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Abstract

Bolted joints are a common means to connect thin parts due to benefits such
as inexpensive manufacturing and their ability to be disassembled. These
parts can be plates made of composite laminates, which is common practice
for many lightweight structures such as air- and spacecraft. However, holes
need to be introduced and stress concentrations arise. In structural analysis,
special focus should lie on preventing fatal tension failure. This is the most
critical failure mode leading to instantaneous destruction of the connection
and must not occur in safety-relevant structures. Hence, precise structural
assessment means are crucial to create safe and lightweight optimal designs.
These means can be based on analytical methods, which are advantageous
in terms of computational effort. Hence, the purpose of the present thesis
is to develop an efficient and comprehensive framework for tension failure
assessment of composite bolted joints using analytical means.
Usually, rows of fasteners are placed in a plate. Then, one part of the

load is introduced into a bolt while the remaining load stays in the plate.
This problem setting is also referred to as bolted joint under combined
bearing-bypass load and is treated analytically in this work using linear
two-dimensional models. In doing so, the bolted joint under bearing-bypass
load is idealised as a superposition of the open- and pin-loaded hole in a
plate with finite dimensions. Regarding the latter setting, the bolt contact is
idealised by sinusoidal radial tractions along half of the hole edge.
First, the stress field of the joint’s mechanical model is determined. In

doing so, use is made of the complex potential method in the Lekhnitskii
formalism for stress state representation of orthotropic composite laminates.
One objective is to render finite plate dimensions since narrow connections are
prone for tension failure. This is achieved by an iterative calculation scheme.
Therein, an important part is the development of a novel periodic arrangement
technique that enables the efficient and robust implementation of stress-free
edges of symmetric finite-domain problems. The results are validated against
Finite Element analyses showing excellent agreement for common geometries
and layups. Further, the impact of finite dimensions, material orthotropy
and ratio between bearing and bypass loads on the characteristic stresses and
the corresponding stress concentration factors is extensively investigated.
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Abstract

Based on the stress results, a failure analysis is conducted, which aims to
precisely predict the critical and minimal loads that lead to tension failure.
This part is dedicated to quasi-isotropic laminates only. The following nonlocal
concepts capable of capturing the hole size effect are employed: first, the
Theory of Critical Distances (TCD), which is frequently used in industry
contexts and second, the recent state-of-the-art concept of Finite Fracture
Mechanics serving as reference to assess the limits of the TCD. The predictions
for the special cases of open and filled holes are validated against test data
and good agreement is found. Then, the failure load reduction with increasing
hole and bolt diameter in the context of the hole size effect is analysed and
effects by finite dimensions as well as the ratio between bearing and bypass
load are investigated. Furthermore, the sustained bolt loads are discussed
with focus on the nonlinear load interaction. Moreover, failure envelopes
that enable the engineer to graphically obtain the critical bearing and bypass
stresses are provided.
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Kurzfassung

Bolzen- und Nietverbindungen werden häufig verwendet, um dünne und flä-
chige Strukturbauteile zu verbinden. Hierbei sind sowohl die kostengünstige
Fertigung als auch die Demontierbarkeit als wesentliche Vorteile zu nennen.
Die zu fügenden Bauteile können Faserverbunde sein, was gängige Praxis
in vielen Leichtbaustrukturen, zum Beispiel in der Luft- und Raumfahrt,
ist. Jedoch sind Löcher in den zu fügenden Strukturen erforderlich, so dass
Spannungskonzentrationen entstehen. Im Rahmen der Strukturanalyse ist
dem kritischsten Versagensmodus Tension Failure (auch Flankenzugbruch)
besondere Aufmerksamkeit zu schenken. Dieser führt zur instantanen Zer-
störung der Verbindung und ist in sicherheitsrelevanten Strukturbauteilen
zu verhindern. Präzise Tools zur Ermittlung der Versagenslasten sind daher
essentiell. Diese können auf analytischen Methoden basieren, welche Vorteile
im Berechnungsaufwand mit sich bringen. Das Ziel der vorliegenden Arbeit
ist deswegen die Entwicklung einer effizienten und physikalisch basierten
Berechnungsmethode zur Bewertung von Tension Failure in Bolzen- und
Nietverbindungen von Faserverbundstrukturen.

Üblicherweise werden Bolzenreihen gesetzt, so dass sich die gesamte eingelei-
tete Last aufteilt: Ein Teil der Last verbleibt in dem Strukturbauteil (Bypass-
Last), während der restliche Anteil in den Bolzen übertragen wird (Bearing-
oder Lochleibungslast). Diese Struktursituation wird auch als Bolzen- oder
Nietverbindung unter Bearing-Bypass-Last bezeichnet. Zur analytischen Be-
rechnung soll die vorliegende Situation als lineares 2D-Scheibenproblem idea-
lisiert werden. Dabei sind folgenden Teilprobleme zu superponieren: Der
Bypass-Lastfall wird als Open Hole (lastfreies Loch), der Bearing-Lastfall als
Pin-loaded Hole (rein Bolzen-belastetes Loch) jeweils mit finiter Scheiben-
geometrie modelliert. Bei letzterem Teilproblem ist eine Bolzenkontaktidea-
lisierung in Form von sinusförmigen Radialspannungen entlang des halben
Lochrandumfangs vorgesehen.
Zunächst wird das Spannungsfeld dieses mechanischen Modells der Bol-

zenverbindung bestimmt. Dabei werden komplexe Potentiale im Lekhnitskii-
Formalismus zur Berechnung von Spannungen in orthotropen Faserverbunden
verwendet. Ein wichtiges Ziel ist es finite Fügeteilabmessungen zu berück-
sichtigen, zumal Verbindungen mit schmaler Breite für Tension Failure prä-
destiniert sind. Dieses Ziel wird durch ein iteratives Berechnungsverfahren
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Kurzfassung

erreicht. Dessen wesentlicher Bestandteil ist dabei eine neuartige Methode
periodischer Anordnungen, welche die effiziente und robuste Implementierung
spannungsfreier Ränder von symmetrischen Randwertproblemen mit endlicher
Geometrie ermöglicht. Die Spannungslösung zeigt exzellente Übereinstim-
mung mit Finite-Elemente-Analysen für typische Fügeteilgeometrien und
Lagenaufbauten des Faserverbunds.
Mit den ermittelten Spannungen als Input wird eine Festigkeitsanalyse

durchgeführt. Deren Ziel ist es die kritischen und minimalen Lasten zu ermit-
teln, welche zu Flankenzugbruch führen. Gegenstand dieses Teils der Arbeit
sind ausschließlich quasi-isotrope Faserverbunde. Im Zuge dessen werden
folgende nichtlokale Konzepte zur Modellierung von Bruchvorgängen in sprö-
den Materialien verwendet, welche den Lochgrößeneffekt abbilden können:
Erstens die Theorie kritischer Distanzen (TCD), die im industriellen Umfeld
häufig Anwendung findet und zweitens die Finite Bruchmechanik. Letztere
entspricht dem derzeitigem Stand der Forschung und dient als Referenz zur
Ermittlung der Modellgrenzen der TCD. Die Teilprobleme Open Hole und
Pin-loaded Hole werden mittels Versuchsergebnisse validiert. Anschließend
wird der Lochgrößeneffekt und in diesem Kontext der Abfall der Effektiv-
festigkeit mit zunehmendem Loch- und Bolzendurchmesser modelliert. Des
Weiteren wird ein möglicher Einfluss von finiten Bauteilabmessungen sowie
von dem Verhältnis zwischen Bearing- und Bypass-Lasten auf die Versagens-
spannungen analysiert. Diese werden auch im Hinblick auf eine nichtlineare
Lastinteraktion untersucht. Schlussendlich werden Versagenskurven (auch
Versagensenveloppen oder failure envelopes) zur Verfügung gestellt, mit de-
nen die kritischen Bearing- und Bypass-Spannungen bei Versagen grafisch
ermittelt werden können.
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Chapter 1

Introduction

In Section 1.1, the technical background of bolted joints and their assessment
in terms of the fatal tension failure mode is outlined. Moreover, the require-
ments for corresponding efficient and precise structural assessment means are
described. Knowledge gaps and drawbacks of existing approaches are briefly
summarised, which further motivate and define the goals of the present thesis.
The state of the art regarding the assessment of net-section failure of bolted
joints is extensively discussed in Sect. 1.2 and existing knowledge gaps are
detailed. Then, the research objectives are defined in Sect. 1.3, which also
provides the structure of this work. Its overall goal is to develop an efficient
and comprehensive framework for the assessment of net-section failure of
composite bolted joints by analytical methods.

1.1 Motivation and background

In aerospace engineering, bolted joints are a common means to connect thin
plate structures. This is motivated by the ease of manufacturing such joints
and the ability to disassemble them, for example. However, circular holes
need to be introduced to make the joints and stress concentrations arise at
these locations. Their magnitude depend on the finite dimensions of the plate
relative to the hole diameter as well as on the degree of anisotropy when use
is made of composite laminates as is done in many lightweight designs.

In structural analysis, the engineer needs to be aware of the following five
failure modes depicted in Fig. 1.1: tension1, shear-out, bearing, cleavage and
pull-through failure (Camanho and Matthews, 1997). The particular mode
that is triggered depends on numerous parameters such as joint geometry,
clamping pressure and, in the case of composite laminates, stacking sequence
and fibre orientation. Corresponding tests have been conducted by Collings
(1977) and Kretsis and Matthews (1985). A review regarding the parameters’
influences on the failure modes can be found in Godwin and Matthews
(1980). Moreover, Camanho and Lambert (2006) discuss the mechanical
1 This mode is also referred to as net-section or tensile failure.
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Tension/Net section

CleavageBearing

Shear-out

Pull-
through

Fig. 1.1 Failure modes of bolted joints.

modelling, which includes stress and failure analysis as well as validation by
the experiment. Generally, the bolted-joint connection should be designed
such that bearing failure is likely triggered, which yields a gradual and fail-safe
failure process whose consequences are relatively mild. This mode has been
investigated experimentally by Collings (1982) and Xiao and Ishikawa (2005).
By contrast, for narrow connections bounded by a width-to-hole diameter
ratio w/d ≤ 4, fatal net-section failure occurs (Hart-Smith, 1980). This mode
leads to instantaneous destruction of the connection and must be avoided in
safety-critical parts. Hence, accurate means for stress and failure analysis
are crucial for prevention. These can be based on analytical methods, which
are beneficial in terms of computational efficiency and may be documented
in technical handbooks in the ideal case. Thus, analytical means shall be
the focus of the present thesis. Special consideration is given to narrow
connections prone for tension failure.

Generally, the structural assessment begins with a mechanical idealisation.
Then, a stress and failure analysis is conducted. Usually, rows of fasteners are
placed and the total load is partially transferred through a bolt (bearing load)
while the remaining load stays in the plate (bypass load). This problem set-
ting is also referred to as bolted joint under bearing-bypass load (Fig. 1.2) and
is the focus of this thesis. For the purpose of the development of analytical
methods, 2D modelling approaches are more feasible. In this context, the
connection is not modelled as one whole problem domain that includes all
fasteners, but each fastener and its surrounding plate vicinity is rendered
as an individual plane stress boundary value problem with certain bearing
and bypass loads as inputs. These need to be obtained through load transfer

2



1.1 Motivation and background

bearing load PBea

bypass load PBy

total load P

Fig. 1.2 Load transfer: The bypass load
PBy remains in the upper plate, whereas the
bearing load PBea is transferred by the bolt
into the lower plate.

σ0

σ̂r sinϕ

σBy

Fig. 1.3 Linear 2D idealisation of
bolted joint under bearing-bypass
loads with sinusoidal bolt load in-
troduction. The stress quantities
therein are introduced in Chap. 3.

calculation prior to a detailed 2D stress analysis. In particular, the present
bolted-joint setting is idealised as a superposition of the open and filled (or
pin-loaded) hole (Camanho and Lambert, 2006). The latter typically involves
a bolt contact idealisation by radial hole traction of sinusoidal shape. Hence,
the pin-loaded hole as well as the superposition model for the bolted joint
under combined bearing-bypass load (Fig. 1.3) are treated as linear boundary
value problems. According to the author’s knowledge, there is no analytical
study that investigates and identifies the main physical effects influencing the
structural behaviour of the present bolted-joint setting with bearing-bypass
load interaction. This refers to the steps of stress and failure analysis in struc-
tural assessment. Regarding the former, the characteristic stresses and stress
concentrations are expected to be affected by parameters such as finite plate
dimensions, material orthotropy as well as the load ratio between bearing and
bypass load. However, there is no study yet that quantifies and extensively
investigates this matter by analytical methods. This would also enable the
derivation of design guidelines, which could be useful in engineering applica-
tions. Another vital aspect in stress analysis of narrow connections is having
calculi that are capable of precisely and robustly rendering raised effects
due to finite plate dimensions. To the author’s knowledge, there is no stress
calculation method for bolted joints documented in technical design guidelines
such as LTH Design Criteria2. A common approach to capture finite dimen-
sions is provided by heuristic approaches. These yield good results for the

2 This is a guideline established and used by many European aerospace firms.
LTH =̂ Luftfahrttechnisches Handbuch
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open-hole problem (Tan, 1987, 1988; Tan and Kim, 1990; Tan, 1994). Unfor-
tunately, the good agreement is rather coincidental than physically justified.
Hence, applicability to other settings cannot be concluded. Regarding stress
analysis, one main goal of the present thesis is to develop an analytical method
that is robust and can be extended to other settings, e.g. different load cases
and contact models. This shall be done without the necessity of optimisation
routines as typically required by collocation techniques, which are common
approaches in the literature. These intend to satisfy the boundary conditions
(BCs) at selected discrete points or in average along a predefined section. The
free coefficients are determined accordingly by using optimisation algorithms.
The performance of these algorithms strongly affects the solution accuracy.
Thus, the overall approach may be rather unsuitable as a foundation for
technical design guidelines. Motivated by these inconveniences and drawbacks,
the present stress methodology aims to continuously and robustly satisfy the
stress BCs in order to provide a convenient design tool that is suitable for
industry contexts while still efficiently and precisely capturing the primary
physical effects.

Regarding failure, the size effect is a well known physical phenomenon and
should be taken into account when aiming for safe and lightweight optimal
designs. This physical effect and the corresponding failure load reduction with
increasing hole and bolt diameter has not yet been quantified for the bolted
joint under combined bearing-bypass load. Furthermore, it is still unknown
how the failure loads and their reduction might be affected by physical and
geometrical parameters such as material orthotropy, ratio between bearing
and bypass load and finite dimensions. These gaps shall be also treated in
this work.

1.2 State of the art

In the following, the current state of the art for structural assessment of the
net-tension failure of bolted joints is provided. As this thesis emphasises the
use of analytical methods, of special interest are contributions that focus on
employing 2D models. This is eligible for bolted joints without secondary
bending, which is true for connections containing an overall symmetry with
respect to the midplane. Moreover, effects of clamping and hence stresses
in the thickness direction on the tension failure fracture mechanism should
be negligible. Usually, bolts are placed in rows. Using 2D approaches, their
assessment is not done by modelling one whole problem domain that includes
all joints. However, each joint and the surrounding vicinity of the plate is
rendered as a separate boundary value problem with certain bearing and
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1.2 State of the art

bypass loads as input. This problem setting is also referred to as bolted
joint under bearing-bypass load (Fig. 1.3). The structural analysis generally
starts with a mechanical idealisation. Then, a stress and failure analysis is
conducted. Corresponding means that exist in literature are summarised in
the following Subsections.

Load transfer calculation
The determination of the bearing and bypass input loads for the 2D bolted
joint idealisation requires a load transfer calculation prior to detailed stress
analysis. This can be performed by analytical means that employ a continuous
model based on a Faber series expansion and complex potentials (Wei-Xun
and Chun-Tu, 1993) or on a complex variational approach for both load
transfer as well as stress field determination (Xiong, 1996). Furthermore,
the load transfer might be calculated using discrete spring-based models.
Motivated by inaccuracies of preexisting semi-empirical formulae, e.g. Tate
and Rosenfeld (1946) as well as Swift (1971), the well known expression
for determination of the bolt and plate stiffnesses by Huth (1986) has been
derived. This is based on an extensive experimental programme. Note that
the formula has been derived based on some specific bolted-joint settings
(e.g. layup, geometry) and adaption to other configurations is not physically
justified. McCarthy et al. (2006) develop a spring-based model that takes
the effects of bolt-hole clearance into account. This is extended by McCarthy
and Gray (2011) to highly torqued bolted joints involving static friction
effects. These parameters are identified to be the main contributors to load
transfer. Lecomte et al. (2014) treat effects due to clearance and hole-location
errors and Zhao et al. (2019) analyse hole tensile deformation in the stiffness
calculation. Ekh and Schön (2006) develop a 3D Finite Element (FE) model
to investigate the load transfer. An efficient FE modelling strategy, known as
the global bolted-joint model, is suggested by Gray and McCarthy (2010).
This strategy shows computational time savings of up to 97 % in comparison
to full 3D FE models

Stress analysis
Once the bearing and bypass loads are determined, a stress analysis can
be conducted. Currently, however, works that analytically treat the linear
idealisation of the present bolted joint under bearing-bypass are quite rare
according to the author’s knowledge. The following contributions deal with
anisotropic plates using the complex potential method in the formalism by
Lekhnitskii (1968). Madenci et al. (1995) investigate contact stresses of a
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loaded single-fastener bolted joint under combined bearing-bypass and shear
loading by means of a boundary collocation method and complex variable
formulation. This is extended to multiple fasteners by Madenci et al. (1998)
and use is made of a modified mapping collocation technique by Bowie and
Neal (1970) to implement BCs within a finite domain. In Wu and Tian
(2021), the bolt contact is not idealised by sinusoidal radial hole tractions,
but is instead based on displacements, as implemented by Zhang and Ueng
(1984). Finite plate geometry is not taken into account and hence some errors
in the net-section stresses of a unidirectional laminate with the aspect ratio
w/d = 4 arise in comparison to FE analyses.

Regarding the special cases of open and filled (or pin-loaded) holes, there
exist many works treating these problems at different levels of complexity
such as material anisotropy, shape of the hole, finite dimensions and loading
along the outer boundaries. Concerning the open-hole problem, an extensive
review is written by Sevenois and Koussios (2014) summarising a variety of
plate problems weakened by holes and notches. Furthermore, Koord et al.
(2020) summarise frequently employed analytical means and validate them
against both 2D and 3D FE analyses as well as against strains identified
from experiments. The pioneering work of Kirsch (1898) solved the stress
field of an isotropic, infinite plate with a central circular opening. The plate
is under remote uniform tension. Use is made of the Airy stress function
(Timoshenko and Goodier, 1951; Sadd, 2005) to represent the stress state.
The elliptical hole in an infinite, isotropic plate was addressed by Savin (1961)
taking into account several load cases using the complex potentials in the
formulation of Muskhelishvili (1977). Problems involving anisotropic plate
material were solved using the complex potential formalism by Lekhnitskii
(1968). The following works treat settings with elliptical holes. The infinite
anisotropic plate without bending extension coupling under uniform tension,
biaxial loading and shearing was analysed by Lekhnitskii (1968) himself.
Furthermore, bending extension coupling is taken into account by Becker
(1993) and Ukadgaonker and Rao (2000b) regarding an arbitrary hole shape as
well as arbitrarily oriented homogeneous loading and with arbitrarily oriented
loading functions (Ukadgaonker and Rao, 2000a). For finite-width problems,
the existing solutions can be classified into heuristic approaches and methods
of calculation designed to satisfy the BCs of the finite setting. Regarding
the former, Tan (1988, 1994) introduces heuristic correction factors which
scale the infinite-domain solution for an ellipse under uniform tension by
Lekhnitskii (1968) such that the integrated stresses along the actual width
of the finite problem transfer the external load. The concept is further
improved by adapting the stresses to the formula by Heywood (1952) based
on photoelasticity. This leads to good correlation for the stress concentrations
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1.2 State of the art

and their decay in the hole vicinity (Tan and Kim, 1990). However, the Tan
concept of heuristically scaling the stresses relies on the assumption that the
stress decay of the finite-domain problem is of the same shape as that of
the infinite-domain setting. The good agreement for open holes is therefore
more or less a coincidence rather than being physically justified. Hence, it
cannot be concluded that the idea is applicable to other problem settings. For
instance, it has been revealed that this heuristic approach leads to erroneous
results for single-fastener bolted joints (Nguyen-Hoang and Becker (2020a,
2021a) regarding isotropic and Nguyen-Hoang and Becker (2021d) concerning
orthotropic plate material). Errors also arise for isotopic open holes with finite
dimensions (Nguyen-Hoang and Becker, 2020b) when assessing the stresses
along the entire net-section area. In this publication, a novel approach is
employed to take a finite plate width into account. This is based on a
periodic arrangement technique. Documented for industry contexts, the
method sheet by Nguyen-Hoang and Becker (2021h) in LTH Design Criteria
investigates finite orthotropic composite laminates weakened by a hole. For
stress state representation, use is made of the complex potential method.
Excellent agreement to FE analysis is achieved. The corresponding scientific
publication can be found in Nguyen-Hoang and Becker (2022d).
Regarding the remaining special case of the filled (or pin-loaded) hole,

several works treating its 2D stress analysis exist at different levels of com-
plexity. Corresponding reviews are given by Matthews (1987) as well as
Camanho and Matthews (1997). The existing solutions may be classified
into approaches employing a bolt-plate contact model and concepts idealis-
ing the bolt contact to a given stress distribution along a part of the hole
boundary. In this context, a sinusoidal function in the radial hole tractions
is commonly assumed. This was addressed by Waszczak and Cruse (1971).
For the purpose of modelling the bolt contact, the reader is referred to works
treating conformal contacts. This field deals with contacting bodies that
cannot be modelled as half-plane, which is due to the significant large contact
area relative to the radius of the curvature (Sundaram and Farris, 2010b).
Hence, Hertzian contact theory should not be applied (Johnson, 1987). The
reader may also refer to Sackfield et al. (2013) concerning the field of elastic
contacts. Frictionless conformal contacts were first investigated by Persson
(1964). A corresponding comprehensive literature list can be taken from
Gladwell (1980) and Ciavarella et al. (2006). Of special interest might be To
et al. (2007), whose work covers a finite pin-loaded plate with a reinforced
hole. The case of conformal contacts with friction is analysed by the following
authors. Ho and Chau (1997) treat an infinite plate loaded by a rivet of
different material. Interference fit and clearance fit is considered by Hou
and Hills (2001). Some analytical calculi are assessed by Iyer (2001) using
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FE analyses as reference. General loading conditions, particularly pin loads
and remote stresses with arbitrary direction, are investigated by Sundaram
and Farris (2010b) for a rigid pin. This is extended by Sundaram and Farris
(2010a) for an elastic pin. The following contributions cover orthotropic plate
material using complex potentials in the Lekhnitskii (1968) formalism. Zhang
and Ueng (1984) analyse the effect of friction for an infinite plate, which is ex-
tended by Zhang and Ueng (1985) for arbitrary load directions. Further, Hyer
and Klang (1985) and Hyer et al. (1987) analyse the effects of friction, bolt
elasticity and clearance on the stresses. Song et al. (2017) take into account
interference fit and finite dimensions. However, the calculus is only validated
against FE results for a wide width-to-bolt diameter ratio w/dB = 10 and an
end-distance to bolt-diameter value of e/dB = 5. Of interest might also be the
finding for frictionless conforming contacts (exact and perfect fit of the bolt)
that the contact area decreases but then remains constant when the load
further increases. Dundurs and Stippes (1970) consider these observations as
receding contact. Note that the field quantities then are proportional to the
external load. Similar observations are made in Ciavarella et al. (2006) for
the case including friction. Hence, it can be regarded as feasible to treat the
bolted-joint problem by employing a linear model, for which the sinusoidal
load introduction by Waszczak and Cruse (1971) is commonly selected. This
idealisation simplifies the development of analytical methods to render other
effects as finite dimensions. Further, Catalanotti and Camanho (2013) as
well as Nguyen-Hoang and Becker (2020a) derive failure loads using this
linear sinusoidal idealisation and obtain agreement with test data. Hence, all
assumptions and idealisations including the bolt contact may be considered
as acceptable for the quasi-isotropic case investigated in the cited studies.
Extensive FE analyses comparing the pin-loaded hole with a contact model
as well as its sinusoidal idealisation are given by Crews et al. (1981).

Calculi that take finite plate dimensions into account can mostly be found
in works that involve a frictionless bolt contact idealisation of sinusoidal
radial hole tractions. Concerning isotropic plates, Bickley (1928) treats
infinite plate dimensions and Knight (1935) captures finite width. However,
a finite end distance is not taken into account. In these two studies, use
is made of Airy stress functions for stress state representation. Regarding
the orthotropic case treated using complex potentials by Lekhnitskii (1968),
de Jong (1976) focuses on infinite plate dimensions. The method is extended
for any arbitrary load direction in de Jong and Vuil (1981). A general
methodology for mixed boundary value problems with one part of the hole
loaded and the remaining other unloaded is developed by Berbinau and
Soutis (2001). Finite plate dimensions are rendered by de Jong (1977) using
correction factors. These heuristically scale the infinite-domain solution such
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that its uniform remote stresses equilibrate the external load along the actual
finite width. However, the stress-free conditions are violated at the edges
parallel to the loading. Therefore, the results may be acceptable for wider
width-to-hole diameter ratios that yield slight finite-width effects. The method
is implemented in an overall bolted joint assessment tool by Ogonowski (1981)
and the circumferential stresses reveal good correlation to FE calculations
for the layup [0◦/± 45◦/90◦]s(50%/40%/10%) with w/d = 8, e/d = 9. By
comparing the stress concentrations, it is further concluded that the analytical
stresses are sufficiently accurate for the dimensions e/d = 9 and w/d > 4.
Intending to reduce the computational cost, Echavarría et al. (2007) modify
the heuristic approach by de Jong (1977) using the first terms of the series for
the stress state representation only. The derived concentrations are validated
against the original calculus. However, there is no comparison of either
the stress concentrations or the decay to that of the actual boundary value
problem. This step is essential to assess the performance of the method in
failure analysis, which shall be conducted using nonlocal criteria.
Capturing finite dimensions by solving the actual boundary value prob-

lem is the aim of the following works. The rectangular plate geometry is
approximated as an ellipse by Kratochvil and Becker (2010), which reveals
good correlation to FE calculations in the circumferential stresses for [±45◦]s-
laminates and w/d = 3 as well as for [0◦/90◦]s-laminates and w/d = 5.
Bending extension coupling is treated by Grüber et al. (2007) showing good
agreement to FE analyses for w/d = {15, 45}, an aspect ratio with slight or
even vanishing finite-width effects. The calculus is extended to multilayered
composite bolted joints with interference fit under thermal load (Grüber
et al., 2018). An approach continuously satisfying the stress BCs relevant to
the load transfer is developed by Nguyen-Hoang and Becker (2020a). In this
work, tension failure of quasi-isotropic laminates is assessed by employing
the Theory of Critical Distances. The predicted failure loads lead to relative
deviations of |ε| ≤ 10% for w/d = 2 within 1 mm ≤ d ≤ 15 mm and for
w/d = 3 within 8 mm ≤ d ≤ 354 mm. As reference, stresses by FE analyses
as well as failure loads by Finite Fracture Mechanics and by experiment are
taken. This method is enhanced in Nguyen-Hoang and Becker (2021a), who
additionally take into account the stress BCs that show perpendicularly to
the load direction. Excellent agreement to FE analyses is achieved for the
dimensions of w/d = e/d = 3. For fast reproduction of the net-section stresses
and their concentrations, polynomial fitting functions with excellent accu-
racy are provided in a method sheet by Nguyen-Hoang and Becker (2022c).
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This is published in the well known technical handbook HSB3 by the IASB4

working group. The stress calculus is extended in Nguyen-Hoang and Becker
(2021d) dealing with orthotropic composite laminates. For the typically used
[0◦/± 45◦/90◦]s(50%/40%/10%) and quasi-isotropic layup with the relative
dimensions w/d = e/d = 3, the net-section stress decay relevant for crack
initiation assessment by nonlocal criteria show excellent agreement to FE data.
The calculus is also documented in LTH Design Criteria (Nguyen-Hoang and
Becker, 2021e), which is tailored for engineering applications.
The works by Nguyen-Hoang and Becker (2020b, 2022d, 2021h) dealing

with open holes and by Nguyen-Hoang and Becker (2020a, 2021a,d) treating
filled holes shall serve as a foundation for the present thesis, which includes
the stress analysis of bolted joints under bearing-bypass load interaction.

Tension failure analysis
In general, assessing whether brittle crack initiation occurs can be done by
means of local and nonlocal concepts. The former involves the evaluation of
the stress concentrations directly at the hole boundary (Neuber, 1933, 1934;
Peterson and Wahl, 1936; Neuber, 2013). By contrast, the latter requires
the stress evaluation at or along a certain hole distance and stands out for
being capable of capturing the size effect and the corresponding failure load
reduction with increasing hole diameter. Thus, nonlocal criteria are preferred
when aiming to create lightweight optimal designs. For details regarding the
phenomenon size effect, see Bažant et al. (1996); Wisnom (1999); Dvorak and
Suvorov (1999); Bažant (2000); Bažant et al. (2004) as well as Green et al.
(2007). To mention some nonlocal concepts, the Theory of Critical Distances
(TCD) and the recent state-of-the-art criterion of Finite Fracture Mechanics
(FFM) are commonly employed. In the context of the TCD (Whitney and
Nuismer, 1974; Taylor, 2004, 2007, 2008, 2011), failure is postulated if the
net-section stresses at or averaged along the characteristic distance equal
the plain strength of the material. This length is generally identified by
experiments and is assumed to be invariant with respect to the absolute value
of the defect size, which is the bolt or hole diameter in the present problem
setting. However, the assumption contradicts findings made by Camanho
and Lambert (2006). Therein, the characteristic distance is identified as a
structural rather than material parameter since a dependence on geometric
properties such as finite boundaries is revealed. Therefore, the characteristic
distance is generally not applicable to other configurations, though it may
apply under certain conditions. This matter shall be further analysed in the
3 HSB =̂ Handbuch Strukturberechnung
4 IASB =̂ Industrieausschuss Strukturberechnung
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present bolted-joint context. In doing so, the recent brittle failure prediction
concept of Finite Fracture Mechanics (Leguillon, 2002; Cornetti et al., 2006;
Weißgraeber et al., 2015c) serves as reference. This approach, suggested
by Leguillon (2002), postulates failure defined as the initiation of a finite-
sized crack if both the stress state as well as the energy release rate reach
a corresponding critical value (Cornetti et al., 2006). Furthermore, it is
advantageous that only standard material data but not structural parameters
such as a critical distance as in TCD approaches are required as inputs to this
model. Several studies in the literature demonstrate that the FFM concept is
applicable for various problems involving brittle crack initiation (Weißgraeber
et al., 2015c).

In the following, some studies relevant to the tension failure assessment of
the present bolted-joint problem are mentioned. Regarding single-fastener
bolted joints idealised by the pin-loaded hole, the TCD has been applied by
York et al. (1982); Curtis and Grant (1984); Eriksson et al. (1995); Nguyen-
Hoang and Becker (2020a) and FFM has been applied by Camanho et al.
(2012); Nguyen-Hoang and Becker (2020a). Furthermore, this method is
also employed for bolted joints under combined bearing-bypass load by Peng
et al. (2021) using FE analyses. Another approach is given by cohesive zone
models used by Kabeel et al. (2014) for the pure bearing load case. This
is extended in Kabeel et al. (2015) to combined bearing-bypass loads. To
name some examples related to bolted joints, the following works employ
FFM. Concerning the open-hole problem under uniform tension, Li and
Zhang (2006) treat infinite plate geometry and isotropic material. Hebel
and Becker (2008) analyse anisotropic composite laminates using a numerical
approach contrary to Camanho et al. (2012) using the enhanced Tan solution
to calculate the stresses of the open-hole problem with a finite width of
w/d = {5, 6} and a quasi-isotropic laminate. Martin et al. (2012) extend
the complexity to finite-width and orthotropic laminates. Weißgraeber et al.
(2015a) analyse elliptical holes. Felger et al. (2017a) investigate symmetric
as well as asymmetric crack patterns in a finite anisotropic plate weakened
by a circular opening using an asymptotic approach that combines means of
complex potentials and matched asymptotics. This is also applied to treat
elliptical holes in Felger et al. (2017b). Furthermore, the load case of combined
tension and in-plane bending is taken into account in Rosendahl et al. (2017)
through numerical analyses. Bi-axial loading is taken into account by Sapora
and Cornetti (2018). A comprehensive framework for open holes in finite
orthotropic composite laminates is provided by Nguyen-Hoang and Becker
(2022d). This article as well as the content in Nguyen-Hoang and Becker
(2020a) dealing with single-fastener joints shall be extended to bolted joints
under bearing-bypass load interaction in the present thesis.
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1.3 Objectives and outline

In Chapter 2, the theoretical framework of this thesis is provided in brief. This
is composed of the following topics. First, some fundamentals of the Theory
of Elasticity with a focus on plane problems are introduced. Furthermore,
the Classical Laminate Theory is included. Second, the complex potential
method in the formalism by Lekhnitskii (1968) is covered. This is required for
the modelling of the stress state of anisotropic plates and composite laminates.
Third, the state of the art of the nonlocal failure concept of Finite Fracture
Mechanics is outlined. The corresponding formulae shall be restricted to the
case of pure mode I fracture.

Chapter 3 is dedicated to the development of the stress calculus based on
the complex potential method. For quasi-isotropic laminates, however, Airy
stress functions that enable the convenient modelling of their stress state
are provided. For both means, special focus lies on capturing the effects of
finite plate dimensions on the characteristic stresses and their concentrations.
At first, the mechanical idealisation of the bolted joint as a linear 2D plane
problem is presented. The underlying assumptions, capabilities and limits
of this modelling approach are explained in detail. Then, the stress field
of this 2D idealisation is determined. Since the present bolted joint under
bearing-bypass load is modelled as a superposition of the open- and filled-hole
problem these partial solutions need to be derived first. This is accomplished
by taking their corresponding infinite-domain solution and then iteratively
supplementing them with a set of three types of auxiliary or correction
functions and potentials to take into account the stress-free edges of the
actual finite-domain problem. At the core of these auxiliary functions is a
novel periodic arrangement technique, which enables the efficient and robust
modelling of longitudinal stress-free edges.
The stress results are extensively discussed in Chapter 4. For validation

purposes, FE analyses are conducted. For a qualitative assessment of whether
the stress-free BCs along the straight edges are satisfied, the force flux is
investigated. For quantitative assessment, the characteristic stresses are
compared against FE values. These steps are first done for the special cases
of open and filled holes. This also involves the assessment of the performance
of the present method against heuristic approaches. Then, the bolted joint
under bearing-bypass load is treated.
Based on the results of the present stress calculus, a failure analysis is

conducted in Chapter 5. The goal is to precisely predict the minimal and
critical loads that lead to net-section failure. In doing so, a methodology
for the derivation of the failure loads by the nonlocal concepts of Theory
of Critical Distances (TCD) and of Finite Fracture Mechanics (FFM) is
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briefly introduced. Then, some example predictions are validated against
failure loads determined by experiments. Eventually, the hole size effect is
modelled and in this context the failure load reduction with increasing hole
diameter is analysed. Special focus is given to rendering the effect of finite
plate dimensions upon the failure loads. The open- and filled-hole problems
are discussed first. Eventually, bolted joints under bearing-bypass load are
investigated. This involves quantifying the nonlinear interaction of the failure
stresses with respect to the load factor. Furthermore, failure envelopes for the
graphical determination of the bearing and bypass stresses at crack initiation
are provided. For all settings treated, the predictions by TCD are compared
against the more sophisticated FFM concept, which enables the assessment
of the limits of the first criterion.

Lastly, Chapter 6 provides a summary and an outlook of the present thesis,
which develops a comprehensive framework for the assessment of the tension
failure mode of composite bolted joints mode based on analytical methods.
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Chapter 2

Theoretical background

The theoretical background is given in brief. This shall be limited to the
concepts that are employed in the present thesis, which begins with some
fundamentals of linear elasticity in Sect. 2.1. Therein, the stress state of a
solid body in equilibrium is explained. This is followed by small deformation
theory, linear elastic material behaviour (Hooke’s law) and plane stress state.
Furthermore, the Classical Laminate Theory is outlined. In Section 2.2,
the complex potential method in the form of the Lekhnitskii formalism is
introduced. This will be employed for the stress state representation of
orthotropic composite laminates under in-plane loading, which are idealised
as a plane plate problem. The state-of-the-art concept of Finite Fracture
Mechanics used for the prediction of crack initiation in brittle materials is
outlined in Sect. 2.3. A standard nomenclature is employed. Scalar quantities
are denoted by italic letters, vectors and tensors by bold italics.

2.1 Fundamentals of linear elasticity

This Section is based on the textbooks Timoshenko and Goodier (1951);
Becker and Gross (2002) as well as Sadd (2005), to which one may refer for a
deeper insight.

2.1.1 Equilibrium and stress state

Let us consider a solid body in equilibrium, which is exerted to any external
loading. As a reaction, internal forces arise, which normalised to an infinitesi-
mal small area ∆A yield the stress vector t. This quantity is defined at any
material point of the body and depends on the orientation of the area given
by its normal vector n. To uniquely describe the stress state of any point of
the material, use is made of the second order Cauchy stress tensor

σ = σijei ⊗ ej with i, j ∈ {1, 2, 3} and basis vectors e1, e2, e3. (2.1)
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Therein, the components σij with respect to a Cartesian coordinate system
may be conveniently stored in the matrix form

[σij ] =

[
σ11 σ12 σ13
σ21 σ22 σ23
σ31 σ32 σ33

]
=

[
σ11 τ12 τ13
τ21 σ22 τ23
τ31 τ32 σ33

]
, (2.2)

where the diagonal entries σ11, σ22, σ33 denote the normal stresses and the
nondiagonal ones such as τ12, τ23, τ13 are the shear stresses. Equilibrium of
moments requires the Cauchy stress tensor to be symmetric, thus σij = σji.
With the normal vector n the relationship between stress vector and stress
tensor is given by the Cauchy theorem

t = σ · n or ti = σjinj . (2.3)

Note that in this Chapter, Einstein’s summation convention is adopted. Since
the entire solid body is in equilibrium so must be any of its infinitesimally
small volume element dV . This is expressed by

σji,j + fi = 0, (2.4)

where fi denote the body forces. However, these are considered to be negligible
for the present bolted-joint problem.

2.1.2 Small deformation theory
When a solid body is elastic external loadings lead to deformations. In many
technical structures as for the present bolted-joint problem, the deformations
are small and for their quantification use is made of the second order and
symmetric linearised strain tensor

ε = εijei ⊗ ej with components [εij ] =

[
ε11 ε12 ε13
ε12 ε22 ε23
ε13 ε23 ε33

]
. (2.5)

With the displacement vector u =
[
u1, u2, u3

]T
, the strains can be derived

by

εij = 1
2

(
∂ui
∂xj

+ ∂uj
∂xi

)
. (2.6)

In many technical cases, the nondiagonal components are expressed by en-
gineering shear strains with εij = γij/2 for i 6= j. For single-valued and
continuous displacements, the strains need to satisfy the compatibility equa-
tions

εij,kl + εkl,ij − εik,jl − εjl,ik = 0. (2.7)
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2.1.3 Linear elastic material behaviour (Hooke’s law)
For many materials as the composite laminates investigated in this thesis, a
linear elastic material behaviour can be employed. Then, the stress-strain
relationship can be described by Hooke’s law, which for the most general case
of anisotropic materials reads as follows:

σ = c : ε or σij = cijkl εkl. (2.8)

Therein, the quantity c represents the forth order elasticity tensor with
81 components that includes all elastic constants required for the characteri-
sation of the material. Inversion leads to

ε = s : σ or εij = sijkl σkl, (2.9)

where the quantity s represents the forth-order compliance tensor. Taking
into account the symmetry properties of the stress and strain tensor as well as
the existence of the strain energy function reveals that the 81 components of
the tensors c and s consists of only 21 independent quantities for the general
anisotropic case. This enables to conveniently express Hooke’s law in the
following matrix form, which is also referred to as Voigt notation.

σ11
σ22
σ33
τ23
τ13
τ12

 =


C11 C12 C13 C14 C15 C16
C21 C22 C23 C24 C25 C26
C31 C32 C33 C34 C35 C36
C41 C42 C43 C44 C45 C46
C51 C52 C53 C54 C55 C56
C61 C62 C63 C64 C65 C66




ε11
ε22
ε33
γ23
γ13
γ12

 with Cij = Cji.

(2.10)
Inversion allows to express Hooke’s law using the compliances Sij , which are in
the same matrix structure as the elastic constants Cij . In many technical cases,
materials have symmetry planes. If three mutually perpendicular planes exist
the material is called orthotropic. Then, the number of independent elastic
constants further reduces to 9. This is of interest for the later investigated class
of composite laminates with layups which are symmetric to their midplane.
Furthermore, Hooke’s law may be expressed using compliances, which are
commonly written in form of using engineering constants. This reads
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ε11
ε22
ε33
γ23
γ13
γ12

 =



1
E1

− ν21
E2

− ν31
E3

0 0 0
− ν12
E1

1
E2

− ν32
E3

0 0 0
− ν13
E1

− ν23
E2

1
E3

0 0 0
0 0 0 1

G23
0 0

0 0 0 0 1
G13

0
0 0 0 0 0 1

G12




σ11
σ22
σ33
τ23
τ13
τ12

 . (2.11)

Therein, the quantities E1, E2 and E3 denote Young’s moduli and νij are
Poisson’s ratios. The latter are defined as follows. Let i denote the longitudinal
direction. Further, the material shall be exerted to a normal uniform stress
in the longitudinal direction, e.g. σ11. The Poisson’s ratios then are the ratio
of an arising transverse strain in the direction j to that in the longitudinal
i-direction, e.g. ν12 = −ε22/ε11. For the special case of complete symmetry,
the material is isotropic. Its behaviour can then be characterised by the two
independent elastic constants E and ν.

2.1.4 Plane stress state

Let us consider plate structures with a thickness that is small in comparison
to the lateral dimensions. Furthermore, the external loads shall lie within
the plane of the plate only. Then, a plane stress state can be assumed as a
good approximation and a 2D mechanical idealisation can be employed. This
is beneficial when aiming to find solutions based on analytical methods since
the modelling complexity reduces. In particular, the stresses in thickness
(typically x3-) direction are assumed to vanish: σ33 = τ13 = τ23 = 0.

2.1.5 Classical Laminate Theory for plane composite
problems

This Section is based on Becker and Gross (2002) as well as Mittelstedt and
Becker (2016). Also refer to the textbooks by Halpin (1992); Reddy (2004)
and Tsai (2008). Let us consider a composite laminate made of a layup which
is symmetric with respect to its midplane. Furthermore, the external loads
shall lie within it. Then, the setting, its stresses and deformations can be
described as a plane problem. Use will be made of this idealisation to treat
the present bolted-joint problem. Note that bending deformations or lay-ups
without symmetry to the midplane cannot be treated as a pure plane problem.
Regarding the latter setting, bending-extension coupling shall be taken into
account. Refer to the textbooks cited above for further details.
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Now, Hooke’s law for symmetric laminates under in-plane loads is derived.
First, let us consider a unidirectional layer, for which a plane stress state is
assumed. The x1-coordinate shows along the fibre (or longitudinal) direction,
the x2-coordinate in the lateral direction and the x3-coordinates in the
thickness (or out-of-plane) direction. With respect to these material principal
axes, Hooke’s law reads[

σ1
σ2
τ12

]
=

[
Q11 Q12 0
Q21 Q22 0

0 0 Q66

][
ε1
ε2
γ12

]
. (2.12)

Therein, the quantities Qij represent the reduced stiffnesses, which are inter-
related to the engineering constants as follows:

Q11 = E1

1− ν12 ν21
, Q12 = ν12E2

1− ν12 ν21
,

Q22 = E2

1− ν12 ν21
, Q66 = G12.

(2.13)

Hooke’s law of the single ply with respect to the global x, y, z-coordinate
system of the whole laminate is expressed by[

σx
σy
τxy

]
k

=

Q11 Q12 Q16
Q12 Q22 Q26
Q16 Q26 Q66


k

[
εx
εy
γxy

]
. (2.14)

Therein, the quantity k represents the index of a single ply. Commonly, its
offset towards the x-axis is measured by the angle (or fibre orientation) ϑ,
which is counted anti-clockwise. The reduced stiffnesses Qij of a single ply
with respect to the global x, y, z-coordinate system can be calculated by the
relations

Q11 = Q11 cos4 ϑ+ 2(Q12 + 2Q66) cos2 ϑ sin2 ϑ+Q22 sin4 ϑ,

Q12 = (Q11 +Q22 − 4Q66) cos2 ϑ sin2 ϑ+Q12(cos4 ϑ+ sin4 ϑ),

Q22 = Q11 sin4 ϑ+ 2(Q12 + 2Q66) cos2 ϑ sin2 ϑ+Q22 cos4 ϑ,

Q16 = (Q11 −Q12 − 2Q66) cos3 ϑ sinϑ+ (Q12 −Q22 + 2Q66) cosϑ sin3 ϑ,

Q26 = (Q11 −Q12 − 2Q66) cosϑ sin3 ϑ+ (Q12 −Q22 + 2Q66) cos3 ϑ sinϑ,

Q66 = (Q11 +Q22 − 2Q12 − 2Q66) cos2 ϑ sin2 ϑ+Q66(cos4 ϑ+ sin4 ϑ).
(2.15)
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The integration of Eq. (2.14) along the thickness direction (z-direction) leads
to the effective constitutive law of the composite laminate. Taking into
account that layups symmetric with respect to their midplane under in-plane
loads are treated in this work, the effective constitutive law can be described
as follows. With the normal stress resultants Nx, Ny, Nxy, the integration
yields [

Nx
Ny
Nxy

]
=

[
A11 A12 A16
A12 A22 A26
A16 A26 A66

]
=A

[
εx
εy
γxy

]
, (2.16)

where the quantity A represents the matrix of the extensional stiffnesses. Its
components can be obtained by

Aij =
N∑
k=1

(Qij)k (zk − zk−1). (2.17)

Therein, the quantity N is the of number of single plies. Further, zk and zk−1
denote the upper and lower coordinates in the thickness direction of a ply
k. When orthotropic composite laminates are exerted to in-plane loadings
only these are then commonly idealised as an orthotropic plate, for which
the effective stiffnesses of the laminate need to be assigned. Their calculation
can be done as follows. Let t be the thickness of the laminate and A−1

ij the
components of the inverse of the extensional stiffness matrix A. Then, the
in-plane effective stiffnesses read (Schürmann, 2007)

Êx = 1
A−1

11 t
, Êy = 1

A−1
22 t

, Ĝxy = 1
A−1

66 t
, ν̂xy = −A

−1
12

A−1
11
, ν̂yx = −A

−1
12

A−1
22
.

(2.18)
The in-plane strains of the idealisation as an orthotropic plate equal those of
the laminate. Once the field quantities of the orthotropic plate are determined,
the stresses of each ply may be calculated by inserting the strains in Eq. (2.14).

2.2 Complex potential method

The complex potential method in the formalism by Lekhnitskii is shortly
introduced based on Savin (1961); Lekhnitskii (1968) and Sadd (2005). Let
us assume a two-dimensional plane strain or plane stress state with linear
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elastic and anisotropic material behaviour. Hooke’s law for the plate then
can be expressed by [

εx
εy
γxy

]
=

[
S11 S12 S16
S21 S22 S26
S16 S26 S66

][
σx
σy
τxy

]
, (2.19)

where the quantities εx, εy, γxy denote the in-plane strains and Sij the com-
pliances. If the material is a composite laminate, the corresponding effective
compliances need to be inserted. These may be calculated as described in
Subsect. 2.1.5 or in Halpin (1992) and Tsai (2008), for example. The stresses
then are related to an idealisation as a plate with smeared stiffnesses whose
plane strains equal those of the laminate. The stresses of each single ply may
be derived using Classical Laminate Theory. Furthermore, the compatibility
condition for plane problems specialises to

∂2εx
∂y2 + ∂2εy

∂x2 = ∂2γxy
∂x∂y

. (2.20)

With vanishing body forces, the stress components may be expressed by the
Airy stress function F automatically satisfying the equilibrium (Timoshenko
and Goodier, 1951; Becker and Gross, 2002; Sadd, 2005), in particular

σx = ∂2F

∂y2 , σy = ∂2F

∂x2 , τxy = − ∂2F

∂x∂y
, (2.21)

σr = 1
r

∂F

∂r
+ 1
r2
∂2F

∂ϕ2 , σϕ = ∂2F

∂r2 , τrϕ = − ∂

∂r

(
1
r

∂F

∂ϕ

)
. (2.22)

Expressing the strains by Eq. (2.19), inserting in Eq. (2.20) and formulating
the Cartesian stress components using Eq. (2.21) leads to the governing
equation

S22
∂4F

∂x4 − 2S26
∂4F

∂x3∂y
+
(
2S12 + S66

) ∂4F

∂x2∂y2−

2S16
∂4F

∂x∂y3 + S11
∂4F

∂y4 = 0. (2.23)

In order to find its solutions, let us attempt to express the Airy stress function
in the form F = F (x + µy). At this stage, the quantity µ is an unknown
constant to be determined. Inserting this ansatz into Eq. (2.23) eventually
yields the characteristic equation

S11 µ
4 − 2S16 µ

3 +
(
2S12 + S66

)
µ2 − 2S26 µ+ S22 = 0. (2.24)
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Chapter 2 Theoretical background

Based on finite nonzero elastic moduli, the roots of the Eq. (2.24) above and
the constant µ turn out to be complex (Lekhnitskii, 1968). This quantity
characterises the degree of the anisotropy of the plate and appears in the
conjugate pairs µ3 = µ1, µ4 = µ2 with µk = αk + iβk, {αk, βk} ∈ R. Then,
the solution is of the general form

F = F1(x+ µ1y) + F2(x+ µ2y) + F3(x+ µ3y) + F4(x+ µ4y)
= F1(x+ µ1y) + F2(x+ µ2y) + F3(x+ µ1y) + F4(x+ µ2y)

= 2 Re
[
F1(x+ µ1y) + F2(x+ µ2y)

]
= 2 Re

[
F1(z1) + F2(z2)

]
with complex variables zk = x+ µky.

(2.25)
For reasons of convenience, the complex potentials

Φ1(z1) = dF1

d z1
= F ′1, Φ2(z2) = dF2

d z2
= F ′2 (2.26)

are introduced, by which the corresponding stress components can be repre-
sented as follows:

σx = 2 Re
[
µ2

1 Φ′1(z1) + µ2
2 Φ′2(z2)

]
,

σy = 2 Re
[
Φ′1(z1) + Φ′2(z2)

]
,

τxy = −2 Re
[
µ1 Φ′1(z1) + µ2 Φ′2(z2)

]
,

(2.27)

σr = 2Re
[
(sinϕ− µ1 cosϕ)2 Φ′1(z1) + (sinϕ− µ2 cosϕ)2Φ′2(z2)

]
,

σϕ = 2Re
[
(cosϕ+ µ1 sinϕ)2 Φ′1(z1) + (cosϕ+ µ2 sinϕ)2 Φ′2(z2)

]
,

τrϕ = 2 Re
[
(sinϕ− µ1 cosϕ) (cosϕ+ µ1 sinϕ) Φ′1(z1)+

(sinϕ− µ2 cosϕ) (cosϕ+ µ2 sinϕ) Φ′2(z2)
]
.

(2.28)

In the framework of complex potential method, tractions along any curved
contour with the coordinate s are typically applied using the loading functions

px(s) = 2 Re
[
µ1Φ1(z1) + µ2Φ2(z2)

]
,

py(s) = 2 Re
[
Φ1(z1) + Φ2(z2)

]
.

(2.29)

For illustration of the following explanations, also see Fig. 2.1. In the general
case of multiply connected regions surrounded by a single external and one
or more internal boundaries, the relationship between the stress components
σx, σy, τxy and the loading functions is provided by

px(s) = ±
ˆ s

0
Xn ds̃, Xn = σx cos(n, x) + τxy cos(n, y),

py(s) = ∓
ˆ s

0
Yn ds̃, Yn = τxy cos(n, x) + σy cos(n, y).

(2.30)
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2.2 Complex potential method

Xn

Yn

n

s

Xn

Yn

n

σϕ

σϕ

τrϕσr

Fig. 2.1 External forces Xn, Yn along external contour equilibrated by the stress compo-
nents σ̃r, τ̃rϕ

Herein, the quantities Xn, Yn represent the components of the external force
along the arc length parameter s, which are in equilibrium with the stress
components. The upper/lower sign in the formulae is selected if the contour
is tangent to an external/internal boundary. To treat circular hole problems
(Savin, 1961; Lekhnitskii, 1968; Sadd, 2005), use is made of conformal mapping
which projects the infinite open-hole domain onto the circular unit domain
and the tractions are applied on the corresponding single external boundary.
With the hole radius R = d/2, the mapping functions

ζk =
zk ±

√
z2
k −R2

(
1 + µ2

k

)
R
(
1− iµk

) (2.31)

allow projecting back to the zk-plane (Fig. 2.2). Therein, the sign of the
conformal mapping functions ζk(zk) in Eq. (2.31) is chosen such that the
corresponding stresses derived using Eq. (2.27), (2.28) are continuously dif-
ferentiable along any path and yield physically reasonable values. This may
be ensured by checking if the prescribed stress boundary conditions (BCs)
are correctly rendered. Using conformal mapping involving the circular unit
domain with an external edge only, on which the tractions are applied, the
upper sign in Eq. (2.30) is taken. With

cos(n, x) = ±dy
ds , cos(n, y) = ∓dx

ds (2.32)
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1

R

ζk = f(zk)

zk = f−1(ζk)

zk-plane ζk-plane

Fig. 2.2 Concept of conformal mapping. The mapping functions f−1(ζk), f(zk) depend
on the original shape of the domain.

we obtain ˆ s̃

0
Xn ds =

ˆ s̃

0
σ̃x, dy − τ̃xy dx,

ˆ s̃

0
Yn ds =

ˆ s̃

0
τxy dy − σ̃y dx.

(2.33)

Along the circular hole with the radius r = R and the relations

x = R cosϕ, y = R sinϕ
→ dx = −R sinϕdϕ, dy = R cosϕ dϕ,

(2.34)

Eq. (2.33) specialises to
ˆ s̃

0
Xn ds = R

ˆ ϕ̃

0
σ̃r(R,ϕ) cosϕ− τ̃rϕ(R,ϕ) sinϕdϕ,

ˆ s̃

0
Yn ds = R

ˆ ϕ̃

0
τ̃rϕ(R,ϕ) cosϕ+ σ̃r(R,ϕ) sinϕ dϕ.

(2.35)

Inserting in Eq. (2.30) eventually leads to the loading functions. The complex
potentials are now to be selected in such a way that the corresponding stresses
fulfil the prescribed stress BCs. For the present bolted-joint problem, this is
extensively described in Chap. 3.

2.3 Finite Fracture Mechanics

In the context of Finite Fracture Mechanics (FFM), the instantaneous initia-
tion of a crack with finite size is assumed (Weißgraeber et al., 2015c). This
framework has been developed by Hashin (1996). To determine the critical
loads and the corresponding crack length, Leguillon (2002) suggested the
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2.3 Finite Fracture Mechanics

so-called coupled criterion, which postulates crack initiation if both a stress
and an energy criterion are satisfied at the same time. In the following, the
corresponding formulae are discussed for the mode I crack occurring in a
plane problem setting. This will be of interest in the failure analysis of the
present bolted-joint problem (Chap. 5). For illustration, let us investigate
the symmetric open-hole problem with a finite-sized crack ∆a as depicted in
Fig. 2.3. Therein, the quantity σ0,F denotes the far-field stress that leads to

R

σ0,F

σ0,F

∆a

x

y

a

Fig. 2.3 Open-hole problem with crack of finite size ∆a. Therein, the quantity σ0,F
denotes the remote stresses that trigger crack initiation and thus failure according to
FFM prediction.

crack initiation. The net-section stresses σy(x, 0) may open the crack and for
its initiation, these stresses must be equal or larger a certain strength value.
Since mode I occurring in a composite laminate is analysed in the course of
this thesis its longitudinal plain strength XL

T in tension is selected. Following
a suggestion by Cornetti et al. (2006), the averaged stresses are evaluated
and the stress criterion reads

1
∆a

ˆ R+∆a

R

σy(x, 0) dx ≥ XL
T. (2.36)

The energy criterion may also be expressed using stress intensity factors and
relating these to the fracture toughness. For pure mode I crack opening and
the overall hypothetical defect size a = R+ ∆a, this reads

1
∆a

ˆ R+∆a

R

K2
I (a) da ≥ K2

Ic. (2.37)

Therein, KI denotes the corresponding stress intensity factor and KIc the
fracture toughness. In general, the determination of the critical load and the
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Chapter 2 Theoretical background

corresponding crack length is done by solving an optimisation problem. With
the failure load σ0,F and the external remote load σ0 this reads

σ0,F = min
σ0,∆a

{
σ0

∣∣∣ 1
∆a

ˆ R+∆a

R

σy(x, 0) dx ≥ XL
T ∧

1
∆a

ˆ R+∆a

R

K2
I (a) da ≥ K2

Ic

}
. (2.38)

In many cases, the stresses show a monotonic decrease and the energy release
rate a monotonic increase. Such problems are also referred to as positive
geometries (Bažant, 1984; Jenq and Shah, 1985; Bažant et al., 1991). Then,
the coupled criterion further specialises to equalities and the optimisation
simplifies. The corresponding solution procedure will be shown for the present
bolted-joint problem in Sect. 5.1, for which these characteristics are true.

The FFM has been applied to many problems that involve brittle fracture.
To name some, sharp V-notches are treated by Yosibash et al. (2006); Carpin-
teri et al. (2008) and Cornetti et al. (2013). Round U-notches are focus of
Carpinteri et al. (2012) as well as Sapora et al. (2015). Adhesive joints are
covered in Weißgraeber and Becker (2013); Hell et al. (2014); Weißgraeber
et al. (2015b); Carrere et al. (2015); Stein et al. (2015) and Felger et al.
(2018). Mixed-mode failure is considered by Cornetti et al. (2013); Felger
et al. (2017a) and Talmon et al. (2017). Free-edge delamination is scope of
Hebel et al. (2010); Martin et al. (2010); Dölling et al. (2020, 2021) as well
as Frey et al. (2021a,b). For research that covers plate problems with an
unloaded hole as well as bolted joints, refer to Sect. 1.2. A comprehensive
FFM review can be found in Weißgraeber et al. (2015c).
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Chapter 3

Stress analysis - Development of complex
calculus

A methodology for the determination of the stress field of the bolted joint
under bearing-bypass load interaction is to be developed. As outlined in
Sect. 1.1, a linear 2D modelling approach as plate problem is chosen and a
plane stress state is assumed. For the stress state representation of plates
which can be made of orthotropic composite laminates, the complex potential
method is employed. For isotropic plates and quasi-isotropic laminates,
however, Airy stress functions are suggested. Special consideration is given
to capture finite plate dimensions and their impact on the stress field and its
concentrations. This is done since an assessment means for tension (or net-
section) failure shall be developed, which likely occurs for narrow connections.
At first, the mechanical idealisation and the underlying assumptions, ca-

pabilities and limitations are explained in Sect. 3.1. Therein, a linear 2D
modelling approach is introduced and the bolted joint under bearing-bypass
load is treated as superposition of the open- and filled hole. Further, the
stress boundary conditions (BCs) are defined. An overview of the overall
calculus is given in Sect. 3.2. Then, the solutions of the infinite-domain open-
and filled-hole problems are provided in Sect. 3.3. To take finite dimensions
into account, three different types of auxiliary potentials and functions are
introduced in Sects. 3.4-3.6. However, each of them addresses a certain set
of stress BCs only and may interfere with others. To satisfy all BCs simul-
taneously nevertheless, the correction functions and potentials are applied
iteratively until errors become negligibly small. The corresponding calculation
procedure is explained in Sect. 3.7.

The content of this Chapter as well as the stress results discussed in Chap. 4
have been published in the following scientific articles. By using Airy stress
functions, finite-sized isotropic plates are covered in Nguyen-Hoang and Becker
(2020a) dealing with the single-fastener bolted joint idealised by a filled (or pin-
loaded) hole. Therein, a preliminary stress calculation method is developed
that only takes into account BCs with stress components showing in the load
(or longitudinal) direction. This is enhanced by further considering stress
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Chapter 3 Stress analysis - Development of complex calculus

BCs in the lateral direction regarding the open-hole problem (Nguyen-Hoang
and Becker, 2020b) and for single-fastener bolted joints (Nguyen-Hoang and
Becker, 2021a). The bearing-bypass load case is analysed in Nguyen-Hoang
and Becker (2021b). Orthotropic composite laminates are covered in Nguyen-
Hoang and Becker (2022d) regarding open holes and in Nguyen-Hoang and
Becker (2021d) concerning filled holes. Tailored for industry contexts, the
stress methodology for orthotropic composite laminates is documented in
LTH Composite Design Criteria (FL) covering open holes (Nguyen-Hoang
and Becker, 2021h), filled holes (Nguyen-Hoang and Becker, 2021e) and
the combined bearing-bypass load case (Nguyen-Hoang and Becker, 2022a).
Furthermore, polynomial fitting functions for the isotropic pin-loaded-hole
problem are provided in a HSB method sheet (Nguyen-Hoang and Becker,
2022c).

3.1 Mechanical idealisation

Generally, the structural situation of bolted joints is quite complex. For
instance, the bearing load transfer involves a contact problem and actually a
three-dimensional stress state. This refers to the in-plane stress components
that may depend on the thickness direction but also to the out-of-plane
stress components. In this situation, clamping pressure may be applied,
which increases the contact area. Then, the stress concentrations are reduced
leading to higher static failure loads. However, capturing all effects is rather
expensive and not easily feasible when aiming to develop efficient analytical
methods. Hence, a mechanical idealisation as 2D linear plane stress problem
is suggested, which is capable of rendering the main mechanisms in the
tension failure mode of bolted joints nevertheless. Particularly, the stress
concentrations due to finite dimensions shall be accurately captured since
fatal net-section failure is likely triggered for narrow connections. Once
the developed methodology has proven to be feasible, other effects may be
included. When choosing a linear 2D approach as plane plate problem, the
engineer should be aware that contact elasticity, 3D effects as well as secondary
bending are not covered. Then, referring to the latter, only connections with
an overall symmetry with respect to the midplane are eligible for a plane
stress model. In particular, this is true if the number of plates is uneven and
the plate material without bending extension coupling. Then, symmetric
layups shall be chosen when use is made of composite laminates. See Fig. 3.1
and 3.2 for illustration of secondary bending effects.

For connections that can be treated as linear 2D plane stress problem, the
following mechanical idealisation is selected as commonly suggested in the
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3.1 Mechanical idealisation

F

Fig. 3.1 FE model of single-lap shear joint with pronounced secondary bending.

F

Fig. 3.2 FE model of double-lap shear joint with negligible secondary bending.

x ϕ

y

σByσ0

r

PBea

∅ d

w

Fig. 3.3 Finite dimensions bolted joint under combined bearing-bypass load.

literature (Camanho and Lambert, 2006). The bolted joint under combined
bearing-bypass load is modelled as a superposition of the open- and filled
(or pin-loaded) hole in a plate with finite dimensions. Regarding the latter
subproblem, a frictionless perfect fit of the fastener is assumed and the bolt
contact is idealised by radial tractions of sinusoidal shape along half of the
hole edge. That approach was addressed by Waszczak and Cruse (1971).
Concerning the bypass load case, remote uniform tensile stresses are assumed.
This is eligible for sufficient longitudinal bolt distance wider than ten times
of the hole and bolt diameter. The 2D mechanical idealisation is shown in
Fig. 3.3. Therein, the parameter w represents the finite plate width and d
the hole diameter of the central, circular opening. Assuming a perfect fit of
the bolt its diameter dB equals that of the hole, dB = d. The quantity σ0
denotes the uniaxial far-field stress along y → −∞, which equilibrates both
the bearing load PBea introduced by the bolt and the remaining remote bypass
load PBy = σBy · w at y →∞. The total force is P = PBea + PBy. Note that
in this thesis, all forces are given per plate thickness. With the hole and bolt
radius R = d/2, the stress BCs are as follows.
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σBy

σBy σBea

σ̂r sinϕ σ̂r sinϕ

σBy

σ0

= +

bearing-bypass load open hole filled hole

x

y

Fig. 3.4 Stress field determination by superposition of the open- and filled-hole problem.
The amplitude of the radial hole tractions is σ̂r =

2
π

PBea

R
.

Open hole:

lim
y→±∞

σy(x, y) = σBy, σr(R,ϕ) = τrϕ(R,ϕ) = 0, (3.1)

σx(±w/2, y) = τxy(±w/2, y) = 0. (3.2)

Filled hole:

σr(R,ϕ) =

−
2
π

PBea

R
sinϕ for 0 ≤ ϕ ≤ π,

0 for π ≤ ϕ ≤ 2π,

τrϕ(R,ϕ) = 0 for 0 ≤ ϕ ≤ 2π.

(3.3)

σx(±w/2, y) = τxy(±w/2, y) = 0, (3.4)
σy(x, e) = τxy(x, e) = 0. (3.5)

The filled-hole problem is an idealisation of a connection containing a single
fastener with the geometrical properties finite width w and finite height (or
end distance) e as shown in Fig. 3.5. By implementation of Eq. (3.4) and (3.5),
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3.1 Mechanical idealisation

PBea

x

y

∅ d

e

w

Fig. 3.5 Filled-hole problem.

the bolt load is directed towards the part y → −∞. Regarding the bolted
joint under combined bearing-bypass load, the quantity e may be considered
as a fictitious length. However, its implementation is vital to ensure that the
bolt load is transferred towards y → −∞. Neglecting this condition would
allow the bearing load’s force flux to be also transferred towards y → ∞,
where the uniform bypass loading should be located only. Note that the end
distance should be chosen sufficiently wide so that no further raising effects
occur. For example, e = 10d may be selected. Also note that regarding the
filled-hole problem, a uniaxial stress state along y → −∞ is not achieved by
defining a corresponding BC a priori, but eventually results as a reaction by
fulfilling the BCs of the stress-free straight edges in Eq. (3.4) and (3.5).
In the context of the complex potential method, the hole tractions are

typically applied using loading functions. This is of interest for the filled-hole
problem containing a loaded hole edge. Let us first express its stress BCs in
Eq. (3.3) using a Fourier series expansion. Normalised to the bearing stress
σd = PBea/d, these read

σr(R,ϕ)/σd = − 2
π

sinϕ− 4
π2 −

N∑
n=1

4
π2

1 + cos 2nπ
1− 4n2 cos 2nϕ︸ ︷︷ ︸

cosine Fourier series of |−2/π sinϕ|

,

τrϕ(R,ϕ)/σd = 0.

(3.6)

Therein, the sum’s number of terms N is determined by checking if the
sinusoidal bolt load along just half of the hole edge is accurately represented.
In doing so, the following convergence criteria are used.

ψσr = R

PBea

ˆ 2π

π

√
σr(R,ϕ) 2 sinϕ dϕ ≤ 0.01,

χσr = R

PBea

∣∣∣∣ˆ π

0
σr(R,ϕ) sinϕ dϕ

∣∣∣∣ with |χσr − 1| ≤ 0.01.
(3.7)
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Therein, the load transfer ratio ψσr enables the assessment if nonzero fluctua-
tions exist along the lower hole edge. The quantity χσr checks if the external
bolt load is fully introduced along the upper hole boundary. The defined
convergence criteria turn out to be satisfied for N ≥ 7. In complex potential
method, the stress BCs in Eq. (3.6) are taken into account using the loading
functions px(ϕ) and py(ϕ). These can be calculated by Eq. (2.30), (2.35) and
may also be represented by Fourier series expansions of the general form

px(ϕ) =

=pmv
x (ϕ)

−Px2π ϕ +

=pFo,sv
x (ϕ)

H0 +
N∑
n=1

{
Hn einϕ +Hn e−inϕ},

py(ϕ) = +Py
2π ϕ

=pmv
y (ϕ)

+G0 +
N∑
n=1

{
Gn einϕ +Gn e−inϕ}
=pFo,sv

y (ϕ)

.

(3.8)

Therein, the linear terms in ϕ are multivalued along any path enclosing the
external forces and hence enable to model any nonzero force resultants Px, Py.
For the filled-hole problem, Px = 0 and Py = PBea. Contrary, for the open hole
and in general for all doubly symmetric problems (Michell, 1899), the force
resultants vanish. To further illustrate how the multivalued loading functions
arise, let us analyse the filled hole’s radial stresses, which introduce the bolt
load PBea. The normalised radial hole tractions involve the term −2/π sinϕ
in Eq. (3.6), which inserted in the integration Eq. (2.35) yields a multivalued
function pmv

y (ϕ). In particular, with the part σmv
r (R,ϕ)/σd = −2/π sinϕ,

the corresponding loading function

py(ϕ) = R

ˆ ϕ

0

(
σmv
r (R, ϕ̂) sin ϕ̂+ τmv

rϕ (R, ϕ̂)
= 0

cos ϕ̂
)

dϕ̂

= R

ˆ ϕ

0
− 2
π

sin ϕ̂2 dϕ̂ σd = R
(

sinϕ cosϕ− ϕ
)σd
π

(3.9)

is multivalued due to the linear term in ϕ (Nguyen-Hoang and Becker,
2020a). The remaining quantities pFo,sv

x (ϕ), pFo,sv
y (ϕ) in Eq. (3.8) denote

Fourier series expansions that are capable of representing any periodic and
single-valued loading function psv

x (s), psv
y (s). With that both the open- and

filled-hole problems are fully defined and ready to be treated by the complex
potential method in the following Sections. The corresponding stress results
superimposed then lead to the solution of the bolted joint under combined
bearing-bypass load.
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3.2 Overview of the calculus

3.2 Overview of the calculus

At first, the complex potentials Φinf
k producing the stress fields of the infinite

domain open- and filled-hole problem are determined. In doing so, only the
stress BCs in Eq. (3.1) and (3.3), respectively, are considered. To obtain the
stress field of the corresponding finite-domain problem, that of the infinite-
domain setting is taken and three types of auxiliary functions and potentials
are supplemented. These intend to additionally satisfy the BCs in Eq. (3.2)
regarding the open hole as well as in Eq. (3.4) and Eq. (3.5) for the filled hole.
Thus, finite plate dimensions are taken into account. The first type of the
auxiliary functions is capable of cancelling the longitudinal nonzero tractions
σy(x, e), τxy(±w/2, y) along the straight edges. These affect the equilibrium
in load direction and an accurate cancellation is essential to equilibrate the
external load by the net-section stresses σy(R, y) alone. The second type of
the auxiliary functions is dedicated to eliminate the lateral nonzero stresses
σx(±w/2, y) and the third type mitigates erroneous hole BCs, which may
arise due to the other two auxiliary functions. Note that regarding the filled
hole, its traction-free condition τxy(x, e) = 0 will not be covered. The reasons
why and the slight impact on the stress results justifying this assumption will
be discussed in Sect. 4.5.

3.3 Infinite-domain problem

This Section begins with an introduction of the general structure of complex
potentials that are capable of modelling the open and filled hole in an
infinite plate. Then, the particular potentials for these problem settings are
determined.

3.3.1 General structure of complex potentials

Complex potentials Φinf
k capable of modelling the infinite open- and filled-hole

problem shall be determined. In doing so, let us select complex potentials of
the general form

Φinf
1 (z1) = A1z1 +B1 ln ζ1 +

N∑
n=1

C1n ζ
−n
1 ,

Φinf
2 (z2) = A2z2 +B2 ln ζ2 −

N∑
n=1

C2n ζ
−n
2 .

(3.10)
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The coefficients Ak are present whenever BCs representing a uniform stress
state shall be implemented. With the constants Bk the multivalued and with
Ckn the single-valued part of any loading functions px, py can be modelled.
To apply the hole tractions, use is made of the conformal mapping functions
ζk(zk) in Eq. (2.31). Therein, the sign is chosen such that stresses of the
corresponding complex potentials with respect to ζk(zk) are continuously
differentiable along any path and yield physically meaningful values. For
instance, the circumferential stresses of the open-hole problem under uniaxial
tension shall be positive throughout the net-section plane y = 0. All in all,
the following choice is made.

ζj =

{
ζ+
k for 0 ≤ ϕ ≤ π/2 ∨ 3/2π < ϕ ≤ 2π,

ζ−k for π/2 < ϕ ≤ 3/2π.
(3.11)

Furthermore, when intending to obtain stresses along the vertical edge
x = ±w/2 a change of sign needs to be taken into account if the coefficients αk
of the complex constants µk are nonzero. This occurs for [±45◦]s-laminates
for instance. The location of the change of sign y∗k can be calculated by
solving √

(x+ µky∗k)2 −R(1 + µ2
k)
∣∣∣
x=±w/2

= 0. (3.12)

With these fundamentals the complex potentials for the open and filled hole
in an infinite plate can be determined.

3.3.2 Open hole
Let us begin with the determination of the stress field of the infinite open-hole
problem. According to Lekhnitskii (1968) and Sadd (2005), the solution is of
the form

ΦOH,inf
k = ΦOH-I,inf

k + ΦOH-II,inf
k , (3.13)

Therein, the former first potentials represent the plain plate under uniform
tension producing nonzero tractions along the hole boundary and the second
enables their cancellation. Both potentials superimposed then satisfy the
stress-free hole BCs in Eq. (3.1). In particular, the former potentials are of
the general form

ΦOH-I,inf
k (zk) = Ak zk (3.14)

and the complex constants Ak = ak + i bk are obtained by the requirements

lim
y→±∞

σx(x, y) = lim
y→±∞

τxy(x, y) = 0, lim
y→±∞

σy(x, y) = σBy. (3.15)
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3.3 Infinite-domain problem

Since the system of equations is underdetermined, b1 = 0 is arbitrarily set,
which yields

a1 = 1
2

α2
2 + β2

2
(α1 − α2)2 − β2

1 + β2
2
σBy, a2 = 1

2
α2

1 − 2α1α2 − β2
1

(α1 − α2)2 − β2
1 + β2

2
σBy,

b1 = 0, b2 = 1
2β2

α2
[
α1(α1 − α2)− β2

1
]

+ α1 β
2
2

(α1 − α2)2 − β2
1 + β2

2
σBy.

(3.16)
The corresponding hole tractions are single-valued and can be calculated
using Eq. (2.28), which leads to

σOH-I,inf
r (R,ϕ) = σBy sin2 ϕ, τOH-I,inf

rϕ (R,ϕ) = σBy sinϕ cosϕ. (3.17)

These tractions shall be compensated by ΦOH-II,inf
k and the potentials rep-

resenting any nonzero and single-valued hole tractions are of the general
form

ΦHBC,sv
1 (z1) =

N∑
n=1

C1n ζ
−n
1 , ΦHBC,sv

2 (z2) = −
N∑
n=1

C2n ζ
−n
1 . (3.18)

The corresponding complex coefficients Ckn are determined by calculating
the loading functions produced by ΦHBC,sv

k using Eq. (2.29) and equating
them with the prescribed single-valued traction expressed using the Fourier
series representations pFo,sv

x , pFo,sv
y in Eq. (3.8). This eventually leads to

C1n = Hn − µ2 Gn
µ1 − µ2

, C2n = Hn − µ1 Gn
µ1 − µ2

. (3.19)

For the potentials ΦOH-II,inf
k of the infinite open hole, we obtain

ΦOH-II,inf
1 (z1) = σByR

2
µ2

µ1 − µ2
ζ−1
1 , ΦOH-II,inf

2 (z2) = −σByR

2
µ1

µ1 − µ2
ζ−1
2 .

(3.20)
The corresponding stresses vanish with increasing hole distance and the
uniaxial stress state modelled by ΦOH-I,inf

k is not disturbed. Both partial
potentials superimposed satisfy the stress BCs of the infinite open-hole
problem and its complex potentials representation is fully determined.

When quasi-isotropic laminates shall be calculated complex potentials can
be still used. The complex constants then specialise to µk = ±i and the
arising singularity in the denominator of the mapping functions in Eq. (2.31)
may be circumvented by introducing a small artificial anisotropy (Tung, 1987;
Chue et al., 2001). However, this takes some effort and the author considers
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Chapter 3 Stress analysis - Development of complex calculus

using Airy stress functions for the stress state representation as more feasible.
The corresponding infinite open-hole solution addressed by Kirsch (1898)
reads

FOH,inf =

FOH,inf1︷ ︸︸ ︷
σBy

4
(
r2 + r2 cos 2ϕ

)
+

σBy

4

(
−2R2 ln r

R
+ R4

r2 cos 2ϕ− 2R2 cos 2ϕ
)

︸ ︷︷ ︸
FOH,inf2

.

(3.21)

Therein, the first part FOH,inf1 represents the uniform-tension stress state
and FOH,inf2 ensures stress-free hole BCs by eliminating violations due to
the first stress function. The polar stress components can be derived by
Eq. (2.22) and read

σOH,inf
r = σBy

2

[
1− R2

r2 −
(

1− 4 R
2

r2 + 3 R
4

r4

)
cos 2ϕ

]
, (3.22)

σOH,inf
ϕ = σBy

2

[
1 + R2

r2 +
(

1 + 3 R
4

r4

)
cos 2ϕ

]
, (3.23)

τOH,inf
rϕ = σBy

(
−1− 2 R

2

r2 + 3 R
4

r4

)
cosϕ sinϕ. (3.24)

Details in terms of derivation can be also taken from Timoshenko and Goodier
(1951) as well as Sadd (2005).

3.3.3 Filled hole
Let us proceed to determine the complex potentials ΦFH,inf

k which represent
the infinite domain filled-hole problem. In doing so, complex potentials
capable of producing multivalued loading functions of the form as expressed
in Eq. (3.8) shall be found. These can be decomposed to a single-valued and
a multivalued part, which may be modelled using potentials of the structure

ΦFH-inf
1 (z1) = ΦHBC,mv

1 + ΦHBC,sv
1 = B1 ln ζ1 +

N∑
n=1

C1n ζ
−n
1 ,

ΦFH-inf
2 (z2) = ΦHBC,mv

2 + ΦHBC,sv
2 = B2 ln ζ2 −

N∑
n=1

C2n ζ
−n
2 .

(3.25)
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3.3 Infinite-domain problem

Therein, the series terms of ΦHBC,sv
k represent the potentials that model the

single-valued part of the loading functions and the free coefficients Ckn are
determined in the same way as outlined for the potentials ΦOH-II,inf

k of the
infinite open-hole problem (Subsect. 3.3.2). The remaining logarithmic terms
in ΦHBC,mv

k produce the multivalued loading functions pmv
x (ϕ) and pmv

y (ϕ).
The corresponding complex coefficients Bk are obtained in the same way
as described by Lekhnitskii (1968). Taking into account that all forces are
given per plate thickness in this thesis, the coefficients are derived by the
requirements

B1 +B2 −B1 −B2 = Py
2πi ,

µ1B1 + µ2B2 − µ1B1 − µ2B2 = − Px2πi ,

µ2
1 B1 + µ2

2 B2 − µ2
1 B1 − µ2

2 B2 = −S16

S11

Px
2πi −

S12

S11

Py
2πi ,

1
µ1
B1 + 1

µ2
B2 −

1
µ1
B1 −

1
µ2
B2 = S12

S22

Px
2πi + S26

S22

Py
2πi .

(3.26)

Note that this system of equations may be given in the matrix form A ·x = b
and the solution can be conveniently determined by inversion. For the present
filled-hole problem, Px = 0 and Py = PBea. With that all means for the
stress field determination of the open and filled hole in an infinite domain
are provided.
As for the infinite open-hole problem, Airy stress functions for the pin-

loaded hole in an infinite, isotropic plate shall be provided as done in Nguyen-
Hoang and Becker (2020a, 2021a). The corresponding stress functions are of
the form

FFH,inf = FFH,inf1 + FFH,inf2. (3.27)

Therein, the quantity FFH,inf1 produces a full sine along the entire hole edge
and FFH,inf2 models the Fourier series expansion of the full sine’s magnitude.
This enables cancellation along the lower hole edge as depicted in Fig. 3.6.
According to Bickley (1928), the first stress function FFH,inf1 is of the general
structure

FFH,inf1 = a15 rϕ cosϕ+ b12 r ln r

R
sinϕ+ b13

1
r

sinϕ. (3.28)
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Chapter 3 Stress analysis - Development of complex calculus

+

FFH,inf1

=

FFH,inf2 FFH,inf

full sine cosine Fourier series
of magnitude of full sine

bolt contact idealisation

x

y

Fig. 3.6 Partial stress functions of the infinite filled-hole problem: radial hole tractions.

Note that the indices of the free coefficients are chosen as in Sadd (2005).
The corresponding polar stress components can be derived using Eq. (2.22).
With the reference bearing stress σd = PBea/d, these read

σFH,inf1
r =

(
−2a15

1
r

+ b12
1
r
− 2b13

1
r3

)
sinϕσd, (3.29)

σFH,inf1
ϕ =

(
b12

1
r

+ 2b13
1
r3

)
sinϕσd, (3.30)

τFH,inf1
rϕ =

(
−b12

1
r

+ 2b13
1
r3

)
cosϕσd. (3.31)

The free coefficients can be determined as follows. The condition

b12

a15
= 1

2(1− ν) (3.32)

ensures single-valued circumferential displacements uϕ (Bickley, 1928; Timo-
shenko and Goodier, 1951), where the quantity ν denotes the Poisson’s ratio
of the (quasi-)isotropic plate. Further, by

σFH,inf1
r (R, π/2) = − 1

π

PBea

R
, (3.33)

half of the bolt (or bearing) load is introduced. Eventually,

τFH,inf1
rϕ (R,ϕ) = 0, (3.34)
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3.3 Infinite-domain problem

takes into account a frictionless and hence shear stress free bolt contact
idealisation along the hole edge. Eventually, the first stress function is

FFH,inf1 = R

π

[
rϕ cosϕ+ 1

2(1− ν) r ln r

R
sinϕ+ 1

4(1− ν)R2 1
r

sinϕ
]
σd.

(3.35)
Interestingly, the stress function FFH,inf1 and thus its stress state depend
on Poisson’s ratio ν. This is actually true for any boundary value problem
with a nonzero force resultant (Bickley, 1928) such as the present pin-loaded
hole. To name a well known example, this finding can be also observed for
the plate reacting to a single force (Timoshenko and Goodier, 1951; Becker
and Gross, 2002; Sadd, 2005). The stress function of a problem with nonzero
force resultant then contains first order terms of sinϕ or cosϕ so that at least
one of the loading functions becomes multivalued. This has been shown for
the filled hole in Eq. (3.9). However, in doubly symmetric problems the force
resultants of the tractions vanish. If the plate material is isotropic then the
stress function is independent of the elastic constants (Michell, 1899). This
can be also observed for the infinite open-hole problem (see Eq. (3.21)).
The magnitude of the radial tractions

∣∣σFH,inf1
r (R,ϕ)

∣∣ is now expanded
by a Fourier cosine series. In doing so, use is made of the stress function
FFH,inf2 with the general form

FFH,inf2 = R2
[
b2 ln r

R
+

N∑
n=1

{
A2,n

(
R

r

)2n
+B2,n

(
R

r

)2n−2
}

cos 2nϕ
]
σd.

(3.36)
Its polar stress components read

σFH,inf2
r =

[
b2

(
R

r

)2
− 2

N∑
n=1

{
n(2n+ 1)A2,n

(
R

r

)2n+2
+

+ (n+ 1)(2n− 1)B2,n

(
R

r

)2n
}

cos 2nϕ
]
σd, (3.37)

σFH,inf2
ϕ =

[
− b2

(
R

r

)2
+ 2

N∑
n=1

{
n(2n+ 1)A2,n

(
R

r

)2n+2
+

+ (n− 1)(2n− 1)B2,n

(
R

r

)2n
}

cos 2nϕ
]
σd, (3.38)
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τFH,inf2
rϕ = − 2

[ N∑
n=1

{
n(2n+ 1)A2,n

(
R

r

)2n+2
+

+ n(2n− 1)B2,n

(
R

r

)2n
}

sin 2nϕ
]
σd. (3.39)

The amount |σFH,inf1
r (R,ϕ)| is now expanded by the cosine Fourier series

σFH,inf2
r (R,ϕ)/σ0 = f2,0

2 +
N∗∑
n=1

f2,n cosnϕ, (3.40)

with f2,n = 1
π

1
σ0

ˆ 2π

0
σFH,inf1
r (R,ϕ) cosnϕdϕ

=

−
4
π2

1 + cosnπ
1− n2 for even n,

0 for odd n.
(3.41)

Equating the coefficients of Eq. (3.37) and (3.40) as well as taking into account
that uneven f2,n vanish reveals

b2 = f2,0

2 , (3.42)

−2[n(2n+ 1)A2,n + (n+ 1)(2n− 1)B2,n] = f2,2n. (3.43)

Further, taking into account vanishing shear tractions τFH,inf2
rϕ (R,ϕ) = 0 in

Eq. (3.39) leads to

(2n+ 1)A2,n + (2n− 1)B2,n = 0. (3.44)

The involved Airy stress coefficients can be derived using Eq. (3.43), (3.44)
and finally

A2,n =− 2n− 1
2n+ 1 B2,n,

B2,n =1
2

f2,2n

n(2n− 1)− (n+ 1)(2n− 1) .
(3.45)

Note that the stress function FFH,inf2 is independent of the Poison’s ratio ν
since the corresponding tractions along the hole edge yield vanishing force
resultants. See Fig. 3.6 for further illustration. With that the stress solutions
of the open- and filled-hole problem in an infinite domain are fully determined.
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3.4 Cancellation of tractions parallel to the load direction

Both isotropic and orthotropic plate material is covered. To obtain the
solution of corresponding finite-domain problems, auxiliary potentials and
functions are superimposed such that the stress-free BCs along the straight
edges are satisfied in addition. These are expressed in Eq. (3.2) for the open
hole as well as in Eq. (3.4) and (3.5) for the filled hole. The development of
the auxiliary potentials and functions is scope of the next Sections.

3.4 Cancellation of tractions parallel to the load
direction

In this Section, auxiliary potentials of the first type are developed. These
intend to eliminate nonzero tractions showing in load direction. The infinite
domain complex potentials ΦOH,inf

k and ΦFH,inf
k produce the corresponding

nonzero tractions τxy(±w/2, y) and σy(x, e), τxy(±w/2, y), respectively, which
affect the equilibrium in load direction (Fig. 3.7). Hence, their elimination is
crucial to transfer the external load by the net-section stresses σy(x, 0) alone
and a necessary condition to obtain an accurate solution. The following peri-
odic arrangement technique shown in Fig. 3.8 provides a robust cancellation
method for any plane problem which involves at least one symmetry axis. Let
Φinf
k be the complex potentials representing the corresponding infinite-domain

problem. Further, a symmetry to the y-axis is assumed and the stress-free
edges x = ±w/2 and y = e shall be implemented. For convenience, let
us express the infinite domain’s stress field using its Airy stress function
F inf instead of the complex potentials Φinf

k , whose relationship is given by
Eq. (2.26). To eliminate the nonzero tractions σy(x, e), τxy(±w/2, y) showing
in load direction, virtual auxiliary plates are superimposed, which are created
by shifting and periodically assembling the stress field of F inf as depicted
in Fig. 3.8. Therein, the infinite filled-hole problem’s stress field is inserted
for reasons of better illustration, F inf = FFH,inf . To eliminate the normal
stresses σ−y (x, e) along the horizontal edge y = e, F inf is vertically copied,
its sinusoidal traction reversed to tension and rotated by π along the hole
boundary, thus creating the auxiliary plate F inf

21 . This step is omitted in dou-
bly symmetric problems such as the orthotropic open-hole setting, which are
not bounded by horizontal edges. To cancel the shear tractions τxy(±w/2, y)
along the vertical edges x = ±w/2, F inf

11 is copied and horizontally arranged
creating F inf

12 and F inf
13 . Since the right auxiliary plate does not only cancel the

shear stresses along x = w/2 but also affects those at the opposite boundary
x = −w/2 and vice versa for the left auxiliary plate and its opposite edge
at x = w/2, there will be residual shear tractions along both vertical edges.
Their magnitudes depend on the number of horizontally aligned auxiliary
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σy(x, e) = 0

τxy(−w/2, y)
≈ 0

τxy(w/2, y)
≈ 0

σy(x, 0)

σr(R,ϕ)

τxy(−w/2, y)
≈ 0

τxy(w/2, y)
≈ 0

σy(x, 0)

σBy

Filled hole Open hole

x

y

x

y

Fig. 3.7 Free form bodies, for which the tractions affecting the equilibrium in load/y-
direction are shown only. By means of the periodic arrangement technique, the shear
stresses τxy(±w/2, y) become negligibly small such that external load is reacted by the
net-section stresses σy(x, 0) alone.

τ−xy

σ−y

τ+
xyτ−xy

σ−y

τ+
xy τ−xy

σ−y

τ+
xy... ...

F inf
11F inf

13 F inf
12

F inf
21F inf

23 F inf
22

C

T

C

T

C

T

τ+
xy

σ+
y

τ+
xy

σ+
y

τ−xy τ+
xy

σ+
y

τ−xy... ...τ−xy

Filled hole
Open hole

Fig. 3.8 Periodic arrangement to cancel nonzero tractions along straight edges in load
direction. The plate drawn in solid lines F inf = F inf

11 represents the original, non-shifted
infinite-domain solution, whereas those in dotted lines denote the auxiliary plates. The
finite domain open-hole problem is just bounded by x = ±w/2. Hence, only the lower
auxiliary plates F1j are required. For better illustration, the filled hole’s stress field
containing the sinusoidal bolt load along the hole edge is inserted. C =̂ Compression,
T =̂ Tension.
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3.4 Cancellation of tractions parallel to the load direction

plates in use and vanish if this number goes to infinity. Since the horizontal
auxiliary plates cause additional normal stresses σ−y along y = e, they need
to be vertically mirrored as performed for F inf

11 ensuring full elimination when
a horizontal stress-free edge shall be modelled. The formulae to take into
account the location of the auxiliary plates read

F inf
ij (x, y) = (−1)i+1

Tension/
Compression

· F inf
(

(−1)i+1xj , (−1)i+1

load shifting along hole

yi

)
, (3.46)

with [xj ] = [x1 x2 x3 x4 ...]
= [x x− w x+ w x− 2w ...] , (3.47)

[yi] =

{
[y] open hole,

[y1 y2] = [y y − 2e] filled hole.
(3.48)

Let nx represent the number of horizontally and ny the number of vertically
aligned plates with

ny =

{
1 open hole,

2 filled hole.
(3.49)

Then, the superposition of the auxiliary functions is performed using

PA
(
F inf) =

ny∑
i=1

nx∑
j=1

F inf
ij , (3.50)

where PA(�) represents the operator executing this arrangement for any
infinite-domain stress field symmetric to the y-axis. In this thesis, nx is
considered as sufficiently large if there is an error smaller than 0.5 % in the
load transfer due to remaining shear stresses along the vertical boundaries.
These are produced by the superimposed periodic arrangement PA(F inf).
The corresponding inequalities read

ψτ inf
xy

=


4
PBy

∣∣∣∣ ˆ ∞
0

nx,min∑
i=1

τ inf
xy,1j(±w/2, y) dy

∣∣∣∣ ≤ 0.5 % open hole,

2
PBea

∣∣∣∣ ˆ e

0

ny∑
i=1

nx,min∑
j=1

τ inf
xy,ij(±w/2, y) dy

∣∣∣∣ ≤ 0.5 % filled hole

(3.51)
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Chapter 3 Stress analysis - Development of complex calculus

and the smallest nx obeying Eq. (3.51) yields nx,min. Also see Fig. 3.7 for
illustration how to derive the integrals. Note that total effect of the shear
stresses can be quickly determined by taking into account the pairwise
cancellation. For instance, when assuming nx = 3 the remaining shear
tractions along the left edge x = −w/2 will be only due to F inf

i2 since those
of F inf

i1 and F inf
i3 cancel each other (Fig. 3.8). For any value of nx, the total

effect of the shear stresses then simplifies to

ny∑
i=1

nx∑
j=1

τ inf
xy,ij(±w/2, y) =

ny∑
i=1

τ inf
xy,i1(±nx w/2, y). (3.52)

With that the periodic arrangement technique for cancellation of the nonzero
tractions τxy(±w/2, y) and σy(x, e) along the free straight edges is fully
determined. Note that problems symmetric to the x-axis may be treated
by either rotating the whole setup by π/2 or by adapting the periodic
arrangement’s formulae. The author recommends the first approach since the
effort is smaller.

3.5 Cancellation of tractions perpendicular to the load
direction

Scope of this Section is the mitigation of the nonzero stresses σx(±w/2, y)
along the vertical edges, which arise due to the periodic auxiliary field
applied to the infinite open- and filled-hole problem. This is achieved by the
stress function FVE⊥

l expanding the undesirable violations in a Fourier series.
Therein, the index l denotes a placeholder for any arbitrary stress function,
for which those corresponding nonzero tractions need to be cancelled. Let us
investigate the periodic arrangement in Fig. 3.8. Regarding the open hole, its
superimposed stress field is symmetric to the x- and y-axis. Concerning that
of the filled hole, a symmetry to the y-axis as well as an antisymmetry to the
axis y = e is given. Then, the stress deviations along the vertical edges fulfil
the following symmetry characteristics.

σdev
x,l (±w/2, y) = σdev

x,l (±w/2,−y) open hole,

σdev
x,l (±w/2, y∗) = −σdev

x,l (±w/2,−y∗) with y∗ = y − e filled hole.
(3.53)

Taking into account these symmetries simplifies the Fourier series expansions
over the virtual wave length lFo as follows.
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3.5 Cancellation of tractions perpendicular to the load direction

Open hole:

σVE⊥
x,l (±w/2, y)/σBy =

Nl∑
n=1

f σxl,n cosαny with (3.54)

αn = 2nπ
lFo

, f σxl,n = 2
lFo

ˆ lFo

0
σdev
x,l (±w/2, y) cosαny dy. (3.55)

Filled hole:

σVE⊥
x,l (±w/2, y∗)/σd =

Nl∑
n=1

g σxl,n sinαny∗ with (3.56)

αn = 2nπ
lFo

, g σxl,n = 2
lFo

ˆ lFo

0
σdev
x,l (±w/2, y∗) sinαn y∗ dy∗. (3.57)

Note that the stress deviations at the lower and upper bound of the integral
are unequal, which is expressed by the inequalities

σdev
x,l (±w/2, y = 0) 6= σdev

x,l (±w/2, y = lFo) open hole,

σdev
x,l (±w/2, y∗ = 0) 6= σdev

x,l (±w/2, y∗ = lFo) filled hole.
(3.58)

Then, Gibbs’ phenomenon involving overshoots occurs in the corresponding
Fourier series expansions. This is a discrepancy since the actual deviations
should continuously decay with increasing hole distance. That is why the
correction function of the type FVE⊥

l is regarded as less robust than the
periodic arrangement technique and, hence, is not applied to simultaneously
also eliminate the shear tractions τxy(±w/2, y). Be reminded that these
shear tractions affect the load transfer through the net-section area and their
cancellation is a necessary condition to obtain an accurate solution (Sect. 3.4).
Moreover, the shear stresses elimination using stress functions of the type
FVE⊥
l in addition would require another Fourier series expansion. That is more

expensive than the periodic arrangement method, which only requires the
translation (and rotation regarding filled holes) of stress fields. To mitigate
any impact of periodicity and Gibbs’ phenomenon on the characteristic stresses
nearby the hole, the virtual wave length lFo = 40 d is chosen sufficiently large
so that an undisturbed uniaxial stress state in the far-field |y| � d can
establish. Hence, by these measures, the correction function FVE⊥

l will not
negatively affect the solution quality. This will be confirmed in Chap. 4 by
comparing the results to Finite Element analyses.

Furthermore, the correction function must not produce any shear stresses
along the vertical edges x = ±w/2,

τVE⊥
xy,l (±w/2, y) = 0. (3.59)

45



Chapter 3 Stress analysis - Development of complex calculus

The tractions of the open hole in Eq. (3.54), (3.59) can be modelled by the
Airy stress function of the form (Lekhnitskii, 1963, 1968)

FVE⊥
l /σBy = al y

2 +
Nl∑
n=1

φn(x)AVE⊥
l,n cosαny, (3.60)

and the tractions of the filled hole in Eq. (3.56), (3.59) by

FVE⊥
l /σd =

Nl∑
n=1

φn(x)AVE⊥
l,n sinαn y∗. (3.61)

Therein, the entities φn(x) denote unknown functions with respect to x. For
an orthotropic plate material, the governing equations can be reduced using
the laminate’s in-plane engineering constants Êx, Êy, Ĝxy, ν̂xy and we obtain

d4φn
dx4 −

(
Êy

Ĝxy
− 2ν̂xy

Êy

Êx

)
d2φn
dx2 + Êy

Êx
φn = 0. (3.62)

The corresponding characteristic equation is

s4 − Êy
(

1
Ĝxy

− 2 ν̂xy
Êx

)
s2 + Êy

Êx
= 0 (3.63)

and for finite nonzero values of Êx, Êy, Ĝxy, three different cases need to be
considered:
• case I: The roots are real and equal, which occurs for quasi-isotropic
laminates with s = s1 = s2 = 1.

• case II: The roots are real but not equal. For the laminates to be
investigated in the present work, this occurs for the layups [0◦],
[0◦/90◦]s and [0◦/± 45◦/90◦]s(50%/40%/10%).

• case III: The roots are complex and of the form
hs±ts i,−hs±ts i, {hs, ts} ∈ R. This occurs for angle-ply laminates.

The general solution for the differential Eq. (3.62) is given by the ansatz

φI
n = Cφn1 coshαn x+ Cφn2 sinhαn x+

Cφn3 x coshαn x+ Cφn4 x sinhαn x,

φII
n = Cφn1 cosh s1αn x+ Cφn2 sinh s1αn x+

C
φk
3 cosh s2αn x+ Cφn4 sinh s2αn x,

φIII
n =

(
Cφn1 coshhsαn x+ Cφn2 sinhhsαn x

)
cos tsαnx+(

Cφn3 coshhsαn x+ Cφn4 sinhhsαn x
)

sin tsαnx.

(3.64)
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3.5 Cancellation of tractions perpendicular to the load direction

The stress components of FVE⊥
l are calculated using Eq. (2.21) yielding

Open hole:

σVE⊥
x,l /σBy = 2al −

Nl∑
n=1

α2
n φn(x)AVE⊥

l,n cosαny, (3.65)

σVE⊥
y,l /σBy =

Nl∑
n=1

d2φn
dx2 AVE⊥

l,n cosαny, (3.66)

τVE⊥
xy,l /σBy =

Nl∑
n=1

αn
dφn
dx AVE⊥

l,n sinαny. (3.67)

Filled hole:

σVE⊥
x,l /σd = −

Nl∑
n=1

α2
n φn(x)AVE⊥

l,n sinαn y∗, (3.68)

σVE⊥
y,l /σd =

Nl∑
n=1

d2φn
dx2 AVE⊥

l,n sinαn y∗, (3.69)

τVE⊥
xy,l /σd = −

Nl∑
n=1

αn
dφn
dx AVE⊥

l,n cosαn y. (3.70)

The derivatives of φn are

dφI
n

dx = αn
(
C φn

1 sinhαn x+ C φn
2 coshαn x

)
+

C φn
3

(
αn x sinhαn x+ coshαn x

)
+

C φn
4

(
αn x coshαn x+ sinhαn x

)
, (3.71)

d2φI
n

dx2 = α2
n

(
C φn

1 coshαn x+ C φn
2 sinhαn x

)
+

C φn
3
(
α2
n x coshαn x+ 2αn sinhαn x

)
+

C φn
4
(
α2
n x sinhαn x+ 2αn coshαn x

)
, (3.72)
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dφII
n

dx = αn

(
s1 C

φn
1 sinh s1αn x+ s1 C

φn
2 cosh s1αn x+

s2 C
φn
3 sinh s2αn x+ s2 C

φn
4 cosh s2αn x

)
, (3.73)

d2 φII
n

dx2 = α2
n

(
s2

1 C
φn
1 cosh s1αn x+ s2

1 C
φn
2 sinh s1αn x+

s2
2 C

φn
3 cosh s2αn x+ s2

2 C
φn
4 sinh s2αn x

)
, (3.74)

dφIII
n

dx = αn

{
coshhsαn x

[(
C φn

2 hs + C φn
3 ts

)
cos tsαn x+

(
C φn

4 hs − C φn
1 ts

)
sin tsαn x

]
+

sinhhsαn x
[(
C φn

1 hs + C φn
4 ts

)
cos tαn x+

(
C φn

3 hs − C φn
2 ts

)
sin tsαn x

]}
, (3.75)

d2 φIII
n

dx2 = α2
n

{
coshhsαn x

[(
2C φn

4 hs ts+

C φn
1 (hs + ts) (hs − ts)

)
cos tsαn x+(

C φn
3 (hs + ts) (hs − ts)− 2C φn

2 hsts
)

sin tsαn x
]
+

sinhhsαn x
[(
C φn

2 (hs + ts) (hs − ts) + 2C φn
3 hsts

)
cos tsαn x+

(
C φn

4 (hs + ts) (hs − ts)− 2C φn
1 hsts

)
sin tsαn x

]}
. (3.76)

The coefficients C φn
i are determined by

φn(±w/2) = 1, (3.77)

τSE⊥
xy,l (±w/2, y) = 0 ⇒ dφn

dx

∣∣∣
x=±w/2

= 0. (3.78)
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3.5 Cancellation of tractions perpendicular to the load direction

Note that Eq. (3.77) is set to unity only for computational convenience and
eventually for case I

C φn
1 = 2 sinhw/2αn + αnw coshw/2αn

sinhwαn + wαn
,

C φn
2 = C φn

3 = 0,

C φn
4 = − 2αn sinhw/2αn

sinhwαn + wαn
,

(3.79)

for case II

C φn
1 = s2

s2 cosh s1 w/2αn − s1 coth s2 w/2αn sinh s1 w/2αn
, C φn

2 = 0,

C φn
3 = s1

s2 coth s1 w/2αn sinh s2 w/2αn − s1 cosh s2 w/2αn
, C φn

4 = 0

(3.80)
and for case III

C φn
1 = 4hs coshhs w/2αn sin ts w/2αn + 2ts cos ts w/2αn sinhhs w/2αn

hs sin ts w/2αn + ts coshhs w/2αn
,

C φn
2 = C φn

3 = 0,

C φn
4 = 2ts coshhs w/2αn sin ts w/2αn − 2hs cos ts w/2αn sinhhs w/2αn

hs sin ts w/2αn + ts sinhhs w/2αn
.

(3.81)

Equating the coefficients of Eq. (3.54), (3.65) as well as those of Eq. (3.56),
(3.68), respectively, and taking into account Eq. (3.77) leads to

al =
f σxl,0

4 , AVE⊥
l,n =


−
f σxl,n
α2
n

open hole,

−
g σxl,n
α2
n

filled hole.

(3.82)

With this the stress function FVE⊥
l that mitigates the tractions σx(±w/2, y)

is fully determined. However, regarding the filled-hole problem bounded by
the horizontal edge y = e, the tractions τxy(x, e) perpendicular to the load
direction are still nonzero. The filled-hole problem and its stress functions are
symmetric with respect to the y-axis. Due to Eq. (2.21), the corresponding
shear stresses involve the antisymmetry τxy(x, y) = −τxy(−x, y). Their
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Chapter 3 Stress analysis - Development of complex calculus

Fourier series representation may be performed by adapting the ansatz of
FVE⊥
l in Eq. (3.61) yielding the stress function of the general form

FHE⊥
l /σd =

Nl∑
l=1

%n(y)AHE⊥
l,n sin βnx, (3.83)

where the entity %n(y) is of the same form as φn(x) in Eq. (3.64) and therefore
produces unbounded stresses with increasing hole distance |y| → ∞. Hence,
the stress-free vertical edges would be seriously disrupted and the stress BC
τxy(x, e) = 0 shall not be covered by the present calculus. Their slight impact
on the characteristic stresses in the hole vicinity for most of the relative finite
dimensions w/d, e/d will be discussed in Chap. 4.

3.6 Cancellation of violated hole boundary conditions

The periodic arrangement technique as well as the stress function FVE⊥
l

only address the straight edges. However, hole tractions to be rendered
are neglected. Hence, the superposition of these correction functions and
potentials with the infinite open- or filled-hole problem will yield erroneous
hole BCs. These can be eliminated by superimposing additional complex
potentials ΦHBC,sv

k with the general form as in Eq. (3.18). The free coefficients
shall be then determined such that the produced loading functions capture the
Fourier series expansion of the violations, which are of the general structure
as in Eq. (3.8). Refer to Sect. 3.3 for further details.
When quasi-isotropic laminates or isotropic plates are treated Airy stress

functions should be employed. These are provided in the following. Again,
the index l denotes any arbitrary stress field. Its hole tractions σ dev

r,l (R,ϕ)
and τ dev

rϕ,l(R,ϕ) deviate from the desired hole BCs expressed by Eq. (3.1) for
the open hole and by Eq. (3.3) for the filled hole. The deviating hole BCs
can be expanded by the Fourier series

σHBC
r,l (R,ϕ)/σ0 =

f σrl,0
2 +

N∑
n=1

f σrl,n cosnϕ+
N∑
n=1

gσrl,n sinnϕ, (3.84)

τHBC
rϕ,l (R,ϕ)/σ0 =

f
τrϕ
l,0

2 +
N∑
n=1

f
τrϕ
l,n cosnϕ+

N∑
n=1

g
τrϕ
l,n sinnϕ. (3.85)
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3.6 Cancellation of violated hole boundary conditions

Note that the stress deviations may also be normalised to the bearing stress
σd when treating the filled hole. The Fourier coefficients can be calculated
using

f σrl,n = 1
π

1
σ0

ˆ 2π

0
σdev
r,l (R,ϕ) cosnϕdϕ,

gσrl,n = 1
π

1
σ0

ˆ 2π

0
σdev
r,l (R,ϕ) sinnϕdϕ,

f
τrϕ
l,n = 1

π

1
σ0

ˆ 2π

0
τdev
rϕ,l(R,ϕ) cosnϕdϕ,

g
τrϕ
l,n = 1

π

1
σ0

ˆ 2π

0
τdev
rϕ,l(R,ϕ) sinnϕ dϕ.

(3.86)

For problems symmetric to the y-axis as the filled hole, only the even quantities
f σrl,n , g

τrϕ
l,n and the uneven quantities g σrl,n , f

τrϕ
l,n are nonzero. Then, the general

form for the Airy stress function FHBC
l capable of producing those Fourier

expansions in Eq. (3.84) and (3.85) is given by

FHBC
l = R2

[
bσrl ln r

R
+ cσrl

r

R
ϕ cosϕ+ dσrl

r

R
ln r

R
sinϕ+ d

τrϕ
l

R

r
sinϕ+

+
N∑
n=1

{
Al,n

(
R

r

)2n
+Bl,n

(
R

r

)2n−2
}

cos 2nϕ+

+
N∑
n=1

{
Cl,n

(
R

r

)2n+1
+Dl,n

(
R

r

)2n−1
}

sin(2n+ 1)ϕ
]
σ0.

(3.87)

Its polar stress components are

σHBC
r,l =

[
bσrl

(
R

r

)2
−
(

2cσrl − d
σr
l

)
R

r
sinϕ− 2dτrϕl

(
R

r

)3
sinϕ−

− 2
N∑
n=1

{
n(2n+ 1)Al,n

(
R

r

)2n+2
+

+ (n+ 1)(2n− 1)Bl,n
(
R

r

)2n
}

cos 2nϕ−

− 2
N∑
n=1

{
(2n+ 1)(n+ 1)Cl,n

(
R

r

)2n+3
+
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+ n(2n+ 3)Dl,n
(
R

r

)2n+1
}

sin(2n+ 1)ϕ
]
σ0, (3.88)

σHBC
ϕ,l =

[
− bσrl

(
R

r

)2
+ dσrl

R

r
sinϕ+ 2dτrϕl

(
R

r

)3
sinϕ+

+ 2
N∑
n=1

{
n(2n+ 1)Al,n

(
R

r

)2n+2
+

+ (n− 1)(2n− 1)Bl,n
(
R

r

)2n
}

cos 2nϕ+

+ 2
N∑
n=1

{
(2n+ 1)(n+ 1)Cl,n

(
R

r

)2n+3
+

+ n(2n− 1)Dl,n
(
R

r

)2n+1
}

sin(2n+ 1)ϕ
]
σ0, (3.89)

τHBC
rϕ,l =

[
− dσrl

R

r
cosϕ+ 2dτrϕl

(
R

r

)3
cosϕ−

− 2
N∑
n=1

{
n(2n+ 1)Al,n

(
R

r

)2n+2
+

+ n(2n− 1)Bl,n
(
R

r

)2n
}

sin 2nϕ+

+ 2(2n+ 1)
N∑
n=1

{
(n+ 1)Cl,n

(
R

r

)2n+3
+

+ nDl,n

(
R

r

)2n+1
}

cos(2n+ 1)ϕ
]
σ0. (3.90)

The free coefficients are determined as follows. Let us equate the Fourier series
coefficients in Eq. (3.84), (3.85) with those of the Airy stress components
in Eq. (3.88), (3.90), respectively. Furthermore, let us take into account
single-valued displacements when required5, which is expressed by

dσrl
cσrl

= 1
2(1− ν). (3.91)

5 See Sect. 3.3 or Bickley (1928); Timoshenko and Goodier (1951).
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3.7 Overall iterative calculation procedure

Then, the free coefficients can be calculated by

bσrl = 1
2 f

σr
l,0 , cσrl = −1

2
(
f
τrϕ
l,1 + gσrl,1

)
, dσrl = 1

2
(
1− ν

)
cσrl ,

d
τrϕ
l = 1

2
(
f
τrϕ
l,1 + dσrl

)
,

(3.92)

Al,n = − 1
n(2n+ 1)

[1
2 g

τrϕ
l,2n + n(2n− 1)Bl,n

]
,

Bl,n = 1
2
g
τrϕ
l,2n − f

σr
l,2n

2n− 1 , Cl,n = 1
n+ 1

[
f
τrϕ
l,2n+1

2(2n+ 1) − nDl,n
]
,

Dl,n = − 1
4n
(
gσrl,2n+1 + f

τrϕ
l,2n+1

)
.

(3.93)

For doubly symmetric settings as the open-hole problem, only the coefficients
bσrl , Al,n, Bl,n are nonzero and the remaining others vanish. With that all
means to address the straight edges as well as the hole boundary are provided.
However, each of the correction functions and potentials only addresses a
certain set of tractions along the boundaries and even may interfere with
the others. This is further discussed in the next Section and an iterative
calculation procedure is developed to nevertheless take into account all edges
simultaneously.

3.7 Overall iterative calculation procedure

The capability of each correction function which BCs they address as well
as which they may interfere is listed in Table 3.1. To simultaneously satisfy
all addressed BCs, the correction functions are applied iteratively until the
remaining errors become negligibly small. The flowchart in Fig. 3.9 illustrates
this procedure. After implementing the periodic arrangement for the infinite

Table 3.1
Overview of correction functions. The operator PA(�) implementing the periodic ar-
rangement is applied to the stress functions F inf modelling the infinite domain open/filled
hole as well as to FHBC

l mitigating deviations along the hole edge.

treats interferes with

PA(�)
τxy(±w/2, y) = 0 Hole BCs, σx(±w/2, y) = 0
σy(x, e) = 0 τxy(x, e) = 0

FVE⊥
l σx(±w/2, y) = 0 Hole BCs, τxy(x, e) = 0
FHBC
l Hole BCs all BCs along straight edges
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Chapter 3 Stress analysis - Development of complex calculus

Input parameters:
finite dimensions,

single-ply properties, layup

Assemble infinite domain field F inf

Determine nx,min using ψ
τinf
xy

≤ 0.5 %

Assemble periodic arrangement PA(F inf)

σx(±w/2, y)
violated?

Hole BCs
violated?

Full net-section
load transfer?

Superimpose
correction field FVE⊥

l

Superimpose FHBC
l

and assemble PA(FHBC
l )

Increase nx,min and rebuild
correction functions

Full stress field

No

No

Yes

Yes

Yes

No

Fig. 3.9 Flowchart of the present stress calculus.
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3.7 Overall iterative calculation procedure

domain problem using the operator PA(Finf), the correction function FVE⊥
l

is applied. Both yield deviations in the hole tractions, which requires to apply
the stress function FHBC

l for correction. Since this function is in conflict
with the stress-free conditions of the straight edges, violations along these
arise. This is mitigated by periodically arranging the stress field produced by
FHBC
l as implemented for F inf and then by superimposing another correction

function FVE⊥
l+1 to cancel the newly produced stresses σx(±w/2, y) along the

vertical edges. That will slightly interfere with the hole BCs again. Note that
the function of the type FVE⊥

l is not required to be periodically assembled
since the condition in Eq. (3.59) already employs vanishing shear stresses
τxy(±w/2, y). Further, regarding finite-domain problems bounded by the
horizontal edge y = e as the filled hole, the stress-free condition σy(x, e) = 0
is not interfered. This is due to the fact that the stress function FVE⊥

l is
chosen such that the antisymmetry to the axis y = e has been employed
(see Sect. 3.5). This has been implemented since the periodic auxiliary field
also contains this antisymmetry (Fig. 3.8). Hence, the tractions σVE⊥

y (x, e)
along the symmetry axis y = e vanish. Iterating this procedure enables to
simultaneously fulfil the addressed BCs and the stress function of the full
finite-domain solution is given by

F =
ny∑
i=1

nx,min∑
j=1

F inf
ij︸ ︷︷ ︸

periodic field of F inf

+
L∑
l=1

{
FVE⊥
l +

ny∑
i=1

nx,min∑
j=1

FHBC
l,ij︸ ︷︷ ︸

periodic field of FHBC
l

}
. (3.94)

Therein, the quantity L represents the number of iterations yielding sufficiently
fulfilled BCs. This can be quantitatively ensured by the following load transfer
values and convergence criteria.
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Open hole:

ψσr = R

PBy

ˆ 2π

0

√
σr(R,ϕ) 2 sinϕ dϕ ≤ 0.01,

ψτrϕ = R

PBy

ˆ 2π

0

√
τrϕ(R,ϕ) 2 cosϕdϕ ≤ 0.01,

ψσx = 4
PBy

ˆ lFo/2

0

√
σx(±w/2, y) 2 dy ≤ 0.01,

ψτxy = 4
PBy

ˆ ∞
0

√
τxy(±w/2, y)2 dy ≤ 0.01,

ψσ inf
y

= 2
PBy

ˆ w/2

0

√
(σy(x,±lFo/2)− σ0)2 dx ≤ 0.01,

χσy = 2
PBy

ˆ w/2

R

σy(x, 0) dx, with |χσy − 1| ≤ 0.01. (3.95)

Filled hole:

ψσr = R

PBea

ˆ 2π

π

√
σr(R,ϕ) 2 sinϕdϕ ≤ 0.01,

ψτrϕ = R

PBea

ˆ 2π

0

√
τrϕ(R,ϕ) 2 cosϕ dϕ ≤ 0.01,

ψσx = 2
PBea

ˆ 0

−lFo/2

√
σx(±w/2, y∗) 2 dy∗ ≤ 0.01,

ψτxy = 2
PBea

ˆ e

−lF/2

√
τxy(±w/2, y)2 dy ≤ 0.01,

χσr = R

PBea

∣∣∣∣ˆ π

0
σr(R,ϕ) sinϕ dϕ

∣∣∣∣ , with |χσr − 1| ≤ 0.01

χσy = 2
PBea

ˆ w/2

R

σy(x, 0) dx, with |χσy − 1| ≤ 0.01. (3.96)

Excessive values of ψσr , ψτrϕ , ψσx , ψτxy indicate deviations in the correspond-
ing stress-free BC, which can be cured by increasing the number of iterations L.
For the relative dimensions w/d ≥ 3, e/d ≥ 3 treated in this thesis, L = 3 has
revealed to be sufficient. As the stresses σx(±w/2, y) are eliminated using
periodic Fourier series expansion, the upper/lower boundary of the integral in
ψσx is chosen y = ±lFo/2 conservatively assuming that along half of the wave
length lFo, Gibbs’ phenomenon has a negligible impact and an unperturbed
uniaxial stress state can establish therein. Regarding the filled hole, be
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3.7 Overall iterative calculation procedure

Table 3.2
Overview of the correction function input.

stress function corrects deviations by

FVE⊥
1 PA

(
F inf
)

FHBC
1 PA

(
F inf
)

+ FVE⊥
1

FVE⊥
l>1 PA

(
F inf
)

+
∑l−1

l∗=1
FVE⊥
l∗ +

∑l−1
l∗=1

PA
(
FHBC
l∗

)
FHBC
l>1 PA

(
F inf
)

+
∑l

l∗=1
FVE⊥
l∗ +

∑l−1
l∗=1

PA
(
FHBC
l∗

)
reminded that the coordinate y∗ = y − e has been introduced such that the
antisymmetry is along y∗ = 0, from which Fourier series expansion can be
conveniently performed. Inaccurate load transfer ratios χσy , χσr are due to
an excessive force flux through the hole edge or excessive shear stresses along
the vertical boundaries x = ±w/2. The former is cured by applying further
correction functions FHBC

l and the latter by increasing the minimum total
number of plates nx,min. The correction functions then shall be recalculated
since the arising stress errors are affected by the number of plates nx,min in
use. Table 3.2 provides an overview concerning the correction functions of an
iteration step from which the stress deviations to cancel originate.
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Chapter 4

Stress analysis - Discussion of the results

In this Chapter, the stress results of the present complex calculus are discussed
and validated against Finite Element (FE) analyses. The implementation of
the corresponding FE model is described in Sect. 4.1. The effect of the periodic
arrangement technique (Sect. 3.4) is demonstrated by plotting the force flux
of the open- and filled-hole problem in Sect. 4.2. This enables to qualitatively
assess if the stress-free finite boundaries are captured adequately. Furthermore,
the influence of finite plate dimensions on the number of auxiliary plates
required to obtain an accurate solution is shown in Sect. 4.3. For quantitative
assessment, the circumferential and net-section stresses are investigated
for some commonly used layups enabling to analyse the effect of material
orthotropy on these characteristic stresses. Moreover, effects by finite plate
dimensions are studied by varying the plate geometry. The analysis starts
with the open hole in Sect. 4.4, followed by the filled (or pin-loaded) hole in
Sect. 4.5. Then, the superposition of the corresponding stress fields in Sect. 4.6
enables the investigation of the bolted joint under combined bearing-bypass
load. Besides validation against FE analyses, the performance of the present
calculus is compared against heuristic approaches. These are given by the
well known Tan solutions for the open hole (Tan, 1988; Tan and Kim, 1990;
Tan, 1994).

net-section path

ξ

Fig. 4.1 Finite Element model of the filled hole with w/d = 3, e/d = 3.
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Chapter 4 Stress analysis - Discussion of the results

4.1 Finite Element model for validation

For validation of the present calculus, a Finite Element model has been built
in Abaqus. Concerning its mesh, CPS8 continuum plane stress elements
containing 8 nodes are used. Radial hole tractions with sinusoidal shape as
bolt contact idealisation are applied to model the filled hole as expressed by
Eq. (3.3). Regarding the open hole, uniform tension is applied in sufficiently
large hole distance y = ±20 d. Fig. 4.1 exemplarily shows the FE model for
the filled-hole problem. Concerning an extensive convergence study, refer to
Nguyen-Hoang and Becker (2021d). Therein, it is concluded that at least
72 elements shall be located along the hole edge to achieve the same accuracy
as the FE values published by Catalanotti and Camanho (2013).

4.2 Investigation of force flux

To qualitatively analyse the compatibility of all correction functions and
potentials with the stress boundary conditions and the overall load transfer,
let us calculate the force flux using the stress vector

ty =
[
σx τxy
τxy σy

][
0
ny

]
= ny

[
τxy
σy

]
with ny =

{
1 open hole,

−1 filled hole.
(4.1)

Regarding the filled hole, ny = −1 is chosen only for cosmetic reasons. Then,
the corresponding force flux is introduced along the upper half of the hole
edge, which is further led through the plate’s net-section plane towards the
clamp. Fig. 4.2 and 4.3 exemplarily show the flux for the open and filled
hole both in a quasi-isotropic laminate. The force fluxes of the finite-domain
problems derived using the present calculus are tangent to the straight edges
as in the FE reference and thus provide a physically meaningful load transfer.
This qualitatively confirms the present method. Further quantitative approval
is given by the load transfer ratios in Eq. (3.95) and (3.96) staying within
the defined limits. Note that the force flux of the open hole in an infinite
domain is dominated by the stress component σy and only slight shear
tractions along the vertical edges x = ±w/2 need to be mitigated. Hence,
the impact of the auxiliary plates can be hardly noticed when modelling the
force flux of the finite open-hole problem. Nevertheless, for high precision in
the overall solution, their presence is essential. The investigation of the force
fluxes enables an insight into the tractions (normal or shear tractions) that
dominate the load transfer mechanism. This will be vital for the scope of the
next Section.
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4.3 Influence of finite dimensions on number of required auxiliary plates

a) Present finite dimensions solution. b) FE solution.

Fig. 4.2 Flux of the stress vectors ty for the open hole in a quasi-isotropic laminate of the
finite width w/d = 3. The force flux of the infinite open-hole problem is not shown yielding
almost no difference to that of the open hole in a finite domain. According to ny = 1
in Eq. (4.1), vectors pointing in positive y-/upward direction indicate normal stresses
in tension. Negative y-/downward direction indicates normal stresses in compression.
Horizontal vectors indicate a pure shear stress state.

4.3 Influence of finite dimensions on number of
required auxiliary plates

To investigate the effect of finite dimensions on the minimum number of
auxiliary plates nx,min that lead to sufficiently eliminated shear tractions
τxy(±w/2, y), let us exemplarily take the filled-hole problem with quasi-
isotropic plate material and calculate its corresponding values nx,min shown
in Fig. 4.4. Therein, the minimum numbers of auxiliary plates that lead to a
sufficiently small load transfer value ψτ inf

xy
with respect to finite-dimensions

properties w/d and e/d are plotted. Setting ψτ inf
xy

is generally a trade-off
between accuracy of the solution and required computational cost. To demon-
strate the capabilities of the present calculation method, a rather small value
of ψτ inf

xy
≤ 0.5 % has been selected in Eq. (3.51). The minimum number of hor-

izontal plates nx,min increases with a decreasing value w/d as the shear stress
decay is more restricted than in wider connections. Hence, shear tractions of
larger magnitude need to be eliminated, which requires additional horizontal
auxiliary plates. Further, the quantity nx,min increases with the relative end
distance e/d. A high ratio of e/d means that the load transfer ratio ψinf

τxy in
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Chapter 4 Stress analysis - Discussion of the results

a) Load introduction through infinite plate. b) Present finite dimensions solution.

c) FE solution.

Fig. 4.3 Force flux of stress vectors ty for the filled hole in a quasi-isotropic laminate
bounded by w/d = 20, e/d = 10. According to ny = −1 in Eq. (4.1), vectors pointing in
negative y-/southern direction indicate normal stresses in tension. Positive y-/northern
direction indicates normal stresses in compression. Horizontal vectors indicate a pure
shear stress state.

Eq. (3.51) needs to be calculated by integration over a length which is longer
than for connections with small end distance. This then yields higher remain-
ing integrated shear tractions to be eliminated. Also see Fig. 3.7 and 3.8 for
further illustration. For the finite boundaries w/d ≥ 3, e/d ≥ 3 investigated
in this work, L = 3 iterations have revealed to yield sufficiently fulfilled BCs.
This quantity generally increases when reducing the dimensions w/d, e/d and
vice versa. Note that halving ψτ inf

xy
approximately doubles nx,min. This in-

versely linear relationship ψτ inf
xy
∼ 1/nx,min is due to the fact that the leading
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4.3 Influence of finite dimensions on number of required auxiliary plates
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Fig. 4.4 Filled hole: minimum number of horizontal plates nx,min enabling vanishing
shear stresses along the vertical boundaries with a load transfer ratio of ψ

τLI
xy
≤ 0.5 %.

This is shown for quasi-isotropic laminates. For the orthotropic case, the qualitative
behaviour is the same.

term of the stresses is of the order 1/r. This is produced by the logarithmic
terms Bk ln ζk in the complex potentials in Eq. (3.25) representing the infinite
domain filled-hole problem. These terms are required to model the nonzero
force resultant PBea. The stresses then can be derived using Eq. (2.27), (2.28)
containing the complex potentials’ first derivative. Hence, the stresses are of
the leading order 1/r. For open holes, contrary, this relationship is quadratic
with ψτ inf

xy
∼ 1/n2

x,min because the stresses of the doubly-symmetric open-hole
problem with vanishing force resultants have the leading term 1/r2.

Furthermore, the minimum plate number of the open hole is quite small in
comparison to those of the filled hole. For instance, nx,min ≤ 10 regarding
w/d = 3 and a quasi-isotropic material. To better understand this difference
of the plate numbers, let us investigate the integration of the shear tractions
in Eq. (3.51), by which nx,min is derived. Although the integration boundaries
involved in the open hole are significantly wider, the integrated shear stresses
are smaller leading to a low minimum number of plates. This matter why
the corresponding shear tractions are differently pronounced shall be further
analysed by heuristically investigating the following characteristics of the
open- and filled-hole problem. First, the remaining area on which the external
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Chapter 4 Stress analysis - Discussion of the results

load is concentrated. Generally, it can be expected that a smaller remaining
area relative to the total area yields higher stress concentrations. Second,
the decay of the stress concentrations and third, the stress components that
dominate the load transfer mechanism. Regarding the infinite open-hole
problem, uniform tension is applied at infinity. This pure force flux in load
direction is disturbed by the hole, where the loading is distributed and
concentrated to an area only reduced by the hole diameter d and the area
reduction is relatively slight. Hence, its effects of changing the load transfer
mechanism dominated by the stress component σy are rather small and locally
concentrated in the hole vicinity. Only near its boundary but hardly along the
straight edges, stress vectors with horizontal part indicating shear tractions
are present (Fig. 4.2). Further, the decay of the stress concentrations is of the
order 1/r2 due to the double symmetry. Regarding the filled hole in an infinite
domain, the bolt load is introduced along half of the circumference length
of the hole πR, and distributed in all directions through the entire plate.
The area per plate thickness which is available for load transfer decreases as
follows:

w → πR for filled hole, w → w − d for open hole. (4.2)

Hence, the area reduction of the filled hole is more significant than that of
the open hole. This is even more pronounced the wider the plate width
w. That is why the filled hole can be considered as the more critical load
case and its stress concentrations are expected to be generally higher than
those of the open hole. This matter will be quantitatively discussed in
Sect. 4.6 by comparing the corresponding characteristic stress data. More-
over, for the filled hole, the decay of the stress concentrations is weaker
(filled hole: 1/r vs. open hole: 1/r2). Concerning the load transfer mecha-
nism of the filled-hole problem, the load distribution mainly occurs by radial
tractions (Fig. 4.3). Using stress transformation these then yield high shear
stresses τxy(±w/2, y) to eliminate, which require a high minimum number of
auxiliary plates.
In the next Sections, the characteristic stresses are analysed for some

common layups and the impact of finite dimensions is discussed. Further, the
present stress results are validated using FE analyses and compared against
heuristic approaches. First, open holes are treated followed by filled holes
and then by bolted joints under combined bearing-bypass load.
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4.4 Analysis of characteristic stresses: Open hole

Table 4.1
Elastic ply properties of Hexcel IM7-8552 (Camanho et al., 2012). In this thesis, the
orientation of a ply is counted anti-clockwise with [0◦] parallel to the y-axis.

[0◦] [±45◦]s [0◦/90◦]s
[0◦/± 45◦/90◦]s quasi-isotropic(50%/40%/10%)

Êx in GPa 9.10 17.75 90.60 39.52 64.52
Êy in GPa 171.40 17.75 90.60 100.05 64.52
Êy/Êx 18.84 1.00 1.00 2.53 1.00
Ĝxy in GPa 5.30 36.51 5.30 20.77 24.64
ν̂xy 0.016 0.775 0.030 0.169 0.309

4.4 Analysis of characteristic stresses: Open hole

Let us investigate the circumferential and the net-section stresses for differ-
ent layups and a geometry ratio of w/d = {3, 10} in Fig. 4.5. The latter
dimension is chosen such that finite-width effects have rather decayed and
the corresponding infinite-domain solution by Lekhnitskii (1968) may be used
as a good approximation. For convenience, the dimensionless coordinate

ξ = x−R
w/2−R, (4.3)

with ξ = 0 at the hole edge and ξ = 1 at the free straight boundary is
used. See the pictograms in Fig. 4.5 for illustration. Note that all stresses
shown refer to a plate model of a laminate with the smeared effective in-
plane engineering constants Êx, Êy, Ĝxy, ν̂xy. The corresponding values of
the laminates investigated are listed in Table 4.1. The stresses of a ply may
be calculated using the strains and the corresponding reduced stiffness matrix
in the context of Classical Laminate Theory (see Subsect. 2.1.5 or Halpin
(1992); Becker and Gross (2002); Schürmann (2007) and Tsai (2008)). In
general, the maximum of the net-section stresses σy(ξ, 0) is directly located at
the hole edge except for the [±45◦]s-laminate, where it can be found at some
hole distance. For the laminates [0◦/90◦]s involving a low shear modulus Ĝxy
and [0◦] characterised by both low Ĝxy and high orthotropy degree Êy/Êx
(see Table 4.1), very high stress concentrations σy,max for both narrow and
wide plates w/d = {3, 10} arise. Finite-width effects then are rather small
and the shapes of the circumferential stresses are hardly changed. Contrary,
for the remaining laminates [±45◦]s, [0◦/± 45◦/90◦]s(50%/45%/10%) and
quasi-isotropic with low orthotropy degree and higher shear modulus, the
net-section stress concentrations are generally lower. Further, more significant
finite-width effects occur. This is observable by a more pronounced raise of
the stress concentrations when reducing the plate dimension w/d. Moreover,
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values of the circumferential stresses for w/d = 10 almost coinciding with solution for
w/d = 3 due to slight finite-width effect and net-section stresses by Tan and Tan-Heywood
yielding good correlation to FE.
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4.4 Analysis of characteristic stresses: Open hole
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0 π/2 π 3/2π 2π

0

2

4

ϕ in rad −→

σ
ϕ

(R
,
ϕ

)/
σ

0
−→

0 0.2 0.4 0.6 0.8 1

1

2

3

4

ξ

ϕ

σ0

σ0

∅ d

w

ξ −→

σ
y

(ξ
,
0)
/
σ

0
−→

e) [0◦/ ± 45◦/90◦]s(50%/40%/10%)-laminate. Net-section stresses by Tan and Tan-
Heywood yield good correlation to FE and are not shown for reasons of clear view.

Fig. 4.5 Circumferential and net-section stresses of the laminate’s idealisation as an
orthotropic plate with smeared stiffnesses. For w/d = 10, finite-width effects have decayed
and the infinite-domain solution by Lekhnitskii (1968) can be used. Note that the fibre
orientation ϑ is counted anti-clockwise with ϑ = 0◦ parallel to the y-axis/direction of the
external load.

the circumferential stresses σϕ(R,ϕ) yield values in compression along the
parts of the hole edge that face towards the uniaxial remote load introduction
at ϕ = {π/2, 3/2π}. These minima are more pronounced for laminates with
higher lateral stiffness Êx, for instance [0◦/90◦]s and quasi-isotropic layup.
The present calculus yields excellent agreement with a maximum er-

ror magnitude of 1.4 %, which occurs in the net-section stresses of the
[±45◦]s-laminate. Note that its peak σϕ,max does not lie in the net-section
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Chapter 4 Stress analysis - Discussion of the results

area ϕ = {0, π} but is slightly shifted along the hole boundary in the circum-
ferential direction. The performance of the present methodology shall be also
compared to the commonly used heuristic net-section stress approximations
documented in Tan (1988); Tan and Kim (1990) as well as Tan (1994). Be
reminded that these are based on two concepts: Firstly, the Tan approach in
which the net-section stresses of the infinite open-hole problem are scaled such
that their integration along the width of the actual finite-domain problem
equilibrates the external load and secondly, the enhanced Tan-Heywood ap-
proach (Tan-HW). Therein, the stresses are adapted to the Heywood formula
(Heywood, 1952) based on photoelasticity. Let Kt0 be the stress concentration
factor6 (SCF) at the hole edge with

Kt0 = σy(ξ = 0, y = 0)
σ0

. (4.4)

Then, the finite-width correction factor KTan
t0 /K inf

t0 of the Tan approach is
derived by

σTan
y (x, 0) = KTan

t0
K inf
t0

σinf
y (x, 0),

2K
Tan
t0

K inf
t0

ˆ w/2

R

σinf
y (x, 0) dx = σ0 · w.

(4.5)

For σinf
y (x, 0), the corresponding infinite domain open-hole stresses shall be

taken. Regarding the enhanced Tan-Heywood approach, the finite-width
correction factor KTan-HW

t0 /K inf
t0 is determined by

KTan-HW
t0 /K inf

t0 =

=
[

3 (1− d/w)
2 + (1− d/w)3 + 1

2

(
d

w
M
)6

(K inf
t0 − 3)

{
1−

(
d

w
M
)2}]−1

(4.6)

with

M2 =

{√
1− 8

[
3(1− d/w)

2 + (1− d/w)3 − 1
]
− 1

}
· 1

2 (d/w)2 ,

K inf
t0 = 1 +

√
2
A11

(
√
A11A22 −A12 + A11A22 −A2

12
2A66

)
= σinf

y (R, 0)/σ0.

(4.7)

6 For disambiguation: stress concentrations normalised to a certain reference value shall
be called stress concentration factors.
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4.4 Analysis of characteristic stresses: Open hole

Therein, the quantities Aij denote the in-plane stiffnesses of a laminate that
can be calculated using Classical Laminate Theory (Tsai (2008); Halpin (1992)
or Sect. 2.1.5). Note that the formula for K inf

t0 is adapted to the nomenclature
of the present thesis with a fibre orientation ϑ = 0◦ parallel to the y-axis.
For the quasi-isotropic case, the correction factors specialise to

KTan
t0 /K inf

t0 = 2
2− (d/w)2 − (d/4)4 ,

KTan-HW
t0 /K inf

t0 = 2 + (1− d/w)3

3 (1− d/w) .

(4.8)

Let us assess the net-section stresses derived by the Tan formulae. When
comparing the entire net-section plane 0 ≤ ξ ≤ 1 and assessing the highest
error magnitude, deviations for all heuristic approaches are quite high as
summarised in Table 4.2. However, Whitney and Nuismer (1974); Taylor
(2007, 2008); Camanho et al. (2012); Nguyen-Hoang and Becker (2022d) as
well as Sect. 5.2 of the present work reveal that nonlocal failure concepts
require the stress evaluation in the vicinity of the hole edge when assessing
a technically relevant hole diameter not smaller than a few millimetres.
Hence, the range of interest is limited, which shall be roughly assumed to
lie within 0 ≤ ξ ≤ 0.2. Therein, both the Tan and Tan-Heywood approaches
perform better than along ξ > 0.2. Their solution quality depends on how
pronounced the finite-width effect of a laminate is. As a reminder, it is
slight for [0◦], [0◦/90◦]s as well as [0◦/± 45◦/90◦]s(50%/40%/10%)-laminates
and their stress concentrations are mainly due to the material anisotropy.
These only slightly increase with decreasing w/d. For these laminates, the
approaches by Tan and Tan-Heywood yield good approximations within
0 ≤ ξ ≤ 0.2 and are not further shown in Fig. 4.5 for reasons of limited
space. Contrary, [±45◦]s and quasi-isotropic laminates show pronounced
finite-width effects and the errors of the heuristic approaches are larger within
0 ≤ ξ ≤ 0.2 except for the Tan-HW concept yielding excellent results for

Table 4.2
Maximum error magnitudes of heuristically determined stresses.

0 ≤ ξ ≤ 1 0 ≤ ξ ≤ 0.2
Tan Tan-HW Tan Tan-HW

quasi-isotropic 36 % 46 % −8 % 2 %
[±45◦]s 28 % 39 % −17 % −10 %
[0◦] 26 % 33 % −2 % 5 %
[0◦/90◦]s 39 % 48 % −3 % −5 %
[0◦/± 45◦/90◦]s 31 % 41 % −6 % 4 %(50%/40%/10%)
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Chapter 4 Stress analysis - Discussion of the results

quasi-isotropic laminates. However, for the remaining cases, the stresses
derived by solving the actual boundary value problem should be taken,
especially when each percent accuracy matters in lightweight optimal design.
Concerning [±45◦]s-laminates treated by both the Tan and Tan-Heywood
approach as well as regarding the quasi-isotropic laminate by Tan approach,
their net-section stresses in the critical range ξ ≤ 0.2 underestimate the FE
solution and therefore can be regarded as nonconservative approximations.
Further, the net-section stresses by Tan-Heywood violate the equilibrium. In
particular, their integral along the width of the finite problem unphysically
yields an excessive load transfer value of up to χσy = 1.08 although a value
of 1 should be obtained.

With this the stress results of the open-hole problem derived by the present
calculus are validated. Hence, it can be regarded as a reliable means to treat
any other doubly symmetric finite-domain problem.

4.5 Analysis of characteristic stresses: Filled hole

The stress results for single-fastener connections of the geometrical properties
w/d = {3, 20}, e/d = {3, 10} are presented. The second ratios w/d = 20
and e/d = 10 are chosen in such a way that the corresponding finite di-
mensions effect has decayed. The following layups commonly used in com-
posite bolted joints shall be analysed: quasi-isotropic, [0◦], [0◦/90◦]s and
[0◦/± 45◦/90◦]s(50%/40%/10%)-laminate. Let us investigate the circumfer-
ential and net-section stresses relevant for the crack initiation assessment
in Fig. 4.6-4.9. Therein, the stresses are normalised to the bearing stress
σd = PBea/d. In general, the shape of characteristic stresses as well as their
stress concentrations are strongly affected by the material orthotropy Êy/Êx
and the shear modulus Ĝxy. The effective in-plane constants for each lami-
nate are shown in Table 4.1. The following observations can be made for all
geometry properties w/d, e/d and both results of FE and the present calculus.
The most orthotropic [0◦]-laminate with Êy/Êx = 18.84 leads to the highest
stress concentration σϕ(R, 0). This implies that a high stiffness ratio Êy/Êx
leads to a pronounced peak in the circumferential stresses. However, the
concentration of the [0◦/± 45◦/90◦]s(50%/40%/10%)-laminate is lower than
that of the [0◦/90◦]s-laminate although the orthotropy degree of the first
layup (Êy/Êx = 2.53) is higher than that of the second (Êy/Êx = 1). This is
due to their different shear modulus Ĝxy, for which a low value as for the [0◦]-
and [0◦/90◦]s-laminate raises the stress concentration at ϕ = {0, π}. This
is further confirmed when comparing the quasi-isotropic and the [0◦/90◦]s-
laminate both yielding a ratio Êy/Êx = 1 but different shear moduli. The
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Fig. 4.6 Circumferential and net-section stresses of quasi-isotropic laminate.

value of the [0◦/90◦]s-laminate is lower leading to the higher stress concentra-
tion. To conclude, an interaction in between Êy/Êx and Ĝxy is decisive for
the peak of the circumferential stresses that is located in the net-section plane
ϕ = {0, π}. Regarding the extremum at ϕ = π/2, the peak is dominantly
affected by Ĝxy. The quasi-isotropic laminate is characterised by the highest
shear modulus in this study and its local extremum is a local minimum.
All other laminates have a smaller value of the shear stiffness Ĝxy and a
local maximum, contrary. The highest peaks σϕ(R, π/2) can be found in
the [0◦] and [0◦/90◦]s-laminate with the smallest shear modulus. However,
the peak of latter layup is higher than that of the former. This is due the
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Fig. 4.7 Circumferential and net-section stresses of [0◦]-laminate.

different lateral stiffnesses Êx, for which a significantly higher value belongs
to the [0◦/90◦]s-laminate further raising the stress concentration σϕ(R, π/2).
Contrary to σϕ(R, π/2), the peak at ϕ = 3/2π stays a local minimum for all
laminates investigated.
Let us proceed with analysing the effect by finite dimensions. In general,

the raise of the stress concentrations as well as the change of the shape of
the circumferential stresses when reducing the relative dimensions w/d, e/d is
more significant the smaller the orthotropy degree. For instance, the effect due
to finite dimensions is the most pronounced in the quasi-isotropic laminate
(Êy/Êx = 1) with a stress concentration raise of 71 % when shortening the
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Fig. 4.8 Circumferential and net-section stresses of [0◦/90◦]s-laminate.

relative dimensions w/d = 20, e/d = 10 to w/d = 3, e/d = 3. Further,
the shape of the circumferential stresses changes significantly. By contrast,
laminates with strong orthotropy degree (e.g. [0◦]-laminate) or small shear
modulus relative to Êy, Êx (e.g. [0◦/90◦]s-laminate) yield a less pronounced
effect due to finite dimensions. The stress concentration rises by 51 % for
the first laminate and by 34 % for the second. Moreover, the shape of the
circumferential stresses only slightly changes. Note that the corresponding FE
stress concentrations have been taken to determine the percentage increases.

The performance of the present calculus shall be now assessed. In general,
finite dimensions are captured with satisfactory accuracy. However, regarding
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Fig. 4.9 Circumferential and net-section stresses of [0◦/± 45◦/90◦]s(50%/40%/10%)-
laminate.

geometry properties for which the effect by finite dimensions is dominantly
or even only caused by a small end distance as for w/d = 20, e/d = 3,
slight deviations are observable in the characteristic stresses of all laminates
in the present study. This is due to the remaining shear stresses τxy(x, e)
along the horizontal boundary y = e, which are not covered by the present
methodology. Note that setups with large width and small end distance as
w/d = 20, e/d = 3 triggering shear-out failure instead of the fail-safe bearing
failure mode are quite unlikely to be designed. Hence, investigating these
configurations is rather to better understand the effects of finite dimensions
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4.5 Analysis of characteristic stresses: Filled hole

Table 4.3
Maximum error magnitudes of net-section stresses for w/d = 3, e/d = 3.

0 ≤ ξ ≤ 1 0 ≤ ξ ≤ 0.2
present heuristic present heuristic
solution approach solution approach

Quasi-isotropic 2 % −41 % −1 % 43 %
[0◦] 20 % −65 % −7 % 52 %
[0◦/90◦]s 6 % −65 % −2 % 56 %
[0◦/± 45◦/90◦]s 4 % 53 % −2 % 53 %(50%/40%/10%)

and to demonstrate the limits of the present method than of interest in
engineering applications. For w/d = 3, e/d = 3 of the [0◦]-layup, the nonzero
shear tractions are also leading to deviating peaks in the circumferential
stresses at ϕ = {0, π}. Let us quantitatively assess the performance of the
present calculus regarding the net-section stresses, which are relevant in
tension failure analysis. This shall be done for the smallest configuration
w/d = 3, e/d = 3 involving the most pronounced effects by finite dimensions
in this thesis. Table 4.3 lists the relative errors along the entire net-section
path 0 ≤ ξ ≤ 1. Therein, except for the [0◦]-laminate yielding deviations up to
20 %, results with errors not higher than 6 % and hence acceptable accuracy
can be observed. However, failure analyses which are typically conducted by
means of nonlocal criteria have shown that the stress evaluation occurs along
some rather small hole distance (Whitney and Nuismer (1974); Taylor (2007,
2008); Camanho et al. (2012); Nguyen-Hoang and Becker (2022d) regarding
open holes and Catalanotti and Camanho (2013); Nguyen-Hoang and Becker
(2020a) concerning filled holes). When again roughly estimating this distance
to lie within 0 ≤ ξ ≤ 0.2, then the maximum error magnitude therein further
reduces to a few percent for the quasi-isotropic layup, [0◦/90◦]s as well as
[0◦/± 45◦/90◦]s(50%/40%/10%) and 7 % for the [0◦]-laminate. Therefore,
the present methodology leads to results with excellent accuracy in most
cases. Then, regarding the analysis of tensile failure which likely occurs for
w/d ≤ 4, the predicted failure loads based on the stresses of the present
method are expected to be of the same accuracy as by FE studies.
The performance of the heuristic approach shall now be analysed. This

concept requires to scale the net-section stresses σinf
y (x, 0) of the infinite-

domain problem such that its integration along the width of the actual
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finite-domain problem equilibrates the external load. In doing so, the stresses
of the heuristic approach are calculated by

σHA
y (x, 0) = KHA

t0
K inf
t0

σinf
y (x, 0) with 2K

HA
t0

K inf
t0

ˆ w/2

R

σinf
y (x, 0) dx = PBea.

(4.9)
For the quantity σinf

y (x, 0), the stress decay of the infinite filled-hole problem
shall be taken. Table 4.3 shows excessive relative errors for all laminates
investigated. Also note that the effect of a finite end distance e/d cannot be
captured by this heuristic approach. The fact that this concept applied to
open holes by Tan (1988, 1994) yields acceptable results is rather coincidental
than physically motivated. The infinite open-hole problem (Kirsch, 1898;
Lekhnitskii, 1968) is described by Airy stress functions or complex potentials
with a few coefficients. Particularly, ΦOH,inf

k is described by a sum with
2 terms7. The corresponding quantities of the present infinite bolted joint
problem, however, require many coefficients. The complex potentials ΦFH,inf

k

contain sums with at least 8 coefficients8. Equally scaling the corresponding
coefficients is unlikely to coincide with that of the actual finite boundary
value problem. Further improving this approach is hard to implement since
the solution is not known a priori. The present calculus, however, provides a
robust and physically motivated means to model stress-free edges within a
finite domain, no matter how complex the corresponding infinite problem is.

4.6 Analysis of characteristic stresses: Bearing-bypass
interaction

Having gained a sound understanding of the structural mechanisms which
occur in the open- and filled-hole problem, the bolted joint under combined
bearing-bypass load shall be now analysed. The bearing-bypass load case is
determined by the following superposition. Let FOH and FFH be the Airy
stress functions of the open- and filled-hole problem, respectively. With the
total introduced force P = PBea +PBy, the stress function for the bolted joint
under bearing-bypass load then reads

FBBI = (1− β)FOH + βFFH with the load factor β = PBea

P
. (4.10)

The special cases are given by the load factors β = 0, for which FBBI

specialises to the open-hole problem and β = 1 representing the filled hole.
7 See Eq. (3.13), (3.14), (3.20) regarding complex potentials and Eq. (3.21)-(3.24) regard-
ing Airy stress functions and its stress components.

8 See Eq. (3.10) and Eq. (3.6) for the stress BCs.
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4.6 Analysis of characteristic stresses: Bearing-bypass interaction

Note that regarding the latter setting, a geometry ratio of e/d = 10 is chosen
such that there are no increased stresses due to a short end distance. However,
the implementation of a finite large end distance of e/d ≥ 10 is essential to
ensure that the bolt load of the filled-hole problem is transferred towards
y → −∞ and a uniaxial stress state along y → ∞ can establish only due
to the impact of the open hole (see Sect. 3.1). The characteristic stresses
are now investigated in Fig. 4.10. Concerning the circumferential stresses
therein, only an excerpt in between π/2 ≤ ϕ ≤ 3/2π is plotted. For reasons
of symmetry to the y-axis, the stresses along −π/2 ≤ ϕ ≤ π/2 are the same
as those shown. For all investigated laminates, the curves of the characteristic
stresses lie in between the special cases of open and filled holes. In general,
the latter is the more critical load case yielding higher stress concentrations
as heuristically outlined in Sect. 4.3. Hence, it can be expected that the
failure stresses of the pin-loaded hole are lower than these of the open hole.
To assess the increased criticality of the filled-hole problem, let us compare
the stress concentration factors (SCFs) Kt0 = σy(ξ = 0, y = 0)/σ0. These are
listed in Table 4.4. Note that the FE reference values have been taken. Also
note that the stresses of the filled hole (e.g. in Fig. 4.6-4.9) are commonly
normalised to the bearing stress σd = PBea/d. However, for reasons of better
comparison of the special cases of the open and filled hole, their stresses shall
be now normalised to the corresponding far-field stress σ0. Conversion can
be done as follows. Be reminded that all forces are given per plate thickness
in this thesis and with

PBea = σ0 · w = σd · d, (4.11)

the net-section stresses normalised to σ0, e.g., may be calculated by the
conversion

σy
σ0

= σy
σd
· w
d
. (4.12)

Furthermore, let us normalise the SCF of the filled hole to that of the open
hole using

κβ=1 = Kt0(Filled Hole)
Kt0(Open Hole) . (4.13)

This ratio shall serve as measure to quantify an increased criticality of the
filled-hole problem relative to the open hole. The corresponding values of the
laminates covered in this thesis are shown in Table 4.5a for w/d = {3, 20}.
Generally, the wider w/d the higher the normalised SCF κβ=1. Hence, the
filled-hole problem is even more critical than the open hole for plates with
larger ratio w/d. This applies for all laminates investigated. To better
understand these findings, let us analyse the area reduction involved in the
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Fig. 4.10 Circumferential and net-section stresses of the bolted joint under bearing-bypass
load. The relative plate width is w/d = 3.

open- and filled-hole problem. Let Atot be the total area where the remote
load σ0 is introduced. Further, Ared denotes the reduced area to which the
load is concentrated. Moreover, all areas shall be given per plate thickness.
This yields the area reduction factors

Open hole: Atot = w, Ared = w − d → Ared

Atot
= 1− 1

w/d
, (4.14)

Filled hole: Atot = w, Ared = π
d

2 → Ared

Atot
= π

2
1
w/d

. (4.15)

The area reduction factors Ared/Atot are plotted with respect to the width-to-
diameter ratio w/d in Fig. 4.11. Generally, the higher Ared/Atot, the larger
the remaining area in which the external load is concentrated and vice versa.
For the open hole, the remaining area is higher for wider w/d. Contrary,
regarding the filled hole, the remaining area is higher for narrow connections.
Interestingly, when w/d→∞ is due to a vanishing hole diameter d→ 0 the
open-hole problem specialises to the plain plate under uniform tension and
the filled-hole problem to the plain plate reacting to a single force. However,
when w/d→∞ but the hole diameter stays nonzero the stress fields are those
of the corresponding infinite-domain problem. In particular, the open hole is
then described by the Kirsch (1898) solution regarding isotropic plates and
by complex potentials addressed by Lekhnitskii (1968) for anisotropic plates.
The filled hole is then represented by its infinite-domain solution, which
can be found in Subsect. 3.3.3. Let us now investigate the area reduction
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Fig. 4.11 Area reduction of the open- and filled-hole problem.

for a finite and nonzero width-to-hole diameter in Fig. 4.11. Regarding the
open hole, the surface reduction factor converges to 1 with increasing w/d.
For the filled hole, however, Ared/Atot approaches zero. Hence, the wider
w/d the more significant its surface reduction factor, which eventually yields
high values for Kt0 and κβ=1. These quantities also depend on the plate
material. A high orthotropy degree or a low shear stiffness correlate with
a higher sensitivity to a bearing (or bolt) load. This can be observed by a
more significant increase of κβ=1. For instance, the [0◦]-laminate with the
highest ratio Êy/Êx = 18.84 and a low shear modulus Ĝxy yields the most
pronounced factor κβ=1. That is followed by the [0◦/90◦]s-layup with a low
orthotropy degree Êy/Êx = 1 and the same shear stiffness as the [0◦]-laminate.
See Table 4.1 for an overview of the effective stiffness values. For bolted joints
under combined bearing-bypass load (0 < β < 1), the normalised SCF is a
linear function with respect to β,

κβ = 1 + κβ=1

κβ=0

=1

· β with 1 < κβ < κβ=1. (4.16)

This is due to the fact that the corresponding stress field is determined by
superposition of the open- and filled-hole problem as expressed in Eq. (4.10).

The finite-width effects are now assessed. As quantitative measure, let us
suggest the normalised SCFs

κw/d =


Kt0(w/d = 3)
Kt0(w/d = 20) for open holes,

Ktd(w/d = 3)
Ktd(w/d = 20) for filled holes.

(4.17)
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Table 4.4
Stress concentration factors for the special cases of bolted joint under bearing bypass
load. The FE reference data is shown only. Regarding the filled hole, an end distance
e/d = 10 is chosen. See Sect. 3.1 for further explanations.
(a) Quasi-isotropic laminate

w/d = 3 w/d = 20
Ktd Kt0 Ktd Kt0

Open Hole - 3.48 - 3.00
Filled Hole 1.50 4.50 0.87 17.40

(b) [0◦]-laminate

w/d = 3 w/d = 20
Ktd Kt0 Ktd Kt0
- 7.89 - 7.36

3.88 11.64 3.01 60.20

(c) [0◦/90◦]s-laminate

w/d = 3 w/d = 20
Ktd Kt0 Ktd Kt0

Open Hole - 5.92 - 5.40
Filled Hole 2.81 8.43 1.99 39.80

(d) [0◦/± 45◦/90◦]s
(50%/40%/10%)-laminate

w/d = 3 w/d = 20
Ktd Kt0 Ktd Kt0
- 4.16 - 3.67

1.87 5.61 1.19 23.80

Table 4.5
Normalised stress concentration factors (SCFs).
(a) κβ=1

w/d = 3 w/d = 20
QI 1.30 5.78
[0◦] 1.46 8.18
[0◦/90◦]s 1.42 7.37
[0◦/± 45◦/90◦]s 1.35 6.49(50%/40%/10%)

(b) κw/d

Open hole Filled hole
1.16 1.72
1.07 1.29
1.10 1.41
1.13 1.57

These measures are summarised in Table 4.5b. Therein, it can be observed
that finite-width effects are generally more significant for the filled hole.
Moreover, the impact of finite width is more pronounced for laminates with a
low orthotropy degree or a rather high shear modulus as the quasi-isotropic
or [0◦/± 45◦/90◦]s(50%/40%/10%)-layup. For the bearing-bypass load case,
the finite-width effect is lying in between the special cases and the degree
depends on the actual load factor β.

Regarding the assessment of the performance of the present stress calculus,
the results for the bearing-bypass load case stay within the small error ranges
of the open and filled hole since the solution is obtained by superposition
of these two special cases. Be reminded that the largest stress errors within
the hole vicinity 0 ≤ ξ ≤ 0.2 relevant for crack initiation assessment occur in
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the filled hole for the plate dimensions of w/d = e/d = 3. These arise due to
the nonzero shear tractions τxy(x, e), which are not covered by the present
method. See Sect. 3.5 for details. The corresponding relative errors are listed
in Table 4.3 and amount |ε| ≤ 7% regarding the [0◦]-layup and |ε| ≤ 2%
concerning the remaining laminates. However, this discrepancy does not
apply to the bearing-bypass load case since the stress field of the filled-hole
problem with a large end distance e/d = 10 is superimposed. Hence, the
impact of nonzero shear tractions τxy(x, e) on the characteristic stresses is less
significant. The stress results of all investigated laminates then have relative
error magnitudes around |ε| = 1 % along ξ ≤ 0.2. Therefore, the performance
of the present stress calculus can be regarded as sufficiently accurate for the
assessment of safety-critical structures in the context of lightweight design.
With that the stress analysis is completed and the next step in structural
assessment, failure analysis, can be done.

4.7 Interpolation formulae for quasi-isotropic laminates

In industry contexts, time constraints may require to quickly deliver the
results of the stresses. Regarding the pin-loaded hole in a finite plate, a
quite high number of auxiliary plates is needed due to large shear tractions
to be eliminated (see Sect. 4.3). For the quasi-isotropic case, the stress field
depends on the parameters w/d, e/d and ν. However, the latter only slightly
varies for common isotropic plate materials. In addition, the general influence
of ν on the stresses is rather small (Bickley, 1928) and may be neglected in
engineering applications. Then, only the plate dimensions shall be considered
when deriving the stresses. For instantaneous determination of the stress decay
along the net section as well as its concentration, polynomial fitting functions9
are suggested in Nguyen-Hoang and Becker (2021a, 2022c). These have been
derived for a ratio of e/d = 3. For the connections with larger end distance,
the derived fitting functions can be conservatively taken. Furthermore, when
the primary effect of finite plate dimensions is due to a narrow width the
impact of the end distance is small as discussed in Sect. 4.5. Regarding the
stress concentration factor Ktd = σy(R, 0)/σd, the corresponding fit shall
be compared to the values documented in the well known Peterson’s stress
concentrations handbook (Pilkey and Pilkey, 2008), which is commonly used
in industry contexts. With σd = PBea/d, the fitting functions of the SCFs
read as follows.

9 Again, special thanks to Dr. J. Broede from the IASB working group for providing
these functions.
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Fig. 4.12 Stress concentration factors for the pin-loaded hole in a quasi-isotropic laminate.

Present stress solution:

Ktd(w/d) = 0.890684 + 8.27509
(w/d)3/2 −

4.78027
w/d

+ 1.06557√
w/d

, (4.18)

Peterson’s stress concentration:

Ktd,Peterson(w/d) = 0.2880 + 8.820 · 1
w/d

− 23.196 · 1
(w/d)2 + 29.167 · 1

(w/d)3

only valid for 1.33 ≤ w/d ≤ 6.67, e/w ≥ 1.
(4.19)

In Fig. 4.12, the approximations are shown in a grid plot, which enables the
graphical determination of the SCFs. The formula labelled with „Peterson“
was derived based on the works by Theocaris (1956) as well as Hill (1969),
who actually treat a contact elasticity problem using Airy stress functions and
test data, respectively. Modelling a contact even with perfect fit, which means
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Fig. 4.13 Fit for the net-section stresses.

that the hole and bolt diameters are equal, leads to a contact area which
is slightly smaller than that of the present idealisation with a contact area
along the half of the hole edge (Crews et al., 1981; Camanho and Matthews,
1997). Hence, the stress concentrations Ktd,Peterson are higher than those of
the present formula. However, for assessment of static net-tension failure, the
overall modelling approach including the bolt contact idealisation has revealed
good agreement to failure loads determined by experiments (Catalanotti and
Camanho, 2013). Therefore, the stress results including the SCFs based on
the present mechanical idealisation can be taken for further steps in the
structural assessment.
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Regarding the net-section stresses, the following fitting function is suggested.

σy(ξ, w/d)/σd = 1
C0(w/d) + C1(w/d) · ξ + C2(w/d) · ξ2 + C3(w/d) · ξ8 ,

C0(w/d) = 1 + 1.368 · (w/d)2.22

9.85 + 1.33 · (w/d)2.22 ,

C1(w/d) = −3.087 + 1.13 · w/d+ (0.752 · w/d)2 − (0.301 · w/d)3,

C2(w/d) = 6.505− 2.785 · w/d+ (0.1173 · w/d)8,

C3(w/d) = 0.97 + (0.1762 · w/d)2.5 + (0.09415 · w/d)20.
(4.20)

The results are shown in Fig. 4.13 revealing excellent agreement to the data
points of the present stress calculus. Regarding open holes, the development
of corresponding polynomial fitting functions is part of ongoing work.
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Chapter 5

Failure analysis

Based on the present stress results, a failure analysis is conducted with the
goal to predict the minimal external loads that yield crack initiation along
the net-section area. This fatal failure mode likely occurs for narrow bolted
joints with a finite width of w/d ≤ 4 (Hart-Smith, 1980). The failure analysis
is conducted using the nonlocal criteria of Finite Fracture Mechanics (FFM)
and the Theory of Critical Distances (TCD), which are capable of capturing
the hole size effect. First, a methodology for the derivation of the failure
loads in the present bolted-joint context is introduced in Sect. 5.1. Regarding
FFM, this involves the determination of the energy release rates. Concerning
the TCD, use is made of experimental failure data to obtain the required
characteristic distance. Second, the predicted failure stresses are validated
against experimental results published in the literature. For the filled hole,
this is exemplarily done using a single test set. Regarding the open hole,
multiple test sets with different hole diameters are available. This enables
the validation of the hole size effect. Concerning the joint under combined
bearing-bypass load, unfortunately, there are no experiments available for
validation of the hole size effect, according to the author’s knowledge. The
test data of the open and filled hole as well as the complete failure analysis are
valid for quasi-isotropic laminates. Third, by means of FFM, the size effect
is extensively studied. This includes the analysis of the failure load reduction
with increasing hole and bolt diameter. Moreover, the influence of the finite
plate width on the failure load reduction is investigated. Furthermore, the
applicability of the TCD is assessed by comparing its results to those of
FFM. The three steps are done separately beginning with the special cases of
open holes (Sect. 5.2) and filled holes (Sect. 5.3), followed by bolted joints
under bearing-bypass load (Sect. 5.4). Some parts of this Chapter have been
already published in the literature. In particular, the TCD and FFM are
employed in Nguyen-Hoang and Becker (2020a) to predict tension failure in
single-fastener bolted joints based on a preliminary stress calculus. Further,
a comprehensive assessment framework of tension failure of open holes is
provided in Nguyen-Hoang and Becker (2022d). The publication of the results
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for the combined load case in scientific journals as well as in LTH Design
Criteria is part of ongoing work.

5.1 Failure load determination

First, a methodology for the determination of the failure stresses using FFM is
introduced. Special focus is given to the calculation of the required quantities,
especially the energy release rates involved in the coupled criterion. The
corresponding quantities of the open- and filled-hole problems are taken from
the literature, which are then superimposed in order to treat the combined
load case. Second, the approach for the derivation of the failure stresses
using the TCD is summarised in brief. This includes the selection of the
characteristic distances.

Finite Fracture Mechanics
The present bolted-joint problem is characterised by a monotonic decrease of
the stresses and a monotonic increase of the energy release rate with respect
to the crack length ∆a (see pictogram in Fig. 5.1). According to Weißgraeber
et al. (2015c), the corresponding coupled criterion can then be specialised to
the conditions

1
∆a

ˆ R+∆a

R

σy(x, 0) dx = XL
T

∧ 1
∆a

ˆ R+∆a

R

K2
I (a) da =

ˆ R+∆a

R

K2
Ic(a) da. (5.1)

Therein, for the R-curve KIc(a), a Gompertz function is chosen, which enables
the modelling of a crack length dependence of the fracture toughness as done
by Catalanotti and Camanho (2013) for filled holes. This is vital for crack
lengths of the same order as the process zone10, which particularly occurs for
small defect sizes. The R-curve reads

KIc(∆a) = Kp
Ic exp

(
ln K

i
Ic

Kp
Ic

exp (b∆a)
)
. (5.2)

10The process zone is considered as the region close to the crack tip, in which complex
separation mechanisms occur on a microscopic level. By classical continuum mechanics,
such events cannot be captured. However, if that means shall be employed to describe
fracture of the whole solid body the process zone should be small in comparison to its
macroscopic dimensions. This commonly applies for brittle materials. In the context
of linear elastic fracture mechanics, the entire body is considered as linear elastic
and inelastic processes must be restricted to a small region. Refer to the textbooks
Cherepanov (1979); Kanninen and Popelar (1985); Broberg (1999); Anderson (2005);
Gross and Seelig (2016) regarding the field of fracture mechanics.
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Fig. 5.1 R-curve for Hexcel IM7-8552 carbon epoxy unidirectional prepreg material.

Therein, the quantities K i
Ic = 36.7 MPa

√
m and Kp

Ic = 42.8 MPa
√

m denote
the initiation and propagation values of the fracture toughness, respectively.
These parameters can be regarded as lower and upper limits of the fracture
toughness. Moreover, the quantity b = −1.27 mm−1 is an experimental fitting
parameter. The given numbers are valid for the quasi-isotropic composite
laminate with the layup [90◦/0◦/± 45◦]3s made of Hexcel IM7-8552 carbon
epoxy unidirectional prepreg material (Catalanotti and Camanho, 2013). The
plain longitudinal tensile strength of this laminate is XL

T = 845.1 MPa. The
corresponding effective failure stresses shall be derived in the present thesis.
This is done since the experimental data taken for validation purposes are
based on such a setting. The R-curve of the selected material system is
shown in Fig. 5.1. Therein, the loads are indexed with „F“ indicating that
these shall trigger net-section failure and a crack of the finite length ∆a
initiates. However, for open holes only, the fracture toughness is assumed to
be constant, KIc = 42.8 MPa. This is done as in Camanho et al. (2012) since
the present results of the open holes shall be compared to those of the cited
article. The net-section stresses σy(x, 0) and the stress intensity factor KI(a)
are derived by a superposition of the corresponding quantities of the open
and filled hole. In particular,

σy(x, 0) = (1− β)σOH
y (x, 0) + β σFH

y (x, 0),

KI(a) = (1− β)KOH
I (a) + β KFH

I (a)

β = PBea

P
, P = PBea + PBy, PBy = σBy · w.

(5.3)
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For the stresses, the results of the present calculus are inserted. Regarding the
stress intensity factor of the quasi-isotropic open-hole problem, closed-form
approximations from the literature shall be selected as done by Camanho
et al. (2012). With the uniaxial far-field stress σBy and the overall defect size
a = R+ ∆a (see pictogram in Fig. 5.5), the stress intensity factor reads

KOH
I (a) = σByFh(a)Fw(a)

√
πa,

Fh(a) =
√

1− R

a
fn(a),

fn(a) = 1 + 0.358λ+ 1.425λ2 − 1.578λ3 + 2.156λ4, λ = R/a,

Fw(a) =
√

sec πR
w

sec πa
w

(5.4)

and were determined by fitting to the results of Newman (1971) as well as
Shivakumar and Forman (1980). The first work deals with finite and the
second with infinite dimensions. Both contributions are based on the complex
potential formulation by Muskhelishvili (1977). Note that the stress intensity
factor is affected by the material orthotropy (Bao et al., 1992), which should
be taken into account when extending the methodology.
Concerning the stress intensity factor of the quasi-isotropic filled-hole

problem KFH
I , a polynomial fitting function published by Catalanotti and

Camanho (2013) is taken. This has been derived using FE analyses. With
the dimensionless crack length ∆ξ the fitting function is

KFH
I (∆ξ) =

√
d σd ψ (∆ξ, w/d) with σd = w/d · σBea,

ψ (∆ξ, w/d) =
√

∆ξ
1−∆ξ

I∑
i=1

J∑
j=1

Ψij (w/d)j−1 ∆ξi−1.
(5.5)

Therein, the quantity Ψij represents the coefficient matrix of the polynomial
fitting function. Its entries can be found in the cited article. Be reminded
that the bearing stress introduced into the bolt is normalised to the hole
diameter, σd = PBea/d. Further, the bolt force is reacted by the far-field stress
σBea = PBea/w (Fig. 3.4). The absolute crack length ∆a can be calculated
using

∆a = d/2
(
w/d− 1

)
∆ξ. (5.6)

With that all required quantities involved in the coupled criterion Eq. (5.1)
are determined. To obtain the far-field stress leading to failure, let us take
the quantities σ̃y(x, 0) and K̃I(a) which are produced by the unit far-field

90



5.1 Failure load determination

stress σ0 = 1 MPa for a given load factor 0 ≤ β ≤ 1. Then, scaling σ̃y(x, 0)
and K̃I(a) with the unknown far-field failure stress σ0,F and eliminating it in
the coupled criterion Eq. (5.1) leads to

1
∆a

[ˆ R+∆a

R

σ̃y(x, 0) dx
]2

ˆ R+∆a

R

K̃2
I (a) da

=
(
XL

T
)2

ˆ R+∆a

R

K2
Ic(a) da

. (5.7)

Solving this equation yields ∆a and back substitution in either the stress or
the energy criterion reveals σ0,F.

Theory of Critical Distances
In the context of the Theory of Critical Distances, the net-section stresses are
evaluated at a certain characteristic distance. Using line method, the average
net-section stresses

σy(r̃c) = 1
r̃c

ˆ r̃c

0
σy(x∗, 0) dx∗ with x∗ = x−R (5.8)

are investigated, where r̃c denotes an arbitrary hole distance. Failure is
postulated if the average net-section stresses within the characteristic hole
distance r̃c = rc equal the longitudinal tensile strength XL

T of the plain
laminate,

σy(rc) = XL
T. (5.9)

When employing the TCD, Taylor (2004, 2007, 2008, 2011) suggested the
following value for the characteristic distance:

rc,T = 2
π

(
KIc

XL
T

)2

= 1.632 mm, (5.10)

where the fracture toughness of the laminate is KIc = 42.8 MPa
√

m and its
plain longitudinal strength in tension amounts XL

T = 845.1 MPa. The same
length is taken no matter what particular structural problem is treated (open
or filled hole, bolted joint under combined bearing-bypass load). Then, the fail-
ure stresses of the different problems investigated may differ only due to other
distributions of the corresponding net-section stresses. Concerning the TCD
using the calibrated characteristic distance rc,clb, the failure load determined
by experiments is required to obtain rc,clb (Whitney and Nuismer, 1974).
The particular derivation is given in the following Sects. 5.2-5.4, treating the
results of open and filled holes as well as bolted joints under bearing-bypass
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Chapter 5 Failure analysis

load, respectively. Once the characteristic distance is determined, the failure
load is derived as follows. With the normalised characteristic distance

ξrc = 2rc

(w/d− 1) d , (5.11)

the failure stresses by TCD using line method are

σF,TCD = XL
T

1
ξrc

ˆ ξrc

0
σy(ξ, 0)

∣∣
σ0=1 dξ

. (5.12)

Therein, the net-section stresses that react the unit remote load σ0 = 1 MPa
shall be inserted. The TCD is based on characteristic distances, which are
assumed to be invariant to the defect size. This is the hole and bolt diameter
in the present bolted-joint context. However, the characteristic distance has
been identified as a structural and not as a material parameter (Awerbuch
and Madhukar, 1985; Pipes et al., 1979; Tan, 1987; Srivastava and Kumar,
2002; Camanho and Lambert, 2006) since it actually depends on geometrical
properties as w/d but also on the absolute value of d itself. Therefore,
the calibrated characteristic distance is in general not applicable to other
configurations, though it may apply to some extent. This matter will be
further analysed in Sects. 5.2-5.4, which is of interest when more experiments
for calibration are not affordable. In doing so, the failure prediction concept
of Finite Fracture Mechanics serves as reference since there is no additional
experimental data available to the author. Moreover, FFM is generally the
superior failure prediction model since it is purely based on physical input
parameters.

5.2 Discussion of the results: Open hole

First, failure load predictions for open holes derived by TCD and FFM are
validated against experimental data published in Camanho et al. (2012). This
is done for the quasi-isotropic layup [90◦/0◦/± 45◦]3s weakened by a centred
hole of the different diameters d = {2 mm, 4 mm, ..., 10 mm}. Thus, the size
effect shall be modelled and validated. The relative plate width amounts
w/d = 6. Then, the influence of the finite plate width w/d on the failure
load reduction in the context of the size effect is extensively analysed by
investigating configurations with w/d = {3, 6, 10}. Furthermore, the results
of the TCD approaches are compared to those of FFM. This enables the
assessment to which extent the TCD concepts may be used.
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5.2 Discussion of the results: Open hole

Table 5.1
Open hole failure stresses for [90◦/0◦/±45◦]3s-laminate with w/d = 6. The experimental
failure stresses (Exp) are taken from Camanho et al. (2012).

d in mm ↓ TCD-CLB TCD-T FFM Exp

2 σF in MPa → 573.0 555.3 560.4 555.7
ε 3.1 % −0.1 % 0.9 % -

4 σF in MPa 475.7 459.3 470.2 480.6
ε −1.0 % −4.4 % −2.2 % -

6 σF in MPa 425.1 411.1 420.6 438.7
ε −3.1 % −6.3 % −4.1 % -

8 σF in MPa 394.3 382.4 390.1 375.7
ε 5.0 % 1.8 % 3.8 % -

10 σF in MPa 373.7 363.5 369.6 373.7
ε - −2.7 % −1.1 % -

5.2.1 Validation to experiment

In the context of FFM, the coupled criterion reveals the crack length ∆a
to be dependent on the hole diameter d (Fig. 5.2). Therein, with increasing
d, approximately for d ≥ 5 mm, the crack length rapidly reaches a plateau
where it can be approximated by a constant value. If the TCD approaches
are based on characteristic distances that lie nearby or within this plateau
these concepts should yield similar results as FFM. This is true for the TCD
approach by Taylor (TCD-T) with rc,T = 1.632 mm according to Eq. (5.10).
The failure stresses are accurately predicted with relative error magnitudes of
|ε| ≤ 6.3 % compared to the test data listed in Table 5.1. The FFM approach
achieves accurate results with |ε| ≤ 4.1 %, which is visualised in Fig. 5.3.
Therein, the markers „x“ denote the normalised experimental failure stresses
for a plate of the width w/d = 6. Be reminded that the fracture toughness is
assumed to be constant with KIc = 42.8 MPa

√
m as in Camanho et al. (2012).

This is done for reasons of better comparison to those failure loads determined
in the cited article. Note that the assumption is made for open holes only.
Regarding the TCD using calibrated characteristic distances (TCD-CLB), the
value of rc,clb depends on the particular test set that is chosen for calibration.
As possible configurations the experimental results in Table 5.1 are taken.
These involve plates of the same relative width w/d = 6 but different hole
diameter d. In general, larger hole diameters should be selected so that
the plateau area of ∆a is reached. However, different values of calibrated

93



Chapter 5 Failure analysis

1 10 20 30 40 50

1

1.5

2

FFM: ∆a

chosen for calibration

rc,T

x: rc,clb

w/d = {3, 6, 10}

d in mm −→

∆
a

,
r

c
in

m
m

−→

Fig. 5.2 Crack length ∆a at failure.
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width effect on the FFM failure load.
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Fig. 5.7 Normalised deviations to FFM
failure loads. For the calibrated charac-
teristic distance, the configuration with
d = 10 mm and w/d = 6 is chosen.
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5.2 Discussion of the results: Open hole

characteristic distances rc,clb with respect to the their corresponding hole
diameter d are shown in Fig. 5.2 by the markers „x“ and convergence to
a constant value is yet not observable. Nevertheless, the test set with the
largest diameter shall be chosen for calibration leading to rc,clb = 1.849 mm.
This is determined by using Eq. (5.11) and (5.12). Note that the selection of
the particular test set for calibration is rather insignificant for the present
open-hole problem since ∆a rapidly reaches a plateau value. Further, failure
stresses have been derived by the TCD-CLB method using all available test
sets with d = {2 mm, ..., 10 mm} for calibration. For this whole test set,
a maximum error magnitude of |ε| ≤ 5 % beyond d ≥ 2 mm compared to
FFM (Fig. 5.611) and of |ε| ≤ 8 % compared to the experiment has been
revealed. To limit the amount of data, only the deviations of the TCD-CLB
approach with the chosen calibration distance of dclb = 10 mm are listed
in Table 5.1. To conclude, all used brittle failure prediction concepts yield
failure loads with acceptable error magnitude and thus can be considered as
reliable assessment means for open holes. Furthermore, the proximity of the
plateau value of ∆a to rc,clb can be interpreted as follows. The calibrated
characteristic distance may be regarded as experimentally determined crack
length and since the corresponding quantity by the FFM concept lies nearby
it, this crack initiation model can be seen as further confirmed. Note that
the present FFM results are actually the same as those by Camanho et al.
(2012), which are based on net-section stresses derived using the enhanced
heuristic Tan-Heywood approach (Tan, 1988). This is due to the fact that
for w/d = 6 rather slight finite-width effects occur and the stresses along
the net-section plane of the actual boundary value problem are almost the
same as those of the heuristic approach. However, for small w/d-ratios it is
recommended to use the stress solution of the finite boundary value problem
instead of heuristic approaches. This especially applies for quasi-isotropic and
[±45◦]s-laminates, which involve pronounced finite-width effects as discussed
in Sect. 4.4.

5.2.2 Hole size effect
Let us investigate the failure stresses normalised to the plain strength of the
laminate XL

T in Fig. 5.3. These are derived by means of FFM. In order to cap-
ture the size effect, the hole diameter is varied in between 1 mm ≤ d ≤ 50 mm.
This is done for the different relative plate widths of w/d = {3, 6, 10}, which
enables the investigation of finite-width effects. A significant decrease of the
failure load with converging behaviour is observable. Particularly, for d→∞
11Some figures are intentionally not placed in the order as mentioned in the text. This is
also done for layout reasons.
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nonlocal criteria coincide with local criteria and the net-section stresses can
be evaluated directly at the hole edge. This is due to the crack length ∆a,
which reaches a plateau. Taking into account Eq. (5.6), the relative crack
length approaches zero for d,w →∞, w/d = constant. Then, the failure load
specialises to

σ0,F(d→∞) = XL
T/Kt0, with Kt0 = σy(R, 0)/σ0. (5.13)

For instance, we can observe that for the plate bounded by w/d = 10, which
may be treated as within an infinite domain (see Sect. 4.4), the normalised
failure load σ0,F/X

L
T approaches 1/3. This is the inverse value of the stress

concentration factor Kt0 = 3 for the infinite isotropic open-hole problem
solved by Kirsch (1898). For the other special case of a vanishing hole
diameter d→ 0, the failure stress coincides with the plain material strength
XL

T. With this the failure stresses of open holes lie in the range
XL

T
Kt0

d→∞

≤ σ0,F

d finite sized

≤ XL
T

d→0

⇔ 1
Kt0

≤ σ0,F

XL
T
≤ 1. (5.14)

Generally, predictions based on local concepts deviate most from nonlocal
criteria when assessing the special case of a vanishing hole diameter d→ 0.
Predictions by local concepts underestimate the failure stresses, which leads
to oversized and heavy designs. This matter shall be further quantified for
technical structures with a finite-sized hole diameter by the example of the
open hole-problem. In doing so, let σlocal

0,F be the failure stress by local concepts
and σFFM

0,F that by FFM. Then, the failure load deviation normalised to FFM
predictions reads

χσ0,F =

=XL
T/Kt0

σlocal
0,F −σFFM

0,F

σFFM
0,F

=
1/Kt0 − σFFM

0,F /XL
T

σFFM
0,F /XL

T
. (5.15)

Its amount is shown in Fig. 5.8 revealing that even for finite-sized hole
diameters, a significant lightweight potential is not exploited when designing
according to local criteria. Thus, it is strongly recommended to employ
nonlocal concepts such as FFM. The deviation is larger for smaller hole
diameters. For the special case of a vanishing hole diameter, the failure
stress derived by FFM equals the plain strength of the material. Then, the
deviation χσ0,F specialises to

lim
d→0

χσ0,F =
1/Kt0 − σFFM

0,F /XL
T

σFFM
0,F /XL

T

∣∣∣∣
σFFM

0,F =XL
T

= 1
Kt0
− 1. (5.16)
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Fig. 5.8 Deviations of failure loads by local concepts normalised to FFM predictions.

For instance, concerning the plate of the relative width w/d = 10, the corre-
sponding problem can be treated as within an infinite domain and the amount
of the deviation specialises to |χσ0,F | = 1− 1/Kt0 = 1− 1/3 = 2/3 ≈ 0.67.
The value of the deviation for the unit diameter d = 1 mm is not far from
this special case. Furthermore, finite-width effects on the measure χσ0,F are
quite small. For all aspect ratios w/d and d→∞, the normalised deviation
χσ0,F vanishes since local concepts coincide with nonlocal criteria.

Of interest might be the determination of an analytical expression for the
effective failure stress with respect to the hole diameter. In doing so, let us
consider the net-section stresses. These may be written in the general form

σy(r, 0) =
(
C0 + C1

R

r
+ C2

R

r2 + ...+ CN
RN

rN

)
σBy =

N∑
n=0

Cn
Rn

rn
σBy,

(5.17)
where the coefficients Cn depend on the actual boundary value problem
treated. To determine the failure loads, the net-section stresses shall be
evaluated along the crack length and r = d/2+∆a is inserted. With R = d/2,
the stresses can be expressed by

σy(d/2 + ∆a, 0) =
N∑
n=0

Cnd
nσBy

2n
(
d

2 + ∆a
)n =

N∑
n=0

2−nCndn
(
d

2 + ∆a
)−n

σBy.

(5.18)
Let us consider the stress criterion using point method,

σ0,F · σy(d/2 + ∆a, 0)|σBy=1 = XL
T (5.19)
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The failure stress with respect to the hole diameter d is then of the form

σ0,F = XL
T∑N

n=0 2−nCndn
(
d

2 + ∆a
)−n . (5.20)

Regarding the open-hole problem and in general for doubly symmetric settings,
uneven coefficients Cn vanish. For finite-sized diameters of about d ≥ 5 mm
(Fig. 5.2), the crack length ∆a may be approximated by a constant. Then,
we may investigate the special case of

lim
d→∞

σ0,F/X
L
T = lim

d→∞

1∑N

n=0 2−nCndn
(
d

2 + ∆a
)−n =

N∑
n=0

1
Cn

. (5.21)

For a relative width of w/d ≥ 10, the solution by Kirsch (1898) can be taken
and the corresponding net-section stresses read

σϕ(r, 0) = σy(r, 0) = 1
2

(
3R4

r4 + R2

r2 + 2
)
σBy (5.22)

and the limit in Eq. (5.21) approaches 1/3. This is the reverse value of
the corresponding SCF. Note that any problem whose stress decay can be
described by the general form in Eq. (5.18) involves a hole size effect of the
structure as expressed by Eq. (5.20).
To investigate the interaction in between finite width and defect size on

the failure stresses, let us analyse the reduction factors

ηw/d = σ0,F(w/d = {3, 6}, d)
σ0,F(w/d = 10, d) , ηd = σ0,F(w/d, d)

σ0,F(w/d, d = 1 mm) . (5.23)

Regarding the ratio ηw/d, the failure stress of w/d = 10 is selected as reference
since finite-width effects have decayed for this configuration. In Fig. 5.4, the
quantity ηw/d reveals a converging behaviour similar to the crack length ∆a.
The finite-width influence on the failure stress reduction is higher the smaller
the defect size. Moreover, the family of curves of ηd in Fig. 5.5 shows that
the hole size effect is affected by the degree of finite width. In particular, the
failure stress decrease is more significant for wider relative plate widths w/d
and larger hole diameters d.
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5.2 Discussion of the results: Open hole

5.2.3 Performance of the TCD concepts

Next, the performance of the TCD concepts is compared against FFM.
The crack length ∆a derived by the latter approach is shown in Fig. 5.2
with respect to d for the aspect ratios of w/d = {3, 6, 10}. Herein, the
corresponding plateau values are quite similar and lie near both characteristic
distances rc,clb and rc,T. Hence, it can be expected that the TCD approaches
are acceptable assessment means for the defect sizes that yield a crack length
extension ∆a within or nearby the plateau. However, below d < 10 mm
the quantity ∆a shows a certain spread for the different geometry ratios
treated. To assess if the TCD approaches are applicable nevertheless, their
deviations normalised to FFM are calculated and shown in Fig. 5.6 and 5.7.
Therein, the deviations are within a tolerable limit. Note that in the first
Fig. 5.6, only the curve labelled with dclb = 10 mm is now of interest since
this value has been selected for calibration in the TCD-CLB approach. For
the present open-hole problem, the larger the hole diameter the smaller the
errors of the TCD concepts. For the open hole with w/d = 10, both the
TCD-CLB and the TCD-T concepts yield error magnitudes |ε| < 3 % along
the entire diameter range and regarding w/d = 3, the former approach leads
to inaccuracies |ε| < 5 % for d ≥ 6 mm and the latter concept for d ≥ 3 mm.
The following can be hence concluded for the present open-hole problem
with quasi-isotropic laminate. The use of a single characteristic distance is
sufficient to adequately capture the hole size effect without the necessity to
model the crack length dependence for both small and large finite geometry
values w/d within a wide hole diameter range. This even applies for the
characteristic distance by Taylor, although the length parameter rc,T is not
related to the open-hole problem but to rp = rc,T/4, the effective crack length
of the mode I through crack in an infinite isotropic plate (Tada et al., 2000).
This problem and the open hole have the external uniform loading in common.
Moreover, both problems are doubly symmetric and involve area reductions
that can be regarded as similar (area reduction by crack length or by hole
diameter). The only difference lies in their shapes. Since rc,T can be used
as an approximation to model ∆a of both the finite and infinite dimensions
open-hole problem it may be concluded that the considered shape of the defect
(crack vs. circular hole) as well as finite-width effects have a less significant
impact on the crack length ∆a(d) and on the failure stress prediction. Having
gained a fundamental understanding how a finite plate width affects failure
stresses of open holes and their reduction with increasing hole diameter in the
context of the hole size effect, let us proceed with analysing the pin-loaded
hole.
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Table 5.2
Failure stresses for the filled-hole problem with w/d = 2, e/d = 4.17. The values
determined by FFM as well as by experiment (Exp) are taken from Catalanotti and
Camanho (2013).

TCD-CLB TCD-Taylor FFM Exp

σd,F in MPa 569.1 641.5 549.5 526.7
ε 8.1 % 21.8 % 4.3 % -

5.3 Discussion of the results: Filled hole

In the same way as for open holes, the nonlocal failure concepts TCD and
FFM are employed and their results are validated against experimental data.
Then, the finite-width effect on the failure load reduction in the context of
the size effect is discussed.

5.3.1 Validation to experiment

To the author’s knowledge, experiments investigating the hole size effect
occurring in the filled-hole problem so far are not available in the literature.
This would involve capturing the failure stress decrease for increasing hole
and bolt diameter based on test data. However, Catalanotti and Camanho
(2013) achieved accurate FFM results for quasi-isotropic composite bolted
joints with the only hole diameter d = 6 mm and the geometry properties
w/d = {1.5, 1.75, 2} as well as e/d = {5.83, 5.83, 4.17}, respectively. The
setting at failure is depicted in Fig. 5.9. For these test sets, a relative error
magnitude of |ε| ≤ 6.7 % in comparison to experimental test data has been
obtained. Hence, FFM can be regarded as reliable assessment means for
filled holes. The corresponding failure stresses σd,F are listed in Table 5.2.
Note that σd,F = PBea,F/d, where PBea,F denotes the applied bearing (or
bolt) load per plate thickness when tension failure occurs. Moreover, Nguyen-
Hoang and Becker (2020a) have revealed that the TCD-CLB approach yields
an acceptable prediction with ε = 8.1 %. In that study, the tension fail-
ure stresses of a quasi-isotropic bolted joint with the relative dimensions
w/d = 2, e/d = 4.17 have been predicted. The test results of the configura-
tion with w/d = 1.75, e/d = 5.83 and a failure stress of σd,F = 466.2 MPa
(Catalanotti and Camanho, 2013) have been taken to calibrate the charac-
teristic distance. The TCD-T approach, by contrast, has shown a poor
prediction with ε = 21.8 %.
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Fig. 5.11 Bolt load at failure derived using
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Fig. 5.12 Crack length ∆a at failure.
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Fig. 5.13 TCD failure stresses: devia-
tions normalised to FFM.
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5.3.2 Hole size effect

Let us investigate the hole size effect using the failure stresses derived by
FFM. Regarding the plate geometry, the relative dimensions w/d = {3, 4} and
e/d = 4.17 are selected. Connections wider than w/d = 4 shall not be treated
since net-tension failure is then unlikely to be triggered (Hart-Smith, 1980).
The end distance ratio e/d is not varied since it plays a rather insignificant role.
This has been identified in the corresponding stress analysis part in Sect. 4.5.
Therein, the stress curves and concentrations of connections with a small
w/d-ratio are hardly changed when varying e/d (Fig. 4.6-4.9). The failure
stresses with respect to the hole and bolt diameter are shown in Fig. 5.10,
where a decrease is observable. The analytical expression for the reduction of
the failure stresses with respect to d is of the same general form expressed by
Eq. (5.20) as derived when analysing open hole (Subsect. 5.2.2). The bearing
cut-off is set at σd ≈ 700 MPa similar to Catalanotti and Camanho (2013).
Beyond this limit, bearing failure is likely to be triggered, for which the
employed crack prediction models cannot be used. Note that defining the
bearing cut-off involves a certain arbitrariness since there are various definition
criteria such as a specific elastic or plastic hole deformation or a particular
degradation level of the laminate stiffness noticeable by a nonlinearity in
the load-strain curve. From these criteria, the engineer needs to make a
selection. However, the bearing limit is commonly defined using a permanent
deformation of the laminate, which is chosen to amount 4 % of the hole
diameter (ASTM D5961/D5961M-17; Kabeel et al., 2014). Further analysing
the finite-width effect on the failure stress reduction using the factors ηd and
ηw/d as performed for the open-hole problem will be covered in Subsect. 5.4.1.
This is dedicated to the bolted joint under combined bearing-bypass load,
which also includes the special case of filled holes (β = 1).

Of practical interest might be the critical bolt forces PBea,F = σd,F · d
that lead to failure. The corresponding values derived by FFM are shown in
Fig. 5.11. The larger d the higher the sustainable bolt forces, which implies
that the designing engineer should avoid small hole and bolt diameters.
Moreover, the relationship is weakly nonlinear and may be approximated
by a linear curve for most of the investigated hole diameter range. For
d → ∞, nonlocal concepts coincide with local criteria and the stresses are
evaluated directly at the hole edge. Hence, the failure stress σd,F converges to
a constant value with increasing d. This is already slightly observable for the
diameter range of Fig. 5.10. Then, the curve of the bolt force at failure PBea,F
becomes linear with respect to d. Furthermore, the effect of finite width
leads to higher sustained forces for wider plates. This is more pronounced
for larger d. For small diameter, the diminishing effect due to the significant
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5.3 Discussion of the results: Filled hole

load concentration along half of the hole edge becomes dominant and the
finite-width impact is hardly observable.

5.3.3 Performance of TCD concepts

The failure load predictions by the TCD approaches are compared to those
of FFM. As for the open hole, the FFM calculated crack length ∆a depends
on the defect size d shown in Fig. 5.12. Therein, a plateau is reached for
d ≈ 5 mm, in which ∆a may be approximated by a constant value. Again,
the TCD should yield similar predictions if the corresponding characteristic
distance lies nearby or within the plateau, which is true for the used calibrated
characteristic distance rc,clb = 1.143 mm. Be reminded that this distance has
been derived based on the test data of the joint with the geometric ratios
w/d = 1.75, e/d = 5.83. Due to the limited data available this value shall be
taken to model the size effect for all joints investigated. Be reminded that
these have the dimensions w/d = {3, 4} and e/d = 4.17. Moreover, the impact
of a different width-to-diameter ratio w/d on the crack length ∆a is rather
slight. All in all, the TCD-CLB approach leads to fairly accurate predictions
(Fig. 5.13). In particular, for w/d = 3 a relative error |ε| ≤ 3 % with d ≥ 5 mm
and for w/d = 4 an error |ε| ≤ 1 % with d ≥ 3 mm is obtained. This is also
illustrated in Fig. 5.14. As for open holes, the calibrated characteristic
distance can be regarded as experimentally determined crack length and
its proximity to ∆a may be seen as further confirmation of the FFM crack
initiation model.
For all TCD concepts, the deviation to FFM decreases with increasing

hole diameter as observed for open holes (Fig. 5.7). However, the TCD-T
approach yields nonprecise results. The characteristic distance by Taylor
rc,T = 1.632 mm does not lie nearby the FFM calculated crack length ∆a and
hence is not shown in Fig. 5.12. Further, rc,T > ∆a means that the evaluation
occurs along a wider distance, in which the net-section stresses have decayed
more. Therefore, the predicted failure stresses by the TCD-T approach are
higher than those of FFM and thus can be regarded as nonconservative. A
tolerable relative error magnitude of ε ≤ 10 % is obtained for d ≥ 11 mm and
w/d = 3 as well as for d ≥ 8 mm regarding w/d = 4. With the goal to create
a lightweight optimal design, an error magnitude |ε| ≤ 5 % may be considered
as acceptable and the diameter range in which this requirement is fulfilled
can be taken from Fig. 5.14. Therein, it can be observed that the TCD-T
approach involves a very limited diameter range with sufficiently accurate
failure stress predictions.
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Chapter 5 Failure analysis

5.4 Discussion of the results: Bearing-bypass
interaction

In this Section, the failure stresses of the bolted joint under combined bearing-
bypass load are discussed. In doing so, means of FFM and TCD are employed
again. The size effect is captured and the impact of finite-width and the load
factor β = PBea/P on the failure load reduction with increasing hole diameter
is analysed. The investigations are dedicated to quasi-isotropic laminates.
As experiments have been available only for the special cases of open and
filled holes, a validation for the combined load case cannot be performed
in the present thesis. However, with validation of the extreme cases the
employed brittle failure prediction concepts can be regarded as promising
assessment means and the methodology is assumed to be also applicable for
a superposition of the special cases.

5.4.1 Hole size effect

In the following, the hole size effect is extensively discussed based on the FFM
failure stresses σ0,F. These are shown in Fig. 5.15 and 5.16 for w/d = {3, 4},
respectively. Therein, the quantity σ0,F represents the far-field stress at
failure, which is normalised to the plain strength of the laminate XL

T. In
general, the failure stress of the bolted joint under combined bearing-bypass
load lies in between the special cases β → {0, 1}. The former load factor
represents the open hole and the latter the filled hole. As assumed in the
stress analysis (Sect. 4.6) revealing that higher load factors β involve more
critical stress concentration factors, the filled hole yields the lowest and the
open hole the highest failure stresses. Generally, the failure stresses behave
asymptotically with increasing hole diameter. In order to quantify their
reduction, these shall be normalised to the corresponding value for the unit
hole diameter d = 1 mm. This is done by using the reduction factor ηd as
defined in Eq. (5.23). In Fig. 5.17 and 5.18, it is revealed that the size effect
and the corresponding failure stress reduction with increasing hole diameter
are the more significant the higher β and the wider w/d.
As done for open holes in Sect. 5.2, let us investigate the error of the

employed local concepts by deriving the normalised deviation χσ0,F as defined
in Eq. (5.15). The results are shown in Fig. 5.19 and 5.20 revealing that the
failure stresses are significantly underestimated even for finite-sized diameters.
Furthermore, the deviation measure is hardly affected by the finite width w/d
and the load factor β. Thus, the quantitative loss of lightweight potential is
about the same for all problem settings treated in this thesis, which further
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Fig. 5.16 Predicted failure stresses for
w/d = 4
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Fig. 5.17 Reduction factor describing
size effect for w/d = 3.
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Fig. 5.18 Reduction factor describing
size effect for w/d = 4.
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Fig. 5.19 Deviations of failure loads by
local concepts for w/d = 3.
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local concepts for w/d = 3.
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Fig. 5.21 Reduction factor investigat-
ing finite-width influence on size effect.
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Fig. 5.22 Reduction factor investigat-
ing load factor influence on size effect.

emphasises that nonlocal concepts as FFM should be used instead local
criteria.
To study finite-width effects, let us assess the failure stresses of w/d = 3

and normalise them to those values of w/d = 4. Regarding the open hole, the
failure load reduction factor η∗w/d and concerning the filled hole, the measure
ιw/d is taken12. These quantities read

Open hole: η∗w/d = σ0,F(w/d = 3, d)
σ0,F(w/d = 4, d) , (5.24)

Filled hole: ιw/d = σd,F(w/d = 3, d)
σd,F(w/d = 4, d) , σd,F = w/d · σ0,F. (5.25)

Be reminded that configurations w/d > 4 shall not be investigated and
inserted in the denominator since net-tension failure, then, is unlikely to be
triggered. The factor η∗w/d is rather unsuitable for the filled hole since the
same sustained far-field stress σ0,F for connections of different width would
indicate no effect, although in fact the wider configuration can bear a higher
bolt load (PBea,F = σ0,F · w for β = 1). Vice versa, the quantity ιw/d shall
not be used for the open hole. In fact, no finite-width effect is indicated
when the far-field stresses for open-hole problems of different width are the
same. However, their corresponding stresses σd,F, which may be interpreted
as sustained force, are different and would do so. Therefore, these stresses are
not suitable to measure finite-width effects. Fig. 5.21 reveals a converging
12For disambiguation: The factor ηw/d involves a reference value of σ0,F(w/d = 10, d)
and is employed in Subsect. 5.2.2. By contrast, η∗w/d involves a reference value of
σ0,F(w/d = 4, d) in the current Section.
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5.4 Discussion of the results: Bearing-bypass interaction

behaviour for η∗w/d and ιw/d with increasing hole diameter. Assuming that
these factors can be compared, the finite-width effect on the failure stress
reduction of the open hole is less significant involving a convergence to
η∗w/d → 93.9 %, whereas regarding the filled hole ιw/d → 85.2 %. In general,
the finite-width effects are rather moderate since the relative width is only
reduced by 25 % as the values w/d = {3, 4} are considered. This is done
since connections bounded by these relative dimensions or smaller are prone
for net-section failure. The finite-width effect is more pronounced for filled
holes in comparison to open holes. For the special case of d→∞, the FFM
prediction coincides with local criteria and the stresses are evaluated directly
at the hole edge. Then, the reduction factors η∗w/d, ιw/d should yield the
inverse value of the corresponding ratio of the stress concentration factors
(SCFs) as follows.

Open Hole:

lim
d→∞

ηw/d∗ = lim
d→∞

σ0,F(w/d = 3, d)
σ0,F(w/d = 4, d) = Kt0(w/d = 4)

Kt0(w/d = 3) = 3.25
3.45 ≈ 94.2 %,

(5.26)

Filled Hole:

lim
d→∞

ιw/d = lim
d→∞

σd,F(w/d = 3, d)
σd,F(w/d = 4, d) = Ktd(w/d = 4)

Ktd(w/d = 3) = 1.29
1.50 ≈ 86.0 %.

(5.27)

Although considering finite-sized hole diameters d ≤ 50 mm, the quantities
η∗w/d, ιw/d are already quite near the convergence value.
To investigate the effect of an increased bearing load on the failure stress

reduction, let us introduce the reduction factor

ηβ = σ0,F(0 < β ≤ 1)
σ0,F(β = 0) = σd,F(0 < β ≤ 1)

σd,F(β = 0) , (5.28)

which normalises the failure stress of the bolted joint under combined bearing-
bypass load to that of the open hole. The reduction factor ηβ is shown in
Fig. 5.22 revealing a converging behaviour. Furthermore, the wider w/d the
more significant is an increasing load ratio β regarding the failure stress
reduction. E.g. for w/d = 3, the filled hole’s failure stress converges to 77.9 %
and for w/d = 4 to 64.4 % of the value of the open hole.
Of practical interest might be the sustained far-field stress σ0,F with

respect to the load factor β as well as failure envelopes, which enable the
graphical determination of the bearing and bypass stresses at predicted net-
tension failure. In Fig. 5.23, the far-field stress σ0,F with respect to β is
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Fig. 5.23 Far-field stress σ0,F at failure with respect to load factor β showing a nonlinear
behaviour. The dotted lines denote linear estimations.
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Fig. 5.24 Failure envelope for w/d = 3.
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Fig. 5.25 Failure envelope for w/d = 4.
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Fig. 5.26 Bolt load at failure for w/d = 3.
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Fig. 5.27 Bolt load at failure for w/d = 4.
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Table 5.3
Maximum relative deviations εσ0,F of linear curves for σ0,F occurring at β = 0.5.

d = 10 mm d = 30 mm d = 50 mm

w/d = 3 1.0 % 1.4 % 1.5 %
w/d = 4 3.7 % 4.7 % 5.0 %

shown for w/d = {3, 4} and d = {10 mm, 30 mm, 50 mm}. Therein, the
size effect and the corresponding failure stress reduction can be observed.
The gap between the curves of d = {10 mm, 30 mm} is larger than that of
d = {30 mm, 50 mm}. This is due to the fact that for the first values, the
hole diameter triples. Regarding the second pair, there is only a relative
increase of 66.7 %. Furthermore, there exists a nonlinear relationship between
σ0,F and β. The wider w/d and the larger d the more significant is the
nonlinearity. However, for w/d = 3 the nonlinearity is rather weak. For
quantitative assessment, let us assume a linear behaviour of σ0,F(β) and let
us calculate its maximum deviation to the actual nonlinear curve, which
occurs at β = 0.5. The corresponding relative deviations read

εσ0,F =
σlin

0,F − σFFM
0,F

σFFM
0,F

(5.29)

and are listed in Table 5.3. Therein, the highest value of 5.0 % occurs for
the connection with the largest plate width w/d = 4 and the largest hole
diameter d = 50 mm. This error can be regarded as acceptable. The engineer
in practice may encounter a situation in which only the failure stresses of the
special cases of open and filled holes are known. For instance, there might be
test data only available for these settings. Circumventing this knowledge gap
by assuming a linear relationship σ0,F(β) has led to acceptable errors for the
investigated quasi-isotropic layup of the material system Hexcel IM7-8552.
Note that the linear estimations yield higher values than FFM and therefore
are nonconservative. For other problem settings with different material
systems involving material orthotropy or another plain strength and fracture
toughness, the discrepancy between linear approximation and actual nonlinear
curve of σ0,F(β) is not quantified yet. Hence, a general recommendation to use
this linear estimation even in early design stages is not given. Furthermore,
each percentage accuracy matters in lightweight optimal design. Hence, it is
recommended to model the nonlinear curve, which can be done with ease by
using FFM.
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The failure envelopes that illustrate the bearing and bypass stresses when
a crack initiates are shown in Fig. 5.24, 5.25 for w/d = {3, 4}, respectively.
The corresponding failure stresses can be calculated by

σBy,F = (1− β)σ0,F, σd,F = β w/dσ0,F, (5.30)

where the total far-field stress at failure σ0,F is directly determined by solving
the coupled criterion in Eq. (5.7). The asymptotic behaviour of the size effect
can be observed by the reduced gap between the curves for d = {30, 50} mm
in comparison to those of d = {10, 30} mm. The bearing cut-off is set at
σd ≈700 MPa as in Sect. 5.3. Beyond this limit bearing failure occurs.

The sustainable bolt loads shown in Fig. 5.26 and 5.27 might be of interest
for the engineer in practice. Therein, the bolt load at failure PBea,F for the
setting with a load factor β = 0.5 is more than half of the value of the
pin-loaded hole’s value (β = 1). This again shows the nonlinear interaction
of the bearing-bypass loads, which is more significant for wider relative plate
widths w/d and larger hole diameters d. Regarding β = 0.5, the total force
that can be introduced into the connection is

P = PBea,F

β

∣∣∣∣
β=0.5

= 2PBea,F(β = 0.5), (5.31)

which is larger than the total sustainable force of the filled-hole problem with
P = PBea,F(β = 1). This implies that a high load factor reduces the total
load which can be sustained by the connection. Thus, it is suggested to create
designs that involve a low load factor β yielding a higher bearable total force.
This can be achieved by placing more fasteners.

5.4.2 Performance of TCD concepts
The FFM derived crack length ∆a for β = {0, 0.5, 1} and w/d = {3, 4}
is shown in Fig. 5.28. Therein, the higher β the longer ∆a. This is more
pronounced the larger the defect size d. However, the spread is generally
rather small and for approximately d ≥ 5 mm, there exists a plateau area in
which the crack length may be estimated by a single constant for all values
of w/d and β considered. If the characteristic distance used in the TCD lies
near the plateau similar predictions as FFM will be determined.
In the following, the TCD failure stresses are compared against FFM for

the combined load case with β = 0.5. Regarding the TCD-CLB approach, the
calibrated characteristic distance rc,clb used for the filled hole (Subsect. 5.3.1)
is taken. This is done since there exist no experimentally determined failure
stresses for the combined bearing-bypass load case. Further, the characteristic
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Fig. 5.28 Crack length ∆a at failure.
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Fig. 5.29 Bearing stresses at failure for
β = 0.5 and w/d = 3.
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Fig. 5.30 Bearing stresses at failure for
β = 0.5 and w/d = 4. The predictions
by the TCD-CLB concept yield good
correlation to FFM and hence overlap
with the reference values.
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Fig. 5.31 TCD failure stresses: devia-
tions normalised to FFM for β = 0.5.
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distance of the filled hole belongs to a test set with w/d = 1.75 involving
significant finite-width effects. Contrary, the test data of the open holes is
based on a rather large plate with w/d = 6 involving slight finite-geometry
effects. Hence, these data are not taken to derive failure stresses of a joint
that is bounded by the relative plate width of w/d = {3, 4}. The calibrated
characteristic distance rc,clb = 1.1143 mm of the filled hole lies within the
plateau of ∆a. Due to this proximity the TCD-CLB approach yields rather
accurate predictions involving relative errors |ε| ≤ 5% for w/d = 3 with
d ≥ 3 mm and for w/d = 4 with d ≥ 2 mm (Fig. 5.31, 5.32). Furthermore,
|ε| ≤ 1% is obtained for w/d = 3 with d ≥ 8 mm and for w/d = 4 with
d ≥ 3 mm. Hence, the application of the TCD-CLB concept can be recom-
mended for most configurations of the present bolted-joint problem. However,
the engineer should be aware that this is based on the condition that experi-
ments are available for the determination of the characteristic distance. From
a scientific perspective, another general drawback of the TCD concept is the
fact that the relative location of the stress evaluation ξrc defined in Eq. (5.11)
may lie outside the plate for d → 0. Furthermore, a failure stress which
is higher than the plain strength might be derived. This can occur if the
net-section stresses are smaller than the far-field stress σ0, e.g. in finite plates
where an undisturbed stress state is not reached for large hole distances. For
example, this occurs for open and filled holes in a finite isotropic plate of the
relative width w/d = 3 as shown in Fig. 4.5a, 4.6 and 4.10a. The quantity ξrc

increases with decreasing d and the normalised net-section stresses σy(ξ, 0)/σ0
may become smaller than one for a wide hole distance. When employing a
TCD approach based on the point method, failure stresses that are higher
than the material strength may be derived, which is unphysical.
In the context of the TCD-T approach, results with errors |ε| ≤ 5 % for

d ≥ 26 mm regarding w/d = 3 and for d ≥ 22 mm concerning w/d = 4 are
obtained. The diameter range fulfilling this precision limit is rather small and
the overall performance is a lot worse than that of the TCD-CLB approach.
This is due to the corresponding characteristic distance rc,T = 1.632 mm,
which deviates from the FFM crack length ∆a and is hence not shown in
Fig. 5.28. The length parameter rc,T as defined in Eq. (5.10) stays the same
no matter what problem setting is treated. Regarding open holes, the TCD-T
concept has revealed good agreement (Sect. 5.2). By contrast, rather poor
results are obtained for filled holes (Sect. 5.3). Then, the achieved accuracy
regarding the bearing-bypass load case in comparison to FFM depends on
the load ratio β. In particular, the higher β the more inaccurate are the
predictions. For the special case β = 1 representing the filled-hole problem,
the TCD-T approach performs worst as shown in Fig. 5.10, 5.13, 5.14 in
comparison to FFM but also to experiments (Table 5.2). For open holes,
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contrary, the TCD-T approach has turned out as a precise assessment means
in comparison to FFM (Fig. 5.6, 5.7) as well as to experiment (Table 5.1). It
might be concluded from these observations that the way how the external
load is introduced (sinusoidal radial stresses along half of the hole boundary
for the filled hole versus uniform tension at infinity for the open hole) and then
transferred as well as the underlying symmetry properties have a significant
impact on the applicability of the TCD-T approach. The mode I through crack,
to which the characteristic distance by Taylor rc,T is related, as well as the
open hole are doubly symmetric. Furthermore, the load transfer mechanism of
both is dominated by uniform tensile stresses. The only difference lies in the
load transfers’ perturbation by defects which are of different shapes (circular
hole or crack). By contrast, the filled-hole problem is single symmetric and the
load transfer occurs mainly by radial tractions (Sect. 4.2). Other problems
with different load transfer and symmetry properties might be investigated
in future studies for further confirmation of this hypothesis.

As observed for the special cases of the open and filled hole, the deviations
of the TCD concepts are smaller with increasing hole diameter. However, it
is not recommended to generalise this observation to other problem settings,
which shall be now further illustrated. Using nonlocal concepts, the stress
evaluation is performed along the normalised hole distance

FFM: ∆ξ = ∆a(d)
d/2 (w/d− 1) , TCD: ξrc = rc

d/2 (w/d− 1) . (5.32)

For the quantity rc, the characteristic distance rc,clb or rc,T by Taylor is
inserted. With increasing diameter d the crack length ∆a can be assumed as
constant (see Fig. 5.2, 5.12, 5.28) and the difference

∆ξTCD,FFM = ξrc −∆ξ =

≈const.

rc −∆a
d/2 (w/d− 1) (5.33)

decreases with 1/d. This means that the mismatch of the relative location of
the TCD concepts to FFM is the smaller the larger d. However, it generally
cannot be deduced that the prediction by the TCD then deviate less. For
illustration, let us investigate the net-section stresses at ξrc(d),∆ξ(d). The
net-section stress deviation of the TCD then is

∆σy
(
∆ξTCD,FFM(d), y = 0

)
= σy

(
ξrc (d), y = 0

)
−σy

(
∆ξ(d), y = 0

)
. (5.34)

For a larger hole diameter d+ ∆d, the amount of the stress deviation might
be smaller, equal or larger depending on the shape of the net-section stress
curve. Hence, it cannot be generalised that a smaller mismatch of the relative
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location of the stress evaluation necessarily yields smaller errors in the failure
load prediction.

To conclude, in the context of the TCD-CLB approach a single characteristic
distance is sufficient to capture the hole size effect with almost the same
accuracy as FFM. This is true for a wide diameter range and the small
width-to-diameter ratio of {w/d = 3, 4}, for which net-section failure is
likely to be triggered. However, reliable predictions are only obtained if the
characteristic distance lies near the plateau of the crack length ∆a derived
by FFM. Conducting experiments is essential for its accurate determination.
The TCD by Taylor, however, cannot be recommended to be applied for the
present structural problem since serious errors have been shown. Another
general drawback of the TCD concepts is the unknown extent in which the
characteristic distances might be used for other configurations. This may be
considered when conducting further experiments is not feasible. However,
assessing if this step yields acceptable predictions requires reference values
e.g. by experiment or by more sophisticated concepts such as FFM. Then,
once obtained, there is no need from a practical point of view to have
derived TCD predictions since the reference values can also be taken. In the
context of lightweight optimal design, each percentage accuracy matters and
especially for small defect sizes (approximately d ≤ 5 mm) FFM should be
preferred. Further, this failure prediction concept is physically motivated and
requires only standard material parameters. Moreover, the overall effort to
implement and solve the coupled criterion is rather small since formulae in
handy form exist for the quasi-isotropic case. Other material systems can
be included by inserting the corresponding plain material parameters. These
advantages emphasise the capabilities and universality of FFM and the author
recommends its application in industry contexts. Currently, when bolted
joints with anisotropic plate material shall be assessed the quantities involved
in the coupled criterion need then to be derived by numerical means. However,
the effort should be moderate since 2D analyses need to be conducted only.
The employed nonlocal failure criteria emphasise that capturing the hole

size effect is essential for a lightweight optimal design. The extreme cases
of defect sizes are d → 0 for which the failure stress specialises to that
of the plain material strength for the open hole and to those of the plain
plate reacting to a single force regarding the filled hole. For the special case
of d → ∞, the predictions coincide with local criteria. The failure stress
of a finite-sized hole diameter is in between and for a sufficient material
exploitation, nonlocal criteria requiring accurate net-section stresses and not
only stress concentration factors are vital.
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Chapter 6

Conclusion and outlook

The present thesis provides an efficient and comprehensive framework for the
assessment of the tension-failure mode of composite bolted joints. This is
based on analytical methods, which are beneficial in terms of computational
cost and can be documented in technical design guidelines in the ideal case.

In typical design contexts, bolts are placed in rows. Then, the total load is
split into two parts: one part is transferred into a bolt (bearing load) while
the remaining load stays in the plate (bypass load). This problem setting is
also referred to as bolted joint under bearing-bypass load. Aiming to employ
analytical methods, linear 2D problem idealisations are preferable. In this
context, the bolted joint under bearing-bypass load is modelled as plane
problem, in particular as superposition of the open- and filled (or pin-loaded)
hole. Regarding the latter setting, the bolt contact is idealised by radial hole
tractions of sinusoidal shape as commonly done in literature.
One main goal of the present thesis is to develop an analytical means for

the stress field determination of this bolted joints’ mechanical idealisation.
In doing so, use is made of the complex potential method in the Lekhnitskii
formalism for the stress-state representation of the composite laminates that
are connected by fasteners. Special consideration is given to finite plate
dimensions. This is done because narrow connections are likely to trigger
tension (or net-section) failure in the laminate. As the present bolted joint
under combined bearing-bypass load is modelled as a superposition of the
open and filled hole, the stress field of these partial problems is derived
first. In doing so, the corresponding infinite-domain solution is determined
and iteratively supplemented with three types of auxiliary (or correction)
functions, which enable to take into account finite plate dimensions. Core of
this concept thereby is a novel periodic arrangement technique that enables
to efficiently implement stress-free edges of symmetric finite-domain problems.
Hence, the present methodology is limited to symmetrical problem settings
and only composite laminates with orthotropic material behaviour can be
treated.
A validation against results from Finite Element analyses reveals excel-

lent agreement for typical dimensions and layups of connected composite
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laminates. In particular, settings involving quasi-isotopic and symmetric
[0◦/±45◦/90◦]s(50%/40%/10%)-laminates bounded by a small relative width-
to-diameter ratio w/d = 3 and a narrow end-distance to hole-diameter ratio
e/d = 3 yield normalised errors |ε| ≤ 2 % along the net-section stresses in the
vicinity of the hole. This region is relevant for crack initiation assessment of
technical structures with bolt and hole diameters which are not smaller than a
few millimetres. However, the calculus shows larger errors for plate geometries
involving effects regarding finite dimensions that are mostly or exclusively
due to a small end distance. This is caused by nonzero shear tractions therein,
which are not covered by the present method. Note that such configurations
are very unlikely to be designed since undesirable shear-out failure would
then be triggered.
The present stress results are also compared against heuristic approaches

that take into account finite width as follows. The infinite-domain solution
of a particular problem is taken and scaled such that its integrated net-
section stresses equilibrate the external load along the width of the actual
finite-domain setting. This has been done in the context of the well known
Tan solution treating anisotropic plates weakened by a hole. However, the
good agreement for many layups is more or less by chance and not physically
justified. Relative errors up to 39 % arise for the balanced layup [±45◦]s when
assessing the entire net-section plane. Furthermore, adapting the heuristic
concept to filled (or pin-loaded) holes generally reveals poor results. Hence,
application to other problem settings without knowing the solution of the
actual finite-domain boundary value problem is not recommended. The
present stress calculus, however, provides a robust and efficient means to
treat symmetric finite-domain problems. External loadings different from
the bolted joint may be also treated. This can be achieved by adapting the
Fourier series representation employed in the complex potential method to
model the bolt contact idealisation.

Extensive stress analysis shows that raising effects due to finite width are
more significant for laminates with relatively high effective shear stiffness such
as [0◦/ ± 45◦/90◦]s(50%/40%/10%) and quasi-isotopic layups. Laminates
such as [0◦] or [0◦/90◦]s yield very high stress concentrations due to a high
orthotropy degree or a low shear stiffness. Additional increasing effects due to
finite dimensions then are less significant. These observations are also made
for the special cases of open and filled holes. In the context of combined
bearing-bypass loads, the stress concentrations are generally more pronounced
for higher bearing (or bolt) loads. The effects of finite plate dimensions are
generally more pronounced for higher bearing loads. The raising effect by
a bearing load is more significant with higher orthotropy degree and lower
shear stiffness. Moreover, wider plates react more sensitively to bearing
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loads implying that the corresponding increase in the stress concentrations is
generally more pronounced.
Based on the present stress results, a failure analysis is conducted with

the goal of accurately predicting the critical and minimal loads that lead
to fatal net-section failure. This is the most critical of all failure modes in
bolted joints and must be avoided in safety-relevant structures. The following
nonlocal concepts capable of capturing the hole size effect are employed as
means of assessment. First, the Theory of Critical Distances (TCD), which is
commonly used in current industry contexts. A drawback of this criterion is
that experiments are required to determine the characteristic distance. Along
this length, the net-section stresses are evaluated to predict brittle crack
initiation. Second, the state-of-the-art concept of Finite Fracture Mechanics
(FFM) is used. This criterion only requires standard material parameters and
can serve as a reference to assess the capabilities and limits of the TCD. Some
settings of the special cases of open and filled holes are validated against
experimental data. This considers quasi-isotropic laminates and the failure
analysis is dedicated to those only. First, the special cases of open and
filled holes are discussed. Then, the combined load case is treated. These
steps involve rendering the size effect and, in this context, the corresponding
failure load reduction with increasing hole and bolt diameter. In addition,
finite-width effects are analysed. The drawbacks of local concepts that
underestimate the failure loads are quantified by comparing their predictions
to those of FFM. The smaller the hole and bolt diameter, the larger the relative
error. For technical structures with finite-sized diameter, the relative error can
exceed 55 %, implying that designs according to local criteria may overlook
significant potentials for weight reduction. The reduction in failure stress
with increasing diameter is more significant for wider plates and higher ratios
between bearing and bypass load. Moreover, the nonlinear relationship of the
failure stress with respect to the load factor is modelled. The nonlinearity is
more pronounced with larger d and wider connections. Of practical interest
might be the bearable bolt loads that can be introduced into the connection.
From this perspective, it is quantitatively revealed that the design should
involve wider plates and larger bolt and hole diameter. Furthermore, the load
factor should be low, which can be achieved by placing more fasteners. Finally,
failure envelopes that enable the graphical determination of the sustained
bypass and bearing stresses are provided.
The following topics may be treated in future work. In this thesis, the

stress calculus is limited to symmetric settings. This is mainly due to the
periodic arrangement technique used to implement longitudinal stress-free
edges. The methodology may be extended to antisymmetric problem settings,
which refer to anisotropic laminates but also to load cases with external
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forces that contain a lateral component. Finding a concept that is capable
of rendering antisymmetric settings will eventually enable the treatment of
any problem since each problem can be decomposed into one symmetric and
one antisymmetric part. Regarding the bypass load case, uniform tension
is assumed. In fact, this is valid for longitudinal joint distances larger than
about ten times the hole and bolt diameter. However, in industry contexts
joints may be placed with a smaller distance and the errors by the assumption
of uniform bypass loads should be quantified. The stress calculus might
also be extended by columns of bolts placed in the lateral direction. The
developed periodic arrangement technique already provides a solid basis for
such an extension and the correction functions would simply need to be
applied to the virtual auxiliary plates. The employed mechanical idealisation
is dedicated to tension load cases. Under compression, however, dual contact
occurs beyond a certain threshold of the bearing-bypass load ratio. In this
case, the linear idealisation as a superposition of the open- and pin-loaded
hole problem cannot be used. Then, contact elasticity should be taken into
account, which may lead to a more suitable mechanical idealisation. The
employed 2D plate model also enables the derivation of the corresponding
effective stiffness and compliance values. These play an important role in
the load transfer calculation prior to a detailed 2D stress analysis. With the
present method, the influence on the effective stiffness by parameters such
as finite plate dimensions and plate material can be efficiently investigated.
The stress calculus has been extensively documented in LTH Design Criteria,
a technical handbook used by many European aerospace firms and is ready
for immediate use in industry contexts. However, providing an efficient code
in an accessible format, e.g. Python or a Excel spreadsheet, would further
facilitate the implementation of the method in practical applications.
Future work regarding failure analysis might involve the investigation of

orthotropic laminates. Currently, this can only be done using numerical
methods when employing FFM. In particular, this refers to the corresponding
stress intensity factors which cannot yet be derived by analytical means. How-
ever, the calculus developed to determine the stress field of finite-dimensioned
bolted joint connections with orthotropic laminates may be adapted to stress
intensity factors. The methodology would remain unchanged and would only
need to be applied to a setting that involves a finite-sized crack emanating
from the hole edge. For quasi-isotropic layups, the change of the material
system and its impact on the effective failure loads could be analysed. This
is of interest since the fracture toughness involved in the coupled criterion of
FFM reacts very sensitively to temperature changes. Lastly, tests should be
conducted for the combined load case. In doing so, FFM might be further
validated and more confidence in this concept could be gained.
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