Section 4.6.
S(X) for all X ∈ X define an unnormalized probability distribution over X . The

unnormalized probability of evidence x under the distribution S(X) is given by ΦS(x) =∑︁
X∈x S(X). The partition function of this distribution is ZS =

∑︁
X∈X S(X).

Definition 3 ([174]). A Sum-Product Network is valid iff S(x) = ΦS(x) for all evidence x.

With additional structural constraints, a wide range of tractable inference routines
can be guaranteed. These constraints are built upon the notion of completeness and
consistency [174, 171].

Definition 4 ([174]). A Sum-Product Network is complete iff all children of the same sum
node ni have the same scope, i.e. ∀c1, c2 ∈ Ch(ni) : sc(c1) = sc(c2).

Definition 5 ([174]). A Sum-Product Network is consistent iff no variable appears negated
in one child of a product node and non-negated in another.

Theorem 1 ([174]). A Sum-Product Network is valid if it is complete and consistent.
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0.7 0.3

Figure 4.4.: A valid SPN example encoding P (X1, X2, X3).

Definition 6 ([174]). A Sum-Product Network is decomposable iff no variable appears in
more than one child of a product node, i.e. ∀c1, c2 ∈ Ch(ni), c1 ̸= c2 : sc(c1) ∩ sc(c2) = ∅.

Decomposability is a more restricted constraint than consistency. This makes SPNs
more general than representations that require decomposability. Completeness and
decomposability together guarantee the inference to be efficient. Specifically, inference
of joint configurations, marginals and conditionals can be computed in time linear in its
size, i.e. tractable. Due to this reason, usually only valid SPNs are considered. Figure 4.4
gives an example of a valid SPN. A SPN is deterministic if every sum node has at most one
non-zero child for every instance [39, 243]. Determinism and consistency together are
sufficient to guarantee efficient Maximum A Posteriori (MAP) inference.

4.3. Inference

In general, a valid SPN can tractably compute two types of inference: inference of joint
configurations and marginals. Conditional queries can also be answered in polynomial
time using the marginals, based on the chain rule. MAP inference is generally NP-hard for
SPNs [170]. A particular type of SPNs, i.e. selective SPNs [169], allows for tractable MAP
inference. A SPN is selective when each sum node has at most one child with positive
output, for each possible input and each possible parametrization [169]. This is also
known as deterministic SPN in [40, 135] because the sum nodes induce deterministic
functions of the input.
To make inference of a joint configuration x, P (x), the leaf nodes are first evaluated by

assigning the evidence to the univariate distributions of the corresponding scope. Then the
values obtained at the leaf nodes are propagated in an upward pass to the root node. That
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means, each node takes inputs from its children and computes the output correspondingly.
Upon a sum node, the children’s values are weighted by a set of parameters associated
with that node and then added together, i.e.

∑︁
j∈Ch(i)WijVj . Upon a product node, the

children’s values are simply multiplied together, i.e.
∏︁
j∈Ch(i) Vj . Finally, the probability

of x, P (x), is induced by the root value. Take the SPN in Figure 4.4 as example, P (x)
evaluates to

P (x1, x2, x3) = P (x3)× (0.7× (P (x1)× P (x2))) + 0.3× (P (x1)× P (x2))).

This requires one upward pass of the network, hence scales linearly in the network size.
Marginal queries of a subset variables V1 ⊆ X, P (V1), compute the probability of the

target variables by summing or integrating out all the rest variables V2, i.e. P (V1) =∑︁
v2
P (V1,V2 = v2). To compute marginal inference in SPNs, the leaf nodes within the

scope V2 are first set to 1.0 to induce marginalized leaf distributions, and all the rest leaf
nodes are evaluated by their configurations. Then the leaf values are propagated in an
upward pass to the root node, inducing the final evaluation of the marginal queries. Using
the SPN in Figure 4.4 again, P (x2, x3), for example, evaluates to

P (x2, x3) = 1× (0.7× (P (x1)× P (x2))) + 0.3× (P (x1)× P (x2))).

This requires also one time upward pass evaluation, and hence scales linearly in the
network size as well.
After computing a marginal inference P (V2), conditional queries can be computed by

P (V1|V2) =
P (V1,V2)

P (V2)
. This requires two times upward pass evaluation, and hence

remains tractable.
To induce the MAP state of a subset of variables V1 is to find the configuration that

maximizes the posterior probability argmaxV1
P (V1|V2) wherebyV1∩V2 = ∅. However,

MAP inference for latent variable models is intractable [33]. Fortunately, SPNs that satisfy
selectivity and decomposability proved to support tractable MAP again [40]. A SPN is
selective if all its sum nodes are selective, which in turn means that only one child of a sum
node is non zero for any input. To this end, a SPN is turned into a max-product network
by replacing sums by maximizations, which output the maximum weighted value among
its children in the upward pass. Then a downward pass is followed starting from the root
node whereby max nodes select the maximum-valued child component and product nodes
select all children. argmaxV1

P (V1|V2) is then induced by the MAP state of each selected
leaf distribution.
Tractable inference routines not only make SPNs appealing but also benefit the gradient-

based learning algorithm.
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4.4. Learning

Learning a SPN involves learning the structure and the parameters. The parameters consist
of the weights for all the sum nodes and the distributional parameters in the leaf nodes.
A popular estimator for parameter learning of SPNs is Maximum Likelihood Estimation

(MLE). The goal of MLE is to find parameters θ that maximize the likelihood of a given
dataset D, i.e.

θ̂ = argmax
θ

P (D|θ), (4.3)

which in turn can be optimized by the well-known Expectation-Maximization (EM) algo-
rithm [44] or Gradient Descent (GD) [174, 62]. EM is designed to estimate the parameters
of probabilistic models under missing data by iteratively carrying out two steps: The
E-step (expectation) estimates the expected value to impute the missing data, and the
M-step (maximization) uses this completed data to adapt the parameters. These two
steps are repeated until convergence. GD updates randomly initialized parameters to
incrementally increase the likelihood by

θ̂
(s+1)

= θ̂
(s)

+ γ
∂P (D|θ)

∂θ
(4.4)

for a learning rate γ. This is used for parameter learning for SPNs by Poon et al. [174]
and Gens et al. [62]
There are multiple algorithms for learning SPN structures. Unlike parameter learning,

current structure learning algorithms for SPNs are based on heuristics and less principled.
Gens et al. [63] proposed a scheme for learning the structure of SPNs from data. This
algorithm recursively splits a SPN into a product or a sum of SPNs until a set of univariate
random variables are induced. A product node is induced when it is possible to split
the variables into mutually independent subsets, otherwise a sum node is induced by
clustering the training instances into similar subsets. Then the algorithm recuses on the
resulting split subsets for the same procedure until each subset contains only one random
variable. The parameters are learnt automatically along with the structure. In particular,
the weight of a sum node is the fraction of instances in the corresponding subset, and
the distributional parameter of a leaf node is estimated by the corresponding subset it
obtained at the innermost recursion by means of MLE. This scheme is summarized in
Algorithm 3.
LearnSPN can be instantiated by various subroutines that partition the variables and

instances into subsets. For instance, the clustering subroutine can be completed using the
EM algorithm [44]. The splitting subroutine is instantiated in [63] by G-test of pairwise
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Algorithm 3: LearnSPN(T, V ) [63]
Input :Set of instances T and set of variables V .
Output :A SPN representing a distribution over V learned from T .

1 if |V | = 1 then
2 return univariate distribution estimated from the variable’s values in T
3 else
4 partition V into approximately independent subsets Vj
5 if success then
6 return

∏︁
j LearnSPN(T, Vj)

7 else
8 partition T into subsets of similar instances Ti

9 return
∑︁

i

|Ti|
T
· LearnSPN(Ti, V )

10 end
11 end

independence. Specifically, a graph with a node for each variable is initialized with no edge,
then an edge is added to each pair of variables that are dependent according to G-test. In
the end, the disconnected subgraphs indicate the independent groups of variables.

LearnSPN has been demonstrated by comprehensive empirical evidence to be compara-
ble to graphical models in likelihood [63]. However, most structure learning algorithms
for SPNs, including LearnSPN, are based on intuition and lack an explicit principle [241].
Therefore Trapp et al. [241] propose Bayesian learning of SPNs by phrasing structure
learning as Bayesian inference in a latent variable model. This approach decomposes struc-
ture learning into searching over computational graphs and nested learning of the SPN’s
scope function using Gibbs sampling. Empirical studies demonstrate that this approach
works well and possesses additional benefits, such as prevention against overfitting and
robust learning under missing data.

Originally proposed on Bernoulli and Gaussian domains, SPNs have multiple adaptions
and extensions. Molina et al. [149] extend SPNs to Poisson domain and Molina et al.
[150] extend SPNs to hybrid domains. Peharz et al. [172] propose to employ SPNs for
deep learning by demonstrating a random SPN structure combined with simple training
mechanisms like soft EM or Adam work surprisingly well.
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4.5. Random and Tensorized SPNs

As mentioned in the previous section, valid SPNs need to satisfy completeness and con-
sistency to guarantee tractable inference routines. These structural constraints pose an
additional complication to the learning algorithms. Can SPNs be learnt in a simple deep
learning way, i.e. by generating unspecialized random structures and applying gradient-
based optimization? Peharz et al. gave an affirmative answer: SPNs can not only be learnt
in this deep learning approach, but they often even perform on par with state-of-the-art
SPN structure learners and deep neural networks on a diverse range of generative and
discriminative scenarios [172].
In order to substitute structure learning with a random structure, Peharz et al. [172]

introduced a simple and scalable method to construct Random and Tensorized Sum-Product
Networks (RAT-SPNs) based on the notion of a region graph [45, 168] as an abstract
representation of the network structure. A region R is defined as any non-empty subset
of a set of RVs X. Given any region R, a K-partition P of R is a collection of K non-
overlapping sub-regions R1, . . . , RK , whose union is again R. A region graph R over X is
a connected DAG whose nodes are regions and partitions. This DAG has several structural
constraints: 1) There is exactly one root region, i.e. region without parents. 2) All leaves
are regions. 3) All children of regions are partitions and all children of partitions are
regions. 4) If P is a child of R, then ∪R′∈PR

′ = R. 5) If R is a child of P, then R ∈ P.
Region graphs can be randomly created as follows: Starting from the root, split each

region into sub-regions of equal size recursively until depth D. Then repeat this recursive
splitting process R times. The resulted random region graph can then be used to construct
a SPN: Create I input distributions for each leaf region, S sum nodes for the internal
regions and C sum nodes for the root region. The product nodes are created by taking all
cross-products of child regions of a partition, which are then connected as children to the
sums from their parent region [172].
Given a random SPN structure S over X, its parameters ω, i.e. sum-weights and

parameters of the input distributions, are set via an optimization process. The objective
for optimization is the log-likelihood in generative setting. Assume i.i.d. samples X =
{x1, . . . ,xN} from the distribution P ∗(X) that we want to approximate, then

ω = argmax
1

N

N∑︂
n=1

logS(xn).

To optimize for this objective function, the EM algorithm derived for SPNs [170] from
the standard EM algorithm [44] can be used. Alternatively, gradient-based optimization
techniques can also be used [172].
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RAT-SPNs, as standard SPNs, are primarily used for density estimation. However,
when this density is represented as a mixture of class-conditional density S(X) =∑︁

Y=y S(X|Y )P (Y ), it can also be used as a generative classifier for discriminative tasks
by applying Bayes’ rule:

S(Y |X) =
S(X|Y )P (Y )

S(X)

=
S(X|Y )P (Y )∑︁
Y=y S(X|Y )P (Y )

.

In this case, each mixture component S(X|Y = y) is represented by a SPN or RAT-SPN.
See an illustration of this special structure for SPNs in Figure 4.51.
To optimize the parameters for discriminative tasks, assume i.i.d. samples X =
{(x1, y1) . . . , (xN , yN )}. The objective function is the cross-entropy instead of the log-
likelihood, i.e.

ω = argmin
1

N

N∑︂
n=1

log
S(xn|yn)∑︁
y S(xn|y)

.

Akin to deep neural networks, RAT-SPNs take a random structure and apply simple
parameter estimation techniques. The empirical study proved the capacity of RAT-SPNs
as density estimators in generative tasks. In particular, they perform on par with the
most prominent SPN structure learner and deep neural networks such as VAEs [108] and
Masked Autoencoders (MADE) [64]. For discriminative tasks, RAT-SPNs can also compete
with neural networks [172].

4.6. The Connections between SPNs and Other Models

On the architecture level, SPNs can be interpreted as both a probabilistic model and a
deep feedforward neural network. Initially used to depict the computation of factored
polynomials, SPNs were built on the black box inference machine for classical BNs [39]. As
computation graphs, SPNs can naturally be interpreted as peculiar Multi-Layer Perceptrons
(MLPs) with sparse and local weight connections where hidden neurons compute weighted
sums and products and input neurons are PDFs [244]. Similar to MLPs, SPNs can also
be employed for representation learning. In particular, the hidden layers of SPNs can be
viewed as extracting a hierarchy of feature representations at different levels of abstractions
1Node shade indicates node category.
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Figure 4.5.: The SPN structure used to estimate a distribution as a mixture of class-
conditional densities.

from samples. The difference to MLPs is, by definition, each inner node n directly encodes
a valid probability distribution Sn(x|sc(n)) over the input space indicated by its scope sc(n),
resulting in a probabilistic part-based feature representation [244]. Such a representation
can be individually visualized by input that maximizes its activation, i.e.

x∗
|sc(n) = argmaxSn(x|sc(n);θ),

which can in turn be solved by running MPE inference over the scope sc(n) [244]. Vergari
et al. [244] further conjectured and empirically proved that the nodes with longer scope
length extract representations of a higher abstraction level.
Vergari et al. [244] compared several criteria for extracting embeddings from SPNs by

aggregating individual representations of (a) the same node type, (b) comparable scope
lengths and (c) the same scope. By training a linear classifier on top of the extracted
embeddings to predict unseen RVs, the quality of embeddings is assessed and compared
against each other. Scope aggregation proves to be a sensible first option, as those
embeddings are both compact enough and have sufficient informative power [244].
Apart from the connection of SPNs to deep learning concerning the network topology,

another connection can be established via the way we are learning them. This can be
seen through RAT-SPNs [172] introduced in the previous section: SPNs can be learnt akin
to DNNs by scaling up a random but valid structure and applying simple gradient-based
techniques for parameter estimation. This deep learning view of SPNs eludes sophisticated
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Figure 4.6.: An example of SPN augmentation.

structure learning for SPNs and brings additional advantages to deep learning such as
calibrated anomaly detection, treatment of missing features, and most importantly, the
power of tractable probabilistic inference [172].
Beyond pure computational representation, SPNs have also probabilistic semantics in

their own right [174], unlike their close relatives arithmetic circuits [39] and AND/OR
graphs [43]. Above all, each node in SPNs is a valid probabilistic distribution over its
scope. Product nodes compute the product of probability values of their children, hence
they can be naturally interpreted as factorizing their child distributions, which means the
child distributions are independent [170, 171]. Sum nodes are more tricky to interpret.
Consider a special SPN over X with a single sum node with K leaf nodes as children, and
let w be the weight and θ be the distributional parameter. The distribution induced by
the sum node

P (X) =

K∑︂
k=1

wkP (X; θk)

can be interpreted as a probabilistic mixture model over X. Mixture models P (X) can
in turn be interpreted as marginal distribution of the distribution P (X,Z) over X where
Z is a latent variable (LV) associated with the sum node and P (Z = k) = wk and
P (X|Z = k) = P (X; θk). For SPNs with arbitrarily many sum nodes, Peharz et al.
[170] formally established the LV interpretation by using an augmentation of SPNs as
a theoretical tool. The augmentation process is depicted in Algorithm 4. A concrete
example of SPN augmentation is given by Figure 4.6. The notations relevant for the
algorithm are the following: The set of all sum nodes and product nodes are respectively
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Figure 4.7.: An Bayesian Network representing the dependency of the SPN in Figure 4.6.

denoted as S(S) and P(S). For each sum node S, the conditioning sums Sc(S) is defined
as {Sc ∈ ancS(S) \ {S} | ∃C ∈ ch(Sc) : S /∈ desc(C)}, whereby ancS(N) := anc(N) ∩ S(S)
and descS(N) := desc(N) ∩ S(S).
Based on the augmented SPNs, Peharz et al. [170] further established probabilistic

interpretation of the sum weights. For an arbitrary sum node S associated with the latent
variable ZS, let Zp be the parents, i.e. all the LVs above S, and let Zn be all the non-
descendants variables that are neither above nor below S. Z and Z̄ denote a partition
of the values of Zp, i.e. Z ∪ Z̄ = val(Zp),Z ∩ Z̄ = ∅. w̄k denotes the twin-weight of wk.
Then the weights of S can be interpreted as follows:

S(ZS = k|Zn,Zp = z) = S(ZS = k|Zp = z) =

{︄
wk, if z ∈ Z
w̄k, if z ∈ Z̄.

That means, given the path from the root node up to S, the sum weights of S can be
viewed as conditional probability tables of choosing the k-th child node and the choice is
independent of its non-descendants. This interpretation in turn allows a BN representation
by connecting Zp as parents of ZS and all leaf variables within the scope sc(S) as children
of ZS for each sum node [170]. Following the SPN in Figure 4.6, its BN representation is
given in figure 4.7.
The connection of augmented SPNs with BN representation described above gives a

useful tool for interpreting SPNs in the context of probabilistic graphical models [170]. In-
terestingly, this connection aligns with the relationship between BNs and SPNs established
by Zhao et al. [255].
This concludes Chapter 4. We started with network polynomial which is the key idea

behind SPNs. Then we reviewed SPNs by their representation, inference algorithm and
learning scheme. As computation graphs, SPNs are to be contrasted with probabilistic
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Algorithm 4: AugmentSPN(S) [170]
Input :A SPN S.
Output :An augmented SPN S ′.

1 S ′ ← S
2 ∀S ∈ S(S ′), ∀k ∈ {1, . . . ,KS}: let wS,k = wS,Ck

S
, w̄S,k = w̄S,Ck

S

3 for S ∈ S(S ′) do
4 for k = 1, . . . ,KS do
5 Introduce a new product node PkS in S(S ′)
6 Disconnect CkS from S

7 Connect CkS as child of PkS
8 Connect PkS as child of S with weight wS,k

9 end
10 end
11 for S ∈ S(S ′) do
12 for k ∈ {1, . . . ,KS} do
13 Connect new indicator variable λZS=k as child of PkS
14 end
15 if Sc(S) ̸= ∅ then
16 Introduce a twin sum node S̄ in S ′
17 ∀k ∈ {1, . . . ,KS}: connect λZS=k as child of S̄ and let wS̄,λZS=k

= w̄S,k

18 for Sc ∈ Sc(S) do
19 for k ∈ {k | S /∈ desc(PkSc)} do
20 Connect S̄ as child of PkSc
21 end
22 end
23 end
24 end
25 return S ′

graphical models where model representation and inference algorithm are decoupled.
Then we reviewed a “deep learning” approach for SPNs. In the end, we discussed dif-
ferent perspectives of SPNs, which allows a SPN structure to be interpreted by its BN
representation.
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5. Conditional Sum-Product Networks

In the previous chapter, we have reviewed SPNs for joint probabilistic distributions. They
are gaining momentum in probabilistic modelling because they achieve a good balance
between expressivity and tractability, which is to be contrasted with classical probabilistic
models. Although a joint distribution in theory allows for flexible probabilistic inferences
such as conditional inference and marginal inference, they are not optimized for such
tasks. As Choi et al. [31] have shown, the joint density of a SPN is a polynomial, actually
a multi-linear function. In turn, any conditional query P (Y|X) = P (Y,X)/P (X) to the
SPN is a quotient of multi-linear functions. Consequently, some functions may only be
(approximately) fitted using a large number of e.g. Gaussian leaf distributions, which
is wasteful if only a specific conditional distribution is concerned. In this chapter, we
introduce a conditional counterpart for SPNs called Conditional Sum-Product Networks
(CSPNs), which are used to model conditional probabilistic distributions with a fixed set
of conditioning variables.
This chapter is based on Shao et al. 2020 and organized as follows. First, we briefly

review related work on conditional probabilistic modeling in Section 5.1. Then we set
our focus on the model representation of CSPNs in Section 5.2 with a formal definition
analogous to SPNs, which is followed by a heuristic learning scheme in Section 5.3. After-
wards, we evaluate CSPNs and demonstrate their effectiveness in conditional probabilistic
modelling based on empirical evidence in Section 5.4.

5.1. Conditional Probabilistic Models

Principled conditional probabilistic modelling has been an active area of research. Models
for conditional probability distributions aim at learning P (Y|X) over disjoint sets of output
variables Y and input variables X, where X is assumed to be always fully observed. This is
closely associated with supervised predictive tasks such as classification and regression.
Except for the use in predictive tasks, conditional probabilistic models serve as basic
building blocks for many machine learning models as well. A few common examples
are Bayesian Networks [94, 167], Gaussian Processes [184], Conditional Random Fields
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[116], Dependency Networks [82], Hidden Markov Models [178] and Clustering [155].
The representational and predictive capacity of these models are then tied to how well
they capture the underlying conditional probabilistic distributions. Therefore, having more
powerful conditional probabilistic models can have a broad impact on many applications.
A naive way of modelling P (Y|X) is to model P (Yi|X) for each Yi ∈ Y independently

and multiply these univariate predictors together
∏︁
i P (Yi|X). This approach is built on

the mean-field assumption that each output variable Yi is independent of the others given
X, which is often a too strong assumption. More expressive alternatives include GPs [184]
and CRFs [116]. They are particularly popular representatives for Structured Output
Prediction (SOP), both for regression and classification settings. However, their inference
has a serious problem when scaling to high-dimensional data or large datasets. One
approach to scaling GPs to larger datasets is based on deep mixtures of GPs, proposed
by Trapp et al. [240], which can be viewed as a combination of GPs and SPNs. However,
they are limited to continuous domains. Other alternatives within the family of tractable
probabilistic models are Logistic Circuits (LCs) [123], discriminative learning of SPNs [62],
Discriminative Arithmetic Circuits (DACs) [195] and Sum-Product-Quotient Networks
(SPQNs) [215]. Recently proposed as a discriminative model, LCs showed classification
accuracy competitive to neural nets on a range of benchmarks. However, both LCs and
discriminative learning of SPNs are limited to single output prediction. DACs are learned
via a compilation of CRFs, thus requiring sophisticated and potentially slow structure
learning routines. Extending SPNs by introducing quotient nodes, SPQNs represent a

conditional distribution P (Y|X) as the ratio P (Y,X)
P (X)

where the two terms are modeled by

two SPNs. However, the expressiveness of SPQNs is limited by the capacity of SPNs and
their representation is not very compact due to the additional modelling of P (X). Rahman
et al. [179] proposed Conditional Cutset Networks (CCNs), a strict sub-class of SPNs, but
they did neither employ conditional independence tests for learning the structure nor
establish the link to neural nets.
Another line of research focuses on parameterizing conditional probabilistic distributions

by neural nets. Popular examples are VAEs (reviewed in Section 3.4) [108], hierarchical
variational models [182] and normalizing flows [186]. However, VAEs and hierarchical
variational models involve sampling, hence inducing significant computational costs and
highly intractable models. Normalizing flows allow for tractable inference, but they are
limited to continuous distributions and exhibit significant computational overhead for
computing the determinant of the Jacobian.
To improve upon the aforementioned limitations of conditional probabilistic models,

we propose CSPNs, which will be presented in the next section. In summary, we make the
following contributions:
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1. We introduce CSPNs for representing conditional probabilistic distributions which
allow for a set of tractable inference tasks.

2. We present a structure learning algorithm for CSPNs based on Randomized condi-
tional Correlation Test (RCoT) which allows learning structures from heterogeneous
data sources.

3. We connect CSPNs with DNNs, and demonstrate that the improved ability of the
resulting neural CSPNs to model dependencies results in increased multilabel image
classification performance.

5.2. Representation

CSPNs are deisnged to represent multivariate conditional probabilistic distributions
P (Y|X) by extending SPNs. Specifically, SPNs over the output variables Y are parame-
terized by external functions f(X) whereby f(·) can take a flexible form and X ∩Y = ∅.
Analogous to SPNs, a formal definition of CSPNs is given as follows.

Definition 7. A Conditional Sum-Product Network (CSPN) S over the output variables
Y1, . . . , Ym conditioned on the input variables X1, . . . , Xn is a rooted directed acyclic graph
consisting of three types of nodes: leaf nodes, product nodes and gating nodes. Leaf nodes
are univariate conditional random variables parameterized by X1, . . . , Xn. Gating nodes
and product nodes are internal nodes. Each edge (i, j) emanating from a gating node i has a
non-negative weightWij parameterized by X1, . . . , Xn. The value of a product node is the
product of the values of its children. The value of a gating node i is the sum of the values of
its children Vj weighted byWij , i.e.

∑︁
j∈Ch(i)WijVj . The value of the CSPN S is the value of

its root which represents a function of the output variables conditioned on the input variables
S(Y1, . . . , Ym|X1, . . . , Xn). The scope of an arbitrary node in the CSPN is a subset of the
output variables which its value is propagated from. The scope of the CSPN is the set of output
variables that appear in S.

Akin to unconditional SPNs, nodes in CSPNs have semantics in their own right:
Leaf nodes represent univariate conditional distributions P (Yi|X) for each Yi ∈ Y.
A gating node i, as a generalization of a sum node, is closely related to gate in Mix-
ture of Experts (MoEs) [216] and can be viewed as a conditional mixture distribution∑︁

j∈Ch(i) fj(X)Pj(Y|X). A product node h represents a factorial distribution of the form∏︁
k∈Ch(h) Pk(Yk|X), assuming their child components are conditionally independent of

each other given X. The whole structure is then recursively composed of local conditional
probabilistic distributions from the bottom up to the root node.
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Figure 5.1.: A valid CSPN example encoding P (Y1, Y2, Y3|X).

In analogy to SPNs, a wide range of tractable inference routines in CSPNs assume
specific structural constraints. These constraints are built upon the notion of completeness
and consistency.

Definition 8. A CSPN is complete iff all children of the same gating node have the same
scope of the output variables.

Completeness ensures that the gating nodes
∑︁

j∈Ch(i) fj(X)Pj(Y|X) compute proper
mixture models.

Definition 9. A CSPN is consistent iff no output variable in one child of a product node
overlaps with another child.

Definition 10. A CSPN is valid if it is complete and consistent.

A valid CSPN computes the conditional probability in time linear in its network size,
which in turn makes them easier to learn. Due to this reason, we consider only valid
CSPNs in our work. See Figure 5.1 for a valid CSPN example. Essentially, f(·) takes X
as input and produces parameters for the SPN structure, i.e. weights of the gating nodes
and distributional parameters on the leaf nodes. Gating weights are constrained to sum
to unity in order to ensure normalized mixtures. When f(·) is neural nets, we call the
induced network neural-CSPNs.
Assuming the input variables are always completely observed, CSPNs permit complex

inference on the output variables given the input observations. In general, a valid CSPN
can tractably and exactly compute two types of inference: conditional queries of a joint
configuration of the output variables and marginals of conditional queries. By converting
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gating nodes to max nodes, CSPNs also allow for tractable approximate MAP (maximum
a-posteriori) inference on the output variables. To run any of these inference tasks, the
first step is to evaluate the observations x by f(·) to induce CSPN parameters. Then the
corresponding inference algorithms for SPNs (recall from Section 4.3) are followed.

5.3. Learning

Learning CPSNs involves learning a parameterizing function f(·) and a CSPN structure.
We present two approaches: LearnCSPN for learning the structure based on heuristics
by extending LearnSPN (see Algorithm 3), which automatically sets the parameters as
well, using local data partitions. Another approach for learning the parameters, is by
optimizing the conditional likelihood in an end-to-end fashion, where the structure is
either randomly generated or learnt using LearnCSPN.
Akin to LearnSPN, LearnCSPN is a greedy algorithm that builds the structure in a top-

down fashion by recursively partitioning the data matrix until the termination condition
is met. The partitioning occurs for each local data matrix either by the output features Y
or by instances. At each step, it introduces either a leaf node, a product node or a gating
node. A product node is created while splitting the local data by output features into
independent variables, which are in turn found by means of a statistical test. If no such
partitioning is found, a gating node is then created instead by partitioning the local data
into different clusters of instances. The algorithm recurses for each slice of the partitioned
data. The recursion terminates by creating a leaf node when the local data slice has only
one output variable left. Let us now review LearnCSPN more in detail.
Learning Leaf Nodes. Leaf nodes encode univariate conditional distributions by re-

gressing the distributional parameters of Yi from features X. Take Gaussian outputs as
an example, each leaf represents N (Yi;µ = f(X), σ = 1). In order to allow for tractable
inference, we require conditional models at the leaf nodes to be normalized. Learning
leaf nodes amounts to estimating f(·) from the local data slice in regression problems.
In theory, the parametric form of f(·) can be flexibly chosen, for example, Generalized
Linear Models (GLMs) [143] or DNNs etc, as long as their outputs are constrained to be
compatible with the domain of the distributional parameter. Ideally, a differentiable form
is preferred so that leaf nodes can be learnt jointly with the rest of the network in an
end-to-end fashion.
Learning Product Nodes. Product nodes are induced to factorize the labels Y into

conditionally-independent subsets, which are in turn found via pair-wise Conditional
Independence (CI) tests. By definition, CI test is to determine whether Yi is independent of
Yj givenX = x, for any value of x [42]. Conditional independence, denoted as Yi ⊥⊥ Yj |X,
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has various characterizations. In terms of density functions, conditional independence
can equivalently be characterized as

P (Yi, Yj |X) = P (Yi|X)P (Yj |X),

which will be used in the following statistical test.
Among the well-established CI testing methods, parametric methods are based on

distributional assumptions, which make them less generic. Here, we aim for a non-
parametric CI test for the sake of flexibility. In particular, we adopt RCoT [231] among a
variety of non-parametric approaches because it is intended for large scale settings and it
scales linearly with sample size. Following Fukumizu et al., Fukumizu et al. [59, 60], RCoT
specifies conditional independence using the characteristic kernels (e.g. RBFs, Laplacian)
kYi , kYj , kX for the variables Yi, Yj ,X with the domains Yi,Yj ,X whose corresponding
Reproducing Kernel Hilbert Spaces (RKHS) are respectively specified by HYi ,HYj ,HX .
Employing the cross-covariance operator

∑︁
YiYj
on the RKHS from HYi to HYj , RCoT is

defined as

⟨f,
∑︂

YiYj
g⟩ = EYiYj [f(Yi)g(Yj)]− EYi [f(Yi)]EYj [g(Yj)]

for all f ∈ HYi and g ∈ HYj . The partial cross-covariance operator
∑︁

YiYj ·X of (Yi, Yj)
given X can then be written as∑︂

YiYj ·X
=
∑︂

YiYj
−
∑︂

YiX

∑︂−1

XX

∑︂
XYj

Under mild assumptions, it then holds: if Yi ⊥⊥ Yj |X, then

EX[P (YiYj |X)] = EX[P (Yi|X)P (Yj |X)]

and in turn
∑︁

YiYj ·X = 0. Indeed, there are some special cases where Yi ⊥̸⊥ Yj |X yet∑︁
YiYj ·X = 0, i.e., this is not an equivalence relation. However, these cases are rarely

encountered in practice. Finally, the test statistic estimator is given as S = n∥
∑̂︁

YiYj ·X∥
2
F ,

and the asymptotic distribution of S under the null hypothesis is approximated by the
Lindsay-Pilla-Basak method [124] that matches the first 2L moments to a finite mixture
of Gamma distributions.
Based on the pairwise CI test, we create a graph where the nodes are the variables in Y

and the edge between two nodes Yi, Yj is present if we cannot reject the null hypothesis
for a specified threshold α. This algorithm is formulated in algorithm 5.
Learning Gating Nodes. Gating nodes are a generalization of sum nodes, which can

be viewed as MoEs
∑︁

k fk(X)Pk(Y |X) [15]. Instead of constant weights associated with
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Algorithm 5: SplitLabels (D, α)
Input :Data D = {(y(i),x(i))|y(i) ∈ Y,x(i) ∈ X}Ni=1 where the label RVs are

Y = {Y1, . . . , YP }, α: threshold of significance
Output :A label partitioning {PD}

1 G ← Graph({})
2 foreach Yi, Yj ∈ Y do
3 Si,j ← n∥

∑̂︁
YiYj ·X∥

2
F

4 if LindsayPillaBasak(Si,j) > α then
5 G ← G ∪ {(i, j)}
6 end
7 end
8 return ConnectedComponents(G)

sum nodes in SPNs, fk(X) gives dynamic weight for each child component Pk(Y |X) of a
gating node conditioned on X. To construct this mixture, fk(X) is learnt to predict the
component assignment of the labels Y, one-hot coded as Z, conditioned on X under the
constraint

∑︁
k fk(X) = 1 and ∀Xfk(X) >= 0 so that the gating nodes are guaranteed to

be normalized. In other words, we estimate fk(X) to predict Zk = fk(X). The member
assignment is in turn induced by clustering the data into disjoint sets according to X. The
clustering scheme may be flexibly chosen here, depending on the data distribution. For
example, k-Means can be used for Gaussians.
End-to-End Parameter Optimization. CSPNs contain two sets of parameters: one

for the weights W of the gating nodes, and another for the parameters θ of the leaf
distributions. Although algorithm 6 automatically sets the parameters, they are only
locally optimized using the data slices available at each step. To further optimize the
parameters globally in a more principled way, the MLE estimator is used. Let L(Y;X)
denote the likelihood of Y given X and ω be all the learnable parameters of f(·), MLE
induces the parameter estimation by

ω = argmax logL(Y;X). (5.1)

Assuming f(·) to be fully differentiable, L(Y;X) is hence also differentiable. Therefore,
an estimation ω̂ can be obtained using Stochastic Gradient Descent (SGD). The gradient
of the loss w.r.t. ω is given by

∂L(Y;X)

∂ω
=
∂L(Y;X)

∂f(X)

∂f(X)

∂X
(5.2)
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Algorithm 6: LearnCSPN (D, η, α)
Input :Data D = {(y(i),x(i))|y(i) ∈ Y,x(i) ∈ X}Ni=1; η: minimum number of

instances to split; α: threshold of significance.
Output :A CSPN S approximating P (Y |X) learned from D.

1 if |Y| = 1 then
2 S ← LearnConditionalLeaf(D)
3 else if |D| < η then
4 S ←

∏︁|Y|
j=1 LearnCSPN({(y

(i)
j ,x(i))}Ni=1, η, α)

5 else
6 {Vi}Ki=1 ← SplitLabels(D, α) // compare with Alg. 5
7 if K > 1 then
8 Di ← {vji |v

j
i ∼ Vi}Mj=1

9 S ←
∏︁K
i=1 LearnCSPN(Di, η, α)

10 else
11 {Di}Ki=1 ← SplitInstances(D) // using e.g. random splits or k-Means with

an appropriate metric
12 S ←

∑︁K
i=1 gi(x) · LearnCSPN(Di, η, α), x ∈ D where gi(x) is a gating

function
13 end
14 end
15 return S

where ∂L(Y;X)

∂f(X)
differentiates through the SPN polynomial, and ∂f(X)

∂X
differentiates

through the external function f(·).
Alternatively, MLE can also be directly applied to random structures. This is especially

useful when the output dimensions are too high to learn the structure efficiently. In
addition, it also makes CSPNs easily fit for building modular structures that can be learnt
jointly as a full end-to-end system. This will be demonstrated in Section 6.1.

5.4. Empirical Evaluation

In this section we present experimental evidence to answer the following research ques-
tions:

(Q1) Can CSPNs perform better than regular SPNs for predictive tasks?
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Figure 5.2.: Traffic flow predictions of Poisson CSPNs (top) versus SPNs (botton) for
shallow (left) or deepmodels (center and right). Themore examples centered
around the diagonal line, the better the predictions are.

(Q2) How accurate are CSPNs for SOP?

(Q3) Do neural-CSPNs outperform other neural conditional models such as MDNs on
image SOP tasks?

5.4.1. Traffic Prediction

This experiment aims to answer the research question (Q1). To demonstrate the repre-
sentational power of CSPNs against SPNs, we studied multivariate traffic data prediction
task on the Poisson domain [149]. We considered temporal vehicular traffic flows in
the German city of Cologne [95]. The data comprises 39 RVs whose values are from
stationary detectors located at the 50km long Cologne orbital freeway, each one counting
the number of vehicles within a fixed time interval. It contains 1440 samples, each of
which is a snapshot of the traffic flow. The task of this experiment is to predict the next
snapshot (|Y| = 39) given a historical one (|X| = 39).
We trained respectively a CSPN and a SPN of three depths. The CSPNs use GLMs with

exponential link function as Poisson univariate conditional leaves. Results are summarized
in Figure 5.2 by scatter plot. Each point represents the relation between a prediction
and its ground truth. When perfectly predicted, a point aligns at the diagonal line. The
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Table 5.1.: Average test conditional log-likelihood (CLL) of DACL, CCNs and CSPNs on 20
standard density estimation benchmarks.

Nltcs Msnbc KDD Plants Audio Jester Netflix Accidents Retail Pumsb.

50% evidence
DACL -2.770 -2.918 -0.998 -4.655 -18.958 -24.830 -26.245 -9.718 -4.825 -6.363
CCN -2.58 -2.18 -1.19 -4.53 -18.67 -24.96 -26.03 -10.24 -4.88 -6.98
CSPN -2.795 -3.165 -1.023 -4.720 -18.543 -24.543 -25.914 -11.587 -5.600 -7.383

80% evidence
DACL -1.255 -1.557 -0.386 -1.812 -7.337 -9.998 -10.482 -3.493 -1.687 -2.594
CCN -0.99 -0.87 -0.36 -1.54 -7.58 -9.75 -10.22 -3.61 -1.66 -2.02
CSPN -1.256 -1.684 -0.397 -1.683 -7.110 -9.830 -10.351 -4.045 -1.654 -2.618

Dna Kosarek MSWeb Book EachMovie WebKB Reuters-52 20News Bbc Ad

50% evidence
DACL -34.737 -5.053 -5.653 -16.801 -23.325 -72.072 -41.544 -76.063 -118.684 -4.893
CCN -32.98 -4.76 -4.25 -15.90 -24.85 -69.34 -36.56 -71.69 -114.52 -3.41
CSPN -38.243 -5.527 -6.686 -10.653 -18.130 -18.542 -15.736 -35.900 -47.138 -6.290

80% evidence
DACL -12.116 -2.549 -1.333 -6.817 -9.403 -28.087 -17.143 -27.918 -44.811 -1.370
CCN -12.29 -1.14 -1.69 -6.48 -8.40 -25.76 -15.67 -27.72 -43.27 -1.18
CSPN -11.895 -2.397 -1.335 -3.191 -4.579 -2.623 -3.878 -4.984 -2.996 -1.030

50% evidence Wins DACL: 4 CCN: 7 CSPN: 9
80% evidence Wins DACL: 2 CCN: 8 CSPN: 10

more away from the diagonal, the worse a prediction is. Therefore, the more instances
aligned along the diagonal, the higher the overall predictive accuracy is. Color denotes
density. In horizontal comparison, one can observe that the 2-level CSPN is clearly
outperformed by its 3-level and 5-level counterparts in terms of Root Mean Squared
Error (RMSE), which demonstrates the benefits of deeper structure. The reason is that
the 2-level CSPN constructs a naive factorization and assumes conditional independency
between the response variables, but the deeper structure is more flexible in representing
the complex dependency between the response variables. In vertical comparison, each
CSPN outperforms its PSPN counterpart, in the 2-level case even by a wide margin.
As expected, deeper CSPNs have a lower predictive error compared to shallow CSPNs.
Moreover, smaller CSPNs perform equally well or even better than SPNs, empirically
confirming that CSPNs are more expressive than SPNs. To conclude, CSPNs consistently
yield more accurate predictions than the corresponding SPNs and, as expected, deeper
CSPNs outperform shallow ones. This answers (Q1) affirmatively and also provides
evidence for the convenience of directly modelling a conditional distribution.

5.4.2. Conditional Density Estimation

This experiment aims to answer the research question (Q2). To demonstrate the effec-
tiveness of CSPNs for conditional density estimation, we focused on conditional density
estimation on 20 standard binary benchmark datasets. The number of variables of these
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Table 5.2.: Comparison to mean field models and mixture density networks.

CLL Accuracy

MF MDN CSPN MF MDN CSPN

MNIST -0.70 -0.61 -0.54 74.1% 76.4% 78.4%
Fashion -0.95 -0.73 -0.70 73.4% 73.7% 75.5%
CelebA -12.1 -11.6 -10.8 86.6% 85.3% 87.8%

datasets ranges from 16 to 1556. In order to estimate conditional density, features were
split into evidence and target with different proportions1.
We compared to DACL [195] and CCNs [179] as they currently provide state-of-the-art

Conditional Log-Likelihoods (CLL) on such data. We first performed structure learning on
the training data (stopping learning when no more than 10% of samples are available),
followed by end-to-end parameter optimization on the training and validation data 2.
Results are reported in table 5.1. The best results are given in boldface. Since we did

not have access to per-instance CLLs on CCNs, a t-test was not possible, but the results still
provide a tendency for comparison. We can see that for both the 80%-evidence scenario
and the 50%-evidence scenario, CSPNs have the most wins. In total, CCNs have slightly
fewer wins than CSPNs and more wins than DACL. Besides, we note that CSPNs are faster
to learn than DACL and that, in practice, no real hyperparameter tuning was necessary
to achieve these scores, while DACL ones are the result of a fine-grained grid search
(see [195]). This answers (Q2) affirmatively and shows that CSPNs are comparable to the
state-of-the-art.

5.4.3. Neural Conditional Sum-Product Networks with Random Structures

This experiment aims to answer the research question (Q3). To demonstrate the efficacy
of neural-CSPNs with random structures, we evaluated it on several multilabel image
classification tasks and compared it against two different common ways of parameterizing
conditional distributions using neural networks. Apart from the CelebA dataset, we also
constructed our own multilabel versions of the MNIST and the Fashion-MNIST datasets, by
adding additional labels indicating symmetry, size, etc. to the existing class labels, yielding
16 binary labels total. The first baseline model is the Mean Field (MF) approximation,
whereby the output of a neural network is interpreted as logits of independent univariate
1We adopted the data splits of Rooshenas and Lowd [195].
2Note that the sophisticated structure learning in DACL directly optimizes for the CLL at each iteration.
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Bernoulli distributions, assuming that the labelsY are conditionally independent givenX.
Second, we compared to Mixture Density Network (MDN) with 10 mixture components,
each itself a mean field distribution. For each of these models, including the CSPN, we
used the same standard convolutional neural network architecture up to the last two
layers. Those final two layers were customized to the different desired output formats:
For the MF and MDN models, all the parameters were predicted using two dense layers.
For the CSPN, we used a dense layer followed by a 1d-convolution, in order to obtain
the increased number of SPN parameters without using drastically more neural network
weights.
The resulting CLL as well as accuracies are given in table 5.2. Each model was based on

the same neural network architecture, they differed in how the conditional distribution is
parameterized. Accuracies were computed by obtaining MPE estimates from the models
using the standard max-product approximation. On the MNIST and the Fashion dataset,
estimates were counted as accurate only if all 16 labels were correct, on the CelebA dataset,
we report the average accuracy across all 40 labels. The best results are marked in bold. In
general, the additional representational power of CSPNs yields notable improvements upon
both baselines. In terms of capacity, mean field approximation is lower than MDN, which
explains the performance results. Compared to MDN, CSPNs yield a further performance
increase due to improved model capacity. On CelebA, CSPN outperforms a number of
sophisticated neural network architectures, despite being based on a standard CNN with
only about 400k parameters [52]. The results indicate that the mean field approximation
is inappropriate on the considered datasets, as allowing the inclusion of conditional
dependencies resulted in a pronounced increase in both likelihood and accuracy. This
provides an affirmative answer to (Q3).
This concludes Chapter 5. We started by giving background on conditional probabilistic

modelling for conditional distributions, then we introduced a novel conditional probabilistic
model — CSPNs — allowing for a set of tractable probabilistic inferences. For learning
the structure, LearnCSPN (Algorithm 6) was proposed based on heuristics. This algorithm
also sets the initial parameters which can be optionally further optimized globally in
an end-to-end fashion by maximizing the conditional likelihood. Empirical evidence in
Section 5.4 across several datasets and domains confirmed the capacity of CSPNs in
predictive tasks.
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Part III.

Explaining and Debugging Deep
Models
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In the previous part, we presented some deep networks for various purposes including
neural networks and probabilistic circuits. Neural networks are good for representing
complex input-output mapping, i.e. supervised tasks, and probabilistic circuits are thought
for density estimation, i.e. unsupervised tasks. It is also possible to repurpose supervised
models for unsupervised tasks, and vice versa. CSPNs presented in Chapter 5 are a
supervised model with probabilistic circuits, and VAEs in Section 3.4 are a unsupervised
model based on neural networks. Despite the different purposes and design principles,
DNNs and PCs have a commonality in that they are both computation graphs composed of
multiple layers of operations. An intrinsic disadvantage of deep computation graphs is that
we are not able to make sense of their decision logic by looking at their architecture and
parameters, i.e. they are not interpretable by nature. To present them in understandable
terms to a human, a wide range of techniques have been proposed to explain deep models
in a post-hoc fashion. See Section 2.1 for an overview.
Why are interpretability and explanations desirable features for deep models? First of all,

they increase the social acceptance of opaque ML systems for our daily uses [151]. Heider
et al. show by experiments in social psychology that humans tend to assign beliefs, desires
and intentions to others, including objects [83]. That means, people anthropomorphically
characterise deliberative behaviour of others, which is essentially producing explanations
that link to the mental states for the act of others [147]. Thus, explaining ML systems is
consistent with our behaviour in a social environment.
Secondly, interpretability and explanations are also helpful for humans to gain knowledge

and insights about the underlying domain [48, 151]. In many domains, it is cheap to collect
a lot of data, which is generally hard for us to directly comprehend and make sense of.
Machine learning models can automatically extract useful patterns from data. Sometimes
the extracted patterns are not directly understandable by humans as well. Interpreting
white box models or explaining black box models can offer insights into the extracted
patterns, and in turn offer insights into the domain. In a scientific setting, such insights
can help us obtain scientific understanding and make discoveries from observational or
simulated data in physical, chemical, or biological systems [196, 102, 4, 233, 204, 183].
For example, Bayesian networks applied to the domain of affect recognition can provide
an insight into the underlying relationships among physiological features and affective
states [183].
Thirdly, Doshi-Velez et al. argue that interpretability can be used to confirm other im-

portant desiderata— such as fairness, privacy, reliability, robustness, causality, usability
and trust — of ML systems [48]. As we know, deep models have demonstrated high
representational power and scalable solutions for many complex problems by optimizing
for a single metric. However, their further applications are still limited for many scenarios.
The problem is that a single metric, such as classification accuracy, is an incomplete
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description of most real-world tasks [48, 127]. For example, it is possible for a model
to attain high predictive accuracy without actually learning the correct underlying rules
[250, 117], which is also known as the Clever Hans effect [173]. This can cause severe
consequences for high-risk domains such as medicine, the criminal justice system, and
financial markets. Consider skin cancer detection, a popular dataset from ISIC (Interna-
tional Skin Imaging Collaboration) has band-aids present in approximately 50% of the
non-cancerous images but not in the cancerous images. A machine learning model may
obtain high predictive accuracy by learning a spurious correlation between band-aids and
cancer detection [190]. As a consequence, a cancer patient may miss the opportunity to
get treated because of a band-aid on the skin. Explanations can help us to identify this
bug in the system. A model taking advantage of the Clever Hans effect is of course not
robust, hence also not reliable, because it exploits spurious correlations that may not exist
in the testing environment. Therefore, it is also hard for such a model to gain human
trust even if they achieve high predictive accuracy on a limited dataset. Sometimes, the
spurious correlations can be linked to a protected attribute such as gender or race. Take
a widely deployed commercial risk-prediction tool in the United States as an example,
which is used for identifying patients who will derive the greatest benefit from “high-risk
care management” programs. This tool is found to exhibit a significant racial bias: At a
given risk score, Black patients are considerably sicker than White patients [161]. The
reason is that the predictive model determines the medical needs by the expected medical
expenditures, which are on average lower for Black patients than White patients. Such
disparities in the model’s performance on faces of different races put fairness at great risk.
More importantly, models, that reproduce existing patterns of bias in society, can also
reinforce and propagate bias further on.
The aforementioned pathological behaviours imply a bug in the model. However, due

to the opaqueness of ML systems, specifically deep models, it can be hard to identify such
bugs without formalized criteria. Post-hoc explanations can help us diagnose model errors
and confirm desiderata other than a single performance metric such as predictive accuracy
[48]. Specifically, explanations that contradict our intuitions or prior knowledge on the
underlying domain can expose a potential concern. In case we identify an unfulfilled
desideratum in a deep model, how can we improve the model based on the explanations we
get? In other words, how can we guide the model to produce more sensible explanations
while keeping the predictive accuracy reasonably high? Of course, one can always retrain
the model from scratch using a reworked dataset. However, this is both time- and resource-
consuming. To efficiently tackle this task, we use explanations directly as debugging tools
to fix model errors. We build our work on the framework of XIL [237] (see Section 2.2.2)
to put users in the training loop and interactively take user feedback on explanations as
additional training signals. This accords with the idea that the explanation process does
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not stop at just selecting an explanation, an explanation is instead an interaction between
explainer and explainee [147]. This way, the models can be improved in their task-specific
performance and learn the rules that align with our intuitions or prior knowledge on the
underlying domain by interactively regularizing the wrong rules.
This part is organized as follows. First, we show how to enhance the high-level inter-

pretability of probabilistic circuits by imposing a domain structure in Chapter 6. Then, we
present an efficient approach for explaining individual inferences in probabilistic circuits
in Chapter 7. Afterwards, we move on to explain deep neural networks, whereby spurious
correlations are found. Although the models are right for the predictions, they are right
for the wrong reasons. To learn models that are right for better reasons, we demonstrate
our explanatory interactive approach in Chapter 8. Finally, we also explain latent rep-
resentations in VAEs, whereby spurious correlations in the dataset cause the model to
learn the wrong latent factors. We develop another approach within the framework of
explanatory interactive learning to learn the right latent factors, which is presented in
Chapter 9.
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6. Imposing Interpretable Structure

Probabilistic Graphical Models (PGMs) allow for natural interpretation of the underlying
domain [112] due to their rich structure with probabilistic semantics represented by
graphs. Specifically, one can interpret a domain by directly reading off the interactions
and dependencies between features. Take a simple Bayesian network as an example:
Burglary→ Alarm← Earthquake. One can get the following interpretations:

1. Burglary and Earthquake are a priori independent.

2. Alarm is dependent on both Burglary and Earthquake.

3. When Alarm is observed, Burglary and Earthquake become dependent due to the
explaining away effect [112]. That means, knowing that Burglary is true, then
Earthquake becomes less likely, and vice versa.

However, the practical use of PGMs is restricted due to the fact that they face an inherent
trade-off between expressiveness and tractable inference — their inference task faces
exponential blowup in the worst case. Compiling PGMs into PCs such as arithmetic circuits
or SPNs has proven an effective approach for inference [28]. PCs allow for tractable
inference, i.e. the cost of exact inference is linear in the size of the network. However, they
are less interpretable than their equivalent PGMs for the following reasons: First, their
representations are designed for computations and not for probabilistic semantics. With
slight modifications, they can potentially have probabilistic interpretations with a semantic
structure [170]. As we noted for SPNs in Section 4.6, every sum node corresponds to
a mixture over a subset of variables and every product node corresponds to a mixture
component. SPNs can in turn be viewed as generalized directed acyclic graphs of mixture
models. A mixture model has in turn a Latent Variable (LV) interpretation, which yields
a syntactically well-structured model [170]. However, this usually requires expertise to
interpret. In addition, SPNs are less compact than their equivalent PGMs in representation,
which also makes interpretation impractical, if not impossible. See Figure 6.1 for the
aforementioned BN and its corresponding SPN to compare the compactness of both
representations.
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Figure 6.1.: Left: A simple Bayesian Network. B, E and A stand for Burglary, Earthquake
and Alarm. Right: The corresponding Sum-Product Network. SPNs are less
compact than their corresponding BNs in representation.

So how can we maintain both a high-level domain structure for interpretability and a
range of tractable inference simultaneously? Driven by this goal, we propose to use CSPNs
as building blocks for joint probabilistic models to impose modular structures, which can
reflect assumptions or prior knowledge on the domain. Modularity can be formed using
the chain rule in probability theory. In other words, we parameterize local conditional
distributions of directed graphical models with CSPNs. This can bring several benefits: On
one hand, CSPNs can benefit a given graphical model by allowing for efficient inference,
which expands the practical use of the graphical model. On the other hand, the graphical
model can help users to obtain a high-level interpretation of the underlying domain.
Besides, modularity also helps machine learning practitioners to integrate background
knowledge or assumptions in the form of conditional independencies in highly complex
spaces. In addition, modularity allows for flexible modelling of different granularity. Take
again the graphical model in Figure 6.1 as an example: One can build a module for each
variable, which in effect results in the same BN parameterized by CSPNs. Alternatively, a
module may be built on both the Burglary variable and the Earthquake variable when the
interaction between them is not known or not interested.
In this chapter, we will demonstrate the effectiveness of CSPNs in building modular

structures for two different generative models. First, we present an autoregressive model
composed of CSPNs for sequential image generation in Section 6.1. Then, we present
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CSPN P(k|k-1)

chain rule of
probabilities

Figure 6.2.: Graphical illustration of an ABCSPN.

Figure 6.3.: Olivetti faces generated by an ABCSPN.

VAEs whose encoder and decoder are built upon CSPNs in Section 6.2.

6.1. Modular Probabilistic Modelling via Conditional Sum-Product
Networks

In this section, we demonstrate generative modelling with an autoregressive model com-
posed of CSPNs, where a flexible high-level structure is imposed based on the chain rule
in probability theory.
By the chain rule of probability, a joint distribution can be factorized using a set of

conditional probability distributions as

P (X1, X2, . . . , Xn) =
n∏︂
i=1

P (Xi|X1, . . . , Xi−1) =
n∏︂
i=1

P (Xi|X<i),

which forms the structure of autoregressive models. Inspired by image autoregressive
models like PixelCNN [163] and PixelRNN [164], we propose Autoregressive Block-wise
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Conditional Sum-Product Networks (ABCSPNs) to factorize image distributions I over n
disjoint pixel blocks B1, . . . ,Bn as

P (I) =
∏︂n

i=1
P (Bi |B1, . . . ,Bi−1,C) · P (C)

whereC is the one-hot coded image class. Each factor P (Bi |B1, . . . ,Bi−1,C) is captured
by a CSPN that represents the distribution of a block of pixels Bi conditioned on all the
previous blocks and on the class label. The prior distribution of the class labels P (C) is
represented by a SPN. A graphical illustration of ABCSPNs can be found in Figure 6.2.
In our experiment, we used Olivetti faces and divided the images into 64 blocks of

equal size which were sequenced in raster scan order1, i.e. row by row and from left to
right. We trained a CSPN on the Gaussian domain for each block conditioned on all the
blocks above and to the left of it and on the image class. The distribution of the images is
then the product of all the CSPNs. In order to inspect this joint distribution, we generated
some samples for visual inspection. In Figure 6.3, images of new faces (bottom row) were
sampled from the ABCSPN. Each sample was sequentially generated block by block after
conditioning on the mix of two original classes (shown in the top and middle row) in the
Olivetti dataset, i.e.C = one-hot(C1)+one-hot(C2). This allows us to generate completely
new samples that resemble prominent features from both classes. These samples show
that ABCSPNs are able to learn meaningful and accurate models over the image manifold.
Notably, ABCSPNs achieve this while reducing the number of independence tests among
pixels required by the CSPN learning algorithm: from quadratic over all pixels in an image
down to quadratic in block size.

6.2. Sum-Product Variational Auto-Encoders

In this section, we present another generative model — Variational Autoencoders (VAEs)
— that uses CSPNs as modular building blocks. The graphical model behind VAEs is
illustrated in Figure 6.4. It is a generative model P (X,Z) over the unobserved variables Z
and the observed variables X. The unobserved variables have an interpretation as a latent
representation or code from which the observation X could have been generated [108].
A recognition model q(Z|X) approximates the intractable true posterior p(Z|X) using a
CSPN, which can be interpreted as a probabilistic encoder. The likelihood function p(X|Z)
is approximated using a CSPN as well, which can be interpreted as a probabilistic decoder.
As we mentioned in Section 3.4, the prior distribution of the latent factors P (Z) in VAEs

is often assumed to be isotropic Gaussian, i.e. P (Z) is fully factorial, which is known as the
1Other partitions and ordering are also possible.
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Figure 6.4.: The graphical model behind the VAEs that uses CSPNs as modular building
blocks.

mean field assumption. This simplified assumption encourages VAEs to learn disentangled
representations in the latent space, i.e. no dependence between the latent dimensions. As
a consequence, the expressivity of mean field variational distribution for approximating
the true posterior distribution is very limited, which is especially a problem when the
disentanglement assumption does not hold. Exploring richer variational families would
enable a tighter bound of the log partition function, and in turn bound the probability of
evidence [217].

Using CSPNs as the encoder and the decoder has the advantage of allowing for more
flexible and expressive variational distributions as well as the data generating distribu-
tions. We call this model Sum-Product Variational Autoencoders (SPVAEs). To test the
representational power of SPVAEs, we do not only consider isotropic multivariate Gaussian
p(Z) = N (Z;0, I) as the prior distribution of the latent variables [108], but also more
complex prior distributions where the mean field assumption is not appropriate anymore.
Note that we focus only on continuous latent variables.

Optimizing the ELBO with standard gradient-based methods involves differentiating
through stochasticity, i.e. a Monte Carlo estimation of the expectation Eq[log pψ(X|Z)]
and DKL[qω(Z|X)||p(Z)]. To make this possible, the reparameterization trick is used to
reformulate sampling as a deterministic base distribution and independent noise with a
fixed distribution [108, 187, 98]. For CSPNs, stochasticity in the standard sampling process
stems from sampling leaf nodes and sum nodes. Specifically, sampling leaf nodes amounts
to sampling from univariate Gaussian distributionsN (Z|µ, σ2) and the reparameterization
trick reformulates Z as Z = µ+σϵ where ϵ ∼ N (0, 1). Sampling from sum nodes amounts
to sampling from categorical distributions. The reparameterization trick for categorical
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Algorithm 7: Sample(ni, τ, x) // differentiable sampling
Input :Node ni parameterized via f(·) , temperature τ , observations x.
Output :Samples zi.

1 if ni is leaf node then
2 µ,σ ← f(x)
3 ϵ← i.i.d. samples from N (0, 1)
4 return zi = µ+ σϵ

5 else if ni is sum node then
6 π ← f(x)
7 foreach child nij of ni do
8 zij = Sample(nij , τ,x)
9 δ ← i.i.d. samples from Gumbel(0, 1)

10 wij =
exp((δj + log(πj))/τ)∑︁
k exp((δk + log(πk))/τ)

11 end
12 return

∑︁
j zijwij

13 else
14 foreach child nij of ni do
15 zij = Sample(nij , τ,x)
16 end
17 zi ← concatenate zi0, . . . , zij
18 return zi
19 end

distributions is proposed by Jang et al. [98] as

wj =
exp((δj + log(πj))/τ)∑︁
k exp((δk + log(πk))/τ)

, for j = 1, . . . , k,

where π is parameters of the categorical distribution, δ is independent noise with Gumbel
distribution, i.e. δ ∼ Gumbel(0, 1), and τ is the softmax temperature. This trick refactors
the softmax distribution with a deterministic function and δ. In addition, the hard selec-
tion of one category is replaced with a relaxed version of the categorical distribution by
interpolating between all components based on the sampled weights wj , so that differen-
tiability is still guaranteed. The complete differentiable sampling routine is summarized
in Algorithm 7.
To investigate the effectiveness of CSPNs in building VAEs, we trained SPVAEs using
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Figure 6.5.: The non-factorial prior distributions used in our experiments.

neural-CSPNs of different depths as encoders while keeping their input neural network
fixed and evaluated both quantitatively and qualitatively. Quantitatively, we compared
their ELBO, KL divergence and likelihood with each other (ELBO = likelihood - KL
divergence). Qualitatively, we visually inspected the reconstructions of vanilla VAEs and
SPVAEs. We used a standard CNN to extract parameters for SPNs, and for each dataset,
we fixed this network up to the last two layers. We fixed the decoder as a naive CSPN,
i.e. CSPN with only one layer2. We experimented on MNIST, the Fashion and the CelebA
dataset. To test the benefit of rich representation of the posterior distribution, we used
two different non-factorial complex priors, as shown in Figure 6.5. We trained a SPVAE
on MNIST with ten latent dimensions using the isotropic multivariate Gaussian prior, and
we trained another SPVAE with two latent dimensions using the non-factorial priors in
Figure 6.5. A SPVAE for the CelebA dataset was trained with 128 latent variables using
only the isotropic multivariate Gaussian prior.
Figure 6.6a presents some randomly chosen held-out images of MNIST (top row), cor-

responding reconstructed images using a vanilla VAE (second row) and a SPVAE (bottom
row). One can see that both models yield very plausible and attractive reconstructions.
The reconstructions from the SPVAE are slightly sharper and more closely resemble the
input images. The same visual effect can also be seen on the Fashion and the CelebA
datasets, see Figures 6.6b and 6.6c. This gives further evidence that using CSPNs for VAEs
yields very expressive generative models. Figure 6.7a3 presents the results for SPVAE
using CSPNs with respectively 1, 2, 4 and 6 layers on MNIST. The prior distribution here
is the ten-dimensional isotropic Gaussian. Figure 6.7b and 6.7c present the results on
the two non-factorial priors. When the latent variables are only two dimensional, the
CSPN encoder can have at most 2 layers without any redundancy, so in this case we
increased the capacity of the two-layered CSPN with more mixtures. Both figures show

2Note that a VAE with naive CSPNs as both encoder and decoder makes the mean field assumption on the
posterior distribution and boils down to the conventional VAE proposed by Kingma et al. [108].

3Dashed lines highlight the value of a vanilla VAE.
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(a) On MNIST.

(b) On Fashion.

(c) On CelebA.

Figure 6.6.: The original test images (top row) and reconstruction images using vanilla
VAEs (second row), and SPVAEs (bottom row).

that neural-CSPNs are effective at providing a tighter lower bound, specifically both KL
divergence and likelihood improved. The same conclusion can also be made on the Fashion
and the CelebA dataset, see Figure 6.7d and 6.7e.
This concludes Chapter 6, which is devoted to imposing high-level structure for in-

terpretability by using CSPNs as modular building blocks in generative models. Two
deep generative models were presented here — autoregressive models chaining a number
of CSPNs together, and VAEs using CSPNs for both the encoder and the decoder. Both
models exhibit modular structures that are useful for interpreting the underlying domains.
Empirical evidence across several datasets and domains confirmed the effectiveness of
CSPNs in building generative models.
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(a) Dataset: MNIST, the prior: isotropic multivariate Gaussian.

(b) On MNIST. Prior: a two-dimensional non-Gaussian distribution, see Figure 6.5 (left).

(c) On MNIST. Prior: a two-dimensional non-Gaussian distribution, see Figure 6.5 (right).

(d) On Fashion. Prior: isotropic multivariate Gaussian.

(e) On CelebA. Prior: isotropic multivariate Gaussian.

Figure 6.7.: The change of ELBO, KL divergence and likelihood when the encoder SPN
increases its depth.
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7. Explaining SPNs by Counterfactual
Examples

In the previous chapter, we have demonstrated how to impose modular domain structure
on deep probabilistic models using CSPNs as building blocks. This modularity allows for
global-level interpretation of deep probabilistic models. In some cases, global interpre-
tation is too general and we are interested in more specific or quantitative explanations
for understanding an individual probabilistic inference. For example, instead of an in-
terpretation such as “loan application is dependent on income, history of past payment,
education level etc.”, we want an explanation such as “this application is rejected just
because the income is too low, whereas the rest factors are not critical”. Compared to deep
neural networks where explaining individual predictions is an active area of research, as
introduced in Section 2.1.1, there are surprisingly few reports dealing with explaining
individual probabilistic inferences.
Recall from Section 4.5, the deep learning approach for SPNs takes a RAT-SPN and

uses GPU-based optimization for learning the parameters from the data. Since SPNs can
be treated as connectionist models via RAT-SPNs, it is natural to ask whether the wide
collection of explanation techniques for deep neural classifiers can be directly used or
adapted for explaining probabilistic inferences in SPNs. In this section, we consider a
commonly used inference type needed for prediction tasks: Most Probable Explanation
(MPE) inference, i.e. q∗ = argmax p(q|e) for some evidence e. The motivation is to
interpret probabilistic inference in an analogous manner to interpreting neural classifiers,
which usually takes the form of saliency maps for highlighting the most important features
in vision tasks. However, these approaches are prone to yield noisy saliency maps that are
not always interpretable to humans. Therefore, we consider a more human-friendly form
of local explanations — counterfactuals.
Given an arbitrary data example from a domain as a reference point, a counterfactual

is an contrastive example that yields a different outcome. It takes the form “If X had not
occurred, Y would not have occurred”. Counterfactuals are human-friendly explanations
because they are contrastive to the current instance and human usually do not ask why
a certain prediction was made, but why this prediction was made instead of another
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Figure 7.1.: Left: Illustration of our gradient-based approach. Arrow indicates perturbation
based on a gradient step. Right: An example on MNIST.

prediction [126]. Besides, they are selective, meaning that they usually focus on a
small number of feature changes [151]. Counterfactual examples are only helpful as
explanations if they correspond to “possible worlds” [247], meaning that they should be
likely under the given distribution. This is justified by the confirmation bias exhibited
by humans: We tend to ignore information that is inconsistent with our prior beliefs
[160]. This constraint is framed as different proxy metrics in the counterfactual literature
[247, 156, 46, 242, 100, 166, 50]. However, the existing approaches either do not have
an explicit density estimator or their density estimator is highly intractable. The direct
consequence is that these approaches do not guarantee very likely counterfactuals.

RAT-SPNs, however, are not only density estimators but also allow for a range of tractable
probabilistic inference routines. Therefore, they can be leveraged to pose likelihood
constraints for counterfactuals. In the following, we will present a novel approach named
Sum-Product networks Interpretation by Counterfactual Examples (SPICE), which generates
counterfactual examples for RAT-SPNs using their tractable inference. Empirical study
shows that this approach does not only yield very likely counterfactuals, but it is also
an order-of-magnitude faster than the existing approaches. Despite being so fast, this
approach is no less effective.

This chapter is organized as follows. First, we review related work in the counterfactual
literature in Section 7.1. Then, we present our approach and give an intuitive under-
standing in Section 7.2. In the end, we show the effectiveness of our approach based on
empirical evidence in Section 7.3.
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7.1. Related Work

Research attention on counterfactual explanations has increased since Wachter et al. [247]
presented the concept of unconditional counterfactual explanations as a novel type of
explanation of automated decisions. Due to the resemblance between counterfactuals and
adversarial examples, Wachter et al. frame the counterfactual generation as an optimiza-
tion problem, akin to some approaches in the adversarial perturbation literature. Given
a classification model, the objective function for counterfactual generation is optimized
to reduce the loss for a counterfactual class w.r.t. the classifier’s input. In addition, the
objective function is constrained by the distance between counterfactuals and the query
input to induce “close possible worlds”. Standard gradient-based techniques are used to
solve this optimization problem. This deep learning fashion methodology has been widely
adopted in recent literature with modified objective functions.
Following Wachter et al. [247], Mothilal et al. [156] augmented the loss with a diversity

constraint to encourage diverse solutions. However, these approaches do not have explicit
knowledge of the underlying density or data manifold, which may lead to unrealistic coun-
terfactuals. A bunch of methods counteract this issue by learning an auxiliary generative
model to impose additional density constraints on the optimization process. As common
choices for density approximators, VAEs [108] and their variants [110, 97] are used. For
instance, Dhurandhar et al. [46] proposed Contrastive Explanations Method (CEM) for
neural networks based on optimization. The objective function consists of a hinge-like
loss function and the elastic net regularizer as well as an auxiliary VAE to evaluate the
proximity to the data manifold. Poyiadzi et al. [175] proposed Feasible and Actionable
Counterfactual Explanations (FACE), a graph-based algorithm to generate counterfactuals
that are coherent with the underlying data distribution by constructing a graph over all
the candidate targets. Besides, several domain-specific approaches are also emerging
[162, 73, 26].
Related to counterfactuals, Ustun et al. [242] defined the term recourse as the ability of

a person to change the decision of a model by altering actionable input variables. Joshi
et al. [100] provided an algorithm called REVISE to suggest a recourse based on samples
from the latent space of a VAE characterizing the data distribution. Pawelczyk et al. [166]
developed a framework, named Counterfactual Conditional Heterogeneous Autoencoder
(C-CHVAE), to generate faithful counterfactuals. C-CHVAE trains a VAE and returns the
closest counterfactual due to a nearest neighbour style search in the latent space. Downs
et al. [50] proposed another algorithmic recourse generation method, Counterfactual
Recourse Using Disentangled Subspaces (CRUDS), that generates multiple recourses sat-
isfying underlying structure of the data as well as end-user specified constraints. Based
on a VAE-variant, CRUDS uses a Conditional Subspace Variational Autoencoder (CSVAE)

87



model [110] that is capable of extracting latent features that are relevant for prediction.
Another method called Counterfactual Latent Uncertainty Explanations (CLUE) [6] is pro-
posed for interpreting uncertainty estimates from differentiable probabilistic models using
counterfactual explanations, by searching in the latent space of a Variational Autoencoder
with arbitrary conditioning (VAEAC) [97].

7.2. Sum-Product networks Interpretation by Counterfactual
Examples

The goal here is to automatically generate counterfactual examples as explanations for
tractable probabilistic models. In particular, we are interested in explaining MPE inference
in RAT-SPNs for prediction tasks. We propose a novel approach named SPICE to solve this
task.
Consider a classification problem f : Rd → {1, . . . , C} with C labels. Assume a RAT-SPN
S over X for p(X). To use this RAT-SPN as a generative classifier, the network structure
in Figure 4.5 is used. That is, C roots are used to represent class-conditional densities
Sc(X) := S(X|Y = yc). The overall density distribution is then given by

S(X) =
∑︂
Y

S(X|Y = yc)p(Y = yc).

Bayes’ rule is used to classify a sample x:

y = argmax
Y

S(Y |x) = argmax
Y

S(x|Y )p(Y )

S(x)
.

Note that a RAT-SPN of this special structure has a dual use: It is both a density estimator
S(X) and a classifier S(Y |X). We make use of both the generative and the discriminative
aspect of the RAT-SPNs in the following.
Given a query example x with prediction y, the task is to generate its counterfactual

example x′ with prediction y′. Generating a counterfactual example amounts to generating
an in-distribution example that is predicted as a counterfactual class. This is intrinsically
a generative task. Therefore, it is beneficial to have a generative model of the data
distribution. The generative model used primarily in the literature is VAEs [108]. In
contrast, we use SPNs instead of VAEs. The benefits are twofold: (a) A set of probabilistic
inference tasks are tractable, including data likelihood. (b) SPNs retain fully probabilistic
semantics [170, 244]. Note that SPNs, when trained generatively as density estimators,
can be understood as learning representations at different levels of abstraction in the
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inner nodes [244]. Therefore, SPICE can also be viewed as moving in the latent space of
the C root nodes by perturbing the input. As opposed to searching in the latent space of
VAEs [166], no decoding from the latent space to the input space is necessary for SPICE.
Besides, the latent representations are more interpretable due to probabilistic semantics,
i.e. the c-th root node represents the c-th mixture component S(X|Y = yc). Vergari et al.
[244] empirically showed that SPN embeddings can create a meaningful geometric space
where same-class samples are reachable by proximity. This is correspondent to the natural
clustering assumption where different values of categorical variables such as object classes
are associated with separate manifolds [12]. This assumption is not only widely made for
current machine learning algorithms, but also underpins many counterfactual explanation
methods.
SPICE is defined as two serial perturbations: In the first step, we maximize log S(y′|x)

S(y|x)

to induce the desired outcome y′, which is equivalent to maximizing log S(x|y′)
S(x|y) since

log
S(y′|x)
S(y|x)

= log
(︂S(x|y′)p(y′)

S(x)
S(x)

S(x|y)p(y)

)︂
= log

S(x|y′)
S(x|y)

,

when assuming a uniform class prior. Towards this end, we take a gradient step w.r.t. the
input x towards the steepest ascent of the counterfactual outcome log S(x|y′)

S(x|y) . This way,
computing the first-step perturbation reduces to computing the gradient of conditional
probabilistic queries, which can be done in linear time in terms of the size of the RAT-SPN.
This step results in perturbed example u where

u = x+
∂
(︁
logS(x|y′)− logS(x|y)

)︁
∂x

∗ ϵ1. (7.1)

This linear perturbation is analogous to Fast Gradient Sign Method (FGSM) for generating
adversarial perturbations [71]. More generally, counterfactual examples bear some re-
semblance to adversarial examples in that the perturbed sample u is expected to change
the prediction from y to y′ with a very small perturbation. In the XAI literature, the
gradient of the output w.r.t. the input is known as input gradient explanation, which is
a vector normal to the model’s decision boundary at x and thus it serves as a first-order
description of the model’s behavior near x [198]. Consequently, taking a gradient step in
Equation 7.1 is to cross the decision boundary with the shortest path under first-order
approximation. However, it is to note that first-order approximation becomes less accurate
when extrapolating too far in a non-linear space. Therefore it is advisable to try out a
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Figure 7.2.: Intuition of SPICE on 2D datasets.

small step size ϵ1 for the perturbation first, and incrementally increase the step size if the
perturbation did not cross the decision boundary. In case the manifold of the original class
and the counterfactual class are adjacent in the latent space, a relatively small step size
is enough to cross the decision boundary. Nevertheless, it is more tricky when the two
classes are not adjacent in the latent space, and therefore a bigger step size is needed
for crossing the decision boundary. The direct consequence is, that the gradient vector
becomes a less accurate description of the decision boundary due to extrapolation, and it
may possibly move the input to another class of manifold. A potential solution is to treat
SPICE (including the second step introduced below) as one meta-step and iterate over
many small SPICE-steps.
The perturbed sample u is intended to cross the decision boundary. Without additional

constraints, this sample is very likely to deviate from the underlying data manifold. In
order to generate in-distribution counterfactuals, we further maximize the density p∗(u)
of the current sample u, which is approximated via the RAT-SPN S(u). To maximize the
density S(u), we take another gradient step towards its steepest ascent, i.e.

x′ = u+
∂S(u)
∂u

∗ ϵ2. (7.2)

x′ is the final output for the query example x, which is intended to cross the decision
boundary and have high likelihood at the same time.
See Figure 7.1 (left) for an illustration of SPICE. On the right is an example on MNIST.

The first row corresponds to the first gradient step for perturbing the prediction irregardless
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of the manifold. This perturbation removes some characteristics of the current class and
adds some characteristics of the counterfactual class. The resulting sample u yields the
desired class but obviously deviates from the training sets (It looks neither like a 1 nor 7).
The second row corresponds to the second gradient step for generating an in-distribution
counterfactual by pushing the intermediate sample u to a region with a higher density.
See Algorithm 8 for a summary of SPICE.
To get a more intuitive understanding about the effect of each gradient step, we plot

the two gradients in Equation 7.1 and 7.2 respectively on two commonly used 2D datasets
in Figure 7.2. We trained a RAT-SPN S(X) on each dataset. From left to right, the figures
are: training data for the classification task, RAT-SPN’s predictions on this set, the contour
lines of logS(X|y0)− logS(X|y1) and the contour lines of RAT-SPN’s density S(X)1. The
arrows depict gradient vectors on the underlying contour lines. The orange data points
are class y0 and the blue data points are y1. One can see in the third column that the
decision boundaries of RAT-SPNs are given by logS(X|y0)− logS(X|y1). Therefore, taking
the gradient of logS(X|y0)− logS(X|y1) w.r.t. the input (the first step in Equation 7.1)
induces a perturbation for crossing the decision boundary under first-order approximation
around the query example2. In case the dataset is not dense in the input space, like
the second dataset, the first gradient step may very likely extrapolate to a low-density
region. Fortunately, the second gradient step of S(X) (Equation 7.2) serves as a first-
order approximation of the local density and takes an example in low-density region to
higher-density region, as illustrated in the last column3.

7.3. Empirical Evaluation

To illustrate the advantages of SPICE, we designed experiments to evaluate it both quali-
tatively and quantitatively across several benchmark datasets. All the experiments were
implemented in Python and Tensorflow, running on a Linux machine with two Intel Xeon
processors with 56 hyper-threaded cores, 4 NVIDIA GeForce GTX 1080 under Ubuntu
Linux 14.04.
Datasets: We experimented with three widely cited datasets commonly used in the

counterfactual explanation literature and one real-world dataset. On the MNIST [120]
dataset, we evaluated several contrastive pairs of classes where counterfactual pertur-

1Note that each figure on a row is plotted under the same scale, and the gradients in separate figures do not
have one-to-one correspondence.

2The gradients are computed on randomly chosen test examples of class y1 (from the blue cluster in the
training set).

3The gradients are computed on randomly chosen out-of-distribution examples.
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Algorithm 8: SPICE
Input :A RAT-SPN S with C class-conditional densities, a query example x with

prediction y and a counterfactual class y′
Output :A counterfactual example x′

1 Obtain the gradient vector normal to S ’s classification boundary at x:

v1 =
∂
(︁
logS(x|y′)−logS(x|y)

)︁
∂x

2 Perturb x to induce the counterfactual class y′ (as in Equation 7.1): u = x+ v1 ∗ ϵ1
3 Obtain the gradient vector towards high-density region: v2 =

∂S(u)
∂u

4 Perturb u to increase density: x′ = u+ v2 ∗ ϵ2
5 return x′

bations are intuitive to comprehend: digit 1 and 4, digit 1 and 7, digit 3 and 8, and
digit 7 and 4. The German credit dataset [65] classifies people described by a set of
attributes as good or bad credit risks. The Adult-Income [194] records whether a person
makes over 50K a year based on census data. The Caltech-UCSD Birds (CUB) [249] is
a real-world dataset for fine-grained bird classification. This dataset contains 200 bird
species and we evaluated the counterfactuals across three contrastive pairs of bird species:
Red Faced Cormorant and Crested Auklet, Myrtle Warbler and Olive sided Flycatcher,
Horned Grebe and Eared Grebe. Bird species classification is a difficult problem that
pushes the limits of the visual abilities for both humans and computers because some
pairs of bird species are nearly visually indistinguishable and intraclass variance is very
high [249]. This is arguably the most complex and high-dimensional problem studied
so far in the counterfactual explanation literature. To make this problem slightly more
approachable, we used feature representations extracted from the final convolutional
layer of the VGG-16 [222] pretrained on ImageNet. That is, we trained a RAT-SPN as a
generative classifier using the class-conditional feature maps as input.

Baselines: We considered three widely cited model-agnostic approaches in the literature
that can be directly applied to our chosen datasets: Wachter et al. [247], CEM [46] and
FACE [175]. Since the real-world dataset is quite high-dimensional compared to those
commonly used in the literature, we discarded some baselines with scalability issue after
experimenting with it, e.g. DiCE [156].
Implementation details: To evaluate SPICE with empirical evidence, we trained a

RAT-SPN for each dataset. Each RAT-SPN is, as in Figure 4.5, a mixture of class-conditional
densities. This RAT-SPN was used for both classification and density estimation. We used
cross-validation to select hyperparameters for RAT-SPNs and for all the counterfactual
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Query
1→ 4 1→ 4 1→ 4 7→ 4 7→ 4 7→ 4 3→ 8 3→ 8 3→ 8 8→ 3 8→ 3 8→ 3

Wachter

CEM

FACE

Ours

Figure 7.3.: Counterfactual examples on MNIST across several classes and methods.

methods. For the following experiments, the original SPICE method worked well enough,
so the iterative process was not empirically investigated here, and this remains a topic for
future investigations.

7.3.1. Visual Inspection of Counterfactual Examples

Counterfactual examples can be presented to users as contrastive explanations. The
examples that correspond to prior beliefs of the users can be better received by them
due to confirmation bias [160]. That means, the counterfactual examples should appear
plausible and not deviate too far from the training samples. Figure 7.3 demonstrates some
examples on MNIST for a variety of test cases across four methods. It is obvious to see
that SPICE consistently yields the most visually appealing examples as they are smooth,
clean and look very plausible. Although being smooth, our counterfactual examples still
show a nice variation: For example, in the 7-th and 8-th column, the counterfactual 8 tilts
to the left when the query object tilts slightly to the left, and the effect is analogous when
the query object tilts to the right. In comparison, Wachter et al. [247] and CEM [46] both
yield wiggly and noisy results. Although CEM includes a VAE reconstruction loss in its
objective function as a proxy for constraining the examples to be in-distribution, explicit
evaluation of density is still intractable. FACE [175] also yields very plausible examples
because it simply returns a training instance of the counterfactual class.
Another visual example can be seen on the CUB dataset. As previously stated, we trained
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Query
Red Faced Cormorant→

Crested Auklet
Myrtle Warbler→
Olive sided Flycatcher

Horned Grebe→
Eared Grebe

Target

Wachter

CEM

FACE

Ours

Figure 7.4.: Counterfactual examples on the CUB dataset across several classes and
methods. The top row indicates the original class and the target class.

a RAT-SPN as a generative classifier using the class-conditional feature maps generated
by the VGG-16. In this case, the RAT-SPN gives a density model on the feature maps
and the counterfactual explanations are also computed in this transformed feature space.
Since feature maps can not be trivially transformed back to raw features, we strived only
for highlighting the salient counterfactual features instead of imputing them. Figure
7.4 demonstrates selected test examples on this dataset. The heatmap overlaid on the
example indicates the salient counterfactual features that should be perturbed to become
the counterfactual class. An example from each counterfactual class is shown in the first
row. Note that this is not the particular target we strived for, but only an example for
the readers to have an intuitive idea about the contrastive features. It can be seen that
SPICE consistently yields plausible heatmaps: For the Red Faced Cormoran, the beak is
highlighted when the image focuses on the head, and the tail is highlighted when the

94



image zooms out. For the Myrtle Warbler the salient features are mostly on the yellow spot
of the feather. For the Horned Grebe the salient features are mostly highlighted around
the head. Among the baselines, CEM and FACE are implicitly density-aware and often
show consistent behavior with SPICE. However, FACE sometimes yields saliency on the
background instead of on the bird. The method of Wachter et al. performs the worst
and yields mostly random and unintuitive heatmaps. In conclusion, SPICE shows very
competitive and intuitively plausible heatmaps that highlight the contrastive features on
this complex dataset.
From visual examples on both datasets we can see that SPICE yields appealing and

intuitive results that are easy to comprehend.

7.3.2. Density Evaluation of Counterfactual Examples

In contrast to wiggly examples, smooth examples often appear more plausible and realistic,
and are in turn often tied with high likelihood. The goal of the following experiment is to
offer a quantitative evaluation on likelihood.
It is widely agreed that out-of-distribution counterfactual examples have very little

use in communicating explanations to humans. Wachter et al. [247] penalize distance
from the counterfactual example to the query instance, which indirectly also prevents
the counterfactual to deviate too much from the distribution. More recent approaches
use VAEs as a neural density estimator to penalize out-of-distribution examples [46, 97,
110, 100, 166]. FACE [175] takes a different approach and searches through the training
samples directly for a counterfactual example instead of constructing it via an optimization
process.
However, these approaches are not able to constrain density explicitly and directly

because density evaluation is simply intractable. The direct consequence is that the proxy
constraint does not consistently yield counterfactual examples in the high-density region.
To confirm this with empirical evidence, we took the advantage of RAT-SPNs on tractable
inference to efficiently estimate and evaluate density.
Table 7.1 summarizes the average density evaluation on all the counterfactual examples

across four datasets using four candidate approaches. On three of these datasets, SPICE
yields the best density among the baselines. FACE is a strong competitor in terms of
likelihood because it always returns a training instance. But its limitation is obvious: It
assumes we have access to the training samples, which is oftentimes not the case, e.g. due
to privacy reasons.
To have some intuition on tabular data, see Table 7.2 for randomly selected examples

on the German credit dataset. The columns from A10-1 to A15-3 are all one-hot encoded
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Table 7.1.: Density evaluation in log scale averaged on the test set (the higher, the better).
Best result indicated using •, runner-ups ◦.

Wachter CEM FACE Ours

MNIST -738.51 -735.13 -733.73◦ -725.13•
Credit -50.61 -43.55◦ -43.83 -41.67•
Adult -114.20 -96.99 -96.26• -96.42◦
CUB -4593.85 -4505.00 -4501.99◦ -4501.23•

categorical attributes4. For example, A10-1, A10-2 and A10-3 encode feature 10. Due to
space constraint, only mutable features are shown. Each feature is perfectly negatively
correlated with other features from the same categorical attribute due to the constraint
imposed by one-hot encoding. Therefore we expect counterfactual perturbation to obey
this feature correlation in order to stay close to the underlying distribution. That means,
if one feature has a positive perturbation, the rest features from the same attribute should
have a negative perturbation. That means, their perturbations should sum up to almost
zero. Ideally each perturbation should be -1 or +1, but we worked with continuous values
in practice so this is often not the case. From Table 7.2 one can see that SPICE and FACE
always respect this relation — the perturbations within each attribute always sum up to
zero or nearly zero, showing a negative correlation. It is no surprise that FACE always
perfectly reflects this constraint because its counterfactual examples directly come from
the training set, which perfectly satisfy this constraint by construction. In contrast, the
method of Wachter et al. [247] and CEM often violate this constraint: Take the former
method as an example, its perturbation on the first query yields 1, 1, -1 (sum up to 1) on
attribute 14. These perturbations are obviously not balanced. This intuitive example is
related to their likelihood evaluation (see Table 7.1): Those who respect the constraint
better tend to yield higher likelihood because they are more realistic.

In conclusion, our counterfactual examples have dominant advantages on staying close
to the high-density region.

4Attribute 10: Other debtors / guarantors — A10-1: none, A10-2: co-applicant, A103: guarantor. Attribute
14: Other installment plans — A14-1: bank, A142: stores, A14-3: none. Attribute 15: Housing — A151:
rent, A15-2: own, A15-3: for free.
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Table 7.2.: Counterfactual perturbations for the German credit dataset. Attributes are
encoded as a one-hot numeric array. A cell color “green” denotes a negative
correlation that we expect from the counterfactual perturbation. A cell color
“red” denotes a wrong correlation.

Attribute 10 Attribute 14 Attribute 15
A10-1 A10-2 A10-3 A14-1 A14-2 A14-3 A15-1 A15-2 A15-3 ŷ

query 0.00 0.00 1.00 0.00 0.00 1.00 0.00 1.00 0.00 0
Wachter 0.00 1.00 -1.00 1.00 1.00 -1.00 1.00 -1.00 1.00 1
CEM 0.03 0.05 -0.09 0.08 0.08 -0.08 0.07 -0.29 0.08 1
FACE 1.00 0.00 -1.00 0.00 0.00 0.00 0.00 0.00 0.00 1
Ours 0.90 0.05 -0.95 0.18 0.05 -0.23 0.22 -0.39 0.16 1
query 1.00 0.00 0.00 0.00 0.00 1.00 1.00 0.00 0.00 0
Wachter 0.00 1.00 0.00 1.00 1.00 -1.00 0.00 0.00 1.00 1
CEM 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1
FACE 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1
Ours -0.10 0.05 0.05 0.18 0.05 -0.23 -0.78 0.61 0.17 1
query 1.00 0.00 0.00 0.00 0.00 1.00 0.00 1.00 0.00 0
Wachter 0.00 1.00 0.00 1.00 1.00 -1.00 1.00 -1.00 1.00 1
CEM 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.21 0.00 0
FACE 0.00 0.00 0.00 0.00 0.00 0.00 1.00 -1.00 0.00 1
Ours -0.10 0.05 0.05 0.18 0.048 -0.23 0.22 -0.39 0.17 1

7.3.3. Computation Time

The baseline methods employ a methodology that’s widely represented in the literature:
Defining a complex objective function with additional constraints and using optimization
techniques to iteratively find a solution. This is usually too slow to yield counterfactual
examples on the fly. Especially when users want to interact with machine explanations,
fast computation becomes more essential. As empirical evidence, Table 7.3 shows that our
method is an order-of-magnitude faster than the baseline approaches. This is no surprise
due to the fact that SPICE takes only two gradient steps while the baselines can easily
take up to thousands of iterations.

7.3.4. Effectiveness

Generating a counterfactual explanation amounts to finding a contrastive example that
changes the class prediction. An approach is effective if it has a high success rate in
perturbing the class prediction to the counterfactual class. This measurement is widely
reported in the literature.
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Table 7.3.: Average computation time on the test sets in seconds (the lower, the better).
Best results shown in bold.

Wachter CEM FACE Ours

MNIST 181 216 281 27
Credit 59 97 757 21
Adult 52 57 1722 10
CUB 65 468 63 16

Table 7.4.: Success rates on the test sets (the higher, the better).
Wachter CEM FACE Ours

MNIST 1.00• 0.90◦ 0.54 0.71
Credit 1.00• 0.87 0.92 1.00•
Adult 1.00• 0.93 0.50 0.99◦
CUB 1.00• 0.73 0.90 0.98◦

Except for CEM, all the success rates are measured by the ratio between examples
with the counterfactual prediction and all the test examples. Since CEM encourages a
contrastive example belonging to any other class than the original class, measuring its
success only by a specific class prediction is not fair for CEM. Therefore we measure its
success rate by the ratio between examples with perturbed class prediction and all the
test examples. This metric ranges between 0 and 1 where 1 is the best and 0 is the worst.
Table 7.4 gives a summary of success rates. As the results show, the approach by Wachter

et al. is very effective at perturbing the class prediction, with a success rate of 1.0 across
various datasets. CEM and FACE are less effective. SPICE has slightly lower success rates
than the method of Wachter et al., but it is still very effective and reasonable in general.
This result is not surprising: The approach by Wachter et al. has the fewest constraint in
its objective function, while CEM and SPICE face a trade-off between prediction success
and density constraint.
In conclusion, despite being very fast to compute, SPICE does not sacrifice the effective-

ness of perturbing the class prediction.
This concludes Chapter 7, which is motivated by the desire for local explanations. We

reviewed and discussed the counterfactual literature. Then we proposed our approach
to improve upon the current counterfactual methods using RAT-SPNs. Finally, we gave
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empirical evidence to demonstrate the effectiveness and advantages of our approach.
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8. Right for the Right Features

In the previous chapter, we have presented our study on explaining individual inferences
made by deep models. In this chapter, we investigate how to interactively improve
deep models by observing and giving feedback on their explanations. User feedback on
explanations gives an additional supervisory signal for training. This way, deep models
do not only learn to make the right predictions, but also learn to align their explanations
with user explanations.
This chapter is organized as follows. In Section 8.1 we give the motivation of this work

and raise the research question we would like to answer. Then we present our approach to
address this research question in Section 8.2. In the end, we demonstrate the effectiveness
of our approach using empirical evidence in Section 8.3.

8.1. Motivation

Training deep neural networks for predictive tasks usually involves minimizing a loss
function to encourage the predictions to align with the ground-truth labels. However,
model parameters that result in a sufficiently low training loss may overfit to a solution
that generalizes poorly to unseen data.
A wide variety of regularization techniques for deep learning seek to trade increased

bias for reduced variance in order to reduce generalization error, possibly at the expense
of increased training error [69]. A popular form of regularization is adding extra terms in
the loss function as soft constraints on the parameter space [69], e.g. weight decay. Here,
our goal is to use feedback on machine explanations to regularize the training process so
that machine explanations align better with user explanations.
A typical scenario where deep models are prone to overfitting is when a confounding

factor is present in the data, e.g due to bias in the data collection phase. That means,
some irrelevant features correlate with the target labels serendipitously, therefore deep
networks can achieve sufficiently low training error by simply learning these irrelevant
features instead of the really salient features. The confounding factors often provide a
shortcut solution that is easier to learn for deep neural networks. See Figure 8.1 for
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Figure 8.1.: Illustration of a confounding factor that by accident correlates with the label.

an illustration of this phenomenon. This phenomenon was first identified by behavioral
researchers via a horse named Clever Hans that seems to demonstrate intelligence but
in fact just responds to simple cues [173]. Later, the Clever Hans effect was also used to
describe an analogous phenomenon identified in deep neural networks [117].
Our goal is to incorporate domain-specific regularization by penalizing the model from

learning particular features. One may argue that this problem can be simply addressed
by feature engineering prior to the training phase or by dataset augmentation. However,
feature engineering usually aims to yield features that are generally useful for the under-
lying problem, while we strive for fine-grained control of features for particular decisions.
As a regularization technique, dataset augmentation has shown its effectiveness particu-
larly for classification problems [69]. This has also been used together with explanatory
feedback from users to correct the model by randomizing the irrelevant features [237].
Yet, this approach incurs training overhead due to increased training examples. This
problem becomes especially prominent and concerning when the number of features to
penalize increases, in which case augmenting data via randomization may become tricky
and costly. Moreover, current machine learning models usually rely on datasets with a
careful analysis of generalization, dissecting the challenges in detection and classification
[11].Take cow detectors as an example, the models show poor generalization ability to
cows in new environments, i.e. at the beach, when trained on samples that do not capture
enough variation of the environments [11]. In this case, taking pictures of cows in various
environments, or manually generating such samples, is of course infeasible and costly. By
designing a method to directly make use of user explanations to regularize the training
process of a deep model, intensive data consumption and high sample complexity can
potentially become less necessary since explanatory feedback provides a more compact
representation of the samples than pure labels do.
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Figure 8.2.: Human explanations are given to correct machine explanations by adding a
soft constraint on the parameter space. This will penalize the solutions that
lead to mismatch between machine explanations and human explanations.

Subsequently, we are driven by the research question: How can we efficiently use
explanations to regularize deep models so that they do not learn irrelevant features? This
question will be addressed in the next section.

8.2. Right for Better Reasons

Built upon the work of Ross et al. [198], we extend RRR to Right for Better Reasons
(RBR) using influence functions [111] instead of input gradients for machine explanations.
Input gradients are a common explanation method that approximates the target model
locally with a simple model for humans to understand how sensitive a prediction is to
each feature. This type of explanation method assumes the underlying model is fixed. In
contrast, influence functions explain further where the model comes from by tracing the
predictions through its learning algorithm and back to the training data [111]. This robust
statistic yields robust explanations that will be shown to be very effective supervisory
signals for improving the model.
Specifically, we use influence functions to formulate a soft constraint on the parameters

of the underlying model by penalizing influence functions for particular features according
to user feedback. We augment the cross-entropy loss for classification tasks with an
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Algorithm 9: RBR(L,U , T )
Input :N labeled examples L of D dimensions, a set of unlabeled instances U ,

and iteration budge T
Output :A function f̂ .

1 A← {0}N×D

2 L ← Concatenate L with A
3 f̂ ← FitRBR(L)
4 repeat
5 x← SelectQuery(f̂ ,U)
6 ŷ← f̂(x)

7 ê← ExplainRBR(f̂ ,x, ŷ)
8 Present x, ŷ and ê to the user
9 Obtain y and explanatory feedback a

10 L ← L ∪ {(x,y,a)}
11 U ← U \ {x}
12 f̂ ←FitRBR(L)
13 until budget T is exhausted or f̂ is good enough;
14 return f̂

additional penalty term for explanations, which gives the RBR loss

LRBR =
1

N

N∑︂
n=1

K∑︂
k=1

−ynk log(ŷnk)⏞ ⏟⏟ ⏞
right answers

+ λ1

N∑︂
n=1

D∑︂
d=1

(Ande
T
IFnd

eIGnd
)2⏞ ⏟⏟ ⏞

right reasons

+ λ2
∑︂
i

θ2i⏞ ⏟⏟ ⏞
L2 regularization

,

(8.1)

where A ∈ {−1, 0, 1}N×D encodes user feedback by annotating irrelevant features as 1s,
salient features as -1s and the rest as 0s. λ1 and λ2 are hyperparameters that control the
balance between the three terms. Empirical evidence suggests that good choices for λ1
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usually are those that bring the right answer loss and the right reason loss to be on the
same order of magnitude. λ2 controls the strength of L2 regularization. Let eTIFeIG be
the machine explanations where eIF and eIG denote respectively approximated influence
functions and input gradients, i.e.

eTIF := H−1

θ̂
∇x∇θL(z, θ̂), and, eIG := ▽xŷ.

eTIF is an approximation of the fine-grained influence function

−∇θL(ztest, θ̂)
TH−1

θ̂
∇x∇θL(z, θ̂)

leaving out ∇θL(ztest, θ̂) which can not be calculated because the model does not have
access to test samples ztest at training time. This gives us an efficient approximation of the
effect of a training point perturbation z→ z+ δ on the parameters of the model, which in
turn gives us the feature importance for z. In addition, we approximate the Hessian matrix
with an identity matrix to reduce the training cost and stabilize the training dynamics.
A special case of RBR uses no user feedback and sets A to a N × D all-ones matrix

instead. Using this loss has the effect of regularizing all the features by their influence
functions, which is a comparable approach to regularizing input gradients [197]. The goal
of regularizing input gradients is to penalize the sensitivity of the KL divergence between
the predictions and the labels. In other words, if any input changes slightly, the predictions
will not change significantly [197]. Ross et al. [197] show that regularizing input gradients
provides an effective adversarial defense for deep neural networks. Similarly, regularizing
influence functions penalizes the sensitivity of parameter gradients ∇θL(z, θ̂) to small
input perturbations. That means, this form of regularization encourages the parameters
to converge to solutions where slight input perturbations affect the parameter gradients
only slightly, which in turn influence the optimization outcome only slightly. As Koh et al.
[111] mentioned, influence functions can be used to craft adversarial training images that
are visually indistinguishable and can flip a model’s prediction on a separate test image.
Regularizing influence functions can improve the adversarial robustness to counteract this
problem.
In the general case, RBR regularizes a subset of features rather than the entire set to

encourage the classifier to learn from the remaining features. We instantiate the framework
of XIL (refer to Section 2.2.2 for recap) for RBR using ExplainRBR(·) to compute the
gradient-based machine explanations eTIFeIG and FitRBR(·) to learn the classifier using
the RBR loss in Equation 8.1 incorporating user feedback. Refer to Algorithm 9 for details.
The RBR loss (Equation 8.1) is built on influence functions that give the feature impor-

tance on the input level. Since influence functions can flexibly adapt to various domains
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and model architectures, so can RBR. However, feature attributions on the raw input
level are usually quite noisy because the raw input may contain too many fine-grained
details. Therefore Schramowski et al. also proposed an alternative approach to RBR using
explanations on the transformed feature level rather than the raw input level. To this end,
Schramowski et al. used Grad-CAM [206] for machine explanations because it explains
up to the highest-level feature maps, i.e. the last convolutional layer h, and hence it is
less subject to noise in the input. This gives the loss

L =
N∑︂
n=1

K∑︂
k=1

−ckynk log(ŷnk)⏞ ⏟⏟ ⏞
right answers

+λ1

N∑︂
n=1

D∑︂
d=1

(︄
And

∂

∂hnd

K∑︂
k=1

ck log(ŷnk)

)︄2

⏞ ⏟⏟ ⏞
right reasons

+ λ2
∑︂
i

θ2i⏞ ⏟⏟ ⏞
L2 regularization

,

(8.2)

where ck is a rescaling weight given to class k. This is especially useful for real-world and
high-dimensional data, although its use is limited to CNNs only. For more details about
this approach, we refer the readers to Schramowski et al. 2020 [203].

8.3. Empirical Evaluation

In this section, we present empirical studies that aim to answer the following research
questions:

(Q1) Does RBR regularization help to improve adversarial robustness using no user
feedback?

(Q2) Do classifiers learn the right rules when using RBR?

(Q3) Is RBR effective in high-dimensional domains?

In the following experiments, we simulate user interactions by running only one iteration
of the outer training loop.
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8.3.1. Dataset

Toy-Color Dataset. We used the toy-color dataset constructed by Ross et al. [198]. This
dataset contains 5× 5× 3 RGB images of four possible colors. The labels are determined
by two independent decision rules:

1. Four corner pixels have all the same color.

2. Top-middle three pixels have all different colors.

Specifically, images that satisfy both rules belong to class 1 and images that satisfy
neither rule belong to class 2. That means, only pixels on the corners and the top-middle
three pixels are salient features, and faithful machine explanations that attribute high
importance to the rest features reveal the deficiency of the underlying model. In fact, since
the labels are constructed in the way that the two decision rules are strongly correlated,
only one decision rule suffices to determine the label. These two rules can then be viewed
as two distinct solutions to this classification problem.

Decoy MNIST. Based on the popular MNIST dataset [120], Ross et al. [198] constructed
a decoyed version by adding confounding factors to the images. In the training set,
the confounders are 4 × 4 gray patches in randomly chosen corners whose shades are
determined by the corresponding label y using the function 255− 25y. In the test set, the
gray patches have random shades. If the confounding factors successfully fool the model,
we expect to observe a high generalization error and machine explanations that highlight
the corner pixels.
PASCAL VOC 2007. Published for a challenge to recognize objects from a number of

visual object classes in realistic scenes, PASCAL VOC 2007 [54] consists of twenty object
classes. We used a subset of it by considering only the horse class and the dog class
because only images of the horse contain obvious confounding factors — the watermarks
on the bottom left corner. We rescaled all the images to 224× 224× 3 to fit for the VGG-16
classifier [222].

Plant Phenotyping. This dataset is acquired from plant physiologists for a real-world
and scientific task — plant phenotyping. It consists of RGB and hyperspectral images of
leaf tissue from Cercospora beticola-inoculated and healthy sugar beet plants. Each tissue
sample has images over five consecutive days with only slight differences. In this way,
each tissue sample is represented five times in the dataset. In order to prevent training
samples from leaking to the test set, the training or validation set always includes all days
of a sample. It is also worth noting that the disease severity varies strongly across samples.
Some inoculated tissue samples show a clear characteristic of Cercospora Leaf Spot (CLS)
in RGB images while others are indistinguishable for human inspection. We rescaled all
the images to 224× 224× 3 to fit for the VGG-16 classifier [222].
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8.3.2. Experiment Protocol

Experiments were implemented in Python and Tensorflow, ran on a Linux machine with
two Intel Xeon processors with 56 hyper-threaded cores, 4 NVDIA GeForce GTX 1080
under Ubuntu Linux 14.04.

8.3.3. Adversarial Robustness

This experiment is to study how effective RBR regularization is against adversarial input
perturbations without any user feedback.
Let x̃ = x + δ be an adversarial example based on perturbation δ. For classification

problems with well-separated classes, the classifier is expected to yield the same prediction
to x and x̃ as long as ∥δ∥∞ < ϵ, where ϵ is small enough to be discarded by the sensor or
data storage apparatus associated with our problem [71]. Fast Gradient Signed Method
(FGSM) [71] computes a max-norm constrained adversarial perturbation by approximating
the loss function L around the current value of θ with a linear model, that is, perturbation

δ = ϵsign(∇xL(θ,x,y)) (8.3)

increases the local linear approximation of the loss function. This method was found to
cause a wide range of models to yield wrong predictions of their perturbed input.
We adapted FGSM using influence functions, i.e.

δ = ϵsign(H−1

θ̂
∇x∇θL(θ,x,y)). (8.4)

This gives us the perturbation on x that increases the local approximation of the parame-
ter change during training, which in turn influences the prediction of xtest post-training
by −∇θL(θ,xtest,ytest)

TH−1

θ̂
∇x∇θL(θ,x,y). We relaxed the calculation here again by

approximating the Hessian matrixH with an identity matrix, resulting in a linear approx-
imation of the local model around θ.
In order to defend against this adversarial perturbation, we regularized influence

functions during training by setting the feedback matrix A in the RBR loss (Equation 8.1)
with all-ones. Doing so would regularize the input gradients at the same time because the
machine explanations in RBR are the element-wise product of both influence functions and
input gradients. The intuition is that by regularizing influence functions, we encouraged
the model to learn parameters that were relatively insensitive to small training input
perturbations. By regularizing input gradients, we pushed the model into regions where
the model was less sensitive to small test input perturbations when the model was fixed.
This experiment was done on the toy color dataset [198] and MNIST [120]. We have

two baselines, a vanilla classifier trained without any form of regularization and a classifier
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Figure 8.3.: Accuracies of the vanilla model, RRR and RBR on adversarial examples with
increasing perturbations ε.

trained with RRR regularization [198] using no human feedback as well. For RBR and
the baselines, we used the same model architecture, i.e. a multilayer perceptron with six
hidden layers of size 1000, 500, 200, 100, 50 and 30 with softplus activations. The model
was overparameterized for both tasks so that regularization can contribute positively to the
training process. We used grid search to select the best hyperparameters λ1 for both RRR
and RBR approaches. Here, the hyperparameter λ1 for RBR and RRR were respectively
1e+ 8 and 1e+ 3 on MNIST, 1e− 9 and 1e− 4 on the toy colors. We set λ2 = 1 for all the
experiments.
Figure 8.3 shows the accuracy of the vanilla model, RRR and RBR for a range of

perturbation ϵ. One can see that the accuracy of RBR regularization drops only very
slightly when variation on the input increases, while RRR regularization and the vanilla
model deteriorate significantly. This is clear evidence that RBR regularization leads to
a much more robust model in terms of FGSM-based adversarial perturbations on both
datasets compared to the vanilla model and RRR-regularized model. This answers the
first research question affirmatively.

8.3.4. RBR Learns the Right Rules

Unlike the previous experiment where no user feedback is used and all features were
regularized equivalently with RBR, in this experiment, we used domain-specific feedback
to regularize particular features. The goal is to investigate whether this regularization
allows the model to maintain its predictive power by learning the right rules when the
wrong features are penalized.
We used the toy color dataset and the decoyed MNIST for this experiment. As baselines,
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Figure 8.4.: Human feedback A for the toy color dataset to penalize four corner pixels
(Left) and top-middle three pixels (Middle) respectively.

we used again RRR. On the toy color dataset, the model architecture we used was a
multilayer perceptron with one hidden layer of size 30 with softplus activations and
softmax output. Hyperparameter λ1 for RBR and RRR were respectively set to 10 and 0
according to grid search results. λ2 = 1 for both models.
As mentioned in Section 8.3.1, rule 1 (four corner pixels are all the same) or rule 2

(top-middle three pixels are all different) alone is sufficient for predicting the labels on
the toy color dataset. Therefore, we regularized each rule at a time by giving feedback on
the matrix A. See Figure 8.4 for both feedback on one sample, the rest samples received
the same feedback in this problem. The results are demonstrated on randomly chosen
25 samples in Figure 8.5. On the left, the top three middle pixels were penalized. Each
sample on both the RRR model and the RBR model was explained by both input gradients
and influence functions to make sure the machine explanations were not biased. On the
right, the four corner pixels were penalized. The same 25 samples are plotted with their
explanations. It is obvious to see that both models roughly learnt rule 1 when rule 2
was penalized, and vice versa. RBR learnt even slightly better rules than RRR, since the
explanations of RRR on some samples either did not recognize the right rule or did not
recognize the complete rule.
The same experiment is repeated on the decoyed MNIST [198]. We used a multilayer

perceptron with two hidden layers of size 10 and 5 with softplus activations and softmax
output. The feedback annotated every feature confounded with a grey patch as one.
Figure 8.6 presents randomly selected 25 samples and their explanations on each model.
Without any regularization, the vanilla model was heavily dependent on the features in
the corner. RRR and RBR both corrected the model from this wrong behavior. RBR learnt
slightly better rules than RRR because the machine explanations of RBR focused more on
the digits than on the background.
This experiment demonstrates that RBR effectively regularizes the model, forcing the

model to learn the right and even better rules. This answers the second research question
affirmatively.
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Figure 8.5.: IF and IG explanations after penalizing the top-middle three pixels (the left
column) and the four corner pixels (the right column), respectively. White
dots denote the salient features.

8.3.5. Effectiveness in High-Dimensional Domains

The previous experiment demonstrated the effectiveness of RBR on synthetic or toy
datasets. In the following experiment, we aim to investigate how effective is RBR in a
real-world setting with high-dimensional datasets using possibly noisy feedback. To this
end, we used PASCAL VOC 2007 [54] and the plant phenotyping dataset. We used the
VGG-16 [222] and replaced its output layer to predict two-way classifications on both
datasets. ImageNet-pretrained weights were used to initialize the parameters, then we
did fine-tuning for each task. Balanced accuracy score, defined as the average of recall
obtained on each class, was used as a performance metric to account for class imbalance.
On PASCAL VOC 2007 we chose the category of horse because only this category

contains obvious confounding factors, for the other category we chose dog. The vanilla
model reached 99% training accuracy and 87% test accuracy after fine-tuning. If one does
not ask for machine explanations, the vanilla model may seem quite good according to
the accuracy. However, machine explanations across a broad range of samples, see Figure
8.8, imply that the model failed to distill the essence of the classification task by learning
a pathological solution found by accident in the dataset. In particular, the horse images
happen to contain watermarks on the bottom-left corner while the dog images do not.
The model hence learnt to use the presence of the watermarks to make its prediction. This
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Figure 8.6.: IF and IG explanations on randomly selected samples from models trained
without constraint, with RRR and RBR, respectively.

confirmed the findings made by Lapuschkin et al. [117], that DNNs are vulnerable to the
Clever Hans behavior.
In order to correct the model from this behavior, we gave feedback for penalization

on the bottom block of pixels that contain the watermarks and feedback for promotion
on the rest pixels, see Figure 8.7 (top left) for an example. The dark overlay over the
image indicates 1s in the feedback matrix, and the rest are -1s. In this case, the feedback
is quite noisy because it gives only a coarse separation of the right and the wrong features:
The annotation of the right features contains not only horse but also background and the
annotation of the wrong features may contain a small fraction of the horse. The following
experiment empirically shows that this noisy feedback still works quite well.
We fine-tuned a model based on RRR as the baseline and a model based on RBR with

λ1 being 1e + 7 and 1, respectively. λ2 was set to 1 for both models, using the same
feedback. Some samples were randomly chosen to present the machine explanations of
the vanilla model, the RRR model and the RBR model using input gradients in Figure
8.8. One can see that the VGG-16 learnt to make its decisions based on the watermarks
when no regularization was added. Both RRR and RBR were effective in regularizing the
watermarks. However, although RRR did not use watermarks as salient features any more,
it used other less interpretable features like the background rather than the horse itself.
This may be explained by the fact that the model learnt confounding factors other than the
watermarks, such as the grass, the bush or even the rider. In contrast, RBR yielded more
interpretable features that made intuitive sense because the salient features overlapped
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Vanilla RRR RBR

PASCAL VOC Counter Examples 71% 81% 84%
Random Examples 74% 65% 76%

Deep Plant Counter Examples 50% 54% 62%
Random Examples 70% 54% 51%

Table 8.1.: Accuracies of threemodels on the counter examples and the randomexamples
experimented on the PASCAL VOC 2007 dataset and the deep plant dataset,
respectively.

more with the horse itself.
The same experiment was then repeated on a scientific task — plant phenotyping.

We used the same model architecture, the VGG-16, the same baselines and the same
accuracy metric. Again, the vanilla VGG-16 fine-tuned on this task performed quite well
according to the accuracy score — 82% on the test set. Its machine explanations using
input gradients reveals that the model used mainly the background rather than the leaf
tissue to make its decisions. This is of course biologically not plausible. Annotations on
the background were then acquired as feedback for both RRR and RBR, see Figure 8.7
(bottom left) for an example. RRR and RBR were trained with λ1 being 1e− 3 and 1e− 4,
respectively. Figure 8.9 shows some random examples with their explanations using input
gradients. It is obvious to see that, without any additional regularization, the vanilla
model learnt the wrong rules by focusing on the background. This may be explained by
the fact that inoculated leaves may show some early signs of infection in their nutrition
solution before a sick spot is visible on the leaf tissue. Both RRR and RBR prevented the
model from learning the rules from the background. In particular, their explanations focus
on the biologically plausible reasons, namely, on the leaf tissue. However, RBR learnt
better rules than RRR since its explanations were better aligned with the sick spot on the
leaf tissue, highlighted in yellow squares. In addition to plausibility, the explanations of
RBR were also more simple and concise.
Following the qualitative experiments from above, we also present quantitative evidence.

We measured the effectiveness of user feedback in learning the right rules based on the
notion of counter examples [237], which are constructed by randomizing the irrelevant
features (annotated as 1s in the feedback matrix) based on the original samples. Examples
are given in the right column of Figure 8.7. The intuition is that the model should be
able to maintain its prediction accuracy on the counter examples if it learns the right rule,
because randomizing the irrelevant features does not affect the decision logic. In contrast
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Figure 8.7.: User feedback (left) and the counter examples (right) on the PASCAL VOC
2007 dataset (top) and user feedback (left) and the counter examples (right)
on the plant phenotyping dataset (bottom).

to the counter examples, we also defined random examples where only the salient features
are randomized. A model that learns the right rule is expected to deteriorate significantly
on the random examples.
The balanced accuracy score was measured on both the counter examples and the

random examples for the previously trained baselines and the RBR model on both datasets.
The results are summarized in Table 8.1. The vanilla model achieved higher accuracy in
predicting the random examples than the counter examples on both datasets. This alludes
to the fact that the model relies heavily on a set of features that are deemed irrelevant
to the problem by humans. Compared to the vanilla model, RRR and RBR both showed
higher accuracy on the counter examples and lower accuracy on the random examples.
This means they learnt more right features after using explanatory feedback. When
comparing RBR with RRR, RBR showed even higher accuracy on the counter examples.
This is quantitative evidence that RBR learnt better rules than RRR.
It is easy to conclude from this series of experiments that RBR is also very effective at

regularizing the wrong rules in high-dimensional domains. In this case, noisy feedback
has also been proven to work sufficiently well. This experiment answers the last research
question affirmatively.
This concludes Chapter 8, which highlighted the Clever Hans problem in DNNs and

described an approach to counteract this problem. Empirical evidence across several
datasets using different model architectures confirmed the effectiveness of our approach.
We now turn to Chapter 9, in which we study the Clever Hans behavior further in generative
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Test Instance w/o Feedback RRR RBR

Figure 8.8.: Revising the VGG-16 on the PASCAL VOC 2007 dataset. Horse images (first
row), their saliencymaps on the vanillamodel (second row), and their saliency
maps on RRR (third row) and RBR (last row).

models.
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Test Instance w/o Feedback RRR RBR

Figure 8.9.: Plant examples (zooming in on biologically plausible features) and their
saliency maps before and after user feedback.
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9. Right for the Right Latent Factors

In the previous chapter, the Clever Hans phenomenon was illustrated on DNNs. This phe-
nomenon is induced by training a deep classifier on a confounded dataset. In this chapter,
we extend our research attention to generative models. In particular, we investigate the
effect of confounded datasets on deep generative models and discover the Clever Hans-like
phenomenon that is directly linked to entangled latent representations. Based on this
finding, we propose a technique to debug generative models from the Clever Hans-like
phenomenon by allowing users to interact with the model via a small set of examples.
This chapter is organized as follows. First, we describe the problem that motivated our

research and make the connection to entangled latent representations in Section 9.1. Then,
we give a brief overview of related work on disentangled representation learning in Section
9.2. Afterwards, we discuss disentangled representations for generative models in Section
9.3, where we present our interactive approach to learning disentangled representations
and analyze the properties of our approach. In the end, we evaluate our approach by
empirical evidence in Section 9.4.

9.1. Motivation

Statistical machine learning methods are built on the i.i.d. assumption. But in practice this
assumption can be easily violated unnoticed, e.g. due to a biased data-collecting process
[239, 238, 192, 230, 77]. As a result, spurious artifacts that arise from the data-collecting
process can be propagated to the model, which makes the model unable to generalize
beyond the training set [202]. Recall the cow detector example [11] in Section 8.1. The
cow images are for natural reasons mostly captured in specific environments with grass in
the background. Deep classifiers learnt on this training set show poor performance in face
of cows in new environments such as at the beach. The horse classifier on the PASCAL
VOC 2007 dataset investigated in Section 8.3 is also strongly influenced by the specific
context of the images, i.e. the watermarks. Both datasets violate the i.i.d. assumption
by serendipitously including spurious artifacts, which in turn prevents the model from
learning the true underlying distributions. Apart from the generalization problem, these

117



models may potentially also inflict unfair treatment on certain groups of people or reinforce
the existing social stereotypes1. In Chapter 8, a solution was presented to identify and
alleviate the aforementioned problem by visualising it and interacting with users for their
feedback on machine explanations.
However, the solution in Chapter 8 is restricted to interacting with visual saliency maps.

Here, we are motivated by the question: How can one interact with a latent representation
that learns latent factors of the visual features? For instance, a facial dataset that exhibits
selection bias by including faces of various skin tones disproportionately may leave a
footprint of its bias in a model that learns from it. Igniting a lot of controversies, the
super-resolution algorithm PULSE [145] is found to upsample a low-resolution input
image of Barack Obama into a photo of a white male2. In this case, the explanations for
skin tone can not be easily visualized in the input space via saliency maps. Therefore,
users can not provide feedback on the input features to improve the models. Besides, deep
representations are often used for downstream tasks, or shared across multiple tasks in
multitask learning. Hence a bug in a deep representation may get propagated to a wider
range of tasks and models.
In order to debug on the level of deep representations, we focus on VAEs [108, 187]

in this chapter for three reasons. First, the basic assumption behind VAEs is that the
observed data is generated from a set of underlying latent factors of variations, so VAEs
are designed to learn a compact low-dimensional representation that captures the latent
factors. This means, the latent representation is meant to capture the most salient features
of the training data [69] and this in turn makes the model as well as the data-generating
process easier to explain. Second, VAEs are a generative model. Like discriminative
models, generative models are susceptible to exhibit dataset bias as well, for instance
the PULSE algorithm [145] that yields a white male given a low-resolution input image
of Barack Obama. For generative models, this may incur worse consequences. Trained
to understand the world represented in the given training data, a generative model can
provide answers to many inference problems [69]. Consequently, more inference tasks
could be negatively influenced. Also, generative models can easily amplify the bias by
generating more of the biased data at test time [77]. Third, compared to other generative
models based on latent representations such as Generative Adversarial Networks (GANs)
[70], VAEs are less tricky to train.
A training dataset that contains spurious artifacts in the latent factors violates the

i.i.d. assumption and has insufficient sample complexity. We postulate that VAEs trained
on this type of data may induce entanglement in its latent representations by associating

1Recall the examples of Google Translate and a risk prediction tool in Section 2.
2Source: https://twitter.com/Chicken3gg/status/1274314622447820801.
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representations of seemingly correlated but actually distinct factors. A direct consequence
is that the model is not able to generalize beyond the observed combinations of factors.
Montero et al. [153] recently showed that disentangled representations support weak
combinatorial generalisation — the ability to understand and produce novel combinations
of familiar elements. Therefore, we propose to debug and improve entangled VAEs by
interactively learning disentangled representations using user feedback on the latent
factors, which is encoded as a small set of additional examples.

9.2. Disentangled Representation

Lacking a formal definition, a representation is by intuition called disentangled if its
variables correspond directly and separately to the distinct, informative factors of variation
underlying the data [12, 229, 128, 36, 27, 86]. Learning disentangled representation is
an active area of research that increasingly receives attention [85, 115, 106, 30, 20, 141].
Popular unsupervised approaches are β-VAE [85], FactorVAE [106] and β-TCVAE [30].
β-VAE [85] augments the ELBO with a coefficient β to balance latent channel capacity
and independence constraints with reconstruction accuracy. FactorVAE [106] encourages
the distribution of representations to be factorial and hence independent across the latent
dimensions. β-TCVAE [30] proposes an equivalent objective as FactorVAE but optimizes it
differently.
However, the unsupervised learning of disentangled representation was shown to be

fundamentally impossible from i.i.d. observations without inductive biases or some form
of supervision [129]. Thereafter this research problem started to be addressed with
supervision to provide general solutions [189, 17, 93, 29, 131, 220, 225, 103]. Chen
et al. [29] used weak supervision by providing paired instances that share a underlying
factor and proposed a regularized ELBO to enforce disentanglement. Shu et al. [220]
worked out a theoretical framework to analyze the disentanglement guarantees of weak
supervision algorithms. In particular, they decomposed disentanglement into consistency
and restrictiveness. Locatello et al. [130] also used paired observations as weak supervision,
but this method requires weaker assumptions than Shu et al. [220]. Locatello et al. [131]
used a small number of labels to learn disentangled representations. Besides, Locatello
et al. [131] verified that the supervised regularizer they considered relies on the inductive
bias given by the ordinal information present in the labels, and such inductive biases
should generally be exploited whenever they are available. Montero et al. [153] also found
that disentangling without supervision is not sufficient for supporting more difficult forms
of generalisation. Besides, they showed that using labeled data for training is beneficial
both in terms of disentanglement and downstream performance.
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Unfortunately, none of the aforementioned unsupervised or supervised learning methods
for disentangled representation account for confounded training data. In the following,
we explicitly deal with confounded training data that could lead to entangled generative
models with poor generalization ability. Moreover, we build our work upon the framework
of XIL using a small collection of weakly supervised examples as user feedback on the
latent factors.

9.3. Disentangled Representation for Generative Models

Let S1, . . . Sn denote independent latent factors underlying the variation of the data, and
let them follow some prior distribution p(S) =

∏︁
i p(Si). We assume that they produce

the observations X via a deterministic function g, i.e. X = g(S), yielding a distribution
p(X), and that S can be recovered via an encoder S = e(X). We consider a confounded
training set, where the confounder arises from spurious correlations between the factors
of variation as expressed by some other distribution p′(S). We merely assume that it is
faithful to the true distribution on the level of single variable marginals, i.e. p′(Si) = p(Si),
which is typically relatively easy to ensure. The resulting distribution of our training data
is noted as p′(X).
Our goal is to obtain a generative model of p̂(X,S) that does not exhibit the spurious

correlations between the factors of variation from the training data. In other words, the
goal can be understood as twofold: On one hand, we seek a generator ĝ(·) that induces
higher data likelihood p(X) using MLE. On the other hand, we seek an inference function
ê(·) that encodes the input as Z to approximately capture S while representing the factors
of variation independently, i.e. Z = ê(X) is a disentangled representation. Let I(·) denote
mutual information. Our goal can be in turn regarded as

max I(Si, ê(X)i) + min I(S\i, ê(X)i) + min I(Si, ê(X)\i) (9.1)

for each factor Si, where the subscript \i means the complement of i.
Suppose that we have managed to perfectly disentangle the VAE’s latent codes with

regard to the true factors of variation, by ensuring that each Zi captures exactly Si for
i ≤ n. Then there exist bijections fi deterministically mapping the two to each other:
Zi = fi(Si), and their marginal probabilities will match, i.e.

p(Si) = p′(Si) = p(f(Si))|
d

dSi
f(Si)|. (9.2)

If, in addition, the VAE’s decoder approximately matches the data generating procedure
such that ĝ(f(S)) ≈ g(S), then it follows that the distribution p̂(X) represented by the
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VAE matches the desired distribution p(X). Letting δX[·] denote the Dirac delta at X, we
have

p(X) =

∫︂
δX[g(S)]

∏︂
p(Si)dS (9.3)

≈
∫︂
δX[ĝ(f(S))]

∏︂
p(f(Si))

⃓⃓⃓⃓
d

dSi
f(Si)

⃓⃓⃓⃓
dS (9.4)

=

∫︂
δX[ĝ(Z)]

∏︂
p(Zi)dZ = p̂(X), (9.5)

where the last line follows from substituting Z = f(S), and cancelling out the differentials.

9.3.1. Disentangling via User Feedback

The maximum likelihood estimation of VAEs uses the ELBO as a proxy objective function.
This is due to the fact that the inference of p(X) is in general intractable, hence optimizing
p(X) directly is difficult. Refer to Section 3.4 for more details on the ELBO.
Optimizing the ELBO requires only unlabeled samples. However, recall that the un-

supervised learning of disentangled representations is argued by Locatello et al. to be
fundamentally impossible without inductive biases or some form of supervision [129]. We
propose to combat this issue by interactively taking user feedback on the latent factors,
which is encoded as a small collection of examples providing weak supervision3. Specif-
ically, users provide pairs of samples that share the same label for the target factor Si,
while the other factors S\i vary at random. In addition, users also provide a small number
of samples for which the label of Si is available.
Given the augmented data from the user feedback, the objective in Equation 9.1 is

intractable in practice, and hence it can not be directly optimized. I(Si, ê(X)i) can be
rewritten using marginal and conditional entropy as H(Si)−H(Si|ê(X)i). Since H(Si)
is constant w.r.t. the parameters, maximizing I(Si, ê(X)i) then amounts to minimizing
H(Si|ê(X)i). We use an auxiliary function h(.) trained on the few augmented labeled sam-
ples to minimize the cross-entropy loss Ri(Si, ê(X)i) in order to approximate p(Si|ê(X)i).
This term penalizes trivial solutions (i.e. ê(X)i being constant) by enforcing ê(X)i to be
predictive for Si. By explicitly enforcing non-trivial solutions, we make sure the represen-
tation is not only disentangled, but actually meaningful. For an analogous reason as above,
minimizing I(S\i, ê(X)i) amounts to maximizing H(S\i|ê(X)i), where the maximum is
H(S\i). Towards this goal, we use the weakly supervised pairs of samples (X,X′). Follow-
ing Shu et al., we minimize the match-pairing loss E[(ê(X)i − ê(X′)i)

2] for these samples.
3Weak supervision is becoming popular in the disentanglement literature [29, 220, 130].
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Figure 9.1.: Illustration of the purpose of the disentanglement losses. The match-pairing
loss prevents unrelated factors of variation S\i from having an influence on
Zi. In turn, the positive classification loss Ri ensures that Zi is predictive for
Si, while the negative classification loss R′

i ensures that Z\i is not.

Intuitively, this loss encourages latent representations that are invariant to various labels
of factor S\i in certain dimensions. The maximum of H(S\i|ê(X)i) can be achieved when
ê(X)i is invariant to the varying factor S\i. Finally, minimizing I(Si, ê(X)\i) means we
want that Si is not encoded in ê(X)\i, i.e. Si is restricted to ê(X)i. This equals maximizing
H(Si|ê(X)\i). Since ê(X)\i may contain nuisance variables that we may not be able to
account for or wish to purposefully ignore, we use a minmax game. Specifically, we train
an auxiliary regression model in parallel with the main model to predict Si from ê(X)\i
by minimising the cross-entropy loss Ri(Si, ê(X)\i). Then the encoder tries to maximize
Ri(Si, ê(X)\i) by inducing ê(X)\i that shares less information with Si.
Following the arguments above, we design a loss function to disentangle latent repre-

sentations of VAEs using a small set of examples as user feedback. The loss function L(X)
is given by

−ELBO(X) +
∑︂

i
λ1L

i
MP (X) + LiCL(X), (9.6)

where LiMP (X,X
′) = E[(Zi − Z ′

i)
2] and LiCL(X) = Eq(Z|X)[λ2Ri(Si, Zi)− λ3R′

i(Si, Z\i)].
LiMP (X,X

′) and LiCL(X) are only computed for all data points and factors of variation i
for which the user feedback is available. The way these losses interlock is illustrated in
Figure 9.1. Figure 9.2 illustrates the resulting computation graph.

9.3.2. Analysis of Property Guarantees

As Locatello et al. [129] theoretically proved, unsupervised disentanglement learning is
fundamentally impossible without inductive biases both on models and data sets. Here,
we explicitly stress that disentanglement arises from our supervision method instead of
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Figure 9.2.: Our approach uses a small amount of user feedback in addition to the training
set to learn disentangled latent representations. For the sake of simplicity,
only augmented loss terms are illustrated here.

the model’s inductive bias. We use the definition of disentanglement by Shu et al. where
disentanglement is decomposed into consistency and restrictiveness. Strong disentangle-
ment is guaranteed when both consistency and restrictiveness hold. According to Shu
et al., Si is consistent with Zi if

E[||êi ◦ g(Si, S\i)− êi ◦ g(Si, S′
\i)||

2] = 0,

and Si is restricted to Zi if

E
[︁
||ê\i ◦ g(Si, S\i)− ê\i ◦ g(S′

i, S\i)||2
]︁
= 0.

Intuitively, consistency implies that Zi does not capture the factors of variation other than
Si, and restrictiveness implies that Si is only captured in Zi. In addition, Shu et al. made
it explicit that Z should be non-trivial, i.e., it should have non-zero variance to encode
the variation of S. It is a known issue with VAE models that they tend to use only a small
subset of the latent dimensions [69].
We consider two cases: disentangling all factors, and disentangling only a subset of

factors, leaving the rest as arbitrarily encoded nuisance factors. Handling of nuisance
factors can be considered as a special case of disentangling a subset of factors. Since our
method builds on match pairing, the theoretical guarantees of each property transfer
trivially to our method when the guarantee is fulfilled. Therefore, we only need to prove
that the additional labels we introduce are sufficient for learning restrictive and non-trivial
solutions when disentangling a subset of factors.
Define a hypothesis spaceH of models we are willing to consider. Let (p(S), p′(S), g, e) ∈
H denote an arbitrary ground-truth model which generated the data we are observing. A
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supervision method S : H → P is called sufficient for a certain guarantee if there exists a
learning algorithm A : P → H which uses the supplied examples to produce a learned
model (p(Z), ĝ, ê) for which the desired guarantee holds. In the following, we show that
our method of supervision is sufficient for non-trivial and restrictive solutions. We do so
by considering an A∗ which obtains the global minimum of the classification loss LiCL,
despite using universal approximators for R and R′.
Non-Triviality Guarantee. We claim that our method guarantees that the learned

model (p(Z), ĝ, ê) provides non-trivial solutions for Zi, i.e. there is a learning algorithm
that yields Si ⊥̸⊥ Zi. Match pairing alone does not entail this guarantee when disentangling
only a subset of factors. To see why, consider a simple counterexample with underlying
factors S1, S2 ∼ N (0, 1), and generator g(S) = S1 · S2. There exists a learning algorithm
A which optimizes the match pairing loss on factor S1 by setting (g(S1, S2), g(S1, S

′
2)) =

(ĝ(Z1, Z2), ĝ(Z1, Z
′
2)), and ĝ(Z) = [Z1, Z2] = [0, Z ′

1 × Z ′
2] where Z ′

1 ∼ N (0, 1), Z ′
2 ∼

N (0, 1). In this case, match pairing yields a trivial solution for Z1, i.e. Z1 = 0.
Proof : A learned model (p(Z), ĝ, ê) provided by A∗ minimizes the classification loss,

and the positive term Ri(Zi, Si) in particular. Consequently, it is possible to accurately
predict Si from Zi with a classifier Ci : Zi → Si and Si ⊥̸⊥ Zi, that is, Zi is informative
for Si. Suppose to the contrary that there is a learning algorithm A : (Si,P)→ H such
that Zi = 0. Then the variance of Ci(Zi) equals 0, therefore Zi is not informative for Si.
Contradiction.

Restrictiveness Guarantee. We postulate that our method guarantees that the learned
model (p̂(Z), ĝ, ê) restricts the information of Si to Zi. That is, Z\i ⊥⊥ Si.

Proof : Suppose to the contrary that Z\i contains information about Si. Then we could
find a regression model that predicts Si from Z\i better than random guesses, i.e., the
value of −R′(Si, Z\i) would be suboptimal. This is a contradiction, since we assumed that
A∗ would achieve the global minimum of LiCL.

9.3.3. Interactive Data Augmentation

Data is the fuel for training modern machine learning models. In general, machine learning
models tend to overfit when the available training data is insufficient. Among the variety
of regularization techniques that intend to reduce overfitting, data augmentation implicitly
regularizes the model by encoding inductive bias in an augmented set of samples. This
set of samples can be obtained by transforming the available data while keeping their
labels invariant based on prior knowledge of domain invariances. For example, the task of
natural image classification is invariant to image rotation and translation, which can be
utilized to augment the training samples by rotating and translating the available images.
This technique is effective and ubiquitously used [136, 49, 200]. A review by Ratner et al.
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Table 9.1.: Properties of our and the match pairing approach in case of disentangling a
subset of factors and disentangling all factors.

consistency restrictiveness disentanglement
(consistency

⋀︁
restrictiveness) non-trivial guarantee

Ours subset of factors ✓ ✓ ✓ ✓

all factors ✓ ✓ ✓ ✓

Match
Pairing

subset ✓ ✗ ✗ ✗

all factors ✓ ✓ ✓ ✓

states that 10 out of 10 of the top CIFAR-10 results and 9 out of 10 of the top CIFAR-100
results use data augmentation, for average boosts (when reported) of 3.71 and 13.39
points in accuracy, respectively [185].
Data augmentation can be viewed as a form of weak supervision [185]. In our work, a

small number of augmented examples are used to emulate user feedback. Specifically, this
refers to a set of transformed samples with one underlying factor invariant at a time. For
example, in the colored MNIST domain, we assume two underlying factors: shape and
color. The augmented data based on a red zero consists of two sets: one set of red various
digits and one set of differently colored zeros. This is interactively given by users as their
additional feedback signal to the training process, in response to unsatisfactory training
results. This way, we allow users to interact with the training process and participate in
the training loop, which pushes the VAEs to better align with the goal of the user and
potentially also adapt over time. In contrast to the approach in Chapter 8, which forms
an interactive training loop with the users for their feedback on the raw features, the
approach in this chapter seeks to interactively incorporate user feedback for the latent
factors using data augmentation.

9.4. Empirical Evaluation

In this section, we present experiments to empirically investigate the core research question:
Does our model learn better latent representations than the mainstream baseline models?
This question then further breaks down to the following specific questions:

(Q1) Are the reconstructions from our model less biased towards the samples that are
present in the training set?

(Q2) Do the latent representations capture all the possible combinations of factors even if
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Table 9.2.: Summary of the datasets. Parentheses give the number of quantized values
for each target factor. The last column gives the size of samples we chose
from the training set to perform data augmentation.

Name Training
instances

Held-out
instances Image size ground-truth

factor
Data

Augmentation

colored
MNIST 60k 10k 28 × 28 × 3 shape(10),

color(10) 600

colored
dSprites 10k 10k 64 × 64 × 3 shape(3), color(3),

nuisance 1k

3d shapes 10k 10k 64 × 64 × 3
object shape(4),
object color(4),
nuisance

1k

some were not present in the training set?

(Q3) Does each latent dimension capture variations of at most one factor?

(Q4) Does our model yield a better disentanglement score?

(Q5) Does our model benefit downstream tasks?

To answer these questions, we ran a series of experiments for both qualitative and quanti-
tative evaluation.

9.4.1. Dataset

We considered several standard benchmark datasets. First, we generated a colored version
of MNIST [120] in a similar way as Kim et al. [105]: To inject color bias, ten distinct
colors were chosen and each color was assigned to only one digit class in the training set
so that the shape class and the color class correlated with each other. In the test set, one
could assign random colors to each image. However, we made the problem even more
challenging by assigning the color class reversely correlated to the shape class so that none
of these combinations of shape and color were seen in the training set. In this domain, we
assumed two latent factors of variations: shape and color.
As another dataset, we generated colored dSprites [85] in a similar spirit. We randomly

sampled 10k instances as the training set and synthesized confounding in it by consistently

126



assigning one color to each shape category and the rest factors remained untouched. In
the test set, we assigned each color to the shape with one offset as to in the training
set, so that none of these two factors’ combinations were seen in the training set. Other
than shape and color, this dataset has other factors of variation such as scale, orientation,
position X and position Y. However, we treated all the factors other than shape and color
as nuisances to test the effectiveness of our method when dealing with nuisance factors.
The third dataset is 3D Shapes [106]. We sampled 10k instances to be the training set

whereby each object hue category correlated to one object shape category. In the test set,
each object hue category correlated to the object shape category with one offset as to in
the training set for the same reason as mentioned above. Other than shape and color of
the object, this dataset contains also other factors of variation such as floor hue, wall hue,
scale and orientation, which were treated as nuisance factors. Table 9.2 summarizes these
three datasets.

9.4.2. Experimental Protocol

We followed the experimental protocol of Locatello et al. [131, 130] and aligned with
the general literatures on disentanglement [85, 106, 30]. The baseline models we used
are β-VAE [85], FactorVAE [106], β-TCVAE [30] and Ada-GVAE [130]. These models
are mainstream VAEs for benchmarking disentangled representations. In addition, we
also evaluated our VAE with unannotated human feedback to investigate the value of
the annotations. We implemented all the models in Python and Pytorch. For each
model, we ran experiments with 8 random seeds. For each baseline model, we used
3 fixed hyperparameters on each dataset. Our model’s hyperparameters were chosen
empirically according to the quality of the reconstructions. Our experience suggests using
hyperparameters λ1 = λ2 and λ3 = 1 or λ3 = 10 leads to good results in practice, so we
propose to tune the hyperparameters within this range. We used linear classifiers for Rs
and R′

s in equation (9.6). We relaxed the condition for R′
s to be a universal classifier in

practice and demonstrated that this can still yield promising disentangled representations
empirically.

9.4.3. Reconstruction Quality

The following experiment is designed to investigate the research question (Q1). As noted
previously, we synthesized the test samples from completely new combinations of factors,
different than those used for training the models. The intention is to qualitatively inspect
how well each model generalizes under non-i.i.d. distributions. This is based on the
assumption that disentangled representations can generalize to all the combinations
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Figure 9.3.: Reconstructed images from different models on the colored MNIST, the
colored dSprites and the 3D shapes.

of the underlying factors, otherwise the model would struggle to encode all the target
latent factors in the unseen combinations, which in turn would lead to unsatisfactory
reconstructions. Figure 9.3 shows some randomly chosen test samples across the three
datasets and their reconstructions via different models. Each shape factor is consistently
associated with one color factor in the training set, while in the test set the association is
different. For all the three datasets, the object shapes and object colors reconstructed by
the baseline models still exhibit more or less the same association than in the training
set, even if the input images have more generalized combinations of shape and color. The
direct consequence is that some of their reconstructions are qualitatively different from the
input images. This implies that these models have learnt entangled latent representations.
In contrast, the reconstructions by our model are more consistent with the original input
images. This robustness w.r.t. generalization on the unseen combinations of factors is
achieved by disentangling the latent representations.

9.4.4. Latent Space Arithmetic

The following experiment is designed to answer the research question (Q2). We demon-
strate that our model can not only generalize under non-i.i.d. distributions, but can also
generate novel content. Figure 9.4 (middle and right) and 9.5 show all possible hybridiza-
tion of shapes and colors generated by our VAE in each corresponding domain. Each
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Figure 9.4.: Left: Our model is trained on a confounded version of the colored MNIST
dataset, in which color and shape are fully correlated (diagonal marked in
orange). As user feedback, we supply a small number of labelled examples
from the first row and the rightmost column. Middle and Right: Despite never
observing most combinations of color and shape (observed combinations
are marked in orange and green), our model learns to generate to all of them.
Here, reconstructions are drawn by combining the shape in the top row with
the color of the digit in the leftmost column.

hybridized image was generated by concatenating the latent representations of one image’s
shape on the leftmost column and another image’s color on the first row. When nuisance
variables were present, they took the values of the average of both reference images’
nuisance representations. The result shows that the hybridized images very plausibly
resemble both the shape from the leftmost-column images and the color from the first-row
images, and this yields and recovers the whole spectrum of the target domain where
only a small fraction of which were seen in the training set. This not only allows us to
generate novel contents, but also grants us opportunities to manipulate the latent space
and generate specific samples for downstream tasks.

Figure 9.5.: Cross-product of shapes (leftmost column) and colors (top row) generated
by the interactively learnt VAE.
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Figure 9.6.: Latent space traversal of our VAE. The first (last) 4 rows are respectively
the traversal of Z0, Z1, Z2 and Z3 (Z4, Z5, Z6 and Z7) which are collectively
intended for the shape (color) factor.

9.4.5. Latent Space Traversal

This experiment is motivated by the research question (Q3). To give another view of the
latent space and what the generative models have really learnt for the target factors, we
show partial latent space traversals of our model for the 3D shapes dataset. Inspecting
latent traversals is a popular way of measuring disentanglement by visualising the change
in reconstructions while traversing one dimension of the latent space at a time [106]. The
latent variables of the visualized model are in total 50. We designated the first 4 variables
for learning the shape factor, and the second 4 variables for the color factor, the rest are
considered nuisance variables. Figure 9.6 shows samples generated by traversing the first 8
latent variables. The first (respectively the last) 4 rows correspond to the variables that are
supposed to learn the shape (respectively the color) factor. The samples show that varying
the first (respectively the last) 4 variables leads to varying object shape (respectively the
color) while the rest factors, including the nuisance factors, remain mostly unchanged.
This suggests that each unit of the representation has exclusively captured the intended
factor (restrictiveness property). Moreover, the nuisance factors, e.g. wall color, seem not
to be captured by these 8 variables which implies the latent representations are consistent
with the target factors (consistency property).
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9.4.6. Disentanglement Metrics

Motivated by the research question (Q4), we report four heavily used quantitative metrics
for measuring disentanglement, following the literature on disentangled representation:
FactorVAE score [106], DCI Disentanglement and DCI Completeness [51] and Mutual
Information Gap (MIG) [30].
FactorVAE score measures disentanglement based on ground truth factors. Specifically,

a set of samples with one chosen factor k fixed and all other factors varying randomly are
used to obtain their representations, which are then normalized for each dimension. The
index of the dimension with the lowest variance and the ground truth factor k constitute
one input and output signal for training a classifier. The intuition is that the empirical
variance of the variable in correspondence to the factor k should be 0 if the representation
is disentangled.
DCI involves three aspects of disentangled representations: disentanglement, complete-

ness and informativeness. The evaluation is based on K regressors that are trained to
predict the value of K true factors S given the learnt representation Z. The regressors are
used to yield the relative importance of Zi in predicting Sj , noted as Rij . DCI Disentangle-
ment score quantifies the disentanglement of each latent variable Zi by 1−HK(Pi) where
HK(Pi) = −

∑︁K−1
k=0 Pik logK Pik denotes the entropy and Pij = Rij/

∑︁K−1
k=0 Rik denotes

the probability of Zi being important for predicting Sj . This score measures the degree to
which each latent variable captures at most one generative factor, which gives a direct hint
on the consistency property. DCI Completeness score is given by 1−HD(P̃ .j), where D is
the dimension of the latent representations and HD(P̃ .j) = −

∑︁D−1
d=0 P̃ dj logD P̃ ij denotes

the entropy of the P̃ .j distribution. This score measures the degree to which each factor is
captured by a single latent variable. Although our model does not assume a single latent
variable for each factor and therefore this metric is not in favor of us, this score still gives a
hint on how densely the information of the latent factors is packed in the latent variables,
and in turn on the restrictiveness property.
MIG is defined based on the empirical mutual information In(Zj ; sk) between a latent

variable Zj and a ground truth factor Sk. Let n be the empirical data samples and
q(Zj , Sk) =

∑︁N
n=1 p(Sk)p(n|Sk)q(Sj |n) be the joint distribution, then

In(Zj ;Sk) = Eq(Zj ,Sk)

[︄
log

∑︂
n∈XSk

q(Zj |n)p(n|Sk)

]︄
+H(Zj)

where XSk
is the support of p(n|Sk) and H(Zj) is the entropy of Zj . MIG is in turn given
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by

1

K

K∑︂
k=1

1

H(Sk)
(In(Zj(k) ;Sk)− max

j ̸=j(k)
In(Zj ;Sk))

where H(Sk) = Ep(Sk)[− log p(Sk)], j(k) = argmaxj In(Zj ;Sk) and K is the number of
known factors. Since this quantity enforces axis-alignment and our VAE does not make
this assumption, this metric in its original form is not fit for evaluating our VAE. Therefore
we slightly adapt MIG by constraining the gap computation between the known unit of the
latent representations and the rest representations. In particular, we slightly reformulate
it to the following form:

1

K

K∑︂
k=1

1

H(Sk)
(max
j∈J
In(Zj ;Sk)−max

j /∈J
In(Zj ;Sk))

where J is the unit of the latent representations designated for Sk which can contain more
than one latent variable. The higher this quantity is, the more densely the information
about Sk is packed in Zj . Since the baseline models make the axis-alignment assumption,
we used the original form of MIG to evaluate them.
As these metrics are not conceptualized accounting for biased data, we used the whole

spectrum of the target domain, i.e. i.i.d. samples, to evaluate them.
Figure 9.7 shows the distribution of these scores from different models across different

datasets via violin graphs. All the metrics are bounded by 0 and 1. Higher values imply
better performance. As one can see, our method yields significantly better performance in
terms of all the metrics, than the baseline models. In terms of the FactorVAE score, although
the baseline models have also achieved almost the upper bound of the FactorVAE score by
their best performance, our model still has less variance across different runs, especially on
the colored MNIST dataset, where we reached 1 for every random run. This demonstrates
that our method is significantly better at learning disentangled representations on the
considered datasets.

9.4.7. Downstream Accuracy

Learning data representations can yield features of the data that can be further used in
downstream tasks. The quality of data representations can have a significant impact on the
performance of downstream tasks. Specifically, more compact and robust representations
should in general lead to better downstream performance. Here, we investigate the
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Figure 9.7.: Several disentanglement metrics (FactorVAE score, MIG, DCI disentangle-
ment and DCI completeness) across different models on the colored MNIST
dataset (top row), the colored dSprites dataset (middle row) and the 3D
Shapes dataset (bottom row). 1: β-VAE, 2: β-TCVAE, 3: FactorVAE, 4: Ada-
GVAE, 5: Our VAE without annotations, 6: Our VAE with annotations. The
higher the value, the better the performance.

research question (Q5) by comparing the performance of a downstream classifier learnt
from different representations.
For each VAE, we trained a post-hoc linear classifier on each unit of the latent represen-

tation to predict the values of the corresponding factor. We used the biased training set
without augmented data for all the classifiers so that we can fairly compare the quality of
the learnt representations and exclude the influence of differently distributed training
data for each classifier. For evaluation, we used the same set as in the reconstruction
experiment (see Section 9.4.3). This way, we made the test set a different distribution to
the training set on purpose, so we could compare the generalization ability and robustness
of different representations under covariate shifts [177]. In addition, labels for different
factors did not overlap on the test set so that the prediction of shape and color was not
ambiguous and could be distinguished.
Figure 9.8 reports the distribution of the test set accuracies. Our model results in

significantly better downstream accuracies, achieving 100% accuracies at its best. This is
compelling evidence that our model yields more robust features for downstream classifiers
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Figure 9.8.: Accuracies of the post-hoc linear classifiers after disentangling the shape
factor (top row) and the color factor (bottom row). 1: β-VAE, 2: β-TCVAE, 3:
FactorVAE, 4: Ada-GVAE, 5: Our VAE without annotations, 6: Our VAE with
annotations. The higher the value, the better the performance.

on the considered datasets.
This concludes Chapter 9. We started by discussing the effect of confounded datasets on

deep generative models. A confounded dataset may exhibit bias from the data-collecting
process which may be propagated to the models. A biased generative model can exhibit
Clever Hans-like phenomenon which is closely connected to its entangled latent represen-
tations. Therefore, we proposed to learn disentangled representations via interactive data
augmentation to debug deep generative models. Empirical evidence has demonstrated
the effectiveness of our approach in learning disentangled representations.
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Part IV.

Conclusion

135





10. Conclusion

Deep neural networks and deep probabilistic models are important components in machine
learning. They are used for different scenarios. The former are typically employed
for dedicated predictive tasks, the latter are used for descriptive tasks and allow for
automatic reasoning in the presence of uncertainty. Deep models have demonstrated
high representational and predictive power in many complex problems. However, they
lack interpretability, which means the reasons for their decisions are not inherently
understandable by a human. Interpretability is useful for multiple reasons, like increasing
the social acceptance of automated decisions, gaining knowledge and verifying machine
learning systems. In this thesis, we aim to interpret deep models and interactively improve
them if necessary. In particular, we propose a tractable conditional probabilistic model that
can be used to impose interpretable high-level structures for deep generative models. To
interpret deep models on the local level, we present a time-efficient approach to generate
counterfactual examples as post-hoc explanations. Finally, we show how to improve
machine learning models by inspecting and correcting machine explanations.

10.1. Summary

This thesis is divided into three parts. The first part deals with the fundamentals, followed
by a review of a set of deep models in the second part. In the third part, we focus on
explaining and interactively debugging deep models.
Chapter 1 gives an introduction of our motivation and the tasks we deal with in this

thesis — interpreting and debugging deep models. Then, we give a detailed review of
explainable AI in Chapter 2, which includes local and global explainable methods. Based
on the machine explanations, some approaches for passively or interactively learning from
explanations are introduced. The framework for interactively learning from explanations
is also called Explanatory Interactive Machine Learning (XIL), which lays the foundation
for our research.
In Chapter 3 we give a brief introduction to DNNs, and how they are learnt from data.

Then some commonly used regularization strategies for improving the generalization

137



error of deep models are presented. Some strategies add hard constraints on the model,
some add a penalty term in the objective function as soft constraints, and some use data
augmentation [69]. Regularization techniques are an essential component of our research
for improving machine learning models. In particular, we adopt both the strategies of soft
penalty and data augmentation, which will be elaborated in Chapter 8 and 9. At the end
of Chapter 3, we present a deep generative model based on neural networks — Variational
Autoencoders (VAEs) which will be explained and improved in Chapter 9.
Following predictive models, Chapter 4 gives a brief introduction to a descriptive model

— Sum-Product Networks (SPNs). It starts with the notion of network polynomial, which
is the key idea behind SPNs. Then three components of SPNs — model representation,
inference routines, and learning algorithm — are individually explained. Afterwards, a
special type of SPNs with randomized structure, Random and Tensorized Sum-Product
Networks (RAT-SPNs), is introduced. RAT-SPNs provide scalable solutions to construct
and learn SPNs, which often perform on par with DNNs. They will be interpreted with
counterfactual examples in Chapter 7.
In the following, a conditional counterpart of SPNs — Conditional Sum-Product Net-

works (CSPNs) — is introduced in Chapter 5. In essence, they are SPNs whose parameters
are determined by an external function f(·) and input X. The structure learning algo-
rithm and inference routines are analogous to SPNs. CSPNs are useful for representing
conditional probabilistic distributions P (Y|X) which are essential building blocks in many
generative models as well.
After introducing a set of deep models, we start investigating how to interpret them. To

make deep models interpretable on the high level, we impose modular structures on deep
generative models using CSPNs in Chapter 6. In particular, we build a deep autoregressive
model using a collection of CSPNs, as well as VAEs using CSPNs as the encoder and the
decoder. In addition to interpretable domain structure, using CSPNs as building blocks in
generative models has also the benefit of allowing for a set of tractable inference tasks.
Moreover, modularity allows for flexible modelling of different granularities.
Sometimes, interpreting on the high level is not helpful enough and more specific ex-

planations are desired for each individual inference. For example, if your loan application
is rejected by a bank based on an automated decision, you probably would like to know
how to improve your profile next time. Towards this end, we propose Sum-Product net-
works Interpretation by Counterfactual Examples (SPICE) in Chapter 7. SPICE generates
counterfactual examples based on tractable probabilistic inference provided by SPNs,
which makes it much faster to compute than the mainstream iterative counterfactual
approaches. Moreover, SPICE naturally yields examples with high likelihood which is
usually a desirable feature.
Ultimately, our goal of explaining deep models is to improve them when necessary. Our
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approach to this task is to regularize the model estimator by adding a penalty term in
the objective function as soft constraints. Built on the framework of XIL, we present in
Chapter 8 how to correct deep models from the Clever Hans effect when they have learnt
the confounding factors in the training set. We show that by interactively penalizing the
wrong machine explanations, deep models can be regularized to learn the right features.
This is important for reducing the generalization error and making the model more robust
to irrelevant perturbations in the data. Confounding factors in the training set can also be
detrimental to generative models. In Chapter 9, we demonstrate that confounding factors
can lead to entangled latent representations in VAEs. Then, we show how to learn the
right latent factors. Specifically, the right latent factors are learnt by disentangling the
independent factors. This is achieved by regularizing the VAE estimator using a small set of
examples as interactive user feedback on the latent factors. Disentangled representations
have many benefits. First, they are more interpretable than entangled representations.
Second, they can lead to better performance in many downstream tasks. Third, they can
achieve combinatorial generalization. Empirical evidence in Chapter 8 confirms these
benefits of disentangled representations.

10.2. Lessons Learned

There are many lessons that we have learnt during these years of research. Some of them
are useful for particular problems, some have more general meaning that can guide us in
the future.
The ultimate goal of this thesis is to learn deep models that produce the right machine

explanations. Explanations can be used to verify machine learning systems in addition
to the task-specific metrics. When a model performs well on a particular metric, but
has wrong machine explanations, this could imply that the model has converged to a
suboptimal solution. Our approach to counteract this problem essentially is to use an
overparameterized model with some amount of regularization to restrict the solutions the
model can learn. Loosely defined as any modification we make to a learning algorithm that
is intended to reduce its generalization error but not its training error [69], regularization
can take many forms, for example data augmentation and penalty in objective functions.
It can also be done at different levels, for example, on the estimator or on the model.
In our work, we primarily regularize estimators, which works by trading increased bias
for reduced variance [69]. In particular, in Chapter 8, we add an additional term to the
standard objective function for classification to penalize the wrong reasons. In Chapter 9,
we add additional terms to the standard VAE loss to prevent the latent representations
from learning more than one factor in each axis. The lesson here is that, instead of
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trying to design a specialized model that matches well to a particular domain, using an
overparameterized model with proper regularization to encode a prior knowledge or
assumption is usually much easier. This also gives us more flexibility to adapt to slightly
different conditions. More importantly, regularization can be imposed softly to account for
noise or wrong information. As we have access to more and more computational resources,
this lesson will become increasingly important in designing machine learning systems.
The other lesson is that regularization can be done in an interactive way, instead of

being hard-coded throughout the whole training phase. In this work, we use explanations
as one possible channel for interaction. By including users in the training loop, machine
learning models can adapt to user expectations or preferences which may change over
time.
Finally, generating explanations has been mostly treated as a discriminative task, both

in the literature and in this work. However, in the end, we learnt that viewing explaining
as a generative task and having a density model can be very beneficial. In particular,
having an input distribution represented by SPNs allows us to generate much more realistic
counterfactual explanations. For other types of explanations, density models may be very
useful as well. Many explanation techniques that operate on the input layer, e.g. input
gradient, generate very noisy saliency maps that appear similar to adversarial attacks. We
conjecture that one of the reasons is because the explanations are not aware of the input
distribution and extrapolate beyond the data manifold. Therefore, in retrospect, I think it
would make this work even more interesting to research more about the role of density
models for explanations.

10.3. Outlook

In this thesis, we have focused on explaining black-box deep models, including deep
neural networks and deep probabilistic models. In particular, we have proposed a time-
efficient approach — SPICE — to generate counterfactual examples as explanations.
One interesting research avenue for future work is to investigate whether counterfactual
examples generated by SPICE can be used as an additional channel for interactively
regularizing the model. SPICE has a dominant advantage in computation time compared
to the mainstream iterative counterfactual approaches, which potentially makes it a good
fit as a signal for backpropagation. This would also be beneficial for human users in the
training loop, because humans tend to think in counterfactual forms — what would need
to be different to get an alternative outcome. Potentially, using counterfactual examples
as a channel for interaction may help to reduce the required user feedback. The conjecture
is based on the fact that counterfactual explanations are usually more spare and concise.
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Furthermore, note that counterfactual examples and adversarial examples are very similar
concepts. Specifically, they both are generated by perturbing the input to induce an
alternative prediction. Therefore it is natural to study whether regularizing counterfactual
examples in some way would make the model more robust to adversarial examples.
Additionally, the SPNs used in SPICE currently do not scale well to very large datasets,

therefore they are used on top of the features extracted by convolutional neural networks
for the Caltech-UCSD Birds (CUB) dataset. This has the consequence that we can not
generate counterfactual examples in the original feature space. Therefore, SPICE can only
highlight a coarse region of counterfactual features, but is not able to generate concrete
examples. One could explore invertible convolutional layers to impute the examples in
the original feature space. Alternatively, more research in enhancing the capabilities of
SPNs, for example on the learning algorithm and optimization, could probably also be
helpful for this problem.
Based on the machine explanations, we have further researched how to interactively

improve deep classifiers when their explanations are wrong. To make a classifier right
for the right reasons, we traded increased bias for reduced variance by regularizing the
estimator using explanations. By increasing bias, potentially less data is required in the
training phase to achieve satisfactory performance. In addition, an explanation can be
viewed as a more compact representation of a collection of samples. Therefore, another
interesting future project is to study the indirect effect of regularizing explanations on
the training sample size. The reduced dependence on large quantities of training data
is especially desirable for domains where samples are expensive to collect but prior
knowledge is available, for example in the medical domain.
In Chapter 9 we have presented an approach to interactively improve generative models.

This approach is based on data augmentation and may potentially be integrated with
an additional module for automating the data augmentation process which can be sub-
stituted by generative models that take more compact and succinct user feedback. For
instance, Ratner et al. proposed a method for programmatically generating domain-specific
transformations for data augmentation by learning a generative sequence model over
user-specified transformation functions using a generative adversarial approach [185]. As
another example, Ramesh et al. proposed a generative model that creates images from text
captions for a wide range of concepts expressible in natural language [181]. Integrating
one of these models for user feedback could presumably benefit the users by allowing
them to directly and flexibly leverage their domain knowledge of invariances in a more
user-friendly way and in other modalities than image data.
In our work, the user, as well as the interactions between the user and the model in

the training loop, are simulated. It would be interesting to include real human users in
the training loop in the future to assess the effectiveness of our approach. Possibly, user
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studies could be conducted to investigate whether the explanatory interactions used in
our work boost the predictive and explanatory powers of the learned model and the trust
of the human users in the model.
Machine learning must always deal with uncertain quantities and sometimes stochastic

quantities [69]. Machine explanations are uncertain as well. The uncertainty comes from
both the underlying machine learning models and the explanation process. However, the
explanations we deal with in this work are deterministic. If the goal of explanations is to
gain domain understanding or scientific insights, then the explanations on an uncertain
model are probably not very helpful. Therefore, it is interesting to explore the distribution
of explanations and quantify the uncertainty of explanations.
In this work, the explanations for black-box models are extracted by a separate fixed

model in a post-hoc fashion. An interesting future project would be to learn the explana-
tions along with the predictions. This way, explanations may be adapted to their audience.
Moreover, the consistency between explanations and predictions may be constrained as
well.
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11. Selected Papers and Contributions

• Xiaoting Shao, Alejandro Molina, Antonio Vergari, Karl Stelzner, Robert Peharz,
Thomas Liebig, and Kristian Kersting. Conditional Sum-Product Networks: Imposing
Structure On Deep Probabilistic Architectures. Proceedings of the 10th International
Conference on Probabilistic Graphical Models (PGM), Aalborg, Denmark. Proceedings
of Machine Learning Research. 2020.

I was involved in developing the ideas and writing this paper. The ideas and the
content have been discussed among all the authors. Together with Alejandro Molina,
we have implemented the algorithms used in this paper and ran the experiments.
The idea of gating nodes is proposed by Alejandro Molina.

• Xiaoting Shao, Alejandro Molina, Antonio Vergari, Karl Stelzner, Robert Peharz,
Thomas Liebig, Kristian Kersting. Conditional Sum-Product Networks: Modular Prob-
abilistic Circuits via Gate Functions. International Journal of Approximate Reasoning.
140, 298-313, 2022.

I was involved in developing the ideas and writing this paper. I have implemented
the differentiable sampling for CSPNs and the end-to-end training of CSPVAE. The
ideas and the content have been discussed among all the authors.

• Xiaoting Shao, Zhongjie Yu, Arseny Skryagin, Tjitze Rienstra, Matthias Thimm, Kris-
tian Kersting. Modelling Multivariate Ranking Functions with Min-Sum Networks.
International Conference on Scalable Uncertainty Management, 281-288, 2020.

I was involved in developing the ideas and writing this paper. The ideas and the
content have been discussed among all the authors. I have implemented the core
idea in this paper and ran the experiments.

• Xiaoting Shao, Arseny Skryagin, Wolfgang Stammer, Patrick Schramowski, Kristian
Kersting. Right for Better Reasons: Training Differentiable Models by Constraining
their Influence Function. In Proceedings of Thirty-Fifth AAAI Conference on Artificial
Intelligence (AAAI), 2021.
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I was involved in developing the ideas and writing this paper. The ideas and the con-
tent have been discussed among both authors. I developed the code for implementing
the idea used in this paper and ran the experiments.

• Xiaoting Shao, Tjitze Rienstra, Matthias Thimm, Kristian Kersting. Towards under-
standing and arguing with classifiers: Recent progress. Datenbank-Spektrum 20 (2),
171-180, 2020.
I was involved in writing this paper that gives an overview of our research progress.

• Xiaoting Shao, Kristian Kersting. Gradient-based Counterfactual Explanations using
Tractable Probabilistic Models. 2022. Submitted.
I have contributed to the ideas of the paper. The ideas and the content have been
discussed among both authors. I developed the code for implementing the idea used
in this paper and ran the experiments.

• Xiaoting Shao, Karl Stelzner, Kristian Kersting. Right for the Right Latent Factors:
Debiasing Generative Models via Disentanglement. 2022. Submitted.
I have contributed to the ideas of the paper. The ideas and the content have been
discussed among all the authors. I developed the code for implementing the idea
used in this paper and ran the experiments. The loss function was developed together
with Karl Stelzner.

• Patrick Schramowski, Wolfgang Stammer, Stefano Teso, Anna Brugger, Franziska
Herbert, Xiaoting Shao, Hans-Georg Luigs, Anne-Katrin Mahlein, Kristian Kersting.
Making Deep Neural Networks Right for the Right Scientific Reasons by Interacting
with their Explanations. Nature Machine Intelligence 2(8), 476-486, 2020.
I ran the experiment on the PASCAL VOC 2007 dataset.
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