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A machine-learned interatomic potential for silica and its
relation to empirical models
Linus C. Erhard 1, Jochen Rohrer1✉, Karsten Albe1✉ and Volker L. Deringer2✉

Silica (SiO2) is an abundant material with a wide range of applications. Despite much progress, the atomistic modelling of the
different forms of silica has remained a challenge. Here we show that by combining density-functional theory at the SCAN
functional level with machine-learning-based interatomic potential fitting, a range of condensed phases of silica can be accurately
described. We present a Gaussian approximation potential model that achieves high accuracy for the thermodynamic properties of
the crystalline phases, and we compare its performance (and performance–cost trade-off) with that of multiple empirically fitted
interatomic potentials for silica. We also include amorphous phases, assessing the ability of the potentials to describe structures of
melt-quenched glassy silica, their energetic stability, and the high-pressure structural transition to a mainly sixfold-coordinated
phase. We suggest that rather than standing on their own, machine-learned potentials for silica may be used in conjunction with
suitable empirical models, each having a distinct role and complementing the other, by combining the advantages of the long
simulation times afforded by empirical potentials and the near-quantum-mechanical accuracy of machine-learned potentials. This
way, our work is expected to advance atomistic simulations of this key material and to benefit further computational studies in
the field.
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INTRODUCTION
Silica (SiO2) is among the most common materials on Earth1, with
applications in window glass, oscillators2, aerogels3, and catalysts4.
This wide range of applications is due, in parts, to the existence of
various polymorphs with different properties. The ambient form of
crystalline silica, α-quartz, is a piezoelectric material5; the α-
cristobalite polymorph has a negative Poisson ratio indicating
unconventional elastic properties6. High-pressure phases like
stishovite are important for understanding reactions in the Earth’s
mantle7. Low-density zeolite polymorphs are used as catalysts in
the petrochemical industry8, and amorphous silica finds applica-
tion in optical fibres9.
Atomistic modelling by means of interatomic potentials has a

long history for silica, reflected in the sheer amount of models and
parameterisations available in the literature. Among the arguably
most successful silica potentials is that of van Beest, Kramer, and
van Santen (BKS)10—a two-body energy function fitted for α-
quartz that is also applicable to silica glasses11–13. This potential,
however, does not correctly predict the phase boundaries of the
different polymorphs14. Re-parameterisations of BKS-type poten-
tials were developed for nanoclusters15 or for an improved
description of amorphous silica16. There are also more complex
potentials implementing polarisation terms17, charge transfer18–20,
and three-body effects21–24. For example, the Tangney–Scandolo
potential17, which includes self-consistently calculated dipoles,
improves the description of many properties of tetrahedral silica
compared to BKS25. However, these potentials typically describe
only a subset of the crystalline and amorphous forms, and often
lack a fully accurate description of the (relative) energetic stability
of different polymorphs, resulting in inaccurate temperature–
pressure phase diagrams.
Machine learning (ML) based approaches have recently been

established as an alternative route to interatomic potential

fitting26–30. ML potentials are trained with quantum-mechanical
reference data, typically obtained from density-functional theory
(DFT), and reproduce the associated potential-energy surface at a
substantially lower computational cost—thereby making much
longer time scales and larger length scales accessible. Emerging
applications of ML potentials range from modelling structural
transitions in disordered matter31–33 to battery materials34 or
molecular crystal-structure prediction35. Oxide materials are
becoming amenable to ML potential modelling as well—as
demonstrated, for example, in an early study for zinc oxide36,
more recently for titania (TiO2, ref. 37) and hafnia (HfO2, ref. 38), and
for surface studies of IrO2

39. In the case of silica, Novikov and
Shapeev reported an ML potential with a view to analyse the role
of long-range interactions in the construction of the model;
however, this study was focused on the α-quartz polymorph40.
Two recent studies described and validated ML potential fits for
liquid silica41,42.
In the present work, we surpass the limitations of currently

available silica potentials by training an ML potential for a range of
crystalline polymorphs as well as models for liquid and amorphous
phases. The potential shows high thermodynamic accuracy,
enabled by the use of the strongly constrained and appropriately
normed (SCAN) functional of Sun et al.43 for the computation of
reference data. Thus, the ML potential shows superior behaviour in
predictions of phase coexistence lines and high-pressure struc-
tural transitions compared to several existing, empirically fitted
interatomic potentials. The results also allow us to discuss, more
generally, the criteria for evaluating the quality of an ML potential
—thereby placing it in the context of more established simulation
methods in terms of their computational cost, predictive power,
and applicability to practical research questions.
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RESULTS
A machine-learned interatomic potential for silica
We fitted a ML potential for silica using the Gaussian approxima-
tion potential (GAP) framework27,44. Initial versions were fitted to
reference data obtained with the computationally inexpensive
PBEsol functional for DFT; the final potential version was fitted to
data obtained using the SCAN functional, which our results show
to provide an accurate description of the material (see Supple-
mentary Fig. 1 for details). The use of existing reference structures
re-labelled with higher-level data has been shown previously to be
successful in GAP fitting (for example, LDA→ dispersion-corrected
DFT for carbon45). In the following, we will analyse the effect of
changing the computational level more closely.
Figure 1 illustrates the development of the reference database,

which is one of the three defining ingredients of an ML potential
(in addition to the representation of the structure and the
regression task itself)46. As in previous work with GAP47 and other
ML potentials48, we used iterative fitting to explore the potential-
energy surface. Here, we started the iterative cycles by carrying
out molecular-dynamics (MD) simulations with a fast empirical
potential, so as to sample a range of structures that require only
single-point DFT computations for the generation of reference
data. Rather than in active learning, where a decision criterion is
implemented within the cycle, we here use ‘batch’ learning, where
sets of structures are fed back into the reference database in
multiple iterations until the composition of the database is
deemed sufficient. Details of the protocol are given in the
Supplementary Material. Figure 1 already indicates (if highly
qualitatively) the progressive improvement of the model: initial
liquid structures, generated with an empirical potential, contain

many low-coordinated atoms (top left), whereas the structures
from the last GAP-MD iteration are largely ‘correctly’ coordinated
(4-fold silicon, 2-fold oxygen; bottom left), even in the liquid
phase. The latter may be partly a consequence of constant-volume
(NVT) simulations being carried out in this case.
Figure 2a shows the energy–volume curves of several silica

polymorphs as computed with DFT (using the SCAN functional)
and with the GAP. Accurately reproducing these curves is an
important initial quality indicator for the thermodynamic beha-
viour of the potential: the 0 K energy–volume diagram of the
crystalline phases are highly relevant to both pressure- and
temperature-induced phase transitions. We find that the GAP
(lines in Fig. 2a) reproduces the SCAN-DFT data (symbols) very
well; as a consequence, the derived hydrostatic bulk moduli and
the ground-state volumes closely match the SCAN reference, with
the remaining deviations being indicative of the error in the ML
model. In addition, both the SCAN and GAP predictions are in
good agreement with earlier experimental observations (Table 1).
In the following, we present further tests of the GAP for elastic

constants of various polymorphs, as a more sensitive way of
assessing the quality of predicted forces in particular. Here, the
focus is on a comparison to experimental data and on contrasting
the accuracy of the GAP with that of existing, empirically fitted
potentials. In particular, we have chosen the models of
Broughton23, Vashista21, Munetoh24, and the BKS10 and the Carré,
Horbach, Ispas, and Kob (CHIK)16 potentials. In the case of BKS, we
used a cut-off of 15Å; for simulations at high temperatures, we
also included a harmonic term for short distances according to
Shen et al.49. For CHIK, which has been explicitly fitted to data for
amorphous and liquid silica, we used a cut-off of 6.5Å for

Fig. 1 Iterative exploration and potential fitting. We generated a GAP ML model for silica by fitting it to a gradually extended set of DFT
reference data, as is now increasingly done in the field44. Here, we initialised the process with simulation cells describing distorted crystalline
structures, isolated dimers, and snapshots of molecular-dynamics (MD) simulations with a fast empirical potential (blue), and then alternated
single-point DFT evaluation and GAP fitting (orange) with GAP-driven melt–quench simulations (green) until the database was considered
complete. The left-hand side of the figure illustrates the melt–quench protocol and includes selected snapshots (at points A, B, and C during
the simulations, respectively). In some iterations, we started from β-cristobalite rather than from randomised structures; some used NVT
(constant-volume) and others used NPT (constant-pressure) simulations. Full details of the protocol are given in the Supplementary
Information. The right-hand side of the figure is drawn in the style of ref. 104, where the same colour-coding is used to identify the different
components of an iterative random structure searching (GAP-RSS) protocol; see also references therein.
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simulation of the amorphous and liquid phases and 10Å for
crystalline phases as suggested in the original work16.
In Fig. 2b, we report the root mean square error (RMSE) and the

mean absolute percentage error (MAPE) of the components of the
stiffness tensor as calculated using the various interatomic
potentials, with experimental values taken as benchmarks. We
find that the GAP model shows the lowest total RMSE and MAPE
among all potentials considered here: this is consistent with the
fact that ML potentials commonly include many (distorted) copies
of crystalline-phase unit cells in the reference database and are
therefore expected to accurately describe the associated regions
of the potential-energy surface. Moreover, larger discrepancies of
the GAP in the RMSE can be associated with large absolute values
of elastic constants (particularly for stishovite), and in these cases
the corresponding MAPEs are reasonable. Hence, studying both
RMSE and MAPE of the elastic constants provides a more detailed
view of the quality of the potential than looking at only one or
the other.

Phonons and phase diagrams
Phonons are important fundamental properties of materials, and
their computational demands (in terms of resources, and also
required accuracy) make them an interesting target for study with
ML potentials. For example, it was shown that, given a suitably
designed reference database, GAP models for silicon can be
brought to within 0.1–0.2 THz prediction error for a range of
existing and hypothetical crystalline allotropes50. Phonons may
also be used to assess the quality of an ML potential as compared
to empirically fitted ones—as done, for example, in a recent study
for carbon45. We continue our assessment of silica potentials here
by studying phonon dispersion curves as well as the prediction of
phase diagrams, which requires accurate phonon data.
Figure 3 shows the phonon dispersion curve of α-quartz

predicted by the various potentials, compared to experimental
results from ref. 51. In line with earlier work on other materials45,50,
the GAP shows high accuracy and closely matches previous
experimental data (Fig. 3a). A small deviation in the highest mode
at Γ (experiment: 6.25 ± 0.14 THz; ref. 51) is the only exception. The
situation is more varied for the faster, empirical potentials tested
here (Fig. 3b–f). For both the Broughton and the Vashishta
potentials, the phonon dispersion seems to be scaled by a near-
constant factor compared to experimental results; the Munetoh
and BKS potentials differ in aspects of the qualitative description.
For example, at the K point, the Munetoh potential predicts that
the three lowest modes nearly coincide, at variance with the
experiment. Although the CHIK potential gives a reasonable result,
the GAP reproduces the experimental data with the highest
accuracy among the tested potentials.
Beyond α-quartz, Supplementary Fig. 2 shows GAP-computed

phonon dispersion curves for the α-cristobalite and stishovite
polymorphs. In both cases, the GAP results agree reasonably well
with experiments52,53, although there are some deviations at the
M-point for α-cristobalite, and at higher frequencies for stishovite.
For high-pressure stishovite, we observe the vanishing of the
lowest acoustic phonon at around 65 GPa, and the vanishing of
the lowest optical mode at the Γ-point for pressures above 110

Fig. 2 Elastic properties. a Energy--volume curves of different silica polymorphs. Solid black lines correspond to calculations using the GAP
model for silica developed in the present work. The GAP agrees well with the SCAN-DFT data (coloured symbols). For the low-temperature
tridymite structure, however, the GAP predicts that it becomes unstable at certain strains and data are therefore only shown in the stability
region. b Root mean square error (RMSE) and mean absolute percentage error (MAPE) of elastic constants as predicted by various potentials
against experimental data for α-quartz105, α-cristobalite6, coesite106, and stishovite107. The Vashishta and Broughton potentials do not predict
a stable stishovite structure (“---”). Note that large deviations from a small reference value can lead to errrors exceeding 100%. Colour coding
from yellow to red emphasises the magnitude of the respective error.

Table 1. Ground-state volumes (V) and bulk moduli (K) for silica
polymorphsa.

K (GPa) V (Å3/SiO2)

Expt. SCAN GAP Expt. SCAN GAP

α-quartz 37.794 39.7 36.6 37.895 37.4 37.2

coesite 94.096 106.8 106.4 33.997 34.1 34.1

stishovite 295.096 300.1 307.5 22.998 23.3 23.3

chabazite — 42.3 50.8 64.999 65.4 65.7

α-cristobalite 16.46 15.5 13.5 42.8100 42.3 42.5

moganite 32.2101 26.8 25.2 38.1102 37.4 37.5

low-tridymite — 19.0 18.7 44.0103 43.8 44.0

aA Birch–Murnaghan fit was used for hydrostatically deformed cells.
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GPa, in good agreement with the computational study of Tsuchiya
et al. (ref. 54).
In Fig. 4, we assess the thermodynamic behaviour of various

potentials by considering the predicted phase stability of α-quartz,
coesite, and stishovite as a function of temperature and pressure.
The phase diagrams shown in Fig. 4 were constructed within the
quasi-harmonic approximation (Methods section) and are com-
pared to experimental data from refs. 55 and 56. The Broughton and
Vashishta potentials do not yield a stable stishovite structure,
which does therefore not appear in the corresponding phase
diagram, and neither is the α-quartz–coesite coexistence line
predicted correctly with either of the potentials. The Munetoh
potential gives a good description of the high-pressure
coesite–stishovite boundary, but is rather inaccurate for that of
α-quartz–coesite. The CHIK potential predicts the coesite–stishovite
coexistence line at too high pressures; moreover, it does not

predict α-quartz to be stable at ambient conditions. This behaviour
is similar to that of the BKS potential, as already analysed in earlier
studies14. The BKS potential predicts stishovite to be stable at
ambient conditions; instead, coesite and α-quartz become stable at
negative pressures. The GAP, on the other hand, is capable of
accurately describing both coexistence lines.
We emphasise that we do not include β-quartz and other

higher-temperature polymorphs here, due to issues with imaginary
modes and the need for a more advanced model to describe the
thermodynamics. The α–β quartz coexistence line near ambient
pressure is therefore not included in the diagrams shown in Fig. 4.

Structure and energetics of disordered silica
An important task for interatomic potential models is the accurate
atomistic simulation of amorphous phases, which is often difficult

Fig. 3 Phonon dispersions of α-quartz. Phonon dispersion curve of α-quartz, along the Γ→M→ K→ Γ pathway through reciprocal space, as
computed using the a GAP, b Broughton, c Munetoh, d Vashishta, e CHIK, and f BKS potentials (red and blue lines, respectively), compared to
experimental data by Dorner et al. (taken from ref. 51; black symbols connected by lines to guide the eye).
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(or even impossible) for DFT-based methods because of their
computational cost. In Fig. 5a–c, we assess the ability of various
interatomic potentials to describe amorphous silica in rapid
quench simulations. There is a natural limitation to such tests
because ML potentials are computationally much more demand-
ing than their empirically fitted counterparts—therefore, extre-
mely slow quenches, e.g., as reported in ref. 57 (with simulation
times of up to 1 μs with BKS), are challenging for GAP or any
similar ML potential. This does not, however, preclude the
usefulness of faster quenching as a way to assess the predictions
of various potential models side-by-side. In this sense, the present
tests provide a “slice” through the entire parameter space that
controls the properties of amorphous silica.
Figure 5a shows the total structure factor, S(q), of amorphous

SiO2 structural models created by empirical interatomic potentials.
Whilst simulations with all potentials qualitatively reproduce the
experimental features, there are significant differences in detail.
The CHIK potential predicts the position of the first sharp
diffraction peak (FSDP; highlighted by arrows) with high accuracy
and also the peak height, which is close to experiment. Our GAP
model underestimates the height of the FSDP, however, its results
coincide well with experiment for higher values of q. The S(q) for
structures simulated by the Vashishta and BKS potentials agrees
well with experiment; however, in both cases the first peak is
shifted to slightly higher q values. Our simulation using the
Munetoh potential reproduces the experimental structure factor
less accurately: the first peak is significantly underestimated, and
the second peak is shifted to lower q. (The GAP also under-
estimates the first peak, but reproduces the second one
accurately.)

Despite the importance of the structure factor as a primary
means of validating computed amorphous structures, other
quantities need to be considered for a full picture. Figure 5c
documents the ability of the GAP to considerably reduce the
number of defects in structures obtained from melt–quench
simulations. We list the frequency of different coordination
numbers of silicon and oxygen atoms in the amorphous structural
models. For a realistic amorphous structure, one would expect a
low number of wrongly coordinated atoms. This means that nearly
all silicon (oxygen) atoms should be 4-fold (2-fold) coordinated,
respectively, consistent with the structures of the ambient-
pressure crystalline polymorphs. This expectation is not universally
met by all potentials tested: in particular, melt-quenching with the
Munetoh potential leads to a structure with a high proportion of
wrongly coordinated atoms (>10%). The Vashishta, CHIK, BKS, and
GAP potentials all yield significantly fewer wrongly coordinated
atoms in the amorphous phase. The CHIK potential predicts 50%
fewer defects than the Vashishta potential for the quenching
protocol we use, and the GAP yields almost no wrongly
coordinated atoms.
Further insight into the simulated amorphous phases can be

gained by inspecting their relative energetic stability, expressed
through the excess energy (the energy of a given structure relative
to the more stable crystalline phase). This is not a trivial task,
because different interatomic potential models will most likely
predict different local energy minima, and therefore quantities
such as the excess energy will depend on two aspects: (i) the
method, typically a specific force field, used to generate the
structure, and (ii) the method used to evaluate the energy of the
quenched structure. These methods are often the same in
practice, but they need not be. Reference data are available in

Fig. 4 Phase diagrams. Stability regions of the three silica polymorphs α-quartz, coesite, and stishovite were determined using the quasi-
harmonic approximation using the a GAP, b Broughton, c Munetoh, d Vashishta, e CHIK, f BKS potential. The red and blue lines are the
experimental transition lines from Bohlen and Boettcher55 and Akaogi et al.56, respectively. Since we used the quasi-harmonic approximation,
the GAP data are only shown up to 1,000 K.
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the experimental literature: the enthalpy difference according to
literature is between 78 and 131 meV/SiO2 for bulk silica glass58,
while the standard enthalpy of deposited silica glass films and
‘snow’, which are presumably more structurally disordered, can be
up to 1 eV/SiO2 higher59.
In Table 2, we present an analysis of the energetics of small-

scale amorphous structural models (192 atoms), prepared with the
various potentials by melt–quench simulations and additional full
structural optimisation. These results emphasise the range of
disordered configurations that are explored by the different

potentials, with variations of more than 1 eV/SiO2. The single-point
SCAN DFT energy is lowest for the structures prepared using the
GAP; this is perhaps not too surprising, because the GAP has been
fitted to data at the same computational level. Still, the
comparison across different methods is instructive—emphasising
that the structures generated by the Munetoh potential are highly
unfavourable (more than 1 eV/SiO2 above α-quartz), in line with
their large defect count (Fig. 5c). Additionally, the table
emphasises the high accuracy of the GAP with respect to SCAN,

Fig. 5 Amorphous silica. a Simulated X-ray structure factor of amorphous silica at 300 K, for melt-quenched structures generated using
different empirical interatomic potentials (blue lines) and compared to experimental data (“1”; ref. 72, and “2“; ref. 108). An arrow indicates the
location of the first sharp diffraction peak (FSDP). b Same for a melt-quenched structure generated by the GAP (red line) and compared to the
same experimental reference data72,108. c Proportion of coordination defects in the final amorphous structures (300 K) generated by melt-and-
quench MD with quenching rates of 1013 K/s using several potentials. The number of wrongly-coordinated silicon atoms (defined as those
with fewer or more than four neighbours) were related to the total number of silicon atoms, and the same was done for wrongly-coordinated
oxygen atoms (fewer or more than two neighbours). d As panel b, but now for slower quenching simulations, including a “hybrid protocol”
involving a CHIK quench at 1011 K s−1 and subsequent GAP annealing. e Excess energies for simulations using the hybrid quenching approach
at different quench rates, comparing the structures directly after the CHIK quench as well as additional CHIK relaxation (blue), and after GAP
annealing and relaxation (red). All energies were computed with the GAP for consistency and are referenced to α-quartz.

Table 2. Excess energies of small-scale structural models of amorphous silicaa.

ΔE (meV/SiO2)

Single-point evaluation Re-relaxed

SCAN GAP CHIK GAP CHIK

Munetoh quench 1,334 ± 79 1,314 ± 74 1,376 ± 30 657 ± 25 678 ± 30

Vashishta quench 310 ± 97 302 ± 82 423 ± 32 248 ± 65 315 ± 32

BKS quench 361 ± 19 364 ± 18 385 ± 15 256 ± 16 315 ± 15

CHIK quench 311 ± 20 317 ± 14 321 ± 16 226 ± 12 (321 ± 16)b

GAP quench 235 ± 15 234 ± 16 515 ± 15 (234 ± 16)b 399 ± 15

aThe structure was obtained by fast quenching using different potentials (as mean and standard deviation for five independent simulations). We report ΔE=
Eamo− Eα-quartz, where Eamo is the energy of a structure quenched and relaxed with the stated potential and then evaluated in a single-point computation
(using either SCAN-DFT, GAP, or CHIK), or after re-relaxation (using either GAP or CHIK). bIn these cases, the initial relaxation had been done with the same
potential, and therefore the ‘single-point evaluation’ values are repeated.
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even when the higher-energy structures are evaluated in
subsequent single-point computations.
Since the GAP and CHIK potentials have shown good

performance for amorphous silica thus far, we used both to re-
relax the other structures as well; these results are shown on the
right-hand side of Table 2. Due to the additional relaxation, all
structures become significantly more favourable. The mean excess
energies for the CHIK-quenched structures even become slightly
more favourable than those of their GAP-quenched counterparts
(although the results are within one standard deviation of one
another). This suggests that a combination of CHIK quenching and
GAP relaxation might be promising for the modelling of
amorphous silica.
To explore this question, we carried out simulations using a

‘hybrid’ protocol: quenching slowly with CHIK (1011 K s−1, two
orders of magnitude slower than in the previous tests), and then
briefly annealing the quenched structure with the GAP. The first
part is made possible by the comparatively low computational
cost of the CHIK potential, and indeed leads to a structure factor in
nearly quantitative agreement with experiment (blue line in Fig.
5d). Subsequent annealing with the GAP slightly lowers the FSDP
again (red line in Fig. 5d), yet the predicted structure factor is
much better than that from a fast GAP quench (Fig. 5b). The
rationale for including the ML potential, now, is in the accurate
description of the energetics: indeed, Fig. 5e shows a substantial
gain in excess energy (the glassy structures becoming more
favourable) once the GAP optimisation step is included.

Extrapolation to high pressure
We now test the ability of the GAP to extrapolate into unknown
regions of structural space, i.e., those for which the potential has
not been explicitly optimised. In the present case, we study the
high-pressure behaviour; such simulations have recently been
shown to be rewarding targets for ML potential-based model-
ling31–33. High-pressure simulations have also been done for silica
using empirical potentials, e.g., using compression to 25 GPa as
one of the benchmarks60.
In Fig. 6a, we show computed density–pressure diagrams for

amorphous silica, obtained by compressing the same (GAP-
generated) amorphous structure using various interatomic poten-
tial models. For comparison, we include data from Hugoniot shock
experiments61. In these experiments, the samples are rapidly
compressed. This allows for much better comparison with the
simulation time scales accessible to MD in contrast to static
experimental data. We find that the GAP is the only potential
which captures the features of the density–pressure curve
correctly: up to a density of 4.5 g/cm3, its predictions (red line)
agree well with experimental data (circles). In contrast, none of the
empirical potentials tested in the same way are able to fully
reproduce the qualitative features of the experimental
pressure–density curve.
More detailed information about the atomic structure can be

obtained from Fig. 6b, which shows the proportion of 6-fold
coordinated atoms as dependent on the external pressure. While
this number grows rapidly in the GAP simulation at about 30 GPa,
the CHIK, BKS, and Munetoh potentials predict an almost linear
growth. The Vashishta potential appears to be unable to describe
6-fold coordinated atoms correctly and instead predicts a
densified, mainly tetrahedral-like structure, with only a small
amount of 5-fold coordinated silicon (≈1%), and some oxygen
atoms being 1- and 3-fold coordinated (each ≈ 5%). Experimental
work indicated a phase transition from amorphous silica to
stishovite at a pressure of 36 GPa62. Therefore, in compression

Fig. 6 Extrapolation to high pressure. a Density–pressure curve of
amorphous silica simulated using different potentials and compared
to experimental data by Marsh61. b Proportion of 6-fold coordinated
Si atoms as dependent on the pressure. For the Munetoh, BKS, and
CHIK potentials, this proportion increases nearly linearly; for the
GAP, it increases rapidly at about 30 GPa and then more slowly. The
histograms at the top of the plot show the number of unit cells in
the GAP training set with given DFT pressures. Although there are
some datapoints at high pressure, the amorphous and liquid phase
training data in particular are limited to lower pressures—this effect
is more pronounced upon re-computing the reference data with the
SCAN functional. c Mean of the difference between the lattice
parameters a and b referenced to a stishovite unitcell; the error is
given by the standard deviation. MD simulations were performed at
300 K and at different pressures initially using a stishovite supercell.
A transition from stishovite to a CaCl2-like structure can be seen at
pressures between 65 and 70 GPa.

L.C. Erhard et al.

7

Published in partnership with the Shanghai Institute of Ceramics of the Chinese Academy of Sciences npj Computational Materials (2022)    90 



simulations, one might expect a rapid transition to a phase with
mainly sixfold-coordinated silicon atoms at this pressure (and
probably crystallisation on longer time-scales), rather than an
almost linear increase in the count of sixfold-coordinated silicon
atoms over a wide pressure range.
In a way similar to ref. 63, we include histograms at the top of

Fig. 6b that indicate the regions of parameter space that are
covered by the reference database. (In turn, the histograms show
that the high-pressure regions are not well covered—which
suggests that the ML potential is indeed extrapolating.) Interest-
ingly, the influence of the DFT exchange–correlation functional on
the stresses in the database is clearly visible. Although the
databases do not coincide completely, their composition is largely
similar. Presumably due to the change of the minimum-energy
bond length and bond angles when moving from PBEsol to SCAN,
the latter functional causes a shift of the pressures to more
negative values. This leads to a distribution which is no longer
centred at zero pressure. It therefore exacerbates the challenge for
the potential which has not “seen” high-pressure disordered
structures.
Returning to the crystalline phases, we finally test the GAP for

very-high-pressure (‘post-stishovite’) polymorphs of silica. The
sequence of transitions, viz. stishovite (space group P42/mnm)→
CaCl2-type (Pnnm)→ α-PbO2-type (Pbcn)→ pyrite-type (Pa3), has
been discussed, for example, in ref. 64.
Regarding the first step, we performed GAP-MD simulations at

300 K which indeed showed a tetragonal-to-orthorhombic transi-
tion (Fig. 6c), consistent with the change from rutile-type
stishovite to the distorted-rutile-like CaCl2-type. The analysis
showed a transition region between 65 GPa and 70 GPa, some-
what higher than in experimental65,66 and other theoretical
results54,64. The observation of this transition is encouraging,
since CaCl2-type silica had not been explicitly included in the
training database. However, the training data do include many
instances of randomly distorted stishovite unit cells, and in this
way, good performance for a specific type of distortion is to be
expected.
For the next-higher-pressure polymorph, α-PbO2-type silica, we

list the lattice parameters in Table 3. Both at ambient and high
pressure (129 GPa), the starting structure remained stable during
GAP relaxation, and the computed lattice parameters agree well

with experimental data67–69 and the SCAN reference. GAP phonon
calculations confirmed dynamical stability. Moreover, the com-
puted energy of the relaxed structure (relative to α-quartz) agrees
with SCAN to be within 6%.
Every potential will at some point reach its limit, and the

limitation of the current GAP model becomes apparent when
studying the highest-pressure polymorph listed above: the pyrite-
type (Pa3) form which becomes stable at about 200 GPa64,70. In
this structure, the silicon atoms occupy the corners and faces of
the unit cell, and the oxygen atoms are found on the 8c Wyckoff
site, at (x, x, x) and equivalent. Together with the cubic lattice
parameter, a, the coordinate x therefore defines the structure64.
We started with x= 0.348 and relaxed the structure with an
external pressure of 268 GPa. The GAP relaxation led to x= 0.25,
corresponding to the fluorite type, which is incorrect for silica. In
contrast, a SCAN relaxation at this pressure led to the correct
structure with x= 0.349. This behaviour can be intuitively under-
stood because the other previously mentioned high-pressure silica
polymorphs are based on distorted close packing of anions
(including stishovite, which is included in the training), whereas
there is no close-packing of anions in the Pa3 structure64. The
latter is therefore rather different from the training data and the
current GAP model falls short of describing it, leading to what is
presumably a false minimum. (If one were to study very-high-
pressure phases in detail, one would of course wish to include
more information about those phases in extended training
databases; such studies are planned.)

DISCUSSION
A machine-learned interatomic potential for silica was developed
that accurately describes various crystalline and amorphous
phases. The question of what exactly makes an ‘accurate’ ML
potential, however, is far from trivial, and may have different
answers for different application cases. We assess the quality of
our silica potential and others by a range of numerical measures
that relate to (i) the crystalline phases, including the phase-
diagram prediction; (ii) the amorphous phases; and (iii) the
computational speed. Detailed definitions of these quality
measures are given in Supplementary Material. We focus the
following discussion on silica, but we emphasise that defining
accuracy is a much wider-ranging challenge in ML potential
development44.
Figure 7 shows that the machine-learned GAP model over-

comes many of the transferability limitations of established
empirical interatomic potentials. In particular, it shows a high
accuracy in the prediction of phase stability regions, enabled by
the quality of the fit and also by the SCAN DFT functional on
which it is based. The GAP performs well for lattice parameters
and elastic constants, as do the BKS, CHIK, and Broughton
potentials; however, only the GAP achieves a comprehensive
description of the stability of the crystalline phases (including the
α-quartz–coesite and coesite–stishovite coexistence lines in the
phase diagram). We do not include the post-stishovite phases in
this assessment, because they are beyond the scope of any of the
potentials discussed—nonetheless, they have allowed us to test
the extrapolation capability of the GAP, and may be of interest for
further work on ML potential development.
For properties of amorphous silica, assessed by inspecting the

structure factor and the energetics of fast-quenched structural
models (and characterised in the lower part of the radar charts in
Fig. 7), the CHIK, Vashishta, and BKS potentials show good
predictions—partially better ones than the GAP. However, the
GAP yields the highest number of ‘correctly’ (4- and 2-fold,
respectively) coordinated atoms. There is also initial evidence of
the GAP being able to describe the pressure–density relation of
rapidly compressed amorphous silica and thus to extrapolate into
unknown regions of configuration space (Fig. 6)—consistent with

Table 3. Structural and energetic data of α-PbO2 type silicaa.

Expt. SCAN GAP

Ambientb a (Å) 4.097(1) 4.064 4.078

b (Å) 5.0462(9) 5.024 4.981

c (Å) 4.4946(8) 4.488 4.455

Si–O (Å) 1.742 1.760 1.749

1.776 1.763 1.755

1.855 1.816 1.812

ΔE (meV/SiO2) — 566 534

p= 129 GPac a (Å) 3.7277(2) 3.717 3.802

b (Å) 4.6576(2) 4.655 4.596

c (Å) 4.1609(3) 4.159 4.159

Si–O (Å) 1.624 1.622 1.626

1.655 1.649 1.657

1.677 1.678 1.681

aThe computed lattice parameters are determined for 0 K. ΔE is the
computed energy difference to α-quartz.
bExperimental data taken from ref. 68; computed data at zero external
pressure.
cExperimental data taken from ref. 69.
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the encouraging performance for the crystalline α-PbO2-type
polymorph (Table 3).
A remaining challenge is related to the detailed structure of

amorphous silica models: specifically, the fact that the structure
factor from purely GAP-based quench simulations deviates
notably from experiment at small q. The reason why our current
machine-learned model underperforms a range of empirical
potentials in this regard—viz. CHIK, Vashishta, and BKS—remains
unclear at present. A possible origin could be the lack of explicit
long-range Coulomb interactions in the current version of our
potential; such interactions are included, for example, in the CHIK
potential which indeed performs very well for the amorphous
phase. This assumption seems consistent with earlier arguments
for the origin of the FSDP71, e.g., caused by intermediate-range
ordering between [SiO4] tetrahedra72,73. However, it is not a priori
clear that inclusion of long-range interactions is strictly required:
for titania (neural-network ML potential; ref. 37) and hafnia (GAP;
ref. 74), an explicit description of such long-range interactions was
not necessary to reproduce the first peak in the structure factor.
The role of long-range electrostatics for GAP models, assessed
through inclusion of a baseline model, was recently discussed in
ref. 75. An alternative hypothesis, namely, that the GAP-MD cooling
rates are not sufficient, would be supported if the potential
behaved better for the liquid phase. However, despite reasonable
performance for the self-diffusion coefficients (Supplementary Fig.
4), the GAP also underestimates the height of the first peak for
liquid silica (Supplementary Fig. 3); a comparable underestimation
was seen with a different ML potential fitting framework42.
Even though the machine-learned potential described herein

shows generally wide transferability, we emphasise that it is
orders of magnitude slower than empirically fitted ones. The

message arising from the present work, we believe, is therefore
more nuanced: rather than replacing existing silica potentials
with machine-learned alternatives entirely, we envision this
model as a complement to suitable empirically fitted potentials.
To illustrate this point, we generated a large structural model of
the ambient-pressure glass by combining slow quenching with
the CHIK potential and subsequent GAP optimisation. The
resulting structure is lower in energy than its purely CHIK-
quenched counterpart, while retaining much of the excellent
description of the structure factor that is enabled by CHIK. Such
‘hybrid’ protocols may be useful for future computational
studies of silica.
In closing, we emphasise that the current version of the

machine-learned potential is only trained for single-phase models
of bulk SiO2. For systems with surfaces, grain boundaries, or
interfaces, further extensions to the reference database are
expected to be required.

METHODS
Molecular dynamics
Molecular dynamics simulations were performed using the LAMMPS
software76, a Nosé–Hoover thermostat77,78 for NVT and additionally a
Parrinello–Rahman barostat79 for NPT simulations. We used a time step of
1 fs, a temperature damping constant of 100 fs, and a pressure damping
constant of 1000 fs.
Amorphous-phase structural models were created from initially ran-

domly placed atoms, which were additionally randomised at 6000 K (NVT,
10 ps) and then held at 4000 K (NPT with zero external pressure, 100 ps) to
generate a melt. The melt was quenched to 300 K with a rate of 1013 K/s,
unless noted otherwise. The resulting amorphous structure was then held
for another 10 ps. ‘Hybrid’ quenches with a combination of CHIK and GAP

Fig. 7 Performance of various interatomic potentials in predicting properties of silica. The current GAP model describes all considered
properties with high accuracy relative to experimental benchmarks; it outperforms all tested potentials in the description of the phase
diagrams and lattice parameters, whereas for structure factors of amorphous silica, other potentials give slightly better agreement. For each
category, the potentials are given a grade between 0 (worst) and 1 (best). Supplementary Table 3 describes how these values have been
obtained.
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(Fig. 5d, e) used the same procedure for the CHIK potential, however, with
quenching rates between 1013 K/s and 1011 K/s, and subsequent annealing
for 20 ps using the GAP.

Density-functional theory computations
For DFT computations, the GPAW80,81 (in combination with ASE82) and
VASP83–86 codes employing the projector augmented-wave method87,88

were used. Early versions of the GAP were based on reference data
computed using the PBEsol functional89; later on, we used the SCAN
functional43, as detailed in the supplementary material. For GPAW, we used
an energy cut-off of 700 eV and a k-spacing of 0.279Å−1, for VASP, a
higher energy cut-off of 900 eV and a denser k-spacing of 0.23Å−1.

GAP fitting
The GAP model was fitted using a combination of 2-body descriptors and
the Smooth Overlap of Atomic Positions (SOAP)90, with a radial cut-off of
5Å for each descriptor. The number of representative (‘sparse’) points was
15 (Si–Si 2-body), 15 (Si–O 2-body), 15 (O–O 2-body), and 4,060 (SOAP),
respectively. Details concerning the construction of the reference database
and the choice of fitting parameters are given in the supplementary
material. A comprehensive review of the GAP methodology is found in
ref. 44.

Validation of potential models
Bulk moduli of crystalline phases were obtained from energy–volume data
for hydrostatically deformed structures by fitting to the Birch–Murnaghan
equation of state. Elements of the stiffness tensor were obtained by fitting
the energy variation upon applying finite distortions. 21 strain modes
were applied, using strain components ε11 ε22 ε33 2ε23 2ε13 2ε12ð Þ with
εij∈ [−1%, 1%]. The curvature of the energy–strain curves was determined
by a fourth-order fit. From this, we obtain 21 equations for the elastic
constants. The independent elastic constants were determined by a fit of
the overdetermined system of equations.
Phonon dispersions and free energies were computed within the frozen-

phonon approximation as implemented in phonopy91. For α-quartz,
coesite, and stishovite, the quasi-harmonic approximation (QHA) was used
to determine the phase boundaries in a p–T diagram92.
Structure factors were obtained as weighted sums of Faber–Ziman

partial structure factors determined over the last 5 ps (10 ps for hybrid
simulations) of simulations containing 1,728 formula units. Coordination
numbers were determined using OVITO with a bond-length cut-off of
2Å93. Single-point energies were computed using VASP for cells with 192
atoms (after relaxation of the ionic positions and the cell size with the
respective potential).
For studying compression behaviour, the GAP-quenched amorphous

structure containing 1,728 formula units was used as starting point. These
structures were held for 20 ps using the different potentials and then
compressed up to 70 GPa in 20 ps. Again, the coordination was determined
using OVITO and a bond-length cut-off of 2Å.

DATA AVAILABILITY
The potential parameter files and associated DFT reference data, as well as relevant
structural data, are openly available in the Zenodo repository at https://doi.org/
10.5281/zenodo.6353684. The identifier for the potential (given in the XML file) is
GAP_2021_4_19_120_7_32_55_336.
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