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Zusammenfassung

Coarse-Graining-Methoden sind wichtige Technik für Multiskalensimulationen, die in den letzten drei
Jahrzehnten weiterentwickelt und angewendet wurde. Mit diesen Methoden können wesentlich größere
Modelle als in rein atomistischen Systemen und für Zeitskalen simuliert werden, die mit All-Atom-Modellen
nicht erreicht werden können. Diese Erweiterungen ergeben sich aus der Entfernung von unnötigen Frei-
heitsgraden für die Untersuchung des konkreten Problems. Dadurch wird die molekulare Reibung aus
dem System entfernt, und die Flächen der potentiellen Energie werden weicher und weniger kompliziert,
wodurch die Dynamik insgesamt stark beschleunigt wird. Diese Beschleunigung ist wünschenswert, um
größere Längen- und Zeitskalen zu erreichen. Sie führt jedoch auch zu einer Beeinträchtigung der aus
den Simulationen berechneten dynamischen Eigenschaften und macht es schwierig, diese Größen mit
experimentellen Daten zu vergleichen. Zum Beispiel steigen die Selbstdiffusionskoeffizienten von Coarse-
Grained-Systemen um bis zu drei Größenordnungen im Vergleich zu den entsprechenden atomistischen
Systemen oder experimentellen Werten. Auch andere dynamische Eigenschaften wie die Scherviskosität
oder lokale Relaxationszeiten werden stark beeinflusst. Eine falsche Systemdynamik ist wissenschaftlich
unbefriedigend, und sie verhindert auch die Anwendung von Multiskalenkonzepten für die Berechnung
von technologisch wichtigen dynamischen und Transporteigenschaften. Beispiele hierfür sind rheologische
Eigenschaften, die bei der Extrusion und dem Spritzgießen von Polymerschmelzen eine wichtige Rolle
spielen. Diese Arbeit untersucht, ob die künstlich beschleunigte Dynamik von Coarse-Grained-Modellen
in Bezug auf die Variation der Exzessentropie zwischen Kugel-Feder-Modellen von Polymeren bei ver-
schiedenen Modellierungsauflösungen quantifiziert werden kann. Die Beschleunigung der Dynamik von
Coarse-Grained-Modellen, und damit die Entfernung von Monomer-Reibung, wird als Unterschiede der
Exzessentropie verschiedener Coarse-Grained-Auflösungen ausgedrückt. Wir beginnen mit einem einfa-
chen Kugel-Feder-Modell von unverschlauften Polymerketten in einer Schmelze. Daraus entwickeln wir
zwei weniger detaillierte Modelle nach einem systematischen Ansatz mit Coarse-Graining-Techniken. Die
korrekte Entropie wird für die drei Modelle durch strenge thermodynamische Integration berechnet. Es
wird auch eine Approximation verwendet, die nur die Anteile der Paarkorrelationen an der Exzessentropie
enthält. Die Unterschiede der Exzessentropie über die Auflösungen der Modelle werden dann mit der
Beschleunigung der Dynamik korreliert. Bemerkenswert ist, dass die Unterschiede in der Exzessentropie
zwischen den gröberen und den feineren Modellen signifikant mit dem Logarithmus des Quotienten
der dynamischen Eigenschaften korrelieren, die die Beschleunigung bei Änderung der Modellauflösung
quantifizieren. Die Ergebnisse zeigen, dass es möglich ist, die durch die coarse-graining getriebene Beschleu-
nigung in Form von Unterschieden in der Exzessentropie für unverschlaufte Polymere zu verstehen. Diese
Korrelationen eröffnen neue Möglichkeiten für einfache empirische Methoden zur a posteriori Korrektur
der Coarse-Grained-Dynamik.
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Abstract

Coarse-graining modeling is a leading technique in multiscale simulations that has been continuously
developed and applied in the past three decades. With coarse-graining, it is possible to simulate significantly
larger systems than in purely atomistic systems and for time scales that cannot be reached with all-atom
models. Such enhancements arise from removing unnecessary degrees of freedom to study the problem
at hand. Consequently, molecular friction is removed from the system, and the potential energy surfaces
become smoother and less intricate, leading to a significant acceleration of the overall dynamics. Even
though this acceleration is favorable and desirable in achieving larger length scales and longer time scales,
it inevitably affects the dynamical properties extracted from the simulations and thus makes it difficult to
compare these quantities with experimental data. For example, self-diffusion coefficients of coarse-grained
systems increase by up to three orders of magnitude with respect to the corresponding atomistic systems
or experimental values. Other dynamical properties such as shear viscosities or local relaxation times are
also significantly influenced. The lack of accurate dynamics is scientifically unsatisfactory. It also precludes
the application of multiscale concepts to the predictive calculation of technologically important dynamical
and transport properties. Examples include rheological properties that play a crucial role in extrusion and
injection molding of polymer melts. This thesis addresses whether the artificially accelerated dynamics of
coarse-grained models can be quantified in terms of the variation of excess entropy between bead-spring
polymer models at different modeling resolutions. The acceleration of the dynamics of coarse-grained
models, and thus the decrease of monomer friction, is cast in terms of excess entropy differences of different
coarse-grained resolutions. Starting with an elementary bead-spring model of unentangled chains in a melt
state, we derive two less-detailed models following a systematic approach using bottom-up coarse-graining
techniques. The exact entropy is calculated for the three models using a rigorous approach based on
thermodynamic integration and an approximation that only includes contributions of pair correlations
to the excess entropy. The excess entropy differences across the resolutions are then correlated with the
rate of dynamics acceleration. Among the findings of this project, it is remarkable that the excess entropy
differences between the coarser and finer models correlate significantly with the logarithm of the ratio
of dynamical properties quantifying the acceleration upon changing the model resolution. The results
indicate that it is possible to understand the acceleration driven by coarse-graining in terms of excess
entropy differences for unentangled polymers. These correlations may open new possibilities for simple
empirical methods to perform a posteriori corrections of the coarse-grained dynamics.
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1. Introduction

Coarse-graining methods have played an increasingly relevant role in computational studies of macro-

molecular systems for the past two decades [1, 2]. One of the reasons is that fully atomistic simulations

where all atoms are taken into account have inherent practical limits in terms of system size and simulated

time. On a more fundamental level, another reason is that many problems are naturally multiscale in

which different phenomena are happening at several time and length scales [3]. Chain molecules such

as polymers and proteins are quintessential examples of such multiscale systems. By coarse-graining

out the details (or degrees of freedom) that are not important in a model it becomes possible to target

scale-specific behavior and to simulate larger systems for longer times. The basic idea in systematic

coarse-graining is to group together many atoms and assign a single interaction site to this group. The

interactions between such sites are derived from data supplied by simulations performed in a fine-grained

(FG) reference model, which describes the system with higher resolution of details. The removal of certain

degrees of freedom (DOF), however, effectively smoothes the potential energy surface, allowing longer time

steps, and removes molecular friction from the system, leading to significantly accelerated dynamics in the

coarse-grained (CG) system in comparison with the reference model [4]. Calculation of static or structural

properties of systems with inherent slow long-time dynamics, mainly polymer melts, greatly benefit from

this acceleration brought about by coarse-graining. However, the spurious acceleration inevitably affects

dynamical properties extracted from the CG simulations thus making the comparison of such quantities to

experimental data a challenge [5].

CG describes a molecular system in terms of interaction sites, also referred to as beads or superatoms,

representing a group of atoms of a higher-resolution model. Physical properties are assigned to each

site, such as mass and charge. These sites interact with each other through carefully crafted potentials

designed to reproduce structural or thermodynamic properties of interest of the higher-resolution model.
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One consequence of removing DOF is that it is possible to simulate more interaction sites than it would in

an all-atom model considering the same computational expense. Moreover, removing DOF from the model

smoothes out any associated potential energy surfaces, significantly decreasing friction and creating an

artificial acceleration of the system dynamics. On the one hand, this is highly attractive, as events and

phenomena that would take prohibitive amounts of time to simulate using a model with slow dynamics

now become attainable due to the faster dynamics of the corresponding CG model. On the other hand,

however, utilizing the coarse-graining model to predict dynamics becomes challenging, as in principle, it is

not clear a priori by how much the model accelerated.

Many studies proposed different alternative solutions to correct the CG dynamics [6]. If the level of

coarse-graining is not too severe [7] such that the accelerated dynamics remain realistic, and if the resulting

potentials are not too soft so that atoms or bonds do not cross each other, then the most straightforward

way to recover the natural dynamics is through dynamic mapping by performing rescaling of time with a

single scaling factor, based on the assumption that the same factor accelerates all dynamical processes.

Even though this assumption may not be entirely justified theoretically, for low to moderate degrees of

coarse-graining it has been successfully applied [8, 9]. The scaling factors must retain information about

the missing friction, either explicitly through the direct estimation of the friction coefficients or implicitly

by considering properties related to the monomeric friction, such as the mean-squared displacement (MSD)

of the monomers obtained from atomistic simulations. Harmandaris and Kremer [10] expanded this

rescaling approach by applying a hierarchical method to derive time scaling parameters based on the

effective bead frictions obtained from simulations at different degrees of resolution. One of the problems

with this dynamic mapping approach is the necessity of computationally costly atomistic simulations in

tandem with the CG simulations, something that is not always desirable nor feasible. Furthermore, the

scaling factors are dependent on the thermodynamic conditions for which they were derived [11]. Another

approach of completely different nature was taken by Meinel and Müller-Plathe [12], who proposed a

method to predict the rate of acceleration of a CG model based on the loss of surface roughness caused

by coarse-graining. The idea of these authors is to use the difference between the molecular surface of

the CG and FG systems and correlate this to the acceleration of the dynamics as measured by the ratio

of self-diffusion coefficients at the different resolutions. The method has been successfully applied to

low-molecular-weight hydrocarbon liquids at ambient conditions.

2



Guenza and co-workers [13–15] took a different path and, starting from the Ornstein-Zernike equation,

derived a first-principle analytical approach to rescale the dynamics by taking into account the averaged

internal DOF and the enhanced dissipation due to coarse-graining. In their approach, which is considered

transferable and general, the equations of motion are solved at different levels of representation. There is

no need to perform atomistic simulations to parameterize the potentials or build calibration curves such as

those used in dynamic mapping. The method, however, becomes quite involved when CG schemes more

sophisticated than simple isotropic models are required. Markutsya and Lamm [16] proposed another

approach in the form of a method based on Langevin dynamics with hydrodynamic interactions to derive

CG potentials that retain the frictional contribution. When more drastic coarse-graining is considered, e.g.,

by grouping tens of monomers of a polymer chain in a single interaction bead, or even the whole chain in

a soft blob, additional care must be taken so that the dynamics is qualitatively realistic, in particular for

entangled polymers [17]. In this scenario, the interactions are dominated by friction and stochastic forces,

which must be properly accounted for in the equations of motion. In a recent contribution, Xia et al. [18]

employed the energy renormalization coarse-graining method [19] to obtain temperature-transferable

coarse-graining potentials that preserve the atomistic dynamics in CG models of glass-forming polymers

over a wide range of temperatures. The methodology is based on renormalizing the cohesive portion of

the interacting potentials so that errors in dynamic properties related to the configurational entropy are

minimized, in particular by exploiting the relationship between short- and long-time dynamical properties.

In the field of dynamically consistent systematic coarse-graining there has been a continuous development

of methods based on the Mori-Zwanzig theory over the last few years. These methods aim at preserving,

rather than recovering, the correct CG dynamics following a more fundamental statistical mechanical route.

In this formalism an exact equation of motion of the CG model is expressed as a generalized Langevin

equation and the missing friction due to the removal of DOF is explicitly accounted for, which is then solved

with different degrees of approximations. Reviews of the state-of-the-art can be found in Refs. [20, 21].

1.1. Motivation

One of the effects of coarse-graining on the dynamics, and directly related to averaging out DOF and group-

ing several interactions sites into a single bead, is the reduction of the dimensionality of the configuration

space. The number of available microstates decreases with increasing level of coarse-graining [22]. The
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elimination of a significant number of microstates contributes to a loss of entropy of the system [23, 24],

which in turn becomes dependent on the level of coarse-graining. The fact that dynamics and entropy

are both governed by model resolution and thereby linked has motivated, in part, this project. Another

motivation was the connection of excess entropy and dynamics by the so-called excess entropy scaling

relations, first discovered by Rosenfeld [25] over four decades ago in the context of simple liquids. Even if

these relations are empirical and only approximate [26], as verified not only in simulations [27] but also in

experiments [28–31], they hold for a large number of different fluids.

Excess entropy scaling can be linked to coarse-graining by yet another concept, the relative entropy [32,

33]. In the context of coarse-graining, this quantity measures the loss of information brought about by

replacing a FG probability distribution with a CG one derived from it, and thus it is a useful metric of the

quality of a given CG model. Moreover, minimizing the relative entropy with respect to model parameters

leads to an optimal CG model, providing a systematic and precise manner to derive coarse-graining

potentials that minimize errors in macroscopic quantities and retain enough detail to represent the desired

property. In model combinations for which the relative entropy is at a minimum, this quantity is equal

to the difference between the excess entropy of the two systems, i.e., CG and reference one. Within this

approach it was possible to establish a theoretical framework that connects relative entropy to the CG

dynamics through excess entropy scaling relations [27, 34].

Previous studies have considered the connection between entropic quantities and the acceleration of CG

models for liquids of small molecules. The definition of the acceleration of a CG model with respect to its

reference FG model is usually based on ratios of dynamical properties obtained from the two models. Such

ratios have also been interpreted as a measure of the coarse-graining errors in the dynamical properties.

Armstrong et al. [35] showed that the logarithm of the ratio of properly renormalized self-diffusion

coefficients of atomistic and CG liquid water correlates well with the difference in the two-body entropy

between the two resolutions. Shell [34] considered the ratio of the self-diffusion coefficients for a liquid

of LJ particles as the reference model and a corresponding CG soft-sphere representation with the same

number of DOF. The ratio was then connected to the relative entropy of the optimized CG soft-sphere

model, arguing that the correlation is possible due to the ties of both dynamics and relative entropy with

excess entropies. In their studies, Armstrong et al. and Shell argued that the renormalization rules (e.g.,

Rosenfeld’s) play a key role in connecting the acceleration (or error) of CG models with excess entropy
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differences. However, it is not clear to what extent the renormalization rules are required for such purpose,

or even if those connections are valid for more complex scenarios of coarse-graining and systems other

than liquids of small molecules. In particular, to our best knowledge, no studies address the connection

between excess entropy differences and the dynamics in polymer models at different resolutions.

1.2. Objectives

In this thesis we analyze the relation between, on the one hand, the ratios of different dynamical properties

characterizing both global and local dynamics of CG polymer models in melt conditions at three levels

of coarse-graining and, on the other hand, the respective excess entropy differences between the levels.

We start from a generic bead-spring polymer model and systematically derive CG models of two levels of

resolution from scratch, obtaining a set of bonded and non-bonded CG potentials for each thermodynamic

state point considered. This strategy allows for a consistent set of models and makes comparisons more

reliable. Furthermore, we took special care to obtain excess entropies consistently for all resolutions without

employing too many approximations - instead, we obtained them from absolute entropies calculated with

methods that are, in principle, exact. We also consider how our findings are affected if the excess entropy

is approximated by the two-body term of the many-body entropy expansion. Finally, the effect of dynamics

reduction rules in excess entropy scaling was also considered.

1.3. Structure of the Thesis

This thesis is organized as follows. Chapter 2 presents a review of the theory relevant to simulation methods,

analysis tools and interpretation of results. In Chapter 3 the actual methodology utilized in this work is

described, with special attention on how the entropic quantities were obtained. This chapter is also where

the first results are presented and discussed. Results are further presented in Chapter 4, where the effects

of coarse-graining in entropy and dynamics are discussed. The main results of the thesis are in Chapter 5,

which are the correlations between excess entropy differences and the acceleration of the CG dynamics. A

brief summary and outlook are presented in Chapter 6. In Appendix D the reader will find a list of articles

published during the PhD project, including the main publication related to this thesis [36].
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2. Theoretical Framework

In this section a review of the theoretical concepts relevant for this work is presented. It starts with a

short introduction to molecular dynamics, followed by an overview of multiscale modeling and then by

a review of dynamical processes of interest and a few methods to assess them in simulations. A brief

review of multiscale modeling and coarse-graining techniques is also presented. Finally, we discuss how

to estimate entropies from simulations and introduce the topic of excess entropy scaling. Computational

details, simulation protocols, and applications of these theoretical concepts are left for Chapter 3.
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2.1. Molecular Dynamics Simulations

Molecular dynamics (MD) simulations have been used to study polymeric systems for nearly half a

century [37–41]. It was developed as a technique based on the classical mechanical and thermodynamic

formalism and even though versions based on quantum mechanical methods do exist [42–47], for a large

class of problems, in particular in polymer physics and biophysics it is sufficient (and often mandatory) to

stay within the classical realm. In a nutshell, MD consists in a step-wise integration of Newton’s second

law so that in each step the positions and momenta of the atoms 1 are updated taking into account the

classical forces acting upon them, e.g., due to short- and long-range effects from other atoms, or due to

an externally applied field, etc. Therefore the system dynamics evolves in time according to Newtonian

dynamics and this time evolution is recorded as a trajectory, which is one of the outputs of the simulation,

as well as thermodynamical information of the system. Statistical mechanical tools are then unleashed

on the collected data and micro- and macroscopic quantities of interest are estimated, such as diffusivity

rates, viscosities, structure factors, heat transfer descriptors, and so on. Each part of this cursory overview

has, of course, several layers of theoretical and technical details [48–51]. These are briefly presented over

the remaining of this section.

2.1.1. Integrating the Equations of Motion

In order to known the positions and momenta of all atoms in a classical system with N atoms at a given

time t we must integrate 3N second-order coupled ordinary differential equations resulting from Newton’s

second law, i.e.,

Fi = −∂U

∂ri
= mi

∂2ri
∂t2

, (2.1)

where mi and ri are the mass and Cartesian coordinates of atom i and Fi is the total force acting on it,

U = U(r1, r2, . . . , rN ) the potential energy of the system, and i = 1, 2, . . . , N . These coupled equations

describe the dynamics of this many-body system and have no analytical solution for n > 3. However, they

can be simultaneously numerically integrated using various algorithms based on Taylor expansions and

finite-differences. These integration techniques constitute one of the building blocks of MD simulations.

One of the most basic techniques for integrating Newton’s equations of motion is Verlet’s algorithm [52]

1The term atoms is used here but the objects in MD simulations need not to correspond to real atoms, thus particles may also be
used.
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in which two Taylor expansions on t are carried out for the atomic positions up to third order, one for

t−∆t and another for t+∆t, where ∆t is the so called integration time step length. These expansions are

ri(t−∆t) = ri(t)−
∂ri
∂t

(t) +
1

2

∂2ri
∂t2

(t)∆t2 − 1

6

∂3ri
∂t3

(t)∆t3 +O(∆t4) , (2.2)

and

ri(t+∆t) = ri(t) +
∂ri
∂t

(t) +
1

2

∂2ri
∂t2

(t)∆t2 +
1

6

∂3ri
∂t3

(t)∆t3 +O(∆t4) , (2.3)

and they can be added and rearranged to yield

ri(t+∆t) = 2ri(t)− ri(t−∆t)− 1

mi

∂U

∂ri
∆t2 , (2.4)

where Newton’s second law from Equation (2.1) has been used. The standard Verlet’s algorithm as given

by Equation (2.4) allows one to know the position of an atom at the instant t+∆t if its position at t−∆t

is known, in addition to its current position and potential energy, with an error of the order of ∆t4. One

clear advantage of this algorithm is that it is fully time-reversible, a second advantage is that it preserves

volumes in the phase space if all forces are conservative. Moreover, the computational implementation of

Verlet’s algorithm is simple and constitutes an “embarrassingly parallel” problem that can take advantages

of massively parallel hardware. In general, MD is very well suited for parallel computing.

One problem with Equation (2.4) is that the atomic velocities are not directly obtained from it. Even

though they are not strictly necessary to compute the temporal evolution of the system, velocities are

required elsewhere in the MD framework, e.g., to compute kinetic energies, temperature, etc. This can be

remedied to a certain degree by subtracting Equation (2.2) from Equation (2.3), yielding the velocities

computed as a finite-difference of the positions in the previous and next steps,

vi(t) =
ri(t+∆t)− ri(t−∆t)

2∆t
, (2.5)

with an error of O(∆t2). One should notice in Section 2.1.1 that the velocity is known for t when the

computation is already at t+∆t, thus in a step behind.

An algorithm that improves the availability of the velocities is the leapfrog scheme, in which the velocities
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and positions are obtained at interleaved time steps and expressed as

vi

(︃
t+

∆t

2

)︃
= vi

(︃
t− ∆t

2

)︃
+ ai(t)∆t , (2.6)

and

ri(t+∆t) = ri(t) + vi

(︃
t+

∆t

2

)︃
∆t , (2.7)

respectively. The fact that the velocities are needed to calculate the new positions in Equation (2.6),

differently from the Verlet algorithm in Equation (2.4), makes the leapfrog more convenient to couple

with an external thermal bath. However, since positions and velocities are not available in the same time

step, calculating kinetic properties at the same time step as the positions, e.g., the kinetic energy, requires

averaging the velocities from steps t− ∆t
2 and t+ ∆t

2 .

Another alternative algorithm to standard Verlet and leapfrop is the related velocity-Verlet algorithm [53]

which makes position and velocity available at the same time step. In the velocity-Verlet algorithm the

positions are updated as

ri(t+∆t) = ri(t) + v(t)∆t+
1

2

Fi(t)

mi
∆t2 , (2.8)

and once the updated positions are obtained, the forces are updated with respect to them as

Fi(t+∆t) = Fi(ri(t+∆t)), (2.9)

the velocities are then updated by averaging the updated and current acceleration (i.e, forces),

vi(t+∆t) = vi(t) +
1

2

(︃
Fi(t)

mi
+

Fi(t+∆t)

mi

)︃
∆t , (2.10)

where the error is of the same order of the standard Verlet. One may notice that this averaging of the forces

is equivalent to breaking up the velocity update in two steps, first for half a time step using the current

acceleration,

vi

(︃
t+

∆t

2

)︃
= vi(t) +

∆t

2

Fi(t)

mi
(2.11)
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then for the full time step using the updated acceleration from Equation (2.9),

vi(t) = vi

(︃
t+

∆t

2

)︃
+

∆t

2

Fi(t+∆t)

mi
, (2.12)

with Equation (2.12) being equivalent to Equation (2.10).

Determining the initial positions and velocities for an MD simulation can be done in several ways.

The initial configurations may be created based on atomic models built from experimental data, as it is

generally done for proteins, e.g., using X-ray crystallography, nuclear magnetic resonance spectroscopy,

electron microscopy, etc. The initial coordinates may be also be generated using simple lattice models with

predefined molecules placed at the lattice sites. Complex macromolecules may be generated via clever

algorithms, Monte Carlo techniques, or even by simulating real processes, e.g., polymerization. The initial

velocities must be generated in a way that they are compatible with the desired temperature and such that

the net linear momentum of the system is zero. Often it is enough to perform a random sampling from a

Maxwell-Boltzmann distribution to initialize the velocities around a target temperature, and then perform

an equilibration simulation for long enough using a time step length of appropriate size and, when used,

sensible thermostat or barostat configurations such that the energy is properly distributed to the internal

DOF in the system.

2.1.2. Ensembles and Thermostats

A thermodynamic ensemble is a collection of an infinitely large number of replicas of a system that are

identical in the thermodynamic sense on the macroscopic level. On the microscopic level, however, the

positions and momenta of the particles in each replica is distinct. Each replica corresponds to a point in

the phase space of that system and each point is identified as a microscopic state of the system that is

compatible with the imposed macroscopic conditions. By fixing certain macroscopic parameters, such

as total number of particles, volume, total energy, or temperature, it is possible to employ convenient

statistical mechanical tools to calculate different thermodynamic functions of the system. For example,

in the canonical ensemble the system is in thermal equilibrium with a heat bath at a controlled (fixed)

temperature and the number of particles, the volume of the system, i.e., parameters N , V , and T are fixed.

In this ensemble energy is exchanged with the heat bath so that different microscopic states of the system

will have different energy profiles. In MD the heat bath is implemented as a thermostat, for which several
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algorithms exist.

One such thermostat algorithm, and the simplest one available, is the velocity scaling method. The

temperature along of the MD run is kept fixed by multiplying the particle velocities at the end of each time

step by a factor λ =
√︁

T0/T (τ), where T0 is the target temperature and T (t) is temperature at time step t.

The system temperature should then converge to T0, however at an uncontrolled rate and without any

regards to violation of energy equipartitioning which may lead to spurious artifacts [54]. A similar but

smoother approach in which the rate of convergence may be controlled is implemented by the Berendsen

thermostat [55],

λ =

[︃
1 +

∆t

τT

(︃
T0

T (t)
− 1

)︃]︃1/2
, (2.13)

where τT is a time dampening factor and ∆t the time step length, thus setting τT = 1 recovers the simple

velocity rescaling algorithm. The Berendsen thermostat is still subject to violating the equipartition theorem

and does not correctly capturing energy fluctuations, which are problems also seen in the standard velocity

rescaling. While the Berendsen thermostat is efficient in making a system reach a target temperature, it

does not always yield measures compatible with the canonical ensemble, in particular regarding energy

fluctuations [56].

An alternative method proposed Nose [57, 58] and Hoover [59] is based on the idea of introducing

a fictitious dynamical variable that adds or removes friction from the system in order to slow down or

accelerate the particles so that the target temperature is maintained. In the Nose-Hoover framework,

Newton’s second law for a particle i is written as

mi
d2ri
dt2

= Fi − ζmivi , (2.14)

where ζmivi is a dissipative force and ζ is a time-dependent friction coefficient whose derivative with

respect to time is
dζ

dt
(t) =

1

Q

[︄
N∑︂
i=1

1

2
miv

2
i −

(︃
3N + 1

2

)︃
kBT0

]︄
, (2.15)

where Q is the mass-equivalent of the fictitious particle and controls the rate at which friction is added or

removed from the system, effectively acting as a temperature damping parameter; T0 the target temperature.

At steady state we have dζ/dt = 0 and kinetic energy equal to 3
2(N + 1)kBT , which is compatible with the

equipartition theorem and in which the additional DOF in 3N + 1 corresponds to the fictitious particle.
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The velocity Velert algorithm can be adapted to handle the ficticious particle introduced by the Nose-

Hoover thermostat as follows. The update of the positions must account for the dissipative force added in

Equation (2.14), so Equation (2.8) is rewritten as

ri(t+∆t) = ri(t) + v(t)∆t+
1

2

(︃
Fi(t)

mi
− ζ(t)vi(t)

)︃
∆t2 , (2.16)

and, accordingly, the half time step update of the velocity from Equation (2.11) becomes

vi

(︃
t+

∆t

2

)︃
= vi(t) +

∆t

2

(︃
Fi(t)

mi
− ζvi(t)

)︃
. (2.17)

A half timestep update is performed in the friction coefficient using the current velocities,

ζ

(︃
t+

∆t

2

)︃
= ζ(t) +

∆t

2Q

[︄
N∑︂
i=1

1

2
mivi(t)

2 −
(︃
3N + 1

2

)︃
kBT0

]︄
, (2.18)

followed by a full time step update using the half time step velocities,

ζ(t+∆t) = ζ

(︃
t+

∆t

2

)︃
+

∆t

2Q

[︄
N∑︂
i=1

1

2
mivi(t+∆t/2)2 −

(︃
3N + 1

2

)︃
kBT0

]︄
, (2.19)

finally, the new velocities are updated as

vi(t+∆t) =

[︂
vi(t+∆t/2) + ∆t

2
Fi(t+∆t)

mi

]︂
1 + ∆t

2 ζ(t+∆t)
. (2.20)

2.1.3. Periodic Boundary Conditions

The size of systems simulated with MD may be as large as O(109) particles, but often a few orders of

magnitude less than that. Even at a billion particles this is evidently a very small number if compared

to macroscopic systems. In simulations of such small systems it is almost always the case that finite-size

and surface effects will have an influence if no further actions are taken. For example, simulating an

isolated box of particles will hardly yield any useful information about the bulk behavior since a significant

amount of the particles will be located close to the box walls. This problem is solved in MD by using

periodic boundary conditions (PBC). Applying PBC in MD means replicating the simulation box in all spatial

13



directions such that it is adjacent on all sides to identical copies of itself, as schematically represented in

Figure 2.1. The replicated boxes are images of the original box and the particles therein are images of the

original particles. In practice only one box is simulated and this concept is implemented by making each

particle leaving the box on one side have its image entering the box on the other side with the same velocity,

such that each particle is simulated only once but it appears as if all images are also being simulated. The

number of atoms in the box and the total momentum are conserved.

rcut

Figure 2.1.: Two-dimensional view of PBC. The central simulation box is highlighted. The gray particle
interacts only with the red particles as given by the minimal image convention and within the
cutoff distance defined by rcut.

The caveat is that in the PBC framework each particle must interact only with the nearest image of

another particle, as per the minimum image convention, otherwise there would be the risk of multiple

interactions with the same particle. Moreover, although strictly not necessary for PBC, a radial cutoff

distance, rcut, is considered and only images within rcut from any given particle are taken into account

when calculating non-bonded interactions of that particle. Without this cutoff distance the particle would
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interact with all other particles (or images of them), but the cutoff is convenient in order to reduce the

computational costs. This cutoff distance has an effect on the MD machinery itself, i.e., when building

neighbor lists only particles within the cutoff need to be accounted for, but, importantly, also in the physics

of the system as interaction potentials must be truncated to zero at this distance. For dispersion interactions

such as van der Walls this is not very problematic, but truncating many-body long-range potentials such

as electrostatic interactions will lead to incorrect results. In this case more involved methods must be

considered in which accurate approximations are computed. Widely used methods are those based on

Ewald summations and particle meshes [60].

2.1.4. Interaction Potentials

The potential energy term in Equation (2.1), and from which the forces on each particle are derived,

characterizes the interactions that are taking place in the system. These interactions are modeled classically

and can be bonded or non-bonded. Bonded interactions are always intramolecular and include 2-body

bond stretching, 3-body angle bending, improper angles and dihedral angle torsions, both of which are

4-body type of interactions. Non-bonded interactions are many-body and may be intra- or intermolecular,

i.e., a particle may interact with other particles in the same molecule, and may be short- or long-ranged. In

general, this classical potential energy, often referred as force field in the field of MD, is written as

Utotal = Ubond + Uangle + Uimproper + Utorsion + Unon-bonded , (2.21)

where each term is explained below. The potential energy format show above is a general one and may be

adapted to the problem at hand. Not all of the contributions may be necessary in all models.

Bonded Potentials

Commonly used forms for the bonded terms contributing to the total potential energy in Equation (2.21)

are shown below. These may be further refined or replaced entirely depending on how suitable they are

for the chosen model. The coefficients that appear in these potentials are external parameters that must be

empirically adjusted. When the particles are supposed to model real atoms, these coefficients are fitted to

experimental data or results from accurate quantum chemical calculations. If the particles are beads of a

15



CG model, for example, then in bottom-up multiscale approaches the coefficients are typically obtained

from reference atomistic simulations.

Bond Stretching

The bond stretching interaction between two bonded particles may be described by a harmonic potential

of the form,

Ubond =
∑︂
i,j

1

2
Kr,ij(rij − r0)

2 , (2.22)

where the summation runs over all bonds defined by directly connected particles with indexes i and j,

i.e., i–j, and rij = |rj − ri| is the distance between particles i and j, with r0 being the bond equilibrium

distance such that Ubond(r0) = 0. The coefficient Kr,ij is the force constant for this harmonic potential

determining the stiffness of the stretch and may depend on the types of the particles involved in the bond.

Angle Bending

The angle bending interaction between three bonded particles may also be described by a harmonic

potential,

Uangle =
∑︂
i,j,k

1

2
Kθ,ijk(θijk − θ0)

2 , (2.23)

where the summation runs over all sets of angles defined by bonded particles with indexes i, j, and k, i.e.,

i–j–k, and θijk is the angle ∡ijk, with θ0 being the equilibrium angle. The coefficient Kθ,ijk is the force

constant of the harmonic potential.

Torsions

Considering a chain of four bonded particles, i.e., i–j–k–l, a dihedral angle is defined as the angle between

the planes ijk and ijl. The potential torsional energy associated with the rotation of this angle is usually

described by periodic functions, such as

Utorsion =
∑︂
i,j,k,l

Kφ,ijkl [1 + cos (nφijkl − δ)] , (2.24)

where the summation runs over all 4-body bonded interactions, φijkl is the angle between the two planes,

n is the angle periodicity and indicates the number of potential minima as the bond is rotated over a span
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of 360◦, δ is the phase shift, which acts as an equilibrium angle for n = 0. As with the other potentials

seen above, Kφ,ijkl is the force constant that may depend on the types of the four particles involved in the

interaction.

Improper Angles

The improper angle defined in a similar way as the torsion dihedral angle described above in terms of two

planes defined by four particles. The main purpose of this potential is to restrict molecular deformation,

for example, by keeping aromatic rings planar, or preventing that a tetrahedral molecule flips over to its

mirror image. In many cases this structural constraint is achieved by prescribing a single minimum to the

potential and one way to achieve this is by using a harmonic potential such as

Uimproper =
∑︂
i,j,k,l

Kξ,ijkl(ξijkl − ξ0)
2 (2.25)

where the summation is again over all four particles relevant for the geometry, ξijkl is the angle between the

planes ijk and ijl (but others are also possible), ξ0 is the equilibrium angle, and Kξ,ijkl the force constant.

Non-bonded Potentials

Non-bonded interactions are often separated in short- and long-range contributions, usually given by the

Lennard-Jones (LJ) and the Coulomb potential, respectively,

Unon-bonded = ULJ + UCoul . (2.26)

It is possible to also include other non-bonded potentials that can more realistic model the target system,

such as embedded-atom potentials involving many-body interactions for metallic systems [61, 62], or

Tersoff potentials to simulate organic nanofillers and carbon-carbon interactions in graphene [63, 64].

Short Range

The short range contribution to the non-bonded interaction include repulsive and attractive interactions

between two particles, and the energy is dependent on the distance separating the particles, decaying to

zero as the distance is increased, and having a very repulsive character at close separation and weaker
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attraction at larger distances, typically with a potential well that defines a minimum at an equilibrium

distance. This may model van der Walls interactions, for example, and a common approach is to use the

12–6 LJ potential

ULJ =
∑︂
i<j

4ϵij

[︄(︃
σij
rij

)︃12

−
(︃
σij
rij

)︃6
]︄
, (2.27)

where the summation runs over non-bonded particles i and j, rij = |rj − ri| is the distance between the

pairs os particles, ϵij the depth the potential well and corresponds to the value of the potential energy where

the minimum is located, and σij is the distance at which the potential is zero and which can be interpreted

as a collision distance or particle radius. In practice the LJ potential is shifted so that ULJ(rcut) = 0, i.e.,

it decays to zero at the cutoff distance. Moreover, the summation has to be carried out considering the

minimum image convention within the PBC framework. It is also common to exclude first, second, and

third bonded neighbors from the summation when calculating the LJ non-bonded contribution given that

the interaction with these bonded particles may already be accounted with the various bonded potentials.

Long Range

The electrostatic potential describes the long-range interaction between charged particles and is given by

Coulomb’s law,

UCoul =
∑︂
i<j

1

4πϵ0

qiqj
ϵijrij

(2.28)

where the summation runs over all non-bonded particles, qi and qj are the charges of particles i and

j, respectivelyl; rij is the distance between the two particles, ϵ0 the permittivity of the vacuum, ϵij the

dielectric constant. Prefactors may be required when computing electrostatic interactions between non-

bonded particles that are taking part in bonded interactions. In practice the form given by Equation (2.28)

is not used but rather an Ewald summation method [60].

2.1.5. Measurements from Simulations

In order to measure any observable quantity in a MD simulation it must be possible to express this quantity

as a function of positions and velocities, as the record of the system evolution in the form of a trajectory is

the basic outcome of a MD simulation. For example, temperature is a fundamental macroscopic observable

that can be defined based on the kinetic energy following the equipartition theorem and measured at any
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time step t during an equilibrium simulation as,

T (t) =
2

3NkB

N∑︂
i=1

p2
i (t)

2mi
, (2.29)

where N is the total number of particles, pi the linear momentum of particle i, mi its mass, and kB is

Boltzmann’s constant.

As introduced in Section 2.1.2, an ensemble is a set of replicas of a system each with its N particles

having a distinct set of positions and momenta. It is useful to establish some notation and also few statistical

mechanical statements of interest in the context of the canonical ensemble. Let rN ≡ {r1, r2, . . . , rN} and

pN ≡ {p1,p2, . . . ,pN} represent the positions and the conjugate momenta of all N particles of a system

of fixed volume V and at temperature T which is maintained by exchanging energy with an external heat

bath. The Hamiltonian of such a system may be written as

H
(︁
rN ,pN

)︁
= U(rN ) +K(pN ) , (2.30)

where U and K are the potential and kinetic energy of the system, respectively. In the canonical ensemble,

the probability distribution for a given microstate characterized by
{︁
rN ,pN

}︁
is

P (rN ,pN ) =
1

h3NN !

exp
(︁
−H(rN ,pN )/kBT

)︁
Z

, (2.31)

where h is Planck’s constant, kB is Boltzmann’s constant, and Z is the canonical partition function,

Z =
1

h3NN !

∫︂ ∫︂
exp

(︁
−H(rN ,pN )/kBT

)︁
drNdpN (2.32)

where the double integral sign serves as a reminder that the integration has to be carried out over all

coordinates and momenta, i.e., it is a 6N -dimensional integral. A given system property A that depends

on the positions and momenta may be measured by calculating its average over the ensemble weighted by

the probability distribution of the corresponding states,

⟨A⟩ensemble =

∫︂ ∫︂
A(rN ,pN )P (rN ,pN )drNdpN . (2.33)
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In MD the system dynamics evolves in time and thus any average computed from a finite system trajectory

is a time average and not strictly an ensemble average. However, if careful steps are taken in preparing and

running the simulation, e.g., by using a proper thermostat that guarantees that snapshots of the simulation

taken at regular intervals can be considered as samples taken from a canonical ensemble, or that the

thermodynamic parameters of the simulation are compatible with the phase space region that one wants to

explore; then the ergodic hypothesis is often assumed for sufficiently long trajectories, which means that

sufficiently long MD runs will sample enough of the available phase space such that a time average is equal

to an ensemble average. Therefore, instead of using Equation (2.33), averages of a property A in MD are

calculated as

⟨A⟩ = 1

M

M∑︂
τ=1

Aτ (r
N ,pN ) , (2.34)

where M is the number of snapshots taken from the sufficiently long trajectory and Aτ is the instantaneous

value of property A computed from the coordinates and momenta in snapshot τ .

Auto-Correlation Functions

Time correlation functions, and in particular auto-correlation functions (ACF), are quantities that play

an important role in understanding time-dependent processes near and at equilibrium. The ACF of a

time-dependent equilibrium property A(t) that depends on quantities of a simulation at a time t is defined

as

CA(t) = ⟨A(t)A(0)⟩ , (2.35)

where the angle brackets indicate an ensemble average. In the context of equilibrium MD this notation is

understood to have the following explicit meaning [49],

CA(t) = ⟨A(t)A(0)⟩ = lim
Ω→∞

1

Ω

∫︂ Ω

0
A(t0 + t)A(t0) dt0 , (2.36)

where several time origins Ω are considered and averaged over, not only t = 0. Since the system is at

equilibrium it does not matter which point in a trajectory is taken as the origin, but only the time delay

between the two measurements of A. What CA(t) is measuring is how the value of A at t0 + t is correlated

with its value at a prior point in time, t0. It is often useful to normalize the time ACF as CA(t)/CA(0), such

that it never exceeds unity at t = 0.

20



Table 2.1.: Example of the computation of the time ACF CA(τ) for a property A following the discrete
approach with multiple origins of Equation (2.38) for a trajectory that is 5 time steps long.

τ N0 τ0 Terms contributing to CA(τ)

1 5 0, 1, 2, 3, 4 A(1)A(0), A(2)A(1), A(3)A(2), A(4)A(3), A(5)A(4)
2 4 0, 1, 2, 3 A(2)A(0), A(3)A(1), A(4)A(2), A(5)A(3)
3 3 0, 1, 2 A(3)A(0), A(4)A(1), A(5)A(2)
4 2 0, 1 A(4)A(0), A(5)A(1)
5 1 0 A(5)A(0)

If the properties of interest are those of individual particles and if these particles are identical, then

the averaging over all N particles can be included in the calculation of the ACF to improve statistics, thus

Equation (2.36) becomes,

CA(t) = ⟨Ai(t)Ai(0)⟩ = lim
Ω→∞

1

Ω

1

N

∫︂ Ω

0

N∑︂
i=1

Ai(t0 + t)Ai(t0) dt0 , (2.37)

In practice the trajectory from a MD simulation is discrete with each time step2 τ spaced from each other

by ∆t, thus the real time is t = τ∆t. The integration in the time ACF of Equation (2.36) then becomes a

summation [48],

CA(τ) = ⟨A(τ)A(0)⟩ = 1

N0

N0∑︂
τ0=0

A(τ0 + τ)A(τ0) , (2.38)

with the particle averaged equivalent being

CA(τ) = ⟨Ai(τ)Ai(0)⟩ =
1

N0

1

N

N0∑︂
τ0=0

N∑︂
i=1

Ai(τ0 + τ)Ai(τ0) , (2.39)

where N0 is the number of origins available for τ and care must be taken when evaluating the summation

so that A(τ0 + τ) is never evaluated past the end of the trajectory. One consequence of this approach is the

clear disadvantage that different points of the ACF are averaged differently and those at the beginning of

the trajectory have more observations contributing to the average than those at the end. This can be clearly

seen in Table 2.1, where a 5-step trajectory is considered. For each moving time origin, τ0, there is “less

trajectory” left than the previous thus there are less terms available to contribute to the multiple-origin

average.

2Throughout this thesis we use t and τ to refer to time units and time steps, respectively, occasionally with subscripts for further
especification.
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An alternative approach is based on a sliding window [65]. The complete trajectory of length τL time

steps is parsed through overlapping blocks, i.e., the sliding window, each of duration τw < τL. The first step

of each window is taken as an origin and the time ACF calculation is only performed inside the window,

and then averaged over all windows. Thus this approach is also a multi-origin one. An example is given

in Figure 2.2 for the case of a trajectory of length τL = 20 time steps and a window of length τw = 5, in

which for illustrative purposes a spacing of τs = 3 time steps is considered between each origin.

This sliding window method is useful beyond the computation of ACFs, e.g., to compute MSDs, and in

such cases it is also desirable to have spacing between the different origins in order to avoid correlations

between the observations contributing to the averages. The number of origins for this sliding window

0 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 201

τ0

τs

0 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 201

τ0

τs τs

0 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 201

τ0

τs τs τs

0 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 201

τ0

τs τs τs τs

0 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 201

τ0

τs τs τs τs τs

τw

τw

τL

τw

τw

τw

τw

0 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 201

τ0

Figure 2.2.: Sliding window method to compute a time ACF for a trajectory of duration τL = 20 time steps
using a window of length τw = 20 time steps with N0 = 6 origins τ0 spaced in τs = 3 time
steps. Active window is represented as shaded blocks, each row representing a different
origin.
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scheme calculated as,

N0 = 1 +

[︃
τL − τw

τs

]︃
, (2.40)

which yields N0 = 6 for the example in Figure 2.2 and Table 2.2, where τL = 20, τw = 5, and τs = 3 time

steps. One drawback of this method is that a trajectory that is τL long will yield an ACF that only goes up

to τw, however there is certainty that all points of the ACF have been equally averaged.

Table 2.2.: Example of the computation of the time ACF CA(τ) for a property A using the multi-origin
sliding-window approach with window duration of τw = 5 time steps, origins spaced by τs = 3
time steps, number of origins n0 = 6, and a total trajectory duration τL = 20 time steps.

τ Terms contributing to CA(τ)

1 A(1)A(0), A(4)A(3), A(7)A(6), A(10)A(9), A(13)A(12), A(16)A(15)
2 A(2)A(0), A(5)A(3), A(6)A(6), A(11)A(9), A(14)A(12), A(17)A(15)
3 A(3)A(0), A(6)A(3), A(8)A(6), A(12)A(9), A(15)A(12), A(18)A(15)
4 A(4)A(0), A(7)A(3), A(9)A(6), A(13)A(9), A(16)A(12), A(19)A(15)
5 A(5)A(0), A(8)A(3), A(10)A(6), A(14)A(9), A(17)A(12), A(20)A(15)

Radial Distribution Function

A static property that is of great interest in this work is the pair correlation function which offers an insight

into the local structure of a fluid by assessing how the atoms are organized around one another. A rigorous

statistical mechanical definition of the pair correlation function in the canonical ensemble for a system of

N atoms at temperature T , volume V and density ρ = N/V is

g(r1, r2) =
1

Z

N(N − 1)

ρ2

∫︂
. . .

∫︂
exp

(︁
−U(rN )/kBT

)︁
dr3dr4 . . . drN (2.41)

where Z is the canonical partition function and r1 and r2 are the coordinates of two arbitrary atoms. Thus

g(r1, r2) is obtained by integrating the configurational distribution over the position of all atoms except for

two of them [48]. This definition is hardly useful in MD simulations, with the following being an equivalent

albeit more pragmatic definition [49]

g(r) =
1

ρN

⟨︄
N∑︂
i=1

N∑︂
j ̸=i

δ(r− rij)

⟩︄
(2.42)
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where δ is Dirac’s delta function, r is an arbitrary point and rij = rj−ri. It is often of interest to understand

how the structural arrangements of atoms depend on their distance rij = |rij |, ignoring orientational

dependencies, in particular for homogeneous uniform systems. Thus dropping the vector notation, and

also noticing that rij = rji thus only half of the N(N − 1) terms in Equation (2.42) are unique, it can be

rewritten as

g(r) =
2

ρN

⟨︄
N∑︂
i=1

N∑︂
j<i

δ(r − rij)

⟩︄
(2.43)

which is the radial version of the pair distribution function and thus refereed to as the radial distribution

function (RDF). After some manipulation it is possible to obtain a more practical expression that can be

directly used in an MD simulation,

g(r) =
⟨N(r,∆r)⟩

1
2NρV (r,∆r)

, (2.44)

where N(r,∆r) is the average number of particles in a spherical shell of radius r and thickness ∆r and

V (r,∆r) is the volume of this shell. Thus the actual algorithm consists in visiting all particles and, from

each, counting how many particles are located in concentric spherical shells of thickness ∆r and radius

varying from 0 → r and centered on the reference particle that is currently being visited. A schematic

representation of this calculation is show in Figure 2.3.

The RDF at each r can be interpreted as the ratio of the local density ρ(r) to the system density ρ, and

g(r) → 1 as r → ∞ in the bulk density limit. It provides useful information about density variations within

the system and thus yields information about the local structure. As the probability is normalized to the

bulk density, g = 1 for regions where particle distribution is uniform, g < 1 for regions where there’s a

depletion of particles, and g > 1 where there’s an accumulation of particle. In MD it is not generally not

possible (nor needed) to calculate the RDF for r > 1
2L, where L is box length, since PBC are used and thus

subscribing a sphere with a radius larger than 1
2L in the simulation box is not possible considering a cubic

box. It is worth pointing out that g(r) is an especially important descriptor in the context of bottom-up

coarse-graining as it is one of the target properties that one aims to reproduce in a CG system when

building up the model. Another reason behind the importance of g(r) for this work is that the two-body

approximation to the excess entropy is derived from it.
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Figure 2.3.: Pictorial representation of the calculation of the RDF, g(r). In the actual calculation each peak
corresponds to several bins of width ∆r.

2.2. Dynamics in Simulations

This section covers a few dynamical processes of interest for this work from the perspectve of MD simulations.

2.2.1. Self-Diffusion

Molecules and atoms in a fluid in thermodynamic equilibrium are subject to random kinetic processes such

as translational motions due to thermal fluctuations. This transport process is known as self-diffusion and

the rate at which the particles move is related to the system viscosity, its temperature, size and mass of the

particles, and is quantified by the self-diffusion coefficient, D. Obtaining this coefficient in MD simulations

means tracking the movement of the particles of interest. Once method is to use the Green-Kubo (GK)
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relation and the velocity ACF [48, 49, 51],

D =
1

3

∫︂ ∞

0
⟨vi(t) · vi(0)⟩ dt , (2.45)

where vi(t) is the velocity of particle i at time t. This method is alternative to the so called Einstein relation,

D =
1

6
lim
t→∞

d

dt

⟨︄⃓⃓⃓⃓
⃓ 1N

N∑︂
i=1

ri(t)− ri(0)

⃓⃓⃓⃓
⃓
2⟩︄

, (2.46)

where ri(t) is the position of particle i at time t. The term inside the angle brackets is called mean

square-displacement (MSD), which in this case is averaged over all particles (cf. Section 2.1.5). It can

be seen from Equation (2.46) that the self-diffusion coefficient is related to the slope of the MSD curve,

a fact of practical importance as discussed in Section 3.5.1. The limit t → ∞ is interpreted as the limit

in which the long time asymptotic behavior has been reached, characterized by the slope of the MSD

curve being proportional to t, i.e., the logarithmic slope is unity. Both methods are entirely equivalent and

require similar computational efforts as the integral of the velocity ACF usually converges well. It must be

noted that the formalism above considers the self-diffusion of particles. In a molecular fluid what should

be strictly tracked is the center-of-mass of each molecule, however for a fluid of identical molecules in

equilibrium the MSD of the the center-of-mass of these molecules will match the MSD of their constituent

atoms in the long time diffusive regime. This is further illustrated in Chapter 3.

2.2.2. Shear viscosity

The shear viscosity characterizes the resistance that a fluid poses to shear deformation. It is a dynamical

property that can be obtained from well-established and relatively straightforward experimental techniques

[66, 67]. For this reason it is an interesting quantity to be calculated from simulations as it can be readily

compared with experimental results, enabling the assessment of the accuracy of several components of a

simulation technique. The shear viscosity of a fluid in equilibrium is related to pressure or momentum

fluctuations and can be obtained from these [68, 69]. A well-established method that exploits this

relationship to calculate the viscosity in equilibrium MD simulations uses the GK formalism and consists in

first obtaining an ensemble average of the ACF of components of the pressure tensor and then integrating

it in time. For example, by picking the xz component of the pressure tensor the viscosity may be calculated

26



as

η =
V

kBT

∫︂ ∞

0
⟨ςxz(t)ςxz(0)⟩ dt , (2.47)

where ς is the pressure tensor, and other off-diagonal components may also be used and then averaged.

Accurate forces are required for such methods based on pressure fluctuations given that the pressure tensor

is determined from the virial,

ςαβ(t) =
1

N

⎡⎢⎢⎣ N∑︂
i=1

vi,α(t)vi,β(t) +
N∑︂
i=1

N∑︂
j=1
i>j

Fij,α(t) (ri,β(t)− rj,β(t))

⎤⎥⎥⎦ , (2.48)

where rj,α(t) and vi,α(t) are the α component of the position and velocity of particle i at time t, and Fij,α(t)

is the α component of the force on particle i due to particle j. This method will converge as the ACF

theoretically decays to zero, however this particular correlation function has a very long tail which leads to

noise accumulation and makes the convergence difficult, rather fluctuating than converging to a constant

value. This is in contrast with the velocity ACF appearing under the integration sign in Equation (2.45), as

that ACF can be improved by averaging over all the particles in each time frame. This is not the case with

the ACF of the pressure tensor, i.e., more particles will not automatically translate to a better averaged ACF.

Even though there is no way to cheat physics and avoid the slow converging nature of this equilibrium-based

quantity, it is possible to extract more information from the pressure tensor in order to improve statistics [70,

71].

It has been shown that for systems that are statistically isotropic the convergence can be improved

by utilizing the symmetrized portion of the pressure tensor [70], which also includes two independent

diagonal components for a total of six components, maximizing the information that can be extracted from

the pressure tensor [72, 73]. The generalized GK equation becomes

η =
V

10kBT

∫︂ ∞

0

⟨︄∑︂
αβ

Pαβ(t)Pαβ(0)

⟩︄
dt , (2.49)

where α and β identify the tensor components so that α = β for diagonal components and α ̸= β for
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off-diagonal components, and Pαβ is the symmetrized portion of the pressure tensor, defined as

Pαβ =
1

2
(ςαβ + ςβα)−

1

3
δαβ

(︄∑︂
γ

ςγγ

)︄
, (2.50)

where δαβ is the Kronecker delta which yields δαβ = 0 for α = β. In practice multiple time origins are used

to calculate the ensemble average of the ACF, as discussed in Section 2.1.5. Nonetheless, even when using

the approach from Equation (2.49), obtaining the viscosity from equilibrium fluctuations is still challenging

due to the convergence difficulties of the ACF integral. In particular, identifying the plateau in the η × t

plot that corresponds to the converged value is far from trivial. In order to overcome these difficulties, in

this work we have employed the method of time decomposition proposed by Zhang et al. [73], as discussed

in Section 3.5.2.

It should be brought to attention that non-equilibrium methods to calculate the viscosity are popular

alternatives that circumvent the convergence issues faced by equilibrium methods based on the GK integral

or the Einstein formalism, not discussed here. It has been shown that both class of methods are able to

achieve comparable accuracy in the results [72], but that is not the only factor that should be taken into

account when picking any particular method. For simple systems both approaches are similar in terms

of computational efforts, whereas equilibrium methods are more costly for more complex systems since

long enough simulations are necessary for good statistics and reliable results. Even so, the workflow for

equilibrium methods is straightforward and do not involve special adaptations or even different simulations

altogether, as it is often the case with non-equilibrium methods where the more involved algorithms

commonly contain adjustable parameters that require some degree manual optimization.

One method that merits a mention here is the reverse non-equilibrium molecular dynamics (RNEMD)

method of Müller-Plathe [74, 75] in which a momentum flux is imposed in the system by swapping

velocities of particles in one direction, and the resulting force is measured to determine the transport

coefficient connecting the flux and the force, i.e., the shear viscosity. The method is deemed reverse in the

sense that it follows the opposite route of experiments and other equilibrium methods, in which usually a

force is applied and then the flux is measured. Among the advantages of this method are the relatively

simple implementation and fast convergence. In this work we have applied the GK approach to obtain the

results that were used in the excess entropy scaling, however the RNEMD method was used to check the
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accuracy of the equilibrium results.

2.2.3. Bond Reorientation Relaxation

Another metric of the chain dynamics that was selected for this work was the bond reorientation time. This

property is a descriptor of one of the most fundamental relaxation processes in a molecular system, namely

how long bonds take to lose memory of their past orientation, and which is also directly measurable in

experiments [76]. As this relaxation involves the local mobility of the chain backbone [77–79] this property

is a suitable metric to assess the local segmental dynamics of the chains, as opposed to the viscosity or

the self-diffusion coefficient that can only provide a global view into the system dynamics. The bond

reorientation time can be obtaine from the normalized bond orientation ACF, defined here as

Φb(t) =
1

Nc

1

Nm − 1

Nc∑︂
n=1

Nm−1∑︂
m=1

⟨bn,m(t) · bn,m(0)⟩ , (2.51)

where the angle brackets mean an ensemble average as usual,Nc is the number of chains,Nm is the number

of monomers per chain, and bn,m(t) is the time-dependent unit vector connecting the m-th monomer of

chain n with the (m+ 1)-th,

bn,m(t) =
rn,m+1(t)− rn,m(t)

|rn,m+1(t)− rn,m(t)|
. (2.52)

The bond reorientation time is simply

ϑ =

∫︂ ∞

0
Φb(t)dt . (2.53)

2.3. Multiscale Modeling

Many important problems that one faces when studying material properties and the governing physics

behind them, in particular in soft matter science, are related to phenomena that span over a wide range of

length- and time-scales. For polymeric systems in particular these difference in scales are evident not only

in structural features, but also in dynamical such as relaxation times. For example, bond lengths are of the

order of 1Å and are relaxed femtoseconds, while whole chains can extend over several nanometers and

have whole-chain relaxation times of the order of microseconds, or even longer if highly entangled melts

are considered [80]. The structure-property relations are also multiscale in nature, e.g., the relationship
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between macroscopic viscoelastic properties of polymers and their underlying microscopic structure. A

transition from viscous to elastic behavior, for instance, could be achieved through either local or global

modifications to the polymer chains, or both. Replacing certain chemical repeating units changes the

polymer locally, while having longer chains and more entanglements affect it globally. Both, however,

could independently lead to a significant increase in viscosity. Therefore, understanding the melt viscosity

would require investigations on a detailed level focusing on the material and the chemistry, and on a

coarser level, taking into account the more general behavior due to the connectivity and topology of the

macromolecules [81]. Such problems require a combined approach and are hardly treatable by a single

methodology. In particular, realizing the time- and length-scales necessary to investigate phenomena in

the meso- and macroscopic scale is not only impossible with purely atomistic simulations, in which all

atoms are explicitly treated, but also undesirable as it involves a level of details that are well above what is

important to the phenomena under investigation.

The methodology employed must be able to cover the scales at multiple levels of resolution and thus

the approach must be a multiscale one that combines hierarchies to address the problem at different

levels [82]. These methodological hierarchies are usually defined in terms of individual models that share

common properties and are linked with each other in order to attain consistency with the underlying

basic problem at hand. This consistency is achieved by adjusting the parameters of each model based on

reference information concerning the structure, energy, forces, thermodynamics, etc [83]. In particular,

thermodynamic and structural consistency are important in models at different scales that will be used

together in order to avoid non-physical behavior and also to prevent a shift of focus from the original

problem.

2.3.1. Coarse-Grained Modeling

The core principle of multiscale modeling based on bottom-up approaches, which are the type of approach

employed in this work, is to obtain information from a reference model at a higher resolution (i.e., more

detailed) and create another model at a lower resolution (i.e., less detailed). As the lower resolution model

is simpler it can be applied to larger length scale and simulated longer. Moreover, the model itself will

typically be operating at a larger scale automatically with longer internal lengths and characteristic scales.

The DOF (i.e., the “details”) of the high-resolution model that are considered unimportant to investigate
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the certain problem or property in a different scale are removed, and the output of calculations performed

with that high-resolution model are used as input to create the lower-resolution model. For example,

one may perform expensive quantum chemical calculations to investigate the interactions between a few

water molecules, usually less than 102, where the electrons are explicitly accounted for and from these

calculations derive a potential energy surface that will be used as a force-field in classical atomistic MD

simulations, where the electrons are considered only implicitly but the atoms are explicitly treated, and in

which it is possible to simulate 108 water molecules over a wide range of thermodynamic conditions and

derive many properties of liquid water. These properties may, in turn, be used to define models at a yet

lower resolution continuum-based model such as fluid dynamics models where atoms are now treated only

implicitly in order to study the macroscopic flow of water [81].

Coarse-graining is about averaging out features of a model that are deemed less important and focusing

on details that are essential for the desired investigation. Such approach provides a clear computational

advantage, i.e., only relevant DOF need to be simulated. There is still a conceptual advantage to coarse-

graining as well brought about by the increased awareness in the development phase of the model and the

need to clearly understand what can and cannot be cast aside. The derivation of the CG potentials is one

of the most challenging and laborious task when developing a model. One class of methods for deriving

such potentials are the structured-based bottom-up approaches, in which structural information of the

high-resolution system are used to construct the CG potential. Within this approach the goal is to build

interaction potentials that allow matching structural properties of the FG base system when simulating the

CG one.

A typical workflow of the coarse-graining procedure in the bottom-up approach starts by simulating

the system of interest at a higher, more detailed resolution. This FG reference system can be an all atom

(or atomistic) model, or even an united atom model, for example. This reference simulation will yield a

trajectory that needs to be analyzed in order to obtain reference structural information. Such analysis is

conducted by employing a specific mapping which essentially defines the CG interaction sites, or CG beads,

in terms of the original coordinates, e.g., atomic coordinates of the atomistic model. Once the reference

information is at hand, a coarse-graining method is employed to obtain the CG potentials for the bonded

and non-bonded interaction of the CG beads. The method itself defines the criteria according to which the

CG potential energy surfaces are built.

31



Before diving into method employed in this work for deriving CG potentials it is convenient to provide a

few definitions to clarify the statement of coarse-graining modeling. One central aspect of coarse-graining

is the mapping of the FG high-resolution system into a CG scheme, which essentially prescribes how the

beads of the CG system will be represented. In the case of the FG model with an all-atom simulation the

representation of the system is clear, i.e., each atom corresponds to an interaction site of the system. In

coarse-graining there are many possibilities regarding how to define the mapping and, consequently, the

representation. The definition of how the mapping procedure must take place strongly influences the range

of applicability of the model with respect to the properties of interest, and also to how transferable the

resulting model is. An optimal mapping will keep features that play a large enough role in the phenomenon

of interest while eliminating sufficient details in order to provide a significant efficiency gain and allow

bridging over larger and longer scales, typically integrating out high-frequency fluctuations that are weakly

coupled to the slower, global motions [24]. It is worth pointing out that the accuracy of a coarse-graining

model doesn’t necessarily improve with increasing resolution of the mapping [84], however it is possible to

systematically optimize the mapping in order to improve specific features of interest [33, 34, 85].

It is not surprising that a well-defined procedure, e.g., an operator, is needed to transform the actual

configuration of the FG model into the configuration of the CG model. Such operator takes as input the

spatial coordinates of the FG model and outputs the coordinates of the CG model. In additional to this

configuration mapping, another aspect of the mapping that must be considered is the conceptual mapping

which does not deal with any particular configuration per se but rather with how one system is defined in

terms of another. For example, taking a a 3-atom water molecule as a FG model, and a single-bead system

as corresponding CG one, the conceptual mapping would not prescribe mathematically how each CG bead

is spatially defined within a box of water molecules. It rather specifies that each water molecule is mapped

onto a single CG bead, that this CG bead has no internal structure and is not bonded to any other bead,

what the pseudo-chemical type of the bead within the CG framework is and how it must interact with

other beads. Thus the conceptual mapping refers to definitions of the CG model that go beyond prescribing

the definition of beads in terms of an atomistic reference.

A short note on nomenclature: the high-resolution model shall be referred to as fine-graned (FG) or

atomistic model in the remaining of this text, even though its particles may not exactly correspond to actual

atoms, while the low-resolution model shall be refereed to as the CG model and its particles as CG beads.
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2.3.2. Deriving Coarse-Grained Potentials

The derivation of the CG potentials starts with the definition of the model, which means defining the CG

beads. In general the CG beads are constructed such that their coordinates have a well-defined physical

meaning in terms of those of the FG model. Let the Cartesian coordinates and momenta of theNFG particles

of the reference FG model be denoted as

rNFG = {r1, . . . , rNFG} , (2.54)

pNFG =
{︁
p1, . . . ,pNFG

}︁
, (2.55)

and let the coordinates and momenta of the NCG < NAA beads of a CG model based on the FG one be

denoted as

RNCG = {R1, . . . ,RNCG} , (2.56)

PNCG = {P1, . . . ,PNCG} . (2.57)

The link between the two representations is defined by a linear mapping operator that transforms the FG

configuration into the FG one. This operator is defined by a matrix Ω with dimension NCG ×NFG, where

each i-th line prescribes how the i-th CG bead should be constructed. In this notation the CG coordinates

are defined as

Ri =

NFG∑︂
j=1

Ωijrj , (2.58)

and the momenta as

Pi = mi,CG

NFG∑︂
j=1

Ωij

mj,FG
pj (2.59)

where mj,FG and mi,CG are the mass of the j-th FG atom and i-th CG bead, respectively. The CG model will

generate an equilibrium distribution of momenta that is consistent with the underlying FG model if each

atom is part of a single CG bead, and if the mass of the i-th CG bead is defined in terms of the mapping

operator as

mi,CG =

⎛⎝∑︂
j∈Si

Ω2
ij

mj,FG

⎞⎠−1

. (2.60)
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where Si is the set of FG atoms that belong into the i-th CG bead,

Si = {j |Ωij ̸= 0} , (2.61)

as demonstrated by Noid et al. [86]. An illustration of this formalism is given in Appendix A.1.

Ideally one would like to exactly obtain the effective many-body potential resolved at any point in

space, and forces derived from it, that would result if a given high-resolution system were mapped to a

lower-resolution one. This potential of mean force (PMF) is the key quantity in bottom-up approaches and

depends explicitly on the FG model and the CG mapping scheme, and implicitly on the thermodynamic

conditions and the volume of the CG system. In practice it is impossible to obtain the PMF but for the

simplest systems. Even if that was not the case, the PMF for complex systems would likely be too intricate

to be computationally useful in actual simulations. Determining an approximation to the PMF, i.e., the

CG interacting potentials, that can be computed in a straightforward manner during a simulation and

yields results that are accurate enough to understand the phenomena of interest is the central challenge

in bottom-up coarse-graining. The method employed in this work to obtain CG potentials is Boltzmann

Inversion, both in the direct and iterative formulations. This approach is attractive from a first-principle

point of view given that there is no need for empirical information as the underlying reference model

can be constructed entirely from first-principles (e.g., quantum mechanical models). In practice, however,

bottom-up models are built based on classical atomistic models that are themselves empirical approximation

to a more fundamental model [1].

Direct Boltzmann Inversion

Direct Boltzmann inversion (DBI), or simply Boltzmann inversion (BI), is one of the most straightforward

approaches for deriving coarse-graining potentials from a FG reference model. This method essentially

yields a PMF for a given DOF, and is mostly used for bonded potentials, e.g., bond stretching, angle bending,

dihedral torsions, etc. DBI is based on the idea that in the canonical ensemble the partition function

of independent DOF can be factorized, that is, for an independent DOF q its probability distribution is

proportional to the Boltzmann factor,

P (q) ∝ exp
(︃
U(q)

kBT

)︃
(2.62)

34



where U(q) is the PMF for this DOF. This proportionality could be an equality if the right-hand side were

normalized by the canonical partition function, however for the purposes of obtaining a CG potential

for q this normalization is unimportant as it would only result in an additive constant. The inversion of

Equation (2.62) results in an expression for the PMF,

U(q) = −kBT lnP (q) + const , (2.63)

where the constant can be ignored, as discussed above. One important assumption here is that q is

independent of other DOF, as U(q) as constructed in a way that correlations between different DOF is

ignored. This assumption holds well for bonds within a linear chain as they are generally quite stiff and

are little unaffected by other DOF. For angles and torsions, or even bonds in more complex conformations

such as rings, this assumption may be violated and thus correlation analysis are recommended. If the

decoupling of DOF is not possible, e.g., by choosing a carefully crafted mapping scheme, then iterative

schemes are usually needed to obtain the bonded potentials.

The DOF q may be a bond length (r), a bending angle (θ), a torsion angle (φ), or even a distance

coordinate between non-bonded sites, although this latter case is better treated by the iterative versions of

the method. The probability distribution, P (q), is built by sampling the DOF q in a simulation from the

FG model and building a histogram, e.g., H(r) would be a histogram of bond lengths related to a specific

bond type sampled in the FG simulation. One caveat is that the atomistic trajectories have to be mapped

onto CG trajectories using the mapping operator previously defined before any analysis. The histograms

are then calculated from these mapped trajectories, yielding target distributions that the CG model must

ultimately reproduce. Moreover, the histograms have to be rescaled in order to obtain volume normalized

distribution functions, as follows,

P (r) =
H(r)

4πr2
, (2.64)

P (θ) =
H(θ)

sin θ
,

P (φ) = H(φ) .
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Iterative Boltzmann Inversion

The Iterative Boltzmann Inversion (IBI) method is an extension of the DBI method in which the Boltzmann-

inverted CG potential is self-consistently refined using an iterative scheme. IBI is often used to obtain

effective CG pair-potentials for non-bonded interactions or for bonded potentials for correlated DOF,

however in in this work it has been used only for the former kind of potential. The aim of IBI is to reproduce

the target distribution function of the FG model using the CG model and the respective potential derived

for it. The starting point is the PMF guess derived from inverting the distribution function in the same

fashion as done in DBI, i.e., U0(q) = −kBT lnP (q). This is then iteratively updated with

Ui+1(q) = Ui(q) + α∆Ui(q) , (2.65)

where α < 1 is a system-dependent scaling factor that helps stabilizing the scheme, and the potential

update is

∆Ui(q) = −kBT ln
[︃
Pi(q)

Pt(q)

]︃
, (2.66)

where Pi(q) is the distribution obtained in step i in a MD simulation that uses the potential Ui, and Pt(q)

is the target distribution of the FG system and which the CG model aims to reproduce. Convergence is

reached when the distribution function Pi(q) matches the target distribution within a given tolerance. It

should be noted that each IBI step requires an independent MD simulation, which, however short, must be

properly equilibrated with the current potential.

For the case of non-bonded pair-wise interactions the DOF is the distance between two particles, q = r,

and the distribution function in question is the RDF, g(r). The resulting non-bonded CG potential is able

to reproduce the structural features of the FG model as they are embedded in the RDF. One should note

that this resulting potential is only relevant for the state point for which it was derived given that g(r)

is generally dependent on temperature and density. The pressure of the CG system simulated with the

IBI-derived potential does not necessarily match the pressure of the FG system, as in IBI only structural

properties are target and there was no attempt to optimize the CG potential for thermodynamic properties.

One possible route to fix this problem is to add a attractive linear tail term to the CG potential defined as

∆u(r) = AkBT

(︃
1− r

rcut

)︃
, (2.67)
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such that ∆u(0) = A and ∆u(rcut) = 0, where rcut is the potential cutoff and the pre-factor A must be

tuned for the system. It was originally [87] proposed as A = −0.1 but it may have other forms, in particular

it can also depend on the difference between the current and target pressure [88, 89]. This pressure

correction is added to the iterative scheme as

Ui+1(r) = Ui(r) + α∆Ui(r) + ∆u(r) . (2.68)

This adjustment should be carried out after a round IBI yielding a converged non-pressure corrected CG

potential, which should then be used as the initial guess and re-optimized with the pressure-corrected IBI.

Other methods

Several other systematic methods are available in the literature to obtain potentials for CG systems from

reference data obtained in simulations of high-resolution systems. One is Inverse Monte Carlo [90, 91],

which works similarly to IBI by starting with an initial guess for the CG potential derived from a known

RDF and then updates it until convergence, but following a Monte Carlo scheme rather then using MD

simulations in the iterative steps. Another method that merits mention is Force-Matching [92], which is

not structure-based as IBI or IMC but rather targets at reproducing the many-body PMF of the reference

system in the CG one. The Conditional Reversible Work method [93, 94] derives physically meaningful CG

pair potentials by calculating the interaction free energy at varying distances between groups of atoms

in the FG system that will be represented by individual beads in the CG model. In the Relative Entropy

method the error between the CG and reference configuration distribution probabilities is minimized, and

it also provides a way of achieving optimal mapping [33, 34, 85]. Comprehensive reviews of the ecosystem

of CG methods can be found in Refs. [1, 2, 24, 81, 89, 95].

2.4. Estimating Entropies in Simulations

The calculation of entropic quantities from simulations of materials still remains a challenging task [96–98].

A fundamental reason is that the rigorous evaluation of the entropy would mean exploring the whole phase

space available to the system under investigation, a task that would require infinitely long simulations

[99, 100]. A more practical reason in the simulation context is that, different from properties such as
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energy, pressure or temperature, entropy cannot be expressed as averages of functions of the trajectory

(i.e., momenta and coordinates) yielded by a MD simulation [51, 101]. In the statistical mechanical sense

each microstate available to a system has a calculable and well-defined energy such that, for example,

an ensemble average is possible to determine the internal energy of the system. This is not the case for

entropy, which is rather a collective property to which all available microstates contribute, i.e., determining

absolute values for entropy, and also entropy differences, from MD simulations require the evaluation of

the complete partition function, which means comprehensive sampling of all DOF.

In this work we have employed two different methods that to estimate entropies from MD simulations.

The first of these methods is theoretically exact and yields the most accurate estimate that is considered in

this thesis, which is the method known as thermodynamic integration (TI). Even though it is in principle

exact, the computational effort and sheer number of simulations required to obtain useful results is

significant and even then numerical fluctuations can be a problem. Therefore it is also worthwhile to

consider as well alternative methodologies that, even if not as accurate, can be realized without as much

effort. In this work we also consider a two-body approximation to the excess entropy which can be easily

computed from the pair-distribution function obtained from simulations. Both methods are discussed in

more details in what follows.

2.4.1. Thermodynamic Integration

As with real-life experiments, it is not possible do directly determine exact absolute entropies from

simulations, but only their differences. Using TI one is able to obtain the entropy difference between states

a and b which is in principle exact, as long the absolute entropy of the state taken as reference is known, and

as long as it is possible to define a reversible path over which the Hamiltonian of the system can be changed

from a to b. In real-world experiments the integration is restricted to a few thermodynamic variables and

limited choices of reversible paths, if these exist at all. In a simulation, however, the path between the

reference state and the state of interest does not need to be physical: it can be entirely theoretical and built

as conveniently as possible by adding nonphysical parameters that couple the states to the path. Moreover,

reversibility is achieved by taking short enough intervals over the path of choice. This transition path can

be practically defined by adding a coupling parameter to the Hamiltonian of the system in such a way that

the nature of the system can be controlled by varying this parameter [99, 102].
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The connection between the Helmholtz free energy F , which is one of the key quantities that can be

obtained from the canonical ensemble, and the canonical partition function is expressed as

F = −kBT lnZ . (2.69)

where Z is the canonical partition function, as introduced Section 2.1.5. Since the Helmholtz free energy is

a thermodynamic potential that can be expressed as a function of temperature, volume and composition, it

can be used to obtain other thermodynamic functions, in particular the entropy, e.g., via the thermodynamic

identity

S = −
(︃
∂F

∂T

)︃
N,V

, (2.70)

which, after substituting Equation (2.69) and carrying out the partial derivative with respect to the

temperature, leads to

S = kB lnZ +
kBT

Z

∂Z

∂T
(2.71)

= kB lnZ +
⟨H⟩
T

, (2.72)

which by equating expectation value of the Hamiltonian with the system internal energy, ⟨H⟩ = E, and

using Equation (2.69), the equation above recovers the thermodynamic definition of the Helmholtz free

energy F ≡ E − TS, thus

S =
E − F

T
, (2.73)

and therefore the entropy difference between two states a and b of system is

∆Sba =
∆Eba −∆Fba

T
. (2.74)

The value for ∆Eba can be directly estimated from two sets of MD simulations, one for each of the

states. As the total energy depends on the position and momenta for all the particles per Equation (2.30),

it is indeed a quantity that is readily available in a simulation and can be saved every so often and then

averaged over each run and over all origins in each set. The same is not true for the free energy difference

∆Fba. As seen above, Equation (2.69) is the expression that connects F to the microscopic description
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through Z, thus it is a function of an integral of the whole phase space and thus cannot be estimated in

a straightforward manner from a MD simulation. In this work we use TI to determine this free energy

difference, however other methods are also available, such as perturbation theory methods, umbrella

sampling, weighted histogram methods, and single- and multi-state Bennett Acceptance Ratio [103].

In order to calculate ∆Fba using TI it is convenient to make the Hamiltonian explicitly dependent on the

state. This can be done by adding a coupling parameter λ to the Hamiltonian [104],

H(λ) = H
(︁
rN ,pN ;λ

)︁
(2.75)

such that λ = λa and λ = λb for states a and b, respectively. This λ-dependence of the Hamiltonian also

makes the canonical partition function and the Helmholtz free energy λ-dependent. In this context, the

difference ∆Fba can be written as an integral

∆Fba = Fb − Fa =

∫︂ λb

λa

∂F

∂λ
dλ , (2.76)

where Fa = F (λa) and Fb = F (λb). The λ derivative of F can be obtained by differentiating both sides of

Equation (2.69) with respect to λ, yielding

(︃
∂F

∂λ

)︃
N,V,T

=

⟨︃
∂H (λ)

∂λ

⟩︃
λ

(2.77)

where ⟨· · · ⟩λ means an ensemble average for a particular value of λ, i.e., at a well-defined state. It is worth

calling attention to the fact that typically the λ-dependence is added only to the potential energy term

of the Hamiltonian, i.e., H(rN ,pN ;λ) = K(pN ) + U(rN ;λ), thus ∂H/∂λ = ∂U/∂λ and hence the free

energy difference in this TI framework is given as

∆Fba = Fb − Fa =

∫︂ λb

λa

⟨︃
∂U (λ)

∂λ

⟩︃
λ

dλ , (2.78)

and the entropy difference

∆Sba = Sb − Sa =
1

T

[︃(︂
⟨E⟩λb

− ⟨E⟩λa

)︂
−
∫︂ λb

λa

⟨︃
∂U (λ)

∂λ

⟩︃
λ

dλ

]︃
. (2.79)
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The practical evaluation of the integral in Equation (2.79) requires the specification of an integration

path prescribing how the Hamiltonian changes fromH(λa) toH(λb). This pathway does not need to reflect

a real physical ou chemical process but the change must be reversible and thus carried out slowly. Since

numerical integration schemes are discrete, a set of intermediate states in the path must be selected, each

identified by a distinct λ-point, and an independent equilibrium MD simulations is required for each of

these points. How large the set must be depends on the Hamiltonian but at least 10− 20 are needed in

order to avoid large biases, in particular if ∂H/∂λ has a complex profile. The need to perform several MD

simulations for the intermediate states entail a significant computational cost and thus it is one of the

drawbacks of TI.

One aspect that was not mentioned so far is how to transform the Hamiltonian to include the coupling

parameter. Such task is system-dependent and typically involves modifying the potential energy contribution

of the Hamiltonian in order to accommodate the state dependence. One example is switching off dispersion

interactions at λ = 0 and recovering the full interactions at λ = 1, and then calculating the free energy or

entropy difference between these two states. A certain care must be taken in order to avoid singularities,

in particular when the potential energy is described by pair-potentials such as LJ. Moreover, if the potential

energy is tabulated as it is often the case for CG potentials obtained from bottom-up approaches then the

introduction of the λ-dependence is more involved than with analytical potentials.

It is also possible to follow a more direct TI approach and obtain an expression for the entropy in

the canonical ensemble. The λ-dependence S may be expressed by going back to Equations (2.69)

and (2.70) and considering that H and thus Z and F depend now on λ, thus leading to the λ-dependent

of Equation (2.72),

S(λ) = kB lnZ(λ) +
⟨H(λ)⟩

T
(2.80)

= kB lnZ(λ) +
1

T

∫︁ ∫︁
H(rN ,pN ;λ) exp

(︁
−H(rN ,pN ;λ)

)︁
drNdpN∫︁ ∫︁

exp (−H(rN ,pN ;λ)/kBT ) drNdpN
, (2.81)

which can be differentiated with respect to λ to yield

(︃
∂S

∂λ

)︃
N,V,T

=
1

kBT 2

{︃⟨︃
∂H(λ)

∂λ

⟩︃
λ

⟨H(λ)⟩λ −
⟨︃
∂H(λ)

∂λ
H(λ)

⟩︃
λ

}︃
, (2.82)

41



which leads to the following expression for the entropy difference [99]

∆Sba = Sb − Sa =
1

kBT 2

∫︂ λb

λa

{︃⟨︃
∂H(λ)

∂λ

⟩︃
λ

⟨H(λ)⟩λ −
⟨︃
∂H(λ)

∂λ
H(λ)

⟩︃
λ

}︃
dλ , (2.83)

where the integration needs to be carried out over a path H(λa) → H(λb) in an analogous way to the case

of the integration in Equation (2.79). However, this formulation is very prone to large fluctuations due to

the correlations between the Hamiltonian and its λ-derivative, and thus for this work it was not used and

only included here for completeness.

2.4.2. Two-body Approximation

Calculating entropic quantities with TI is a laborious task, despite the accurate results that can be achieved

if one is willing to invest sufficient computational effort. Hence it is only natural to seek for alternative, less

involved, and importantly less costly methods to obtain entropies and their differences fromMD simulations.

One possibility arises from the fact that the entropy of a system of N particles with constant volume V and

temperature T can be expanded in terms of canonical ensemble multi-body spatial correlation functions

S = S1 + S2 + S3 + · · · , (2.84)

where Sn is the contribution to the total entropy of the n-body correlations. This expansion has been

proposed and developed by several authors and is directly linked to the connection between the entropy

and the internal structure of the system and besides prescribing an easier route for entropy estimates,

it also grants useful insights regarding the connection of structure and thermodynamics [35]. The first

term of the series, S1, captures the contribution of monoatomic, non-interacting (and thus uncorrelated)

particles and is simply given by the entropy of an ideal gas (IG) of N particles at the same density and

temperature as the actual system. The series in Equation (2.84) may evidently be expanded up to N

terms, however in practice it is usually unfeasible, and even impossible, to calculate the n-body correlation

functions for n > 3, and even for n = 3 this is already a substantial challenge [105].

The expansion of entropy up until n = 3 has been derived by Baranyai and Evans [96] in a form that
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can be stably used in numerical computations in the canonical ensemble and is written as

s = sig −
1

2
ρ

∫︂
[g2(r) ln g2(r)− gr(r) + 1] dr

− 1

6
ρ2
∫︂ ∫︂

g3(r, s, t) ln δg3(r, s, t)drds

+
1

6
ρ2
∫︂ ∫︂

[g3(r, s, t)− g2(r)g2(s)− g2(s)g2(t)− g2(r)g2(t) + g2(r) + g2(s) + g2(t)− 1] drds ,

where the per-particle notation s ≡ S/NkB has been adopted, sig is the total entropy of the IG, g2 is the

pair correlation function, g3 is the triplet correlation function. The g2 and g3 correlations are expressed as

functions of the relative distances involving three particles, r = r2 − r1, s = r3 − r1, t = r− s, where r1,

r2, and r3 are the positions of the three particles [106]. The term δg3 represents the irreducible triplet

correlation that cannot be factored into pure 2-body correlations and stems from

g3(r, s, t) = g2(r)g2(s)g2(t)δg3(r, s, t) . (2.85)

The importance of each correlation function gN in Section 2.4.2 is expected to decrease with increasing

N , while the complexity of calculation increases. This is one reason why the expansion is often evaluated

up to the 2-body contributions [107]. Another reason is that much of the structural information of a

molecular fluids is available by in the pair correlation function, and even though the 3-body correlations

are not negligible [108], the evaluation of s2 in the context of a MD simulation is simplified by the fact

that the pair correlation function readily extracted from the trajectory in the form of the RDF, g(r), i.e.,

s2 =
S2

NkB
= −2πρ

∫︂
[g(r) ln g(r)− g(r) + 1] r2dr . (2.86)

where r = |r2 − r1|, thus making it a very convenient route to the entropy. The formulation given above is

known as the translational portion of the two-body approximation of the configurational excess entropy, as

the orientational contribution has been integrated out. For monoatomic LJ fluids this two-body contribution

has been shown to account for at least 85% of the total excess entropy, which is the entropy due to

multi-particle correlations [107]. The excess entropy is defined and discussed in Section 2.5.

One aspect of the multi-particle expansion of the entropy given in Section 2.4.2 that is often overlooked

in the literature is that the integrals of the correlations must be evaluated for the whole system, i.e., the

43



complete minimum image cell and not for just sub-region within a predefined cutoff. Clearly the images

of the simulation box should not be included, as they do not contribute to the entropy, but if a cubic box

is used then care must be taken so that the corners of the box are also accounted for when computing

correlations, in particular the pair correlation functions which is of relevance for the two-body term [96,

108].

2.5. Excess Entropy Scaling

Connecting microscopic transport properties of a system with is thermodynamic parameters has been the

focus of several studies [27]. The first theoretical attempts at deriving correlations were mostly empirical

and numerous experimental and computational investigations that followed aimed at providing evidences

for such correlations and also justifying them on more solid theoretical grounds. One of the main topics

revolves around expressing transport properties as single-valued functions of excess entropy [26, 109, 110],

since the validity of such correlations would make it easier to derive transport coefficients, and especially

the scaling thereof in the context of coarse-graining simulations, if excess entropy is known. Excess entropy,

in turn, can be computed with varying degrees of accuracy and computational effort, as mentioned in

Section 2.4.

2.5.1. Excess Entropy

The total entropy, S, of a classical fluid at temperature T and density ρ can be expressed as the sum of

the total entropy of the corresponding IG contribution, Sig, at the same temperature T and with the same

density ρ, and an excess term, Sexc, which lowers the IG entropy due to the introduction of interactions

and structural correlations,

S = Sig + Sexc . (2.87)

where the excess term accounts, e.g., for the effect of pair and higher-order correlations [111]. It should

be noted that the excess entropy as defined above is different of an alternative and often-used definition in

the field of glass-forming liquids, where it is defined as the difference between crystalline or glass material

entropy the fluid entropy [112]. The results and discussions in this work only apply to the definition of

Equation (2.87). Methods of estimating Sexc are discussed in Chapter 2.
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2.5.2. Scaling Relations

The mechanics behind excess entropy scaling is as follows: a reduction factor for the dynamical property X

of interest is introduced, which for instance can be the self-diffusion coefficient D or the viscosity η, such

that this factor normalizes the transport property rendering it dimensionless. This reduced quantity then

should be written as a single-valued function of the excess entropy, e.g., using a scaling relation given by an

exponential functional form. In other words, the first step is determining a reduction factor ξ such that it is

possible to write X̃ = ξX, where X̃ is the reduced dimensionless transport coefficient. This term, in turn,

is then expressed as a function of the excess entropy, X̃ = X̃(Sexc). The main difficulty is that the reduction

factors, as ξ in this example, by which transport properties can be transformed into reduced forms are not

unique. They can be designed empirically or from first-principles, in terms of macroscopic thermodynamic

parameters such as temperature and density, or microscopic properties, such as characteristic lengths

and times, etc. The same arguments are valid for the corresponding scaling laws that relate the reduced

properties to excess entropy, e.g., they can be microscopic- or macroscopic-inspired.

One of the first to propose scaling relations connecting transport properties with excess entropy in the

context of fluids was Rosenfeld [26, 113], whose empirical approach was followed by several studies that

aimed to rationalize it on more sound theoretical arguments [26, 114, 115]. Among the systems to which

the Rosenfeld approach was applied are are ionic liquids [116, 117], hydrocarbons [118, 119] and fluids

with low molecular weight [29]. Another scaling relation that attracted significant interest and achieved

considerable success in providing useful relations linking dynamics and thermodynamics of fluids is the

Dzugutov approach [109]. This method provides scaling laws which relate transport properties not to the

full excess entropy of the system, but rather to the two-body contribution of the excess entropy, which as

seen in Section 2.4.2 can be calculated without significant hurdles in simulations [120]. A few authors

applied excess entropy scaling laws to LJ chain systems which are of interest in the context of this work.

Goel et al. [121] focused on homogeneous chains formed by up to 10 monomers and modeled by freely

rotating linear strings with, due to their short lengths, no impact of entanglements on the overall dynamics.

Of more immediate interest to this project are the works from Voyiatzis et al. [78, 122, 123], in which the

application of entropy scaling relations to the dynamics of LJ chains with lengths up to 70 monomers was

validated for the first time.

45



2.5.3. Rosenfeld Scaling

The excess entropy scaling relations introduced by Rosenfeld [25, 26, 113] paved the way for the de-

velopment of several other scaling methods. Rosenfeld’s approach introduced a reduction factors for

dynamical properties based on the mean free path in a fluid, l = ρ−1/3, and the mean thermal velocity,

vT =
√︁

kBT/m. The Rosenfeld-reduced expressions for the self-diffusion, viscosity, and bond reorientation

time are, respectively,

D̃ = D
ρ1/3√︁
kBT/m

, (2.88)

η̃ = η
ρ−2/3

√
mkBT

, (2.89)

and

ϑ̃ = ϑ

√︁
kBT/m

ρ−1/3
. (2.90)

The relation between a Rosenfeld-reduced dynamical property X and the excess entropy is given by the

scaling relation

X̃ = AR exp (αRsexc) , (2.91)

where the per-particle normalized excess entropy is sexc = Sexc/NkB, and AR and αR are coefficients that

must be fitted to data from simulations or experiments and that depend on the nature of the system, such

as chain length in the case of polymers, and to the transport property, such as self-diffusion coefficient or

viscosity. This exponential scaling can be more conveniently rewritten as a linear relation,

ln (X̃) = ln (AR) + αRSex . (2.92)

2.5.4. Dzugutov Scaling

The scaling relation proposed by Dzugutov [109] was derived for simple atomic and molecular systems and

differently from Rosenfeld’s macroscopic view, it takes a microscopic approach based on the notion that

different effects are influencing the microscopic dynamics at different time scales. Local density fluctuations

and cage effects play an important role at short time scales, with the dynamics at these time scales being

dominated by the collisions of atoms with their surrounding cage at a rate is given by the Chapman-Enskog
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theory [124, 125] and equal to

ΓE = 4 σ2 g(σ)ρ
√︁
πkBT/m, (2.93)

where σ corresponds to the position of the first maximum of the RDF, g(r). Taking σ, Γ−1
E , and m as natural

units of length, time, and mass, respectively, the Dzugutov-reduced self-diffusion coefficient, viscosity, and

bond reorientation time are written as

D̃ =
D

σ2ΓE
, (2.94)

η̃ = η
σ

mΓE
. (2.95)

and

ϑ̃ =
ϑ

Γ−1
E

, (2.96)

respectively.

At longer time scales the dynamics is dominated by the rate at which the cage structures are relaxed,

which is proportional to the number of accessible configurations and thus to the system’s entropy. Assuming

that the two-body entropy, S2, contributes the most to the excess entropy, Dzugutov proposed the following

excess entropy scaling relation for a dynamical property X,

X̃ = AD exp (αDs2) , (2.97)

where the per-particle normalized two-body entropy is s2 = S2/NkB, and AD and αD are fit coefficients

and which Dzugutov originally suggested AD = 0.049 and αD = 1 for monoatomic liquid systems. As with

the Rosenfeld scaling relation, a linear form can be convenient,

ln(X̃) = ln(AD) + αDs2 . (2.98)
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3. Models and Methodology

The theoretical base for this work was covered in Chapter 2. The present chapter establishes how the theory

was applied to enable this project and details of the strategy taken. Details pertaining to the methods

employed and how they were adapted are discussed herein, including parameters used, computational

details of the simulations, analysis tools and algorithms, validation of the results, and comparison with

alternative methods. A general overview of the workflow is also presented. Furthermore, the models that

were used and developed in this work are described, as well as the steps needed to realize them. Selected

results are presented herein in the context of discussing particular aspects of the methodology.
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3.1. Models

The goal of this work is to investigate the relations between excess entropy differences and the dynamical

acceleration in polymeric systems represented by models at different resolutions. In order to focus on the

properties and avoid artifacts introduced by the models, the underlying model adopted as the FG model is

a system of Lennard-Jones chains (LJC) representing a melt of bead-spring polymers, each chain with fixed

length ofNm = 24monomers. This system is referred to as LJC due to the fact that non-bonded interactions

between intra- and interchain monomers are described by the 12–6 LJ potential, i.e., the monomers are so

called LJ atoms. This non-bonded potential is used to describe the interactions between all monomers that

are not connected via a harmonic spring, which means that even second neighbors in the same chain are

accounted for when evaluating the potential, as are monomers belonging to other chains, and only the first

bonded neighbor is excluded. A distance cutoff of rcut = 5 reduced length units (cf. Section 3.1.1) is used

when building neighbor lists for force and energy calculations. The FG model is shown in Figure 3.1.
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Figure 3.1.: FG model of a 24-monomer polymer chain. The bonds between the monomers are modeled
by harmonic springs and all but first neighbors interact via pair-wise non-bonded LJ potential,
as depicted for monomer 17 and its non-bonded neighbors within the potential cutoff distance,
namely monomers 4, 5, 6, 14, 15 and 19, which are those included in the LJ interaction. Non-
bonded interaction is also applied to pairs of monomers belonging to different chains (not
depicted).
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The bonds between the monomers within each LJC are modeled as harmonic springs where the equi-

librium bond length and the spring constant are set to 1 and 3000 in reduced LJ units, respectively. This

seemingly very simple model and the corresponding choice of parameters are popular in the literature

[121, 122, 126], and yields a system that is generic enough to capture the chain dynamics at the length

considered. It is worth pointing out that the entanglement length of such bead-spring polymer models at

similar thermodynamic conditions as considered in this work ranges from 35 to 85 monomers [127, 128],

thus this work deals only with unentangled models.

The LJC model was used as the FG reference for two CG models at different, less detailed resolutions.

In order to maintain a workflow consistency in all models and have the same baseline for all results, the

CG models were derived from scratch for this work. The two CG models were created by following two

different mapping schemes. One of the CG models is called here CG2 and employs a 2:1 mapping scheme,

which means that every CG bead of CG2 corresponds to two adjacent monomers of the FG1. The other CG

model is called CG3 and employs a 3:1 mapping scheme. Therefore the lengths of chains in the CG models

are reduced from 24 to 12 in the CG2 system and 8 in the CG3. The mass of the FG monomers is set to

unity in the reduced unit system, mFG = 1, and the mass of the CG beads are mCG2 = 2 and mCG3 = 3,

thus preserving the original mass of the FG model. A third CG model was attempted using 4:1 mapping,

however the resulting CG potentials had a too soft character to be useful, allowing CG beads and bonds to

cross each other. The topology mapping from FG to CG2 and CG3 followed a simple isotropic scheme with

each CG bead centered on the center of mass of the reference group. The three models are depicted in

Figure 3.2.

3.1.1. Unit System

The unit system adopted in this work is based on reduced LJ units [72]. The energy and length parameters

of the LJ potential are set to unity, i.e., ϵ = 1 and σ = 1, respectively, as is the mass of the FG monomers,

mFG = 1. All quantities are reported in reduced units based on the parameters of the LJ potential used

for the FG system, i.e., length, energy, volume, number density, temperature, and time are expressed in

units of σ, ϵ, σ3, σ−3, ϵ/kB,
√︁
mσ2/ϵ, respectively, where kB is the Boltzmann constant, and m = mFG. For

brevity, the units are omitted altogether in all quantities reported in this thesis.

1The terms “monomers” and “beads” are used interchangeably to refer to the repeating units of the model chains at any resolution.

51



FG CG2 CG3

Figure 3.2.: Polymer models employed in this work. From left to right, FG LJC of length 24 monomers, CG
model of length 12 beads with 2:1 mapping scheme (CG2) based on the FG model, and CG
model of length 8 beads with 3:1 mapping scheme (CG3) based on the FG model.

3.1.2. Thermodynamic State Points

An important aspect of this investigation lies in the thermodynamic conditions under which the models are

simulated, i.e., which state points are used. On the one hand, it is essential that the physical state of the

system is the same for all state points considered; on the other hand, it is desirable that a reasonably broad

range for excess entropy values are obtained. Both requirements cannot be guaranteed in a straightforward

way a priori, however there is enough information in the literature available to inform de decision [121,

122, 126, 129]. Based on this information two liquid densities were selected: ρ = 0.8 and 0.9, where

ρ ≡ N/V , where N is the total number of FG monomers in the simulation box 2, and V the volume of

the box. For each density, all simulations were performed at various reduced temperatures in the range

2The system occupies the whole simulation box in a single homogeneous phase.
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2.0–4.2, for a total of 19 thermodynamic state points.

3.2. Overview of the Workflow

An overview of the workflow carried out to obtain the data for the results discussed in this thesis is presented

below. The order of presentation is not necessarily chronological and some of the tasks were performed

in a different order than shown, while a few evidently need to precede others. This is a summary of the

simulations and main tasks, presented in a single location for an easy overview. Detailed information

pertaining to post-processing and method-specific analysis of the simulation data are available in the

following Sections.

Preparation of the FG system

• Independent construction of the FG system for each state point using a step-wise bond-growth

procedure coupled with short Monte Carlo pre-equilibrations.

• Thermalization of the FG systems using the Langevin thermostat.

• Equilibration of the FG systems using the Nosé-Hoover thermostat.

Derivation of the CG potentials

• Independent initialization of the CG systems based on mapping the corresponding FG trajectories.

• Derivation of bonded CG potentials from bond-length distributions obtained from the reference

CG-mapped trajectories using DBI.

• Derivation of non-bonded CG potentials using IBI with pressure corrections, and starting from

an initial guess based on the RDF calculated from the reference CG-mapped trajectories.

• Post-processing and refinement of the tabulated CG potentials so that they could be used with

LAMMPS [130, 131].

• Thermalization of the CG systems using the Langevin thermostat.

• Equilibration of the CG systems using the Nosé-Hoover thermostat.

Calculation of dynamical and structural properties
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• Production runs of the MD simulations for data collection for all FG and CG systems yielding

thermodynamic and energetic data, and trajectories with coordinates and velocities.

• Calculation of the self-diffusion coefficient using the MSD derived from the trajectories.

• Calculation of the bond reorientation times from the bond orientation ACF derived from the

trajectories.

• Calculation of the viscosity from the symmetrized pressure tensor data using the equilibrium

GK formalism.

• Validation of the equilibrium viscosity with results from RNEMD simulations.

Calculation of entropic quantities

• Estimation of excess entropy using TI.

– Analytical determination of the absolute entropy of the FJC model for each resolution and

thermodynamic state point, yielding SFJC.

– Derivation of intermediate bonded potentials for different λ-points for calculating the

entropy difference between the rigid FJC system and the flexible FJC system.

– Derivation of intermediate non-bonded potentials for different λ-points for calculating the

entropy difference between the non-interacting flexible FJC model and the actual interacting

FG and CG systems.

– TI production runs for different λ-points yielding energetic data for the entropy difference

between rigid and flexible FJC systems.

– TI production runs for different λ-points yielding energetic data for the entropy difference

between non-interacting and interacting systems.

– Integration of data obtained from the production runs, yielding ∆Sb and ∆Snb.

– Calculation of excess entropy from entropic data obtained in previous steps.

• Calculation of high-accuracy RDFs from the trajectories resulting fromt he production runs.

• Estimation of the two-body excess entropy from these high-accuracy RDFs.

Evaluation of entropy scaling relations
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Apply the renormalization relations to the dynamical properties.

Correlate the renormalized dynamics properties and changes thereof across resolutions with excess

entropies and changes thereof accross resolutions.

3.2.1. Computational Details

All the MD simulations performed for this thesis employed a cubic simulation box using PBC and containing

Nc = 500 chains, with the box dimensions adjusted to yield the desired number densities. The equations

of motion were integrated using the velocity-Verlet algorithm and a time step length ∆t = 0.001, which

was kept even for the CG simulations for which it is generally possible to increase the time step as the

fastest DOF are coarse-grained out of the model, and also due to smoother potential energy surfaces [132].

However, to avoid any artifacts in our CG simulations [133] we have kept the time step equal across all

resolutions. The simulations were realized in the canonical ensemble and the Nosé-Hoover thermostat

was employed to maintain constant-temperature conditions with the temperature damping parameter of

the thermostat set to 100∆t. The MD simulations were performed with versions from 2016 and 2017 of

the LAMMPS package [130, 131] partially on the Biby and Sniffa HPC clusters of the Theoretical Physical

Chemistry Group, and partially on the JURECA supercomputer of the Juëlich Research Center [134].

3.3. System Preparation

The FG system was initialized independently for each of the 19 pairs of density and temperature. The initial-

ization was performed using a bond growth method coupled with Monte Carlo relaxation as implemented

in the package Enhanced Monte Carlo (EMC) [122, 135]. In this strategy we start with an empty cubic

box with edge size defined by the prescribed density, and with a single chain-starting monomer randomly

placed in the box. This will be the first monomer of a new chain and will not necessarily correspond to a

terminal monomer. Another monomer is added at a bonding distance from the previous monomer and

then a few thousand pre-relaxation Monte Carlo steps are performed in a limited region that includes

these two monomers plus a portion of their environment. Then another monomer is added after the other

until a complete chain has been built. Then a new chain-starting monomer is added and placed randomly

in a free region and the process is repeated. This procedure continues until the target number of chains
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has been created, which in our case was Nc = 500 chains. Then the whole box is finally relaxed with a

Metropolis Monte Carlo at the desired temperature for a few million steps.

This step-wise procedure has a few interesting advantages. One of them is that the chains can be built

and pre-relaxed using the actual interaction potentials that will be used in the MD simulations, which

means that excluded-volume effects are already taken into account at the building phase. Moreover, the

Monte Carlo relaxation is carried out with a Metropolis algorithm, i.e., there’s a temperature parameter

and the possible conformations are sampled from a Boltzmann distribution. This favors building up a

topology that is already reasonably close to that of an equilibrated system. One drawback of the method is

that, as the building procedure progresses and the system density increases, it becomes more and more

difficult to find a place for a new bead. For the FG systems used here this did not result in prohibitive long

Monte Carlo simulations, but this could very well be the case for realistic polymer melts of high molecular

weight. An example input file for the EMC package can be found in Appendix B as it can be useful to the

reader.

The bond-growth MC initialization was carried out independently from scratch for all 19 state points.

After initialized, each of these FG systems were subject to geometry minimization with the Polak-Ribiére

variant of the conjugate-gradient algorithm [136, 137], with energy and force tolerances of 10−1 and 10−6

reduced units, respectively, and a maximum number of minimization steps equal to 106. The minimized

systems were then thermalized using MD simulations in the canonical ensemble using a Langevin thermostat

for 107 steps until the target temperature for each system was reached, followed by making the aggregate

total linear and angular momentum of the system equal to zero. Then an equilibration phase followed,

now using the Nosé-Hoover thermostat with a time step length of ∆t = 0.001 for 50× 106 steps for system.

This resulted in 19 well equilibrated simulation boxes of the FG system, each with Nc = 500 chains at a

particular state point defined by a density and temperature pair.

3.4. Coarse-Graining Procedure

The FG LJC system was CG in two lower-resolution models referred herein as CG2 and CG3 and using

2:1 and 3:1 mapping schemes, respectively. In order to avoid transferability issues due to state point

dependency in the resulting CG potentials, in this project we followed the pragmatic but laborious route

of independently deriving CG potentials from scratch for the two CG resolutions for each of the 19
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selected thermodynamic state points. The derivation was performed separately for bonded and non-bonded

potentials, as described in remaining of this section. One requirement that is common for both bonded and

non-bonded potentials is the availability of a reference FG trajectory mapped to the CG representations,

referred herein as CG-mapped trajectories. These are obtained by taking the trajectory generated by the

FG production simulations and then applying the CG mapping scheme to them. The resulting reference

CG-mapped trajectories convey then the correct FG dynamics but in the CG representation and can be used

to calculate the target probability distributions that the CG potentials should ultimately reproduce.

As described in more details in Section 3.1, the LJC used in this project have no angle bending or dihedral

interactions, only bond stretching and non-bonded. The bonded CG potentials are derived using DBI, while

the non-bonded CG potentials are derived using iterative version of the method. The resulting potentials are

numerical rather than analytical and must be post-processed in order to be useful in MD simulations. This

processing includes fixing poorly sampled regions using interpolation or extrapolation schemes, especially

at the edges of the domain, fitting the potential to splines in order to calculate its derivative needed for the

force, re-sampling at a finer grid, etc. The derivation of the CG potentials was performed with the VOTCA

toolkit [88].

3.4.1. Bonded Potentials

Deriving the bonded potentials essentially means calculating the volume-normalized bond-length distri-

butions, Pr, of the reference CG-mapped trajectories and then Boltzmann-inverting these distributions

to obtain the PMF that will be used as bonded potentials. However, in order to truly capture the bond

behavior and exclude contributions introduced by the non-bonded potentials, the reference CG-mapped

trajectory used to obtain Pr were not the one obtained from the production run of the actual complete

reference FG system. Instead, a modified version of the FG system was simulated in which the non-bonded

LJ interactions were switched off, i.e., an IG of bead-spring chains. This modified FG system was created

by taking a single frame of the equilibrated trajectory of the complete FG system and equilibrating it at

the same temperature but with LJ interactions removed. Once equilibrium was reached, a production run

was performed for 20× 106 steps and the CG mapping schemes were applied to the resulting trajectory to

obtain the reference CG-mapped trajectories.

The bonded CG potentials were obtained by then calculating the bond-length distributions of these
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Figure 3.3.: Bond length distributions for the FG and CG systems. A comparison among the three resolu-
tions is shown for ρ = 0.8 and T = 2.0 on the top left panel. The top right and bottom panels
show how the distributions change for different state points for each resolution, in which
lighter shades correspond to the lower density and the dotted lines to the lower temperatures.

reference CG-mapped trajectories for CG1 and CG2, for all temperatures and densities, as shown in

Figure 3.3 for selected state points along with the corresponding FG distributions for comparison. It can be

seen that the bonds in the CG systems are significantly softer than in the FG resolution and can stretch

over a wider range of lengths, e.g., while for FG the bonds are relatively stiff and their stretch deviates

little the equilibrium length which is 1, for CG3 there are bonds that stretch well above twice of that. For

the state points shown in Figure 3.3 the equilibrium bond length for FG is reflected in the distribution

centered around 1, while for CG2 and CG3 it is approximately 1.4 and 1.6, respectively. In Figure 3.3 it is

also shown how the distributions vary for the different state points. For FG it can be seen that there is little
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difference between densities ρ = 0.8 and ρ0.9, but a larger difference for temperatures, with the higher

temperatures favoring a wide spread of the distribution and consequently a shorter height. For the CG2

distributions it does not seem that varying density and temperature have a clear systematic effect, while in

the case of CG3 the distributions the higher density are slightly shifted towards shorter bond lengths.
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Figure 3.4.: Bonded potentials for the FG and CG systems. A comparison among the three resolutions
is shown for ρ = 0.8 and T = 2.0 on left panel. The middle and right panels show how the
potentials change for different state points for each CG resolution, in which lighter shades
correspond to the lower density and the dotted lines to the lower temperatures.

The DBI as stated in Equation (2.63) is applied to the bond-length distributions for the two CG resolutions

using the VOTCA toolkit, which already takes care of the correct histogram normalization and as a result

the raw bonded potentials in numerical form are obtained. These potentials then need to go through

some processing before being ready to use with LAMMPS, which includes making sure that the potential is

energetically inaccessible wherePr = 0 (i.e., at the edges of the distributions), fitting over any discontinuities

that could have resulted from poorly sampled regions, and interpolating with cubic splines in order to

achieve a satisfactory grid density so that the tabulated points are not too far apart from each other. The

resulting bonded CG potentials for a few selected state points can be seen in Figure 3.4.
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3.4.2. Non-bonded Potentials

The non-bonded CG potentials were derived using IBI, which required first obtaining the target structure

from the reference FG systems. This target are the RDFs calculated from the reference CG-mapped

trajectories obtained from the FG production runs, and are shown for a few state points in Figure 3.5.

One should note that these RDFs were calculated excluding the first bonded neighbor of each monomer,

i.e., only monomers interacting via the non-bonded potential were included. As it can be seen, the state

point dependence is significantly more pronounced for the FG system, with higher temperatures leading to

lower peaks for the same respective densities. The dependence on the thermodynamic conditions seem to

become weaker as the coarse-graining resolution is increased.

Even though there seems to be only a small influence of the thermodynamic state points on the RDFs,

these are amplified in the final non-bonded potentials, as shown in Figure 3.6, where the pressure-corrected

potentials obtained with IBI are shown. Correct pressures are important not only because they ensure that

the same state points are simulated in the CG systems, but also to have reliable viscosity calculations, as in

the GK formalism the viscosity is calculated from the pressure tensor (cf. Section 3.5). The non-bonded CG

potentials obtained with this procedure were mostly repulsive after the presure correction, as illustrated

in Figure 3.6 for a specific state point. Even though this is the case, they reproduce the structure of the

CG-mapped FG trajectories. This repulsive character may be interpreted as a dominant excluded volume

contribution [138]. For each state point and each CG resolution, the canonical MD simulations performed

in each IBI iteration consisted of 2× 106 equilibration steps and 8× 106 sampling steps. The convergence

for the IBI procedure is relatively fast, typically under 100 IBI steps, as illustrated in Figure 3.7.

3.5. Dynamical Properties

The production MD runs to generate data for the analysis of the dynamical descriptors were performed for

tL = 400× 103 time units for each state point at each resolution, i.e., the complete production trajectories

were τL = 400× 106 time steps long, given the time step length ∆t = 0.001. The independent components

of the pressure tensor as well as thermodynamic information such as pressure, temperature and energies

were saved at every time step, and the positions and velocities were saved at every 103 steps.

60



0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

FG

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

CG2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

CG3

g(
r)

r

FG
CG2
CG3

g(
r)

r

ρ = 0.8, T = 2.0
ρ = 0.8, T = 4.8
ρ = 0.9, T = 2.0
ρ = 0.9, T = 4.6

g(
r)

r

ρ = 0.8, T = 2.0
ρ = 0.8, T = 4.8
ρ = 0.9, T = 2.0
ρ = 0.9, T = 4.6

g(
r)

r

ρ = 0.8, T = 2.0
ρ = 0.8, T = 4.8
ρ = 0.9, T = 2.0
ρ = 0.9, T = 4.6

Figure 3.5.: RDF for the FG and CG systems. A comparison among the three resolutions is shown for
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panels show how the potentials change for different state points for each CG resolution,
in which lighter shades correspond to the lower density and the dotted lines to the lower
temperatures.
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3.5.1. Self-Diffusion Coefficient

The basic equation to calculate a self-diffusion coefficient in this work is given by Einstein relation in

Equation (2.46), which requires the mean-square displacement (MSD),

MSD(t) =
1

N

N∑︂
i=1

|ri(t)− ri(0)|2 (3.99)

where ri(t) is the Cartesian coordinate of particle i at a time t. As seen in the Einstein relation, the

self-diffusion coefficient is proportional to the slope of the ensemble-averaged MSD curve in the long time

regime. Thus it is practical to take a linear function f(t) = at+ c and fit it to the long-time region of the

curve ⟨MSD(t)⟩, and since c ≈ 0 in this long-time region the self-diffusion may be obtained from the slope

coefficient of the fitted function, i.e., D = a/6, where the denominator is due to Equation (2.46). Errors

were calculated using the method from Chitra and Yashonath [139] which is based on computing block

averages and their respective variance.

When calculating MSDs one must decide what object exactly should be tracked in order to assess its

displacement. For our systems there are two seemingly obvious possibilities, namely individual monomers,

or the center of mass of each chain. If only short times are considered then it is expected that the diffusivity

will be different for both cases as the individual monomers will jiggle constantly but the chain as whole

will not move about very dramatically in a short time period due to its size. However, in the long-time

diffusion regime the behavior of both cases should converge to the same diffusion rate. This was exactly

what is observed in our calculations as it can be seen in Figure 3.8 where, for all resolutions, the MSD of

the monomers and the chains converge for longer times.

The computation of the ensemble average of the MSD, ⟨MSD(t)⟩, was performed using the sliding window

method [65] described in Section 2.1.5. In principle one may use the whole trajectory of with duration

τL = 400× 106 time steps to calculate ⟨MSD(t)⟩, however the long-time diffusion regime is reached in a

much shorter time than O(108) time steps for our systems. As it can be seen in Figure 3.8 a trajectory

of O(106) time steps (i.e., O(104) time units) is typically already enough for the FG systems that has

comparatively slower dynamics, and for the CG systems with faster dynamics it is enough to use a trajectory

of O(105) time steps. Moreover, if the MSD is directly calculated from the whole trajectory then the number

of observations contributing to each point will not be the equal for all points, i.e., values of MSD(t) at the
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end of the trajectory will be averaged from a relatively small number of observations since there is not

many points left in the trajectory. For these reasons the sliding window approach was employed.

Additionally, the sliding window approach was combined with a block strategy and not applied directly

to the complete trajectory of τL = 400× 106 time steps. This trajectory was divided in Nb = 20 blocks of

equal length, namely τb = 20× 106 time steps. The sliding window method was then applied to each block

with a spacing of τs = 2000 time steps and a window length of τw = 10× 106 time steps, thus the number

of origins per block was n0 ≈ 5000 according to Equation (2.40), where the block length, τb, was used
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Figure 3.8.: Mean-square displacement of the monomers (solid curves) and center-of-mass of the chains
(dotted curves) for the three resolutions FG (top panel), CG2 (middle panel), and CG3 (bottom
panel) at T = 2.4 and ρ = 0.8. Solid black line indicates unity slope in the logarithm scale.
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instead of the total trajectory length, τL. This procedure resulted in one estimate of ⟨MSD(t)⟩k, and thus

Dk, for each block k. The final self-diffusion coefficient was then simply averaged over the block estimates,

D = 1
N b

∑︁Nb
k=1Dk, with the error calculated from the standard deviation of the block averages.

3.5.2. Viscosity

The viscosity for all all systems was calculated using the GK approach as given by Equations (2.49)

and (2.50). In Figure 3.9 the running integrals are shown for a several independent simulations of the FG

system at a particular state point. Even though each calculation employed multiple, well-spaced origins,

the running curves are noisy and identifying a finite plateau region where each curve may be regarded as

converged is not an easy task. The average of all curves is much smoother due to the good quality of the

results and even though it is easier to identify a plateau in this case, it is still difficult to determine the

viscosity in an unambiguous and systematic way, e.g., if a cutoff is to be used, what should it be?
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Figure 3.9.: Viscosity calculations using the GK equilibrium method for the FG system at T = 2.0 and
ρ = 0.8. The colorful noisy curves correspond to running GK integrals obtained from 20 MD
trajectories with duration 20× 103 time units each, for which the viscosities were calculated
over a sliding window of duration 800 time units with multiple origins. The bold black curve
corresponds to the average of all curves.
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In order to calculate viscosities in a systematic and reliable manner, we have employed in this work the

time decomposition method from Zhang et al. [73], which prescribes a reproducible and unambiguous

algorithm that can be easily applied to our MD workflow. The method has been marginally adapted to our

data set and the steps are outlined below.

Step 1 For each system at each state point, split the long MD trajectory with total duration τc time units in

Nb blocks of τb time units each.

Step 2 For each block, calculate the viscosity using the GK approach from Equations (2.49) and (2.50) in

a sliding window of duration τw time units and using multiple origins spaced in τs time units from

each other. This step yields Nb running integrals ηi(t), with i = 1 . . . Nb.

Step 3 Calculate the average of the Nb running integrals,

η̄(t) =
1

Nb

Nb∑︂
i=1

ηi(t) , (3.100)

and the respective time-dependent standard deviation,

σ(t) =

⌜⃓⃓⎷ 1

1−Nb

Nb∑︂
i=1

(ηi(t)− η̄(t))2 . (3.101)

Step 4 Fit the standard deviation to a power-law function,

σ(t) ≈ g(t) = Dtb . (3.102)

where D and b are fit parameters.

Step 5 Perform a weighted fit of the average running integral η̄(t) to a double exponential function,

η̄(t) ≈ h(t) = Aατ1 (1− exp−t/τ1) +A(1− α)τ2(1− exp−t/τ2) , (3.103)

where A, α, τ1, and τ2 are fit parameters, and using a fitting weight of 1/tb, where b is the fit

parameter from Step 4. The fit to the exponential function should be performed only in the time
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range [0, τcut], where the cutoff time τcut is the time at which the standard deviation σ(t) is 20% of

η̄(t). See Figure 3.10.

Step 6 The viscosity is obtained by taking the long time limit of the fitted double exponential function from

Equation (3.103).

Step 7 The error estimate of the final viscosity, ϵη, is obtained from the standard deviation of the block

average η̄ at the end of the sliding window for each block, i.e., ϵη = σ(τw)/
√
Nb, where the standard

deviation σ comes from Equation (3.101) in Item Step 3.
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Figure 3.10.: Viscosity for the FG system at selected state points calculated using the time decomposition
method. The running average viscosity η̄(t) (top panel) were calculated from 20 blocks of
duration 20× 103 time units each within a sliding window with duration 800 time units. The
corresponding running standard deviation σ(t) is also shown (bottom panel) as a function of
time.
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The total duration of the complete trajectory noted in Item Step 1 is τc = 400× 103 time units and it

was split in Nb = 20 blocks, each of length τb = 20 × 103 time units. The length of the sliding window

over which the viscosity was calculated for each block noted in Item Step 2 is τw = 800 time units. The

spacing between the origins of the sliding window was determined by performing a statistical inefficiency

analysis [48] with respect to the pressure obtained from the MD run. The statistical inefficiency provides

an estimate how long one must wait in a MD simulation until uncorrelated measures can be made. In

order to calculate it we first break the trajectory up in Nb blocks of τb length in a similar fashion to how the

viscosity was calculated. A pressure average is then calculated for each block i, i.e.,

p̄i =
1

nb

inb∑︂
j=1+(i−1)nb

pj , (3.104)

where nb = τb/∆t is the number of steps in a block of length τb, and a pressure average is also calculated

for the complete trajectory,

p̄ =
1

nc

nc∑︂
1

pj , (3.105)

where nc = τc/∆t is the total number of steps in the complete trajectory. The statistical inefficiency for the

pressure is then calculated as

s = lim
τb→∞

τbσ
2(p̄b)

σ2(p̄)
, (3.106)

where σ2(p̄b) is the variance of the block average from Equation (3.104) and σ2(p̄) is the variance of the

average from Equation (3.105). The statistical inefficiency is the limiting ratio of the variance of an average

and the variance expected when uncorrelated Gaussian statistics is assumed. In practice, the block average

is calculated for blocks of increasing lengths and then s is plotted against τ1/2b until a plateau can be

identified, as shown in Figure 3.11 where the statistical inefficiency of one component of the pressure

tensor was calculated for block lengths increasing from 0 to 103 time units in steps of 0.2 time units. The

plateau was identified at s = 0.153, which means that only one measurement of the pressure tensor in

about 0.15 time units contribute to new information. This calculation was repeated for all independent

components of the pressure tensor and the largest value of s among them was used as the spacing between

the time origins, τs, in Item Step 2 of the time decomposition algorithm.

In order to validate the viscosity calculation, the results from the GK approach described so far were
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Figure 3.11.: Statistical inefficiency (s) for the FG system at T = 2.0 and ρ = 0.8 (red continuous curve) as
a function of the square root of the block length, τ1/2b , calculated according to Equation (3.106)
from the xy component of the pressure tensor. The dotted black line indicates the plateau
reached at s = 0.153.

compared with results from the RNEMD method of Müller-Plathe [74, 75] as implemented in LAMMPS

[130]. The RNEMD simulation setup is as follows: the simulation box is divided in 20 slabs in the z

direction and every 400 steps a pair of particles is selected and the vx component of their velocities is

exchanged. The pair of atoms is picked such that one of them is that with the most positive vx velocity

component in slab 1 and the other is that with the most negative vx velocity component in slab 11. These

velocities swaps induces a momentum flux in the z direction and consequently a shear profile from which

the viscosity is calculated. The RNEMD simulations were realized within the canonical ensemble and with

a time step of ∆t = 0.001, as usual. The simulations were allowed to equilibrate for 2× 103 time units until

the observed velocity profile was linear and smooth, followed by production runs with duration 10× 103

time units. The comparison of the viscosities obtained with GK and RNEMD are shown in Figure 3.12,

where it can be seen that both techniques yield similar results, with RNEMD having smaller error bars.
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Figure 3.12.: Comparison of the viscosities versus temperature obtained with the GK and with the RNEMD
for the FG systems at all thermodynamic state points considered.

3.5.3. Bond Reorientation Time

The bond reorientation ACF from Equation (2.51) is calculated based on direct averages of properties of all

monomers, and thus differently from, e.g., the pressure tensor ACF, this function decays to zero fairly rapidly

(cf. Figure 3.13). Given the rapid decay and the aim to minimize numerical errors, the Gauss-Newton

algorithm [137, 140] was used to perform a non-linear least-square fit of the bond reorientation ACF to a

modified Kohlrausch-Williams-Watts (mKWW) function [78, 141, 142],

Φb(t) ≈ f(t) = a exp (−t/b) + (1− a) exp
(︂
− [t/c]d

)︂
, (3.107)

for which it is straightforward to evaluate the time integral analytically, yielding a direct expression for the

bond reorientation time,

ϑ =

∫︂ ∞

0
f(t) dt = ab+ (1− a)c

Γ(d−1)

d
. (3.108)

where a, b, c, and d are coefficients from the fit to the mKWW function in Equation (3.107) and Γ is the

gamma function. The fitting of the function to the three resolutions for a particular state point are shown
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in Figure 3.13. The estimate of the bond reorientation times obtained from the analytical result above

for the mKWW functions was compared with the results from a straightforward numerical integration of

Equation (2.53) using the trapezoidal rule, as shown in Figure 3.14 for the FG systems. The results are in

very good quantitative agreement with marginally smaller error bars for the mKWW results.
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Figure 3.13.: Bond reorientation ACF (hollow circles) versus time for the FG (top panel), CG2 (middle
panel), and CG3 (bottom panel) resolutions at T = 2.4 and ρ = 0.8. Solid black line indicates
the modified Kohlrausch-Williams-Watts (mkWW) function fitted to the data points for each
resolution.

Similarity to what was done with the MSD calculation for the self-diffusion coefficients, the bond

reorientation ACF was calculated by first splitting the trajectory in blocks and then applying the sliding

window approach to the blocks. In this case, Nb = 40 blocks were also used, with block length τb = 10×106

time steps each. For the sliding window approach the parameters were τs = 103 time steps of spacing,
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window length of τw = 2× 103 time steps, thus n0 ≈ 10000 origins. The result was 40 estimates of ⟨Φb(t)⟩

and thus of the bond reorientation time, ϑ, which were averaged and the error calculated from the standard

deviation of the average. As it can be seen in Figure 3.13, at t = 0.2 time units the bond reorientation ACF

is already very close to zero even for the FG resolution, thus a window length of 2× 103 time steps, i.e., 2

time units, is a sufficient choice.
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Figure 3.14.: Comparison of the bond reorientation time, ϑ as a function of temperature between results
obtained from the analytical integration of themKWW function and results from the numerical
integration of the bond reorientation ACF for the FG systems at all thermodynamic state
points considered.

3.6. Excess Entropy Estimation

The sections that follow describe methodological details of how the entropy calculations were performed.

3.6.1. Thermodynamic Integration

The utilization of TI in estimating excess entropies in this work as based on a multi-step methodology that

was applied consistently across the three resolutions. As introduced in Section 2.5, the excess entropy of a
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system is defined as Sexc = Sig − S, where S is the absolute entropy of the system and Sig is the entropy

of an IG at the same thermodynamic conditions as the system. Our TI approach focuses on calculating

the absolute entropy for all systems and then subtracting it from the corresponding IG entropy. This

simplistic description convey indeed a dichotomy, after all TI is only able to calculate free energy and

entropy differences, and not absolute quantities. The resolution to this dilemma is that if the absolute

entropy of a similar system is somehow known, then TI can be applied using that system as one of the

integration end points and the target system as the other end point. The approach used herein follows

this idea and uses as a reference system the freely-jointed chain (FJC) model, in which non-interacting

monomers are connected through rigid bonds to form linear chains. There are no interactions in the

FJC model and the only correlations are due to the rigid bonds in each chain. The steps for obtaining

the absolute entropies of the FG and CG systems can be summarized as follows and is also depicted on

Figure 3.15:

Step 1 Calculation of the absolute entropy of the FJC by the means of an exact analytical framework [143].

Step 2 Use of TI to calculate the entropy difference between the FJC model system with non-interacting

chains and rigid bonds and an FJC model system that is still non-interacting but with flexible harmonic

bonds.

Step 3 Use of TI to calculate the entropy difference between the FJC model system with non-interacting

chians and flexible harmonic bonds and the actual models used in this work, i.e., FG, CG2, and CG3.

Step 4 Determination of the absolute entropies from the entropic quantities of Items Step 1 to Step 3

Following this approach the only uncertainties involved in the calculation of absolute entropies for the

models at any level of resolution are statistical uncertainties. They are related to the quality of sampling

during the simulations, i.e., there is no systematic error involved. The main drawback of TI is that it

demands numerous, often long simulations. However, a method that yields an exact entropy offers an

important advantage: it provides a gold standard against which one can compare other entropy estimates

obtained with methods or approximations that require less computational efforts.

The absolute entropy for the actual systems at all three resolutions is then decomposed into different

contributions:

S = SFJC +∆Sb +∆Snb , (3.109)
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Figure 3.15.: Schematic representation of the TI process. The starting state corresponds to the non-
interacting freely-jointed chains with rigid bonds (left), then flexible bonds are introduced
(middle), and then the non-bonded interactions are introduced (right).

where SFJC is the absolute entropy of the non-interacting FJC model with rigid bonds and same chain

length of the actual systems, ∆Sb is the entropy difference between the absolute entropies of the non-

interacting rigid-bond FJC model and of a non-interacting flexible-bond FJC model in which the bonds are

modeled by the same bond potentials of the actual systems, and ∆Snb is the entropy difference between

he absolute entropies of the non-interacting flexible-bond FJC models and the actual systems, with intra-

and inter-molecular non-bonded interactions (cf. Figure 3.15).

Once S is known, the excess entropy is simply obtained from subtracting it from Sig, which is the absolute

entropy of an equivalent monoatomic IG system at the same thermodynamic state and with same number

of particles, and analytically available through the Sackur-Tetrode equation [96, 144],

sig =
5

2
− ln

(︁
ρΛ3

)︁
, (3.110)

where sig = Sig/NkB, the gas density is ρ = N/V , and Λ is the thermal de Broglie wavelength,

Λ =

√︄
h2

2πmkBT
(3.111)
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where h is Planck’s constant, kB is Boltzmann constant, m is the mass of each IG particle, and T is the

system temperature. Planck’s constant in this work was adopted with value h = 0.18292026 obtained from

the LJ parameters for Argon, however it could as well be set to unity, as long as it is used consistently in all

calculations. This rather specific value for h was used as it was also adopted internally for LJ reduced units

by the LAMMPS package [130, 131] the versions that were utilized to perform our simulations.

Absolute Entropy of the FJC

The absolute entropy of the non-interacting rigid-bond FJC, SFJC in Equation (3.109), was calculated exactly

from the statistical mechanical formalism by Mazars [143], who derived the canonical partition function

of a gas of Nc freely-jointed chains in a three-dimensional box, and from it the Sackur-Tetrode equation

equivalent for this system,

SFJC = kBNc

(︃
N +

3

2

)︃
+ kB lnZFJC (3.112)

where N is the number of monomers per FJC and ZFJC is the canonical partition function of the FJC gas

and written as

ZFJC =
1

Nc!

[︄
q Q

(︃
T

T0

)︃N
]︄Nc

, (3.113)

where T is the temperature, and the expressions for q, Q and T0 are shown in Appendix A.2.

Entropy change due to flexible bonds

The entropy difference between the non-interacting rigid-bond FJC and the non-interacting flexible-bond

FJC, ∆Sb, is calculated using Equation (2.79), that is,

∆Sb =
1

T
[(⟨E⟩λ=1 − ⟨E⟩λ=0)−∆Fb] , (3.114)

where the ensemble average of the internal energy, ⟨E⟩λ, are calculated for the simulations at the end

points of the integration, and the associated free energy difference is calculated using TI,

∆Fb =

∫︂ 1

0

⟨︃
∂Ub (λ)

∂λ

⟩︃
λ

dλ (3.115)
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where the thermodynamic end points of the integration λ = 0 and λ = 1 correspond to the rigid-bond and

flexible-bond states, respectively. This means that the bonded potential Ub must be properly coupled with

the λ-parameter in order to comply with this scenario, i.e., an integration path through which the very

nature of the system is changed, and from which we can compute the resulting free energy change. Our

expression for the λ-dependent bonded potential is

Ub(r, λ) = [Ub,0(r) + 1](1−λ) [Ub,1(r) + 1]λ − 1 , (3.116)

which yields Ub(r, λ = 0) = Ub,0(r) + 1, where Ub,0(r) is a harmonic potential with a stiff spring constant

k = 70, 000 modeling the rigid bonds of the FJC,[126, 143] and Ub(r, λ = 1) = Ub,1(r) + 1, where

Ub,1(r) is the bonded potential of the actual system, i.e., FG, CG2, or CG3. Unity was added to both

terms in the square brackets of the right-hand side of Equation (3.116) to prevent either from becoming

zero, which would render the logarithm that results from carrying out the partial derivative appearing

in Equation (3.115) undefined. Unity was subtracted from the right-hand-side of Equation (3.116) for

aesthetic purposes, i.e., so that Ub(req, λ) = 0, where req is defined as the equilibrium bond-length. The

dependence on the power of λ used in Equation (3.116) allows a smooth, reversible transition from one

state to the other, with well distributed intermediate states, as shown on the left column of Figure 3.16. In

the top portion of Figure 3.17 the variation of δUb/δλ with changing values of λ is shown, where it can

be seen that the parameter coupling strategy used here for Ub yields a smooth λ-derivative and thus very

convenient for numerical integration.
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Figure 3.16.: Interaction potentials used in the TI as a function of the separation between the monomers
in reduced length units for the three resolutions at T = 2.8 and ρ = 0.8, FG (top row), CG2
(middle row), and CG3 (bottom row). Dependence on the coupling parameter λ is shown
for the bonded (left column) and non-bonded (right column) potentials. The potentials for
λ = 0 and λ = 1 correspond to the ones used at the end points of the integration, whereas
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distinct value of λ.
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78



Entropy change due to non-bonded interactions

The entropy difference between the non-interacting flexible-bond FJC and the fully-interacting LJC, ∆Snb,

is calculated using Equation (2.79), as before, that is,

∆Snb =
1

T
[(⟨E⟩λ=1 − ⟨E⟩λ=0)−∆Fnb] , (3.117)

where the associated free energy difference is calculated using TI,

∆Fnb =

∫︂ 1

0

⟨︃
∂Unb (λ)

∂λ

⟩︃
λ

dλ (3.118)

where the thermodynamic end points of the integration λ = 0 and λ = 1 correspond to the non-interacting

and interacting states, respectively. Differently from the case for the bonded potential in which the end

point states were both associated with well-defined bonded potentials, in this case the goal is to completely

switch off the non-bonded potential at λ = 0 and then progressively turn if on again as λ increases towards

λ = 1, at which point the non-bonded potential should be completely recovered. One naive approach

is simply to adopt a linear interpolation approach, typically of the form U(λ) = λUnb,0 + (1 − λ)Unb,1,

which in our case would translate to Uλ) = λUnb, where Unb is simply the full non-bonded potential of the

actual FG and CG systems. The problem with this approach is the unbounded nature of the non-bonded

interactions at short range, which means that the hard-core nature will not disappear even for λ ≡ 0, thus

singularities are observed. A clear advantage of such linear schemes is that the derivative of U(λ) with

respect to λ is trivial, i.e., it’s simply U , and moreover the internal energy of intermediate states can be

easily interpolated.

One popular solution to this problem is the use of soft-core schemes such as the one proposed by Beutler

et al. [102] in which the LJ potential is parameterized in terms of λ as

U(r, λ) = λn4ϵ

[︃
1

[α(1− λ)2 + (r/σ)6]2
− 1

α(1− λ)2 + (r/σ)6

]︃
, (3.119)

where ϵ and σ are the usual LJ parameters, r is the scalar distance between the two particles, n is a positive

integer constant, and α is a positive constant. The soft-scaling character is conferred by the introduction of

α(1 − λ)2 in the denominator and disappears as λ increases from 0 to 1. This parametrization leads to
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stable simulations for every value of λ, with continuous derivatives of the Hamiltonian and no divergence

of its ensemble average as λ → 0. This scheme has been successfully used by Voyiatzis et al. [122] in a

investigation of systems similar to the FG model examined here. However, it cannot be used for tabulated

CG potentials thus making it unsuitable for this work as one of our goals here is to be as consistent as

possible across all resolutions.

In this work we circumvent this problem by using the method of Buelens and Grubmüller [145], namely

the Linear-scaling Soft-Core (LSC) scheme, in which the non-bonded potentials are modified such that

two main conditions are met. The first is that the ensembles generated by using the potentials at the end

points λ = 0 and λ = 1 must be indistinguishable from those generated when the native, i.e., unmodified,

potentials are used. The second condition is that the regions that are energetically inaccessible in the

non-bonded potentials under the thermodynamic conditions of the simulations, and thus regions that have

no influence in the resulting ensemble, must be optimized so that linear λ-scaling of the resulting potential

is well behaved numerically. This is achieved by dividing the LSC potential ULSC in two regions, one native

in which the potential is simply the unmodified Unb potential, and a capped region Ucap, and both regions

are separated by a threshold distance rcap, i.e.,

ULSC(r) =

⎧⎪⎪⎨⎪⎪⎩
Unb(r) for r ≥ rcap

Ucap(r) for r < rcap ,

(3.120)

where Ucap(rcap) = Unb(rcap) and the region r < rcap modified to eliminate the possibility of singularities.

Determining rcap is achieved by performing equilibrium MD simulations using the unmodified potentials

for each system of interest and then recording the maximum value of Unb that is ever evaluated during a

simulation for a each system, i.e., Umax, which determines a pair-wise non-bonded energy limitation that

cannot be exceeded during a simulation at the respective temperature and density. Then rcap is naturally

defined such that Unb(rrcap) = Umax. In practice it is advisable to be conservative with Umax and set it about

5% higher than the actually recorded maximum during the MD run, then there is no risk in affecting the

end state simulations when altering the non-bonded potential below rcap since that region will never be

accessed during a simulation.

The form of Ucap must be such that the potential energy of the capped region is less favorable than at rcap,

while keeping good properties such as elimination of the singularity at zero separation and continuous
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derivative with respect to the separation distance in order to avoid problems with the MD machinery. This

is achieved by defining a switch region of width rswitch over which the potential is interpolated using a

cubic polynomial form,

ULSC(r) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
Unb(rcap) + Uswitch for r ≤ (rcap − rswitch)

ar3 + br2 + cr + d for (rcap − rswitch) < r < rcap

Unb(r) for r ≥ rcap ,

(3.121)

with the force

FLSC(r) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
0 for r ≤ (rcap − rswitch)

−(3ar2 + 2br + c) for (rcap − rswitch) < r < rcap

Fnb(r) for r ≥ rcap ,

(3.122)

where Unb(r) and Fnb(r) are the unmodified non-bonded potential and force, respectively, and ULSC(r)

and FLSC(r) are the resulting linear-scaling soft-core potential and force, respectively. The constant Uswitch

is an energy penalty for zero separation, and rswitch is the distance over which Uswitch is reached. The

parameters a, b, c, and d are calculated to match the boundary conditions ar rcap and rswitch. A schematic

representation of the scheme is shown in Figure 3.18.
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Figure 3.18.: Schematic representation of the Linear-scaling Soft-Core scheme applied to the LJ non-
bonded potential.
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One advantage of the LSC scheme is that it can be applied to tabulated potentials since the manipulations

necessary in the potentials are simple enough to be applied to discrete points. Once the ULSC potential is

obtained, the coupling with λ for the TI is simply done using a linear scaling, i.e.,

Unb(r;λ) = λULSC(r) , (3.123)

which is now possible since the ULSC(r) is well behaved at short separations. The resulting potentials for

the FG and CG systems at a selected state point can be seen in the right column of Figure 3.16, where it is

possible to notice the capping of the potential at short separations and a balanced spread of the intermediate

potentials over the λ points. The ensemble averages of the λ-derivatives and their dependency with λ are

shown in the bottom panel of Figure 3.17 and it can be seen that they are continuous and well behaved.

Simulation protocol for thermodynamic integration

The calculation of ∆Sb and ∆Snb were performed separately and for each integration we used a total of 41

λ-points distributed between 0 and 1 in steps of ∆λ = 0.025. We performed an NVT simulation of length

of 107 time steps using an integration step ∆t = 0.001 for each value of λ. Energetic data was collected

every 1000 steps, which rendered very smooth curves to be integrated. These were fitted to cubic splines

and numerically integrated using the Romberg algorithm [140]. The end points corresponding to λ = 0

and λ = 1 were simulated for 108 steps in order to generate more accurate estimates of the internal energy

difference, ∆E, required in Equations (2.74), (3.114) and (3.117).

3.6.2. Two-Body Approximation

As previously stated in Section 2.4.2, s2 as given in Equation (2.86) is the translational two-body term of the

excess entropy in which the angular contributions have been averaged out, which is a valid approximation

in the context of dense and homogeneous amorphous polymer melts such as the LJC considered here as

for these systems there is no strong angular dependence of the RDF. For the s2 results discussed in this

thesis Equation (2.86) has been used with the RDF g(r) calculated talking into account the contribution

of the first neighbors for the pair correlations. As this is not usually done when evaluating g(r), e.g., for

bottom-up coarse-graining, it is worth mentioning here. The inclusion of the immediate bonded monomer
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makes sense for this case as s2 must capture all pair-correlations in the system. In Figure 3.19 it is shown

a comparison for an FG system of how g(r) and s2 differs depending whether the first bonded neighbor

is included or excluded when computing g(r). When included, a distinct peak is clear at r = 1, which is

the equilibrium distance of the harmonic bonds in the chain. The s2 response to this peak is noticeable

decrease, as it is expected given that a strong two-body spatial correlation exists when the first bonded

neighbor is included.
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Figure 3.19.: RDF g(r) and respective two-body excess entropy s2 according to Equation (2.86) including
(red) and excluding (blue) the first bonded neighbor contribution to the pair correlations for
the FG system at T = 4.0 and ρ = 0.8.

3.7. Accelerated Dynamics and Excess Entropy Scaling

The aim of this work is to evaluate how the acceleration of the dynamics of CG models can be cast into

excess entropy differences. For this reason, the excess entropy scaling relations presented in Section 2.5

take slightly different forms. Instead of directly relating the reduced dynamical properties to the excess
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entropy, we rather look at the ratios of these properties across resolutions and relate them to excess entropy

differences, i.e.,

ln
XCG
XFG

= lnA+ α∆Sexc , (3.124)

where XCG and XFG are dynamical properties of the CG and corresponding FG system, respectively, and A

and α are fit coefficients. We measure the acceleration of the dynamics of the CG models by taking the

appropriate ratio of properties at different resolutions, i.e., XCG/XFG, where X is a dynamical property

(ϑ, D, η). In the case of bond reorientation times, ϑ, the ratio ϑCG/ϑFG corresponds to how much faster

a bond vector reorients for the CG model compared with the FG model. The same procedure is used for

the viscosity, ηCG/ηFG, since the viscosities of the CG models are considerably lower than for the reference

FG model. In the case of the diffusion coefficient, however, the ratio must be considered as (DCG/DFG)
−1,

since D increases as the dynamics is accelerated, as opposed to what happens with ϑ and η. In this work

we refer to such ratios as simply the acceleration or speed-up of a model with respect to another, but they

are also known in the literature as scaling factors [6] and dynamical errors associated with coarse-graining

[34]. The term ∆Sexc in Equation (3.124) is typically the excess entropy difference per monomer for two

resolutions, e.g.,

∆Sexc =
SCG
exc

NCG
− SFG

exc
NFG

, (3.125)

where NCG and NFG are the number of monomers in the simulation box for the CG and FG systems,

respectively, and the kB has been omitted from the denominator since kB = 1 in the unit system adopted

in this work (cf. Section 3.1.1). Occasionally the excess entropy difference may also be normalized per

molecule, as seen in Chapters 4 and 5.
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4. Coarse-Graining Effects on Dynamics and Entropy

In this chapter we investigate the effects that coarse-graining has on the dynamics and entropies of the

systems. In particular, we highlight that the dynamics of the CG systems are profoundly accelerated with

respect to the FG counterparts. Moreover, the elimination of DOF that comes naturally with coarse-graining

results in a significantly lower excess entropy for the CG systems. We also discuss how well the two-body

term of the many-body entropy expansion captures the full excess entropy.
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4.1. Dynamics in Coarse-Grained Systems

As stated in the introduction of this thesis, the removal of friction upon coarse-graining leads to an artificial

acceleration of the CG dynamics in comparison to the FG model. This consequence of coarse-graining

is clearly illustrated for a particular state point in Figures 4.1 to 4.3, which shows for the CG and FG

systems the MSD of the monomers, the running viscosity integral resulting from the GK relation, and

the normalized bond reorientation ACF, respectively. It can be observed that the ordering of the curves

persists for the three plots, i.e., acceleration of CG3 is higher than of CG2 This is a good sign that the

CG models have been built in a correct way and the results agree with the central argument of friction

removal. In Figures 4.1 to 4.3 we can also see the temperature-dependence of the dynamical properties

for all resolutions. For FG they are as expected, i.e., higher temperature means higher diffusivity, lower

viscosity, faster local relaxations. For the CG systems these dependencies are discussed in what follows.

The MSD(t) profile and the integrated viscosity are associated to diffusion processes of entire chains

and they take place on much longer time scales in comparison to the bond reorientations, therefore they

are taken as indicators of global dynamics. The MSD reveals that the chain motions are higher for coarser

resolutions, as expected, with the average self-diffusion of the FG system being only about 12% and 7%

of the average self-diffusion of CG2 and CG3, respectively. For example, for the density ρ = 0.8 the self-

diffusion of the FG system over the temperatures considered ranges from 0.0071±0.0003 to 0.0144±0.0005,

while for CG2 it ranges from 0.056±0.008 to 0.085±0.004, and for CG3 from 0.095±0.003 to 0.144±0.005.

Additionally, the onset of the long-time diffusion regime characterized by MSD(t) ∝ t (i.e., slope = 1 in

the log-log plot) happens earlier in CG3 than in CG2, and also in CG2 than in FG, e.g., for the state point

shown in Figure 4.1, unity-slope is reached for CG3 at about t = 50, while for CG2 it is reached at about

t = 500, and for FG this regime is reached at about t = 3000. As temperature increases the increase of the

self-diffusion coefficient is more pronounced for the CG systems, as it can be seen in the bottom panel of

Figure 4.1, thus the temperature dependence is stronger for the coarser resolutions, with the slopes of the

D × T curve being 0.00373± 0.00007 and 0.00233± 0.00004 for FG, 0.0151± 0.0009 and 0.0135± 0.0004

for CG2, and 0.025± 0.001 and 0.019± 0.002 for CG3, for densities ρ = 0.8 and ρ0.9, respectively.

As it was to be expected, the viscosity is significantly decreased in the coarser models, also reflecting

the faster CG dynamics. Similarly to what is observed in the diffusion, the average viscosities of CG2 and

CG3 are about 12% and 7% of that of FG. This shows that the decrease of the viscosity is greater for CG2
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with respect to FG than for CG3 with respect to CG2, indicating that, for this LJC system, the lesser degree

of coarse-graining, i.e., 2:1 mapping, is already enough to remove most of the friction from the system.

The mapping using 3:1 scheme does not remove much extra friction, as η(t) is only slightly lower in CG3

than in CG2, e.g., for the density ρ = 0.8 and the temperatures considered, it ranges from 11.918± 1.67

to 12.33± 1.98 for FG, 1.80± 0.12 to 2.11± 0.14 for CG2, and 0.93± 0.12 to 1.26± 0.09 for CG3. It can

be argued that at CG3 we are already very close to the limit of coarse-graining possible in the LJC model

before chains start to cross each other. In the case of viscosity the temperature dependence becomes

weaker as the resolution is lowered, with the slope of the η × T curves in the bottom panel of Figure 4.2

being −0.3 ± 0.3 and −0.9 ± 0.4 for FG, −0.23 ± 0.04 and −0.27 ± 0.03 for CG2, and −0.16 ± 0.02 and

−0.18± 0.02 for CG3, for densities ρ = 0.8 and ρ0.9, respectively.

The normalized bond reorientation ACF describes relaxation processes at very short time and length

scales and thus is regarded in this work as a local dynamical property. For densities 0.8 and 0.9, the average

bond reorientation times for FG are 0.019± 0.002 and 0.029± 0.003, respectively, while for CG2 they are

0.0041±0.0005 and 0.0039±0.0006, and for CG3 they are 0.0031±0.0004 and 0.0027±0.0005, respectively.

Thus, in average, ϑCG2 and ϑCG3 are about 16% and 12% of ϑFG, i.e., the decorrelation of bond directions

for the two coarser resolutions happens at time scales that are roughly one order of magnitude less than

for FG. Furthermore, as shown in the bottom panel of Figure 4.3, the reduction of the bond reorientation

time as temperature increases is much less pronounced in the CG systems than in the FG, showing a weak

temperature dependence, e.g., for CG3 and ρ = 0.9 the fit slope is only −0.00054± 0.00003.

89



10

101

102

103

104

10 101 102 103 104

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

0.16

0.18

2.0 2.5 3.0 3.5 4.0

M
SD

log t

FG
CG2
CG3

Slope = 1

D

T

FG, ρ = 0.8
FG, ρ = 0.9

CG2, ρ = 0.8
CG2, ρ = 0.9

CG3, ρ = 0.8
CG3, ρ = 0.9
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4.2. Entropy in Coarse-Grained Systems

The main observation that can be made when analyzing the entropies in light of coarse-graining is that the

total absolute entropy of the melts, i.e., the absolute entropy calculated by TI according to Section 3.6, S,

of a simulation box containing Nc = 500 chains, decreases upon coarse-graining, with a greater decrease

for coarser resolutions. As the number of chains is unchanged for all three resolutions, the absolute entropy

per chain, S/Nc, behaves in the same way, as seen in Table 4.1. What is interesting, however, is that the

factor of decrease of the entropy is not equal to the factor of decrease in the number of monomers. The

absolute entropies in CG2 and CG3 for a given state point are not equal to half and one third, respectively,

to that of the corresponding FG system, even though the latter has two and three times as many monomers

per chain as CG2 and CG3, respectively.

Table 4.1.: Absolute and excess entropies for the FG annd CG systems obtained with TI. Absolute entropy
per chain, S/Nc, absolute entropy per monomer, S/N , and excess entropy per monomer,
Sexc/N , where N is the total number of monomers in the respective resolution.

S/Nc S/N Sexc/N

ρ T FG CG2 CG3 FG CG2 CG3 FG CG2 CG3

0.8 2.0 173.16 134.25 98.61 7.21 11.18 12.32 -4.58 -2.06 -1.70
0.8 2.2 175.96 134.57 98.78 7.33 11.21 12.34 -4.54 -1.96 -1.55
0.8 2.4 178.52 135.13 99.28 7.43 11.26 12.41 -4.52 -1.88 -1.46
0.8 2.6 180.98 135.88 99.28 7.54 11.32 12.41 -4.50 -1.84 -1.40
0.8 2.8 183.22 136.43 99.58 7.63 11.36 12.44 -4.48 -1.79 -1.32
0.8 3.0 185.24 137.00 99.75 7.71 11.41 12.46 -4.46 -1.72 -1.24
0.8 3.2 187.19 137.69 99.99 7.79 11.47 12.49 -4.45 -1.66 -1.12
0.8 3.4 188.91 137.78 100.06 7.87 11.48 12.50 -4.42 -1.58 -1.05
0.8 4.0 193.75 139.52 100.78 8.07 11.62 12.59 -4.40 -1.46 -0.93
0.9 2.0 163.14 132.70 97.80 6.79 11.05 12.22 -4.79 -2.11 -1.70
0.9 2.2 166.27 133.42 98.23 6.92 11.11 12.27 -4.78 -2.07 -1.62
0.9 2.4 169.18 133.80 98.28 7.04 11.15 12.28 -4.76 -1.98 -1.49
0.9 2.6 171.93 134.34 98.68 7.16 11.19 12.33 -4.75 -1.92 -1.43
0.9 2.8 174.32 134.86 99.05 7.26 11.23 12.38 -4.74 -1.86 -1.34
0.9 3.0 176.65 135.38 99.23 7.36 11.28 12.40 -4.73 -1.80 -1.26
0.9 3.2 178.72 135.85 99.28 7.44 11.32 12.41 -4.72 -1.73 -1.20
0.9 3.4 180.68 136.19 99.54 7.52 11.34 12.44 -4.72 -1.66 -1.13
0.9 3.8 184.30 137.15 99.86 7.67 11.42 12.48 -4.71 -1.56 -1.00
0.9 4.2 187.57 138.45 100.39 7.81 11.53 12.54 -4.70 -1.47 -0.92
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This scenario is changed when the absolute entropy is normalized by the number of monomers at each

resolution, as shown in Figure 4.4 and Table 4.1. The absolute entropy per monomer, S/N , increases as the

level of resolution gets coarser. This can be explained by the fact that a fraction of the DOF removed from

the FG model upon coarse-graining do not contribute significantly to entropy of the system, in particular

the hard DOF such as those associated with the stiff harmonic bonds. Thus the drop in entropy is not

proportional to the removal of DOF, but comparatively lower, yielding a higher value per remaining DOF.

A similar result was found by Voyiatzis and Böhm [123], who computed the quasi-harmonic contributions

to the entropy of the various DOF and offered quantitative support to the argument presented here.

Moreover, the DOF of the CG systems are softer and allow a large number of microstates that are unavailable

to the FG system to be realized. The entropy per particle, S/N , is a linear function of the temperature.

The slope of the fits at each resolution is greater than zero and equal within the errors for both densities.

They are 0.43 ± 0.02, 0.21 ± 0.01, and 0.140 ± 0.006 for FG, CG2, and CG3, respectively. Interestingly,

they match the factors of decrease in number of monomers, i.e., 0.21 is approximately half of 0.43, and

0.14 is close to one third of the latter. Given that the pressures in all systems are approximately equal by

construction of the CG potentials, and based on the fact that T (∂S/∂T )P is the heat capacity at constant

pressure, cP , two arguments can be given to understand the observed decreased temperature dependence

for coarser resolutions. First, the decrease of DOF upon coarse-graining, in conjunction with the softness

of the CG vibrational potential, leads to a decreased heat capacity for these systems, and thus decreased

slope. Second, the coarse-graining flattens out the potential energy surface and makes it smoother, thus

energy fluctuations on this surface are smaller, leading to a decrease in cP for the CG systems [94, 146].

The excess entropy per monomer is also shown in Figure 4.4. The ordering of the resolutions is preserved

in comparison with the absolute entropy per monomer, however, the temperature dependence is modified.

For all resolutions we confirm the thermodynamic result, ∂Sexc/∂T > 0, and since Sexc < 0 by definition,

we have Sexc → 0 as T → ∞. This is expected [27]: the difference between the real system and the IG

system diminishes as temperature increases. Moreover, the excess entropy is closer to zero for ρ = 0.8

than for 0.9, which is also expected given that Sexc = 0 at zero density. We can also see that the slopes are

steeper for coarser resolutions, taking the averaged values 0.065±0.005, 0.298±0.009, and 0.37±0.01, and

for FG, CG2, and CG3, respectively, with the averages calculated over the two densities for each resolution.

Hence the slopes indicate that as the resolution is lowered and the level of CG is increased, the excess
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entropy approaches zero more rapidly with increasing temperature. This complies with the fact that more

coarse-graining means less hard-core repulsion and a smoother potential surface. Thus a lower-resolution

system, in this context, is closer to the IG behavior than a higher-resolution one, a fact that is also evident

in the actual values of the excess entropies, i.e., closer to zero for CG3.
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Figure 4.4.: Temperature dependence of the absolute entropy obtained with TI, S, and of the excess
entropy, Sexc, for the FG and CG systems. Entropies are shown for all thermodynamic state
points considered and normalized by the number of monomers of a chain at each resolution,
N . Dotted lines are the best linear fits for each resolution and density.
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It is also interesting to analyze what happens to the entropies, absolute and excess, at the different

phases of the TI as given by Equation (3.109). Borrowing the form of energy-levels diagram often used in

quantum chemistry, in Figure 4.5 we showan “entropy-level diagram” for the state point T = 3 and ρ = 0.9,

which proves to be quite useful. As seen in the ordering presented in the diagram, and in agreement with

the previous discussions, the absolute entropy per chain (monomer) is larger at higher (lower) resolutions.

The largest entropy difference with respect to the IG reference happens in the first phase and corresponds

to the entropy loss associated with the polymerization of an IG into a system of non-interacting FJCs with

rigid bonds of fixed length. In the second phase, characterized in the TI by the softening of the FJC bonds,

a significant entropy gain is observed as the more flexible bonds allow more microstates to be realized,

increasing the conformational space of the chains and, consequently, increasing the absolute entropy. We

notice that the entropy gain per monomer is relatively larger for the coarser resolutions, as expected

given that the bond-length distributions are wider in the CG systems, as seen in Chapter 3. Finally, as

the non-bonded LJ or CG interactions are introduced to the system of non-interacting FJC with flexible

bonds in the third phase of the TI, the resulting correlations impose constraints that limit the possible

conformations, which causes another entropy loss.

4.2.1. Two-body Approximation to the Excess Entropy

The two-body entropy is the second term in the expansion S = Sig + S2 + S3 + . . ., and considering that

Sexc = S − Sig, then S2 is a natural approximation to Sexc. But how good is it? It has been argued in

the literature that for monoatomic LJ fluids it captures up to 90% of the excess entropy [96, 108, 122,

147, 148]. In this work we calculate S2 using only its translational component and compare it with the

exact excess entropy obtained from TI to assess how well they agree, as shown in Figure 4.6, where the

temperature dependence of the monomer-normalized values of S2 and Sexc are plotted together.

Regarding the temperature dependence, in the case of the FG system it can be seen that Sexc and S2 have

a relatively similar behavior, with the fit slope coefficient for Sexc being 0.089± 0.006 and 0.042± 0.003,

and for S2 equal to 0.11 ± 0.01 and 0.16 ± 0.01, in each case for ρ = 0.8 and ρ = 0.9, respectively, thus

the value of S2 is spread across a larger range than Sexc for FG. For the CG systems Sexc becomes strongly

dependent on temperature as the resolution gets coarser, with the fit slope of 0.29± 0.01 and 0.30± 0.01

for CG2, and 0.38± 0.02 and 0.36± 0.01 for CG3, for ρ = 0.8 and ρ = 0.9, respectively. However, the S2
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Figure 4.5.: Entropy level diagram for the different phases of the TI for state point ρ = 0.9 and T = 3.0,
normalized by number of chains (top),Nc, and by total number of monomers (bottom) at each
resolution,Nres, where res is FG, CG2, or CG3. Absolute entropy, S, of the respective IG system
at the same thermodynamic conditions is shown on the vertical axis. The values below the
bars correspond to excess entropy, i.e., the entropy loss with respect to the IG reference, of the
rigid-bond non-interacting freely-jointed chains (FJC rigid), the flexible-bond non-interacting
freely-jointed chains (FJC flexible), and the interacting LJC or coarse-grained chains (LJC/CG).

dependence becomes weaker, with the fit slope of 0.0125± 0.0003 and 0.0135± 0.0004, and for CG2, and

0.0034± 0.0003 and 0.0038± 0.0001 for CG3, for ρ = 0.8 and ρ = 0.9, respectively.

Concerning how well the two-body approximation captures the excess entropy, this also depends on

the resolution level. For the FG system and ρ = 0.8, the value of S2 is only 33% of Sexc for the lowest

temperature considered, and 29% for the highest temperature, with a similar quantitative behavior observed

for ρ = 0.9. Thus for FG the translational part of S2 captures roughly one third of the true excess entropy.

It may be that adding the orientational portion of S2 already improves this contribution significantly, but

higher terms of the expansion may also play an important role. This is, however, only speculation. For CG2

at ρ = 0.8 the contribution of S2 to Sexc is 35% at the lowest temperature, a figure that is similar to that of

FG, but it increases up to 49% for the highest temperature. For CG3 at ρ = 0.8 this contribution is also ca.

35% at the lowest temperature but 64% for the highest temperature. Thus for increasing temperature and

increasing level of coarse-graining the configurational portion of the two-body entropy becomes a better

approximation to the excess entropy. However, the values seen here are well below those normally reported

in the literature for LJ fluids and hard-sphere models [96, 149]. This discrepancy may be attributed, in part,
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to the fact that S2 as calculated here describes only the translational part of the two-body entropy, ignoring

orientational contributions. A more relevant reason is the fact that we are dealing with polymer melts

rather than small-molecule liquids. The monomer RDF is very close to that of a monomer fluid, lacking

information about the conformational and translational entropies of the polymer chains. Particularly the

former is dominant in polymer melts, and thus this simple S2 estimate does not capture most of the actual

excess entropy. However, this cheap entropy estimate is still useful in the context of this work, as shown in

Chapter 5.
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by the number of monomers of each resolution. Dotted lines are the best linear fits for each
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It is also convenient to analyze how S2 and Sexc correlate, as shown in Figure 4.7. For both densities and

all resolutions there are clear linear correlations between the two quantities, although all lines are far from

the ideal line S2/Nres = Sexc/Nres. The slopes are greater than zero for every data set, but decrease as the

resolution is coarsened. More importantly, the slopes of the fitted lines are < 1 for CG2 and CG3, and

> 1 for FG. In the former case, the consequence is that as Sexc → 0, S2 converges to a negative non-zero

value for CG2 and CG3, approximately at −0.61 for both resolutions. This is counter-intuitive and seems to

indicate that even though the excess entropy is zero (i.e., the IG limit has been reached), there is still some

remaining two-body entropy. This cannot be the case and we attribute this problem to the fact that S2
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as calculated here does not consider angular variations in the RDFs. Thus, this approximation behaves

poorly for the coarser resolutions in the low excess entropy region. For FG the behavior is more in line with

expectation: S2 → 0 well before Sexc → 0. From the fitted lines in Figure 4.7 it seems that S2 can assume

values > 0 for Sexc closer to zero. This is not a physical behavior, and one should not try to extrapolate S2

to that region. As just mentioned above, S2 as calculated here disregards the orientational dependence in

the RDFs and it completely ignores the conformational contributions to the entropy.
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5. Dynamics and Excess Entropy Differences

In this chapter the observed correlations between the acceleration of the CG dynamics and the differences

in excess entropy are presented and discussed. The acceleration of the dynamics of the CG models if

measured by taking the appropriate ratios of the dynamical properties at different resolutions, as discussed

in Section 3.7.
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5.1. Note on Self-Diffusion and Viscosity

Before considering the correlations for the global dynamics by analyzing the acceleration with respect to

the ratios of self-diffusion coefficient and viscosity, we note that according to the Rouse theory there is an

inverse relationship between diffusion coefficient and viscosity for unentangled polymers [150, 151]. This

is manifest in our results, as revealed by the linear correlation between ηCG/ηFG and (DCG/DFG)
−1 shown

in Figure 5.1, where the slope of fit line is unity, as it should due to the Stokes-Einstein relation which is

known to work reasonably well for unentangled polymer melts [152]. We, therefore, discuss only one of the

ratios in the remainder of this chapter. We chose to focus on the viscosity given that viscosities of polymer

melts are easier to find in the literature and of greater relevance in polymer processing than diffusion

coefficients. Moreover, recent methods for viscosity prediction based on excess entropy scaling [153, 154]

make this property interesting to investigate in this context. Part of the analysis that follows for the viscosity

ratios has also been performed for the diffusion coefficients with analogous results (cf. Appendix C).
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Figure 5.1.: Correlation between the ratio of the viscosity and the inverse ratio of self-diffusion coefficient
of the CGmodels, CG3 and CG2, with respect to the FGmodel, FG. The dotted line corresponds
to the best linear fit considering all the data points and has slope equal to 0.99± 0.02.
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5.2. Correlations Between Coarse-Grained and Fine-Grained Systems

The acceleration of the local dynamics in the CG systems with respect to the FG resolution, as given by the

ratio of the bond reorientation time, is shown in Figure 5.2 as a function of the difference of the excess

entropy per monomer between each corresponding resolution, ∆Sexc = SCG
exc/NCG − SFG

exc/NFG. There is a

distinct linear behavior in the semi-log plot for both resolutions and densities, and this strong correlation

indicates that the excess entropy difference is a good estimator to assess by how much the coarse-graining

accelerates the local dynamics. The relation given in Equation (3.124) holds for the bond reorientation

time, where in this case X = ϑ, with the intercept coefficient A and the slope coefficient α obtaining

by fitting Equation (3.124) to the data shown in Figure 5.2. In this case of ϑ, there appears to exist a

master curve for each density and thus A and α are density dependent. However they do not depend

on the level of coarse-graining considered. For ρ = 0.8 the values obtained in the fit are A = 1.09± 0.22

and α = −0.60± 0.02, with an adjusted coefficient of determination R2 = 0.993, while for ρ = 0.9 they

are A = 0.94 ± 0.29, α = −0.66 ± 0.02, with R2 = 0.997. The difference between the slope coefficients

is roughly 10%, i.e., about three times larger than the error of the regression, thus there is an actual

dependence of the slope on the density. We highlight the fact that the logarithm of the ratio decreases

in absolute value (towards zero) as the excess entropy difference is lowered. As ∆Sexc → 0, one would

expect ϑCG/ϑFG → 1, which is in qualitative agreement with the observed behavior.

Moving on to the global dynamics as described by the viscosity, the relationship of its ratios with the

excess entropy differences are as shown in Figure 5.3. The dependence of the ratios on∆Sexc is exponential

in the same fashion as the ratios of the bond reorientation times. In the case of the viscosities, however,

there is not a different curve for each density for the distinct CG resolutions. If lines are fitted through each

data set, i.e., for data related to each pair of resolution and density, then their slopes are not that different.

These fitted lines are not shown in Figure 5.3 to avoid clutter, but the fit coefficients are shown in Table 5.1.

There appear to be offsets for both the resolution and density, as the CG3 system has lower η than CG2

at the same excess entropy difference, and as higher densities have a lower viscosity at the same excess

entropy difference. Both offsets are numerically close so there is a coincidental overlap of the data sets for

CG2 at ρ = 0.9 and CG3 at ρ = 0.8. The observed behavior suggests that the local dynamics may capture a

“non-polymer behavior” that follows a distinct scaling with excess entropy differences, in analogy to what

is observed for CG models of molecular liquids [35]. Nevertheless, excess entropy differences alone are not
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sufficient to discern this “polymer behavior”, at least for the chain sizes considered in this work.
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Figure 5.2.: Acceleration of the dynamics measured by the ratio of the bond reorientation time at CG
resolutions CG2 and CG3 with respect to the FG model, FG, versus the corresponding excess
entropy difference per monomer. Dotted lines correspond to the best linear fit for each density.
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Table 5.1.: Fit coefficients for the lines shown in Figure 5.4. Coefficients α and A were introduced in
Equation (3.124).

CG2 CG3

ρ Ratio α A α A

0.8
ϑ −0.64± 0.02 1.23± 0.08 −0.51± 0.02 0.83± 0.09
η −0.65± 0.04 0.89± 0.11 −0.52± 0.03 0.47± 0.10

0.9
ϑ −0.70± 0.04 1.07± 0.10 −0.63± 0.03 0.86± 0.11
η −0.69± 0.03 0.76± 0.11 −0.64± 0.04 0.52± 0.12
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It is useful to visualize both ratios in the same plot, i.e., the acceleration for ϑ and η for each pair of

resolution and density, as shown in Figure 5.4. The remarkable feature in those plots is that, for every

system, both global and local dynamics scale similarly. The coefficients of the fits are shown in Table 5.1,

following the notation introduced in Equation (3.124). The slope coefficients, α, are the same within the

error for both dynamical ratios at each resolution for a particular density. The absolute values of these

slopes increase with increasing density but decrease as the resolution is coarsened. Moreover, the intercept

coefficients, lnA, also present a systematic behavior: for CG2 the viscosity ratio coefficients are 72% and

71% lower than those of the bond reorientation times for densities 0.8 and 0.9, respectively, while for

CG3 they are 56% and 60% lower for the same densities, respectively. The fact that a local descriptor of

the short-time dynamics correlates with the changes in excess entropies in a very similar way as a global

descriptor of the long-time dynamics reveals that excess entropy differences may capture a single dynamical

behavior over different time scales. It also opens interesting possibilities in practical simulations, e.g., one

may take a system at two resolutions, a finer and a coarser one, with the latter derived systematically from

the former, and perform very short tandem simulations to probe for the short-time dynamics. From these

short simulations, and using a computationally inexpensive method to approximate the excess entropy,

one may derive a scaling factor of the global dynamics that allows mapping the CG dynamics back to the

reference one, or even derive friction coefficients to be used in stochastic simulations to recover the proper

dynamics.

5.3. Correlations Between Coarse-Grained Systems

This project was designed to analyze the acceleration caused by coarse-graining in the context of excess

entropy differences when a CG system and the FG system upon which it is based are considered, as

discussed in the previous session. It is interesting however to carry out a similar analysis looking at possible

correlations when CG3 is considered with respect to CG2, as shown in Figure 5.5. Even though the error

bars are significant in this case due to the close proximity of the values, it is clear that the same essential

correlations as seen with respect to FG are still manifest. This is rather puzzling because not only the CG

potentials for CG3 were not derived systematically from CG2, but the former cannot be structurally mapped

to the latter in a straightforward manner. We speculate that such correlations are not mere artifacts of

the CG procedure, but rather a fundamental relation between the loss of DOF, and thus of friction, and
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the corresponding gain in excess entropy per monomer. The slope coefficient, α, for the bond relaxation

time and viscosity ratios in the case of density ρ = 0.8 are both equal to −0.21± 0.03. For ρ = 0.9 they

are are −0.31± 0.04 and −0.40± 0.05, respectively. The values for the intercept coefficient A within each

density are different, as it is clear by a visual inspection of the plots, but are comparable within each single

dynamic property. For the bond relaxation time ratios they are 0.82 ± 0.05 and 0.65 ± 0.07 for ρ = 0.8

and 0.9, respectively, while for the viscosity ratios they are 0.83± 0.03 and 0.69± 0.05 for ρ = 0.8 and 0.9,

respectively.

5.4. Correlations Based on the Two-Body Entropy

The correlations for the ratios of ϑ and η when the difference in the two-body entropy across resolutions

is used instead of exact excess entropy differences are shown in Figure 5.6. The linear behavior in the

semi-log plots shows that the ratios are well described by a relation such as given by Equation (3.124),
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with the coefficients determined from fitting shown in Table 5.2. The fact that the same mathematical form

is found when S2 is employed follows from the linear relation between Sexc and S2, and is encouraging

given that this is a quantity that can be readily obtained from even short MD simulations. From Figure 5.6

we see that the correlations involving differences in S2 appear more systematic and consistent across the

two properties, not following the exact scaling seen Figure 5.2 and Figure 5.3. The offsets for different CG

levels and different densities appear to be slightly smaller for the local dynamics (ϑ) and slightly larger for

the global dynamics (η). Interestingly, the ratios Aϑ/Aη for correlations involving S2 are very similar to

those obtained from the correlations involving Sexc, as shown in Table 5.3, supporting the notion that S2,

approximate as it is, captures well the behavior of the excess entropy for the purposes of predicting the

acceleration in dynamics.
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Table 5.2.: Fit coefficients for the data points shown in Figure 5.6. Coefficients α and A were introduced
in Equation (3.124).

CG2 CG3

ρ Ratio α A α A

0.8
ϑ −1.32± 0.01 0.53± 0.03 −1.39± 0.02 0.49± 0.08
η −1.35± 0.08 0.38± 0.12 −1.42± 0.05 0.28± 0.12

0.9
ϑ −1.20± 0.01 0.44± 0.03 −1.27± 0.01 0.39± 0.03
η −1.18± 0.05 0.32± 0.11 −1.29± 0.06 0.23± 0.10

Table 5.3.: Comparison of the ratio Aϑ/Aη for different densities and using the coefficients obtained
from curves fitted to data sets representing the correlation between dynamical acceleration
and different excess entropy estimates. Coefficient A was introduced in Equation (3.124).
Values of Aϑ and Aη employed to calculated the ratios were originally reported in Table 5.1
and Table 5.2.

CG2 CG3

ρ Sexc S2 Sexc S2

0.8 1.38± 0.13 1.76± 0.13 1.39± 0.12 1.75± 0.14
0.9 1.41± 0.14 1.65± 0.16 1.38± 0.11 1.69± 0.10

5.5. Correlations Involving Renormalized Dynamical Properties

The empirical relations between the ratios of dynamical quantities and excess entropy differences discussed

in the previous section have not included any sort of reduction of the dynamics. The Dzugutov relations

are known to apply not only for simple liquids, but also for polymer melts of entangled and unentangled

chains [78, 122]. In order to test how the Dzugutov scheme affects the correlations presented thus far, we

have computed the ratios of the ϑ̃ and η̃ for the CG resolutions with respect to the FG and correlated them to

the difference in the two-body entropy between the corresponding resolutions, as shown in Figure 5.7. The

choice of S2 is motivated by the fact that Dzugutov’s rules originally uses this approximation in place of the

full excess entropy. The relation is of the form of Equation (3.124), but∆S2 ≡ SCG
2 /NCG−SFG

2 /NFG instead

of ∆Sexc. An immediate appeal of the Dzugutov reduction is evident: the correlation for each CG resolution

109



and each property is described by a single density-independent master curve. The density independence is

presumably brought about by the inclusion of the number density in the reduction coefficient ΓE . Moreover,

the ordering of the densities is preserved in the four curves, with lower densities corresponding to lower

S2 differences. Such systematic behavior is not seen in any of the non-reduced analyses presented in

the previous sections. The slope coefficient, α, for the bond relaxation time ratio as a function of ∆S2 is

−2.08± 0.08 and −2.26± 0.09 for CG2 and CG3. In the case of the viscosity ratio, the slope coefficients

for CG2 and CG3 are −0.87 ± 0.06 and −0.91 ± 0.07. Therefore, for each particular ratio the slopes of

both curves are approximately equal within the error. Interestingly, the ratios of the intercept coefficients,

ACG3/ACG2, are 1.21 and 1.36 for ϑ̃ and η̃, respectively, with errors of ca. 6%. This means that for the same

∆S2, both local and global dynamics of the two resolutions differ by approximately the same factor.
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Another way of examining excess entropy differences, perhaps more natural even, is to consider its value

per chain and not per monomer given that the number of chains is the same for all resolutions, in contrast

to the number of monomers. If such normalization is employed within the Dzugutov’s reduction of the

viscosity and considering now the exact excess entropy differences and not the two-body approximation,

then the quite interesting behavior shown in Figure 5.8 is observed. A single master curve captures the

correlation for all state points and CG resolutions, with a fitting to the expression 2.34 exp (−0.045∆Sexc)

yielding a squared correlation coefficient R2 = 0.993, with ∆Sexc =
(︁
SCG
exc − SFG

exc
)︁
/M . It may very well be

that this correlation is purely coincidental as it does not hold for the bond reorientation time, and thus it

is difficult to provide a microscopic argument to justify this empirical behavior. This behavior deserves

further investigation in the future.
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Figure 5.8.: Correlation between the ratios of the Dzugutov-renormalized viscosities and the difference in
the exact excess entropy per chain for CG systems CG2 and CG3 with respect to the the FG.
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6. Conclusions and Outlook

This work analyzed the connection between the acceleration of the dynamics brought by coarse-graining

and the related changes in excess entropy across different CG resolutions. The FG system used as reference,

FG, was a melt of unentangled LJC with 24 monomers which were coarse-grained using IBI into two

lower-resolution models, CG2 and CG3, containing 12 and 8 monomers per chain, respectively. The bond

reorientation times were selected as descriptors of the short-time local dynamics, and the viscosity and

self-diffusion coefficients as descriptors of the long-time global dynamics. These properties were calculated

from the raw trajectories obtained in extensive canonical MD simulations using well known methods.

The acceleration of the CG dynamics was quantified by computing the ratio of the relevant dynamical

quantities for a coarser resolution with respect to those of a finer resolution. The exact thermodynamic

excess entropy was obtained by carrying out a detailed two-step TI procedure that considered a sufficiently

dense integration mesh based on reference states described by exact statistical mechanical formulations.

Care was taken in terms of consistency throughout all calculations so that meaningful comparison of the

resulting quantities among the different resolutions was possible, particularly for entropic quantities. In

particular, the TI procedure followed the same intermediate steps and the exact same methodology was

applied to all resolutions in order to exclude artifacts introduced by different approaches.

The observed acceleration of the dynamics in the CG models was as already expected and documented in

the literature with coarser models presenting higher mobility, faster dynamics, and overall quicker relaxation.

The fact that an ordering of the dynamics was kept following the same ordering of the resolution level adds

a level of confidence in the methodology. Perhaps counter-intuitive is the fact that the absolute entropy

per monomer increases in coarser resolutions, a consequence of removing hard DOF that contribute little

to the entropy in the high-resolution reference system. Relations of the form XCG/XFG = A exp (α∆Sexc)

were observed, for X being either the bond reorientation time, ϑ, or the viscosity, η. The same slope
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coefficient, α, is found for both properties at each density and resolution. The bond reorientation times

follow a master curve for each density, which is independent of CG resolution, a feature not observed

for the viscosity. That relation holds even when comparing one CG resolution with another, suggesting

a general behavior upon coarse-graining that connects the change in excess entropy with the friction

loss and smoothing of the potential energy surface. Analogous behavior is found using a much simpler

approximation to the excess entropy, namely the two-body entropy, S2. Using the Dzugutov relations

within this approximation is advantageous to renormalize the dynamical properties before considering

their ratios. Such renormalization leads to density-independent behavior of the exponential relation for

bond reorientation times and also for the viscosities. When using the Dzugutov formalism with the exact

excess entropy normalized per chain and not the two-body approximation, a single master curve valid for

all densities and resolutions considered here was observed.

The results presented herein for generic bead-spring polymer models at different resolutions confirm

that it is possible to cast the effects of coarse-graining in terms of excess entropy differences. A fact that

had been verified only for fluids of small molecules [34, 35] is now confirmed for chain molecules. One

advantage of the approach proposed in this thesis is the simplicity of the principle behind it. Given a FG

model and a CG model derived from it, it may be sufficient to perform a few molecular dynamics simulations

to obtain estimates of different dynamical properties and then compare their ratios to these properties

to excess entropy differences. These, in turn, could be computed using different levels of approximation.

However, it is fair to point out that obtaining the dynamical properties from the FG model in order to

relate the ratio of acceleration of the dynamics to ∆Sexc may not be possible at all, e.g., in the case of

entangled, high-molecular-weight polymer melts. A combined approach may be required in which not

only excess entropy is taken into account, but also mechanical properties [12]. Moreover, one possible

route of exploration is by employing adaptive resolution simulations [155], in which different regions of a

system are simulated at different resolutions. One advantage of such a simulation is that the difference

free energy between the different phases of the system is readily available from the method, which could

potentially make the assessment of the excess entropy difference significantly easier.

Obtaining systematic and more general relations similar to those presented here requires experimenting

with more CG resolutions and a more comprehensive range of temperatures and densities. One fundamental

step is to extend the work to realistic entangled models of polymers, which will provide insights whether or
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not the significantly slower dynamics of entangled melts still correlate with the excess entropy differences,

and if losing entanglements due to coarse-graining would lead to significant time-scale separations. This

work, however, offers a possible direction of exploration employing empirical approaches to predict the loss

of friction due to coarse-graining by analyzing the behavior of the actual excess entropy or approximations

to it. We hope that it helps to pave the way for simple and cost-effective methods to renormalize the

transport coefficients of CG systems back to the atomistic realm, thereby making such calculations predictive.

Moreover, the computational experiments presented here contribute evidence for theoretical arguments

establishing the scaling of coarse-graining errors in dynamic quantities [34], a subject that has not been

fully explored.
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A. Supplement for Theory and Methodology

In this chapter we have collected selected supplementary information relative to the theory and also to the

methodology employed in this project.

A.1. Example of Mapping in Coarse-Graining

As an illustration of this formalism let us consider an FG system consisted of a linear chain of NFG = 4

atoms as shown in Figure A.1. The positions of these FG atoms are

r1 = 1x̂+ 1ŷ , (A.126)

r2 = 2x̂+ 2ŷ ,

r3 = 3x̂+ 1ŷ ,

r4 = 4x̂+ 2ŷ ,

and the mapping operator is defined as

Ω =

⎛⎜⎝1
2

1
2 0 0

0 0 1
2

1
2

⎞⎟⎠ , (A.127)
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which is a 2× 4 matrix, meaning that it defines NCG = 2 CG beads out of the 4 FG atoms. Applying this

operator to the FG coordinates results in

R1 = Ω11r1 +Ω12r2 +Ω13r3 +Ω14r4 =
1

2
r1 +

1

2
r2 =

3

2
x̂+

3

2
ŷ , (A.128)

R2 = Ω21r2 +Ω22r2 +Ω23r3 +Ω24r4 =
1

2
r3 +

1

2
r4 =

7

2
x̂+

3

2
ŷ ,

which are the coordinates of the two CG beads shown in Figure A.1. Assuming that each FG atom has

unitary mass, the mass of CG bead 1 is

m1,CG =

(︃
Ω2
11

m1,FG
+

Ω2
12

m2,FG

)︃−1

=

(︃
1

4
+

1

4

)︃−1

=

(︃
2

4

)︃−1

= 2 , (A.129)

which is the same as the mass of CG bead 2.

x

y

1 2 3 4

1

2

0

1

2

3

41 2

Figure A.1.: Two-dimensional fine-grained system with four atoms (red) and a coarse-grained system
with two beads (shaded gray) defined in term of the fine-grained atoms and the respective
coordinate system.
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A.2. Absolute Entropy of the FJC

The equivalent Sackur-Tetrode equation for a gas of freely-jointed chains was derived by Mazars [143],

SFJC = kBNc

(︃
N +

3

2

)︃
+ kB lnZFJC (A.130)

where kB is Boltzmann’s constant, Nc is the number of chains in the system, N is the number of monomers

per chain, and ZFJC is the partition function of the FJC system,

ZFJC =
1

Nc!

[︄
qQ

(︃
T

T0

)︃N
]︄Nc

, (A.131)

where Q is analogous to the partition function of a particle in a box of volume V ,

Q =

(︃
mkBT

4π2h̄2

)︃1/2

V , (A.132)

where m is the mass of the monomer and h̄ is h/2π, where h is Planck’s constant. The factor q in

Equation (A.131) is

q =
(︂π
2

)︂1/2 B

Γ(1)2
, (A.133)

where Γ is the gamma function and B = 0.944. The factor T0 in Equation (A.131) is

T0 =
1

kBβ0
, (A.134)

where β0 is given by

β0 = A

(︃
1

2

)︃7/2 Γ(1/2)

Γ(3/2)

ma2

h̄2
, (A.135)

where a is the bond length, i.e., a = 1 in this work, and A = 1.051. The factors A and B depend on the

dimension of the system and the values given above are for a 3D system.
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B. Building Lennard-Jones Chains

The package EMC [135] is a very powerful tool to build polymer systems. As the learning curve to it can

be steep before fluent use is possible, an EMC input file for the fine-grained LJC system is provided in

Listing B.1. EMC uses its own declarative scripting language and supports generating output data files that

are compatible with LAMMPS [130, 131], making it very easy to integrate in an MD workflow. This input

file was tested with EMC version 9.3.9.
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1 (* EMC: Script *)
2
3 variables = {
4 nmolecules -> 500,
5 nrepeat -> 24,
6 dens -> 0.8,
7 temp -> 2.0,
8 ljcutoff -> 5.0,
9 skinv -> 1.0,

10 relaxradius -> 2.0*(ljcutoff+skinv),
11 relaxiter -> 200,
12 growiter -> 1000,
13 growbonded -> 50,
14 growtrials -> 50,
15 mcsteps -> 5000000,
16 mcprint -> 1000
17 };
18
19 sites = {
20 site -> {
21 id -> LJA,
22 name -> "Lennard-Jones",
23 comment -> "Lennard-Jones atom",
24 mass -> 1
25 }
26 };
27
28 groups = {
29 group -> {
30 id -> monomer,
31 terminator -> true,
32 chemistry -> ">[LJA]<",
33 connects -> {
34 {head, {monomer, tail}},
35 {tail, {monomer, head}}
36 }
37 }
38 };
39
40 clusters = {
41 polymer -> {
42 id -> ljchain,
43 system -> main,
44 n -> nmolecules,
45 groups -> monomer,
46 nrepeat -> nrepeat
47 }
48 };
49
50 simulation = {
51 units -> {
52 type -> reduced,
53 reduced -> true,
54 seed -> -1
55 },
56 types -> {
57 merge -> true,
58 virial -> false,
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59 neighbor -> sector,
60 stencil -> standard,
61 skin -> skinv,
62 standard -> {
63 bond -> {
64 active -> true,
65 data -> {
66 {
67 i0 -> LJA,
68 i1 -> LJA,
69 k -> 3000,
70 l -> 1.0
71 }
72 }
73 },
74 angle -> { active -> false },
75 torsion -> { active -> false },
76 improper -> { active -> false },
77 pair -> {
78 active -> true,
79 nbonded -> 0,
80 mix -> none,
81 shift -> true,
82 cutoff -> ljcutoff,
83 mode -> global,
84 data -> {
85 {
86 i0 -> LJA,
87 i1 -> LJA,
88 epsilon -> 1.0,
89 sigma -> 1.0
90 }
91 }
92 }
93 }
94 }
95 };
96
97 build = {
98 system -> {
99 id -> main,

100 density -> dens,
101 temperature -> temp,
102 flag -> {
103 charge -> false,
104 map -> false
105 }
106 },
107 select -> {
108 progress -> list,
109 frequency -> 5,
110 message -> nkt,
111 center -> false,
112 order -> random,
113 check -> false,
114 cluster -> ljchain,
115 relax -> {
116 ncycles -> relaxiter,
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117 radius -> relaxradius
118 },
119 name -> "error",
120 grow -> {
121 method -> energetic,
122 check -> all,
123 grace -> {0.9999, 0.9999},
124 niterations -> growiter,
125 nbonded -> growbonded,
126 ntrials -> growtrials
127 }
128 }
129 };
130
131 focus = { clusters -> ljchain };
132
133 force = { style -> none, message -> nkt };
134 force = { style -> list, message -> nkt };
135 force = { style -> init, message -> nkt };
136
137 pdb = {
138 name -> "init_after_mc",
139 compress -> false,
140 system -> 0,
141 forcefield -> standard,
142 cut -> false,
143 detect -> false
144 };
145
146 lammps = {
147 name -> "init_after_build",
148 compress -> false,
149 system -> 0,
150 mode -> put,
151 forcefield -> standard,
152 atomistic -> false,
153 charges -> true,
154 ewald -> false,
155 bonds -> true,
156 types -> true,
157 parameters -> false
158 };
159
160 timing = { style -> reset };
161
162 restart = {
163 name -> "restart",
164 frequency -> 1000
165
166 };
167
168 run = {
169 ncycles -> mcsteps,
170 nblocks -> mcprint,
171 cycle -> 0
172 };
173
174 focus = { clusters -> ljchain };
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175
176 force = { style -> none, message -> nkt };
177 force = { style -> list, message -> nkt };
178 force = { style -> init, message -> nkt };
179
180 timing = { style -> reset };
181
182 pdb = {
183 name -> "init_after_mc",
184 compress -> false,
185 system -> 0,
186 forcefield -> standard,
187 cut -> false,
188 detect -> false
189 };
190
191 lammps = {
192 name -> "init_after_mc",
193 compress -> false,
194 system -> 0,
195 mode -> put,
196 forcefield -> standard,
197 atomistic -> false,
198 charges -> true,
199 ewald -> false,
200 bonds -> true,
201 types -> true,
202 parameters -> false
203 };

Listing B.1: Input file for the EMC tool to build the fine-grained LJC system with 500 chains at density 0.8
and at temperature 2.0 reduced units.
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C. Correlation Involving the Self-Diffusion

Coefficients

In Figure C.1 it is shown the correlation between the acceleration as measured by the logarithm of

(DCG/DFG)
−1 and excess entropy differences. This is the equivalent of Figure 5.3 of the main text, but

using the self-diffusion coefficient instead of the viscosity. The fit coefficients of Equation (3.124) for the

self-diffusion ratios are shown in Table C.1, approximately matching those shown for the viscosity ratios in

Table 5.1.
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Figure C.1.: Acceleration of the dynamics measured by the ratio of the viscosity at coarse-grained reso-
lutions CG2 and CG3 with respect to the fine-grained model, FG, versus the corresponding
excess entropy difference per monomer.

Table C.1.: Fit coefficients for data sets shown in Figure C.1. Coefficients α and A were introduced in
Equation (3.124) of the main text.

CG2 CG3

ρ α A α A

0.8 −0.67± 0.06 0.89± 0.21 −0.51± 0.05 0.43± 0.15
0.9 −0.71± 0.04 0.71± 0.18 −0.65± 0.03 0.49± 0.12

142



D. List of Publications

The following publication directly relates to the contents of this thesis and features part of the results

presented here.

• Rondina, G. G.; Böhm, M. C.; Müller-Plathe, F. Predicting the mobility increase of coarse-grained
polymer models from excess entropy differences. Journal of Chemical Theory and Computation 2020,
16, 1431-1447.

The following publications were co-authored with research collaborators during my PhD studies. My

contributions include writing and revising parts of the texts, software development, design and execution

of simulation experiments.

• Cezar, H. M.; Rondina, G. G.; Da Silva, J. L. F. Thermodynamic properties of 55-atom Pt-based
nanoalloys: Phase changes and structural effects on the electronic properties. Journal of Chemical
Physics 2019, 151, 204301.

• Schätti, J.; Rieser, P.; Sezer, U.; Richter, G.; Geyer, P.; Rondina, G. G.; Häussinger, D.; Mayor, M.;
Shayeghi, A.; Köhler, V.; Arndt, M. Pushing the mass limit for intact launch and photoionization of
large neutral biopolymers. Communications Chemistry 2018, 1, 93.

• Cezar, H. M.; Rondina, G. G.; Da Silva, J. L. F. Parallel tempering Monte Carlo combined with cluster-
ing Euclidean metric analysis to study the thermodynamic stability of Lennard-Jones nanoclusters.
Journal of Chemical Physics 2017, 146, 064114.

• Souza, D. G. D.; Cezar, H. M.; Rondina, G. G.; Oliveira, M. F. d.; Da Silva, J. L. F. A basin-hopping
Monte Carlo investigation of the structural and energetic properties of 55- and 561-atom bimetallic
nanoclusters: the examples of the ZrCu, ZrAl, and CuAl systems. Journal of Physics: Condensed Matter
2016, 28, 175302.

143


	Acknowledgements
	Introduction
	Motivation
	Objectives
	Structure of the Thesis

	Theoretical Framework
	Molecular Dynamics Simulations
	Integrating the Equations of Motion
	Ensembles and Thermostats
	Periodic Boundary Conditions
	Interaction Potentials
	Measurements from Simulations

	Dynamics in Simulations
	Self-Diffusion
	Shear viscosity
	Bond Reorientation Relaxation

	Multiscale Modeling
	Coarse-Grained Modeling
	Deriving Coarse-Grained Potentials

	Estimating Entropies in Simulations
	Thermodynamic Integration
	Two-body Approximation

	Excess Entropy Scaling
	Excess Entropy
	Scaling Relations
	Rosenfeld Scaling
	Dzugutov Scaling


	Models and Methodology
	Models
	Unit System
	Thermodynamic State Points

	Overview of the Workflow
	Computational Details

	System Preparation
	Coarse-Graining Procedure
	Bonded Potentials
	Non-bonded Potentials

	Dynamical Properties
	Self-Diffusion Coefficient
	Viscosity
	Bond Reorientation Time

	Excess Entropy Estimation
	Thermodynamic Integration
	Two-Body Approximation

	Accelerated Dynamics and Excess Entropy Scaling

	Coarse-Graining Effects on Dynamics and Entropy
	Dynamics in Coarse-Grained Systems
	Entropy in Coarse-Grained Systems
	Two-body Approximation to the Excess Entropy


	Dynamics and Excess Entropy Differences
	Note on Self-Diffusion and Viscosity
	Correlations Between Coarse-Grained and Fine-Grained Systems
	Correlations Between Coarse-Grained Systems
	Correlations Based on the Two-Body Entropy
	Correlations Involving Renormalized Dynamical Properties

	Conclusions and Outlook
	References
	Supplement for Theory and Methodology
	Example of Mapping in Coarse-Graining
	Absolute Entropy of the FJC

	Building Lennard-Jones Chains
	Correlation Involving the Self-Diffusion Coefficients
	List of Publications

