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Abstract

The enormous number of atoms in biological and macromolecular systems can prohibit
the direct application of atomistic molecular dynamics (MD) simulations. This limitation
motivates the construction of coarser models for molecular systems. Bottom-up coarse-
graining methods derive potentials between coarse-grained (CG) beads, which represent
groups of atoms, by matching properties of a reference atomistic force field. By developing
reliable and well-understood models, time and length scales inaccessible by atomistic
MD simulations become reachable. Finding effective pair potentials that represent a
certain radial distribution function (RDF) is an inverse problem that needs to be solved
iteratively, e.g. by Newton’s method. In every iteration, a potential is used in an MD
simulation to calculate the RDF. From the mismatch of the RDF and the target RDF, a
potential update is calculated and a new iteration starts. The same technique can also be
used to obtain atomistic force fields from ab initio MD simulations. Besides the primary
challenge of matching structure, the dynamic and thermodynamic properties are altered
when changing resolution. It is of interest how those properties are changing and how
some of them might be retained.

The first topic in this work is the use of integral equation theory for bottom-up coarse-
graining. The theory provides an approximate link between structure and potential, e.g.
via the reference interaction site model (RISM) and the hypernetted chain (HNC) closure
relation. This link can be used to provide a good initial guess for the pair potential and
an approximation to the Jacobian matrix for an iteration in Newton’s method. While the
exact Jacobian is in principle accessible from sampling certain covariances, as done in
the inverse Monte Carlo (IMC) method, the HNC Newton’s method is distinctly faster.
The integral equation coarse-graining theory is in two steps generalized, such that is
finally applicable to any molecular mixture. Instabilities in the iterative RDF matching
process are examined and a modification for their avoidance is developed. By changing
from a Newton to a Gauss-Newton method, constraints can be included in the potential
updates. Thermodynamic constraints, such as pressure, osmotic pressure in implicit
solvent models, and the enthalpy of vaporization, are developed and the combination of
multiple constraints is explored. All methodological advancements are implemented in
the open-source coarse-graining software package VOTCA.

Secondly, iterative methods are applied to derive ion-water pair potentials from
AIMD data. Instead of using a fixed parametric form for the ion-water potential, a
free-form tabulated potential is derived. By comparing the derived potentials with the
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parametric Lennard-Jones (LJ) form, which is typically used in electrolyte force fields, it
is found that the latter has an overly steep repulsion flank. This directly affects dynamical
properties such as vibrational frequencies of the ions in the solvation shell. With the
derived potentials, experimental frequencies are closely matched, while the LJ potentials
fail to do so. Also, the solvation entropy is in better agreement with experimental values
when departing from the LJ form.

Thirdly, the dynamic and thermodynamic effects of coarse-graining molecular liquids
with different levels of resolution are assessed. By comparing the vibrational density
of states (VDOS) of a mapped atomistic trajectory with that of a derived CG model,
acceleration of translational and rotational dynamics as well as washing out of vibrational
dynamics with decreasing resolution are made visible. The two-phase thermodynamic
model is used to connect the VDOS of the liquid systems to their entropy. This allows
for a detailed investigation into the contributions to the entropy and how they change
with the resolution of the CG model. The loss in entropy is found to happen in several
steps, where the loss of rotational degrees of freedom plays a larger role than the loss of
vibrations.
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Zusammenfassung

Die enorme Anzahl an Atomen in biologischen und makromolekularen Systemen kann die
direkte Anwendung atomar-aufgelöster Molekulardynamiksimulationen (MD) verhindern.
Diese Einschränkung motiviert die Konstruktion vergröberter (engl. coarse-grained) Mo-
delle für molekulare Systeme. Systematische Vergröberungsmethoden leiten Potenziale
zwischen Kugeln, welche Gruppen von Atomen representieren, ab, um Eigenschaften
eines atomistischen Referenzmodells widerspiegeln. Durch die Entwicklung zuverlässiger
und gut verstandener Modelle können Zeit- und Längenskalen erreicht werden, die für
atomar-aufgelöste MD-Simulationen nicht erreichbar sind. Die Bestimmung effektiver
Paarpotentiale, die eine bestimmte radiale Verteilungsfunktion (engl. radial distribution
function, RDF) erzeugen, ist ein inverses Problem, das iterativ gelöst werden muss, z. B.
mit dem Newtonverfahren. In jeder Iteration wird ein Potenzial in einer MD-Simulation
verwendet, um die RDF zu berechnen. Aus dem Unterschied zwischen RDF und Ziel-RDF
wird eine Verbesserung des Potenzials berechnet und eine neue Iteration beginnt. Die
gleiche Technik kann auch verwendet werden, um klassische atomistische Modelle aus ab
initio MD-Simulationen (AIMD) zu erhalten. Neben der primären Herausforderung der
Strukturanpassung ändern sich die dynamischen und thermodynamischen Eigenschaf-
ten, wenn sich die Auflösung verändert. Es ist von Interesse zu wissen, wie sich diese
Eigenschaften verändern und wie einige von ihnen fixiert werden können.

Das erstes Thema in dieser Arbeit ist die Verwendung der Integralgleichungstheorie
im Kontext systematischer Vergröberungsmethoden. Die Theorie bietet eine approxi-
mative Verbindung zwischen Struktur und Potenzial zum Beispiel über das reference
interaction site model (RISM) und der hypernetted-chain (HNC) Gleichung. Diese Ver-
bindung kann verwendet werden, um eine gute Anfangsschätzung des Paarpotentials
und eine Näherung der Jacobi-Matrix für eine Iteration im Newtonverfahren zu erhalten.
Während die exakte Jacobi-Matrix im Prinzip aus Trajektorien berechenbar ist, wie es in
der inversen Monte-Carlo-Methode (IMC) genutzt wird, ist das HNC-Newtonverfahren
deutlich schneller. Die Integralgleichungstheorie-basierten Vergröberungsmethoden wer-
den in zwei Schritten verallgemeinert, sodass sie schließlich auf jedes molekulare System
anwendbar sind. Instabilitäten in dem neuen Newtonverfahren werden untersucht und
eine Modifikation zu deren Vermeidung entwickelt. Durch den Übergang vom Newton- zu
einem Gauß-Newton-Verfahren können Beschränkungen (engl. constraints) für die Poten-
zialupdates einbezogen werden. Thermodynamische Beschränkungen wie zum Beispiel
des Druckes, des osmotischen Druckes in Modellen mit impliziten Lösungsmitteln und der
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Verdampfungsenthalpie werden erforscht und die Kombination mehrerer Beschränkungen
untersucht. Alle methodischen Fortschritte wurden in das Open-Source-Softwarepaket
VOTCA implementiert.

Zweitens werden iterative Methoden angewandt, um Ionen-Wasser-Potenziale aus
AIMD-Daten abzuleiten. Anstatt eine feste parametrische Form für das Ionen-Wasser-
Potential zu nutzen wird ein flexibles tabuliertes Potenzial optimiert. Ein Vergleich der
optimierten Potenziale mit der parametrischen Lennard-Jones-Form (LJ), die üblicherwei-
se in Elektrolyt-Kraftfeldern verwendet wird, zeigt, dass das LJ-Potenzial eine zu steile
Abstoßungsflanke aufweist. Dies wirkt sich direkt auf die dynamischen Eigenschaften
wie die Schwingungsfrequenzen der Ionen in der Hydrathülle aus. Mit den abgeleiteten
Potenzialen werden experimentelle Frequenzen gut wiedergegeben, während dies bei
den LJ-Potenzialen nicht der Fall ist. Auch die Hydrationsentropie stimmt besser mit den
experimentellen Werten überein, wenn von der LJ-Form abgewichen wird.

Drittens werden die Auswirkungen verschied starker Vergröberungen auf die Dy-
namik und Thermodynamik molekularer Flüssigkeiten untersucht. Durch den Vergleich
der Schwingungszustandsdichte (engl. vibrational density of states, VDOS) werden die
Beschleunigung der Translations- und Rotationsdynamik sowie das Auswaschen der
Schwingungsdynamik mit zunehmender Vergröberung sichtbar gemacht. Das two-phase
thermodynamic model wird verwendet, um die VDOS der flüssigen Systeme mit ihrer
Entropie zu verknüpfen. Dies ermöglicht eine detaillierte Untersuchung der Beiträge
zur Entropie und wie sie sich mit der Auflösung des CG-Modells ändern. Es wird fest-
gestellt, dass der Entropieverlust in mehreren Schritten erfolgt, wobei der Verlust von
Rotationsfreiheitsgraden eine größere Rolle spielt als der Verlust von Schwingungen.
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1 Introduction

The simulation of molecular systems with computers has become an irreplaceable tool
in science and engineering.[1–4] In computer simulations of chemical systems, one
can do things that are difficult to do in reality: control and inspect every degree of
freedom (DOF), investigate dangerous or not-yet-synthesized substances, and freely
enforce conditions that are challenging to experimentalists. Interestingly, the predictive
power of computational models is often not limited by the understanding of fundamental
physics. Quite the opposite, there is little expected effect on the field of computational
chemistry from further advances in particle physics or quantum mechanics. Instead, the
limitation in computational resources prohibits using simulations with full detail at time
and length scales that are interesting for certain systems of interest. An example is the
simulation of a whole biological cell, which, so far, has not been performed at atomistic
resolution due to the immense number of atoms.[5] Another example is polymer chains
in melts or solutions, which have length scales of tens of nanometers and take seconds for
equilibration.[1] The limitation in computational resources necessitates simplified models
for the whole system or parts of it. These models hide details that are assumed to be less
critical to the properties of interest. Therefore, the systematic design and parametrization
of the simplified models are crucial objectives in the field of molecular simulations.

The creation of classical atomistic force fields for molecular dynamics (MD) simu-
lations is a typical example of the parametrization problem of a simplified model. Four
force fields that are popular today, CHARMM, OPLS, AMBER, and GROMOS, have been
developed in the 1980s and 1990s.[6–9] The creators of those force fields had to find
ways to model interactions between atoms that are, in reality, governed by quantum
mechanics. Due to the poor performance of classical computers for quantum calculations,
a fact first noted by Richard Feynman[10], simplified potentials that hide all electronic
DOFs were used. Today, most atomistic force fields, including the four mentioned above,
use Lennard-Jones (LJ) potentials and a Coulomb term for the intermolecular interactions
with the atoms’ nuclei as the interaction centers. This combination of potentials is very
successful, but it neglects phenomena like polarization or chemical reactions. Extensions
to atomistic force fields have been developed which can overcome those deficiencies to
some degree.[11, 12] For the parametrization of atomistic force fields’ intramolecular
potentials, quantum mechanical calculations were used to determine bond, angle, and
dihedral parameters. The intermolecular potential parameters were mostly fitted to match
experimental values of liquid density and enthalpy of vaporization.[7–9]
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Particularly interesting is the situation of aqueous electrolyte force fields, which
contain strong electrostatic interactions compared tomost organic solvents. For pure water
alone, there exist a large number of models consisting of three, four, or five interaction
sites.[13–15] An important aspect is the effect of polarization in water. Two kinds of
polarization exist in liquid water, one from the reorientation of the water molecules
and one from the distortion of the molecule’s electrons. In non-polarizable models, the
missing electronic polarization is accounted for by having a higher dipole moment than
predicted from experimental gas-phase measurements.[16] Till approx 14 years ago, the
charge of ions was usually taken as multiples of 1 e. It was the idea of Leontyev and
Stuchebrukhov to scale the charge of ions to account for the missing electronic polarization
of the water molecules that would reduce the cation-anion attraction.[17] Scaled (in
water usually by a factor of 0.75) charges have been found to solve issues of low solubility
and erroneous adsorption of ions to proteins.[18–20] Apart from charge scaling, a lot of
work has gone into the parametrization of LJ parameters on properties like solvation free
energy, solvation entropy, and coordination number.[21, 22] For salts with differently
sized cation and anion, it is necessary to diverge from common LJ combination rules
usually used to obtain parameters for the cation-anion interaction.[23] Few studies have
derived ion-water interactions from quantum mechanical calculations instead of using
experimental values. Tóth has calculated parametrized ion-oxygen and ion-hydrogen
pair potentials from Møller-Plesset perturbation theory calculations and obtained realistic
radial distribution functions (RDFs) when using the pair potentials in MD simulations.
[24] Lyubartsev et al. found that short-ranged pair potentials derived from ab initio
MD (AIMD) are best described by an exponential function, not by an LJ potential.[25]
However, it is unclear in what regard electrolytes are better represented with ion-water
interactions derived from quantum calculations compared to commonly used force fields.
The systematic derivation of potentials bottom-up from detailed electronic calculations
opens a second route to electrolyte force fields that is independent of the LJ potential
form. So far, studies suggest that the short-range repulsion is different, but what effect
that has on electrolyte properties is unexplored.

Despite an ongoing increase in computational performance, being it from more
processing power or better software[26], some systems are orders of magnitude too large
for atomistic MD. This limitation motivates more simplified models of molecular systems.
The term coarse-graining describes different methods that reduce the number of DOFs
relative to atomistic models. The aforementioned computational limitation gets tackled
by this in three ways:

1. the reduced number of DOFs directly reduces the computational load,
2. less friction between molecules leads to faster diffusion and thereby faster equili-

bration, and
3. the removal of fast DOFs allows for a larger integration time step.[27]

An early appearance of this idea is that of a united-atom force field in which the nonpolar
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Figure 1.1: A comparison of 1,4-dioxane models at four different spatial resolutions.
Atomistic and united-atom models have a well-defined resolution while for
CG models it can vary. At higher resolutions, electrons are part of the model,
and quantum calculations are used. At much lower resolutions, condensed
matter can, e.g., be simulated with finite element methods or described by an
equation of state.

hydrogen atoms are fused with their parent carbon atom.[28] Since hydrogen atoms
make up a large proportion (by number) of the atoms in organic matter and their
fast vibrations require small time steps, removing them from the simulation reduces
computational load.[6] The speedup through united-atom force fields is still insufficient
for soft matter systems; therefore, coarser representations are needed.[29] Coarse-grained
(CG) models represent molecules with beads (sometimes also called super-atoms), where
every bead represents a group of atoms. The difference between atomistic, united-
atom, and CG resolution is portrayed in fig. 1.1. The number of atoms per bead differs
significantly between models and can be as high as hundreds of atoms per bead.[30]
The mapping operator formally defines the relation between the atomistic and the CG
levels of representation. Its design is, so far, mostly an intuitive choice of the researcher;
also, some effort has been made to investigate the effects of different mapping schemes.
Foley et al. found, using the simplified Gaussian network model, that for proteins the
information efficiency peaks at around 1 bead per 20 amino acids.[31] Dallavalle et al.
have derived pair potentials for n-dodecane at different resolutions and found lower
resolutions to less accurately reproduce thermodynamic properties like surface tension
and thermal expansion coefficient.[32] Chakraborty et al. found that for liquid alkanes
symmetry-preservingmappings have no inherent advantage over other symmetry-breaking
mappings.[33] Many aspects of the choice of the mapping operator remain unclear. It is
logical that with decreasing resolution the number of DOFs and therefore also the entropy
decreases. But how fast the entropy decreases and how much of that can be attributed to
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the mapping alone or the CG potential is open to question.
Coarse-grained MD simulations have found applications in different fields in which

time and length scales prevent the use of atomistic MD simulations. The expression multi-
scale modeling is used to express that features at one scale are important to properties of
interest at a different scale. Reith et al. have used CG models of poly(acrylic acid) for the
prediction of hydrodynamic radii which are in accordance with light scattering experi-
ments.[34] A CG model of multi-layer graphene has allowed an analysis of its fracture and
elastic behavior, preserving the anisotropy from the hexagonal structure.[35] For ionic
liquids, CG models can predict structural and dynamical features at low temperatures
which are difficult to equilibrate with FG models.[36] CG Models have also been used in
computational biology, e.g. to study the self-assembly of membrane proteins.[37] Further
examples of applications can be found in the review papers by Ingólfson et al. as well as
Joshi and Deshmukh.[38, 39]

Similar to the parametrization of atomistic force fields, the parametrization of
CG models either goes bottom-up from fine-grained (FG) models or top-down using
experimental observables. Historically, the parametrization of CG models has mostly
been bottom-up, i.e., deriving parameters from reference FG force fields. Bottom-up
coarse-graining has the advantage of being systematic: a reparametrization for different
state points or compositions is straightforward.[40] A slight disadvantage of bottom-up
coarse-graining is that the reference model’s accuracy limits the CG model’s accuracy.
The opposite approach, deriving parameters top-down from experimental observables
such as partitioning free energies between polar and nonpolar phases, has also been used.
It led, for example, to the semi-quantitative Martini force field.[41, 42]

Bottom-up parametrization of CG models can target many properties of the reference
system.[43] In structural coarse-graining, the CGmodel is constructed to represent certain
structural features of the reference system. For liquids, a typical target is the bead-bead
RDF. But it encompasses also intramolecular structure measures such as bond and angle
distributions between beads. Another class of methods is based on matching the forces
between beads. The idea was first conceived for deriving potentials between atoms from
ab initio calculations.[44] The multiscale coarse-graining method by Izvekov and Voth
is based on this idea.[45] In it, pair potentials are optimized to yield the same total
force on a mapped bead as the associated group of atoms experiences in the unmapped
FG configuration. Another method that is also formulated in terms of forces, is effective
force coarse graining.[46] It computes the direct forces between groups of atoms and
projects them on the connecting vector. A method that is not directly based on forces is
the conditional reversible work (CRW) method. It matches the pair-wise reversible work it
takes to approach two groups of atoms that represent two beads.[47]

The particular problem of parametrizing pair potentials to match the RDF is an
inverse problem. The problem is illustrated in fig. 1.2. For single-component systems,
the Henderson Theorem states that there is a one-to-one mapping between RDF and pair
potential (plus an arbitrary constant).[48, 49] Consequently, the problem of finding a pair
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Figure 1.2: The process of structural coarse-graining and the contained inverse problem
for an example system of 1,4-dioxane. An atomistic MD simulation is run
as a reference, a one-bead-per-molecule mapping is applied, and the RDF
is calculated from the mapped configurations. No closed-form function
exists from the RDF to a CG pair potential that reproduces the RDF in an MD
simulation. In the opposite direction, one can run an MD simulation with a
given potential to obtain the RDF. These properties make the determination
of the pair-potential an inverse problem.

potential that matches the RDF has one unique solution. However, this finding alone does
not implicate that a directly computable function from the RDF to the pair potential exists.
It is an inverse problem because in the opposite direction the RDF can be obtained easily
from a pair potential via an MD simulation. A typical method for the solution of an inverse
problem is Newton-Raphson or Newton’s method. The inverse Monte Carlo (IMC) method
is Newton’s method in which the Jacobian matrix is sampled from cross-correlations
of particle numbers at different distances.[50] The IMC method has some problems in
stability and therefore requires a good starting point for its iterations. Another method that
attempts to match the RDF and has been applied frequently is iterative Boltzmann inversion
(IBI).[51, 52] It has, in contrast to IMC, very high stability but converges slowly.[53,
54] The conditions under which it does converge are unclear, although some progress
has been made in that direction.[55] A further structural coarse-graining method is the
relative entropy (RE) framework which maximizes the distributional overlap between
the FG and the CG configurational probability density function.[56] It has a very flexible
definition and can also be used for applications other than pair potentials, such as a
mean-field model for a lattice gas.[57] While IMC and IBI both optimize the CG pair
potential to match the RDF, they both have their problems. There is a need for methods
that are fast, stable, and reliably converge to the unique potential that the Henderson
theorem predicts. In principle, IMC represents Newton’s method and should provide
these properties, but its instability is not understood and limits its application.

The change in the resolution through coarse-graining is not without side effects.
What is often called issues of representability encompasses differences in properties
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between FG and CG models that the CG model was not optimized for. Through the
loss of fast DOFs, friction between molecules is reduced and diffusion is accelerated.
While this is an advantage if one is only interested in sampling configurations it can be a
disadvantage The loss in friction can be compensated by reintroducing friction in the CG
simulation or by predicting the speedup and accounting for it after the simulation.[58–60,
281] Another problem, one that is most pronounced with structural coarse-graining,
is the representation of thermodynamic properties.[43] The classical example is the
pressure of a CG model. CG potentials computed with IBI or IMC often show very high
pressures.[27] Under NpT conditions, those pair potentials would lead to evaporation,
whereas the reference FG model predicts a liquid. The IBI method has been extended
to p-IBI, where after each iteration a ramp potential is added to the new potential to
match the pressure.[52, 61] A similar approach (KB-IBI) has been developed to match
the Kirkwood-Buff integrals of CG models.[62] For force-matching, a constraint exists,
that fixes the instantaneous virial and thereby ensures the right pressure.[45] Some
approaches go beyond modifying the pair potentials. Dunn et al. have made compelling
arguments, for the extension of the CG Hamiltonian with a volume-dependent term.[63,
64] They argue that a CG potential behaves more like a free energy than an energy
because it contains entropic contributions from the FG configurations mapped into a
single CG configuration. Therefore, CG potentials should depend on temperature and
volume. Without those extensions to the Hamiltonian, i.e. for pure pair potentials, it is
uncertain which thermodynamic properties can be represented. Furthermore, the ramp
corrections ansatz, as used in p-IBI and KB-IBI, can not be adapted to match multiple
properties in one potential.[62]

The view of CG potentials as free energies has also implications on the transferability
of CG models. In this context, a perfectly transferable model would be one that would be
valid at state points different from the one it was derived at. In general, one can not expect
CG models to be transferable. As will be shown in the next chapter, the ideal CG potential,
the many-body potential of mean force (m-PMF), is temperature-dependent. Approximate
CG potentials are also found to be varying when derived at different temperatures.[65]
A simple measure to obtain CG pair potentials at different temperatures is to scale
them with the temperature, although the scaling is not consistent between different
molecules.[66] The aforementioned volume-dependent CG Hamiltonians are also not per
se temperature-independent but can be inter and extrapolated from parametrizations at
different temperatures.[67] While it is clear, that CG pair potentials alone are not very
temperature transferable, the prospect is less bleak for variations in composition. For
example, Villa et al. have shown, that the transferability of a CG model of benzene water
mixtures depends on the method of parametrization as well as the concentration at which
the model is derived.[68]

Recently, integral equation theory has been used in various ways in coarse-graining
methods. Integral equation (IE) theory itself is older than computer simulations and
enables, much like MD simulations, a connection between microscopic interactions and
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macroscopic properties. In the field of coarse-graining, it is useful because it provides
approximate equations that connect the pair potential and the RDF. Guenza et al. used
IE theory to derive an analytical solution for CG potentials of polymer melts at very low
resolution.[69, 70] Wang et al. have used IE theory to obtain CG pair potentials for
polyethylene glycol monomers which are then used in a CG model of oligomers.[71, 72]
They also used their pair potentials as an initial guess for IBI and further improved their
model. Mashayak et al. have extended this idea to mixtures.[73] Finally, Levesque et al.
and Delbary et al. have derived methods to iteratively improve pair potentials using IE
theory.[74, 75] Both have derived and applied their methods only to monoatomic liquids.
In the context of the aforementioned need for alternatives or improvements to IBI and
IMC, it would be interesting if IE-based methods can fill this gap. For molecular liquids
and mixtures with arbitrary mapping schemes, the existing methods are not applicable
and need further development.

From the above considerations the following questions can be distilled:

1. Can a coarse-graining method for RDF matching based on IE theory meet the need
for better speed and stability?

2. Can such an IE-based method be generalized to arbitrary systems?

3. How can multiple thermodynamic properties be represented in pure CG pair poten-
tials without resorting to a ramp correction?

4. Can iterative coarse-graining methods systematically derive interaction potentials
between water molecules and ions from AIMD data.

5. What properties are sensitive to the short-range form of the ion-water interaction
potential and possibly better represented by AIMD

6. What can be learned about changes in dynamics and thermodynamics at different
CG resolutions and the contributions from the CG potential.

This introduction is followed by five chapters. In chapter 2, the basics of Newton’s method,
the theory of coarse-graining, and an introduction to IE theory are presented. Chapter 3
explores the application of IE theory to iterative coarse-graining and applies them to
symmetric molecules and implicit solvent models. It is the continuation and expansion
of the work of Delbary et al and answers question 1. In chapter 4 the IE theory-based
coarse-graining methods are generalized, accelerated, and different thermodynamic
constraints introduced. The aspect of numerical stability in IBI, IMC, and the IE-based
methods is addressed and questions 2 and 3 are dealt with. An application of iterative
methods is presented in chapter 5 where they are used to derive short-range ion-water
potentials from AIMD simulation data. The derived potentials are compared to the widely
used LJ potential in terms of various properties and questions 4 and 5 are answered.
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Finally, in chapter 6, the effects of the mapping scheme and the CG potential on dynamics
and thermodynamics are examined. To that end, an approximative model is used that
connects the vibrational density of states with the thermodynamic entropy, and question 6
is addressed.
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2 Theory

The basics of molecular dynamics (MD) simulations will not be covered in this chapter
and the reader is referred to the literature.[76, 77] Instead, a concise introduction to
three distinct topics central to this work will be given.

2.1 Newton-Raphson and Gauss-Newton Method

In this section, a set of numerical root-finding and optimization methods are introduced.
Newton’s method and the Gauss-Newton method with constraints are explained with
short examples. Those methods are at the core of some coarse-graining methods discussed
later.

The Newton-Raphson method, also called Newton’s method, is an iterative method
that can be used to find function roots (zeros). The method takes an initial guess for
a parameter p and repeatedly improves it such that the function f(p) approaches zero.
The iteration k for finding the root of a differentiable function f(p) in one dimension is
written

pk+1 = pk −
f(pk)

f ′(pk)
︸ ︷︷ ︸

∆pk

. (2.1)

An example is calculating the numerical value of
√
2. It is an inverse problem because

there is no single-step function to calculate the square root of a number, but squaring a
number is straightforward (in a computer). Finding the value of

√
2 is equivalent with

finding the positive root of f(p) = p2 − 2. Newton’ method requires the derivative of f

9



0.8 1.0 1.2 1.4

p

−1.0

−0.5

0.0

0.5
r

f(p
) =

p
2 −

21
.4

1

√

2

1
.4

2
Figure 2.1: Three steps in the Newton-Raphson method for finding the value of

√
2. The

dashed lines visualize how the new value pk+1 is obtained from the value and
derivative of the function at pk. The vertical dotted lines show the value of
f(pk+1).

which is given by f ′(p) = 2p. Applying eq. (2.1) and starting with p0 = 1 one obtains

p1 = p0 −
f(1)

f ′(1)
= 1 − −1

2
= 1.5

p2 = p1 −
f(1.5)

f ′(1.5)
= 1.5 − 0.25

3
= 1.416

p3 = p2 −
f(1.416)

f ′(1.416)
= 1.416− 0.00694

2.83
= 1.41421568 . . .

...
√
2 = 1.41421356 . . . .

After three iterations, the first six digits are correctly obtained. The process is depicted
in fig. 2.1 which also shows the geometrical motivation behind Newton’s method: the
point (pk, f(pk)) and the slope f ′(pk) determine a tangent line and pk+1 marks the spot
where the line crosses the x-axis.

Newton’s method converges quadratically in the vicinity of the root. In other words,
in each iteration, the relative distance between p and the root is squared. However,
Newton’s method is not guaranteed to find a solution as it can get stuck in loops or
diverge. One can also use Newton’s method to find an extremum of a function, i.e.,
a point where the function has a derivative of zero. To find this point, one can use
eq. (2.1) with f(p) = g′(p), where g is the twice differentiable function to be minimized
or maximized.
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Newton’s method generalizes to functions f : R → R with n input parameters
p = p1, p2, . . . , pn and n output parameters r = r1, r2, . . . , rn. In each iteration, the new
parameters are obtained by

pk+1 = pk −Jk
−1rk

︸ ︷︷ ︸

∆pk

. (2.2)

The matrix J is the Jacobian with elements Ji,j = ∂ri
∂pj

. The subscript k in Jk denotes that
the derivative is taken at the value of the parameters pk at iteration k, i.e. Jk = J(pk).

For some problems, there is no exact root to be found, for example if the problem is
overdetermined and more equations than parameters exist. Newton’s method can not be
applied directly, since it only works with an invertible square Jacobian matrix. Instead of
finding a root, the aim for such problems is to minimize m residuals r = r1, r2, . . . , rm
by variation of n parameters p with m ≥ n. A typical example is data fitting, where
a function with few parameters approximates measured data points. In that case, the
residual ri is the distance of data point i from the fitting function’s value at the same point.
The Gauss-Newton method is similar to Newton’s but solves the least squares problem of
minimizing∑n

i r
2
i . Its iterative update is given by

pk+1 = pk −(Jk
TJk)

−1Jk
Trk

︸ ︷︷ ︸

∆p

. (2.3)

Note that eqs. (2.1) and (2.3) are explicit formulations of the update, while numerically it
is advantageous to solve linear equation systems without inverting matrices. The iterative
Gauss-Newton update can be constrained to fulfill linear constraints of the form

K∆p = d (2.4)
where K is a nc × n matrix and d an nc element vector with nc being the number
of constraints. For a single constraint, K becomes a vector, and d is a single number.
Depending on the constraint, both K and d can depend on the current parameters.
Multiple algorithms exist that can solve a linear system of equations with linear constraints.
Among them are methods using singular value decomposition, the direct elimination
method, the Lagrangian multiplier method, and the null space method.[78]

An example of curve-fitting is presented to demonstrate the application of the Gauss-
Newton method with and without constraints. A set of seven data points {(xi, yi)} is to
be fitted with a function of the form

f(x, p1, p2) =
p1x

p2 + x
. (2.5)

The residual rk,i of point i at iteration k is the distance between the data point and the
fit function with the current values of a and b

rk,i = f(xi, pk,1, pk,2)− yi. (2.6)
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Figure 2.2: Gauss-Newton applied to fit data points with a curve of form f(x) = p1x
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.
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the constraint indicated in the panel title was considered to the update. At
the bottom of each plot, the parameters after five iterations are given.

The Jacobian is a 7× 2 matrix with elements

Ji,j =
∂ri

∂pj
=

∂f(xi, p1, p2)

∂pj
. (2.7)

The results for four iterations unconstrained Gauss-Newtonmethod are shown in fig. 2.2 (a).
For the given problem with two parameters, the Gauss-Newton method converges quickly,
within two steps.

Next, two constraints to this fitting problem are considered. The first constraint
allows only updates which lead to the sum of the two parameters to be three. This
translates the following equation

pk+1,1 + pk+1,2 = pk,1 +∆pk,1 + pk,2 +∆pk,2 = 3. (2.8)
Rewriting eq. (2.8) in the form of eq. (2.4) yields

K =

(
1
1

)

dk = (3− (pk,1 + pk,2)). (2.9)

In this case, d changes with the iteration and is therefore written dk, while K does not.
The results are shown in fig. 2.2 (b). The parameters at all iterations except the initial
guess add up to 3 (only the last values are shown).

As a second constraint example, the last data point (x7, y7) shall be always right on
the curve. In contrast to the other constraint, a linearization is necessary because this
constraint can not be expressed in terms of the parameters alone

f(x7, pk+1,1, pk+1,2) = f(x7, pk,1, pk,2) + Jk,7∆pk +O((∆pk)
2) = y7. (2.10)
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Here, Jk,7 is the seventh column of the Jacobian at iteration k. Equation (2.10) can be
rewritten in the form of eq. (2.4) with second and higher order terms neglected

Kk = (Jk,7) dk = (y7 − f(x7, pk,1, pk,2)). (2.11)

The results of four iterations with this constraint are shown in fig. 2.2 (c). After the first
iteration, the fit function does not yet meet the last data point. This inaccuracy is due
to the linearization, which becomes less of an approximation the smaller ∆pk becomes.
After the second iteration, the fit function meets the last data point, and the method
converges. Some constraints, for example the first one in this example, can be considered
directly in constructing the fit function. But this is often not tractable and the formulation
with constraints allows for a lot of flexibility.

2.2 Bottom-up Coarse-Graining

This section gives a short overview of the theory behind bottom-up coarse-graining. First,
the concept of mapping is introduced, and the ideal CG potential, the many-body potential
of mean force, is derived. Then, the relative entropy is introduced as a measure for non-
ideal CG potentials. Finally, two structure-based methods and one work-based method
for coarse-graining are explained.

2.2.1 Mapping and the Many-Body Potential of Mean Force

The starting point of all coarse-graining methods is the mapping scheme. The map-
ping operator M relates a fine-grained (FG) configuration r to a coarse-grained (CG)
configuration R

R = M(r). (2.12)

Here, r = (x1, y1, z1, . . . , xn, yn, zn) and R = (X1, Y1, Z1, . . . , XN , YN , ZN ) are vectors
that contain all positions of the FG and CG particles, respectively. Usually, from the FG
to the CG representation, the number of particles decreases, i.e., n > N . In most cases,
the mapping operator M is linear and configuration-independent. Mapping can then be
expressed as a multiplication with a matrix M that contains the weights for the atoms’
contribution to the bead position: R = M r. A common scheme is mapping CG beads to
the center of mass of a group of atoms. In some cases, the mapping operator depends
on the configuration. An example would be grouping multiple water molecules into a
single bead.[79] For that, the mapping has to be determined for every configuration by
a clustering algorithm. In fig. 2.3 (a,b), an illustration of a fine-grained system and its
mapped counterpart can be found.
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Figure 2.3: A fine-grained, mapped, and coarse-grained snapshot of two hexane
molecules. The positions of the beads in the second panel are determined by
the FG molecules, shown in light grey. The relation above each panel shows
the potential function and the resulting probability density function.

In the canonical ensemble, the probability density function for a particular FG
configuration r is given by

PFG(r) =
1

Zn

exp(−βVFG(r)). (2.13)

Here, VFG(r) is the potential energy as a function of a configuration r and β = (kBT )−1

is the thermodynamic beta where kB is the Boltzmann constant and T is the temperature.
The configuration integral Zn of n particles is given by

Zn =

∫

V n

exp(−βVFG(r))dr (2.14)

with V being the volume of the system. The notation ∫
V n is short for n volume integrals

over the system’s volume with the coordinate vectors in r as the integration variables.
To obtain the probability density function for a particular mapped configuration one

needs to integrate over all possible FG configurations and filter with a Dirac delta function
for FG configurations that map to the desired CG configuration[80]

Pmap(R) =

∫

V n PFG(r)δ(R−M(r))dr
∫

V N

∫

V n PFG(r)δ(R−M(r))dr dR (2.15)

The Dirac delta function δ(R) with an 3N -dimensional arguments can be understood as
a product of 3N delta functions of the elements of R. The denominator normalizes the
probability density function. The mapped degrees of freedom (DOFs) naturally sample
the same volume V as the FG DOFs. Again, the canonical ensemble is applied with the
temperature T equal to the FG system’s temperature.
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The goal is to find an effective potential function W(R) that generates the same
probabilities through sampling in the canonical ensemble

Pmap(R) = P (R) =
exp(−βW(R))

∫

V N exp(−βW(R))dR . (2.16)

Combining eqs. (2.13), (2.15) and (2.16), one finds for the effective potential the expres-
sion[81]

W(R) = −kBT log
(∫

V n

exp(−βVFG(r)) δ(R−M(r))dr
)

+ C (2.17)

with log() being the natural logarithm. The function W(R) is called the many-body
potential of mean force (m-PMF).[82] The constant C can be chosen freely, e.g., to
normalize the m-PMF to yield zero for the separation of all molecules or make the
argument of the logarithm in eq. (2.17) dimensionless. Note, that eq. (2.17) has the
form of the relation between the free energy and probability, i.e. A = −kBT log(P ),
and is sometimes called a conditional free energy.[83] Note also, that the m-PMF is a
non-linear function of the temperature. The name m-PMF relates to the fact that its
negative gradient −∇RW(R) is the mean force averaged over FG forces. The m-PMF is
the ideal CG potential for a given mapping operator, as it generates, by definition, the
same configurations obtained from mapping the FG distributions. However, the direct
application of eq. (2.17) is impractical for two reasons: (i) the resulting potential function
is of high dimensionality and therefore impractical to store or compute, and (ii) the
complete evaluation of the integral in eq. (2.17) is computationally prohibited for all but
the most simple systems. Therefore, different methods have been established that aim at
simpler objectives than the full m-PMF.

2.2.2 Relative Entropy
A general and systematic ansatz to the problem of finding the best-possible CG potential
function VCG(R) is the relative entropy (RE) framework.[56, 84] For a given mapping
operator, the relative entropy Srel between a FG and a CG model is the Kullback-Leibler
divergence between the probability density functions

Srel =
∫

V N

Pmap(R) log
(
Pmap(R)

PCG(R)

)

dR+ ⟨Smap⟩map . (2.18)

The last term is the mapping entropy, which is determined by the mapping operator and
independent of the CG potential. In the relative entropy context, Pmap(R) is often written
as PFG(R) to display that the sampling of R happens at the FG level. In the canonical
ensemble, the definition of PCG(R) is similar to eq. (2.16)

PCG(R) = P (R) =
1

ZN

exp(−βVCG(R)) =
exp(−βVCG(R))

∫

V N exp(−βVCG(R))dR . (2.19)
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Here, the configuration integral of the CGmodelZN was introduced. The relation between
PCG(R) and VCG(R) is depicted in fig. 2.3 (b). Since the aim is no longer to exactly match
but to optimize the probability density function Pmap(R), the CG potential VCG(R,λ) can
be of any form, with a set of parameters λ = (λ1, λ2, . . . ). The relative entropy quantifies
the overlap between the mapped reference probability density function and the CG model
probabiliy density function. Therefore, its minimization by varying the parameters of
VCG offers a systematic route to an optimized CG potential.

If the relative entropy is minimal, its derivative with respect to all potential parameters
has to be zero

∂Srel
∂λl

= 0 for all l. (2.20)

In the relative entropy definition (eq. (2.18)), only PCG(R) (eq. (2.19)) depends on λ.
Applying the logarithmic derivative one obtains

∂Srel
∂λl

=

∫

V N

−Pmap(R)
1

PCG(R)

∂PCG(R)

∂λl

dR . (2.21)

The derivative of PCG(R), as defined in eq. (2.19), is aquired by the quotient and chain
rule of differentiation

∂PCG(R)

∂λl

=
−β

∂VCG(R,λ)
∂λl

exp(−βVCG(R,λ))ZN − exp(−βVCG(R))∂ZN

∂λl

Z2
N

(2.22)

with
∂ZN

∂λl

=

∫

V N

−β
∂VCG(R,λ)

∂λl

exp(−βVCG(R,λ))dR . (2.23)

By combining eqs. (2.20) to (2.23) one reaches

∂Srel
∂λl

=

∫

V N

βPmap(R)
∂VCG(R,λ)

∂λl

dR−
∫

V N

βPCG(R)
∂VCG(R,λ)

∂λl

dR
∂Srel
∂λl

=0

=====⇒
〈
∂VCG(R,λ)

∂λl

〉

map
=

〈
∂VCG(R,λ)

∂λl

〉

CG
. (2.24)

This equation, while not immediately intuitive, is general and can be used in multiple
ways. For example, it can be shown that coarse-graining a single component liquid to a
Lennard-Jones pair potential, its optimal parameters are those where potential energy
and virial pressure are matched.[56]

As mentioned before, a typical choice for the CG potential is a sum of pair interactions.
For the following, a system containing only one type of CG beads is assumed; therefore,
only a single pair potential function u(r) is needed. Note, a lowercase r is used to denote
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the pair distance, even though it is a distance in between coarsened particles. For the
potential energy sampled with P (RCG), one obtains

⟨VCG(R)⟩CG =
1

2

〈
N∑

i

N∑

j

u(|R⃗ij |)
〉

CG

. (2.25)

The indices i and j are particle indices and R⃗ij = (Xj −Xi, Yj −Yi, Zj −Zi) is the vector
from particle i to particle j. Intramolecular contributions to the potential energy are
ignored in eq. (2.25). The term ⟨VCG(R)⟩map is obtained similarly with the sampling in
⟨⟩map. Equation (2.25) can be rewritten as

⟨VCG(R)⟩CG =
ρN

2

∫ ∞

0

gCG(r)u(r)4πr2 dr . (2.26)

with the radial distribution function (RDF) defined as

gCG(r) =
1

4πρNr2

〈
N∑

i

N∑

j

δ(r − |R⃗ij |)
〉

CG

. (2.27)

Here ρ is the number density N/V . The RDF of the mapped configurations gmap has the
same definition but with the sampling in ⟨⟩map. Upon inserting eq. (2.26) in eq. (2.24) and
taking the functional derivative of the potential energy with respect to the pair potential
at distance r, one reaches

〈
δVCG(R)

δu(r)

〉

map
=

〈
δVCG(R)

δu(r)

〉

CG
⇒ 2πρNr2gmap(r) = 2πρNr2gCG(r)

⇒ gmap(r) = gCG(r) (2.28)

Accordingly, the relative entropy between an FG system and a CG system modeled by
free-form pair potentials is minimal if the RDF obtained from the mapped coordinates
and the CG model are the same.[56] This result generalizes to systems with multiple
bead types.

The match of the RDFs when optimizing free-form pair potentials is only one result of
the RE method. It has been used in combination with very different potential forms.[85,
86] For the minimization of Srel, a Hessian matrix is obtained by double-differentiating
eq. (2.18), and the Newton-Raphson method can be used to optimize the potential
parameters.
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2.2.3 Iterative Boltzmann Inversion and Inverse Monte Carlo

Historically, the motivation for structural coarse-graining came before the idea of RE
coarse-graining. The initial paper on RE by M. Scott Shell was published in 2008, while
methods like inverse Monte Carlo (IMC) and iterative Boltzmann inversion date back to
1995 and 1996.[50–52, 56]

Both IMC and IBI aim to match a target RDF iteratively by repeating four steps:
1. Using the current CG pair potential to run an MD simulation.
2. Calculating the RDF from the MD trajectory.
3. If the RDF is close enough to the target RDF, or the maximum number of iterations

is reached, exit the iterations. Otherwise, go on.
4. Calculating a potential update (details depend on the method) and go back to 1).

Herein, the target RDF is gmap(r), in the context of structural coarse-graining often called
gtgt. The iterative approach is necessary because matching the target RDF is an inverse
problem and no closed-form expression exists to obtain the exact pair potential needed
directly.

Before the iterative procedure, an initial pair potential guess u0(r) is needed. The
most common choice is the Boltzmann inversion, which takes the potential of mean force
(PMF) wmap(r) as starting point

u0(r) = wmap(r) = −kBT log gmap(r). (2.29)

The index 0 indicates that this happens before the first iterations. Equation (2.29) is a
weak approximation for dense fluids and sometimes called the low density approximation.
With adapted normalization, eq. (2.29) applies to bond and angle potentials between CG
beads[87], i.e.

ubond,0(r) = −kBT logPbond(r) = −kBT log Hbond(r)
4πr2

(2.30)

uangle,0(θ) = −kBT logPangle(θ) = −kBT log Hangle(θ)
sin θ . (2.31)

Here, H(x) represents the histogram of sampled bond distances and angles from a
trajectory. Equations (2.29) to (2.31) are applied to all non-bonded interactions, bonds,
and angles whereby complete separability between the different DOFs is assumed.

The IBI method updates the pair potential iteratively using[51, 52]

uk+1(r) = uk(r) + ∆uk(r)

= uk(r) + (wmap(r)− wk(r))

= uk(r) + kBT log
(

gk(r)

gmap(r)

)

(2.32)
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Figure 2.4: The process of obtaining an potential update ∆uk at iteration k with IBI and
IMC. For IBI, the update is computed locally for each pair distance, illustrated
for r†. With IMC, the potential update at each distance depends on ∆Sk at
all distances because the IMC matrix A is not diagonal.

where the index k denotes the iteration and wk(r) is related to gk via eq. (2.29), respec-
tively. The idea behind eq. (2.32) is a perturbation to a given potential that corrects for
the mismatch between gk and gmap. The magnitude of the perturbation is estimated by
the difference in the PMF, which approximately predicts the perturbation necessary.[51]
On the left side of fig. 2.4 the IBI update is depicted. Again, the pair potential and RDF
are written as functions, while in practice both are evaluated on a grid. Equation (2.32)
can also be used for intramolecular DOFs. In fact, IBI works well for intramolecular
DOFs, as for them eq. (2.29) is a good approximation and they are often fairly decou-
pled.[88] Often, however, the bond and angle potentials are not further improved after
their initialization with eqs. (2.30) and (2.31).[89, 90]

The IMC method is derived by expressing the average potential energy from an
discrete set of parameters.[50] Starting from eq. (2.26) and discretizing the pair distance

19



r to a regular grid with grid indices l

⟨VCG(R)⟩CG =
ρN

2

∫ ∞

0

gCG(r)u(r)4πr2 dr

=

∫ ∞

0

S(r)u(r)dr ≈
∑

l

Slul. (2.33)

The pair potential values ul take the role of λl in section 2.2.2. The distribution S(r)
counts the number of pair interactions in a system at distance r. It is connected to the
RDF g(r) by

S(r) = 2πρNr2g(r) =
1

2

〈
N∑

i

N∑

j

δ(r − |R⃗ij |)
〉

. (2.34)

The discretization from S(r) and u(r) to Sl and ul, respectively, works by integrating over
a bin of width ∆r (the grid spacing) centered at rl

Sl =

∫ rl+
∆r
2

rl−∆r
2

S(r)dr and ul =
1

∆r

∫ rl+
∆r
2

rl−∆r
2

u(r)dr . (2.35)

To obtain the IMC scheme, the change of Sl with changes in the pair potential um is
linearized

∆Sl =
∑

m

∂Sl

∂um

∆um +O((∆um)2) or ∆S = A∆u (2.36)

with the elements of the Jacobian A, called the IMC matrix, defined as

Alm =
∂Sl

∂um

. (2.37)

Equation (2.36) can rearranged to obtain a potential update ∆uk = uk+1 − uk from a
structure mismatch ∆Sk = Sk − Smap. Such an update, utilizing the inverse Jacobian,
corresponds to a step in Newton’s method, see eq. (2.2). In fig. 2.4, the IMC potenital
update is shown on the right side and the procedure compared to the IBI update. To
obtain the IMC matrix, eqs. (2.19) and (2.33) the sampling of Sl is written explicitly as

Sl = SCG,l =
∫

V N

Sl(R)PCG(R)dR =

∫

V N Sl exp(−β
∑

m Smum)dR
∫

V N exp(−β
∑

m Smum)dR . (2.38)

From there, the derivative is evaluated using the quotient rule and some algebra
∂Sl

∂um

= −β(⟨SlSm⟩CG − ⟨Sl⟩CG ⟨Sm⟩CG). (2.39)
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With that, the IMC matrix can be sampled from the configurations generated by the
current pair potential. The sampling of the matrix makes IMC computationally more
expensive per iteration than IBI. The RE method, when using Newton’s method for the
optimization of pair potentials, is equivalent to IMC.[91, 92]

2.2.4 Conditional Reversible Work

One interpretation of eq. (2.17) is the evaluation of all FG configurations that map to
a single CG configuration R. The conditional reversible work (CRW) method builds on
this idea.[47] Again, the aim is to express the CG model with pair potentials. The target
property is the reversible work in the atomistic representation, i.e., approaching two
CG beads should take the same work as approaching the center of mass of the atoms
that are represented by those beads. A conditional work is needed for multiple beads in
a molecule in order to separate their contribution. A thermodynamic cycle is used, as
shown in fig. 2.5. The idea is to approach the two groups of atoms representing the CG
beads, once with and once without their intermolecular interactions turned on. The CRW
pair potential uCRW is obtained as

uCRW(r) = W (r)−W excl(r) + uCRW(∞) (2.40)

The term W (r) represents the work it takes to approach the two groups of atoms to
distance r. Similarly, W excl(r) represents the work for the same distance with the in-
tramolecular interaction between the atoms in the groups turned off. The last term can be
assumed as zero at large for large distances. Compared to the other methods considered,
CRW obtains the CG potential from simulations at fine-grained resolution. In practice,
the two groups of atoms (i.e., their center of mass) are kept at a fixed distance, and the
net force on the groups is averaged in an MD or Monte Carlo simulation. The force can
then be integrated over a grid of distances to yield the work. Sampling the work terms
can occur in vacuum or liquid, where the latter helps obtain more realistic configurations.

2.3 Integral Equation Theory

The integral equation theory is a field of statistical mechanics that connects microscopic
structure with inter-particle potentials in fluids and allows for predicting its thermody-
namic properties. An exact derivation of the basics of integral equation theory is lengthy
and often deals with series of integrals. For handling their quickly growing complexity,
diagrammatic methods were used to represent series of integrals. Instead of repeating
the derivation here, an intuitive and historical approach is taken to introduce the basic
concepts.
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Figure 2.5: The thermodynamic cycle of the CRW method for determining the pair poten-
tial uCRW(r) between the CG beads representing the two center methylene
groups in hexane. Intermolecular interactions between the gray atoms are
turned off in the bottom row. The CG beads mapped to the molecules are
not explicitly shown, but the mapping is equivalent to fig. 2.3.

2.3.1 Ornstein-Zernike Equation
The basic ideas were developed in 1914 by Leonard S. Ornstein and Frits Zernike.[93]
They found it impossible to develop a valid approximation for the density fluctuations in
a subvolume of a system near the critical point under the assumption that the subvolumes
are independent. Taking into account the correlations between subvolumes, they derived
a equation of state that correctly predicts the divergence of the compressibility at the
critical point. That is in contrast to the van der Waals equation which does not correctly
predict this experimental results. The Ornstein-Zernike (OZ) equation for a system of
identical particles can be written as

h(r⃗12) = c(r⃗12) +

∫

V

c(r⃗13)ρ(r⃗3)h(r⃗23)d3r⃗3 (2.41)

Here, h(r⃗) = g(r⃗) − 1 is the total correlation function and g(r⃗) is the RDF. The single
particle density is denoted by ρ(r⃗). The notation r⃗12 indicates the vector between particles
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Figure 2.6: An instantaneous interpretation of the Ornstein-Zernike equation in a small
system of atoms. Atom 1 is influencing atom 2 directly, shown as a dotted
red arrow. Indirect influence occurs from atom 2 structuring some atoms
with label 3 (dashed yellow), affecting atom 1 (dotted blue). The equation is
slightly different from eq. (2.41) by using the commutativity of convolution.
Note that the OZ equation is defined in terms of distribution functions. Amore
faithful but less accessible representation would contain volume elements
with similar interactions.

1 and 2, i.e. r⃗12 = r⃗2 − r⃗1. The newly introduced function c(r⃗) is the direct correlation
function (DCF). It is defined by the OZ equation and can be thought of as the direct
influence that one particle inflicts on another particle. The DCF is also connected to the
pair potential, a relation that will be elaborated soon. An illustration of the rationale
behind eq. (2.41) is shown in fig. 2.6. An alternative definition of the DCF by the
functional derivative of the excess part of the free-energy functional is possible but not
given here.[94]

If the system is uniform and isotropic, eq. (2.41) can be simplified to

h(r) = c(r) + ρ

∫

V

c(r′)h(
∣
∣r⃗

′ − r⃗
∣
∣)d3r⃗

′ or h(r) = c(r) + ρc(r) ∗ h(r) (2.42)

Here, r is simply the pair distance (note: in section 2.2 the same symbol is used for the
vector of all particle positions). The operator ∗ is the radially symmetric convolution over
the volume of the system. An interesting property of the OZ equation is its recursive
nature. Upon repeatedly reinserting h in the right side of eq. (2.42) one obtains

h(r) = c(r) + ρc(r) ∗ c(r) + ρ2c(r) ∗ c(r) ∗ c(r) + . . . . (2.43)

It demonstrates how a liquid’s RDF results from direct and a large number of indirect
interactions, propagated via an increasing number of mediating particles.[94]
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The OZ equation was first defined for pure fluids, but has equivalent form for mixtures

hαβ(r) = cαβ(r) +
∑

γ

ργ

∫

V

cαγ(r
′)hβγ(

∣
∣r⃗

′ − r⃗
∣
∣)d3r⃗

′

or ĥ(ν) = ĉ(ν) + ĉ(ν)ρĥ(ν). (2.44)

The matrix ρ is diagonal with elements (ρ)γγ = ργ . The matrices h and c are symmetric
with elements (h)αβ = (h)βα = hαβ with the indices α, β, γ symbolize particle types.
The hat ˆ denotes the radially symmetric 3D Fourier transform. The Fourier transform
simplifies the equation by converting convolution into multiplication. The matrix equation
can thereby be solved independently for each wave vector ν.

2.3.2 Closure Relations

The OZ equation alone is just a definition of the direct correlation function. A closure
relation is needed that connects the DCF with the pair potential u(r). Such a relation is
of great benefit since it results in a closed set of equations. It allows the calculation of the
RDF from a pair potential for different densities and temperatures. From there, three
routes can be used to calculate, e.g., the pressure:

1. calculating the potential energy from the integral over pair potential and RDF and
taking its derivative with respect to volume,

2. calculating the compressibility from the RDF and integrating over the volume,
3. integrating over pair force and RDF to obtain the pressure directly.

The knowledge about microscopic interactions is thereby used to obtain a macroscopic
equation of state.

Three well-known closure relations are the hypernetted-chain (HNC) closure, Percus-
Yevick (PY) closure, and the mean spherical approximation (MSA)[95–97]

c(r) = h(r)− u(r)

kBT
− log g(r), HNC (2.45)

c(r) = g(r)
(

1− e
u(r)
kBT
)

, PY (2.46)

c(r) = −u(r)

kBT
if r > σHS. MSA (2.47)

The MSA is only defined for potentials with a hard-sphere repulsion with u(r) = ∞ if
r < σHS. The closure relations can be motivated in different ways, which are omitted
here for brevity.[94] It shall be noted that many more closure relations exist, and all are
approximations. One problem that arises from the approximate nature of the closure
relations is that the routes mentioned above would not all yield the same pressure.[98]
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The three closure relations above share some properties. If the density approaches
zero, the OZ equation predicts h(r) = c(r). Inserting into eqs. (2.45) to (2.47), one
obtains the relations

lim
ρ→0

g(r) = e
−u(r)
kBT HNC, PY (2.48)

lim
ρ→0

g(r) = 1− u(r)

kBT
≈ e

−u(r)
kBT . MSA (2.49)

This equation is essentially the Boltzmann distribution law. The limit shows that the OZ
and closure equations can be understood as extensions to the low-density approximation.
Another common property among closure relations is the trend of the DCF at large
distances. The RDF quickly approaches one, and the potential becomes small. Under
these conditions, one obtains from all three closure relations

lim
r→∞

lim
g→1

c(r) =
−u(r)

kBT
. (2.50)

This asymptotic behavior is the expected result that can be independently obtained from
perturbation theory.[94] It was the motivation for the mathematical form of the MSA.

Since the late 1950s, integral equations have successfully predicted the properties
of particles interacting with hard-sphere (HS) and square well (SW) potentials.[96, 99]
Also, the Lennard-Jones (LJ) has been subject to early studies.[100] At the same time,
Monte-Carlo simulations became computationally feasible.[101] They would serve as a
reference in most works to compare with results from integral equation theory. An analytic
solution for the pure and mixed HS fluids using the PY closure was found.[102–104] The
packing fraction fully describes a pure liquid modeled by an HS model. In contrast, the
SW model introduces an attractive well and makes the structure temperature-dependent.
It was, therefore, of high interest as a model for actual fluids. The PY equation and MSA
were applied to the SW potential to obtain a liquid equation of states.[99, 105]

2.3.3 Reference Interaction Site Model
An important conceptual step forward was the development of the reference interaction
site model (RISM).[106] A simple argument for its derivation, made by Wim Briels[107],
shall be outlined here. Starting point is eq. (2.44) and assuming all distributions to be
sum of intra- and intermolecular terms (superscript full)

ĥ
full

= ĉfull
(

1 + ρĥ
full)

. (2.51)

The number density matrix ρ is diagonal with diagonal elements ρα, the densities of
the atoms. The total correlation function is split in two parts, one of which is the usual
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intermolecular TCF ĥ

ĥ
full

ρ = ĥ
intra

ρ+ ĥρ = (ω̂− 1) + ĥρ. (2.52)

The distribution ωαβ(r) describes the probability to find atoms α and β at distance r

inside a molecule. For α = β the distribution ωαβ(r) is δ(r), the Dirac Delta distribution.
The direct correlation function also needs to be split in two parts. One inserts the
intramolecular part from eq. (2.52) into an assumed OZ equation times ρ that holds only
for the intramolecular terms with the same form as eq. (2.51) to obtain the intramolecular
DCF

ĥ
intra

ρ = ĉintra
(

ρ+ ρĥ
intra

ρ
)

(ω̂− 1) = ĉintra (ρ+ ρ(ω̂− 1))

ĉintraρ = 1− ω̂
−1

(2.53)

It is assumed that the DCF can be split into two parts, the former of which was just
obtained

ĉfullρ = ĉintraρ+ ĉρ = (1− ω̂
−1) + ĉρ. (2.54)

Here, ĉ is the intermolecular DCF. Inserting eq. (2.52) and eq. (2.53) in eq. (2.51) one
obtains

ĥ
full

ρ = ĉfullρ
(

1 + ĥ
full

ρ
)

ω̂− 1 + ĥρ =
(

1− ω̂
−1 + ĉρ

)(

ω̂+ ĥρ
)

ĥρ = ĉρω̂+ ĥρ− ω̂
−1

ĥρ+ ĉρĥρ

ĥ = ω̂ĉω̂+ ω̂ĉρĥ

(2.55)

This is the RISM equation. The fact that ω̂ and ρ commute was used in the derivation.
They commute because ω̂ has a block-diagonal structure and ρ is diagonal and has equal
diagonal elements for each block in ω̂ since all atoms in a molecule have the same number
density. A variant of RISM that has found use in biochemistry is the three-dimensional
generalization of the reference interaction site model (3D-RISM).[108, 109] It can be
used to calculate the hydration structure and solvation free energy of solvents from small
molecules to proteins.[110] The 3D-RISM method is not further discussed here since it
was not used in this work.

Equation (2.55) is the RISM equation and an illustration thereof is provided in fig. 2.7.
It can be seen as a definition of the DCF, similar to eq. (2.44) for atomic systems, but it
contains approximations that the OZ equation does not contain. In eq. (2.53), by using the
OZ equation only for intramolecular terms, it is assumed that the intramolecular DCF fully
describes the intramolecular structure. However, this is only true for small stiff molecules,
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Figure 2.7: An interpretation (similar to fig. 2.6) of the RISM equation for a system with
molecules of two atoms. The first term represents all interactions that influ-
ence hAB and occur directly between twomolecules, shown in the left diagram.
The right diagram represents the second term with all indirect interactions
over other molecules in the system (only one shown). For brevity, Fourier
transformed distribution functions are used in the equation.

whereas “softer” molecules’ internal DOFs are influenced by intermolecular interactions.
Another approximation comes from describing the intramolecular structure only by a set
of one-dimensional distribution functions. This inexactness becomes a problem for larger
molecules with distinct internal structure. A somewhat exotic but educational example is
the difference between a pure enantiomer and a racemic mixture of chiral molecules. All
atom-atom potentials and intramolecular distances are equal in both cases. Therefore, the
RISM equation (with some closure relation) would predict equal structure and properties
for the two liquids, contrary to the expected differences.[111] David Chandler has noted
that higher-order intramolecular distributions would be needed to improve the RISM
ansatz.[112] The Chandler–Silbey–Ladanyi equation has been developed in that direction
but comes at the cost of increased numerical complexity.[113]

For melts of linear polymers, the RISM equation can be used with certain approxi-
mations to the intramolecular structure.[114] It is assumed that end-group-effects are
negligible, which is only exact for ring polymers. Then, because there is equivalence of
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all matrix elements hαβ and cαβ , the matrix eq. (2.55) reduces to a single equation

ĉ = ŵĉŵ + ρmŵĉĥ. (2.56)

Here, ρm is the number density of the monomer and w(r) = 1
n

∑n
α=1

∑n
β=1 ωαβ(r), where

n is the number of monomers. Equation (2.56) is the basic idea of polymer-RISM or
PRISM. Often, w(r) is obtained from some idealized model, such as the freely-jointed
chain model. PRISM has been adapted further to work for binary blends and solvated
polymers.[115, 116]
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3 Iterative integral equation methods for
structural coarse-graining

Abstract

In this paper, new Newton and Gauss-Newton methods for iterative coarse-graining based
on integral equation theory are evaluated and extended. In these methods, the potential
update is calculated from the current and target radial distribution function, similar to
iterative Boltzmann inversion, but gives a potential update of quality comparable with
inverse Monte-Carlo. This works well for the coarse-graining of molecules to single beads
which we demonstrate for water. We also extend the methods to systems that include
coarse-grained bonded interactions and examine their convergence behavior. Finally,
using the Gauss-Newton method with constraints, we derive a model for single bead
methanol in implicit water which matches the osmotic pressure of the atomistic reference.
An implementation of all new methods is provided for the open-source VOTCA package.

3.1 Introduction

Structure-based coarse-graining aims at representing structural information of a fine-
grained system through a coarse-grained (CG) model with fewer degrees of freedom. The
goal of structure-based coarse-graining is the approximation of a CG N-body potential of
mean force with pair potentials, that reproduces a set of distribution functions.[117] This
can be thought of as an optimization problem: Optimize a potential until it reproduces the
radial distribution function (RDF). For isotropic single-particle systems, the Henderson
uniqueness theorem states that there is a bijective map between pair potential and RDF,
which suggests that an optimal potential exists.[48, 49] The two most common structure-
based coarse-graining methods are Iterative Boltzmann inversion (IBI)[52] and Inverse
Monte Carlo (IMC)[50]. IBI and IMC are applied widely in systems such as ionic liquids,
polymers, and biological systems, where they help modelling time and length scales that
are too expensive with atomistic MD.[38, 118–121] Both methods iteratively improve
pair potentials based on the distance from the current to the target distribution.[54]
Delbary et al. have proposed two new Newton-type schemes, HNCN and IHNC, and
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the Gauss-Newton scheme HNCGN which are based on integral equation theory and
conceptual compromises between IBI and IMC.[75]

They showed that their method can retrieve a Lennard-Jones (LJ) potential and
generated a potential from experimental Argon data. In this work, we are comparing
those new schemes with the IBI and IMC methods for coarse-graining molecular liquids.

The potential update of the Newton scheme is given by
uk+1 = uk − J−1 (gk − gtgt) . (3.1)

Here, uk and gk are the potential and RDF at iteration k, respectively, and J is the Jacobian
with elements Jαγ = ∂gα

∂uγ
. The analytical form of the map u(g) is unknown, and the

usual connection is to calculate g from u by molecular dynamics (MD) or Monte Carlo
(MC) simulations. The IBI potential update results from the connection of u and g in the
low density approximation, i.e. the direct Boltzmann inversion g ≈ e−βu with β = 1

kBT
.

This makes the IBI update a rough approximation to the Newton scheme if applied to
liquids, that sometimes needs hundreds of iterations for convergence.[54, 122] In IMC,
the Jacobian is calculated from cross-correlations in the distance distribution in the system.
With enough sampling the IMC Jacobian approximates the exact Jacobian, which is why
the authors call their Ansatz “Newton inversion”.[117] For simple systems IMC converges
in under 10 iterations. Lack of convergence, which is typical for Newton methods far from
the optimum, can be addressed using regularization.[123] Nonetheless, the convergence
can be slow, in particular for systems with multiple components.[121, 124] This can make
IMC coarse-graining computationally costly since the sampling of the IMC Jacobian needs
long trajectories.

While direct Boltzmann inversion (BI) provides a reasonable estimate of the effective
pair potential for low densities, this is no longer the case at liquid densities where direct
BI leads to multibody contributions included in the effective pair potential. Here, the
Ornstein-Zernike (OZ) equation combined with a hypernetted-chain (HNC) or Percus-
Yevick (PY) closure provides a better approximation of the effective pair potential.[71]
The HNCN method (hypernetted-chain Newton) uses the HNC closure to derive an
approximation to the Jacobian, the input to the potential update scheme being the same
as for IBI: the RDFs from the current potential.[75] This makes the computational cost
per iteration to be comparable to IBI and potentially cheaper than IMC. At the same time,
the number of iterations for convergence in single-component systems is comparable to
IMC. IBI converges much slower for similar systems due to the crude approximation to
the Jacobian.[53]

Using integral equations is not new in the field of molecular coarse-graining. This
comes at no surprise as it provides an analytical connection between structure and po-
tentials in liquid systems. Guenza et al. have established non-iterative methods for
obtaining potentials for CG polymer melts.[69, 125] By approximating the intramolecular
distribution function with an analytical function, it is possible to solve the PRISM equa-
tion.[126] Due to the analytical nature of the equations, transferability across different
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resolutions or densities can be induced by fitting general trends in the direct correlation
function.[70] Mashayak et al. have demonstrated that one can use integral equations for
a good potential guess which can subsequently be improved by IBI.[73]. The method by
Levesque et al. uses integral equations in a secant method way.[74, 127] It comes closest
to the methods discussed in this paper but differs in that the Jacobian is never calculated.

Potentials derived from structural coarse-graining are state point dependent.[128]
To improve transferability, multistate-IBI can be used to fit the structure of several state
points with one common potential.[129] CG potentials also don’t generally represent the
thermodynamic properties of their reference system. IBI can be pressure corrected by
adding a ramp potential after each iteration.[52, 61] Interestingly, we could not find any
studies which implemented pressure ramps or constraints with IMC, even though a ramp
correction is implemented in both common IMC codes, VOTCA, and Magic.[87, 130]
Instead, an extension to constrain the surface tension during IMC was demonstrated.[123]
A different approach is to extend the Hamiltonian with a term that only influences the
pressure of the CG system, but not the structure, which can be extrapolated to different
temperatures.[64, 67] For the description of multi-phase systems, this approach was
developed to utilize local density potentials which are optimized through the relative
entropy method.[131] For the relative entropy method itself it was demonstrated that
through the use of Lagrange multipliers the pressure can be constrained during the
potential optimization.[132] Another property that can be incorporated as a target is
the Kirkwood-Buff integral, as demonstrated for IBI.[133, 134] IMC has been previously
adapted to incorporate a constraint for the area compressibility of a phospholipid bi-
layer.[123] To apply constraints into the integral equation methods, Delbary et al. have
reformulated their method to a Gauss-Newton method HNCGN.[75] It allows multiple
constraints to be incorporated into the updating scheme.

This paper is organized as follows: In the theory section, we shortly recapitulate the
basis of the HNCN and the HNCGN methods. We propose a new scheme derived from
the Reference Interaction Site Model (RISM) to expand the methods to systems where
the CG representation includes bonds. Some variants of the HNCN method and a scheme
for RDF extrapolation are defined and examined. We apply IBI, IMC, HNCN, and HNCGN
on water, hexane, and naphthalene, where the two latter systems are the test case for
CG molecules with bonds. We examine in detail differences in the Jacobians and their
physical meaning. Those differences explain the variance in the convergence behavior
of the different methods. Finally, we use the HNCGN method with constrained pressure
for the coarse-graining of methanol in water to an implicit solvent system with correct
osmotic pressure.
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3.2 Theory

3.2.1 Newton Iteration
The derivation of the integral equation methods for coarse-graining atomistic systems is
described with greater mathematical rigor in the original paper.[75] Here we will just
point out the steps important for understanding the method and results. The radially
symmetric OZ equation for a system with one particle type

h = c+ ρh ∗ c (3.2)
and the HNC closure

u =
1

β
(h− log(g)− c) . (3.3)

can be used to express the potential as a function of h.[94] Here, h = g − 1 is the total
correlation function, c is the direct correlation function, ρ is the particle number density,
β is (kBT )−1, and log the natural logarithm. All variables except ρ and β are functions of
the particle-particle distance r. The operator ∗ denotes a three-dimensional convolution.
To solve the OZ equation for c we switch to Fourier space where the convolution becomes
a multiplication. The Fourier and inverse Fourier transform over r in 3D for a radially
symmetric function f are defined as

f̂(ω) = F(f) =

∫

R3

f(|r|)e−ik·r dr =
2

ω

∫ ∞

0

f(r)r sin(2πrω)dr (3.4)

f(r) = F−1(f̂) =
2

r

∫ ∞

0

f̂(ω)ω sin(2πrω)dω . (3.5)

The resulting expression for ĉ from equation (3.2) is

ĉ =
ĥ

1 + ρĥ
. (3.6)

It is transformed back to real space andwhen inserted in equation (3.3) gives an expression
for the potential as a functional of the RDF

u =
1

β

(
h− log(g)−F−1(ĉ)

)
=

1

β

(

h− log(g)−F−1

(

ĥ

1 + ρĥ

))

. (3.7)

For the Newton or Gauss-Newton type potential update we need the corresponding
approximation of the inverse of the Jacobian, which is the derivative of u by g. From the
HNC closure (equation (3.3)) we obtain

du
dg =

1

β

(

1− 1

g
− dc

dg

)

. (3.8)
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Since c is an operator on g, so is the derivative dc
dg , which can be calculated in Fourier

space
dc
dg = F−1

(dĉ
dĝ

)

F = F−1

(

1

(1 + ρĥ)2

)

F . (3.9)

For the discrete case this can be written as a matrix, where the Fourier operator becomes
a Fourier matrix. The matrix in equation (3.9) produces the non-diagonal elements of
the Jacobian’s inverse in equation (3.1)

uk+1 = uk − 1

β

[(

1− 1

gk

)

−F−1

(

1

(1 + ρĥk)2

)

F
]

(gk − gtgt) . (3.10)

This is called the hypernetted-chain Newton (HNCN) iteration. The term in the square
brackets is the inverse of the Jacobian. It does not need to be explicitly calculated if
one takes gk − gtgt into Fourier space. In the original paper, it is described that for the
HNCN method the potential should be calculated on a longer range to obtain reasonable
low-frequency values for ĥ. The tail of the potential update is then cut off. An alternative
is to calculate the Jacobian explicitly from long RDFs and only use the square cutout that
describes dushort

dgshort . It is then inverted again and equation (3.10) is applied on the short-
range; this we call the HNCN Jacobian cutout (jc) method. The latter method applied to
RDFs, where the tails have been extrapolated as will be explained in section 3.2.4 we call
HNCN extrapolated (ex). The straightforward application of equation (3.10) with the
RDF and the potential on the same, short-range we call HNCN short distribution (sd).

Equation (3.10) can be modified slightly by approximating −(gk − gtgt)/gk
≈ log(1 + (gtgt − gk)/gk) = log(gtgt/gk) such that the first term resembles the IBI update,
which is then called the inverse hypernetted-chain (IHNC) iteration.[75]

uk+1 = uk − 1

β
log
(
gtgt
gk

)

︸ ︷︷ ︸

∆uIBI

− 1

β

[

(gk − gtgt)−F−1

((
ĝk − ĝtgt

)

(1 + ρĥk)2

)]

. (3.11)

3.2.2 Gauss-Newton Iteration

Delbary et al. introduced a Gauss-Newton type scheme, which has two advantages over a
pure Newton scheme: (i) the calculated RDF can be longer ranged than the potential,
which can naturally be reflected in a non-square Jacobian, and (ii) the scheme allows
for the inclusion of one or multiple constraints.[75] Again, we only show the important
parts of the scheme and refer to the original paper for details and mathematical rigor.
We switch to a discretized notation with distributions and potentials becoming vectors
and operators becoming matrices. The problem of finding the potential is reformulated
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as a minimization
argmin

wk

∥gtgt − gk −U−1A0wk∥2. (3.12)

U−1A0 represents the Jacobian matrix and wk = fk+1 − fk is the force update in
iteration k. Writing the iteration in terms of the force allows for a pressure constraint
later. The matrix A0 is ∆r times an upper unitriangular matrix stacked on a block of
zeros. The unitrianglar part acts as an antiderivative operator that transforms the force
update to the potential update

uk+1 − uk = A0wk. (3.13)
The block of zeros in A0 makes it rectangular and causes the potential update to be
zero beyond a desired cut-off, but based on the whole range of the input RDF. Matrix U

represents the Jacobian with respect to the potential which we already encountered in
equation (3.10)

U−1 =
1

β

(

diag
(

1− 1

gtgt

)

− F−1diag
(

1

(1 + ρĥtgt)2

)

F

)

. (3.14)

F is the Fourier matrix.
The Gauss-Newton scheme allows us to add constraints to the potential update.

A classic constraint in structure-based coarse-graining is the pressure. The Henderson
theorem would predict that only one potential can reproduce a given RDF. Previous
studies showed, that certain changes to the potential have little effect on the distribution
function.[61] This motivates the scheme, where the pressure is enforced and the RDF is
matched as good as possible. The constraint, derived from the virial, has the form

lTwk = ptgt − pk, (3.15)
where ptgt and pk are the target and current pressure, respectively. The elements of l are
given by

lα =
2

3
πρ2

gtgt,α + gtgt,α+1

2

r4α+1 − r4α
4

(3.16)
The constraint is exact if gtgt = gk+1 so the pressure will not be precisely met in early
iterations.

3.2.3 Extension to Symmetric Molecules with Internal Bonds
Here we extend the methodology from sections 3.2.1 and 3.2.2 to one component systems
where the CG molecules consist of n identical beads. The beads have to be bonded in a
way that makes them indistinguishable. Starting point is the RISM-OZ relation[94]

ĥ = Ω̂ĉΩ̂+ Ω̂ĉρĥ = Ω̂ĉ
(

Ω̂+ ρĥ
)

. (3.17)
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where ĥ and ĉ are matrices with elements ĥij and ĉij of sites i and j, respectively. Each
site in a molecule has a separate index, ignoring indistinguishability for now. Thereby each
site has the same number density ρi = ρ. Ωij represents the intramolecular distribution
function between sites i and j

Ωij = ρ (Gij − gij) + δijδ(r) ⇐⇒ Ω̂ij = ρ
(

Ĝij − ĝij

)

+ δij . (3.18)

Its Fourier transform Ω̂ij is the intramolecular structure factor. Note that the delta
distribution of vector r (not the same as δ(r)) becomes one by the 3D Fourier transform.
Gij is defined similar to a normal RDF, but in addition counts sites that are on the same
molecule, except for the reference site. In the appendix we show how it can be expressed
in terms of the average intramolecular distribution function under the condition that all
combinations of sites in a molecule have the same distance

ρ(Gij(r)− gij(r)) = (1− δij)
n

n− 1
ρ(G(r)− g(r)). (3.19)

Matrix Ω is therefore written as
Ω̂ =

n

n− 1
ρ(Ĝ− ĝ)(Jn − In) + In, (3.20)

where In is the identity matrix and Jn is the matrix of all ones. The other variables in the
RISM-OZ equation are determined straightforwardly. All particle number densities ρi and
distribution functions gij , hij and cij are equal for all i and j, which we use to express
the matrices in terms of In and Jn

ρ = ρIn ĝ = ĝJn ĥ = ĥJn ĉ = ĉJn. (3.21)
Inserting equations (3.20) and (3.21) in (3.17) we find that the matrix equation reduces
to a single equation because of the identity JnJn = nJn

ĥJn =

(
n

n− 1
ρ(Ĝ− ĝ)(n− 1) + 1

)

ĉ

((
n

n− 1
ρ(Ĝ− ĝ)(n− 1) + 1

)

+ nρĥ

)

Jn

(3.22)
from which follows

ĉ =
ĥ

(1 + nρ(Ĝ− ĝ))2 + (1 + nρ(Ĝ− ĝ))nρĥ
. (3.23)

Note that this result is similar to the PRISM-OZ relation, which is often employed for
polymers.[135] We can use this relation with the HNC closure in equation (3.3) for an
initial potential guess. For a Newton update in the HNCN/IHNC scheme, we take the
derivative with respect to the RDF

dĉ
dĝ =

1̂

(1 + nρ(Ĝ− ĝ) + nρĥ)2
. (3.24)
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Here we ignore that the intramolecular correlation (Ĝ−ĝ) is to some degree also a function
of ĝ. We assume that intra- and intermolecular degrees of freedom are uncoupled. With
this equation we have all we need for a Newton potential update. For G− g = 0, i.e. no
intramolecular correlation, equation (3.24) reduces to equation (3.9).

3.2.4 RDF Extrapolation
The sampling of the RDF from a trajectory is, together with the MD simulation, the
computationally most demanding task in iterative coarse-graining. It grows significantly
with a larger range since the number of particles considered grows roughly with the
volume. Here we present a simple scheme for extrapolating an RDF with integral equation
theory.

The direct correlation function c decays much faster to zero than the total correlation
function h.[94] With the OZ equation we can first calculate c from short-range data for h
using equation (3.6), extrapolate the result with zeros, and then use the OZ equation
again to obtain h

†
ext,0

hext,0 = Bgh†
ext,0 = BgF−1

( F(B c)

1− ρF(B c)

)

. (3.25)

Here, B is an operator that appends zeros which numerically equals a unit matrix stacked
on top of a block of zeros. The ratio of rows to columns equals the factor by which the
range is expanded. Bg is the generalized inverse of B which cuts off the tail of a function.
The superscript † denotes that a function is defined on the new longer range. Upon
a simple application of equation (3.25) we find that h†

ext,0 does generally look like an
extrapolation of h but has two issues. It deviates from h on the short range and has
a discontinuity at the transition point as depicted in fig. 3.1. The appended tail of c
influences all parts of the total correlation function because of the convolution in the OZ
equation.

We now aim to find an improved direct correlation function cext that when plugged
in equation (3.25) will result in h

†
ext which matches h in the first region. We find that

equation (3.25) is not invertible, which makes this an inverse problem. In order to solve
it we apply Newton’s method where for iteration l we alternately apply

cext,l+1 = cext,l −
(dhext
dcext

)−1

(hext,l − h)

dhext
dcext

= Bg F−1

(
1

(1− ρF(B cext))2

)

F B
(3.26)

and equation (3.25) for obtaining hext,l+1 from cext,l+1. We find this to converge within
few iterations and giving the expected results, which are exemplarily shown in fig. 3.1.
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Figure 3.1: The true long-range total correlation function h† of the center of mass of
SPC/E water and the naive result h†

ext,0 from extending the direct correlation
function with zeros. Also shown is the extrapolation result h†

ext,5 from running
five Newton iterations to fit h. The dotted, grey line marks the end of he range
of h, from which h

†
ext,0 and h

†
ext,5 are calculated.

In order to use this method for the molecular case with n beads as described before, the
following two equations are derived from equation (3.23) for the calculation of hext and
its derivative in the Newton scheme

hext = Bg F−1

(
(1 + nρF(B(G− g)))2F(B c)

1− nρ(1 + nρF(B(G− g)))F(B c)

)

(3.27)

dhext
dcext

= Bg F−1

(
(1 + nρF(B(G− g)))2

(1− nρ(1 + nρF(B(G− g)))F(B cext))2

)

F B . (3.28)

3.3 Method

3.3.1 HNCN and HNCGN in VOTCA
The two new coarse-graining methods HNCN and HNCGN described above have been
implemented in the Versatile Object-oriented Toolkit for Coarse-graining Applications
(VOTCA) [87, 136] software. For HNCN, all variants discussed in section 3.2.1 are
available and can be specified in the VOTCA input file. The usage is similar to IBI and
IMC, Python and NumPy are used internally for the vector operations. The code allows
for the generation of a potential guess based on integral equations (equations (3.3) and
(3.7)). A potential guess for molecular systems of identical beads can be generated using
equation (3.23). Potential updates are calculated with the HNCN, IHNC, and HNCGN
method (equations (3.10), (3.11), and (3.12)). We also modify VOTCA’s csg_stat
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to compute the correlation function G(r), which is needed for the molecular case. An
alternative to the HNC closure, the Percus-Yevick closure

g =
c

1− eβu
(3.29)

can be used to derive related update schemes, which are also implemented but not tested
thoroughly. Some preliminary tests showed very similar results to the HNC closure for
the systems in this paper. The pressure constraint for HNCGN is implemented as an
elimination with the algorithm as described by Gander et al..[78] In the current form,
the code can be straightforwardly extended to other constraints if they can be expressed
in terms of the force F (r) and the RDF g(r).

There is also a new power extrapolation scheme for the potential in the core region
where the RDF is zero. It fits a power function Ufit = arb to the Boltzmann inverse of
gtgt from the first r where gtgt is larger than a threshold (default: 1× 10−10) to its first
maximum. The potential is then extrapolated in the region r = 0 to the first r where the
potential is convex or gtgt is above 1× 10−2.

The code resides currently in a fork of VOTCA at https://gitlab.com/cpc_
group/csg but we aim to get it into the main repository.

3.3.2 Water, Hexane, Naphthalene
We have tested our methods on simple LJ systems and found similar results as Delbary
et al.[75], so we turn to more relevant molecular systems in this work. To test the new
coarse-graining schemes we create reference structures by performing all-atom (AA)
simulations of water, hexane, and naphthalene. We run NVT simulations of SPC/E water
and OPLS/AAmodels of hexane and naphthalene.[16, 137, 138] Long-range electrostatics
are accounted for with the particle-mesh-Ewald (PME) method. GROMACS 2019 was
used for all simulations.[139] For all systems, a box with the correct volume is filled
randomly with molecules. It is then energy-minimized with the steepest descent algorithm
for 104 steps. After an equilibration of 105 steps a production run of 2 × 106 steps is
performed where every 100th step is written to a trajectory file. A Langevin thermostat
with a friction constant of 2 ps−1 keeps the temperature constant. Further simulation
details and the average pressure from the production run are given in table 3.1.

The VOTCA package is used for mapping the AA trajectory and calculating the target
distribution functions for the coarse-graining. The mapping schemes used are shown in
fig. 3.2. In naphthalene, each bead corresponds to the center of mass of two carbon atoms
and one of the central carbon atoms with half weight. A snapshot from the equilibrated AA
simulation is taken and mapped to be the starting configuration. The starting non-bonded
potentials are generated by equation (3.7), with the target distribution over a range
of twice the cut-off. This ensures that all methods start from the same potential and
allows us to compare the potential updates in the first iteration in detail. For the bonded
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Table 3.1: Parameters used in theAANVTsimulations and the resulting average pressure.

water hexane naphthalene
Nr. of molecules 5000 2000 2000
Temperature in K 298.15 273.15 373.15
Density in g cm−3 0.998 0.67 0.99
Timestep in fs 2 1 1
Cut-off in nm 0.8 1.2 1.2
NVT pressure in bar 259 77 311

Figure 3.2: Mapping schemes for water, hexane, and naphthalene. Bead positions are
determined by the center of mass of atoms within it. The central carbon
atoms in naphthalene belong to two beads at the same time.

potentials (one bond in hexane, two bond-types, one angle-type, and two dihedral-types
in naphthalene) the target distribution is Boltzmann inverted to obtain a starting potential.
For each iteration the system is run with a timestep of 4 fs and a cut-off of 0.8nm for water
and 1.2nm for hexane and naphthalene. MD simulations are run for 7× 104 (3.1× 105

for IMC) steps where every 10 steps the positions are saved in a trajectory, of which the
first 1× 104 are discarded. This means, that five times the amount of frames goes into
sampling the IMC matrix, compared to the distributions for the other methods. For HNCN,
HNCN (jc), and HNCGN the RDF for the potential update at each iteration is determined
up to twice the cut-off. In the core region where the potential update is undefined due
to the RDF being zero the potential is extrapolated with an exponential function. The
simulation settings are otherwise equal to the AA simulations.

While we vary the methods for the non-bonded potential update, we consistently use
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IBI for the internal degrees of freedom. This ensures that bond and angle distributions
are precisely reproduced which simple Boltzmann inversion cannot guarantee. We do
however have to scale the potential updates before adding them to the potential for the
previous iteration. This is done for naphthalene, where we use 0.5 for angles and 0.25 for
dihedrals. The scaling is justified by the interdependence of multiple bonded potentials
due to the small ring. In ring-free molecules, bonded potentials are normally relatively
independent. However, in a four-ring a small change in all four angle potentials will
make the whole ring much stiffer. Therefore, to make the angle distribution narrower the
potential needs to be changed only a fraction of the IBI update. If applied without the
scaling, we observe divergence in the bonded potentials and the simulation crashes after
some iterations.

3.3.3 Methanol in Water
Methanol-water simulations are prepared with seven different mole fractions of methanol:
0.05, 0.1, 0.2, 0.4, 0.6, 0.8, 0.9. The AA simulations employ the OPLS/AA model for
methanol and the TIP4P model for water.[13, 137] A total of 8000 molecules with eight
different mole fractions are equilibrated and simulated in an NPT ensemble. Molecules
are inserted randomly into a box with density 1 g3 cm−1. They are successively energy
minimized for 5× 103 steps, run with a velocity rescaling thermostat with a stochastic
term for 1× 104 steps, and run with an additional Berendsen barostat for 1× 105 steps.
The timestep is 1 fs and the temperature 298.15K. The cut-off for the LJ interactions is
1.2nm and PME is used for the long-range electrostatics. The production run is perfomed
with a Nosé-Hoover thermostat (τT = 2 ps) and Parinello-Rahman barostat (τp = 10 ps).
Since we are interested in the methanol-methanol distribution function, we simulate
longer for dilute systems. The production run has therefore 2×105

x(methanol) steps. Positions
of the atoms in methanol are written every ten steps after the first 0.5ns. An RDF is
calculated from the center of mass of each methanol molecule using VOTCA.

For each composition, we also determine the osmotic pressure from atomistic simu-
lation. We therefore closely follow the OPAS method.[140] It is based on a simulation
of a box elongated in z-direction where the solute is kept in a defined region by two
semipermeable membranes normal to the z-axis. From a pre-run with a total pressure
of 1000 bar the osmotic pressure is first estimated, such that in the production run the
pressure outside the mixed slab can be set to 1 bar. We depart slightly from the original
method in that we employ a Parinello-Rahman barostat that scales the box in x- and y-
direction during the pre- and the production-run. Thereby the box is scaled perpendicular
to any forces exerted by the walls and interference is avoided. Equilibration is performed
in the same procedure as described above for the bulk simulations. We test two force
constants kw for the half-harmonic potentials that form the semipermeable membranes,
500 kJmol−1 nm−2 and 4000 kJmol−1 nm−2. Methanol molecules are attached to a vir-
tual site at their center of mass. The membrane force is determined by the position of the
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virtual site and the force is distributed on the atoms of the molecule. Inside the mixture
slab, some of the methanol molecules adsorb to the semipermeable walls and also push a
bit outside of the confined region. The resulting mole fraction and concentration for each
osmotic pressure is determined from the unperturbed region in the middle of the slab, by
counting molecules in that region.

We develop an implicit solvent model of methanol in water for each mole fraction.
Methanol is mapped to a single bead. We use the HNCGN method with and without a
pressure constraint to obtain the CG interaction potentials. The configuration is generated
from a mapped configuration of a snapshot of an x(methanol) = 0.9 AA system with 7200
methanol molecules, which is scaled to match the methanol density of the NPT run. This
results in large boxes for the low mole fractions. Therefore we need again more sampling
for the “dilute” systems to obtain meaningful RDFs. We run each coarse-graining iteration
for 1 × 104 equilibration steps and 4×104

x(methanol) production steps of which every tenth is
saved.

3.4 Results and Discussion

3.4.1 Potential Guess

We start by examining the potential obtained from equation (3.7) and (3.23) which we
use for all performed iterative coarse-graining runs to start from. In fig. 3.3 we compare it
to the Boltzmann inverted (BI) target distribution, i.e. the potential of mean force, which
is the common choice in coarse-graining for the starting potential. For the HNC potential
of hexane and naphthalene, the intramolecular distribution obtained from the mapped
AA simulation is used. We find that the HNC potential is always more repulsive for all
three molecules compared to the BI potential. It does result in a very good RDF when
compared with the BI potential, especially for water, where the BI potential generates too
much structuring. For naphthalene both potentials, even though very different in shape,
produce almost the same RDF. This confirms the common observation that while there
might be only one optimal potential, the RDF is very insensitive to certain changes in the
potential.

3.4.2 Jacobian Comparison

To analyze the quality of the update schemes, we compare the Jacobians of each Newton
method. In fig. 3.4 the Jacobians from the first iteration of water with the respective
methods are shown. Each element represents the derivative ∂gα

∂uγ
for the change of the

RDF at α by changes in the potential at γ. In the first iteration, the Jacobian contains
all information about the update, since for all methods the distance gk − gtgt is the same.
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Figure 3.3: Potentials generated from Boltzmann inversion (BI) and HNC inversion of a
given target RDF and the resulting distributions from MD simulations.

For IBI it is a diagonal matrix with values

diag(JIBI) = β((gk − gtgt)/ log(gtgt/gk)) (3.30)

on the diagonal and zero on the off-diagonal elements. The diagonality reflects that
IBI can only update the potential based on local information about structure mismatch.
For IMC usually the IMC matrix AIMC is written down in terms of a function S(r) =
4πr2N2/(2V )g(r) where N is the number of particles and V is the volume. The elements
of the IMC matrix are calculated by

AIMCαγ =
∂Sα

∂uγ

= β (⟨Sα⟩ ⟨Sγ⟩ − ⟨SαSγ⟩) . (3.31)

For comparison purpose, the Jacobian with respect to g can be retrieved by

JIMCαγ =
∂gα

∂uγ

= (4πr2αN
2/(2V ))−2AIMCαγ (3.32)

The Jacobian for the HNCN method is the term in square brackets in equation (3.10),
inverted.
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Figure 3.4: Jacobian dg
du for the first iteration of the SPCE-water coarse-graining from

four different methods. For HNCN and HNCN (ex) the Jacobian extends till
1.6nm in both directions and only the top left quarter is presented.

The diagonal elements of all Jacobians are negative since a positive perturbation
of the potential at α will result in a negative impact in the RDF at the same distance.
Except for IBI, other features of the three Jacobians are very similar too, for example
the positive region close to the diagonal at about the first peak of the RDF. Physically,
this can be thought of as an effect of the potential well. A positive potential perturbation
in that region leads to a higher sampling of neighboring points because the remaining
potential well is favored. Another motif that is present in both methods is a pair of
diagonal stripes of negative values, which are located ±0.27nm from the diagonal. That
distance is equivalent to the position of the first peak rfp in the RDF. It represents that
a perturbation of the potential at any distance will make it less likely to find a second
particle at that distance which will indirectly make the presence of a third particle at
that distance ±rfp less likely. The IMC Jacobian is not perfectly smooth, where the noise
depends on the number of frames used for sampling the IMC matrix. It is symmetric by
construction, see equation (3.31) and fading out to the bottom due to the normalization
with 1

r2
in equation (3.32). The Jacobians JHNCN (sd), JHNCN,JHNCN (ex) are much smoother

but seem to retain the same structure and symmetry.

The similarity in structure indicates that through integral equations it is well possible
to construct a Jacobian just from RDFs. JHNCN (sd) shows an interesting artifact in the
bottom right corner: a stripe of positive values orthogonal to the matrix diagonal. The
same motif is present in JHNCN and JHNCN (ex), but outside the shown sector of the matrix.
On closer inspection, there are more, weaker but similar motifs that go perpendicular
to the diagonal. We account those artifacts to the numerical deconvolution of c and
h. In the OZ equation (3.2) the total correlation function h is input and output of the
convolution. One aspect of the convolution of two distributions is that the output will
have a larger range than the inputs. The situation with the OZ equation is best illustrated
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by its recursive expansion

h = c+ ρh ∗ c = c+ ρc ∗ c+ ρ2c ∗ c ∗ c+ . . . (3.33)

So even if the direct correlation function decays very fast, which it usually does, it will
generate non-negligible values for the total correlation function on a longer range than
c has. Therefore, by calculating c from h with a short-ranged h one will produce an
erroneous estimate for c. The same argument can be made for the calculation of dc

dg from
h. We think this effect is also the reason why Heinen calculates the structure factor in
a way that uses effectively the whole simulation box.[127] The original HNCN method
avoids this by calculating a longer RDF and cutting away the possibly erroneous part of the
potential. The HNCN (jc) method as introduced in section 3.2.1 also avoids the artifact
by cutting the Jacobian, before multiplication with the RDF distance. The Jacobian of
the HNCN and the HNCN (jc) method are equal, so we only show the former in fig. 3.4.
Finally, the variant where the RDF has been extrapolated, HNCN (ex), shows a Jacobian
indistinguishable from the HNCN (jc) method.
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Figure 3.5: Jacobians for the first iteration of the hexane (left two) and naphthalene
(right two) coarse-graining with IMC or the HNCN method. For HNCN the
Jacobians extend till 2.4nm in both directions and only the top left quarters
are presented.

To confirm the newly derived update scheme for symmetric molecules we also
compare the Jacobians of hexane and naphthalene with IMC in fig. 3.5. Due to the
absence of noise, finer details are recognizable in the HNCN Jacobian, such as sharp
lines, that originate from the peak like intramolecular distribution function. The HNCN
Jacobian is indeed very similar to the IMC result. This confirms, that a Newton update
based on the RISM equation does sufficiently approximate the exact Newton update. It
also implies that the approximation made in equation (3.19) for naphthalene, namely
the equivalence of off-diagonal elements in Gij , is reasonable.

We cannot present a Jacobian calculated from HNCN (ex) at this point. The reason
is that the Newton scheme for RDF extrapolation, as described by equations (3.27) and
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(3.28), fails to converge for the distribution generated by the potential guess for both
hexane and naphthalene. Interestingly, it converges for the target distribution in both
cases. We believe this is related to the inadequateness of the assumption of a fast decay
of the direct correlation function for the molecular case. The RISM-OZ equation (3.17),
in contrast to the simple OZ equation (3.2), is known to not be fully consistent with a
short-ranged direct correlation function.[94, 141]

3.4.3 Convergence
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Figure 3.6: Potentials and distributions up to the cut-off after 20 iterations of four dif-
ferent coarse-graining methods. The insets in the bottom row show the
convergence of the data fit δ versus the iteration number. The target RDF is
also plotted, but is not visible because it is hidden by the graphs of the other
distributions.

We now compare the output of six different coarse-graining methods: (i) IBI, (ii)
IMC, (iii) HNCN, (iv) HNCN (jc), (v) HNCN (ex), and (vi) HNCGN. Bonded potentials
have in any case been updated using IBI and have converged within few iterations in any
case, so we are not showing them here. In fig. 3.6 we show the potentials and distributions
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obtained after 20 iterations. The convergence of the RDF, given by the data fit measure

δ =

√

1

rco

∫ rco

0

(gk − gtgt)2dr, (3.34)

is also shown.[87] The upper integration limit is the cut-off rco. HNCN (ex) results are
only present for water since, as mentioned in the last section, the RDF extrapolation fails
for hexane and naphthalene. Results for the HNCN (sd) method are missing for all three
molecules because the iterative method would produce erroneous potentials: those would
be strongly oscillating over their whole range or have very deep minima which would
at some point crash the MD simulation. Since the other HNCN methods converge, we
contribute the convergence failure to the artifacts in the Jacobian as discussed previously.
This limits the applicability of the naive HNCN (sd) method. If short cut-offs are wanted,
and this is typically the case in coarse-graining, an Ansatz with longer RDF for the Jacobian
has to be used to obtain meaningful results.

All methods produce the same distribution within line thickness after 20 iterations,
the potentials however differ. The IBI potentials are much more repulsive in hexane and
naphthalene, but we did not test if they would eventually converge to the IMC potential.
The IMC, HNCN, and HNCN (jc) results are almost identical, and also converge to a
similar δ value. The convergence speed is fastest with IMC only requiring 3-8 iterations
till δ flattens out. HNCN, HNCN (jc), and HNCN (ex) converge within 4-11 iterations, a
bit slower than IMC but much faster than IBI. This includes hexane and naphthalene
which shows that RISM based coarse-graining works for the examined molecular systems.

We find that for hexane HNCN achieves less accuracy than HNCN (jc), i.e. the
converged δ value is higher. HNCN (jc) only uses a cut-out of the Jacobian, while HNCN
uses the inverse of the full matrix including the artifact. Even though the tail of the
potential update is cut off, it seems the artifact still influences the short-ranged potential
update.

One can compare the performance by looking at the amount of time used for each
iteration. For water we find 1.5min for IBI, HNCN (sd), and HNCN (ex), 6min for IMC,
and 7min for HNCN, HNCN (jc), and HNCGN, on a 24 core AMD Opteron 6174. The
bottlenecks are the MD simulation, the RDF calculation, and the IMC matrix calculation.
HNCN and HNCN (jc) were performed with the RDF calculated on double the range than
HNCN (sd), which has a large performance impact. HNCN (ex) has the same input as
HNCN (sd) and extrapolates the RDFs to the doubled range on the fly. This results in
HNCN (ex) being the fastest method to converge in total computational time, beating
IMC by a factor of four.

When looking in more detail at the convergence behavior we find that the RDF
oscillates slightly around the target distribution. Oscillations around the solution are
expected from a Newton method with a slight error in the derivative. For IMC this
error in the Jacobian is statistical. For HNCN (jc) it is statistical, caused by noise in the
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distributions, and systematic due to the HNC closure not being exact. It follows that if one
is interested in improving the RDF to a very precise degree, the way to go is using IMC
updates with sufficient statistics in the IMC matrix. For practical purposes, the precision
of HNCN (jc) should be more than satisfying.

The HNCGN results are less uniform. We find that it converges similarly fast as
HNCN for water and hexane, but to slightly different potentials, once more repulsive,
once more attractive. For naphthalene, the situation is worse and the potential oscillates
largely and never converges. To understand if artifacts in the Jacobian can be the source
of this, we have to know which parts of it are used. HNCGN by default can use the RDF
on a longer range than the potential update is made on through matrix A0 in equation
(3.12). Due to the block of zeros in the lower part of A0 it cuts out parts from the right of
the Jacobian when multiplied with it. This reflects the idea of the Gauss-Newton Ansatz,
where a short-ranged potential is updated based on a longer RDF and non-square shape
allows for the addition of constraints. We depict this in fig. 3.7. The artifacts, which
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Figure 3.7: The Jacobian obtained from integral equations for the first coarse-graining
iteration of naphthalene. The orange dashed rectangle shows the region that
is used for the HNCGN update, whereas the yellow dotted square shows the
cut out that HNCN (jc) is using.

are visible as “waves” perpendicular to the diagonal and emerging from the lower right
corner, are present in the HNCGN region. We cannot with full certainty link the issues
in convergence with HNCGN in naphthalene to these artifacts in the Jacobian, but since
they have shown to be the root cause with the HNCN (sd) method it seems likely. The
main artifact lies outside of the region used, which probably explains why HNCGN fails
to converge only sometimes. A concluding test would be to calculate the Jacobian on
an even larger range, such that the part that is used by HNCGN is uninfluenced by the
artifacts, but this we have not implemented. The difference in the potentials obtained for
water and hexane can be explained by that HNCN and HNCGN are optimizing different
residues. HNCGN finds the best potential for the RDF on a range twice as long as HNCN
does. So the difference in the potential is to be expected since more and different target
information goes into the HNCGN method.
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3.4.4 Pressure Matching
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Figure 3.8: (a) Osmotic pressures obtained by the OPAS method from all-atom slab
simulations with two different wall force constants kw in kJmol−1 nm−2. The
polynomial fit function (eq. (3.35)) is included as dotted line. The literature
data fromKohns et al. are shown as crosses and connected by dashed-dotted
lines to guide the eye. (b) The pressure values resulting fromNVT simulations
of CG models of methanol in implicit water.

We now present the results for the methanol-water mixtures. Figure 3.8a displays
the osmotic pressures Π determined by the OPAS method. The osmotic pressure is found
to increase strongly up to several thousand bars when the fraction of methanol goes
up. The two different wall force constants seem to have little systematic influence on
the osmotic pressure, but our error bars calculated from block averaging over time are
probably too low. Literature values from Kohns et al. are significantly lower for higher
mole fractions.[142] However, they use the TIP4P/2005 water model and a united-atom
methanol model whereas we use the TIP4P water model and the OPLS-AA methanol
model, so differences have to be expected. We take the data for Π from both force
constants and fit them with a polynomial of third order without zero order term,

Πfit(x) = ax3 + bx2 + cx. (3.35)

The resulting fit parameters are a = 24 070 bar, b = −12 960 bar, and c = 2930 bar; this
fit is also shown in fig. 3.8a.

To illustrate the ability of our scheme of matching these pressures we compare (i)
HNCGN without constraints and (ii) HNCGN with pressure constraint (p-HNCGN) on the
potential updates. We use the beforementioned polynomial Πfit to set the target pressure
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for the p-HNCGN method at the given mole fractions. Osmotic pressures for x > 0.65
are extrapolated values because of the lack of corresponding OPAS data for higher mole
fractions.
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Figure 3.9: Two exemplary potential updates that show spikes near the core region and
jumps before the cut-off arising from using applying the p-HNCGN method
without post-processing.

Upon straightforward implementation of the p-HNCGN method, we embrace two
problems that can cause unphysical potentials. The first is a jump in the potential update
right before the cut-off as seen in the potential update of iteration one for x = 0.05 in
fig. 3.9. This is related to the pressure constraint since the sudden jump in the potential
creates a huge force at that distance, which increases the pressure while having a small
effect on the structure. This effect is stronger in the more dilute systems. To prevent this,
we implement a simple fix, where the whole potential is shifted, such that it is continuous
at the cut-off. However, we do not use it here, since we find the final potentials only
have this jump for x = 0.05 and it was relatively small. Secondly, there is a negative
spike that appears when the pressure is corrected down. It appears at the end of the
core region, where the current and target RDF are close to zero. We show an example in
fig. 3.9. This can create a very narrow and deep potential well, which crashes the MD
simulation. We circumvent this by extrapolating the potential, e.g. by the power scheme
described in section 3.3.1. This scheme, contrary to the standard scheme, substitutes a
small part of the repulsive region of the calculated potential. With this tweak, we find the
coarse-graining iterations to be stable and to converge after approximately five iterations.

The potentials and distributions obtained from the p-HNCGN method after 20 itera-
tions are shown in fig. 3.10. The potentials differ and get more repulsive with a growing
mole fraction of methanol. For implicit solvent systems, one cannot expect there to be a
common potential for all concentrations, since the influence of the water is incorporated
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Figure 3.10: RDFs and potentials for CG methanol obtained with the p-HNCGN method.

in the potential. However, we find that for concentrations lower than x ≤ 0.4 there are
only small differences in the potentials. This indicates that below this concentration
methanol molecules interact in a similar way, independent from the concentration. Above
x = 0.4 we find the potentials to become much more repulsive and increasingly showing
two distinct minima, one at 0.35nm and one at 0.45nm. The pressures obtained from
the HNCGN and p-HNCGN potential are shown in fig. 3.8b and in table 3.2. The error
estimates are smaller for the more dilute systems because they have been simulated longer.
From the graphic representation, we can see that the target pressure is met very well,
where the unconstrained HNCGN method results in too low pressure.
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Table 3.2: Pressures in bar of CG models of methanol water mixtures from two different
methods.

x(methanol) target HNCGN p-HNCGN
0.05 117 67(1) 75(1)
0.1 187 125(3) 129(3)
0.2 260 251(6) 253(6)
0.4 639 611(13) 623(12)
0.6 2291 1232(18) 2240(18)
0.8 6373 2872(22) 6360(23)
0.9 9686 3439(26) 9685(26)

3.5 Conclusion and Outlook

We have demonstrated the applicability of the Newton methods based on integral equation
theory for molecular coarse-graining. The results show that from the OZ equation the
Jacobian for a Newton update can be deduced which is equivalent to the IMC Jacobian.
The new HNCN methods have properties similar to IMC: rapid convergence in under 10
iterations and the same resulting potential, but it does not require the sampling of the IMC
matrix. For short potential cut-offs, which are prevailing in molecular coarse-graining,
we find the HNCN Jacobian to have artifacts if the RDF is not sampled on a longer range.
They are explained by the numerical deconvolution of the OZ equation. Those artifacts
are found to prohibit convergence of the method and distributions have to be evaluated
beyond up to around the double cut-off to construct a valid Jacobian. Using HNCN with
a longer RDFs makes it as slow as IMC, but when we use a physically motivated scheme
to extrapolate the RDFs we obtain four times faster convergence than IMC for water.

An extension to multiple-site representations of molecular liquids based on the
RISM-OZ equation has been proposed and demonstrated to work well for CG models
of liquid hexane and naphthalene. Again, the resulting potentials are similar to IMC
results and convergence speed and accuracy is comparable. This is a first step towards
applying iterative integral equation coarse-graining methods in general systems. The same
approach could also be used for coarse-graining of polymer melts if the intramolecular
distribution function is approximated to be equal between all bead combinations. Existing
uses of the OZ equation in polymer coarse-grainingmight profit from aNewton formulation
for computing improved pair potentials.

The HNCGN method has been used to derive models for a single bead CG methanol
model in implicit water at different concentrations. The p-HNCGN method can match
the osmotic pressure that was previously determined by OPAS simulations. The imple-
mentation of pressure constraints by elimination from the Gauss-Newton problem proves
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to be a powerful tool to enforce additional conditions on the potentials with only minor
numerical pitfalls. The formulation could in this form also be used with the IMC method
and would probably be more consistent than the common ramp corrections.

We note that IBI has been extended to inhomogeneous systems which improves the
structure of the phase boundary. [143] This extension is non-trivial for the methods
studied in this work as homogeneity is a requirement for integral equation theory.
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Appendix: Intramolecular Distribution Function
Here we show how in a molecule of n identical beads the Gij − gij relates to G− g. We
first write down the summation over N molecules with indices g and h for the explicit
case

ρgij(r) =

〈

1

N

N∑

g

N∑

h

(1− δgh)δ(r − |rgi − rhj |)
〉

(3.36)

ρGij(r) =

〈

1

N

N∑

g

N∑

h

(1− δghδij)δ(r − |rgi − rhj |)
〉

. (3.37)

Here, rgi is the position of site i on molecule g. Therefore we obtain for the difference of
the two distribution functions

ρ(Gij(r)− gij(r)) =

〈

1

N

N∑

g

N∑

h

−δgh(δij − 1)δ(r − |rgi − rhj |)
〉

= (1− δij) ⟨δ(r − |ri − rj |)⟩mol .

(3.38)
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〈 〉

mol indicates an average over all molecules. This reflects that the intramolecular
distribution function is independent of intermolecular correlations. If all combinations i
and j have the same distance distribution e(r) we can simplify to

ρ(Gij(r)− gij(r)) = (1− δij)e(r) (3.39)

Now we assume molecules with n equal sites. The density of those sites is nρ. To
obtain the site independent expression we need to sum over all sites

nρ(G(r)− g(r)) =

〈

1

nN

N∑

g

N∑

h

n∑

i

n∑

j

−δgh(δij − 1)δ(r − |rgi − rhj |)
〉

=

〈

1

n

n∑

i

n∑

j

(1− δij)δ(r − |ri − rj |)
〉

mol

.

(3.40)

Again we assume all distance distributions to be equal e(r) and obtain

nρ(G(r)− g(r)) = (n− 1)e(r). (3.41)

By comparing equations (3.39) and (3.41) we find

ρ(Gij(r)− gij(r)) = (1− δij)
n

n− 1
ρ(G(r)− g(r)) (3.42)

Note that this is an approximation, if not all sites have the same distance distribution. For
example in a rectangular molecule G12 would be different from G13. Equation (3.42) is
therefore only exact for molecules where all sites have the same internal distances, i.e. a
dumbbell, equilateral triangle, and tetrahedron.

53





4 Stability, Speed, and Constraints for
Structural Coarse-Graining in VOTCA
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Abstract

Structural coarse-graining involves the inverse problem of deriving pair potentials that
reproduce target radial distribution functions. Despite its clear mathematical formulation,
there are open questions about the existing methods concerning speed, stability, and
physical representability of the resulting potentials. In this work, we make progress on
several aspects of iterative methods used to solve the inverse problem. Based on integral
equation theory, we derive fast Gauss-Newton schemes applicable to very general systems,
including molecules with bonds and mixtures. Our methods are similar to inverse Monte
Carlo in terms of convergence speed and have a similar cost per iteration as iterative
Boltzmann inversion. We investigate stability problems in our schemes and in the inverse
Monte Carlo method and propose modifications to fix them. Furthermore, we establish
how the pair potential can be constrained at each iteration to reproduce the pressure,
Kirkwood-Buff integral, or the enthalpy of vaporization. We demonstrate the potential of
our approach in deriving coarse-grained force fields for nine different solvents and their
mixtures. All methods described are implemented in the free and open VOTCA software
framework for systematic coarse-graining.
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4.1 Introduction
Coarse-grained molecular simulations present the challenge of representing a molecular
system with a large number of atomistic degrees of freedom by a simple model with a
significantly reduced number of degrees of freedom. Its main applications lie in polymer
and biomolecular science where the time- and length scale are out of reach for atom-
istic molecular dynamics (MD) simulations.[27, 40, 144, 145] An important class of
coarse-grained (CG) models is particle-based, with pair potentials realizing repulsion and
attraction between groups of atoms combined into so-called beads. Several methods exist
to obtain CG pair potentials: Top-down methods parametrize the CG potentials based
on experimental data.[42] Bottom-up methods derive potentials from some reference
atomistic model with a preexisting force field or ab initio MD. Examples for the latter
are relative entropy (RE), force-matching, and machine learning.[56, 80, 146] Two
methods, inverse Monte Carlo (IMC) and iterative Boltzmann inversion (IBI), explicitly
optimize pair potentials to match the radial distribution function (RDF) of the mapped
atomic reference.[50, 52] The RE method has been proven to be equivalent to IMC if pair
potentials are optimized by a Newton scheme.[91, 92]

The mathematical classification of the structural coarse-graining problem is that
of an inverse problem. Only a complicated forward function from the potential to the
RDF exists (the MD simulation), but the opposite direction is of interest.[147] The
Henderson theorem states that the potential for a given RDF is unique up to a constant.[48,
49] IBI seems to converge to the RDF, but the potential is still changing even after
thousands of iterations.[53] Its use is nevertheless prevalent due to its very simple “one-
line” implementation. IMC on the other hand, i.e., the Newton iteration, while in theory
the better choice, is not without its problems. Sampling the cross-correlations of particle
counts for the IMC update is computationally expensive. Even though it is more rigorous
than IBI, it has stability issues as it sometimes produces noisy potentials. Regularization,
scaling of the potential update, or pre-iterations of IBI are therefore often employed.[121,
123] Despite these fixes, it seems that it is not understood why IMC has instabilities that
IBI does not have.

In two previous papers, we have introduced a new type of structural coarse-graining
method for solving the inverse problem which is based on integral equation theory.[75,
148] It uses the derivative of the hypernetted-chain (HNC) equation for an approximative
relation between RDF and potential. The new iteration methods lead to convergence in
a similar number of iterations as IMC while requiring no sampling of cross-correlation
matrices. So far, our method was only available for systems of single beads. General
systems with multiple beads and bonds can be treated with the Reference Interaction
Site Model (RISM),[106] for which we provide the derivative in this paper. We also make
use of symmetry reduction of the RISM equations that arise when multiple beads in a
molecule are equivalent.[149]

Two of the significant challenges in coarse-graining are transferability across different
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state points and composition as well as representability in terms of thermodynamic proper-
ties such as pressure or compressibility. In recent publications, it was argued that different
additional terms are needed to achieve those. Examples are temperature-dependent
potentials[150], local density-dependent potentials[86], and volume-dependent poten-
tials[63]. At the same time, it is unclear which properties can be represented well with
pair potentials alone. Many thermodynamic properties can be expressed as a function
of the RDF and the pair potential and therefore be constrained using a Gauss-Newton
scheme.[148, 151] In this paper, we introduce three different thermodynamic constraints
and test whether they can be combined.

The paper has the following structure: In section 4.2.1 we first introduce the general
scheme of the iterative methods used. In sections 4.2.2 to 4.2.5 the new general integral
equation ansatz to connect structure and potential is derived. In sections 4.2.6 to 4.2.10
we introduce several modifications of the algorithm that address speed, thermodynamic
consistency, and stability. In the remaining sections we apply the methods to a neon-
argon mixture, hexane, and various organic solvents. All methods and algorithms used
in this paper have been implemented in Python and Numpy and integrated into the
VOTCA software package.[87, 88] The code resides currently in the csg/multi-iie2
branch on https://github.com/votca/votca, but will be merged into the main
branch soon. We also make all simulation files, RDFs, and potentials available at https:
//tudatalib.ulb.tu-darmstadt.de/handle/tudatalib/3492.

4.2 Theory

The problem we are solving is finding a set of potentials that reproduces a given set of
RDFs. The target RDFs are typically obtained from a mapped atomistic trajectory, i.e.
an atomistic trajectory analyzed in terms of the CG degrees of freedom. We assume the
mapping scheme that relates the position of the CG beads to the atoms (usually the center
of mass) is fixed. The iterative approach is to use an initial potential guess and then
make repeated updates based on the remaining difference between the current and target
RDFs.

4.2.1 Newton and Gauss-Newton Methods

For a system with different beads, we are interested in all potentials uαβ between them,
where α, β are indices for bead types. We stack all potentials to a single vector u =

(uαα, uαβ , . . . ). For a system with nt bead types there are ni =
nt(nt+1)

2 interactions. Note,
that each potential is itself a tabulated potential uαβ = (uαβ1, uαβ2, . . . uαβncut) and u

can be seen as a single one dimensional vector. The index ncut equals the number of
grid points up to the cut-off rcut. Similarly, we define the vector g from all ni RDFs. In

57

https://github.com/votca/votca
https://tudatalib.ulb.tu-darmstadt.de/handle/tudatalib/3492
https://tudatalib.ulb.tu-darmstadt.de/handle/tudatalib/3492


Newton’s method the potentials are iteratively updated as

uk+1 = uk −J−1(

∆gk
︷ ︸︸ ︷

gk − gtgt)
︸ ︷︷ ︸

∆uk

. (4.1)

The subscript k denotes iteration k and gk are the RDFs obtained from MD with potentials
uk. Matrix J is the Jacobian with the elements

Jαβi,γϵj =
∂gαβi

∂uγϵj

. (4.2)

Here, the indices i and j represent the distance between the interacting beads α, β and
γ, ϵ, respectively. We note that eq. (4.1) provides the explicit formulation of the potential
update, but in practice it is advantageous to solve the system of linear equations without
inverting the matrix.

The Jacobian J is assumed to be square, i.e., the potential tables have as many data
points as the RDFs used for the update. We relax this condition and optionally introduce
a diagonal weighting matrix W and use a Gauss-Newton algorithm, where the update is
computed as

uk+1 = uk −
generalized inv. Jg

w
︷ ︸︸ ︷

(Jw
TJw)−1Jw

T W(

∆gk
︷ ︸︸ ︷

gk − gtgt)
︸ ︷︷ ︸

∆uk

(4.3)

with the weighted Jacobian Jw = WJ. Each RDF can now have more grid points than the
potentials: gαβ = (gαβ1, gαβ2, . . . uαβnres) with nres ≥ ncut. This type of update minimizes
the norm

∥W(gtgt − gk − J(uk+1 − uk))∥2. (4.4)
In other words: the potentials are updated such that the weighted difference between
the target RDFs gtgt and the new expected RDFs gk+1 ≈ gk + J(uk+1 − uk) is minimized.
This type of formulation has several advantages. Firstly, it allows one to restrict the
potential (update) to a cut-off rcut while optimizing the RDF up to a longer (residuum-
)cut rres. Optionally, the tail can be given a larger weight in the optimization by the
weighting matrix. Secondly, the scheme allows for the optimization of a selection of RDFs
by changing a similar or smaller subset of potentials. This selective scheme is introduced
in section 4.2.7. Thirdly, constraints can be introduced, see section 4.2.8. Before we
explore those topics, we will explain how the Jacobian can be obtained.

4.2.2 IBI and IMC
When the derivative in eq. (4.2) is approximated by the corresponding derivative for the
low density approximation

u = −kBT log(g) (4.5)
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the Jacobian becomes a diagonal matrix. One can show that[75] the resulting low density
Newton scheme is numerically close to the IBI scheme[52]

uk+1 = uk + kBT log
(

gk

gtgt

)

︸ ︷︷ ︸

∆uk

, (4.6)

which itself is not a Newton scheme. The low-density Newton scheme and the IBI method
are local in two senses: (i) the interaction of two bead types is not influenced by the
structure of a different pair of bead types and (ii) the potential update at each distance
only depends on the RDF mismatch at that distance.

Inverse Monte Carlo, on the other hand, is the full Newton scheme.[50] IMC is
expressed using the quantity Sαβ , which describes the total number of bead pairs between
bead types α and β. It is related to the RDF via Sαβi =

4πr2iNαNβ

(1+δαβ)V
gαβi, where ri is the

distance, Nα is the number of beads of type α, and V is the system volume. The factor
(1 + δαβ) arises because Sαβ is a measure for the number of pair interactions and double-
counting has to be avoided when α = β. For a system with pair potentials, the elements
of the IMC Jacobian can be computed from the cross-correlations between the particle
numbers Sαβi at different distances

AIMC
αβi,γϵj =

∂Sαβi

∂uγϵj

=
1

kBT
(⟨Sαβi⟩ ⟨Sγϵj⟩ − ⟨SαβiSγϵj⟩) .

(4.7)

eq. (4.7) contains no approximations and is only limited by sampling. The matrix A is
the Jacobian in terms of S and u. The IMC Jacobian JIMC in terms of g and u is expressed
as

J IMC
αβi,γϵj =

∂gαβi

∂Sαβi

∂Sαβi

∂uγϵj

=
(1 + δαβ)V

4πr2iNαNβ

AIMC
αβi,γϵj . (4.8)

4.2.3 Integral Equation Theory
Another way to obtain a connection between the potential and the RDF is integral equation
theory. In particular, the Ornstein Zernike equation defines the direct correlation function
cαβ between beads α and β, see section 4.2.4. Together with a closure relation, one
obtains a direct but approximate relation between the potential and the RDF. Note that
we use translation-invariant integral equation theory and thereby assume a homogeneous
system.

We use either the hypernetted-chain closure equation[94]

uαβ = kBT (hαβ − log(gαβ)− cαβ) (4.9)
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or the Percus-Yevick closure equation

uαβ = kBT log(1− cαβ/gαβ). (4.10)

Here, hαβ = gαβ − 1 is the total correlation function between bead types α and β. The
direct correlation functions c can be obtained from the RDFs g, as explained in the next
section. eqs. (4.9) and (4.10) can be used as an initial guess for the potential, which
offers a better starting point than the potential of mean force from eq. (4.5) (often called
Boltzmann inversion).[73]

For the use in a Newton’s method or Gauss-Newton algorithm the Jacobian is needed.
From eqs. (4.9) and (4.10) we can obtain an approximation to the inverse of the Jacobian
by differentiation. The elements of the Jacobian inverse using the hypernetted-chain
closure are

∂uαβi

∂gγϵj
= kBT

(

δαγδβϵδij

(

1− 1

gαβi

)

− ∂cαβi

∂hγϵj

)

. (4.11)

We call the iterations based on this Jacobian HNCN or HNCGN, depending on whether
Newton or Gauss-Newton is used. The derivative dc

dh has to be obtained independently,
see section 4.2.5. In principle, the Percus-Yevick closure can also be differentiated, but
the implementation of this closure relation is less straightforward and, so far, untested.
In this paper, we only consider the hypernetted-chain closure.

In eqs. (4.9) and (4.10) the pair potential is assumed to be the total pair potential
between two beads. Additional potential terms, e.g., charges in the CG model, prohibit
the meaningful use of integral equation methods in the given form.

In integral equation theory, the quantities xαβ and xβα, where x can be u, g, h, ω, or
c, are distinguished (even though they are usually equal). This is is not the case outside of
sections 4.2.3 to 4.2.5, where only xαβ is considered. This detail has subtle implications
on how to use the results from eqs. (4.9) to (4.11): To use the potential from eqs. (4.9)
and (4.10) in an MD simulation, uαβ and uβα are averaged. The Jacobian (inverse of
eq. (4.11)) initially contains derivatives with respect to uϵγ and uγϵ. Those elements are
summed up and reduced to one element. Elements that describe the derivatives of gαβ
and gβα are averaged, and one of them is removed, such that the Jacobian is square again.

4.2.4 Direct Correlation Function
To evaluate the above equations, we need the direct correlation function and its derivative.
The Ornstein-Zernike (OZ) equation defines the direct correlation function. If there are
any bonds between the beads, the Reference Interaction Site Model (RISM) equation has
to be used, which can be seen as a generalization of the OZ equation.[94, 106] The OZ
equation and the RISM equation are matrix equations for systems with different bead
types. Therefore, here we introduce a new arrangement of the RDF data: a matrix g

with elements gαβ in row α and column β. Each element can again be a function of the
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distance r, but in this section, there will be mostly Fourier transformed variables and then
each element is a function of the wave vector.

Not considering any indistinguishability between beads in a molecule, the RISM
theory is written as a matrix equation

ĥ
′

= ω̂
′
ĉ′(ω̂′ + ρĥ

′

). (4.12)

Here, ĥ′ and ĉ′ are matrices of the total and direct correlation function, respectively.
The matrix ω̂

′ contains the intramolecular density functions. The hats denote the three-
dimensional Fourier transform of the radially symmetric functions.[75] By using the
Fourier transform, the convolution that takes place in real space becomes a multiplication
and the matrix equation can be solved for each wave vector independently. The matrices
are square with dimension ntd, the number of beads per molecule. For example, ntd is
12 for benzene in atomistic resolution. Input into the equation are the total correlation
functions h and the intramolecular density functions ω. For an initial guess, both can be
obtained from the reference system (htgt, ωtgt).

Some beads might be equivalent, considering the bead type and symmetry of the
molecule. This equivalence allows for a similarity transformation to a symmetry reduced
RISM equation as derived by Bertagnolli et al.[149] The needed transformation matrix
T is block-diagonal with nt blocks where nt is the number of different bead types. Each
block Tα is an nα × nα matrix where nα is the number of indistinguishable beads of
type α. E.g. nt = 2, nC = 6, nH = 6, for benzene in atomistic resolution. The elements
of the first column of Tα are all equal n− 1

2
α . The other columns of Tα have to form

an orthogonal basis such that each block Tα is an orthonormal matrix. We obtain the
transformed matrices

Ĥ = T−1ĥ
′

T

Ω̂ = T−1ω̂
′
T

Ĉ = T−1ĉ′T

ρ = T−1ρT.

(4.13)

The matrix ρ is a diagonal matrix with the densities of each bead unaffected by the
similarity transformation. Inserting these definitions in eq. (4.12) and using T−1T =
TT−1 = Intd this transformation reduces the RISM-OZ equation to

Ĥ = Ω̂Ĉ(Ω̂+ ρĤ). (4.14)

In any block Ĉ
αβ of Ĉ, which corresponds to two bead types α and β only one element

is non-zero. The same is true for Ĥ and Ω̂. Thereby the dimensionality is effectively
reduced from ntd in eq. (4.12) to nt in eq. (4.14) and the empty rows and columns can
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be omitted (we from now on treat those matrices as nt × nt). For further details on
symmetry reduction, we refer to the original paper.[149]

Note that commonly the analysis of the trajectory will average over indistinguishable
beads when calculating distribution functions. Therefore one does not obtain h′ but h. To
obtain H, the explicit transformation with T is therefore not needed. In the appendix we
give the factors needed to convert between h, c andH, C and clarify howΩ is calculated.

Inverting eq. (4.14) we obtain the adapted direct correlation function from the total
correlation and intramolecular density function.

Ĉ = Ω̂
−1

Ĥ(Ω̂+ ρĤ)−1. (4.15)

Afterwards, the direct correlation function matrix ĉ is obtained by the inverse of the
prefactor from eq. (4.44).

4.2.5 Direct Correlation Function Derivative

For the derivative of the HNC equation (eq. (4.11)), we need the derivative of the direct
correlation function with respect to the total correlation function. When using the
symmetry-adapted RISM we first have to relate the derivative to the adapted variables.
Using the relation between the elements of C to c and H to h from eq. (4.44) in the
appendix the following holds

∂ĉαβ

∂ĥγϵ

=

(
nγnϵ

nαnβ

) 1
2 ∂Ĉαβ

∂Ĥγϵ

(4.16)

To obtain the derivative on the right hand side of eq. (4.16) we start from eq. (4.15) for
Ĉ = Ĉ(Ĥ) and add a perturbation ∆Ĥ to Ĥ to define

Ĉ(Ĥ+∆Ĥ) = Ω̂
−1

(Ĥ+∆Ĥ)
[

Ω̂+ ρ(Ĥ+∆Ĥ)
]−1

. (4.17)
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This expression is transformed in several steps, writing Ω̂ + ρĤ as Z for brevity and
ignoring higher order terms

Ω̂
−1

(Ĥ+∆Ĥ)
[

Z+ ρ∆Ĥ
]−1

= Ω̂
−1

(Ĥ+∆Ĥ)
[

Z(I+ Z−1ρ∆Ĥ)
]−1

= Ω̂
−1

(Ĥ+∆Ĥ)(I+ Z−1ρ∆Ĥ)−1Z−1

= Ω̂
−1

(Ĥ+∆Ĥ)(I− Z−1ρ∆Ĥ)Z−1

= Ω̂
−1

(Ĥ+∆Ĥ)(Z−1 − Z−1ρ∆ĤZ−1)

= Ω̂
−1

ĤZ−1 + Ω̂
−1

∆ĤZ−1

− Ω̂
−1

(Ĥ+∆Ĥ)Z−1ρ∆ĤZ−1

= Ĉ+ Ω̂
−1

∆ĤZ−1 − Ω̂
−1

ĤZ−1ρ∆ĤZ−1

= Ĉ+ Ω̂
−1

(I− ĤZ−1ρ)∆ĤZ−1

and finally

Ĉ(Ĥ+∆Ĥ)− Ĉ(Ĥ) = Ω̂
−1

(I− Ĥ(Ω̂+ ρĤ)−1ρ) ·∆Ĥ(Ω̂+ ρĤ)−1. (4.18)

We apply vectorization to eq. (4.18), which transforms a matrix into a long vector going
through the elements column-wise. Using the identity vec(UVW) = (WT ⊗U) vec(V),
where ⊗ is the Kronecker product, we eventually arrive at the derivative

d vec(Ĉ)

d vec(Ĥ)
= (Ω̂+ ρĤ)−1T ⊗

[

Ω̂
−1
(

I− Ĥ(Ω̂+ ρĤ)−1ρ
)]

(4.19)

This derivative reduces to Eq. (9) from our previous paper[148] for the single bead
case. The distributions H and Ω are obtained from the MD simulation with the current
potential, except when the technique described in the next section is used.

Using eqs. (4.16) and (4.19) we obtain the derivatives ∂ĉαβ

∂ĥγϵ
, which is a numeric

value for each wave vektor. To obtain the same derivative in real space, as needed for
eq. (4.11), we use

∂cαβ

∂hγϵ

= F
−1 diag

(

∂ĉαβ

∂ĥγϵ

)

F , (4.20)

where F is the Fourier matrix. The derivative ∂cαβ

∂hγϵ
is now a matrix with elements ∂cαβi

∂hγϵj
.
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4.2.6 One-Time Jacobian Calculation

The IMC and HNCmethods are more expensive per iteration than IBI because the Jacobian
matrix has to be calculated. To make those methods faster, one can attempt to calculate
it only once.

The averages in eq. (4.7) are evaluated in the system with the current potential
guess. A computation-intensive sampling of long MD trajectories has to be carried out
at every iteration. A simple shortcut is to only calculate it once at the target using the
trajectory of the reference simulation, provided the latter is available

At-IMC
αβi,γϵj =

1

kBT

(〈

S
tgt
αβi

〉 〈
S
tgt
γϵj

〉
−
〈

S
tgt
αβiS

tgt
γϵj

〉)

, (4.21)

where the brackets denote in this case an average over the fine-grained trajectory.
eq. (4.21) contains an approximation to the Jacobian, because the IMC formalism assumes
only pairwise interactions. The configurations in the mapped atomistic trajectory are,
however, determined by the multibody potential of mean force, which is only approxi-
mately decomposable in pair potentials. It is also important that the sampling of eq. (4.21)
is evaluated in the NVT ensemble, not in the NpT ensemble. The reason is that under
NpT conditions, the barostat changes the probabilities for multiple interactions being at a
certain distance by scaling the box volume. We prepend a “t” and write t-IMC to denote
that the IMC matrix was calculated at the target configurations.

A similar shortcut can be taken for the HNC Jacobian as described in eq. (4.11). In
particular, we have implemented the option to calculate ∂c

∂h
only once from the target

distributions. As described in our last paper, this derivative contains artifacts if not
calculated from an RDF with double length.[148] When ∂c

∂h
is calculated only once at the

very beginning, then it is sufficient to calculate the RDF on the short length of the potential
in all subsequent iterations. This leads to a considerable performance improvement since
the computational cost of calculating the RDF grows rapidly with the maximum pair
distance. We prepend a “t” and write t-HNCN or t-HNCGN if the derivative ∂c

∂h
is calculated

only once from the target RDF.

4.2.7 Selective Optimization

In section 4.2.1 we explained that the Gauss-Newton method, by default, minimizes the
norm ∥W(gtgt − gk − J(uk+1 − uk))∥2. In this formulation u and g encompass all ni non-
bonded interactions. In some situations, it is desirable only to update some potentials and
ignore the match of some RDFs. To achieve this, eq. (4.3) can be adapted. All potentials
that should not be updated have their respective columns in the Jacobian removed. All
RDFs that shall not be considered targets have their respective rows removed from the
Jacobian and the residuum vector. For the HNC methods, the full Jacobian always has to
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be constructed first and then reduced. For IMC, interactions can be left out from the start
when generating the IMC matrix.

4.2.8 Constraints
When using the Gauss-Newton algorithm, each iteration k consists of a linear least squares
problem, because eq. (4.4) can be rewritten as a minimization of

∥W(J∆uk +∆gk)∥2 (4.22)

with ∆gk = gk − gtgt, which is solved for ∆uk. The potential update can be required to
meet certain criteria by constraining the solution of the least squares problem to fulfill

K∆uk = d. (4.23)

The number of rows in the matrix K and vector d equals the number of linear constraints.
Generally, for any function φ(r, g, u) of the pair distance, RDF, and pair potential a
constraint can be derived. To show this, φ is expanded up to the first order

φ(r, g +∆g, u+∆u) = φ(r, g, u) +
∂φ

∂g
∆g +

∂φ

∂u
∆u. (4.24)

Here, φ(r, g, u) is the value of the function in the current iteration, i.e. φk If we define
φ(r, g +∆g, u+∆u) as φtgt, reorder eq. (4.24), and use ∆g ≈ −J∆u we obtain

(
∂φ

∂g
J− ∂φ

∂u

)

︸ ︷︷ ︸

Kφ

∆u = φk − φtgt
︸ ︷︷ ︸

dφ

. (4.25)

This form gives us a row in K and an element in d.
From this general formulation, we derive the pressure constraint for multi-bead

systems. The function φ is in that case the virial pressure p with the integral over the ncut
grid points of r in discrete form

p = ρkBT +
∑

α≤β

(2− δαβ)ραρβ
6

×
ncut∑

i′

ri′fαβ(ri′)gαβ(ri′)4πr
2
i′∆r. (4.26)

The factor 2 − δαβ arises because the double sum over β and α is usually unrestricted
in the virial. The index i′ runs over grid points shifted by half the grid spacing ∆r from
the usual grid. The values of the pair distance, RDF, and force at those in-between grid
points are defined by ri′ =

ri+ri+1

2 , gαβ(ri′) = gαβi+gαβi+1

2 , and fαβ(ri′) = −uαβi+1−uαβi

∆r
,

respectively. For the pressure expansion we neglect ∂p
∂g

in eq. (4.25). This is a good
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approximation for all but the first few iterations, after which the changes in the RDF are
usually much smaller than the changes in the potential. The elements of row Kp in K

are obtained as

Kp,αβi = − ∂p

∂uαβi

= −2π(2− δαβ)ραρβ
3

×
(
gαβir

3
i − gαβi+1r

3
i+1

)
.

(4.27)

The value of the element of d is given by dp = pk − ptgt. This formulation for the pressure
constraint is different from that in our previous papers[75, 148], where the Gauss-Newton
algorithm would update the force instead of the potential. Another difference is that in
the previous papers, ptgt was used in the constrain formula while we here assume ∆g is
small and therefore use gk.

Next, we introduce a constraint that aims to match the Kirkwood-Buff integral (KBI)
of the target RDF. The KBI between two species α and β in a homogeneous system can
be written in discrete form as

Gαβ = 4π
∑

i

(gαβi − 1)r2i∆r. (4.28)

Here, i is the index running over distances which in theory should go to infinity and in
practice goes up to nres. Applying eq. (4.25) on eq. (4.28) we obtain

KGαβ ,γϵj = 4π∆r

nres∑

i

r2i Jαβi,γϵj (4.29)

and
dGαβ = G

αβ
k −G

αβ
tgt . (4.30)

G
αβ
k and G

αβ
tgt are obtained from the current and target RDF and eq. (4.28). In a system

with multiple interactions, the constraint can be applied to multiple or all interactions.
The intermolecular (cohesive) potential energy of a system determines its vaporization

enthalpy. In a system of only bonded and pair interactions, it can be expressed as

PEinter = V
∑

α≤β

(2− δαβ)ραρβ
2

×
∑

i

uαβ(ri)gαβ(ri)4πr
2
i∆r. (4.31)

We note, that eq. (4.31) does not explicitly exclude intramolecular pair potentials for large
molecules. The formulation here given was only tested for molecules without intramolec-
ular pair potential interactions. We use eq. (4.25), ignore ∂PEinter

∂g
as for the pressure
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constraint, and constrain PEinter/N to obtain a system size independent formulation

KPE,αβi =
∂PEinter/N

∂uαβi

= 2π∆r
V

N
(2− δαβ)ραρβgαβir

2
i

(4.32)

and
dPE,αβi = PEinter

k − PEinter
tgt . (4.33)

We prepend p-, PE-, or KBI- to the method name to denote that the pressure,
intermolecular potential energy, or Kirkwood-Buff integrals of the atomistic system are
set as constraints to the potential update, respectively. The KBI- prefix denotes that
all non-bonded interactions have been constrained, so this is not a single constraint but
multiple. A surface tension constrained as described for IMC[123] was not implemented,
but we note that our code is easily extensible.

To solve the least squares problem with constraints, we use a direct elimination
algorithm as described in [78].

4.2.9 RDF Onset Extrapolation
Due to the Pauli exclusion principle, atoms never get to be in the same position. This
leads to all atomistic RDFs starting with zero. Coarse-grained beads behave similarly
if the mapping scheme does not aggregate too many atoms in one bead. Therefore,
there is usually an onset region where the RDF goes from zero to nonzero values. This
region suffers from poor sampling as few beads ever get to come this close together. The
sampling problem becomes visible in a logarithmic plot of the RDF, e.g., in fig. 4.1. There
is visible noise at low values even with long sampling, and below some threshold, all values
are zero. The noise and discontinuity can lead to critical problems for coarse-graining
algorithms. For example, if the initial potential guess is the potential of mean force (PMF)
(same as eq. (4.5)) then the repulsive part of the potential can become very noisy or
steep, causing instabilities in the MD simulation. Different problems arise for potential
updates and will be discussed in section 4.2.10.

We assume that in the onset region the RDF follows the asymptotics

g(r) ∝ e
−u(r)

kBT (4.34)

of the PMF. eq. (4.34) implies that, up to an additive constant, the PMF matches the
pair potential in the onset region if the RDF is perfectly sampled. To extrapolate, we
assume that the potential in the repulsive region can be described with an exponential
decay. We therefore propose to take − log(g), fit it with f = ae−bx+c in the well-sampled
region, extrapolate into the poorly sampled region, and then take e−f to obtain the
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Figure 4.1: Two A-A RDFs with different sampling were obtained from an OPLS/AA hex-
ane liquid trajectory mapped with a three-bead scheme (see section 4.3.2).
The system has 3000 molecules, and Nf is the number of trajectory frames
analyzed. Also shown is an extrapolation which was obtained from fitting the
potential of mean force of the Nf = 200 RDF in the region between the dotted
and dashed horizontal lines at 0.001 and 0.1 with an exponential function.

extrapolated RDF. The region for the fit has to be at the onset of the RDF, where eq. (4.34)
holds. At the same time, the values have to be reasonably well-sampled. We made good
experiences with taking the region where the RDF has values between 0.0001 and 0.1
and extrapolating all values that are below 0.0001. In fig. 4.1, we show an example for
an extrapolation of a poorly sampled RDF. It extrapolates the RDF smoothly to very small
values. We find it more consistent to extrapolate the RDFs before deriving potentials rather
than extrapolating the potentials later. It also simplifies the usage of constraints in the
potential update, which get violated when altering the potential after the Gauss-Newton
update.

4.2.10 RDF Onset Newton Instabilities

Even with the RDF onset extrapolated, as described in the last section, there is a subtle
detail that often leads to artifacts in the updated potential obtained from Newton’s
methods. The following observation can often be made when using IMC, independent
of the sampling. When the current RDF has lower values at the onset region compared
to the target RDF, the Newton update will overshoot to a very negative potential. In
practice, one will observe deep dips in the repulsive region of the updated potential and
small peaks in the RDF onset region. We illustrate the cause of this effect in fig. 4.2,
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Figure 4.2: The analytical relation of eq. (4.34) between a single value of the RDF and
the potential value at the same distance in the onset region. Starting from
potential value u0, we show different update schemes and their value after
one iteration. The stars shows the starting point and the colored dots show
u and g after the update.

where we show g as a function of u at a fixed distance assuming the analytical form from
eq. (4.34). The overshoot from u0 to negative u with Newton’s method happens because
the derivative at u0 is very small. In other words, in the onset region, it happens very
quickly that current and target RDF have values that are small but orders of magnitude
different (e.g., 10−3 and 10−5) and given the non-linear relation between g(r) and u(r) a
simple Newton update easily leads to artifacts. When using IMC, there is little sampling
in the onset region leading to additional noise. The t-Newton’s method in fig. 4.2 gets the
derivative from gtgt (compare section 4.2.6) and leads potential update which is too small.
Note that for g0 > gtgt (not shown) the behaviour of Newton and t-Newton switches.
Interestingly, IBI does not have this problem. Instead, this is the region, where the IBI
method works best, as can be seen in fig. 4.2. This is to be expected, since an IBI update
has the form

uIBI
k+1 = uk + kBT log gk

gtgt
(4.35)

and if we insert first g = gk, u = uk and second g = gIBIk+1, u = uIBI
k+1 into eq. (4.34),

divide the two resulting equations, and apply eq. (4.35) we obtain

gk(r)

gIBIk+1(r)
= e

−uk(r)

kBT +
uk(r)+kBT log gk(r)

gtgt(r)
kBT =

gk(r)

gtgt(r)

gIBIk+1(r) = gtgt(r).

(4.36)
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Therefore, IBI will result in the exact update needed to match the RDF in one iteration
under the condition of eq. (4.34). We believe that the stability of IBI played a considerable
role in its success in coarse-graining. IBI will always converge well in the onset region
and prevent crashes caused by unphysical potentials.

To retain some of the IBI stability with Newton’s method, we can modify the Jacobian
in the onset region

Ja-Newton
αβi,αβi = − 1

kBT
ḡ(r). (4.37)

Here, ḡ = (gtgt + gk)/2 is the average of the current and the target RDF. This option,
shown in fig. 4.2 as a-Newton (a for average), converges satisfactorily in the onset region.
Note that we do not use the IBI update, since it is not a Newton scheme and we are
interested in a unified formulation with a Jacobian. We have implemented a modification
for IMC by changing the Jacobian according to

J
IMC,impr.
αβi,γϵj =







δαγδβϵδij
−1

kBT
ḡαβ

︸ ︷︷ ︸
a

, if g† < t1

J IMC
αβi,γϵj
︸ ︷︷ ︸

b

, if g† > t2

(1− x)a+ xb, otherwise,

with x =

√

g† − t1√
t2 − t1

and g† =

{

gαβi, if j ≥ i

gγϵj , otherwise.

(4.38)

This formulation is essentially just an interpolation between the diagonal Jacobian from
eq. (4.37) and the unmodified IMC Jacobian. Start point and end point of the interpolation
are determined by two threshold values t1 and t2 that compare against the value of the
RDF. The square root was chosen for the interpolation to compensate for the quick growth
of the RDF in the onset region. In fig. 4.3 we show the effect of this modification on the
potential update Without the improvement of the IMC Jacobian, the new potential has
a noisy region that can lead to instabilities in an MD simulation. In our experience, if
one uses tiny MD time steps and IMC without modification, small peaks in the RDF onset
region will show, which do not go away. In previous studies, IBI was often used before
IMC, which makes sense due to IBI’s good convergence behavior at the onset region. We
have in the past used IMC and IBI alternately to get rid of those artifacts when a single
IBI pre-run has not worked.[152] With our improvement to the IMC matrix, the IMC
method can be used directly in most cases without any pre-run.

For the HNC methods we modify eq. (4.11) to use the average between the target
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and current RDF in the diagonal term

∂uαβi

∂gγϵj
= kBT

(

δαγδβϵδij

(

1− 1

ḡαβi

)

− ∂cαβi

∂hγϵj

)

. (4.39)

Because the diagonal term dominates the derivative ∂c
∂h

in the onset region, this formula-
tion leads to good convergence.

In fig. 4.4 the general process of HNCGN as implemented in VOTCA is shown.
The graph encompasses some of the topics discussed in section 4.2. It also explicitly
mentions the IBI update on intramolecular interactions (bonds, angles, dihedrals). We
write, without further details, pintra and uintra for the intramolecular probability density
distributions and potentials. The formula for the IBI update of bond, angles, and dihedrals
is equivalent to eq. (4.6).

4.3 Simulation Details

We simulate two different systems to test the algorithms that were described above. The
first is a liquid 1:1 neon-argon mixture at 100K and 1000 bar. The second is liquid n-
hexane at 20 ◦C and 1 bar To further test our methods and demonstrate their performance
at scale, we simulate nine solvents and all their 36 mixtures at x = 0.5. The nine solvents
are ethanol, 2-butanol, tert-butanol, ethylene glycol, acetone, pyridine, 1,4-dioxane,
diethyl ether, and ethyl acetate. They are also considered at conditions of 20 ◦C and 1 bar
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Figure 4.4: Flowchart showing the iterative process of the HNCGN method with con-
straints. Optionally, the derivative dc

dh is calculated from the target distribu-
tions (t-HNCGN).

4.3.1 Fine-Grained Simulations

We run atomistic molecular dynamics simulations for all systems to obtain reference
properties for the bottom-up coarse-graining procedure. The time step was set to 0.5 fs for
all organic systems and 5 fs for the neon-argon mixture. Molecules were inserted randomly
into a box with a density 10% to 30% lower than the experimental value. Steepest descent
energy minimization was performed for 1× 104 steps. The system was then equilibrated,
first in NVT for 1 × 105 steps with a stochastic velocity rescaling thermostat with a
time constant of 1 ps.[153] The second equilibration is in NpT for 2× 106 steps with an
additional Berendsen barostat with a time constant of 5 ps. The production run is either
in NVT (neon-argon and hexane) or NpT (solvents) with a Parrinello-Rahman barostat
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with a time constant of 10 ps and is simulated for 2× 106 steps. For the NVT production
run, the average box volume from the NpT equilibration is used. Trajectory frames are
saved every 10 steps.

For neon and argon the Lennard-Jones parameters are σNe = 2.78Å, ϵNe = 0.288 69
kJmol−1, σAr = 3.401Å, and ϵAr = 0.978 628 kJmol−1.[154, 155] Force field parameters
for the organic molecules were generated with LigParGen.[138] This web service creates
OPLS force fields with charge models using localized bond-charge corrections.[156, 157]
Charges where slightly adjusted to account for the symmetry and the zero net-charge
of the molecules. The geometric average is used to obtain σ and ϵ for Lennard-Jones
interactions between different atoms. Lennard-Jones potentials are shifted upwards to
yield zero at the cut-off. All systems are simulated with a total of 3000 molecules in
a cubic box with periodic boundary conditions. The fine-grained molecular dynamics
simulations are performed with Gromacs 2021.5.[139]

4.3.2 Coarse-Graining
For the neon-argon mixture, the CG beads are positioned at the atoms (unity mapping).
Thereby, we can test if the various methods retain the atomistic pair potentials.[54]
The hexane molecules are mapped to an ABA representation where B represents the
two central carbon atoms and the attached hydrogen atoms, and A beads the ethyl
groups at either side. The beads are positioned at the center of mass of the atoms
they represent. It contains two bonds and an angle potential as well as two identical
beads and is therefore well suited to test the symmetry-adapted RISM methods based
on section 4.2.4. Non-bonded interaction potentials within the ABA representation are
excluded. The nine solvent molecules are mapped to single beads. The trajectory of the
fine-grained production is mapped according to those mapping schemes, and the RDFs and
(for hexane) bond and angle distributions are calculated. For hexane, the intramolecular
density functions ω are also calculated. For the t-IMC method (see section 4.2.6) the IMC
matrix is calculated at this stage.

After the definition of the mapping scheme, the first step of coarse-graining is the
initial potential guess. We mainly use the hypernetted-chain equation (eq. (4.9)) which
gives a very good initial guess.[73, 148]. For its evaluation, the maximum available length
of the RDF is used, which can be found in table 4.1. The initial guess is then cut at the
cut-off and shifted such that it is zero beyond. The HNC initial guess is always calculated
with eq. (4.9) using the whole RDF. If a t-HNC method is used (see section 4.2.6), at this
stage also the derivative ∂c

∂h
is calculated.

At each iteration of the coarse-graining procedure, a CGMD simulationwas performed
with the current potential. The time step is 5 fs for the neon-argon mixture, 1.5 fs for
hexane and 2 fs for all solvents. Simulations are performed in NVT using a Langevin
dynamics integrator with a friction constant of 2 ps−1. The density is chosen to match
the density of the fine-grained production run. The CG systems have the same number of
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Table 4.1: The maximum RDF length, potential cut-off rcut, residuum cut-off rres, and
RDF grid spacing ∆r used in the coarse-graining of different systems. The
residuum length rres is only used in Gauss-Newton methods with constraints.
All lengths are in nm.

system max.
lenght

cut-
off rcut

residuum-
cut rres ∆r

neon-argon 2.4 0.9 – 0.002
hexane 4.2 1.2 1.6 0.004
solvents 3.2 1.2 1.6 0.008

molecules as the fine-grained systems. We run the CG-MD for 2×106 steps for constrained
Gauss-Newton methods and IMC and 2×105 steps for all other methods. IMC needs more
frames per iteration for the sampling of the IMC matrix. The constrained Gauss-Newton
methods are run longer to report well-converged properties, but we also successfully
tested them with only 2× 105 steps. The trajectory is saved every 10 steps, and from it,
the RDFs, intramolecular density functions, bond and angle distributions, and optionally
the IMC matrix and further ensemble properties are calculated. All RDFs are extrapolated
in the onset region with the method described in section 4.2.9 with thresholds 0.001 and
0.1. Because CG models sample their available phase space much faster, it is sufficient to
discard 100 ps from the MD run as equilibration.

Each iteration ends with the calculation of the potential update. For the IMC update,
the IMC Jacobian was modified as described in section 4.2.10 with the interpolation
region between the RDF values of 0.001 and 0.1. For the HNC methods, eq. (4.39) is used
throughout the paper. All Gauss-Newton runs used r2/(gtgt + 10−30) as a diagonal on the
weighting matrix W to put weight onto the onset and the tail or the RDF. VOTCA has
many options for post-processing of the potential (e.g., smoothing, shifting, extrapolation),
but in this work, we did not use them not to convolute their effects with the effects of
the CG methods. One exception is the bond and angle potentials in the hexane system,
which were extrapolated in unsampled regions after each potential update. For the MD
runs, the tabulated potentials are interpolated to match the fixed grid size of GROMACS,
which is 0.002nm.

All coarse-graining tasks are handled and performed by VOTCA. The Gauss-Newton
scheme with constraints, the RDF onset improvement, and the integral equation methods
have been integrated. The CG molecular dynamics simulations within VOTCA are per-
formed with Gromacs 2019.6 (newer versions do not support tabulated potentials).[139]
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iteration on a dual-socket AMD EPYC 7413 machine.

4.4 Results

4.4.1 Neon-Argon
As explained before, the neon-argon system serves as a test case for the methods in
this paper, as the true pair potential uref is known. In fig. 4.5 we show the potential
convergence of five different methods measured by the quantity

χ(u) =
∑

α≤β

√

1

rcut

∫ rcut

0

g
tgt
αβ

(

uαβ − uref
αβ

)2

dr. (4.40)

The measure χ(u) is a sum over all non-bonded interactions and uses the target RDF as
a weighting to only measure potential differences in sampled regions. All methods start
with the same potential guess and, therefore, the same χ(u1). With IBI, the potential
converges very slowly and does not reach a plateau within 20 iterations. This finding is
connected to the underlying low-density approximations of the method as explained in
sections 4.2.2 and 4.2.6: The other four methods, IMC, t-IMC, HNCN, and t-HNCN, reach
convergence within 10 iterations. Of those, the computational cost per iteration is lowest
for t-IMC and t-HNCN, as was explained in section 4.2.6. The height of the plateau is
about a factor of two higher for t-IMC. This slightly worse convergence is caused by noise
in the IMC matrix, which was calculated only once from 2 × 105 atomistic frames. In
contrast to IMC, t-IMC always uses the same matrix and any noise within will therefore
persist across iterations. In fig. 4.6 we show the potentials that result from the different
methods from fig. 4.5. All methods but IBI have converged to the expected potentials after
20 iterations. The potentials of t-IMC potentials have slightly too shallow minima. Note
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Figure 4.6: Ne-Ne, Ar-Ne, and Ar-Ar pair potential (In order of potential minimum position)
after 20 iterations of different methods applied to the neon-argon mixture
system. Shown as a dotted line is the LJ potential of the reference system.

that all potentials produce very similar RDFs (not shown) that are hard to distinguish by
the bare eye. Our findings confirm that the HNC methods work well for mixtures. Also,
it is demonstrated that by reusing the Jacobian in t-HNCN and t-IMC, coarse-graining
can be sped up significantly. There is a small cost in accuracy with t-IMC, while t-HNCN
is both accurate and fast.

4.4.2 Hexane
Before testing convergence on the hexane system, we compare the IMC and HNC Jacobian
in fig. 4.7. We find the IMC Jacobian to be much noisier even though a factor of 10
more frames were sampled for its generation. In general, the two Jacobians have similar
structures and intensities. One interesting distinction is the structure of the blocks that
are not on the diagonal. There we find that the HNC Jacobian shows a pattern of parallel
lines. In the IMC Jacobian, those lines also exist and have similar intensity but are not
strictly straight and parallel. This difference is caused by the approximate nature of the
RISM equation: It only accounts for the average intramolecular distances but has no
information on how they change dynamically when two molecules get close to each other.
IMC has that information because it samples the Jacobian from the trajectory.

For coarse-graining hexane, potentials are needed for the angle and the two identical
bonds in the CG representation. We make an initial guess by Boltzmann-inverting their
target distribution functions. To further refine those bonded potentials, we tried to make
IBI updates on them parallel to the update on the non-bonded potentials at every iteration.
This, however, led to neither the bonded nor the non-bonded distributions converging,
as shown in fig. 4.8. The problem is that the non-bonded distribution depends to some
degree on the bonded potentials and vice versa. However, this connection is not reflected
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in the potential update method if both are updated independently. What happens is
that both interactions are updated as if the other type of potential remains unchanged,
which results in an overshoot. This leads to the type of oscillatory behavior that is seen
in fig. 4.8. There are two possible ways to solve this issue. The first would be to derive
an integrated update scheme that considers both bonded and non-bonded interactions.
This ansatz is possible with the IMC approach but not implemented in VOTCA.[158] For
an HNC-like scheme, one would need the RISM theory to predict bonded distribution
functions and such an equation does, to our knowledge, not exist. A second way is to
update non-bonded and bonded interactions alternately. We do this for the hexane system
in the rest of the paper and find it to perfectly match the bond and angle distributions
after a few iterations.

In fig. 4.9 we see the RDF convergence of different methods applied to hexane. The
convergence metric is

χ(g) =
∑

α≤β

√

1

rcut

∫ rcut

0

(

gαβ − g
tgt
αβ

)2

dr. (4.41)
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We find that IBI converges slowest and does not reach a plateau within 40 potential
updates (20 bonded, 20 non-bonded). The other two methods converge faster, where
IMC is converged after 12 iterations and HNCN after 25. While for neon-argon the
convergence of the two methods was similar, here, HNC is slower. The cause behind the
slower convergence is the RISM-OZ equation being a less good approximation for the
potential-RDF relation, especially when the molecule is not stiff.[94] The approximations
in RISM-OZ also cause the differences in the Jacobians shown in fig. 4.7. Besides slower
convergence, we find that HNCN converges to a higher plateau than IMC. In principle,
one would expect both methods to converge to the same potential due to the Henderson
theorem. The difference, therefore, has to come from IMC having a better sampling of
the RDF since MD is run ten times longer per iteration. To confirm this hypothesis, the
HNCN iterations were rerun with the same number of MD time steps as used for IMC.
Also shown in fig. 4.9, this confirms that HNCN converges to a similar (or even better)
precision as IMC with the same amount of sampling. The results from the accelerated
t-IMC and t-HNCN methods have similar convergence speeds (iterations to reach plateau)
as their un-accelerated counterparts. The accuracy of t-IMC and t-HNCN, however, is
reduced compared to IMC and HNCN, respectively. In fig. 4.10 we show the potential
of the last iteration of the same methods from fig. 4.9. It shows that all methods except
IBI find very similar potentials within 40 iterations. The converged potentials fluctuate
slightly between iterations which explains the small differences that can be observed.
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Next, we tested different Gauss-Newton methods on the hexane system. For the
Gauss-Newton scheme, a weighting that puts more weight on the RDF onset and tail is
used. As mentioned before, r2/(gtgt + 10−30) is used. The numerator ensures a good fit
of the RDF in the tail region. In combination with rres > rcut this prevents jumps in the
potential at the cut-off which otherwise often occur. The jumps are kept to a minimum
by the longer rres because they would also lead to a kink in the RDF within the optimized
region. The denominator ensures a good fit of the RDF onset region. A small mismatch
in this region leads to large fluctuations in the repulsive potential, which can cause
instabilities in the MD simulation. The weighting thereby helps to keep the Gauss-Newton
iteration stable. The constant 10−30 is added to the denominator to ensure the weighting
matrix is finite. We note that the software package MagiC[159] also implements the
Gauss-Newton method, but without weighting or constraints.

As a first demonstration of the Gauss-Newton method, we optimize the CG hexane
potentials with different rcut with a constant rres of 1.2nm. The results are shown in
fig. 4.11. The potentials with rcut = 0.5nm are almost purely repulsive and fail to match
the RDFs at larger distances. All other potentials with rcut ≥ 0.7nm possess pronounced
potential wells and match the full RDFs well. The changes in the potentials with the cut-off
are not predictable and different from just cutting off the tail of the HNCN potential. This
shows the need for the Gauss-Newton type scheme when one is interested in parametrizing
short-range potentials. Such models are advantageous for their speed in MD simulations.

We test the three constraints for the Gauss-Newtonmethod introduced in section 4.2.8
on hexane with rcut = 1.2nm and rres = 1.6nm. The target values are calculated from
the atomistic simulation (pressure, intermolecular potential energy) or the atomistic
RDF (KBI). The convergence behavior is, in all cases, similarly fast as HNCN, with about
25 iterations to the plateau. In table 4.2 we show the resulting properties of the obtained
models. We use χ(u) as a gauge of the RDF similarity but note that it is not precisely
equivalent to the measure minimized by the Gauss-Newton method with weighting. The
results show that all properties are reproduced if they were constrained in the potential
update. Also, combinations of constraints succeed in reproducing the target values. This
is remarkable since it is not directly possible to combine p-IBI with KB-IBI, which both use
a ramp correction.[61] By using the two ramp corrections alternately, it has been possible
to achieve a compromise but not a match of the two properties.[62] We can also see the
expected negative impact on the match of the RDFs, as the algorithm gives preference
to the constraint. The impact varies between constraints and is the smallest for the
KBI-constraint and the largest for the combination of the intermolecular potential energy
and the pressure constraint. The resulting potentials are shown in fig. 4.12. They show
all very similar structures with different potential well depths. The notable exception is
PE-p-t-HNCGN, which shows a distinctly broader potential well. This deviation from the
typical form seems necessary to satisfy both constraints.

Constraining the KBI between different beads of the ABA hexane molecule was done
as a demonstration of our method. Physically, it is not very meaningful, since for a longer
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integration range GAA, GAB, and GBB are expected to converge to the same value. This
was not the case for rres = 1.6nm. With mixtures, a KBI constraint can be useful in
obtaining models that are more transferable between different concentrations.[62]

We note that so far, we have shown a selection of successful attempts at applying
constraints. However, we sometimes found constrained HNCGN and IMC-GN not to
converge or fail by generating unphysical potentials. Two examples are: (I) We did not
succeed in converging a hexane model with all three constraints. (II) We found it not
possible to generate a single-bead water model based on the SPC/E RDF that would match
KBI and pressure, similar to the setup of Wang et al., who tried with p-IBI.[61]
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Table 4.2: Several properties of coarse-grained hexane models obtained from the Gauss-
Newton method with different constraints after 40 iterations. The numbers
are averages of the last six iterations and the uncertainties reported are the
standard deviation of the six values. The last column gives a measure of the
mismatch between the obtained and target RDFs as defined in eq. (4.41)

p

in bar
PEinter

in kJmol−1

GAA

in Å3

GAB

in Å3

GBB

in Å3

χ(g)
×1000

target 1.0 −30.4 −207.4 −193.3 −201.9 –
t-HNCGN 1075.5(196) −12.4(3) −208.0(1) −194.0(1) −202.0(2) 1.0(1)
p-t-HNCGN 2.2(20) −25.3(1) −205.7(1) −191.4(1) −199.5(2) 2.9(1)
PE-t-HNCGN −404.1(51) −30.4(1) −204.2(1) −189.8(1) −197.9(4) 4.2(1)
KBI-t-HNCGN 766.3(288) −16.0(4) −207.4(1) −193.3(1) −202.1(4) 1.7(3)
KBI-p-t-HNCGN −0.1(24) −25.7(1) −207.3(1) −193.3(1) −202.2(3) 3.5(1)
PE-p-t-HNCGN 2.0(21) −30.4(1) −207.7(1) −191.9(1) −200.1(2) 11.5(1)
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Figure 4.12: The pair potentials for CG hexane after 40 iterations of t-HNCGNwith various
constraints.
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4.4.3 Organic Solvents

In this section, we test our methods on many different systems to learn more about their
applicability. We coarse-grain nine organic molecules into single beads. Two different
methods are used, t-HNCN and p-t-HNCGN, to obtain two models, one which optimally
matches the structure and one which has the right pressure and best-possible structure.
The convergence behavior is shown in fig. 4.13. We find that for two molecules, pyridine
and 1,4-dioxane, the t-HNCN method does not converge but enter some kind of oscillatory
behavior between two potentials that both do not reproduce the RDFs. In the plot, this
results in prolonged decay of χ(g). For three further molecules, 2-butanol, ethylene glycol,
and acetone, the convergence is also significantly slower than for the other molecules.
The χ(g) value from the initial guess is also the highest for those five molecules. With the
p-t-HNCGN method, four of those five molecules also show slow or no convergence within
15 steps. The other molecules converge to different χ(g) values higher than for t-HNCGN
because of the pressure constraint. Note that for the p-t-HNCGN method, the convergence
is sometimes lower at early iterations, where the pressure is not yet matched.

To further investigate the convergence problems of some molecules we show the
direct correlation function in fig. 4.14. The shown functions are the same that were used
in the computation of the initial potential guess with eq. (4.9). We see that four of the five
molecules with slow convergence also have a local extremum in their direct correlation
function at large r. This is not typical as c is expected to be short-ranged. The way the
direct correlation function is computed (eq. (4.15)), it is assumed to have decayed to
zero at half the length of the RDF input. For all molecules, the RDF was calculated up
to 3.2nm. For those molecules, this is not the case and c has not decayed to zero at
1.6nm. The local maxima seen in fig. 4.14 are then caused from applying eq. (4.15)
on finite RDF data. The intensity of the oscillations in the tail of the RDF, also shown
in fig. 4.14, correlates to the occurence of the local maxima in c. Ideally, one would
calculate longer RDFs and compute the potential guess and ∂c

∂h
from them. Nevertheless,

we can also work with the RDF data available since an approximate Jacobian can still be
used to reach convergence. Based on the oscillatory behavior of the potential, we know
that the potential update is overshooting. We, therefore, scale the update by 67% and
append ×0.67 to the method name to denote that scaling was used. The results are also
shown in fig. 4.13. This leads to convergence of both RDF and pressure in all but one
cases: p-t-HNCGN×0.67 for ethylene glycol. For this one molecule, we pre-generate a
pair potential by using p-IBI for 15 iterations.[61] Starting from the last p-IBI potential,
we find that p-t-HNCGN×0.67 converges.

Furthermore, we parametrize pair potentials for all mixtures of the nine solvents.
We decided to keep the pair potentials between alike molecules that were obtained from
the coarse-graining of the pure solvents. Therefore, for each mixture, only the mixed
interaction potential between the two molecules is optimized as described in section 4.2.7.
The target distribution is the RDF of that same interaction up to rres = 1.6nm. We use the
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Figure 4.13: The convergence of the RDF for all pure solvents. The insets show the
convergence of the pressure with the same color scheme. In the legend,
×0.67 denotes the scaling factor of the potential update.

t-HNCGN×0.67 method without constraints, for which the derivative ∂c
∂h

is determined
once from all three target distributions. In section 4.4.3 we show the convergence behavior
and the resulting RDF for the mixtures. Different ways to generate an initial guess for uAB
were tested. First we generated an HNC potential guess from eq. (4.9) an only used it for
uAB. This worked for about 80% of the mixtures and would lead to convergence, while
the rest would not. For some mixtures, e.g., ethanol + ethylene glycol, the mixture would
phase separate at iteration 1 with the initial guess potentials. The following updates
were not meaningful, as we assume homogeneity for the integral equation methods. The
phase separation of the mixture is caused by the inconsistent combination of different
potentials. In other cases, e.g., ethylene glycol + tert-butanol, it would not converge,

84



0.9

1.0

1.1

g
(r
)

tert-butanol

ethylene glycol
pyridine

1,4-dioxane

0.0 0.5 1.0 1.5 2.0 2.5 3.0

r in nm

−0.5

0.0

0.5

c
(r
)

tert-butanol
ethylene glycol

pyridine

1,4-dioxane

Figure 4.14: The RDFs g (top) and direct correlation functions c (bottom) calculated
from eq. (4.15) for the nine pure solvents. Four lines have been labeled, the
others have the same color as in fig. 4.13. For r = 0nm, c(r) reaches values
between -60 and -15, and therefore only a sector is shown.

but not due to phase separation of the mixture. Rather, the fluid would partially freeze
due to the potential uAB becoming very attractive. As an alternative initial guess for uAB
we tried (uAA + uBB)/2, denoted as AVG for average in section 4.4.3. This led to similar
outcomes as with the HNC initial guess: About 80% of the mixtures would not converge.
After those two attempts, seven mixtures that had not clearly converged and required a
better initial guess. For those seven systems, we performed 15 pre-iterations of IBI with
the HNC initial guess and a potential update scaling of 67%. The final potential was then
used and subsequently run for 15 HNCGN×0.67 iterations. We find that IBI often has
converged the RDF rather well and the following Newton iterations have almost constant
χ(u). The reached convergence for all 36 mixtures shows the wide applicability of our
approach, and convergence problems can be attributed to the problem of finding an initial
guess to which we have proposed three different methods. We have not performed tests
on the transferability of our new potentials but note that with all mixtures converged,
one could simulate a system with any composition of the nine molecules.
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Figure 4.15: On diagonal: The nine organic solvents that were coarse-grained into single beads.
Above diagonal: Convergence plots for all mixtures that shows χ(gAB) plotted agains
iteration. In all cases, the t-HNCGN×0.67 method is used to optimize the poten-
tial uAB to match the RDF gAB, where A and B are the components of the mixture.
Different colors and markers indicate different initial guess methods for uAB. For
some mixtures, 15 IBI iterations were performed (not shown), and Newton’s method
started from the IBI outcome. The x in each plot marks the run that has the best
RDF match at iteration 15. Below diagonal: RDFs for all mixtures at iteration 15 of
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4.5 Conclusion
We have made progress on three important aspects of structural coarse-graining. Firstly,
we have derived and demonstrated how to obtain a fast iterative scheme with integral
equation theory for arbitrary molecular systems. It converges similarly fast as IMC for CG
systems without bonds and about half as fast if the CGmolecule has intramolecular degrees
of freedom. By reusing the Jacobian, the cost per iteration is close to that of IBI (which
requires far more iterations) and enables the fast derivation of CG models. The reusage
of the Jacobian also works for IMC, resulting in an accelerated IMC method. Secondly, we
have investigated the instabilities of Newton Methods in the RDF onset region. Due to the
exponential relation between RDF and potential in this region, Newton’s methods tend to
produce artifacts. We provide a modification for the HNC- and IMC-Jacobian that improves
the stability of the methods significantly. This removes the need for regularization or
pre-iterations in most cases. Thirdly, the Gauss-Newton formulation of the inverse problem
allows for shorter cut-offs in the CG model and thermodynamic constraints to the potential
update. We demonstrate how constraints can be derived if they are a function of pair-
distance, pair potential, pair-force, and RDF. This is demonstrated for pressure, Kirkwood-
Buff integrals, and intermolecular potential energy. The possibility of applying several
constraints simultaneously is demonstrated. Finally, we have successfully applied our
methods to a large number of organic solvents and their mixtures to demonstrate stability
and speed that enable consistent and fast derivation of bottom-up CG force fields.
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Appendix: Symmetry Adapted Distribution Functions
From the analysis of the trajectory, we obtain the distributions hαβ(r) and eαβ(r) already
average over the indistinguishable beads of type α and β, but not yet symmetry-adapted.
The distribution function e(r) is the intramolecular RDF. Both h(r) and e(r) can be
obtained with our extension to VOTCA’s csg_stat tool. Here we derive the equations
needed to obtain Hαβ from hαβ and Ωαβ from eαβ .

In section 4.2.5 we introduced the matrix h′ which has individual rows and columns
for each bead. In contrast, h has one RDF per bead type combination. The elements in
each block of h′ are equivalent to a single element in h

(h′αβ)kl = hαβ independent of k, l. (4.42)
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Here, hαβ is an element of h and h′αβ is a block of h′. H and h are already of the same
dimensionality, but the weighting that comes from the transformation matrix T still has
to be applied. The first column of the transformation matrix (see section 4.2.4) has its
elements given by

Tα
k1 = n

− 1
2

α for any row k. (4.43)
If we apply the transformation, insert eq. (4.42), and calculate the top left element we
obtain

Hαβ = (Hαβ)11 = ((Tα)−1h′αβTβ)11

=

(
nα∑

k=1

n
− 1

2
α

)(
nβ∑

l=1

n
− 1

2

β

)

hαβ

= (nαnβ)
1
2hαβ .

(4.44)

Here we have used the property (Tα)−1 = (Tα)T of orthonormal matrices. The same
prefactor of (nαnβ)

1
2 applies for the relation between the elements in C and c.

For the intramolecular density function, the starting point is the definition of ω′
kl

between beads k and l. It is most easy defined in Fourier space
ω ′̂

kl = δkl + ρle
′̂
kl. (4.45)

Here, e′kl(r) is the intramolecular RDF between bead k and l. The density ρl is the number
density of bead l. The first term in eq. (4.45) represents the delta-peak of the reference
atom, which is included in ω′ but not in e′. The elements of ω are the average over a row
in a block from ω′ (see Ref. [149])

ωαβ =
1

nβ

nβ∑

l=1

(ω′αβ)kl for any row k. (4.46)

The same relation holds between e′ and e. Combining eqs. (4.45) and (4.46) and using
nβρl = ρβ , we obtain

ω̂αβ =
1

nβ

(δαβ + ρβ êαβ). (4.47)

Applying the transformation matrix to a single block of ω′ gives

Ω̂αβ = (Ω̂
αβ

)11 = ((Tα)−1ω̂
′αβ

Tβ)11

=

(
nα∑

k=1

n
− 1

2
α

)(
nβ∑

l=1

n
− 1

2

β

)

ω̂αβ

= (nαnβ)
1
2 ω̂αβ

= (nα/nβ)
1
2 (δαβ + ρβ êαβ).

(4.48)
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5 Where Lennard-Jones Potentials Fail:
Iterative Optimization of Ion-Water Pair
Potentials Based on Ab Initio
Molecular Dynamics Data
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Abstract

The use of the Lennard-Jones (LJ) potential in computer simulations of aqueous elec-
trolyte solutions is widespread. The standard approach is to parameterize LJ potential
parameters against thermodynamic solution properties but problems in representing the
local structural and dynamic properties of ion hydration shells remain. The r−12-term in
the LJ potential is responsible for this as it leads to overly repulsive ion-water interactions
at short range. As a result, the LJ potential predicts blue shifted vibrational peaks of the
cations’ rattling mode and too large negative ion hydration entropies. We demonstrate
that cation-water effective pair potentials derived from ab-initio MD data have softer
short-range repulsions and represent hydration shell properties significantly better. Our
findings indicate that replacing the LJ potential with these effective pair potentials offers
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a promising route to represent thermodynamic solution properties and local interactions
of specific ions with non-polarizable force fields models.

5.1 Letter
The properties of aqueous electrolyte solutions are well understood qualitatively but
remain difficult to model quantitatively.[160] The Lennard-Jones (LJ) 12-6 potential,
combined with electrostatic interactions between non-polarizable charges, is a popular
choice for the intermolecular ion-water potential used in classical molecular dynamics
(MD) simulations. Its parametrization can target a large list of experimentally available
properties.[161] The target properties include ion solvation free energy and entropy,
solubility, radial distribution function (RDF) peak positions, osmotic pressure, solution
density, and also transport properties such as viscosity and diffusion coefficient.[21, 22,
162] However, ion solvation entropies have often been considered secondary and spec-
troscopic properties are rarely compared with experiments. Representability problems,
such as very low solubility, have been ascribed to electronic polarization effects caused by
the high charge density of the ions.[163, 164] Polarization can be introduced explicitly
into molecular models.[165, 166] As an alternative to introducing polarizability explic-
itly, a mean-field electronic continuum correction (ECC) has been proposed, based on
scaling of the ionic charges.[17, 167–169] Furthermore, many ion force fields break the
LJ combining (mixing) rules and provide separate parameters for ion-water and ion-ion
interactions.[22, 23, 170–173] Other groups reported success for multivalent ions by
extending the LJ potential with an r−4 term.[174]

While the use of charge scaling and other approaches to account for the lacking
electronic polarizability of the models is a topic of debate,[175, 176] the r−12 form of
the short-range repulsion remains mostly untouched.

This is surprising, since already two decades ago quantum-mechanical calculations
revealed that the ion-oxygen interaction is much better described by an exponential or r−7

term.[177, 178] Recently, it was demonstrated that experimentally measured dynamical
and structural properties of ion hydration shells are difficult to reproduce with ion-water
LJ potentials.[179] While commonly used in computer simulations of solids and molten
salts, an exponential repulsion term is rarely used in computer simulations of electrolyte
solutions.[180–182] For molten salts in different phases, several properties are better
reproduced by a Buckingham than by a LJ potential.[183]

In this Letter, we answer the question of how good a choice the LJ potential is for
describing the ion-water interaction. More specifically, we aim at answering the question
of which properties of electrolyte solutions can or can not be reproduced with existing
models. One can expect the steepness of the repulsive short-ranged potential to have a
direct influence on the dynamics of the ion and its solvation shell. Those dynamics are
highly relevant, since there is ongoing progress in measuring and interpreting terahertz
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spectra of ion solutions.[184–186]
To find a free-form description of the ion-water interaction we followed amethodology

that has been first described by Lyubartsev.[25] From ab-initio MD (AIMD) simulations
of a single ion solvated by water molecules, we obtained the ion-oxygen RDF. Using
the iterative Boltzmann inversion (IBI) and inverse Monte-Carlo (IMC) methods, we
subsequently derived effective pair potentials that reproduce the RDF in classical MD
simulations.[50, 52, 187] The simulation details are provided in the SI together with
the IBI-IMC procedures (sections S1-S3). Lyubartsev found that the resulting lithium-
oxygen interaction can best be described by an exponential potential and is much softer
than a LJ description. In this study, we investigate LiCl, NaCl, KCl, and CaCl2, and thus
four different cations representing strongly and weakly hydrated cations in the cationic
Hofmeister series. For comparison and as basis for our improved force fields we considered
four different LJ parameter sets: OPLS,[188, 189] ECC,[19, 190, 191] HMN,[21, 172]
and Madrid.[22] The OPLS, ECC, and HMN ion parameters were used together with
the SPC/E water model,[16] the Madrid parameters were used in combination with the
TIP4P/2005 water model.[192] We adapted the ion-oxygen potentials of ECC and HMN in
a tabulated form with iterative methods to reproduce the AIMD RDFs. The resulting force
fields are referred to as ECC IMC and HMN IMC. To estimate the “repulsive steepness”
of the obtained pair-potentials we considered two possible routes. In the first route, the
potential was fitted in a single step with a function of form ufit(r) =

Crep
rn

− C6

r6
, providing

the exponent n. In the second route, the attractive part of the potential was fitted in a first
step and the remaining repulsive part in a second step (SI, section S4). We found similar
results for both routes, but only show the results of the second because it allows for a
clearer presentation. Figure 5.1 shows urep(r) and urep,fit(r) in a double-logarithmic plot.
We find exponents that lie between 6.9 for the HMN IMC model of the O-Li interaction
up to 13.2 for O-Cl in the ECC IMC model. For the full charge HMN IMC model, all
exponents for cation-oxygen interactions are between 6.9 and 9.8, indicating a much
softer repulsion as in a typical LJ model. For the ECC IMC model, the exponents are more
diverse, ranging from 8.9 for O-Li up to values larger than 12 for O-K and O-Cl. A general
trend seems to be the decrease of the exponent with increasing charge density of the
cation.

We now address the question why the form of the short-range ion-water repulsion is
especially important in electrolyte systems. In apolar systems at ambient pressure, the
RDF has a first peak that corresponds to the position of the minimum of the LJ potential
at 21/6σ.[193] The situation changes when two atoms have opposite charges and the
two atoms are attracted by the Coulomb potential. This moves the first peak of the RDF
far into the repulsive region of the LJ potential and makes the repulsive part of the LJ
potential more important.[161] This is illustrated in the SI, section S5. At the same
time, the attractive part of the LJ potential has negligible influence, since the electrostatic
attraction is much larger. This results in an interdependence of ϵ and σ in the repulsive
part which complicates the parametrization of force fields. In the parameter space, lines
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with ϵσ12 = const. can be expected produce similar outcomes. We see this for example in
the work of Horinek et al. [21] (figures 16 and 17) or Mamatkulov et al. [172] (figures 4
and 6).

Our results up to this point indicate three things. First, the two parameters of
the cation-oxygen LJ potential are interdependent and different (σ, ϵ) combinations
provide models with comparable accuracy. Second, the repulsive r−12 form is unsuited to
reproduce the first peak of the ion-water RDF from AIMD data (fig. 5.3 and SI, figure S8).
Classical force field parametrization of ions therefore yields different LJ parameter sets,
dependent onwhat experimental properties are fitted. This is supported by the observation
that ion LJ parameters vary widely whereas parameters for atoms with zero or nonzero
partial charges are similar across different force fields. Third, we expect that our tabulated
pair potentials reproduce dynamic and thermodynamic ion hydration shell properties in
better agreement with experimental data than LJ potentials.

We first focus on the properties that are not generally considered in the context of
force field optimization of ions: spectroscopically measurable vibrational dynamics. Ions
and the water molecules in the solvation shell perform several active vibrations, which
lie in the terahertz regime. For MgCl2(aq) and CaCl2(aq), the highest frequency peak
introduced by the cation has been identified as a normal mode in which the cation and one
of the solvation shell oxygen atoms oscillate against each other.[185] To compare with
experimental data, we computed the vibrational density of states (DOS) of the ions in the
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salt solution (SI, section S6). We obtained spectra containing two or three distinct peaks
(figure S6) and fitted them with the sum of two or three Lorentzian functions. In fig. 5.2a,
we compare selected frequencies to experimental data for the LiCl, NaCl, and CaCl2
systems. See fig. 5.3 for the cation spectra of LiCl and CaCl2 solutions and a selection of
force fields. Further spectra are shown in figure S6. To confirm that the rightmost peak in
the frequency range up to 800 cm−1 shown in figures 5.2a and S6 always corresponds to
the ion rattling against the solvation shell, we also computed the cation-oxygen potential
of mean force and used the harmonic approximation to its first minimum (SI: section S6,
figure S7). The corresponding frequencies are shown in fig. 5.2a.
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Figure 5.2: (a) The peak frequency of the rattlingmotion of cations in their solvation shell.
This is the highest frequency peak for LiCl and NaCl and the second highest
for CaCl2. For LiCl and NaCl the frequencies obtained from the harmonic
approximation of the first minimum of the potential of mean force between
the cation and oxygen are shown as black crosses. The experimental data
is taken from Schwaab et al.[186] Similar experimental data is reported by
Schmidt et al.[184] (b)The solvation entropies obtainedwith the ECCandHMN
force fields in comparison to experimental data. Error bars for ECC IMC and
HMN IMC indicate the standard deviation of five independent calculations.

93



0 200 400 600 800
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We found LJ force fields to consistently overestimate the frequency of the rightmost
peak for LiCl and NaCl (figure 3 and figure S6). On the other hand, the IMC improved
force fields reproduced those frequencies very accurately. Considering our earlier findings
above, this can be interpreted as the LJ interaction having a too steep repulsive term, which
induces too stiff normal modes. Among the LJ models, the ECC model performed the best
but is still systematically off. For Ca2+, where we compare the second highest frequency,
the ECC model prediction is redshifted with respect to the experiment. Note that in this
case a redshifted peak is corrected in the appropriate direction, while with HMN this is
achieved for a blueshifted one, indicating how important the correct representation of
the first solvation shell is for the dynamics in electrolytes.

Motivated by these results we turn to a thermodynamic property that should be
influenced directly by overly steep repulsion: the ion solvation entropy. In their systematic
scanning of the LJ parameters for ions, Horinek et al. found that there is no combination
of σ and ϵ that can reproduce the ion solvation free energy and the solvation structure on
one side, and solvation entropy on the other side.[21] Specifically, they found that the
solvation entropies of several ion models described with LJ parameters are systematically
too negative. Consequently, many force fields share this trend.[194] The stiffness of the
ion-water interaction lies at the origin of this offset. Figure 5.2a indicates that the LJ
models predict higher peak frequencies than the IMC models among the pairs examined
here. This trend can be related to changes in ion hydration entropy, i.e. a blue shift in
peak frequency correlates with a decrease of the entropy. One model that enables this
connection semi-quantitatively is the 2PT model.[195, 196] We used it to calculate the
solvation entropy (∆Ssolv) of the ECC IMC and HMN IMC model (calculation details can
be found in the SI, section S7). The results are shown in fig. 5.2b. The data indicate that
the solvation entropy obtained with the HMN IMC model is indeed less negative than the
solvation entropy obtained with the HMN model. We further carried out thermodynamic
integration (TI) to obtain more precise values of the solvation entropy (more details
in the SI, section S8). The results, also shown in fig. 5.2b, demonstrate that with the
HMN IMC potentials the experimental solvation entropies are matched better. This is
remarkable because Horinek et al. showed that there is no combination of Lennard-Jones
parameters that can match the solvation free energy (see SI, figure S8) and solvation
entropy for halide ions. This indicates that LJ 12-6 potentials might be too steep to
faithfully represent the solvation entropy of several salts. For the ECC and ECC IMC
model, a moderate improvement is achieved for KCl and CaCl2 but overall the solvation
entropies are still too small in absolute magnitude. This indicates that the charge scaling
underestimates the ion-water attraction. Due to the water molecules being bound less
tightly, the solvation entropies are less negative than the HMN model. Improvement of the
short-range ion-water repulsion achieved by the ECC IMCmodel has, in this case, a smaller
effect on the ion hydration entropies. Note that this correlates with the observation that
the exponents n of urep,fit(r) are generally closer to 12 for ECC IMC than for HMN IMC
(fig. 5.1).
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To validate our derived potentials on more common properties we calculated the ion-
oxygen RDF, density (ρ), water self-diffusion coefficients (D), and osmotic coefficients
(φ). The latter three quantities were calculated for different salt concentrations and
compared directly with experiment. For those four properties, we each calculated a
root mean square distance (RMSD), ∆x, to the experimental values, averaged over all
concentrations and salts. For the RDF, ∆RDF takes the AIMD result as reference and was
only computed for the lowest concentration. Those values can be found in table 5.1. We
show the data for LiCl and CaCl2 and a selection of force-fields in fig. 5.3 (data for NaCl
and KCl and all force fields is shown in the SI, section S9). It can be observed that the

Table 5.1: RMSD measures for the reproduction of reference values from experiment (ρ,
D/D0, φ) or AIMD (RDF).

∆RDF ∆ρ (gmL−1) ∆D/D0
∆φ

OPLS 1.38 0.046 0.45 1.43
ECC 1.07 0.166 0.28 0.61
HMN 2.29 0.050 0.63 0.54
Madrid 2.17 0.007 0.51 0.57
ECC IMC 0.06 0.071 0.24 0.77
HMN IMC 0.12 0.096 0.30 2.87

RDF is much better reproduced in the IMC improved force fields. This is to no surprise as
that is the objective of the iterative procedure. From the LJ force fields, HMN and Madrid
depart furthest from the AIMD solvation structure.

The experimental density trends with concentration are best reproduced by the
Madrid force field. This reflects that the density of the salt solution was an essential
part of the Madrid force field optimization strategy.[22] We observed that ECC IMC is an
improvement in comparison with the ECC model. At the same time, the HMN IMC model
performs worse at reproducing the density in comparison with the HMN model.

For the water self-diffusion, it is evident that the ECC models with scaled charges
perform best. When taking a detailed look at the data as presented in the SI, figure S11,
it becomes clear that only ECC models correctly predict a slight acceleration of water
diffusion in dilute KCl solutions. Earlier papers assumed this qualitative trend could only
be modeled with different water models or explicit electronic degrees of freedom would
be necessary.[197, 198] Since we find no significant change between ECC and ECC IMC
the charge scaling seems to be the important factor, aligned with earlier findings.[199]
However, the Madrid model, which has scaled charges (0.85) and uses the TIP4P/2005
water model instead of the SPC/E water model, does not reproduce the qualitative trend.
So the choice of the water model has non negligible impact. In addition to this clear
advantage of the ECC models, the IMC improved force fields score better than their base
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LJ counterparts.
The experimental osmotic coefficients are similarly well reproduced by all force fields

except by OPLS and HMN IMC. We observed that the HMN IMC model predicts too strong
ion-pairing which led an underestimation of the osmotic pressure. The optimization of
only the ion-water interactions apparently changed the balance of ion-water and ion-ion
interactions in the HMN force field. To achieve better agreement, a re-parameterization
of the HMN ion-ion interactions with a Kirkwood-Buff or related approach may therefore
be considered. [23, 191] We note that, alternatively, multistate reference ensembles[129]
may be used in a IBI/IMC approach that combines the ion-water RDF from AIMD calcula-
tions and ion-ion RDFs from Kirkwood-Buff-derived nonpolarizable force fields.

In summary, we have found that the LJ 12-6 potential has several problems when
used for modeling ion-water interactions with nonpolarizable force fields. Its parameters
are highly correlated leading to their reported values being widely scattered; even when
optimizing for the same experimental properties. Significantly, the LJ potential has a
non-correctable bias that precludes the correct representation of the ion hydration entropy
and its vibrational dynamics in the terahertz frequency range. Based on the iterative
optimization method used herein, we found that the short-range decay of the ion-water
effective pair potential does not follow a 1/r12 dependency, but decays slower and is
better represented by a Buckingham potential or a m-6 Mie potential (with m < 12), in
particular for cations with a high charge density. We expect this insight to bring forward
the application of classical molecular dynamics simulations in the field of Hofmeister ion
chemistry. The approach used herein can be extended to deriving effective pair potentials
for interactions that cannot readily be described with standard combination rules.
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5.2.1 Ab Initio Molecular Dynamics
All ab initio MD simulations have been carrier out with CP2K package.[200] The systems
contained 100 water molecules and 1 ion pair for monovalent salts (LiCl, NaCl, KCl), and
160 water molecules and 1 ion pair for the divalent salt (CaCl2). The cubic box size was
determined by fixing the density of ion solution to 1.0 g cm−3. For ab initio calculation,
we used the revPBE exchange-correlation functional[201] together with Grimmes’ van
der Waals corrections.[202]

We have used the mixed Gaussian and plane wave approach as implemented in the
CP2K code. The TZV2P basis set which is constructed using triple-valance ζ Gaussian basis
with two sets of polarization functions was used. We set the plane wave density cutoff
of 320Ry. Norm-conserving Goedecker-Teter-Hutter pseudopotentials[203] were used
to describe the core electrons. We set the time step for integrating equation of motion
to 0.5 fs. All simulations were performed at 300K in NVT ensemble with the thermostat
of the canonical sampling through velocity rescaling method.[153] The trajectory was
written every 5 femto seconds.

We equilibrated the configuration for 15 ps to 20 ps and subsequently we generated
10 ps to 12 ps trajectories, which were used for analysis. The resulting RDF are shown
in fig. 5.4. To check for proper equilibration we performed seven independent runs
with 20 ps to 22.5 ps length. Their starting position and velocities were taken from the
equilibrated trajectory. The resulting RDFs are shown in fig. 5.4 and they confirm that
our generated RDFs are reasonably converged.
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Figure 5.4: The calculated RDF from AIMD simulations. The dashed line is the result
from the production run. The colored solid lines are the results from the
seven independent additional runs.

5.2.2 Classical Molecular Dynamics

All classical MD simulations were carried out with the GROMACS 2019 package.[139] For
the equilibrium simulations at constant pressure, we started with a random configuration
of water and ions in a cubic box, performed energy minimization, and equilibrated in
several steps over a total of 0.4ns. Production runs of 0.8ns were performed using the
Parrinello-Rahman barostat (1 bar, time constant 5 ps) and a stochastic integrator for
constant temperature (300K, time constant 2 ps). Neighbor searching was handled by a
bufferend pair list with an estimated energy drift of 0.005 kJmol−1 ps−1 per particle.[204]
MD simulation were performed for four salts LiCl, NaCl, KCl, CaCl2 and for 25, 50, 100,
150, 200, 250, 500 formula units of salt in 5000 water molecules. Force field details,
including cut-offs, dispersion correction, and water model are given in the following list
and tables 5.2 and 5.3. A time step of 2 fs was used for all simulations. Electrostatics
were treated with the Particle-Mesh Ewald method with the same real-space cut-off as
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used for the short-ranged interactions and 48 grid points per dimension.

OPLS The ion parameters are based on the work of Chandrasekhar[188] and Åqvist
[189], adjusted to the geometric combining rules.

ECC Li+, Na+, Cl– parameters were taken from from Kohagen et al.[190], Ca2+
from Martinek et al.[191], and K+ from Bruce et al.[19]. All ion charges were
scaled by 0.75.

HMN All but Ca2+ parameters were taken from Horinek et al.[21] (parameter set 5b
with ϵ = 0.65 kJ/mol).The Ca2+ parameters were taken from Mamatkulov et
al.[172].

Madrid This force field has ion charges scaled by a factor 0.85 and breaks combining
rules for several ion-ion and ion-atom combinations.[22]

The ECC IMC and HMN IMC force fields use all parameters of their base LJ model
and only have modified, tabulated potentials for the ion-oxygen interactions. For the IMC
force fields with tabulated potentials a simple pair list based on atom groups was used
and updated every 10 steps. The IMC models do not use a tail correction.
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Table 5.2: Details on the force fields used in this paper. For the Madrid force field, there
are specific LJ parameter for each interaction, given in table 5.3. The column
tail-corr. indicates wether a dispersion correction is applied to the energy and
pressure of the system.
cut-
off
in nm

tail
corr.

water
model

mixing
rule

σ

in nm
ϵ

in kJmol−1

q

in e

OPLS 0.9 yes SPC/E geom. Ca
K
Li
Na
Cl

0.241203
0.493463
0.212645
0.333045
0.441724

1.881360
0.001372
0.076479
0.011598
0.492833

2.00
1.00
1.00
1.00
-1.00

ECC 1.2 no SPC/E Lor.-Ber. Ca
Li
K
Na
Cl

0.266560
0.180000
0.334000
0.211500
0.410000

0.507200
0.076470
0.130000
0.544284
0.492800

1.50
0.75
0.75
0.75
-0.75

HMN 0.9 yes SPC/E Lor.-Ber. Ca
K
Li
Na
Cl

0.241000
0.289000
0.147000
0.223000
0.440000

0.940000
0.650000
0.650000
0.650000
0.420000

2.00
1.00
1.00
1.00
-1.00

Madrid 1.0 yes TIP4P
/2005

Lor.-Ber. Ca
K
Li
Na
Cl

0.266560
0.230140
0.143970
0.221737
0.469906

0.507200
1.985740
0.435090
1.472356
0.076923

1.70
0.85
0.85
0.85
-0.85
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Table 5.3: Non-combining-rule values for the Lennard-Jones potentials between atoms
and ions in the Madrid model.

σ

in nm
ϵ

in kJmol−1

O - Cl 0.42386698 0.06198347
Na - O 0.26083754 0.79338830
Na - Cl 0.30051231 1.43889423
O - Ca 0.24000000 7.25000000
Ca - Cl 0.31500000 1.00000000
O - K 0.28904000 1.40043000
K - Cl 0.33970000 1.40000000
O - Li 0.21200000 0.70065003
Li - Cl 0.27000000 1.28294385

5.2.3 Inverse Methods

We employed the software package VOTCA to perform the IBI and IMC iterations.[87] For
the iterative procedure, the box size was chosen to match the average from the respective
1 bar NPT runs of the unmodified model. The volume was constant (NVT) during the
iterations. We did not employ a pressure correction algorithm.[61] This choice leads to
pressures higher or lower than 1 bar and, when used in NPT simulations, to small changes
in the density.

The iterative potential improvement was performed in a seven-step procedure: steps
1, 3, 5, 7 are IBI iterations and 2, 4, 6 are IMC iterations. In all steps, 5 iterations of the
respective potential update were performed except steps 6 and 7 which each performed
10 iterations. This scheme was found to be useful as an ad hoc solution to several issues
when using only IBI or IMC for the task. (i) Pure IBI is sometimes very slow in converging
potentials. (ii) IMC can be unstable when the starting point is far from the target (iii)
IMC can have severe instabilities when the current or target RDF have differently large
regions with a value of zero. For the CaCl2 system starting from the HMN force field
an extra step with 10 IMC iterations had to be performed in order to reach satisfactory
convergence.

We took the pair-potential from the last IMC iterations of the ECC systems. For
the HMN systems, the fluctuations were much larger and the iteration with the lowest
deviation from the AIMD RDF was chosen. This is in itself an interesting observation, as it
hints that for ECC systems with scaled charges the space of all possible potentials is more
steeply pointing towards a single optimal interaction form. Finally, the oxygen-chloride
potentials from the four salts were averaged arithmetically.

102



In fig. 5.5 we show the convergence of the measure ∆cat.−O +∆an.−O, where ∆ is
the root mean square difference of the current and target RDF

∆ =

√

1

rmax

∫ rmax

0

(gcur(r)− gtgt(r))
2
dr. (5.1)

Here, gcur(r) and gtgt(r) are the current and target RDF, respectively and rmax is the
maximum radius available from the AIMD data. The latter is 0.726nm for LiCl and NaCl,
0.73nm for KCl, and 0.85nm for CaCl2.
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Figure 5.5: The root mean square distance ∆ of the target AIMD RDF and the RDF of
each iteration. The value presented is the sum of the anion-oxygen and
cation-oxygen interaction for four different salt solutions. Vertical dashed
lines denote the iteration of which the potentials have been used for further
analysis.

The tabulated potentials and the AIMD RDF are made available at https://
github.com/marvinbernhardt/ion-water-potentials.

5.2.4 Potential Fitting

The effective pair potentials obtained with IMC were fitted in two steps. Note that this
was done only to obtain information on the steepness of the repulsion; MD simulations
were performed with the unfitted IMC potentials. A two-step fitting process is possible
because the repulsive part of the potential decays quickly and has little influence on the
attractive tail and vice versa. As a first step the attractive part of the potential uatt(r) was
fitted from the minimum to the cut-off rmax with uatt,fit(r) = −C6

r6
. The repulsive part was
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then taken to be the difference from the full potential

urep(r) = u(r)− uatt,fit(r). (5.2)

In a second step, the repulsive potential up to the first RDF peak was fitted with the
functional form urep,fit(r) =

Crep
rn

For both fittings the residual was weighted with the value
of the RDF, to ensure that we fit the relevant regions of the potential. If we assume the
potential to be of LJ form, the repulsive part should be proportional to r−12. In table 5.4
we present the parameters for fits of the optimized potentials as described in the main
paper. We note that a one-step fit of the potentials with the form Crep

rn
− C6

r6
is less stable

but leads to a better overall representation of the IMC potential and slightly smaller
exponents.

Table 5.4: Fittting parameters resulting from first fitting the attractive tail of the pair
potential and then the repulsive region of the remaining potential. urep,fit(r) =
Crep
rn

and uatt,fit(r) = −C6

r6
.

Crep in kJ/mol× nmn
n C6 in kJ/mol× nm6

HMN IMC O - Li 1.23× 10−3 6.9 4.00× 10−3

O - Na 2.14× 10−4 8.4 4.23× 10−3

O - K 8.51× 10−5 9.8 7.08× 10−3

O - Ca 6.37× 10−3 6.9 1.52× 10−2

O - Cl 7.22× 10−5 10.7 3.76× 10−3

ECC IMC O - Li 1.64× 10−5 8.9 1.18× 10−3

O - Na 5.33× 10−6 10.4 1.62× 10−3

O - K 1.52× 10−6 12.3 1.86× 10−3

O - Ca 5.28× 10−6 10.9 3.90× 10−3

O - Cl 2.53× 10−6 13.2 4.61× 10−3

Figure 5.6 shows the IMC potentials along with a fit of the attractive tail. There are
some regions with unsmooth behavior. This originates from poor statistics at distances in
between the first and second solvation shell. It does not lead to unphysical behavior in
the simulations.
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Figure 5.6: The obtained ion-oxygen potentials depicted as solid lines, shaded darker
for higher values of the associated RDF. The fits of the attractive part are
depicted as dashed lines.

5.2.5 LJ potentials and High Coulomb Attraction
Here we explain the argument for why the form of the repulsive part of the short-range
potential is very important in electrolyte systems in detail. A Lennard-Jones potential has
two parameters, ϵ and σ

uLJ(r) = 4ϵ

[(σ

r

)12

−
(σ

r

)6
]

. (5.3)

If two atoms carry charges q1 and q2 we add the Coulomb potential

uE(r) =
1

4πε0

q1q2

r
(5.4)

where ε0 is the vacuum permittivity. If the charges are opposite, this pulls the atoms
together into the repulsive part of the shortrange potential. Take for example the attractive
interaction between a sodium ion described by the OPLS force field and an SPC/E
oxygen described using geometric combining rules. The minimum for their pair-potential
uLJ + uE is found at 0.216nm and therefore far in the repulsive regime of the LJ potential
(σO-Na = 0.325nm).

Furthermore, the r−6 LJ term of the cation-oxygen interaction can become negligible
which we demonstrate here briefly. For r < σ the attractive term is small relative to
the repulsive term. For r > σ the attractive term tends to be small compared to the
attraction from the Coulomb potential, depending on ϵ, σ, and the charges. As for small
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σ and large charges the Coulomb interaction is very strong we can expect this to be true,
especially for small or multivalent ions. Given those two conditions, the r−6 term has
little overall influence and the repulsive LJ term determines the shape of the effective
potential minimum. Its form uLJ,rep = 4ϵ(σ/r)12 reveals that its two parameters (ϵ and σ)
are then dependent. This effect is, to some extent, compensated by the water’s hydrogen
atoms because their positive charges add electrostatic repulsion between sodium and the
water molecule. Still, due to the preferred orientation of water molecules in the solvation
shell of cations, the effect is prevalent.
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Figure 5.7: The total potential energy of a) a sodium or b) a chloride ion and a water
molecule in a vacuum as a function of distance. The water molecule is
oriented as shown in the inset. In the left and right graph, ϵ and σ for the
oxygen-ion interaction are varied, respectively, while the other is kept constant.
The reference values a) ϵ0 = 0.0868 kJmol−1, σ0 = 0.325nm and b) ϵ0 =
0.566 kJmol−1, σ0 = 0.374nm refer to the OPLS+SPC/E parameters.
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The effect is demonstrated in fig. 5.7, where we show how the total potential of a
water molecule and a single ion in a vacuum varies with σ and ϵ. As expected from the
dominance of the repulsive term, a change in σ by a factor of e.g. 0.8 leads to a similar
curve as scaling ϵ with 0.812 ≈ 0.06872. For anions, a similar argument can be made, but
the situation is slightly different since the water molecules orient such that hydrogen
atoms point towards the negative charge. For very high value of ϵ (ϵ = 1.412ϵ0) we see the
assumption of the LJ attractive term being smaller than the Coulomb attraction begins to
break down as the two graphs differ slightly. This happens faster than for the sodium case
for two reasons: (i) hydrogen has only half the charge of oxygen and (ii) ϵ0 is already
much higher for the Cl–O LJ interaction.

In the liquid phase, the more flexible orientation of the water molecules and the
influence from other water molecules in the hydration shell can be expected to moderately
tone done this effect. From the perspective of optimizing force fields, the dependence
of σ and ϵ is unfortunate, as one wants to have the parameters to be as independent as
possible. However, it does not automatically mean that LJ is to “hard” or “soft”, just that
it is not very flexible in modeling the real potential when high charges are involved.

5.2.6 Ion Vibrational Density of States
The formula for the DOS of a type of ion is

DOS(ν) =
2m

kBTNτ

N∑

j=1

∑

d∈{x,y,z}
|F(vjd(t))|2. (5.5)

Here, m is the ion mass, kB is the Boltzmann constant, N is the number of ions, vjd
is the d-component (x, y, or z) of the velocity of ion j, and F denotes the Fourier
transformation. The time τ is the length of the trajectory over which vjd is defined.
The sum runs only over the ions of one type and the velocities of other ions and water
molecules do not go directly into this property. The DOS were calculated using our
code available at https://github.com/marvinbernhardt/dos-calc. Figure 5.8
shows the density of states (DOS) of the ions. Due to the normalization in equation 5.5
the spectra have an integral of three, the number of translational degrees of freedom per
ion. For detecting the peaks of the DOS we fitted them with the sum of two or three
Lorentzian functions

DOSfit(ν) =
3∑

i=1

ai

π

γi

(ν − ν0i )
2 + γ2

i

. (5.6)

Here, ai is the weighting of Lorentzian i, γi determines its width, and ν0i is its peak
frequency. For K+, the right peak is smeared out and we did not compare its frequency
with experimental values. For Ca+, the highest frequency peak is clearly visible, but we
did not find experimental values to compare it to. Instead we use the second highest

107

https://github.com/marvinbernhardt/dos-calc


frequency peak of Ca2+ for which experimental data is available and compare that peak
in the main text (fig. 5.2a).

To ensure that our interpretation of the highest frequency peak in the DOS as
the rattling motion of the ion is correct, we also applied the harmonic approximation
to the cation-oxygen potential of mean force (PMF). In Figure 5.9 we show the PMF
w(r) = −kBT log g(r) for NaCl and LiCl solutions. Also shown is a quadratic fit to the
lowest three points of the PMF with the form wfit(r) = ar2+ br+ c. From this a frequency
can be obtained by fpmf = 1

2π

√
2a
µ

where µ is the reduced mass of the cation and a water
molecule. The frequencies are shown in fig. 5.2a in the main text. They match the highest
frequency peak of the DOS and thereby indicate that the peak is caused by the ion rattling
against the water of its hydration shell.
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Figure 5.8: The Density of States of the ions in different salt solutions are shown as
solid lines. The spectra are fitted with the sum of two (Na+, K+, Cl– ) or three
(others) Lorentzian functions and are depicted as dashed lines. Vertical
dotted and dashed lines indicate the highest and second highest frequency
peaks taken from the fit parameters, respectively.
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Figure 5.9: The cation-oxygen PMF minimum of NaCl and LiCl with six different force
fields. The solids lines are the PMF as obtained by inverting the RDF which is
shown in fig. 5.11. The dotted lines of the same color are the quadratic fit to
the PMF minimum.

5.2.7 2PTModel Entropy

Solvation entropies of the salts in water by the 2PT model were not calculated directly
but based on solvation entropies of the LJ models (ECC and HMN) obtained with the
TI method (see next section). The 2PT model gives estimates for the total entropy of a
system. In order to estimate the solvation entropy of the IMC models, ∆Ssolv(IMC), we
use

∆Ssolv(IMC) = ∆Ssolv,TI(LJ) + (S2PT(IMC)− S2PT(LJ)) (5.7)
where ∆Ssolv represents the sum of the individual cation and antion hydration entropies.
2PT entropies were calculated from the translational (trn), rotational (rot), and vibrational
DOS of the water molecules and ions.[196] The idea of the 2PT model is to use a frequency
dependent formula for the entropy and integrate it with the DOS to obtain the total
entropy. The translational and rotational DOS are each split into two contributions, one
diffusive (dif) and one oscillating (osc). The diffusive DOS is multiplied with the entropy
of a hard-sphere SHS gas (rigid rotator entropy SRR for rotation). The oscillating DOS is
multiplied with the entropy of a quantum harmonic oscillator SHO(ν) which is a function
of the frequency. By integration over all frequencies, summation over all species and
degrees of freedom, and adding a term for the mixing entropy an approximation of the
total entropy of a system is obtained. The ions used in this work are all monoatomic and
therefore have no rotational or vibrational degrees of freedom. Since the water models
used are rigid, there are no vibrational degrees of freedom in our systems. We obtain the
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following expression for the 2PT entropy of an aqueous electrolyte solution system

S2PT =
∑

h∈M

Nh

[∫ ∞

0

SHS DOS
trn,dif
h (ν)dν +Nh

∫ ∞

0

SHO(ν)DOS
trn,osc
h (ν)dν

]

+NH2O

[∫ ∞

0

SRR DOS
rot,dif
H2O (ν)dν +

∫ ∞

0

SHO(ν)DOS
rot,osc
H2O (ν)dν

]

−kB
∑

h∈M

Nh lnxh

with M = {H2O,Cation,Cl−}.

(5.8)

Here, Nh and xh are the count and mole fraction of molecule/ion type h, respectively.
In order to be used in equation 5.7, the 2PT entropy of the system was normalized to
a single unit of the salt. For the definition of the entropy functions and the method for
obtaining the separated DOS we refer to the original paper.[196]

5.2.8 Thermodynamic Integration
The solvation free energies of the LJ models were calculated by coupling a single ion into
a box of 506 water molecules using thermodynamic integration. First, the short-range
interactions were turned on along a linear path of 9 intermediate Hamiltonians using soft
core potentials for the LJ coupling.[205] Then the electrostatic interactions are turned
on linearly over 9 intermediate steps. This is done separately for cation and anion by
simulating a single ion in 506 water molecules. Each step is equilibrated for 400 ps and
run for 400 ps in the NPT ensemble with the same settings as for the bulk simulations.
The solvation free energy was then determined using standard trapeziodal integration
rule of the average derivative of the potential with respect to the coupling parameter λ.
Errors are estimated by the standard deviation of five independent runs.

To determine the solvation free energy of the IMC force fields the integration was per-
formed with the respective LJ model as reference. The alchemical transformation switches
the LJ potential off and the tabulated potential on, both linearly over 9 intermediate
steps.

Several corrections have to be applied to the calculated solvation free energy from
TI.[21] The finite size correction accounts for the self interaction of the ion and the
orientational polarization of the solvent due to its periodic images.[206] It evaluates to

∆Gfs =
NAq2

4πε0

[−ξew
2εrL

+

(

1− 1

εr

)(
2πR2

3L3
− 8π2R5

45L6

)]

. (5.9)

Here, q is the charge of the ion, ξew = −2.837297 is a constant of the Wigner potential
for a cubic box, L is the box length, and εr = 71 is the relative permittivity of the SPC/E
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solvent, and R is the size of the ion, taken as the first peak of the oxygen-ion RDF. The
pressure correction accounts for the ion in the uncoupled state referring to a compressed
ideal gas, but the experiment takes the ideal gas at atmospheric pressure as reference. Its
value is

∆Gpress = NAkBT log p1

p0
= 8.0 kJmol−1 (5.10)

Here, p0 = 1 atm and p1 = 24.94 bar is the pressure that compresses an ideal gas to
1mol L−1 at 300K. The transfer of the ion across the gas-liquid interface is also connected
to an energy term that comes from the electrostatic potential drop across the air-water
interface. Since we only look at the combined values of salt pairs (not at single ions)
it cancels out. For force fields with scaled charges, the transfer from gas to liquid a
configuration independent polarization term has to be added.[17] It represents the
attractive energy between the charges in the system and the induced electronic dipoles in
the solvent. Since this effect is only accounted for in a mean-field way in the ECC model
and not explicitly in the Hamiltonian, it has to be accounted for when transferring an ion
from gas to liquid phase. The correction is given by a Born-type expression:

∆Gpol = − 1

4πϵ0

(

1− 1

εel

)
q2u

2Rion
. (5.11)

Here εel is the assumed electronic part of the permittivity of water, which is the inverse
square root of the charge scaling factor and qu is the unscaled charge of the ion. The
ionic size Rion is a parameter that should represent the boundary at which the assumed
electronic continuum of the solvent molecules starts. The role of the radius or the
boundary in the ECC model has been discussed critically for cavities in proteins.[207].
For the alchemical change from LJ to IMC potential we apply no corrections.

In fig. 5.10 we show the solvation free energies of the salts with all models. Note
that while we report the combined values for the cations and anions, the reference state
is still the isolated ions in the gas state, not the crystalline salt. For the models with
scaled charges, we show the value of the free energy without polarization correction and
three values based on different radii including the polarization correction. It becomes
evident, that the solvation free energy of the OPLS and HMN model well reproduces
the experimental value for all salts. Our HMN IMC model shows slightly higher values
compared with the HMN model but is still close to the experimental value. The ECC,
ECC IMC, and Madrid model show values that depend strongly on the choice of the ionic
radius. This is unfortunate for these models, as comparisons to experimental values
depend on a parameter. The two more sensible choices for the ionic radius are (i) taking
a literature value and (ii) deriving it from the ion-oxygen and oxygen-oxygen RDF. For
both of these choices, the values for the solvation free energy are similar but much too
low for all salts. In the ECC papers on ions in water, the solvation free energy has never
been explicitly calculated.[18, 20, 167, 190, 191, 209]
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Figure 5.10: Solvation free energies of the salts. For all models with scaled charges, the
opaque bars show the value without the polarization correction. The values
obtained by including the polarization correction (Equation 5.11) for those
models are shown as symbols: × with R as the literature value ionic radius
from Marcus[208], and + with R as the ionic radius from the first peak in the
ion-oxygen RDF minus the water radius of 0.138nm.

The solvation entropy of the LJ models is determined from

∆Ssolv =
∆Hsolv −∆Gsolv

T
. (5.12)

The enthalpy difference ∆Hsolv is obtained by simulating the two endpoints for 400ns.
At the uncoupled endpoint, instead of simulating the ion in an ideal gas state, it was
not simulated. Its contribution of 5

2kBT that arises from its translational energy was
subtracted from the enthalpy difference manually to get ∆Hsolv in equation 5.12. For
the solvation enthalpy, an additional enthalpy correction of kBT 2α, with the thermal
expansion coefficient α, has to be subtracted from the enthalpy difference.[210, 211] In
practice we found it to be smaller than 0.5 kJmol−1 and therefore not relevant.

The corrections to the free energies described above lead to analogous corrections
to the solvation entropy by their temperature dependence. The finite size correction
becomes

∆Sfs = −NAq2

4πε0

1

ε2r

∂εr
∂T

[−ξew
2L

− 2πR2

3L3
+

8π2R5

45L6

]

. (5.13)

The temperature derivative of the relative permittivity is −0.3631K−1. The pressure
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correction becomes

∆Spress = −NAkB log
p1

p0
= −26.6 Jmol−1 K−1 (5.14)

For the IMC models the entropy of the LJ models was taken as reference

∆Ssolv(IMC) = ∆Ssolv(LJ) +
∆H(LJ → IMC)−∆G(LJ → IMC)

T
. (5.15)

The solvation entropies of the salts are obtained from the sum of the individual cation
and anion contribution. We calculated them for ECC, ECC IMC, HMN, and HMN IMC
and report them in fig. 5.2b. We reproduce the solvation free energies and solvation
entropies for the HMN model.[21, 172] We however see a much slower convergence of
∆H which we attribute to using a different thermostat (Horinek et al.: Berendsen, this
work: Nosé-Hoover).

5.2.9 Other Properties of Simulated Electrolytes
In the following, we show all the measured properties of the six different force fields. The
RMSD ∆x for judging the quality is defined as follows

∆2
x =

∑

s∈{LiCl,NaCl,
KCl,CaCl2}

∑

r∈{0.005,0.01,
0.02,0.03,0.04,0.05}

(xsr − xsr,exp.)
2 (5.16)

Here, s is an index for the salt, r is the molar mixing ratio, and x is one of ρ (density),
D(H2O)/D0(H2O) (water self diffusion), and φ (osmotic coefficient). We also simulated
salt solutions with r = 0.1 but often there is no experimental value for this high concen-
tration, so we excluded it here. For the experimental data, if there was no data for the
precise concentration or temperature, we used linear interpolation between existing data
points. For the quality of the ion-oxygen RDF we compare with the AIMD results. ∆RDF is
defined as

∆2
RDF =

∑

s∈{LiCl,NaCl,
KCl,CaCl2}

∑

i∈{O-cat.,
O-an.}

wi

rmax

∫ rmax

0

(gsi(r)− gsi,AIMD(r))
2
dr (5.17)

Indices s and i count over the four different salts and the two separate interactions,
respectively. Note that here r is the distance, not the mixing ratio. To not overweight the
O-Cl RDF, which is present in all four salts we use a weighting factor wi which is one for
cation-oxygen and 0.25 for chloride-oxygen. The RDF was calculated at a concentration
of 50 formula units of salt per 5000 water molecules.
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RDF

The RDFs were calculated at a molar mixing ratio of r = 0.01. See all RDF data in fig. 5.11.
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Figure 5.11: The RDF of the oxygen-cation and oxygen-chloride distance for eight different
force fields and four different salts.
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Density

The solution density data are shown in fig. 5.12 as a function of the salt concentration.
Those were calculated from 0.4ns NPT runs with a Parinello-Rahman barostat at 1 bar.
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Figure 5.12: The densities obtained from NPT runs of the different force fields. Ex-
perimental data is taken from Perry’s and was linearly interpolated to a
temperature of 300K.[212]

Water Diffusion

Figure 5.13 shows the water diffusion coefficient as a function of salt concentration
normalized by the water diffusion self-diffusion coefficient (D0) at zero salt concentration.
A water mean-square displacement of 400 ps length was calculated for each system from
the NPT runs. The diffusion coefficient (D) was obtained from a linear fit from 40 ps to
360 ps. It was then corrected for errors from finite size effects[213] by

Dcorr = DMD +
ξkBT
6πηL

. (5.18)

The viscosity η is 0.729mPa s for SPC/E and 0.855mPa s for TIP4P/2005[214] and is taken
to be approximately constant with the ion concentration. The dimensionless constant ξ
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for cubic boxes has a value of 2.837 29. We note that the correction has little effect on the
quotient of two diffusivities obtained from roughly similar system sizes.
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Figure 5.13: The diffusion coefficient of water divided by the pure water self-diffusion
coefficient obtained from NPT runs of the different force fields is shown.
Experimental data is fromNMRmeasurements byMüller andHertz at 298.15
K.[215]

Osmotic Coefficient

Figure 5.14 shows the calculated osmotic coefficients. We obtained the osmotic coefficient
using the OPAS method, which involves having an elongated box with two regions.[140]
These regions are separated by semi-permeable half-harmonic potential walls (k = 4000
kJ nm−2) only permeable for the water. In a pre-run, the osmotic pressure is calculated
for some fixed total pressure. From that estimate of Π, we fix the total pressure such
that the pressure of the water slab has a pressure of approx. 1 bar. The final production
run is 10ns long. Since GROMACS does not export the force on/by the semi-permeable
wall fwall, we use our code for its calculation from the trajectory, available at https:
//github.com/marvinbernhardt/wallforce. The osmotic pressure is calculated
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as
Π =

⟨fwall⟩
Axy

(5.19)

where Axy is the area of the wall. The osmotic coefficient φ is given by

φ =
Π

icRT
(5.20)

with the idealized (full dissociation) van ’t Hoff factor i and concentration c.
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Figure 5.14: Osmotic coefficients of four salts and six different force fields. Experimental
data determined with a hygrometric method by Guendouzi et al. has been
adapted using experimental densities from the CRC Handbook.[216, 217]
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6 Application of the 2PTmodel to
understanding entropy change in
molecular coarse-graining

Abstract

The effects of coarse-graining on the thermodynamic properties of molecular liquids
are studied by computing the standard molar entropies of chloroform, 1,4-dioxane and
neopentane using the two-phase thermodynamic (2PT) model. From the trajectory
of molecular dynamics simulations, the entropy associated with changing the level of
resolution is measured. The entropic contribution coming from the choice of the mapping
and from the coarse-grained force field are decoupled. The entropy of the eliminated
degrees of freedom is estimated from the rerun of the mapped trajectory, while the
additional entropy variation, tied to the coarse-grained force field itself, is quantified
by subtraction. In this work the 2PT model is used as a diagnostic tool to analyze how
different mappings schemes affect the dynamic modes of the molecules and to quantify
the change in entropy. Good agreement between the target density of states of the
mapped trajectory and the coarse-grained distribution of normal modes is found. The
entropy change upon coarse-graining is discussed in terms of vibrational, rotational and
translational contributions.

6.1 Introduction

In the field of systematic coarse-graining several approaches for deriving coarse-grained
(CG) potentials are established or part of ongoing research.[27, 40, 82, 218] For all
bottom up methods the first step is the choice of a mapping scheme that determines
which atoms each CG bead is representing. However, the role of the mapping scheme in
the effects on dynamic modes and the absolute entropy of a CG system are not sufficiently
studied. Here we use a method which allows us to analyze effects of mapping on dynamic
modes of molecular fluids in relation to changes in the absolute entropy. That connection
is given by the two-phase thermodynamic (2PT) model which calculates the translational,
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rotational, and vibrational contributions to the absolute entropy from the corresponding
contributions of the (vibrational) density of states (DoS).[195]

The acceleration of dynamics in CG models is a known effect of the softening of
the interactions between particles and the change in the surface area available for col-
lisions.[219] Efforts to correct the dynamics of CG force fields are made introducing
Markovian dissipative forces.[220–224]. The success of those approaches depends mainly
on the assumed time scale separation of the CG and removed degrees of freedom. While
we are not treating dissipative forces in this study, time scale separation will be part of
our analysis with an eye to the chice of mapping schemes. A connection of dynamics
to structure and thermodynamics is provided by the excess entropy scaling relations
described by Rosenfeld and others who found that dynamical properties such as diffusiv-
ity correlate well with the excess entropy of a fluid.[225, 226] This connection can be
used to predict the speed up of dynamics in polymer systems upon coarse-graining.[90]
However, the changes in dynamics of CG systems are more complex than a simple speed
up, especially in complex systems, where both friction and barrier crossings are impor-
tant.[227] In general, reducing the number of particles that represent a molecule does
not only reduce the effective friction with other molecules and barrier heights in the free
energy landscape, it can also affect its shape, symmetry, moment of inertia, and internal
degrees of freedom (DoF). Special mappings with virtual sites have been used to retain
the molecular symmetry.[228] Mapping a molecule to multiple beads introduces new
bonded interactions, which are often parametrized to match the internal structure, not
the dynamics, of the reference molecule.[29, 229] For proteins coarse-graining affects
internal dynamics of the molecules as low frequency modes increase in weight and fast
processes are eliminated.[31] The connection of the free energy landscape with the
transition dynamics in proteins has been studied in great detail revealing relationships
between structure and (long time-scale) dynamics if the sterical effects are represented
sufficiently in the coarse-grained model.[230] For liquid molecular systems a helpful
tool for the examination of dynamics is the DoS. The DoS function or power spectrum
of a system is proportional to the averaged squared absolute of the Fourier-transform of
the velocities. Its value at zero frequency is related to the diffusion coefficient, and the
DoS is proportional to the Fourier transform of the velocity autocorrelation function. A
separation of the (atomic) DoS into translational, rotational, and vibrational (molecular)
contributions is possible.[196]. Naturally, vibrational modes separate into peaks in the
spectrum, providing us a more detailed view on internal dynamics. These are important
features which allows us to investigate the dynamics of different motions in a unified way.
Thereby, it is easier to understand which dynamics happen on a similar timescale and
which are suppressed in a CG model.

Along the effects of coarse-graining on the dynamic properties of the system, impli-
cations on thermodynamic properties are discussed in this paper. Generally, properties
like energy, entropy, hydration free energy, heat capacity, pressure, and thermal expan-
sion coefficient are not conserved upon coarse-graining but can be, depending on the
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method used, in qualitative agreement[231–233], or can be accounted for by introducing
correction terms[64]. Kmiecik et al. point out that some CG models reproduce the
free energy differences of their reference systems but have a different enthalpy entropy
balance. [234] However, the representability of physical properties does not only depend
on the choice of the CG force field. Already the application of the mapping operator
reduces the dimensionality and thereby the number of microstates of the system. Entropy
is a measure of the number of accessible microstates and therefore a key property to
understand the effects of different mapping schemes. In previous works, the loss in
configurational entropy upon coarse-graining has been measured for phospholipids and
hydrocarbons using Schlitter’s quasi-harmonic approximation.[231, 235] Baron et al.
showed that the loss in entropy is higher for tail-fragments of long linear alkane chains,
as the terminal-part of the molecule is more flexible.[231] For protein domains the im-
pact of resolution upon entropy has been quantitatively assessed by Foley et al. using a
Gaussian Network Model.[31] They show that entropy loss is not scaling linearly with
coarsening and that the information content per site is at its highest for intermediate
value of coarse-graining.[31] In both articles [31, 231] entropy is also discussed in terms
of mapping entropy, which depends solely on the mapping operator. By comparing the
probability distribution of mapped and unmapped atomistic configurations, the entropy
difference between the all-atom (AA) and CG model is computed, providing information
on the mapping scheme. The mapping entropy measures the effect of the mapping on
the information loss, irrespective on the way the CG interactions are described or derived,
and can guide the choice of the CG architecture. The concept of mapping entropy has
been defined within the framework of statistical mechanics in a rigorous way.[56, 236]
Additionally, an analytical estimate for the mapping entropy associated with changing the
level of resolution of a polymer chain has been given by Guenza, using their analytical
Integral Equation Coarse-Graining method.[126] The knowledge of the entropy of the
system can be used as a strategy to optimize CG force fields. Also the 2PT method has
been used before in the context of coarse-graining by Jin et al. to investigate the entropy
loss when using single bead mapping for methanol and chloroform and to improve their
temperature and composition transferability.[237] Shell and coworkers used relative
entropy as a tool to derive bottom-up potentials by minimizing the difference between
AA and CG probability distributions.[56, 84, 232]

For this work, three different CG representations of chloroform, 1,4-dioxane and
neopentane are defined and the pertaining CG potentials derived. To obtain the non-
bonded interaction of the CG model the Conditional Reversible Work (CRW) method, a
bottom-up approach, is followed.[47, 238] The CG models are compared to the underly-
ing AA system in terms of structural, dynamic and thermodynamic properties. The ability
of the CG models to capture the AA reference is critically discussed. While structural
properties are considered in section 6.4.1, the main focus of the work lies in the analysis
of dynamic modes and standard molar entropies of our systems, sections 6.4.2 and 6.4.3.
Spectra of the CG model and the mapped AA model are compared to the AA DoS, where
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we put some emphasis on the aspect of time scale separation. We observe effects of
coarse-graining on the internal and rotational dynamics of molecular liquids, that have
drawn little attention in literature. The 2PT method yields us contributions of translation,
rotation and vibration to the entropy, which makes it a well suited tool for a in-depth
analysis. While the 2PT model is approximative, it has been used successfully used to
estimate entropies of water in confinement[239] and molecular liquids[240]. The tech-
nique and the details of the implementation are discussed in section 6.2.1. In this work,
the ability of the 2PT approach to capture the entropic change in moving from an AA to a
CG description of the system is put to test. To discriminate between the entropy change
due to a loss in resolution and the entropy variation that comes from the limitations of
using an approximated potential, the mapping entropy of the system is considered.

6.2 Theoretical Background

6.2.1 2PTModel
The 2PT model is used to estimate the absolute entropy from MD and mapped trajectories.
It works under the assumption of having the molar entropy of a pure molecular fluid S

given as a sum of translational, rotational and vibrational contributions

S = Strn + Srot + Svib. (6.1)

Each of them is calculated from the DoS function of the respective DoF. The separability
of the total DoS is a consequence of the general decomposition of the velocities of the
atoms.

In the model the translational DoS function is the sum of two additive parts: the DoS
of a hard sphere gas,DoShs

trn, with ftrnN particles and the DoS of (1−ftrn)3N independent
quantum harmonic oscillators,DoSho

trn. The factor ftrn is a measure of the systems fluidicity,
which approaches 1 for dilute gases and 0 for solids. The determination of ftrn from the
diffusion coefficient is a key step in the 2PT approach and a general formula is derived
from hard sphere theory.[195] The shape of the hard sphere gas DoS is entirely specified,
once ftrn is known. By taking the difference to the total translational DoS, the contribution
of the oscillators is obtained.

To obtain the entropy, DoSho
trn is integrated over all frequencies f with a weighting

function W ho that represents the entropy of a quantum harmonic oscillator. For the hard
sphere fluid the weighting function W hs is based on the Carnahan-Starling equation of
state.[241] The latter weighting function is independent of the frequency. Summing the
entropies of those two pseudo-subsystems gives the translational entropy

Strn = Nk

∫ ∞

0

[

W hsDoShs
trn(f) +W ho(f)DoSho

trn(f)
]

df . (6.2)
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The formulas for the weighting functions and ftrn are reported in the original 2PT pa-
pers.[195, 196]

Since the rotational DoS function has a zero frequency contribution, which comes
from the rotational diffusion of the molecules, it is also split in two additive contributions.
In the 2PT model it is treated similar to the translational part. The same formula is used
for the calculation of the rotational fluidicity factor frot. The diffusive part is modeled by a
subsystem of frotN free rotors (DoSfr

rot), while the oscillating part, representing the libra-
tions of the molecules, is portrayed as independent quantum harmonic oscillators(DoSho

rot).
Summing the contributions yields the rotational entropy

Srot = Nk

∫ ∞

0

[

W hsDoSfr
rot(f) +W ho(f)DoSho

rot(f)
]

df . (6.3)

A separation of the vibrational DoS function becomes necessary if torsional rotation
occurs in the system. It has been shown that the torsional entropy of flexible molecules
can be calculated in the 2PT framework.[242] The systems studied in this paper do not
show any zero frequency contributions in the vibrational DoS. Therefore, all internal
motions of the molecules are treated as independent quantum harmonic oscillators with
their entropy given by

Svib = Nk

∫ ∞

0

W ho(f)DoSvib(f)df . (6.4)

Entropies reported in this paper are calculated with the 2PT model as described in
[196], but with three deviations.

First, for linear molecules the angular velocity can not simply be derived from
ω⃗ = I−1L⃗ since the moment of inertia tensor I is singular (L⃗ is the angular momentum).
Instead, the angular velocity is obtained from solving the underdetermined system Iω⃗ = L⃗

with minimum angular momentum (L⃗) norm. Also, for linear molecules it is not possible to
consistently define the two principal axes perpendicular to the molecules axis. Therefore
the basis of the angular velocity vector is left untransformed in the lab coordinate system.
The 2PT model has been used for CO2 which is in principle linear, but can be tackled with
the normal 2PT toolset, because it exhibits an angular shape most of the time during MD
simulations.[243]

Secondly, as the equipartition of kinetic energy is not always perfectly met in a finite
time MD simulation, we use a first order correction to the DoS function as described in
[244]. The DoS is scaled, such that its integral equals the number of DoF per molecule
(not per system).

Thirdly, the rotational molar DoS is calculated by

DoSrot(f) =
2

kBTN

N∑

i

∑

d∈{a,b,c}

∣
∣
∣F
(√

Ii,dωi,d

)

(f)
∣
∣
∣

2

(6.5)
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where F denotes the Fourier transform over a finite period T normalized with 1√
T
, ωi,d is

the angular velocity around axis d, which is one of the three principal axes of rotation of
molecule i, and Ii,d is the respective moment of inertia. The formula deviates from the
formulation of the 2PT method, since the square root of the moment of inertia is inside
the Fourier transform. We think this is more consistent, since the moment of inertia is
time dependent for flexible molecules. It can be shown, that otherwise, the integral of
the DoSrot(f) does not necessarily equal the number of rotational DoF.[245]

For a more detailed view on the method the reader is referred to the original pa-
pers[195, 196].

We note that, besides the principal axis frame used for the angular velocity in the
2PT method, there exists the Eckart frame, which is defined such that the rotational-
vibrational (Coriolis) coupling is minimal.[246, 247] For stiff molecules the two reference
frames are identical. Studies show that the use of the Eckart frame gives (compared to lab
frame) more consistent results for star polymers under shear flow [248] and small linear
molecules in gas phase.[249] For azulene in carbon dioxide and xenon it is found that
using the Eckart and principal axis frame results in the same rotational energies.[250]
The molecules considered in this work are rather stiff and the rotational and vibrational
modes are always well separated, see the DoS in section 6.4.2. We therefore use the
principal axis frame but note that for more flexible molecules this might lead to artifacts
caused by Coriolis coupling.

6.3 Simulation Details
Starting from AA calculations as reference, the CG potentials are derived in a bottom-
up approach. In this section, the atomistic model is introduced and the procedure for
obtaining the CG potentials summarized. If not otherwise specified, the settings of the
CG simulations are the same employed for the AA ones.

6.3.1 Atomistic Model
Atomistic simulations of chloroform, 1,4-dioxane and neopentane are performed using
the OPLS-AA force field, which is designed for the modeling of organic molecules in
the liquid phase.[7, 251] A spherical cutoff of 12Å is applied to both Lennard-Jones
and electrostatic interactions. To compensate for the truncation of the Lennard-Jones
potential a long-range correction is added to the energy and pressure.[76] The electrostatic
interactions are computed using the particle-mesh Ewald algorithm[252, 253] with cubic
interpolation and 36 or 40 grid points per dimension. In the OPLS-AA force field a scaling
factor of 0.5 is applied to intramolecular 1-4 interactions and a geometric mixing rule
is employed to describe Lennard-Jones cross-interactions. Trajectories are generated
using GROMACS 2018.[139] Newton’s equation of motions are solved using a leap-frog
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integration scheme with a time step of 1 fs. The algorithm is complemented by periodic
boundary conditions in x, y, and z direction. In order to maintain a constant average
temperature, a Nosé–Hoover thermostat[254] is used, with a oscillation time of 5 ps. All
systems are studied in the liquid phase at 1 bar, setting the target temperature to 300K
for chloroform and 1,4-dioxane and to 275K for for neopentane. A Parrinello–Rahman
barostat[255] with a oscillation time of 30 ps is chosen to control the pressure. Each
system consists of 512 molecules. After 200 ps equilibration (with Berendsen thermostat
and Berendsen barostat) a 1ns production run in the NPT ensemble is performed. The
velocities and positions of the atoms are collected every 4 fs of the production run and
taken as input for the calculation of the DoS function.

6.3.2 Coarse-Grained Model

Similarly to the atomistic force fields, the CG force fields have to account for bonded
and nonbonded interactions. The CRW method is used here to generate nonbonded
potentials,[47] while for deriving the bonded interaction the Boltzmann inversion ap-
proach is followed.[29] CRW computes the interaction free energy between CG sites at
the pair level. A set of constraint atomistic dynamics in vacuum is performed, in which
the distance that separates two CG groups is fixed. From the forces on the constraints
the pair potentials are derived. The details of the method have been described in earlier
papers.[47, 256] Using CRW models it is possible to achieve transferability to different
state points.[257] The potential obtained with the CRW method have also proven to be
chemically transferable and have been successfully applied to the study of apolar[47],
polar molecules[238], and surfaces[258]. In the present case, the potentials are derived
in vacuum, through a series of computationally inexpensive 20ns stochastic dynamics
simulations with a friction constant of 0.01 ps−1. Those are run in the LAMMPS molecular
dynamics package[259]. The shortest distance considered during the sampling is 3.2Å,
whereas the longest distance, which coincides with the cutoff of the nonbonded CG
potential, is 13Å. The in-between points are equally spaced with a 0.02 Å increment.
The derived potentials are used in their tabulated form. Following the prescription of
Deichmann et al.[238] for polar molecules, the electrostatic component is considered
for the 1,4-dioxane united-atom (UA) representation. In all other cases it is treated
implicitly.[47] The simulations of the CG molecules are performed in LAMMPS with a
Verlet integrator and a time step of 1 fs. A Nose-Hoover thermostat with a relaxation time
of 0.1 ps and a Martyna-Tobias-Klein barostat with a relaxation time of 1 ps.[260, 261].
Temperature and pressure are kept to the same values as for the atomistic simulations.
Where electrostatic interactions are needed they are computed using the particle-particle
particle-mesh solver[262] with polynomial interpolation of order 5 and 12 grid points
per dimension.
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6.4 Results and Discussion

6.4.1 Structure

We introduce different CG representations of chloroform, 1,4-dioxane and neopentane
at multiple resolutions. Three levels of coarse-graining are considered: a united-atom
model, in which hydrogen atoms are merged to the closest heavy atom, a dumbbell
representation, with two particles separated by a bond, and a single bead model. In all
representations the site of the CG beads coincides with the center of mass of the group
of atoms. The nonbonded potentials for different molecules and mapping schemes are
collectively shown in fig. 6.1.

Figure 6.1: Overview of CRW-derived potentials for chloroform, neopentane and 1,4-
dioxane. From top to bottom different mapping schemes are shown: united-
atom, dumbbell, and single bead representation. A schematic view of the
mapping schemes is given as an inset.
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The CRW potentials are well-behaved with limited to none oscillation in the tail part
of the curve. The plots are labeled with a schematic representation of the molecule, in
which atoms belonging to a given CG site are circled. The different mapping schemes
differ not only by the size of the beads, but also explore different symmetries. For example,
in case of the dumbbell representation of neopentane, the molecule is not split into beads
of equal size, but it is described as two asymmetric entities: CH3 and C4H9. It is not
uncommon to have beads of different size used to portray a molecule.[263] In a polymer
the side-chain beads and the backbone beads might have different sizes, as the choice of
the coarse-graining scheme is often driven by chemical intuition.

Figure 6.2: Radial distribution functions between the center of mass of the molecules
computed from AA (continuous line) and CG trajectories (dashed line). To
assist the eye the plots are labeledwith a visual representation of themapping
scheme. From left to right, the com-RDF of chloroform, 1,4-dioxane and
neopentane are shown.
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Figure 6.2 compares the radial distribution functions of the center of mass of the CG
models to their atomistic reference. In most cases the CG models reproduce the radial
distribution functions of the underlying atomistic system, with some prominent exceptions.
The single beadmapping is particularly successful in describing the RDF of neopentane, the
united-atom coarse-graining is effective in capturing the center of mass RDF of atomistic
chloroform. As far as the dumbbell of neopentane is concerned, the heterogeneity in the
bead-size affects the quality of the model. Having a molecule with tetrahedral symmetry,
such as neopentane, represented as an asymmetric two bead object leads to discrepancies
in the RDFs. The first peak is split into two peaks. The CH3 beads are able to come closer
to each other (first peak), when compared to the much larger C4H9 beads (second peak).
The mismatch between AA and single bead chloroform radial distribution functions can be
attributed to the approximation of describing an anisotropic molecule with a spherically
symmetric potential. For example, a chloroform (C3v) molecule has lower symmetry
with respect to tetrachloromethane (Td) and is further away from an isotropic sphere
representation. That is the reason why, as shown in a previous work, the agreement
between AA and CG is better in the case of tetrachloromethane.[256] The shift to the left
in the radial distribution functions of some CG system suggests higher densities of the
CG model. For comparison, in table 6.1 the average densities of the NPT simulations are
reported. The CG systems generally have equal or higher density. As expected, the offset

Table 6.1: Densities of molecular liquids at different resolutions in units of gmL−1. The
values are averages fromNPT simulations (1 bar, 300K (275K for neopentane))
with AA and CG force fields.

level chloroform dioxane neopentane
AA 0.853 0.596 0.390
UA 0.920 0.590 0.416
dumbbell 1.279 0.848 0.467
single bead 1.276 0.661 0.391

in the density is strong for the systems, where the RDF is shifted to smaller radii. In the
dumbbell representation the liquids have the highest density, which coincides with this
mapping scheme generally not being able to reproduce the structure of the reference.

6.4.2 Dynamics
In order to investigate the effects of coarse-graining on the dynamic modes of molecular
liquids, we analyze three sets of trajectories: all-atom, mapped and coarse-grained. The
purpose of the mapped trajectories is to establish reference systems that do not depend
on any feature of the CG potentials. For each step of the atomistic trajectory we compute
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where the location of the CG site would be and the respective velocity. We have mapped
the AA trajectories to the three different degrees of coarse-graining. The mapping has
been performed using the VOTCA package.[87] In fig. 6.3 we show the DoS of three
different fluids, separated in translation, rotation and vibration. These represent the
target dynamics that a CG system should ideally reproduce. The loss of some dynamic
modes is inherent to the choice of the mapping. Therefore, we firstly discuss the changes
in dynamics that stem from the choice of the mapping scheme, which is analyzed in the
following.

The translational DoS, which is calculated from the velocity of the molecule’s center of
mass, shows typical liquid behavior for all three systems. It starts at a finite zero-frequency
value, which is proportional to the diffusion coefficient, then reaches a maximum and
decays to zero within 200 cm−1. Since the center of mass does not change with the
mapping scheme, the translational DoS is unaffected.

The effect of mapping to the united-atom representation on the rotational DoF is
small. This is expected, since the changes on the moment of inertia induced by a UA-
mapping are negligible and the symmetry of the molecules remains unaffected. Mapping
the molecules to a dumbbell representation introduces leaks of vibrational motion into
the rotational motion, which manifest as peaks in the rotational spectrum. This is an
artificial libration motion, which is not present in the atomistic trajectory. For example
in the AA representation of neopentane there is a scissoring and rocking motions of the
CH3 groups. When the molecule is mapped, parts of those vibrations become part of the
rotation.

When the resolution of the model is lowered, the vibrational DoS function loses
features. United-atom spectra have peaks from C–H stretching at around 3000 cm−1

and bending motions of hydrogens at around 1400 cm−1 removed. In the dumbbell
vibrational spectra peaks are strongly reduced in intensity, because they only represent
one DoF with 1

2kT of kinetic energy. Those remaining peaks can be assigned to vibrational
modes deforming the molecule’s backbone structure. For neopentane in the united-atom
spectrum two additional peaks at 200 cm−1 and 900 cm−1 disappear. We relate the peaks
to the hindered rotation of the CH3 groups, which is lost in the UA mapping. For the
single bead spectra, as expected, there is no vibration and rotation.

The dynamics of the mapped trajectories are interesting from the perspective of time
scale separation, which is a recurring topic of interest in coarse-graining.[256, 264] Ideally,
when interested in enforcing correct dynamics in CG systems with simple, memory-free
friction terms, the mapping operator should separate out DoF that are faster and thereby
adiabatically decoupled of the remaining ones. With this ideal mapping operator, the
remaining DoF would behave Markovian, i.e. free of memory. By comparing the spectra
of the AA system with the mapped trajectories, it is possible to get an idea of how fast
(high frequencies) the lost dynamics and how slow (low frequencies) the remaining
dynamics are, or to what extend they overlap. We see very good time scale separation
for the UA mapping, where the neglected vibrational dynamics are much faster than the

129



0.000

0.025

0.050

D
o
S
t
r
n
in

cm

chloroform

translation

AA
UA
dumbbell
single bead

0.000

0.025

0.050

D
o
S
r
o
t
in

cm

rotation

AA
UA
dumbbell
single bead

0.000

0.025

0.050

D
o
S
t
r
n
in

cm

dioxane

0.000

0.025

0.050

D
o
S
r
o
t
in

cm

”leaks”

0 50 100 150 200 250 300

wavenumber in cm−1

0.000

0.025

0.050

D
o
S
t
r
n
in

cm

neopentane

0 200 400 600 800 1000

wavenumber in cm−1

0.000

0.025

0.050

D
o
S
r
o
t
in

cm

0.0

0.2

0.4

D
o
S
v
ib
in

cm

chloroform

vibration

AA + 0.15
UA + 0.10
dumbbell + 0.05
single bead + 0.00

0.0

0.2

0.4

D
o
S
v
ib
in

cm

dioxane

0 500 1000 1500 2000 2500 3000 3500

wavenumber in cm−1

0.0

0.2

0.4

D
o
S
v
ib
in

cm

neopentane

Figure 6.3: Translational (blue), rotational (red) and vibrational (black) DoS functions
obtained from atomistic MD trajectories of three molecular liquids. The solid
lines show the DoS functions of the AA liquid; the dashed lines are DoS
functions of mapped trajectories. For better distinguishability, the vibrational
DoS have been shifted along the y-axis. Leaks of vibrational motion into the
rotational spectra have been highlighted.
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remaining dynamics, with the exception for neopentane which was explained above. For
the dumbbell mapping, the results indicate generally a bad separation. The remaining
vibrational DoF are not clearly separated from the ones lost from the mapping. Mapping
to a single bead at first view seems promising for a good time scale separation, since all
vibrational DoF are neglected and are faster than the remaining translational dynamics.
However, rotational DoF are also removed and those have, for the molecules considered
in this study, peaks at the same frequency regime below 100 cm−1 as the translation. In
other words, orientational and translational motion happen on a similar time scale and do
therefore likely couple. This depicts a poor time scale separability for molecules that are
mapped to a single bead. We point out, that these results are related to small molecules
and that for large molecules, where internal DoF dominate, we expect different behavior.

In fig. 6.4 we present the DoS functions of the CG liquids. For each level of coarse-
graining the fluid has been simulated with potentials derived with the CRW method.
With higher levels of coarse-graining the translational DoS functions of all molecules
show a shift to lower frequencies. This is consistent with the general trend of having a
smoother potential energy surface (PES) at higher levels of coarse-graining, which leads
to faster diffusion and increased values at zero and low frequencies. For dioxane and
neopentane the peaks of the CG systems are smaller and more intense at lower frequencies
compared to the AA case. This change in dynamics has been described as shifts in the
autocorrelation function of the molecular center of mass velocity.[223, 256] We interpret
this trend as a side effect of the PES smoothing: with atomistic details missing the friction
between two molecules moving against each other is lowered whereby the molecules
oscillate more freely within the potential well. When approaching the extreme case
where the PES is a single harmonic potential well, the DoS would consist of a single peak.
Additionally, by coarse-graining to a sphere with isotropic potentials the directionality
of the interaction is lost. This decreased variety in the intermolecular interaction leads
to more uniform oscillations and more pronounced peaks in the spectra. There is one
exception to the trend of higher diffusion coefficients with higher level of coarse-graining:
the dumbbell neopentane has a higher intensity at low frequencies compared to the single
bead representation, even though it has higher liquid density (compare table 6.1). This
could be an effect of mapping neopentane to an asymmetric dumbbell, which also leads
to a poor structural representation of the liquid as seen in section 6.4.1.

The united-atom CG model generally represents the dynamics of the underlying
atomistic simulation accurately. However, in terms of rotational dynamics we observe a
strong deviation from the atomistic reference. As the molecule rotates, its movement in
the AA representation is hindered by the presence of hydrogen atoms, which can be seen
as teeth on a gear. Upon coarse-graining the teeth are lost and the free rotation of the
molecules becomes more pronounced, which unfolds in a shift to lower frequencies in the
rotational spectrum. This change in rotational dynamics is small for chloroform, where a
single hydrogen atom is coarse-grained.

By going from a three dimensional to a linear dumbbell molecule, the number of
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Figure 6.4: DoS functions obtained from the coarse-grained MD simulations are repre-
sented in different colors: translational (blue), rotational (red) and vibrational
(black). The DoS functions of the systems of different levels of coarse-
graining are presented in dashed lines, where for the vibrational DoS the lines
have been shifted in the y-direction for clarity. As reference the AA DoS is
included and shown as solid lines.
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rotational DoF is reduced from three to two. This change is reflected in the integral of the
DoS function. In addition to the loss in intensity we see a shift to lower frequencies, which
shows that the dumbbell molecules rotates more freely. For chloroform and dioxane most
of the spectrum is shifted to the region below 50 cm−1 with a high rotational diffusion
coefficient. For neopentane the trend is less clear and at zero frequency the spectrum is
lowered, contradicting the general trend of higher rotational diffusivity. The mapping
of neopentane, a highly symmetric molecule, onto a linear asymmetric dumbbell has
a negative impact on the representability of the dynamics, visible as well in the poor
reproduction of the translational DoS as discussed earlier.

The vibrational DoS of the CG molecules in fig. 6.4 reproduce mostly the mapped
trajectory counterparts, shown in fig. 6.3. Similar to the mapped spectra, hydrogen
stretching and bending peaks are removed from the UA spectra. In contrast to the
mapped DoS functions, there are generally less peaks and some of them are shifted. In
the dumbbell representation vibrational DoS there is a single peak, since there is only
one bond with one spring constant. These findings can be related to the Boltzmann
inversion (BI) method, that is used to derive the potentials for the internal DoF . Since
it is a structural method, BI aims to reproduce the distributions of the bonds, angles
and dihedrals, but it does not necessarily lead to a reproduction of dynamics. However,
internal modes are mostly harmonic and their dynamic behavior is well reproduced by BI.
Not clear is the role of the peaks around 300 cm−1 in the vibrational spectrum of dioxane,
that are missing in the UA representation.

6.4.3 Thermodynamics

In coarse-graining the change in entropy is of interest, since by merging atoms into single
beads part of the information is irretrievably lost, which entropy is a measure for. An
opposing contribution is caused by the softening of the potential energy surface, which
enables the sampling of more microstates, resulting in an increase in the entropy of the
system. All entropies, calculated from the DoS, are shown in fig. 6.5. Those entropies
have been obtained by using eqs. (6.1) to (6.4). Note that we use the terminology of the
2PT authors[196], specifically translational, rotational and vibrational entropy, where
positional, orientational and internal would possibly be more precise, since entropy is not
a measure of a particular motion, but of the amount of phase space that is sampled by
the motion.

The entropy SR, calculated from the mapped trajectory, represents the CG phase
space, that is accessible from the atomistic samples. The difference to the AA entropy Sr,
is the mapping entropy

Smap = Sr − SR. (6.6)
Sr is shown in fig. 6.5 as the AA value in either column of the plot, SR is represented by
the values in the first row. This mapping entropy is not identical to the (configurational)
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Figure 6.5: Entropy changes due to coarse-graining of three molecular liquids. The first
column shows changes in translational, rotational and vibrational entropy
from mapping the AA trajectory. In the second column the changes of those
entropies upon coarse-graining are presented. The error bars result from the
analysis of five consecutive blocks in each trajectory.
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mapping entropy Smap,conf defined in the relative entropy framework[56, 236]. The
difference is that the latter is expressed in terms of configurational excess entropies

Smap,conf = Se
r,conf − Se

R,conf. (6.7)

Therefore, the two mapping entropies differ by the offset of ideal gas entropies of the
mapped and atomistic system

Smap = Smap,conf + (Sid
r − Sid

R). (6.8)

The ideal gas term is analytical but not trivial, since the composition of atoms and
their masses changes through the mapping. It includes changes from integration of the
momentum space, which has lower dimensionality in the mapped system. We expect,
that the Gibbs inequality argument made by Rudzinski and Noid[236] still holds and
that the mapping entropy is always non-negative. Because the coarsening lowers the
dimensionality of the coordinate space, the configurational mapping entropy is always
positive.[31] The same argument should hold for the momentum space, which is similarly
reduced by the mapping operator. The monotonous decay of all entropies in fig. 6.5 (left
panel) indicates that this holds not only for the total mapping entropy, but also for each
component of the mapping entropy.

The argument of of reduced phase space dimensionality through the mapping can
be phrased more simply as the loss of DoF. It unfolds in a zero loss of translational DoF
at all levels of resolution, in the loss of few vibrational DoF when effacing the single
hydrogen of chloroform, in the loss of most vibrational DoF of neopentane in the dumbbell
scheme and in the loss of all rotational and vibrational DoF in the case of all single bead
representations. However, the linear relation

SR ≈ nDoF(R)

nDoF(r)
Sr (6.9)

does not apply, as for example the rotational entropy does drop by significantly more
than 1

3 when going from AA to dumbbell. The mapping entropy needs a more careful
assessment. The nonlinearity of the scaling has previously been observed in the case of
the study of model protein domains.[31]

Since the center of mass of each molecule is preserved in the differently mapped
representations, the translational entropy stays constant

Smap,trn = 0. (6.10)

In the rotational contribution, we see a small negative mapping entropy for the united-
atom level. It does not originate from changes in dynamics, but from changes of the
molecules moment of inertia. The latter is generally lowered, when the position of the CG
site coincides with the center of mass of its atoms. The dumbbell representations show a
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drop of rotational entropy, that is larger than the expected 33%. Instead the loss of entropy
is about one half, because of the leaks in the rotational DoS, which effectively blueshift
parts of the spectrum. The vibrational mapping entropy of united-atom chloroform is
close to zero, because only high frequency modes are lost. In contrast, the vibrational
mapping entropy is substantial for neopentane, where hydrogen is responsible for low
frequency peaks.

The graphs in the second column of fig. 6.5 represent the entropy components of
the CG molecules. It is worth noting, that it generally follows the trend of the mapping
entropy, since it is mainly governed by the loss of DoF, which is the same in mapped
and CG trajectories. Additionally, effects from the imperfections in the CG potential
now come into play and are visible in the difference to the mapping entropy, which is
shown in the first column. By increasing the level of coarse-graining the potential energy
landscape is progressively smoothed out and the translational entropy is growing, with
the exception of dumbbell neopentane, which stands out. The effect of coarse-graining to
a UA level on the translational or rotational entropy is small. However, the vibrational
entropy is noticeably reduced, and, similar to our findings with the mapping entropy, this
is related to the unexpected loss of low frequency modes, that are caused by hydrogen
atoms in the AA model. In the rotational DoS in fig. 6.4, we see a shift to low frequencies,
which generally leads to higher entropy, especially for the dumbbell molecules. The
CG molecules rotate more freely than their atomistic counterparts, thereby leading to
higher rotational entropy compared to the mapped trajectory. Since the number of DoF is
reduced by one-third, the rotational entropy is still lower than in the AA system. This
shows how a reduction in phase space dimensionality and a smoothed potential energy
surface can be contrary contributions.

The 2PT method infers the entropy from dynamic modes, which is a non-obvious
connection. A similar relation, which was initially found by Rosenfeld, can be made using
the excess-entropy scaling, which relates the diffusion coefficient of a fluid to its excess
entropy [225]

D ∝ exp(αSe/kB) (6.11)

where α is a numerical constant. This relationship is theoretically justified but has
several exceptions.[265] When used as a predictor for entropies from dynamics it shows
a certain similarity to the 2PT method, which starts from the (translational) DoS and
therein the diffusion coefficient. In both methods a redshift towards diffusive modes is
connected to a larger entropy. The theory of excess entropy scaling has been applied by
Armstrong et al. to investigate the relation of atomistic and CG water.[266] They found
the two representations each separately to fulfill the Rosenfeld scaling relation and that
the difference comes from the loss of the rotational entropy. Shell makes systematical
connections between the excess entropy scaling and the relative entropy methods.[267]
He compares LJ-fluids with soft-sphere potentials derived with the relative entropy method
and finds that for a low relative entropy the diffusivity is mostly conserved. In an attempt
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to test the excess-entropy relation with our CG systems we use the (2PT) translational
entropies to calculate translational excess entropies

Se
trn = Strn − Sid

trn (6.12)

where Sid
trn is the ideal gas entropy from the Sackur-Tetrode equation.[268] The diffusion

coefficient D we take from the zero frequency value of the translational DoS[195]

D =
DoStrn(0)kBT

12m
(6.13)

wherem is the mass of the molecule. fig. 6.6 shows, that the entropies calculated generally
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Figure 6.6: Diffusion constants and excess entropies of CG molecules at different levels
of coarse-graining plotted with a logarithmic y-axis. The exponential fit has
the form D = 15.3× 10−5 cm2 s−1 exp(0.381 Se

trn/kB).

follow the excess-entropy relation but the correlation is not very strong. Also the constant
α is usually around 0.8 [265] where here we find it to be 0.381. The choice to exclude
rotational and vibrational contributions at this point is justified by that the theory of excess-
entropy scaling does not normally include any notion of those DoF. Indeed the relation is
mostly tested with entropies calculated from the multiparticle-correlation expansion up to
the second or third term using only the RDF and no orientational information.[269–271]
It was found previously that for molecular systems the relation has different form for
different molecular shapes.[272] This can be part of the explanation for why the data
points are not perfectly fulfill the scaling relation since the different CG representations
used in this work have different structures.

By summing the contributions of translation, rotation and vibration, the total entropy
of the liquid is obtained and the values are given in table 6.2. A comparison with
experimental values shows that the entropy of the fluids is underestimated, which Pascal
et al. attribute to shortcomings of the force field.[240] For AA chloroform and 1,4-dioxane
the entropy has been evaluated with the 2PT method before, in the work of Pascal et al.,
with the same force field and at similar state point.[240] We find that our entropies are
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about 5% lower and we attribute the difference to the rotational DoS, which we calculated
with the method from [196], while in the reference paperDoSrot equalsDoStotal−DoStrn
(see figure 2d of Pascal et al.).

Improved force fields tuned specifically to reproduce molecular vibrations should
lead to a better estimation of the entropy.[240] The total entropy of the liquids strongly
decrease with higher levels of coarse-graining. The loss is about equal for mapped and
CG systems at the UA level. At lower resolutions the decrease is more drastic for the
entropies of the mapped trajectory. Here the CG systems have a higher entropy caused by
their “softened” force field. The largest difference between mapped and CG system is
found for the dumbbell representation. We can relate this discrepancy to the rotational
entropy, which is amplified because the CG molecules rotate far more easily, as seen in
section 6.4.2.

Table 6.2: Molar entropies calculated from the CG systems and mapped trajectories (R).
The entropy of the fluid is the sumof the translational, rotational and vibrational
contribution. Experimental values are taken from the NIST Database.[273] All
values are in J K−1 mol−1.

molecule level SR SCG Sexp Smap (SCG − SR)

chloroform AA 181.6
UA 180.9 180.0 0.8 -0.9
dumbbell 121.2 156.0 60.4 34.8
single bead 81.9 98.8 99.7 16.8

dioxane AA 165.3 196.6
UA 153.3 152.1 12.0 -1.2
dumbbell 96.7 138.9 68.5 42.2
single bead 68.3 94.9 96.9 26.5

neopentane AA 191.2 216.2
UA 155.9 167.9 35.3 12.1
dumbbell 97.3 139.9 93.9 42.6
single bead 71.0 81.8 120.2 10.8

In summary, when computing the change in entropy in moving from an atomistic to
a CG description of the system, two opposing contributions have to be considered. On
one hand the loss in entropy due to a reduction of the DoF, on the other an increment in
the translational and rotational entropic terms due to a flattening of the potential energy
landscape in the CG system. With techniques as thermodynamic integration or test particle
insertion it is hard to look at these effects, however with the 2PT model we are given the
unique opportunity, even though approximative, to separate these contributions. The
reason is that it derives the entropy from the dynamics, more specifically the DoS of the
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system, which we can calculate for the CG systems, as well as for the mapped trajectories,
which are free of effects from the CG potentials. Care should be taken in applying the
2PT approach to CG simulations in which friction terms are added, as for example with
dissipative particle dynamics. While the dynamics of the system is dampened, the energy
levels and the partition function of the system are unchanged, because they are set by
the conservative interactions only. But with the 2PT model a change in the dynamics,
even when sampling the same configurations, would result in a shift in entropy. This
is a limitation of the 2PT model which assumes that the dynamics result purely from
the interaction potentials. It implicitly requires a thermostat that changes the dynamics
of the system only minimally and assumes no additional frictions. While inferring the
entropy from the dynamics may support our understanding on the thermodynamics of
CG models, it may not be applicable under all circumstances.

6.5 Conclusion

The change in entropy introduced by coarse-graining is model- and system-dependent.
Entropy cannot be inferred a priori from the loss of the DoF alone and an additional way
of computing the entropy variation is required.

In this work, the 2PT model is applied to the study of the vibrational, rotational
and translational entropy of molecular liquids at different resolution. We separate the
contribution to the entropy of the system that is coming from the choice of a mapping
operator, which is referred to as mapping entropy, from the overall entropy of the system,
which is affected by the imperfections of the CG potentials. Previous work by Baron et
al.[231] showed how for systems that are dominated by intramolecular DoF, like lipid
chains, the total configurational entropy coincides with the entropy computed from the
mapped trajectory. Here, we observe that the standard molar entropy of CG molecular
liquids differs from the mapping entropy. As a byproduct of computing entropy with the
2PT method, information concerning the dynamics in form of the vibrational density of
states is collected. The analysis of the DoS helped us understand which vibrational modes
are “washed out” by coarse-graining and how the dynamics of the system is affected. The
CG models are able to mimic, for the most part, the features of the target DoS, which is
computed from the rerun of the atomistic simulation. Minor leaks of the vibrations are
found in the rotational spectra of the mapped trajectory. United-atom models reproduce
translational dynamics effectively and rotational dynamics poorly. We observe a deviation
between the DoS of the dumbbell representation of neopentane, which likely stems from
the choice of a highly asymmetric mapping. The procedure presented in this article can
indeed be used as a tool to screen different mappings, aiming at the optimal representation
of the molecule. Importantly, the 2PT model can complement effectively other methods
that estimate entropy, but are restricted in considering the configurational contribution
or do not resolve the mappings in terms of spectra. In perspective, this approach can be
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used to verify whether slow and fast DoF of a given system occur on different time-scales
and can be clearly separated. A specific representation of the system may allow for a
better time-scale separation of slow and fast modes, and lead to a better CG model.
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7 Conclusions and Outlook

In this work, the method development, application, and effects of coarse-graining molec-
ular systems have been explored. In chapters 3 and 4, substantial progress in developing
fast and stable iterative coarse-graining methods was presented. Integral equation (IE)
theory has been successfully integrated into Newton’s method to retain a target radial
distribution function (RDF). The method provides a good approximation to the Jacobian
and is comparable with the exact Jacobian inverse Monte Carlo (IMC) while significantly
faster. For flexible molecules, the integral equation theory is found to give a less pre-
cise Jacobian, resulting in a convergence roughly half as fast as IMC. For both methods,
IE-based coarse-graining and IMC, instabilities in the repulsive flank of pair potentials
were understood. The problem was found to be an overshoot of Newton’s method in the
RDF onset region, where large relative differences in the value of the RDF occur. For
that, a stabilizing modification to Newton’s method was proposed. Also, a Gauss-Newton
method is explored which works with the IE-based and the IMC Jacobian and which
allows for constraining a potential to a thermodynamic property. It was shown how a
constraint is derived for any thermodynamic function expressible in terms of pair potential,
pair force, RDF, and pair distance. For example, this formulation enables a model for
methanol-water mixtures with implicit water in the CG representation and pressure that
matches the osmotic pressure of the atomistic reference. A combination of constraints is
possible, for example, to develop a coarse-grained (CG) model of hexane which matches
the reference’s pressure and enthalpy of vaporization. However, for some combinations
of constraints, the algorithm would not converge.

The methodological advancements presented make the application of structural
coarse-graining methods faster and easier. Since Newton’s method (with either the IE or
IMC Jacobian) is now almost as stable as iterative Boltzmann inversion (IBI), they should
be preferred, because they always converge to the same potential. In the future, the
newly developed IE-based Jacobian could be used with other coarse-graining methods.
Concretely, IMC has previously been found to be numerically equivalent to the relative
entropy (RE) method applied to free-form pair potentials.[91] This equivalence implies
that IE theory could be used to increase the speed of the RE method. Also, the findings
and improvements in the stability of Newton’s method might be transferable to the RE
method. Besides, the Gauss-Newton method could be extended to approximately fit RDFs
with parametrized potentials. The needed Jacobian elements for the potential parameter
pj could be obtained from the known Jacobian with respect to a tabulated potential ( ∂gi

∂ul
)
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by
∂gi

∂pj
=
∑

l

∂gi

∂ul

∂ul

∂pj
. (7.1)

The derivative of the pair potential ul at distance rl with respect to parameter pj should
be obtainable numerically, e.g. by differentiating a fit function. While the Mie-potential is
probably too simple for most CG models, it has the upside of simplicity and computational
speed. However, more complex models, for example, with a term to allow for local maxima
in the potential function, are thinkable. Packages such as OpenMM have started providing
GPU support for arbitrary potential functions, thereby lowering the performance hurdle
for non-standard potential forms. Moreover, a logical extension to the proposed Gauss-
Newton method is a multistate formulation. Multistate IBI exists, but it involves a manual
weighting of IBI updates at different state points or compositions.[129] Instead, with the
Gauss-Newton method, it would be possible to minimize the squared distance between
RDFs at multiple state points by optimizing a single pair potential. If this is meaningful will
depend strongly on the difference between the state points and the kind of transferability
that is required to capture them with a single potential. For example, CG models are
generally not well temperature transferable, except if the pair potentials are explicitly
temperature dependent.[150] Nevertheless, for mixtures at different concentrations,
a set of pair potentials that represent the structure well across different compositions
might be found.[274] A multistate Gauss-Newton method has been implemented in
VOTCA and was planned to be part of chapter 4 but has not been thoroughly tested. The
algorithmic goal is to optimize pair-potentials to yield the best possible match of the
RDF at multiple states (index s) which can have different thermodynamic conditions or
different compositions. For a single component system, one would vary the pair potential
to minimize

∥
∑

s

gCGs − gtgts ∥2, (7.2)

but this can be straightforwardly generalized to multicomponent systems. In contrast
to multistate IBI, this formulation has a clear objective. Since the implementation in
VOTCA exists, this work could easily be continued and compared with multistate IBI.[129]
Regarding the constraints, they allow much more flexibility and control when constructing
CG models. It would be a compelling prospect to extend the work on combinations of
constraints. There is currently no physical understanding of why it is impossible or very
hard to have certain combinations of constraints, e.g., a single bead water model with
pair potentials that represents pressure, compressibility, and RDF at the same time.

In chapter 5, iterative coarse-graining methods were utilized to parametrize ion-water
pair potentials in atomistic force fields. No real coarse-graining, i.e., merging of atoms
into beads, took place. The reference was ab initio molecular dynamics (AIMD), and
the derived model was an existing atomistic model with only the ion-water interactions
changed. One full charge model and one scaled charge model (electronic continuum cor-
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rection, ECC) were modified to reproduce the ion-oxygen RDF from the AIMD calculation.
The removed degrees of freedom are the electrons that are explicitly resolved at the AIMD
level. The resulting potential was found to have a less steep repulsive flank than the r−12

term of the commonly used Lennard-Jones (LJ) potential. This effect was larger for ions
with higher charge density (Li+, Ca2+) and smaller for ions with lower charge density
(Na+, K+, Cl– ). While the repulsion between atoms is undoubtedly not well represented
in most systems, the situation between cations and water molecules is particular. Due to
the water molecule’s high dipole moment and the cation’s high charge density, there is a
strong Coulomb attraction. This attraction gives the repulsive flank of the cation-oxygen
pair potential much more sampling than it happens in systems with non-polar molecules.
The rattling of the cation against its hydration shell is directly affected by the repulsive
potential. With Lennard-Jones (LJ) potentials, the frequency was found systematically
too high, while the AIMD-derived pair potentials matched experimental peak positions.
The effects of the misrepresentation are not limited to dynamical properties. It was found
that the AIMD-derived potentials improve the solvation entropies, which are systemat-
ically smaller than experimental values with LJ potentials. A different issue with the
strong Coulomb attraction between cations and water molecules is that it dominates the
attractive part of the LJ potential. The effect leads to a situation where only the repulsive
part 4ε(σ

r
)12 is important. Consequently, many cation LJ force fields have very different

parameters σ and ε, but with similar values of εσ12.
Building on those findings, it seems that the LJ potential should probably be dises-

tablished for the interactions between highly charged atoms. A faithful representation
of the atom-atom repulsion can also be expected to play a principal role for non-polar
molecules at very high pressures. High pressures are of interest in many fields such as
geochemistry, deep-sea biochemistry, or engineering of polymerization processes.[275]
A systematic study of the shape of the repulsive potential between atoms in different
functional groups could lead to a better understanding of atom-atom interactions and
their consequences. Iterative methods for structure matching offer a systematic approach
to that end. The general automated atomic model parameterization (GAAMP) method
does something similar, although it is fixed on the LJ potential.[276] If one is to follow
the top-down parametrization route, the findings on the vibrational frequencies can be
used. The frequencies of the rattling of the ion in the solvation shell have proved to be
sensitive to the steepness of the repulsive potential. Thus, the systematic parametrization
could use these frequencies as an additional target property and use potential forms such
as Buckingham (exp-6) or Mie (m-n or m-6). A shortcoming of our ion-water potentials
was that the ion-ion interactions were left untouched. This led, in the models with un-
scaled charges, to an imbalance in ion-ion and ion-water attractions and overly much
ion pairing. It would be interesting to know whether this did not happen with scaled
charges because those models are somehow “better”. In general, both charge scaling and
softer repulsion potentials seem to improve the representability of electrolyte force fields.
How much the two are orthogonal or interdependent, future studies have to explore.
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Back to ion-pairing: a possible way to improve the results with unscaled charges would
leverage constraints on the potentials. Concretely, a constraint that fixes the ion-water
potential energy, including the electrostatic interaction energy, is expected to preserve the
balance between the different interactions. On the other hand, the interaction between
cations and anions is probably also poorly described by an LJ potential as findings for
molten salts show.[183] Hence, a bottom-up parametrization is desirable also for the
ion-ion parameters. Those could, for example, be obtained with special sampling tech-
niques in AIMD simulations.[277] It remains to see what effects the misrepresentation
of ion-water potentials has in more complex systems such as proteins or polymers in
electrolyte solutions. Existing LJ models often get the solvation free energy of the salts at
infinite dilution right but have solvation entropies that are too negative. Accordingly, the
solvation enthalpy is too low (too negative). For studies that investigate the effects of ions
on macromolecules at different temperatures, this will lead to an imbalance of the energy
and entropy term. But also at a constant temperature, an effect can be expected. The
solvation shell, which is too structured with LJ models, and its properties are important
when ions come into direct contact with other molecules because in the process, water
molecules lose contact with the ions.

In chapter 6, the changes in the vibrational density of states (VDOS) and entropy
upon changing the resolution in coarse-graining were assessed. To that end, the two-phase
thermodynamic (2PT) model was used, which allows for a detailed (but approximate)
look at the contributions of the molecular entropy. Three molecular liquids with four
different resolutions: atomistic, united-atom, dumbbell, and single bead, were the subject
of this investigation. It was shown that a large part of the entropy loss with decreasing
resolution comes from the mapping alone. A significant factor is the loss of rotational
degrees of freedom upon going to the dumbbell and single-bead mapping. However,
the CG potential plays a role and compensates the entropy loss to some degree by an
increase in translational entropy. The change in the dynamics was also investigated. It
was found that united-atom models show good agreement with the atomistic resolution
in the translational VDOS. Contrary, the rotational VDOS is much accelerated at the
united-atom level due to the lost friction from the hydrogen atoms. In the future, a similar
study could be performed on polymer systems, where CG models are of high usefulness.
Different findings than for organic solvents are to be expected due to the higher number
of intramolecular DOFs. Furthermore, CG models could be given artificial internal degrees
of freedom that compensate for the entropy loss. The 2PT model offers a quick route to
determine the entropy difference between the resolutions.

Towards the end of this thesis, a more speculative outlook into the future of molecular
simulation and coarse-graining shall be taken. Moore’s law is likely to continue and will
increase the amount of available computational resources steadily. Larger and longer
molecular dynamics (MD) simulations will be possible, which are out of reach today.
However, that does not make CG models obsolete since there will always be interest in
length scales that are not reachable by fine-grained models. Also, due to the many orders

144



of magnitude length and time scales needed for certain systems, CG representations will
be needed for many years to come. Quantum computers are becoming increasingly better
and might at some point accelerate quantum calculations significantly. The consequences
of that are hard to predict, however, but it seems unlikely that AIMD will ever be faster
than classical MD. With the current rise in machine learning, neural networks have found
many applications in molecular simulations. Particularly interesting is the prospect of very
efficient “force fields” with precision comparable to AIMD.[278] Yet, it is unlikely that
classical force fields will be fully replaced, if only because they are much better understood
and have a straightforward physical interpretation. Adaptive resolution schemes are an
exciting advancement in coarse-graining. In current methods, the boundary between the
schemes is always fixed.[279] But one could imagine a dynamic change of the boundary
between differently resolved schemes. For example, a piece of polymer could be simulated
with the finite element method, and, upon the application of stress deform. At some
spatial point, the stress crosses a threshold, and a CG model connected to the surrounding
finite element grid is introduced. The introduction of finer resolution domains, repeats
at lower levels until there is some model that allows for the breakage of chemical bonds.
For the construction of such a flexible cascade of models, many physical and algorithmic
challenges would have to be faced. But ultimately it might provide profound insides
on systems that scale many length and time scales. In the field of biochemistry, CG
models will likely continue to be useful. Interestingly, the particular problem of protein
folding was not solved with CG models, but by the data-driven machine learning model
AlphaFold.[280] It is likely that machine learning, or a combination of the same with
MD simulations, will continue to solve problems that are hard to come by with other
methods. This is especially the case for problems, where a large amount of data exists
(protein folding is one of those). Still, there are many problems regarding the function
and arrangement of proteins, membranes, and parts of the cell, that will be best addressed
using CG models.
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Reproducibility

The replication of experimental results is an important part of the scientific method.
Computer simulations are no exception and need to be documented well in publications.
Additionally, making simulation files, force field details, results, scripts, and software
publicly available can greatly help to enable replication and reuse.

Under the following links one can find Jupyter notebooks that were central in the
set-up and analysis of the computer simulations. Also included are simulation files and
intermediate results that represent the data presented in the publications.

Paper 1 / Chapter 3
https://tudatalib.ulb.tu-darmstadt.de/handle/
tudatalib/2662

Paper 2 / Chapter 4
https://tudatalib.ulb.tu-darmstadt.de/handle/
tudatalib/3492

Paper 3 / Chapter 5
https://tudatalib.ulb.tu-darmstadt.de/handle/
tudatalib/3493

Paper 4 / Chapter 6
https://tudatalib.ulb.tu-darmstadt.de/handle/
tudatalib/2788
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